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Abstract

Epitaxy, a special form of crystal growth, is a technically relevant process for the pro-
duction of thin films and layers. It gives the possibility to generate microstructures of
different morphologies, such as steps, spirals or pyramids. These microstructures are in-
fluenced by elastic effects in the epitaxial layer. There are different epitaxial techniques,
one Iis the so-called liquid phase epitaxy. Thereby, single particles are deposited out of
a supersaturated liquid solution on a substrate where they contribute to the growth
process.

The thesis studies a two scale model including elasticity, introduced in [Ch. Eck, H. Em-
merich. Liquid-phase epitaxy with elasticity. Preprint 197, DFG SPP 1095, 2006]. It
consists of a macroscopic Navier-Stokes system and a macroscopic convection-diffusion
equation for the transport of matter in the liquid, and a microscopic problem that com-
bines a phase field approximation of a Burton-Cabrera-Frank model for the evolution
of the epitaxial layer, a Stokes system for the fluid flow near the layer and an elasticity
system for the elastic deformation of the solid film. Suitable conditions couple the single
parts of the model.

As main result, existence and uniqueness of a solution is proven in suitable function
spaces. Furthermore, an iterative solving procedure is proposed, which reflects on the
one hand the strategy of the proof of the main result via fixed point arguments and, on
the other hand, can be a basis for an numerical algorithm.






Zusammenfassung

Epitaxie ist ein technischer Kristallwachstumsprozess zur Herstellung diinner
Kristallschichten. Diese weisen dabei oft Mikrostrukturen verschiedener Form und Aus-
pragung auf, wie zum Beispiel Stufen, Spiralen oder Pyramiden. Die Ausbildung dieser
Mikrostrukturen wird unter anderem durch elastische Effekte in der epitaktischen
Schicht beeinflusst. Es gibt verschiedene Varianten der Epitaxie, eine davon ist die
sogenannte Flissigphasenepitaxie. Dabei lagern sich einzelne Teilchen aus einer lber-
sattigten flissigen Losung auf einem Substrat ab und tragen dort zum Wachstum bei.
In dieser Arbeit wird ein Zweiskalenmodell zur Fliissigphasenepitaxie unter Beriick-
sichtigung elastischer Verformungen untersucht. Dieses Modell wurde in [Ch. Eck,
H. Emmerich. Liquid-phase epitaxy with elasticity. Preprint 197, DFG SPP 1095,
2006] eingefiihrt. Es besteht aus makroskopischen Navier-Stokes-Gleichungen und
einer makroskopischen Konvektions-Diffusions-Gleichung flir den Massentransport in der
Flissigkeit, sowie einem mikroskopischen Problem, zusammengesetzt aus einer Phasen-
feldapproximation eines Burton-Cabrera-Frank-Modells zur Beschreibung der epitakti-
schen Schicht, einem Stokes System in der Flissigkeit nahe der Schicht und einer
Elastizitatsgleichung fiir die elastischen Effekte in der Schicht. Die einzelnen Teilprob-
leme sind durch geeignete Bedingungen gekoppelt.

Das Hauptresultat der Arbeit ist der Beweis der Existenz und Eindeutigkeit einer Lo-
sung des Zweiskalenmodells mit Hilfe von Fixpunktargumenten. Des Weiteren wird eine
iterative Losungsstrategie vorgeschlagen, die auf der einen Seite die Beweisstruktur
des Hauptresultats widerspiegelt, und auf der anderen Seite die Grundlage fiir einen
numerischen Losungsalgorithmus sein kann.
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1 Introduction

Many components of electronic devices, think for example of microchips, consist of
multiple very thin layers, with thickness of several molecule or atom diameters. It is
not possible to obtain such thin films by polishing, so other techniques have to be
applied, such as controlled crystal growth. Epitaxy is a special form of crystal growth,
where single particles (for example of silicon or a silicon-germanium alloy Ge,Si;,) are
deposited on a substrate (made for example of silicon), where they can move on its
surface, driven by diffusion, until they leave it again or until they contribute to a growing
epitaxial layer. The layer thereby forms monomolecular steps, see Figure 1. In the case of
the same material composition in substrate and layer the process is called homoepitaxy,
else heteroepitaxy.

Figure 1: Schematic Visualization of a Stepped Epitaxial Layer.

Epitaxy is not the name of one process, but a broader term of several epitaxial tech-
niques. Among others, there are molecular beam epitaxy (MBE) and liquid phase epitaxy
(LPE), which are frequently used in technical applications. The main difference between
these concerns the way of depositing the particles on the growing layer. In MBE, the
particles are sent from effusion cells as molecular beams through high vacuum to the
substrate, while in LPE they are transported through a supersaturated liquid solution
by convection and diffusion.

The main application of epitaxial techniques lies in the production of semiconductor
devices like solar cells, integrated circuits, lasers and light emitting diodes. During
the growth process, the epitaxial layers usually generate microstructures of differ-
ent morphologies such as steps, islands, spirals or pyramids, see Figure 2. These
microstructures influence the physical properties of the layer, as for example the
electric conductivity, and therefore, it is important to understand how they develop.
Different aspects are important thereby, [13], [23], [51], and especially in the case
of heteroepitaxy, elastic effects play a significant role. These effects are induced by
a so-called misfit between substrate and layer, which occurs due to different crystal
structures of the materials of the substrate and the layer.
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In this thesis, a model for LPE is investigated, where elastic effects are included.

Liquid Phase Epitaxy. For a detailed description of the physical principles and the
applications of LPE, see [6], [50]. The first model for epitaxial growth goes back to
Burton, Cabrera and Frank (BCF model), [8]. It is a semi-discrete model: The diffusion
process along the surface is described by continuum equations, while in perpendicular
direction, the monomolecular steps are resolved in a discrete way. Originally, the model
was developed to describe MBE, but almost all models for LPE base on it, too.

Figure 2: Experimentally observed Pyramidal Microstructure in GeggsSig 15 Growth on
Si(001) from Bi Solution, see [13].

Besides the semi-discrete approach of Burton, Cabrera and Frank, other models have
been developed in both directions: On the one hand, there are descriptions of the
epitaxial growth process by purely continuum models, [37], [54], [56]. These models
describe the height of the solid film by nonlinear partial differential equations and do
not resolve the stepped structure of the surface. On the other hand, purely discrete
models describe the movement of each particle and their interactions by kinetic Monte
Carlo methods, [44]. The major disadvantage of these models is, that they are only
applicable at very small length scales.

As a version of the BCF model, phase field models have been established, [17], [31], [36],
[40]. Based on the ideas of diffuse interface models for phase transitions in solidification
processes, see [9], the steps from one monomolecular layer to another are smoothed,
where the thickness of the smooth transition region is controlled by a parameter. In
fact, in this context, the edges of the monomolecular steps are considered as phase
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transitions, whereby a "phase" does not indicate the state of aggregation (solid/liquid),
but the thickness of the epitaxial layer, measured by the number of monomolecular
layers. Consequently, not only two but multiple phases are involved in the process.
These phase field models, in contrast to "sharp step" BCF models, are easier to handle
from the analytical as well as from the numerical point of view.

There are also hybrid models, such as that proposed in [33], where the nucleation of
new monomolecular layers is modeled by kinetic Monte Carlo methods, but else, a phase
field version of the BCF model is used.

Elastic effects have been considered in a purely continuum model, [56], in a purely
discrete model, [44], and in a BCF model, [23].

Some models also include the so-called Ehrlich-Schwoebel barrier, [22], [46], [47]: It
describes, that a particle is not as likely to be incorporated, if it approaches a step from
above, as if it comes from below. This asymmetry induces an uphill current, see [37].
In [5] and [36], it is explained, how to include that in the BCF context.

In LPE in contrast to MBE, where the deposition of particles is usually modeled by a
known deposition rate, a model for the volumic transport of particles in the liquid solution
has to be coupled to the model for epitaxial growth. Thereby, not only diffusion but
also convection should be included as pointed out in [32].

orderiparamerer;
2

Figure 3: Simulation of an Epitaxial Layer using a Phase-Field-BCF Model, see [10].

Each of the three types of models (continuum, semi-discrete, discrete) has its advan-
tages. Concerning the simulation, kinetic Monte-Carlo models are not able to compute
epitaxy on large length scales, while purely continuum models do not fully resolve the
microstructure. BCF type models, where phase field approximations suit better for this
purpose, are a compromise between both, but nevertheless, the microstructure has to
be resolved by a numerical grid, which makes the simulation of a technically relevant
devise almost impossible. New possibilities for an efficient implementation are opened
up by the application of homogenization techniques, which leads to a formulation of
two scale models.
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Homogenization in LPE. Homogenization, [11], has proven to be a very powerful tool
for example in the description of fluid flow in porous media, where in a simple case,
Stokes equations have to be solved in a domain with unknown microstructures, [30].
Thereby, the inhomogeneous domain is replaced by a fictive homogeneous one, which
possesses approximately the same macroscopic properties. In principle, homogenization
methods can also be applied for problems, where the unknown microstructure is of
interest and should be computed, see for example [14], [15], [16]. In these cases, it
results in a so-called two or multi scale model, consisting of macroscopic equations
(with homogenized domains, parameters, et cetera) which are coupled to microscopic
cell problems for the determination of the microstructure. Usually, there is one cell
problem in each macroscopic point.

For LPE, a two scale model has been derived in [17]. The model describes the transport
process in the liquid solution by continuum equations and the epitaxial growth with
a phase field version of the BCF model. The homogenization here leads to a macro-
scopic domain, which is fully occupied by the liquid solution, and for every point on
the substrate, microscopic BCF problems have to be solved for the calculation of the
microstructure. Coupling conditions, which act as boundary conditions on the macro-
scopic scale, model the interaction between the liquid solution and the epitaxial layer.
The well-posedness of the model has been proven and the formal derivation of the two
scale model was justified rigorously, see [17].

The model of [17] was further developed in [18] and [19], where elastic effects are
included. The main difference to [17] is, that the microscopic cell problems consist
not only of BCF models, but also of equations for the description of the elastic
effects and the fluid flow near the surface of the layer. The consequences on the
mathematical analysis and numerics for the model are tremendous. While the model
without elasticity consists essentially of semi-linear partial differential equations, the
extended microscopic problems are fully nonlinear.

Objective of the thesis. The goal of the thesis is to analyze the two scale model
with elasticity developed in [19]. The focus hereby lies on the proof of existence and
uniqueness of a solution, but furthermore, a basis for the numerical treatment is
laid. The model consists of macroscopic Navier-Stokes equations and a macroscopic
convection-diffusion equation for the transport process in the liquid solution "far away"
from the interface between liquid solution and solid layer, and of microscopic cell
problems for processes near the interface. These are modeled by Stokes equations for
the fluid flow, a linear elastic equation for the deformation in the solid layer and a
phase field version of a BCF model for the evolution of the epitaxial surface.

Outline. In chapter 2, the notation is explained. Definitions are given, which are needed
throughout the thesis, especially that of some important function spaces. Furthermore,
several functional analytical tools are collected from literature which are frequently used
in the proofs, and some results are adapted to the cases of the thesis.

Chapter 3 presents and explains the model, starting from the non-homogenized physical
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model. The original BCF version with sharp steps is explained as well as its phase field
approximation. The ansatz for the derivation of the two scale model is given, and the
model problem is stated precisely. The chapter concludes with a short discussion of the
model.

Chapter 4 proposes an iterative solving procedure with two objectives: On the one hand,
it outlines a strategy how existence and uniqueness of a solution of the model can be
proven via fixed point arguments, and on the other hand, it is a basis for an algorithm
to solve the model problem numerically. The iteration consists of two encapsulated
iterations, an inner for the microscopic cell problems and an outer for the coupling
between the microscopic and the macroscopic problems. Convergence of the iterative
procedure is proven.

The main chapter of the thesis is chapter 5, and it starts by stating the main result
in section 5.1: The existence and uniqueness of a solution of the two scale model in
suitable function spaces, under appropriate assumptions on the given data. lts proof
is given in the following sections. First, the microscopic cell problem is investigated in
section 5.2, where the macroscopic coupling data is supposed to be given. Thereto,
the single microscopic problems, namely the Stokes problem, the elastic problem and
the BCF problem are studied separately in sections 5.2.1 — 5.2.3, and their coupling
is investigated in section 5.2.4. Existence and uniqueness of solutions of the coupled
microscopic cell problems is proven using Banach's Fixed Point Theorem. Conversely,
solvability of the macroscopic problem is shown in section 5.3 with the microscopic
coupling data considered as given. Only the convection- diffusion problem is discussed
since the Navier-Stokes equations decouple from the rest of the model. As last step in
the proof of the main result, section 5.4 treats the coupling between the microscopic
and the macroscopic parts, again by using Banach's Fixed Point Theorem.

Finally, chapter 6 concludes with a short discussion of results and open problems.

Parts of this thesis are to find in [20] and [21] and another publication is in preparation.






2 Notation and some Basics

This chapter is devoted to some mathematical fundamentals of this thesis. On the one
hand, definitions are provided especially that of several function spaces. On the other
hand, some results are given, which are frequently used in chapter 5, such as embedding
theorems, basic inequalities, Banach's Fixed Point Theorem, et cetera. Few of them
are not to find in common literature and, in these cases, proofs are presented. The rest
is supplied by references.

2.1 Basic Notation

In R", the /-th standard coordinate vector is denoted by ;. For x = (xq, .. ., xn)T e R",
x| is the Euclidean norm of x. If Q C R”, then 89 is its boundary, Q its closure and
|| its volume.

The scalar product between two vectors x and y in R” is denoted by x - y, the scalar

product between two matrices A = (a;;) and B = (b;), i =1,..., nj=1,..., m, in
RHXITI by
A:B= > ajby
=1

Consider a time interval / = [0, T] and a domain 2 C R”. For a function f: | x Q — R,
the partial derivatives with respect to the time variable t or the space variable x;
are denoted by O,f or O f respectively. If 8= (B, ..., Bn) € Nj is a multi-index with
|B| = By + - -+ + B,, then the spatial derivatives are expressed by

DPf =080 .. .80f, Df:={D°f||B|=k} and |D*f|:= Z]Dﬁf\z
IBl=k
For vector valued functions f: / x Q — R"™ f = (f,..., fn), it s

DPf .= (DPfy, ..., DPf,,) et cetera.

In the special case of first order derivatives, the gradient of f is defined by
leﬂ e 6)(1 fm

Vi = L :
a><,,f1 e axn fm

and, in the case n = m, its symmetric part by
1
e(f) = > (VF+(VH)T).

If there is the possibility of confusion, because of the occurrence of different spatial
variables x € R” and y € R”, the corresponding derivatives are supplied with a respective
index such as V,f, V,f, e(f), et cetera.
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2.2 Holder Spaces

Denote by C*(2) the space of infinitely differentiable functions, defined in a domain
Q C R". For k € Ny, let CK(Q2) be the space of k-times differentiable functions, which
have bounded norm

Ifllcry = sup |DPF(x).

1Bl<k *€

CE(£2) denotes the subset of CX(Q) of functions with compact support in . For k € Ny
and0<a<l1itis

Ckr(Q) := {f € CK(Q)| D*f € C*(Q)}

the classical Holder space, equipped with the norm

|DPf(x) — DPF(y)|
F wien = |IF + max su :
IFllcxreiey = Ifllexa) BI=K e X =yl

Sometimes, the more compact notation C%(Q) with § = k + o € R is used.

In the context of evolution equations, for example parabolic partial differential equations,
functions with different regularity properties with respect to time and space are of
particular importance.

Definition 2.1 (Some Holder spaces with anisotropic regularity in time and space). Let
be k,£ €Ny, 0 <a,a;,a,<1,/=][0,T] and Q2 C R".
COrte(I x Q) ={f e C(I x Q)| f(t,-) € CK*(Q), Vt € I},
Ckre0(1 x Q) ={f e C(I x Q)| (-, x) € C*t(I), ¥x € Q},
Core(| x Q) = C*O(I x Q)N C%2(I x Q),
CREI x Q) = CKO(I x Q) N C™(1 x Q),
Chkrentter (| 5 Q) = {f € C*¥(I x Q)| 87, DPf € C**2(I x Q), m < k, |B] < £}.

The first upper index always denotes the regularity in time, the second that in space.

2.3 Lebesgue and Sobolev spaces

For 1 < r < oo, L,(Q2) denotes the Lebesgue space of functions whose r-th power is
integrable (r < oo) or which are essentially bounded (r = oc), equipped with the norm

flrdx ) . r< oo,
1l = (/Q" )

esssUp,cq |f(x)|, r = oc.
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For k € Ng and 1 < r < oo, it is WK(Q) the Sobolev space of functions whose
derivatives up to order k belong to L,(2), equipped with the norm

Z ID°FIl oy | + r<oo,
||f||vv,k(Q) = IB1<k
> D fll@. r = oo.
 IBI<k

Additionally, if 0 < a@ < 1 and s = k + o, W?(QQ) is the Sobolev-Slobodeckij space,
equipped with the norm

S

DPf(x) — DPf(y)|"
oo = (Wl + 3 [ [ e ooy
I61=kK

The Hilbert spaces W5 (£2) are denoted by H*(2). W:(2)" and H*(2)" denote the dual
spaces of W?(€2) and H*(S2), respectively.

The anisotropic Sobolev spaces W:%2(/ x 2) are defined analogously to the anisotropic
Holder spaces in Definition 2.1.

Functions in W?(€2) are only defined almost everywhere in 2. Since the boundary 692
usually is a set of measure zero (with respect to the n-dimensional Lebesgue measure),
boundary values of a function f € W?(Q2) are not well-defined in the classical sense.
Therefore, the notion of traces is introduced, see for example [27], chapter 1.5, Theorem
1.5.1.2:

Theorem 2.2 (Traces). Let Q be a bounded open subset of R™ with a C*** boundary
082, k an integer > 0. Assume s — X is not an integer, s < k+1,s—1 =4¢+o0,

0<o<1,Z2aninteger > 0 and n the outer normal vector. Then the trace operator
on'" T ant

y)
tr:f|—>(f,af af)‘

which is defined for f € CK*1(Q), has a unique continuous extension as an operator
from

4
Wi (Q) onto W/ (09).

j=0
This operator has a right continuous inverse which does not depend on r.

The space W?3(Q) is the subspace of W5(Q) of functions, which trace on 8% is zero.
In the case of an unbounded domain €2, the subscript loc in W} _(€2) denotes the set

of functions, which belong to W}(Q) for any bounded Q ¢ Q with Lipschitz boundary
o%2.
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Finally, here are some density properties of Sobolev spaces:

Theorem 2.3. Suppose that k € Ng, 1 < r < oo and that €2 is a bounded domain with
Lipschitz boundary. Then C>(Q2) is dense in Wk(Q).

If Q has Lipschitz boundary, but is not bounded, then the set of restrictions to {2 of
functions in C°(R") is dense in WX(Q).

For the proof, see [1], Theorem 3.17, p.67, and Theorem 3.22, pp.68-70. An obvious
consequence is the following lemma:

Lemma 2.4. Suppose k € Ny, 1 < r < oo. WK(Q) is dense in L,(Q).

There are also the following density properties of the dual spaces, see [1], 3.14, p.65:
Theorem 2.5. Suppose k € Ng, 1 < r < oo and 2+1 = 1. L (Q) is dense in (W/(Q))'.
Lemma 2.6. Suppose k € Ny, 1 < r < oo and L+ = 1. WX(Q) is dense in (W5(Q))".

Proof. Suppose F € (Wr’f(Q))/. Since L,(R) is dense in (Wff(Q))/, see Theorem 2.5,
there is a sequence (F,)nen C L,(2) with

||Fn - FH(Wﬁ(Q))/ — O, fOI’ n — 0.

Since WK(Q) is dense in L,(Q), see Lemma 2.4, there is for each n € N a sequence
(for ) ken C WE() with

“Fn — fnk”Lr(Q) — O, for k — o0.
It follows that
IF - ”kH(er,(Q))’ <|[IF- FnH(Wf/(Q))' +11Fn = fnkH(er,(Q))u

and due to Holder's inequality

1Fn = faxllws )y = sup /(Fn — o)W dx < |[Fy = farll L)
’ wewl(@), Jo
”WHWll(Q):l

For any € > 0 and any n € N, there is a number K,, € N such that

||Fn_fnk

€
L(Q) < 5, for all k> K,.
Furthermore, there is N € N such that
€
“Fn - FH(er;(Q))/ < 5, for all n> /\/,
and consequently

IF = far, lws@y < IF = Fallws@y + 1Fo = fax [l @) <€ forall n>N.
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2.4 Periodicity

Periodic functions play an important role in this thesis. Therefore, the notion of peri-
odicity is stated precisely, see also [11], [17]:

Definition 2.7 (Y—periodicity). An open, bounded and simply connected domain
Y C R"” with Lipschitz boundary is called periodicity cell, if R” can be represented
as a union of shifted copies of Y with empty intersection:

R" = U(z+7), (z24+Y)N(z+Y)=0 for z # 2 € My,

zeMy

where My C R" s a countable set of shifts. A function f defined a.e. in R" is called
Y —periodic if

f(zv+y)=f(z+y) foralmostall yeY andall z,6z € My.
The simplest example for a periodicity cell is Y = [(0, 1)]” and My = Z".
Definition 2.8 (Spaces of Y—periodic functions). Suppose Y is a periodicity cell.
i) For k € Ny and 0 < a < 1, the space CKF*(Y') is the subspace of CKt*(R") of

per

Y —periodic functions. The space C35.(Y') is the subspace of C**(R") of Y'—periodic
functions.

ii) The space Wrb:per(y) with s € RS_ and 1 < r < oo Is the closure of C3g.(Y') with

per
respect to the W (Y)—norm.

In chapter 5, there occur microscopic domains, which have the form Y x R € R3? (or
are subdomains thereof). The following notation is used:

Let be X(Y x R) € {CFre(Y x R),WK(Y x R)}, where k € Ny, 0 < o < 1,
1 < r < 0. Then denote by X, (Y x R) C X(Y x R) the subspace of functions, which
are Y—periodic in X(Q,) with respect to y; and y, in the sense of definition 2.8. There
IS no periodicity assumption concerning ys.

For anisotropic spaces as e.g. C;éf“"(/ X Y'), the lower index "per" indicates the corres-

ponding subspace which consists of Y—periodic functions.

2.5 Basic Inequalities
Young’s Inequality
Suppose a,b>0,1<r,r <ooand 2+ % =1 Then

a b

Furthermore, if € > 0, then
ab < ea" + c(e)b", (2.2)
with c(e) = +/,r, For the proof, see e.g. [25], p.622.

o (en)



22 2 NOTATION AND SOME BASICS

Holder’s Inequality
Suppose 1 < r,r' <ocoand £+ < =1. Thenfor f € L,(Q2) and g € L.(R), it is

r/

/Q]fg]dx < (/Q lﬂrdx)1 (/Q \g\r/dx)rl,. (2.3)

For the proof, see e.g. [25], p.623.

