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Bedeutet aber nicht die Statuierung des FEwigen und Un-
endlichen die logisch-rechnerische Vernichtung alles Begrenzten
und FEndlichen, eine wverhdltnismdafige Reduzierung auf Null?
Ist vm FEwigen ein Nacheinander mdaglich, im Unendlichen ein
Nebeneinander?

Thomas Mann, Der Zauberberg, 1924.

But does not the very positing of eternity and infinity imply the log-
ical, mathematical negation of things limited and finite, their rela-
tive reduction to zero? Is a sequence of events possible in eternity,
a juxtaposition of objects in infinity?

Thomas Mann, The Magic Mountain, 1924.
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Preface

We know a great deal more about the forces which produce the vibrations of sound than
about those which produce the vibrations of light. To find out the different tunes send out by
a vibrating system is a problem which may or may not be solvable in certain special cases,
but it would baffle the most skilful mathematician to solve the inverse problem and to find
out the shape of a bell by means of the sounds which it is capable of sending out. And
this is the problem which ultimately spectroscopy hopes to solve in the case of light. In the
meantime we must welcome with delight even the smallest step in the desired direction.

Sir Franz Arthur Friedrich Schuster, 1882

Is it possible to find out the shape of a bell by means of the sound it sends out?
Or, quoting M. Kac’ famous article from 1966, Can one hear the shape of a drum?
This question — in less picturesque language — is the question of how the oscillating
frequencies of a vibrating membrane are related to the geometry of the membrane is
a longstanding problem of spectral theory. In the 18th and 19th century physicists
and mathematicians such as J. d’Alembert, P. S. Laplace, and J. Fourier investigated
how vibrations, for example vibrating strings, oscillating membranes like drums, vi-
brations in other music instruments producing sound, and in general oscillations of
elastic bodies can be described mathematically by differential operators. Their con-
siderations also extend to more subtle oscillations which according to the theory of
electromagnetism produce light and radiation. It was discovered that the frequencies
of the normal modes of general oscillating systems correspond to the spectrum of
differential operators; more precisely they correspond to the eigenvalues. Hence, it
became important to study spectral properties of such operators, in particular, how
the spectrum of differential operators and thus frequencies of oscillations depend on
the geometry of the underlying system.

The first pertinent answer to this question is that one can hear the size of a
drum. This is an old result — probably not very surprising for drummers — with a rich
history. However, this problem was not brought up by musicians but by physicists who
studied the laws of electromagnetic radiation. Lord Rayleigh analyzed the frequencies
and the intensity of radiation within a black-body, which is an idealized physical
body absorbing all radiation. In 1900, he derived the relation between intensity and
frequency of the radiation within a black-body using the laws of classical mechanics.
To this end he needed to determine the number of standing electromagnetic waves —
analogs of the overtones of an organ pipe — at a certain frequency. Roughly speaking
this is similar as the problem of determining the number of normal modes of an
oscillating membrane at a certain frequency.

7



Lord Rayleigh used explicit calculations for rectangles and cubes to find that this
number depends, at least for high frequencies, mainly on the volume of the body and
not on any other geometric quantities. He assumed that this is true for any black-
body of arbitrary shape. These considerations lead to the famous Rayleigh-Jeans
law [Ray00, JeaO5] relating the intensity of radiation of a black-body at a certain
temperature to the frequency of the radiation.

However, Lord Rayleigh’s generalisation from cubes to arbitrarily shaped bodies
was still to be justified. This problem was taken up in 1910 by H. A. Lorentz who
raised this question during a series of lectures entitled ‘Alte und neue Fragen der
Physik’ (‘Old and new problems of physics’) held at Gottingen. He challenged those
present to prove that the number of oscillating modes of a membrane at sufficiently
high frequencies is independent of the shape of the membrane and is simply propor-
tional to its area. Legend has it that D. Hilbert predicted that this theorem would
not be proved within his life time. True or not, this prediction was wrong by many
years. Only two years later Hilbert’s student H. Weyl, who was present at Lorentz’
lectures, proved the theorem in question [Wey12a].

It is interesting to note that Weyl’s result is related to a much older number-
theoretical question. Actually, Weyl’s law can be reduced to the problem of finding
the number of points with integer coordinates within a ball of given radius. It is easy
to see that for large radii this number is well approximated by the volume of the ball.
However, it is much more difficult to find good estimates for the error that occurs by
making this approximation. This problem was considered by famous mathematicians
such as GauB}, Hardy, Wright, Landau and more recently by Walfisz.

Similar considerations concerning estimates for the error in his result led H. Weyl
to the conjecture that the law describing the number of normal modes of an oscillating
membrane could be refined by a second lower order term depending on the length
of the boundary of the membrane. This problem took much longer to be solved
than Lorentz” original question and it seems to be related to the geometry of the
membrane in a very subtle way. Only in 1980 did V. Ivrii [Ivr80a, Ivr80b] give
a proof of H. Weyl’s conjecture, and questions related to this conjecture still pose
substantial mathematical challenges.

H. Weyl’s ideas and results were refined by R. Courant and D. Hilbert and were
included in their famous book Methoden der Mathematischen Physik (Methods of
Mathematical Physics) [CH24]. This initiated a lot of research around the asymp-
totic behavior of the spectrum of differential operators and marked the beginning of
an important branch of spectral analysis. In this way Lord Rayleigh’s initial consid-
erations stimulated various developments in modern mathematical physics.

However, the famous Rayleigh-Jeans law turned out to be wrong. In particular,
for high frequencies it is not in accordance with experimental results. Moreover, the
energy output predicted by the Rayleigh-Jeans law is infinite as the frequency tends
to infinity. This so-called ultraviolet catastrophe is a substantial problem of classical
mechanics since it is not due to any error in the derivation of the law but due to
conceptual problems in the theory of classical mechanics itself.



The ultraviolet catastrophe does not occur in M. Planck’s empirically derived law
for black-body radiation and this disagreement ultimately led to a whole new theory,
namely quantum mechanics. However, the connection of Lord Rayleigh’s and H.
Weyl’s considerations with quantum mechanics is much deeper: the same differential
operators describing the frequencies of an oscillating membrane are postulated to
determine the energy levels of particles that are described by the laws of quantum
mechanics. Hence, the results relating the spectrum of partial differential operators
to the geometry of the underlying system found numerous applications in quantum
mechanics and still there are various questions to be answered.

With this thesis I hope to contribute a small step in the desired direction. This
work was carried out from 2008 until 2011 at Universitat Stuttgart, Imperial College
London and Princeton University.
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Abstract

In this thesis we study spectral properties of the Dirichlet Laplace operator and
related differential and pseudo-differential operators defined on Euclidean domains:
the eigenvalues of such operators and properties of functions of the eigenvalues are
investigated. In particular, we prove refined asymptotic formulas for sums of eigenval-
ues in the semiclassical limit and we derive improved uniform bounds on eigenvalues
and eigenvalue means.

Let 0 < Ay < Ay < ... denote the eigenvalues of the Dirichlet Laplacian de-
fined on a bounded domain Q@ C R? 1In 1912, H. Weyl analysed the function
N(A) = t8{k € N : A\ < A} counting the number of eigenvalues below A > 0.
He calculated the leading term of N(A) in the semiclassical limit A — oo, which is
given by the phase-space volume of the problem. On the one hand, this result and its
generalizations relating the eigenvalues of a differential operator to the phase-space
volume of the respective problem has numerous applications in physics, in the theory
of oscillations and radiation, and in quantum mechanics. On the other hand, the
work of H. Weyl inspired the development of modern mathematical techniques and
raised deep mathematical problems that are still challenging today.

For example, H. Weyl conjectured that there exists a second term of lower order in
the semiclassical limit of N(A) depending on |0€2|, the surface area of the boundary.
In 1980, V. Ivrii used a detailed microlocal analysis to prove Weyl’s conjecture:

Wq d 1w d— d—
N = Gy IQII\/Q—Z(%)d_1 0Q) A@D/2 4 o(AWD2Y A oo,

where wy denotes the volume of the unit ball in R?. However, this approach requires

strong assumptions on the domain, in particular an involved global condition on the
geometry of {2. Therefore the question arises of whether these conditions are necessary
for the existence of a second term.

At least for averaged versions of the counting function, a two-term formula exists
under weaker conditions. Here we give a new proof for the equivalent of Weyl’s
conjecture for the sum of the eigenvalues under weak smoothness assumptions on the
boundary. In particular, without any global geometric conditions on 2, we establish
that

1
Ro(8) = D (A=A = LGy QAT = 210, 1 |0 ATHED/2 4 o A7)
keN

holds as A — oo for 0 > 1, with sharp positive constants Lf,{ &> Lilvd_l. The sum R;(A)
is directly related to the sum of the eigenvalues. This quantity describes the energy

11



of non-interacting, fermionic particles "trapped’ in 2 and plays an important role in
physical applications.

