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Abstract

We investigate channel coding and modulation for bandwédticient transmission. For
the bit-interleaved coded modulation (BICM) system, we o@mappings for quadrature
amplitude modulation with respect to the resulting syminaol it error rates at the demapper,
and to the achievable BICM and signal set capacities. Furtfeedesign mappings that are
most suited for receivers, which exchange information ketwdemapper and decoder in an
iterative manner. The mappings are not restricted to cestanbol alphabets, and thus, the
optimized mappings outperform similar state-of-the-ahiesnes. For multi-antenna systems,
we examine multidimensional mappings as a means to minibiizgror rates at an iterative
receiver. Finally, we derive for block codes over the binargisure channel closed-form
expressions for their transfer characteristics to be useld extrinsic information transfer
chart. Based on that, capacity approaching irregular tinee-varying, codes are suggested.

Kurzfassung

Diese Arbeit untersucht Kanalkodierung und Modulationd@ndbreite-effiziente Nachrich-
tenUbertragung. Fir das so genannte “bit-interleavedccoaedulation”-System — einer
seriellen Verkettung von Kanalkode, Bit-Verwitrfelung unda@ratur-Amplituden Modula-
tion (QAM), werden QAM-Mappings vorgestellt, die bezuglider Symbol- und Bitfehler-
haufigkeit, die beim Detektor auftreten, optimal sind, soeztglich der BICM- und der
Signalvorrats-Kapazitat, d.h. informationstheoretidzhUbertragungsgeschwindigkeit ma-
ximieren. Dariiber hinaus werden Mappings entworfen, dieEfiapfanger geeignet sind,
welche iterativ Informationen zwischen Detektor und Dekoel austauschen. Die Map-
pings sind nicht auf herkommliche Symbolanordnungen lrésdth, wodurch die optimier-
ten Losungen den Standard-Systemen Uberlegen sind. Beahtehnen-Systemen werden
multidimensionale Mappings untersucht, welche die Bigehdufigkeit bei iterativen Emp-
fangern reduzieren. Schlief3lich werden Transinformatigannlinien fir Block-Kodes her-
geleitet, fur den Fall, dass der Kanal durch einen binaresiddsehungskanal modelliert wird.
Diese Kennlinien sind Bestandteil des so genannten EXITamms. Darauf aufbauend
werden irregulare, also zeitvariante, Kodes vorgeschladje nahe an die Kapazitats-Grenze
herankommen.
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Chapter 1

Introduction

The ever growing demand for higher bit rates requires concations systems to be steadily
upgraded. Wireless, nomadic, and wireline communicatsystems are ever trying to pro-
vide these higher data rates in order to allow for new apiina like mobile video tele-
phony and high-speed web browsing. That in turn raises thereercial popularity of these
applications, bringing forth further consumers that resjueore and more data transmission.
History has shown that this avalanche effect was still metdsymunications engineers, but
the challenge for increased data rates is always omnipreSenilar to Moore’s law for the
development of integrated circuits, Edholm’s law of bamdiiclaims empirically that data
rates have been and will be doubled every 18 months [1].

One obvious way for increasing throughput is to allow for ebandwidth for the data trans-
mission. However, bandwidth is a precious good when regd)at.g., by federal network
agencies as in case of the UMTS (universal mobile teleconuations system) license auc-
tions. Even if costs are not the limiting factor, bandwidtlaiways bounded by the transmis-
sion system components themselves. Antennas for wiret@ssicnications are bandlimited
to a degree depending mostly on their geometry, as are filtdrish operate as desired only
in a limited frequency range. Finally, most communicatitiamnels are also bandlimited:
copper wires and coaxial cables act as lowpass filters amchbfibers transmit light only in
a certain wavelength interval.

Bandwidth-efficient digital transmission techniques pdevan alternative approach to in-
crease the throughput. The most common technique is quaeramplitude modulation
(QAM), which was first proposed in [2]. Currently, many comrioations systems are
enhanced by a simple software update to allow for higherro@®M, i.e., more bits are
transmitted per channel usage. Mobile communication systpply high order QAM to
increase throughput, e.g., EDGE (enhanced data rates fdre@8lution) uses 8-phase-shift
keying (PSK) compared to Gaussian mimimum shift keying (B}li& GSM (global system
for mobile communications), so the number of bits per chhusage is tripled in this case.
Similar enhancements in third generation networks use leiggrer spectral efficiencies, e.qg.,
16-QAM in/HSDPA (high speed downlink packet access). Themségenerations of digital
video broadcasting (DVB) will allow for high definition teleion transmission by further



extending the QAM order. Other examples of communicaticstesys, which steadily in-
crease their spectral efficiencies by high order QAM, aréaligubscriber line (DSL) and
wireless local area network (WLAN). Even optical fiber traission systems have started
to take their leave of binary intensity modulation, i.endily amplitude-shift keying (ASK),
to further exploit their capacity [3].

In his seminal paper, Shannon determined the fundamentas Ifor reliable data commu-
nication [4]. For each communication channel and a givertsgleefficiency, there exists
a minimum signal-to-noise ratio (SNR) (sometimes refermedgs capacity limit), which is
necessary for error-free transmission. Bandwidth-effic@AM schemes are more diffi-
cult designed to be also power-efficient than simple binaogluahation systems. Thus, the
challenge in spectral-efficient QAM transmission lies ie theed for more sophisticated
coding schemes. The larger the signal alphabet, the mave-@wne is the transmission.
Capacity approaching QAM transmission is only possiblepthithe channel code and the
modulation scheme are adapted well to the channel chaisiter As was already noted
in [5], coding and modulation should be used as one entity. eBam this idea, trellis
coded modulation (TCM) was proposed in [6] and [7]. By incregshe modulation or-
der and partitioning the signal sets through a trellis ercothe Euclidean free distance
can be maximized, allowing for good performance on the (faoimg) additive white Gaus-
sian noise (AWGN) channel. This target was in contrast toiptevcoding schemes, which
rather tried to maximize the Hamming distance. For fadingnctels, especially if time-
varying, the strict combination of channel code and modutdtas the disadvantage of less
flexibility. TCM schemes optimized for AWGN channels usualbriorm poor for fading
channels [8]. Another approach, that combines channehgaatid modulation, is multilevel
coding (MLC) [9], which was thoroughly investigated in [10]he idea of MLC is to provide
for each bit belonging to a QAM symbol an individual channetle. Based on multiuser
information theory, it was shown in [10], that multistagecdding (MSD) at the receiver
side can provide capacity approaching performance. Ealitigual code, i.e., each level,
is decoded in a well-defined order, providing a priori infatron for the next level. The
drawbacks of MLC are its high decoding complexity and itsicy for error propagation.

To overcome the shortage of TCM over fading channels, Zehédduced a bitwise inter-
leaver in between a convolutional code and a Gray [11] majogacrease temporal diversity
[12]. This pragmatic approach outperformed the best kno@NMTEchemes over a Rayleigh
fading channel. Later, this approach was denoted as leitkdatved coded modulation (BICM)
and analyzed in detail in [13]. In fact, BICM is a variant of MLChere the receiver does
not perform MSD, but rather a parallel decoding of individieaels (PDL) [10]. Close to
capacity performance is possible with BICM, if Gray mappingplied together with a
strong code [13]. Candidates for the latter are large codegawhs, like turbo [14] or low
density parity check (LDPC) codes [15], which are usuallyadiet! in an iterative man-
ner. Since BICM is a concatenated coding scheme itself — wighntlapper as the inner
encoder and the channel code as the outer encoder, itedatimapping and decoding was
proposed in [16, 17, 18, 19]. In a series of publications, BICkhviterative demapping
and decoding (BICM-ID) was further investigated [20, 21, 22,24, 25, 26, 27]. The main



results are that a rather weak outer code is sufficient foa@gpapproaching performance,
provided that the modulator applies anti-Gray mapping. BIGM BICM-ID have the ad-
vantage that they perform well on both fading and non-fadhmgnnels. Especially BICM-ID
allows for much flexibility, since the number of iteratiortslze receiver may depend on the
channel characteristics. Furthermore, the small but eritegap to signal set capacity in
BICM can be diminishingly small for BICM-ID. Altogether, charrm®ding in combination
with high order modulation is a topic worth investigatinghmuch detail.

This thesis is concerned with BICM with or without an iteratieeeiver. Most results will be
derived for the non-fading AWGN channel model, but compargswith the Rayleigh fading
channel will show, that the results are rather robust wiipeet to different channels. An-
swers will be given to the following questions: Which map@mgovide the lowest bit error
rate (BER), if the receiver applies no iterations and which pivags are optimal for perfect
a priori information that might arise from an iterative feadk loop. In contrast to [28] and
other research, we relax the condition, that QAM symbolstrieson conventionally ap-
plied constellations such as rotationally symmetric PSkrtinogonal QAM grids. We also
propose signal constellations that yield minimized syndyobr rate/(SER) after a hard de-
cision. From an information theoretic perspective, we pegpconstellations that maximize
the signal set capacity as well as mappings, which maxirhe®tCM capacity. Further, we
investigate multidimensional mappings for multiple inputltiple output/(MIMO) systems.
We introduce a precoder to generate these mappings, andggresphemes, which minimize
the error-floor that occurs in iterative MIMO demapping soles. Finally, we describe arbi-
trary QAM mappings as the concatenation of a rate 1 precadlemfed by Gray mapping.
Analysis of the mapping is reduced to the investigation efghecoder. Based on analytical
formulas, we find sets of precoders to be used in a time-vamyianner. These sets will
achieve the best match to a given outer encoder.

The structure of this thesis is as follows. Chapter 2 sumraariae most important fun-
damentals, which are necessary for the understandingofhbsis. In Chapter 3, we pro-
pose QAM mappings, which are optimum with respect to varicest functions, such as
the resulting symbol and bit error rates, the achievablacéps or performance for iter-
ative demapping. Multidimensional MIMO mappings are dgsad in Chapter/4. A pre-
coding scheme for their generation is introduced, and basdtat, precoders are derived,
which minimize the error-floor for iterative MIMO receiver§&urther, we derive in Chap-
ter 5 closed-form expressions for EXIT functions of the pd&r under the binary erasure
channel (BEC) assumption and apply the results both to then@atiion of irregular inner
codes and to the EXIT functions of a QAM demapper. Chapter @lades this thesis with
an outlook of possible future research topics.







Chapter 2

Fundamentals

This chapter summarizes all fundamentals that are negefgsathe understanding of this
thesis. We first derive the BICM system model and its mathemlatiescription, followed
by the characterization of different channel models, whighexamined in this thesis. Error
control coding techniques are outlined and optimum deapdites recapitulated, which will
be the basis of the iterative receiver of BICM-ID. Finally, thest important fundamentals
of information theory are explained and the EXIT chart isadtuced.

2.1 System Model for QAM

In this section, we explain the system model of spectratiefit (digital) QAM. This scheme
is of such importance, that it shall be developed step by Ségrting with the continuous-
time description of the transmitted waveforms, we examivgedptimum receiver filter and
derive the average powers of both signal and noise. Baseatwéintroduce the equivalent
baseband description for digital QAM, which allows for a maonvenient notation. A
classification of QAM mappings concludes this section.

2.1.1 Waveform Description of QAM

Figure 2.1 depicts the transmitter of the continuous-timé/as well as the bandpass chan-
nel. The data inputs to the QAM transmitter per channel usagéwo real-valued symbols,
S| andsg q. They arrive eacfis seconds, whergs is the symbol duration or signaling inter-
val, and are enumerated by discrete-time inkleQubscripts “I” and “Q” denote the in-phase
and quadrature-phase component, respectively. The sgsh@nds, o are individually in-
dependent. This assumption will be justified by the insartban interleaver in the BICM
scheme, cf. Section 2.4. In principal, they may also belpintependent, but many QAM
schemes interrelate them, as both are typically treatedegmnt symbol. This dependency
is considered more closely in Subsection 2.1.3, as well @s¢h of discrete levels, which
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Figure 2.1: Transmitter and channel for continuous-time QAM

S| andsc g might take on. The dashed box (*) converts an incoming unulsedy to a
Dirac-impulsed(t). Its only significance is due to a precise system-theodediescription.
The pulse shaper at the transmittgy(t) shall possess the well-known square root raised
cosine (SRRC) impulse response

sin (”(1— a) TLS) +4a%scos<rr(1+ a) %s)

2
(1 (4at))
a € [0,1] is the rolloff factor andyp = gix(0) is the maximum value of the SRRC. It repre-
sents the dimension of the physical nature of the waveforg, ¥ for an electrical voltage
or % for the electric field of an electromagnetic wave. Note tiatt) is non-causal and

thus, real applications must apply a windowing function andcappropriate temporal delay
to achievegi(t) =0, vt < O, for causality. The corresponding Fourier spectrum is glwen

Gix(t) = GoTs- (2.1)

€

JoTs N <l-a
Gix(w) = goTs-cos<’ZTW> . l1-a< ‘cmﬂ <l+a (2.2)
0 ; L% >1+a

and can be seen in Figure 2.2. The spectrum of the SRRC isystrantdlimited with cutoff
angular frequencyy. = 21tf; = (1+ a)wn, Wwherewy = 2mtfy = % is called Nyquist angular
frequency. The purpose for this special class of pulsesh@ibme evident soon.

The continuous-time in-phase component

S(t)= ) s Ow(t—kTy) (2.3)

k=—o
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Figure 2.2: Spectrum of SRRC for arbitrary rolloff facter

is multiplied by a cosine-carrier with angular carrier fueqcywy = 2 fo. The resulting fre-
quency shift of the spectrum in (2.2) yields the conditioamttty > fc. It is worth noting, that
two exceptions for this condition exist. In case of basehlamasmissionfy = 0, and thus
only the in-phase part is transmitted. This means, that thMQcheme reduces to pulse-
amplidude modulation (PAM). Applying in addition singlelsband/(SSB) modulation [29],
we may even allow for an arbitrarfg. The factor ofy/2 in Figure 2.1 is just a normalization
to assure the desired result, if transmitter and receivelyape same multipliers. Similarly,
the continuous-time quadrature-phase component

sot) = Y scq gt —KTo) (2.4)

k=—o0

is multiplied by a sine-carrier of the same carrier freqyenthe fact that cosine and sine
are two functions that stand in quadrature, i.e., they afegponal to each other, justifies the
notation “quadrature amplitude modulation”. The transeditsignal after addition of upper
and lower branch in Figure 2.1 becomes

st)=v2) [sm O (t — KT5) - cos(ant) — Sq - G (t — KTo) -sin(wot)] . (25)

k:—OO

The linear bandpass channel is described by its time-vaiiapulse respons@(t,t). If

the channel is deterministi¢y(7,t) can be appropriately modeled as a time-variant linear
filter, and the Fourier-transforms with respect to botaAndt exist. In all other cases, the
channel behavior may be analyzed statistically and the afupctionh(t,t) is treated as

a stochastic process. In any case, its dimension sh%l be that channel input and output
have the same dimension.

First, we assume, that the channel is ideal, hér,t) = &(1,t). This will yield the non-
fading AWGN channel, described in Subsection 2.2.1. Heheschannel does not attenuate
(or amplify) the transmit signal, nor does it introduce apenal delay of the signal. These
assumptions are valid, if the actual attenuation of the his already incorporated into
the transmitted signal and if the actual delay is considatélde receiver by appropriate syn-
chronization methods. An instance of a fading channel willitscussed in Subsection 2.2.2.



Noisen(t) is added to the channel output, so the received signal indhdading case is
r(t) =s(t)+n(t). (2.6)

Typically, n(t) is assumed to be a wide-sense stationary (WSS) process wissiaa distri-
bution and zero mean. Its double-sided power spectral §eifssD) isSyn(w) = No/2, V.
This constant composition of all frequencies resemblessahahite light in the visual do-
main. Hencen(t) is said to be additive white Gaussian noise (AWGN). At thisypat is
necessary to introduce an ideal bandpass fiep) at the receiver input to limit the noise
power, which would be infinite otherwis€.(w) is 1 for|w| € [t — ., o+ ax] and 0 else.
This filter does not affect the transmit sigrsgt), which has only spectral components in
the passband d¥ (w). The filtered and thus bandlimited noise part of the recesigdal is
denoted as(t) and its PSD&yi(w) can be seen in Figure 2.3. The filtered received signal is

re(t) = S(t) +A(t). 2.7)

Sﬁh(w)
N,/2
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Figure 2.3: Power spectral density of filtered noisg )™

The power ofi(t) equals its variance, since linear filters maintain zero masaahis computed
as

1 (o)
0 = 5y, | Smlw)doo=No B, (2.8)
whereB is the bandwidth, which is occupied by the QAM signal,

The (coherent) QAM receiver is depicted in Figure 2.4. We amalyze the upper in-phase
branch in detail. Perfect carrier and clock synchronizatice assumed. The received in-
phase component after matched filtering vgk(t) is given as

n = |ri(t)- v2cos(at) | £ gx(t)
252 { i Z[SkJ -COS (nt) — Scq - Sin (nt) cos(awot) | gix(t — KT)

k=—00

+V2[f(t) - cos(ant)] } % Oy (1) (2.10)

An optimum receiver for the AWGN channel applies the wellaknanatched filter, which
maximizes the SNR [30]. Note that the filtered namg) is white in the frequency band of
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Figure 2.4: Receiver for continuous-time QAM

interest. Thus, the (real-valued) impulse response andfgafunction of the matched filter
are

1 1
Oix(—t) 0—= G (W) = —=Gj (w). (2.11)
JoTs JoTs

The operatot.)* denotes complex conjugation. A dimensionless transfestfonis ensured
by the factorﬁ. Sincegi(t) in (2.1) has even symmetry, its spectr@g(w) in (2.2)

is real-valued and also even. Thus, the same propertiey apgix(t) and Gix(w), and
we can writegi(t) = ﬁgtx(t) and Gy (w) = ﬁGtx(w). With the relations cdgx) =

% (1+cos(2x)) and sin(x) cos(x) = 3sin(2x), and the fact, that the matched filter is strictly
bandlimited with cutoff frequencyc, we rewrite(2.10) as

Ox(t) =

n(t) = Z S| O (t — KTs) * grx (t) + i (1), (2.12)
k=—o0

with the in-phase noise component
ni(t) = V2[fi(t) - cos(ant)] * g (t). (2.13)

Note that\er(w) ]2 is the (dimensionless) transfer function of the raisedre$RC) pulse
gre(t) o= Gre(w),

1 , W<1-a
GRC(oo)=|er(w)|2: cosz(g'“”_é}i&;“)‘*“) ,1—a§|mﬂ|§1+a, (2.14)
0 , W >1ta

(2.15)

t \ cos(mat/Ts)
rone( 1) T

gre(t) = Ok (1) * G (—t) = ismc(nﬁ 1 (2at/T)2'



The sinc-function sin¢x) is defined ass"‘#. If we insertgix(t) from (2.11) in (2.12) and
introduce (2.15), we get after changing the summation index

N(t)=goTs » _ Si-Grelt—I1Ts)+ni(t). (2.16)

|=—o0

Sampling at discrete-time instandes kT, the in-phase input to the demapper becomes

M = (kTs) = goTs Z S, Ore((K—=1)Ts) +ni (KTs). (2.17)

|=—o0

From (2.15), itis easily verified thakc(0) = Ts~ ! andgre(t) = 0 for allt = kTg, k € Z\ {0}.
At this point, the choice for the SRRC pulse becomes clear: d@€hed filter output fulfills
the Nyquist criterion, so that discrete-time samples are @if intersymbol interference (1SI)
[30]. Denoting the in-phase noise samplékTs) asny, the final result is

MNet =90~ Sl + Nkl (2.18)

In the same manner, the quadrature-phase sample is exppessse

Mo =90 0+ ko, (2.19)

wheren g is the sample at= kTs of the quadrature-phase noise component
no(t) = —v2[fi(t) - sin(cwpot)] * Gix(t).- (2.20)

Based on the observationg; andry o and possibly a priori knowledge, the demapper per-
forms either a hard or soft decision. This will be discusse8ubsection 2.3.3.

Let us now examine the noise properties more closely. A sarfiypiction of the (narrow-
band) bandpass Gaussian noise proo&gcéan be modeled as

A(t) = ny(t)cos(ant) — na(t)sin(ant), (2.22)

wheren; (t) andny(t) are jointly WSS lowpass processes. It can be shown (e.g. C3@ipter
2.9) that both processes are independent and identicaliytdited ((i.i.d.), having Gaussian
distribution with zero mean and variance equatifo= No - B. Thus, their PS[By, (w),i =
1,2, is Ny for |w| < ax, and O elsewhere. The same considerations as in (2.12) yiettié
in- and quadrature-phase noise components

1 1
n(t) = —=n1(t) xgix(t) and no(t) = —=no(t) * grx(t). 2.22
1(t) V2 1(t) * O (1) Q(t) NG 2(t) * Orx(t) ( )
Thel PSD of both in- and quadrature-phase noise componenbarputed with the Wiener-
Khinchin theorem [31] as

2 No

= 2. Gre(w), (2.23)

S (©) = Signol®) = S (@) Gr(@)* = 3
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where we have used (2.14). The corresponding autocooelatnctions are obtained from
the inverse Fourier transform of (2.23) as

Shlm (O)) '_ORn|n| (T) = RnQnQ(T) = % -ch(T). (2.24)

Obviously,Ryn, (kTs) = 0,vk € Z \ {0}, so that the sample% are orthogonal. Since they
have zero mean, they are uncorrelated and from their Gaudsaibution, we can follow
that they are independent as well. The same holds true foplsamy o. The variances of
Nk andng g are

(215) No

2_ .2 1 [7 _ o
O = Ong = 27T/oo Syn(w)dw =Ry, (0) "= oT. Va € [0,1]. (2.25)

2.1.2 Equivalent Baseband Description of Digital QAM

The lowpass (or baseband) equivalent of a bandpass si¢matdbr a simpler mathematical
description. However, the signals become in general comyakied. An elaborate deriva-
tion of a lowpass equivalent by means of its analytical digaa be found, e.g., in [30]. If
we focus on digital QAM, it is sufficient to consider the saetpli.e., discrete-time, output
of the QAM receiver. We defing = ry| +jrg g and in the same manner the complex values
s andng. The relations (2.18) and (2.19) from the previous sectamrmow be combined in
compact notation as
r'e =0do- Sk+ Nk. (2.26)

Figure 2.5 depicts the corresponding system model. Therrdter from Figure 2.1 is re-
placed by a QAM mapper that assigns evéseconds a bit vectay of lengthM to one
symbols, € X according to a labeling functiop. This will be discussed in the next subsec-
tion.

Cr | QAM {80 S Nk | goo
—>| mapper 4’@_' mapper
w, X {

ny
Figure 2.5: Equivalent baseband representation of discrete-time QAM

It can be shown thag(t) andsg(t) are uncorrelated, (t) has zero mean [30]. This is due
to the fact that cosine and sine in (2.5) are mathematicathyogonal functions. The same
is then true for the signal part of the matched filter samglesands, g, i.e., for the real and
imaginary part of the transmit symbadg. The variance of a complex process, whose real
and imaginary part are uncorrelated, is the sum of the veemuof its real and imaginary
part. Hence, i has zero mean, the information-bearing signal part of tbeived sample

in (2.26) has variance

02 = g3 Es [s-S] = 68~ P, (2.27)
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where the operatdty [x] denotes expectation of random vari&bketaken with respect té,

and %y is the average (dimensionless) symbol power, i.e., thenseowment of the trans-
mit symbolss,, so &y = Eg, [|sk|2] It is reasonable to assume that the signaling alphabet
X, from which the possible transmit symbasare drawn, is designed in such a way that
Es [s«] = 0. Any non-zero mean would induce a larger average transmiep So, in case

of zero mean, the average signal power equals variagce

The power of the complex noisg is denoted a2 and is according to (2.25)
N
2 2 2 0
On = Opy + Opy = R (2.28)
i.e., twice as large as the variance per dimension, becaadend imaginary part of the
noise sampl@y are statistically independent and thus also uncorrelated.

In this thesis, we will make frequent use of two differentatmns of SNR. First, the ratio
of average signal to noiggowerin logarithmic notation is

2.
— 10-logyq (90—‘%) . (2.29)
S

As the signaling interval igs, the average symbol enerdis = 02 - Ts. We will see in
Section 2.4 that the input to the QAM mapper Bréits perTs, which are in general encoded.
Only a fraction ofR. - M bits perTs are information bits that leave the bit source, the rest is
redundancy introduced by a channel encoder. The f&gta referred to as the code rate.

2
=S
2
n

dB

We now define the spectral efficiengyas the amount of information bits per second that is
transmitted in a bandwidtB, which is a function of the rolloff factoa

Re-M/Ts 29 Re-M/Ts _ Re-M/Ts 1

=78 =~ 2%  (@+a)/T Vra)

wheren = R;- M is the maximum spectral efficiency, which can be achieveddiing

a = 0, while a = 1 yields the smallest spectral efficiency §f2. However, an SRRC
pulse witha = 0 has several drawbacks. On the one hand, its impulse respassa slow
degradation of the slopes, which results in larger 1SI, ackl synchronization is imperfect,
I.e., if sampling jitter occurs. On the other hand, it becemmore difficult to design a pulse
shaper that yields almost infinitely steep transitions @gérency domain. Nevertheless, we
will consider in this thesis the best case for spectral efficy and thus sef = . With that
we can compute the average energy per information b,as Es/n.

(2.30)

The second SNR definition relates the averagergyper information bit to the noise power
spectral density, i.e.,

E 2T, 2
n

=
No

—10-logpn.  (2.31)

dB dB

1In order to ease notation, we will not differentiate betwaaandom variable and a certain realization, but
rather use the same letter for both. It will become clear ftbencontext, which case is meant.
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Both[SNRs, [(2.29) and (2.31), carry the pseudo-dimendexgibe] or dB in short. If no
confusion is to be feared, we will omit the subindex “dB” anahgly refer to the SNRs as to

o? Ep ;
0—22 and Nos respectively.

The discrete-time equivalent baseband notation in (2.B8)s also for simple implementa-
tion in simulation programs as well as for a more abstractmigson. For this purpose, the
dimensions are irrelev%and we will set for the rest of this thesis without loss of gaitity

go = 1 andTs = 1. Furthermore, as only thatios in (2.29) and|(2.31) are of interest, we
also normalizeZy = 1.

2.1.3 QAM Mappings

The QAM mapper in Figure 2.5 assigns symbols to incomingdxtaers. Everyls seconds,
it receivesM bits as the vectog, = <ck7o,ck71, . ,ck7M_1> and outputs a complex symbol

s € X according to labeling functiop, i.e.,s¢ = p (ck). In correspondence to most coding
theory books, we let vectors be per definitimw vectors and denote them by bold letters.
The mapping is fully defined by the symbol alphalkeand the one-to-one (or bijective)
labeling functionu. The inverse function performs demapping from symbols ts, hie.,
u1(s) = (ugl(sk) .. .,u,\ﬁl(sk)> = (ckp,ck,l, . -,Ck,M—1>- The setX consists ofL =

2M symbolsx that are in general complex, but are not necessarily diftetéence, the set is
X={X0,...,X,...,x 1} and its cardinality i$X| = L. The plot of allx, € X in the complex
plane is called constellation or signal space diagram. lk@tdtter, however, special care is
required about the scaling of the axes, as those represemttamnormal basis [30]. So we
will rather use the former notation.

The average symbol powery as previously defined considers the discrete-time avegagin
of |sk|2. According to the labeling functiop, eachs, corresponds to one realizatigne X.
Thus, the process is ergodic and we can also consider thenblesaverage of all possi-
ble symbolsx. It can be assumed that all symbajsoccur equally likely with probability
P[x] = L~1. Signal shaping techniques [32] with non-equiprobablesylsiconstitute an
exception to this assumption, but are not considered inthigisis. The symbol power con-
straint is then formulated as

lLil |
P =Eg |I8d?| = Bx [P = 2D P £ 1 (2.32)

I_I:O

Examples: Let us consider the simplest caseMf= 1, thusX = {Xp,x1}. Two variants
are possible. First, for 2-ASK, we choogg0) = xg = 0 andu (1) = x; = v/2, such that
Py = 1. This is the preferred modulation scheme for optical fimenmunications due to its

20nly in light of a dimensionless description, the imprectgtement of some publications and textbooks,
that the variance per noise component shall etjga2, may be tolerated.
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simplicity, as a laser has to be switched on and off only. $bieeme is called binary intensity
modulation, too. Note that2-ASK hé&s, [s] = v/2/2 0. However, all mappings, treated in
this thesis, have zero mean. The second variant is binasepsiaift keying/ (BPSK), which
is an antipodal signaling scheme wpi{0) = Xo = —1 andp (1) = x; = 1. Its constellation
diagram is shown in Figure 2.6(a). It is obvious that BPSK es smaller SER for the
sameﬁ—g as 2-ASK, because its squared symbol distarge x1|2 =4 is twice as large as for
21:ASK. Both cases are one-dimensional mappings, in whickh thd in-phase component
has to be considered.

For M = 2, the four possible symbols are givenxas= é(i+2) | € {0,1,2,3}, cf. Fig-
ure/ 2.6(b). This scheme is called quaternary (or quadraphrase-shift keying (QPSK).
Note that any rotation of the symbols does not affect thegpernce, because the noise has
zero mean and its real and imaginary part are independesat ¢alled circularly symmetric
noise process). Hence, we could also choose the symlbelszig'. From symbolsq, how-
ever, we can directly see that a QPSK can be decomposed in®R8Ks with appropriately
scaled symbol distances, one transmitted over the in-, tther @ver the quadrature-phase
component.

[ ] [}
0.5
1 XO
o
g 0
0.1
~ 0.5 X, Xg
% ore ) ) )
E X X
0.1 i  os 05 1
1 05 Re?xl} 05 1 . Re?xl} .
(a)M = 1, BPSK (b)M = 2, QPSK

Figure 2.6: Constellation diagrams fovl = 1 andM = 2

There are only two different labelings possible for QPSKadfacent symbols differ in one
bit (out of bit vectorcy) only, we refer to it assray labeling or altogether as Gray mapping
[11]. This is the case if, e.gy (0,0) = Xo, 4 (1,0) = Xq, 4 (1,1) = %2, 4 (0,1) = x3. If we
interchange the positions @f(1,0) and u (1,1), we obtain amanti-Gray labeling (or anti-
Gray mapping).

Clearly, one or more of the followinmvariant transformationslo not affect the properties
of a mapping:

1. rotation of all symbols by arbitrary ange(see discussion above),

2. inversion ofmth bitcy,=b € {0,1} tocy = b, where the bar indicates inversion,
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3. interchanging of bit positionsy,, andcn,,

4. reflection on Réx }- and/or Im{x; }-axis.

Thus, every other QPSK mapping can be transformed to eitieeGtay or anti-Gray map-
ping as proposed above. We now define a more stringent defirofi Gray labeling. This
is needed especially for high order mappings (lavhe First, let us introduce the minimum
Euclidean distance as
dmin = lLIZ:I’HitI’L_l ’X|1 — X|2} (233)
l17#12

and further the subset of all symbols, whaos¢h bit label equal®b, as

Xp = {XI \urﬁl(xl) zb}- (2.34)
Itis plain to see thak = XU X}

Definition 2.1 A labeling function is called Gray labeling, #fm € {0,...,M — 1} and be
{0,1}, each symboljx € X has at most one symbal x X" at distance ghin [33].

Even though this definition is not as intuitive as the one teefd can be shown that any
mapping, for which symbols at distandgi, differ in more than one bit label, cannot fulfill
Definition/2.1. The advantage of Gray labeling is that zeram@aussian noise most likely
yields at the demapper erroneous symbols that are locathg,dtom the transmitted sym-
bols. In these cases, only one out\ibits is decided wrong. However, as we will see, this
labeling strategy does hardly benefit from a priori knowkedwat might be available at the
demapper from a feedback loop from the channel decoder.

We denote agnti-Gray labeling everylabeling that does not satisfy Definition 2.1. One
main contribution of this thesis is to classify both Gray amti-Gray mappings with respect
to different figures of merit, such as SER, BER, achievable é¢gpadth or without a priori
knowledge.

In Figure[2.7, we continue with two more examples of Gray niragg Figure 2.7(a) de-
picts the symbols of an 8-PSK, i.eq,= dil | e {0,...,7}, and the corresponding bit la-
bels (ck7o,ck71,ck72>. Note that the random variables Re} and Im{x } are statistically

dependent. This can easily be seen by considdﬁrﬁae{m} = 1\Im{x|} + O} =0+#

P [Re{x} = 1] = 1/8. They are however uncorrelated, as shown in the previcachsipter,
so that[(2.27) and (2.82) are still valid. The BPSK, QPSK amiS8< constellations all have
in common thatx | = 1,VI. The information is contained in the phase only. In Figuil2),
the symbols of a 16-QAM, belonging to |ab48k7o,Ck71,Ck72,Ck73>, have different magni-
tudes and phases. Any QAM mapping can be regarded as comb8tedP SK. We will thus
use the notation of QAM as the overarching term. Both axesgar€i2.7(b) are normalized
by © = 10~ Y/2 to satisfy. 2 = 1.
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The bit labelings given in brackets in Figure 2.7 corresptdnti-Gray mappings, which
are optimized for the AWGN channel to exploit perfect a prinformation most effectively

[23], see also Section 3.5. |
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Figure 2.7: Gray mappings foM = 3,4. In brackets: anti-Gray bit labels [23]

2.2 Channel Models

We focus in this thesis only on frequency flat, i.e., mema@ylehannel models. We do so to
avoid the following considerations: frequency selecgfivibuld result in ISI and an equalizer
should be employed. However, the resulting noise samplesdymt be orthogonal as in
(2.24) anymore. One has to apply an appropriate whitenitey {80]. As an alternative,
one could divide the bandwidth in smaller fractions, eachvbich being approximately
frequency flat. This is the case for the orthogonal frequatigigion multiplex (OFDM).
Our analysis can then be applied to each subcarrier of theMD§iDnal. All these details
shall be neglected here. Moreover, we assume that the ezdeig perfect knowledge of the
channel, whereas the transmitter has no knowledge of it. ndlede the additive noise in
our notation of a channel. The overall channel can be desttiily the probability density
functions (pdfs)p (rk |s« = X ) , VX € X, which are also called likelihood or transition pdfs.
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2.2.1 Additive White Gaussian Noise Channel

The non-fadin@ AWGN channel models the impairment that arises from additaiee. The
noise sources may be manifold — random fluctuations of theewairee space communi-
cations, or at the receiver side thermal noise that is oresgnt in electrical conductors or
shot noise in semiconductors, such as amplifiers. The AWGNr&ianodel is well suited
for satellite-earth or deep space communications. We vakerfrequent use of it due to its
rather simple mathematical description. The received s&mfrom (2.26)

Mg = S+ Nk. (2.35)

The noise sample = r— ¢ are complex Gaussian distributed with zero mean and vagianc
0?/2 per dimension, so that the transition pdf is a bivariatessem function

s
eXp( TR )

o2

p(k=rk—S|sx=%)=p(rk|sx=%) = (2.36)

k=X
2.2.2 Rayleigh Fading Channel

In wireless transmission systems, such as mobile commiionseor terrestrial broadcasting,
the electromagnetic wave travels typically over more thae path from transmitter to re-
ceiver. Multipath propagation occurs, where obstaclessstatterers, reflectors or diffrac-
tors. The multiple received waves differ in amplitude anadg# (due to temporal delays).
At the receiver, the superposition of all incoming parts read to destructive interference.
This effect is called (small-scal&ding To integrate fading in the channel model, the trans-
mit symbol in (2.26) is weighted by a complex fa e magnitude of which corresponds
to the attenuation (or possibly amplification, if largernhl), while its phase is related to
the delay. The central limit theorem [31] states that if thenber or received waves goes to
infinity, this complex number approximates a circular syrtrinéaussian random variable,
denoted asy = |h|€%. This fading coefficient has zero mean and variaoéei.e., vari-
anceg;?/2 per real dimension [34]. We sef = 1 to model a passive channel that conserves
transmit power on average. The SNR definitions (2.29) ar@lljstill apply in that case.
Any real attenuation, such as free space path loss or attenubrough shadowing obsta-
cles (also called large-scale fading), should be incotpdran the average transmit power,
as discussed in Subsection 2.1.1. We now have the relation

g = hk-Sk—l—I’]k7 (2.37)

with the corresponding system model depicted in Figure ?/8.assume thdi are i.i.d.,
which is the case for fast fading (or if interleavers are emoappropriately long). Since the
receiver has perfect knowledge lf, the Rayleigh channel can be interpreted as a scaled
non-fading AWGN channel, with instantaneous noise power |hk|_2.

