University of Stuttgart
" Germany

Gravitational Field Modelling of

Irregular Celestial Bodies
A Case Study of Comet 67P

Guanyu Cao

Master thesis
in the degree program GEOENGINE
at the Institute of Geodesy, University of Stuttgart

Stuttgart, August 2025

Supervisor:  Prof. Dr.-Ing. Nico Sneeuw
Universitdt Stuttgart

éls






Erklarung der Urheberschaft

Ich erklédre hiermit an Eides statt, dass ich die vorliegende Arbeit ohne Hilfe Dritter und ohne
Benutzung anderer als der angegebenen Hilfsmittel angefertigt habe; die aus fremden Quellen
direkt oder indirekt {ibernommenen Gedanken sind als solche kenntlich gemacht. Die Arbeit
wurde bisher in gleicher oder dhnlicher Form in keiner anderen Priifungsbehorde der Univer-
sitdt Stuttgart oder einer anderen Hochschule vorgelegt, und auch noch nicht veroffentlicht.

Ort, Datum Unterschrift

Declaration of authorship

I declare in lieu of an oath, that the research reported within this thesis has been conducted by the author
unless indicated otherwise. Ideas provided directly or indirectly by others have been marked for that. The
material contained within this thesis has not previously been submitted for a degree to the examination
authority of the University of Stuttgart or any other University, and is also not published otherwise.






Abstract

Irregular small bodies such as comets and asteroids exhibit complex shapes, making their grav-
itational fields challenging to model. In this thesis, we assume a constant density for the
body and pursue two distinct research objectives: (i) to cross-check the gravitational poten-
tial obtained from a polyhedral line-integral formulation against a CFD-based hydrodynamic
analogue, and (ii) to investigate the stability of downward continuation of spherical-harmonic
models from the Brillouin sphere to the body surface.

A methodological extension of the existing GPolyhedron software was implemented, result-
ing in GPolyhedronext, which allows point-wise evaluation of scalar gravitational potential,
vectorial attraction and higher order gradients. To ensure compatibility with polyhedral grav-
ity modeling, a graph-theoretical algorithm was developed to enforce consistent STL topol-
ogy. These tools enabled high-accuracy benchmark calculations for comet 67P/Churyumov-
Gerasimenko.

Comparative analysis demonstrated strong consistency between the line-integral and CFD
methods, with mean absolute errors below 1 mGal and correlation coefficients exceeding 0.99.
The results confirmed the equivalence of the two methods while highlighting their comple-
mentary strengths: the line-integral formulation provides exact and stable reference values,
whereas CFD offers numerical flexibility for complex geometries.

Spherical-harmonic analysis of Brillouin-sphere data, followed by downward continuation, re-
vealed exponential growth of residuals with depth, confirming theoretical expectations of in-
stability. Moreover, residual maps showed clear spatial correlation with the comet’s bilobed
geometry, particularly the neck region, demonstrating that shape complexity strongly ampli-
fies continuation errors.

In summary, this work establishes a validated methodological framework for modeling the
gravitational fields of irregular bodies. The key contributions include the development of
GPolyhedronext, the empirical confirmation of exponential error growth in downward con-
tinuation, and the identification of geometry—error coupling in cometary gravity fields. These
results provide both scientific insight and practical guidance for future deep-space missions
requiring reliable gravitational models of small celestial bodies.






Contents

1 Introduction

1.1
1.2
1.3

Research Background and Significance . . . . .. ... ................
Research Objectives . . . . . .. .. ... ... .. ... .. ... .. ... .. ...
Thesis Structure . . . . . .. ... . L

2 Literature Review

2.1

2.2

2.3

Gravitational Modeling Methods for Irregular Bodies . . . . . ... ... ... ..
2.1.1 Point-mass approximation and limitations . . . .. ... ... .. ... ..
2.1.2 Theoretical foundations of the polyhedral line-integral method (Tsoulis
approach) . . . ... .. ..
2.1.3 Numerical Characteristics and Governing Equations of CFD-Based Hy-
drodynamic Simulations . . . . .. ... ... 0 0oL
2.14 Practical Implementation and Numerical Behavior of CFD-Based Gravity
Modeling . . ... ... ... .. ...
Brillouin Sphere Theory and Spherical Harmonic Analysis . . . .. ... ... ..
221 Definition and Geometric Properties of the Minimum Brillouin Sphere . .
2.2.2 Mathematical Framework for Spherical Harmonic Expansion in Source-
FreeRegions. . . . . ... ... ... .. . ... ..
2.2.3 Ill-Posedness of Downward Continuation . . . . . ... ... ........
Existing Tools and Methodological Limitations . . . . . ... ... .........
2.3.1 Applications and Constraints of GPolyhedron Software . . . . . .. ...
2.3.2 Research Gap: STL Topological Consistency for Polyhedral Gravity Mod-
eling . .. ...

3 Methodology and Data Preprocessing

3.1
3.2

3.3

4.1

4.2

Research Framework Design . . . .. .. ... .. ... .. ..........
Data Acquisition and Processing . . . . .. ... ... .. ... ... . ... ...
3.2.1 Model File Acquisition and Validation . . . . .. ... ... .........
3.2.2 GPolyhedron Program Extension . . . . . ... ................
3.2.3 Graph Theory-Based Topology Correction . .. ... ............
Key Computational Procedures . . . . . . ... ... ... ... .. .......

Gravitational Modeling Results and Comparative Analysis

Line Integral-CFD Consistency Verification . . . . . ... ... ... ... .....
41.1 Gravitational Vector Comparison . . . . . .. .. ... .. .. ........
41.2 Distributional Diagnostics (Difference Histograms) . . . .. ... ... ..
413 Result Appraisal . ... ... ... ... .. ... . . 0 o
GPolyhedron Function Correction . . . . ... ... ... ... ... .......

10
10
10
10
12

15
15
15
18
18
21



vi

5 Spherical Harmonic Downward Continuation and Stability Confirmation 23
5.1 Brillouin-Sphere Harmonic Expansion . . . . ... ... ... ... ... ...... 23
5.1.1 Spherical-harmonic analysis and synthesis . . . . ... ... ........ 23

51.2 Reference visualization on the Brillouin sphere . . . . .. .. ... ... .. 23

5.2 Downward Continuation Experiments . . . . .. .. ... ... .. ....... .. 25
52.1 Depth-Control Strategy and Results . . . . ... ............... 25

522 Residual—Depth Relationship . . . . ... ... ....... ... ... .. 27

53 Summary and Overall Assessment . . . . ... ... ... .............. 30

6 Discussion 33
6.1 Objectives and Structure of the Discussion . . . . . .. ... .. ........... 33
6.2 Comparison I: CFD and Line-Integral Formulations . . . ... ... ... ... .. 33
6.2.1 Theoretical Common Ground . . . . .. ... ... .. ... ......... 33

6.2.2 Quantitative Consistency . . . . . ... ... ... .. ... ... ... 33

6.2.3 Sourcesof Discrepancy. . . . . .. ... .. ... ... ... ... ... 34

6.2.4 Applicability and Comparative Evaluation . . . . ... ... ... .. ... 34

6.3 Comparison II: Line-Integral Benchmark and Downward Continuation . . . . . . 34
6.3.1 Experimental Designand DataBasis . . . . .. ... ... .......... 34

6.3.2 Observed Residual Growth . . .. ... ... .. ... .. ... .. .. ... 35

6.3.3 Mechanistic Explanation . . . . .. ... . ... ... . .. . 0000, 35

6.3.4 Implications and Practical Boundaries . . . . . ... ... .......... 35

6.4 Data Pipelineand Robustness . . . . . .. ... ... ... .. .. ... .. ..... 35
6.5 Limitationsand Scope . .. ... .. ... ... ... ... .. 36
6.6 Synthesisof Findings . . . . ... ... ... .. ... ... .. ... .. . ... 36

7 Conclusions and Future Work 37
71 Summaryof Key Findings . . . ... ...... .. ... ... .. ... .. .... 37
7.2 Scientific and Engineering Significance . . . . . .. ... ... ... .. 0 0L 37
73 Limitations . . . ... .. ... 38
74 Future Research Directions. . . . . .. ... .. ... ... . ... ... ..., 38
75 ClosingRemarks . . ... ... ... .. ... . ... . 38
Appendix ix
A.1 Existing Software Tools . . . ... ....... ... ... ... ... ... .. ... ix
A11SHBUNDLE Toolbox . . . . . . . .o o e ix

A.1.2 GPolyhedronext Function . . . . .. ....................... ix

A.2 Self-Developed Software Modules . . . . .. ...................... X
A.2.1 GPolyhedronext Implementation Guide . . . . . .. ... ........... X

A.2.2 Mesh Orientation Correction Algorithm . . . . .. ... .. .. ... ... .. xi
A3KeyCodeSnippets . . . ... ... L e Xii
A.3.1 Brillouin-Sphere Potential (GPolyhedronext) . . . . .. .. .. ... ... .. xii

A.3.2 CFD-Line Integral Comparison . . . ... ... ... .. ... ........ Xiii

A.3.3 Histogram Generation (CFD vs. Line-Integral) . . . . . ... ... ... ... Xiv

A.3.4Residual-Depth Analysis . . . . ... ..... ... ... .. .. ....... XV



Chapter 1

Introduction

1.1 Research Background and Significance

The exploration of irregular celestial bodies, such as comets and asteroids, has become a fun-
damental pursuit in planetary science and the development of deep-space missions. Unlike
nearly spherical planets, celestial bodies such as Comet 67P /Churyumov—Gerasimenko, aster-
oid Eros, and Bennu exhibit markedly irregular shapes, which introduce significant challenges
in accurately modeling their gravitational fields. In this thesis, we assume a constant den-
sity for the body. Understanding the gravity fields of these irregular objects provides essential
theoretical underpinnings for advanced applications, including intricate spacecraft trajectory
planning and the exploitation of extraterrestrial resources.

