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1. Introduction

1.1. Motivation

In solid state systems it is possible to excite electrons from the valence to the conduc-
tion band. Instead of treating the interaction of the excited electron with the remaining
electrons and nuclei, one treats the missing electron in the valence band as a positively
charged quasi particle, the hole. Similarly to the hydrogen atom, where the electron is
bound to a positive charged proton, it is possible to form bound states of electrons and
holes.

Those bound states, the excitons, can be further classified by the type of the binding.
Strongly bound excitons with a small extension, that are localized at one nucleus, were
first described theoretically by Frenkel in 1931 [1, 2]. On the other hand excitons with a
small binding energy and a large extension had their theoretical foundation formulated
by Wannier in 1937 [3]. While excitons in rare gas crystals agree with the description
of Frenkel excitons [4–6], the behavior of excitons in semiconductors like Cu2O is well
described by the Wannier model [4, 7, 8].

Because the underlying structures are sufficiently small compared to the extension of
the Wannier exciton, in a simple approach it can be treated similarly to the hydrogen
atom with an effective mass and corresponding scalar permittivity. For this reason one
observes a hydrogen-like absorption spectrum for excitons in Cu2O. Since their discovery
in Cu2O in 1952 [9] experimental techniques have advanced and led to the observation
of excitons up to a principle quantum number n = 25 by Kazimierczuk et al. in 2014 [10].

A closer inspection of the measured absorption spectra shows deviations from the purely
hydrogen-like behavior [11]. It can be shown that these deviations mainly originate from
the band structure of Cu2O [12]. Cu2O forms a cubic crystal with point group Oh [10].
The Hamiltonian of these cubic systems can be formulated by introducing a quasispin
I and for the material characteristic parameters [13]. Comparison with experimental
spectra for the material of interest can then determine the Luttinger parameters and
therefore give an appropriate description of the system [11, 14, 15]. To describe the
influence of a magnetic field, one applies the minimal substitution. Theoretical calcula-
tions allow for a line by line comparison between theory and experiment, which are in
good agreement [15, 16].
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1. Introduction

A fully quantum theoretical picture for the exciton in Cu2O is characterized by a de-
scription with quantum states. The corresponding Hilbert space is infinite dimensional.
To make calculations possible one only takes into account a limited number of states
and checks for convergence of the obtained energy levels. For an accurate description of
states for increasing principal quantum numbers n, the basis size increases as well. This
leads to a larger computational complexity which restricts the computation of magne-
toexiton states to low principal quantum numbers.

On the other hand, spectra of Rydberg systems in magnetic fields exhibit new phenom-
ena when Coulomb and Lorentz force become comparable near the ionization threshold
[17], with the most prominent being resonances with a frequency that is about 1.5 times
the cyclotron frequency ωc. These features have been discovered first in barium atoms by
Garton and Tomkins [18]. On the basis of their connection to the cyclotron frequency ωc

they were called quasi-Landau resonances [19]. Since then experimental investigations
in this energy range were done for numerous atomic systems, giving a more detailed
picture of the spectral range near the ionization threshold [20–28].

Early theoretical approaches explained the occurrence of these resonances using a semi-
classical WKB approximation [19, 29] and therefore connected the quasi-Landau reso-
nances to classical orbits in the symmetry plane normal to the magnetic field. Later
approaches used wave packets that initially started localized close to the nucleus, where
the time evolution of the center of the wave packets follows classical trajectories [30].
Trajectory calculations in this fashion were capable of describing more detailed features
of the quasi-Landau regime [24–26]. This led to a quantitative description of oscillator
strengths and therefore absorption spectra through closed-orbit theory which has been
established by Du and Delos [31, 32] and Bogomolny [33]. Closed-orbit theory has proven
to be a successful tool in atomic physics.

In exciton spectra near the ionization threshold similar features appear near the ion-
ization threshold. In figure 1.1 we see quasi-Landau type resonances appearing in the
absorption spectrum of cuprous oxide. Regarding the success of semiclassical theory in
the description of similar features in atomic physics it seems natural to expand calcula-
tions in this framework to the vicinity of semiconductors.

For cuprous oxide there have been calculations using closed-orbit theory for the hydrogen-
like model [36], however a description including the band structure is more difficult
because of the additional spin degrees of freedom. A classical treatment of the spins
in analogy to the Landau–Lifshitz–Gilbert equation without damping was not able to
recover the Oh symmetry of the crystal in the classical orbits and in addition to this
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Figure 1.1.: Experimental spectrum in the neighborhood of the gap energy Eg =
2.17208 eV obtained by the group at TU Dortmund [34, 35].

the dynamics of the spins showed some rapid oscillations and numerical noise [37, 38].
In this thesis an adiabatic approach is applied for the electron-hole dynamics, where
the band structure terms of the Hamiltonian are diagonalized, as a function of r and p
yielding energy surfaces Wn(r,p). After neglecting interactions between these levels the
Hamiltonian is only dependent on the relative coordinates. The corresponding Hamil-
tonian for the exciton is therefore analogous to the hydrogen-like model with additional
correction terms Wn(r,p) depending only on the relative coordinates. This enables us to
calculate classical trajectories. The aim of this thesis is to lay down the foundations for
the computation of absorption spectra of magnetoexcitons in Cu2O in the strong-mixing
regime by calculating orbits and their parameters needed for closed-orbit theory.

1.2. Structure of the thesis

In Chapter 2 we will build up the theoretical foundations for the calculation of clas-
sical dynamics in cuprous oxide. We will start by giving an introduction on excitons
in cuprous oxide in section 2.1. Starting from the hydrogen-like model for excitons in
subsection 2.1.1 we will advance by introducing the semiconductor cuprous oxide in
subsection 2.1.2 followed by a description of excitons accounting for the structure of
the valence band in subsection 2.1.3. The influence of the magnetic field is then estab-
lished by applying the minimal substitution in subsection 2.1.4. Since this thesis aims
to lay down the foundation for calculating semiclassical absorption spectra of excitons
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1. Introduction

in cuprous oxide we will give an introduction to closed-orbit theory in section 2.2. To
consider the additional degrees of freedom in the dynamics we will introduce an adia-
batic approximation in section 2.3. This enables us to calculate classical exciton orbits
depending only on the relative motion. We will therefore conclude this chapter by a
brief discussion of classical dynamics for conservative systems with orbits described by
Hamilton’s equations of motion in subsection 2.4.1 as well as the stability of such orbits
in subsection 2.4.2.

In the following chapter 3 we will introduce the numerical methods used to calculate
exciton orbits. Since we want to calculate closed orbits starting at and returning to
r = 0 we need to deal with the Coulomb singularity arising there. This is done by the
Kustaanheimo and Stiefel regularization of the equations of motion [39, 40] introduced
in section 3.1. This is followed by a description on how we calculate the orbits in section
3.2. For this we distinguish two areas. For r < r0 a quantum mechanical description of
the exciton as radially outgoing Coulomb waves is accurate. We will use a hydrogen-like
model to account for this behavior for r < r0. For r > r0 a semiclassical description
of the exciton is accurate, the orbits are then calculated under the influence of band
structure and magnetic field.

In chapter 4 we then will present the results for the closed exciton orbits. We start
by discussing the parameter dependency on r0 in section 4.1. The case of exciton orbits
without a magnetic field is then treated in section 4.2. This is followed by a discussion
of magnetoexcitons in section 4.3.

We will then close with a brief summary and outlook in chapter 5.
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2. Theoretical foundations and
methods

In this chapter we will lay down the theoretical foundations for the calculation of classical
orbits in cuprous oxide and give a short introduction to closed-orbit theory used for the
calculation of semiclassical absorption spectra.

2.1. Excitons in cuprous oxide

In this section we will discuss the theoretical foundations for the description of excitons
in cuprous oxide. In subsection 2.1.1 we will give an overview on the hydrogen-like
model for excitons. The calculations in this thesis are performed for the semiconductor
cuprous oxide, subsection 2.1.2 will therefore give a short introduction on this material.
This is followed by a discussion of the influence of the valence-band structure and how to
account for it in our theoretical description in subsection 2.1.3. To conclude this section
we will introduce a magnetic field by applying the minimal substitution in subsection
2.1.4.

2.1.1. Hydrogen-like model for excitons

In a simple model the exciton can be described by a hydrogen-like model where only the
interaction of the positively charged hole in the valence band and the negatively charged
electron in the conduction band is taken into account:

H = Eg +
p2

e

2me

+
p2

h

2mh

− e2

4πε0ε|re − rh|
. (2.1)

In comparison to the hydrogen atom one has to use the effective masses of the electron
me and the hole mh since they are located in the conduction band and the valence band.
Another difference is that the permittivity ε of the material has to be taken into account
since the exciton is formed in a semiconductor. Also, the energy is shifted by the gap
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2. Theoretical foundations and methods

energy Eg of the material. Introducing relative and center-of-mass coordinates

r = re − rh,

R =
mere +mhrh

M
,

p =
mhpe −meph

M
,

P = pe + ph,

(2.2)

with M = me +mh, one can write the Hamiltonian (2.1) as:

H = Eg +
p2

2µ
− e2

4πε0ε|r|
+
P 2

2M
, (2.3)

where µ = memh/(me +mh) is the reduced mass of the system. The material parameters
can be found in Appendix A. In this thesis we want to neglect the center-of-mass term,
since its momentum is comparably small because it corresponds to the momentum of
the exciting photon. This will leave us with a Hamiltonian for the relative motion:

H = Eg +
p2

2µ
− e2

4πε0ε|r|
. (2.4)

A quantum mechanical treatment of this hydrogen-like system will give a Rydberg series
for the exciton:

En = Eg −
Rexc

n2
, (2.5)

with the excitonic Rydberg energy

Rexc = RH
µ

m0ε2
, (2.6)

and the Bohr radius of the exciton

aexc = aH
m0ε

µ
, (2.7)

which are different from the hydrogen values RH and aH because of the difference in the
reduced mass and the electron mass and the non-vacuum permittivity ε. Typical values
for semiconductors are [41]

1 meV ≤ Rexc ≤ 200 meV� Eg (2.8)

for the exciton-Rydberg energy and

50nm & aexc ≥ 1 nm > aH . (2.9)

for the Bohr radius of the exciton.
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2.1. Excitons in cuprous oxide

2.1.2. Cuprous oxide

The calculations in this thesis are performed for the semiconductor cuprous oxide. We
will therefore give a short introduction to this material. Cuprous oxide is characterized
by the formula Cu2O. Its unit cell is sketched in figure 2.1. It is organized in the
following way [42]: The unit cell is made up by two oxygen and four copper atoms.
The oxygen atoms appear in a bcc sublattice while the copper atoms are organized
in an fcc sublattice. The choice of the unit cell is not unique, we therefore show the
situation with the different sublattices as basis. The copper sublattice is shifted by 1/4
along the space diagonal compared to the oxygen sublattice. This leads cuprous oxide to
crystallize in the space group Pn3̄m and point group m3̄m (Hermann Mauguin notation)
or Oh (Schönflies notation) [10, 42], forming a red solid. Samples for experiments can be
obtained by synthetic growth [43, 44], however better results are obtained using natural
crystals leading to the observation of excitons up to a principal quantum number n = 25
in 2014 [10]. In early semiconductor circuit technologies cuprous oxide has been used
to realize rectifiers [45, 46]. With the uprising of silicon technologies cuprous oxide has
been repressed from industrial applications, which is mainly due to the problems with
fabrication and the poor conductivity [15, 47]. On the other hand cuprous oxide has
some advantages making it interesting for experimental observations:

• The Rydberg energy of excitons in cuprous oxide is given by Rexc = 86 meV [12]
and therefore comparably large. This promotes the experimental observation and
leads to the observation of excitons up to a principal quantum number n = 25 [10].

• The radius of excitons in cuprous oxide can be calculated using the hydrogen-like
model [48]:

〈r〉n,L =
aexc

2
[3n2 − L(L+ 1)]. (2.10)

With the Bohr radius for cuprous oxide aexc = 1.11nm [49] and n = 25 and L = 1
this gives a radius of 〈r〉25,1 = 1.04µm for the observed exciton [10]. This expansion
is much larger than that of the unit cell of cuprous oxide with the lattice parameter
a0 = 0.427 nm [50]. Excitons in cuprous oxide are therefore well suited to study
Wannier excitons in a model with effective mass and scalar permittivity.

• The material parameters differ from the ones in atomic physics. The Bohr radius
for the exciton is for example about 20 times larger than the one of hydrogen. This
makes the exciton in cuprous oxide an interesting candidate for studying Rydberg
systems.

• The differences in material parameters also make the area of high fields easier to
access. A magnetic flux density of B = 1 T for the excitonic systems corresponds
to a value of B = 432T in the hydrogenic case. This can be seen looking at the
exciton-Hartree units introduced in Appendix B.
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2. Theoretical foundations and methods

Figure 2.1.: Unit cell of cuprous oxide. Oxygen atoms are depicted blue, copper atoms
are depicted red. Bonds are indicated by black lines. On the left we choose
the edge of the unit cell to coincide with the oxygenic bcc sublattice, on the
right the edge of the unit cell coincides with the cuprous fcc sublattice. The
front left copper atom in both figures are equivalent.

• The energy needed to excite the excitons Rydberg series is located in the visible
spectrum and therefore comparably easy to work with.

2.1.3. Influence of the valence band structure in Cu2O

Experimentally obtained exciton spectra for Cu2O show deviations from the simple
hydrogen-like model [11]. This is mainly due to the fact that the hydrogen-like model
neglects the valence band structure [12]. A more accurate description can be obtained
by introducing a quasispin I that accounts for the cubic Oh symmetry of the system
[13]. The valence band stems from a Cu 3d orbital [10, 15, 51]. When introducing a
crystal field with Oh symmetry the 3d orbital splits into a Γ+

3 band and a Γ+
5 band [52].

When introducing the hole spin Sh = 1
2
, which for the cubic Oh symmetry belongs to the

irreducible representation Γ+
6 , the Γ+

5 band further splits into a Γ+
7 and Γ+

8 band [52].
The splitting of these bands is sketched in figure 2.2. Using symmetry considerations,
the Hamiltonian of the hole in the valence band Hh(ph) then reads [12, 14, 15, 53]:

Hh(ph) =HSO +
1

2~2m0

[
~2(γ1 + 4γ2)p2

h + 2(η1 + 2η2)p2
h(I ·Sh)

− 6γ2[p2
h1I

2
1 + c.p.]− 12η2[p2

h1I1Sh1 + c.p.]

− 12γ3

[
{ph1, ph2}{I1, I2}+ c.p.

]
− 12η3

[
{ph1, ph2}(I1Sh2 + I2Sh1) + c.p.

