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Abstract

Let p = CharFs = CharF, # 2. Motivated by N. Yan’s, C. A. M. André and A.
M. Neto’s, and M. Jedlitschky’s remarkable work on supercharacter theories for the
Sylow p-subgroups of the Chevalley groups of type A, B, C and D (classical, un-
twisted), we study supercharacter theories for the following Sylow p-subgroups:

3D (¢%):  the Sylow p-subgroups of the Steinberg triality groups of type D,
(classical, twisted)
G5¥'(g):  the Sylow p-subgroups of the Chevalley groups of type G
(exceptional, untwisted)
2G5Y (32m+1):  the Sylow 3-subgroups of the Ree groups of type G»
(exceptional, twisted)

Embedding Sylow p-subgroups G5 (q) into 3D* (¢*) of 8 x 8-matrices, we con-
struct bijective 1-cocycles and non-degenerate bilinear forms (i.e. the monomial
linearisations) for 3D (¢*) and for G3*'(¢q). Then we obtain the monomial modules
and classify the orbit modules. Consequently, we determine the desired supermod-
ules, supercharacters and superclasses for D* (¢®) and for G3*'(q).

For the twisted groups 2G5 (32"+1) which are subgroups of G5 (3%"+1), we con-
struct monomial linearisations, obtain the monomial modules and classify the orbit
modules. Then we determine the supermodules and supercharacter theories (con-
taining supercharacters and superclasses) for 2G5 (32+1).

Moreover, we calculate the conjugacy classes, determine the irreducible charac-
ters by Clifford theory and establish the character tables of 3 D% (¢*), G5¥'(¢) when
CharF, > 3 and 2G5 (3).

Finally, we also construct bijective 1-cocycles, determine monomial linearisations
and obtain monomial modules for the following exceptional Sylow p-subgroups:

E(¢): the Sylow p-subgroups of the Chevalley groups of type Fq
(of 27 x 27-matrices)
Fi¥'(g): the Sylow p-subgroups of the Chevalley groups of type F
(of 27 x 27-matrices)
ZEéyl (¢*): the Sylow p-subgroups of the Steinberg groups of type Fj
(of 27 x 27-matrices, twisted)
E¥(¢):  the Sylow p-subgroups of the Chevalley groups of type E;
(of 56 x 56-matrices)
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Zusammenfassung

Sei p = CharF ;s = CharF, # 2. Motiviert durch N. Yan’s, C. A. M. André und
A. M. Neto’s, und M. Jedlitschky’s des bemerkenswerte Arbeit iiber Supercharak-
tertheorien fiir die p-Sylowuntergruppen der Chevalley-Gruppen vom Typ A, B, C
und D (klassisch, ungetwistet). Wir untersuchen die Supercharaktertheorien fiir die
folgenden p-Sylowuntergruppen:

3Df1yl (¢®): die p-Sylowuntergruppen der Steinberg-Trialitdt-Gruppen
vom Typ D, (klassisch, getwistet)
Gi¥(¢):  die p-Sylowuntergruppen der Chevalley-Gruppen vom Typ G5
(exzeptionell, ungetwistet)
2G5¥ (32m+1): die p-Sylowuntergruppen der Ree-Gruppen vom Typ G
(exzeptionell, getwistet)

Indem wir p-Sylowuntergruppen G5 (¢) in 3D5*' (¢®) von 8 x 8-Matrizen einbetten,
konstruieren wir die bijektiven 1-Kozykeln und die nicht-ausgearteten Bilinearfor-
men (d.h. die monomialen Linearisierungen) fiir 3D5* (¢®) und fiir G3*'(¢). Dadurch
erhalten wir die monomialen Moduln und kénnen die Orbitmoduln klassifizieren.
Anschliel$end bestimmen wir die gewiinschten Supermoduln, Supercharaktere and
Superklassen fiir D3 (¢*) und fiir G3¥'(¢).

Fiir die getwisteten Gruppen 2G5¥ (327+1), die Untergruppen von G5’ (32+1)
sind, konstruieren wir ebenfalls die monomialen Linearisierungen, erhalten die mono-
mialen Moduln und klassifizieren die Orbitmoduln. Dann bestimmen wir die Super-
modluln und Supercharakter Theorien (mit Supercharakteren und Superklassen) fiir
2GaY (32mH),

Aullerdem berechnen wir die Konjugiertenklassen, bestimmen die irreduziblen
Charaktere mittels Clifford Theorie und geben die Charaktertafeln von 3Diyl (),
G3Y'(q) wenn Char F, > 3 und 2G5 (3) an.

SchlieRlich konstruieren wir auch die bijektiven 1-Kozykeln, bestimmen die mono-
mialen Linearisierungen und erhalten die monomialen Moduln fiir die folgenden
exzeptionellen p-Sylowuntergruppen:

E&(q): die p-Sylowuntergruppen der Chevalley-Gruppen vom Typ F
(27 x 27-Matrizen)
F¥(¢): die p-Sylowuntergruppen der Chevalley-Gruppen vom Typ F}
(27 x 27-Matrizen)
QEgyl (¢%): die p-Sylowuntergruppen der Steinberg-Gruppen vom Typ F
(27 x 27-Matrizen, getwistet)
E¥'(q):  die p-Sylowuntergruppen der Chevalley-Gruppen vom Typ E;
(56 x 56-Matrizen)
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Introduction

Let p be a fixed prime, N* the set {1,2,3,...} of positive integers, N = N* U {0},
q := p* with k € N*, FF, the finite field with ¢ elements and A4,,(¢) (n € N*) the group
of upper unitriangular n x n-matrices (i.e. upper triangular matrices, with 1s on the
main diagonal) with entries in F,. Then A,,(¢q) is a Sylow p-subgroup of the general
linear group GL,(q) of invertible n x n-matrices over F,.

It is an open question to determine the conjugacy classes of A, (q) for all n and ¢.
Higman’s conjecture [Hig60] is that for a fixed n, the number of conjugacy classes of
A, (q) is determined by a polynomial in ¢ with integral coefficients depending on n.
G. Lehrer [Leh74] refined Higman’s conjecture: the number of irreducible characters
of A, (q) of degree ¢° (¢ € N) is an integer polynomial in ¢. I. M. Isaacs [Isa95] proved
that the degrees of complex irreducible characters of IF,-algebra groups are powers
of ¢q. Then I. M. Isaacs [Isa07] gave a strengthened form of Lehrer’s conjecture:
the number of irreducible characters of degree ¢° is some polynomial in (¢ — 1)
with non-negative integeral coefficients. A. Vera-Lopez and J. M. Arregi [VLAO3]
proved Higman’s conjecture for n < 13. A. Evseev [Evs11] computed the number
of irreducible characters of A,(q) for n < 13 which confirmed Isaacs’ conjecture.
Recently, I. Pak and A. Soffer [PS15] verified Higman’s conjecture for n < 16.

Based on Kirillov’s orbit method, C.A.M. André [And95] and later but indepen-
dently N. Yan [Yan10] determined the André-Yan supercharacter theory for A, (q)
which is an approximation to the character theory. P. Diaconis and I.M. Isaacs [DI08]
introduced the notion of supercharacter theory for an arbitrary finite group, and stud-
ied supercharacter theories for algebra groups. Roughly, a supercharacter theory re-
places irreducible characters by supercharacters, conjugacy classes by superclasses,
irreducible modules by supermodules. In such a way, a supercharacter table is con-
structed as a replacement for a character table. E. Marberg [Mar11] constructed a
family of orthogonal characters of an algebra group which decomposed the super-
characters in [DIO8]. Q. Guo [Guo16] determined the irreducible A, (¢)-constituents
of the permutation module of G L, (¢) on the cosets of a maximal parabolic subgroup
of GL,(q). R. Dipper and Q. Guo [DG15] obtained a lower bound for the degrees of
irreducible constituents of André-Yan supercharacters.

C.A.M. André and A.M. Neto [ANO6, AN09a, ANO9b] studied the supercharacter
theories for the Sylow p-subgroups of untwisted Chevalley groups of types B,, C,
and D, (i.e. the classical finite groups: the odd orthogonal groups, the symplec-
tic groups and the even positive orthogonal groups, respectively). M. Jedlitschky
introduced the monomial linearisation method for a finite group, as a result he de-
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composed the André-Neto supercharacters of Sylow p-subgroups (i.e. the unipotent
even positive orthogonal groups) of Lie type D [Jed13]. Recently, C.A.M. André,
P.J. Freitas and A.M. Neto [AFN15] extended the construction of [AN06, ANO9b] to
involutive algebra groups. S. Andrews [And15, And16] constructed supercharacter
theories of finite unipotent groups in the orthogonal, symplectic and unitary types
(i.e. the Sylow p-groups of untwisted Chevalley groups of types B, and D,, of type
C,, and of the twisted Chevalley groups of type ?A,,, respectively).

It is natural to consider Higman’s conjecture, Lehrer’s conjecture and Isaacs’ con-
jecture for the Sylow p-subgroups of other finite groups of Lie type. Let G(q) be
a finite group of Lie type, U(q) a Sylow p-subgroup of G(gq), k(U(q)) the number
of conjugacy classes, #Irr(U(q)) the number of all complex irreducible characters,
#Irr(U(q), ¢°) the number of complex irreducible characters of degree ¢°, #M(U(q))
the number of pairwise orthogonal irreducible constituents of the regular U(q)-
module CU(q). S. M. Goodwin, P. Mosch and G. Réhrle [GR09, GMR14, GMR16]
obtained an algorithm and calculated k(U (q)) for U(q) of rank at most 8, except Es.

For the Sylow p-subgroup D3"'(¢) of the Chevalley group D,(q) of type D,, F. Him-
stedt, T. Le and K. Magaard [HLM11] determined the complex irreducible characters
and calculated #Irr(D5" (¢), ¢¢). M. Jedlitschky [Jed13, Appendix A.3] decomposed
the regular module CD;¥'(q) with p # 2 into irreducible constituents, and obtained
#Irr(D3Y(q), ¢°) and #Irr(D;Y(¢)). S. M. Goodwin, T. Le and K. Magaard [GLM15]
constructed the generic character table of D3 (¢). Higman’s conjecture, Lehrer’s con-
jecture and Isaacs’ conjecture are true for D3¥'(q).

For the Sylow p-subgroup G5¥'(¢) (p > 3) of the Chevalley group G,(q) of type G,
F. Himstedt, T. Le and K. Magaard [HLM16] determined most irreducible characters
(except ¢? — 2g + 2 linear characters) of G3¥'(¢) by parameterizing midafis (minimal
degree almost faithful irreducible characters).

S. M. Goodwin, T. Le, K. Magaard and A. Paolini [GLMP16] parameterized the
irreducible characters of the Sylow p-subgroup F;¥(q) (p > 2) of the Chevalley
group Fy(q) of type Fj.

Let 3D3*(¢%) be a Sylow p-subgroup of the Steinberg triality group 3D5* (¢3). T.
Le [Lel3] constructed and counted all ordinary irreducible characters of 3Diyl(q3),
mainly using Clifford theory.

In this thesis, we firstly determine supercharacter theories for the 3 types of
groups as follows: the Sylow p-subgroup D3 (¢®) of the Steinberg triality group
3D4(¢?), the Sylow p-subgroup G5¥'(q) of the Chevalley group Gs(q), and the Sy-
low 3-subgroup 2G5¥(32m+1) of the Ree group 2G,(3*"*+!). Then we establish the
character tables of 3D"(¢%), G3¥'(¢) when CharF, > 3 and 2G5 (3). After that, we
construct the monomial linearisations for Sylow p-subgroups of the Chevalley groups
of type Es, type F,, the twisted type 2Fg and type E; with the 1-cocycle approach.

An informal overview

Chapter 1: The construction of monomial modules
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We define some notations and recall the construction of the monomial modules.
Chapter 2: Supercharacter theories for > D3 (¢?)

In Section 2.1, we determine the Sylow p-subgroup D3 (¢?) for the Steinberg
triality group 3D4( 3). The construction of the Sylow p-subgroup *D,(¢*) depends
on the structure constants. Thus we construct a Chevalley basis of the Lie algebra
of Lie type D,, and set the suitable structure constants, and obtain the Sylow p-
subgroup ?D3¥(¢?). The Sylow p-subgroup of Lie type D, is denoted by D3* (¢) (see
§2.1.1). The matrix sizes of D{*'(¢) and *D;"'(¢%) are 8 x 8. The relations of the

groups are 3D (¢3) < D (¢%) < As(¢?).

In Section 2.2, we construct a 1-cocycle f and determine a monomial linearisation
(fls psvt (gsy: Kalvxv) for 3D (¢*). This is one important result of this chapter. This
4

method generalizes Jedlitschky’s construction for the Sylow p-subgroup D3 (q) of
type D4. Then we obtain a classification of 3D} (¢*)-orbit modules. By the homo-
morphisms between the orbit modules, a new classification of 3 D} (¢?)-orbit mod-
ules is established in which every 3D8yl( 3)-orbit module is isomorphic to some hook-
separated staircase module.

In Section 2.3, we determine the supercharacter theory for D3 (¢®) and establish
the supercharacter table of 3Dsyl( 3). This is the main result of Chapter 2. T. Le
[Le13] constructed and counted all ordinary characters of D" (¢3). We give more
specific constructions of the irreducible characters of D" (¢%), and establish the
almost faithful irreducible characters (i.e. the family §¢) in a different way. Then we
obtain the conjugacy classes of 3D3” (¢?), calculate the character table of 3D3¥'(¢?),
and determine the relations between supercharacters and irreducible characters of
3D (¢%). The three statements are true, if we consider the analogue of Higman’s
conjecture, Lehrer’s conjecture and Isaacs’ conjecture of A, (q) for 3Djyl(q?’).

Chapter 3: Supercharacter theories for G5 (q)

In Section 3.1, we construct a Lie algebra L, of type G, which is a subalgebra
of Lp,, and determine the Sylow p-subgroup G5 (¢) of the Chevalley group of type
L, over the field F,. The matrix size of G3”'(¢) is 8 x 8. The construction of the Lie
algebra of type G, is motivated by the paper [HRTO1]. In that paper [HRTO1], R.
B. Howlett, L. J. Rylands and D. E.Taylor provided matrix generators for exceptional
groups of Lie type. From the paper, we also obtain a Sylow p-subgroup of 7 x 7
matrices, and there are also other constructions of the Lie algebra of type G, (e.g.
[Hum?78, §19.3], [Rum14, §8]). In this thesis, we determine the Sylow p-subgroup
G3¥(q) of 8 x 8 matrices such that G5 (¢) < 3D"(¢%). We refer to the results of
3D (¢), when we study the orbit modules and supercharacter theories of G5 (¢).
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The relations of the groups are obtained as follows:

In Section 3.2, we construct a 1-cocycle f and determine a monomial linearisation
f<3|va) for G5¥'(¢), and obtain a monomial Gs(¢)-module CG5¥(¢).

(f

Gsyl
In Sectlon 3.3, we determine the supercharacter theory for G5¥'(¢), and establish
the supercharacter table of G5*'(¢). When p > 3, we exhibit the relations between
supercharacters and irreducible characters of Ggyl(q), and calculate the character
table of Gsyl( ). F. Himstedt, T. Le, and K. Magaard [HLM16, §8.3] obtained some
irreducible characters of G5¥'(¢) by parameterizing midafis. S. M. Goodwin, P. Mosch
and G. Rohrle [GR09, GMR14, GMR16] obtained the number of conjugacy classes
of G3¥'(¢) with an algotithm. We construct the irreducible characters by Clifford
theory, calculate the conjugacy classes directly, and establish the character table of
G5¥'(q) (p > 3). The three statements hold, if we consider the analogue of Higman’s
conjecture, Lehrer’s conjecture and Isaacs’ conjecture of A, (q) for G5'(q).

Chapter 4: Supercharacter theories for 2G5’ (32+1)

In Section 4.1, we choose the suitable structure constants of extraspecial pairs,
and construct a Sylow 3-subgroup 2G5¥ (3*™*+1) of the Ree group 2G(3*™*+!) such
that 2G§yl(32m+1) < Ggyl(32m+1).

In Section 4.2, we determine a monomial linearisation (f ]2G3y1(32m+1)7 klyxyv) for
2657 (3*™+1). We get a monomial Ag(g)-module C(2G5*(32™+1)), and obtain a clas-
sification of 2G” (3%™+1)-orbit modules.

In Section 4.3, we calculate the conjugacy classes of 2G’Syl(?ﬂmﬂ) establish a su-
percharacter theory for 2G5 (3*"*+1), and determine the character table of 2G5¥'(3).
The three statements are true, if we consider the analogue of Higman’s conjecture,
Lehrer’s conjecture and Isaacs’ conjecture of A, (q) for 2G3¥'(3 ).

Chapter 5: Monomial E}*'(q)-, F*(q)-, 2E$" (¢%)- and E5¥'(q)-modules

In this chapter, we establish the Sylow p-subgroups E¥(¢), F;¥(¢), 2Eg* (¢?) and
E:(q), and the matrix sizes of them are 27 x 27, 27 x 27, 27 x 27 and 56 x 56 re-

spectively. We determine monomial linearisations for the Sylow p-subgroups Eé’yl(q),
FY(q), 2B (¢%) and E5¥'(q), and obtain monomial E5¥(q)-, F5*'(¢)-, 2E2* (¢%)- and



E¥(¢)-modules. The relations of the groups are shown as follows:

2B (¢?)
/ \
F"(q) E&Mq®) < Agl(g?)
< /
E”(q)

Our main results of the dissertation are listed in the following table.
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1. The construction of monomial
modules

In this chapter, we mainly recall the construction of the monomial linearisations
following M. Jedlitschky’s approach [Jed13] and the orbit modules. Our main refer-
ences are R. Dipper’s script [Dip13] and M. Jedlitschky’s PhD thesis [Jed13].

1.1. The setting

We list some notations which we use frequently.

1.1.1 Notation. Define the following notations:
:a prime number;

a fixed power of p,

a field,

the multiplicative group K\{0} of K,

the additive group of K,

the finite field with q elements,

the finite field with ¢* elements,

the complex field,

the set of all rational numbers,

the set of all integers,

the set {0,1,2, ...} of all non-negative integers,

the set {1,2,...} of all positive integers,

n x n identity matrix I, x,,

n X n gero matrix O,,«n.

rﬁﬁﬁxa’ﬁ

Q

=

=}
w

ZZNO A

~
O3

Let N € N*.

1.1.2 Notation. Define the sets of matrix entry coordinates

O:={(,j)|1<i,j <N}, and N:={(i,j)|1<i<j<N}

1.1.3 Notation. (1) Let M, N € N*, denote Mat;, y(K) the set of all M x N ma-
trices with entries in the field K. In particular, Maty(K) := Matyxny (K).



1. The construction of monomial modules

(2) Define the general linear group G Ly(K) to be the subset of Matyyn(K) con-
sisting of all invertible matrices.

(3) Let m € Matyyn(K). Then set m := (m, ), where m; ; € K denotes the (i, j)-
entry of m (the entry in the i-th row and j-th column). If N < 10, set m;; := m; ;.

(4) Denote e;; € Matyyn(K) the matrix unit with 1 in the (i, j)-position and 0
elsewhere. If N < 10, set e;; := e; ;.

(5) Denote by A" the transpose of A.
1.1.4 Notation. Set —(q) := —(F,), for example GLy(q) := GLn(F,).
1.1.5 Notation/Lemma. Set
Vo :=Matyyn(K).

Then Vj is a K-vector space.

1.1.6 Definition. Let Ay (K) denote the set of upper unitriangular N x N-matrices
over the field K, and it is called the unipotent linear group.

1.1.7 Notation/Lemma. Let A = (4, ;) € Vo = Matn«n(K), then the trace of A is

N
tI'(A) = ZAM
i=1
In particular, tr(AB) = tr(BA) for all A, B € Vj,.

1.1.8 Definition ([Jed13], 1.2.16). (1) Let A € Maty.n(K), then define the sup-
port of A as follows:

supp(4) :={(¢,j) € O | 4;; # 0}.
(2) Let V C Vj, be a vector subspace of Vj, then set

supp(V) := [ supp(A).
AeV

(3) Let g € Ay(K), then the essential support of g is defined as
supp(g) :=supp(g — In) = {(i,j) € N | gi; # 0}.

For J e[, let V;:={A €V, |supp(A) C J}.



1.1. The setting

(4) Let H be a subgroup of Ay(K). Then set

supp(H) := |J supp(h).
heH

1.1.9 Notation. Let V' be a vector subspace of Vy and J := supp(V) C N\. Define the
subset J¢ of N and the vector subspace V¢ of V;, as follows:
JO=J | J{(,i+1) e N\J | (4,i+2) € J}

U{(fla]) € ﬂ\‘] ‘ El jl < .7 < j2 and (iajl)a (2792) € J}7
Ve ::‘/supp(V)C = VJC.



1. The construction of monomial modules

1.2. The construction of monomial modules

In this section, we recall the construction of the monomial modules. For the con-
struction of monomial linearisations we refer to [Dip13], [Jed13], [DG15], [DG16]
and [Guo16]. For the general background of modules, characters and idempotents
we refer to [AB95], [JLO1], [CR81] and [CR62].

In this thesis, a group action is a right action and a module is a right module. Let
G be a finite multiplicative group, Irr(G) the set of all complex irreducible characters
of GG, V a finite abelian additive group and K a field. If V' is a K-vector space, it is
finite dimensional. If X is a set, K X denotes the K-vector space with the K-basis
X.

1.2.1 Notation. Let M be a right K(G-module and — x — be the module operation as
follows:

—x—:MxG— M:(m,g)— m=xg.

Then the right K G-module M is also denoted by (M, %) kg, or by Mg for short, or by
M if no ambiguity arises.

1.2.2 Definition (Monomial module). Let M be a right KG-module with a K-basis
B, then B is called a monomial basis (and M is called monomial) if there exist

(a) a group action —.—: B x G — B: (b,g) — b.g,

(b) a function a: B x G — K*,
such that the module operation — x — of GG on the basis B of M is given by

bxg=ua(bg)bg  forallge G, beB.
1.2.3 Definition. Suppose a group G acts on a set V from the right
—0o—:VxG—=V:(Ag) — Aog.
(1) Let V := (V,+) be an abelian group and
(A+ B)og=Aog+Bog foral ABeVandgeQaG.
We say G acts on V as (group) automorphisms.

(2) Let K be a field, V a K-vector space and
- (A+B)og=Aog+Bog forall A,Be€Vandge€QaG,
- (kA)og=Fk(Aog) forallke K, Ac¢ Vandg € G.

10



1.2. The construction of monomial modules

We say that G acts on V as K-(vector space) automorphisms or that the
action of G on V is linear.

1.2.4 Definition/Lemma. Let G be a finite group, K a field and
K% :={r: G — K | ris a map}.
(1) Define addition and scalar multiplication on K¢ as follows: for 7,0 € K% and

ANe K, 7+oand A\t by (1 +0)(g9) = 7(9) + o(g) and (A7)(g) = \(7(g)) for all
g € G. Then K% is a K-vector space.

(2) Forge G, sett,: G — K : h— { (1)’ i ; Z = 041, Where §,, is the Kronecker
delta. Then {7, | g € G} is a K-basis of K®. In particular, T = ¥ ,ec 7(g)7, for
all 7 € K€,

(3) The map ¢: K¢ — K@ induced by 7, + g is a K-isomorphism. In particular,
D(1) = Y4ecT(g)g forall T € KC.

(4) Let KG be the group algebra with the multiplication

(D_ agg)(D_ Brh) =3 > g1z

geG heG zeG geG

For 7,0 € K©, the multiplication 7o is defined by

T0: G = K:y— Y 1(9)a(g'y).
geG

Then K¢ is an associate K-algebra, and &: K¢ — KG : 7 — Y ,e¢7(g)g is an
algebra isomorphism. In particular, 7,7, = 7y, for all g, h € G.

1.2.5 Lemma. Let V be a finite abelian group and V := Hom(V, C*). Then
Ir(V) =V c
is a linearly independent subset of the C-vector space CV.
1.2.6 Remark. Let V be abelian and finite, then
dime CV = [V] "2 |V| = dim¢ CV "2 dime €V

Thus CV = CV (as C-vector spaces).

11
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1.2.7 Lemma. Let f: G — V be a map, then
[5:C" =5 CY% 9= () = of

defines a C-linear map, and the following diagram is commutative:

v—L.c

fT Aw

G

The map f is surjective (Dijective, injective) if and only if f* is injective (bijective,
surjective). If f is surjective, {{f | x € V'} is a C-basis of im f* = f*(C").

1.2.8 Corollary. Let f: G — V be a surjective map, and U < G such that f|y is
bijective. Then

fli: € = C% ¢ = fl(d) = oflv = [ ()lu

defines a C-isomorphism, and the following diagram is commutative:

v—2.C

f'UT /;;(@f*(m

U
In particular, {Xf|v | X € V} is a C-basis of CV.

1.2.9 Definition (1-cocycle). Let V' be an abelian group. Suppose G acts on V,
(A,g) — Aog (A € V,g € G), as automorphisms. Then a map f: G — V is called a
(right) 1-cocycle of G in V, if it satisfies

flzg) = f(x)og+ f(g) forall x,g € G. (1.2.10)

Suppose that f: G — V is a surjective 1-cocycle and U is a subgroup of G such
that f|y is bijective (i.e. f|y is a bijective 1-cocyle of U in V). Then CY, CV, CY,
CU and im f* are pairwise C-isomorphic:

C{xXflv | X €V} =imfl = CV ——CU
flg feu
C{x|xeV}=CV= cvV—2-cv
-
C{xflxeV}= im f*

12
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where V: ¥ = Ypev X(B)B, @: X flv = Yuev Xf(Wu, f*: X = Xf, fli: X = Xflo,
and fcy : u+— f(u) is the extension of f|; to CU by linearity. Let x := xf,

X]:==>_x(B)B and [{flu] = [x|v] =D x(u)u,

BeV ueU
then
CV=C{{]|xeV} and CU=C{xflv]|xeV}

1.2.11 Lemma. Let K be a field, V, W K-vector spaces (or abelian groups), G a group
and p: V. — W a K-isomorphism (or group isomorphism). Suppose that V' is a KG-
module (V,.) k¢ and that the elements of G act on V as K-automorphisms (or as group
automorphisms). Define a new operation by

—x— WX G—=W:(0,9)—wxg:=ple (w).g)

and for 3" ,e ayg € KG extend the operation by linearity

w*<2a99>:Zag(w*g) forall w e W.

geG geG

Then W is a KG-module (W, %) k¢, the elements of G act on W as K-automorphisms
(or as group automorphisms) and o is a K G-module isomorphism.

1.2.12 Definition/Lemma. Let K be an arbitrary field and G be a finite group. Define
an operation by

—x—: KSx G = KY: (p,g)— ¢xg,

where (¢ * g)(z) = @(xg™!) for all z € G. Then K¢ becomes a right KG-module
(KY %) kg & KGgq, where KG i is the right regular module.

Proof. By 1.2.4 and 1.2.11, it is enough to define a module operation — x —of KG
on K¢. For 7, € K% and h € G, we set 7, x h := &~*(®(7,)h) = 7,,. Then

(1% h)(2) = T () = Sz = Ogan—1 = To(xzh™") forallz € G.
Thus (¢ * g)(z) = p(xg™!) forall p € K¢ and x € G. O

1.2.13 Definition/Lemma. Let V' be an abelian group on which G acts from the right
as automorphisms. Then the group action of G on V induces a group action —.— of G
on V given by

—— VXG5V :(X,9) — X9,
where (X.g)(A) = x(Aog™!) forall Ae V.

13
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1.2.14 Lemma. Let f: G — V be a surjective 1-cocycle. Then for x € V and g € G,
(Xf)xg=&N™) g f =x(g™") - (x9)f €im [,

where x = xf and — - — is the scalar multiplication. By extending the operation — * —
linearly, im f* becomes a monomial module (im f*, *)cg.

Proof. Let x € V and g € G, then for z € G,

(X)) * ) (@) =(xf)xg™") "2 W(f@)og™ + flg™) = (x)g™")  x(f(z)og™")
FERRAOY - (9)(f@) = O - (x-9) @) = x(g7) - (R-9)f-

Thus (X f) *g = (Xf)(g7") - (x-9)/- O

1.2.15 Theorem. (Monomial CG-modules) [Jedlitschky, [Jed13]] Let f: G — V be a
surjective 1-cocycle, and U < G such that f|y is bijective. Then the C-vector spaces CV,
CY, CV and CU can be made into monomial CG-modules by extending the following
operations linearly: forall Y € V and g € G

Xxg=x(flg ™)) 29  Rfw)xg:=x(flg™)  R9flv,
[Kl*g:=x(flg™")-[X9l], [}flo]* g :=x (flg™") - [(x-9)flv],
and the CG-modules (CV, ¥)cg, (CV, *)ca, (CY, *)cq and (CU, *)cq are isomorphic to
(im f*, *)cq

(CY, %)cq —2—~ (CU, %)cq

f}}T lfcu

(CV, %)eg —2— (CV, %)ca

f*l
(im f*, *)ca

1.2.16 Corollary (Monomial CU-module). The vector spaces CU, CV, CY, CV, and
im f* can be made into monomial isomorphic CG-modules by extending the restriction
of the operations — x — linearly. In particular, the operation — x — of U on CU is the
usual right operation of U on CU, i.e. forall y € V and z € U

- xfwu) xz=x (f) - (O (Ra)f(wu) =Y Xf(w)

uelU uelU uelU
so (CU, *)cy = CUgy.

1.2.17 Theorem (2.8, [DG16]). Let f: G — V be a surjective 1-cocycle with kernel
ker f. Then ker f < G and (CV, *)cq = (CV, %)cg = Indeerf(Ckerf, where Cy,  is the
trivial ker f-module.

14
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1.2.18 Remark. im f* = C{(Sherer s ) * [X|] | X € V} C CY (see A.1).

If we want to apply the monomial CG (or CU)-modules, we should solve the two
problems: ‘describe the set V' of linear characters of V” and ‘describe the action of GG
on V such that it is easy to calculate’.

1.2.19 Assumption. For the remainder of this subsection, let G be a finite group and
V' a finite dimensional vector space over some finite field IF,. Suppose that G acts on V
as F,-automorphisms from the right: V. x G — V : (A,g) — Aog.

1.2.20 Definition ([Jed13], 2.1.19). Let V' be an F,-vector space on which G acts
as F,-automorphism, f: G — V a surjective 1-cocycle and x: V x V — F, a non-

degenerate bilinear form on V. Then (f, k) is called a monomial linearisation for
G.

Let B = {vy,...,vy,} be an F -basis of V, then

1, ifi=j

KZVXV—)IFqi(UZ’,Uj)'—)(;Z‘j:{O ifi £

is a non-degenerate symmetric bilinear form.

1.2.21 Lemma (c.f. §2.1 of [Jed13]/ XIII §5 of [Lan95]). There exists an unique
linear action —.— of Gon V:

——VxG—->V:(Ag) —Ag
where k(A.g,B) = k(A,Bog™) forall Be V.

1.2.22 Notation. Let ¥: F; — C* denote a fixed nontrivial linear character of the
additive group F} of F, once and for all. In particular, Y ery J(x) =0.

1.2.23 Lemma. Let V be a finite dimensional vector space over some finite field F, and
let x denote a non-degenerate bilinear form. Then

V:{XA|A€V}7

where xa:V — C* : X — ﬁ(m(A,X)), and for A € V the following diagram is
commutative:

In particular x4 = xXp <= A= B, and (Xa).9 = X(ag forall Ac V and g € G.

15
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Set x4 := xaf forall A € V, i.e. the following diagram is commutative:

H(A,—))F+

fT \\X;‘ 2
\
¢ C
Let ¢ := a + bi € C (i the imaginary unit), then ¢ := a — bi denotes the complex

conjugate of c. Let A € Vand g € G, then xa(1) =1, xa4(9) = xa(g™") = x(—a)(¢7")
and

XA*9=Xag(9)XAg: XA * G :=Xag(9)XAg, (xalv) * g :=xa4(9)xag4lv,
[Xa) * 9 :=xa4(9)[Xag], [xalv] * 9 :=xa4(9)[xa4lU]-

In general, XA( 1) # xa(g). Let

1
Xa(wu e CU, and [Aly:=—
o1 3 Vi
then {[A]y | A € V} is the set of the pairwise orthogonal central primitive idempo-
tent elements of CV/, and is a C-basis of CV. Thus {[A] | A € V'} is a C-basis of CU.
We have

XA< )B c CV

CY =C{xalv | A€V}, CU=C{{A]|AeV},
CV =CV =C{xa| A€V}, CV =C{[A]y | Ae V}.

1.2.24 Corollary ([Jed13]). Suppose that G has a monomial linearisation (f, k) and
that there exists a subgroup U < G, such that the map f|y: U — V is bijective. Then
CU is a monomial CG-module with the module operation

[A] * g = xa,4(9)[A.g] forallge G,AeV, (1.2.25)
The restriction of the x-operation to U on CU is given by the usual right multiplication
of U on CU, i.e.

[A] xu = [A]u = |U|ZXA Jyu  forallue U/ AeV.
yeU

Proof. Forallge G, A€V,

[A] * <’U‘y§]m > <‘U‘?§]XA )g

yGU yEU

:XAg 9 \U! ZXAgf Yy

yelU

=Xa4(9)[A.g].

16
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]

We mainly consider the right module (CU, *)cy = CUgy. Let A € V, we define
the U-orbit module associated to A by

COy([A4]) =C{[AJu |ue U} =C{[Au] |u e U}.
Then COy ([A]) has a C-basis given by
{[Au] |ue Uy ={[C]| C € Ou(A)},

where Oy (A) := {A.g € V| g € U} is the orbit of A under the operation —.— de-
fined in 2.2.27. By just substituting every U with G, we define the CG-orbit module
COq¢([4]), which has a C-basis {[C] | C € Og(A)}.

The stabilizer Staby(A) of A in U is defined to be

Staby(A) ={ue U | Au= A},

then dimcCOy([A]) = |Ov(A)| = wmioy- Let A, B € V, then COy([A]) and
COy([B]) are identical (if A.u = B for some v € U) or their intersection is {0}.
Set

StabU(A, B) = StabU(A) N StabU(B).

Two CU-modules having no nontrivial CU-homomorphism between them are called
orthogonal.
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2. Supercharacter theories for
[
3Diy <q3>

In this chapter, we determine a Chevalley basis of £p, (2.1.1), and a matrix Sylow
p-subgroup *D3¥ (¢*) (2.1.12) for the Steinberg triality group D, (¢%).

After that, we construct, for technical reasons, a larger group Gs(¢*) (2.1.16),
determine a monomial linearisation (f, x,|vxv) for Gs (¢*) (2.2.32) and get a mono-

mial linearisation (f|; el g3y kiglvxv) for 3D (¢*) (2.2.33). We obtain a monomial
Gs (¢*)-module C(*D3” (¢*)) (2.2.34). Then we give a classification of D3 (¢%)-
orbit modules (Table 2.1). Every 3 D3¥" (¢®)-orbit module is isomorphic to some hook-
separated staircase module (2.2.79). Some irreducible modules are determined, and
any two orbit modules from different families are orthogonal (2.2.83).

Finally, we determine the supercharacter theory for 3D (¢%) (2.3.21) and es-
tablish the supercharacter table of 3D:" (¢%) in Table 2.5. Then we determine the
conjugacy classes (2.3.51), construct the complex irreducible characters (2.3.45),
calculate the character table of 3Diyl (¢*) (2.3.52), and obtain the relations between
the supercharacters and the irreducible characters (2.3.53).

2.1. Sylow p-subgroup 3D;" (¢°) of the Steinberg
triality group

Let p # 2. In this section, we set the suitable structure constants of Lp,(A.5.6),
fix a Chevalley basis of £p, (2.1.1), and determine the Sylow p-subgroup D5 (¢3)
(2.1.12) of upper unitriangular 8 x 8-matrices for *D, (¢*). We determine a bigger
group Gs (¢%) (see 2.1.16).

2.1.1. Sylow p-subgroup D" (¢*) of the Steinberg triality group

In this subsection, we establish the matrix Sylow p-subgroup D;¥'(q) of the Chevalley
group Dy(q) (2.1.4). and determine a Sylow p-subgroup 3D3¥ (¢3) of the Steinberg
triality group 3Dy (¢*) (2.1.12). The background and notations of complex Lie alge-
bra can be found in Appendix A.2, more details on root system, Chevalley basis and
Lie algebra of type D, can be found in Appendix A.3, for the construction of a Sylow
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p-subgroup of a Chevalley group D,(q) details can be found in Appendix A.4. The
general construction of the Steinberg triality group ®D, (¢*) can be found in [Car72],
[Gec90] and [Gec91].

Let J& =% | €9 € GLg(C). By A.3, the set

{A S Matgxg((C) ‘ ATJ; + J;A = O}

forms a simple Lie algebra of type Dy. For 1 < i < 4, let h; 1= e;; — €9_;9-i €
Matsgxs(C), then a Cartan subalgebra of £p, is

4
,)L[D4 :{Z Alhl ’ )\1 € (C}
=1

Let H}), be the dual space of Hp,, and h := S Nhi. For1 <i <4, letg; € Hp, be
defined by ¢;(h) = A; foralli = 1,2,3,4. Let V, := Vp, be a R-vector subspace of H},,
spanned by {h; | i = 1,2,3,4}, then V, becomes a Euclidean space (see Appendix
A.3). The set
(I)D4I{:|:€i:|:8j | 1§’l<]§4}
is a root system of type D,. The fundamental system of roots of the root system ¢,
is
Ap, = {e1 — &, g2 — €3, €3 — &4, €3+ &4}

The positive system of roots of ®p, is
@%4 = {Eiifj | 1 §Z<] §4}

We choose the following Chevalley basis of £p, to keep the description of the
Steinberg triality group as simple as possible (see Appendix A.5).

2.1.1 Lemma (Chevalley basis of Lp,). The Lie algebra Lp, has a Chevalley basis
{h, | r e Ap,} U{es, | 7 € D, } as follows:

r € o, h er €—r

TL = E&1 — €9 (61,1 - 68,8) - (62,2 - 67,7) €12 — €73 €2,1 — €87
Tg != €9 — €3 (62,2 - 67,7) - (63,3 - 66,6) €23 — €67 €32 — €76
T3 i=E3 — €4 (€33 — €66) — (€404 —€55) | €34 — €56 €43~ 65
ryi=¢e3+ ¢y (e33 — €6,6) + (€40 — €55) | €35 — €ap €53 ~ €64
rs =171+ T —(ers —eos) | —(esn — esp)
T6 1= T9 + 73 €24 — €57 €42 — €75
rri=To 4Ty €25 — €47 €52 — €74
rgi=T1+ 1y 1y €147 68 | 4175
ro =11+ T2+ 1y €15 — €48 €51 ~ €84
T :=T2 + 73+ 7Ty €26 — €37 €62 — €73
r1:=7r1+ro+1r3+1y €16 — €38 6,1 — €83
rig =11+ 2r9 + 13+ 174 €17 — €28 €71 — 8,2
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2.1. Sylow p-subgroup *D:"' (¢*) of the Steinberg triality group

Define the matrix group
Dy(q) :=(exp(te,)|r € ®p,, t € F,).
The Chevalley group of type L, over the field F, is denoted by
Dy(q) :=(exp(tade,)|r e ®p,, t €F,).

By the adaption of [Car72, Theorem 11.3.2], D4(q) is a commutator subgroup, de-
noted by Qs(q, fp), of the (positive) orthogonal group Os(q, fp), where fp is the
quadratic form x5+ 2027+ 2377 +2475. By [Car72, §11.31, D4(q) = Du(q)/Z(D4(q)),
and D,(q) is isomorphic to the projective group

PQs(q, fp) = Qs(q, fp)/Z(0s(q, fp)) N Qs(q; fp)-
We set

Di"(q) := ( exp(te,) |r € ®f,,, t € F,).

Since D" (q) N Z(0s(q, fp)) = {Is}, D (q) is a Sylow p-subgroup of the Chevalley
group D,(q) (see A.4). Compare the orders of Og(q, fp) and PQs(q, fp) (see [Gro02,
Chapter 91), D" (¢) is also a Sylow p-subgroup of Os(q, fp).

We set xT(t) = exp(te,) = Is +t-e, forall r € ®p, and t € F,, and the root
subgroups X, := {z.(t) |t € F,} forallr € ¢p,.

Before we obtaln a good expression for the elements of D" (¢), we need the fol-
lowing property.

2.1.2 Proposition. D;¥'(q) = {HTE‘PE z.(t,) |t € IE‘q}, where the product can be
4

taken in an arbitrary, but fixed, order.
Proof. c.f. A.4.4. O

2.1.3 Notation. Define the following sets of matrix entry coordinates

O :={@4) |1 <4,j <8},
N :={(,) |1 <i<j<8},
={(,j)ed|i<j<9—i}.

M. Jedlitschky determines Dsyl( ) with the construction (see [Jed13, 1.1.4])
Dsyl( ) = Ag(q) N Os(q, fp)-

We describe D3 (q) as a projective group PS%(q, fp). Now we give the explicit
expression of D3¥'(q), which shows that every element u of D3¥(¢) is uniquely deter-
mined by the entries {u; ; | (4,5) € V} (c.f. [Jed13, 1.1.19]).
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2. Supercharacter theories for * D" (¢?)

2.1.4 Proposition (Sylow p-subgroup D:*(¢)). A matrix Sylow p-subgroup of the
Chevalley group D,(q) is given as follows:

Di"(q)

_ { Ty (Lry )Ty (L) T (Ui )Tz (g )T (g ) Ty (E1,)

t,, €lF,, 1= 1,2,...,12}
Lo (tr12)$r11(tr11)mr9 (trg)xrs (trs)L”s (trs)mn (tr) ‘ 7

1 tT‘l _tT5 tT‘S trg tTll thz ‘ _tﬁ tT’12 + trstfu - t?"stT’g
britrotry + trylrgte,
1 th tT6 tT7 tTlO _tr2t7“10 - trstw _tTQtTu + trstrlo - trstrg
_tr7t1“8 - tru
_trl t7'2t7‘3t7“4 + tTl tTStT7
Crolpalyy — Tpal Ft byl — Cral e
1 tr tr —tr tr r2¥r3®rgq r3vrr T1¥Tr4%Te6 r3¥r4¥rs
’ ! o _t7"4t7"6 - t?“m +tr1t1“10 - tr:stfg
:{ _tmtrs - tru
_trl trgtm + tT'l tT7
1 0 tm tmtm tr? _tmtrs — trg
_th trzthz + trl tTG
1 try brgtrs — trg e
1 _tTQ t’l’l t’l’z + t?“5
1 —t,
1

|t €Fy i=1,2,...,12}.
Proof. By §A.4, Di¥'(q) is a Sylow p-subgroup of D,(¢). By 2.1.2 and calculation, we
get the matrix form as claimed. O
Now we determine the Sylow p-subgroup *D3¥' (¢®) of the Steinberg triality group.
Let p be a linear transformation of V, into itself arising from a non-trivial symmetry

of the Dynkin diagram of £p, sending r to r3, r3 to r4, r4 to r1, and fixing ro,

3

(1 1%

N

P T4
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2.1. Sylow p-subgroup *D:"' (¢*) of the Steinberg triality group

then p® = idy, and
P P P P P P P P P
T =>7T3+—=>7Ty, Totr>T9, T5r—=>Tgt>T7, T8> T19>T9, T11 > T11, T12 > T12.

Thus p(®p,) = ®p, (see [Car72, Proposition 12.2.2]).
Let an automorphism of the Lie algebra £, be determined by

h, — hp(r), €r = €p(r);  C€—r F7 €_p(r); (7‘ € AD4)

and for every r € ®p, satisfying e, — 7,e,,). We choose the suitable structure
constants such that v, = 1 for all » € &, (A.5). If we choose different structure
constants, some -, may be —1, but the following construction also determine a Sylow
p-subgroup of Steinberg triality group, with the different signs of some ¢; of the
matrix expression of 2.1.12.

The Chevalley group D, (¢*) has a field automorphism F, sending z,(t) to z,(t9)
which arises from the automorphism of Fs:

Fps — Fgs it 19,
and a graph automorphism p sending z,.(t) to x,,)(t) (r € ®p,) (cf. [Car72,
12.2.3]). Let F' := pF, = F,p. For a subgroup X of D, (¢*), we set X := {z €

X|F(z) = z}. Then Dy (¢*)" = 3Dy (¢*).
Letr € @}, and ¢ € F s, we write

[ x(t) if p(r) =r, t7=t
o) = { T (t) - Ty (1) - @ (1) i p(r) # 7, 17 =t

Then a Sylow p-subgroup of 2D, (¢?) is determined

{ t1,ts, ts € Fs, }

syl
‘DY (¢%) : = {%;(tz)xr} (t1) @ (ts) 2 (ts) 1 (1) 2, (t2) ta,tr1,t1s € F,

2.1.5 Reminder ([Car72], 9.4.10 and 14.3.2).

P =" =1 - 1)(¢" - 1),

(* = 1(¢° = 1)(¢® +¢" +1).

|D4(Q)’

1
|3D4 <q3> ’ :q12

2.1.6 Corollary. D" (¢*)] = ¢'2.

23



2. Supercharacter theories for * D" (¢?)

2.1.7 Definition/Lemma (in D3 (¢*)). Let t € s, set

x (t> = Tyl (t) = Tyl (tq) = Tyl (tqQ)
Lei—eg (t) " Tez—ey (tq " Tegtey (tqz)
1t
1
1 4 ¢ _pa°+a
B 1 .
B 1 -
1
1 —t
1
x2(t> = Tyl (t) = Teg—es (t>
1
1 ¢
1
_ 1
1 —t
1
1
x3(t> = Tyl (t) = Tyl (tq) = Tyl (tq2)
= Ley—e3 (t) *Teg—ey (tq Leytey (tqQ)
1 —t
1 17 44 40+
1
1 — e’
1 t
1
1
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2.1. Sylow p-subgroup *D:"' (¢*) of the Steinberg triality group

2

1}4(t> C= xré (t> - xrio (tq) = xré (tq )

= Tey—eq (t) * Legtes (tq) * Leyteq (tq )

1 t 1 — gt
1 tq .
1 —t1
1 - 47
- 1 | tE e
1
1
1
r5(1) = 2, (0) = 22y, (1)
1 t
1
1 —t
1 .
- X  teT,
1
1
1
xﬁ(t) C= Tyl (t> = Teytey (t)
1 t -
1 —t
1
1 .
— X  teF,.
1
1
1

The root subgroups of D, (¢*) are determined:

X, ={z(t) | t € B},
Xy i—{as(t) | ¢ € ),
Xy ={xy(t) |t € Fps},
Xy i ={zo(t) [ t1 =t,t € Fs} = {2a(t) | t € F,},
X :={ws(t) |t =t,t € Fo} = {ws(t) | t € Fy},
Xo ={wo(t) | 11 = 1,6 € Fa} = {a(t) | t € F,}.
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2. Supercharacter theories for * D" (¢?)

2.1.8 Corollary. [*D3¥' ()| = ¢'2 | D () | = ¢%, |As (¢®) | = ¢** and

DY (¢%) < D (¢*) < As (7).

2.1.9 Definition. A subgroup P < 3D (¢?) is a pattern subgroup, if it is generated
by some root subgroups, i.e. P = (X;|i€ 1 C{1,2,...,6}) <3D (¢*).

We get the commutators of 3 D3 (¢3) by calculation.

2.1.10 Lemma. Let t1,t3,t4 € Fs, 1o, t5,t6 € Fy and define the commutator

[i(ti), (t)] = ai(ts) () (b)) (t).

Then the non-trivial commutators of > D3¥' (¢*) can be determined as follows:
2 2
2(ta)] =g(—toty)wa(tat T ) s (—tat? T )z (20247 T0T1),
2 2
[22(t2), 21 (t1)] :953(t2t1)x4(—t2t‘f+1)x5(t2tf{ +q+1)x6(t§t‘{ +q+1>7
Ti(tr), wa(ts)] =wa(trt] + tts)ws (—417't] — tf "5 — 1 e
cag(—ttd -t T — g,
2 2
[21(t1), xa(ts)] =25(t1t5 + t1td + 11 ty),
[23(t3), va(ts)] =we(tst] + tgt?f + t§2t4),
5(ts)] =xs(tats).

—
8
=
—~
~+
—
~—
X

s
[\
—~

S~
N
N—

8

2.1.11 Notation. Set

(ty, ta, s, ta, s, t6) i= Ta(ta) 21 (t1) 5 (ts)zata)zs(ts)z6(ts) € 2D ().

2.1.12 Proposition (Sylow p-subgroup D5 (¢)). A matrix Sylow p-subgroup of the
Steinberg triality group 3Dy (¢*) is 3D (¢3) with

SDiyl (qd) = {m(t17t27t3>t47t5at6) ’t17t37t4 € ]Fq3’ t2’t5’t6 < ]Fq} ’
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2.1. Sylow p-subgroup *D:"' (¢*) of the Steinberg triality group

where

x(ty, ty, t3, 14, 15, t6)

2 2 2
Voo | 0th ] 0 tt] —ttg t | —htft] — it
oAt | 48l +i5 +isth + to —titg + tats — ]
—ttot] 2y .
. e i g2 3q —t] Ttatg — titat]
| +td —totd e g 5
_42+a —tats —t3la— e
3
— 2 2 2
1 1a°+a —ti13 —t] "ty — it
U q2 q q (12
_tl t3 — t4 _tl t4 - t5
1 0 40 —t7 — 1Tty — 1]
1 —t] —t§ —tits—t
1 —t2 t1t2 + t3
1 —1;
1

Proof. By 2.1.6, 3D3¥ (¢*) is a Sylow p-subgroup of 3D, (¢*). By calculation, we
obtain the matrix expression as claimed by 2.1.7. ]

Let J :={(1,2),(1,3),(1,4),(1,5),(1,6),(1,7),(2,3)} C V. We compare the Sylow
p-subgroups A,(q), Di'(q) and * D3 (¢*).

2.1.13 Comparison (Sylow p-subgroups). (1) There exists an order of
II ity
(i.5)eN
such that for every matrix u = (u; ;) € A,(q), we have uy; =ty for all (k,1) € \.

(2) There exists an order of [] A z; j(t; ;), such that for every matrix u = (u; ;) €
D2¥Y(q), we have uy; = ty,, for all (k1) € ¥V (see 2.1.4).

(3) For 3D (¢3), the property does not hold. In 2.1.12, for instance, we have matrix
entries t1, to and up to sign also t3 with postitions in .J, but t4, t5 and t¢ appear
in J only in polynomials involving the other parameters.
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2. Supercharacter theories for * D" (¢?)

2.1.2. The group G5 (¢?)

In this subsection, we construct a group Gs (¢°) such that 3D (¢*) < Gs(¢*) <
Ag (¢®). Then we determine a monomial Gg (¢*)-module to imitate the D,, case in
Section 2.2. In Subsection 2.3.1, we use the group Gs(¢?) to calculate the super-
classes of 3D5¥" (¢3).

2.1.14 Notation. For t € F s, set
4;(t) =1+ te;; € As (¢°) for all(i, ) € N,
(1) =1+ te;; — tes; = B4 (D)Fg_jo—i(—t) € DI (¢*)  forall (i,5) € V.
The following is a well known property.
2.1.15 Proposition. Let (i,j) € N, then

As®) = { T ()

(1,5)eN

iy € F, ),

where the product can be taken in an arbitrary, but fixed, order. In particular,
H ii,j(ti,j) = H fi’j(si’j) < ti,j = S;;j fOT' all (I,]) - w
(4,5)€N (4,5)€N

2.1.16 Definition/Lemma (A bigger group G (¢%)). Set

3 . _ . 3 Ui, 5 EFQ If(Z,j) S {(273)7(677>}
G (@) = qu =g €A(C) | ) 0 s T i (i) € {(2,4), (3,4)
Uj—1,5 = ug,j € IE‘(13 lf (Zvj) € {(57 6)7 (5a 7)}

1w | wig | uig | uis | ue | w17 | Uis

1| uog | uoa | U5y | ugs | Usr | Uss

1 U3 | U3y | Usg

_ 1 0 | udg | uls | ugs

B 1| use | us7 | usg

1 Ugs

1 urs

1
[ Fe G E(@3.67) |
J Fys, otherwise

Then Gy (¢®) is a subgroup of Ag (¢®) of order ¢%.
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2.1. Sylow p-subgroup *D:"' (¢*) of the Steinberg triality group
Proof. By direct calculation. O

2.1.17 Notation. Write J := N\{(2,5), (3,5), (4,5), (4,6), (4,7)}. For (i,j) € J and
t € Fys, set

fiij (t)j:z(j-i-l) (tq)u (Z7]> S {(27 4)7 (37 4)}
xz]@) = jEij(t)j(i—l)j(tq)v (27]) S {(576)7 (57 7)} :
Zi;(t), otherwise

2.1.18 Definition. For (i, j) € .J, define the subgroups of Gs (¢°) as follows:

X. e { {ajl](t) ‘ te Fq}? (2’]) € {<2’3)7 (67 7)} ]

W {ay(t) [t €Fp},  otherwise

2.1.19 Proposition.

Fys, otherwise

Gs (¢°) { IT ai(tsy)

(i,5)ed

we (B G 6) }

where the product can be taken in an arbitrary, but fixed, order.
Proof. Let S denote the right side, then S C G (¢*) since @;;(t;;) € Gs (¢*).

Fix an order of the product. Suppose []; ;cjij(tij) = [T e Tij(si7), then t; ; =
s;; for all (i,7) € J by Proposition 2.1.15 and |S| = ¢%. Then S = Gy (¢®) since
Gs (%) | = ¢*. O

2.1.20 Reminder.

syl
Dy’ (q3) ={za(ta) w1 (t1)w3(ts3)wa(ts)s(ts)e(te) | L1, 13, ts € Fys, ta, 15,16 € Fy}

)
(
=~ (44
szS(tS ) t1,t3,t4 € Fs, ta,t5,16 € Iy
)
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2. Supercharacter theories for * D" (¢?)

2.1.21 Corollary.

To3(ta3) - Ter(ter)
Z12(th2) - Trs(trs) - Taa(tsa)Tas(t4y)
Ts6(ts6)Tas(tle) - Ta6(tse)
7 . 7 . 7 7 q
o (o) {313(t13)~$68(t68'>~56’24@24)5525@24) ) Fo.  (4,5) €{(2,3),(6,7)}
s (¢%) =1 -sr(tsr)Tar(t;) - Tar(tor) tij €\ herwi
- - - . s, Otherwise
T14(t14) Ts(tss) - Ta6(tas)Ta7(ts7)
-Z15(t15)Tas(tas) - T1s(t1s)
-Z16(t16) - T3s(tss)
T17(ti7) - Tos(tos)
tiotd t
Frtostd, 12024158
q +t12t24tsg
t12to4 t12td Hhiztalsy +t14t4a8
1] ti2 | ti3 20| tigtas + tig +tiator
—|—t14 +t15 +t13t38
+t13t37 Lot
o 12828
+t1g
tastdatseles
g +ostsatistes
baatsr +la3tsetes
tostistse +t34ts7 q
tost tostd +tostayt? togtast? Falss
1|t 23134 23134 23134156 +1to3t34t57 Htoutas
+io4 +t34 +lostss | +tastistsy q
+t23t34t58
+to6 +ta3tlar oot
Sty +123t34%48
+t23t38
t4ts6l6s
Ftagtict
t34ts6 t3atds itZZt:
1 134 ty +tgatis +t34ts7 q
s a7 BETES
+i34ts8
+itsg
1 0 t56 tar tistes + tag
1 t56 ts7 lsetes + 58
1 ter tert7s + tes
1
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Fs, otherwise




2.1. Sylow p-subgroup *D:"' (¢*) of the Steinberg triality group

2.1.22 Corollary. [*D5¥' ()| = ¢'2 |Gs (¢®) | = ¢%, |45 (¢*) | = ¢ and

3Diyl (Q3> < Gy (q3) < Ag (qg) :
2.1.23 Comparison (Bigger groups). (1) The bigger group of A, (q) is A,(q) itself.
(2) The bigger group of D:¥'(q) is As,(q) (see [Jed13, 3.1.2]).
(3) Gs(g?) is one bigger group of D3 (¢3) (see 2.1.16).
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2. Supercharacter theories for * D" (¢?)

2.2. Monomial ?D}" (¢4*)-module

Letp#2,n=4,N=8U:=3D{(¢*) and G := Gs (¢*).

In this section, we determine a monomial linearisation (f,r,|vxv) for Gs(¢?)
(2.2.32), for which f|; is bijective (2.2.31). We obtain a monomial Gg (¢*)-module
CU (2.2.34). Then we classify the U-orbit modules (Table 2.1) and the Gy (¢?)-
orbit modules (2.2.57). We prove that every U-orbit module is isomorphic to some
hook-separated staircase module (2.2.79). Finally, some irreducible modules are de-
termined, and show any two orbit modules from different families are orthogonal
(2.2.83).

2.2.1. Monomial ?D;"' (¢*)-module

Let G = Gs(¢%), U := 3Di¥ (¢*) and Vj := Matgys (¢°). In this subsection, we
construct an F -subspace V' of 1 (2.2.15), a projection 7: V; — V (2.2.16 and
2.2.19) and a non-degenerate bilinear form «,|yv«y (2.2.18). Then we determine
an F,-linear group action — o — (2.2.25) and a surjective 1-cocycle f of G in V
(2.2.32). Thus the monomial linearisation (f, x,|vxv) for G (2.2.32) is established.
Since f|y is a bijective 1-cocycle (2.2.31), (f|v, k4|vxv) is @ monomial linearisation
for U (2.2.33). Then we make CU into a monomial G-module (2.2.34).

It is essential to choose a suitable vector space V for the 1-cocycle and a suitable
non-degenerate bilinear form «, on V4.

2.2.1 Notation/Lemma. Set 1, := Matsys (¢°), then Vj is an F s-vector space and
also an F-vector space.

2.2.2 Notation/Lemma. The map
ki Vox Vo —Fp: (A B)— tr(A"B)
is a symmetric IF s-bilinear form on Vi which is called the trace form.
We know J = {(1,2), (1,3), (1,4), (1,5), (1,6), (1,7),(2,3)} .
2.2.3 Notation/Lemma. Set
V= @ Fseij

(i,9)€J

: ‘ A12 A13 A14 ‘ Ars ‘ A ‘ Az ‘ :

: Ags ’

— . . eV Ai,j S ]FqS

Then V; is an Fs-subspace and also an IF,-subspace of Vy with dimg, V; = 21. In
particular, Vg =V
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2.2. Monomial * D" (¢*)-module

2.2.4Lemma. (a) Let A= (4;;) € Vyand (i,j) € [J, then k(A,e; ;) = A ;.
(b) Let A, B,C €V, then k(BT A,C) = (A, BC) = k(ACT, B).
Proof. (a) Let A € Vj, then

al SR =y,
k(A e ;) =tr(A e” Z e” ZZ kle”lk T=TU A = Ay

k=1 k=11=1
(b) Let A, B,C € Vj, then

k(BTA,C) =tr((A"B)C) = tr(AT(BC)) = k(A, BO),
k(ACT, B) =tr(CA"B) = tr(AT BC) = k(A, BO).

2.2.5 Corollary. Let A, B € V;, then (A, B) = > ig)er] A; ;B ;.

2.2.6 Lemma. Let Vj denote the orthogonal complement of V; in V, with respect to
the trace form &, i.e.

Vii={BeVy|k(A,B)=0,VAcV;}

Then Vi = and Vo = V; & Vit

D\J

Proof. Let A, B € V;, then k(A, B) = > jyen AiiBij by 2.2.5, 50 Vg, ; C Vit. On

the other hand, let B € Vj* and (i,j) € J, then 0 = (B, e;;) = By and B € V]

O\NJ*
Thus Vi = V- Since Vy NV, ={0L o = Vi@ Vg, =V, & VJ . O

2.2.7 Corollary. x|y, xv,: V; x V; — Fs is a non-degenerate bilinear form. In partic-
ular; k is a non-degenerate symmetric bilinear form.

Proof. Let A € V; such that k(A, B) = 0 for all B € Vj, then A € V;-. Then A = 0
since V; N Vi = {0}. We know that « is bilinear, thus x|y, v, is bilinear. O

2.2.8 Notation/Lemma. Let

T Vo=VieVi Vit A > A e

(i,5)eJ
Then 7; is a projection of Vj to the first component V.
2.2.9 Lemma. Suppose A, B € Vj, such that supp(A) Nsupp(B) C J. Then

k(A,B) = k(m;(A),B) = k(A,m;(B))
=r(m(A), 75(B)) = Elv,xv, (7s(A), 7,(B)).
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2. Supercharacter theories for * D" (¢?)

Proof. We know

I{(A, B) _ Z A,L"sz"j supp(A)ﬂilpp(B)gJ Z AL]‘BZ‘,]‘ _ K(WJ(A),WJ(B)).
(4,9)edd (i,5)€J

Thus the result is proved. O
2.2.10 Lemma. Let
Go: Fys — Byttt 41917
then ¢ is an F -epimorphism and |kergy| = ¢*.
Proof. (1) Lett,s € F,;s and k € Fy, then
do(t+8) =(t+ )+ (t+9)T+({Et+5)T =+t +17) + (s + 57+ s7)

=po(t) + do(s),
do(kt) =(kt) + (kt)? + (k)T = k(t + 19 +17) = keo(t).

Thus ¢ is an F,-homomorphism.

(2) Observe that ker ¢y = {t € Fs | t+t9+t%° = 0}, and that the degree of ¢49-+t4"
is ¢?, so | ker ¢y| < ¢*. On the other hand, im¢y C F, = |im¢y| < ¢q. We

have
F. s /k o _ ‘Fq3| 2
2/ker ¢p =2 im ¢y = | ker ¢g| = >q
lim ¢
Thus, |kergy| = ¢* and im ¢ = F,.
Therefore, ¢ is an IF,-epimorphism. O

2.2.11 Proposition. There exists an element 1 € F;s\F, (i.e. n € Fys but n ¢ F,) such
that

N’ =1,

Proof. By Lemma 2.2.10, #{t € Fs | ¢ +17+¢ = 1} = ¢%. But |F,| = g, so there are
at least ¢* — ¢ (> 1) elements of s which satisfy the equation t + 1941 = 1. Then
the claim is proved. O

From now on in this chapter, we fix an element n € F s\, such that n? +ni+n = 1.