Gronwall’s Inequality

Let f(t) be a nonnegative integrable function on / = [0, T] which satisfies for a.a. t € /

f(t) < Cl/tf(s) ds+ o
0
with constants ¢;, ¢ > 0. Then
f(t) < o (1+ cte™?) (2.4)
for a.a. t € . In particular, f(t) = 0 a.e. in /, if c; = 0. For the proof, see e.g. [25],
p.625.

Poincaré’s Inequality

Suppose ©Q = [0,d] x R™1! with d > 0, then there exists a constant k, which is
proportional to d, such that

11l @ < KIVFlL @), (2.5)

for all f € W(Q2) with f|,,—o = 0. This can be proven as Theorem 6.30 in [1], pp.183-
184.

2.6 Embeddings and Interpolation

The proofs of section 5.2 use embedding and interpolation theorems several times.
Some important ones are stated here.

The following result about the famous Sobolev embeddings can be found e.g. in [27],
Ch.1.4.4, pp.27-28.

Theorem 2.9 (Embedding theorem). Suppose Q has a Lipschitz boundary and s, € R,
sseRwiths; > s, and1 < 1, r» < 0o such that s; — % =5 — r—’; Then the embedding

W2H(Q) — W2(Q)

n

exists and is continuous. If Q2 is bounded, the statement is true for s; — ﬁ >s5 — L

rn’
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IfseRt, 1<r<oo, k€Nyand 0 < a <1 such that s — 2 is not an integer and
s — 2 = k + a. Then the embedding

W5(Q) — C*(Q)

exists and is continuous. In the case that s — 2 = k is an integer, the continuous
embedding

W (Q) — CDH(Q)
exists forany 0 < o < 1.

Next, some interpolatory inclusions in Holder and Sobolev spaces are provided. They
result from interpolation estimates, such as that of the following theorem:

Theorem 2.10 (Interpolation estimate for intermediate Holder spaces). Suppose that
Q has an uniform C®-smooth boundary and that 04, 65,0 € Ra” with 6, < 6 < 6>. Any
function f € C%(Q) satisfies the estimate

Ifllesy < cllfllgeio)IflI2en -

- _ 6-6

with A = 927911.

This follows from [38], Proposition 1.1.3, p.13. For spaces with anisotropic regularity
in time and space, a direct consequence of Thm. 2.10 is the following lemma, see [38],
Prop. 1.1.4, p.13:

Lemma 2.11. Suppose f € C*2*(/ x Q) and define the function f: t — f(t) := f(t,-).
Then, forany 0 < B <a <3, itisf e C*P(l,CP(Q)) and satisfies

1Fllca-s(r.co8(y) < Cllfllcacagxa)-

f and f in Lemma 2.11 are basically the same functions, only considered from different
point of views:

e f iIs considered as a function depending on x and t with values in R or R”.

e 7 only depends on t, but has values in a function space X, that consists of func-
tions Q — Ror Q — R” i.e. f: | — X. In the previous Lemma it is X = C??(Q).

Casually speaking, itis"f = " even if this is formally not correct. In the same sloppy
manner, Lemma 2.11 states: "C*2%(] x Q) < C*P(/,C?(Q)) with continuous em-
bedding". From here on, this thesis will not distinguish between f and f any more in
order to simplify the notation.



24 2 NOTATION AND SOME BASICS

Another example for interpolation between time and space regularity is the following,
see [38], Lemma 5.1.1, p.176:

Lemma 2.12. Suppose 0 < o < % The embedding
C2H22 (1 x Q) < C*(I,C*(Q)),
exists and Is continuous.
In Sobolev spaces an analogous result as that of Theorem 2.10 is:

Theorem 2.13 (Interpolation estimate for intermediate Sobolev spaces). Suppose that
Q is bounded with CK-smooth boundary and that 1 < r,r < oo, ki > ks > 0,
0 <A< landk:=Xk+(1=Nky, 1 := 2412 Any function f € Wk (Q)nW/(Q)

belongs to WK(Q) and satisfies the estimate

[Lalfws

< A
IF g < Sy 1712

' (Q)

This follows from [7], Theorem 6.4.5, pp.152-153, see also [14], Theorem 2.2.4, p.23.
A consequence for spaces with anisotropic regularity in time and space in this case is
Corollary 2.2.6 in [14], p.23. It states:

Lemma 2.14. Suppose that | = [0, T] and Q2 is bounded with C*-smooth boundary.
Then for 0 < r < oo, k,£ >0 and 0 < X\ < 1, every function f € W45(I x Q) belongs
to WM(I, WKI™2(Q)) and satisfies the estimate

“ fHWrAe(/,Wf(lﬂ)(Q)) < ” f”W,“(IXQ)'

In chapter 5, an interpolatory inclusion is used where the dual space (W3(Q))" is involved.
A proof is given here:

Proposition 2.15 (An interpolation estimate between W!(Q) and (W3(2))" ). Suppose
2<r<oo,i+%=1andfeWQ). Then
1 1-1
11l < €l o Iy
Proof. Any f € L,(Q) induces an element of (W1())’, again denoted by , by
(f,w) = / fw dx, Yw € Wi(Q),
Q
1Pl = oo, 7w

=1
HWHW/},(Q)

Note that, if f € L,(Q), then |f|""! € L.(Q2) with

= r=

Hfr*lHL,/(Q) = (/ W(rl)r'dx> — (/ ]f|rdx) = ”f”t(lﬂ)
Q Q
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since (r —1)r' =r and & = =L If f possesses weak derivatives V£, then

1, f(x)>0,
VIf| =sign(f)VT, where sign(f)(x) =140, f(x)=0,
-1 f(x) <0,

see [12], Satz 5.20, p.96. Furthermore, the weak derivatives of f|f|"~2 are due to the
product rule

\Y% (ﬂf]r‘z) = |f|"2VFf +sign(f)(r — 2)f|f|" 3V,
and it follows with Young's inequality

IV (FIFI2)] < clfI2|IVF < e (IF T+ V).
Therefore, if £ € WHQ), then f|f|"2 € W(Q) with

1112l < clflliay.

These preparations lead to

uwumz/va
Q
:/ f FIF|"~2dx
Q
flF—2

= [|FIf]"? ||y /f — dx
o Tl

< ||fHW1(Q)||f||(W1(Q)

Taking the r-th root on both sides gives the result. []

Lemma 2.16. Suppose 2 < r < oo and f € C'(I, (WL(Q))) n C(I,WX(Q)). Then
feCr(l,L(Q)) with

et i@y =€ <||f||61(/,(vv:,<sz>>'> + ||f||C(/,vvr1(fz))) :

Proof. Proposition 2.15 and Young's inequality imply for t; # t, € /

“f(tl) — f(tZ)“L Q) <c ||f(t1) - f(t2)||(erl(Q))/ ’ p . 17%
P r— I7(8) — (e

1 1—1
< clFlles g o @m I Flleaw )

< ¢ (IFlerwai@p + IFlcamsan) -
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Moreover
(O < IfF(O)llwiw). Vtel,
and thus
_ 1 (t1) — (&)l
1Fllc3 11 ey = M F(E) ) + sup %

ti#tEl |t1 — t2|

<c <||f||c1(/,(vvr1,(§z))/) + HfHC(I,er(Q))) :

2.7 Banach’s Fixed Point and Lax-Milgram’s Theorem

Both theorems are used frequently in chapter 5 and are therefore provided here:

Theorem 2.17 (Lax-Milgram). Suppose H is a real Hilbert space and

a:HxH-—=R

a bilinear form that satisfies for all u,v € H
a(u,v) < allullullviia, (Continuity)
a(u, u) > c|ull, (H-Ellipticity)

with constants ¢y, ¢ > 0. Then, for any element £ of the dual space H’, there exists a
unique element u € H such that

a(u,v)=(f,v), Vv e H.
Furthermore, there exists a constant ¢ > 0 such that
[ully < cll€flm-
For a proof, see for example [43], Theorem 9.14, pp.290-292.

Theorem 2.18 (Banach's Fixed Point Theorem). Suppose M C X is a non-empty
closed subset of a complete metric space (X, d) and T is an operator

T-McCX—> M,
which is a strict contraction, that means that there is a number 0 < k < 1 such that
d(Tx, Ty) < kd(x,y), Vx,y € M.

Then, T has a unique fixed point x € M. Furthermore, the sequence (X,)nen,, defined
by
Xo € M,  Xpi1:=TXp, n € Ny,

converges to x for any xo € M, and satisfies the a priori estimate

—k
For a proof, see for example [57], Theorem 1.A, pp.17-18.

d(x,, x) < 1 d(xg, x1).
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2.8 From the Theory of Semigroups

Some tools from semigroup-theory are used in section 5.3. In view of the proofs there,
some basic terms are provided here. The following definitions coincide with the termi-
nology in [38]. Further information can be found there, another textbook on that topic
is for example [41].

Suppose X is a Banach space. The space of bounded linear functionals X — X is
denoted by L(X). Consider a linear operator

A: D(A) C X — X,
with domain D(A). The resolvent set p(A) is defined by
p(A) :={\ e C| (\l—A)"" exists and belongs to L(X)}.
The spectrum of Ais g(A) :=C\ p(A). For A € p(A), the operator
RAA) = (A=A X = X

is called resolvent operator or simply resolvent. The operator A is said to be sectorial,
if there are constants w € R, 5 < 6 <7 and M > 0 such that

(1) p(A) D Sgp, ={NeC|AN#w, |arg(\ —w)| < 6},

() IR, Allexy < VA€ S

A —wl’
In fact, there is a useful condition on how to check, if a linear operator A is sectorial.
It is given by the following proposition, which can be found in [38], Proposition 2.1.11,
p.43:

Proposition 2.19. Suppose A: D(A) C X — X is a linear operator such that p(A)
contains a half plane {\ € C| Re A > w}, and

AR A)llLxy < M, if ReX>uw,
with w € R and M > 0. Then, A is sectorial.

If A is a sectorial operator, set e%x := x for all x € X and define for t > 0 the linear
bounded operator e by the Dunford integral

1
e = — e R(\, A)dA,
2mi w+Yrn
where r > 0, T < m < 6 and ,, is the curve {\ € C| |argX| = n,[\| > r}u
{AeC||argX| <n, |\ =r}, oriented counterclockwise.
The family {et4| t > 0} of bounded linear operators is said to be the analytic semi-
group generated by A on X.



In fact, it can be shown, that A — e*R(X\, A) is holomorphic in Sg,, and thus, the
definition of e is independent of r and 7n. Furthermore, the mapping t — et is
analytic from (0, 00) to L(X) and it satisfies the semigroup property

etAesA — e(tJrs)A, \V/S, t Z 0,
see [38], chapter 2, for more information and proofs. Finally, it is

limex =x <= x¢& D(A).
t—0

If D(A) is dense in X, this is satisfied for all x € X. Then {et*| t > 0} is said to be
strongly continuous.



3 Modeling Liquid Phase Epitaxy: Physical Model and
Two Scale Model

There are several approaches to model liquid phase epitaxy (LPE), as mentioned in the
introduction. This thesis analyses a two scale model, proposed in [19]. In this chapter,
the model is introduced. First, the non-homogenized model is presented in sections 3.1
and 3.2, and second, the two scale model in sections 3.3 and 3.4. The latter is derived
from the non-homogenized model using homogenization techniques. The ansatz for the
derivation is explained in section 3.3, but for technical details, the reader is referred to
[19].

3.1 Physical Model

The physical situation is the following: Consider a time interval / = [0, T] and a domain
Q C R3 which has the form of a container, see Figure 4, and is filled with a liquid
solution that contains the particles from which an epitaxial layer grows on a substrate,
compare also Figures 2 and 3. The contact to the substrate is at the bottom of Q,
which is denoted by

So:={x€Q|x3=0}.

The solid film grows on Sy, the time dependent domain occupied by that film is denoted
by Q° = Q>(t). The liquid domain is QL (t) = Q \ QS(t).

Q- ————— Liquid Solution

S | Epitaxial Layer

So Q>

Figure 4: Liquid Phase Epitaxy.

It is assumed that the interface S between Q> (solid material) and Q' (liquid solution)
can be represented as the graph of a function h: Sqg — [0, 00) over Sq:

S(t) ={x € Q| x3 = h(xg, x, 1)},
and therefore

Qs(t) ={xe€eQ]x3 < h(x, X, t)} QH(t) = {x € Q| x5 > h(x1, %, t)}.
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The process is modeled as step by step growth, see Figure 5(b). This means, that the
solid film grows one monomolecular layer after another. The description of the steps
can be reduced to a two dimensional problem by considering a step as a curve in the
two dimensional domain Sy, see Figure 5(a). The union of these curves is denoted by
A= NA(t).

Step Curves A
/\

Liquid Solution  Solid Layer

Steps

X2 X3

X1 X1

(a) Top View. (b) Cross Section.

Figure 5: Step by Step Growth.

Thus, the model contains two different types of free boundaries: One is the the interface
S = S(t) between the liquid solution and solid layer, the other are the step curves
A = A(t) which are introduced above.

The processes to describe are, see Figure 6:

i) Volumic transport of the particles in the liquid solution, driven by convection and
diffusion.

i) Adsorption of particles to the surface. At that stage, the particles are called
adatoms.

i) Surface diffusion: Adatoms move on the surface, driven by diffusion, until they
desorb into the liquid solution or they reach a step and incorporate into the layer.

iv) Elastic effects in the layer.

Summarizing, there are three different types of processes: in the liquid, in the solid and on
the interface. In order to model these effects, partial differential equations are formulated
in each of these three parts and suitable coupling conditions are derived. Hereby, the
coupling takes place at the interface S. More precisely, the model is composed of the
following parts, for further explanation see [19]:
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Surface Diffusion

Figure 6: Processes in LPE.

e In / x QL, a Navier-Stokes system has to be solved for the fluid flow and the
pressure, and a convection-diffusion equation for the transport of particles in
the liquid solution,

divv =0,
(3.1)

v+ (v-V)v—nAv+Vp=0,
0. +v-VcY — DYAcY =0, (3.2)

where v is the fluid velocity, p the pressure, ¢V the mass specific volume concen-
tration of particles in the liquid solution ("V" stands for "volume"), n the viscosity
of the liquid and DY the diffusion constant of the volumic diffusion process.

Boundary conditions are

v=0, on OQ\ S, (3.3)
1 1 v <
_ 1= _ - _ ==
v=Js (QV QE) (TV Ts) n, on S, (3.4)
v
DV% —0, ondQ\'S,  (3.5)
v Y
Dvaain = Ui (1Y) (i— - %) , on S, (3.6)

where ¢ is the surface concentration of adatoms (see also the BCF-model for the
evolution of the interface), Js = /1 + |V h|? is the density of the surface measure
of S, parameterized over Sy, 0¥ and pg are the densities of the liquid solution and
the solid layer respectively, 7 and TV describe the rates of adsorption and desorp-
tion of adatoms from and to the liquid solution, and n = ——~—((Vh)T, -1)T

\/1+|Vh|2

is the outer normal on AQL at S. The coupling conditions (3.4) and (3.6) are
derived under the assumption of conservation of the total mass and of the mass
of adatoms, see [19], pp.4-5.
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Furthermore, there are initial conditions

v(-,0) = Vini, c’(-,0)=¢c

ini-

(3.7)

For the description of the elastic effects, there is for each t € | a quasi-stationary
elasticity equation

—divo(u) =0, in Q°, (3.8)

with displacement field wu, stress tensor o(u), given by linear Hooke's law
o(u) = Ce(u) with linearized strain tensor e(u) = 2(Vu+ (Vu)") and elastic
material tensor C. The elastic deformation is driven by a misfit between substrate
and epitaxial layer, which occurs due to different crystal structures. A simple model
therefor is a prescribed misfit displacement b, that leads to the boundary condition

u=h, on Sp. (3.9)

The coupling to the liquid solution is derived from the equilibrium of normal
stresses

o(uyn—ne(v)n+ pn=0, on S, (3.10)

where n = \/ﬁ(—(Vh)T, 1)T is the outer normal on 8Q° at S. The boundary

condition
o(u)n =0, on 0Q° \ (Sp U S), (3.11)
completes this part of the model.

The evolution of the epitaxial layer is described by a Burton-Cabrera-Frank
(BCF) model

Vv

c C
6tCS:DSACS+T—V—T—z, tel,xe S\ At), (3.12)

K7y h
Co = Cog <1 + QSRT> + 2RATU(U) ce(u), tel xeNr) (3.13)

Ds [Ocs

= — , tel, A(t). 3.14
VA Qslﬁn} el,xeNt) ( )
Here c; is the surface concentration of adatoms ("s" stands for "surface"), mea-
sured by the mass of adatoms per unit area, g = 22 with mass m4 and area

An
Aa of one adatom is the surface density of adatoms, D, the surface diffusion

constant, c.q the equilibrium surface concentration at the monomolecular step,
Kk the curvature of the step, v the step stiffness, R = ,’;—’i the gas constant with
Boltzmann constant kg, 7 the temperature, hs the height of one step and vp
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the velocity of the steps. The bracket [a_c] denotes the difference of the normal

on

derivatives on both sides of the curves A,

oc.

{ans} =Vc!-nt+Veo o0,
where ¢ = lim,_q cs(x + rn*) for x € A with normal vector n* = n on A and
n~ = —n. This part of the model is formulated on the surface Sy and, therefore,
the spatial derivatives have to be understood as two dimensional (with respect to
X1 and Xz).

Finally, there is the boundary condition

ocs
DSE = O, on | x 650, (315)

and initial conditions

Cs(', O) = GCs,ini /\(O) = /\ini- (316)

e The evolution of the interface S is described by

ath:i<c_v_&), (3.17)

oe \ 7V Ts
with h(, O) = h,‘n,'.

In contradiction to the concept of step by step growth, with sharp step edges, the
interface S is considered as smooth surface in the context of the fluid flow and elasticity
problems. The authors in [19] justify this by the fact, that the equations there are
continuum equations and that their scale is much larger than that of the monomolecular
layers.

Furthermore, for the analysis as well as for the numerics, a smooth transition from step
to step is more convenient than the modeling by sharp steps. An approach therefor is
the formulation of a phase field approximation of the BCF model, which is presented in
the next section.

3.2 Phase Field Approximation

Introduce a phase field function ¢: Sy — [0, 00) which describes the height of the
epitaxial film over a point on Sy by the number of monomolecular layers, see Figure 7.
The use of the notion of "phase" and "phase field" expresses the mathematical similarity
of what follows to diffuse interface models for solidifaction processes, see [9]. But a
"phase" here does not indicate the state of aggregation (solid/liquid), but the thickness
of the epitaxial layer, measured by the number of monomolecular layers, and a step is
interpreted as a phase transition. So, multiple phases occur in the process. The natural
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Liquid Solution Solid Layer

\

p=1 . | p=2 | =3 | =2

Figure 7: The Phase Field.

values of ¢ would be the nonnegative integers, but ¢ is allowed to take on real values
in a neighborhood of a step which enables a smooth transition from step to step.

The BCF model (3.12) - (3.16) is replaced by a phase field approximation. It is derived
from the free energy functional

1

F0) = [ [S08 (SIV0F + 30)) - RT(e - ) a0

+2o(w) - e() 9:(6)]dx.

with a multi-well potential f which has its minima at integer values, for example
f(¢) = —cos(2m@d). The parameter £ describes the thickness of the smooth transition
regions. In [19] the functions g; and g, are chosen as gi(¢) = g-(¢) = ¢. Following
the suggestions of [31] (where a model without elastic effects is discussed), another
possible choice is

(3.18)

0(8) = 5 (o 25r2),

2T

which keeps the minima of the corresponding term in F with respect to ¢ at integer
values ¢ € Ny. Another possible choice for g, is discussed at the end of this chapter.
The parameter B is given by

+oo
7 = [ (@07 + b)) o,

o0

where ¢, which determines the shape of the diffuse transition region at a step, is the
solution of

—@"(x)+ f(e(x)) =0, lim @(x)=0, lim @(x)=1 ¢(0)=

1
X——00 X——400 2 '

As in [9], the ansatz

b = _D¢>-7:(¢)'
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where o is a relaxation parameter and DyF the Gateaux derivative of F with respect
to ¢, leads to

a0t = (80~ £F(®)) + RT( - 6 6l(0) ~ o) : e(u) 24(9)
in [ x Sq. After rescaling, this results in the phase field equation

TE20:¢ — E20P + (@) + q(¢, cs, u) =0, in | x S, (3.19)
with 7 = C:;% and

000, ¢ 1) = 5T (0 — ) i (9) + 2% o(u) - e(u) ghl(@) (3.20)

2CeqYB

With the choice of [19], the functions g; and g5 are constant g;(¢) = g5(¢) = 1,
while from (3.18), the derivative g; acts like a switch: The corresponding term is only
nonzero, if ¢ & Ny, which is only in the transition regions in the neighborhood of a step.
For the analysis in chapter 5, both choices are allowed.

¢ is endowed with an initial condition

Ceq YO

¢+, 0) = Gini, (3.21)
and a boundary condition

0

a—f =0, on |/ x 8S,. (3.22)

The surface diffusion equation (3.12) is modified to

cV .
atcs + Qsat¢ - DSACS = v T (323)
T Ts
compare the corresponding equation in [9]. The additional term ps0:¢ describes the
conservation of adatoms.
The BCF model (3.12) - (3.14) can be interpreted as a sharp interface limit of (3.19),
(3.23), see [17], [24], [31].

3.3 Ansatz for the Derivation of the Two Scale Model

The single processes during the growth of the epitaxial layer have completely different
length scales. The smallest is that of a particle diameter, which is approximately the
height ha of one monomolecular layer, the largest is that of the continuum equations
for the fluid flow and the typical size of the microstructure lies somewhere in between.
The main idea of the two scale formulation of the model is, to use different spatial
variables for processes with different length scales. The model is derived by homoge-
nization techniques with homogenization parameter €. Here, € represents the scale of
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Figure 8: Periodic Homogenization in the x;-x,-Plane.

the microstructure. In the following, the ansatz is explained and the resulting model is
presented. For the technical details, see [19].

As ansatz it is assumed that the quantities in the physical model can be written as
power series with respect to €. Thereby, two different concepts are applied for different
space directions:

In x3-direction the existence of a fictive boundary layer is assumed, see Figure 9. For
the velocity field v, the pressure p and the volume concentration ¢ there are outer
expansions , which are valid "far away" from the interface (far field), inner expansions
for the boundary layer (near field) and matching conditions between them. The outer
expansions are

Ve(x, t) = Wo(x, t) +eVi(x, t) + ...,
pe(x, t) = Po(x, t) +ePi(x, t) + ...,
cl(x, t) =eCl(x, t) +°CY(x, t) + ...,

where the lower index € indicates the problem of scale €.