]]
,

(2.11)
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2.1. Excitons in cuprous oxide

Atomic orbitals Crystal structure Spin-orbit
coupling

Cu 4s orbital

Cu 3d orbital

Γ+
1

Γ+
5

Γ+
3

Γ+
6

Γ+
7

Γ+
8

Γ+
8

Figure 2.2.: Splitting of the atomic orbitals due to the crystal structure and spin-orbit
coupling. The upper three bands on the right are considered in this thesis.

here {a, b} = 1
2
(ab+ ba) and c.p. stands for cyclic permutation, I is the quasispin of the

valence band and Sh is the hole spin, γ1, γ2, γ3, η1, η2, η3 are the Luttinger parameters of
Cu2O, and HSO denotes the spin-orbit coupling:

HSO =
2

3
∆

(
1 +

1

~2
I ·Sh

)
. (2.12)

The spin-orbit coupling leads to a splitting of the valence band into a higher-lying valence
band which is twofold degenerate and two lower-lying twofold degenerate valence bands
which coincide at the Γ-point where k = 0. The situation is sketched in figure 2.3.
Apart from the valence bands the lowest-lying conduction band is shown. It stems from
the Cu 4s orbital [10, 15, 51]. The energy difference of the upper valence band and the
conduction band is given by the gap energy Eg. The Hamiltonian of the electron in the
conduction band can then be written as:

He(pe) =
p2

e

2me

. (2.13)

The transition series from the different valence bands to the conduction band are labeled
according to the wavelength of the laser needed to drive the transition. In this thesis we
want to focus on the yellow exciton series of cuprous oxide. For a full description of the
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Figure 2.3.: Schematic band structure of cuprous oxide.

exciton, the Coulomb interaction of electron and hole needs to be taken into account:

V (re − rh) = − e2

4πε0ε|re − rh|
. (2.14)

In principle central-cell corrections can be considered. This has been done in quantum
theoretical calculations for the even exciton series in cuprous oxide, because the arising
yellow 1S exciton has a small extension [54]. Since we are interested in the higher-lying
exciton states we neglect this terms. The full Hamiltonian is then given by:

H = Eg +He(pe) +Hh(ph) + V (re − rh). (2.15)

Using relative and center-of-mass coordinates and neglecting P , the Hamiltonian takes
the form:

H =Eg +
2

3
∆(1 +

1

~2
I ·Sh) +

1

2~2m0

[
~2(γ′1 + 4γ2)p2 + 2(η1 + 2η2)p2(I ·Sh)

− 6γ2[p2
1I

2
1 + c.p.]− 12η2[p2

1I1Sh1 + c.p.]

− 12γ3

[
{p1, p2}{I1, I2}+ c.p.

]
− 12η3

[
{p1, p2}(I1Sh2 + I2Sh1) + c.p.

]]
− e2

4πε0ε|r|
,

(2.16)
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2.1. Excitons in cuprous oxide

where γ′1 = γ1 + m0/me. Starting from here, we will use exciton-Hartree units see Ap-
pendix B which simplifies the Hamiltonian and the numerical treatment of the excitonic
system:

H =
1

2
p2 − 1

r
+ Eg + H̃b(p, I,Sh)

=
1

2
p2 − 1

r
+ Eg +

2

3
∆(1 + I ·Sh) +

2γ2

γ′1
p2 +

η1 + 2η2

γ′1
p2(I ·Sh)

− 3γ2

γ′1
[p2

1I
2
1 + c.p.]− 6η2

γ′1
[p2

1I1Sh1 + c.p.]− 6γ3

γ′1
[{p1, p2}{I1, I2}+ c.p.]

− 6η3

γ′1
[{p1, p2}{I1Sh2, I2Sh1}+ c.p.].

(2.17)

2.1.4. Magnetoexcitons in Cu2O

To account for external magnetic and electric fields one has to apply the minimal sub-
stitution:

p→ p− qA(r), E → E − qΦ(r), (2.18)

with charge q, vector potential A(r) and scalar potential Φ(r). The charge of the
electron is qe = −e and the charge of the hole is qh = e. For constant electric fields F
and magnetic fields B the potentials are given by:

A(r) =
1

2
B × r, Φ(r) = F · r. (2.19)

In addition to the minimal substitution, the term HB needs to be added to the Hamilto-
nian since electron and hole are fermions; for degenerate bands it reads [13, 15, 16, 53, 55]:

HB =
µB

~

[
gcSe +

(
3κ+

gs

2

)
I − gsSh

]
B, (2.20)

where µB is the Bohr magneton and gc is the g-factor of the conduction band with
electron spin Se and gc is the gyromagnetic factor of the electron. In relative and center-
of-mass coordinates (2.2) with the center of mass set to zero and constant external fields,
the Hamiltonian is then given by:

H = Eg +He

(
p+

e

2
B × r

)
+Hh

(
−p+

e

2
B × r

)
+ V (r) +HB − eF · r (2.21)
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2. Theoretical foundations and methods

Using exciton-Hartree units (Appendix B), the Hamiltonian written in full reads:

H =
1

2
p2 − 1

r
+ Eg +

2

3
∆(1 + I ·Sh)− F · r +

2γ2

γ′1
p2 +

η1 + 2η2

γ′1
p2(I ·Sh)

− 3γ2

γ′1
[p2

1I
2
1 + c.p.]− 6η2

γ′1
[p2

1I1Sh1 + c.p.]− 6γ3

γ′1
[{p1, p2}{I1, I2}+ c.p.]

− 6η3

γ′1
[{p1, p2}{I1Sh2, I2Sh1}+ c.p.]

+
µB

~
[gcSe + (3κ+

gs

2
)I − gsSh]B +

1

γ′1
(
m0

me

− γ′1
2
− 2γ2)B ·L

− η1 + 2η2

γ′1
(I ·Sh)B ·L+

3γ2

γ′1
[p1(B2r3 −B3r2)I2

1 + c.p.]

+
6η2

γ′1
[p1(B2r3 −B3r2)I1Sh1 + c.p.]

+
3γ3

γ′1
[(p1(B3r1 −B1r3) + p2(B2r3 −B3r2)){I1, I2}+ c.p.]

+
3η3

γ′1
[
(
p1(B3r1 −B1r3) + p2(B2r3 −B3r2)

)
{I1Sh2, I2Sh1}+ c.p.]

+
1

8γ′1
(γ′1 + 4γ2)[B2r2 − (B · r)2] +

η1 + 2η2

4γ′1
(I ·Sh))[B2r2 − (B · r)2]

− 3γ2

4γ′1
[(B2r3 −B3r2)2I2

1 + c.p.]− 3η2

2γ′1
[(B2r3 −B3r2)2I1Sh1 + c.p.]

− 3γ3

2γ′1
[(B3r1 −B1r3)(B2r3 −B3r2){I1, I2}+ c.p.]

− 3η3

2γ′1
[(B3r1 −B1r3)(B2r3 −B3r2)){I1Sh2, I2Sh1}+ c.p.].

(2.22)

The values of the material constants used in this thesis can be found in Appendix A.
Working with this Hamiltonian one can do quantum theoretical calculations for excitons
in cuprous oxide (see for example [15]). Fully quantum mechanical computations are
however limited, since the dimension of the corresponding Hilbert space is infinite. The
calculations can only account for a limited amount of energy levels. For a big enough
number of considered states the calculations converge for the low-lying energy levels.
The computational complexity therefore rises, because for an accurate description of
increasing quantum numbers n, the basis size that needs to be considered increases as
well. The calculations of exciton states in cuprous oxide are therefore somewhat limited
to low principle quantum numbers n. To calculate absorption spectra for the higher-
lying energies we therefore want to take a semiclassical approach using closed-orbit
theory. Apart from the calculations we also hope to gain additional insight concerning
the absorption spectra for lower lying states and the case without magnetic fields.
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2.2. Closed-orbit theory

2.2. Closed-orbit theory

Optical transitions from an initial state |i〉 to an excited level |n〉 are characterized by
their oscillator strength [4, 31, 32]

fn =
2m(En − Ei)

~2
| 〈i|D |n〉 |2 (2.23)

with the dipole operator:

D = r
A0

|A0|
. (2.24)

A0 is the vector potential of the exciting electromagnetic wave. To describe photoab-
sorption spectra one can look at the oscillator strength density:

f(E) =
∑
n

fnδ(E − En) =
2m(E − Ei)

~2
Im g(E). (2.25)

The main properties of the oscillator strength density are characterized by the response
function:

g(E) = − 1

π
〈i|DGED |i〉 = − 1

π
lim
ε→0

∑
n

| 〈i|D |n〉 |2

E − En + iε
, (2.26)

with the retarded Green’s function

GE = lim
ε→0

∑
n

|n〉 〈n|
E − En + iε

. (2.27)

The retarded Green’s function is related to the quantum mechanical propagator. This
can be seen when looking at the representation of the retarded Green’s function in a
continuous basis |x〉:

GE(x, x′) = lim
ε→0

∑
n

〈x|n〉 〈n|x′〉
E − En + iε

= lim
ε→0

1

i

∫ ∞
0

dtei(E+iε)t/~Kqm(x, t, x′, t′ = 0), (2.28)

with the quantum mechanical propagator:

Kqm(x, t, x′, t′ = 0) =
∑
n

〈x|n〉 〈n|x′〉eiEnt/~. (2.29)

This can also be expressed in a path integral formulation [56–58]:

Kqm(x, t, x′, t′ = 0) =

∫
D[q]eiR(q,q′,t)/~, (2.30)

where we sum over all intermediate paths.

R(q, q′, t) =

∫ t

0

dt′L(q̇, q) (2.31)
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2. Theoretical foundations and methods

is called Hamilton’s principal function, with the Lagrangian L(q̇, q). For the Rydberg
states R(q, q′, t) will in general be large compared to ~. This means that the term
eiR(q,q′,t)/~ in equation (2.30) is strongly oscillating, which leads to cancellation of the
terms corresponding to neighboring orbits. Only in the case of classical orbits the term
becomes stationary and therefore has a tremendous impact when calculating the propa-
gator. Only accounting for classical orbits by this stationary phase approximation there-
fore leads to a semiclassical propagator. In the result derived by Gutzwiller [56, 57, 59]:

Kscl(x, t, x
′, t′ = 0) = (2πi~)−N/2

∑
c.o.

√
det

∂2R

∂q∂q′
eiR(q,q′,t)/~−iπ

2
µ, (2.32)

an additional phase appears, which is characterized by the Maslov index µ. The Maslov
index appears, since the semiclassical wave function shows singular behavior for specific
points following a trajectory. These are reflections, caustics and foci. In momentum
space the semiclassical wave function does not diverge at these points, however it expe-
riences a phase shift of −π/2 [31, 32, 60]. This is taken into account through the Maslov
index by counting the reflections, caustics and foci. From this semiclassical propagator,
the semiclassical Green’s function can then be obtained by Fourier transformation. The
semiclassical response function for hydrogen-like systems is given by [61]:

gscl(E) = g0 + gosc(E). (2.33)

The semiclassical approximation breaks down for small expansions in r. The description
of the exciton for radii r < r0 is therefore given by a quantum theoretical treatment.
This leads to the direct part g0 in the response function [61]. For radii r > r0 the exciton
is suitably described by an outgoing Coulomb wave that follows a classical trajectory for
a given energy E; this leads to the oscillatory part in the response function [61]:

gosc(E) = Im
∑
c.o

4π
Y∗(ϑf , ϕf )Y(ϑi, ϕi)√

|m|
exp

(
iSc.o.(E)− iπ

2
µc.o.

)
. (2.34)

Here, Y(ϑ, ϕ) is the radial part of the wave function one gets when applying the dipole
operator to the initial state D |i〉 and m is given by [61]:

m sin(ϑf ) sin(ϑi) = det

(
∂(pϑf , pϕf )

∂(ϑi, ϕi)

)
, (2.35)

which can be identified with the determinant of a 2 × 2 submatrix of the monodromy
matrix. For the exciton in cuprous oxide the situation differs from the hydrogen atom:

• Oscillator strengths for cuprous oxide can only be calculated relative to each other,
because optical excitations are caused by the k-dependent admixture to the transi-
tion matrix element [14]. Considering the first order of k this makes the transition
matrix element proportional to the gradient of the envelope wavefunction of the
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2.2. Closed-orbit theory

Radial start for r0

Deflection due
to band structure/

magnetic field
Caustic

Caustic

Radial return to r0

Figure 2.4.: Orbits considered in closed orbit theory. The electron at first is in the
valence band. It then gets excited, forming an exciton with the remaing
hole. The outgoing Coulomb waves move radially outward up to the radius
r = r0. The waves then follow classical trajectories under the influence of
magnetic field and band structure. The waves returning radially inward to
r = r0 then interfere with the outgoing waves.

exciton [14]. The radial part in the response function will therefore also be un-
specified for the semiclassical calculations for excitons:

gosc(E) ∼ Im
∑
c.o

4π
Y∗(ϑf , ϕf )Y(ϑi, ϕi)√

|m|
exp

(
iSc.o.(E)− iπ

2
µc.o.

)
. (2.36)

• In addition to the relative coordinates and momenta the quasispin and hole spin
appear as additional degrees of freedom. Treating the spins in a semiclassical
fashion however is problematic. Approaches treating quasispin and hole spin in
analogy to the Landau-Lifshitz-Gilbert equation did not recover the cubic Oh-
symmetry of the system [37, 38]. Furthermore, the dynamics for hole spin and
quasispin showed a strong oscillatory behavior, which leads to problems concerning
the numerical treatment. The semiclassical description of the spins failed maybe
also because the values I = 1 and Sh = 1

2
are considerably low. We therefore want
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2. Theoretical foundations and methods

to choose a different approach treating spin and quasispin in a quantum theoretical
framework, using an adiabatic approximation introduced in the following section
2.3. This will lead to a description of the exciton only depending on relative
coordinates and momenta.

The absorption process can then be described as follows. Initially the electron is in the
valence band. Since the ground state of the solid is characterized by angular momentum
L = 0, the initial state is assigned to an s-state |i〉 = |s〉. The photons then excite the
electron, forming an exciton. This produces Coulomb wavesD |i〉 going radially outwards
with the angular part given by Y(ϑi, ϕi). Starting from the radius r = r0 the outgoing
Coulomb wave can be described within the semiclassical picture such that the wave fronts
follow classical trajectories. These trajectories then also account for the band structure
in addition to the simple hydrogen-like model. On its way the exciton may encounter
caustics, foci or turning points until at some point the classical orbit may return to the
area r < r0 so that the incoming waves with the angular part given by Y(ϑf , ϕf ) interfere
with the outgoing ones leading to the oscillatory behavior of the response function. For
the calculation of semiclassical absorption spectra one therefore needs closed classical
trajectories at a given energy E characterized by its orbit parameters. The process is
sketched in figure 2.4.

2.3. Adiabatic approximation for excitons in Cu2O

In this section we want to introduce an adiabatic approximation. This will lead to a
splitting of the system into a wave function for the hole spin and quasispin and one for
the relative motion of the exciton. The dynamics in the relative coordinate can then be
calculated in a classical framework, accounting for the band structure terms via addi-
tional terms Wn(p). This treatment leads to classical exciton orbits. In the calculations
of the orbits additional terms appear fulfilling the Oh-symmetry of the system. After
introducing the adiabatic approximation used in this thesis in subsection 2.3.1 we will
discuss the symmetry properties of the additional term Wn(p) in subsection 2.3.2.

