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Abstract

This paper explores stability properties of periodic solutions of (nonlinear) fractional-order differential equations (FODEs).
As classical Caputo-type FODEs do not admit exactly periodic solutions, we propose a framework of Liouville-Weyl-type
FODE:s, which do admit exactly periodic solutions and are an extension of Caputo-type FODEs. Local linearization around
a periodic solution results in perturbation dynamics governed by a linear time-periodic differential equation. In the classical
integer-order case, the perturbation dynamics is therefore described by Floquet theory, i.e. the exponential growth or decay of
perturbations is expressed by Floquet exponents which can be assessed using the Hill matrix approach. For fractional-order
systems, however, a rigorous Floquet theory is lacking. Here, we explore the limitations when trying to extend Floquet theory
and the Hill matrix method to linear time-periodic fractional-order differential equations (LTP-FODEs) as local linearization
of nonlinear fractional-order systems. A key result of the paper is that such an extended Floquet theory can only assess
exponentially growing solutions of LTP-FODEs. Moreover, we provide an analysis of linear time-invariant fractional-order
systems (LTI-FODEs) with algebraically decaying solutions and show that the inaccessibility of decaying solutions through
Floquet theory is already present in the time-invariant case.

Keywords Fractional derivative - Fractional-order differential equation - (linear) time-periodic systems - Floquet theory -
Stability - Hill problem

Notation e A"[a, b] denotes the space of functions f : [a,b] - R
which are (n — 1)-times differentiable and the (n — 1)th
° Rar is the set of real, positive numbers. derivative is absolutely continuous on [a, b].

e Foratuple x = (x1,..., %) € R%, [|x||» = /ZZ:l xlz ° AC[a, b] denotes the spac.e of functions f : [a, b] - R
denotes the 2-norm. which are absolutely continuous on [a, b]. We say that a

e Forafunction f : R — R, f denotes its first derivative. function f is locally absolutely continuous on (—o0, 0],
e For a function f : R 2 M — R, ||fll ,_ if it is absolutely continuous on every finite subinterval.
. = s o

supyep | f (2] We denote this f € ACjoc(—00, O].

e L'[a, b] denotes the space of functions f : [a, b] — R
with 7 |x(1)] dr < oo.
e L°°[a, b] denotes the space of functions f : [a, b] —> R

with || f[loc < 00. 1 Introduction
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fractional-order systems, where solutions typically decay
algebraically rather than exponentially.

Recently, interest in fractional-order differential equa-
tions has grown in various fields. A number of dynamical
processes with memory have proven to be better described
using fractional-order differential equations, where integer-
order models fail to provide low-degree-of-freedom repre-
sentations. Among others, applications include viscoelastic
materials, diffusion processes and control theory [1]. Such-
possibly nonlinear-systems admit periodic solutions when
periodically forced or in the presence of self-excitation. Com-
mon formulations of Caputo differential equations cannot
have exactly periodic solutions [2], which is closely related
to the fact that Caputo derivatives and Riemann-Liouville
integrals of periodic functions are only asymptotically peri-
odic [3]. Studies [4, 5] concerned with finding steady-state
solutions of differential equations involving Liouville-Weyl-
type fractional-order derivatives have successfully applied
harmonic balance methods. A linearization of the system
dynamics about a periodic solution, describing the dynamics
of small perturbations, yields a LTP-FODE. This motivates
the study of the stability of such systems.

Lyapunov-stability of equilibria and 2-limit sets is a cen-
tral concept in the study of dynamical systems and has also
been studied for fractional order systems. Classically, sta-
bility of linear time-invariant fractional-order differential
equations can be studied through Mittag-Leffler functions,
see [6] and the references cited therein. As fractional-order
systems typically admit algebraic decay [7], the notion
of Mittag-Leffler stability was introduced analogously to
exponential stability [8]. Furthermore, as fractional-order
derivatives are nonlocal, FODEs are similar to functional dif-
ferential equations [9]. This similarity has been exploited by
[10, 11] in mechanical systems with fractional-order damp-
ing, treating the system as a functional differential equation
with infinite delay and finding Lyapunov-functionals through
the infinite-state representation (also called diffusive repre-
sentation or kernel compression), which is often used for
efficient numerical approximations of fractional-order inte-
grals [12]. LTI-FODEs perturbed by small nonlinearities
were studied in [13]. That work also analyzes linear time-
varying FODEs, but only under the assumption of sufficiently
small time-dependent terms. To the best of our knowledge, no
stronger results on stability of solutions of linear time-variant
fractional-order Caputo differential equations are available.

In classical integer-order models (i.e. first-order ordinary
differential equations), stability of periodic solutions may be
analyzed via the eigenvalues of the infinite-dimensional Hill
matrix which correspond to the Floquet exponents, see [14]
and the references cited therein. These problems are under-
stood quite deeply, with Floquet theory as their foundation.
This theory may be applied in bifurcation analysis of peri-
odic motion of mechanical systems, which is self-excited
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[15] or externally forced [16]. For LTP-FODEs, no similar
theory has been established, although several attempts for
the development of a Floquet theory for fractional-order sys-
tems have been undertaken [17, 18]. In particular, the work
[17] assumes that the Mittag-Leffler function approximately
satisfies a multiplicative identity, despite the fact that the
associated error may become arbitrarily large. Further, in
[17] a theory entirely based on approximations is developed,
which only holds exactly in the first-order case (@ = 1).
However, parameter identification schemes applied to exper-
imental data typically yield fractional orders between 0.1 and
0.7 [19-22]. The work [18] considers a Schrodinger LTP-
FODE of Caputo-type. Therein, a solution form expressed by
a series of Mittag-Leffler functions is considered; however,
an analysis of asymptotic properties of the solution form as
well as a Hill-type method to access characteristic multipli-
ers is missing. Furthermore, the proposed form of solutions
of [18] uses a basis of Mittag—Leffler functions whereas the
time-periodic system matrix (the Hamiltonian in the termi-
nology of [18]) is represented in harmonic form. The use of
two different series impedes a Hill-type approach, since the
Mittag-Leffler function and the exponential function do not
share a multiplicative identity.

To reach a Floquet theory, results on fundamental solution
operators for LTP systems are lacking. The more general case
of linear time-varying systems was considered by [23], devel-
oping a fundamental solution matrix. Defining a monodromy
operator and analyzing its spectrum, as done for functional
differential equations [9], remains an open challenge in the
study of LTP-FODE:s. Previous studies performed transition
curve analysis on the fractional-order Mathieu equation [4,
24], as well as on more general forms [5], also includ-
ing first-order derivatives and time-delays. The latter work
employs fractional-order derivatives with infinite memory,
i.e. Liouville-Weyl-type derivatives, which is of particular
relevance to our study. However, the analysis of transition
curves in the parameter space only gives information on sta-
bility boundaries and thus fails to completely characterize
stability over a parameter space, nor does it give informa-
tion about the type of bifurcation which may originate at the
stability boundary.