3We may drop the attribute “non-fading” to shorten notation.
4We assume that no Doppler effect occurs.
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Figure 2.8: Equivalent baseband representation of discrete-time QAM over
Rayleigh fading channel

The Rayleigh channel owes its name to[the pdf of magnitbge This is a Rayleigh distri-
bution with variance 1, [30],

2
hy| - ex _Ind” , for |h >0

0 , else.

The angleg of the fading coefficient is uniformly distributed |, 21).

2.2.3 Multiple Input Multiple Output Channel

Up to now, we have focused on channels with one input and otpibuThe transmission
rate can only be increased by selecting schemes with higttrapefficiency. For each chan-
nel, however, there exists a fundamental limit for the saéefficiency, as will be discussed
in Section 2.5. Fading channels in particular have loweitdirthan non-fading channel.
Multipath propagation was long seen as a difficulty for wvesd transmission, until in 1996
Foschini came up with the idea of rather exploiting the fgdthannel [35]. Multiple anten-
nas at both transmitter and receiver side can be utilizedirhascattering wireless channel
to increase the throughput [36]. This is called multipleuitmultiple output (MIMO) trans-
mission. The variants single input multiple output (SIM@Y] and multiple input single
output (MISO) [38, 39] were already known to the scientifientounity. For MIMO, sev-
eral strategies exist (see [40, 41, 42] and referencesithebeamforming at transmitter and
interference suppression at receiver, exploitation ofiapdiversity by space-time coding
or spatial multiplexing. We consider only the latter apmtoavhere each antenna transmits
an independent symbol. Thus, the spectral efficiency isesénearly with the number of
transmit antennal;, i.e.,

n=N-Re-M, (2.39)
if all antennas transmit symbols drawn from the same alptdbe
The MIMO system for spatial multiplexing is shown in Figur@©2 In order to separate
the transmitted symbols at the MIMO detector with a lineaefjlthe number of receive

antennaslN,, must not be smaller than the number of transmit antennaimGm MIMO
detection, which allows in principle for arbitraly, is discussed in Subsection 2.3.3.
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Figure 2.9: Spatial multiplexing over MIMO channel

The bit vectorcy now has a length oN; - M bits per signaling interval. It can be de-
composed asy = (ck,l, oy Gy 7ck’Nt>, where each component is itself a veciy; =

(Ck.,i,O, e, ck7i7M_1>. The QAM mapper operates on eagh and yields symbol vector

S = (s;gl,...,s&i?...,s&Nt) = U(c) = (u(ck,l),...,u(ck7i),...,u(ck7Nt)>. (2.40)

In accordance with the majority of MIMO literature, we enuate the symbols starting with
1. We differ, however, in so far as we maintain row vectorscmsistency. After serial-to-
parallel conversion, alN; antennas transmit the vectsr simultaneously at discrete-tinie
in the same frequency band. Théh antenna transmits;, i € {1,...,N}. This structure
is also called vertical Bell Laboratories Layered Space€el{(\tBLAST), because the code
words fromcy are distributed vertically over the transmit antennas guFé 2.9, [43].

The fading coefficient from transmit antennt receive antenngis denoted agHy]; j, i €
{1,...,N¢}, j € {1,...,N;}, and constitutes thieth row, j-th column entry of channel matrix
Hk. This matri¥ has dimension®\; x N; and hence, we denote the antenna setup from
Figure/ 2.9 as am; x N, IMIMO channel. We consider the case that @li]; ; are!i.i.d.
with Rayleigh distribution from the previous subsection.isTéassumption is allowed, if the
antenna arrays have a spacing of at Ieag@, whereAq = ¢/ fg is the wavelength of the

carrier and c is the free space velocity of light. We then r%sq{(e[HkHHk} =N I, where
In, and(.)" denote theN,-dimensional identity matrix and Hermitian operation pestively.

We define for discrete-timlethe receive vector ag = (rk71, e rk’Nr> and the noise vector

asng = (Nk1,...,Nkn, ). At each receive antennac {1,...,N}, the superposition of all
transmitted symbols, weighted by the fading coefficiestelaserved. In addition, the signal
is impaired by white Gaussian noisg;, yieldingr, j. All elements inny are i.i.d. as dis-

cussed in Subsection 2.2.1, so thaj [nt‘nk] = oﬁ- In,. In matrix notation, we now have

e = Sk Hg + k. (2.41)

5In this thesis, matrices are given in capital letters.
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The transition pdf is the multivariate Gaussian function

2
———

(2™

p(rels) = (2.42)

The average received poweiNgstimes the transmitted power, because the channel is passive
. « 7 .
Each transmit antenna radiates on aver@esuch that the overall transmit power equals

P4. The overall average receive poweMs- #. To adjust the SNR definitions (% to
MIMO settings, we insert this received power and (2.39) 812, such that

Ep

o (2.43)

Ny - Py >

=10-lo _—
i glo(NONtR(;M

This is the SNR at the total receiver as used e.g. in [44, 4i6] ret at one receive antenna.

Finally, we remark that MIMO principles are not restrictedaireless communications via
multiple antennas. In powerline communications (PLC), tifferdnt phase wires may con-
stitute MIMO systems up to order24 [46]. Other MIMO applications are the reduction of
crosstalk in cable bundles for DSL [47] or equalization iricgd transmission systems by
exploitation of different wave modes in a multi-mode fibeB]4

2.2.4 Binary Erasure Channel

All previous channels can be described as discrete inpatjmemus output channels. The
transmit symbols are drawn from a finite $&br more genera{X}N‘, which includes spa-
tial multiplexing MIMO systems. The output is continuoushyed due to the addition of
noise. On a more abstract level, we now consider the binayuee channel (BEC) from
Figurel 2.10, where both inpak and outputyk are discrete. Transmitted bitg are either
received correctly with probability X g or the receiver declares an erasure, if detection is
too unreliable or impossible for other reasons. This eveéemnoted ag, occurs with era-
sure probabilityg. Thus, the input is binary, while the output is ternary. @iogly, no
transmission errors are possible, only erasures.| The BE&es osed to model the chan-
nel of magnetic recording systems, and we will make use ahaghematical simplicity in
Chapter 5.

2.3 Error Control Coding

All channels from the previous section distort the trangdibit sequencey. The resulting
'BER might be unacceptable for reliable data communicati@nsor control coding (ECC)
techniques try to mitigate this degradation, by insertedgundancy in a controlled manner.
As this new encoded sequence should be adapted to the clapagiments, this technique
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Figure 2.10: BEC model

is also called channel coding. In this section, we summalizarinciples that are necessary
for the further understanding. We start with (binary) blarid convolutional codes, then
introduce the so called log likelihood ratio (LLR) or in sharvalue, and end with con-

catenated coding schemes. For more details on ECC, the readdeired to textbooks as
[49, 50, 51, 52].

2.3.1 Block Codes

A block encoder maps an information wabg = (by o, ...,bx k1) of lengthK to a code
word ¢, = (cK70,...,cK7N_1) of lengthN > K. Discrete-time index is not necessarily
synchronous with discrete-time from QAM signaling. As the encoder operates block-
wise, it is memoryless. A linear block code can be describedsbgenerator matrixc of
dimensionK x N. Encoding is given by

Ck = bk -G, (2.44)

where operations as additions and multiplications areopexéd in Galois field GF(2), i.e.,
modulo-2 is appended to conventional operations. We wplynGF(2) operations whenever
binary en-/decoding is described. The set of code wordstitotes the code&’. Thus,¢

is the K-dimensional subspace in ti-dimensional space with binary entrids,j,Cx j €
{0,1},i €10,...,K—-1}, j €{0,...,N—1}. For bijective encoding, the generator matrix
G has to be of rank. The ratioR; = % < 1 is called code rate and is the fraction of
information that is contained in a code word.

To each generator matri@ of rank K, there exists a parity check mattfixof dimensions
N — K x N, such that
G-PTZOKXN_K, with P # On_k xN, (2.45)

in which Qy, xn, is the all-zero matrix of dimensioré; x N, and(.)T denotes the transposi-
tion. The second condition in (2.45) excludes the trividuSon. Right-multiplying (2.44)
with PT and inserting (2.45), we obta — K scalar parity check equations, that have to be
fulfilled by any valid code wordy. In matrix notation, we have
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The majority of block codes belongs to the class of algelmadles that are typically decoded
by hard decisions. One example of hard decision decodirgsiedon the fact, that bit errors
imposed orc, can lead to a vector that is not includeddh Parity check (2.46) will then
give a non-zero row vector, calleyndrome Each syndrome belongs to a most likely error
pattern, which is added on the received word and will cangttlee true error pattern if both
are identical.

In 1963, Gallager proposed in his Ph.D. thesis [53] the LDB@es, which belong to the
class of codes on graphs. The idea is to use very large codiswargthN and let only a
small fraction of code bits be involved in a parity check. fr®.46), it follows that the parity
check matrixP has to be of low density, i.e., the number of 1's, must be ket small.
Gallager proved that LDPC codes are asymptotically goddjiicreases, provided a random
distribution of (few) 1's inP, which is in accordance to Shannon’s random coding theorem
[4]. However, optimum decoding of LDPC codes is hardly feksi Suboptimum decoding
algorithms as iterative message passing with the sum-ptadiyorithm [54], which is based

on the Tanner graph representation [55] of the code, wegoged after the discovery of the
turbo codes, cf. Subsection 2.3.4.

2.3.2 Convolutional Codes

In contrast to block codes, convolutional codes [56] canrateein principle on an infi-
nite length of uncoded bitbx,k € Z. Encoding is performed with a shift register with
v delay elements, i.e., convolutional encoders introducenamg. Thus, long code se-
guences can be generated with small encoding complexitgadh bitb, yields N, code
bits ¢k = (Ck,0.---,Cin,---,CkN—1), the code rate iR = Ng L. In general, any numbe,

of input bits can generate any numidr> K. of output bits, allowingR: to be any rational
number in[0, 1], but this will not be treated here. Encoding of th¢h output bitcy  is
depicted in Figure 2.11.

S

gf,n,o gf,n,l

K f\fx,n : D fK—l.n

gr,n,l

®

Figure 2.11: Shift register fom-th output bit of a convolutional encoder

Let us define for then-th output the feedforward and feedback generator polyalsnas
9rn(D) =3V oG ni-D'andgn(D) = 1+ 3" ; grni - D', respectively. The indeterminate D
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represents the delay operator and the coefficignts g n; € {0,1} describe, if a connection
to the modulo-2 adders exists or not, cf. Figure 2.11. Thdfteward part yields code bit
Ckn as

v
Ckn= Z f—in- O .ni, (2.47)
i=0

in which the intermediate feedforward bitg, are computed by
fkn = bk + Tk, (2.48)

and the intermediate feedback hits, are given by the recursive (thus the index “r”) relation

Vv Vv
lkn= Z fk—in-Orn,i @)Z (bK—i + rK—i,n) “Orn,i- (2.49)
i=1 i=1
Equations|(2.47) and (2.49) can be interpreted as the catvolof intermediate bitdy_;
andrk_j n, respectively, with a sequence of generator polynomiafficoents, justifying the
name convolutional encoder. The fractigih(D)/grn(D) is thez-domain transfer function
from inputby to outputcy p, if we substitutez 1 for D. Thus, a ratedgl convolutional code is

fully described by its transfer functior(sgf,o(D)/grvo(D), e 7gf7ch1(D)/gr7NC_1(D)). Ob-
viously, the same set of code words, i.e., the same @3de obtained, if we multiply each
transfer functiongs n(D)/9rn(D),n € {0,...,Nc — 1}, with gy o(D)/gr.0(D), [57, 58]. The

transfer functions are theél,..., <gf7NC_1<D>'gr7O(D)> / (gr,chl(D) -gf,o(D)>). As a

consequence, this code realization is systematic, i.e.fitst code bitc, o equals the un-
coded bitbx. However, the assignment from information words to codedsdiffers. In
analogy with QAM mappings, the codg defines the alphabet (set of all code words), while
the code realization corresponds to the labeling of codelsvofrom that we can conclude
that if the decoder does not obtain a priori information ¢ thformation bitsby, then a
non-systematic (block or convolutional) code performsitdl as its systematic equivalent.

In this thesis, we apply convolutional codes as outer errsade serial concatenated coding
scheme. At the receiver side, the respective decoder agbitafiormation of coded bitsy.
Hence, it makes no difference, if a non-systematic or syatencode is employed. Without
loss of generality, we restrict ourselves to systematio/alutional codes of rat€&. = %
Extensions to other code rates are straightforward. Degdhe transfer function for the
second code bit ag(D)/gr(D), the overall code is either described by, g;(D)/g:(D))

or (gr(D),gr(D)). We use the latter notation and give the generator polyrisrai octal
numbers. This is achieved by multiplying the generator poiygial by 2, substituting 21
for D and changing the result to the octal format.

Example: Let us consider thé07,06) code. The preceding “0” indicates octal notation. It
can be readily seen that= 2, because md®,7) < 22+, and furtherg;(D) = 1+ D + D?,
gr(D) =1+D, because? (1+1-271+1.22)=7and 2. (1+1-271) = 6. The non-
systematic realization of this encoder is depicted in Feglifi2(d) and its systematic equiv-
alent(1,06/07) in Figure 2.12(b). For the latter, a recursive part is needéate that the
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transfer function for the systematic bit is 1 and would berDdatal notation. |

k,0
C
@ <0 @D ol
() A N
b 1
“ D D “—D D D
CK 1
D ; a ]
T AU AU
(a) Non-systemati¢07,06) realization (b) Systematiq1,06/07) realization

Figure 2.12: Example of convolutional encodéd7,06)

For real applications of convolutional codes, especidlignployed as a constituent code
in a concatenated coding scheme, the input bit sequence ¢ finite lengths, sal.

To ease decoding, initial and final stated the encoder are usually forced to the all-zero
states. This means that all memory elements store bit O, énxasequence of information
bits is to be encoded, and that after this sequenc@|; “tail bits” are appended, such that
each of the\. shift registers is forced to the all-zero state again {gé&dirmination, [58]). A
convolutional code of ratB. = Ngl computes foK information bitsN = K - N; code bits.
Due to the tail bits, the true code rate is

K N-L

Re =
where the approximation holds for larfe which is typically the case. We will thus neglect
this small variation in code rate.

It is worth to mention that a terminated convolutional co@® ®e described as a block
code. Following up the previous example of the rRte= % code, we can easily see that
the non-systemati(07,06) encoder in Figure 2.12(a) produces the two impulse resgonse
if the input is a unit impulseh, = d¢. They are given by inversetransform of the transfer
functions 14+z 1 +z2 and 1+ z 1, respectively. The upper branch producgg = 1 for

k € {0,1,2} and O else, while the lower branch yielgis; = 1 for k € {0,1} and O else. The
overall impulse respondg = (cK7o,cK.‘1) for k € {0,1,2} in vector notation is of the form
(111110Q. If the initial state is the all-zero state, then any inpujuenceby of lengthK
yields the coded sequence (without tail bits) of lengthtBrough

CK - bK . G, (251)

6Each of the 2 states of a shift register is defined by the entries of its mgraements.
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where theK x 2K generator matrix is of the form

O o R
O O
O R P
O R P
A
=)
=)
N
N
e Qo

(2.52)

For an arbitrary convolutional code, the generator matixlee constructed by the following
rule: thek-th row of G, with k € {0,...,K — 1}, starts withk - N; zeros, followed by impulse
responsd,, and the rest is filled up with zeros, if no recursive part i@lvned (otherwise,
hy is of infinite length).

2.3.3 Optimum Decoding
2.3.3.1 A posteriori probabilities

The task of the channel code is to introduce both redundanaynd dependencies among a
code word. Also the QAM mapper from Subsection 2.1.3 condlihéits in ¢, and outputs

a symbols,. This corresponds to a rate 1 code, with no additional redncy] however
with dependencies among the bits that belongtd/Ne now review the optimum decoding
rule for channel codes and include in this discussion optindemapping as an instance of
channel decoding. As a matter of fact, we focus on optimumaggnmg, because extensions
to rateR; < 1 codes are straightforward.

Figure/ 2.13 shows a QAM demapper, which receives channeiredtsonry as a result of
transmit symbok, = i (ck). Remember that the receiver has perfect channel knowledge,
thus it knows the transition pdfs(r|sq = ). The second input to the demapper consists
of a priori probabilities of the bitx,. To be precise, these probabilities concern the bit
estimates of the demapp@r, not the actual transmitted bitg, as these are deterministic,
after being sent. This information is available in iteratieceivers, where a feedback loop
from a channel decoder back to the demapper exists, cf. dBe2té. Let us define the a
priori probability of them-th bit in & as

Paxm=P [ékm - 1] —1-P [ékm - o} , (2.53)
and the vector of these probabilities, which belong to omelsy s, as

Pak= (Pako,---,Pakm-1) - (2.54)

The decoding rule, which is optimum in the sense that it min@sthe number of bit errors in
Gk m, is called maximum a posteriori (MAP) [30]. For that, tagosteriori probability(APP)

is computed focem = b,b € {0,1}, based on all available information and the decision is
made in favor of bit, which maximizes the APP. The available information forating
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Figure 2.13: APP demapper with channel observations and a priori input

bit & m is the received samplg and the a priori probabilitieBa . We denote the APP for
bit & m asPpk m and compute it as

Pokm= P {ék,m = 1‘% PA,k} =1-P [ék,m = Olfk, PA,k}

p <Ck,m =1ry PA,k>
p (rk, PA7k>

p (PA,k> p (6k,m =1r ’PA,k)

p(Pax) - p(rd)
p(r) -k;XT P (Sk =X, I'c ‘PA,k)

5 .Xezxmp {Skz )A(’PA,kl p (rk‘sk =3, PA,k)

—
~—

—
N
—

©
=

S
[ERN

? ZXHO =[] ()
QF’[p(i‘] ﬁ Pleci=nt®] pls=%) (259

X
In step(1), Bayes'’ rule was applied, if2), the pdfs were factorized, and the fact was used
that a priori knowledgé,  is independeritof the channel observatian. After canceling

pdf p(PAJ(), we apply in(3) the law of total probability and sum over all hypothetical

transmit symbols,“for which them-th bit label equals 1.(4) is simply a factorization of
a joint pdf that includes a condition. In the second factog, aan neglecPp x, because
s« = X is already a sufficient condition. The probability thalvas transmitted is given by
the product in5). Note that each factor in this product is determined by arppi@bability

Pak; from (2.53), i.e.P |:ék7i = ui ‘PA k} = Paki, if 1~ ( X) =1, else - Payi. We

thus drop the condition d?, k in step(6), where we have also factored dm{ék’m = 1} .

"Independence should be guaranteed by an interleaver bethaanel code and mapper, cf. Section 2.4.
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The MAP rule is now to choose

Cm=arg max P {ékym = b‘rk, PA,k} . (2.56)
be{0.1}

For the maximization, the factgo(ri) is irrelevant and can be neglected. If no a priori

knowledge is available, then MAP reduces to maximum liladith (ML) decoding, which in

turn reduces for an AWGN channel to the nearest Euclidearnheigsearch.

Remarks on APP decoding:A generic APP decoder is presented in [59]. The APP compu-
tation as in/(2.55) can be executed with manageable contplfexishort block codes or as
in our setting, for demappers. APP decoders for convolationdes can exploit the trellis
structure of the code. The corresponding algorithm was da&@IR by the initials of its
discoverers [60, 61]. A suboptimum soft decoding for coatiohal codes is the soft out-
put Viterbi algorithm [((SOVA) from [62]. For long block codeonds as in case of LDPC
codes, an iterative approximation of the true APPs yieldseto optimum performance at
a much smaller decoding complexity. The best approximatiotihe APP is achieved by
the message passing algorithm [54], which is also calledgtoduct algorithm due to its
twofold computation in the log-domain. Wiberg revealed isa Bh.D. thesis [63] that the
application of the message passing algorithm on concaeér{aurbo) codes is exactly the
same as the iterative exchange of extrinsic informatiowéeh the component decoders, cf.
Subsection 2.3\4, [64]. Shortly after, both approache®vwdantified as instances of Pearl’s
belief propagation on Bayesian networks [65].

2.3.3.2 L-value notation

Decoders, which output bit estimatgs, = b,b € {0,1}, as in (2.56), are called hard deci-
sion decoders. If, however, the output is a metric that sesuthe information dfs  m from
(2.55), we denote this as soft decoding. To ease matheretiogutations and increase
numerical stabilityl-values [66] are preferred as metrics.

Defining the a priorL-value of bitc, , as

P Ck7m == 1
Lajm=1In Plon=1] @9, (LA"“”‘ ) , (2.57)

we can inversely compute the a priori probability thgh, = b,b € {0,1}, as

exp((Zék_‘m— 1) : LA,k,m/z)

P|l&km=Db|= (2.58)
|: oM ] exp(LA,k,m/Z) +exp(—LA,k,m/2)
&m=b
The vector of all a priorL-values that belong to one symislshall be
Lak= (Lako:---sLakm-1)- (2.59)
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We further define in general a vectoy; as the vectok without then-th entry. Similar to
(2.57), we define the a posteridrivalue ofcy , as

P {6k,m = 1‘% PA,k}

Lpkm =In

@59, (ﬁ%) (2.60)
— FPkm

P {ék,m = O‘Yk, PA,k]

Inserting the APP from stef®) of (2.55), we can cancel oyi(rx) and separate with (2.57)
the a prioriL-value of bitcy m

M—-1
> T P[6i =1t (®)] -p(relse=%)
xeX |I7£r?1

M-1
> 1 P[e = w1 0)] - plrelsc=%)
Rexg |I7ér(r)1

(2.61)

Lpkm = Lakm+In

In the denominator, we have marked the hypothetical symdoadsbits by a prime to distin-
guish them from the numerator. Now we substitute (2.58)Hera priori probabilities and
expand the fraction by the factor

M-1 —
[T (exp(Laxi/2) +exp(~Laki/2) ) -exp(Laki/2) = H (exp(Laki) +1), (2.62)
i=0 —
i#m |7ém

which is independent of the choice fiX". This finally yields

M1 ) .
SOOI exp(ck,i : LA,k,i) P (rklsc=%)
eX i=0
i7m G=p®

Lpkm = Lakm=+In

> H exp(dk. LAkl)-p(rklsk:i’)
Rexg i=0
i#m q(:y—l()”(/)

= I—A,k,m + I—E,k,m7 (2-63)

where theextrinsic L-value of bitcy n is after one more manipulation

> exp<ék[m] : LX.,k[m]) P (rk S = )A()

4 m
xeXy

2 exp(é{([m} ' LX,k[m]) P (rklsc=%)

v/ m
XeXy

&=H"1(®) (2.64)

Lekm=1In

G=H1(X)

Similar to (2.59), we combine all APP and extringiezalues that belong to one symisl
in the vectord_p andL g, respectively.
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It is easily seen that the sign of ahyvalue allows for a hard decision, i.exm = 1, if theL-
value is positive and 0 else. Furthermore, the magnitudesdf-value reflects the reliability
of this prediction. The extrinsic information from (2.64ciudes alhewinformation that is
obtained by the code constraints (redundancy and intendigpeies). To be preciskg x m
in our example of an optimum demapper is the extriasid channelL-value, as it includes
also channel information (sometimes referred t&#nsic information).

For anN; x N, MIMO system, we have to introduce some modifications in odatan. Let
x; be anN;-dimensional row vector from the sit= {X}"™ and, ,X{ estimates thereof. The
mapping from bit vectory of lengthNiM to x; is given byu(ck) = x;. This is similar to
(2.40), in whichs, corresponds to a certain realization at discrete-tkm&Ve enumerate
the m-th bit of symbols;, me {0,..., M—1},i e {1,...,N¢}, by indexp= (i —1)M +m.
The subsefig shall now comprise all symbol vectors, whgse¢h bit equalsh, wherep €
{0,...,N¢M — 1}. The extrinsid_-value of thep-th bit ¢, ,, thus becomes

5> exp(Bp LAk - P(rels=%)

X| EXE

5 (8 Lp) P (rk 5= f‘l’)

ol ~x P
X €Xq

B=pL(%)

(2.65)

Lexp=1In

g=n1(%)

The vectord_a i, Lpk, andLg of thoseL-values that belong to one transmit vectpiare
now of lengthN:M. We still have the relatiohpy = L A k+Lgk. As the complexity of APP
decoding grows exponentially with;M, suboptimal decoding strategies exist. These are
discussed e.g. in [40, 41, 42] and are outside the scopesofitbsis.

2.3.4 Concatenated Codes — The Turbo Principle

It is well known from information theory that good channedes should consist of long
code words and have a rather random structure [4, 67]. Hawkrey code word lengths
hinder optimum decoding as its complexity becomes unmaidgeand random-like codes
are difficult to generate. Convolutional and — to an even greaxtend, algebraic block
codes are inherently structured. One way out of this dilerrenta generate long codes by
combining several short ones, which results in concater&&] or product codes. Instead
of decoding the overall (long) code, the receiver tacklésbly successive decoding of the
component codes. For a long time, a serial concatenationRéeml-Solomon (RS) code
[69], followed by an interleaver (rearrangement of bit ajded a convolutional code were
considered the most powerful of channel codes [70]. Theivecérst applies the Viterbi
algorithm [71, 72], which is a hard decision Miequence estimatiqMLSE). Residual bit
errors typically occur in bursts, but are distributed morendy after deinterleaving (inverse
operation of interleaver). These errors might now be fixethieyRS decoder. Note that the
introduction of an interleaver randomizes the overall csttlecture.
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In 1993, Berrou et al. proposed thebo codeas a parallel concatenated code (PCC), con-
sisting of convolutional encoders, which are separatednigrleavers, and suggested an
iterative decoding algorithm based on soft APP decoding. [T#e idea is to update each
decoder by the new extrinsic information, gained from theeotecoders. In a subsequent
iteration, this information is interpreted as a priori inf@tion. With each iteration, the
reliability of the processed probabilities increasesjlwanvergence is achieved. The re-
ceiver can either try to diagnose convergence behavior anmef stopping criteria, see e.g.
[73,74], or it simply stops after a certain number of itesasi. In any case, a hard decision
on all available information of the information bits is dad out. Therefore, the MAP rule
according to (2.56) is applied on each information bit. Tkerall decoding performance
was unmatched at that time, while the decoding complexistilsfeasible. In [65], it is
proven theoretically that iterative decoding approxiredke overall joint decoding. The gap
to an overall (orflat) decoder was shown empirically in [75] to be less than abdaB.

Shortly after, this turbo principle [76] was adopted on a iayrof other scenarios: turbo
equalization [[77], iterative source-channel decoding],[88 iterative multiuser detection
[79], to name just a few. All these schemes have in commontliegt possess the structure
of a serial concatenated code (SCC). However, the term “cadedw to be understood in
a broader sense. Any abstract block that induces some depaad among bits or symbols
can be exploited in an iterative receiver as being a code.o&ogiven examples, the dis-
persive channel, the source encoder, or the multiusefénérce, respectively, are instances
of rate 1 codes under this perception. Also/the BICM-ID scherheSection 2.4, belongs
to the class of SCCs, because the mapper introduces depessleWa now summarize the
most important facts about concatenated codes.

For PCCs, the information sequence is the inpwlt@ncoders, only that it is reshuffled by
interleavers. This information sequence is also transahift his means that each constituent
decoder at the receiver side obtains channel observaticetgiy. In order to provide each
decoder only with new information, the channel informationst be removed from (2.64).
This gives the “pure” extrinsit-value, see [14, 80, 81]. Note that all decoders may work in
parallel and then exchange their extrinsic informationtéotsa new iteration.

For an SCC, we restrict ourselves on only two constituent egrsodl hus, the information
sequence is encoded first byauterencoder, next interleaved, and finally encoded ban
nerencoder. The receiver operates in reversed order. As, lemytbe outer decoder does not
receive any channel knowledge, the full extrinsic inforimatof (2.64) is fed forward. This
means that after deinterleaving, the outer APP decodeapirts the deinterleaved extrinsic
L-values as if they are channel observations of the (outet@adits. More precisely, they
are treated, as if they stem from noisy BPSK symbol obsemsti®he outer APP decoder
may also accept a priori knowledge of the uncoded bits, lpit#ly, this is not available. In
accordance with the majority of the literature, we will atlenote the deinterleaved extrinsic
L-values as a priori input to the outer decoder, but keep irdntirat these values are a priori
knowledge of theeodedbits.

Both SCCs and PCCs separate the constituent encoders by intesle@fie number of bits
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that are interleaved in one block is called interleaver ld&f{;. As already mentioned, one
task of an interleaver is to scatter bursty error pattermit@ance the decoding capability of
an outer decoder in case of SCCs. We have further seen thateheaver creates a random-
like code. This is the case, if we choose a pseudo-randomeater, as we will do in this
thesis. Other interleaver designs are discussed in [82). Miare attributes of an interleaver
should be pointed out, that depend on two different theal®sut turbo codes. The first
point of view is that interleavers reduce the multiplicitiylow weight code words, which
was examined in [80, 81, 83, 84, 85, 86]. There, the analysiedurbo code is with respect
to its overall decoding error probability. The multipligiof these low weight code words
was shown to decrease inversely proportional to the iraeirg depthNiy, provided that
the inner encoder in case of an SCC is recursive. In case of a F@Cnstituent encoders
have to be recursive to achieve this so callgdrleaver gain The second interpretation of
an interleaver is that it decorrelates the bit sequencaddhae each component encoder.
This is necessary in order to guarantee that the a priorrnméition in the iterative receiver
stems from an independent source. Moreover, the APP cotigiuia (2.55) assumes that
the a priori probabilities are independent, see $&pof this equation. The effect of short
interleavers can be seen in the extrinsic information fean@&XIT) chart [87, 88], which
describes the turbo decoder in terms of its iterative exgéan extrinsic information.

2.4 BICM with and without Iterative Demapping

Figure 2.14 depicts the transmitter of the BICM scheme. Thariméation bitsb, that leave
the source are assumed to be independent and uniformlipdisil (i.u.d.). This means that
for each bitP[bx = 1) =P[by =0] =1 hold$. As mentioned in Subsection 2.8.2, the outer
encoder is a systematic convolutional code of Rie- % which will be described by its
generator polynomialégr(D),gf(D)). It yields the coded bit sequencg, which is input to
the pseudo-random interleaver. We set the code word légdhbe equal to the interleaver
depthNiy:.. For large enougiNi,, we may assume that the interleaved bits are i.u.d., too.
This is typically the case, iNiy; > 10° [50]. The interleaved bit sequence has a different
arrangement and further, the bits are grouped as descnb8dhisection 2.1.3 to form the
vectorsck. The mapper acts as an inner encoder of rate 1. It outputsagishwhich are
transmitted over the discrete-time equivalent basebaadre.

The BICM receiver can be seen in Figure 2.15. Based on channeha@®nry, and a
priori informationL 4 k, the optimum demapper computes the ARPaluesL px according

to (2.63). During the first pass through the demapper, ali@ripc-values are set to zero.
The extrinsicL-valuesL g are obtained by subtractirigs  from Lpy as in (2.64). After
deinterleaving, they are used as a prlowalues of the coded bits for the outer decoder and
are denoted als(A‘f)K. The superscript “(c)” indicates that the information iglwiespect to
the coded bits, while the subscrigt™ stands for the original arrangement of the bits, i.e.,

before interleaving.

80Otherwise, the bit sequence includes redundancy, whiclheatiminated by appropriate source coding.
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Figure 2.15: BICM receiver with iterative feedback loop

The optimum outer decoder applies the BCJR algorithm in theltmgain [89, 90] and out-
puts both APR_-valuesL S:L andLg’)K for coded and uncoded (information) bits, respectively.
The latter are indicated ’by superscript “(i)” and are inpuaithard decision device, which
simply considers the sign of thekevalues. This yields the estimates of the information bits,
by, for the bit sink. A non-iterative BICM receiver stops at th@int. Note that in that case,
MLSE with the Viterbi algorithm is sufficient for the outer cteer [33]. This results in a
small performance degradation compared to bitwise MAP diego[91], but has a much
smaller decoding complexity (about one third of the BCJR atigor [92]).

An iterative receiver for the BICM-ID scheme requires the loieedback branch. The
extrinsic L-values of the coded bits ") = L5\ — L\, are interleaved and can now be
utilized in a new iteration as a priori informatidry y at the demapper.

