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Hardware-efficient preparation of
architecture-specific graph states
on near-term quantum computers
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Highly entangled quantum states are an ingredient in numerous applications in quantum computing.
However, preparing these highly entangled quantum states on currently available quantum computers
at high fidelity is limited by ubiquitous errors. Besides improving the underlying technology of a
quantum computer, the scale and fidelity of these entangled states in near-term quantum computers
can be improved by specialized compilation methods. In this work, the compilation of quantum circuits
for the preparation of highly entangled architecture-specific graph states is addressed by defining

and solving a formal model, i.e., a form of discrete constraint optimization. Our model incorporates
information about gate cancellations, gate commutations, and accurate gate timing to determine

an optimized graph state preparation circuit. Up to now, these aspects have only been considered
independently of each other, typically applied to arbitrary quantum circuits. We quantify the quality

of a generated state by performing stabilizer measurements and determining its fidelity. We show
that our new method reduces the error when preparing a seven-qubit graph state by 3.5x on average
compared to the state-of-the-art Qiskit solution. For a linear eight-qubit graph state, the error is
reduced by 6.4x on average. The presented results highlight the ability of our approach to prepare
higher fidelity or larger-scale graph states on gate-based quantum computing hardware.

Highly entangled multi-qubit graph states, e.g., linear graph states or 2D cluster states, are essential for a large
number of quantum applications'~'°. Not only are they being used in quantum error correction? or quantum
communication protocols>*, but they also build the basis for various quantum computing techniques such as
one-way quantum computing>, variational quantum algorithms”?, and, as recently shown, combinations of the
two10,

Due to their multi-particle entanglement, graph states are used to demonstrate non-classical behavior and
thus often employed to benchmark quantum computers!!~!>. A special group of graph states is the group of native
graph states. Native graph states are graph states where the mathematical graph follows the qubit connectivity of
the respective quantum machine!®. They can serve as efficient and scalable entanglement benchmarks and have
led to the demonstration of full bipartite entanglement using up to 65 qubits!!~!%. The preparation of hardware-
efficient and high-fidelity native graph states on near-term gate-based quantum computers is the focus of this
work.

Besides benchmarking, one can use native graph states to efficiently prepare non-native graph states. For
example, by employing local complementation, i.e., local Clifford operations on the quantum state, non-native
graph states can be generated using the same set of qubits as the initial state!. Moreover, depending on the
specific form of the target state, measuring out particular qubits of a larger (native) graph state can increase the
overall preparation efficiency and enlarge the range of accessible graph states™'®!7.,

Current quantum computers suffer from relatively large and heterogeneous errors that limit the ability to
prepare high-fidelity graph states'®!°. Error mitigation and quantum circuit compilation can reduce errors of
state preparation and improve the fidelity of graph state applications on near-term noisy, intermediate-scale
quantum (NISQ) computers'®20-22,

In this work, we present a compilation method for improving the quantum circuits used to prepare hardware-
efficient graph states on near-term IBM quantum computers. We define a formal model that is based on the
structure of a given type of graph state. This model allows us to:
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« Prepare hardware-efficient native graph states using a minimal duration of or number of single-qubit gates

o Use gate commutation to enable a reordering of quantum gates for the minimization of quantum circuit
duration

« Employ gate cancellation to identify and omit excess single-qubit gates

« Consider accurate timing information for exact minimization of the graph state circuit duration beyond the
minimization of quantum circuit depth

Up to now, these aspects have only been considered independently of each other and are typically applied to
arbitrary quantum circuits**?°. By combining the different aspects and applying them to a special class of
quantum circuits, i.e., graph state generation circuits, we present an approach that allows us to scale to larger-
scale problem instances while expecting to yield higher-fidelity graph state preparation circuits. The resulting
quantum compilation method is evaluated for graph state preparations on the IBM quantum computer ibmg
ehningen?®. While the evaluation in this work is restricted to graph states and IBM quantum computers, the
presented approach can be generalized to other entangled states and NISQ computers.

Note that this work builds on one of the winning contributions to the 2020 IBM Quantum Open Science
Prize?.

