Exciton Bose-Einstein Condensation and Topology in

Van Vleck-Type Mott Insulators

Von der Fakultdt Mathematik und Physik der Universitat Stuttgart zur
Erlangung der Wiirde eines Doktors der Naturwissenschaften (Dr. rer. nat.)

genehmigte Abhandlung

Vorgelegt von
Friedemann Aust

aus Stuttgart

Hauptberichterin:  Prof. Dr. Maria Daghofer
Mitberichter: Prof. Dr. Ronny Nawrodt
Priifungsvorsitzender: Prof. Dr. Sebastian Loth

Tag der miindlichen Priifung: 02.12.2024

Institut fiir Funktionelle Materie und Quantentechnologien

der Universitat Stuttgart

2024






Contents

1.

Introduction

1.1. From Isolated Ion to the Octahedral Crystal Field . . . . . . .. ...

1.2.

1.3.

1.4.

1.1.1.
1.1.2.
1.1.3.
1.1.4.
1.1.5.
1.1.6.
1.1.7.

Single Atom . . . . . ..
Crystal Field . . . ... .. ... .
T-P Correspondence . . . . . .. .. ... ... .. ......
Size of the Crystal Field Splitting . . . . . . . ... ... ...
Many-Body Effects: d* and t%g ..................
Tetrahedral Crystal Field and ¢35, . . .. ... ... ......
Crystal Field Distortions . . . . . . .. ... ... ... ....

Spin-Orbit Coupling . . . . . .. .. ... . o

1.2.1.
1.2.2.
1.2.3.

Origin and Strength of Spin-Orbit Coupling . . . . . . .. ..
LS- and jj7-Coupling Schemes . . . . . .. ... .. ... ...

Dzyaloshinskii-Moriya Interaction . . . . . . . ... ... ...

Coulomb Interaction . . . . . . . . . . . .

1.3.1.
1.3.2.

Coulomb Interaction in General . . . . . . . .. .. ... ...

Kanamori Form . . . . . . . . . . . ...

Extended Kitaev-Heisenberg Model for Hard-Core Bosons . . . . . .

1.4.1.
1.4.2.
1.4.3.
1.4.4.
1.4.5.

Mott Insulator and Heisenberg Model . . . . . . . . .. .. ..
Kugel-Khomskii Models . . . . . ... ... ... ... .. ..
Superexchange and Geometry . . . . . . ... ... ... ..
The Kugel-Khomskii Type Hamiltonian of Interest . . . . . .
Influence of Spin-Orbit Coupling and Singlet-Triplet Model . .

iii



3.

iv

1.5. The Language of Spin, Quadrupoles and Spin-Dimers . . . . . . . .. 7

1.5.1. Nematics for Spin-1/2 and Spin-1 . . . . . . . ... ... ... 78
1.5.2. Spin-Dimer and Magnetic Moment . . . . .. ... ... ... 82
Semiclassical Monte-Carlo Simulations for Spin-Orbital Triplons and
Beyond 85
2.1. Flavor-Wave or Linear Spin-Wave Theory . . . . .. ... ... ... 86
2.1.1. Calculations for Flavor-Wave Theory . . . . . ... ... ... 90
2.1.2. Strengths and Weaknesses of Flavor-Wave Theory . . . . . .. 93
2.2. Exact Diagonalization and Related Methods . . . . . . ... ... .. 100
2.2.1. Exact Diagonalization . . . .. .. .. ... ... ... .... 100
2.2.2. Application to the Triplon Model . . . . . . . ... ... ... 102
2.2.3. Advantages and Disadvantages . . . . .. ... ... .. ... 105
2.3. Classical and Semiclassical Monte-Carlo . . . . . .. ... ... ... 108

2.3.1. Classical Monte-Carlo for the Triplon

Kitaev-Heisenberg Model . . . . . . . .. .. ... .. ... .. 109
2.3.2. Semiclassical Monte-Carlo for the Singlet-Triplet model . . . . 110
2.3.3. Semiclassical Monte-Carlo Beyond the Low-Energy Subspace . 115
2.3.4. Application to CapRuOy4 . . . . . . .. .. ..o 120
2.3.5. Use of Semiclassical Monte-Carlo Beyond This

Thesis . . . . . . . 126

Analysis of the Triplon Honeycomb Model 131
3.1. Quadrupoles and Higher-Order Terms . . . . . . . . . ... ... ... 131
3.1.1. Influence of the Quadrupole Bosons . . . . . . . .. ... ... 133
3.1.2. Higher-Order Terms . . . . . .. ... .. ... ... ..... 148

3.2. Triplons in a Magnetic Field . . . . .. ... ... ... ... ... 171
3.2.1. Triplon Condensation Driven by a Magnetic Field . . . . . . . 175
3.2.2. Triplon Kitaev-Heisenberg Model in a Magnetic Field . . . . . 182



3.2.3. Triplon Liquid and Magnetic Field . . . . ... ... ... ..

3.3. Triplons in a Trigonal Crystal Field .

3.3.1. Strong and Weak Trigonal Field Regimes . . . . . . .. .. ..

3.3.2. Spin-orbital Triplons in the Simple Trigonal Field Scheme

3.3.3. Spin-orbital Triplons in the Full Trigonal Field Scheme . . . .

. Triplon Topology

4.1. Triplon Hamiltonian . . . . . .. ..

4.2. Triplon Topology on the Honeycomb Lattice . . . . . ... ... ...

4.2.1. Kitaev Interactions and Limiting Cases . . . . . .. .. .. ..

4.2.2. Kitaev-Heisenberg Model . . .
4.2.3. Influence of Gamma . . . . .
4.2.4. Trigonal Crystal Field . . . .
4.3. Triangular Lattice . . . . . . . . ...
4.3.1. Topological Phase Diagrams .
4.3.2. Minimal Model . . . . . . ..
4.3.3. Thermal Hall Effect . . . . . .
4.4. Other Geometries and Interactions .
4.4.1. Kagome Lattice . . . . . . ..
4.4.2. Square-Octagon Lattice . . .
4.4.3. CagRuO,4-Based Lattice Model

4.4.4. Triplon Topology in Other Dimensions . . . . . .. ... ...

4.4.5. Condensed Phase and Fractional Quantum Hall Effect

. Conclusion and QOutlook

. Appendix
A.1. Additional Magnetic Orders . . . . .
A.2. More Details: Crystal Field Analysis

253
256
262
263
273
283
292
297
297
304
306
317
317
323
325
327

. 331

335

341
341
344



vi

A.3. Matrix Elements and States of the Full Crystal Field Model

A.4. Matrix Elements of the Triplon Model for CasRuQOy4
Bibliography

Acknowledgments



List of Abbreviations

BEC
SOC

CF
DM(I)
SSH

ED
(s)MC
QMC
CPT
VCA
DMFT
()RIXS
MO

PM

FM
AFM/AF
77

ST

TL

C...

Q...

Bose-Einstein Condensation/Condensate
Spin-Orbit Coupling

Crystal Field

Dzyaloshinskii—-Moriya Interaction
Su-Schrieffer-Heeger

Exact Diagonalization

(semiclassical) Monte-Carlo

Quantum Monte-Carlo

Cluster Perturbation Theory

Variational Cluster Approach/Approximation
Dynamical Mean-Field Theory
(Intermediate) Resonant Inelastic X-ray Scattering ...
Molecular Orbital

Paramagnet

Ferromagnet

Antiferromagnet

Zigzag Antiferromagnet

Stripy Antiferromagnet

Triplon Liquid

canted ...

quadrupolar ...

vii






Abstract

In this thesis, we derive and investigate effective low-energy models based on com-
pounds with d* transition metal ions like Ru*t and Ir®*. In these materials, one may
expect a nontrivial interplay of the strong correlations of Mott insulator physics, the
relativistic process of spin-orbit coupling and significance of the structural geometry.
In particular, the energy scales of superexchange, spin-orbit coupling and distortions
of the crystal are estimated to be of comparable size, thus implying their intricate

competition.

At the center of this contest is the preference of spin-orbit coupling for a total
angular momentum J = 0 singlet ground state which is at odds with the superex-
change incorporating, for example, the higher J = 1 triplet. If the former dominates,
the magnetism is solely carried by virtual excitations, i.e. the Van Vleck paramag-
netism. Superexchange may, among other things, be able to induce a nontrivial
magnetic moment into the singlet ground state via Bose-Einstein condensation of
excitons, meaning superpositions of singlet and triplet (hard-core bosons) referred
to as triplons. The superexchange itself is connected to the geometry of the crystal,
for example edge-sharing ligand octahedra surrounding the Ru** /Ir®* ions, and this
implies possible nontrivial magnetic states emerging from this process, e.g., a triplon-
liquid resulting from Kitaev model physics, thus presenting an intriguing topic.

The key research issue we want to tackle in this context is a thorough study
of a specific kind of this model, which is based on the geometric structure of, e.g.,
Ag;LiRuyO¢ and LisRuOg, that features the aforementioned octahedra and a honey-
comb lattice of the Ru** ions. We consider the emerging extended Kitaev-Heisenberg

model, where excitonic vector bosons replace the traditional pseudospin-1/2 as in-
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herent degrees of freedom, and further inspect the role of quadrupole and multi-
triplon interactions that are additionally induced by the superexchange. Moreover,
we attempt to analyze the singlet-triplet model itself. The rich physics of the singlet-
triplet structure has been well studied in spin-dimers, meaning dimers consisting of
two spins (e.g. spin-1/2) coupling via antiferromagnetic Heisenberg interaction. In
particular, Bose-Einstein condensation driven by magnetic field as well as pressure
has been reported, as well as topologically nontrivial magnon/triplon excitations. As
the J = 0/J = 1 setup involves a spin and orbital moment dimer with different (e.g.
Kitaev) interactions and interplay with pressure and magnetic field, these features
need to be reevaluated, which we attempt in this thesis.

Previous studies have either been superficially focused on basic aspects, such as the
simple Kitaev-Heisenberg model, the pure Kitaev regime or a proof-of-concept for
topologically nontrivial states. Here, we attempt to provide a more complete look at
the problem. Moreover, a lot of research has been focused on related models, like the
possible triplon physics and Higgs mode in CasRuQOy, which has different geometry
and interactions, the traditional d° (pseudospin-1/2) Kitaev candidate a-RuCl; or
traditional spin-dimers, therefore leaving the subject of this thesis open.

Here we try to fill this gap by providing a thorough analysis of the model based on
Exact Diagonalization, semiclassical (variational wave function based) Monte Carlo,
flavor-wave theory and careful analytical study and derivation of effective models.

We provide a description of the impact of the multi-triplon terms, condensation
behavior or absence thereof in magnetic field and under pressure, as well as an
analysis of the emerging topology. While seemingly complicated at first glance, the
trends can usually be gauged intuitively by careful consideration of the degrees of
freedom or, in the case of topology, estimated by mapping to effective models in the

limiting cases.



Deutsche Zusammenfassung

Dieser Abschnitt enthélt die deutsche Ubersetzung! des reguliren englischsprachigen
“Abstract” und kann demnach von Lesern des vorangegangenen Teils {ibersprungen
werden.

In dieser Arbeit werden effektive Niedrigenergiemodelle auf der Basis von Verbind-
ungen mit d* Ubergangsmetallionen wie Ru*t und Ir®* hergeleitet und untersucht.
In diesen Materialien kann man ein nicht-triviales Zusammenspiel der starken Ko-
rrelationen der Mott-Isolator-Physik, des relativistischen Prozesses der Spin-Bahn-
Kopplung und der Bedeutung der Strukturgeometrie erwarten. Konkret werden
die Energieskalen von Superaustausch, Spin-Bahn-Kopplung und Verzerrungen des
Kristalls als vergleichbar grof3 eingeschétzt, was auf einen komplizierten Wettbewerb
dieser Einfliisse schlieflen lasst.

Im Mittelpunkt dieses Konkurrenzkampfs steht, dass die Spin-Bahn-Kopplung
einen Singulett-Grundzustand mit einem Gesamtdrehimpuls von J = 0 begiinstigt,
was einen Gegensatz zur Priferenz des Superaustauschs, z.B. fiir den Miteinbezug
des hoheren J = 1 Tripletts, darstellt. Im ersteren Fall wird der Magnetismus auss-
chliellich durch virtuelle Anregungen, d.h. den Van-Vleck-Paramagnetismus, getra-
gen. Der Superaustausch kann, unter anderem, in den Singulett-Grundzustand ein
nichttriviales magnetisches Moment durch Bose-Einstein-Kondensation von Exzito-
nen, d.h. Uberlagerungen von Singulett- und Triplett-Bosonen (Hardcore-Bosonen),
die als Triplonen bezeichnet werden, induzieren. Da der Superaustausch selbst mit
der Geometrie des Kristalls verflochten ist, z.B. mit Ligandenoktaedern die eine

Kante teilen und die Ru®* /Ir"-Tonen umgeben, ist es moglich, dass aus diesem

1Bei Teilen der Ubersetzung wurde das Programm DeepL benutzt.

xi



Prozess nichttriviale magnetische Zusténde entstehen, z.B. eine Triplon-Fliissigkeit,
die aus dem Kitaev-Modell resultiert, und somit ein per se interessantes Thema

darstellt.

Die zentrale Forschungsfrage, die wir in diesem Zusammenhang angehen wollen,
ist eine griindliche Untersuchung einer speziellen Art dieses Modells, das auf der ge-
ometrischen Struktur von z.B. Ag;LiRuyOg und LioRuOg basiert, die die oben erwéh-
nten Oktaeder und ein Wabengitter der Ru**-Ionen aufweist. Wir betrachten das da-
raus resultierende erweiterte Kitaev-Heisenberg-Modell, das mit durch die inh&renten
Freiheitsgrade die Eigenheit besitzt, exzitonische Vektorbosonen anstelle des tradi-
tionellen Pseudospins-1/2 einzubeziehen, und untersuchen die Rolle der Quadrupol-
und Multi-Triplon-Wechselwirkungen, die ebenfalls durch den Superaustausch in-
duziert werden. Auflerdem versuchen wir, das Singulett-Triplett-Modell selbst zu
analysieren. Die Singulett-Triplett-Struktur bietet bekanntermafien eine reichhaltige
Physik fiir die gut untersuchten Spin-Dimere, d.h. Dimere, die aus zwei Spins (z.B.
Spin-1/2) bestehen, welche iiber antiferromagnetische Heisenberg-Wechselwirkungen
koppeln, insbesondere im Hinblick auf die Bose-Einstein-Kondensation, die durch ein
Magnetfeld sowie Druck angetrieben wird, sowie topologisch nichttriviale Magnon/
Triplon-Anregungen. Da der J = 0/J = 1 Aufbau einen Dimer aus Spin- und
Orbitalmoment mit unterschiedlichen (z.B. Kitaev) Wechselwirkungen und Interak-
tion mit Druck und Magnetfeld beinhaltet, miissen diese Eigenschaften neu bewertet

werden, was wir in dieser Arbeit versuchen.

Bisherige Studien haben sich entweder oberflichlich auf grundlegende Aspekte
konzentriert, wie das einfache Kitaev-Heisenberg-Modell, das reine Kitaev-Regime
oder einen Konzeptnachweis fiir topologische nichttriviale Zusténde. Hier versuchen
wir, einen umfassenderen Blick auf das Problem zu werfen. Dariiber hinaus hat
sich ein Grofiteil der Forschung lediglich auf verwandte Modelle konzentriert, wie die
mogliche Triplon-Physik und die Higgs-Mode in CagRuOy, das eine andere Geome-

trie und Wechselwirkung aufweist, den traditionellen d® (Pseudospin-1/2) Kitaev-

xii



Kandidaten a-RuCls oder traditionelle Spin-Dimere, wodurch das Thema dieser Ar-
beit offen bleibt.

Hier versuchen wir, diese Liicke zu schlieflen, indem wir eine griindliche Analyse
des Modells auf der Grundlage der exakten Diagonalisierung, der semiklassischen
(Variationswellenfunktion) Monte-Carlo-Methode, der “flavor-wave” Theorie und der
sorgfiltigen analytischen Betrachtung und Herleitung effektiver Modelle vornehmen.

Wir beschreiben die Auswirkungen der Multi-Triplon-Terme sowie das Kondensa-
tionsverhalten oder dessen Abwesenheit im Magnetfeld und unter Druck. Des Weit-
eren liefern wir eine Analyse der entstehenden Topologie. Obwohl die Trends auf den
ersten Blick kompliziert erscheinen, lassen sie sich in der Regel durch eine sorgféltige
Betrachtung der Freiheitsgrade intuitiv erfassen oder, im Falle der Topologie, durch

eine Abbildung auf effektive Modelle in den Grenzfillen abschéitzen.
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Introduction

Condensed matter physics and its subgenre of solid-state physics represent the great
effort to try and describe the overwhelmingly rich and various properties of (rigid)
matter. In one such attempt, Khaliullin [1] argued that a possible scenario for certain
class of 4d and 5d transition metals, namely those with a t3, electron configurations
such as Re**, Ru*t, Os** and Ir®*, could be the emergence of a nonmagnetic J = 0
ground state driven by spin-orbit coupling and magnetism that may be governed by

a singlet-triplet model and Bose-Einstein condensation of excitons therein.

One of the big results of reference [1] is the endeavor to explain the magnetism of
CayRuQy using this line of thought. The first analysis provided in the paper makes
estimates of the magnetic order, orbital moments and susceptibility in CasRuO, that
seem compatible with experimental data. It couples this prediction to the emergence
of a Higgs mode, i.e. an amplitude mode representing the condensed matter analogue
to the well known particle physics concept, as a consequence of exciton condensation.
This Higgs mode has been subsequently found in an inelastic neutron scattering study

[2] and via Raman scattering [3].

The other half of Khaliullin’s paper describes a related scenario. For a model with
the same setup for the, e.g., Ruthenium ion as in CayRuQO,4 but a structure motivated
by Li;RuOgs, the form of the inherent interactions governed by the geometry de-
pendent effective Kugel-Khomskii type Hamiltonian change while the singlet-triplet



1. Introduction

degrees of freedom stay the same. A bond-dependent magnetic interaction results
that is reminiscent of, but not equal to, the Kitaev model [4]. Here, the “spin” com-
ponents travel along zigzag chains instead of being restricted to a single bond and
the magnetic model is not one of spin-1/2 but hard-core spin-1 vector bosons.

In recent works [5-7] we have strived to further develop and analyze Khaliullin’s
proposal by taking into account an additional direct exchange process resulting in
the magnetic Hamiltonian taking the shape of an extended Kitaev-Heisenberg model
and a complicated ensemble of higher-order multi-boson interactions. This thesis
represents a direct continuation of that process.

As such, we sit at an intersection of interests that can be roughly grouped into
three topics: Firstly, the direct motivation is to provide models that possibly de-
scribe materials and can be used to predict and search for novel features in them.
Secondly, there is merit in the discussion of the model as a Kiteav or extended
Kitaev-Heisenberg model with unconventional degrees of freedom. Thirdly, the local
singlet-triplet structure and magnon condensation mechanism are themselves fea-
tures that have enabled a plethora of discussions pertaining to dimer models and
their novel physics, but here the fact that the “dimer” does not consist of spins but
a spin and an angular momentum can drastically change motivations and results.

Subsequently, we further contextualize the three groups of interests and the points
of discussion useful for the model in this thesis.

We first turn to the material-specific motivation. Primarily, our model can be seen
as an attempt tailored to, e.g., Ag;LiRuyOg, as geometrical features and degrees of
freedom could be a candidate material for the models discussed in this thesis. Recent
experimental results [8] establish a novel phase transition from J = 0 to another
seemingly “nonmagnetic” (Van Vleck) state when the material is pressurized above
a critical threshold. A theoretical analysis remains to be done and one needs to find

out whether this effect is a consequence of Khaliullin’s line of thought or not.

Moreover, there are materials that might seem appropriate for a setup like ours, but



have seemingly different underlying physics such as Li;RuOg, which can be seen as
a parent compound of Ag;LiRusOg. While LisRuOj3 [9] features a structural phase
transition that has been early on connected to a different physical origin, namely
molecular orbit formation [10], there has been a lot of debate about the goings on in
this material. The tendency to form spin-orbital singlets as discussed here became

relevant again when it was directly compared to NagRuOj3 experimentally [11].

Additionally, the experimental side of the analysis of Ag;LiRusOg-like materials is
quite scarce and one may yet find inherent use of our model discussions for materials
considered in the future. One should note that especially for ruthenates experimen-
tal data have recently become available due to the successful extension of resonant

inelastic X-ray scattering to the intermediate (X-ray) regime (IRIXS) [12].

Furthermore, one can circle back to the discussions for CaoRuO,. The main differ-
ence between the two setups presented in [1] is the geometry of the (super-)exchange
interactions and the form of the lattice model. Yet, the on-site degrees of freedom
concerning a single Ruthenium atom, i.e. the Van Vleck-type d* Mott insulator char-
acteristics, remain the same. As a result there is an overlap of interest concerning
emerging effects where the precise form of the exchange interactions is not of central
importance. In particular, quite a lot of discussion concerning CasRuO,4 has been
about the relative importance of spin-orbit coupling and tetragonal crystal field dis-
tortions [13-18] or the role of Hund’s coupling [19]. To the former discussion we even
contribute directly [20] by use of the semiclassical Monte-Carlo scheme discussed in

this thesis.

As a side note, it is useful to remember that CasRuQOy is extremely well studied
not only because of the Higgs mode. A big part of the focus on CasRuO4 was caused
by it having the same structure [21] as the hotly debated superconductor SroRuOy
[22, 23], which itself was first discovered by notably being isostructural to the cuprate
high-T,. superconductor Las_,Ba,CuQO4. Another driver was the discovery of giant

diamagnetism in non-equilibrium [24], which has since been found to be false [25]
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but nevertheless sparked a lot of insightful discussions about the material [26].

Concluding the material interest section, we point out that a variety of other
models share a similar relation to our setup like CagRuO,4, namely that the precise
nature of Kugel-Khomskii type spin exchange might not be comparable but some or
many aspects of the underlying physics are. Just to name a few: Similarities based
on, but not limited to, J = 0 physics or lack thereof have been a point of discussion
for, e.g., various 5d* osmium based compounds [27, 28] and similarly in rhenates
and iridates [29] (of note in particular is the debate about magnetism in BasYIrOg
[30-33]) as well as KoRuClg [34], Sr3lraO7F; [35] and the d® compound NiRhyO4 [36].
Novel concepts like the very recent Ru-dimer model [37], where the ions seemingly
share a d*-d® partnership are also clearly related.

We turn to the second class of interest: the form of the Hamiltonian being an
extended Kitaev-Heisenberg model. For this explanation we can be briefer and less
comparative, because the Kitaev and Kitaev-Heisenberg physics research field is ex-
tremely well established and well known. Several reviews already cover (obviously
with some topical overlaps) Kitaev and Kitaev-Heisenberg models [38-40], specifi-
cally in magnetic fields [41] or quantum spin liquids in general [42, 43], with especially
references [38, 39] focusing on the realization in materials.

A short summary can regardless be attempted in the following way: The Kitaev
model [4] is a novel toy model hosting bond-dependent exchange interactions on a
honeycomb lattice. For spin-1/2 the model (or its ground state and some other as-
pects) can be solved exactly(!) by mapping the spin-1/2 to four Majorana fermions
(the number and thus spin-1/2 being an important aspect of the solution). Further-
more, Kitaev established the emerging spin-liquid phases and their use in topological
quantum computation based on his earlier work [44].

On a side note, the quantum computer in general has gained a lot of traction during
the last year with Google’s attempt to claim its supremacy [45] and the proof-of-

principle demonstration of the topological computation also involving Kitaev as a



co-author [46]. However, the topological setup was carried out using the simpler
Toric Code model and superconducting qubits, i.e. not a Kitaev model based setup.
The quantum computation aspect of the Kitaev model itself has accordingly quieted
down.

Back to the issue at hand: An important step was done by Jackeli and Khaliullin in
their seminal paper [47] describing the possibility of finding Kitaev-like exchange in-
teractions in realistic d®> Mott insulators, where strong spin-orbit coupling causes the
formation of a total angular momentum j = 1/2 ground state, which takes the role
of the spin, and superexchange in edge-sharing ligand octahedra geometry enables
bond-dependent spin interactions. Yet, this exchange is not the only process real-
istically happening in real materials, leading to the inception of Kitaev-Heisenberg
models and other extensions [48-50].

As established by the mentioned above reviews, Kitaev-Heisenberg-like models
turn out to be highly relevant! for material descriptions (although the exact form
of the interactions is usually a topic of its own, see e.g. [51]). Therefore there is
extensive interest in the model itself that we are here not attempting to do justice to
at this point. We focus instead on two niches, the interest in magnetic fields and spin-
S Kitaev and Kitaev-Heisenberg models. In all this the interest is driven by trying
to find a material where the Kitaev or spin-liquid phase survives the competition
with the other interactions.

For magnetic fields the relevance can be connected to one of the maybe most stud-
ied materials in contemporary Kitaev-Heisenberg physics: a-RuCl;. The material
is a zigzag antiferromagnet. The antiferromagnetic order can be made to vanish in
a magnetic field of sufficient strength, possibly leading to the emergence of a spin

liquid [52]. Hence a lot of the Kitaev and Kitaev-Heisenberg debate has looked into

!Topical side note: The aforementioned George Jackeli and Giniyat Khaliullin together with Hi-
denori Takagi (who leads, among other things, a neighboring research group under the common
umbrella of the Institute for Functional Matter and Quantum Technologies in Stuttgart) have
just been selected as 2025 recipients for the James C. McGroddy Prize for New Materials
https://wuw.aps.org/funding-recognition/prize/james-mcgroddy (accessed 16.10.2024).
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the behavior of the models in magnetic fields. This is a nontrivial issue for the Kitaev
model itself and of course its various material specific extensions. The Kitaev model
itself does not include a strong magnetic field, leading to the question of what kind
of spin-liquid, e.g., gapped vs. gapless, can emerge.

Particularly a-RuCl; has raised the relevance of this discussion because of exper-
imental evidence for a half-integer thermal Hall effect, whose “half” size was con-
nected to the Majorana fermions [53]. While claims of successful reproduction and
additional evidence [54, 55] caused noticeable hype, the discussion has since then
turned out to be more complicated, see, e.g., references [56-58], and it has since
been suggested that topological magnons may be the driver instead [59]. A very

recent summary of this debate (end of last year) reiterates this [60].

Having established that there is interest in the magnetic field behavior of Kitaev-
Heisenberg models we turn to the second niche: spin-S. Here, we can keep the
introduction rather short as the idea is simple. The Jackeli-Khaliullin mechanism
first employed in d° materials to obtain Kitaev-like interactions is based on the more
general feature of Kugel-Khomskii type models in edge-sharing ligand octahedra
geometry. For different setups with e.g. the same geometry, analogous interactions
may arise. As such there are recent proposals of Kitaev-Heisenberg models for e.g.
effective spin-3/2 [61-63] (instead of the j = 1/2 in d°) or spin-1 [64]. With the hard-
core spin-1 (note also: singlet-triplet structured) vector boson Kitaev-Heisenberg
model [5] we are in medias res regarding this entire discussion. Additionally there
is interest in spin-1 Kitaev physics also as a model study itself [65]. Of course, the
nature of spin liquid [66] and magnetic field effects [67, 68] can be motivated quite

similarly to the spin-1/2 scenario, however, giving different results.

Finally, we can turn to the third field of interest: the singlet-triplet structure and
magnon condensation. Here the most use comes out of the description of trends,
which we compare at points of need in the thesis. Hence we try to keep this intro-

duction very brief.



Khaliullin’s description of the emergence of magnetism in CayRuQO, is based on
the mathematical language of singlet-triplet physics in dimer systems [69]. In a
dimer consisting of two spin-1/2 (spin-1) coupled antiferromagnetically, it is clear
that an analogous formation of singlet-triplet (-quintet) states exists. Similarly,
the realization of magnetism via Bose-Einstein condensation involving the triplet

excitations is an established concept [70]%.

Dimer singlet-triplet systems have been a broad field of study as evidenced by
the exhaustive review [71]. Of particular interest for this thesis is the quite famous
example of T1CuCls, where the Bose-Einstein condensation can be driven by pressure
or magnetic field [72-74]. Additionally, the concept of an emerging Higgs mode has

been discussed [75].

Another relevant and quite contemporary niche in this discussion is the role of
uncondensed magnons as topological excitations [76, 77] where specifically triplon

topology [78] has been established.

The language is not the only aspect that relates our model to dimer singlet-triplets.
With a quick look at the degrees of freedom involved, one can see that we are in
fact outright modeling an unusual dimer system. The main difference is that we do
not couple two spins, but rather a S = 1 spin and an L = 1 angular momentum via
spin-orbit coupling. This presents a clearly unique set of motivations and discussion
if one considers e.g. that other types of spin interactions might become interesting
(c.f. Kitaev) and the reaction to external influences like the magnetic field can be
different. Hence one should be motivated to look for similarities and differences
between the dimer setups. Although this sounds quite banal, the importance of this
discussion and concept should not be discarded. A good example for this is the
recent observation of the failure of the Curie-Weiss law for total angular momentum

based systems [79]: It has been common practice to handle the j states found e.g.

2this review contains a useful dictionary of the Bose-Einstein condensation nomenclature in
magnon systems
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in a-RuCls like spins, but this can lead to quantitatively wrong descriptions and

analysis.

Having established the possible interests and motivations for our research, we can

now turn to the structure of the thesis.

The remainder of this chapter introduces the fundamental concepts. We start
with the physics for a single transition metal ion embedded in a solid, namely crys-
tal field, spin-orbit coupling and Coulomb interaction. Thereafter we connect this
to the lattice model by explaining superexhange via a Kugel-Khomskii model and
subsequently projecting it onto an effective low-energy environment dictated by the
single ion framework. This results in the extended Kitaev-Heisenberg model and
interactions beyond. Finally, we make an important excursion into the textbook de-
scriptions of spins and spin-dimer degrees of freedom (most importantly the singlet-
triplet model), which either serve as an inspiration for the way the spin-orbital triplon
model is presented and analyzed or enable the reader to directly compare and con-
trast both cases. Here, notable distinctions like the role and form of quadrupole and

magnetic dipole moment are addressed.

In chapter two we present methods previously used for the analysis of this kind
of model. We provide old results and amend, explain or extend them where neces-
sary. This procedure naturally leads us to the description via spin-dimer inspired
singlet-triplet ansatz. The use of this ansatz as a variational wave function whose
parameters can be fixed by a classical Monte-Carlo simulation inspires the concept
dubbed “semiclassical Monte-Carlo”, which is applied in large parts of this thesis.
We provide information of its use even beyond the questions tackled in this thesis.

The centerpiece of this thesis is chapter three. Here, we apply the methods intro-
duce in the previous chapter to the questions motivated in the previous paragraphs.
Concretely, we attempt to explain how the interactions beyond the simple vector
boson Kitaev-Heisenberg model, namely quadrupole contributions and multi-triplon

terms, impact the system. Thereafter, we analyze the behavior of the emerging



model in a magnetic field. Lastly, inspired by experimental results for Ag;LiRu,Og,
we set out to describe the effect of trigonal crystal field distortions on the model.

Concluding, chapter four is a venture into a special kind of edge case of the model.
For values solidly located in the paramagnetic regime, one might argue for a case
where the flavor-changing part of the magnetic dipole moment has significance. As
a result, the magnetic field can mix the triplon flavors and provide the pathway to a
topologically nontrivial excitation structure. We set out to explain why and under
what circumstances the nontrivial topology arises by connecting them to bosonic
Dirac-cone physics. Subsequently we look at the influence of triagonal crystal field
distortions and change of lattice structure and dimension in order to gauge the
potential relevance of this model.

Before we move on with the introduction of the fundamental concepts, we address

the extend of this chapter.

Purpose of this Chapter

In the introduction chapter we try to explain all concepts necessary to understand
the thesis. As always, there can be quite a few different approaches concerning
what and how much of it to cover, especially because most of it can be found in
textbooks. Here, we focus on basic aspects of model construction and underlying
degrees of freedom, maybe more broadly than needed. One reason for this is that,
in our opinion, finding out what kind of approximations go into the model does
not only aid the understanding, but can additionally suggest future ideas of how
to improve this project to other readers. In contrast, we see no gain in discussing,
e.g., what the basic idea behind numerical simulations like Monte-Carlo is or how the
Lanczos algorithm for Exact Diagonalization works. We do not publish code?® so those

discussions have no effect on the reproducibility or understanding. Moreover, we do

3and there are libraries out there that are way better than what we do anyways.
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not see the point of one more introduction into basic topology were the ubiquitous
pictures of donuts and coffee mugs are reiterated. There are textbooks out there for
this purpose and an introduction of the tools established therein on a need to know
basis seems to be sufficient.

The basic aspects we want to discuss are ones that can at least be connected to

concrete statements about the model.

1.1 From Isolated Ion to the Octahedral
Crystal Field

A key issue of the model addressed in this thesis is the incorporation of the crystal
field. There are two distinct scenarios that need to be discussed in this context.

Firstly, there is the octahedral crystal field. The crystal field denotes the influence
of the electrostatic potential of the environment of, in our present case, a transition-
metal ion in a solid. In a crystal, the transition-metal ion is regularly surrounded
by other ions, e.g. oxygen or chlorine, which in this work are always assumed to
form an octahedron. It should be noted that this assumption is not such a strong
restriction, as tetrahedral and octahedral structures emerge naturally by trying to
pack spheres (in our case oxygen/chlorine) as dense as possible and then looking at
what kind of interstices, i.e. empty space in between these spheres, remain for the
transition metal [80].

As will be elaborated upon later, the octahedral crystal field is presupposed to be
a dominant force. Its main role is the splitting of the five-fold degenerate d orbital of
the transition-metal ion into two e, and three 5, orbitals, the latter of which present
the starting point for all subsequent considerations.

Secondly, we need to account for possible deviations from the octahedral crystal

field structure. These aberrations can occur for a multitude of reasons, the explana-
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1.1. From Isolated Ion to the Octahedral Crystal Field

tion of which will follow in later sections, and can therefore be relevant for a variety
of energy scales. Depending on the form and importance of these effects, one has to
employ different strategies.

In order to not confuse these two discussions, we will henceforth refer to the second
scenario as “crystal field distortion” in the course of the introduction chapter. Given
that the first effect is only important for the setup and not the immediate points of
interest in the thesis, we will however relax this distinction thereafter for simplicity’s
sake.

Concluding, we want to give a comment about the purpose and format of the
following sections. Some basic aspects will be discussed quite more detailed than
necessary on first glance. One reason for this is avoiding impreciseness that we have
encountered in even in well written scientific papers more often than we would like.
For example in the case of the tetrahedral crystal d® model based on NiRh,Oy in a
magnetic field (discussions in section 3.2.1) this can lead to significant discrepancies.
Another reason is to try our hand at providing a neat practical introduction to people
new to crystal field calculations, as we have seen some of the same starting difficulties
repeatedly. Furthermore, we will refer to reference [81] as an excellent introduction
with slightly different focus and reference [7] for a bare bones version of this kind of

introduction, both of which serve as a basis for the discussion in 1.1.2.

1.1.1 Single Atom

The starting point for all subsequent discussions are the wave functions of the hy-

drogen atom:

\Dnlm(ra (9, d)) = Rnl(T)Y}m(ea ¢)7 (1'1)

where R, (r) are the radial parts and Y,,(0,¢) are the spherical harmonics [82].
Moreover r € [0,00), # € [0,7] and ¢ € [0,27] are the radius, polar and azimuthal

angles of spherical coordinates. Aside from many-body effects and occupation, which

11
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we will cover later, this represents the single-particle wave function of an electron in
the potential of an isolated ion.
The principal n, orbital/azimuthal | and magnetic m quantum numbers label the

solutions. For a given n, the other numbers are restricted via

n=1,2 ... (1.2)
1=0,1,....n—1, (1.3)
m=—1,—l+1,....,1. (1.4)

Accordingly, each primary shell n has subshells labeled by [ and each subshell
2l 4+ 1 orbitals labeled by m. The subshells are usually denoted by special names:
[ =0is named “s”, [ =1as “p", [ =2 as “d" and [ = 3 as “f".

After more or less naively filling the states with the available electrons for a given
element, one can notice that some orbitals/shells are completely full and separated
from the outermost states by a large energy gap. These core electrons are not
expected to be particularly relevant if not explicitly prompted (e.g. in resonant
inelastic X-ray scattering experiments). Focusing on the usually more interesting
valence electrons, i.e. the highest occupied shells, one can introduce a shorthand
notation describing the electron configuration for a given element: n(name)#electrons)
(we ignore the standard noble gas part for simplicity). E.g. 3d* represents 4 electrons
in the d (I = 2) orbitals of the n = 3 primary shell. Henceforth, we will use shorthand

notations like 3d for materials with valence electrons in the 3d shell.

At this point, one should note the nature of the previously mentioned many-body
effects: Electrons are not non-interacting! Coulomb interaction between the electrons
is an important feature in most of the subsequently introduced physical phenomena
in a solid and beyond. Given the hierarchical nature of the energy scales in our
setup, the relevant effects, e.g. on spin-orbit coupling, are best discussed separately

at each point where they become important.

12
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The first of these instances is the electron occupation of the hydrogen levels. First
of all, the energies of the hydrogen states are shifted significantly resulting in e.g.
the 4s levels being more favorable than the 3d levels [83]. This is reflected in the
usual depictions of the periodic table of elements, where the transition metal Scan-
dium (4s*3d") with 21 electrons follows Calcium with 20 (4s?). Furthermore, the
occupation of the shells can become nontrivial.

Considering Ruthenium as an illustration, the electron configuration is stated as
4d" 5st [84], favoring the half-filled s-orbital and hence developing two distinct con-
tributions to the valence electrons.

Yet, when embedding the single atom into a solid or molecule, ionic bonds can
change the effective number of available electrons in situ. Ru**, Os**, Ir’* and
Ret, where the exponent denotes the number of ionized (for our purposes: missing)
electrons, are all commonly denoted as ions with 4d* or respectively 5d* electron
configuration [1]. The effective loss of the s—orbital character is an approximation
that has, to our knowledge, not warranted any discussion in the context of the
materials considered in this thesis. In fact, even established literature [85] explicitly
ends this discussion at the same point. Violations of the simplification would be
easily visible in many ab-initio simulations or experiments. There are however a
few discussions of a small covalent character of the naively ionic bonds with the
surrounding environment in materials related to our interest, e.g. [86], potentially
leading to higher electron counts on the single ion. This should be kept in mind
as a potential source of problems with our model. In fact the paper presents a
scenario where without the compound in question, BagNaOsOg (with 5d' Osmium),
is supposedly nonmagnetic if one ignores the extra electrons provided by ligand
orbital admixture.

One should therefore note that the assumption of 4 electrons in a d orbital forms

the basis of all following chapters.
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1.1.2 Crystal Field

In a solid, a single atom is surrounded by its neighbors. This environment influences
the previously discussed wave functions. Here we aspire to introduce the necessary
tools for describing these effects and discuss the resulting changes, especially for d*

systems.

1.1.2.1 Basics

As an example, we consider the real crystal structure of a material that could po-
tentially host the effective physics we are interested in: AgzLiRusOg. Figure 1.1
depicts the crystal structure found experimentally. The Ru** ions can be found in
layers lying in the a-b-plane of the crystal, motivating the later employed description
as a two-dimensional lattice model. Every Ruthenium locale consists of six oxygen
atoms, which form, at least in the idealized case, an octahedron around it. Devia-
tions from this ideal, which can even be spotted in the depicted structure upon close
inspection, are pondered in section 1.1.7.

The primary concern resulting from the observation of the material is the em-
bedding into the octahedral structure of oxygen atoms (which should be seen as a
surrogate for many other possible ions not explicitly mentioned here). Historically,
this process is referred to as “crystal field theory” or “ligand field theory” depending
on the degree of involvement of the surroundings. Hereinafter we will refer to oxygen
as the ligands regardless of the approach for simplicity.

It should be noted that we employ crystal field theory. Ligand field theory is
relegated to the following small comment. The primary difference is that crystal field
theory reduces the ligands to point charges, i.e. a simple electrostatic potential acting
upon the wave function of the Ruthenium. In contrast to that, ligand field theory

includes the involvement of the orbital wave functions of the ligands. Consequently,
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Figure 1.1. a) VESTA [87] depiction of the crystal structure of AgsLiRuyOg¢ as
established experimentally in [8]. b) A single a/b-plane layer of the compound. The
Ruthenium atoms form a honeycomb lattice and the oxygen octahedra share edges.
One can spot distortions of the ocahedra in b) from an idealized geometry in c),
which is the basis of subsequent calculations.
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crystal field theory can be seen as sufficient if the orbitals of ligands and transition-
metal ion do not hybridize (ionic versus covalent bonding) or if the energy gap

between the ligand and transition-metal state, the charge-transfer gap, is large.

Crystal and ligand field theory are old and well established, going back to the
early 20th century (see reference [88] for a summary). Therefore we can limit our
introduction of the reasons and restrictions of its use and instead make a short his-
torical comment. Historically, the discussion goes back to the description of chemical
bonds. Valence-bond theory, molecular-orbital and crystal field theory emerged as
first explanations, with the latter one being extremely successful due to the work
of Van Vleck, who of course is responsible for many things and provides the name
for the excitonic magnetism discussed in this thesis. Interestingly, one of the early
predictions was the quenching of the orbital momentum due to the crystal field, i.e.
the topic of interest of section 1.1.3. From the historical point of view it is obvious
that the ligand field theory can be viewed as a hybridization of all ideas, which can
become necessary to engage with if the bonding is more nontrivial than just a theory

of electrostatics in the crystal.

The starting point for crystal field theory calculations is the electrostatic Coulomb

interaction of the ligand point charges:

Vor(r) =3 2 (1.5)

lr — |’

where [ labels the ligands with charge ¢; and r; the corresponding positions. There
are elegant or direct ways to tackle this problem. On the elegant side there are
explicit use of spherical harmonics and group theory. More direct would be a simple
expansion of the root in cartesian coordinates and evaluation of the resulting integrals
via computer. Due to its straightforward nature and the rarity of decently explicit
literature, we find it prudent to present the concrete calculations in the latter format.

For completeness and later discussions we will sketch the other approaches.
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A useful identity that can be found in almost every electrodynamics textbook is
that the multipole expansion of the electrostatic potential can be written in terms

of spherical harmonics

1 . A4r r’i b
r————— - . 1.1 Y* 01', 7 Ym 9', i) 16
|7’i _ f,aj‘ kzzg 2k +1 ri‘i’l m§::k km( ¢ ) k ( J ¢J) ( )

where 7~ (r.) is the larger (smaller) of both radii. As a result, the crystal field

potential (1.5) can be rewritten as

[e%9) k
Vor(r) =Y > f(k,m)Yin (0, ), (1.7)
k=0 m=—k
where f(k,m) contains constants, information about the geometry and (for point

charges trivial) multipole moments of the charge distribution.

In the following we consider single-electron states (1.1) for simplicity and deal
with the consequences of many electrons and their interactions later. Accordingly,
introducing the electrostatic potential as a perturbation to the atomic wave function

of the TM ion leads to the effective Hamiltonian
Hnlm,n’l’m’ = <\Ilnlm|VCF’\Ijn/l’m’> ~ <Y2m|Y”m”‘Y’m/>' (18)

The integrals over three spherical harmonics are called Gaunt coefficients. They are
straightforward to evaluate either numerically or via well known identities containing

Wigner-3j symbols and the resulting selection rules [89].

The charm of this ansatz becomes apparent when contemplating symmetries. A
perfect example is the derivation of the octahedral crystal field splitting found in
reference [88]. The Vir has to reflect the symmetries of the crystal, hence enforcing,
e.g., the fourfold rotation C4Vep L Vor, ruling out a decent chunk of Y~ terms.

Being able to use identities to calculate the important matrix elements also helps
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when contemplating that crystal field theory predates computers.

A more explicit use of group theory can present an alternative approach. One
should keep this in mind not only because of its potential usefulness as an elegant
way of solving the crystal field problem, but also because the nomenclature involved
in the calculations directly derives from it. The necessary background information
can be readily found in standard textbooks [88, 90] and will be skipped due to the
employment of the more direct approach in this thesis.

A quick run-through: The free ion has full rotational symmetry represented by
the point group SO(3). For example the octahedral crystal seen in figure 1.1c)
has a different, lower symmetry Op. Since O, C SO(3) they share representations.
Yet, when SO(3) becomes Oy, the irreducible representations of the former become
reducible ones for the latter. You can decompose the reducible SO(3) representations
into a direct sum of irreducible Oy, via character tables (a staple of group theory).
The irreducible subspaces correspond to degeneracies. Concretely, we would start
with fivefold degenerate d orbitals in SO(3) and end up with a split into a twofold
degenerate representation e, and a threefold degenerate to,, where the names stem
from group theory (all twofold parts are denoted as E, and threefold as T', with
the additional aspects of the name referring to the nature of the system or involved
symmetries).

Finally transitioning to explicit direct calculations, one can rewrite (1.5)

qi
VCF Z \/ x_xl 5 37

+(y— )+ (2 —2)
ai
7"1 \/1 + 2(1’1$+y1y+212) ’

) Z WA Z T )

where b = r?/r? and A accordingly. While some sources [90] simply state that € is

small and one should expand /1 + ¢ around r = 0, one should note, that ¢ contains
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multiple orders of the expansion parameter r/r;, which is trivially seen by introduc-
ing the standard spherical coordinates (z = 7 cos(¢)sin(f), y = rsin(¢)sin(f) and
z = rcos(f)). Hence b is O((%)Q) and A O(L£) seem to be clearer choices. Taylor

r
Tl

expansion in r/r; around 0 (the atom in the center of the ligands) then yields:

A r 342 b 9

Ver(r) = 3010 RO = FOW)) + (5 = (OU))
- (—i—f - 371%)(0((;)3)) + (%bQ - 15£2b + 3152§4><O((2>4>>
(AT B B o)

(LR A B o D+ ]

(1.10)

The effective Hamiltonian (1.8) consequently partitions into a sum of quick to cal-

culate (at least via computer) integrals:

o0

Hmasin =3 ([ ar Bisrortvieo) ([ a0 [ a0 i simonis0.0)).
o 0 : (1.11)
where 7 refers to the order in r/r; and the additions to Vir denote that we split the
corresponding terms and dependencies into the integrals. From here one straightfor-
wardly calculates all matrix elements of the Hamiltonian up to a given order. We
are interested in orbital rearrangement and thus can discard constant energy shifts.
If one does not mix orders or atomic energy levels, the integral over r is just a global
number (no dependence on m quantum number and thus the specific orbitals) and
therefore it is often not evaluated but rather thrown (with other global factors like
the g/ in Vgp) into the historically named “unit of energy” Dg. What remains is

standard perturbation theory.
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Yoio

Figure 1.2. Electron wave functions represented by the square of the absolute val-
ues, e.g. |Yao(6,0)|* for Yao: On the left the wave functions for a free hydrogen
like atom are shown. The right-hand side depicts the resulting e, and ¢y, orbitals
described in the text. Additionally, the central part illustrates the energy splitting
as a result of the octahedral crystal field environment schematically.

1.1.2.2 Octahedral crystal field

As established by figure 1.1, a point of interest in this thesis are materials with
octahedral crystal field structure. Given the explanations of the previous chapter one
has to establish the crystal structure geometrically, i.e. the positions of the ligands
(z,y,2)T = (Fa,0,0)T, (0,4a,0)T, (0,0,+a)?), and their charges (all ¢ = —Q).
Furthermore, section 1.1.1 signals the focus on occupied d orbitals of transition
metals. As a result the hydrogen wave functions are fixed by [ = 2 and, since n

is only contained in the radial part and thus Dgq, the problem boils down to the five
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|Yon) states.

Evaluation of the corresponding matrix elements yields its first nontrivial energy

correction (neglecting constant shifts) to be in 4th order.

Hamiltonian in the basis {|Ya2), |Ya1), [Ya0), |Ya—1), |Yo—2)} is

Dq
0

H=1 0
0

5Dq

where Dq = Q/6a®

. <Rn2|7’4|Rn2>.

0
—4Dq

0
0

0
0
6Dq
0
0

0

—4Dq
0

5Dq

0

0

0
Dq

The resulting effective

, (1.12)

Diagonalization yields the corrected hydrogen wave functions and energies. One
finds the so called e, orbitals
|d.2) = [Wha0) , (1.13)
1
dyp2_2) = — (|[Vo2) + [Vpoa)), 1.14
|di2—y2) \/5(\ 22)  [Vn2-2)) (1.14)
at E., = —4Dq and the t,, orbitals
i
|day) = ——= (|Wn22) — |Vpo—2)), (1.15)
! \/_
\dy) = 7 (|Wp21) — |Wnao1)), (1.16)
i
|dyz) = NG ([Wno1) + [Wna-1)), (1.17)

at Fy,, = 6Dq. The result is illustrated in figure 1.2.

Obviously, the choice of the ¢y, wave functions seems peculiar at first glance,
as they are not the simple naive choices one would arrive at directly via matrix

diagonalization but rather specific (allowed because of eigenvalue degeneracy) linear
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combinations thereof. This choice, however, is convenient when talking about other
aspects, such as the angular momentum of ¢4, which is discussed in the following

section.

1.1.3 T-P Correspondence

The hydrogen d orbitals are characterized by their angular momentum L = 2 as the
spherical harmonics are eigenfunctions of the angular momentum operator with the

quantum numbers corresponding to the orbital [:

L? |Y2m> = l(l + 1) ‘Yzm> ) (1'18)

L. |Yim) = m [Yim) . (1.19)

Here we introduced the common choice of angular momentum operators with A = 1
for simplicity.

As pointed to in the short note about the history of the crystal field theory, Van
Vleck established early on that a consequence of this formalism is that the angu-
lar momentum of the hydrogen orbitals is influenced or sometimes even completely
quenched. What does this mean for the concrete case of the octahedral crystal field
and the e, and ¢y, orbitals?

One can find the answer by simply using equations (1.18) and (1.19) (and the

standard L*, L, and L, definitions) to find their expressions in the

{ldey) , |dy2) , |daz) , |do2) , |dy2—y2) } basis:

0 0 0|—V3i —i —V/3i —i
0 0 i| 0 0 thQ 0 0
L,= 0 —i 0| 0 0 |= 0 0 |. (1.20)
V3 0 0l 0 0 V3i 0 0 0
i 0 0] 0 0 i 00
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0 0 —i| 0 0 0 0
0 0 0|3 —i Ly, | V3 i
Ly=li 0o oo o |[= 0 o |, (121
0 —V3i 0] 0 0 0 —V3i 0 0
0 i 0] 0 0 0 i 0
0 i 0|0 0 00
0 00 0 by |0 0
L= 0 0 o |02 |= 0 2 |. (1.22)
00 00 0 00 0
0 0 —2i|0 0 00 _ai| Y

If the crystal field is dominant, effectively separating the e, and ¢y, subspaces is
an option. The matrix elements in the e, subspace are all 0. Hence the angular

momentum is trivial and one refers to this as it being completely quenched.

In the ?9, subspace the matrices seem to take the form of the well known L =1
angular momentum (at least with the choice of linear combinations in the degen-
erate states established in the previous section), hence we introduced the labels

Lng/ L%’QQ/ L;,,- However, upon closer inspection one can find an important detail:

they are not really L = 1 matrices due to a wrong sign. Thus the commutator

Ly

tag

g

tog?

} - L, (1.23)

carries the wrong sign and we can not really use the orbitals as L. = 1 angular

momentum objects.

This sign problem however is easily fixable. A convenient way to do so is flipping

the sign of all Lj; , ie.

_JY _J7
Lt297 Ltgg

L=—Ly, = (-L}

tag)

)7, (1.24)
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which trivially leads to the right angular momentum algebra and L = 1 matrices for
L.

Since L = 1 is the correct quantum number for hydrogen p orbitals, the ¢, triplet
can be understood as p orbitals with a flipped sign in this aspect. This concept is
called t-p correspondence and it is covered in standard textbooks like [85].

Flipping the sign however does come with an important caveat: If one wants to
use the normal angular momentum language this sign change has to be applied to
all objects that contain the L operators such as for example spin-orbit coupling and

magnetic moment. For the later one finds
MtZg - 25t2g —|— Lt29 - 25 - L, (125)

where we used a standard choice of g factors g = 2 and g, = 1 (other choices, like
the ones used in [91], do not change the point we make here) and we used the fact
that the spin is not involved in the spherical harmonics calculations. This change in
expression is of the magnetization is nothing new (see e.g. its use in [1, 85, 91]). Yet,
one often finds that the minus sign is not used [92, 93] and, while this is often a very
forgiving mistake, we find that in the case of [92] this might change the response to
a magnetic field significantly!

As for the spin-orbit coupling: technically one has to change the sign of its Hamil-
tonian ALS. However, because we work with holes instead of electrons later for
convenience, there is an additional sign change which fixes it back to its original

version.

1.1.4 Size of the Crystal Field Splitting

A direct follow up question regarding the previous t-p-correspondence argument is:
Is it even reasonable to cleanly separate to, and e, orbitals? More concretely, one

might ask if the value of 10Dq is large or small compared to other influences.
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There is a quick and hand-wavy answer to this. Established literature [94] states
(rather roughly) that “it is not surprising that, experimentally, all ions studied in
both the 4d, 5d groups are found to belong to the strong ligand field”. Strong ligand
field is contextualized explicitly as a single-electron calculation as employed in this
thesis. Additionally the quoted book provides a table containing a list of 4d/5d and
some 3d transition-metal ions it considers as having strong crystal fields. Hence,
one might answer that the crystal field is sufficiently big enough as to not bother
us anymore and go over to the next section. Furthermore, our focus on 4/5d states
and not 3d is not primarily established by the crystal field but rather more complex
reasoning involving other energy scales (charge-transfer gap, spin-orbit coupling, size
of orbitals, see the related physics in [95]) and hence a more thorough investigation

of the topic could be reasonably skipped.

Yet, while the crystal field being dominant is seemingly a solid assumption in
the materials of our interest, there are reasons to answer the question a bit less
shallowly. First of all, strong and weak are relative terms and there are reasons
to expect that reality does not always follow the simple prediction. For example
in some 5d materials one might have to start worrying about spin-orbit coupling
induced ty4-€, mixing [96]. One should be aware in which cases the simplicity might
be dangerous. Secondly, there is a charm in writing things down in a more complete
manner when the opportunity presents itself, especially when the discussion at hand

neatly connects to other topics.

So how large is the splitting 10Dg? The long answer is complicated and too
elaborate to fully discuss here. A big issue is that crystal field theory, while useful
for the easy calculation of the symmetries and orbitals, is far from the whole truth.
In fact, the predictions of 10Dq (resulting from (1.12)) from the crystal field are
regularly not even the largest contributions to 10Dq [83]. Rather, e.g. ligand field
theory needs to be employed. In practice one can instead use crystal field theory

to predict the orbitals and qualitative picture of the splitting and then use either
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experimental data or more involved ab initio simulations to fix the quantitative value

of 10Dq.

Thus the question is rather: What rough trends in size can one expect and what
concrete values do experiments/simulations provide? One might find the answer by
considering example data compiled from textbooks in table 1.1. The size of 10Dq
is obviously influenced by the choice of ligand. This increasing ligand strength is
reflected in the more or less empirically constructed spectrochemical series found in
standard textbooks [83, 94]. One should note that oxygen O?~ ligands, which are
relevant in many of the later discussed/referred to compounds (e.g. AgzLiRusOg),

appear in this series between the values of F~ and H,O found in the table.

One can also note that the central ion influences the splitting even when the
electron configuration, e.g. 3d° is the same. There are also semiempirical series
of rows of d central metal ions reflecting this written down in literature [83, 85].
Moreover, the oxidization number (Fe?™/Fe3T) or number of electrons in general has

an effect. Additionally, there is a clear increase 3d — 4d — 5d.

The latter trend can be connected to a change in ion “size”, which is a useful
concept for later discussions. For this one needs to consider integrals of the hydrogen
radial wave function part R,; and note that this trends continues to even to the
radial integrals of crystal field theory in equation (1.11). The behavior of 72| R,|°,
which represent the radial probability density of the hydrogen wave function (r? is
the contribution of the Jacobi determinant in spherical coordinates) can be seen in
figure 1.3. As this represents the probability density of an electron, one may argue
that increasing the principle quantum number n leads to a larger spatial extend of the
orbital. An increase in nuclear charge Z however leads to a more compact probability
distribution. Due to other electrons being around and screening the nuclear charge,
the second trend is however more complicated and often accounted for by taking an
effective nuclear charge Zos [83]. One may summarize this trend in the periodic table

by stating that going down or to the left increases the size of the orbitals, which for
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our purposes very roughly means that 5d orbitals are more spatially extended than
4d or 3d. Similarly, the oxidization number trend is also obvious as it changes the
effective charge of the ion (less screening), leading to a smaller size (often resulting
in shorter metal-ligand distances).

All in all one may reasonably state that there are clear trends in the size of 10Dq.
This may be used to suggest materials if one finds the crystal field splitting to be
the problem in establishing the model we are after.

What remains is to summarize what literature values for ions of interest, i.e.
Ru®™/O0s*™,/Tr5% /Re3t [1] or adjacent models of interest, are out there. Part of
this is extremely topical as there has been quite a lot of progress in recent time
such as the successful use establishment of IRIXS [12], i.e. RIXS in the intermediate
X-ray regime, which provides easier access to ruthenium focused experiments.

Table 1.2 provides crystal field splitting estimates for a selection of materials. For
the octahedral compounds 10Dq appears to be significantly larger than the other
parameters (see next section). Notably, outright ignoring the e, orbitals in the
analysis, as marked by 10Dq = oo, is common practice. This represent the same of

approximation we make in our model.

1.1.5 Many-Body Effects: d* and tgg

In the first section of this chapter we established that our interest is focused on the
assumption of 4 electrons occupying the d orbital, i.e. d*. As a consequence the
technically single-electron crystal field calculations do not suffice — at least on a first
glance.

The central point in this discussion is that, for the purpose of the excitonic mag-
netism model being relevant, one requires all four electron to be present in the o,
orbital, i.e. t;‘g. From the angle of many-body effects, there are two prominent po-

tential issues with that: spin-orbit coupling (SOC) and the Coulomb interaction of
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Figure 1.3. Evolution of the radial part (represented by 72| R,|*) as a function of
quantum numbers n/l (top) and central ion charge Z (bottom). The former suggests
that the orbital size (radially) grows when turning to the bottom and right of the
periodic table. The latter naively implies the opposite trend.
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1.1. From Isolated Ion to the Octahedral Crystal Field

Table 1.1.: Compilation of data from textbooks [94]
and [83] based on [97-99]: the numbers in
the table, which have been converted to eV
from the original sources, denote the octa-
hedral crystal field splitting 10Dq.

nd® Ion Ligands
Cl~ F~ H2 O NH3 en CN~™

3> Cr* | 1.70 1.88 216 2.67 272 3.30

3d®  Mn?t | 0.93 1.05 1.25 3.72
Fe3t | 1.36 1.77 4.34
3d®  Fe?t 1.29 4.07
Co3* 257 284 288 4.31
4d®  Rh3**t | 2.53 3.35 4.22 429 5.64
5dS  Trd* 3.10 4.96

3d® Ni**t 10.89 091 1.05 1.34 1.43

the electrons with each other.

Spin-orbit coupling is best treated in its own chapter, because it is useful to es-
tablish the size and characteristics of it first. However, its effect can be established
by a simple back-of-the-envelope calculation. SOC contains angular momentum op-
erators, e.g. in the form A = ALS, and hence the matrix elements outside of the e,
and ty, in equations (1.20)-(1.22) will lead to e,-to, mixing if they are not sufficiently
smaller than the strength of the crystal field.

Coulomb interaction can be described by the Kanamori Hamiltonian, which is in-
troduced in section 1.3. Explicit calculations involving the many-body Coulomb
Hamiltonian are often complicated. Thankfully, this seems unnecessary for the

project at hand, which we try to establish in the following paragraphs.

Leaving aside nuances about the nomenclature, the rough conflict of crystal field
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30

Table 1.2.: Estimates of the size of the crystal field splitting
parameter 10Dq, the Hund’s coupling Jy and
spin-orbit interaction & for various compounds of
direct or adjacent interest for this thesis. The pa-
rameters are established by experiments and/or
comparison of model data to experimental re-
sults. All numbers are provided in units of [eV].
The oo implies that e, orbitals were neglected in
the modeling/fitting process.

Ton nd® compound 10Dq  Jy & source
Ru*™ 4d* KyRuClg 29 042 0.103  [34]
Ru'™ 4d* CayRuOy 3.1 034 0.13  [100]
Ru’™ 4d® a-RuCly 24 034 015 [101]*
Ru®" 4d> RuBr; 215 034 0.15  [102]
Ru’" 4d° Rul; 2.05 034 0.15 [102]
Os™™  5d* K,0sClg 33 043 034 [27)°
Os™™ 54" K,0sClg o 028 041 [27)°
Os*™  5d* K,0sBrg 29 042 033 [27)°
Re’™  5d*> BayYReOg 00 0.38  0.26  [29]¢
Os®™  5d* BayYOsOg o~ 0.335 0.275 [29]4
It 5d* BayYIrOg o 0.385 023 [29]4
Ru'™ 4d* RuO, 2.6 0.78° 0.161 [103]
Ru*t 4d* AgzLiRu,Og | oo 0.757 0.140  [§]
Ni?*  3d® NiRhyO, 0.58 0.72 0.013 [104)¢

* except for Jy = 0.32eV also [102]

b same set of data is compared to two different models

¢ RboOsBrg not significantly different

4 analysis incorporates data from [31, 105, 106]

¢ the source only provides the Slater integrals F(?) and F®) (cf.
1.3), which we can use to get a slightly inaccurate estimate via
the formula Jy = 2.5/49 - F?) 4 22.5/441 - F®) valid for a
Kanamori Hamiltonian [107]

f Ju simulation does not involve spin-orbit coupling

9 material has a tetrahedral crystal field
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Figure 1.4. a) High- and low-spin configurations of a d* electron configuration in
an octahedral crystal field environment: In the high-spin case the fourth electron is
located in ey, which is intertwined with an energy cost of 10Dg. For the low-spin
setting all electrons are in the ?5, orbital, i.e. t;lg, which costs energy on the order
of the Hund’s coupling Jy due to the spin-alignment not maximizing its value. b)
Tetrahedral and cubic crystal field provide the same kind of energy splitting, however
inverse and of reduced strength. As a result, low-spin d* in an octahedron and d® in

a cube/tetrahedron can end up with the same effective tgg electron configuration.

and Coulomb interaction is the Hund’s coupling Jy, which more or less enforces the

well-known Hund’s rules when it comes to occupation of the orbitals. For the d*, or
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rather to, and e, orbitals this enables two rather simple edge cases: If one follows
Hund’s rules, i.e. if Jy is dominant compared to the 10Dq of the crystal field, one
needs to maximize the spin when filling in the four electrons. Due to the Pauli
principle this necessitates at least one electron to be in the higher e, orbitals. If
however the crystal field dominates, the energy gap separating ¢y, and e,, and hence
the energy cost of an electron in the latter, is so large, that all electrons remain in
tog. This is illustrated in figure 1.4a). As the first scenario results in a total spin
S = 2 and the second one in S = 1, they are referred to as high-spin and low-spin
respectively.

The excitonic magnetism scenario [1] is based on the assumption of excitations
condensing into a J = 0 ground state, where J is the total angular momentum
arising from SOC combining a spin S = 1 with an orbital L = 1, hence low-spin t%g
is a viable option. As a result the restriction to a dominant crystal field is desirable.

Given the sizes of 10Dq and Jy established in table 1.2 this seems to be a decent
choice in the desired 4d/5d materials.

1.1.6 Tetrahedral Crystal Field and tég

Repeating the crystal field calculations with a tetrahedral geometry (e.g. four ligands
located at (a, a,a)” /v/3, (a, —a, —a)” /\/3, (—a,a, —a)T /+/3 and (—a, —a,a)” /\/3 as
depicted in figure 1.4b)) yields the matrix of equation (1.12) with an additional
factor of —4/9 for each element. This is a well known result stemming from the fact
that octahedral and tetrahedral configurations both fall under the cubic symmetry
group, which can be stated as [88]

octa 9 etra 9 cubic
(Ver) = —7(Ver™) = =3¢ SR, (1.26)

where the superscript refers to the introduction of the respective geometry into equa-

tion (1.9) (and cubic alludes to a ligand on all corners of the cube as seen in the
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1.1. From Isolated Ion to the Octahedral Crystal Field

bottom right of figure 1.4).

