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Abstract
The classification of movement in space is one of the key tasks in environmental science. Various geospatial data such as

rainfall or other weather data, data on animal movement or landslide data require a quantitative analysis of the probable

movement in space to obtain information on potential risks, ecological developments or changes in future. Usually,

machine-learning tools are applied for this task, as these approaches are able to classify large amounts of data. Yet,

machine-learning approaches also have some drawbacks, e.g. the often required large training sets and the fact that the

algorithms are often hard to interpret. We propose a classification approach for spatial data based on ordinal patterns.

Ordinal patterns have the advantage that they are easily applicable, even to small data sets, are robust in the presence of

certain changes in the time series and deliver interpretative results. They therefore do not only offer an alternative to

machine-learning in the case of small data sets but might also be used in pre-processing for a meaningful feature selection.

In this work, we introduce the basic concept of multivariate ordinal patterns and the corresponding limit theorem. A

simulation study based on bootstrap demonstrates the validity of the results. The approach is then applied to two real-life

data sets, namely rainfall radar data and the movement of a leopard. Both applications emphasize the meaningfulness of the

approach. Clearly, certain patterns related to the atmosphere and environment occur significantly often, indicating a strong

dependence of the movement on the environment.

Keywords Ordinal data analysis � Spatial classification � Limit theorems � Rainfall events
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1 Introduction

The classification of patterns in space is of high importance

for many research questions in environmental sciences and

engineering. Applications include, but are not limited to:

rainfall data, seismic activity, animal movements and air

traffic. Spatial classification is usually a demanding task,

since it is computationally complex and a huge amount of

data has to be collected and processed (Long and Nelson

2013). The problems we have in mind are high dimen-

sional. For example, in our initial example we consider

hourly radar rainfall data. At each point in time we have a

grid of data, collecting the amount of rainfall at several

points in space. A rainfall event or a rainfall cell on these

images can be clearly identified visually since it has

intensities greater than zero, just as in radar images. Based

on these data, we want to classify how the rain cell

respectively the ‘center’ of the cell moves in space.

Movement of rainfall cells can, e.g., be caused by wind or

orography and it is important to know the movement of the

center to obtain information on the general movement and

shift of the rainfall cell as well as where the main impact is

recorded. Such information can, for example, be used for

flood forecasting.
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Usually questions of this kind and similar classification

demands for spatial data are tackled nowadays using

methods from AI (artificial intelligence) or ML (machine

learning). For example, machine-learning approaches are

used to classify the type of rainfall (Ghada et al. 2022), the

covered area of rainfall (Meyer et al. 2016), the variability

of rainfall patterns (Ibebuchi and Abu 2023) or animal

movement data (Wang 2019).

However, classification via AI, especially deep learning

such as deep neural networks, has several drawbacks. First

of all, a large amount of training data is needed and

sometimes, this is simply not available or requires huge

manual efforts. Secondly, if a structural break in the data

occurs, it is not possible to adjust a model (since there is no

model). Structural breaks in rainfall data may occur, for

example, when the recording instruments are changed or

updated, when the basis of the calibration of the radar data

is changed, the timing of records is altered or more gen-

erally if there is a change in climate. Structural breaks in

animal movement data may be caused by anthropogenic

impacts, such as the construction of roads. The outcome of

ML approaches trained with data recorded before the break

might therefore not reflect the change or the pre-break data

might no longer be relevant for training. Thirdly, some

concepts such as deep neural networks are often seen as a

kind of black box (Liang et al. 2021), as their many layers

are hard to interpret. Recently, many studies focus on how

to increase this interpretability, e.g. by adding additional

information or so-called explainers (e.g Buhrmester et al.

2021; Liang et al. 2021; Ferreira et al. 2022). A pre-se-

lection of features or a classification of the input data might

increase the interpretability.

In the present article we apply so called ordinal patterns

to classify high-dimensional motion patterns. Ordinal pat-

terns classify a vector or a time series by the order of each

value in the vector. They have the advantage that they are

robust against measurement errors and against several

kinds of structural breaks (like, e.g. shifts in the data).

Furthermore, the algorithms are very quick and the concept

is intuitive. Even for data sets with less than 500 data

points, one gets reliable results.

Our approach therefore might be a possibility to further

contribute to the ongoing process of unboxing the black

box of some ML approaches by means of additional

information and pre-selection of features (see above).

Before applying an ML-algorithms to the data, one at least

fixes ‘direction’ or ‘motion’ as the feature of interest. ‘The

research area of feature extraction or feature learning is

concerned with finding efficient mappings from raw data to

(low-dimensional) representations that capture information

appropriate for the learning task.’ (Mohr 2022, page v). In

the present article we describe a method which allows to

reduce the data significantly while keeping the relevant

information in a context of two-dimensional motion. Let us

emphasize that a pre-processing of this kind not only

makes the procedure more transparent, but also more

efficient (Mumuni and Mumuni 2022).

Different versions of multivariate ordinal patterns have

already been used in order to measure the entropy of cer-

tain systems (Mohr et al. 2020a) or data sets and in the

context of symmetry approximation (Finke et al. 2020).

Here, we use classes of multivariate ordinal patterns in

order to analyze the motion of weather phenomena and

animals. Analyzing movements of this kind, as well as

those of humans or mechanical objects, helps to understand

the impact of these phenomena on the study region. For

example, movement of rainfall cells can help to identify the

most critical rainfall events for a region (namely those that

hit the study region for the longest time) and animal

movement can provide information on the probability of an

animal to occur in a village. But, the classification can also

be used as the input for further analyses, such as weather or

flood forecast. Currently, easily applicable methods that are

able to classify even small data sets (as is frequently the

case in environmental research) are often missing. The

method presented here closes this gap. We demonstrate that

indeed the classification by ordinal patterns delivers

meaningful results with respect to the dependence on the

spatial resolution and typical rainfall movements in

Europe.

Our method can even be generalized to higher dimen-

sions. We provide the mathematical background for such a

generalization in Sect. 3. In three dimensions one could

think of flying animals or fish in the ocean.

The paper structure is as follows: In the subsequent

section we describe the one dimensional case shortly and

describe the generalization to multivariate patterns. Sec-

tion 3 contains the limit theorems for our setting together

with a small simulation study using bootstrap. Section 4

finally deals with the data sets for which our methods are

designed.