Near-term quantum computers
In theory, an n-qubit quantum computer can arbitrarily prepare, manipulate, and measure an n-qubit state given

by
[0y = aili), 1)

with )~ |ov;|? = 1. In reality, however, near-term quantum computers are often characterized by a limited
number of qubits in the range of a couple of dozens to a couple of hundreds, a restricted qubit connectivity,
denoted by its topology (see Fig. 1), and a heterogeneous qubit quality with relatively short coherence times!®.

Decoherence, imperfect quantum gates, and measurements lead to errors during the computation of a quantum
algorithm?®. In addition, qubsits typically exhibit a heterogeneous quality, leading to varying coherence times,
quantum gate durations, and errors on the same device and time step. As an example, in the 27-qubit near-
term IBM quantum computer used in the evaluation section of this paper, the coherence time of the qubits varies
from 0.4 ps to 343 ps per qubit, the two-qubit quantum gate error rate varies from 0.4% to 21%, and the two-
qubit gate duration varies from 181 ns to 587 ns. It is, therefore, crucial to not only consider the logical depth
of a quantum circuit, i.e., the length of its critical path from the inputs to the outputs?*2, when minimizing the
duration of a quantum computation, but also consider the accurate timing of the quantum gates in the quantum
circuit.

Graph states

A graph state |G) is a multi-qubit entangled quantum state, which can be described by a mathematical graph
G = (V, E) (see left part of Fig. 1 and, e.g., Ref.!). The graph consists of n vertices in the vertex set V, which
correspond to qubits ai,...,an, and a set of edges E, which indicate entanglement between the connected
qubits (a;,a;) € E .
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Fig. 1. Left: Seven-qubit graph structure. A graph state consists of vertices (= qubits) and edges (= two-qubit
entanglement). In this work, we generate graph states identical to the quantum computer’s topology graph.

In the example shown, qubits are arranged in a rotated “H” such that two qubits have three neighbors, one
qubit has two neighbors, and four qubits have one neighbor. Neighboring qubits can interact with each other
directly. Right: Corresponding preparation circuit of a seven-qubit graph state. To generate graph states, we use
Hadamard (H) gates preparing each qubit in the state |+), followed by two-qubit CZ gates along the edges of
the graph generating the entanglement.
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Mathematically, graph states can be described using the so-called stabilizer formalism. This formalism
defines one stabilizer operator S, per vertex a; € V'

Sai=Xa: [ Zas @)

aj EN,li

where N, describes the vertices adjacent to a;, and X, (Zaj) denotes the Pauli X (Z) operator on the ith (jth)
qubit.

Using Eq. (2), one can now define the graph state |G) as the unique eigenstate of all S,, with eigenvalue +1, i.e.,
Sa;|9) = +9), Vi. 3)

Measuring the stabilizer elements individually, therefore, allows the graph state fidelity to be determined using
only 2" measurements instead of 3" measurements required for a full quantum state tomography>’.

Generating graph states can be accomplished using Hadamard (H) gates and controlled Pauli Z (CZ) gates
(see right part of Fig. 1 and, e.g., Ref.!?). First, each qubit, initially in the state |0), is prepared in the state
|[+) =H|0) =1/v/2 \/g (]0) 4 |1)). Then the entanglement is realized by two-qubit entanglement operations, i.e.,
CZ gates along the edges E. This allows one to write every graph state in the form

H CZ(aivﬂj)‘+>|+>"'|+>' (4)

(aj,a;)EE

In this work, we focus on native graph states and linear graph states. Native graph states have a graph structure
G that is (subgraph) isomorphic®! to the topology graph of the respective quantum device. This means that the
edge set E in G can be mapped to a connected subset of the edges in the topology graph!’. Linear graph states
have a graph structure corresponding to a path graph, i.e., all vertices are connected in a line. In particular, two
vertices, i.e., the first and the last, have degree one while the remaining vertices have degree two. An elegant way
of preparing non-native graph states is to use local complementation'.