The literature review shows, that the classical Caputo-type
differential equations do not admit exactly periodic solutions,
but do admit them as limit sets. In order to study the sta-
bility properties of such limit sets, one must first formulate
an extension of the class of Caputo differential equations to
also include periodic solutions. The Liouville-Weyl deriva-
tive has these properties and a rigorous formulation of an
initial value problem along with the set of initial conditions
has to be developed. This then opens paths to extend classical
theories on periodic solutions to fractional-order systems. For
example, fundamental tools such as the Poincaré—Bendixson
Theorem [25], which provides conditions for the existence
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of periodic solutions, need to be developed in the fractional-
order case. Further, when given a periodic solution, possibly
obtained using the harmonic balance method [4, 5, 24], lin-
early perturbed dynamics can be studied to assess stability
in the hyperbolic case. Therefore, a Floquet-type theory on
LTP-FODE:s needs to be developed and the existence of Flo-
quet exponents needs to be studied. For application of this
theory to numerical stability analysis, methods like the Hill
method should be extended to the fractional-order case.

The aim of this paper is to study how Floquet theory can
be extended to LTP-FODESs and how their Floquet exponents
can be computed. Therefore, we first establish a formulation
of a suitable initial value problem, which does admit periodic
solutions. In order to understand the potential of Floquet the-
ory in LTP systems, we study the subset of LTI systems,
where explicit solutions may be constructed.

The main merit of this paper is the insight that expo-
nentially decaying Floquet solutions (i.e. the ones related to
asymptotically stable equilibria or stable manifolds of sad-
dle equilibria) do not exist for LTP-FODEs, but exponentially
growing Floquet solutions may be observed and assessed via
a Hill-type approach. Parts of the research of this work were
presented in a preliminary form in reference [26], namely
the fractional Hill problem was presented as well as results
on linear time-invariant FODEs. The novel contributions of
the present work are the formulation of the system class in
Sect. 3, the analysis of decaying solutions in Sect.4 as well
as the proof of Theorem 4 and the following Propositions.

The present paper is organized as follows: Mathemati-
cal preliminaries from fractional calculus as well as Hill’s
method for first-order LTP systems are briefly presented in
Sect.2. Section 3 introduces the system class studied in the
present paper, providing a framework suitable to study peri-
odic solutions. The subclass of LTI systems is considered in
Sect. 4, where diverging solutions can be assessed though an
eigenvalue problem and decaying solutions are studied by
other means. A similar phenomenon appears in LTP systems
in Sect.5. We construct a Hill-type problem and are able to
trace decaying trajectories. Finally, we give an outlook on
open problems in Sect. 6.

2 Preliminaries
2.1 Fractional Calculus

We briefly recall some concepts of fractional calculus and
refer the reader to the books [6, 27] for further details. Sev-
eral definitions of fractional derivatives exist, each suited to
different mathematical and physical contexts. Given a func-
tion f € Ll[a, b], the Riemann—Liouville (RL) fractional

integral of order & > 0 is defined as

L)) = — / t— ) f(r)dr, (1

INCY

where I'(+) is the Gamma function. In this work, we consider
derivatives of fractional orders « € (0, 1). The RL fractional
derivative of order o € (0, 1) is given by

(g )0 = (D' 17 r) o, @)

The RL derivative requires fractional-order initial conditions,
which limits its practical applicability in initial value prob-
lems.

To overcome this limitation of the RL derivative, the
Caputo derivative is often used in applied settings [4, 5, 10].
For o € (0, 1) and a function f € AC[a, b], it is defined as

(Cpzr) = (1D r) @
= ﬁ/ﬂt(t—r)_o‘f/(r)dr, 3)

and has the advantage that it allows for standard (integer-
order) initial conditions. In the context of systems of differ-
ential equations, the fractional derivative is typically applied
component-wise. For a vector-valued function x(t) € R”",
the fractional derivative is understood as

D x(1) := (D" x1(1). D* (). ... Dy (1) . (4)
with each x; differentiated individually.
A different formulation (see [6] and the references therein)

of the Caputo derivative reads

(D% £) ) = (- D5Lf = £(O) (), )

for the case of « € (0, 1). If f € AC]a, b], then the two
formulations coincide D%, f = €D f almost everywhere
[6].

The solutions to linear fractional-order differential equa-
tions often involve the Mittag-Leffler function, which gener-
alizes the exponential function. The two- and one-parameter
Mittag-Leffler matrix function for &, 8 > 0 and Z € C"*"
are defined by

o0

Eop(Z) = Ey(Z) = Eq,1(2), (6)

ZF( k+p)’

respectively. In the case « = B = 1, the Mittag-Leffler
function reduces to the exponential function, i.e., £1(z) = e°.

@ Springer
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Finally, the Liouville~Weyl derivative of order o > 0 is
defined as

C o _ 1 /t _ —o p/
( D_oof)(t)——r(l_a) _oo(t O (tydr.  (7)

Here, we use the Caputo-type definition © Dy — ¢ D¢
for a — —oo. One may show for sufficient assumptions
on integrability and differentiability of f, that it holds that
C D« — RL D¢

Yo f Yoo [

2.2 The Hill Method for First-Order Systems

Hill’s method is a frequency-based approach to assess the sta-
bility of periodic solutions [28]. It has been applied to first
order ordinary differential equations as well as delay differ-
ential equations [29]. Here, we summarize the approach for
ordinary differential equations, which we develop for FODEs
in Sect. 5. For time-periodic first-order systems

£ = f(t, &), 8)

where f(t, )= _f(t + T, -) for all t with some T > 0, there
may exist a known periodic solution &, (t) = &,(t + T) and
the desire to assess its stability properties. To do so, one can
introduce the perturbation §(f) = &(¢) — &,(¢) and find its
linearized dynamics to be

§(1)y =J (1)), )

where J (1) = g—é;(t, &, (1)) is T-periodic. Assuming J to
be available in Fourier form and knowing that, by Floquet
theory, the solution is of the form

8(1) = exp(ut) (), (10)

where p is called the Floquet exponent and p is T-
periodic, the Floquet exponents are eigenvalues of the
infinite-dimensional Hill-matrix

Do+l Iy T, ...
Ho=1... Jq Jo J_1 R I (11
D Ji Jo—iwl ...

Herein, J; are the Fourier coefficients of J (f) = ,j‘;’i . J
exp(ikwt), w = 27 /T and I is the identity matrix of appro-
priate dimension. After truncation to finite dimension N, one
may either compute all eigenvalues of the truncated Hill-
matrix Hy and employ a sorting technique to extract Floquet

exponents or perform the recently introduced Koopman-Hill
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projection [14], avoiding sorting and directly approximating
Floquet-multipliers.

3 Liouville-Weyl Differential Equations: A
Class of Systems with Periodic Solutions

We call

DY x(t) = ft.x(1), =1 (12a)
a nonlinear Liouville-Weyl differential equation of frac-
tional differentiation order @« € (0, 1), where the function
f i [to, 00) x R" — R" is required to be at least locally
Lipschitz in its second argument and continuous in the first
argument. The differential equation (12a) is equipped with
the initial condition

(12b)

x(t) =x0(), t=<1t

to form an initial value problem (12). For some t; > fo,
we call a function x : (—o00, 1) — R" a strong solution of
the initial value problem (12) if it is continuous, coincides
with the initial condition xg on (—o0, fy] and satisfies the
differential equation (12a) for #9 < ¢ < #1. The initialization
function x( is assumed to be an element of the function space
X (—o00, t9] given in Definition 1 below. Therein, the local
boundedness of x(’) at fo is indeed necessary, as we will see
in Example 3 (iv) below.