2 From univariate ordinal patterns
to multivariate ones

The reader might wonder, why we are starting with the

univariate theory. This is due to the following fact: In the

first step, our multivariate patterns are vectors of univariate

patterns. This means that we are using the classical
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definitions separately in each component. In the second

step, we reduce the massive number of patterns by con-

sidering classes of multivariate patterns.

2.1 Univariate patterns

The origin of the whole theory is in the one dimensional

framework. This is natural, since the order structure of the

data plays an important role. The up-and-down behavior of

the time series is nicely captured via ordinal patterns.

Before tackling the multivariate setting, we describe the

univariate one: Let ðxjÞj¼1;:::;N be a data set with values in R

or ðXjÞj2Z a univariate time series, that is, a sequence of

real-valued random variables Xj defined on the common

probability space.

Let us consider a vector x ¼ ðx1; :::; xdÞ 2 Rd which is

either a part of our data set within a moving window of

length d or a realisation of d consecutive random variables

of our time series. We assign the rank of each entry with

the entry itself, that is, the vector (1.2, 7, 2) is mapped to

(1, 3, 2), since 1.2 is the lowest value (rank 1) and 7 is the

highest value (rank 3). The function which assigns the

pattern with the vector x is called P. Mathematically

speaking, P maps d-dimensional vectors into the space Sd
of permutations. This space consists of special vectors,

which contain each of the values f1; :::; dg exactly once.

By now, we have only considered the case without ties,

that is, all values of the vector are different. As soon as the

vector x contains a certain value twice (or more often), we

call this a tie. In most papers on ordinal patterns it is

(sometimes tacitly) assumed, that ties are excluded or at

least very rare. Dealing, e.g., with finance data having 4 or

more digits, that is a reasonable assumption. However, in

climate data one might face data sets with several ties. If

ties occur, there are some ways to overcome this problem

in the classical setting: either, the definition is slightly

modified in a way that still yields a unique pattern. In this

case one usually assigns the lower rank with the lower

index within the vector, that is, one maps (1, 1, 1) to

(1, 2, 3) which is at least counter-intuitive and upward

movements are overestimated. Other ways are to exclude

the values of the respective window or to randomize in this

case. In the latter case one adds a small noise to the

sequence which breaks the ties. No matter which procedure

is used, information is lost. Hence, as soon as several ties

occur, it is useful to follow the approach in Schnurr and

Fischer (2022) and consider patterns with ties. In this

article, we explicitly allow for ties and assign a larger

number of patterns to the vectors under consideration.

Consider again a vector of d consecutive values

ðx1; :::; xdÞ. Write down the values, which are attained

ðy1; :::; ymÞ such that y1\y2\:::\ym. Let us emphasize

that m 2 N is the number of different values attained in

x1,..., xd. Now define the generalized pattern of ðx1; :::; xdÞ
to be the vector t ¼ ðt1; :::; tdÞ 2 Nd such that

tj ¼ k if and only if xj ¼ yk:

We write W for the function which assigns the generalized

pattern with each vector in contrast to the P from above.

The set of all generalized patterns of order d is denoted by

Td (in contrast to the classical permutations Sd). The pat-

terns of length d ¼ 3 are given in Fig. 1.

A drawback of these generalized patterns is that the

number of possible patterns grows even quicker than in the

classical case (Table 1).

Let us give an intuitive example for the differences

between the classical and the generalized patterns as well

as between P and W: Imagine a race where the time which

each runner needed to reach the finish line is sampled in a

vector x. If these times are all different to each other, one

can use P in order to assign the rank with each runner. The

quicker he/she was, the lower his/her rank. If two or more

runners have exactly the same time,P either randomizes or

just assigns the better rank to the person having a smaller

starting number. Draws are forbidden. In contrast to this, W
allows for draws and results like (1,2,1) are possible.

A comment on the length of the patterns is in place:

Experts in the field have emphasized that short pattern

lengths like d ¼ 2 or d ¼ 3 should be used in the context of

data analysis (cf. Bandt 2019, and the references given

therein). This is due to the fact that each pattern probability

is an additional parameter which has to be taken into

account and which has to be estimated by statistical

methods. In addition, the shorter patterns already contain a

lot of information on the longer patterns. As an example

consider the case, where one knows the patterns of

ðx1; x2; x3Þ and ðx2; x3; x4Þ. Then, only very few patterns of

length 4 of ðx1; x2; x3; x4Þ are possible. In some cases it

might be only a single possible pattern.

Later, we will use patterns only up to the order 3, which

in both cases still yields a tractable number of patterns. The

number of classical patterns is just d! while the number of

generalized patterns are the so called ordered bell numbers.

They can be found, e.g., at the online encyclopedia of

integer sequences (oeis.com). There, one also finds several

other applications in which the ordered bell numbers

appear. To our knowledge, Unakafova and Keller (2013)

were the first having calculated these numbers in the con-

text of ordinal patterns.

Analyzing one-dimensional ordinal patterns within a

data set, one can describe periodicities, times of mono-

tonicity etc. Furthermore, it is possible to test for serial

dependence (Weiß 2022; Weiß and Schnurr 2020), derive

the entropy of the underlying system (Piek et al. 2019;
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Bandt and Pompe 2002) and to calculate the Hurst

parameter in the case of long-range dependence (Sinn and

Keller 2011).

2.2 Multivariate extensions

Let us now come to the multivariate setting. First we

describe what would happen if we tried to generalize the

univariate framework into more than one dimension in a

naive way. Afterwards we reduce the multivariate com-

plexity in order to derive a tractable and computationally

efficient procedure.

As we have pointed out in the introduction, we are

considering a 2-dimensional grid with data in R for every

time-point. That is, for every time step j 2 N we have a

k � ‘-matrix with values in the real numbers. We consider

two standard settings. Either we consider a movement in

the points of the grid, i.e., the values that can be attained

are in f1; :::; kg � f1; :::; ‘g, or we consider points in

½1; k� � ½1; ‘�. An example for the first setting is the

movement of the maximum. In this case we track the

argmax of the data. The second setting is considered, e.g.,

if we calculate the center of mass (balance point) which is

usually a point not contained in the original grid. While we

will usually not obtain ties in the second setting, this is

indeed possible in the first one, in particular, if the grid is

coarse.