2.2.12 Corollary. 1+ n'=4* = 0.
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2.2. Monomial * D" (¢*)-module

Proof. Suppose that 1+ 1'~7" = 0. Multiply 57" (# 0) to both sides of the formula,
then

=02 =1 —= p=1€F,
This is a contradiction since n € F s \F,. O

2.2.13 Notation/Lemma. Let
g Fpp = Fgra Po(nz) = (7737)(]2 + (n)? 4 ne,

then m, is an F,-epimorphism and F;s = kerm, © F,. In particular, m,|p, = idp, and

2 _
7Tq—71'q.

Proof. Since n # 0 and ¢y is an F,-epimorphism, 7, is an F,-epimorphism.

Let = € F,, then 7, (z) = z7,(1) = z¢o(n) = z(n” +n? +n) = z, so Tqlr, = idp,.
Then 77 = 7, since the image im 7, = F,.

The image im 7, = F, and the kernel ker 7, are F,-subspaces of F, so (kerm, +

F,) C Fs. Letz € kerm, N F,, then 2 “=7 7,(z) ““=™ 0, so kerm, N F, = {0}.
Let © € Fys, then 7 (z — my(2)) = (mq — m2)(x) = 0, so x — my(x) € kerm,. Hence
xr = (v — mg(x)) + m4(x). Therefore, Fs = kerm, ® F,. O

2.2.14 Proposition. Let
Kg:=mTgok: Vo x Vo — T,

where r4(A, B) = 7,0 k(A, B) = m,(tr(ATB)). Then k, is a symmetric F-bilinear
form on V.

Proof. We know that « is a symmetric bilinear map (2.2.2), and that 7, is an [F-
epimorphism (2.2.13), then the claim is proved. O

2.2.15 Notation/Lemma. Let

Vi= {A = (Aij) cW ‘ SUPP(A) € J, A, Arr, Aoz € an A% = A14}
A | A | AL [ A | A | Air |-

. Az cv { A, A1z, Ars € s
. _ 0 Asg, Arr, Aoz € Ty

Then V is a 12-dimensional subspace of V; over F, and supp(V') = J.

We define the following map 7, which plays a crucial role in our later statement.
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2. Supercharacter theories for D" (¢?)
2.2.16 Notation/Lemma. Set

Arzers + Aqzess

2 2
. . Ad +Asnt—a Al +A1 n
e ‘/Q -V A~ —{—(7141_’_ 10 p )q€14 + 141+T]10q €15 )

+7,(Asg)ers + mq(Arr)err + my(Asaz)eas

q

ie.

2 9 2 2
Ay sy 7 AlytAisn’ =T
W(A) _ A12 A13 (W)q 1+771_q2 ﬂ-q(A16) 7Tq<A17)

g (Az3)

Then 7 is an F,-epimorphism. In particular, |y = idy, 7 = 7 and 7 (Ig) = Os.

Proof. Let A= (A;;),B = (B;;) € Vp and k € F,, then

m(A+ B)
=(A12 + Big)ein + (A1 + Bis)ess

(A + B14)q2 + (Ags + B15)7]1_q2 q (A14 + Bl4) (A15 + Bl5)ﬁl_q2
+ m,(As6 + Bis)ers + my(Arr + Bir)eir + my(Aas + Bis)eas
Aq2 + A 1—¢? Bq2 + B 1—q
=(A1 + Bia)eis + (A3 + Biz)eis + ( 141 n 7715_22 )¥e1s + ( 141 n niZz )Y€
A‘{Z + A0 Bfl + Bisn' 1
€15 + €15

1 +771—q2 1+ nl—q2
+ m,(As6 + Bis)ers + my(A1r + Bir)eir + my(Azs + Bis)eas
2280 (A) + n(B).

We obtain 7(kA) = kn(A) similarly. Thus 7 is an F,-homomorphism. By 2.2.13 and
2.2.15, w|y = idy and 7% = 7. We get that 7(Ig) = Og from the definition of 7. [

2.2.17 Proposition. Let V1 denote the orthogonal complement of the subspace V of
Vo with respect to kg, i.e.

L ={B e Vy|ky(A,B)=0 forall AcV},
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2.2. Monomial * D" (¢*)-module

and

W .= @ Fse;; + ker myei + ker myei7 + ker myeas + {weqs — xini ey | x € Fps}
(i,5)¢J

= {A = (AZJ) S ‘/E) | Alg == A13 = 07 A14 = _At1]5nq—1 € ]FqS, A16, A17, A23 € ker 7Tq}

An —AlnT | Ay | A | A7 | Agg
Aoy | Agg | Asg Aoy Ags | Agg | Agr | Ass

= € Vo | Ae, Ar7, Agz € ker 7,

Then W = V+.
Proof. (1) Claim that V- D> W.
Forall B = (B, ;) € W and forall A= (4;,) € V, we get
ke(A, B) = myk(A, B)
:7Tq<A16.Bl6 + A17B17 + A23B23 + A15Blt’) - A[{5Bg577Q71>

Ai6,A17,A23€F,;
Bi6,B17,B23€ker mg

Tq(A15B1s — A(1]5Bi]577q_1)
2(141531577)‘12 + (A15B15n)? + A5 Bisn
— (A%, BEn™)” + (A% Bisn®) + Als Bisn?)
=0.
Then Be V4t forall Be W,soW C V=,

(2) Claim that V- C W.
For all B = (B,;) € V+ C Vj and for all A = (A;;) € V, then

0 =r4(A, B) = myx(A, B)
=my(A12B12 + A13B13 + AlsBia + A15B15 + A16B16 + A17Bir + As3 Bos).

(2.1) We claim that By = B3 = 0.
Assume that Blg % 0. Let A = A12€12 = B;Q1€12, then

0= /{q(A,B) = ﬂq(AlgBlg) = 7Tq(1> =1.

This is a contradiction. Thus we get By, = 0. Similarly, B3 = 0.
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2. Supercharacter theories for * D" (¢?)

(2.2) We claim Big, B17, Bas € ker Tg-
Let A = Alﬁelﬁ = €16, then

0= l{q(A, B) = Wq(AlﬁBIG) = 7Tq(B16) — B16 € kerﬁq
Similarly, By7, Bas € ker 7.

(2.3) We claim that Byy = —Bin?".

Assume By # —Bnt!, i.e. BIn® + Bisn # 0. Let A = A%ers + Aizers
(A15 S Fq.’i), then

0 = ry(A, B) = my(Af5Bia + A15B15)

= ((AfsBun)™ + (AlsBun)” + (Af;Bun) )

+ ((A1531577)q2 + (A15B1sm)? + (A1531577)>

= Aus(BIn™ + Busn) + Als(Bun + Bisn?) + Al (Bl + Blsn®)

= Ais(BLn™ + Bisn) + (Ass(BIn® + Busm)® + (Ass(Bln™ + Bisn))”

= ¢ <A15(Bi]i77q2 + Bisn))

BBt | o Fys
= | ker ¢g| = ¢* > ¢*.

This is a contradiction since | ker ¢g| = ¢*. Thus By, = —Bin?1.

Hence B € W and V*+ C W.
Therefore, V- = W.

2.2.18 Lemma. (1) Let x € F3, then
T (xy) =0, Vy eFps < 2 =0.

(2) Kqlvxv is a non-degenerate F-bilinear form.
Proof. (1) Letx € Fs.
(<=) Letz =0, then 7 (zy) = m,(0) = 0.

(=) Assume that z # 0. Lety := 2, then 0 = 7,(zy) = m,(1) = 1 which is a
contradiction. Thus = = 0.

(2) Itis sufficient to prove thatif A € V and x,(A,B) =0 (V B € V) then A =0.
0 =r4(A, B) = myr(A, B)
=4(A12B12 + A13B13 + (A5 Bis)? + Ai5Bis + A16Big + A17Bir + Agz Bos).
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2.2. Monomial * D" (¢*)-module

(21) Let B := €16, then 0 = Hq(A, B) = 7Tq(A16) AIGZEFq Alg. Slmllarly, A16 =
Az = Agz = 0.

(2.2) Assume A15 7é 0. Let B = ;5q€14 + AI51€15, then 0 = /‘iq(A, B) =

m((A15B15)? + A15B15) = m,(1 + 1) = 2. This is a contradiction since
Char FqS 7é 2. Thus A15 = 0.

(2.3) Assume Alg 7£ 0. Let B := AI21€12, then 0 = qu(A, B) = Wq(AlgBlg) =
my(1) = 1. This is a contradiction, thus A, = 0. Similarly, 4,5 = A;3 = 0.

Hence A = 0.
O]

2.2.19 Corollary. V) =V @V, and n: Vy =V @ V*+ — V is the projection to the
first component V.

Proof. We know that V + V+ C 1 since V and V+ are F,-subspaces of Vj. Let

A€ VAV then ky(A B) “Y" 0" g lvuv (A, B) forall B € V. We get A = 0
since k,|yxy is non-degenerate by 2.2.18. Thus V N V+ = {0}. Let A € V;, then
A=m(A)+ (A—n(A)) and 7(A) € V. It is enough to show that A — (A) € V*. Let
B=(B;;)=n(A)eVand C = (C;;) = A—n(A), by 2.2.13 F ;s = ker 7, ® I, thus
it is sufficient to prove that C, = —C%n?1. We have

2 2
Aty + A15771_q2 A — Al

Ci5 =A15 — 1+ ,,717(]2 B 4 7717(12 )
AT - A\ Ay — AL .
G < o) S Tyt = Chr
Hence V=V @ V*. N

2.2.20 Lemma. © = 7 o w,. In particular, let A € Vy and 7;(A) € V, then w(A) =
WJ(A).

Proof. Let A € V;, the m(A) depends on the entries of {4, ;| (4,j) € J} by 2.2.13,
thus 7(A) = mom;(A). Let m;(A) € V, then 7(A) = mrom;(A) = n(n;(A4)) = m;(A)
since 7|y = idy by 2.2.13. O

2.2.21 Corollary. Suppose A, B € V, such that supp(A) Nsupp(B) C J and 7;(A) €
V. Then

kq(A, B) = rig((A), B) = kq(A, 7(B))
=rg(1(A), m(B)) = figlvxv (7(A), 7(B)).
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Proof. We have

k(A B)=my 0 (A, B) *2° 1, 0 k(m;(A), B) = ky(m,(A), B)
“220%4(m(A), B) *E? ky(n(A), (B))=ky|vv (r(A), 7(B))

m(B)eV

= rye(A,7(B)).
Then the result is proved.

2.2.22 Lemma. Let A € V and g € G, then
mi(Agh) e V.
In particular, 7;(Ag") = w(Ag").

Proof. Let A € V and g € G. It is sufficient to prove that

{ (AQT)({E) = (AQT)14>
(AgT)ij S ]Fq7 (2’]) € {(2’ 3)7 (176)7 (17 7)}

(1)

8 8 7 7
(Ag N5 =" Aujgls)* = (O° Aujgs)t = (O Avjgsi)t = (O Avjgs;)*
j=1 j=1 =2 j=5

=(A15 + Ai6gse + Ar1rgs7)? = Als + Avsgds + A17ga,
{ 946:9;5115
BT A9+ Avegag + Arrgar
{ A=Ay

-0
I A+ Aisgas + Arsgas + Arrgar

:(AQT)M-
(2)

(AQT>16 = Aljgﬁj = A + A17967 = Aig — A17923 € an

6

7
T _
Aljng =

M-

<
I
—_

J

N
s
!
3

I
e

A1jgr; = Az € Fy,

o
o |l
—_

(A9T>23 - . A2j93j = A23 - Fq.

<
Il
—
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2.2. Monomial * D" (¢*)-module

2.2.23 Lemma. Let A, B € V and g, h € Ag (¢?), then
supp(BR')NN CJ and supp(Bh') Nsupp(Ag) C J.

Proof. Every h € Ag(q®) acts on V from the right by a sequence of elementary
column operations from left to right, and A" acts on V from the right by a series of
elementary column operations from right to left. Then the statements are obtained.

O
2.2.24 Corollary. Let A, B € V and g € G, then
kq(A, Bg) = kg(A, m(Bg)) = rig(Ag", B) = kg(n(Ag"), B).
Proof. Let A, B € V and g € G, then
I"fq<A7 Bg) 2.2.21%2.2.23 /fq(A, W(Bg)),
2.2.21&2.2.22
ke(A,Bg) = kg(Ag",B)  “%22% i (n(Ag"),B)
O

2.2.25 Proposition (Group action of G on V). The map
—o—VxG—=V:(Ayg)— Aog:=mn(Ag)
is a group action, and the elements of the group G act as F,-automorphisms.
Proof. Let A,B€V,g,h e GandceF, then
(@ Aolg=mn(A-Ig) =n(A) = A.
(b) We claim that Ao (gh)=(Ao g) o h.
k(B, Ao (gh)=r,(B,x(A(gh))) *2" (B, A(gh)

21 .
:“q(Ba (Ag)h) = Kq(BhT>A9) vz “q(W<BhT)aA9>
Py (m(BLT), m(Ag)) = kg(m(BRT), Ao g) "2 ky(BLT, Ao g)
2

2282 4 o (gh)=(A o g) o h.
Thus, — o — is a group action.
(© (A+B)og=n((A+ B)g) = n(Ag + Bg)=n(Ag) + n(Bg) = Aog+ Bog.
(d) (cA)og=m((cA)g) = 7(c(Ag))=cm(Ag) = c(Aog).
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2. Supercharacter theories for * D" (¢?)

The proof is completed. O
2.2.26 Corollary. Let A, B € V and g € G, then
kg(A,Bog) =ky(A Bg) =r,Ag",B) =k, (Aog",B).
By 1.2.21, we get a new action:
2.2.27 Corollary. There exists an unique linear action —.— of Gon V:
——VXxG=V:(Ag) —Ag:=Aog '

such that k,lvxv(A.g, B) = kylvxv(A,Bog™?) forall B € V. In particular, for all
A, BeVandg € G,

Rglvxv (A, B o g) = rglvxv(Ag™t, B) = kglvxv(Aog, B).
2.2.28 Notation. Set f :=7|q: G — V.
2.2.29 Lemma. Let x,g € G, 1 := 15 = Iy and 0 := Og = Ogys, then
f(x)g=(xr—1)g mod V.
In particular;, f(z) =z —1 mod VL.
Proof. Letx,g € G.
@ f(z)=r(x) "L n(z) — 7(1) "= 1z — 1), 50 f(x) =2 — 1 mod V.
(b) Forall AeV,
Fa(A, f(2)9) = Kg(Ag", f(2) "5 ky(m(Ag"), f(2))
proct () Ke(m(Agh),x — 1) . 2:2'22% ke(AgT,x — )=k, (A, (v — 1)g)

Y f(a)g = (@ —1)g mod V™.

L]
2.2.30 Proposition. Let x, g € G, then
f(zg) = f(x)og+ f(g)
Proof. Letx,g € G.Forall AeV,
kg(A, f(29)) *Z ky(A g — 1) = k(A (x — 1)g + (9 — 1))
(A f(@)g + £(9)) TE k(A w(f(2)g) + (9)) TE koA f(z) 0 g+ f(9)).
Thus f(xg) = f(x) og+ f(g) by 2.2.18 (2). O
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2.2.31 Proposition (Bijective 1-cocycle of D5 (¢®)). Let U = 3D3¥ (¢®), then f|y =
7|ly: U — V is a bijection. In particular, f|y is a bijective 1-cocycle of U in V.

Proof. Let x := x(t1,ts,t3,t4,15,t) € U, then

f|U(:E) = ﬂ-(x(t17t27t37t47t57t6>)

2 2 2 2 2 1-¢2 ¢+
(ltattty 07y | Bt T 4) mo(—tts
5 -
t1 | —13 14nl—a q%+7ll a 1ty + tth)
— +t4 +t5 +tg

123

(1) Since f: G — V is well defined, f|y is well defined.

(2) We claim that f|y is surjective.

Forall A V, let A := A12€12—|—A13€13—|—A({5614+A15615+A16€16+A17€17+A23623.
There is an element z := (¢, ta, t3, 14, t5,t6) € U such that f|y(z) = A, where

t1 = Ajo,
t2 = A23 € Fq,
ts = —Ais,
2 2
19ty + t1td nt—a Lt + t9tgnat
t4—(A15—13+137Z )"7214(115_13+1377
14 nt-a 1+mnat
— A9, 4 A Als + Ay Ayt
15 1+ nq_l )

t5 = A16 — ﬂq(tlt?l)
2 2 2
A6112A(f3 + A6112A(f377q !
1+ ne*—a

= As — mo(Ara( Al + )) € F,,

2
tﬁ = A17 - Wq(—tltg +a + tgti)
2 2 2
A Ay + Al Afgn” 1

2 2
= A17 + Tq(AlgAlf3+q + A13<A({5 -+ 1 T anﬁq

) € Fy.

Thus, f|y is surjective.
(3) We know that |U| = ¢'? = |V| and that f is surjective, thus f|y is bijective.
(4) We obtain that f|y is a bijective 1-cocycle of U in V' from 2.2.30.
O

2.2.32 Corollary (Monomial linearisation for Gg (¢*)). f := 7|q: G — V is a surjec-
tive 1-cocycle of G in V, and (f, k,|vxv) is a monomial linearisation for G = Gs (¢®).
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2.2.33 Corollary (Monomial linearisation for 3D (¢*)). (f|, Do) Falvxv) is a

monomial linearisation for 3D (¢3).

Now we establish the monomial G-module (C(:”Djyl (q3)), which is essential for the
construction of the supercharacter theory for *D*' (¢3).

2.2.34 Theorem (Fundamental theorem for D3 (¢*)). Let U = 3D (¢*), G =
Gs (¢*) and

]U| > xa(u) forall AcV.

uelU

Then the set {[A] | A € V'} forms a C-basis for the complex group algebra CU. Let
[A] * g 1= Xxa4(9)[A.g] = Ury(A.g, f(9))[Ag]  forallge G, A€V,

then CU is a monomial CG-module. The restriction of the x-operation to U is given by
the usual right multiplication of U on CU, i.e.

[A] xu = [AJu = |U|ZXA Jyu  forallue U, AeV.
yeU

Proof. By 2.2.32, (f, k4|vxv) is @ monomial linearisation for G, satisfying that f|y is
a bijective map. By 2.2.27, A.u := m(Au~"). Thus the whole theorem is proved in
view of 1.2.24. H

2.2.35 Comparison (Monomial linearisations). Let U be A, (q), D:¥'(¢) or *D3¥" (%),
G be a bigger group of U, Vi := V5, V a subspace of Vy, J :=supp(V), f: G — V a
surjective 1-cocycle of G such that f|y is injective, k: V x V. — F, (or Fs) a trace form
such that (f, k|vxyv) is a monomial linearisation for G (i.e. (f|u, k|vxv) is a monomial
linearisation for U), then the corresponding notations for A,(q) (see [Jed13, 2.2]),
D3V (q) (see [Jed13, 3.1]) and D3 (¢3) (see §2.2.1) are listed as follows:

U G ‘/0 J Vv f G—=V ’{|V><V
An(q) An(q) | Mat,n(q) | NV =Vg | flg) =7g(9) =g9— L | Klvxy
DZyZ(Q) Agn(q) | Matanwon(q) | V|V =Vo | flg) = mv(g) Klvxv
3Diyl (qg) G (qg) Matgys ( 3) J |V #V; f(g) = 7r(g) 4 WJ(Q) "iq’\/xv

From now on, we mainly consider the regular right module (CU, %)y = CUgyp in
this chapter.
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2.2.2. 3D (¢%)-orbit modules

LetU := 3Diyl(q3), A€V and xz(tl) eU (Z = 1, 27 . ,6, t1,t3,t4 € FqS, to,t5,tg € ]Fq)
In this subsection, we get a classification of U-orbit modules (2.2.50), and obtain the
stabilizers Staby (A) for all A € V' (2.2.52).

2.2.36 Reminder. F; = F,\{0}, F;; = F;s\{0} and [ ] is an idempotent element
bracket (e.g. [A]).

2.2.37 Lemma. Let A € V and z;(t;) € U with i € {1,2,...,6}, t1,t3,t4 € Fs and

ta, t5,t¢ € F,. Then A.x;(t;) and the corresponding figures of moves are obtained as
follows:

(D) Ai(ty) = A (wia(ty)wsa (1) wss(t])) = A (wsa(t))ass (1))

2

2 tcll2 g% i
—tlfﬁ —t

—t, [t ]| & —t|4

ATl —

) ® hd hd
. . hd b
. o ° °
ole [ AN J
Py [ ]

° [ ]
o °
° [ ]
2
A.JTl(tl) A.([L’34(t(f)l‘35(t(f ))
(2) A.xy(ty) = A.xos(ts).
—to 123
] -
) [ ]
[ [ ]
[ ] [ ]
[ AN J
°
°
[ ]
[ ]
A.l’g(tQ)
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(3) Aws(ts) = A. (wr3(—ta)waa(t)aas (8] )) = A. (w24t 225(15)).

q? quz _q4a° th
—t3 3 t3 —
—t3 |t —t3 | 13
o e L
[ ] o [ ] ()
[ ] ) [ ] [ )
[ ] [ ] [} [ )
ole [ 2K ]
Py [ ]
) [ ]
) [ ]
[ ] [ ]
Ay(ts) A(wa(th)aas(15)
(4 Azyty) = A. (x14<t4)x26(t3>m15(t32)) = A.zg(t9).
t
—tZ
[ ) [ ]
[ ] [ ] [ ) [ ]
[ ] [ ] [ ] [ ]
[ 2K ] [ 2K ]
[ ) [ )
[ ] [ ]
[ ] [ ]
[ ] [ ]
A.l‘4(t4) AZL‘QG(tZ)
(5) A.l’5(t5) = A.[L’lg(tg)) = A.
ts
—15
[ ] [ ) [ ]
[ ] [ ] [ ) [}
[ ] [ ] [ ) [ ]
ol|le ol
[ ] [ ]
[ ] [ ]
[ ] o
[ ) [ ]
A.I5(t5) A
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(6) AZEﬁ(tﬁ) = A.l’17(t6) = A

le
_t6
° ] ° [}
[ ] [ J ® [ ]
[ ] [ J ° Y
[ 2N J ole
[ ] o
[ ] [ ]
[ ] [ J
[ ] [ ]
A.l’@ (t6) A

Let A € V, we often do not draw the whole matrix A but only the entries A,;

where (i, 7) € J, since supp(A) C J. By 2.2.37, we calculate [A].x;(t;) forall A € V
and l'l(tl) eU.

2.2.38 Lemma. Let A € V and z,(t;) € U withi € {1,2,3,4,5,6}, t1,t3,t4 € F;s and
to, l5,tg € Fq. Then

(D
[A]xl (t1) = 197Tq<A12t1)[A.331<t1>]
Agz — Afst] At? | Aggt?
A ) 1601 1 A A
=0y (Ar2th) { Pl (A At | AL | HAs |0 } ,
Az
2
[A].2(t2) = V(Agsta)[A.22(t2)]
=1(Agsts) { ’ Ajp — Aysty | Arz | Als ‘ Ais ‘ A + Aty ‘ Air ‘ }
Ags ’
3
[A].z3(ts) = Imy(—Austs)[A.zs(ts)]
Agg — Af5tS Atd | Apstd
9 A 1703 73 A A
:ﬁﬂ.Q(_AﬂStS) _(A15 + Ayﬁ%)tg 18 —|—A?5 +A15 16 17 -I ,
{ | A2s | J
4

[A].z4(ty) = Img(Alsty + Arst? )[Aay(ts)]

=7, (Afsts + A15tq2) { ’ Ajg — Ayt A132A17t3 Af, ‘ As ‘ A ‘ A ‘ }
23
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2. Supercharacter theories for D" (¢?)
(5) [Al.zs(ts) = 9(Asets)[A],
(6) [A].zg(ts) = V(Ai7ts)[A].
2.2.39 Lemma. Let u € Fy;, and
Cu: Fys = Fos -t ut?” + ut?

then (, is an F,-automorphism.

Proof. Since taking the ¢-th power is an F,-homomorphism, we get that ¢, is an

F,-homomorphism. We have

0= ut? + yit? = (ul_qtqz_q + Dudt? = ((u19)9 + 1)uit?
= (W) = —-1lort=0
= (2D = 1ort=0
<= the order of (v 't?)9 " is 2i.e. [(u ') | =20rt =0.

Suppose that ¢ # 0, then |(u~'¢7)97!| = 2 and

(> —1)=(¢—1)(*+q+1)

= [(u™"t7)"

u Tt ey = |u't])

(¢ +q+1)

q2+q:1;5 0dd|<u_1tq)q_1’ 7é 9
Thus,
0= ut? + ultd
—1t=0
= ker(, = {0}

— im(, = Fqs
= (, is an [F-automorphism.

2.2.40 Corollary. The map F;s — Fs : t — t +t? is an F,-automorphism.
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2.2. Monomial * D" (¢*)-module

2.2.41 Lemma (U-orbit modules). Let A = (A;;) € V, then the U-orbit module
COy([A]) (A € V) is obtained as follows:

COu([A))
A -
—Austy
—Aftd
15 32 Al
_Alﬁtcll tg 3(1 q q
— Ayt otd t —Aist, A | A
AT —141575(112 +Ai6t] . +As6t] Aue A
=/ P I B R e I P
- 2 2
_Amtltgtff —Aprtat] 7| Ayt +Aurts
Agetd | T
—Aqrts
—Ast]
—Artat]
L A23 -
tits by € F oo, to € Fq}.
Proof. By 2.2.38, we calculate the general orbit modules directly. O

We define the pattern, the main condition, the verge pattern and the core pattern
of AeV.

2.2.42 Definition. The elements of V' are called patterns. The monomial action of
G on CU: ([A],g9) — [A] * g (e.g. 2.2.34) and also the corresponding permutation
operation on V: (A, g) — A.g (e.g. 2.2.27) are called truncated column operation.
So the permutation operation (A,g) — A.g (A € V,g € G) may be derived by a
sequence of truncated column operations (see 2.2.37) by 2.1.19.

Now we consider the entries in the same row (in different columns) of A € V.
2.2.43 Definition. Suppose A € V is a pattern. Then

(1) (i,j) € J is a main condition of A if and only if A;; is the rightmost non-zero
entry in the i-th row. We set

main(A) :={(¢,j) € J | (¢,7) is a main condition of A}.

(2) A main condition (i, j) € J is a left main condition if j < 4. We set

L. main(A) :={main(A) | j < 4}.
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2. Supercharacter theories for * D" (¢?)

(3) A main condition (i, j) € J is a right main condition if j > 4. We set

r.main(A) :={main(A) | j > 4}.

(4) The coordinate (i, j) is called the i-th main condition of A, if (i,j) € main(A).
Set

main,;(A) := {(i,7) € J | (4, ) is the i-th main condition of A}.
Note that there exists at most one i-th main condition of A.
2.2.44 Definition. Let A € V, we write
main(COy([A])) = main(Oy(A)) = main(COg([4])) = main(Og(A)) := main(A).

2.2.45 Definition (Staircase pattern). Let A € V' be a pattern, then A is a staircase
pattern, if the elements in main(A) lie in different columns. Analogously, a U-orbit
(or G-orbit) module M is called a staircase U-module (or staircase G-orbit), if the
elements in main(M) lie in different columns.

2.2.46 Definition. Let A € V, then the verge of A is

verge(A) := Z A jeij.
(3,7)Emain(A)

The i-th verge of A is
verge,(A) := Z A, ki k.

(¢,k)€main; (A)
The (staircase) pattern A is called the (staircase) verge pattern, if A = verge(A).
2.2.47 Definition. Let A € V be a pattern.

(1) The coordinate (i, j) € J is a minor condition of A if and only if (i,j) is a right
main condition. Set

minor(A) :={(4,4) € J | (4,7) is a minor condition of A} C J.

Note that minor(A) is invariant under truncated column operartion, and that if
(7,7) € minor(A) then j < 4.

(2) Define the core of A to be
core(A) := main(A) U minor(A).

Note that the union is disjoint. There is no supplementary condition for A € V,
i.e. suppl(A4) =0 (c.f [Jed13, 3.2.14 ]).
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2.2. Monomial * D" (¢*)-module

(3) The (staircase) pattern A is called a (staircase) core pattern if supp(A4) C
core(A).

2.2.48 Notation. Define the families of U-orbit modules as follows:

S :={COy(A) | A€V, A7 # 0},

Fs :={COU(A) | A€V, A £ 0, Az = 0},

F1:={COy(A) | A€V, Ai5 # 0, Ajg = A1y = 0},

S5 :={COy(A) | AcV, Ai3#0, A5 = Ais = Az = 0},
S12 ={COy(A) | AcV, Aj3 = Aj5 = Ajg = Aip = 0}.

Let A €V, wealso say A € §,, if COy([4]) € F..

2.2.49 Notation. Let a* € Fis = Fys\{0}, then denote by T* a complete set of coset
representatives (i.e. a transversal) of (a*F) in ]F;]Z Thus |T% | = ¢% Ifty € T* and
to € a*F, we set ty = 0.

2.2.50 Proposition (Classification of U-orbit modules). Every U-orbit module is one
of the following forms in Table 2.1. In particular, U-orbit module of families §1 2, §4,
§5 and §¢ contains one and only one staircase core pattern.

Table 2.1.: Classification of 3D” (¢3)-orbit modules

Family | COL([A]) (AeV) [dimcCOy([A) | &l |
3 @@U(: [ Az - [ [ [Af] D 7 (4 - g’
3 COU(: | ﬁlﬁ [[AL ] D " (4 g’
5| cou| A i L b ¢ (¢~ 1
3 «:OU(: A" o L1 D q (@ -1’
3o @@U(: [ A - L] D ! /

_A*‘ *
where Ajy, Ajy € Fis, Ajg, Aj; € F;, and Aj5* € T4,

51



2. Supercharacter theories for * D" (¢?)

Proof. Let A = (Ay;) € V with Aj; = Aj; € F;, then

COu([4))
[ [ e 1
A1z A1 +AL! 2
+——4 " | B3| Bfs | Bis | Big | A}
5 | D15 | Die
=C _B13B161'T‘Biz;_1 1 1 B137 B15 € F‘f” Blﬁ S Fq
Al;
Az
q2 ‘12_ 42 q
Thus dimcCOy ([A]) = ¢7. Let u = w(ty, —4is, — 41— A=(AUTARE) 440 - then
17 17 17
there is a staircase core pattern
A13A16+A(11;—1 *
Ci=Au= |2t 7 5 A7 ] e op(4).
Ass

Thus Oy (C) = Oy(A) and COy([A]) = COy([C]). Since C only depends on A, the
staircase core pattern is determined uniquely. Thus

36 = {COU([DHQH -+ D23€23 + DI7€17]) | D12 - FqS, D23 c Fq, DI7 < F;}
Similarly, all of the statements are proved. O

2.2.51 Remark. Let A € V. In 2.2.50, if COy([A]) C §3 and Ay 5 # 0, then COy ([A))
is not a staircase orbit module. In all the other cases, the orbit modules COy([A]) are
staircase orbit modules.
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2.2. Monomial * D" (¢*)-module

2.2.52 Proposition (U-stabilizer). Let A € V, then Staby(A) is established in Table

2.2.
Table 2.2.: 3D (¢3)-stabilizers
AeV Staby(A)
(A [ A [ AL [ A [ A | A7 |
S 12 A13 15 | A1s | Aie | Alr o(t1,0,~ 4, i Jt5,t6)
23 YV t1 €Fq3, ts,te €y
2 2
5. | A ﬁm Als [ Ais [ A5 | | x(0, ta, t3, _A?Btrﬁ}{zm_#{stg,t57t6)
23 Vits € Fys, to,t5,t6 € Fy
2
% Az [ A [ AT [ A5 | [ ] 2(0,t2,— 2135 +§jiAq1+51_A13A15 t2,t4,t5,t6)
ﬂ v t4qu§,5 ta,t5,t6€F,
5 A [A ][] ] ] z(t1,0,t3,ta, 5, t6)
3 Ao Vi1, t3, 1 G]Fqs, ts, tg E]Fq
‘S ’ A12 ‘ ‘ ‘ ‘ x(t17t27t37t47t57t6>
b2 Apz Vi1, ts,ts € Fs, to,t5,t6 € Fy

where Aj;, Aj; € Frs and Ajg, Aj; € F.

PT'OOf. Let A € 8’4 (le A17 = A16 =0, A15 7& O) and z = $(t1,t2,t3,t4,t5,t6> S U,

then
A12
_A13t2 Aﬁ* qtq * q *
Az= | AR | T 5 A" | s =A
o
Ags

—Aysty — Aj 75 — Af5t§2

2
{ — A - At =0

t1:O

=0

2230 | U )
Aty + AT5 + Af5t5 =0

2
A Afs s + AL+ AT =0
AlsAists + Af5 T+ AT5Z+1t3 =0
A3 ATy + Afs Ty + AR T = 0
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2. Supercharacter theories for * D" (¢?)

t1 =20
s 2 2
_A[1115A15Q+A(1]3AT5*A13AI5€{

253 = 2A>1k5q+1 t2
Thus
Staby(A)

ts, ty € qus

= SCQ(tg)Ig(t3>$4(t4)l’5(t5)SL’6(tﬁ) t2> t57 tG € Fq )
ATt + Ajstd + Aigta =0

A?ZAE(I + Al3AL; — A13A“{5q2 ty € Fys
= {$2(t2)l’3(_ 2A’{5Q+1 tz)l’4(t4)l’5(t5>x6<t6) { t2,t5,tqﬁ c Fq .

]

2.2.53 Comparison. (1) (Classification of orbit modules). Every (staircase) A,(q)-
orbit module has precisely one (staircase) verge pattern (see [Yanl0, Theorem
3.2]). Every (staircase) D2¥'(q)-orbit module has one and only one (staircase)
core pattern (see [Jed13, 3.2.29]). Neither (staircase) verge patterns nor core
patterns can do the classification for (staircase) D3 (¢*)-orbit modules (e.g. the
Family §5 of 2.2.50).

(2) (Stabilizer). Every (staircase) A, (q)-orbit module has a basis element whose sta-
bilizer is a pattern subgroup (see [Yan10, §3.3]). This does not hold for D:¥!(q)-
orbit modules (see [Jed13, 3.2.25]), or for 3D3¥ (¢®)-orbit modules (e.g. the
Family §s of 2.2.52).
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2.2. Monomial * D" (¢*)-module

2.2.3. Gs(q¢?)-orbit modules

Let G := G5 (¢°), Aia, A3, A15 € Fys, Asg, Ai7, Ao € F, and Aj; € F*. In this subsec-
tion, we obtain the stabilizers Stabs(A) for all A € V' (2.2.56) and a classification of
(G-orbit modules (2.2.57).

2.2.54 Notation. Set

g =To3(t23) - Te7(te7)

- T12(t12) - Trs(trs) - T34(t34)T35(134) - Ts6(ts6)Tac(36) T36(t36)
- T13(t13) - Tes(tes) - Toa(toa)Tos(t34) - Tor(tsr)Tar(tdr) Tz (tar)
- T14(t14) Tss(ts8) - Tog(tas)Tar(tar) - T15(t15)Tas(tag) -T18(t1s)

- T16(t16) - Tas(tss) - T17(tar) - Tas(tas)

ed.

2.2.55 Lemma (G-orbit modules). Let g € G and A = (4;;) € V, then

Ag=
Al
—Aqstas
— Afstos A
+Ajstict
_ Aiitz(;t?‘t% —Afstsy Al Ays
s 56 —Aystd, — A6t —Aigtse Asg A
+A1()t§th _A16t36 +A17t67tg6 +A17t67t56 _A17t67
—A17t67t§th +A17t67t36 _A17tg7 —A17t57
— Ayt 2ol Aty
—Astag
+Ayrtertos
Ags
Proof. By calculation, we get the formula. -
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2. Supercharacter theories for * D" (¢?)

2.2.56 Proposition (G-stabilizer). Let A € V, then Stabg(A) is determined as follows:

Gs (¢®)-stabilizers

Acv Stabe(A)
t67 - O
Asgtse + Alrts7 =0
. q x|
| A.12 ﬁlg Als [ Ais [ Ao A.17 | Afstas + Arsty + Asetss

S6 = +Ajrtsr =0
—Austag — Afstos + Asstislos
—Astdy + Asetsetss — Algtar
—Asgtas =0
tsg = 0

A | Ay | AL | As | A . 5
| 2 Ai 1 | Aus | A | _ | Afstss + Apsth, + Ajgtss = 0

S5 :

Austoy + Alstas + Arstdy
[ A A [ 4 EXEE bag = 0
34 . .23 . ' — A13A*1*5‘12 +A(11§AT5(1_A€1(3AT5
log = — 2ar e los
[ Az ﬁi% L[] ]
53 . = . t3 =0
A . [ [ [
B1e L= G
where Aj;, Aj; € Fr, and Ajg, A7, € F.
Proof. It is straightforward to calculate. O
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2.2. Monomial * D" (¢*)-module

Now we get the following classification of Gg (¢*)-orbit modules.

2.2.57 Proposition (Classification of Gy (¢3)-orbit modules). Let A € V, then every

G-orbit module COg([A]) is of one of the forms in the following table which are all
irreducible.

Gs (¢*)-orbit modules

| \ COg([4]) (A€ V) | dimcCOq([A]) | #orbit modules |
- HEERIE
Fe COG( ' A??’ o ) q" (¢ —1)q
] . REANE
F (COG( LB o ) q° (¢ —1)q
EEsmEEARRE
F, COG({ — P ¢° (¢ = 1)q

JEAEARENNE
Fy COG< L ' ) q (¢® = 1)¢*-q
T"An

({ _ '})
F,| COg e . 1 ¢

—A* «
where Aj? € T4,

Proof. We obtain the classifications by 2.2.55 (c.f. the proof of 2.2.50). Let A € V
and 1§ be the character of the G-orbit module COg([A]). By 2.2.56, we calculate

and get the inner product (¢§,¢%)c = 1 (c.f. the proof of 2.2.79). Thus the propo-
sition is proved. O
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2. Supercharacter theories for * D" (¢?)

Compare 2.2.50 and 2.2.57 (c.f. 2.3.17), we obtain the following relations.
2.2.58 Corollary. Let AJ* € T4is, then

Og(Arze12 + Assens

Oc(Ajsers + Af§3€12

2
Oc(A7sT ers + Alsers + Aageas
Oc(Ajgers + Aazeas

=0y (Aize1a + Aaseas),

Ou(A 13613 + A12 e12),

Ou(Afs? 614 + Afse1s + Azess),
Ouv(Afsers + Azseas + Aizers),

)
)
)
) =

e

A13€F 3

Og(Afe17 + Agsens) = Ou(Ajse17 + Agzeas + Arzern).

Aj2€

e

3
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2.2. Monomial * D" (¢*)-module

2.2.4. Homomorphisms between orbit modules

Let U = *D3* (¢*). In this subsection, we define a truncated row operation of I/ on V/
(2.2.64). Then we show that every U-orbit module is isomorphic to a staircase orbit
module (2.2.75). After that, we prove that every U-orbit module is isomorphic to
some hook-separated staircase module (2.2.79). Finally, some irreducible modules
are determined, and any two orbit modules are shown to be orthogonal when the
1st verges are different (2.2.83). In this subsection, the properties are adaptions of
the corresponding statements in [Jed13, §3.3]. They are proved similarly.
The following property is well known.

2.2.59 Notation/Lemma. Every ¢ € Endcy(CU) is of the form

A: CU - CU : x> ax  for a unique a € CU.

2.2.60 Lemma. Let g € U and A € V, then the map
Agleoy )y COu([A]) = Im(Ag|coy(ap) = 9COu([A])
is a CU-isomorphism.

2.2.61 Lemma. Let A € V and g € U, then

A ([A) = g ,U, > IR (g TA Yy

Proof. Let g € U and A € V, then

(14D =gl4] = 77 3= XaC2)

zeU

y: gz Z
xalg~'y)y
‘U’ yelU

S 9kg(A, flg )y

yelU

fle™'y)=g~'y mod V+ T
= |U] Z Uke(A, g y)y
yelU

> Vg9~ TA y)y.

yelU

\U!

IU!
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2. Supercharacter theories for * D" (¢?)

2.2.62Lemma. Let Ac Vandrng: Vo = Vg: A >

Aijeij. Then

1,j)€N
WQ(ZL‘_TA)
0] Ap Az Afs A | A Avz |0
—t1A12 USE —tlA(fg) —t1 A5 —t1 A —t1 A7 0
+ A
t_lgﬁ;g tito Al titaArs titaAse titaArr 0
+t3A13 +t3Al5 +t3 A5 +t3A16 +t3 A7
g Al —titsAss —t{t3Ase —t{t3 A1z 0
—tadls —t4 A5 —t4 A6 —t4 A7
2 7 s
—t9 t3A15 —11 t3A16 —t1 t3A17 0
*tZQAw _tZQAIG —tZ2A17
— 7*+q
- 7t‘172+qt3A16 _tl ) t3A17
ft‘{tZQAw —titz Ay 0
*t[112t41416 _t% t4 A7
~fadio —t5A17
7t§2+qt2t3A17
ft({tQthn
7t22t2t4A17
—totsArr 0
ftthQAn
*tg2t41417
—tgA17
0

2.2.63 Proposition. Let A € V and x := x(ty, t9, t3,14,15,t) € U, then
r.A=A—my(t1As3)ess.
Proof. Let A € V and x := x(t1, to, t3, t4, t5,16) € U, then
r.A=m(z""TA) 2202 4 mg(t1A13)eas.
Thus we get the result.
2.2.64 Definition/Lemma (*D3"' (¢*)-truncated row operation). The map
UxV = V:(uA)—ud:=nau A

defines a group operation, which is called the truncated row operation.
Note that the elements of U act as F,-automorphisms on V.
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2.2. Monomial * D" (¢*)-module

Proof. Since 7 is an F,-linear map by 2.2.16, it is enough to prove that (gh).A =
g.(h.A) for all g := wx(ty,ts,t3,t4,t5,t6) € U, h := x(s1, S92, S3, S4, 85,56) € U and
A = (A;;) € V. Let gh = x(ry,72,73,74,75,76), then r = t; + s; by 2.1.12. By
2.2.63, we have g.(h.A) = ¢g.(A — m (s1413)e23) = A — (m,(t1A13) + my(s51413))eas =
A —m,(r1Ais)ess = (gh).A. O

2.2.65 Corollary. Let A € V, z;i(t;) € U (i = 1,2,3,4,5,6) and t1,t3,ts € Fgs,

t2, ts,tg € ]Fq, then
(1) x1(t1).A is obtained from A by replacing Ass with Ass — my(t1A13), Le.

< ’ A12 A13 ACIIS ‘ A15 ‘ Alﬁ ‘ A17 ‘ >
T (tl)A = A23 .

—my(t1A13)

(i1) zi(t;).A = Aforall i € {2,3,4,5,6).

2.2.66 Notation. OV (A) and Stab;?"(A) are defined under the ‘truncated row oper-
ation’, and Oy (A) and Staby (A) are used for the ‘truncated column operation’.

2.2.67 Remark. From Corollary 2.2.65, we obtain
l’l(tl)A = $12<t1).A = flg(tl).A

and

g(gg‘yl(q?,)(A) = g);?//l(qS)(A) = O?:qu")(A)'
2.2.68 Remark. In general, g.(A.u) # (g.A).u. For example: let t,t4 € F;; and
Aj; € Iy, then

(o) (o)) = i LD )

but

(L] 44y [ ][4

21(t)-((A1T erg) a(ta)) _< T ) .

2.2.69 Lemma. Let B € V, g := x(ty, s, t3,t4,15,1) € U and y € U such that

supp(g™ ' B) Nsupp(y — 1) C J.

Then Vrk,(g~ "B,y — 1) = x,.8(y).
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Proof. Let B €V, g := x(ty,ta,1t3,t4,t5,ts) € U and y € U as supposed, then

ﬁ“q(ngBa Yy— 1):79%( —t1B13€923,y — 1)

—19(“«1( — 1) + K¢(—t1Bizeas, y — 1))
(’ﬁq(B y— 1) +7y((—t1Bi3)y2s))
y23€Fq19(/<¢q(B y— 1)+ my(—t1B3) - y23>
=0(kg(B,y — 1) + my(my(—t1 Bi3)yas))
( )

—19(/@1 B,y — 1) + ky(my(—t1B13)€as, y — 1))
=0ky(B — my(t1B13)eas, y — 1)

“Z5954(9.B, f(y))
=Xg.5(Y)-

O

2.2.70 Proposition. Let g € U and A € V, such that supp(¢g~"A) NN C JU{(4,5)}.
Then
M ([B]) = xg.8(9)[g-B] forall B € Oy(A).

Proof. Let B € Oy(A), then main(B) = main(A). Thus,
supp(g” ' B)NN C JU{(4,5)} forall B € Oy(A).

Then for all y € U, supp(g~ " B) Nsupp(y — 1) C J, since supp(y — 1) € N\{(4,5)}.
Then

2.2.6
= Iry(g~ T B,y)y
b Z o

>2% kq(B, f(g \U\ ZXgB v)y=xs(97"')[g.B].

yelU

> Ukrg(g "B,y — 1)Uke(g "B, 1)y

yelU

|U|

We have

Xo.5(9) “E0rkg(g7 "B, g — 1) = 9ky(B,1 - g') = Uk (B, g+ — 1)
=Vrqe(B, f(g71)) = xB(97").
Hence \,([B]) = x,.5(9)[g.B] for all B € Oy (A). O

2.2.71 Corollary. Let g € U and A € V, such that supp(g~"A) NN C J U {(4,5)}.
Then

m(Ag|coy(a)) = COp([g-Al).
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Proof. Let u € U, then Cg[A.u] = Cy([AJu) = C(g[4)u *£" Clg.AJu. Hence
im(Aglcoya)) = COu([g-A4)). O

2.2.72 Corollary. Let g € U and A € V, such that supp(g~"A) NN C J U {(4,5)}.
Then

g.(Bwu) = (9.B).u forall B € Oy(A), ueU.

Proof. Let g € U and A € V, such that supp(¢g-"A) NN C JU{(4,5)}. Then
C[(g.B).u] = Clg.Blu *%°C(g[B])u=Cg([BJu)=Cy[B.u]=Clg.(B.u)].
Hence g.(B.u) = (¢9.B).u. O

2.2.73 Corollary (Simple row move). Let A € V, x;(t;) € U (i = 1,2,3,4,5,6) and
t1,t3,t4 € B, 1o, t5, t6 € Fy, such that supp(z;(t;)"TA) NN C JU{(4,5)} then

2.2.74 Corollary. Let AcV (A17 = A16 = A15 = O, A13 = AT3 7é O), X1 (tl) € U such
that 7Tq<t1A13) = A23, then COU([AD = COU([Il(tl)A]) = COU([A - A23€23]), ie.

a4 111

COu( | A fiz L[] })g@@[](

2.2.75 Corollary. Every U-orbit module is isomorphic to a (not necessarily unique)
staircase module, and the isomorphism is given by the left multiplication by a group
element.

Proof. Let A € V and (1,3),(2,3) € main(A), then (2,3) is deleted by 2.2.74. By
2.2.51, the claim is proved. O

2.2.76 Lemma. Let A € V with Ay; = Aj; € F;, x5(s5) € U and s5 € F,, then

)‘z5(55)([A]) = 79(551416)[‘4 + 55AT7623]~
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2. Supercharacter theories for * D" (¢?)

Proof. Let A € V with A;; = Aj; € F; and x5(s5) € U, then

’U| Z 19/'{(] Ts 55) TA7y>y

yelU
2262 > Okg(A — s5A16e66 — S5 Aire6r, Y)Y
’U| yelU
> (ﬁ“q (A, y) - Img(—s5A16) - Umg(—s5A17y67) )y
|U| yeU
=1(s5A16) - ]U| Z (19/<;q (A, y) - Imy(— 35A>{7y67))y
yeU
2.:-1219(35/116) ]U| Z (ﬂmq (Ayy) - 197rq($5A17y23))y
yelU
=10(s5A16) - |U| Z Vrig(A + s5A%7€23, )y
yelU
=10(s5A16) - |U| Z Vkg(A 4 s5Afzea3, f(y))y
yelU

:19(85/116) [A + 85141(7623}.

2.2.77 Proposition. Let A, B € V, Aj; = Aj; € F}, and

| A | Ais [ A5 | Avs | Ase | A7 |
A23 ’

A=

- ’ Apy | Ajg | Al \ Az \ Asg ‘ ALy ‘
0

then COy ([A]) = COy([B)).

Proof. Let C € Oy(A) and s5 = ﬁi?’ € F,. By 2.2.76, we get A\, (s, ([C]) =
’19(85016)[0 + S5AT7623], where C' + 85A17€23 € OU(B) Thus COU([A]) = COU([B]
by 2.2.60. O

2.2.78 Definition. Let 1 < ¢ < N. The i-th hook of J is defined to be

H; :={(a,b) € J | b=1iora=1i}.
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2.2. Monomial * D" (¢*)-module

In particular, H; = {(1,7),(2,3)}. Let A € V be a pattern. Then A is called hook-
separated, if on every hook H; of J lies at most one main condition of A. Note that
hook-separated patterns are always staircase patterns. Let A € V be hook-separated,
then COy ([A]) is called a hook-separated staircase module.

2.2.79 Corollary. Every U-orbit module is isomorphic to a certain hook-separated
staircase module.

Proof. By 2.2.75, every U-orbit module is isomorphic to a staircase module. By
2.2.77, we get the desired conclusion. O

2.2.80 Lemma. Let A, B € V. Then Hom¢y (COy ([4]), COy([B])) = {0} if and only
if for all C € Oy(A) and D € Oy (B) holds Homgsan,, (c,p)(C[C], C[D]) = {0}.

Proof. Let 14 be the character of COy ([A]) and ¢5 denote the character of COy ([ B]).
Then

0 =dimcHomcy (COy ([A]), COu([B])) = (¥, ¥B)u

] 2 A0 \U\Z< z ew)(,Z wm)

uclU uelU CEOU ) DEOU(B)
Cau=C D.u=D
1 1 -
= 2 X xeo = X Y xe(wo(
‘ ‘CEOU (A) uelU ’ ‘CEOU(A)UEStabU(C’,D)
De0y(B) Gu=9, DeOy(B)
\StabU(C,D)]
Z #OCCUXD)StabU(C,D)
CEOU(A) | ’
DEOU(B)
Staby (C, D .
= > |UU()|(dlmcHomStabU(aD)(C[C],C[D])>7
CeOy(A) U]
DeOy(B)

where x( is the linear character of the CStaby (C, D)-module C[C], while yp, is the
linear character of the CStaby (C, D)-module C[D]. Thus (x¢, Xp)staby (c,p) = 0 or 1.
Hence

0 = dimcHomey (COy ([A]), COy([B]))
<= (X, XD)staby(c,p) = 0 forall C € Oy(A), D € Oy(B)
<= dimcHomgap,, (c,0)(C[C],C[D]) =0 forall C € Oy(A),D € Oy(B)
<= Homsgab, (c,0)(C[C],C[D]) = {0} forall C € Oy(A),D € Oy(B).

2.2.81 Lemma. Let A, B € V andy € U. Then

Homsan (4,8)(C[A], C[B]) = Homgtab,, (A.4,8.4) (C[A.y], C[B.y])

as C-vector spaces.
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2. Supercharacter theories for * D" (¢?)

Proof. c.f. the proof of Proposition 3.3.21 of [Jed13]. O
2.2.82 Corollary (Homomorphism criterion). Let A, B € V. Then

Homey (COy ([A]), COu([B])) = {0}
if and only if Homsgan,, (a,p)(C[A], C[D]) = {0} for all D € Oy(B).

Proof. Let ¢4 denote the character of COy([A]) and 5 denote the character of
COy([B]). By the proof of Lemma 2.2.80, we get

0 =dimcHomey (COy ([A]), COy([B])) = (¥a, ¥p)u

Staby (C, D)| ..
_ Z M“dlmCHomStabU(C,D)((c[C]aC[DD
CeOy(A) | |
DeOy(B)

B |Staby (A.u, B.v)|
=2 2 7 Staby (A)][Staby (B)

welU veU
— |Staby (A.u, B.(v'u))|
X Y Stabe (4 Stabo (B

_UE o |Staby (A.u, (B.v').u))]
2 2 TU7{[Staby (A)] Stabg (B)]

uelU v'eU

- dimcHomgaby, (A.u,(B.07).0) (C[Au], C[(B.v").u)])

dimCHomStabU(A%B.v) ((C[Au] R C[BU])

dimcHomgaby, (4.4, 5. () (C[A.u], C[B.(v'w))])

2.2.81 [Staby (A, B-v))|
=22 |U||Staby (A)||Staby (B)|

uelU velU

|Stabyr (A, B.v))| .
B dimgHomgya ) (C|A],C[B.v
o0 |Staby (A)|[Staby (B) ¢ staby (4,8.0) (C[A], C[B.v])

3 |Staby (A, D))

dimcHomgan,, (4,8.0)(C[A], C[B.v])

dimcHomsgyan,, 4,0y (C[A], C[D])

DeOy (B) \StabU(A)]
<~ dlm(CHomStabU(A D) ( [ ], [ ]) =0 forall D¢ OU(B)
— Homstany (a.0)(C[A], C[D]) = {0} forall D € Oy(B).

[]

2.2.83 Proposition. Every U-orbit module is isomorphic to a hook-separated staircase
module in Table 2.3, and they satisfy the following properties:

(1) Let A, B € V. If verge,(A) # verge,(B),
Homcy (COy([4]), COy([B])) = {0}
In particular, let COy([A]) € §i, COy([B]) € §; and i # j, then
Homcy (COy([4]), COy([B])) = {0}
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2.2. Monomial * D" (¢*)-module

(2) In the Family §, ., the ¢q* hook-separated staircase modules are irreducible and
pairwise orthogonal.

(3) In the Family §s, the (¢ — 1)q* hook-separated staircase modules are irreducible
and pairwise orthogonal.

(4) In the Family §4, §5 and §¢, the hook-separated staircase modules are reducible.

Table 2.3.: Hook-separated staircase 3Diyl(q3)—0rbit modules

| Family | COy([A]) (AeV) | dimcCOy ([A]) | Irreducible |

{'Awo [ L[4 ]

S6 COU([ — ‘ ) q NO
[ A [ [AG] ] ]

3s COU(\‘ Az P ¢ NO

EEEREAEARNE

5 COU([ e ‘) ¢° NO
A A 11T

& | coo(|] LD ) q YES
[ T[4z [T171]

1.2 COU([ . A_23 ‘ ‘ ) 1 YES

7A>k *
where A}y, Ajy, Aj; € Fis, Ajg, Af;, Ay € Fy and Ajy* € T,

Proof. By 2.2.75 and 2.2.79, every U-orbit module is isompiphic to a hook-separated
staircase module in Table 2.3.

Let A, B € V be hook-separated staircase core patterns of the Family §, and C €

OU(B), i.e.

A::’

Ajs" | Al

‘ ‘ and B := ‘

Aas

By’ | Bis

]

By
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2. Supercharacter theories for * D" (¢?)

By 2.2.52, we get
StabU(A)
:{I(O, t?v t3a t47 t57 t6)

As=0%, X, X5 X,

Ai—)qtq + A} 5tq + Ajste = 0, t3,t4 € IF , Lo, 15,16 € Fq}

Xo X4 X5Xg, Ci13=0

. We calculate the inner
X4 X5 X6, Cis #0

Then by 2.2.39, Staby(A,C) = {

product
1
XA; XC)Staby (A,C) = Tar o 74 Vkg(A—C, f(y
< >St by (A,C) \StabU(A C)| yesta%]:(A,C) Q( ))
- 1
|Staby (A, C)|

Z UK (’ —Ch2 —C3 (ATS - Bi%)q ‘ Al — Bis ‘ ‘ f(y)) ‘
y€Staby (A,C) ! Ags — Bag ’
If Ci3 = 0, we have

“Bi'ss | | pea| B
cel | —BisT 150 | Pl s5€Fp b
Bos
0 #dimcHomgan, (4,0)(C[A], C[C]) = (x4, XC)staby (4,0)
1
- U, | (Aag — Bos)t
GXXN] 2 ( o = B
t2,t5,t6q€Fq

+ (A, = Bt + (A - B )

1 o
iy (79<(A23 - B23)t2) ‘ 19¢0((A15 — Bi;)ti (n+ nq))>
q t4€Fq3
to,ts,ts €y
( > (A2 — Bas)ta )( > 7%0( 15— 15)t32(77+77q))>
q t2€Fy ta€F 3
<:>{323—A23}/\{B5—A5}
If CY13 7£ Os
—Bi5s3 —Bf5q3>fq ¥ q %
Ce { —Bf5sg2 _BTS >{q B15 Bl5 ST S ]F;S, S3 € FqS} .
B23
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2.2. Monomial * D" (¢*)-module

Therefore,
0 #dimcHomgan,, (4,0)(C[A], C[C]) = (X4, Xc)staby (4,0)
1 2
- I, | (AT — Bi)%%, + (Af. — Bt )
|X4X5X6’ t4€ZF3 ( Q<( 15 15) 4 ( 15 15) 4 >
t5,t6€qu
1 L
=5 Z <0¢0((A15 — Bis)ti (n+ Uq))>
q t46Fq3
ts,t6 €y
— LS a((an, - B “
32 dol| (Al Bt (n+n?)
q t4€]Fq3
<= B, = Aj;.
We get

Homsggan,, (4,00 (C[A], C[C]) # {0} <= (x4, XC)staby(a,c) 0 (i.e.=1)
— {{323 = A} AN {Bj; = AT5}} N By; = Alz} <= By = Aj;.

Thus HOHlCU(COU([A]),COU([B])) = {0} < Bik5 7é ATS

Let A € §, and B € §;, 4 denote the character of COy([A]) and ¢ 5 denote the
character of COy (| B]). In a similar way, we calculate (14, ¢5)y. Then the statements
of (1) are proved.

The ¢* hook-separated staircase modules of §, » are of dimension 1, so they are
irreducible, and they are pairwise orthogonal by calculating inner product.

Let A, B € V be hook-separated staircase patterns of the Family §; and A # B,
then (Y 4,v4)y =1 and (Y4, p)y = 0, thus the statements of (3) are proved.

Let A € V be a hook-separated staircase core pattern of the Family §,, then the
orbit module COy ([A]) is reducible. Suppose it is irreducible, then by (1) and (2)
we get

(dime COp([A])" = ¢ < U] - ¢* = ¢ — g*

This is a contradiction. Thus the orbit modules of the Family §, are reducible. Simi-
larly, (5) and (6) are proved. O]

2.2.84 Remark. There exist two hook-separated staircase modules such that they are
neither orthogonal nor isomorphic. For example: let A, B € V be hook-separated
staircase core patterns of the Family §, with A}, = B, € Fes and Ass # Bag, l.e.

AT yp. (A ARTT]

|
A= A23 323 ’

then COy([A]) and COy (| B]) are neither orthogonal nor isomorphic.
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2. Supercharacter theories for * D" (¢?)

Proof. (1) Let D € Oy(A) and 14 denote the character of COy([A4]). Then the
CStaby (A, D)-modules C[A] and C[D] satisfy

@DO A(lg ATE)q‘ATs ‘ ngDDm ™ A>1k5q‘A>f5 ‘ q
C ]0/4()2314“{5‘7\14’{5 ‘ngDDm i A>{5q\A>{5 H}

By the proof of 2.2.82, we get

dimcHomey (COp ([A]), COy([A])) = (¥a, Ya)u

|Staby (A, D)| .
o~ dimcHomgap, (4,0 (C[A],(C[DD
DEOZU(A) |StabU(A)\ taby ( )
6 3 5 3 3
¢ -q¢ ¢ (¢ —1)q
= - + (q6 ) :q5+q3—q27é1-

Thus, COy ([4]) is not irreducible.

(2) Let ¢4 denote the character of COy ([A]) and ¢ the character of COy (|B]).
By the proof of 2.2.83, COy([4]) and COy([B]) are not orthogonal and by (1)

(Ya,Va)v = ¢ + ¢ — ¢* = (B, ¥B)v.

Let D € Oy(B). The CStaby (A, D)-modules C[A] and C[D] satisfy

e [OTO ST | o [(Pa] T AT
o [0 TS T o o [P [ DL AT T)

By the proof of 2.2.82,

dimcHomey (COy ([A]), COy([B])) = (Ya, ¥B)v
_ [Staby (4, D)|
Deg;(m Staby (A)]

503 — 13
:q(qqﬁ)q = —¢# (Va,a)u

dim(cHomStabU(Ap) (C[A], C[D])

Thus, COy (|A]) and COy([B]) are not isomorphic.
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2.2. Monomial * D" (¢*)-module

2.2.85 Comparison. (1) (Classification of staircase U-modules). Let U be A,(q),

2

DY (q) or 3D:Y (¢?), then every U-orbit module is isomorphic to a staircase U-
module (see [Yan10, Prop. 2.2 and Thm. 3.2], [Jed13, 3.3.15] and 2.2.75).

(Irreducible U-modules). Every irreducible A, (q)-module is a constituent of pre-
cisely one staircase module (see [Yan10, Thm. 2.4 and Cor. 2.7]). Every ir-
reducible D?¥'(q)-module is a constituent of an unique hook-separated staircase
module (see [Jed13, 3.3.19 and 3.3.43]). Every irreducible D:¥'(q)-module is
a constituent of a (not necessarily unique) hook-separated staircase module (see
2.2.79, 2.2.83 and 2.2.84).
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2. Supercharacter theories for * D" (¢?)

2.3. Supercharacter theories for *Dj"' (¢°)

Let G := Gs (¢*), U =D} (¢), t;. 15, t; € Fs and 83, 15, t;, € F.
In this section, we construct a supercharacter theory for 3D5" (¢%) (2.3.21), estab-

lish the supercharacter table of 3D3” (¢%) in Table 2.5, and determine the character
table of 3D (¢3) in Table 2.9.

2.3.1. A partition of 3D} (¢*)

In this subsection, a partition of 3Djyl (¢) is determined (see 2.3.8) which is a set of

superclasses proved in the next subsection 2.3.2.

2.3.1 Lemma. Let 1 denote Iz € G, then
Vo=G—-1={g9—1|geG}

is a nilpotent associative F-algebra (G is an algebra group).

Proof. Let g,h € G and k € F,, then

(g—1)+(h-1)eqG-1,
k(g—1) e G—1,
(g—1(h-1)eG-1.

Thus the lemma follows. O

2.3.2 Notation/Lemma. Let 1 denote Iy € GG, g € GG and u € U, then set
Glg—1)G ={z(g — L)y | z,y € G} C Vg,

Co={1+a(g—1y|z,yec Gt =1+G(g—1)G C G,
CV ={1+2(u—1y|z,yc G}NnU C CC.

2.3.3 Lemma. Let 1 denote Iy € G and g,h € G, then the following statements are
equivalent:

(1) There exist z,y € G, such that g — 1 = x(h — 1)y,
(2) CY =cf,
(3) g€ CF.

