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A B S T R A C T

Estimating accurate depth maps by solving the stereo problem is
an important step in reconstructing real world surfaces. Variational
methods that minimize a global energy functional are considered as
especially precise throughout the literature. By using the depth as pa-
rameterization directly, the approach is easily extended to multiple
views, allowing to considerably enhance the quality of the resulting
depth maps. Further improvement can be achieved by adapting the
depth parameterization to the regularizer used. In this thesis second-
order regularization is used with an inverse depth parameterization
and compared against the direct depth parameterization to examine
its benefits. Several extensions that improve upon the naïve multi-
view approach are suggested. The proposed method and its exten-
sions are evaluated by experiments, using artificial as well as real
world test scenes.

Z U S A M M E N FA S S U N G

Das Ermitteln präziser Tiefenkarten durch Lösen des Stereoproblems
stellt einen wichtigen Schritt bei der Rekonstruktion real existieren-
der Oberflächen dar. Variationsmethoden, die ein globales Energie-
funktional minimieren, haben sich in der Literatur als besonders ex-
akt erwiesen. Durch Verwendung der Tiefe als Parametrisierung kann
der Ansatz leicht auf mehrere Bilder erweitert werden, wodurch die
Qualität der sich ergebenden Tiefenkarten erheblich verbessert wird.
Eine weitere Qualitätssteigerung kann durch die Anpassung der Tie-
fenparametrisierung an den verwendeten Regularisierer erreicht wer-
den. In dieser Arbeit wird eine Regularisierung zweiter Ordnung zu-
sammen mit einer inversen Tiefenparametrisierung verwendet, um
deren Nutzen gegenüber der direkten Tiefenparametrisierung zu ver-
gleichen. Ferner werden verschiedene Erweiterungen vorgestellt, die
das einfache Mehr-Bild-Verfahren verbessern. Anhand künstlich er-
zeugter sowie echter Testbilder werden die vorgeschlagene Methode
und die Erweiterungen evaluiert.
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1
I N T R O D U C T I O N

Reconstructing the world or parts of it has been a classical prob-
lem of Computer Vision. In the automotive industry, it enables an
autonomous car to perceive its surroundings and make sense of its
environment [Rab+10]. In cartography, aerial imagery is used to in-
fer elevation data, at a scale ranging from mountains to individual
cottages, without human interaction [HSH05]. In museum curation,
artifacts are imaged to create digital archives, restore and preserve
them without the risk of damage or to create renderings for virtual
exhibitions [Hos+12]. These are only three examples, but the variety
of possible applications is huge. They have in common that they take
a set of input images and create a set of 3-D geometry as output,
which represents the visible scene. This process is known as stereo

reconstruction; at its core lies the solution to the stereo problem.
To reconstruct 3-D geometry from images two steps are necessary.

In the first step, correspondences between the image points of an
image pair are identified; in the second step, the correspondences
are triangulated using the relative positions of the cameras involved
to obtain the 3-D coordinates of the scene geometry. With known
camera parameters the triangulation is the trivial part of the recon-
struction, leaving the detection of correspondences as the problem to
solve. Of the methods that solve the stereo problem, global methods
emerged as the most accurate. Instead of finding correspondences for
each image point individually or in a small neighborhood, they find
correspondences for all points at once by defining a global energy
functional that measures similarity of related image points and tries
to enforce a smooth solution. The energy formulation transforms the
stereo problem to a minimization problem which can be solved with
common numerical methods.

In most cases the so-called disparity, a displacement vector in the
image domain that describes the relative motion between correspond-
ing points, is used as a parameterization. Although disparity compu-
tation is similar to optic flow computation, which allows to employ
similar concepts and methods, using the disparity as parameteriza-
tion has drawbacks [SBW05]. Most importantly, the disparity is de-
fined between image pairs, hence extending the stereo method to
arbitrary settings is not easy and has limitations [Hir05]. As a way
to remedy these limitations, the correspondences are parameterized
using the depth of the 3-D points, allowing computations to be per-
formed in the 3-D space of the scene. Using such a parameterization,
a correspondence between multiple images can be expressed by a
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2 introduction

single parameter, that is the depth of the 3-D point. However, using
the depth directly as a parameterization is not free of problems. De-
pending on the chosen regularizer the back-projection favors curved
surfaces. This results in planar surfaces not being reconstructed accu-
rately. Instead, the correspondences are parameterized by the inverse

depth, which promises better performance in the presence of planar
or piecewise planar scene elements.

1.1 related work

To solve the stereo problem, Robert and Deriche [RD96] presented a
variational approach for two images using a depth parameterization.
A constant intensity between corresponding points was assumed for
the similarity measure. To preserve depth continuities a regularizer
was introduced that smooths only along isophotes but not across
depth boundaries. To increase the robustness of the smoothness
term, different penalizer functions were considered and the two most
promising ones examined further. The authors also highlight the ease
of extending their approach to multiple views.

Stühmer et al. [SGC10] proposed a real-time capable approach for
multiple views using images from a single hand-held camera. As be-
fore, Lambertian surfaces were assumed. Regularization of the so-
lution was achieved by using the TV-norm to preserve discontinu-
ities [ROF92]. Since a continuous video stream is used to provide
different views the approach works best for rigid, stationary objects.
To handle large displacements a coarse-to-fine warping strategy was
employed.

Basha et al. [BMK12] introduced a method to obtain geometry and
3-D flow jointly. Correspondences were parameterized using the di-
rect depth at time steps t and t + 1. Additionally, robust penalizer
functions were used to reduce the influence of outliers in both the
data and the smoothness term, which is a first-order regularization
of the depth and the 3-D flow. Resulting in a non-convex energy term,
a coarse-to-fine approach was used to find the global minimizer.

In his master’s thesis, Maurer [Mau14] developed a variational
approach using a direct depth parameterization to solve the stereo
problem for two views. Similar to Basha et al., robust penalizer func-
tions were used and a coarse-to-fine warping strategy employed to
solve the energy functional. Extending his method he introduced
several smoothness terms, identifying three particularly accurate
ones: isotropic depth-driven, isotropic image- and depth-driven and
anisotropic depth-driven regularization. His implementation was
used as basis for this thesis.

Schroers et al. [SHW15] introduced the inverse depth parameteri-
zation, using a robust, variational, multi-view approach. The authors
provide justification for their choice of depth parameterization and
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back-projection by examining the curvature of the reconstructed
surfaces. They found that the direct depth parameterization favors
curved surfaces when used in conjunction with a second-order reg-
ularizer. In contrast to the other methods mentioned, their choice of
regularizer is more suitable in the presence of slanted surfaces.

Graber et al. [Gra+15] proposed a minimal area regularizer that
aims to better respect the surface geometry than TV regulariza-
tion. Because their regularizer is non-convex, they perform a re-
parameterization of the depth, resulting in a linear representation,
which is easier to solve. They show that their method is able to better
reconstruct geometry in artificial and real world test cases.

1.2 aim and organization of this thesis

The goal of this thesis is to evaluate the utility of the inverse depth
parameterization in various cases to examine its benefits compared
to the traditional direct depth parameterization. To achieve this, the
relevant theoretical foundations are established (Chapter 2) before
the approach by Maurer is extended to arbitrary parameterizations
and the inverse depth is introduced (Sections 3.1.2 and 3.2). For in-
creased accuracy, the approach is further extended to use multiple
images (Section 3.3) and to handle the increased amount of occlu-
sions (Section 4.1). The minimization, discretization and a method
to solve the energy functional are presented (Sections 3.3.1 to 3.3.3).
Possible further extension are explored (Chapter 4) before experimen-
tal results are presented and discussed (Chapter 5). A summary of
the work done and suggestions for future work conclude this thesis
(Chapter 6).





2
F O U N D AT I O N S

This chapter aims to setup a consistent notation that is used through-
out the thesis and to introduce the concepts on which the subsequent
chapters rely upon.

2.1 images and pictures

The terms image and picture are commonly used interchangeably
when talking about the output produced by a camera. In mathe-
matics, image is a well defined term, referring to the set of values
a function g maps to. To avoid confusion and to relate images to
pictures and vice versa, both terms are formally defined.

Definition 2.1. A gray value image I : Ω ⊂ R2 → R is a continuous,
differentiable function over a rectangular domain Ω that maps a tuple to a
scalar.
A color image I : Ω ⊂ R2 → R3 is a continuous, differentiable function
over a rectangular domain Ω that maps a tuple to a triplet. The components
of the triplet are called channels.
The value I(p) with p = [x y]T is called signal or response.

In addition, the function I(p, c) with c ∈ {1, 2, 3} maps to one of
the three possible channels. Differentiability by c, that is ∂cI, is not
required.

A suitable definition for pictures is the following:

Definition 2.2. A gray value picture P : Ω ⊂ N2 → N maps tuples of
discrete values of Ω to a scalar g.
A color picture P : Ω ⊂N2 →N3 maps tuples of discrete values of Ω to a
triplet (r, g, b).
The elements P(p) with p = [x y]T are called picture elements or pixels.

The triplet (r, g, b) represents the amounts of red, green and blue
that are necessary to form a color perceivable by the human visual
system. The magnitudes of the picture values, either gray or color,
depend on the range of possible values. Common ranges are [0, 255]
for eight bit pictures and [0, 65535] for 16 bit pictures. Black and white
are defined as the lowest and highest values respectively. As with
images, the function P(p, c) with c ∈ {1, 2, 3} selects the channel of a
pixel.

Images can be transformed to pictures by sampling. It is the duty
of a digital camera to turn the continuous signal into a quantized,
discrete signal. However, the exact process is of no concern for this

5



6 foundations

thesis. The other way, though, turning a picture into an image, is of
importance.

There are three things to consider:

1. Images are differentiable, pictures are not

2. Images are continuous, pictures are not

3. The co-domain of images is continuous, the co-domain of pic-
tures is discrete

The last point is easily remedied by the fact that N is a subset of R

and the picture values are directly used as image values. This applies
to the individual channels of color images, too. The second point is
solved by interpolation, e. g. bilinear interpolation, where the image
value is computed from the four nearest picture values at discrete
locations. The problem in the first point is solved by pre-smoothing
the image with a Gaussian kernel with small σ to get rid of the hard
discontinuities between neighboring pixel values [BWS05].

a note on color spaces The values of images and pictures
are used in computations to determine equality and similarity. It is
therefore advisable that the gray and color values are linear: A pixel
of twice the magnitude of another pixel must represent a color twice
as bright. Pictures with non-linear colors should be converted to a
linear color space before using them with the method proposed in
Chapter 3.

2.2 homogeneous coordinates and projective geometry

Throughout this thesis the coordinates of points are often expressed
in a homogeneous representation. At other occasions, coordinates are
transformed from their non-homogeneous representation to their ho-
mogeneous one or vice versa. That is because homogeneous coordi-
nates provide two properties that are useful in context of this the-
sis: First, it is possible to express affine transformations of points
and vectors using matrix multiplications only. Second, the transfor-
mation from a homogeneous coordinate to its euclidean counterpart
describes a projective mapping that will become useful in the next
section.

To transform between euclidean and homogeneous coordinates a
mapping is introduced:

Π : Rn →Pn

p =
[
p1 . . . pn

]T
7→
[
p1 . . . pn 1

]T
= p̃

(2.1)
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The mapping Π transforms a vector with n components in euclidean
space to its homogeneous representation with n+ 1 components in
projective space Pn. The reverse transformation is defined as:

π : Pn →Rn

p̃ =
[
p1 . . . pn pn+1

]T
7→ 1

pn+1

[
p1 . . . pn

]T
= p

(2.2)

The notation p̃ is used as a shorthand for Π(p). A comprehensive
introduction to homogeneous coordinates and projective geometry
can be found in Multiple View Geometry in Computer Vision by Hartley
and Zisserman [HZ03].

2.2.1 Application to Affine Transformations

For this thesis, transformations of three-dimensional points P ∈ R3

are relevant. Especially rotation and translation are of particular im-
portance because in general the points considered for a transforma-
tion are part of a rigid body. This excludes any transformation that
alters the absolute distance between two points, like shearing or scal-
ing. Thus, the following explanations are restricted to isometries but
are nevertheless valid for any affine transformation [HZ03].

An isometric transformation can be expressed as

P ′ = R ·P+ t ,

where R is a 3 × 3 rotation matrix and t is a 3 × 1 translation vec-
tor. Consecutive applications of such transformations become compli-
cated quickly. Consider a second pair R ′, t ′ that transforms P ′:

P ′′ = R ′ · (R ·P+ t) + t ′

The problem here is, it is not possible to express the translation with
a transformation matrix in euclidean coordinates. It can be shown,
however, using homogeneous coordinates, it is possible to express
any affine transformation as a matrix multiplication:

P̃ ′ =

[
I t

0T 1

]
·

[
R 0

0T 1

]
· P̃ =

[
R t

0T 1

]
· P̃,

where I is the identity matrix.
Another valuable observation is that affine transformations keep

the fourth component of P̃ intact. This allows to simply drop that
component in order to transform the point to euclidean coordinates.

2.2.2 Projective Properties

As in the previous section, only the relevant space is considered. In
this case, points in euclidean space with p ∈ R2, and homogeneous
points with p̃ ∈ P2.
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Given any point p̃ = [x y 1]T, its euclidean representation is p =

[x y]T. If p̃ is multiplied with a scalar k 6= 0 the euclidean point p is
the same:

k · p̃ =
[
k · x k · y k

]T
p = π(k · p̃) = 1

k

[
k · x k · y

]T
=
[
x y

]T
This shows that every multiple of p̃ is projected onto the same p.
In reverse, for a single point p in euclidean coordinates there is an
infinite number of valid homogeneous representations of said point.
Or, to frame it more tangible: The color of a single pixel in an im-
age could result from any object between the camera’s lens and the
horizon. The only restriction is: The possible homogeneous points all
lie one a single line through the origin and the canonical point Π(p).
Given the coefficients of a line through the origin, l = [a b c]T, a point
p̃ is part of the line if the inner product lT · p̃ is 0. It follows, every
multiple of p̃, k · p̃, is also part of the line:

lT · (k · p̃) = 0
a · k · x+ b · k · y+ c · k = 0

k · (a · x+ b · y+ c) = 0
lT · p̃ = 0

To summarize, homogeneous coordinates are useful to simplify the
application of affine transformations and provide a simple way to
formalize projective mappings from an n + 1-dimensional space to
the n-dimensional one.

a remark on the notation As stated in the list of symbols, a
boldface lowercase letter, p, denotes a 2-D point in euclidean coordi-
nates. With a tilde, p̃, the point becomes a 3-D point in homogeneous
coordinates. However, there is also the boldface uppercase letter, P,
that denotes a 3-D point in euclidean coordinates. Strictly speaking,
they are not the same because they are elements of different vector
spaces. For all practical purposes though, p̃ and P are treated the
same and used interchangeably throughout the thesis.

2.3 the pinhole model and the calibrated camera

To model how objects in a three-dimensional world are mapped onto
a two-dimensional representation of the world — also called an image
or picture — the basic pinhole camera model is employed. It consists
of an optical center, C, that is located at the origin of the camera’s co-
ordinate frame, an image plane, onto which three-dimensional points
are mapped, and the focal length, f, that determines the distance be-
tween optical center and image plane. Figure 2.1 shows a schematic.
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C
Xworld

Yworld

Zworld

P
p

f
c

xcam

ycam

Image plane

Figure 2.1: The pinhole camera model. The optical center is marked by C; the
optical axis is the line through C and the principal point, c; the
distance between optical center and the image plane is the focal
length, f.

Although the pinhole camera is a simple model, it is a useful approx-
imation of real cameras and serves as a basis for more complicated
models [HZ03].

To compute the coordinates of the projected point, p, consider the
diagram in Figure 2.2. The line through the optical center and P de-
termines where p is located on the image plane. Using the theorem
of intersecting lines, the relations

x

X
=
f

Z
, x = f · X

Z
,

y

Y
=
f

Z
, y = f · Y

Z

hold. The focal length acts as scaling factor: It sets the z-coordinate
of the homogeneous representation of p equal to the focal length f,
scales the remaining two components and thus places the point on
the image plane.