In principle both standard settings can be tackled in the

same way, one only has to keep in mind that ties can be a

problem (or carry valuable information) in the first setting.

The time series we consider are now ðYjÞj2Z having

values either in f1; :::; kg � f1; :::; ‘g � Z� Z or in

½1; k� � ½1; ‘� � R� R. Our aim is to describe the move-

ment within this derived time series in terms of ordinal

patterns.

There have been various attempts in the literature on

how to deal with multivariate extensions of ordinal pat-

terns. We give a short overview at the end of this section.

It is possible to consider 3 or more dimensions. How-

ever, the number of parameters in the background grows

very quickly and it becomes more involved to find classes

of patterns sharing interesting properties. Hence, we sug-

gest to use the procedure described here to deal with 2

dimensional data.

Let us consider here explicitly the case of two dimen-

sions. Probably the most natural approach is to consider the

vector component-wise and associate with each dimension

a pattern as in the one dimensional case (cf. Mohr et al.

2020b, Section 4.1). The two-dimensional pattern is then a

vector of patterns or this might be encoded again by a

different symbol (which is not canonical, since there is no

natural ordering of this two-dimensional structure). A

problem, which arises directly—even in dimension 2—is

the rapidly growing number of patterns under

consideration.

Patterns of length 2 could be considered, but usually

they do not carry sufficient information. If we consider

patterns of length d� 3 we have—even in the case without

ties—to deal with 36, 576 or 14,400 patterns (for

d ¼ 3; 4; 5). Higher values are usually not considered in the

context of statistics. Let us mention that they are consid-

ered in the context of dynamical systems. There, it is even

assumed that d tends to infinity (cf. e.g. Keller and Sinn

2010, ).

We will (at first) use patterns of order d ¼ 3. In all that

follows we try to keep the number of objects we consider,

and hence the number of parameters, sufficiently low.

Considering patterns of order three in dimension two,

we obtain 36 different patterns. In Fig. 2, nine of them are

depicted, namely those which start with a movement

towards north-east. This is equivalent to the two one-di-

mensional movements to begin with an upward movement.

The first idea is to reduce the number of patterns

accordingly to the questions we have in mind and we have

pointed out in the introduction. Hence, we use the patterns

in order to classify whether we are facing a right turn (R), a

left turn (L), monotonicity (M) or inversion (I). The reader

might adapt this procedure by making up his/her own

classes of patterns depending on a different question or

Fig. 1 The 13 generalized

patterns of length d ¼ 3

Table 1 Number of classical and generalized patterns depending on

the window length d

d 1 2 3 4 5 6 7

Classical patterns 1 2 6 24 120 720 ..

Generalized

patterns

1 3 13 75 541 4683 ..
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type of analysis. Our limit results remain valid, no matter

how classes among patterns are being built.

Let us give an explicit overview on which patterns yield

which class. We have L, R, M and I as pattern classes in

Table 2.

Let us emphasize that instead of dealing with 36 pat-

terns, we deal with 4 pattern classes. In order to derive all

patterns which belong to a certain class, the following facts

are useful: in one dimension the inverse pattern to (x, y, z)

is ð4� x; 4� y; 4� zÞ. Inverse means, that one gets the

Fig. 2 The nine bivariate patterns moving to north-east first. The two one-dimensional patterns of the components are depicted in the upper left

corner of each cell. There, the left one always describes the motion in left-right direction; the right one describes the up-down movement

Table 2 Two-dimensional

ordinal patterns of order d ¼ 3

assigned to the four classes right

turn (R), left turn (L),

monotonicity (M) and inversion

(I)

R 1; 2; 3
1; 3; 2

� �
,

3; 2; 1
3; 1; 2

� �
,

1; 2; 3
2; 3; 1

� �
,

3; 2; 1
2; 1; 3

� �
,

1; 3; 2
2; 3; 1

� �
,

3; 1; 2
2; 1; 3

� �

3; 1; 2
1; 2; 3

� �
,

1; 3; 2
3; 2; 1

� �
,

2; 1; 3
1; 2; 3

� �
,

2; 3; 1
3; 2; 1

� �
,

2; 1; 3
1; 3; 2

� �
,

2; 3; 1
3; 1; 2

� �

L 3; 2; 1
1; 3; 2

� �
,

1; 2; 3
3; 1; 2

� �
,

3; 2; 1
2; 3; 1

� �
,

1; 2; 3
2; 1; 3

� �
,

3; 1; 2
2; 3; 1

� �
,

1; 3; 2
2; 1; 3

� �

1; 3; 2
1; 2; 3

� �
,

3; 1; 2
3; 2; 1

� �
,

2; 3; 1
1; 2; 3

� �
,

2; 1; 3
3; 2; 1

� �
,

2; 3; 1
1; 3; 2

� �
,

2; 1; 3
3; 1; 2

� �

I 1; 3; 2
1; 3; 2

� �
,

1; 3; 2
3; 1; 2

� �
,

3; 1; 2
3; 1; 2

� �
,

3; 1; 2
1; 3; 2

� �
,

2; 3; 1
2; 3; 1

� �
,

2; 3; 1
2; 1; 3

� �
,

2; 1; 3
2; 3; 1

� �
,

2; 1; 3
2; 1; 3

� �

M 1; 2; 3
1; 2; 3

� �
,

3; 2; 1
1; 2; 3

� �
,

3; 2; 1
3; 2; 1

� �
,

1; 2; 3
3; 2; 1

� �
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pattern by reflecting it at the x-axis, that is, the up-and-

down behavior is completely opposite to the original pat-

tern. Taking one inverse pattern and leaving the pattern in

the other dimension as it is, one maps M on M and I on I,

left turns become right turns and right turns become left

turns. Considering longer time windows means that we get

more information on the behavior of the rain area or other

phenomena we consider. We could try to use the same

procedure for d ¼ 4; 5; ::: as we have done in the case

d ¼ 3, that is, we could consider all two-dimensional pat-

terns of that length and then try to classify them. This

becomes almost impossible even in the case d ¼ 4 (576

patterns). There are patterns having a kind of zik-zak-

movement in one dimension, while we have monotonicity

in the other dimension and so on.