2.3.4 Corollary. (1) Theset {CS | g € G} forms a partition of G with respect to the
equivalence relation of 2.3.3 (1).
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2.3. Supercharacter theories for > D3 (¢3)

(2) Let g € G, then CgG is a union of conjugacy classes of G.
2.3.5 Lemma. Let u,v € U, then the following statements are equivalent:
(1) There exist x,y € G, such that u — 1 = xz(v — 1)y,
(2) CY =Y,
(3) ue C’ff .

2.3.6 Corollary. (1) The set {CY | u € U} forms a partition of U with respect to the
equivalence relation of 2.3.5 (1).

(2) Let u € U, then CU is a union of conjugacy classes of U.
We obtain a partition of D3 (¢®) by straightforward calculation.

2.3.7 Proposition (A partition of 3D” (¢*)). Let T' (t; € F,s) be the transversal for
tiFS in F ;. Then the CJ with u € U are given in Table 2.4:

2.3.8 Notation/Lemma. Set

Ci(t7) =C (t* for all i = 3,4,5,6,
CZ t2 = ( U t* Yxa(t )U( U Jrz (t3)ws( ts))’
t*EIF ts€lfy

ot ) 1= ¥ sy Craltity) = Clupagny Coi={lo} = {Is}:

Il(t ):E3(t3
Note that these sets form a partition of U, denoted by K.

2.3.9 Notation/Lemma. Let

U Ci(t;) foralli= 3,4, C; = U Ci(t;) fordlli=2,5,6,

> 1k
q
. Py .
Ciz:= |J Cus(tity), Ciai= |J Cialt],t3), Co:={lv}={Is}.
HeF?y fEF?y
{;{eTq t5€Fy

Then

K=( U a)Uc:Uds

i€{0,2,3,4,5,6}
2.3.10 Comparison (Superclasses). (1) The superclasses of A, (q) are the sets
AY
Com =L, +x(g— L)y | v,y € An(q)} forall g € An(q),
which are called André-Yan superclasses (see [Jed13, 2.2.30 and 3.5.3]).
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2. Supercharacter theories for * D" (¢?)

Table 2.4.: A partition of 3D (¢?)

53,54 S ]Fq37 S5, S6 € ]Fq

uelU #0Y cv 7|
1 1 2(0,0,0,0,0,0) 1
(1) qg—1 2(0,0,0,0,0,t%) 1
* x(0,0,0,0,t%, s¢)
z5(13) q—1 5 .
s¢ € Fy
X O’ 07 07 t*v S5, S6
z4(t}) ¢ -1 ( 1 ) 2
¥ (0,0, 15, 54, 55, S6)
z3(t3) ¢ -1 3 5
S4 € Fq37 S5, S6 € IE?q
q+1
5 1 $(O,t*,337t* - 837*735756)
wa(t)a(ty) | (g D(g* 1) R »
s3 € Fgs, 55,56 € Fy
0.t sat! " sg2+q+1
$2<t2)x5(t5) (q_ 1>q .fE( ) 27537_?7 5 t;Q ,56) q4
s3 € Fys,s6 € IFy
‘t*
1 r ZU( *’O’t3l +t*87 $4as5786>
r1(t7)z3(ts') (¢ —1)¢? 1 1 -
S4 € Fq375>557 S¢ € ]Fq
* * $(t*,t*753,34755,86)
22 (t5)r(t7) | (¢ — 1)(¢® = 1) 112 »

where #; € T,
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2.3. Supercharacter theories for > D3 (¢3)

(2) The superclasses of D:¥'(q) are the sets CAN := D% (q) N {la, + x(u — I3,y |
z,y € Ag(q)} for all u € DY (q) (see [ANO9a, page 1279]), which are called
André-Neto superclasses (see [Jed13, 3.5.5]).

(3) The superclasses of3DZyl (¢®) are the elements of K (see 2.3.8 and 2.3.21).

75



2. Supercharacter theories for * D" (¢?)

2.3.2. A supercharacter theory for 3D} ()

In [DIO8], P. Diaconis and I. M. Isaacs introduced the supercharacter theory for a
finite group. In this subsection, we determine a supercharacter theory for 3Diyl (¢®)

(2.3.21), establish the supercharacter table of 3Djyl (¢*) in Table 2.5 and list super-

characters, supermodules and superclasses of 3Diyl (¢®) in Table 2.6.
Let U = *D}" (¢%), Afp, Afy, Af; € Fis and Ajg, Afy, Az, € Fj.

2.3.11 Definition. Let G be a finite group. Suppose that K is a partition of G and that
X is a set of (nonzero) complex characters of G, such that

(@) |X]=I[K],
(b) every character x € X is constant on each member of K and
(c) the elements of X are pairwise orthogonal.

Then (X, K) is called a pre-supercharacter theory for GG. The function p: G — C is
called a superclass function, if it satisfies (b). In particular, the superclass functions
form a C-vector space.

2.3.12 Notation. Let GG be a finite group. If x is a complex character of G, let Irr(x)
denote the set of all irreducible constituents of x.

2.3.13 Definition/Lemma (§2 of [DI08]/3.6.2 of [Jed13]). Let GG be a finite group
and (X, K) be a pre-supercharacter theory for G. Set o := > yecur(y) ¥(1)1. Then the
following statements are equivalent.

(1) The set {1} is a member of K.
(2) Uyexlir(x) = Irr(G) and every character x € X is a constant multiple of o,.
(3) Every irreducible character v of G is a constituent of one character x € X.

The pair (X, K) is called a supercharacter theory for G, if one of the three statements
holds. We refer to the elements of X as supercharacters, and to the elements of K as
superclasses of G. Note that 3", cx 0, = reg, the regular character of G.

2.3.14 Remark. The definition of the supercharacter theory in 2.3.13 is equivalent
to the one of [DIO8]. Let (X,K) be a supercharacter theory for a finite group G in
this thesis, then the partition {Irr(x) | x € X'} of Irr(G), the partition of G, and the
supercharacters X form a supercharacter theory for G in [DIO8].

2.3.15 Definition. Let G be a finite group and (X, K) be a supercharacter theory for
G. A CG-module is called a CG-supermodule, if it affords a supercharacter of G.
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2.3. Supercharacter theories for > D3 (¢3)

2.3.16 Remark. (1) Roughly, a supercharacter theory replaces irreducible charac-
ters by supercharacters, conjugacy classes by superclasses, irreducible modules by
supermodules. In such a way, a supercharacter table is constructed as a replace-
ment for a character table.

(2) For a finite group G, there are two ‘trivial’ supercharacter theories as follows:
(Irr(G), ConjCl(@)), ({trivg, regs — trivg}, {{1}, G\{1}}), where ConjCIl(G) de-
notes the set of conjugacy classes of G, and trivg is the trivial character of G.

(3) Superclasses are unions of conjugacy classes ([DIO8], Theorem 2.2(c)).

(4) Different rows of supercharacter tables are orthogonal, but the different columns
may not be orthogonal. For example: let G be a finite group with |G| > 2,

then ({trivg,regy — trivg}, {{1},G\{1}}) is a supercharacter theory, and the
supercharacter table is determined

{1 gea\{1}
trivg 1 1
reg, — trivg | |G| — 1 -1

Then

trivg(1) - trivg(g) + (rege — trive) (1) - (regg — trive)(g)
=1—-(|G]-1) =2— |G| #0,

so the 1st and 2nd columns are not orthogonal.

2.3.17 Notation/Lemma. Let A = (A;;) € V, set

A
M (Ajze1 + Aggeas) :=COp( A Ty [11] }) = ClAze12 + Agzeas],
M(A%gers + Afjgem) —_C {[ ’ AS? + s0A%5 | Al ‘ ‘ ‘ ‘ ] 5y € ]Fq}
:COU(l A [an [ [T ]
* % o ’ Apg | Ayg | AT5Y \ Al \ \ ‘ ] Ajg, Arz € Fs
M(A15q614 + A15615) =C {{ A23 | A23 c ]Fq q
A [ A ] }
_ CO ’ ‘ 15 15 ’
Ai.émq ot \@ )
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2. Supercharacter theories for * D" (¢?)

* __ | A [ A [ A5 [ Ass [ A% | | A, A1z, A5 € Fp
M(A16616> =C {|: A23 A23 € Fq !
A | [ [ A6 ] |
- @ cou| L el
Alj‘?wqg Y | A2s |
Ao3€F,

M(A%ers) i=C H

= @ @@U({ ’Al? ‘ ‘ \A}\ b

A12€Fq3 1

| A [ As [ A5 [ Avs [ Ase | A7 | Arz, A1z, A5 € Fs
A €F,

2.3.18 Notation. Denote by M the set of all of the CU-modules in 2.3.17.

2.3.19 Notation. (1) Let M € M, then the complex character of the CU-module M
is denoted by V.

(2) Set X :={¥y | M € M}.
2.3.20 Corollary. Let A = (A;;) € V, and 14 be the character of COy ([A]). Then

War(a A = P4 Asea: v s,y = Wi
(Ai2e124+Aazens) Y Arsern+Asgens M(Atyers+A 13 ery) wA1213612+A{36137
\PM(A’{5‘1614+AI5615) - Z ¢A23523+A1‘5‘1614+A*1‘5e157
Ao3€lFy
\I]M(A%em) = Z wA13613+A23623+A’{66167 ‘IIM(A’{7€17) = Z ¢A12612+A’f7617'
A13€F 3 A12€F 3
Aoz€lFy

2.3.21 Proposition (Supercharacter theory for 3D5* (¢®)). (X, K) is a supercharacter
theory for 3D (¢®), where K is defined in 2.3.8, and X is defined in 2.3.19.

Proof. By 2.3.8, K is a partition of U. We know that X is a set of nonzero complex
charaxcters of U.

(a) Claim that |X| = |K]|.
By 2.3.8, 2.3.17 and 2.3.19, [{Uryaz ey | Al € Fi}| = [{M(Afzerr) | Ay €
F}| = |Ce|. Similarly, we obtain the Table 2.6. Thus |X| = |K].

(b) Claim that the characters x € X are constant on the members of K.
Let Aj; € F;; and

Cuis | A7 | A3
Cas

Bis(A;5) = { [ Crz

‘ ‘ Cho2,Ci3 € qus
023 S Fq '
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2.3. Supercharacter theories for > D3 (¢3)

Lety € U, then

WM(AT5q614+AI5€15)<y) - Z XC(?J) - Z XC(y)‘
CeBi5(As;) CeBi5(A7s)
Cy=C yEStaby (C)

Ify = ZE(O, 0,0, t4,ts, tﬁ) e CouCyuUlCsUCCs, Yy E StabU(C) forall C e 815(141(5)
by 2.2.52. Thus

* * 2
Uniastentanen (V) = D Xxel) = > Omg(AfsTta + Ajsta®)
CeBis(Ass) CeBi15(AT5)

=q" 0T (Afs s + A15t4 ).
Ify S OLQ U 01’3 U (s, Yy ¢ StabU(C’) forall C e 615(A>{5) by 2.2.52. Thus

War(As ters+ At ens) (y) = 0.

If y = (0,5, s3, 84, S5, 8¢) € Ca, by 2.2.52

\I[M(Af5qel4+A’f5615)(y) = Z XC<y>
CeBi5(Afs)
2
A’l‘5qsg+A’1‘55§ +013t;=U
Aiksqsg"'Aﬁsf * q * 0 g’
_ Z Ik Ciy | — i AfT | AL —S3 | Sq | S5 | x| %
q ) *
C12€Fq3 023 t72
0236]Fq

Apts3T 4+ AL

Z I, (Costy + + AlsTsy + A15342)

C12€F 3 t2
ngGFq
A* g q+1 +
=¢’ - I ( pe + Als"sa+ Alssi ) : Z Umg(Casts)
2 Ca3€lfy
=0.

Similarly, we calculate the other values of the Table 2.5. Thus the claim is
proved.

(c) The elements of X" are pairwise orthogonal by 2.2.83.

(d) The set {1} is a member of K.

By 2.3.11 and 2.3.13, (X, K) is a supercharacter theory for 3D3*' (¢3). O
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2. Supercharacter theories for * D" (¢?)

0T

(L1241 )
(%4y)e 0 0 0 0 0 0 or? h
b.
028 91
Amaw . v
or? (491)0 0 0 0 0 0 orP VIV
%.
2P b A%Nwm% )P 0 0 0 0 b (S5 V125 Y)W
(32,5 P
b- T,€1 b bgs2. 2 2
b b b 0 0 Emm*m\xésﬁ%w. p | Cefiy+ misa
(G18ly =) e LV = iter 1) 20
Cq€C
*w * .
' ! ! I AHMNJQ@V&%% (95y)e (L%hy)Prp T (seof 2y +e1o Sy ) I
1 I T ! (“%v)e  (9%)e I T (55255V ) IV gy
I I I I (LEy) ep I (L%y) e I Sy
I I ! ! ! ! 1 I g,
(3% (39 (o (fED (e (WD (L1 9D

1fis

"1 . JO 9[qe1 Ia1oeIeydIadng :'G g S[qRL
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2.3. Supercharacter theories for > D3 (¢3)

2.3.22 Corollary. The supercharacters, supermodules and superclasses of 3D (¢*) are
listed in Table 2.6.

Table 2.6.: Supercharacters, supermodules and superclasses of 3Diyl ()

Supercharacters | Supermodules Superclasses

#{V}={M}=4{C}

vVedX MeM cek
Yar(ag,enn) M (Ajeir) Cs(t5) q—1
War(a4e16) M (Afgeis) Cs(t3) q—1
Unras dentares) | M(Afs%e1s + Ajzers) | Ca(t]) ¢ —1
M(Atgers+ AT ers) M (Ajgers + Aers) | Cua(ti, ) (¢* - 1)¢?

Unr(anyerntasens) | M(Afge12 + Ajgens) | Cra(t],43) (¢ —1)(g—1)
WAz e23) M (A3ze3) Co(t3) q—1
War(ag,e12) M (Afzei2) Cs(t3) ¢ —1
V(0 M (0) Co 1

2.3.23 Corollary. The number of the supercharacters of 3 D3’ () is

| X] = [M] = [K]
="+ 4" +¢ - ¢ +2¢-3
=(g— 1> +6(q—1)* +15(q — 1)* +18(¢g — 1)* + 12(¢ — 1) + 1.

2.3.24 Comparison (Supercharacters). (1) Supercharacters of A, (q) are the char-
acters of staircase A, (q)-modules, which are called André-Yan supercharacters

(see [Jed13, 2.2.27]).

(2) Supercharacters of D¥!(q) are the characters of the sums of all hook-separated
staircase D?¥'(q)-modules with the same verge (see [Jed13, 3.6.13 and 3.6.16]
and [ANO9a, page 1278]), which are called André-Neto supercharacters.

(3) Supercharacters of 3Djyl (¢®) of families §4, §5 and F¢ are the characters of sums
of all hook-separated staircase *D:"" (¢*)-modules with the same Ist verge (see
2.3.17 and 2.3.21).

81



2. Supercharacter theories for * D" (¢?)

2.3.3. Character table of 3Diyl (¢*)

In [Lel13], Tung Le constructs and counts all complex irreducible characters of the
Sylow p-subgroup 3fo’l (¢®). In this subsection, we give more specific constructions
of the irreducible characters of 3D:* (¢3) (2.3.45). Then calculate the conjugacy
classes of 3D (¢3) (2.3.51), establish the character table of 3D (¢3) (2.3.52) and
determine the relations between the supercharacters and the irreducible characters
of 3D (¢?) (2.3.53).

Let G be a finite group, N a normal subgroup of GG, K a field, and U := 3Diyl ().

Now we define more notations, then recall Clifford’s Theorem. We refer to [CR81],
[Dip13] and [Kar89].

2.3.25 Reminder. Let G be a finite group, then Irr(G) is the set of all irreducible
characters of G, and triv¢ is the trivial character of G.

2.3.26 Notation. Let G be a finite group, H a subgroup of G, x € Irr(G) and \ €
Irr(H).

(1) Denote by Indg)\ the character induced from \.

(2) Denote by Res% y the restriction of x to H.

(3) The center of G is denoted by Z(G).

(4) The kernel of x is denoted by ker x := {g € G | x(9) = x(1)}.

(5) The commutator subgroup of G is G' = ([x,y] | =,y € G), where [z,y] =

xly oy

2.3.27 Definition. Let L be a (right) K N-module and g € G. The conjugate K N-
module LY of L is defined to be the same vector space L with a new N-action given

by
LxN—=L:(l,n)—1xn=Ilgng ', Vie L neN.

2.3.28 Definition. Let L be a (right) K N-module. The inertia group I;(L) in G is
defined to be

Ig(L) ={g € G| L= L as KN-module}.
In particular, N < I;(L) < G.

2.3.29 Notation. Let N be a normal subgroup of G and A € Irr(N), then the inertia
group is defined to be

Ie(A\) ={g € G| M =A},
where M (n) = \(gng™') forall n € N.
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2.3. Supercharacter theories for > D3 (¢3)

2.3.30 Notation. Let H be a subgroup of a group G, then denote by T\ a complete
set of right coset representatives of H in G.

2.3.31 Theorem (Clifford 1937, [Cli37]). Let G be a finite group, N < G, K a field
and let M be an irreducible (right) K G-module. Then the following statements hold:

(1) The restriction Res%M contains an irreducible K N-module L.

(2) Let H = I¢(L) be the inertia group of L in G, then there exists e € N* such that
the restriction Res$ M is isomorphic to a direct sum of e copies of the K N-modules

D L

teTm g

and the set {L' | t € Ty\} is precisely the set of non-isomorphic conjugate of L
in G.

(3) Let W denote the sum of all submodules of Res$ M which are isomorphic to L,
then W is an irreducible K H-modules such that

ResyW = eL(= @ e many copies of L),
and M = Ind§W.

We list some important facts (see [Dip13]) of Clifford’s Theorem.

2.3.32 Remark. We use the notations of the above Theorem.

(1) Let H = Ig(L) = N, then for gi,9 € Tn\a, 1 # go, and L9 2% L9, Thus
L = W is the only irreducible submodule of Res$, M which is isomorphic to L,
and M =Ind§{L, L=W, e= 1.

(2) Let I(L) = G, i.e. L9 = Lforall g € G. It can happen that Res$M = L (e = 1).
Res§Ind§ L = @gery, L © g =[G : N]L. For 2 < e < [G : N], Res§M = L can
happen, too.

(3) t =[G :Ig(L)], e|][lg(L) : N]and e = 4=

dimg L °

2.3.33 Notation. Let z,u € U, then the conjugate of x by u is “x := uxu~!, and the
conjugacy class of x is Yz := {vzv™! |v e U}.

We calculate and obtain the following conjugate elements by 2.1.10.
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2. Supercharacter theories for * D" (¢?)

2.3.34 Proposition. Let u := x(ry, 2, 73,74,75,76) € U, x;(t;) € U and t3 € Fz, then

do(ritd)) - we(do(riratl) + do(rstl)),
rits +rits) - $5(¢0(7’32+qt3))

(
(

r3(t3) =x3(t3) - x4

- wg(—tars — t%r‘fﬂﬂ - tgri’2+q+lr2),

Ugy(ty) =1 (ty) - 23(raty) - a(—rotTh — tyrd — trg)
s (ot T o (rF (—rat] — 73t0)) + o (rL 1) + b0 — )
o230 (r o (—rat] — i) + do(rard 1)

+ %( - 7“27“3751) + ¢0( - t17"§2+q))7

and

(s (ts)s (ts)) = (ts) - wa(rit + rits) - ws(ts + do(rf Tts))
@(rats + o (Ttlz2+qr2t3> + (- T1t§2+q) + o — tsri)),

u($2(t2)$4(f4)$5(t5)) :£C2<t2) . l’g(-T’ltz) . l’4(t4 — t27”?+1)
2
. .T5<t5 — tQTi] tatl + §b0 (rlt?1>)
: I@(—t2T5 — t%’f‘g2+q+1 — t27“(172+q+1’l“2 + ¢0 (7"17“215?1)

+ do(rst]) + rats),

u<l‘1(t1)$3(£3)) =11 (t1) - w3(rots + t3)

g (=t — ol — g + 8L 4 rT3)

as(rat] T Go(r{ (—rat] — rt) + go(rf 1)
+ ¢0< - tﬂ“Z) + 9o (Tiluqfs))

e (2r2t T 4 g (r‘f2r2(—r3t‘{ —rity))
+ ¢o (7"27"52t(f+1) + ¢0( — 7“27”Zt1> + Qbo( - 7517’:32+q)
+ %o (7‘(112+q7”2f3> + ¢o( - Tlfguq) + ¢0( - 2?37"3)
+ 6o (ratf ™ + tarf + tirs))),
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2.3. Supercharacter theories for > D3 (¢3)

“(xQ(tg)xl(t1)> =x9(to)xy(t1) - 3(raty — rits)
. x4(—7‘2t‘f+1 — tyrd —tiry — tgr(fﬂ + tytory + titar)
. x5(7"2t‘f2+q+1 + ¢o (7‘(112(—7"315‘{ — rgtl))
+ go(rf 1) + go( — trrf) — tar{ FO!
+ ¢0< - 7’115?%”1752) + 9o (tg2t27”%+l))
. x6(2r§t(f2+q+l + ¢o <ri}2r2(—r3t({ — r§t1)>
+ o (7"27“§2t(11+1) + go( — rority) + do( — t17”§2+q)
— by — tgrg%rqﬂ _ t2r‘f2+q+lr2
+ ¢0( - 27"17’2t(f2+qt2) + 9o (t(ftﬂ“%ﬂrz)
+ o (rf T Ht3)).
2.3.35 Lemma. Leta € Fs, b € F, and
Oa: Fly = C: 2 v Omy(ax),
Oyp: Fy = C* =y = Omy(by) = 9(by).
then Trr(F ) = {0, | a € Fs} and Trr(F)) = {0y | b € Fy}.

Proof. Leta € Fys. By 1.2.22 and 2.2.13, U,(z +y) = U4(2) - Uo(y) forall z,y € Fgs,
so Irr(Fj5) 2 {Va | a € Fa}. Let a,c € Fs and 9, = ¥, then 9,(z) = v.(x) for all
x € Fp, ie. dny(ax) = Vmy(cx) for all z € Fps. Thus a = ¢ by 2.2.13. Otherwise
Y(y) = 1 forall y € Fs. this is a contradiction since ¢ is nontrivial by 1.2.22. Thus
#{Va | @ € Fgs} = ¢*. Therefore, Irr(F)s) = {¢a | a € Fys}. Similarly, we obtain the
second formula.

2.3.36 Corollary. Let u € F, and 0,: Ff; — C* : t > O, (ust + ut?), then v, =
Dot (nmoyuss and Irr(F) = {0, | u € Fpa}.

Proof. For allt € F;,

Du(t) =0, (st + ut?) *22 9o (muit + nut?”) *E° 9eo((n + n")ult)
=07y (n~ (0 + n?)ut) = V=1 (n+myus (£)-
By 2.2.12, n + n? # 0. By 2.3.35, we get the second formula. O

2.3.37 Lemma. Let G be a finite group, Z(G) C N < G, and a complex character
x € Irr(G). Let \ € Irr(N) such that (Res§x, )y = e > 0. Then for all g € Z(G),

G|

Res$y) (9) = e | Ag

(Resion) (9) = e 7, 0

and g ¢ ker x <= g ¢ ker \. In particular, let X < Z(G), then X ¢ ker x if and only

if X ¢ ker \.
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2. Supercharacter theories for * D" (¢?)

Proof. By Clifford’s Theorem 2.3.31, we have for all g € Z(G)

gGZ:(G) e ’G|
[Ia(M)]

(Res) x(9)=¢ > X(g)

heTio e

A(9)-

Let 1 be the identity element of G and gy € Z(G), then

X(90) # x(1) <= (Res§x) (90) # (Res§x) (1)

G| G|
Thus g ¢ ker x <= g ¢ ker A. O

2.3.38 Definition (2.1, [Lel3]). Let x be an irreducible character of a group G. x is
said to be almost faithful if Z(G) £ ker x.

2.3.39 Lemma. Let T := X2X3X4X5X6, N = X4X5X6, and H := X1X4X5X6.
(1) The subgroup N is abelian, N < U, T'< U and H < U as follows:

=TH
X2X1X3X4X5X6

T

X2X3X4X5X6 X1X4X5X6

N=TNH=
X4X5X6

(2) Let A € Irr(N) and ResY A # trivy,. If A satisfies that Resy ) = trivy,, we have
Iy N) ={ueU| X =\}=H.
(3) Let A € Irr(N), then the inertia group I7(\) is

| T ifResy A\ = trivy,
Ir(A) = { if Resy A # trivy,

(4) Let A € Irr(N), then the inertia group Iy (\) is

[ H ifResy \ = trivy,
Ta(A) = { if Resy A # trivy,

(5) Let ¢ € Irr(T) and X = Z(T') ¢ ker 1), then the inertia group Iy (¢) is
Iy() ={uelUly* =y} =U
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2.3. Supercharacter theories for > D3 (¢3)

Proof. (1) By 2.1.10 and 2.3.34, N is abelian, N and 7" are normal subgroups of
U, and H is a subgroup of U. Then N is a normal subgroup of N and H, since
N is a normal subgroup of U.

(2) Let A € Irr(N), w := x(ry,r9,73,74,75,7¢) € U and x := x4(ty)xs(t5)xe(ts) € N,
then ) is a linear character since N is abelian. We have
A(x) =Nu-x- u_l)
PN (wa(ta)ws (ts + do(ritd))zs(te + rats + do(rirat]) + do(rstd)))

N _ .
ResX5 )\—trlvx5

= AMwa(ta)) - Mas(te + rats + do(rimatl) + ¢o(rsti))).
Since X ¢ ker A and X5 C ker A, we get
N ={uecU | X=X} ={uecU|Nu-z-u')=\x)forall z € N}
22000 = a(ry, ra, 73,74, 75,76) EU | 1o =13 =0} = X1 X, X5X = H.
(3) Similar to the proof of (2).
(4) Similar to the proof of (2).

(5) Let z4(ts) € Xe. Since Xg = Z(T) < N < T, there exists A € Irr(N) such that
0 < e = (Resk, \) v, then
T

(ReSN¢) (‘rﬁ(tﬁ)) |] ( )l (x6<t6))

By 2.3.37, X5 = Z(T) ¢ ker A since X¢ = Z(T) ¢ ker, then Resy A # trivy,.
Then I(\) = N by (3). Thus Indi\ € Irr(T) by Clifford’s Theorem 2.3.31.
Thus e = 1 and ¢ = Ind} ).

Let u := x(s1, So, S3, S4, S5, S¢) € U and h := x(0, ta, t3,14,ts5,ts) € T, then

w<h>:(1ndﬁx><h>=|}v| S Ay

— Letty # 0 or t3 # 0, then ¢(h) = (IndjyA) (k) = 0 and

() (h) = (nd )" () = (IndRod) (- ™) #2200,

— Letty =t3 = 0, by 2.3.34
1

() = (IdA) (W) = 7 3 (w-hey™)= ,MZAyhy
hy671“N yeT
y-hy "€

:=x(0,r2,73,74,r5,7 1
yi=z(0rayr3,rarsme) L > (za(ta)zs(ts)ze(te + rats + go(rstd))),

| | r2,r5,76 E€Fg
3,74 GIFqs
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and
(¥")(h) = (IndA)" (h) = (IndJA) (u-h-u™")
= (IndjA) (z4(ta)ws(ts + do(s1t9))z6(ts + sats + Po(s152t5) + do(sst])))

= = Z Maa(ta)ws(ts + go(s1tl))ze(te + sats + do(s152t7) + do(sst]))

| | r2,r5,r6EFg
73,74 GFqg

- x6(Tots + Tado(s1t1) + Po(r3t])))-

Since X ¢ ker \, we have for all u € U

<w)<h)=¢<h>={ (N (wslte) =l == =0

Thus Iy(v) = U. O

Now we determine the irreducible characters of the subgroup H = X X, X5X¢ of
U.
2.3.40 Lemma. Let H .= X1X4X5X6 and )Z S IIT(H), then H = X5.

(1) IfX5 C kery, let ﬁ146 = X5\H o~ X1X4X'6’ XA177A15,A12 c Il"l"(H146),
XAN’AB’AIQ (jl(tl)j4<t4)j6 (tG)) = 19(A17t6) . 197Tq(A({5t4 + Amtf) : 197Tq<A12t1),
and y17415412 e the lift of yA17415412 to H. Then

Irr(H)y :={x € Irr(H) | X5 C ker x}
:{)NCA”’ALS’AH € IFF(H) | A17 € Fq, A15, A12 € ]FqB}.

(2) If X5 g kerf() let N := X4X5X6, )\A17’A16’A15 € II'I'(N), and
)\A17’A16’A15 (l‘4(t4)l’5(t5)$6(t6)) = 19(A17t6) . 19(A16t5) . ’197Tq(A(f5t4 + A15t?12).

Then
Irr(H)s :={X € Irr(H) | X5 ¢ ker ¢} = {IndgA"17%e0 | Ay € F, Ajg € Fi}

Thus, Trr(H) = Trr(H),Ulrr(H)o, i.e. H has q7 linear characters and (q—1)q irreducible
characters of degree ¢°.

Proof. Let y € Irr(H). By 2.1.10, H' = X; and Z(H) = X;5Xs.
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2.3. Supercharacter theories for > D3 (¢3)

(1) If X5 C ker x, x is linear, and all linear characters of H are precisely the lifts to
H of the irreducible characters of the abelian quotient group X5\ H.

(2) If X5 € kery, let N := X,;X5X6, A € Irr(N) and (Resyx, \)y > 0. Since
Xs; < Z(H) < N < H, by 2.3.37 X5 ¢ ker\ i.e. Resy A\ # trivy,. Then
Iz(\) = N by (4) of 2.3.39. By Clifford’s Theorem 2.3.31, ¥ = Ind¥\ and
deg(y) = ¢*. Let X7Aedis ¢ Irp(N) for all A7, Ayg € F, and A5 € Fs,

2
)\A17’A16’A15 (.]74(t4)$5(t5)33'6(t6)) = 19(A17t6> . 19(A16t5) . 197Tq<14({5t4 + A15tZ )
Then there exists A417416415 such that A = A\4174%6415, We know that X is a

transversal of N in H. Let r; € s, for all x4(t4)x5(t5)z6(ts) € N,

()\A17,A*1‘6,A15)z1(r1< ( )xS(tg))xg(t(;))
€\ A5 (1 (1)) -y (tg) s (t5) w6 (tg) - 21(r1) ™)

1 (r
:/\A17,A’{67A15( ( )J:5(t5 + ¢0(T1t ))xG(tﬁ))

=9(Asrtg) - O(Als(ts + do(r1t?))) - Omg(Alsts + Apstd)
=0(Aurte) - D(Algts) - O (my(Alsts + Arst] ) + A 6¢0(r1t4))
S0 (Arrte) - 9(Afts) - Img(n (n+ ) Alsta + 1~ A167’1 ts)

=0 (Augts) - 9(Afgts) - Omg(n~ ((n +n?) Af5 + Agri )ta).

By Clifford’s Theorem, y = Ind¥ 4174160 and

Res#Ind A4 4is0 = $° (/\A17,A>{6,A15)$1<’“1): S AAmALs B

7’1€Fq3 B15€Fq3

Thus H has ¢” linear characters and (¢ — 1)q irreducible characters of degree ¢*. [J

By the commutator relations of 2.3.34, we determine the conjugacy classes of H,
and obtain the character table of H.

2.3.41 Corollary. Let = := x(t1,0,0,t4,15,t5) € H be a representative of one conjugacy
class of H, then the character table of H is following:
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Character table of H

|| 1 q q
x x5(ts) 26 (ts) x4 (t) 76 (t6) 21 (t7)74(ts)ws(ts)
I(Ayrte)
- 19(A17t6) 2
A17,A15,A12 ) . q q
X V(Arrts) D (ALt + Anstid) Uy (Afsts + Arstd )
a 4 4 '197Tq(A12t>{)
3
Hyapan o | ©CU(Airts)
Indy AT e W (Asets) 0 0

We obtain the irreducible characters of the normal subgroup X, X3X,X5X¢ of U.
2.3.42 Lemma. Let T := X, X3X,; X5X¢ and ¢ € Irr(T), then T" = Xg.
(1) If Xg C ker ), let Hoggs := Xe\T = Xo X3 X, X5, x o444 € Trp( Hygys),
o A A2 (3 (4) T3 (3) T (1a) T5 (t5))
= 9(Asgts) - Iy (Alsty + Asstd ) - 0my(—Austs) - 9(Agsts),
and 1641541342 be the lift of yAre-A15413:423 0 T, Then
Ire(T')y :={y € Irr(T") | X C ker e}
={ypeAmdisdes | A1 Aoy € F,, Arg, Ars € Fs}.
(2) If Xg € kert, let N := X4 X5Xg, N7A645 ¢ Irr(N), and
AAITAAS (3 ()5 (£ )6 () ) 1= O(Arrte) - 9(Agls) - I (A%sts + Agstd ).
We get Irr(T)s := {¢ € Irr(T) | Xo € keryp} = {IndjAMir00 | Az € Fr}

Thus, Trr(T) = Irr(T)Ulrr(T)s, i.e. T has ¢® linear characters and (q — 1) irreducible
characters of degree q*.

Proof. Let+ € Irr(T). By 2.1.10, T' = Z(T) = Xs.

(1) If X¢ C ker, 9 is linear, and all linear characters of 7" are precisely the lifts to
T of the irreducible characters of the abelian quotient group X¢\7'.

(2) If Xg € kertp, let N := X;X5X5, A € Irr(N) and (Resye, A)y > 0. Since
Xe = Z(T) < N 9T, by 2.3.37 X¢ ¢ kerX ie. Resy A\ # trivy,. Then
I7(\) = N by (3) of 2.3.39. By Clifford’s Theorem 2.3.31, 1 = Ind}\ and
deg(¢y) = ¢*. Let \mAiedis € Trr(N) for all Ay7, Ajg € Fy, A5 € Fe and

)\A17’A16’A15 ($4(t4)$5(t5>$6<t6)) = 19(A17t6> . 19<A16t5) . ﬂﬂq(A(f5t4 + Awtf),
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2.3. Supercharacter theories for > D3 (¢3)

Then there exists \4i~416:415 guch that A\ = \AimAe41s,. We get that X, X5 is a
transversal of N in T'. Let ry € I, r3 € [F s, then for all z4(t4)25(t5)z6(ts) € N,

(4 (ta)zs(ts)zs(ts))
=N (15 (59)5(53) - wa(ta)2s5(E5) w6 (t6) - (22(52)w3(53)) ™)
=\ A4S (3 (1) a5 (s )6 (ts + Sats + do(s3t])))
DAl (te + sats + do(s5td))) - 9(Argts) - 97y (Alsts + Arst?)
I Afrte) - D((Ars + Afrsa)ts) - O, (Alsta + Asst] + Afrdo(sstd)
I(Afste) - 9((Ass + Afrsa)ts) - Io(Alsts + Aust] )+ Ajrsstd)
=0(Afzte) - 9((Asg + Afzsa)ts) - Iy (™ (7 + 17 Aly + Af7sd ).
By Clifford’s Theorem, ) = Indy A\*4i7%° and
Resﬁlndﬁ)\“‘%o’o _ Z (/\A;7,316,A15)wz(m)xs(rs) _ Z A\Ai7:Bie,Bis

ro€lfy Bis G]Fqg
r3 E]Fqg Bis€lFq

()\A’{7,A16,A15)12 s2)a3(s3)

Thus T has ¢® linear characters and (¢ — 1) irreducible characters of degree ¢*. [

By the commutator relations, we also determine the conjugacy classes and the
character table of T'.

2.3.43 Corollary. Let x := x(0, ta, t3,14,t5,ts) € T be a representative of one conjugacy
class of T, then the character table of T is shown in the following table:

Character table of T

Tl 1 q q q q
th t
x x6(t6) x5(tF) x4(ty)xs(ts) x3(t5)za(ta)zs(ts) ?};4((54);;5((55))
19(A16t5)
Y(Azgt
9(Asets) .éﬁj&i)m) 0mq(Af514)
pAr6, 415,413,423 1 I(A16tt) -197rq(A(115tZ)2 9 A15tq2 '197Tq(Alat )
~’L97rq(A15th ) ’ Tl'q( 15 42 '1971'(1( A13t3)
T A1) y(Agaty)
PAlr q*9(Aj te) 0 0 0 0

2.3.44 Remark. Let H := X1X4X5X6, T .= X2X3X4X5X6.
Let J := {(1,2),(1,3), (1,4), (1,5), (1,6), (1,7),(2,3)}, V as in §2.2.1.

(a) Let
Jg = U (W(Xz) N ‘]) = {(172)’ (1a4)> (175)7 (1a6>7 (177)} - J’

i€{1,4,5,6}

Vi =V, (\V ={A=(A4;) € Vi, | A, A1z €Fy, Ay = Al € Fs}.
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2. Supercharacter theories for * D" (¢?)

Similar to ?’Dsyl( 3), we construct a bijective 1-cocycle of H and a monomial
CH-module CH, and get a supercharacter theory for H. The superclasses are
the conjugacy classes, and the supercharacters conclude " linear characters and
(¢ — 1)q reducible characters of degree ¢".

(b) We exhibit a monomial CT-module CT and a supercharacter theory for T' as well.
The superclasses are also the conjugacy classes, and the supercharacters conclude
¢® linear characters and (q — 1) reducible characters of degree ¢®.

Now we give the explicit constructions of all complex irreducible characters of U.

2.3.45 PrOpOSition. Let A12, A13, A15 € Fq?), and A23, A167 A17 € Fq.
Let Ay, Aty At € T, Asy, Afg, Af, € Fy and T5s be a transversal of Aj,F/[ in F;.

(1) Let U := X3 X, X;Xe\U = Xo X1, x5 € Trr(U), and ;0" (Zo(L2) T4 (1)) ==

lin

O7y(Araty) - 9(Agsty). Let x4 denote the lift of y;2>*** to U, then

Stin Z:{X € II"I"(U) | X3 X4 X5Xg C ker X} = {Xl“lf Az | A € Fq 3, Aoz € ]Fq}

(2) Let AAIS € TAIL” U = X4X5X6\U = XQXng, H = XIXSJ X?fl;a Az € II‘I‘(H)

A*
with XA13 A1z (Il( 1).1_33(t3)) = 797Tq(A12t1) . ﬁﬂq(—Algt:;) Let X s 412 denote the
_A’{
lift of Indgxg,}f’A”’S to U, then

Fs :={x € Ir(U) | X4X5Xs C kerx, X3 ¢ ker x}
,A*

—{xpitiz" | A € Fra, A € TABsY,
(3) Let U := X5 Xc\U = Xo X1 X3Xy, H = X2 X3X,, XA15 A28 € Trr(H), and

XAIS A2, A13( (tg)ffg(tg)lq(tgl)) = Q9(A23t2) . 197Tq(—A13t3) . 1977',1(14({5754 + Awt?ﬁ).

4,3

A7,A , A7,,A
Let x5 denote the lift of Ind vy "> to U, then

o ={x elr(U) | XsXs C kerx, X4 ¢ ker x}
_{ A15 Asg | AT{, c IFZ3,A23 € Fq}.

(4) Let U = X6\U = X2X1X3X4X5, F[ = X2X3X4X5J XS A1g, A2z, 13,415 € II'I'(H),
and

Ngo A s (3 () T3 (ts) T4 (ta) T5 (t5))

2219(A23t2) : 197Tq(—A13t3> : ?97'('(1(14?5@1 + A15t32) : 19<A16t5).
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2.3. Supercharacter theories for > D3 (¢3)

“ A : A, A
Let X;;%’ 2413 denote the lift of Ind%x?“’ 24590 16 U, then

S5 :={x € rr(U) | X6 C kerx, X5 € ker x}
={xg i | Ajg € ), Ags € Fy, Arz € Fpo ).

(5) Let H := X1 X, X5Xe, H := X, X;\H = X, X, x5.""* € Irr(H), and

—A17,A12

Nogi 2 (Z1(t1)Z6(ts)) := Imy(Aratn) - U(Airts).

A% A
Let Xgo: Aindi denote the lift of X?” A2 from H to H, and X@ A mal v o

then §s := {x € Irr(U) | Xg € ker x} = {xgx""* | Aj; € F, A12 eFpl.
Hence Trr(U) = Frin UF3UF1UF 5 U
Proof. Let x € Irr(U).
(1) Family i, where X3X,X5Xg C ker .

Since U’ = X3X,X;5Xg, all linear characters of U are precisely the lifts to U
of the irreducible characters of the abelian quotient group X3X4X5X6\U If
X3X4X5X6 C kery, x is linear. Let U := X3 X, X;Xs\U = Xo X1, 1527 €
Irr(U), and Xmlf Az (mg(tQ)xl(tl)) = U, (Ajaty) - 9(Agsts). Since U is abelian,
we have Irr(0) = {12 | Ajy € Fys, Ags € F,}. Let xji'>** denote the lift of
Y242 to U7, then

Fim ={x € Irr(U) | X3X4X5X6 C ker x} = {xi2"% | Ay € Fys, Ay € F,}.

(2) Family §s, where X, X;Xs C ker xy and X3 ¢ ker x.

Let U := X, X;X\U = X5 X, X3, then by 2.1.10, the commutator relation in U
is [Zo(ta), 71 (t1)] = Ts(taty). Let H := X, X, X;;‘;3 412 ¢ Trr(H) and

—A13,A12

X3 q ($1(t1)$3(t3)) = ’197Tq(A12t1) . ’197Tq(—A13t3).
We note that X, is a transversal of H in U, and Z(U) = X3. For all s, € F,,
_A*, Agp\ T2(s2) _ At Al _ _
(™) (@1(11)F5(1s)) = X (Tal52) - T2 (1) Fs(Ls) - Ta(52) ™)

=X (T () T3 (b + s0t1)) = Iy (Arats — Aly(ts + sot1))

=0 ((Arz — s2AT3)ts — Afsts) = Imy((Arz — saAl3)ty) - Uy (—Ajsts),

SO ]U(Xﬁ}f 412y _ 7. By Clifford theory, {5 }13 A2 naly ?}f’ 2 € Irr(U) and

13 Ais o A13 Ai2 12(52) o A13 Ajo— 82A13
ResH X3.q =) ( ) = > Xas

s2€Fq s9€F,
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2. Supercharacter theories for * D" (¢?)

By Clifford theory, there are ¢?(¢® — 1) almost faithful irreducible characters of

LAY _A¥ AT
U, ie. {X3,q

34150 * 13 A¥* i3 A 130 A
| Ai, GIF‘3,A1 € T}, LetX be the hftofx
to U. Therefore,

S ={x € Irr(U) | X4X5Xs C ker x, X3 ¢ ker x}

_A¥
o AAL? * x 1A% A7
={X34 | Alz € Fs, Ajp? € T},

(3) Family §4, where X5 X C ker x and X, ¢ ker x.

Let U := X;X¢\U = X,X, X3X,. By 2.1.10, the commutator relations of U are
given as follows:

[Z1(t), To(ta)] =T3(—taty) - Ta(tatl™), [Z1(t1), Z3(ts)] =  Ta(tatd + tits).
Let H := X,X3X,, Y, 15"*" € Ire(H), and
Xfllf A (3 (1) 23 (t3) Ta (t)) 1= V(Asta) - Img(—Arsts) - Img(Alsta + Asst]).

Then H is abelian and H < U. Note that X is a transversal of H in U. For each

71(s1) € X1, we consider (X4 i las, A“’)xl(sl) For all Ty (t5)Z3(t3)Z4(ts) € H,

A1 Aoz, Arz\T1(s1)
Cov T3(ts) 4 (ta))
_Ax A2 A1s ,_ _ _
=Xy 3(x1(51) ( ) 3(t3)Za(ts) - T1(s1) ")
_A* Aoz A _
X4 (115 29 13(1’2(t2)$3(t3 — 51t2>$ (t4 + Sltg -+ Sgtg — t28q+1>)

=0(Agst) - U (—Ais(ts — s1t2))

Iy (AL (g + s1td + sty — tosTTh) + A% (b + s1td + sTts — tosTTHT)
=0(my(Ags + Azsy — (AL9sTH + AL s 0))ty)

SOy (—Austs + Al (s1td + sits) + Als(sitd + si )q )

-0y (Al + Al tq )
=0 (mg(Azs + Argst — (A}p"s1™ + Al ™))

OTg(—Avsts + (Af5"s] + Ajs? )t + (Al 751t + Afssit])

T (AT + AT
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2.3. Supercharacter theories for > D3 (¢3)

P2 (1 (Ags + Ayssy — (Al 5T 4+ AT 5170 ))1y)
U7y (—Ansts + (Af57s] + A1531 St + 1 ( o AT58§ + 1 A7 "s])ts)
-y (ATt + Ai5tq )
=0(my(Azs + Az — (Afs"sT™ + Afst™))t)
Iy (= Avsts + 07 (0 + 07 ) Algst + (0 + 0" Aj"s])ts)
-y (ATt + Aiﬂf)'

By 2.2.12, n + nq # 0. Thus [U(XA15 A2 A“’) H by 2.2.39. By Clifford theory,

_ JA23, A ,A23,A
we get Indgx4 A28 ¢ (7)), deg(x] 15 ) = ¢ and
U U —AjsA23,A13 _Aj5,A23,A13 1(s1) i _A%5,A23,B13
ReSHIndHX4,q3 - X4,q3 - Z X4,q3 )
3?1(81)6)21 B13€Fq3

- . A% Ag: .
where A,; is determined by Ags, Aj5, A1z and Biz. Let x, 1% ** denote the lift

App A
of Ind ¥;3"*" to U, then

Sa ={x € Iir(U) | X5X6 C ker x, Xy & kerx}
A15 Ass | A 6 FZ3,A23 c Fq}

(4) Family §s, where X C ker x and X5 ¢ ker .

Let U := X\U = X5X; X3X,X5. By 2.1.10, the commutator relations of U are
given as follows:

[T1(1), Ba(t)] =Ts(—taty) - Ta(tatT) - T5(—tat] T,
@1 (1), T (ts)] =Ta(tat] + tits) - T5(do(—t] "ts)),
[Z1(t1), Za(ta)] =T5(Po(t1t])).

Let H := X, X5 X, X5, X?;G Aesdindis ¢ (), and

oA A0 (3 (1) T3 (t3) Ta (£4) T5 (E5))

1219(A23t2) : 197Tq(—A13t3) . 197Tq(A({5t4 + Awtf) : 19(A16t5).

Then H is abelian and H < U. Note that X, is a transversal of H in U. For

Aoz, A1g,Aqs\ Z1(s1)
each 7,(s;) € X, we consider (X5 1654323544135 15) .

For all $2(t2)$3(t3)1‘4(t4)1’5(t5) S H,
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2. Supercharacter theories for * D" (¢?)

(i 2 oY (1) 1) (1) (1)
Xy N (T (1) - Ba(t2) ot Ba(ta) s (t5) - 1 (s1) )
=g A (5 (80) 25 (ty — s1ta)Ta(ta + s1t] + sty — tos?T)
T (ts + do(s1td) + do(s? Hts) — tasT TIH))
=0(Aasts) - Umy(—Aus(ts — s1t2))
O (Al (ty 4 s1td + sTt5 — tos?T™) + Ays (b + 5188 + 5985 — tos?TH)T)
I(Alg(ts + o(s1td) + do(sT Tits) — tys? T1HY)
=0(my(Ags + Args — (AlssT™ + Apsi ™) — Algst T )1)
T (= Arsts + Al (st + st3) + Ags(s1td + s7t5)7 + go(Algs? Tt3))
U7 (Alsts + Awst] + do(Afgsit])) - 19("4){6255)
=0(my(Ags + Azsy — (A%t 4 Apssite) — Atgs? T1H)1y)
Oy~ Asts + (Alsst + Auss? )ty + (Algsath + Aissit] ) + do(Afgs] Tts))
Oy (Afsts + A15tq + do(Afgsitd)) - V(Ajgts)
~2 19(7Tq(z423 + Aizs1 — (Aq53§+1 + A155i+q ) A* 1 +q+l)t2)
-7y (= Austs + (Afss] + A155lf2)t3 +7 Awssi + n?Alss)ts + 777114?65({2%153)
(i + 1) Alsts + 777114){651 ta) - U(Ajgts)
—0(my(Agg + Arzsy — (A%sTH 4 Apsite) — At sTT1H)gy)
Oy (—Assty + 17 ((n + 17 ) Avsst + (1 + n?) AlssT)ts + 0~ Algs? Ty)
) ﬁ”q(”?il(("? +n?)Afs + AlGSl )ta) - U(Ajgts)-

Thus I (x AlG’AQS’A”’Aw) H. By Clifford theory, Ind%y ?EG’AQS’A”’A”’ € Irr(U),

A A A A
deg( 16 23,413 15) — q3 and
U —Alg A23,413,A15 _Ajg,A23,A13,A15 1(s1) o _A¥s,A3,A13,B15
ResHIndH X5,q3 = > 5,43 = > 5,43 ’
71(s1)€X1 Bis€F 3

where A;; is determined by {Au3, A%, A5, Bis}, and Ays is determined by

Aigrzo A : 7 Al Azs, A1 0
{Ag3, Alg, Ars, Ars, Bis}. Let x;'97*" denote the lift of Indj ;15" """ to
U, then

S5 ={x € Irr(U) | Xg Ckerx, X5 ¢ ker x}
{ Aw’AQS’AlS’ | ATG S IF:;, Ay € Fq, Az € Fq3}.
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2.3. Supercharacter theories for > D3 (¢3)

(5) Family §e, where X € ker x.
LetT = X2X3X4X5X6, N = X4X5X6, and X € II'I'(U) such that X6 g keI‘(X),
then Z(T) = Z(U) = Xe. If ¢ € Irx(T) and ¢ € Irr (Resfx), X¢ ¢ kers by
2.3.37. Let MimAsdis ¢ [rr(N),

)\A”’Alﬁ’Als ($4<t4)l’5 (t5)3§'6(t6)) = 79(A17t6> . 79(141@55) . T97Tq<A({5t4 + A15t?12),
and 1417 := Indy \4i7%0, then by 2.3.42

{tp € Irx(T) | Xg & ker v} = {Indy AMi7%0 | A7, € Fi} = {97 | A}, € Fi}.
By (5) of 2.3.39, I;;(1)4i7) = U, so ResYy = z*4i7 for some 2* € N*. Thus

S ={x € Irr(U) | X¢ € ker x} = U {x €elr(U) | x € Irr (Indgl/J)}

Yelrr(T)
XeZker i

= U {x ehr(U) | x € Irr (Indgy*iv) }
Ay, €F:
= U xehn(U) | x €Tr (Ind%/\AT%O’O)}‘
Aj,€Fy
Let H := X, X, X5X;, then H' = X; and Z(H) = X, X5 < H. Let yhrheie
Irr(H) as in (1) of Lemma 2.3.40. For all x4(t4)z5(t5)x6(ts) € N,

(ResyxM7042) (w4 (ta)as(ts)ws(te)) = XM70N2 (wa(ta) s (ts)m6(t6))
=x 0N (2 ()6 (L)) = V(Alrte) = MO0 (wy(ts) s (t5) w6 (L))

Thus Resi y4ir%42 = \A4i700 for all Ay, € Fs. By (4) of 2.3.39 I (A4i700) =
H, thus Ind¥ 41700 — » Apser, X 1704120 By (2) of 2.3.39 Iy(A4700) = H.
Then by Clifford’s Theorem, IndY, x4i~%412 € Irr(U) for all A%, € F;. Thus

o= U {xehr)|x € Irr (IndjIndyA*ir%0)}

2 *
A2,.3.52+€F%

- U {x e rr(U) | x € Irr (Ind%XATmOyAlz)}
Aj,€Fy
A12€Fq3

={Indyx i7" | A}, € Fi, Ay € Fps}.

For A}, € F; and Ayy € Fys, X4 X5 C ker(x*7042) and X, X5 < H. Thus

yAir%412 is the lift to H of some irreducible character of X, X5\ H = X; Xg. Let

H = Xy Xs\H = X1 X, Vo' € Ir(H), X ™ (21(1)T6(t6)) = 9m,(Araty) -

LAt A ) e ~ A
J(Ajqts), and let x 17" denote the lift of y; 7" from H to H, then x| =
~ A% A*_ A _A* A

xAir0Az Let Xoot = InngG,}JZ’ ', then

~ A% * * Al A * *
Fo={Indjx"i7*h2 | A7, € F;, A € Fodl={xggi =~ | Al; € Fy, A1z € Fys}.
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2. Supercharacter theories for * D" (¢?)

2.3.46 Remark. From the proof (5) of Propositon 2.3.45, we obtain that

U A% 1 qUNA*.00 _ 1. U < A% 0,A1o
Ind79y™17 = Indjy A7 —IndH< > x4 )
A12€F,
. U ~A17 Ai2 ~A17 Az Az, A12
—indy (3 ) = X it = 3
A12€Fq A12€Fq A12€Fq

By Clifford theory, Tung Le ([Le1l3]) determined the numbers and degrees of all

irredubible characters of 3D} We also obtain the numbers and degrees by

2.3.45.

2.3.47 Corollary. The irreducible characters of *D3"'
as listed in Table 2.7

().

(¢®) are classified into five families

Table 2.7.: Irreducible characters of 3D (¢?)

Family] Notation | Parameter Set | Number [Degree Properties
. Ay, e T
A3 A A3,,A
Fe 67(1]1 12 17 q (q _ 1)q3 q4 X g kerX 7 12
A € ]Fq3
Ajg € A% Ags A
At Azs, As 4 5 Xs C ker X5 16,423,413
s 5,63 Agz € Fy (¢ —1)q q A Ags Ars
X5 & ker x5 %
Az € Fqs
* * Al Ao
Afg,A23 A15 S ]Fq3 3 3 X5Xg C kerX 15 3
S1 | X gb (" =Dg | q e
Az € Fy X4 g ker X3 Als.
" X A* 7AA{3
3’q _AT * * 7AT
Ajgd € TA1s X, SZ ker X?,};S’Alf
A € F
Slm Xﬁylf Az { A12 q3 q4 ]. X3X4X5X6 Q ker XZ?;LQ’A%
23 € ]Fq
2.3.48 Remark. Let U :=*Dj"' (¢*).
Let J :={(1,2),(1,3),(1,4),(1,5),(1,6),(1,7),(2,3)}, V asin §2.2.1.
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2.3. Supercharacter theories for > D3 (¢3)

(a) For the abelian groups appearing in 2.3.45, we can obtain their irreducible char-
acters by constructing monomial modules. For example: let U := X;Xe\U =
X2 X1X3X, and H := X3 X3X,. For the abelian group H, let

Jr= U Gmp(Xi)Nn.J)={(13),(1,4),(1,5),(2,3)} € J
i€{2,3,4}
VH ::VJFI ﬂV = {A = (AZ]) c VJH | A23 S Fq, Ay = Agg)}
= {A = (A’Lj) € V | Supp(A) g JHaAQ?) S ]an A137A14 - A({E) € IE‘qg’} .
Similar to 3D”' (¢), we construct a bijective 1-cocycle of H and a monomial

CH-module. The irreducible characters of H are obtained, since H is abelian.
Thus

II‘I‘([_{) = {XA157A23’A13 ‘ A137A15 € Fqﬁ), A23 € Fq}
where

)_(A15’A23’A13 (.f'g(tz).fg(tg)i};(tz;)) = 19(A23t2) . 197Tq(—1413t3) . 197Tq(Alﬁt4 + A15t?12).

(b) Similar to U = 3D3¥ (¢3), we can construct linearisations for the quotient groups
X3 Xy X5X6\U, X4 X5X6\U, X5X6\U and X¢\U, and get their supermodules, su-
perclasses and supercharacters. By 2.3.34, their conjugacy classes are determined.
We also obtain their irreducible character by Clifford theory and calculate their
character tables.

Take U = X5X6\U = X5X, X3X, for example, let
Jo= |J Gwp(Xi)nJ)={(1,2),(1,3),(1,4),(1,5),(2,3)} € J,

i€{1,2,3,4}
=V, (\V ={A=(4;) €V, | Ay € Fy, A1y = Al5}
={A= (Aij) € V | supp(A) C Jg, Az € Fo, Aig, Aiz, Ay = Al € Fq3}-

S

Similar to *D:¥' (¢®), we construct a bijective 1-cocycle of U and a monomial CU-
module. With a similar analysis of the families § 2, §s3, $4 of the orbit modules
of U, we construct the supercharacters of X5Xg\U.

With a similar analysis of the families §;,,, $3, 34 of the irreducible characters of
U, we obtain all the irreducible characters and the character table of X5Xs\U.

Before we get the conjugacy classes of 3D (¢3), we need the following lemma.

2.3.49 Lemma. Let u € IF;; \F,, ker ¢y be the kernel of ¢y, S := uker ¢y and

¢ols: uker pg — F, : ts 17 49 4t

Then ¢y|s is an F-epimorphism.
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2. Supercharacter theories for * D" (¢?)

Proof. The kernel ker ¢, is an [F,-vector subspace of F s and u € Fs, so uker ¢y is

an F,-vector subspace of F;s. Thus gz520| s is an IFq-homomOQrpglism by 2.2.10. Let

to € ker ¢y and uty € ker (¢|s), then t§ +t§ +to = 0 and u? t§ + uitd + uty = 0, so
2

wth + ultd + uty = 0 since u? # 0. Then (u? — u®)td + (u — u?’ )ty = 0. Since

u ¢ F,, ul —u? # 0. Then (ud — u?) 'ty = (ud — u?)~%J, so (u? —u?)"'t, € F,

and t, € (u? — u?")F,. Thus |ker (¢o|s)| < |2F,| = ¢, then |im(¢o|s)| > % 2210
% = ¢. We have |im(¢y|s)| = ¢ since |[im(¢o|s)| < |F,| = ¢. Therefore, ¢y|s is an
[F,-epimorphism. O

2.3.50 Reminder. By 2.2.49, let a* € Fs = Fys\{0}, then T*" denotes a complete set
of coset representatives (i.e. a transversal) of (a*F}) in IF;), Ifty e T* and ty € a*F},
we set to = 0.

2.3.51 Proposition (Conjugacy classes of 3D;" (¢*)). Let t: € Fs and T' be the

complete set of coset representatives for 1;[F; in IF}, The conjugacy classes of 3Djyl (¢®)
are listed in Table 2.8.

Proof. We prove the hard cases of the proposition. Let u := x(ry,79,73,74,75,76) € U,
0#t € Fya, ts € Fs, t € F, and

z(ay, az, as, ay, as, ag) := “(z1(t1)zs(ts) 6 (te) )
(1) Letts € t,F}, then there exists s € F} such that #; = st;. By 2.3.34,

a; =t1, ay =0, az=rot;+1t3=(ro+ s)ty,
ay = — rot?T — (rs — st — (15 — s1m1)%,
a5 =rat] 4 6o (rf (—rat] — ) + oo (rf 1)
+ ¢0< - fﬁ"Z) + ¢o (ST?QJrqtl),
ag =tg + T’gti]%ﬂﬁl + raas + ¢0( - t17“§2+q) + ¢0( - S2T1t(f2+q>
- ¢0( — ster) + ¢ (szf‘f2 (rotd™ g + t‘{rg))
=to -+ r2t] T 4 (1 + 8)ag + 2sr5t] T
+ oo <s(r3 — srl)t(fﬂ) — </)O<(r3 — srl)q2+qt1).

Let a3, ay and a5 be fixed, then ag4 is determined uniquely by 2.2.39 and 2.2.10.
Hence we get the conjugacy class of x;(¢)x¢(ts)-

U($1<t1)$6(t6)) = {fE(tb 0, Sgtl, S4, S5, §6) ‘ Sq € Fq&), S2,85 € Fq} .
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2.3. Supercharacter theories for > D3 (¢3)

Table 2.8.: Conjugacy classes of 3fo’l ()

X #Conjugacy Conjugacy |Conjugacy
Representatives
Classes Classes Class|
I3 1 z(0,0,0,0,0,0) 1
xe(th) qg—1 x(0,0,0,0,0,t) 1
x(0,0,0,0,t%, s
5 (t5) q—1 5 56) q
Sg € Fq
2(0,0,0,t3, s5, s
z4(t3) ¢ -1 ( i 55, 56) ¢
s5, 56 € Iy
x(0,0,t%, 54,85, S
x<0707t§707t570> (q3 - 1)q ( 3o 6) q4
sy € Fys,s6 € IFy
x(0,t5, s3, 84, S5, S
H0.6.0.,6,0) | (g 1 (015 53,51, 55,50 ¢
S3 € Fq3,86 S Fq
x(t7,0,t]59, 54, S5, S
2(11,0,0,0,0,t6) | (¢° —1)g (1,0 fiszy 0,55, 50 ¢
s4 € Fs, 59,85 € Fy
_ (15,0, 65 + ts9, 54, S5, 8
x(tTaO,t;),O,UaO) <q3 - 1)(q2 - 1) ( ! ° 17257 6) C]6
Sq € Fq3752, S5, Sg € Fq
* g% 3 m(tiat§753534755736) S
x(tlat27 0,0,0,0) (q - 1)(q - 1) q

53,54 € Fys, 55,56 € Iy

where 0 # 13 € T, 5_ is determined by some of t*,¢_ and s_.
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2. Supercharacter theories for * D" (¢?)

ay =t, az =0, az="t3+rat,

ag = — ot Tt — 1l — 9y 4 118 + 15,

as =7 tq2+q+1 + ¢o (7"?2(—7”325" —rdt )) + ¢0<r3 tq“)
+ o — t17“4> + ¢o(rf +qlf:a)

ag =tg + Tgtq ot + roas + Gbo( — 11§ +q) + ¢0< - 7’l£§2+q)
+ ¢0( — t37"4) + ¢ (t§ (Tgt‘fﬂ +tyrd + t({rg)).

For the fixed r, 79, 73 and as, let
T :={tiri | rs € Fpz,and r1, 7y, 73, a5 are fixed}.

By 2.2.10, |T'| = ¢*. Let zy € T, then T' = x + ker ¢y and #3r] € t_?’t% + %kerqbo.
We know £3 ¢ t,F7, so t?’ € F;\IFf. Hence

t3x0

{onltard) | tart € T} = {6o(52) 4 6u() | £ € o) "2 Fy.

Thus a¢ can be every element of F, for the fixed ry, 3, 75 and a;. Therefore,

U(xl(tl).rg(t_g)) = {ZE(tl, O,t_3 + Sot1, 84, S5, 86> | Sy € FqS, S92, S5, S¢ € ]Fq} .