Because the focal length scales X and Y, the above behavior is de-
scribed by a scale matrix:

P =

f 0 0

0 f 0

0 0 1


P is called the projection matrix and projects from projective space
P2 to euclidean space R2. Using the projection matrix, it is easy to
see, that the coordinates of p are computed by

p = π(P ·P) = 1

Pz
·

[
f ·Px
f ·Py

]
.



10 foundations

C

Xworld

Zworld

Image plane
f

Z

X P

p
x

Figure 2.2: The pinhole camera as viewed from above. A point P is mapped to
its counterpart p.

Unfortunately, the camera model imposes several restrictions that
limit its usefulness.

1. The camera’s coordinate frame coincides with the world coordi-
nate frame. For a single camera this restriction would not matter,
for multiple cameras it is necessary to express that the camera
can be positioned freely in the world coordinate system.

2. The principal point is usually located in the center of the image,
whereas the origin of a picture is commonly one of the corners,
in this case it is the upper left corner. A translation of the prin-
cipal point is needed.

3. Real world pictures are seldom square and a picture’s contents
are accessed in terms of pixels. A conversion from coordinates
in distance units to pixel coordinates with different scaling fac-
tors per coordinate is required.

Lifting the above restrictions gives rise to the external, or extrinsic,
and internal, or intrinsic, camera parameters that allow to model ar-
bitrary cameras at arbitrary positions.

2.3.1 Extrinsic Camera Parameters

The extrinsic parameters encapsulate the external configuration of
the camera, that is, its orientation Rc and location C. Both, Rc and
C are relative to a world coordinate frame and specify the camera’s
transformation in it.

A camera is a rigid body, therefore the camera’s transformation is
expressed by isometric transformations, namely rotations and trans-
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OW = C

Z

X

PW = [2 0 3]T

OW

Z

X

C

Z

XC = [3 0 1]T

PW = [2 0 3]T

Figure 2.3: Left: The world and camera coordinate frame align, and the coordi-
nate of the point P relative to each frame is the same.
Right: The camera was moved by C = (3 0 1)T, the coordinate of
P relative to the camera is PC = (−1 0 2)T = Pw − C; the transla-
tion of the point relative to the camera is exactly the inverse of the
translation of the camera relative to the world.

lations [HZ03]. In homogeneous coordinates this transformation is
represented by a matrix

Tworld→cam =

[
Rc C

0T 1

]
.

Tworld→cam moves the camera in the world coordinate frame, but a
transformation is required that expresses the contents of the world
relative to the camera coordinate frame. The transformation matrix
to achieve this, Tcam→world, is the inverse of the already known cam-
era transformation matrix. Consider Figure 2.3, the diagram on the
left shows a state, in which camera and world coordinate frame are
aligned, and a point in the world called P. The coordinates of P in re-
lation to both frames are exactly the same. In the diagram on the right,
the camera coordinate frame was translated by C. The coordinates of
P relative to the world frame are the same as in the left diagram. How-
ever, the coordinates of the point relative to the camera frame have
changed by the inverse of the camera translation, C−1. The matrix to
accomplish the transformation is

T = Tcam→world =

[
RT
c −RcC

0T 1

]
=

[
R t

0T 1

]
. (2.3)

Its derivation is found in Appendix A.1. The matrix T is called the
extrinsic matrix and with it the first restriction is lifted.
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2.3.2 Intrinsic Camera Parameters

For images it is customary that the origin is located in one of the
corners — here in the upper left corner, see Figure 2.4. A point P

shall be mapped to p, such that

P =

XY
Z

 7→
[
f · XZ + cx

f · YZ + cy

]
=
1

z
·

[
f ·X+Z · cx
f · Y +Z · cy

]
= p.

[cx cy]
T describes a translation after the projection onto the image

plane and the projection matrix, including an adjusted origin, is ex-
pressed by

P =

f 0 cx

0 f cy

0 0 1

 , (2.4)

where [cx cy]
T is the coordinate of the principal point, c, in relation

to the image frame [HZ03].
The coordinates of the projected points are not directly mapped to

the pixels of a picture. Moreover, the ratio between width and height
of an image is generally not equal to one. Therefore, additional pa-
rameters are required that relate the projected coordinates to pixel
coordinates and allow different scaling factors per axis. The matrix
then reads

K =

γx 0 0

0 γy 0

0 0 1

 ·
f 0 cx

0 f cy

0 0 1

 =

sx 0 ox

0 sy oy

0 0 1

 , (2.5)

where γx and γy are the scaling factors that relate quantities in dis-
tance units to pixels and are measured in pixels per unit distance; sx
and sy are the focal lengths per axis, now measured in pixels; and
ox and oy are the offsets of the principal point in pixels as well. The
matrix K is called the intrinsic matrix [FLM92].
K is an upper triangular matrix, thus its determinant is det(K) =

sx · sy 6= 0 and K is invertible. The inverse reads

K−1 =


1
sx

0 −ox
sx

0 1
sy

−oy
sy

0 0 1

 .

2.3.3 The Projection Matrix

With the extrinsic and intrinsic parameters in place, the full projection
from P3 to R2 is defined. The extrinsic matrix, however, is a 4× 4
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c
xcam

ycam

x

y

cx

cy

Figure 2.4: The coordinates of the principal point, c, relative to the image frame.

matrix, whereas the intrinsic matrix is a 3× 3 matrix. The extrinsic
matrix, though, consists only of isometric transformations and for
every homogeneous coordinate that is transformed with the extrinsic
matrix the fourth component remains as it is. For all considerations
in this thesis the fourth component is always one; dividing by the
fourth component is the same as simply dropping it. This is achieved
by augmenting the intrinsic matrix by a fourth column that is entirely
zero. The full projection thus reads

p = π
(
[K | 0] · T · P̃

)
= π

(
M · P̃

)
, (2.6)

where M = [K | 0] · T is called the full projection matrix and encapsu-
lates the entire camera configuration.

2.4 multiple cameras and epipolar geometry

Equipped with the knowledge of Section 2.3, it is now possible to
describe an arbitrary number of cameras in the world. The depth,
however, is computed for a single camera, called the reference camera.
It shall be denoted by C0. With a total of n cameras, the remaining
n− 1 cameras are called the match cameras and are denoted by Cv,
with v ∈ [1,n]. The matrices of these cameras — extrinsic, intrinsic
and full projection matrix — are labeled accordingly.

For any point P̃v in the coordinate frame of camera v, the coordi-
nate of P̃j in the frame of camera j is expressed by

P̃j = Tj · T−1v · P̃v.

Having a dedicated reference camera, it makes sense to align its co-
ordinate frame with the world frame. This simplifies some equations
later and does not change the relative arrangement of all involved
cameras. The alignment is performed by multiplying all extrinsic ma-
trices by the inverse extrinsic matrix of the reference camera,

Ťv = Tv · T−10 , ∀v ∈ [0,n].
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C0
C1

P

p0 p1

e0 e1

l

Figure 2.5: Epipolar geometry between two cameras in a converging setup.

The extrinsic matrix of the reference camera becomes the identity and
the projection matrix simplifies to M0 = [K0 | 0].

The relation of image points for any pair of cameras is described
by the epipolar geometry. In Figure 2.5 the setup for two cameras
with centers C0 and C1 is depicted. The projections of the center
of one camera onto the image plane of the other camera are called
the epipoles, e0 and e1. As mentioned earlier, all possible three-
dimensional representations of a point p lie on a straight line through
the camera center and p. The camera centers and p define a plane,
called the epipolar plane; the epipoles and all possible P are part of
this plane. Figure 2.5 also depicts how the points P are projected onto
the image plane of camera C1. The line C0P is projected onto I1 as a
line through the epipole and p1, l = e1p1. Alternatively, l is the result
of the intersection between the image plane and the epipolar plane.
The line l is called the epipolar line. The relation between points in
the first and the second camera can be expressed by a matrix F, called
the fundamental matrix, and leads to the epipolar constraint

p̃T
1 · F · p̃0 = 0. (2.7)

F is a 3 × 3 matrix but has only rank 2 and is thus not invertible.
However, by substituting l for F · p̃0, it can be seen that F describes
the precondition that all p1 lie on the epipolar line by

p̃T
1 · l = 0. (2.8)

For calibrated cameras the fundamental matrix is computed from
the projection matrices and the fact that all correspondences of p0
lie on the epipolar line; for uncalibrated cameras F can be com-
puted from known point correspondences. The epipolar constraint
has an important role in solving the stereo problem: It restricts
the two-dimensional search space for correspondences to a one-
dimensional one, greatly reducing complexity and potential for erro-
neous matches.
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An important special case is the ortho-parallel camera setup. In this
scenario, the view direction of all cameras is parallel to the view di-
rection of the reference camera; the image planes of all cameras are
parallel, too. If the same settings for all cameras were used, the intrin-
sic matrices would be equal to each other. Additionally, the camera
centers can be made to all lie on a line. If both of those conditions are
true, all epipolar lines are parallel to each other and two correspond-
ing points have the same y-coordinate.

2.5 calculus of variations

As mentioned in Chapter 1, the solution to the stereo problem will be
the minimization of an energy functional. A functional can be seen as
a function of functions and Calculus of Variations deals with finding
functions that maximize or minimize a given functional. A functional
can be defined as

E(g) =

b∫
a

F(x,g,gx)dx, (2.9)

such that F is a function [a,b]×R×R → R, which is differentiable
on [a,b] with respect to g and gx; g is a differentiable function R→ R

and gx is the derivative of g. If g is a minimizer of the functional the
Euler-Lagrange equation has to be satisfied [Fox50]. It reads

0 = Fg −
d

dx
Fgx , (2.10)

where Fg is the partial derivative of F with respect to g and Fgx is the
partial derivative of F with respect to gx. The boundary conditions
are

Fgx(a,g(a),gx(a)) = 0 and

Fgx(b,g(b),gx(b)) = 0.

2.5.1 Functionals of Multiple Variables

In the case of a rectangular domain Ω ⊂ R2 the energy functional
takes the form

E(g) =

∫
Ω

F(x,y,g,gx,gy)dxdy.

As before, F is differentiable on Ω with respect to g, gx and gy, where
gx and gy are the partial derivatives of g with respect to x and y. The
Euler-Lagrange equation can be generalized to the case of several
variables and provides the necessary condition for the minimizer g.
It reads

0 = ∂gF− ∂xFgx − ∂yFgy , (2.11)
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with the boundary condition

0 = nT ·

[
Fgx

Fgy

]
,

where n is the normal vector at the boundary. Using the divergence
operator, Equation (2.11) can be formulated in a more concise way by

0 = ∂gF− div

[
Fgx

Fgy

]
. (2.12)

2.5.2 Functionals of Higher-Order Derivatives

In the presence of second-order derivatives the energy functional for
two variables reads

E(g) =

∫
Ω

F(x,y,g,gx,gy,gxx,gxy,gyx,gyy)dxdy.

In this case F and g must be two times differentiable over the domain
Ω. The functions gxx, gxy, gyx and gyy are the partial second deriva-
tives of g. The corresponding Euler-Lagrange equation is an extension
of Equation (2.11) and reads

0 = ∂gF− ∂xFgx − ∂yFgy

+ ∂xxFgxx + ∂xyFgxy + ∂yxFgyx + ∂yyFgyy , (2.13)

with the boundary conditions [Mau14]

0 = nT ·

[
Fgx − ∂xFgxx − ∂yFgxy

Fgy − ∂xFgyx − ∂yFgyy

]
,

0 = nT ·

[
Fgxx

Fgxy

]
, 0 = nT ·

[
Fgyx

Fgyy

]
.



3
M E T H O D O L O G Y

This chapter introduces a depth parameterization used in the multi-
view stereo approach and explains the reasoning for choosing an
alternative depth parameterization. A model using a global energy
functional is specified and the steps necessary to find the minimizer
are described. To better utilize the properties of the new depth param-
eterization, the model is adapted to use a second-order regularizer.

3.1 relating image points

The previous chapter explained how to transform points in three- and
four-dimensional space and how to project points onto image planes.
This assumes known 3-D objects. The goal of stereo reconstruction,
however, is the computation of 3-D points, where the points are the
unknowns. A set of calibrated cameras with images of the scene cor-
responding to the camera’s location and orientation is given. Addi-
tionally, there is a dedicated reference camera, its coordinate frame is
aligned to the world’s coordinate frame and the 3-D coordinates of
the points in the scene are computed relative to the reference camera.
The problem of finding the corresponding 3-D point to a point p on
the image plane is dual to finding the depth value at p.

3.1.1 Back-Projection to a Surface

As explained in Section 2.2.2, all possible 3-D representations of p lie
on a line and the depth at p correlates with the scaling factor k of l.
Formally, the depth is defined as a function

ρ : R2 →R

(p) 7→ ρ(p),
(3.1)

such that it relates the image points of the reference camera C0 to 3-D
points. To compute those 3-D points, recall how the point projected
onto the image plane is computed from P:

p = π(M0 · P̃) = π(K0 ·P)

= π


X · sx +Z · oxY · sy +Z · oy

Z


 =

[
X
Z · sx + ox
Y
Z · sy + oy

]
=

[
x

y

]

This provides two equations with three unknowns, X, Y and Z.
From Figure 2.2 it is evident that there are two possibilities to relate

17
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C0

C1

Figure 3.1: The pixels of I0 are back-projected to a point cloud. The result is
then projected onto I1.

the Z-coordinate of P with the depth. The first is to project p back
along the optical axis, that is the Z = ρ(p). The second possibility is
to back-project along the viewing ray. Using the euclidean distance,
it follows that Z =

√
ρ(p)2 −X2 − Y2. Schroers et al. found, however,

that the latter back-projection in conjunction with a standard regu-
larizer results in a curved surface even for constant depth [SHW15].
Consequently, the first back-projection is used.

Substituting Zwith ρ(p) using the back-projection along the optical
axis leaves only two unknowns; solving for X and Y respectively gives
the following equations:

X = ρ(p) · x− ox
sx

Y = ρ(p) ·
y− oy
sy

Z = ρ(p) (3.2)

From Equations 3.2 follows, the points P can be specified in terms of
p, leading to a parameterization of the point cloud resulting from the
back-projection:

P(p) = ρ(p) ·K−1 ·Π(p) (3.3)

The process is depicted in Figure 3.1. Each image point is projected
back into 3-D space using its depth value. For a continuous image
the back-projection results in a closed surface; for a discrete picture,
however, only a sparse representation of the original surface is recon-
structed, forming a point cloud. The elements of the point cloud are
then projected onto the image plane of the second camera, which is
covered in Section 3.1.3.
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3.1.2 Introducing a Depth Parameterization

In Equations 3.2 the depth ρ(p) is directly related to the Z coordinate
of P. There is no requirement for that to be the case, though. Suppose
a function Φ exists, such that Z = Φ(ρ(p)), and that the objective re-
mains to find ρ(p). Obviously, in this case the found depth would not
be the same, but the back-projected points and so the reconstructed
3-D scene would. If the result does not change, why then should an
additional function be introduced? Before this question is answered
in Section 3.2, two extra steps are necessary. The first is to introduce
a formal depth parameterization Φ of the following form:

Φ :R→R

ρ 7→Φ(ρ)
(3.4)

Although not a necessity, Φ should be invertible to compute ρ from Z.
As seen later, the second derivative of Φ is required; Φ has to be two
times differentiable. The relation between ρ and Z is now established
as

Z = Φ(ρ(p))

Thus, the point cloud parameterization of Equation (3.3) can be refor-
mulated:

P(p,Φ ◦ ρ) = Φ(ρ(p)) ·K−1 ·Π(p) (3.5)

3.1.3 Projection onto Match Images

The last step is to project the point cloud onto the match images to
relate the pixels from image I0 to pixels in Iv at their correspond-
ing coordinates. The point cloud is given in its parameterized form,
P(p,Φ ◦ ρ). Because the coordinate frame of camera C0 is aligned
with the world coordinate frame, the point cloud is already in world
coordinates and the projection onto Iv is achieved by

pv(p,Φ ◦ ρ) = π(Mv ·Π(P(p,Φ ◦ ρ))). (3.6)

This leads to two equations

xv(p,Φ ◦ ρ) = M
[1]
v · P̃(p,Φ ◦ ρ)

M
[3]
v · P̃(p,Φ ◦ ρ)

,

yv(p,Φ ◦ ρ) = M
[2]
v · P̃(p,Φ ◦ ρ)

M
[3]
v · P̃(p,Φ ◦ ρ)

, (3.7)
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where M[r]
v denotes the r-th row of Mv. The individual elements of

Mv are denoted by mrcv , where r is the row and c the column index.
The explicit formulation of Equations 3.7 is

xv(p,Φ ◦ ρ) =
Φ(ρ(p)) ·

a(p)︷ ︸︸ ︷(
m11v · x−oxsx

+m12v ·
y−oy
sy

+m13v

)
+

b(p)︷︸︸︷
m14v

Φ(ρ(p)) ·
(
m31v · x−oxsx

+m32v ·
y−oy
sy

+m33v

)
︸ ︷︷ ︸

c(p)

+m34v︸︷︷︸
d(p)

=
Φ(ρ(p)) · a(p) + b(p)
Φ(ρ(p)) · c(p) + d(p)

, (3.8)

yv(p,Φ ◦ ρ) =
Φ(ρ(p)) ·

ǎ(p)︷ ︸︸ ︷(
m21v · x−oxsx

+m22v ·
y−oy
sy

+m23v

)
+

b̌(p)︷︸︸︷
m24v

Φ(ρ(p)) ·
(
m31v · x−oxsx

+m32v ·
y−oy
sy

+m33v

)
︸ ︷︷ ︸

c(p)

+m34v︸︷︷︸
d(p)

=
Φ(ρ(p)) · ǎ(p) + b̌(p)
Φ(ρ(p)) · c(p) + d(p)

. (3.9)

The functions xv, yv, a, b, c, d, ǎ, b̌ as well as ρ are all functions of
a variable p. In addition xv and yv are functions of the depth param-
eterization. From now on — for the sake of clarity — the arguments
are omitted.