Hence we make use of our second idea: instead of

considering longer patterns, we reduce the complexity of

the time series again, by only analyzing the behavior in

terms of classes L, R, M and I as introduced above. A long

left-turn could then be something like L, L, L, that is, 5

bivariate data points which yield a left turn (of any kind)

for three consecutive data triplets: ðXj;Xjþ1;Xjþ2Þ,
ðXjþ1;Xjþ2;Xjþ3Þ and ðXjþ2;Xjþ3;Xjþ4Þ each yield the

pattern class L.

The complexity of the time series is again reduced by

this procedure, namely we are left with a time series with

values in fL, R, I, Mg
Let us now analyze what changes, if we consider ties.

The main difference is that we can now encounter the

absence of a movement in one or two directions, this yields

classes of patterns which can be interpreted as a zero

movement, the beginning of a motion or the end of a

motion. Even in the case d ¼ 3 we have 132 ¼ 169 two

dimensional ordinal patterns. Combining patterns with ties

in one dimension with patterns without ties in the other

dimension usually yields a left or right turn. Let us depict

nine of the more interesting cases in Fig. 3. The complete

overview on the 169 cases is given in Table 7.

In addition to fL, R, I, Mg we have now the total

absence of a movement, a zero movement (Z), or a break

(B), that is, the motion is stopped. Finally we can observe

the start (S) of a motion. The 169 different two dimensional

patterns with ties are hence reduced to 7 classes. A data set

with values in Rk�‘ becomes a data set in the finite space

fL, R, I, M, B, S, Zg. Admittedly, the three new classes

make the procedure (a little) more complicated and we

have three more parameters which have to be estimated in

applications. However, if ties appear in the data, adding

these classes is inevitable. Otherwise we would have to

leave out data vectors with ties (which might be a lot) or

we would have to randomize as in the one-dimensional

case. Either way, we would lose a lot of information.

Having presented our method to deal with multivariate

ordinal patterns, let us shortly recall what can be found in

the existing literature: Mohr has dealt with different con-

cepts in her doctoral thesis (Mohr 2022). Compare in this

context also Mohr et al. (2020b). The different approaches

boil down to the following four ideas:

(a) If the data is n-dimensional, consider the ordinal

pattern at each fixed point in time. This means that one

does not use a moving window of length d, but instead

compares the values of the different dimensions at each

time point separately. The pattern length is n. This

approach helps to analyze the dependence between the

different components, but does not capture evolution or

dependence over time. Compare in this context the spatial

approach in Schnurr and Fischer (2022).

(b) Secondly, one could work in a one-dimensional

setting in each of the components. That is, one considers

the different dimensions separately as it is done, for

instance in Oesting and Huser (2022) for longitudinal and

latitudinal movements. In the context of permutation

entropy one ‘pools’ afterwards over all dimensions (cf.

Keller and Lauffer 2003, ). The interplay between the

different components is lost completely. Rather, one just

glues together the one-dimensional time-series.

(c) Furthermore one could map the multivariate data to

scalar data and use classical one-dimension ordinal pattern

analysis afterwards. This is done using the concept of depth

in Betken and Schnurr (2023). If one uses such a mapping

which reduces the dimension, one has to be very careful

that no important information on the multivariate structure

is lost. The mapping might introduce biases or artifacts that

were not present in the original multivariate data set.

(d) Finally, it is possible to consider a vector of patterns

for each time window, that is, elements in S2d in the case

without ties and elements in T2
d in the case with ties. This is

done in the first step of our analysis in the present article.

3 Estimation of pattern distributions

In this section, we discuss how to estimate the distribution

of multivariate patterns from an excerpt of a stationary

time series. Here, we are more general than above and

consider arbitrary dimensions p and pattern length d. More

precisely, we consider a stationary multivariate time series

Y ¼ ðYjÞj2Z with values in Zp or Rp (p 2 N) and aim at

estimating the distribution of multivariate patters

PðY1; . . .;YdÞ and WðY1; . . .;YdÞ, respectively, based on

1240 Stochastic Environmental Research and Risk Assessment (2024) 38:1235–1249
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observations of Y1;Y2; . . .;Ynþd�1. More precisely, we

want to estimate p(A) where

pðAÞ ¼ PrðPðY1:. . .;YdÞ 2 AÞ; A � Spd; if no ties are considered;

pðAÞ ¼ PrðWðY1:. . .;YdÞ 2 AÞ; A � Tp
d ; if ties are considered;

�

In particular, this includes the examples for p ¼ 2 and d ¼
3 considered in Sect. 2.2.

Due to the stationarity of Y, a natural estimator is given

by the sliding window estimator

bpnðAÞ ¼ 1

n

Xn

j¼1
1fPðYj; . . .;Yjþd�1Þ 2 Ag; A � Spd;

bpnðAÞ ¼ 1

n

Xn

j¼1
1fWðYj; . . .;Yjþd�1Þ 2 Ag; A � Tp

d ;

8><
>:

if no ties are considered and if ties are considered,

respectively.

In many applications of interest, one might not want to

take into account all patterns but only the patterns at times

when certain types of events, such as rainfall events, occur.

These occurrences are encoded by a binary time series O ¼
ðOjÞj2Z where

Oj ¼
1; if an event occurs at time j;

0; if no event occurs at time j:

�

Assuming stationarity of the ðpþ 1Þ-variate time series

ðY;OÞ ¼ ððYj;OjÞÞj2Z, we can thus define the estimator

bpcnðAÞ ¼
Pn

j¼1 1fPðYj; . . .; Yjþd�1Þ 2 A;Oj ¼ . . . ¼ Ojþd�1 ¼ 1gPn
j¼1 1fOj ¼ . . . ¼ Ojþd�1 ¼ 1g ; A � Spd;

bpcnðAÞ ¼
Pn

j¼1 1fWðYj; . . .; Yjþd�1Þ 2 A;Oj ¼ . . . ¼ Ojþd�1 ¼ 1gPn
j¼1 1fOj ¼ . . . ¼ Ojþd�1 ¼ 1g ; A � Tp

d ;

8>>>><
>>>>:

ð1Þ

for the conditional pattern distribution

pcðAÞ ¼ PrðPðY1; . . .; YdÞ 2 A j O1 ¼ . . . ¼ Od ¼ 1Þ; A � Spd;

pcðAÞ ¼ PrðWðY1; . . .; YdÞ 2 A j O1 ¼ . . . ¼ Od ¼ 1Þ; A � Tp
d ;

�

Note that the denominator of the conditional estimator

bpcnðAÞ might be zero if Oj ¼ 0 with positive probability. In

Fig. 3 Nine bivariate patterns with ties moving to north-east. The two one dimensional patterns are again depicted in the upper left corner of each

cell
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this case, it might happen that no sequence of d events in a

row is observed and, therefore, the conditional pattern

distribution cannot be estimated. If, in contrast, Oj ¼ 1

almost surely, the conditional estimator bpcnðAÞ coincides

with the unconditional estimator bpnðAÞ. Consequently, we
henceforth focus on the more general conditional case only.