By 2.3.34, the other conjugacy classes are determined. Then the proposition is ob-
tained. O

2.3.52 Proposition (Character table of D3 (¢3)). The character table of 3D3” (¢%)
is the one in Table 2.9.
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2.3. Supercharacter theories for > D3 (¢3)

(¢D) ,4e( ¢ JO S1qEI To1DRIRYD :*6°C S[qEL

b.
74 . P9
(9:5)e 0 0 0 0 0 0 * WP N
b.
b ) 0 % 0 % 0 0 Dl oo EVEX
) (991y)g B ety
b
¢
v Do ) e 0 0 * 0 0P| X
(51ky) Prp
b.
b b b ) . b b'ex
(28ly—)Prp 0 0 = = mwmw»m?
1 1 T T (@ve- (Gfy)e  (Bely)bege  (LPly)Prg 1 Uiy
Axmwmuﬁ\v@k%\ *T ok *T % *T x mmﬁ&?\
I 1 I ! &5v)e  (B%)e I I 1 sopr X
I I 1 I (Heky) e ! (ey)Pee (W8IV)°xe 1 e X
u)
I I I I I I ! I I 00
Amwvm
" ()5 (yr (%) 8- ()t (v (£1)ex (92)9x .
X X X
* * * (59)¢a (&) (i (!
(%)e
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2. Supercharacter theories for * D" (¢?)

where AJ® € T4%, 0 £ € T4, and

A A N
Xogi  (@1(t])ws(ts))

= Z 197Tq <A12t* + A 7¢0( q +q> + A17t6)

T‘SE]F 3

=mg(Apty + Ajrte) - D> 0 ( 170o(—t173 +q))7

7’3€]F 3

A% Ags, A .
Xoob T (ws(t3)ws(ts))

= 3 my (= Aty + Afgpo(tiri ) + Afgts)

T‘1€F 3

=0m,(— Aty + Afgts) - > 0 (Afgen(tzr] 7)),

r1€F a3
figden s () (8) 24 (ta)25(t5))
= Z 197Tq(A23t; + Algrltz + AT(’)((ZSO (7’1tZ) — t;?’(ll +q+1) + A16t5)

T1€]F 3

=0(Agsty + Algts) - Y Im, (A13?”1t* + Alg(¢o (r1t]) — tor] +q+1)) ,

T1€]F 3

* 714 %
X ™ (2o (t5)2a(ts)ws (ts))

= > Omy(Aasts + A (ts — tirdthy 4 A (tq g +1)>

7‘1€F 3
* * 2 * q?+1
=1(Azst3) - Z Uy ( 1t — tﬂgﬂ) + Ajs (15 — t5rf i )) 5
7"16]17 3
Az AN . .
X3.q (z1(t])6(t6)) Z U, ( A12 A13T2)t1) 5
T‘QGIFq
AT AA*3 * I Ak
TQGFQ

Proof. Let z := $(t1,t2,t3,t4,t5, tﬁ) ceU = BDiyl (q3)

(1) The values of XQZZ{A” for all A}; € F; and Ayy € Fys
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2.3. Supercharacter theories for > D3 (¢3)

Let H := X, X4X5X¢, H = X X;\H = X, Xg, v50™""* € Ir(H) with

o ™ (21(1)To(te)) = Vmy(Arztr) - V(Ajel).

A A : A A = A, A AT A
Let x,.i " denote the lift of x; 17" from [ to H, and x; 7" := Ind%xﬁyzi’ 2
Then

Az A LA A 1 A A B
XG;;L 2 (l‘) - <Ind¥1X6,i]’£ 12) (.fC) = ﬁ ZU X6’;1 2 (g - g 1)
€
g-x-gsfleH
1 X
o Y X M(XaXa\(g -z g7Y).
| | geU ’
gxg teH

Thus,

We have

A A
Xooi 1% (walta)as(ts)ze(te))

1 AT A ~
:ﬁ > Xogi (g~ wa(ta)s(ts)ze(ts) - g Y
geU
g-wa(ts)zs(ts)we(te)-g 1€H

s L g~ caia

g:=xz(r1 7"2:7"3 4,75 7’6)’]—[’ X67(1;1 12 <x4(t4)$5<t5 -+ (bo (TltZ))
71,73,714€F 3
72,75,76 EFq

- w6(te + rats + do(rirat]) + ¢o(rsti)))

1 A Arg
== > Xear (Te (te + rats + do(rirat]) + ¢o(rsti)))

’ ’ 71,73,74€F 3
T2,T5,T6 E]Fq

AT Ay,
Z Xe,qt (T (te + rats + do(rirat]) + do(rst?))),

q 7“1,7‘3€]Fqg
T2€]Fq

1
s

SO,
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2. Supercharacter theories for * D" (¢?)

Then

A% A . 1 _A* A N _
Xogi  (@1(t])z6(ts)) :ﬁ > Xooi (g -21(t)z6(te) - g D)
geU

g-w1(t})ze(te)-g~ 1 €H

:=x(r1,r2,73,74,75,T 1 _AY A *
9:=a(r1,r2,73,74,75 6)|}I| Z XG,;ZL 12($ ()7 (t6+¢0( 17"3 +q)))

ro=0
7‘1,7‘3,7‘4€Fq3
5,76 E€Fq
_AY A e
= 3 Ko @ () Ta(ts + g0 (—tir] 7))
7‘3€F 3
=0my(Awt] + Ajrte) - D 0 (A9f7¢0( tirs +q))-
7’3€IF 3
7, 12

Thus all the values of X6 are obtained.

(2) The values of x3 iy i for all A3 € Fi; and Al € T4,
Let U = X4X5X6\U = XQXng, H = X1X3, )_(?7(113’1412 S II'I'(H) with
oy 2 (21 (1) s(13)) 1= Omy(Avats) - O (— Asst),

741 7413
and x3 ; Ay A1z denote the lift of IndHX3 }f’A” toU. Forz = x(tq,t5,t3,t4,t5,t6) €
U w1th t; € F;, we have

113 13 1 113
W) = () @ -y X )
a-a*:giefqeff
ﬂ-£~ﬂ;1¢f10

If v = $<t1,t§,t3,t4,t5,t6) e U, we have

A* VAAIZS A7 7A T T
X3,}13 12 (:E(tl,o,tg,t4,t5,t6): Ind% 3;3 127 (xl(t1)173(t3))

1 _A* ,AAT3 _ -~ . o
=1 > Xa i 2 (U 21 (t)Ts(ts) - u )
ﬂ::fz(Tg)f (T1)13(T3)€U
a-Z1(t1)Z3(t3)- ﬁ—leH
1 A* ,A _
~1A Yo Xyt (@ (1) 2ty + rat))
1 T3€]Fq3
T'QGFQ
_Ax ,A ;3 _ _ %
= Z X3,}13 12 (xl(tl)l‘g(tg + ’f‘gtl Z 197Tq ( 12 tl A13(t3 + TQtl)) .
ro€lfy ro€lfy
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2.3. Supercharacter theories for > D3 (¢3)

A*
Thus we get all the values of y; 13’A123.

Similarly, we calculate all of the other values of the character table. O

2.3.53 Proposition (Supercharacters and irreducible characters). The relations be-
tween the supercharacters and the irreducible characters of 3D5" (¢®) are determined:

3 A%, A2 3 Afg,A23,A13
\IJM(AEGN) =4q Z X6t \IJM(ATeelﬁ) =4q Z X5,¢3 )
A12€F 3 Az3€Fq
A13€]Fq3
A% A A At
Unragtentanen) =0 D Xagh v =X
157e1a+Ajzens) 4¢3 x it 3,4 )
Aaz3€lfy M(Ajze1s+A; 57 e12)
A%y Afy _ A3
WAz 104+ A5ge08) = Xt Wnr(As e0s) = Xiim
Ajs,0 .00 ., .
Uaraz,en) = Xiin® Ur0) = Xpin = trivy.

Proof. Take Wy as tey,4 A% ers) = 4° ZA%EF X4 15423 £or example. We must show that

M(Al 91+ AT ers) (W) = ¢ ZA2361Fq X4 }] 23( ) for all u € U.
By Table 2.5 and Table 2.9, it is sufficient to prove that

O,A23
0= \IJM(AT q614+A15615) = q Z 1 U for all u € Cg.
A256Fq

Let u := ZE(O, t;,tg,t4,t5,t6), then

q Z A157A23

AQgE]Fq

:q3 Z Z 197Tq(A23t2 Air)q( 4 — t* g+l + Tltg + Tllltg)
Ag3€Fq m1€F 3

AL — T Tty 4 rtd)

=¢° Z V(Agst?)

A23€]Fq
2 2 2
T Img (A (b — T it ) + ALt — ] oyt rit])
7“16]F 3
=0.
Thus Wpy(ar,ser147,e15) = @° D Asser, Xa ;5’ A2 i proved. Similarly, we get the other
formulae. O]
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2. Supercharacter theories for * D" (¢?)

In this section, p is an odd prime. By Propositions 2.3.51, 2.3.45 and 2.3.52, we
obtain the number of the conjugacy classes of 3Djyl (¢*), and determine the numbers
of the complex irreducible characters of degree ¢¢ with ¢ € N. In [Lel3], T. Le
counted the numbers of irreducible characters for all primes p.

2.3.54 Corollary. Let #Irr be the number of irreducible characters of D" (¢*), and
4#Irr, be the number of irreducible characters of D:” (¢®) of dimension ¢¢ with ¢ € N,
then

#hry =¢' —¢® =(¢—1)"+3(¢—1°+3(¢—-1)>+(¢—-1),

#hrs =¢°—q =(¢—1)°+5(¢—1)* +10(¢ — 1)° +10(q — 1)*> + 4(¢q — 1),
#Iry =¢"—¢> =(¢—1)°+5(¢—1)"+10(g — 1) +9(¢ — 1)* + 3(¢ — 1),
#lrry = ¢* =(q—1)*+4(¢—1°+6(g—1)*+4(¢— 1)+ 1,

and

#Irr =#{Irreducible Characters of 3Dzyl (q3)}
—#{Conjugacy Classes of *D}" (¢*)}
=2¢"+2¢" —¢" —¢" —q
=2(q— 1 +12(¢ — 1)* +27(¢ — 1) + 28(¢ — 1)* + 12(¢ — 1) + 1.

2.3.55 Remark. We consider the analogue of Higman’s conjecture, Lehrer’s conjecture
and Isaacs’ conjecture of Uy (q) for 3D (¢*). By 2.3.54, the conjectures are true for

syl
3D4y (qg)-
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3. Supercharacter theories for Ggyl(q)

In this chapter, we firstly construct a Lie algebra L, of type G, which is a subalgebra
of £p, (3.1.5), and then determine the Sylow p-subgroup G3¥'(¢q) of the Chevalley
group of type L, over the field F, (3.1.27).

After that, we construct a 1-cocycle f and determine a monomial linearisation
(f, klvxy) for Gg(q) (3.2.29), for which f]G;yz(q) is bijective (3.2.28). We obtain a

monomial Gs(¢)-module CG3Y(¢) (3.2.31).

Finally, we determine the supercharacter theory for G5* (¢) (3.3.13), establish the
supercharacter table of G5 (¢) in Table 3.6. When p ¢ {2, 3}, we determine the rela-
tions between the supercharacters and the irreducible characters of G;yl(q) (3.3.27),
and calculate the character table of G5*(¢) (3.3.26).

In this chapter, we use many definitions analogously to previous chapters, for ex-
ample: the main condition, the verge pattern, the core pattern the staircase pattern
and the hook-separated module.

l
3.1. Sylow p-subgroup G5”(q)
In this section, we construct a Lie algebra of type GG, and its corresponding Chevalley

basis (see 3.1.5), and then determine the Sylow p-subgroup G5 (¢) of the Chevalley
group of type L, over the field F, (see 3.1.27).

3.1.1. Chevalley basis of a Lie algebra of type G,

In this subsection, we construct a Lie algebra L, of type G2, which is a subalgebra
of Lp,. Then a Chevalley basis of L, is determined.

3.1.1 Notation. Define h; € Hp, (i = 1,2,3,4) as follows:
hy:=e1 —egs, ho:=ex —err, hz:=e33— €66, Na:= 4y — 5.
3.1.2 Reminder. By 2.1.1, h,, € Hp, (i = 1,2,3,4) and

Py, =hy —hy, hy, =hy—hs, hp, =hg—hy,  hyy = hg+ hy.
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3. Supercharacter theories for G5 (q)

3.1.3 Notation. Define e;, f; € Lp, (i = 1,2,...,6) and hy, € Hp, (k = 1,2) as

follows:

110

i Cis€ii | 2y G4y OF 35y |
~ (61,1 - 68,8)
hl —(6272 — 6777) hrl + hrg + hT4
+2(e33 — €s6)
7 (62 2 — €7 7)
ha (63 3 — €6 6) hm
( 1,2 — €7 8)
€1 +(€34 — €5 6) €ry t €Ery + €y
+(e35 — €a)
€2 €23 — €6,7 €ry
—(61,3 - 66,8)
ez | +(eas —e57) €ritry T €rgtry T €rgtry
+(e25 — €a7)
(61,4 - 65,8)
€4 +<€2,6 - e3,7) Cri4rotry T Crotratry T Criqrotry
+(e15 —eas)
€5 €1,6 — €38 Critrotra+ry
€6 €1,7 — €28 €r14+2ro+r3+ry
(62,1 - 68,7)
fi | +(eas —egp) €py T Cpy T E_py
+(e5,3 — €6,4)
Jo €32 — €76 €_ry
—(63,1 - 68,6)
fa| +(es2 —ers) €pi—rg T €pgpy T € pypy
+(es2 —er4)
(64,1 - 68,5)
fo| H(es2—€73) | erimrory + € rgmrymry T €l —rory
+(e51 —esa)
fs €6,1 — €83 € _ri—ro—r3—r4
Je €71 — €82 €_ri—2ro—r3—r4




3.1. Sylow p-subgroup G3"(q)
3.1.4 Notation/Lemma. Define two vector subspaces of Lp,
H :=C-span{hy, hy}

3
=1

4
:{ZAihi A=A = A3 =0, \y 20} C Hp,,
=1
L :=C-span{hy, ha,e;, f; | 1,7 =1,2,3,4,5,6}

B 6 6

i=1 j=1
Proof. Let h = A\hy + \hs € H, then
h = A (hy — hy + 2h3) + Xa(ha — hs) = Ahy 4+ (=A1 + A)ha + (201 — A\2)hs,

SO 77/ S {Z?:l )\Zhll )\1 — )\2 — )\3 = 0}
Conversely, let h = 32, \hy € {33, Mk | A1 — Ao — A3 = 0}, then

_ 3
h=3" Nl = Ahy + Aoha + (A — Ag)h
=1

:)\1<h1 - h2 + 2h3) + )\1h2 - 2)\1h3 + )\th "— ()\1 - )\Q)hg
:Alill + ()\1 + )\2)%2 € ﬁ

Hence H = {33, Aihi | A — A — A3 = 0}. O

Motivated by [HRTO1, §3.4 and §3.6], we construct a Lie algebra of type G3 which
is a subalgebra of Lp,.

3.1.5 Proposition (Lie algebra of type G5). (1) L is a 14-dimensional subalgebra
of the Lie algebra Lp,,

(2) L isa Lie algebra of type G,
(3) {fzk | k=1,2U{e;, fi|i=1,2,...,6} is a Chevalley basis of L.
Proof. (The proof is an adaption of [Car05, §8.2] and [Car72, §11.2].)

(1) We claim that L is closed under the Lie bracket [, ]
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3. Supercharacter theories for G5 (q)

Thus [h, h] = 0 for all h, h' € H. Let h := S22, \;h; € H, then

[h, 61} :()\1 — )\2)67«1 + ()\3 — )\4)6T3 + ()\3 + )\4)67~4
/\500\1 — Xa)er, + Asep, + Aser,

Similarly, we get

~ A+ 20 — A ~ 201+ Ao+ A

[hu 63] :%637 [ha 64] :#647

[h,es) =(A1 + As)es, [, e6) =(A1 + Aa)es
Then
- A1 — Az + 2 ~ ~ A+ 20 — A
b fi) == P bl == O = Nafa [ fo] = = B
~ 2N + Ao+ A ~ ~
[, fa] = — #ﬁ; (b, f5] = = (M 4+ A3) fs, [h, fo] = — (M1 + A2) fs.
For 1 <i < j <6, by A5.6 and 2.1.1, the non-trivial Lie brackets [e;, ¢;] and
Lfi, f;] are
le1,e2) = —e3, [e1, e3] =2ey, [e1, e4] =3es, [ea, e5] =€q, [e3, €] =¢s,

[f1, fo] =13, i f3l = = 2fa, [f1, fal = =35, [fo, fs] = — fo, [fs, fa] = — fo.

The non-trivial [e;, f;] (1 <1 < 6) are determined as follows:

e, fi] =hi — h2 +2hy =l =Ny, + by + Dy,
[62, 2] =hy — ZiLQ =Ny,
hy = [es, f3] =hi + 2h2 hs =hy+3hy  =hpsry + Pryiry + Rrysrss
hy = lea, fa] =2hy + ho + hs =2hy + 3hy =Ny trotrs T Negtrgirs + Moy tratrss
hs = les, f5] =h1 + hs =Ny + hy =Ry frotrytras
he := les, fo] =h1 + ho =hy + 2hy =Ry f2rgrstra-

The non-trivial [e;, f;] (1 <1 < j < 6) are determined.

le1, fa] =3f2, ler, ful = =23, lex, fs] = = fu, e fsl = = fr, [ea, fol = — f,
les, ful =21, les, fol == fo, e, 5] =11, [e4, fo] =fo, les, fs] =f1.
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3.1. Sylow p-subgroup G3"(q)

Similarly,
[f1,€3] =3ez, [f1,€4] = — 2e3, [f1,€5] = — €4, [fz,eg] = — €1, [f27€6] = — €5,
[f3,e4] =2e1, [fs,e6] = —ea, [fa,e5] =e1, [f1, €6] =¢2, [fs5, e6] =€1.

Thus, £ is a subalgebra of the Lie algebra £, with dim £ = 14.
(2) Let h := 3 b = Mhi + (A + )\g)ﬁg € H. By (1) we have

~ A — Ao+ 2A ~ Al — Ao+ 2A

[ha 61] :%617 [h7 fl] = %fla
[h, ea] =(Xa — Az)ea, By fo] = — (M2 — A3) fo,

~ A+ 20 — A ~ AL+ 20 — A

[h’> 63] :%637 [h7 f3] = - %f&
~ 21 + A2+ A ~ 20 +Aa + A

[ha 64] :%647 [h7 f4] = #f%
[h,es] =(A1 + As)es, [hy f5] = — (A + A3) f,

[h, e6] =(A1 + A2)es, [hy fo] = — (M + Ao) fo.

The functions «, : # — C are given by
~ A — Ao+ 2A ~
a(h) = 28 Ry = de — s,

then set @ : =+{a, B, a+B, 2a+ 8, 3a+ 6, 3a+23}. Thuswewrlte [h,e5) =
a(h)es and L4 = Ces foralla € ® and es € {e;, fi|i= .,6}.

We claim that H is a Cartan subalgebra. By (1) H is abehan. Now it is sufficient
to show that

H=N:(H)={xel|[z.,h] e, VheH

Let z € Ng(’;‘:[), then x = h' + S0, (aie; + bif;) for b € H and a;,b; € C. Let
h = 4h1 —+ 3h2 + h3 € H, then

[h, x] = (are1 — by f1) + 2(ages — by fa) + 3(ases — b f3)

+ 4(ageq — bafs) + 5(ases — bsfs) + T(ages — b fo) € H
—a; =b;=0foralli =1,2,3,4,5,6.

Thus € H. Thus # is a Cartan subalgebra of £. Hence

L=H®) Ce;d) Cfi=H® > Ces.
i=1 j=1

acd

113
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is a Cartan decomposition with respect to .

We claim that L is semisimple. Suppose there exists a non-zero ideal I of L.
Then [H,I] € I. We may regard / as a H-module and decompose it into
weight spaces as follows:

i:(ﬁmf)@Z(ccedmf).

Let z € I, then z = zo + Yacs Ta where z, € H and x5 € L5. We verlfy that
zo € I and x4 € I. Let g € @ and h :~4h1 + 7~h2 = 4hy + 3hy + hs € H, then
ao(h) # 0 and B(h) # ag(h) for all 5 € @ with 3 # &. Then
adh [ (adh—B(h)idz)(x) = ao(h) T (ao(h) — B(h))za, € 1,
ped ped
B;ﬁdo BFag
SO Tg, € I. Thus z € I. Hence

I=HNDHaY (Ceanl).

S

HH

[*}}

We claim that Ces N I = {0}. Suppose that Ce; N I # {0} for some & € @,
then e € I. Then hs = lea, e_a] € I and [ha, eal = 2e5. This is a contradiction
to that I is abelian. Thus Ces N1 = {0} and I C H. Let = € I, then [z, es] =
a(z)eqg € I for all @ € ®. Thus a(z) = 0. Thus = = 0. Hence I = {0}, a
contradiction. Therefore, £ is semisimple.

The functions @ € ® are the roots of £ with respect to 7. A system of funda-
mental roots is given by {a, (3}, since all the other roots are integeral combi-
nations of these with coefficients all non-negative or non-positive. Thus the set
of the roots is . We determine the Cartan matrix of £. The a-chain of roots
through f is

B, B+ a, B+ 2a, B+ 3a.
Then S-chain of roots through « is
o, a+ f.
Then A, 3 =0—3= —3and Ay, = —1. Thus the Cartan matrix of £ is
a B

af 2 =3
s\ —1 2

It is a Cartan matrix of type GG3. The Dynkin diagram of G is



3.1. Sylow p-subgroup G3"(q)

*—e

@ p
Then the Lie algebra £ is simple since the Cartan matrix is indecomposable.
Therefore, £ is a simple Lie algebra of type Gb.

(3) The co-roots of £ are h; = lei, fi] (i =1,2,...,6). For in this case [ﬁi, ei| = 2e;
with i = 1,2,...,6. We know that é(x) = —z" is an automorphism of £ with
f(e;) = —f;. Hence [es, e5l = £(ng 5 + 1)es, 5. Thus the fundamental co-roots
by, (k = 1,2) together with ¢;, f; (: = 1,2,...,6) form a Chevalley basis of the
Lie algebra L.

O
3.1.6 Notation/Lemma. Let L, := £ and Hg, := H. Then
6 6
Lo, =Ha, ®> Cedd> Cfj.
i=1 j=1

Let Vg, := (H{, ), then A, = {a, 8} is a basis of Vg, and (o, a) = &, (o, ) =
—2, (8, 8) = 3. The set of the root is

Oq, = Ha, 5, a+ 6, 2a+ 5, 3a+ 3, 3a+ 25}
The set of positive roots is denoted by
o ={a, B, a+ B8, 20+ B, 3o+ B, 3o+ 28}.

3.1.7 Notation. Set

hy = @1 €q = €1, e—a = /1,

hg = he €p ‘= €2, ¢ = fa,
ha+5 = {Lg €atp ‘= €3, €—(a+p) ‘= f3’
hoatp = @4 €2a+p8 1= €4, C_(2a+8) ‘= = fa,
hsatp = @5 €3a+p8 1= €5, €_(3a+p) ‘= = fs,
hsat2s 7= N €3a128 7= €6, €—(3a+28) = fo.

3.1.8 Corollary. {ha,hg} U {es, | r € ®F, } is a Chevalley basis of L,

3.1.9 Definition. Let r := z1a + 220 € Vg, § := y1a + 425 € Vg, then we write
r<s,

fS?2 2 <2y, orif 2 x; = Y2, y; and the first non-zero coefficient x; — y; is
positive.
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3. Supercharacter theories for Ggyl(q)

The total order on ®f;, is determined:
0<a<f<a+pf<2a+pF<3a+p <3a+20.

3.1.10 Corollary. The Lie algebra L, has the following structure constants:

extraspecial pair (r,s) | N, s
(Oé, 5) —1
(o, 0 + B) 2
(o, 2a + f3) 3
(B,3a+ B) 1
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3.1. Sylow p-subgroup Ggyl(q)

3.1.2. Sylow p-subgroup Ggyl(q)

In this subsection, we get the Sylow p-subgroup G5 (¢) of the Chevalley group Gs(q),
and determine the commutators of G5*'(¢).
By calculation, we get the following formulae:

3.1.11 Lemma.

2 2

ey = — 2es6, Catp = — 2627, €048 = — 2€18,
3 _ 3 _ 3 _

e, =0, €orp =0, €a+5 =0,
2 _ 2 _ 2 _

ez =0, €30+5 =0, €30-+25 =0

Similar to §11.3 of [Car72], the coefficients of ¢, ; in exp(te,) = Is + te, + 1t%¢?
for all r € ®¢, are of the form +1, 4t or ¢ (i.e. the non-zero entries of exp(te,)
are from +1, +¢ and +¢?). This is because the coefficient of ¢? with r € @, are all
divisible by 2. This fact enables us to transfer to an arbitrary field. For each matrix
e, in the above representation and each element ¢ in an arbitrary field K, exp(te,.) is
a well-defined non-singular matrix over K. We are interested in the Chevalley group
of type L, over the finite field F, with Char F, # 2.

3.1.12 Notation. The Chevalley group of type L, over the field F, is denoted by
Ga(q) :==(exp(tade,)|r € ®g,, t € F,),

and its Sylow p-subgroup is Ug,(q) := < exp(tade,)|r e ®f,, t e IFq>.

3.1.13 Notation. For all r € ®¢, and t € F, set y,.(t) := exp(te,) = Is + te, + 3t%e.
3.1.14 Notation. Write Ug, := {y,(t) ‘ redl  teF,).
3.1.15 Proposition. The root subgroups of Ug,(q) are given as

Y ={w(t)|teF,}, =1,23,45,6,

where

1
y1(t) :=ya(t) = Ig + teq + 515262

1t
1
1 t t —t?
B 1 —t
- 1 —t
1
1 —t
1

=Tey—ey (t)x63—64 (t)l‘63+64 (t)
=1(t),
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3. Supercharacter theories for Ggyl(q)

Yo(t) :=ys(t) = Is + teg

=Teg—e3 (t)
=T (t) s

1
Y3(t) =Yars(t) = I +tears + *t%i%

2
1 —t
1 t t —t?
1

B 1 —t

- 1 —t
1 t

1

1

=ZTe1—e3 (t>x€2—€4 <t>x€2+€4 (t)
:$3<t>,

1
Ya(t) :=yoa+p(t) = Is + tezass + §t263a+6

1 t ot 12

1 t -

1 —t
B 1 —t
- 1 —t
1
1
1

=Tey—ey (t)x62+63 (t)5(751+54 (t)
:$4(t),
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3.1. Sylow p-subgroup Ggyl(q)

Ys(t) :=Yzatp(t) = Is + tesais

1 t
1
1 —t
J— 1 :
N 1
1
1
1
:x€1+€3(t>
:.1'5(t),
Yo(t) =Yzar2s(t) = Is + tezatop
1 t -
1 —t
1
J— 1 ’
- 1
1
1
1
:x81+82(t)
3.1.16 Corollary. YV; < X; foralli = 1,3,4, Y; = X, forall i = 2,5,6, and Y; <

DI (¢)

3.1.17 Reminder. We note that y;(t) = x;(t) forallt € F,and i = 1,2,...,6. Thus
we also write y;(t) = x;(t) forallt € F,and i = 1,2,...,6 in the rest of the section.

Then we get the following lemma.

3.1.18 Lemma. Ug, < D3 (¢*) < DY (¢*) and Ug, < DY (q).
We get the following proposition.

3.1.19 Proposition.

U, ={ T1 wit)

+
re®G2

t, € Fyr € qDJGrQ} = { T xt)

i€{1,2,...,6}

e Fy)

where the product can be taken in an arbitrary, but fixed, order.
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3. Supercharacter theories for Ggyl(q)

3.1.20 Corollary. |Ug,| = ¢°.

3.1.21 Reminder. Let p > 2, then

1G2(q)] =¢°(¢* — 1)(¢° — 1),
|UG2| :q67

Di(0)] =30 ~ Dla" ~ D&~ V(" ~ 1),
D4 ()| = 10" ~ D@ = )(a" ~ )(e” ~ 1),

D" (q)| =¢*2,
Dy (¢*) | =¢"%(¢" — 1)(¢® = 1)(¢* + ¢* + 1),
D (¢7) | =0

3.1.22 Proposition. Let
Olg, - Ua, — Ug, : exp(te,) — exp(tade,),
where r € ®¢, and t € K. Then 0, , IS a group isomorphism map.

_ b . . . e _ _ 6 B .
Proof. We know oy, is a group epimorphism. Since |Ug,| = |Ug,| = ¢°, og,,, is an
isomorphism. O

3.1.23 Notation. Set G3¥'(¢) := Ug,.

3.1.24 Definition. A subgroup P < G5¥'(q) is a pattern subgroup, if it is generated
by some root subgroups, i.e. P:= (Y;|i e I C{1,2,...,6}) < G3¥(q).

We get the commutators of G5*'(¢) by calculation.
3.1.25 Proposition. Let t1, s, 3,14, 15, ts € I, and define the commutators

[(ti), ()] o= s (t) ™y () ™ s () (t)

Then the non-trivial commutators of G3*'(¢) are determined as follows:

[21(t1), w2 (t)] =w3(—tats) - waltat?) - x5(—tat}) - w6(26517),
[2a(ta), x1(t1)] =x3(tat) - wa(—tat]) - w5(tat}) - w6(t31)),
[21(t1), 3(t3)] =14(2t13) - 75(—3t]t3) - w6(—3t113),
[21(t1), x4(ts)] =25(3t1ty),

[23(t3), x4(ts)] =26(3tsts),

[72(t2), x5(t5)] =w6(tals)
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3.1. Sylow p-subgroup G;yl(q)

In particular, let CharF, = 3, then the commutators are

3.1.26 Notation. Let t; € F, withi € {1,2,...,6}, write

Y(t1,ta, ts, by, ts, te) :=ya(ta)ys(t1)ys(t3)ya(ts)ys(ts)ye(ts)
=a(t1, ta, ts, ta, 15, t6) € G5 (q).

3.1.27 Proposition (Sylow p-subgroup G3¥'(¢)). A Sylow p-subgroup G3¥'(q) of the
Chevalley group G5(q) is written as follows:

Ggyl(Q) - UGQ = {y(t17t27t37t4at5at6) | tlat27t37t47t57t6 € IFq}
= {x(t17t27t37 t47 t57t6> | t17t27t37t47t57 t6 S Fq} )

where

y(tly t27 t37 t47 t57 t6)

tity —tyt3 —2titsty — titg
1 —tg | titg +ty | tits + 1t
R L N +sty + Lo gty — 12
— 12ty —tqtots — 219tz — 2t1toty
Ll fhbtls bty —toty — 13 —tats — 25ty — g
— 1 —t2 =2tz —ty  — 3tz — 2ttty — 15
1 0 —t —15 —tity — 1y
1 —t —t5 —tits —ty
1 —t tity + t3
1 —t
1

Proof. By 3.1.19 and 3.1.22, G5 (¢) is a Sylow p-subgroup of G5(q). By calculation,
we get the matrix form as claimed. O

3.1.28 Corollary. G3"(q) < *Dy" (¢°) < D} (¢*) < As (¢*) and G5"'(q) < D§"(q) <
D (¢°) < As (¢*).
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3. Supercharacter theories for Ggyl(q)

3.2. Monomial G3”(¢)-module

Let N =8, n =4, G := Gs(q) and U := G3¥'(q).

In this section, we construct a bigger group Gs(q) such that G5*'(¢) < Gs(q) <
As(q), and determine a monomial linearisation (f, |y« ) for Gg(q), where f is a sur-
jective 1-cocycle and k|« is @ non-degenerate bilinear form (3.2.29). In particular,
f|u is bijective (3.2.28). Then we give classifications of U-orbit modules (3.2.37). By
the homomorphisms between orbit modules, a new classification of U-orbit modules
is established in which every U-orbit module is isomorphic to some hook-separated
staircase module (3.2.57). Finally, some irreducible modules are determined, and

any two orbit modules from different families are orthogonal (3.2.61).

3.2.1. The group Gs(q)

In this subsection, we construct a group Gs(
For t € F,, we have z; ;(t) = 1 +te; ; — tej; € G3¥'(q) for all (i, j) € V.

)

3.2.1 Definition/Lemma (A bigger group Gs(q)). We set

Gs(q) = {u = (uij) € As(q)

ui,jzo if(i,j)z(
wijyr =iy U (i,7) € {
€{

Uj—1,5 = Ui lf(zvj)

1 U12

U13

Uq4

U1s

U16

U7

U18

U23

U4

U24

U26

Uo7

U2g

1

U3e

Uz

U3y

Use

Us7

U4g

Use

Us7

Usg

1

Ug7

Ueps

1

Urs

1

Then Gg(q) is a subgroup of Ag(q) and |Gs(q)| = ¢*.

U5 € Fq

3.2.2 Definition. For (i, ) € .J, define the subgroups of Gs(q) as follows:

3.2.3 Proposition.

Gs(q) :{ II #it5)

(i,j)ed

Yij = {ay(t) |t € F}.

tz‘j c Fq},

where the product can be taken in an arbitrary, but fixed, order.
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3.2. Monomial G5 (¢)-module

3.2.4 Reminder.

Gsyl( ) i=A{@a(te)z1(t1)xs(ts)wa(ts)xs(ts)ze(te) | t1, ta, ts, ta, ts, ts € Fy}

Tog(te)Ter(— Z52)
'11712(151)1'78( 1) - Z3a(t1)T35(t1)
GE t1;$462 )) I?b‘(’)f) t)
'$13 t3)Tes(t3) - T2a(t3)Tas5(t3
7( t3)x47( ) 5:27(15%) t1,ta,t3,t4,t5,16 € Fq
T1a(ta)Tss(—ta) - Tog(ta)Tar(—ta)
T15(ta)Tag(—ta) - T16(t5)Tas(—ts5)
-T17(ts) Tos(—t6)

3.2.5 Corollary.

To3(tas) - Te7(ter)

ts58) - Toe(tos)Ta7(tar)
-Z15(t15)Tas(tas) - T1s(t1s)

T12(t12 j7 (t78) - T34(t34)T35(t34)
T56(ts6)Tae(ts6) - Ta6(ts6)
T13(t13) - Tes(tes) - Toa(toa)Tas(taa)
Gs(q) =9 -Ts7(ts7)Tar(tsr) - Tor(tor) ti; € IFy
(
(
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3. Supercharacter theories for Ggyl(q)

t12l24158
2t19to4ts7 +li2toatys
t1atoy l12tog +t1ato7 +1l1atsg
hiz | his +t14 +t15 faztas + 15 +113l3r +113l3s
+t17 +l12lo8
+11g
2ta3t 34156t 68
+ta3tseles
Uslartss 2to4ts7 +taatss
1|t lostsy lostsy tosta +2t93t34t57 +lo4l48
+1l24 +log e +loslsr +1l23l34l58
+lo7 +123l34l48
+1o3l3s
+tog
2t34t56t 68
1 y y 2t34ts56 2t34t57 +§36§68
34 34 Htag . +134158
+1l34t4
+138
1 0 t56 ts7 tsetes + tag
1 l56 ts7 tsetes + tss
1 te7 tertrs + tes
1 l7s
1

lij € ]Fq},

3.2.6 Corollary. |G3"(q)| = ¢°, |Gx()| = ¢ |As(a)| = ¢** and
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3.2. Monomial G5 (¢)-module

3.2.2. Monomial G5''(¢)-module

Let p # 2, G := Gs(q) and U := G5¥(¢). In this subsection, we get a monomial
linearisation (f,x|yxv) for Gs(q), where f is a surjective 1-cocycle and x|y «y is
a non-degenerate bilinear form (3.2.29). The restriction f|; is bijective (3.2.28).
Then we make CU into a monomial Gg(¢)-module (3.2.31).

It is essential to choose a suitable vector space V for the 1-cocycle and a suitable
non-degenerate bilinear form « on V4.

We define the following notations for G5 (¢).

3.2.7 Notation/Lemma. Let V; := Matg,s(q), then Vj is an F,-vector space.
3.2.8 Notation/Lemma. The map

ki Vox Vo —=TF,: (A B)— tr(ATB)
is called the trace form, and « is a non-degenerate symmetric bilinear form on V.

3.2.9 Notation/Lemma. Set J := {(1,2),(1,3),(1,4),(1,5),(1,6),(1,7),(2,3)} and

VJ L= @ quij

(3,5)ed

' ‘ A12 A13 A14 ‘ A15 ‘ A16 ‘ Al? ‘ ’

— - € Vy|Ai; €F,

Then V; is a 7-dimensional subspace of V;, over IF,.

3.2.10 Lemma. Let V- denote the orthogonal complement of V; in Vi with respect to
the trace form «, i.e.

Vii={BecVy|k(A,B)=0,VAcV,}
Then Vi =V, , and Vy = V; ® V.
3.2.11 Corollary. x|y, xyv,: V; x V; = F, is a non-degenerate bilinear form.
3.2.12 Notation/Lemma. Let

Ty %IVJ@VJJ—%VJAH Z Ai,jei,j.
(1,5)eJ

Then 7; is a projection of V; to the first component and is an F,-linear map.
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3.2.13 Lemma. Suppose A, B € Vj, such that supp(A) Nsupp(B) C J. Then

k(A, B) = k(m;(A), B) = (A, m;(B))
=k(ms(A), 7 (B)) = Elv,xv, (7 (A), 7, (B)).

We define an important vector space V' as follows.
3.2.14 Notation/Lemma. Let

Vi={A=(Ay) € Vo|supp(4) € J, Aix = A5}
A [ Aus | Aus | Aus | Ase | Arr | -

+ [ A :
- . : . ' € Vo|supp(4) € J, A;; €F, 7,

then V' is a 6-dimensional subspace of V; over F, and supp(V') = J.

We define the following map 7, which will play a crucial role in our later state-
ment.

3.2.15 Notation/Lemma. Let

At Ars A+ A
Apgern + Aggers + ST ey + ST ey

Vo=V A ,
0 +Age16 + Arrerr + Aggeas

ie.

Ajut+A A1g+A
Apg | Ay | AHTAL | SUTEL | A | Ay

Then r is F,-epimorphism. In particular, 7|y = idy, 7% = m and 7(I3) = Os.

3.2.16 Proposition. Let V* denote the orthogonal complement of V' in V;, with respect
to the trace form «, i.e.

Vi ={BeVy|k(A,B)=0 forall AcV},
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and
W .= @ quij -+ {l’<€15 — 614) ’ xr e Fq}
(1,5)¢J
={A=(A;) eV |Aa=A13=A16=A17=A3 =0, Ay = —Ay5}

Agi | Aga | 0 | Aoy | Ags | Agg | A7 | Ass
Asy | Asp | Ass | Asy | Ass | Asg | Asy | Asg
A | Ago | Aus | Aug | Ass | Aue | Az | Aug
Asi | Aso | Ass | Asa | Ass | Ase | As7 | Ass 01 I
Ag1 | Aea | Ags | Ass | Ass | Ass | Aer | Ass
Api | Azg | Azs | Aqs | Azs | Arg | A7 | Arg
Agi | Ago | Ags | Aga | Ass | Ase | Asy | Ass

Then W = V.

Proof. (1) V1D W.
Forall B = (B;j) € Wandforall A € V,we get k(A, B) = A;5B15—A15815 = 0,
so BeV+tforall Be W. Thus W C VL.

2) VtCw.
Forall B= (B;;) e V* CVyand forall A= (A;;) €V,
0 =k(A, B)
=A19B15 + A13B13 + A15B14 + A15B15 + A6 Bis + A7 Bir + AgsBas.
(21) We claim Blg = Blg = B16 = B17 = B23 = 0.

Let A = ey, then 0 = k(A, B) = Bjy. Thus By, = 0. Similarly, B3 =
Big = Bi7 = Bz = 0.

(22) We claim B14 = —Bl5.
Let A = €14 t+ €15, then 0 = K,(A, B) = Bl4 + B15. Thus Bl4 = _Bl5-

Hence B € W, and V*+ C W.
Finally, we get V- = W, O

3.2.17 Lemma. «|y«y is a non-degenerate bilinear form.

Proof. Itis sufficient to prove thatlet A € V and x,(A4,B) =0 (V B € V) then A = 0.
0= r(A, B) = A19Bia + A13Biz + 2A15B15 + A16Bis + A17Bir + Az Bas.

(].) Let B = €12, then 0 = H(A, B) = AIQ' Slmllarly, A12 = A13 = A16 = A17 =
A23 - O
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(2) Assume A5 # 0. Let B := eqq + 15, then 0 = #(A, B) = 24,5 =72 A5 = 0.

Hence A = 0. ]

3.2.18 Corollary. V, = V @ V*, and 7: Vi, — V is the projective map to the first
component.

3.2.19 Corollary. Let A € Vy and 7;(A) € V, then n(A) = m;(A).

3.2.20 Corollary. Suppose A, B € Vj, such that supp(A) Nsupp(B) C J and 7;(A) €
V. Then

k(A,B) = k(n(A), B) = k(A, m(B))
=r(m(A), 7(B)) = rlvxv(m(A), 7(B)).

Proof. We have

Then the result is proved. O
3.2.21 Lemma. Let A € V and g € G, then
r7(Ag") € V.
In particular, 7;(Ag") = w(Ag").
Proof. Let A € V and g € G. It is sufficient to prove
(Ag )15 = (Ag -
We know that

8 8 7 7
(AQT)ls = ZAljngg) = ZAleSj = ZAleSj = Z Aljgsj
Jj=1 j=1 j=2 j=5
=Ai5 + Ai69gs6 + A17057
{A14:A15

=0
T A+ A15945 + Ar69a6 + A1709a7

:(AQT)M-

Thus 7;(Ag") € V.
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3.2.22 Lemma. Let A,B € V and g, h € G, then

supp(Bh") Nsupp(Ag) C J.
3.2.23 Proposition (Group action of G on V). The map

—o0—VXG—=V:(Ag)— Aog:=m(Ag)

is a group action, and the elements of the group G act as F,-automorphisms

Proof. It is enough to prove that Ao (gh)=(Aog)ohforall A€V and g,h € G. We
have

K(B, Ao (gh)) =k(B,m(A(gh))) “£"
—i(Bh", Ag) "E" k(n(Bh"), Ag) "E" k(n(Bh"), x(Ag))
—k(m (BhT) Aog) *E% ((BhT, Ao g) = k(B, (Ao g)h)
=k(B,(Aog)oh).
Thus A o (gh)=(A o g) o h by 3.2.17.

r(B, A(gh))

]
By 1.2.21, we get a new action:

3.2.24 Corollary. There exists an unique linear action —.— of G on V'

— = VXxG—=V:(Ag —Ag:=Aog "
such that k|yxyv(A.g, B) = klyxv(A,Bog™) for all B € V. In particular, for all
A,BeVand g€ G,

klvxv (A, Bog) = klyxv(Ag", B) = klyxv(Aog', B).
3.2.25 Notation. Set f :=7|g: G — V.

3.2.26 Lemma. Let x, g € G, then

f(x)g=(xr—1)g mod V*.
In particular, f(z) =x —1 mod V=L,

Proof. We have
@ f(z)=mn(z)=mn(r) -7n(1) =

m(x —1),s0 f(x) =x—1 mod V.
(b) Forall AeV,

K(A, f(x)g) = k(Ag", f(x)) "B k(m(Ag"), f(2))
W(r(Ag ),z — 1) *22° k(AgT, 2 — 1)

:H(Av (LL’ o 1).9)7
so f(z)g = (x — 1)g mod V* by 3.2.17.
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3. Supercharacter theories for G5 (q)

3.2.27 Proposition. Let z, g € G, then

f(zg) = f(x) o g+ f(9)-
Proof. Forall x,g € G,

flzg) "E wg—1=(z =g+ (g—1) "E" f(x)g+ f(g) mod V-

= 71(f(zg)) = 7(f(2)g + f(9))
= flzg) =7(f(2)g) + 7(f(9)) = f(x) o g + [(9).
Hence f(xg) = f(x)og+ f(g)- -

3.2.28 Proposition (Bijective 1-cocycle of G5¥(¢)). Let U = G3¥'(q), then f|y =
m|ly: U — V is a bijection. In particular, f|y is a bijective 1-cocycle of U.

PTOOf. Letz .= I(tl,tg,tg,t4,t5,t6) eU, then

f|U(:U) = ﬂ-(‘r(t17t27t37t47t57t6>>
< (] =t [ tits +ta [ tits +ta | tita+1ts | —it5 + sty + 1t | >

to

(1) Since f: G — V is well defined, f|y is well defined.

(2) flu is surjective.

Forall A € V,let A := Ajpernt+Aizeis+Aisers+Arsers+Aigers+ Arrerr+ Aazeas.
We find a = := x(ty, ta, t3, 14, 5, ts) € U such that f|y(z) = A, where

ty = Aio, ty = Ay, t3 = —Ays, ty = A5 — tils = Ays + A1pAss,
ts = Ayg — tity = Ajg — A1a(Ass + AArz) = Ajg — A} A1 — ApAss,
te = Air + 1t — tsty = Air 4+ A3 Avs + Ars(Ars + A2 Ass)

= A7 + 2141214%3 + A3Ass.

Thus, f|y is surjective.
(3) f|v is bijective, since |U| = ¢° = |V].
O

3.2.29 Corollary (Monomial linearisation for Gg(q)). f = 7|¢ : G — V is a surjective
1-cocycle of G in V, and (f, k|yxyv) is a monomial linearisation for G = Gg(q).
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3.2. Monomial G5 (¢)-module

3.2.30 Corollary (Monomial linearisation for G3¥'(¢)). (f

G () Klvxyv) is a mono-

mial linearisation for G5 (¢).

Now we obtain the monomial G-module CG5” (¢), which is essential for the con-
struction of the supercharacter theory for G5 (q).

3.2.31 Theorem (Fundamental theorem for G5*(¢)). Let G = Gs(q), U = G3¥(q)
and

> xalu) forall AcV.

uelU

IU |
Then the set {[A] | A € V'} forms a C-basis for the complex group algebra CU. Let
[A] * g 1= xa4(9)[A.g] = Vk(A.g, f(g))[Ag]  forallge G,A€V,

then CU is a monomial CG-module. The restriction of the x-operation to U is given by
the usual right multiplication of U on CU, i.e.

[A] xu = [Au = |U\ZXA yu  forallue U AeV.
yelU

Proof. By 3.2.29, (f, k|vxv) is a monomial linearisation for G, satisfying that f|y is

a bijective map. By 2.2.27, A.u := m(Au~"). Hence the whole theorem is proved by
1.2.24. N

131



3. Supercharacter theories for Ggyl(q)

3.2.3. G5¥'(q)-orbit modules

Let U = G;yl((]), A € V, yz<tz) = fEl(E) € U and t;, € ]Fq (Z = 1,2,...,6). In
this subsection, we get a classification of U-orbit modules (3.2.37) and obtain the
stabilizers Staby (A) for all A € V' (3.2.39).

3.2.32Lemma. Let A€V, z;(t;) e Uand t, € F,withi € {1,2,...,6}. Then A.x;(t;)
and the corresponding figures of moves are obtained as follows:

(1) AZL‘l(tl) =A. (%12(t1)$34(t1)l’35(t1)) =A. ($34(t1)$35(t1)).

2] th
—t ] —t ]
—t1 —t1 |t t1 —t1 |t
S S B P | S L 110 1
[ ] [ [ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ]
(2K J ole
[ ] [ ]
[ ] [ ]
[ ] [ ]
[ ] [ ]
A.Il(t1> A.(I‘34(t1)$35(t1))
(2) Aﬂfz(tg) = A.[L’Qg(tg).
—1s lo
I 1 I 1
[ [
[ ] [
[ [
(2K ]
[
[ ]
[
[
A.Ig(tg)
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3.2. Monomial G5 (¢)-module

(3) A$3<t3) = A ($13(—t3)$24(t3)$25(t3)) = A (Ig4(t3)$25(t3)).

ty 13 ty 13
-3 -3
L ] ]
; —t3 | t3 , —t3 | t3
fal ) [t .
[ ] [ ] [ ] [
[ ] [ [ ] [ ]
[ ] [ ] [ ] [ ]
[ 2K J [ AN J
[ ] [ ]
[ ] [ ]
[ [ ]
[ [ ]
A.l’3(t3) A.($Q4(t3)l‘25(t3))
(4) AZL’4<t4) = A. ($14(t4)$26(t4)1’15(t4)) = A.$26(t4).
ly
_t4
ty ty
—1y —1y
—l4 ly
1 [ I
[ ] [ ] ([ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ]
(2K ] ol|le
[ [ ]
[ ] [ ]
[ ] [ ]
[ ] [ ]
A.I4(t4) A.ZEQG(t4)
(5) A$5(t5) = A.$16(t5) = A
ls
—t5
[} o ) [
[ J [ J Py °
® [ ] ° °
ole ol|le
hd .
[ [ ]
[ [ ]
hd .
A.ZC5(t5) A
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3. Supercharacter theories for Ggyl(q)

(6) Al‘ﬁ(tﬁ) = A.$17<t6) = A.

le
_t6
[ J [ ] ) )
[ ] [ ] [ ] [ J
b et ° °
[ BN J ole
[ [ ]
et °
[ ] [ ]
et o
A.$6(t6) A

For A € V, we often only draw the entries A;; where (¢, j) € J, since supp(A) C J.
By 3.2.32, we calculate [A].x;(t;) for all A € V and z;(t;) € U.

3.2.33 Lemma. Let A€V, z;(t;) e Uand t; € F,with i € {1,2,3,4,5,6}. Then
(D
[A][E1<t1) = 19(A12t1)[AZE1(t1)]

Az —2A15t | Aty Aty
=0(Aysty) [ A —Aygt? +Ais | +As g | Aur ] ,
{ Ass J
2)
[A]Iz(t2> = 19(A23t2)[141’2(t2)]
—9( Asgts) { | A1y — Aty ilg Ags | Ags | Arg + Arrty | Arr | } 7
23
(3)
[A]ZL‘g(tg) = 19(—/113153)[141’3(753)]
Ajg — 2A1513 Aty | Airts
=1(—Aists) [ —Ayrt; Az +A15 | +Ass s | Arr -I ;
{ Ass J
4

[A].z4(tg) = V(2A15t4) [Axy(ts)]
| Aig — Asgty | Arz + Arrty | Ass | Ars | Ase | Air | }
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3.2. Monomial G5 (¢)-module

(5) [A]$5(t5) = 19(A16t5)[14],
(6) [Al.z6(ts) = (Arsts)[A].

3.2.34 Lemma (G5 (q)-orbit modules). Let A = (A,;;) € V, the U-orbit module
COy([A]) (A € V) is determined.

COu([A])

A ]
—Ayzty A
—2A;5t3 —123A " Ass As
—2As6t1t3 _Aml;gl +As6t1 + A1t A A

= { —2A17tat113 4 t1t2 +Airtaty | +Aurtaty | Ay

—Ayqt3 A17 2L Ayt + A7t
~ Aty +Ai7ts
—Aurtaty

I Ass ]

ti,t9,13,14 € ]Fq}.
Proof. By 3.2.33, we calculate the general orbit modules directly. O

3.2.35 Reminder. By 2.2.47, a pattern A € V is called a core pattern if
supp(A) C core(A) = main(A) U minor(A).
3.2.36 Notation. Define the families of U-orbit modules as follows:

36 :={COy(A) | AV, Ay # 0},

5 :={COy(A) | A€V, Aig #0, Az =0},

84 ={COu(A) | A€V, A5 #0, Asg = Ay = 0},

3 :={COy(A) | A€V, A13#0, Aj5 = Ajg = Aj7 =0},
F12 :={COy(A) | A€V, A1z = A5 = A = A7 = 0}.

Let A €V, wealsosay A € F,, if COy([A]) € Fi.
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3. Supercharacter theories for Ggyl(q)

3.2.37 Proposition (Classification of G3Y'(¢)-orbit modules). Every U-orbit module
is one of the following forms in Table 3.1. In particular, in every U-orbit module there
exists precisely a staircase core pattern.

Table 3.1.: G5¥'(g)-orbit modules

[ Family | COy([A]) (AeV) | dimcCOy ([A]) | #COu([4]) |
~A12A BEERE
S6 COU( . _23 . ) q’ (¢ —1)¢*
[EEDERERNE
§s COU({ 3 o P ¢ (¢ —1)¢*
‘ y A>1k5 A>1k5 ‘ ‘ )
S4 COU( ' i ) . ) ¢’ (¢—1)q
5 COUq L . ‘) q (¢—1)q
(el 1117
51,2 COU({ - Az . ‘) 1 ¢

where Aj;, Aj5, Ajg, Aj; € F; and #COy([A4]) = #{COy([A]) € F.} for i €
{{1,2},3,4,5,6}.

Proof. Let A = (Ay;) € V with A7 = Aj; € F;, then

COy([A4])
[ A12 ‘|
A13A16+A2,
+=4—" | Biz | Bis | Bis | Bis | A}
=C _ BisBistB3 17 Bis, Bis, Bis €
A7
Aag
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3.2. Monomial G5 (¢)-module

: : A A Ajz—24 :
Thus dimcCOy ([4]) = ¢. Let u := x(ty, A T —”’T;m, t5,16), then there is
a staircase core pattern

A13A16+A%, *
Al?

C:=Au= Arz + Alz
Agg

€ Oy(A).

Thus Oy (C) = Oy(A) and COy ([A]) = COy([C]). We shall show that the staircase
core pattern is determined uniquely. Suppose that there is another staircase core
pattern D = Djseqp + Dageas + Dizerr € Oy (A), then there exists an element v € U
such that D = C.v. We obtain that v = 1, i.e. D = C. Thus

#COy([A4]) = #{COy([A]) € i}
:# {D = Dlgelg + D23€23 + DI7617 eV ’ Dlg, D23 € Fq, D;} € F;}
=(¢ —1)¢*.
Similarly, all of the statements are proved. O

3.2.38 Remark. Let A € V. In 3.2.37, the orbit modules COy([A]) are staircase
modules except that COy ([A]) € §3 and Ay 3 # 0.

3.2.39 Proposition (G5 (q)-stabilizer). Let A € V, then Staby (A) is established in
Table 3.2.

Proof. We know that Staby(A) = {u € U | A.u = A}, so the results are obtained by
calculation. O
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3. Supercharacter theories for G5 (q)

Table 3.2.: G3¥'(¢)-stabilizers

AcV Staby (A)
. ‘ A12 AIS A15 ‘ A15 ‘ A16 ‘ AT7 ‘ . Aret1 2A15t1+A16t2
. Ags . x(tl’o’_ Al 0 Af, »ts tﬁ)
S6 :
. ] th,t5,t6€Fq
-’Alz Az AlS‘AL’)‘A%‘ ‘ Aato—2 A1t
3{ . A23 * (O t27t37 % t t6)
5 . Vt27t3,t5,t6 €,
: ’ Arg | Asz | Als ‘ Als ‘ ‘ ‘ '
R A, . (0, 2, SR 1y, 15, 1)
4 . v t27t47t57t6 € Fq
(A A [ [ ] ]
3’ A23 . $(t1,0,t3,t4,t5,t6)
3 . thyt37t47t57t6 EIE?CI
| Ar HEE
.3’ . A23 $(t1,t2,t3,t47t57t6)
1,2 . Vi1, ta, 3, ta, b5, 16 € Iy

where Af;, Aj;, A, Al; € T
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3.2. Monomial G5 (¢)-module

3.2.4. Homomorphisms between orbit modules

Let U := G3¥'(¢). In this subsection, we define a truncated row operation of U on
V. Then we classify the U-orbit modules: every U-orbit module is isomorphic to
some hook-separated staircase module (3.2.57). Finally, some irreducible modules
are determined, and some irreducible modules are determined, and any two orbit
modules are shown to be orthogonal when the 1st verges are different (3.2.61).

3.2.40 Lemma. Let A € V and g € U, then

(A 2 gl = L S Trlg A gy

B |U| yelU

3.2.41 Lemma. Let A € V and Vo= Vgidm i) A;je;;. Then

eN
-7
TglzT A)
0] Ap Az As | As | A | Avr |0
—t1A13
A _ _ _ _
t1 A1z 4 Ay 1145 t1 A5 t1 A6 t1 A7 0
15_152?13 t1t2A15 t1t2A15 t1t2A16 t1t2A17 0
ALy +t3A15 +t3A15 +t3A6 +t3A:7
CttsAs  —titsAis —tit3 A6 —tits A7 0
—tadis —t4 A5 —t4 A6 —t4 A7
= —t1t3 A1 —tit3 A6 —tits A7 0
—tadss —t4 A6 —t4 A7
2
—t%tgAlG _t1t3A17
214 Are —2t1t4 A1 0
—t5A16 —t5A17
7t?t2t3A17
—2t1totg Ar7
—tots A17 O
—2t3t4 A7
—tgA17
0
3.2.42 Proposition. Let A € V and z := x(ty, ta, t3,t4,t5,t5) € U, then
7T(LU7TA) =A-— t1A13623.
PT'OOf. Let Ae Vandzx:= ZL’(tl, to, t3, T4, 5, t6) elU, then W(ZEiTA) 3241 A— t1A13623.
Thus we get the result. O
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3. Supercharacter theories for Ggyl(q)

3.2.43 Definition/Lemma (G5 (¢)-truncated row operation). The map
UxV —=V:(uA)w— gA=7(g"A)

defines a group operation, which is called the truncated row operation.
Note that the elements of U act as F,-automorphisms on V.

3.2.44 Corollary. Let Ac V, t, € Fyand x;(t;) € U (i = 1,2,3,4,5,6), then
(1) z1(t1).A is obtained from A by replacing Az with Ass — t1A;3, i.e.

xl(tl)_A:( A A As [ As [ Avg | Arr | )

Agz — 11 A3

(17) z;(t;). A = Aforalli € {2,3,4,5,6}.

3.2.45 Notation. OV (A) and Stab;?"(A) are defined under the ‘truncated row oper-
ation’, and Oy (A) and Staby (A) are used for the ‘truncated column operation’.

3.2.46 Remark. From Corollary 3.2.44 we get
.Tl(tl)A = [L’12(t1).A = [Iflg(tl).A

and

04) = Oy (4) = O (4)
3.2.47 Remark. In general, g.(A.u) # (g9.A).u. For example: let t,,t, € F; and
Aj; € Fy, then

(fl(tl)-(AT7€17)>.x4(t4):( [[taA5 [ [ [TA%] )
but
x1(t1).((A’{7617).x4(t4)> :( | _iji%&? | ] 4% ) |

3.2.48 Lemma. Let B €V, g := x(ty,ts,t3,14,t5,t) € U and y € U such that
supp(g~ ' B) Nsupp(y — 1) C J.
Then 9k(g~ "B,y — 1) = x4.5(y).

3.2.49 Proposition. Let g € U and A € V, such that supp(g~"A)NN C JU{(4,5)}.
Then
A([B]) = xg.8(9)lg-B]  for all B € Oy(A).
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3.2. Monomial G5 (¢)-module

Proof. Let B € Oy(A), then main(B) = main(A). Thus,
supp(g~ ' B)NN C JU{(4,5)} forall B € Oy(A).

Then for all y € U, supp(g~ " B) Nsupp(y — 1) C J, since supp(y — 1) € N\{(4,5)}.
Then

gB] *E" |U| > Uk(g7 B, y)y
yelU
> Uk(9~ "B,y — 1)9k(g~ "B, 1)y
|U| yeU
3.2.487
= 19/{ 9 ZX B
|U| yelU s
=xz(97")[g-B],

and

Xo.5(9) = Uk(9.B, f(9)) = Vk(n(g~ " B), f(g)) = Vs(g™ ' B, f(g)) = 9x(B, f(g)g™")
=0k(B, fgg™") = f(g7") = 06(B, f(1) = f(g™")) = 06(B,—f(g7")) = xalg~).

Hence )\, ([B]) = x,.58(9)[g.B] for all B € Oy (A). O

3.2.50 Corollary. Let g € U and A € V, such that supp(g~"A) NN C JU {(4,5)}.
Then im()\g|@OU([A])) = COU([gA])

Proof. Let u € U, then Cg[A.u] = Cy([Aju) = C(g[A)u *%° C[g.AJu. Hence
im(Aglcoy (1)) = COu(lg-Al). O

3.2.51 Corollary. Let g € U and A € V, such that supp(g~"A) NN C J U {(4,5)}.
Then
g.(Bau) = (9.B)u forall Be Oy(A), ueU.

Proof. Let g € U and A € V, we have
Cl(g.B).u) = Clg.Blu =" C(g[B])u=Cy([Blu)=Cy[B.u]=Clg.(B.u)].
Hence g.(B.u) = (¢9.B).u. O

3.2.52 Corollary (Simple row move). Let A € V, t, € F, and z;(t;) € U (i =
1,2,3,4,5,6), such that supp(x;(t;)"TA) NN C J U {(4,5)} then

COu([A]) = COy ([:(t:)-A]).
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3. Supercharacter theories for G5 (q)

3.2.53 Corollary. Let AeV (A17 = A16 = A15 =0, Alg = AT3 7é 0), and l’l(t1> ceU
COU([A — Aggegg]), ie.

such that tlAT:; = Agg, then COU([A]) = COU([I'l (tl)A]) =

’ Anp

*
Als

*
Al

COu(

A23

‘ ‘ ‘ ‘ })ECOU({ ’Al?

0

110 1,

3.2.54 Corollary. Every U-orbit module is isomorphic to a (not necessarily unique)
staircase module, and the isomorphism is given by the left multiplication by a group

element.

Proof. Let A € V and (1,3),(2,3) € main(A), then (2,3) is deleted by 3.2.53. By
3.2.38, the claim is proved.

]

3.2.55 Lemma. Let A € V with Aj; = Aj; € F}, x5(s5) € U and s5 € F,, then

Aes(ss) ([A]) = V(s5A16)[A + s5A7,€23).