In regards to the excitonic magnetism model there are a few more or less important
consequences of this result. Less important, but noteworthy, is the fact that the
crystal field of the tetrahedral geometry (for unchanged materials and distances of
ligands and central ion) is significantly smaller and thus more prone to discussions of
e.g. high-spin state influences or SOC induced t9; — e, mixing. Of crucial importance
however is the fact that the tetrahedral crystal field results in the exact same t5, and
ey orbitals as the octahedral one, aside from the aspect that the latter e, lies lower
in energy this time.

Consequently a d® tetrahedral geometry can potentially yield the desired effective
ty, or S =1 = L of the excitonic magnetism scenario! Hence this should be kept in
mind as a feasible application of many of our results in this thesis. One should note
that, if the scenario applies, the form of all matrices and orbitals being effectively
the same results in the formula (1.25) still being the valid way to write down the
magnetization.

For a direct connection to this thesis one should keep in mind that the octahedral
geometry has a few other important roles in the systems considered here. The most
important difference is that the ligands, and thus the form of the crystal, mediate the
exchange mechanism and are an important driver of the Kitaev-Heisenberg physics
(cf. section 1.4).

Yet, NiRhyO,4, which is one such d® material, has been directly connected to the
excitonic magnetism scenario [36]. It has also been proposed to host intriguing
reentrance behavior in a magnetic field [92], which is what we will argue here and

directly connect to the lengthy discussion of the magnetization formula for ¢,.
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1.1.7 Crystal Field Distortions

1.1.7.1 General Discussion and Importance

Considering figures 1.1b) and c) closely, one might be able to spot, even with the
naked eye, that the real crystal structure established by experiment does not contain
perfect, idealized octahedra but rather slightly distorted ones. These distortions can
arise “naturally”, e.g. via Jahn-Teller distortions [108], or as a consequence of orbital
order [109]. Furthermore one might induce them by applying pressure [8] or has to
deal with them as a result of otherwise induced phase transitions [26].

While estimating the size of these distortions in the sense of quantitative energy in
the Hamiltonian is nontrivial (the discussions of section 1.1.4 obviously apply), the
change in spacial structure is easily established and tabulated, e.g. [8, 26], and might
provide a rough idea about the order of magnitude. Furthermore, experimental data
might establish the size similar to 10Dq.

For example CayRuQ, is thought to distort (in a significant way) tetragonally (see
below) with a energy gap of AE = 0.25eV [100], while the significantly less distorted
Ag;LiRuyOg is attributed to roughly AE ~ 0.05eV [8].

Hence, one can reasonably expect the effects of the distortion to be of or over the
order of magnitude of spin-orbit coupling or the later introduced ¢?/U. One needs
to deal with these distortions explicitly.

Figure 1.5 shows examples of distortions of the ligand octahedra. Symmetry-wise
one might talk about a few reasonable scenarios. In the full octahedral symmetry
the distances to the ligands are the same in all three directions Ax = Ay = Az. If
one introduces an anistropy in one axis, e.g. Ax = Ay # Az like in 1.5a), one talks
about tetragonal distortion. Of course lengthening/shortening x and y and leaving
z the same provides the same symmetry. These scenarios are only distinct by a

possible global energy shift. In the discussions in this thesis this shift is discarded
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a) b)

d) i
Figure 1.5. Sketches of distortions of an octahedral crystal environment with non-
gray colors representing deviations from the original structure: a) tetragonal distor-
tion distortion z = y # z. b) If one cares about the total energy gain or loss (e.g.
for the calculation of Jahn-Teller distortions) one can rewrite the (here also tetrag-

onal) distortion as volume conserving symmetry modes. ¢) orthorhombic distortion
d) trigonal distortion
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and unimportant. In some scenarios like the Jahn-Teller distortions, however, one
might need to account for them and hence use special setups, like 1.5b), which leaves
the volume intact and represents the so called Q3 symmetry mode [108].

As mentioned before, the tetragonal distortions is extremely prevalent in the dis-
cussions surrounding CasRuQy, where a topic of interest is the origin of the magnetic
behaviour, in particular the so called Higgs mode, and the question if the underlying
physics can be best described as originating from effective J = 0 and excitonic mag-
netism (the topic of interest in this thesis), which necessitates the essential role of
spin-orbit coupling, or a dominant tetragonal crystal field distortion and its resulting
spin-1 model. Elements of this thesis contribute to this discussion [20] and hence we
will cover this quickly.

If one goes lower in symmetry, i.e. Az # Ay # Az # Ax one might talk about
(ortho-)rhombic distortion 1.5¢). While one might find scenarios where this applies
on paper (which can be seen by, e.g., looking at measured values of the crystal axis
in [8]), we are not aware of any relevant discussion where this impact is relevant for
the material class of our interest. We will therefore skip this. Yet, one should keep
this in mind as a possibility as, e.g., the analysis of the Pseudo-Jahn-Teller Effect in
the iridate SrolrOy4 [110] involves the orthorhombicity as a driving force.

A bit more unintuitive at first glance is trigonal distortion. Consider the plane
described by the normal vector in [x,y, z] = [1,1, 1] direction. This also represents
a symmetry of the octahedron, namely threefold rotation around the axis in said
plane. Stretching/Compressing along the direction of the normal vector represent
the trigonal distortion 1.5d).

Trigonal distortion is found to exist in materials of interest in this thesis, namely
the ones involving the previously mentioned honeycomb lattice structure of TM ions
instead of the square lattice found in CasRuQy. In the discussion of in AgsLiRu,Og
for example [8], the trigonal distortions and their evolution under pressure are of

key interest. Moreover a-RuCls, the well studied d® cousin of our focus, is assumed
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to host significant trigonal crystal field splitting [111]. Hence we will discuss the

trigonal distortion and its effects quite thoroughly.

1.1.7.2 Calculating crystal field distortions

Given the strength of the crystal field distortions being either a rather free model
parameter or hard to determine exactly in reality (cf. discussion in section 1.1.4) and
our interest in how it perturbs the orbitals rather than total energy discussions, the
calculation are quite straightforward in principle. Via the series expansion one can
just handle the new structure (with an arbitrary small number for the displacement
of position representing the distortion) via the known formulas in equations (1.10)
and then subtract the terms of the original undistorted structure. Alternatively
these well known results, or shortcuts to them, can be found in textbooks or papers
[81, 88, 90].

On that note: one can easily verify that the extremely convenient short-hand
formula [112] stating that the effect of the distortion manifests in its simplest form

as

V=A( L), (1.27)

where 7 is a normalized vector representing the distortion, works as intended for
the common choices of tetragonal (7 = (0,0,1)7) and trigonal (7 = (1,1,1)7/V/3)
distortions. It should, however, be kept in mind what it takes to arrive at this
formula and how one has to use and interpret this formula. The Hamiltonian therein
is an effective Hamiltonian restricted to the ¢y, basis (explaining the L operator
via equations (1.20)-(1.22)) and again uses assumptions like discarding total shifts
in energy, which e.g. lets one freely deduct or add L? to write down the result in
convenient form. The expression obviously does not care about the sign change of
the t-p-correspondence, as all angular momenta enter in pairs and the sign cancels

out.
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Both crystal field distortions are similar in a sense that they split up the ty,
triplet into a doublet and singlet. Concretely, the trigonal crystal field case yields
(neglecting global energy shifts)

011
A
V=gl t1o01 |, (1.28)
110

which after diagonalization results in the following energy shifts and eigenstates:

1 2A

|50 = 7 (ley) + [y2) + [22)) = Ei=— (1.29)

S

rdl>z%<rmy>—\m>> = Ea=-%, (130
) = =5 (1) = [a=)) = En=-%. (3

where we introduced (for visual convenience) the hereinafter used notation for the
tog orbitals |d,,) = |zy) (others analogous). The resulting splitting of the triplet is
visualized in figure 1.6. Depending on the sign either the singlet or the doublet is
favored energetically and the splitting is linear.

The tetragonal case is even easier. The perturbation V = AL? is already diagonal
providing analogous results. A notable difference is that the ¢y, orbitals do not mix
(more concretely: the linear combination we chose to represent the ¢y, triplet does

not).

1.2 Spin-Orbit Coupling

Spin-orbit coupling is a key ingredient in our model and even beyond. For a look
into its effect on ground states in iridates alone, one may look into the review [113],

which also provides a rough overview about the J = 0 scenario that is the focal point
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Figure 1.6. Effect of crystal field distortions on the energies of the 5, orbitals: the
triplet splits into singlet and doublet with the order depending on the sign of the
distortion strength A.

of this thesis. Here, we want to give a basic general introduction to the topic.

1.2.1 Origin and Strength of Spin-Orbit Coupling

In this section we follow (up to and including the figures 1.7 and 1.8) the excellent
introductory section of reference [114]* and update/extend the discussion with a few
added remarks and contemporarily produced data for the plots (which also fit the
theory noticeably better).

Spin-orbit coupling is a relativistic effect. It emerges as a consequences of ap-

4And we are not the first to do so, see the review [115].
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proximating the Dirac equation, i.e. the relativistic equivalent of the Schrédinger
equation, for the nonrelativistic limit (full calculation in [82]). A resulting term in
the Taylor expansion is the single-electron spin-orbit Hamiltonian

Loy,

_—— = 1.32
o2 or SOLL (1.32)

Hgoc =

where in the simplest case V = —Ze?/r is the standard hydrogen-like central po-
tential and r is the radial position. Here I emerges from the traditional position
and momentum r X p and s is a vector of Pauli matrices as a consequence of the

structure of the Dirac equation (which famously knows about spin structurally).

How can one estimate £ or rather (£(r)), which really represents the constant we
are usually focusing on? The answer depends on the extend of “realism” one intends
to involve in the construction of the average or in other words the wave function
one tries to integrate over. Are there interacting or non-interacting electrons? Are
the wave functions otherwise influenced by, e.g., a crystal field as discussed in the
previous sections? This is the point where estimating the spin-orbit coupling strength
becomes nontrivial and probably an exercise for ab-initio calculations or experimental

estimates, which we turn to shortly.
Cheaper estimates are the use of hydrogen like expressions, resulting in

&2

ndl(l+3)(1+1)

o ~ /Ooodrmnlff(r) = Z'[Ry],  (133)

where « is the fine-structure constant. Landau and Lifshitz [116], calculating an
approximate probability of an outer shell electron being near the nucleus that is

screened by the inner ones, rather estimate
&, = Aa’Z? [Ry], (1.34)

where A is a constant that needs to be estimated based on the situation (here we
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are satisfied with assuming it to be of order of one).

Figures 1.7 and 1.8 visualize the estimates by plotting them against contemporary
ab-initio data from reference [117] (instead of ancient Hartree-approximation based
calculation cited in the original [114]). One finds that the Z* works decently for
the inner electrons, e.g. p electrons if d is the outer shell. Z? seems to be a better
estimate for outer electrons and hence for the objects we deem to be relevant in a
solid.

However, it is clear from the preceding discussion that embedding the atom in
a solid will lead to changes. In a solid the orbitals can be squished by the crystal
field environment (also changing the effective Coulomb interaction, see the Kanamori
discussion) and the electron count changes leading to more or less objects to interact
with. These changes can be quite significant as reasoned by examples of tantalum
and titanium in reference [114].

So how do we estimate the spin-orbit coupling strength in practice? As in the
case of 10Dq, experiments can provide the answer, at least as a rough estimate. For
a compilation of thesis relevant or adjacent materials these values can be found in
table 1.2. Additionally material specific ab-initio calculation could be employed. A
very recent such try that might be of interest (as it explicitly involves a-RuClj) is
reference [118].

From the theoretical estimates one should keep in mind the general trends. Iridium
with Z = 77 is expected to have significantly larger spin-orbit coupling than Ruthe-
nium (Z = 44). Furthermore, if the value estimated by experiments or ab-initio
changes drastically from expectation, the underlying reason might be an interesting
point to focus on. Case in point: Because BasYOsOg and BasYIrOg in table 1.2
do not follow naive expectations, the paper in question points to possible covalent
ligand bonding effects that might be going on, suggestion a breakdown of the J =0

ground state picture we are interested in.
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Figure 1.7. Values of the spin-orbit coupling strength £ as estimated by [117] for
elements labeled by their atomic number Z (Z = 44 represents Ruthenium and
Z = 77 Iridium. Here p/d/f are the orbitals (s is trivial for spin-orbit coupling).
For comparison the estimates using the naive hydrogen like calculation &,,; for a given
n/l and the Landau estimate &, (using the arbitrary choice A = 3) are shown.

1.2.2 LS- and j7-Coupling Schemes

As in the case of low- and high-spin in the crystal field discussion, the next neces-
sary step is the introduction of a many-particle description. As the previous result
represents a single-particle Hamiltonian, a first step can be to make a sum over this

term for many electrons:

Hjj :§Zlisi, (135)

where ¢ labels the electrons.
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Figure 1.8. Data points of the previous figure for the outermost electrons of each
element are shown with the corresponding nl orbital labels and the Landau estimate

€e-

If spin-orbit coupling is the dominant force or in other words if the electrons care
more about its influence than about each other, the Hamiltonian is straightforwardly
satisfied by minimizing each I;s; term individually. This is accomplished by the
combination into a total angular momentum j; = l; 4+ s; for each term in the usual
way”. After this priority is satisfied one might start talking about a combination of
all objects to a total angular momentum J = ). j;. Due to the order of operations,
this process is called jj—coupling.

In the opposite case, i.e. the electron correlation being dominant over spin-orbit

5The calculation is a basic textbook exercise and the relevant formulas are covered when deriving
the singlet-triplet model later.
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coupling, the preeminent Hamiltonian is the Coulomb interaction (see 1.3). As de-
scribed in the section introducing it, the problem can be summarized to the Hund’s
coupling Jy effectively enforcing Hund’s rules, i.e. maximizing spin and angular mo-
mentum. As a result the combinations to total spin S = ). s; and total angular

momentum L = ). 1; happen first. The Hamiltonian can be simplified [85] to
Hps = ALS, (1.36)

where A = £/25 or in the low-spin tgg case with S = 1 concretely A = £/2.

Taking a glance into the realistic parameter estimates in table 1.2, one can surmise
that, even though Jy is usually larger than &, we can’t reliably expect to be in a pure
LS —coupling regime. However, the entire description of the subsequently discussed

Kugel-Khomskii model and its singlet-triplet low energy subspace require this limit.

Aside from the fact that the main motivation of our model study is the scenario
itself, which is motivated by the possible feasibility of existence and not the neces-
sity of a specific scenario dictated by a fixed material, the problem might not be as
drastic as it appears to be on first glance. For one the total angular momentum in
both j7— and LS— coupling for the ground state is J = 0. The main difference
is more important for the specific look of the other states and the exact form of
the Kugel-Khomskii Hamiltonian and resulting Kitaev-Heisenberg model. As we let
the parameters in the model roam quite freely, care about the precise amount of in-
teraction can be reasonably set aside. More importantly, while the Kugel-Khomskii
model approach is limited in this regard, other angles of attack are not. In particular
treatments of the entire problem in the form of a multi-orbital Hubbard model (or-
bital dependent electron hopping and full on-site Kanamori and spin-orbit coupling
treatment of all t‘ég states) can serve as a comparison. For a CayRuO, motivated
model, this kind of problem has been extensively studied via the Exact Diagonal-

ization based Variational Cluster Approach [119]. During the course of the study
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1.2. Spin-Orbit Coupling

the question of LS— and jj— picture being valid has been specifically analyzed for
various parameter regimes.

Nevertheless it would be interesting to try to include the effects of going from the
LS— to the jj— regime somehow. Maybe one could try to analyze the effects of the
extra terms in Hyg compared to H;;. Due to the difficulty to include anything other
than the LS terms into the Kugel-Khomskii type model at hand, this is however
beyond the scope of this thesis.

1.2.3 Dzyaloshinskii-Moriya Interaction

When considering the unconventional magnetism of a-Fe,Ogs, Igor Dzyaloshinskii
came up with a possible explanation by writing down a Landau theory for the prob-
lem and finding a symmetry allowed term that could explain the underlying ferro-
magnetic structure of the material [120]. Thereafter Moriya provided calculations
and pointed out a direct connection to the involvement of spin-orbit coupling into the
derivation of superexchange [121]. Moreover he formulated that a spin interaction
(the Dzyaloshinskii-Moriya interaction hence referred to as DM interaction) of the

form

D (S, x S)) (1.37)

between sites ¢ and j can exist if it the geometry fulfills 5 symmetry rules concerning
inversion center, mirror planes and rotational axes. This anisotropic interaction
scales linearly in A and is in first order Ag/g times the superexchange parameter,
where ¢ is the gyromagnetic factor of the free electron and Ay is its effective error.
In order to better quantify that one can turn to two review papers of the field of DM
interaction and its consequences [122, 123]. One of them derives the interaction in a
way that matches the perturbation theory of sections 1.4.1 and 1.4.4 while the outer
outright states, rather roughly, that it is usually negligibly small in bulk materials,

namely 1% of the Heisenberg interaction.
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As a result we are not inclined to care about DM for our model calculations (only
allowed starting at next nearest neighbors on the honeycomb and probably very
small). That does not necessarily mean that it is the case for other systems (as
implied by the mentioned reviews).

Of note are a lot of discussions involving DM as a driving force of topological
phenomena in magnets, especially spin-dimer based singlet-triplet models that serve
as a direct analogy to the spin-orbital J = 0 and J = 1 structure at the center of this
thesis. Particularly, one should be aware of the topological triplons and magnetic
Chern bands in the Shastry-Sutherland magnet SrCuy(BO3)s [78, 124, 125], which
has since also approached novelties beyond this thesis like Dirac nodal loop [126]
and Weyl-triplons [127]. DM is also involved in topological triplons in bilayer and
ladder systems [128, 129] and has been shown to support higher-order topological
states [130].

1.3 Coulomb Interaction

1.3.1 Coulomb Interaction in General

Condensed matter physics is intrinsically a many-body problem. When writing down
the Schrodinger equation Hamiltonian of a solid one has to, in principle, account for
many electrons having a kinetic energy and interaction, many ions possessing the
same and last but not least interactions between electron and ions (see [131] for
a proper introduction also concerning the following sentences). An exact solution
of this object is seemingly unfeasible, so approximations have to be made. One
can for example see that the ions are heavier than the electrons and employ the
Born-Oppenheimer approximation. A more thorough dive into this topic is best left
for established literature. We point out that one way of approximately treating the

problem is to focus on the electrons via a Hamiltonian containing their kinetic energy,
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1.3. Coulomb Interaction

electrostatic Coulomb repulsion between each other and an effective potential V (r;)
covering for other things, mainly interactions with the ions as e.g. the treatment of
the crystal field in earlier chapters (but of course much more beyond that). This can

read as

H=Y" —V?+V(r-) +EZ—€2 (1.38)
B i 2m ’ 2 7 — ;] '

where ¢ labels the electrons, m is the electron mass, e its charge, V' is the potential,
r; the position of electron ¢ and V; the derivative resulting from the canonical

momentum®.

The first part of the Hamiltonian consists of one-particle operators and represents
what we have analyzed in the previous sections (aside from the spin-orbit coupling
which is from the Dirac and not Schrédinger equation). In contrast to this, the
last part is a two-particle operator representing the Coulomb repulsion between two
electrons. All discussion of many-particle effects of previous sections stem from this

term. Here, we aim to shortly explain its impact and how to possibly handle it.

As a two-particle operator the Coulomb Hamiltonian in second quantization envi-

ronment translates to

HCoulomb = Z Z Z Z Uagv(;clc;cwcé, (139)
a B v 6

where ¢, creates an electron in state a. Here o should label all relevant degrees of
freedom such as e.g. the quantum number n/l/m hydrogen-like solution discussed

earlier, their spin ¢ or in position space the location of the electron r,. The matrix

Sunits like h and €q are left out for simplicity
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element is then

2

Uapys = (aﬁl—|lv5> (1.40)

|7

2
* * €
N/d3ri/d3rj \I[a(’r'i)\lfﬁ(rj>—|,r._T‘|\I],Y(7'Z')\Il5('rj)7
? J

where V¥ (r, = ;) represents the (complex conjugate of the) position space wave
function of state a.

We have encountered this kind of problem earlier in this thesis, just in a signif-
icantly simpler form. For the crystal field calculation in 1.1.2 we had to deal with
the same kind of electrostatic potential 1/ |r; — r;| in a single-electron environment.
The solution was to expand it as a function of spherical harmonics (cf. equation
(1.6)) and then separate radial and angular degrees of freedom. Here this translates

to

m=k

‘3‘675 ~ Z a/B’yé 2k + 1 Z (_]‘>m<Y2amo¢ |Yk(—m)|}/2»ym7><§/lﬁmﬁ|Ykm|)/l5m5>a

m=—k

(1.41)

where Rg})w represents the radial part. The radial part is referred to as Slater
integral(s). For the later discussion the relevant part of these integrals is the one
where we restrict ourselves to one orbital, i.e. [ is uniform (obviously then also n)

for all states and

k) — pk)
F( ) = aﬁvé‘la—lﬁ =ly=ls

k
)
= [ an [t R R s Bl Rur). (142
>
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1.3. Coulomb Interaction

1.3.2 Kanamori Form

Given the form of the Coulomb interaction in equation (1.41), namely the spher-
ical harmonics and their matrix elements, and the similarities to the crystal field
potential discussion, it is unsurprising that the Hamiltonian can be simplified using
symmetries. There are various ways to accomplish and parametrize this and one
should point to [132] for a detailed discussion of the different schemes, comparisons
between them and a detailed introduction of the Kanamori Hamiltonian of which we
try to provide a rough sketch here.

As stated we can simplify the problem by choice of symmetry and thus spherical
harmonics. Kanamori [133] did so to explain the ferromagnetism of nickel”. If one
does restrict the choice of wave functions to either the ¢y, or the e, irreducible repre-
sentations, i.e. their spherical harmonics, then the resulting interaction Hamiltonian

remaining is

Hint =U Z NiatTial + %/ Z Z NiaoMNibs 1 %(U/ - J) Z Z NiaocNibe

i,a 1,0 a#B 1,0 a#b
—Z(JCJr ¢, el cq—Jcl el en) (1.43)
iatCial Ci,b) Cibt iatCial Cib Cibt) -
1,a7#£b

where the intraorbital Hubbard U, interorbital U’ and J/J’ emerge as names for
specific matrix elements of equation (1.39). Furthermore, a and b label the involved
orbitals and o the spin.

The Hamiltonian is rotationally invariant and this can be used [132]. First of all
there are only two free parameters in this scheme as J =J' = Jg and U' = U — 2J.
The former expression provides us with what we refer to as Hund’s coupling Jy.

Furthermore, [132] describes the use of Casimir operators for e.g. the total spin S

to further simplify. If one follows true, a convenient form for the Hamiltonian in ty,

“which is nontrivial to recognize as the mathematical “language”, as often in old papers, is quite
different then the approach we choose here.
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orbitals is

N(N —1) . Ju
9 =
5 S = 5

5

Hyym = (U — 3.Jy) L? + §JHN, (1.44)

where the Hund’s coupling enforcing Hund’s rules, in particular maximizing total
spin and angular momentum becomes extremely apparent. Here N is the number

operator for the total number of electrons.

All in all the equations tell us how to handle the Coulomb repulsion and how to
compare it to other constituents like the crystal field splitting. Whenever one adds
the need for multiple electrons and the energy scales are clearly hierarchical, then
the Hund’s rules are enforced by equation (1.44) for dominant Coulomb interaction
or ignored if otherwise. Furthermore the equation dictates energies and multiplet
structures for the local unperturbed Hamiltonian in the perturbation theory calcu-
lation of section 1.4.4, where we, however, approximate with Hund’s rules purely for

convenience.

A final, very important, remark needs to be made. How large is Jy in practice?
While this could be calculated in principle, everything that influences the orbitals
changes the calculation, hence experiments and/or ab-initio studies trying to include
most effects are needed. As for the other topics we refer to the table 1.2. And we
point to the following point of contention: As [132] analyzes, the scheme choice
(i.e. way of writing down and simplifying) for the Coulomb interaction is important.
Case in point: the thesis is concerned with a significant amount of studies using the
Kanamori form for materials with a full set of d orbitals. Similarly the table 1.2
contains modeling for only to, (10Dg = oo) and full d orbitals. These values of Jy
are technically not the same objects. One should understand them (if not already
doing so for other reasons) as rough estimates. Concluding we exemplify this with an

example from [132]: Even though both e, and 5, lead to a Kanamori Hamiltonian,
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1.4. Extended Kitaev-Heisenberg Model for Hard-Core Bosons

their matrix elements and thus values for Jg are different:

Uy, = FO + %F@) + %F(“), (1.45)
Jie = %F@) + %F“), (1.46)
U, =F9 + %F(” + %F(“), (1.47)
Jit = 4%1?(2) %F@), (1.48)

where F' are the Slater integrals introduced earlier.

1.4 Extended Kitaev-Heisenberg Model for
Hard-Core Bosons

The purpose of this section is to write down the Hamiltonians covered in [6, 7],
which is a direct extension of the one covered in [1] for the so called 90° scenario.
We largely follow the explanations in [7]. If one needs additional information the
180° scenario of [1], which is analogous in large parts, is covered quite thoroughly in
[134], even going over a more thorough incorporation of the Kanamori interaction.
Additionally, similar models for slightly different scenarios pertaining to, e.g., the

number of electrons involved have been around for a long time [135, 136].

1.4.1 Mott Insulator and Heisenberg Model

It is prudent to make a short detour. Consider the Hubbard model [137]

H = —t/ Z (C,];JC]-J + hC) + Uannw (149)
(B30 i
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where ¢ is the hopping matrix element®, )

i o 15 the annihilation (creation) operator of

an electron at site ¢ with spin o and U is the Hubbard repulsion (representing a sim-
plified Coulomb repulsion). This famous model does not require a long introduction

or discussion here, as this has been done elsewhere.

Our interest in this context is limited to the limit ¢ < U, which represents the
Mott insulator [138]. In a Mott insulator the strong correlations of the electrons me-
diated by the Hubbard/Coulomb repulsion counter the hopping as double occupancy
of energy levels becomes costly. In practice this leads to the opening of a (Mott) gap
in the spectrum and insulating behavior due to localized electrons instead of the itin-
erant ones at U = 0. Mott insulators, the resulting “metal-insulator-transition” [139]

and various consequences of these scenarios constitute an entire field of research.

For the present purpose one may restrict the relevant discussion to a small but
important detail. What effectively happens if ¢ < U holds (for half-filling)? A quick
answer can be gained by employing perturbation theory, where the unperturbed

Hamiltonian H° and perturbation V are represented by

H° = Uannm and V = —t' Z (cjyacjﬂ + h.c.> : (1.50)

i (i.4),0
As the hopping acts on the bond between site ¢ and j it is useful to restrict the
discussion to this two-site problem and its pair states. For half-filling, the eigenstates
are the single-occupied sites |¢,7) = {|T, 1), |1, 4), 4. 1), 4, 1)} at energy E, = E? +
EJQ = 0 and the double occupation on a site [1|,.) and |., 1) at energy E, = U. As
U > 07 the E, states represent the ground state manifold, while E, is separated by an

energy gap. Standard degenerate perturbation theory yields an effective Hamiltonian

8emerges from the integral over the single-particle kinetic part of equation (1.38), thus caring

about the position/overlap of involved orbitals
Yattractive Hubbard models are tools for superconductivity but not reasonable here
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in second order via

Heg gy = lo) (B Y <a|ga|7; <_7|2?/7|B>, (1.51)

~vyé¢ground

but only for ||, 1) and |1, ) (the others cannot gain energy because the Pauli principle
blocks the hopping). Evaluating this resulting 2 x 2 problem results in

2t/2

_ bt
Heprig) = == (”LT”J’J + M N — € 4Ci Gl Gt — CZT,¢Ci,TC;,¢Cj,¢> : (1.52)

The operators can be mapped onto spins via Pauli matrices o and

Si=2 6o cjﬁaamg/cw, [140]. This results in the structure of a Heisenberg model
Heﬂ‘7<i7j> = JSzSJ -+ const. (153)

with J = % (thus antiferromagnetic).

1.4.2 Kugel-Khomskii Models

In that seminal paper Kugel and Khomskii [141] described a natural extension of
the preceding discussion. If the degree of freedom on each side it is not limited to
a single level but rather a set of degenerate orbitals, the analogous strong-coupling
perturbation theory calculation produces intriguing exchange interactions that then
lift the orbital degeneracy as a potential driver of the Jahn-Teller effect.

Consider the processes sketched in figures 1.9a) and b). In the case of the previ-
ously discussed Hubbard model with one energy level the perturbation theory de-
scribes a virtual hopping back and forth, which in this simple scenario can only
happen if the spins are anti-aligned due to the Pauli principle. Moreover the spin di-
rections begin to influence each other because both [1,]) — |1,]) and |1, ]) — [}, 1)

can happen. The connection of the spin sectors results in an effective spin model,
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Figure 1.9. Sketches of virtual hopping processes in various models involving a
dominant on-site Coulomb repulsion: a) represents a simple Hubbard model. This
so called direct exchange cannot happen for both spins being in the same state (here
up) due to the Pauli principle. Thus it results in an antiferromagnetic Heisenberg
interaction. As the spins can effectively switch places the up and down spin sec-
tors connect, resulting in the spin interaction. b) For orbital degeneracy, i.e. the
original Kugel-Khomskii model the on-site interactions can become more complex
(represented by the Hund’s coupling Jy), the restriction to the antiferromagnetic
exchange is lifted and the orbital degree of freedom becomes involved. ¢) In our
Kugel-Khomskii model the geometry dictates nontrivial hopping processes and the
orbital degree of freedom can be mapped to an angular momentum as it represents
a ty, orbital.

which is antiferromagnetic due to the anti-aligned spins.

For two degenerate orbitals, e.g. ey, one needs to account for a few things. For
one, the Hamiltonians might change. Coulomb interaction in a multi-orbital scheme
is more involved and might need to be covered by, e.g., a Kanamori Hamiltonian as
introduced in equation (1.43). As a result, Hund’s coupling and nontrivial on-site
eigenstates might need to be accounted for. Similarly the hopping might become
complicated as discussed in the next example. Furthermore, different electron con-
figurations might lead to nontrivial results.

Importantly, there are more possibilities when it comes to effective exchange in-
teractions. Obviously a ferromagnetic exchange is not forbidden anymore due to the
spins being able to occupy different orbitals. More general, the interplay, i.e. nonva-
nishing matrix elements in the perturbation theory, can not only involve changes of

spin degree of freedom as before, but also deals with the orbital degree of freedom
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or potentially a combination of both!

The resulting Hamiltonian and hence the physics in the system might therefore
involve spin and orbitals and can result in (dis-)ordered states in one or both of the
degrees of freedom. This can provide inherently new physics. Due to the importance
of this line of thought for modeling materials and the plethora of shapes and forms
of setups out there, a lot of different models analogous to this involving orbital
degeneracy, material inspired hopping and Mott-like perturbation theory have been
proposed and studied, see e.g. [109, 136]. These models fall under the umbrella of
“Kugel-Khomskii models”.

A seminal result of the Kugel-Khomskii models, at least for this thesis, is the
proposal that one could potentially realize Kitaev’s famous honeycomb model for
tgg (5 electons or 1 hole) orbital configurations with hopping mediated by edge-
sharing ligand octahedra [47]. The central point is that Kitaev’s model requires bond
direction dependent exchange interactions and due to orbitals becoming involved, one
now has added an ingredient into the Hamiltonian that cares about a direction in
position space via the geometry of the material. Trying to describe real materials,
which of course can get increasingly complicated when one has to account for every
potentially noteworthy exchange process, one naturally arrives at Kitaev-Heisenberg

models and extensions of those [48-50)].

The model we deal with in this thesis fits exactly into this line of thought. With a
t;‘g electron configuration and novel hopping processes dictated by geometry (in fact
the equivalent ot the tgg Kitaev-Heisenberg materials) as sketched in figure 1.9¢), we
deal with a quite involved spin-orbital exchange interaction. Additionally one may
recall that ¢y, orbitals translating to angular momentum operators (cf. equations
(1.20)-(1.22)), which is not the case for e;. Hence we must, as is a central point
for the original tgg Kitaev-Heisenberg models, deal with spin-orbit coupling, which
further influences the S and L degrees of freedom in the effective resulting Kugel-

Khomskii type Hamiltonian.
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1.4.3 Superexchange and Geometry

In a material like AgsLiRusOg the derivation of effective Mott physics is similar
but obviously more involved when it comes to computation. First of all, one now
has to involve three orbitals (assuming the crystal field splitting is large enough),
namely the ¢y, orbitals |ry), |rz) and |yz). Secondly, one needs to account for 4
electrons (or 2 holes) per site instead of only a single one. Here the assumption of
a dominant Hund’s coupling aligning all spins is useful, shrinking the Hilbert space
from 15 possible t;‘g configurations per site to a more manageable 6. If one does not
care whether all unpaired spins point up or down, there are 3 configurations to be

concerned about.

The Hund’s coupling assumption is based on the energy levels of the Kanamori
Hamiltonian, which in a multi-orbital ¢, model governs the role of on-site interac-
tions and thus the unperturbed Hamiltonian H°. Due to the Kanamori Hamiltonian
being a local quantity, the energies of site ¢ and j are simply added like in the pre-
vious example. The main difference lies in the fact that the pair states are now
did; — djd} — d}dj, or at least what remains of, e.g., d* after boiling it down to
t%g via dominant crystal field and the aforementioned 6 configurations via Hund’s
coupling.

For the choice of convenience, it can be an option to do the calculations with two
holes in t;‘g instead of four electrons, at least in practice when, e.g., calculating the
hopping matrix elements of the perturbation theory or writing down the Kanamori
ecigenstates of H°. This should be kept in mind when handling the Hamiltonians
involved, as there are a few points where this matters (not only here, but also when
considering the sign of spin-orbit coupling later). But if one does not mix things up,
the difference is only superficial. Given the straightforward nature of the calculations

and the fact that most of it is covered elsewhere [6, 7, 134], we will handle this with

a laissez faire attitude and neglect to mention this detail from here on.
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We now know what changes for the on-site H°, but what happens to the hopping
when going to the material inspired model? Recall figure 1.1b): In the compound the
Ruthenium sites form a honeycomb. Each site is surrounded by ligand octahedra.
These octahedra share edges. Each of the three types of bonds in the honeycomb can
be connected to sharing a different edge (spatially) of the octahedra. Now consider
that in each octahedron, the orbital wave functions are represented by the ¢, orbitals

shown in figure 1.2.

As a result, what happens for a pair of edge-sharing octahedra in a given bond
direction can be schematically handled as shown in figure 1.10. Before we do this
we should recall that given the structure of the ¢y, orbitals in figure 1.10 and the
honeycomb lattice of Ruthenium in the material itself (cf. figure 1.1), there are three
distinct bond directions and the orbitals switch roles when going from one bond type
to another. Therefore we introduce a/b/c as interchangeable orbital directions, where

c represent the orbital in bond direction, i.e. |zy) in figure 1.10.

The orbitals in ¢ direction point directly to each other. Consequently a direct
hopping process between neighboring ¢ orbitals can be feasible. The Hamiltonian
would look like the hopping terms of equation (1.49), which is why we chose the

nomenclature fitting to this discussion.

Not as intuitive but pretty well established, going back to analogous processes
in [142], is the possibility of ligand mediated hopping'® or “superexchange”. The
geometry here is such that hybridization between transition-metal d orbital and
ligand/oxygen p orbital may be significant, leading to a nonzero overlap matrix
element or hopping ¢,4. The exchange process is not straightforward as one has to
account for the Coulomb interaction (or at least Hubbard equivalent) on the TM (and
technically, but usually not importantly ligand ion) and a new variable: the energy

difference between TM d orbital and oxygen p orbital, which is called charge-transfer

100ften but not necessarily the ligand is oxygen and one talks about oxygen mediated hopping as
a surrogate expression.
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gap Acr.

Detailed explanations [85] and calculations [81] are left to literature. One can
find that the exchange process is technically quite involved, but one may simplify
the situation depending on the dominance of either Mott gap or charge transfer

gap. In the 4d/5d transition metals we are interested in, the simplification is not

controversial'’ and the superexchange can be handled like a direct d — d hopping
with
2,
t=-L 1.54
Ao (1.54)

This is however a topic that should be kept in mind. In 3d setups for example the
significance can change as the charge-transfer gap is smaller [143]. Additionally,
the trigonal crystal field introduced into later calculations can modify the effective
importance of the process. In fact this is discussed in [144] for the related d® model
paired with discussions for a-RuCls and NayIrOs3. The paper also tries to quantify
other simplifications that are usually made, like 5, — e, processes, which have been
mentioned as a possible motivation for different parameter signs in the very early
Kitaev-Heisenberg model days [49]. Similarly one should revisit this topic if the
geometry becomes important for another reasons, e.g. Floquet engineering, which
was done in this kind of setup in [134, 145, 146].

If one accounts for different orbitals on each site of the oxygen in this geometry (cf.
figure 1.10), one can write down the complete hopping Hamiltonian of this geometry

along a bond ¢ connecting lattice site ¢ and j as

H(©90° — Z [t <a;r70bj7a + bj’aajJ) — t’cg,ocw +hc|, (1.55)
<i7j>670
where the later term denotes the direct hopping explained before and 90° refers to
the geometry of the superexchange.

The ignorance of the direct exchange in the name is historical. Naively one would

U Mainly because we later let the exchange parameter quite free and a change in ¢ is not critical.
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expect the superexchange to dominate [81]. In particular, the first proposal of this
type of model directly connected to the thesis focus [1] ignores it outright. Of course
everything depends on the environment and things like e.g. the orbital size (cf.
discussion connected to figure 1.3) or nature of the ligand can change the size of the
exchanges.

We conclude the discussion with a side note: CasRuO,4 has been frequently men-
tioned in this thesis as a related topic. In fact, the original paper discussing the
excitonic magnetism physics at the center of the thesis [1] is split in half between the
discussion of CayRuO, and materials of similar structure (e.g. ABOj3 perovskites,
where B is the TM in of interest) and the models as discussed above (e.g. ABOj
delafossite mineral group or A;B03). The main difference in the former case is
that the structure does not consist of edge-sharing octahedra forming a honeycomb
lattice, but rather corner-sharing octahedra forming a square lattice. The resulting
superexchange geometry and CasRuQy are sketched in figure 1.11 and result in a

slightly different hopping Hamiltonian

CEEEY [t <a}70aj,a + b,j,obj,[,) + h.c.] . (1.56)
(i.4)e,0
One can easily gauge that CaaRuOy4 can be quite distorted (and not trigonally),
which is its own point of discussion.
Yet, some observations and results might be transferable both ways if they do not
particularly rely on the exact form of the exchange interaction, but rather emerge,

e.g., from the atomic physics picture of ruthenium.
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1.4.4 The Kugel-Khomskii Type Hamiltonian
of Interest

The last sections have laid the necessary ground work for this calculation. If deemed
insufficient, one might consider the very similar calculation in [134].

As described, one needs to write down the d*, i.e. t;‘g states and use second
order perturbation theory with H° being the Kanamori Hamiltonian and the 90°
degree Hamiltonian of equation (1.55) as a perturbation, effectively inducing d4d4
d}d? — d}dj processes. It was also mentioned that restricting the Hilbert space of
the Kanamori Hamiltonians by assuming a dominant Hund’s coupling significantly
shortens the calculation, as every on-site term becomes diagonal and the energy
denominator in perturbation theory becomes Uss = U. As a rather free parameter
study follows later, this kind of assumptions is as old as the model [48] and not
known to be problematic if one is not interested in putting concrete values into the
calculation.

One should mention that [134] incorporates Jy more thoroughly in the very similar
CagRuO,4 where there is direct motivation for concrete values because the discussion
is centered on what kind of model is more successful for the material in question.

Simplified, the calculation is straightforward and explained in more detail in [6, 7].
One finds

H= Z (e + 1) + )., (1.57)

with
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Figure 1.10. a) Corner-sharing octahedral structure with ¢, orbitals. b) Top-down
view of the geometry: One orbital here exemplified by the |zy) orbital for bond in
[z,y, z] = [1,1,0] direction is in direct arrangement with the bond and thus possibly
involved in direct overlap with the same orbital for the neighboring site. The other
orbitals are aligned with the ligands and can partake in superexchange via them,
leading to an interorbital exchange.
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Figure 1.11. Superexchange geometry for the 180° geometry (corner-sharing octa-
hedra) as employed for CaoRuQy: a) shows a VESTA [87] visualization of the crystal
structure of experimental measurements in [147]. One can surmise the square lattice
and corner-sharing structure (even though CasRuO, can be quite away from the
idealized structure due to distortions). b) illustrates the idealized structure of the
superexchange geometry with the ¢, orbitals. c) is a top-down view of the scenario.
Two of the three orbitals can superexchange via the corner-shared oxygen, while the
third, here the green |yz) is almost orthogonal to the bond direction and therefore
deemed inactive.
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HY == [ (808, +1) (1= Ny )= Ny )+ A= Ng )1 =N, ) (L5§)
(i)e
] T ] T
+ A;B; A;B; + B/ A; BjA))
— (= Ny + (= Np) + (1= Nyy) + (1= Ny ) |
. t/2
HE =3 (88, +1) 1= N,0) 1= No) = (=N + (1= N,0) |
().
@ _ _t Al 4 gt oo oo
HY) === 3" |(8:8,+1) (C]B,AIC; + CIABIC, + AlC,C]B, + BIC,Cl4,) |
<i5j>6

where A/B/C refer to the 3 discussed orbital configurations, meaning A = bc with
the lowercase operators denoting holes in the orbitals.

For the subsequent incorporation of spin-orbit into the model one needs to express
the orbital degrees of freedom as angular momentum operators, which one knows is
feasible due to the nature of t5,. As A/B/C consist of fermion operators a/b/c, one

can easily verify that

L*=i(B'C-C'B), (1.59)
LY =i(CTA—AlC), (1.60)
L* =i (A'B— B'A), (1.61)

carry the correct (pseudo-)angular momentum commutation relations. There is no
difference between real and pseudo angular momentum in the Hamiltonian as any

minus sign is canceled by the at least pairwise appearance of operators.
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Neglecting a constant energy shift, the Hamiltonian in spin-orbital form can be

written as:

t2 ) tt’ (c) tl2 (c) t2_t/2 2 2

— U U U
<7’?]>C
(1.62)
(e _ T 2 z\2 T T T T
Oy = (LYLY)* + (LYLY)* + LYLYLYLY + LY LYLY LY, (1.63)
(¢ _ rxrz72 ZTZTX ZTX z z TTZ
Pij = LiL; Lng + L?Li Lij + L L; Lng + L; L?Lj Lja (1.64)
(e _ 2\2( 1 2)\2
Qi = (L7) (Lj) : (1.65)

1.4.5 Influence of Spin-Orbit Coupling and
Singlet-Triplet Model

Consider the Hamiltonian in equation (1.62): The Hamiltonian consists of total spin
S and orbital related angular momentum components L*/¥/? or in other words it
is a function H = H(S,L). As explained previously, the total spin is fixed by the
low-spin d* configuration and results in S = 1, while the angular momentum stems
from t9, and is therefore L = 1.

The influence and size of spin-orbit coupling has been introduced in a general
context in section 1.2. As the spin-orbit interaction intertwines the spin and orbital
degree of freedom, it is apparent that the concrete discussion of its effect needs to
follow at this point.

In the original approach to our model [1], Khaliullin cites very rough estimates of
spin-orbit coupling A = 50 — 200meV and superexchange 4t>/U = 50 — 100 meV.
The former is compatible with the experimental data of table 1.2. The latter we can
gauge as reasonable (at least on the lower end) based on citations of estimates and
own ab-intio data in [13] for CagRuO4 (U =~ 2eV and t = 0.1 — 0.2¢eV).

For this reason one may reasonably reformulate the states in a picture of the
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1.4. Extended Kitaev-Heisenberg Model for Hard-Core Bosons

spin-orbit eigenstates and even propose an effective Hamiltonian treatment via per-
turbation theory as a first approach. We introduce these concepts in the following

sections.

1.4.5.1 Spin-Orbit Eigenstates and the Low-Energy Subspace

As discussed in previous sections, LS- or Russel-Saunders coupling might not be
a perfectly achieved limit given the material estimates of Hund’s coupling Jy and
spin-orbit interaction £ in table 1.2, but it is the reasonable first guess. It is more im-
portantly perfectly compatible with the Kugel-Khomskii type Hamiltonian H (S, L)
that combines spin intrinsically due to the approximation of the multiplet structure.

LS coupling introduces the total angular momentum J = S + L resulting in the
splitting J = 0, 1,2. Given the spin-orbit Hamiltonian (1.36) and the usual diagonal-
ization trick LS = 1 (J* — L* — §?), writing down the eigenstates and energies of
the spin-orbit coupling is a trivial exercise, that is usually done in standard quantum

mechanics lectures. The result is visualized in figure 1.12a).

The ground state of the spin-orbit coupling is given by J = 0 at energy E/ = —2\.
Above this there is a J = 1 triplet separated by an energy gap of A, i.e. at energy
E = =)\, and a J = 2 quintet that is split up by an even larger gap of 2\ (energy £ =
A). If spin-orbit coupling is dominant or at least comparable to the superexchange
energy 4t? /U, one may be inclined to use the fact that the gap between singlet and
triplet is smaller to restrict the calculations on this subspace, which due to its four
states encompasses not even half of the Hilbert space of the total problem. This is
exactly what is described hereinafter.

In fact, this idea is very established. In the entire field of d° equivalent to our
problem, Kitaev-Heisenberg models in materials such as a-RuCls, a central point of
the interest is that spin-orbit coupling for a single hole in t5, (S = 1/2 and L = 1)
creates a j = 1/2 pseudospin in analogy to J = 0 here [47]. This then represents the
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necessary degree of freedom for Kitaev’s model [4], which bases its ideas on spin-1/2

for the description via Majorana fermions and gauge choices.

1.4.5.2 Projection onto the Singlet-Triplet Model

Here we derive the effective Hamiltonian for the J = 0/1 singlet-triplet low-energy
subspace. Obviously the calculation is based on the usual (quasi-)degenerate pertur-

bation theory, which is here employed up to first order:

Hatas = SapEa+ 3 (alHO|B) (1.66)

=00s Y Fo, + Y > {ouayH,
i (i,9)c

C

Bib;)

with the Kugel-Khomskii Hamiltonian H (cf. equation (1.62)) serving as a perturba-
tion on the spin-orbit eigenstates, which are labeled |«) and |3) for the entire lattice
and carry a subscript if they describe a single site. H <(ZC)3>C consists of spin and angular
momentum operators. The Hilbert space is spanned by their eigenstates labeled by

their projection onto the z-axis |mg, mr) (mg, my € {—1,0,1}) with

S48, mg) = /S(S +1) —mg(mg £1)|S,mg £ 1), (1.67)
SZ |S, m5> = Mg |S, m5> s

5%|8,ms) = S(S+1)|S,ms),

where (Sy = S; £1S5,) and L analogous with eigenstates |m). Applying S and
L operators on the eigenstates of the spin-orbit Hamiltonian, which are labeled by

|J,m ;) leads to transitions in the energy scheme via
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Figure 1.12. a) Energy levels resulting from LS-coupling of S = 1 and L = 1:
the ground state is a J = 0 singlet. A constant shift for the later use of A)_. n,
has been incorporated. b) Low-energy subspace and resulting singlet-triplet model:
the triplet states are chosen as specific linear combinations representing Cartesian
components. Singlet s and triplet ¢,,,,. represent the energy levels. The triplon T,
which is the degree of freedom involved in the Bose-Einstein condensation form of
the Hamiltonian hs, represents the transition between them and therefore an exciton.
c)-e) Schematic view of interaction processes of the Kugel-Khomskii Hamiltonian for
sites 7 and j: hopping c) and pair creation d) process, which can also exchange flavor
for the t¢/U terms or in higher orders represented by in e). One can note that on-site
t't yields the same matrix elements as 77T .

67



1. Introduction

Sellmy)y=8: > > (mp,mg|J,my) my,ms) (1.68)

= Z Z VS(S+1) —ms(ms £ 1) (my, mg|J,my) [mg, mg £ 1),

mr=—1mg=—1

:ch|j,mj>7
J

where (my, mg|J,my) are the Clebsch-Gordan coefficients and c; are constants (in-
volving Clebsch-Gordan coefficients and factors needed for the linear combinations
building the eigenstates of |J,m;)). The other operators, S, and any L type, also
induce transitions analogously.

For the matrix elements of the first order the calculation consists of evaluations of

matrix elements of e.g. this form:

(ao | H, 18:85) %% (i SiS; LY LYLILY|Bify) = (el SiLy LY|By) oy S35 LY1By)
(1.69)
The calculation is straightforward in the |mg, my) basis. There are 9 possible eigen-
states. Every operator is defined by a 9 x 9 matrix (or two 3 x 3 matrices and a
tensor product) via equations (1.67). Every |J,m) eigenstate is a linear combina-
tion |mg, my) states with Clebsch-Gordan coefficients (cf. equation (1.68)) and thus
a simple predefined vector.

Everything necessary for this calculation can therefore simply be handled by ma-
trix and matrix-vector multiplication. The task reduces to simple bookkeeping that
is, in our practical approach, handled by a Mathematica script going through a list
of operators and adding the results. Any attempt to include the J = 2 states (or
quintets ¢;) can be trivially undertaken using more vectors in the states, i.e. |a;). For
the current model this was never done due to lack of interest, especially because later

introduce Monte-Carlo schemes can also trivially include the Hamiltonian H (S, L)
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without the perturbation theory projection onto J = 0/1. Also, the pair states of
singlet and triplet provide a 16 x 16 matrix, of which in the course of this thesis only
a few terms turn out to be essential, and quintets would bloat the problem to a 81

dimensional Hilbert space.

A last comment remains to be made: for the singlet and triplet states we do not
use the naive |.J,m;) choices in practice, but rather linear combinations (at least in

the degenerate triplet) that represent the Cartesian vector components following [1]:

|s) = 7(|1 ,—1) —10,0) + |—1,1)), (1.70)
) = 5 (1L.0) = [0,1) + 1,0y — [0, ~1}), 1.71)
) = 3 (= [1,0) +10,1) + |=1,0) — [0, -1)), (1.72)
) = 5 (11, ~1) ~ -1, 1), (L.73)

where s is the J = 0 singlet state and ¢; represents the J = 1 triplet. For a given site
i the possible states are therefore |a;) € {|s), |ts), |t,) ,|t.)}. Standard evaluation of

the matrix elements of perturbation theory can commence.

The resulting effective Hamiltonian for the singlet-triplet system has the general

form [1]
=2 St 503 Bt ) 0
¢ (e
wheren; =3 _ tlzt”, tiz creates a triplet state of type 7 at site i and hy/hs3/hy

label the terms involving two, three and four triplet states respectively. There are
two small caveats one might discuss here. The A ). n; represents the zeroth order
contribution. Technically (compare with J = 0 and J = 1 eigenenergies) a constant
energy shift is discarded to bring the operator into this form. The form itself is
chosen because it looks exactly like a standard chemical potential, which is useful as

the mechanism behind the later discussed triplon condensation then directly relate
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to standard Bose-Einstein condensation language. Furthermore the obvious question
of there not being h; terms can be raised. The answer lies in the on-site hard-core
constraint

Ng + Ny, +ng, +ny, =1, (1.75)

which has to hold (a remnant of the orbital configurations A/B/C of which only one
can exist on a given site). Hence h; terms are h3 terms and energy shifts, as in every
hy Hamiltonian one of the sites has to remain a singlet and the formula above can
be inserted.

It is also clear that the Hamiltonian presents a hierarchical structure based on the
triplet state count due to the chemical potential binding them to an energy cost A of
the spin-orbit coupling strength. When A is dominant the singlet state is the ground
state. For a slightly less dominant A the hy (cf. hy discussion) term becomes active,
which, as we will see, enables the admixture of triplets into the ground state. If then
at some point enough triplet contribution exists, h3 and h4 gain relevancy.

The hs and hy terms have therefore been ignored in past analysis [6]. In this thesis
we try to change that. While the perturbation theory results exist [7], the way the
results have been written down in the past (in terms of e.g. quadrupole operators
like in [1]), the terms are not directly useful, and errors can be made (and have been
in the way they were written down in the past). Here and in [5] we try to remedy
this and provide correct and directly useful Hamiltonians.

The full results of the perturbation theory in terms of singlet-triplet pair states
as directly used in our simulations (at least in the current versions) is presented in

figure 1.13.
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The hs terms can simply be read off, resulting in

. t2r 5 2
[hQ]Ei?ﬁ = 7l—3 (s;rtx,is}tm + S;‘rty,isj‘ty,j> + 3 (t;isis}tm + t;isis}tyﬁj) + h.c.}
e 1oy g b Lrob o b b
_ U i — 6 Sitx,isjty,j + Sz‘ty,isjtm,j —+ g Sitxﬂ‘sjty,j + tyﬂ‘sisjtz,j + .C.
t?r 1/, b L oo
+ U I - 6 Sitgc,isjtx,j + Sity,isjty,j + 6 txJS,;Sjtr’j + tyJ‘SiSjty,j
2 2
- §Sitz’i8;r-tzyj + gti,isitz,js;r' + hc] . (176)

For the purpose of building and handling a simulation of this system one can stop
reading here. Everything is technically established in the nomenclature of s and ¢
states. However, for further analysis and interpretation, some different formulations
can be useful. First and foremost one can borrow from the language of excitons
[148], namely one can formulate everything in terms of triplon annihilation T = s't
and creation TT = t's operators. Note that, for the effective model studied here, this
merely represents a convenient way to analyze the model. The emerging exciton and
its behavior in a tég Hubbard model, of which we only represent a small part via
perturbation theory, is its own topic of interest [149, 150] (notably, the Van Vleck-
type triplons here might smoothly connect to the large SOC simple relativistic band
insulator [151]). We hereinafter use “triplet” for the J = 1 states t and “triplon”
for the excitons. While [148] also covers singlet-triplet systems explicitly, it also
presents a way to find the equivalence to what one would more naively understand
as excitons, i.e. spontaneous coherence between valence and conduction band. For
this purpose one can for example consider Falicov-Kimball type models where two
types of electrons (let’s call them a and ) exist separated by an energy gap. The
exciton, which can arise due to various admixture terms, at least if feasible conditions

exist, is then represented by a non-vanishing (aff).
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Figure 1.13.

Matrix elements of the effective Hamiltonian resulting from first order perturbation theory result of

the Kugel-Khomskii Hamiltonian in the low-energy subspace: Here |z) /|y) / |2) are shorthand for |t,) /|t,) /|t.). For
the Cartesian choice of triplet states the Hamiltonian remains real. This can and does change for other setups. The

Hamiltonian for the other two bond types can be produced by cyclic permutation z — y — 2z — .
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The Hamiltonian can thus be rewritten as

¢ 1 5 2
[ha]()y = 5[ = S (T + TyiTy) + 5 (78 Ty + 73,1y ) +he] - (L77)
we o1 1
—U[—E(TmTy’ﬁTy,iT,J +§(T T, ) hc.]
t/2 1 1 T
+ 7| = 5 BT + Ty + ¢ (T Ty + T T )
2 2
3TZ@T:] + 3TZZT7] +hc]

In this formulation the Hamiltonian has a structure analogous to the BCS-Hamiltonian
of superconductivity [131] or the very established field of Bose-Einstein condensation
of magnons [70, 71|, which is the direct comparison and originator of the language.
In this regard one should mention that a lot of the Bose-Einstein condensation lan-
guage in particular for singlet-triplet models has been established for dimer systems,
e.g. [69]. Later in section 1.5 we will discuss the degrees of freedom in the dimer
setup and compare it to the triplons in this equation.

In the same vein one can borrow from established effective field theories for the
singlet-triplet formalisms [69, 152] and use real fields (w, v), which can be introduced
via T = u + iv.

Reformulating the Hamiltonian in terms of their real fields yields

© A7 13 1
ey = 47 [Z (Va0,j + Vy0y5) — 15 (Uaitia + uy,iuyd)] (1.78)
4t 11 1
G [Z (Vz,iVy 5 + VyiVzj) — D (Ug ity + Uy,iuw)]
472 11
U |:6 (Ux,ivx,j + Uy,ivy,j) + gvz,ivz,j] .

As discussed later the dipolar and thus usually important field is given by the v

vector boson and one may simplify the Hamiltonian even further by neglecting the
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u terms, yielding

H —)\an+4Jszv3+4Kzz +4FZZ vv —i—vlvj (1.79)
(i,3) ¢ (i)e ¢ (id)e

with

342 1472
i+ gt

J = T (1.80)
342 4 Ly

K = % (1.81)
—tt’

F=r (1.82)

Vice versa one can parametrize the Kitaev-Heisenberg model in the usual way by
introducing a magnitude A and angle « so that J = A cos(«) and K = Asin(«) and
find

2 A ,
T3 (3cosa — sin(a)) (1.83)
2 3A ,
U = 7 (COSOé + SlIl(Oé)) s (184)

where % being possibly negative might be considered a concession for the neglect
of the multiplet, i.e Hund’s coupling. One should note that n; = > tht =

T=x,Y,z2 T,L T,

ZT:LW T.T . as applications of hard-core bosons onto an on-site state work like

’Tl ’Tl

fermions.

Clearly, the effective Hamiltonian in equation (1.79) has the form of an extended
Kitaev-Heisenberg model [48, 50] just with vector bosons v instead of spins(-1/2) as

1ts constituents.

One should address why we use the seemingly arbitrary factor in the scaling, i.e.
4J instead of using just J. First of all, every simulation is done one the level of

triplons and hence it is convenient to use a parametrization that scales obviously in
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this case. Rewriting equation (1.79) in terms of triplons yields

HAY ni+ Iy (TIT, - T/ +ne) (1.85)
¢ (:3)

K> (TT, - T )
¢ (ij)e

+1 Z Z <T;in,j + Tl:r,iTa,j - <TEIiTj,j + TijTlii) + h.c.) .
¢ <Z7]>C

Secondly, the transformation T' = u + iv introduced in [1] is an idea that is in fun-
damental opposition of w and v in the director based interpretation, which is what
motivates one to rewrite the terms in this manner, see sections 1.5 and 2.3.2. As ex-
plained therein, the ansatz, stems from a special choice singlet-triplet wave function.
As a result one should usually carry the additional factor of the condensate density
\/m for each spin, which is optimized as 1/2 for p = 1/2, thus canceling the
“unnecessary” 4 in our Hamiltonian. Therefore the vector-bosons here are actually

akin to spins with length 1/2, which T' = u + iv does not reflect.

Just to reiterate: the choice of [1] is not wrong, but inconvenient if you then want
to directly understand v as a spin, which is what the interpretation as a Kitaev-
Heisenberg model does. This is why understanding the bosons as classical spins
naively like in [6] shifts the phase borders by a factor of 4, because it did not account
for the factor like we do here. Yet, when operating on the level of triplons, one can
inherently avoid any formulation in terms of w and v bosons and the factor problem
is just an inconvenient but ok way of handling the terms whenever the u and v
picture is employed for interpretation purposes. The semiclassical Monte-Carlo later

does not have this problem. The inconvenience is only in equation (1.79).

Similarly, one could also write down and or transform the h3 and hy terms'?. One

may use £ ;t_, .= T! T,  which we do as an example and for consistency with [5],

T8 11 T T80

12WWe will ignore tt' for simplicities sake. All matrix elements can be read off from figure 1.13.
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but the use of this formulation is limited. One finds

© 1 t? 42 (

hslia =757 T
1 ¢ 1 t?

v — V(. T . —T T'T )

i (\/EU * V24 U) ( Ytm 2T ] T, 2,57 Y]

312 + 1 : ~
+ \/gﬁ <Tz,z’Tx,jTy,j o TzviTyJTﬂE:j) thet+icj.

TTI T T T T ) (1.86)

AT Y] 2,0 YT x, T 2,0

and cyclic permutations on the other bonds. The four-triplon-terms can conveniently

be split into diagonal and off-diagonal parts hy = hy4 diag + haonr- The diagonal part

2 (nfn;? +nin + nint + ﬁﬁ]> (1.87)

2
9 v
[h4,d1ag] W) — U

13
ST s Y T8 Y,s
—I——(ninj+ninj—l—ninj+ninj)

6

t/2

7
S,,8 Z % Sph % ZpnS
—nn; +3n;n; + - (ninj + n; nj)

9 3

ST s Y T, S Y,s
+ (ninj—i-ninj%—ninj—l—ninj)

T, T Y. Y x, Y Yy,
+ — (nfnf +nin¥ + nin! +nin)

ot w -

X,z Y,z 2T z2.,Y
+2(ninj+ninj+ninj+ninj)] .

The off-diagonal part is

P o] @ = 1%+ ¢ ot oyTtT Tt T
[ 47oﬂ]<i7j> - Z U < i z4T X, T 2,] + LY 2,47 Y] Z7j>
— 1ﬁ:r* T TH.T

4U T4 YT X, YT

1tl2
o= (T T T T )

4 U I7Z Z7Z Z?] xhj y7l Z,l Z?] y7j

1t
rortr Tt T dhe. . (1.88)

2U T Yt Y, T,]
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1.4.5.3 Magnetization in the Low-Energy Subspace

It is essential to look into the effective degrees of freedom in the subspace. One
should however note that these are themselves projection, ie. (S)s+ = (a|S]|a;).
These objects should never be inserted into the perturbation theory itself.

Rewriting spin and angular momentum leads to (introducing the shorthand J =

—itt x t = —iT" x T for the total angular momentum)
2 N1
(S)or =—1y/3 (T-T") + 57 (1.89)
.2 o, 1
(L), =i 3 (T-T") + 57 (1.90)

where there is an obvious point of interest in the first term compared to very naive
free spins. However, this term is not unusual and these kind of formulas translate
directly from normal spin-dimer singlet-triplet models [69].

However, the M = 28 — L (cf. equation (1.25)) reads
1
(M) = =iV6 (T = T') + 5 = V24v + (u x v). (1.91)

This expression is quite unusual as we try to elucidate in the following section! Lastly
however, we point out that M represents the magnetic dipole and thus the first term

suggest that v does the same.

1.5 The Language of Spin, Quadrupoles and

Spin-Dimers

In the previous section we have introduced w and v. As they emerge as a conse-
quence of borrowed mathematical constructions from spin and spin-dimer physics,

it is prudent to understand their origin. In fact, although [1] makes a few comments
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about the dipole and quadrupole nature of w and v, the statements do not seem
sufficient to understand the circumstances if one does not already know all the de-
tails ahead of reading them. Moreover, naively accepting that “v has dipole and u
quadrupole nature” can be misleading if not carefully applied. We try to remedy
this by providing a quick run-through of all necessary concepts. For this purpose it
seems convenient to follow established literature [153] to keep everything focused on

essentials and add comments to connect it to the spin-orbital singlet-triplet model.

1.5.1 Nematics for Spin-1/2 and Spin-1

The uw and v based description emerges as a natural way of aiding the search for
multipolar or nematic order. This kind of order breaks the overall symmetry of
the spin (O(3)) without possessing a magnetic moment, i.e. a dipole moment. As
quadrupole is the simplest of these cases, we use it and nematic interchangeably
here. Furthermore, we skip the importance or causes for interest in nematics as their
relevance in this thesis is (sadly) not warranted (but that in itself is a result).

Precisely, when considering spins S, we are therefore looking for states |¥) with
vanishing magnetic order or dipole moment (V|S; |¥) = (S,) = 0. Quadrupole
order can then emerge, e.g., as anisotropic fluctuations ((S¥)?) # ((S¥)?) = ((S7)?).

One should, however, note that there always has to be a consideration of what
kind of quadrupole one is interested in. For magnetic quadrupoles S here takes the
role of the magnetic moment M, which is not written here because the objects are
trivially more or less analogous.