2.3.1. Adiabatic approximation

In section 2.1 we introduced the Hamiltonian for excitons in cuprous oxide. This enables
us to do calculations in a quantum mechanical framework for low principal quantum
numbers. However, the aim of this thesis is to provide a tool to obtain the absorption
spectra for Cu2O, in the area of high energies near the ionization threshold. This shall
be done using closed orbit theory that was introduced in section 2.2. In comparison to
the hydrogen-like case, excitons in cuprous oxide exhibit additional degrees of freedom
through the quasispin I = 1 and the hole spin Sh = 1

2
. Earlier work has shown that

a classical treatment of these additional degrees of freedom is not suitable [37, 38]. In
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2.3. Adiabatic approximation for excitons in Cu2O

this thesis we want to introduce an adiabatic approach where we diagonalize the spin
Hamiltonian in terms of a wave function for I and Sh that includes the momenta p
as parameters. This leads to eigenvalues depending on the momenta p. Neglecting
interaction of these eigenvalues we are left with a system only depending on the relative
coordinates and momenta. The reasoning to justify this neglection goes as follows. The
quasispin and the hole spin stay fixed at small values I = 1 and Sh = 1

2
. The kinetic

energy on the other hand gets smaller when we are advancing to higher principal quantum
numbers. The kinetic energy is of the same order as the total energy of the system. In
a hydrogen-like system the kinetic energy is therefore of the order 1

n2 . When looking at
Rydberg states the kinetic energy of the system therefore gets small while the proportion
of the spins stays unchanged. In analogy to the Born-Oppenheimer approximation where
we have fast motion of the electrons which instantaneously react to the slow core motion,
in our approach the fast spin motion instantaneously reacts to the slow motion of the
Rydberg exciton. We want to empathize this approach by looking at the complete
Hamiltonian in a quantum theoretical framework. The Schrödinger equation for the
exciton is given by:

i∂tΨ =
1

2
p2 − 1

r
+ H̃b

=

[
1

2
p2 − 1

r
+ Eg +

2

3
∆(1 + I ·Sh) +

2γ2

γ′1
p2 +

η1 + 2η2

γ′1
p2(I ·Sh)

− 3γ2

γ′1
[p2

1I
2
1 + c.p.]− 6η2

γ′1
[p2

1I1Sh1 + c.p.]− 6γ3

γ′1
[{p1, p2}{I1, I2}+ c.p.]

− 6η3

γ′1
[{p1, p2}{I1Sh2, I2Sh1}+ c.p.]

]
Ψ.

(2.37)

An ansatz for the wave function for the Schrödinger equation in (2.37) can be found
using a function that is separable into a part for the relative coordinate p and for the
quasispin and hole spin depending on p as a parameter,

Ψ = Φ(p)X(p; I,Sh). (2.38)

The wave function X(p; I,Sh) can be chosen to fulfill the Schrödinger equation:

i∂tX =H̃bX

=
[
Eg +

2

3
∆(1 + I ·Sh) +

2γ2

γ′1
p2 +

η1 + 2η2

γ′1
p2(I ·Sh)

− 3γ2

γ′1
[p2

1I
2
1 + c.p.]− 6η2

γ′1
[p2

1I1Sh1 + c.p.]− 6γ3

γ′1
[{p1, p2}{I1, I2}+ c.p.]

− 6η3

γ′1
[{p1, p2}{I1Sh2, I2Sh1}+ c.p.]

]
X.

(2.39)

The solutions take the form:

X(p; I,Sh, t) =
∑
n

cn(p)χn(p; I,Sh)e−iWn(p)t, (2.40)
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2. Theoretical foundations and methods

where

χn(p; I,Sh) =
∑

mI ,mSh

cmI ,mSh
(p) |mI ,mSh

〉 . (2.41)

The eigenvalues Wn(p) for this Schrödinger equation can be found by diagonalizing the
Hamiltonian H̃b(p) in a complete basis |mI ,mSh

〉. The corresponding matrix elements
can be found in Appendix C. Using the product ansatz the Schrödinger equation then
reads:

i∂t(ΦX) =X[
1

2
p2 − 1

r
]Φ

+ Φ[Eg +
2

3
∆(1 + I ·Sh) +

2γ2

γ′1
p2 +

η1 + 2η2

γ′1
p2(I ·Sh)

− 3γ2

γ′1
[p2

1I
2
1 + c.p.]− 6η2

γ′1
[p2

1I1Sh1 + c.p.]− 6γ3

γ′1
[{p1, p2}{I1, I2}+ c.p.]

− 6η3

γ′1
[{p1, p2}{I1Sh2, I2Sh1}+ c.p.]]X

− 1

r
(ΦX) +X

1

r
Φ.

(2.42)
The right hand side of the first row describes the hydrogen-like Hamiltonian that is
independent from hole spin and quasispin. The second to fourth row is the Hamiltonian
accounting for the band structure H̃b through hole spin and quasispin depending on the
parameter p and the last row that arises because of the p dependence of X(p; I,Sh).
This would lead to a coupling of the different energy surfaces Wn(p) and therefore
changes due to the movement of the relative coordinate. In this thesis we want to treat
these terms as a perturbation since we consider the quasispin and hole spin dynamics to
be much faster than the one of the relative motion of the Rydberg states. These terms
will therefore be neglected, so that the spin dynamics reacts instantaneously to a change
in the relative coordinates. Replacing the hole spin and quasispin part in the exciton
Hamiltonian by a corresponding energy surface yields:

H̃Φ =

[
1

2
p2 − 1

r
+Wn(p)

]
Φ. (2.43)

The lowest two energy surfaces of H̃b(p) can be assigned to the yellow exciton series.
In a classical treatment we will then use the Hamilton function corresponding to the
Hamiltonian (2.43). In the case of a magnetic field the Hamiltonian H̃b is also dependant
on the relative coordinates r and the magnetic field B. With the additional terms
the eigenvalues Wn also gain this dependency, yielding eigenvalues Wn(p, r,B). The
presence of a magnetic field however reduces the symmetry of the system.
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2.3. Adiabatic approximation for excitons in Cu2O

2.3.2. Symmetries of the crystal

Cuprous oxide exhibits the cubic Oh symmetry. This group consists of the symmetry
operations listed in table 2.1. In our Hamiltonian we account for this point group via
the terms H̃b. These terms are diagonalized in a complete basis for quasispin and
hole spin |mI ,mSh

〉, which leads to energy surfaces Wn(p). These eigenvalues then also
share the cubic Oh symmetry. In addition to this our Hamiltonian exhibits a time
inversion symmetry for the case without magnetic field, this means that the energy
surfaces Wn(p) obtained from diagonalizing H̃b always appear in pairs of two due to
Kramers theorem [62]. When looking at the resulting dynamics, we can see an influence
of the cubic Oh symmetry. Due to the reflection symmetries the crystal has two distinct
types of symmetry planes. On the one hand we have the plane normal to [001] and
its two equivalents. On the other hand there is the plane normal to [110] with its five
equivalents. The motion starting in these planes is restricted to stay in these planes
due to the occurring reflection symmetries. The nine symmetry planes intersect at the
[111], [001] and [110] axis and their equivalents. For these directions the motion can
only take place along those axis, resulting in the degenerated ellipses one knows from
the orbits starting in the core in the hydrogen-like case. When applying a magnetic
field the Oh symmetry of the systems gets broken, leaving in general no symmetries left.
For orientations of the magnetic fields along the [001] axis and the [110] axis, and their
equivalents, the corresponding symmetry plane normal to the axis however remains a
symmetry plane. For an orientation of the magnetic field along the [111] axis there
is also some symmetry left however, the resulting C3i symmetry does not include any
symmetry planes [52]. Because of the important role of these symmetry planes we want
to take a closer look on them.

Table 2.1.: Symmetry operations of Oh [52].

Symmetry operation Characterization
E Identity

8C3 Threefold rotations around the [111] axis and equivalents
3C2 Twofold rotations around the [001] axis and equivalents
6C4 Fourfold rotations around the [001] axis and equivalents
6C2 Twofold rotations around the [110] axis and equivalents
I Inversion

8S6 Improper rotations around the [111] axis and equivalents
3σh Reflections at planes normal to the [001] axis and equivalents
6S4 Improper rotations around the [001] axis and equivalents
6σd Reflections at planes normal to the [110] axis and equivalents
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2. Theoretical foundations and methods

Plane normal to the [001] axis

Looking at the plane normal to the [001] axis the symmetry operations keeping a point in
the plane are given in table 2.2. This corresponds to the symmetry group C4v [52]. This
symmetry can be found when looking at the terms Wn(p) as shown in figure 2.5. One
can clearly see the deviation from the spherical symmetry when looking at the right part
of figure 2.5. In addition figure 2.5 exhibits all the symmetry operations of C4v. When
applying a magnetic field in [001] direction, only operations where the corresponding axis

Table 2.2.: Symmetry operations of C4v [52].

Symmetry operation Characterization
E Identity
C2 Twofold rotations around the [001] axis

2C4 Fourfold rotations around the [001] axis
2σh Reflections at planes normal to the [100] and [010] axis
2σd Reflections at planes normal to the [110] and [110] axis

Wn(p) Wn(p)−Wn(|p|ex)
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Figure 2.5.: Left: Energy surface Wn(p) for the yellow series in the plane normal to the
[001] axis. Right: Wn(p) − Wn(|p|ex) for the yellow series and the same
plane. All values are given in exciton-Hartree units introduced in Appendix
B.
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2.3. Adiabatic approximation for excitons in Cu2O

is [001] will stay symmetry operations for the system. This reduces the Oh symmetry to
a C4h symmetry.

Plane normal to the [110] axis

The symmetry operations keeping a point in the plane normal to the [110] axis are listed
in table 2.3. These are the symmetry operations of C2v [52]. These operations can also
bee seen looking at the terms Wn(p) as shown in figure 2.6.
The deviations to the hydrogen-like case are clearly visible as well as the two reflection

Table 2.3.: Symmetry operations of C2v [52].

Symmetry operation Characterization
E Identity
C2 Twofold rotation around the [110] axis
σv Reflection at the plane normal to the [001] axis
σ′v Reflection at the plane normal to the [110] axis

Wn(p) Wn(p)−Wn(|p|ez)
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Figure 2.6.: Left: Energy surface Wn(p) for the yellow series in the plane normal to the
[110] axis. Right: Wn(p) − Wn(|p|ez) for the yellow series and the same
plane. All units are given in exciton-Hartree units introduced in Appendix
B.
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2. Theoretical foundations and methods

axes and the twofold rotational symmetry. A magnetic field in [110] direction will keep
the symmetry operations where the corresponding axis is [110] this leads to a C2h sym-
metry for the three-dimensional system [52], including the symmetry plane normal to
the [110] axis.

2.4. Classical dynamics

In this section we will discuss the foundations for the calculation of classical orbits and
their stability properties. We will start by recapping Hamilton’s equations of motion in
subsection (2.4.1) and then advance to discuss the stability matrix for a given orbit in
subsection (2.4.2).

2.4.1. Hamilton’s equations of motion

Introducing the symplectic matrix J and the vector γ with:

J =

(
0 1

−1 0

)
, γ = (r,p)> (2.44)

Hamilton’s equations of motion can be written in the compact form:

d

dt
γ = J

∂H

∂γ
. (2.45)

For magnetoexcitons in Cu2O the equations of motion will then read:

ṙ1 = p1 +
∂Wn(r,p,B,F )

∂p1

,

ṙ2 = p2 +
∂Wn(r,p,B,F )

∂p2

,

ṙ3 = p3 +
∂Wn(r,p,B,F )

∂p3

,

ṗ1 = −r1

r3
− ∂Wn(r,p,B,F )

∂r1

,

ṗ2 = −r2

r3
− ∂Wn(r,p,B,F )

∂r2

,

ṗ3 = −r3

r3
− ∂Wn(r,p,B,F )

∂r3

.

(2.46)

2.4.2. Stability of classical orbits

To give a characterization concerning the stability of a certain closed path γ(t) one
looks at what happens to the orbit when changing the initial coordinates and momenta
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2.4. Classical dynamics

by a small amount ∆γ(0) while keeping the energy E fixed. For this one looks at the
linearized map from ∆γ(0) to ∆γ(t):

∆γ(t) = M (γ(0), t)∆γ(0) (2.47)

with the stability matrix M(γ(0), t). In its differential formulation it is given by:

Mij =
∂γi(t)

∂γj(0)
. (2.48)

Every point in phase space has a corresponding stability matrix depending on the initial
values of γ and the time t. For t = 0 the stability matrix is simply given by:

M (γ(0), 0) = 1. (2.49)

For simplicity we will from now on drop the dependencies. For periodic orbits with
period T , the stability matrix for n revolutions M (nT ) can be expressed as:

M(nT ) = Mn(T ). (2.50)

One can find the equations of motion of the stability matrix by differentiating equation
(2.48) and using Hamilton’s equations of motion (2.45):

Ṁ =
dM

dt
= J

∂2H

∂γ2
M . (2.51)

The stability matrix is symplectic:

M>JM = J , (2.52)

and therefore has some useful properties [57, 58]:

• The real eigenvalues appear in pairs including the eigenvalue d and its inverse 1/d.

• For a complex eigenvalue d the complex conjugate d∗ is also an eigenvalue of the
stability matrix. The eigenvalues then appear as a quartet d, 1/d, d∗, 1/d∗, or as a
pair for the case of |d| = 1 where 1/d and d∗ coincide.

• The determinant of M is given by unity:

detM = 1. (2.53)

If there are conserved quantities in the system, one can find action-angle coordinates
where the Hamilton function is no longer dependent on the generalized coordinates. From
equation (2.51) one can then see that the stability matrix will have two eigenvalues equal
to di,j = 1. The description of the excitons in this thesis is given within a conservative
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2. Theoretical foundations and methods

Hamiltonian system. From the conservation of energy it follows that there are two
eigenvalues equal to di,j = 1. This becomes clear when looking at a time translation
for a particle on a periodic orbit. This will move the starting position on the orbit.
Therefore the displacement will not change after one revolution. The other eigenvalue
di = 1 corresponds to small displacements in energy leading to neighboring orbits. For
the closed orbits considered in this work it is convenient to look at the monodromy
matrix M̃ . It is a 4 × 4 submatrix of the stability matrix which only accounts for
deviations perpendicular to the orbit:

∆γ⊥(t) = M (γ⊥(0), t)∆γ⊥(0). (2.54)

The monodromy matrix M̃ takes an important part in calculating semiclassical ab-
sorption spectra. In general the stability of a system is characterized by its Lyapunov
exponents λi. They can be related to the eigenvalues of the stability matrix [63]:

λi = lim
t→∞

1

t
ln di(t). (2.55)

For periodic orbits one can make use of relation (2.50) to express the Lyapunov exponents
in terms of one revolution:

λi = lim
t→∞

1

t
ln di(t) = lim

n→∞

1

nT
ln di(nT ) = lim

n→∞

1

nT
ln di(T )n =

1

T
ln di(T ). (2.56)

The Lyapunov exponents describe the average speed with which neighboring orbits di-
verge. Since eigenvalues of the stability/monodromy matrix appear in pairs d, 1/d the
Lyapunov exponents appear in pairs λ,−λ. The stability of the orbit in the correspond-
ing direction is then characterized by the Lyapunov exponents as follows:

• If λ = ia with a ∈ R the orbit is stable in the corresponding direction.

• If λ = a with a ∈ R\{0} the orbit is unstable in the corresponding direction.

• If λ = a + ib with a, b ∈ R\{0} the orbit is unstable. In this case the eigenvalues
of the monodromy matrix appear as quartet d, 1/d, d∗, 1/d∗.

To characterize the stability of the whole trajectory one typically looks at the eigenvalue
with the greatest absolute value supi |di(t)|. The quantity

L = lim
t→∞

1

t
ln(sup |di(t)|) (2.57)

is then zero for stable orbits and greater zero for unstable motion. In the latter case the
long time behavior of the system becomes unpredictable.
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3. Numerical methods

In this chapter we will introduce the Kustaanheimo and Stiefel transformation [39, 40],
as a tool to regularize the Coulomb singularity, in section 3.1. Afterwards we will discuss
the numerical methods used for the calculation of classical orbits in section 3.2.