3.2 the case for an inverse depth parameterization

The common practice regarding the depth parameterization is to use
the depth directly. A second parameterization that will be examined
in this thesis is the inverse depth. This results in the two parameteri-
zations

Φdirect(ρ) = ρ and

Φinverse(ρ) =
1

ρ
. (3.10)

To explain the benefit of the inverse depth parameterization, the effect
of Φdirect and Φinverse on back-projection and linearization are now
examined.

3.2.1 Linearization Error for Converging Setups

In a typical setup the cameras keep the object of interest in the center
of the view, maintain the distance to the object and circle it with
only small lateral motion [SHW15]. Consider Figure 3.2, in which
this setup is illustrated in a top view; both cameras have the same
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Figure 3.2: Two cameras with the same distance to the origin, oriented to look
directly at the origin. The Y-axis points ‘inside’ the page.

distance from an object located at the origin and both cameras point
directly at the object. Furthermore, in comparison to the distance to
the object, the z-translation tz is significantly smaller and vanishes
with increasing radius r for a fixed tx. Consider again Figure 3.2; for
a fixed tx the angle α is calculated as

α = arcsin
tx
r

.

Using the cosine law, it follows for the baseline b that

b2 = 2 · r2 − 2 · r2 · cosα = 2 · r2 · (1− cosα).

The Pythagorean theorem allows to solve for tz,

tz =

√
2 · r2 ·

(
1− cos

(
arcsin

tx
r

))
− t2x .

With increasing distance to the object tz approaches zero. See Fig-
ure 3.3 for a plot with varying r and fixed tx = 0.33. For common
camera setups it is safe to assume that the lateral camera movement
is small to limit the occurrence of occlusions. In consequence, the as-
sumption can be made that tz is approximately zero. This concerns
the converging setup; in the ortho-parallel setup this is always the
case. For the extrinsic camera matrices now holds that

Tv =


r11 r12 r13 tx
r21 r22 r23 ty
r31 r32 r32 0

0 0 0 1

 .

Multiplying by the intrinsic matrix results in a new projection ma-
trix, in which the component m34v is zero. This alters Equations 3.7.
Exemplary for xv, the result is

xv =
Φ(ρ) · a+ b
Φ(ρ) · c

, (3.11)
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Figure 3.3: tz approaches 0 with increasing distance r to an object using a fixed
tx = 0.33.

because d = m34v . The characteristics of xv in Equation (3.11) depend
on the particular form of Φ. By applying each parameterization to
Equation (3.11) different observations can be made. In the case of the
direct depth parameterization Equation (3.11) becomes

xv =
a

c
+
1

ρ
· b
c

. (3.12)

In the case of the inverse depth parameterization the result is

xv =

1
ρ · a+ b
1
ρ · c

=
a

c
+ ρ · b

c
. (3.13)

In Equation (3.12) xv is a hyperbola with respect to the depth ρ.
When linearizing the expression, an additional error is to be ex-
pected [SHW15]. In contrast, xv in Equation (3.13) is linear with
respect to ρ and no linearization error is possible.

3.2.2 Back-projection of Affine Depth

Assuming a continuous depth, the back-projection results in a surface
ξ such that

ξ(p) = Φ(ρ(p)) ·K−1 · p̃.

The tangential plane of the surface ξ can be specified by its normal
vector and a point on the plane; the normal vector can be computed
from two vectors

ξx := ∂xξ(p) and ξy := ∂yξ(p),

which both are tangent to the surface at p. The normal is then com-
puted from the cross product by

n =
ξx × ξy

||ξx × ξy||2
.

The depth is assumed to be affine, hence it can be described in normal
form by ρ(p) = dTp̃, with d = [a b c]. This assumption is useful
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insofar as the computed depth of piecewise affine objects is again
piecewise affine. The back-projection of the affine depth is expected
to result in a plane; to examine the deviation from the plane, it is thus
sufficient to analyze the direction of the normal, that is the vector

n̂ = ξx × ξy.

direct depth The tangents for the direct depth parameterization
result in

ξx = K−1 ·


10
0

 ·dTp̃+

xy
1

 · a
 = K−1 ·

d
Tp̃+ a

a · y
a

 and

ξy = K−1 ·


01
0

 ·dTp̃+

xy
1

 · b
 = K−1 ·

 b · x
dTp̃+ b

b

 .

For the direction of the normal follows

n̂ = KT ·

 −a

−b

2 · a · x+ 2 · b · y+ c

 .1

The direction of the surface normal depends on x and y and is there-
fore not constant; the surface diverges from the plane which the affine
depth implies.

inverse depth For the second parameterization, the inverse
depth, the tangents are

ξx = K−1 ·


10
0

 · 1

dTp̃
+

xy
1

 · −a

(dTp̃)2

 =
K−1

(dTp̃)2
·

d
Tp̃− a · x
−a · y
−a

 ,

ξy = K−1 ·


01
0

 · 1

dTp̃
+

xy
1

 · −b

(dTp̃)2

 =
K−1

(dTp̃)2
·

 −b · x
dTp̃− b · y

−b

 .

The direction of the surface normal is then derived as

n̂ =
KT

(dTp̃)4
·d.

It follows that the normal direction is constant as expected under
the assumption of an affine depth; the factor (dTp̃)−4 is applied uni-
formly to all three components of the normal and has no effect on the
direction.

1 The cross product Mu×Mw, where M ∈ R3×3 and u,w ∈ R3, equals cof(M)(u×
w). The cofactor matrix of K−1 equals the transpose of K, KT.
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In summary, the inverse depth parameterization is in theory supe-
rior to the direct depth parameterization. An experimental evaluation
will later show if this truly is the case or if the differences in recon-
struction accuracy are negligible.

3.3 the variational model

To estimate the depth from a set of input images a variational ap-
proach is used. To that end, an energy functional is defined that takes
the depth as a function that minimizes the global energy. It reads:

E(ρ) = D(Φ ◦ ρ) +α · S(ρ) (3.14)

The energy functional consists of a data term D(Φ ◦ ρ) and a smooth-
ness term S(ρ). The data term defines a measure of similarity between
individual elements of the reference and the match image. It is as-
sumed that for every pixel there is a property that remains constant
between images. Several properties are used in the literature, be it a
constant gradient [Ura+88] or even Hessian [Pap+06], but the most
common choice is the use of a constant brightness [Mau14; Bro+04].
For objects with a Lambertian reflectance the brightness and color of
a single point on the objects remain the same from all directions. This
assumption is expressed by

I0(p) = Iv(pv)⇔ I0(p) − Iv(pv) = 0,

where pv = [xv yv]
T is defined by the functions from Equation (3.7).

To penalize deviations from the brightness constancy, the squared dif-
ference |I0(p) − Iv(pv)|

2 could be used. This kind of penalizer, how-
ever, is quadratic and outliers produce an disproportionate influence
on the energy. To overcome this behavior, a robust, sub-quadratic pe-
nalizer Ψ is introduced, which reads

Ψ(s2) =
√
s2 + ε2, (3.15)

where ε is close to zero and ensures that Ψ is differentiable for s2 = 0
[Mau14; Bro+04; SHW15; BMK12]. A first version of the data term
considering only two views would read

D̂(Φ ◦ ρ) =
∫
Ω

ΨD(|I0(p) − I1(p1)|
2)dxdy. (3.16)

Since the point correspondences are parameterized using the depth
and the resulting depth map is the same even using different match
views, the extension to multiple views is simple. All views should
have the same influence on the energy, thus no weighting per image
is required; additional views add more constraints to the energy func-
tional and this is expressed by adding further brightness constancy
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terms for each pair of reference and match view. To keep the energy
from the data term at approximately the same level when using a dif-
ferent number of views the data term is normalized by the amount
of views. The resulting data term then reads

D(Φ ◦ ρ) = 1

n

∫
Ω

n∑
v=1

ΨD(|I0(p) − Iv(pv)|
2)dxdy, (3.17)

where n is the number of match cameras. A separate robustification
scheme is used because occlusions appear independently. Using only
the data term, though, results in an ill-posed problem. When compar-
ing single pixels, it is likely that multiple pixels in the match image
have the same brightness or color as the pixel in the reference image.
Further, the correctly matching pixel could be occluded and the min-
imizer would choose the closest match in terms of similarity rather
than in terms of locality. It is therefore necessary to impose an ad-
ditional constraint on the form of the minimizer ρ by introducing a
prior. It is reasonable to assume that for two neighboring pixels their
respective depth values are the same, up to a small difference. This
is obviously not true at depth discontinuities, that is on edges where
an object ends and another one, closer or farther away, begins. Such
an isotropic first-order penalizer, however, proves good enough when
used in conjunction with a suitable penalizer function [Mau14]. The
required behavior can be modeled by penalizing deviations of the
gradient of ρ from zero. Again, the most simple penalizer would be
quadratic. The violation of the smoothness term is desirable, though;
hence the influence is weighted down using a robust penalizer. The
smoothness term then reads

S(ρ) =

∫
Ω

ΨS(|∇ρ|2)dxdy. (3.18)

A side effect of the smoothness term is its capability to fill in depth
values from neighboring pixels in regions where the data term
fails [HS81]. This is particularly useful in occluded or insufficiently
textured regions.

This results in the final energy functional with robust penalizers for
both the data and the smoothness term; a variable amount of views is
used and a dense reconstruction of the depth map is achieved due to
the fill-in-effect of the smoothness term. For the data and smoothness
term the same sub-quadratic penalizer Ψ is used, which simplifies the
energy functional to

E(ρ) =

∫
Ω

1

n

n∑
v=1

Ψ(|I0(p) − Iv(pv)|
2) +α ·Ψ(|∇ρ|2)dxdy. (3.19)

Using the regularization factor α, it is possible to control the influ-
ence of the smoothness term. It should be noted, however, that the
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current energy functional handles only gray-value images. The inclu-
sion of color images is treated with the introduction of the depth
tensor in Section 3.3.1.3.

3.3.1 Minimization

To find the minimizer ρ for Equation (3.19), Calculus of Variations
provide the necessary framework. The energy functional has the form

E(ρ) =

∫
Ω

F(x,y, ρ, ρx, ρy)dxdy

and following the Euler-Lagrange Equations from Section 2.5 the nec-
essary condition the minimizer has to fulfill is

0 = ∂ρF− ∂xFρx − ∂yFρy .

The partial derivatives of F are

Fρ = 2 · 1
n

n∑
v=1

Ψ ′(|I0(p) − Iv(pv)|
2) · (I0(p) − Iv(pv))

· ∂ρ(I0(p) − Iv(pv)),
Fρx = 2 ·α ·Ψ ′(|∇ρ|2) · ρx,

Fρy = 2 ·α ·Ψ ′(|∇ρ|2) · ρy.
(3.20)

To achieve a shorter and more concise notation for the brightness con-
stancy, the definition ∆v := I0(p)− Iv(pv) is introduced; including the
divergence notation for the Euler-Lagrange equation, the condition
for the minimizer becomes

0 =
1

n

n∑
v=1

(
Ψ ′(|∆v|

2) ·∆v · ∂ρ∆v
)
−αdiv

(
Ψ ′(|∇ρ|2) · ∇ρ

)
, (3.21)

with boundary condition

0 = nT ·

[
Ψ ′(|∇ρ|2) · ρx
Ψ ′(|∇ρ|2) · ρy

]
,

where n is the normal vector at the boundary. Unfortunately, due to
the non-linearized data term and the perspective projection the en-
ergy functional is not convex and thus possibly has multiple local
minimizer. To find a good local or a global minimizer, a multi-level
warping approach is introduced in Section 3.3.1.2. Another shortcom-
ing is the non-linearity due to the sub-quadratic penalizers which
prevents the application of a linear solver.
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3.3.1.1 Linearization

The first step in solving the energy functional is to linearize Equa-
tion (3.21). To achieve this, similar to the method of [Bro+04], a
fixed point iteration is introduced. The depth ρk+1 is then a solution
to Equation (3.21) and it can be rewritten as

0 =
1

n

n∑
v=1

(
Ψ ′(|∆k+1v |2) ·∆k+1v · ∂ρ∆kv

)
−αdiv

(
Ψ ′(|∇ρk+1|2) · ∇ρk+1

)
. (3.22)

The unknown depth ρk+1 is split into

ρk+1 = ρk + dρk,

such that the depth in the next time step depends on the known depth
of the current iteration step and an unknown depth increment dρk.
The difference term at the next iteration step, ∆k+1v , is dependent on
the depth at k+ 1 and a linearization is required, too. It can be split
into a linearization of each image. To linearize Iv(pk+1v ) a first order
Taylor expansion around ρk is performed which yields the approxi-
mation

Iv(p
k+1
v ) ≈ Iv(pkv) +

(
ρk+1 − ρk

)
· ∂ρIv(pkv)

= Iv(p
k
v) + dρk · ∂ρIv(pkv).

For ∆k+1v the linearization is derived by

∆k+1v = I0(p
k+1) − Iv(p

k+1
v )

≈ I0(pk) + dρk · ∂ρI0(pk) − Iv(pkv) − dρk · ∂ρIv(pkv)
=
(
I0(p

k) − Iv(p
k
v)
)
+ dρk · ∂ρ(I0(pk) − Iv(pkv))

= ∆kv + dρk · ∂ρ∆kv .

For the data and smoothness term related parts of the Euler-Lagrange
equation, the following abbreviations are introduced:

(Ψ ′v)
k
D := Ψ ′(|∆kv + dρk · ∂ρ∆kv |2)

(Ψ ′)kS := Ψ ′(|∇(ρk + dρk)|2). (3.23)

Putting it all together results in a new condition

0 =
1

n

n∑
v=1

(Ψ ′v)
k
D ·
(
∆kv + dρk · ∂ρ∆kv

)
· ∂ρ∆kv

−α · div
(
(Ψ ′)kS · ∇(ρk + dρk)

)
. (3.24)

This new equation is only partially linearized, though, because the
unknown dρk appears quadratically in the penalizer terms. Brox et
al. faced a similar problem and introduced an additional, inner, fixed
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w = 0

w = 1

w = 2

Figure 3.4: Non-convex energy with multiple local minima. A global minimizer
is found on a coarse level and used as initialization on the next finer
level.

point iteration scheme for each iteration k of the outer fixed point
scheme to overcome this problem [Bro+04]. The same scheme is ap-
plied here. Since the chosen penalizer function Ψ is strictly convex, a
minimizer for the inner fixed point iterations of the penalizer terms
can be found. The fixed point of the inner scheme is dρk,l+1, which
results in a final linearized equation

0 =
1

n

n∑
v=1

(Ψ ′v)
k,l
D ·

(
∆kv + dρk,l+1 · ∂ρ∆kv

)
· ∂ρ∆kv

−α · div
(
(Ψ ′)k,l

S · ∇
(
ρk + dρk,l+1)) , (3.25)

where l denotes the iteration step of the inner fixed point scheme.