2.5 Fundamentals of Information Theory

In this section, we review some fundamentals of informatleory. We start with the no-
tion of entropy and mutual information. Then we define ché&apacity and distinguish
between different constrained capacities. Both mutualmétion and capacity will become
targets for optimization of QAM mappings and are thus disedshere. For all other parts
of information theory and further details, the reader ignefd to [67].
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2.5.1 Entropy and Mutual Information

Theentropyof an arbitrary random variableis defined as

H(x) = —Ex[logyp ()] - (2.66)

The logarithm is taken to the base 2, such that the entropyeasuored in bits per symbol.
Depending on the point of view, different interpretations éntropy exist. If the random
variable is the discrete-time output of a source, keprresponds to a procesg then the
entropyH (s¢) reflects the average information content of this source.sEeend interpreta-
tion follows from Shannon’s source coding theorem, whiettest that (s;) is the minimum
average number of bits per symbol that are necessary to eacpt]. Finally, for a receiver,
H(sc) is a measure for the a priori uncertainty of the transmitigdi®lss,. By means of
channel observationg, the uncertainty can be turned into information. Due to clehim-
pairments, however, the uncertainty does not resolve cateldglinto information, but some
amount is inevitably lost.

This loss is determined by the conditional entropy (alstedad posteriori entropy or equiv-
ocation)

H(sc|rk) = —Es.r, [Iogzp(sk|rk)] , (2.67)

where the expectation operator averages with respect joittigprobability density function
P(s, k) =P[s]-p (rk|sk) — assumings is discrete-valued here.

The throughput of information is the difference
(S k) = H(s) — H(sc|r), (2.68)

and is denoted as the (averaga)tual information(MI) or transinformatiorbetweers, and
re. Inserting|(2.66) and (2.67) in (2.68), we get

I(ST) = —Es [10g,P[8d] +Eg [1002P (sclric) |
[ p(sdr
(:) E3«7I’k logZ E:)[Sk]k)
@ [ p(ser)
B RS
P(rk(Sk P (kS
2 Escri [1002 EJ(f|k)) = Egr |00, ( | )
L ZP[X{}-D(i’k’S‘:Xf)
xex
relse = x
@ / ZP[X.]p(rk]a(:x|)logz P(nels=x) dre. (2.69)
reeC ¥eX ZXP [Xll} P (rk)sk = XII)
X €
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In step(1), we have extended the first expectation operator alsorgyeich has no effect
due to the law of total probability, and further combinedtbtarms, because expectation is
a linear operation. Expanding the fraction pyry) yields step(2). From this symmetry,
we can easily recognize this,rk) = I (rk, ). The symmetric version is extended (i®)
and in the last step, the expectation over bgthndry is performed. Extensions aof (2.69)
to/MIMO schemes are straightforward, lif (2.42) is insertedthe transition pdf and scalars
are replaced by vectors [44].

ThelMI 1 (s, rk) is a measure of the information that the observationy @rovides abousy
or vice vers%_ Obviously, 0< I(s,rk) < H(sc). The lower bound holds, i andry are
independent, while the upper bound appliesyifs a function ofs,. The latter would occur
for ideal communication channels.

2.5.2 Capacity Limits
2.5.2.1 Shannon’s channel capacity

In Section 2.2, we described the impairments of the comnatioic channel by its transition
pdfs p(rk|s« = x ). With the set of transition pdfs and the distribution of sanit symbols,
p(X ), thel Ml (s,rk) can be determined according to (2.69). In general, the rmérsym-
bolsx € X may be continuous-valued. Shannon introducedcti@nel capacity € as the
maximum Ml | (s, ry) between channel inps and outputry among all possible distribu-
tionsp(x) of an arbitrary symbol alphab&t

Cc = max| (s, rk)- (2.70)
p(%)

Shannon’s famous channel coding theorem [4] states thabkeldata communication is
only possible, if the number of information bits per transayimbol,n = R.- M, does not
exceed the channel capacity, i.e.,

n <Ce. (2.71)

In other words, the maximum possible bit rate over a givemnkhof bandwidthB in
bits per seconds i€c - B. Thus, the dimension dof¢ is often given as bit§s-Hz) or
bits/channelusage. The proof of the channel coding theorem,hwhis later refined by
Gallager [93], is not constructive in the sense that it ce@which channel codes can pro-
vide reliable communication. It only considers the ensendblall randomly chosen codes,
and is therefore also called random coding theorem. Itll@stongoing challenge to achieve
close to capacity communication systems.

9Another common, yet imprecise, interpretationl (&, ry) is that it measures the mutual dependence be-
tweens, andrg. However, the same vague claim can be stated about croskdmn betweers, andry.
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Examples: For the non-fading AWGN channel, the optimum signal alphabetbe shown
to be (complex) Gaussian distributed with zero mean anchneeio?, [4, 67, 93]. The
corresponding channel capacity is

2

Ce = log, <1+ %) , 2.72)

n

where the SNRZ—SE is the non-logarithmic version of (2.29). Hence, the AWGN rutnel
capacity is only a function of the SNR and its inverse funci®

g2
e (2.73)
o4
Setting the spectral efficiency to its maximum possible @alhich is according to (2.71)
n = Cc, and inserting (2.73) into the non-logarithmic version2B(), we find

B, 2fc-1

No  Cc

. (2.74)

The minimum necessar{gg can be computed with I'H6pital’s rule as the limit

Ep _2Xec—1  2c.n(2) A
— = lim —— = lim ————~ =1In(2) = -1.59d 2.75
<No) min Cc—0 Cc Cc—0 1 (2) B (2.75)
which means that the average energy per information bit matdall below—1.59dB of the
noise power spectral density of the AWGN channel, to allowaioy reliable (but low rate)
communication at all.

As a second example, we consider the channel capacity of tikefin Subsection 2.2.4
with erasure probabilitg. Clearly, the channel is doubly symmetric [93], because ridue-t
sition pdfs are the same for all input symbalsand the same is true for the reciprocal
channel, where input and output are interchanged. Thusif@rominput distribution, i.e.,
Plck =0/ = % yields channel capacity [93, 52], which equals |

Cc =maxl (¢, k) =1—q. (2.76)

2.5.2.2 Signal set capacity

In practical digital communication systems, the signahiyghabet can not be of infinite car-
dinality. For digital QAM schemes, we ha{&| = L, and usually. = 2M is a power of 2. For

such a discrete-valued signal set, we can definsitiveal set capacity €in the same manner
as in (2.70) as the maximum MI among all input distributiodswever, in this thesis we re-
strict ourselves to equiprobable signal sets, Péx] = L~1. Even though no maximization
is involved, we will refer to the MI as signal set capacitypiying that the constraint exists
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that equiprobable QAM symbols have to be transmitted overcthmmunication channel.
According to steg4) from (2.69), we have

cs— |

reC

-

-1
k| = X
p(rc|sc=x)log, Lpl( clse=x) dry. (2.77)

%'llX_DOP(fk\&:Xu)

e

I
o

2.5.2.3 BICM capacity

The signal set capacifys is the maximum possible signaling rate (in bits / channeba¥a
under the condition that equiprobable signals from a discet are transmitted. If we add
as a further constraint on the transmission system thaintapt) demapping is performed
only once then we can compute tiEHCM capacity @G as the M| between transmit symbols
sk and the output of the demapper. As the non-iterative demaggeives no a priori in-
formation, its APP output is equal to the extrinkivalues. It was shown in [13, 33], that
a fullyl? interleaved BICM schemes corresponds to the transmissidn pérallel binary
input channels, each of which carries one codet kit{0, 1}, which determines the symbol
subseX[". Introducing this fact in the third step of (2.69), we get

M—1 > p(rk|Sk=X|)
Ce = Y Epy |log k]
B = Tk 2
M-1 1 > p(rk\SkZXI)
1 X eXy!
- / > ['p(rklﬁ‘kle)logz dr (2.78)
feee M=0b=0X XY P p<rk\a<=x|')
xex

In the second line, expectation is taken over the joint pdb eahdry,. The factor% = ZiM
comes from averaging ovérc {0,1}, with P[b] = 2-! and from applying the law of total
probability over alty € X[, for which P [x] = 2-M*1 holds.

Note that in contrast to the signal set capacity, which iemheined by the alphabé&t, the
BICM capacity depends also on the bit labeling function

2.5.2.4 Comparison of capacity definitions

Figure 2.16 visualizes the previously introduced capatinitionsCc, Cs, andCg. For a
particular communication channel, which is indicated ia fhock diagram by input]l and
outputl], and which is fully specified by the set of transition ppf@rk |s« =X ) the ultimate
signaling rate for reliable communication is given by tharmhel capacitc. This rate can

10Assuming an infinite depth random interleaver, which yiéfkependent output bits.
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only be achieved by optimized distributions of the transsginbols, which are in general
continuous-valued. Signal shaping techniques [32] trypjaraximate the optimum symbol
distributions, even for a finite cardinality of the symbagblahbet.

A more realistic upper bound on the signaling rate is theaiget capacitLs, which in-
cludes a certain signaling set as part of the channel. T®widescribes the upper limit on
the signaling rate for the discrete-input ($&g continuous-output (s€e) channel. Itis well
known that achieving the signal set capacity requires theiver to perform joint demap-
ping and decoding. Hence, coded modulation systems as in &feGble to achieve this
capacity, and therefoi@s is sometimes also callembded modulation capacif33]. Instead
of the rather complex joint detection, iterative demodatatind decoding, as in BICM-ID,
offers a close to optimum alternative. However, one must firapppings that can exploit
a priori information most efficiently. These are certaini-&tay mappings, as will be dis-
cussed in this thesis. As an advantage, a rather weak chewmatels sufficient for capacity
approaching performance.

If the output of an optimum demapper is further included ia tverall “channel”, then
the BICM capacityCg is the maximum rate from inpuf to output(]. It was shown prag-
matically in [13, 33] and theoretically in [94, 95], that Grenappings achieve the largest
Cs. Interestingly, Definition 2.1 allows for different classef Gray mappings. The origi-
nal recursive construction according to Gray [11] yields $lo called binary reflected Gray
labeling, which maximize€g for both AWGN and Rayleigh fading channel, while other
classes of Gray labelings are inferior [94, 95]. In any caseowerful channel code has to
assure a performance close to the BICM capacity.

c, QAM | ¢ ,  |communication| 7, |APP de- LE, L
—o—>| mapper [—o—> channel o—> —o——>
© |wx | @ | prlszx) | © |mwerer| @

- : ’ v
I
g channel capacity: Cy
~

\ signal set capacity: Cg /

BICM capacity: Cy

Figure 2.16: Definitions of channel, signal set, and BICM capacity

Finally, Figure 2.17 depicts the three types of capacittesah AWGN channel. The upper
limit is given by Shannon’s channel capadly according to (2.72). The solid curves with
markers belong to the signal set capaci@iegor BPSK, QPSK (cf. Figure 2.6), and 8-PSK,
16-QAM (cf. Figure 2.7), respectively. It is plain to see dazan be proven from (2.77))
that 0< Cs < M. The dashed curves correspond to the BICM capadiiigsAs we will
discuss in Section 3.4, 9 Cg < Cs < M, where equality holds only for BPSK and QPSK
with Gray labeling. ThusCg is not plotted for these two mappings. The depicted capacity
curves belong to the Gray and anti-Gray labelings from Sctthise2.1.3. As mentioned
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above, Gray labeling yields higher values @4 than anti-Gray labelings. But even with
Gray labeling, there exist a (small, but positive) diffese@s— Cg for M > 2, which can be
seen for medium SNR values in the range of abeds 8| dB.
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Figure 2.17: Capacities for different mappings over AWGN channel

2.6 EXIT Charts

The first turbo codes were designed by heuristic approaeimekleft many open questions
with respect to their decoding capabilities. Some light slsd on their inherent error-floor
existence by lower bounding the BER with respect to the Hargrdistance spectrum of
the overall code [80, 85]. However, major questions (desged BER by many magnitudes
after turbo-cliff, convergence of iterative decodingeimelation of constituent codes) were
not fully understood until the introduction of the EXIT chéuy ten Brink [87, 88]. Since
then, the EXIT chart has become an indispensable tool faguieg concatenated coding
schemes as well as for analyzing iterative receivers. Tiisection summarizes the main
characteristics of EXIT charts, while more information ¢enfound in [96, 97].

For the EXIT chart, we consider each decoder (marked by indseparately by itsransfer
characteristic 7, which is also calledEXIT function In case of BICM-ID, the inner decoder,
which corresponds to the demapper, is indexed by 1, and tiee decoder by 2T, describes
the quality (or fidelity) of the extrinsit.-values, which are computed by the decoder, as a
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function of a particular input quality, which is provided the a prioriL-values. In particular,
we quantify the quality of a prioti-values of the inner demappép k m, by the Ml between
these values and the transmitted loits, to which they belong, and denote it as

Iag = | (ckm, LA,k,m) . (2.79)

Similarly, the output of the demapper is quantified by/the MivieenLgy ,, and the trans-
mitted bitscy ,, and is called

gy = | (ck,m, LE,k,m) . (2.80)

Both quantities are bitwisd_(= 2)/MI, so 0< Ia1,lg1 < 1 holds. Further, ak-values are
real-valued, equations (2.79) and (2.80) are computeddicgpto (2.77) as

14 2-p(6\ck.,m:b)
/ Zé-p(E’ckm:b) l0g, ds,  (281)
b=0

EeR D(E‘Ck,m=0>+p<5‘ck7m:1)

where the dummy variablé for the pdfsp(é|ckm=Db),b € {0,1}, is eitherLa ym for
computation ofa; or Lex m for Ig1. The transfer characterisfig of the demapper is defined
aslgj as a function ofa1, and — as the extrinsic output also depends on channel aisaTy
rk, of the SNRE, solgr =Ty (IAl, ﬁ—g)

If we assume that the conditional pdfs of a pribtvaluesp (LA,k,m!Ck,m = b) are Gaussian

[98], then the corresponding mean valug and variancejg are interconnected g =
(2b—1)-02/2 [66]. Hence, the parameter, is sufficient to determinéa; with (2.81),
which is then denoted agoa) [88].

To determinel; for all 0 < Ia1 < 1, wherela; = 0 andla; = 1 correspond to no and per-
fect a priori information, respectively, the demapper neee channel observatiomg from
Monte Carlo simulation, while the a prioki-values are created artificially as being i.i.d.
with Gaussian distribution. The standard deviation is cota{ﬂ asop = J‘l(IAl) and
the mean value is as described above. Measuring the histegvél g n, for both cases,
when eitherc, m = 0 or ¢em = 1 was transmitted, allows for an approximation of the pdfs

p <LE,k,m\ck7m = b) . This in turn yields with/(2.81) the Mig;.

The same procedure is carried out for the outer decoder &rdbbt = T (1a2). As discussed
in Subsection 2.3.4, this decoder does not receive dirextradl observations, so that is
independent O%. For an EXIT chart, both transfer characteristitsandT,, are plotted in
the same diagram, but the latter function with swapped axes.

Example: Figure 2.18 shows an EXIT chart for BICM-ID over the AWGN chanri&r the
demapper, three transfer characteristics are plottedQABF Gray mapping at,%g =4dB

113(gp) is strictly monotonically increasing, thus its inversedtian exists.
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and 16-QAM anti-Gray at 3 and 4 dB. The mappings are as definEdyure 2.7(b). The
outer decoder belongs to(84,07) systematic convolutional code of raRg = % Iterative
exchange of extrinsic information (hence the name extrim§brmation transfer chart) for
the anti-Gray mapping at 4 dB is visualized by the zig-zagpttary. It represents on-the-
fly measurements of the pointk1,lg1) and(Ia2,1g2) during the actual iterative decoding
process (10 iterations). Note that although a prictialues are in general not Gaussian
distributed, the real measurements match well with thestearcharacteristics, which were
generated by the Gaussian approximation. This understimee®bustness of Ml against
different channel assumptions [96]. It can be observeddhelh iteration increases M, until
the trajectory gets stuck at the intersectionTpfand T,. The anti-Gray mapping at 3 dB
would produce an early intersection of both curves in theeloleft part of the EXIT chart,
resulting in high BER. This means that the turbo-cliff positie expected to occur at an
SNR slightly larger than 3 dB (cf. Subsection 3.6.1). Thesfar characteristic of the Gray
mapping is almost flat, so the gain from iterative demappsngery small. [

——anti-Gray, 3 dB

0.2} —o—anti-Gray, 4 dB
—e—Gray, 4 dB
0.1 —— outer decoder ;
- - —trajectory for anti-Gray, 4 dB
0 L 1 1 1
0 0.2 0.4 0.6 0.8 1

Iav ez
Figure 2.18: EXIT chart example for BICM-ID with 16-QAM over AWGN

We end this section with an enumeration of important pregedf EXIT charts.

1. Each poin{laj,lg),i € {0,1}, corresponds to a BER,;, which would result, if hard
decision on APR_-values (sum of a priori and extrinsicvalues) is performed. Ap-
plying the Gaussian approximation on thevalues, the BER is [88]

\/[Jfl(lAi)}ZjL [J*l(IEi)}z
2v/2 ’

erfc

(2.82)

NI =

P ~
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where erf¢.) is the complementary error function [99]. Hence, it is dasiie that the
intersection off; andT, reaches the upper right corndr, 1) in the EXIT chart.

2. Comparing the bitwise Mls (2.80) and (2.81) for the casemarpriori information
with the definition of the BICM capacity (2.78), it can be seeat {96]

lg1(lar =0) =Cg/M. (2.83)
3. The area under the transfer characteritiof a demapper is related to the signal set
capacity,
1
/ lg1dla; = Cs/M. (2.84)
0

A strict proof is only available for the scenario, that a pri@lues stem from a BEC
[100, 101], but/(2.84) holds empirically for all channels.

4. The area under the transfer characterigtiof the outer decoder, where the axes are
swapped, equals its code rate,

1 1
/O |A2d|EZ=1—/O le2dlaz = Re. (2.85)

Again, the proof only holds for the BEC assumption of a prioput [101], while
measurements on other channels back up this claim empyjrical

5. Assume that the inner+£ 1) or the outer encoder £ 2) is time-varying and made up
of N different codes. Each of these code components is used factoh a, of the
total code word, such that

N
» op=1 (2.86)
n=1

Denote the transfer characteristic of théh code component dg; . Then the overall
transfer characteristic, which is per definitionarerageMl, can be expressed by the
mixing property [101] as

N
lei=> an-lein. (2.87)
n=1

From properties 3 and 4, Shannon’s coding theorem (2.71peasformulated as a curve-
fitting problem: reliable communication is only possiblethie demapper’s transfer charac-
teristic Ty lies above the curv& from the channel code.
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Chapter 3
Optimization of QAM Mappings

In this chapter, high order mappings are investigated atich@ed with respect to different
cost functions. In particular, we give results forary QAM, with L € {4,8,16,32}. As
discussed in Subsection 2.1.3, a QAM mapping is defined bgiptsabetX (constellation
diagram), as well as the labeling functipn which describes the assignment\f= log,L
bits to symbolsq € X. The cost functions are on the one hand the resulting SER aR{ iBE
hard decision is performed after the first pass through theageer, which ought to be min-
imized. On the other hand, we propose mappings that maxieiizer signal set or BICM
capacity as well as mappings, which exploit perfect a pkinawledge at the demapper most
efficiently. Finally, we search for mappings that allow fog@od tradeoff between no and
perfect a priori knowledge at the demapper. We restrictedues mostly to the AWGN chan-
nel. The resulting mappings were published in parts in [P82, We begin this chapter by
introducing some notations and with the formulation anckstigation of the optimization
problem. Then, the optimization algorithm is described eggllts are given for different
cost functions in subsequent sections.

3.1 Prerequisites

3.1.1 Problem Formulation

The symbol alphabeX is the set of all possible transmit symbols, and per defimiéicet is
an unordered collection of elements. In order to combinaaptX and labeling function
U, we now introduce the mapping vectors theorderedarrangement of aly € X as

X= (Xo,...,%—1) With x = p(lpin), | €{0,...,L—1}. (3.1)

Ipin is the binary representation of intedemwhere — without loss of generality due to the
third type of invariant transformations in Subsection 2. 1he leftmost bit should correspond
to the most significant bit (MSB). In this chapter, we excludsppings for MIMO systems,
hence no confusion with MIMO transmit vectarfrom (2.65) is to be feared.
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Examples: The 8-PSK Gray mapping from Figure 2.7(a) can be describ#d(®il) as

X = (eio,ei%,ei%,eig,e*j%,e’jg,ei",e*jsfn> , (3.2)

while the 8-PSK anti-Gray mapping in this figure is defined by
X = (eio,e‘jgfn,eig,e‘jg,ei",eig,e‘jg,ei%"> . (3.3)
|

The power constraint (2.32) can thus be reformulated as

1
Py=Ex [N = TIxPE1 (3.4)

Further, letl. be a row vector of lengtlh, whose entries are all 1. Hence, the center of
gravity of the QAM mapping, i.e., the mean value ofxallcan be computed as

£ b = 1] (3.5)

and should be zero to minimizg?, [103]. Assumex possesses a non-zero mean. If we
subtract this mean value from all componentg,ahe resulting zero mean vecteoy is

1
xzzx—tx-l[-lex-zL, (3.6)

in which the matrixz, € R" forces zero mean and is computed as

1
Zo=l -1 L, (3.7)

i.e., the diagonal elements gf are 1— % and the rest equals%.

The task at hand is to find a vectarwhich maximizes a cost functioh(x), and fulfills the
power constraint (3.4),

Xopt = argx_ga:x1 f(x). (3.8)

In Section 3.2, we set = —P, in order to minimize SER, in Section 3.3 and Section 3.4
BICM and signal set capacity are maximizedfy: Cg andf = Cs, respectively. It will turn
out that the former is identical with minimization lof BER (terdhe Gaussian assumption
of extrinsicL-values). Utilization of perfect a priori information attllemapper in the most
efficient way will be covered in Section 3.5 by lettifig= Ig1(1), and finally, in Section 3.6,

a tradeoff function will be introduced that allows for a caimmise between no and perfect
a priori knowledge at the demapper. Since (3.8) yields tl joptimization of symbol
constellation and labeling function, we will refer to thdwgmns Xqpt asL-QAM, e.g., 8-
QAM.

The following example shall illustrate the problem of salyi(3.8).
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Example: Let us determine the 2-QAM vectar= (Xp,X1), which maximizes the signal set
capacity f (x) = Cs (which equals BICM capacit¢g, becauséV = 1) atg—iz = —2.82dB.
The BPSK from Figure 2.6(a) achiev€g = O.E@. Equatingn = Cg yields with (2.31) the
SNR ﬁ—g = 0.19dB, which is the well-known limit for BPSK signaling withteeR. = % over
the AWGN channel [104, 105]. Without loss of generality, theadrature-phase component
of the symbols shall be zero, gg x; € R. Figure 3.1 depicts the unconstrained capacygy
for all Xo,x1 € [—2,2], i.e., (3.4) may be violated.

S S S SR SN S SSUSE T
jSSaa NN
S

S e SSaSS AN

0.8 AT
S SSEIaT T
U
S aET S

L
7772 S50
s
e
s
7
Z=

global optimum

7
)
1
77

W
7

i

77

7

7

»

»

9

9

7

4

i

iy

KX

b

XX

Xy

0.6 NS
' N AN <SS 75
A R RN SSSoasasZ> 5 5
N e S T4
\\%&{}:e‘t‘:::::::%:q':”ﬂ””ll/’,,z, Z
=

7
7

7
774
7
0
7,
7
)
i
97,
99
o
990
4' 0
y
0:0.:
(N
e AY
\
\
\
\

0.4

7
177/
7
7

1
i
,;;,,
i
iy
7
9935017
o
e
err9nat
to
i
i
o
e
s
e
L
A
\
\
\

0.2

7
7
7

%)
7
7

99907,

7
i
)
7%
o
7
W
79
i

i

KX
)

A
’: N
N
\

\

\

7
.
i
i
7
7
7
7
0
o
f

77
7
77
7
7
7
7 ‘; 17
v
99
i
Y
G
X
a0
X
‘5"::"
N
\ &

7
/
/
9
7
7
9
%
g
Y
i
o
N
N

7

7
7
7
7
7
7
7950
4
%
7
/
7
7
g
i
i
A
(W
W
W
N
N

7

7
7
7

7

77
7
7

/

y

Y

o

g

WX
N

)

A

-2

7
7
77
.

/
0
0
i’
0
KX
AKX ::
i
N
\

727,
17
7
7/
7
7 ;g
)
X
f
AXX
M&
N
I\
N

7

77
7/
%f
7
77

/
7
7
9

f

0

KX

XX

71
1)
71
Wi
N
i,

95
T
1945000045,
7
i
29995977,
9500
o
v
9999971
/
MY
iy
0
DOV
AN
N

= Z / ;
_ = = / )
15 S== power constraint

7
7

-2

7%
i

7

7
7 /
999917
i
7

7

4

i

(i
i

N

N

\

\

\

\

\

-15

1
/’;
17/
7
7
7
7
o
o%"
4‘:‘
f
0
N
\
N
\

S

w0
7

I

i

N TSNS S SSSSo S s -1
\§§\§§\\“t\‘“::‘\ ===

S
0.5 N
S =

N SSSSSSSSSSesgeer e 0.5

S 15

Figure 3.1: Unconstrained capacity of 2-QAM %é =-2.82dB

Obviously, the capacity plane is symmetric to both xhe= x;- and thexg = —xz-plane. It

is further plain to see, that the capacity is zero, if bothlsgls are identical, i.eCs = 0 for

Xo = X1, which can be seen in the viewing direction of Figure 3.1. 8esithis minimum,
the capacity plane has no other zero gradient. The gradspnbaches zero (and maximizes
the unconstrained capacity) x§ = —x; and|xp| — o, which violates the power constraint,
Py = 3(x3+x2) = 1. All vectorsx that fulfill this constraint are located on a circle in the
Xo,X1-plane, centered around the origin with radi®, indicated by the blue line in the
figure, while the magenta line shows the corresponding cainstd capacity. The task is
thus to find the global maximum of this line. One global optimis marked by a red point,
which corresponds to the normal BPSK witfpt = (—1,1). However, due to the symmetry,

1We neglect the pseudo-dimension bits / symbol in the folmi
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another global optimum exists atXqpt. For higher modulation orders) > 1, the number
of global optima increases even more, which is plausibletduée invariant transforma-
tions from Subsection 2.1.3. Another problem that aris¢sedact that in general, the cost
functions are not convex [106]. Hence, Kuhn-Tucker condgifor constrained convex op-
timization are of no avail [107]. Also, the constrained ap#iation by Lagrange multipliers
[107] becomes unmanageable for high order mappings, betagpower constraint and the
gradient are non-linear functions, the latter might ineluickegrals. In the next subsection,
we will therefore propose an algorithm, which can solve ).3.8

We end this example, by proving analytically, tigg: maximizesCs for a 2-QAM:

Clearly,xp andx; should be of opposite signs, as can be seen in Figure 3.1 r@¢ecthe
center of gravity ok (cf. (3.5)) is non-zero and thus a zero mean mapping x - Z, exists,
in which the Euclidean distances between the symbols is@sed, yieldin@s(xz) > Cs(X).
Hence, we seto = —sgn(x1) /2 — X2 for x; € {—ﬁ, fz} \ {0} andxg = £+/2 for x; = 0,
where sgri.) denotes the sign (signum) function. This fulfills constté&4) and reduces the
problem to a one-dimensional function. This constraingshcdy is depicted in Figure 3.2
and corresponds to the projection of the magenta curve figoré&3.1 onto the;,Cs-plane
for the two quadrants, in whicky - x; < 0 holds. Computation of the gradient and equating
it to zero yields the optimum solutiong (indicated again by a red point) artkqpt, and is
derived in Appendix A.3.2. The four minim@®,++/2) and(++/2,0) correspond to 2-ASK
mappings, with symbol spacing §f2. This minimum capacity is.8, and corresponds to a
3 dB reduction in SNR. |

0.5

0.4

0.3

n

@)
0.2

0.1

95 -1 05 0 05 1 15
Xl

Figure 3.2: Constrained capacity of 2-QAM %é =—-2.82dB

3.1.2 Optimization Algorithm
The previous example has shown that optimization accordi(8.8) is already cumbersome

for M = 1. In the same way, optimality of the BPSK for all cost funciaran be derived.
But for high order mappings, we have to resort e.g. to thevialig optimization algorithm,
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which is a modified version of the constrained gradientetealgorithm [106, 108]. Starting
with a randomly drawn mapping vectas, a new vector is obtained by moving along the gra-
dient. This gradient points in the direction of steepeseaggielding a larger cost function.
However, the constraint (3.4) is in general violated andviaetor has to be renormalized.
This procedure is repeated iteratively, until the cost fiomcstops improving. As this func-
tion is in general not convex, the algorithm converges towar local optimum. Starting it
all over again for many trials, the likelihood increased tha global optimum can be found.
We have set the number of trails to®1L@he following pseudo-code describes one trial.

1. Initialization:

(a) Shuffle a random start mapping vectgre CL. Real and imaginary part of each
component are drawn independently from a uniform distidouin [—1, 1].

(b) Shift the center of gravity to the origing , = X - Z1 .

(c) Normalize transmit power to satisfy (3.4 = %oz . L.

!/
’XO,Z

2. For each iterationiin 0 <i < :
(a) Compute cost functiofh(x;) and gradient] f (x;).
(b) Set step size tp=1.

i. Compute intermediate vectsf, ; = X+ y-

Of(xi)
|Of (xi)] "

/!

ii. Normalize transmit power to satisfy (3.4;,1 = X”l‘ VL
i+1

iii. If the intermediate vector improves the cost functidre., if f (xi11) >
f (xi), gota 2a and start next iteration.
Otherwise, ify > 106, multiply step sizey by factor 101 and goto step
2(b)i, else finish with next step.

3. Termination: Storex; and f (x;) as a local maximum.

Only the initial mapping vector is forced to have zero meastap 1b, because this is no
constraint. It turns out that this property is maintained@dt exactly in each iteration. Note
that unlike the algorithm of [106], we use in step 2b the ndizad gradient (unit vector)
and further adapt the step size appropriately down to a rhadmof 10°6. This avoids the
problem of oscillation around a local optimum. It must be @agized that this algorithm
does not substitute a proof of optimality. We therefore aeéin indicator, which provides
information about the tendency wfduring the gradient-search algorithm:

Note that the renormalization in step 2(b)ii corresponda tadial contraction of the map-
ping, i.e., the vectox; is parallel tox], but has a shorter length. Now assume thdtilfills
(3.4) and provides a local maximum 6{x). In this case, the gradient points in the same
direction asxj, which means that the only possible improvement comes frqrargsion of
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the symbols, which would violate (3.4). Hence, in step 2i(b)b improvement is possible,
asx; 1 will be identical withx;. Only if the gradient is not parallel t&, an improvement
after renormalization is possible. Dropping the indéX We expand the-th component of
the mapping vectox in (3.1) as

X =Re{x}+jim{x}=xr+jx, (3.9)

and the-th component of the gradientf (x) as

of(x) af(x) . af(x) | df(x)  .df(x)
% _Re{ % }ﬂlm{ % }— I n +] i, (3.10)

In polar coordinates, we denote the angles @&ind of%(qx) as

0 if >0
¢, = arg(x ) = arctan alll + > TARZ , (3.11)
X R m , else
9f(x) e 9 (x)
f 0 , if52>0
Y = arg(dT)((X)> = arctan :fx(';) + MR . (3.12)
| P n m , else

With that, we can define the non-expansion coefficient (NEC) as

-
[y

AN=> |o—uil. (3.13)

Il
o

This value approaches zero at a local optimum.

Example: Recalling the previous example of the capacity for two syrmbdhe gradient at
the optimum vectoxept = (—1,1) equals 049- (—1,1), is therefore parallel tropt and yields
a/NEC of A = 0. The suboptimum 2-ASK witk = (0,+/2) has the gradient.B1- (—1,1),
which is not parallel tox. The non-zero NEC of\ = mrindicates the tendency afto move
towardsxopt during further iterations of the optimization algorithm. |

Remarks on partial derivative: Strictly speaking, the left hand side from (3.10) does not
exist, becausé (x) does not satisfy the Cauchy-Riemann differential equatiodsigithus
not a holomorphic function [99]. However, we define the @artierivative as on the right
hand side, in accordance with the notation from [106]. ladtef interpreting« as a vector
from CL, it should rather be seen as a vector ffBdr. The partial derivatives with respect
to bothx r andx | can be combined to form the complex derivative from (8.10)ick is
added to thé-th complex componen during the gradient-search algorithm.
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3.2 Mappings for Minimum Symbol Error Rate

If all symbols are transmitted equally likely and if we assuthat the demapper has no a
priori knowledge of bits, then ML detection yields minimum SER, [30]. For the AWGN
channel, the ML rule decides in favor of symlsp] Which has the smallest Euclidean dis-
tance to the received sample If we assume further that the demapper has only to decide
between two symbols;, andx,, and that the former was transmitteg = x;,, the pairwise
error probability (PEP) corresponds to the probabilityt tha projection of the noise sample
n onto the unit vectofx, —x, ) - |x, —x, | exceeds the decision threshdig, —x, | /2.
From the circular symmetry afi, we can conclude that its projection onto any unit vector is
Gaussian distributed with zero mean and variang2. The PEP for this scenario is

0 _&
P[éklezlsklel} = / eXF\’ETmn >dE erfc(| Ii/_:n‘)' (3.14)

X1,—X111/2

Now, considering all transmit symbols, € X, the (average) SER is expressed as

B g
Psz%Lzlp[@#Xh}Sk—Xh] LZ /%T)de . (315)
;=0 £k,

The area#, corresponds to all poini& in the complex plane, for whicp (E \sk = x|1> >

p <£ |sk = x|2> ,Vlo # 11. For the AWGN channel, this reduces to all poigtswhich are
closer tox, than to any other symbo},. However, these areas of closest neighbors are
difficult to determine for arbitrary alphabeXs Moreover, the integrals have in general no
closed-form. Thus, we apply the well-known union bound an3ER, which considers only
'PEPs [30],

= L-11-1 D
PSNLZZ [sk X, s = x|l] 2LZZerfc< \[Gn) (3.16)

I1 OI2 |1 0|2
l2#11 l2#l1
Obviously, (3.16) provides an upper boundanbecause the summation oflall PEPs repeat-
edly adds contributions from overlapping decision areasvextheless, we will treat (3.16)
as an equation to avoid yet another notation.