3.1. Regularization

Looking at the equations of motion (2.46) one can see that for r → 0 the correspond-
ing momenta as well as the Coulomb term will diverge. A common way to get rid of
the Coulomb singularity is to apply the transformation of Kustaanheimo and Stiefel
[39, 40]. It consists of a combination of coordinate transformation and a time trans-
formation, though it is necessary to describe the motion after the transformation in
a four-dimensional space [39, 64]. For this reason the positions and momenta in the
three-dimensional space will be appended so that

r = (r1, r2, r3, 0)> (3.1)

and
p = (p1, p2, p3, 0)>. (3.2)

The coordinate transformation is then given by:

r = L(U)U =
1

2


U3 −U4 U1 −U2

U4 U3 U2 U1

U1 U2 −U3 −U4

U2 −U1 −U4 U3

U =
1

2


2(U1U3 − U2U4)
2(U1U4 + U2U3)

U2
1 + U2

2 − U2
3 − U2

4

0

 , (3.3)

with the new four-dimensional coordinates U = (U1, U2, U3, U4)> . We choose the matrix
L(U) in accordance with [60]. The momenta transform according to:

p =
2

U 2
L(U)P =

1

U 2


U3 −U4 U1 −U2

U4 U3 U2 U1

U1 U2 −U3 −U4

U2 −U1 −U4 U3

P

=
1

U 2


U3P1 − U4P2 + U1P3 − U2P4

U4P1 + U3P2 + U2P3 + U1P4

U1P1 + U2P2 − U3P3 − U4P4

U2P1 − U1P2 − U4P3 + U3P4

 ,

(3.4)
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3. Numerical methods

with the new four-dimensional momenta P = (P1, P2, P3, P4)> . The Hamiltonian in
Kustaanheimo-Stiefel coordinates reads:

H =
P 2

2U 2
− 2

U 2
+ H̃b(U ,P ,B). (3.5)

The additional terms due to magnetic field and band structure are given in Appendix
D. One then introduces a Poincaré transformation [65]:

H̃ = g(U ,P )(H − E), (3.6)

where E is the energy for an orbit of interest. To get rid of the singularities for U → 0,
it is convenient to choose:

g(U ,P ) = U 2. (3.7)

The new Hamiltonian then reads:

H̃ = U 2(H − E) =
P 2

2
− 2 + H̃reg

b (U ,P ,B)− EU 2, (3.8)

where H̃reg
b (U ,P ,B) = U 2H̃b(U ,P ,B). The singular behavior for U → 0 therefore

disappears. In the band Hamiltonian H̃reg
b however terms of the form

UiUj
U2 appear, leaving

a dependence on the direction for the energy surfaces W̃n and therefore a discontinuity
for U → 0. When following a specific orbit with energy E the Poincaré transformation
for the Hamiltonian is equivalent to a time transformation [65]. The relation of physical
time t and time τ in Kustaanheimo-Stiefel coordinates is given by:

dt

dτ
= U 2 = 2r. (3.9)

The Kustaanheimo-Stiefel transformation falls in the category of cotangent lift transfor-
mations, which means that the new coordinates and momenta will still be canonically
conjugated [65]. Hamilton’s equations of motion can then be formulated in their sym-
plectic form by introducing Γ = (U ,P )>:

d

dτ
Γ = J

∂H̃

∂Γ
. (3.10)

In addition to the conservation of energy along a specific orbit, another conserved quan-
tity appears in the four-dimensional space described by the Kustaanheimo-Stiefel co-
ordinates. This is obvious when looking at the transformation rule for the appended
three-dimensional momenta p in equation (3.4). From the fourth component, one gets
the conserved quantity

U2P1 − U1P2 − U4P3 + U3P4 = 0. (3.11)
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3.1. Regularization

For the hydrogen-like model this is equal to

U2
U1

dτ
− U1

U2

dτ
− U4

U3

dτ
+ U3

U4

dτ
= 0. (3.12)

This relation is called the bilinear relation, which can be found by looking at the be-
havior of the differentials under the Kustaanheimo-Stiefel transformation [39, 40]. This
stems from the fact that a point in R3 is mapped to a whole fiber in R4 that can be
parameterized by the fiber angle α [60, 66]:

U =


√

2r cos(ϑ
2
) cos(ϕ+α

2
)√

2r cos(ϑ
2
) sin(ϕ+α

2
)√

2r sin(ϑ
2
) cos(ϕ−α

2
)√

2r sin(ϑ
2
) sin(ϕ−α

2
)

 . (3.13)

Equation (3.13) can be used to express the initial conditions coming from a description
in R3. For calculations α can be chosen arbitrarily. The new momenta are then given
by equation (3.4):

P =
U 2

2
L−1(U)p =


U3 U4 U1 U2

−U4 U3 U2 −U1

U1 U2 −U3 −U4

−U2 U1 −U4 U3

p. (3.14)

The stability matrix will be an 8 × 8 matrix in Kustaanheimo-Stiefel-coordinates. The
time evolution of the stability matrix is then given by:

dM

dτ
= J

∂2H̃

∂Γ2
M . (3.15)

This stability matrix will have four eigenvalues equal to unity corresponding to the
conservation of energy and the bilinear relation. The others correspond to the directions
perpendicular to the orbit in three dimensions. The monodromy matrix is therefore
a 4 × 4 matrix in accordance with the case in three dimensions. Additionally to the
coordinates U and momenta P , the physical time t and the stability matrix M , the
action S is an important parameter to classify an orbit to a given energy E,

S =

∮
PdU =

∮
P

dU

dτ
dτ, (3.16)

or in its differential formulation:

dS

dτ
= P

dU

dτ
. (3.17)

Hamilton’s equations of motion and the differential equations for physical time t, action
S and the stability matrix M can therefore all be integrated to find a specific orbit and
its corresponding parameters.
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3. Numerical methods

3.2. Calculation of classical orbits

In this section we will go through the steps necessary to calculate classical exciton orbits.

3.2.1. Initialization for r = 0

Since closed-orbit theory uses orbits starting and ending at r = 0 the coordinates and
momenta and the orbit parameters need to be initialized to this starting point. For this
we want to treat the area for r < r0 in a hydrogen-like model neglecting band structure
and magnetic fields. On the one hand, this omits the problems with the direction
dependency of W̃n(U ,P ,B) for r = 0, on the other hand this makes possible a movement
radially outward for the Coulomb waves. The starting position in Kustaanheimo-Stiefel
coordinates is then analogously given by:

Ui = 0 . (3.18)

In the hydrogen-like case, momenta and velocities coincide. When specifying an initial
direction parameterized by angels ϕi and ϑi, the initial momenta in Kustaanheimo-Stiefel
coordinates take the form:

Pstart =


2
√
meff cos(ϑi

2
) cos(ϕi+α

2
)

2
√
meff cos(ϑi

2
) sin(ϕi+α

2
)

2
√
meff sin(ϑi

2
) cos(ϕi−α

2
)

2
√
meff sin(ϑi

2
) sin(ϕi−α

2
)

 . (3.19)

The absolute value of the momenta is determined by the conservation of energy and the
fiber parameter α can be chosen arbitrarily. For the purpose of our calculations we will
choose α = 0. The effective mass for the hydrogen-like model is chosen such a way that
we have a continuous transition for coordinates and velocities when turning on the band
structure and the magnetic field for r = r0. In the hydrogen-like case the velocities for
a radial start are given by:

v =
p

meff

=

√
2

meff

(
E +

1

r

)
er. (3.20)

In the case with magnetic field and band structure the velocities are given by:

v =
∂H

∂p
. (3.21)

The velocities are chosen to point radially outward at r = r0. In the Hamiltonian the
additional term W̃n(U ,P ,B) appears. To fulfill the conservation of energy we need to
adjust the momenta. Simultaneously we want to keep the starting direction radially
outward following the integration for r < r0. Also the bilinear relation needs to be met.
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3.2. Calculation of classical orbits

This leads to a four-dimensional root search for four equations depending on the four
momenta in Kustaanheimo-Stiefel coordinates:

f1(P ) =
1

2
P 2 − EU 2 + W̃n(U ,P ,B)− 2,

f2(P ) =

[
U3

(
P1 +

∂W̃n(U ,P ,B)

∂P1

)
− U4

(
P2 +

∂W̃n(U ,P ,B)

∂P2

)
+ U1

(
P3 +

∂W̃n(U ,P ,B)

∂P3

)
− U2

(
P4 +

∂W̃n(U ,P ,B)

∂P4

)]
cos(ϑi) cos(ϕi)

+

[
U4

(
P1 +

∂W̃n(U ,P ,B)

∂P1

)
+ U3

(
P2 +

∂W̃n(U ,P ,B)

∂P2

)
+ U2

(
P3 +

∂W̃n(U ,P ,B)

∂P3

)
+ U1

(
P4 +

∂W̃n(U ,P ,B)

∂P4

)]
cos(ϑi) sin(ϕi)

−
[
U1

(
P1 +

∂W̃n(U ,P ,B)

∂P1

)
+ U2

(
P2 +

∂W̃n(U ,P ,B)

∂P2

)
− U3

(
P3 +

∂W̃n(U ,P ,B)

∂P3

)
− U4(P4 +

∂W̃n(U ,P ,B)

∂P4

)]
sin(ϑi),

f3(P ) = −
[
U3

(
P1 +

∂W̃n(U ,P ,B)

∂P1

)
− U4

(
P2 +

∂W̃n(U ,P ,B)

∂P2

)
+ U1

(
P3 +

∂W̃n(U ,P ,B)

∂P3

)
− U2

(
P4 +

∂W̃n(U ,P ,B)

∂P4

)]
sin(ϕi)

+

[
U4

(
P1 +

∂W̃n(U ,P ,B)

∂P1

)
+ U3

(
P2 +

∂W̃n(U ,P ,B)

∂P2

)
+ U2

(
P3 +

∂W̃n(U ,P ,B)

∂P3

)
+ U1

(
P4 +

∂W̃n(U ,P ,B)

∂P4

)]
cos(ϕi),

f4(P ) = U2

(
P1 +

∂W̃n(U ,P ,B)

∂P1

)
− U1

(
P2 +

∂W̃n(U ,P ,B)

∂P2

)
− U4

(
P3 +

∂W̃n(U ,P ,B)

∂P3

)
+ U3

(
P4 +

∂W̃n(U ,P ,B)

∂P4

)
.

(3.22)
To find the roots of this set of four equations we can use the subroutine HYBRD1
provided by the MINPACK -library [67]. This subroutine can be used for the numerical
determination of roots of a system of N functions depending on N variables. To calculate
the zeros we also need the energy surfaces W̃n provided by diagonalizing H̃reg

b . These can
be calculated by the subroutine ZHEEV provided by the LAPACK -library [68]. This
subroutine calculates the eigenvalues of a Hermitian matrix. The arising derivatives can
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3. Numerical methods

then be evaluated numerically using a symmetric difference quotient:

f ′(x) =
f(x+ h)− f(x− h)

2h
. (3.23)

The effective mass is therefore given by:

meff =
2

v2

(
E +

1

r

)
. (3.24)

The starting values for action and physical time are initialized with zero:

Si = 0 , ti = 0 . (3.25)

For the calculation of the monodromy matrix, we are interested in the deviation per-
pendicular to the directions corresponding to conserved quantities. When calculating
orbits the energy does not change for changes of the starting position along the orbit
corresponding to direction:

√
2r∂rU =


cos(ϑ

2
) cos(ϕ+α

2
)

cos(ϑ
2
) sin(ϕ+α

2
)

sin(ϑ
2
) cos(ϕ−α

2
)

sin(ϑ
2
) sin(ϕ−α

2
)

 = ∂UU . (3.26)

Also, a change on the fiber characterized by α will not change our results, this corre-
sponds to the direction:

√
2√
r
∂αU =


− cos(ϑ

2
) sin(ϕ+α

2
)

cos(ϑ
2
) cos(ϕ+α

2
)

sin(ϑ
2
) sin(ϕ−α

2
)

− sin(ϑ
2
) cos(ϕ−α

2
)

 =
2

U
∂αU . (3.27)

The changes perpendicular are characterized by changes in ϑ and ϕ; for the ϑ direction
we get the vector:

eU,⊥1 =

√
2√
r
∂ϑU =


− sin(ϑ

2
) cos(ϕ+α

2
)

− sin(ϑ
2
) sin(ϕ+α

2
)

cos(ϑ
2
) cos(ϕ−α

2
)

cos(ϑ
2
) sin(ϕ−α

2
)

 =
2

U
∂ϑU . (3.28)

The last basis vector is not given by ∂ϕU though. To get an orthogonal basis we find:

eU,⊥2 =


sin(ϑ

2
) sin(ϕ+α

2
)

− sin(ϑ
2
) cos(ϕ+α

2
)

cos(ϑ
2
) sin(ϕ−α

2
)

− cos(ϑ
2
) cos(ϕ−α

2
)

 . (3.29)
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3.2. Calculation of classical orbits

For the momenta, we can choose a similar basis parameterized by P, ϑP , ϕP and αP . It
is sufficient to look at the reduced stability matrix:

Mred =

(
eU,⊥1 eU,⊥2 0 0

0 0 eP,⊥1 eP,⊥2

)
. (3.30)

For a start radially outward the direction of position vector and momenta coincide so
that

ϑ = ϑP = ϑi (3.31)

and
ϕ = ϕP = ϕi. (3.32)

The initial stability matrix then reads:

Mred,i =

− sin(ϑi
2

) cos(ϕi+α
2

) sin(ϑi
2

) sin(ϕi+α
2

) 0 0
− sin(ϑi

2
) sin(ϕi+α

2
) − sin(ϑi

2
) cos(ϕi+α

2
) 0 0

cos(ϑi
2

) cos(ϕi−α
2

) cos(ϑi
2

) sin(ϕi−α
2

) 0 0
cos(ϑi

2
) sin(ϕi−α

2
) − cos(ϑi

2
) cos(ϕi−α

2
) 0 0

0 0 − sin(ϑi
2

) cos(ϕi+α
2

) sin(ϑi
2

) sin(ϕi+α
2

)
0 0 − sin(ϑi

2
) sin(ϕi+α

2
) − sin(ϑi

2
) cos(ϕi+α

2
)

0 0 cos(ϑi
2

) cos(ϕi−α
2

) cos(ϑi
2

) sin(ϕi−α
2

)
0 0 cos(ϑi

2
) sin(ϕi−α

2
) − cos(ϑi

2
) cos(ϕi−α

2
)


.

(3.33)

3.2.2. Numerical integration for r < r0

After initializing positions, momenta and orbit parameters, the next step is to calculate
the time evolution of the system. The dynamics of these variables are described by first
order differential equations:

• Position and momenta follow Hamilton’s equations of motion (3.10).

• The connection between physical time and time in regularized coordinates is given
by equation (3.9).

• The action can be calculated according to equation (3.17).

• The time dependence of the stability matrix is given by equation (3.15).

Note that in the hydrogen-like case the term W̃n(U ,P ,B) does not appear, also the
kinetic term need to be modified to P 2

2meff
due to the different effective mass meff. To

integrate these equations we use a fourth order Runge-Kutta method with adaptive
step size control. For this purpose we use the subroutine odeint provided by Numerical
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3. Numerical methods

Recipes in Fortran 90 [69]. For the calculations of the stability matrix the Hesse matrix
is needed; in the hydrogen-like case it reads:

∂2H

∂Γ2
=



−2E 0 0 0 0 0 0 0
0 −2E 0 0 0 0 0 0
0 0 −2E 0 0 0 0 0
0 0 0 −2E 0 0 0 0
0 0 0 0 1

meff
0 0 0

0 0 0 0 0 1
meff

0 0

0 0 0 0 0 0 1
meff

0

0 0 0 0 0 0 0 1
meff


. (3.34)

This gives us a system of 42 linear differential equations that can be integrated using
the routine odeint. To reach the radius r0 of the sphere at which we want to start
to consider the band structure and magnetic field, we then again use the MINPACK -
subroutine HYBRD1. To hit the matching sphere we need to find the zero of

f(τ) =
1

2
(U2

1 (τ) + U2
2 (τ) + U2

3 (τ) + U2
4 (τ))− r0 (3.35)

in dependence of the time τ in Kustaanheimo-Stiefel coordinates.