Compilation for graph state preparation

Our compilation method is based on a formal model that considers the graph state structure, topology, and
error characterization of a given quantum computer to yield an improved graph state preparation circuit.
The improved graph state preparation circuit is compiled while considering gate commutation relations, gate
cancellations, and accurate timing information provided by the quantum computing operator.

Figure 2 depicts the individual steps of the developed quantum circuit compilation method for graph state
preparation. First, the structure of a graph state and the current error characterization are used to determine the
placement of the graph state qubits onto the physical qubits of the target quantum computer. This step is realized
by methods such as mapomatic®? that consider the product of current gate fidelities on the quantum computer
to determine an improved placement.

Then, the placement information is used together with the structure of a given graph state, accurate quantum
gate timing information, and an objective function to inform the generation of a formal model. The formal
model can then be solved to yield an optimized graph state preparation circuit®®. The formal model consists
of variables representing valid preparation circuits if the value assignments of the model variables satisfy the
constraints defined in this model. The solver then optimizes the valid assignment to the model variables with
respect to given objective functions. The resulting assignment is provably optimal, i.e., the solver always finds
the global minimum?®.

The compilation method assumes native graph states as defined in Section 3 and a target quantum computer
with a basis gate set that includes CNOT and Hadamard gates. The CZ quantum gate needed in the construction
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Fig. 2. Individual steps of the developed graph state preparation compilation method.
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of graph states is thus represented in this basis gate set by applying Hadamard gates before and after a CNOT
gate on the CNOT'’s target qubit for the remainder of this work®. Notably, the steps in this work focus on the
currently available IBM quantum computers, where the CNOT gate is available natively, and the Hadamard gate
is available through other single-qubit gates. The method developed in this work can be adapted for different
basis gate sets®>.

Model variables
The developed model has the following model variables for a graph state with quantum gates G = F' U H, where
Fis the set of two-qubit quantum gates, and H is the set of Hadamard gates in the graph state preparation circuit:

o C — the set of Boolean variables representing the two different directions of CNOT gates. As the only two-
qubit quantum gates in graph states are originally CZ quantum gates, the role of the target qubit and the
control qubit is exchangeable, i.e., the direction of a CNOT can be set arbitrarily. The direction of CNOT gates
has a significant impact on the duration of the CNOT gate?® and also affects how many quantum gates in the
quantum circuit can be canceled.

o S — the set of real variables representing the start times of each quantum gate in the graph state preparation
circuit. The set of variables Sy represents the start times of Hadamard gates, and Sr represents the start times
of CNOT gates with S = Sy U SF.

o T — the set of real variables representing the end time of each quantum gate in the graph state preparation
circuit. As above, the set of variables T represents the end times of Hadamard gates, and T represents the
end times of CNOT gates with T = Ty U TF.

o B — the set of Boolean variables indicating whether a Hadamard gate is canceled due to a directly subsequent
or preceding Hadamard gate. In the native graph states considered in this work, there is no pair of two-qubit
quantum gates on the same set of qubits. Therefore, only Hadamard gates can cancel out.

In addition, let H be the set of Hadamard quantum gates that transform the two-qubit quantum gate f € F'
into the CZ quantum gate with Hy = H ;- U H s+, where H ;— are single-qubit quantum gates occurring before
and H s+ are single-qubit quantum gates occurring after the computation of the two-qubit quantum gate f. For
the IBM quantum computers considered in this work, the sets H ;- and H ¢+ consist of only one Hadamard gate
each that is applied to the target qubit of the CNOT gate. The solver software used in this work®® can address the
real variables in sets T'and S. Alternatively, these real-valued variables can be discretized?®.

Model constraints

Model constraints guarantee that a satisfying assignment to the model variables yields a valid quantum circuit.
For the native graph state preparation circuits considered in this work, the constraints must assign the accurate
duration to gates in the circuit, cancel Hadamard gates in the correct situations, and ensure the correct order
of non-commuting quantum gates while allowing an arbitrary order of commuting quantum gates. First, the
duration of the quantum gates in the graph state preparation quantum circuit is modeled depending on the
chosen direction and the accurate timing information specified by the quantum computer vendor.