This asymptotic formula is extended to fractional powers of the Laplace operator.
For these non-local, non-smooth operators the microlocal methods leading to V. Ivrii’s
result cannot be applied and up to now it was unknown whether a corresponding two-
term formula exists. One of the main results of this thesis is a proof of precise spectral
asymptotics for the fractional Laplacian with the leading (Weyl) term given by the
volume and the second term given by the surface area of the domain.

The second part of this thesis is devoted to improved uniform spectral estimates
for the Dirichlet Laplace operator on bounded domains. To deduce information for
specific domains (2, it is necessary to supplement the asymptotic relations mentioned
above with uniform bounds on the eigenvalue means. For example, the Berezin-Lieb-
Li-Yau inequality

R,(A) < L¢41Q A2 o >1,
holds for any open set Q C R? and all A > 0. This estimate is sharp: the constant in
the bound cannot be improved. However, it is possible to strengthen the estimate with
a negative remainder term. Here we present different possibilities to improve sharp
semiclassical estimates uniformly with negative remainder terms correctly capturing
asymptotic properties of the eigenvalue means.

Another main result of this work gives an improved Berezin inequality for o > 3/2.
It is valid for all A > 0 and reflects precisely the asymptotic and geometric properties
of the semiclassical asymptotics. Under certain geometric conditions these results
imply new lower bounds on individual eigenvalues that improve the Li-Yau inequality.

Similarly, we derive universal bounds on eigenvalue means and on the trace of the
heat kernel of the Dirichlet Laplace operator. Again the bounds show the correct
asymptotic behavior in the semiclassical limit and their geometric dependence is ex-
pressed in terms of the volume of the domain only. These results improve universal
inequalities by Kac and Berezin.

Finally, we use the developed methods to prove sharp spectral estimates in quasi-
bounded domains of infinite volume. For such domains, semiclassical spectral esti-
mates based on the phase-space volume, and therefore on the volume of the domain,
must fail. Here we present a method how one can nevertheless prove uniform bounds
on eigenvalues and eigenvalue means which are sharp in the semiclassical limit and
we extend some results to Schrodinger operators.
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Zusammenfassung

In dieser Arbeit werden spektrale Eigenschaften des Dirichlet Laplace Operators
und verwandter Differential- und Pseudodifferential-Operatoren untersucht, die auf
Euklidischen Gebieten definiert sind. Wir analysieren die Eigenwerte solcher Oper-
atoren und Eigenschaften von Funktionen dieser Eigenwerte. Insbesondere beweisen
wir genaue asymptotische Formeln fiir die Summe der Eigenwerte im semiklassischen
Grenzwert und leiten verbesserte semiklassische Abschatzungen an Eigenwerte und
Eigenwertmittel her.

Seien 0 < A} < Ay < ... die Eigenwerte des Dirichlet Laplace Operators, der auf
einem beschrinkten Gebiet Q C R definiert sei. Im Jahr 1912 analysierte H. Weyl
die Funktion N(A) = #{k € N : Ay < A}, die die Anzahl der Eigenwerte unterhalb
von A > 0 angibt. Er berechnete den fithrenden Term von N(A) im semiklassischen
Grenzwert A — oo, der durch das Phasenraumvolumen des Problems bestimmt wird.
Dieses Resultat hat einerseits zahlreiche Anwendungen in der Physik, zum Beispiel
in der Theorie der Schwingungen und der elektromagnetischen Strahlung und in der
Quantenmechanik. Andererseits regte die Arbeit von H. Weyl die Entwicklung mod-
erner mathematischer Methoden an und es ergaben sich wichtige, zum Teil bis heute
ungeloste, mathematische Fragestellungen.

Zum Beispiel vermutete H. Weyl, dass im semiklassischen Grenzwert von N(A) ein
zweiter Term von niedrigerer Ordnung existiert, der von |02], dem Oberflacheninhalt
des Randes, abhangt. Im Jahr 1980 konnte V. Ivrii diese Vermutung mit Hilfe einer
detaillierten mikrolokalen Analyse beweisen:

Wd

(27m)4

1 -
9] AV = s [OQIACT 4 o(AD) A — oo,

N(A) =
wobei wy das Volumen des Einheitsballs in R¢ bezeichnet. Dieser Ansatz setzt jedoch
starke Bedingungen an das Gebiet voraus, insbesondere eine komplizierte globale
Bedingung an die Geometrie von 2. Dies wirft die Frage auf, ob solche Bedingungen
in Euklidischen Gebieten notwendig sind.

Zumindest fiir gemittelte Versionen der Zahlfunktion existiert eine asymptotische
Formel mit zwei Termen auch unter schwacheren Voraussetzungen. In dieser Arbeit
zeigen wir einen neuen Beweis der Weylschen Vermutung fiir die Asymptotik der
Summe der Eigenwerte unter schwachen Glattheitsbedingungen an den Rand von 2.
Insbesondere existiert der Grenzwert

Ro(A) = (A= M)T = Ly QI AT = 1L, [96] A7HOD/2 4 (A7)
keN
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fiir A — oo und alle ¢ > 1 mit scharfen positiven Konstanten L¢;, LZ,_; ohne globale
Voraussetzungen an die Geometrie von .

Dieses Resultat kann auf fraktionelle Potenzen des Laplace Operators verall-
gemeinert werden. Fir diese nicht-lokalen, nicht-glatten Operatoren konnen die
mikrolokalen Methoden, die zu V. Ivriis Resultat fiihren, nicht angewendet wer-
den und bis jetzt war nicht bekannt, ob eine entsprechende Asymptotik mit zwei
Termen existiert. Ein zentrales Resultat dieser Arbeit ist der Beweis einer préazisen
Spektralasymptotik fiir den fraktionellen Laplace Operator, die den fithrenden (Weyl)
Term enthalt und den zweiten Term, der vom Oberflicheninhalt des Randes abhangt.

Der zweite Teil dieser Arbeit widmet sich verbesserten, gleichmafligen Spektral-
abschatzungen fiir den Dirichlet Laplace Operator auf beschrinkten Gebieten: Die
Berezin-Li-Yau Ungleichung zeigt, dass die Abschatzung

Ro(A) < L QA2 o> 1,

fiir alle offenen Mengen Q2 C R? und alle A > 0 gilt. Diese Schranke ist scharf:
Die Konstante in der Abschatzung kann nicht verbessert werden. Allerdings ist
es moglich, die Ungleichung durch einen negativen Restterm zu verbessern. Hier
prasentieren wir verschiedene Moglichkeiten, scharfe semiklassische Ungleichungen
durch negative Restterme zu verbessern, die im semiklassischen Grenzwert die richti-
gen Eigenschaften aufweisen.

Ein zweites zentrales Ergebnis dieser Arbeit ist eine verbesserte Berezin Ungle-
ichung fiir ¢ > 3/2. Dieses Resultat gilt fiir alle A > 0 und gibt die asymp-
totischen und geometrischen Eigenschaften der semiklassischen Asymptotik genau
wieder. Unter bestimmten geometrischen Voraussetzungen folgen daraus neue untere
Schranken an einzelne Eigenwerte, die die Li-Yau Ungleichung verbessern.

In dhnlicher Weise leiten wir universelle Schranken an Eigenwertmittel und an
die Spur des Warmeleitungskerns des Dirichlet Laplace Operators her. Dabei ist die
geometrische Abhéngigkeit dieser Schranken lediglich durch das Volumen des Gebiets
gegeben. Diese Resultate zeigen wieder das korrekte asymptotische Verhalten im
semiklassischen Grenzwert und verbessern universelle Ungleichungen von Kac und
Berezin.

Schliellich benutzen wir die entwickelten Methoden, um scharfe Abschéatzungen
an Eigenwertmittel in quasi-beschrankten Gebieten mit unendlichem Volumen zu be-
weisen. Fiir solche Gebiete sind semiklassische Abschatzungen, die auf dem Phasen-
raumvolumen und damit auf dem Volumen des Gebiets basieren, nicht anwendbar.
Hier zeigen wir eine Methode, wie man dennoch scharfe, gleichméaflige Abschatzungen
beweisen kann, und verallgemeinern Resultate auf Schrodingeroperatoren.