In the remainder of this section, we will first analyze the

asymptotic behaviour of the estimator and establish limit

theorems (Sect. 3.1), before demonstrating how to assess

the uncertainty of the estimators via bootstrap in numerical

experiments (Sect. 3.2).

3.1 Limit theorems

In order to establish asymptotic normality of the estimator,

we will have to impose appropriate mixing conditions on

the ðpþ 1Þ-variate time series ðY;OÞ. Here, we choose

conditions in terms of the strong a-mixing coefficients. For

an arbitrary stationary multivariate time series Z ¼ ðZjÞj2Z,
these are defined by

aZðnÞ ¼ sup
A2rðZj: j	 0Þ;B2rðZj: j� nÞ

jPrðA \ BÞ

� PrðAÞPrðBÞj; n ¼ 0; 1; . . .:
ð2Þ

The process Z is called strongly a-mixing if aZðnÞ ! 0 as

n ! 1. Examples for processes satisfying this condition

include certain Gaussian ARMA processes (see

Example 2).

A slightly stronger condition on these mixing coeffi-

cients allows us to show asymptotic normality of bpcðAÞ.
For notational convenience, the results are stated for the

case that ties are considered. However, all the results still

hold true in the case of no ties if we replace W by P and Tp
d

by Spd, respectively.

Theorem 1 Let ðY;OÞ ¼ ððYj;OjÞÞj2Z be a stationary

ðpþ 1Þ-variate time series with a-mixing coefficients

ðaðY;OÞðnÞÞn¼0;1;... satisfyingX
k2N aðY;OÞðkÞ\1: ð3Þ

Then, with pd :¼ PrðO1 ¼ . . . ¼ Od ¼ 1Þ and for all

A 2 Tp
d , we have

ffiffiffi
n

p
1

npd

Xn

j¼1
1fWðYj; . . .; Yjþd�1Þ 2 A;Oj ¼ . . . ¼ Ojþd�1 ¼ 1g � pcðAÞ

1

npd

Xn

j¼1
1fOj ¼ . . . ¼ Ojþd�1 ¼ 1g � 1

0
BB@

1
CCA

�!d N
�� 0

0

�
;
� r21ðAÞ r12ðAÞ
r12ðAÞ r22ðAÞ

��
;

where

r21ðAÞ ¼
1

p2d

X
j2Z Covð1fWðY1; . . .; YdÞ 2 A;O1 ¼ . . . ¼ Od ¼ 1g;

1fWðYj; . . .;Yjþd�1Þ 2 A;Oj ¼ . . . ¼ Ojþd�1 ¼ 1gÞ

r22ðAÞ ¼
1

p2d

X
j2Z Covð1fO1 ¼ . . . ¼ Od ¼ 1g; 1fOj ¼ . . . ¼ Ojþd�1 ¼ 1gÞ

and r12ðAÞ ¼
1

p2d

X
j2Z Covð1fO1 ¼ . . . ¼ Od ¼ 1g;

1fWðYj; . . .;Yjþd�1Þ 2 A;Oj ¼ . . . ¼ Ojþd�1 ¼ 1gÞ:

In particular,

ffiffiffi
n

p �bpcnðAÞ � pcðAÞ
�
�!d N

�
0; r21ðAÞ � 2pcðAÞr12ðAÞ

þ pcðAÞ2r22ðAÞ
�
:

ð4Þ

The proof of this theorem is given in ‘‘Appendix B’’.

To illustrate the applicability of our result, we consider a

flexible class of examples including arbitrary transforma-

tions of multivariate Gaussian ARMA models. However,

these processes just serve as an example. The class of

processes that satisfy the assumptions of Theorem 1 is

much richer.

Example 2 For all j 2 Z, let the vector ðYj;OjÞ be of the

form f ðXjÞ for some function f : Rq ! Rpþ1 and some

multivariate stationary Gaussian ARMA process ðXjÞj2Z.
Then, we have

Xj ¼ HZj; j 2 Z;

where

Zj ¼ FZj�1 þ Gej; j 2 Z;

for some matrices F, G, H, another stationary time series

ðZjÞj2Z and i.i.d. random vectors ej, j 2 Z, with

ej 
N ð0; IrÞ. Then, obviously, EðkejkdÞ\1 andZ
1ffiffiffiffiffiffi
2p

p r

��� exp�� 1

2
ðx� hÞ>ðx� hÞ

�
� exp

�
� 1

2
x>x

���� dx
¼ E

���1� expðhej; hiÞ exp
�
� 1

2
khk2

����
	ð1þ expðkhk2ÞÞ

Xr

i¼1

jhijE
�
jeðiÞj expðjhieðiÞjÞ

�
2 Oðkhk1Þ

as khk1 ! 0. If the modulus of all the eigenvalues of F is

less than 1, by Thm. 3.1 in Pham and Tran (1985), the a-
mixing coefficients of ðXjÞj2Z decay at an exponential rate

and so do jaðY;OÞðnÞj 	 jaXðnÞj. Thus, the summability

condition in Theorem 1 holds.
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It has to be noted that even though the underlying

process ðXjÞj2Z is assumed to be Gaussian, the function f

allows for very flexible modelling of the process ðYjÞj2Z.
This includes phenomena such as multimodal distributions

and heavy tails and thus go beyond the assumption of

Gaussianity which is mathematically convenient, but might

be unrealistic in practice.

3.2 Assessing the uncertainty of the estimators
via bootstrap

While Eq. (1) provides a straightforward point estimate for

the probability masses of the conditional pattern distribu-

tion, Theorem 1 can be used to assess its uncertainty. The

specification of concrete confidence intervals, however,

requires knowledge of the asymptotic variance in Eq. (4).