Definition 1 The space of initial functions is defined as

X(—00, 19] 1= {xo € ACoe(—00, fo] N L™ (00, o]

135>0 x) € L% — 1, 101 (13)

where AC)oc(a, b] and L*°(a, b] denote the function
spaces of locally absolutely continuous functions and func-
tions with a finite supremum-norm, respectively, on the
interval (a, b].

In order to assess the existence and uniqueness of solutions
of problem (12), we will split the Liouville-Weyl derivative

t N
CD‘ioox(l‘)z/. (t—1)

- mx/(f)df = fx()(t) + CD%x(t).

(14)

into the Caputo derivative of lower bound 79 and a forcing
term Fxop, which is given in Definition 2 below. The proper-
ties of the forcing term Fx( along with classical results on
Caputo fractional differential equations allows to establish
existence and uniqueness of solutions of problem (12). We
formalize this in Proposition 1.
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Definition 2 The functional Fxq : [f9, 0c0) — R”" of an ini-
tial function xg : (—00, fg] — R” is defined as

1 R —
Fxo(t) :=/0 %xé(r)dr, (15)

to which we will refer as the forcing term of the initial con-
dition.

The forcing term Fxo(t) of the initial condition is con-
tinuous and has the following decay property, which we will
use in the analysis of a linear time-invariant version of (12a)
in Sect.4. The decay bound may be regarded as a fading-
memory property, where the differential equation “forgets”
events of the distant past.

Lemma 1 For an initial condition xo € X (—00, ty], its forc-
ing term Fxq is continuous on [to, 00) and may be bounded
according to

[[Fxo®|| < Ct —to+m~% =1 (16)

where C > 0 is given by

1 n
C=———(2ollo + —— sup [lxp®ll ).
r(l—a)( T = el

7)

The proof of Lemma 1 is given in Appendix A. As moti-
vated in Eq. (14), one may split the Liouville-Weyl derivative
into Caputo derivative and forcing term. Thus, a strong solu-
tion of the Liouville-Weyl initial value problem (12) always
satisfies a Caputo initial value problem

DY x(1)

[, x(t)) — Fxo(t)
2 fot, x(1)),

t>ty, x(t) =xo(to). (18)

Typically, the D¢,-type differential equations are consid-
ered instead of © D‘())‘-type formulations, since the latter shows
problems on the space C[0, /], but the two formulations coin-
cide on AC|[0, h], see [30, Section 2.3]. We formalize this for
our case in the Proposition 1 below. Consider the following
example of © Dg -type problems on C[0, h].

Example 1 Letx : [0, 1] — R be the Cantor ternary function
[31, pp. 96ft.]. This function is continuous, monotonically
increasing, differentiable almost everywhere, and satisfies
x'(t) = 0 a. e. Thus, “ D¥ x(r) = 0 for ¢ € [0, 1] and x is
a strong solution of the initial value problem © Dy x(t) =0,
x(0) = 0. By a strong solution we mean a continuous func-
tion satisfying the differential equation and initial condition.

To exclude this odd behavior, we may instead study the
D¢,-type initial value problem

DE, x(t) = f(t, x(t)) — Fxo(t)
=: fo(t, x(1)),

t>19, x(to) =x0(t0). (19)
Since f is continuous in its first variable and locally Lip-
schitz in its second variable, the same properties hold for
fo, because Lemma 1 guarantees that the forcing term Fxg
is continuous. We thus have existence of strong continuous
solutions in the sense of Theorem 6.5 of [6]. These solutions
may or may not coincide with solutions of the © Dg-type
problem (18). Of course, since the two operators © Dg and
D¢, coincide almost everywhere in the case of absolutely
continuous functions, we have the following statement.

Proposition 1 Consider the unique solution x € Clty, to +
h) for some h > 0 of the Dy -type problem (19). If x is
absolutely continuous on [ty, to+h), then x satisfies the c Dg‘ -
type problem (18) and thus also the Liouville-Weyl problem
(12) almost everywhere on [ty, to + h).

We remark that, in the case when f is linear in its sec-
ond argument and autonomous in its first, as the solutions
are given by a basis of Mittag-Leffler functions Ey(1(-)%),
the solutions are always absolutely continuous. However, as
the following example shows, the assumptions on f being
continous in its first argument and Lipschitz in its second,
may lead to the DY,-type problem having solutions which
are differentiable nowhere, and thus not absolutely continu-
ous.

Example 2 Consider the Weierstrass function [32]

o0
1
W(t) = Z 7% sin*r1), €0, 1],
k=0

which is continuous but nowhere differentiable on [0, 1]. This
function W is Holder continuous with exponent B for all
B € (0,1) and W(0) = 0. Following the results of [32], W
thus has a continuous Caputo fractional derivative D}, W of
order « for all @ € (0, 1). Then, the function W can be seen
as a solution of the initial-value problem

D¢yx(t) = f(t), t€[0,1], x(0)=0 (20)

with the continuous function f(t) = CDS‘ W (t). Therefore,
the solution of the differential equation (20) is not absolutely
continuous. Notice, that € Dg W = I(l)_“ D! W does notexist,
as D! W also does not exist. The initial value problem (20)
can be viewed as a situation in which the solutions of the
D¢,-type problem (19) and ¢ Dg-type problem (18) do not
coincide.

To give an impression of the proposed space of initial
functions X (—o0, t], the following examples are provided.

Example 3 Consider the following functions xg : (—oo, 0]
— R, which may or may not be in X (—o0, 0].

@ Springer
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(i) The function xo(r) = exp(—t) does not belong to
X (—o00, 0], as itis not bounded on (—o0, 0]. Its forcing
term does not exist for any ¢ > 0. Indeed, it holds that

0 _ —o
Fxo(t) = —/ %exp(—f)df

exp(—1) [ exp(s)
=— ds
ra—ow J; s

) 2

where the latter integral, in which the substitution s =
t — 7 has been employed, is unbounded. In fact, one
may show that for existence of Fxo, it is neccessary
that xo(t) = O(|t|*~%) for t — —oo and some § > 0.

(i) In contrast, it holds that xo € X(—o0, 0] for xo(¢t) =
exp(t), where its forcing term can be shown to read
Fxo(t) =exp())I'(l —a, 1)/ T'(1 — @), where I'(-, )
is the upper incomplete gamma function.