14



CHAPTER 1

Introduction

1.1. Weyl’s law and the variational principle

1.1.1. The semiclassical limit. One hundred years ago H. Weyl studied the
frequencies of oscillating membranes. Stimulated by questions arising from the theory
of radiation [Jea05, Som10] he analyzed how the frequencies depend on the geometry
of the membrane [Weyl12a, Wey12b, Wey12c, Wey13|. In particular, he was
interested in the high-energy limit, corresponding to high frequencies.

It is remarkable that these questions are closely connected with problems in quan-
tum mechanics. The equation determining the frequencies of an oscillating membrane
describes a quantum-mechanical particle trapped in a domain corresponding to the
membrane. In quantum mechanics, the frequencies are equivalent to the energy lev-
els of the particle under consideration and the high-energy limit corresponds to the
semiclassical limit of the quantum mechanical system.

H. Weyl’s main result [Wey12a] shows that the high-energy limit of the frequen-
cies of an oscillating membrane depends to first order on the area of the membrane,
more precisely on the phase-space volume of the respective problem. This result stim-
ulated a lot of research around the semiclassical limit of quantum mechanical systems
and the underlying partial differential equations. It marked the starting point for an
important branch in mathematical physics and spectral analysis.

Let us briefly review the mathematical setting of the problem. The frequencies
of an oscillating membrane 0 C R? with fixed boundary are given by the eigenvalues
of the Dirichlet Laplace operator defined in the Hilbert space L*(€2). In general, we
consider an open set 2 C R%, d > 1, and the quadratic form

/Q|Vu(3:)]2 dx

with form domain given by the Sobolev space Hj(f2). The Dirichlet Laplace operator
— AL is defined as the self-adjoint operator in L*(Q2) generated by this quadratic form.
That means —A§ is the Friedrichs extension of the Laplace operator initially defined
on C§°(Q2), see [BS87] for details.

We always assume that the spectrum of —AL is purely discrete. This is equivalent
to compactness of the embedding Hj(Q2) — L?(Q) and is satisfied, for example, if
is bounded. Then the spectrum of the Dirichlet Laplace operator consists of positive
eigenvalues 0 < A\1(€2) < X\y(2) < ... accumulating at infinity only.

In general these eigenvalues cannot be calculated explicitly and especially for large
k it is difficult to approximate A\g(€2) numerically. Therefore it is interesting to find
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1. INTRODUCTION

a precise formula for \z(€2) in the semiclassical limit & — oo and it is important to
understand how this limit depends on the geometry of €.

As mentioned above the first rigorous step towards this was made by H. Weyl who
considered the equivalent problem of analyzing the counting function

N(A;Q) = #{k €N : A\(Q) <A}, A>0,

in the semiclassical limit A — oo. Let |2| denote the d-dimensional Lebesgue-measure
of Q. Then the limit
N(A;Q) = L, |Q AY? + o(AY/?) (1.1)

holds as A — oo [Wey12a], where Lg{ 4 denotes the semiclassical constant

04 = 2m)d ~ (am)iPr(d+ 1)

and wy denotes the volume of the unit ball in R?. The identity

c 1 0
L()l,d|&—2|‘/\d/2 = (27T)d/s;/Rd (|§|2 —A)_dgdl’

shows that the semiclassical limit is indeed determined by the phase-space volume of
the problem under consideration. This agrees with the Bohr-Sommerfeld quantization

rule from early quantum mechanics: Each particle state occupies a volume of (27)?
in phase-space.
Note that the leading term of the semiclassical limit is independent of the choice of
boundary conditions. Thus (1.1) is also valid, e.g., for the Neumann Laplace operator.
Weyl’s law (1.1) can also be generalized to Schrédinger operators

HAV) = —A+ AV, A>0,

with real-valued potential V given on R? Under suitable assumptions on the po-
tential, the operator H(AV) can be defined in L?(R?) again as Friedrichs extension
of the respective operator with domain C§°(R?), see [BS87, RS75] for details. Let
V_(r) = max{—V(x),0} denote the negative part of the potential. If V. € L¥2(R?)
then the negative spectrum of H(AV) is discrete and one defines N(\; V') to be the
number of negative eigenvalues.

The semiclassical limit of the counting function N(A; V) is again determined by
the phase-space volume. As A\ — oo the limit

NAV) = (2;)51 /Rd /Rd (J€]> = AVZ (:c))f dé da + o(A?)

_ Lg{d/ V_d/Q(a:) dz X2 + o(\Y/?) (1.2)
R‘i

holds true [BB71, Mar72, Tam74|. We point out that by setting V' (z) = —1 on
an open and bounded set 2 C R? and V(x) = +o00 on R%\ Q we recover Weyl’s law

(1.1).
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1.1. WEYL’S LAW AND THE VARIATIONAL PRINCIPLE

1.1.2. The variational principle. In order to review some basic methods let
us outline the main ideas leading to (1.1). More details can be found for example in
[CH24, RS78].

The starting point is the variational principle. One version is the following charac-
terization of the eigenvalues of a self-adjoint, semi-bounded operator H on a Hilbert
space H known as the min-max principle [Cou20]. Let Q(H) C H denote the form
domain of the operator H and for ¢ € Q(H) write (p, Hp) for the quadratic form
corresponding to H. For k € N put

= max min CHY) . 13
. Y1 k-1 €H peQ(H); [lel|=1 (o He) (1.3)
e L1, Pr—_1]

Then either there are k eigenvalues below the essential spectrum of H and py is the
k-th eigenvalue counted in increasing order with multiplicity, or uy is the bottom of
the essential spectrum and there are at most k — 1 eigenvalues below .

For the Dirichlet Laplace operator the variational principle gives

M(QQ) = max min —APp), keN,
k(€2) b EL2Q) peHI (), gl=1 (¢ Q%)
o Lth1,ehp—1]

Since additional Dirichlet boundary conditions in the interior of {2 reduce the form
domain H} (), adding a Dirichlet condition rises the eigenvalues. On the other hand,
adding a Neumann boundary conditions — i.e. a condition g—f|r = 0 along a surface
I' C Q, where a% is the normal derivative with respect to I' — enlarges the form domain
and therefore lowers the eigenvalues of the Laplace operator.

The crucial idea was to approximate {2 by a covering consisting of small cubes
and to put additional Dirichlet or Neumann boundary conditions at the sides of
the cubes. The point is that one can calculate the eigenvalues of the Dirichlet and
Neumann Laplace operator on a cube explicitly. Indeed, if NP (A; Q;) and NV (A; Q)
denote the counting functions of the Dirichlet and Neumann Laplace operator on a
cube Q; C R with side length [ > 0 then

9 d
T
NP(A; Q) = > Z—QZk:f = L, 19 AN 4 o(AY2) (1.4)
keNd Jj=1
9 d
e
NY(NQ) = D 55 Yk = Lol A+ o(A"?) (1.5)

kend J=1

as A — oo.

By the variational principle, the counting function of the Dirichlet Laplace oper-
ator on € can be estimated from below by NP (A;Q;) times the maximal number of
disjoint cubes @); in the interior of 2. As the side length [ tends to zero the latter
number tends to |[Q]I7¢, hence from (1.4) it follows that

N(A:Q) > NP(A5Q0) 192117+ o(AY?) = L, 10 A + o(A%?)
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1. INTRODUCTION

as A — oo. Similarly, approximating €2 by cubes with Neumann boundary conditions
and using (1.5) one gets

N(A;Q) < NY(AQ) Q174+ o(AY?) = Lg, [Q] AY? + o(AY?)

as A — oo, and (1.1) follows.

We remark that the same methods can be applied to derive the limit (1.2) for the
number of negative eigenvalues of Schrodinger operators [CH24, RS78|. Again the
first term of the semiclassical limit can be proved entirely by variational methods.

To conclude this section let us mention that the variational principle implies the
following convenient identity for the sum of the negative eigenvalues of a Schrodinger
operator H(V) = —A + V. By (1.3), for the trace of the negative part of H(V') the
identity

Te(H(V)-) = it Te(H(V)) (L.6)

holds, where the infimum is taken over all trial density matrices v, i.e. over all trace
class operators 0 < v < 1 with range belonging to the form domain of H(V).

1.2. The second term in Weyl’s law

After H. Weyl calculated the leading term of the semiclassical limit for the Dirich-
let Laplace operator (1.1), he put forward the conjecture that there exists a second
term of lower order depending on |0€2|, the surface area of the boundary of 2 [Wey13].
Explicit calculations for cubes show that a two-term formula

1
N(A; Q) = Ly | AV = S LG, 1 09 A2+ o(ACD/2) (1.7)
is plausible as A — oco. However, it turned out to be difficult to prove this conjecture
in general. One of the difficulties is to handle the discontinuity of the counting
function.