As this expression is quite involved and can hardly be

estimated directly, it is advisable to resort to resampling

techniques such as bootstrap in order to assess the uncer-

tainty of the estimate. Here, it is important to note that our

procedure highly relies on the temporal order and temporal

dependence structure of the data, which therefore neces-

sarily has to be taken into account by the bootstrap. Thus,

we propose the use a multiplier (disjoint) block bootstrap

procedure (Bücher and Ruppert 2013; Drees 2015; Bücher

and Kojadinovic 2016).

More precisely, we divide our time series into disjoint

blocks of length ‘,

fðOði�1Þ‘þ1;Yði�1Þ‘þ1Þ; . . .; ðOi‘;Yi‘Þg; i ¼ 1; . . .; bn=‘c;

estimate both the numerator and denominator in Eq. (1)

separately and reweight them by i.i.d. multiplier random

variables 1þ n1; . . .; 1þ nbn=‘c satisfying EðniÞ ¼ 0 and

VarðniÞ ¼ 1. Thus, we obtain the bootstrap estimator

bpc;Bn ðAÞ ¼

Pbn=‘c
i¼1

ð1þ niÞ
Pi‘�dþ1

j¼ði�1Þ‘þ1

1fPðYj; . . .;Yjþd�1Þ 2 A;Oj ¼ . . . ¼ Ojþd�1 ¼ 1g

Pbn=‘c
i¼1

ð1þ niÞ
Pi‘�dþ1

j¼ði�1Þ‘þ1

1fOj ¼ . . . ¼ Ojþd�1 ¼ 1g
:

By independently sampling new multiplier random vari-

ables NBS times, we obtain a sample of independent boot-

strap estimates (conditionally on the data) whose

distribution can be perceived as an approximation of the

distribution of the original estimator.

We illustrate this procedure by a small simulation study.

Here, we consider a special case of the multivariate sta-

tionary Gaussian ARMA time series in Example 2. More

precisely, we consider a trivariate time series ðZjÞj2Z of the

form:

Zj :¼
Z
ð1Þ
j

Z
ð2Þ
j

Z
ð3Þ
j

0
BBB@

1
CCCA ¼

q1Z
ð1Þ
j�1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q1

p
e
ð1Þ
j

q2Z
ð2Þ
j�1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
e
ð2Þ
j

q3Z
ð3Þ
j�1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q3

p
e
ð3Þ
j

0
BBB@

1
CCCA;

where ej, j 2 Z, are i.i.d. with ej 
N ð0; I3Þ and parameters

q1; q2; q3 2 ð�1; 1Þ. Then, by construction, the stationary

solution possesses independent components and standard

Gaussian marginal distribution. We set

Oj ¼ 1fZð1Þ
j [U�1ð0:1Þg; Yj ¼ ðZð2Þ

j ; Z
ð3Þ
j Þ>:

Consequently, we expect events occurring in 90% of all

cases.

We consider three different parameter settings:

(i) independence: q1 ¼ q2 ¼ q3 ¼ 0

(ii) moderate dependence: q1 ¼ q2 ¼ q3 ¼ 0:5

(iii) strong dependence: q1 ¼ q2 ¼ q3 ¼ 0:8

In each case, we simulate N ¼ 100 time series of length

n ¼ 10 000 and estimate the probabilities

bpcn;jðLÞ; bpcn;jðRÞ; bpcn;jðIÞ; bpcn;jðMÞ; j ¼ 1; . . .;N;

for patterns of length d ¼ 3, where the additional index j

refers to the sample under consideration. For each sample,

we estimate the uncertainty by the bootstrap sample standard

deviation r̂ðBSÞj ðAÞ,A 2 fL;R; I;Mg, based on a block length
of ‘ ¼ 100 and a bootstrap sample size of NBS ¼ 500. We

then compare the sample standard deviations

brðAÞ ¼ 1

N � 1

Xn
j¼1

hbpcn;jðAÞ � pcnðAÞ
i2
;

where

pcnðAÞ ¼
1

N

Xn
j¼1

bpcn;jðAÞ; A 2 fL;R; I;Mg;

to the average bootstrap standard deviations

rðBSÞðAÞ ¼ 1
N

Pn
j¼1 r̂

ðBSÞ
j ðAÞ, A 2 fL;R; I;Mg. The results

are reported in Table 3. It can be seen that, due to the sym-

metry of the two components of Y, the pattern class L and R

are equally likely in all three scenarios. The monotone pat-

terns M, however, occur less frequently than the inverse

patterns I in the independent scenario, while the order of

these two frequencies changes in the strongly dependent

scenario. In otherwords: Bivariatemovements becomemore

persistent in case of stronger dependence. Due to the large

sample size n, the overall uncertainty is small with standard

deviations between 0:3% and 0:7% which are very well

recovered by the bootstrap estimates. We note that these
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results are invariant under monotone marginal transforma-

tions, that is, they also hold true for non-Gaussian processes

with the same dependence structure.

4 Application: real life data examples

4.1 Example 1: Rainfall radar data

As an example, we consider rainfall radar data for a

catchment in Germany. Rainfall radar in Germany are

recorded for more than twenty years and are available in a

bias-corrected version from the German Weather Service

(DWD), denoted by RADOLAN (Winterrath et al. 2018).

Due to their high spatial (1� 1 km2) and temporal (hourly

data) resolution, rainfall radar data are used more and more

often as input data for hydrological simulation and mod-

elling of runoff. Moreover, they are used as training data

sets for short-term flood forecasting based on artificial

intelligence. It is therefore of high practical relevance to

characterise patterns in rainfall events and their movement

in space, e.g. of the focus point. Here, rainfall events are

defined as periods of rainfall where the rainfall in one grid

cell exceeds the rainfall sum of a given level. We chose the

level as the return period of one year of the annual maxi-

mum 1 h-rainfall sums, which is an often used input for

simulations for the sewer network (Huard et al. 2010). The

corresponding rainfall event then is defined as the period

where the threshold of 0.1 mm per hour (a typical threshold

to differ between wet and dry spells, see, e.g., Huang et al.

2015, ) is exceeded in any grid cell. As an example, a

catchment in Saxony, eastern Germany is considered. The

Tannenberg catchment has a size of 92 km2, which leads to

a consideration of 210 grid cells of radar data (including a

5 km buffer). A total number of 254 events was identified

for this catchment in the period 2001–2020. An example of

one identified rainfall event is given in Fig. 4.