3.2.3. Turning on band structure and magnetic field at r = r0

At the radius r = r0 we want to start to consider the band structure and magnetic fields.
In the Hamiltonian the additional term W̃n(U ,P ,B) appears. The momenta need to be
adjusted. This leads to a root search for the four equations provided in equation (3.22).
This is done by using the MINPACK -subroutine HYBRD1.

3.2.4. Numerical integration for r > r0

With the adjusted momenta we can start the orbit calculation accounting for the band
structure and magnetic field. The dynamics of the relevant quantities are still described
by equations (3.10),(3.9),(3.17) and (3.15), however W̃n(U ,P ,B) is nonzero now. The

36



3.2. Calculation of classical orbits

Hesse matrix also shows additional elements compared to the hydrogen-like case:

∂2H

∂Γ2
=



−2E 0 0 0 0 0 0 0
0 −2E 0 0 0 0 0 0
0 0 −2E 0 0 0 0 0
0 0 0 −2E 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1



+



∂2W̃n

∂U2
1

∂2W̃n

∂U1∂U2

∂2W̃n

∂U1∂U3

∂2W̃n

∂U1∂U4

∂2W̃n

∂U1∂P1

∂2W̃n

∂U1∂P2

∂2W̃n

∂U1∂P3

∂2W̃n

∂U1∂P4

∂2W̃n

∂U1∂U2

∂2W̃n

∂U2
2

∂2W̃n

∂U2∂U3

∂2W̃n

∂U2∂U4

∂2W̃n

∂U2∂P1

∂2W̃n

∂U2∂P2

∂2W̃n

∂U2∂P3

∂2W̃n

∂U2∂P4

∂2W̃n

∂U1∂U3

∂2W̃n

∂U2∂U3

∂2W̃n

∂U2
3

∂2W̃n

∂U3∂U4

∂2W̃n

∂U3∂P1

∂2W̃n

∂U3∂P2

∂2W̃n

∂U3∂P3

∂2W̃n

∂U3∂P4

∂2W̃n

∂U1∂U4

∂2W̃n

∂U2∂U4

∂2W̃n

∂U3∂U4

∂2W̃n

∂U2
4

∂2W̃n

∂U4∂P1

∂2W̃n

∂U4∂P2

∂2W̃n

∂U4∂P3

∂2W̃n

∂U4∂P4

∂2W̃n

∂U1∂P1

∂2W̃n

∂U2∂P1

∂2W̃n

∂U3∂P1

∂2W̃n

∂U4∂P1

∂2W̃n

∂P 2
1

∂2W̃n

∂P1∂P2

∂2W̃n

∂P1∂P3

∂2W̃n

∂P1∂P4

∂2W̃n

∂U1∂P2

∂2W̃n

∂U2∂P2

∂2W̃n

∂U3∂P2

∂2W̃n

∂U4∂P2

∂2W̃n

∂P1∂P2

∂2W̃n

∂P 2
2

∂2W̃n

∂P2∂P3

∂2W̃n

∂P2∂P4

∂2W̃n

∂U1∂P3

∂2W̃n

∂U2∂P3

∂2W̃n

∂U3∂P3

∂2W̃n

∂U4∂P3

∂2W̃n

∂P1∂P3

∂2W̃n

∂P2∂P3

∂2W̃n

∂P 2
3

∂2W̃n

∂P3∂P4

∂2W̃n

∂U1∂P4

∂2W̃n

∂U2∂P4

∂2W̃n

∂U3∂P4

∂2W̃n

∂U4∂P4

∂2W̃n

∂P1∂P4

∂2W̃n

∂P2∂P4

∂2W̃n

∂P3∂P4

∂2W̃n

∂P 2
4


.

(3.36)

The second derivatives are then evaluated by differentiating the first derivatives using
the symmetric difference quotient (3.23). The equations (3.10), (3.9), (3.17) and (3.15)
can then be integrated using the subroutine odeint. To calculate the Maslov index we
need to account for the cases where the semiclassical wavefunction in coordinate space
diverges. This is the case when the determinant of

V1 −U2 −U3 U4

V2 U1 −U4 −U3

V3 U4 U1 U2

V4 −U3 U2 −U1

 (3.37)

vanishes [58]. V is given by dU
dτ

. The Maslov index therefore increases by one whenever

−U 2(U1V1 + U2V2 + U3V3 + U4V4) = 0. (3.38)

This can be checked while integrating the equations of motion and the orbit parameters.
The orbit then at some time may return to the radius r = r0. To match this sphere a
one-dimensional zero search depending on the step size ∆τ of the integrator:

f(∆τ) =
1

2
(U2

1 (∆τ) + U2
2 (∆τ) + U2

3 (∆τ) + U2
4 (∆τ))− r0. (3.39)

From this point the integration will be done using the hydrogen-like model. Classical
orbits that arrive at the sphere moving radially inward will return to the radius r = 0.
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3. Numerical methods

We therefore only want to account for orbits moving radially inward. This can be done
by applying a zero search using the HYBRD1 subroutine. If we specify the number
of cycles we can do this with a two-dimensional root search depending on the initial
direction when leaving the sphere:

f1(ϕi, ϑi) =

[
U3

(
P1 +

∂W̃n(U ,P ,B)

∂P1

)
− U4

(
P2 +

∂W̃n(U ,P ,B)

∂P2

)
+ U1

(
P3 +

∂W̃n(U ,P ,B)

∂P3

)
− U2

(
P4 +

∂W̃n(U ,P ,B)

∂P4

)]
cos(ϑf ) cos(ϕf )

+

[
U4

(
P1 +

∂W̃n(U ,P ,B)

∂P1

)
+ U3

(
P2 +

∂W̃n(U ,P ,B)

∂P2

)
+ U2

(
P3 +

∂W̃n(U ,P ,B)

∂P3

)
+ U1

(
P4 +

∂W̃n(U ,P ,B)

∂P4

)]
cos(ϑf ) sin(ϕf )
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(3.40)

3.2.5. Turning of band structure and magnetic field at r = r0

When transitioning to the hydrogen-like model the conservation of energy needs to be
met. For this the momenta need to be adjusted. The new momenta are then given by:

Preturn =


2
√
meff(1 + Er0) cos(

ϑf
2

) cos(
ϕf
2

)

2
√
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) sin(
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)

2
√
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) cos(
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2

)

2
√
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ϑf
2

) sin(
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2

)

 . (3.41)

The effective mass meff is then calculated in the same way introduced in subsection 3.2.1.
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3.2.6. Return of the orbit to r = 0

The orbit can then be integrated until r = 0. To close the orbit at r = 0 we use the zero
search implemented by the subroutine HYBRD1. For this, we search for the zero of:

f(∆τ) =
1

2
(U2

1 (∆τ) + U2
2 (∆τ) + U2

3 (∆τ) + U2
4 (∆τ)). (3.42)

depending on the step size ∆τ . To calculate the 4 × 4 monodromy matrix, we need to
project the reduced stability matrix onto the right subspace. The correct directions are
neatly given by the matrix:

Mred,f =
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(3.43)
To calculate the monodromy matrix, we then just need to evaluate the product of this
matrix with Mred,i(T ) which is the initial stability integrated to the end of the closed
orbit with period T :

M̃ = M>
red,f ·Mred,i(T ). (3.44)

The quantity m needed for the calculation of semiclassical absorption spectra is then
given by the determinant of the right upper 2× 2-submatrix of the monodromy matrix
M̃ . For r = 0 we find a turning point for the orbit, this means that the Maslov index
increases by one at the end of the orbit.
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4. Closed exciton orbits and their
parameters

In this chapter we want to discuss closed orbits for excitons in cuprous oxide. Besides
the energy E, the magnetic flux density B, and the starting direction, these orbits also
depend on the radius r0 for which the band structure and magnetic field are considered.
First we will discuss the dependency on the radius r0 in section 4.1. After that we
will look at the closed orbits without magnetic field in section 4.2. This is followed
by a discussion of orbits at a magnetic flux density B = 4 T in section 4.3. For the
energies in this chapter the gap energy is subtracted to allow for a comparison with the
hydrogen-like model.

4.1. Dependency of orbital parameters on r0

We now want to discuss the dependency of the orbital parameters on the radius r0

at which we start to account for the band structure. To correctly consider the band
structure, the values for the orbital parameters at r0 should agree with the values in
the limit of r → 0. To check this we choose the orbit along the [100] axis. In the case
with no magnetic field this axis lies on the intersection of four symmetry planes of the
crystal. We know that an orbit starting in this direction will always stay on this axis.
This has the advantage that the shape of the orbit does not change when changing the
radius r0, we therefore can always find a closed orbit in this direction. In figure 4.1 the
action and the period of one cycle are shown for energies E = −0.02 and E = −0.005.
In the hydrogenic case this would correspond to principal quantum numbers n = 5 and
n = 10. These values are chosen since absorption spectra for cuprous oxide in this
region can also be calculated in the quantum mechanical framework. After calculating
semiclassical absorption spectra this would allow us to compare these results to the
quantum mechanical treatment. Since we want to account for the influence of the band
structure and the energy surfaces Wn(p) depend on the momenta p, the influence gets
larger for small radii r. The values for action and period do not change much for radii
r0 < 0.1. Comparing the action for r0 = 0.1 with its value for r0 = 10−8 we find that
the two values agree up to a relative error of 0.1%. For the period the values agree up
to 0.2%. On the other hand r0 should not be chosen too small because the semiclassical
treatment will not be appropriate for small radii. Du and Delos chose a value for r0

corresponding to appoximately 0.33 % of the maximal radius [32]. In our case a radius
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4. Closed exciton orbits and their parameters

r0 = 0.1 for E = −0.02 corresponds to 0.2% of the maximal radius and is therefore of
the same magnitude as in the calculations of Du and Delos for the hydrogen-like case.
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Figure 4.1.: Action S and period T for energies E = −0.02 and E = −0.005 corre-
sponding to principal quantum numbers n = 5 and n = 10 for the orbit in
[100] direction. The values are given in exciton-Hartree units introduced in
appendix B.
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Figure 4.2.: Closed orbit in the plane normal to the [001] axis for r0 = 0.01, r0 = 0.1 and
r0 = 1 at energy E = −0.02. To empathize the agreement of the orbits with
r0 = 0.01 and r0 = 0.1 some values for r0 = 0.01 are shown. The values are
given in exciton-Hartree units introduced in appendix B.
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Figure 4.3.: Absolute values for the eigenvalues of the monodromy matrix d and for the
determinant m for energies E = −0.02 and E = −0.005 corresponding to
principal quantum numbers n = 5 and n = 10 for the orbit in [100] direction.
The values are given in exciton-Hartree units introduced in appendix B.

This choice for r0 also is seen to be reasonable when looking at the shape of orbits not
located on a symmetry axis. Using the search for closed orbits introduced in section 3.2
we can find one more orbit in the plane normal to the [001] axis apart from the ones
located on a symmetry axis. This orbit is shown in figure 4.2 for different values of r0

and fixed energy E = −0.02. The orbit for r0 = 1 shows clear deviations from the other
orbits, while the orbit for r0 = 0.1 does not noticeably change its shape when decreasing
the order of magnitude of r0 any further. As a final step we want to investigate the r0

dependency of the monodromy matrix and the determinant m of the 2 × 2-submatrix
needed for the calculation of the semiclassical absorption spectra. For this we again
choose the orbit along the [100] axis. Since it is located at the orthogonal intersection of
two equivalent symmetry planes the eigenvalues of the stability matrix will give the same
result for the two directions orthogonal to the orbit. In figure 4.3 the absolute values for
the eigenvalues of the monodromy matrix d and for the determinant m are shown for two
different energies E = −0.02 and E = −0.005. Unfortunately no clear tendency can be
estimated which values these quantities reach in the limit r0 → 0. The orbit changes its
stability properties leading to roots of the determinant m. This behavior is problematic
since the amplitudes in the closed orbit sum are calculated by using the absolute value
m. A possible explanation for this complicated behavior might be due to the undefined
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4. Closed exciton orbits and their parameters

behavior of Wn(p) for r → 0. The direction dependency of the energy surface poses
a challenge to the numerical calculations in the area close to r = 0. Since the second
derivatives needed for the calculation of the time evolution of the stability matrix are
calculated by numerically differentiating the numerical derivation of the energy surface
calculated by a numerical diagonalization, there are many possible sources for errors in
the area of small radii r0. The calculation of the determinant m therefore stays an open
challenge.

4.2. Results without magnetic field

4.2.1. One-dimensional orbits along the symmetry axes [100], [110]
and [111]

In the hydrogen-like model without magnetic field all orbits starting at r = 0 stay on
the same axis to their return to r = 0, forming degenerated ellipses on one line. Due
to the high symmetry of the hydrogen problem, all of these orbits are equivalent. The
action of these orbits can be calculated by using:

S = 2

∫ −1/E

0

√
2

(
E +

1

r

)
dr =

2π√
−2E

. (4.1)

For E = −0.02 this equates to S = 31.42 for one cycle. The period in the hydrogen-like
case is given by Kepler’s third law [70]:

T = 2π
1

√
−2E

3 . (4.2)

For an energy E = −0.02 the period for one cycle can be evaluated to T = 785.398.
In the case of excitons in cuprous oxide we have the Oh symmetry. This includes the
symmetry axes [100], [110] and [111] as well as their equivalents. For this directions
orbits starting radially outward will stay on the same axis. This behavior corresponds
to the hydrogen-like case where these orbits can be observed for any combination of

Table 4.1.: Orbital parameters for the closed orbits along the symmetry axes. The values
are given in exciton-Hartree units introduced in appendix B.

Axis S T µ
[100] 36.0 799.0 2
[110] 35.0 791.4 2
[111] 33.5 788.1 2
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starting angles. However we can already see deviations from the hydrogenic behavior
when looking at the orbital parameters for the different orbits in table 4.1. We can see
that for the different axes we also find different values for action and period. We also see
that the hydrogen-like action and period are a bit lower than in the case of the calculated
excitonic orbits.

4.2.2. Two-dimensional orbits in the plane normal to the [001] axis

The symmetry properties of the plane normal to the [001] axis are characterized by the
point group C4v. The angle ϑ is given by ϑ = π/2. We therefore only need to consider
starting angles ϕi from 0 to π/4, since all other starting angles can be projected into this
range using symmetry operations from C4v. In figure 4.4 a selection of different closed
orbits is shown. These orbits show a different shape compared to the hydrogen-like case.