(iii) xo € X(—o0, 0] for x¢ given by

o 1, t<—1 22)
xo(t) =
Eo(=(+1)%), —1<1<0
The function x( is continuous and bounded everywhere
and its derivative exists everywhere except at t = —1
and is bounded in the neighborhood of 0. As itis contin-
uously differentiable everywhere but at t = —1, with
the singularity at + = —1 being integrable, it is also

absolutely continuous.
@iv) xo ¢ X(—o00, 0] for xo:

o) — {|t|“, 1 e (—1,0]’

1, t<-—1

—alt|*!, re(~1,0)
xp(t) = 23
0(®) {0, f <1 (23)

Notice that x(¢) grows unboundedly as t — 0—. The
forcing Fx¢ at time ¢t = 0 is given by

Fxo(0) = /_ OOO lf(_lf—ij)x(/)(‘t)d‘t (24)
- _—“/0 (—7) "% (=1)*"ldr
rd—a) /),
Y .
i /0 s ds, (25)

where the latter integral is unbounded and Fxg () is
thus is not defined at r = 0.
(v) x9 € X(—o00, 0] for xp given by

1,
xo(1) ={

—x, —1<t<0’

t<-—1

@ Springer

0 < —1
xh@)=1" 26
o) 1, —1<1<0 (26)

and one may explicitly find Fxo(t) = I'2 — a)~!
=" — (t + D7),
(vi) xp € X(—00, 0], for xo(z) = sin(z).

The example (i) illustrates that exponentially decaying ini-
tial functions are not feasible, as these grow unboundedly
in negative time. We will also observe in the next section
that decaying solutions of linear versions of (12a) possess
an algebraic decay instead of an exponential decay. Expo-
nential growth in case (ii) is indeed possible and will be
observed in the two following sections. In example (iii), the
initialization function xy is a typical trajectory generated by
a linear fractional-order Caputo differential equation with
finite lower bound. Although its first derivative is undefined
at time t = —1, its forcing term is well defined. Example
(iv) is an example showing that a singularity of x;, at fo can
lead to nonexistence of Fxg. This particular example of x is
bounded and uniformly continuous, showing that the space
of initial functions of (12a) needs to be chosen differently
than in [10]. Example (v) allows for an explicit computation
of the forcing term. As this work is motivated by the study of
periodic solutions, example (vi) is a periodic initial function.
In fact, the Liouville-Weyl differential equation (12a) can
possibly posess a periodic solution, in contrast to fractional
differential equations with finite lower bound [2]. Indeed, a
fractional-order Caputo derivative with finite lower bound of
a periodic function is not periodic [3]. A minimal example of
a system with a periodic solution is given in the following.

Example 4 Consider the linear system © D¥ x(t) = Ax(t)
for r € R where

_ | cos(am/2) sin(am/2) 252
A= |:— sin(ar/2) COS(O{J‘[/Z):| €R 27

with eigenvalues eig A = exp(Liar/2) and o € (0, 1). The
system admits the periodic solution

cos(t)

sin(t) — s———"2
X(t) = |: 1 s(inzt) 2tan(an/2):| ) (28)

Tant@r2) T C08(0)

We intend to study stability properties of linear cases of the
system (12a) in the subsequent sections. We give the stability
definition here, which is equivalent to the one of [10] and the
classical literature on functional differential equations [9].

Definition 3 (Stability of equilibria of autonomous systems)
Consider the trivial equilibrium x* = 0 of the system (12a)
in the autonomous case f(f,x) = f(x) assuming w.l.o.g.
f(0) = 0. We call the trivial equilibrium x* = 0 stable, if
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for all ¢ > O there exists a § > 0 such that the following
holds:

[lXollc <8 = [lx(ll2 <& VI =0, (29)

where ||r||> denotes the 2-norm of a number r € R”.

4 Linear Time-Invariant Fractional-Order
Systems

In order to demonstrate the difficulties in finding analytical
solutions of fractional-order Caputo differential equations
with infinite memory, we first consider linear time-invariant
differential equations. Recall the classical initial value prob-
lem with zero lower bound [6]

D{yz(r) = Az(t), >0, z(0)=z9eR", (30)
where o € (0,1) and A € R It is well-known that for
(30), the Ansatz
72(t) = Eq(M%)v,, t>0 (31)
yields (in the semisimple case) a complete basis of solutions
of (30), where E, denotes the one parameter Mittag-Leffler
function and v, € R". Its Caputo derivative reads D%,z (t) =
Az(t) [6], yielding the characteristic equation

det(A — AI) = 0. (32)

Solutions A of the characteristic equations (32) are directly
related to the stability properties of the trivial solution. This
is stated in the following Theorem taken from [6, Theorem
7.20] where the definitions of stability terms are given in the
same reference.

Theorem 1 Consider system (30) and let ). j be the eigenval-
ues of A for j = 1, ...,n. The trivial solution z(t) = 0 for
allt > 0 is

(a) asymptotically stable if and only if |arg A ;| > am/2
forall j.
(b) unstable if there exists A j for which |arg A ;| < am/2.

Analogously, the initial value problem of a Liouville-Weyl
differential equation (i.e. systems of form (12)) reads

CD* u(r) = Au(r), t>0
u(t) = up(t),

(33a)

t<0 (33b)

with ug € X (—o00, 0] and where both (30) and (33) share the
same matrix A € R™"*", We investigate forms of solutions of

(33), and their relation to solutions of (30). For (33) take the
ansatz

u(t) =exp(st)v,, telR (34)

where v, € R" and Re(s) > 0. This is a natural choice, as its
Liouville-Weyl derivative reads © D* _ u(t) = s%u(t) [33],
yielding the characteristic equation

det(A — s%1) = 0, (35)

where (-)* denotes the principal value function

pa: C—> M, (36a)
w > py(w) = w* = |w|® exp(ia arg w). (36b)

From (36b), we see that

M={meC:argme (—anr, +anr]}. (37)

Since systems (30) and (33) share the same matrix A, when-
ever (32) has a solution A € C, also (35) may have a solution
s given by

A =s%. (38)

Relations (36) through (38) imply the following result.
Therein, the cases of | arg A| are given in Fig. 1.

Theorem 2 Suppose (32) has a root A with

(a) |argA| < am/2: Then (35) has a solution s with
Re(s) > 0 and thus there exists a solution of (33) of
the form (34) with |lu(t)|| — oo, t — 0.

(b) ar/2 < |argA| < am: Then (35) has a correspond-
ing solution s with Re(s) < 0, but the corresponding
ansatz (34) is invalid and thus is no solution of (33).

(c) |argA| > am: Then (35) has no corresponding solu-
tion s : A = s¥ and one cannot find a corresponding
solution of the form (34) of (33).

Case (a) shows, that all diverging solutions of (30) have a
corresponding diverging solution of (33) of exponential form.
This is sufficient to show instability of the trivial solution in
the sense of Definition 3. In cases (b) and (c), by definition
of the exponential ansatz (34), one cannot find converging
solutions through the characteristic equation (35), as these
are not in X (—oo, 0]. In the remainder of the section, we
study the case, where the exponential ansatz fails.

Solutions of (33) may be constructed irrespective of the
solutions of the characteristic equation (35). As discussed in
Proposition 1, each initial value problem (33) of Liouville-
Weyl type may be rewritten as an inhomogenous initial value
problem of DY-type
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Fig.1 Mapping
Pa(s) = 5% = X and cases of Lo @ Lo @
Theorem 2
case (a)
A =5 an
—_— CWT/Q
Re Re
case (c)
case (b)

D¢yu(t) = Au(t) — Fuo(t), t>0, u(0)=up(0) (39) appear unnecessarily complicated. It has the advantage, how-

with the forcing term Fuq of Definition 2. Applying the
variation-of-constants formula [6], problem (39) has the solu-
tion

u(t) = Eq(At*)uo(0)

t
—f (t — )V Eg o (A(t — 1)%) Fuo(z)dr, (40)
0

where E, 4 is the two-parameter Mittag-Leffler function. The
general form of solutions (40) gives insight into solutions of
(33), even in cases where the exponential ansatz (34) fails
((b) and (c) above). We provide an analysis of the scalar case
A < 0 in the following.