The inner expansions are coupled with periodic homogenization in the x;-x-plane: It
is assumed that the epitaxial layer forms an approximately periodic microstructure,
see Figure 8. Therefor, asymptotic expansions for oscillations on the small scale € are
assumed. This affects the elastic displacement field, the quantities of the BCF-model
and the inner expansions of the fluid flow and the volumic transport process, but not
their outer expansions. A microscopic space variable y € Y x R is introduced, where
Y is a two dimensional periodicity cell, in the simplest case Y = [(0,1)]?. The limit
y3 — 00 has to be interpreted as the "border" between near and far field.

In the asymptotic expansions, the variable y is set to y = Z. The inner expansions in
the fluid are

Ve(x, 1) = vo(x, t, ) +evi(x, t,2)+ ...,
pe(x, t) = po(x,t, 2) +epi(x, t,2)+ ...,
d(x.t)=ecg(x, t,5)+ e (x, t, %) +....
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| _—Far Field

Matching of Far and Near Field

____________________________________ A

1 —Near Field

e B s U

Figure 9: Inner and Outer Expansions.

For the elastic displacement, it is
Ue(x, t) = eup(x, t, %) + e (x, t, £) + ...,
for the surface concentration
Cse(X,t) =€Cso(x, t, %) +E%cor(x, t, )+ ...,
and the height of the interface S
he(x, t) = eho(x, t, %) + € hi(x, t, %) + ...
For the step boundaries A, at scale ¢, it is assumed that

Ae(t) = So N U e(z+N(ez, 1)),

zeMy

where My is the set of shifts, see Definition 2.7. The surfaces A°(x, t) C Y depend in
a suitable continuous sense on t, x and €. Furthermore is supposed, that there is some
surface A%(x, t) and a function 7(x, t,-): A°(x, t) — Y, such that A®(x, t) converge
to A%(x, t) in some sense as € — 0, and

N(x, t) = {m°(x, t,y) |y € N(x, t)}.
Finally, for the velocity and curvature of the steps, it is assumed that

Vae = EVpag 4+ E2Va1 + . . .,
K6:€71K/0+€OK1+....

The quantities vpe and k. are evaluated at (x, t, w(x, t, y)), while vx; and k,; are eval-
uated at (x, t,y), with y € A%(x, t).

The above expansions already propose a scaling for the respective quantities. Further-
more, It is necessary to scale material parameters and given data in the inner expansions.
The parameter scalings are

Ceq ~ E, ha ~ €, 0s ~ €, D, ~ €2, v~ €.
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The scale of all other parameters is ~ 1. As initial conditions is assumed that

Ve(X,0) = Vini(x),  cf(x,0) =ecli(x), Coe(x,0) = ecsin(x, %), x € Sg,

with a given functions v,;, ¢%. and s ni, where ¢ ini(x, y) is Y-periodic with respect to

the second variable. For the boundary condition for u on Sy, it is supposed that
bs(X) = EJbo(X, %).

where bg(x, y) also is Y-periodic with respect to the second variable.

The "homogenized" domain for the macroscopic space variable x is Q, see Figure 10,
and for any x € Sy there is a microscopic domain Y x R™, which consist of the solid
part

Qv(x 1) :=={y €Y xR¥ | ys < ho(x, t.y1,2)},
the liquid part

Qu(x. ) :=={y €Y xR* | y3 > ho(x, t.y1.32)},
and the interface

SY(X' t) = {y €Y x R+ | 3= hO(Xv tvylva)}'

XGSO

Figure 10: Macroscopic and Microscopic Domains.

The derivation of the two scale model works out as follows: Insert the above expansions
into the model equations of section 3.1 and order by powers of €. For most parts of
the model, only the problems for the lowest order of € are considered, see [19] for the
precise derivation. The results are:
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The Equations in the Liquid Solution

For the lowest order of the outer expansions, the resulting system of differential equa-
tions is
divy Vo =0,
at\/O'i'(VO'Vx)VO_nAXVO'i'VXPO:Oy ianQ-
0:CY + VW - V,CY — DVACY =0,

For the inner expansions the lowest order term of the velocity vanishes

and the lowest order term of the volume concentration is constant with respect to y.
The matching between inner and outer expansions then leads to

Wo(x, t) =0,

| X S,
Yx.ty)=Clx. 1), 0

and further to

Y = Y
Dv% — Cs.0 _ C_O , on | X SOv
on Ts TV

where n = (0,0, —1)" and G o(x, t) = [, cso(x, t, ¥) dy is the microscopic mean value
of ¢cso. For the pressure it is

lim Po = Po.

y3—00

In view of the elasticity problem, also the next order term v; of the fluid velocity is
needed, because it occurs there in a boundary condition. The corresponding equations
for (x,t) € Sg x I are

div, vi =0,

in QL (x, t),
—nAyvl + Vypo =0, Y( )

with the following condition at the interface Sy

vy =J ! (i - i) (C—g - CS'O) n, on Sy(x,t), (3.24)

ov o) \1TV TS

where n is the outer normal on Q¢ at Sy. The matching to the outer expansion for v;
leads to

Ii_r>n e,(v1)(x, t,y) es=e(Vo)(x,t) es, for (x,t) € Sg x I.
y3—00
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The Equations in the Solid Domain

The leading order term solves for any (x, t) € Sg x | the equation
—divy, o(up) =0, in Qy(x,t).
The boundary condition at Sy (x, t) is

o,(ug)n —mney(vi)n+ pon =0, on Sy(x, t).

The Equations of the BCF Model
The lowest order terms solve for x € Sy the equations

CV C.
0 s,0
atCS,O - Ds,OAyCS,O Vv

o~ in I x Y\ Ax,t),

Koo hao
Cs,0 = Ceq.0 (1 + QS,ORT) + 2R7,ay(uo) e, (o), on | x N°(x, t),

Ds o |:6Cs 0:| 0
Vg = — — 1, on | x N(x, t).
N g0 | BN b 1)

The Phase Field Approximation of the BCF Model

Analogously to the explanations of section 3.2, also the two scale version of the BCF
model can be replaced by a phase field approximation. It results in

T0€50: 0 — E50, o + ' (do) + do(do, Cs.0, to) = O,

cY ¢ inlxY,
atcs,O + QS,Oatd)O — stoAst'O — _S} . S.O’
T Ts
with
— goRTQS'O / gOhA,OQs,O ]
do(o, Cs0, Uo) = Cea.07008 (Cea0 — €50)91(d0) + 2Ceq,o’YoBay(uo) : e, (Up),

and the scaled parameters & = €€, and T = £ ?7,.

Use of the Phase Field for the description of the interface

The interpretation of the phase field is as already explained above: It denotes the number
of monomolecular layers over a point y € Y. This allows to replace the height function
ho for the description of the interface between solid layer and liquid solution. The thesis
uses this approach and the microscopic domains are modified correspondingly, see Figure
11. That means that Q¢ is replaced by

Qi(x. t) ={y € R®| (y1.y2) €Y, y3 > haodo(t, X, y1,y2)},
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Qy by

Qs(x, ) ={y €R®| (y1,52) €Y, 0 < y3 < haodo(t, X, y1,¥2)},
and Sy by

F(x, t) ={y € R®| (}1,)2) €Y, y3 = haoo(t, x, y1,¥2)}.

As simplification, the boundary condition (3.24) is replaced by

( 1 1 ) (Cg)} Cs,O)
vi=—|——— — es, onl.
Qv CE T Ts

This only is a modification at the steps. In fact it seems to be feasible from the physical
point of view: The normal direction on [ at a step is approximately perpendicular to
the xz-direction and since the height of a step is of the size of one particle diameter,
there should not be a normal velocity of the fluid in that direction.

Concluding this chapter, the two scale model to be analyzed with completing boundary
and initial conditions is summarized in the next section.

3.4 The Two Scale Model

The rest of this thesis is concerned with the following two scale model. In order to
simplify the notation, the indices of the asymptotic expansions are omitted:

vix,t,y) = w(x,t,y) microscopic fluid velocity
V(ix,t) = W(t x) macroscopic fluid velocity
p(x,t,y) = po(x,t,y)  microscopic pressure
P(x,t) = Px,t) Macroscopic pressure
CV(x,t) = CY(x,t) volume concentration of particles
in the liquid solution
o(x,t,y) = ¢o(x,t,y) phase field
cs(x,t,y) = cso(x,t,y) surface concentration of adatoms
u(x,t,y) = up(x,t,y) elastic displacement

Capital letters denote purely macroscopic quantities, small letters indicate quantities
depending on x and y. Also the index "0" for the parameters and the given data is
omitted.
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Qi

F={yeY xR"|y= 0, hAd)(YLYZ))T}

Y x {0}
Figure 11: The Microscopic Interface and the Phase Field.

The model is composed of:

e Macroscopic Navier-Stokes equations and a convection-diffusion equation in / x Q

div,V =0,
(3.25)
OV + (V- -V )V-—nAV+V,P=0,
0:.CY +V -V, CY - DA CY =0. (3.26)
Coupling conditions to the microscopic problems on | x Sy are
ocY C cv
vZ- ==
P2 (5.20), a)
V =0, (3.28)

where &(x,t) = [, cs(x, t,y)dy is the microscopic mean value of ¢,. Due to
the boundary condition (3.28) the Navier-Stokes system (3.25) decouples from
the other equations. Therefore, the velocity field V' and the pressure P can be
computed in a first step and then, the remaining problem has to be solved for
given V and P. To complete the model, consider the boundary conditions

\%
aain _o, (3.29)
V=o, (3.30)

on [ x (0Q\ Sp) , and initial conditions for x € Q

CY(0,x) =CY (3.31)

init

V(0, x) = V. (3.32)
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e A microscopic Stokes system at every fixed point x € Sg and time t € /

divyv =0, 0 (3.33)
in Q, .
-nA,v+V,p=0, /

with periodic boundary conditions for v with respect to yy, y». Furthermore, there
are two coupling conditions. On the free boundary [ this is

1 1 cV .
VA D e 34
e (Qv QE> <TV Ts> © (3:34)

For y3 — 00, there are the matching conditions

y@ (Vyv+(Vyv)') 3= (ViV gm0 + (ViV) Tx=0) €3, (3.35)
lim p= Plx=0. (3.36)
Y3—00

e A microscopic elastic equation to be solved for every x € Sq, t € /
—divyo,(u) =0, inQs, (3.37)
This system is completed by a Dirichlet boundary condition
u=h, for yefl =Y x{0}, (3.38)
periodic boundary conditions for u with respect to y;, y», and the coupling
o,(uyn—me,(v)n+pn=0, onT, (3.39)
to the Stokes system. Here n is the outer normal vector on Qs at I'.

e A microscopic phase field model to be solved in | X Y for every x € Sy,

TE20rp — E20,¢ + '(#) + a(¢. ¢s, u) = 0, (3.40)
cV
0:Cs + Qsatd) - DsAst = T_V - 7__5, (341)

with Y-periodic initial conditions

cs(0,x,y) = Gini(x,y), @0, x,y) = dini(x, y), (3.42)
and periodic boundary conditions with respect to y;, y». The function f is the
multi-well potential with minima at integer values, e.g. f(¢) = — cos(2m¢), and

gRTQS / ghAQS
,Cs, U) = Ceq — Cs + ———0,(u) : e, (u), 3.43
a9, ce) = (e~ ) 61(0) 4 5o ) e u), (343

where the function g} is either g;(¢) = 2(1 — cos(2m@)) or g;(¢) = 1. The first
choice follows [31] and ensures that the corresponding term is only nonzero in the
neighborhood of a step, while the second is that of [19].
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The two scale formulation is an alternative approach for solving the model equations
numerically compared to direct simulation. The computation of the microstructure has
to be done on representative periodicity cells which shrink, from the macroscopic point
of view, to single points. The microscopic quantity ¢s occurs in a coupling term in the
macroscopic equations in an averaged form. As a consequence of that approach it is
possible to choose a much coarser grid in the macroscopic domain compared to a direct
simulation approach. It is not necessary to resolve the microstructure. The price to pay
is, that in every macroscopic grid point on Sp one microscopic problem has to be solved.
Since the microscopic problems at different macroscopic points do not influence each
other directly, they can be solved in parallel computations. Furthermore, an adaptive
strategy as in [42], where only few selected microscopic problems are solved, might be
applicable: It requires continuous interscale dependencies, which are proven in sections
5.2.4 and 5.3. This reduces the computation effort significantly.

The above model is a first try to include elastic effects into the model of [10] and [17]
without elasticity, for which existence and uniqueness of solutions is proven, the formal
derivation of the two scale model is justified rigorously, for both see [17], and numerical
experiments are presented with good results, see [10]. This thesis proves existence and
uniqueness of solutions for the extended model, but several questions are still open,
especially the justification of the homogenization approach, and numerical experiments
are still missing.

Also concerning the model, there is room for discussion. It is not clear, for example, how
to model the misfit between substrate and layer correctly. In [19], as in most foregone
models, this is done as prescribed stress of the form

o(u)n=b, onY x {0}, (3.44)

while here, a prescribed displacement is assumed, see condition (3.38). The latter en-
sures uniqueness of the solution of the elasticity problem, while a solution for the Neu-
mann condition (3.44) in combination with the Neumann condition (3.39) and periodic
boundary conditions with respect to (y1, ¥») can only be unique up to a constant. For
the coupling to the rest of the model, this has no consequences, since only e(u) appears
there.

Furthermore, it is questionable, if any prescribed condition is correct at that point, or
if rather an interaction between substrate and layer should be allowed, [48]. This would
lead to another elasticity problem in the substrate with possibly another free boundary
between substrate and layer.

Another point concerns the phase field and its coupling with the elasticity. From the
interpretation of ¢, it is clear, that its values have to be nonnegative. But that can not
be seen from the equation, especially due to the elastic term in (3.43). Furthermore,
if the phase field is zero, the elastic energy term in (3.43) should vanish, since there
is no solid layer left at that point. Moreover, the growth is modeled to take place at
the steps. A possible approach here is to proceed as for the first term in (3.43) and
to multiply the elastic term by a function g5(¢) which becomes zero for ¢ € Ny, for
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example

() = 5(1 - cos(2n9).

compare g; in (3.18). The analysis of chapter 5 covers this choice, too.
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4 An lterative Solving Procedure

In the following, an iterative solving procedure for the two scale model of chapter 3 is
proposed. It can be a basis for both - analysis and numerics. Actually, the strategy of
the proof of the main solvability result (Theorem 5.1) in chapter 5 reflects the following
iteration. Conversely, the results of chapter 5 substantiate the iteration and even ensure
its convergence, see Theorem 4.1. All of its assumptions are verified in chapter 5. Both,
the proof of the convergence of the iteration and that of existence and uniqueness of
solutions of the two scale model are based on Banach's Fixed Point Theorem 2.18.

Due to to the boundary condition (3.28) the Navier—Stokes system decouples from
the rest of the model equations. As a consequence the macroscopic velocity V' and
the macroscopic pressure P can be computed in advance. The subsequent iterative
procedure consists in fact of two encapsulated iterations: The remaining macroscopic
convection—diffusion equation and the coupled microscopic problem (composed of phase
field, Stokes and Elasticity system) are solved in turns (outer iteration) where in each
step, the microscopic problem is again solved iteratively (inner iteration), see Figure 12.

Micro

é. Cs
Stokes system

V,p,® LPhase field problem}

{Elasticity problemj_/

u
cv )Cs

Macro
Convection-Diffusion problem

-

Figure 12: Encapsulated Fixed Point lterations.

More precisely: Suppose that each single microscopic problem has a unique solution
for given coupling data and denote by Sstokes, Selastic and Sphasefield the corresponding
solution operators, compare section 5.2.4. Assume furthermore, that there exists for
given CY a unique solution of the coupled microscopic problem and for given ¢, an
unique solution of the macroscopic problem with solution operators Lmicro and Lmacro
respectively, compare section 5.4.
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Then, the iteration reads:

1. Solve the decoupled macroscopic Navier—Stokes system (3.25), (3.28), (3.30),
(3.32) in the domain / x Q. Get V and P.

2. Choose the initial volume concentration, surface concentration and phase
field as functions, which are constant in time, by setting CY(t) = C).,
Cso(t) = Csini and ¢po(t) = ¢ipj, for all t € /.

3. Choose a tolerance tol > 0, in order to set an abort criterion for the inner
iteration.

4. Solve the microscopic equations, with macroscopic coupling datum C(‘f, by an
encapsulated iteration procedure:

(a) Set ¢° := ¢o and ¥ = cyo. Calculate (VO p°) := Ssiokes(d°, 2) as
solutions of the microscopic Stokes—system (3.33), (3.34), (3.35).

(b) Solve the microscopic elasticity system (3.37), (3.38), (3.39) with data
vO, p% and ¢° in order to get 1° := Sepastic (VO, P, ¢°).

(c) Calculate the new quantities (¢!, cl) := Sphasefiera(1°) from the system
(3.40), (3.41), (3.42) with coupling datum u°.

(d) Restart in 4.(a) with ¢* and c! instead of ¢° and 2. Continue the
microscopic iteration, until ||(¢", c) — Lmico (CY)]] < tol.

5. Set ¢s1 = cl and ¢, = ¢". Solve the macroscopic convection—diffusion
problem (3.26), (3.27), (3.29), (3.31) to get C} := Lacro(¢1, Cs.1).

6. Restart in 4. with data CY, ¢, and ¢; instead of CY, cso and ¢y . ..

In chapter 5, existence and uniqueness of solutions of each single problem is proven
in suitable function spaces, if the coupling data is supposed to be given. This ensures
that the corresponding solution operators exist and every step in the above iteration is
meaningful. Furthermore, the fixed point operators

S = Sphasefield o Selastic o SStokes: ((ﬁ 65) = (¢. Cs):
L = Liacro © Lmicro : CTV = CV.

are investigated, and it is shown that the assumptions of Banach's Fixed Point Theorem
are satisfied for both. In particular, they are strict contractions, that is, that there are
numbers 0 < kq, ko < 1 such that

||S(¢. Cs) - S(dN)r 55)”1 S k1||(¢, Cs) - ((5: CNs)Hlv
1£(CY) = L(CV)|l2 < ko||CY = CVl,
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with suitable norms || - ||; and || - ||>. In chapter 5, these norms will be chosen as

(@, c)ll1 = |@llcaqr.c2ovyy + [ Gsllcaqr.c2ovy).
IC7 2 = IICY lcawy @ + HCV|lc1(/,(W}2,(Q))f)-

The connection between the two operators S and Lpicro IS that for fixed CY and fixed
x € Sy, the solution of the microscopic problem Lmicro(CY)(x) is a fixed point of S.
Convergence of the above iteration can be proven as follows:

Theorem 4.1 (Convergence of the lIteration). Suppose that Liaco IS Lipschitz con-
tinuous with Lipschitz constant L and that S and L satisfy the assumptions of Banach's
Fixed Point Theorem. Denote by CY the unique fixed point of L which corresponds to
the unique solution of the two scale model. Then

L-tol k3
V_ VL < 2
ICY = €l < 5 4

) = .
2

Thus, the iteration converges to CY for tol — 0 and n — oo.

Proof. Note first, that the inner iteration in the n-th step of the outer iteration can be
written as

(¢Ov Cg = (¢n, Cs.n), (¢k+1v Csk+1) = S(¢kv Cé( .k €Ny,

which converges to Lmico(CY), due to Banach's Fixed Point Theorem, since Lmico(CY)
is the unique fixed point of S. Thus, the abort criterion [[(¢", c/) — Liicro (CY)||1 < tol
is reached after finitely many steps for any n € Ny, and it can be checked using the a
priori estimate

k'

|I(¢N, CSN) - ﬁmicro(C;})Hl < 1— kl

(", i) = (8%, ).
Using £, the fixed point iteration (CN),’)HGNO, defined by
Cv.=ct, Cl,=L(CY), neN,

converges to CY, due to Banach's Fixed Point Theorem, and satisfies the a priori
estimate

n

. k
ICY = CYlle < T2 1E(CH) — Pl (4.1)

In any step of the iteration, it is

||Cr]7}+1 - ‘a(Cr‘v))H2 = ||£macro(¢n+lv Cs,n+l) - £macro(ﬁmicrO(C)v}))||2

S LH(¢n+1: Cs,n+1) - »Cmicro(C)q;)Hl
< L -tol.



It follows that
1CY s — Clitlla S ICYy = LCOa + 11L(CY) = L(CD) 2
< L-tol+k|CY — CVll,
and finally, due to CY = CN(}’

L-tol
1—ky

ICY = CP il < L-tol(1+ko+ ...+ kD) < (4.2)

The combination of (4.1) and (4.2) proves the result. O



5 Existence and Uniqueness of Solutions of the Two
Scale Model

Chapter 5 is the core of this thesis. The well-posedness of the two scale model is
investigated here, and existence and uniqueness of solutions are proven as main result.
First, in 5.1, the solvability result is formulated in Theorem 5.1, without giving a proof,
supplemented with some remarks.

A proof is presented in the subsequent sections 5.2, 5.3 and 5.4. The rough strategy is
already indicated in chapter 4, see Figure 12: It consists of two encapsulated fixed point
arguments - an outer for the coupling between the microscopic and the macroscopic
parts of the model and an inner for the coupled microscopic problem.

5.1 The Main Result

As already mentioned in section 3, the Navier-Stokes problem decouples from the rest
of the model, due to condition (3.28). So, V' and P can be precomputed before studying
the other equations. The discussion of the solvability for the Navier-Stokes equations is
not part of this thesis. In the textbooks [26], [52], an overview on solvability results for
different boundary conditions can be found. In the following, V' and P are considered
as given, subject to suitable regularity assumptions as stated in the theorem.

Note furthermore, that the Stokes problem (3.33), (3.34), (3.35) and the elastic prob-
lem (3.37), (3.38), (3.39) are quasi-stationary: v, p and u depend on time, but the
corresponding equations do not include any time derivatives. Nevertheless, the reg-
ularity in time for all solutions (after proven to be existent) has to be investigated.
This is not done on the time dependent domains Q, = Q,(t) and Qs = Q«(t), but
on time independent domains Q, and @s. The corresponding (time dependent) domain
transformations are denoted by

W(t): Q — Qut), W (1): Qs — Qs(1).