Ty — 5y = (dg/\cg)v (d;/\ﬁcg)v (5)

for a two-qubit quantum gate g that has a gate duration of d in the direction Cy and d}, in the other direction.
The equations for a single-qubit quantum gate ¢’ are similar but do not have a direction and, as such, are directly
assigned their gate duration d,s according to the difference of T,y and .Sy/.

Next, the temporal order of quantum gates must be considered in a valid graph state preparation quantum
circuit. In general, CZ quantum gates commute with each other, so the temporal order of these quantum gates
can be set arbitrarily as long as a qubit is not participating in two CZ quantum gates at once®*. Thus, as the
CZ gate is represented by a CNOT gate and two Hadamard gates on the target qubit, the set of CNOT and
corresponding Hadamard gates also commute with each other. Furthermore, two subsequent Hadamard gates
cancel each other out.

The following equations capture the exact timings of Hadamard gates and CNOT gates. First, the timing of
the CNOT gate fwith the sandwiched Hadamard gates is fixed by:

Ty < Sy,Vhe Hy-, (6)

and
Shsz,VhGHf+. (7)
Note that the temporal order of quantum gates inside the sets H; does not need to be fixed in our case because

they consist of only one gate. Furthermore, we distinguish two cases of two quantum gates fand f’ overlapping
on the same qubit. First, if the control qubit or the target qubit of the quantum gates fand f’ overlap, then

(Ty < Spr) V(S > Tyr) ®)

Scientific Reports |

(2025) 15:2095 | https://doi.org/10.1038/s41598-024-82715-x nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

must hold, i.e., gate f must end before gate f' or gate f must start after gate f'. In this case, the Hadamard gate on
the target qubit of the CNOT gate cancels with the Hadamard gate h. Thus, the single-qubit quantum gates H s
associated with a two-qubit quantum gate f can overlap temporally with the computation of a different two-qubit
quantum gate f” or its single-qubit quantum gates H . A conflicting temporal assignment of quantum gates,
i.e., one qubit would need to participate in multiple quantum gates at once, can occur for gates that cancel. This is
reflected through variables B that indicate which quantum gates are canceled, making the assigned computation
time irrelevant.

Likewise, the following set of equations is enforced if the control qubit of quantum gate f overlaps with the target
qubit of quantum gate f’:

(Ty < Sp-)V(Sy > Ty+),h™ € Hp—,h* € Hpro ©)

As Hadamard gates do not commute with CNOT gates, these equations limit the temporal placement of
Hadamard gates to a preceding or a succeeding CNOT gate f’ that is overlapping with gate f. In addition, the
computation time of the CNOT gate cannot overlap with the computation time of a Hadamard gate.

The cancellation of Hadamard gates can be expressed by

Bp = (S5 < Sp) A (T < Ty), (10)

i.e., a Hadamard gate h is canceled if its computation time overlaps with a two-qubit quantum gate fwhose target
qubit occurs on the same qubit as the Hadamard gate h. Further domain constraints are omitted, e.g., restricting
the start and end times to non-negative reals.

Objective functions

We develop four objective functions for the compilation of hardware-efficient graph state preparation quantum
circuits. The first objective to achieve is to minimize the number of Hadamard gates along with the required
CNOT gates for the preparation of a given native graph state. This is realized by maximizing the number of gate

cancellations:
max Z B;. (11)

In addition, reducing the effect of decoherence can be achieved by minimizing the overall duration of the graph
state preparation circuit?®. The duration of a quantum circuit can be minimized through

min7 with 7 > T,,Vg € FUH, (12)

where T} is the individual end time of the quantum gate g and 7 is an auxiliary variable.

An additional figure of merit for reducing the impact of decoherence is maximizing the remaining’ coherence
time on a qubit as given by the difference between the determined qubit coherence time and the circuit duration
on each qubit. The remaining coherence time can be expressed by

max M, with M < D, — Tq, (13)

where D, is the coherence time on qubit g and 7y is the end time of the last quantum gate on qubit g. The
variable 74 can be determined analogously to Eq. (12).