The natural next step is to ask how one can accomplish this feat. One interesting
answer, which makes, e.g., our spin-1 vector bosons intriguing on paper (compared
to the j = 1/2 traditional Kitaev-Heisenberg systems), is the following: You can’t
accomplish this for (a single) spin-1/2. You need at least spin-1.

Consider a general spin-1/2 state |V) = « 1) + 5 ])). Naturally, both o and § are
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complex parameters, leaving 4 free real numbers. Due to normalization and fixing
of the arbitrary phase factor of the state, one can reduce the amount of parameters
needed to 2. This is the same amount of parameters as an arbitrary rotation in three
dimensions € (represented by the spherical coordinates unit vector), hence we can

write

Q = (cos(¢) sin(f), sin(¢) sin(8), cos(6))” (1.92)
|Wq) = sin (0/2) e /2 1) + cos (/2) /2 |]), (1.93)
(Uq|S|¥q) = SN, (1.94)

where the calculations in the last equation use the known spin algebra also seen in
equation (1.67). |Wq) shows that any kind of spin-1/2 state can be translated to any
other via rotation. In other words: because we only need 2 real parameters, |¥g)
can be any state'®. Consequently, the last equation proves (S, ) # 0 for any spin-1/2

state.

Spin-1 however is described by three states, e.g. the eigenstates of the S* operator
|m = 1), |0) and |—1). There are 6 free parameters, so even after using norm and
phase fixing one can’t just guarantee that it is possible to rotate one state into

another. More importantly, it is trivial to calculate:

(0[S]0) =0, (1.95)
(0](5%)?|0) =0, (1.96)
(0](57)?|0) = (0[(5¥)?[0) = 1. (1.97)

Hence we have found a nematic state. There are even more. The following (|z) is

13The way of writing it down like this is called “spin ‘coherent state”.
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not really new) states are all nematic'?:

1

)= (- |-1), |y) NG

NG (I +1=1),  [z=-10).  (1.98)

Additionally, any linear combination |d) = > d, |T) with real(!) coefficients

T=X,Y,2
d, is also nematic. Because the overall phase is immaterial, any linear combination

with purely imaginary d, is also allowed. It is therefore convenient to write

)= Y delr) = ) (urtiv)|r), d=u+iv, (1.99)
=2y, T=2,y,2
where w - v = 0 fixes the phase and |u|> + |v|> = 1 the norm. Here d is called
the director. It represents the axis (direction) perpendicular to the plane where the
quadrupolar fluctuations happen.
We summarize: A single spin-1 state is nematic if only(!) either w or v are nonzero.

Importantly, the dipole in this kind of state reads
(d|S|dy = 2(u x v), (1.100)

i.e. the dipole looks complicated on paper. This is the point where a direct compari-
son to equation (1.91) is warranted. The second term looks like a normal spin, while
the first one, the one that makes v a dipole in the spin-orbital model, is unusual.
This term connects singlet and triplet while the usual one splits the triplet. The
triplet splitting is basically the linear Zeeman splitting of a spin in a magnetic field
and hence exists for normal spins. On the contrary the other term is connected to
Van-Vleck magnetism. Because the Zeeman term represents the “usual” part it was
convenient to reintroduce J.

But what about the quadrupole? One can find arguments to state that the

quadrupole has to be constructed out of products of spin operators, i.e. Q% ~ S*S8.

4and should appear familiar based on the cartesian triplets discussed before
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The quadrupole tensor is

2
QP = 9*SP 4 578 — §S(S + 1)00.3, (1.101)
(d|Q*°|d) = géawg — 2unug — 20,08. (1.102)

In order to understand some papers, it is prudent to know that for convenience
reasons the quadrupole tensor is often written in terms of its five linear independent

components via

Qa2—y2 (S7)? = (8v)?
Qaz2—r2 7 (3(8%)> = S(S +1))
Q=] Q. |= S*SY 4 §¥S* : (1.103)
Qy- SY¥S* + 5% 8Y
Q- S25% 4 552

What does that imply for the spin-orbital system? Citing [1] directly'®: “Quadrupoles

@ arise from the mapping of composite spin-orbital terms S“L? in H, e.g., SYL? =
\/ﬁ ‘U, +1/2 - Q.. Note that u enters here, revealing its quadrupole nature”.

First of all, one should mention that the nature of the order is maybe something
one can discuss. In the spin-orbital system one may look for, e.g., order of the total
angular momentum J of only the spin S, only the orbitals via L, or, and this is what
the above statement considers, order in the magnetic moment M = 28 — L. That
this choice might not be trivial can be seen by various choices in the VCA calculation
in [119], which are of course educated guesses based on literature. Furthermore, the
expression in [1] is actually an effective low-energy singlet triplet operator, i.e. the
(d|...|d) “equivalent” (...)s: in, e.g., equation (1.91).

Accepting that the statement aims to describe quadrupoles of M, one should keep

in mind that these also contain terms like S*S” and L®L?. However, with a bit of

15comment hidden in the bibliography of the paper
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calculation one indeed finds

(SYL?)gy = = (s't, +tls) — % (the, +tit,) (1.104)

2 1
= guz + 3 (—2uyu, — 2vuyv,),

where the introduction of w etc... were done as before. The last term can be identified

D~

with @ (in our notation @),.) via (1.102). Like in the dipole, the first part is unusual
while the last one is familiar from the spin system.
For completeness one might add that of course the S¥S* ~ S* and hence the other

elements look similar to a dipole, in a sense that ~ v (without i) could be argued:

1 1

(S¥S7), 6( s't, —tls) + Zt;tz, (1.105)
1 1

(LYL7) g = -5 (s't, —tls) + QtLtZ (1.106)

However, the fact that M*MY 4+ MYM?® is the quadrupole and not only M*M? takes

care of the irregular terms via

1 1
(S78Y),, = -5 (s't, —tis) + QtLty, (1.107)

i.e. each summand contains half of the “classical” ),. quadrupole while the other
term cancels out. That in itself is a peculiar side note, because for the dipole the
unusual Van Vleck term profits from 28 — L by adding up to three times the size

compared to single S, while the Zeeman term remains the same.

1.5.2 Spin-Dimer and Magnetic Moment

This section is kept short because nuances of the singlet-triplet ansatz are discussed

later.
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Previously, we established that a single spin-1/2 can’t be nematic. However,
a dimer consisting of two spin-1/2 can. Note that the spin-orbital singlet-triplet
(qunitet) model is technically a dimer of two spin-1 particles, but as the quintet is

thrown out, the discussion covers both cases.

Consider an antiferromagnetic Heisenberg coupling between two spin-1/2 referred
to as S7 and S5. The eigenstates of JS1Ss posses a singlet-triplet structure with the
ground state being at £ = —3.J/4 and an excited triplet at F = J/4 described by
the states

|s) = 7<m> 1), (1.108)
) = ifﬂm ), (1.109)
ly) = 7<m>+m>> (1.110)
l2) = —= (1) + [41)) (1.111)

Sl L

where we took the liberty to provide the cartesian linear combinations of the naive
| Stot, Mios) eigenstates of the total spin Sy = S; + Sy regarding the degenerate
triplet.

Given that we can write any state as a linear combination thereof, the basic form

of the spin-1 |d) state can be reproduced

) =c1|8) + ¢ Z d, |T), (1.112)

T=X,Y,z2

where d remains normalized and ¢; are real constants with ¢? + ¢ = 1. The singlet
is not important for the quadrupole discussion of the effective spin-1 triplet. Basic

ideas of the previous discussions can be reiterated.

One important point remains to be made: how does the magnetic moment M =

Siot = S1 + Ss look? Projections onto the singlet-triplet model can be made with
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the states described above and (again) simple application of the spin operators. We

find (using ¢/ and s like in the spin-orbital singlet-triplet model) [69]:

(81) = %(sTt +tls) —%ét* xt), (1.113)
<Sz>:%(—§t —th)—%(tht), (1.114)
(M) =—i(t"xt). (1.115)

Compared to equation (1.91) there is no Van Vleck term! The Zeeman term is

additive. Spin-dimers will behave drastically different in magnetic fields.
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2

Semiclassical Monte-Carlo
Simulations for Spin-Orbital

Triplons and Beyond

Hamiltonians presented in the introduction can be analyzed in various ways. In the
course of this project, one idea, which had not been employed in its full potential
in past studies [6], has shown a lot of promise. This extends to topics and schemes
beyond what we cover in this thesis. Consequently, we want to provide an introduc-
tion to this approach, namely the semiclassical way of doing a Monte-Carlo (MC)

simulation for our model.

While we use the semiclassical MC in chapter 3, the broader application and
better examples for the usefulness of this method can be discussed in the context
of CagRuQy4. Therefore we exemplify the use of semiclassical MC via the CasRuO,
based paper [20], which represents a case where we applied code written for this
thesis with slight changes onto a related problem. In addition, the semiclassical MC

procedure has seen use beyond what we cover here [134].

In order to set up the semiclassical MC procedure, we first provide a rough overview
about methods used in previous or comparative (mainly CasRuQOy) studies and lay

out information about their strengths and weaknesses. In particular, we describe
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2. Semiclassical Monte-Carlo Simulations for Spin-Orbital Triplons and Beyond

flavor-wave or linear spin-wave theory as used in [1, 6, 7], exact diagonalization
as employed in [6, 7, 119, 134] and the variational cluster approach/approximation
(VCA) utilized in [119, 154] (with cluster perturbation theory in [7]). Furthermore,
we look into classical Monte-Carlo calculations of [6]. We will not discuss quantum
Monte-Carlo (QMC), which is expected to be hampered by the sign problem in
systems of frustrated spins or bosons [155]. However, clever, often system specific,
ways of handling the sign problem emerge regularly and in a very recent study one
such approach has been showcased for a-RuCl; [156] and even our triplon Kitaev-
Heisenberg model [157], so one might want to include this possibility at some point
in the future.

After introducing the other approaches, we describe the idea behind the semiclassi-
cal Monte-Carlo simulations and point out which gaps or inconveniences of the other
methods it can and can not fill. Thereafter, we exemplify this by noting the use
for CagRuQOy calculations in [20, 134], which were done with the thesis code slightly
adapted to the problem. Concluding, we talk about the use and possible use of this
scheme beyond this thesis.

2.1 Flavor-Wave or Linear Spin-Wave Theory

In past studies [6, 7], what was referred to as linear spin-wave theory (LSWT) was em-
ployed in a rudimentary way to mainly gauge the extend of the paramagnetic phase
of the triplon Kitaev-Heisenberg model for the honeycomb and triangular lattice.
Here, we revisit spin-wave descriptions and apply them in different contexts, e.g.,
when interpreting the critical points in the magnetic field. Hence a more thorough
introduction seems to be prudent before establishing the strengths and weaknesses
of this scheme.

Moreover, we should note that the triplon framework should likely be labeled as a

flavor-wave theory. The formalism consists of multiple boson flavors and works anal-
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2.1. Flavor-Wave or Linear Spin-Wave Theory

ogous to the spin-1 descriptions in reference [158] and the director based approach in
reference [159], the latter of which is also covered in textbook [153] and thus section
1.5.1. Differences are, however, in practice regularly relegated to superficial nomen-
clature, as reference [159] points out when choosing to focus on the condensation of a
specific boson. As a result, there is not much harm done when using the expressions

spin-wave and flavor-wave interchangeably.

Both linear flavor-wave and spin-wave theory approach the problem of triplons
or spins by focusing on an approximation of the Hamiltonian that restricts it to a
quadratic form, which makes it accessible to Bogoliubov transformation for bosons

or fermions.

Since the subject is mentioned later and this appears to be an adequate moment
to provide a side note about the difference between hard-core and normal bosons,
we shortly recap the Holstein-Primakoff transformation. Holstein and Primakoff
proposed rewriting the spin in terms of canonical boson creation and annihilation

operators b via [160]:

+ gt "
O ACEN B (2.1)
- _ _n
§™=V28,[1- 22b, (2.2)
S*—n— S5, (2.3)

where the spin operator and quantum number are as introduced in section 1.4.5.2

and n = bb is the number operator of the bosons.

For the reason of comparison we note that a spin-1/2 can alternatively be mapped

'We switch the role of S* via sign change of S, compared to the original source.
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2. Semiclassical Monte-Carlo Simulations for Spin-Orbital Triplons and Beyond

to a single hard-core bosons h via identification of

ST =11, STty =0, ST =0, ST =1, (24
Rt 10) = [1), A1) =0, h|0) =0, h|1) =|0), (2.5)

resulting in
1
=5t  h=5", n:Mh:SW*:W+§. (2.6)

The identity A'|1) = 0 is reminiscent of the Pauli principle for fermions. As one
can easily calculate, this affects the commutation relations of the hard-core bosons.
Adding an index denoting a lattice site leads to the commutation relations [hi, h” =
0 for i # j and {hi, hI} = 1, where [...] refers to the commutator and {. ..} the anti-

commutator. Hence the hard-core bosons are neither canonical bosons [bi, bf] = 0ij,

J
nor canonical fermions {ci, cf

j} = 0,;, which is logical when recalling the spin/angular

momentum algebra.

Hard-core bosons do not commute like canonical bosons. This has profound con-
sequences, such as unitary transformations working non-trivially [161] and the Bose-
Einstein statistic of their canonical counterparts not being valid. All of these con-
sequences are regularly ignored in the framework of spin- and flavor-wave, as can
be seen, e.g., in the subsequent calculation of the flavor-wave theory or the thermal

Hall conductance.

Looking back to the Holstein-Primakoff transformation, one might naturally ask
why the spin can be described by canonical bosons b. Indeed n can technically take
any value between n = 0 and n = co. However, the n > 2S5 sector is never reached,
as the roots vanish for, e.g., ST |n = 2S5) = 0, which recovers the hard-core nature.

So if the roots are intact everything works as expected.

The bosonization is a way of describing spin-waves. Yet, we aim to employ lin-
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2.1. Flavor-Wave or Linear Spin-Wave Theory

ear(!) spin-wave theory. We exemplify this by considering the Heisenberg model
H=7J> ) S;S;. Linear refers to restricting oneself to the quadratic form of the
Hamiltonian, i.e., hopping, number operator and pair creation/annihilation terms.
As such, terms like S7S7 ~ n;n; need to be approximated. This is akin to only

considering hy terms while ignoring hz and hy in our triplon model.

More importantly, one needs to deal with the square roots in S*/¥ via S* somehow,
which is where Holstein-Primakoff and linear spin-wave connect to the hard-core

constraint: The square roots can be expanded in powers of 75 < 1, yielding

which for a spin-1/2 Heisenberg model leaves contributions to the linear terms via
ST = bt and S~ = b, hence the exact same expressions as for the hard-core boson
mapping.

Ergo, the spin-1/2 linear spin-wave Heisenberg model is consistent with the for-
mulation for hard-core bosons, assuming of course the S7.5% are approximated anal-
ogously. For the hard-core bosons, however, the use of mathematical operations like
the Bogoliubov transformation and unitary transformations in general are problem-
atic because of the commutation relations. Using those regardless is an approxima-

tion and the resulting problems are not obvious at first glance.

In contrast to this, the Holstein-Primakoff based approximation of the root enforc-
ing the hard-core constraint implicitly makes the potential error obvious: It is exact
if one accounts for all terms in the series expansion of the root, i.e. includes boson
interaction terms such as S* ~ b'n = btb'b and so on. These interactions should sys-
tematically become more important when n increases, i.e. when a significant number
of bosons are in the system. This provides an interpretation of the hard-core con-
straint and demonstrates that triplons are inherently interacting objects even in the

absence of hs and hy terms.
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With this interpretation in mind one may revisit discussions, e.g., in the spin-
dimer triplon systems where a lot of theoretical and experimental work has been
reformed for years [70], and realize why the wording and descriptions therein are as
they appear. Concretely, the authors describe the use of Bose-Einstein statistics,
spin-waves as well as phenomena like Bose-Einstein condensation (in momentum
space) being warranted for small densities (n) and point out the potentially richness
of new phenomena emerging when the interactions begin to matter.

Concluding, we point out that spin-wave descriptions are well established, even

for spin-1/2, where the jg expansion is most suspect [162].

2.1.1 Calculations for Flavor-Wave Theory

As mentioned in the preceding section, we neglect hy and hy terms in order to obtain
a quadratic theory. Accordingly, we start with a Hamiltonian based on equation
(1.85). The use in this thesis is restricted to the observation of a single flavor, which
is feasible if I' = 0 because the flavors do not mix and can therefore be considered
separately. Hence we write T' — T and account for the differences of the flavors in

the form of the interactions, which simplifies equation (1.85) to

H=AYTIT, + 303w, |TH- Ty +v- LT, + b (2.8)
¢ ¢ {ig)e
where T" may be seen as a surrogate for any triplon and yf ; denotes the interactions
of the flavor on bond z. For example the z boson would have (J + K) on bond
¢ = z and J on the x and y bond (we use the parametrization J = Acos(a) and
K = Asin(a)). We furthermore introduce v for convenience and because it covers
the u boson case with the same calculation: While v = (T — T1)/(2i) yields pair
terms with negative sign for v;v;, hence v = —1, u;u; would instead use v = 1 due

tou= (T +TT)/2.
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2.1. Flavor-Wave or Linear Spin-Wave Theory

In the subsequent derivations we try to formulate the equations in a form consistent
with [163] (and the associated thesis [164], which is more explicit and an excellent
resource), which provides identities for generalized bosonic Bogoliubov transforma-
tions for a Holstein-Primakoff spin-wave calculation, which we can adapt in some

circumstances.

In others, the Fourier transformed Hamiltonian matrix can be written down in an
analogous way as the subsequent case and then diagonalized with help of a trans-
formation [164]. This would be the case for I' # 0, due to flavor mixing requiring
solutions of a 12 x 12 matrix and larger unit cells like the kagome lattice. As these
cases are not useful for the points we try to make in this thesis, we skip these discus-
sions. We do, however, want to point out that this is feasible. In the same vein, [163]
provides different identities one can use for a single atom in the unit cell as seen in
the analysis of the triangular lattice in [7]. In principle the flavor-wave description

can be used in all those cases.

Here, however, the useful points can be made for the honeycomb lattice. Given its
structure (cf. 4.17), the well known way of solving this problem is to label the two

atoms in the unit cell and write:

H =\ (Z T+ T;Z.TM) DI [Tfﬂ. Tys+v-Ty Ths+ h.c.] ,

1€81 1€S9 c 1€s1 6NN,
(2.9)

where the index 1/2 denotes the sublattice. For the honeycomb lattice the nearest
neighbors can be labeled by the position of their unit cell, e.g., rs = 7; + (0,0)7 for
the ¢ = z-bond, r5 = r; — vy for y and r5 = r; — vy for z, where v; are the primitive

lattice vectors.

A Fourier transformation is trivially applied, which usually is covered in standard
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exercise classes, leading to
_ (7t f f o
H =3 [\ (T + TITon) + 6T Top + v 6T, Ty +he ], (210)
k

where, e.g., for the z triplon €, = J + K + Je %%t + Je~k2_ In order to use [163],
one needs to rewrite the Hamiltonian into the subsequent Nambu form, which can

be accomplished using the trivial identities €_,, = €, and Y, f(k) = 2 >, (f(k) +

f(=k)) as well as boson commutation relations, resulting in

1
T
H = 2§ v -\ (2.11)

T
where we introduced the Nambu spinor ¥ = (TL,C, T g Ti_k, TQT,_,C> and the labels
A = N\, B, = €, Cp, = 0 and Dy, = veg. It should be noted that Ay and C}, are real
and would carry the next-nearest neighbor terms (if one is interested in introducing

those to the problem).

The Bogoliubov transformation yields a new diagonalized Hamiltoninian, with the

quasiparticles o and [ constructing the eigenstates. The energies are

Boy = 3 [l ol + - (035, + 5 nh) b )| -1 212)

Consequently, one obtains a quantum mechanical correction to the ground state

energy of n, = ng = 0 and excitations characterized by

wi(k) = \/ Qk + Xk, (213)
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where

Or =A;, — Ci + | Br|* — | D), (2.14)

Xy, =\/4| By~ CiDsf2 + (Di By~ BeDy )2, (2.15)

For the choices of Ag-Dy, describing our model, one concretely obtains

@ x| (2.16)

2

For either purely v or w bosons, which are represented by v = =+1, the quadratic

wi (k) = \- ,/u:;\eky. (2.17)

2.1.2 Strengths and Weaknesses of Flavor-Wave Theory

terms drop out, resulting in

First and foremost, the preceding section shows that linear flavor-wave theory dis-
cards h3 and hy terms as well as the hard-core constraint. Secondly, the theory is
limited to the paramagnetic regime, meaning the area of the singlet J = 0 ground
state, where the triplons excitations exist and before the magnetism can emerge by
their Bose-Einstein condensation [70]. For the condensed phase, one can no longer
easily legitimize ignoring the hard-core constraint (and the h3/hy like terms). In that
case, one would have to rephrase the model in terms of a suitable new vacuum and
restart the analysis.

A polarized paramagnet in a magnetic field for example, is still a scenario where a
spin-wave theory can be very successfully applied even for spin-1/2 [165]%. Therein
one also finds trends, which are quite analogous to subsequent discussions, like the

phase transitions estimated by classical Monte-Carlo and spin-wave theory matching

2Details can be found in the supplemental material of the reference.
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exactly.

Furthermore, one can rewrite the theory for the condensed magnetic phases by
creating a new set of states via linear combination of singlet and condensing triplon.
This approach, which transforms the entire Hamiltonian, is of limited use in our
thesis. One may however obtain information, e.g., about the emergence of Goldstone
and Higgs mode in CagRuOy, [1], which is done quite detailed in reference [166] to
discuss crystal field effects. Similarly, reference [6] makes a few points about the
condensation in the triplon Kitaev-Heisenberg model. Nevertheless, transforming
the Hamiltonian for each phase separately only to still ignore the hs and hy terms is
a nontrivial amount of work for a questionable extend of gain.

Regarding its strength, the flavor-wave description can boast its quantum mechan-
ical nature. As a results, quantum fluctuations and corrections are addressed, which
can be a clear advantage compared to classical descriptions quantitatively, e.g., for
estimating the magnetization [165].

Another advantage of the flavor-wave approach is that it does not really care
whether w and v bosons are involved. If both have the same form of interactions,
the overall effect can be calculated by just changing the value of v. When that is
not the case, one needs to adapt the dispersions in By, and Dy, which is still feasible.
As far as the subsequent point about condensation goes, this might be a bit of a
disadvantage in some regards, as v represents the dipole and w the quadrupole (cf.
section 1.5.1), and discriminating between them is therefore an essential aspect of
the magnetic order parameter.

The greatest advantage of the flavor-wave or spin-wave theory is that it is very
established for normal spin and therefore also triplons (the orbital aspect does not
matter here), which provides clear guidelines of handling and interpreting the results,
especially regarding the Bose-Einstein condensation summarized in reference [70].

Following this review, we can make the ensuing claims about the flavor-wave results:

When the SOC A dominates, the ground state consists of singlets J = 0 (states
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|s)) and thus represents a paramagnet (triplon vacuum). When A increases, one
reaches a critical point where the gap to the triplon excitations closes [w+ in equa-
tion (2.17) touches 0] at a given wavevector kg, at which point a Bose-Einstein
condensation takes place. The degeneracy results in a new coherent superposition
|U) = c1]s) + c2|t), where |t) represents the condensing triplet J = 1 state and ¢;
are coefficients. Hence (T' = s't) can become nonvanishing, in analogy to, e.g., {S%)
or (SY) for normal spins and (b)) for regular Bose-Einstein condensates. Because
the degeneracy is located at a given wave vector kg , the wave function of the con-

ikor where 7 is the

densate has to modulate in space via the Fourier transformation e
position. For spin (S%) this directly translates to a modulation in magnetic moment
and therefore magnetic order. For the triplon one might think about the dipole or
quadrupole nature of this order parameter, although in practice the v interaction

clearly dominates in strength and no argument is necessary.

Concretely, for the v Kitaev-Heisenberg model in equation (1.79) (or equivalently
the triplon Hamiltonian in equation (2.9) with v = —1), this leads to the phase
diagram introduced below. First, we need to mention that the following spin-wave
analysis was attempted in reference [6], but there are errors in the results, like the
condensation happening at both I' and K points in the Heisenberg limit. There are,
however, no overall changes to the result, as reference [6] only uses the critical points
and establishes the magnetic order via Monte-Carlo simulations and not condensation

arguments. Our results here match the minima observed in the CPT study [7].

Following equation (2.10) and comments below it, one finds for the z-triplon with

J = Acos(a) and K = Asin(a), that

\ek]2 = A2 [1 + 2 cos?(a) (1 + cos(kwy) + cos(kvy) + cos(k(vy — v3)))

+ 2 cos(a) sin(a) (1 4 cos(kvy) + cos(kv,)) ] : (2.18)

while for the other flavors the three different cosine terms containing wv; cycle in the
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Figure 2.1. Spin-wave phase diagram for the triplon Kitaev-Heisenberg model re-
stricted to v bosons: The Heisenberg and Kitaev interactions are parametrized by
J = Acos(a) and K = Asin(«), while A denotes the spin-orbit coupling. The contin-
uous black line labels condensation at the I' point and the dashed one condensation
at the M points. In the pure Kitaev limit (J = 0), the condensation happens simul-
taneously in the entire Brillouin zone while in the bond selecting case J = — K entire
lines from M to the I' point vanish simultaneously. The phases are the antiferromag-
netic (AFM) order, ferromagnetic order (FM), zigzag and stripy order. The sketches
in each phase illustrate the order (black site denotes the opposite spin direction).
Aside from the phase labels (FM — AF and Zigzag — Stripy)

cos(a) sin(a) part.
Accordingly, the critical points where the w_ solution in equation (2.17) vanishes

are

A

Acri @) = )
wr(@) 24/1 + 8cos?(a) + 6 cos(a) sin(a)

(2.19)

for a < 90°, 135° < a < 270° and 315° < « (27 periodicity of J and K via «) at

the I' point in the Brillouin zone, as well as

_ A
24/1 — 2 cos(a) sin(a)

Acrie (@) : (2.20)

when condensation takes place at the M point, which is feasible in regions where
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cos(a) and sin(«) have different signs and cos(a) < sin(«), meaning 90° < o < 135°
and 270° < o < 315°. Furthermore, at the Kitaev points (J = 0), the dispersion
lex| is flat and the entire Brillouin zone serves as a condensation point, while in the
bond selective case J = —K at a = 135° and o = 315°, entire lines connecting M

and I' points are reaching zero.

Based on these results we can construct the phase diagram seen in figure 2.1. In
areas where the critical points are not reached, the quantum disordered or param-

agnetic (PM) phase exists.

Since the Fourier transformation as introduced in the flavor-wave calculations re-
gards the periodicity of the entire unit cell, the I" point condensation results in a
static () modulation of the entire unit cell magnetic moment. So if one moves
along a real space lattice vector, the magnetic moment stays intact. This is the case
for both the antiferromagnetic (AFM) and ferromagnetic (FM) order in figure 2.1, so
technically the spin-wave, as it is written down, can not discriminate between those
cases. Extra work is necessary, such as the exact diagonalization constructing the
spin-structure factor in the first and second Brillouin zone to cover the real space

modulations inside the unit cell.

In practice, however, one might compare with the order emerging in other methods
like Monte-Carlo or argue/estimate which magnetic structure should emerge, e.g., by
writing down the classical energy of a single site and its surroundings. More impor-
tantly, the order emerging in all Monte-Carlo and exact diagonalization simulations
has always (aside from the nature of the liquid phase) been the one found in the
“regular” (no singlet, just spin-1/2, spin-1, ...) Kitaev-Heisenberg model and thus
one may establish the precise nature by comparison. Therefore one may reasonably
attempt to draw the flavor-wave phase diagram exactly like the one in figure 2.1,

which makes the flavor-wave a very useful and powerful approach.

Concluding, we fill the rest of the phase diagram. Condensation at an M point,
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b1 3

5~ where b; are the reciprocal lattice vectors constructed from the

e.g., the one at,
real space v;, yields a modulation of the unit cell magnetic moment with e®®1"/2. The
definition of the reciprocal vectors in two dimensions v;b; = §;;27/a (a = 1 is the
lattice constant) implies that there is no modulation implies that when one travels
along lattice vector v,. In w; direction the modulation is exactly —1 per lattice
vector and therefore the spins flip, which depending on the structure inside the unit
cell itself being AFM or FM yields the stripy or zigzag magnetic orders. Similarly,

the flat bands in the Kitaev limit result in a modulation with every possible k vector,

which represents a classical Kitaev spin-liquid, i.e. a disordered state.

For the zigzag phase there is a peculiarity that one should be aware of, e.g., when
considering possible results of numerical simulations. Each triplon flavor x/y/z con-
denses at a separate set of M points simultaneously, as evident by equation (2.18) and
the comment below it. As a result, one flavor modulates in the v; direction, while the
others do so in vy and v; — v, lines. When one builds a biased lattice (more bonds in
one direction than the other), like the NV = 12 site exact diagonalization simulations
in this thesis, or if one considers any type of imbalance inherent in real materials,
the degeneracy may be lifted and only one flavor condenses providing a clean zigzag
phase as pictured in figure 2.1. Otherwise one might obtain a superposition of up
to all three modulations happening in parallel, which might look (only) superficially
different. We visualized it in figure 2.2. The thermal fluctuations of the Monte-Carlo
simulation seem to prefer this modulation. The triplon specific condensation does
in principle present the opportunity to lift this degeneracy differently and should be
kept in mind.

3Side note: The high symmetry points of the hexagonal Bravais lattice can be found in [90].
In coordinates (rn,m) = nb; + mbs, the M point can be reached by (3.3), (1,0) and (0,1)
(and equivalently subtractions of integer reciprocal lattice vectors), while the K/K’ point is at
(:I:%,:i:%). The form of b; does not matter, which is why squishing the honeycomb into a “square

lattice”, i.e. v1 = (1,0)T and ve = (0,1)T can be a great practical approach to the calculations.
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Figure 2.2. Simultaneous zigzag order of the v boson components as established by
semiclassical Monte-Carlo: The upper lattice plot represents a top down view where
the in-plane angles are colored in, while the bottom lattice plot is the same structure
tilted at 60° from the in-plane level with the out-of-plane component colored in. The
structures on the right represents all spins on the lattice plotted from a common
origin depicted by (from top to bottom) a top-down view of the z-y-plane (in-plane
color scheme), a top-down view of the z-z-plane and an overview from a tilted angle
(spherical coordinate 6§ = 54.74°). The spin pictures with a common origin are to
scale (also in subsequent figures). Roughly rounded maximal values for the noted
components are provided for the two plots on the bottom right as maximum scaling
for the color maps. At the bottom, the significant contributions to the spin-structure
factor of each boson are depicted by blue dots. The honeycombs represent the first
Brillouin zone.
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2.2 Exact Diagonalization and Related
Methods

2.2.1 [Exact Diagonalization

For the following methods there is no need for a thorough discussion. Exact diago-
nalization (ED) and classical Monte-Carlo (MC) methods for our model have been
introduced in reference [6]. One may look into that reference for more details. More-
over, the key idea of the Lanczos method has been around for a long time, including
in the condensed matter physics context [167]. For a comprehensive guide including
the use of symmetries (e.g., translation symmetry as a result of periodic boundary

conditions) we suggest reference [168].

The idea behind ED is simple: Why not solve the entire quantum mechanical
problem outright? In order to accomplish this, one needs to construct the Hilbert
space of the problem. For our lattice model, one might label the wave functions
on each lattice site ¢ as |U;), where |¥;) € {|s),|t.), |tz),|t.)} (cf. section 1.4.5.2),

leading to the Hilbert space being spanned by the product states
vy = Qv 2.21)

One may quickly realize the crucial problem: the Hilbert space scales with (in this
case) 4V, where N is the number of lattice sites. The scaling is exponential and
hence increasing N is unsustainable. Case in point: Every state is characterized by
a complex linear combination of the 4V basis states. Therefore one requires 2 - 4%
(ideally) double precision numbers to just write down a single state (let alone even
attempting a diagonalization of the Hamiltonian). Every double precision number

needs 64 bit, i.e. 8 byte, of memory space. For N = 24 this results in roughly 4.5
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petabytes, which is not feasible.

It is possible to reduce the number using symmetries to only require a fraction
of the space. Yet, when talking about a macroscopic object, like the pellet of
Ag;LiRuyO¢ studied in [8], one has to, at least on paper, think in magnitudes of
the Avogadro number Ny = 6.022 - 10* atoms/mole regarding N. Moreover, one
strives to describe, e.g., continuous symmetry breaking, which is only defined in the

thermodynamic limit and can require careful thought in ED [169].

Nevertheless, ED turns out to be an excellent method. For problems not requiring
a macroscopic number of degrees of freedom this is obvious. In our case the idea is
to mimic an infinite lattice by using periodic boundary conditions. The problem of
actually diagonalizing the matrix is (if full diagonalisation is not feasible) handled by,
e.g., the previously mentioned Lanczos method, which is an iterative approach that
necessitates the explicit memory capacity of saving two vectors and the Hamiltonian

(more if one wants to remedy problems with orthogonalization).

The most obvious shortcoming of ED in our practical use is the lattice size in
regards to the spin order it needs to host. This can be exemplified (next to of
course trying to draw the order on a cluster with periodic boundary conditions
without contradictions arising) when recalling the spin-waves and the translation of
modulations in k and real space. As done in reference [5], the magnetic order can be

gauged using the magnetic (spin) structure factor
S* (k) =[| Y e*r (T, = T, 5) [Wgrouna) |1, (2.22)

where S%” here interprets the v ~ T — T as spins. Similar magnetic structure
factors regarding the quadrupole w or the full magnetization (cf. equation (1.91))
can be constructed analogously.

The Fourier transformation is connected to the translation invariance provided by

the specific choice of periodic boundary conditions. For N/2 unit cells (honeycomb
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with N lattice sites), i.e. N/2 positions in real space, it provides N/2 momenta k,
which carry values directly resulting from the periodicity choice.

Every momentum k is connected to a magnetic structure via its modulation in
real space (cf. spin-wave condensation in section 2.1). If the lattice is build inappro-
priately or just to small to fit the magnetic order unit cell, this is equivalent to not
being able to access S*#(k) or even the correct ground state |¥,). For the Kitaev-
Heisenberg model in magnetic fields, classical simulations suggest that extremely

large lattices could be necessary to describe the magnetic orders involved [165].

2.2.2 Application to the Triplon Model

ED results for the triplon Kitaev-Heisenberg model can be found in figure 2.3 and
associated publication [5] and thesis [6]. Next to the magnetic structure factor,
the phase borders are also evaluated using derivatives of the ground state energy
E = (V,|H|¥,) and the ground state fidelity, the latter of which presents the overlap
between the wave function of an old and current simulation F' = (¥, (old)|¥(new))
(here the angle F' = (¥ (o — dov)|¥e(c))). The simulation was done on a N = 12
site lattice [6], which represents the minimum size able to host stripy and zigzag
phase simultaneously with one set of periodic boundary conditions. Full credit for
the result in figure 2.3 goes to the author of [6]. We, however, had to rewrite parts
of the code and reproduce the results in order to compare them with higher-order
terms included in (the supplementary of) reference [5], which is why we adapt the
picture and use it to provide the necessary foundation for the results in chapter 3.
The phase diagram contains the new aspect of a paramagnetic regime (cf. section
2.1) and the known (condensed) magnetic phases found in the spin-1/2 Kitaev-
Heisenberg model [49, 50]. Moreover, like in the spin-1/2 case, the Kitaev phase
gains a stable surrounding area of influence. Here the degrees of freedom consisting

of triplons should indicate new physics, as the Majorana description of the original
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Figure 2.3. Exact diagonalization phase diagram for the triplon Kitaev-Heisenberg
model restricted to v bosons: The Heisenberg and Kitaev interactions are
parametrized by J = Acos(a) and K = Asin(«), while A denotes the spin-orbit
coupling. The phase borders are fixed by analysis of the ground state fidelity F' and
second derivative of the ground state energy E (red vertical lines). The transition
from the paramagnet (white horizontal lines) is fixed by the reversal points of the
maximal magnetic structure factor, which also represents the color map. The phase
are the antiferromagnetic (AF) order, ferromagnetic order (FM), triplon liquid (TL)
and zigzag order (ZZ). Aside from the phase labels (FM — AF and zigzag — stripy),
the phase diagram is symmetric regarding o — « + 180°. This figure has been pre-
viously published in references [5] and [6] and has been created by the author of the
latter source.

Kitaev model is connected to rewriting spin-1/2 [4]. Therefore, this phase has been

labeled triplon liquid.

Following [5], there have been new studies and insights, which motivate shortly
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discussing this old result.

Characterizing this “triplon liquid” phase is a nontrivial issue attempted in de-
tail in [170] and, as of last year, via QMC simulations in [157]. The first approach
finds that it represents a strongly correlated paramagnetic phase, which transitions
to a plaquette-VBS (valence bond solid) of triplon dimers when the sign of A is
flipped (more or less when translating their parametrization to our language in sec-
tion 1.4.5.2). The sign flip is, of course, not covered in our model (and there is no
reason aside from conceptual interest to do so). In the quantum Monte-Carlo study
it is found to be a correlated, quantum paramagnetic state, which extends in a finite
regime.

We do not strive to discuss the nature of the Kitaev phase in detail in this thesis.
Rather, our interest is relegated to the topics [170] and [157] reference as other open
questions, such as the inclusion of multi-particle interactions (hs and hy terms) as
well as magnetic fields.

One should mention, that there has been increased interest in Kitaev and Kitaev-
Heisenberg models with different spins. The ED study comparing regular spin-1
(and other spin-S) Kitaev regimes predates [5] by just a year [171] and motivated
a closer look at the thermodynamic properties and emerging liquid in the model.
The spin-1 Kitaev-Heisenberg model [65] actually postdates our triplon study. Since
then, the investigation has been extended to spin-S systems [172], where the most
obvious difference is the size of the finite area the Kitaev phases survive in, which
decrease in a logical manner when going from the most quantum S = 1/2 to the
classical limit S — oo, with only a minuscule area in the S > 2 case.

There is an intriguing observation implied in figure 2.3 and explicitly visible in
the QMC equivalent in reference [157]: While the normal spin Kitaev models have
a significantly smaller ferromagnetic Kitaev (meaning J = 0 and K < 0) phase
than the corresponding antiferromagnetic Kitaev limit, the phases (specifically the

boundaries as, e.g., AFM Heisenberg still becomes FM Heisenberg) are not symmet-
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ric regarding o« — a + 180°. For the triplons this is, however, clearly the case. This
is a peculiarity that may be worth looking into, but not in this thesis, especially
because in a magnetic field the trends fit the spin-based expectations (cf. chapter
3). Yet, this could also be an indicator of the Kitaev “limit” only existing cleanly in
the A — oo case and the paramagnet enforcing the symmetry.

As for the phase borders in general, reference [157] argues that those are fluctuation-
induced first-order transitions, at least based on a Landau theory. This theory, as
they admit, is not valid for h3 and h4 terms or flavor mixing (I" interactions or crystal
and magnetic field), as the symmetries are different. Regarding the condensation,
one may observe that there are quantitative differences compared to the spin-wave
and Monte-Carlo methods, which, in reference to the former, need to be attributed

to interactions and finite size effects.

2.2.3 Advantages and Disadvantages

The clear advantage of ED is the direct solution of the quantum mechanical prob-
lem. On the other hand, this is connected to the disadvantage of the exponential
scaling Hilbert space (and resulting nontrivial scaling of the expenditure of time).
Compared to previous studies in [6], this problem has become significantly worse
for the simulations in this thesis. In the absence of hs, hy and I' interactions, the
ground state always contains an even number of bosons (due to the pair creation
and annihilation terms), meaning that the scaling is not 4"V (or a fraction of that

because of, e.g., use of translational invariance), but [6, 7]

NN N —2k\ [N — 2k — 2K

N N
dim(even, even, even) = Z Z Z . (2.23)

k=0 k'=0 k'"=0 2]{? Qk, 2]€”

Even then, N = 12 seems to be a practical limitation.

The hz and hy terms or the magnetic or trigonal crystal field mixing flavors similar
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to I interactions make this simplification impossible and therefore the full 4" scaling

needs to be taken into account.

Additionally, for large Hilbert spaces the evaluation of observables like the mag-
netic structure factor in equation (2.22) can be time consuming in itself. As saving
the ground state for each simulation is unfeasible for large dimensions, which observ-
able to analyze needs to be, in practice, decided beforehand. As will be apparent in

the course of chapter 3, this choice might not always be obvious.

Another disadvantage connected to this is the comparatively more problematic
way finite size effects may appear in the simulation. Consider, e.g., a N = 2 lattice
with periodic boundary conditions. The possible states are |ss) and (we restrict
ourselves to one flavor of triplons) |¢¢) in the even sector and |st) as well as |ts) in
the odd one. Due to the finite size, the hopping terms 77T can only(!) happen in
the odd sector, while the pair creation and annihilation terms are restricted to the
even sector. For N = 4 the terms are not forbidden on the other sector, but still
have different chances of influencing the model (providing nonzero matrix elements).
This of course would not happen on a real infinite lattice, as the differences disappear
and the even and odd sector become comparable. In the simulations of [6] this has
not been a problem (not only because the Hilbert space was constructed that way),
but due to, e.g., the crystal field bringing the first excited state (odd) closer to the
ground state (even), purely finite size based level crossing due to the imbalance of

hopping and pair terms can happen.

ED also has significant advantages. In contrast to the spin-wave approach, which
required a specific form of the Hamiltonian, ED can be done on any level. For
CasRuO4 ED calculations have been employed on the low-energy triplon and Kugel-
Khomskii Hamiltonian H (S, L) (cf. equation (1.62)) levels [134]. Furthermore, a full
electron based three-band Hubbard model has been analyzed [119]. Of course, the
scaling of the latter (15") and the Kugel-Khomskii approach (enforced Jy) decrease

the lattice size that is accessible to ED, which would not be a good idea for the
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honeycomb where N = 12 is already barely enough for the magnetic orders. However,
the square lattice CagRuO, with slightly different interactions is more tolerant in this
regard. Also, due to the complicated interplay of interactions, nontrivial analysis can

be relevant even for a two-site model or the atomic limit [173-175].

Another advantage is the ability to (at least approximately) construct Green’s

functions via the spectral representation [131], which for zero temperature is

- )

' N (Ug|A|W,) (Un|B[Wg) (Ve[ B|Wn) (V| A[ V)
ap(w £n) = Z { w — (Wn — wy) +1in W+ (Wn — wy) +1in (2.24)

n

where r denotes the retarded Green’s function, ¥,, denotes an eigenstate of energy
Wn, Wy is the ground state energy and 7 is the artificial factor keeping the poles of the
real axis. Here A and B are arbitrary operators. This provides access to correlation
functions and can be used to analyze, e.g., dynamical magnetic susceptibilities as

seen in [6, 20].

Additionally the Green’s function provides a pathway to clever further manipu-
lations, such as the cluster perturbation theory (CPT) and variational cluster ap-
proach/approximation (VCA) [176], which have been employed for the triplon model
[7] and the CagRuO,4 based calculations [13, 119]. For the latter, even a finite temper-
ature analysis VCA analysis, which is highly nontrivial, has been published [154, 177].
Also, the Green’s function and impurity based dynamical mean-field theory (DMFT)
has contributed to CagRuQO, research [26, 178]

We mention VCA, because the results connect to semiclassical Monte-Carlo ap-
plications in the subsequent discussion and [20, 134]. VCA strives to interpolate the
thermodynamic limit by use of boundary conditions and a self-energy functional,
which for appropriate structure of interactions and single-particle Green’s function
(see [176], also for points made subsequently) is stationary if the Green’s function
fulfills the Dyson equation of the infinite lattice. As such, the search for magnetic

order becomes a variational problem where a so called Weiss field pushing the system
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toward predetermined order can be added and the strength is set by calculating a
stationary point (which necessitates repeated solution of the ED problem like any,
e.g., minimization of a function would). The Weiss field needs to be added. If one

suspects AFM order on a square lattice model for CasRuQy4, one may write
H]/W = MzeiQr(an - nw) (225)

with @ = (7, 7) and r is the positions and then go on and vary M to find out if the
stationary point is at M = 0 or at a finite value, thus signaling possible magnetism.
We will revisit this discussion after the introduction of the semiclassical Monte-Carlo

approach.

2.3 Classical and Semiclassical Monte-Carlo

The semiclassical Monte-Carlo (sMC) approach we introduce here represents a nat-
ural evolution of thinking about the classical Monte-Carlo simulations in the triplon
model and may be useful when applied analogously to other problems. Importantly,
the sMC scheme arises intuitively by writing down the triplon dimer wave function
and this introduction of a quantum mechanical ansatz can directly explain why the
classical MC simulations in reference [6] work as well as they do. Moreover, such an
ansatz can indicate where the classical approach is not appropriate, as will become
apparent when considering the Kugel-Khomskii type spin and angular momentum

based Hamiltonian.
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2.3.1 Classical Monte-Carlo for the Triplon
Kitaev-Heisenberg Model

In order to discuss the idea we start with the classical MC scheme introduced in [6].
The starting point is trying to simulate the pure v boson excitonic Kitaev-Heisenberg

model constructed in equation (1.79). Consider the Hamiltonian

H=X)_|SiP+7> S:S;+ K> Y S8, (2.26)

i (i.3) ¢ (ig)e
where S; is a spin on site i and S§ (¢ € {x,y, z}) its component. The first term is un-
usual compared to normal Kitaev-Heisenberg models and represents a first approach

to describe the condensate.

In classical MC simulations S is just a O(3) unit vector, which can be parametrized
by spherical coordinates S* = cos(¢)sin(f), SY = sin(¢)sin(f) and S* = cos(6).
This continuous variation of the spin components may be interpreted as S = oo
when recalling the role of n in the Holstein-Primakoff transformation (cf. section
2.1), which is why one refers to this as the classical limit. Due to the first term only
being a constant shift, the simulations result in a regular classical Kitaev-Heisenberg
model found, e.g., in [50]. The phase diagram is the same as figure 2.1 at A — oo

(or effectively what you see at any A > 1/2).

So what about the first term introduced in equation (2.26) (or [6])? Triplons (or
triplet states) cost energy A, so reflecting this via punishing the length of the vector
is a reasonable first approach. Naturally, the author of reference [6] reintroduced the
radius 7 of the spherical coordinates and allowed it to take values from 0 < r < 1
(the full occupation of the triplet, which represents a regular spin-1, is then r = 1
where the unit vector is recovered). The Monte-Carlo simulation of this model results

exactly (aside from a global factor of A = 4A explained subsequently) in the same
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phase diagram as the spin-wave calculation in figure 2.1!
The next step was to reason that the magnetic moment should have the size

corresponding to the expression of the condensate terms in [1], namely |S;|* = 72 = p,

and S; = \/pi(1 — p;)v; (an inconsistent transformation):

H = )\Zpi + jz Vi1 = pi)y/ pi(1 — pj)viv; (2.27)
@ (i,5)
+ K > Vil —pi)y/pi(1 = py)usos.

¢ (id)e
The spin interaction reaches its maximal strength for p = 1/2, which exactly elimi-
nates the factor 4 in the calculation and reproduces the phase borders of the spin-
wave.
Two questions arise naturally: First of all: Why does MC work so well (meaning
the perfect reproduction of the quantum mechanical spin-wave approach)? Secondly:

Is there a way to straightforwardly arrive at the Hamiltonian in equation (2.27)7

2.3.2 Semiclassical Monte-Carlo for the Singlet-Triplet

model

At this point, one may recall the spin and spin-dimer definitions found in equations
(1.99) and (1.112). On a given site 4, the wave function of the singlet-triplet system

may be written as

U =cls)+ D elr)=

T=X,Y,%2

s+ 3 cTti] lvac) (2.28)

T=X,Y,2

where ¢; are complex coefficients and |vac) is the vacuum state. Equation (1.112)
also contains the concept of the director d = uw+iv as a possible way to conveniently

describe the wave function. Reintroducing this, enforcing normalization via p and
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using the global arbitrary phase to fix the singlet to a real coefficient yields

|‘I’> = ® |\I’z> = ® 1-— ,01'81-L + \/E Z dmt;rﬂ_ ‘Va(j> , (2_29)

T=,Y,z

where |u;|* 4 |v;)* = 1 and we furthermore provided an ansatz for the wave function
of the full lattice by considering a tensor product of the states for a single site. On
a side note: this leaves 6 real parameters from the original 8 (4 complex c¢_ ), with p

being additionally restricted to values between 0 and 1.

The direct analogy to this ansatz (aside from a site-independent p) can be found in
the spin-triplon based model for iron pnictides in reference [179], where it is referred
to as “Gutzwiller-projected condensate of spin-1 T bosons”. In the context of a
more general discussion of spins and their Bose-Einstein condensation, this ansatz
would fall under the umbrella of a mean-field variational ground state [71] with
almost fully generalized parameters. Interestingly, the latter reference mentions the
potential equivalence between this ansatz and classical spins, as we discuss a few

paragraphs below.

The main problem of this ansatz in the context of the Kitaev-Heisenberg model
here is its direct product approach not enabling the description of some states, e.g.,
some kind of fluctuating valence bonds the Kitaev interaction tries to enable. One
can easily illustrate this problem with an example: Consider two spin-1/2 particles.
Both have general wave functions |U;/9) = a2 (1) + 12 |1), where the index labels
the spin. Their product state

[W1) @ [Wa) = araz [11) + a1 B2 [T) + Braz [I1) + caaa [14) (2.30)

can not be used to describe the singlet 1/4/2-(|11) — |41)), which is the textbook ex-
ample for entanglement. Consequently, states where entanglement between different

sites is important can not be described accurately.
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However, aside from this restriction, the ansatz describes the degrees of freedom
adequately and a minimization of its parameters p, w and v is akin to the use of
the variational method [82], which according to the source “can be especially used
sometimes for astonishingly excellent estimations of the ground-state energy of a
physical system”.

Leaving this discussion aside, we continue with the application of the ansatz. It is

useful to calculate

W (T - 0y = Vol e, (U5 (T + 1) [9) = Vol — g

(2.31)
or vice versa (V[T |¥) = /pi(1 — p;)(u; +iv;). Note that the \/p(1 — p) not being
there in quantum mechanical operator ansatz T' = u + iv in [1, 6] leads to a factor
4 discrepancy between the introduction of the couplings J and K for the triplon or

v boson Hamiltonian (cf. equations (1.79) and (1.85)).

Applying this ansatz onto the Hamiltonian in equation (1.85) (for I' = 0) or (2.8),

which was the starting point of the flavor-wave calculation, results in:
(WHW) =2+ > (TN — (TN +he)  (232)
i (4,9)
+ K> (TNT) — (TN + he.)
¢ (i,j)
=AY pit+ Iy (4\/01-(1 —pi)y/pi(1 — pj)vz-'vJ)

i (4,5)
+ KDY Y A pi(1 = pi)y/pi (1= pi)vicvje,

(i,5)e

C

where we introduced the short-hand (TZT)(TN = (U,|T]|0,) @ (U |T; |¥;) for later
convenience.

For the emergence of magnetism, the essential property is the maximal energy

gain it can provide. For this y/p(1 — p) = 1/2 cancel the factors 4 exactly and one
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is left with the perfect equivalent of Hamiltonian (2.27) (and aside from the factor 4
length-based discussion in complete analogy to the classical spin model in equation

(2.26)).

Importantly, this equivalence makes it clear why the classical spin simulation per-
fectly reproduces the quantum mechanical spin-wave calculation: the classical spins
are mimicking a real quantum mechanical wave function based on the on-site singlet-
triplet ansatz (or vice versa). Additionally, it makes the result of these simulations
obvious: In [6] the MC simulations perfectly reproduces the spin-wave phase diagram

in figure 2.1, which is therefore also true for the semiclassical version.

Moreover, this provides a more general framework for possible semiclassical MC
simulations. The idea is straightforward: Minimize £ = (V|H|¥) (like the iron
pnictide ansatz [179]), which is a real function of the parameters (p;, v;, u;) for every
lattice site 7. In our case, this requires a minimization in a 6N dimensional (recall
lu;|* + |v;]* = 1) parameter space. This is where classical MC simulations come into
play for the the minimization of E. Since H is always hermitian and E therefore
a real function akin to a classical energy, all concepts like importance sampling via
Markov chain and the Metropolis Algorithm requiring, e.g., e ?¥, where 3 is the
inverse temperature § = 1/(kgT) can be applied like for any other classical MC

simulation [168].

The recipe is as follows: On every lattice site the parameters are 0 < p < 1 as well
as w and v, which can be defined by a five-dimensional unit sphere, i.e. four angles
from 0 < ¢ < 7 and one angle 0 < 6 < 27. With these value the on-site part of
equation (2.29) can be build as a complex four-dimensional vector in the {s, t,,1,,t.}
basis. For pure on-site terms like SOC this is enough. For the interactions between
different lattice sites one needs to build a second state for the other involved site and
use a tensor product to obtain a sixteen-dimensional (complex numbers) pair state
|Vpair) = |¥;) @ |¥;). The calculation of the interaction is now trivially a simple

matrix vector multiplication with the terms of the Hamiltonian, e.g. (Vpai|H |V pair),
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where H is the matrix in figure 1.13.

This way of conducting Monte-Carlo simulations has a few key advantages com-
pared to the classical versions even beyond directly explaining their origin and suc-
cess. First and foremost, using objects like the matrix in figure 1.13 directly, makes
the incorporation of hs, hsy and w obvious and trivial*. For the classical scheme this
is not the case. More importantly, the semiclassical approach can tell us directly that
the classical MC can work perfectly, but also directly predict that (here for the hs
and hy terms) the classical model will become insufficient for given interactions. We
make this point in the subsequent H (S, L) discussion, where it can be exemplified in
a really basic manner. For us, however, this means that aside from the Kitaev limit,
we may use the sMC simulation in any context of chapter 3.

Another advantage compared to the linear flavor-wave is the incorporation of the
hard-core constraint at least on the mean-field level of the wave function itself. Also,
the framework is quantum mechanical in nature. Additionally, the Hilbert space
scaling with 6N instead of 4V makes larger lattice sizes possible (essential, e.g.,
for the Kitaev-Heisenberg model in magnetic fields [165]) and saving the end result
ground state for later postprocessing feasible. It also enables flexibility of calculating
observables after or during the simulation. It should be noted that expectation values
of an operator A are simply calculated via matrix vector multiplication with the
ground state (U|A|V).

In contrast to ED or flavor-wave, the sMC method requires the inclusion of a
temperature. This can be an advantage or disadvantage. Nevertheless, the trivial
inclusion of temperature can be used to naturally obtain finite temperature results
to contribute to relevant discussions, an example of which we mention later.

The big disadvantage, however, is the form of the ansatz restricting the validity of

the results. In practice, not being able to describe the Kitaev phase is not ideal. Yet,

40n a practical note: Both ED and sMC schemes can now use the same definition of interactions
via this matrix, meaning that incorporating new terms into one program directly translates to
the other.
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the direct connection between wave function and result might be used to gauge what
can and can not be involved in the object of study based on the form of the ansatz.
Furthermore, one may rethink the ansatz by trying to include, e.g., a valence bond
basis in a future study. Another disadvantage is that there is a point of diminishing
returns when comparing time and computation effort with ED for small lattices.
Finally, we conclude this part by commenting on the practical details of the imple-
mentation and use of sMC compared to the classical methods in [6]. The simulations
are more complicated and should, in our experience (and the analogous problem
of the Kitaev-Heisenberg model in a magnetic field [165]), be attempted using the
parallel tempering method [180]. First of all, this makes parallelization easy. Sec-
ondly, there are a lot of competing ground states, as mentioned in [165], and a single

simulation can strand in local minima quite easily.

2.3.3 Semiclassical Monte-Carlo Beyond the Low-Energy
Subspace

We mentioned one advantage of ED being its possible use outside of the triplon
framework. This leads to the question if something similar can be achieved for sMC
as well.

In the hierarchy of approximations, the Kugel-Khomskii type Hamiltonian H (S, L)
in equation (1.62) presents an opportunity to attempt such an extension. There is
direct and obvious gain: H (S, L) is not restricted to the low-energy subspace and
therefore able to cover, e.g., the influence of the quintet states.

Given the sMC calculations in the previous discussion, the implementation is
straightforward: According to the definitions in section 1.4.5.2, the matrix form
of S and L and their nine |mg, m) basis states (for S =1 and L = 1) with complex
numbers (18 real coefficients) can be used to construct single site or pair states in

complete analogy to the singlet-triplet system. The energy £ = (U|H|V) is then
p gy g p y gy
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recovered via simple application of tensor and matrix vector products.

Here, one might ask if this kind of effort is even necessary, because it would be
way cheaper to construct two classical unit vectors, i.e. a four parameter simulation,
given that the earlier sMC method was directly equivalent to the classical model.
Here, however, a look at the Hamiltonian can make the inadequacy of the classical

model directly obvious.

Consider

(WIH(S, L)) ~ A (LiS) + 3 (e SiLELINS,LLY) + o LELINLIL))

l " (2.33)
where we restricted ourselves to write down some paradigmatic terms in the Hamil-
tonian (with ¢; being arbitrary coefficients). Transition to the classical interpretation
of the results is provided by the expectation values L jassical = (L). For some terms
like (L;S;), the nature of the product states |mg,mp) = |mg) ® |m), which acts
effectively like the two operators being on different sites, the classical formulation
is equivalent. But clearly (L¥LY) # (L%)(L?). Thus the classical is not expected
to lead to the same results. More concretely, if a classical vector L is aligned in
0 = LY, e and hence (L*) = 0 = (L¥). But, because

[L*, LY] = iL?, even only (L*) # 0 should imply (L*LY) # 0.

oo - -
z-direction, then L%, ... =

More concretely, as we consider the CagRuOy4 based 180° geometry (section 1.4.3),

the Hamiltonian on the square lattice (has only two bond types) is given by [1]

12 . ) .
H= 2% (88 + DO + (L9)° + (L5)* (2.34)
¢ (iJ)e

() _ (raTa\2 b1b\2 arbrbra brararh
0"¢ _(LZ.LJ-) —|—(LiLj) +LiL.L-L-+LiLZ—Lij.

17 [ A

For classical vectors, the previously described superfluous ways of creating a vanish-

ing orbital angular momentum can lead to degenerate solutions that are un-physical
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Spin

(8iS;+1)=0 * AL;S;

AL; S,
* LYLYLYLY = 0 = LYL; L3LY

Orbital

Figure 2.4. Problems in a classical MC simulation of the Kugel-Khomskii Hamilto-
nian: The lattices on the top depict spin and the ones on the bottom orbital angular
momentum vectors. The antiferromagnetic spin order on the left side is a possibility
consistent with the quantum mechanical simulation and based on the vanishing of
(S;S;41) on each bond. Via spin-orbit coupling A this kind of order enforces the or-
bital structure. For classical vectors, however, orbital orders can produce degenerate
solutions due to the flawed treatment of (L®LP) # (L) (LP).

for the quantum mechanical case. One of those scenarios is depicted in figure 2.4.

Hence, a classical simulation of the Kugel-Khomskii model should be avoided. Sim-
ilarly, hs and h4 terms in the triplon model, which carry, e.g., on-side T:aTl 5+ should
adhere to the same arguments. Therefore, the classical MC simulation, which works
perfectly for the v bosons, should not be employed for the more general model, while
the sMC scheme does not have any problems with the inclusion of other interactions
per se.

Finally, we want to introduce a useful approximation. Of course, one can attempt
a sMC simulation of H (S, L) with the full 18 parameter (17 if one normalizes) on-site
degrees of freedom. Yet, if one is not interested in the paramagnet (singlet) to triplon

condensed magnet transition, but rather in a complementary model estimating if

anything beyond the singlet-triplet model, e.g. via quintet influence for t2/U > A,
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can occur, one may reasonably simplify the problem.

First, one may observe almost all choices of VCA calculation Weiss fields in [119],
which are well informed by, e.g., previous attempts to describe similar models [181],
are spin or orbital orders, meaning separate entities in S and L. This is easy to
understand, as the main influence making these quantum numbers a bad choice
(rather promoting the total angular momentum J) is the spin-orbit coupling, which

looses influence when t?/U or the crystal field A are increasing in size.

As a result one might try the ansatz

|0) = ® (1S:) ® | Ly)) |L;) =c1|mp = —1) +co|my =0) +¢c3|my =1), (2.35)
and |.S;) analogously, where ¢; are complex coefficients and my, is the eigenvalue of
L?. The J = 0 singlet can not be described by these states in complete analogy to
equation (2.30).

Nevertheless, every spin or orbital order, where S and L do not mix, can be
described and due to normalization the complete parameter space is only 10N, i.e.
marginally more expensive than the singlet-triplet model. In the subsequent section

this scheme is applied.

This line of thought also provides an opportunity to classify our sMC scheme in
the context of known literature. While we arrived at the model via clear line of
thought stemming from the evolution of the classical MC for triplons, the general
idea of more or less writing down a variational wave function ansatz is obviously
not a new concept. Even the subsequently discussed reference [182] notes analogous
attempts going back to the 1990s. Yet, there is a reason why [182] describes the
method and its implication in detail: The idea behind semiclassical MC simulations

is quite powerful.

Importantly, reference [182] considers a model with biquadratic couplings (S;S;)?.

The form and inherent problems with a classical calculation regarding this term
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should be analogous to the (L¢L$)? terms in our model, so it is not surprising that the
authors argue a classical simulation to be fatally flawed (they focus on quadrupolar
correlations in their argument). More importantly, they work with a single spin-
1, for which they neatly explain the semiclassical Monte-Carlo simulation. They
baptize their model sSU(3) (semiclassical SU(3)) Monte-Carlo. Consequently, the
10N product state of S and L is a semiclassical SU(3)®SU(3) scheme.

We summarize the results of [182] discussing the power of their sMC scheme: Via
cumulant expansion of the full quantum partition function they find the sMC scheme
to be exact for high temperatures and approaching the variational (method) result
for T" — 0. They argue that, while the model reduces to a mean-field treatment at
T = 0, it provides advantages by capturing the thermal fluctuations more appro-
priately, displaying exact critical behavior and avoiding some difficulties regarding
the Mermin-Wagner theorem. Nevertheless, the quantum fluctuations are not fully
covered so the sMC is expected to be unreliable when it comes to quantitative as-
sessments.

It should also be noted that sSU(3) remains quite topical, see, e.g., its use in [183].
Similarly, the sSU(3)®SU(3) could be a very prudent approach for Kugel-Khomskii
type Hamiltonians. We try to establish this via the example in the subsequent

section.

Moreover, after we found the semiclassical MC simulations to be a useful approach
in [20], a 63 page guide focused on semiclassical simulations of spin-1 magnets based
on a U(3) algebra (the basic idea is using dipole and quadruple moments on equal
footing) was published [184]. This paper illustrates the power and potential use-
fulness of this kind of concept. In particular, during the writing of this thesis the
bilinear-biquadratic model with Kitaev interactions was thoroughly analyzed with
the U(3) sMC method [185], resulting in novel phases like an eight-color chiral spin
liquid.

All in all, semiclassical Monte Carlo simulations could be a useful concept in the
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singlet-triplet model and beyond. We go on to exemplify this for our model in

particular with the results in reference [20].

2.3.4 Application to Cay,RuQ;,

As previously mentioned, many advantages of the sMC method only become apparent
when discussing problems other than those analyzed in chapter 3. Because the
application of sMC to triplons and Kugel-Khomskii type Hamiltonians is a result of
this thesis, it seems prudent to provide an example for its usefulness. In order to do
this, we quickly summarize the contribution of our sMC code to reference [20].

We quickly address to what extend we had a hand in each presented point. Fun-
damentally new and not published anywhere is the sMC data in figure 2.5, i.e. the
triplon model sMC simulation. For both the triplon ED and SU(3)®SU(3) sMC
simulations, we adapted and debugged code written for this thesis to the CagRuO,
based model and performed preliminary simulations on small N = 4 lattices. Yet,
full credit for the execution and interpretation of the published simulations and their
results goes to the author of reference [134], who also derived the model in equa-
tions(2.38)-(2.40) and conducted the Kugel-Khomskii based ED without any of our
input. As for the projection onto the low-energy singlet-triplet subspace in analogy
to section 1.4.5.2: The projection was accomplished with our Mathematica script
and, even though an analysis of the triplon model has been done in reference [20],
the low-energy model has never been published. In order to make the simulations
transparent and reproducible, we add the triplon model in appendix A.4.