Table 4.2.: Orbital parameters for the closed orbits in the plane normal to the [001] axis
shown in figure 4.4. The values are given in exciton-Hartree units introduced
in appendix B.

cycles ϕi ϕf S T µ
1 0.1359 0.1359 36.0 799.0 2
1 0.4460 −0.4460 35.8 796.7 2
2 0.0218 −0.0217 72.2 1602.3 4
2 0.1290 0.1259 72.0 1599.2 4
2 0.1618 −0.1621 72.0 1597.7 4
2 0.6031 0.2151 71.7 1594.1 4
3 0.0253 −0.0252 108.4 2407.9 6
3 0.0585 0.1363 108.3 2404.1 6
3 0.1493 −0.1493 107.9 2396.9 6
3 0.3342 −0.3342 107.4 2389.9 6
3 0.5748 −0.5748 107.4 2390.7 6
3 0.6145 −0.1797 107.6 2392.4 6
4 0.0223 0.0136 144.7 3214.7 8
4 0.0874 −0.0178 143.8 3193.1 8
4 0.1373 0.0414 144.0 3197.5 8
4 0.1544 0.1636 143.8 3194.4 8
4 0.2972 −0.6546 142.9 3183.0 8
4 0.4118 0.4711 143.2 3187.1 8
5 0.1403 −0.1402 180.0 3998.3 10
5 0.6101 −0.6101 179.3 3986.5 10
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Figure 4.4.: Selection of different closed orbits in the plane normal to the [001] axis at
energy E = −0.02. The values are given by exciton-Hartree units introduced
in appendix B.

Due to the cubic Oh-symmetry the angular momentum is no longer conserved for excitons
in cuprous oxide, allowing the orbits to deviate from the hydrogenic behavior. We can
therefore find orbits returning radially to r0 not before two or more cycles are completed.
Their orbital parameters can be found in table 4.2. The values for the excitonic action
and period for the two-dimensional orbits are higher than in the hydrogenic case.

46



4.2. Results without magnetic field

4.2.3. Two-dimensional orbits in the plane normal to the [110] axis

The plane normal to [110] has the symmetry characterized by the point group C2v. As
starting angles one therefore needs to consider angles ϑi between 0 and π/2. All other
angles can be projected into this range by symmetry operations of C2v. In comparison to
the symmetry plane normal to the [001] axis the numerical treatment for the symmetry
plane normal to the [110] axis, especially near r = 0, is more difficult. During the
numerical integration the orbits move out of the plane normal to the [110] axis after
only a few cycles. An investigation of the stability properties shows a more instable
behavior for this plane compared to the orbits in the plane normal to the [001] axis.
To stabilize the numerical integration we project the orbits back to the symmetry plane
normal to the [110] axis. This allows for the calculation of longer orbits in this plane. A
selection of a few orbits is shown in figure 4.5. Here the deviations from the hydrogenic
behavior can also clearly be observed. The orbits show a more complex behavior than the

Table 4.3.: Orbital parameters for the closed orbits in the plane normal to [110] shown
in figure 4.5. The values are given in exciton-Hartree units introduced in
appendix B.

cycles ϑi ϑf S T µ
1 0.5054 0.5055 35.9 798.4 2
2 1.0250 0.8562 70.3 1589.4 4
2 0.9291 −2.1344 69.1 1584.0 4
2 0.3890 −0.3893 71.9 1597.7 4
2 0.6143 1.9602 70.8 1588.9 4
2 0.4630 0.6182 71.7 1593.9 4
3 0.4573 −0.4199 107.6 2392.2 6
3 0.8708 2.2074 104.6 2379.3 6
3 0.5607 2.6631 106.6 2388.0 6
3 0.5294 −0.9985 105.4 2381.0 6
3 0.4069 −2.2228 106.8 2391.8 6
4 0.7924 2.3682 139.3 3168.6 8
4 0.8194 2.3671 139.3 3168.7 8
4 0.8494 −0.7783 140.5 3176.0 8
4 0.8715 2.3068 139.4 3170.0 8
4 0.5619 1.0600 141.4 3178.1 8
4 0.5768 2.1603 141.2 3180.6 8
4 0.5336 0.7567 141.0 3176.1 8
5 0.5280 −2.1516 174.9 3963.2 10
5 0.5804 0.8952 176.7 3976.3 10
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Figure 4.5.: Selection of different closed orbits in the plane normal to the [110] axis for an
energy E = −0.02. The values are given in exciton-Hartree units introduced
in appendix B.

hydrogen-like case, returning radially to r = r0 after two or more cycles. Furthermore
the orbital parameters differ for different orbits, which can be seen in table 4.3.
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4.2.4. Three-dimensional orbits

Apart from the orbits in the symmetry plane three-dimensional orbits can be found.
Since the symmetry of the full crystal is the cubic Oh symmetry, only 1/48 of the full
space needs to be considered. The edges of this area is given by the planes spanned by
the vectors along the [100], [110] and [111] axis. Varying the starting angles in this area
the three-dimensional root search finds different orbits. The majority of these orbits is
then located in symmetry planes. Only 5% of the found orbits are three-dimensional
orbits. For the two different orbits found for one cycle, the projection to the xz and yz
plane are shown in figure 4.6. The action and period for the three-dimensional orbits
in table 4.4 are also higher than in the hydrogenic case. Since only a small percentage

Table 4.4.: Orbital parameters of found three-dimensional orbits. The values are given
in exciton-Hartree units introduced in appendix B.

ϕi ϑi ϕf ϑf S T µ
−1.5142 0.4415 1.6284 0.4274 35.8 796.7 2

2.5652 −2.6183 2.5653 −2.6185 35.8 796.5 2
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z

x y

Figure 4.6.: Projection of selected three-dimensional orbits to the xy and xz plane at
energy E = −0.02. The values are given in exciton-Hartree units introduced
in appendix B.
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of the found orbits are actually three-dimensional orbits, we will focus on the symmetry
planes in the following investigations.

4.3. Results for magnetoexcitons

4.3.1. Plane normal to the [001] axis

When the magnetic field is orientated in [001] direction the xy plane stays a symmetry
plane of the crystal. We therefore consider this configuration with a magnetic field of
B = 4 T. As seen in figure 1.1 the spectra for cuprous oxide in the area of the gap energy,
where the energy is given by E = 0, exhibit quasi-Landau resonances. For the hydrogen
atom in a magnetic field these structures could be explained by the closed orbit starting
and ending at r = 0. In the hydrogen-like case the symmetry plane normal to the [001]
axis is invariant under rotations with a magnetic field along the [001] axis. One therefore
finds the same closed orbit for every starting angle at r = 0. This orbit is shown in figure
4.7 using the hydrogen-like model for excitons. The difference in shape and direction
of rotation compared to the hydrogen atom can be explained by the different material
parameters of the exciton. The direction of rotation in particular can be explained by
the different sign of the paramagnetic term in the Hamiltonian

1

γ′1

(
m0

me

− γ′1
2

)
B ·L. (4.3)

The prefactor (in exciton-Hartree units from appendix B) equates to

1

γ′1

(
m0

me

− γ′1
2

)
= −0.135 (4.4)

and thus differs from the values of the hydrogen atom in sign and absolute value. In
Cu2O the full rotational symmetry is broken. There are therefore directions in which the

Table 4.5.: Orbital parameters for found closed orbits in the plane normal to the [001]
axis for energy E = 0 in a magnetic field of B = 4 T. The values are given
in exciton-Hartree units introduced in appendix B.

ϕi ϕf S T µ
0.2199 −0.7162 43.3 607.2 2
0.5403 −0.5403 43.2 603.6 2
0.7162 −0.2201 43.3 607.2 2
0.9133 0.6575 42.9 612.7 2
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Figure 4.7.: Closed orbits in the plane normal to the [001] axis for energy E = 0 in
a magnetic field of B = 4 T for the exciton with band structure and the
hydrogen-like case. In addition orbits accounting for the band structure are
shown, that do not return radially to r = r0 after one cycle. The values are
given in exciton-Hartree units introduced in appendix B.

orbits do not return radially to r = r0 after one cycle. This is also shown in figure 4.7.
One of the displayed orbits returns left of its starting position the other one on the right.
Between there can be found orbits that return radially to r = r0. In the fundamental
area between 0 and 90 degrees four orbits have been found. They are also displayed
in figure 4.7. Deviations in the shape can be seen when comparing the hydrogen-like
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model with the one with band structure. Another difference to the hydrogen-like case
is that the four orbits have different orbital parameters. This can be seen when looking
at the action and period for the excitonic orbits in table 4.5. These deviations should
be observable when looking at experimental data, since the oscillator strength density
is given by the superposition of terms oscillatory in T . Because of the different values
we would expect a splitting of the hydrogen-like peak. This can then be observed in the
Fourier transform of experimental spectra.

4.3.2. Plane normal to the [110] axis

Also in the other symmetry plane closed orbits can be found when orientating the mag-
netic field along the [110] axis. The six orbits found are displayed in figure 4.8. Also in
this plane the period and action for the different orbits show different values as seen in
table 4.6. These differences should also be observable in experiments.

Table 4.6.: Orbital parameters for found closed orbits in the plane normal to the [110]
axis for energy E = 0 in a magnetic field of B = 4 T. The values are given
in exciton-Hartree units introduced in appendix B.

ϑi ϑf S T µ
0.7611 −0.7620 43.7 613.2 2
0.9448 1.0098 41.8 596.2 2
0.9614 2.1982 41.7 601.1 2
1.4347 −0.1487 43.5 599.0 2
1.7069 2.1906 41.8 597.8 2
−0.8341 0.9622 42.4 606.8 2
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Figure 4.8.: Found closed orbits in the plane normal to the [110] axis for energy E = 0 in
a magnetic field of B = 4 T. The values are given in exciton-Hartree units
introduced in appendix B.
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When electrons in a semiconductor are excited to the conduction band, they leave be-
hind a hole in the valence band. Bound states of electrons and holes are called excitons.
In a simple approach, these excitons are described by a hydrogen-like model, leading
to a Rydberg series for the excitons in cuprous oxide. Since their discovery in cuprous
oxide 1952 [9], where only lower states could be observed, experimental methods have
advanced leading to the experimental observation of excitons with principal quantum
numbers n = 25 in 2014 [10]. A more detailed analysis of the excitonic spectra of
cuprous oxide shows deviations from the completely hydrogen-like behavior [11]. This
is mainly due to the band structure of Cu2O [12]. Considering the cubic symmetry of
the system, by introducing a quasispin I and hole spin Sh one can recover the excitonic
spectra [11, 14, 15]. Magnetic fields can then be applied via the minimal substitution.
This allows for the calculation of magnetoexciton states in good agreement with the
experimental data [15, 16]. However the quantum theoretical calculations are limited to
the low lying magnetoexcitons n < 10. On the other hand experimental data are also
available for higher energies. The absorption spectra of magnetoexcitons in the region of
the gap energy exhibit quasi-Landau type resonances, as seen in figure 1.1. It is therefore
an open challenge to explain these spectra theoretically.

Since semiclassical approaches have proved successful to explain similar structures in
atomic physics, the goal is to also apply semiclassical methods to excitons in cuprous
oxide. To calculate semiclassical absorption spectra closed-orbit theory can be used
[31–33]. For this purpose classical trajectories are needed. In comparison to atomic
systems additional degrees of freedom arise in the case of excitons in cuprous oxide
due to the additional quasispin I and hole spin Sh. Earlier approaches where the mo-
tion of quasispin and hole spin was treated classically with an approach analogous to
the Landau-Lifshitz-Gilbert equation without damping were not able to recover the Oh

symmetry of the system correctly, as well as showing a strongly oscillatory behavior and
even jumps in the spin motion [37, 38].

The aim of this thesis was therefore to develop a method for the calculation of classical
exciton orbits which accounts for the band structure and avoids the problems caused by
the approach where the spin degrees of freedom are treated classically.

For this we introduced an adiabatic approximation in section 2.3. In this approach
we assume that the motion of the spins is much faster than the dynamics for the rela-
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tive coordinate. While the spin dynamics is characterized mainly by the splitting of the
valence bands ∆, the kinetic energy for the relative motion gets smaller as we advance
to the higher lying Rydberg states. In the hydrogenic picture the kinetic energy will go
down with 1/n2. We therefore assumed that when changing the relative coordinate along
a given trajectory, the spin motion reacts almost instantaneously to the new configura-
tion in the relative motion, allowing us to diagonalize the spin Hamiltonian in the basis
of quasispin and hole spin depending on the relative motion only as a parameter. The
resulting eigenvalues Wn(p) give six energy surfaces of which the lowest can be assigned
to the yellow exciton series. The energy surfaces then necessarily recover the cubic Oh

symmetry. The point group Oh has two distinct classes of symmetry planes. For those,
the lowest energy surface is shown in the case without magnetic field and the symmetry
properties are discussed.

When choosing one of the energy surfaces, the Hamiltonian only depends on the relative
coordinates. The corresponding Hamilton function can then be treated in a classical
framework to calculate classical exciton orbits. For radii r → 0 the kinetic energy and
the Coulomb term show divergent behavior. Since closed-orbit theory uses orbits start-
ing and ending radially at r = 0 this leads to problems in the numerical treatment. For
this purpose the transformation of Kustaanheimo and Stiefel [39, 40] is used to regularize
the resulting equations of motion. However the energy surfaces W̃n(U ,P ,B) includes
terms of the form UiUj/U

2 leaving a direction dependency for r = 0. When calculating
closed exciton orbits two regions are considered. For r < r0 the calculations are done in
an hydrogen-like model. This has two reasons. On the one hand we omit the problems
with the direction dependency of W̃n(U ,P ,B) at r = 0, on the other hand in this area
the exciton needs to be described in a quantum mechanical picture, where the exciton is
characterized by a radially outgoing Coulomb wave. For r > r0 a semiclassical descrip-
tion of the system is valid. The wavefronts of the Coulomb wave then follow classical
exciton orbits under the influence of the band structure and magnetic field.

In section 4.1 the dependency on the parameter r0 is discussed. We find that for a
radius r0 = 0.1 the action and the period are reasonably converged to the corresponding
values at r0 = 0. The shape of the orbit for r0 = 0.1 also shows a good agreement with
the one of lower radii.

The following calculations were therefore performed with a value for r0 = 0.1. In section
4.2 we presented classical exciton orbits for an energy E = −0.02 without magnetic
fields. Deviations from the hydrogen-like behavior are visible. In the case of a hydrogen-
like model all orbits starting at r = 0 lie on degenerate ellipses moving on a straight line
out and backwards. While this orbits exist for the excitons in cuprous oxide as well along
certain symmetry axis of the system, the majority of found orbits shows a different be-
havior, leading to two- or even three-dimensional motion. In addition to this the action
and period for the hydrogenic orbits are the same for all starting directions. In the exci-
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tonic case the action and period are higher than in the case of the hydrogen-like model.
They also exhibit different values for period and action for different starting directions.
This is due to the reduced symmetry for the exciton compared to the hydrogen-like case.

After this we investigated the behavior of exciton orbits in a magnetic field near the
ionization threshold where the energy goes to E = 0. For orientations of the magnetic
field along the [001] axis and the [110] axis, as well as their equivalents, cuprous oxide
keeps a symmetry plane. We focused on the motion in these symmetry planes in section
4.3. For the hydrogen-like case one has the full rotational symmetry for this plane. One
can therefore find the same orbit starting and returning to the core radially after one
cycle for every starting angle. This orbit can be connected to the quasi-Landau reso-
nances in atomic systems. In the case with band structure this rotational symmetry no
longer holds. There are orbits that do not return to r = 0 after one cycle. The orbits
that are closed after one cycle also show deviations from the hydrogen-like case. For the
plane normal to [001] we found four, for the plane normal to [110] six closed orbits.