The objective function concerns the reduction of crosstalk errors that occur when a two-qubit quantum gate is
performed on a pair of qubits where neighboring qubits are not idle’”-%. These types of context-dependent errors
can have a large impact on the fidelity of quantum state preparation and thus pose a potential for minimization
by

(Ty < Sg) vV (Sg 2 Ty) (14)

for all quantum gates g and ¢’ where the quantum gate g’ acts on neighboring qubits. These can be determined,
e.g., by the methods introduced in Ref.3%,
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Deriving a quantum circuit from a solved formal model
A graph state preparation quantum circuit is exactly determined by the variables introduced in Section 4.1. The
time and qubits of a quantum gate in the graph state preparation circuit are exactly fixed by the developed formal
model, i.e., a quantum circuit representation can be derived in linear time by inspecting the model variable
assignments.

A satisfiability modulo theories (SMT) solver such as the Z3 SMT solver can determine an assignment to
these model variables that satisfies the constraints specified in Eq. (5) to (10) and is optimal with respect to a
specified objective function such as defined in Eq. (11) to (14)*.

Evaluation

In this section, we evaluate our compilation method on a seven-qubit native graph state (see Fig. 1) and on linear
graph states with three to eight qubits. The developed compilation method is given the structure of the native
and linear graph states and the accurate timing information to generate a quantum circuit that prepares the
target graph state with high fidelity. In Fig. 3, we compare the result of the developed compilation method to the
compilation provided by Qiskit with the highest optimization effort (optimization level three)*. Qiskit generates
a quantum circuit out of the graph state representation by using the built-in graph state class GraphState.

We quantify the fidelity of a graph state preparation on the near-term IBM quantum computer ibmg
ehningen by successively measuring the stabilizers of the graph state as described in Section 3. Each experiment
was repeated sixteen times—with each compilation option equally interspersed over the experiments—to
yield an accurate fidelity measurement on near-term quantum computers that inevitably exhibit large error
dynamics®?*32, As an accurate fidelity quantification incurs a large number of quantum circuit executions
in general, we decided to omit detailed results of the objective function defined in Eq. (14). The experiments
visualized in this section required over twelve hours of computation time on the ibmg_ehningen quantum
computer.

Qubit measurement errors were mitigated by the method introduced in Ref.?’. The solver runtime was
negligible on the investigated graph state sizes and required four seconds on average for a 21-qubit linear graph
state on ibmg_ehningen with the objective function defined in Eq. (12). In the remainder of the result
section, the term "SMT-Runtime’ describes the combination of the Hadamard cancellation objective function in
Eq. (11) and the circuit runtime objective function in Eq. (12). The term ’SMT-Decoherence’ describes the qubit
decoherence objective function in Eq. (13).

Fidelity of the seven-Qubit native graph state
Figure 3 shows the fidelities estimated through measuring stabilizers of the seven-qubit native graph state (see
Fig. 1) after compiling a graph state preparation quantum circuit using Qiskit, using SMT-Runtime and using
SMT-Decoherence. The fidelities are estimated with and without error mitigation, respectively. We obtain the
largest fidelities when we use our compilation method together with SMT-Runtime or SMT-decoherence. The
compilation by Qiskit led to a smaller average fidelity even when qubit measurement error mitigation was
enabled.

For all compilation methods evaluated in this work, the qubit measurement error mitigation had a significant
impact on the measured fidelity. Interestingly, the impact of the qubit measurement mitigation varies strongly
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Fig. 3. Fidelity of the seven-qubit native graph state preparation after compilation with Qiskit and our method
(SMT-Runtime and SMT-Decoherence). The fidelity is reported with qubit-measurement error mitigation
(mitigated) or without (raw) for sixteen repetitions of compilation and execution on ibmg_ehningen.

The figure shows box plots where the central line of the box represents the median, while each half of the box
represents one quartile of the data. The whiskers show the last measured results within a distance of 1.5 times
the interquartile range.
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Fig. 4. Fidelity of linear graph states with three to eight qubits after the state preparation was compiled with
Qiskit and this work (SMT-Runtime) with and without qubit measurement error mitigation for sixteen
repetitions of compilation and execution on ibmg_ehningen.

for the different compilation methods. The Qiskit graph state preparation circuit yields a median fidelity of
0.51 without qubit measurement mitigation that is improved to 0.58 with mitigation. For SMT-Runtime, we
measured a fidelity of 0.77 without mitigation, which was improved to 0.87 with mitigation.