1.2.1. Riesz-means and the trace of the heat kernel. As a general principle
one can state that things get easier if one does not consider the counting function
directly but averaged or smoothed versions. For example one often studies the Riesz-
means

R,(A;Q) = Tr (=AF = A)” =Y (A=X\)T, A>0, 0>0.

4
keN

Here and in the following x4 = (|| £ x)/2 denotes the positive and negative part
of x € R respectively. Apart from the counting function — corresponding to ¢ = 0
— the case ¢ = 1 is of special interest, since it is directly related to the sum of
the eigenvalues, see Section 1.3.2 below. This quantity describes the energy of non-
interacting, fermionic particles trapped in €2 and plays an important role in physical
applications.

The fact that the behavior of the eigenvalue means R, becomes more regular as
o increases, allows one to deduce results for eigenvalue means of higher order from
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1.2. THE SECOND TERM IN WEYL’S LAW

results for eigenvalue means of lower order. In particular, one can use the identity

[ALTS]
1
B(y+ 1,0 —

where B denotes the Beta-function. From (1.7) and (1.8) with ¢ > v = 0 we see that
the equivalent of Weyl’s conjecture for Riesz-means reads as

R,(A;Q) =

> / TR (AN-T;Q)dr, o>7>0, (1.8)
0

1
R (A Q) = Ly QAT — L, |00 ATHEDE 4 o(A7HE072) (1.9)
with
a I'(oc+1)
o (dm)deT o+ 4 1)

One can smooth the counting function even further and consider the trace of the

heat kernel, the so-called partition function,
Z(t;Q) = Tr <6A3t> = Ze_)‘k(mt, t>0.
k

This trace function corresponds to the endpoint of the scale of Riesz-means R, as o
tends to infinity. Let

IO = / T e M d

denote the Laplace transform of a suitable function f : [0,00) — R and note that the
partition function is related to the Riesz-means by the formula

75(7—5—1
I'(c+1)

For this smooth and convex trace function of the Dirichlet Laplace operator one

Z(t:0) = LIR, (5] (1), >0, (1.10)

can employ local properties of the heat kernel to study the semiclassical limit which
corresponds to the short-time limit ¢ — 0+. The question how this limit depends on
the geometry of the domain 2 was addressed by M. Kac in his famous paper 'Can

one hear the shape of a drum?’ [Kac66]. There he proved that for convex domains

Q C R? the limit

oy = 190 199 1/
20 = 4\/m+0(t )

holds as t — 0+, see also [Ple54]. This result was generalized to a wide class of not
necessarily convex domains in higher dimension. Even for Lipschitz domains 0 C R,
i.e., for domains with boundary given by a Lipschitz continuous curve, one has

19| H(00) —(d—
268 = (4rt)¥2  A(4rt)d-D/2 +o (17N (1.11)

as t — 0+ [Bro93], where J#(0f2) denotes the d — 1-dimensional Hausdorff measure
of the boundary. In view of (1.10) this is in agreement with Weyl’s conjecture (1.7).

For smooth domains 2 C R there even exists an asymptotic expansion

Z(t:Q) = 742" Cth?

k>0
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as t — 0+ [Minb4, MS67, Gre71]. The constants C} are related to the geometry
of Q [Smi81], for £ > 2 to properties of the boundary. However, the inverse problem
of determining the geometry  from the spectrum of —AL cannot be solved uniquely

[GWW92].

1.2.2. Ivrii’s result. Since the trace of the heat kernel is directly related to the
counting function and the Riesz-means via the Laplace transform it is evident and
tempting to use (1.11) to prove that Weyl’s conjecture (1.7) and therefore (1.9) holds
true. However, since the Riesz-means and especially the counting function are not
smooth, carrying out this conclusion rigorously is very cumbersome.

In general, one can use classical Tauberian theorems, see e.g. [Sim05, Theorem
10.3], to deduce asymptotic results for Riesz-means from (1.11). However, this yields
only the first term of the semiclassical limit.

Already in 1924 R. Courant used variational methods to prove that for domains
Q) C R? with smooth boundary the limit

N(A; Q) = L, |9 AY2 + O(A=D/21n A) (1.12)

holds as A — oo [CH24|. Recently, Y. Netrusov and Y. Safarov applied variational
methods and a very subtle covering to prove that the estimate

A
IN(A; Q) — L, |Q A2 < ch<“>/2/ Q1| dt
0

holds for all A > 0 with a positive constant ¢; > 0 [NS05]. Here
Q1 = {2 €Q : dist(z,R\ Q) < t7'}

denotes the inner parallel set of Q with distance to the boundary less than ¢t~1. While
this result gives the correct asymptotic behavior of the second term for domains €2 with
rough boundary — for example for fractals as considered in [Lap91, FV93, FLV95]
— it does not improve on (1.12) for smooth domains.

Since neither variational methods nor Tauberian theorems are strong enough to
prove Weyl’s conjecture (1.7) one needs a more elaborate strategy.

The main idea which goes back to T. Carleman [Car36] and B. M. Levitan
[Lev52] is to study another integral transform of the counting function, namely

o(t) = Trcos <t\/—7A£> = /Rcos (ﬁt) dN(X; Q).

Since o(t) equals [, u(x,x,t)dx, where u(x,y,t) solves the wave equation
Ou—Au =0
Um0 = 0(z —y), Owul,_y = 0, u = 0on 00,

one can analyze local properties of solutions of the wave equation and apply the
Fourier cosine transform to gather information about the counting function.
This microlocal approach was employed by R. Seeley to prove

N(A;9) = Ly QA2 + OA"D72) A — oo,
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1.2. THE SECOND TERM IN WEYL’S LAW

in domains with smooth boundary [See78]. In 1980 V. Ivrii [Ivr80a, Ivr80b] finally
established Weyl’s conjecture (1.7) under certain conditions on the geometry of ).
See also [H6r85, SV97, Ivr98| for further results and references.

Here we follow [H6r85, Ch. 29.3] to briefly review Ivrii’s result and the necessary
conditions. Let T*(R x © x Q) be the cotangent bundle of R x  x 2 and set

['={(tz,y75n) e T"RxQxQ\N0; 7=,

and (t,z,7,£),(0,y,7,1) lie on a generalized bicharacteristic of 72 — [¢]*} .

Here generalized bicharacteristics - or so called geodesic billiards - are orbits of the
Hamiltonian vector field generated by the Hamiltonian |£| which are reflected at the
boundary, see [H6r85, Ch. 24] and also [SV97|. Hence, the last assumption means
that the Hamiltonian orbit which is at (y,n) when the time parameter is 0 arrives at
(x,€&) when the parameter is t. Thus the condition (¢, z,z;7,&,§) € I means that the
orbit starting at (z,£) returns to (x,§) at time ¢. Put

" (z,§) = inf{t >0 : (t,x,z;7,§§) € '},

and define II* to be 400 if no such ¢ exists.

The set I" is closed in T*(R x Q x Q) and so is {(¢,z,z;7,&,£) € ', t # 0}. Hence
IT*(z,€) is a strictly positive, lower semi-continuous function of degree 0 and has a
positive lower bound.

In [Ivr80a, Ivr80b], see also [H6r85, Thm 29.3.3], it is shown that

1

02 |N(A) — L JQINY? + L8, 00IAD/2

lim sup A

A—oo

< C’/{Kl/gﬂ*(x,ﬁ)ldxdf.

Now we can state V. Ivrii’s result proving Weyl’s conjecture: Let Q C R? be a

bounded domain with smooth boundary and assume that the measure of all periodic
geodesic billiards is zero. Then we have IT*(x, &)™ = 0 a.e. and (1.7) follows.

For general manifolds the condition about periodic geodesic billiards is known
to be necessary. For example, let us consider the Laplace-Beltrami operator on the
sphere §* = {(¢,0) : 0 < ¢ < 27, 0 <0 < 7}, more precisely on domains

Qs = {(,0) : 0<p<pB,0<f<n}CS§

with 0 < 8 < m. Based on explicit calculations the following asymptotics were found
in [Gro66]. If §/7 is irrational then as A — oo

N(A) = ’ZflA— ‘aﬁﬂ‘\/KJro(\/K) .

However, if §/7 = b/a with a,b € Z and relatively prime then as A — oo

Ny = Sy 'aﬁﬂ'm—g{b(,/ﬁ}l_%)}m+o(¢x) |
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where {z} = 2 — [z] — 1/2 and [z] denotes the integer part of x € R. This shows that
without further geometric conditions oscillations can occur at the order of the second
term.