3.3.1.2 Coarse-to-Fine Warping

Due to the non-convex data term the whole energy functional in Equa-
tion (3.19) is not convex. This poses a problem during minimization.
Ideally, the energy term is convex and has a single minimum that is
the global minimum. A non-convex function may have several local
minima. The minimization shifts from finding the global minimum
to finding a local minimum that is good enough. If it so happens
that this solution is the best possible solution, the better. However,
this still poses a challenge; finding a minimum depends heavily on
the initialization: A bad initialization may lead to an insufficient lo-
cal minimum and the solver will get stuck there. A solution could
be to change the initialization manually, but for large images, which
are two-dimensional functions, this is neither feasible nor desirable.
A solution for this dilemma is to introduce a coarse-to-fine warping
strategy, finding a minimizer on a coarse level and using this solution
as initialization of the next finer level [Bro+04; MP98]. A downscaling
factor, η ∈ (0, 1), is introduced that relates the number of samples
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per coordinate axis fw of an image at the finest level, w = 0, to the
number of samples fw+1 at the next coarser level by fw+1 = η · fw.
Using an appropriate sampling method like area based sampling, the
downscaling smooths the images and only large scale structures re-
main [Mau14]. The energy on a coarse level is then a smooth approxi-
mation of the energy at the next finer level. This process is illustrated
in Figure 3.4. The result is that on a coarser level less local minima are
present and a good local or the global minima is found. Initializing
the next finer level with the solution from the coarse level reduces
the risk of getting stuck near a bad initialization. Since the solution
on the coarse level has fewer samples as needed on the finer level, a
resampling of the computed depth is necessary.

The intrinsic matrix encodes the number of pixels per unit distance
in the factors γx and γy; since the metric size of the image does not
change by warping, but the number of pixels, the intrinsic matrix has
to be adapted for each warping level. This is simply achieved by a
multiplication with a scaling matrix, such that

Kk,w+1
v =

η 0 0

0 η 0

0 0 1

 ·Kk,w
v , (3.26)

where Kk,0
v = Kkv .

At low resolution levels the regularization parameter has a higher
smoothing effect than at high resolution levels. To reduce this effect
the influence of the smoothness term is decreased by downscaling α,
such that αw+1 = η ·αw [BMK12].

3.3.1.3 The Depth Tensor Notation

In dense motion estimation it is common to express the penalizer in
the data term using a tensor notation; see Bruhn and Weickert [BW05]
or Valgaerts et al. [Val+10], for example. Following the idea of the mo-
tion tensor, Maurer devised a depth tensor notation that proves useful
to shorten the notation and for adding additional data terms [Mau14].
Let Skv∇ := [∂ρ∆

k
v ∆

k
v ]

T, then the depth tensor is defined as

Tkv := Skv∇
T
Skv∇ =

[ (
∂ρ∆

k
v

)2
∂ρ∆

k
v ·∆kv

∂ρ∆
k
v ·∆kv

(
∆kv
)2

]
.

For the depth increment dρk,l a vector form is introduced which
reads

dρk,l :=

[
dρk,l

1

]
.

Using the depth tensor, the abbreviation from Equation (3.23) can be
redefined as

(Ψ ′v)
k,l
D := Ψ ′(dρk,lTTkv dρk,l).
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Equation (3.25) can now be rewritten as

0 =
1

n

n∑
v=1

(Ψ ′v)
k,l
D ·

(
Tv12 + dρk,l+1 · Tv11

)
−α · div

(
(Ψ ′)k,l

S · ∇
(
ρk + dρk,l+1)) , (3.27)

with (Ψ ′)k,l
S as in Equation (3.23).

adding color images The benefit of the depth tensor becomes
immediately clear when color images are considered. Assume there
are n color images as defined in Section 2.1, with three channels and
I(p, c) is the value of the image at p and channel c. A possible con-
stancy assumption that is obtained, reads

c∆v := I0(p, c) − Iv(p, c).

It seems as if using color images increases the number of available
assumptions manifold; this is only partially true, however. In the case
of the common RGB color space the individual channels are not in-
dependent. Increasing the brightness the scene is exposed to — or in-
creasing the exposure time — increases the response across all chan-
nels. RGB color images thus provide a joint constancy assumption
and the violation should be penalized jointly. Hence, an appropriate
data term reads

D(Φ ◦ ρ) = 1

n

∫
Ω

n∑
v=1

Ψ

(
3∑
c=1

| c∆v|
2

)
dxdy. (3.28)

This leads to a reformulation of the relevant part of the Euler-
Lagrange equations:

Fρ = 2 · 1
n

n∑
v=1

Ψ ′

(
3∑
c=1

| c∆v|
2

)
·
3∑
c=1

c∆v · ∂ρ c∆v (3.29)

After the linearization of Fρ as in Section 3.3.1.1 the application of the
tensor notation results in

Fρ = 2 · 1
n

n∑
v=1

Ψ ′

( A:=︷ ︸︸ ︷
3∑
c=1

dρk,lT cTkv dρ
k,l+1

)
·

B:=︷ ︸︸ ︷
3∑
c=1

cTkv12 + dρ · cTkv11

(3.30)
It is easy to see, that A and B can be transformed, such that

A = dρk,lT ·
3∑
c=1

cTkv ·dρk,l, and

B =

3∑
c=1

cTkv12 + dρk,l+1 ·
3∑
c=1

cTkv11.
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Equation (3.27) can now be rewritten as

0 =
1

n

n∑
v=1

Ψ ′(dρk,lTTkv dρk,l) ·
(
Tkv 12 + dρk,l+1 · Tkv 11

)
−α · div

(
Ψ ′k,l
S · ∇

(
ρk + dρk,l+1)) , (3.31)

where Tkv is defined as

Tkv :=

3∑
c=1

cTkv =


3∑
c=1

(∂ρ
c∆kv)

2
3∑
c=1

∂ρ
c∆kv · c∆kv

3∑
c=1

∂ρ
c∆kv · c∆kv

3∑
c=1

(c∆kv)
2


This shows that adding new constancy assumptions can be expressed
by transforming the assumption into a tensor and adding it to the
already existing tensor. As a consequence, the discretization and the
solver does not have to change when adding new assumptions.

3.3.2 Discretization

To solve Equation (3.27) numerically, it is necessary to discretize the
continuous functions used so far. In the context of image processing,
it is common to use a rectangular grid of extent W ×H, where W
and H are the width and height in pixels of the picture taken by the
reference camera; the spacing between pixels is denoted by hx and
hy. The domain Ω is then defined as Ω := [0,W)× [0,H) ⊂ N2. As
depicted in Figure 3.1, the back-projection is performed at discrete
locations only. This allows to express the discretized reference image
by

I0 i,j := I0(i, j), ∀(i, j) ∈ Ω.

The depth and depth increment are defined over the domain Ω, too;
the same discretization scheme is applied, such that dρk,l+1

i,j and ρk,l
i,j

are the discretized depth increment and depth.
To compute the derivatives of the discretized functions, finite dif-

ference schemes are used. At the boundary, this requires to access
values at locations outside of Ω, which are not available. The bound-
ary conditions of the Euler-Lagrange equation determine the values
outside the domain. For the first-order isotropic regularizer, the val-
ues inside the domain are mirrored along the boundary. At the left
and top boundary this is expressed by

gi,j = g|i−1|,|j−1|, ∀i, j < 0.

At the right and bottom boundary the width and height have to be
considered.

The indexing tuple (i, j) refers to a location in the domain of the
reference image; therefore, the tuple cannot be used directly to refer
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to corresponding points in Iv. However, using the current depth, the
coordinate of the corresponding point can be computed, as seen in
Equation (3.9). By warping the match images towards the reference
view, a new image can be defined, such that the values are accessible
using p. The warped image Ikv (p) is defined as

Ikv (p) := Iv(p
k
v),

where pkv is the coordinate of the corresponding point using the cur-
rent depth. The discretized match image is then denoted by Ikvi,j. Be-
cause the xkv and ykv are in general not natural numbers, the value
at pkv is obtained by performing a bi-linear interpolation [BMK12;
Mau14].

The penalizer function has the analytic derivative

Ψ ′(s2) =
1

2 ·
√
s2 + ε2

,

the discrete penalizers (Ψ ′D)i,j and (Ψ ′S)i,j are computed by their dis-
cretized arguments.

the discretized depth tensor The discretized representation
of the part related to the data term reads

1

n

n∑
v=1

(Ψ ′v)
k,l
Di,j ·

(
(Tv12)i,j + dρk,l+1

i,j · (Tv11)i,j
)

. (3.32)

Therefore, a discretization of the depth tensor is required, which in
turn requires discretized ∆kvi,j and ∂ρ∆kvi,j. The former is defined by
its individual discretized parts, ∆kvi,j = I

k
0i,j− I

k
vi,j; the latter requires

handling the derivative by ρ. The difference term is defined as ∆v :=

I0(p) − Iv(pv), using the sum rule of differentiation it follows that

∂ρ∆
k
v = ∂ρI0(p) − ∂ρIv(p

k
v),

and that it is sufficient to treat the differentiation by ρ on a per image
basis. Further, I0 does not depend on ρ and the image’s derivative by
ρ is 0. Using the chain rule it follows

∂ρIv(p
k
v) = (∇vIv(pkv))T · ∂ρ

[
xkv

ykv

]
= ∂xvIv · ∂ρxkv + ∂yvIv · ∂ρykv , (3.33)

where ∇v =
[
∂xkv ∂ykv

]T
is the gradient by xkv and ykv , respectively.

The terms xkv and ykv can be derived analytically and using the short
notation from Equation (3.9) they read

∂ρx
k
v = ∂Φxv · ∂ρΦ = Φ ′(ρ) · a · d− b · c

(Φ(ρ) · c+ d)2
, and

∂ρy
k
v = ∂Φyv · ∂ρΦ = Φ ′(ρ) · ǎ · d− b̌ · c

(Φ(ρ) · c+ d)2
. (3.34)
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The derivations of both can be found in Appendix B.5. The derivatives
of Φ are

Φ ′direct(ρ) = 1, and

Φ ′inverse(ρ) =
−1

ρ2
.

Computing the derivatives (∇vIv)T is performed using the warped
image [BMK12]. Between the gradient of the image and the gradient
of the warped image exists the relation

(∇vIv(pkv))T = (∇Ikv (p))T · J−1,

where J is the Jacobian as derived in Appendix B.1. To approximate
the partial derivatives of Iv, an eighth order finite difference scheme
is used.

the discretized smoothness term To approximate the di-
vergence expression of the smoothness term, a nested, central sec-
ond order difference scheme was chosen. Its derivation is found in
Appendix B.2. The individual parts are discretized as usual and the
smoothness term reads

α · div
(
(Ψ ′)k,l

S i,j · ∇
(
ρk,l
i,j + dρk,l+1

i,j

))
=w1 ·

(
ρk,l
i+1,j − ρ

k,l
i,j + dρk,l+1

i+1,j − dρk,l+1
i,j

)
−w2 ·

(
ρk,l
i,j − ρ

k,l
i−1,j + dρk,l+1

i,j − dρk,l+1
i−1,j

)
+w3 ·

(
ρk,l
i,j+1 − ρ

k,l
i,j + dρk,l+1

i,j+1 − dρk,l+1
i,j

)
−w4 ·

(
ρk,l
i,j − ρ

k,l
i,j−1 + dρk,l+1

i,j − dρk,l+1
i,j−1

)
, (3.35)

with the weights wi defined as

w1 = α ·
(Ψ ′)k,l

S i+1,j + (Ψ ′)k,l
S i,j

2 · h2x
,

w2 = α ·
(Ψ ′)k,l

S i,j + (Ψ ′)k,l
S i−1,j

2 · h2x
,

w3 = α ·
(Ψ ′)k,l

S i,j+1 + (Ψ ′)k,l
S i,j

2 · h2y
,

w4 = α ·
(Ψ ′)k,l

S i,j + (Ψ ′)k,l
S i,j−1

2 · h2y
. (3.36)

The expressions (Ψ ′)k,l
S i,j are evaluated using the analytic derivative

of ΨS and an approximation of its argument as per Equation (3.23).
The partial derivatives are approximated using an eighth order finite
difference scheme.
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3.3.3 Solving the Energy Functional

Now that Equation (3.25) is discretized, it must be solved. The vari-
able to solve for is dρk,l+1

i,j , where each individual pixel is related
only to its four direct neighbors, two in each direction. This relation-
ship forms a sparse matrix and a linear equation system of the form
A · x = b. Such a system can be solved by an iterative method, a
suitable approach is the Gauss-Seidel method. Using successive over-
relaxation the convergence rate can be increased [You54]. From the
nested fixed point iteration scheme follows a nested scheme for solv-
ing the linear equation system; that is at each iteration step k several
inner steps l are performed. Using the over-relaxation parameter ω
and the iteration variable s for the SOR solver, the resulting scheme
reads

dρk,l+1,s+1
i,j

=(1−ω) · dρk,l+1,s
i,j +ω ·

(
−1

n

n∑
v=1

(Ψ ′v)
k,l
Di,j · (Tv12)i,j

+w1 ·
(
ρk,l
i+1,j − ρ

k,l
i,j + dρk,l+1,s

i+1,j

)
+w3 ·

(
ρk,l
i,j+1 − ρ

k,l
i,j + dρk,l+1,s

i,j+1

)
−w2 ·

(
ρk,l
i,j − ρ

k,l
i−1,j − dρk,l+1,s+1

i−1,j

)
−w4 ·

(
ρk,l
i,j − ρ

k,l
i,j−1 − dρk,l+1,s+1

i,j−1

))
·
(
w1 +w2 +w3 +w4 +

1

n

n∑
v=1

(Ψ ′v)
k,l
Di,j · (Tv11)i,j

)−1

. (3.37)

Values of dρk,l+1
i,j are used as soon as they are available, indicated by

a mixture of the iteration steps s and s+ 1.

initialization A last prerequisite to solve the energy functional
concerns the initialization of ρi,j. The trivial solution 0 comes to mind
and with the coarse-to-fine warping the iterative solution converges
towards the correct solution. Setting the depth to zero, however, re-
sults in an initial point cloud such that every point lies at the origin
of the reference camera and might cause difficulties relating the 3-D
points to their corresponding locations in the match views. Further,
using a constant initial value introduces a systematic error.

Instead, the plane sweeping approach by Maurer is extended to
multiple views. Given the range of possible depth values [ρmin, ρmax]

the data term is used to compute a normalized sum of squared differ-
ences for a number of depth values, evenly spaced across the depth
range.

arg min
ρz

1

N

W∑
i=0

H∑
j=0

n∑
v=1

(I0 i,j − Iv i,j(ρz))2, ρz ∈ [ρmin, ρmax]. (3.38)
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Iv represents the v-th image warped towards the reference view and
N is the number of points that are visible in all images.