This thesis provided tools to calculate classical exciton orbits accounting for the band
structure of cuprous oxide by applying an adiabatic approximation. For the calculated
closed orbits the values for period and action obtained by this method were well con-
verged to the values for r0 → 0 for a value of r0 = 0.1. For the stability parameters of
the system no clear convergence was observable. Improvement in the calculation of the
stability matrix will allow us to calculate semiclassical absorption spectra using closed-
orbit theory [31–33].

On the other hand classical periodic orbits can be found for excitons in cuprous oxide
using the introduced method, omitting the area r < r0. An investigation of the Poincaré
surfaces of section for the two distinct symmetry planes showed several periodic orbits
lying on tori around one isolated fixed point in the center, corresponding to a deformed
circle [71]. Since a treatment of this orbits avoids the area r < r0 there is no r0 depen-
dency for the stability properties. These orbits can then be used to obtain a semiclassical
result for the density of states by applying the Gutzwiller trace formula [56–58].

For the exciton in a magnetic field of B = 4 T near the gap energy Eg several closed
orbits were found. The action and period for the exciton orbits are different for each of
these orbits. When looking at the Fourier transform of experimental spectra, one should
observe a splitting of the hydrogen-like peak. This observation therefore provides an
experimental test for the introduced method.
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A. Material parameters for cuprous
oxide

The calculations in this thesis are done for cuprous oxide. In the following table A.1 the
material parameters used in this thesis are listed.

Table A.1.: Material parameters of Cu2O used in this thesis.

band gap energy Eg = 2.17208 eV [10]
electron mass me = 0.99m0 [72]
hole mass mh = 0.58m0 [72]
dielectric constant ε = 7.5 [73]
spin-orbit coupling ∆ = 0.131 eV [12]
valence band parameters γ1 = 1.76 [12]

γ2 = 0.7532 [12]
γ3 = −0.3668 [12]
η1 = −0.020 [12]
η2 = −0.0037 [12]
η3 = −0.0337 [12]

fourth Luttinger parameter κ = −0.5 [16]
g-factor of conduction band gc = 2.1 [74]
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B. Exciton-Hartree units

Hartree units are defined by the properties of the electron in an hydrogen atom [75]. In
this unit system the units are based on physical constants. Hartree units are obtained
by setting

e = m0 = ~ =
1

4πε0

= 1. (B.1)

In the hydrogen-like model for excitons the effective masses differ from the free electron
mass also the permittivity of the material has to be taken into account. Exciton-Hartree
units [15, 36] can be introduced by setting

e =
m0

γ′1
= ~ =

1

4πεε0

= 1. (B.2)

The hydrogen-like part of the Hamiltonian (2.16) in exciton-Hartree units will take the
same form as the Hamiltonian of the hydrogen atom in Hartree units. For the numerical
calculations the other physical quantities need to be converted to exciton-Hartree units
as well. Therefore we list the conversion from exciton-Hartree units to SI units in table
B.1. For comparison the conversion rates for Hartree units to SI units are given as well.

Table B.1.: Conversion rates for exciton-Hartree units (γ′1 = 2.77, ε = 7.5) to SI units
and for Hartree units (γ′1 = 1, ε = 1) to SI units.

quantity unit SI (exciton) SI (hydrogen)
charge q e 1.602× 10−19C 1.602× 10−19C
mass m m0γ

′−1
1 3.288× 10−31kg 9.109× 10−31kg

ang. momentum L ~ 1.055× 10−34Js 1.055× 10−34Js
length r aexc = 1.099× 10−9m 0.529× 10−10m

εγ′14πε0~2m−1
0 e−2

momentum p ~a−1
exc 9.593× 10−26kg m s−1 1.993× 10−24kg m s−1

energy E Eh = 1.399× 10−20J 4.360× 10−18J
~2γ′1a

−2
excm

−1
0

time t ~E−1
h 3.769× 10−15s 2.419× 10−17s

mag. flux density B ~e−1a−2
exc 5.446× 102T 2.350× 105T

el. field strength F Ehe
−1a−1

exc 1.589× 108Vm−1 5.142× 1011Vm−1
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C. Matrix elements

The operators for Quasispin I and hole spin Sh generate an angular momentum algebra.
Therefore one can introduce ladder operators:

J+ = Jx + iJy, J- = Jx − iJy (C.1)

with
J- |j,m〉 = ~

√
(j −m)(j +m+ 1) |j,m+ 1〉 ,

J+ |j,m〉 = ~
√

(j +m)(j −m+ 1) |j,m− 1〉 .
(C.2)

In Cu2O the quasispin takes a value of I = 1 and the hole spin Sh = 1
2
. The part of the

wave function for the qausi- and hole-spin is then given by:

|Φ〉 = |1,mI ,
1

2
,mSh

〉 . (C.3)

The arrising matrix elements in exciton-Hartree-units can then be evaluated.

〈Φ′| I1Sh1 |Φ〉 =
1

4
(

√
(1−mI)(2 +mI)(

1

2
−mSh

)(
3

2
+mSh

)δm′
I,mI−1δm′

Sh
,mSh

−1

+

√
(1 +mI)(2−mI)(

1

2
−mSh

)(
3

2
+mSh

)δm′
I,mI+1δm′

Sh
,mSh

−1

+

√
(1−mI)(2 +mI)(

1

2
+mSh

)(
3

2
−mSh

)δm′
I,mI−1δm′

Sh
,mSh

+1

+

√
(1 +mI)(2−mI)(

1

2
+mSh

)(
3

2
−mSh

)δm′
I,mI+1δm′

Sh
,mSh

+1),

(C.4)

〈Φ′| I2Sh2 |Φ〉 =
1

4
(−
√

(1−mI)(2 +mI)(
1

2
−mSh

)(
3

2
+mSh

)δm′
I,mI−1δm′

Sh
,mSh

−1

+

√
(1 +mI)(2−mI)(

1

2
−mSh

)(
3

2
+mSh

)δm′
I,mI+1δm′

Sh
,mSh

−1

+

√
(1−mI)(2 +mI)(

1

2
+mSh

)(
3

2
−mSh

)δm′
I,mI−1δm′

Sh
,mSh

+1

−
√

(1 +mI)(2−mI)(
1

2
+mSh

)(
3

2
−mSh

)δm′
I,mI+1δm′

Sh
,mSh

+1),

(C.5)
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C. Matrix elements

〈Φ′| I3Sh3 |Φ〉 = mImSh
δm′

I,mI
δm′

Sh
,mSh

, (C.6)

〈Φ′| I2
1 |Φ〉 =

1

4
(
√

(1−mI)(2 +mI)(−mI)(3 +mI)δm′
I,mI−2δm′

Sh
,mSh

+
√

(1−mI)(2 +mI)(2 +mI)(1−mI)δm′
I,mI

δm′
Sh
,mSh

+
√

(1 +mI)(2−mI)(2−mI)(1 +mI)δm′
I,mI

δm′
Sh
,mSh

+
√

(1 +mI)(2−mI)mI(3−mI)δm′
I,mI+2δm′

Sh
,mSh

),

(C.7)

〈Φ′| I2
2 |Φ〉 =

1

4
(−
√

(1−mI)(2 +mI)(−mI)(3 +mI)δm′
I,mI−2δm′

Sh
,mSh

+
√

(1−mI)(2 +mI)(2 +mI)(1−mI)δm′
I,mI

δm′
Sh
,mSh

+
√

(1 +mI)(2−mI)(2−mI)(1 +mI)δm′
I,mI

δm′
Sh
,mSh

−
√

(1 +mI)(2−mI)mI(3−mI)δm′
I,mI+2δm′

Sh
,mSh

),

(C.8)

〈Φ′| I2
3 |Φ〉 = m2

I δm′
I,mI

δm′
Sh
,mSh

, (C.9)

〈Φ′| I1I2 + I2I1

2
|Φ〉 =

1

4
(−i
√

(1−mI)(2 +mI)(−mI)(3 +mI)δm′
I,mI−2δm′

Sh
,mSh

+ i
√

(1 +mI)(2−mI)mI(3−mI)δm′
I,mI+2δm′

Sh
,mSh

),
(C.10)

〈Φ′| I2I3 + I3I2

2
|Φ〉 =

1

4
(−i(2mI + 1)

√
(1−mI)(2 +mI)δm′

I,mI−1δm′
Sh
,mSh

+ i(2mI − 1)
√

(1 +mI)(2−mI)δm′
I,mI+1δm′

Sh
,mSh

),
(C.11)

〈Φ′| I1I3 + I3I1

2
|Φ〉 =

1

4
((2mI + 1)

√
(1−mI)(2 +mI)δm′

I,mI−1δm′
Sh
,mSh

+ (2mI − 1)
√

(1 +mI)(2−mI)δm′
I,mI+1δm′

Sh
,mSh

),
(C.12)

〈Φ′| I1Sh2 + I2Sh1

2
|Φ〉 =

1

4
(−i
√

(1−mI)(2 +mI)(
1

2
−mSh

)(
3

2
+mSh

)δm′
I,mI−1δm′

Sh
,mSh

−1

+ i

√
(1 +mI)(2−mI)(

1

2
+mSh

)(
3

2
−mSh

)δm′
I,mI+1δm′

Sh
,mSh

+1),

(C.13)
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〈Φ′| I2Sh3 + I3Sh2

2
|Φ〉 =

1

4
(−imSh

√
(1−mI)2 +mIδm′

I,mI+1δm′
Sh
,mSh

− imI

√
(
1

2
−mSh

)(
3

2
+mSh

)δm′
I,mI

δm′
Sh
,mSh

+1

+ imSh

√
(1 +mI)(2−mI)δm′

I,mI−1δm′
Sh
,mSh

+ imI

√
(
1

2
+mSh

)(
3

2
−mSh

)δm′
I,mI

δm′
Sh
,mSh

−1),

(C.14)

〈Φ′| I1Sh3 + I3Sh1

2
|Φ〉 =

1

4
(mSh

√
(1−mI)2 +mIδm′

I,mI+1δm′
Sh
,mSh

+mI

√
(
1

2
−mSh

)(
3

2
+mSh

)δm′
I,mI

δm′
Sh
,mSh

+1

+mSh

√
(1 +mI)(2−mI)δm′

I,mI−1δm′
Sh
,mSh

+mI

√
(
1

2
+mSh

)(
3

2
−mSh

)δm′
I,mI

δm′
Sh
,mSh

−1).

(C.15)
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D. H̃b in Kustaanheimo-Stiefel
coordinates

The aditional terms of the Hamiltonian accounting for the magnetic field and the band
sturcture expressed in Kustaanheimo-Stiefel coordinates are given by:

Hb(U ,P ,B) =(
1

me

− 1

2
)

1

U 2

[
B1{(U2U3 − U1U4)(U1P1 + U2P2 − U3P3 − U4P4)

− 1

2
(U2

1 + U2
2 − U2

3 − U2
4 )(−U4P1 + U3P2 + U2P3 − U1P4)}

+B2{
1

2
(U2

1 + U2
2 − U2

3 − U2
4 )(U3P1 + U4P2 + U1P3 + U2P4)

− (U1U3 + U2U4)(U1P1 + U2P2 − U3P3 − U4P4)}
+B3{(U1U3 + U2U4)(−U4P1 + U3P2 + U2P3 − U1P4)

− (U2U3 − U1U4)(U3P1 + U4P2 + U1P3 + U2P4)}
]

+
1

8
[B2(

U 2

2
)2 − {B1(U1U3 + U2U4) +B2(U2U3 − U1U4) +B3

1

2
(U2

1 + U2
2 − U2

3 − U2
4 )}2]

+ ∆ · 2
3
· (1 + I ·Sh)

+
2γ2

U 4
[(U3P1 − U4P2 + U1P3 − U2P4)2 + (U4P1 + U3P2 + U2P3 + U1P4)2

+ (U1P1 + U2P2 − U3P3 − U4P4)2)]

+
η1 + 2 · η2

U 4
[(U3P1 − U4P2 + U1P3 − U2P4)2 + (U4P1 + U3P2 + U2P3 + U1P4)2

+ (U1P1 + U2P2 − U3P3 − U4P4)2] · I ·Sh

− 3γ2

U 4
[(U3P1 − U4P2 + U1P3 − U2P4)2 · I2

1 + (U4P1 + U3P2 + U2P3 + U1P4)2 · I2
2

+ (U1P1 + U2P2 − U3P3 − U4P4)2 · I2
3 ]

− 6η2

U 4
[(U3P1 − U4P2 + U1P3 − U2P4)2 · I1 ·Sh1

+ (U4P1 + U3P2 + U2P3 + U1P4)2 · I2 ·Sh2

+ (U1P1 + U2P2 − U3P3 − U4P4)2 · I3 ·Sh3]

+ ...
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D. H̃b in Kustaanheimo-Stiefel coordinates

...− 6γ3

U 4
[(U3P1 − U4P2 + U1P3 − U2P4) · (U4P1 + U3P2 + U2P3 + U1P4) · {I1, I2}

+ (U4P1 + U3P2 + U2P3 + U1P4) · (U1P1 + U2P2 − U3P3 − U4P4) · {I2, I3}
+ (U1P1 + U2P2 − U3P3 − U4P4) · (U3P1 − U4P2 + U1P3 − U2P4) · {I3, I1}]

− 6η3

U 4
[(U3P1 − U4P2 + U1P3 − U2P4) · (U4P1 + U3P2 + U2P3 + U1P4) · {I1,Sh2}

+ (U4P1 + U3P2 + U2P3 + U1P4) · (U1P1 + U2P2 − U3P3 − U4P4) · {I2,Sh3}
+ (U1P1 + U2P2 − U3P3 − U4P4) · (U3P1 − U4P2 + U1P3 − U2P4) · {I3,Sh1}]
+ µB · (gcSe + (3 ·κ+ gs/2)I − gs ·Sh) ·B

+
1

2U 2
· (2/me − γ′1 − 4γ2) · (B1 · [(U4U1 + U3U2) · (U1P1 + U2P2 − U3P3 − U4P4)

− 1

2
(U2

1 + U2
2 − U2

3 − U2
4 ) · (U4P1 + U3P2 + U2P3 + U1P4)]

+B2 · [
1

2
(U2

1 + U2
2 − U2

3 − U2
4 ) · (U3P1 − U4P2 + U1P3 − U2P4)

− (U3U1 − U4U2) · (U1P1 + U2P2 − U3P3 − U4P4)]

+B3 · [(U3U1 − U4U2) · (U4P1 + U3P2 + U2P3 + U1P4)

− (U4U1 + U3U2) · (U3P1 − U4P2 + U1P3 − U2P4)])

− η1 + 2 · η2

U 2
· (B1 · [(U4U1 + U3U2)(U1P1 + U2P2 − U3P3 − U4P4)

− 1

2
(U2

1 + U2
2 − U2

3 − U2
4 ) · (U4P1 + U3P2 + U2P3 + U1P4)]

+B2 · [
1

2
(U2

1 + U2
2 − U2

3 − U2
4 ) · (U3P1 − U4P2 + U1P3 − U2P4)

− (U3U1 − U4U2) · (U1P1 + U2P2 − U3P3 − U4P4)]

+B3 · [(U3U1 − U4U2) · (U4P1 + U3P2 + U2P3 + U1P4)

− (U4U1 + U3U2) · (U3P1 − U4P2 + U1P3 − U2P4)]) · I ·Sh

+
3γ2

U 2
[(U3P1 − U4P2 + U1P3 − U2P4) · [B2 ·

1

2
(U2

1 + U2
2 − U2

3 − U2
4 )