A hotly debated point of contention for CasRuQy is the importance of tetragonal
crystal field distortion A and spin-orbit coupling A (cf. sections 1.1.7, 1.2 and in-

troductory remarks or references [119, 134]), which are on-site terms described by

Honsite = Hsoc + Hop = A SLi+ A (L) (2.36)
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The debate itself will not be a point of discussion here. Rather, we point out that
it can obviously serve as a motivation for a parameter study of A and A, which is

what the subsequent phase diagrams display.

The superexchange interaction between neighboring sites is based on the 180°
geometry discussed in section 1.4.3 with the additional inclusion of Hund’s coupling
into the Kugel-Khomskii perturbation theory as well as a next-nearest neighbor
hopping (hereinafter referred to as bond ”3” of the square lattice). According to
[134], one finds

H = Hor + Hop + Hyr.L (2.37)
3
— _UHM oy — 21— ),
HOP _Z - { 5CU U + 2J )<S S 1)<1 Ea)l(]' ﬁa)] (238)
c=1 (i,j), aF#B
(U+Ju) (B +15.)Jn > )
= S:S; 1—L£2);(1 - L3),

Mw

> { ta ctﬁcU(UJ—HQJ)(S S; — D(LsLa)i(LsLa);  (2.39)
L (i,5). a#B

C

+ (tm%) (8385 + 1)(EaLa)(Cals); |

3
2Ju
it =3 55 tastnegr s Coah(Cas)y (2:0)

1
— ( 12 ) (1 = L2);(1 = L3);
(a,c+ ,Bc)(U 3JH)< a)( E)] )
where the labels «/3/v (kept matching to [20]) refer to the ¢y, orbitals xy/yz/zz

(cf. section 1.1.2.2). Furthermore, L* = L,,, LY = L,, and L* = L,, recover the
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H(S, L) framework. The parameters are based on the geometry and reference [13]
(using ab-initio based values for CasRuOy). In all subsequent calculations t,,; =
layo = loy = 0.2eV, tyy3 = tann = 0.1V, L1 =t =ty = ty.0 = 0.137eV and
all remaining ¢, . = 0. Moreover, Hubbard repulsion and Hund’s coupling are fixed
to U = 2eV and Jyg = 0.34eV. For Jy = 0, the model reduces to the one in [1],
which is why we used this case to establish the inadequacy of classical simulation in

the previous section.

Projection onto the singlet-triplet ground state (cf. 1.4.5.2) provides the singlet-
triplet model. One should note that AY",(L#)? was also projected onto the low-
energy subspace, which could be questioned to be a bad approximation in parts of

the subsequently presented triplon phase diagram.

The results of ED and sMC for the triplon model are presented in figure 2.5. As
mentioned in the previous section, sMC is not expected to be correct quantitatively.
One may also argue that ED on small clusters (here N = 8) also underestimates hop-
ping and pair creation/annihilation for the even/odd sectors as a finite size effect.
Both aspects likely provide the main difference between the two phase diagrams: The
extend of the paramagnetic phase is larger for ED (condensation happens “later”).
This is in direct accordance to ED and sMC data for the triplon Kitaev-Heisenberg
model found in figures 2.3 and 2.1 (sMC and spinwave phase borders correspond
perfectly). Aside from this, the phase diagrams are comparable and both not unex-
pected given the analysis of a similar model in [166], which also explains the easy

axis phase winning for A = 0. Further details beyond that are discussed in [20].

For later discussions in this thesis there are two aspects worth pointing out. First
of all, there is no simplification of the triplon Hamiltonian (in regards to discarding
u, hs and hy terms). Therefore one may realize that the higher order hg and hy4 terms
do not seem to change the magnetic order even deep in the condensed phase where
a lot of triplons are available. In fact, due to the projection of A, one partially ends

up in a physically questionable scenario where the triplets are lower in energy (on-
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site) than the singlet. Still no change is visible. This search for possible differences
also represents the reason of equally spacing the simulation parameters in figure 2.5
instead of focusing on the (expected to be quantitatively wrong) position of the phase
transition.

Secondly, the magnetic order is produced only by the v bosons. This is unsurpris-
ing given the condensation mechanism in reference [1] is based on them, but could

have feasibly changed as the w and higher order terms are not discarded.

Continuing with the Kugel-Khomskii model in figure 2.6, one may first of all
observe that the simple SU(3)®@SU(3) sMC reproduces all magnetic orders of ED
beyond the paramagnet. When comparing with the triplon model, one may attribute
the two new phases for very small SOC X to the influence of the quintet states. As
a result, the SU(3)®@SU(3) sMC can be a useful counterpart to the triplon model,
gauging the breakdown of the low-energy limit. If the results are not straightforward,
one may attempt to simulate the ground state of the same Hamiltonian with a full
18N parameter ansatz.

In regards to the phase borders, one may find the expected quantitative disagree-
ments. However, the estimation of the borders for the Kugel-Khomskii model is very
rough, which can be seen when considering the evaluated samples for each method
provided in reference [20]. The borders of the paramagnet, for example, are not
recalculated but recovered from the triplon model, which one can solve quite quickly
for the same N = 8 lattice. The paper can also be consulted when interest in further
information such as spin-structure factor calculations for the sMC and ED models
arises.

An essential argument for the usefulness of the sMC scheme can be given when
recounting the relationship to other studies. Reference [20] can be seen as a contin-
uation of the analysis in reference [13] (and hence [119]), which is mainly based on
VCA. Aside from a slightly different focus, e.g., in regards of the parameter space,

the magnetic orders found should be reasonably comparable. Yet, reference [13] lacks
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ED and sMC phase diagrams for the triplon model based on CasRuOy,:

Figure 2.5.

The cartoons provide orders of the v bosons and thus the magnetic moment. For

large spin-orbit coupling A a paramagnetic regime exists. The sMC phase diagram

reproduces ED aside from quantitative changes of the critical points. The ED phase
diagram has been adapted from reference [20].
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Figure 2.6. ED and SU(3)®SU(3) sMC phase diagrams for the Kugel-Khomskii
model based on CagRuOy4: The cartoons provide orders of the spin S. The sMC
model is able to reproduce all magnetic orders found in ED, except for the param-
agnet (as a result of ansatz choice). In particular, a 3-up-1-down order previously
undetected in VCA simulations is established. The figure has been adapted from
reference [20].
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the 3-up-1-down spin order (dark blue in both diagrams). The reason for this is the
high computational effort of VCA (ED, here on an N = 4 site three-band Hubbard
model needs to be evaluated many times to optimize the order parameter) paired
with the fact that a Weiss field (cf. equation (2.25)) needs to be set in the correct
form. The 3-up-1-down phase has not been considered in the VCA simulations.

For the more thorough but only ED based analysis in reference [20], the 3-up-
1-down order was found with support of the sMC model checking the result for a
bigger lattice and unbiased choice of observable regarding its direction (details see
[134]).

Consequently, the comparatively cheap sMC evaluation could have improved (and
likely reduced the need for a few Weiss-field choices) the VCA calculation by provid-
ing a second opinion regarding the possible magnetic orders. Naturally, one could
have been aware of a possible 3-up-1-down order beforehand given the related model
in [186] establishing such as phase. Yet, in practice one may not be aware of all
relevant literature and the sMC model provides a quick check, e.g., for ED lattice
size and VCA Weiss-field choice. Thus, sMC should be considered in future VCA

studies.

2.3.5 Use of Semiclassical Monte-Carlo Beyond This
Thesis

As mentioned before, the subject matter of this thesis does not present the ideal
showcase for the full extend of usefulness of the sMC scheme. There are a few
projects that have been attempted or could be considered in the future. Here, we
quickly point these topics out.

Monte-Carlo is bound by the necessity of a temperature for the partition function
and probabilities. As a counterpart to ED simulations at 7' = 0 this is an incon-

venience. Yet, especially when implemented via parallel tempering, the existence
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of a plethora of temperatures can be used as an advantage when looking into finite
temperature properties of models. Moreover, reference [182] points out that the semi-
classical scheme is expected to capture the thermal fluctuations more appropriately

than a mean-field treatment would.

With our code, a finite temperature study of the CasRuO, based model in the
SU(3)®SU(3) scheme has been attempted by the author of [134]. In the reference,
one may find that the sMC method seems to capture the magnetic Neel transition
in the Mott regime of CayRuQ, reasonably well. Observables such as specific heat
and magnetization can be easily implemented in sMC. As a finite temperature VCA
study finds nontrivial intermediate orbital order in the vicinity of this transition
[154, 177], an intriguing project could be to go beyond the simplified SU(3)®@SU(3)

scheme to try and capture this behavior.

In the course of the finite temperature study, a recipe to set the temperature choice
via feedback optimization [187] according to Fick’s law of diffusion has been tried
(also [134]). Again, we contributed the code, but full credit for finishing this side
project (and in this case the explicit implementation of how the new temperatures
are chosen) goes to the author of reference [134]. The main idea is to track the
copies (sets of parameters which are exchanged between the temperatures in parallel
tempering Monte-Carlo) that have been at the highest and lowest temperatures
respectively and count their location (i.e. temperature) at each exchange. If the
temperatures are set inadequately, e.g. because of a phase transition producing a
sharp change in energy, the copies might not make it to the other end and their
average position is akin to a step function. Ideally, a linear statistical occupation is
expected and the feedback loop tries to extrapolate what kind of temperatures one
may choose in order to obtain that behavior. However, as expected by the claims of
[187], our model falls under the category of being to simple to really profit from the

extra effort.

We finally turn the discussion to projects that have not been attempted but could
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be relevant. First of all, future VCA studies could profit from a sMC calculation.

Secondly, one might attempt to include a novel way of post-processing the simu-
lation results. The machine-learning base (TK-)SVM code (tensorial-kernel support
vector machine) [188] is published (source code publicly available) and designed
to find order parameters for classical Monte-Carlo simulations. As the end result
of the sMC simulation recovers the vector interpretation of the spin (or boson or
angular momentum) via the expectation value, there is no reason to expect any
incompatibility. TK-SVM has been used (with partially surprising results) for a Ki-
taev based model [189, 190] and hence provides a potentially relevant motivation
for triplon Kitaev-Heisenberg focused analysis, especially because, at least on paper,
similar models (triplons in pnictide [179] or biquadratic spin-1 dimers with qunitet
involvement [191]) have complicated quadrupolar order and even octupolar order for
excitons has been discussed for 5d* J = 2 states [192]. Moreover, the expressions of
dipole and quadrupole (cf. section 1.5.1, in particular the Van-Vleck contribution for
the magnetic moment) operators in the spin-orbital model have more an extra con-
tribution compared to spins. However, during our simulations the order has always

been obvious so far, so the need to use TK-SVM has not been there.

Thirdly, the recent emergence of the previously mentioned U(3) semiclassical spin-
1 simulation scheme [184] provides a plethora of potential ideas. One may, on the
one hand, try to directly adapt the results in a U(3)®U(3) scheme or think about
translating the degrees of freedom of the full 18 N parameters or the triplon model
to a form where direct use of the results in [184] can be gained. To exemplify this
one might point, e.g., to the combination of sMC with the equations of motion
([184] refers to this as molecular dynamics simulations providing access to dynamic
properties). For triplons, this could be done with in real space with a part-wise
definition of the hard-core (anti-)commutation relations. For the H(S, L) Kugel-

Khomskii model the dynamics of angular momentum and spin can be written down
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quite trivially. On for example finds for the honeycomb model in equation (1.62):

dS}CLl : d (c)
S Taia [Sh, EH (2.41)

t2 . tt/ . t/2 .
=3 ST ST (GnacarnSES] + G yearnSTSE) (5052 — P 5@53) ,

¢ (4,j)e T=T,Y,2
where ¢ is the Levi-Civita symbol. Analogously, the angular momentum dynamics
are described by
dLj

t2
5 (Ona(LT LY + LYLE) (LY = (L)) (2.42)
(1:4)=

o Oy (LELY + LYLE)((L)? = (L))

tt/ ZTZz TJTZTZTX z z ZTTTXTZ - -

+... (xandy bond).

The z and y bonds are qualitatively different but also straightforward to calculate.
As we are not trying to analyze the dynamics in this thesis but rather point out
interesting projects, a look at the above terms is sufficient. One can easily see
(cf. definitions in section 1.5.1), that a lot of quadrupole terms are involved in the
dynamics (very obvious for I' ~ t#'/U = 0), which clearly presents a potential point
of interest that could warrant a closer look.

All in all, sMC provides a multitude of potentially interesting future projects.
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3

Analysis of the Triplon
Honeycomb Model

3.1 Quadrupoles and Higher-Order Terms

The triplon model in the 90° bonding geometry derived in section 1.4.5.2 has been
analyzed previously in some limited cases. In the original inception of the model [1],
analysis was limited to the rough, flavor-wave based description of the quadratic
terms hs in what amounts to the bond-selecting J = —K case of the Kitaev-
Heisenberg model. Additionally, past studies of the Kitaev-Heisenberg(-I') model
[5-7] have been primarily focused on the v boson terms in the Hamiltonian. Con-
sequently, the nature of the quadrupoles w and the higher-order terms, namely hs
and hy4 interactions provided in equations (1.86)-(1.88), are comparatively unknown
quantities. Both quadrupoles and higher-order terms are noticeably intriguing on
paper.

For u, one may recall the introduction via spin-dimer nematics in section 1.5. In
the case of spins, both boson types w and v are, if only one of them is present,
designed to be indicators of the nematic or quadrupole order. The dipole in those
systems is described by (u X v). Yet, in the spin-orbital dimer, the magnetization

adheres to the formula in equation (1.91) (instead of equation (1.115)), thus carrying
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3. Analysis of the Triplon Honeycomb Model

a term proportional to v, which via the previous analysis (e.g. figure 2.3) established
excitonic magnetism via condensation. Nevertheless, the w terms remain part of
the spin-orbital quadrupole (cf. equation (1.104)). Given that they exist in the
Hamiltonian (equation (1.78)) in more or less equal form, one might ask whether
dipole and quadrupole can be treated on similar footing and if the latter might even
be made to condensate. Moreover, one should answer how the w terms affect the
triplon Kitaev-Heisenberg model of dipoles studied in [5]. Lastly, one might point to
related triplon models like the one for iron pnictide [179], where quadrupole order is

important.

The higher-order terms present an even greater unknown. There are a plethora
of terms in the Hamiltonian. Some of them can be clearly identified as potentially
drastic changes to the system. Khaliullin [1] notes the biquadratic exchange (J;-J;)?,
where J = —iT" x T and its potential to cooperate with the pair creation terms via
similar structure (T:T;TZ T; ). Aside from this possibility of exotic consequences, the
straightforward question is whether the inclusion of the higher order terms leaves
the Kitaev-Heisenberg magnetic phases, in particular the triplon liquid, intact. This
relates back to the Bose-Einstein condensation of spin-based magnons in reference
[70]: Condensation takes place, but the resulting density facilitates the importance

of the interactions and therefore potentially rich new physics.

We are, however, not going to focus on the I' interaction of the extended Kitaev-
Heisenberg model. The reason for this is that within the derivation of the sMC
scheme, we pointed out the equivalence of the quadratic model to classical spins. As a
result one suspects the I' terms to reproduce known results from the extended Kitaev-
Heisenberg model of regular spins [50] (which itself can be topical and nontrivial
[193]), with the distinctions of a possible different behavior of the triplon liquid
(here the behavior in the magnetic field is the more prominent discussion due to
the possible half-integer thermal Hall effect in a-RuCls [53]) and the existence of a

paramagnetic regime.
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3.1. Quadrupoles and Higher-Order Terms

3.1.1 Influence of the Quadrupole Bosons

We begin this analysis with the focus on the u terms. The spin-wave theory of the
quadratic Hamiltonian based on equation (1.78) with more general parametrization

18

H= )\anLZU qulvj—l—élK ZZU ¢+4J, Zuzuj+4K ZZufuc

¢ (i) ¢ (ig)e

=AY nt (o Ju)z (T/T; + 1) + (K, +KU)Z Z (78,7, + )

(4,9

(=Tt 1)) (ﬂTj + h.c.) + (K, KDY Y (TCTZTCT] +he ) (3.1)
(4.3) ¢ (i

With A, J,, J., K, and K, there are five free parameters. In order to gain some

intuition we start with a more limited case and increase the complexity step by step.

Consider the case J, = J, and K, = K,. If one leaves the magnitude A = J, + J,,
as a single parameter, the v and the rest of the flavor-wave theory in equation (2.9)
are recovered. The main difference is that now there is a motivation to lift the
restriction of v = +1 representing the pure w or v cases and let the parameter take
arbitrary values. In essence, we strive to obtain information about the influence of

the pair creation and annihilation terms.

The solutions are provided in equation (2.16). The critical points still emerge from
the (unchanged) maximal values of |eg|, i.e. the M and I" point depending on the
sign and size of a, where J = J, + J, = Acos(a) and K = K, + K, = Asin(a).
Only now (at least for v # +1), the critical points emerge from solving the quadratic

equation
12/l (10 AP ('A') Lo (3.2)

for © = A/X\ (ex/A is independent of A) the first possible k value. One finds the

same solutions as in equations (2.19) and (2.20), with the difference that the factor
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3. Analysis of the Triplon Honeycomb Model

1

5 in front of the square root is switched for 1/(v + 1) or —1/(v — 1) depending on

the sign of v.

The resulting critical points are sketched in figure 3.1. One may find that the
overall effect of increasing |v| and therefore the addition of the pair terms lowers
the threshold of the critical point. That trend is expected, as the increase in v
more or less acts like a growth of the interactions parameters like J,. The sing of
v dictates which boson condenses (see subsequent examples within slightly different
parametrizations). For v < 0 the v boson condenses resulting in magnetic order.
For v > 0, however, the u boson is dominant and, as a result, all Kitaev-Heisenberg
phases can emerge as quadrupole variants. For v = 0 both solutions are degenerate.
Semiclassical Monte-Carlo simulations picks one of the phases at random as both

represent rather deep and disconnected energy minima.

For showcasing the emerging magnetic and quadrupole orders we switch to a
more systematic approach. In general, one might parametrize the Kitaev-Heisenberg

model parameters in the following way:

J, = Acos(a) cos(§), K, =Asin(a) cos(§), (3.3)
Jy, = Acos(f)sin(§), K, =Asin(f) sin(§), (3.4)

where a and 3 are the angles varying the two distinct Kitaev-Heisenberg interactions
and ¢ is the angle mixing the models, with £ = 0 representing the pure dipolar v
boson model, ¢ = w/2 the quadruple and there is freedom to vary the overall signs
when including angles up to 2. It should be noted that we redefine A compared to

the previous parametrization.

For an intermediate analysis we assume a = f3, i.e. both boson types carrying the

same kind of interaction. In this case the excitations can be calculated analogously

134



3.1. Quadrupoles and Higher-Order Terms

V= () — 1 \
V=025 =— \ —
V=0.5 m— / \ ~ \\
v=0.75 — _
08 wv=1 < L] \

v=125
v=15

N |3(1/+1)‘ |3(;71) n N
et //\ S //\ e

R W R
— A = 2 -1 0y 1 2 A S -

= N N

= NS NS o
Q:OA ///j\\\\—&\ ///j\\\\—
\/7 N s\/ N
— —
02\/ — e

N\
7

il ~———————
"—/ —————————
0 1 1 1
0° 45° 90° 135° 180° 225° 270° 315° 360°

[0

Figure 3.1. Critical points signaling condensation for various values of the pair term
factor v (v = £1 represent a model of purely u or respectively v vector bosons) for
various value of a (labeling the Kitaev-Heisenberg model via J = Acos(a) and
K = Asin(a)): The continuous line depicts the condensation at the I' point while
the dashed one denotes the critical point being at M. The overall allocation of I' and
M point phases is identical to the Kitaev-Heisenberg model. The sign of v, however,
decides which boson condenses. In the inset, critical behavior in the Heisenberg limit
a = 0 is sketched in dependence of v.

to the previous cases and the result is

Wy = )\{1 +2 (|—§|> |cos(§) + sin(€)| |ep (3.5)

+ (%) [(COS(&) + Sin(g))2 — (cos(&) — Sin(f))Q] ‘Eild 2 }57

14 constitutes the dispersion with regular J = J, and K = K, from below

where €°
equation (2.10) (without A like in equation (3.2)). Hence, €4 provides a known
quantity with identified maxima and minima in dependence of « from the normal
Kitaev-Heisenberg model. As a result, the nature of the critical points does not

change, only the value of |A| /A needed to reach them, just like v. Yet, now we

can observe the effect systematically without increasing the overall magnitude of the
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Figure 3.2. Critical points signaling condensation for various values of the mix-
ing angle & The Kitaev-Heisenberg couplings for both w and v vector boson
models are J, = Acos(a)cos(§), K, = Asin(a)cos(§), J, = Acos(a)sin(§) and
K, = Asin(a) cos(§) (the index denotes the type). The continuous line depicts the
condensation at the I' point while the dashed one denotes the critical point being
at M. The overall allocation of I' and M point phases is identical to the Kitaev-
Heisenberg model. The inset depicts the critical points in dependence of £ in the
Heisenberg av = 0 limit.

interactions. The result is depicted in figure 3.2. The critical points in the figure are

calculated by w_ = 0 as before.

We therefore obtain the critical points quite easily. Nevertheless, one should ana-
lyze what kind of condensation can actually take place. Of course, one could argue via
classical energies or the overall size of the dominant coupling. However, semiclassical
Monte-Carlo trivially solves this problem. Figure 3.3 depicts the phase diagram for
the a = 0 Heisenberg limit with varying mixing angle. Depending on the dominant
mixing term (cos(§) > sin(&) or vice versa), the order switches between quadrupole
and dipole, which is natural as the models exist in parallel on equal footing. Due to
the mixing angle covering sign changes from the J < 0 to J > 0 regime, this change

in type (u or v) boson order is paired with a change in magnetic (or quadrupole)
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Figure 3.3. Phase diagram of the o = 0 Heisenberg model with various mixing
angles £ between u and v bosons: The Kitaev-Heisenberg couplings for both w and
v vector boson models are J, = Acos(a) cos(§) and J, = Acos(a)sin(§) (the index
denotes the type). The points represent semiclassical Monte-Carlo simulations in
the singlet-triplet framework verifying the phases, while the line depicts the critical
points calculated via flavor-wave theory. One finds perfect agreement between both
approaches. Moreover, the phases interchange between quadrupole ((anti-)ferro-
quadrupolar (A)FQ) and dipole ((anti-)ferro-magnetic (A)FM) on even footing as
predicted by the sign and size of cos(§) and sin(¢). Below the critical points, the
paramagnet (PM) is located. The pictograms depict order and length ,/p of the
vectors qualitatively (1 and 2 represent the sublattice).

order changing from ferro- to antiferromagnet (or quadrupole).

The behavior of the spin length ,/p depicted in the pictograms on the left side
of figure 3.3 remains completely unchanged from the old v based analysis [6]. This
is, however, trivially explained by its role in the ansatz of the singlet triplet wave

function in equation (2.29) and not worth a closer look.

It is also natural that the other magnetic phases in the Kitaev-Heisenberg model,
namely zigzag and stripy (cf. figure 2.1), work analogously. The respective example

for a = 120° can be found in figure 3.4. One may hence claim, that the possibility
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Figure 3.4. Phase diagram of the o = 120° Kitaev-Heisenberg model (zigzag phase)
with various mixing angles £ between w and v bosons: The Kitaev-Heisenberg
couplings for both w and v vector boson models are J, = Acos(a)cos(§) and
J, = Acos(a)sin(§) (the index denotes the type). This figure is the counterpart to
3.3. The points represent semiclassical Monte-Carlo simulations in the singlet-triplet
framework verifying the phases, while the line depicts the critical points calculated
via flavor-wave theory (dashed because the condensation happens at the M point).
Next to the known zigzag and stripy orders one finds their quadrupole counterparts.
PM denotes the paramagnetic regime.

of finding quadrupole zigzag or stripy orders in this kind of model exists, at least on
paper.

The evolution of phases is straightforward. The reason for this is that both u
and v exist basically non-interacting next to each other. The only connection is
the spin-orbit coupling A Y, n,;, which for the wave function ansatz (2.29) results in
A ) = A pi(|wl? + [vil?) = A2, pis as (Jwi|® + |vif*) = 1. For the quantum
mechanical operators n; = T) T, = |u|*+|v|* < 1[1]. Asaresult, the w and v bosons
are exclusive. If one can save an infinitesimally small bit of energy more by ordering
v instead of w, then maximizing this energy gain enforces [v|> = 1 — |u|* = 0.

Basically, both models exist completely exclusive to each other, but as one needs to
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3.1. Quadrupoles and Higher-Order Terms

pay energy for spin length, the more efficient model wins outright.

As a corollary, this means that any kind of quadrupole counterpart to the magnetic
phases in the extended Kitaev-Heisenberg models [50] should surface for the corre-
sponding choices of spin interactions. Notably, this seems to extend to the triplon
liquid. ED calculations for A = 1 reproduce the results of figure 2.3 perfectly, as-
suming one switches the sign in the spin-structure factor of equation (2.22) from —

to + to observe the uw bosons.

We now move to the general model with o« # (. Coming from the perspective
of two models just existing next to each other, it is clear what can be expected.
Whichever model can provide the lowest energy for itself wins. However, as the en-
ergies are a function of o (analogous (), and the energy gain for both models scales
with Acos(§) and Asin(§) respectively, the exact form of the phase borders might
not always be obvious at first glance. This is especially true when doing calculations
in spin-wave theory, where everything is written in the same T triplons and the rel-
evant trends might be superficially obscured. Yet, the solutions are straightforward.
Consequently, the essential features are always the dispersions, which are described

by

‘ek’h/p’2 = Jﬁ/p + Kﬁ/p + 2J§/p(1 + cos(kvy) + cos(kvy) + cos(k(v; — v7)))

+ 2Jh/p K1 /p(1 4 cos(kvy) + cos(kvs)) (3.6)

for the z bosons (and cycling the three cosine terms through the summand in the
second line of the equation for the others). Here we indexed the Kitaev-Heisenberg
parameters for the hopping (h) and pair terms (p), which are fixed by Jy,, = +J,+J,
and Ky, = K, + K,. Therefore, the search for minima and maxima of these terms
remains in complete analogy to the previously discussed cases, i.e. we can restrict

the discussion to I' and M points in the Brillouin zone.

Similarly, the solutions of w_ = 0, which provide the critical points, are A/ =
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3. Analysis of the Triplon Honeycomb Model

11/(léxn| £ |€xp|)| (the minimal A decides the condensation). One can use these
spin-wave solutions and extensively discuss the possible phase diagrams for any values
of a, § and & rather quickly, especially because the resulting magnetic or quadrupole
order is quite obvious as evidenced by the previously described ¢ based phase dia-

grams. We, however, restrict ourselves to one example.

The almost worst case scenario for the influence of the u bosons can be gauged
from the g = 0 case. “Almost” here refers to the fact that one compares energies
and the lowest possible one (also clear from how low the critical value Ay is, e.g.,
in figure 2.1 or the classical energy discussion in [6]) is in vicinity of the Heisenberg
limit, shifted slightly to the area where J and K have the same sign. Nevertheless,
the pure Heisenberg K = 0 case is close to that and nicer to interpret and visualize.
As the energy of u bosons is therefore close to the optimum, their competition with

the v ground state will be the comparatively most fierce one.

The resulting phase diagram for the § = 0 case can be seen in figure 3.5. Therein,
we visualized the competition by depicting the lowest A solution at each the I' and
M point. The observations are restricted to 0° < a < 180°, as the spin-wave results
do not change for the remaining angles (as evident by the preceding discussions).
When a u solution becomes relevant, a flat line emerges, as the interactions of this
boson are not dependent on «. As long as the u terms do not outright take over, the
phase borders can remain completely unchanged in regards to «, as one can observe
for all transitions in the £ = 0 and £ = 7/16 cases as well as the zigzag to FM critical
point for £ = 7/8. The point of condensation given by the lowest Ay, however, can

change as expected by earlier studies the a = [ case.

At & = 7/8, where the size of the w terms scaling with sin(¢) is still multiple
times smaller than its dipole counterpart, there is already a significant area where
the quadrupoles enforce the order. They do so by replacing the energetically most
unfavorable (at least from a spin-wave or classical energy standpoint) area around

the Kitaev phase, which is why one should ensure its survival in a full ED simulation.
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Figure 3.5. Flavor-wave critical points and corresponding phase diagram of the
u and v based Kitaev-Heisenberg model: The interactions are defined by the
Heisenberg and Kitaev couplings J, = Acos(a)cos(§), K, = Asin(a)cos(§),
Jy, = Acos(f)sin(§) and K, = Asin(f)sin(§). Here, exemplarily, the uw bosons
are restricted to the antiferromagnetic Heisenberg case § = 0. In order to visualize
the behavior of the critical points, we illustrated the minimal value solutions at the
' point (continuous line) and M point (dashed line) for various angles of £&. The
flat lines represent the w solution, which does not vary with «, taking over. At the
bottom, the resulting phase diagrams are presented with the magnetic orders being
labeled by (A)FM for the (anti-)ferromagnet, AFQ for the antiferroquadrupole and
zigzag as known from the regular Kitaev-Heisenberg model. One should note that at
¢ = /4, where dipoles and quadrupoles are on equal footing, there is a degeneracy
between AFQ and FM at a = 180°. Moreover, due to the bosons not interacting but
being exclusive, the a-dependent phase borders do not necessarily change with &.

In fact, the critical angle ¢ at which the quadrupole order emerges is tan(§) = 1/3,

i.e. roughly ¢ = 7/10. Further increase of the importance of u via £ leads to the

expected enhanced prominence of the quadrupole phase. When both scalings are
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the same at & = /4, the critical points are located at the energy degeneracies of
the pure Heisenberg limits o = 0° and o = 180°, with AFM winning in areas where
the Kitaev interaction benefits the energy and losing where the opposite is true. At

some point beyond that, the quadrupole order spans the entire phase diagram.

As for ED investigating the Kitaev phase: This is the point where due to nontrivial
effort being necessary for each simulation, a free parameter study becomes unpleas-
ant. Consequently, we switch to a discussion of how important one may expect the
quadrupole terms to be based on the model derived in section 1.4.5.2. As discussed
subsequently, the effect is expected to be minute. Regarding the spin-liquid one may
look ahead to the higher order terms based discussion and figure 3.17. On the scale
presented therein, the data of the model with w bosons would (if included) look

indistinguishable to the “original” (only v terms).

There are two main reasons for the unimportance of the u terms. First of all, the
overall strength characterized by the mixing angle £ is expected to be small enough
to not care even when following the “almost worst case” spin-wave results established
above. Secondly, the interactions are not even close to the almost worst case. On
the contrary, they are much closer to the opposite limit. Given the form of the
interactions in equation (1.78), one finds that § = 135°, i.e. J = —K has to hold.
As observing the u terms isolated should be the same as the v terms, it is clear (cf.
2.1) that the vector bosons are directly on the border between FQ and Q-Zigzag
phases and in a regime where the classical or spin-wave energies are comparatively
high (meaning not as stable). Hence, relatively larger angles of £ compared to the
Heisenberg u case visualized in figure 3.5 are required in order for the quadrupoles

to affect the magnetic phases of the dipoles.

Coming back to the first argument, the mixing angle resulting from the Hamilto-

nian in equation (1.78) can be calculated. With cos(3) = —1/v/2 = —sin(f) fixing
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the interactions of w, the solution follows from the system of equations

L 5+ 57

342 4 Ly
Jy, = Acos(a) cos(§) = L —att s

K, = Asin(a) cos(§) = —4—=—

u U
1Y . 1a
Jy=A (—E) sin(§) = — g = - Ky, (3.7)

resulting in
tan(§) = \/?5 (cos(a) - }l(cos(a) + sin(a))) : (3.8)

The maximum possible value of this function is reached at £ ~ 0.047, meaning that
the influence of the u terms in the explicitly derived model is, at most, roughly
halfway between the £ = 0 and { = 7/16 solutions in figure 3.5. Consequently,
one would expect no quadrupole phase but a minute shift of the critical points.
However, when drawing the flavor-wave solutions with the angle of equation (3.8)
and the correct J, = —K, interactions, the line matches that of £ = 0, as the
B = 135° regime influences the v bosons significantly less drastic than the f = 0°
“almost worst” case scenario. Hence, it is reasonable and expected that the inclusion

of u terms does not change the results noticeably.

Concluding, one might ask the question if this is a more general feature of this
kind of model. Are the u terms always negligible? An extremely general statement
is unfeasible, as the derivation of the triplon Hamiltonians involves two very non-
trivial perturbation theories: One establishing the Kugel-Khomskii model and one
projecting to the low-energy singlet-triplet subspace. However, one can try to find

out the trends within those Hamiltonians.

Consider, for example, the CapRuO,4 based model in equations (2.38)-(2.40). An
advantage of the model is the more complete incorporation of the on-site multiplet
structure into the derivation of the Kugel-Khomskii Hamiltonian, thus possibly al-

lowing access to more insights. Projecting this model down onto the singlet-triplet

143



3. Analysis of the Triplon Honeycomb Model

low-energy subspace according to section 1.4.5.2 yields

H= /\an—|— Yo het Y hzey+ Y e (39)

(4,5),x bond (2,5),y bond (,5), NNN bond

Restricting ourselves to quadratic terms, i.e. hopping and pair creation, and intro-
ducing the shorthand ¢, = t,, as well as t, = t,, = t,, results in (appendix A.4

provides all other matrix elements of the effective Hamiltonian for potential future

use)
2(12t? + 3t t2 12 — ity + 4t?) — U?(4t7 + t2
hxz‘]H( [+ 3tits +Tt7) + Udu(8t] — tit, + 4t2) — U?(4t7 + )TLT:C (3.10)
6U(U — 3Ju)(U + 2Jy) g
 JR(126] 4 26t + T8Y) + Udu(8t] — tits +4t7) — UP (48] + 1yt + ¢ )TT 7t
6U(U — 3JH)(U + 2JH) TATZ,]
+ (t; ¢> tsfor y and z triplon terms) + h.c.
and
U? — 4JqU — TJ3 ; -
—_— <T T Tt ) 3.11
NNN NNNGU(U SJH)(U + 2JH) x0T x,g x,ix,] ( )

tRan (1 1 < t Bl )
— —+— (17T, . =T..T h.c.
; 3 <U+U—|-2JH aitaj " taitag ) TLC
where we highlighted the differences of pair and hopping terms (aside from the global

minus sign) with red color.

There are some direct observation one can make. First of all, gaining or losing
quadrupole contributions by changing the size of U and Jy is possible for the nearest
neighbor terms, but it is not critical and there are significantly more important
conclusions to draw. Secondly, quadrupole contributions are completely absent in the
quadratic next-nearest neighbor terms. Hund’s coupling Jy and Hubbard interaction
do not change this. Furthermore, one can draw parallels to the absence of u terms

in the ¢2/U direct overlap exclusive processes. Indeed, it is the orbital conserving
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Kugel-Khomskii terms and the absence of the quadrupole within them that seemingly
heavily disfavor the w contributions taking over. We will discuss this subsequently.
Thirdly, we notice that the quadrupoles in the CasRuO,4 based model are overall
expected to be even less significant, as the hopping and pair terms in equation (3.10)
are almost perfectly identical with a flipped sign and therefore overwhelmingly v
dipoles.

In order to understand the effect of the orbital conservation, one can recall the
structure of the Kugel-Khomskii Hamiltonians, e.g., in equation (1.62). For the
(1,7) terms there are contributions of the form (neglecting the on-site energy shifts)
(Si"LfL”i(S;?‘Lf-L;)j and (LfL?)AL?L;%, where (...); denotes the projection onto
the singlet-triplet states on site ¢ in accordance with equation (1.69) and section
1.4.5.2. Hence, one should calculate the projections and observe the nature of the
quadratic contributions (linear on-site) regarding their dipole and quadrupole nature.
A table of projections for the quadratic terms has been created in [6]. As one can
easily state the terms more compactly and with higher-order contributions we write

them down here. One finds

1 1
(LYLY)i = epyr <_%) (Tm - TL) +(1— 5ﬁv>§Tg,z’Ty,i (3.12)

2 001, 1, : 2
+5,3'y gnl—l—énl—i-im%—nl = —1Epyr §/UT,Z'+"‘7

i.e. (L*LY) ~ v, and no u terms in the quadratic Hamiltonian.
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Moreover,

(SELLLD): = bandi (—i\@) (Tus = TL) + (1= 005)3s, | (%) (7. —11,)

i

t t —i f
25a67 <TB,iTm - TT,iTB,i) ] + (1 - 557) [ <%) (5015Tw‘ - 5C¥’YTﬁ,i)

i 1 1
- %%WT <5CVBT(1,iTT,i + 5chrT,iTa,i> } - iéaﬁv (gnf + —”za) (313)

2
8 2
= Oay0py \/;Uoc,i + (1 = dap)dpy \/;Ua,i

.2 ) )
— 1\/%(1 —08) (0ap(tqyi +10y;) — Oany(up; —ivg;)) + ...,

where the u terms appear in the 8 # v cases with appropriate spin contributions.
In both equations we implied the Einstein summation convention for the 7 index.
The second part of the equations introduces the vector bosons and shifts the non-

quadratic terms (and on-site singlets) into “...".

What can we learn from the preceding equations regarding the importance of
quadrupoles in the quadratic terms? Importantly, the Kugel-Khomskii terms carry-
ing both spin and orbital interactions are required. Importantly, the nature of the
orbital interplay seems to be essential. Recall that the angular momentum operators
translate directly to orbital occupations via equations (1.59)-(1.61). Furthermore,
one should remember the Kugel-Khomskii theory describing virtual hopping pro-
cesses like djd} — d}d? — d}d} and there is thus one orbital with double occupation
of the electrons, which translates to the angular momenta, which is hereinafter re-

ferred to as “orbital occupation”.

In the 8 = v case, e.g. (L,)?* on-site terms in the Hamiltonian, the orbital occu-
pation is conserved. For these orbital conserving terms, the quadratic interactions
are purely dipolar. A large part of the Kugel-Khomskii Hamiltonians in this thesis
consists of these kind of terms. Combined with the spinless (L7L]); contributions

only allowing v, the quadrupoles are dominated. In particular, the direct overlap,
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3.1. Quadrupoles and Higher-Order Terms

t' for the honeycomb model and the next nearest neighbor terms for the CasRuQO,
terms are orbital conserving, as only one orbital is involved in the exchange. Hence,

the absence of quadrupoles in the ¢?/U and NNN terms is expected.

On the contrary, the § # ~ case, which can be understood as an electron starting
in, e.g., orbital @ and ending up in b, can host dipoles and quadrupoles on even footing
for spin involvement, at least two out of three components thereof. Again, one should
not forget the (Lf L]); terms favoring dipoles and hence expect the quadrupoles to be
smaller. However, if only these orbital occupation changing terms exist, the difference
between the energy scales can be smaller. Case in point: The I' interactions in the
honeycomb model, i.e. tt'/U terms, have to change orbital occupations, because t
facilitates electrons moving in a and b orbitals, while the way back needs to involve a ¢
electron via t’. As a result, the quadrupoles in equation (1.78) are quite comparable
with I', = 3I',, so by coincidence exactly the value of the critical point for the
Kitaev limit breaking down in the scenario of figure 3.5 (of course energy scales
and thus the exact value should be different here). So if there is another purely v
interaction frustrating I, for example by dipolar exclusive NNN terms, one might
have a chance to expect quadrupole order based on the quadratic Hamiltonian. The
question about this being a realistic scenario in materials is, of course, another one.
One should note, however, that prominent I" (and the related I') terms, are a feature
in many suggestions for a-RuCls [51]. Yet, one may note that the Kugel-Khomskii
Hamiltonian results in different interactions for one and two holes respectively and
this feature might not translate necessarily. In summary, one should not expect the

quadrupoles to be important aside from very special cases.

Finally, this result might be used to gauge the importance for u by introducing
the following rule of thumb: If the Kugel-Khomskii Hamiltonian in the d* system
does not overwhelmingly include orbital non-conserving terms, the quadrupoles in
the quadratic model might be reasonably discarded. Vice versa: If one is interested

in the w terms, one might seek out a geometry where the superexchange or orbital
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3. Analysis of the Triplon Honeycomb Model
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Figure 3.6. Dependency of matrix elements of the triplon model Hamiltonian on
the triplon density p assuming the wave function ansatz used for the semiclassical
Monte-Carlo simulations: The states can contain a singlet s or (arbitrary) triplet ¢,

with the shorthand notation (st|...|ts) = ... s;rtit;sj, where the latter terms denote

the usual hard-core creation and annihilation operators. The dashed lines represent
terms that can be translated to the other orders and on-site energy shifts and strain
terms by explicit elimination the hard-core constraint (s's, =1 — 3", t;ativa).

overlap based electron tunnelings can mainly happen between different orbitals, like

the mixed tt' scenario.

3.1.2 Higher-Order Terms

We subsequently turn to an analysis of the remaining parts of the Hamiltonian: The
hs and hy terms introduced in equation (1.74) and explicitly stated in equations
(1.86)-(1.88) as well as figure 1.13. Henceforth, these terms are dubbed “higher-
order”, as they contain the interactions involving three and four triplons 7" (or triplets
t) respectively. Nevertheless, one should note that the complete matrix in figure
1.13 also contains what could be dubbed h; terms, for example (s;t;|...|s;s;) =
_..sls, t}si. Due to the hard-core constraint permitting only one hard-core boson
per site, namely nf +n? +n; + n? = 1, where n are the number operators belonging

to singlet and triplet states, one may argue (or replace SZTSZ. in the Hamiltonian
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3.1. Quadrupoles and Higher-Order Terms

explicitly) that these interactions are hs terms and on-site energy shifts (and possibly

strain terms). Hence, we include them into the higher-order terms in our analysis.

These multi-triplon interactions, like the ones produced by the hard-core constraint
itself (cf. section 2.1), are expected to become significant after the condensation
process, i.e. when a considerable amount of triplons exist in this system. This
kind of scaling with the triplon number (or density) can be useful to keep in mind
for the subsequent analysis. It is also neatly visualized when recalling the form
of the singlet-triplet wave function ansatz in equation (2.29), which is used in the
semiclassical Monte-Carlo simulations. Assuming a constant density p on each lattice

site! leads to the scaling behaviors of the matrix elements pictured in figure 3.6.

In the figure one can observe, that the v;v; and w;u;, i.e. the hy terms, reach
their optimal strength at p = 1/2, which should be kept in mind as an effective
spin-length when performing regular spin-wave calculations in this model. As the
spin-orbit coupling A couples this spin-length, or rather the parameter p, with an
energy cost, the hy model results in a density p < 1/2 for finite values of A (usually
significantly for the values of A considered in this thesis) and p = 1/2 for A — o
[6].

Contrary to this, the higher-order terms have a clear preference for p > 1/2 values.
When completely overwhelming the SOC A, one should expect the density to strive
towards p = 3/4 for the hy and p = 1 for the hy terms. All in all, this means that
the density p reaching values of about or over 1/2 could be seen as an indicator for

the importance of higher-order terms significantly influencing the hy based results.

1Side note: We do not have to defend this assumption here, because neither Monte-Carlo nor
ED simulations assume anything in this regard and the results are clear. Yet, one may note
that this seems to be a quite powerful and prudent simplification. The previously mentioned
iron pnictide triplon paper [179] just assumes this outright. Our Monte-Carlo code gives us
the opportunity to test this (although simple two-site model estimates can do that as well).
Seemingly, one has to take drastic actions in order to obtain triplon density modulations: even
for significant next-nearest neighbor interactions allowing the unit cell sites of the honeycomb
lattice to act isolated from each other, one has to switch off the spin-orbit coupling A on one of
the sites to see (only) a moderate effect. This topic is, however, beyond the scope of this thesis.
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3. Analysis of the Triplon Honeycomb Model

Another indicator could be the importance of the “quadrupole” w, which we found
to be negligible in the last section. We put quadrupole in quotes here, because
one does not need quadrupolar order to find w significantly contributing to the
model. In order to see this and discover some of the possible influences of the
higher-order contributions, one may combine the results of equations (3.12) and
(3.13) with the definitions of dipoles and quadrupoles in section 1.5. There are, of
course a lot of quadrupole contributions (quadrupoles are not just w terms). For
example (1 — 557)%Tg,iTW and (1— 557)%55W(5QBT§C’¢TM contain the necessary on-site

products. Regardless, when the dipoles order and prominently feature in the model,

one should mention their contributions to the higher orders, in particular

BT T,

(1= 833y (T T = THT.) ~ Sia = (i) = —2(w X 0)ia, (3.14)

where J is the total angular momentum, which is at the foundation of the singlet-
triplet model. Hence, the higher-order terms contain dipole-dipole interactions via

(components of) v;(u x v); and (u X v);(u X v);.

There are three main takeaways from this one should be aware of. First of all,
with h3 and hy interactions (as well as the magnetic field later, which enters via the
complete dipole moment M = awv + (u X v)) the u boson now has a reason to exist
instead of being completely cannibalized via the maximization of the energy gain
of v by |u|> + |v|> = 1. Therefore, a non-vanishing w can be seen as a sign of the

higher-order terms being influential.

Secondly, one should recall the discussion of the degrees of freedom in a normal
spin system (section 1.5). The normal spins and spin-dimer singlet-triplet systems
have a magnetic dipole moment that is just the (u x v) part. The orders are more
straightforward: check (w x v) and if that is zero one has either w or v, which for
normal spins are quadrupoles if they exist alone, or for spin-dimers a pure singlet

(paramagnet). For our spin-orbital singlet-triplet, the regular dipole magnetic mo-
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3.1. Quadrupoles and Higher-Order Terms

ment can be quite involved at first glance, because the excitonic degree of freedom
also contributes and both v and (u X v) can exist at the same time (or even nontriv-
ially influence each other via v;(u x v);). Yet, the order behind it is still effectively
an ordinary dipole. In fact, the more the triplet (which isolated has the structure
of a normal spin-1) gets involved in its entirety, the more the magnetic moment will

look like the regular spin.

Lastly, we point out a corollary of the previous point: It is not obvious if hs-hy
terms and ho terms actually mainly fight or cooperate. An overall trend towards
an AFM can be hidden in hy via v and hs-hy via (u X v), but their end result is
the same. If so, there might not be any drastic change in magnetic order via the
inclusion of higher-order terms. In this light, it might be interesting to revisit the
results for the CagRuO, based model in figure 2.5, where the magnetic order does not
change even though the crystal field in switches the on-site ground state of singlet
and triplet in some areas, i.e. clearly presents an opportunity for p > 1/2 to be the
main actor. Still, the order remains purely v boson based. However, the CasRuQOy4
is not the focus of this thesis and therefore this should be investigated at another

point in time.

Undoubtedly, a pure parameter study of this model with rather free choices of
interaction strengths of the various higher order terms could be interesting in itself.
However, due to the plethora of different influences, most of them bond-dependent,
this approach is not practical, at least when it comes to discussions in this the-
sis. Instead, we include the hsz-h4 terms by treating them as an extension of the hs
based Kitaev-Heisenberg model. Equations (1.80) and (1.81) introduce the Kitaev-
Heisenberg parametrization as a function of the effective hopping and Hubbard in-
teraction (t*/U and t”?/U) of the underlying d* electron model. This choice of pa-
rameters is rather free (e.g. possible negative sign of ¢?/U), which represents an
attempt to account for other influences like Hund’s coupling exerting influence and

is very established in the Kitaev-Heisenberg model context (cf. [50]). Vice versa,
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3. Analysis of the Triplon Honeycomb Model

the variation of J = Acos(a) and K = Asin(«) fixes t?/U and ¢ /U to given values
via equations (1.83) and (1.84). The strength of the higher-order terms, at least the
ones we derived in our approximate perturbation theories of Kugel-Khomskii model
and low-energy projection, are fixed by this and hence the parameters A and « will

hereinafter be used in direct analogy to the h, discussion.

Finally, we move to concrete results. In figure 3.7 one can see the phase diagrams
established by Monte-Carlo simulations of the singlet-triplet model (N = 144 sites)
for the Kitaev-Heisenberg model with only hy terms (both w and v) as well as with
the inclusion of the higher orders hsy and hy. First of all, the addition of w terms
does not change the overall result in any drastic way. Even the data points located
very close to critical points predicted by the v boson flavor-wave solution stay in the
expected phase (this is sometimes hard to spot with pure eyesight in figure 3.7, but
certainly the case upon closer inspection). Therefore the results are a reproduction of
the ones in figure 2.1 or the classical simulations in reference [6]. The phase borders
correspond to roughly the flavor-wave predictions, i.e. the classical Kitaev spin-liquid
(which for Monte-Carlo is often represented by general disordered nonsense) and the
bond selecting J = —K cases at a = 135° and a = 315°, where in the spin-wave
[' and M points (among others) are condensing concurrently and the semiclassical

Monte-Carlo simulation is an arbitrary mixture of FM and zigzag.

When introducing the higher-order terms, most of the phase diagram remains un-
changed. If one compares the emerging phases closely with the spin-wave solution,
there are slight discrepancies. Condensation leading to AFM and stripy regimes
seems to require slightly larger A values, while the FM and zigzag phases gain influ-
ence. The phase borders at the Kitaev cases and o = 315° appear to work as before,
at least when observed at this scale. Nevertheless, there is one very drastic change
compared to the previous phase diagram: Between zigzag and FM regimes a new
distinct phase, which we dub “canted zigzag”, emerges. The existence of this new

phase demands further investigation.
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Figure 3.7. Semiclassical Monte-Carlo phase diagrams of the triplon model
J

parametrized by
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) phases, all of which

known from earlier results. The black lines depict the critical condensation points
estimated by the flavor-wave calculations. On this scale, even the full hy model per-

fectly corresponds to the flavor-wave solution. For hs and hy, the FM
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(

phases emerge for higher

+ stripy)

(
interaction values than expected by the flavor-wave. Notably, a new phase emerges:

The canted zigzag (cZZ) phase between the FM and ZZ regimes.

regime seems to gain importance while the AFM
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Figure 3.8. Observables for the semiclassical Monte-Carlo simulations in figure 3.7,
i.e. of the triplon model parametrized by J = Acos(a) and K = Asin(«) (higher-
order terms and w Hamiltonian fixed by resulting values for t?/U and ¢?/U): The
diagram at the top represents the full hy model with both w and v boson types,
while the one at the bottom further includes the higher-order hs and hy terms.
Overall, the differences between both models (the ones at the J = 0 Kitaev limit
can be discarded, as Monte-Carlo just results in disorder) are only evident in details
(e.g. slight changes in p) aside from the area where the new canted zigzag phase
can be found. There, p &~ 1/2, a noticeable u contribution as well as significant
flavor-changing magnetic moment My = p(u X v) signal the influence of the higher-
order terms and the new order. All observables are introduce in previous sections.
Moreover, one may spot the change in energy behavior for both cases, which will be
discussed later. Averages (...) correspond to lattice means 1/N - 3. O;, where O; is
any observable on lattice site i.
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Figure 3.9. Order of the v bosons in the canted zigzag phase as established by
semiclassical Monte-Carlo: The upper lattice plot represents a top down view where
the in-plane angles are colored in, while the bottom lattice plot is the same structure
tilted at 60° from the in-plane level with the out-of-plane component colored in. The
structures on the right represents all spins on the lattice plotted from a common
origin depicted by (from top to bottom) a top-down view of the z-y-plane (in-plane
color scheme), a top-down view of the z-z-plane and an overview from a tilted angle
(spherical coordinate § = 54.74°). Roughly rounded maximal values for the noted
components are provided for the two plots on the bottom right as maximum scaling
for the color maps.

In figure 3.8 we present a few observables calculated for the ground states estab-
lished by the semiclassical Monte-Carlo simulations. The parameters p, u and v

are the degrees of freedom in the wave function ansatz of equation (2.29). For the
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Figure 3.10. Order of the u bosons in the canted zigzag phase as established by
semiclassical Monte-Carlo: The upper lattice plot represents a top down view where
the in-plane angles are colored in, while the bottom lattice plot is the same structure
tilted at 60° from the in-plane level with the out-of-plane component colored in. The
structures on the right represents all spins on the lattice plotted from a common
origin depicted by (from top to bottom) a top-down view of the z-y-plane (in-plane
color scheme), a top-down view of the z-z-plane and an overview from a tilted angle
(spherical coordinate 6§ = 54.74°). Roughly rounded maximal values for the noted
components are provided for the two plots on the bottom right as maximum scaling
for the color maps.

magnetization, this ansatz yields (using equation (1.91)).

M = 2vV6+/p(1 — p)v + p(u x v) = 2V6 M, + My, (3.15)

where we introduced a distinction between the excitonic or Van-Vleck terms and the
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Figure 3.11. Additional information for the canted zigzag phase depicted in figures
3.9 and 3.10: Site 1 represents the lattice site at the bottom left of figure 3.9 and
site 2 is the one reached by the only lattice vector translation not requiring periodic
boundary conditions. Subfigure a) depicts the dipole boson v, quadrupole u and
resulting additional dipolar (w x v) contributions. Notably, (u x v) is perfectly
aligned with v in y and z components and differs by relative size and direction for
the canting axis x. Consequently, the u order could possibly be a byproduct of
a more efficient way of aligning the dipoles emerging from the higher-order terms.
Subfigure b) shows the significant spin-structure factors (corresponding to each boson
type) in the first Brillouin zone (which is the only one required here). Compared
to the concurrent zigzag order in figure 2.2, the x boson is no longer located at M;
but rather the I' point, corresponding to the effective ferromagnetic order in that
direction.
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flavor-changing (Zeeman-like) ones. The new canted zigzag phase is clearly distin-
guishable by a non-vanishing My and consequently w contribution. Additionally, the
triplon density p is noticeably close to p ~ 1/2, as evidenced by the orange colored
slice near 135° for large A. One can also see, that the overarching appearance of
the results aside from this is quite comparable, with only minor details like small

changes in p being discernible.

One may take a close look at this phase. We do this by visualizing the order of
the v bosons in figure 3.9 and w bosons in 3.10. For the former, the spins seem
to be antiferromagnetic in y and z directions and angled toward z (of course the
axes are interchangeable, also the canting can happen around a concurrent mixture
of axes akin to the zigzag order, e.g., around the y = +z axis), similar to what
they would do in a magnetic field (cf. [41, 165]). This is why we refer to this as
“canted”. There is another way to interpret the result. Recall the zigzag phase
simultaneously happening in all boson types and lattice vectors direction picture in
figure 2.2. On that note, everything, e.g., from a pure AFM phase to the polarized
paramagnet (basically FM) is referred to as canted AFM /zigzag/. ... Importantly,
this is also the case when the FM-like contribution is dominant, which is how one
should understand the canted phase here (meaning more like the FM regime than
the AFM one, therefore helping condensation in that region of the phase diagram).
Superficially, the new phase selects half of the spin directions, namely all the ones
with positive x components, therefore realizing a kind of FM-zigzag mix, where
y and z are zigzag and the x component is a FM. There is one very important
distinction that should be called out. As established in the figure, the value of the
x component, which was equal to the z one in the simultaneous zigzag phase, is
now slightly decreased. So one should ask where this part of the canting angle goes.
The answer seems to lie in the w bosons, which order in the y-z-plane and thus
the magnetic z-component of (u x v). In this plane, the u bosons also exhibit a

concurrent y and z direction zigzag order. Of course, speculations about quadrupole
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order is pointless because the dipole does not vanish.

In order to provide additional insights, we illustrate the spin order of two sites
and the significant values of the spin-structure factor of the canted zigzag phase in
figure 3.11. Site 1 is the one at the bottom left of figure 3.9, while site 2 is one
lattice vector removed in the only direction that does not require periodic boundary
conditions. As a result, the z component of the u boson is AFM and the y boson
FM (zigzag modulation along the vector belonging to the z boson condensation
point). The v boson does the same but for switched directions. Additionally it
harbors a FM x component. The (u x v) follows the v boson perfectly in y and
z components, while the x direction is noticeably reversed and more pronounced,
thus resulting in an effective canting of the magnetic moment along this axis. For
the spin-structure factors, one finds significant contributions at the M points for y
and z in complete accordance to the concurrent zigzag phase, but the z boson now
has a dominant feature at the I' point in the first Brillouin zone reflecting the FM
order. As the emerging order is usually connected to the flavor-wave condensation
points, these predictions also neatly connect to the new phase. It emerges around
a = 135°, where the I' and M point are equivalently favorable. Details are discussed

in connection with the subsequent point.

There are a few questions that should be addressed. First of all, why is there no
canted stripy phase visible in the diagram? In fact, we verified with detailed sweeps
on a N = 16 lattice, e.g., at A = 1, that the phase transition from AFM to stripy at
a = 315° works as expected: Namely, at the critical point there is a superposition of
AFM and stripy orders (see [6] for details). An explanation could be, that the stripy
phase can be understood as having an additional AFM modulation inside the unit
cell and, as a result, the significant spin-structure factor at the I' point in the second
Brillouin zone. Hence, the canted order and stripy phase seem as not as compatible
as the zigzag one. This fight against each other instead of cooperation is also implied

by the delay of the condensation in stripy and AFM phases as opposed to the earlier
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Figure 3.12. Detailed semiclassical Monte-Carlo sweeps in vicinity of the critical
condensation around the Kitaev-Heisenberg parameter o = 135°: The canted phase
does not emerge directly from first condensation, but rather after the system first
establishes phases and phase transitions just like in the absence of hs and hy (fer-
romagnet FM, paramagnet PM, zigzag and a superposition of FM and zigzag at
a = 135°). The black line depicts the flavor-wave solution, showing that the con-
densation point is moved.

(smaller A) one in the FM and zigzag regimes.

Moreover, this question is connected to the emergence of the canted zigzag phase
around « = 135°. In order to study this in detail, we undertook the analysis seen in
figure 3.12. Therein, we can get the following essential insights: The canted phase
does not emerge directly from the condensation points. At the critical points, the old
(read: no higher-order terms) FM and zigzag phases emerge. More importantly, the
phase transition between them is exactly the one known from the case with absent
higher-order terms, i.e. the superposition of both phases as covered and illustrated
in [6], which is in direct analogy to the (semi-)classical AFM to stripy scenario. For
larger values of A, the canted phase starts to emerge from the e = 135° point, which

is expected given the importance of both I' and M points. The finite recovery of the
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old phase diagram provides a possible explanation for the behavior of the v = 315°
phase transition: It is expected to remain intact until the hs and hy terms become

strong enough to take over, which has seemingly not happened at A = 1.

Secondly, one might continue to ask, especially prompted by the previously dis-
cussed insight, what one should expect for larger values A > 1. One should note that
there is only qualitative interest here, as the perturbation theory done via low-energy
subspace projection starts to become more and more suspect. The gap from J =1
to the J = 2 quintet (which we eliminate) is 2A. As A = 1, the perturbation theory
is basically legitimized by A < 2(\). Hence, we have no interest to do anything

more than provide a general overview.

We have attempted a Monte-Carlo study for the N = 16 lattice for steps Aa =1
at A = 2. The results neatly fit to expectations. In particular, the higher order
terms are now strong enough to finally overcome the old transition at a = 315°. In
its place, a very small area consisting of 313° < a < 315° shows a new magnetic
phase with participation of the w boson. Similarly, the classical Kitaev cases start
to become obsolete, but notably also only in similarly small parameter ranges of the
phase diagram. The new phases emerge at 86° < a < 92° and 269° < a < 272°. We
visualize these new magnetic orders in figure 3.13 and their spin-structure factors in
3.14. All other orders are known from the A = 1 case. The AFM phase is located
at 0° < a < 85° and a > 315°, the zigzag at 93° < a < 124°, the canted zigzag
at 125° < a < 156°, the FM at 157° < a < 268° and finally the stripy phase
at 273° < o < 312°. All in all one might subsume, that for unrealistically large

interaction strength hz and hy terms become important in very small areas around
Kitaev phases and the zigzag to AFM transition.

Thirdly, one could try to observe what only the higher-order terms want to estab-
lish at A = 1, i.e. the value we expect them to have the most impact in our phase
diagram. For this, we have repeated the Monte-Carlo simulations for the smaller

N =16 cluster with A =1 and all hsy terms set to zero. Spin orders, phase diagram
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Figure 3.13. Order of the v (left) w (right) bosons for the new emerging phases at
A = 2in vicinity of the Kitaev and stripy to AFM transition regimes as established by
semiclassical Monte-Carlo: The depiction is analogous to previous figures. Notably,
the Kitaev phases seem to display very similar structures to the neighboring un-
canted zigzag or stripy orders, with the addition of w contributions that serve as a

clear distinction.
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Figure 3.14. Significant spin-structure factors as established by semiclassical
Monte-Carlo simulations for the orders displayed in figure 3.13: The blue dot denotes
the contribution in the first Brillouin zone while the red square represents the second
Brillouin zone (shifted by a reciprocal lattice vector). For the M points, which exist
in both, we exclusively display the bigger contribution.
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Figure 3.15. Order of both the v bosons (top) and w bosons (bottom) for the
canted antiferromagnet phase produced by only considering the hz and hy terms for
Kitaev-Heisenberg parameters a = 0° and A = 1 as established by semiclassical
Monte-Carlo: The color schemes and views are described in previous figures. FEach
boson type is limited to its own area: The u bosons are located on the z axis, while v
orders in the y-z plane. As a result, the dipolar contribution is amended by a (u X v)
canting angle toward the z-axis. This is depicted in detail for two representative sites
on the left side of the lattice plots. Further information regarding observables can
be found in the subsequent figure.
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Figure 3.16. Semiclassical Monte-Carlo phase diagram (top) and observables for
Kitaev-Heisenberg parameters A = 1 and varying « for the model with solely hs and
hy terms: The emerging phases are the paramagnet (PM) and canted antiferromagnet
(cAFM) as depicted in the previous figure. While the AFM phases are analogous, the
concrete directions of the v boson in relation to their u counterparts is different, i.e.
the resulting canting (u X v) points in different directions. For the o = 0° regime the
canting has opposite sign in one component and same sign in the other, effectively
pointing v towards a common axis, while the a = 180° phase has completely aligned
(between different sites) (u x v) contributions suggesting an overall ferromagnetic
contribution.

and observables can be found in figures 3.15 and 3.16. The phase diagram consists
of two canted AFM phases and paramagnetic regimes. The paramagnets extend
(lattice size dependent and here Aa = 1° step size) in the areas 48° < a < 126° and
239° < a < 341°. Hence, the hy stripy to AFM transition at o = 315° is an area
where the higher-order terms seem to be relatively weak. On the contrary, the zigzag
to FM counterpart o = 135° falls within the magnetic regime of hz and hy at A = 1.
The canted AFM phases are distinct by the directions of (w x v) contributions, i.e.
the direction of the canting.

As a consequence of the A = 1 phase diagram, one might try to investigate further
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3. Analysis of the Triplon Honeycomb Model

values A > 1 to observe if the paramagnet can be overcome in more scenarios by
the higher-order terms. A sweep at A = 2 results in the two canted AFM phases
existing in the areas 0° < a < 71° (a > 309°) as well as 140° < o < 251°. The
paramagnet is restricted to the area 265° < o < 308°. Two new phases with canted
zigzag-like features emerge at 72° < o < 101° respectively 252° < o < 264°, hinting
at the overall agreeableness of the higher-order terms with zigzag kind of order. We
provide figures in appendix A.1. In the remaining part of the phase diagram, the
semiclassical Monte-Carlo results do not converge cleanly and hint at the lattice size
being too small to establish the magnetic order. This is not entirely surprising, as
canting effects in certain magnetic field directions (c.f. [165]) are known to result in
similarly complicated structures. However, a detailed study of the A = 2 effects is a

topic beyond this thesis and will not be attempted here.

Finally, we turn to the ED analysis. There are three main points of interest here.
First of all, the fate of the Kitaev triplon liquid phase, which necessitates the full
quantum treatment, needs to be discussed. Secondly, one should see if the new canted
zigzag phase survives quantum fluctuations. Thirdly, ED could tell us if there are
new phases which we can not find with the wave function ansatz of the semiclassical

Monte-Carlo, e.g., one induced by the biquadratic exchange discussed in [1].