Traditional geodetic techniques—most notably spherical harmonic (SH) analysis—are not well-
suited for modeling the gravity fields of highly irregular bodies, primarily because the down-
ward continuation of SH series from an enclosing reference sphere to the actual surface becomes
unstable and inaccurate (gprlék and Han, 2021; Sneeuw, 1994). To overcome these limitations,
polyhedral modeling methods have been developed that make no assumptions about body
symmetry and employ surface mesh representations combined with line-integral formulations
for the analytical computation of external gravity fields (Werner, 1994; Petrovi¢, 1996; Tsoulis,
2012; Tsoulis and Gavriilidou, 2021). In parallel, computational fluid dynamics (CFD-based)
methods have been introduced, using principles of fluid mechanics to simulate potential fields
within a finite domain (Yin and Sneeuw, 2021; Duan et al., 2024). Both the polyhedral and
CFD frameworks represent critical advancements that provide complementary perspectives
and powerful tools for analyzing the gravitational environment of irregular celestial bodies.

Figure 1.1: Comet 67P/Churyumov—Gerasimenko.
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1.2 Research Objectives

This research aims to conduct a systematic cross-validation of gravitational field modeling
techniques tailored for irregular celestial bodies. Specifically, it compares the polyhedral line-
integral formulation (Tsoulis, 2012; Tsoulis and Gavriilidou, 2021) with the computational fluid
dynamics (CFD-based) approach (Yin and Sneeuw, 2021; Duan et al., 2024), enabling a compre-
hensive evaluation of their consistency, accuracy, and practical reliability.

Another core objective is to quantify the errors that occur during the process of downward
continuation—that is, the radial continuation of the potential field from the minimum Bril-
louin sphere toward the body’s surface—and to examine the stability of this continuation un-
der varying continuation distances and spherical-harmonic degrees (Sprldk and Han, 2021;
Sneeuw, 1994). Such an analysis is crucial for identifying the limitations and sensitivities of
each method when applied in realistic modeling scenarios.

By addressing these aspects from both comparative and diagnostic perspectives, this study
seeks to establish a robust quantitative foundation for method selection and to provide practi-
cal guidance for constructing stable gravitational models of complex, non-spherical bodies such
as Comet 67P/Churyumov-Gerasimenko. The comet’s pronounced bi-lobed, contact-binary
morphology—believed to have resulted from the gentle merger of two separate components—
exemplifies the type of geometrical irregularity that poses significant challenges in gravita-
tional field modeling, making it an ideal case study for this research.

1.3 Thesis Structure

This thesis is organized into seven chapters, each addressing a key component of the investi-
gation.

Chapter 1 introduces the research background, objectives, and overall framework.

Chapter 2 provides a comprehensive overview of existing gravitational modeling techniques
for irregular celestial bodies and elaborates on the theoretical foundations of the Brillouin
sphere, spherical harmonics, and the limitations of current computational approaches.

Chapter 3 describes the research methodology and data preparation procedures, including
model validation, algorithmic development, and topological corrections applied to the surface
mesh models.

Chapter 4 presents the main results of gravitational field modeling and delivers a comparative
evaluation between the polyhedral line-integral formulation and the CFD-based approach.

Chapter 5 investigates the challenges associated with spherical-harmonic downward continu-
ation, supported by experimental tests and stability analyses under various continuation set-
tings.

Chapter 6 discusses the broader implications of the findings, highlighting their engineering
relevance, stability thresholds, and the generalizability of the proposed methods.

Chapter 7 synthesizes the principal contributions, outlines the limitations of the study, and
proposes directions for future research and methodological improvement.



Chapter 2

Literature Review

2.1 Gravitational Modeling Methods for Irregular Bodies

2.1.1 Point-mass approximation and limitations

One of the earliest and simplest methods in gravitational modeling is the point-mass approx-
imation, which models a celestial body as though its entire mass is concentrated at a single
point—typically at its center of mass. This simplification is valid for spherical or nearly sym-
metrical bodies, especially when analyzing gravitational effects at distances much greater than
the body’s radius. This validity arises from the principle of spherical symmetry as established
in Newton’s shell theorem (Kaula, 1966; Heiskanen and Moritz, 1967; Petrovi¢, 1996).

2.1.2 Theoretical foundations of the polyhedral line-integral method (Tsoulis approach)

The polyhedral line-integral method is a precise analytical technique for calculating the grav-
itational field of a polyhedral body with uniform density (Werner, 1994; Werner and Scheeres,
1997; Tsoulis, 2012; Tsoulis and Gavriilidou, 2021). The approach begins with the classical vol-
ume integral for the gravitational potential:

V() = Gp///u|r_1r/|dll, 2.1)

where G denotes the gravitational constant, p is the constant density, r represents the observa-
tion point, and U is the volume of the polyhedron.

By applying Gauss’s divergence theorem, this volume integral can be reduced to surface inte-
grals over the faces of the polyhedron:

N
V(r) = Gp;;fl//sp f(r, ') ds, (2.2)

and through a second application of the theorem, each surface integral can be further reduced
to line integrals along the edges:

N.(p)
V(r) = Gp / g(r,v')dL. (2.3)
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This two-stage reduction allows direct computation of the gravitational potential, the grav-
ity vector (first derivatives), and the full gravity gradient tensor (second derivatives) from the
polyhedral mesh geometry. The method is known for its numerical stability and high preci-
sion, especially near the surface of irregular bodies. Additional refinements and enhancements
for accuracy and computational efficiency are discussed in (Hamayun et al., 2009; Fukushima,
2017).

2.1.3 Numerical Characteristics and Governing Equations of CFD-Based
Hydrodynamic Simulations

Computational fluid dynamics (CFD) provides a fully numerical counterpart for gravitational
field modeling. In this analogy, the gravitational field is treated as a potential flow satisfying
the Laplace equation, while the gravitational acceleration corresponds to the velocity field of an
inviscid, incompressible fluid. The governing equations of steady potential flow are expressed
as (Yin and Sneeuw, 2021):

V-v=0,

v ) (2.4)
v-Vv = —EVp,

where v is the velocity vector (analogous to the gravitational acceleration g), p is the pressure
potential, and p is the constant fluid density. The associated energy conservation relation yields
the Bernoulli equation:

9 1, p

S AT S 2.

5 T30+ o + C, (2.5)
where ¢ denotes the velocity potential (v = V¢), ® is the gravitational potential, and C is a con-
stant of integration. Under steady and force-free conditions (d¢/dt = 0 and & = C = 0), the

Bernoulli equation reduces to

1

p= —Epvz. (2.6)

This relation serves as the boundary condition in CFD simulations of gravitational potential
fields. Solving these equations with finite-volume discretization (e.g., the SIMPLE algorithm)
produces a Laplacian velocity field that is mathematically equivalent to the gravitational accel-
eration field g = V®. The CFD-based framework thus enables flexible modeling of complex
geometries without requiring closed-form solutions, although its accuracy depends on mesh
resolution, boundary conditions, and numerical stability.

Notation: v - velocity vector; ¢ - velocity potential; ® - gravitational potential; p - pressure
potential; p - density; C - Bernoulli constant.

2.1.4 Practical Implementation and Numerical Behavior of CFD-Based Gravity
Modeling

Computational fluid dynamics (CFD) offers an alternative, fully numerical approach to gravi-
tational field modeling for irregular celestial objects. It conceptualizes gravity as an analogous
problem to potential flow, where the gravitational potential satisfies the Laplace equation—
similar to that governing the flow of incompressible, irrotational fluids. Solving the fluid dy-
namics equations over a discretized mesh enables the extraction of potential distributions and



2.2 Brillouin Sphere Theory and Spherical Harmonic Analysis 5

gradients, which correspond directly to the gravitational potentials and accelerations described
by Yin and Sneeuw (2021).

Unlike the analytically reduced polyhedral method, CFD-based modeling is inherently numer-
ical and mesh-dependent. Its key advantage lies in its flexibility to accommodate complex
shapes and boundary conditions without requiring closed-form solutions. However, the reli-
ability of results depends heavily on mesh resolution and the numerical schemes employed.
Discretization errors and residuals from iterative solvers, such as the SIMPLE algorithm, are
common sources of uncertainty. Recent implementations involving heterogeneous-density as-
teroids are explored in Duan et al. (2024).

2.2 Brillouin Sphere Theory and Spherical Harmonic Analysis

2.2.1 Definition and Geometric Properties of the Minimum Brillouin Sphere

The Brillouin sphere is defined as the smallest possible sphere, centered at the body’s center
of mass, that completely encloses the entire volume of the object. For a non-spherical celestial
body with a vertex set {r;}, the radius is calculated as:

R = max ||| (2.7)

This geometric construct ensures that the region external to the sphere is devoid of internal
mass sources, establishing a mathematically well-posed boundary for the use of harmonic se-
ries expansions (Heiskanen and Moritz, 1967; éprlék and Han, 2021).