Opverall, the highest fidelity with measurement error mitigation was 0.93 for SMT-Runtime, while the lowest
fidelity of 0.46 was observed for the Qiskit compilation without measurement mitigation. Specifically, the SMT-
Runtime compilation yielded a maximal fidelity of 0.93 and 0.88 on average, and the Qiskit compilation reached
an average fidelity of 0.58 and a maximum fidelity of 0.67. Thus, the preparation error, i.e., 1 — fidelity, of graph
state preparation, is at most reduced by a factor of 4.71x and 3.5x on average by the developed method compared
to the state-of-the-art Qiskit compilation.

Fidelity of linear graph states

Figure 4 shows the fidelity of linear graph states with three to eight qubits after compiling the graph state
preparation quantum circuit using Qiskit and SMT-Runtime. For three-qubit linear graph states, the fidelity
yielded by the Qiskit compilation coincides with SMT-runtime as no additional degrees of freedom could
be exploited. The difference in fidelity becomes more evident with larger linear graph states until it reaches a
maximum at linear graph states with eight qubits. Here, the Qiskit preparation circuits show a fidelity of 0.42 on
average compared to 0.91 on average, yielding a reduction in error by 6.4x on average.

Furthermore, the Qiskit graph state preparation circuits generally exhibit a larger range in fidelities compared
to our method. For eight-qubit linear graph states, the maximum fidelity is 58% larger than the minimum fidelity
achieved by the Qiskit compilation over the sixteen conducted experiments. In SMT-Runtime, the spread
between minimum and maximum fidelity is only 22% difference. Thus, using the developed method, higher
reproducibility, and consistent accuracy can be expected when preparing graph states.

The presented results align well with other results from the literature®'”. While in Ref.?, quickly decaying
graph-state fidelities for non-optimized circuits have been reported, similar values for circuits optimized by
hand have been obtained in Ref.'”.

Conclusion

In this work, we have presented a novel method for the optimized compilation of quantum circuits to prepare
graph states on gate-based quantum computers. We have compared it to the solution provided by Qiskit. Our
quantum circuit compilation method is based on a formal model that constructs an optimal graph state circuit by
considering the specific physical architecture, accurate quantum gate timing information in the target quantum
computer, gate cancellations, and gate commutations.

We have evaluated our method by producing graph states with different numbers of qubits on the IBM
quantum computer ibmg ehningen and assessed the quality of the state preparation by performing stabilizer
measurements and determining the fidelity. The presented results demonstrate an advantage of our method
compared to the Qiskit solution. Our method reduces the error when preparing a seven-qubit graph state by 3.5x
on average. For a linear eight-qubit graph state, the error is reduced by 6.4x on average. Furthermore, it reduces
the span over which the fidelities are spread over multiple experiments from 58% to 22%, leading to higher
reproducibility and more consistent graph state preparations. A potential venue for future research would be to
apply our method to more qubits and also investigate further non-linear native graph states.

Since our method is not restricted to generating native graph states, one of the next steps will be to investigate
the generation of other more complex quantum states. For example, it would be interesting to adapt our method to
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the preparation of Dicke states, which are costly but at the same time important, e.g., for the quantum alternating
operator ansatz'**!. Furthermore, the efficient preparation of large high-fidelity GHZ states is of interest, e.g., in
the context of multipartite entanglement testing quantum communication algorithms>*?, or benchmarking!*1°.

Another venue for future research is incorporating more comprehensive noise models into the formal model
used to optimize graph state preparations. However, this would require more thorough noise characterization
than was available publicly on ibmg_ehningen at the time of experiments.

Finally, let us note that although our compilation method has been evaluated on IBM quantum computers, it
can readily be adapted to other platforms.

Data availability
The data generated and analyzed during the current study are available from the corresponding author upon
reasonable request.
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