The technical details are described in sections 5.2.1 and 5.2.2. For functions v, p and
u, defined on Q,(t) and Qs(t) respectively, ¥ := vo W, p:=poWV,and i := uo WV,
denote their counterparts, defined on the time-independent domains Q; and Qs.
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The theorem reads:

Theorem 5.1 (Existence and uniqueness of solutions of the fully coupled problem).
Suppose V€ CP(I,C(Q)) N C(I,CYQ)), for some B > 0, and P € C(I x Q)
are solutions of the Navier-Stokes equations (3.25), (3.28), (3.30) and (3.32). As-
sume furthermore that @ini, Cs.ini € C(So, C352%(Y)), with d),-,,,-(y) >0 for ally €Y,
be C(/ X So, Wi (7)) and CY, € W(Q), where0 < a < L, n > 5 and r, > 3,
% + L o= = 1. Then there exists locally in time, i.e. for a pOSSlb/y reduced time interval

= [0, 1], @ unique solution of the fully coupled two scale model (3.26), (3.27),
(3.29), (3.31) and (3.33) — (3.42) in the following function spaces:

Ve C(/To X So, W, r1 per, Ioc(Q/)) ¢ < C(SO C;e$+2a(l'ro X Y)).
pe C(/To X So, W, r1 per, Ioc(Q/)) Cs € C(SO C;e$+2a(l‘ro X Y)),
0 € C(/To X SO rn, per(QS)) CV € Cl (l‘l'o' (eré(Q)>/> M C</TO’ erg(Q)>

Some remarks:

On the notion of solutions: The phase field ¢ and the surface concentration
cs are classical solutions of their corresponding problems, while v, p and u are
solutions in the distributional sense. The volume concentration CY is a bit of
both: It is continuously differentiable in time, but the spatial differential operator
is formulated in a weak sense.

On the condition ¢;,; > 0: The condition ¢(t,y) > 0 is needed in the analysis
for the elasticity problem. It ensures that the domain Qs does not form any cusps
and that W, and Qs can be defined as described in section 5.2.2. And dini(y) >0
implies that ¢(t, y) remains positive for small enough t > 0.

Liquid Solution Solid Layer

N

Substrate

Figure 13: A Cusp in the Solid Domain if ¢ becomes zero.

On the length 7y of the time interval of existence: Theorem 5.1 proves exis-
tence of solutions of the model only on a local time interval [0, Tp]. Its length T
depends principally on the given data and the constants in the a priori and conti-
nuity estimates of the single parts of the problem. If these values are supposed to
be known, the size of 75 can be calculated explicitly, following the proofs in the
coming sections.
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On the well-posedness: It is possible to adapt the proofs in the following sections
to show, that the solution of the two scale model depends continuously on V/,
P and initial and coupling data. So the problem is well-posed in the sense of
Hadamard, [28].
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5.2 Solvability of the Microscopic Equations

Throughout this section, all quantities and equations are considered at a fixed
macroscopic point x € Sy, even if not explicitly stated everywhere, with given
CY(x,-),V(x,-), P(x,-) € C(I). These macroscopic quantities at a fixed point x € S
are constant with respect to y.

First, the single problems are discussed in sections 5.2.1-5.2.3, section 5.2.4 studies
the microscopic coupling.

Concerning the notation: In some of the following estimates, the constant depends on
the boundary of the corresponding domain and thus on ¢ (sometimes on two phase
fields ¢; and ¢,). It is stated explicitly in these cases. Mostly, this dependency will be
expressed in terms of an upper bound k which satisfies

K > |dllci.c2ovy or k2> max{||$illci.cavy). d2llco.c2ovy ts (5.1)

depending on the context. In all estimates, where nothing like that is mentioned, the
constants are independent of ¢ and of the other unknowns.

5.2.1 The Microscopic Stokes System

Consider (3.33), (3.34) and (3.35). The discussion of this part of the model is organized
as follows: First, look for solutions of the problem on the semi—infinite domain @, in
suitable Hilbert spaces, and second, discuss the regularity of this solution on a bounded
subdomain Q,x C Q, which is defined in (5.2). In fact, the behavior of v and p at infinity
has no direct influence on the coupling to the elastic equation, only their regularity on
r.

Condition (3.35) reads

im
y3—00

(Vv +(Vyv) ') es = (ViV + (VW) e
= (8X3\/11 8)(3\/21 O)T

=.a,

using the boundary condition (3.28), which leads to 0,,V = 0.,V = 0 and implies
together with divV = 0 that 9,,V5 = 0, for x € Sy. For some sufficiently large constant
M > hal|@l|1..(v), define

0, fur y3 < M,
V=1.C((y3)a firM <ys; <M+41,
a(ys — M) firys >M+1,

with a function ¢ that satisfies

((M)=0, {(M)=0, ("(M)=0, ((M+1)=1, {(M+1)=1, ("(M+1) =0,
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for example ((y3) = 3(ys — M)®> — 8(ys — M)* + 6(y3 — M)>. Then ¥V is two times
continuously differentiable with

im (V,V+(V,7)") e;s =a,

y3—00
0, fur y3 < M,
AV =< " (yz)a firM<ys < M+1,
0 fur y3 > M+ 1.

Since the third component of a (and thus of ¥) vanishes, ¥ is divergence-free:
divvi =0, forallye@,.

Furthermore, define the constant vector v = (0,0, 3)T € R3 such that

Vr-nd
/V-ndy:/vr-ndy, l.e. %:zu,
r r

Jrns dy

where v is given by (3.34). Introduce an artificial  boundary
[ ={y € Qilys = had(y1,y2) + K}, with some positive constant K. The surface
[ is the upper boundary of the bounded domain

Qik ={y € Qilys < hatd(y1,y2) + K}. (5.2)

As already mentioned in section 5.1, the transformation of Q; and @k into time in-
dependent domains is needed. Thus, define Q;, := Y x (0,00), Qix =Y x (0, K)
and

v aw: | (2 -
or W, (t): Qi — Qk(t): A Vs + had(t, Y1, ¥2)

The following Lemma guaranties that the inhomogeneous Dirichlet condition (3.34) on
[ can be transformed into a homogeneous one:

Lemma 5.2. Suppose that Y = [0, 1]>. Then, there exists a function u € [H}.(Qx)]?
such that ulr = vr — v, u|¢ = 0 and divu = 0. Furthermore,

3 _
lullrauy < € (L+ 1@llczeny)” v = ll vy

Proof. In a first step, consider the time independent domain Q,K and the transformation
V,(t): Qi — Quk(t). A vector field on Qk is transformed into a vector field on
Qix by using the Piola transform for vectors, which is defined for fixed y € Qx,

y =W(y) € Qk by

PR = R%: v(y) = vP(7) i= Cof (DV(9)) " v(y),
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where Cof(DW,(9))" is the transposed of the Cofactor matrix of DW,(y):

1 0 0
DV, (y) = 0 1 0
haly, (31, ¥2) halp,d (71, ¥2) 1

1 0 —haly¢(sh, 2)
Cof(DW;(9)) = |0 1 —hady,d(1, 1)
00 1

The Piola transform has the property that

divy v7 = det(DWV,) div, v = div, v, / vP-nd§:/ v-nds,
aQik OQik

see e.g. [45], Ch.1.4. Prove now, that there exists a function w” € [H. (Qx)]? such

per
that w”|,,—o = (vr — ¥)” and w”|,,—x = 0. Therefore, consider the following boundary

value problem

~

AwP =0, in Q. (5.4)
0 for 3 = K,
w” = (v = )P for g3=0, (5.5)
Y — periodic  with respect to (y1,¥») €Y.

Since v € Hééf(r), the function (vr — ¥)” can be expanded into a Fourier series

(vr — )P (11, y2) = Z Cry €™ ntly),
KIEZ

where the coefficients ¢y, satisfy

> a1+ K+ ) < oo (5.6)

k,IEZ

The function w” to be constructed can be represented by a Fourier series in terms of
(y1.)2) €Y,

w”(y) = Z br(ys) e ntRe),
k.IEZ

Then, w” is a solution of (5.4), if the coefficients by, solve the ordinary differential
equation

by (vs) = (2m)*(k* + 1) bi(y3)
with boundary conditions

bk/(O) = Cg/, bk/(K) =0.
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Hence
_ 21V k2412 —2mV k2412
br(ys) = as e Btaye s,
where
Cki Cki
(03]

T ] _ AnVKRAPK X2 = 1 — e 4mVKRIPK
The condition w” € H'(Qx) is equivalent to

Z 1biillZ 0.0) (1 + k* + 17) < 00 and Z 16117 5 0.6) < 00
KIZ KIeZ

This can be verified by basic calculations using (5.6). These calculations also lead to
the estimate

WP 0,0 < cll(ve = V)P llzey < € (1+ 1@llczeny) v = Pl gy (5.7)

The Y-periodicity of w” follows immediately from its definition.

Second step: Prove the existence of a divergence free function in ngr(Q,K) with

boundary values (5.5). From the construction of v, the periodicity of w” and the
properties of the Piola transform it follows

/divady:/ w” - nds=0.
Qik aQ 1k

Follow the ideas of [26], Ch.l, §2.2 and get a function v” € [H}(Qx)]? with
divv” = divw?”, HVVPHLQ(Q,K) < c|div WPHLZ(O/K)' (5.8)

Since all functions in [H}(Qk)]?® are Y—periodic, this is also true for v” and thus also
for u” := w” — vP. Estimates (5.7), (5.8) and Poincaré’s inequality, see (2.5), for v’
imply

1P 0,0 < € (T4 118llcny) Ve = Vg (5.9)

The constant occurring in Poincaré’s inequality only depends on the diameter of @,K.
Thus the constant ¢ in (5.9) is independent of u”, v and ¢.
Third and last step: Use the inverse Piola transform to define

u(y) = PP (9).

This is the required function which satisfies the boundary conditions and is divergence

free by construction. The product and the chain rule imply u € [H], (Qx)]* with

2 3 _
lullri@uy < € (14 18llczry) ™ 1uP g, < € (L+1llczn)™ v = Pllirzgry.

]
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Extend v to Q; by setting u(y) = 0 for y € Q;\ Q. Obviously, u € [He(Q))]°
with divu = 0. Return to the Stokes problem (3.33), (3.34), (3.35). For the function
Z:=Vv — Vv — Vv — u consider the problem

—nAz+Vp=n(Au+ AV),

, 5.10
divz =0 nQ (5.10)
with

z=0 onfl, lim e(z)es=0, zisY — periodic, (5.11)

y3—00

where e(z) = 2(Vz + (Vz)T"). If z solves (5.10), then v is a solution of the original
problem (3.33). Set

w(:, - y3) € C2(R?), w(yi, yo,-) € CP(R), wlr =0, divw = 0} :

per

X = {W|Q/

Take the R3-scalar-product of w € X with the first equation of (5.10), integrate over
@, and integrate by parts. The pressure term vanishes due to divw = 0 for w € X, and
the property divz = 0 implies the identity Az = div (e(z)). It results in

/ 2n e(z) : e(w) dy = —/ (2n e(u) : e(w) + AV - w) dy.
Qy Qi

Let X be the closure of X with respect to the norm

Iwlix = ( /Q VW) dy) -

which indeed is a norm on X due the condition w|r = 0. X is a Hilbert space. A weak
formulation of the problem (5.10), (5.11) is given by

Problem 5.3. Find z € X such that
a(z,w) =4£(w), forallweX, (5.12)

where

a(z,w) ::/Q 2ne(z) : e(w) dy, L(w):=— g (2n e(u) : e(w) +nAV - w) dy.

Note, that Poincaré’s and the Second Korn inequality are in general not valid for un-
bounded domains as Q,. Therefore, the bilinear form a might not be H!-elliptic and X
not equal to the closure of X with respect to the H'—norm.

The following theorem guaranties that the problem has a unique solution.
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Theorem 5.4 (Existence and uniqueness of a weak solution of the Stokes problem). For
any fixed time t € | and any point x € Sy, problem 5.3 has a unique solution z(x, t) € X.
Furthermore, there exists a function p(x, t) € Lo oc(Q)) with limy,_,. p = P such that

—nAz+Vp=n(Au+ AV)

in the distributional sense in Q,. Concerning the semi—infinite domain Q,, z satisfies the
estimate

Iz(x, t)[[x < (k) (IC70x O] + lles(x, )l pery) + @lVV (X, 1)), (5.13)
with k from (5.1). Restricting all functions to the bounded subdomain Q;x C Q,, it is

VO )l r@ue) + PG Bl @i

< C3(’{) (|CV(Xv t)| + ||C5(X, t)||H1/2(y)) + (|VV(X, t)‘ + |P(X, t)|) . (5-14)

The proof of this theorem needs the following version of the First Korn inequality:
Proposition 5.5. Suppose Q =Y x R with Y = [0, 1] and set

W ={wla| w(- - ys) € CZ(R?), w(y, vz, ) € CF(R), w(y1,y,0)=0}.

Let W be the closure of W with respect to the H*-norm or the H*-seminorm. Then,
for all u € W the following inequality holds:

IVl < 2lle(w)lZ -

Proof. The proof uses ideas from [29], Chapter 2.5, Lemma 5.2. Let { be the Fourier
transform of u with respect to ys,

A 1 .
U(y1,y2,€) = E/ u(yr, o, y3)e ™" dys.
R

The Fourier transform is a unitary transform,

/U(Y1,J/2,Y3)V(Y1,Y2,Y3) dys = / U(y1,y2,£)0(y1, ¥2, €) d§
R R

and in particular

/|u(y1,y2.y3>|2 dy3=/|a<y1,y2,s>|2 d¢
R R

holds. Expand @ into a Fourier series with respect to y; and y»: For k =1,2,3 it is

o0
0k(ylv Yo, 5) = Z Ckmne27”(my1+ny2)

m,n=—0o0
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with coefficients cxm, given by

Cmn = / ak()/L Vo, g)e—2m(my1+ny2) dy1dys.
Y

Parseval’s equality yields

o

/|ﬁk(Y1,)/2,f)|2dJ/1dY2= Z |Ckmn’2-
Y

m,n=—00

From this representation follows

||e(U)||%2(Q) = /Q [(alul)2 + (Bo12)? + (B5u3)?

+ 281Uz + Boun)® + 2(B1us + Bsu1)? + 2(B3uz + Bous)?| dy

0
- / Z [47T2m2’C1mn’2 + 471'2/72’C2mn’2 + 52’C3mn’2
R

m,n=—00
+ 272 M| Comnl® 4 22 02| Con|® + 2702 M| Camn|? + 27020%| Camn?
+ %gzlclmn|2 + %E2|C2mn|2 + 47r2mn Re(ClmnC2mn)
+ 2mmRe(i€cimnCamn) + 2N Re(i€ComnCamn) | d€
1 o
= EHVUH%Z(Q) +/R Z [27r2m2|clmn’2 + 27r2n2’C2mn’2

m,n=—00

+ %£2|C3mn|2 + 47'('2/77/7 Re(ClmnC2mn) +2mm Re(lfclmnc?imn)
+ 27n Re(/gczm,,@m,,)} dé
1
> EHVUH%Q(Q):
since
1 2
Slat+z+zl >0,

with z; = 2Tm Cimn, Zo = 27N Comp, 23 = 1€ C3mn. NOte, that the order of differentiation
and the infinite sum of the Fourier series is changed in the above calculations. This can
be done for continuously differentiable Y-periodic functions, see e.g. [34], chapter 2.4.
Since these functions are dense in the space W, the result can be extended to W. [J

Proof of theorem 5.4. Existence of z:
Young's inequality implies

le(2)I7,0) < 1IVZ2I1Z )
for all z € X. This yields the continuity of a:

|a(z, w)| < 2nlle(2)| L. lle(wW)la@y < 2nllzllx wllx-
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The bilinear form a is also X-elliptic: Extend z to the strip Y x R by setting

)z ys), v = had(y, o),
z(y) =
0, ya3 < had(y1, ¥2),

The extended function z belongs to the space W defined in Proposition 5.5 and therefore

Hence a is X-elliptic and due to the Lax-Milgram Theorem, there is a unique solution
z of problem 5.3 which satisfies

[zllx < cll€][x- (5.15)

Existence of p:
For the solution z of problem 5.3 the mapping a(z,-) — £(-) belongs to the space
[H71(Q))]? with

a(z,v)—4L(v)=0, WYweX.

Since {v € [C5°(Q))]?| divy = 0} C X holds, Propositions 1.1 and 1.2 in [52], Ch.1,
§1, pp. 14-15, imply that there exists a function p € L, ,0c(Q;), uniquely defined up to
a constant, such that

—nAz+Vp=n(Au+ AV)
in the distributional sense in @, with

IV Pl < € (IVZllL@) + IIVu+ AVl @) - (5.16)
It remains to prove that this constant can be chosen in such a way that

lim p = P|x-o.

Yy3—00

Therefore, it suffices to show that p becomes constant if y3 tends to infinity. Define for
N €N and w € [H(Q))]?

Qn:={y € Qilys > N}, wn(y1. y2.53) == wlyr, y2.y3 = N).
Clearly wy € [H3(Qn)]?. If N is sufficiently large it is
—nAz+Vp=0 in H(Qn),

and thus

[(Vp, wi)ayl <

/ V2V dy\ < V2l VWl .
Qp
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The last expression tends to zero for N — oo since ||Vz|[1,q,) < oo. It follows that
Vp — 0in H71(Qu) which implies, together with VI. Satz in [55], p.88, that p becomes
constant if ys tends to infinity.

Estimate for the right hand side:

It Is proven in Lemma 5.2 that

3 _
IVUll@y < € (X4 19llczery)” e = il gy
Furthermore it follows from the definition of vr, see (3.34), that

~ J-vr-nds
1V prrzgyy = ranHlHLz(Y) < c(k) (ICY + llcsllam)
I

and
[l ey < € (ICY] + ||CS||H1/2(Y)) :
The definitions of £ and Vv imply
12llx < clVu+ AVl < alk) (ICY] + llcsll ) + e [V

In combination with (5.15), this proves (5.13).

Restriction to Qx:

For the velocity it follows from (5.13), Poincaré’s inequality for z in Q,«, and the
definition of V and v

Vil @uoy < 12+ u+ 7+ Pllmau < k) (IC7]+ el ey + 2 VY]

The pressure can be estimated in the following way: For its gradient, estimates (5.16)
and (5.13), Lemma 5.2 and the definition of ¥ imply

IVPla-@y < calk) (ICY] + llcsllmegyy) + 2 IVVI. (5.17)

In order to estimate ||p||i,(q,). consider first for K < R < oo the bounded domain
Qik C Qir C Q. It follows from Proposition 1.2 in [52], Ch. |, §1, pp.14-15, that
p € Lo(Qr). With the transformation W, see (5.3), define p=po WV, € L,(Qr). It
is Vp € [H 1 (Qir)]? with

IVl 2y < € (L+ IDBllLcor)) IVPl-1@imy < € (L4 I1DGllci) IVPI-1(@p-

It follows again from Proposition 1.2 in [52], Ch. I, §1, pp.14-15:

1PNl oy = 1PN, 0y /m
< CHVﬁ||H*1(@/R)
< c (L4 1D0lln) 1VPll 1@
<c (1 + HD¢HLOO(V)) HVPHH*I(Q/)'

(5.18)
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Note, that the last term on the right-hand side is independent of R. Split p now additively
in the following way:

p=po+p+ P
with fQ/R po dy = 0 and a constant

1

P1 =5 (p— P)dy.
R Qir

For pg there holds

HpOHLQ(QIR‘) = HPHLQ(Q/R)/R'

which can be estimated by (5.18). It remains to give an estimate for p;: Note that
limy, .o p = P, and therefore

1
lim — (p—P)dy =0.

R—o0 Q/R

Choose now R > 0 such that

1

il =% [ 0= Phy| <11+ el (519
IR

It follows from (5.17), (5.18) and (5.19)

“pHLZ(QlK) = ”pO + p1+ P||L2(Q/K)

1
S ||p0||L2(Q/R) + |(QIK|2 (pl + P)
< (k) (ICY] + lIcsllrzgyy) + 2 (IVVI+1P]) .

This finishes the proof. [

Study now the regularity of the restrictions of v and p to Qk applying classical regularity
results for the Stokes problem, namely Propositions 2.2 and 2.3 in [52], Ch.l, §2, pp.33-
35. These results concern the Stokes equations with Dirichlet boundary conditions and
can be used to prove the following theorem:

Theorem 5.6 (Spatial regularity). Suppose2 < r < oo, ¢ € C3 (V) with [|¢llc2(v) < K,

with k from (5.1), and ¢ € W,Z,;elr/r(Y). Then, for fixed x € Sq, t € [, the solution

(v, p)(x, t) of the Stokes problem satisfies v € [Wfper(Q,K)P, p e W (Qi), and
the a priori estimate

IvCx, O)llwz@u + 1P Dllwe@u

<c(k) (“Cs(X: t)’|Wg—1/r(y) +|CY(x, t)] + |VV(X, t)‘ + |P(x, t)|> _ (5.20)
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Proof. Consider a partition of unity, i.e. functions x; € C*(R3), i=1,..., M, with
M M

Qi € |Jsupp(xi).  supp(xi) N Qi #0. > xily) =1, Vy € Q.
=1 i=1

For supp(x;) N T # 0 define Q; := {y € supp(x;) : y3 > had(y1,y2)} (where ¢ is
extended periodically to R?), and Q; := supp(¥;) else. Note, that v and p can be
interpreted as functions in €; after an eventual periodic extension to (yi, y») € R? or
considering the solutions of Theorem 5.4 for y3 > ha¢(yv1, v2) + K. The functions x,v
and x;p solve the local problem

—nA(xiv) + V(xip) = —n (vAx; +2VvVx;) + pVX;, in €2,
div(x;v) = v-Vx;, in €,
XiV = i, on 0€2;,
xivr, foryerl,
where g; =
0, else.