Proof. Let A € V with A;; = Aj; € F; and x5(s5) € U, then

yelU
1
PEN N Ok(A — ssAwgess — ssAtreer, Y)Y
|U| yeU
1
=— > (Uk(A,y) - 9(—s5416) - V(—s5AT7567) )y
|U| yeU
1
=1(s5A16) - m > (96(A,y) - 9(—s5A17967) )y
yeU
SL279 (55 A1) - \U\ > (9k(A,y) - 9(s5A57y23) )y
yeU
79(851416 |U‘ Z 19/4, A+ 55A17€237 )y
yeU
§(85A16 |U| Z 795 A + S5A17€23, f(y))y
yelU

:19(S5A16) [A + S5A>{7623] .
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3.2. Monomial G5 (¢)-module

3.2.56 Proposition. Let A, B € V, Aj; = Aj; € F}, and

A= ‘ A12 A13 A15 ‘ A15 ‘ A16 ‘ AT7 ‘
' | A | ’
B A As | A [ A | A | Al |
' 0
then COy([A]) = COy([B)).
Proof. Let C' € Oy(A) and s; = —4% € F,. By 3.2.55, we get Ay, (s,)([C]

A3, ) =
19(85016)[0 + 85AT7623], where C' + 851417623 € OU(B) Thus (COU([AD COU([B])
O
3.2.57 Proposition. Every U-orbit module is isomorphic to a certain hook-separated
staircase module.

Proof. By 3.2.54, every U-orbit module is isomorphic to a staircase module. By
3.2.56, we get the desired conclusion. O

As for the other groups, we get the following three properties for the G5 (¢)-orbit
modules.

3.2.58 Lemma. Let A, B € V. Then Hom¢y (COy ([4]), COy([B])) = {0} if and only
if for all C' € Oy(A) and D € Oy(B) holds Homggan,, (o) (C[C], C[D]) = {0}.

3.2.59 Lemma. Let A,B €V andy € U. Then
Homstan, (4,8)(C[A], C[B]) = Homstany, (4.4,8.4)(C[A.y], C[B.y])

as C-vector spaces.

3.2.60 Corollary (Homomorphism criterion). Let A, B € V. Then
Homey (COy ([A]), COy([B])) = {0}
if and only if Homgyap,, (a,0)(C[A], C[D]) = {0} for all D € Oy (B).

3.2.61 Proposition. All of the hook-separated staircase Gsyl( )-modules are listed in
Table 3.3, and they satisfy the following properties.

(1) Let A,B € V. If verge,(A) # verge,(B), Homcy (COy([A]), COy([B])) = {0},
In particular, let COy([A]) € §i, COy([B]) € §; and i # j, then

Homcy (COy ([4]), COy([B])) = {0}
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3. Supercharacter theories for Ggyl(q)

(2) In family §, o, the ¢*> hook-separated staircase modules are irreducible and pair-
wise orthogonal.

(3) In family §s, the (¢ — 1) hook-separated staircase modules are irreducible and
pairwise orthogonal.

(4) In family §4, §5 and §s, the hook-separated staircase modules are reducible.

Table 3.3.: Hook-separated staircase G5 (¢)-modules

| Family | COy([4]) (AeV) | dimcCOy ([A]) | Irreducible |

Al [T T[4

S6 COU( ' L ‘ ' ) 7 NO
EEENEREANE

5 (COU<[ Az o J) r NO
TT A&l 1]

. |co(| A= D & NO
EEEARENNE

3 COUq L0 ' J) g YES
P&l 1117

S1,2 COU( . A.23 ' ‘) 1 YES

* * * * * * *
where Aj,, Al;, Als, Alg, Aj., Ass € Fy.

Proof. By the definition of the hook-separated staircase module, we get all of the
hook-separated staircase G5 (¢)-modules in Table 3.3.

(a) Let A, B € V be hook-separated staircase core patterns of family §, and C' €
OU(B ) , ie.

A= ‘

*
A15

*
A15

]
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B = ‘

*
Bl5

*
BlS

L]
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3.2. Monomial G5 (¢)-module

By 3.2.39, we get Staby(A) “27° Y,Y, Y5 Ys. Then,

YoYiYsYs, Ci13 =0

Staby (4, €) = { YVYsYs,  Ciy#£0

We calculate the inner product

1
(x4, XC>StabU(A,C) = m Z VK(A—C, f(y))

y€EStaby (A,0)

1
N |StabU(A, O)'
Z 19/1 (’ _012 A _?1-38 A15 B B15 A15 — B15 ‘ " f(y)> .
yeStaby (A,C) (£723 — 723 |
If Ci5 = 0, we have
| —2Bjss3s | 0 | By | B | ||
C ¢ { B sz €Fy .
Hence
0 #dimcHomsan, (4,0)(CA], C[C]) = (x4, X)staby(4,0)
1
V2YaYaYl ., éﬁewqﬁ(( = Bt + 245~ Bt
(2 3 0t - Baos) ) (3 5 02t - B
9 tyer, 4 t4eF,
<= {Ba3 = Ap} N{Bj; = A5}
If C’13 7£ 01
—2B%s3 | —2Bi.s | BLY| B: -
o| CHmBSIETIERLT] [ i er)
Therefore,

0 #dimcHomggan,, (4,0)(C[A], C[C]) = (X4, X)staby (4,0)

1 1
- Z (% 2(14{5 - BT5)t4 - - Z Y 2(A>{5 - Biks)tzl
|}/4}/5}/6| ta,ts,te€EFy ( q ta€Fy ( )

< Bj; = Aj;.
We get

Homsgan,, (4,0)(C[A], C[C]) # {0} <= (x4, XO)stabyac) Z0  (ie. =1)
{{BQg—AQg}/\{B5—A5}}/\{B5—A5} <~ B5—A

Thus Homey (COy([A]), COu([B])) = {0} <= B # A%,
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3. Supercharacter theories for Ggyl(q)

(b)

()

(d)

(e)

®

(g)

146

Let A € §; and B € §j, ¢4 denote the character of COy([A4]) and ¢ the
character of COy/([B]). In the similar way to (a), we calculate ()4, ¢ 5)y. Then
the statements of (1) are proved by 2.2.82.

Let A, B € V be hook-separated staircase core patterns of family §,. Let D €
Oy (A) and 14 denote the character of COy([A]). By (a), the CStaby (A, D)-
modules C[A] and C|D] satisfy

e e I e
L E A E R P (E BT EEA EE A

where D7, € ;. By the proof of 2.2.82, we get

dimcHomey (COp ([A]), COy([A])) = (¥a, Ya)u

|Stabyr (A, D) ..
Staby (A GimcHomsan, C[A],C[D
DGOZU(A) [Staby (A)] —© (4.0)(C[A4], C[D])
4 3
. o — 1
:qq4q+q (qq4 >q:2q—1>1.

Thus, COy ([A4]) is not irreducible.

Let A € V be a hook-separated staircase core pattern of family §5. In the
similar way to (c), COy([A4]) is not irreducible.

Let A, B € V be hook-separated staircase core patterns of family §3 and A # B.
We have (¢4,9%4)y = 1 and (4,9p)y = 0. Thus the statements of (3) are
proved.

The ¢* hook-separated staircase modules of §, , are of dimension 1, so they are
irreducible. They are pairwise orthogonal by calculating (¢4, ¥ )y (c.f. (a)).

Let A € V be a hook-separated staircase core pattern of family Fg, then the
orbit module COy ([A]) is reducible. Suppose it is irreducible, then by (1) and
(2) we get

(dime CO([A])" = ¢° < |U| - ¢* = ¢° — ¢*.

This is a contradiction. Thus the orbit modules of family §¢ are reducible.



3.2. Monomial G5 (¢)-module

3.2.62 Remark. There exist two hook-separated staircase modules such that they are
neither orthogonal nor isomorphic. For example: let A,B € V be hook-separated
staircase core patterns of family §4 with Aj, = Bj; € F; and Ayz # Bags, le.

TEIED | g (L [Al&l]

A= ’

then COy([A]) and COy (| B]) are neither orthogonal nor isomorphic.

Proof. Let 14 denote the character of COy ([A]) and ¢ 5 the character of COy ([B)).
By the proof of 3.2.61, COy([A]) and COy (|B]) are not orthogonal and

(Va,Ya)v =2q — 1= (Yp,¥p)v.
Let D € Oy(B). The CStaby (A, D)-modules C[A] and C[D] satisfy

c Lo A(; A AL ] qm{y Di, - A [ A% q
| AR AT o ¢ [(a] PL[ARTATTY

By the proof of 3.2.60, we get

dimcHomey (COy ([A]), COy([B])) = (Ya, ¥p)v
- ¥ [Staby (A, D)|
Deon(B) |Staby (A)]

3. _
=q<241)q =q— 1% (Ya,Ya)v.

dimcHomgyan,, (4,0)(C[A], C[D])

Thus, COy ([A]) and COy([B]) are not isomorphic.
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3. Supercharacter theories for Ggyl(q)

3.3. Supercharacter theories for G;yl(q)

Let G := Gs(q), U := G3¥'(¢), and t € Fy foralli=1,2,--- 6.

In this section, we obtain the conjugacy classes of G5*(¢) (3.3.4).

Then we determine the supercharacter theory for G5¥'(¢) (3.3.13), establish the
supercharacter table of G5*'(¢) in Table 3.6 and list supercharacters, supermodules
and superclasses of G5 (¢) in Table 3.7.

After that, we construct the complex irreducible characters of G5'(q) (p > 3)
(3.3.23), and calculate the character table of G5*(q) (p > 3) (3.3.26), determine
the relations between the supercharacters and the irreducible characters of G5*(¢)
(p > 3) (3.3.27).

3.3.1. Conjugacy classes of G5 (q)

In this subsection, we determine the conjugacy classes of G5¥'(¢) (3.3.4), and obtain
one partition of G5¥'(¢) (3.3.6) which is a set of the superclasses proved in Subsection
3.3.2.

3.3.1 Notation. Let x,u € U, then the conjugate of x by u is “x := uzu™!, and the
conjugacy class of uis Yz := {vzv! |v € U}.

By 3.1.25, we obtain the following conjugate elements when p # 3.

3.3.2 Lemma. Let charF, = p ¢ {2,3}, u := x(ry,7r2,73,74,75,76) € U and z;(t;) € U,
then

. I@(—t2T5 — t%?”? — tg?"?’l"g),
ul’l(tl) :ZL'l(t1> . $3(T2t1) . ZL’4(—T2t% — 2t1T3)
. $5(7"2t:1‘) — 67“1T3t1 + 37’3t% — 3t17“4)

. $6<2’f’§t? — 6T1T27"3t1 + 37‘27"375% — 3T2T4t1 — 3t1T§),

u(l’4<t4)&35<t5)l’6(t6)> :$4(t4) . l’5(t5 + 3T1t4) . £C6<t6 —+ T2t5 —+ 37’17”2t4 -+ 3T3t4),
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3.3. Supercharacter theories for G;yl(q)

and

“(xg(tg)x5(t5)) =w3(t3) - 24(2r1t3) - 5(t5 + 3rits)
- w6(rats + 3rirgts — 3rits — 3tzry),
“(m2(t2)x4(t4)x5(t5)) =w9(ty) - w3(—11ta) - T4(ts — tor?)
-5ty — tar? + 3rity)
- wg(—tars — 12 — toriry 4 3riroty + 3raty 4 Tots),
“(:Eg(tg):xl(tl)) =xo(ta)x1(t1) - x3(roty — 1rits)
-y (—rot? — 2ty7r3 — tor? 4+ 2tytyry)
- w5(rot? — 6173ty + 3rstt — 3ty
— tor? — 3r1t3ty + Stiter])
- w6(2r5t3 — 6rirorsty 4 3rorsts — 3rgryty — 3tyra
— toTs — 1318 — toriry — 6riTatity + 3titoriry
+ 3ritit3).

By 3.1.25, we also get the conjugate elements when p = 3.

3.3.3 Lemma. Let charF, = p = 3, u := x(r1,72,73,74,75,76) € U and z;(t;) € U,
then

“x6(ls) =zo(te),

Yas(ts) =ws(ts) - we(rats),

“z4(ts) =z4(la),

Yu3(ts) =w3(ts) - v4(2r1t3),

Uxy(ty) =a(ta) - x3(—1its) - 2a(—tor?) - 25(—tor?) - me(—tors — 1315 — tariry),
v () =z1(ty) - w3(raty) - ma(—rot? — 2t173) - w5(rat}) - w6(2r5t}),

and

“(za(ta)zs(ts)) =za(ta)ws(ts) - w6(rats),
“(xg(tg)x5(t5)) =x3(t3) - x4(2r1t3) - w5(ts) - we(rals),
u<$2(t2)$4(t 5(?55)) =x9(ta) - w3(—rite) - x4ty — tary) - x5(ts — tor})
- wg(—tors — 12 — toriry 4 rots),
“ay(t)ws(ts)we(te)) =x1(tr) - w3(raty) - wa(—rat] — 2t173) - 25(t5 + 72t7)
- wg(tg + 203t + rots),
u(x2(t2)xl(tl)) =To(to)x1(t1) - x3(raty — 11t2)
- w4(—rot? — 2t ry — tor? + 2t ytory) - w5(rots — tor?)

2,3 2,3 3
6 (2r5t] — tors — tyry — torirs).

)
3
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3. Supercharacter theories for Ggyl(q)

3.3.4 Proposition (Conjugacy classes of G3*'(q)). Let charF, = p ¢ {2,3}. The
conjugacy classes of G5 (q) are listed in Table 3.4.

Table 3.4.: Conjugacy classes of G3*'(¢) with p ¢ {2,3}

. #Conjugacy Conjugacy |Conjugacy
Representatives Classes Classes Class|
Ig 1 x(0,0,0,0,0,0) 1
xﬁ(tg) qg—1 x(0,0,0,0,0,t) 1
* - x(070a0707t;7‘96)
.’L'5(t5) q 1 Sg c Fq q
" . 13(0,0,0,752,85,86) 2
$4(t4> q 1 S5, S¢ € ]Fq q
* . $(0707t§7547‘§5a86) 2
2(0,0,8,0.45,0) | (g=1)g o g
.73(0 t* 0 tat O) ( . 1) 2 $(07t;7$3a‘§47§5a36) 2
y Loy YU,y U4, U5, q q $3, S6 G]Fq q
. B x(t3,0, 83, S4, S5, S¢) 3
x(t1,0,0,0,0,tg) (g —1)q 53, 54,85 € T, q
* g% _1)2 x(tivt§7837$4a85736) 4
I(tl,tQ,O,O,O,O) (q ]-) 83,54,85,56 c ]Fq q

where §_ is determined by some of ¢* , ¢t and s_.

Proof. Letu := x(ry,72,73,74,75,76) € U, 0 # t; € F}, t6 € Fy, and

x(ay, ag, as, as, as, ag) := “(x1(t1)z6(ts)),

then by 3.3.2,

2
aq :tl, a9 — 0, a3 = 7’2751, ay = —Tgtl — 2T3t1,

as :rzt? — 6ryr3t; + 37“315% — 3t174, ag = tg + Tgti’ + roas — 3T§t1-

Let a3, a4 and a5 be fixed, then a¢ is determined uniquely. Hence we get the conju-
gacy class of 1 (t1)xg(ts).

U(l’l(tl).’lfﬁ(tﬁ)) = {x(t1,0,83784,85,§6) ‘ S3,84, S5 € ]Fq} .

By 3.3.2, other cases are determined analogously. Then all of the conjugacy classes
are obtained. O
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3.3. Supercharacter theories for G5¥'(q)

3.3.5 Notation/Lemma. Set

Coltg) ="wo(ts), Cs(ts) == "as(ts),  Culty) := Taalt Z)
Cs(ty) = | Y(ws(th)as(ts)), Co(ts) = U Y(22(ts)malts)zs(ts)),

t5€F, tats E]F
Ci(t) =" (t}),  Cralty,ty) =" (z2(t)21 (1)),  Co:={lv} = {1}.
Note that they can form a partition of U as well, denoted by K.
We get a partition of G3”'(¢) by 3.3.4.
3.3.6 Corollary (A partition of G5*(¢)). Let u € U, then the partition K is given in
Table 3.5:

Table 3.5.: A partition K of G5¥'(¢) with p ¢ {2, 3}

wel #C1 (17, 15) C1a(t],15) |C12(17,15)|
or #C;(t¥) or C;(t) or |C;(t7)]
1 1 x(0,0,0,0,0,0) 1
Zlf@(tg) q— 1 l’(0,0,0’0,0,tZ) 1
. x(0,0,0,0,t%, s
s(13) g1 (0000050 ’
. x(0,0,0,%3, s5, s
x4(t}) q—1 ( 55 50 é FE; o) ¢
* X Ovoatik784as5786
wt) | og-1 | POl
* o x(07t§753734785a56) 4
xQ(tQ) q L 53, S4, S5, S¢ € IF‘q q
* . x(ti707 837847$5a56) 4
xl(tl) q L S3, 54, S5, S6 € IF‘q q
. . x(t7,15, 83, 84, S5, S
n(an(t) | (q-vr | Bt g

3.3.7 Notation/Lemma. Set

Cri= |J Cu(tr) foralli=1,2,34,56,

tq',EIF‘[*I

01,2 = U 01,2@%1&775;): Co := {1U} = {1}

11 t5€F;
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3. Supercharacter theories for Ggyl(q)

Then

K :< U Ci) UC’M.

i€{0,1,...,6}

3.3.8 Remark. We can also determine the partition for G5'(q) (p > 2) in 3.3.6 by
calculating {Is + z(u — 1)y | z,y € G} N U forall u € U (c.f 2.3.1).
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3.3. Supercharacter theories for G;yl(q)

3.3.2. A supercharacter theory for G5 (¢)

In this subsection, let U := G5 (¢), Aj; € Fy and A;; € F,.

We determine the supercharacter theory for G5* (¢) (3.3.13), establish the super-
character table of G;yl(q) in Table 3.6 and list supercharacters, supermodules and
superclasses of G5*'(¢) in Table 3.7.

3.3.9 Notation/Lemma. Let A = (A;;) € V, set

M (Ajgers + Agzeas) :=COy( (A2 y [ []] }):@[AmelﬁAggezg],
M(Ajzei3) :=<C{ [Aw AL [ [[]] } ‘Algqu}
_coy(| WA [1]] }),
M (A (ers + e13)) ::@H e iz Al [ At | [ ] H Alz,Alg,Aggqu}
- @ cou Lo el L,

Mo e {| ]
23

Ajg, A3, Ais, Aoz € Fq}

A | Ars | Ais | Afg | ] H

— @ (COU(_’ Ais HATGH})’

A13,A23€F,

[ A [ Ass | Ass | Ass | Ase [ A7 | } ’A127A13,A15’A16 < Fq}

[ [ [ 4

p
A12€F, L

3.3.10 Notation. Denote by M the set of all of the CU-modules in 3.3.9.

3.3.11 Notation. (1) Let M € M, then the complex character of the CU-module M
is denoted by V.

(2) Set X := {Uy | M € M}.
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3. Supercharacter theories for Ggyl(q)

3.3.12 Corollary. Let A = (A;;) € V, and 14 be the character of COy ([A]). Then

\IIM(A12612+A23€23) = Qﬁz412612-i-14236237 \I[M(A{3e13) = ¢A{3613a
‘IIM(AIS(eM—i-els)) = Z 77Dz423623-i-14’1‘5(614-i-€15)7
A23€]Fq
\IIM(ATSBNS) = Z wA13613+A23€23+A’{66167 \I]M(AT7€17) = Z wA12612+A’{7€17'
A13,A23€F, A12€lF,

3.3.13 Proposition (Supercharacter theory for G5*(¢)). (X, K) is a supercharacter

theory for G3¥'(q), where K is defined in 3.3.5, and X is defined in 3.3.11.

Proof. By 3.3.5, K is a partition of U. We know that X is a set of nonzero complex
characters of U.
(a) Claim that |X| = |K].
By 3.3.5, 3.3.9 and 3.3.11, |{\IJM(A9{7€17) | AT'? S FZH = |{M(AT7617) | AT7 €
[F7}| = |Ce|. Similarly, we obtain the Table 3.7. Thus |X| = |K].
(b) Claim that the characters x € X are constant on the members of K.

Let Aj; € F; and

Ci3 | Als
Cos

*
A15

Bis(Al;) = { Cz | Ch2,C13,Ca3 € Fq} :

Lety € U, then

\I/M(A*l‘5(e14+e15))(y): Z Xc(y)z Z Xc(?/)-

CGBw(AIS) 06815(14’1‘5)
C.y=C yEStaby (C)

Ify = I(O, 0,0, 4,15, t6) e CoUCyuUlsUCs, Yy € StabU(C’) forall C' e 815(A>{5)
by 3.2.39. Thus

Vg enresy® = D xelW)= > P2At) =¢ - 0(24]t).
CeBis(Afs) CeBi5(Af;)

Ify € Cl U 01,2 U Cg, Yy ¢ StabU(C) forall C € 815(14;5) by 3.2.39. Thus

WAz, (eratens) (y) = 0.
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3.3. Supercharacter theories for G;yl(q)

If y = (0,5, s3, 84, S5, 8¢) € Ca, by 3.2.39

\I/M(A{5(e14+e15))<y) - Z XC(y)
CeBi5(Ass)
013__214;{3533
AT s: * *
I e el B R M = IR EREI
C12,C23€F, C'23 t2
* 2A>{5S§ *
C12,C23€lF; 2
2A%. 52 . .
2 Ca3€lF,

=0.

Similarly, we calculate the other values of the Table 3.6. Thus the claim is
proved.

(c) The elements of X" are pairwise orthogonal by 3.2.61.
(d) The set {1} is a member of K.

By 2.3.11 and 2.3.13, (X, K) is a supercharacter theory for G5*'(q). O
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3.3. Supercharacter theories for G;yl(q)

3.3.14 Corollary. The supercharacters, supermodules and superclasses of G3''(q) are

listed in Table 3.7.

Table 3.7.: Supercharacters, supermodules and superclasses of G5*'(¢)

Supercharacters | Supermodules Superclasses OO
ved MeM cek

W rr(As,err) M(Ajqe17) Co(15) q—1

W rr(Asgee) M (Ajgeie) Cs(5) q—1
Wpr(ar, (eraters)) M(Ajs(ers +e15)) | Caltd) q—1

W rr(As,ers) M(Afzens) Cs(15) q—1
Unr(AnyerstAsens) | M(Alze12 + Ajzens) | Cra(t],15) (¢—1)?

W rr(As,e03) M (A3ze03) Cy(t3) q—1
Wrr(Atyers) M(Afzer2) Ch(t1) q—1

VY ar(0) M (0) Co 1

3.3.15 Corollary. The number of the supercharacters G3''(q) is

X|=|M|=|K|=¢"+4g—4=(¢—1)*+6(¢—1)+ 1.
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3. Supercharacter theories for G5 (q)

3.3.3. Character tables of Gsyl(q)

Let charF, = p ¢ {2,3} and U := G3"(q).

In this subsection, we construct the complex irreducible characters of G5 (q)
(3.3.23), dtermine the character table of Gsyl( ) (3.3.26) and obtain the relations
between the supercharacters and the irreducible characters of G5*(¢) (3.3.27).

Let G be a finite group, then Irr(G) denotes the set of all complex irreducible
characters of G. Let x € Irr(U).

3.3.16 Lemma. Let Y; < U, then
Z(U) =Ye, Z(Ys\U) = Y5, Z(YsYs\U) =Yy, Z(Y,Y5Ys\U) = Y3,
and Y,Y,Y5Ys\U is abelian.

Proof. From the commutator relations in 3.1.25, we get the centers of the groups.
[

3.3.17 Lemma. Let T := Y,Y3V,Y:Ys, N := Y,YsVs, and H := YV, Y55

(1) The subgroup N is abelian, N < U, T'<{ U and H < U as follows:

Ys Y1 Y3 Y4 Y5 Ye

FEN

Yo Y3 Y4 Y5Ye Y1 Y4 Y5 Ys

e A

N=TnH=
Y, Vs Ye

(2) Let A € Irr(N) and Resy A # trivy,. If A satisfies that Res{ A = trivy,, we have
It N) ={ueU| XN =\}=H.
(3) Let \ € Irr(N), then the inertia group Ir()\) is

[ T ifResp )\ = trivy,
Ir() = { N if Resp A # trivy, -

(4) Let \ € Irr(N), then the inertia group Iy (\) is

B if Resy. A = trivy;
Tu() = { N if Resp A # trivy, -
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3.3. Supercharacter theories for G;yl(q)

(5) Letp € Irr(T) and Y = Z(T') € ker ¢, then the inertia group Iy (1) is

Proof.

(2)

(3)
4
)

Iy(¥) ={ueUly* =y} =U

(1) By 3.1.25 and 3.3.2, N is abelian, N and 7" are normal subgroups of U,
and H is a subgroup of U. Then N is a normal subgroup of N and H, since N
is a normal subgroup of U.

Let A € Irr(N), u := x(r1,re,r3,74,75,76) € U and x 1= x4(t4)xs5(t5)2z6(ts) € N,
then ) is a linear character since N is abelian. We have

)\u<$) :)\(u X ’LL_1> 3i2 A (x4(t4)x5(t5 + 3T1t4)1‘6(t6 + T2t5 -+ 37“17"2t4 + 37’3t4))
Res% /\:triVy5
= )\(l’4(t4>) . /\(176(t6 + T2t5 + 3T1T2t4 + 3T3t4)).
Since Y5 ¢ ker A and Y5 C ker A, we get
N ={uecU | X=X} ={ucU|Nu-z-u')=\x)forall z € N}
:{u = x(T’1,T2,7’3>T4,7"577“6) eU | ro =73 = 0} =Y1Y,Y5Ys = H.
Similar to the proof of (2).

Similar to the proof of (2).

Let z4(tg) € Ys. Since Ys = Z(T) < N < T, there exists A € Irr(/N) such that
0 < e = (Resy®, \)w, then
(Resiyw) (wa(in)) = e L A(welta)).
[ (A)]

By 2.3.37, Y5 = Z(T) ¢ ker A since Yg = Z(T) ¢ kert. Thus Resf A # trivy,.
Then I7(\) = N by (3). Thus Indy\ € Irr(T) by Clifford’s Theorem 2.3.31.
Thus e = 1 and ¢ = Ind{ ).

Let u := .Z’(Sl,SQ, S3, S84, 85,56) e U and h := x(o,tg,tg,t4,t5,t6) efT, then
1 _
¥(h) = (IndgA) (h) = 5] S My-hoyTh.

yeT
y-hy 1EN

— Letty # 0 or t3 # 0, then ¢(h) = (Ind%)\) (h) =0 and

(*)(h) = (IndGA)" (k) = (Ind§A) (u- - u™t) *220.
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3. Supercharacter theories for Ggyl(q)

- Letty, = t3 =0, by 3.3.2

6 = (W) () = 7 X ey TN h ey

| ’ yeT yeT
y-hy lEN

:=x(0,r2,73,r4,75, 1
4 ( :3 75 G)W Z <$4<t4>275(t5)l’6(t6 + T2t5 + 37”3t4)),
’ | T27T37T4,T5,T6€Fq
and
(¥")(h) = (IndGA)" (h) = (Ind}A) (u-h-u™")
= (Ind%)\) ($4(t4)$5 <t5 + 381t4)l‘6(t6 + 52t5 + 381$2t4 + 383t4))
1
:W Z )\([L’4(f4)$5(t5 + 381t4)1‘6(t6 + 82t5 + 38182'[54 + 333t4)
’ ’ 72,73,74,75,76 EFq
- x6(rats + 3rasity + 3rsty))
= Z )\(x4(t4):1:5(t5 + 381t4)376(t6 + 52t5 + 38152t4 + 383t4)

ro,r3€F,

- wg(rats + 3rosity + 3rsty)).

Since Y ¢ ker A, then for all u € U we have

W) = v() = | CAwo(te)) it =ty =ti=15=0

0 otherwise
Thus Ij;(¢) = U. O
Now we determine the irreducible characters of the subgroup H = Y1Y,Y5Y; of U.
3.3.18 Lemma. Let H :=YY,Y5Ys and x € Irr(H).
(1) If Ys Ckery, let Hiye := Y5\ H =2 Y1Y,Ys, xrdsdiz € Irr(Hyyg),
A (g (1) 34 (t)T6 (1)) = U(Arrte) - V(2A1sts) - 9(Arath),
and y7A1:412 be the lift of yA17415412 to H. Then
Irr(H)y :={x € Trr(H) | Y5 C ker x} = {x"74542 € Ter(H) | Ayy, Ajs, Aip € F, )
(2) If Vs € kerx, let N := Y, Y5V, Nodiedis € Iry(N), and
N A6.A1s (0 (1)) 5 (t5) 26 () 1= D(Ayrts) - D(Asts) - 9(2A15L4).
Then
Irr(H)z := {x € Ir(H) | Y5 ¢ ker Y} = {IndgA"1m4e? | Ay € Fy, Ajg € Fi}.
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3.3. Supercharacter theories for G;yl(q)

Thus, Trr(H) = Trr(H ), Ulrr(H ), i.e. H has ¢ linear characters and (q—1)q irreducible
characters of degree q.

Proof. Let x € Irr(H). From the commutator relations, H' = Y; and Z(H) = Y5Ys.

(1) IfYs C kery, x is linear. Since H' = Y5, all linear characters of H are precisely
the lifts to H of the irreducible characters of the abelian quotient group Y5\ H.

(2) If Vs ¢ kery, let N := Y,Y5Y5, A € Irr(N) and (Reshy, \)y > 0. Since Y5 <
Z(H) < N < H, by 2.3.37 Y5 ¢ ker A i.e. Resy.\ # trivy;. Then Iy(\) = N
by (4) of 3.3.17. By Clifford’s Theorem 2.3.31, ¥ = Ind%\ and deg(¥) = q. Let
AindieAis e Trp(V), for all Ay, Ajg, A1 € Fy, and

/\A17’A16’A15 ($4(t4)$5(t5)l’6(f?6)) = ’(9(1417%) . 19(A16t5) : 19(2A15t4)'

Then there exists A1 74is415 such that A\ = A\i74ie415. Note that Y; is a
transversal of NV in H. Let r; € F, for all x4(t4)x5(t5)z6(ts) € N,

(Wi A5 ) (1) 85 (1))
AN (1) (1) -y (ty) s (t5)wo(t6) - 21 (r1) ")
=\ AT A5 (0 ()5 (t5 + 3rits) 26 (ts))
=0(Ai7ts) - V(Alg(ts + 3rits)) - V(2A15t4)
—9(Avrts) - 9(A%ts) - 9((2A15 + BATr)1a).

By Clifford’s Theorem, y = Ind¥ 4174160 and

Res Ind A7 4is® = 37 (/\An,A’;ﬁ,Aw)Il(”) = Y MmdipBis
r1€Ffy Bi5€Fq

Thus H has ¢? linear characters and (g — 1)q irreducible characters of degree ¢q. [J

By the commutator relations, we determine the conjugacy classes of H, and obtain
the character table of H = Y,Y,Y5Y5.

3.3.19 Corollary. Let y := x(t1,0,0,14,t5,ts) € H = Y1Y,Y5Y; be a representative of
one conjugacy class of H, then the character table of H is shown in Table 3.8.

We obtain the irreducible characters of the normal subgroup 7' = Y,Y3Y,Y5Ys of
U.

3.3.20 Lemma. Let T := Y,Y3Y,Y5Y5 and o) € Irr(T), then T' = Y.
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3. Supercharacter theories for Ggyl(q)

Table 3.8.: Character table of H = Y Y,Y5Y5

"yl 1 q q
y 5 (s )7s(te) x4(t3)ws(te) 1 (t7) 24 (ta) w(te)
>~<A17,A15,A12 19(A17t6) ?9(A17t6 + 2A15t2) 19(A17t6 + 2A15t4 + AlgtT)
Indg)\An’A’{‘)"O q19(A17t6 + A%tg;) 0 0

(1) If Y5 C ker ), let Hygys := Yo\T' = YoY3Y, Y5, yhododisdes € Trr(Haysys),
>—<A167A15,A13,A23 (fz(t2)53(t3)f4<t4)f5(t5)> = 79(A16t5) . 19(2A15t4) : 19<—A13t3) ’ 79(1423t2>7
and ¢A16,A15,A13,A23 be the llft Of XA167A157A13,A23 toT. Then

Ire(T)y :={¢p € er(T') | Yo C kerop} = {@Z)AlG’A15’A13’A23 | Ae, A5, A13, Aog € F }

(2) If Y & kerp, let N = Y,Y3Ye, AN7A1041s € Trr(N), and
)\A17’A16’A15 ($4(t4)l’5(t5)$6(t6)) = 19(A17t6) . 19(A16t5) . 19(2A15t4>
Then Irr(T)s := {¢p € Irr(T) | Y5 € ker v} = {Indy AMi700 | Ay; € Fil.

Thus, Irr(T) = Trr(T),UIrr(T), ice. T has ¢* linear characters and (q — 1) irreducible
characters of degree ¢>.

By the commutator relations, we also determine the conjugacy classes of T =
Y,Y3Y,Y5Ys and the character table of T'.

3.3.21 Corollary. Let y := x(0,ta, t3,14,t5,ts) € T = Y3Y3Y,Y5Ys be a representative
of one conjugacy class of T, then the character table of T is the one in Table 3.9.

Table 3.9.: Character table of T' = Y,Y3Y,Y5Ys

"yl 1 q q q q

£V pa (£
Y w6 (te) x5(t3) xa(th)as(ts)  x3(th)wa(ts)zs(ts) xx24((t23)$;5((;5))
¥(Asets)
Y(Arets)

J( A6t (2415t
1544 ’19(—A t*) 1343
195 V(Az3t3)

YA q? - (AL tg) 0 0 0 0

162



3.3. Supercharacter theories for G5¥'(q)

3.3.22 Remark. Let H := Y1V, YsYs < G3¥'(q), T := YaY3Y, Y5V < G3Y(q).
Let J :={(1,2),(1,3),(1,4),(1,5),(1,6),(1,7),(2,3)}, V as in §3.2.2.

(a) Let

Jg = U (m(ifz) N J) = {(172)7 (174)7 (1’5)7 (176)7 (177>} C J

i€{1,4,5,6}

Vi =V, V ={A=(Ay) € Vy, | Aij, Ay = A5 € F,}.

Similar to G;yl(q), we construct a bijective 1-cocycle of H and a monomial CH-
module CH, and get a supercharacter theory for H. The superclasses are the
conjugacy classes, and the supercharacters conclude ¢* linear characters and (q —
1)q reducible characters of degree q>.

(b) We establish a monomial CT-module CT and a supercharacter theory for T as
well. The superclasses are also the conjugacy classes, and the supercharacters
conclude ¢* linear characters and (q — 1) reducible characters of degree ¢*.

Now we give the constructions of the irreducible characters of G5*(q).
3.3.23 Proposition. Let A;; € F,, and Aj; € ;.

(1) Let U = Y3Y,Y3Ys\U = }72}71, iAo o Tep(07) with 23 (2y(ty) T4 (8)) =

lin

V(Ayaty) - 0(Agstsy), and x;4%* be the lift of x;;2>** to U. Then

lin

Siin ={x € Ir(U) | V3Y1YsYs C ker x} = {22 | Ay, Agg € F,}.
(2) Let U := Y,YsYs\U = VoY1 Vs, H 1= V1V, X421 € Tre(H) with
—Ai13,412 ,_ i
X3 (Z1(t1)73(t3)) == (A1t — Assts),

q

and X3 * be the lift of IndHX3 4 *to U. Then

§s :={x € Ir(U) | Ya¥s¥s C kerx, Y3 & kerx} = {xi# | A}, € F}}.

(3) Let U := Y3Y\U = VoY1 YaY), H = YoV3Vy, x4 € Tre(H),

X 20 (T (1) B3 (1) Za (L)) 1= O(Agsta) - 9(— Austs) - D(2415ta),

4,4

and X2£5’A23 be the lift of Ind%xf}f 4280 6 U, Then

Sa:={x € lir(U) | YsYs Ckerx, Yy € ker x} = {XA“" A2 | Al € Fy, Apz € Fy )
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3. Supercharacter theories for G5 (q)

yieAendis i (m) (1)) g (1) T4 (84) 5 (t5)) 1= 0(Agsty) - 9(—Aysts) - O(2A15t,) - O(Asgts),

7q
and X 0420413 bo the lift of Ind% v ’54}16 A2 4130 16 1. Then

S5 :={x €lir(U) | Yo Ckery, Y5 ¢ ker x}
= {2 | Ax € B Agg, A € T}

(5) Let H :=Y\Y,Y5Ys, H :=Y,YV;\H 2 Y,Y;, i A” A g Irr(H), and
X?ij A12( 1(t1)Ze(t6)) := V(Arat1) - 9(Arrts).

Let )Zé;E’A” denote the lift of )2?”’A12 from H to H, and XQZE’AQ = IndY ¥ ~A17 pAiz,
Then §s = {x € Irr(U) | Yy € kerx} = {xgip ™™ | Afr € Fy, Apy € Fy}:

Hence Trr(U) = F1inUF3UF1UF 5 U
Proof. Let x € Irr(U).

(1) Family §;,, where Y3Y,Y5Ys C ker y.

Since U’ = Y3Y,Y5Y;, all linear characters of U are precisely the lifts to U
of the irreducible characters of the abelian quotient group Y3Y,Y;Ys\U. If
Y3nY},Y6 C kery, x is linear. Let U := Y3Y,Y;Y\U = YoV, x> e Irr(0),
with Xl“{f A2 (5, (1) 71 (1)) = 19(A12t1) ¥(Aysty). Since U is abelian, Irr(U) =
{2428 | Ay, Ayg € Fy}. Let x> denote the lift of ;2% to U, then

lin

Fiim ={x € Irr(U) | Y3Y,Y5Ys C ker x} = {x/1>"% | Ay, Ays € F,}.

(2) Family §s, where Y,Y5Ys C ker x and Y3 ¢ ker x.
Let U := Y Y;Ys\U = Y,YY3, then by 3.1.25, the commutator relation in
U is that [Ta(ts), 71(t1)] = T3(tat1). Let H := Vi¥s, x40 € Trr(H) with
X?llf A12 ($1<t1)$3(t3)) = 19(A12t1) 19( A13t3) and )2134(1]3 AIQ : IndHXE?(l]s A12 . We
note that Y; is a transversal of H in U, and Z(U) = V3. For all s, € IF,

(XAyfs’Alz)fQ(SQ) (

3.4 T1(t)2s(t3)) = X323 N2 (29(s2) - 11 (1) T3 (ts) - T2(52) )

=X3,q (1 (t1)@3(ts + sat1)) = I(Arats — Als(ts + sat1))
=0((Arz — s2AT3)t1 — Alsts) = V((Arz — s2A73)t) - (= Ajsts).
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3.3. Supercharacter theories for G5¥'(q)

AT, A = . LAl A Az, A ~
Thus I5(x3.>""*) = H. By Clifford’s Theorem, x;:*""* = In d%y 3.0 0 e Irr(U)
and
A13 Ao o ,AI3,A12 532(32) o ,AI3,A12782A1‘3 o ,A13 312
Resf; ¥ X3,q =2 (Xs,q ) = D Xag = D Xag
s2€F, s2€F, Bi2€ly

By Clifford’s Theorem, there are q — 1 almost faithful irreducible characters of

U, e {x3.2°| At, € F2}. Let y4.2 be the lift of {5."" to U. Therefore,

§ ={x e (V) | YaYsYs Cherx, Ys & kery} = {xas | Aj; € Fi}.

(3) Family §4, where Y5Ys C ker xy and Yy ¢ ker x.

Let U = Y3Ys\U = Y5Y1Y3Y,. By 3.1.25, the commutator relations of U are
given as follows:

[Z1(t1), To(t2)] =Z3(—tat1) - Za(tat?), [Z1(t1), Z3(t3)] = Za(2t1t3).
Let H := Y,Y3Yy, 53" € Trr(H), and

5(114315 A2 (7 (1) 3 (t) T4 (£a)) = V(Agsta) - V(—Austs) - V(2A15ts).

Then H is abelian and H < U. Note that Y] is a transversal of H in U. For each

71(s1) € Y1, we consider (Xf}f Az AT gl To(to)@3(t3)Z4(ts) € H,
_A%g,A23,A13 31)
v T3 (ts)Ta(ta))
A15 A23 A3/ _ —
=Xi4q (Z1(s1) - 7 ( ) 3(ts)Za(ts) - T1(s1) ")
_Xf}; A2z, Ars (I2<t2)$3( 3 — Sth) ( 4+ 281t3 — tQS ))

219(1423152) . 19( Alg(tg — Sltg)) ( AT5(7§4 + 2$1t3 — tgsl))
:19((1423 + A1381 2A1581)t2) (( A13 + 4A1581)t3) ﬁ(QAT5t4)

A15 Aogs, Alg) U A15 Aszz, A1

= H. By Clifford theory, we get Indj;x; } € Irr(U),
g and

Thus 7 (x,

deg( A15 A23 A13)

U —AlsA23,A13 _ A%y, Azz A1z Z1(51) _ _A%5,Ags,Bis
RCSHIDdHX4 ,q - Z X4,q - Z X4,q )
)

Bis EFq

where A,; is determined by A,s, A%, A5 and Bys. Let X1g 41543 qenote the lift
of nd%y1"** to U, then

Fi={x € Im(U) | Ys¥s Ckerx, Yi & kerx} = {x42"* | A7, € F%, Ags € F,}.
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3. Supercharacter theories for G5 (q)

(4) Family §s, where Y5 C ker y and Y5 ¢ ker y.

Let U = Y;\U = Y2Y1Y3Y,Y;. By 3.1.25, the commutator relations of U are
given as follows:

[Z1(t1), To(ta)] =Ts(—tat1) - Tu(tat}) - Ts(—tat?),
[Z1(t1), T3(t3)] =Z4(2t1t3) - T5(—3tits),
[Z1(t1), Z4(ts)] =T5(3t1t4).

Let H := YoY3Y, Vs, 410424845 ¢ (), and
—A16,A23,A13,A15
X57q ( (tg) (t3)$4(t4)l’5(t5)) = 19(A23t2) . 19(-1413153) . 19(2A15t4) . 19(1416755).

Then H is abelian and H < U. Note that Y] is a transversal of 4 in U. For each

71(s1) € Y1, we consider (X?f Az s, Als)xl( Y For all To(to)T3(t)T4(ts)T5(ts) €

=

b

A% Aoz, A1, Ars\ T1(s1) _ _ _
(X51116 e 1) U (o (b)) (1) T4 (£4) T5 (25))

_A%. As3,A13,A _ _ _ _ _
=X 8 (T (51) - Ta(ta) T3 (ts)Ta(ta) T (t5) - Ta(s1) )
—ole A A (g (1)) (ty — s1t9)Ta(ts + 25115 — Los?)
- (t5 +381t4+381t3 —th ))

=0(Agsty) - I(—Ars(ts — s1t3)) - 9(2A15(ty + 2515 — t257))
(A% (ts + 351ty + 3sits — tas}))

=0((Agz + A13s) — 241557 — Algsita) - 9((— Az + 4A158, + 3A%ss7)t3))
9((2A15 + 3A%gs1)ta) - U(Algts).

Thus Iy (4.0"***1%) — . By Clifford theory, Ind% s * 154 ¢ Trr(0)),

_AY A A A
deg( 16 23,413, 15) — g and
U U —Alg A23,A13,A15 _Afg,A23,413,A15 xl(sl) _ A%, Az, A13,B15
ResgIndgx; 4 = Z X5, Z X5,q ’
21(81)6?1 Bl5qu

where A;; is determined by {Aus, A3, Ais, Bis}, and Ay is determined by

Asz,A . 7 Al A23,A
{Agg, A167 Alg, A15, Bl5} Let A16 271 denote the lift of Ind%xsé‘i’ 23,4130 to
U, then

85 ={x € Irr(U) | Y5 C ker x, Y5 € ker x}
—{xpieAn A0 | gx T Agy, Ay € By},
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(5) Family §e, where Ys ¢ ker y.
Let T := Y,Y3Y,Y5Ys, N :=Y,Y5Ys, and x € Irr(U) such that Y ¢ ker(x), then
Z(T) = Z(U) = Ys. If ¢ € Irr(T) and ¢ € Irr (Resfy), Ys ¢ kere by 2.3.37.
Let MimA64 ¢ Trr(N),
AT (3 (L) w5 (t5) 6 (L)) == U(Airte) - U(Asets) - 9(2A15ts),
and 117 := IndyA\*i~*0, Then by 3.3.20
{tp € Irx(T) | Y5 € ker ¢} = {Ind Ai7%0 | A7, € Fi} = {947 | A}, € Fp}.
By (5) of 3.3.17, Iy(y)4i7) = U, so ResYx = z*¢4i7 for some z* € N*, Thus

s ={xelr(U) |YsZkerx} = |J {x€lr(U)]|x € Irr(Ind7s)}
Pelrr(T)
YsZker ¢

= U {xer(U)]x € Irr (Indfxp*7)}

Al €Fy
= U {x€r(U)]x € hr (IndgA™tir%0)}.
Al €Fy
Let H := Y1Y,Y;Y;, then H' = Y; and Z(H) = Y,Y; < H. Let YA ¢
Irr(H) as in (1) of Lemma 3.3.18. For all x4(t4)x5(t5)z6(ts) € N,

(ResyxM7042) (24 (ta)as(t5)ws(te)) = XM70N2 (wa(ta) s (ts) w6 (Ls))
=X 02 (T4 (1) T (1)) = I(Afrte) = MO0 (w4 (ta) s (1) 26(L6)).
Thus Resh y4ir04z = \i700 for all A,y € F,. By (4) of 3.3.17 Iz (\4i790) =
H, thus IndyA4in00 = s, cp ;zA’ﬁOAw. By (2) of 3.3.17 I;(\4i=00%) = H.
Then by Clifford’s Theorem, IndY, 479412 € Irr(U) for all A%, € ;. Thus
= |J {x €Ir(U) | x € Irr (Indj;Indy A*i700)}
A*76]F*

U {x €Lir(U) | x € Irr (Ind} x*17%42)}
A*761F*
A12€F,

={Indy x"i7%"2 | A}; € Fi, Ay € F )

For A;; € F; and Ay, € Fy, Y,Y; C ker(y*17%412) and Y;Y; < H. Thus y4ir0-4:

is the lift to H of some irreducible character of VY;\H = VY, Let H :
A

YViVa\H = V1Y, Xgb "' € Irr(H) X6 oM (31 ()T (to)) = (At - ?9(14?7756)’

and ”A}; " denote the lift of y; 3 4042 from [ to H, then ¥ NA” 2 = yAr Az,

Al A A1 A
Let X153 = Indj Y15 %, then

Ak « A* A * *
Fe={Indy x 1042 | A% ¢ v Ay € Fod={xg % P A} €FL A € F, )
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[]

By the above argument, we construct all irredubible characters of G5*(¢).

3.3.24 Corollary. The irreducible characters of G5 (q) are classified into five families
as listed in Table 3.10

Table 3.10.: Irreducible characters of G;yl(q)

Family | Notation | Parameter Set | Number | Degree Properties
: Ay, e F? .
AT A 7 A A
S 60 1 ! (g—1)q @ | Ye € kerxg i
A €T,
Ajg € Fy e s
g Ajg,A23,A13 12 Y6 - 1{81")(57(1]67 28013
° X A23 < Fq (q B )q q Ajg,A23,A13
Vs & keryg o
Az €T,
* * A* ,A
At Agg A € Fy 3 Y5Ys C kery, 3
Sa | Xag (=g | q A
Az € T, Yy € keryy
A*
H Y,Y5Ys C kerys 13
AT * * 445146 = X3’
§s | o i €5 =1 ! { Vs ¢ kerXATg '
3 3,4
Slin Xﬁ,f’AZB Ala, Aogg € ]Fq q2 1 Y3V, Y:Ys C kerxz‘il}lmAgs

3.3.25 Remark. Let U := G3¥'(¢).
Let J :={(1,2),(1,3), (1,4), (1,5), (1,6), (1,7),(2,3)}, V as in §3.2.2.

(a) For the abelian groups appearing in 3.3.23, we can obtain their irreducible char-
acters by constructing monomial modules. For example: let U = Y;Ys\U =
YoY1Y3Y, and H = Y,Y3Y,. For the abelian group H, let

Jp:= U GwpYi)nJ)={(13),(1,4).(1,5),(2,3)} C J,
i€{2,3,4}
VH ::VJH ﬂV = {A = (Al]) < VJH | Ai,j € Fq, A14 = A15} .
Analogous to G;yl(q), we construct a bijective 1-cocycle of H and a monomial

CH-module. The irreducible characters of H are obtained, since H is abelian.
Thus we get

Irr(H) = {x"o 4248 | Ay, Ars, Ao € F}
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where

XA15’A23’A13 (J_}Z(tQ)J_Z3(t3>Zf4<t4)) = 19(A23t2) . 19(_A13t3) : 19(24’4151:4)

(b) Similar arguments to U = G5"'(¢), we can construct linearisations for the quo-
tient groups Ys3Y,YsYs\U, Y1Y5Y6\U, Y5Ys\U and Ys\U, and get their supermod-
ules, superclasses and supercharacters. By 3.3.2, their conjugacy classes are deter-
mined. We also obtain their irreducible character by Clifford theory and calculate
their character tables.

Take U = Y5Ys\U = Y5YY3Y, for example, let

Jop= U wp(Y)nJ)={(1,2),(1,3),(1,4),(1,5),(2,3)} €/,
i€{1,2,3,4}
Vi Z:VJU ﬂV = {A = (Al]) S VJU | Am‘ S Fq, Ay = A15} .

Similar to G5¥'(q), we construct a bijective 1-cocycle of U and a monomial CU-
module. With the similar analysis of the families §1 2, T3, $4 of the orbit modules
of U, we construct the supercharacters of YsYs\U.

With the similar analysis of the families §n, §3, $4 Of the irreducible characters
of U, we obtain all the irreducible characters and the character table of Y5Ys\U.

3.3.26 Proposition (Character table of G3”'(¢)). The character table of G5V (q) is
shown in Table 3.11.
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3.3. Supercharacter theories for G5¥'(q)

PrOOf Let Yy = y(tl)t27t37t47t57t6> - x(tI;tQ,t37t4,t57t6) € U Gsyl( )

(1) The values of XQEE’AIQ for all Aj; € Fyand Ay € Fs

Let H 1= Y1Y}YsYg, H := YiY5\H = V15, x4 0" € Irr(H) with

o2 (@1 (11)To(t)) = V(Aratr) - 9 (Aset).

- At A A3, A
Let XA17’A12 denote the lift of XA”’A” from [ to H, and x4 15" :=In A% X e

Then

A* A LAY A 1 _A* A _
oo ) = (Imdi Gl ™) W) = g X N loeyegT)

geU
gyg leH
1 AR A 3
~TH] Yo X P(YVaYs\(g-y-97)
geU
gyg leH
Thus
A*, A . A A . .
eI 12 (g (tg)2a () s(t5)) = Xgin ™ (wa(th)a1 ()
Af A * xa—'dH
=Xgnp (xs(t3)$5(f5))gg=¢ 0,
and
A* A
X6,42 P (w4 (ta)zs (ts)we(ts))
1 A% A B
“TH] 2 T (g walta)ws (t5)oo(te) - 7))

g:=x(r1,r2,r3,r4,75,76) €U
g-za(ta)ws(ts)we(te)-g~ €H

1 _A* A
[ p— Z X6,272 12 ($4(t4)$5<t5 + 3T1t4)l’6(t6 + T2t5 + 37”17“2t4 + 3T3t4))

| | T1,72,73,74,75,76 €Fq

AipA

T1,72,73,74,75,76 E€Fq

1
Z Z X?;‘WAIQ( (tﬁ + rots + 3rirats + 3r3t4))
9 7y rars€l,

A A . Ar A N At A .
Then x5 (Is) = ¢%, Xg 8" (2a(t5)) = Xo, 5 (w5(15)) = 0, X35 (w6 (t5)) =
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3. Supercharacter theories for G5 (q)

q? - 9(Ajt), and

A* ,A * ]. A* ,A " _
X6.42 P (t])we(te)) = TH]| > Xo.q2 (g ay (t)xgts) - g7h)
geU
g1 (t])we(te)- g~ €H

g:=x(r1,r2,73,74,75,76 ) 1 _A* Alg
L,T2,73,74,75,76 @ T;() X6’(1]§ 12 (Z1(t7)Z6 (Lo 3t1T3))

T1,73,74,75,76EFq

= 3 e (@) Ts(ts — 3tir3)) = I(Awati + Afrte) - Y I(=3A7tir3).

r3€lfy r3€lfy

Thus we get all of the values of X?ZQ’A”

(2) The values of x; o2 g all Als € F; and Ags € T,

Let U := YsYo\U = VoY1 Y3Ys, H := YoY3Yy, Yo% € Irr(H) with
Xy 20 (T () B3 (1) T4 (ta)) 1= V(Agata) - O(—Austs) - D(24151a),
and x; & 41242 denote the lift of Ind%xf}]"”A% to U. We have

A*. Aog _A%L Ag3,0\ /- _ _ _
Xaw " (y) = (IndG s ™) (22(t2) 71 (1) T3(t)Ta (1))

1 A% Ags 0/ _ _ _ _ __
1A 2 Cas 0 (@ a(ta) 71 (1) s (t) Ba(ta) - 0,

ﬂ:ZfQ(TQ).i‘l(T1)i‘3(T3)i4(T4)€U_
ﬂiﬁg(tz)il (t1)5€3 (t3).f4 (t4 aleH

then

A*. Aogs _A*  Ag3.0, 7
Xug (ws(ts)ze(ts)) =xay " (Is) = q,

Al5,A2s * Ajg,A23 * N
Xog  (@1(t))ze(ts)) =xug  (21(t])22(t3)) = 0,

AL A % _A*_ Ag3,0 N .
Xaq P a(t])) =q - Xa,q P xa(t])) = q - V(2AT5t),
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3.3. Supercharacter theories for G5¥'(q)
A% A . _ A%, Ags, .
4q P (w3(t3)ws(ts)) *Indg Xaq » ( 3(t3))
1 _AYA230 /e ——
Ll > P CRACIR
W:=T2(r2)T1(r1)%3(r3)Z4(r4) €UV
w-z3(t5)u a~teH
- A15’A237 ( t3 .’134 2T1t3))

1 G]Fq

S O(4A%m15)

TlGEh
=0,
A% A . _A%T.,Ags, *\ =
8 (g (1) (1) (1)) =IndG 2 (2a(85) 24 (1))
1 AR Ass 0
T H] > (@ Ba(t) 3 (ty) -0
| H| ael
T (t2)@a(ts)u teH
a xg(rg)m(_)xs(rs)m(m) Z Xf}f,A% 0( (t2)$3( t;r1)f4(t t27’1)>
TlEFq
:19(A23t2 Z 19(2A>({5( 2T1))
r1€Fy
Alg,A23

Thus all the values of x; ;

All the other values are determined by similar calculation.

are obtained.

]

3.3.27 Proposition (Supercharacters and irreducible characters). The following re-
lations between the supercharacters and the irreducible characters of G5 (q) are ob-

tained:

Uy

—q Z A17 A12,

A12€lF,
A15»A23
=q > X :

As3z€lFy

7617
\IJM(A’{5(614+615

W ar(Az, e10+Agyens) =

A7,,0

\IJM(A’{QelQ) Xiin~ >

Proof. Take Wir(a:_(c14te1s))

1571423

\IJM(AT:)(614+615))<U) =dq ZAstIFq X4 a

= D AsseF, Xy g0 4342 for example.
(u) forallu € U.

Al A23,A13

‘IJM(ATGem) =49 Z 5,q J
A13,A23€F,
Alg
\I/M(A’{3613) X3,q 9
_ . 0A5s
‘IJM(A§3823) — Xlin >
00 ..
War0) = Xpin = trivy.

We must show that

By Table 3.6 and Table 3.11, it is sufficient to to prove that

uy=q > X

A23 EF

0= \IJM(A* (614+615)

A157A23

(u) for all u € Cs.
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3. Supercharacter theories for Ggyl(q)

Let u := y(O, t;, t3,t4, 15, t6), then

A7 7A c * * *
q Z Xag (u) =q Z Z V(Agsts + 2A75(ts — tQT’% + 2r1t3))

Aozely Agz€elFy r1€ly

=q > U(Axsty) Y 9(2AL(ts — 37 + 2r1t3)) = 0.

Agz€ly r1€F,

A* 7A23 .
Thus W4z, (ersters) = 42 AnseF, Xag 1S proved.

5

Similarly, we get the other formulae. O

S. M. Goodwin and G. Rohrle [GR09] obtained an algorithm and calculated the
number k(G5 (q)) of conjugacy classes of G5¥'(q), but did not get the conjugacy
classes. F. Himstedt, T. Le and K. Magaard [HLM16] determined most irreducible
characters of G5 (¢) with p > 3 by parameterizing midafis (minimal degree almost
faithful irreducible characters). By Propositions 3.3.4, 3.3.23 and 3.3.26, we obtain
the number of the conjugacy classes of G5 (¢) and determine the numbers of the
complex irreducible characters of degree ¢ with ¢ € N (also see [GR09, Table 1]

and [GMR16, Table 3]).

3.3.28 Corollary. Let #Irr be the number of irreducible characters of G5'(q), and
#1rr, be the number of irreducible characters of G3*'(¢) of dimension ¢¢ with ¢ € N,
then

#lry =¢*—q =(¢—1)>+(
#Iry, =@ -1 =(¢—1)3+3
#Irry = ¢> =(qg—1)2+2

and

#Irr =#{Irreducible Characters of G5*'(¢)}
—#{Conjugacy Classes of G3"'(¢q)}
=’ +2¢° —q—1
=(q—1°+5(q—1)*+6(g—1)+1.
3.3.29 Remark. We consider the analogue of Higman’s conjecture, Lehrer’s conjecture

and Isaacs’ conjecture of U, (q) for G3"'(¢), and the conjectures are true for G3*'(q) (see
3.3.28 and [GR0O9, GMR16]).
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4. Supercharacter theories for
[
QGSQ <32m+1>

In this chapter, we firstly choose suitable structure constants of extraspecial pairs,
with those we can construct a Sylow 3-subgroup 2G5Y (32™*1) of the Ree group
2G2 (32m+1).

Then we determine a monomial linearisation (f, x|y« ) for Ag(q) (4.2.16), and
a monomial linearisation (f|>qsut (gem+1), v xv) for 2G5Y (32m*1) (4.2.17). We get a
monomial Ag(¢)-module CU (4.2.18), and obtain a classification of U-orbit modules
(4.2.26).

Finally, we establish a supercharacter theory for 2G5¥' (3%"+1) (4.3.14), and calcu-
late the character table of 2G5 (3) (4.3.27).

In this chapter, we use many definitions analogously to previous chapters, for
example: the main condition and the truncated column operation.

4.1. Sylow p-subgroup 2G5 (32m+1)

In this section, we get a new Chevalley basis of the Lie algebra of type G», and
construct a Sylow 3-subgroup 2G5 (3%™+1) of the Ree group G (3>™*1).

4.1.1. New Chevalley basis of the Lie algebra of type G-

In this subsection, we choose different signs of the structure constants of the Lie
algebra L, from those in Section 3.1. Then we get a new Chevalley basis of the
Lie algebra £g,. But we get exactly the same Sylow p-subgroup G3”'(¢) and root
subgroups Y; (i = 1,2,...,6) of the Chevalley group G»(¢) as those in subsection
3.1.2.

4.1.1 Example (New structure constants of Lie algebra L,). We choose the following
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4. Supercharacter theories for 2G5 (32m+1)

signs of the structure constants of Lie algebra L¢,:

extraspecial pair (r,s) | Ny
(. B) —1
(@, 0+ f) —2
(o, 20 + B) 3
(8,3a+ ) 1

i.e. the sign of N, +p is different from that in 3.1.10. The signs satisfy that N, o5 =
—2N3 3045 and Ny 20+ = 3Npgsatp. Then all of the structure constants of L, are

determined:

Table 4.1.: New structure constants of the Lie algebra L,

Noo o P a 2c 3o 3o 70[ 5 -« —2a —3a —3a
+8 +8 +8 +28 —B —B —p —28

«a -1 -2 3 *
B 1 1 *

a+p 2 3 3 -1 *

2a+ 3 -3 -3 2 =2 *

3o+ f -1 -1 1 *

3a+28 -1 -1 1 1 *
—« * -3 —2 1 1 2 -3
-3 * 1 1 -1 -1

—a—p -3 1 * 2 1 —2 -3

—2a—f -2 2 * —1 —1 3 3

—3a—p 1 —1 * -1 1

—3a —28 1 1 -1 -1 *
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4.1. Sylow p-subgroup 2G5¥' (32m+1)

According to the signs of the structure constants of the Lie algebra £, in Example
4.1.1, we get a Chevalley basis for the Lie algebra L,.

4.1.2 Proposition (New Chevalley basis of the Lie algebra L,). A Chevalley basis of
the Lie algebra L¢, is

’ ‘ 2 iy CijCij ‘ 2y 44y OF 30, Cyhy ‘
(61,1 - 68,8)
ha _<€2,2 - 67,7) hm + hr3 + hr4
+2(e33 — €s6)
(62,2 - 67,7)
he —(e33 — €66) firy
(61,2 - 67,8)
€q +(es4 — €56) €ry T €py + Epy
+(es5 — eaq)
€s €23 — €4,7 €ry
(61,3 - 66,8)
€a+p +(62,4 - 65,7) €ri4ry T Crotrs T Crotry
+(e25 —e47)
*(61,4 - 65,8)
€204 —(€26 —€37) T Critrotrs T Crotrstrs T Critrotry
—(61,5 - e4,8)
€30+ _(61,6 — 63,8) —Cryfrotrytry
€3a+248 *(61,7 - 62,8) ~Cri2rotrgtry
(62,1 - 68,7)
€ o +(es3 — €65) e_r, +e_p,+e_,,
+(es3 — €6,4)
€_p €32 — €76 €_ry
—(63,1 - 68,6)
€_a-p _'_(64,2 - 67,5) € _ri—ro + €_ro—r3 + €_ro—ry
+(e52 — e74)
—(64,1 - 68,5)
€_2a0- —(66,2 - 67,3) € —ro—r3 T Crg—r3—ry " Cpi—ro—ry
—(65,1 - 68,4)
€ 30— —(66,1 — 68,3) € _ri—ro—r3—74
€_3a0-28 —(67,1 - 68,2) € —2ry—r3—ry

According to the new Chevalley basis of the Lie algebra L,, we define the follow-
ing notations.

4.1.3 Notation. Define a matrix group

Ga(q) = exp(te,)) |1 € Oq,, t €Fy),
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4. Supercharacter theories for 2G5 (32m+1)

and the Chevalley group of type L, over the field I,
Ga(q) = (exp(tade,))|r € ®g,, t € F,).
For t € IF,, we have y;(t) = x;(t).
4.1.4 Notation. We set
1
y(t) := exp(te,) = Is + te, + §t2€z forallr € ®g,, t €F,.

In particular,
y1(t) ==ya(t) = 21(2), Ya(t) :=ys(t) = 22(1), Ya(t) = =Ya+s(t) = 23(1),
Ya(t) =y2a18(t) = va(—1),  ys(t) = =ysars(t) = 25(—1), Ys(t) :=Y3ar2s(t) = v6(—1).