2.2.2 Mathematical Framework for Spherical Harmonic Expansion in Source-Free
Regions

Both outside the Brillouin sphere and within the source-free cavity between the body’s surface
and the sphere, the gravitational potential satisfies Laplace’s equation:

V2V =0, (2.8)

and can be expressed using spherical harmonics (Heiskanen and Moritz, 1967; Kaula, 1966;
Sprlék and Han, 2016):

oo | 1
_ _ R
V(r,0,A) = g 1+ Z Z (Cp cos mA + Sy, sinmA) Py, (cos 9) (r) ] , (2.9)
[=2m=0

where (7,9, A) are spherical coordinates, P}, are the associated Legendre functions, and Cj,;, Sy,
are the fully normalized spherical harmonic coefficients. This representation forms the theoret-
ical foundation for downward continuation within the Brillouin sphere.
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2.2.3 llI-Posedness of Downward Continuation

Downward continuation refers to the process of extending the spherical harmonic representa-
tion from the Brillouin sphere inward toward the actual surface of the celestial body. In theory,
this enables the potential field to be reconstructed at the surface from values known on the en-
closing sphere. However, since each harmonic term is scaled by a factor of (R/r)!, even small
uncertainties in higher-degree coefficients can be drastically amplified as r decreases below R
and approaches the surface radius Rgysface-

This amplification renders downward continuation highly sensitive to measurement noise and
numerical inaccuracies, often leading to substantial deviations near the surface in the recon-
structed gravitational potential (Sneeuw, 1994; gprlék and Han, 2016, 2021). This inherent in-
stability represents a fundamental limitation when using spherical harmonics for modeling the
gravity fields of strongly irregular bodies.

2.3 Existing Tools and Methodological Limitations

2.3.1 Applications and Constraints of GPolyhedron Software

GPolyhedron is a widely adopted MATLAB toolkit designed to compute the gravitational po-
tential and its derivatives for polyhedral bodies using the line-integral approach (Tsoulis, 2012).
It has been extensively applied in planetary geodesy and small-body studies for generating
high-precision benchmark gravitational fields, based on the analytical formulations proposed
by Werner (1994) and Werner and Scheeres (1997).

Nevertheless, its architecture is primarily suited for geodetic-scale applications, and certain
limitations prevent its direct application to highly complex small-body models. Specifically,
the software assumes a consistent and closed polyhedral topology and does not inherently
support point-specific computations. Consequently, extensions or modifications are required
for detailed modeling tasks involving surface-level or Brillouin-sphere gravity evaluations of
asteroids and comets.

2.3.2 Research Gap: STL Topological Consistency for Polyhedral Gravity Modeling

An STL (stereolithography) file is a standard format for representing three-dimensional
models using a list of triangular facets and their vertex coordinates. It is the format of the
67P /Churyumov—-Gerasimenko shape model used in this study. While STL files provide
a complete geometric description of a surface mesh, they do not enforce consistent vertex
orientation for each facet.

In contrast, GPolyhedron requires all triangular facets to follow the right-hand rule, such that
each outward normal vector points away from the body. If some facets are incorrectly oriented
inward, the resulting gravitational contributions from the line-integral computations will be
erroneous.

To resolve this issue, a graph-theoretical algorithm was developed to reorient the facet orienta-
tions based purely on mesh connectivity, independent of the actual geometric coordinates. The
process includes the following steps:
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e Adjacency construction: An edge-face incidence structure is created from the list of
facets, ensuring that each edge is shared by exactly two triangles, an inherent property of
a closed triangular mesh in STL models.

¢ Orientation propagation: Starting from a correctly oriented seed triangle, a breadth-first
search (BFS) is employed to propagate consistent orientation to neighboring triangles. For
instance, if an edge is used in the direction v; — v; by the current triangle, the adjacent
triangle must use the same directed edge, not the reverse.

o Global traversal: The BFS guarantees that each edge is visited only once. Given the finite
and known number of edges from mesh connectivity, the process terminates efficiently
and avoids loops.

This ensures that all triangle normals point outward, yielding a mesh topology suitable for use
in GPolyhedron. Notably, the algorithm is independent of geometric coordinates, which may
be highly distorted in irregular bodies like 67P, and relies solely on mesh connectivity, thus
offering robustness for arbitrary closed triangular meshes derived from STL models (Botsch
et al., 2010; Kettner, 1999).

Finally, a validation check is performed to confirm that each triangle’s normal vector n correctly
points outward.






Chapter 3

Methodology and Data Preprocessing

3.1 Research Framework Design

This study adopts a dual-verification framework to evaluate both the accuracy of gravitational
field modeling techniques and the stability of downward continuation. The framework consists
of two complementary stages that jointly test the consistency and robustness of the proposed
methodologies.

Verification I: Surface and Brillouin-Sphere Gravity Fields

The first verification stage focuses on computing gravitational potentials and accelerations
across two distinct geometric domains: (i) the polyhedral surface of the irregular body and
(ii) the enclosing minimum Brillouin sphere. Both domains are analyzed using two indepen-
dent methods—the polyhedral line-integral formulation (Tsoulis, 2012) and the CFD-based hy-
drodynamic simulation (Yin and Sneeuw, 2021). A detailed cross-comparison of the resulting
fields enables the evaluation of methodological consistency, detection of systematic discrepan-
cies, and identification of approach-specific error sources. This stage provides a benchmark for
assessing the relative performance of analytical and numerical modeling techniques.

Verification Il: Downward Continuation of Spherical Harmonics

The second stage investigates the stability of downward continuation, which remains a fun-
damental challenge in potential theory (Bevis, 2024). Gravitational field values computed on
the Brillouin sphere are expanded into spherical harmonics to generate an external potential
model. This harmonic representation is then propagated inward to different continuation
depths approaching the polyhedral surface and compared against the line-integral reference
solutions. By systematically varying both continuation distance and harmonic degree, the pro-
cess quantifies error amplification and identifies the conditions under which stable continua-
tion is achievable (Sneeuw, 1994; éprlék and Han, 2021).

Together, these two stages constitute a comprehensive validation scheme: the first ensures con-
sistency between independent modeling approaches at reference surfaces, while the second
evaluates the limits of spherical harmonic representations in reproducing near-surface gravity
fields of highly irregular celestial bodies.
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3.2 Data Acquisition and Processing

3.2.1 Model File Acquisition and Validation

The geometric shape model employed in this study is derived from a publicly available tri-
angular mesh representation of comet 67P/Churyumov—Gerasimenko. To balance computa-
tional efficiency with preservation of morphological detail, the high-resolution original was
downsampled to 67P_51970_5.stl, containing 5199 vertices and 10394 triangular facets.
Upon import, vertex coordinates and facet-vertex connectivity were extracted and checked
for integrity, including completeness of indexing and internal consistency of mesh structure.
Preliminary validation confirmed that key features, such as the bilobed shape and significant
topography, were preserved and that the surface is fully watertight (Preusker et al., 2017; Jorda
etal., 2016).

3.2.2 GPolyhedron Program Extension

The original GPolyhedron MATLAB function calculates the gravitational potential and its
derivatives for a polyhedral object but lacks the capability to evaluate these quantities at arbi-
trary, user-specified coordinates. In the unmodified version, the gravitational functionals are
computed only for the polyhedral surface or predefined grid points, as the main computational
loop—performing line integrals over the polyhedron’s faces and edges—remains internal to the
routine.

To address this limitation, an extended version, GPolyhedronext, was developed. This
version introduces an additional input parameter, pt, allowing users to specify any (x,y,z)
location in space. The modified function returns the potential V, acceleration components
(Vx, Vi, V2), and second-order derivatives Vj; at the specified point, while keeping the origi-
nal line-integral calculation framework unchanged.

Correctness of GPolyhedronext was verified using a prism-shaped test object included with
the original package. A comparison MATLAB script (GPExttest .m) showed full consistency
between analytical results and those produced by the extended function (Nagy et al., 2000;
D’Urso, 2013). Additionally, proper application to comet 67P requires strict mesh topology
(i.e., right-handed vertex ordering and outward-pointing normals), which is enforced using the
graph-theoretical correction described in Section 3.2.3 (Tsoulis and Gavriilidou, 2021; Botsch
et al., 2010; Kettner, 1999; CGAL Editorial Board, 2025).

3.2.3 Graph Theory-Based Topology Correction

For the polyhedral line-integral formulation to produce accurate gravitational results, every
triangular face in the mesh must follow the right-hand rule, ensuring that the outward normal
vector points away from the body’s center. Although STL files define facet vertices, they do not
ensure global orientation consistency. Therefore, a connectivity-only algorithm was developed
to repair vertex orderings without relying on geometric coordinates (Botsch et al., 2010; Kettner,
1999; Attene, 2010):
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e Adjacency construction: An edge—face incidence map is built such that each edge is
associated with exactly two adjacent triangles—an invariant in closed triangular meshes.

e Orientation propagation (BFS): Starting from a seed triangle with assumed correct orien-
tation, a breadth-first search (BFS) traverses the face adjacency graph. For every shared
edge (v;,v;), the neighboring face is reordered to maintain consistent orientation (i.e.,
ensuring that (v;,v;) is never reversed).

e Termination and uniqueness: Each edge is visited at most once, avoiding loops and

ensuring algorithmic termination.