Due to v € [HY(Q))]3, p € Lo(€2,), a first application of Proposition 2.3 in [52], Ch.l, §2,
p.35, implies that x;v € [W(Q2)]3, xip € L,(2;) for 2 < r < 6. Using this and applying
the same result again gives x;v € [W(Q)]3, xip € L.(Q;) for any r > 2. Employ the
argument a third time to get x;v € W?(2)]3, xip € W(Q;) for any r > 2, presuming
cs € W2TYT(Y). Proposition 2.3 in [52], Ch.l, §2, p.35, also implies an a priori estimate

Ixiv(x, t)llwzay + Ixip(x, ) lwi o) r

5.21
<c() (lles(x, )llyavrgyy + 1CY 06 O] + WV (. D)) (5.21)

where the constant ¢ depends on the corresponding domain. In particular, for some
iedl, ..., M}, this constant depends on ¢. In order to investigate this dependency,
one has to go back to the L,-estimates for elliptic problems by Agmon, Douglis and
Nirenberg, see [2] and [3]. Use the transformation W, of Lemma 5.2 and consider
the corresponding transformed local problems on W;1(Q;). The transformed systems
of equations now have variable (and ¢—dependent) coefficients but still are uniformly
elliptic in the sense of [3]. So, Theorem 10.5 of [3] can be applied. The constant in the
estimate of Theorem 10.5 in [3] depends on a bound for the corresponding norms of
the coefficients and the constant of uniform ellipticity, which can be estimated in terms
of K here, and is else independent of ¢. Then, Theorem 10.5 of [3] proves estimate
(5.21). Due to

M M
v=> xiv. p=> xip. ae in Q.
=1 i=1
it is

M
Iv(x, Dllwz@ue + 1203 Dllwrian < D (Ixivx Dllwa@y + Ixip(x Dllwze,) -
i=1
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which proves (5.20). ]

Study next the continuous dependency of v and p on the time t € /| and on the
coupling data. Let CV®M) cV@ v v and P PR be two macroscopic volume
concentrations, velocities and pressures, (¢, M), (6@, ) € C2 (V) x W2 (Y)

per

and (v, p)) (v p®) the corresponding solutions. Note that, if ¢ # ¢, the
domains of these two problems do not coincide. Therefore, transform both problems to
the time independent domain Q; :=Y x (0, 00) or Q;x =Y x (0, K), with the help of
the transformations

V(1) Q= QP (1), or W) : Qi = QR(1), j=1.2,

defined in (5.3), and set be 9U) = v0) o WY p0) = p) o W) j =1 2 Then, 90, pU)
solve

AV, 09 p9) =0, in O,
where the differential operator A = (A1, A, A3, As) is given for i =1, ..., 3 by
A9, 900, p00) = —n (870 — ha019901057Y — had2¢007)
— had3 V050 — had39V050)
+0;pY) — ha(b1; + 621)03pY 8,91,
with the Kronecker—delta ¢, and

A4(d>(j), pu) '5(1)) —divoY) — hAaquU)@ng(j) — hAaZ(pU)aSVQU)'

together with the boundary condition

. 1 1 cve) W)
7AT) R (_ — —) 5= * |e;, fory;=0.
Ov OF T Ts

A first step is the following result:

Lemma 5.7. For fixed x € So and t € I, the solutions (v, pY)), which correspond to
Y0, vO), PO and (¢V), ) € C2 (V) x W' (Y), j = 1,2, satisfy

per

179 = 9@)(x, Dllwpen + 16D = B2)(x Dllwc@uo
< () (I = c@)(x, )l sy, + 1B = 6P (x, Ol
+1(CY0 = @) (x, )] + (VYD = V@) (x, 1)
+ (PO = P@)(x, 1))
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Proof. The functions 7V — (2 and p — p@ solve
A(p®, v — 9@ s — 52y = A(p®P — M 9 52 in Q,

with

1 1 cv) _cve) ) 2
v“)—o(?):—(———) ( - = > | es, fory;=0,

ov  OE TV Ts
and
Jim (V7 = @) + (V5(0D — 0@)) ") e
e . (5.23)
= (Vv = V) 4+ (T, - v@))T) e,
X3=
im (0 — @) = (P _ p 524
Jim (p = p%) = ( ). (5.24)

Analogously to the proof of Theorem 5.6, it is

198 — 0|20 + 18 = B2l @uo/r
< C(K)(HCs(l) — PNy F 10 = 6P oy +1CW =) (5 05)

INVAVON vxv<2>|).

Let further be p&) = p¥ + p!) with

_ . 1 _
/ pg)dy =0, p&’) = p(f)dy = constant.
Qik ’Q/K’ Qik

As in the proof of Theorem 5.4, it follows

HV(/ﬁ‘” _ [3(2))HH71(QI) < C(K)<HC_§1) _ Cs(2)”wr2*1/f(y) + ]CV“) _ CV(Q)\

+ Vv - 7,v@)),
and together with (5.24), this yields

|/3§1) — ﬁ§2)| < c(k) <||C5(1) _ CS(2)||W271/r +|CvW V@)

F )

(5.26)
+ |V VD - vV 4 | PO - P<2>y).
A combination of (5.25) and (5.26) finishes the proof. O]

Lemma 5.7 is the basis for the following two results: Continuity of ¥ and p with respect
to time and with respect to the coupling data.
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Theorem 5.8 (Regularity in space and time). Suppose c¢s € C(/,Wf;elr/r(Y)) and
¢ € C(I, C2,(Y)). The solution (v, p)(t) of the Stokes problem (3.33), (3.34), (3.35)
satisfies

ve C(/' [Wr%per(Q/K)P)v ﬁ S C(/' er,per(QIK))'
The estimate

||‘7(X)||C(I,W3(©/K)) + ||ﬁ(X)||C(/er1(©lK))

g (5.27)
< () (s vy + 1€ ey + IV () ey + 1PNl )

holds true, where k is an upper bound for ||¢(t)| cz2(vy uniformly with respect to t € |.

Proof. For t; € I, j = 1,2, replace f¥) = f(¢;) for f € {v,p,CY, ¢, ¢, V,P} in the
proof of Lemma 5.7. Since CY, ¢, ¢, V, P are supposed to be continuous in time, ¥ and
p are continuous in time. Note, that

170, )llwz@,0 + 1806 )llwpa, <€) (v Dllwaau + 1P0 Bllwean) -

Combination of this estimate with (5.20) and taking the maximum on t € | proves
(5.27). ]

Lemma 5.9 (Continuity with respect to the coupling data). Suppose
i € CULWERS(Y)), ¢ € C(I,C2(Y)) and C¥ € C(I), i = 1,2, and denote

per

by v;, pi the corresponding solutions of the Stokes problem. Then, the estimate
(0 — \72)(X)||C(/,W3(Q,K)) +1(pr — ﬁz)(X)HC(/,Wg(Q,K))
< c(8) (1@ — $2)( .20 + (651 = 62) ey -y
+ 1Y = D Wlear)

holds true, where k = max{“‘bl”C(l,@(Y))v H¢2HC(/,C2(Y))}-

Proof. Take the maximum on t € / in (5.22) with V() = V() and p) = p(2), O
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5.2.2 The Microscopic Elastic Equation

This section analyzes the elasticity problem (3.37), (3.38), (3.39). Suppose in the fol-
lowing that 7 € C(/, W2, (Qix)]?), b € C(I, W2 (Qik)) and ¢ € C(I, C2,(Y)) with
@(t,y) > 0 forall (t,y) € I x Y. Analogously to section 5.2.1, a transformation W, of
Qs into a time independent domain QS is used in the coming proofs. The displacement
field on the transformed domain is denoted by i = u o W,. The basic idea for the trans-
formation is the same as for the definition of W, in (5.3), the construction of W, works
out as follows:

Denote by R = ha max;e; yey |¢(t, y)| a time independent upper bound for the thickness

of Qs(t) in ys-direction and define Qs = Y x [0, R] and the transformation
\Us(t) . QS — Qs(t) . (.)//\11.)//\21_)73)T = ()71:)721)73 + hA¢(t1y11y2) - R)T' (528)

(compare the transformation (5.3)), where Qs is the range of Q. under W,. Note, that
Q. is in general a strict superset of Q., and therefore, the function i = u o W, is not
well-defined, if u is only defined on Qs. But any function u € Wfper(Qs) can be extended
to W2 _(Qs) in such a way that

r,per
lullweas) < llullweea,y < cllullwzay).

with a constant ¢ depending only on r, thanks to Theorem 5.19 in [1], p.148. Therefore,
the following does not distinguish between u defined on Q. and Q.

For the boundary condition u = b on [, it is assumed throughout this section that b is
the trace of a function 7 € W7, (Qs)]?, with

l8llwzye @) < clibllyzvrey,

for some 2 < r < oo. Inserting z = u — a in (3.37), (3.38), (3.39) leads to

—divo(z) = divo(d) in Qs,
o(z)n=g—o(d)n on I: (5.29)
z=0 onl,

z is'Y — periodic,

where g = 2ne(v)n— pn. In order to derive a weak formulation of the problem, assume
for the moment that all functions are smooth. Let w be Y—periodic with w|z = 0. Take
the R3-scalar product of (5.29) with w, integrate over Qs, integrate by parts and get
due to the boundary conditions :

/ o(z) : e(w) dy:—/sa(U):e(W) dy+/rg-wds.

s

Denote

a(z,w) ::/Q o(z) : e(w) dy, Lw) = —/Q o(b) :e(w) dy—l—/rg‘ w ds.
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Introduce the space
X = {v € [HL Q)P vI; = 0}
and state the weak formulation of the problem (5.29):
Problem 5.10. Find z € X such that
a(z,w)=4L(w), forallwe X. (5.30)

In order to prove X-ellipticity of the bilinear form a, the following version of Korn's
inequality is needed:

Proposition 5.11. Let Y = [0, 1]?. Every z € X satisfies

(5.31)

c
e(z) :e(z) dy > HZH2 ,
/s (1 + 1Bl Lov))2(1 + [ DDl oyy)t " @)
where the constant c is independent of ¢.

Proof. Let z € X. Extend z by zero for y3 < 0 and set y = W 1(y). It is

IVyzllia@0) < € (14 1Dllery) 1V5(z 0 W)l 0,):

leg(z o Wo)llL,6,) < € (1+ IDBllL.) ey ()l aan)-

Denote Z = z o V. For Z the First Korn inequality on @5, l.e.
5112 511(2
15212 6., < 2les (D2, 6.,

is proven by a combination of the proofs of [29], Chapter 2.5, Lemma 5.2 and Propo-
sition 5.5. Consequently

2
IVyzllia@n < € (14 1DGllLu)” lley (@)l o (5.32)

where the constant c is independent of ¢. Then, the result follows from Poincaré’s
inequality with a constant depending only on the thickness of Qg in ys—direction (see
e.g. [1], Theorem 6.30, pp.183-184):

12l Qe < (14 hallll eIV 2] La(qs)-
[
The following theorem guaranties that the elastic problem has a unique weak solution:

Theorem 5.12 (Existence and uniqueness of a weak solution of the elastic problem).
For fixed x € Sq, t € I, problem 5.10 has a unique solution z € X.
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Proof. The bilinear form a is X-elliptic due to Proposition 5.11 and continuous due to
Young's and Cauchy-Schwarz’ inequality. The right-hand side £ belongs to X’, in fact it
is g =2ne(v)n— pn e HY?(I) and (i) € H*(Qs). The Lax-Milgram Theorem yields
the result. [

Study further regularity properties of u, starting with spatial regularity:

Theorem 5.13 (Spatial regularity). Suppose that ||¢||c2(vy < K, for a constant k > 0,
and b € W2 Y"(M)]? is the trace of a function T € W2 (Qs)]°. Then, the weak
solution z is an element of W7 ..(Qs)]® and the displacement field u = z + [ satisfies
the a priori estimate

[u(x, ) llwzaq
< c(r) (IV0x, )llwaan + P06 Ollwacau + 160, Dllyz-eey ) -

Proof. Proceed as in the proof of Theorem 5.6 and localize the problem using a parti-
tion of unity (X;)i=1....m. If supp(x;)NT = @, then it follows from the classical regularity
results for the linear elastic problem with Dirichlet boundary conditions (see e.g. [53],
Ch.1ll, §7, p.80, Theorem 7.1) that x;z € [W?(2,)]3. For supp(x;) NI # 0, the same
conclusion can be made using the corresponding results for Neumann boundary condi-
tions (see e.g. [53], Ch.lll, §7, p.83, Lemma 7.5). Analogously to the proof of Theorem
5.6, the estimate (5.33) can be derived using the L,—estimates of Agmon, Douglis,
Nirenberg (see [2], [3]) after a local transformation of the problems to domains with
¢—independent boundary, but ¢—dependent coefficients. In addition to the arguments
of Theorem 5.6, note the following fact: After applying Theorem 10.5 of [3] to the
localized and transformed elastic problems, the constant in the resulting estimate also
depends on the constant of Korn's inequality. Thanks to Proposition 5.11, this constant
can also be estimated in terms of kK. [

Theorem 5.14 (Regularity in space and time). Suppose ¢ € C(I,C2..(Y)) with

¢(t,y) >0 forall (t,y) €1 xY, and v € C(I, W2, (Qi)I®), p € CU, W (Qix)).
The solution u(t) of the elastic problem (3.37), (3.38), (3.39) satisfies

0 Cl, W2, (Qs)),

(5.33)

and
||L7(X)||C(/,W,2(©s)) < C(K')(H‘?(X)“C(/,VVE(Q/K)) + ||ﬁ(X)||C(/,Wr1(©/K))

10N gy )

where K is an upper bound for ||¢(t)| c2¢yy uniformly with respect to t € |.

(5.34)

Proof. The continuity of & with respect to t follows as in the proof of Lemma 5.7 and
Theorem 5.8. Estimate (5.34) follows from

la(x, D)llwza, <c()llulx, )llwaas).

v, Dllwpi,0 + 1906 lwcann <68) (176 Dlluza, + 1804 Olwan )
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by taking the maximum on t € / in (5.33). ]

Lemma 5.15 (Continuity with respect to the coupling data). Suppose
¢ € C(I,C2,.(Y)) with ¢(t,y) >0 for all (t,y) € I x Y, and ¥; € C(I, W2,..(Qix)]?),
pi € C(I, er,per(Q/K))’ i = 1,2, and denote by u; the corresponding solutions of the
elastic problem. Then, the estimate
18 = )0 gz < <) (11 = 2) 0 ez
+ [1(P1 = P2) e
+ 161 = ) (Dlleq.cxvn ).

holds true, where k = maX{”d)lHC(I,C?(Y))v ||¢2||C(/,C2(Y))}-

Proof. The statement follows as in the proof of Lemma 5.9. ]
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5.2.3 The Microscopic Phase Field Model

This section discusses the solvability of the phase field version of the microscopic BCF-
model (3.40) and (3.41) with initial conditions (3.42)

¢s(0,x,y) = Cs,ini(X, ), (0, x,y) = ¢ini(x,y),

and periodic boundary conditions with respect to (yi1, y») € Y. This system has to be
solved for the phase field ¢ and the surface concentration ¢s. These equations are posed
for every x € Spin | XY, where | = [0, T] is a time interval and Y a twodimensional
periodicity cell.

First, some remarks on the microscopic coupling data. There are two coupling quantities:
The first is the elastic displacement field v which enters into the equations in (3.43). The
second is k from (5.1), which does not occur explicitly in the equations, but implicitly
through u. Here, k does not refer to the phase field, which is an unknown in this section,
but to the phase field, that describes the boundary of the domain Qs. The latter phase
field is supposed to be given since u and Qs are given.

Note furthermore, that the phase field problem is posed on a surface, and thus the
coupling term o(u) : e(u) in (3.43) has to be understood in the trace sense. As explained
in the beginning of section 5.1, the function i = uo W, is the transformed displacement
field, defined on the time independent domain QS instead of the time dependent domain
Qs(t). It is necessary to introduce i in order to define function spaces in time and space
properly, as for example C(/, [W?2,,,(Qs)]®). For the same reason, the coupling will be
expressed in terms of & in what follows. Therefore write

G(p, cs, 0) == q(¢, cs, oW1,

with g defined in (3.43) as

(8, c00) = 57 8 (G - c)ol0) + 520 (w) - e(w)
For u and i there is the pointwise relation
a(k)le(d)(t,y)| < le(u)(t,y)| < c(k)|e(d)(t,y)], telandae. inY, (5.35)
and the relation for the norms
a(®)la(®)llwza, < lult)llwzuey < @Ba(t)llnzq,  tel, (5.36)

with k from (5.1). (k occurs when calculating derivatives of uo W and doW_?, where
the chain rule has to be applied.  is a bound for the derivatives of W and W1, compare
also section 5.2.2.)

The functions ' and G have the following properties:
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Proposition 5.16. Suppose f(¢) = — cos(2mw¢) and q is given by (3.43). Then f' and
g satisfy the growth condition

1F(@®) +14(¢, ¢, )] < (k) (1+ VI + || + |9]) (5.37)
and the Lipschitz condition

[ (¢1) — F'(P2)| + [G(P1, Cs.1. Th) — (P2, Cs 2, ()]

5.38
< (k) (161 — bl + |on — Conl + [Vl + )] V(0 — )] (5.38)

Proof. The growth condition follows directly from the definition of f and g and (5.35).
f’ and § are Lipschitz continuous with respect to ¢ and ¢, and due to (5.35) it is

[f'(p1) — F($2)| + 1G(d1, Cs1, 1) — G(P2, Cs.2, )]
< c(k) (|1 — 2| + [cs1 — Csof + [e(dr) : e(dn) — e(da) - e(d2)]),

where ¢ > 0 is independent of ¢;, cs; and u;, but depends, as the constant in (5.37),
on K. Furthermore, it is due to the third binomial formula

le(h) : e(ly) — e(la) : e(l2)| = [(e(dh) + e(b2)) : (e(lr) — e(d))]
= le(dy + 02) : e(ly — (o))
< |V(0y + G2)| V(0 — B)].

Consequently, § is at least locally Lipschitz continuous with respect to & and (5.38)
follows. n

In fact, the following proofs only use the abstract conditions (5.37) and (5.38) and not
the exact definitions of f and g. Thus, all of the following results hold for any functions
f and g, which satisfy (5.37) and (5.38).

Consider test functions wy, w, € Lo(/; Hy. (Y)), multiply equations (3.40) and (3.41)
with wy and w» respectively, integrate by parts and get the following weak formulation:

Problem 5.17. Find c,, ¢ € Lo(I; HL.(Y)) with 8;cs, B: € La(l; H

per per
the initial conditions (3.42) are satisfied and for every wy, wy € Lo(I; H}

per
following equations hold true:

(Y')') such that
(Y)) the

/(752@4;, W1>+/ (V¢ -V + (F/(¢) + G(¢, cs, 1)) wy) dy)dt:O. (5.39)

/ Y

/l(@cs. wa) + 05(0:h, wa)

. CV
+ DVcs -Vwo + | — — — | wo | dy |dt =0,
v T TV

1
per

(5.40)

Here, (-, -) denotes the dual pairing on H
following properties:

(Y'). There exists a unique solution with the
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Theorem 5.18 (Existence and uniqueness of a weak solution of the phase field model).
Assume Csini € Lo(Y), ¢ini € La(Y) and 0 € Lo(/,] rper(Qs)P), for some r > 3.
Furthermore, suppose that the constants Ds, T, €, ha, 0s, TV and Ts are positive. Then,
the microscopic problem 5.17 at any fixed point x € Sy with given C¥ = CY(-, x) € Ly(I)
has a unique solution (¢, ¢;). It satisfies

@O Lctr,Laeryy + NOON Larmr vy + 15O L2009y + MO a1, 12 0v)
< C(K)(l F NN, wegany T 1€Y O (5.41)

s sy + 1m0 laer) ).
with k from (5.1).

Proof. Investigate first the regularity of the coupling term. Due to the growth condition
(5.37), the crucial coupling term to study is |V |2, which has to be understood in the
trace sense as explained above. Suppose i € | rper(Qs)P, for fixed t, then :

0eW2Q)P = |[VaP e W}(Qs)
= tr|Va? e W 2N(Y)
= tr|Va|? e Ly(Y), ifr>3.

For the norms there holds

VPl Ly < cllValPllyeny, < cllVaPlw, e,
& (5.42)

N

AV,  <clillae,

which follows from the continuity of the trace operator W/2(Q5) — Wr1/22/r(Y) and
the continuity of the embedding W1 2/r(Y) — Lo(Y), with r > 3.

The proof of the theorem will be performed in several steps:

Step 1: Solvg a linearized problem.
For fixed &, ¢ € Lo(1 xY), replace f'(¢) + G(¢, cs, G) in (5.39) by

F(& ) == () + d(d. &, 0).

This leads to the following linearized problem:
Find cs, ¢ € Lo(1; Ha (Y)) with Occs, 8:¢ € Lo(l; Hyo (Y)') such that the initial condi-
tions (3.42) are satisfied and for every wy, wo € Lo(I; HX. (Y)) the following equations
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hold true:

/(752@@0. W1>+/Y£2V¢-ledy>dt (5.43)
— _//XY F(&, ¢)w; dydt,

/I<<8tcs, W2>+/Y (Dchs -Vw, + %SCSW2> dy)dt

CV
:/I</YWW2dy_Qs<at¢v W2>) dt.

Note, that F is Lipschitz continuous with respect to ¢ and ¢, see (5.38), and satisfies
the growth condition

[Flcs @) < c(k) (1+ VAl + || + [91)

see (5.37). Therefore, &, ¢ € Lo(I x Y) implies F(&, $) € Lo(I x Y). Equation (5.43)
decouples from (5.44). It is, for given & and ¢, a weak formulation of a linear heat
equation for ¢, independent of ¢;. There exists a unique solution ¢ € Lo(/, Hi, (Y)) of
(5.43) with 8;¢ € Lo(/, H...(Y)"), see [43], Theorem 11.3, p.382.

per

By the same reference, there is a unique solution ¢ € Lo(/, Hi (Y)) with

Orcs € Lo(1, Hl (Y)') of (5.44), with the just found 8:¢ on the righthand side.