For planar domains, however, it is conjectured that the measure of all periodic
geodesic billiards is always zero. A positive answer to this conjecture was announced
in [Gut06] for dimension 2. Nevertheless it would be convenient to find a new
approach to refined semiclassics on planar domains not requiring any assumptions on
geodesic billiards.

1.2.3. Refined semiclassics for Schrodinger operators. Let us briefly turn
to Schrodinger operators H(AV) = —A — AV defined for A > 0 on R? without
boundary. In [HR90], B. Helffer and D. Robert analyze Riesz-means of the negative
eigenvalues

R,OV) = Tt (~A+ V)7, >0,

in the semiclassical limit A — co. The asymptotics of the counting function (1.2) and
identity (1.8) applied with v = 0 imply that

R,(\V) = LY, / VT2 () da AT 4 o(ATH/?) (1.13)
Rd

holds as A — oo for potentials with V_ € Lot%2(R9). In [HR90] it is shown that

one can refine this limit with more and more lower order terms as ¢ increases. Again

this is due to the increasing regularity of the eigenvalue means R,. In particular, for

o> N —1, N € N, an expansion

N
Ry(AV) = A7F4/2 (Z Cop N7F2 4 O(A—<U+l>/2)> (1.14)

k=0
holds as A — oo. From (1.2) and (1.8) one has

Coo = LY, /R d VIO (2) da

Since H(AV) is defined on R? without boundary one also has C,; = 0 for all & > 0.
We point out that for all ¢ > 0 the second term of this expansion is of smaller order
than A\?T(@1/2 without any assumptions on periodic geodesics.

Even though this result is not directly applicable to the Laplace operator on
a bounded domain it supports the conjecture that the condition about periodic
geodesics is not necessary to prove Weyl’s refined law (1.9) for ¢ > 0. Thus the

problem arises to find minimal conditions on €2 and its boundary such that the re-
fined limit (1.9) holds.

1.3. Uniform semiclassical estimates

1.3.1. Lieb-Thirring inequalities. The asymptotic relations (1.7), (1.9) and
(1.11) for the Laplace operator and (1.2) and (1.14) for Schédinger operators give
precise information about the semiclassical limit. However, to study specific domains
) and specific potentials V' for finite energies, it is important to supplement the
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asymptotic results with uniform estimates valid for finite values of A > 0 and finite
potentials V' respectively.
The question whether bounds

R,(V) = Tr (A - V) < Lg,d/ VI () o (1.15)
Rd
hold true for all potentials satisfying V_ € Lo+%/?(R%) with a uniform constant Lyq>
0 was first addressed by E. Lieb and W. Thirring [LT76]. They provide a proof of
(1.15) for o > max{0,1 — d/2}.

Note that in dimensions d > 3 one can deduce (1.15) for all ¢ > 0 from (1.8) and
the Cwikel-Lieb-Rozenblyum inequality [Cwi77, Lie76, Roz72a] that is inequality
(1.15) in the case 0 = 0.

Later on the Lieb-Thirring inequalities were also established in dimension d = 1
in the critical case o = 1/2 [Wei96]. Let us mention that (1.15) cannot hold in the
remaining cases d =2, 0 =0 and d = 1, 0 < 1/2 due to the existence of at least one
negative eigenvalue for any non-vanishing potential V' < 0 and its behavior in the
weak coupling limit [SIm76].

The Lieb-Thirring inequalities turn out to be important in many physical appli-
cations for example in proving the stability of matter in different models in quantum
mechanics [Lie97, LS10] and in studying fluid mechanics [Rue82, Lie84, Ily05].

While the question, whether the Lieb-Thirring inequalities hold with uniform
constants L, 4, is answered completely, it is still a striking mathematical problem to
find the best constants for which (1.15) is valid. In [LWO0O] it is shown that for d > 1
and o > 3/2 the Lieb-Thirring inequality

R,(V) < Lg{d/ VI (1) da (1.16)
R4
holds true with the semiclassical constant L, see also [BLOO.

We point out that this estimate is sharp. In view of asymptotics (1.13) this bound
corresponds to the leading term of the semiclassical limit, thus the constant Lg{d in
(1.16) cannot be improved. In this case the phase-space volume not only determines
the semiclassical limit of the eigenvalue means but also yields a uniform upper bound.

1.3.2. Berezin-Lieb-Li-Yau inequalities. If one studies the Dirichlet Laplace
operator on a bounded, open domain Q C R¢, then uniform semiclassical estimates
turn out to be somewhat simpler to find. Such estimates were first obtained for the
partition function. In 1951 M. Kac proved that for all open sets Q C R? with finite
volume the estimate

iy
(47rt)d/2
holds for all ¢ > 0 [Kac51]. In view of (1.11) we see that the bound is sharp. The
proof of this result is based on the principle of not feeling the boundary which allows
to use local results for the heat kernel defined on R? without boundary.

Even though this principle is very useful when dealing with heat kernels it is not
directly applicable if one considers Riesz-means. For ¢ > 3/2 one can use (1.16) and

Z(t:9Q) <

(1.17)
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set V=—Aon Qand V = +oo on R?\ Q to obtain
R,(A;Q) < L, |Q AT (1.18)

for all A > 0. Again this bound coincides with the leading term of the semiclassical
limit (1.9). Actually such an estimate holds true for any convex function of the
Dirichlet Laplace operator, sece [Ber72b, Lie73] and Section 1.3.3 below. In [Ber72a]
it is proved that for the specific case of Riesz-means the sharp Berezin inequality (1.18)
holds for all A > 0 whenever o > 1.

The case 0 = 1 is of special importance since it is directly related to the sum
of the first K eigenvalues. Indeed, if Z[f(-)](w) = suppep(wA — f(A)) denotes the
Legendre transform of a real-valued function f then for K € N

LR (5 Q)(K) = sup (KA > (A= M) ) = Z)\k

A€R keN

since the maximizing A is determined by N(A;Q) = K. The Legendre transform
reverses inequalities, hence applying it to both sides of (1.18) with o = 1 yields

K
D> Q) > Cdd+2K2/d+1]Q] 2/d (1.19)
k=1

for all K € N with Cy = (271')2(,();2/ . This estimate was found by other means by P.
Li and S. T. Yau [LY83], see Section 1.4.1 below. Hence, estimates (1.18) and (1.19)
are often referred to as Berezin-Lieb-Li-Yau inequalities.

Let us briefly recall how these semiclassical estimates imply bounds on individual
eigenvalues. One can either use that

1 a d 2/d 2/d
NZ T Nar (1.20)

k=1

or one can employ the estimate [Lap97]
NA;Q) < (tA) R, (1 +7)A;2), A>0,7>0, 0>0, (1.21)

with ¢ = 1 and insert (1.18). Optimizing the resulting inequality in 7 > 0 yields
2\ La /2
N(A; Q) < 1+C—Z Lo |9 A (1.22)

for all A > 0, which is easily seen to be equivalent to (1.20).

The question whether (1.20) and (1.22) hold for all open sets € with the sharp
constants Cy and L¢ 0.4 respectively is still unsolved. G. Pélya proved the sharp esti-
mate for tiling domains [Pol61]. Whether this result extends to all open bounded
sets is unclear, see [Lap97, FLWO09| for extensions and recent developments.
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1.3.3. Convex trace functions. To show the importance of convexity for the
proof of the Berezin inequality, let us recall the following proof of (1.18) from [Lap97].
Actually we prove that for any open set Q C R? with finite volume and any convex
function @ : R — R the estimate

Y
Trd(—AL) < /gzi ) d 1.23
r ( Q) — (27T)d Ré (’5‘ ) 6 ( )
holds true. Choosing @(z) = (A — )7, 0 > 1, A > 0 yields the Berezin inequality as
stated in (1.18).

Let (11)ren denote the normalized eigenfunctions of —AL corresponding to the

eigenvalues (A;(€2))gen. Then

Tro(-A8) = S o(w(@) = Yo ((-afu) = o ([ lepiinera)

keN keN keN

Since f]Rd Wk (€)|?d¢ = 1 by Plancherel’s Theorem we can apply Jensen’s inequality to

get
-8 < [ () X luloPe.

keN
The set (¥y,)ren forms an orthonormal basis in L?(€2), hence, Parseval’s identity gives
_ ik- o ’Q’
Z WJ’C - d H HL2(Q ~ (2n)d

keN

and (1.23) follows.