3.4 second-order isotropic regularization

The previous section described the process of developing a model to
solve the stereo problem using a first-order isotropic regularization;
however, such a first-order regularizer favors a constant depth. In Sec-
tion 3.2.2 an analysis was performed which shows that the inverse
depth parameterization is better suited for reconstruction because it
back-projects affine depths to planes without introducing an error. To
make use of this property of the inverse depth parameterization and
to allow slanted surfaces, a second-order regularization term is intro-
duced. Instead of the assumption that neighboring image points have
the same depth value it is now assumed that the rate of change of the
depth is constant between neighboring image points. This constraint
is expressed by the second derivatives of ρ. The new smoothness term
uses the Frobenius norm of the Hessian and reads

S(ρ) =

∫
Ω

ΨS(||Hρ||2F)dxdy, (3.39)

where Hρ is the Hessian of ρ and ||Hρ||F =
√
ρ2xx + ρ

2
xy + ρ

2
yx + ρ

2
yy

the Frobenius norm of the Hessian. This results in the energy func-
tional

E(ρ) =

∫
Ω

1

n

n∑
v=1

Ψ(|I0(p) − Iv(pv)|
2) +α ·ΨS(||Hρ||2F)dxdy. (3.40)

3.4.1 Minimization

The energy functional has the form

E(ρ) =

∫
Ω

F(x,y, ρ, ρxx, ρxy, ρyx, ρyy)dxdy

and the Euler-Lagrange equation provides the necessary condition
for the minimizer ρ. The data term has not changed. Using the abbre-
viation ∆v = I0(p) − Iv(pv) Fρ is the same as in Equation (3.20):

Fρ =
1

n

n∑
v=1

(Ψ ′(|∆v|
2) ·∆v · ∂ρ∆v)

For the remaining parts of the Euler-Lagrange equation follows

Fgx = 0, Fgy = 0,

Fgxx = α ·Ψ ′S(||Hρ||2F) · 2 · ρxx, Fgxy = α ·Ψ ′S(||Hρ||2F) · 2 · ρxy,

Fgyx = α ·Ψ ′S(||Hρ||2F) · 2 · ρyx, Fgyy = α ·Ψ ′S(||Hρ||2F) · 2 · ρyy.
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Using the symmetry of second derivatives, it holds that Fgxy = Fgyx
because ρxy = ρyx. Using the operator ∇H := [∂xx ∂xy ∂yx ∂yy]

T

[Mau14] the Euler-Lagrange equation reads

0 =
1

n

n∑
v=1

(Ψ ′(|∆v|
2) ·∆v · ∂ρ∆v) +α · ∇T

H
(
Ψ ′S(||Hρ||

2
F) · ∇Hρ

)
, (3.41)

with the boundary conditions

0 = nT ·

[
−∂x

(
Ψ ′S(||Hρ||

2
F) · ρxx

)
− ∂y

(
Ψ ′S(||Hρ||

2
F) · ρxy

)
−∂x

(
Ψ ′S(||Hρ||

2
F) · ρyx

)
− ∂y

(
Ψ ′S(||Hρ||

2
F) · ρyy

)] ,

0 = nT ·

[
Ψ ′S(||Hρ||

2
F) · ρxx

Ψ ′S(||Hρ||
2
F) · ρxy

]
, 0 = nT ·

[
Ψ ′S(||Hρ||

2
F) · ρyx
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.

With the same reasoning as for the first-order regularizer a nested
fixed-point iteration scheme is introduced. By applying the same lin-
earization this results in

0 =
1

n

n∑
v=1

(Ψ ′v)
k,l
D ·

(
∆kv + dρk,l+1 · ∂ρ∆kv

)
· ∂ρ∆kv

+α · ∇T
H

(
(Ψ ′)k,l

S · ∇H
(
ρk + dρk,l+1)) , (3.42)

with the abbreviations

(Ψ ′v)
k,l
D := Ψ ′(|∆kv + dρk · ∂ρ∆kv |2), and

(Ψ ′)k,l
S := Ψ ′(||∇H(ρ

k + dρk)||2F). (3.43)

3.4.2 Discretization

As already noted, the data term is identical to the data term that was
used together with the first-order regularizer; hence, the discretiza-
tion of the part related to the data term is the same as in Section 3.3.2.
Of interest, however, is the discretization of the smoothness term. The
second derivatives in the argument to the term (Ψ ′)k,l

S i,j are approxi-
mated by a fourth-order central finite difference scheme; the term

∇T
H

(
(Ψ ′)k,l

S · ∇H
(
ρk + dρk,l+1))

is approximated using a nested central finite difference scheme. Its
derivation is found in Appendix B.3.

3.4.3 Adapted Successive Over-Relaxation

The discretized Euler-Lagrange equation forms a system of linear
equations in which the dρk,l+1

i,j are the unknowns. Due to the in-
creased neighborhood to approximate the part related to the smooth-
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ness term the resulting matrix is not as sparsely populated as be-
fore, but still diagonally dominant; the successive over-relaxation re-
mains a suitable method to find the minimizer. Using the abbrevia-
tion Pk,l

i,j := ρk,l
i,j + dρk,l+1

i,j the SOR scheme reads

dρk,l+1,s+1
i,j

=(1−ω) · dρk,l+1,s
i,j +ω ·

(
−1

n

n∑
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(Ψ ′v)
k,l
Di,j · (Tv12)i,j

−w0 ·
(
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i+2,j − 2 · P

k,l,s
i+1,j + ρ

k,l
i,j

)
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k,l
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i−1,j

)
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, (3.44)

where the weights wr are defined as follows:

w0 :=
α · (Ψ ′)k,l

S i+1,j

h4x
, w1 :=

−α · (Ψ ′)k,l
S i,j

h4x
,

w2 :=
α · (Ψ ′)k,l

S i−1,j

h4x
, w3 :=

α · (Ψ ′)k,l
S i,j+1

h4y
,

w4 :=
−α · (Ψ ′)k,l

S i,j

h4y
, w5 :=

α · (Ψ ′)k,l
S i,j−1

h4y
,

w6 :=
α · (Ψ ′)k,l

S i+1,j+1

8 · h2x · h2y
, w7 :=

−α · (Ψ ′)k,l
S i−1,j+1

8 · h2x · h2y
,

w8 :=
−α · (Ψ ′)k,l

S i+1,j−1

8 · h2x · h2y
, w9 :=

α · (Ψ ′)k,l
S i−1,j−1

8 · h2x · h2y
.

The iteration variable for the SOR scheme is s and s+ 1 indicates that
values which are already computed are used.
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E X T E N S I O N S

This chapter introduces extensions that are useful in a multi-view
configuration, improving the fidelity of or the confidence in the solu-
tion. Furthermore, with automatic view selection the runtime can be
reduced by discarding views that do not contribute to the solution.

4.1 occlusion handling

When a scene with foreground and background objects is observed
from different view points it so happens that regions visible in one
view are occluded in the other view. The foreground and the back-
ground differ in their perceived relative motion and at the depth dis-
continuity occlusions become apparent. For pixels in the occluded
region it is not only difficult but impossible to find the corresponding
pixel in the match view. At least this is the case in a two-view stereo
case, in a multi-view case another view might provide a correspon-
dence. Regardless of the actual case, trying to use occluded pixels
might have detrimental effects because the data term either reports a
high matching cost for a potentially correct depth or the opposite, a
low matching cost for an incorrect depth. Either way, inferring truth
from incomplete data should be avoided. In addition, although the
multi-view case could provide information from one match view if
another fails to do so, the overall occluded regions increase propor-
tional with the number of views and it becomes more important to
handle occlusions [BMK12]. To disable the data term in occluded re-
gions, for each image an occlusion map gv i,j is computed that assigns
each image point a binary visibility score, such that

gv i,j =

1 if Pi,j is visible in Iv

0 else,
(4.1)

where Pi,j is the 3-D point that is projected onto (i, j). Equation (3.27)
is modified to use the visible score by

1

n

n∑
v=1

gv i,j · (Ψ ′v)
k,l
Di,j ·

(
(Tv12)i,j + dρk,l+1

i,j · (Tv11)i,j
)

. (4.2)

In essence, an occluded pixel does not contribute to the cost and if
the pixel is occluded across all views the method solely relies on
the smoothness term’s fill-in effect. A Z-Buffer approach is used to
compute the visibility score. Figure 4.1 illustrates the case of an oc-
cluded pixel [BMK12; Val+10]. Using the depth at the current warp-
ing level, every point Pi,j is projected onto the image plain of match
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C0

Cv

P

p0

Q

q0

pv

qv

δ

Image planes

Figure 4.1: The image points p0 and q0 are mapped to the same image point
pv = qv. The scene point Q occludes P if the distance δ is larger
than some threshold. If that is the case, p0 is occluded and its
occlusion score is set to 0.

view v; if multiple Pi,j are projected onto the same corresponding
pixel pv, an occlusion is detected, provided the distances between
the back-projected points exceeds a predefined threshold δ. In Fig-
ure 4.1 there are two points P and Q that are projected onto the same
point pv = qv. As seen from Cv, P is occluded by Q and the visibility
score of p0 is 0 if ||P−Q||2 > δ. As a result, view v has no influence
on the data term at p0.

4.2 forward-backward consistency checking

Although similar to occlusion detection, the forward-backward con-
sistency check is a post-processing step to find and disable inconsis-
tent depth values across multiple views. The idea is based on the
left/right check and the symmetric distance error measure used for
estimating the fundamental matrix [Hir05; FL04]. The depth values
from two different views are said to be consistent if they back-project
onto the same 3-D coordinate. This requires the computed depth map
for all views involved and the forward-backward check is therefore
only possible after a sufficient number — at least two — of depth
maps have been computed for a scene.

As input, the depth map of the reference view and the depth maps
of the match views are given. The consistency map is an integer score,
instead of a binary one as used in occlusion detection. For every pixel
in the reference view each match view v casts a vote if the depth in
both views is consistent. For the consistent depth map ρ̌ follows

ρ̌(p) =


ρ(p) if

n∑
v=1

cv(p) > ω

0 else,
(4.3)
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where cv is the consistency map of view v and ω is the number of
necessary votes. The consistency map is defined by

cv(p) =

1 if |p−p ′| < δ

0 else,
(4.4)

where

p ′ = π(M0 ·Π(Φ(ρv(pv)) ·K−1
v ·Π(pv)) and

pv = π(Mv ·Π(Φ(ρ0(p)) ·K−1
0 ·Π(p)).

Every point p is projected onto the match view v using the depth map
of the reference view to obtain the corresponding point pv. This point
in turn is then projected onto the reference view and p ′ is obtained.
The depth at p is deemed consistent if the distance between p and its
forward-backward projection does not exceed a certain threshold δ.

4.3 automatic view selection

In a multi-view stereo setting there exists a paradox: Having a larger
amount of images from different angles and distances available al-
lows to cover more elements of the scene by providing vantage points
that complement each other. But not all images are equally useful
considering a specific reference view. Two camera pairs could be ori-
ented so that their configuration is diverging; in the extreme case
both cameras could point in opposite directions, for example when
cameras were circling an object. Thus, selecting appropriate views is
mandatory for good results. Using certain criteria, this process can be
automated and two different approaches are described in this section.

4.3.1 Geometry-Based Approach

The first approach uses the poses of the match views relative to the
reference view. It is assumed that images were taken such that the
objects of interest are visible in the image. The extrinsic matrix con-
tains two distinct properties, the orientation of a match camera and
the translation, that allows to compute the origin of the match camera
in the coordinate frame of the reference view. The relative motion of
foreground objects is larger than for background objects; with increas-
ing distance between the camera centers, that is increasing baseline
b, the motion of the foreground object might become so large that
reliable matching is not possible anymore. It is therefore necessary
to restrict the baseline to not exceed a certain threshold. This forms
the first condition for selecting valid match views. One could impose
a constraint on the minimal baseline, thus excluding views that are
to close to the reference view. However, this introduces another pa-
rameter and it is assumed that the typical use case as described in
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C0 Cv
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e0

Cv

ev

C0Cv

C0Cv

Figure 4.2: A top-down view of the four different cases regarding the orientation
between match camera Cv and reference camera C0. The top row
shows valid converging setups, the bottom row shows the two invalid
setups.

Section 3.2.1 results in baselines that are too large rather than too
small.

The second condition is based on the camera orientations. In the
ideal case, all cameras involved point to the same object and form a
converging setup. The viewing direction is along the Z-axis and the
vector ev = [0 0 1 0]T, called the eye vector, of camera v is expressed
in its coordinate frame. Note that the 4th component of ev is zero,
which prevents the addition of the translation vector. The eye vector
ev is transformed to the coordinate frame of the reference camera by

ěv = T0 · T−1v · ev

and the angle φ between ěv and e0 is computed using the relation

cosφ =
eT
0 · ěv

||e0||2 · ||ěv||2
.

Positive angles would indicate a converging, negative angles a diverg-
ing setup. However, the dot product computes the smallest positive
angle between two vectors. Furthermore, since both eye vectors span
a plane all information regarding the relative position of the cameras,
that is left or right, above or below, is lost. Consider Figure 4.2 which
depicts the four possible configurations considering the 2-D case. A
converging setup exists, if the camera lies on one side of the reference
camera but points towards the other side. It is therefore necessary to
first determine the relative position of the match camera. To achieve
this, the origin of the match camera is transformed to the coordinate
frame of the reference camera by

Čv = T0 · T−1v · [0 0 0 1]T.

The match camera lies to the left of the reference camera, if the
X-component is negative, otherwise it lies to the right; if the Y-
component is positive, the match camera lies above, otherwise below
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X

Y

ěv

θ

ϕ

Figure 4.3: The eye vector ěv of camera v is transformed to the coordinate frame
of camera C0. The angles ϕ and θ are used to determine the view
direction of camera Cv relative to the reference camera.

the reference camera. After the relative position is established, two
angles are computed by

ϕ = arctan
(y
z

)
, θ = arctan

(x
z

)
.

ϕ and θ are the angles between the Z-axis and the projections of the
eye vector ěv onto the YZ- and XZ-plane respectively, as is shown
in Figure 4.3. Both angles represent the deviation of ěv from their
respective plane, determining how much the match camera points
upwards and sideward. The condition for a valid camera becomes

valid = b < β∧ ((left∧ θ ∈ [0,Θ]) ∨ (¬left∧ θ ∈ [−Θ, 0]))

∧ ((above∧ϕ ∈ [0,Θ]) ∨ (¬above∧ϕ ∈ [−Θ, 0])),

where β is the threshold for the baseline b = ||Cv −C0||2, Θ is the
threshold for both angles, left is true if Cv −C0 has a negative X-
component and above is true if Cv −C0 has a negative Y-component.

4.3.2 Feature-Based Approach

The previous approach to view selection made the assumption that
cameras oriented in a converging manner observe similar parts of the
scene. Another possibility is to examine the contents of the pictures
and determine whether the match cameras see similar parts of the
scene. A way to achieve this is to extract distinctive features like edges
and corners from the picture of the reference view and find those
again in the picture from the match view. If enough features can be
matched, the images are deemed similar.

Given a feature of the scene, there are three major transformations
in image space the feature can undergo when switching between cam-
eras: Due to lateral movement of the camera, the feature’s position is
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translated; moving the camera closer or farther away from the scene
or changing the focal length results in scaling the feature; the feature
is rotated, if the camera was rotated around its optical axis. To be
of use, the feature extractor should be invariant under those trans-
formations. Hence, the Scale-Invariant Feature Transform (SIFT) was
chosen [Low04]. Lowe also provides a descriptor for each SIFT fea-
ture, that is used for matching.

For the reference image I0 and a match image Iv, the first step is
to extract distinctive features at locations p0 and pv, with descriptors
d0 and dv. This results in two sets F0 and Fv. The second step is to
find for each point p0 with descriptor d0 a matching point pv with dv
such that the distance between those descriptors is minimal. However,
this does not guarantee, that the match is useful; a minimal match will
be found for every feature. Hence, some criteria are needed to deter-
mine whether the found matches are good. Lowe made the observa-
tion that for correct matches the distance of the second best match is
considerably larger than for the best match [Low04]. This results in a
first test, where a match is valid if

||d0 −dv||2

||d0 − d̂v||2
6 τ, (4.5)

where d̂v is the second-closest descriptor and τ ∈ [0, 1] the thresh-
old for inclusion. It is possible to impose another constraint on the
matches. Having the extrinsic and intrinsic matrices available, the
fundamental matrix for each image pair can be computed, see the
derivation in Appendix A.2. From the epipolar constraint follows that

pT
v · Fv ·p0 = 0,

where Fv is the fundamental matrix for the cameras C0 and Cv. This
leads to a criterion every feature has to satisfy,

|pT
v · Fv ·p0| 6 δ, (4.6)

where δ is a positive, small threshold. The two criteria from Equa-
tion (4.5) and Equation (4.6) are combined and the process of selecting
a match view v is as follows:

1. Extract features fi,0 := (p0,d0) and fi,v := (pv,dv) resulting in
sets F0 and Fv

2. Find the best and second best matches and apply criterion 4.5,
resulting in a set Mr that contains all correct matches

3. For each match mi ∈ Mr apply criterion 4.6, resulting in a set
MEC that contains all valid matches

4. Discard view v if |MEC|

|Mr|
< κ

In the above algorithm κ ∈ [0, 1] allows to control what percentage
of matches from Mr has to satisfy the epipolar constraint. By setting
τ = 1 it is also possible to only use the epipolar constraint.
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E VA L U AT I O N

In this chapter the proposed method to solve the stereo problem as
well as the introduced extensions are evaluated experimentally. As
test data, artificial scenes were used to control the properties of light-
ing, material and cameras. Additional real world test scenes were
used to evaluate the methods under natural conditions.