(5.44)

Step 2: Estimates for the linearized problem.
Suppose Cs;, @i € Lo(I xY), i =1,2, and let ¢ ;, ¢; be the corresponding solutions of
(5.43), (5.44). Then the functions & := ¢s1 — ¢s» and ¢ := ¢1 — ¢, are solutions of

(@b w+ [ €96 Vmey)at

7 X (5.45)
:—// Y(F(65,1v¢1)_F(55’2'd)2)) Wl d)/dt,
! Y
(5.46)

__ / 0:(0:F, wn)dt,

with ¢(0) = &(0) = 0. For z € {&, ¢}, it is Ollz()II7 vy = 2(0:z, 2)(t) and thus

to
/ (0;z, z)dt =
0

for 0 < to < T. Set Iy, = [0, to]. Taking wy = X, (¢1 — ¢2) in (5.45) and using the
Lipschitz continuity of F, equation (5.47) and Young's inequality (2.1) yield

(1 — ¢2)(t0)”%2(y)+HV(¢1 - ¢2)”%2(/t0><Y)

< C<H¢1 - ¢2“%2(It0><Y) +[[&1 — 55,2“%2(It0><Y) + {1 — ¢2Hf2(/toxy)>-

(Iz(t0)1.) ~ 1200)12,0,) = 5 l12(t0) ., (5.47)

N —

(5.48)
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This estimate also holds, if the gradient term on the left-hand side is neglected. Gron-
wall's inequality (2.4) then implies

161 — Galliciinery < € (181 — Ealliaixyy + 161 — Golliairxyy) - (5.49)

Due to the continuous embedding Lo.(/, L2(Y)) < Lo(I x Y), it follows from (5.48)
and (5.49)

11 — Dol ooy < € (181 = Esalluxyy + 101 — Gallixyy)

and with (5.45)

10: (b1 — &) |l Lo mrvy)y S € (||5s,1 — CsollLo(xyy + by — (132||L2(/xy)) - (5.50)

Setting wa = Xy, (Cs1 — Gs2) in (5.46), it follows again with Young's inequality with
e>0(2.2)

1(cs1 = Cs2)(to)l1 vy + 11 — CS,2Hi2(ItO,H1(Y))

<

/ (0:(¢1 — ¢2), Cs1 — Cs2)dt

Ity

<c(e)||6:(¢1 — ¢2)||%2(It0,H1(Y)’) +é€llcs1 — Cs,2||f2(/t0,H1(Y))v
which implies together with (5.50) and for € > 0 small enough

||Cs,1 - C5,2||LOO(I,L2(Y))+||C5,1 - Cs,2HL2(I,H1(Y))

o L (5.51)
<c (HCs,1 — CsollLo(xyy + |01 — ¢2||L2(/xy)) :
An obvious consequence of the estimates (5.49) and (5.51) is
61 — Dol oyl Cs1 = Sl (5.52)

<c (||5s,1 — Csolloxyy + by — d~>2||L2(I><Y)) -

Step 3: Solve the original semi-linear problem using a fixed point argument.
Define the solution operator

F (Lol O = [Loo(l, L (&, 8) = (s, 9),

which maps given (Cs, ¢) to the corresponding solutions of (5.43), (5.44). Note, that
every function w € L (/, Lo(Y)) satisfies

Wl L0 0v)) < T1/2||W||Loc(/,L2(Y))-

This implies, together with estimate (5.52):

61 = ®alleciiaory + lor = Csalliwtay
< T2 (s = Goll Loy + 181 = Eealliwtriarv)
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Choose 0 < 73 < T small enough, such that C’Tll/2 < 1. Then, restricted to the time
interval /;, := [0, 71], the operator
F: (Lol La(Y D] = [Loo (I, L2(Y))]P

is a contraction. Banach's fixed point Theorem proves the existence of a unique
solution (cs, ¢) of (5.39), (5.40) on the possibly reduced time interval [0, T1]. Since
the choice of 7y is independent of the solution (cs, @) and its intial data (Cs ini, Gini).
finitely many repetitions of this arguments, with (cs, ¢)(71) replacing the initial data,
prove the existence of a solution on the whole time interval [0, T].

Step 4: A priori estimate.
Proceed analogously to Step 2: Set wy = X1, @ I (5.39). Use the growth condition
(5.37) on f" and §

(@) +14(¢. cs. )| < c(k) (1+ VAl + [cs| + [@]) -

Most of the following constants depend on k, but for readability, this will be omitted in
the notation for the moment. It follows

1(to)l1Z, vy + ||V¢||%2(/t0xv) < C<1 + ||¢||f2(/toxv) + ||Cs||i2(/t0xv) (5.53)
IV PI, vy + 1DinilE v )
Gronwall’s inequality implies
1Bl ooy Lavy) < € (L F sl oty vy + VAP ot xvy + | Ginillaery) - (5.54)
Estimate (5.53) leads first to

1Bl Loty vy < € (1 1Bl Loty xvy + IS8l Latreg vy + NV AP Logrey vy + [ @inillLaevy) -
(5.55)

next with the continuous embedding L. (/4. L2(Y)) <= La(lt, x Y) and (5.54) to

1Bl Loty vy < € (1 sl Lot xvy + VAP Lot vy + N @inillvy) - (5.56)
and finally with (5.39) to

18ell Lotrg 1 cvyy < € (1 + llCsllagrg vy + NIV AP Loy vy + 1 @inill Laery) - (5.57)
Set now wz = X, s in (5.40) and use Young's inequality with € > 0 (2.2) to get

les(to)lIZ vy + leslZ o vy
< C(I!ﬁt@lu(/t@ﬂl(v)/)||CsHL2</tO.H1(v)) 161z 1 xv)

1C o) + i) (5.58)

IN

C<C(€)||at¢||i2(/tO,H1(Y)’) +E||C5“i2(/to,H1(Y)) + ||Cs||%2(/toxy)

FICVIE 1) + s imllZr) )
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Choosing € small enough allows to cancel the ||C5||L2(/t0’/_/1(y))—tel’m on the right-hand
side of (5.58):
||Cs(to)\|f2(y) + ||Cs”f2(/t0,H1(y))
< c(llo:dll + el +ICYI L0y + lesimll?
= EY N Lo (1 HI(Y)) SHLa(lgyxY) La(lgy) sianilllo(Y) ) -
Estimate (5.57) then yields
||Cs(t0)\|f2(y) + ||Cs”f2(/t0,H1(y))
< C(l FlesllT, 1 xvy + IVAPIZ 1 xv) (5.59)
FUC I, 1) + sinlZacry + IimilEr)).

and thus with Gronwall's inequality (2.4)

Gl Lactreg 20y < € (L4 IV AP Loty vy + 1Y Loty + Ssinill ooy + N inill Lavy) -

(5.60)
Combining (5.54), (5.56), (5.59) and (5.60) proves
Dl Loty L20r)) F Nl Larey vy + 1 EsllLactry a0y + €5l Loty 2 v
< (1 atrger) + 11V Lagrger) (5.61)

1CY eatrg + Nesinlliar) + [@inll o)
The embedding estimate

€5l Loty xv) < llCsll a0y

together with (5.42), (5.60) and (5.61) finally implies

Ol Loty Lov) T NN Loty vy T sl Laarg 1200y [ Csll Lo (1 1Y)
<c <1 + ||0||f2(,tong(©5)) + 11CY a1y + llCs,imill Logvy + ||¢mi||L2(Y)> '

for any 0 < tg < T. Keep in mind, that ¢ depends on k from (5.37). ]

Theorem 5.19 (Regularity). Suppose 0 < a < 3, r > 5= and ¢in, Cs.ini € C22*(Y),

2a per
and consider given C¥ € C(I) and u with 0 € C(I, W2, (Qs)]%). A solution (¢, ¢;) of
(3.40), (3.41), (3.42) belongs to [C12T2%(] x Y)]? with

le0) llcxzizagie) + les()llcraraaqrnyy
< c() (14 1€ Mlleqy + 18CZ  acany (5.62)
+ 118 (Nllcaszecy) + llcsimC)lcaraayy).

with k from (5.1).
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Proof. As in the proof of Theorem 5.18, start again with analogous considerations on
the coupling term:
Suppose 0 € [W2,..(Qs)]?, for fixed ¢, then:
e W2 Q)PP = Vi € W},(Qs)
= w[va? e W, (Y)
= tr|Vaf? € C**(Y), ifr>2-, forsome0<a< 3.

For the norms there holds

1V 8oy < el VAPl 2y < NPy 00 < eIVl g, < clal

2 . 2 ~
WL(Qs W2(Qs)"
The key idea of the following proof is to use regularity results for the linear heat equation
with homogeneous Dirichlet boundary conditions, namely Theorem 9.1 of Ch.IV in [35]
and Theorem 5.1.13 in [38], and perform a bootstrap procedure:

Let Q C R? be a bounded domain such that Y C Q with C2t?*~smooth boundary 0%2.
Let x € C3°(2) be a cut—off function with x|y =1 and 0 < x(y) < 1 for all y € Q.
The functions ¢ and ¢, are Y-periodic in H1(Y) which implies that they can be extended
periodically to Q with ¢, ¢; € H*(Q). In the following, consider the functions x¢ and
XCs. If ¢ and ¢ solve (5.39) and (5.40) on / x Y, then x¢ and xcs are weak solutions
of

TE20:(x¢) — E2A(xP) = —x (f'(¢) + d(cs, 0, ¢)) — €2 (pAX +2VXV), (5.63)
1%
al“(XCs) - DSA(XCS) =X (S_V - % - Qsatd)) - Ds (CSAX + 2VXVCS) (564)

s

on | x €2 with homogeneous Dirichlet conditions on / x 0€2 and initial conditions

XCs(0,y) = XCs,ini(¥), X(0,y) = Xdini(y),

where Cs jni, ¢ini are also extended periodically to Q. The weak formulation of (5.63) and
(5.64) is analogous to that in (5.39) and (5.40). From ¢, ¢ € Lo(/, H(RQ)) it follows,
that the righthand side of (5.63) is in Lo(/ x ), due to the growth condition (5.37)
(This is also true if Ly is replaced by any L, 1 < u < co0). Omit again the dependency
on kK in the following notation.

The application of Theorem 9.1 of Ch.IV in [35] yields

x$ € Wy 2(1 x Q),
with
IXPllwzagwq) < C<1 + X0l a2y + IXCs 020

XV 8P sxey + IXimllcov2aqey )
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From definition of x and the Y—periodicity of the involved functions it follows
¢ € W32l x Y) with

[Bllwz2xv) < € (1 18l o0. ke 0vy) + leslliaoxvy +1A1E G wea.y) + ||<75mi||C2+2a(Y)> :
(5.65)

The norms for i and ¢,,; are not optimal at that point, but will be needed later anyway.
Note, that (5.65) implies 8;¢ € L»(/ xY'), so the righthand side of (5.64) isin Lo(/x$2).
Theorem 9.1 of Ch.IV in [35] can now be applied to equation (5.64) and this yields

¢ € WH2(I xY),
with
lesllwzznyy < € (I6sllaer vy + 18l oy + ICY ey + llcsimillcz2agyy) - (5.66)
For 0 < A < 1, there is the interpolatory inclusion
W32(1 % Y) = W (L W5 2(Y)

with continuous embedding, see Lemma 2.14. Furthermore, the embeddings

1 1

WA (L WE(Y) < Lu(L Wz (), for A5z
2 2
WM (Y) = Wi(Y), for 21— -3 > 1—;,

exist and are continuous, see Theorem 2.9, and therefore
WE2(1 x YY) < W21, W22 (Y)) — WEH(I x Y)
with continuous embedding. It follows that c,, ¢ € W (I x Y) with

[@llworrxyy T lcsllmerqny)
< C<1 Dl Lo vy + sl ooy + ||0||2C(,,W3(QS)) (5.67)
1€ ey + Iinillcaraagyy + snillcarancy) )

Repetition of the same argument for both equations in L4(/ x Q) instead of L,(/ x )
implies ¢, ¢ € W, 2(I xY), and thus ¢, ¢ € WE(IxY), forall 1 < pu < oo, due to the

continuous embeddings W} (1 x Y) — WAL, WM (Y)) < W2(I x V). Together
with estimate (5.67) it follows

||¢”W3'1(I><Y) + HCs||W31(/xY)
< (14 1Bllaumnory + Nesllamon + 1812 weany (5.68)

+ 11CY lery + 1 @inill cazagyy + Hcs,in/”C2+2°‘(Y)>-
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Another application of Theorem 9.1 of Ch.IV in [35] yields ¢, ¢ € W,?(/ x Y) for any
1 <u < oo, with

"d)”wj*Q(le) + HCsHW,}v2(/xy)
< c(l + Dl Lo, evyy + sl Lo Hrevyy + ||0||2C(/,W,2(C§5)) (5.69)

1€ ey + Iinillcaraagyy + snllcarany) )
Use again the interpolatory inclusion
1,2 A 2(1—X
W2 (1 x Y) = W1, W2E2(Y)), 0<A<1, (5.70)
with continuous embedding, see Lemma 2.14. The embeddings
A 2(1-x 2(1-x
W (1, W2E2(Y)) — C(1, W2 (Y)),
2(1-X 142
W2A2(Y) — CHH2(Y)

exist and are continuous for X\ — i > 0 and for 2(1 — \) — % > 1+ 2a, see Theorem
2.9. It follows that

W (1L W2A2(Y)) < C(I, CH2(Y)), (5.71)

for u > ﬁ, O<a< % with continuous embedding. So the right-hand side of (5.63)
belongs to C%2*(/ x ) and vanishes on the boundary 82, due to x € C5°(€Q2). Theorem
5.1.13 in [38] yields that x¢ € C1?T2%(] x Q) with

[XPllcrar2axq) < C(1+HX¢HC0~1+2°‘(/XQ) + [|xCslcoza(rx )
(5.72)

X2 ey + IXBinillcorzeqey )
Due to the just achieved regularity for ¢, the right-hand side of (5.64) is also an element
of C922(] x Q) and vanishes on the boundary 8. Consequently, combining Theorem
5.1.13 in [38] with (5.72), it is xcs € C12T2%(] x Q) with
X Csllcrarzagixn) < C<1 + IX@ll cort2aix) + X Csllcorr2ax )
+ HXLAIHzC(I,WE(QS)) + ||CV||C(I) (5-73)
+ | X@inillc2r2a(q) + ||XCs,m/||c2+2a(Q)>-

The estimates (5.72) and (5.73), together with (5.41), (5.69), (5.70), (5.71) and the
Y —periodicity of the involved functions imply, that

e C?2(IxY) and ¢ € CH(IxY),
with
[Pl cr2t2a(iyy + || Csllcrasaaginyy
< C<1 +1CY ey + Hm@(,,wrz@s)) + | @inillcovza(yy + HCs,miHc2+2a(v)>-

The constant ¢ depends on k, since the constant in the growth condition (5.37) does,
which was used in the proof. []

(5.74)
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Remark 5.20. Theorem 5.1.13 in [38], used in the previous proof, is an optimal regu-
larity result for linear parabolic equations with Dirichlet boundary conditions, where the
right-hand side is Holder-continuous only in space. This is only an interior regularity re-
sult as counterexamples show, see [49]. For the boundary regularity, it is only true under
the rather restrictive assumption, that the right-hand side vanishes on the boundary for
every t € |. Fortunately, it is satisfied here due to the cut—off by x.

Lemma 5.21 (Continuity with respect to the coupling data). Suppose
i, 0y € C(ILW2 _(Qs)) and CY,CY € C(I). Denote by ¢1,¢> and cs1,Cso the

r,per

corresponding solutions of (3.40)- (3.42). The continuity estimate

[(d1 — d2) (X) |l crosaaqixyy + |(Cs1 — Cs.2) (X)[[crataa(ixy)
< C(K/)(H(ﬁl + 02) ezl = B2) ()l wa@.y) (5.75)
+ 1Y = EDWlew).
holds true, with kK from sections 5.2.1 and 5.2.2.

Proof. The proof for the continuity estimate (5.75) is analogous to that for the a priori
estimates (5.41) and (5.62) with the following adaptions: If ¢;, ¢» and cs 1, Cs» Ssolve
(3.40)- (3.42) with corresponding d;, 0> and CY, CY, then

d) = ¢1 - ¢2 and 55 = GCs1 — Gs2
solve

7E20:d — 0P + '(¢1) — F'(¢d2) + G(Cs1, O, d1) — G(Cs 2, O, 2) = 0,
= 7 ~ 65 C}) — C;;
0:Cs + 050t — DSACs + ’7'_ B S —

Ov
s Ul

with initial conditions

&(0,y) =0, #(0,y) =0,

In order to imitate the proofs for estimates (5.41) and (5.62), the growth condition
(5.37) for f" and g needs to be replaced by the Lipschitz condition (5.38). Furthermore,

o 6
itis for r > —_

IV ( + 8)| [V (0 = 82)llczaqry < cllIV( + 8] [V (8 = 82)lll 2y

< cllV (@ + )| V(8 — 02l @)

< clltr + Gollwzay 10 — Gollnza,)-
Proceeding as in the proofs for (5.41) and (5.62), using (5.38) instead of (5.37), finishes
the proof. ]
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5.2.4 Microscopic Coupling

Throughout the following considerations, a point x € S; is fixed and the macroscopic
coupling data is supposed to be given, namely CY(x,-), VV(x,-), P(x,-) € C(I). The
solvability of the elasticity equation is proven in section 5.2.2 under the assumption that
d(t,y) >0forallt €/ and y €Y. Thus define

M::{¢eC(/,C2 )| #ty)>0 viel, VyGV}.

per

Obviously, ¢ € M implies ¢(O,_y) > 0 for all y € Y. So the initial condition ¢;,; needs to
satisfy ¢;ni(v) > 0 for all y € Y. The results of the previous sections, namely Theorems
5.8, 5.14 and 5.19, allow the definition of the following solution operators:

S _{chr(/,czexv)) = CU, Woer Q) X Wi (Qu)) x M
Stokes -

(¢, c) — (0,5, d),
S {C (1 V2 (Qui) X Wiog(Qu)) X M = C(1, W2, (Q0)F)
(V. 5. ¢) — 0,
C(1, W2 (Q)P) = [Ch2H2(I x Y)]?
Sphasefield - { . ' b,

for some 0 < a < % and r > ﬁ The operator Ssiokes Maps ¢ onto itself (to define
the composition Sepastic © Sstokes)- It Will be proven that the composition

M x C(I,C2,.(Y)) — [Cl2T>(I x Y))?

per per

S:=3§ asefie O‘Seasicog okes - ~
phasefield last Stok {(¢'55) I—)((b'CS)

has a unique fixed point. In order to apply Banach's fixed point theorem 2.18, it is
necessary

i) to find a suitable nonempty and closed subset B of M x C(/, CZ,,
sition 5.22, and

(Y)), see Propo-
i) to show that & maps B into itself, see Proposition 5.23, and
i) to show that S: B — B is a strict contraction, see Proposition 5.24.

The main tool in order to prove ii) and iii) is the reduction of the time interval, together
with the a priori and continuity estimates for the single parts of the problem. The key
in the proofs is the continuous embedding

CL222(] % y) < C(1, C2(Y)),

see Lemma 2.12, because it ensures that S(¢, ¢;) € [C*(/, C3(Y))]? is more regular
with respect to time than (¢, ¢;) € [C(/, C?(Y))]?. The details are described hereafter.
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Consider in the following a possibly reduced time interval /, = [0, T] with 0 <7 < T
and set

M, o = {qb € C*(I,, C2,.(Y)) ‘ O(t.y) >0 Vtel, Vye ?} .
Define
Brr = {(#.c) € [C*(1r, Co (V)]
llcar o + Ieslicagn.coom < R (8, 6)(0.) = (ini, Com)

for R > max{[|@inillc2(v). |Cs.inillc2(vy}- Brr is @ nonempty and closed (with re-
spect to the C*(/,, C3(Y))-norm) set. Note, that Bg, is in general not a subset of
Myr.o x C*(1r, C3 (Y)), since ¢(t, y) > 0 is not necessarily fulfilled. Bg , complies with
that only for certain choices of R and T:

Proposition 5.22 (Well-definedness of S on Bgr,). Suppose ¢ini(y) >0 forally €Y.
For any R > max{||®inillc2(v). || Cs.inillc2(vy} there exist a time T, > 0, depending on R,
such that

BRle - MTLOL X Ca(/‘rlv Cger(y))

Proof. It is to show that (¢, ¢s) € Bg,, implies ¢(t,y) >0 forally € Y and t < 7y,
with a suitable 7; > 0.

Consider an arbitrary but fixed R > max{||@inillc2(v). | Csinillc2(vy} and suppose
(¢, cs) € Brr. Then, ¢ is a—Holder continuous in time with Holder constant < R.
If ¢ini(y) > 0 for all y € Y, then there exists d := min,cy ¢ini(y) > 0, because Y is
compact. So,

|p(t, y) — dini(¥)| < Rt%,

and thus ¢(t,y) >0forallyeY and t <T1; = (%)l/a. [

Proposition 5.22 ensures that the operator

S: Bra — [CE2P22(] x Y)]?

per

is well defined. Furthermore, there is a configuration of R and 7, such that & maps
Br.; Into itself:

Proposition 5.23 (Self-mapping). Suppose ¢ini(y) > 0 for all y € Y. There exist
postive numbers Ry > 0 and 175 > 0 such that

S: B,A:\>(J",-2 — BRO",-Q.

Rq and 1> depend on the macroscopic coupling data, the initial data and the boundary
data for the Stokes system and the elasticity equation.
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Proof. Suppose 0 < T < 11, with 7; from Proposition 5.22, and ((5, Cs) € Br,. Set
(¢, cs) = S(o, &). By construction of S it is (¢, ¢)(0, ) = (Pini, Cs.ini)-

It remains to show that ||@|ca(,.c2(vy) + lICsllcaqr,.c2(v)y £ R: The a priori estimates for
the single parts of the problem, see Theorems 5.8, 5.14 and 5.19, imply that

[Bllcrzsaaioxvy + licslicrzszaginy
<e() (14 18 12, 200y + 1€V Iy + 19V 120

+IPIIE ) + ”bHi(/T,Wrz_l/’(Yx{O})) + | Ginill careaqvy + ||Cs,m/||c2+2a(y)>,
(5.76)

where k is an upper bound for HdNbHC(,T,CQ(y)). For any 7 < 71, K can be choosen in-
dependently of ¢ and R: Due to ¢ € C%(l,,C2,(Y)) and T < 1, = (& )l/a, with

d:= m|ny€7¢,n,—(y), itisfor0<t<T

- d
|o(t,y) — Gini(¥)llc2vy < RE* < 5

and thus

d

sup [|6(8)llc2evy < lldinillc2vy + 5 =k
tel,

So, the constant c in (5.76) can be choosen independently of ¢ and R, and (5.76) can
be written as

@l crazaqs, xvy + |[Csllcravza(r, xv)
< ci(CY,V, P, b, Gini, Csini) + C2||55H2c(/7,c2(»/)): (5:77)

where
c1(CY,V, P, b, dini, Csini) = C<1 +ICYIE 0y + IV VIZ0y + ITPIE Gy + [ @inillc2rzayy
+ || Cs.inill c22a(yy + ”b“i(/,vvf‘l/’(vxm})))'

Next, note that

1Csllcrn.c2ovy) = max 16s(t) — Cs,ini + Cs,inillczeyy < RT* + || s inill c2(v)-
Consequently, (5.77) becomes

1@l cravzar, xvy + | Csllcrzsaaq, xyy < E(CY, VL P, b, Gini, Cs.ini) + &R, (5.78)
with

61(CV1 V, Pl bv d)ini: CS,/I’)/) = C].(CVI \/1 P! b, d)in/': Cs,ini) + 62||CS,”7/||%2(Y)
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The continuous embedding
Cl2H2o(1 % Y) < C¥(1,, C2(Y)),
see Lemma 2.12, implies together with (5.78) that

||¢||Ca(/T.c2(v)) + ||Ccha(/T.C2(Y)) <G (||¢||C12+2a(17w) + \|Cs||cl~2+2a(/TxY))

5.79
< C351(CV' V, P, b, ¢ini: Cs,ini) + C362R2T2a_ ( )

_ 1

Choose now Ry := 2¢;¢3 and 7> > 0 such that & c3Rem5* < % le. To < (26¢c3Rp)  2a.
It follows from (5.79) that

9l cacr, .c2ovy) + sl cacry, c20vy) < Ro-

Finally, there is a choice of R and 7 such that
S: BR’»,- — BR,T
is a strict contraction:

Proposition 5.24 (Contraction). Consider Ry from Proposition 5.23. There exists a
number T3 > 0 such that the operator

S: BRQ,T?, — BRQ,T?,
IS a strict contraction.