1.4. Improving sharp estimates

The semiclassical estimates (1.17) and (1.18) are universal in the sense that they
hold for any open set €2 of finite volume, depend only on the volume of the set and
are valid for all t > 0 and A > 0 respectively. As mentioned above these estimates
are sharp. Since they coincide with the leading term of the respective semiclassical
limit the constants in (1.17) and (1.18) cannot be improved.

However, the refined asymptotics (1.11) and (1.9) show that the second term
of the semiclassical limit is negative. Therefore it might be possible to strengthen
the estimates with negative correction terms of lower order and the question arises
whether this can be done uniformly for all open sets 2 and all ¢ > 0 and A > 0
respectively.

Let us mention that in the case of the discrete Laplace operator defined on a
bounded set I' C Z¢ a two-term bound on the sum of the eigenvalues holds true with
a main term depending on the volume of I and a remainder term depending on the
analog of the surface area of the boundary [FLUO02].

Such a result cannot hold for general domains  C R? in the continuous case. In
particular, a direct analog of the first two terms of the semiclassical limit (1.9) cannot
yield a uniform upper bound. It is easy to see that by varying the boundary of 2
slightly one can increase the surface area of the boundary more and more without
changing the volume of €2 and the eigenvalues of the Laplacian significantly. Hence,
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if an estimate with a negative remainder term depending only on |0€2| were true, one
could fix A and make the bound negative.

Therefore an appropriate negative correction term must depend on the geometry
of 2 in a more subtle way. It is challenging to find a suitable geometric quantity
replacing the surface area of the boundary such that improved semiclassical estimates
hold uniformly for all A > 0 with a negative correction term reflecting the asymptotic
properties of the second term of the refined limit (1.9).

1.4.1. Melas’ improvement and decreasing rearrangements. The first re-
sult giving an improved Berezin-Li-Yau inequality for the continuous Laplace operator
is due to A. Melds [Mel03]. His proof as well as the proof of the classical Li-Yau
inequality (1.19) relies on the following results from the theory of rearrangements, see
e.g. [LL97] for more information.

Let A C R? be a measurable set with finite volume. Then A*, the symmetric
rearrangement of A, is defined to be the open ball centred at the origin with volume
|A|. For a measurable function f : R — R let A; denote the set {z € R? : |f(z)| >
t}. The symmetric decreasing rearrangement f* is defined by

ra = | " () de

where Y4+ denotes the characteristic function of A*.
Note that f* is a non-negative, radially symmetric function satisfying f*(z) >
f*(y) for |z| < |y|. Moreover, one has

[ls@lds = [ s (120

and if g : [0,00) — [0, 00) is non-decreasing then

[ lr@latiahde = [ @ gl (1.25)

Let us first explain how these facts can be used to prove the Li-Yau inequality
(1.19). Similar as in Section 1.3.3 one can write

IPAGIE NS SIGIR (120
k=1 RE G0

where (¢ )ren denotes the orthonormal basis of eigenfunctions corresponding to the
eigenvalues (A;(2))gen and (Yg)keny denotes its Fourier transform. By Parseval’s
identity one has

) =) () < dZI R e (ﬁ)d (1.27)

k=1 keN

for all £ € R? and by Plancherel’s theorem

/]Rd Fled = ifw [u(€)]Pde = N
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In view of (1.24) this implies

/ FAe)dE = N (1.28)
Rd
By definition of the decreasing rearrangement the bound (1.27) gives
. iy
F < 1.29
©) < Gy (1.29)

for all ¢ € RY. Finally from (1.26) and (1.25) one gets

Al PR de > [ |EPF (e (1.30)
> i) - | L.

Minimizing the right-hand side under the restrictions (1.28) and (1.29) yields
F*(&) = |Q|/(2m)? for 0 < |¢] < ry and F*(€) = 0 for [£] > ry, where ry =
27 NV4(|Qwy) 4. Inserting this into (1.30) proves the Li-Yau inequality (1.19).

A. Melés observed that in addition to (1.27) the inequality

al . 1
D Ve < E
k=1

. 2
= min T — dz
) = iy [ o=yl

denotes the second moment of the set . Here one can translate €2 to get 1(Q) =

wep, _ 19
=

holds. In general,

fQ |z|?dx. Applying results from the theory of rearrangements one can show that

# Q)]

holds for all ¢ € R, Taking this additional restriction into account, minimizing (1.30)
gives the following improvement of the Li-Yau inequality. For all N € N the estimate

190
1(Q)

Ve (€)] <

d
Z Ar(Q — N Q72 4 M, k (1.31)

d 2
holds with a constant M; > 0 depending only on the dimension [Mel03]. See also
[Ily10, Yol10, YY10] for recent extensions.

Following the discussion in Section 1.3.2 one can apply the Legendre transform to
(1.31) and use (1.8) to obtain the improved Berezin inequality

R, (A:Q) < L 19| (A= M itl T 1.32
(A 9) < L340 T (1.32)

valid for all A > 0 and o > 1.

In the limit A — oo the remainder term of this bound is of the order A®*+%/2-1,
Comparing this to the asymptotics (1.9) shows that the improvement is not of optimal
order. We conclude that the effects leading to Melas’ improvement are in this sense
third order effects and do not capture the influence of the Dirichlet boundary condition
properly.
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To complete the discussion of Melas’ result let us mention that in [HHO7] it was
noted that applying the Laplace transform to (1.32) yields the following improvement
of Kac’ inequality (1.17). In view of (1.10) the estimate (1.32) implies

1] 2]
Z(t;Q) < ()7 exp (—Mdmt)

for all t > 0.
The simplicity of this improvement of Kac’ inequaltiy lead to the conjecture that
for all open sets Q C RY with finite volume and all ¢ > 0 the universal bound

2(49) < (47552)'(1 exp (_‘ Qfd /2> (1.33)

holds [HHO7|. Asymptotic considerations show that this conjecture is plausible for
small ¢ > 0 as well as for large ¢. However, in the same way as (1.32) these improved

bounds do not capture the correct order of the second term of the semiclassical limit
(1.11).

This was enhanced in [KVWO09] where an improved Li-Yau inequality was derived
in the two-dimensional case. There it is shown that even for the sum of the negative
eigenvalues one can choose the order of the correction term arbitrarily close to the
correct one. However, the correction depends on the geometry of the set €2 in a rather
involved way.

1.4.2. A correction term of correct order. Again it turns out to be easier to
remedy these defects if one considers Riesz-means R, of higher order. In [Wei08] T.
Weidl considered the case 0 > 3/2 and derived an improved Berezin-Li-Yau inequality
with a negative remainder term of correct order compared to the second term of the
semiclassical limit (1.9).

To state this result and to explain how it depends on the geometry of the un-
derlying domain ©Q C R? let us introduce the following notation. Fix a Cartesian
coordinate system in R? and write z = (2/,t) € R¥™! x R for # € R%. For 2/ € R¢!
consider the one-dimensional sections Q(z') = {t € R : (2/,¢) € Q}. If not empty,
each section Q(z’) consists of at most countably many open intervals Ji(z') C R,
k=1,...,N(2') < 0.

Fix A > 0 and let x(2’, A) C N denote the subset of all indices for which Ji(z') is
larger than 7/v/A. Set

) = |J &) co@)

ker(z’,A)
Oy = | {#}xu@) cQ
z/eRd-1
and let x(z', A) be the number of elements in x(z’, A) that is the number of intervals

in Q(z') larger than 7/v/A. The function y(z’,A) is measurable and finite a.e. if the
volume of Q, is finite [Gei08]. For 1 > 0 let us define constants

—min (2B (14,1 - Y (1.34
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where B denotes the beta-function. In [Wei08] it is shown that the improved Berezin-
Li-Yau inequality

Ro(A; Q) < LY 4 [QA A2 — e any o Lil,d—1/ X(@', A)da' ATHED2 0 (1.35)

Ra-1

holds for all A > 0 and ¢ > 3/2.

Comparing this bound with the original Berezin inequality (1.18) we recognize
two improvements. First the volume of € is replaced by the smaller volume of the
effective domain 2, consisting of one-dimensional sections larger than m/ V/A. Note
that in the case of an open interval I C R on has N(A;I) = 0 for all A > 72/|I|?, i.e.
for [I| < m/v/A. Roughly speaking, one can get rid of those parts of Q which are too
narrow to support eigenvalues less or equal than A.

Analyzing the difference |2 — [Q24] is difficult in general since it depends on the
geometry of the domain. However, calculating it for bounded domains, e.g. for the
ball, wee see that it is typically of order 1/A. As in Melas’ improved bound (1.32) we
see that this first improvement captures some kind or third order effect.