After orientation propagation, the outward direction of each face normal n is verified using the
triangle centroid ¢ and the body’s center of mass o:

which confirms that all normals point outward, completing the topological correction.

n-(c—o0)>0,

(3.1)

Validation results. This correction algorithm was first tested on the 67P_51970_5.st1l
mesh. No inconsistencies were found, confirming that the dataset was already topologically
correct. The MATLAB diagnostic output is shown below:

All face vertex orders are correct.

A visual confirmation is provided in Figure 3.1.

To test robustness, three artificial orientation errors were injected into the STL file. The algo-

rithm successfully detected all erroneous regions, as seen in the following output:

Error introduced at row: 9494
Error introduced at row: 6573
Error introduced at row: 1014

======== Faces with incorrect
Face 975 vertex order: 558 ->
Face 989 vertex order: 609 ->

Affected edge: 4828 4819
Affected edge: 3495 3439
Affected edge: 610 587

vertex order ========
586 —-> 587
587 —> 610

Face 1014 vertex order: 587 —-> 610 -> 586

The corresponding visualization is shown in Figure 3.2, clearly highlighting all affected edges

and facets.

These tests confirm the reliability of the topological verification process. In the absence of
artificial errors, the mesh fully complies with the requirements of GPolyhedronext, making
it a valid and verified STL model for gravitational field modeling.
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Figure 3.1: Topology check on the original STL mesh of comet 67P. No inconsistent facets are detected; outward
normals are globally consistent. (Image generated in MATLAB.)

3.3 Key Computational Procedures

The core computational procedures in this study focus on constructing consistent sampling sets
on both the comet’s surface and the Brillouin sphere. These samples serve as a reference for
method validation and downward continuation analysis.

Brillouin Sphere Radius Calculation

The minimum Brillouin sphere radius R is defined as the maximum Euclidean distance be-
tween the body’s center of mass and any vertex on the polyhedral surface:

R = max ||x;]], (3.2)
1

where x; represents the Cartesian coordinates of the i-th vertex in the STL mesh. This ensures
that the sphere fully encloses the body and is valid for external spherical harmonic expansions
Sprldk and Han (2021).
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Figure 3.2: Topology check after injecting three artificial orientation errors. All affected edges and associated facets
are successfully flagged by the checker. (Image generated in MATLAB.)
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Sampling Point Generation Rule

To establish one-to-one correspondence between the surface and Brillouin sphere, each surface
vertex is projected radially outward to the sphere, preserving its direction. This is computed
via:

sphere Xj

1 i .
This mapping yields 5,199 paired points on the Brillouin sphere corresponding directly to the
5,199 surface vertices of the original comet model. The paired data allows for precise cross-
method comparisons (e.g., CFD vs. line-integral) and establishes well-defined boundary con-

ditions for downward continuation experiments éprlék and Han (2016); Sneeuw (1994).
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Chapter 4

Gravitational Modeling Results and Comparative
Analysis

4.1 Line Integral-CFD Consistency Verification

This section verifies the agreement between the polyhedral line-integral method and the CFD-
based hydrodynamic simulation on two geometric domains: the polyhedral surface and the
enclosing Brillouin sphere. In total, 20 796 evaluation points are analyzed (four datasets of 5199
points each).

Quantitatively, the two methods are highly consistent. Expressed in milliGal (mGal), the over-
all mean absolute error (MAE) is about 0.7 mGal and the root-mean-square error (RMSE) is
about 0.9 mGal; the Pearson correlation reaches r = 0.9973. Despite their different formula-
tions, both methods recover nearly identical field magnitudes and spatial patterns.

4.1.1 Gravitational Vector Comparison

We compare the Cartesian components (g, gy, 8z) and the magnitude |g| over (i) surface ver-
tices and (ii) Brillouin-sphere samples. To avoid fragmented reporting, we present stacked
panels (four rows, one column) for each domain and consolidate statistics in a single table.

Domain  Quantity MAE (m/s?) MAE (mGal) MRE (%) r

Surface gy 4993 x 107 0.4993 34.107  0.9986
Surface gy 5.151 x 1076 0.5151 13.860  0.9990
Surface g, 5.153 x 107 0.5153 22919  0.9991
Surface  |g] 7.359 x 10~ 0.7359 3.799 09137
Brillouin gy 2.662 x 1076 0.2662 8.010  0.9997
Brillouin g, 2.458 x 107 0.2458 15.633  0.9996
Brillouin g, 2414 x 1076 0.2414 20.094  0.9996
Brillouin |g 4535 x 107 0.4535 4308  0.9973

Table 4.1: Summary statistics for CFD vs. line-integral comparisons.
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4.1.2 Distributional Diagnostics (Difference Histograms)

We analyze the statistical distribution of the differences A = CFD — Linelntegral. Two 2 x 2
mosaics collect the histograms for the surface and for the Brillouin sphere, respectively, each
covering Agy, Agy, A, and A|g|. If the histograms are approximately Gaussian, we summarize
them by the mean s and standard deviation o, in Table 4.2.
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Figure 4.3: Surface: histograms of differences A = CFD — Linelntegral for gx, 8y, 82, and |g|.

4.1.3 Result Appraisal

While correlations are near unity, some MRE values are large because component means
are small and sign changes inflate percentage metrics; accordingly, we complement MRE by
magnitude-based relative errors, dynamic-range-normalized RMSE, and e-thresholding of
denominators near zero.
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Figure 4.4: Brillouin sphere: histograms of differences A = CFD — Linelntegral for gx, 8y, 82, and |g|.

Domain

Quantity

ua (mGal) o (mGal)

Surface
Surface
Surface
Surface

Sx
8y
Sz
g

-0.0238 0.6236
0.0053 0.6473
-0.0513 0.6372
0.5901 0.6369

Brillouin
Brillouin
Brillouin
Brillouin

x
8y
gz
K

-0.0221 0.3476
0.0149 0.2983
-0.0307 0.2864
0.4514 0.1974

Table 4.2: Normality-based summary of differences (A = CED — Linelntegral): mean y, and standard deviation

oa (mGal).
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Figure 4.5:

90

60

30

Latitude/
(=]
-

Gravity Vector Magnitude (GPolyhedronext Calculation), [mGal]

230!
| 110
-60
18
‘BD 1 1 1 1 ] I
1] 60 120 180 240 300 360
Longitude/®
Gravity Vector Magnitude (CFD Solution), [mGal]
90 20
60 |~
. -
30
5 .
=)
2 0
"
-
=30 |
| {10
60
18
-BD 1 1 1 1 ] I
1] 60 120 180 240 300 360
Longitude/®
Difference: GPolyhedronext Calculation - CFD Solution, [mGal)
a0
25
2
60
15
L Y
30° L C 1
- ¥ ] )
EN $\\:1 \‘ i o> l',: 05
[1§] g b
=2 o -5 ﬂ»\ * o L} vh 0
'(E“ - h" 3 B .
— " ¥ e 0.5
-30! -1
| -1.5
-60 5
-2.5
_90 1 1 1 1 ]
o &80 120 180 240 300 360
Longitude/®
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(bottom). This figure bridges to the subsequent residual-versus-depth analysis.
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4.2 GPolyhedron Function Correction

As a diagnostic illustration, figure 4.6 shows results before correcting the absolute-value bug in
the original GPolyhedron implementation: due to an unintended componentwise absolute
value during gradient accumulation, the V, component lost its sign, flipping parts of the field
and corrupting the direction of the gravitational acceleration. This figure was generated with
the uncorrected function solely to demonstrate the effect; all results reported in Section 4.1 use
the corrected implementation.

An issue was identified in the original GPolyhedron implementation: during gradient ac-
cumulation, a componentwise absolute value inadvertently removed directional information
(notably in V). The corrected implementation preserves the signed projections and thus the
physical orientation of the gravitational acceleration vector. All results in Section 4.1 use the
corrected version.

. 1074 X-direction Gravity Acceleration at Brillouin Sphere Points (before abs correction in GPolyhedronext) [ng]
2

CFD-based Method
= = = Line Integral Method (using GPolyhedronext)

¢ 14

X-direction Gravity Acceleration

| | | | | |
1] 1000 2000 3000 4000 5000 6000
Point Index

Figure 4.6: Incorrect Vy values due to an absolute-value operation in the original GPolyhedron. This issue is
resolved in the corrected implementation.
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Chapter 5

Spherical Harmonic Downward Continuation and
Stability Confirmation

5.1 Brillouin-Sphere Harmonic Expansion

5.1.1 Spherical-harmonic analysis and synthesis

At the minimum Brillouin sphere with radius R = 2653.8 m, the gravitational potential was
calculated using the corrected polyhedral benchmark method (GPolyhedronext) and sam-
pled over a regular grid in longitude and latitude. Spherical-harmonic analysis was performed
using the SHBundle toolbox (Sneeuw et al., 2024) via the gsha function, which generated a
coefficient set up to the desired maximum degree /nax. Reconstruction of the potential field on
the same grid nodes was carried out using gshs_grid.

Sampling grid design. To ensure uniform sampling across the sphere while minimizing alias-
ing, the grid was configured according to:

Nlat = lmax +1, Nlon = 2lmax-

In this study, Imax = 20 was adopted to ensure numerical stability and to emphasize the large-
scale characteristics of the gravitational field. This degree is sufficient to capture the dominant
features of Comet 67P’s irregular geometry while avoiding spectral oscillations and overfitting
effects that typically arise at higher degrees when the input data contain discretization noise.
With this configuration, the grid comprises Ni,; = 20 and Nj,, = 40, corresponding to an angu-
lar spacing of approximately 9° in both latitude and longitude. Identical grid nodes were used
for both the original and reconstructed fields, allowing direct pointwise residual analysis.