Proof. Suppose 0 < T < T, with 7 from Proposition 5.23, and ((13,,65,,) € Bryr,
i=1,2. Set (¢;, cs.;) = S(¢;, Cs.;). The continuity estimates of Lemmata 5.9, 5.15 and
5.21 (with CY = CY) imply that

|61 — Gollcrerea(s, xyvy + [|Cs1 — Csallcraraaqs, xy)
< c(R)by + Ballerwza.) (Ilp1 — ballc.c2ovy) + 181 = Esallca.c2ovy) -

where 0; = Sejastic © Sstokes(Pir Cs,i) and k& > max{||d1llc,.czvy). 1d2llcq, c2ovp}- As
seen in the proof of Proposition 5.23, K can be choosen independently of ¢; € Bg, -, If
T < 71, With 71 from Proposition 5.22. This is satisfied here. Furthermore, the a priori
estimates of Theorems 5.8 and 5.14 yield together with (<73, Cs.i) € Bryr

1y + Gall (1o weany <k, CV,VV, P, b)

+ (k) (& 1llcr.czeory + 18 2llc.c2ovy)
SCI(KH CV, VV, P, b) + 2C2(K,)R0
SC(¢/n/- Cs.ini» CV, VV. ID, b, RO)
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This leads to

|61 — Gollcrerea(s, xyvy + [|Cs1 — Csallcraraaqs, xy)
< c (161 — Gollcar.c2ovyy + 1851 = Esollen.c2ovy) -
with a constant ¢ only depending on initial, boundary and macroscopic coupling data.

By construction, it is (¢ — ¢2)(0,y) = (&1 — &2)(0,y) = 0, and since @; and & ;
belong to C*(1,, C3(Y)), it follows

161 — Bollcr.covyy < T — Bollcaqrn.c2ovy.

1Cs1 = Csallcn.c2ovy) < T Cs1 — Csollca(ry.c2(vy).
and consequently

|$1 — Pallcrarza(s, vy + [1Cs1 — Cs2llcrarear, xv)

< ct® (||¢1 — ®2llcar,.c20vyy + 1Cs1 — ES,ZHCD‘(IT,C?(Y))) :

The continuous embedding

CH2H22 (1. x Y) < C*(I,, C3(Y)),
see Lemma 2.12, implies

1 — ¢2’|C0‘(IT,C2(Y)) +lcs1 — Cs,2HC°‘(/T,C2(Y))

<cér” (H¢~>1 — 432||Ca(17,c2(y)) + 161 — 55,2”C0‘(IT,C2(Y))) :
Choose now T3 such that ¢75 < 1. This finishes the proof. ]

So at last, everything is prepared to prove the solvability of the coupled microscopic
problem as the most important result in section 5.2. It is formulated in the following
theorem:

Theorem 5.25 (Existence and uniqueness of a solution of the coupled microscopic prob-
lem). Suppose CY(x,-), V,V(x,), P(x,-) € C(l.,) for x € Sy, with T3 from Proposition
5.24. Assume furthermore that

b(Xv “ ) S C(/T31 W2—1/r(y X {O}))v d)ini(X: '), Cs,ini(xv ) € C2+2a(y)v

r,per per

with ¢ini(x,y) > 0 for all y € Y. Then, there exists a unique solution (¢, cs, v, p, t)(x)
of (3.33) — (3.42) with

P(x), cs(x) € Cot?* (I, X Y),
\A/(X) € C(/T3' [Wr%per(élK)]s)'
ﬁ(X) € C(/T3' er,per(QIK))'

0(x) € Clr, W25 (Q)%),
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for some 0 < a < % r> ﬁ This solution satisfies the a priori estimate

@O craszar,, xvy + [[es ()l crasza(r,, xv) + HV(X)HC(/@,W%H(Q,K))

r

+1BCH i@y T 118G, w2, (000

5.80
<c(1+ 1G9V EIIEG) + 1PCOIE, (5.80)

+ ||b(X)||2C(,T3’W371/r0,x{0})) + [|ini () [| coze vy + ||Cs,m/(X)H%2+2a(v)>-
Proof. The assumptions for Banach's fixed point theorem, see 2.18, on the operator
S: BRO’T3 — BRO’T3

are fulfilled and so, there exists a unique fixed point in Bg, -,. Any fixed point (¢, ¢;) of
S, together with

(‘7v /3) = SStokes(¢v Cs)v 0= Selastic(\A/v p. d))
solves (3.33) — (3.42). Due to Theorems 5.8, 5.14 and 5.19, it is

(x), cs(x) € CL2T22(1,, x Y).

per

As seen in Proposition 5.23, (¢, ¢.) satisfy

[Pl cra2a(r,, xvy + [ICsllcr22a(r,, xvy < €Ro,
3 3

and by the definition of Ry in the proof of Proposition 5.23 and the estimates of
Lemmata 5.8 and 5.14 it follows (5.80).

It remains to show that the just found solution is unique not only in Bg, -,, but also in
Mx C(lr,, C (Y)). Suppose therefore that (¢;, ¢5;) € Mx C(Ir,, Cop (Y)), i = 1,2, are

fixed points of S. Note, that (¢;, ¢s;) also belong to CL22%(/,, x Y'), due to Theorems

per

5.8, 5.14 and 5.19, and thus to C*(/,,, C2..(Y)). Since (¢;, cs,;) satisfy the same initial

per

condition, it is [[(¢1 — ®2)(0)|lc2(v) = ||(Cs,1 — Cs,2)(0)[|c2(vy = 0. As seen in Proposition
5.24, the estimate

1 — G2llcar,.c20vyy + G50 — Cs2llcaqr, c20vy)
< (k)T iy + Goll e, weony (191 = d2llcagn.coovy) + 1cs1 = Coallcaq.c2ovy) -

is satisfied for any 7 € /,,, where K > maX{H¢1|Ic(/T3yc2(y)), ||¢2||C(/T3’Cz(y))}. It follows
that [[(¢1 — @2)(t)llc2ovy = [[(Cs1 — Cs2)(t)llc2vy = O for t € [0, 7], if

C(K,)TOLHEI\]_ + QZHC(/T,WS(OS)) < ].

Repeat the argument to show that [[(¢1 — @2)(t)|lc2cv) = ||(Cs,1 — Cs.2) (1) || c2(vy = O not
only on [0, T]: If [[(¢1 — ¢2)(t0)llc2v) = l(Cs1 — Cs.2)(to)llc2(vy = O for some ty € I,



5.2 Microscopic Solvability 89

then it is ||(¢1 — ¢2)(D)llc2vy = [I(Cs,1 — C5.2)(B)llc2(vy = O for all ¢ € [to, to+7(to)] N /.
This shows that the set

I":={t € In| 1(d1 = d2)(B)ll 2y = ll(Con = Cs2)(t)llcz(vy = O}

is an open subset of /., and it is not empty because 0 € /. But since
t = [[(@, cs)(t)llc2(vy is continuous, /" is also closed in I, and therefore /" = I,. This
proves uniqueness of the solution of (3.33) — (3.42). O

With the statement of Theorem 5.25, the main goal concerning the analysis for the
microscopic problem is reached. Until here, a macroscopic point x € Sg was fixed. This
sections ends with necessary preparations for the micro-macro-coupling: Investigation
of the regularity with respect to x € Sy and continuity with respect to the coupling
data. The answers are formulated in the following Lemmata:

Lemma 5.26 (Regularity with respect to x € Sy). Suppose that CY, V.V, P, b, ¢ini
and cs. ini depend continuously on x € Sy. Then, the solution of (3.33) — (3.42) depends
continuously on x € Sy and

IBllcsn.crasangin vy + callcsncrzsaninxyy + 19llcn, wsomwa @

Pl (11, x50 Wiper (@) T 10l crr, xs02,0,(00))

1%
S C<1 + ||C H2C(/7—3X50) + HbHi(/T‘%XSo,Wg_l/r(YX{O})) + ||VXVH2C(/-,—3><SQ)

(5.81)

H I PIE (1, x50y + I @imillcso.czr2a(vy) + ||Cs./m\|2c<so,c2+2a(v)))-

Proof. Suppose for i = 1,2 points x; € Sg and set CY = CY(x,), ¢; = ¢(x;) and
Cs.i = Cs(x;). Analogously to the proof of Proposition 5.24 it holds for T € I,

[¢1 — Pallcaqrr.c2vy) + s = Cs2llca(rr.c2vy)
< c (1% (11 — P2l car.c2ovy) + st = Csollcags . c2ovyy) + I1ICY = CYllern))

with a constant ¢ > 0 depending only on the initial, boundary and macroscopic coupling
data. As long as c7* < 1, it follows

(5.82)

|1 — ¢2||Ca(/T,C2(y)) +lcs1 — Cs,2||C°‘(IT,C2(Y)) < CHC;]L/ - C;/HC(IT)-

Repeating these arguments, starting with arbitrary ty € /-, as initial time, leads to an
analogous estimate as (5.82) on the time interval [ty, to + 7] N /5, with a constant
¢ depending on ||¢i(to)|lc22a(yy and ||Csi(to)|lc2r2a(vy instead of [|@;(0)||c2+2(yy and
| C5,i(0) || c2+2ayy. Thanks to the a priori estimate (5.80), the mentioned constant ¢ can
in fact be choosen independently of ty, such that

1 — Ballcaiio,torr.c2ovy) + 161 — Csollca(imo.orm.c2ory < llCY = C3 llc(ito. o)

aslong as tg+ 7 < 13 and ¢T < 1. This proves

[6(x1) = @)l caqr,,.c20vy + 1 6s(x1) = es0) [ cx(rny 20v)) < €lICY (x1) = CY0)lle(rny)
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with a constant ¢ > 0 depending only on the initial, boundary and macroscopic coupling
data. The right hand side tends to zero for |x; — xo| — 0, since CY is continuous with
respect to x. It follows that ¢, ¢s and, due to Lemmata 5.9, 5.15, also v, p and i are
continuous with respect to x.

Take the maximum with respect to x € Sy on both sides of the a priori estimate (5.80)
to prove (5.81). O]

Lemma 5.27 (Continuity with respect to the coupling data). Suppose
CY,CY € C(l,, x So) and denote by ¢, cs; 0,V and p;, i = 1,2, the corre-
sponding solutions of the microscopic problem (3.33) — (3.42). These solutions depend
locally Lipschitz continuous on CY and CY, i.e. if ||CY|lc(1,.xsy) < R, for some R > 0,
then

Iy

l$1 — ¢2HC(50,C1-2+20‘(IT3><Y)) + [lcs1 — Cs,2HC(SO,C12+2O‘(IT3><Y))
10 = alleqrr, xsowz, @i T 11 = Pallcqr,, xso Wi (@i (5.83)
00 = Gall e, x 50wz, (00))

< cllCY = Clle(tr, x50
with a constant ¢ > 0 depending on R.

Proof. Consider first fixed x € Sy. Analogously to the proof of Lemma 5.26 it holds

[91(x) = d2(X) | carn, c2vy) + 15,1 (X) = Cs 2(X) | ca(ry, c2vy) < c||CY (x) = CY(x) lC(lry)s

with a constant ¢ > 0 depending only on the initial, boundary and macroscopic coupling
data. The continuity estimates of Lemmata 5.9 and 5.15 then imply

[91(x) = P2 (X)[|craszar,, xvy + [|€s1(x) = Cs2(X) | cravza(r, xv)
+ [10:0¢) = RO e, wz @iy T 1181() = B2 i, w0
+ 10100 = (e, w2, 600))

< c[CY(x) = C () leqrny)-
Taking the maximum with respect to x € Sg proves (5.83). O

Remark 5.28. The proofs of the last two Lemmata work also with less reg-
ularity assumptions on CY as for example C¥ € L5(So,C(l+,)) and then lead
to ¢ € Lo(So, C?T2%(1, x Y)) etc. But note, that the spaces L»(So, C(l.)) and
C(lr,, L2(So)) do not coincide, and it is not clear, how to prove CY € L5(So, C(l,)) as
a solution of the macroscopic problem.

The only microscopic quantity, which occurs in the macroscopic problem as coupling
datum, is the microscopic mean value Cs. Therefore, the following Lemma, which is an
obvious consequence of the Lemmata 5.26 and 5.27, is stated explicity:
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Lemma 5.29 (On the microscopic mean value C;). /It holds

91

1Csllcrgin,.cis0)) < C<1 + ||CV||%(/T3><SO) + ||VXV||%(/73st) + ||’D||%(/T3><So)

T Hb||2c(/f3xso,Wf’”r(Yx{o})) lunillciss.c2izeo

+ HCs,/niH2C(SO,C2+2a(y))>.
and
1Cs1 — Cs2llcigrn,.csoy < €ICY = G llc(is xs0)s
with the same constant ¢ > 0 as in Lemma 5.27.

Proof. Note that Y does not depend on t and thus

O0iCs(x, t) = Gt/

Y

The statements follow from

. 1) =

[t <1 ol [ 10
v Y

and |Y| =1 and estimates (5.81) and (5.83) respectively.

C(x, t,y)dy = / O:cs(x, t,y)dy = O:c(x, t).
y

f e {cs 0:Cs},
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5.3 Solvability of the Macroscopic Equations

The macroscopic part of the two scale model consists of the Navier-Stokes equations
(3.25) with boundary and initial conditions (3.28), (3.30), (3.32), and the convection-
diffusion equation (3.26) with boundary and initial conditions (3.27), (3.29), (3.31).
These equations are posed on | x @, where Q has the form of a container, as introduced
in chapter 3, with bottom Sy (in particular, Q is a time-independent convex and bounded
polyhedron, and Sy one of its flat faces).

V' and P are considered as given solutions of the Navier-Stokes problem. If not stated
differently, V' is supposed to be an element of CP(/, C(Q)) throughout this section,
with some B > 0. It remains to investigate the convection-diffusion problem with Cs
as coupling datum. The following weak formulation of the problem has already been
investigated in [17]:

Problem 5.30. Find C¥V € Ly(I, H}(Q)) with 8;CY € Ly(I, H}(Q)') such that the
initial condition CY(0, x) = C) (x) is satisfied for allmost all x € Q and that for every
w € Lo(I; HY(Q))

/<<atc", w) +/(v VCw + DVVCY - Vw) dx) dt :/ (C— . —) w ds dt,
/ Q IxSo

where (-, -) denotes the dual pairing in H*(Q).
This problem has a unique solution:

Theorem 5.31. Suppose V € Lo(I, Lo(Q)) N Lx(1, HY(Q)) is a solution of the Navier-
Stokes equations (3.25), (3.28), (3.30), (3.32), and Cs € Ly(I x Sp), CY. € L(Q).
Assume further that DY > 0, ¥ > 0. Then, problem 5.30 has a unique solution.

Proof. The statement follows from [35], chapter Ill, Theorem 5.1, see also [17]. [

Unfortunately, the regularity properties for C¥ which are ensured by Theorem 5.31 are
not good enough for the coupling to the microscopic problem:

e Space regularity: Lemma 5.26 supposes CY(-, t) € C(Sy), see also Remark 5.28.
If CY(-,t) € HY(Q) as in Theorem 5.31, then CY(-, t) € HY?(Sy) in the usual
trace sense, and H/2(S) is not embedded into C(Sp).

e Time regularity: The existence of microscopic solutions is proven in section
5.2 in spaces of continuous functions in time, because uniform in time bounds
for ||¢(t)|lc2(vy are needed there. This is proven under the condition that also
the coupling quantity CY is continuous in time, i.e. CY(x,-) € C(/). In fact, if
CY e Ly(I, HY(Q)) with 8;CY € L,(I, H}(Q)') as proven in Theorem 5.31, then
CY € C(I,L5(Q)), see [43], Lemma 11.4, p.383, but C¥ € C(I x Sp) is needed.

So, further regularity studies are necessary. The main limiting factors for the space reg-
ularity are the smoothness of 92 and especially the mixed (Robin-Neumann) boundary
conditions (3.27), (3.29). A solution in W?2(Q) or even C?(Q) or C>***(Q) can not be
expected. The coming discussion pursues the following strategy:
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Aim: Prove C¥ € C(/,W}(Q)), with r > 3. Then C¥ € C(/ x Sp) due to the embedding
WHQ) — C(Q). In order to do this:

e Consider the corresponding stationary problem

—~DYACY +V -VCY =0, inQ, (5.84)
= %
v c C
D"—aaC _ ) T oo (5.85)
n 0 on 0Q \ Sy

Prove the existence of a unique weak solution C¥ € W!(Q), see Theorems 5.36
and 5.37. The weak formulation (see problem 5.34 on page 95) of (5.84), (5.85)
can be written as

_ACV — ecs,
with £, depending on ¢s and an operator

A(t): WHQ) — (WHQ))', with % + rl =1, (5.86)

defined in (5.89). A= A(t) depends on t, because V' depends on t.
e Study the eigenvalue problem
—A(t)CY +2CY =1¢,

for fixed t € I, and prove an estimate for the resolvent R(\, A) in order to show
that, for any t € I, A(t) is sectorial, see Lemmata 5.38 and 5.39.

e Use semigroup theory to prove the existence and uniqueness of a solution
CY e C(I,WXQ)) of

0;CY = A(t)CY + 4., in [/ =1[0T], cY(0)=CY.,
(see Theorem 5.40), which is a reformulation of the convection-diffusion problem
(3.26), (3.27), (3.29), (3.31).

Remark 5.32. In the case, where the stationary problem (5.84), (5.85) has smooth
solutions in W2(Q) or C?t*(Q), all of the three just mentioned items are covered
by well-known literature as for example [38]. The case of non-smooth solutions (of the
stationary problem) is less considered in the literature. Here, in the study of the regularity
of the solution of the stationary problem, a result from the recently published textbook
[39] is used. The following results are new, to the best of the author’s knowledge.



94 5 SOLVABILITY OF THE TWO SCALE MODEL

The stationary problem

Suppose 1 < r, r' < oo with %—F% =1, w € W(Q). Multiply equation (5.84) by w
and integrate by parts to get

1 1
/(DVVCV-Vw+v-VCVW) dx+ [ 5CVwds= | —Cwds.
Q S T So Ts

Using divV =0 in Q and V - n = 0 on 0Q, the convection term can be rewritten as
follows:

/\/-VCVWdX=/ CVWV-nds—/Cvdiv(WV)dx
Q oQ

=0 Q
_ Vi di Vy/ .
= /Q<C wdivV +C"V VW) dx
=0
:—/ CYV - Vw dx
Q
Define
1
a(C¥, w) ;:/ (DYVCY-Vw - CYV - Vw) dx+/ T—VCVW ds, (5.87)
Q So
1
(e, w) = | —Cswds, (5.88)

So TS

where (-, -) denotes the dual pairing on (W}(Q)) xW2(Q). For & € C(Sy), this notation
makes sense:

Lemma 5.33. Suppose & € C(Sy) and 1 < r' < oo. Then, £, € (WH(Q))" with
el (i (@yy = clicsllecso-

Proof. It is

/ awl ds < 115 e, / W] ds.
So SO

_ 1
The continuous embedding er, "(Sp) < L1(Sp), see Theorem 2.9, and the continuity
of the trace operator, see Theorem 2.2, yield

wids < clwl 3 < clwlwio)
So W,/ O)

Finally
(e, w) < cllllccso IWlwsa),

which proves the result. []
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The operator A in (5.86) is defined by
A WHQ) — (WAHQ))' 1 ACY = —a(CY, ), (5.89)

with a form (5.87). Note that A = A(t) depends on time, since V depends on time,
which will be important when discussing the evolution problem.
A weak formulation for (5.84), (5.85) is:

Problem 5.34. Find C¥ € W}(Q) such that
a(C¥, w) = (L, w),
for all w € W3(Q).
Lemma 5.35. The bilinear form a: WH(Q) x W%(Q) — R is continuous.

Proof. The continuity of the trace operator, see Theorem 2.2, the continuous embed-
_1

dings Wp1 *(So) = L,(So), p € {r,r'}, see Theorem 2.9, and Holder's inequality (2.3)

imply

/s CYw ds < |ICY|IL,csollWllL (s0)
0

<IN er vl
Wy " (So) W, " (So)

< CHCVHW,I(Q)HWHw;(Q)v
and again with Holder's inequality
a(C¥, w) <DYIIVCY|lL,@ VWL
FIV @IV @I Wl @) + 5 1C e s 1wl s
<cllCllwa Iwllw a)-
[]

There is a unique weak solution for the stationary convection-diffusion problem in the
Hilbert-space-case r = r' = 2:

Theorem 5.36 (Solvability of the stationary problem in H*(Q)). Suppose ¢s € C(Sy),
DY, 7V >0 and r = r' = 2. Then, there is a unique solution of Problem 5.34 in H*(Q).

Proof. In order to apply the Lax-Milgram theorem 2.17, it remains to prove (in addition
to the Lemmata 5.33 and 5.35), that the bilinear form a is H*(Q)-elliptic, i.e. there is
a constant ¢ > 0 such that

a(CV, CV) Z C||CV||,2_/1(Q)
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Note first, that for w = CV, the convection term cancels, dueto divV = 0and V-n = 0:

1 1 1
/v-vcvc" o|x:/\/-—V|CV|2 dx:/ ZICYPV - n ds—/ —CVdivV dx =0.
Q Q 2 0Q 2 Q2 T

~—
=0 =0
So, a(CY, CY) reduces to
1
a(CV,CV):/DV|VCV\2dx+/ = |CY) ds. (5.90)
Q So T

In fact,

IV, = (/ DV|chy2dx+/ Tivyc‘ffdsy
Q So

defines a norm on H(Q) which is equivalent to the usual H!(Q)-norm, which can
be proven as in the proof of Theorem 21.A in [58], pp.247-248. This proves H*(Q)-
ellipticity of a. ]

For the discussion of the regularity of the solution, the mixed boundary value problem
(5.84), (5.85) can be rewritten as a Neumann problem, as described in the proof of the
following theorem:

Theorem 5.37 (Regularity/Solvability of the stationary problem in W!(Q)). Suppose
Cs € C(Sp) and CY € HY(Q) is the unique solution of Problem 5.34 for r = r' = 2.
Then CY € W}(Q) for any r > 2. Furthermore, CV is the unique solution of Problem
5.34 for any r > 2.

Proof. Suppose in the following r > 2, £ + % =1.
The weak formulation in Problem 5.34 is equivalent to the weak formulation of the
following Neumann problem:

_ACY = F(CY), inQ
ocY
E = 0, on GQ,
with
(F(CY), w) ::/ CYV - Vw dx — T—vaVW ds + (€., w). (5.91)
Q So

If F(CY) € (WX(Q))', then the weak solution of the above Neumann problem, and
therefore the solution of problem 5.34, belongs to W!(Q), thanks to [39], Theorem
8.3.10, p.377.