Example: We have simulated the SER for the QPSK, 8-PSK and 16-QAM mgsgdirom
Subsection 2.1.3 and computed the SER with (3.16). Thetsearé depicted in Figure 3.3
and underscore the tightness of the union bound, espetaallyigh SNR. This is because
all addends from the second summation in (3.16) tend to except the one that includes
the nearest neighboring symbobgf. Thus, the overlapping contributions diminish. B
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| —— QPSK, comp.

H — - - QPSK, sim.

_6|| —— 8-PSK, comp.
1074 . —g-psK, sim.

t| —+— 16—QAM, comp
-+ -16-QAM, sim.

10 ! !
10 11 12 13 14 15 16 17 18

0%/ 0% [dB]
S n

Figure 3.3: SER for different constellations: computed (—) and simulated (- - -)

Thel-component of the gradiefiPs(x) from the SER is derived in the Appendix A.1, and
is with the notation from (3.10)

ex x|
oPs(x) _ELzl xon DA (3.17)
ox L fx—x| vno, '

In the following subsections, we apply the optimizationaaithm from Subsection 3.1.2
on (3.16) and/ (3.17) to obtain mappinggor minimum/ SER. Note that the cost function
f = —P5 depends only on the constellatidfy which means that any reordered veckor
yields the same result. The results from Foschini et al. |$86ve as a baseline and will be
denoted ag_ros However, these mappings were obtained by a slightly mabéfigorithm,
as discussed before (fixed step size). Furthermore, an bpped was applied on the erfc-
function, which holds only for high SNR. Finally, each propdsnapping in [106] was found
for a certain SNR (not given explicitly), which yield ~ 10~ for this mapping.

3.2.1 4-QAM for Minimum Symbol Error Rate

ForL = 4, the optimum constellation for all SNRs is the QPSK mappingifFigure 2.6(b),
which we denote as4 opt. For the sake of completeness, we examine two further cateig

o =5+ (~LLIVEVE) (3.18)
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where the four symbols are located on equilateral triangles

2 i2m i 21T
X413 e (0, 1,3, e73 ) : (3.19)
which is an ASK/PSK combination with two amplitude levelsiahree phases. The map-

pings are depicted in Figure 3.4, and the resulting SER dowpito (3.16) can be seen in
Figure 3.5.

15 15 15
[ ]
1 1 1 °
[ ] [ ]
0.5 0.5 0.5
~ = .
X, =0 . . 3
E 0 £ _,>E,<_, 0 ° °
-0.5 -0.5 -0.5
[ ] [ ]
-1 -1 -1 °
[ ]
195 1 o5 05 1 15 1 05 05 1 15 1 05 05 1 15
) 5 rely © } ; Re?xl} . i } Re?xl} ) .
(@) Xa,0pt Mapping (b) Xa,ri Mapping (C) X4.1_3mapping

Figure 3.4: Three candidates for 4-QAM constellations

In general, arL-ary QAM mapping can be described hyL — 1) /2 Euclidean distances
between symbol pairg, andxj,, 1 # |2, which are comprised in thdistance spectruf23].
Although X4 opt and X4 i possess the same minimum Euclidean distanodgf = 2/\/2
the resulting SER of the former is smaller. The reason isxhgi: has four symbol pairs at
dmin and two at distance 2, whibey i has five pairs atlni, and one at a larger distance of
2V/3. However, the SER is mostly determineddyyin, and its multiplicity [30]. Thexa1 3
mapping performs even worse, because ligfg = 2/v/3. Its NEC isA = m, so further
iterations in the optimization algorithm would result iretglobal optimum X4 opt, Which
was also proposed in [106]. Botty opr and xayi are local optima, because their NEC is
N=0.

3.2.2 8-QAM for Minimum Symbol Error Rate

In contrast td_ € {2,4}, the optimum mappings of 8-ary (and higher order) QAMs dépen

on the SNR. Applying the optimization algorithm at an SNR@f— 10dB, the mapping
with the smallest SER can be seen in Figure 3.6(a). Its mgpmntor is

8 i 21T i 4 j ot i 21T jan i orr
arr= /2 (0.1.8%.8%.8% e % 1. 00Y). (3.20)
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Figure 3.5: SER from union bound for 4-QAM candidates

The mapping from Figure 3.6(b) is an 8-QAM cross constealtaig ¢, With equidistant
symbols, and will act as a candidate for comparison. Theesponding vector equals

Xg.cro = 75 . (—1 —0.5},—1+0.5j,-0.5},0.5},1—-0.5j,1+ 0.5}, —1.5j, 1.5]) . (3.21)

1.5 1.5
1 ° . 1

0.5 ° 0.5 . . °
iEE, 0 ° ° .__E, 0

-0.5 ° —05 ° . °
-1 . * -1

135 1 05 05 1 1 135 -1 -05 : 05 1 15
Re?xl} ' ' ' Re%ﬂ} ' '
(a) Optimum 8-QAM forg—sz =10dB (b) Xg.cro Mapping

Figure 3.6: Two candidates for 8-QAM constellations

If we increase the SNR, the rightmost symbol frogy 7, i.e., \/g, moves further to the
right. In return, the magnitudes of all other symbols shtimlsatisfy the power constraint.
Moreover, the symbols move towards a lattice, which cossisequilateral triangles. For
the high SNR regime and the limit af — oo, the optimum can be proven to possess the
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structure of equilateral triangles [106]. The resultingdmgonal (or honeycomb) lattice pro-
vides densest packing capabilities [109, 110]. The ter;damards this lattice can be seen
in Figure 3.7, where we depict the optimum constellatlom&ép 14 and 20 dB, the pro-
posed constellation from [106], and the one, which is made?lmqunateral triangles. This
mapping vector is calculated as follows: construct any {p@m mean) latticeg i n, Of
equilateral triangles with arbitrary edge lengthn, €.9., letxg = 0, followed by the hexagon

X = dmin-exp(j [g (1-1)+ ’—GTD forl € {1,...,6}, and finally place, e.gx7 = v/3- dmin.

Then subtract the center of gravity, which equéis- dmin, to force zero-mean. This yields
the zero mean vectog i = Xg trinz — §’ - Omin - 1g. Now, apply [(3.4) to computén,. To

do so, we note that the variancesxgfyin; andxg i are the same. The latter is the desired
symbol power, the former is the powerxydyi n, minus the squared magnitude of its center

2
of gravity Thus, we have?y = ﬁs"‘ (0+6-1+3) — ‘@ -Ominl = 1, which is fulfilled for

dmin = \/73 This results in
8 I, G 5m P . i \/é
i=——-|(0,€86,j,é%,—€s,—j,e6,v/3) - —-1 3.22
X8,tr| \/6_9 [( ,€6,],€6, 6,—,€ 67\/_> ) 8] ( )

The vectors of the other mappings are summarized in the App@hl. The resulting SER
2
from (3.16) for the optimized mapping %ﬁ; = 10dB, which equalxg 7, as well as for

% =14 and 20 dB is plotted in Figure 3.8. We also computed the SER F0s X8 tri, X8.cro,

and the 8-PSK from Figure 2.7(a). The latter performs abodB2vorse (atPs = 10°°)

than all optimized mappings, even though it is the most coniynapplied constellation

for L = 8 symbols. The 8-QAM cross constellation is only about 0.5vdBse than the
optimized mappings, due to its denser packing of symbolgeoed to 8-PSK. The proposed
optimized mappings differ only slightly. However, from theomed sections in Figure 3.8,

it can be observed that each mapping is best at its target SNI@F— 25dB, the lattice
constellation fromxg i surpasses the mapping, which is optlmlzed at 20 dB, by a small
fraction (649-102’ vs. G41-10-27, which means that the SER is already negligible).

For low SNR, thexg 1 7 mapping offers the advantages of a small multiplicity (g its
minimum distance&, = 25in(n/7) ~ 0.869. Further, a demapper might only distinguish
between two amplitude and seven phase levels, allowingirigsle realizations. At higher
SNR, Xg i benefits from its largelyi, = %9 ~ 0.963, which outweighs its rather large
multiplicity of 14. Although bothxgyi andxg Fos perform close to optimum for all SNR
regions, the former mapping can be constructed more coentiypiisee! (3.22).

3.2.3 16-QAM for Minimum Symbol Error Rate

As the proof from [106] suggests, the optimum constellaiwnith respect to SER tend at
large SNR towards lattices of equilateral triangles, if thenber of symbold. increases.
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Figure 3.7: Optimum 8-QAM forg—sz =14 and 20 dB, and two candidates
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Figure 3.8: SER from union bound for 8-QAM candidates

This can already be observed for= 16, also for small-to-medium SNR, as we will show in

this subsection. To avoid confusion, we denote the mapporg Figure 2.7(b) as segular
16-QAM constellation. Let us first construct an ideal la&taf equilateral triangles, in which
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Figure 3.9: Lattice of equilateral triangles;eti,nz, and symbol indiceb

the mean is not yet forced to zero, denote ikasyin, and its entries ag,| € {0,...,15}.
From basic geometry, we find

0 , forl=0
exp<' [g (- 1)—gD , forle{1,...,6}

X = tmin- \/§exp<J§ (I1-7 ) , forle{7,...,12} (3.23)
2. exp(j [’—g (|—13)——]) , forl e {13,...,15}

which is depicted in Figure 3.9. Its mean value is easily sedr@dy, - \/§+j> /8. After
subtracting the mean from all components, we obxaiii, see Figure 3.10,

V3]

X16tri = X16,tri,nz — Omin - g 116 (3.24)

Applying (3.4), yields the minimum Euclidean distance abtmapping a<inin = \/i_% R~
0.676. In [111], triangular lattice mappings were proposed, the symbol constellation
is suboptimum. There, the 16 symbols are located on a heghgpid with four rows,
consisting each of four symbols. In our constellation inufegg3.10, three symbols are
aligned on a (skew) row, beneath which are three rows, eatthfair symbols and one
symbol is located at the bottom. In the non-zero mean lattidéigure 3.9, the uppermost
(skew) row consists of symbolgs, Xg, andx;4. The minimum Euclidean distance in [111]
is only dmin = % ~ 0.667, which is smaller than for our dense packing latticeciRpone of
the four symbols from the uppermost row to the bottom andeoing the mean value with

(3.6) would transform the mapping from [111] to our mapping.

The optimized constellations, g opt for g_sz = 10, 14, and 20 dB are plotted in Figure 3.10
together withxy6y and the baseline mappingsros This latter mapping was optimized
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Figure 3.10: Optimum 16-QAM for”—% =10, 14 and 20 dB, and two candidates

On

for high SNR and is thus almost identical to the ideal latbée;e1i. Also the optimized
16-QAM for 20 dB is very similar tx164i. However, the vectokgyi further evolves
towardsxie opt during the optimization process at 20 dB. This is signaledh@yNECs of
both mappingsxieti hasA ~ 10.56, whilexi6opt has a relatively small value @f ~ 1.01.

The optimized constellations for the three SNR values ageifipd in the Appendix B.1.

'SER over SNR performances of the 16-QAM mappings are suraathim Figure 3.11. The
regular 16-QAM mapping is about 0.5 dB worse than the propasastellations for SER
below 10°3. From Figure 2.7(b), we see that its minimum distance@s:Z% ~ 0.633.
Again, it can be seen that each mapping yields the smalld’téf s target SNR. The ideal
lattice X16ti With dmin ~ 0.676 performs well over a large SNR range, and offers a closed-
form expression from (3.23) and (3/24). Moreover, from 24aiBit achieves the smallest
SER among all constellations (not shown).

3.2.4 32-QAM for Minimum Symbol Error Rate

We first discuss two often applied constellations for 32-QAMe 32-QAM cross constel-
lation x32.¢cro in Figure 3.12(a) has a denser packing of the symbols tharetti@ngular con-
stellationxsrec from Figure 3.12(b), and is the most frequently employed#avi constel-
lation. Both candidates exhibit an orthogonal lattice gtree; with equidistant symbols. The
minimum distance islyin = \/%) ~ 0.447 for the cross constellation, but o 53~ 0.392
for the rectangular arrangement. Both mappings are easilgtaected by observing that,

€.9.,X27 = dmin/2" (l+j), and that all other symbols are equidistant in both dimerssio

For the high SNR regime, a hexagonal lattice struckape; turns out to be again the opti-
mum constellation with respect to SER. Similar to (3.23), westruct this lattice based on
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Figure 3.12: Two candidates for 32-QAM constellations and symbol indices
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Figure 3.13: Lattice of equilateral triangleszy i,nz, and symbol indiceb

a latticexs i nz Of non-zero mean, with elements

0 , forl =0
exp(j [’—3?( —1)—’—6T]> , forle{1,...,6}
\/§-exp<j’—T-(I —7)) , forle{7,...,12}

3
X| = Omin - 2-exp<j u
\/§+eig> -ex p(jg-(l—19)> , forl e {19...,24}
Va+elf) exp(i§-(1-25) , forle{25,...,30}
3 , forl =31

-(|—13)—gD , forle{13...,18}> (3.25)

which are shown in Figure 3.13. The symbgjsl € {0,...,30}, add up to zero, due to
symmetry. Therefore, the meanxah i n; is X31 . This yle|dSX32m as

3j
X32.tri = X32.tri,nz — Amin - 312 130, (3.26)
and from ((3.4) follows the edge lengthin = \/%3 ~ 0.477. This minimum Euclidean

distance is larger than that from botkp cro andxz2 rec.

In order to achieve a reasonable SER, we increased the tdxjes ® US = 14, 20 and
24 dB. Optimum mappings for each SNR are denotezbggpt, |tem|zed in the Appendix

B.1, and can be seen in Figure 3.14. ORg opt for & 52 = 14 differs noticeably from the
hexagonal latticess, i, which is also shown. For hlgﬁer SNR, the optimum constebfeti
approachks, i quite close. However, the hexagonal lattice is still sligimferior than the
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Figure 3.14: Optimum 32-QAM for different SNR angs; i

optimized mappings until the SNR exceeds 29 dB. In [106], rezli@e mapping fok. = 32
was given.

The resulting SER performance for all proposed consteliatis plotted in Figure 3.15. Ob-
viously, the rectangular constellation performs worsto(hl.5 dB penalty) for all SNR,
while the standard 32-QAM cross constellation only yieldswt 0.5 dB degradation com-
pared to optimized constellations. While the optimized nagor 14 dB offers minimum
SER at this SNR, its SER degrades at higher SNRs, but is stillemtiizan the SER from the
cross constellation. Again, the ideal hexagonal lattigg,; offers close to optimum SER for
the whole SNR range.

3.2.5 Summary for Minimum Symbol Error Rate Mappings

We have proposed-ary QAM constellations for different target SNRs, which miize the
union bound SER from (3.16). This bound was shown to be teggecially for large SNR.
From its form, it is obvious that the SER is influenced by therall distance spectrum.
However, symbol pairg, andx,, which have a large Euclidean distance, contribute only
to a smaller amount than closest neighbor symboldat Especially for the high SNR
regime, all addends in (3.16) tend to zero, except the symdios atdy,i,. Thus, for large
SNR, an optimum constellation should exhibit a maximdgg,, which is achived by the
hexagonal structures of 4. The drawback of these lattices at smaller SNR is the rather
large multiplicity of dmin, because all adjacent symbols are spatgg apart. The same is
true for regular QAM constellations, e.g., for the 32-QANSES or rectangular constellation,
but since these arerthogonallattices, they possess a kissing number (number of closest
neighbors) [109] of four. On the other hand, the kissing nemdf a hexagonal lattice is
six, yielding the large multiplicity ofinin. After applying the Chernoff bound [30] on the
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Figure 3.15: SER from union bound for 32-QAM candidates

erfc-function, it becomes clear that the SER decreasesnexyially with dmin, while its
multiplicity has only a linear influence. Hence a ladjg, outweighs its multiplicity at high
SNR. For medium SNR, a tradeoff between minimum Euclideaawuicgt and its multiplicity
has to be achieved and for small SNR, the influence of all otegghbors contribute more
and more to the overall SER. Yet, we have shown, that the idealdonal structures_y;
are close to optimum for all SNR values. Another advantagbese constellations is their
closed-form mapping vector, for which we have outlined thestruction rules.

3.3 Mappings for Maximum BICM Capacity

3.3.1 Relation between Bit Error Rate and BICM Capacity

The/ BERR,, which results from optimum ML demapping without a prioridaiedge, is in
general difficult to compute. The demapper applies the MAgtsiten rule from (2.56), or
equivalently, computes the extrindievalue from|(2.64) and performs a hard decision based
on its sign. Note that the MAP rule reduces to ML detectiomdfa priori information is
available. A simplified demapper may employ thax-log approximatiof89] in (2.64), i.e.,

In (€ +€*) ~ max {ay,az} . (3.27)

The following hard decision reduces this max-log ML demapyb the search for the clos-
est neighborx to the received sampli, which is similar to the symbol detection from
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Section 3.2. Hence, we can derive from (3.15) an approxanaif the BER for the sub-
optimum max-log demapper. Based on a particular symbol,es@meed to consider the
number of involved bit errors. However, we face the samelprolthat for arbitrary constel-
lationsX, the integration areay, is hard to determine. We resort again to the union bound
and adjust (3.16) to obtain the upper bound on BER

L-1L-1
1 %, =i, \ A (X, %5,)
<_ 2 1 . 12
P oL E Eoerfc< N ) M . (3.28)
2#1

The Hamming distance-dx,,x,) between symbolg, andx, is defined as the number of
bit positions, in which the labels of both symbols diffee, j betweem 1 (x,) andu =1 (x,).

Example: The Hamming distanced X1, Xs) is with our nomenclature from (3.1) the differ-
ence in bit positions between 001 and 110, thy$d, xg) = 3. [

In (3.28), the multiplication by g (x|l,x|2) /M weights each PEP by the number of erroneous
bits per symbol. Note that the BER for a max-log demapper gelathan or at least equal to
the BER from optimum ML demapping. We now discuss an altevaapproach to compute
BER for ML demapping.

Recall from (2.83) that the leftmost point from the demappa@nsfer characteristic is re-
lated to the BICM capacity, i.e(la1,lg1) = (0,Ca/M). Inserting this point into (2.82) yields
the BER after optimum ML demapping for no a priori informati@ropping the index “1”,

we obtain the relation
1 J~1(Cs/M)
~—-erfc| ————%|. 3.29
P~ ( N (3.29)

The approximation comes from the assumption that the esxtrinvalues are Gaussian dis-
tributed. This is in general not the case, but — as we hava@drenentioned, the Ml is ro-
bust against changes in the underlying distribution. Itasttvmentioning that (3.29) can be
computedwithoutknowledge of optimum decision regiorg,. Note that the erfc-function
is monotonically decreasing, while its argument —the isedrfunction, is increasing. This
means that the BER decreases monotonically with increasi@lylRlapacityCg. Therefore,
mapping vectors, which maximiz&s, also minimize BERR,, and we do not have to cover
the BER as an additional cost function.

Remarks on inverseJ-function: In [96, 112], closed-form approximations for battoa )

and its invers@—1(l) are given. However, i€g /M approaches 1, these approximations are
too coarse. We circumvent these numerical problems asasild-irst note that from its
definition,J(oa) corresponds to the signal set (or BICM) capacity of BPSK sigigativer

an AWGN channel with (in-phase) noise variarge = 4/0%, [96, 88]. Thus, we compute
J(oa) with (2.77) for an arbitrarily fine grained scale @f and store the results in a table.
The inverse functiod (1) is then obtained from this look-up table with arbitrary psémn.
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Example: We have simulated the BER for optimum ML and suboptimum maxNL
demapping for three different mappings: QPSK Gray mappiag, 3 as defined in (3.19)
and the 8-QAM, which was optimized for 14 dB with respect tdRSEf. (B.1). Note that
the last two mappings are anti-Gray mappings. The resugtsi@picted in Figure 3.16, to-
gether with analytical results from (3.29), which holds éptimum ML demapping, and
from the union bound (3.28) for the max-log approximatioh.cdn be observed that the
closed-form approximations for both demapper types ahg.ti@ptimum demapping hardly
differs from its suboptimum counterpart for tlkg1 3 mapping, because only one addend
in the numerator and denominator of (2.64) is neglected. skme is true for QPSK, but
at higher SNR, the difference in BER becomes apparent. Olyjdhe Gaussian assump-
tion for (3.29) yields accurate BER prediction, emphasizggin the robustness of the Il

QPSK Gray

10k

10°%H comp.: max—log, union bound |
o sim.: max-log 1
[l - - —comp.: opt. ML : &

LGS Pt ML _ ‘ ‘ J ‘ BN
10 105 11 115 12 125 13 13.5 14

2
o /crn [dB]

Figure 3.16: max-log ML BER from union bound, cf. (3.28) (—) and simulation
(), and optimum ML BER, analytically, cf. (3.29) (- - -) and simulation)(

3.3.2 Enhanced Optimization Algorithm

Let us first reformulate the BICM capacity and determine it$iglkderivative. From (2.78),
we can extract the addend kdg= M from the logarithm. Averaging over this constant and
applying the law of total probability leaves just this factdf we use a new indek; for

summation, drop discrete-time indkxand introduce the short hand notatiplér \x|1> for
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p(r |s= x|l>, we can write

Cs—M—_ 1 Mz_:lzl: | L-p() 4 3.30
B = 3 p<r|x|1> 00, r. (3.30)
rec M=0b=0x, exf' > p(l‘ ’X|1>

mlexg‘

Based on this expression, we derive in the Appendix A.2tihecomponent of its gradient
[0Cg (X), which is expressed as

dcc:?Bfo> - i/p(rX|)'Xlo2r{M'logz(L'p(r>)

n
reC

lelogz( > p(rx|1))}dr, (3.31)

x.lexg?m

whereb, ,, denotes then-th bit label of symbok, i.e.,by m = unt(x). From the summation
over subsetX(", it is evident that the cost functioh= Cg depends on both alphah&tand
bit labeling i, such that the order of the elementsxins of importance. The mapping
should possess a “Gray-like” bit labeling [13], which isigasnderstood from a pragmatic
point of view. During the optimization algorithm from Sulosien 3.1.2, however, many of
the randomly chosen start vectagsviolate this condition and yield a rather low initializatio
cost function. Therefore, we enhance the algorithm by b@gping the initialization step
as follows.

We take as an heuristic starting vector a regular Gray mgppe., one which is typically
applied in the literature, and denote itxas ForL € {4,8,16}, xg was already introduced
in Subsection 2.1.3, while fdr = 32, we choose the 32-QAM rectangular Gray mapping
from Figure 3.12(b)xg = X32rec. Note that there exists no pure Gray labeling for the 32-
QAM cross constellation [113], as can be seen in Figure 3)l2¢here the four upper-
and lowermost symbols differ from their vertical neighbordwo bits. Next, we shuffle a
random vectoky, from which real and imaginary part of each component arevaliade-
pendently from a Gaussian distribution (as opposed to theramdistribution in the original
algorithm) with zero mean and varianoé,. Adding this vector to the Gray mapping, we
“mutate” the start vector, which yieldg, = Xg +Xm. As in the last two initialization steps
from the original algorithm, we also shift the center of gravo the origin and normalize
the transmit power to obtaixy. Now, we compare its cost functioin(xp) with the current
optimum fopt, Which was found during the previous trials (we $gf: = f (Xg) in the first
trail). If f(xo) < X - fopt Wherex € [0,1] is a certain threshold, we discard this trail and
repeat the procedure with a new mutation vectgr On the other hand, if a trail results
in a new (local) optimuntopy, the initialization vectors for the next trials will be coamed
with this larger cost function. Hence, the probability tlatwill be discarded, increases,
such that only more promising starting vectors will be ojted by the gradient search al-
gorithm. This idea comes from tlyggeat deluge algorithrfil14], where the rising flood level
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corresponds to the comparison with an increasing costifumcBy varying the degree of
mutation and the expanse preselection by meangzoénd x, respectively, we can find an
appropriate tradeoff between computation time and amdusptimization results.

In the next subsection, we discuss optimized mappings we#heact to the BICM capacity
for L € {8,16,32}. For 4-QAM, the QPSK Gray mapping is obviously the best chdir
all SNR values. Its capacity is twice as large as that from BBigKaling, as can be seen
in Figure/ 2.17. This is because the QPSK Gray mapping is madef two BPSKs on
both components, as we have discussed in Subsection 2.lo# tRe fact that BPSK is
the optimum 2-QAM constellation, follows the optimalitytbfe QPSK Gray mapping. For
the other mappings, we will consider three target Sl\ﬁ%stor the optimization. Assume,
theL-ary QAM should be applied in a (non-iterative) BICM schemehwvain outer encoder
of rate R;, such that the spectral efficiency= R;- M is slightly smaller than the BICM
capacity, i.e.R:-M < Cg. From the EXIT chart, it is clear, that a capacity approaghin
outer code should possess a transfer characteristic, vidiclose to a step-function: for
Cg/M = la2 < R, the output Mllgz is almost zero, while fo€g /M = la2 £ R, it jumps to
almost one [96]. Further assume that we have this outer oaakle and want to design a
capacity achieving BICM system with the standard Gray mappi)ghen for eactR;, we
obtain the target SNR by equating

ol
Ce | X6, o | = Re-M. (3.32)

n

We focus onR; € {0.5,0.75,0.999}. From the discussion of the previous subsection, it is
interesting to note that a capacity approaching code hasttasaa “BER downsizer”. If a
hard decision is applied after the demapper, a BEResults, that depends on code rRte
according to[(3.29), assuming equality in (3.32). The felig decoder thus must be able
to decrease this input BER down to an arbitrarily small ouBER. ForR; = 0.5, the input
BER isR, ~ 0.153, while for the higher code ratie; = 0.75, less errors have to be corrected,
becausd}, ~ 0.071. The last code rate &8 = 0.999 corresponds a channel encoder, which
adds just Q1% redundancy. The expected BER of the demapp#@ is 2.39- 1074, We
remark, however, that in all casespft extrinsic information must be fed forward to the
decoder to allow for capacity approaching performance.ddethe BER is not an accurate
quantity for describing the reliability of the soft infortan from the demapper.

3.3.3 8-QAM for Maximum BICM Capacity

Consider first an 8-QAM mapping that maximizes BICM capacity ardch should be
employed in conjunction with a rat&. = 0.5 encoder. Thus the spectral efficiency is 1.5.
The reference 8-PSK Gray mappirg requires an SNR oi‘— 3.241dB to achiev€p =
1.5. In order to verify our results, Figure 3/17 shows the samd transfer characterisfle

of the 8-PSK Gray mapping at this target SNR. It can be seenhbaitarting point off;
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Figure 3.17: Transfer characteristic of 8-PSK Gray mappin%%lt: 3.241dB

equalCg /M. Further, the area und&yis 0.512, while the signal set capacity at this SNR is
Cs=3-0.513, which is a close match.

For this target SNR value, we apply the enhanced optimizatigorithm from Subsec-
tion/3.3.2 and find as the global optimum the following mappin

Xgopt= 0.4 (—2—2j,1—3j,—1—},2—,—2+2},1+3j,—1+j,2+]), (3.33)

which is depicted in Figure 3.18(a). It outperforms the dtad 8-PSK Gray mapping to a
small degree, because it achiegg@s= 1.511. Even though its minimum distandg, =
0.4-1/2 ~ 0.566 is rather small, it has the advantage of small multigliof two (between

Xo andx, and betweerxy andxg). Moreover, all other symbols are spaced further apart in
return. Both mappings possess a small NEC\—= 1.18 for Xg opt, and/A = 1.01 for xg,
pointing out that these are local (and global) optima.

The next target SNR |§’— = 7.216dB, for whichxg achievesCg = 2.25, i.e., we focus
on BICM with a rateR; = ® 0.75 encoder. The optimum 8-QAM is now a hexagon with a
circumference of, and two symbols on a circle with inner radigs= 0.19. The outer

radius follows from((3.4) as, = 1/ (4—r?)/3 ~ 1.15. Thus, the mapping vector is

X8,opt =TIo- (_Le_jg, ri/r07 elga _elg’ _e_jg’ _ri/r07j> ) (334)
and is shown in Figure 3.18(b). Again, the mapping possessesall minimum distance
(2-0.19 = 0.38), but this time the multiplicity is only one. This mappiaghieveg ~

2.300. It is remarkable that even a 7-QAM, which results fromtirsg r; = 0, outperforms
the standard 8-PSK Gray mapping, as it accomplisies- 2.291 at this target SNR. We
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Figure 3.18: 8-QAM mappings for maximum BICM capacity

can interpret this mapping either as a 7-QAM with non-ecqubpble symbols or as an 8-
QAM with equiprobable, but not all distinguishable symbalsder the first perception, we
observe that the six symbols at the vertices of the hexagouratith probability%, while

the innermost symbol (fusion o andxs from the original mapping in Figure 3.18(b))
appears Witf%. If the demapper interprets this mapping, however, as aadegr 8-QAM,

it exhibits an error-floor oR, = 1/24 ~ 0.042, as SNR approaches infinity. The reason is
that two &, andxg) out of eight symbols are decided wrong with 50%, affectimg out

of three bits. The symbols, andxg have the last two bits in common, namely 10. With
that we can compute the maximum BICM capacity of this 7-QAM witm-equiprobable
symbols as follows: with probabilitg, three bits are transmitted per channel usage, as the
equivocation diminishes to zero, while Wigh only two bits (10) can be transmitted reliably.
Thus,Camax = g -3+ % 2= 171 = 2.75, which is still larger than the baseline capacity of
2.25.

Finally, the very high code rate; = 0.999 results in a spectral efficiency pf=2.997. The
reference Gray mappings requires an SNR of’— = 15.810dB forCg = 1. FlgureﬁQ
shows the optimized mapping, whose vector IS given expliait the Appendix B.2.
constellation is quite close to the ones from Subsectior2 3vehere the SER was m|n|m|zed
for medium to high SNR. However, the small difference in F&8rl9 yields slightly better
results. We also depict the ideal hexagonal latiigg; from (3.22), but with a different
labeling, named quasi-Gray, because it is “Gray-like” favstnof its symbols. Note that
the hexagonal structure allows for pure Gray labeling ooy 84-QAM or higher order
QAMs, because the kissing number of the hexagonal lattise<isAlso the 8-QAM cross
constellation from Figure 3.6(b) does not allow for Grayeltg and was thus excluded as
a baseline mapping here.

The BICM capacities over a large range of SNR values are defditteéigure 3.20 for various
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mappings. If the mapping should achieve a fractRgr= 0.5 of the maximum capacity, then
8-PSK Gray mappingg is close to optimum, as can be seen in the left zoomed section.
The optimized mapping offers just a 0.05 dB gain. Note howetat we did not search for
mappings that achiewgg = 1.5 with minimumSNR, which would yield a larger gain, but
is difficult to optimize. Rather we determined the SNR, whichesessary for the standard
mappingXg to achieve this capacity, and then optimized mappings attiis SNR with
respect to maximum BICM capacity. The optimized mapping, thatesigned for a rate
R:. = 0.75 code, offers a 0.35 dB gain compared to xgemapping. As discussed above,
even a 7-QAM yields a larger BICM capacity theag, but approaches its smaller limit of 2.75
for increasing SNR. For a rather large target SNR valugizof: 15.810dB, the optimized
mapping performs slightly better than the quasi-Gray rrra?g)[&br the lattice of equilateral
trianglesxayri.

We conclude by comparing the 8-QAM candidates with respetité simulated BER after
optimum ML demapping, cf. Figure 3.21. For small SNR, the biaseGray mapping per-
forms almost identical to the optimized mapping, but is giimoum from abouta— 6dB

on. As already mentioned, the 7-QAM exhibits an error-flape 1/24, even for the noise-
free case, because the receiver mterprets this mapping &saey QAM with two overlap-
ping symbols. Note that even though@t 7.216dB, the BICM capacity of the 7-QAM
exceeds that ofg, its resulting BER is Iarger than that of the baseline mappligs contra-
dicts the prediction of (3.29), which holds under the Garssipproximation. However, the
overall distribution of extrinsit.-values for the 7-QAM violates this assumption to an even
greater extend than other mappings do. Obviously, the firsif lIsymbolsx, andxg of this
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Figure 3.20: BICM capacity for 8-QAM candidates

degraded 8-QAM, which cannot be detected even for infinit® Spelds a delta function
in the distribution at the origin. One might regard the déaction as the limit of a nor-
mal distribution, whose variance approaches zero, but@higssian distribution is just one
part of the overalL-value distribution. Thus, the pdf of extrindievalues does not possess
Gaussian-like shape. From approximately 10 dB on, gy for the very high code rate
and the quasi-Gray lattice of equilateral triangtgs; outperform all other candidates. For
small BER (below 10°), the optimized mapping offers a gain of 1.3 dB compared & th
8-PSK Gray mapping.

3.3.4 16-QAM for Maximum BICM Capacity

The baseline mappings for 16-QAM is depicted in Figure 2.7(b). Its symbol constétn
is given by the vertices of an orthogonal lattice, and itslddieling is Gray. For a BICM

capacity ofCg = R;- M, the required SNR |§— 5.280dB, wherR; = 0.5. The optimized
mapping for this target SNR can be seen |n Figure 3.22(a)saddfined as

X16.0pt= (- X, 0" X), (3.35)

wherex is the 8-PSK Gray mapping vector from (8.2). The inner radius= 0.501 and the

outer radius igy = /2 — ri2 ~ 1.323. While the reference mappimxg offersCg = 2, the
optimized mapping yield€g = 2.0274. Interestingly, the same constellation of concentric
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Figure 3.21: Simulated BER for 8-QAM candidates

circles maintains for the optimum mapping, if the target S|ISII5— = 9.309dB, for which
Xg achieves 0.75 of its maximum BICM capacity. However "the imaelius expands to
ri = 0.577, while the outer radius shrinks in returnrtp% 1 291F This mapping permits a
capacity ofCg = 3.026. For the previous SNR é{ﬁ 5.280dB, it results in a BICM capac-
ity, which is just 0044% smaller than the gIobaI optimum. Both mappings in Fig22(a)
possess a minimum Euclidean distance, which is determipedijacent symbols from the
inner circle, i.e.dmin = 2sin(71/8) - ri. Forr; = 0.501 andj = 0. 577 we havelyi, = 0.383
and 0.441, respectively. Both values are smaller tthap = \ﬁ) from xg, however, the
multiplicity is only eight, compared to 24 fots.