To track the spot with highest rainfall amount of the

rainfall event, the focus point is considered. This focus

point is estimated by using the weighted mean of all cells,

where the weights are chosen as the rainfall heights of each

cell. Hence, as long as the overall rainfall pattern changes

(which is usually the case when considering 1-hour time

steps), ties will not occur. In such a case, only the four

main equivalence classes have to be considered: L, R, M, I.

Here, bivariate patterns of length three are considered.

The results for the radar rainfall events in Tannenberg

catchment with 1� 1 km grid resolution are given in

Table 4, together with the theoretical frequency of each

equivalence class under independence of both components

(directions) and independence in time for each component,

which serves as comparison value to evaluate the signifi-

cance of the results. Additionally, also the frequency of

each equivalence class under consideration of short-range

dependence (SRD) of each component but independence

between the components is considered (see the ARMA

model in Sect. 3.2). The results demonstrate that the fre-

quency of monotone movement is much higher than

expected, while the left turn movement is lower than

expected when compared to completely independent

components. This implies that indeed SRD of each com-

ponent can be expected, as this increases the frequency of

monotone behaviour (see last two columns of Table 4).

This dependence can be expected when considering hourly

rainfall data. Interestingly, also the inverse movement

occurs frequently, which is counter-intuitive to what one

would expect from rainfall cells. This might be due to the

methodology used here to define the focus point. The

Table 3 Relative frequencies

pcnðAÞ of patterns, the empirical

standard deviations brðAÞ and
the estimated standard

deviations rðBSÞðAÞ obtained via

bootstrap, A 2 fL;R; I;Mg, for
the independent, the moderately

dependent and the strongly

dependent scenario (from top to

bottom)

Pattern class Frequency pcnðAÞð%Þ Empirical SDbrðAÞð%Þ Bootstrap SD rðBSÞðAÞð%Þ

Scenario (i)—Independence

L 33.3 0.65 0.66

R 33.3 0.69 0.66

I 22.3 0.47 0.50

M 11.2 0.34 0.36

Scenario (ii)—Moderate dependence

L 32.7 0.59 0.60

R 32.7 0.61 0.59

I 16.9 0.43 0.43

M 17.6 0.43 0.42

Scenario (iii)—Strong dependence

L 32.0 0.51 0.54

R 32.0 0.48 0.54

I 14.1 0.36 0.39

M 21.9 0.45 0.46
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applied methodology is sensitive and might lead to

changing patterns simply due to a shift in the outer cells of

the rainfall event. Yet, this is not what we expect to observe

for rainfall events. Therefore, it might be more intuitive to

use the argmax-function instead of the focus point to

determine the grid cell with maximum rainfall per time

step. Yet, this approach also has a drawback: Depending on

the spatial resolution of the data, it might occur that the cell

with maximum rainfall does not change between two

consecutive time steps. This introduces the presence of ties

in patterns, and hence the number of equivalence classes

that are considered increases, as also the classes Z, S and B

have to be taken into account.

To additionally investigate the impact of the resolution

of the data, the spatial resolution is varied from small scale

(1� 1 km) to large scale (4� 4 km) such that changes on

small distance of 1 km-steps as well as on large distance of

4 km-steps can be considered. The results are given in

Table 5 together with the theoretical frequency of each

equivalence class under independence, which again serves

as comparison value to evaluate the significance of the

results. Specific results under SRD are not given here, since

the results are crucially influenced by the model choice for

the ties, e.g., INAR models or Poisson-increments. How-

ever, the same tendency as for previous example can be

assumed under dependence of the components.

The results demonstrate that the frequency of the pat-

terns depends much on the spatial resolution of the

underlying radar data. While a counter-clockwise move-

ment (L) of the storm cell occurs almost constantly with a

frequency nearly equal to the theoretical one, the frequency

of storms with clockwise movement (R) decreases rapidly

with decreasing spatial resolution and is far below what

would have been expected under independence and also

below what can be expected under SRD (as also for SRD a

similar frequency of L and R patterns should be expected).

This implies that for large scale patterns, which are better

Fig. 4 Example of one six-hour rainfall event for the Tannenberg catchment in Germany

Table 4 Frequency of patterns for the focus point of rainfall events in

the Tannenberg catchment in Saxony and theoretical frequency of

each equivalence class under independence of all and between all

components and under short-range dependence (SRD) in time of each

component (in %)

Theoretical

Pattern class Observed Independence SRD SRD

Frequency (qi ¼ 0:5) (qi ¼ 0:8)

L 21.5 33.3 32.7 32.0

R 32.3 33.3 32.7 32.0

I 23.4 22.3 16.9 14.1

M 22.8 11.2 17.6 21.9
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captured by low-resolution radar patterns as small changes

do not disturb the overall storm pattern, counter-clockwise

storm movements occur much more frequently than any

other pattern. This is line with the fact that in the Northern

Hemisphere winds blow counter-clockwise around a center

of low pressure, hence coming along with wet conditions

and frontal weather system (Coriolis effect). Such a

dependence between the components, i.e. the directions, is

not considered in the simulation study, which might be the

reason why the resulting frequencies differ. Monotone

movement on the small scale (i.e., visible in high resolution

data) is more frequent than expected, indicating a rapid

movement of the storm cells and again short-range

dependence of the components. This is meaningful when

considering that the focus in this study is laid on heavy

rainfall events, i.e., events with high rainfall intensity,

where usually fast movements of the rainfall cells can be

observed. Significant stops or breaks in the movement only

become present when focusing on the large scale, as again

here the movement of small rainfall cells is levelled out by

the low resolution. Here, the role of ties becomes apparent

for this framework: The focus point of a rainfall event does

not necessarily have to move between two time steps, as

we are using grid cells. Therefore, it is possible that

movements only occur within one grid cell and hence are

not visible in the data. This might be meaningful when

small movements are considered as random and should not

impact the resulting pattern. The consideration of ties

becomes more important when the spatial resolution

decreases, as ties are required when aiming to differ

between small and large scale patterns. The consideration

of ties thus enables one to consider small as well as large

scale changes within the same framework and to omit too

sensitive estimation of the focus point.

To test the significance of the results, a second catchment

in Bavaria, Germany was also considered. The catchment

Baiersdorf with a catchment size of about 70 km2 is located

in the northern parts of Bavaria close to the uplands. Each

radar image related to this catchment includes 89 grid cells.