In order to prove F(CY) € (WX(Q))', suppose w € W3(Q) and study every term in
(5.91) separately:
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o CV € HY(Q) implies CY € Lg(Q), see Theorem 2.9. Due to Hélder’s inequality,
the volume integral is finite, if Vw € L:(Q), i.e. for r' > 8

e CV e HY(Q) implies CY € H2(S,), see Theorem 2.2, and Hz(S) < L4(So), see
Theorem 2.9. So the boundary integral in (5.91) is finite, if w € L%(So), due to

Holder's inequality. w € WX(Q) implies w € W,l,fﬁ(So), see Theorem 2.2, and
er,fﬁ(So) — Ls(So) for r' > 2, see Theorem 2.9.

e The last term is finite for any r' > 1, due to Lemma 5.33.

It follows that F(CY) € (W(Q))' for r' > £, and thus C¥ € WX(Q) for r < 6. This
result can be improved by repeating the same arguments, starting from C¥ € W2(Q)

instead of CY € H1(Q). Suppose again w € W1(Q). Then:

o CV e WA(Q) implies CY € L (Q), see Theorem 2.9. So the volume integral is
finite, if Vw € L1(Q), which is true for any r' > 1.

5 5
o CV e W2(Q) implies CY € WE(Sp), see Theorem 2.2, and W2 (Sp) — L (So),
see Theorem 2.9. So the boundary integral in (5.91) is finite, if w € L1(So) which
is given for any r’ > 1, see Theorem 2.2.

Consequently CY belongs to W1(Q) and satisfies
a(CVv W) = <£Cs' W>1
for all w € HY(Q) by assumption. Since H(Q) is dense in W3(Q), which follows from

p
Theorem 2.3, CY solves Problem 5.34 for any r > 2, %4— % = 1.

It is proven now, that a solution for r = 2 also is a solution for r > 2. The converse
statement is trivially true: A solution for r > 2 also is a solution for r = 2. The solution

for r = 2 is unique, and so is that for r > 2. O]

On the resolvent R(\, A)
The study of the evolution equation
0:CY = A(t)CY + ¢,

is done in the framework of semigroup theory. The abstract theory for parabolic prob-
lems considers the situation of a Banach space X and a linear sectorial operator
A: D(A) C X — X with domain D(A). As special case, X = L,(2) and D(A) C W2(Q)
is treated for example in [38] and [41], and it is proven that several linear elliptic opera-
tors of second order are sectorial in this context. These results are not applicable here,
because the regularity properties of the solution of the stationary convection-diffusion
problem are not good enough. In the following passage, it is proven that the operator
A(to) from (5.89), for fixed t, € I, is sectorial for X = (WX(Q)) and D(A) = WX(Q),
and generates an analytic semigroup on (W3(Q))'".

So, consider in the following the operator A = A(ty) at fixed ty € /.
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Lemma 5.38. The resolvent set p(A) contains the complex half plane
{AeC: ReX>D0}.

Proof. Suppose first A € R, £ € (W(Q))" and consider the equation
—ACY +0CY =¢. (5.92)
Equation (5.92) is an equation in (W}(Q))’, so C¥ € WX(Q) is understood as an
element of (W(Q))' by setting
(¥ w) = / CYw dx, Yw € WH(Q).
Q
Then (5.92) can be written as

ax(CY, w) = a(C¥ w)+ A/ C’wdx = (€, w), Yw € WH(Q). (5.93)
Q

In the Hilbert space case r = r' = 2, the bilinear form ay is obviously continuous and
also H'(Q)-elliptic if A > 0. Therefore, there exists for each £ € (H(Q))" a unique
CY € HYQ) solving (5.93), due to the Lax-Milgram theorem. A repetition of the
arguments in the proof of Theorem 5.37 yields that C¥ belongs to W}(Q) and is the
unique solution of (5.93) for any r > 2.

For complex A the bilinear forms a and a, have to be understood as sesquilinear forms:

1
—VCVW ds,

a(CV, w) = / (vacv Vw+CVV - VW> dx +
Q So T

ax(CY, w) = a(C¥ w) + A/ CVw dx.
Q

For r = r' = 2, the ellipticity condition on ay in the Lax-Milgram theorem reads
Re (BA(CV, CV)) 2 C||CV||/2_/1(Q),

see [4], Theorem 4.2, p.164. This is satisfied if Re A > 0. It follows, that there exists
for each £ € (HY(Q))" a unique C¥ € W}(Q) solving (5.93), if Re X > 0.
Concluding, it is proven that for Re A > 0 the operator

—A+ A WHQ) = (WAHQ))',

is linear and continuous, due to the continuity of ay, and bijective, due to the existence
and uniqueness of the solution of (5.93). By the bounded inverse theorem, see [43],
Theorem 8.34, pp.241, the inverse

(“A+AD)TT (WAHQ)) — WHQ),
is linear and bounded, i.e. the solution CY of (5.93) satisfies the a priori estimate

17wz < cllell oy (5.94)

Furthermore, the resolvent operator R(X, A) = (—A + A1)™" belongs to L (W(Q))'),
which implies that A € p(A).
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Lemma 5.39. For A € C with Re X > 0, the resolvent R(\, A) satisfies the estimate

IARO A (uary) < ©

with a constant ¢ > 0. Thus, the operator A(ty), for any fixed ty € I, is sectorial.

Proof. Consider £ € (WX(Q))" and suppose that C¥ = R(), A) £ is the corresponding
solution of (5.93). Then

- v
IMROLA) 8l s 0y = IMC Ml ary
= sup >\<CV1 W>
WGer,(Q),
HW”V\/l,(Q):]'
= sup (an(CVw) —a(C¥ w))
WEer/(Q),
HW”V\/l/(Q):]'
(5.93)
< Ml uyy + _sup  a(C¥,w)
- (Wr/(Q)) wewl(Q), ,
lelwl,(Q):l
Lemm<a5.35 Z CV
= || H(Wl/(Q))' + CH ”er(Q)
(5.94)
< CHKH(Wl/(Q))I'
Due to Proposition 2.19, A is sectorial. -

The evolution problem
Turn back to the nonstationary convection-diffusion problem
0:CY = A(t)CY + £, in /=10,T], CY(0)=C).. (5.95)

The spatial differential operator A is treated in a weak formulation, while the time
derivative has to be understood in the classical sense.

Problem (5.95) is a nonautonomous problem, because A = A(t) depends on time.
Fortunately, existence and regularity of solutions can be proven, by using a result for
the autonomous case, namely Theorem. 4.3.1.(ii) in [38], since the time dependency of
A only occurs in its coefficients for lower order terms. The exact procedure is explained
in the proof of the following theorem, the most important result of this section:

Theorem 5.40 (Existence and uniqueness of a solution of the macroscopic problem).
Suppose r > 2, CY. € WXQ), ¢ € CP(I,C(Sy)) and V € CP(I,C(Q)) for some

B > 0. Then, there exists a unique solution C¥ € C*(I, (WX(Q)))nC(I,WXQ)) of
(5.95) satisfying the a priori estimate

1CY lcomrcay + ||CV||C1(/,(W3,(Q))/) < ¢ (I8slleeqr.cisoy + 1CHlIW @) - (5.96)
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Proof. Assume w.l.o.g. B < 1.
The differential equation in (5.95) can be rewritten as

0:CY = A(0)CY + (A(t) — A(0)) CY + ¢...
To shorten the notation during the proof set
W= C'(I, (WHQ)))nC(, WHQ)). - llw = - llcawz @) + - ey
Define
Wo = {w e W|p(0)=C}.
Suppose Cve Wy and consider
8,CY = A(0)CY + (A(t) — A(0)) CV + 4.,  CY(0)=CV,, (5.97)

which is an autonomous problem for fixed CY, with a sectorial operator A(0). Prove
that

e for any CY € W, there exists a unique solution C of (5.97) and
e the mapping F: Wy — Wy CV — CY has a unique fixed point.

Start by discussing the regularity of the right hand side terms in (5.97):

((A(t) — A(0)) CV, w) = /Q CV (V(0) = V(1)) - Vwdx (598
< |[V(0) - V(t)llao)IICV\|L,<Q>|!w||W;<Q>-

Due to Lemma 2.16 it is C;NV e C+(/,L,(Q)) and so it follows from (5.98) and from
B < L that (A(t) — A(0)) CY € CP(I, (WL(Q))") with

H (A(t) - A(O)) CNVHCﬁ(/,(Wg,(Q))’) < HVHCB(I,C(E))‘|5V“C5(I,L,(Q))'
Lemma 5.33 and & € CP(I, C(Sy)) implies £., € CO(/, (W(Q))") with
“eCsHCﬁ(I,(er,(Q))’) < cl|Gslles(r,cso))-
Note furthermore that W'(Q) is dense in (WX(Q))', see Lemma 2.6. Thus all the
assumptions of [38], Theorem. 4.3.1.(ii) are satisfied and there exists a unique solution

CY € Wy of (5.97) for any CY € W, with

1Yl <e (11 (AC) = A©)) €Y + Ll wicam + 1

W,1<Q))

<c (IC¥llcou.wian + I8 Ieegcis + IChllwa) -
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Problem (5.97) is linear and thus, if CY,CY € W, are the repective solutions for
CY,CY € Wy, then
O(CY — C¥) = AO)(CY = CY) + (A1) = AO) (CY =€), (&Y =C)(0) =0,

with

1CY — Cllw < clICY = s i, @)- (5.99)
This and the embedding of W into C+(/,L,(Q)), see Lemma 2.16, show that the
mapping

F:Wo — Wy: CV s CY

exists and is Lipschitz continuous. Reduction of the time interval achieves that F is a
contraction: Introduce therefore another parameter 8 < 81 < % and set I/, = [0, 7] for

7> 0. Then any CY, CY € W, satisfy
ICY = C¥llcs iy i@y < e PICY — CEllcor o
< crP Y — Y,

(5.100)

due to C}’(O) = CE’(O). Estimates (5.99) and (5.100) with 7 small enough prove
IF(CY) = F(CHlIw < clICY = Clw,

with a constant ¢ < 1. Banach’s fixed point Theorem implies that there exists a unique
solution of (5.95) in W, on a possibly reduced time interval /..

It is possible to repeat the procedure, starting from 7 as new initial time. In fact, this
proves existence and uniqueness of a solution of (5.95) on the time interval [T, 27],
because the constants in the above estimates can be choosen independently of the
initial time, even if this is not obvious: The initial data C). has no influence on the
constants but the sectorial operator A(0) in (5.97) has, when applying [38], Theorem.
4.3.1.(ii), see also the remarks in the beginning of chapter 4 in [38], p.122. Fortunately,
since the time dependency of A occurs only via V' in coefficients of lower order terms
and V can be bound uniformly in time, it is possible to give time independent constants
in the above estimates, and therefore to choose 7 independently of the initial time.

As conclusion, finitely many repetitions of the described method prove existence and
uniqueness of a solution of (5.95) in W, on the whole time interval /.

The a priori estimate (5.96) is proven as follows: Consider again the time interval
I, for which F is a contraction. Denote by CY the unique solution of (5.95), which
is a fixed pomt of F, and by CV the function in Wy which is constant in time, i.e.

/n/(t) Inl Vt Then
ICY = Chllw = IF(CY) = F(CL) + F(Ch) = Chllw

<F(CY) = F(C)w + I F(CY) = Cllw
< CHCV m/“W+ ”‘7:( /n/) /n/HW
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with ¢ < 1, and therefore
||CV /n/”W < C||f(C/n/) - Cm/“Wr (5101)

with some ¢ > 0. C,‘f” is constant in time and therefore

| (A(t) — A(0)) ,n,||cx3(/T wi@y) < Vllesq,, C(Q))HCm/HCﬁ(IT LA(Q))
= ||V||CB(/T,C(6))HC,‘n/”C(/T,Lr(Q))
< H\/Hcﬁ(/T c(@) )HC};/'”W}(Q)-

F(CY.) is by definition the solution of (5.97) with C?. on the right-hand side, and thus

ini ini

satisfies due to [38], Theorem. 4.3.1.(ii)

IF(Co)w < ¢ (H( (t) — A0)) CY, + el e, i@y + HC%HW}(QO

(5.102)
< c (IChllwp@) + lEslcagr.cesn) -
Combining (5.101), (5.102) with
ICYw < ICY e ).
leads to
ICVlw < 11CY = Chillw + 1Cllw
< cllF(CY) = Chillw + 1Ch Iwa o) (5.103)

< ¢ (IS lw + IS Iw) + I w0
<c (||Es||cl3(/T,C(So)) + ||C/m||W,1(Q))
Estimate (5.103) is valid on the reduced time interval /.. In particular it implies
ICY (M) lwpey < € (ISsllceqy.cesop + 1CHlwa)) -
Therefore, an iteration of these arguments, replacing CY. by CY(T) proves (5.96). [

Lemma 5.41 (Continuity with respect to the coupling data). Suppose
Cs1,Cs2 € CP(1,C(Sy)), for some B > 0 and denote by CY,CY the correspond-
ing solutions of (5.95). Then

ICY = C¥llcumrcay + I1CY — Cg”cl(/,(vvrl,(a))f) < cl|Ce1 = Csallesrcsyy)- (5.104)
Proof. The coupling to the microscopic problem is linear, i.e.

by = Lo, = Legi—cn-
Furthermore, problem (5.95) is linear and thus CY — CY solves

8:(CY = CF) = A(E)CY = C) ey (Y = CD)(0) =
in / = [0, T]. Theorem 5.40 implies (5.104). ]
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5.4 Micro-Macro-Coupling: Proof of the Main Result

After investigating the microscopic part of the model in section 5.2 and the macroscopic
part in section 5.3, their coupling can now be discussed. The most important results of
the previous sections are shortly recapitulated here:

For given CY € C(Ix Sy) there exists locally in time a unique solution of the microscopic
part of the problem (3.33) — (3.42), see Theorem 5.25. This microscopic solution
satisfies in particular & € C*(/,,, C(Sp)), with 73 from Theorem 5.25, and

1Csllcrgrn,.c(s0)) < C<1 + ‘|CV’|%(/T3xso) + ||VXV||%(/T3st) + ||’D||2C(IT3><SO)
+ ||b||2c(,T3X50'W3—1/r(f)) + ||¢m/||C(so,c2+2a(y)) (5.105)

+ HCs,ini”?j(goyczﬁa(y))).
Furthermore, &, depends locally Lipschitz continuous on CV, i.e. if CY, CY < R, then

1Cs1 = Cs2llcr(rn,.csoy < ClCY = Cllc(rs xs0) (5.106)

with a constant ¢ depending on R, see Lemma 5.27.

Conversely, for given ¢, € CP(/,C(Sy)), with some B > 0, there exists a unique solu-
tion CV € C1(1, (W3(Q))) N C(I, WX(Q)) of the macroscopic problem (3.26), (3.27),
(3.29), (3.31), with r > 2, depending continuously on & and satisfying

1C lcawry + HCVHcl(/,(Wg,(Q))/) < c(Iglcsgesoy + 1CHIwa@) . (5.107)

and

1CY = Sllcawr@y + ICY — C¥||c1(/,(vv;(o))/) < cl|Cer = Csallesrc(syyy. (5.108)

see Theorem 5.40 and Lemma 5.41.
On this basis relies the proof of the main result of this thesis, Theorem 5.1, which is
stated here again:

Theorem (Existence and uniqueness of solutions of the fully coupled problem). Suppose
Ve CP(I,C(Q)NC(I,CYHQ)), for someB >0, and P € C(I x Q) are solutions of the
Navier-Stokes equations (3.25), (3.28), (3.30) and (3.32). Assume furthermore that
Gini, Cs.ini € C(So, CH22(Y)), with db,n,(y) >0forally €Y, b € C(/ X So, W2 (1))
and CY), € W(Q), where 0 < a < 3, n > 7%= and r, > 3, 2 =+ r; = 1. Then there
exists locally in time, i.e. for a possibly reduced time interval |;, = [0, To], a unique
solution of the fully coupled two scale model (3.26), (3.27), (3.29), (3.31) and (3.33)
— (3.42) in the following function spaces:

ve C(/To X SO rl per, Ioc(Q/)) ¢ e C(SO C;e$+2a(l‘l'o X Y))'
P S C(/To X SO rl per, |OC(Q/)) Cs S C(SO C;e$+2a(/‘l'o X Y))'
0€Cllny % S0 W20 (@), €V € CH (I, (WEHQ)') N C (I, WA(Q)).



104 5 SOLVABILITY OF THE TWO SCALE MODEL

Proof. Consider the time interval [, = [0, 7] and suppose that 7T is small enough to
garantee the existence of a solution of the microscopic problem on /,, i.e. T < 73, com-
pare Theorem 5.25. Note that for r, > 3, the space Wé(Q) Is continuously embedded
into C(Q), see Theorem 2.9, and thus

CYeC(lWiQ) = CYeC(l, xQ) = CVls, € C(I; x Sp).
Define the solution operators

ﬁmicro: C(/’T X 6) — Cl(/T, C(SO)) CV — Cs,
Losero U C(S)) = €1 x Q) = & CY,

and their composition

L= Liacro © Limicro: C(ly X Q) = C(I; x Q): CV +— CV.
For & € CY(I,, C(Syp)) it is

1Csllcrrxse) = max 1Cs(t) = Cs.ini + Cs.inillc(se) < Tl Csller(r.cese)) + ICs,inillc(s)
and thus

_ _ ”Es(tl) - E5(1-2)HC(50)
Csllceqr,. = |IGsllc(lrxso) + SU
|| SHC (I+,C(S0)) || SH (I+xSo) HAbel |t1 _ f2’ﬁ (5109)

< c (TPlIG e eeson + 1Bsmillecsy) -

For CV € C(I, x Q), set C¥ := L(CY). Estimates (5.105) and (5.107), combined with
(5.109) and the continuous embedding C(/-, W} (Q)) < C(I; x Q) imply

1 lcqrnay < N leamyon

IN

¢ (e lcagn.cism + 1Ch Iy @)
(5.110)

IN

c <71_5||55|fcl(/7,c(50)) + [ Csinillceso) + HC’};"”W}z(Q))

(V. P b, CY,. binis Co.imi) + 2T P CV|

IN

2
C(I+xQ)’

with a constant ¢, > 0 and

c1(V, P b, C. ini Cs.ini) = C<1 F VAV, x50y + 1PN x50)

+ 16112

C(/T3><50,W,2;_1/r1(ﬁ)) + “Cb/niHC(So,CHzO‘(Y)) (5111)

o lesimllE s, covmry + 1 Chlws @ )
Choose My := 2¢; and define

B, = {c”v € Cll: xQ) | 1V e x) < Mo, €V(x,0) = Clu(x), ¥x € 6} .
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Then, estimate (5.110) and My = 2¢; imply that £ maps B, into itself as long as

1
T PME < % — T< (Q_Itlo) - .
In order to apply Banach'’s fixed point Theorem on
L: B, — B;,
combine estimates (5.106) and (5.108) to get
1Y = Sl < &P = Flicu, @

with a constant c3 depending on M,. Therefore, for

| 1 \75 [ 1\T?
To = MInN <2_/WO) ) (2_C3> )

the operator £: B;, — B, Is a strict contraction and, thus, has a unique fixed point
CY e B,,.

The existence and regularity results 5.25, 5.26 and 5.40 prove that C¥ and the corre-
sponding microscopic solution (¢, cs, v, p, u) solves the fully coupled two scale model
and that in fact

CV e C1<l, (Wé(Q)Y) N C(/, Wé(Q)).

Uniqueness follows as in the proof of Theorem 5.25. []






6 Summary

The thesis investigates a two scale model for liquid phase epitaxy, which also describes
elastic effects. Liquid phase epitaxy is a technical process for the production of thin films
and layers out of a liquid solution. The necessity of including elasticity into the model
comes from the fact, that these effects have a significant impact on the development
of the microstructure of the solid film, and the microstructure influences the physical
properties of the layer.

Numerical simulations are of great importance from the scientific as well as from the
commercial point of view. They allow to reproduce or even to predict the results of
possibly expensive experiments. Thereby, the difficulty in liquid phase epitaxy is that a
direct simulation has to resolve the microstructure, such that the simulation of a tech-
nically relevant device is almost impossible. The advantage of the two scale formulation
is, that it opens up new possibilities for an efficient numerical simulation.

In order to validate the significance of a mathematical model, two aspects are of special
interest: First, an analytical investigation can answer the question, if there even exists
a solution of the model and if it is unique. If there is no solution, the model is useless
and if it is not unique, the model is incomplete. Second, a solution should be computed
numerically and the results should be compared to experiments. The thesis gives a
positive answer to the first point and provides a basis for the handling of the second.
As main result of the thesis, existence and uniqueness of a solution is proven in suitable
function spaces. Comparing the analogous result for the model without elasticity, the
analysis here is much more demanding, with the Stokes problem posed in an unbounded
domain and the free boundary in the microscopic cells, which makes the problem fully
nonlinear. In the proof, the single problems (microscopic: Stokes, elasticity and phase
field, macroscopic: convection-diffusion) are studied first, where the coupling data is
supposed to be given. For each of them, the solvability is shown and furthermore it
is proven, that the dependencies between each other are continuous. This allows the
application of fixed point arguments: A first application of Banach' Fixed Point Theorem
yields the existence and uniqueness of a solution for the coupled microscopic problem.
A second treats the coupling between the microscopic and the macroscopic parts of the
model and proves the main result.

The iterative procedure, which is proposed in chapter 4, relies on Banach’s fixed point
iterations. Its convergence is proven in this thesis. It is a basis for solving the problem
numerically.

An interesting point for future work is the implementation of a numerical algorithm in
order to compute a solution of the two scale model. The two scale formulation allows
to use a coarse grid for the macroscopic model. The main difficulty to overcome is,
that at each macroscopic grid point on the substrate a microscopic cell problem of high
complexity has to be solved. This limits the possible size of the simulated layer.

A promising approach is the application of an adaptive solution strategy, where not
every microscopic problem is solved, but only few selected. The microstructure at the
other points can then be adapted from cells with "similar" macroscopic coupling data,



where the meaning of "similar" has to be specified by a suitable metric. Additionally,
microscopic problems at different points can be computed in parallel, since they do not
influence each other directly.

Another goal for further investigations is the rigorous justification of the, up to now
formal, derivation of the two scale model by asymptotic expansions. For the model
without elasticity, this could be done, but it is not possible to apply the same methods
to the model with elasticity, due to its much more complex structure.

Concerning the modeling, the description of the elastic effects could probably be done
in a more realistic way. In particular, misfit between substrate and layer is in fact an
interaction in both directions. This would lead to another elastic problem in the substrate
with possibly another free boundary.
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