5.1 evaluation method

The stereo reconstruction is performed on numerous test scenes ex-
hibiting different characteristics regarding the camera configuration.
The ground-truth depth map for the reference view is available for
each scene. Using it, it is possible to compare the computed depth to
the expected depth and determine the absolute error. However, pro-
jection does not preserve relative distances and it is therefore better
to compute the error of the back-projected instead of the projected
points [BMK12; Mau14]. For a single point this is formulated by

e = ||Pgt −P||2,

where P ∈ P is the back-projection of p using the computed depth
and Pgt is the back-projection using the ground-truth depth value.
Using the above formula the absolute error for every image point
can be computed. The resulting error values represent the distance
between the correct and the computed point. To determine whether
the computed point is closer or farther away than the correct point,
the error is multiplied with a sign s, such that

s =

1 if Zgt −Z > 0

−1 else.

Sign and error combined allow a color coding as in Figure 5.1 in
which green values represent a close match, red values represent

−δ δ

Figure 5.1: Color coding of the 3-D error. A back-projected point that is closer
to the camera compared to the correct location is colored towards
blue; a point farther away is colored towards red. δ is the threshold
above which error values are truncated.
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Figure 5.2: Three views from the rotated cube scene with an ortho-parallel cam-
era configuration. The picture in the middle shows the reference view,
the pictures left and right to the respective match views.

points that are farther away from the camera than the correct points
and blue values represent points that are closer to the camera than
the correct points.

To compare the overall result of different methods, the root mean
square (RMS) error of the back-projected points is used. For Pgt and P

as above, the error is computed as

eRMS =

√√√√ 1

N
·
N∑
i=1

(
Pi, gt −Pi

)T (
Pi, gt −Pi

)
,

where N denotes the cardinality of the point cloud, |P |, and i the i-th
element of the point cloud.

To control lighting and camera positions more precisely, artificial
test scenes were created using the tool Blender1. All objects consist of
a material with diffuse reflectance and were textured using colored,
procedural noise. The latter gives each image point a distinguishable
neighborhood to reflect the imperfections found in actual materials,
which are not homogeneous.

Some of the adjustable parameters were found to work well across
all tested scenes or to have only little influence, such that it made
sense to keep these fixed. The parameters of the penalizer functions,
εdata and εsmooth, were set to 0.001. The number of outer iterations was
set to 1, the number of inner iterations was set to 3 and the number of
SOR iterations was set to 10. The over-relaxation parameter ω was set
to 1.8 and the parameter used for pre-smoothing the images, σ, was
set to 0.5. Exceptions for any parameter are pointed out in the text.

5.2 multiple views

In a first experiment, the extension to multiple images is evaluated.
Because the occlusion handling was described as a sensible enhance-
ment of the basic multi-view case, the effects are studied here, too.
Finally, the forward-backward consistency check bears resemblance

1 https://www.blender.org

https://www.blender.org
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Test Case n ω RMS Density [%]

single 1 0.906 100

multi 2 0.831 100

4 0.843 100

occlusion 2 0.595 100

4 0.652 100

consistency 2 1 0.543 99.3

2 2 0.477 97.7

2 3 0.424 84.0

2 4 0.415 65.0

Table 5.1: Results for the rotated cube scene in ortho-parallel camera configu-
ration with α = 8.8× 10−2 and first-order isotropic regularization,
rounded to three significant digits.

to the occlusion handling and its results are discussed alongside the
other two cases.

As a test scene, a rotated cube in front of a plane parallel to the
reference camera’s image plane was created. The reference view and
the left and right match views are shown in Figure 5.2. Two additional
views farther to the left and right respectively exist, resulting in a total
of six match views in an ortho-parallel camera setup.

The direct depth parameterization is used with the first-order
isotropic regularization. For the test case single, the view to the right
of the reference view was used, which corresponds to the rightmost
picture in Figure 5.2. In the multi and occlusion case, the two views
closest to the reference view were used for the first experiment and
the closest four views for the second one. The resulting errors are
shown in Table 5.1, the computed depth values and error visualiza-
tion are presented in Figure 5.3. The downscaling factor η was set
to 0.96 for all test cases. The regularization parameter α was set to
8.8× 10−2 because it was found to be the value that resulted in a
minimal RMS error for single. It is possible, that setting α to different
values, better results could be achieved for the different test cases.
However, this step was omitted because changes in the RMS error
would then depend on an additional parameter. Furthermore, the
normalization of the data term by the number of match views is
intended to keep the influence of the data term approximately the
same for an increasing amount of match views.

The case with a single view establishes a baseline with an RMS
error of 0.906. Figure 5.3b shows that the main contribution to the
error is at the left side of the cube; the reason is that this part is
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j)

Figure 5.3: Depth maps and error visualization for the test cases from Table 5.1.
(a) Ground-truth depth values; (b) single; (c) multi, n = 2; (d) multi,
n = 4; (e) occlusion, n = 2; (f) occlusion, n = 4; (g) consistency,
ω = 1; (h) consistency, ω = 2; (i) consistency, ω = 3; (j) consis-
tency, ω = 4.
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occluded in the match view. Accordingly, on the right side of the cube,
where no occlusions occur, the depth discontinuities are preserved.

Basha et al. reasoned that occlusions are expected to occur more
frequently with increasing number of match views [BMK12]. In the
case at hand, this argument is easy to follow: Parts to the right of the
cube are occluded in views to the left of the reference view and vice
versa. It is expected that these occluded regions have a detrimental
effect on the reconstruction quality. However, Table 5.1 shows that
with one additional view the error decreases, by 8.3%. Using three
additional views, however, the error is reduced only by 6.9%. In this
case, the two new views have a large baseline, resulting in more oc-
clusions which are more difficult to reconstruct correctly. Looking at
the error visualizations in Figure 5.3c and 5.3d, the depth disconti-
nuities at the right side of the cube are not preserved as well as in
the single-view case, but the error on the left is reduced. If the in-
crease in occluded regions is responsible for the less accurate depth
discontinuities, occlusion handling should help mitigate the influence
of occlusions. Using an occlusion threshold of 0.25, it follows from Ta-
ble 5.1 that this is indeed true: In both cases with two and four match
views respectively, the RMS error is reduced by 22.7 – 28.4%. Consis-
tent with prior observations, the reconstruction quality is better using
two views instead of four. The same reasoning as for the multi-view
case applies. In Figures 5.3e and 5.3f can be seen that depth discon-
tinuities are preserved better than in the previous cases. As a result,
the cube is easier to distinguish from the background and the edges
are sharper.

For the consistency case, five of the seven views from the scene were
used as reference view, each with one match view to either side. As
a result, five depth maps were computed, with activated occlusion
handling and a threshold of 0.25. The forward-backward consistency
check was executed with δ =

√
2 and the number of votes ω as in

Table 5.1. When computing the RMS error and the error visualiza-
tion, inconsistent values were not considered. The reason behind this
is that the consistency check does not try to correct false values but
only to detect them. The remaining values are considered correct by at
leastω views, thus increasing the confidence in the solution. Table 5.1
shows that the error continually decreases, but the amount of the re-
duction becomes smaller with each increase of the required number
of votes. This indicates that the computed depth values which result
in a high error are detected even with a small number of necessary
votes. Judging from the error visualizations in Figures 5.3g to 5.3j
this interpretation is confirmed: The bright red and blue regions rep-
resenting depth values with large errors are among the first to be
detected as inconsistent, marked by gray color in the visualization.
However, a higher ω results in a reduction of the total number of re-
constructed points, that is |P |. A compromise between the density of
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Figure 5.4: The images from the reference views of scenes used to evaluate the
inverse depth parameterization. From left to right: slanted2, cloth1,
venus.

the reconstruction and the confidence in the solution has to be found.
In the case at hand, a value of ω of 2 or 3 seems reasonable, as the
most erroneous points are detected while 84.0 – 97.7% of the points
still remain.

5.3 inverse depth parameterization

To evaluate the benefit of the inverse depth parameterization, two
things have to be considered: First, for camera configurations in
which tz is approximately zero, the error using the inverse depth
parameterization is expected to be less than the error using the
direct depth parameterization. Second, affine depth values are back-
projected to an affine surface when using the inverse depth parame-
terization. A regularizer that favors affine depths is the second-order
isotropic regularizer, which is used for all experiments in this section.
To examine whether the inverse depth benefits from tz ≈ 0, the test
scene from before is reused, but the camera positions of the match
views were altered. The test case random consists of four match cam-
eras placed in proximity to the reference camera and pointing in the
general direction of the reference camera. For spherical, the cameras
where distributed such that each camera satisfies the setup depicted
in Figure 3.2. The camera centers thus lie on a sphere around the
object origin and the view vectors point to the object origin. The case
ortho-parallel is the same as in the previous section and is used here
because for an ortho-parallel setup tz is exactly zero.

Three additional scenes were used to compare the depth parameter-
izations. The scene slanted consists of a plane angled towards the ref-
erence camera and textured with the image of a stone wall. The match
cameras were placed randomly. To examine the method under more
natural lighting conditions, two scenes from the Middlebury stereo

2 Wallstone texture (http://gryllus.net/Blender/PDFTutorials/
02BCastleTexturing_ITunesU/wallstone.jpg) by Neal Hirsig (http://gryllus.
net) is licensed under CC-BY-NC-SA 3.0 (http://creativecommons.org/licenses/
by-nc-sa/3.0/).

http://gryllus.net/Blender/PDFTutorials/02BCastleTexturing_ITunesU/wallstone.jpg
http://gryllus.net/Blender/PDFTutorials/02BCastleTexturing_ITunesU/wallstone.jpg
http://gryllus.net
http://gryllus.net
http://creativecommons.org/licenses/by-nc-sa/3.0/
http://creativecommons.org/licenses/by-nc-sa/3.0/
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Scene Φ α n RMS

random direct 5.66× 10−2 4 1.41

inverse 4.15× 101 4 1.30

spherical direct 2.08× 10−2 4 1.09

inverse 3.05× 101 4 1.07

ortho-parallel direct 2.75× 10−2 2 0.889

inverse 9.30 2 0.994

slanted direct 5.32× 10−1 4 0.481

inverse 4.30× 101 4 0.475

venus direct 4.05× 10−5 8 0.631

inverse 3.00× 10−5 8 0.586

cloth1 direct 8.50× 10−2 6 0.618

inverse 4.37× 101 6 0.201

Table 5.2: Results for the multi-view case with second-order isotropic regulariza-
tion, rounded to three significant digits.

benchmark3 [SS02; SP07; HS07] were used. The available scenes usu-
ally consist of multiple views, the cameras are always placed equidis-
tantly and in an ortho-parallel fashion. Furthermore, dense ground
truths images are provided in the form of disparity maps. These are
easily converted to depth maps by

Z(p) =
sx ·B
D(p)

,

where Z(p) is the ground truth depth at p, B the baseline of the cam-
eras for which the disparity is provided, and D(p) the ground truth
disparity values. Two scenes from the data sets were used. The scene
cloth1 [SP07; HS07] consists of a patterned sheet of cloth draped in
a way that creates slanted surfaces. Creases in the sheet pose addi-
tional difficulties compared to pure planar surfaces. The scene con-
tains seven cameras in total and the camera matrices were generated
as described in Appendix C.1. The venus scene [SS02] consists of dif-
ferent planes angled towards and away from the reference camera. A
total of eight cameras are available for matching. No calibration data
is available for the venus scene, therefore the cameras were calibrated
as follows. The principal point is assumed to lie in the center of the
image, ox and oy are then half the width and height of the image,
respectively. A value of 0.01 between view 2 and view 6 is used as
baseline. Then sx was chosen such that the depth values lie between

3 http://vision.middlebury.edu/stereo/data

http://vision.middlebury.edu/stereo/data
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(a) (b) (c)

(d) (e) (f) (g)

Figure 5.5: Depth values and error visualization for the cube scenes from Ta-
ble 5.2. (a) Ground-truth depth for the cube scenes; (b) random,
direct; (c) random, inverse; (d) spherical, direct; (e) spherical, in-
verse; (f) ortho-parallel, direct; (g) ortho-parallel, inverse.

0.4 and 3; sy was set to a value such that the ratio between sx and sy
matches the aspect ratio of the images. In Figure 5.4 the images for
the reference views are depicted.

In all tests, occlusion handling was active, the threshold was set
to 0.25 for the cube scenes and to 0.0001 for all other scenes. The
downscaling factor was set to 0.96 for the cube scenes, to 0.93 for
slanted, to 0.95 for cloth1, and to 0.92 for venus. For the scene random
with direct depth parameterization an η of 0.94 was used. The pre-
smoothing parameter for cloth1 was changed to 0.7 and to 1.5 for
slanted. The over-relaxation parameter ω was set to 1.9 for slanted and
to 1.7 for venus. Although more views do not necessarily result in a
better reconstruction, the number of match views used for each test
case was chosen, such that the RMS error was minimal.

The results of the experiments are shown in Table 5.2. In both the
random and spherical scene, the inverse depth parameterization per-
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(a) (b) (c)

Figure 5.6: Depth values and error visualization for slanted scene from Table 5.2.
(a) Ground-truth depth for the slanted scene; (b) direct depth; (c) in-
verse depth.

forms better in terms of the RMS error. However, the results seem to
indicate that with the direct depth the decrease of the error is larger
for scenes where tz approaches zero. For spherical the error for the in-
verse depth is only slightly smaller than for the direct depth. Looking
at Figures 5.5b to 5.5e, it becomes apparent that the direct depth has
difficulties reconstructing the surface at the image boundaries, while
for the inverse depth the edges of the cube are less sharp. However, in
the ortho-parallel case using the direct depth parameterization results
in a lower RMS error compared to the inverse depth. For all cameras
involved in this case, tz is exactly zero and one would also suspect
the inverse depth to have a smaller error. Because of the square in the
computation of the RMS error, larger individual error values have a
higher influence on the resulting error, but the visualizations in Fig-
ures 5.5f and 5.5g show that the red areas with a high negative error
are smaller for the inverse depth. On the other hand, the blue area
with high positive error values is larger. In all those scenes the depth
difference between foreground and background object is high and
the larger erroneous region around the cube seems to indicate that
the inverse depth performs worse in this case.

For the slanted scene, Table 5.2 shows that the error for both pa-
rameterizations is approximately the same; the images in Figure 5.6
confirm that the computed depth values for both parameterizations
are similar. The blue area in the upper right corner of both error visu-
alizations is due to the higher depth in this region, which results in a
higher error reported. For a scene as simple as slanted, both parame-
terizations produce similar results, with the inverse depth performing
slightly better.

The venus scene proved difficult for both parameterizations. While
the RMS error in Table 5.2 is low compared to the previously dis-
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(a) (b) (c)

Figure 5.7: Depth maps and error visualization for the venus scene from Ta-
ble 5.2. (a) Ground-truth depth values; (b) direct depth; (c) inverse
depth.

(a) (b) (c)

Figure 5.8: Depth values and error visualization for the cloth1 scene from Ta-
ble 5.2. (a) Ground-truth depth values; (b) direct depth; (c) inverse
depth.