In a twist of irony, our analysis of this topic predates the emergence of the semi-
classical Monte-Carlo studies performed in this thesis. In figure 3.17 one can find the
ED results (partly) published in [5] representing a look at the parameter range of the
data in figure 2.3 with additional hz and h, terms. “Original” refers to the v boson
model while “complete” denotes the addition of w and higher-order contributions.
What we do not plot explicitly here is the information about the k value at which
the spin-structure factor is maximal, but this information is in complete analogy to
[6] and we arrange our presentation in accordance to [5]. All in all, the higher order
terms do not seem to destroy the Kitaev phase at A = 1, i.e. the most problematic

case of the area of interest. “Complete” and “original” are the data published in
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original
complete
shifted

60° 90° 120° 150°

Figure 3.17. Ground state fidelity, energy derivative and maximal spin-structure
factor resulting from ED simulations of the triplon Kitaev-Heisenberg model without
(“original”) and with (“complete”) higher-order terms (previously published in [5]).
The Kitaev phase is indicated to survive the higher-order contributions. The “shifted”

line presents an attempt to eliminate the superfluous a dependent energy shift.
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3. Analysis of the Triplon Honeycomb Model

[5]. Additionally, we can note here that the sole addition of w terms results in no
visible shift of the observables, which is why we neglect to show it. Importantly,
we point out the absence of the canted zigzag phase, which like the degeneracy at
the a = 135° bond-selecting Kitaev-Heisenberg point in the classical phase diagram,
seems to be absent for the quantum mechanical treatment (in contrast to the Kitaev

phase, which now encompasses a finite area).

Furthermore, one may spot the overall a dependent trend of the energy derivative
introduced by the higher-order terms, which seems to shift or obfuscate the position
of the maxima. The reason for this dependence seems to lie at the overall carelessness
regarding the separation of singlet-triplet and triplon model in past studies [1, 5-7].
Concretely, one might take a closer look at the simplifications using the hard-core
constraint and discarding of energy shifts. For example, the spin-orbit coupling is
written in a way to conveniently look like a chemical potential for triplets/triplons by
shifting the energy, even though the projection of the operator to the singlet triplet
results in A, (=2n — nf —ni —nl). Similar simplifications are done with the
Kugel-Khomskii Hamiltonian. One can attempt to fix this by rewriting the model
by, e.g., eliminating the singlet explicitly via the hard-core constraint and discarding
all resulting energy shifts. In order to do this one can just take all matrix elements
of the Hamiltonian in figure 1.13 in which there is an on-site 3 s; term and introduce
s s; =1— ZT i +t; - Then one adds the new triplon based terms to the appropriate
matrix elements and discards the identity operator. This is the “shifted” line in figure
3.17, which seems to work perfectly as the fidelity (ground state change) and spin-
structure factors remain unchanged. Nevertheless, since this also leads to discarded
on-site strain terms that are clearly not energy shifts, we largely ignore this and
just accept that the energy signatures are less reliable. In future studies, we suggest

leaving everything singlet-triplet based (no triplons) from the start.

A central question raised in reference [1] is the fate of the bond-selecting inter-

action case in this model. The model in the reference represents the ¢ = 0 case
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Figure 3.18. ED ground state fidelity, energy derivative and spin-structure factor
for A = 2 in vicinity of the zigzag to ferromagnet transition: The canted zigzag phase
emerges in the quantum model. One may note the ground state change represented
by F' =0 at a = 113°. The purple crosses depict the local maxima of fidelity and
energy derivative.

and thus exactly a = 315° (or its sign flipped version at o = 135°). In that paper,
it has been pointed out that the higher order terms should decide the fate of the
condensate. Moreover, a lot of novel possible scenarios have been suggested based
on that line of thought. After over 10 years, we can now finally provide an an-
swer: In the semiclassical scheme there is a finite area of stability of the hy critical
point. Thereafter, for the a = 135° case, a canted zigzag phase with w contribu-
tions is established. However, this seems to be the case because of the higher-order
terms preferring a similar structure, as the stripy to AFM transition, which has the
analogous choice to make, just recovers the hy structure up to unrealistically high
interaction strength. Now, with the quantum mechanical simulation, we find that
for A =1 both the hy degeneracy structure and canted zigzag phase do not occupy
a finite area in the phase diagram. There is no choice to make. zigzag and FM, i.e.

small ¢ contributions, cannibalize the interesting scenario completely.
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Figure 3.19. Semiclassical Monte-Carlo observable for various scenarios: The usual
contribution of w terms is negligible, while the higher-order hs and h4 terms cause
slight shifts. In the case of new phases caused by the higher-order terms (o = 130°
canted zigzag phase and solely h3-hys model), there are clear jumps in the observables,
signaling a ground state change. Additionally, the new phases seem to strive for a
maximum in the flavor-changing My contribution of the dipole.

Yet, based on the semiclassical Monte-Carlo results one might ask whether the
canted zigzag phase completely vanishes or is recovered for larger A. Hence, we have
performed an ED simulation at A = 2, which can be found in figure 3.18. Therein,
the canted zigzag phase is recovered based on fidelity and energy derivative extrema
as well as spin-structure factor signatures (both significant contributions at I" and
M, with the M point taking over for o« > 135°). So the canted zigzag phase does
exist in the quantum mechanical case. But why does it only emerge so late? There
are two possible reasons. First of all, this could be the effect of quantum fluctua-
tions. Secondly, this could be a finite size effect. For the latter, one should note the
comparatively (to semiclassical Monte-Carlo) late emergence of the magnetic phases
in figure 2.3. Hence, the question is connected to the reason for the general disagree-

ment between sMC and ED condensation points. Of course, sMC is not expected
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to be correct quantitatively. Yet, ED is not without its faults. When discussing the
strengths and weaknesses, we mentioned that ED systematically underestimates the
hopping and pair term contributions depending on lattice size (even and odd boson
number subspaces). As a result, one should attempt a systematic finite size evalua-
tion of the critical condensation point. However, this should be done in the simpler
model based on CasRuQy, as both Hamiltonian (for Jy = 0) and lattice form can
be handled more conveniently. This is beyond the scope of this thesis. Nevertheless,
a systematic undervaluing of interactions could in theory motivate A > 1 as a more
realistic regime. Alternatively, the Quantum Monte Carlo simulation in [157] could
be repeated with higher-order contributions and focus on the possible canted zigzag
regime. All in all, the question of relevancy of the canted zigzag phase remains to
be answered.

Finally, we should address the remaining feature of figure 3.18. There is clearly a
change in ground state between a = 110° and a = 120°. It is nontrivial to identify
if this is a legitimate feature of the higher-order terms or a finite size effect. For this
discussion we provide some observables of the semiclassical Monte-Carlo simulation
in figure 3.19. One can see, that the magnetism of the hz and h, terms emerges
not via the regular condensation, but rather a drastic discontinuous change in the
ground state. Hence, this feature might not necessarily be a finite size effect. Yet,
there seems to be no change in energy and spin-structure factor in ED, so the first
suspect would be the temporary emergence of the one-boson sector, which should try
to establish the same magnetic order, below the triplon vacuum. This again hints at

the importance of a finite size effect study.

3.2 Triplons in a Magnetic Field

Regarding the triplon model in a magnetic field, there are three main avenues of

interest we want to approach here. First of all, the magnetic field has been an
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important tool to drive Bose-Einstein condensation of triplons in spin-dimer models
[70] such as, e.g., TICuCly [74, 194, 195]. As the magnetic field for the spin-orbital
dimers found in our system couples to the magnetic dipole moment M in equation
(1.91) and not the one in equation (1.115) for regular spins, this very established

phenomenon of driving the condensation needs to be reevaluated.

The second point of interest is directly connected with the previous subject.
Kitaev-Heisenberg physics in magnetic fields, even for normal spins, are highly non-
trivial [41, 165] and have gained a lot of relevance as a result of experiments sur-
rounding a-RuCls. In this compound, a magnetic field can be used to suppress
the magnetic order, possibly leading to the emergence of a spin-liquid phase [38].
The material itself has been around for some time as a possible Kitaev material
showing intriguing magnetic field behavior [111, 196]. Yet, the focus on this ma-
terial increased dramatically when a series of experiments in 2017-2018 established
the potential spin-liquid [52, 197-201]. Of particular interest was the claim of an
unusual thermal Hall effect in the material [53, 55|, which, due to the apparent
half-integer quantization, has been connected to the Majorana fermions inherent in
the Kitaev spin-liquid. A lot of attention regarding the magnetic field (extended)
Kitaev-Heisenberg model studies is naturally focused on the spin-1/2 d® scenario or
even more directly material specific context of a-RuCly [51, 202, 203]. With the
investigation of the triplon Kitaev-Heisenberg model in reference [5], we more or less
concurrently provided a related model, which due to its degrees of freedom (singlet-
triplet instead of spin-1/2, variable spin-length via condensate, higher-order terms)
and the aforementioned different coupling to the magnetic field may either provide
new novel effects or, if its found to work analogously to the normal spin, a case where
a lot of insights can be adapted. Hence, we investigate the general behavior of the

triplon Kitaev-Heisenberg model in a magnetic field.

It should be mentioned that the initial intrigue about the half-integer thermal Hall

effect has died down a bit. While supporting evidence like further quantized mea-
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surements for different magnetic fields hosting a Kitaev-like bond-dependent sign
structure [54] was established, questions have been raised regarding sample depen-
dence [56, 204] and even absence of the half-integer plateau [58|, with oscillations
taking its place. While some argue that the half-integer effect is robust [57], the
topic remains under debate. Following a very recent summary of this subject [60],
there are a lot of arguments suggesting that there is no half-integer thermal Hall
effect caused by Majorana fermions, but rather a thermal Hall effect of magnons,
which still explains features like the sign structure [59]. This is, however, not directly

important for the discussions in this thesis.

The third and final area of interest discussed in this thesis is specifically focused
on the fate of the triplon liquid phase in magnetic fields. It is also directly motivated
by the result of the a-RuCl3 thermal Hall experiment leading to a surge of interest
in this kind of subject. The previously discussed suppression of magnetic order in
a-RuCl; necessitates large magnetic fields. As the famous Kitaev model [4] exact
solution is not valid for large magnetic fields, the obvious question connected to the
experimental results is: What kind of spin-liquid could be established? One of the
approaches to obtain an explanation is to study the behavior of a pure Kitaev model
in a magnetic field (instead of, e.g., a Kitaev—I" or other Kitaev-Heisenberg schemes
emerging from a more material tailored starting point). In spin-1/2 models, one finds
that the FM Kitaev phase polarizes almost instantly, while the AFM Kitaev regime
is more robust and can be driven to another spin-liquid intermediate phase before
eventually succumbing to the magnetic field [205-208] (note that the field direction
influences this). The intermediate phase may also be connected to a topologically

nontrivial phase [209-211].

Obviously, the spin-1/2 characteristics (often connected explicitly to the Majorana
fermions) should not be expected to translate to out singlet-triplet model consisting
of a J = 0 ground state and J = 1 triplets. Yet, what the investigation into

the spin-1/2 regime and the resulting intermediate spin-liquid phase has motivated
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a closer look at Kitaev models with other spin types, e.g., a general spin-S [212]
or the subsequently discussed spin-1. The spin-1 Kitaev phases are distinct from
the spin-1/2 case, e.g., via the nature of their excitations [213]. Nevertheless, they
share the intriguing feature of an unstable FM, stable AFM and the existence of
an intermediate phase driven by the magnetic field [66-68, 171, 214]. Reference
[67] also points out a key motivation: The spin-1/2 Kitaev candidate materials are
primarily expected to be in the FM regime, while spin-1 can be different in this
regard. Quite analogously, our d* Kugel-Khomskii model is expected to result in
different effective spin interactions than its d® counterpart (e.g. Kitaev in d° and
bond-selecting J = — K via a pure 90° exchange in our d* model). More importantly:
As we have our own distinct degrees of freedom, i.e. the on-site singlet-triplet,
we obtain our own Kitaev phase [157, 170] and therefore potentially a different
intermediate spin-liquid, if one exists at all.

Subsequently, we start the analysis by looking at the first point, i.e. the magnetic

field as a driver of triplon condensation.
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3.2.1 Triplon Condensation Driven by a Magnetic Field

We start by choosing a useful parametrization of the magnetic dipole moment. Fol-

lowing equation (1.91), one may introduce the influence of the magnetic field via
H=hnY hd, =03 h (_mm - o 1;.)

2
A 1
—n Yk (\/EMW .1 ﬂ>

=h Z h (cos(T) My + sin(7) Mg, , (3.16)

where h is the strength of the magnetic field, h its normalized direction and we
split the contributions into an excitonic part (ex), which creates or annihilates a
triplon/exciton and the flavor-changing part, which solely serves as an on-site inter-
action with fixed triplon number. We also introduce the parameter 7 to facilitate a
more general discussion, with tan(7) = (1/2)/v/6 recovering the real magnetic mo-
ment. It should be noted that the sign (even when different for both terms) does
not matter in the subsequent discussion.

As mentioned previously, using the magnetic field to drive triplon condensation is
a well established subject for normal spin-dimers. A dimer consisting of two spin-1/2
adheres to equation (1.115) and is therefore recovered via 7 = 7/2 (due to the sign
not playing a role we restrict ourselves to 0 < 7 < 7/2). Hence, the spin-dimer is
only influenced by the flavor-changing term, which results in a regular linear Zeeman
splitting as seen in figure 3.20. According to [70], the Bose-Einstein condensation
of triplons is then facilitated by the Zeeman splitting effectively reducing the gap
between singlet and triplet. As a result, one may expect a finite region around
the energy crossing point of singlet and lowered triplet state where a condensation
can become possible. Of course, the behavior in the condensed phase needs to be

accounted for after the critical point, so how long the condensate survives is another
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Figure 3.20. Effect of the two contributions to the magnetic dipole moment on the
on-site energies: Regardless of the magnetic field direction, a distinct pair of ener-
gies is influenced by each term, which is represented by the labels Eq 1 for the ones
dictated by the flavor-changing magnetic field term and Ey 1 for the excitonic contri-
bution. Spin-dimers, e.g., a singlet-triplet model consisting of two coupled spin-1/2,
only have the flavor-changing contribution. Therefore, the (polarized) paramagnet
(P)PM can possibly be driven into a magnetic phase via Bose-Einstein condensation
(BEC) by effective reduction of the gap between singlet and triplet. In contrast to
this, the excitonic contribution stabilizes the ground state.

discussion. However, at some point the magnetic field is expected to itself introduce

a gap that can not be overcome, hence resulting in a polarized paramagnet.

For a spin-1 dimer, i.e. a singlet-triplet-quintet model, this behavior might re-
peat, as first singlet and triplet condense and eventually a quintet state (Zeeman
spitting can be twice as strong) will catch up with the triplet. One can therefore
leave and reenter the condensate (although the second one of course is a different
entity). For the sake of simplicity, we henceforth limit the discussion to the directly
relevant singlet-triplet model. Yet, this does not invalidate the arguments we make
subsequently. Pictures illustrating this condensation behavior with the addition of

the quintet can be found in reference [92].

In the spin-orbital singlet-triplet model we have both excitonic and a flavor-
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changing contributions. Naturally, one should ask the question what to expect as
a result of this peculiarity. Reference [157], which is a quantum Monte-Carlo study
of the triplon Kitaev-Heisenberg model (slightly different parameters) suggests the
following: “The system couples to the external field through the van Vleck mag-
netic moments as well as the triplon magnetic moments, both of which can drive
the condensation of triplons”. Furthermore, reference [92], which considers a model
based on the d® compound NiRh,O, and therefore a scenario where the magnetic
field coupling should be the same as in our model, implies the feasibility of driving
(and reentering) the Bose-Einstein condensate in more or less complete analogy to
the spin-dimer systems.

There are likely issues with both these statements/results which we try to point
out in the remainder of this section. In fact, we imply that driving the condensation
with a magnetic field seems to be a nonviable approach in practice!

In order to do this, we first look at the effect of both terms in isolation. Figure 3.20
contains the eigenenergies of the magnetic field Hamiltonian for a single site singlet-
triplet model. The energies can be calculated trivially. They are (independent of

field direction)

Eg+ = X+ hsin(7), (3.17)

A A 2
= — - 2 2
Eex + 5 + \/(2) + h? cos?(7).

Accordingly, the contributions exist completely disjoint from each other. It is also

obvious and illustrated in figure 3.20, that the excitonic contribution does not reduce
the singlet-triplet gap. Instead, the opposite is the case.

Coming back to the statement of reference [157] one should therefore note that
it can be misleading. For normal spin-dimers the support for condensation is ex-
plained by the on-site contribution of the magnetic field. For the spin-orbital model

the excitonic (Van Vleck) term does not facilitate condensation in this way (it adds
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Figure 3.21. Various examples of the on-site singlet-triplet under influences of a
magnetic field with both flavor-changing (fl) and excitonic field (ex) being active: The
angle 7 represents the relative strength of both contributions via M = cos(7) M.y +
sin(7) My (sign irrelevant, therefore 0 < 7 < 7/2 with the edge cases being illustrated
in figure 3.20). Each term influences its own distinct pair of energies, which is
reflected by the index.

triplons but not via BEC). The statement could still be technically correct when con-
sidering that the Van Vleck term increases the number of bosons, which could under
certain circumstances help, e.g., higher-order contributions to gain importance and
help overcome the singlet-triplet gap. Yet, one needs to investigate if this nontrivial
scenario is even feasible.

We now turn to the discussion of the NiRhyO4 based model [92]. Aside from being
a 3d® model with different kind of intersite interactions, NiRhyOy4 could possibly share
a lot of similarities with the d* Van Vleck-type models suggested for Ca;RuO,4 and

AgsLiRuyOg. We explicitly noted the similarities over the course of the introductory
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Figure 3.22. Evolution of the band gap between the singlet and lowest triplet state
as a function of the magnetic field strength h (left) and resulting minimal band
gap (right) as a function of 7 (relative strength of the flavor-changing and excitonic
contribution): The parametrization is M = cos(7) Moy + sin(7) My, with the index
denoting the contribution. The sign error resulting from use of 25+ L instead of the
t-p-correspondence based 25 — L puts the magnetic field response into the realm of
a more spin-dimer like (only flavor-changing) scenario, where the gap always closes
and a condensation of triplons can be driven with the magnetic field. In contrast to
this, driving a condensation is almost impossible in the 28 — L as the reduction of
the singlet-triplet gap is minute.

chapter. Even the discussion whether one should understand it as a spin-orbital
singlet-triplet model or rather a regular spin-1 due to a large tetragonal crystal field
distortion [36, 215], is very reminiscent of the one for Ca,RuO,4 [119, 134]. As a
result, one should expect the magnetic field to have the same characteristics for both
our model and NiRhyOy4. Their prediction [92] is an outright level crossing akin to
the 7 = m/2 pure spin-dimer case and therefore driven condensation and reentrance
behavior leading to novel magnetic phases via BEC.

In order to understand the possible issue with this model we turn to an analysis
of the mixed model, i.e. 0 < 7 < 7/2. As the analytical expressions dictate, the two
sets of energies are disjoint and one trivially obtains the eigenvalues illustrated in
figure 3.21. Hence, the reduction of the singlet-triplet gap and eventual level crossing
are dictated by the size of the magnetic field contributions and therefore the angle

T.
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3. Analysis of the Triplon Honeycomb Model

Concretely, one can look at the singlet-triplet gap by considering the energy dif-
ference By _ — Ee . This term reaches zero, i.e. accomplishes a level crossing
and therefore guaranteeing condensation, only for 7 > m/4 (h needs to be real
and positive because it represents the length of the magnetic field vector), where
heross/ A = —sin(7)/cos(27). This is expected, because 7 = /4 represents the
equal strength of both contributions to the magnetic moment. Furthermore, one ob-
tains the effective evolution of the singlet-triplet band gap found in figure 3.22. For
0 <7 < 7/4 there is a finite minimum, which moves from h =0 at 7 =0 to h — oo
at 7 — m/4. Interestingly, the spin gap can be, at most, halved in this scenario.

This is also illustrated in the figure by explicit use of the analytical expression for

the minimum location, which is hmyi, = tan(7)/(24/cos?(1) — sin?(7)).

What remains is to establish the value of the angle 7 belonging to our model,
which we accomplished at the start of this section. It is represented in figure 3.22
via the expression 7(2S — L), reflecting the magnetic moment M = 28 — L derived
in the introduction in equations (1.25) and (1.91). As a result, our model is in a
regime where the excitonic term is very dominant and hence the singlet-triplet gap
is only reduced by a very minuscule amount. Therefore, one may only think about

driving condensation if one is more or less directly at the critical point already.

How does that fit to the results of the NiRhyO,4 based model? It could be the case
that their results are erroneous due to neglect of the sign change enforced by the
use of t-p-correspondence. In reference [92] they use M = 28 + L, which they are
allowed to do if L is the pseudospin and not a normal angular momentum operator.
As we have covered the tetrahedral geometry d® case in the introduction and found
it to be analogous to our model, there seems to be no apparent reason to not have
the pseudospin-angular momentum argument leading to M = 28 — L. If they have

indeed used the wrong expression, it would lead to (analogous to equations (1.89)
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3.2. Triplons in a Magnetic Field

and (1.90))

(M) =28 )i+ (B = —iyS(T T 5T < T, (318)

where 7 = tan~'(3/2/(1/2/3)), i.e. the 7 > 7/4 regime and the values illustrated in

the previously mentioned figures.

Assuming our parameters to be correct, it is very straightforward what to expect if
one starts applying a magnetic field to the triplon model in its paramagnetic regime:
Aside from a freak accident or somehow nontrivial interplay with the intersite terms,
the model will stay a (polarized) paramagnet. One can (at least for semiclassical
Monte-Carlo, where the critical point is known and identical to the flavor wave), for
example, start in the AFM Heisenberg with A/X = 0.166, i.e. extremely close to the
critical point A/A = 1/6, and the Monte-Carlo simulation will result in a polarized

paramagnet for any value of the magnetic field strength.

Finally, we point out that this should have been expected from the start. Reference
[92] points out the difference between their model and the one in FeSceSy. This
compound is a different singlet-triplet scenario enforced by a d® setup with spin
S = 2 and spin-orbit coupling. As such, however, it shares the spin-orbital nature of
the singlet-triplet model. In reference [216], they look at the excitations, which they
deem extremely close to condensation via an almost gapless INS spectrum. Yet, an
application of the magnetic field does not condense the triplets but leads to a shift
of the excitations to higher energies, i.e. what we expect based on our calculations
as well. They point this out as a feature of the spin-orbital singlet in contrast to a
spin-spin one. In other words regarding the same compound, this is referred to not
being in the linear Zeeman regime anymore [217]. Given our previous arguments,

NiRhy,O4 and our model should behave similarly.

Moreover, we point out that the precise balance between the excitonic term and

flavor-changing usual Zeeman splitting is important. Hence, one should always be
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3. Analysis of the Triplon Honeycomb Model

careful when establishing the magnetic dipole moment. The overall discussion of
spin-orbital moments being distinct in behavior from normal spins is a very banal
but important point, which is not always respected. In a similar vein, the importance
of this concept was also pointed out relatively recently in reference [79]. Therein,
the authors argue that the Curie-Weiss law is a pure spin model and needs to be
modified in order to capture the total angular momentum resulting from spin-orbit
coupling correctly. Not doing so leads to significant deviations, e.g., for estimating
the Kitaev interaction scale in a-RuCls. All in all, one should always carefully

evaluate differences between spin and total angular momentum degrees of freedom.

3.2.2 Triplon Kitaev-Heisenberg Model in a Magnetic
Field

As a result of the previous section, we can restrict our analysis of the Kitaev-
Heisenberg model in a magnetic field to starting points in the condensed regime.
Hence, we set A = 1 unless otherwise mentioned. Furthermore, we point out the
analysis of the classical Kitaev-Heisenberg model done in reference [165] and fur-
ther mentioned in reference [41]. One of the main results of this section is that the
model can be understood quite easily when knowing the classical phase diagram,
which is why one may refer to reference [165] for more detailed descriptions of the
phases. Furthermore, the supplementary material of this paper explains and derives
the spin-wave solutions we use.

Based on the results of that paper, we expect the h = [0,0,1]T magnetic field
direction to be the better regime for the initial analysis, as the h = [1,1,1]7 case
results in a multitude of complicated large magnetic unit cell phases. Accordingly,
we restrict ourselves to that field unless otherwise mentioned.

We start with the simplification My = 0 and only v bosons, although the latter

restriction is not important. With this, we strive to find out the effect of a variable
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Figure 3.23.

1) for fixed spin-length 1/2 (effectively A = 0 limit)

Heisenberg parameter «a (A

Observables can

be found in figures 3.24 and 3.25 and the magnetic field is limited to the excitonic

and the semiclassical ansatz with variable spin-length (bottom):

contribution. The black line represents the spin-wave calculations for spin-length

-wave solution.

is only fixed to 1/2 at A — oo in the model with variable spin-length, it
we adopt the label of a canted (c¢) magnetic phase. The lattice size is

the top diagram is analogous to the classical Monte-Carlo simulation in

p(1—p)
is unsurprising that there are slight corrections compared to the spin

1/2, which the top figure is in perfect agreement with. As the variable spin-length
Overall,

reference [165], which is where detailed descriptions of the phases can be found.

Consequently,

N

= 144.
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3. Analysis of the Triplon Honeycomb Model

spin-length. Indeed the Hamiltonian with the semiclassical ansatz (cf. equation

(2.29)) is

() =AY pit 3D Api(l = p)y/ps(1l = p) (Jviw; + Kvizvie) - (3.19)

¢ (i)

For fixed p = 1/2, one recovers a classical Hamiltonian with a magnetic field that
is v/6 times stronger than in the regular spin paramatrization [165] and a constant
energy shift A\/2. Therefore, one may use the spin-wave solution of reference [165],
which is based on the large magnetic field limit and a Holstein-Primakoff transfor-

mation where the spin quantization axis is parallel to h:

(e, x h) xh e_eth e_h
(e, x h) x h|’ > le. x h|’ ST

Vs = (v — bl,ibs,i)ei’) + \/g(bs,i + bl,i)el + i\/g(bs,i - b;i)827 (3.21)

(3.20)

e =

where the s index labels the two sublattices of the honeycomb lattice and b is a
regular boson creation/annihilation operator and v is the spin-length. We calculate
and draw the critical points in the phase diagrams. A lengthy analyzes regarding
the critical points and resulting magnetic phases can be found in reference [165].

Solutions are obtained analogous to the flavor-wave calculation in this thesis.

From these considerations, it is also obvious what the effect of the spin-length
could be. Naturally, the spin-orbit coupling A is not a constant energy shift any-
more. Yet, at h = 0 it effectively sets a spin-length \/m depending on «
and A (J = Acos(a) and K = Asin(a)). It does not care about any direction or
nature of the magnetic order of the bosons, just their length. If p = 0, i.e. A is

below the critical condensation point, we will almost certainly obtain the polarized
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3.2. Triplons in a Magnetic Field

paramagnet in the entire parameter space of h and « due to the previous discussion
about driving the BEC with a magnetic field. If one is in a condensed phase, A
fixes \/p(1 — p) to an A and a dependent value smaller than 1/2. Yet, due to the
root-shaped form of the increase of condensate density p and resulting \/m
(cf. figure 3.19 and 3.6), one expects to be decently close to \/p(1 —p) = 1/2
relatively quickly. Consequently, the only thing p is naively expected to change
here is that the effective h and A values of spin-wave theory have slightly different
values. Instead of Aeg = 4A\/pi(1 — pi)\/p;(1 — p;) = A for p = 1/2 and accord-
ingly heg = Qﬁhm = V/6h, a starting point of p = 0.4 would result in
Ao ~ 0.96A and heg =~ 0.98v/6h, i.c. even a relatively large change in condensate

density might lead to a minute change in effective classical spin interactions.

The resulting semiclassical Monte-Carlo phase diagrams for a scenario with fixed
p = 1/2 and one with the normal variable p can be found in figure 3.23. Observables
for both simulations can be found in figures 3.24 and 3.25. As expected, the scenario
with fixed spin-length reproduces the spin-wave solution exactly. For the variable
spin one finds small deviations where the polarized paramagnet is more prominent
(Aerr decreases quicker than heg). The most noticeable change is in the area of the
AFM Kitaev phase (only because the FM vanishes instantly anyways), because p is
very significantly smaller in that area (see observables). Additionally, the behavior of
the observables is just as expected from classical simulations when further considering
that the excitonic magnetic field will slowly push the condensate density toward 1/2
by trying to maximize its strength and energy gain via the factor \/p(1 — p) in the
Hamiltonian. The trivial trends of some observables should be noted for subsequent

discussions.

Of course, a decrease in A (as long as it still remains in the condensed phase)
will result in a more pronounced deviation from the p = 1/2 spin-wave solution
and a more prominent polarized paramagnet in the phase diagram. These changes,

however, can be estimated via the spin-wave theory by either fixing v or introducing
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Figure 3.24. Observables for the triplon model in dependence of the Kitaev-
Heisenberg parameter a (A = 1) for fixed spin-length 1/2 (effectively A = 0 limit):
The connected phase diagram can be found in figure 3.23 (top). Most observables
show trivial trends (sometimes enforced) and serve mainly as a comparison to subse-
quent analogous figures. Here h is the magnetic field unit vector (strength h). The
remaining parameters are explained in the text.

Acg and heg. This decrease in stability of the magnetic phase continuously connects

to the critical condensation point, where p = 0 and the paramagnet emerge.

One should note, that all magnetic phases are established at length in [165] and
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Figure 3.25. Observables for the triplon model in dependence of the Kitaev-
Heisenberg parameter o« (A = 1) for variable spin-length: The connected phase
diagram can be found in figure 3.23 (bottom). The main difference to the fixed
spin-length (regular spin) model is impact of the h = 0 spin-length best visualized
by (p). Moreover, some interactions like the Kitaev limit seem to keep this quantity
relatively fixed. The phases with reduced spin-length are the ones with the most
noticeable changes compared to the spin-length 1/2 spin-wave solution, which is ob-
viously expected. All in all, the spin-length 1/2 guess seems to be a decent estimate.
The parameters are explained in the text.
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[41]. Therefore, they will not be discussed here. Nevertheless, the canting in the
magnetic field does not involve the u degree of freedom (yet) and is different from
the one induced by the higher-order terms. It consists solely of a continuous tilt

towards the magnetic field direction with increasing strength of h.

In summary, the condensed phases of the excitonic Kitaev-Heisenberg model in
a magnetic field work extremely similar to a regular spin, with the excitonic term
of the magnetic field entering the equation in the same form as sole spin coupling
to the magnetic field. This is surprising when considering that the previous section
is based on the difference between spin-orbital- and spin-dimers. Yet, it is obvious
when considering the triplet or triplon in isolation being akin to a normal spin-1
Hilbert space. The uncondensed phase is expected to remain a paramagnet, which

prevails as a clear difference to normal spins.

There are two more aspects of our model we should analyze. First of all, there
is the influence of the flavor-changing magnetization. Secondly, the influence of the
higher-order terms need to be discussed. For this, we first consider the K = 0 AFM
Heisenberg case in isolation. Observables calculated via semiclassical Monte-Carlo
can be found in figure 3.26. The flavor-changing magnetization, which translates
to p(u x v) in the semiclassical ansatz, facilitates a small orthogonal w component
as seen in figure 3.27. Still, the impact of the w terms in the Hamiltonian remains
minute. Nevertheless, the flavor-changing magnetic field contribution leads to a
small increase in the surviveability of the magnetic phase, which is logical due to the
term trying to decrease the singlet-triplet gap a bit. Also, the scaling with p means
that My pushes the condensate density and thus also p(1 — p) towards the p = 1/2
maximum and thus towards the spin-length 1/2 spin-wave solution. In other words,
we lose slightly less stability as a result of not starting with p = 1/2. Combined,
this explains the tiny but noticeable discrepancy. Because the impact is the same
for @ # 0 and almost not noticeable on the overarching scale, we do not present a

new phase diagram.
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Figure 3.26. Semiclassical Monte-Carlo observables for different models with only
the excitonic (exc. field) magnetic field contribution and the full dipole moment
including the flavor-changing terms (full field): The label “v model” denotes the
pure v boson Kitaev-Heisenberg Hamiltonian. Furthermore, “u and v” includes the
quadrupole terms and the full model also includes the hz and hy terms. The sole
inclusion of higher-order terms and addition of flavor-changing field seem to have
noticeably shared features. All simulations represent the & = 0 AFM Heisenberg
phase with A = 1.
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Figure 3.27. Order of both the v bosons (left) and w bosons (right) in the canted
AFM phase: The color schemes and views are described in previous figures. The v
order is known from the regular spin Kitaev-Heisenberg model in the magnetic field.
Its canting angle increases linear with the magnetic field strength. Due to the flavor-
changing uw x v contribution, there is orthogonal dipole moment and consequently
u order enforced by the v bosons. Aside from details like the relative magnitude of

u and the variable canting angle, this phase is identical with the one found in figure
3.15.

We now turn to the higher-order terms. Again, we first discuss the case of a purely
excitonic magnetic field contribution. Naively, the previously discussed bias of the
hs and hy terms to the ferromagnetic regime might lead one to expect that the only
phase that might gain prominence is the polarized paramagnet, maybe except for
the (canted) zigzag phase which also profits from the inclusion. Yet, the data in
figure 3.26 shows two surprising things: First of all, the AFM phase is a lot more
resistant to the magnetic field than expected. Secondly, the higher-order terms in
the o = 0 case seem to work very analogously to the flavor-changing magnetic field
contribution. The h3 and h4 terms create the same kind of w X v contribution mainly
orthogonal to the magnetic field direction. In fact, they do so at a noticeably bigger
scale.

Thankfully, the explanation of this phenomenon seems to be quite straightforward
when recalling the impact of the higher-order terms themselves. In the preceding

analysis of the higher-order terms, we tried to figure out the impact of the hs and
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Figure 3.28.

including hs and hy terms with only the excitonic

)

Heisenberg parameter o (A

(top) and the full magnetic field (bottom): Observables can be found

in figures 3.29 and 3.30. The black line represents the spin-wave calculations for
spin-length 1/2. Compared to the hy based model, the most significant change is the

magnetic field

extend of the canted antiferromagnetic field phase, which further gain prominence by
reintroducing the flavor-changing magnetic field contribution, which tries to enforce

the same kind of spin-canting and thus supports the (c)AFM regime. All in all, a
material in the AFM regime is expected to show a fundamentally different behavior

compared to a normal spin, while the remaining areas (aside from the ¢ZZ canted

which is, however, hard to discern from the magnetic field canted one

(¢)ZZ) remain relatively similar. The lattice size is N = 144.

Y

zigzag regime
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Figure 3.29. Observables for the phase diagram in figure 3.28 (top):

a small out of plane component.

h4 as their own entity, i.e. the magnetic orders created in the absence of hy terms.

Recall the magnetic order in figure 3.15, which is established by the higher-order

terms at @« = 0 and A
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noticeable u, which increase with the magnetc field in some areas. Mainly the canted
AFM seems to profit. Note that the flavor-changing contribution is perpendicular to
the magnetic field, except for a tiny area where the hs-hy canted magnetic field has
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-changing terms and the fact that the phase has

a more or less fixed (changes minutely) canting angle, which is very roughly 40°
measured from the z axis. All in all, this phase and the magnetic field cooperate.

be for the rather small v x v flavor
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3.2. Triplons in a Magnetic Field

Consequently, allowing the flavor-changing magnetic field term supports this trend
and leads to a further significant increase in the stability of the AFM phase. The
position of the w bosons orthogonal to the v dipoles is in perfect agreement between
both terms. This would not be the case for the canted zigzag phase produced by the
higher-order terms in vicinity of o = 135°. Also, as the flavor-changing term forces
a u order based on u X v, the pattern of the quadrupoles themselves found for the

canted zigzag cZZ phase is at odds with this and rather expected to be incompatible.

Finally, we turn to the phase diagrams (figure 3.28) and observables (figures 3.29
and 3.30) established by semiclassical Monte-Carlo simulations of the full model
with an excitonic and full magnetic field respectively. Most of the trends seem
straightforward to interpret based on the preceding points. The main differences for
the excitonic field is the existence of the canted zigzag cZZ (h = 0) phase, which
can be discerned from the regular canting by the w contribution. As it promotes at
least a kind of canting, it is unsurprising that it wins out compared to the regular
magnetic field canted zigzag order (c)ZZ. Increase, or for the stripy regime decrease,
of p based on the higher-order terms can further help or harm compared to the
p = 1/2 spin-wave scale. The main difference, however, is the prominence of the
AFM phase explained by the cooperation with hs and hy. A clearly visible aspect
visualizing the impact of the higher-order terms is the nontriviality of the observable
lu>. The areas of cZZ and (¢)AFM are distinct. Moreover, the triplon density p

serves as a potential signal.

We also note the appearance of an intermediate phase between the canted AFM
and canted stripy phases for a small (in our simulation single data point) area of
the phase diagram. Figure 3.31 shows this new intermediate magnetic order. As the
canted AFM also more or less represents the order established solely by the h3 and
h4 terms, it is reasonable that something very akin ot other higher-order exclusive
magnetic orders can appear close to a phase transition. It also could motivate further

more detailed studies about the fate of the e = 315° transition in the magnetic field.
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3. Analysis of the Triplon Honeycomb Model

Yet, we remain focused on the overarching trends.

Adding the flavor-changing magnetic term further promotes the AFM phase and
noticeably the density p in the impacted areas. Furthermore, the canted zigzag phase
decreases in prominence, likely due to the aforementioned disagreement about the
order of the uw bosons. All in all, the most important point seems to be, like in the
h = 0 phase diagram, that cooperation with the higher-order terms, if possible, can
significantly alter the phase diagram. Areas where the orders disagree seem to be

more or less easy to understand in a more traditional spin picture.

All in all, the overarching trends in the phase diagram seem to be expected when
first considering what the hs and hs terms themselves strive for and subsequently
analyzing if anything of the hy orders may be similar. Cooperation, either with the
canted AFM or the admixture of zigzag and FM characteristics in the cZZ regime,
seems to be where noticeable influence of the higher-order terms can drastically

change the situation.

Concluding, we want to add two comments. First of all, the detailed study of the
h = [1,1,1]7 phase diagram, which even for normal spins is extremely complicated
[165], is beyond the scope of this thesis. Nevertheless, we have looked into this subject
a bit. That the v boson model in the excitonic magnetic field necessarily reproduces
the basic aspects of the normal spin model is evident by the semiclassical ansatz
providing the equivalent formulation and the spin-wave theory, even when adding
the variable spin-length either via v or effective A and h, being usable. Yet, it is also
clear that flavor-changing magnetic field and higher-order terms lead to changes. As
our model has 3 times the amount of variational parameters and calculations may
need to be done multiple times to account for the different schemes of interactions
and magnetic field, this task is highly time consuming and nontrivial due to the
large lattice sizes necessary to cover all possible complicated orders found for regular
spins. Secondly, the Monte-Carlo simulations for the phase diagrams with higher-

order contributions were done with the “shifted” scheme, i.e. the elimination of
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3.2. Triplons in a Magnetic Field

energy shifts and strain terms via hard-core constraint. We have since rechecked
essential parts of the result without this assumption and found only tiny quantitative
disagreements (as expected by strain terms). Hence, this needs to only be kept in

mind when aiming for exact numerical reproduction of our results.

3.2.3 Triplon Liquid and Magnetic Field

As established in the introductory part of this section, the phase in the Kitaev limit,
which has been dubbed triplon liquid [5] or just correlated paramagnet [157], is worth
a closer look when it comes to its evolution in the magnetic field. The many sources
mentioned in the introduction of this section imply a lot of potentially interesting
investigations being possible. For example, one might look at the impact of different
magnetic field directions, nature of the transition or even the excitations, which
could be different for the singlet-triplet model. Yet, the studies are nontrivial and
were extremely new at the point in time when we ourselves looked into the magnetic
field impact. Our model having to deal with higher-order terms being potentially
relevant, two distinct magnetic field terms as well as potentially much more noticeable
finite size effects due to the smaller cluster size (the singlet-triplet Hilbert space is
significantly larger than that of a spin-1/2 or spin-1 model), drastically increases
the amount of effort necessary for each analysis. As such, a full investigation into
this topic seems to be unfeasible, at least in the context of this thesis. However,
it should be mentioned that we attempted a few simulations not covered in here.
For example, we also attempted the analysis shown in figures 3.37 to 3.39 in a
h = [1,1,1]7 magnetic field without noticing a qualitative change. Moreover, we
confirmed that an analysis akin to figure 3.32 with higher-order terms is plagued by
finite size effects. Additionally, we always simulated in both the normal and “shifted”

regime to find out whether there is a difference.

So what do we strive to do here? We focus on one of the major results for regular
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Figure 3.32. FExact diagonalization results for a N = 12 lattice with Kitaev-
Heisenberg parameters A = 1 and angles in vicinity of o = 270° (FM Kitaev phase):
The phase diagram in the bottom right is established via minimal values of fidelity
F (squares), maximal derivatives of the ground state energy E (circles) and spin-
structure factor S (magnetic phase label corresponding position of maximal value in
Brillouin zone). The color scheme correspond to the values magnetic field strength
h. At exactly a = 270° the Kitaev phase vanishes quickly. Its survival to other
angles might be interesting to investigate for normal spin. The rightmost phase bor-
der is seemingly a finite size effect, as the spin-structure factor does not change its
significant contribution and overall behavior.

spins. A shared feature between spin-1/2 and spin-1 model seems to be the existence
of a novel intermediate spin-liquid phase, which is located between Kitaev regime
and fully-polarized paramagnet in the AFM case. In essence, we try to find out if
anything peculiar happens when we destroy the Kitaev phase. This feature has been
established via ED simulations, so the potential observables are clear. In order to

keep the discussion focused on this essential question, we neglect the higher-order
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Figure 3.33. Exact diagonalization results for a N = 12 lattice with Kitaev-
Heisenberg parameters A = 1 and angles in vicinity of a = 90° (AFM Kitaev phase):
The phase diagram in the bottom right is established via extremal values of fidelity
F (squares), derivatives of the ground state energy E (circles) and spin-structure
factor S (position of maximal value in Brillouin zone). The color scheme correspond
to the values magnetic field strength A. In contrast to the FM Kitaev phase, the
AFM regime seems to be rather stable, which is in accordance to regular spin Kitaev
phases.

terms unless otherwise mentioned. The Hamiltonian consists of the full hy setup and
full magnetic field, although the u bosons and flavor-changing term are found to not

impact the central result of this analysis, as will be shown later.

Figure 3.32 contains ED results for various sweeps of the parameter a in the
vicinity of the FM Kitaev phase. When staying in the pure Kitaev limit o = 270°, the
FM Kitaev phase is polarized quickly. The apparent persistence to other angles might
be worth an investigation, but not in the scope of this thesis. Canted stripy, AFM
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Figure 3.34. N = 12 ED data for the v boson model AFM Kitaev phase with purely
the excitonic magnetic field contribution: Even though the equivalence to normal
spin models is as perfect as it can feasibly be, there are no signs of an intermediate
liquid phase. In fact: There is just the correlated paramagnet where the boson

numbers stay equivalent and the spin-structure factor maximum is ambivalent and
flat.

and polarized paramagnet phases are showing trends expected from the semiclassical
simulations and can be identified clearly by the Brillouin zone location and behavior
of the maximal spin-structure factor. Yet, the fidelity feature labeled with a question
mark in the phase diagram is unexpected. In fact, no other observable seems to show
any change in behavior. Moreover, the fidelity maximum changes drastically and

subsequently moves back toward the expected transition point. As no higher-order
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Figure 3.35. N = 12 ED data for the full boson model, including hsz-h, terms,
AFM Kitaev phase with purely the excitonic magnetic field contribution: There is
no drastic change in regards to possible phase transitions and spin-gap compared to
the regular v boson model.

terms are active, a finite new phase in this area is not predicted by other means, e.g.
the semiclassical Monte-Carlo results. Consequently, we propose that this feature
is merely a finite size effect. As noted previously, a proper look into the finite size

scaling is not practical in our setup due to the Hilbert space dimension scaling.

Additionally, figure 3.33 contains the analogous plot for the AFM Kitaev regime.
The Kitaev phase is implied to be noticeably more stable, although the sweeps in

« direction are, of course, not able to guarantee this by themselves. Otherwise,
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Figure 3.36. N = 12 ED data for the full Ay (u and v) boson model AFM Kitaev
phase with purely the both magnetic field contributions: The qualitative behavior is
analogous to the v and excitonic magnetic field model.

the overall shape of the phases seems to agree with the semiclassical Monte-Carlo
simulations. One may note at this point, that the symmetry of the AFM and FM
Kitaev phases regarding their extend in the a parameter range does not survive the
magnetic field.

We move to parameter sweeps in direction of the magnetic field strength. Hav-
ing found no signs of the intermediate liquid phase yet, we first look at the model
consisting only of the v bosons and the excitonic magnetic field contribution. The

resulting ED data are shown in figure 3.34. In both the spin-1 and spin-1/2 models,
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Figure 3.37. N = 12 ED data for the full boson model, including hsz-h, terms,
in AFM Kitaev phase with both magnetic field contributions: There is no drastic
change compared to the purely excitonic model. One may notice the reduced spin-
gap. However, the lowest excited energy emerges from the single-boson sector, has
the same preferred £ momentum value as the ground state and is therefore likely a
finite size effect if it ever starts to come close to the ground state.

the energy derivative reliably signals the transition in and out of the intermediate
phase [67, 205]. Yet, we seemingly find only one phase transition in all observables.
There seems to be a finite region of stability where the Kitaev interaction keeps the
triplon number of each flavor equal. Contemporary with the phase transition the
boson in magnetic field direction separates. The spin-structure factor switches from

the k ambivalent small maximum to a clear maximum at the I'" point in the first
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Figure 3.38. Full triplon model including hs-h4 and both contributions of the mag-
netic field for the FM Kitaev limit: As expected from normal spins, the FM has no
intermediate liquid regime and vanished roughly an order of magnitude earlier then
its AFM counterpart.
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Figure 3.39. Full triplon model including hs-h4 and both contributions of the mag-
netic field for the AFM Kitaev limit: The magnetic field is fixed to h = 0.1. Ob-
viously, the phase transition indicated by fidelity and energy derivative happens to
early to be connected to triplon condensation and is therefore likely a reflection of
the classical Kitaev energy scale.

Brillouin zone, thus signaling the emergence of the polarized paramagnet. Another

possible signal in past spin-1/2 and spin-1 is the energy spectrum. Due to finite
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size, one is not always expected to see an approximate gap closing. Yet, there is
not even an area where the excitations change behavior. As a result, there does not
seem to be a signal for a possible intermediate phase. We have also looked at other
observables like the overlap with the magnetic field eigenstate (only on-site terms in
h and \) and alternative spin-structure factors. As mentioned before, we also tried
the [1,1,1]7 magnetic field to cover possible direction dependence as predicted in

the spin-1/2 model [205]. The result does seemingly not change.

Additionally, we provide the analogous sweeps for other iterations of the model. In
figure 3.35 the higher-order terms are included as well. Figures 3.36 and 3.37 cover
the case of the full magnetic field, i.e. excitonic and flavor-changing contributions,
for the full hy model and again the inclusion of higher-order terms (here even without
strain and shift terms). The only noticeable change between all scenarios happens
in the excitation spectrum. However, the change is merely a single low-lying energy
state that is relative close to the ground state. A closer look identifies this as a
seemingly clear finite size effect. As mentioned before, even and odd boson number
sectors should behave similarly in the thermodynamic limit, but can not do that on
a finite cluster. If the sectors are disjoint, the vacuum is connected via pair creation
and annihilation terms with the states containing two, four and other even numbers
of bosons. The pair terms drive the boson condensation. The sector with one boson
does the same for the odd numbered states. Hence, the odd “ground state” and even
ground state are identical in behavior aside from finite size effects and a shift of \.
As we can clearly identify the low-lying state by its k number and other observables
as well as h = 0 starting point in the plots, we know that it is the same polarized

paramagnet emerging from the odd subspace.

Before explaining the single phase transition, it is prudent to consider the FM
Kitaev regime. Figure 3.38 shows that the FM Kitaev phase shows analogous trends
but vanishes an order of magnitude earlier. This result is quite universal among the

Kitaev models of any spin and usually interpreted as a reflection of the underlying
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spin correlations being opposed or compatible with the field [205] and more or less
expected from the classical and semiclassical simulations.

If this is the case, the phase transition might not reflect any condensed magnetic
phase but rather a (classical) energy scale of the correlations in the paramagnet.
In order to prove this, we consider the following: Figure 3.39 shows the ED data
for a finite value of the magnetic field h = 0.1\ polarizing the paramagnet. The
observables imply a phase transition roughly where A = h, which takes place way
before any condensation can feasibly happen. Switching roles leads to analogous
results. Hence, this phase transition seems to reflect the trivial competition of the
spin correlation energy scales.

This result of basically only seeing a correlated paramagnet is compatible with
the recent QMC results in reference [157]. Consequently, it would be reasonable
to expect this and interesting to see if a QMC simulation involving the magnetic
field works out analogously. Even in the detailed analysis of the Kitaev phase in
reference [170], the sign of the spin-orbit coupling had to be flipped in order to find
anything else but the paramagnet. More efforts should be undertaken to find out
how to characterize this Kitaev phase and see how to access it in simulations on

finite clusters.

3.3 Triplons in a Trigonal Crystal Field

Similar to the magnetic field discussion, the impact of a (trigonal) crystal field dis-
tortion is connected to a few concrete questions. Here we try to focus on two of
those. First of all, we revisit the general exploration of the field influence in direct
analogy to the magnetic field. Namely, we want to find out whether driving the
Bose-Einstein condensates via crystal field, i.e. pressure, is feasible and how the
crystal field affects the magnetic phases. Regarding the condensation process, one

should note that for normal spin-dimer systems like TICuCls, pressure can induce
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the Bose-Einstein condensation (see, e.g., reference [218] for an early experiment,
[72] for a theoretical description and [73, 75] for focus on excitations and nature of
the phase transition). In fact, while the nature of the quantum critical point for
pressure alone is described differently, namely via condensation of multiple flavors
and driven by an overall pressure induced change in interaction (coupling and dimer
energy gap) parameters, the resulting magnetic phase is the same as the one induced
by the magnetic field, as implied by the H — p (magnetic field strength and pressure)

phase diagram in reference [72].

Regarding our model, this look at spin-dimers leads to a very peculiar dichotomy:
One the one hand, the magnetic field has not been found to be a feasible way of
inducing Bose-Einstein condensation of triplons. One the other hand, enhancing
(tetragonal) crystal field distortion with or without the simplification onto a triplon
model seems to be able to support magnetism in the related material CasRuQOy4
[20, 119, 134, 166]. Moreover, the impact of the crystal field distortion has been
a major focus in this material due to the debate over the importance of spin-orbit
coupling and crystal field interpretations of the on-site degrees of freedom [119]. Ad-
ditionally, one should note that tetragonal and trigonal (like in the subsequently
discussed AgzLiRusOg or related a-RuCls) distortions should have roughly com-
parable influence as they can be made to be of similar form when changing the
quantization axis [91]. Consequently, we should try to look into this dichotomy and
find out whether the pressure can in fact induce Bose-Einstein condensation in the

spin-orbital singlet-triplet model.

Here one may note that the orbital degree of freedom and the spin-orbit coupling
enforcing the singlet-triplet gap may actually present a distinct advantage compared
to regular spin-dimer systems. The crystal field (distortion) as described in section
1.1.7 enters via the orbital degree of freedom, i.e. the t5;, L operator and hence
directly as one of the “spin” species in our dimer. Additionally, the SOC could po-

tentially be large enough to facilitate the inclusion of the crystal field as a projection
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onto the singlet-triplet model itself. As a result, one is not restricted to the way ref-

erence [72] includes the distortion as an effective change of all coupling parameters.

Turning back to the concrete questions: The second focus in this section is moti-
vated by a recent experiment analyzing the compound AgsLiRuyOg under pressure.
This also connects directly to the question whether or not the crystal field can be ex-
pected to drive triplon condensation. For AgszLiRu,Og, the experiment in reference
[8] implies that the material might realize a J = 0 singlet state at ambient pres-
sure. When the pressure is increased, corresponding to an approximately trigonal
distortion, there seem to be two subsequent phase transitions to other nonmagnetic
phases, i.e. no exciton condensation. The phase at very high pressures is attributed
to a formation of molecular bonds like the one suggested for the parent compound
LisRuOj [9, 10], which is claimed to be not unusual for this kind of compound. How-
ever, the emergence of the nonmagnetic intermediate phase is novel and the authors
try to explain it via spin-orbital singlet-triplet calculations with a trigonal crystal
field (in what we will later introduce as the “simple crystal field” scheme). Yet, the
triplon model is a very rough back of the envelope estimate that serves more as a
plausibility argument than a direct explanation. Here, we have the opportunity to
find out if a more thorough analysis actually yields an explanation or if the effect
requires another influence not in our model. As a result, the issue of the crystal field
resulting in a different singlet phase instead of Bose-Einstein condensation based

magnetism needs to be looked into.

For a more complete introduction to the discussion, we reiterate the arguments of
reference [8] regarding the phase diagram established therein and explain the sug-
gested connection to LisRuOjs. Figure 3.40 shows sketches illustrating the points
we make in the subsequent paragraphs. In reference [8], AgsLiRuyOg is investigated
under pressure. The compound itself is deemed a paramagnet (Van Vleck-type sus-
ceptibility) at ambient pressure and connected with the J = 0 singlet structure of

our triplon model. When pressure is applied, two successive phase transitions are
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identified. Both of these emerging phases are found to have a paramagnetic response,
i.e. some kind of vanishing magnetic moment ground state (we will hence use the

slightly simplistic label “nonmagnetic” to refer to this).

By keeping track of the structure, they argue that roughly trigonal distortion takes
place and the bond lengths of the honeycombs in the material become anisotropic in
the new phases. As there is a very significant shortening reminiscent of the structure
in the parent compound Li;RuOj in the high pressure phase, they connect this to the
Ru-Ru molecular orbital (MO) dimer structure in this material (cf. [9, 10]), which
they note as not unusual when considering similar effects in, e.g., a-RuCls [219].
This MO state also consists of a singlet, although of different origin (cf. sketch in
figure 3.40).

The intermediate pressure phase consisting of a slightly less distorted structure is
not expected based on a-RuCls. Hence, it seems to present a novelty and raises the
question about its origin. The authors of reference [8], while providing no definite
description, argue for a stabilization due to admixture of triplets and base some of
their argument on calculations (in the supplementary material) based on the triplon
Kitaev-Heisenberg model that we analyzed in reference [5], which is also the center of
attention for this thesis. There is a supporting argument for a ground state admixture
|ss) + |T'T) on a bond. It would providing a Van Vleck response together with the
anti-bonding states, which are shifted to higher energies and therefore explain the

qualitative change in susceptibility. But beyond that no concrete proof is provided.

This leaves the door open for us to provide a more thorough analysis of the triplon
Kitaev-Heisenberg problem in order to find out if anything hinting at the interme-
diate phase can be found in this scheme. One should note, that the intermediate
phase might outright be of a different origin, as the a-RuCl; discussion in reference
[219] argues for a breakdown in spin-orbital physics (and Kitaev interaction). As
a result, even the likely inability of the triplon model to establish the intermediate

phase could provide an important hint about its origin. In a big picture sense, this
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Figure 3.40. Cartoons of the experiment based interpretation of the phases of
AgsLiRuyOg under pressure in reference [8] (with the molecular orbital (MO) level
structure adapted from reference [9]): All three regimes are found to have a magneti-
cally trivial ground state. At ambient pressure (left), one may expect the spin-orbital
singlet-triplet model with interactions that are too small to overcome the gap, thus
enabling a singlet |s) ground state on each site individually. On the MO side of
things, the full ¢5, orbitals may combine fully to form molecular orbitals (o /7 /) for
a pair of sites. Trivially filling in the four electrons of each Ruthenium yields a total
spin S = 0. In the intermediate state, an admixture of the two remaining triplets
into the singlet ground state on a bond |G) is suggested. The excited states split
into a bonding |B) and antibonding |A) state. The two successive phase transitions
are connected to structural shortening of the corresponding bond length.

problem connects to the competition of covalent bonding (here in the sense of the

MO) against magnetism in transition-metal compounds [220].

Before starting the modeling and analysis, we turn to a small side note about

Li;RuOj3 for completeness. When talking about the MO structure for LisRuOs, the
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3.3. Triplons in a 'Irigonal Crystal Field

reference is made to the molecular Ru-Ru bond formation proposed in the early
study in reference [9]. This suggestion was later underlined with band-structure
calculations [10], although one should be aware that correlations and Mott picture
may be important in this kind of problem in general [220]. However, there is also
a strong coupling description proposal for the mechanism [221], which is based on
a Kugel-Khomskii model without SOC but rather a phonon-induced collaborative
Jahn-Teller process lifting the degeneracy. This model might be useful to keep in

mind for future studies.

One may also note, that the physics in LisRuO3 might be more complicated than
the straightforward way described in the early references. Importantly, there seems
to be a discrepancy between polycrystalline or powder based measurement where the
nonmagnetic singlet is deemed to exist [222], and a single crystal based experiment
suggesting a magnetic ground state in two distinct samples and connects this to the
structural conditions [11]. This may hint at a competition between magnetic and
nonmagnetic phases. Yet, there is some caveat as a later study with Na substitution
seems to reproduce the polycrystalline results [223]. Finally, especially when propos-
ing future looks into the issue, it might be useful to be aware that Li;RuO3 has been
found to be anisotropic [224], deemed to possibly show valence bond liquid behavior
even beyond the structural phase transition and that it is very sensitive to disorder

and synthesis procedure.

As a concluding side note, we point out that the idea of creating a silver-intercalated
counterpart, meaning AgsLiRuyOg from LisRuOs, is also topical concept in the d°
system, where AgsLilroOg (inspired by LiyIrO3) has been put forward as a Kitaev
material candidate [225] (although controversially [226, 227]). Similarly, H3Lilr,Og
has been synthesized and studied [228, 229]. These very related discussions may be

prudent to keep in mind for future studies.
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Figure 3.41. Single site energies as a function of the crystal field strength A for the
spin-orbit coupling and trigonal crystal field Hamiltonians: The “full” scheme (left)
represents the solution of both Hamiltonians on equal footing, which is appropriate
for any values of both parameters. In contrast to this, the “simple” scheme (right) de-
notes a perturbation theory inclusion of the crystal field onto the spin-orbit coupling
induced singlet s and triplet ¢; states (quintet ¢; is neglected), which is legitimate for
comparatively weak crystal fields. Thicker lines represent double degenerate energy
levels and the dashed lines in the simple diagram visualize the full scheme energies
for comparison. The full model degeneracy at A — +o0o can be used to motivate
effective spin-1/2 and spin-1 models.

3.3.1 Strong and Weak Trigonal Field Regimes

Given the discussion surrounding equation (1.27), there are two obvious ways to
include the (trigonal) crystal field. If it is strong enough to compete on the level
of spin-orbit coupling, the on-site level structure should account for both influences.

Therefore, the resulting Hamiltonian is

H = Hsoc + Hcor (3.22)

A
— rTvY Yrx Tz ZTX Yyrz zZTY
—)\ZLiSi"i_gZ(LiLi + L{Li + LyL7 + L; Ly + L{L; + L; L),

)

where the first term is the LS-coupling SOC Hamiltonian introduced in equation

(1.36) and the last term describes trigonal crystal field distortion of the t,, orbitals as
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3.3. Triplons in a 'Irigonal Crystal Field

derived in equation (1.27) (constant energy shift neglected). For convenience when
writing down the subsequent analytical expressions, we introduce the shorthand
D =A/3.

The singlet-triplet model establishing the |s) and |t,/,,.) states is based on the
single-site diagonalization of the SOC Hamiltonian and subsequent neglect of the
quintet states. If we strive to include the crystal field on the same footing, we need
to build new singlet and triplet states out of the eigenstates of the SOC+CF Hamilto-
nian. We hereinafter refer to this scheme as the “full crystal field”. Diagonalization®

leads to the following energies:

A+D /3
By = ——J; + \/7—\/3A2 ~ 2D+ 3D? (3.23)
Egjays =D+ A (3.24)
D 1
Ewmsis = =5 £ 5 VAN —9D? (3.25)

where the brackets in the latter expressions denote to twofold degenerate sets of
energies and the minus solution of + always labels by the higher number. In contrast
to earlier investigations, we do not shift the singlet to £ = 0. Thus, the singlet is
Ey, = B, (E = —2Xfor D = 0) and the triplet states are F5 = E;, and Egj9) = Ej, s,
at £ = A. The energies are shown in figure 3.41. For positive A, i.e. the trigonal
contraction relevant for the AgzLiRuyOg pressure experiment in reference [8], the t;
and t, triplon gap is reduced, while the remaining eigenstates shift to comparatively
higher energies.

At A — oo, the two triplons and the singlet combine to a threefold degenerate
state. A structure like this can be described as an effective spin-1 model. In fact, one
of the prominent discussions for Ca;RuQOy, is about which influence (SOC or crystal
field) should be seen as dominant and hence whether the model is primarily a spin-

orbital singlet-triplet influenced by A or a spin-1 perturbed by A (see, e.g., reference

2via the computer algebra system interface wxMaxima
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3. Analysis of the Triplon Honeycomb Model

[119] and note that CasRuQ, is distorted tetragonally, although with analogous
results regarding the energies). Naturally, both regimes seem to be a decent idea, as
they are well motivated by the underlying physics and the three lowest eigenstates
are well isolated rather quickly (spin-1). Moreover, the singlet-triplet projection
becomes more and more exact due to the quintet shifting to higher energies. The
primarily ill-motivated aspect is the incorporation of ¢;, which should be outright
neglected at large positive A. Of course, an additional state in the perturbation
theory does not make it worse per se. All in all, the spin-1 regime has been looked at
extensively and our singlet-triplet theory is not expected to break down. Therefore,

we can ignore this aspect.

Analogously, the A — —oo limit results in a degeneracy of two states, namely
the singlet and ¢; triplet. This can motivate an effective spin-1/2 description. In
the limit, a novel transversal-field Ising model emerges. Yet, the interesting results
were published at the start of this year in reference [91]. Thus, there is no need to
cover this limiting case in this thesis either. One should note, however, that the case
of negative A does not improve the singlet-triplet projection. On the contrary, a

twofold degenerate part of the quintet may become relevant.

Turning back to the general description, the Hamiltonian in equation (3.23) dic-

tates the new singlet and triplet via the eigenstates. One finds:

N, = \/ (9V3X\ — 3V3D)V3A2 — 2AD + 3D + 27A2 — 18AD + 27D?, (3.26)
) = 3 (VED(ms = Lims = 1) = -1, =1)) = @+ DI (1,0) + [0.1)) (327)
+ i@(ﬁ\/w —2\D +3D2 + 3\ — D)(— |1, —1) +10,0) — |1, 1))

V2 D
— (1=1)[D](|=1,0) + |0, ~1))).

Before continuing, it should be noted that |D| /D needs to be, at least technically,
treated with care when D — 0. The limits D — 0" and D — 0~ lead to the
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3.3. Triplons in a Trigonal Crystal Field

discontinuity |D|/D — +1. Yet, a closer look at the D = 0 case reveals that the
difference can be accounted for by a global phase factor. As a result one may choose
a limit consistently and apply it in the numerical simulations. For us this will be
limp_,o |D| /D = 1. This sudden change in base choice can result in some superficial
discontinuities, which have no impact on the underlying physics, in the subsequent
parameter plots.