5.1.2 Reference visualization on the Brillouin sphere

At the reference depth (d = 0), the following visualizations illustrate the original potential, the
reconstructed field, and their residuals (units: m?/s?).

At this baseline depth, the original and reconstructed gravitational fields demonstrate strong
global consistency. Nevertheless, the residual map reveals two symmetrically distributed re-
gions along the elongated axis of comet 67D, reflecting the influence of local geometric irregu-
larities on harmonic reconstruction.



Chapter 5 Spherical Harmonic Downward Continuation and Stability Confirmation

Figure 5.1: Original, reconstructed, and residual gravitational potential on the Brillouin sphere (d = 0).
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These residuals are an inherent consequence of the finite spectral resolution of the harmonic
model. The original potential field is sampled at roughly 2I2,.. grid points, whereas only /2
coefficients are available in the spherical-harmonic expansion. As a result, the reconstructed
field can represent only half of the spatial degrees of freedom, and the remaining unresolved

content manifests as the residual field.

5.2 Downward Continuation Experiments

5.2.1 Depth-Control Strategy and Results

Using the same set of spherical harmonic coefficients, downward continuation was performed
at four depths below the Brillouin sphere, specifically at d = {0,200,400,600} m. The selected
depth levels represent a gradual inward continuation well within the physically meaningful
range. The minimum radius of comet 67P is about 2050 m, corresponding to a maximum pos-
sible distance of roughly 600 m between the Brillouin sphere (R = 2653.8 m) and the surface.
Deeper continuations would shift large portions of the evaluation domain inside the body,
where no external field conditions apply. Hence, these four depths were chosen to confine the
analysis to the exterior field region while providing sufficient sampling to reveal systematic
depth-dependent behavior.

For each depth level, results from both the reference benchmark (Original) and the spherical
harmonic reconstruction (Reconstructed) are presented side by side in two-column layouts to
enable direct visual comparison.

Note: While the d = 0 case corresponds to the maps previously shown in Section 5.1.2, the color
scales used here have been adjusted to remain consistent across all depths. For this reason, the
three d = 0 maps are included again using the updated colorbar limits.

Original Gravitational Potential on the Brillouin sphere, [m2/s?] Reconstructed Gravitational Potential on the Brillouin sphere, [m2/s?]

latitude/
°

latitude/®
°

0 30 60 90 120 150 180 210 240 270 300 330 360 o 30 60 90 120 150 180 210 240 270 300 330 360
longitude/® longitude/®

Original (d = 0; revised colorbar) Reconstructed (d = 0; revised colorbar)

Figure 5.2: Original (left) and reconstructed (right) on the Brillouin sphere with revised colorbar limits (d = 0).

Residual maps (2 x 2 mosaic). For compact comparison across depths, the four residual maps
are arranged in a 2 X 2 mosaic layout, using a common color scale for all subplots.

The residual maps clearly demonstrate that as the continuation depth increases, deviations in-
tensify rapidly-both in magnitude and spatial concentration. Specifically, the two dark patches
observed at d = 0 expand into broader zones of instability at depths of 200 - 600 m, with their
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Figure 5.6: Residual maps for d = {0,200,400, 600} m (top-left to bottom-right).

amplitudes growing substantially. These regions coincide with the comet’s neck and spindle-
shaped morphological features, suggesting that geometrical complexity plays a significant role
in amplifying reconstruction errors. Overall, the results highlight not only the sensitivity of
downward continuation to depth but also the spatial correlation between error amplification
and surface irregularities.

5.2.2 Residual—Depth Relationship

To investigate the quantitative relationship between residuals and continuation depth, the anal-
ysis draws upon the surface vertices of comet 67P as the primary dataset. Due to the comet’s
highly irregular geometry, the distances from surface vertices to the Brillouin sphere vary con-
siderably. For each vertex x; with radial distance r; = ||x;||, the local continuation depth is
defined as

di=R—r; (>0), (5.1)

where R is the radius of the Brillouin sphere. Using the previously derived spherical harmonic
coefficients, the point-wise residual is computed as 6V; = Vi (x;) — Virig(X;). This procedure
yields a dense collection of (d;, |0V;|) samples distributed across the entire surface.

Context visualizations on the 67P surface. These surface-based visualizations reinforce the
same conclusion: large residuals consistently cluster in morphologically complex regions, par-
ticularly around the neck and lobe junctions of comet 67P. This residual distribution under-
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Figure 5.7: Original potential evaluated at the 67P surface vertices (units: m?/s?).
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Figure 5.8: Reconstructed potential at the same surface vertices from spherical-harmonic synthesis.
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Figure 5.9: Point-wise residuals on the 67P surface: Reconstructed — Original.

scores that topographic irregularities are the most susceptible zones for errors in spherical har-
monic continuation.
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Quantitative Relationship Between Residual and Depth. To investigate this relationship,
two complementary approaches were employed. The nonparametric LOWESS smoothing was
first applied to verify the overall monotonic behavior of residual magnitudes with depth. Sub-
sequently, an exponential model was fitted to quantify this growth rate, providing a compact
parametric description for comparison and reproducibility.

Trend of Error with Respect to Depth (Smoothed Curve Resuit)
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Figure 5.10: Residuals vs. depth derived from 67P surface vertices, with LOWESS smoothing.

A clear and consistent pattern emerges: reconstruction accuracy is high near the Brillouin
sphere but deteriorates rapidly as the effective continuation depth increases. The exponential
model succinctly captures this growth, consistent with the theoretical sensitivity of downward
continuation to radial compression and the amplification of high-degree spectral components.
Notably, the concentration of large residuals in the neck region further confirms that the insta-
bility is driven not only by depth but also by local geometry. This highlights a strong coupling
between the limitations of spherical harmonic methods and the morphological complexity of
irregular bodies.

5.3 Summary and Overall Assessment

This chapter presented a comprehensive evaluation of the spherical-harmonic representation of
the gravitational potential for comet 67P. Three complementary components were addressed:
(i) spherical-harmonic analysis and synthesis on the Brillouin sphere; (ii) downward contin-
uation to concentric inner spheres at depths d = {0,200,400, 600} m, including comparative
(Original, Reconstructed) maps and residual mosaics; and (iii) a surface-based quantitative
evaluation linking vertex-level residuals to continuation depth.
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Figure 5.11: Exponential model fit to the residual-depth relationship derived from 67P surface vertices.

The results confirm that spherical-harmonic reconstruction is highly accurate on the Brillouin
sphere itself and remains reliable within shallow depths. However, as the continuation depth
increases, residual magnitudes and spatial complexity grow rapidly, reflecting the inherent
ill-conditioning of the downward continuation problem. This behavior is well characterized
by the exponential model fitted to vertex-wise residuals, which captures both the amplitude
and rate of error amplification with depth.

Beyond reproducing the expected exponential sensitivity, the analysis also exposes a distinct
morphological dependence: regions of high curvature and concavityparticularly the neck re-
gion of comet 67Pconsistently exhibit stronger reconstruction instability. These findings high-
light that the limitations of spherical-harmonic downward continuation are not purely spec-
tral but also geometrically conditioned. Overall, this chapter demonstrates both the effective-
ness and the boundaries of harmonic continuation in modeling irregular-body gravity fields,
thereby connecting theoretical instability concepts with a physically realistic, shape-dependent
context.
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Chapter 6

Discussion

6.1 Objectives and Structure of the Discussion

This chapter evaluates the methodological outcomes presented in this thesis and interprets
them in a broader scientific context. Rather than reiterating numerical results, the goal here is
to extract conceptual insights from the two complementary validation strategies introduced in
Chapter 3: (i) the consistency between CFD and line-integral formulations, and (ii) the stability
of downward continuation based on spherical harmonic expansions, benchmarked against the
polyhedral reference model.

6.2 Comparison I: CFD and Line-Integral Formulations

6.2.1 Theoretical Common Ground

Both the polyhedral line-integral method and the CFD-based potential-flow analogue are
grounded in the same physical principle: the gravitational potential outside a mass body
satisfies Laplace’s equation. The key difference lies in the computational philosophy. The
line-integral approach analytically reduces the classical volume integral to surface and line
integrals using Gauss’s theorem, resulting in closed-form solutions. By contrast, CFD dis-
cretizes the domain and numerically solves Laplace’s equation using iterative solvers such as
SIMPLE.

6.2.2 Quantitative Consistency

As summarized in Tables 4.1 and 4.2, the numerical agreement between the two formulations is
high but not perfect. Across all Cartesian components and magnitudes, the mean absolute er-
rors (MAE) range between 0.24 and 0.74 mGal, and the root-mean-square errors (RMSE) remain
below 1 mGal. The correlation coefficients (r) exceed 0.99 for almost all components, indicating
a strong spatial correspondence between CFD and line-integral fields.

However, when interpreted relative to the full dynamic range of the gravity signal (tens of
mGal), these deviations are not negligible. In particular, the mean relative errors (MRE) for
individual components reach values between 8% and 34%, and the residual distributions (Ta-
ble 4.2) exhibit non-zero standard deviations up to 6.4 mGal. Thus, although global correlations
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are near unity, local discrepancies constitute a significant fraction of the total amplitude spec-
trum.