4.1.5 Notation/Lemma. The positive root subgroups of Gs(q) (up to isomorphisms)
are given as

Y ={u(t)|teF,}, i=1,23,45,6.
By calculation, we get the following commutators.

4.1.6 Proposition. Let tq,to,t3,14,15,ts € F, and define the commutator
[yi(ts), 5 (1)) == wi(t) " y (8) " walti)y; (¢5)

then the non-trivial commutators are determined

[1(t1), y2(t2)] =ys(—tat1) - ya(—tat]) - ys(tat?) - yo(—265t7),
[ya(ta2), y1(t1)] =ys(tatr) - yal(tat]) - ys(—tat?) - ye(—13t7),
1 (t1), ys(ts)] =ya(—2t1ts) - ys(3t5ts5) - ys(3t113),

[y1(t1), ya(ta)] =ys(3t1ta),

[y3(ts), ya(ts)] =ye(3tsts),

[y2(t2), ys(ts)] =ve(tats)

In particular, let Char F, = 3, then

[1(t1), ya(t2)] =ya(—tats) - ya(—tat?) - ys(tat?) - yo(—2651)
2t1) - ya(—tat?) - ys(tat?) - ys(1311),

—93(
[y2(t2), 1 (t1)] =y3(t2t1) y4(t2t)-y5(—t2tf)-yﬁ(—t§tf)>
[y1(t1), y3(t3)] =ya(—2t1t3) = ya(tats),
[y2(t2), ys5(ts)] =ys(tats).

4.1.7 Notation. Let t; € F, withi € {1,2,...,6}, write

y(ti, ta, ts, ta, ts, t6) =y (ta)y1(t1)ys(ts)ya(ts)ys(ts)ve(ts)
=x(t1, ta, t3, —t4, —t5, —t6) € Ggyl(Q)-
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4.1. Sylow p-subgroup 2G5¥' (32m+1)

4.1.8 Proposition (Sylow p-subgroup G5¥(¢)). A matrix Sylow p-subgroup G3¥'(q) of
G2(q) (up to isomorphism) is

G (q) = {ya(t2)yr (t1)ys(ts)ya(ta)ys (ts)ys (te) | t1, o, ts, ta, ts, te € F,}

where

= {x(tla t?a t37 _t47

Y2 (ta)y1 (t1)ys(ts)ya(ts)ys(ts)ys(te)

1

Proof. Similar to the proof of 3.1.27.
4.1.9 Reminder ([Car72], Theorem 9.4.10).

—t5, —lg) | L1, ta, t3, ta, ts, ts € Fy}

—tt —t,t2
R N T Tl I B
13ty —2t1tat3
1 to | tita +13 t1to + 13 —1y +ioty — t%
1 t t _t% —2t1t3 + 14
1 0 —t1 —t3
1 -1 —t3
1 —t3
1

Ga(q)| =¢°(¢* — 1)(¢° — 1).

2ttty + titg
—tsts — 12

—13tots + 2t1toty
+tats + 2t3ty + t

— 3t + 21ty + t5

— itz + 14
—tits + 14
t1to + t3
_tl
1
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4. Supercharacter theories for 2G5 (32m+1)

4.1.2. Sylow p-subgroup 2G5 (32m+1)

In this subsection, we use the notations of the subsection 3.1.1, and construct a
Sylow 3-subgroup 2G5 (32™*1) of the Ree group 2G5 (32"+1),

Let p := 3, q := 3*""! (m € N) and ¢ := 3™. Define two field automorphisms of
G+(q) as follows: for all r € ¢,

Fy:ye(t) = ye(t) = 5 (t%),  Fy:ye(t) = ().

Then F3F92 = idGz(q).

Let p: r — 7 be a non-trivial symmetry of the Dynkin diagram of type G, (in-
terchanging « and 5). For every r € ®,, 7 is obtained by reflecting r in the line
bisecting « and f.

Lete; = +1 (1 = 1,2, 3, 4) satisfy
Noa,,B =€1, Noa,a-‘,—ﬁ = 2627 Na,Qa—i—,B = 3637 NB,30¢+,3 = €4.
Since the structure constants of L, in Example 4.1.1 satisfy —e; = €5 = ¢4 = 1, by

[Car72, Proposition 12.4.1] the map

y=(t), 7 is short
yr(t) — { y(#), 7islong re dg,, tel,

can be extended to a graph automorphism p of G(q).
Let F':= pFy = Fyp, then

F: Ga(q) = Galq) : yr(t) = { yr(t7), 7 is short

. P F,.
yr(t3%), 7islong "€ Pay, tEH

For a subgroup X of Gy(q), we set X' := {x € X | F(x) = z}. By §13.4 of [Car72],

Gy(q)" =2G5(q) and G‘Syl(q)F is a subgroup of ?Gy(q). Then G;yl(q)F is also a Sylow
p-subgroup of 2G4(q) (14.1.2 of [Car72]).
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4.1. Sylow p-subgroup 2G5¥' (32m+1)

4.1.10 Lemma ([Car72], Theorem 14.3.2).

2Go(q)| =¢*(q — 1)(g® + 1) = 33CGm+1)(g2m+1 _ 1)(33@m+D) | 1)
:36m+3(32m+1 o 1)(36m+3 + 1)

4 1.11 Proposition (Sylow p-subgroup 2G5¥ (3%7+1)). A matrix Sylow 3-subgroup
2G3" (q) of *Ga(q) is

2G5 (q) = {yQ ) - yn(t)ys(ts)ya(ta) - ys(t3’ + Yys (3’ + ) ’tl, 3,14 € Fq} ;
where

yo(117) - g1 (1 )ys (t)ya(ta) - ys (15 + Yye (13 + )

)
'y i —tily _il?” 2t1t3t4 + ¢+
1 —t; | t?’ ! t3 3043 B tggig 1830 — g0+
4 4 430 1 t39+1 2
3 _ti9 4
_430+2
3041 3041 sore 26304 Iy
1 430 41 41 —t7 430 +2t77 1ty
1 +t5 +t5 —ty M t% 1 +130130 1 Otst,
= ’ +t37 4 250+
1 ; ; g —2t1t5 —13t3 + 211ty
! ! ! +Hy +t37 10
1 0 —t — 13 —tyts + 1y
1 —t —t3 —tits + 1y
1 —t30 30+ 4ty
1 —t

1

Proof. We know CharF, = 3 and 3" = t for all t € F,. We choose the structure
F
constants in the same way as in 4.1.1. Let t; € F, and y(t1, ta, t3, ta, ts, ) € G3*(q)" -

Then
y(th t27 t37 t47 t57 t6) = F(y(t17 t27 t37 t47 t57 tﬁ))
=F (y2(t2)yr (t1)y3(ts)ya(ta)ys (ts)ye (ts) ) = yr(t9)y2 (3 )ys (637 ye (37 ys (t)ya (£2)
4.1.6
=y (830 )y (19) s (—13°19) ya (— 137657 ) ys (£33 Vs (457437 ) - s (42) ya (88 ys (137 s (£37)
:y(t27 t?97 tg - t?etga tg - tfieth’ tge + tilwtgea tie + t({etge)
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4. Supercharacter theories for 2G5 (32m+1)

Thus

ty=tS tg=t! — 394 = 1! —£30H1 g =30 30430 — 430 4 3043

ty =30ty =t — 130020 =48 4302 g =30 4 499430 — 430 4 46043,

F
Hence y(t17t27t3a t4a t57t6) = y(tla t?07 t37 t47 t§9+t?6+37 ti9+t?6+3)5 and ‘Ggyl(Q) ‘ -
.
P, .
Therefore 2G5 (¢) := G5¥'(q)" is a Sylow p-subgroup of 2G5(¢). We get the matrix
form by calculation. Il

4.1.12 Corollary. QGZW (32m+1) < Ggyl (32m+1),

4.1.13 Notation/Lemma. Let i € {1,3,4} and t; € F, then set

a(ty) ==y (3 )1 (1) ys (15772 ys (1572)

1 ‘ _gos [ _yoors | o0t

1 t?@ ti{)@-i-l t::f@-‘rl _ti{>9+2 O 2t?69+3

I 4 t —t2 0 {0+3

_ 1 0 —t 0 0 ,

1 —t 0 0

1 —30 30+

1 —t

1

el T ] -
1 ty t3 — 2
1 39
_ 1 —t3
1 —t3 ’
1 t3
1
1
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4.1. Sylow p-subgroup 2G5¥' (32m+1)

1| by -t | -] -8

1 —ty - t39
1 : ty

— 1 : ty

1 t

1

1

1

Let Y(tl, tg, t4) = a(tl)b(tg)C(t4), then
Y2 (t7°) - ya (1) ys (ts)ya(ta) - ys (83° + 677F*)ys (5 + 49747)
:a(tl)b(tg)c(t4) = Y(tl, t3, t4)
By calculation, we get the following properties.
4.1.14 Proposition. Let i € {1,3,4} and t;, s, € F,, then
Y (t1,t3,t4) - Y (51,53, 54)
IY(tl + S1, t3 -+ S3 — tlsij’e, f}4 -+ Sq -+ t1$?0+1 — t%S?e — t381),
Y (ty,tg, ts) L =Y (—ty, —ts— 0T —t, 43972 —t1¢5).
In particular,
a(ty) - a(sy) =Y (t; +s1, — 1830, 1153071 — 12530),
a’(tl)_l :Y(_tla - t§)9+17 til’»9+2)7
b(tg) . b(Sg) :b(tg + 53),
c(ty) - c(sq) =c(ts + s4).

4.1.15 Proposition. Let i € {1,3,4} and t;, s; € F,, then the commutators of 2G3"(¢)
are

Y (t1,t3,t4),Y (51, 53, $4)]

=Y (0, t3%s1 — t1s, (s30T — 4300 s)) + (1757 — 11837 + (tiss — t3s1)),
[V (t1,t3,ts) ", Y (51, 83,54) "]

=Y (0, t3%s1 — t15, (1153 — 3s7) + (t1s3 — t3s1)).

In particular,

[a(t1)
la(t) ™ a(s1) 7] = b(ti’s, — tlsi’a) : C(tfs:fe — t{s}),
[a(t1)
[a(t1)
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4. Supercharacter theories for 2G3Y' (3™ +1)
4.1.16 Proposition. Let ¢;,s; € F, with i € {1,3,4}, then the conjugate of Y (t1,13,%4)
is
Y(Sh 53, 84) : Y<t1a t3a t4) : Y(Sla 53, 84)_1
:Y<t1, t3 + tlszlw — t?esl, t4 + (t%S?e + t?GS%) + t?0+181 + (t381 — t183)>.
In particular,

Y (s1,83,84) - a(ty) - Y(s1,83,54) "

=Y (t1, t153 — t¥s1, (s} +1s7) + 617751 — tys3),
Y (51, 83,84) - b(ts) - Y (s1,83,54) " = Y (0, t3, t351),
Y (51,83, 84) - c(ts) - Y(s1,83,54) " = c(ty).
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4.2. Monomial 2G5”" (3*™+1)-module

4.2. Monomial 2G5 (32" 1)-module

Let N =8, n =4, ¢ = 3% G = As(q), and U := 2G¥ (32m+1),

In this section, we determine a monomial linearisation (f, x|y «y ) for Ag(q), where
f is a surjective 1-cocycle and x|y «y is a non-degenerate bilinear form (4.2.16). In
particular, f|y is bijective (4.2.15). We get a monomial Ag(q)-module CU (4.2.18).
Then we obtain a classification of U-orbit modules (4.2.26).

4.2.1. Monomial 2G5” (32m*1)-module

Let ¢ = 3*™1, G = Ag(q), and U := 2G5¥' (3%™*1). In this subsection, we determine
a monomial linearisation (f, |y« ) for Ag(q), where f is a surjective 1-cocycle and
klyxv is a non-degenerate bilinear form (4.2.16). The restriction f|y is bijective
(4.2.15). Then we make CU into a monomial Ag(q)-module (4.2.18).

It is essential to choose a suitable vector space V for the 1-cocycle and a suit-
able non-degenerate bilinear form x on 1. We define the following notations for
QGgyl (32m+1).

4.2.1 Notation/Lemma. Let V;, := Matsys(q), then V; is an F,-vector space.

4.2.2 Notation/Lemma. The map x: Vo X Vo — F, : (A, B) — tr(A" B) is called the
trace form, and « is a non-degenerate symmetric bilinear form on V.

4.2.3 Notation/Lemma. Set J := {(1,2),(1,3),(1,4)} and

VZ:VJ

: ’A‘m \ Az \ A14‘

= ' Ao, Ayg, Ay €Fy b

Then V is a 3-dimensional subspace of V;, over F,.

4.2.4 Lemma. Let V+ denote the orthogonal complement of V in V; with respect to
the trace form r, ie. V' :={B € Vy | (4, B) =0, VA € V}. then V*+ =V, , and
Vo=VaeVvh

4.2.5 Corollary. x|y xy:V x V — F, is a non-degenerate bilinear form.
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4. Supercharacter theories for 2G5 (32m+1)

4.2.6 Notation/Lemma. Set 7 := 7 i.e.

T Vb =V& ‘/L —V:iA— Z Amem = A12612 + A13613 —+ A14614.

(i,5)e]
Then 7 is a projection to the first component and is an F-linear map.
4.2.7 Lemma. Suppose A, B € V, such that supp(A) Nsupp(B) C J. Then
(A, B) = k(7(A), B) = k(A m(B)) = k(r(A), n(B)) = &lvxv(m(A), 7(B)).
4.2.8 Lemma. Let A € V and g € G, then m(Ag") € V.
4.2.9 Lemma. Let A, B € V and g, h € G, then supp(Bh'") Nsupp(Ag) C J.
4.2.10 Proposition (Group action of G on V). The map
—o—:VxG—=V:(Ag) — Aog:=n(Ag)
is a group action, and the elements of the group G act as F,-automorphisms.
Proof. With straightforward calculation or c.f. the proof of 3.2.23. O
By 1.2.21, we get a new action:
4.2.11 Corollary. There exists an unique linear action —.— of G on V:
——VXxG=V:(Ag) —Ag:=Aog '

such that k|yxv(A.g, B) = klyxv(A,Bog™) for all B € V. In particular, for all
A, BeVandg € G,

/€|VxV(A,B © 9) = f<&|VxV(A~g_1, B) = H!VxV(A OgTaB)-
4.2.12 Notation. Set [ :=7|g: G — V.

The following lemma is proved by straightforward calculation or c.f. the proof of
3.2.26.

4.2.13 Lemma. Let x,g € G, then f(x)g = (r — 1)g mod V+. In particular;, f(x) =
r—1 mod V*

4.2.14 Proposition. Let x,g € G, then f(zg) = f(x) o g+ f(g).
Proof. With straightforward calculation or c.f. the proof of 3.2.27. O

4.2.15 Proposition (Bijective 1-cocycle of 2G5 (32m+1)). Let U = 2G5 (3%™+1), then
flv :==m7|v: U — V is a bijection. In particular, f|y is a bijective 1-cocycle of U.
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4.2. Monomial 2G5”" (3*™+1)-module

Proof. By 4.1.11 and 4.2.6, f|y is a bijection. O

4.2.16 Corollary (Monomial linearisation for Ag(q)). f := 7|g: G — V is a surjective
I-cocycle of G in 'V, and (f, k|vxv) is a monomial linearisation for G = Ag(q).

4.2.17 Corollary (Monomial linearisation for 2G5¥' (32™+1)). (f|u, k|v<v) is @ mono-
mial linearisation for U.

Now we establish the monomial G-module C (2G§yl (32’”"“)), which is essential

for the construction of the supercharacter theory for 2G5¥' (32m+1).

4.2.18 Theorem (Fundamental theorem for 2G5Y (32m*1)). Let G = Ag(q), U =
2Ggyl (32m+1) and
[A] = |(1]| > xa(wu  forall AcV.

uelU

Then the set {[A] | A € V'} forms a C-basis for the complex group algebra CU. Let

[A] % g := xag(9)[A.g] = Vk(A.g, f(9))[Ag]  forallge G,A€V,

then CU is a monomial CG-module. The restriction of the x-operation to U is given by
the usual right multiplication of U on CU, i.e.

1

[A]*u:[A]u:m

> xaly)yu  forallue U/ A€V.

yeU

Proof. By 4.2.16, (f, k|vxv) is a monomial linearisation for G, satisfying that f|y is
a bijective map (see 4.2.15). By 4.2.11, A.u := 7(Au~"). Thus the whole theorem is
proved in view of 1.2.24. ]
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4. Supercharacter theories for 2G5 (32m+1)

4.2.2. 2G5 (3*"+1)-orbit modules

Let U := 2G5 (q) = 2G3¥" (3%™H1), A e V, yi(t;) € U and t; € B, (i = ty, t, ty).
In this subsection, we get the stabilizers Stab;(A) for all A € V (4.2.22) and
obtain a classification of U-orbit modules (4.2.26).

4.2.19 Lemma. Let A € V, Y (ty,t3,t4) € U and t; € F, with i € {1,3,4}. Then
A.Y (t1,t3,t4) and the corresponding figures of moves are given as follows:

AY (ty, t5,t4) = A (y2(83")1n (01 (ts))
=A. (2o (t3") 21 (t1)23(ts)) = A.(Tos(t7)T34(t1)Toa(t3)).-

_tl

For A € V, we often only draw the entries A;; where (i, j) € J.
4.2.20 Notation. Set
Sa :{COU(A) | Ae V, Ay 7é O},
S35 :={COy(A) | AeV, A3 #0, Ay =0},
31 :{COU(A) | A€ ‘/, Alg 7é 0, Alg = A14 = 0}
Let A €V, wealsosay A € F,, if COy([4]) € Fi.
4.2.21 Proposition (G35 (q)-orbit modules). Let A = (A;;) € V, then the U-orbit
module COy ([A]) (A € V) is determined as follows:
COy([Arz2e12 + Arzers + Arsers])

A1z ‘
—Ay3t3?
—Ajts

Ay

A
— Aty 1

ti,ts € F,
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4.2. Monomial 2G5”" (3*™+1)-module

Proof. By 4.2.19, we calculate the orbit modules directly. O

4.2.22 Proposition (*G5Y(q)-stabilizer). Let A = (A;;) € V, then Staby(A) is estab-
lished in Table 4.2.

Table 4.2.: 2G5 (¢)-stabilizers

AecV Staby (A) | [Staby (A)[ | dimcCOy ([A])
"AIQ‘A13‘A>{4‘
§i - | Y(0,0,t) q 7
| Aie | Afy
S o . Y(O.tats) | ¢ q
A12

S1 ' ' . ' U 7 1

Proof. By 4.2.21, we calculate the stabilizers. O

As for the other groups, we get the following three statements for the 2G5 (32m+1)-
orbit modules.

4.2.23 Lemma. Let A, B € V. Then Homcy (COy([4]), COy([B])) = {0} if and only
lffOT‘ all C € OU(A) and D € OU(B) holds HomsmbU(C’D)( [ ], [D] = {0}

4.2.24 Lemma. Let A, B € V and y € U. Then
Homsgyab,, (4,8)(C[A], C[B]) = Homstan, (4.4,8.4) (C[A.y], C[B.y])
as C-vector spaces.
4.2.25 Corollary (Homomorphism criterion). Let A, B € V. Then
Homey (COy([4]), COu([B])) = {0}
if and only if Homga, (4,0)(CIA], C[C]) = {0} for all D € Oy(B).

4.2.26 Proposition (Classification of 2G5¥'(¢)-orbit modules). Every U-orbit module
is one of the following forms in Table 4.3, and they satisfy the following properties.
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4. Supercharacter theories for 2G5 (32m+1)

(1) Let A,B € V. If verge(A) # verge(B), then Homcy (COy([4]), COy([B))) =
{0}. In particular, if COy([A]) € §i, COy([B]) € §j and i # j, then

Homey (COy ([A]), COy([B])) = {0}

(2) In the Family §1, the U-orbit modules are irreducible and pairwise orthogonal.

(3) In the Family §5 and §4, the U-orbit modules are reducible.

Table 4.3.: 2G3” (¢)-orbit modules

| Family | COy([4]) (AeV) | dimcCOy ([4]) | #COy([4]) | Irr. |
— T —
Sa (COU( o . ) ¢ g—1 | NO
. = .
s COU( - o ) q g—1 | NO
Arp
31 COU( . . . . > 1 q YES

Proof. (a) By 4.2.21, we classify 2G5 (¢)-orbit modules.
(b) Using 4.2.25, (1) is proved.
(c) The orbit modules in the Family §; are 1-dimensional, so (2) is obtained.

(d) Let A = Ajseq0 + AT3€13 € 33 and C ¢ OU(A) By 4.2.22, StabU(A, C) =
StabU(A) = {Y(O, t3, f}4> ’ t3, ty € Fq} The inner pI'OdUCt is <XA7 XC)StabU(A,C) =
1. Let ¢4 denote the character of COy([4]), then
dimcHomcey (COp([A]), COy([A])) = (Ya, Ya)v

:Zw

dimgHomggan,, 4.0y (C[A], C[C]) = ¢ > 1.
ceomy |1Stabu(A)| cHomgyan, (4,0)(C[A], C[C])

Thus, COy ([4]) is not irreducible.
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4.2. Monomial 2G5”" (3*™+1)-module

(e) If A € V is a pattern of the Family §,, then the orbit module COy([4]) is
reducible. Suppose it is irreducible, then ( dim¢ COU([A]))2 =q¢t < |U|l = ¢.
This is a contradiction. Thus the orbit modules of the Family §, are reducible.

O

4.2.27 Corollary. Let A, B € V, then two orbit modules COy ([A]) and COy([B]) are
either COy (|A]) = COy([B]) or Homcy (COy ([A]), COy([B])) = {0}.
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4. Supercharacter theories for 2G5 (32m+1)

4.3. Supercharacter theories for 2G3Y (32m+1)

In this section, let ¢ = 3*"*1, G 1= Ag(q), U := 2G3” (3*™+1), and t*, 1}, 3,1} € F..
We determine a supercharacter theory for 2G5"" (32m*1) (4.3.14), establish the su-
percharacter table of 2G5” (32"+1) in Table 4.6. Then we obtain the character table

of 2G5¥'(3) (4.3.27) and give the relations between supercharacters and irreducible
characters of 2G5¥(3) (4.3.28).

4.3.1. Conjugacy classes of 2G5 (32m+1)

In this subsection, we determine the conjugacy classes of 2G5 (32"+1) (4.3.4), and
obtain one partition of 2G5 (32m+1) (4.3.8) which is a set of the superclasses proved
in the next subsetion.

4.3.1 Notation. Let x,u € U, then the conjugate of z by u is “x := uxu~!, and the
conjugacy class of uis Yz := {vzv=! |v € U}.

4.3.2 Lemma. Let t € F;, 0 := 3™, F be the additive group of F, and

G:Ff = F 50— s — ¢35,

then s; is a homomorphism and |im ¢;| = 6% = 3*™.

Proof. We know that ¢; is a homomorphism. We claim that ker¢; = {0,¢, —t}. Note
that ker¢; O {0,¢,—t}. Let s € kerg, then ts* — t3%s = 0. We know 0 € kerg, N
{0,t,—t}. Let s # 0, then

(t9)* =1 = [t7"s|(30 - 1),

Since (t7's)9! = (t7's)3*~! = 1, the order |t~'s| divides the greatest common
divisor (30 — 1,367 — 1) = (37™+! — 1,32m+1 — 1), If m = 0, (37! — 1,327+ — 1) =
(2,2) =2.If m >0, (3™*! — 1,3*"*! — 1) = 2 by the Euclidean algorithm. Thus,

|t_1s|‘2 = (t7's)P=1 = tls=41 = 5=+t
Thus ker¢; C {0,¢,—t}. The claim is proved. Therefore,

IF+| 32m+1
lim ;| = 2 =

— 32m
| ker ¢| 3

[]

4.3.3 Notation. For t* € I, denote by YT a complete set of coset representatives (i.e.
a transversal) of im g in F}. Thus | T| = 3.

192



4.3. Supercharacter theories for 2G5 (32+1)

Table 4.4.: Conjugacy classes of 2G5¥' (32m+1)

Conjugac Conjugac Conjugac
Representatives #Conjugacy Jugacy [Conjugacy
Classes Classes Class|
Ig 1 Y (0,0,0) 1
Y (0,0,t}) qg—1 Y (0,0,t) 1
Y (0,5,
Y (0,£5,0) g—1 (0,23, 54) q
S4 € ]Fq
* Y t*v S )
Vi) | g3 | e g3
S3 Etltg—l—lmgt’{, Sy GFq

where ‘it; € 0T,

4.3.4 Proposition (Conjugacy classes of 2G5¥' (327+1)), Let U = 2G5¥ (3%™+1), then
the conjugacy classes of U are listed in Table 4.4.

Proof. By 4.1.16 and 4.3.2, we get the conjugacy classes of U. ]

4.3.5 Corollary.

#{Irreducible Characters of 2G§yl (32m+1>}
=#{Conjugacy Classes of QGgyl (32m+1)}
=5¢—4=5(¢—1)+ 1L

4.3.6 Remark. We also consider the analogue of Higman’s conjecture for 2G5Y' (32™+1),
By 4.3.5, the conjecture is true for 2G5Y' (32m+1),

4.3.7 Notation/Lemma. Set

Cy(t3) =YY (0,0,t5), Cs(t3) =YY (0,5,0),
Cit) = |J YY(#,"ts,0), Cy :={Is}.
tTthtIT

Note that they can form a partition of U, denoted by K, i.e.
K :={Co, C1(8]), C3(t3), Cu(ty) | 11, 5, 13 € Fy}.

We get a partition of 2G5 (32"1) by 4.3.4.
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4. Supercharacter theories for 2G5 (32m+1)

Table 4.5.: A partition K of 2G5 (32m+1)

uelU #C’Z(tj)or #CO Cz(t;k> or O() ‘Oz(t:)’ or |Oo)‘
Is 1 Y (0,0,0) 1
Y (0,4,
Y (0,4, 0) g—1 (0.8, 54) g
S4 € Fq
Y (1
Y(ti7070) qg—1 ( 1’83784) q2
s3,54 € Iy

4.3.8 Proposition (A partition of 2G5 (3*™*t1)). Let u € U, then the partition K is
shown in Table 4.5:

4.3.9 Notation/Lemma. Set C; := Uj cr: Ci(tf) for all i = 1,3,4, and Cy := {Is}.
Then

K= U ¢

i€{0,1,3,4}
Note that we can also determine the partition for 2G5*(¢) in 4.3.8 by calculating

{Is+zu—1y|z,y e G}NU ={Ils+(u—-1)y|ye GinUforallu e U (ctf.
§2.3.1).
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4.3.2. A supercharacter theory for 2G5/ (327+1)

In this subsection, let Aj,, A3, A7, € F;. We determine the supercharacter theory

for 2G3Y' (32™+1) (4.3.14), establish the supercharacter table of 2G5 (32+1) in Table
4.6 and list supercharacters, supermodules and superclasses of 2G5 (3*m*1) in Table
4.7.

4.3.10 Notation. Let A = (A4;;) € V, set

M(0) :={0}, M (Afyerz) :=COy([Afze12)),
M(Ajzeis) = =COy([Ajze1s]),  M(Aj e1s) :==COp([Al,e14])-

4.3.11 Notation. Denote by M the set of all of the CU-modules in 4.3.10, i.e.

M :={M(0), M (Ajse12), M(Afse13), M(Ajenn) | Alp, Als, ALy € Fi}
={{0}, COp ([ATse12]), COu([Aise13]), COy([Afsend]) | ATy, Als, ATy € Fit.

4.3.12 Notation. (1) Let M € M, then the complex character of the CU-module M
is denoted by V.

(2) Set X := {Uy | M € M}.

4.3.13 Corollary. Let A € V and v be the character of COy([A]). Thus
\IJM(O) :Q/)Oa \IJM(A’I‘Qem) = ¢A1‘28127 \IJZ\/I(ATBEB) = q/)AI?’el;;a \IJM(AT4614) = ¢AT4614'

4.3.14 Proposition (Supercharacter theory for 2G5 (327+1)). (X, K) is a superchar-
acter theory for 2G5Y' (32™+1), where K is defined in 4.3.7, and X is defined in 4.3.12.

Proof. By 4.3.7, K is a partition of U. We know that X’ is a set of nonzero complex
charaxcters of U.
(a) Claim that |X| = |K]|.
By 4.3.7, 4.3.10 and 4.3.12, [{Was(a: ey | Aly € F}| = [{M(Ajjens) | A, €

14€14

F7}| = |C4l, Similarly, we obtain the Table 4.7. Thus |X| = |K|.

(b) Claim that the characters x € X are constant on the members of K.

Let Aj; € F; and y € U, then

Uir(aygeers)(y) = > xe(y) = > xc(y)-

CeOy(Ajzers) CeOy(Ajze13)
Cy=C yEStaby (C)
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4. Supercharacter theories for 2G5 (32m+1)

If Yy = Y(O,tg,t4) € CyUCs U Oy, Yy € StabU(C’) for all C € OU(AT3613) by

4.2.22. Thus

xe(y) =

>

CeOy (A“fgem)

>

CGOU(A’{SEH)

\IJ]V[(A’{3613)(y) =

19(_Ai3t3) =q- ﬁ(_AT3t3)-

If y € C1, y ¢ Staby(C) for all C' € Oy (Aj;e13) by 4.2.22. Thus

Vrar,es) (y) = 0.

Similarly, we calculate the other values of the Table 4.6. Thus the claim is

proved.
(c) The elements of X are pairwise orthogonal by 4.2.26.

(d) The set {5} is a member of K.

By 2.3.11 and 2.3.13, (X, K) is a supercharacter theory for 2G3”' (32™+1). O

Table 4.6.: Supercharacter table of 2G5 (32™+1)

Co  Ci(t}) Cs(t3) Ca(t3)
Yar(0) 1 1 1 1
\I]M(A’l‘2612) L 9(Afpt]) 1 1
‘IJM(A’I*3e13) q 0 q - 9(—Aist3) q
Unr(ar,ens) | € 0 0 q¢* - 9(—Ajyt})

4.3.15 Corollary. The supercharacters, supermodules and superclasses of 2G5¥" (32m+1)

are listed in Table 4.7.

4.3.16 Corollary. The number of the supercharacters 2G3" (¢) is

X[ =|M|=|K|=3¢—2=3(¢g—1)+ 1.
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Table 4.7.: Supercharacters, supermodules and superclasses of 2G5 (32m+1)

Supercharacters | Supermodules | Superclasses
#{ U =#{M}=4{C}
UVedX MeM cek
War(az,en) M (Aj,e14) Cy(t3) q—1
Wrr(at,ers) M (Ajsei3) C3(t3) q—1
Unr(atyern) M(Ajse12) Ci(t7) q—1
W ar(0) M (0) Cy 1

4.3.3. Character table of 2G5 (3)

In this subsection, let ¢ = 3 and U := 2G5¥(3). We obtain the character table
of 2G5¥(3) (4.3.27) and give the relations between supercharacters and irreducible
characters of 2G5 (3) (4.3.28).

4.3.17 Notation. Set
Y, :={a(ty) | t1 € F,}, Y, :={b(ts) | ts € F,}, Y.:={c(ts)|ts €F,}.

In this subsection, m = 0 and # = 3™ = 1 since p = 3. We rewrite the properties in
84.1.2.

4.3.18 Proposition (Multiplication). Let i € {1, 3,4} and t;, s; € [F3, then

Y (t1,t3,t4) - Y (51, S3, 54)
=Y (t1 + s1, t3+ 83— t151, ta+ sS4+ t18] — 181 — t3s1),
Y(t,ts, t) "t =Y (~ty, —t3—13, —tg+t, —tit3).

In particular,

a(tl) . Q(Sl) :Y(tl + S1, —tlsl, tlS% — t?sl),
a(ty) ™ =Y (=ty, =17, 1),
b(tg) . b(Sg) :b(tg + Sg),
(s4)

4.3.19 Corollary. Y; and Y, are subgroups of 2G5¥'(3), but Y, is not a subgroup of
2G8y1(3)
57 (3).
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4. Supercharacter theories for 2G5 (32m+1)

4.3.20 Proposition (Commutator relations of 2G5¥'(3)). Let i € {1,3,4} and t;,s; €
Fs, then the commutators of 2GY'(3) are

[Y(t17t37t4)7 Y(Sh 53, 84)] - Y(Oa Oa (t%SI - tlS%) + (t133 - t381)>7
[Y(tl,t3,t4)_1, YV(Sl7 S3, 84)_1] = Y(O, 0, (t%sl - tls%) + (t153 - t381)).

In particular,
la(tr), a(s1)] = c(tisi —tis]),  a(t) ™ a(s1) 7] = e(tis: — tsy),
[a(t1), b(s3)] = c(t1s3), la(t) ™, b(s3) "] = c(t1s3).

4.3.21 Corollary. Y, and Y;Y, are normal subgroups of 2G3"(3).
4.3.22 Corollary. The center Z(U) =Y, and Y \U is abelian.

4.3.23 Proposition (Conjugacy classes). Let t;,s; € F, with i € {1,3,4}, then the
conjugate of Y (t1,t3,14) is

Y(Sla 53, 54) : Y(t17 t37 t4) : Y(817 53, 84>71
:Y(tl, t3, ty + (tlsf — t%sl) + (t381 — tlsg)).

In particular,

Y (51,83, 84) - a(ty) - Y(s1,83,84) " = Y(tl, 0, t152 — t2s) — tlsg),
Y(Sb S3, 84) . b(tg) . Y(Sl, S3, 84)_1 = Y(O, tg, t3$1),
Y(Sl, S3, 84) . C(t4) . Y(Sl, S3, 84)_1 = C(t4).

Let G be a finite group, and Irr(G) be the set of all irreducible characters of Gi. Let
x € Irr(U).

4.3.24 Proposition. Let A;; € F, and A}; € T,

(1) Let U = Y\U = Y.V, 2™ e Ir(0), x> (a(ty)b(ts)) == 9(Asaty) -
0(—Aysts), and x> be the lift of ;2™ to U. Then
Fin = {x € Ir(U) | Yo Cker x} = {xi22™ | Ayg, Az € F,}.

n

(2) Let H = YE,Y'C, )\AM’AlS < Irr(H), )\A14’A13(b<t3)0(t4)) = 79(—A14t4 — Algtg),
Xout = Indy A4140. Then

A7 * *
Fo={x €lr(U)| Y. € ker x} = {Ixay' | ALy € qu}'

Proof. Let x € Irr(U).
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4.3. Supercharacter theories for 2G5 (32+1)

(1) Family §;n, where Y. C ker y.

Since the commutator subgroup is U’ = Y,, all linear characters of U are pre-
cisely the lifts to U of the irreducible characters of the abelian quotient group
Y\U. IfY, C kery, x is linear. Let U := Y,Y,\U = Y,Y;, v e Trr(0)
with Y2248 (a(t)b(ts)) = 19(A12t1) - 9(—Ay3t3). Since U is abelian, Irr(U) =

lzn

{2415 | Ay Ayg € By} Let x> be the lift of ;22" to U, then

Siin ={x € r(U) | Yo C ker x} = {xj12™ | A1z, Aiz € F}.

(2) Family §o, where Y, ¢ ker x.

Let H := Y}A/C, /\"414’1413 S II‘I‘(H) with /\AM’I413 (b(tg) ( )) : 19( A14t4 — Algtg).
We note that Y, is a transversal of H in U, and Z(U) =Y,. For all s, € F,,

()\A’{4,A]_3)a(81) (b(tg)C(t4)) — \AioAs (a(81) . b(tB)C(t4> ) CL(Sl)il)
=M (b(t)e(ts + sits)) = O — Afy(ta + s1t) — Austy)
:19( Afyts — (Aig + 51A14>t3>

Thus I;;(A\*i+413) = H. By Clifford’s Theorem, Ind%,\4i+413 € Irr(U) and

ResyIndatiods = 3 (A Aw)a = 3 Mistissidl) — §° \AlpBis,

s1€Fy s1€Fy B13€Fy,

By Clifford’s Theorem, there are ¢ — 1 almost faithful irreducible characters of
U,i.e.

Fs ={x € Ir(U) | Yo L ker x} = {X2 | Al; € IF;‘}

By the above argument, we obtain all irredubible characters of 2G5 (3).

4.3.25 Theorem (Irreducible characters of 2G5Y'(3)). The irreducible characters of
G5¥'(3) are classified into two families as listed in Table 4.8

By 4.3.23, we obtain the conjugacy classes of 2G5 (3).

4.3.26 Proposition (Conjugacy classes of 2G5”(3)). The conjugacy classes of 2G5 (3)
are listed in Table 4.9.

4.3.27 Proposition. The character table of 2G5¥'(3) is the one in Table 4.10.
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4. Supercharacter theories for 2G5 (32m+1)

Table 4.8.: Irreducible characters of 2G5 (3)

200

Family | Notation | Parameter Set | Number | Degree Property
A} « A7
5o Xo.g' Iy q—1 q Y, & ker x, it
Sin | x| FoxFy ¢’ L | Y. C ker e
Table 4.9.: Conjugacy classes of 2G5¥'(3)
) #Conjugacy | Conjugacy |Conjugacy
Representatives
Classes Classes Class|
Ig 1 Y (0,0,0) 1
Y(0,0,%3) q—1 Y(0,0,23) 1
Y (0,5, s
Y(O7 t§7 0) q— 1 ( ’ 4) q
S4 € Fq
Y(t*7 t37 54)
Y (t3,13,0) (g—1)-q ' q
S4 € Fq
Table 4.10.: Character table of 2G5”(3)
Is Y (3, 13,0) Y (0,%5,0)  Y(0,0,¢)
Xy 1 1 1 1
w1 I(Apyt}) 1 1
A1, A%, x g
in Ol L 0(Aat)) - I(—Ajsts)  V(—Ajsts) 1
A* * *
Xz,}fl q 0 0 q-VI(—=Ajty)




4.3. Supercharacter theories for 2G5 (32+1)

Proof. Letu =Y (ty,t3,t4) € U, H :=Y,Y,, \1+413 ¢ Trr(H) with
)\AM’AIS (b(tg)C(t4)) = 19<—A14t4 — Algtg).

We have
" . 1 . _
Xobt (u) =Indg M40 (u) = Il > A0 (g Y (b, t3,t0) - g7 ),
U
g'Y(tl,tgi;)'g*lEH
then
Aly H *
Xt (c(ts)) =q - Xi1%(c(ts)) = q - 9(—Afyt),
A7 * 1 * * — * * gk
X2,(114(b(t3)) :ﬁ Z /\AM’O(g -b(t3) - g 1) = Z )\A“’O(Y(Oatg,tgsl))
g:=Y (s1,83,84)€U s1€Fy
g-b(tg)-g’leH
s1€Fy
L (Y (£ t5)) =0
X2,q ( ( 15 3)) :
We obtain other values similarly. O

4.3.28 Proposition (Supercharacters and irreducible characters). The following re-
lations between supercharacters and irreducible characters of 2G5¥'(3) are obtained.

_ Ay _ Az3,AT5
\I’M(A;4e14) =q " X2,4 > ‘I’M(A’{Selg) = Z Xlin )

Agz€lF,
A% .
Wnr(A1e12) =Xiin' Oa Yar(0) ng’g = trivy.
Proof. Compare Table 4.6 and Table 4.10, the formulae are obtained. ]

4.3.29 Corollary. Let #Irr be the number of irreducible characters of 2G5¥'(3), #1Irr.
be the number of irreducible characters of 2G5 (3) of dimension ¢¢ with ¢ € N and
q = 3, then

+2(q—1)+1,
and
#Irr =#{Irreducible Characters of 2G5 (3)}
—+#{Conjugacy Classes of 2G¥'(3)}
:q2 +q—1
(-1 +3(g—1) +1.

We consider the analogue of Higman’s conjecture, Lehrer’s conjecture and Isaacs’ con-
jecture of U, (q) for 2G5 (3), and the conjectures hold for 2G5 (3).
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5. Monomial Egyl( )- F‘Syl( )-,
23y (¢%)- and E5¥(¢)-modules

In this chapter, we determine monomial linearisations for the Sylow p-subgroups
ENq), Fi¥(q), 2EM (¢?) and E:¥'(¢), and then obtain monomial E5¥(q)-, F;*'(q)-,
2EY (¢?)- and E3Y'(q)-modules.

5.1. Monomial £ (¢)-module

In this section, we construct a Chevalley basis for the Lie algebra L, of type Ej (see
5.1.3) and determine the Sylow p-subgroup E:*(q) for the Chevalley group Es(q)
(see 5.1.25). Then we get a monomial linearisation (f, x|y ) for E¢¥'(q), where f
is a bijective 1-cocycle and x|y «y is a non-degenerate bilinear form (5.1.45). Finally,
we make CE{” (¢) into a monomial E;*'(q)-module (5.1.46).

5.1.1. Chevalley basis of the Lie algebra of type Ej

In this subsection, we obtain a Chevalley basis for the Lie algebra Lg, of type Fs
(5.1.3). By [HRTO1, §3.3], there is a Lie algebra Lz, of type Es generated by {e, |
+r € Ag,}, denoted by

‘CEG = <€T S Mat27><27((C) ’ +re AEG >Lie7
where Ag, = {a,b,c,d,e, f},e_, = ¢ forallr € Ag, and

€q ‘=€12 + €11,13 T €14,16 + €17,18 + €19,20 + €21 22,
€p :=€45 + €67 + €310 T €19,21 + €20,22 + €23 24,

€c 1=€23 + €911 + €12,14 T €15,17 + €20,23 + €22,24,
€q :=€34 + €79 + €10,12 + €17,19 + €18.20 + €24,25,
€e 1=€46 T €57 + €12/15 + €14,17 + €16,18 T €2526,

er:=egg + €710 1+ €9,12 + €11,14 + €13,16 + €26,27-
Let H g, be the Cartan subalgebra, then

Hie = ([er, 6] € Matoruar(C) [ 17 € A )¢
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5. Monomial Ei¥'(q)-, Fi¥'(q)-, 2E5¥ (¢%)- and E5¥'(¢)-modules

Let H,, be the dual space of Hg,;, we obtain a basis {, + 3 + €5, €3, €4, €5, €6, 7} Of
H %, such that

1 8
a:_525i7 b=c¢c¢—€7, c=¢5+¢e7, d=¢5—€6, e =64 — €5, [ =e3— €y
=1
Let Vg, := R-span{e; + e3 + €5, €3, €4, €5, €6, €7} be a subspace of HJ;, , then Vg, be-
comes a Euclidean space (see Appendix A.3). The root system of type Fj is
Op, ={te;+e; |i<j, i,j=3,4,567}

U {i; iﬁgi

=1

8
Ei:il, 6126226821, Hélzl}

=1

The set of positive roots of ¢, is

CI)E6 :{&‘Zliéj |Z'<j7 i,j:374,57677}
1 8
U{_2;€15i

The Dynkin diagram of Fj is

8
€ =21, g =63 =€g =1, Heizl}.
i=1

Letry :==a, 1o :=0b, r3:=¢, r4:=d, r5 := e, 16 := f, then the Cartan matrix M of
E6 is

a b c e f
af 2 0 -1 0 0
bl 0O 2 0 -1 0 0
cl-1 0 2 -1 0 0
dy 0 -1 -1 2 -1 0

el O 0 O -1 2 -1
f\0 0 0 0 -1 2

6x6

where Mri,rj = Mz’,j = <7’i>7’j> = Znlrary) (7%7"]' € AEG)'

K(74,7)

Let &y, be the root system of type Eg. Each root r € &y, can be written as
T =YaeAp, koo, the height of 7 is ht(r) = YaeAp, k.

5.1.1 Definition. For r, s € &}, we write r < s, if ht(r) < ht(s) (e.g. a < a + ¢) or if
ht(r) = ht(s), this is the lexicographical order (e.g. a <b<c<d <e < f).
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5.1. Monomial E* (¢q)-module

We take the structure constants N, ; to be positive, if (r, s) is an extraspecial pair
according to the total order in Definition 5.1.1. We give all the extraspecial pairs
and the corresponding structure constants as follows.

5.1.2 Notation/Lemma. We have the following extraspecial pairs of roots in ®f \Ag,
and the corresponding structure constants N, (r, s € ®}, ). According to column 2 and
column 3 of the following table, we define r; (i = 7,8, ...,36) to be the root in column
3 which is according to i in column 2 (e.g. 7 = a + c).

Height | i ri € P \Ag, Extraspecial pairs (r, s) s
7T la+c a,c)
8 |b+d b,d)

2 9 |c+d ¢, d)

10| d+e d,e)
11 e+ f e, f)
12 |a+c+d a,c+d)

13|b+c+d b,c+d)

3 |14|b+d+e b,d + e)
15|c+d+e c,d+e)
16|d+e+ f d,e+ f)
17a+b+c+d a,b+c+d)
18|a+c+d+e a,c+d+e)

4 19| b+c+d+e bc+d+e)
20|b+d+e+f b,d+e+ f)
2l |c+d+e+ f c,d+e+ f)

5 23 |la+c+d+e+f a,c+d+e+ f)

24 |b+c+2d+e d,b+c+d+e)

25| b+c+d+e+ f byc+d+e+f)

26 |la+b+c+2d+e a,b+c+2d+e)

6 27T la+b+c+d+e+ f a,b+c+d+e+f)

28| b+c+2d+e+ f db+c+d+e+f)

29 la+b+2c+2d+e c,a+b+c+2d+e)

7 30|a+b+c+2d+e+ f a,b+c+2d+e+f)
31|b+c+2d+2e+ f e,b+c+2d+e+ f)

8 32(a+b+2c+2d+e+ f c,a+b+c+2d+e+ f)
33la+b+c+2d+2e+ f a,b+c+2d+2e+ f)

9 34 la+b+2c+2d+2e+f | (c,a+b+c+2d+2e+ f)
10 |35 |a+b+2c+3d+2e+f |(dya+b+2c+2d+2e+ f)
11 |36 |a+2b+2c+3d+2e+ f | (bya+b+2c+3d+ 2e+ f)

P—‘P—‘i—‘b—‘b—*i—‘i—‘b—‘}—‘b—‘}—‘}—‘?—‘b—‘i—‘b—‘i—‘}—‘}—‘?—‘}—‘?—‘b—‘i—‘b—‘i—‘b—‘}—‘?—‘b—‘g

(
(
(
(
(
(
(
(
(
(
(
(
(
E
2 la+b+c+d+e (a,b+c+d+e)
(
(
(
(
(
(
(
(
(
(
(
(
(
(

Then the structure constants N,, ,, of Lg, are obtained:
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5. Monomial Ei¥'(q)-, Fi¥'(q)-, 2E5¥ (¢%)- and E5¥'(¢)-modules
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5.1. Monomial E* (¢q)-module

By 5.1.2, we determine a Chevalley basis of the Lie algebra L, .

5.1.3 Lemma (Chevalley basis of Lg,). For r € Ag,, set h, := [e.,e_.]. Letr €
5 \Ag,, and (sy, s) the extraspecial pair of , set

1 1

M[esn 652]? €r !

= m[€_81, 6_52].

e 1=

Then the set
{hr S Mat27><27(C) | r e AEG} U {e:tr S Mat27><27(C) | re @E(s}
is a Chevalley basis of the Lie algebra Lg,.

Proof. We know that the Lie algebra L, of type Eg is generated by

{eﬂ | e AEG}.

The fundamental co-roots h, for all r € A, are determined

h. = ey, e_y] = [er,e]] forallr € Apg,,
since [[e,, e_,], ;] = 2e,..

We claim that e_, = ¢ for all r € ®},. Let r € ®f , we use the induction on
ht(r). If ht(r) = 1, r € Ag,. Thus e, = ¢/. Suppose that e_, = ¢ if ht(r) < k.
If ht(r) = k + 1, there exist s;, s, € ®j such that r = s; 4+ s, and ht(s;) < ht(r),
ht(sg) < ht(r). Thus [e_s,,e_s,] = N_g, —s,6—r = —Nj, 5,6, and

TT]

[e_s,es] = [6517 €sy] = —les, eSZ]T = _N81,82€T-

T

Then e_, = ¢, when ht(r) = k + 1. Therefore e_, = ¢! (r € ®f,).

We obtain that [h,,e,] = 2e, and h, = [e,,e_,] for all r € O}, .

Let 6 be the map of L, into itself: §(z) = —x", where z' is the transpose of z.
Since

0([z,y]) = —[z,y)" = —(zy —yz) =y a" —a'y") =[z",y"] = [0(x),0(y)],

6 is an automorphism of Lg,. We also have f(e,) = —¢] = —c_, for all r € ®p,.
Then N, ; = +£(n, s + 1) (r,s € ®g,) are obained. Thus the fundamental co-roots h,
together with e,, e_,. (r positive) form a Chevalley basis. O
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5. Monomial Ei¥'(q)-, Fi¥'(q)-, 2E5¥ (¢%)- and E5¥'(¢)-modules

5.1.4 Corollary. All e, (r € ) are given as follows:

208

Height | i e, (ri € @}56)
1 | ei2+ei13+ e1a16 + €17,18 + €19.20 + €21,22
2 | eqs+ €67+ €810+ €1921 + €2022 + €234
1 3 | €23+ €911+ €12,14 + €1517 + €20,23 + €224
4 |esq+erg+ e+ eiri9 + €120 + €245
O | a6+ €57+ €12,15 + €1417 + €16,18 + €25,26
6 | ess + €710 + €912 + €11,14 + €13,16 + €26,27
7 €1,3 — €913 — €12,16 — €15,18 + €19,23 + €21,24
8 | —ez5 + €9+ €312 — €1721 — €18,.22 + €23.25
2 9 | ea4 — €711 — €10,14 + €15,19 — €1823 + €225
10 | e36 — €59 + €10,15 — €14,19 — €16,20 T €24,26
11 | e48 + €510 — €9,15 — €11,17 — €13,18 + €257
12 | ey 4 + €713 + €10,16 — €15,20 — €17,23 + €21,25
13 | —€a5 — €611 — €814 — €15.21 + €18.24 + €20.25
3 14 | —e37 — eq9 + €515 + 1421 + €16,22 + €2326
15 | ea6 + €511 — €10,17 — €12,19 + €16,23 + €22.26
16 | es 8 — €512 — €715 + €11,19 + €13,20 + €24.27
17 | —e15 + €613 + €816 + €15.22 + €17,24 + €19.25
18 | e16 — €513 + €10,18 + €12,20 + €14.23 + €216
4 19 | —ea7 + €411 — €817 + €12.21 — €16,24 + €20,26
20 —€310 — €412 — €6,15 — €11,21 — €13,22 T €2327
21 | eag + €514 + €717 + €919 — €1323 + €2297
22 | —e17 — €413 + €818 — €12,22 — €14,24 T €19,26
5 23 | e18 — €516 — €7,18 — €920 — €11,23 T €21,27
24 | eg9 + €311 + €819 + €1021 + €16,25 + €18,26
25 | —eg10 + €414 + €617 — €921 + €13.24 + €2027
26 | e1,9 — €313 — €820 — €10,22 + €14,25 + €17.26
6 27 | —e1,10 — €4,16 — €6,18 + €922 + €11,24 + €19,27
28 €212 + €314 — €619 — €721 — €13,25 1+ €1827
29 | —e111 — €213 + €823 + €10,24 + €12,25 + €152
7 30 | €112 — €316 + €620 + €722 — €11,25 + €17,27
31 | —e215 — €317 — €4,19 — €521 + €1326 + €16,27
8 32 | —e1,14 — €216 — €623 — €724 — €925 + €1527
33 | —e1,15 + €318 + €420 + €522 + €11,26 + €147
9 34 | €117 + €218 — €423 — €524 + €926 + €12,27
10 | 35| —e1,19 — €220 — €323 + €525 + €726 + €10,27
11 |36 | e1,21 + €290 + €324 + €495 + €626 + €327




5.1. Monomial E* (¢q)-module

5.1.2. Sylow p-subgroup Egyl(q)

Let K be a field. In this subsection, we obtain the Sylow p-subgroup E3*(q) for the
Chevalley group Fs(q) (see 5.1.25).

5.1.5 Notation. Let (] := {(i,j) | 1 <i,j <27} and N := {(i,j) | 1 <i < j < 27}
5.1.6 Reminder. L, is the Lie algebra of type Eg over the field C.

5.1.7 Corollary. For all r € ®g,, €2 = (.

Proof. By 5.1.3 and calculation, we get the result. O

Similar to §11.3 of [Car72], the coefficients of exp(te,) = I7 + te, are all of the
form +1 or +¢ (i.e. the non-zero entries of exp(te,) are of the form +1 and =+t¢).
This fact enables us to transfer to an arbitrary field. For each matrix e, in the above
representation and each element ¢ in an arbitrary field K, exp(te,) is a well-defined
non-singular matrix over K.

5.1.8 Notation. Set

Tri(t) =exp(te,) = Iyr+t-e,, redg, tekK,
i (t) :=exp(tade,), re g, te K.

5.1.9 Notation. Set a matrix group Eg(K) := (Z,.x(t)|r € ®g,, t € K), and the
Chevalley group of type L, over the field K is

Eo(K) =(z, g(t)|r € Ppg, t€ K).
5.1.10 Notation. Set a subgroup of Eg(K)
X ={(Z ()|t € K) forallr € &g,
and root subgroups of the Chevalley group Es(K) are
Xk =(z, g(t)|t € K) forallr € @pg,.

By [Car72, 4.5.1], (exp(tade,)) (z) = exp(te,) -z - exp(te,) ! for all z € Lg,. Then

we get a group epimorphism between the matrix group Fs(K) and the Chevalley
group Eg(K) of type Lg, over the field K as follows.

5.1.11 Proposition. Let K be a field, and
o: Es(K) — Eg(K) : exp(te,) — exp(tade,),

then o is a group epimorphism, and the kernel ker o is the centre Z of Eg(K).
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5. Monomial Ei¥'(q)-, Fi¥'(q)-, 2E5¥ (¢%)- and E5¥'(¢)-modules

5.1.12 Notation/Lemma. Set
EG(K)a
Es(K).

(_]K:— ZL‘TK ‘T€@+ t€K><
UK:— T (t ’TE‘I)EG, t€K><
5.1.13 Corollary. Let K be a field, and
0g,: Ux = Uk : exp(te,) — exp(tade,),
then o is a group epimorphism.
By calculation, we get the following commutators.

5.1.14 Proposition (Commutators of Ug). Let 7, r; € @gﬁ, then

[gfj,K(tj)v g?“uK(tZ” = H jkri+l7j,K(Ck?l7”irj (_tl)ktg)
k,1>0
kit €@
Actually, if kr; + lr; € ®f, with k,1 > 0, we have kr; + lr; = r; + r; and
[grj,K(tj)a gri,K(ti)] = jr‘ﬁ-m ( Cllnr i ) xn—&—r] K(Nrj,rititj)-

5.1.15 Lemma. Let r, s € ®j and r # s, then

supp()_(rvK) N Supp()_(syK) = supp(e,) Nsupp(es) = 0.

Proof. By 1.1.8, we have supp(X,.x) N supp(X, x) = supp(e,) N supp(es). By 5.1.3,
we get supp(e,) Nsupp(es) = 0. O

In the remainder of this section, we consider KX = F,. The following property is
well known.

5.1.16 Lemma. For (i,j) € Nandt € F,, let T; ;(t) := Io; + te; ;. Then

Ay (Fy) :{ IT 7ty

(,5)eN

iy € F, ).

where the product can be taken in an arbitrary, but fixed, order. In particular,

H ji,j(ti,j) = H :ii7j(s,~7j) < ti,j = S@ijT' all (Z,j) < ﬂ
(4,5)eN (4,5)eN

5.1.17 Proposition. Each element of Uy, is uniquely expressible in the form

H fh‘,Fq (t )

. +
TZE‘I)EG

where the product is taken over all positive roots in the increasing order.
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5.1. Monomial E* (¢q)-module

Proof. Each element of Uy, is a product of elements z,.p, (¢) with r € ®f_ ¢ € F,. If
there is a pair of consecutive terms z, r, (t;)7;,r,(t;) with 7; < r;, by 5.1.14 we have

Tr; Ry (tj)fmJFq (tZ) = Tr,F, (ti)frj»ﬂ*‘q (tj) H Thri+ir; Fy (C’CZWJ‘ (_ti)kté')'
k>0
kit €®h

Since ht(kr; + Ir;) > ht(r;) + ht(r;), then after a finite number of steps we get the
desired product.
For the uniqueness, suppose Hrie%ﬁ Ty, (L) = I1.. eat, Ty, r, (). Then

6
fri,IFq (tn) = H <[27 + Gri,ktmeik,jk)a
k=1

where ¢, € {1, —1}. The Lemmas 5.1.15 and 5.1.16 imply ¢,, = s,, (r; € ®%,). O

5.1.18 Corollary. |Uy, | = % = 36,
5.1.19 Corollary. Up, = Uy,

Proof. By 5.1.13, there is an epimorphism O, ° U]Fq — Up, : Zpp,(t;) = zpp, (L

2 1. Car72, §8.6
We know that |UFq’ 5.1.18 % [Car72, §8.6]
Ur,-

q

).
|Ur,|, so og,, is an isomorphism. Thus Uy, =
[l
5.1.20 Notation/Lemma (Root subgroups of Fg(q)). Let

z,(t) :=exp(te,) = Ipr +t- €, = Tp,(t), 1€ Pp,, t €F,,
z;(t) :=exp(te,) =Ion+t-e, =x,(t), i=1,2,...,36, teF,

Then the root subgroups of Es(q) are given as

X, ={z.(t) |t € F,} = )_(qu, r € dg,,

X ={z,,(t)|teF,} =X,,, i=12,...,36.
5.1.21 Notation. Set U := (z.(t)|r € ®f,, t € Fy) = Ug,.
5.1.22 Lemma ([Car65]). The order of Eg(q) is

_
(37q - 1)

where (3,q — 1) is the greatest common divisor of 3 and ¢ — 1.

|E(q)| = (> = 1) = 1)(¢° = 1)(¢® = 1)(¢" = 1)(¢"* - 1),

5.1.23 Corollary. |U| = ¢*° and U is a Sylow p-subgroup of the Chevalley group Eg(q)
under isomorphism.
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5. Monomial Ei¥'(q)-, Fi¥'(q)-, 2E5¥ (¢%)- and E5¥'(¢)-modules

Proof. By 5.1.18, Uy, is a Sylow p-subgroup of Eg(q). By 5.1.19, |U| = |Us,| = ¢*°
and U is a Sylow p-subgroup of Fs(¢q) under isomorphism. O

5.1.24 Proposition.

t, e]Fq},

where the product can be taken in an arbitrary, but fixed, order.

definition

Proof. Weknow U O {TL,eq: @r(t,)
6
arbitrary, but fixed, order. Suppose HTE‘PE z.(t,) = ]‘[Te% z.(s,). We have
6 6

t, € IFq}, where the product is taken in an

6
Ir(tr) - H (IQ7 + Er,ktreik,jk);
k=1
where ¢, , = £1. By 5.1.15 and 5.1.16, we get t, = s, (r € ®f, ). Thus

tr €F,}| = ¢% = U]

’{ 1 =)

+
rE<I>E6

Therefore, the desired formula is obtained. ]
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5.1. Monomial E* (¢q)-module

5.1.27 Corollary. Let u = (u;;) € Eg¥(q), then

13,5, = 0
16,55 = 0
U18,518 = 0
U20,21 = 0
U115y, =0
Ui4,15 = 0
ug10 =0

Ur8 = 0

if j13 € {14, 15,17,19, 21}
ifjm S {17, 19, 21}
if jis € {19,21}

lf.jll S {127 15}
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5.1.3. Monomial ES"(¢)-module

Let U := Egyl(q) and Vj := Matyryor(F,). In this subsection, we get a monomial
linearisation (f, k|y«y) for Egyl(q), where f is a bijective 1-cocycle and k|y«y is a
non-degenerate bilinear form (5.1.45). Then we make CES*(q) into a monomial
Egyl(q)-module (5.1.46).

It is essential to choose a suitable vector space V for the 1-cocycle and a suitable
non-degenerate bilinear form  on V4.

5.1.28 Notation/Lemma. The map
ke Vox Vo =Ty (X,Y) = tr(XTY)
is called the trace form, and « is a non-degenerate symmetric bilinear form on V.

5.1.29 Notation. Set
je{2,3,...,11,12,14,15,17,19,21} ifi=1

j€{3,4,5,6,7,8,9,10,12,15} ifi=2
J:={(i,j) e N|{ je{4,56,7,8,10} ifi=3 %,

j € {5,6,8} ifi =4

j=38 ifi=6

and

j€{13,16,18,20} ifi=1
je{11,13,14}  ifi=2

J=00i,5)eN|{ j=9 ifi=3
j=1 ifi=4
i=7 ifi=6

Then J is the set of the coordinates of the empty blocks of the following 27 x 27-matrix,
while .J' is the set of the coordinates of the blue blocks of the following 27 x 27-matrix.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
3 . Il N N

-l

S U W N

5.1.30 Reminder. Let J C \, then by 1.1.9 the subset J° of [] is defined as follows:

IO =JO{(,i+1) € N\J | (i,i+2) € J}
U{(i,5) € N\J | 31 < j < j2and (i,51), (i, j2) € J}.
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5.1.31 Remark. (1) J¢= JU.J,
(2) #J =36, 4.J' = 10 and #.J° — 46.

5.1.32 Notation/Lemma. Set

V=V;= { Z A,‘)j@m‘ eV Am‘ € Fq},
(4,9)€J
where
Y Aijeiy =
(i,j)EJ

- A12 A1z Ara Ars Arg A1r A1g Aro Ar10 A1,11 A1,12 0 Arjia A115 0 A1,17 0 A119 0 A2
A3 Aayg Az Azg Aa7 Azg Azg A210 0 A2120 0 Azis
A3z 4 Az Az As;r Ass 0 As1o
Ags Ase 0 Ayg
0 0 0
S0 Aggs

Then V is a 36-dimensional subspace of V; over F,, and supp(V') = J.
5.1.33 Lemma. Let V* denote the orthogonal complement of the subspace V of V,

with respect to the trace form r, i.e. V1 :={B € Vo | k(A,B) =0,V A € V}. Then

Vi:VD\JandVO:VeBVL.

5.1.34 Notation/Lemma. Let

T:%:V@VL%VIA'—) Z Ai,jei’j.

(i,5)e]
Then 7 is a projection to the first component and is an F,-linear map.
5.1.35 Corollary. x|y« : V x V — F, is a non-degenerate bilinear form.
5.1.36 Lemma. Suppose A, B € Vj, such that supp(A) Nsupp(B) C J. Then

K(A, B) = r(n(A), B) = k(A, 7(B)) = k(r(A), 7(B)) = &lvxv(7(A), 7(B)).