5.4 automatic view selection 55

cussed scenes, the computed depth maps and the visualization of the
errors in Figure 5.7 show that only the foreground objects were re-
constructed accurately. To distinguish the foreground from the back-
ground, the contrast of the depth maps had to be increased. At the
boundaries of the foreground objects the depth difference is large
and neither parameterization was able to to accurately develop the
edges. However, the venus data set shows that the inverse depth pa-
rameterization can produce better results for ortho-parallel camera
configurations, too.

The last test scene is cloth1 and the RMS error in Table 5.2 suggests
that the inverse depth parameterization performs far better than the
direct depth. However, the depth maps and error visualizations in
Figure 5.8 show that the reconstruction quality in both cases is simi-
lar. Apart from a high error in the lower right corner and a smaller
error at the horizontal crease, the result from the direct depth is in-
distinguishable from the result from the inverse depth. For the most
part, the surface of the cloth is closed, which favors both depth pa-
rameterizations. At the depth discontinuities the errors with a blue
tint are more frequent for the inverse depth than for the direct depth.
However, for errors with a yellow tint the opposite is true. As with the
previous scene, the results for cloth1 show that the inverse depth pa-
rameterization does not have a disadvantage in ortho-parallel camera
setups.

5.4 automatic view selection

To evaluate the automatic view selection, two different scenes were
used. The first is a newly created scene that consists of three different
shapes in front of a plane parallel to the reference camera’s image
plane. Ten additional cameras were randomly placed, so that at least
some parts of the scene that are visible in the reference camera are
visible in any match camera; some cameras are angled towards and
some away from the reference camera. The reference view and all
match views are depicted in Figure 5.9, showing a variety of differ-
ent camera angles and positions. The second scene is the familiar
cloth1 data set. The previous two sections showed that the first-order
isotropic regularization is preferable in scenes with large depth dif-
ferences between objects and that the inverse depth performs better
in the case of random camera placement. Consequently, the inverse
depth with first-order regularization was used for the shapes scene.
For the cloth1 scene, second-order isotropic regularization was used
with the inverse depth. Occlusion handling was used for both scenes,
the threshold was set to 0.001 for shapes; the downscaling factor η was
set to 0.93. The parameters for cloth1 were not changed.

The goal of automatic view selection is twofold: First, the process
should discard the views that have a detrimental effect on the so-
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(a) View 0 (b) View 1 (c) View 2 (d) View 3

(e) View 4 (f) View 5 (g) View 6 (h) View 7

(i) View 8 (j) View 9 (k) View 10

Figure 5.9: The 11 views from the shapes data set. View 0 is used as the reference
view.

lution. Second, those views that contribute the most to an accurate
reconstruction should be selected. If this is not possible the view selec-
tion should not worsen the result by much, but still reduce the overall
execution time. To measure the quality, the RMS error is used again
and the execution times using an Intel Xeon E3-1231 v3 @ 4× 3.4GHz
were recorded for the selected parameters, averaged over four runs.
As a baseline, the depth maps for both test cases were computed us-
ing all available views. For the shapes data set this resulted in an RMS
error of 0.707 with an average runtime of 50.8 seconds. The RMS er-
ror for cloth1 is 0.201 with a mean execution time of 196 seconds. All
numbers were rounded to three significant digits. In Tables 5.3 and
5.4, the first line for each scene shows the results using all views.

The results for the geometry-based view selector are presented
in Table 5.3, the computed depth maps and error visualizations for
shapes are shown in Figure 5.10. For the shapes scene, the table shows
that the view selector is able to find a subset of the available views
that reduces the RMS error as well as the runtime. By choosing the
views 3, 4 and 6 the error is reduced to 63.6% of the original error
while the computation of the depth values took less than half the
time. The results also show that to increase the quality of the recon-
struction it is not sufficient to simply add or remove views. In both
cases with one view fewer and one additional view the RMS error
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Scene Θ [°] β v t [s] RMS

shapes - - {1, . . . , 10} 50.8 0.707

8 1.4 {4, 6} 16.3 0.483

9 2.0 {3, 4, 6} 19.8 0.450

10 2.5 {3, 4, 6, 7} 26.2 0.460

cloth1 - - {0, 2, . . . , 6} 196 0.201

- 0.6 {0, 2} 97.3 0.215

- 1.0 {0, 2, 3} 123 0.204

- 1.4 {0, 2, 3, 4} 150 0.201

Table 5.3: Results for the shapes and cloth1 scenes using the geometry-based
view selector with different baselines and angles. For cloth1 the angle
has no effect. Results rounded to three significant digits and timings
averaged over four executions.

is slightly worse. In Figures 5.10b and 5.10d it can be seen that the
sphere and the cube at the top are reconstructed well compared to
the blue cube. The main contribution to the error stems from the lat-
ter. The distance of the objects from the reference camera decreases
from the blue to the green cube and then to the sphere. The relative
motion decreases in the same order and it can be seen that the recon-
struction quality increases accordingly.

In the cloth1 case, no increase of quality was achieved. Using the
views 0 and 2 – 4 maintains the original error, while removing one or
two of the cameras farthest away from the reference camera increases
the error to 0.204 and 0.215, respectively. However, this scene illus-
trates the case in which the view selection is at least able to reduce
the required execution time. With four views and no change of the er-
ror the runtime is reduced by 23.4%. If a higher error is acceptable a
runtime reduction of up to 50.3% is possible. An explanation for this
outcome is the ortho-parallel camera setup. As seen during the dis-
cussion of the results of the cube scenes, such a setup is more easily
reconstructed. This limits the potential for further error reduction.

The results for the feature-based view selection with τ = 0.8 and
δ = 0.001 are shown in Table 5.4, the computed depth maps and error
visualizations can be found in Figure 5.11. For shapes, with κ = 0.7
only the views 2, 3, 8 and 9 are discarded, but the error is reduced by
17.8%. Those views do not have enough overlap with the reference
view and too many feature matches violated the epipolar constraint.
Of note is view 3, which was chosen by the geometry-based view
selector and lead to a minimal RMS error, but was discarded by the
feature-based view selection. For κ = 0.75 only three views remain,
but the error is not reduced much further. However, by increasing κ to
0.8 one more view was removed and the error was more than halved.
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Scene κ v t [s] RMS

shapes - {1, . . . , 10} 50.8 0.707

0.70 {1, 4, . . . , 7, 10} 35.6 0.581

0.75 {4, 5, 7} 20.9 0.541

0.80 {4, 5} 16.2 0.232

cloth1 - {0, 2, . . . , 6} 196 0.201

0.70 {0, 2, 3, 4} 150 0.201

0.75 {0, 2, 3} 123 0.204

0.80 {2} 69.2 0.204

Table 5.4: Results for the shapes and cloth1 scenes using the feature-based view
selector with different set ratios, τ = 0.8 and δ = 0.001. Results
rounded to three significant digits and timings averaged over four
executions.

As a result, it was possible to reduce the error by 67.2% using the
feature-based view selector, achieving a decrease in runtime of 68.2%.
The results in Figures 5.11b to 5.11d are analogous to those from the
geometry-based view selector. Even in the worst case, Figure 5.11b,
the green cube and sphere are reconstructed as good as in the best
case of the geometry-based view selection, as shown in Figure 5.10c.
Initially, the blue cube does exhibit more errors at the edges. But by
removing more views the edges become more pronounced and the
computed depth values match the ground truth more closely than
those computed using the other view selector.

The results for the cloth1 scene are similar to those for the geometry-
based view selection. For κ = 0.7 and κ = 0.75 the same sets of views
are found as for β = 1.4 and β = 1.0. This indicates that for views
closer to the reference camera less feature matches violate the epipo-
lar constraint. However, for κ = 0.8 view 0 was discarded, resulting
in the same error as for κ = 0.75, but greatly reducing the execution
time. Compared to the geometry-based approach, the feature-based
view selection further reduced the runtime to 35.3% of the original
runtime at the cost of a 1.49% increase of the RMS error.
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(a) (b) (c) (d)

Figure 5.10: Depth values and error visualization for the shapes scene from Ta-
ble 5.3 with geometry-based view selection. (a) Ground-truth depth
values; (b) β = 1.4, Θ = 8°; (b) β = 2.0, Θ = 9°; (c) β = 2.5,
Θ = 10°.

(a) (b) (c) (d)

Figure 5.11: Depth values and error visualization for the shapes scene from Ta-
ble 5.3 with feature-based view selection. (a) Ground-truth depth
values; (b) κ = 0.70; (b) κ = 0.75; (c) κ = 0.80.





6
C O N C L U S I O N

In this thesis an approach was presented that extends the variational
method for stereo reconstruction by Maurer [Mau14] to a multi-view
approach. In addition, a parameterization function was introduced,
that allows to utilize arbitrary depth parameterizations, such as the
inverse depth. While the depth parameterization allowed a straight-
forward extension to multiple views, the evaluation showed that not
only the number of match images used is important, but also the
strategy to select them. Evaluation also showed that using multi-
ple match images consistently improved the quality of the resulting
depth images. Furthermore, evaluation revealed that only few addi-
tional match images are required, with more images either resulting
in little improvement or even decreasing the quality. With proper oc-
clusion handling it was possible to further reduce the reconstruction
error.

The inverse depth was presented as an alternative to the common
direct depth parameterization. Examination of the computed depths
and the resulting surface for both parameterizations showed that the
inverse depth is less susceptible to linearization errors, if the transla-
tion from the reference camera to a match camera has mainly lateral
movement. Further, it was shown that combined with a second-order
isotropic regularization the inverse depth does not exhibit a system-
atic error. Using the direct depth, affine surfaces cannot be recon-
structed accurately because the back-projection of affine depth values
results in a curved surface. This is not the case when using the in-
verse depth. Evaluation showed that using the inverse depth with the
second-order isotropic regularization, better results are achievable.

With the forward-backward consistency check, a method was pre-
sented that allows to remove depth values which are inconsistent
across different views. Evaluation of the method showed that the re-
moved values were the ones with the largest errors. As a consequence,
the confidence in the correctness of the remaining depth values is in-
creased.

Two different approaches to select a suitable subset of match views
from all available views were presented: A geometry-based approach
that takes the position and orientation of the match cameras rela-
tive to the reference camera into consideration, enforcing converg-
ing setups with adjustable angles and baseline; and a feature-based
approach that considers the image contents and maximizes overlap.
Evaluation showed that both approaches are able to reduce the over-
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all error or at least remove views that have only small influence on
the solution, thus decreasing runtime.

future work The presented framework allows to use any invert-
ible function as a depth parameterization, the effects and benefits
of further ones have to be examined. The inverse depth was cho-
sen because it works well with second-order regularization, Graber
et al. [Gra+15] chose their parameterization to address the specific
problem of non-convexity. Different parameterizations that cope with
other aspects of the variational approach might be possible.

So far, second-order isotropic regularization based on the Frobe-
nius norm of the Hessian was used to evaluate the inverse depth
parameterization. Another possibility to design this smoothness term
is to use a coupling term, such as done by Schroers et al. [SHW15]. A
comparison between both approaches could determine which one is
favorable in combination with the inverse depth.

Using multiple views not only improves the resulting depth maps
but also allows to perform the reconstruction from multiple van-
tage points, thus covering parts of the scene that are occluded in
the two views used in regular stereo reconstruction. This results in
multiple point clouds. Using range image integration as proposed by
Zach [Zac08] or Schroers et al. [Sch+12] for example, the depth maps
could be combined to retrieve a closed surface.

Geometry- and feature-based view selection are currently two inde-
pendent approaches. Goesele et al. [Goe+07] for example used aspects
of both methods. The techniques presented here could be combined
to enforce converging setups with large overlap, for example.



A
G E O M E T R I C D E R I VAT I O N S

a.1 camera coordinate transformations

Given are a matrix R ∈ R3×3 describing a camera’s orientation in
relation to the world coordinate frame and a vector C ∈ R3 represent-
ing the location of the camera in world coordinates. Together they
form the transformation of the camera relative to the world coordi-
nate frame:

Tworld→camera =

[
R C

0 1

]
The inverse transformation matrix that transforms points from the
camera coordinate frame to the world coordinate frame is derived as
follows:

Tcamera→world = T−1world→camera

=

[
R C

0 1

]−1
=

[[
I C

0 1

]
·

[
R 0

0 1

]]−1

=

[
R 0

0 1

]−1
·

[
I C

0 1

]−1

=

[
RT 0

0 1

]
·

[
I −C

0 1

]

=

[
RT −RTC

0 1

]

a.2 computation of the fundamental matrix

For two calibrated cameras C0 and C1, the fundamental matrix F can
be computed from the projection matrices M0 and M1. The epipolar
constraint states that

p̃T
1 · F · p̃0 = 0⇔ lT1 · p̃1 = 0,

where l1 is the epipolar line defined by the epipole e1 and p1. For the
epipolar line, the condition l1 = F · p̃0 holds. This allows to compute
the fundamental matrix by deriving l1. The epipole e1 is computed
by

ẽ1 =M1 · C̃0,
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where C̃0 is the homogeneous representation of the location of the
reference camera in the world coordinate frame. The point p̃1 can be
computed by

p̃1 =M1 ·M+
0 · p̃0,

where M+
0 is the pseudoinverse of the projection matrix M0. The

projection matrix is not invertible; however, from the extrinsic and
intrinsic matrices a pseudoinverse can be computed, such that M+

v

satisfies the Moore-Penrose criteria [Moo20; Pen55]:

M+
v = T−1v ·

[
K−1
v

0

]

In P2 two points p̃ and q̃ lie on the line l, if lTp̃ = lTq̃ = 0. From
this condition it is derived that l = p̃× q̃. The epipolar line l1 is then
computed by

l1 = ẽ1 × p̃0

= (M1 · C̃0)×
(
M1 ·M+

0 · p̃0
)

=
(
[ẽ1]× ·M1 ·M+

0

)
· p̃0,

where [ẽ1]× is a skew-symmetric matrix that expresses the cross prod-
uct by a matrix multiplication:

[a]× =

 0 −az ay

az 0 −ax

−ay ax 0


For the fundamental matrix finally follows

F = [ẽ1]× ·M1 ·M+
0 .



B
D E R I VAT I V E S

b.1 image derivatives

The gradient ∇ of the back-projected image Iv is related to the gradi-
ent ∇v, this is derived as follows:

(∇Iv(p))T =
[
∂xIv(p) ∂yIv(p)

]
=
[
∂xIv(xv,yv) ∂yIv(xv,yv)

]
=

[
(∇vIv(xv,yv))T · ∂x

[
xv

yv

]
∇vIv(xv,yv))T · ∂y

[
xv

yv

]]

= (∇vIv(xv,yv))T ·

[
∂xxv ∂yxv

∂xyv ∂yyv

]
︸ ︷︷ ︸

J

This results in

(∇vIv(xv,yv))T = (∇Iv(p))T · J−1.