This discrepancy pattern aligns with physical and numerical expectations. CFD introduces
iterative truncation errors, sensitivity to solver tolerance, and boundary-condition effects, par-
ticularly in regions of rapid field variation near the neck of comet 67P. Conversely, the line-
integral method provides analytically exact expressions but depends strictly on the topological
integrity of the mesh. The correction applied in Section 4.2 eliminated the sign inversion in
Vy, which notably reduced the systematic bias and restored physical coherence of the gravity
vector orientation.

From a statistical standpoint, the approximately normal distribution of residualswith small
but finite iz and oasuggests that the two methods differ mainly by spatially structured noise
rather than systematic model errors. Yet, given that deviations amount to several percent of
the total field, the equivalence between both formulations should be regarded as high-order
consistency rather than perfect identity. This distinction is crucial for applications requiring
mGal-level precision, where such residuals may influence derived quantities like gravity gra-
dients or potential energy estimates.

6.2.3 Sources of Discrepancy

Difference maps in Section 4.1.2 highlighted localized deviations, particularly near the neck of
comet 67P. These correspond to regions of strong curvature and limited mesh resolution, where
small geometric differences amplify into observable field variations. Such effects are consistent
with the numerical convergence limits of CFD and with the intrinsic sensitivity of Laplacian
fields to boundary discretization. The improved consistency after the gradient-correction (Sec-
tion 4.2) confirms that most of the previously observed offsets were methodological rather than
physical.

6.2.4 Applicability and Comparative Evaluation

From a practical standpoint, the line-integral method offers non-iterative, high-accuracy solu-
tions, ideal for near-field benchmarking. Its primary limitation is computational expense on
dense grids and the requirement for a manifold, consistently oriented mesh. CFD, while intro-
ducing minor iterative noise, is more versatile: it accommodates arbitrary geometries, variable
boundary conditions, and potential coupling with other physical processes. Therefore, both
methods are best viewed as complementary toolsline integrals as an analytical benchmark and
CFD as a flexible numerical framework.

6.3 Comparison ll: Line-Integral Benchmark and Downward
Continuation

6.3.1 Experimental Design and Data Basis

The second comparison, detailed in Chapter 5, examined the stability of downward continua-
tion. The Brillouin sphere of radius R = 2653.8 m served as the reference domain. The gravita-
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tional potential was expanded into spherical harmonic coefficients using gsha, synthesized via
gshs_grid, and compared against line-integral benchmarks. Continuation was performed at
depths of 0, 200, 400, and 600 m below the Brillouin sphere. Additionally, a dense residual-
depth dataset was generated using the 5,199 surface vertices of 67P, with local depth defined
asd; =R —v;.

6.3.2 Observed Residual Growth

At d = 0, reconstructed and benchmark fields were nearly identical, with residuals well below
1m?/s?>. However, at greater depths, residual magnitudes increased markedly, both in visual
maps and in quantitative metrics. The surface-based dataset exhibited an exponential growth
behavior: LOWESS smoothing confirmed a monotonic increase, and an exponential model
provided a compact parametric representation of the rate of amplification.

6.3.3 Mechanistic Explanation

This exponential growth stems from fundamental properties of spherical harmonics. Each term
scales with (R/r)!, meaning that as r decreases, high-degree harmonics become disproportion-
ately amplified. As a result, small errors or spectral truncation effects in the harmonic coeffi-
cients are significantly magnified during downward continuation. Furthermore, limiting the
expansion to a finite degree Imax causes spectral leakage, where unresolved high-frequency
components manifest as near-surface residuals. The bilobed and concave geometry of 67P ex-
acerbates these effects, as spherical harmonics inherently struggle to approximate highly irreg-
ular fields.

6.3.4 Implications and Practical Boundaries

These results demonstrate that spherical harmonic reconstruction is robust near the Brillouin
sphere but degrades rapidly with depth. Practically, the Brillouin sphere can be considered
a “stability boundary” within which harmonic representations remain valid. Deeper contin-
uation introduces significant risk of error amplification, and for applications near the body’s
surface, direct methods such as polyhedral integrals are more reliable. The residual-depth
curves provide a valuable guideline for choosing harmonic degree and safe continuation depth
in modeling workflows.

6.4 Data Pipeline and Robustness

A key prerequisite for these comparisons was the robustness of the data preprocessing pipeline.
The graph-theoretical orientation correction (Section 3.2.3) ensured the STL mesh met the topo-
logical requirements of the line-integral algorithm. Tests with artificially induced errors val-
idated the correction procedure. Furthermore, the one-to-one mapping of surface vertices to
Brillouin-sphere sampling points (Section 3.3) enabled consistent cross-method comparisons
and stable downward continuation analysis.
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6.5 Limitations and Scope

This study assumes homogeneous density, whereas actual small bodies may exhibit significant
internal heterogeneity. Additionally, CFD results depend on mesh quality, solver tolerance, and
domain size—factors not exhaustively explored here. Spherical harmonic models inherently
struggle to represent highly non-spherical geometries, particularly in regions such as the neck
of 67P. Lastly, the residual-depth behavior observed is specific to the shape of 67P and may not
generalize across different celestial bodies.

6.6 Synthesis of Findings

Two main methodological insights emerge from this study:

e CFD vs. Line Integral: Both approaches yield high-order consistency, confirming their
shared physical basis. Nevertheless, deviations up to several percent of the total gravity
amplitude underline that “agreement” must be interpreted statistically rather than ab-
solutely. The line-integral method provides an analytical benchmark, while CFD offers
flexible, geometry-adaptive modeling capacity.

e Line Integral vs. Downward Continuation: Spherical harmonic continuation is accurate
at the Brillouin sphere but suffers exponential degradation with depth. The Brillouin
sphere thus serves as a practical stability boundary. Beyond this, direct or hybrid methods
are preferable.

These conclusions highlight the complementary nature of the methods and define quantitative
limits for their reliable use in modeling the gravity fields of irregular celestial bodies.
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Chapter 7

Conclusions and Future Work

7.1 Summary of Key Findings

This thesis presented a comprehensive investigation of gravitational field modeling for irregu-
lar celestial bodies, using comet 67P /Churyumov-Gerasimenko as a representative case study.
The principal findings and methodological contributions can be summarized as follows:

e Methodological enhancement: The original GPolyhedron program was extended to
GPolyhedronext, enabling point-wise evaluations of gravitational potential, accelera-
tion, and gradient tensors. In parallel, a graph-theoretical algorithm was developed to
ensure STL mesh topological consistencyan essential prerequisite for accurate polyhedral
line-integral computations.

e Cross-method validation: Comparative analyses demonstrated that the CFD-based hy-
drodynamic analogy and the polyhedral line-integral formulation yield strongly consis-
tent results. Correlation coefficients exceeded 0.99 for nearly all components, and mean
absolute errors remained at the sub-mGal level, confirming their physical equivalence
within numerical uncertainty.

e Stability of downward continuation: Spherical-harmonic analysis of Brillouin-sphere
data verified that residuals between reconstructed and benchmark fields increase expo-
nentially with continuation depth. This represents an empirical confirmation of the theo-
retically predicted instability of downward continuation in small-body gravity modeling.

o Geometry-error coupling: Residual maps consistently identified the neck region of
comet 67P as a hotspot for reconstruction errors, revealing a strong coupling between
local geometric complexity and the amplification of continuation instability.

7.2 Scientific and Engineering Significance

The results of this research carry both scientific and practical implications. Scientifically, the ob-
served exponential residual amplification provides a quantitative framework for understand-
ing the depth-dependent limitations of spherical harmonic continuation in non-spherical ge-
ometries. From an engineering standpoint, the comparative evaluation clarifies the trade-offs
between modeling strategies: the polyhedral line-integral method serves as a precise analytical
benchmark, while the CFD-based solver provides flexibility and scalability for mission-driven
applications involving complex shapes and boundary conditions.
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7.3 Limitations

Several limitations should be acknowledged:

e The assumption of homogeneous density does not capture the internal heterogeneity
likely present in real comets and asteroids.

e The accuracy of CFD solutions depends on mesh resolution, solver tolerance, and the
placement of far-field boundariesparameters not exhaustively optimized in this study:.

e Spherical harmonic expansions inherently struggle to reproduce gravitational fields as-
sociated with non-convex or bilobed geometries, as exemplified by comet 67P.

These limitations do not diminish the validity of the key findings but highlight the need for
cautious generalization when extending the results to other bodies or modeling contexts.

7.4 Future Research Directions

Building on the foundations established here, several promising directions emerge for future
research:

e Advanced CFD schemes: Implementing streamline-aligned or higher-order discretiza-
tion methods to improve numerical stability and reduce residual magnitudes.

e Regularized harmonic continuation: Investigating techniques such as Tikhonov regu-
larization, spectral filtering, or machine learning-assisted reconstruction to mitigate the
intrinsic instability of downward continuation.

e Heterogeneous density modeling: Extending both polyhedral and CFD frameworks to
incorporate spatially variable density distributions, reflecting realistic small-body interi-
ors.

e Mission-oriented applications: Integrating the developed modeling framework into
spacecraft navigation, sampling mission design, and local gravity field recovery for
future asteroid and cometary exploration missions.