At this point, it is worth mentioning that concentric ringnsgellations have recently been
applied to investigate the channel capacity limits of fibptic transmission systems. There,
the constellation was deduced from the fact that a conceniry constellation with equal
number of symbols per ring can approximate the complex Gaushstribution, which is
known to maximize channel capacity over the linear AWGN cledfitil5, 116].

The optimized mapping for the very high code r&e= 0.999 is very close to the ideal
lattice of equilateral triangles with quasi-Gray labeliag can be seen in in Figure 3.22(b).
The explicit mapping vectoxse opt is given in the Appendix B.2. Compared to the reference

2\We note that this tendency does not allow for a rule of thurnbhsas, e.g., a larger target SNR yields
(3.35) with increasing;. Further optimizations at nearby SNR values resulted fieidifit constellations.
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Gray mapping, which requwe% = 17.660dB forCg = 3.996, X160pt Yields a very small
increase in BICM capacity (015%)

Figure 3.23 shows the BICM capacities of various 16-QAM maggpias a function of SNR.
It can be observed that each mapping performs best at iestt&MR. The baseline 16-QAM
Gray mappingxg is close to optimum for the whole range of depicted SNRs. Frboua
10.5 until 15 dB, it seems as Xg is the optimum mapping. However, we did not give
optimized mappings for SNRs in this interval. For high SNR, dlpémized mapping and
the quasi-Graxe i mapping achieve the highesg, followed by the baseline mapping.

The simulated BER for all 16-QAM candidates are plotted iruFég3.24. At =5.280dB,
the respective optlmlzed mapping has higher BER than botbdkeline mapplng and the

optimized mapping fora— 9.309dB, although it allows for high&Zs. This shows again
that the BER predlctloﬂ(TQQ) throud@ls is an approximation, which assumes Gaussian
L-value distributions. For all other target SNRs, maximDgreflects minimum BER. In the
enlarged section for large SNR values, it can be seen thaiptivaum mapping for the very
high code rate offers a 0.1 dB gain compared to the referefr@AM.

3.3.5 32-QAM for Maximum BICM Capacity
Let xg be the 32-QAM rectangular Gray mapping from Figure 3.12@gttingR. = 0.5,

a BICM capacity, which should equal the spectral efficieRgyM = 2.5, requires an SNR
2
of g—zz = 8.276dB. At this target SNR, the optimum 32-QAM is shown in Fg3:25(a).

70



2.0275 -
3572.0274 o Il
2.0273
2.0272
3, .}
‘ 3.996 ~=0
o _
J s
= 17.63 17.64 17.65 17.66
2.5+ -
— Xy opt R =05
2 Z Xy opt R 075
£ _
Xy opt Re = 0-999
o Xig i quasi-Gra
o ‘ -¢-16—-QAM Gray
= 4 6 8 16 18

Figure 3.23: BICM capacity for 16-QAM candidates

C I ]

1071; . =

i e ]

I 18% |

Lo 10_2510—0.81 N . ]

| 535 54 545 . |

153 —"16.0pt R =05 A _ i

o x R =0.75 10 TeelIoeo b ]

i 16,0pt "¢ SITieo \\§ .

| Xi6.0pt R.=0.999 JRREEEE ]

- 0 Xy 4 AUESI-Gra 10 -4 SRS (A |
- ~5-16-QAM Gray | | 9.35 9.4‘ 9.45 ?.5 |

6 8 10 oL 14 16

> 2
o~ /o [dB]
S n

Figure 3.24: Simulated BER for 16-QAM candidates

71



Similar to the optimized 16-QAM for this code rate, the maygpis composed of 8-PSK
Gray mappingx with different amplitude levels,

X320pt= (F1-X,r2-X,r3-X,r4-X), (3.36)

inwhichr; =0.4791r, =0.6159r3 = 1.2319 and4 = 1.3688. The difference between the
two innermost and two outermost radii is almost |deA§cih|s mapping yield€g = 2.77,
which is about 11% more than the capacityxgf Ignoring the small difference between
inner and outer radii, we find the minimum distang, =ro —r1 ~rs—rz ~ 0.137, which

is much smaller than\/f:04 ~ 0.392, which occurs admin in Xg with a multiplicity of 52,
whereas the multiplicity oflyi, for the optimized mapping is only 16.

Remarks on previous mapping vector:It should be noted that this highly structured 32-
QAM was found in the following way. First, the outputs of thptimization algorithm
were observed. The best mappings after several 10,008 waike examined and similarities
were extracted. However, most of these mappings possesgestiect symmetries, i.e., the
mapping was already close to (3.36), but some symbols valiglatly. It turned out that the
artificially “symmetrized” mapping (3.36) achieved a sligrhigher cost function than the
outputs of the algorithm, which were found until then. Thwe,conclude that the optimum
mapping would have been found by the algorithm, if even m@iésthad been passed.

A target SNR ofg—zz = 12.831dB yields 0.75 of the maximum BICM capacity fat. Here,
the optimum mapping turns out to be the 32-QAM cross mappirig quasi-Gray labeling
from Figure 3.12(a), allowing fo€g = 3.929. This is about 5% more than the respective
capacity of the baseline Gray mapping.

Finally, we consider the very high code rd®& = 0.999. The optimum mapping for the
corresponding target SNR @F = 21.686dB is exactly the ideal lattice of equilateral tri-
angles with quasi-Gray Iabellrvg;Ztr, and is depicted in Figure 3.25(b). The gainGs,
compared to the reference mapping is only abod®®. Note that both optimized mappings
for R. = 0.75 andR. = 0.999 do not fulfill Definition 2.1. Hence, at larger SNR, it is raor
important, that symbol errors are avoided, becausg; was also optimum at high SNR
with respect to SER, than the property that neigboring symbmlst not differ in more than
one bit.

We summarize all presented mappings in Figure 3.26, wherBi8M capacities over SNR
are presented. Note thad, opt for R; = 0.75 equals the 32-QAM cross mappirgp cro, and
X32,0pt fOr Re = 0.999 is the hexagonal lattiog, . It can be seen thag; ¢ro achieves higher
BICM capacities than the rectangular Gray mappiag= X32rec for all SNR values. Even
though its labeling is not exactly Gray, the mapping offel@rger minimum distance due to

a more compact symbol constellation. Notice that the reddtirge gains of the optimized
mappings irCg compared withxg can be explained by the fact that this Gray mapping does
not provide a good baseline capacity. Rather, the crossalaigin with quasi-Gray labeling

3|f we force this difference to be exactly the same, a slighthallerCg results.
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Figure 3.25: 32-QAM mappings for maximum BICM capacity

serves as a better reference mapping. For small SNR, theipptirmapping with symbols
on concentric circles, cf. (3.36), gives the high€st but from about 12 dB on, it suffers
from its small minimum distance and approaches the maximapaaty very slowly with

increasing SNR. If the SNR is larger than 18.42 dB, the hexddatire with quasi-Gray

labeling yields the largest BICM capacities, followed by tl2e@@AM cross mapping.

Figure 3.27 shows the simulated BER, which results after MLajgyng with hard decision.
Again, the highesCg does not necessarily result in minimum BER for low SNR. Here, th
32-QAM cross mapping is optimum, and also the baseline magpipas smaller BER than
X32,0pt for g—z; = 8.276dB. From about 18 dB ozt results in the smallest BER. At
R, = 102, the 32-QAM cross mapping offers a 1 dB gain compared to ttiangular Gray
mappingxs. The same gap was found for suboptimum ML demapping with the-log

approximation in [113].

3.3.6  Summary for Maximum BICM Capacity Mappings

In this section, we have proposed mappings that maximiz8k8&1 capacity for different
target SNRs. These SNR values were related to the BICM capamitg lof well-known
Gray mappings, such as 8-PSK. As we have pointed out, a stiaieg encoder must ensure
reliable transmission down to this SNR limit. Examples afgé channel codes are codes
on graphs, such as turbo and LDPC codes. In[117, 118], LDRIGranrelated class of ex-
tended irregular repeat-accumulate codes were presemtegéctral-efficient modulation,
which approach the BICM capacity by about 0.6 dB. Our optimizexpjpings, however,
achieve higher BICM capacities at these SNR limits, or in otands, allow the same spec-
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tral efficiency at a lower SNR. We have shown that gains in tdemof several tenths of a dB
are possible, if both the bit labelirapd the symbol constellation are optimized. These gains
come with no additional complexity, because a capacity@qgring receiver has to perform
optimum ML demapping anyway. Only if suboptimum max-log Méndapping is consid-
ered, which allows for detection by decision areds, the presented constellations possess
more complicated decision thresholds. A rule of thumb ferdaptimized constellations with
respect t@g is similar to the one which applies for minimum SER: For lar¢RSthe dom-
inant contribution comes from closest neighbors, suchttieminimum Euclidean distance
has to be maximized. This is fulfilled by the hexagonal latticappings. In this case, it is
not even required that the resulting mapping is exactly Gaagled. For medium-to-low
SNR, however, relatively small minimum distances occur & ¢iptimized mappings, but
also with a small multiplicity. In addition to the BICM capacitg, we have examined the
resulting BER after ML demapping, which we have relate@goHere, the gains in SNR are
even larger. For example, the optimized 8-QAM for a targeRSﬁ]g—g = 15.81dB allows

R, = 10-3 about 1.3 dB earlier than the typically employed 8-PSK Grapping.

Finally, we note that in [119], several well-known 8- and Q&M mappings are compared
with respect to their BICM capacities for different SNR valugdo optimization of the
mapping vectors was performed, such that the author coesjutiat, e.g., the 16-QAM
Gray mapping, which we have considered as the baseline mgpgthieves the maximum
capacity for all SNRs.

3.4 Mappings for Maximum Signal Set Capacity

While the BICM capacityCg relates to the starting point of the demapper’s transferazha
teristic Ty, the signal set capacitys is proportional to the area und&r. The capacityCs
assumes that the optimum receiver perfojaist demapping and decoding. Close to opti-
mum receivers operate iteratively, as in the BICM-ID scheme.have seen in Section 2.6
that capacity approaching BICM-ID requires a good match betweand the transfer char-
acteristic of the outer decod@s. The two main strategies for this goal are either to apply a
Gray mapping, for whicfy is almost flat together with a powerful outer decoder, forchhi

T, is almost a step-function, as discussed in Section 3.3, appdy an anti-Gray mapping
that exploits a priori information more effectively and ant@r decoder, whose transfer char-
acteristic matcheg,;. For this casel; has a steep gradient, and thus, the channel encoder can
be a simple convolutional code with small constraint lepgicause it3, curve possesses
the corresponding form [96]. In both cases, only the gradiéf; can be changed by differ-
ent bit labelings, not the area under this curve. In ordeifttthis curve to higher Mis for the
same SNR, it is necessary to change the symbol constellatich,thaCg increases. In this
section, we will optimize mappings that achieve maximunmalget capacitZs for a given
target SNR. ACs depends only on the symbol constellatidnthe optimized mappings are
described by the elements of the mapping vegtdout the order is irrelevant. Nevertheless,
the order, i.e., the bit labeling, matters for the shape @i, but will not be discussed here.
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With the notation from (3.30), the signal set capacity beesm

/Zp \x|l log, ( |)l>d (3.37)

re(C 11=0

Note thatCs > Cg, because the receiver is not constrained to perform APP pignonly
once as in case of a BICM receiver. Only for BPSK and QPSK Gray mgpphe transfer
characteristid; is exactly flat. As we have discussed in Subsection 2.1.3attex mapping
corresponds to two independent BPSK mappings — one on edobgortal QAM phase.
Thus, fed back a priori knowledge can not be exploited in aP ABmapper, resulting in a
constanfl; curve. All other mappings, Gray labeled or otherwise, idirce dependencies
among theM bits, which are mapped onto the two-dimensional consteflatiagram. From
this point of view, it is also clear that no more than two bits gymbol can be mapped
independently onto two-dimensional symbols.

The partial derivative of (3.37) is computed in the Appemdlig.1 as

0C 2 — X
;Xfx> =T / p(r\x|)'ragx' |092pé(’r)) dr. (3.38)
reC

In the following subsections, we presdniary QAM mappings that maximiz€s for L €
{8,16,32}. For eachL, we examine two different target SNR values: one, for whiuh t
baseline constellatiorg achieves a fraction dR; = 0.5 of its maximum signal set capac-
ity and the other one fdR. = 0.75. The BICM capacity approaches the signal set capacity
closely for large SNRs, as can be seen in Figure|[2.17. Hencdpwet optimize the map-
pings for concatenations with very high code rates, sucth@sdteR. = 0.999 from the
previous subsection. We can rather state that the (clodeet@gonal lattice constellations
for the high SNR domain are optimum also with respedt4o The baseline mappings are
as previously defined the 8-PSK and the 16-QAM from Figurelu7for 32-QAM, we will
focus on the cross constellation from Figure 3.12(a). As Wesee, the target SNRs for the
same code rate are always smaller than the respective atueshe previous subsection,
where we equateqd = Cg, rather thann = Cs. Stated differently, the same SNR yields
Cs > Cg.

3.4.1 8-QAM for Maximum Signal Set Capacity

The code rate oR. = 0.5 yields a spectral efficiency of = 1.5 bits per channel usage.
Equating the signal set capaciBg with n yields a target SNR of’— = 3.028dB for the
baseline 8-PSK mappings. The optimum 8-QAM mapping achlevé:ge, 1.555 for this
SNR. Its constellation equals that of the 7-QAM from (3.34hew the inner radius is zero,

Xg.0pt = \% (_j,e*i%,o,ei’—é,_é’—é,_e*i’é,o,j) , (3.39)
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and is depicted in Figure 3.28(a). To be precise, this cpards to an 8-QAM, in which two
symbols are identicaky, = xg = 0. If we would discard one of these symbols and comfdte
for this true 7-QAM, in which each symbols occurs with proih'ab%, the resultis onlCs =
1.536, but still larger than the capacity x§. Thus, the minimum distance &§ opt is zero
with multiplicity one. The second smallest distance is Zsif6) = 1 < % ~ 1.155, which
occurs between adjacent symbols from the outer circle. &leghe multiplicity is six. This
distance is much larger thal,, of Xg, which is 25ir(n/8) ~ 0.765. We can interpret this
optimum as follows: By sacrificing the symbal, which can not be discriminated anymore
from symbolxg, a larger spacing of all other symbols results, which ouweithe loss of
one symbol. It must also be considered that the signal setcdggs not coupled with a
certain bit labeling, contrary to the BICM capacity. Therefdwo identical symbols do not
necessarily yield a higher symbol error probability. Itetmeans that one symbab(= 0)
occurs twice as often as the other six symbols, located oautes circle. A scheme, which
approaches the signal set capacity, could encode the iafanmbits directly onto the seven
symbols, where the symbol in the origin appears twice asyliken the other hand, a true
7-QAM with equiprobable symbols would have one symbol indhigin and six on a circle

with radiusry = \/g ~ 1.08, which is smaller than the radius of the degraded 8-QAN wit
Xo = Xg = 0.
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1r 7 Nk Xg subopt R.= 0.74
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Figure 3.28: 8-QAM mappings for maximum signal set capacity

In Subsection 3.3.1, we have established a relation bet@gand the BER after ML demap-
ping. One might conjecture that the same is true aBigatind the SER after ML demapping,
which is also independent of a particular bit labeling. Wapdbve a possible connection be-
tween these two cost functions with the following countaraple: The optimized mapping

with respect to the SER z%é =3.028dB isxg 1 7from (3.20), i.e., the same vector, which

1



was already optimum ags— = 10dB. However, this mapping achieves oflly= 1.535 and
is therefore not optlmum with respect to the signal set dapac

Next, we examine the reference 8-P$Kfor a fraction ofRC = 0.75 of its maximum signal
set capacity. The mapping; achievesCs = 2.25 at GS = 7.180dB. Optimization at this
SNR yields the mappingg opt that is shown in Flguﬂe 3 28(b). Its mapping vector is listed
the Appendix B.3. It resembles the mapping from (3.34), witteir radiug; ~ 0.3, which
we have also shown in this figure. We denote this as the suboptisolutionXg subopt
Note however, that the six symbols of the optimum mappind Veitger magnitude are also
rotated compared t®g sunopt (ON average by about 10 The advantage ofg sunoptis its
closed-form mapping vector. For this target SNRgpt achieve<Cs = 2.404, andxg subopt
givesCgs = 2.401.

The signal set capacities over a large scale of SNR valuespiEtéd in Figure 3.29. In
addition to the optimum and the baseline 8-PSK mappings, ivethe results for the 8-
QAM cross constellatiomco. From 0 until about 5 dB, the mapping that we optimized for
R: = 0.5 achieves the highefls. ForCgs = 1.5, it requires 0.28 dB less than the 8-PSK
mapping. This baseline mapping is also outperformeddayfor all depicted SNRs. For
Cs =225, i.e., at 0.75 of the maximum capacity, 8-PSK needs ab&it @ more SNR
thanxcr, and even 0.8 dB more than the optimized mapping for this catde At high SNR,
the lattice of equilateral triangles i gives the largests, closely followed byxcro. As we
have discussed in Subsection 3.3.3, the mapping from (3:88¢h is an 8-QAM with two
identical symbols, offers at most a capacity of 2.75. Thusnfabout 10 dB on, it performs
worst among all presented mappings.

3.4.2 16-QAM for Maximum Signal Set Capacity

The regular 16-QAM mapping achiev€g =2 =05-M at =5.118dB. The optimum
mapping for this SNR is identical with the optimized mappwa@h respect taCg for R; =

0.5. Thus, equation (3.35) describeg opt, with rj = 0.501 andro = /2 — r2 1.323. The
respective signal set capacitydg = 2.057.

If we consider an SNR oi‘— 9.304 dB, the baseline mapping reaches 0.75 of its maximum
capacity. Figure 3.30 shows the optimized 16-QAM for thiged SNR, which achieves
Cs = 3.075. Its mapping vector is described by

XlG,Opt = (07 li-Xi,lo" XO) ’ (340)

where the inner radius r$= 0.575 and the outer i, = /16— 6r-2/3 ~ 1.248. One symbol

is in the origin, six are located an- x;, where thd-th element ok; is given by ex jZ"I
and the last nine symbols are located on the outer cigcle,. Here, thd-th element ok,

IS exp(j (%"I + q)o)), where the offset angle iy = 0.286~ 0.091- 1. In addition to this

78



3 1.55 ! 2 I PR = Ak =
" e
//;/ /9;[& ) Py ¢
1.54 : e
A -
1.53 P ’/;?,g( - sC S R R R
2.5~ 4 . LB H
152 S o e 2.999
2 7
7 / 79 &
1.51 A 2 904
15 ;7 fgf /‘/‘S,‘;/Q‘/ R A S
2- o 3.2 2997 e i
2 2.8 29 3 e’
70 -
o
* /8" 2.46 o 2.996
§) i~ e
23 it
/8" 2.44 2995 s s s o
15- , ] e = 15.985 15.99 15.995 16|
’ 2.42 : Ay
247
e - R 7X80pf Rc 05
]i/’ ; 2.38 Xsoprc 0.75 ||
‘ XS ,subopt Rc 0.79
236 X
72 73 74 715 D
' ‘ ' : --8-PSK
o X8,CI’0
0.5 L L L L L L T
0 2 4 6 62/0?[dB] 8 10 12 14 16

Figure 3.29: Signal set capacity for 8-QAM candidates

closed-form ofxy6 o, its detailed components can be found in the Appendix B.Zhdukl
be noted that the same remark as for the mapping in((3.36% hotdhis case.

In Figure 3.31, we show the signal set capacities over SNR 86eQAM candidates. It can
be seen that the regular 16-QAM mapping performs worst iitdB. For small-to-medium
SNR (until about 7.3 dB), the optimized mapping for applieatwith a rateR. = 0.5 code
yields the highesCgs, but the slope of its capacity curve flattens at larger SNRsthén
zoomed section in the middle, we can observe that the omthzapping folR. = 0.75
offersCs = 3 about 0.3 dB earlier than the baseline mapping. Finaleyhixagonal lattice
X161ri results in maximunCs for large SNR values.

3.4.3 32-QAM for Maximum Signal Set Capacity

We use the 32-QAM cross constellation as the baseline mgpgin= X3z cro. This mapping

achieves half of its maximum capacity %‘3 = 7.053dB. The optimized mapping, which
yieldsCs = 2.574 at this SNR, was found by “symmetrizing” the best outplite@computer
algorithm, such that the remark from (3.36) applies hem, tis constellation is depicted in
Figure 3.32(a) and can be described by

X320pt= (0,11}, —r1-j,r2-X2,13-X3,f4"Xa) . (3.41)
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The radii arer; = 0.05,r, = 0.6,r3 = 0.794, andry = <32— 9 <r§+ r%) — 2@) /11~
1.449. Each of the two vectorss andxs comprises nine symbols, where thth element of
X2 IS exp(j %’W) and forxs, an additional phase offset is included, E{)jp(%"l + ¢o>) , With
¢o = g. The remaining eleven symbols are located on the outeeaitfols, whose -th entry

is exp(j (?L—’lTI + ¢1)>, with ¢1 = %. The vectorxsy opt is also specified in the Appendix
B.3.
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Figure 3.32: 32-QAM mappings for maximum signal set capacity

At z—sz = 11.740dB, the reference mappirgy cro has reached 75% of its maximum capacity,
i.e.,nCs = 3.75. The optimum vector for this target SNR is shown in Figuig2) and
its coordinates are listed in the Appendix B.3. It allows fdrigher signal set capacity of
Cs = 3.83. Its mapping vector can not be related to a closed-formessgion, even though
its symbols possess some symmetric structures.

Figure 3.33 summarizes the signal set capacities of all A8 Qandidates over a large range
of SNR. As for the 8- and 16-QAM, each optimized mapping penfobest at its target SNR.
The optimized mapping fdR: = 0.5 achieves the best results for low SNR. At about 10 dB,
it falls behind the optimized mapping fé. = 0.75, and from 12 dB on, it performs worst
among all presented mappings, mostly due to its very smalimum Euclidean distance of
dmin = 0.05. However, folCs = 2.5, it offers 0.27 dB gain compared to the baseline mapping
X32cro- It is worth noting that the rectangular constellation ec Needs even 0.925 dB more
thanxasz cro to achieve this capacity (not shown). Fog = 3.75, the optimum mapping for
Rc = 0.75 allows about 0.25 dB gain comparedkd ¢ro. Finally, at high SNR, the hexagonal
lattice mappingszti yields maximunCs, followed closely byxss cro.

81



2.54

2.53
4.5~

2.51

22.992 22.994 22.996 22.998 23

3.75 : 6
y ——%35 opt R = 0.5
3.74 =

, - Xy opt Re7 078
2.5 / X I

/o 3.73 ! . | —+=732,tri

g 115 116 117 118 o X35 cr0

| | | | | | | |
8 10 12 1402/ 0% [dB]16 18 20 22
S

Figure 3.33: Signal set capacity for 32-QAM candidates

3.4.4 Summary for Maximum Signal Set Capacity Mappings

It is well known that the optimum symbol alphabet for an AWGNachel is continuous-
valued, and the pdf of the transmit symbols is Gaussian,arf.205.2.1. For discrete-valued
symbols, however, the optimum probabilities of occurrefarethe symbolsx, are deter-
mined by the Maxwell-Boltzmann distribution, which can be&enpreted as a “discretized”
Gaussian pdf [32]. As a result, symbols with smaller magtatushould be transmitted
more frequently than symbols with larger magnitudes. This loe achieved either by non-
equiprobable, but uniformly spaced symbols or by equipntdabut non-uniformly spaced
symbols. The ultimate gain that this so calkgnal shapingallows is ¢ £ 1.53dB per di-
mension [109]. However, this gain is somewhat unpractathieve, as the proof presumes
infinite SNR and further it holds only for the limit, that thember of dimensions and thus
the number of symbols goes to infinity. More realistic apphes for signal shaping were
presented, e.g., in [120, 121, 122, 123], which aim at apprating the probabilities of oc-
currence ok by a Gaussian distribution and are restrictet-ary ASK. As an example, the
shaping gain in [120] for a 4-ASK with respect to the signalcspacity is 0.07 dB. Apply-
ing this new constellation independently on both compasienorder to design a 16-QAM
would yield twice the gain, i.e., 0.14 dB. Other approacheactueve a shaping gain try to
minimize the transmit powe??, for a given number of symbols by means of dense packing
of the symbolsq [124]. In the two-dimensional plane, this reduces to thealgexal lattice
constellations, which we found to be optimal only for theth\NR regime.

In this section, we have tackled the maximization of sigredl Gapacity forL-ary QAM
mappingdirectly. We have shown that an optimized 8-QAM constellation yigldhaping
gain of 0.8 dB compared to the widely employed 8-PSK and ORZampared to the 8-
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QAM cross constellation d&s = 2.25. For 16-QAM, we presented gains of 0.3 dB and for
optimized 32-QAM mappings, 0.25 to 0.27 dB are possible istgagains.

3.5 Maximum Exploitation of Perfect A Priori Information

3.5.1 Closed-Form Expression ofg1(1)

In this section, we focus on BICM-ID, where an outer decodevipes the APP demapper
with a priori information, cf. Section 2.4. From the discessin Section 2.6, it is clear
that if the SNR is sufficiently high, such that the trajectoan tunnel through the gap of
both transfer characteristics, the error-floor is deteetiny the intersection of both curves.
The higher the rightmost point from the demapper’s trandfaracteristic in the EXIT chart,
i.e.,lg1(1), the closer this intersection comes to the desired uppbt cigrner of the EXIT
chart. A QAM mapping that maximizelg1(1) exploits perfect a priori information, i.e.,
a1 = 1, most efficiently, such that the resulting error-floor imimized [125]. We now
derive the computation df;(1), based on a closed-form expression of the pdf of extrinsic
L-valuesLgk m for the case of perfect a priori knowledge at the demappédr [26 do so,
we determine for this scenario the conditional pdf of exidg.-values, assuming that st
was transmitted, i.ep (E\ck,m = b) ,be {0,1}, with & = Lgxm. These pdfs are sufficient
to computdg1(1) according to/(2.81). Note that the quantities in the EXITrtheeaverage
Mis, such that the condition ip <E|ck7m = b) has to be interpreted asy event, in which
the bitb is transmitted. Thus, we have to average over all eventsielddieh was transmitted
over any bit positioom € {0,...,M —1}.

First, we derive this pdf under the condition that the reipedransmitted bit was a 1.
Averaging over all such possibilities yields

1N
p (E|Ck7m = 1> =M Z oM-1 Z p(E|XI1) . (3.42)
m=0 X, €X'

For eachx, € XT', we define its counterpart symbolgg, € X7, where the labels of, and
X, differ only in them-th bit label.

Example: ForM = 4 andm= 2, we consider;, € X", with |1 = 7. With our nomenclature
from (3.1), the corresponding bit labels are 0111. Its cepart symbol has bit labels 0101.
Hence X, is given by indeXgm = 5. |

In general, the relatiolym = |1 — 2M-1-m holds. Assume that, was transmitted and that
n= nr+jn is the particular noise realization of the channel, suchttiareceived sample
isr =x, +n. Now, we consider the extrinsic-value Lgyx n of the demapper, if a pri-
ori information is ideal and ik, was transmitted. From (2.53), we notice that all a priori
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probabilitiesPa k m, € {0,1},Vmy # m, if this feedback information is perfect. The corre-

sponding a priorL-values then take on the valugso. If we expand the fraction in (2.64) by
exp(ék[m] . LX k[m}> i . all addends in both numerator and denominator are forced to
’ &e=n"t(x

zero, except for the two caﬁdidabe; andx, .. We thus have

()

Lexkm=IN——7"7-4%. (3.43)
P (r X|07m)
Inserting the Gaussian conditional pdf from (2.36) we abtai
1 2 2
Lekm = —5 (‘r ~Xom| — |7 %] ) , (3.44)
Gn

and withr = x; +n, we get

1 2
Lexm = —2<x|1—x|0m+n‘ —\n|2>
03 :
B 1
= 2

2 2 * 2
+[n[*+2Req (X, — X, ) N* ¢ — (N
1

_ 2
— O'_r‘?‘ (dll,m+ 2 <X|17R — X|0_’m7R) R+ 2 (X|1J — X|0_m7|) n|) , (3.45)

Xll - XlO,m

where we have used the notation from (3.9) and introduceé&tivdidean distance between
the symbol, and its counterpas;, ., which differs in them-th bit label, ag, n, i.e.,

d|17m: X, _X|0,m . (3.46)

From the fact thabhr andn, are Gaussian i.i.d. with zero mean and variaa§¢2, follows
thatLg \ m is also Gaussian distributed. Thus, the pd€cf Lg x m, if X, was transmitted, is

exp ((Ezgél’m) )
p(&x,) = Voo (3.47)

where the respective mean and variance can readily be swar(3t45) to be

d? o2
T (3.48)
) 1)’ 2 o2 2 o?
Oiym = a_r% |4 <X|17R _Xlo,mR) ) +4 (X|1,| _X|o,m7|> "o
df: m

n
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In (3.48), we applied equation (2.27) with the normalizatif = 1 from Subsection 2.1.2.
Again, the mean value and the variance of thealue distribution are interconnected, as
we have already seen for the a pribfivalues in Section 2.6. We can interpret the result as
follows: For ideal a priori information, the demapper takeseach bitc, , only the two
possibilitiesx, andx, . into account, independent of the total number of symhol3his
corresponds to a BPSK with symbol distamiﬁlgn.

Inserting (3.47) into/ (3.42) yields the closed-form exgres for the distribution of.gy
for ideal a priori knowledge. To do so, we introduce a diseaspectrum similar to [23].
Consider all distinct Euclidean distances between symbiot plaat differ in one bit label
only and denote them agd, s< {1,...,Ng}, whereNy is the number of distinct distances.
Let Ws be the multiplicity of distancegs, such that

Ng
> We=m-2M1 (3.50)

s=1

Examples: For QPSK, perfect a priori knowledge means that one bit istixknown, while
the other is currently investigated by . Gray labeling has onliy = 1 distance, namely
the minimum Euclidean distance: g = 2/\/2, with multiplicity W1 = 4. However, anti-
Gray labeling offers another distance, N9= 2, dg 1 = 2/+/2 with W1 = 2 and Go=2
with W, = 2. This larger distance increases the reliability of the potaed extrinsid_-value
and thereby offers a high&#s(1). ]

With that, we can write the distribution ¢f= Lg \ , for perfect a priori knowledge as

(e-ae2/o?)’

o Pl T e
p(f\ckm = 1) - > Ws : (3.51)
’ M. 2M-1 2y/TE s/ On

It can be seen that the distribution results as a superpogfiGauss-functions, each having
mean and variance that depend on the §§Iand the Euclidean distance between symbols,
differing in one bit label. Hence, only if the distance spewt for perfect a priori information
reduces to one remaining entiNyg = 1, the overall distribution is Gaussian. This holds for
BPSK and QPSK Gray mapping. For all other cases, the trueldison is not Gaussian.

Examples: The extrinsicL-value distributions for the two QPSK mappings from the prev

ous example are depicted in Figure 3.34 ffigr = 1 at 032 = 4dB. It can be seen that the
simulated histogram measurements match the predlctedrmrfs(s 51). Only the QPSK
Gray mapping in Figure 3.34(a) yields a Gaussian pdf. Intaadiwe show the pdfs for the

16-QAM Gray and anti-Gray mapping from Figure 2.7(bg§t: 10dB. The corresponding

distance spectra are given in [23]. Observe, that the (Ilrmslsareaff)oo p(élcem=1) d¢,
which corresponds to the BER after a hard decision, is veryl $andhe anti-Gray labeling
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and that many large — and thus, reliallevalues appear. This bi&belingwas optimized
in [23] for the given 16-QAM constellatioH.
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Figure 3.34: ExtrinsicL-value distribution for perfect a priori information

Let us now examine the other condition, that the transmitiesvas a 0. From symmetry
considerations, we find

p (f’ck,m = 0) =p <_E‘Ck,m = l) )

This can easily be seen from (3.43), where inverting thetifvsacor negating the.-value,
respectively, yields the desired expression, while albfeing derivations are equivalent.

Inserting (3.52) inta (2.81), and using the short hand fmtat (—&|1) = p (—E|ck7m = 1),
yields after some manipulations

lex(l) = %/ p(—¢[1) 1—Iogz<1+&>

EeR
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(3.52)



+p(&[1) {1Iogz (1+ %) } }df

= 1- / p(&|1)log, <1+w> dé, (3.53)

o p(&1)

where the preceding 1 comes from the law of total probabikyrther, we have combined
both addends, because they are identical, which can easigdn after substitutingé with

¢’

3.5.2 Mappings for Maximum lg4(1)

We derive the partial derivative df;(1) with respect tog in the Appendix A.4 and find

dlea(l) . (=€), P(1)-e*—p(=¢Y)
ox /Q(E) 108; (H p(&[1) )+|n(2).<p(51)+p(f1)) 1. (354

EeR

The functionQ(&) denotes the partial derivative pf(E |1) with respect tog, and is

2
M—1 2 2 _
§%— UE =20, ¢ — Hipm
m=0 I"l|27m vV le,m I"l|2,m
with the constant factor .
Qo= (M oML 7 oﬁ) (3.56)

and the symbokl(m), which is obtained fronx, by inverting them-th bit label yy% (x ). Its

index{ is determined by
x™ = x, with g =1424-1-m. [1— 2. p-1(x )} . (3.57)

The mean values in (3.55) are computed as
2
|

Ulz,m - (358)

Og

Itis clear from|(3.42), that the cost functidn=1g1(1) depends on both the symbol constella-
tion and the bit labeling. Intuitively, it should be expeattbat a mapping, which maximizes
le1(1), is diametrically opposed to a Gray mapping. Despite théaraaitical complexity of
the gradientllgs(1), the original optimization algorithm from Subsection 2.tonverges
rather fast to the global optima. It turns out that the optimmappingxopt is independent of
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Figure 3.35: Mapping for maximumig1(1)

the SNR and has the same structure for all ordiérsone half of the symbolg; from Xqpt,
whose bit labels exhibit even Hamming we@hare colocated at1 and will be denoted
as the groug o. The remaining symbols, whose labels possess odd Hammiigiptyare

all placed at+1 and are denoted &g. Figure 3.35 shows such an optimum mapping. This
mapping is justified, because the symbols in each groupr diffat least two bits and hence,
perfect a priori knowledge of all othé — 1 bits allows the bit under consideration|in (2.64)
to be estimated most likely. The demapper only has to de@teden the two groups, which
are separated with maximum Euclidean distance, bearingnd that the power constraint
(3.4) has to be fulfilled. The maximum value fly1(1), which can be achieved through
mappingXoept, can be computed as follows: First, we note that all Euchdgiatances from
(3.46) are the same, namely 2. The standard deviation foGthessian distribution of ex-
trinsic L-values is with[(3.49) 2/5%2 Thus,Xept results inlgy (1) = J <2\/§%:? From our
remark in Subsection 3.3.1, we conclude that this is exalolyBICM or signal set) capacity
of BPSK signaling at an SNR cﬁ% Thus, we obtain for an arbitrary mapping at any given

Ol

SNRg—Sz the upper boun® onlgi(1) as

(1) <Y=1J (2&5) —Cs (x: (—1,+1),0—52>. (3.59)
On 0%

Nevertheless, the optimized mappixg is obviously unpractical, as it prevents the iterative
exchange of extrinsic information to get started. This imdestrated by the example in
Figure 3.36. We have plotted the same transfer charaatsrist the outer decoder and for
the 16-QAM anti-Gray mapping from Figure 2.7(b)%t: 3dB, which we have already
depicted in Figure 2.18. In addition, we show the transfaratteristic of the 16-QAM,
which is optimized with respect tix1(1), also at 3 dB. In this degraded mapping, eight
symbols with even Hamming weight labels are located &t the other eight at-1. While
the regular 16-QAM anti-Gray mapping requires slightly emthhan 3 dB to allow for an
open tunnel between inner and outer transfer charactgtisé starting pointtz1(0) of Xopt is
almost zero and suppresses further iterative decodinge fodziselg1(0) = 9.7-10~7 from
simulation andg1(0) = 7.6- 10~/ from equation (2.83). The ending pointlig(1) = 0.9905
from simulation andg1(1) = Y = 0.9904 from equation (3.59).