The required inverse Jacobian J−1 is computed by

J−1 =
1

det J
·

[
∂yyv −∂xyv

−∂yxv ∂xxv

]
,

where the partial derivatives of xv and yv are computed as described
in Appendix B.5.

b.2 discrete isotropic first-order smoothness

Here, the nested, central second order derivative of the divergence
expression of the smoothness term is derived. While it is possible to
use a difference scheme that does not use interpolation and fractional
indices, doing so allows to use direct neighbors. The derivation reads

div
(
(Ψ ′)k,l

S · ∇(ρ
k,l + dρk,l+1)

)
=
(
(Ψ ′)k,l

S · (ρ
k,l + dρk,l+1)x

)
x

+
(
(Ψ ′)k,l

S · (ρ
k,l + dρk,l+1)y

)
y

≈

(
(Ψ ′)k,l

S · (ρ
k,l + dρk,l+1)x

)
i+1/2,j

hx
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−

(
(Ψ ′)k,l

S · (ρ
k,l + dρk,l+1)x

)
i−1/2,j

hx

+

(
(Ψ ′)k,l

S · (ρ
k,l + dρk,l+1)y

)
i,j+1/2

hy

−

(
(Ψ ′)k,l

S · (ρ
k,l + dρk,l+1)y

)
i,j−1/2

hy

=(Ψ ′)k,l
S i+1/2,j ·

∂x(ρ
k,l + dρk,l+1)i+1/2,j

hx

−(Ψ ′)k,l
S i−1/2,j ·

∂x(ρ
k,l + dρk,l+1)i−1/2,j

hx

+(Ψ ′)k,l
S i,j+1/2 ·

∂y(ρ
k,l + dρk,l+1)i,j+1/2

hy

−(Ψ ′)k,l
S i,j−1/2 ·

∂y(ρ
k,l + dρk,l+1)i,j−1/2

hy

=
(Ψ ′)k,l

S i+1,j + (Ψ ′)k,l
S i,j

2
·

(
ρk,l
i+1/2,j + dρk,l+1

i+1/2,j

)
x

hx

−
(Ψ ′)k,l

S i,j + (Ψ ′)k,l
S i−1,j

2
·

(
ρk,l
i−1/2,j + dρk,l+1

i−1/2,j

)
x

hx

+
(Ψ ′)k,l

S i,j+1 + (Ψ ′)k,l
S i,j

2
·

(
ρk,l
i,j+1/2 + dρk,l+1

i,j+1/2

)
y

hy

−
(Ψ ′)k,l

S i,j + (Ψ ′)k,l
S i,j−1

2
·

(
ρk,l
i,j−1/2 + dρk,l+1

i,j−1/2

)
y

hy

≈
(Ψ ′)k,l

S i+1,j + (Ψ ′)k,l
S i,j

2 · h2x
·
(
ρk,l
i+1,j − ρ

k,l
i,j + dρk,l+1

i+1,j − dρk,l+1
i,j

)
−

(Ψ ′)k,l
S i,j + (Ψ ′)k,l

S i−1,j

2 · h2x
·
(
ρk,l
i,j − ρ

k,l
i−1,j + dρk,l+1

i,j − dρk,l+1
i−1,j

)
+

(Ψ ′)k,l
S i,j+1 + (Ψ ′)k,l

S i,j

2 · h2y
·
(
ρk,l
i,j+1 − ρ

k,l
i,j + dρk,l+1

i,j+1 − dρk,l+1
i,j

)
−

(Ψ ′)k,l
S i,j + (Ψ ′)k,l

S i,j−1

2 · h2y
·
(
ρk,l
i,j − ρ

k,l
i,j−1 + dρk,l+1

i,j − dρk,l+1
i,j−1

)
.

b.3 discrete isotropic second-order smoothness

The discretization of the smoothness term related part for the second-
order regularizer is derived. The following abbreviations are used:

Ψ ′ := (Ψ ′)k,l
S

P := ρk,l + dρk,l+1.
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The part related to the smoothness expands as

∇T
H(Ψ

′ · ∇HP) = (Ψ ′ · (P)xx)xx︸ ︷︷ ︸
=:A

+ 2 · (Ψ ′ · (P)xy)xy︸ ︷︷ ︸
=:B

+(Ψ ′ · (P)yy)yy︸ ︷︷ ︸
=:C

and requires a nested difference scheme to approximate the second
and fourth derivatives. The fourth derivatives are approximated by
repeating the difference scheme for the second derivatives. The ap-
proximations of the individual parts A, B and C then reads

A ≈ 1

h2x
·
(
Ψ ′i+1,j ·

(
Pi+1,j

)
xx

− 2 ·Ψ ′i,j ·
(
Pi,j
)
xx

+Ψ ′i−1,j ·
(
Pi−1,j

)
xx

)
=
1

h4x
·
(
Ψ ′i+1,j ·

(
Pi+2,j − 2 · Pi+1,j + Pi,j

)
− 2 ·Ψ ′i,j ·

(
Pi+1,j − 2 · Pi,j + Pi−1,j

)
+Ψ ′i−1,j ·

(
Pi,j − 2 · Pi−1,j + Pi−2,j

))
,

B ≈ 2

4 · h2x · h2y
·(Ψ ′i+1,j+1 · (Pi+1,j+1)xy −Ψ

′
i−1,j+1 · (Pi−1,j+1)xy

−Ψ ′i+1,j−1 · (Pi+1,j−1)xy +Ψ
′
i−1,j−1 · (Pi−1,j−1)xy)

=
1

8 · h4x · h4y
·
(
Ψ ′i+1,j+1 ·

(
Pi+2,j+2 − Pi,j+2 − Pi+2,j + Pi,j

)
−Ψ ′i−1,j+1 ·

(
Pi,j+2 − Pi−2,j+2 − Pi,j + Pi−2,j

)
−Ψ ′i+1,j−1 ·

(
Pi+2,j − Pi,j − Pi+2,j−2 + Pi,j−2

)
+Ψ ′i−1,j−1 ·

(
Pi,j − Pi−2,j − Pi,j−2 + Pi−2,j−2

))
,

C ≈ 1

h2y
·
(
Ψ ′i,j+1 ·

(
Pi,j+1

)
xx

− 2 ·Ψ ′i,j ·
(
Pi,j
)
xx

+Ψ ′i,j−1 ·
(
Pi,j−1

)
xx

)
=
1

h4y
·
(
Ψ ′i,j+1 ·

(
Pi,j+2 − 2 · Pi,j+1 + Pi,j

)
− 2 ·Ψ ′i,j ·

(
Pi,j+1 − 2 · Pi,j + Pi,j−1

)
+Ψ ′i,j−1 ·

(
Pi,j − 2 · Pi,j−1 + Pi,j−2

))

b.4 derivatives of the depth parameterization

Given are two functions, Φ and ρ, that are defined as

Φ : R→R

ρ 7→Φ(ρ)

ρ : R2 →R

(p) 7→ ρ(p),

(B.1)
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with p = [x y]. Φ and ρ are both at least two times differentiable. To
compute the first and second derivatives of Φ(ρ(p)) application of
the chain rule is required. The first derivatives are:

∂xΦ(ρ(p)) = Φ ′(ρ(p)) · ρx(p)
∂yΦ(ρ(p)) = Φ ′(ρ(p)) · ρy(p) (B.2)

The second derivatives are computed by applying the chain and prod-
uct rule to the first derivatives. For ∂xxΦ(ρ(p)) the derivation is:

∂xxΦ(ρ(p)) = ∂x∂xΦ(ρ(p))

= ∂x
(
Φ ′(ρ(p)) · ρx(p)

)
= ∂xΦ

′(ρ(p)) · ρx(p) +Φ ′(ρ(p)) · ∂xρx(p)
= Φ ′′(ρ(p)) · ρx(p)2 +Φ ′(ρ(p)) · ρxx(p) (B.3)

The other derivatives are derived analogously and since both func-
tions are two times differentiable the symmetry of the second deriva-
tives applies:

∂yyΦ(ρ(p)) = Φ ′′(ρ(p)) · ρy(p)2 +Φ ′(ρ(p)) · ρyy(p)
∂xyΦ(ρ(p)) = Φ ′′(ρ(p)) · ρx(p) · ρy(p) +Φ ′(ρ(p)) · ρxy(p) (B.4)

b.5 derivatives of back-projected points

As noted in Section 3.1.2, the coordinates of the back-projected points
are functions of p and ρ and defined as follows:

xv(p,Φ ◦ ρ) = Φ(ρ(p)) · a(p) + b(p)
Φ(ρ(p)) · c(p) + d(p)

yv(p,Φ ◦ ρ) = Φ(ρ(p)) · ǎ(p) + b̌(p)
Φ(ρ(p)) · c(p) + d(p)

(B.5)

a, b, ǎ, b̌, c and d are defined as

a(p) = m11 ·
x− ox
sx

+m12 ·
y− oy
sy

+m13,

b(p) = m14,

ǎ(p) = m21 ·
x− ox
sx

+m22 ·
y− oy
sy

+m23,

b̌(p) = m24,

c(p) = m31 ·
x− ox
sx

+m32 ·
y− oy
sy

+m33,

d(p) = m34, (B.6)

where mij are the entries of the full projection matrix M. For the sake
of brevity, the arguments to any function are omitted from now on.
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Given any two times differentiable function f : R2 → R, where
f(p) =

N(p)
D(p) . The first and second derivatives are computed by ap-

plying the quotient rule once and twice. In general, the derivatives
read

∂xf =
∂xN ·D−N · ∂xD

D2
,

∂yf =
∂yN ·D−N · ∂yD

D2
,

∂xxf =
∂xxN ·D−N · ∂xxD

D2
−
2 · ∂xD · (∂xN ·D−N · ∂xD)

D3
,

∂yyf =
∂yyN ·D−N · ∂yyD

D2
−
2 · ∂yD · (∂yN ·D−N · ∂yD)

D3
,

∂xyf =
∂xyN ·D− ∂xN · ∂yD− ∂yN · ∂xD−N · ∂xyD

D2

+
2 · ∂yD ·N · ∂xD

D3
. (B.7)

From this general form it is easy to derive the sought-after first and
second derivatives of xv and yv simply by inserting the appropriate
parts. These read:

∂xN
x = Φ ′ · ∂xρ · a+Φ ·

m11
sx

,

∂yN
x = Φ ′ · ∂yρ · a+Φ ·

m12
sy

,

∂xxN
x = Φ ′′ · (∂xρ)2 · a+Φ ′ · ∂xxρ · a+ 2Φ ′ · ∂xρ ·

m11
sx

,

∂yyN
x = Φ ′′ · (∂yρ)2 · a+Φ ′ · ∂yyρ · a+ 2Φ ′ · ∂yρ ·

m12
sy

,

∂xyN
x = Φ ′′ · ∂xρ · ∂yρ · a+Φ ′ · ∂yyρ · a+Φ ′ · ∂xρ ·

m11
sx

+Φ ′ · ∂yρ ·
m12
sy

∂xN
y = Φ ′ · ∂xρ · ǎ+Φ ·

m21
sx

,

∂yN
y = Φ ′ · ∂yρ · ǎ+Φ ·

m22
sy

,

∂xxN
y = Φ ′′ · (∂xρ)2 · ǎ+Φ ′ · ∂xxρ · ǎ+ 2Φ ′ · ∂xρ ·

m21
sx

,

∂yyN
y = Φ ′′ · (∂yρ)2 · ǎ+Φ ′ · ∂yyρ · ǎ+ 2Φ ′ · ∂yρ ·

m22
sy

,

∂xyN
y = Φ ′′ · ∂xρ · ∂yρ · ǎ+Φ ′ · ∂yyρ · ǎ+Φ ′ · ∂xρ ·

m21
sx

+Φ ′ · ∂yρ ·
m22
sy
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∂xD = Φ ′ · ∂xρ · c+Φ ·
m31
sx

,

∂yD = Φ ′ · ∂yρ · c+Φ ·
m32
sy

,

∂xxD = Φ ′′ · (∂xρ)2 · c+Φ ′ · ∂xxρ · c+ 2Φ ′ · ∂xρ ·
m31
sx

,

∂yyD = Φ ′′ · (∂yρ)2 · c+Φ ′ · ∂yyρ · c+ 2Φ ′ · ∂yρ ·
m32
sy

,

∂xyD = Φ ′′ · ∂xρ · ∂yρ · c+Φ ′ · ∂yyρ · c+Φ ′ · ∂xρ ·
m31
sx

+Φ ′ · ∂yρ ·
m32
sy

,

where Nx denotes the numerator of xv, Ny the numerator of yv and
D denotes the common denominator.

Finally, the derivatives ∂ρxv and ∂ρyv are derived as follows:

∂ρxv(p,Φ ◦ ρ)

=
(Φ ′(ρ) · a) · (Φ(ρ) · c+ d) − (Φ(ρ) · a+ b) · (Φ ′(ρ) · c)

(Φ(ρ) · c+ d)2

=
Φ ′(ρ) · (Φ(ρ) · c · a+ a · d−Φ(ρ) · a · c− b · c)

(Φ(ρ) · c+ d)2

=
Φ ′(ρ) · (a · d− b · c)

(Φ(ρ) · c+ d)2

∂ρyv(p,Φ ◦ ρ)

=
(Φ ′(ρ) · ǎ) · (Φ(ρ) · c+ d) − (Φ(ρ) · ǎ+ b̌) · (Φ ′(ρ) · c)

(Φ(ρ) · c+ d)2

=
Φ ′(ρ) · (Φ(ρ) · c · ǎ+ ǎ · d−Φ(ρ) · ǎ · c− b̌ · c)

(Φ(ρ) · c+ d)2

=
Φ ′(ρ) · (ǎ · d− b̌ · c)

(Φ(ρ) · c+ d)2
(B.8)



C
D ATA P R E PA R AT I O N

c.1 data sets from the middlebury stereo benchmark

To evaluate the proposed stereo algorithm, data sets from the Mid-
dlebury Stereo Benchmark were used. The data sets from consist of
several scenes with seven rectified views each [SP07; HS07]. For the
view 1 and 5 in each set, ground truth disparity maps are provided.
Additionally, the baseline between the views 1 and 5 and the focal
lengths in pixels are provided. For all sets there is a minimal disparity
that must be added to the computed disparities to get the final depth
map. The camera setup is ortho-parallel and the resulting depth is
computed by

ρ(p) =
sx ·B

D(p) +Dmin
, (C.1)

where B is the baseline and D(p) the disparity map. For data sets
from 2006 the focal length is 3740 pixels and the baseline is 160mm.

The stereo approach in this thesis requires fully calibrated cam-
eras, meaning known intrinsic and extrinsic matrices. The Middle-
bury data sets do not provide matrices, but those can be derived
by the known quantities sx, B and Dmin and the camera setup. The
first observation is that in an ortho-parallel setup the relative trans-
formation between cameras is purely translational, that is all Rv are
the identity. Further, the setup is such that all translations are along
the x-axis, the y- and z-components are zero. All cameras are placed
equidistant along the x-axis, simplifying the computation of the trans-
lational part for all cameras. Without loss of generality view 1 is as-
sumed to be the reference view with t1 = [0 0 0]T. For the fifth view
t5 = [0 0 − 1.6]T, with the baseline converted to decimeters to avoid
large depth values. The equidistant spacing results in a relative trans-
lation of 0.4 dm, for the i-th translation vector it holds that

tv =

 0

(1− v) · 0.4
0

 =

 0Bv
0

 , ∀v ∈ [0, 6].

Due to the additional parameter Dmin the derivation of the intrinsic
matrix is more involved. Dmin leads to an additional shift of the x-
component of the corresponding point and is either compensated by
a shifted optical center or an adapted translation vector. The latter re-
sults in a translation depending on the disparity per pixel and is thus
not useful. This leaves an adaption of the optical center as remaining
possibility.
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The disparity Dv is defined as the distance in pixels between a
point p in the reference view and its corresponding point pv in the
match view v. For the ortho-parallel setup, the coordinates of the
corresponding point are easily computed by

pv =

[
x−Dv(p)

y

]
.

Under the assumption that the extrinsic matrix of the reference view
1 is the identity, the extrinsic matrix of the match view v is

Tv =

[
I tv
0 1

]
,

with a fixed baseline Bv. The intrinsic matrices are

K1 =

sx 0 ox

0 sy oy

0 0 1

 , K5 =

sx 0 ǒx

0 sy oy

0 0 1

 .

The focal lengths and oy are the same, because the images have the
same dimensions. Furthermore, in the ortho-parallel case they are
required to cancel out. Doing the usual back-projection and projection
onto the image plane, the corresponding point is[

x5

y5

]
=

[
x− ox −

sx·B5
ρ(p) + ǒx

y− oy + oy

]
!
=

[
x−D5(p)

y

]
.

Apparently, the interesting equation is x5, solving for ǒx results in

ǒx = ox +
sx ·B5
ρ(p)

−D5(p).

Substituting in the equation for the resulting depth yields

ǒx = ox +
sx ·B5 · (D5(p) +Dmin)

sx ·B5
−D5(p)

= ox +D5(p) +Dmin −D5(p)

= ox +Dmin

Dmin is for camera pair 1 and 5, the required offset for each camera
Cv depends on the position in the camera setup. The final intrinsic
matrices then read

Kv =

sx 0 ox + (v− 1) · Dmin
4

0 sy oy

0 0 1

 , ∀v ∈ [0, 6],

with sx = 3740, sy = H/W · sx, ox = H/2 and oy = W/2; W and H are
the width and the height of the pictures.
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