Theorem 3 Consider the initial value problem (39) along
with its solution (40) for the scalar, real case A < 0. Assume
that Fug of (15) is continuous on [0, 00). We have:

1. If Fug is bounded on [0, 00), then u is bounded on
[0, c0).

2. Iflimy_ o Fug(t) =0, then lim;_, o u(t) = 0.

3. IfAn > 0 such that Fup(t) = O™ ") fort — oo then
u(t) = O@™") fort — oo where u = min{«a, n}.

Proof Given the problem (39), we construct the two-
dimensional initial value problem

<C D m(z)) _i (m(r)) _ (fuo(r))
€D uz(1) ux(t))  \Fuo®))”
0. (MO _ (100

= w20/ \uo(0)
where A = diag(A, A). Clearly, the two components of

this system are decoupled, and each of them is equivalent to
the original initial value problem, so this formulation might

(41)
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ever, that we can now directly use the methods and results of
[34], which hold for planar systems.

Specifically, we write down the characteristic function of
the system (39), it being

0(s) = det <<s(;" S%) - A) = (% — A)%

It follows that Q (s) = Oforsomes € Cifandonlyifs* = A.
But now, for any s € C we have that arg(s) € (—m, 7],
and hence arg(s*) = « - arg(s) € (—am, axr]. Since in our
case @ € (0, 1), we thus conclude that | arg(s¥)| # =, and
so the equation s = A cannot have a solution. Thus, the
characteristic function does not possess any zeros in C, and so
in particular it does not have any zeros in the closed right half
of the complex plane. This observation allows us to invoke
[34, Theorem 4] which immediately yields the desired result.

]

(42)

The above Theorem gives insight on solutions of (33) in
the case where the exponential ansatz (34) fails, since (35)
has no solution. In fact, using Lemma 1, we can make the
following statement.

Corollary 1 Consider the initial value problem (33) in the
scalar, real case A < 0. Its solution u satisfies all properties
listed in Theorem 3. In particular, it holds thatu(t) = O (t~%)
fort — oo.

Proof By Lemma 1, the forcing term of the initial condition
up € X (—00, 0] has all properties required by Theorem 3. O

Additionally to boundedness and decay, we next show
stability of the present case. Therein, we use the following
result.
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Lemma 2 Assuming ||uo||lco = max;<q |uo(t)| < oo it holds
forallt > 0 that

\Fuo(t)] < F"”O”‘” o (43)

(I-a)
Proof The proof works the same as for Lemma 1, but without
initially splitting the integral. O

Proposition 2 Consider the initial value problem (39) along
with its solution (40) for the scalar, real case A < 0. The
trivial equilibrium u™ = 0 is stable.

Proof 1t holds that |u(¢)| < 3||ug||so for all # > 0, which we
show in the following. As the behavior of the Mittag-Leffler
function is well-studied, it remains to bound the influence of
the forcing term

t
Fuot) = —f (t — 1) ' Ey o (A(t — T)%) Fuo(r)dr.
0

(44)
Applying the result of Lemma 2, it holds that
~ 2||’40||oo a—1 o aq
[Fuo)| = 7 ( N Eaa(AG = D)™
45)
~ 2fluolleo / a1,
S TFord—w ot (46)

Here we use that, since Eyq(A(-)%) is monotonically
decreasing whenever A < 0 (this immediately follows from
the complete monotonicity of the function E,  (—(-)) shown
in [35, § 4.9.2)), it holds that

Ea,o{ (0) = L (47)

Euo(At — 7)) =
rrél[%ﬁ” a,a( ( 7)%)| T (@)

Introducing the substitution s = 7/, the integral may be
rewritten using basic properties of the Gamma function

/Ot(z — )%l dr = /Ol(t —s0)* Ns)T%r ds  (48)
= /01(1 — ) s ds = T(@)I' (1 — ). (49)
Thus, the inequality (46) becomes
[Fuo(o)| = 2uollce. (50)

Finally, the solution may be upper bounded

|u()] < max Eq(At*)|uo(0)] + 2|luolloc < 3lluolloc (51

as the maximum is given by Ey(0) = 1.

‘We now use the bound (51) to show stability per Definition
3. For any ¢ > 0, take § = ¢/4. With |u(?)| < 3||ug||co WE
arrive at

lu(t)] <386 =3/4e < &. (52)

m}

5 Fractional-Order Linear Time-Periodic
Systems

We now assume that (12) either is time-autonomous f (¢, x)
= f(x) ortime-periodic, i.e. there exists a period time T>0
st. f(t,x) = f( + f",x) holds for all x and ¢. Further,
assume that (12) possesses a periodic solution x, : R — R”"
where there exists a period time 7T = mT > 0 for some
positive integer m such that x,( + T) = x,(¢) holds for
all 7. The LTP-FODE emerges when linearizing about this
periodic solution x, of (12)

t>1 (53a)

(53b)

“D . y(1) = Ty (),

y() = yo(t), t <ty
where x(t) — xp(t) ;= y(t) e R"and J(1) = J(t +T) =
%(r, xp(2)) € R is T-periodicand yg € X (—00, fy]. The
coordinate y(¢) is introduced to describe the local behavior
of a small perturbation from the periodic solution xp. Thus,
asymptotic stability and instability of the periodic solution is
given whenever the equilibrium y = 0 of (53) is asymptoti-
cally stable and unstable, respectively.

The choice of the lower bound —oo in the differential
equation (12a) is necessary when we want to study periodic
solutions x,(¢) = xp(t + T) for all ¢ and some T" > 0 of
(12). A version of (12) with zero lower bound cannot have a
periodic solution [2].

We intend to study the behavior of the solutions of (53).
To the best of our knowledge, there are no results on the form
of solutions for this problem, i.e. no Floquet theory. Here, we
will attempt to fill that gap.

Theorem4 Let J : [0, T] — R and p : [0, T] — R" be
T -periodic with the Fourier series expansions

400 +o00
J@) = Y Jexpliokt), p(t)= Y prexp(ioks)
k=—00 k=—00

(54)
where w = 21t /T and Ji, pi are complex quantities of appro-

priate dimension. Assume the following properties of J and
p.
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(Al) The Fourier series expansion of J is convergent almost
everywhere on [0, T].

(A2) The Fourier series expansion of p is absolutely conver-
gent, and p € C l[0, T'] with its derivative integrable.

A solution of (53) that takes the form
y(t) = exp(A1) p(t) (55)

for allt € R and for Re A > 0 fulfills the nonlinear eigen-
value problem

0=HY (\)po. (56)
where
J()—()».— iw)*1 Jil J-,z
HOW = |... Ji Jo— 221 J_i
J J1 Jo— (A +iw)I ...
(57)
pL= (0T pg P1 ) 68)

Herein, (-)* denotes the principal value and I is the iden-
tity matrix of appropriate dimension. We call Hg) (A) the
fractional Hill matrix.