5.1.37 Lemma. Let A € V and g € U, then supp(4g") N N C J. In particular
mye(Ag") € V.

217



5. Monomial Ei¥'(q)-, Fi¥'(q)-, 2E5¥ (¢%)- and E5¥'(¢)-modules

Proof. Let A€V, g e U. Itis sufficient to prove (AQT)Z‘,]' =0, and (i,j) € J\J = J'.
We have

21

27 21 21
(AQT)1,13 = ZAl,jng,lg = Z Al,jnglg = ZAl,jgl?),j = Z Al,jgls,j

j=1 7j=2 7j=2 j=13
A17j=0

7€{13,16,18,20} 5.1.27
= Z Al,jg13,j =0,
j€{14,15,17,19,21}

Similarly, we get (Ag");; = 0 for all (i,5) € J'. Thus supp(4g') N N C J and
mc(Ag") =7;(Ag") € V. O

5.1.38 Corollary. Let A, B € V and g, h € U, then supp(Bh') Nsupp(A4g) C J.
5.1.39 Proposition (Group action of E5*(¢) on V). The map
—o—:VxU—=V:(Ag) — Aog:=n(Ag)
is a group action, and the elements of the group U act as F,-automorphisms.
Proof. c.f. the proof of 2.2.25. O
By 1.2.21, we get a new action:

5.1.40 Corollary. There exists an unique linear action —.— of G on V:
— = VXxG—=V:(Ag —Ag:=Aog '

such that k|yxyv(A.g,B) = klyxv(A,Bog™) for all B € V. In particular, for all
A BeVandg € G,

klvxv (A, Bog) = klyxv(A.g™", B) = klyxv(Aog', B).
5.1.41 Notation. f:=m|y: U = V.

5.1.42 Proposition. f: U — V is bijective.

U

Proof. By 5.1.25 and 5.1.32, we obtain that f: U — V is bijective.

5.1.43 Lemma. Let x,g € U, then f(x)g = (x — 1)g mod V. In particular, f(z)
z—1 mod V=,

Proof. c.f. the proof of 2.2.29.

U

5.1.44 Proposition. Let x,g € U, then f(zg) = f(x) o g+ f(g).
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Proof. c.f. the proof of 2.2.30 or by 5.1.27 as follows: for all jo =1,2,...,12,
(F@)og+ f@),, = (@ og), , +F(@m=(F@)g),, + g

Jo Jo

= Z F(@)11Gk,5o + 9150 = Z T1,k9k,jo T G150 = Z T1kGkjo = (T9)150 = F(79)1,jo,

k=2 k=2

(f@)og+f(9),,, = (f@)og), ,+ (9= (f(2)9), , + f(@ru

12

= Z F(@)1,6Gk14 + 9110 = Z J(@)1,k9k04 + [(2)113913,14 + [(%)114914,14 + 91,14
k=2
12

= Z T1kGkaa + 0 91314 + 211491414 + 91,14
k=2
14 c 1o
= Z T1,kGk,14 — T1,13913,14 — Z L1,kGk,14 = (Ig)l 14 — f($9)1,14~
k=1 k=1
Similarly, f(zg);; = (f(z)og+ f(g))ij for all (i, j) € J. Hence f(zg) = f(z)og+

f(9)- O
By 5.1.42 and 5.1.44, we obtain a bijective 1-cocycle of E5¥'(q).

5.1.45 Corollary (Monomial linearisation for E;¥'(q)). f is a bijective 1-cocycle of
E(q), and (f, k|v ) is a monomial linearisation for U = E¥(q).

Now we obtain the monomial U-module CES¥(¢), which is essential for the con-
struction of the supercharacter theory for E5¥(q).

5.1.46 Theorem (Fundamental theorem for E3¥ (¢)). Let U = E{¥'(¢) and

> xalu) forall AcV.

uelU

|U|

Then the set {[A] | A € V'} forms a C-basis for the complex group algebra CU. The
operation of U on CU is given by the usual right multiplication, i.e.

Alu = |U| > xaW)yu = xau(9)[Au] = 96(Aw, f(u))[Au]  foralue U A€V,
yelU

then CU is a monomial CU-module.

Proof. By 5.1.45, (f, k|vxy) is @ monomial linearisation for U, satisfying that f is a
bijective map. By 5.1.40, A.u := w(Au~"). Thus the whole theorem is proved in
view of 1.2.24. O
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5.2. Monomial F;"'(¢)-module

In this section, we construct a Chevalley basis for the Lie algebra Lp, of type F) (see
5.2.3) and determine the Sylow p-subgroup F;¥'(¢) for the Chevalley group Fj(q)
(see 5.2.26). Then we get a monomial linearisation (f, x|y ) for E5¥'(q), where f
is a bijective 1-cocycle and x|y is a non-degenerate bilinear form (5.2.49). Finally,
we make CF;'(¢) into a monomial F;¥'(¢)-module (5.2.50).

5.2.1. Chevalley basis of the Lie algebra of type I}

In this subsection, we determine a Chevalley basis for the Lie algebra Ly, of type F}
(see 5.2.3)

Let p be a linear transformation of Vg, into itself arising from a non-trivial sym-
metry of the Dynkin diagram of Lz, sending a to f, c to e, and fixing b and d. Then
p(Pg,) = g, (see [Car72, 12.2.2]). There is an automorphism of L, arising from
p, also denoted by p, such that e? := p(e,) = Fe,,y and b2 := p(h,) = hy for all
r € &g, (see [Car72, 12.2.3]).

By §3.4 and §3.5 of [HRTO1], let L7, := {z € Lg, | p(x) = z}, then the subalgebra
L%, of L, is a simple Lie algebra of type F}, denoted by L,. The Cartan subalgebra
is Hp, = "', = HesNLYE,. The restriction of a, ¢, b and d to H f, are the fundamental
roots A, B, C' and D. Thus the base of F, is Ar, = {A, B,C,D}. Let 5, denote
the root system of type Fj, and @}, denote the positive roots of ®z,. We have
€A =€, + e, ep =€ +e.,ec=eqep=e,ande_, = e] forall r € Ap,. Thus Lp,
is generated by {e, | +r € Ag,}.

The Dynkin diagram of F} is

o e <®» o
A B C D
With respect to the ordering A, B, C' and D, the Cartan matrix M of F} is

A B C D
A/ 2 -1 0 O

where Mi,j = <RZ, R]> = 2:((}52’7}%)) (RZ, Rj S AF4).

Let ®p, be the root system of type F;. Each root r € &, can be written as
"= Yacap, koo, the height of r is ht(r) = Yaena,, Ka-

5.2.1 Definition. For r,s € ®},, we write r < s, if ht(r) < ht(s) (e.3. A < A+ B) or
if ht(r) = ht(s), this is the lexicographical order (e.g. A < B < C < D).
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We fix the structure constants N, ; to be positive, if (1, s) is an extraspecial pair
according to the total order in Definition 5.2.1. We give all the extraspecial pairs
and the corresponding structure constants as follows.

5.2.2 Notation/Lemma. We have the following extraspecial pairs of roots in ®f, \Ap,
and the corresponding structure constants N, , (r, s € ®f, ). According to column 2 and

column 3 of the following table, we define R; (i = 1,2, ...,
3 which is according to i in column 2 (e.g. R;

= A+ B).

Height | i | Positive Roots R; € &, | Extraspecial Pair (r,s) | N,
1A
1 2 | B
3.|C
4 | D
5 | A+ B (A, B) 1
2 6 | B+C (B,C) 1
7T|C+D (C, D) 1
8 |A+B+C (A,B+C) 1
3 9 [2B+C (B,B+C) 2
10| B+C+D (B,C+ D) 1
11/ A+2B+C (A,2B+ () 1
4 |12|A+B+C+D (A,B+C+D) 1
13/2B+C+D (B,B+C+ D) 2
14| 2A+2B+C (A,A+2B+C) 2
5 |15|A+2B+C+D (A,2B+C + D) 1
16 | 2B+2C + D (C,2B+ C + D) 1
6 17|2A+2B+C+ D (A,A+2B+C+ D) 2
18| A+2B+2C+ D (A,2B+2C+ D) 1
7 19| 2A+2B+2C+ D (A,A+2B+2C+ D) 2
20| A+3B+2C+D (B,A+2B+2C+D) | 1
8 21 2A+3B+2C+D (A,A+3B+2C+ D) 1
9 22 |2A+4B+2C+ D (B,2A+3B+2C+D) | 2
10 |23 |2A+4B+3C+ D (C,2A+4B+2C+D) | 1
11 |24 |2A4+4B+3C+2D (D,2A+4B+3C+D)| 1

Then the structure constants Ng, r; of Lr, are determined:

24) to be the root in column
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5.2. Monomial F}*(¢q)-module

By 5.2.2, we determine a Chevalley basis of the Lie algebra Lp,.

5.2.3 Lemma (Chevalley basis of Lg,). For R € Ap,, set hg := [er,e_g|. Let R €
D5 \Ap,, and (Ry, Ry) the extraspecial pair of R, set

Then the set

1

Ng, g,

ER

[eRl 5 eRQ]a

€E_R:

N*Rl,*RQ

1
[e—R1 ) e—Rz]'

{hr € Mat27><27((C) | r e AF4} U {e:tr € Mat27><27(C) | r e @;4}

is a Chevalley basis of the Lie algebra Lp,.

Proof. c.f. the proof of 5.1.3.

5.2.4 Corollary. All e (R € ®7,) are given as follows:

Height | i | Positive roots R; € ®f, eR, er,
1A er, + €rg eq + €5
1 2 | B €ry + Erg ec+ e
3 |C €r, eq
4 | D €rq €p
5 | A+ B €rs — €y, Catc = Cetf
2 6 | B+C €rg — €rig €ctd — Edie
71C+D Crg —€phtd
8 |A+B+C €riz T Eryg €atetrd T Cdtetf
3 9 |2B+C —€ry5 —€ctdte
10 B+C+ D —€pr5 T €y —€htctd T Cotd+e
11|A+2B+C —€rg 1 Cry —Catctdte T Cetdietf
4 12| A+B+C+D “C€ri7 7~ Ery “Catbtctd — Cotdtetf
13|2B+C+D €rig €btctdte
14 | 2A+2B+C €ros Catctdtetf
5) 15| A+2B+C+D €roy — Cros €atbictdie — Chtctdtetf
16 | 2B+2C+ D Croy €btct2dte
6 17| 2A+2B+C+ D —€ryr —€gtbtctdtetf
18| A+2B+2C+D Cryg — Cras Catbict2dte — Chict2dtetf
7 19 |2A+2B+2C+ D —E€rg —€qt+btet2dtetf
20| A+3B+2C+ D €ryg — €r3; €atb+2c+2d+e — Cbtct2d+2e+f
8 21 |2A+3B+2C+D —Crss ~ Cryz | ~Catbtct2d+2e+f — Catbt2e42dtetf
9 22 | 2A + 4B + 2C +D —€ray —€a4-b4-2c+2d+2e+f
10 23 2A + 4B + 3C + D —€r35 _€a+b+2c+3d+2e+f
11 24 | 2A+4B +3C +2D —Ergg —€q+42b+2c+3d+2e+ f
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5.2.2. Sylow p-subgroup nyl(q)

Let K be a field. In this subsection, we obtain the Sylow p-subgroup F} yl(q) for the
Chevalley group Fjy(q) (see 5.2.26).

5.2.5 Notation. Let [ := {(i,) | 1 <4,j <27} and N:={(i,§) | 1 <i < j <27}
5.2.6 Reminder. Ly, is the Lie algebra of type F) over the field C.

5.2.7 Corollary. Let R; € ®f, foralli e {1,2,...,24}, then

2 2 2 2
€r, =2€11,16, €, =2€1217, €rs = — 2918,  C€Rry = — 2€10,19,
2 2 2 2
€Rs =2€720,  €R,, =2€821, €Ry = — 26523, €R,, = — 2€622,
2 2 2 2
€Rys —2€424, €R = —2€325, €p, =2€32, €h,, = — 26127,
and
el =0, i=3,4,7,913,14,16,17,19,22, 23,24,
e =0, i=1,2,...,24.
Proof. By 5.2.3 and calculation, we get the result. O

Similar to §11.3 of [Car72], the coefficients of exp(te,) = o7 +te, +3t%e2 (r € Pp,)
are all of the form +1, £t or 4-¢2. Because the coefficients of ¢? (when this is not zero)
are divisible by 2 (see 5.2.7). This fact enables us to transfer to an arbitrary field.
For each matrix e, in the above representation and each element ¢ in an arbitrary
field K, exp(te,) is a well-defined non-singular matrix over K.

5.2.8 Notation. Set

1
Ur i (t) :=exp(te,) = Iy + te, + 515263, redp, tek,
yri(t) :=exp(tade,), re ®p, te K.

5.2.9 Lemma. For R € ®y,, there are two cases as follows:
(1) If there exists r € O, such that egr = e,, we have

Uri(t) =T, k() forallt e K.

(2) If there exists 1,19 € $¢, such that egr = €1e,, + €2e,, and €1, €5 € {1, —1},

Yrx(t) = 2 k(e1t) - Tpy ic(ert)  forallt € K.
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5.2. Monomial F}*(¢q)-module
Proof. By 5.2.7, the case (1) is obtained.
Let ri,ry € O, such that egr = €1¢,, + €2¢,, and €1, 2 € {1, —1}, then

jrl,K(elt) . frz,K(elt) :(IQ7 + Elt . erl) . (127 + Elt . 6r2)
=1lo7 + tere,, + tese,, + t2€1€n © €2€r,,

and

1 1
Urk(t) =l +ter + 51326% = Iy; + (16, + €261,) + §t2(€16r1 + €26p,)?

5'2:.7[27 + t(elerl + €2€r2> + t261€r1 c€2€6p, = fﬁ,K(Elt) . i’T27K<€1t).

5.2.10 Notation. Set a matrix group Fy(K)
Fy(K) o= (grxc(t) |1 € gy, t € K,
and the Chevalley group of type L, over the field K is
FyAK) =(yx(t)|r € Pp,, t € K).
By 5.2.9, we get the following property.
5.2.11 Corollary. F,(K) < Es(K).
5.2.12 Notation. Set subgroups of F,(K)
Vi =(U.x(t)|t € K) forallr € ®p,,
and root subgroups of the Chevalley group Fy(K) are
Yok i =(ykx(t)|t € K) forallr € ®p,.

By [Car72, 4.5.1], (exp(tade,)) (z) = exp(te,) - x - exp(te,) ! for all x € L,. Then
we get a group epimorphism between the matrix group F,(K) and the Chevalley
group Fy(K) of type L, over the field K as follows.

5.2.13 Proposition. Let K be a field, and
o: Fy(K) — Fy(K) : exp(te,) — exp(tade,),
then o is a group epimorphism, and the kernel ker o is the centre Z of Fy(K).

5.2.14 Notation/Lemma. Set

U = (Grx(t) |1 € BF,, t € K ) < Fy(K),
U = (yrx(t) |1 € B, t € K ) < Fy(K).
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5.2.15 Corollary. Let K be a field, and
0p,: Ux = Uk : exp(te,) — exp(tade,),
then o is a group epimorphism.
By calculation, we get the following commutators.

5.2.16 Proposition (Commutators of Uy). Let r;,r; € ®f,, then

[grj,K(tj)a gri,K (tz)] = H gkr¢+lrj,K<Cklrir]~ (_tz)kté)
)
kri+lr;€®L,

In particular, if r; + 2r; € ®7,, we have

1

[grj,K (t])7 ng,K(tz” - gri—&—rj,K(Nrj ,Tlt’ttj) . gri-I—Z?“j,K(_i 75,74 N’I”j,?”j-‘r’l’itit?) .

IfT’Z' +r; € CI);‘L, 2r; + T; ¢ @;4 and r; + 2Tj ¢ (I)El,
[gr]-,K (tj)a gri,K<ti>] = gTi+ijK(_OllriTjtitj) = gm-ﬁ-?"j,K(Nijtitj)'

5.2.17 Lemma. Let r,s € ®}, and r # s, then

supp(Y,x) Nsupp(Ys k) = 0.

Proof. Letr,s € ®f, and r # s, by 1.1.8 we have

supp(Yy. k) NSUpp(Ys k) = {supp(e,) Nsupp(e?)} ({supp(es) Nsupp(e3)}.

By 5.2.3, {supp(e,) Nsupp(e?)} N{supp(es) Nsupp(e?)} = 0. O

5.2.18 Proposition. Each element of U, is uniquely expressible in the form

H gTi,]Fq (tl) )

7’16@}4
where the product is taken over all positive roots in the increasing order.

Proof. Each element of Uy, is a product of elements g, (t) with r € &, ,¢ € F,. If
there is a pair of consecutive terms ¥, r, (t;)¥r, r,(t;) with r; < 7;, by 5.2.16 we have

jrj Fq (tj )jTiqu (tl> = ‘/z‘Th]Fq (ti)jrj Fq (tJ) H jkri""lrj Fq (Cklmrj (_tl)kté ) :
k>0
kriHlr €@
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5.2. Monomial F}*(¢q)-module

Since ht(kr; + Ir;) > ht(r;) + ht(r;), then after a finite number of steps we get the
desired product.
For the uniqueness, suppose Hnebg Yri g (tr) = Tl,c o, Ur.F,(5r,). Then

gTi,Fq (tn‘> = H(I27 + ETi,ktTieika)v
k

where ¢, € {1,—1}.
The Lemma 5.1.16 implies ¢,, = s, (r; € ®},). O
5.2.19 Corollary. Uy | = gl = g2,
5.2.20 Corollary. Uy, = U,.
Proof. c.f. the proof of 5.1.19. O
In the remainder of this section, we consider K = F,.

5.2.21 Notation/Lemma (Root subgroups of F}(q)). Let
1
yr-(t) :=exp(te,) = lor + 1 €, + §t2e$ =4nr,(t), 7€ PR, tcl,

1
yi(t) :=exp(te,,) = Ly +t-e, +—§¢2ei =y.(t), i=1,2,...,24, t €T,

Then the root subgroups of Fy(q),
Yo ={y,(t) [t €F} =Yz, 1€ p,
Yii={y.,(t)|teF,}=Y,, i=12,...,24.
5.2.22 Notation. Set
U:= <yr(t) ‘ redi, te Fq> = Up,.
5.2.23 Lemma ([Car65]). The order of Fy(q) is
1Fa(a)| = ¢*(¢* = D(¢° = D(¢* = 1)(¢" — 1)

5.2.24 Corollary. |U| = ¢** and U is a Sylow p-subgroup of the Chevalley group Fj(q)
under isomorphism.

Proof. c.f. the proof of the 5.1.23. O
5.2.25 Proposition.

tr €T,

v={ II wit)

TE<I>1JQ4

where the product can be taken in an arbitrary, but fixed, order.

Proof. c.f. the proof of the 5.1.24. O
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5. Monomial Ei¥'(q)-, Fi¥'(q)-, 2E5¥ (¢%)- and E5¥'(¢)-modules

5.2.28 Corollary. ¥ (q) < E¥(q).
Proof. The corollary follows immediately by 5.2.9, 5.2.25 and 5.1.24.
5.2.29 Corollary. Let g = (g;,) € F;¥(q), then

i3, =0 if 1z € {14,15,17,19, 21}
G165 = 0 1f j1g € {17,19,21}
Gi8is = 0 1f jig € {19,21}

92021 = 0
914,15 = 0
ggo =10

and

914,19 = J15,19 -

914,17 = 91517
914,21 = g15,21
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5.2. Monomial F}*(¢q)-module

5.2.3. Monomial F;"(¢)-module

Let U = ijl(q) and Vy := Matyryor(F,). In this subsection, we get a monomial
linearisation (f, x|y ) for ijl(q), where f is a bijective 1-cocycle and k|y«y is a
non-degenerate bilinear form (5.2.49). Then we make CF;*(q) into a monomial
ijl(q)-module (5.2.50).

5.2.30 Notation/Lemma. The map
ke Vox Vo =Ty (X,Y) = tr(XY)
is called the trace form, and « is a non-degenerate symmetric bilinear form on Vj,.

5.2.31 Notation. Set
jeq{2,3,...,11,12,14,15,17,19,21} ifi=1

N j€{3,4,5,6,7,9} ifi=2
J = (Zaj) jG {4’5} le:3 5
j €A{5} ifi=4
and
A PP j€{13,16,18,20} ifi=1
J._{(z,j)eﬂ {j:8 ifiz2 [

Then J is the set of the coordinates of the empty blocks of the following 27 x 27-matrix,
while J' is the set of the coordinates of the blue blocks of the following 27 x 27-matrix.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

L ill-l”_nl

W N

5.2.32 Remark. (1) J¢ = JUJ,

(2) #J =25, #J =5 and #.J° = 30.
5.2.33 Notation/Lemma. Set

VJ = @ qu@j = { Z Ameivj € ‘/0 Ai,j € Fq};
(4.4)ed (i,5)€J
where
Y Aijei, =
(3,9)€J

c A1 A1z A1g Ars A1e A1 Ars Arg Arjio Ar1n A112 0 Arjig A11s 0 Ap17 0 Ay 19 0 Ag 2
Aoz Aoy Ao Azg Ao 0 Azg
Az 4 A3z
—

Then V; is a 25-dimensional subspace of V, over F,, and supp(V') = J.
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5.2.34 Notation/Lemma. Set
V.= {A = (Ai,j) € VJ | Ai,j - Fq, A1714 = A1715},
where

A=
- A1 A13 A1a Ars Are Arr A1g A19 Ar10 A1,11 A1,12 0 Arjis A5 0 A117 0 Arj19 0 A2
Az3 Asy Ass Asg A27 0 Aszg
Az A3s
—

Then V' is a 24-dimensional subspace of V; over IF,, and supp(V') = J.

5.2.35 Proposition. Let V! denote the orthogonal complement of the subspace V of
Vo with respect to the trace form k, i.e. V4t :={B € Vy | k(A,B) =0, V A € V}. Then

VJ_ = @ quij + {1361,15 — Xe114 | x e Fq}
(1,9)¢J
={A=(Ai;) e Vo | A1ja=—A15 Ai; =0if (4,5) € J\{(1,14),(1,15)}},

where A =
A1 O 0 0 0 0 0 0 0 0 00A3;313—A715A1,15 41,16 04180 41,200 A1,22 ... Ap,27
Agq A3 O 0 0 0 0438504510 Ag o7
Az 1 Az2 Az3 O 0 Az A3z 27
Ag1 Aa2 Aa3 Aga 0 Ay Ag,27
As,1 As,2 As3 Asa Ass Ase As 27
Ag7,1 A27,2 A27,3 A27.4 A27 5 A276 Ag7 27

Proof. Let
W = {A — (Al,j) € % | A1714 - —141,157 AZJ - 0 lf (Z,]) € J\{(l7 14), (1, 15)}}
Claim VACW. Let B = (B;;) € V! and A = (A, ) € V, then

K(A,B) = > A jB;j 4+ 2A1 15(B114 + Biis).
(4,)€J\{(1,14),(1,15)}

Let A := €ij (Z,j) € J\{(l, 14), (1, 15)}, then 0 = /ﬁ}(A, B) = Bi,j~ Let A := 61’144—61715,
then 0 = /ﬁ}(A,B) = 31714 + 31715, SO Bl,14 = _Bl,15- Thus B € W. Therefore, the
statement is proved since V-DW. ]

5.2.36 Corollary. V, =V @ VL,

5.2.37 Corollary. x|y «v: V x V — F, is a non-degenerate bilinear form.
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5.2. Monomial F}*(¢q)-module

Proof. It is sufficient to prove that |y« is non-degenerate. Let A € V such that
k(A,B)=0forall Be V. Then Ac VT NV = {0}. O

5.2.38 Notation/Lemma. Let

Av1a + Avs

T Vo=VaeVtsV: A 5

(€114 + €115) + A jeij
(1,9)€J\{(1,14),(1,15)}

ie. m(A) =

cAr2 A3 A14 Ars A1 A7 Ars A A0 Ar11 A1,12 0 Al'“f;&l‘l‘r’ Al'“f;‘l‘l‘»’ 0A1,17 0 A1,19 0 Ay 2
© Ag3 Aga Ags Agg A2;7 0 Az

© Aza Az

- Aas

then 7 is a projection to the first component and is a F -linear map.

Proof. It suffices to prove that 7 is a IF-linear map. Let A, B € 1 and ¢ € F,, then

m(A+ B) =n(}_(Ai; + Bij))

i3

A B A B
_ L4 + D —5 115 + D11 (61’14 + 61715> + (Ai,j + Bi,j)ei,j
(4,5)€J\{(1,14),(1,15)}
=n(A4) +7(B),
and
cAi1a+CcA
W(CA) :W(Z(CA%J)) = 1,14 5 1,15 (61714 + 61715) —+ cAmei,j
i,j (4,5)€J\{(1,14),(1,15)}
=crr(A).

]

5.2.39 Lemma. 7 = 7 o 7;. In particular, let A € Vy and 7;(A) € V, then n(A) =
WJ(A).

5.2.40 Corollary. Suppose A, B € Vj, such that supp(A) Nsupp(B) C J and 7;(A) €
V. Then

K(A, B) = r(r(A), B) = r(A,7(B)) = x(r(A), 7(B)) = klv v (r(A), 7(B)).
Proof. c.f. the proof of 2.2.21. O
5.2.41 Lemma. Let 7;: Vj — V1 A= 3 (i j)es Aijeij, then

supp(Ag" )NNCJ  forall AcV, geU,

and 7;-(Ag") € V. In particular; 7;(Ag") = n(Ag").
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Proof. Let A € V, g € U. It is sufficient to prove (Ag' );; = 0forall (i,7) € J\J =
JI and (Ag )1,14 = (Ag )1715 By 5.2. 29

21
(Ag 1,13 = ZAl 39] 13 — Z Ay ]g] 13 — ZAI 49135 = Z Al,jglzs,j

j=1 j=2 7j=13
Ayp,;=0 913,;=0
j€{13,16,18,20} j6{14,15,19,21}
= > A1, = 0.

j€{14,15,17,19,21}
Similarly, (Ag");; = 0 for all (,5) € J' = {(1,16), (1, 18),(1,20), (2,8)}. We have

21

(Ag" 114—2141;9;14 ZAngjM ZAlngJ > Aijgia

j=1 j=2 j=2 j=14
Al,j:()

7€{16,18,20} Z ALig
- 1,7914,5

je{14,15,17,19,21}

= A4+ A isg1a,15 + A i7g1a17 + A11991400 + A1 2101421

914 ,15=

A1 14+ A11701417 + A119G1419 + A121G14.21

914,7=915,j

i€{17,19,21
JEUTI Av1s + Ar1791517 + A119915,10 + A12191521 = (AQT)1,15.

Thus, (Ag'),, = 0 for all (i,j) € J\J = J', and (Ag')114a = (Ag")115. Hence
supp(Ag") NN C J and 7yc(Ag") = 7;(Ag") € V. O

5.2.42 Corollary. Let A, B € V and g, h € U, then supp(Bh') Nsupp(Ag) C J.
5.2.43 Proposition (Group action of F;*(¢) on V). The map
—o—:VxU—=V:(Ag) — Aog:=n(Ag)
is a group action, and the elements of the group U act as F,-automorphisms.
Proof. c.f. the proof of 2.2.25. O
By 1.2.21, we get a new action:
5.2.44 Corollary. There exists an unique linear action —.— of G on V:
— = VXxG—=V:(Ag —Ag:=Aog '

such that k|yxv(A.g, B) = klyxv(A,Bog™) for all B € V. In particular, for all
A, B eV and g c G, HlVXV(A7 Bo g) = K‘va(A.g_l,B) = I<L|va<A o gT, B)

5.2.45 Notation. f :=7|y: U — V.
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5.2.46 Proposition. f|;: U — V is bijective.
Proof. By 5.2.26 and 5.2.34, we obtain that f: U — V is bijective.

5.2.47 Lemma. Let z,g € U, then f(r)g = (x — 1)g mod V. In particular, f(z) =
r—1 mod V=

Proof. c.f. the proof of 2.2.29.
5.2.48 Proposition. Let x, g € U, then f(xg) = f(z) o g+ f(g).

Proof. c.f. the proof of 2.2.30 or by 5.2.29 as follows: for all j, = 1,2,...,12, we
have

(f@)og+19),, = (f@)og) . +f9),=(f(2)9)

O

O

+ f(9)1.40

1,50

Jo Jo
= Z f(x)l,k‘gk,jo + 9,40 = Z T1,k9k,j0 + .50 = Z T1,k9k,50 — xg>1 Jo — f(«Tg>1,j0,
= k=2

and by 5.2.29,

(f(x)g)l T (f(x)g)l 15 9114+ 91,15

(F@)og+f(9),,, = ut R
1,3 15 it o
:5( D F@)ikgra+ D f(m)mg,m) 4 %
k=2 k=2

_utgis 1 S
k=2

1 12
+ 5( Z 1 kGk15 + f(2)1,13913.15 + f(2)1,14914,15 + f($)1,15)
k=2

g13,14=0
913,15=0

0114+ G115 | 1 &
graLe= = + 5( Z T1,kGk,14 T T1,13913,14 + f($)1,14)
k=2

1 12
+ 5( Z T1,k9k,15 + T1,13913,15 + T1,14914,15 + f($)1,15>
k=2

gt | 18 L(
L AL AL 5 Z TG4+ f(2)104) + B Z L1 kg5 + F(@)105
k=2 =

2
giiat g5 1 L 1,14 T T1,15 1 T1,14 T 1,15
St (g Bt (S Pt )
2 2\ = 2 2
1 1 14
5 ( kz:le k9k14 + 9114 + 21 14) + 5 < kz:Z 1,k9k15 + 91,15 + $1,15)
( 9114 + (9)115
9 = f(959)1,14a
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and

17
(f(x) °g-+ f(9)>1717 = (f(I)Q)LN + f(9)117 = D f(2)1kgk17 + 9117
k=2

= Z TGkt + f(@)11301307 + [(2)1,1491407 + F(2)1,15915,17

+ f(@)11691617 + f(@)117 + 9117
913,17= 0 12

g 0
o Z T1kGk17 + 211391317 + F(0) 11491407 + f(2)1,15915,17
k=2

+ 211691617 + f(2)107 + 9117

= Z 1 k9617 + F(2)11401207 + F(2)115015.17 + T11691617 + f(2)117 + 9117
k=2

13

= Z T1,k9k17 +
k=2

T1,14 + $1,15(

5 1417 + G15.17) + T116916.17 + T117 + G117

13
T14,17=215,17
= ( E 331,k9k,17> + 211491417 + 11591517 + T1,16916,17 T T1,17 + G117
k=2

=(rg)117 = f(xg)1.17-
Similarly, f(zg);; = (f(z)og+ f(g))i’]. for all (i,j) € J. Hence, f(xg) = f(x)og+
f(g)- O
By 5.2.46 and 5.2.48, we obtain a bijective 1-cocycle of ;¥ (q).

5.2.49 Corollary (Monomial linearisation for F;¥'(q)). f is a bijective 1-cocycle of
Fi¥(q), and (f, k|v«v) is @ monomial linearisation for U = F;¥(q).

Now we obtain the monomial U/-module CF;*(¢), which is essential for the con-
struction of the supercharacter theory for F¥ (q).

5.2.50 Theorem (Fundamental theorem for F;¥'(q)). Let U = F}*(q) and
> xalu) forall AcV.

uelU

IU |
Then the set {[A] | A € V'} forms a C-basis for the complex group algebra CU. The
operation of U on CU is given by the usual right multiplication, i.e.

Alu = |U| > xa)yu = xau(u)[Au] = 96(Aw, f(u)[Au]  forallue U A€V,
yelU

then CU is a monomial CU-module.

Proof. By 5.2.49, (f, k|y«v) is a monomial linearisation for U, satisfing f is bijective.
By 5.2.44, A.u := 7(Au~"). Thus the whole theorem is proved in view of 1.2.24. [J
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5.3. Monomial 2E;" (¢?)-module

In this section, we determine the matrix Sylow p-subgroup 2E¢" (¢2) for the Stein-
berg group *Fj(q) (see 5.3.3). Then we get a monomial linearisation (f, k,|v 1) for
E§"(q) (see 5.3.31). Finally, we obtain that C (2E§” (¢?)) is a monomial 2E" (¢%)-
module (5.3.32).

5.3.1. Sylow p-subgroup 2E5¥ (¢?)

Let p be a linear transformation of Vg, into itself arising from a non-trivial symmetry
of the Dynkin diagram of Lz, sending a to f, c to e, and fixing b and d.

b
a c d e /
"

Then p(®g,) = Pg, (see [Car72, 12.2.2]). There is an automorphism of L, arising
from p, also denoted by p, such that e? := p(e,) = %e,,) and b2 := p(h,) = h,() for
all r € &, (see [Car72, 12.2.3]).

By §3.4 and §3.5 of [HRTO1], let L7, := {x € Lg, | p(z) = 2}, then the subalgebra
LY, of L, is a simple Lie algebra of type I, denoted by L,. The Cartan subalgebra
is Hp, = Hp, = He,NLE,. The restriction of a, ¢, b and d to H p, are the fundamental
roots A, B, C' and D. Thus the base of F, is Ay, = {A, B,C,D}. Let 5, denote
the root system of type Fy, and @}, denote the positive roots of ®p,. We have
ea=¢e,+ e, ep=c.+ e ec=cqep=eyande_, =e forallr € Ap,. Thus L,
is generated by {e, | £ € Ap,}.

Let an automorphism of the Lie algebra £z, be determined by

hy = Bpry,  €r = €pr)y  E—p € p0r), (r € Ag,)

and for every r € ®p, satisfying e, — 7.e,,). We choose the suitable structure
constants such that 7, = 1 for all r € Ag,. Let r € ®} \Ag,, and r = a + b where
a,b € ®f,, ht(a) < ht(r) and ht(b) < ht(r). Then v, = %&W (c.f. A.5.11). Thus

we obtain ~, for all r € @7, as follows:

TE@EG Ty | ro | T3 | Ty | Ts | Te | T7 | T8 | T9 | T10 | T11 | T12
Yy 1 1 1 1 1 1 | —1] 1 |—-1|—-1]-11]1

+
TE(I)E@- 13 | T4 | T15 | T16 | T17 | T18 | 719 | T20 | T21 | T22 | T23 | T24

Yr —1/-1|1 1 1 |-1]1 1 | —-1]-1|1 1
r e (I)Eﬁ To5 | T26 | T27 | 728 | 729 | T30 | 731 | 732 | 733 | T34 | T35 | T'36
Yr —1(-1|1|-1|—-1] 1 |-1]1 1 1 1 1
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The Chevalley group FEj (¢?) has a field automorphism F, sending z,(¢) to z,(,t9),
and a graph automorphism p sending z,.(t) to .y (t) (r € ®g,) (see [Car72, 12.2.3]).
Let F' := pF, = F,p. For a subgroup X of E; (¢*), we write X := {z € X|F(z) = z}.
Then Es (¢*)" = ?Es (¢). Let r € },_ and t € F,2, we set

z,(t) if p(r)y=r, t91=1
Ir(t) 'xp(r)(%"tq) if p(’/‘) #r, 10 =1

5.3.1 Definition/Lemma. Let ¢t € F 2, we set

“an(t) = {

201(t) + = 2w (1) = 2, (1) = @, ()2 (1), 2w3(t) : =22, (t) =, (2),

21o(t) : = 2:10,% (t) = 2@; (t1) = xpy (V) (t), 2r4(t) = 21,;% (t) =z, (1),

2as(t) 1 = 2w (t) = 22 (1) = @ (82, (1), 2r(t) 1 =20, (1) = @ (1),

2w6(t) + = 2wy (t) = 2,1 (—17) = @y (£) 20, (— 1), 2wg(t) : = P, () = 2045 (1),
21g(t) : = 29(;,0%2 (t) = 21’,}6 (t1) = 2y, (t) e (19), 2r13(t) 1 = 21:,%9 (1) = 2, (1),
2r10(t) - = 2%%3 (t) = QxTh(—tq) =z, (), (—17), 2ra(t) = Q:ET%S (1) = 2,5 (1),
o)« =g () =22, (1) = 2y (D0, (—19), Pwie(t) 0 =y, () = 205, (1),
2r1o(t) 1 = 21:1%7 (t) = 23:,% (1) = @y, (E) Ty (19), 2r17(t) 1 = 21:,%7 (1) = 2y, (1),
2ris(t) - = 2%52 (t) = 2%%5(_#1) = Ly (1) Ty (—19), 2ri9(t) 1 = 2:107%0 (1) = @y (1),
21s(t) 0 = 2wy () = 220 (1) = 2y (D (—19), Pwoa(t) 0 =y (1) = 20, (1),
2Lo0(t) 1 = 29(:,%9 (t) = 2xr§1(—tq) = Lo (1) g, (—19), 21o3(t) 1 = Zxrés (1) = @y (1),
2ro1(t) 1 = 2xT§2 (t) = 2@3{3 (1) = Xpgy (1) 1y, (29), 2ro4(t) 1 = Q‘TT%@ (1) = Xpgq (1).

The root subgroups of 2E¢ (¢*) are determined:

°X, ={x;(t) |t € Fe} forallie {1,2,5,6,8,10,11,12,15,18,20,21},
°X; ={Px;(t) |t € F,} forallie {3,4,7,9,13,14,16,17,19, 22, 23, 24}.

A Sylow p-subgroup of ?E (¢?) is determined
24

Esyl( 2> - {H2xi(tz)
=1

where the product can be taken in an arbitrary, but fixed, order (c.f. [Car72,
 PEY (%) | = ¢%°. By [Car72, 14.3.2],

tieFp ifie{1,2,56,810,11,12,15,18,20,21} }
treF, ifie{3,4,7,9,13,14,16,17,19,22, 23,24}

*Es (¢°) | = (?)qlﬂ)cf’ﬁ(q2 ~ D@+ (¢ - D¢ — D¢+ 1)(g" - 1).

5.3.2 Remark. Y; C 2X; forall i = 1,2,...,24, and F;*"(q) C 2E"" (4?) C E¥ (¢?).
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5.3. Monomial 2E{¥" (¢%)-module

5.3.5 Corollary. Let g = (g;;) € 2E¥ (¢%), then

G135 = 0, Ji1z € {14,15,17,19,21}

916,516 = 0, jis € {17,19,21} 9la17 = G507 = b
918,515 = 0, Jis € {19,21} Gis10 = G500 =ts
92021 = 0 Gia01 = G1521 = t1o
g1a15 =0
9sjs €Fq,  Js € {10,12,17,19, 21}
910,510 € Fg, J10 € {12, 17,19, 21}
98.js = 0, js € {97 11, 13} 912,12 € an J12 E {177 19, 21}
glO,le = 07 le € {117 13} ’ gl?JU < an T < {19’ 21}
G1213 =0 o € Fy |
’ 96,56 < Fq? Jé € {779}
gro € Iy,
ga5 € Fy

and g, 14 = giyu15 for all iy, € {8,10,12}
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5.3.2. Monomial 2E" (¢%)-module

Let U := 2E5V (¢*) and V := Matarxo7(F,2). In this subsection, we get a monomial
linearisation (f, x,|v v ) for 2Esyl (¢*), where f is a bijective 1-cocycle and x|y« is
a non-degenerate bilinear form (5.3.31). Then we make C (2E§yl (q2)) into a mono-
mial 2E5¥ (¢%)-module (5.3.32).

5.3.6 Reminder. Let []:={(4,j) |1 <i,j <27} and N :={(4,j) | 1 <i<j <27}
5.3.7 Notation/Lemma. The map

ke Vox Vg = Fpe (X,Y) = tr(XY)
is called the trace form, and « is a non-degenerate symmetric bilinear form on Vj,.

5.3.8 Notation. Set

je{2,3,...,11,12,14,15,17,19,21} ifi=1

) j€1{3,4,5,6,7,9} ifi=2
TRV EN e s fi=3 [
J € {5} ifi=4
and
- 36{13 16,18,20} ifi=1
J.-{(zy Eﬂ‘ ifi—2
Set

L i€ {2,3,4,5,6,7,9,11,14) ifi—1
Jl'_{(z’j)ej‘{je{&m} ifi=2 [

and J, := J\(J1U{(1,15)}), then |J;| = |Jo| = 12 and J = J;UJLU{(1,15)}. Jy is the
set of the coordinates of the blue blocks of the following 27 x 27-matrix.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

T N N .

=W N =

5.3.9 Remark. (1) J¢=JUJ,

(2) #J =25, #J" =5and #J° = 30.
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5.3.10 Notation/Lemma. Set

VJ = @ quiyj = { Z Amem - Vb Ai,j - Fq2},
G.5)e] (3,5)€]
where
> Aigeiy =
(3,9)€J

A1 A13 A14 A1 s A1e A1r A1s A1,9 Ar10 A1,11 A1,12 0 Arj1a A115 0 A117 0 A1,19 0 A2
Aoz Az y Aos Az A27 0 Asg
Az 4 Ass
—

Then V; is an F,-subspace and also an F,-subspace of Vi with dimg, V; = 50. In
particular, Vg =W

5.3.11 Lemma. Let ¢y: Fo — F, : t — t + 1% then ¢, is an F,-epimorphism and
[kereo| = ¢.

Proof. We know that ¢, is an F,-homomorphism. Observe that ker ¢y = {t € Fp |
t +t9 = 0}, and that the degree of ¢ + t9 is ¢, so |ker ¢y| < ¢. On the other hand,

imgy CF, = |imgy| < q. We have F2/ker ¢y = im ¢y = | ker go| = 22

[im ¢o| =

Thus, |ker¢y| = ¢ and im ¢y = F,. Therefore, ¢, is an F,-epimorphism. O
5.3.12 Proposition. There exists an element ) € F2\F, such that n? +n = 1.

Proof. By 5.3.11, #{t € Fe | t9+t =1} =q¢>2. But#{t € F, | t'+t =2t =1} =1,
so there exists at least one element of F» such that ¢ + ¢ = 1. Then the claim is
proved. O]

From now on in this chapter, we fix an element n € F2\F, such that n? +n = 1.

5.3.13 Notation/Lemma. Let
g Fp = Fy i x = ¢o(nx) = (nz)? + ne,

then , is an F-epimorphism and F 2 = kerm, ® F,. In particular, m,|r, = idr, and
7T2 = Tg.
Proof. Since 1 # 0 and ¢y is an F,-epimorphism, 7, is an F,-epimorphism.

Let x € F,, then 7,(v) = amy(1) = xdo(n) = x(n? +n) = x, s0 7y|r, = idr,. Then
m; = m, since the image im m, = F,.

The image im 7, = F, and the kernel ker 7, are FF,-subspaces of F 2, so (kerm, +
F,) € Fp. Let x € kerm, N[F,, then z = () T ), s0 kerm, NF, = {0}.
Let © € Fp, then 7w (z — my(2)) = (mq — m2)(x) = 0, s0 & — my(x) € kerm,. Hence
r = (v — my(x)) + my(z). Therefore, F 2 = kerm, & F,. O
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5.3.14 Corollary. Let x € F 2, then m,(zy) = 0 for all y € F 2 if and only if z = 0.
5.3.15 Proposition. Define a map by

kg i =mgok: Vo x Vo — T,

where (A, B) = 1,0 k(A, B) = my(tr(ATB)). Then &, is a symmetric F,-bilinear
form on V,,

Proof. We know that « is a symmetric bilinear map (5.3.7), and that 7, is an F,-
epimorphism (5.3.13), then the claim is proved. Il

5.3.16 Notation/Lemma. Set
V= {A = (Ai,j) c VJ | A1715 = A({,147 Ai,j S quOT' all (Z,]) - JQ},
where

A=
- A1 A1z A1a Ars Are Arr Arg Arg Ao Arin A2 0 Avg AT, 0 A7 0 Ay 0 Ap oy
Az 3 Asy A5 Asg A27 0 Asg
Az4 A3z
—

Then V' is a 36-dimensional subspace of V; over F,, and supp(V') = J.

5.3.17 Notation/Lemma. The map

Z(m')eJl\{(l,14)} Ai,j@i,j

ApantT94+AT o A1 pant~9+ A S\
T Vo= VA= Tﬂy’el,lzl‘i' i) €115

+ Y (ijen Tq(Aij)ei
is an F,-epimorphism. In particular, w|y = idy, 7% = 7 and 7(Iy7) = Oay.

5.3.18 Proposition. Let V1 denote the orthogonal complement of the subspace V of
Vi with respect to the trace form r,, i.e. V& :={B € V, | k,(A,B) =0,V A €V},
and

W .= @ F(ﬂei,j + @ ker Tq€Cij -+ {ZE€1714 — anq_161715 | T € Fq2}
(4.0)¢J (4,9)€J2
Ai; =0 if (i,7) € Ji\{(1,14)}
=< A= (A@j) c % Am’ € kerﬂq lf(Z,j) € J2
Ai1s = —A[f,lﬂiq_l

Then V+ = W.
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Proof. (1) Claim that V+ D> W.
Forall B = (B, ;) € W and forall A= (4;,) € V, we get
kg(A, B) = mgk(A, B) = my( > (AijBij) + A1uBiaa — ALBY un™)

(i,5)€J2
_ q q -1
—7Tq(A1,14Bl,14 - A1,14Bl,1477q )

=(A1,1uBrun)? + Ay Biaan — (A BT %) + Al 1, BT un?)
=0.

Then Be Vtforall Be W,soW C V*+.

(2) Claim that V+ C W.
Forall B = (B;;) € V* CVjand for all A = (A;;) € V, then
0=r¢(A,B) =mer(A, B) =m( >, AijBij+ Al 14B11s)-
(4,3)€J1U T2
(2.1) We claim that B; ; = 0 for all (i,7) € J1\{(1,14)}.

Assume that By, # 0. Let A = Ajse10 = Bjjer, then 0 = ky(A, B) =
m,(A12B1 2) = m,(1) = 1. This is a contradiction. Thus B; 5 = 0.

(2.2) We claim B, ; € kerm, for all (i,7) € Js.

Let A = A1,8€1,8 = €18, then 0= qu(A, B) = 7Tq(A178B178) = Wq(Bl’g). Thus
B g € kerm,.

(2.3) We claim that By 5 = —B{ 1,n7".
Assume By 15 # —B{ 1 n?', i.e. B yn? + Byysn # 0. Let A = Ay yeq,14 +
Af 14e115 (Ar1s € Fe), then
0 =rq(A, B) = m4(A114B114 + Al 14 B1,15)
= ((A1,14B114m)" + (A1,14B114m)) + ((A§,14Bl,1577)q + (A%14Bl,1577))
=A114(Bypan + Bi 15n7) + Af 14(B1aan + Bi 15n7)?
=g (A1,14(Bl,1477 + 33,1577q)>'

Thus ker ¢y = F 2 since Bﬁnq2 + Bisn # 0. So | ker ¢p| = ¢*> > ¢. This is a
contradiction since | ker ¢o| = ¢. Thus By 15 = —B{ ,n?".

Hence B e W and V+ C V.
Therefore, V+ = W. O

5.3.19 Corollary. x,|y <y is a non-degenerate F-bilinear form.
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5.3.20 Corollary. V, = V@V and n: Vy = V @ V+ — V is the projection to the
first component V.

Proof. We know that V + V1 C 1 since V and V+ are F,-subspaces of Vj. Let

A€ VNV then ry(A B) “Y" 0 i |vuv(A, B) forall B € V. We get A = 0
since k,|yxy is non-degenerate by 5.3.19. Thus V NV+ = {0}. Let A € V,, then
A=71(A)+(A—n(A)) and 7(A) € V. It is enough to show that A — (A) € V+. Let
B = (Bi,j) = 7T(A) € VandC = (Ci,j> =A-— 7T(A), by 5.3.13 Fq2 = ker Ty P Fq, thus
it is sufficient to prove that Cy ;5 = —C{,n?"'. We have

Ay an' 14 Al 45 A - Af 15
1 + nl—q - 1 + nl—q
A1+ Af 15 ! A — Af 1y —1

1+ nl-a ) 14t B

Hence V=V @ V*. O

Ciaa =A104 —

?

_ q -1
01,15 —A1,15 - ( —01,1477q .

5.3.21 Lemma. m = 7 o w,. In particular, let A € Vy and 7;(A) € V, then w(A) =
WJ(A).

5.3.22 Corollary. Suppose A, B € V;, such that supp(A) Nsupp(B) C J and 7;(A) €
V. Then

koA, B) = k,(1(A), B) = ky(A, 7(B)) = ko (m(A), 7(B)) = kglysv (w(A), 7(B)).
Proof. c.f. the proof of 2.2.21. O
5.3.23 Lemma. Let m;: Vo — V;: A Y jyes Aijeij, then

supp(Ag")NNCJ  forall AcV,geU,
and w;c(Ag") € V. In particular, m;(Ag") = w(Ag").
Proof. Let A€V, g € U. It is sufficient to prove that

(AgT)iJ‘ = 07 (Za.]) € ‘]C\‘] = ‘]/7
(AQT)1,15 = (AQT)%M,
(AgT)ij € ]Fq7 (7’7]) € J2-

(1) By 5.3.5, we have

27 21 21 21
(Ag )11z = Z Al,jgj,13 = Z Al,agj,m = ZALJQI&J = Z A1jG13,
j=1 =2 =2 j=13
A1,;=0 913,;=0
j€{13,16,18,20} je{14,15,19,21}
= > A1 913, = 0

j€{14,15,17,19,21}

Similarly, (Ag");; = 0 for all (4,5) € J' = {(1,16), (1,18),(1,20), (2,8)}.
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(2) By 5.3.5,
27 g 21 p 21 q
(Ag ") 14 =( > Al,jng,m) = ( > ALjQIm) = ( > Al,jgm,j)
j=1 j=2 =2

21 ¢ . A1=0 q
j€{13,16,18,20}
:( Z Al,j914,j) = Z Al jGra

j—14 j€{14,15,17,19,21}
=(Ay14 + A1 1591415 + A117G1417 + A119914,19 + A1 21014,21)7
914.15=0 ¢ q . q q 4 q q
= A1,14 + A1,17914,17 + A1,19914,19 + A1,21914,21

9247]:915,;‘

i€{17,19,21

Jetd }A1,15 + A1 1791517 + A119915,19 + A12191521 = (AQT)1,15.
Thus, (A9T>If,14 = (AQT)MB-

(3) By 5.3.5,
T 27 T 21 T 21 21
(Ag 110 =Y A159,10 =D A19510 = 2 Ar9105 = D A1;910;
j=1 Jj=2 j=2 j=10

Ag/Al,lo + A1 1191011 + Ar12910,12 + (A114910,04 + AT 14910,15)
+ A1 1791017 + A11991019 + A121910,21
e F,,
Similarly, (Ag");; € F, for all (i, 5) € Js.
Hence supp(Ag") NN C J and 75 (Ag") = 7;(Ag") € V. O
5.3.24 Corollary. Let A, B € V and g, h € U, then supp(Bh') Nsupp(A4g) C J.
5.3.25 Proposition (Group action of 2E5¥ (¢%) on V). The map
—o—:VxU—=V:(Ag) — Aog:=7(Ag)
is a group action, and the elements of the group U act as F,-automorphisms.
Proof. c.f. the proof of 2.2.25. O
By 1.2.21, we get a new action:
5.3.26 Corollary. There exists an unique linear action —.— of G on V:
— = VXxG—=V:(Ag —Ag=Aocg '

such that rk,lvxv(A.g, B) = kylvxv(A, Bog™) for all B € V. In particular, for all
A, B eV and g c G, l€q|v><v(A, Bo g) = liq’VXv(A.g_l, B) = ’fq‘VxV(A e} gT,B).

247



5. Monomial Ei¥'(q)-, Fi¥'(q)-, 2E5¥ (¢%)- and E5¥'(¢)-modules

5.3.27 Notation. [ :=mw|y: U = V.
5.3.28 Proposition. f|;: U — V is bijective.
Proof. By 5.3.3 and 5.3.16, we obtain that f: U — V is bijective. O

5.3.29 Lemma. Let x,g € U, then f(z)g = (x — 1)g mod V*. In particular, f(x)
r—1 mod V<.

Proof. c.f. the proof of 2.2.29. O

5.3.30 Proposition. Let x, g € U, then f(xg) = f(x)o g+ f(9).

Proof. c.f. the proof of 2.2.30. O
By 5.3.28 and 5.3.30, we obtain a bijective 1-cocycle of 2ZE¥" (42).

5.3.31 Corollary (Monomial linearisation for 2E;¥' (¢%)). The map f is a bijective
1-cocycle of 2E3¥ (¢?), and (f, kg|v «v) is @ monomial linearisation for U = 2E*" (¢?).

Now we obtain the monomial U-module C (2Egyl (q2)), which is essential for the
construction of the supercharacter theory for 2E5¥ (¢2).

5.3.32 Theorem (Fundamental theorem for 2E5¥ (¢%)). Let U = 2E* (¢?) and

> xalu) forall AcV.

uelU

IUI

Then the set {[A] | A € V'} forms a C-basis for the complex group algebra CU. The
operation of U on CU is given by the usual right multiplication, i.e.

Alu = |U] S xaW)yu = xau(u)[Au] = Ikg(Au, f(u)[Au] forallue UA€EV,
yeU

then CU is a monomial CU-module.

Proof. By 5.3.31, (f, kq|vxv) is @ monomial linearisation for U, satisfing f is bijec-
tive. By 5.3.26, A.u := w(Au~"). Thus the whole theorem is proved in view of
1.2.24. H
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5.4. Monomial E:(¢)-module

In this section, we construct a Chevalley basis for the Lie algebra L. of type E; (see
5.4.3) and determine the Sylow p-subgroup E:*(q) for the Chevalley group E:(q)
(see 5.4.25). Then we get a monomial linearisation (f, k| xy) for E:¥(q), where f

is a bijective 1-cocycle and x|y «y is a non-degenerate bilinear form (5.4.44). Finally,

we make CE:¥(¢) into a monomial E:¥'(¢)-module (5.4.45).

5.4.1. Chevalley basis of the Lie algebra of type E;

In this subsection, we determine a Chevalley basis for the Lie algebra L. of type E;,
(see 5.4.3)

By [HRTO1, §3.2], there is a Lie algebra Lz of type E; generated by {e, | +r €
Ag. }, denoted by

£E7 = <€7‘ € Mat56><56((:) ’ +re AE7 >Lie’
where Ag., = {a,b,c,d,e, f, g}, e_, = ¢! forallr € Ag. and

€q =€78 1 €910 + €11,12 + €1315 + €16,18 + €19,22

+ €3538 + €39,41 + €42.44 + €45 46 + €4748 + €49 50,
€p ‘=€56 1+ €79 + €510 + €20,23 + €24,26 + €27,29

+ €28,30 T €31,33 T €34,37 1 €47,49 + €48 50 T €51 52,
€. 1=€57+ €69 1+ €1214 + €1517 + €18.21 + €22.25

+ €32.35 + €36,30 + €40,42 + €4345 + €48 51 + €50,52,
€4 ‘=€45 + €911 + €10,12 + €17,20 + €21,24 + €25 28

+ €29.32 + €33.36 + €37,40 + €4547 + €46.48 + €5253,

€e :=€34 t+ €11,13 + €12,15 + €14,17 + €24.27 + €26,29

+ €28,31 1 €30,33 1+ €40,43 + €42.45 + €44.46 + €53 54,
er :=eg 3+ €1316 1+ €15,18 + €17,21 T €20,24 + €23.96

+ €31,34 + €3337 + €36,40 + €39,42 + €41,44 + €5455,
€g :=€12 + €16,19 t €18,22 + €21,25 + €24,28 + €26,30

+ €97.31 + €29.33 + €32.36 + €35.39 + €3841 + €55 56-
Let H g, be the Cartan subalgebra, then
HE7 = <[€7«, 6_7«] < Mat56><56(C) |T’ S AE7 >(C .

Let H}3, be the dual space of Hp,, we obtain a basis {e, + €5, €2, €3, 4,5, €6, 67} Of
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H %, such that

1 8
a=—§zﬁi, b=¢e¢—er7, c=¢e¢+er, d=¢e5— &,
i=1

e=¢c4—¢€5 f=¢€3—¢€4, g=¢er—cs.

Let Vi, := R-span{e; +¢s, €2, €3, €4, €5, €6, €7} be a subspace of Hj, , then Vi, becomes
a Euclidean space (see Appendix A.3). The root system of type E; is

Pp, ={te; te; i <], i,5=2,3,4,506,7HJ{£(e1 +¢s)}
1 8 8
U{iQZGlffi Ei:il, 61268:1, HQ:l}
=1

=1
The set of positive roots of ¢ is

CI)E7 :{5i :|:€j ‘ 1 <], 1] = 2’3747576’7}U{—(€1 +€8)}
138 8
U{—2261€Z’ Ei::tl, 61268:17 Helzl}
=1

=1
Then Ag, = {a,b,c,d,e, f} is a base of type Fs. Denote ®p, by the root system of
type Es, and denote @7 by the positive roots of ® ;. The Dynkin diagram of E is

a c 4 € F g

Letr; :=a, ro :=b, r3:=¢, r4 :=d, r5 := e, r¢ := f and r3; = g, then the Cartan
matrix M of E; is

a b c d e f g
a 0 -1 0O 0 0
bl 0 2 0 -1 0 0 0
cl-1 0 2 -1 0 0 0
al o0 -1 -1 2 -1 0 0
el 0O 0 0 -1 2 -1 0
ffo o o0 0 -1 2 -1
g\o0 0 0 0 0 -1 2/_.
_ 2k(ry,rj)

where Mz,j = <Ti7Tj> = R(rori) (7’1‘,7"]‘ € AE7)
Let &, be the root system of type E;. Each root r € ®p. can be written as
r= Yacay, ko, the height of ris ht(r) = Yaeca,, Ka-
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5.4.1 Definition. For r,s € &}, , we write r < s, if ht(r) < ht(s) (e.g. a < a+¢) or if
ht(r) = ht(s), this is the lexicographical order (e.g. a <b<c<d<e < f < g).

We take the structure constants N, ; to be positive, if (r, s) is an extraspecial pair
according to the total order in Definition 5.4.1. We give all the extraspecial pairs
and the corresponding structure constants as follows.

5.4.2 Notation/Lemma. We have the following extraspecial pairs of roots in ®f \Ag,
and the corresponding structure constants N, (r,s € ®3 ). If r € ®f,, see 5.1.2.
If r € & \®},, see the following table. According to column 2 and column 3 of the
following two tables, we define r; (i = 1,2,...,63) to be the root in column 3 which is
according to i in column 2 (e.g. r7 = a + c).

Height | i Positive Roots r; € ®p;, \ P, Extraspecial Pair (r, s) Ny s
1 37 g
2 38 f+g (f,g)| 1
3 39 e+ f+yg (e, f+g) 1
4 40 d+e+f+g (de+f+g)| 1
5 41 b+d+e+f+g (byd+e+f+g)| 1
5 42 c+d+e+f+g (c;d+e+f+g) | 1
6 43 atc+d+e+f+g (a,c+d+e+f+g)| 1
6 44 b+c+d+e+f+g (byce+d+e+f+g) | 1
7 45 at+b+c+d+e+f+g (a,b+c+d+e+f+g)| 1
7 |46 b+c+2d+e+f+g (db+ct+d+e+f+g)| 1
8 47 a+b+c+2d+e+f+yg (a,b+c+2d+e+f+g)| 1
8 48 b+c+2d+2e+f+yg (e,b+c+2d+e+f+g)| 1
9 49 a+b+2c+2d+e+f+g (cca+b+c+2d+e+f+g)| 1
9 50 a+b+c+2d+2e+ f+yg (a,b+c+2d+2e+f+g)| 1
9 51 b+c+2d+2e+2f+yg (f,b+c+2d+2e+f+g)| 1
10 |52 a+b+2c+2d+2e+f+g (cca+b+c+2d+2e+f+g)| 1
10 53] a+btct+2d+2e+2f+g (a,b+c+2d+2e+2f+g)| 1
11 |54 a+b+2c+3d+2e+f+g (dya+b+2c+2d+2e+f+g)| 1
11 |55 a+b+2c+2d+2e+2f+g (cca+b+c+2d+2e+2f+g)| 1
12 |56| a+2b+2c+3d+2+f+g| (hatb+t2c+3d+2e+f+g)| 1
12 |57 a+b+2c+3d+2e+2f+g| (da+b+2c+2d+2e+2f+g)| 1
13 |58| a+2b+2c+3d+2e+2f+g| (ba+b+2c+3d+2e+2f+g)| 1
13 59| a+b+2+3d+3e+2f+g| (ea+b+2+3d+2e+2f+g)| 1
14 |60 a+2b+2c+3d+3e+2f+g| (hatb+t2c+3d+3e+2f+g)| 1
15 [61] a+2b+2c+4d+3e+2f+g|(dat2b+2c+3d+3e+2f+g)| 1
16 |62] a+20+3c+4d+3e+2f+g| (c,a+2b+2c+4d+3e+2f+g)| 1
17 |63 |2a+20+3c+4d+3e+2f+g¢g| (a,a+20+3c+4d+3e+2f+g)| 1

By 5.4.2, we determine a Chevalley basis of the Lie algebra L. .
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5.4.3 Lemma (Chevalley basis of Lg.). For r € Ag., set h, := le,,e_.]. Letr €
5 \Ap,, and (sy, s) the extraspecial pair of , set

1 1
e = ———€s),€s5]y €y = N
—81,—52

N51a32

[

Then {h, € Matssxs6(C) | 7 € Ap,} U {ex, € Matsexss(C) | 7 € ®F, } is a Chevalley
basis of the Lie algebra Lp..

Proof. c.f. the proof of 5.1.3. O
5.4.4 Example.
= [ewr e = [ea e
€atc _Na,c €ay €c] = |€a) Ec

= —e58 — €610 1T €11,14 T €13,17 T €16,21 + €19,25

— €3238 — €3641 — €40,44 — €43.46 T €47,51 T €49 52-
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5.4.2. Sylow p-subgroup E:¥'(q)

Let K be a field. In this subsection, we obtain the Sylow p-subgroup E:¥(q) for the
Chevalley group F-(q) (see 5.4.25).

5.4.5 Notation. Let (] := {(i,j) | 1 <i,j <56} and N := {(i,5) | 1 <i < j < 56}.
5.4.6 Reminder. L. is the Lie algebra of type F; over the field C.