4The Hamming weight is defined as the Hamming distance to treeed word.
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3.5.3 Summary for Maximum Ig1(1) Mappings

We have derived a closed-form expression for the pdf of esiciL-values, if the demapper
is provided with perfect a priori knowledge. This allows fast computation ofg1(1) by a
one-dimensional integral, cf. (3.53). Another approachiide the straightforward appli-
cation of the MI formula/(2.69), and considering reducedsstb of symbols, which differ
in one bit label only [23]. This however includes integratmver the two-dimensional plane
of complex numbers. We have related the pdf of extrihsi@lues to the SNR and the dis-
tance spectrum of the mapping. No strict rule can be forredlfrom neither the arithmetic,
geometric, nor harmonic mean of (squared) Euclidean diss&anBesides some exceptions
that we observed (not shown here), a rule of thumb suggestsitlarge average Euclidean
distance yields largg1(1). Our calculation of the extrinsic-value distribution for error-
free a priori information has shown that only BPSK and QPSKyGnappings fulfill the
Gaussian assumption. In [126], the extrinktgalue distribution is examined for 16-QAM
Gray mapping, if no a priori information is available, andhe ML demapper applies the
max-log approximation. Also in this case, the pdf diffeienfra Gaussian distribution. Fur-
ther, we have proposed mappings that utilize perfect aigritormation at the demapper
most efficiently and thereby maximide;(1). All such mappings foM > 1 exhibit two
groups of indistinguishable symbols, in which the Hammiregght of the bit labels is either
even or odd. Based on this extreme mapping, (3.59) gives aer lygpind orlg1(1) for any
mapping. However, the optimized mapping is not suited feraitive demapping, because
the MI for no a priori knowledgelg1(0), is close to zero. Thus, we will investigate in the
next section a tradeoff between no and perfect a priori kadge.
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3.6 Tradeoff between No and Perfect A Priori Knowledge

For a BICM-ID scheme, it is necessary that the demapper canieggriori knowledge that

it receives from the outer decoder. An anti-Gray mappingi@&ssthis condition, because it
introduces dependencies among kebits, which are mapped onto one QAM symbol. In
its most pronounced form, such an anti-Gray mapping cadiaps two groups of indistin-
guishable symbols, as we have seen in Figure 3.35. On theluthe, the demapper must
provide the outer decoder with reliable extrinsic inforimat even for no or only unreliable
a priori information at its input. Thus, a compromise betw#ee two extreme cases of no
and of perfect a priori information must be found. In thistg®at we examine mappings that
maximize the following cost function

f=aw-lei(1)+(1—aw) (1-Ry), (3.60)

whereR, is the BER from the union bound of (3/28) aag € [0,1] is a weighting factor
to balance between the two contradicting goals:agr= 0, the mapping is optimized, such
that B, is minimized, if no a priori information is available, andrfay = 1, the mapping
allows for maximum exploitation of perfect a priori inforti@n. For every other weighting
factor in between these two borders, a compromise is to baedfolote that forayy = 0O,
we have chosen to minimize the BER for a suboptimum max-log Minapper, instead
of directly maximizing the starting valug(0) = Cg/M in the EXIT chart. The reason is
the tremendous mathematical complexity — and thus the twaaputation time of the
optimization algorithm, if the gradients of the BICM capadidy31) and ofg;1(1), cf. (3.54)
until (3.58), have to be calculated. As we have shown in Stilise3.3.1, the BER from
max-log ML demapping differs only slightly from the BER of apum demapping, and
the latter was related tig:1(0) in (2.82). The gradient df, from (3.28) allows much faster
computation and is obtained directly from (3.17) by inatunsof the factor ¢ (xll,x|) /M for
each addend.

3.6.1 16-QAM Tradeoff Mappings

We will now examine optimum mappings for different weiglgtifactorsay, and will con-
centrate on 16-QAM. Other examples were investigated i,[182, 26]. Further, we restrict
ourselves on an outer encoder of rRte= % with two memory elements and generator poly-
nomials (04,07) and a target SNR %‘ = 6dB. Even though the signal set capacity of the
regular 16-QAM achieves 0.5 of its maximum capacit)'ﬁ—;at: (5.118—10-log;((2)) dB ~
2.11dB, as we have shown in Subsection 3.4.2, we decided foarterltarget SNR, because
the union bound on the BER (3.28) yields unrealistic largaeesk> 1) otherwise.

The optimum mapping foayw = 0 is shown in Figure 3.37(a) and resembles the regular
16-QAM Gray mapping from Figure 2.7(b). Adjacent symbol§ediin one bit only, but
are no longer located exactly on an orthogonal grid. Noté ﬁnéa: 6dB corresponds to
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GS = 9.01dB, which is close to the target SNR with respect to the BIClac#y for rate
RC 0.75, which was about 9.3 dB, cf. Subsection 3.4.2. There, we Bhewn that the
mapping, which maximizek:1(0), has |ts symbols located on two circles. However, this

mapping results in a union bound BERagt_ 9.01dB ofR, = 0.1398, while the optimized
mapping in Figure 3.37(a) achievBs= 0. 1277.

Increasingay until 0.4 alters the optimum mapping only on a small scale, but fegyn=

0.5 on, the optimum is no longer Gray labeled. As can be seen Figure| 3.37(b), the
symbols that belong to grougg and "1 are already separated spatially in the complex
plane foray = 0.5. If ay is further increased, the symbols of the two groups moveeclos
together, as shown in Figure 3.37(c) fay, = 0.95. The tendency towards the extreme
mapping from the previous section is visualized in Figu83where the emphasis in the
cost function is put more and more b1(1). It can be observed that each half of the symbols
will finally merge at+1 for ay = 1. Foray > 0.6, the gradient algorithm only converges
towards the global optimum, if in the initial mappimg, the symbol groups with even and
odd Hamming weight were already located in separate areasm®st initial conditions,
suboptimal mappings (local, but no global optima) were thun which the two groups are
located on two concentric ellipses. dfy = 0.8, the ellipses degenerate into circles, with

inner radiusr; = 0.59 and the outer radius ig = /2 — ri2 ~ 1.29, see Figure 3.37(d). All
mapping vectors, except those from Figure 3.38, can be foutiek Appendix B.4. Finally,
we note that optimized mappings for a different target SNR/ \aly slightly from the

presented ones for 6 dB.

The simulated BER of various 16-QAM candidates for BICM-1D wathiterations is plotted
in Figure 3.39. Note that only around each turbo-cliff, sadlarge number of iterations is
necessary, while for higher SNR, only 10 to 15 iterations aeded. Further, we have
applied a pseudo-random interleaver of a rather large d€pth= 9.6- 10%, to achieve a
pronounced turbo-cliff. The optimized mapping fag, = O performs slightly better than
the regular 16-QAM Gray mapping. After the first pass throtighdemapper, the BER of
these two mappings is smaller than the BER of mappings witetawveighting factors, but
further iterations do not improve the BER. We have also degittie BER for the 16-QAM
mapping, which was optimized with respect to the BICM capdoitya code rate oR. = 0.5,
cf. Figure 3.22(a). The demapper in our receiver perforntisrapn ML demapping, without
the max-log approximation. Thus, the mapping, which wasntiped with respect t&€g
gives a better BER than the mapping & = 0, which aims at minimizing the BER after
max-log ML demapping. All other mappings in Figure 3.39 aesigned to exploit a priori
information. The baseline is set by the optimized anti-Gedoeling for a regular 16-QAM
constellation [23], which has its turbo-cliff % = 3.2dB. To the best of our knowledge,
this is the preeminent BICM-ID scheme for a spectral efficieocyy = 2. It outperforms
a regular 16-QAM Gray mapping in combination with a classR@C turbo code by 1 dB
[128]. It can be observed that increasimg yields a lower error-floor, but shifts the turbo-
cliff position to higher SNR. With optimized mappings fay > O.&, the error-floor is

5The optimized mapping faay = 0.9 was not shown in Figufe 3.37, but is specified in the AppeBdix
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Figure 3.37: Optimized 16-QAM mappings for different weighting factesg
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Figure 3.39: BER after iterative demapping for 16-QAM candidates

below that from the baseline mapping. The suboptimal mapfonay = 0.8 outperforms
the reference mapping in both requirements, i.e., the taliffas about 0.2 dB earlier and the
error-floor finally is lower. As the constellation of this npapg is similar to the optimized
constellationxopt With respect to the signal set capacity for a code rat&of 0.5, cf.
Subsection 3.4.2, which differs only in the ratio of innerawter radii, we adopt the bit
labeling from Figure 3.37(d) teopt. This lowers the turbo-cliff position even further to
E—g = 2.9dB, which is only about 0.79 dB away from the SNR limit fox = 2. However,
the error-floor is slightly lifted.

We end this chapter by examining the previous mappings, iwivere optimized for the
non-fading AWGN channel, if the channel is substituted bygdiency flat Rayleigh fading,
see Subsection 2.2.2. In [23], a bit labeling function watinoged for the regular 16-QAM
constellation, such that the Chernoff bound for PEP is minéaifor the Rayleigh channel.
However, simulation results therein have shown that the BE#®R #erative demapping of
this mapping differs only marginally from the optimized npapy for the AWGN channel.
Hence, we maintain as a baseline the same anti-Gray mapgifay the AWGN channel.
Further, the same convolutional encoder is applied. Thaltseare shown in Figure 3.40,
where the number of iterations was reduced to 20. This isusecthe iterative process
converges earlier for this setting. It can be observed ti@antappings perform relative to
each other in a similar manner as for the AWGN channel, i.ereasingay yields lower
error-floors, at the cost of a later turbo-cliff position. | Alrbo-cliffs are shifted to higher
values (about 1.5 dB) and the error-floors are lifted (aboetander of magnitude). Again,
the mapping, which was optimized with respect to the sigealcapacity for the AWGN
channel and foR; = 0.5, achieves a good tradeoff between an early turbo-clifb@al®.2
dB gain compared to the baseline mapping) and low error-{elayhtly higher than that of
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Figure 3.40: BER after iterative demapping for 16-QAM candidates over
Rayleigh fading channel

the baseline mapping). It is worth noting that this mappieggrms well also on a MIMO
channel with iterative demapping, see Subsection 4.1.45)f [

3.6.2 Summary for Tradeoff Mappings

In this section, we have combined knowledge of previousnaigttion targets for QAM
mappings. We have seen that Gray-like mappings achieventaflest BER compared to
other mappings at low SNR as well as for non-iterative ressivbut they can not exploit a
priori information from an outer decoder. Hence, this dexxduhs to be capable to further
reduce the BER down to acceptable values for a certain afiplcalhis is typically speci-
fied by the quality of service (QoS) requirement. One examleld be the application of
an outer turbo code together with a mapping, which is opthizith respect to the BICM
capacity. This way, the demapper provides the turbo decwsitlethe most reliable extrinsic
information. Another approach is BICM-ID, in which a ratherakeouter decoder feeds
back extrinsic information to the demapper, which in turegito exploit this additional in-
formation most efficiently. From Section 3.5, it became cteéat the emphasis in mapping
optimization must not be put fully on maximum exploitatiohperfect a priori knowledge,
but that rather a compromise has to be found. Hence, we pedpb8-QAM mappings,
which allow for an early turbo-clifand achieve low error-floors. Depending on a weighting
factoray, one of these two goals is traded more against the other.ciadlyehe local op-
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timum mapping foray = 0.8, which resembled the mapping that achieves maximum signal
set capacity, allowed for capacity approaching perforraamith an error-floor below 1@

and outperforms the best regular 16-QAM anti-Gray mappuigesie by 0.3 dB. Finally,

we applied the proposed mappings on a Rayleigh fading chaemeh though they were
optimized for the non-fading AWGN channel. The resulting BERaterative demapping
has shown that the mappings perform well, also if the undeglghannel model is changed.
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Chapter 4

Multidimensional Mappings for lterative
MIMO Detection

In the last chapter, we proposed mappings, which were opgidnior various cost functions
over a single input single output (SISO) channel. For the BIMcheme, where a receiver
performs iterations over the demapper and the outer decmdenvestigated anti-Gray map-
pings that can lower the error-floor. Recall that a QAM mappogesponds to a bijective
assignment oM bits to a symbok; in the two-dimensional complex plane. MIMO schemes
allow for additional degrees of freedom, namely in the spatimensions. So called mul-
tidimensional mapping (MdM) was first introduced in [1290].3The design target was to
exploit perfect a priori knowledge most effectively at théNMD demapper. However, in
[129], the optimization target was restricted to the madslli PEP. As a result, MdMs were
proposed that maximize the minimum Euclidean distance é&tvwsymbol vectors, which
differ in one bit. All other PEPs were neglected. Thus, thespnted MdMs perform worse
than the MdMs, which we will propose in Section 4.3. [In [13@}, the other hand, the de-
sign goal was the same as in our approach, but only a brute-B@arch optimization was
executed.

We begin this chapter with the delineation of the underl\sggtem model. In Section 4.2,
we derive an effective description of MdMs based on blockecgenerator matrices. Using
the EXIT chart and a bound on PEP for BICM-ID, we propose in $acti.3 optimized
MdMs for several antenna configurations, which allow fongmission with minimal error-
floor and turbo-cliff positions close to capacity limit. Thesults were published in [27].

4.1 System Model for Multidimensional MIMO Mappings

The transmitter in Figure 4.1 is a combination of BICM (see ®ec2.4) with multiple
transmit antennas (see Subsection 2.2.3). It consists ahdom bit source with output
sequencé,. These information bits are first convolutionally encodgdab outer encoder
of rateR;, then randomly bit-interleaved with an interleaving deth. We will maintain
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the rateR; = % recursive systematic convolutional code with generatyrmomials (04, 07)
from the previous chapter, as well as the interleaving deptN;,; = 9.6- 10*. At each
discrete-time instande the input to the multidimensional mapper is a row vectomwhich
consists of\{M bits. An MdM is defined by the relatiog, = u(cy), wherepu(.) is now
generalized as the multidimensional mapping function. Bloek diagram for the iterative
MIMO receiver (not shown) is similar to Figure 2.15, excdptttthe APP demapper receives
the vectorry from theN; receive antennas and operates according to (2.65). Ndtéhika
corresponds to optimal vectorwise APP demapping.

bit rateRe interleaver _ Sc1
source multi-
< > bk | outer | Sk Ck |dimensional -
encodey I_I mapping | .
(MdMm) SN

Figure 4.1: MIMO transmitter with multidimensional mapper

Let us first recall conventional mappings for spatial migtymng MIMO systems, as, e.g.,
in the V-BLAST architecture. For this special case of MdM® toncatenation of a QAM
mapper with a serial-to-parallel conversion correspondhé MdM functions, = p(cy), as
we have seen in Figure 2.9. We will call this symbolwise magpbecause each transmit
symbol is obtained by assignirlg bits of ¢ to s¢;, i € {1,...,Nt}, independently of all
other symbols. The real and imaginary parsgfare obtained by the two-dimensional (2d)
QAM mapping function, which we will further denote as4(.). We can thus write the
transmit vector, similar to (2.40), as

&= (SK151<|SI<Nt> = p(c) = (UZd(Ck,l)»---7I12d(Ck7i)a---7U2d(ck,Nt))- (4.1)

A linear MIMO detector applies zero forcing (ZF) or minimuneem squared errar (MMSE)
equalization, followed by symbolwise APP demapping. Vagise APP demapping is also
applicable and is known to be the optimal detection scher@g [Mow, let us examine an
example for MdM.

Example: We definepizq(.) to be the BPSK mapping function from Figure 2.6(a). Although
BPSK is a one-dimensional mapping, we keep the notatigf). For each transmit antenna
i€ {1,...,N¢}, one bitcei = cxj o is mapped according taq(Cx o) = 2- Ckjo— 1, if con-
ventional symbolwise mapping is used. An MdM now generalizenapping by allowing
for any one-to-one correspondence from the total bit vegtéo symbol vectois, = p1(Cy).
However, we restrict ourselves to the case, where all sysrsplare drawn from the same
alphabetX. Further, we will only consider standard constellationsshsas QPSK and the
regular 16-QAM, with symbols located on an orthogonal gBg.restriction to a fixed con-
stellation, we might call the functiop a mapping, whereas its strict definition is only with
respect to the bit labeling. Table 4.1 shows an MdMNp« 2 transmit antennas and BPSK
symbolsM = 1.
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Table 4.1: Example for MdM:N; = 2 transmit antennas and BPSW,= 1

Ck1 | Ck2 || Sk1 | 2 || U
-1] -1
+1| +1
+1| -1

-1|+1

1 | Uk2

= O = O|X
= Pk O OX
O = O|F

K,
0
1
0
1

The multidimensional mapper uses the look-up table to atkg;M input bitscy, combined
to a transmit symbolectors,. For examples = u ((l, 0)) = (+1,41). Thus, linear ZF
or MMSE detection is not possible anymore, because thertiaisymbolss; can not be
treated independently. Therefore, the right hand side .4 @oes not apply anymore, i.e.,
the mapping can not be decoupled. |

In general, the look-up table consists 0" rows. For smalM andN;, the table is still
manageable. However, for larght andN;, its size gets very large, e.g., fM = 2 and

N; = 4, the table would have 256 rows. We thus derive an altemalkdscription of MdM

in the following section. Note that optimization of MdMs byube-force search is literally
intractable, since there exi&@™M)! different possibilities to define the look-up table. With
M = 2 andN; = 4, there are about 2 different look-up tables. In [130], a random search
was performed for this setting overss 10° different MdMs, which is not enough compared
to the total number of possible MdMs.

4.2 Generation of MdM

In many cases, an MdM can be described by

S = HU(ck) = (sz(uk,l), -5 M2d(Ukii), - - - sz(uk,M)> : (4.2)
in whichuy; areM-dimensional subvectors
Uki = (Uk,i,07 : --;Uk,i,my---auk,i,Mfl) (4.3)
of an encoded vector of lengttyM, which is obtained by
Uk = (Uk71,...,Uk’i,...,UKNt) = Ck-G. (4.4)

Comparison with[(2.44) shows thaf is the result of linear block encoding witB. The
generator matrix is square, non-singular and of dimenshyV. Additions and multiplica-
tions in (4.4) have to be performed in the Galois field GF(2pnf (4.2), we observe that an
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Figure 4.2: Reference mappings for 16-QAM: Gray mapppag(.) and modified
mappingusy(.) (with changes in brackets)

MdM can be constructed by applying conventional symbolwisgpingpq(.) to the block
coded bitauk. For the example in Table 4.1, we find

o=} o). @

The subindex “2” ofG, indicates its dimensionality. For higher dimensioNgM > 2), it
is not always possible to describe any MdM by a linear precaden (4.4). However, all
optimized MdMs presented in Section 4.3 allow this desiiptin Table 4.1, the coded bits
uk are also listed in the two rightmost columns.

H24(.) can thus be regarded as a two-dimensional reference mappimich produces the
MdM after precoding withG. For the rest of this chapter, we define the following refeeen
mappings: IfM = 1, we use the previous BPSK definition Nf = 2, we letpipq4(.) be the
QPSK Gray mapping from Figure 2.6(b). Further, we will exaeil = 4, for which we
will make use of two different reference mappings shown gukeé 4.2. One is the 16-QAM
Gray mapping from Figure 2.7(b) and will be denoteduag.). If we swap two times two
symbols as indicated by the arrows in Figure| 4.2, we obtairodified mappingisy(.),
which is per Definition 2.1 not a Gray mapping anymore.

Figure 4.3 depicts an alternative transmitter compareddarg/ 4.1 for MdM generation,
using equations (4.2) until (4.4). Multiplication of thepiat bits ¢ with generator matrix
G corresponds to linear block precoding with code RRte= 1. The block encoded bitg
are input to a conventional V-BLAST transmitter, whevebits are assigned to complex,
i.e., two-dimensional symbols. Finally, these symbolssamal-to-parallel converted before
transmission over thi; antennas, similar to Figure 2.9.
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Figure 4.3: Alternative scheme for MdM transmission

At this point, it is worth mentioning that also mappings fosiagle-antenna transmitter
(Nt = 1) can be described by a reference mappipg.) and an MdM table. With properly
definedpxq(.), the linear precoder with generator matrix notation can sedwas well. As
an example, it can easily be verified that the QPSK anti-Gragpimg corresponds to block
encoding withG; in (4.5), followed by QPSK Gray mapping. This idea will be l@d up
again in Chapter 5.

Finally, we introduce a short hand notation that will sinfipthe description of the generator
matricesG. Let 1 be a column vector of dimensidM, where all entries are 1. With the
notation from Subsection 3.1.1, we can write- 1{,1,\,'. Further, letg, i € {1,...,N\M}, be
thei-th inverted unit column vecl@)lof dimension\;M, i.e., a vector, with all entries equal to
1, except the-th position, where there is a 0. Theéby in (4.5) can be written a6, = (1&).

4.3 Design Criteria and MdM Optimization

Optimization of MdMs can be considered for two applicatiofisst, if the receiver does not
perform iterative demapping, i.e., the demapper is not Iseghpvith a priori knowledge, it
is obvious that the optimum MdM is conventional symbolwiseysmapping. Hence, the
generator matriXG is the identity matrix and the mapping functiopg(.) as defined in the
previous section are used. Note that an identity matrix i®m@singular matrix with the
maximum number of 0 entries, which means that the amount@fdoced dependencies by
the precoder is minimal (nonexistent).

Secondly, a receiver, which iterates over demapper and datmder, may utilize a priori
information at the demapper. As in Section|3.5, we focus encise of perfect a priori
information. This means that the outer decoder providefepeknowledge about all bits,
except the bity , under consideration in (2.65). Utilizing this knowledge shefficiently
corresponds to maximizing the Ni1(1) in the EXIT chart. From the last chapter, it is clear
that the higheig1(1), the closer the intersection of the transfer charactesidielonging to
the demapper and the outer decoder comes to the desired nigiptecorner of the EXIT
chart. Thereby, the error-floor after iterative demappmdpwered. Another approach to

11 and® are the only exceptions to our conventions that vectorsraated asow vectors.
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reduce the error-floor is to minimize the average PEP forgoed priori knowledge at the
demapper. It was shown in [33, 92] that for Rayleigh fadingneied coefficients and high
SNR, this PEP is monotonically decreasing with the harmomiandy, of squared Euclidean
distances of symbol vectors, which differ in one bit labdloithe harmonic mean is defined

as
-1
NeM —1 ‘2

1
Dh=| i gwid 2o o )X

P=0 xeXP

) (4.6)

where symbokl(p) is the counterpart symbol vector xf, which has a 0 as the-th bit label,
but all other labels are identical to those fram Similar to (3.57), we can write

P = x, with ¢ =1 —2MM-1-p, (4.7)

The second summation in (4.6) is with respect to 21 symbol vectors fronX, whose
p-th bitlabel is 1. The seX and its subsetXf are as defined for equation (2.65). An optimal
MdM for iterative detection should now have maximiDp.

4.3.1 MdM with BPSK and QPSK

The following theorem states optimality for MdMs with BPSKdaQPSK as the underlying
two-dimensional mapping for the case of perfect a priorividealge.

Theorem 4.1 For BPSK and QPSK, i.e., M {1,2}, and an arbitrary number of transmit
antennas i Dy, is maximized, if a generator matrix of the form

Gnv = (186 ... &ywm) (4.8)

is applied, followed by the two-dimensional mappjng(.), as defined in the previous sec-
tion. The maximum harmonic mean for this MdM is

4 (NM)? 1 4ER: (NM)?
M NM+1 N NM+1

Dh,max: (4-9)

Proof: Define the shortest squared Euclidean distance betweenistuactl symbol vectors
asd. ForM =1, 6 = 2% = 4, while forM =2, § = <2/\/§)2 = 2, thus for both cases,
we haved = 4/M. Each bit ofuy is mapped to an independent dimension — be ithe
spatial dimensions, iM = 1 or in addition the two orthogonal dimensions of the in- and
guadrature-phase component, if QPSK is applied. It follthvas$ two block code words with

a Hamming distance dfbits are mapped to symbol vectors with squared Euclidedartdis

|- d. Itis therefore sufficient to maximize the harmonic mean afttining distances of code
word pairsug, belonging to input vectors,, which differ in one bit. Denote these Hamming
distances between the corresponding code word as € {0,...,NM - 2¥M-1_ 11 For
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the moment, we neglect the two facts that code words have thstiect and that thel ;
have to be discrete-valued. We only restdgt; to be positive and upper bounded M.
Obviously, the harmonic mean isLaconvex function of thely ; and thus is maximal at its
boundary, i.e., if aldyj = NtM. Since this is not allowed for a one-to-one correspondence
betweency anduyg (all entries ofG would be 1 in this case, thus would be a singular
matrix), we decrease as mady; as necessary to allow for unique encoding. This would be
the case, if the inversion of theth bit label as in/(4.7) for all but one bit positiopsin the
input vectorss, would yielddy i = NeM — 1, while one inversion, e.g., of the first bit, would
result indy j = Nt{M. This can be achieved by a linear block code with the genenaadrix
defined in/(4.8).

Hence, we have™~1 times the Hamming distanadyj = N\\M and 2M-1. (NM — 1)
timesdyj = NeM — 1. The harmonic mean of these values eq@id)?/(NeM + 1). Mul-
tiplication with 9 yields (4.9), and the right hand side thereof follows fron#@. O

4.3.2 MdM with 16-QAM

For the regular 16-QAM constellation in Figure 4.2, the sbstrsquared Euclidean distance

between two distinct symbol vectors ds—= <\/_0 = % However, it is not possible any-
more to state that code words differinglibits are mapped to symbol vectors with squared
Euclidean distanck- 4. This is because four bits may be assigned to one antennatlaes i
conventional symbolwise mappings, and are thus mappedlyotwa dimensions. There-
fore, Theorem 4.1 can not be applied straightforwardly.

Let us first consideN; = 1. Using a generator matri@;] = (e1 183 €4), which is similar
to (4.8), followed by Gray mappingoq(.), results in a 16-QAM anti-Gray mapping with
Dn = 10.63- Et,’\fc, which is already close to optimum. The following squarectli€iean
distances occur: 16 times B, 8 times 8 d and 8 times 134. Only if, in addition, four
symbols are swapped, as indicated by the arrows in Figur@#i other words, if we apply
Gy according to[(4.8), followed by the modified mapping;(.), we obtain the best 16-QAM
anti-Gray mapping for the AWGN channel, cf. Figure 2.7(b). Wit denote this mapping
as 16-QAM 2d AG. As a consequence of this symbol swappind,diahe symbol pairs,
which first had squared Euclidean distances ab &re now 10 ¢ apart. Computindpy, for
this case yields about 1856- %, which is lower tharDy may If either BPSK withN; = 4
or QPSK withN; = 2, respectively, is applied. From (4.9), we compDigmax= 12.8-
Eb RC . All three schemes transnijt= 4- R. information bits per channel usage. As we have
seen in Figure 3.40 and as was shown in [23], the 16-QAM 2d A@pimg performs over
a Rayleigh channel almost identically as the mapping, whiak aptimized for Rayleigh
fading. The latter mapping can be found in [23] and yieldgghgly higher harmonic mean
Dh = 10.88- & than 16-QAM 2d AG.

ForN; = 2, we applied all possible 8-dimensional non-singular mesrwith the maximum
number of 1 entries, i.e., in which all except seven entneslafollowed by eithefpixq(.) or
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tion with 1i54(.) and is about 23.3 %. This is again smaller than the optimum harmonic
mean of MdMs with BPSK or QPSK symbols at the same spectralesifig: forM = 2 and

N; = 4, we getDp max= 28.44- %. This suboptimality of high order mapping¥l (> 2) is
due to the fact that the numbieyM of bits, which are mapped to a symbol vectgris larger
than the number of independent dimensions availab#,iwhich isN; for real-valued and
2N; for complex-valued symbols.

Extensive investigation on MdM optimization by means of bixeary switching algorithm
(BSA) [131] was done in [132]. The search was not restrictédddds that can be generated
by linear precoding. However, no MdM could be found, whick hdarger cost functioBy,
than the MdMs designed with the proposed matrices in thiptehna

We end this section with the following theorem.

Theorem 4.2 The harmonic mean Pin (4.9) is constant with respect to the number of
transmit antennas {\if conventional symbolwise mapping is applied.

Proof: Compared with a single-antenna transmitter, the frequemdieccurrence of squared
Euclidean distances in (4.9) aXetimes higher, if\; transmit antennas and symbolwise map-
ping are applied. This up-scaling does not change the hacmuzan. O

Hence, if we apply symbolwise mapping with 16-QAM 2d AG fér= 2, we have again
just 1086- S,

4.4 Simulation Results of MdMs

We have simulated the BER of an iterative MIMO receiver as ation of SNR with 48- 10’
information bits per SNR value. In all cases, we have apphecptimized MdMs that pro-
vide maximumDy, as explained in the previous section, except in some cadese con-
ventional symbolwise mapping is applied as a referenceghwisiindicated by the notation
“2d” in the figures.

Figure 4.4 shows the BER after 20 iterations for systems wittnformation rate of) = 2

bits per channel usage. As can be concluded from Theorenth&lerror-floors of both
MdMs, 4x 2 BPSK and 2 2 QPSK, are the same. Both schemes transmit 4 encoded bits
per channel usage over 4 independent dimensions: 4 spatiahdions, provided by the
i.i.d.[channel coefficients for BPSK and 2 spatial dimensisuisdivided into 2 orthogonal
dimensions of the complex plane in case of QPSK. This orthality among each of the
two dimensions benefits at low SNR, visible in an earlier teehib for 2 x 2 QPSK. The
MdM for 4 x 4 BPSK has an additional receive diversity advantage of ab®&uiB, as the
number of receive antennas is doubled. Note that from our 8&fiition (2.43), which

104



BER

10 &

1075:* \\\‘+\\\ =
H—4x2, BPSK, MdM e
| ——4x4, BPSK, MdM ]
| ——2x2, QPSK, MdM T~ |
|-%-1x1, 16~QAM 2d AG , ; .
H-<-1x2, 16-QAM 2d AG , ‘ i
l-+-1x4, 16-QAM 2d AG ' ‘ .
[| = 4x4, BPSK 2d
_7[ @ 2x2, QPSK 2d anti-Gragy

10 1 15 2 25

=2}

10

| | | |
3 35 4 45 5
E, /N, [dB]

Figure 4.4: BER for MdM and symbolwise mappings for various antennas con-
figurations and modulation orders fjf= 2

considers the total received power and not the power peiveeaatenna, we should bear in
mind an additional 3 dB array gain [40], as twice as many k&cantennas capture twice the
power. The BER for conventional mapping with 16-QAM 2d AG fre {1,2,4} receive
antennas, respectively, is also depicted. [Roe 2, the error-floor is higher than that of the
two MdMs, which employ the same number of receive antennasauseDy, is smaller as
discussed in Subsection 4.3.2. Note that the BER curve of ABFQd AG for 1 x 1 was
already depicted in Figure 3.40. For comparison, the BER yarb®Ilwise mappings for
4 x 4 BPSK and 2 2 QPSK with anti-Gray labeling is also shown. No turbo-atiéin be
observed in the depicted SNR interval. In summary, we caerebghat MdMs allow for
lower error-floors, because they were optimized with resfmethis design goal. However,
it turns out that they also achieve earlier turbo-cliff pimsis. The reason for that is that the
demapper’s transfer characteristic in case of the propbkids match better to the curve
of the outer decoder in the EXIT chart. We will give an EXIT exale for MdMs with a
spectral efficiency) = 4.

If we apply the previoudl; = 4 BPSK and thé\; = 2 QPSK MdMs in a scenario, where the

receiver employs onljN; = 1 antenna, we can see from Figure 4.5, that their performance

is still superior to a conventional 41 system with 16-QAM 2d AG mapping, which has
the same spectral efficiency. Note that MdM utilizes muétipinsmit antennas for spatial
multiplexing as opposed to space-time block or trellis apahere additional redundancy is
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Figure 4.5: BER for MdMs and symbolwise mapping, fif = 1 receive antenna
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distributed over these antennas, in order to achieve triaddsrarsity.

Obviously, the performance of tig x 1 MdMs will be degraded, if the channel coefficients
become correlated. Let us examine as an exampletheahtenna configuration with BPSK
symbols more closely. Assume, e.g., the extreme case, valideeling coefficients are 1.
The channel matrix from (2.41) thentig = (111 2)7. All 2MM — 16 possible superposi-
tions of the 4 transmitted BPSK symbols are determined by #marding weight of the code
word ug. If ug is the all-zero word, then the received sampleis- —4, when the noise is
neglected. We denote this group, which consists of only ¢ement, ad o. In general, if
the Hamming weight oy is |, the group| results, where all superpositions are colocated
at 2-1 — 4, see Figure 4% The two groups$ 1 andl 3 comprise each four indistinguishable
symbols, the group, includes even six symbols. Yet, an iterative demapper nriggtlve
these ambiguities, when the reliability of a priori infortie& increases. If three bits are
known perfectly at the demapper, and if these bits have Haigimeightl, the demapper
only has to decide between the two grolipsindl’|  ;, which have Euclidean distance of 2.
Nevertheless, the iterative demapping process is exaeddoahis scenario.