−B3 · (U4U1 + U3U2)] · I2
1

+ (U4P1 + U3P2 + U2P3 + U1P4) · [B3 · (U3U1 − U4U2)

−B1 ·
1

2
(U2

1 + U2
2 − U2

3 − U2
4 )] · I2

2

+ (U1P1 + U2P2 − U3P3 − U4P4) · [B1 · (U4U1 + U3U2)

−B2 · (U3U1 − U4U2)] · I2
3 ]

+ ...
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...+
6η2

U 2
((U3P1 − U4P2 + U1P3 − U2P4) · (B2 ·

1

2
(U2

1 + U2
2 − U2

3 − U2
4 )

−B3 · (U4U1 + U3U2)) · I1Sh1

+ (U4P1 + U3P2 + U2P3 + U1P4) · (B3 · (U3U1 − U4U2)

−B1 ·
1

2
(U2

1 + U2
2 − U2

3 − U2
4 )) · I2Sh2

+ (U1P1 + U2P2 − U3P3 − U4P4) · (B2 · (U4U1 + U3U2)

−B2 · (U3U1 − U4U2)) · I3Sh3)

+
3γ3

U 2
(((U3P1 − U4P2 + U1P3 − U2P4) · (B3 · (U3U1 − U4U2)−B1 ·

1

2
(U2

1 + U2
2 − U2

3 − U2
4 ))

+ (U4P1 + U3P2 + U2P3 + U1P4) · (B2 ·
1

2
(U2

1 + U2
2 − U2

3 − U2
4 )−B3 · (U4U1 + U3U2))) · {I1, I2}

+ ((U4P1 + U3P2 + U2P3 + U1P4) · (B1 · (U4U1 + U3U2)−B2 · (U3U1 − U4U2))

+ (U1P1 + U2P2 − U3P3 − U4P4) · (B3 · (U3U1 − U4U2)−B1 ·
1

2
(U2

1 + U2
2 − U2

3 − U2
4 ))) · {I2, I3}

+ ((U3P1 − U4P2 + U1P3 − U2P4) · (B1 · (U4U1 + U3U2)−B2 · (U3U1 − U4U2))

+ (U1P1 + U2P2 − U3P3 − U4P4) · (B2 ·
1

2
(U2

1 + U2
2 − U2

3 − U2
4 )−B3 · (U4U1 + U3U2))) · {I3, I1})

+ 3 · η3 · ((
1

U 2
(U3P1 − U4P2 + U1P3 − U2P4) · (B3 · (U3U1 − U4U2)

−B1 ·
1

2
(U2

1 + U2
2 − U2

3 − U2
4 ))

+
1

U 2
(U4P1 + U3P2 + U2P3 + U1P4) · (B2 ·

1

2
(U2

1 + U2
2 − U2

3 − U2
4 )

−B3 · (U4U1 + U3U2))) · {I1,Sh2}

+ (
1

U 2
(U4P1 + U3P2 + U2P3 + U1P4) · (B1 · (U4U1 + U3U2)−B2 · (U3U1 − U4U2))

+
1

U 2
(U1P1 + U2P2 − U3P3 − U4P4) · (B3 · (U3U1 − U4U2)

−B1 ·
1

2
(U2

1 + U2
2 − U2

3 − U2
4 ))) · {I2,Sh3}

+ (
1

U 2
(U3P1 − U4P2 + U1P3 − U2P4) · (B1 · (U4U1 + U3U2)−B2 · (U3U1 − U4U2))

+
1

U 2
(U1P1 + U2P2 − U3P3 − U4P4) · (B2 ·

1

2
(U2

1 + U2
2 − U2

3 − U2
4 )

−B3 · (U4U1 + U3U2))) · {I3,Sh1}))
+ ...
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...+
1

8
(γ′1 + 4 · γ2)[B2 · [(U3U1 − U4U2)2 + (U4U1 + U3U2)2 +

1

2
(U2

1 + U2
2 − U2

3 − U2
4 )2]

− [B1 · (U3U1 − U4U2) +B2 · (U4U1 + U3U2) +B3 ·
1

2
(U2

1 + U2
2 − U2

3 − U2
4 )]2]

+
η1 + 2 · η2

4
[B2 · [(U3U1 − U4U2)2 + (U4U1 + U3U2)2 +

1

2
(U2

1 + U2
2 − U2

3 − U2
4 )2]
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Zusammenfassung in deutscher
Sprache

In Halbleitern können Elektronen aus dem Valenzband in das Leitungsband angeregt
werden. Die Beschreibung der Wechselwirkung zwischen angeregtem Elektron und den
restlichen Kernen, sowie den zurückbleibenden Elektronen, stellt ein kompliziertes Viel-
teilchenproblem dar. Statt nun all diese Wechselwirkungen zu berücksichtigen, behandelt
man das fehlende Elektron im Valenzband als positiv geladenes Quasiteilchen, welches
man als Loch bezeichnet. Vergleichbar mit dem Wasserstoffatom, in dem das nega-
tiv geladene Elektron durch die Coulombwechselwirkung an das postiv geladene Proton
gebunden ist, lassen sich gebundene Zustände aus Elektronen und Löchern bilden.

Diese gebundenen Zustände bezeichnet man als Exzitonen. Dabei lassen sich zwei Typen
unterscheiden. Stark gebundene Frenkel-Exzitonen findet man in Edelgaskristallen [4–6].
Dabei haben die Exzitonen nur eine kleine Ausdehnung und sind stark an einem Kern
lokalisiert. Die theoretische Grundlage für diesen Typ wurde erstmals 1931 von Frenkel
formuliert [1, 2]. In Halbleitern wie Kupferoxydul tritt der andere Typ, welchen man als
Wannier-Exziton bezeichnet, auf [4, 7, 8]. Die Exzitonen sind hierbei schwächer gebun-
den und besitzen eine große Ausdehnung. Ihre theoretische Beschreibung geht dabei
auf Wannier zurück [3]. Ein erster experimenteller Nachweis für Exzitonen erfolgte 1952
durch Gross und Karryjew [9]. Dafür wurde der Halbleiter Kupferoxydul verwendet.
In einem einfachen Modell können die Exzitonen hierbei durch einen wasserstoffartigen
Ansatz beschrieben werden. Kupferoxydul hat dabei eine für Halbleiter verhältnismäßig
große Rydbergenergie. Dies begünstigt die experimentelle Untersuchung, was 2014 zu
einer Beobachtung von Exzitonzuständen bis zu einer Hauptquantenzahl n = 25 führte
[10].

Eine genauere Analyse der gemessenen Exzitonenspektren zeigt Abweichungen vom rein
wasserstoffartigem Verhalten [11]. Dieses Verhalten lässt sich durch die kubische Oh

Symmetrie für die Bandstruktur von Kupferoxydul erklären [12]. Um den Einfluss der
Bandstruktur zu berücksichtigen wird ein Quasispin I eingeführt [13]. Bestimmt man die
dabei auftretenden, materialabhängigen Luttinger-Parameter durch den Vergleich mit
Experimenten lässt sich das System theoretisch beschreiben [11, 14, 15]. Der Einfluss
eines magnetischen Feldes lässt sich dann durch die minimale Kopplung berücksichti-
gen. Die theoretischen Grundlagen zur Beschreibung von Magnetoexzitonen werden in
Abschnitt 2.1 besprochen.
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Eine quantenmechanische Behandlung des Systems führt auf Absorptionsspektren die
gut mit den experimentellen Daten übereinstimmen [15, 16]. Die quantenmechani-
schen Rechnungen sind dabei allerdings auf Zustände mit niedrigen Hauptquantenzahlen
beschränkt. Experimentell sind auch höhere Energiebereiche zugänglich. So ist in Abbil-
dung 1.1 ein Absorptionsspektrum für Kupferoxydul im Energiebereich der Bandlücke,
bei einem Magnetfeld von B = 4 T zu sehen. Dabei treten im Spektrum Quasi-Landau
Resonanzen auf. In der Atomphysik wurde der entsprechende Bereich um die Ionisa-
tionsschwelle ausgiebig untersucht [18, 20–28].

Theoretisch konnten die auftretende Phänomene in der Atomphysik durch semiklas-
sische Methoden und somit über klassische Elektronenbahnen erklärt werden [19, 24–
26, 29, 30]. Eine Berechnung von semiklassischen Absorptionsspektren, für atomare Sys-
teme, ist dabei über die Closed-Orbit Theorie möglich, welche durch Du, Delos [31, 32]
und Bogomolny [33] eingeführt wurde. Eine kurze Darstellung der Closed-Orbit Theorie
ist in Abschnitt 2.2 zu finden.

Für Kupferoxydul treten neben den Orts- und Impulskoordinaten auf Grund des Quasi-
und des Lochspins weitere Freiheitsgrade auf. Zur Berücksichtung der Bandstruktur
muss deren Einfluss mit behandelt werden. Eine klassische Behandlung der Spinfrei-
heitsgrade in Analogie zur Landau-Lifschitz-Gilbert Gleichung ohne Dämpfung zeigte
sich in früheren Arbeiten als unzureichend [37, 38]. Um dieses Problem zu lösen wurde
in dieser Arbeit eine adiabatische Näherung eingeführt. Diese wird in Abschnitt 2.3
diskutiert. Dabei gehen wir davon aus, dass die Bewegung der Spins viel schneller
ist als die Bewegung in der Relativkoordinate. Die Spindynamik ist dabei charakter-
isiert durch die Aufspaltung der Valenzbänder ∆. Für die Rydbergzustände geht die
kinetische Energie dann etwa mit 1/n2. Die Bewegung in der Relativkoordinate wird
dementsprechend langsamer, wenn wir zu höheren Zuständen gehen. In der vorgestell-
ten Näherung reagiert die schnelle Spin Bewegung dann instantan auf Änderungen in
der Konfiguration der Relativkoordinaten. Der Hamiltonian kann dann in der Basis für
Quasi- und Lochspin diagonalisiert werden, wobei der Impuls als Parameter eingeht.
Dies führt dann auf sechs Energieflächen. Diese lassen sich dabei der gelben und grü-
nen Serie zuordnen. Diese Energieflächen erfüllen dann weiterhin die Oh Symmetrie des
Systems. Eine Diskussion der Symmetrieeigenschaften für die Energieflächen findet sich
ebenfalls in Abschnitt 2.3.

Wählt man eine der Energieflächen aus, so hängt der resultierende Hamiltonian nur
noch von den Relativkoordinaten ab. Für die Berechnungen in dieser Arbeit wurde
die niedrigste Energiefläche verwendet, die zur gelben Serie gehört. Behandelt man die
zugehörige Hamilton-Funktion so lassen sich klassische Bahnen, sowie deren Parameter
berechnen. Die Grundlagen hierfür werden in Abschnitt 2.4 dargestellt.
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Für kleine Radien r → 0 zeigen die kinetische Energie und der Coulombterm singuläres
Verhalten. Dies führt zu Problemen bei der numerischen Berechnung von Bahnen, die
durch r = 0 gehen. Da diese Bahnen für die Closed-Orbit Theorie benötigt werden, wird
die Transformation von Kustaanheimo und Stiefel verwendet [39, 40]. Diese wird in Ab-
schnitt 3.1 vorgestellt. Die Transformation führt zur Regularisierung des Wassersstoff-
problems, die Energieflächen W̃n(U ,P ,B) enthalten allerdings noch Terme der Form
UiUj/U

2, was zu einer Richtungsabhängigkeit der Energieflächen für r = 0 führt.

In Abschnitt 3.2 werden die Grundlagen zur numerischen Berechnung klassischer ge-
schlossener Bahnen vorgestellt. Dabei werden zwei Bereiche unterschieden. Für r < r0

erfolgen die Berechnungen anhand eines wasserstoffartigen Modelles. Dies vermeidet
zum Einem das Problem der Richtungsabhängigkeit der Energieflächen W̃n(U ,P ,B)
bei r = 0, zum Anderen ist in diesem Bereich eine quantenmechanische Beschreibung
des Exzitons als radial auslaufende Coulombwelle angebracht. Für größere Radien r > r0

kann das Exziton in einem semiklassisches Bild verstanden werden. Die Wellenfronten
folgen dabei unter dem Einfluss der Bandstruktur und des Magnetfeldes klassischen Bah-
nen.

Die Abhängigkeit von diesem Parameter r0 wird dann in Abschnitt 4.1 betrachtet. Dabei
zeigt sich, dass die Wirkung und die Umlaufzeit für einen Wert von r0 = 0.1 angemessen
gegen den Wert für r0 = 0 auskonvergiert ist. Die Form der Bahnen ändert sich dabei
auch nicht erkennbar wenn man r0 weiter absenkt.

Die Bandstruktur ist im Hinblick auf diese Parameter somit zufriedenstellend berück-
sichtigt. Die folgenden Berechnungen werden somit bei einem Wert von r0 = 0.1 durchge-
führt. In Abschnitt 4.2 werden dabei klassische Bahnen zu einer Energie E = −0.02 für
den Fall ohne Magnetfeld dargestellt. Im Fall des Wasserstoffatoms verlaufen die Bah-
nen auf einer Geraden radial nach außen und auf der selben Achse wieder zurück. Dabei
sind die Bahnen auf Grund der hohen Symmetrie des Wasserstoffatom äquivalent. In
Kupferoxydul finden sich diese Bahnen für bestimmte Symmetrieachsen des Kristalls.
Daneben lassen sich in andere Richtungen geschlossene zwei- oder sogar dreidimension-
ale Bahnen finden. Im Gegensatz zum Wasserstoffproblem unterscheiden sich Wirkung
und Periodendauer für verschiedene Startrichtungen der Bahnen für die Exzitonen.

Abschließend wurden klassische Bahnen für ein Magnetfeld von B = 4 T berechnet.
Als Energie wird dabei E = 0 gewählt, dies entspricht der Energie der Bandlücke. Im
Wasserstoffatom ist die Ebene normal zum Magnetfeld eine Symmetrieebene. Dabei
ist, auf Grund der Rotationssymmetrie, jede Startrichtung in dieser Ebene äquivalent.
Für Orientierung des Magnetfeldes entlang der [001] Achse und der [110] Achse, sowie
deren Äquivalente im Kristall, besitzt das System ebenfalls eine Symmetrieebene or-
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thogonal zu diesen Achsen. Diese Symmetrieebenen werden in Abschnitt 4.3 unter-
sucht. Für den wasserstoffartigen Fall kehrt die Bahn nach einem Umlauf zu r = 0
zurück. Diese Bahn kann mit den quasi-Landau Resonanzen in den Atomspektren in
Verbindung gebracht werden. Eine Betrachtung mit Bandstruktur löst die volle Rota-
tionssymmetrie auf. Im Allgemeinen kehren die Bahnen nach einem Umlauf nicht zu
r = 0 zurück. Für bestimmte Startrichtungen lassen sich geschlossene Bahnen finden.
Für die Ebene senkrecht zur [001] Achse konnten vier unterschiedliche Bahnen und für die
Ebene normal zur [110] Achse sechs unterschiedliche Bahnen gefunden werden. Neben
den unterschiedlichen Startrichtungen unterscheiden sich dabei auch die Wirkung und
die Umlaufdauer der verschiedenen Orbits. Dies sollte sich auch auf die experimentell
gewonnenen Absorptionsspektren im Bereich der Bandenergie auswirken. Dabei sollte
in der Fourier-Transformierten der Exzitonspektren eine Aufspaltung des wasserstoff-
artigen Peaks beobachtet werden. Diese Vorhersage liefert somit einen experimentell
überprüfbaren Test für die vorgestellte Methode.
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