Proof Recall, that the Liouville-Weyl derivative of the expo-
nential function reads

c D% {exp((A +iw)t)} = (A +iw)® exp((A + iw)1),
for all ¢ (59)

whenever ReA > 0 and where (-)* denotes the principal
value, « € (0,1) [33]. One may compute the fractional
derivative of the Floquet form (55) by interchanging the
order of summation and fractional differentiation, justified
by Assumption (A2),

+00
DY Ly =D 1 > exp((k—i—ikw)t)} (60)

k=—o00

+00

= Y »ED% fexp((h +ikw))}  (61)
k=—00
~+00

= Y pr(h+ike)® exp((h + iko)t).  (62)

k=—00

@ Springer

Next, rewrite the right-hand side of (53a) using (54) and (55)

+00

Z Jjexp(iwjt)

j=—00

+00
( Y m eXP((kJrikw)t)) (63)

k=—o00

J(Oy@) =

+00 400

= Y Y Jipkexp((+ itk + Hoy)  (64)
k=—o00 j=—00
+o00 +00

= Y | D Jipj | exp((h +ikw)r) (65)

k=—o00 \j=—00

where in the last line we performed the index shiftk +— k—j,
justified by Assumptions (A1) and (A2). Substituting (62)
and (65) into (53a), one obtains

400 +00
0= > | pkGtiko)® = > Jipe—j | exp(Gn + ikeo)r).

k=—00 j=—00

(66)

The sum over index k vanishes for all ¢ iff every summand
of the outer sum vanishes. With the above definition of poo,
the k-th term reads

0:(A+ikw)a["'010"']]’00—["'Jl Jo J_1 "']Poo

(67)

where the middle entry of the two wide matrices are paired
with the k-th entry of peo. Rewriting (67) into matrix notation
for all k, one obtains (56) and the proof is complete. O

The technical Assumptions (A1) and (A2) on J and p,
respectively, ensure that the reformulation into the nonlin-
ear eigenvalue problem (75) is valid. Both assumptions are
following the approach of [28] on first-order systems. For a
given function J, Assumption (A1) is easily checked. How-
ever, as the function p is a priori unknown and is only
approximated via truncated Fourier series in the following,
Assumption (A2) remains a technical assumption.

A nonlinear eigenvalue problem such as (75) as a charac-
teristic equation is not uncommon. We have seen in Sect. 4,
that a similar but simpler eigenvalue problem occurs for time-
invariant systems. Another example of nonlinear eigenvalue
problems as characteristic equations shows up in delay dif-
ferential equations [29] for both the time invariant and time
periodic cases. Therein, the nonlinearity in the eigenvalue
problem is an exponential of the eigenvalue X.

The constraint Re & > 0 is neccessary, since otherwise the
Liouville-Weyl derivative does not exist. This shows, that an
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extension of Floquet form solutions as in [36] to the sys-
tem (53) is generally not possible. For a certain class of
systems with memory terms, results on forms of solutions
are available [36]. However, fractionally damped mechani-
cal systems [10]

M@~ h(g.9D%q.4) =0 (68)

just barely escape the requirements of [36], since the mem-
ory kernel K(¢,7) = (t — v)7%/I'(1 — «) does not satisfy
fioo |K(t, t)|dt < oo for any ¢.

Remark 1 (Groups of Floquet exponents) By the structure
of the fractional Hill matrix (57), given a solution A which
makes HZ (1) rank deficient, A + ikw for all k € Z is also a
solution. Hence, the Floquet exponents come in groups, just
as in the integer-order case o« = 1 [14]. This comes as no
surprise, as the property is a consequence of the ansatz (55).

Remark 2 (Floquet exponents with negative real part)

There are cases, where the fractional Hill problem (56) has
eigenvalues A with negative real part. Consider a constant
system matrix J(t) = Jy € R"*", which is T-periodic for
any T > 0. Choose Jp such that it has a linear eigenvalue
w o det(Jo — ul) = 0 with ar/2 < |argpu| < am. Then,
as stated in Theorem 2, there exists a A : u = A% with
m/2 < |argA| < 7 and thus Re A < 0. This A is an eigen-
value of (56), since the block-wise center row of (57) reads

(- 00 Jo—2%T 00 ---) (69)
=(G-- 00 Jo—pul 00 --+) (70)
and is thus rank-deficient.

Remark 3 One could consider the differential equation
DSy y(1) = J(O)y(1), t>0 (71a)
y(0) = Yo (71b)

where J is T-periodic. Inspired by the form of solutions of
LTI first-order DEs and LTI-FODEs with lower bound zero,
taking an Ansatz as (55) but with Mittag-Leffler functions,
will greatly complicate setting up a Hill-type problem due
to the lack of a multiplicative identity of the Mittag-Leffler
function [6]

Ey(a)Ey(b) # Ey(a +b). (72)
Howeyver, it is clear that there exists a connection between
the solutions of problems (71) and (53). Indeed, when the
Liouville-Weyl problem (53) is reformulated to a Caputo ini-
tial value problem as done in (18), the only difference is the
time-dependent forcing term Fyo(¢) and thus (71) and (53)
share a homogenous solution.

Remark 4 (Truncated fractional Hill problem) For a
numerical approximation, one can consider the truncated
fractional Hill matrix of truncation order N

Jo— (A —iNw)“I --- J_on
HY ) = : : :
JoN o Jo— (A +iNw)*I
(73)
py = (pIy - py). 74

where H;‘;l)()\,) e Cn(2N+l)><n(2N+l) and PN € (Cn(ZN-Fl).
One may find a A with non-negative real part for which the
matrix HES‘) (1) becomes singular, i.e.

0 =detHY (1). (75)

This truncated fractional Hill problem then allows for com-
putation of py as an element of the nullspace of HE\?) (2) and
thus for construction of the solution (55). The equivialent
formulation

HY (Wpy =0 (76)

belongs to the class of Nonlinear Eigenvalue Problems
(NEPs) described by [37]

M(z)v =0, a7

where the eigenvalue z may appear nonlinearly, but the cor-
responding eigenvector v linearly in the equation. Numerical
treatment of these problems is extensively discussed in [37].

Remark 5 In the case « = 1, A is a linear eigenvalue of
the Hill matrix. Indeed, H\}’() = Hy — A/ where Hy =

HE\})(O) is the classical Hill-matrix [14].

Before providing example systems and solving their
respective fractional Hill problem numerically, we collect
some properties of the truncated fractional Hill problem. In
particular, we state results on the location of the eigenvalues
A. Also, Remark 2 remains true for the truncated problem.

Proposition 3 The solutions of the truncated fractional Hill
problem (75) come in complex conjugate pairs (A, X).

Proof First note two things:

1. Since J(¢) is real, its Fourier coefficients (54) satisfy
Ji = J_p for all k, where U denotes the element-wise
complex conjugate.