H HyIY HeAS T oIl T .
On the other hand, assume, e.g., tHat= (éo,e‘Z,e‘?,e'?’T . Now, the resulting 16 sym-
bols are all distinct. The superimposed constellationmddes that of the optimized 16-
QAM with respect to the BICM capacity for small to medium SNR, ¢igure 3.22(a).

The ratio of outer to inner radius can be computedgds; = (2+ \/é) /V/2~2414. On

2This mapping has average power4\;; for the SNR definition (2.43), it is however set to unity.
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Figure 4.6: Superimposed 4 1 MdM with BPSK, all channel coefficients are 1

average, the resulting constellations in combination whin precoding byG4, have better
properties for iterative demapping than the regular 16-Qéxi-Gray mapping. The effects
of different fading coefficients on the superimposed magpiere examined in [133] and
the results were applied over the AWGN channel. Another amtran [134] has lead to
the so called sigma-mappings, for which a suboptimal deapjih lower complexity was
proposed in [135]. Its underlying principle is soft intedace cancellation of each BPSK
symbol by means of the fed back a priori information, simiathe techniques used for
iterative MIMO detection [45].

In Figure 4.7, the BER after 40 iterations for MIMO systemshtspectral efficiency = 4

is depicted. With the proposed MdMs, no errors could be nredsafter the turbo-cliff,
as opposed to conventional mappings. The suboptimalityigifen order modulation, as
discussed in Subsection 4.3.2, can clearly be seen. Synsgolapping with 16-QAM 2d
AG for Ny = N; = 2 performs about 3.5 dB worse than the 4 QPSK MdM. An additional

3 dB array gain for the latter scheme must be considered, Tde 16-QAM MdM for

Nt = N; = 2 achieves a BER of 1@ about 0.63 dB earlier than the conventional 16-QAM
2d AG for the same antenna configuration. The BER for the2116-QAM 2d AG system,
which transmits only 2 bits per channel usage, is also sh@wnmplied in the discussion
of Theorem 4.2, the error-floor is independent of the numlidramsmit antennas\; for
symbolwise mappings. Thek = 4 QPSK MdM utilizes 8 independent dimensions, 4 of
which are orthogonal to each other, while the 16-QAM MdM Kr= 2 only provides 4
dimensions. Hence, the turbo-cliff 044 QPSK MdM occurs earlier.

The optimized 4 4 QPSK MdM with the outer encoder of rag = 1 in Figure 4.7 comes
close to its signal set capacity limit. The turbo-cliff isztiB, which is only 0.4 dB away
from the capacity limit, which was computed in [44] to be 1B fibr this setup. In this
publication, a 4x 4 MIMO system with conventional QPSK Gray mapping was coradin
with an outer turbo code of rafe; = % and a turbo-cliff at slightly less than 3dB without
measurable error-floor was achieved. A similar measuremastdone in [130], but with
finer granularity on the SNR axis, which revealed the turlifo-at 2.2 dB. In [112], the
outer turbo code was replaced by an irregular LDPC code ofdinee code rate, which was
optimized by means of the EXIT chart. As a result, a BER ofYl®as achieved after 100
internal iterations in the sum-product algorithm at an SNPRm@y 1.95 dB. As we have
mentioned in Subsection 2.3.4, iterative decoding of a ammated coding schemes might
result in a loss of up to 0.5 dB [75]. This means that optimurindécoding of the presented
MIMO systems — conventional QPSK Gray mapping with irregWBPC or turbo code or
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Figure 4.7: BER for MdM and symbolwise mappings for various antennas con-
figurations and modulation ordersjf= 4, and 1x 2 16-QAM 2d AG

our proposed MdM scheme with a memory two convolutional decowvould approach the
capacity limit very closely.

Another advantage of QPSK over 16-QAM MdM becomes visiblehi@ EXIT chart of
Figure[4.8. The transfer characteristic of the 4 QPSK MdM has an inflection point at
aboutla; = 0.5, which allows a good match to the transfer characteristiseoouter decoder,
because this curve exhibits also an odd symmetry with résp€©.5,0.5). This explains
the early turbo-cliff position. As a drawback, the matchaidgransfer characteristics results
in many iterations. A tunnel between both curves is alregubnaat 2 dB, but 40 iterations
are necessary for the trajectory to sneak through the ngsestvof the tunnel (at medium
extrinsic MI). An inflection point oflg;(1a1) could not be observed for any 16-QAM MdM,
which were examined. Moreovég; (1) is smaller in case of the 16-QAM MdM than that of

the MdM with QPSK. For comparison, the transfer charadierfsr symbolwise anti-Gray
QPSK withN; = N, = 4 is also shown.

4.4.1 Summary for Multidimensional Mappings

In this chapter, we have presented a method to design MdMslaynsof generator matrices.
This allows a simple description of the MdMs and optimizatwath respect to average PEP,
if perfect a priori knowledge is available at the demappeor BPSK and QPSK as the

underlying mappings, we proposed optimal generator nestridhe QPSK MdMs have an
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Figure 4.8: EXIT chart atﬁ—g = 2dB for MdMs and symbolwise mapping

earlier turbo-cliff than BPSK MdMs and need just half the nembf transmit antennas
to achieve the same PEP. Simulation results have shown tdstsMvith the same PEP
exhibit the same error-floor, which justifies our approadhe ©ptimized 4< 4 QPSK MdM
allows transmission without measurable error-floor ondB away from the signal set
capacity limit. From a pragmatic point of view, one can ekplhe advantage of MdMs
as follows: From our discussion in Subsection 2.3.4, it isvikm that the inner encoder
in a SCC scheme has to be recursive in order to minimize therlbaend on decoding
errors [83, 85]. A MIMO mapper operates blockwise MM bits, but for conventional
symbolwise mapping, onlil bits for each antenna can be used to introduce dependencies.
This is done by an anti-Gray labeling, which we have showreta bonsequence of a block
precoder followed by Gray mapping. A multidimensional map@n the other hand, may
encode allNtM input bits, which can be exploited more efficiently at the deper, if a
priori information is fed back from an outer decoder. If wpleze the block precoder by
a recursive convolutional code, the error-floor can be redwaven further, see [136, 125].
The drawback of this scheme is the need for an additional BC3B8dde at the receiver side,
which is rather complex. Also the MdM demapper has high cemxipl, as vectorwise APP
decoding is required. However, reduced search sphere ihgcatfjorithms exist also for
soft APP decoding [137, 44].

Finally, it is worth mentioning that MdMs are not restrictetd MIMO schemes. We can
replace the spatial dimension by any other dimension,andVldM could be applied over the
orthogonal subcarriers of an OFDM symbol. In [138], MdMs @&examined for temporal
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dimensions, where BPSK or QPSK symbols are blockwise precadd then transmitted
successively. However, as in [129], the authors optimikhedst/stem only with respect to the
most likely PEP. In[139], which was published independeat[27] at the same conference,
the design target was extended to minimize the average HiePpibposed precoding is
identical to our results. In the next chapter, we will invgste these temporal MdMs more
closely.
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Chapter 5

Inner Block Codes for Serial
Concatenated Codes and Applications to
BICM

5.1 Motivation

In the last chapter, we have pointed out that the applicasfoMdMs is also possible for
temporal precoding. Let us denote the number of consedbitive, ,, which are influenced
by an inner precoder, &4.. For the previous spatial MdMs, we havig = N{M. We restrict
ourselves to rate 1 encoders, which only introduce depaemeemmong the bits, but no
additional redundancy. After the inner code has precoded/thbits, they are transmitted
by M BPSK symbols over the channel. The inner encoder may in gelbenaon-linear.
In Subsection 3.3.1 of [96], the inner encoder was denotexdrmapper, but should not be
confused with the notation of a QAM mapper. There, the inm@tecwas described by a
look-up table. Also in [140], a look-up table was used to #yeemporal MdMs. In this
chapter, we will focus again on linear block codes, but esitars to non-linear codes are
straightforward, and were outlined in [141]. While the desigal for the inner encoder in
[96,139, 140] is restricted to the maximizationlgf(1) in order to reduce the error-floor of
an iterative receiver, we will derive a closed-form expr@s®f its transfer characteristic, if
both communication and extringichannel are modeled as a binary erasure channel (BEC).
The results will be shown to be applicable also to the AWGN deanHaving available
these analytical expressions for different inner codescaveapply the mixing property of
the EXIT chart and solve a curve-fitting problem to obtain taadénner codes, which can
be used as an irregular, i.e., time-varying inner code. Mdrester characteristics of irregular
codes were first examined in [142] and later adopted to iteeguodulation, where the
mapping is changing with time [143]. However, the approaels w0 use numerical EXIT

1The extrinsic channel is a virtual channel, introduced Bi]ito model the quality of a priori information.
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functions from Monte-Carlo simulations for the curve-figgiproblem, whereas we introduce
closed-form expressions.

In the next section, we present the system model for thel semecatenated code (SCC).
Then, we derive the transfer characteristics for variowstdfiock codes and introduce them
in the curve-fitting problem. This will yield optimized imgelar inner codes, for which the
presented simulation results will show that capacity appining performance is possible.
Finally, we will apply the inner precoding as a means of gatieg arbitrary anti-Gray map-

pings for high order modulation. The results of this chapterpublished in [144].

5.2 System Model for SCC

5.2.1 Transmitter for SCC

Figure 5.1 depicts the transmitter model, which is simiaithe BICM transmitter from
Figure 2.14. The information bits, from the binary source are encoded by an outer encoder
of rateR., then randomly bit-interleaved, yielding the sequegceAn inner encoder of rate

Re = 1, which will be denoted a%’, computes fromM. consecutive bitsgy m,, the same
number of outpé{ bits ux m, which form the output sequencg. The symbol sequenc®

is obtained after mapping with labeling functipnand symbol alphabéf. We distinguish
between two different cases for this setup.

In casel], the mapping applies BPSK from Figure 2.6(a), and thus we Nave M = 1.
This case will be used to examine the influence of the inneo@d® which combined,
bits, while the BPSK mapper does not introduce further depecids. Hence, the parallel
input bits to the mapper in Figure 5.1 are serialized andstratted with BPSK symbols in
M. consecutive time slots. The transmitted symbol vector eawiitten ass, = 2uy — Ly,
where the entries are eitherl or+1.

Secondly, casél will be used later for the analysis of BICM with anti-Gray mapgs,
which are obtained by the entity of inner encoder and Graypaag-rom our discussion in
Subsection 4.312, itis clear that any anti-Gray mappingoeasescribed by the concatenation
of a (possibly non-linear) block code of rate 1, followed byegéerence Gray mapping. In
this caseM = M. bits are mapped according to the Gray labeling functido one complex
symbols, = s € X, |X| =2M = L. We restrict ourselves to short linear block codés
described by a square, non-singular generator mé&yrigut extensions to non-linear codes
or codes of rate smaller than 1 are straightforward, andoexdédent of the code word length.

2Note that the notation in [144] for the input and output sempecof the inner code is vice versa.
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5.2.2 Receiver for SCC

The receiver in Figure 5.2 performs iterative demappingdewbding, and is a generalization
of the BICM-ID receiver from Figure 2.15. To ease notation, wepdthe discrete-time
indicesk andk for the rest of this chapter. Thus, we focus on one inner coolel \wnly.
Furthermore, we have introduced in this figure a differemation, as opposed to Figure 2.15.
The reason is that this description shall also be suited dod butput processing, which is
necessary for the BEC assumption.

The Gray demapper and both decoders extract extrinsicnvaton for each bit from op-
timum APP processing. In casé M. consecutive channel-corrupted BPSK symlyols
(ro, ey rMC_l) are demapped one by one. All information from the receivedlsys is fully
contained in the extrinsic vectgr= (yo, . ,yMc_l), because APP decoding provides sulffi-
cient statistics [67]. The fed back extrinsic informatigg: from the outer decoder is used
as a priori informatiora = (ao, .. .,aMCfl) at the inner decoder, so the switch in Figure 5.2
is in the upper position. For each b, me {0,...,M; — 1}, the extrinsic informatiom®y, is
computed based on the vectoand the a priori information of all other bigg,,.

For casél, the switch is in the lower position, since a priori informatcan already be used
at the Gray demapper. This is beca@ge> Cg for M > 2, as we have seen in Chapter 3.
Therefore, the transfer characteristic of a Gray demapgeamon-zero gradient. From one
demapped symbal = r, the M, extrinsic values ol are fed to the inner decoder, which
computese;,,. Note that the same result is obtained, if both blocks aresidened as one
entity, i.e., if the corresponding anti-Gray demappingas@rmed in one step.
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In both cases, extrinsic information is exchanged iteedyfjwintil after a certain number of
iterations, a hard decision based on APP values of the irgtom bitsbapp yields the bit
estimated.

5.2.3 Channel Models and Capacity Constraints

In the next section, we will derive the transfer charactessof the inner decoder for case
[, assuming that both communication and extrinsic chanmeexdeled as BECs (see Sub-
section 2.2.4) with erasure probabilityand p, respectively. Thus, each bjt, equalsun
with probability 1— g and eacla,, equalscy, with probability 1— p, while in all other cases,
an erasure is declared. Recall from Section 2.6 that the typical assiomgpor EXIT chart
measurements is that the a priori information is Gaussiatmillited. In such a case, the
extrinsic channel is an AWGN channel with zero mean and awvegiawhich is related via
the J-function to the Mlla;. For the BEC assumption, the input Ml of the inner decoder is

lar =1 (Cm,am) =1—p, (5.1)

which follows directly form|((2.76), if the bits,, are assumed to be i.u.d.. This assumption
is justified for sufficiently long interleavers. The averaggput Ml is in general
1 Ml
g1 = — Z | (Cm, €m). (5.2)

M
CrrbO

From property 3 of the EXIT diagram (cf. Section 2.6) and wi276), we can integrate
(5.2), and obtain the BEC capacity,

1
/0 le1dlar =Cgec=1—0. (5.3)

When comparing a BEC with an AWGN communication channel, weegllateCggc with

2
the signal set capacity of BPSK signalirigs, and thereby obtain a corresponding SI%?
for the simulations.

0-2
Ceec=Cs (X: (—1,—|—1),O_—32 . (5.4)
n

5.3 Transfer Characteristic of Inner Block Code

In [101], EXIT functions based on the Helleseth-Klgve-Lesetein information functions
[145] are derived for the BEC assumption. We now present areifit method to compute
similar EXIT functions of block codes for cagg which allows for detailed insight. We will
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focus on precoders of dimensif, = 3. Let us first rewrite (5.2) as
1 M1
m ng()' (Cma ya[m])
1 M1
VC Z (1—H (Cm‘ya[mO) . (55)

m=0

—~
[
~

lE1

—
N
—

The first step follows from the data processing theorem [B&¢ause, provides sufficient
statistics about boty andayy, and vice versa. Stef2) comes from (2.68) and the fact that

the bitscy, are i.u.d.. Let us now consider for theth bit the uncertaintyd (cm ‘ya[m]) for
a BEC more closely. From (2.67), we have the expectation

H (cm‘ya[m]) =) P(cm,ya[m]) -log,P (cm‘ya[m]> . (5.6)
vy,a

el

Note that the possible probabilities for a BEC are either % in case, an erasure occurred,
or otherwise, the result is deterministic, such that {0,1}. Now observe that all addends

vanish, in whichP (Cm’ya[m]> = 1, as the logarithm thereof yields zero. Furthermore, all

addends withP (cm ‘ya[m]) = 0 disappear, because the joint probability

P (cm, ya{m]> =P (ya[m}) -P (cm ‘ya[m} > =0 (5.7)
is then also zero and from basic arithmetics, we have

)I(l_@o X-log,x= 0. (5.8)

What remains in (5/6) are all addends, for whiRhcn, ‘ya[m] = % which means that, given
y anday, the decoder can not decode theditand has to declare an erasure. Thus, the
uncertainty reduces with Igg(%) =-1to

H <cm‘ya[m]) = Z P <cm in erasuréfya[mo 'P<cm,ya[m}) . (5.9)

Vy7a[m]

The termP | ¢y in erasuréfya[m] acts as an indicator, which is 1 for all realizationsyof

anda[m], which do not allow the detection of hit,, and 0 otherwise. Thus, the summation
in (5.9) corresponds to an expectation of all events, whgrean not be decoded, given
andayy, and we finally have for the Ml of (5.5)

Mc—1
1 .
g1 = Vc E Eyva[m} [P (cm not in erasur#/a[mO]
m=0

= Em7y7a[m] [P (cm not in erasur%ya[m])] . (5.10)
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This means thalz; is the average probability that any loj, is not in erasure, i.e., can be
decoded correctly, given all available input informatioamely the observed vectgrand
the a priori vectogyy.

Example: For M; = 3, consider the following inner encoder

u=c-Gy with Gy = (5.11)

o R
oOr o
OO

In contrast to the notation from the previous chapter, tliexnof the generator matrié
simply enumerates different precoders. The first codedshobitained from modulo-2 ad-
dition of the first two input bitsyp = cg + ¢1, whereas the other two bits are left uncoded,
i.e.,u; = ¢ andu; = cp. The dependencies, which are induced®y are illustrated in Fig-
ure 5.3, which can be regarded as the Tanner graph représendfthe code [55]. Recall
that the observationgat the receiver correspond to the upper hita this graph, if no era-
sure (with probability - g) occurred, while the lower bits are represented k., which

is available for all, but then-th bit, and can be described by erasure probahility

=] =l

Figure 5.3: Bit dependencies induced I3 of equation|(5.11)

Giveny anday at the input of the inner decoder, the &jtcan be decoded correctly through
the parity check, sog (through observatiogg) and ¢ have to be available correctly. The
bit c; in turn is decodable in all cases, unless bgthnda; are in erasure. Thus, we find the
first addend in (5.10) to be

| (Co,ya{0}> =(1-a)(1- pg). (5.12)

The second bite, can be decoded correctly, givgayy, either directly througlys (with
probability 1— q) or — if y4 is in erasure, indirectly through the parity check, whictuiees
Yo andag to be correct. This happens with probability— q)(1— p). So, together we get

| (cuyay) = (1-6)+9(1-q)(1-p). (5.13)

Bit ¢, can only be recovered froop, which yields

| (cz,ya[2]> —(1—q). (5.14)
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Inserting (5.12) until (5.14) in (5.10), we obtain the EXIOhtction ofG; as
e1=®((3+ Q)"+ (-2p + (O)p?), (5.15)

with the abbreviatiorp = 1;3 andp = 1—Ia1, cf. (5.1). It can easily be verified that inte-
gration oflg; yields 1— g, which is in accordance to (5.3). [ |

From this simple example, we can deduce for an arbitrary dodensionM the following
properties of the EXIT function under the BEC assumption:

e O factorizedg, because the cod€ has rate 1. This means that at least one observed
bit u; has to be correct to detect agy.

e |e1is a polynomial inp (or Ia; respectively) of degreg, < M¢ — 1.

e Each coefficient; belonging top' is itself a polynomial ing of degreedg < Mc with
coefﬁcientsc‘ij(').

Thus, the general form for an arbitrary rate 1 encoder canrli;ewas
Mc—1 Mc—1 Mc—1 .
=0 > py=0> p Y d-5"|. (5.16)
i=0 i=0 j=0

Table 5.1 summarizes the results for all non-singular ggnematrices withVl; = 3 that
yield different EXIT functions. FoM. = 4, there exist 52 different matrices, fMc =5
already 965, and foM. = 6, more than 5000 matrices were found, which result in distin
EXIT functions [141]. The matrices in the table are writtendctal notation, i.e., each
column is given a number, where the upper component of th@roolvector is the least
significant bit (LSB). For example, the identity matrix is tten asG; = (1,2,4), and is
enumerated in the table by the index 1.

Table 5.1: Coefficientséj(i) for (5.16) for matrices of dimensiod. = 3

Goctal) | o &9 &% &Y &P &V [g7 87 87| ds
Gi=(124| 3 0 0 0 0 0 0 0 03
G,=(324| 3 1 0 0 -2 0| 0 0 04
Gs=(325| 3 2 0 0 -2 -2/ 0 -3 3|5
Gs=(724)| 3 2 0/ 0 -4 -2/ 0 0 3|5
Gs=(764| 3 2 1| 0 -4 -4 0 0 3|6
Ge=(765| 3 3 1| 0 -4 -6/ 0 -3 6|7
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Let us define the Hamming weight of a matrixdes with
de = diy (vec(G)T , o) : (5.17)

where the veg)-operator creates a column vector from a matrix by stacklhgadumn
vectors onto each other, afids the all-zero row vector. In the rightmost column of Tablg,5
the corresponding weights of the generator matrices aceimttuded. Observe that matrix
Gg corresponds to an optimum precoding matrix for a Rayleigintaghannel, if perfect
a priori knowledge is available at the inner decoder, seeidm 4.1, i.e., it includes the
maximum number of 1 elements. As we will see from the simatatesults, this precoding
also lowers the error-floor over the non-fading AWGN channel.

The corresponding EXIT functions for a channel erasure gty of g = 0.5 can be seen
in Figure 5.4. Simulated EXIT functions for the BEC model ateritical with analytical
results from/(5.16) and are thus not shown here. Wiaijgs a constant foGG; and a linear
function forGy, it is a polynomial inla; of degree 2 for the remaining matrices. From (5.3),
we obtain the channel capac@gec = 1 — q= 0.5 and from equation (5.4), the correspond-

ing SNR for the AWGN channel igiz = —2.82dB. From this, we obtain the well-known
capacity limit of a rateR. = % scheme with BPSK signaling in terms ﬁlg which is ac-

cording to (Zﬁl)ﬁ—g = g—; —10-lo0g,((0.5) = 0.19dB. In Figure 5.4, we also depict the
simulated EXIT functions over the AWGN channel with BPSK sigmaat this SNR, and
applied the Gaussian assumption for the extrinsic chaheSection 2.6. It can be seen
that corresponding BEC and AWGN curves have the same are8,di€cause of constraint
(5.4). The BEC curves approximate closely the AWGN curvesgboh BEC curve always
exhibits a slightly steeper gradient. In [101], it was olsérthat a BEC curve upper bounds
an AWGN curve, if both curves have the same starting pgifiD), which corresponds to a
normalization with respect to the BICM capaci@g. This backs up our observation about
the gradients.

We can further observe from this figure that the rightmosthpof the EXIT function, i.e.,
le1(1) for perfect a priori information, increases with incre@sidamming weight of the
generator matrix. To be precise, this point can be computed {5.16) by insertingp =
1-Ia1=0,

Mc—1
=0 > g5 (5.18)
i—0

From Table 5.1, we find that the coefficiemii@) are identical for the coddéss; andGg, such
that their value foigy(1) is equal. However, for the AWGN channel, we see from Figure 5.4
that this ending point is slightly smaller f@s than forG4. As to the starting poinlz1(0),

we can observe, th&; achieves the highest Ml, as it introduces no dependerigies; 0.5,
followed by Gy, G4, Gs, Gz, andGg. This order holds for both the BEC and the AWGN
channel.
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Figure 5.4: EXIT chart for inner codes of lengtkl, = 3 over BEC withg = 0.5
(—) and over AWGN with BPSK af2 = 0.19dB (- - -)

5.4 Optimization of Irregular Inner Codes

5.4.1 Formulation of Design Target

The inner encode¥ in Figure 5.1 shall now be irregular, i.e., time-varying. ikg143],

we allowN different codes, linear and of rate 1. Each generator m&pn € {1,...,N},

is used for a fractiomr,, of the total length of the outer code woed If the EXIT function

of codeGp is denoted bye1n, the EXIT function of the irregular code is expressed by the
mixing property (see Section 2.6) as

N
LR = Z an-le1n. (5.19)
n=1

Finding capacity approaching code components reducesuve-fitting problem, i.e lg1 ir
shall matchfoy, which is the inverse EXIT function of the outer encodi = a2 (Ig2).

In contrast to [143], we introduce the closed-form expm@ssifor this problem. As we
ultimately want to examine the behavior over an AWGN chamweluse|(5.16) as a close
approximation for the AWGN transfer characteristic. Thigustified by the close match
between analytical formulas for the BEC assumption and tinellsied AWGN curves, cf.
Figure/ 5.4. The exact probability for decoding erasures obrvolutional decoder under
the BEC assumption was derived in [146] and could be introdliicg5.10) to obtain an
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analytical expression foi,: [141, 28]. This results again in a steeper gradient of thesfex
characteristic compared to the simulated curve for the AWGa&hael. Thus, we rather apply
a cubic interpolation on Monte Carlo measurements, whictewetained over the AWGN
channel, to approximaté, in closed-form. Witha = (a3, ..., an), the design target is to
minimize the integrated squared erébbetween inner and outer EXIT function,

1
_ . 2 .
arg min= = arg mln/ (IeLir — four) “dlaz = arg min aQa' —2av’ +w,

N
subject to:z an=1 and 0<a,<1,vne{l,...,N}, (5.20)
1

where the matridXQ, which is used for the quadratic form, is symmetric and csissf the
components

1 1
[Qli,j = Qi,j = Qj.i :/o levi-le1j dlat :/o levi-lerj dp>0. (5.21)

The right hand side follows from the substitutipn = 1— p.

Example: The elemenQ1 > = Q2 1 is obtained with the coefficients from Table 5.1 as

Ql,zz/ol{3q>}.{q>[(3+q)+p(—2q)”dp:9cb2 (5.22)

and is obviously the same for &y j, j € {1,...,N}. |
In (5.20), we have further introduced the row veatpwhosei-th entry is

1
vi = /O lexi - fourdlas (5.23)

and the positive constamt which is given by

1
w:/ f2,.dlas. (5.24)
0

In the minimization ofZ, the constaniv can be neglected. It is easily seen from (5.21) that
the matrixQ is positive semidefinite. Therefore, the functi®f) is U-convex and equation
(5.20) can be solved by constrained quadratic programmeatgaads [147, 148]. Note that in
contrast to the optimization problem in (3.8), the functibhas no additional local optima,
but only the global solution. Finally, note that the optiatinn of irregular mappings in
[143, 141] differs in so far from (5.20), as it relaxes thewaufitting condition forla; close

to 1.

5.4.2 Simulation Results for Irregular Inner Codes

We have solved (5.20) for  M¢ < 6 and for all outer convolutional encoders of memory
2 and rateR; = % The best matches between inner and outer transfer chaséictavith
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respect tae were always found for thed7,05) RSC code. From the channel coding theorem
(2.71), we set the target capac@igec = 1 — q > R, where for eacly, a different optimum
vector a might arise. For lack of space, we summarize here only e$oiftM; = 3 and

M¢ = 6, while other examples can be found/in [141].

For M. = 3, we have considered all = 6 different matrices from Table 5.1. First, we set
the design parametegr= 0.476, which corresponds % = 0.5dB on the AWGN chanr@.l
For this case, the optimum ratios are

a = (0,0,0.25,0.17,0.1,0.48) (5.25)

and the resulting irregular EXIT function will be denoted@gir 3 0.5 The firstindex therein
equalsM; and the second corresponds to the design tﬁ@eﬂom (5.25), we can see that
the matrixGg is applied most of the time, due to its steep gradient, whifitrst two matrices
are not used at all. We have found that this optimum is quibesbagainst changes

For M. = 6, we have chosen onliM = 10 different matrices. In octal notation, they are
summarized in Table 5.2, together with their Hamming weigfthe matrixGyg is designed
according to Theorem 4.1 and includes the maximum amountetérbents foM; = 6. In
general, this number g2 — Mc + 1.

Table 5.2: N = 10 different matrices of dimensidvi; = 6 to be used in (5.20)

G (octal) ds G (octal) ds
Gy = (01,02,04,10,20,40) | 6 | Gg=(77,76,74,70,60,40) | 21
G, = (07,06,04,10,20,40) | 9 | Gy =(77,76,75,73,60,40) | 24
G3 = (17,16,14,10,20,40) | 12 | Gg = (37,36,35,33,27,57) | 26
( 9= (
(

Gu = (77,42,44,50,60,40) | 15 | Gg = (77,76,75,73,67,51) | 29
Gs = (77,76,34,30,20,40) | 18 | Gy = (77,76,75,73,67,57) | 31

The optimum ratios for targﬁ% =0.5dB are
a = (0.07,0.15,0.07,0.29,0.07,0,0,0.25,0.06,0.04) (5.26)

and the resulting irregular EXIT function will be denotedigsir 0.5

Figure 5.5 depicts the optimum solutions in the EXIT chartcd&ethat fo; was measured
by simulations over the AWGN channel, whereas the irregudding curves are computed
analytically based on BEC model, and a slightly smaller gnatdthereof must be kept in
mind for the AWGN channel. Faj = 0.476, both solutions foM; = 3 and 6 yield exactly
the same erroE, and both allow an open tunnel tgy;, but for M; = 6, the intersection

3The original turbo-code from [14] achieved its turbo-céff0.7 dB.
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Figure 5.5: EXIT chart of optimum irregular inner codes of lengiids = 3 and
M. = 6, and(07,05) RSC code

with foyt occurs slightly later. Therefore, we expect a lower errooiflfor this solution.
However, its error-floor will still be rather high, as thigensection does not come close to
the upper right corner of the EXIT chart. Note that a largeugadfIg1(1) for error-free

a priori knowledge is not an explicit condition for the cuifiéing problem in (5.20). A
reduction of this error-floor is possible by more frequerg asthe matrixGyo for M¢c = 6,
since it contains the largest number of 1 entries. Henceopveed o to a fixed large ratio and
solve (5.20) for the remaininly — 1 ratios. For a slightly larger target SNR ﬁg =0.6dB
(g=0.468), the largest possible value @fp, which still allows an open tunnel df; g to
fout, IS 010 = 0.6. For this case, the optimum ratios are then

a = (0.24,0.06,0.01,0.09,0,0,0,0,0,0.6), (5.27)

yielding Ig1,1r6,0.6, Which is also shown in Figure 5.5. This transfer charastiermatches
very closely with the outer decoder curaed intersects late with this curve.

To verify the optimized results over the AWGN channel, we pioFigure 5.6 the simu-
lated BER over the AWGN channel after 40 iterations for the uised solutions, which
are denoted akeq |rRMm. x, Wherex = E—g is the design target SNR. In addition, the BER is
shown for an irregular code, which uses 10%Gafand 90% ofG;g, and is the best solu-
tion for E—g = 0.9dB. This code has the EXIT functidi, jre 09 (not shown). Note that
all turbo-cliffs match well with predicted target valuescan further be observed that for a
given complexity, imposed bW, the price for an early turbo-cliff 41 |r 305 has its cliff
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Figure 5.6: BER over AWGN channel for different irregular codes, 40 iterations

only 0.21dB away from the capacity limit, is a rather high error-flobhis tradeoff already
appeared in Section 3.6 and can always be observed for adpealing complexity.

5.5 Applications to BICM

We now apply the previous results to a BICM scheme. We will abershigh order mod-
ulation with an arbitrary mapping as the output of the inregerl encoder followed by a
Gray mapper as indicated in Figure 5.1. At the BICM-ID receitlee switch in Figure 5.2
is in positionl]. Up to now, the task of the inner encoder was to introduce radg@cies in
M. bits, which were then transmitted oviel; time slots. If we want to adopt the closed-
form expressions, which we have obtained for this scenardeuthe BEC assumption, to
the BICM-ID scheme with high order modulatioll (= M. bits per QAM symbol) over an
AWGN channel, we can not simply start with the capacity caistr(5.4) to find the appro-
priate channel erasure probabildy In what follows, we will show, how each of thé bits
contributes to the total signal set capacy: Therefore, we have to introdud¢ different
BECs for each bit and introduce the corresponding erasurepildkes in theM. addends
of equation((5.10). We begin this section with a review aratdhhgh examination of both
BICM and signal set capacities.
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5.5.1 Bit Level Capacities

A non-iterative BICM receiver executes only one pass throbgldemapper, so the switch in
Figure 5.2 is in positionl. According to|(2.78), the maximum MI for equiprobable sitymg
is determined by the BICM capacity

( )
M—1 |ezx p(rix) M—1
— Z /Z Z =op(rix) Iog2 > dr p = ZCém), (5.28)
m=0 | 2o b= 0x|eXb Z p( ) m=0
XIGX

\ J

where we have used the short hand notation from (3.30) anlicithpdefined the bit level

BICM capacitiei:ém). These individual capacities are the underlying principtelesigning

a capacity approaching MLC [10]. They were also examine®$] [n order to construct
Gray labelings for a regular constellation, which maxintCge

In a similar manner, we can now define the bit level signal aptacityCém) for each bit.
Recall from |(2.77) that for an arbitrary signal &t the overall signal set capacity is the
average Ml between the received symhboénd the equiprobable transmit symbgl®r the
corresponding bits d,

M-1

Cs = l(x,r)=I(c,r) Z I, = Z (cm,r |a other bits are perfectly know)1
a=0

cm,r|c

= Z Z Z ZM 2. ( ZC (5.29)

m=0 | a=0 j= va

The first summation oves comes from the chain rule of MI, whelg is the average M,
given perfect knowledge d bits in c [67, 100]. These known bits are comprised in the
vectorcga) of lengtha and allow 2 different permutations. The indexenumerates the
realizations, which particulaa out of M — 1 bits are known. In the next summation, the
bar indicates averaging. The last line follows after cangyout the averaging ih, and
reordering the summations. Finally, the right hand sidengsfimplicitly the bit level signal
set capacitie€".

Let us now examine the bit level EXIT functions. The EXIT ftioa g1 of a demapper and
its bit level component%(T) are

= ZI <cm,ram]) ZIEl, (5.30)

where the a priori feedback switch in Figure 5.2 is now in fiosiCl. The previous equation
corresponds to the definition of the average MI (5.5). Exasfbr bit level EXIT functions
can be found in Subsection 3.3.2 of [28].
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The relationship between (5.28) until (5.30) is similar e fproperties from Section 2.6.
Remember that the starting point of the demapper’'s EXIT fondg1(0) equals the BICM
capacityCg, whereas the area under; corresponds t€s. The same is true for bit level
components, i.el!” (0) = CI™ and (117 dlay =",

If we want to apply the analytical results from (5.16) to &y anti-Gray mappings, con-
sisting of inner encoder and Gray mapper, we have to considdait dependencies, induced
even by the Gray mapping. As discussed in Chapter 3, any mgobiN! bits to a two-
dimensional signal set always introduces dependencilsb >if2.