5.4.7 Corollary. For allr € ®p,, €2 = 0.

Proof. By 5.4.3 and calculation, we get the result. O

Similar to §11.3 of [Car72], the coefficients of exp(te,) = I5¢ + te, are all of the
form +1 or £¢ (i.e. the non-zero entries of exp(te,) are of the form +1 and +t).
This fact enables us to transfer to an arbitrary field. For each matrix e, in the above
representation and each element ¢ in an arbitrary field K, exp(te,) is a well-defined
non-singular matrix over K.

5.4.8 Notation. Set

T (t) ==exp(te,) = Iss +t-e,, 7€ Pp, tck,
T, k(t) ==exp(tade,), re ®g,teckK.

5.4.9 Notation. Set a matrix group
Er(K) :=(Z.xt)|r € P, t € K),
and the Chevalley group of type Lg. over the field K is
E:(K) =(z,k(t)|rePp, te K).
5.4.10 Notation. Set subgroups of E;(K)
X ={(Z ()|t € K) forallr € ®p,,
and root subgroups of the Chevalley group E;(K) are
Xk i =(zk(t)|t € K) forallr € dpg,.

By [Car72, 4.5.1], (exp(tade,)) (z) = exp(te,) -z - exp(te,) ! for all x € L,. Simi-

lar, we get a group epimorphism between the matrix group F;(K) and the Chevalley
group Er(K) of type L, over the field K as follows.

5.4.11 Proposition. Let K be a field, and
o: E7(K) — E7(K) : exp(te,) — exp(tade,),

then o is a group epimorphism, and the kernel ker o is the centre Z of E;(K).

253



5. Monomial Ei¥'(q)-, Fi¥'(q)-, 2E5¥ (¢%)- and E5¥'(¢)-modules

5.4.12 Notation/Lemma. Set
Uk = er "r’e f t€K> < Ei(K),
U = (ani(t)|re®f, te K) < E
5.4.13 Corollary. Let K be a field, and
0g,: Ux = Uk : exp(te,) — exp(tade,),
then o is a group epimorphism.
By calculation, we get the following commutators.

5.4.14 Proposition (Commutators of Ux). Let r;,r; € &, then

Gy () o ()] = T kricrar i (Charar, (1) 1))
k10
kriHr €@
Actually, let kr; 4 Ir; € ®f_with k.1 > 0, then kr; 4+ lr; = r; +r; and
[grj,K(tj)a grz,K<tz)] = jj’l”i"r?"j,K(_Cl].TiTjtitj) = iri-ﬁ-Tj,K(NTjTititj)'
5.4.15 Lemma. Let r, s € ¢}, and r # s, then

supp(X,.x) N supp(Xs i) = supp(e,) Nsupp(e,) = 0.

Proof. By 1.1.8, we have supp(X,.x) N supp(X, k) = supp(e,) N supp(e;). By 5.4.3,
supp(e,) Nsupp(es) = 0. O

The following property is well known.

5.4.16 Lemma. For (i,j) € N andt € F,, let T; ;(t) := Is + te; ;. Then

As6(F,) = { 1T #i;(tiy) |ty € Fq}>

where the product can be taken in an arbitrary, but fixed, order. In particular,

I #ijti;) = [ @ij(siy) <= tij = siforall (i,j) € N
(1,7)eN (1,4)eN

5.4.17 Proposition. Each element of U, is uniquely expressible in the form

H jri,Fq (t )

. +
r1€©E7

where the product is taken over all positive roots in the increasing order.
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Proof. c.f. the proof of 5.4.17. O

5.4.18 Corollary. Uy, | = g5 = g3,

5.4.19 Corollary. Uy, = U,.

Proof. c.f. the proof of 5.1.19. O
In the remainder of this section, we consider K = F,.

5.4.20 Notation/Lemma (Root subgroups of F;(q)). Let

z,(t) :=exp(te,) = Is¢ + 1 - €, = Tpp,(t), 1€ Pp, t €F,,
x;(t) :=exp(te,) = I+t e, =x.(t), i=1,2...,63 telF,

Then the root subgroups of E-(q) are

Xr I:{l'r(t)|t€]Fq}:Xr,Fq, re (I)E7,
X; i ={z,,(t)|teF,} =X,,, i=12,...,63.

5.4.21 Notation. Set
U:= <x,.(t) ‘7“ €df,teF,) ="Us,.
5.4.22 Lemma ([Car65]). The order of E(q) is

_
(27(] - 1)

where (2,q — 1) is the greatest common divisor of 2 and q — 1.

[Erla)l = (¢ = D¢ = D(¢* = D(¢" = D(a" - D(a" — 1)(g" - 1),

5.4.23 Corollary. |U| = ¢° and U is a Sylow p-subgroup of the Chevalley group E:(q)
under isomorphism.

Proof. c.f. the proof of 5.1.23. O

5.4.24 Proposition.

tr €, ),

v={ I =t

+
7‘E<I>E7

where the product can be taken in an arbitrary, but fixed, order.

Proof. c.f. the proof of 5.1.24. O
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5.4.26 Corollary. Let u = (u;;) € E5¥(q), then

w95, = 0, J19 € {20,21, 23,24, 26,27, 29, 32, 35, 38}
U922 joy = 0, Joz € {21,23,24,26,27,29, 32,35, 38}
U5, o5 = 0, jos € {26,27,29,32,35,38}
Uss,jos = 0, Jos € {29, 32, 35, 38}
U30,530 = 0, Jso € {32,35,38}
Uz1,js = 0, js1 € {32,35,38}
Uz3,jz; = 0, jss3 € {35, 38}
U34,jss = 0, 34 € {35, 38}
U36,38 = 0 )
ugr3s =0

16,515 = 0, j1e € {17,20,23}
g s = 0, Jis € {20, 23}
U195, = 0, J19 € {20,23}
U123 =0

U223 = 0

w1314 = 0
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5.4.3. Monomial E:'(g)-module

Let U := E?yl(q) and Vp := Matseus6(F,). In this subsection, we get a monomial
linearisation (f, k|y«y) for E?yl(q), where f is a bijective 1-cocycle and k|y«y is a
non-degenerate bilinear form (5.4.44). Finally, we make CE:¥(¢) into a monomial
E;yl(q)—module (5.4.45).

It is essential to choose a suitable vector space V for the 1-cocycle and a suitable

non-degenerate bilinear form  on V4.
5.4.27 Notation/Lemma. The map
ke Vox Vo =Ty (X,Y) = tr(X'Y)
is called the trace form, and « is a non-degenerate symmetric bilinear form on V.

5.4.28 Notation. Set

j€{2,3,...,18,20,21,23,24,26,27,29,32,35,38} ifi=1
je{3,4,...,15,17,20,23} ifi =2
) je{4,5,...,12,14) ifi=3

J:={(i,j) € N je{56,...,10} ifi=4 (°

j€{67778} ijfi:5

J=28 ifi="1
and

j € {19,22,25,28,30,31,33,34,36,37} ifi=1
J={(i,5) € N|{ j€{16,18,19,21,22} ifi=2

j=13 ifi=3

5.4.29 Reminder. Let J C \, then by 1.1.9 the subset J° of [] is defined as follows:
JO=J | J{(,i+1) e N\J | (4,i+2) € J}
U{(i.5) € N\T | 351 <j < j2and (i,j1), (i, j2) € T}
5.4.30 Remark. (1) J¢= JUJ,
(2) #J =063, #J' =16 and #J° = T79.

5.4.31 Notation/Lemma. Set

V.=V,;= { Z A@j@@j eW

Ai,j € Fq}
(1,5)eJ
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5. Monomial Ei¥'(q)-, Fi¥'(q)-, 2E5¥ (¢%)- and E5¥'(¢)-modules

5.4.32 Lemma. Let V* denote the orthogonal complement of V in V,, with respect to
the trace form x, i.e. V+ :={B € Vy | k(A,B)=0,VA€V} ThenV+ = Vs and
Vo=VeaoVi

5.4.33 Notation/Lemma. Let

T:%:V@VL%VIA'—) Z Ai,jei,j'

(i,4)€]
Then 7 is a projection to the first component and is an F-linear map.
5.4.34 Corollary. x|y yy: V x V — F, is a non-degenerate bilinear form.
5.4.35 Lemma. Suppose A, B € V,, such that supp(A) Nsupp(B) C J. Then

K(A, B) = r(n(A), B) = k(A, 7(B)) = (r(A), 7(B)) = &lvxv(7(A), 7(B)).

5.4.36 Lemma. Let A € V and g € U, then supp(Ag"') N N C J. In particular
me(Ag) € V.

Proof. Let A € V, g € G. It is sufficient to prove (Ag"), ; = 0 for all (i, ) € J\J =
J'. We have

56 38 38 38

T _ T T _ _

(Ag a9 =D A19510 = D A1j0510 = Y Arjg105 = D A1j910;

= =2 = j=19

ALJ:O

(1L5)¢J 5.4.26

= Z Al,jglg,j =0,
j€{20,21,23,24,26,27,29,32,35,38}

Similarly, (Ag");,; = 0 for all (i, j) € J'. Thus, supp(Ag') NN C J, and 7sc(Ag")

Il

m;(AgT) e V.

5.4.37 Corollary. Let A, B € V and g, h € U, then supp(Bh") Nsupp(Ag) C J.

5.4.38 Proposition (Group action of E5¥(¢) on V). The map
—o—:VxU—=V:(Ag) — Aog:=n(Ag)

is a group action, and the elements of the group U act as F,-automorphisms.

Proof. c.f. the proof of 2.2.25. O

By 1.2.21, we get a new action:
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5.4. Monomial E5(q)-module

5.4.39 Corollary. There exists an unique linear action —.— of G on V:
——VXxG—=V:(Ag —Ag:=Aog "

such that k|yxv(A.g, B) = klyxv(A,Bog™) for all B € V. In particular, for all
A,BeVandg € G,

/‘6|VXV(A>B 09) = /<'3|V><V(A-g_17B) = K|va(A o gTv B)-
5.4.40 Notation. f :=7|y: U — V.

5.4.41 Proposition. f: U — V is bijective.

Proof. By 5.4.25 and 5.4.31, we obtain that f: U — V is bijective. O
5.4.42 Lemma. Let x,g € U, then f(x)g = (x — 1)g mod VL. In particular, f(x) =
r—1 mod V*.
Proof. c.f. the proof of 2.2.29. O
5.4.43 Proposition. Let x, g € U, then f(xg) = f(x)o g+ f(g).
Proof. c.f. the proof of 2.2.30 or by 5.4.26 as follows:
forall jo=1,2,...,18,
Jo
(f@)og+f(9),,, = (f@)a),, + F(@Drio = D F@)rkgro + 91o
k=2
Jo Jo
=D T1Ghgo T g0 = D TpThge = (29140 = f(29) 1o,
k=2 k=1
and
20
(flz)og+ f<g))1,20 = (f(z)g) 100 T /(9120 = > (@) 1.Gk20 + 91,20
k=2
18
=Y f(@)1x9k20 + f(2)11091020 + F(%)1.20920.20 + 91,20
k=2
18
= Z T1 kK20 + 0+ 919,20 + T1,20920,20 + 91,20
k=2
20 aog 20
= T1kgk20 — T11991020 = D T1kGk20 = <$g>1720 = f(xg)1,20-
k=1 k=1
Similarly, f(xg);; = (f(:z:) og+ f(g))ij for all (¢,j) € J. Thus f(zg) = f(z)o g+
f(9)- O
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5. Monomial Ei¥'(q)-, Fi¥'(q)-, 2E5¥ (¢%)- and E5¥'(¢)-modules

By 5.4.41 and 5.4.43, we obtain a bijective 1-cocycle of Ei¥'(q).

5.4.44 Corollary (Monomial linearisation for E:¥'(q)). f is a bijective 1-cocycle of
E(q), and (f, k|y«y) is a monomial linearisation for U = E5¥'(q).

Now we obtain the monomial U/-module CE:*(¢), which is essential for the con-
struction of the supercharacter theory for E5¥(q).

5.4.45 Theorem (Fundamental theorem for E5¥(q)). Let U = E5¥'(q) and

> xalu) forall AcV.

uelU

!U|

Then the set {[A] | A € V'} forms a C-basis for the complex group algebra CU. The
operation of U on CU is given by the usual right multiplication, i.e.

Alu = \U! > xa)yu = xau(9)[Au] = 96(Aw, f(u)[Au]  foralue U A€V,
yelU

then CU is a monomial CU-module.

Proof. By 5.4.44, (f,k|yxv) is a monomial linearisation for U, satisfying that f is
bijective. By 5.4.39, A.u := w(Au~"). Thus the whole theorem is proved in view of
1.2.24. O
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A. Appendix

A.1. The construction of monomial modules

In this section, we introduce some properties of the monomial CG-modules. We
mainly refer to [DG16].

Let G be a finite multiplictive group, U a subgroup of G, V" an FF,-vector space with
finite dimension, and f: G — V a surjective 1-cocycle such that f|; is bijective.

A.l.1Lemma. Let H:={g € G| f(g) =0}, then HNU = {1} and G = HU.

Proof. Since H < G and U < G, we have G O HU.

Let X be a complete set of right coset representatives of H in G. Let g € G,
then there exist h € H and = € X such that g = hx. We have f(g) = f(z) € V,
then there exists u € U such that f(u) = f(z) since f|y is bijective. We know
flzu™) = f(x)ou+ f(u™) = f(u)out + f(u™!) = f(1) =0, so x = h,u for some
h, € H. Thus g = hh,u € HU, i.e. G C HU. Therefore G = HU.

Let g € HNU,then f(g9) = 0= f|y(g). So g = 1¢ since f|y is bijective. O

A.1.2 Proposition. Let
ei=% h 1= 7 and [x]:=[f]:=> xlg)g foral eV,

heH heH 9eG
and Cy = C{e} be a trivial H-module. Then
d$Cy =eCG = Cleu | u e U} = eCU = Cle[x|v] | X € V}
=C{[x] | x €V} (as C-vector space),
im f* =C{x | € V} =C{re*[xlv] | R € V} = 7. xCU
=C{r.*u|uecU}=1,+CG=71,LC% (as C-vector space).
In particular, (im f*, *)cq = IndGCy and x = 7. * [x|v]-

Proof. It is enough to prove x = 7. * [x|v],

X = Z X(Q)Tg = Z Z X (hu)Thy = Z Z x ()T * u

g€G heH uelU heH uelU
=D ) * (3 x(wu) = 7 * [x]v].
heH uelU

263



A. Appendix

Now we give a summary of the isomporphic CG-modules and the C-basis:

ClxlolseV)= (CY, %)oq —2— (CU, %)cq —C{Ixlv]lzeV)
fZ]T lf@u
cV= (CV,%)cq —2= (CV, *)cq =C{[xlIxeV}
f*i l
Clrex[xlu]lxeV}= . Tim G —Celx|u]lxeV}
C{xlxeV= (im f*, *)ce ——=IndzCh —C{[x]lxeV}

where 7: C¢ — CG : 17— Yyeq 7(9)9-
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A.2. Chevalley basis

A.2. Chevalley basis

In this section, we recall some definitions and notations of Lie algebras, e.g. simple
Lie algebras, semisimple Lie algebras, Cartan subalgebras, roots, Cartan decomposi-
tions, Chevalley bases and Chevalley groups. We refer to [Car72], [Hum?78], [Car05]
and [Gecl5].

A.2.1 Definition. Let K be a field. A Lie algebra over K is a K-vector space L, with
an operation

[ Lx L= L (x,y) =[xy,
is defined satisfying the following axioms:
() (x,y) — [z,y] is bilinear,
(i) [z,z] =0forall x € L,
(i) [z, [y, 2]] + [y, [z, 2] + [z, [z,y]] = 0 for all z,y, > € L.
The operation [, | of a Lie algebra L is called the Lie bracket.
Let £ be a Lie algebra over K and M, A be subspaces of £. Then

M, N] := K-span{[z,y] | x € M, y € N'}.

A subalgebra # of L is a subspace of £ such that [H,#] C H. Anideal Z of L is a
subspace of £ such that [#, L] C H.

Let L4, £, be Lie algebras over K, a linear map ¢: £; — L, is called a homomor-
phism of Lie algebras if ¢([x,y]) = [¢(x), ¢(y)] for all x,y € L£;. A homomorphism
¢: L1 — L, of Lie algebras is called an isomorphism of Lie algebras if ¢ is bijective.

Let M, (K) be the associative algebra of all n x n-matrices over the field K with
the usual matrix product. Let gl,(K) be the corresponding Lie algebra with the Lie
bracket:

[z, y] =2y —yx forall z,y € M,(K).

Similarly, if V' is a K-vector space, then End(V) := {¢: V' — V | ¢ linear} is the
associative algebra with the composition of maps as product. The corresponding Lie
algebra is denoted by g/(1'), and the Lie bracket is:

[, 0] == poth —1hop for all p,¢ € End(V).

A.2.2 Definition. Let V' be a K-vector space, a representation p of a Lie algebra L
over K is a homomorphism of Lie algebras

p: L—gl(V).
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A.2.3 Definition. Let L be a Lie algebra over K. A (left) L-module V is a vector space
over K together with a multiplication
LXV =V (x,v)—zv
satisfying the axioms:
() (x,v) — z.vis bilinear,
(i) [z,y]v=2z.(yv) —y.(xw) forall z,y € Land v € V.
In particular, L is itself a left L-module, called adjoint module.

Let V be a £L-module and n = dimV < oo, B = {vy,vs,...,v,} be a K-basis of V,
and Mjz(p(z)) be the matrix of p(z) with respect to B i.e.

vvj =) Mg(p(x)); i,
=1

then a matrix representation pj is determined
ps: L= glo(K) : @ — Mp(p(z)).
Let £ be a Lie algebra and = € £, define a linear map ad x of £ by

adz: L = Ly [z,y]

A Lie algebra £ is abelian, if [£, £] = {0}. For n € N*, set £! := £ and
Lrtt=1[cr L] foralln > 1.
A Lie algebra £ is nilpotent, if £ = {0} for some n > 1.

A.2.4 Definition. A Lie algebra L is called simple if L is not abelian, and L, {0} are
the only ideals of L.

Let C be the field of complex numbers, £ a nilpotent Lie algebra over C, V' a
L-module with dimV < oo, p: L — ¢l(V') the corresponding representation. If V'
is irreducible, then dimV = 1 (see [Car05, Theorem 2.2]). Let A\: L — C be a
1-dimensional representation of £, set

Vaii={veV |V aeL,i(z) > 1suchthat (p— A(z)idy)"“ (x) = 0},

then

V:@VA

A
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A.2. Chevalley basis

If V) # {0}, the 1-dimensional representation \ is called a weight, and V) is called
the weight space of \.
Let H be a subalgebra of a complex Lie algebra L, set

Ne(H) :={x € L]|[h,z] € Hforall h e H}.
N,(H) is called the normaliser of # in H.

A.2.5 Definition. A subalgebra H of a complex Lie algebra L is called a Cartan sub-
algebra, if H is nilpotent and H = N.(H).

The dimension of the cartan subalgebra of £ is called the rank of L.
Let £ be a complex Lie algebra £, H be a Cartan subalgebra of £, and regard £ as
an H-module. Since H is nilpotent, we have

L=,
Y
where
Ly:={xe€L |V heH,Inec N suchthat (adh — A(h)id,)"(z) = 0}.

Then Ly, = H (see [Car05, Proposition 4.1]).

A.2.6 Definition. Let £ be a complex Lie algebra L, H a Cartan subalgebra of L. The
1-dimensional representation \: H — C of H such that A\ # 0 and L, # {0} called the
root of L with respect to H. The set of roots of L with respect to H will be denoted by
D.

A.2.7 Definition. Let £ be a complex Lie algebra L, H a Cartan subalgebra of L, and
® the set of roots of L with respect to ‘H, then the decomposition

re®
is callled the Cartan decompositon of L with respect to H. L, is called the root space
of r.
A.2.8 Definition. A complex Lie algebra L is called semisimple, if {0} is the only
abelian ideal of L.

A simple complex Lie algebra is semisimple.
We define the Killing form as follows:

ki LXL—C: (z,y) — tr(adzady).
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Let a complex Lie algebra £ be semisimple, then the Killing form « is non-degenerate
(see [Car05, Theorem 4.10]), and the restriction of x to H is also non-degenerate.
There is a linear isomorphism # — #H* : h — h* where h* € H* is defined by

h*(x) = k(h,x) forall x € H.
For all r € ®, there exists a unique element ¢, € ‘H satisfying
r(h) = k(t;, h) = t:(h) forall h € H

and r = t!. We know that X = (t, | » € ®)c (span as C-vector space). Since
r(t,) = k(t,,t,) # 0 for all r € ®, we set h, := H(ffrtr), then h, € [£,,£_,] and
r(h,) =2. Letr,s € ® and s # +r, and

Ns :=max{i € N |s+ir € d},
nys :=max{i € N|s—ir e @},

then the set of roots
S —MNpgTy...,8—=T,88+T,...,8+NsT

is called the r-chain of roots through s. Then s(h,.) Def. 2:5?;% =N, — Ny s € Z (see

[Car05, Proposition 4.22]). We set (H)r := (t. | r € ®)r C H as R-vector space.
Since x(t,,ts) € Q, the Killing form « restricted to (H)g is a map (H)r X (H)g — R
which is a symmetic positive definite bilinear form. We denote by (#*)r the image
of ({)r under the isomorphism H — H* : h — h*. (H*)g is the R-subspace of #*
spanned by ®. We define a symmetic positive definite bilinear form on (H#*)r by

(,): (H)r x (H")r — R: (h], h3) — K(hy, he).
Thus the vector space (H*)r endowed with this positive definite form is a Euclidean

space, denoted by V := (H*)g. For all r € &, r € (H*)g. For r,s € &, we set

(r,s) =2 E:jg A subset A is called a fundamental system of roots, if

(i) Aisa basisof V,

(i) Every root s € ® can be written as s = 3_,ca ¢,r with integral coefficients ¢, all
non-negative or non-positive.

The roots of A are called simple. The height of a root s € ® (relative to A) is
ht(s) := Y,enc.. Ifall ¢, > 0 (resp. all ¢, < 0), the root s is called positive (resp.
negative). The sets of positive and negative roots (relative to A) will be denoted by
®* and ®~. Let fundamental roots A = {ry,...,r,}, then the (i, j)-entry A, ; of the
Cartan matrix A is

2k(ty;, )
Def. ri» br;) Def. ~
Ay = Ay = (ri, 1) = W = 7(hr,) = Ny = Ty,

Now we define a total order for the Euclidean space V.
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A.2. Chevalley basis

A.2.9 Definition. Let L be a semisimple complex Lie algebra L, H a Cartan subalgebra
of L, the Euclidean space V := (H*)g, A := {ry,rs,...,r,} be a R-basis of V, and
ro=Y"xr €V, s:= 3", yr; €V then we write

r<s,

ifyr o, <SPy, orif S0 x; =", y; and the first non-zero coefficient x; — y; is
positive.

A.2.10 Definition ([Car72], §4.2). Let L be a complex simple Lie algebra with root
system ®, fundamental roots A, a Cartan subalgebra ‘H and

red

be a Cartan decomposition of L. Let h, € H be the co-root corresponding to the root r
and e, € L, for all r € ® such that

[era €,r] :hra
[67‘7 65] :Nr,ser—l—s lf?” +se CI),

where N, ;s = £(n,s + 1) and n, s € N is the greatest integer for which s — n, ,r € .
Then the set {h, | r € A} U{e, | r € ®} is a Chevalley basis of the Lie algebra L. In
particular, [h,,es| = s(h,)es = (r,s)es forallr € A and s € .

Let £ be a simple Lie algebra over C with Chevalley basis
{h, | r € A} U{e, | r € ®}.

Let 2, ¢(¢) :==exp(Cade,) forall » € &, ¢ € C and A, ¢(¢) be the matrix representing
z,c(¢) with respect to the Chevalley basis of £. Observe that the coefficient of A, ¢(()
have the form a(’ where a € Z and 0 < i € N. Let K be any field with identity 1,
and Ly be the subset of £ of all linear combinations of the basis elements with
coefficients in the ring 7Z of rational integers. We get a Lie algebra Lx := K ® Ly
with basis

{1K®hT|TEA}U{1K®€T|T’€q}}.

Let t € K and A, k(t) be the matrix obtained from A, ¢(¢) by replacing each coeffi-
cient a(’ by at* € K, where a is the element of the prime field F, of Kcorresponding
to a € Z. We define z, i () to be the linear map of Ly into itself represented by
the matrix A, x(¢) with respect to the basis {1x @ h, | r € A}y U{lx ®e, | r € O}
([Car72], 84.4).
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A.2.11 Definition ([Car72], p.64). The Chevalley group of type L over the field K,
denoted by L(K), is defined to be the group of automorphisms of the Lie algebra Ly
generated by the x, k(t) forallr € ®andt € K, i.e.

LK) = (wx(t) | 7 € .t € K.

A.2.12 Proposition ([Car72], 4.4.3). The Chevalley group L(K) is determined (up to
isomorphisms) by the simple Lie algebra L over C and the field K.
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A.3. Chevalley basis of a Lie algebra Lp

Fix n € N*, N = 2n, and K be a field. We construct a Chevalley basis for the matrix
Lie algebra L, (see A.3.8). The general facts can be found in [Car72], [Hum?78]
and [CarO5].

A.3.1 Lemma ([Car72], 11.2.2). Let k € N*, J,, be a k x k matrix over C. Then the
k x k matrices A satisfying

AT T+ J,A=0
form a Lie algebra.
A.3.2 Notation/Lemma. Set
0 0 01
v 00 -~ 10
N =D einiii = P b € GLy(C).
=1 01 --- 00
1 0 --- 00

NxN
In particular, J3; is the transpose and also the inverse of J3,.

Let J: = Z?:l €intl1—i S GLn((C),

=l €CLy(©), and I:=1"  €CLy(C),
n_PRnx2n n 21X 2n
then I =71 J; - .
Let
L, :={B € Matgy,2,(C) | B'I + IB = 0}
[’Dn :{A € Mathxgn((C) ‘ ATJQJ; + J;nA = O},
then

L, ={B € Matg,x2,(C) | B" - (z7' - J -7) + (- Jf - @) - B =0}
={B € Matg,x2,(C) | 7-B" -7~ - J) +-J) -7-B-7=0}
={B € Mato,x2,(C) | (7 - B - 7r_1)T . JZJ;L + -JQJ;L (m-B- 7r_1) =0}

som L, -7 '=Lp,.

A.3.3 Remark. (1) L, is the Lie algebra of [Car72, 11.2.3]. The advantadge of
Lp, is that the Sylow p-subgroup arising from Lp, is upper unitriangular. The
following example can show us explicitly.
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(2) The corresponding groups arising from the Lie algebras L,, and Lp,, are conjugate,
so we can apply the properties of [Car72] directly to our groups.

A.3.4 Definition/Lemma ([Jed13], 1.1.2). Define the mirror map
= {1,2,...,N} = {1,2,... N} :ir—i:=N+1—1i.
The map mirrors every entry on % It satisfies i = i.
In [Car72, 11.2.3], the rows and columns are numbered as follows:
1,2,...,n,—-1,-2, ..., —n.

We change the order with —i —n+1—iforalli=1,2,...,n,i.e.

1,2,...,n,n,n—1,...,1.

A.3.5 Example. Let B = (b;;) € Lyand A = 7- B-7 ' € Lp,. The colored the
entries (i.e. b;j, bi;, b, b;;) of B and A are freely choosen, the rest black entries
are dependent. Some entries (e.g by 3) of B, which are corresponding to the positive
roots, lie in the upper triangular part (e.g. position (1,3)) and lower trianular part
(e.g. position (—3,—1) or (2,4)), while all of the entries (e.g b13) of A, which are
corresponding to the positive roots, lie in the upper triangular part (e.g. positions (1, 3)
and (—2, —4), or positions (1,3) and (3, 1)).

1 2 3 4 —1 —2 -3 —4
1 b1 0 bi,—2 b3 D14
2 ba2 —by1,—2 0 ba—3 Do 4
3 b33 —b1,_3 —by_3 0 b3,—4
B =4 baa ~bi—4 —by_4 —b3_4 O
=11 0  —=bogy1 —b-gi —b_sgi| —bix —ba1 —bg1 —ba;
—2 | b_a, 0 —b_39 —b_yo| —bia —baa —bz2 —bso
=3 |b_31 b_sp 0 —b_y3| —biz —baz —bzz —by3
—4 1 b_yy boup  bus 0 —big —bys  —b3s —buu
1 2 3 4 4 3 2 1
1061, 0 b1z big
2 b2 bz 0 bes  bai
3 b33 —bia —bys 0 b33
=4 bis | =bi1 —byy —bsy 0O
‘_1 0 —53,1 —bi,1 —bi,l —5171 —52,1 —53,1 —54,1
31031 0 —=bys —big| —bio —bop —bzo —bsp
2| b1 Doy 0  —big|—=bizg —baz —b3z —by3
Tbiy bio  big 0 | —big —boa —bzs —baa
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1 2 3 4 -1 —2 -3 —4
1 b1 bi,—4 13 bi,—2 0
2 b2 ba—a by _3 0 —b1,—2
3 b33 b3,—4 0 —by 3 —bi_3
A= 4 ba 4 0 —53,—4 —by 4 —bi_4
—1 574,1 1)74,2 b_ys3 0 —54,4 —b3,4 —b2,4 _b1,4
—2|b_g1  b_3> 0 —b_y3| —bss —bsz —baz —bis
=31 b_o; 0 —b_32 —b_42 | —bsz —b32 —bap  —bip
—4 0 —b_o1 —b_g1 —b_s1|—bs1 —b3; —bay  —bi;

1 2 3 4 4 3 2 1

b1,1 bl,i blj 51,3 0
boo boi  ba3 0 —bis
b33 b1 0 —byz —bi3

by 0  —bs1 —by1 —byig
bin  big bis 0 —bga —bss —bay —bia
[)2,1 b2,2 0 —bi,?, —54,3 —53,3 —b2,3 _bl,3
b3,1 0 —b3 9 —bi,Q —byo —bza —bao —Dip
0 _b3,1 —bé,l —bi,l —by1 —b3yi —ba1 —big

NI S W N

A.3.6 Remark. Let N :=2nand A = (Ai,j) S MatNxN(K). Then (J;ATJ;)ZJ = Ajﬁ
forall 1 < 4,57 < N. Note that J5A"J3 is obtained from A by reflecting A at its
anti-diagonal.

- tel JH =N _ + L7t SN e
(S
75

o

A.3.7 Notation. Define the following sets of matrix entry coordinates

O:={04) |1 <i,j <N},
N:={(j)eld[1<i<j<N}
Vo={(i,j)eOli<j<i}.

Referring to [Car72, 11.2.3] and [Car05, §8.2 ], for a fixed n > 4, we construct a

matrix Lie algebra of type D,, and determine a Chevalley basis.
Let Jy, = J3,, then J;," = J) = J,,. We consider the 2n x 2n matrices A satisfying

ATjgn + JQnA =0 < JQnATJQn +A=0

&ALJ-JrA;,g:O forall1 <j<i<2n

<
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Let L£p, be the Lie algebra of all such matrices and #p, be the set of diagonal
matrices in Lp, . The elements of Hp, have the form

A1
Ao
An
h = ,
—\y
—A1 NxN
We have
£Dn :HDn S¥ Z (C(GZ'J - 657{) ©® Z C(ei,j - 6;7{) = HDn s> Z Cer,
1<i<j<i<2n 1<j<i<j<2n r

WhereeT:em-—e;’g(l§j<i<5§2nor1§j<i<5§2n).

The diagonal matrix h := >3, hyrerr € Hp, transforms these root vectors ac-
cording to the following formulae: for 1 < j<i<j<2norl<j<i<j<2n,we
have

[h,e;; — (Z P ke k) ei; —€51) — (eij — (Z I ke k)
:hm-ei] hj jej 7 h‘j,jei,j —+ h{;@j,{ = (hfz,z — hj,j)<€i,j — 63,{).

Let 1 < k < I < n, then the following picture shows the positions of the coordi-
nates.

(k,0) | (k1)

So

[hyeij— 55l = (e — N)(eiy —e55)  if (i,5) = (k1) (le. 1 <i<j<n)
[hoeij—ejil = e+ N)(eiy —ejz) i (i,7) = (k1) (Gee. n < j <i<2n)
[h,eiy — €53l = —(Ae — No)(eiy —e57) if (ie. 1<j<i<n)
[hyeiy —e5i] = —( A+ No)(eiy —e57) if (1.7) = (I,k) (i.e. n<i < j<2n)
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A.3. Chevalley basis of a Lie algebra L,

Thus L£p, is a Lie simple algebra of type D,,, and the above decomposition is a Cartan
decomposition with respect to Hp, (see [Car05, §8.2]).
LetV, := Vp, := (Hp, )r. For 1 <i<mn,lete; : h— \; € H}, , then the set
CDDn = {:i:{-:z‘:l:é‘j | 1 §Z<] STL} g?—[};n

is a root system of type D,,.
A fundamental system of the root system &, is

Ap, ={e1—¢€2, ..., En_1—En, En_1+En}
The collection of positive roots (relative to Ap, ) is
df, ={e;te |1 <i<j<n}
The co-roots of Lp, are the elements
€5 — €5, €50 — €3] = (e — €2) — (€55 — €55)

wherel1 <j<i<j<2norl<j<i<j<2nletl<k<Il<n,then

{ leij — €57 €50 — eij] = (enn —erp) — (e —eg) i (2, 5) = (K, )
leij — €5 €50 — 6%,3] = (err — 612,1%) + (€11 — GZ,Z) if (i,7) = (k1)
In this case we have [h,, e,] = 2e,.
Let 0 be the map of £p, into itself given by #(x) = —x ", where z " is the tranpose

of z. Since

0([z,y]) = —[z,y]" = —(zy —ya) = —(y'a" —a'y") =[z",y"] = [0(x),0(y)],

6 is an automorphism of £Lp,. Then f(e,) = —e¢] = —e_, for all r € &p,. Now we

have T
[er, 5] = Noserys = O((er,es]) = Npsl(errs) = [emes] = —Nuse_rs.
Since [e_,,e_s] = N_, _s¢_,_5, N_, _s = —N, ;. By [Car72, 4.1.2],
Ny oN_p s = —(nps +1)%,
it follows that N, ; = (n, s + 1). Thus the fundamental co-roots h, together with e,,

e_, (r positive) form a Chevalley basis.
We have proved the following results:
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A.3.8 Proposition (Chevalley basis of Lp). Let n > 4, then the Lie algebra
Lp, = {A € Matg,uon(C) | ATJS + J5 A=0}

is simple of type D,, Hp, is a Cartan subalgebra and a Chevalley basis is obtained as
follows:

e,=¢e, re o},
hr = [€r7 e—r]a re ADn

{ €r =645 — 635, {T’ c (I)En} A {(Z7j> S v}

A.3.9 Corollary. Forallr € ®p,, €2 = 0.
Proof. By A.3.8, ¢, = e, ; — €55, then

] Z’
2 _ SN2 2 o gf 1#£] o o
e, = (eij —€55)" = €;; — €ij€ji— €jiCij T €j; = —€; €5 — €j;Cij.
Suppose i = i, then
_ N +1 1
:N+1—i:¢i:;:n+2¢N
This is a contradiction, so i # i for all 0 < i < N. Thus 2 = 0. O

A.3.10 Notation. Set h; :=¢;; — ¢;; forall 1 <i <n.
A.3.11 Proposition. Let v = Y1 | w;h; € Hp,, y = X7, y;h; € Hp,, then

k(z, —4n—12x1y2
=1

In particular, k(h;, hj) = 4(n —1)d; ;.
Proof. We know

(adzady)(es,—,) = (@i — ;) (i — yj)ez—,

(ad rad y) (€5i+5j) (ZL‘ + x])(% + yj)eé‘l—"&‘?

(adzady)(ee,—;) = (—z; — 2;)(—yi — yj)e—c,—,

(ad zad y) (687;75‘7') ( i+ :Cj)<_yi + yj)efsﬂrsj
(adxady)(h,) = Os ifreAp,

then
k(z,y) =tr(adzady) = Y pu(x)

ned
=2 > (mi—x)i—y)+2 Y. (it ) (v +y;)
1<i<j<n 1<i<j<n
=4 Y (wiyi +ay) =4n—1)) (ziy).
1<i<j<n i=1
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A.3. Chevalley basis of a Lie algebra L,

A.3.12 Proposition. Let 1 <i < j <n, +¢; £¢; € ®p,, then

t&i_fj = 4(n1_1) (hl - hj)
t5i+€j = 4(n1,1)(hi + hj)
legime; = 4(n1_1)(_hi — h;)
teite; = 4(n1_1) (—hi + hj)

In particular, (r,7) = k(t,, t,) = 152 forallr € @p,.

Proof. Let h =", \ih; € Lp,, then

1 n
= (& )( );
and
1 1 2
6=y 9) = (g 350 = ) g 0= ) = gy
Similarly, the other formulae are determined. O
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A.4. Sylow p-subgroups of DY (q)

Fixn € N*, N := 2n, p # 2 and K be a field. We determine a matrix Sylow p-
subgroup D:¥(q) of the Chevalley group D,,(¢q). We mainly refer to [Car72], [Jed13]
and [Gro02].

Set the matrix group D, (q) := <exp(t er) ‘ redp  te IFq>. The Chevalley group
D, (q) of type L), over the field I, is denoted by

D, (q) ::< exp(tade,)

redp, tekF,)

By the adaption of [Car72, Theorem 11.3.2], D,(q) is a commutator subgroup, de-
noted by Q»,(q, fp), of the (positive) orthogonal group O,,(q, fp), where fp is the
quadratic form

121 + Xoxy + -+ - + Ty

By [Car72, §11.3], D,(q) = D,,(¢)/Z(D.(q)), and D,,(q) is isomorphic to the projec-
tive group

PQon(q, fp) = Qonlq, fp)/ Z(O24(q; fp)) N Qan(q, fp)-

We set

D;¥(q) := {expl(te,)

redf  teF,).

Since D' (q) N Z(Oan(q, fp)) = {I2n}, D:¥'(q) is a Sylow p-subgroup of the Cheval-
ley group D, (¢q). Compare the orders of Oy,(q, fp) and Py, (q, fp) (see [Gro02,
Chapter 9]), D:¥!(q) is also a Sylow p-subgroup of Os,(q, fp)-

We set z,(t) := exp(te,) = I, +t-e, forall r € &p, and t € F,, and the root
subgroups X, := {xz,.(t) |t € F,} forall r € ®p, .

A.4.1 Lemma ([Car65]). The order of the group D, (q) is

1
(47 qr — 1)

where (4,q" — 1) is the greatest common divisor of 4 and ¢" — 1.

|D,(q)] = """ = D)@ =D (@ = 1) (¢ = 1) (g7 - 1),
A.4.2 Lemma. Let r,s € ®f, and r # s, then
supp(X,) Nsupp(X,) = 0.

Proof. By 1.1.8, we have supp(X,) N supp(Xs) = supp(e,) N supp(es). By A.3.8,
supp(e,) Nsupp(es) = 0. O
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The following property is well known.

A.4.3 Lemma. For (i,j) € Nandt e F, let 7, ;(t) := I, + te; ;. Then

Az (Fy) = { II @ijtiy) |t € Fq}

(4,5)eN

where the product can be taken in an arbitrary, but fixed, order. In particular;
H ji,j(ti,j) = H ZINTZ',]‘(SZ'J‘) < ti,j = S fOT' all (Z,j) - ﬂ
(,3)eN (,5)eN

A.4.4 Proposition.

D(g)={ T[ #(t) |t € F,.

+
TE@Dn

where the product can be taken in an arbitrary, but fixed, order.

definition

Proof. We know Di#'(q) 2 {Tlcas :(t:)
in an arbitrary, but fixed, order. Suppose

I =)= ] z(s)

cpt +
7€<I>Dn TE‘I)Dn

t, € Iﬁ‘q}, where the product is taken

We have z,(t,) = (lon + tr€i;)(l2n — tre55). By A4.2 and A4.3, we get t, = s,
(r € @ ). Thus

n(n—l).

tTEIFq} =q

{1 )

+
7‘6<I>Dn

Therefore the desired formula is obtained. O

A.4.5 Remark. With the similar method of this section, we determine matrix Sylow
p-subgroups of Chevalley groups of type Eg and E;.
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A.5. Structure constants of the Lie algebra Lp,

In this section, we determine the suitable structure constants of the Lie algebra £p,
such that the construction of the Steinberg triality group as simple as possible.

A.5.1 Notation. Define the following sets of matrix entry coordinates
O:={Gj) |1 <i,j <8},
N:={(,J) [1<i<j <8},
Vi={@@,j)edl]i<ji<9—i}.

A.5.2 Definition/Lemma ([Jed13], 1.1.2). Define the mirror map

= {1,2,...,8y > {1,2,...,8} tirsi:=9—i.
The map mirrors every entry on %. It satisfies i=1i.
A.5.3 Notation/Lemma. Set

8
‘]8+ = Z €i,9—i = 1 € GLg(C)
i=1

8x8
In particular, Jg is the transpose and also the inverse of Jg .

By A.3, the set
{A € Matg,s(C) | ATJF + Jg A =0}
forms a simple Lie algebra of type D,.

A.5.4 Notation/Lemma. For 1 < <4, let hz =€ — €994 € Matgxg(c>, then a
Cartan subalgebra of Lp, is

8
HD4 :{Z >\th ‘ )\Z € C}
=1

A
A2
A3
_ A ,
= Y N eC
W

W
)\

8% 8
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Let V, := Vp, := (Hp,)r be a R-vector space (see Appendix A.3) and h :=
i1 Aih;. For 1 <i <4, lete; € H},, and ¢;: h — \;, then the set
(I)D4I{:|:€Z:|:€j’1§2<j§4}
is a root system of type D,. The fundamental system of roots of the root system &,
is
Ap, ={e1 — &2, €2 — €3, €3 — €4, €3 + E4}
We set | := g1 — €9, 7y 1= €9 — €3, T3 := €3 — &4, Ty := €3 + €4. Then Ap, =
{ry,ra,73,74}. The positive system of roots of ¢, is
We define the Killing form as follows:
k: Lp, x Lp, = C: (z,y) — tr(ad zad y).
For all r € ®p,, there exists a unique element ¢, € Hp, satisfying
r(h) = k(t;, h) forall h € Hp,.

Then x(h;, hj) = 126; ; and and (r,r) = 2 for all r € ®p,. The Dynkin diagram of D,
is

rs

T2
1

Ty

The Cartan matrix M of D, is

re T2 Tz Ty
rn/ 2 =1 0 0
H -1 2 -1 -1
r 0 -1
ra\ 0 -1 0 2

2(ri,rj

where M, ; = (r;,r;) = ) for all 7,7 € Ap,.
A Chevalley basis is obtained as follows:
er =€ — €55, {re PN {(,j) eV}
re ®f,
h. = leqe_,], 1€ Ap,

k3
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A.5.5 Definition. Let 7 := Y}, x;r; € Vi, s := 54, yirs € V4, then we write
r=<s,

ifF o < by, orif b ;= SO,y and the first non-zero coefficient x; — y;

is positive. If r = YL, x;r; € ®p,, the height of r (relative to Ap,) is denoted by
ht(r) == i @i
Let
r5 i =r1 + 7o =€1 — €3, T6 :=T2 + 73 T2 T
r7 =9+ 14 =¢€2 + &4, T8 I=T1+ T2+ T3 =€1 7~ &4
ro 1= 4 1ro + 74 =e1 + &4, T10 :=T2 + T3+ T4 =&y + €3,
ri1 =11+ ro + 13+ ryg=e; + €3, T12 =11+ 2ry + 13 + ry=er + e

So, @5, ={r;|i=1,2,...,12}. We determine the following total order of &},
0<1r1 <1y <13 <714 <75 <7Tg=<77 <78 =<7Tg<710=<7"11 < T12-

An ordered pair (r, s) of roots is called a special pair, if r + s € &p, and 0 <
r < s. An ordered pair is called extraspecial if (r, s) is a special pair and if for
all special pairs (', s') with " + s’ = r + s we have r < 7’. Then every root in
@}, which is the sum of two roots in ®f, can be expressed uniquely as the sum of
an extraspecial pair. The extraspecial pairs in (1931 are: (ry, re), (12, 73), (12, 74),
(r1, ro 4+ r3), (r1, 7o +14), (ro, r3 +14), (r1, 7o +r3+1r4) and (ro, 71 + 79 + r3 + 14).
The signs of the structure constants N, ; may be chosen arbitrarily for extraspecial
pairs (r, s), then the structure constants for all pairs are uniquely determined.

A.5.6 Example. We choose the following signs of the structure constants of the Lie
algebra Lp,.

r; € <I>E4\A D4 extraspecial pairs (r, s) N, s
s =711+ T2 (11, 72) —1
Te =To+ T3 (ro, T3) 1
e =To+ 1Ty (ro, T4) 1
g =T1+TT2+7T3 (11, ro 4+ 13) = (r1, 76) 1
T9g =71+ T2+ 7Ty (r1, mo +14) = (11, 77) 1
ri0 ="+ 73+ 7Ty (13, T2 +14) = (73, 77) 1
Ty =r1+r2+rs+ry | (11, T2+ r3+714) = (11, T10) 1
rio =71+ 2ry + 13ty | (ro, T H T+ T3t r) = (12, T11) | 1

Then the structure constants of the other special pairs of r; € ®f, \Ap, are 1.
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According to the structure constants of Lie algebra £, in Example A.5.6, we
obtain another Chevalley basis {h, | r € Ap,} U{es, | r € ®,} of the Lie algebra
Lp, of type D, by changing the signs of ¢, ,,, and e_,., ..

A.5.7 Lemma (Chevalley basis of £p,). The Lie algebra Lp, has a Chevalley basis
{h, | r € Ap,} U{es, | r € @}, } as follows:

r e (I)B4 h €r €_r

™ (61,1 — €3 8) (62 2 — €7 7) €12 — €78 €2,1 — €87
T2 (62,2 —€r 7) (63 3 — €6 6) €23 — €6,7 €32 — €76
3 (63,3 — €6 6) (64 4 — €5 5) €34 — €56 €4,3 — €65
T4 (63,3 — €6 6) + (64 4 — €5 5) €35 — €46 €53 — €64
s =11+ T2 (61,1 — €3 8) (63 3 — €6 6) —(61,3 - 66,8) —(63,1 - 68,6)
re = T2+ T3 (62,2 — €, 7) (644 — €5 5) €24 — €57 €42 — €75
7 ="Ty+ Ty (€22 —e77) + (€44 —€55) €25 — €47 €52 — €74
rg =711 +7r2+ 713 (€11 —esg) — (eaq — €55) €14 — €538 €41 — €85
r9g =171+ 72+ 1y (€11 —ess) + (eaa —e€55) €15 — €48 €51 — €84
T ="T2+ T3+ T4 (€22 —e77) + (33 — €66) €26 — €37 €62 — €73
rin=r1+re+rs+ry | (e11 —esg) + (€33 — €ap) €16 — €38 €6, — €83
e =11 +2rg+1r3+7rs | (611 —esg) + (€22 —er7) €17 — €28 €71 — €82

A.5.8 Notation. The Chevalley group D,(F,) of type Lp, over the field IF, is denoted

by Da(q) := (exp(tade,) | r € dp,, t € F,). We set
DY (q) :=(expl(te,) ‘ re®f  tekF,).

By A.4, D:"'(¢) is a Sylow p-subgroup of the Chevalley group D,(q).

A.5.9 Corollary. We know that x,.(t) := exp(te,) = Is+t-e, forallr € ®p, and t € F,
and the root subgroups X, := {x.(t) | t € F,} for all r € ®p,. Let 1 denote the identity
matrix Is and t € F,, then

z (t) =1+ tern —ters, Ty (t) =1+ teas —tegr, @y, (t) =1 + tess — tess,
T, (1) =1 4 tegs — tegs, @ (t) =1 —t(e1s — €gs), Tpg(t) =1 + teas — tesy,
T (1) =1 4 tegs — teqr, () =1+ teyy — tess, () =1 + tegs — teys,
Ty (1) =1 4 tegs — tesr, @y, (1) =1+ terg —tess, @y, (t) =1+ teir — teos.

We get the commutators of D;"'(¢) by calculation.

A.5.10 Lemma. For all r;,r; € ®f, and t, 1, € F,withi,j € {1,2,...,12}, define
the commutator

[:UTZ' (th‘)? Ly, (tj)] = Ty (tn)ilx?‘j (tJ')ilITi (tn)x?"j (t]')'

283



A. Appendix

Then the non-trivial commutators of D3 (q) are determined as follows:

[, (1), @y (ry)] =05 (=t ), [0y (1) T (rg)] =T (Eri ),
[ (1), T ()] =g (L, ), [ (1), g (o)) =Ty (b b)),
[0y (try)s Ty (b )] =g (Eryiy) [0y (try)s Ty (Ery)] = (Eryy)
[0y (rs)s Ty (L)) =Ty (Lot ), [y (rg)s Trs (Erg)] =T (L),
[Tr5 (trg)s Ty (Er)] =T (Ergti), [Trg (trs)s Trg (trg)] =Ty (Brgtig),
(@74 (trg)s T (brs))] =g (ryrs) [0y (trg)s Trg (Erg)] =Ty (Eratrg),
[y (ry) T ()] =0y, (Eryrg), [rs (trs) Trig (Ero)] =Ty (Ersting),
(@16 (tr)s Ty (trg )] =y (rstrg), (@07 (trp)s Trg (b)) =Ty (Lrrig)-

Let p be a linear transformation of V, into itself arising from a non-trivial symmetry
of the Dynkin diagram of £p, sending r; to r3, r3 to r4, 74 to r1, and fixing r,, then
3 =id d
P~ = 1dy, an

1 lﬁ>7’3 lﬁ)’f’4, T2 iﬁ>7“2, T's 'ﬁ>’l“6 ’ﬁ>7“7, T8 lﬁ)rlo lﬁ)’f’g, 11 'ﬁ)’l"ll, T12 'ﬁ)’l“lg.
So p<(I)D4) = Pp,.
A.5.11 Lemma. Let an automorphism of the Lie algebra Lp, be determined by
h, — hp(r), €r > €p(r),  €—p FP €_p(r), (T’ c AD4)

satisfying e, +— Yreyq) (r € ®p,) where {h, |r € Ap,} U{e,|r € ®p,} is a Chevalley
basis of Lp, and v, = £1. Then

=1 (redp,)
Niiyvo = —Nyyry = =N,y = £1 (iie. areall 1 or are all -1),

{ Niirotrs = Niyrgtry = Niyrgtry, = £1 (le. are all 1 or are all -1).

Proof. (1) We know ~, =~_, =1 (r € Ap,). The order of p is 3, and p(r11) = 11,
SO €y, F Ypy,€r,, Where 72 = 1. Hence v,,, = 1. Similarly, ~,, = 1.

(2) Letr € @5 \Ap,. Then r is written as r = a+b where a,b € @7, , ht(a) < ht(r)
and ht(b) < ht(r). By induction we have

€a " Yalp(a);  €b 7 VoEp(b),
we know [e,, €,] = Ny e, SO

[Ya€o(a), Wep(r)] = Nap¥rer = YaV6Np(a),0(0)€n(r) = NapVr€p(r)

_ Va6 No(@) o) _ ey

:}’}/,’, Nb
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(3) Since le,,e_.] = h, (r € ®p,),
VY —r [6,0(7“)’ 6,0(—7")] = hp(?“) = YWY—r=1 = Y =7

(4) The following ~,, with i € {5,6,...,10} are determined

N Y Ura Nig iy
Vrs =Vri4r = N )
1,72
o _ YroTrs N’/‘Q T4
Vre = Vrotrs = N )
72,73
N _ YraVra Niy
77“7 _'77”2 +ra — N 9

2,74

_ _ VriVratrs NT37T2+7‘4 _ Vrs Vritrs NT4,T2+7"3
Vrs =Vritrotrs = =

Y

NT1,T2+T3 NT3,T'1+7‘2

o  Yr3Vrotra Nryriars — YraVratrs Nrirotrs
Yro =Vrotrs+rs = -

I

NT3 ,r2+Ta Nm ,T2+T13

_ _ 77"177’2+7‘4N7"377"1+7‘2 _ 77’4%"1+7"2N7"1,T2+T3
Yrio = Vritrotrs = N - N .
71,72+74 T4,71+72

(5) It is sufficient to prove that

=1 i=56,7809,10

Nrw‘z = _er,m = _er,m = =+1,

<~
{ Nr‘1,r‘2+r3 - er,r2+r4 = NTQ,T3+T‘4 ==+

By the relations of the structure constants (see [Car72, Theorem 4.1.2]), we
obtain that

NTS,Tl +r2 NTl rotry — _NT2J"3 Nﬁ T2
Nr4,r2+7“3 Nrs,r2+r4 - er,m N

r2,r3)

NT4,T1+T2 NT1,T2+T4 = _NT2J’4 NTl T2t

Then the claim (5) is proved by (4).
O

A.5.12 Corollary. By A.5.6 and A.5.11, the Chevalley basis of Lp, in 2.1.1 is in such
a way that the automorphism of Lp, determined by

h, — hp(r), Er P2 Cp(r)s  C—p P C_p(r), (7” € AD4)

satisfies e, — vY,e,) (r € ®p,) where v, =1 forall v € ®p,.
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Nomenclature

ker x

a supercharacter theory for G5*'(¢) , page 154

a supercharacter theory for 2G3¥' (32™+1) | page 195

a supercharacter theory for D3 (¢3) , page 78

a supercharacter theory for a finite group , page 76

usually denotes a monomial linearisation for a finite group
denotes a truncated row operation: u.A = w(u~ " A)

usually denotes a right action of G (or U) on V: Ao g = w(Ag)
the Lie bracket (z,y) — [z,y] , page 265

the commutator a group: [r,y] = 2~ 'y 'zy , page 82

a basis element of the group algebra CU corresponding to A € V'
the image of a positive integer ¢« under the mirror map , page 272
the fundamental system (or base) of roots, page 268

an fixed element in [F2\F, such that n? +n =1, page 243

an fixed element in Fs\F, such that n? 4+nf+n=1,page 34

a non-degenerate symmetric bilinear form on V}, called the trace form,
except in §1.2 , page 32

the Killing form of a Lie algebra , page 268

equals to 7, o k, a symmetric F,-bilinear form on V;, = Matsys (¢°) ,
page 244

equals to 7, o k, a symmetric F,-bilinear form on V; = Matsys (¢°) ,
page 35

the kernel of y , page 82
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Nomenclature

Aa CU-right endomorphism of CU given by left multiplication with a
(H*)r the Euclidean space spanned by the root system &, page 268
C the complex field , page 7

COy(14]) U-orbit module associate to A , page 17

F, the finite field with ¢ elements , page 7

Fs the finite field with ¢ elements , page 7

N the set of all nonnegative integers , page 7

N* the set of all positive integers , page 7

Z the set of all integers , page 7

K the set of superclasses of G5¥'(¢) , page 157

K the set of superclasses of 2G3” (32™*1) , page 196
K the set of superclasses of D" (¢%) , page 81

K the set of superclasses of a finite group , page 76
Lp, a complex Lie algebra of type D,, , page 276

Lg, a complex Lie algebra of type Eg , page 203

L, a complex Lie algebra of type E; , page 249

L, a complex Lie algebra of type F} , page 220

Le, a complex Lie algebra of type G, , page 115

L, the root space of a root r , page 267

M the set of supermodules of G5¥'(¢) , page 157

M the set of supermodules of 2G5 (327+1) | page 196
M the set of supermodules of 3D5” (¢%) , page 81

M the set of supermodules of a finite group, page 76
V equals to (H*)g, the Euclidean space spanned by the root system &,

page 268
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o
o,

T
ConjCl(G)
core(A)
ht(s)
Ind%\
Irr(x)
[rr(G)

l.main(A)
main(A)

mainy(A)

MathN(K)

minor(A)
Pstaby ([A])
r.main(A)
regg

Resfx
Staby (A, B)
supp(A)
trivg

tr(A)

Nomenclature

the set of supercharacters of G5”'(¢) , page 157
the set of supercharacters of 2G5 (32m+1) | page 196

the set of supercharacters of 3 D5

(¢°) , page 81

the set of supercharacters of a finite group , page 76

the adjoint map of a Lie algebra: y — [z, y] , page 266
the set of conjugacy classes of a finite group G , page 77
the core of A € V', page 50

the height of a root s € ® , page 268

the character induced from \ , page 82

the set of all irreducible constituents of the character x , page 76

the set of all complex irreducible characters of a finite group G ,
page 10

the set of left main conditions of A € V', page 49

the set of main conditions of A € V', page 49

the set of the k-th main condition of A € V', page 50
the set of all M x N matrices with entries in the field K , page 7
the set of minor conditions of A € V', page 50

the projective stabilizer of [A] in U , page 17

the set of right main conditions of A € V', page 50
the regular character of a group GG , page 76

the restriction of x to H , page 82

the intersection of the stabilizers of A and B, page 17
the support of the matrix A , page 9

the trivial character of a group G , page 77

the trace of A, page 8
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Nomenclature

verge(A) the verge of A € V', page 50
verge, (A) the set of the i-th verge of A € V', page 50

supp(g) the essential support of the group element ¢ , page 9

supp(H) the support of the subgroup H < Ay (K) , page 9

o the set of roots , page 267

oo an F -epimorphism F > — F, : ¢t — t + 7, page 243

oo an F,-epimorphism F s — [, : ¢t — ¢t + 7 + 7 | page 34

T an F,-epimorphism from V;, to V', page 36

Ty a projection of 1

< a total order of a Euclidean space , page 269

p a linear transformation of V, into itself , page 22

] the set of matrix positions , page 7

N the set of matrix positions , page 7

P amap ¢: K - KG: 7+ Y ,eq7(9)g in §1.2

v a fixed nontrivial complex linear character of the additive group F; ,
page 15

Cu an IF,-automorphism for a fixed u € F5: Fps — Fys 1 ¢ ut® +uite
page 48

AT the transpose of A , page 8

An(K) the unipotent linear group of upper unitriangular N x N-matrices
over K , page 8

€ j a matrix with entry 1 at the (¢, j)-position and 0 entries otherwise ,
page 8

f usually denotes a 1-cocycle of G (or U) in V

G equals to Ag(q) in §4.2 and §4.3

G equals to Gs(q) in §3.2 and 83.3

G equals to Gg (¢*) in §2.2 and §2.3
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T

Tma

VL
Ve
Vo

Nomenclature

the commutator subgroup of a group G , page 82

a Sylow p-subgroup of the Chevalley group G,(¢q) , page 121
a group such that G5*'(¢) < Gs(q) < As(q) , page 122

a group such that 3D (%) < Gs (¢®) < 4s (¢%) , page 29
the inertia group in GG , page 82

the inertia group in G , page 82

identity n x n-matrix , page 7

a subset of N

a subset of Y, page 9

an invertible 2n x 2n-matrix with 1s in the anti-diagonal and Os else-
where , page 271

a field , page 7

the multiplicative group K\{0} of K, page 7
the additive group of K , page 7

a prime number , page 7

a fixed power of a prime p , page 7

denotes a complete set of coset representatives of (¢*F; ) in F; for an
fixed a* € IF}s , page 51

a complete set of right coset representatives of H in G , page 83
equals to G;yl(q) in 83.2 and §3.3

equals to 3 D5V (¢®) in §2.2 and §2.3

equals to 2G§yl (3?m*1) in §4.2 and §4.3

an F -subspace of V;

the orthogonal complement of V' with respect to , in §2.2.1 , page 37
a vector subspace of 1, , page 9

a K-vector space , page 8
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Nomenclature

Vo equals to Matgys (¢%) in §2.2 , page 32

V; an F,-subspace of

Vi the orthogonal complement of V; with respect to s
Z(@G) the center of G, page 82

2 Egyl (¢%) a Sylow p-subgroup of the Steinberg group ?E (¢%) , page 239
2G5¥ (32m+1)  a Sylow 3-subgroup of the Ree group 2G5 (327+1) | page 181

Di¥(q) a Sylow p-subgroup of the Chevalley group D,(q) , page 22

E&(q) a Sylow p-subgroup of the Chevalley group Es(q) , page 213

B (q) a Sylow p-subgroup of the Chevalley group E;(q) , page 256

F¥(q) a Sylow p-subgroup of the Chevalley group Fj(q) , page 228
GLn(K) the general linear group of all invertible N x N-matrices over K ,

page 8
3D (¢3) a Sylow p-subgroup of the Steinberg triality group D, (¢*) , page 26
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Index

1-cocycle, 12

-of E5¥(q), 219

-of E:¥'(q), 262

-of F}¥'(q), 236

-of G5¥(¢), 130

-of 2E5Y (¢?), 248

-of3DS “g?), 4

-onGS?” (32m+1) 186
Cartan

-decomposition, 267

-subalgebra, 267
character table

-of G3¥'(q) with p > 3, 170

-of 2G3Y1(3), 200

-of 3D (¢3), 103
Chevalley

-basis, 269

-group, 270
Clifford’s Theorem, 83
condition

core-, 51

minor-, 50
core, 50

-condition, 51

general linear group, 8

height, 268
hook-separated, 65
-staircase module, 65

inertia group, 82
Killing form, 267
Lie

-algebra, 265
-bracket, 265

main condition, 49
left-, 49
right-, 50
the i-th-, 50
mirror map, 272, 280
monomial
-basis, 10
-linearisation, 15
-module, 10
monomial linearisation, 15
-for E¥(q), 219
-for Esyl( ), 262
-for F;¥'(¢), 236
-for Gsyl(q) 131
-for 2E5Y (¢?), 248
-for 3D5yl (%), 4
-for 2Gsyl (32"““1) 187

orbit module, 17

pattern, 49
pre-supercharacter theory, 76

root, 267
-space, 267
positive-, 268
simple-, 268

semisimple, 267
stabilizer
-of A, 17
staircase
-module, 50



Index

-pattern, 50
supercharacter, 76

-of G3¥(¢), 157

-of 2G3Y (3*™11), 196

-of 3D (%), 81
supercharacter table, 77

-of G3¥'(q), 156

-of 2G3¥ (32m+1), 196

-of 3D (¢%), 80
supercharacter theory, 76

-for G5 (q), 154

-for 2G5Y! (3%m+1), 195

for D3 (¢%), 78
superclass, 76

-of G3¥'(q), 157

-of 2G5 (32m+1), 196

-of 3D (¢?), 81
superclass function, 76
supermodule, 76
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-of G3¥'(q), 157

-of 2G3Y (32m+1), 196

-of 3D (%), 81
support, 8

essential-, 8

trace, 8
trace form, 32
transpose, 8
truncated
-column operation, 49
-row operation, 60
truncated column operation, 49

unipotent
-linear group, 8

verge, 50
-pattern, 50
the ¢-th-, 50
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