7.5 Closing Remarks

This thesis has demonstrated that the combined use of analytical and numerical formulations
enables reliable gravitational field modeling for irregular small bodies. The results verify the
physical consistency between line-integral and CFD methods and delineate the stability bound-
ary of spherical-harmonic continuation. Together, these findings establish a methodological
basis for next-generation deep-space missions, where accurate and efficient gravity modeling
remains a fundamental challenge in navigating and interacting with complex celestial environ-
ments.
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Appendix

A.1 Existing Software Tools

A.1.1 SHBUNDLE Toolbox

Name: SHBUNDLE 2021

Developers: Nico Sneeuw, Matthias Weigelt, Markus Antoni, Matthias Roth, Balaji Devaraju,
et al. (Institute of Geodesy, University of Stuttgart)

License: GNU General Public License v3.0

Reference: SHBUNDLE 2021 Documentation, University of Stuttgart, October 22, 2021 :con-
tentReference[oaicite:0]index=0.

Overview:

The SHBUNDLE toolbox provides a collection of MATLAB/Octave routines for spherical har-
monic synthesis (SHS) and spherical harmonic analysis (SHA). It supports both global and
regional gravity field modeling and includes high-precision implementations of Legendre and
associated functions.

Main Routines Used:

e gsha: Global Spherical Harmonic Analysis
Performs spherical harmonic expansion of a global field. Supports various methods in-
cluding least squares (’ 1s’ ), weighted least squares (" wls’), and approximate quadra-
ture (" ag” ). Input: field grid, method, grid type, maximum degree. Output: coefficients
Cim, Sp in | CS | format.

e gshs_: Global Spherical Harmonic Synthesis
Computes a potential or related gravity field quantity from given coefficients. Optional
parameters: field quantity type (potential, gravity, geoid, etc.), maximum degree, grid
size, height, and Legendre algorithm. Output: global field f(A, ¢) and coordinate grids.

Purpose in this thesis: The routines gsha and gshs_ were used to perform the global spher-
ical harmonic analysis (GSHA) and synthesis (GSHS) of the Brillouin-sphere potential. These
functions enabled downward continuation and model comparison between polyhedral line-
integral and spherical harmonic representations.

A.1.2 GPolyhedronext Function

Name: GPolyhedronext
Developer: Based on Tsoulis line-integral formulation, modified and implemented by the au-
thor. License: See LICENSE.md (derived from open academic MATLAB distribution).



Overview: The function analytically computes the gravitational potential and its first and sec-
ond derivatives of a homogeneous polyhedral body using the line integral approach. It sup-
ports arbitrary computation points in 3D space.

Inputs:
1. G Newton’s gravitational constant.
2. p Constant density of the polyhedral body:.
3. topo Topology matrix defining surface faces.
4. coords Vertex coordinate matrix.
5. pt Target point coordinates in Cartesian frame.
Outputs:
e V Gravitational potential.
o (Vy, Vi, V.) First-order derivatives (gravitational acceleration components).
e Vi; Second-order derivatives (gravity gradient tensor).

Purpose in this thesis: Used for direct computation of the gravitational potential and field
derivatives on both the polyhedral surface and Brillouin sphere, serving as a reference for eval-
uating the accuracy of spherical harmonic downward continuation.

A.2 Self-Developed Software Modules

A.2.1 GPolyhedronext Implementation Guide

Overview. GPolyhedronext.m is an extended, MATLAB-native interface to the classical
polyhedral line-integral formulation (Tsoulis, 2012). The goal is to preserve the analytical core
while simplifying data handling and enabling point-wise evaluations in a consistent APL

Interface Extensions (compared to the original).

1. Matrix-based input. The topology (topo) and vertex coordinates (coords) are passed
directly as MATLAB matrices, removing the dependency on external text files and im-
proving workflow integration.

2. Point-specified evaluation. A new input argument pt (1 x 3) specifies the Cartesian coordi-
nates of the target evaluation point. The function returns the potential, first derivatives,
and second derivatives at this point, facilitating both near-field and far-field queries.
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Scope. The underlying analytical scheme and its numerical realization follow the original line-
integral approach. GPolyhedronext does not change the physical model or introduce ad-
ditional corrections; it exclusively extends the I/O interface and adds point-wise evaluation
capability.

Usage.
[V, V2, Vy, V2, Vij] = GPolyhedronext (G, p, topo,coords, pt)

where G is Newton’s constant, p is the uniform density, topo is an [ x 3] face-vertex index
matrix, coords is an [n, X 3] vertex coordinate matrix, and pt is the Cartesian evaluation
point.

Application in this study. GPolyhedronext is used to compute reference gravitational po-
tential and derivatives at Brillouin-sphere nodes and at surface vertices of comet 67P, enabling
direct comparison with spherical-harmonic synthesis and supporting downward continuation
experiments.

A.2.2 Mesh Orientation Correction Algorithm

Overview. The script checkMeshOrientation_BFS.m was developed to verify and correct
the orientation of triangular surface meshes in STL format. For polyhedral line-integral gravity
computations, all triangles must follow a consistent right-hand rule orientation, ensuring a
physically valid outward normal direction for every surface facet. Incorrect or mixed vertex
orders can lead to sign errors in potential and acceleration values.

Methodology. The algorithm constructs a graph representation of the STL mesh, where each
node represents a triangle and edges represent shared boundaries between neighboring faces.
A Breadth-First Search (BFS) traversal is used to propagate orientation consistency across the
mesh:

1. Extract vertex coordinates and triangle connectivity from the STL file.
2. Identify shared edges and build an adjacency matrix.

3. Traverse connected components using BFS, flipping the orientation of faces when neces-
sary to maintain consistent edge direction.

4. Visualize all faces that remain inconsistent after traversal.

Validation and Visualization. The script includes a commented code section that intentionally
introduces random orientation errors into a subset of triangles. This functionality allows test-
ing the robustness of the correction algorithm and validating its ability to detect and correct
erroneous faces. The output visualization highlights inconsistent faces in a contrasting color,
facilitating manual inspection.

Input and Output.
e Input: STL file (" 67P_51970_5.st1’ or equivalent).

e Output: Visualization of inconsistent faces and a printed list of affected indices.
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Application in this study. The algorithm was applied to verify the topological consistency
of the comet 67P shape model. It ensured that all triangular faces adhered to the correct out-
ward orientation, thereby fulfilling the geometric prerequisites of the GPolyhedronext grav-
ity computation routine.

A.3 Key Code Snippets

A.3.1 Brillouin-Sphere Potential (GPolyhedronext)

Script: plotBrillouinSpherePotential_ GPolyhedronext.m

Purpose: Compute and visualize the gravitational potential on the minimum Brillouin sphere
using the analytical line-integral approach (GPolyhedronext).

Inputs: STL triangular mesh (st1read), gravitational constant G, density p, and sampling
grid (Ng, Ny).

Outputs: A 3D rendering of the asteroid surface combined with a semi-transparent potential
map on the Brillouin sphere (units: m?/s?).

Dependencies: GPolyhedronext (point-wise evaluation), st 1read, MATLAB Parallel Tool-
box (optional).

The script reads the STL shape model of comet 67P, computes the radius of the minimum Bril-
louin sphere, generates a regular spherical grid, and evaluates the gravitational potential an-
alytically at each grid point. The resulting potential field is reshaped into a two-dimensional
array for visualization and plotted as a colored surface overlay on the comet’s 3D model. The
computation uses parallel loops to accelerate point-wise evaluations. This visualization pro-
vides a global reference for later spherical-harmonic analysis and downward-continuation ex-
periments.

Core Code Fragment

)

1 % Step 1: Determine Brilloulin-sphere radius

2 radii = sqrt (sum(coords.”2, 2)); % distance of each vertex from
origin

3 R = max (radii); % minimum Brillouin-sphere radius

4

5

% Step 2: Generate spherical sampling grid

[theta, phi] = meshgrid(linspace (0, pi, NTHETA), linspace (0, 2xpi, NPHI)
)

7 X = R x sin(theta) .* cos(phi);

8 Y = R x sin(theta) .x sin(phi);

9 Z = R x cos(theta);

10 pts = [X(:), Y(:), Z(:)]1; % Cartesian sample points

12 % Step 3: Compute gravitational potential analytically (parallelized)
13 V = zeros (size(pts, 1), 1);
14 parfor i1 = l:size(pts, 1)

15 [V(i), ~, ~, ~] = GPolyhedronext (G, rho, topo, coords, pts(i,:));
16 end
17 V = reshape (V, size(X)); % reshape into grid for

visualization
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Listing 1: Sampling the Brillouin sphere and computing the gravitational potential via GPolyhedronext.

The complete code also includes 3D visualization commands for overlaying the potential field
on the comet shape model and adding axis indicators. A colorbar indicates the potential values
in m?/s%, and vector arrows (X, Y, Z) define the reference frame orientation.

A.3.2 CFD-Line Integral Comparison

Script: compare_CFDtoLineIntegral_gravityComponents.m

Purpose: Compare gravitational acceleration components obtained from the CFD-based
method and the analytical line-integral approach (GPolyhedronext). The comparison is
performed at both the asteroid surface vertices and the Brillouin sphere, including g, gy, &z,
and |g|.

Inputs: STL shape model (st 1read), CFD solution file (cfd.solu).

Outputs: Eight paired comparison plots (four for surface, four for the Brillouin sphere), along
with Mean Absolute Error (MAE), Mean Relative Error (MRE), and correlation coefficient r.
Dependencies: GPolyhedronext, MATLAB Parallel Toolbox.