We continue with the comparatively trivial ¢3 triplon

141

1 .
t) = 72 (11,0 = 10,1) = (11, =1) = [=1,1)) = i(10, =1} = |-1,0)) ), (3.28)

which is independent of A and D. The other two triplons can be described by

N, = \/ 12)2 + 27D2 — 9DV/4X2 + 9D? (3.29)
It)) = Nltl (o 1) — © T (VIVIN T OD? 4 VBA+3VED) -1, 1) (3.30)
+AL,0) — A(i/__g ) 11,-1) — %wm_ 3D)|0,1)
—~ 111(—\/5\/m+ VBA +3v2D)(|0,0) + |—1,1))

(141i)v/8\
4

+ oA 3D 4 VIR TODR (0, 1) — 1,0 + )
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and
N;, = (8/\4 VAN 1 OD2(4X® — 6)2D + 9AD? — 9D?) (3.31)
1
—12X°D + 30\2D? — 27AD® + 2704) ’
o i|D
7) = N—~</\ ID[|1,1) +0]1,0) + %(A\/M? TOD? 420 —AD)|1,—1)  (3.32)

to

- 1Ii(\/§|p|\/m+\/§A|D| —3v2D D) 0,1)

+%(|D|\/W—3DIDI) 0,0)

+%(|D|\/m—3D|D| +2X|DJ) [1,1)

_ %(\/ﬁ(p = VAN +9D2 = V8A* 4+ V2D - 3V2D%) [0, 1)

U DIDl 3D - \)VANTF D — VB + 3v2DA  3V3D%) |-1,0
i|D|

o1 (A= D)VAN £9D7 4+ 2X° — DA+ 3D%)|-1,1) )

As the latter triplets are not orthogonal, the real |t) (which is even more inconvenient

to write down explicitly) is provided by the Gram-Schmidt process as

to) =[t2) — (il [t1) . — [t2) = (3.33)

The new singlet and triplet states should be valid for any value of A and A.
Nevertheless, this comes at the price of a highly nontrivial and unintuitive structure.
It is therefore prudent to take a closer look at the new contributions. Figure 3.42
illustrates the |my, mg) basis states involved in each boson. One finds that the
additional terms adhere to a more or less palpable structure, with partly paired
changes in old and new terms. Notably, a part of the influence resulting from the
quintet states is directly apparent via the m; = 42 contributions becoming quite

significant in the |t;) and |t3) states.
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Figure 3.42. Visualization of the singlet-triplet basis of the full crystal field scheme
as a function of the crystal field strength A: The eigenstates of the full Hamiltonian
effectively mix different |m, mg) states into the original singlet and triplet. Without
change in quantization axis, the triplet ¢3 does not change.

More importantly, one may look into the overlap with the old singlet and triplet
states in order to gauge where the overall changes originate from. This is shown
in figure 3.43. Here, one may immediately spot an aspect hidden in the previous
figure. The singlet and triplet states do not mix. This is notable due to reference
[8], which does not include the crystal field on equal footing to SOC but rather as
a perturbation, suggesting that adding triplons to the ground state might support
the new crystal field induced intermediate phase. Yet, from the pure on-site picture
it is not obvious why this should help. More precisely, it is not obvious why the

triplon admixture to the singlet should be different (in a clearly supportive fashion)
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Figure 3.43. Comparison between old (no crystal field) and new (full crystal field
scheme) singlet-triplet basis as a function of the crystal field strength A: Even in
full crystal field scheme singlet and triplet states do not mix via trigonal distortion.
As a result, the main change, along with mixing of the triplet itself, seems to be the
influence of old quintet states that need to be accounted. Note that the new singlet
is |5) in order to clearly label the objects.

compared to the A = 0 case. Moreover, considering what changes and what remains
the same, a large amount of the new structure has to be accounted for with the
former quintet states.

One should note that this is not the only possible way to describe the singlet-
triplet system. One may change the quantization axis of the angular momentum
to the direction of the crystal field distortion like in reference [91]. That, however,
comes at the price of converting the Kugel-Khomskii Hamiltonian. Additionally,

one may try to choose any different recombination of the degenerate |t;) and |t3)
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3.3. Triplons in a 'Irigonal Crystal Field

states. Yet, one definitely looses the ability to choose the “natural” |t,,,.) basis,
which necessitates the degeneracy of all three triplet states, for A # 0. As a result,
one needs to account for a complex pair state Hamiltonian (i.e. matrix analogous
to the one in figure 1.13 but with potentially complex values). Concretely, this is a
result of the projection onto the low-energy subspace (cf. section 1.4.5.2) involving

the new singlet and triplet states.

An emerging problem for the practical analysis is the obfuscation of the interaction
parameters, i.e. the Heisenberg and Kitaev couplings not being obvious. In the
natural basis, e.g., the hopping matrix elements (t,, s|H <(Z.C7)j>|s, t,), where H <(f)J> is the
Kugel-Khomskii Hamiltonian introduced in equation (1.62) and 7 € {z/y/z} for a
given bond in ¢ direction, are real and for the Heisenberg case a = 0 equivalent
for all flavors 7. As a result, we obtain a Heisenberg model (equivalent hopping
and pair terms) of v bosons (real and opposite sign hopping and pair terms) in this
case. When rewriting the |t,) (and |s)) into new complex linear combinations (with
additional involvement of quintet state contributions), you loose the equivalence in
couplings, making the effective Heisenberg interaction nonobvious. Additionally, the
interaction can become complex, which according to the semiclassical wave function
ansatz from equation (2.29) will result in a mixing of w and v contributions. Still,
the order remains unchanged when taking into account full dipole magnetic moment.

It is just not as straightforward to gauge what happens based on the interactions.

Nevertheless, we can attempt to find out how the coupling parameters change
via the influence of the crystal field. In order to accomplish this, we visualize the
hs matrix elements, i.e. <aiaj|H<(f’)j>|5iﬁj) with a, 8 € {s,t1,t2,t3} and restriction
onto the hopping and pair term matrix elements, in figure 3.44. We use the usual
Kitaev-Heisenberg parametrization to fix t/U and ¢ /U (same as the previous uses)
and fix A = 0.1\, because part of the discussion is motivated by the paramagnetic
regime suggested for AgzLiRuyOg. However, A is just an overall global factor that

can be set arbitrarily for this discussion. It should also be noted that we consider the
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Figure 3.44. Matrix elements of the h, terms of the triplon model Hamiltonian
(next neighbor pair states) on the z bond in the crystal field singlet-triplet basis:
The values are obtained by fixing the Kugel-Khomskii interaction parameters t*/U
and " /U to the Kitaev-Heisenberg parameters A and a. Here, A is a global factor
and set to A = 0.1\ (as in later analysis of the paramagnetic phase). The top half
denotes the model in the absence of the crystal field. The interaction parameters are
not trivially identifiable as a Kitaev-Heisenberg model due to the basis change. In
the lower half, a noticeable crystal field value has been chosen for comparison. Most
matrix elements do not seem to show drastic changes.
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3.3. Triplons in a 'Irigonal Crystal Field

¢ = z bond (meaning that we analyze the respective Kugel-Khomskii Hamiltonian
in equation (1.62)).

For the traditional x/y/z components the interactions would look straightforward,
with (Tg/sz/yﬁ = Acos(a), <TZT7iTz7j> = A(cos(a) + sin(«)) and pair terms the
same but for a sign flip. All other contributions are trivial. In the new basis, the
interactions look superficially complicated in the equivalent A = 0 case (cf. top of

figure 3.44). Yet, this represents the Kitaev-Heisenberg model and reproduces the

phase diagrams (including hs and hy when incorporated) exactly.

While we can not directly make sense of the effective interactions parameters, we
can still estimate the overall change when comparing these with the ones we obtain
by involving a finite A. One can do this analysis quite extensively. Nonetheless, we
restrict ourselves to the scenario deemed relevant for AgsLiRusOg. In reference [8],
they mention A = 7T0meV and A = 100meV as well as A = 200meV as “realistic
parameters” (later they also use A = 50meV and A = 100 meV for a triplon based
explanation). Hence, we choose A = 3\ and therefore a round value roughly at
the top end of the estimate. The resulting hy Hamiltonian terms are shown at the
bottom of figure 3.44. Even for this comparatively large value, the changes are not
drastic. Limiting the observations to the most prominent interactions, one may spot
a noticeable decrease in Im(T3 ;T; ;) and Re(T. ;ZT 5 ;) contributions. Other prominent

interactions gain significantly.

All in all, we may attempt to formulate how one can naively expect the trigonal
crystal field compression to impact the model. The interactions do not change ex-
tremely drastically. They may induce a different magnetic phase, but their overall
magnitude does not seem to collapse. On the contrary, there might even be an in-
crease. The more notable change becomes apparent when recalling that the on-site
gap of singlet and triplet is roughly halved at A = 3\ according to the energies
displayed in figure 3.41. Therefore, the naive expectation is that the crystal field

distortion drives the system toward a BEC. Or in a back-of-the-envelope argument:
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3. Analysis of the Triplon Honeycomb Model

Starting in the Heisenberg case with J = A = 0.1\ and halving the gap results
in J/A = 0.2 (some Kitaev or other terms might enter) and thus a value beyond
the critical condensation point of the Heisenberg limit at A./A = 1/6. Due to the
other interactions one may end up with a magnetic order (e.g., stripy or even some-
thing new instead of AFM or vice versa) and the point of condensation might not
be obvious. Consequently, one could also imagine a case where the condensate is
destroyed due to the interactions changing the necessary critical strength (different
A, values, cf. spin-wave phase diagram in figure 2.1). However, as the singlet-triplet
gap changes drastically and the interactions do not, this scenario is very improbable.

Concluding, we expect a BEC to emerge when the trigonal distortion is increased.

This expectation is, in contrast to the magnetic field, perfectly in line with the
one for spin-dimer systems [70, 71]. For a spin-1/2 dimer like TICuCly [73], there is
an intra-dimer coupling Ji,» and inter-dimer coupling(s) Jinter- The first interaction
produces the singlet-triplet gap (taking the role of A for the spin-orbital model),
while the latter is responsible for driving the magnon condensation. When pressure
p is applied, both become functions of the new parameter, i.e. Jipa(p) and Jiner(p),
which denotes both a singlet-triplet gap change and slightly different coupling pa-
rameters. Value-wise, these changes are used to explain the condensation. A notable
difference for spin-dimer systems is that, all three triplons are driven toward conden-
sation at the same time, while in our example one (or for negative A two) of them

is shifted to higher energies and hence becomes irrelevant.

At this point it is prudent to look at the triplon model analysis used to argue about
the nature of the intermediate pressure singlet phase in the supplementary material
of [8]. The authors consider the hy Kitaev-Heisenberg model (only a single value of
J and K are considered explicitly) on a single bond and provide the eigenstates and
energies, i.e. they do ED with two sites and open boundary conditions. They also
use the simplified crystal field scheme valid for weak distortions (which we are going

to explain a few paragraphs later) instead of the full model we introduced previously.
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The arguments and results of this analysis are very superficial. The essential
parts can be summarized as: J and K promote admixture of triplon pair states
|T;,T,) into the singlet s, s), which they argue to support the intermediate phase.
Furthermore, the Van-Vleck magnetic response, i.e. finite magnetic moment due to
second order perturbation theory proportional to |(J # 0|M|.J = 0)|*, connects to
the “antibonding” states which are pushed up in energy by J and K interactions. The
latter part is obvious and seemingly not useful for differentiating between ambient
pressure and intermediate singlet based phases. Moreover, the former aspect is
too vague to really describe any concrete characteristic of the intermediate phase.
The admixture also happens in ED simulations of the ambient pressure phase (in
contrast to (s)MC or infinite lattice tight binding model calculations, where p is zero
outside of the magnetic phase). The authors seemingly did not evaluate if there is
any qualitative change in this parameter and hence a real hint at this aspect being

involved in the phase transition and thus the creation of the new intermediate singlet.

Consequently, we should give this model a more thorough look and find out if the
triplon based description could really explain an intermediate singlet phase. One
may note however, that this would be in direct contrast to the naive expectations

formulated in previous paragraphs.

As mentioned, the analysis in reference [8] is based on the simplified or weak
field model, which is not trivially a good idea for the values of A and A deemed
as realistic parameter, because it necessitates A < A (details follow later). Here,
we have already calculated the full crystal field model equivalent via the interactions
shown in figure 3.44. With this, appropriate energies using the analytical expressions
provided previously and possibly h3 and h, terms, we could in principle provide a
more thorough version of their analysis. The matrix elements shown for a bond are
equivalent to the open boundary condition two site ED treatment. Yet, their results
are so vague and universally true that there is no need to do so. We instead provide

larger cluster sMC and ED analyses later.
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3. Analysis of the Triplon Honeycomb Model

We directly move to the last piece of model introduction we require for the subse-
quent analysis: What is the simplified weak crystal field scheme used in reference [8]
(but also, e.g., in chapter 4 of this thesis)? If A < A, the crystal field operator can
be projected onto the low-energy subspace in the same way all terms are handled
in section 1.4.5.2. As the low-energy structure is provided solely by A\ again, the
original singlet-triplet choices s and ¢,,,,. can be used. The resulting Hamiltonian
for a given site i is

A
S+ DL 4 LI 4 L+ DL+ LY. (3.34)

A
— T T i T i i
G (TxTy + Tmi + TyTZ + TZTy + 1T, + TxTz)
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0
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Notably, there is no interplay between singlet and triplet degrees of freedom. The
Hamiltonian is very reminiscent of the flavor-changing part of the magnetization
(equation (3.16)) and thus to the magnetic field in normal spin-dimer systems!
Naively, one may therefore expect the simplified crystal field for the spin-orbital
model to have comparable effects to the magnetic field in spin-dimer models. Thus,
one would expect the crystal field to support and drive the Bose-Einstein conden-
sation by reduction and eventual elimination of the singlet-triplet gap for a given
flavor combination! This becomes apparent when diagonalizing the Hamiltonian in
the previous equation. The eigenenergies are shown and compared to the full crystal
field gap in figure 3.41. Their analytical expressions are
_4 A
3

; Ethbz—g, (3.35)
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with eigenstates (singlet trivial)

1

) = = (1) + [t + 1), (3.36)
1

1) = = (1) = [6).

1) = — () + |t,) — 2|12))

S

where any linear combination of |t1) and |t2) is also acceptable.

As expected, the splitting is linear and the main difference to the magnetic field
for the spin-dimer systems is that the triplet state crossing the singlet is twofold
degenerate in the A > 0 case. Hence, the resulting A — oo phase might not
necessarily be just a polarized paramagnet like entity. Of course, the incorporation
via perturbation theory dictates that the regime at or beyond the crossing point is
not well motivated anyways and should be discarded. It should, nevertheless, be
mentioned that degenerate triplons condensing in the pressure induced problem is
also a feature analyzed for normal spin-dimer systems (e.g., the aforementioned case
of TICuCls, where all three flavors condense at the same time). Otherwise, the energy

structure suggests direct comparability to the magnetic field driven spin-dimers.

It is therefore even more puzzeling that the authors of reference [8], which use this
simplified scheme in their try to explain the triplon involvement, suggest that this
explains anything other than a direct drive towards a BEC phase. Naturally, we try
to subsequently test the naive estimate and provide a more thorough analysis of the
triplon Kitaev-Heisenberg model in the crystal field. One may also mention that the
great unknown of the hy and hy terms and their possible interplay with the crystal
field, which could be drastic when recounting, e.g., the extend of the canted AFM
phase in the magnetic field discussion. We will also subsequently try to find out if

those could be the reason for the intermediate singlet.

On a side note, we may try to find out what the wave function ansatz used in the
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3. Analysis of the Triplon Honeycomb Model

semiclassical Monte-Carlo simulation can tell us about the crystal field. For the full
crystal field this is not that useful, because of the plethora of interactions. Yet, as
mentioned before, a complex coupling implies both w and v to be active at all times.

For the simple crystal field, the resulting expression is straightforward. One finds

A A
E((TJTy +TIT, + TIT, + TIT, + TIT, + TIT,)) = rs Y (Weve + urun)
T=x,y,2 T'#T

(3.37)
and thus a term that scales with p like the flavor-changing magnetic field part.
The expression is, however, not the dipole w x v, but rather a very similar flavor
interaction that notably leaves the boson types isolated. As a result, one would
expect (in regimes where the higher order terms can be neglected), that both v and
u bosons behave trivially like in section 3.1, meaning that the more suitable boson
type wins completely and the other one can be neglected. The behavior should
therefore be expected to be rather straightforward. In fact, the only thing that
makes the model not fully “classical” (cf. section 2.3) is that, e.g., (v,vy) # (V) (vy).

As a final part of this section, we want to provide a few notes about how the
crystal field simulations were implemented in practice. For the simple crystal field,
the analysis of the Hamiltonian in our simulations is completely analogous to the
inclusion of the magnetic field, meaning no nontrivial extra work was necessary to
conduct the analyses. Nevertheless, some care needs to be taken if one is interested
in the spin-structure factor in ED simulations (see subsequent discussion in this
section). The simulation of the full triplon model is more elaborate. As mentioned
in the discussion surrounding figure 3.44, the new triplon basis needs to be taken into
account, thus changing the Hamiltonian. Concerning the practical implementation
details, one should not forget that the pair state Hamiltonian can now be complex
valued and that the Hamiltonians on different bonds can not be translated into each
other by cycling indices. As a result, the Kugel-Khomskii model of equation (1.62)

for all three bonds needs to be projected onto the low-energy subspace separately.
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3.3. Triplons in a 'Irigonal Crystal Field

Because the Kugel-Khomskii Hamiltonian per se remains unchanged, we can retain
the parametrization of the interaction parameters t*/U and t?/U by the Kitaev-
Heisenberg parameters A and « in direct equivalence to the previous cases. All Kugel-
Khomskii terms and thus all matrix elements of the low-energy projection can be
accounted for this way. The procedure is the same as for the inclusion of the higher-
order terms in previous section. We again neglect the I' terms for consistency and
because they do not present an obvious interest (we expect to inherit the properties of
the normal extended Kitaev-Heisenberg model, which are already known quantities
with T'). Here, the inclusion may even be less important as the original Kitaev-
Heisenberg interactions are translated to superficially different ones, including I'-like
terms, by basis change. Moreover, a full ab-initio study is not attempted (and
difficult, see, e.g., the case of a-RuCls [51, 230]) and, e.g., next-nearest neighbor
interaction likely present in real materials are expected to drastically change any

phase diagram (can be gauged via the spin-wave expressions in section 2.1).

Additionally, we want to comment on some practical details of the projection. The
most straightforward way is to insert the singlet and triplet definitions of equations
(3.27)-(3.33) into, e.g., Mathematica and calculate the matrix elements completely
analogous to the regular case. There is, however, another option that might be ex-
tremely useful when attempting simulations beyond the current problem. Because
of this potential usefulness, we set up the codes (sMC and ED) with this alter-
native, subsequently introduced scheme. Mathematica can handle the projection
into an arbitrary singlet-triplet basis, meaning unspecified complex parameters, e.g.,
|s) = (s1, S2, S3, S4, S5, S6, S7, S8, S9) as a vector in the |my,mg) basis. The program
can also generate a “Fortran output”, which is reasonably close to compatible with a
real Fortran code. Fixing the expressions to fully compatible code can be achieved
with a text editor and the “find and replace” function. This is arduous work, mainly
because a single bond matrix of, e.g., the ¢*/U terms has roughly 20000 lines (as-

suming a Fortran character limit of 130 per line), but achievable in the time frame
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3. Analysis of the Triplon Honeycomb Model

of minutes/hours rather than days.

The advantage of this scheme is clear: Any form of low-energy basis (e.g. other
crystal fields) can be analyzed without extra effort. This might not be an extreme
benefit in this thesis, but may be useful in the future. Also, the new matrix can
be checked trivially in the A = 0 case by choosing the regular singlet-triplet basis
(setting s; and triplet parameters). This is only an option because the basis is left
arbitrary and can be changed on a whim. The A = 0 case can be reasonably checked
as well. For the intermediate values, future studies might check their code using the
matrix elements in figure 3.44. In order to help with reproduction or refutation of
our results, we provide the full 16 x 16 matrix (akin to figure 1.13) for intermediate

values in appendix A.3.

Lastly, we make some notes about the behavior of the magnetization or its surro-
gate observables like the spin-structure factor in equation (2.22). The magnetization
M = av + B(u x v) of equation (1.91) (M = (M,, M,, M,)") is in the Cartesian
x/y/z basis. Even though the simple crystal field formalism keeps the triplon di-
rections intact, the magnetic order emerges in the easy-plane or easy-axis direction
of the crystal field distortion ([1,1, 1] direction or orthogonal plane). While this is
not a particularly practical issue with sMC, the ED spin-structure factors should be

chosen in the appropriate directions if one is explicitly interested in that observable.

For the full crystal field scheme one rewrites the directions. Thus the magnetiza-
tion, which is a product of the low-energy projection as well, needs to be reevaluated.
One can rephrase the old triplets in the new basis like reference [91]. We rather choose
to compare apples to oranges for simplicity and talk about the magnetic moment in
t1/2/3 direction. The reason for this is that nothing in the discussion in this thesis
is particularly connected to tracing the exact behavior of the spin-structure factor
(some kind of magnetism or not is a sufficient answer). Rather, the central question
concerns the intermediate non-magnetic singlet phase. Nevertheless, future studies

might have to keep this in mind.
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3.3. Triplons in a Trigonal Crystal Field

Finally, we can move on to explicit simulation results.

3.3.2 Spin-orbital Triplons in the Simple Trigonal Field
Scheme

We start with a disclaimer: The simple and full crystal field models can be analyzed
extensively. There are many intriguing questions, e.g., about the being able to drive
the Kitaev phase and/or its survival analogous to the magnetic field case. Moreover,
the magnetic orders in the Kitaev and zigzag/stripy regimes, especially in the simple
case with higher-order terms, seem to be nontrivial. Additionally, the evolution of
the magnetic order might be discussed.

However, this thesis is long enough and especially the former problem involves a
lot of extra work beyond the crystal field discussion (as has become apparent in the
magnetic field analysis). Therefore, we remain focused on the general ability to drive
BEC and the issue motivated by the experimental findings of reference [8]: Does the
triplon Kitaev-Heisenberg model (and eventually the higher-order terms) have an
explanation for the distinct non-magnetic phase, which emerges when the trigonal
distortion is induced via pressure.

We start with simulations of the Heisenberg FM and AFM cases using sMC.
Observables for N = 16 site simulations can be found in figure 3.45. Therein, we
consider Heisenberg interactions of strength A = 0.1\ and A = )\, i.e. respective
values deep in the paramagnetic and magnetic regimes. One should recall, that
the simple trigonal crystal field scheme is based on perturbation theory of the SOC
induced singlet-triplet states. As a result, the on-site gap closings (cf. figure 3.41)
at A = —3X and A = 6\ represent a definite maximum for the extend of the scheme
being well motivated. Overall discrepancies to the full theory can be expected even
earlier. Nevertheless, we provide data for more parameter values for completeness

and in order to compare the results to spin-dimers in a magnetic field, where this
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Figure 3.45. Observables calculated via semiclassical Monte-Carlo for the AFM
and FM Heisenberg model in the simple crystal field scheme: Each case is analyzed
deep in the magnetic A = X and paramagnetic A = 0.1\ phase respectively. Here,
A = [1,1,1]7/y/3 is the direction of the trigonal distortion. Notably, the simple
crystal field scheme is definitely ill-motivated when the singlet-triplet gap induced
by spin-orbit coupling closes, which is represented by the vertical black lines at
A = —3X and A = 6\. Parameters beyond that are only visualized for the sake
of completeness. In the acceptable parameter range, the magnetic phases evolve
trivially (in contrast to the magnetic field discussion) and the paramagnetic phases
are driven toward Bose-Einstein condensation with a look comparable to the spin-
dimer singlet-triplet models in a magentic field. The magnetic phases are v boson
based, except for a hz-hy term based novelty in the ill-motivated A > 6\ area.
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3.3. Triplons in a 'Irigonal Crystal Field

kind of restriction does not apply in the same way. Similarly, one might be tempted
to keep the direction of the trigonal distortion 2 = [1,1,1]7/v/3 as a kind of magnetic

field direction analogue.

The magnetic phases in figure 3.45 evolve trivially. The phases stay magnetic.
One may find that the FM/AFM order is purely excitonic (v based) and (cf. FM
and 7o - M) changes at A = 0 from an easy-axis (aligned with 72) to an easy-plane
(orthogonal to 71) phase. The higher-order terms induce the usual support for the
FM regime and slight penalty for AFM, which is most obvious in the p data. There
might be a slight resistance to aligning with the easy-plane axis in the FM case for

small A > 0.

The more or less trivial evolution of the magnetic phases is a contrast to the mag-
netic field discussion, where the canting, the form of the semiclassical Hamiltonian
being comparable to a regular spin and u X v contributions are responsible for a more
complex behavior. Also, the complete analogy between FM and AFM cases (except
for higher-order term induced differences) is different than the magnetic field effects.
Yet, those features can be expected when considering the crystal field Hamiltonian
in the semiclassical wave functon ansatz in equation (3.37). Instead of coupling w
and v bosons, they are left isolated so the latter can win outright as established
in the quadrupole analysis in section 3.1. Also, the Hamiltonian does not induce
canting and hence the higher-order terms, which we found to often be compatible
with that, may reasonably have less impact. With this explanation, the slight de-
viation in the FM case for small A > 0, which is close to the canted zigzag phase
in the Kitaev-Heisenberg model without a magnetic field, seems plausible, as the
higher-order terms in this region of the phase diagram might have some prominence
and, due to a fixed z/y/z axis aligned canting angle, may prefer a direction other
than 7o (or the orthogonal plane). Also, the values of p probably seem to increase
slowly enough to not enable the higher-order terms to dominate in the physically

relevant regime. Also, the implied reduction of magnetization for very big absolute
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3. Analysis of the Triplon Honeycomb Model

values of A is expected as the effective magnetic coupling resulting from A should

be suppressed.

We, subsequently, turn to the paramagnetic regime (A = 0.1\). Importantly,
except for the case of active My in the un-physical A > 6\ regime with active higher-
order terms, the data imply Bose-Einstein condensation and magnetization curves
that are directly analogous to the “textbook” examples of spin-dimer systems in a
magnetic field [70, 71]. In other words, we seem to find directly what we introduced
as naive expectations in the previous section. In the figure and in other observables
like the energy, no signs of anything other than the straightforward condensation
process can be found in the physical regime. Hence, sMC of the triplon Heisenberg
model in a simple crystal field implies that one should not expect another singlet
based nonmagnetic phase. On the contrary, the crystal field (as opposed to the
magnetic field) should be considered as a possible way to establish magnetic order

in compounds with paramagnetic Van Vleck-type singlet-triplet models.

One should note that, in the simple crystal field regime, the on-site singlet-triplet
gap is guaranteed to close at a certain value, so triplet influence has to happen at
some point if all the compound does is adhere to the triplon model at hand. The
only possible exceptions are, first of all, additional influences not covered in this
model, e.g., structural transitions caused by something else. Secondly, the higher-
order terms could, at least in principle, induce nontrivial transitions, which they
seemingly not do in the physically relevant regime of the Heisenberg model (the
A > 6 phase still hints at the possibility). Thirdly, regimes where the condensation
is not straightforward, like the Kitaev case, might be a possible way to avoid the
obvious trend toward condensation. Models beyond the Heisenberg case are analyzed
in later parts of this section, covering at least part of the latter two issues. Aside from
that, our comment in regards to the triplon and simple crystal field considerations
in reference [8] would be that something outside the model might be needed for

an explanation of the novel nonmagnetic phase. Beyond that, the full crystal field
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possessing the essential component is still on the table.

Continuing the overall description and interpretation of the results, we find that
the magnetic order emerges as expected from the behavior of the A = X data. For
example in the FM Heisenberg case, the FM order is driven and aligns in easy-plane
and easy-axis directions respectively. Irregularities are limited to the ill-motivated
regimes.

Beyond the energy gap closings, for the fully polarized p = 1 regime the data
seem ambivalent. As no further analysis has been done (we restrict ourselves to
the question of condensation), we can not be sure if this is a physical effect or just
numerical difficulties in the MC simulations (A should be suppressed in importance
and thus one might need to lower the temperature). It could therefore be interesting
to look at this regime, which represents the counterpart to the polarized paramagnet
in the spin-dimer magnetic field problem. But we will not cover this here.

The remaining noticeable feature is the (again un-physical) phase with w contri-
bution in the A > 6\ regime with higher-order interactions being included. First of
all, one finds equal contribution of w and v bosons. Additionally, the magnetic order
is not excitonic, but purely (u x v) based. In fact, the magnetization is fixed at the
maximal possible value of the flavor-changing contribution (recall |u|” + |v|* = 1,
0 < p <1 and semiclassical My = p(u X v)). The flavor-changing term also appears
to be easy-axis, but this is trivial to explain as the semiclassical expression for A
only enforces the w and v bosons to be easy-plane and the flavor-changing term is
orthogonal to those contributions by construction.

While un-physical, this new magnetic phase is quite compelling conceptually. As
illustrated by the right side of figure 3.46, it consists of disordered w and v moments
and AFM/FM ordered magnetic dipole moment M. It is therefore easy to explain
in the following way: As p = 1 holds, the triplet is the sole contributor. The triplet
itself, i.e. isolated from the rest of the system, is just a regular spin-1 type entity.

In section 1.5.1, the language of the spin-1 is introduced. For the regular spin-1,
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Figure 3.46. Phase diagrams and exemplary boson orders (left: v only) for the pre-
viously discussed FM and AFM Heisenberg models: At A < 0, the order is easy-axis
in trigonal field direction and at A > 0 easy-plane (labeled by *). Changes between
models are minute: The A = X\ cases are trivial and the size of the paramagnet is
only changed slightly by inclusion of the higher order hs-h, terms in the expected
way (FM is favored). The novelty at A > 6\ is visualized on the right and found to
represent a disorder in w and v and AFM/FM order in the full dipole moment M.
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the w and v bosons are actually both quadrupoles, which remain trivial here. The
dipole magnetic moment is covered solely by u x v. Hence, we have actually found
a regular triplet AFM/FM order that is completely analogous to the normal spin.
As the triplet-triplet interactions are located in the higher-order terms, the phase is
only established if these contributions are included. In fact, the “regular spin-1 like”
feature is the total angular momentum J = 1, thus implying that the relevant terms
are J;J;. Intriguingly enough, this is not directly connected to the disorder of the
bosons themselves.

As a final note about this phase, we point out an aspect that is very likely irrel-
evant but could be an interesting point to keep in mind. A conceptual problem for
using a finite triplet/triplon contribution like in reference [8] to explain the a non-
magnetic phase, is to write down such a state concretely. How does one handle finite
triplet /triplon contribution without creating a magnetic moment®? As soon as a
triplon is in the ground state, the excitonic dipole contribution is nonzero. One con-
ceptual way would actually be the pure triplet (like in the novel phase) rather than
the triplon admixed ground state. The excitonic contribution vanishes by necessity
for p =1 and u x v can be zero if the bosons are aligned.

Moving back to more relevant discussions, the aforementioned figure 3.46 provides
the phase diagrams and visualization of the (AFM) spin orders for the previously
discussed Heisenberg model simulations. Overall, the results are as expected. The
higher-order terms induce slight changes in the critical condensation points. The
magnetic order directions conform to the eigenstates of the simple trigonal crystal
field. Beyond the on-site gap closings, the results of the model should not be used
to produce a phase diagram.

In summary, the sMC simulations of the Heisenberg cases confirm the naive predic-

tions of the behavior: One should expect condensation analogous to the spin-dimer

3The admixture arguments in the reference and triplon number in our subsequent ED data are
not relevant. ED is a simulation on a finite cluster without well defined order parameters and
therefore a finite triplon number everywhere.
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in a magnetic field and nothing else. How should this be interpreted and connected to
the experiment in reference [8]7 Primarily, we should confirm that our assessment of
the model is correct. A sMC simulation is restricted by the chosen form of the wave
function ansatz, which might not cover the degrees of freedom correctly (although
it should cover the suggestions of reference [8] reasonably well). Moreover, quantum
fluctuations might be important in establishing the nonmagnetic intermediate phase.
We need to provide further analysis with ED, which should be able to address these

shortcomings.

Figures 3.47 and 3.48 provide exemplary ED results for the AFM Heisenberg
model. The ground state based observables are known from previous discussions.
We substitute the spin-structure factor for the triplon number, as the latter is the
object of interest given arguments in reference [8] and the former just reiterates the
obvious fact that one arrives in a magnetically ordered phase, which at least for the
simple crystal field model has to happen at some point. For the cluster we chose the
N = 6 one analyzed in studies of the normal Kitaev-Heisenberg model in reference
[6]. There is a small caveat that needs to be mentioned here. If the nonmagnetic
intermediate phase requires a biased cluster, our analysis has no chance of finding it.
That, like possible anisotropy of the bond interactions, is beyond the considerations

in this thesis and might be worth a look in the future.

A smoking gun signature would be the appearance of either two phase transitions
or hitherto unknown trends in the triplon number. None of that seems to happen.
There is solely one transition into the magnetic phase. If one starts in the magnetic
regime, there seems to be no sign of a phase transition at all. Naturally, the observ-
ables on the finite cluster do not perfectly agree when it comes to the quantitative
value of the critical point, but that is expected. For completeness, we provide the A

sweep with more paramagnetic values of A in appendix A.2.

Finally, there is an obvious extension of the preceding discussions that needs to

be covered. What if the Heisenberg model is not enough and Kitaev interactions
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Figure 3.47. Ground state properties calculated via ED for the AFM Heisenberg
model with coupling strength A as a function of the crystal field strength A: Total
triplon number, ground state fidelity (step size 0.01\) and second energy derivative
are analyzed for potential signatures of a phase transition. For the latter two, these
are expected to be indicated by a maximum/minimum and marked by a black dot
if available. These roughly correspond to turning points in the triplon number and
found to signal the transition from the paramagnet to the regular magnetic phase.
No other signs of a phase transition (e.g. from a singlet to another singlet with
involvement of the triplon density) seem to be visible.
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Figure 3.48. Ground state properties calculated via ED for the AFM Heisenberg
model for various values of the crystal field A as a function of the Heisenberg coupling
A: As before, the total triplon number, ground state fidelity (step size 0.001\) and
second energy derivative are analyzed for potential signatures of a phase transition
and maxima/minima for the latter two are marked with color map corresponding
dots. Again, only the expected drive into the magnetic phase seems to be visible.
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Figure 3.49. Phase diagram for the Kitaev-Heisenberg model with higher-order
hs-hy terms, A = 0.1\ and various values of interaction angle o and crystal field
A: The semiclassical Monte-Carlo simulations describe the regular paramagnet and
drive into various magnetic phases. For the purpose of shortening the discussion, the
possibly more complicated regime of magnetic phases is labeled by M*. One should
note, that there is nontrivial behavior induced by the crystal field, as the FM seems
to exist at & = 130°, i.e. in an area where the regular Kitaev-Heisenberg model
would be expected to host a zigzag phase.

are necessary? Thus, we provide a full phase diagram of the Kitaev-Heisenberg
model with A = 0.1\ and higher-order terms in figure 3.49. In appendix A.2 one
can find the equivalent analysis without hs and h, terms, which does not change
the overarching result. Similarly, ED simulations on the N = 6 cluster also do not
provide any new insights.

As expected, one finds the AFM, FM and canted zigzag phase. Due to the higher-
order terms, there is a slight preference for FM when critical condensation points are
compared. Notably, there is nontrivial behavior, which is best exemplified by the
AFM and FM order usurping the a = 130° and o = 310° angles of stripy and zigzag

phase. The M* area denotes magnetic phases that we do not specify explicitly.
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Most importantly, we find that there is still just the regular singlet and magnetic
phases. The Kitaev-interaction in the simple crystal field scheme does not seem to

be a sufficient explanation for the intermediate nonmagnetic phase.

The model preferring FM/AFM order compared to zigzag/stripy seems to be curi-
ous at first glance. Naively, the simple crystal field seems to be a purely local quantity
that does not care about the boson order except for forcing overall direction axes.
Yet, the crystal field having an effective momentum preference is reasonable when
comparing it to the interplay between magnetic field and Kitaev interaction in our
reference [5] or the topology chapter of this thesis in figure 4.4. The Kitaev interac-
tion itself (in absence of higher-order terms or I' terms) provides flat bands due to
each flavor being constricted to the bond where it can be created. The magnetic field
can change the flavor and hence enable a dispersion on the other bonds, thus creat-
ing a momentum dependent structure. Obviously, the flavor-changing also happens

analogously in the simple crystal field.

Lastly, we should comment on the M* part of the phase diagram. First of all,
one should reiterate that the phase summarized under this label are all magnetic,
which is all that is important for the question at hand. Secondly, one might look
at the next section and attest that none of those phases seem to survive the rigor
of the full crystal field model (although there is a reasonable chance that values
other than A = 0.1\ closer to the respective condensation points could change that).
Thirdly, we estimate that a more thorough analysis should be done before giving
definite statements about everything going on in this regime. As those phases are
not important for this thesis, we will not provide this here. We, subsequently, roughly
state what to expect and what the problems are. The Kitaev phase seems to survive.
Although in that case one needs to always carefully evaluate at what point, if at
all, the AFM or FM takes over and discern this from sMC reliably finding a local
energy minimum instead, which is a nontrivial amount of work. Additionally, there

is one data point next to the cZZ phase suggesting a higher-order induced (active u
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3.3. Triplons in a Trigonal Crystal Field

moment) new phase. Moreover, the area should be evaluated on very large lattices,
because the crystal field shares features with the [1,1, 1] magnetic field, which has
highly nontrivial features [165]. While there is no outright canting behavior caused
by the crystal field, at least the neighboring ¢ZZ phase has an axis preference (hence
the name “canted” we chose as a label in previous sections). Similarly, the spin-1
Kitaev-Heisenberg model with a spin anisotropy in [1,1,1], i.e. an operator A(n.S)?)
very similar to the trigonal distortion, was proposed to induce a vortex state [231]. All
in all, this area is seemingly not important but might be interesting on a conceptual
level, which could be evaluated in a future study.

In summary, the simple crystal field does not seem to explain the intermediate
nonmagnetic phase. It rather reliably enforces the emergence of magnetic phases by
driving the BEC like a magnetic field would do for a spin-dimer. Explanations of the
intermediate phase seem to necessitate at the very least the inclusion of additional
influences. One attempt would be the incorporation of the crystal field without
perturbation theory, which is described in the previous section as the “full crystal

field” and analyzed in the next part.
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3.3.3 Spin-orbital Triplons in the Full Trigonal Field

Scheme

The differences between simple and full crystal field scheme are explained in section
3.3.1. We can move on to the results. For sake of comparison with the simple scheme
we chose the same parameter ranges and follow the order of analysis. Hence, we start

with sMC simulations of the Heisenberg case.

Figure 3.50 contains the sMC observables in direct analogy to the preceding figure
3.45. Turning to descriptions of the results, we first notice that all magnetic phases
are a mixture of u and v bosons, which we deemed as expected in our formulation
of naive expectations due to the basis change and resulting complex interaction
parameters. The ratio of the boson types remains neatly fixed and a well defined
quantity in each magnetic regime. This may possibly serve as a new indicator of

absence of significant higher-order term influence.

In contrast to the simple crystal field scheme, the simulations do not change dras-
tically beyond A = —3X and A = 6, because there is no extreme change like an
energy gap closing. In fact, the energy gap remains finite (cf. figure 3.41) and there
is no distinctly different behavior expected for very large absolute values of A (in
contrast to, e.g., the polarized paramagnet equivalent where one state becomes more
and more isolated). As a result, the magnetization does not reduce for large A, but
seems to strive towards a constant, which appears to be the same whether one starts

in the magnetic A = A regime or in the A = 0.1\ paramagnet.

The last aspect points to an important difference between simple and full crystal
field model. In the simple crystal field, the semiclassical picture implies Ap(...) as
a scaling and hence that the crystal field is optimized for p = 1, i.e. the pure triplet
J =1 state. At the band gap closing at A = —3X and A = 6\, both magnetic and

paramagnetic starting points agree that p &~ 1/2 and then continue towards a pure
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Figure 3.50.

Observables calculated via semiclassical Monte-Carlo for the AFM

and FM Heisenberg model in the full crystal field scheme: Each case is analyzed
deep in the magnetic A = )\ and paramagnetic A = 0.1\ phase respectively. The
black vertical lines at A = —3\ and A = 6\ are a remnant of the simple crystal
field kept only as a comparative element (no physical importance here). The overall
trends remain the same as in the simple crystal field case: The magnetic phases evolve
trivially and the paramagnetic phases are driven toward Bose-Einstein condensation.
Due to the basis change and resulting complex interaction parameters, both w and v
bosons are involved, although the proportion of each in the magnetic phase remains
at a constant value.

triplet. Yet, in the full model the gap never closes and the crystal field strives toward
p = 1/2, i.e. the optimal filling for the hy terms and the triplons in general. Thus,

the crystal field remains perfectly compatible with the triplon condensation process.

Similar to the simple crystal field model, the fully magnetic A = X\ simulations are
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Figure 3.51. Phase diagrams and exemplary boson orders for the previously dis-
cussed FM and AFM Heisenberg models: Here t; represent the triplon basis states
in the full crystal field scheme and hence directions in the semiclassical Monte-Carlo
evaluation of the order. The A < 0 easy-axis is thus represented by the t3 direction
and the A > 0 easy-plane (labeled by *) by the t;-t5 plane. Changes between models
are still minute. The main differences to the simple scheme is that A < —3\ and
A > 6\ can be analyzed and all orders are involving both boson types.

mostly trivial. There is an abnormality for small A > 0 when higher-order terms are
involved (and due to A = X noticeable), which is expected based on a similar feature
appearing in the simple scheme. Aside from that, there is the usual higher-order
terms induced slight imbalance between AFM and FM condensation points.

We turn to the paramagnetic A = 0.1\ starting point. As in the simple model,
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3.3. Triplons in a 'Irigonal Crystal Field

we only observe a BEC. Noticeably, the condensation takes place at significantly
lower values of A than in the simple scheme, which is surprising if one assumes the
reduction of the effective on-site band gap (which evolves very analogously in both
schemes, cf. figure 3.41) to be the main contribution. Consequently, the Heisenberg
interactions, i.e. the other entities that change in the full scheme, seem to gain
significant prominence. Aside from the easier condensation point, there seem to be
no irregularities that point towards a nonmagnetic intermediate phase. In fact, the
support for condensation seems to be in direct opposition to that.

Before making a final point about the flavor-changing magnetization, we turn
to the phase diagrams and examples for a magnetic order depiction in figure 3.51.
Changing the basis from Cartesian t,/t,/t, (resulting in vector components x/y/z
of v and wu) to the ¢;/ty/t3 (henceforth interchangeably used as vector component
labels) frame of reference necessitates a short introduction of the geometry. Com-
parison with the simple field eigenstates and hence equation (3.36), dictates that ¢3
inherits the easy-axis direction, i.e. the role of fo. This is also evident when recalling
that the ¢3 on-site state is a purely constant entity. The ever-changing (with A) ¢;
and t9 directions are hence the easy-plane vectors. As expected, the system chooses
an easy-axis order of both boson types for A < 0, while aligning in the orthogonal
plane for A > 0.

We may now focus on the final abnormality in figure 3.50: Why is there a flavor-
changing magnetization for A > 07 Reflexively, one might discard this as an artifact
of the way we consider the magnetization. As mentioned before, we refrained from
tracking the z/y/z magnetization by transferring the expression into the new basis,
but rather changed to the ¢;/ty/t3 directions, because we do not try to compare
quantitative values (which would be akin to comparing apples to oranges). Yet, this

does not seem to explain the following effect?. First and foremost, one can trivially

4At least we do not find an obvious issue with the projection behaving differently when considering
M = 25}1/2/3 — Ly, ,,,, in the t1 /5,3 basis, but that would be the point where one should look
for possible inaccuracies.
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3. Analysis of the Triplon Honeycomb Model

see why there is no flavor term for A < 0, because both boson types are forced onto
the t3 axis. For A > 0 only a plane is enforced. On this plane there does not seem to
be an obvious influence dictating that the bosons align their axes. Hence, one might
be able to have a u x v component and hence a magnetic moment orthogonal to the
plane. As this is something that one might be able to measure, a more formal and
thorough way of bookkeeping the magnetic dipole moment could be a worthwhile
project for future studies. However, for the current topic we do not care where the

magnetic moment points to, so we finish the discussion at this instant.

Like for the crystal field, we should look at ED and « dependence. We start with
the former. Figure 3.52 shows the resulting ground state observables. Importantly,
there seem to be no features pointing to an intermediate nonmagentic phase. Addi-
tional data can be found in appendix A.2. This is enough analysis for the purpose of

this thesis. One should, however, be aware of some caveats regarding this simulation.

The A parameter sweeps have certain problems, which is why the fidelity and
energy derivative should be handled with caution (the triplon number and other
observables still seem to validate our result). With A, our basis changes. Thus
the ground state fidelity, which consists of the overlap between old and new state,
looses its well defined nature. If one really needs to rely on this quantity in future
simulations, one should save the old and new basis and expand the new states in
the old ones or vice versa. Similarly, the energy (and hence its derivative) has the
problem of having an overall nontrivial total energy shift with A (a problem known
from the higher-order terms analysis). However, sweeps in other parameters like A

may not suffer from the same kind of problem.

There is another caveat. We might ask the reasonable question why the A = 0
results are not identical with the simulation in absence of a trigonal field or the
ones for the same value in the simple scheme (with A = 0). Yet, there is a very
straightforward explanation. Recall that we should expect a significant finite size

effect for the ED cluster, e.g., for N = 2 the even particle sector may only have
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Figure 3.52. Ground state properties calculated via ED for the AFM Heisenberg
model: Sweeps in A (left) as well as A (right) are shown. Higher-order terms are
included. Extrema in the fidelity and energy derivative are marked by color map
conforming dots. The fidelity and energy derivative as a function of A are less useful
due to nontrivial energy shifts and basis change, which does not happen for A.
However, no simulation shows a second transition point. The model is still found to
drive from regular singlet paramagnetic phase to magnetic phase in the accustomed
way.
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Figure 3.53. Phase diagram for the Kitaev-Heisenberg model with higher-order hs-
h4 terms, A = 0.1\ and various values of interaction angle a and crystal field A: Even
for the full crystal field model the semiclassical Monte-Carlo simulations describe the
regular paramagnet and drive into magnetic phases. Here, only FM/AFM phases
seem to be involved. For angles where no magnetic phase is present at A = 6\ (not
enforced by a gap closing like in the simple scheme), the condensation is found to
emerge at larger values as described in the text.

pair creation while the odd one can only account for triplon hopping. If one rotates
the x/y/z basis into a new basis, these finite size problems should be expected
to change significantly. New problems can appear when, e.g., needing to account
for flavor-changing terms, and the issues arise nontrivially for each bond and each
flavor. Hence, the quantitative differences are no problem in principle. However, one
should note that a clear sanity check is lacking for the ED simulation as a result of
this. We can rotate (at least for A = 0) to the old z/y/z basis and check that our
Hamiltonian is seemingly correct, but potential bugs, e.g., with the complex values
being introduced, can not be completely discarded. At this point we reiterate that
the complete Hamiltonian may be checked for future attempts at reproduction of

our results by turning to appendix A.3.
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Finally, we may turn to the a dependence, i.e. the inclusion of the Kitaev in-
teraction. Figure 3.53 depicts the phase diagram with higher-order contributions
(appendix A.2 has the analogue without hs and hy). We can make the following
observations: We seemingly find no other singlet than the usual PM phase. There
seem to be only PM and FM/AFM. The FM/AFM phases gain prominence in both
additional « values as well as a smaller A being sufficient to cause condensation of
triplons. Additionally, no canted zigzag phase seems to exist. Moreover, there is no

guaranteed condensation for all regimes at A = 6.

The features can seemingly be explained or made plausible quite straightforwardly.
Condensation is not enforced as the singlet-triplet gap does not close in the full
scheme. If the crystal field, which in the full scheme alters the matrix elements, has
a bias towards the Heisenberg interactions, it explains both significant decrease in
condensation requirements and prominence in the a direction. We should recall that

a small part of this seems to exist in the simple scheme as well.

When considering the areas where the paramagnet still remains at A = 6\, we
might first note that this is a detail that may explain the absence of condensation
in real materials. The zigzag order, for example, is a prominent feature in Kitaev-
Heisenberg model candidate materials like NagIrOs or a-RuCls [38] (both d°, but
this feature could possibly extend to d*). Hence, one might have a lot of “time”
before condensation has to happen and thus a lot of options to do something else
under pressure, e.g. a structural transition. But does condensation take place at
all? When continuing the sMC simulation to larger value we find a condensation
into AFM order for « = 90° at A =~ 7.4\, FM order at o = 110° for A = 7.3\, while
the a = 120° case avoids condensation even at A = 12\. Hence, the trend seems to

mostly continue as expected from the A < 6 results.

We note that the absence of a Kitaev phase in sMC, if correctly assessed, might not
mean anything as the existence should be evaluated with a thorough ED simulation

in order to fully account for the quantum fluctuations. Nevertheless, the deemed
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breakdown of Kitaev physics in a-RuCls under pressure [219] makes this an intriguing
question. Additionally, the o = 120° case might be worth a look in future studies.
However, for the purpose of this thesis we reiterate that an N = 6 ED simulation does

not find the intermediate nonmagnetic phase either and conclude the investigation.

In summary, the incorporation of the crystal field, no matter if simple or full, seems
to overall induce condensation if one is not in a very particular case of, likely frus-
trated, interactions. The model does not seem to be able to explain the intermediate

phase found in [8].

One should therefore look for a different origin of the phase or try to modify
the triplon model. In that sense, we might shortly go over the likely extensions.
Next nearest neighbor interactions are expected to be able drastically change the
magnetic order based on rudimentary simulations and as trivially evident in the
formulas of spin-wave theory. This topic might be interesting in general. Yet, this
kind of interaction does not seem suitable to explain a phenomenon located on a
single dimer bond, which is a nearest neighbor problem. A different, but maybe
more feasible approach, would be anistropic bond interactions. E.g., one could start
multiplying the interactions of the z bond by a given factor (for an analysis of
the classical anisotropic Kitaev-Heisenberg model see reference [232]). This would
likely enforce dimer like features. But it does not seem to be trivially evident how
this should promote a nonmagnetic phase. Another, probably unlikely (e.g. due
to it breaking down in the related a-RuCl; [219]), candidate explanation would be
closeness to the Kitaev regime, which according to [170] is connected to valence bond
(solid) features, which would connect to discussion for LiyRuOsz. Another possible
angle of attack, which we think to have a lot of promise to at least lead to interesting
results, is to try and solve the problem from the LisRuOj3 side of things. In essence,
one could try to gauge how the valence bond state suggested for Li;RuO3 overlaps
with the triplon definitions on the two-site problem. This may give hints about the

form of the interactions necessary to drive triplons into this kind of state, if this

250



3.3. Triplons in a Trigonal Crystal Field

is at all a feasible idea (like the Kugel-Khomskii and phonon based description in
reference [221]). Nevertheless, the question remains unanswered and the possible
connection to LiyRuOj3 intriguing. Finally, it would be prudent to try to write down
the competition between covalent bond and magnetic (triplon based) interaction

explicitly and directly connect to reference [220)].
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Triplon Topology

In references [5, 6], first numerical results establishing topological phases of the
triplon Kitaev-Heisenberg model were reported. Here we try to explain the na-
ture of the topological effects, widen the scope of the analysis to other lattices and
interaction types, and furthermore try to gauge in what way the discussions in other
topological singlet-triplet and magnon systems [76, 77] can be adapted to our results

and vice versa.

A key for this discussion is to identify what similarities and differences our setup
shares with the more conventional, spin-dimer based, singlet-triplet models like
SrCuy(BO3), [78]. Here one should first mention the form of the spin interactions

considered.

Naturally, some of the more per se model- and not material-based studies contain
a broader range of interactions, e.g. a full Kitaev-Heisenberg model for a pure spin
system like in the spin-ladder and bilayer based discussions in references [128, 129].
However, as mentioned in section 1.2.3, both of these and other past efforts con-
cerning the topological spin-dimer singlet-triplet have been primarily driven by the
Dzyaloshinskii-Moriya interaction. Results here have been various, even going into
concepts like Dirac nodal loops [126], Weyl-triplons [127] and higher-order topologi-
cal states [130].

DM interaction is allowed for our honeycomb model, but it is not expected to be
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essential, neither for triplon topology nor for the nature of the spin interactions in
general. Instead, the obvious discussions in the spin-orbital triplon model concern
Kitaev or I' (I') type interactions arising naturally due to the orbital nature of the

model (as they did in the spin-1/2 Kitaev-Heisenberg model [51]).

This is part of the big overall difference concerning geometry-based motivations.
A large part of the focus of dimer-based singlet-triplet discussions has been inter-
actions arising in models based on materials like SrCuy(BO3), [78, 124, 125] or
BayCuSiyO6Cly [233], where the geometry and in particular the positioning of the
dimers, i.e. the orientation of the lattice sites concerning each other, dictate the
spin exchange. In particular, the form of DM interactions set restrictions for the
geometry.

We, however, are technically limited by the ligand octahedra, i.e. the environment
of each lattice site (that is usually just assumed implicitly) and their bond, i.e. the
edge-sharing connection. While this of course in principle represents a restriction
as materials of interest in the real world are not created by magically wish-fulfilling
entities, the bond problem is not as strict as it appears. In theory one can still build
all kinds of lattices out of these bonds. Additionally a rather free parameter study
might not care about edge-sharing geometry that much, because analogous processes
like d-p-p-d hopping (also discussed for the usual Kitaev-Heisenberg setups [39]) is
still orbital based and can provide the anistropic Kitaev or I' (I'") type interactions.

All in all, this naturally prompts a more qualitative approach regarding the avail-
ability of topologically nontrivial states in our kind of setups. Hence, we try to
extend the scope, primarily to different geometries.

Another big difference concerning the spin-dimers are the energy scales involved.
The case of DM interactions illustrates this point. Furthermore, in, e.g., a spin-
1/2 dimer the antiferromagnetic exchange separates singlet and triplet while for us
the spin-orbit coupling takes this role. For previously cited SrCuy(BO3)s [125], the

energy scales were favorable enough to make signatures of topological triplons well
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accessible for experiments. One might have to discuss if the spin-orbital models are
expected to perform similarly, better or worse in this regard.

Other differences arise from our discussions above: Due to the spin-orbital na-
ture of the dimer creating our singlet-triplet model, magnetic field and crystal field
distortions might have different impact. Especially for the magnetic field, which is
usually directly responsible for the nontrivial topology, this distinction is important.

Last but not least, one should acknowledge that there is general interest in Kitaev-
Heisenberg based topology stemming from the recent thermal Hall effect discussion
for a-RuCl;. There are features such as a special sign structure in the thermal
Hall response and specific heat [54, 234], whose origin has been a point of analysis
[235, 236] as it has been connected to the spin-liquid and Majorana fermions as well
as more conventional magnons [59]. It is therefore inherently interesting to find out
what happens in our model, which represents a related setup.

This chapter tries to provide answers to these questions in the following way: First,
in section 4.1, we introduce the triplon model whose topology we subsequently try
to analyze and talk about approximations that need to be made in order to do so.
Next, in section 4.2, we revisit the honeycomb lattice model where first numerical
results have been found in references [5, 6]. However, we significantly broaden the
scope of the previous studies by performing more exhaustive numerical evaluations,
considering arbitrary magnetic field directions and explaining the emerging topologi-
cal phenomena based on models we derive for the high- and low field limits as well as
discussing the underlying spin-L bosonic Dirac-cone physics. Moreover, we include
the trigonal crystal field in this analysis.

Thereafter, we search for triplon topology as in our model in other kinds of setups,
starting with a detailed analysis of the triangular lattice in section 4.3, where some
noticeable distinctions compared to the honeycomb can be made. Finally, we provide

an overview over other geometries and interactions in 4.4.
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4.1 Triplon Hamiltonian

Based on previous discussions (cf. sections 1.4.5.2 and 2.1), we consider the following

Hamiltonian:
H=AYnga+ JZ (TIT; — o)TIT] + e (4.1)
+Kz Z ( vilyg _CKTszTvTj—i_hC)

Y (G4)y

+ FZ Z (78 Ty + T4 Ty —er (TR0, + T1,TL) + b))

where ¢;/ck/cr are real constants. For their values see equation (1.77); they are
roughly of order one and were at times set to one for simplification. Furthermore,
v € {z,y,z} labels a bond and thus triplon flavor, with a and /8 representing the

other ones via cyclic permutation.

This Hamiltonian is, however, not the one we analyze in this thesis. An important
assumption is missing and needs to be included. We assume a regime located well
inside the paramagnetic phase of the model, meaning A > J/K/T". In the subsequent
paragraphs we explain the hows and whys of this assumption. It should be noted
that this scenario is directly equivalent to previous studies in dimers, e.g. in reference
[78], where the excitations, which represent the topological objects of interest, are

also uncondensed triplets/triplons.

First, we try to establish why this distinction should probably be made. Topo-
logical states of matter are an extremely broad topic with a plethora of effects and
phenomena, as one can easily gauge from reviews such as references [237, 238], which
do not even touch the subcategory of topological magnetic excitations [77] that we
discuss here, or by considering the Nobel Prize awarded for this field of research

to Thouless, Haldane and Kosterlitz in 2016. We try to break it down in terms of
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the historically important quantum Hall effect (even though the many variations of

quantum Hall effects could also be its own topic) in a quick and rough manner.

With the experimental sensation of the integer quantum Hall effect [239] came
explanations about the underlying physics, one of which was given by Thouless
et al. by considering an electron gas in a two-dimensional periodic potential, i.e.
a band structure based picture. This description of the quantization of the Hall
conductance by a (so called TKKN) invariant was later connected to the more or
less equivalent, more mathematically based, Chern number [240]. In a physical
sense, the Hamiltonian H (k) depends on momentum k, which takes the role of the
adiabatically changing parameter in the Berry phase [241]. The Chern number is

then the total amount of Berry curvature in the entire Brillouin zone.

This interpretation and way of establishing topology necessitates the existence of
a band to carry the k. Therefore, it is limited to a non-interacting system (i.e.
electron gas) or effective single-particle description. However, it is also clear that
any kind of particle forming a band will do. Hence one is not limited to electrons
like in the original quantum Hall effect. Bosons can have topologically nontrivial
states. Similarly having a band structure in ground or exited states is not important
as long as there is a band. As a result, the topological magnons/triplons, which are
excitations forming bands, are not a surprise and covered by the well known formulas

for the Chern number!.

Going into situations where many-particle interactions or impurities become im-
portant requires extra work [242, 243], as the single-particle formulations and having
a band structure per se become equivocal. Many-particle effects can change the
situation drastically, which is probably most famously evidenced by the fractional
quantum Hall effect [244]. Here the Coulomb interaction between the electrons is

essential, which is to be expected as the original experiment set out to find a Wigner

IBut not the Hall effect: The particles are not charged and hence the thermal Hall effect needs to
be discussed instead.
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solid, i.e. a structure where the Coulomb repulsion is so strong that the electrons
themselves form a lattice in order to maximize their distance from each other.

Hard-core bosons are intrinsically interacting via the on-site hard-core constraint.
This can be directly related to an effective Coulomb repulsion: In a normal Bose-
Hubbard model the so called “hard-core limit” is established by going to the limit
of U — oo for the Hubbard-interaction equivalent (cf. equation (1.49)) for bosons
[245].

Consequently, discriminating between a regime where boson interactions are rele-
vant or not is essential for the approach of the discussion and topological invariants.
Finally, the nature of restricting ourselves to the paramagnetic regime becomes ap-
parent: With enough distance to the critical point where triplons condense, there
should not be enough bosons around to make hard-core interactions crucial for the
description of the material and hence a topology can manifest itself in a band struc-
ture picture. In the condensed phase one has to rethink as triplon numbers become
sizable.

Therefore, we focus on the paramagnetic regime and resulting topological band
structure of triplon excitations. Remarks concerning the condensed phase and frac-
tional quantum Hall effect are relegated to section 4.4.5.

It should, however, be pointed out that neglecting interactions can be a quite
forgiving assumption even in non-obvious cases. SrCuy(BOj3), has been argued to
exhibit experimental signatures consistent with topological triplons, which may sur-
vive (of course with changes) the influence of a two-triplon bound state crossing into
the area of band-structures of the single-triplon environment [125].

Coming back to the Hamiltonian in equation (4.1) one can now ask what kind of
approximations are suitable in the paramagnetic phase. Naturally, just the Hamil-
tonian alone emerging from hy terms with neglect of hsy and hy (cf. section 1.4.5.2)
is one such simplification. Moreover, one can take a closer look at the pair cre-

ation and annihilation terms. Technically one could handle them via Bogoliubov
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4.1. Triplon Hamiltonian

transformation (cf. section 2.1), because the Bogoliubov quasiparticles look like free
single-particle solutions. There are however arguments for outright ignoring the pair

terms, which is useful because this saves a lot of work.

Firstly, one can note that the pair terms connect particle sectors with N +2 bosons,
e.g. the empty vacuum state with the one filled by N = 2 particles or the first excited
state N = 1 with N = 3. As each boson costs A and we strive for A > J/K/T,
there is a large energy gap of 2\ separating the states and they would enter only
perturbatively.

Secondly and more importantly, there has been progress since reference [5] regard-
ing the understanding of the model. In this thesis we explicitly link the topology to
Dirac-cone physics in the limiting cases. Furthermore, we survey the intermediate
regime to find that this might continue to explain the model beyond its limiting
cases. In reference [246] bosonic Dirac-cone physics in general have been linked to
fermionic models, which hugely helps with handling and interpreting them. Therein,
the triplon model of reference [5] has been explicitly mentioned as falling into this
category.

A big result of reference [246] is that the neglect of pair terms is not necessary to
establish the Dirac-cone topology, i.e. we obtain the same physics either way. This
is an incredibly powerful result as the approximation of pair terms is done with a
given regularity, which the authors also point out by explicitly citing a large array of
models (ours included) were the assumption is of this nature. It is therefore expected
that neglect of pair terms changes the exact value of phase boundary but not the
Dirac-cone physics establishing the topological band structure. One can therefore
rephrase equation (4.1) by setting all ¢ constants to 0.

Giving that there is now no entity connecting the particle sectors of the model, one
can just observe each one separately. As a result, A as an energy scale is just reduced
to a constant energy shift, e.g. in the one particle sector, and can be discarded

for the calculation of the Chern number. One should however not discard the term
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when the absolute energy scale becomes important, as is the case for the thermal
Hall conductivity, where the temperature needs to set the occupation of the excited

states via the Bose-Einstein distribution.

Even so, there is one more approximation that can and maybe needs to be made
for the topological band structure analysis. We want to introduce a magnetic field,

i.e. add the following term (cf. equation (1.91)) to the Hamiltonian
. . . i
Hypag = hZh- (M), = hZh- [—1\/6 (T-T) -5 (T'xT)|, (12

where h is the strength of the magnetic field and h a normalized vector representing

its direction.

Here one should recall the discussions comparing the nature of the terms in the
magnetization in, e.g., section 1.5.2: (TT X T) is the Zeeman term splitting the
triplons. It is the term found usually in spin-dimers and involved in the usual dis-
cussions of triplet topology like in reference [78]. But here we also have the Van
Vleck term (T — TT) to deal with and in discussions regarding the condensation we
found it to dominate. Furthermore, the Van Vleck term destroys the non-interacting

nature of the model by connecting the particle sectors.

One can argue that very deep in the paramagnetic phase the Zeeman term is
relevant and maybe even dominant. Formally the term is also suppressed by an
energy gap A to the N + 1 particle sectors. Also the stabilization of the ground state
is not that important and changing the exact values of the splitting will turn out to be
inconsequential. So there are reasons not to outright discard this model, even apart
from pure interest in the topology, removed from direct material based motivations.
Yet, this (and the thermal Hall signature being minute because of the energy scales
involved) is probably the biggest issue when it comes to the possibility of a the direct
experimental realization based on at least the material class we aim to describe with

the broader scenario of the excitonic Kitaev-Heisenberg model. Nevertheless, we will

260



4.1. Triplon Hamiltonian

ignore the Van Vleck term in the subsequent calculations.

It should be noted that the spin-dimers not only have no Van Vleck term, but the
Zeeman splitting is additive (cf. equation (1.115)) and thus relatively larger (aside
from comparing apples to oranges in regards to spin-dimer and spin-orbital dimer
magnetizations). Therefore this triplon model would gain significant importance if
Kitaev interactions could arise for ordinary spin-dimers.