The second improvement of (1.35) in comparison to (1.18) is due to the negative
remainder term. Again considering the integral [;, , x(2/, A)d2’ on bounded domains,
we see that it is a positive and increasing function of order zero in A. Hence, the
negative remainder term is indeed of correct order in A in comparison to the second
term of the semiclassical limit (1.9).

Comparing the remainder with the second term of the semiclassical limit (1.9)
shows that the quantity fRd—l x(2', A)da' takes the effect of the Dirichlet boundary
condition into account. While the improved inequality (1.35) is very precise for spe-
cific domains this geometric dependence of the remainder term is rather involved. In
particular, in the limit A — oo the quantity [,, , x(2’, A)d2’ does not necessarily
converge to a multiple of the surface area of the boundary. Therefore it is interesting
to study the geometric dependence in more detail in order to simplify the bound. It
is challenging to find an improved estimate with a remainder term capturing not only
the correct order in A but also the geometric properties of the second term of the
semiclassical limit.

1.4.3. Induction in the dimension and operator-valued Lieb-Thirring
inequalities. The proof of (1.35) relies on an induction in the dimension argument
lifting one-dimensional estimates to higher dimensions. This lifting technique which
goes back to [GGMT78] and [Lap97] allows to reduce the problem of estimating the
eigenvalues of —AZL on a set  C R, d > 2, to eigenvalue bounds for one-dimensional
differential operators. The eigenvalues of these operators are known explicitly. Hence
one can use elementary calculations to find suitable bounds.

Here the implementation of this method is based on operator-valued Lieb-Thirring
inequalities introduced in [LWOO] to establish the sharp Lieb-Thirring inequality
(1.16). In fact, this result is obtained for systems of Schrédinger operators with
operator-valued potentials. Let G be a separable Hilbert space, let Ig be the identity
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operator in G and consider the Schrodinger-type operator
ARl +V

in L2(R% G). Assume that V(z), z € R? is a family of self-adjoint non-positive
operators in G such that TrV_ € L°t%2(R9). Then for ¢ > 3/2 and all A > 0 the
estimate

Tr(-A®I;+V)? < Lg{d/ TrV_Uer/Q(:c) dx
R4

holds [LWO00]. Note that this result itself is obtained from the one-dimensional Lieb-
Thirring inequality [LT76]

by means of induction in the dimension.
This argument can be applied to the Dirichlet Laplace operator on bounded open
sets O C R, d > 2. In terms of the notation from Section 1.4.2 the estimate

» o+(d—1)/2
— A) dz’ (1.36)

R,(A;Q) =Tr (—Ag — A)a < Lf,ld_l/ Tr <
- ’ Rd—1 dt

holds for ¢ > 3/2 and all A > 0 [Wei08]. Since

o+(d—1)/2 o+(d—1)/2
) I B

d2
Tr | — —
dt? ,
Q kew(z’,A) jEN

one can now use explicit calculations to estimate the right-hand side. Indeed, in view
of (1.34) one has

d2
T [ — 2
g < WTE

Inserting this into (1.36) yields (1.35).

Q(z’)

(d-1)/2
B d+1 1
_ A) < (0'"; 2 72) Aa+d/2 Z ‘Jk(xlﬂ
Q(a') g k‘EIi({L‘/ A)

— Eop(a—1y2 AT (2 A
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CHAPTER 2

Summary of main results

This thesis is based upon the articles

1. R. L. Frank and L. Geisinger, Two-term spectral asymptotics of the Dirichlet
Laplacian on a bounded domain, Mathematical Results in Quantum Physics:
Proceedings of the Qmath11 Conference (Pavel Exner, ed.), World Scientific
Publishing Company, 2011, pp. 138-147.

2. R. L. Frank and L. Geisinger, Refined semiclassical asymptotics for fractional
powers of the Laplace operator, submitted (2011).

3. L. Geisinger, A. Laptev, and T. Weidl, Geometrical versions of improved
Berezin-Li- Yau inequalities, Journal of Spectral Theory 1 (2011), no. 1, 87—
109.

4. L. Geisinger and T. Weidl, Universal bounds for traces of the Dirichlet Laplace
operator, J. Lond. Math. Soc. 82 (2010), no. 2, 395-419.

5. L. Geisinger and T. Weidl, Sharp spectral estimates in domains of infinite
volume, Reviews in Mathematical Physics 23 (2011), no. 6, 615-641.

The work leading to these publications was carried out from 2008 until 2011 at
Universitat Stuttgart, Imperial College London and Princeton University.

While each of the following chapters corresponds to one of the articles we use this
chapter to summarize the main results.

The main subject of this thesis is the analysis of the Dirichlet Laplace operator and
related differential and pseudo-differential operators on bounded Euclidean domains.
We study the eigenvalues of these operators and their relation to the geometry of the
underlying domain. The material presented here is divided into two main parts.

First we study the Dirichlet Laplace operator in the semiclassical limit. We derive
refined asymptotic formulas of the type introduced in Section 1.2. We take up the
questions raised in Section 1.2.2 and examine under which minimal conditions two-
term spectral asymptotics exist for the Dirichlet Laplace operator. We establish the
refined limit (1.9) for o > 1 without assuming any global geometric conditions on the
domain. We only require weak smoothness conditions on the boundary. This done in
Chapter 3.

In Chapter 4 we generalize this result to fractional powers of the Laplace operator
on bounded domains. Up to now it was not known whether a second term exists in
the semiclassical limit for eigenvalue means of such non-local, non-smooth operators.
We show that our approach is applicable and that a two-term formula analogous to
(1.9) holds for o > 1 for the fractional Laplacian. To avoid confusion, we emphasize
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2. SUMMARY OF MAIN RESULTS

that the fractional Laplacian on a domain is different from the Dirichlet Laplacian
raised to the respective fractional power. One of our results is that, while the leading
terms in the semiclassical limit coincide for both operators, the second order terms
do not. This means, in particular, that our result cannot be obtained from the study
of the (local) Dirichlet Laplacian, and that our analysis needs to take into account
non-local effects.

The second part of the thesis is devoted to improved uniform bounds on the
eigenvalues of the Laplace operator, in particular to improved Berezin-Lieb-Li-Yau
inequalities. We analyze how the improvements depend on the geometry of the un-
derlying domain and how the improved estimates are related to the aforementioned
asymptotic results.

In Chapter 5 we solve the problem discussed in Section 1.4.2. Based on the
methods introduced in Section 1.4.3 we derive an improved version of the Berezin
inequality (1.18) with a negative remainder term reflecting the properties of the second
term of the semiclassical limit (1.9) accurately. Under certain geometric conditions
these results imply new lower bounds on individual eigenvalues which improve the
Li-Yau inequality.

Then we simplify the geometric dependence of the bounds in order to derive
universal bounds on traces of the Dirichlet Laplace operator: In Chapter 6 we prove
uniform estimates on the trace of the heat kernel and on Riesz-means depending only
on the volume of the underlying domain. These results strengthen universal bounds
from Kac and Berezin and in low dimensions these estimates prove the conjectured
inequality (1.33).

Finally, in Chapter 7, we apply the developed methods to prove uniform spectral
estimates for the Dirichlet Laplace operator on domains with infinite volume. In
this case the classical results (1.1) and (1.18) fail and even the leading order of the
asymptotics of the eigenvalue means depends on geometric properties of the domain.
Nevertheless, we derive sharp spectral estimates for the Dirichlet Laplace operator
and extend some results to Schrodinger operators on bounded domains.

2.1. Two-term spectral asymptotics for the Dirichlet Laplacian on a
bounded domain

In Chapter 3 we take up the questions raised in Section 1.2.2. We study the sum
of the eigenvalues of the Dirichlet Laplace operator on a bounded domain and give a
new proof for the refined semiclassical limit (1.9) under weak smoothness assumptions
on the geometry of the domain.