2. The principal root function A* = |A|* exp(ic arg i)
commutes with complex conjugation, i.e. (A%) = ).
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A

C
e
NP

(

Fig.2 Location of eigenvalues A of HE\(,X) (1) in the complex plane

For a quadratic matrix M, it holds that rank M = rank M
and we may take M = HY, (1)

rank H}, (%) = rank H% (%) (78)

where the latter matrix — using the two statements above —
reads

Jo— A+ iNw)“I --- DN

H?V(X) = . :
cooJo— (A —iNw)*I
(79

Jon

Swapping columns and rows blockwise, we see that matrix
(79) has the same rank as Hg\‘;‘)(k), completing the proof. O

Proposition 4 (Gershgorin Regions) The eigenvalues A of
Hg\?)(k) are located in the union of balls centered on the
imaginary axis, with their centers spaced by iw and radii
dependent on the Fourier coefficients Jy. See Fig. 2.

Sketch of Proof For the sake of simplicity, consider the scalar
case n = 1. We apply [37, Thm 2.19] noting that the frac-
tional Hill matrix
HY () =D + R (80)
can be split into a diagonal matrix D(X) and a remainder
R = const. For the center row, we obtain

M= > kl=ro = 1A =r®
keko

81
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for some appropriate set o C {—2N, ..., +2N}, and find
the first ball. Consider the upper neighbor of the center row,
which yields the ball

I —iow| <r/? (82)

shifted from the origin and with r_; = Zkelc, 1 |Jx| for
an appropriate subset X_; C {—2N, ..., +2N}. The other
balls follow analogously, producing a number of 2N + 1
balls. O

Example 5 (Scalar System) As an example of system (53a),
consider J(¢) = a + b sin(t) with real scalars a and b. That
is, we are interested in solutions of the IVP

t>0

s <0.

DY y(t) = (a + bsin())y(1),
v(s) = yo(s),

(83a)
(83b)

There is no analytical reference solution available and one
has to resort to numerical solutions. One observes stable or
unstable behavior of the origin y = 0 in Fig. 3, depending
on the choice of the parameters a and b. Notice that the first-
order case &« = 1 of (83) has an analytical solution obtained
by variation of constants, whose asymptotic properties are
solely dependent on parameter a.

Having established a numerical reference solution, we
now investigate the behavior of the fractional Hill matrix
HE\?). The Fourier coefficients of J(¢) of (83) are given as

Ji=—J_| =—ib/2, Jy=0 fork#—1,0,1.

(84)

Jo=a,

Figure4 illustrates, that systems with a stable or unstable
numerical reference solution do not or do admit zeros of
det Hgg) (1), respectively.

Figure 5 shows the result of a grid zero search of det H;‘;‘)
for a fixed parameter set using Matlab’s function fzero.
The instabilty of the origin y = 0 seen in reference numerical
time-integration solutions of Fig.3 is confirmed by finding
zeros A with positive real part. Moreover, the solutions A seem
to be located on a line parallel to the imaginary axis, spaced
roughly in the imaginary direction by the systems angular
frequency @ = 1, confirming the statement of Remark 1.

Having found an eigenvalue of H$,, one may also compute
its corresponding eigenvector p and construct the trajectory
il as (55). In order to confirm the computed trajectory, one
may take it as an initial condition yo(s) = ymin(s) fors <0
of (83) and numerically compute its trajectory ysim using an
integration scheme for the differential equation. The result is
shown in Fig. 6.
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5 H 4
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0 1 1 1 1 0 L 1 1 1
0 20 40 60 80 100 0 20 40 60 80 100
t t
(a) b=1. (b) b =2.
Fig.3 Numerical solutions of Example 5 with constant initial condition yo(t) = 1 fort < 0, « = 1/2, a = —1 and varying parameter b. We used

Garappa’s implementation £del2 .m in Matlab of the FracPECE scheme [38]

53.5

log(| det Hyy/” (A)])

(b) b= 2.5.

Fig.4 Logarithm of the determinant of the fractional Hill matrix HE\‘}’) of the system (83) with @ = 1/2, a = —1, N = 20 and varying parameter

b. See Fig. 3 for the respective numerical time integration solutions

.
e Ex.5:a=05w=1,a=-1,b=25
® e Ex. 6:a=07,w=1,¢c=-1,d=5 °
3+ .
. .
2+ .
— . .
o)
Foaf .
g
H . .
0 .
. .
1k .
. .
—9 | | | I I I
-1 —0.8 —0.6 —04 —0.2 0 0.2 0.4
real(\)

Fig.5 Numerically found solutions A of det H;@‘) (1) = 0 of Examples

5and 6

Example 6 (Fractional Mathieu type system) Consider the

n = 2-dimensional example system matrix of (53a)

0 1
J@0) = |:c + d sin(t) 0i|

(85)

0.5
0 - e
< 05 N\ \\\
= \ \
\
=t \ \
E \ \ /
< \ \
= a5t \ \ /
= \ Re v (i \ /'
> \ ! e ymEt% \
g \ —1m Ysim f/
= 2.5 \/ Re yuin(t) \
il - - - Im ygu(t)
3 ‘ ‘ | ‘ |
0 2 4 8 10

Fig.6 Results of numerical time integration ysim () of the system (83)
witha = 1/2,a = —1, N = 10 and b = 2.2, compared with the
solution obtained by the Hill method yyij(#). We used the numerical
scheme of [12] implemented by Afshin Farhadi for problems of the form
c Dg x = f(t, x) to initial condition x(0) = xo. We implemented the

infinite-memory initial condition yg as a forcing term on the right-hand
side
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with real parameters ¢, d and Fourier coefficients
01 0 0 -
Jo—|:c 0], J]—[% Oi|—J1, Ji =0,

Results of numerical eigenvalue search of the truncated frac-
tional Hill matrix are shown in Fig. 5. We identify two groups
of eigenvalues, one of which posesses a positive real part,
indicating the existence of a diverging solution. For the group
with negative real parts, one cannot find a respective converg-
ing solution. The existence of these eigenvalues confirms the
statement of Remark 2.

k| = 2.
(86)

6 Conclusion and Open Questions

The properties of ansatz functions of both LTI and LTP
fractional-order systems have been studied in the previous
sections. In Table 1, we summarize the presented results on
the two system types. For comparison, we also provide the
case of first-order systems (o« = 1). As discussed in Sect. 4,
there is a clear relationship between the fractional-order LTI
systems with zero and infinite lower bound 71, i.e. Captuto
and Liouville-Weyl differential equations, respectively. It is
possible to map all diverging solutions via an exponential
ansatz, as stated in Theorem 2. For decaying solutions, the
available results on Caputo systems help to better understand
Liouville-Weyl systems. Indeed, using the fading memory
property of Lemma 1 as well as the variation of constants
formula (40) allows for the analysis of the decaying solutions
in Theorem 3 and Corollary 1. This analysis was performed
in the scalar real negative case. Future research may try to
extend this to the general complex case, where the exponen-
tial ansatz does not yield a conclusion in Theorem 2, i.e. cases
(b) and (¢).