Naturally, there is a reason for the ubiquitousness of Kitaev model approaches
based on the Jackeli-Khaliullin mechanism [47] and thus our problem, as the orbital
involvement making the directional anistropy possible is exactly what provides the
Van Vleck term.

Nonetheless, there exist suggestions for alternative ways to produce Kitaev inter-
actions in which the situation may be better. For example the fundamental toolbox
papers for ultracold atoms [247] and polar molecules [248] in optical lattices both
include the possibility. Especially the later is noteworthy as very similar topology im-
plicitly based on a (manipulated) hard-core boson singlet-triplet setup for molecules
with dipole-dipole interactions [249], where the molecule rotations are governed by
a H ~ J? Hamiltonian, exists. Yet, research into Kitaev physics themselves is not
prominent. A recent study [250] for example established that any Kitaev spin-liquid
phase would be destroyed for ultracold polar molecules due to the long range nature
of the interactions. For our purposes, the existence of Kitaev type interactions is
essential and not them being in any form dominant or able to establish a spin-liquid,
so that might be worth to keep in mind. Moreover, sometimes topical proposals still
emerge in completely new setups, like the quantum dot and magnetic field manip-
ulation based model in reference [251]. Furthermore, even without material based
motivation, one can write down and study Kitaev-type Hamiltonians with normal
spins.

For the latter case, there is a noteworthy paper which has been published very

recently during the creation of this thesis [252]. Therein, a Kitaev-Heisenberg model
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is studied on the star lattice. In the valence bond solid phases the spins combine on
given bonds, motivating a singlet-triplet model on an effective kagome lattice. The
topological band structure of the triplets in a magnetic field is analyzed. Following
the subsequent discussions of the topological triplon model, one can understand why
their model works and moreover even predict many features of the, at first glance,
kaleidoscopic mess of a phase diagram, even down to some significant values of the
Chern numbers. This creates a direct motivation of gauging the overall trends of the
triplon topology in our model.

Finally, after the approximations, the Hamiltonian analyzed for its (or the lowest

excitations’) topological band structure is

— i i i i
H=73 1T, + 3 3 [KTT, + 1 (TT,, + 11T, )| + e
)

Y <i’j>W

+ih Y h- (TTxT), (4.3)

where we re-scaled h for later convenience and consistency with old results [5, 6].
Recall that the Kitaev-Heisenberg part can be parametrized via J = Acos(a) and

K = Asin(«). We can now start the analysis of this model.

4.2 Triplon Topology on the Honeycomb
Lattice

The triplon topology on the honeycomb lattice has been the subject of study in
references [5] and [6]. Regardless, there are reasons to give it another look. First
of all, the results are limited to purely numerical analysis of the Kitaev-Heisenberg
model in h = [1,1,1]7 direction and T # 0 in [1,1, 1] and [0, 0, 1]. These numerical
results were important to establish existence and interest, but they are flawed either

by computational difficulties (unfinished areas and merged band interpretations),
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4.2. Triplon Topology on the Honeycomb Lattice

some mistakes in the phase diagrams of the latter two cases and a non-normalized
magnetic field making the interpretation more difficult. Furthermore, the in-plane
magnetic fields were omitted as topologically trivial.

Here, we reestablish the old results cleanly. Additionally we derive models in the
limits of large magnetic field h > J/K/I' and dominant coupling (vicariously via)
K > h and analyze them thoroughly. We also establish an interpretation of the
topology as being based on bosonic Dirac-cone physics. Moreover, we take a closer
look at the parameter space regarding orientation of the magnetic field and size and
form of interactions, in particular by including a trigonal field distortion. Discussions
of the latter have in the past been relegated to a (illustrating) side note in reference
[5], where it was established that the magnetic field could also be substituted by next-
nearest neighbor DM interactions and a trigonal splitting resulting in a reproduction
of the famous Haldane model [253].

We start by assessing the topological band structure by taking a closer look at the
Kitaev limit J =1"= 0.

4.2.1 Kitaev Interactions and Limiting Cases

The Chern number of band n can be calculated by finding the eigenstates and energies

of the Hamiltonian in equation (4.3) and using

c, = —%Im ds - 0, (k), (4.4)
o (n(k)| (V& H (k) [m(k)) x (n(k)| (VsH (K)) |m(k))
R TP (Bo(k) — Bul))?
B s, (18] (Dh, H(R)) () (n(R)] (96, H (k) m(k) — o < y
=gt [ kY (Bulk) — Enm(k))?

where the integrand represents the Berry curvature® Q,(k), |n(k)) the eigenstate

2We call the z-component of it, i.e. the integrand in the last line of the equation, just Berry
curvature hereinafter for convenience.
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with energy E, and we used its well known gauge-independent formulation [240] and
inserted the two-dimensional structure of the Brillouin zone.

The Kitaev limit provides a phase diagram with three distinct Chern number con-
figurations [figure 4.1a)]. In the low magnetic field limit & < K the Chern numbers
are C' = {—1,0,1,—1,0,1} (lowest to highest band). For dominant magnetic fields
h > K the topological invariant is instead fixed to C' = {—1,1,—1,1,—1,1}. Tran-
sitions to and out of an intermediate phase C' = {—1,0,0,0,0,1} happen at h = K
and h = 2K. For most of the discussions in this thesis, the upper three bands can
be inferred from the lower ones as in this example. Therefore, we will subsequently
limit ourselves to providing the lowest three band Chern numbers.

The phase diagram in the Kitaev limit can be understood in its entirety. The main
reason is that in the absence of a magnetic field the Kitaev interactions produce a
nondispersive band structure (and vice versa), i.e. an obvious degeneracy that is
lifted in a topologically nontrivial way. Although the combination of magnetic field
and Kitaev terms introduces intriguing dispersive behavior [figure 4.5a)] by allowing
an on-site flavor change coupled to an imaginary phase i, the gaps produced by the
energy scales are straightforward and dictate the topological phase transition via
band touching points. As a result, the h < K phase is expected to exist up to
h = K and the h > K limit emerges at h = 2K.

These results have been known from reference [6] (although fixing the norm of the
vector makes the energy scales more obvious here). But what happens when we try

to find out how the degeneracy in the limiting cases is actually lifted?

4.2.1.1 Analysis of the High- and Low-Field Limit

The spectral structure in both limits motivates the construction of effective Hamilto-
nians as a way to interpret the topological invariant and its origin. The degeneracy
is provided by the triplon flavors a € {x,y, z} and the two sublattices of the honey-

comb lattice. We choose a basis of the correspondingly labeled states |z1), |y1), |21),
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Figure 4.1. a) Chern numbers of the triplon excitations in the pure Kitaev model
as a function of the magnetic field h in [1,1,1] direction. b) Schematic sketch of
the ideas behind the effective Hamiltonians in each limit: In the limit of large Ki-
taev interaction K > h the bonding and anti-bonding states of the sublattices are
degenerate while in the A > K limit the sublattices themselves are degenerate. c)
Position of the winding number 7fi(k) throughout the Brillouin zone (distorted to a
square for simplicity).
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|za), |y2) and |z9), where the index denotes the sublattice. The Hamiltonian takes

the form

& Yy 0 —ih. ih,

h,| € h
H — ) 6 — ’}/Z €y Fyx ) hm lhz O _1h1- 9

e | hy - |_h|
Ty Yz €z —ihy ih, 0

(4.5)
where €, and 7, denote the standard Fourier transformation of the triplon hopping
terms in equation (4.3) (cf. section 2.1) and h,, represents on-site magnetic field
terms with direction h being introduced in equation (4.2). For the discussion of the

Kitaev case here v, = 0 and ¢, consist only of a single Kitaev term.

The limiting cases consist of threefold (h < K) and twofold (h > K) degenerate
energy manifolds [figure 4.1b)]. When K > h one needs to build new eigenstates
using the off-diagonal matrix elements of equation (4.5), i.e one creates a bonding
and anti-bonding state for each flavor |ay) = ca14 |01) + a2+ |a2). The states (for
each flavor) live at the (for the Kitaev case k independent) energy Ey = +K. The
flavors themselves stay degenerate. For h > K the on-site magnetic field results in

three eigenstates and eigenenergies and the degeneracy is based on the sublattices.

We strive to apply an interpretation of both limits via winding numbers, or more
precisely, spin-L generalized Dirac-cone physics. This has been described in reference
[78]. It requires the Hamiltonian to be rewritten in the form of H = nygl+mnL, where
1and L = (L LY L*)T represent unit and angular momentum matrices and n as

well as ng are parameters.

In these spin-L physics setups the form of n characterizes the topology of the
(2L + 1) band system. If there is no band touching point, i.e. if n # 0, one can
establish a map from the 2D Brillouin zone to the unit sphere in three dimensions
via the normalized vector nn. The winding number, or skyrmion count (there are

no real-space skyrmions here, but this interpretation is common, see e.g. reference
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[254]), W,, € Z of n is then calculated via

1 on  on
W= [ dkydk, A —— x —— ], 4.
W= /BZ y T (6!% X 8ky> (4.6)

where 1 represents the normalized vector n.

The Chern number of the two respectively three bands is related to the skyrmion
count via C' = 2m,W,,, where m,, relates to the m quantum number of the angular
momentum, which here can be connected to each band [78]. In particular C' =
{W,,—W,} for L =1/2 and C = {2W,,,0, —2W,,} for L = 1.

This formula is the generalization of the well known and used winding number
interpretation normally employed for two-band systems [238]. Obviously, any(!) two-
band system can be written in the required form via Pauli matrices H = ngl + no

as this is a general feature of 2 x 2 hermitian matrices.

For the three-band model, being able to rewrite the Hamiltonian in this form is not
obvious. Being able to do it is a handy direct proof of underlying spin-L Dirac-cone
physics being present. Using the spin-1 matrices (L, )s, = —i€ag, and the unitary

—ikry /2

transformations z — ze and y — ye'*™v/2 we find

2h, cos(kr,) L*
Hyerx = K1 — 2h,, cos(kr,) v, (4.7)
2h, cos(k(ry —ry)) L?

and analogous for the F = — K system (we get two spin-1 copies for the two threefold
degenerate K > h and three spin-1/2 for the twofold degenerate h > K). Here we
deformed the honeycomb lattice by the (free) choice of lattice vectors to a square
lattice and the vectors r, = (1,0)" and r, = (0,1)7 denote the distance to the
nearest neighbor unit cell. However, any other choice could be used by inserting

different vectors r, and 7.

The resulting Chern numbers are C' = sign(hyhyh,) - {—1,0,1} if hy),,. # 0. If
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one of the components h,/,,. = 0, then the Chern number is ill-defined because of a
remaining degeneracy and would remain trivial even if this problem did not exist. In
regards to the winding number [cf. figure 4.1¢)], 7 covers the entire sphere multiple
times, but requires more than one Brillouin zone to do so.

A direct consequence of this calculation is the insight that the magnetic field
being perpendicular, i.e. in [1, 1, 1] direction, is not the make-or-break criterion for
topologically nontrivial bands! Case in point, the field in [1,1, —2] direction, which
corresponds to a vector parallel to the honeycomb plane direction produces the same
Chern numbers but with an overall change of sign. The limiting factor for topological
triviality is any h component being zero, as would have been the case for a more
naive choice of in-plane field [1, —1, 0], but also for [1, 1, 0], which has a perpendicular
component. Topologically nontrivial bands thus exist for all directions with three
nonzero components of the magnetic field.

We subsequently investigate the h > K limit. The magnetic field provides three
eigenstates |0) and |+) with energies Fy = 0 and Ey = £h [figure 4.1b)]. Being a
pure on-site interaction, the energies of the honeycomb lattice are twofold degenerate
due to the unit cell. For a given twofold degenerate system of states belonging to
sublattices 1 and 2, a general effective Hamiltonian (up to an energy shift) takes the

form (basis {|0),,|0),} where the index denotes the sublattice)

, (4.8)

where Re/Im denotes the real/imaginary part and p as well as i/, are general
parameters discussed later.

Due to the winding number interpretation always being possible in a two-band
system, we derive the essential formulas in a more general context. The fundamental

consequence of the form of n is that if y; = uo, i.e. in cases where the sublattice
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symmetry is upheld, the resulting band structure is at best topologically trivial if not
even ill-defined. Therefore, one can instantly conclude that next-nearest neighbor
interactions, which stay on a sublattice and are real, are not essential for the topology
in this limit and do not contribute to it.

The block structure of the Hamiltonian (4.5) implies the form of the relevant

processes as illustrated in figure 4.1. Straightforwardly, we find

1
poy = (02]€|0) = W <hiex + hZey + hZe, (4.9)
+ 2hahy s + 2hhay, + 2hyhz%) ,
1
P = (al€ldr) = e ((hf, +h2)e, + (B2 + h2)e, + (B2 + B2)e,

= 2y = 2y — 2y )

For Kitaev interactions in the perpendicular [1,1,1] case, the p terms resemble the
dispersion produced by Heisenberg interactions, implying that there always is a de-
generacy at the K points in the Brillouin zone for n, = 0.

The n, component is derived in second order perturbation theory describing vir-
tual excitations to the other energy levels on the opposite sublattice [figure. 4.1b)]
(formula cf. equation (1.51)). Inherent symmetries and aspects of the eigenstates
such as |—) = (|+))* can be used to simplify the calculation significantly. As a result
the |£) shares the same terms as the |0) levels, with reduced numerical values. Ad-
ditionally the |+) have unique contributions via |+) — |F) — |£) processes. Here,
we discuss n, on the |0) level, as an example, but provide all terms for later analysis
of the limit in the phase diagram.

We find
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GT 2€
o — Z (<0|1 JEC?Q—(:;!, |0>1) (4.10)

_ {Ol€T|+) (+]el0)  (0let|—) (—le[0)
[h] [h]
(el [(leloyl
[h] [h]
[(Heloy [(+eo)]’
[h] hl

where we drop the sublattice index because the on-site states are the same. The
last lines are a peculiarity of the system, which is possible due to |—) = (|+))*,
0) = (10))", € = &%, (@|AIY) = (¥|AT))" and [e] = [c"]

For /15 the roles of €' and e switch, which is compensated by the minus sign and

factor 1/2 in n,. We find

1 2
il = o (IO — [cEelo) ) (4.11)
1
EW (Apl? + Apll + Al

where we separated the contributions of different parts of the € matrix for discussion.

Without I" contributions (which are discussed later), only Ap,. is active. We find

hahyh.

Apg) ==

Im [e, (e — €) + ¢, (s —€2) +e.(ex —€)] - (4.12)
For |4), perturbation theory works analogously. There is always a contribution
from the |0) state that has familiar form. New terms might appear via |[+) — |—)
suppressed by an energy gap of 2|h|. The big differences appear in Aplﬁj;) and pr
discussed for the I' # 0 regime. For A,u'i> the terms stay analogous and thus
Aptt) = %Au'f? and |—) correspondingly?.

3The Chern numbers of the lowest three bands dictate the others.
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Figure 4.2. a) Topological phase diagram of the effective h > K model: ¢ and 0
are spherical coordinates parametrizing the direction of the magnetic field. Phase
transitions are connected to triangle equalities of the field components and a clear
sign structure based on them emerges, which is visualized on the sphere in b)-e).
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This relation for n, has two immediate consequences: First, Kitaev terms are
essential for lifting the degeneracy and gaining a topological phase. In the case
without Kitaev terms, the (€ —€;) terms vanish completely because the Heisenberg
terms look the same for all flavors. As a result the degeneracy at the K points
(vanishing n, and n,) cannot be lifted by a nonzero n, (|n| represents the band gap
and |n| = 0 a degeneracy). Even if that was not the case for n, and n,, a trivial
z component forbids a nontrivial winding number, at least when operating in two
dimensions. Secondly, all three components of the magnetic field need to be active.

The winding number for |0) in the nontrivial [1, 1, 1] case is visualized in figure 4.1c).

In figure 4.2 we analyze the h > K effective model for different magnetic fields.
Here the magnetic field is described by the spherical coordinate unit vector h, =
cos(¢)sin(#), h, = sin(¢) sin(f) and h, = cos(#). We find a rich phase diagram even
in just this limit.

There are two notable aspects in the phase diagram. First of all, the phases where
all three (six) bands carry a nontrivial Chern number are exactly the areas where
the components h,, h, and h, fulfill the triangle inequalities, similar to K, K, and
K .-dependent spin liquid phases in the original Kitaev model [4]. Ergo, if one of
the components is much larger then the others, one of the band pairs stays trivial.
Second, there is a clear sign structure dictated by the overall sign of the product of
hzhyh,. The sign of the lowest band is consistent in a sector. As the lowest band
is filled first thermally by a Bose-Einstein distribution and the sign represents the
direction of the edge state gradient, one would expect this sign structure to directly
translate to the thermal Hall conductivity (cf. section 4.3.3). Hence, we provide
one more indication that the sign structure of the thermal Hall effect is a general
feature of Kitaev interactions and not necessarily connected to Majorana fermions
(see discussion in the introduction of this chapter). Moreover, we note that there
are differences between our effective model and the very recent results for an in-

plane polarized Kitaev magnet (i.e. regular spin based model), where, e.g., large
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topologically trivial areas exist [255].

4.2.2 Kitaev-Heisenberg Model

We now consider the Kitaev-Heisenberg model (I' = 0).

For the high-field limit we can use the previous calculations to obtain results
beyond the Kitaev limit. Analysis of the high-field limit can be performed using
equations (4.9) and (4.11). Naturally, changes due to magnetic field direction and
Kitaev to Heisenberg ratio influence each other.

In the low-field limit the winding number interpretation using L = 1 Dirac-cone
physics loses its usefulness and one is in reasonable practice limited to brute force
calculations. However, according to reference [246] the entire system retains its
Dirac-based nature.

The Kitaev-Heisenberg model with a magnetic field in perpendicular direction can
be found to offer a rich phase diagram containing a multitude of distinct topological
configurations (see figure 4.3, and references [5, 6] for the old plot without limit case
and clean phase borders). The phase diagram is invariant for & — « + 180°. In
contrast to reference [5], we eliminated unclear areas by careful numerical evaluation
of the Chern number and additional explicit calculation of the band gap closings.
Furthermore, we normalize the magnetic field vector direction. The focus on the
band gap closings is useful because it does not have the same problems as the gauge-
independent formulation of the Berry curvature and thus Chern number in equation
(4.4), namely the energy difference in the denominator diverging when bands touch.
The winding number interpretation has the same issue via nn = 0.

One can notice the phase transitions seemingly originating from select points in the
h = 0 limit. Three distinct phase transitions continue into the high-field limit: the
ferro- and antiferromagnetic Heisenberg case as well as at o = 108.5°. Amid a closer

look at the band structure, or more fundamentally at the Hamiltonian (4.1), one can
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Figure 4.3. Topological phase diagram for the Kitaev-Heisenberg model
parametrized by J = Acos(a) and K = Asin(a) for a magnetic field in [y, hy, h,] =
[1,1, 1] direction (normalized): the numbers in brakets denote the Chern numbers of
lowest three bands (the others are fixed by mirroring and changing sign). Calculated
band gap closings (not in the h > A limit) at I' (solid line), M (dashed) and K
(dotted) symmetry points in the Brillouin zone are sketched to provide clean phase
borders. A full list of the phases can be found in table 4.1. The top contains the
phase diagram of the effective minimal model winding number calculations.

find these phase transitions to be trivial aspects of sublattice symmetry. For a pure
Heisenberg interaction the dispersion vanishes € = 0 at the K points of the Brillouin
zone. Similarly, at the I" point we find €,/,/. = 3J+ K = A(3 cos(a) +sin(a)), which
becomes trivial for o = 108.5°. The latter observation, i.e. trivial dispersion, easily
extends to the results in the high-field limit. Additionally we earlier discussed the
pure Heisenberg case to lead to n, = 0 and, as a consequence, to a gapless system.

Similarly all other phase transitions can be evaluated analytically when the band
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touching points are known. All phase transitions not belonging to the high-field
limit inherit the sinusoidal and cosine shapes of the J/K parameters. We find band
gap closings at I', K (only Heisenberg K = 0) and M points in the Brillouin zone.
Each touching point originates at distinct points in the h = 0 limit, prompting a
closer investigation. Additionally, one can notice a clear trend in regards to Chern
number changes at these transitions. Except for the special angle o = 108.5°, a gap
closure at the M point provides AC = £3 while the I" point introduces changes of
AC = +1.

A full list of Chern numbers for the phases of this and the subsequent [1,1, —2]

phase diagram is shown in table 4.1.

Through analysis of the h = 0 band structures and the Berry curvatures (figures
4.5 and 4.4) for a representative part of the phase diagram 0° < a < 90°, we can
procure an explanation for the origin and influence of the M point phase transition
as well as the realization of the highest Chern number C' = 5.

The introduction of a minute Heisenberg term to the Kitaev limit changes the
degeneracy, leaving three distinct twofold degenerate flavor pairs on the K-K’ lines.
The Berry curvature then originates at the M points. Each of the three distinct
points can gap and potentially introduce a change in Chern number. Due to the
form of the dispersion, the magnetic field is expected to provide a mix of these
solutions. Yet, the middle bands, and not the two highest (lowest) ones naively
deduced from the h = 0 limit, inherit all three distinct lifted degeneracies. This can
be observed by considering the phase transition at h # 0. As a result the h = 0
limit, though useful for the nature of the topological phase, does not immediately
dictate the Chern numbers.

At o = 45°, the Heisenberg interaction takes over, causing a touching point be-
tween bonding and antibonding solutions. Again, three distinct points for the flavor
pairs are formed, this time between the middle bands. Here, the Chern numbers

follow directly from the h = 0 limit. The Chern number is additive through all these
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Table 4.1.: Chern numbers of the lowest three
bands for h = [1,1,1]7 and h =
[1,1,—2]".  Chern numbers of
[1,1,1] also appear in the [1, 1, —2]
phase diagram with a global sign
change (which would not be there
for [1,1,2]). Phase labels can be
found in figures 4.3 and 4.6.

1,1,1] new for [1,1, —2]
phase | C; Cy (5| phase | C7 Cy; 5
1 -1 3 5 A 1 -3 3
2 -1 3 -2 B 1 -2 1
3 -1 0 1 C 1 -1 0
4 -1 0 0 D -1 1 0
5 -1 1 -1 E 0o 0 -1
6 2 3 1 F 1 -3 4
7 -1 0 4 G 12 -
8 2 -3 0 H -1 2 0
9 2 -2 -1 I 1001 1
10 -1 1 2 J 1 -1 -1
11 -1 0 3 K 1 0 -2

cases.

Additionally the underlying bosonic Dirac physics become apparent. Going back-
wards from the near Heisenberg regime in 4.4d) to the a = 45° case in 4.4c), one can
see that the flavors touch via Dirac-cone shaped dispersions, which split up depend-
ing on the their flavor type and travel to different M points in the Brillouin zone.
Moreover, if any lifted Dirac point contributes a Chern number £1, the 3 distinct

flavors reaching the M points directly explain the aforementioned AC = +£3.
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Figure 4.4. a) Band structure for the Kitaev model with and without a magnetic
field: The magnetic field can induce a dispersive behavior (cf. [5]). b) Band structure
in the regime 45° < a < 90° at the A = 0 and first A # 0 phase transition: The
degeneracies lie within the bonding and anti-bonding sublattice states. The band
gaps close at the K and M points respectively. ¢) At o = 45° the Heisenberg
interaction is strong enough to allow additional touching points between bonding and
anti-bonding regimes. d) Moving closer to the Heisenberg regimes all degeneracies
move to the K points. Flavors have spatially dependent touching points (threefold
rotation to exchange them) and therefore travel on distinct lines.

This splitting and movement of the Dirac points can also be gauged by the obser-
vation of the Berry curvature in figure 4.5. The nontrivial Berry curvature regularly
emerges from the K points, then splits up into three distinct entities, and moves
toward different M point. Furthermore the splitting makes the Berry curvature ap-
pear to have the structure of a decorated honeycomb lattice, which fits the role of

the flavors on each site and thus to interpretations used in reference [5].
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Figure 4.5. Berry curvature of the lowest three bands (lowest band on bottom) at
h = 0.5: The points of nontrivial Berry curvature emerge and then split up to travel
towards different K points, where in the Heisenberg limit all degeneracies unite.
Close to the Heisenberg limit a decorated honeycomb structure emerges.

In summary, the [1,1,1] magnetic field establishes a topological phase diagram
that can be understood in terms of a high magnetic field limit, a low-field Kitaev
limit and the form of the dispersion relations for A~ = 0. The high Chern number is
partly caused by the lifting of the degeneracy of the three distinct flavor pairs at the

M points and accumulation of different broken symmetries.

With this knowledge we can interpolate the topological phase diagram for arbitrary
magnetic field directions, which was not done before, as reference [6] discarded the
in-plane magnetic fields as trivial (probably by only testing [1,—1,0]). Note that
[1,1,1] is perpendicular, so any other vector with vanishing scalar product with it is

in-plane.

However, the previous discussions of the limiting cases point a different picture.
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Figure 4.6. Topological phase diagram for the Kitaev-Heisenberg model
parametrized by J = Acos(a) and K = Asin(«) for a magnetic field in [hy, hy, h,] =
[1,1, —2] direction (normalized): the numbers in brakets denote the Chern numbers
of lowest three bands (the others are fixed by mirroring and changing sign). Calcu-
lated band gap closings (not in the A > A limit) at I" (solid line), M (dashed) and K
(dotted) symmetry points in the Brillouin zone are sketched to provide clean phase
borders. A full list of the phases can be found in table 4.1. The top contains the
phase diagram of the effective minimal model winding number calculations. Unla-
beled phases are the ones found at comparable positions in 4.3 aside from a global
sign change (which would not be necessary for [1,1,2]).

The essential ingredient for nontrivial structures can be pinned to having all three
components of the magnetic field vector being finite. Another insight was the sign
structure of the Chern number. These findings continue to the whole phase diagram.
Indeed any field direction with a trivial component e.g. [hy,h,, 0] can be found

to be topologically trivial. This obviously does not include any restriction on the
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Figure 4.7. Alternative scheme to visualize the phase diagram in figure 4.3 (the
[1,1,1] magnetic field). Dashed, dotted and normal lines still refer to the K, " and
M points. Numbers in brackets denote the Chern numbers of the lowest three bands
{C1,Cy,C5}. The colors refer to which gap closes (see also legend in figure 4.9):
orange labels the lowest gap and crossing the line in arrow direction yields Cy + x
and Cy —x. The next highest gap is represented by green and the one between band
three and four by violet.

perpendicular or in-plane directions.

The remaining magnetic-field results can be explained via the example of the
[1,1, —2] direction, which is in-plane. The phase diagram can be found in figure 4.6.
As demonstrated by the limit-based model, the low-field Kitaev phase only changes
its global sign. Moreover all familiar Chern number combinations develop an overall
sign change. This is not the case for [1,1,2] where the signs stay consistent with

[1,1,1]. Similarly [1,1, —1] has a sign flip compared to [1,1,1] and [1, —1, —1] does
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Figure 4.8. Alternative scheme to visualize the phase diagram in figure 4.3 (the
[1,1, —2] magnetic field). Dashed, dotted and normal lines still refer to the K, T and
M points. Numbers in brackets denote the Chern numbers of the lowest three bands
{C1,Cy,C5}. The colors refer to which gap closes (see also legend in figure 4.9):
orange labels the lowest gap and crossing the line in arrow direction yields C| + z
and Cy —x. The next highest gap is represented by green and the one between band
three and four by violet. The black box labels an area of more complicated nature
where the lines within intermingle and arrow labels change.

not. One may ignore the overall sign change and discuss the remaining features,
which are partly h, = h, # h, based. Unsurprisingly, Heisenberg and o = 108.5°
remain unchanged as well as the number of I' touching points, where no explicit
flavor distinction exists.

However, each of the M transitions is split into two separate instances, one with
AC = +2 and another with AC = +1 , which effectively introduces a new interme-
diate phase. The origin of this phase is easily explained by the three distinct flavor
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pairs. The magnetic field constitutes the interaction of the flavors. If one interac-
tion is different it will inherit slightly changed dynamics implying an earlier/later
gap closure. Consequently, three different components h,/,,. can further split the
M transitions, resulting in three subsequent AC' = +1 changes. The resulting new

phases are therefore straightforward.

Additionally the high-magnetic-field limit changes as previously established. No-
tably this leads to an intriguing evolution of the phase transitions from the low-
to the high-field limit. The unintuitive change is thus relegated to strong magnetic
fields, which are not expected to be important in realistic models (see reference [6]

for an estimate for the involved units).

Summarizing, the topological phase diagram for arbitrary magnetic fields with
three nonvanishing components is rich and not limited to perpendicular magnetic
fields. Many of its properties can be intuitively understood. At this point providing
a plethora of slightly different phase diagrams stops being useful. Therefore we leave
it at these two. One should note that, as evidenced by the discussions, this time the
various topological band structures for the different magnetic field directions have

been thoroughly checked.

Nevertheless, one point remains to be made here. Due to the multitude of different
topological phases and the fact that there is no trivial one in sight (as long as the
entire setup is nontrivial), drawing and labeling the phase diagram in its entirety
is neither well-arranged nor convenient. Moreover, the situation when including the
[' terms is an order of magnitude more complex and the resulting kaleidoscope of a
phase diagram is just not practical for a mistake free and reproduceable analysis (cf.
reference [6]).

Essentially, the problem can be reduced to a compilation of wildly intersecting
band touching points representing fixed symmetries and thus behaviors. Therefore,
the important information can be communicated via these lines, at least if one accepts

that 1) there are topologically nontrivial phases everywhere (assuming any single one
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exists) and if the Chern numbers somehow cancel in a particular area that would be a
coincidence® and 2) that there are so many approximations involved that predicting
specific Chern numbers (or locations in the phase diagram) of a realistic material can
not be expected, so that bothering which Chern numbers in each area are present is
not the most important aspect.

One can try to reproduce the earlier phase diagrams with this in mind. This has
been attempted in figure 4.7 for [1,1, 1] and figure 4.8 for [1,1, —2]. When interest
in a precise area arises, the Chern numbers can be easily “calculated” by following
the arrays and adding the numbers for the relevant bands. A legend explaining the
rules can be found in figure 4.9. The colors are designed to be colorblind safe [256].

In this way, the relevant information can be conveyed in a format that is hopefully
concise and little prone to errors. This format should still be seen to imply a thorough
evaluation of the Chern numbers and band gaps, the latter of which can more often
than not be calculated analytically when the touching-point coordinates, e.g. M,

are known and inserted as k into the Hamiltonian.

4.2.3 Influence of Gamma

Flavor changing interactions I' are expected to contribute in real materials, which can
be inferred from the derivation of the model in this thesis and general experiences
based on other Kiteav-Heisenberg models [39]. In the subsequent paragraphs we
investigate their influence.

In the low-field Kitaev limit, I' terms enter as competition to the magnetic field
in the flavor changing matrix elements of bonding/anti-bonding states. This has
two immediate consequences: First of all, the existence of complex matrix elements
impedes the analysis via L = 1 winding number. However, based on [246], one can

still recognize the physics as Dirac-cone based. Moreover, the limiting case h > I’

4that so far has not appeared in any regime
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always works and the other limit can be calculated by brute force. Therefore the
existence of topological bands can be quickly determined, because if it works in both
limits, the nontrivial topology cannot easily disappear. Accordingly, evaluation of a
plethora of phase diagrams, at least as a survey and explicitly also in the I' regime,

yielded non-trivial phases.

Similar to the approach we used in the discussion of the topological band structure
of the pure Kitaev-Heisenberg model, there is an argument to be made that just
creating one of countless possible phase diagrams is, even though it might look
complicated and superficially important, not an adequate approach to understand
the model. It seems functional to explain why and when one should expect to find
nontrivial topology. Moreover, describing the big picture structure from which one
can infer the overall behavior, like the flavors becoming disparate in the I' = 0 [1, 1, 1]

to [1, 1, £2] case resulting in a split of M touching points, seems to be prudent.

We therefore choose the following approach in this thesis: As reference [6] looks at
the I' # 0 [1,1, 1] and [0, 0, 1] cases and provides flawed phase diagrams based purely
on numerical results, the first step is to cleanly describe these known cases. We then
work out what to expect for the behavior concerning general magnetic fields, of course
based on implicit evaluations of the Chern number in various cases. One should note
that in contrast to the I' = 0 discussion where only the [1, 1, 1] was previously known
and just slightly but acceptably off regarding clean phase borders and merged bands,
the I # 0 plots are flawed in a more significant sense (understandably so considering
the sheer amount of phases and numerical difficulties®). Next to merged bands, slight
inaccuracies regarding the phase boundary and the inconvenience of an unnormalized
magnetic field vector, there are also errors concerning some Chern numbers. Hence,
it is prudent to reestablish those. Also, it gives the reader an opportunity to recheck

aspects of the simplified way of displaying the phase diagram via band touching

SReference [252] for example only provides 3 phases explicitly in a comparative but simpler sce-
nario, which is perfectly reasonable
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points and arrows used in this thesis.

For the new aspect of the topology that is beyond numerics we start, as was the

case for the I' = 0 model, with the limiting case.

In the general high-field limit the v terms in p and n, need to be considered. The
p terms are established in equation (4.9). For the latter this leads to non-vanishing

summands Ayt and Ayi., which can be found to be

Al =T [ yhy (e, = €,)(havy + By 2s) + habae, =€) (el +hn))  (413)
+ hyhz(ey - Ez)(hyV: + hZ’Y;)]>
Al =T |y (2 + B2 = 23y, + By (B2 + 12 = W2)2, (4.14)

(R 4 2= B2, .

on the |0) manifold (|£) are analogous and provided after the subsequent discussion).
Beyond changes in the high-field limit, this implies that the requirement of three
non-vanishing components of h can be dropped. For example, two corresponding ~
components v, /, can introduce a nonzero term with 4, in n, and therefore potentially

substitute for h,/,,.

However, this new freedom introduces a “new” (previously also trivial) range of
bad choices in regard to topological phases. For h, = —h, and h, = 0, i.e. the
[1,—1,0] case or equivalent combinations of the flavors, we find A, = 0, Ay, =0
trivially caused by the magnetic field and A, vanishing due to the form of v and
e and thus no topological band structure. However, an anisotropy of I' in 7, and 7,
can remedy this. This fact seems to extend to the entire phase diagram. All in all,
one can find scenarios where no topological band structure can be established, but

one has to actively seek them out.

In summary, the nonzero I' allows for a plethora of new acceptable choices for

the magnetic field direction. While for I' = 0 one needed all three components to
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be active, the v dispersion can substitute breaking the flavor symmetry and thus
allow e.g. [0,0,1]. However, in some “unlucky” (of course based on symmetries of
the dispersion relations etc...) cases like [1, —1, 0], the v can not do its job because
the symmetries align somewhere in the Brillouin zone (closing of band gaps can now
happen away from the symmetry points). One can move this unlucky coincidence by
e.g. anisotropy of I' (or K or J), which might just exist in a realistic compound per
se or be induced via pressure (in practice one would probably just move the magnetic
field a tiny bit).

For completeness one should mention, that an analogous analysis follows for the

|£) states. The new terms in the n, component are (|—) via (|+))* = |—)):
ApY 1 . . \
Al ==L5 + St (e, = ) (hay; + by — hr) (4.15)

+ha(e, — ) (=ha vy + hyyy + 0l |
Apt) _ A +Tm [h (h2 + h?)y; (4.16)
Py = 9 T\y =) TyVz )
+ hy(h3 + W27,

2 PAPRES
+ ho(hy 4 hy) vy |-

Before considering how to make predictions about the topological nature of the
low-field limit, it is useful to look at the phase diagram. We turn to a pure observa-

tional look at the result.

In figure 4.9 we present the topological phase diagram for I' = 0.1 A and a magnetic
field in the [1,1, 1] direction. Similar to the previous case the explicit analysis of
phase transitions via a search for vanishing bandgaps is a powerful tool. The new
energy scale of I' discussed in the Kitaev case permeates through the entire phase
diagram at h = /3I' (T is akin to an unnormalized vector in [1,1,1] direction),

introducing a phase transition with AC' = £2. We refer to a subsequent discussion
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Figure 4.10. Phase diagram for [0, 0, 1] and I" # 0: Numbers in brackets denote the Chern numbers of the lowest three
bands {C1, Cy, C5}. Colorful dashed, dotted and normal lines refer to the K, I' and M points. The colors refer to which
gap closes: orange labels the lowest gap and crossing the line in arrow direction yields C; + x and Cy — = (see also key
of 4.9 for more detailed explanations). The next highest gap is represented by green and the one between band three
and four by violet. Gap closings away from the symmetry points are shown as black, more finely dashed lines.
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of the triangular lattice for an analysis of this particular symmetry.

I' introduces new phase transition points in the Brillouin zone. These new partic-
ipants introduce the most significant changes in the phase diagram, most notably a
Chern number of C' = 8. Furthermore, the introduction of I' leads to an inequiva-
lence of & — a + 180°, which can be flipped by a sign change of I'. Additionally,
pure Heisenberg and o = 108.5° cases are not trivial anymore, because I' changes
the form of the dispersion. In fact, the trivial points move in a way that depends
on I'. This includes the Heisenberg limit, which ceases to be trivial. Instead the
straight phase border reaching into the high-field limit, which was formally at the
a = 0° Heisenberg case, shifts toward the Kitaev regime also by roughly the order of
magnitude of I". The shifts have been observed to follow this trend for other values

of I.

Another noticeable feature can be visualized when looking at the “old” phases, i.e.
the ones known from the I' = 0 [1, 1, 1] diagram. In figure 4.9 these are highlighted
by a gray coloring®. In the first half of the diagram, i.e. 0° < o < 180° where K
and I' have the same sign, the topological phases are largely new, except for the
area where the high-field phase permeates. In contrast to this, the other half more
or less repeats the I' = 0 phase diagram above the magnitude threshold of the new
interaction. In one case the interactions seem to cooperate while in the other there

is a competition.

Lastly, one might notice that the gap closings away from the symmetry points
seem to be connected to a Chern number change of AC' = £6. This, however, can
be rationalized, as the M points (at least pairwise) can be translated into one another
by a reciprocal lattice vector. A point away from a phase boundary will, however, not
repeat and therefore inherit the sixfold rotational symmetry of the Brillouin zone.

Hence, a Dirac point connected to this could be expected to produce such a change.

60f course, due to the huge amount of phases, some Chern number combinations reappear at
other points. These have not been included in the coloration.
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Continuing with explanations of the purely observational discussion, one can go
back to the issue of the low-field limit. As mentioned before, explicit formulation
as a L = 1 winding number does no longer work. Technically one can try to use
multiple layers of perturbation theory or the fact that the 3 x 3 structure is still
solvable, which can help a lot for analytical expressions of the gap closings via the
discriminant. Yet, the Dirac physics is set by reference [246] for the entirety of the
model so there is no gain in that. This also does not solve the core issue: is the
low-field limit topologically non-trivial or not? Or at least: are there some areas of
topological non-triviality?

Naturally, one can always go back to brute-force calculations in the low-field limit
and thus establish that both limits work and there should be a kaleidoscope of
topological phases. However, there is at least a very good plausibility argument that

also explains features in the phase diagram.

Here one can recall a tool that has seen use for Kitaev-Heisenbergs model in
other contexts: sublattice transformations. In one of the first papers considering
the Kitaev-Heisenberg model [48] a four-sublattice transformation was employed to
rewrite the model in pure Heisenberg form, solve it and then recover the “real”
solution by transforming back, in this case from a FM-Heisenberg to a stripy AFM
phase. Ever since these kinds of mappings of one point in the Kitaev-Heisenberg
model to another have been employed and extended, e.g. by reference [257], where
different lattices are analyzed and the transformation is generalized as an application
of the Klein four-group Z, x Zs. All in all, one may summarize this as there being

clear mappings from some sets of Kitaev-Heisenberg couplings to others.

For the extended Kitaev Heisenberg model including the I' terms, these “hidden
symmetries” were systematically analyzed in reference [258] using combinations of
transformations on two, four and six sites. While the paper is more focused on
magnetic phases instead of pure coupling parameters, the idea behind it can be

sketched by a (trivializing) example: Suppose neighboring sites i and j are coupled

290



4.2. Triplon Topology on the Honeycomb Lattice

via Kitaev and I' interactions with K = I'. Now switch x — y on site j, i.e.

T =(T,,T,,T.) = T = (T,,, T,, T.) = (T,, T, T, ):

KT T+ T (ToiTyy + Ty Tog) = KTyt (ToiTo + 1Ty, ) = KT,

(4.17)
Hence one can make Kitaev and I' couplings of the same size look like a Heisenberg
model on a given bond. Of course that change the interactions on the other bonds,
which is why the real story is more complicated and one needs to apply (usually
multiple) transformations as described in reference [258]. And, naturally, the on-site
magnetic field changes, although in perturbation theory one would solve the model
without it first and moreover the direction of the magnetic field (when all three
components are nonzero) has been important for the specific Chern number but not

the topology being trivial or not.

The major point of the sublattice transformation is that combinations of Kitaev,
Heisenberg and I" couplings can be made to look like each other. While the exact
form of their characteristics might not be the same (in other words: Chern numbers
and phase borders are subject to change), the overarching symmetries are. The
previous back-of-the envelope example directly explains the earlier observation of
the Heisenberg point becoming nontrivial and the straight phase border moving:
Heisenberg J + I' has a bit of Kitaev in it while I' + K may look like Heisenberg if
of equal size. Hence one would expect @ = 0 to become nontrivial and the border
to move to where Kitaev and I' are comparable, which is exactly what we observe in

figure 4.9.

And for the overarching model this leads to the following plausibility argument:
When varying the parameters of the JKI' model one almost inevitably move through
dual points of the normal Kitaev-Heisenberg model, which was topological nontrivial
for the majority of magnetic field choices. Therefore, one should reasonably expect

at least some points in the low-field limit to inherit this trait.
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With this in mind, it is not surprising that aside from the previously established
choices like [1, —1, 0], after many rough numerical evaluations of the phase diagrams
for, e.g., different values of I' and magnetic field choices as well as anisotropic cou-
plings, the model seems to stay topologically nontrivial everywhere. Given that the
trends in the phase diagram are expected in the case of some previously described
overarching trends, but probably to complicated to predict before calculations are
explicitly done, one could reasonably stop the explanation here.

For the purpose of completeness we however add the second scenario attempted
in [6], i.e. the [0,0, 1] magnetic field, in figure 4.10 in order to make this point and
subsequently refrain from such endeavors.

In summary, flavor changing interactions do not destroy the topological band struc-
ture. On the contrary, they facilitate the potential for higher Chern numbers and

additional magnetic field directions.

4.2.4 Trigonal Crystal Field

In light of the above discussion we refrain from studying additional terms like the I"
interactions, but there is one influence that, at least on paper, presents a qualitatively
ozp TiaTip (size A

rescaled for convenience compared to previous discussions), represents an on-site

different scenario. The trigonal distortion Hep = Acpy ., .

term. Given previous discussions, it is also expected to be of quite significant size
in real materials. Recall from earlier sections that in CagRuQO, the (tetragonal, but
that does not matter explicitly) crystal field is of comparable size or more significant
than spin-orbit coupling, i.e. larger than the J/K/I' interactions here. Also, its
on-site nature represents a new situation.

In the high-field case this problem can be solved easily. The crystal field terms
only enter p; and us as they are on-site. Additionally the terms look the same for

both sites, so the contribution to n, ~ pu; — e vanishes exactly. Thus, a constant
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Figure 4.11. Phase diagrams for a) Kitaev coupling K = A = 1, crystal field
strength Acp = A/4, b) K = A, magnetic field strength h = A/4 and ¢) K = A/4,
Acr = A: Phase borders are visualized by black vertical lines. Chern numbers are
provided for each phase starting with the energetically lowest band and increasing
in energy from left to right. The Chern numbers of the highest three bands are
represented by the dashed lines.
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crystal field (no matter if tetragonal, trigonal or any other form) does not change
anything in the high-field limit.

For the low-field calculations Acr poses a problem. One can however approach it
qualitatively. If the exchange interaction, e.g. Kitaev, is larger then the crystal field,
then it only enters perturbatively, which for a topological problem where change can
only happen when bands touch is basically a nonissue. So the crux of the topological
nature boils down to the problem of Agr > J/K and cases where all parameters
are of similar size.

At this point there is no way around plausibility arguments and explicit calcula-
tions. First of all, Acr splits the energies into two-fold and “one-fold” degenerate
states. If lifting the two-fold degeneracy still works analogous to the threefold, one
might have the expectation that the Chern numbers should be smaller until the mag-
netic field is large enough to overcome the energy gap to the third. Similarly, the
point (formally J = K at a = 45°) where bonding and anti-bonding flavors touch is
not forbidden by adding Acp, only the exact point and flavors change.

Explicit numerical evaluations match these expectations exactly. Interestingly,
the straight horizontal line feature of the T' term in the [1, 1, 1] field case reappears.
However, the most important statement is the following: through trial and error we
did not manage to make the model trivial for any previously unknown case. The

crystal field does not seem to break the topologically nontrivial structure.

However, we refrain from providing full phase diagrams as before. There are two
main reasons: Firstly, while it is easy to generate a rough overall structure and a
reliable list of Chern numbers for the larger phases (usually not near band gaps so
the denominator (E,, — E,,)? is unproblematic), providing a full presentable phase
diagram for the entire parameter space is a lot of cleanup work. Also one would
only provide representative scenarios anyways (like [1,1,1] and [0,0,1] and/or T'
involvement). Secondly, the time saving feature of the lowest three Chern numbers

being sufficient information breaks downs. This would make big phase diagrams even

294



4.2. Triplon Topology on the Honeycomb Lattice

harder to read.

The non-symmetric structure of the Chern number can be made plausible rather
easily: Since a large crystal field would split the six bands into sets of four and
two with a large energy gap, the four bands have more opportunities to be degen-
erate, e.g., in regards to the bonding and anti-bonding states possessing overlaps.
Therefore, a certain delay or even qualitative change of, e.g., lower four and upper
two bands is expected and as a result a difference between lowest three and highest
three bands regarding Chern numbers. Actually, it could be seen as intriguing that
I' does not have a similar effect. However, we always calculate and list all six Chern
numbers in our numerical evaluations so one can be reasonably sure of this. It is also
somewhat understandable, because the -, ,,,. dispersion relations vanish at certain
points in the Brillouin zone and may therefore not present a clear energy scale of

imbalance like the crystal field.

Returning to the original point of discussion, we limit the presentation of explicit
Chern number results to the representative examples (all in [1, 1, 1] direction) shown
in figure 4.11. In figure 4.11a) one can see the case of a small crystal field of Acp =
A/4 compared to Kitaev coupling K = A = 1. For the Kitaev case the energy
scales of the critical points are transparently coinciding with very “rounded” numbers.
Naturally the h = 0 case is uniquely trivial as no complex phase is involved in the
model. Aside from this, the critical points are at h, = 3A/4, h, = A, h. = 5A/4
and finally the transition to the high-field limit phase at h. = 11A4/4. Of note is
in particular the large area of non-symmetric Chern numbers (concerning the three
lowest and highest bands) and the global sign switch in the area of the former spin-L
L =1 low-field winding number phase.

In figure 4.11b) the parameters are h = A/4 and K = A, i.e. one starts in the
low-field spin-L phase and then increases the crystal field value until Aqrp > K.

Again the sign flip of the low-field phase emerges. More importantly, the crystal
field drives the bands into a stable high-“field” phase at A, = 3A/4, which has the
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non-symmetric Chern number structure. The small deviations near Acp = 4A are
just bad evaluations of the integral, which can be fixed but naturally become more
and more problematic as the band gaps become progressively smaller (until they
touch at Acp = 00).

For completeness, figure 4.11c) provides the, on paper, interesting case of Acp = A
being significantly larger than K = A/4. Again the trivial case is restricted to exactly
h = 0. Moreover, the phase transitions materialize at h, = A/4, h. = 5A/2, h, = 3A
and the one into the high-field limit at h. = 7TA/2. Around h, = 3A the effort put
into the evaluation of the integral had to be increased significantly, because one band
gap is minute.

There is one more argument left to make. The Hamiltonian Hcr is the projection
of the crystal field onto the low-energy singlet-triplet subspace (cf. section 1.4.5.2).
What happens if the crystal field is included in the creation of the singlet-triplet
model itself (cf. section 3.3.1), which is what one should reasonably do when it is
larger than or comparable to the SOC A? One aspect is an emerging energy gap in
the triplet (cf. figure 3.41), but that should work analogous to the projected case
(non-symmetric Chern numbers). Additionally the form of the interactions (J/K /I’
and beyond) change (cf. figure 3.44), but that one we deemed unimportant for the
overall fact of topological non-triviality by analysis of the extended J/K/T" model.
The only caveat is of course that now technically the high-field limit is influenced,

but obviously not in an essential manner regrading its non-triviality.
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4.3 Triangular Lattice

4.3.1 Topological Phase Diagrams

The excitonic Kitaev-Heisenberg model is not limited to honeycomb lattice scenarios.
In a delafosite structure for example, the same form of interactions can be relevant
for a triangular lattice geometry [1]. Beyond that, the results of honeycomb and
triangular lattice might be used to assess the possible emergence of triplon topology
for related scenarios. We sketch most of the geometries talked about in this thesis
in figure 4.17. Of those, we focus the analysis on the triangular lattice, for reasons

that will become apparent when considering our results.

For a triangular lattice the lack of a nontrivial unit cell leads to a fundamentally
different scenario for nontrivial topology. First and foremost, the large magnetic
field limit leads to a trivial topology, because there is no degeneracy that can be
lifted. Secondly, all dispersion relations €, and ~, are real. This influences the
competition of A and I', which share the same matrix elements. Additionally, the
Heisenberg interaction acts only as an overall momentum dependent energy shift and

is therefore not important for the formation of topologically nontrivial bands.

Without the Heisenberg terms the triplon Hamiltonian is

€ Ve —ih, oy Fihy
H= |y +ih. ¢ 7 —ih |, (4.18)

Yy —ihy Ve +ihy €,

with e, = > 2K cos(kr,) and v, = >, 2I cos(kra)+Acr, where we included the
influence of a trigonal crystal field Acr analogous to earlier discussions. Moreover,

r, denotes the vector to the nearest neighbor along a bond of type a = z/y/z (cf.

figure 4.17).

297



4. 'Triplon 'Topology

A closer look at the Hamiltonian reveals, that nontrivial topology requires the
existence of both I' terms and magnetic field. Due to the lack of dispersion, which
in the honeycomb scenario was added by the bonding/antibonding solutions, a sys-
tem containing solely the magnetic field in the off-diagonal matrix elements can not
provide a nonzero Chern number. Moreover, the lack of a magnetic field results in
a real symmetric matrix, which also prevents topological phases. Thus we require
[' and h. Additionally, the nature of the interactions dictates the need for at least
two of the I' terms to break inversion symmetry, or alternatively anisotropy in the

Kitaev couplings (see the later discussed minimal model).

Figure 4.12 presents representative values for topological phases in the absence of
a trigonal crystal field. For the case of comparison with the honeycomb lattice we set
[' = 0.1A unless otherwise stated. There is however no drastic change of topology
(only phase borders as implied by the presented formulas) when the roles of I' and K
are switched. We find a range of scenarios containing topologically nontrivial phases.
However, in contrast to the honeycomb lattice there are noticeably many areas with
trivial Chern number. We can support the results by reformulating the fact of a
trivial large magnetic field limit: If we do not find a point of degeneracy aside from
h = 0, nontrivial Chern numbers are not possible. This is the main difference to
the honeycomb lattice and likely the cause for the appearance of topologically trivial

phases in the diagram.

Depending on the magnetic field direction the nontrivial topology is more or less
(aside from small features) located in the Kitaev regime (sometimes in the K > 0
case and at other times K < 0) or, in the [1,1, 1] case, even including the K = 0
limit. One should note however, that based on earlier discussions of the Heisenberg
coupling in this setup, the driver of this are the I' terms, as easily evidence by the

behavior of the phase borders scaling with the coupling strength.

A prudent first step in establishing these phase borders is calculating the roots of

the discriminant of the characteristic polynomial, which is still somewhat feasible, at
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Figure 4.12. Topological phase diagrams for the triangular lattice model in absence
of a trigonal crystal field: magnetic field directions are paradigmatically represented
by the a) [hﬂca hy: hz] = [07 0, 1]7 b) [han hy» hz] = [17 0, 1]7 C) [h:ca hy7 hz] = [17 0, _\/g]
and d) [hg, hy, h,] = [1,1,1] directions. For the trivial cases exact formulas for the
phase borders are provided. The gray features in ¢) represent minute but existing
areas of non-triviality, which is hard to evaluate due to the minuscule band gaps. All
in all one may state that any area in the low-field limit can host topological band
structure if the direction of the magnetic field vector is chosen appropriately.
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Figure 4.13. Topological phase diagrams for the triangular lattice model involving
a trigonal crystal field: magnetic field directions are paradigmatically represented by
the a)-c) [hy, hy, h.] = [1, 1,1], where the energy scales are the most obvious, and the
d) [0,0, 1] case. The trigonal crystal field supports (or in the case of [0, 0, 1] creates)
a phase where only two out of three bands are non-trivial. Importantly, when the
crystal field is comparatively larger than the I' interaction, the low-field limit, which
is the one realistically accessible, becomes trivial. The resulting nontrivial phase
moves toward higher and higher magnetic field values as Acp increases, leading to
topological band structures only being possible when magnetic field strength A and
Acr are of similar size. Additionally, in the case of the Kitaev interaction being an
important quantity as in d), there the sign dictates which bands can be nontrivial,
leading to four distinct phases instead of two in the absence of Acr.
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least in certain scenarios, usually with prior knowledge of the position in the Brillouin
zone. These considerations can yield more general insights into the occurrence, or
lack of, topological phases as seen in the aforementioned [1, 1, 1] case. Moreover, it
provides clean phase borders that are not subject to numerical inaccuracies. The
results are provided in the figure. As the band gap closings move non-trivially in the
Brillouin zone and are regularly located at some intermediate value off the beaten
track of symmetry points or at least round fractions of w (we distort to a square
lattice for simplicity via choice of lattice vectors analogous to the honeycomb), this
is not always a practical approach, which is why no formula for the [1,0, —v/3] case
is provided.

Additionally one might be inclined to comment on the appearance of the phase
diagrams in general. The [0,0, 1] case has a structure reminiscent of the Haldane
model [253], although in contrast to the honeycomb lattice with next-nearest neigh-
bors and DM interaction (and crystal field) in reference [5], we did not manage to
create an obvious mapping. A reason could be that the limit I' — 0 is nonsensical

here, at least as a topologically nontrivial model.

Another peculiarity is the [1,1, 1] case with its horizontal phase borders (aside
from the K = T' one). Even more intriguing is the similarity of this case to the
honeycomb lattice. This similarity also extends to the K = I" scenario, which like in
the honeycomb enables the Heisenberg limit to exhibit topologically nontrivial band
structure. The latter we argued to be an overall aspect of the Kitaev-Heisenberg
model based on the sublattice transformation. In the triangular lattice however, the
former effect is obvious. As 7,/,/. are completely real and the magnetic field enters
as a completely imaginary set of numbers, the gap these interactions produce in the
[1,1,1] case is simply additive, at least when the Kitaev interactions are degenerate,
i.e. at the relevant points. It is therefore expected that the I' point in the Brillouin

zone of the honeycomb lattice would host an analogous phenomenon.

We now turn to the trigonal crystal field. For the honeycomb this was only a
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long side note. The crystal field only changed superficial aspects like the need to
account for all six Chern numbers. It had however no impact on the topological

(non-)triviality of the model. Here the result is drastically different.

Figure 4.13 contains a few exemplary phase diagrams. Other magnetic field direc-
tions fit these trends perfectly. Yet, they are less suited to describe the effects due to
e.g. a superficially more complicated appearance and/or gap closing away from the

symmetry points making an analytical description of the phase borders impractical.

The most important points are made by the diagrams in figure 4.13a)-c): First of
all the crystal field can imbalance the Chern numbers” (like T' does here too) and
therefore it prefers the topological phase fitting to this scheme. This phase gains
prominence and can entirely dominate the other one, making it vanish at a critical
point where the analytically determinable phase border reaches the h = 0 limit. At
this point it appears that the crystal field is helpful for the topology, because the

overall area of the phase in the parameter space has increased.

Yet, a further increase in crystal field strength changes this interpretation drasti-
cally, as a gap emerges in the low-field limit. This emerging trivial field grows with
Acr. In fact the area existing at Agrp = I' is just shifted upwards in the phase

diagram to an area where magnetic and crystal fields are of comparable strength.

Consequently, if a large crystal field (bigger then J/K/T") exists, which is a cer-
tainty in many models as can be gauged from the values we provided of CayRuO,
and even the significantly less distorted Ag;LiRuyOg, the topology is expected to
remain trivial unless the magnetic field is of comparable strength as the crystal field.
A quick and dirty estimate of the magnetic field in eV units (recall that Acp, even
though it should be Acp/6 here given correct norm of direction vector 1/3 and fac-
tor 1/2 from projection onto the singlet-triplet model, should still have roughly two
digits in meV units) would be created by looking at the Bohr magneton pp, which

"meaning that the lowest and highest band do not match anymore, here due to the crystal field

splitting the triplet into a two-fold degenerate and isolated nondegenerate state
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should provide an order of magnitude for the coupling (a more detailed estimate can
be found in [6]). The Bohr magneton is approximately ugp ~ 5.788 - 1072meV/T.
Therefore we would require a magnetic field of hundreds if not thousands of Tesla.
This kind of field is incompatible with our model derivation and aside from the fact
unrealistic for a laboratory setup (a low-end neutron star may only overshoot the
target by an order of magnitude, thus likely presenting the most feasible option in a
tongue in cheek kind of way [259]).

Leaving this comment aside, the [0, 0, 1] field presents the analogous scenario with
the small difference that the phases did not exist already for Acrp = 0 and the trivial
band is determined by the sign of K. Furthermore the new phase and trivial area do
not emerge as a flat line but with a border adhering to the root function structure
of the Acr = 0 model.

All in all the phase diagrams for the triangular lattice are rather tame compared
to the honeycomb ones®. Another peculiarity is the exclusive existence of even Chern
numbers. Both these aspects are very reminiscent of the result in the dipolar molecule
models studied in references [249, 260-262] and at least the even Chern numbers (and
high-field triviality) also emerge in the Shastry-Sutherland magnet triplon model for
SrCuy(BOg3)s [78, 124], where C' = £1 only exists in a multi-band formulation. One
might suspect some underlying shared features even beyond the obvious, as the
overall interactions causing the topological band structure are drastically different.
For SrCus(BO3), the driver is the DM interactions and for the dipolar molecules the
long-range dipole-dipole interactions enables molecule rotations to travel and change
“flavor”, i.e. rotational direction, with an explicit complex phase pickup.

In particular the mantra “complicated phase diagram with likely no trivial phase

for more than one atom in the unit cell and trivial phases in large areas of the

8Except when you add the (here) un-physical nearest neighbor DM interaction instead of the
Heisenberg term. There you obtain a phase diagram akin to the SrCuy(BO3)2 model [124] in
an h, # h, magnetic field in one limit and then you have two nontrivial phases like in the
honeycomb intermingling. But since the high-field is still trivial these complications are limited
and actually still tame compared to the honeycomb lattice.
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square/triangular lattice” seems to be consistent for the dipolar molecules and our
model, even beyond the honeycomb [262]. Therefore, one would suspect that the
dipolar model honeycomb lattice may also have multiple nontrivial limiting cases
and a model of spin-dimer triplons to likely behave similarly when looking beyond
the square lattice SrCuy(BOs3)y based scenario (cf. kagome discussion later for an

explicit example).

4.3.2 Minimal Model

In order to address the presence of only even Chern numbers we need to restructure
the model. One possible way to explain this “duplicity” is to reformulate the model
into an artificial multilayer model [261] and show that the interactions connecting
these layers are not essential for the topology by letting them go to zero without
creating a gap closing. This is highly nontrivial here due to the complicated form
of the interactions, which contain important on-site and hopping terms. Instead we
reduce the Hamiltonian to a minimal model with the same topological phase diagram
for a special scenario and find our own argument.

For the [0, 0, 1] direction we find that we are able to neglect €, €, and v, and still
obtain the phases shown in figure 4.13 (with v, = 0). The Hamiltonian reduces to

0 —ih, 7y
H=1in, 0 |- (4.19)
7y IYx 6Z

This scenario is closely related to the one argued to implement flat bands with Chern
number C' = 2 on the dice lattice [263]. In fact the Hamiltonian they analyze is more
or less of the exact same form as (4.19). The difference, beyond slightly different
dispersion, is the presence of a constant chemical potential instead of €,. Furthermore

in their analysis they Taylor expand the touching points to make the argument we
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strive for here and the magnetic field does no enter this discussion, which is good,
because the mechanism of lifting the degeneracy is different. Additionally there is
a spin degree of freedom with the same matrix that is not important for the point

they make and we want to adopt.

As mentioned, the situation here is similar to the dice lattice. This can be made
obvious if we set I' to dominate K (I' = A, K = 0.1A if active) for the sake of an
easy comparison (changes the overall look of the band structure, but not the Chern
number), we can produce the band structure in figure 4.14. In the case of an absent
dispersion K = 0 one can see that the degeneracy of all three bands takes a very
simple form of a Dirac cone intercepted by a completely flat band. The magnetic
field can lift this degeneracy, but the overall problem is still symmetric and the Berry
curvatures cancel when the integration is performed, thus leading to a trivial Chern

number.

The situation changes for K # 0. Due to the sign change of €, in different areas of
the Brillouin zone we obtain two degeneracies reminiscent of the dice lattice scenario,
one pair for the upper £, and middle band Fy and another one for the lower band
E_ and Ey. If we follow the arguments of [263] the Chern numbers C' = {2, —4, 2}
are unsurprising. The band structure degeneracy for E, and Fy looks exactly the
same as in the dice lattice, aside from the overall positions in the Brillouin zone,
which for the dice lattice were located at the K and K’ points (i.e. still at two
in-equivalent points in the Brillouin zone). New in our scenario is the lower band
repeating this process in the area of the Brillouin zone where €, carries the opposite
sign.

Like in the dice lattice, the remaining touching points for K # 0 are quadratic
dispersion relations on a flat band. The author of [263] now use this quadratic nature
to argue that the Chern number should change by AC = +2 (£1 at two points in
the Brillouin zone). As we have the lower band exhibits the same touching point

and the effects are additive (for the middle band, otherwise that would have C' = 0
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but £, and F_ would still be nontrivial), this directly explains the Chern numbers.

Nevertheless, due to the different way of lifting the degeneracy, the novel features
of the dice lattice scenario with extremely flat bands and therefore motivation to
look towards the possibility of fractional quantum Hall states is not warranted. The
flatness is defined as the ratio of bandgap to bandwidth and the band gaps (at least
the indirect ones) are basically vanishing and the bandwidth is large.

Putting this discussion aside, one might observe that the minimal model establishes
the role of symmetry breaking of the Kitaev term upon a closer investigation of the
Berry curvature with and without this contribution (Fig 4.14). In summary, 7., 7,
and h, enable the establishment of a imaginary phase on a plaquette and the Kitaev
term breaks the remaining symmetry.

An additional insight can be gained by noticing that the dice lattice phases cor-
respond to the ones driven by the crystal field. If we allow the crystal field in the
minimal model (for simplicity still 7, = 0 entirely) we can surmise, that the touching
point moves in the Brillouin zone (figure 4.14). At A = /2" (due to some inter-
actions missing the critical points in the phase border slightly shift) the movement
commences into areas of equal sign in €, therefore forcing the dice lattice scenario
with only the upper and middle band being degenerate, which leads to a cancellation

of Berry curvature when integrated.

4.3.3 Thermal Hall Effect

4.3.3.1 Introduction to the Thermal Hall Effect for Magnetic

Excitations

We start with a short description of the thermal Hall effect in general in order to
gain some context regarding the observed quantity and idea behind it. A general

derivation and short side note about the difference between electrons and magnons
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Figure 4.14. Band structures of the minimal model for the h = [0, 0, 1] case: a) In
the absence of Kitaev interaction the band gaps can only be lifted trivially. This can
be seen by observing the Berry curvature (right side, upper to lower panel belong
to the energetically highest to lowest band), where the different contributions cancel
each other. The Kitaev interaction in b) can enable the necessary sign change and
leads to quadratic touching points of a flat band akin to the dice lattice scenario in
[263]. ¢) The crystal field can be understood as destroying this sign change.
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can be found in the review [264]. We try to use this as a basis for our own comments
and point to it for explicit derivations. Moreover, a very recent review explicitly
contextualizing our triplon model in regards to the overall thermal Hall effects in

quantum magnets can be found in reference [265].