This script serves as the principal validation link between the CFD potential-flow simula-
tion and the analytical benchmark model. After computing the gravitational components via
GPolyhedronext at the same spatial positions used by the CFD solver, it automatically gen-
erates paired plots for each direction. The left panel of each plot compares sequential sample
values, while the right panel displays a parity (1:1) scatter diagram with statistical metrics.
These diagnostics verify numerical consistency and quantify systematic deviations.

Core Code Fragment

%% Paired plotting function (excerpt)
function metrics = make_pair_plots(cfd_series, lin_series, title_prefix,
ylab, figpos)

N

g % Compute error metrics

4 diff = lin_series - cfd_series;

5 MAE = mean (abs (diff)) ;

6 denom = max (abs (cfd_series), eps);

7 MRE = mean (abs (diff) ./ denom) = 100; % Mean Relative Error (%)
8 r = corr(cfd_series, lin_series, ’'type’, ’'Pearson’);

9

10 % Iwo-panel layout

11 figure (' Position’, figpos);

12 tiledlayout (1,2, ’Padding’,’ compact’,’TileSpacing’,’ compact’);
13

14 % Left: sequential comparison

15 nexttile;

16 plot (cfd_series, ’'b-’, ’"LineWidth’, 1.6); hold on;

17 plot (lin_series, 'r—-', ’'LineWidth’, 1.3);

18 grid on;

19 title([title_prefix ’ 1Index View’]);

20 xlabel (' Point Index’); ylabel (ylab);
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21 legend ({’'CFD-based’,’Line Integral’}, ’'Location’,’best’);

22

23 % Right: parity (1:1) scatter plot

24 nexttile;

25 scatter (cfd_series, lin_series, 8, ’'filled’); hold on;

26 vmin = min([cfd_series; lin_series]);

27 vmax = max([cfd_series; lin_series]);

28 plot ([vmin vmax], [vmin vmax],’k-’,’LinewWidth’,1);

29 axis equal; grid on;

30 xlabel (['CFD ’ ylabl]l); ylabel([’'Line Integral ' ylab]l);

31 title([title_prefix ’ Consistency Plot’]);

32

33 % Display metrics box

34 txt = sprintf ('MAE = %.3e\\nMRE = %.3f%%\\nr = $.4f’, MAE, MRE, r);

35 text (vmin + 0.05% (vmax—-vmin), vmax — 0.l* (vmax-vmin), txt,

36 "FontSize’, 9,’BackgroundColor’,[1 1 1 0.7],"EdgeColor’,[0.6 0.6
0.61);

37

38 % Return numerical metrics

39 metrics = [MAE, MRE, r];

40 end

Listing 2: Paired plotting and metric computation for CED vs. line-integral gravity components.

The complete code includes loading both CFD and line-integral datasets, performing
nearest-neighbor pairing between sampling grids, and generating eight comparative plots for
component-wise validation. Each figure provides direct insight into the similarity of the two
independent gravitational models.

A.3.3 Histogram Generation (CFD vs. Line-Integral)

Script: generate_histograms_differences.m

Purpose: Generate eight histograms that quantify the statistical distribution of the gravitational
acceleration differences A = CFD — Linelntegral for (gx, 8y, 8z, |g|), evaluated both on the as-
teroid’s surface vertices and the Brillouin sphere.

Inputs: CFD-derived data (cfd.solu), paired analytical results from GPolyhedronext.
Outputs: Eight normalized histograms (PDF) and fitted normal-distribution parameters (y, o).
Dependencies: MATLAB Statistics Toolbox, normpdf, exportgraphics.

This script creates the histograms analyzed in Chapter 4.1.2. For each component (gy, g, 8z, |$])
and each domain (surface, Brillouin sphere), the script calculates A, removes outliers and NaN
values, and fits a normal distribution N (p, 0?) to evaluate the deviation pattern. All figures are
exported as PNG for inclusion in the thesis and saved along with their statistical summaries.

Core Code Fragment

)

% Plot + save a histogram with a fitted normal PDF

1

2 function [mu, sig] = plot_hist_save(vec, ttl, fn, nbins, dpi)
3 vec = vec (isfinite (vec));

4 mu = mean (vec);
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5 sig = std(vec);

6 [xmin, xmax] = bounds (vec);

7 pad = 0.05 *x (xmax - xmin);

8 xx = linspace (xmin - pad, xmax + pad, 400);

9 yy = normpdf (xx, mu, max(sig, eps));

10

11 fig = figure(’'Color’,’w’,’Position’, [180 180 820 4801]);

12 histogram(vec, nbins, ’'Normalization’,’pdf’); hold on; grid on;
13 plot (xx, vy, 'r-’', ’'LineWidth’, 2);

14 title(ttl, ’'Interpreter’,’none’);

15 xlabel ('Difference \Delta = CFD - LinelIntegral [m/s”21");
16 ylabel (' Probability density’);

17 txt = sprintf (' \\mu = %$.3e, \\sigma = %.3e’, mu, siqg);

18 x1l = xlim; yl = ylim;

19 text (x1 (1) + 0.02%range(x1l), yl(2) - 0.10xrange(yl), txt,
20 "FontSize’,10,’BackgroundColor’,’w’,’Margin’,5);

21 exportgraphics (fig, fn, ’'Resolution’, dpi);

22 close (fiqg);

23 end

Listing 3: Difference construction and histogram helper for normality diagnostics.

A.3.4 Residual-Depth Analysis

Script: residual_depth_analysis.m

Purpose: Build the residual-depth relation on the surface vertices of 67P by comparing the
original potential from GPolyhedronext with its spherical-harmonic reconstruction.

Inputs: STL mesh (67P_51970_5.stl), V_matrix.mat (optional cache), vertex_results.mat
(original potentials at vertices).

Outputs: Sphere maps (original, reconstructed, residual), vertex residual scatter plots, and
residual-depth curves with LOWESS smoothing and a nonlinear model fit.

Dependencies: GPolyhedronext, gsha, gshs_ptw, gshs_grid (SHBundle), Curve Fitting
Toolbox (for nonlinear fit).

The script: (1) computes the Brillouin-sphere potential on an ((Imax + 1) X 2Imax) grid, (2) per-
forms spherical-harmonic analysis and synthesis, (3) reconstructs the potential at each mesh
vertex by evaluating at height r; — R, (4) forms residuals 6V; = Virig — Viecon, and (5) relates
residuals to depth d; = R — r; using LOWESS smoothing and a simple nonlinear model. The
visualizations in Chapter 5.2.2 are generated from this workflow.

Core Code Fragment

%% Vertex residuals and depth
[

1

2 [sorted_r, idx] = sort (r_vert);

3 sorted_residual = vert_residual (idx);
4 depth = radius - sorted_r;

6 % Scatter + LOWESS-like smoothing
7 figure (' Color’,’'w’);
8 scatter (depth, sorted_residual, 15, ’'filled’,



XVi

9 "MarkerFaceAlpha’, 0.3, ’"MarkerEdgeAlpha’, 0.3); hold on;
10 span = 0.1; smooth_residual = zeros(size(sorted_residual));
11 for i = l:length(sorted_r)

12 dist = abs(sorted_r - sorted_r(i));

13 maxDist = max(dist) =* span;

14 w = max (0, 1 - dist/maxDist);

15 valid = (w > 0);

16 X = [ones(sum(valid),1l), sorted_r(valid)];

17 y = sorted_residual (valid);

18 W = diag(w(valid));

19 b= (X' W x X) \ (X W *x vy);

20 smooth_residual (i) = [1, sorted_r(i)] =* b;

21 end

22 plot (radius - sorted_r, smooth_residual, ’'r-’, ’LineWidth’, 2);

23 xlabel ('Depth [m]’); ylabel (’'Residual [m"2/s"2]1');

24 title(’'Residual vs. Depth (LOWESS-like smoothing)’); grid on;

25

26 % Nonlinear fit: y = —a * (x/b)"n + c

27 x = depth(:); y = sorted_residual(:);

28 validIdx = isfinite(x) & isfinite(y); x = x(validIdx); y = y(validIdx);
29

30 ft = fittype (' -ax (x/b)”"n + c¢’, ’"independent’,’x’, ’dependent’,’y’);

31 c0 = max(y); a0 = max(y) - min(y); b0 = median(x); n0 = 1;

32 opts = fitoptions (’Method’,’NonlinearLeastSquares’,

33 "StartPoint’, [a0, b0, n0O, cO0],

34 "MaxIter’,1000, ’'TolFun’,le-6);

35 [fitresult, gof] = fit(x, vy, ft, opts);

36

37 x_fine = linspace (min(x), max(x), 500)’; y_fit = feval(fitresult, x_fine

)i

38 figure (’Color’,’'w’);

39 scatter(x, y, 10, [0.5 0.5 0.8], "filled’, ’"MarkerFaceAlpha’, 0.3); hold
on;

40 plot(x_fine, y_fit, ’'r-’, ’'LinewWidth’, 2);

41 xlabel ('Depth [m]’); ylabel (’'Residual [m"2/s"2]');

42 title ('Residual vs. Depth (Nonlinear Model Fit)’);

43 legend(’Data’,’Fitted curve’,’Location’,’northeast’); grid on;

Listing 4: Vertex-level residuals and residual-depth curve (smoothing + nonlinear fit).