Detailed results are not presented here, as these are similar to

the ones presented for Tannenberg. Therefore, the overall

tendency of the results can be confirmed.

The results obtained here could also be used to identify

the most critical patterns of rainfall for a catchment. For

this purpose, the patterns of those events could be detected

that have the largest overlap with the catchment in time.

This is of course highly dependent on the shape of the

catchment but can be a valuable information for hydro-

logical modelling of extremes.

4.2 Example 2: Animal movement data

For the second example, we consider data of animal

movement. Such data can be expected to have a high

spatial resolution as GPS tracker deliver (sub)daily posi-

tions of latitude and longitude of the animal’s position.

Therefore, ties will not occur in the data and no scale-

dependence or scale-sensitivity has to be considered. We

consider data provided by the online repository Movebank

(www.movebank.org), which is coordinated by the Max

Planck Institute of Animal Behavior, the North Carolina

Museum of Natural Sciences, and the University of Kon-

stanz. There, large data sets on animal tracking are freely

available. We consider the data set on daily satellite loca-

tion data for leopard management in the North West Pro-

vince, South Africa, 2014–2020 (Power et al. 2021). For

the leopard ‘‘Brandy’’ (panthera pardus), we have 451 days

of tracking positions for the given time period in a region

close to Pretoria, South Africa. The habitat the leopard

lives in is framed by cliffs in the south and a highway in the

north (Fig. 5).

The high frequency of monotone movement again

emphasizes that a dependence in time of each component can

be assumed, i.e. the direction of movement of the leopard is

continuous for several days (Table 6). Yet, the high fre-

quency of movement towards the left compared to that of

movement to the right also indicates that the leopard is

impacted by the topography, more precisely the cliff in the

south and the highway in the north which forces him to take a

left turn, when considering the starting point of the data. A

simulation of this movement, e.g., should therefore take into

account not only dependence in time but also dependence

between the directional components. This can be detected by

the proposed approach and used as basis for further analyses.

Table 5 Frequency of

equivalence classes for the

maximum of rainfall events in

the Tannenberg catchment in

Saxony dependent on the spatial

resolution of the underlying

radar image and theoretical

frequencies under independence

of all and between all

components (in %)

Pattern class 1� 1 km 2� 2 km 3� 3 km 4� 4 km theor. independence

L 33.9 33.9 32.3 31.4 35.5

R 35.6 35.2 28.5 20.8 35.5

I 14.2 12.2 12.6 11.7 14.2

M 10.2 5.1 4.9 4.9 4.7

S 2.9 6.2 9.9 13.3 4.7

B 3.1 5.6 10.3 15.0 4.7

Z 0.0 0.0 0.0 0.0 0.6
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Appendix A: Overview of two-dimensional
patterns and their equivalent classes

See Table 7.

Appendix B: Proof of Theorem 1

To show the bivariate convergence, by the Cramér-Wold

device, it suffices to show that, for every a; b 2 R,

1ffiffiffi
n

p
Xn

j¼1
Za;b
j �!d N

�
0; a2r21ðAÞ þ 2abr12ðAÞ þ r22ðAÞ

�
;

ðB1Þ

where

Za;b
j ¼ a

h 1

pd
1fWðYj; . . .; Yjþd�1Þ 2 A;Oj ¼ . . . ¼ Ojþd�1 ¼ 1g � pcðAÞ

i

þ b
h 1

pd
1fOj ¼ . . . ¼ Ojþd�1 ¼ 1g � 1

i
:

To this end, we first note that the time series Za;b ¼
ðZa;b

j Þj2Z is stationary and centered, i.e., EðZa;bÞ
j Þ ¼ 0. As

each Za;b
j is a measurable function of Yj; . . .; Yjþd�1 and

Oj; . . .;Ojþd�1, we obtain the bound

Table 6 Frequency of patterns for the daily location of a leopard in

South Africa and theoretical frequencies under independence of all

and between all components and under short-range dependence

(SRD) in time of each component (in %)

Theoretical

Pattern class Observed Independence SRD SRD

Frequency (qi ¼ 0:5) (qi ¼ 0:8)

L 29.2 33.3 32.7 32.0

R 23.8 33.3 32.7 32.0

I 20.5 22.3 16.9 14.1

M 26.5 11.2 17.6 21.9

Fig. 5 Daily location data for

the leopard ‘‘Brandy’’ in South

Africa. The red dot marks the

position at the first day of

observation

Table 7 All two-dimensional patterns of length 3 and their respective classes

(1,2,3) (1,3,2) (2,3,1) (2,1,3) (3,1,2) (3,2,1) (1,2,2) (1,1,2) (1,2,1) (1,1,1) (2,1,2) (2,2,1) (2,1,1)

(1,2,3) M L L R R M L R L M R L R

(1,3,2) R I L R I L R R R I R L L

(2,3,1) R R I I L L R R R I L L L

(2,1,3) L L I I R R L L L I R R R

(3,1,2) L I R L I R L L R I L R L

(3,2,1) M R R L L M R L R M L R L

(1,2,2) R L L R R L B R L B R L B

(1,1,2) L L L R R R L S L S R S R

(1,2,1) R R L R L L R R I I I L L

(1,1,1) M I I I I M B S I Z I S B

(2,1,2) L L R L R R L L I I I R R

(2,2,1) R R R L L L R S R S L S L

(2,1,1) L R R L L R B L R B L R B
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aZa;bðkÞ	 aðY ;OÞððk � d þ 1ÞþÞ; n ¼ 0; 1; . . .:

Consequently, Eq. (3) implies thatX
k2N aZa;bðkÞ\1: ðB2Þ

In particular, aZa;bðnÞ ! 0 as n ! 1, which implies

ergodicity of Za;b (see Remark 4.1 in Rio (2017), for

example).

Moreover, as the random variables Za;b
k , k 2 Z, are

uniformly bounded by the constant ðjaj þ jbjÞ=pd,
Eq. (B2), i.e., the classical condition of Ibragimov, implies

condition (DMR) in Rio (2017). Then, convergence in

Eq. (B1) follows from Theorem 4.2 in Rio (2017).

Applying the Delta method to the differentiable function

ðf ; gÞ7!f=g yields Eq. (4). h
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