The original quantum Hall effect [239] and its fractional cousin [244] are build by
electrons. As a result, these phenomena were established experimentally by mea-
surements of the electrical resistance. However, the degrees of freedom in our system
or bosonic/magnon excitations in general do not have a charge. Consequently, there
can not be any electrical resistance or, in other words, having the Hall conductivity

being a charge current is not feasible.

Nevertheless, it is prudent to start with the known quantity of comparison. The
Berry curvature can be argued, either via explicit introduction to the equation of
motion in a semiclassical picture or the linear response calculation of the current
response via Kubo formula [240, 264], to cause a transverse charge current of the

form

Oy = —% 3 /B Z Pk pr(en (k) (k). (4.20)

where e and h are the elementary charge and Planck constant, the integration goes
over the Brillouin zone, €, . is the z-component of the Berry curvature 2 akin to
equation (4.4), n denotes the band with energy €, and pg represents the Fermi-

distribution, i.e. the occupation of the band structure for a given temperature.

At zero temperature the Fermi-distribution simplifies to a Heaviside step function
being either one or zero if the Fermi level is above or below the band (which in the
original Hall effect are seen as flat Landau levels). Hence pg reduces to one or zero

and the integral looks exactly like the Chern number C' in equation (4.4) leading to

9 occupied

Oay = —% e (4.21)
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Hence the current is quantized in units of % (the novelty of reference [239]) if the
Fermi level is between the bands and the system is close enough to this description

(e.g. the temperature is insignificant enough compared to the band gaps).

For bosons the situation needs to be reevaluated. As the electrical current is out of
the question because we do not have a charge available, the transport phenomenon
considered here is the thermal one. Equivalently, a temperature gradient V7T in a
given direction, e.g. heating one side of the material, induces a transversal thermal
current. One can start this discussion with the semiclassical motion of a magnon
wave packet. The magnons are translated to bosons using a Holstein-Primakoff

transformation and the object of study is the magnon edge current [264]

1 o
I =—— /dzk/ depp(€)2,..(k), 4.22
PR RN (1.22)

n

where pgp is the Bose-Einstein distribution.

From this point on, the calculation gets more involved as the magnon current is
not the quantity we measure. Rather the temperature gradient caused transverse
thermal (Hall) conductivity is involved. Also there are complications like multiple
contributions best left to literature. Derivatives of the Bose-Einstein distribution also
enter and the energy integral is performed, so that the thermal Hall conductivity <Y
is [264]°

Ty k%T 2
K = _TZ A%k ¢; [ps(en (k)] Q.. (k), (4.23)
— JBz

where kg is the Boltzmann constant,

1+z
T

colz] = (1 + ) {m ( )1 o [In (z)]* — 2Liy(—2) (4.24)

and Liy(—x) is the polylogarithm function. This quantity, although it has a compli-

%or detailed in the original papers [266-268], although the first one is not entirely correct. A very
practical example of the calculation for a honeycomb lattice model [269] can be found in [270].
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cated appearance on first glance, is not much harder to calculate than the normal
Chern number (it can just be evaluated if you know the energies of the band struc-
ture and the temperature which we set externally) and is what we discuss in the
figures in this section.

A few comments can be at this point. First of all the thermal Hall effect here is
not quantized. This is clear when looking at the ¢y function taking the place of the
Fermi-distribution when comparing equations (4.20) and (4.23). Unless of course one
finds a very specific restriction for this being the case, which is why the suggested
half-integer thermal Hall effect for a-RuCls [53] was a big deal (before the compli-
cations mentioned in the introduction arose)'’. Moreover [264] also mentions that
pair creation and annihilation terms inherent in the Holstein-Primakoff transforma-
tion of spins (cf. our triplon model) and magnon-magnon interactions (e.g. the fact
that we do not have bosons but hard-core bosons and/or higher order terms in the
Holstein-Primakoff expansion) are a cause for loss of quantization.

Secondly, the ¢, function serves as an instrument populating the excitations, while
the overall (e.g. sign) structure of the response relies on the Berry curvature. More-
over, ¢ increases for larger temperatures and obviously vanishes for 7" — 0. “Large”
concretely means that the energies of the excitations, i.e. their gap to the ground
state, is of a magnitude where the thermal energy kg7 can overcome the gap. A
consequence is that the lowest band often governs the thermal Hall response.

Thirdly, in practice the thermal conductivity is hard to handle. A thermal Hall
effect is not restricted to the topology of magnons. Heat transport can happen
by other means and the contributions need to be accounted for experimentally. An
illustrating example can be found in [272], where the thermal Hall effect in a magnetic
skyrmion lattice accounts for phonons and skyrmions, the latter of which contributes

with opposite sign.

0The thermal Hall effect for the Landau levels, i.e. in the traditional playground of quantum
Hall effect physics, remains quantized, as e.g. demonstrated by the oberservation for fractional
quantum Hall state v = 5/2 via 2.5-quantized thermal data in [271].
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Fourthly, one should spell out what the magnon-magnon interaction comment im-
plies: Spins are not normal bosons. E.g. spin-1/2 can be directly mapped to a
hard-core boson. We mentioned before that this can be understood as bosons with
infinitely strong on-site repulsion. More importantly, hard-core bosons do not adhere
to pure boson commutation relations and thus technically the Bose-Einstein statis-
tics. Of course this is remedied if you account for this as an interaction. Thankfully,
the thermal Hall effect for magnons is well established enough to suggest that this
way of handling it remains a prudent idea. However, a recent review [77] declares
accounting for the magnon-magnon or triplon-triplon interactions an important need
and succinctly points to the fact that inelastic neutron scattering had been success-
fully used to find possible signatures of topological triplons in SrCuy(BOj3),, while
the thermal Hall conductivity had not done the same. Moreover, one could ask
about the character of the excitations in our model, i.e. triplons, being a poten-
tial issue. Triplon and magnon are technically different entities. However for the
present discussions this would not matter for spin triplons [124], which is why the
terms are often used interchangeably (see e.g. the review [76]). The fact that we do
not have spin but spin-orbital triplons, although important for many things in this
thesis, went overboard when we simplified the magnetization to the Zeeman term of

equation (4.2).

Lastly, we should shortly address one of the possible motivations of searching for
topological magnons. As evidently established by the 2007 Nobel prize in physics for
the giant magnetoresistance, which is prominently responsible for skyrocketing the
information density one can store on a hard drive, using spin degrees of freedom (or
even beyond orbital) instead of the electron charge can possibly provide advantages.
This is the subject of spintronics. In that sense the topological magnons have been
suggested to be a possible platform for magnon waveguides (i.e. how a spin signal
can travel) [273], interferometers [274] or dissipationless transport linked directly to

the Kitaev model [275]. For the former the proposal is directly based on the material
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Luy V205 [276], which has been studied in an experiment [277].

In that sense, one should point out and later discuss one possible major advantage
in magnon systems. In the case of the Bose-Einstein condensation the, e.g., triplon
condensates usually survive to higher temperatures, sometimes even room temper-
ature, in contrast to gases of ultracold atoms [70]. The same advantage can exist
regarding the topological magnons surviving to room temperature, which can then
be attributed as an extra motivation for the practicality of the spintronics as men-
tioned in the paper establishing such magnon topology in YMngSng [278]. Hence, we
require temperature to find the topological bands, but the temperature itself might

not be as big of a problem as it would be in the Landau level electron picture.

4.3.3.2 The Thermal Hall Effect for Triplons

First and foremost one has to address the elephant in the room: Due to the the earlier
discussed scaling of the magnetic field strength with the Bohr magneton pupg ~ 5.788
1072 meV/T in real materials, the expected signal of the thermal Hall conductivity
in experiments is seemingly too minuscule to be measured as of today. Details can
be found in reference [6], which uses the same “arbitrary units” as we do (and an
unnormalized magnetic field vector, meaning the scaling is even worse than discussed

there).

One does not expect this scaling problem to change by going from one lattice
to another (except maybe for a stack as discussed subsequently), because the main
problem is the band structure roughly existing (energy wise) around the value of the
spin-orbit coupling A. And for the paramagnetic phase, the central assumption for
the topology discussion so far, this energy has to be significantly larger than J, K, T’
and Acy.

Consequently, what we employ here is a pure model study that could only enter

relevance e.g. if an alternative way of establishing Kitaev interactions provides a
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similar setup (cf. earlier discussions in this chapter) or if another way of increasing
the signal can be found. For the earlier discussed LuyV,0; case for example, the
theoretical investigation [276] points out that the three-dimensional pyrochlore lattice
can be treated as a stack of two-dimensional kagome lattices, with the consequence
that the “three-dimensional” thermal Hall conductivity is significantly larger than

the one on the kagome.

As a pure model study, providing thermal Hall conductivities for random phases
in the phased diagrams does not serve a purpose, especially because most of the
calculations look rather random and the honeycomb has already been addressed [6].
We instead focus on two aspects: First of all we make comments about topics not
addressed in reference [6], such as the earlier one relating to LusV,0O7. Secondly, we

focus on some specific aspects of the triangular lattice results.

We start with an aspect making the thermal Hall conductivity an even worse tool
beyond the scaling. As mentioned, a big advantage of the topology in magnetic exci-
tations is that it might feasible survive to room temperature. However, our analysis
is based on an low-energy effective model and even beyond that the assumption of a
Mott insulator for the Kugel-Khomskii type perturbation theory. The former prob-
lem is hard to gauge, as, e.g., possible quintet involvement is model specific. The
latter observation, however, can be directly connected to experimental analysis of

the metal-insulator-transition in materials of interest.

For example Li;RuOj3 (aside from having different physics) has a Mott phase sur-
viving up to 540K [9]. CayRuO4 however has a magnetic [279] and a Mott transi-
tion [18], where the latter is located at roughly 360 K, slowly approaching a region
where non-Mott influences might be of note at room temperature of ~ 293 K. For
Ag;LiRuy0g, i.e. a material of direct interest, originally a metallic behavior was sug-
gested [280]. Yet, the more recent study [8] suggest a semiconducting regime slightly
below room temperature and a weak Mott regime beyond, thus a very problematic

setup in regard to temperature based surviveability.
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Next we attempt to contribute to the previously introduced sign structure discus-
sion of the thermal Hall conductivity in a-RuCl; based on statements of it being
consistent with Kitaev Majorana fermion structure [54] or a general feature found in

topological magnons in a KI'T” model [59].

For the honeycomb lattice we already mentioned that the answer is rather obvious.
In the description of the thermal Hall conductivity and the subsequent statement of
the Berry curvature (Chern number) of the lowest band being expected to be the
deciding factor, now there is a reason available. For the high-field Kitaev model
this follows directly, obviously and without constraints for the entire phase diagram
in figure 4.2. Given the discussions for the Kitaev-Heisenberg model (I' = 0) in
the [1,1,1] and [1, 1, —2] case, the sign structure is most likely similar if the phase
survives (so not in all regions of the phase diagram). However, changes in Chern
numbers of the higher bands can be ignored and the likelihood of this is therefore
very reasonable. Similarly, the I' terms might complicate thing in certain scenarios,
but the new phases they create usually also just adhere to the sign of the magnetic
field vector components (with the same phase survival assumption as the Kitaev-
Heisenberg case). All in all, we find that the triplons on the honeycomb also usually

have a/the characteristic sign structure.

For the triangular lattice things are more complicated. As established by the
phase diagrams there are areas where more or less only the AFM Kitaev region can
be nontrivial and some where only the FM does the same. Additionally there are the
regions where only the T' interaction alone seems to be responsible like the [1,1,1]
case, which causes an overall sign flip. Therefore the sign structure does not translate
to this model if the magnetic field sweep is not chosen to actively seek out the few
regions were it does. E.g. the [0,0,1] and [1,0, —/3] cases (also of course [0, 0, —1])
fit the description for the AFM Kitaev regime.

We finally turn to concrete calculations for the triangular lattice. Why could there

even be interest in them if the nontrivial topology already and more stably exists
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Figure 4.15. Thermal Hall conductivity for various temperatures for the h =
[1,1,1] magnetic field: topological phase transitions are visualized by vertical lines.
In contrast to the honeycomb lattice where there is regularly a plethora of topolog-
ical phases one passes through by increasing h, the triangular lattice provides very
simple and characteristic signatures of the thermal Hall conductivity Y.

on the honeycomb lattice? First and foremost the phase diagrams of the triangular
lattice are far simpler and more manageable than their honeycomb counterparts.
As such one might even reliably pinpoint the regime a material is in via ab-intio
calculations. This feature translates to the thermal Hall conductivity, as exemplified
by the [1,1,1] case in figure 4.15 (A = 10A is set hereinafter as an energy scale
and the phase border cf. figure 4.12 are shown by the black vertical lines.). The
structure remains simple, understandable and visually comparable to the one in the

SrCuy(BO3)2 model in [124].
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Figure 4.16. Thermal Hall conductivity for various crystal field strengths Acp for
the h = [1,1,1] magnetic field at a temperature of 7" = 70K: the thermal Hall
conductivity k™ can be driven to a sign change as a result of e.g. pressure increasing
the crystal field contribution. Additionally, the overall splitting of the bands is
increased and (if the sign is chosen so that the twofold degenerate crystal field state
decreases in energy) the gap created by the spin-orbit coupling A decreases, leading
to a gain in signal strength.

If we can pinpoint where we are in the phase diagram, the magnetic field can be
reliably chosen to switch the sign of the thermal Hall conductivity or even switch
it of altogether, thus enabling a factor of control of the resulting edge modes and

therefore possible use for the spintronic setups at least in principle.

Additionally one can also switch the sign or enable/destroy the topology via crystal
field (i.e. pressure) as shown in figure 4.16. Switching of via pressure does not

work for the honeycomb, as mentioned before. Also, reliable predictions in the
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kaleidoscope of phases seems unfeasible there, while for the triangular lattice the

overall structure remains predictable.

4.4 QOther Geometries and Interactions

Analyzing Kitaev-Heisenberg models for different geometries is a very established
idea [257], which we already started when considering the triangular lattice. Here
we try to find out whether or not triplon topology exists in various lattices, in

particular the ones sketched in figure 4.17.

4.4.1 Kagome Lattice

We start with the kagome lattice [figure 4.17c)]. Summarizing the result in one
sentence: The kagome lattice works like the honeycomb with even more phase tran-
sitions. In essence: we tried more or less everything we discussed for (the numerical
results on) the honeycomb lattice and have not found any trivial phase (aside from
scenarios like [1, —1, 0] and others discussed before).

Because there are nine bands and there is not necessarily a symmetry of Chern
numbers of the lowest and highest bands, presenting a full phase diagram like in figure
4.9 seems unreasonable. Also, the model seems to complicated for an analysis of the
limits as before. Our observations are of a purely numerical nature. Additionally,
the sheer amount of phase transitions (note that we only look at 0° < o < 180°
here) provides a reason not to look to closely at the results and rather talk about
the overarching narrative.

Instead of outright providing a full phase diagram, we sketch the result of the
[1,1,1] case with T" = 0 and provide practical insight, so anyone attempting to do a
similar calculation can see how we e.g. established the honeycomb phase diagrams

(and realize why we do not want to do the same here). Figure 4.18 shows a plot
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Figure 4.17. Various lattice setup studied for their triplon topology: The three
bond types of the Kitaev-Heisenberg model are colored in orange, green and purple
(except for f)). Lattice vectors (gray arrows, stay consistent for all lattices pictured)
and basis sites (black boxes) for the unit cells are provided. The lattices are a) the
triangular lattice, b) the honeycomb lattice, ¢) the kagome lattice, d) the square-
octagon lattice, e) the square lattice and f) the star lattice (dimer bonds orange).
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of the Chern number calculations (for the first half of the Kitaev-Heisenberg model
for simplicity) where only the results that are obviously wrong (due to (almost)
degenerate bands making an integration with the chosen accuracy, read number of
points in the Brillouin zone, unfeasible) colored black. Additionally, figure 4.19 shows
the band gap closings (only at the I'; K and M symmetry points in the Brillouin zone)
found by explicitly calculating the zeroes of the band gaps at the specific k values,
which obviously has the advantage of not having to perform an integration. For the
honeycomb in the absence of I' interaction the latter provides almost all necessary

information for the phase diagram (cf. figures 4.7 and 4.8).

In a practical estimation of the phase diagram one can overlay these plots. Some
black spots in 4.18 are obviously just a numerical issue, while others, where a change
of Chern numbers follows, can be band gap closings away from the obvious symmetry
points. Other transitions happening quickly are not found in 4.18 as not hitting them
exactly can mean that just the Chern number changes without numerical issues. This
approach however enables one to see if any such search for these kind of gap closings
away from the symmetry points has to be performed (which is not hard, but naturally
more effort than searching at a single point). For the kagome lattice this is the case
even in the absence of I' interactions. Here, we do not present such results as 4.19

looks crowded enough as presented.

As a result we have all phase transitions and can try to fill in the diagram. For
this one can turn to the other results established by the Chern number calculation
in 4.18. Yet an absence of obviously nonsensical results like the black points in that
picture does not mean that the remaining ones are reliable. Numerical difficulties
of the integration (i.e. its accuracy settings) still might not provide a useable result
everywhere. In complicated cases like the honeycomb with I' # 0 and the kagome,
one might only obtain a big majority of phases in a first overall sweep. It is on that
level that we make the assertion of not having found any trivial phase yet. For a

phase diagram you have to then make the effort and fill all the gaps, which is arduous
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work given the sometimes minute band gaps and overall amount of phases found. It
is probably therefore that the paper discussed subsequently [252] also only provides
three phases explicitly.

Ergo we point out the phases a, b and ¢ in figure 4.18 explicitly. The Chern num-
bers from the lowest to highest band in “a” are {1,—3,2,—3,6,—3,2,—3,1} (which
represents multiple large areas with Chern number 6). For b, which seemingly sur-
vives down to the low-field Kitaev limit, we find {—1,0,1,—1,0,1,—1,0,1}, which
is reminiscent of the low-field limit spin-L calculation (just for three instead of two
sublattices consistent with the unit cell size of the kagome lattice). The big neigh-
boring phase c is defined by {—1,0,1,1,—-2,1,—1,0,1}, i.e. a +2 transition between
bands 4 and 5.

Now we consider the results of the very recent paper [252] to find a practical
application of the knowledge we gained. The authors consider a spin-1/2 Kitaev-
Heisenberg model on a star-lattice (cf. figure 4.17). In one of the resulting phases,
the ground state is found to be described by a valence bond singlet, where the spins
on the orange colored bonds in figure 4.17 host a spin-1/2 dimer singlet and triplet
excitations in an effective model framework (which is why you can not directly com-
pare phase transitions). If one treats the singlets as new lattice sites, the emerging

geometry is a kagome lattice.

Following naive predictions based on our model, given that their setup should work
in rough analogy, we would expect a kaleidoscope of nontrivial topological phases ev-
erywhere when a magnetic field is involved, a lot of very chaotic looking phase transi-
tions and maybe even Chern number 6 to be the reliably biggest topological invariant
involved. In [252] they find exactly that. Moreover, the {—1,3, 5,6, —6,6,—5,3, —1}
phase they point out also seems to exist in a small area in our phase diagram, but
that might be by accident because the location in our diagram is near the Heisen-
berg limit (as suggested by the first three Chern numbers when compared to the

honeycomb).
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Concluding, we would like to point out an extremely recent study of a model based
on a class of materials with an emerging kagome lattice (and DM interactions), which
also shares the feature of kaleidoscopic topological phase diagrams [281].

All in all one may be able use our model, especially the fact that nontrivial Chern
numbers exist everywhere, as a blueprint to understand singlet-triplet topology in

other setups.

4.4.2 Square-Octagon Lattice

The natural question arising from the results of the kagome lattice is: Does the
triplon topology continue to work out when going to bigger unit cells? One such
model is the square-octagon lattice (cf. figure 4.17), which has been discussed in the
context of the regular Kitaev model [207, 282, 283] due to it sharing one important
feature with the honeycomb lattice: each site has exactly three bonds (constructed
as one of each type).

For us this feature is also a practical one. In the pure Kitaev case, each flavor is
located on a bond without the option of leaving, thus leading to the same kind of
nondispersive band structure as the honeycomb model (cf. figure 4.4). As a result
we obtain the same kind of starting point in the high- and low-field limits, just with
extra degeneracy. For the low-field case one obtains exactly two copies of the anti-
bonding spin-L = 1 and the bonding spin-L = 1, i.e. two sixfold degenerate flat
bands. In the high-field limit the sublattice produces two copies of each two band
model, i.e. three fourfold degenerate bands. In principle those could be evaluated,
although this is nontrivial as everything exchanges nontrivially and the perturbation
theory needs to be revised.

However, there is no need to do so. The answer provided by purely numerical
evaluation of the entire Kitaev-Heisenberg model suggests that we can never produce

band gaps in this model. Degeneracies always remains, which seems logical as we
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only have three flavors to lift at minimum a degeneracy involving 4 states. The
touching points are located at more often than not entire lines in the Brillouin zone,
which implies that even more involved approaches like introducing anisotropy in e.g.

the Kiteav interactions can not help.

Just to illustrate this point by a simple example: At the I" point (k = 0) the entire
model in the basis {|z1) , |z2), |x3), |x4), |y1), |y2), - .. }, where the letter denotes the

triplon flavor and the index the sublattice reads:

e —h, h,
H=1| h, e —h,l|. (4.25)

—~hy hg €
0 3J+ K 0 0 ihe 0 0 O
3J+ K 0 0 0 0 ih, 0 O

€ = 9 ha =

0 0 0 3J+ K 0 0 ik, O
0 0 3J+ K 0 0 0 0 ik,

This matrix is simple enough that the eigenvalues can be solved exactly by an al-
gebraic program of choice. For the [1,1,1] case one obtains three threefold degen-
erate solutions. Likewise, any magnetic field with two matching components, e.g.
hy = hy # h., results in three twofold degeneracies. Other cases can be analyzed
similarly e.g. at the M point. There is no lack of choice when it comes to degenerate
points. Including I' interactions or crystal field does not remedy the overall problem

of non-existing band gaps.

Hence we managed to find a case where the topology becomes ill-defined due to
remaining degeneracies that seemingly can not be lifted, likely due to the size of the

unit cell.
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4.4.3 CasRu0O,-Based Lattice Model

For the Shastry-Sutherland magnet SrCuy(BO3)s topological triplon excitations have
been implied via inelastic neutron scattering [125]. Additionally, the experimental
spectra suggest a nontrivial interplay with two-triplon bound states, which the topol-
ogy survives. Naturally, one is reminded of the inelastic neutron scattering experi-
ment establishing the Higgs mode in CagRuOy, [2], a material with significantly more

established research compared to e.g. AgsLiRuyOg.

Why has there been no sign of a topological triplon excitation in CagRuO,? First
of all, CayRuO, is not a paramagnet, but rather in the condensed AFM phase!!.
Therefore one could excuse the absence of a topological band structure by it not
surviving into the condensed phase, which is a valid point worth of study beyond
this thesis. That however is not the main point we want to make here. One could
easily suggest considering for example an iridate based counterpart where the SOC

could feasibly be strong enough.

So we turn to the second argument against a topological band structure in these

materials: the model itself. In [1] it was found that the hy (cf. equation (1.77)) are

12 11 1
H=z >0 {g’vi""j = UigUjy + 5 (i uy — winty) | (4.26)
Y <i’j>’Y

with the author’s choice of T = u + iv we'? find (again discarding pair creation and

We drop the point of questioning whether SOC is really important or one should rather under-
stand CasRuQO4 as a more regular spin-1 model due to the tetragonal crystal field, which was
mentioned in earlier discussions. That is not the issue here and some kind of triplon based
model can always be created when crystal field and SOC are handled on equal footing (cf.
section 3.3.1).

12[1] uses additional approximations such as v;,v;, — 1/3 - v;-v;, which are avoided here because
the bond dependence is essential
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annihilation terms)

_L T (TTTJ - gszTw +h. c> (4.27)
7 ()

Paired with the different and more symmetric lattice and bond structure compared to
the honeycomb (see 4.17), this model is actually not well suited for nontrivial triplon
topology. Even with a more free parameter choice akin to the Kitaev-Heisenberg
model it stays trivial because the I' interactions are lacking. And even adding I'
interactions does not help. Neither does a less simplified Kugel-Khomskii model
including Hund’s coupling influences (cf. model in appendix A.4) or the idea of

adding (well motivated based on the material) next-nearest neighbor terms [134].

Luckily, one does not have to be concerned about the exact structure of the model
and what kind of interactions are necessary to create a topological triplon band
structure (e.g. DM interactions). The third argument against nontrivial topology
seems to be significantly stronger anyways: With one atom in the unit cell, CaoRuQOy4

has the same problem regarding the crystal field as the triangular lattice.

The tetragonal crystal field, like the trigonal one, introduces a trivial gap (can be
tested e.g. with the triangular lattice model and understood easily). It is of the same
size and therefore intrinsically connected to the same problems as the trigonal field,
namely that, if it is larger than the J/K /T" terms (which it significantly is in CagRuOy
as established previously), the magnetic field needs to be of the same magnitude as
the crystal field to be even able to produce a topological band structure, which we

deemed extremely unrealistic.

All in all, one has reasons to not expect any CasRuO,4 related material to host

topological triplons.
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4.4.4 Triplon Topology in Other Dimensions

Calculating the topological invariant in different dimensions can be a radically dis-
tinct process in practice [240]. The same is naturally true for the topology itself.
Here we do not strive to provide any real kind of analysis of the triplon model in
different dimensions. Nevertheless, the previously discussed results imply which re-
search foci might be fruitful and what to expect. We want to make these implications
clear.

First we consider a look into three-dimensional problems. Trivially, a model that
does not really need to be treated as a three-dimensional entity, such as earlier the
earlier pointed out example of LuyVo0O7 where a pyrochlore lattice can be treated as
a stack of two-dimensional kagome lattices, will work and might even be a good idea
to gain a more noticeable thermal Hall conductance.

More importantly, however, is the fact, that many of the three-dimensional com-
pounds where the Kitaev or Kitaev-Heisenberg models are discussed are lattices
with comparatively large unit cells. The fcc lattice with the bond setup of [257]
has four sites per unit cell and our own efforts suggest the same problems as the
square-octagon lattice: the bands stay trivially degenerate (in the fcc at the corners
of the Brillouin zone because the dispersion relations vanish like in the Heisenberg
case). This does not bode well for the hyperhoneycomb [284] or its various cousins
[285]'3 (for which the magnetic phases on the other hand show an intriguing 2D-3D
correspondence) and examples beyond that [207].

A seemingly more intriguing topic seems to be the one-dimensional environment.
Here we try to establish this via example. It should, however, be noted that no
detailed study of the subsequent model has been done, mainly due to it bringing its
own challenges.

For a certain 1D model, results can be obtained practically for free by reconsidering

13see especially the supplementary information
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- O

—Y —Y

\x \x

Figure 4.20. Winding number vector no for the triplon Kitaev model based on the
one-dimensional SSH-inspired lattice at the bottom, where bond colors denote the
bond types: a) [0,0, 1] magnetic field, b) [0,1,0], ¢) [1,1,1] and d) [1,2,3]. In the
first two cases the movement is localized entirely in the z-y-plane and the chiral
symmetry is therefore intact. In ¢) the winding circle is orthogonal to the z-y-plane,
while in d) the movement is irregular.
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4.4. Other Geometries and Interactions

the high-field limit of the honeycomb lattice. Therein we reformulated the problem
as a set of effective two-band models and commenced with an analysis of the winding
number. Similarly, the Su-Schrieffer-Heeger (SSH) model is a two band model which
often serves as a paradigmatic example for the topology in one dimension [286].
As such, we can reuse results and discussions pertaining to it, such as the one-

dimensional winding number

1 on
_ L hx 42
W, 27T/Bzolk: (nx (%)z, (4.28)

where (), refers to the z component of the vector.

If we propose a bipartite lattice model as seen in the bottom of figure 4.20 but
involving our triplon setup, the high-field limit expressions derived in section 4.2.1
can just be reused with a changed dispersion € (we set I' = 0 = J, because we only
want to create a proof-of-principle and not a full study) via, e.g., €, = Jei* + Je™* +

(J + K) (other flavors accordingly).

Some resulting 7 vectors for different magnetic fields are presented in figure 4.20.
We find well defined nontrivial winding numbers of £1 for the examples in a) and
b). Therefore we have established that nontrivial topology exits for our model in
one dimension. In the case of a [1, 1, 1] magnetic field the winding number vanishes
exactly as the vector travels orthogonal to the x-y-plane, but this result should be
handled with care as we try to explain with the subsequent discussion. Moreover,
the case where all three components of the magnetic field are different leads to a

non-integer winding number.

One should explain the latter two results. First of, the so called chiral symmetry
is an important point when classifying the topology [287]. For the SSH model,
reference [286] neatly derives via a simple calculation that the chiral symmetry can
be expressed in terms of the sublattice symmetry, i.e. the object we tried to break

in the two-dimensional case. According ot this, the sublattice operator ¥ = P; — P,
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where P; is a projector onto the sublattice i, can be used to find that the chiral

symmetry being fulfilled can be stated as

SHY=-H =  n,=0. (4.29)

If this symmetry is upheld, i.e. if the n vector stays in the x-y-plane, the winding
number is a properly defined integer [286] and the topological class is AIII [287] (so
a Z number, which for the SSH chain is 0 or 1), while any nonzero n, breaks this

restriction and lets the winding number interpolate between those integers [161].

As such our results are easy to explain. Additionally, any component of the mag-
netic field vector being 0 leads to n, = 0 (cf. earlier discussion), which in a twist
of irony compared to the two-dimensional case is now exactly what we require. If
3 components are active n, is not trivially vanishing and furthermore, if the flavors
and thus the dispersions € are not treated on a somewhat equal footing, susceptible

to rather sporadic behavior.

We conclude this part by making two statements about the relevance of this topic.
First of all, Malki et. al. discuss a spin-dimer singlet-triplet model in the quasi
one-dimensional system BiCuyPOg [288], which is also directly related to the SSH

model and in their case yields peculiarities pertaining to the absence of edge-states.

Moreover, the question of how to handle the chiral symmetry breaking itself seems
to be a novel topic, with the extremely recent SSH-based analysis [289], which tries
to establish a description of cases such as figure 4.20d) via projection of the origin.

It furthermore proposes a connection to second-order topological insulators.

All in all, the one-dimensional case seems to be a worthwhile, although nontrivial,

topic of future study beyond this thesis.
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4.4.5 Condensed Phase and Fractional Quantum Hall
Effect

There are adjacent topics left that can be addressed given our results. However, in

contrast to the previous discussion, these appear to be less promising outlooks.

So far we have restricted our analysis to the paramagnetic phase of the triplon
model. Yet, the question of possible topological bands in the condensed phase re-
mains open. First of all, the triplon interactions and higher order terms (cf. section
1.4.5.2) are a problem for the single-particle and band structure based description.
Even leaving this aside, the magnetic field Van Vleck term was argued to at least be
somewhat reasonable to ignore (which, for a realistic material, is a limiting and likely
often unrealistic approximation anyways) due to the SOC induced gap, which is a line
of though that breaks down when triplon states overcome this gap to condense. Last
but not least, while we pointed out many materials with possible J = 0 physics in the
introduction, the triplon condensation especially when not connected with CasRuO,
does not seem to be prominently discussed on the material and experimental side of

things.

Consequently, it seems to be prudent to first look into the spin-dimer singlet-triplet
setups, where at least experimental support and the form of the magnetic field seem
to be more convenient. If choosing to do so there seem to be two obvious angles
of attack: One could use what is usually done in the condensed phase and rewrite
the model by introducing a new ground state that is a mix of singlet and triplet
|3) = cos(a) |s) + sin(a) |t), leading to at least a new form of the Hamiltonian (cf.
[6]). Alternatively one could try to just attack the magnetic order as one would a
normal magnet, using spin-waves and their boson expansion while outright ignoring
the underlying triplon. However, this thesis and model are likely not the place to do

it. We note, however, that the ferromagnetic regime of the spin Kitaev-Heisenberg
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model has been argued to exhibit topologically nontrivial excitations [290]. Similarly,
topologically protected edge-states have been proposed for the high magnetic-field
phase (i.e. polarized paramagnet) [291].

The existence of bosons, e.g. via condensation, directly connects to the next
point of interest. As the triplons are hard-core bosons they intrinsically interact
via the on-site constraint. This naturally leads to the question of whether or not
these interactions could feasibly enable fractional quantum Hall states. Even more
so when considering that for the dipolar molecule model we used as a comparison
multiple times, the possibility of realizing one such scenario, namely the Halperin

state for the v = 2/3 fractional level, has been proposed [261].

Likewise, the closeness to the dice lattice [263] mentioned previously could be seen
as motivating further investigation. A very recent study for example [292] exemplified
the richness of the physics in such systems by finding Majorana corner states when

an attractive Hubbard interaction is added.

Yet, here we try to point out why the triplon model in this thesis does not seem
suited to such pursuits. In order to do this we recap what one strives for when trying
to find fractional Chern insulators based on the review [293]. Based on this it would
be nice to have higher Chern number |C| > 1 to enable more fractional Hall states.
In principle high Chern numbers are a feature of our model. However, the lowest
band, i.e. the one that is filled most noticeably via boson condensation, magnetic

field or temperature, is almost exclusively characterized by |C| = 1.

Further, one requires flat bands. Omne can understand this requirement either
by taking it as mimicking Landau levels (which are perfectly flat bands) or just
as needing a regime where interactions play a major role (high density of states,
limited mobility). Concretely, one also needs the interactions to be in a window

of opportunity that enables the interaction to be dominant without destroying the
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foundation build by the non-interacting bands, which the review puts succinctly as

AF(band gap) > U (interaction scale) > W (band width). (4.30)

As pointed out earlier, the flatness, i.e. the ratio of band gap to band width is
usually extremely small in our model. This was not the case for the dice lattice

because the mechanism of lifting the degeneracy is more favorable and there is also
a spin degeneracy leading to a second flat band (one starts with six bands in that
case, with each of the three energy levels being twofold degenerate).

Lastly, our model does not seem to have a reliable mechanism of predicting and
setting the amount of bosons, i.e. the filling. One of the obvious difficulties is even
gauging the interactions and predict the dynamics of the filling process. Another is
the temperature and magnetic or crystal field filling the levels nontrivially. This is
in stark contrast to the dipolar molecule model, where an excitation consists of a
molecule rotation that can be separately enabled by a microwave field for each lattice
site.

In summary, while the possibility of a fractional quantum Hall state exists on

paper, this model does not seem suited for further research in this direction at all.
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Conclusion and Outlook

In this thesis, we investigate effective models based on compounds with d* transition-
metal ions like Ru** and Ir®*. In chapter two, we review the previous ventures into
basic versions of the triplon Kitaev-Heisenberg model. We emphasize the nature of
the zigzag and stripy regimes, which distinguish themselves by possessing a unique

Brillouin zone M point for the condensation of each triplon flavor.

Furthermore, we explain why the previous analysis via “classical” Monte-Carlo
simulations is seemingly indistinguishable from the quantum mechanical flavor-wave
theory. This line of though naturally invites a wave function ansatz and resulting
attempt at using a variational approach in order to calculate the ground state. By
fixing the variational parameters with Monte-Carlo, we effectively use what we dub
a semiclassical Monte-Carlo framework, which we deem to have a lot of promise not
only for this thesis but applications beyond (notably CasRuO, based application of
our code in reference [134]). Especially for Kugel-Khomskii type models, a classical
simulation is found to be likely inadequate, motivating our suggestion that the semi-
classical Monte-Carlo scheme might be useful when applied to this kind of problem.

Moreover, the sMC simulation produces a significant part of the results in this thesis.

These results mainly represent an attempt to find out what might change when
including influences beyond the simplest form of the model, namely the pure v vec-

tor boson based Kitaev-Heisenberg analogue. One may interpret this as an effort to,
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5. Conclusion and Outlook

first of all, see what parts of the simple approach the more complicated realistically
present influences leave intact. Secondly, we investigate the interplay with mag-
netic field and pressure, which are drivers of novel effects like the triplon/magnon
Bose-Einstein condensation in spin-dimers and host nontrivial effects for the Kitaev-
Heisenberg physics based on related d°® materials. As the inherent spin-orbital singlet-
triplet degrees of freedom and influences beyond the simplest model change the cou-
pling with magnetic field and pressure, we reevaluate the model with these additions

in this thesis.

One addition consists of quadrupoles, modeled as u boson contributions, naturally
arising as a byproduct of the low-energy projection of the Kugel-Khomskii Hamil-
tonian. We find that their competition with the dipolar v is straightforward: As
both objects are disjoint in the semiclassical picture, the more energetically favor-
able phase wins outright, which by overall estimation of the interactions is found to
be almost certainly the dipolar contributions even in a more generalized analysis of
the underlying physics. As a result, we suggest that neglecting those contributions

may be appropriate in many cases.

Nevertheless, we find that the multi-triplon terms, which are generally expected to
be active when a significant number of triplet/triplon bosons can enter the ground
state, may significantly impact the simple model. This is most evident with the
emergence of the canted zigzag phase and bias, at least in our model, toward the

ferromagnetic regime.

These findings partly imply some behavioral peculiarities for the triplon model in
a magnetic field. More fundamental, however, is the competition between two dis-
tinct terms in the magnetic dipole moment. The flavor-changing contribution is the
linear Zeeman splitting that represent the sole interaction with the magnetic field
in spin-dimer systems. In these “regular” dimers, this term is found to drive Bose-
Einstein condensation by reducing the singlet-triplet gap. In contrast to this, the

spin-orbital system studied in this thesis has an additional excitonic term increasing
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the gap. We find that the excitonic part should be expected to dominate and there-
fore counteract the formation of a BEC. Moreover, we suggest that previous studies
suggesting something different, namely a proposal based on NiRhyOy, is flawed due
to inappropriate handling of the t-p-correspondence. As a result, we suggest that a
magnetic field may be an unsuitable tool for driving Bose-Einstein condensation in

Van Vleck-type materials like the ones studied in this thesis.

Nevertheless, the dominance of the excitonic term of the magnetic dipole moment
provides an advantage for the intuitive understanding of the evolution of the mag-
netically ordered phased in magnetic fields. The semiclassical Hamiltonian (with
neglect of the Zeeman term and higher-order triplon contributions) is found to have
the same form as a classical spin model. As a result, a large part of the behavior in
magnetic fields can seemingly be directly interpolated from classical models, which
are still complicated and host a plethora of phases, but are well studied. There is a
normalization due to effective spin length provided by the condensate density, which
should be kept in mind. Additionally, the incorporation of the multi-triplon terms
can significantly alter the expectations when the interactions are compatible with the
magnetic field, which leads to a significant extension of the canted antiferromagnetic
phase in our phase diagram. We therefore suggest that the overall interplay with
the magnetic field is often intuitive, namely trivial for the paramagnet and simply
spin-like for the magnetic phases, except for some specific higher-order effects, which
are a direct consequence of compatible phases and need to probably be evaluated

individually for each new model.

Finally, investigations of the fate of the Kitaev phase itself in the magnetic field
seem inconclusive. The problem directly connects to topical interest in possible
intermediate spin-liquid phases for general spin-S Kitaev models and experiment-
based suggestions concerning the intermediate magnetic field phase in a-RuCl;. Yet,
there seems to be no intermediate phase in the ED simulations of our model. In fact,

we seemingly only find the transition known from the classical energy scale. We are
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unsure if this is simply an artifact of the simulation solely establishing a correlated
paramagnet in this regime and suggest that further analysis may be necessary. The

question of the fate of the triplon Kitaev phase in this model remains open.

The last part of chapter three provides a look at the impact of a trigonal crystal
field, which is directly motivated by experimental analysis of AgzLiRusOg under
pressure. We find that the crystal field should, in contrast to the magnetic field,
expected to drive BEC. In particular, the simple incorporation via perturbation
theory suggest a close analogy between spin-dimers in magnetic fields and spin-
orbital dimers under pressure. This directly contrasts with the experiment attesting
the emergence of two “nonmagnetic” phases, the intermediate of which has been
suggested to possibly be connected to the triplon model. A nonperturbative inclusion
of the crystal field does seemingly not solve this discrepancy, although we find it to
imply intriguing interplay with the Heisenberg regime that may motivate a more
thorough future study. As the trend of the triplon model toward BEC seems to be
the norm, however, we suggest that the intermediate phase has a different origin. In
any case, a focused investigation of the competition between molecular orbital and
SOC induced triplon model should be attempted. This might also possibly connect

to discussion of the nature of Li,RuO3 and the behavior of a-RuClz under pressure.

In the final chapter, we discuss the topologically nontrivial phases arising in the
edge-case of the magnetic field interacting with the triplon model solidly considered
to be in the paramagnetic regime. Topological magnons/triplons are prominently
addressed in regular spin-dimer systems, where Dzyaloshinskii-Moriya Interaction is
regularly the key ingredient. In our spin-orbital model, the role of this interaction can
seemingly be substituted by the Kitaev or I' terms. In this document, we chart the
plethora of topological phases and assess their origin as bosonic Dirac-cone physics.
Additionally, we provide models in the limiting cases that seemingly provide intuitive

ways of formulating expectations regarding topological nontriviality of the model.

For the case of the honeycomb model we find that, in contrast to previous sugges-
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tions, almost any magnetic field direction has the potential to induce topologically
nontrivial phases. This is attributed to multiple limits being nontrivial and should
be expected to extend to the kagome lattice. Additionally, influences like the crystal
field seem to be unable to destroy the topological nontriviality. Yet, this interpre-
tation also suggest that a more trivial lattice with a single site atomic basis, like
the triangular lattice, should be extpected to be topologically trivial for realistic
parameters due to crystal field distortions. In general, the thermal Hall response
in the spin-orbital triplon systems seems to be minute. Consequently, this setup
should be set aside as far as experiments are concerned, until an alternative scheme
to induce Kitaev interactions in a singlet-triplet system with more suitable energy
scales emerges. Moreover, the analysis also implies four (or more) atoms per unit cell
being unable to fully gap in magnetic fields, which may discourage ventures into the
topology of this model kind of model in many three-dimensional compounds. Finally,
we demonstrate the viability and potential of this model for one-dimensional objects
by providing a proof-of-principle with possibly intriguing implications regarding chi-
ral /sublattice symmetry.

All in all, one may summarize the results in a rough overarching manner by stating
the following: The spin-orbital triplon model has the potential to host a plethora
of novel physical phenomena. Yet, a lot of these can seemingly be predicted and
naively understood by carefully taking stock of some fundamental concepts. For the
magnetic and crystal field evaluations, on-site analysis of the influences paired with
simple formulation of the singlet-triplet wave function ansatz provides the intuitive
interpretations as a mostly normal spin without BEC in the former and analogue
to a spin-dimer in the other. Similarly, the topological nature of the model can be
gauged by a look at the limiting cases. Consequently, a thorough look at the model

in this manner might be a useful first estimate for future studies of similar concepts.
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Appendix

A.1 Additional Magnetic Orders

In this part of the appendix we present two additional magnetic orders found for
the sMC simulations of the pure hs-hy higher-order term model at A = 2\. The
existence of these magnetic orders has been noted in the discussion of the respective
model in the later parts of section 3.1.2. As mentioned in the section, these figures
are a results of N = 16 lattice size sMC simulations. For representative angles we

choose a = 90° in figure A.1 and v = 254° in figure A.2.
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Figure A.1. SMC simulation of the triplon model with solely higher-order contri-
butions at A = 2\ and a = 90°: A magnetic field with partly zigzag-like features is
present. The top two diagrams represent the v bosons and the lower two u.
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Figure A.2. SMC simulation of the triplon model with solely higher-order contri-
butions at A = 2\ and a = 254°: A magnetic field with partly zigzag-like features
is present. The top two diagrams represent the v bosons and the lower two w.
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A.2 More Details: Crystal Field Analysis

In this part of the appendix we present results that support the points made in the
main text. Figure A.3 includes the hy matrix elements of the Heisenberg oo = 0 case
of the full crystal field model as a function of the crystal field strength A. The kinks
are due to the basis phase fixing at A = 0 noted in the main text.

Figure A.4 represents ED data of the simple crystal field with more data points in
the paramagnetic regime. The subsequent figure A.5 visualizes the analogous data
for the full crystal field model. Furthermore, figure A.6 contains the equivalent to the
full field ED analysis of the main text without the inclusion of higher-order terms.

The remaining two figures present the phase diagrams for the o sweeps in absence
of higher-order terms. Figure A.7 represents the simple crystal field scheme while
figure A.8 visualizes the full model. As expected, the canted zigzag phase is absent

in the simple scheme and minute shifts of the condensation points can be found.

matrix element (¥|...|®)

0.1

—0.2
0.2

0.1

matrix element (¥|...|®)

Figure A.3. Matrix elements (hs terms) of the triplon model in the Heisenberg
a = 0 case in the full crystal field regime: The crystal field does not drastically
suppress the interactions per se.
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Figure A.4. Ground state properties calculated via ED for the AFM Heisenberg
model in the simple crystal field scheme: Here additional values of Heisenberg in-
teraction A are provided in order to give a more detailed view of the paramagnetic
regime and the emergence of the magnetic phase. No previously unmentioned irreg-
ularities are found.

345



A. Appendix

.. mo higher-(l)rde%" terlms higher—olrderlterrlns irllcludedo.4
;o ‘ —I'E
Yy X &

—_ 0.0

Fidelity

Figure A.5. Ground state properties calculated via ED for the AFM Heisenberg
model in the full crystal field scheme: In direct equivalence to the previous picture,
additional values of Heisenberg interaction A are provided in order to give a more
detailed view of the paramagnetic regime and the emergence of the magnetic phase.
No previously unmentioned irregularities are found.
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Figure A.6. Ground state properties calculated via ED for the AFM Heisenberg
model in the full crystal field scheme without higher-order terms: This figure is the
hs equivalent of the corresponding analysis in the main part of this document. Its
purpose is to show that the higher-order terms do no restrict another singlet phase
from emerging. There remains a single phase transition into the magnetic order.
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Figure A.7. Semiclassical Monte-Carlo phase diagram for the Kitaev-Heisenberg

model without higher-order hs-hy terms, A = 0.1\ and various values of interaction
angle o and crystal field A. This result represents the simple crystal field scheme.
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Figure A.8. Semiclassical Monte-Carlo phase diagram for the Kitaev-Heisenberg
model without higher-order hg-hy terms, A = 0.1\ and various values of interaction
angle o and crystal field A. This result represents the full crystal field scheme.
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A.3 Matrix Elements and States of the Full

Crystal Field Model

As mentioned, we provide a matrix and states at arbitrarily chosen values in order

to help with reproduction or refutation of our results. The matrix elements are

(c)

ai,outﬁj,out:'Yi,inéj,ill
lattice sites on the (¢) bond (cf. equation (1.62)) and «/3/~/0 are singlet or triplet

states. The labels “in” and “out” reflect the matrix elements, i.e. Héc) =

designated by their indices, e.g., , where ¢ and j are nearest neighbor

i,outB4,0utsVi,in07,in
(85| H (C)\’yﬁj)azﬁ;% d;. In other words, we write down a matrix akin to the one in

figure 1.13, just with a slightly different notation for the indices. In regards to the
(¢) bond Hamiltonian one should recall that switching © — y — z — x to get the
other bonds is fine, but a pure index switch does not translate to the t;/5/3 triplon
basis. Finally, we write the state indices like o with s for the singlet and 1/2/3
for the t1/ty/ts triplet. The matrix represents the arbitrarily chosen values A\ = 1,
a=7° A=213 and A = 0.84 (thus setting t*/U and #"*/U). We only provide the
top half of the matrix and the diagonal entries. The remaining offdiagonal elements
can obviously be constructed by complex conjugation and transposition (Hermitian

matrix).

H'9,, = 0.0395 + 0.0000i

S

H'?,, = 0.0000 + 0.6189i
H',. = 0.0395 4 0.0000i

ss,2s

H'yy = —0.0745 + 0.0745i
H'Y,5, = —0.0745 + 0.0745i

S

HY),, = —0.0276 — 0.0276i

S

HY)\| = 0.0579 - 0.0579

S

HY),, = —0.0045 — 0.0045i

Hoo = 41947 +0.0000i  HL, = 0.0484 — 0.0484i
H'Y = —0.0000 +0.0000i  H\, = 0.0484 — 0.0484i

ss,ls
H'\, = —0.7264 + 0.7264i

H\, = 0.0000 — 0.0609i
Hy = 07264 +0.7264i  H,, = 0.5673 + 0.0000i
H'), = —0.0000 + 0.0000i

55,35 H',, = 0.0000 — 0.0609i
Hyy = 0.0000 - 0.5597i  HLY,, = 4.2655 + 0.0000i
HS) 5 =0.3902+0.00000  H(\, = 1.1416 + 0.0000i

HY)\, = —0.0164 + 0.0000i
H),, = 0.0363 + 0.0000i
HY)5, = 0.0770 + 0.0000i
HS)3 = —0.0110 + 0.0110i
HS)\, = —0.0045 + 0.0045i
H'), 5 = 0.0000 — 0.2140i
H%),y = 0.0581 + 0.0000i

HY)\ = —0.2127 + 0.2127i
HY),, = 0.0068 + 0.0068i

S

HY),) = 0.3487 — 0.3487i

S

HS)., = 4.3107 + 0.0000i
H'),| = 0.0000 + 0.0053i

S

H'S),, = 1.1489 + 0.0000i

S

HY)yy = 0.2127 — 0.2127i

S

S

HY);, = —0.2313 + 0.0000i
HS) 3 = —0.4779 +0.4779i
H)\, = 0.0577 — 0.0577i

HY),; = 0.1333 4 0.0000i

S

H'),, = —0.0067 + 0.0067i
HS)5, = —0.0943 + 0.0943i
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H), = 0.0000 + 0.3381i
HS) = 4.1844 + 0.0000i
H'),, = —0.3059 + 0.0000i
H'S),1 = 0.2084 + 0.0000i
H')5, = 0.3770 + 0.0000i
H')53 = —0.0000 + 0.0000i
H{(,, = 0.0363 + 0.0000i
H{?,, = —0.0164 + 0.0000i
H{,. = 0.3902 + 0.0000i
H{¢53 = —0.0110 + 0.0110i
H{) 5 = 0.5617 + 0.0000i
H{?)5, = 0.0000 + 0.30401
H{ = 0.5617 + 0.0000i
H{$)\, = 3.4953 + 0.0000i
H{5)y, = 0.2366 + 0.0000i
H{5),, = 0.2984 + 0.0000i
H{$).s = 0.0729 — 0.07291
H{5)y = —0.0533 — 0.0533i
H{S)5, = 0.0242 + 0.0242i
H{5)s = 0.3214 + 0.0000i
HS,5y = 0.0581 + 0.0000i
H3Y51 = 0.0000 — 0.2140i
Hy5)y, = 3.4953 + 0.0000i
Hy3)s, = —0.3059 + 0.0000i
HyY)s = 0.0729 — 0.07291
H5)s, = —0.0046 + 0.0046i
H5)ss = 0.0000 — 0.1219i
Hy5)s = —0.0185 + 0.0185i
HSY,, = 4.1844 + 0.0000i
H{¢)55 = —0.0000 + 0.0000i
Hi3),s = 0.3214 + 0.0000i
H5)s = 4.1844 + 0.0000i

H)sy = —0.3487 + 0.3487i
HS)\, = 0.0770 + 0.0000i
H'), 5 = 0.0031 — 0.0031i

H)y, = —0.0046 — 0.0046
HS) = 0.0242 — 0.0242i
H(, | = 4.2655 + 0.0000i
H(\; = 0.3487 — 0.3487i
H{,, = 0.0068 + 0.0068i

H{, = —0.2127 +0.21271
H{)\, = 5.1470 + 0.0000i
H{?,, = 0.0000 — 0.0053i

H(,5 = —0.0533 — 0.05331

H{,, = —0.0533 — 0.05331

H) 5 = —0.4715 + 0.4715i
H{5)y, = 0.3196 + 0.31961

H)y = —0.0533 + 0.05331
H{S)\ 5 = 4.1375 + 0.0000i
H{5)5, = 0.0000 — 0.0462i
H{5)5; = 0.0671 + 0.0000i
Hi,, = 4.3107 + 0.0000i
HY,yy = —0.3487 + 0.3487i
HyYyy = 02127 — 0.2127i
Hy5)yy = 0.3196 + 0.31961

HY)s = —0.4715 + 0.4715i
Hy5)yy = 5.2816 + 0.0000i
H5)1 = 0.0000 + 0.0462i
H{5) s = 4.2673 + 0.0000i
H5)y = 0.0974 + 0.0000i
HSY51 = 0.0031 — 0.0031i
H7)sy = 4.1375 + 0.0000i
H5)y = 4.2673 + 0.0000i

H'5)55 = 0.0000 + 0.0090
H)\, = 0.0046 — 0.0046i
H'S),, = —0.0943 — 0.0943i
H'S),5 = 0.0025 + 0.0000i
H'),, = 0.0198 + 0.0000i
H{¢\, = 0.0579 - 0.0579
H(,, = —0.0276 — 0.0276i
H{(?y, = —0.2313 + 0.0000i
H{?,, = 0.1333 + 0.0000i
H)\, = —0.4020 — 0.4020i

H{y = —0.4020 — 0.4020i
H{?5, = 0.0046 + 0.0046i
H{),5 = 0.2410 + 0.0000i
H{5),, = —0.0067 — 0.0067i
H{5)ys = —0.0462 + 0.0000i
H{5), = 0.2953 + 0.0000i
H{5),, = 0.0000 — 0.3381i
H{5)ys = —0.0795 — 0.0795i
H)sy = —0.0185 — 0.01851
Hyy = 0.0577 — 0.05771
HYYs = —0.4779 + 0.4779i
HS55 = 0.0000 + 0.0090i
H{3,s = 0.2953 + 0.0000i
HY)sy = —0.0462 + 0.0000i

H5)ys = —0.5780 + 0.5780i
H5)sy = —0.5780 + 0.5780i
Hy5),, = 0.0198 + 0.0000i
HY5)s = —0.3936 + 0.3936
HS5, = 0.0025 + 0.0000i
HSy = —0.0795 — 0.07951
H5)s = —0.3936 + 0.3936

The digits of the previous matrix are not rounded and do not imply precision.
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cutoff after 4 decimal places was chosen arbitrarily, as this should suffice for the
purpose of checking the overall end result in this scheme and saves considerable
amount of space. Similarly, one might provide the values of the singlet and triplet

states at this point. One finds (same decimal cutoff):

|s) =0.5403i(|mz, = 0,mg = 0) — |1, —1) — |=1,1)) — 0.1016(1 + 1) (|1,0) + |0, 1))
—0.1016(1 — i) (|]—1,0) 4 [0, —1)) + 0.1438 (|1, 1) — | -1, —1)),

t) = — 0.1621(1 4 1) |0,0) — 0.1621(1 — i) |—1, —1) — 0.15020, 1) + 0.3795 |1, 0)
+0.1062(1 +1i) [—1,1) — 0.2684(1 4 1) |1, —1) + 0.5298i (|0, —1) — |—1,0)),

|ta) = —0.1323i]0,0) — 0.3712(1 +1i) |0, 1) + 0.2776(1 +1) |1, 0)
— 0.5250i |—1,1) +0.3926i |1, —1) + 0.0936(1 — i) (|0, —1) + |—1,0))

+0.2647|1,1) +0.1323 |1, —1)

Obviously, the t3 triplon remains constant.
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A.4 Matrix Elements of the Triplon Model for
CasRu0O,

The triplon Hamiltonian of the CasRuO4 Kugel-Khomskii Hamiltonian studied in
reference [20] and [134] has never been published. As they stem from a Mathematica
notebook written by us and an implementation of this model in sMC and ED was
also our contribution, it seems to be appropriate to write down the model here. One
may note that equation (3.9) provides the definitions and the equations following it
contain the hy matrix elements (which we therefore do not have to reiterate here).
Subsequently, we provide expressions for the other nontrivial matrix elements. The
indices and presentation are analogous to the previous section, with the difference

that the t,/t,/t, triplon basis and corresponding indices are used.

LNNN _ 4% N (—5J3+6JaU~+3U2) RNNN _ 2N (—16J34+15JqU+9U?)
55,88 U (—=3Ju+U)(2Ja+0) 53,87 6U(—=3Jg+U)(2Ja+0)
LNNN _ 2 (—10J3+19J5U+7U2) LNNN 2N (—7TJA+T7IaU+4U?)
sY,sy 6U (—3Ja+U)(2Ju+U) sz,sz — 3U(—3Ju+U)(2Ju+U)
RNNN 2 (—16J3+15J5U+9U?) LNNN 2N (—13J3+10JqU+7U2)
xzs,sy — 6U(—3Ju+U)(2Ju+U) zx,xx AU (=3Ju+U)(2Ju+U)
RNNN 2N (—8JF+11IqU+5U2) LNNN t2an (—11J3+9J5U+6U2)
Y,y AU (=3Ju+U)(2Ju+U) T2Z,02 AU (=3Ju+U)(2Ju+U)
LNNN 2 an (—10J34+19JqU+7U2) LNNN 2w (83 +11JqU+5U2)
ys,ys 6U(—3Ju+U)(2Ju+U) YT, YT 4U (—=3Jg+U)(2Jg+U)
RNNN _ By (CJfH4IU+U?) RNNN _ By (Z8J3+11JuU+502)
yy.yy — U(=3Ju+U)(2Ju+U) yzyz — AU (=3Ju+U)(2Ju+U)
NNN _ 2N (= TR +TInU+4U?) NNN _ t2an (—11J3+9J5U+6U2)
28,28 3U(—3Ju+U)(2Ju+U) 2T,2T 4U(—3Ju+U)(2Ju+0U)
RNNN 2w (—8JE+11IqU+5U2) RNNN _ tZan (—9J4+8JuU+5U2)
2Y,2y 4U (—3Jg+U)(2J5+U) 22,22 4U (—=3Jg+U)(2J5+U)
NNN _ _ Jutian NNN _ 7NNN _ _ pNNN _ _ 7 NNN
h = ——DNNN__ h =h = —h = —h
ST,YyY \/EU(—SJH—&—U) xs,zz ST,YY SZ,Yx xY,z8
BNNN Rinn (=55 =3/uU+U?) ARNNN _ pNNN _ pNNN _ ) NNN
Sx,2Y 2\/6U(—3JH+U)(2JH+U) SY,xz Sx,2Y xs,yz YS,zx
NNN _ NNN _ 7NNN _ pNNN _ 7 NNN
hsy,zx - _hsz,zy - hsz,xy - hxz,sy - hyx,zs
RNNN By (1/U+1/ 2T+ U) RNNN _ pNNN _ _ pNNN _ _ ;NNN
Ty, yz 8 Yz,2y Ty, Yz TT,yy yy,zz
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_ 2(JA(=62 41t s—10t2) 42T (52 4+6t2) U+ (412 +1,t s 46t2)U?)

x
hss s8 U (—3Ju+U)(2Ju+U)
he _ —AJE (2 44t2) + T (1612415t 2) U+ (4t2+9t2) U
8T,8T 6U(—3Jy+U)(2Ju+U)
B _ —10JA(#2+42)+ T (1262419t 2) U +(6t2+T7¢2) U
sY,5y 6U (—3Ju+U)(2Ju+U)
X _ JA(5t it = TE2) + Ju (617 +762) U+(3t7 +tat s +4t2) U
52,82 3U(—3Jg+U)(2Ju+U)
B _ —AJE(244t2) + T (1612415t 2) U+ (4t2+9t2) U2
TS, rs 6U (—3Ju+U)(2Ju+U)
B = 13JE 2y (T2 452 U+ (2624712 U?
TXT,TT 4U(-3Ju+U)(2Ju+U)
%  —AJE(E 22+ Ju (97112 ) U+ (317 4-5t2)U?
ry,xy 4U (—3Ju+U)(2Ju+U)
B  —(JEAH12)+9 T (2 U +3(t7+2t2) U
xz, 7 AU (=3Ju+U)(2Ju+U)
B = 10JE (D) + In (126241982 U + (667 +7t2) U2
Yys,ys 6U(—3Ju+U)(2Ju+U)
B  —AJE (2t + Ju (92112 ) U+ (37 4-5t2) U
yryr AU (-3Ju+U)(2Ju+U)
B —(JE(9 t2+4t2))+8JH(t?+2t§)U+(5t§+4t§)U2
yyyy 4U(—3Jg+U)(2Jg+U)
B —(JE(T2+8t2))+ I (T2 +1142) U+ (4¢3 +5¢2) U?
yzyz AU (-3Ju+U)(2Ju+U)
B _JE(5E At —TE2) + T (6674 T2 U+ (3874t +4t2)U?)
28,28 3U(-3Ju+U)(2Ju+U)
B = (JRAZH11E2)+9 T (12 ) U +3(t3+2t2)U?
2X,2T T AU (—=3Ju+U)(2Ju+U)
X (JH(7t2+8t2))+JH(7t2+11t2)U+(4t2+5t2)U
2yzy 4U (=3Ju+U)(2Ju+U)
B _JR(-9tE 24t —9t2)+8JH(t2+t2)U+(5t2+2tlt +5t2)U?
22,22 4U (-3Ju+U)(2Ju+U)
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B _ JE(5tE=3tt 412+ Jn (3t 1t 4-2t2) U —t2U?
sxyz T 26U (—3Ju+U)(2Ju+U)
x _ JA(=5t it —562) — Ju (317 +4tit + 3 U+ (7 —tit+12) U
ST,2Y Q\EU(—?)JH-%—U)(ZJH-FU)
B _ JE(—A243tt—5t2) — Ju (22 +-t it +3t2) U202
sY,xz 2V6U (=3 Ju+U) (2Ju+U)
he _ Ja(5t]—tit +5¢2)+Ju (317 +4tit +3t2) U—(tf —tit+12)U?
Y,z 26U (=3Ju+U)(2Ju+U)
> _ JAA =24t 452+ T (2t +tt+3t2) U+ (4 —t5 )t U?
sz,xy 26U (—3Ja+U)(2Ju+U)
X _JE(-Bt A2t —At2) — T (3t 4-tit s+ 262 U+ (t—t 5 ) U
szyr 2v/6U (—3Ju+U)(2Ju+U)
B _ JA(=5t it —562) — Ju (317 +4tit +32) U+ (7 —tit+12) U
zs,yz 26U (—3Ju+U)(2Ja+U)
z _ JA(Gt 3t +4t2) + Ju (3t it +262) U 17U
xs,zy 2V/6U (—3Ju+U)(2Ju+U)
T _ —(Ju(tf+tit+2)+ (7 +t2)U)
TTYY 4U (2Jy+U)
he _ —(t(Iat+ts)+40))
TT,22 4U (2Jg+U)
B _ (Ja+U) (Ju(=3t242tts—3t2)+ (L2 +tits+t2)U)
Ty, yr AU (—3Jy+U)(2Ja+U)
X _ JA(=5E2 42t — A2 — Ju (3t2 it + 2t U+t (4 —t5) U
TY,2s 2V/6U (—3Ju+U)(2Ju+U)
he _ Ja(5t]—tit +5¢2)+Ju (317 +4tit +3t2) U— (1} —tit+13) U
xz,ys 26U (—=3Ju+U)(2Jg+U)
he _ u(2t,(1/U+2/(=3Ju+U))+3t,(1/U+1/(2Ju+U)))
Tz, 20 24
B _ —(JR(47 =3tt+5t2)+ Ju (267 41,1, +3t2) U —t2U?)
ys,zx 2V/6U (—3J+U)(2Ja+U)
B _ JEAE =24t 452+ Ty (267 +-tts+3t2) Ut — )t U?)
yr,zs 26U (—3Ju+U)(2Ju+U)
X _ —(ts(Jut+ts)+tsU))
yy,zz 4U (2Ju+U)
e (241 U+2/(=3Ja+U))+3t,(1/U+1/(2Ja+U)))
Yz,2y 24
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