As an example, consider the 8-PSK Gray mapping from Figui@®.No precoder is applied
yet, i.e.,G is the identity matrix of dimensioNl. = M.

The bit level signal set capacities of the higsandc; are obviously identical due to symme-
try. From (5.29), we get after some manipulations

0_~0_1n0 0)
e =c§’ =3 (10 0+15 D). (5.31)
Whereléol)(O) is the bit level BICM capacity oty and Iéol)(l) is the mean value of two
BPSK capacities [26]. The first BPSK corresponds to the casen e last two bits, which
are perfectly known, are either 00 or 10. The correspondiggas points are located at

+d;. The other BPSK occurs, if the known bits are either 01 or 11 la&s its signal
points at+d,. Hence, the distances atle = 3 |11(0,0,0) — p(1,0,0)| = sin (g) andd, =

3|1(0.0,2) ~ p(1,0,1)| = sin (%7).
For the last bitc,, we compute

1
¢ =3 (8O AW+ (r ). (5:32)

where each term can be interpreted in a similar wé@m) is the bit level BICM capacity
of ¢z, Iézl)(l) is the capacity of a BPSK with symbols &tl;, and the last term corresponds

. - . 0
to the signal set capacity of a 4-QAM, where the symbols arergby the subsexg, .

2
The bit level capacities as a function of the Sl\gge can be seen in Figure 5.7. Clearly,

C(Sm) > Cém), vm. Equality holds for the two extremes, when the SNR is either @p-
proaches infinity, for which the bit level capacities aretbOtor 1, respectively. We have
observed increasing differences for largér(not shown). Thus, some amount of Ml be-
tween the transmitted bits and the received values is fasb, iterations are performed over
the demapper, even for Gray labeling. This fact is oftenexgt, if high order modulation
with Gray labeling is combined with a strong off-the-shel€eder, e.g., [128]. In such cases,
only the BICM capacity can be achieved, but a small non-zerag#me signal set capacity
remains. From Figure 5.7, we can further notice that theehllicapacities differ among the
M bits per symbol, i.e., every BICM scheme with> 2 inevitably performs unequal error
protection. A preferred mapping thus should possess onrbkehand a diminishing gap
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Figure 5.7: Bit level capacities for 8-PSK Gray mapping

between the signal set and the BICM capacity, and on the otmet Ihave similar bit level
capacities for alM bits. We denote this as an information-maintaining mapgliMM).
The corresponding EXIT function of its demapper should b&imally flat and its bit level
EXIT functionslé"f) ~C" ~ Cém), vm. Typical signal set constellations however do not
fulfill these conditions. The search for IMMs is still an opfegld of research.

5.5.2 Transfer Characteristic of Demapper

We consider the anti-Gray mapping that results from prewpavith G, from (5.11) and
8-PSK Gray mapping. We adopt the results from Section 5.8taimthe transfer character-
istic of the demapper. Under the assumption — which we hastesjuown to be not exactly
true, that no Ml is lost, the yet uncoded bit has the same bit level signal set capacity as
the precoder output biip, namerC(SO). Setting this capacity to X qo and replacingy in

(5.12) and((5.13) by, we obtain BEC approximations d)éol) andléll), respectively. For
Iézl) we replaceg in (5.14) byqp, whereq, = 1—C(32). The closed-form EXIT function

under the BEC assumption can be seen in Figure 5.8 togetherthétsimulated AWGN

curve, which is obtained agiz = 3.5dB. Now the AWGN curve has a steeper gradient due

to the inherent dependenc?es, which are already inducetidogstay mapping, and which
are disregarded by our assumption that the Ml is preservechlReom (5.11) that the BEC
curve is a polynomial iy, of degree 2, whereas the AWGN curve is not a rational function.
No closed-form expression for the AWGN channel has been pepo the literature yet.
However, we expect a better match between the transferatleasdics for BEC and AWGN
channel, if an IMM is applied.
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Figure 5.8: Section of EXIT chart of 8-PSK anti-Gray mapping: BEC analysis
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5.6 Summary for Inner Block Codes for Serial Concate-
nated Codes and Applications to BICM

We have computed EXIT functions analytically for linear dkacodes of rate 1 under the
BEC assumption and demonstrated their polynomial form. Basdtiese results, irregular
inner code components for SCC were optimized for the AWGN celamising our analyti-
cal expressions as close approximates. The resulting sshepproach the capacity limit by
only 0.21dB and have rather small decoding complexity, but as aluaaky the error-floor
lies above 103. Lower error-floors are possible at the expense of lateptattif positions or
with larger dimensionb/. of the inner block code, which increases the decoding caoxitple
In addition, we have investigated bit level capacities aidelel EXIT functions in order
to apply the closed-form EXIT functions to the transfer eteristic of a BICM demapper.
Detailed analysis of these bit level capacities revealati¢hpacity approaching BICM has
to take leave of typical mappings, such as PSK or the regutd Qonstellations with sym-
bols located on an orthogonal grid, since those lose infoomafter (optimum) demapping
for M > 2. One approach, to retain a larger amount of M| after denmgppvould be the
application of those mappings, which maximize BICM capa€igy cf. Section 3.3. Yet,
their transfer characteristic is not designed to be flath élieugh its starting valuk-1(0) is
maximized. This means that a non-iterative receiver stdes some MI. Thus, another ap-
proach would be the application of an IMM. We outlined as agtegoal for these mappings
that their EXIT function should be maximally flat.
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Chapter 6

Conclusion

This thesis investigated both coding and modulation focspeefficient transmission. The
BICM scheme plays a prominent role in practical systems, wharelwidth is limited, as
well in a myriad of research topics on communications thestgwever, most attempts to
optimize BICM systems aim only at the bit labeling of a fixed QAbhstellation. Opposed
to that, we have optimized QAM mappings with respect to batHabeling and symbol
constellation for various cost functions. These includelsgl and bit error rate that occur
after the demapper, and both BICM and signal set capacitiesal8deexamined mappings
that exploit a priori knowledge, which arises in iterativeCBA receivers. This target was
extended to spatial multiplexing MIMO systems, where wdyareal and optimized multidi-
mensional mappings. Simulation results have shown thatralosed schemes outperform
state-of-the-art systems of the same spectral efficiené¢igmlly, we have derived closed-
form expressions for the EXIT functions of block codes, & tommunication and extrinsic
channel are appropriately modeled as binary erasure clsafiee results matched well with
the simulated EXIT functions of the AWGN channel. With relaty small encoding and
decoding complexity, we designed irregular inner codesetaded in a serial concatenated
coding system. Applied on the AWGN channel, these schemesagiped the capacity limit
by only 0.21 dB.

Future research could be tied in with the following topicstst we have neglected the
practically important issue of peak-to-average poweoré®APR). The optimized QAM
mappings from Chapter 3 were only constrained to a fixed aegragsmit power, but not
to a maximum peak power. For the multidimensional MIMO mappi we have assumed
an ideally uncorrelated fading channel. The influence ofpiemral and, moreover, spatial
correlation has to be considered and possible applicafipnedilters as in/[149] should be
considered. The search for IMMs with flat transfer charasties is another topic worth ex-
amining. Finally, our setup for serial concatenated cod@&geiction 5.2 allows further insight
in the analogy of turbo and LDPC codes. Note that the conaédédrencoder in Figure 5.1
can be described bysinglegenerator matrix: the outer convolutional code can be rediuc
to a block code, cf.| (2.52), the interleaver yields a squarenpitation matrix of dimension
Nint, and the irregular inner encoder has an overall generattixnaith M¢-dimensional
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submatrices5;, see (5.11), in its diagonal, while the rest is 0. The conten of the three
components results in a matrix multiplication in GF(2) oé timdividual matrices. Thus,
knowledge from both theories — turbo and LDPC, could be coethif-or example, the re-
ceiver might apply the message-passing algorithm on theatyarity check matrix instead
of iteratively exchanging extrinsic information from depper to decoder [150]. Further, the
interleaver could be designed in such a way that it elimmakert girths in the overall parity
check matrix [55, 50]. This would lower the error-floor witb additional complexity.
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Appendix A

Computation of Gradients

For a given cost functioffi (x), we derive the gradient f (x;) with respect tox. Note that alll
cost functions will be real valued scalars. Then, the gradse

L[ 9 (x) af(x) af(x)
Df(x.)_< ax T o% ,...,m>, (A1)

where thd-component is as given in (3.10)

df(x)_df(x)+.df(x)

= . A.2
(?X| 0X|7R 0X|7| ( )

This means that (x) has to be differentiated with respect to baitl andx; .

A.1 Gradient of Symbol Error Probability

Let us extract thé-th component from the first summationfin (3.16), such that

== ’ I, — X3 ‘ 2 — ‘
ZZerfc( >+ Z erfc( >-T50 ) . (A.3)

[1=01,=0
l1# 1oy |279|1 |

If we differentiatePs with respect tox r, all addends from the first (double) sum are zero,
except those in whicly = |, while from the second (single) sum, all addends contriboite
the derivative, a¥, is already set td. Thus,

L-1 L-1
= — ——erfc + —erfc ) A4
oxr 2L 12:: X R ( 220, 22:: 20 2V/20, (A4)
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By changing the first summation index frdmto |, and observing, that the absolute value in
the erfc-function is even, we can combine both sums. If wéh&rrinsert the integral form
of the erfc-function from((3.14) in (A.4), we obtain

L— " _&
aXl,R L _Oaxl.,R \/TiO,
|227£| Ixi,—x/2

The fundamental theorem of calculus [99] states that

fu(x)
2 [ o(@rds = T g () - L5 g (). (.6)

fi(x)

In (A.5), the variable r is only included in the lower integration border, so

2
JPs(x) 2t ) \/(XIZ,R—)QR>2+ (Xlz,l _X|,|>2 | eXp(-‘XIZ;:) )

oxr L g—:oaxm 2 V/Tion,
Io2]
2
exp( — 1]
1L 1X|2R X|R P 402
_ =t (A.7)
L =0 ‘X|2 —X ‘ \/TTO'n
o]

From the last step, it is easy to see that the partial devevatith respect to | is obtained
by changing the index “R” to “I” in/(A.7). Combining real and igiaary part as in (A.2)
and changing indebs to |1, the final result is

2

exp(—Lle’ )
S Z |)Ql_ I o (A8)

X, —X| VIO,

|17A|

A.2 Gradient of BICM Capacity

Let us first consider the partial derivative 6 with respect to the real part of tHeth
component irx, which isx r. For that, we define thexth bit of the bit label fronx, i.e.,
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Umt (%) asb; m and its inversion ab; . We splitin (3.30) the sum ovére {0, 1} to obtain

_ L-p(r)
Cg = M-~ / Z { exg; <r‘x|1>|092 Z p(l’l)ql)
eXm

re(C m=0
+ gﬂ (r |X|1> log, ZL' p((l’r)‘Xh) } dr. (A.9)
I,m X, €XT

bIm

Per definition, symbak, € X”I‘m, vme {0,...,M —1}. Hence

exp(_(R XIR) 2( X||)>
Z p<r‘x|1) = %p(r[m)@) 4 n

Ry = X X R o2
rR—X,
= 2:p(rfx) (A.10)
n
in whichr =rr+jr;. On the other handy ¢ Xbm|_’ vme {0,...,M -1}, so
0
exbl -
The final prerequisite follows fro{ = Xb| Y XL”I—, vme {0,...,M — 1}, so that
0
dx—m p(r) dx| . Z p( ]x|1> = oxn p(rix). (A.12)

Considering the product and chain rule of derivatives, aadébt that%(logzx: (In(2)-x) -
we write the partial derivative &g as

oCe(x) 1 (rx) | 10 L-p(r)
0"X|R B /Z{[ |X')]| % e%m p(r‘x|l>

reC

Xllexgllm eXm
bIm
Jd
2P|
L0+ Zm p(r\x|1) n@Cem Of (9 (A.13)
Xllexbl.

133



From that, we factor ougﬁ p(r|x ), combine the second with the last addend, and cancel
out the sum in the third addend. This reduces the expression t

Celx) 1 [[a - L-p(r)
nm Lre[c [dXI’Rp(er)]n;{logz > p(r\XM)
x.leX{)rl‘m
xlle%gm p (r \x|l> +>q1€%g:mp (r \X|1> )
* n(2)-L-p(r) T (0 A9

Now note, that the two sums in the numerator add up-tp(r), such that the last addends
cancel each other out. Inserting (A.10) yields

0(0:;(:) - E/p(rXl)'xl’ijer{Mlogz(L.p(r))

n
reC

lelogz< > p(r|x|l))}dr. (A.15)

m
X|1€Xb|“m

If we compute the partial derivative with respectdq, we only have to change the index
“R”to “I”in (A.12). Combining both partial derivatives as if\(2), we end up with

dc;Bfo> B i/p(rX|)'Xlo2r{M'logz(L'p(r>)

n
reC

lelogz( 3 p<rx|l>)}dr. (A.16)

x.lexg?m

A.3 Gradient of Signal Set Capacity

A.3.1 General Expression for Gradient of Signal Set Capacity

First, we split the sum in (3.37) to obtain

L-1 p(rlx,
CSZ%/ ;)p<rxll)|092<p(|r)|)+p(rx|)logng(l:;l) dr. (A.17)
reC

-
[l
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Similar to (A.13), the partial derivative @s with respect tog g can be determined with the
product and chain rule of derivatives and with (A.12) as

S 0X0|.Rp(r|xl) r{x
o201/ 5o L [0 o] ut

reC I £

+p(rix)

[ﬁmp(rm)} [a p(r m)] d
In2)-p(rjx) In(2)-L-p(r) . (A.18)

Observe, that the last addend is the excluded componenttfrerfirst sum, such that both
parts can be combined to one sum. Extracting the commorrfg%tRop (r X ) and canceling

p(r|x ) from the last but one addend, we get

9Cs () 1 P 1
dZ,R B E/ [0x| ]{Zp( ‘X“)ln L-p(r)

reC

+log, pg(‘r);' ), In%Z) } dr. (A.19)

As the first sum (without the fraction) equadls p(r), it cancels out the last addend. With
(A.10) , the final result becomes

dCs(x) 2 rR—XR,  P(r(x)
2% _L/p(r]x|) o2 log, o0 dr, (A.20)
reC
while the combined partial derivative according/to (A.2) is
ICs(x) 2 r—x,  p(rx)
% _E/p(r\x|)' o2 log, 0 dr. (A.21)
reC

A.3.2 Optimality of BPSK

We derive a formal proof, that BPSK maximizes signal set ciéyp#ar equiprobable symbols
P[xo] = P[x1] = 3. Asin Subsection 3.1.1, we assume without loss of gengthit

X; € [o,fz] and xo=—/2— X € [—fz,o], (A.22)

where the condition ory comes from power constraint (3.4). Thus, the signal setaigpa
(A.17) is a function of one real-valued varialdg as is its derivative. From (A.17), we get

Cs(x1) = % / {p(r %) Iogzp(r ko) | p(rixi) logzp(r ) } dr, (A.23)

p(r) p(r)
reR
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with )

p(r)=§(p(r|Xo)+p(r|xl)). (A.24)
It is sufficient to integrate over the set of real numbers aaheonditional pdf in (A.23) is a
univariate Gaussian distribution

2
eXp<_(r“:2|)> | e{0,1 A.25
In order to differentiate (A.23) with respectx@, we need the following prerequisites:
0p(r |X1) r—Xp

where we have inserted (A.25) and proceeded similar to (A.EOr the next equation, we
apply the chain rule of derivatives and obtain

op(rxo) _dp(rx) ox @22, p(rlx) 0. % (A.27)

X1 dXo 0x1 o? ' /2—x§‘

Combining the last two equations with (A.24), we find

ap(r) r—x =X X

With (A.26) - (A.28) and the product rule of derivatives, wantpute

0Cs(x) 1 - (!><o)
/{

reR

(A.28)

r—x p(r
+2-p(r|x)- -7 100, 0

+p<rxl>.{2-p<rxl>-<rxl>

In(2)-p(rix)-og

Prixa) - (r =) +p(rxo) - (r =) 7t
_ R }}dr. (A.29)

Notice that the third and the last addend both have the fnaé¢ti common, which we can
factor out. What remains is-2(r) times this fraction, cf. | (A.24). After canceling out
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common factors, we observe that this fraction adds up to togrether with the second and
the last but one addend. What is left, is

/

reR

1
0%

0C3 (Xl)
0X1

p(rixo)
p(r)

X1

2

}dr.

Now, we insert/(A.25) for the conditional pdfs in the loghnts. Some simple manipulations
finally yield

-log,

{p(rXo)-<r><o)-

p(rix)
p(r)

+p(rixa) - (r—x)-log, (A.30)

dcds)ffl) = ai% {p(rXo)-(rXo)
ITGR
1—log, <1+ exp<—xla_r%x0 : (x0+x12r)>)
+;)(r|xl)-(r—x1) )
( )
1—log, <1+exp<+xlagxo.(xo+x12r)>> }dr. (A.31)

\ Vs

Setting this derivative to zero yields the extremunCgf One trivial solution comes from
X1 = Xg = 1. This is however a minimum, because= 0. Moreover, it violates the con-
dition (A.22). The integral in (A.31) becomes zero, if, eits integrand is an odd function
inr. This is possible fok; = —Xg = 1, as we will show now. Denote the integrand for this
mapping as (r) and consider

—1(=r)

(

—p(=r|=1)-(-r+1)-

\
(

—p(=r|+1)-(-r—1)-

\

_%.Zr
Uﬂ

1—log, (1+exp(
1-lo 1+ex E-Zr
g2 p O-r%

)

. (A.32)

Vs

From (A.25), itis clear thap(r | ) = p(—r|—x ). Thus—i(—r) = 1(r), and integration of
an odd function over an even interval yields zero.
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A.4 Gradient of I1g;(1)

Recall from ((3.53), that the Ml for perfect a priori knowledge(1) is

—£|1
lea(1) = 1— / p(£]1)log, (H%) d¢, (A.33)
éeR
with
cay 1 M-1
p(&1) "= WZ Z p(&Ix,), (A.34)
rrbOx.leXT

(3.47) exp(- 4y m

p(élx,) = , (A.35)
( | 1) \/m
of which the mean is )
e 02 X, — X
3.48) O, m (3.46) |1 om
I"l|1>m( = : 01:72m = ) 02 . (A36)
n n

The indexlgm of the counterpart symbol tq,, i.e., the symbol that has a 0 as tineth bit
label, whereas all other labels are identical to those, ofs determined by

lom= 11— 2M-1-m, (A.37)

The partial derivative ofg1(1) with respect tog as defined in (A.2) can be decomposed as

o) | ol

EeR
[dl p(—fl)}
X &1
+p(&]1) Pl p)“) }df. (A.38)
In(2)- (1—1— o) )
Let us introduce the abbreviation

0
Q&) = o..—xlp(fll) 7 (A.39)

from which it is clear that P
Q(-&)= 0—X|p(—~f|1) : (A.40)

With that, we can compute the derivative in the second addsnd

0 p(-£1) _ p(&1)-Q(-&)~p(-€1)- Q&) (A.41)

ax p(&l1) [p(m)r
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Now, let us examine the derivatig@(&). With (A.34), we get

0(8) = 1 - 12 e 2 P(EM) (A42)

eXm

For each bit positiom, the symbolx, appears in the second summation only once, either
directly as one symbot, or as one of its counterparts, which differs in tineth bit label
only. Let us first assume that tineth bit label ofx; is 1. Then there exists ong such that

X, € XJ'andl, =1. Therefore,

O Uiy m 5p(f\><|2)
ax %mp R R T (A43)

Taking definition/(A.2) into account, the first derivative thre right hand side of (A.43) is

Oli,m 2 (m)
om0 of"). s

Wherexl(m) is the symbol, which differs only in theth bit label compared tg. Now, we
examine the case, that threth bit label ofx is 0. Then there exists otg such thak, € X7’
andlom =l —2M~1"M = | For this case/ (A.44) is still true, considering tbrf@ is now
X,. Generalizing/(A.37), the counterpart symbolxo which differs in them-th bit label
Mo (), is

™ = x; with ¢ =1+2M-2-m. [1— 2= (x )} . (A.45)

In any case, the mean value of interest in equation (A.42%isled byi,, which is either the
index ofx; or of its counterpart symbol,

’ 2

i
Hiam = 7 (A.46)
Next, we compute the other derivative in (A.43) as
exol — (f‘“lz,m)z
op(E,) azs 0 TP\ W
al’“z,m lelz,m \ 47TIJI2,m
2
&E—MUi,m
/AT, m- D1 — exp(—%) -Dy

- , (A.47)

47TI1I2,m

LIt should be self-evident, that(.) is the labeling function in this context, not a mean value.
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in which the two abbreviations are

2
D o 0 ex (5 - u|2,m>
v dHti,m P Ay, m
2 2
<€ - le,m> 2I1I27m ' <E - UI27m> + <E - Ulg,m>
= exp| — :
4IJI27m 4u|227m
= exp| - . (A.48)
4I1I2,m 4IJ|27m
and 5 A
T T
Do=——\/A4Mlym= ==\ | ——. A.49
2 O Hi, m Hip,m 2./, m Li.m (A-49)

For Q(—¢&), we have to invert the argumeét which is only included in/ (A.47). It can be
observed that we obtain this expression simply by

exp<— (—E—le,m)2>
op(—&lx,) _ Ip(&lx,) Mam ) OP(EP;) e (A.50)
0l‘l|2,m 0“'2,”] (E—[,l|2~m>2 0UI2,m ,
eXp(_ 4IJI2,m )

independent of the bit positiom. Next, we combine (A.47) until (A.49) with (A.42) until
(A.44) and find after one more manipulation

2
M-1 2 2 —
&% — UE m— 2, §— Hizm
Q(E) = Qo Z <X| _X|(m)) : 2 l2m 2, exp —(4—2> , (A51)
m=0 u|2’m' YV “|2,m Ulz,m

in which the preceding factor is

-1
Qo= (M ML g an?) . (A.52)

From (A.50), it is clear that
Q&) =Q(8) e (A.53)

Finally, we insert/ (A.41) with (A.51) into (A.38) and applj63). This yields

dlea(l) . p(=€[1)\ , p(&1)-e*—p(=¢1)
ox /Q(E) 102 (H p(¢lL) )+|n(2).<p(51)+p(51)) A6 (A5

EeR
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Appendix B

Optimized Mapping Vectors

B.1 Mapping Vectors for Minimum Symbol Error Rate

The optimum 8-QAM constellation ai;?; = 14dB is described by

(0.6131+0.5911j , —0.2232-1.0344j , -0.2195+1.0421] , 1.3465 (B.1)
0.6175-0.5976] , —1.0010—0.4795] , —0.9923+0.4822j , —0.1412—0.0040) ° '
0-2
and at_3 = 20dB by
n
(0.6220+0.5005] , —0.2079-0.9835] , —0.2071+0.9806] , 1.4391 (B.2)
0.6203-0.4993] , —1.0316-04831j , —1.0345+0.4844j , —0.2001+0.0004) ° '
. ) 2
The optimum 16-QAM constellation 8¢ = 10dB equals
n
(—0.6070+0.0426] , —0.3189-1.2112] , 0.3163+1.1051j , 0.3882— 1.0551j
~01360+05903) , 04658-03700j . 11331100353 . 05053:03207) (g o
—0.8752-0.6940] , 009664+0.7790] , 1.0436-06843] , —0.0143+0.0043) ° ‘-
~1.2531-0.0804j , —0.9482+0.6266] , —0.2084—0.5617] , —0.4573+1.1528)
o2 -
at= =14dB, itis
Oy
n
(—1.2755-0.0818] , —0.8358-0.6932j , 0.2687+1.0521j , 0.4010—1.0091j
—0.6212-0.0399; , 0 , 1.0800-0.6835] , 0.4792+0.3974 (B.2)
~0.9176+0.5807] , 0.5260-0.3329] , 0.9838+0.8159 , —0.3163—1.2383} ’ :
—0.2299+0.5785] , —0.1540-0.6031j , 1.0836+0.0695] , —0.4720+1.1877)
02 -
and at_s = 20dB, itis
n
(—0.1449-0.7530] , —0.7241+0.2545] , 0.4377-0.4189) , —0.7463+0.9246]
04189-11170] , -01427-00816) , -07325-04195] , —13147-0065L (o
1.0310-0.0879] , 1.0332+05926] , 0.4452+09342j , —0.1412+05897j ~ ‘-
0.4434+0.2549] , —0.1524+1.2627j , 10102-0.7714j , —0.7209— 1.0985)
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ForL = 32, the optimum constellation %é = 14dB is described by

n

(—0.0435-1.3155] , 0.3974+0.1968] , 0.1200-0.8767] , 0.4845+0.6432}
—0.0002—-0.0021j , —0.3556+0.6842] , 0.9685}0.7637] , —0.7860—0.0025]
—0.9876-0.8602] , —0.3569-0.7465] , 0.9915-0.7298] , 0.3600-0.2293]
0.0724+0.8842j , 0.7984—-0.2027j , —0.9639+0.8840j , 1.2698—0.2710j (B.6)
0.5728-1.1398] , 1.3048+0.2655] , —0.7432—-0.4725 , —1.2205-0.2806j ’ '
—0.37164-0.2160j , —0.5577-1.1681j , —0.4967+1.1441j , —0.3746—0.2389
0.8198+0.2723j , -12300+0.2911j , —0.0027—0.4586j , 0.5366+ 1.1262]
0.5202-0.6306] , 0.0343+0.4419] , —0.7601+0.4632j |, 1.3494)

2 - . . .

at% = 20dB, the 32-QAM with minimum SER is

n

( 0.0002-0.0440] , —1.2462-0.2753j , —0.4111-0.2759] , -0.4333+1.1388j
0.8300-0.9977j , -0.8203+0.4335] , —0.0029-0.5134j , 0.8227-0.0475j
—0.4072+0.1932) , —12439+0.2179] , 12431-0.2921j , 0.4000- 1.2406}
0.0051+-0.8955] , 0.8224—0.5210j , 0.4107+0.1888j , 1.2465+0.2014j (B.7)
0.4083-0.2808] , 0.4193+0.6612j , —0.8428-0.9865] , 0.8263+0.4241j °’ '
—0.8637+0.9048] , —0.0063-0.9898] |, 1.3700j ,  0.8845+0.8949j
0.4417+1.1356] , —0.4099+0.6645] , —0.4161-1.2351j , 0.0034+0.4251j
—~0.8226-0.0372j , —0.4164-0.7486] , —0.8286-0.5101j , 0.4071-0.7539)

o2 .
and at_s = 24dB, itis
n

( 0.8265-0.5183] , —1.2457+0.2047] , 0.4118-0.2813j , 0.8236—0.0433}
—0.4085-1.2399] , 0.4140-1.2372j , —04128-0.2812j , —0.4113-0.7556j
0.0017-0.9951j , 0.4111+0.1927j , 0.8354+0.9067] , -—0.8267—0.0441j
—0.82664-0.4306) , —0.8268—0.5201j , —0.0011+0.4268] , —0.4133+0.6648] (B.8)
1.2420+0.2002j , —0.4127+0.1905j , 0.8322—-0.9951j 1.3821j : '
—0.8356+0.9068] , 0.4177+1.1439] , 0.0001+0.9013j , 0.0004—0.0452j

—0.5177] , 0.4133-0.7559] , 0.8256+0.4310j , —1.2427—0.2823j

1.2424-0.2837j] , —0.8288-0.9979] , —0.4185+1.1454j , 0.4133+0.6665)

B.2 Mapping Vectors for Maximum BICM Capacity
For a code rate dR. = 0.999, the optimum 8-QAM mapping is

(—-0.9708+0.5223j , 0.5972+0.4628] , 0.6192-0.5660] |, 1.3978 (B.9)
—0.2058-0.0269] , —1.0613-0.4654j , —0.1370+1.0593j , —0.2392—0.9859) ’ '

while the optimum 16-QAM mapping for this purpose is

( 1.0311+0.5864j , 1.0412—0.0864j , 0.4297+0.2532j , —0.1278—0.0854j
0.4422-1.1093] , 1.0342-0.7552j , —0.7257-1.1047j , 0.4353-0.4211j (B.10)

~0.1417+1.2611j , —0.7435+0.9270] , 0.4086+0.9216] , —0.140540.5866) = ‘

—0.7577+0.2536) , —1.3125-0.0819] , —0.7202—-0.4174j , —0.1348-0.7536)
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B.3 Mapping Vectors for Maximum Signal Set Capacity

The optimum 8-QAM with respect tGs for R; = 0.75 is

(0.1880-1.0569] , 1.1189-0.4053] |, 0.3070 ,
~0.8738-0.7537j , —1.1113+0.4285 , —0.3135-0.0003j |,

the optimum 16-QAM mapping for this purpose is

( 0 , 0.5750 . 0.2875+0.4980]
—0.5750+0.0000j , —0.2875—-0.4980; , 0.2875—0.4980;
0.6908+1.0393] , —0.1388+1.2402j , —0.9035+0.8608] ,
—1.0046—-0.7403] , —0.2937—1.2129] , 0.5546—1.1179]

The optimum 32-QAM mapping for a code of rdRe= 0.5 is

( 0 , 0.0500j , 0.0500j ,
0.7461+0.2716] , 0.4596+0.3857] , 0.3970+0.6876] |,
~0.1379+0.7819j , —0.3000+0.5196] , —0.6082+0.5104] ,
~0.7940 , —0.5638-0.2052] , —0.6082—0.5104] |,
~0.1379-0.7819j , 0.1042—0.5909j , 0.3970-0.6876] |,
0.7461-0.2716] , 14265+0.2515] , 1.0641+0.9829] |,
~0.4520+1.3762j , —1.1243+0.9134j , —1.4396+0.1606 ,

—0.7441—1.2428j , 0.0460—1.4478] , 0.8214—1.1931j |,

and forR; = 0.75, it is described by

(—0.3313+0.7406] , 1.0186+0.9610j , —0.8445+0.0014j ,
0.1451-0.1112j , —0.8501+1.0492j , —0.6110-0.2580] ,
~0.5748-0.7132j , 0.0400+0.4334j , —0.4813—13221 ,
1.3775+0.1239] , -0.0397+0.1790] , 0.2375-1.3720] |,
1.0834-0.7646] , —0.1198-0.4451j , 0.0863+0.8693] |,
~0.3892+0.2260j , 0.5509-0.5382j , 0.2642—0.7816] |,
1.1953-0.5264j , —0.1304-0.8471j , —0.2390-0.1905 |,
0.8099-0.1200j , -0.6815+0.4759] , —1.3832-0.1781j ,

B.4 Mapping Vectors for Tradeoffs

The optimum 16-QAM mapping for a weighting factoraf =
(1.0216+0.2772j , 0.8977+0.8906] , —0.9965+0.2794] |,
0.2968+0.2982] , 0.2829+1.0239] , —0.2824+0.2978]
1.0145-0.2899j , 0.8855-0.9020j , —1.0206-0.2757j |,
0.2962—0.2939] , 0.2727-1.0269] , —0.2845-0.2933] ,

for ayy = 0.5, we obtain

(—1.0352—0.2715] , 0.3265+0.9990] , 0.3469+0.2926] |
0.3359-0.9924j , -1.0326+0.2581j , -0.9091+0.8454j |
0.9006+0.8573j , —0.3485-0.2930j , -0.3255-1.0075j |,
~0.3510+0.2913j , 0.9070-0.8500] , 1.0370-0.2611j |
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0.8642+-0.7615]

—0.1823+1.0623)) ’ (8.11)

—0.2875+ 0.4980]
1.1973+0.3521j
—1.2455+0.0787]
1.1435- 0.4999)

. (B.12)

0.6000Q
0.1042+ 0.5909j
—0.5638+ 0.2052]
—0.3000— 0.5196]
0.4596— 0.3857
0.3638+ 1.4021j
~1.2979- 0.6433j
1.3361— 0.5596)

. (B.13)

0.3783— 0.1946]
—1.2445+ 0.4809]
—0.2632+ 1.3580j
0.4721+ 0.2230j
0.4326+ 1.2898]
0.4603+ 0.6394j
0.9000+ 0.4117j
0.8464— 1.0546))

. (B.14)

Ois

—0.9049+ 0.8837]
—0.2865+ 1.0264j
~0.9011-0.8832j °
—0.2917— 1.0123)

(B.15)

—0.8964— 0.8560}
0.3505—- 0.2866j,
1.0314+-0.2695j

—0.3372+1.0048))

, (B.16)



foraywy =0.9

(—1.0266- 0.2601]
0.3540— 0.9821]
0.9047-+0.8391]

—0.4183+ 0.2985;

and foray = 0.95

(—1.0120—0.2324;j
0.3983—0.9609j
0.9054+-0.7941]

—0.54074-0.3116j

)

)

)

)

)

)

)

)

0.3445+0.9885]
—1.0250+0.2471j |
~0.4161-0.3007] ,
0.9110-0.8318] |,

0.3885+0.9671j
~1.0117+0.2201j
—0.5385-0.3148] |
0.9112—0.7868]

0.4141+ 0.2997]
—0.9135+ 0.8276j
—0.3427— 0.9957

1.0277— 0.2498

0.5362+ 0.3136j
—0.9140+ 0.7832j
~0.3857— 0.9728;

1.0122- 0.2221j

The suboptimum mapping f@y = 0.8 is described by

( 0.4214—0.4114j
—0.9147+ 0.9036j
—1.2857+0.0078j

0.5889—-0.0071j

)

)

)

)

0.9036+0.9147]
~0.4114-0.4214j |
~0.0071-0.5889; |,
0.0078+1.2857]

—0.9036— 0.9147
0.4114+ 0.4214]
0.0071+ 0.5889;

—0.0078— 1.2857
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)

9

7

)

9

9

7

)

7

)

)

)

—0.9014— 0.8384j
0.4187—0.2931j
1.0228+0.2583j

—0.3542+0.9928))

—0.9028— 0.7943]
0.5416—0.3057j
1.0085+0.2310j

—0.3966+ 0.9691))

—0.4214+0.4114j
0.9147— 0.9036}
1.2857—0.0078j

—0.5889+0.0071)

, (B.17)

. (B.18)

. (B.19)
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