For the LTP case, a first-order differential equation classi-
cally yields the infinite-dimensional Hill eigenvalue problem.
Caputo differential equations have no known form of solu-
tions in the LTP case. This means that one cannot proceed
as for LTT systems, that is, use knowledge on Caputo dif-

ferential equations to investigate the Liouville-Weyl case.
Consequently, the exponential ansatz and resulting nonlin-
ear eigenvalue problem of Theorem 4 yield a novel path to
accessing solutions of LTP fractional differential equations.
Therein, we observe the same limitation of the exponential
ansatz as for LTI systems. One can only construct exponen-
tially growing solutions, but not the algebraically decaying
solutions. Besides the infinite-dimensional eigenvalue prob-
lem, we proved properties of the truncated eigenvalue prob-
lem in Propositions 3 and 4. The proposed fractional Hill
method enables stability analysis, whereas already estab-
lished transition curve analysis is limited to finding periodic
solutions, but gives no information on stability changes and
bifurcations in parameter dependence.
We close this paper with the following open questions:

1. Is the absence of eigenvalues with non-negative real
part, i.e. {A : ReA > 0}, of the fractional Hill eigen-
value problem (56) conclusive for stablity? Practice has
shown, that stable systems either admit eigenvalues in
the left half plane only or none at all. This suggests, that
the fractional Hill method may be conclusive also for
stability.

2. How are the stability properties of the zero- and infinite-
lower bound system related? Since the two system types
only differ through the forcing term Fxq(t), which sat-
isfies the algebraic decay property of Lemma 1, it may
be possible to generalize the statements of Theorem 3.
However, this does not extend to the most general case
of nonlinear systems, as the forcing Fx((#) may be arbi-
trarily large and potentially drive the solutions outside
of regions of attraction, where the Caputo system would
stay.

3. In the case of LTP-FODEs, how can one construct a
monodromy operator and is it possible to find Floquet
multipliers? Since the history of trajectories is a part
of FODEs, we conjecture that a monodromy operator
b7 : X(—00,0) — X(—o00,T) is required for the
study of LTP systems analogous to the case of func-
tional differential equations [9]. The spectrum of this
operator will map the stability properties of the respec-

Table 1 Linear Differential

Equations of the form System| LTI LTI | LTP LTP LTP
[¢ _

Dj ¢ = AL, where order of 1 ©. 1 ©.1 | 1 ©. 1) ©. 1)
A(t) = const and
A(1) = A(t + T) periodic yields 1 - —oo | - 0 —00
a linear time-invariant (LTT) and C(l‘)| exp(pt)v Ey(pt*)v exp(pt)v | exp(pt) p(t) ? exp(pt)p(t)
linear t{me—perlodlc (LTP) type, EVPl Av = pv Av = pv Av = p® vl Haov = pv ) H(()Oé) (p)v =0
respectively. Every Ansatz
solution ¢ (¢) yields a dom p| peC peC Rep > 0] peC - Rep >0

corresponding eigenvalue
problem (EVP), where p may be
restricted
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tive system. Consequently, the study of fundamental
solution operators for LTP-FODEs is a neccessary first
step.

A Proof of Lemma 1

Proof of Lemma 1 Assume w.l.o.g. fyp = 0. We first show that

that Fxg € C[0, 00). In other words, we must demonstrate

that, for all ¢ € [0, c0), Fxo(t + &) — Fxo(t) ase — 0.
To this end, let # > 0 and ¢ > 0 w.l.o.g.. Then,

Fxo(t+e) = Fxot) = (B1 + B2) 87)

(I—a)

where
0

B=[ [ute-o—a-0 wmda 69
-1

and

-n
32:/ [((+e-0)™ (-0 ]x'(©)dr (89

e ¢]

where n > 0 is the fixed number from the property that
xo’ € L*°[—n, 0]. Recalling that x¢’ is bounded on [—7, 0],
we see that

0
Bl < sup |xo/<r>|-/ (4e—0 % — (-0 dr
te[—n,0] -1
(90)
= s x/(0)l [(t+n)‘—°‘
T€[—n,0] -
—(z+s+n)1‘°‘—tl‘“+(t+s)1—°‘], 91)

where we used (t + ¢ — 7)™% — (t — 7)~% < 0 and there-
fore Bj — 0 for ¢ — 0. Moreover, an integration by parts,
justified by the absolute continuity of xg, yields that

By = By1 — Bn» 92)
where

_ _ T=—
Bu=[t+e-0D =0 0@ ©3

and

-n
Byy = —a/ [(r Ly r)_l_“]xo(r)dr.
—0Q

Clearly, since xg is bounded and the term in square brackets
in (93) tends to zero as T — —o0, we find that

By =[(t4+e+n) " —@+n "] -x0Cn—>0 (%9
for e — O since t > 0 and 1 > 0. Finally, once again using
the boundedness of x( and applying the mean value theorem

of differential calculus to the function (-) =1~ on the interval
[t —T,t + & — 1], we see that

-7
[B2a| < a sup |xo(7)| ‘(z +e—n) Y@ -—o) 1Y dr
—0Q

T<—y
95)

-n
=a(a+1) sup |xo(7)] -e/ |sm|‘2“" dr (96)
T<—1n —00

whereé; . € [t—7,t+e—71]andthus&; o > t—7. Therefore,
-1
|Bo| < ¢ ala+1) sup |xo(7)] / (t—1)*dr
T<—n —o0
o7
and so By — 0 for ¢ — 0 as well because the relations
T < —n < 0 <t imply that the integral in the last equation
is finite. We thus have shown continuity.
We next show the bound (16). First, we split the forcing
term into the two integrals

FroI (A —a) = I1(1) + L(1), (98)

0
(1) = / (t — 1) *xp(v)dr,
-n
b(t) = / = o (ndr, (99)

where [—n, 0] is the interval on which x(/) is bounded accord-
ing to Definition 1. We derive for the first integral the bound

0
11O = / (t — ) ¥Ixp()lldr <
-n

0
( sup ||x6<t)||> [ a-orea
te[—n,0] -n
1
=< sup IIX6(t)|I>m((t+n)1“—tl°‘>

(100)

te[—n,0]

(101)
te[—n,0]

5( sup ||x6(r>||> (4.

The last step holds by the following argument. Leta € (0, 1)
and t > 0. We want to show that

t+m = <+ (102)
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Dividing by the first term yields

l—«a
t Ui
1— (—) < —. (103)
t+n t+n
Introducing ¢ = # € [0,1) and noting 1 — ¢ = %,
Eq. (103) may be reformulated to
¢ > (104)

which does hold since ¢ € [0, 1). Thus, Eq. (102) indeed
holds. For the second integral we apply integration by parts,
justified by the absolute continuity of x,

. -
L(t) = / (t — 1) “xp(r)dr = [(t — r)_“xo(r)]i;_zo

+a /_n(t — )" x(r)dr (105)

o8]

=@+mn "xo(—n) + af

—0o0

-
(t — 1) xo(r)dr

(106)

where the limit lim;_, _ xo(7)/(t — 7)* vanishes for all
t > 0 since ||x0||co < 00. The absolute value of the integral

may be bounded as follows:

o

-n
/ (t — 1) xo(r)dt

—n
< Ol||x0||oo/ (-0
—00

= llxolloo(t +m ™" (107)

Using equations (106) and (107) and |xo(—n)| < [|x0]lcos
we may set up the bound

2O < 2[lxolloo +m) ™%, (108)

From the triangle inequality || Fxo(t)||T (1 —a) < || 11 ()]]|+
[|72(¢)|] and the established bounds (101) and (108), one
arrives at the proposed (16) and the proof is complete. O
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