More precisely, we study the sum of the negative eigenvalues of the operator

Hg = —h*Af —1

defined on an open bounded set  C R? in the limit A~ — 0+. This limit coincides
with the semiclassical limit of the Dirichlet Laplace operator introduced in Section
1.1.1. Indeed, we have

1 1
Tr (Hq)_ = h*Tr (-Ag - ﬁ) = h*R, (EQ) : (2.1)
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2.2. REFINED SEMICLASSICAL ASYMPTOTICS

Our main result holds under weak smoothness assumptions on the boundary. We
only require that the boundary of Q2 belongs to C% for some « > 0. That means, we
assume that the local charts of 2 are differentiable and that the derivatives are Holder
continuous with exponent a. Without further conditions — in particular without any
assumptions on the global geometry of €2 — we prove that the limit

1
Tr(Ho)- = LY, Qh ¢ — ZLg{d_l 0] A=+ 4 O (h-d+iHa/@2+e))

holds as h — 04, see Theorem 3.1 below. In view of (2.1) and (1.8) it is easily seen
that this implies the refined semiclassical limit (1.9) for all ¢ > 1 and for any bounded
open set  with boundary belonging to C1,

This work was stimulated by the question whether a similar two-term formula
holds for non-local, non-smooth operators. This is unknown since the microlocal
methods described in Section 1.2.2 are not applicable to such operators. Therefore it
was necessary to find a new approach.

Our proof is based on the variational principle for the sum of the eigenvalues
(1.6) and on a precise localization of the Laplace operator inspired by an application
of the IMS-formula in [SS03]. The key idea is to choose the localization not only
depending on the semiclassical parameter h but also depending on the distance to
the complement of €). Hence, the localization becomes very fine as the boundary of
) is approached.

This multiscale localization allows to analyze two different situations separately.
First one can study the semiclassical limit of Hq localized to the interior of the
domain where the influence of the boundary is not felt. Thus a simple application
of the variational principle and the methods presented in Section 1.3.3 yields precise
asymptotics with a second term of order h~4+2.

Close to the boundary we have to take the effects of the Dirichlet condition into
account. Due to the fine localization at the boundary we can introduce a local coor-
dinate transform which straightens the boundary and transforms the problem locally
to the half-space. There we can further reduce the problem to the analysis of a one-
dimensional operator given on a half-line with a boundary condition at zero. This
problem can be analyzed by means of the Fourier sine transform.

Let us point out that the same approach can indeed be applied to non-local, non-
smooth operators. In Chapter 4 we use the same strategy to prove an analogous
formula for the fractional Laplace operator. Hence, Chapter 3 is meant as an exposi-
tion where we solve the problem for the Laplace operator itself and outline the main
ideas of proof. More details can be found in Chapter 4.

2.2. Refined semiclassical asymptotics for fractional powers of the
Laplace operator

Here we generalize the results of the preceding chapter to the fractional Laplace
operator on a bounded domain Q C R% d > 2. For h > 0and 0 < s < 1 let

Hg = (—h*A)* — 1
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2. SUMMARY OF MAIN RESULTS

be defined as a self-adjoint operator, generated by the quadratic form

(v ttow) = [ (b = 1)60) dp
R
with form domain
H(Q) = {ve H*RY) : v=00on R\ Q} .

For 0 < s < 1 we have the representation

_ 2s v(z () 2
(v, Hou) = Cj, h/Rd/Rd 7 — |d+25ddy /|v )| dx

with a constant Cy 4 > 0 given in (4.5).

We see that in this setting Hq is a non-smooth, non-local operator and the mi-
crolocal methods described in Section 1.2.2 are not applicable. Hence, it is unknown
whether a second term exists in the semiclassical limit of the respective eigenvalue
means. Especially for 0 < s < 1/2 it is not clear whether the second term has a local
form and depends only on |0, since in this case the form domain H?*(§2) coincides
with the Sobolev space H*(£).

In Chapter 4 we prove a two-term asymptotic expansion of the sum of the eigenval-
ues of Hg for 0 < s < 1. Again our results hold under weak smoothness assumptions
on the boundary, in particular, without any global conditions on 2. Let the boundary
of Q satisfy 90 € C1® with 0 < o < 1. Then as N — oo

N

1

Nz/\s) :C |Q| 2s/d N25/d+Cd |6Q||Q| (d—1+2s)/d N(Qs 1)/d (1+0(1))
=1

with positive, universal constants C’fl and C . depending only on d and s.
To prove this result it is convenient to rewrlte it in an equivalent form: In Theorem
4.1 below we show that the limit

Te(Ho)- = L) h~ = L2100 = 4+ o(h=Y), h—0+,  (22)

holds with positive constants LS; and LSC)I given in (4.7) and (4.28).

Let us briefly summarize the strategy and the main results necessary to prove
(2.2). First, we localize the operator Hg into balls, whose size varies depending on
the distance to the complement of 2. Then we can analyze the semiclassical limit in
the bulk and at the boundary separately.

Let d(u) = inf{|z —u| : = ¢ Q} denote the distance of u € R to the complement,
of ©2. We set

1 1o\ -1

W) = 5 (1+ (@dw?+3)7")

where 0 < [y <1 is a small parameter depending only on h.
In Section 4.5 we construct real-valued functions ¢, € C5°(R?) with support in

the ball B, = {r € R? : |z —u| < I(u)}. For all u € R? these functions are uniformly
bounded and for all z € R¢ we have

O (x) l(u) " du = 1.
Rd
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2.3. GEOMETRICAL VERSIONS OF IMPROVED BEREZIN-LI-YAU INEQUALITIES

PROPOSITION. There exits a constant C' > 0 depending only on s and d such that
for all 0 < lp < 1/2 and all 0 < h < C~ !, the estimates

0 < Te(Ho)- — / Tr (6 Hodn)_ () du < Ch=* 15" Ruoe(h, lo)

Rd

hold with a remainder Rj..(h,ly) given explicitly in Proposition 4.3 below.

In view of this result, one can analyze the local asymptotics, i.e., the asymptotic
behavior of Tr(¢, Hody)—, separately on different parts of 2. First, in the bulk, where
the influence of the boundary is not felt.

PROPOSITION. Assume that ¢ € C}(f2) is supported in a ball of radius [ > 0 and
Vol < CI71. (2:3)

Then for h > 0 the estimates

~Cl2 ™2 < Tr(pHae)_ — L) / P*(x)dzh™ < 0
Q

hold, with a constant depending only on the constant in (2.3).

Close to the boundary of €2, more precisely, if the support of ¢ intersects the
boundary, a boundary term of the order h~%¢*! appears.

PROPOSITION. Assume that ¢ € C5°(R?) is supported in a ball of radius 0 < [ < 1
intersecting the boundary of Q2 and assume that (2.3) is satisfied. Then for A > 0 the
estimates

—Rpa(l,h) < Tr (¢HQ¢)7—L§§ / ¢*(x)deh™+ L) [ ¢*(x)do(2)h™ " < Rya(l, )
Q o0

hold. Here do denotes the (d — 1)-dimensional volume element of 92 and the lower-
order remainder terms Ryq, Rpq are given explicitly in Proposition 4.5 below.

Based on these results we establish the limit (2.2).

2.3. Geometrical versions of improved Berezin-Li-Yau inequalities

Here we return to the Dirichlet Laplace operator and give answers to the problems
discussed in Section 1.4. We supplement the precise asymptotic formula derived in
Chapter 3 with uniform bounds valid for all values of the spectral parameter and for
any open set Q C R? d > 2. Our results improve the Berezin-Li-Yau inequality (1.18)
for 0 > 3/2 with a negative remainder term capturing the asymptotic and geometric
properties of the second term of the semiclassical limit.

The proof is based on the induction-in-the-dimension argument outlined in Section
1.4.3. In view of (1.36) the crucial point is to derive suitable eigenvalue estimates in
the one-dimensional setting.

Let I C R be an open interval and let 6(t) = dist(¢, I¢) denote the distance of
t € R to the complement of I. We consider the operator —d?/dt*> — A on I with
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2. SUMMARY OF MAIN RESULTS

Dirichlet boundary conditions at the endpoints of the interval. In Lemma 5.1 we
prove that for ¢ > 1 and all A > 0 the estimate

Pz 4 m2k2\ ° 1 \7+2
_ — _ - < 14 -
Tr( ar? A>_ Z(A |1|2> —L“’l/f(A 45<t>2> .

keN + +

holds. Comparing this bound with the Berezin inequality (1.18) and the asymptotics
(1.9) we see that the improving term —$0(¢)~2 captures the effect of the Dirichlet
boundary condition.

To generalize this result to higher dimensions we introduce the following notation.
Let S%~! denote the unit sphere in R? and for u € S*! and z €  set

O(z,u) = inf{t>0:x+tu¢Q},
d(z,u) = inf{0(x,u),0(z,—u)}.

Using (1.36) we prove the following bound valid for any open set  C R4, d > 2. For
any u € ST!, o > 3/2 and all A > 0 the estimate

1 o+d/2
T —AD—A"<Ld/ A d
o= < s (M- gy)

holds, see Theorem 5.4. This bound improves the Berezin inequality (1.18) by the
term id(x, u)~2. While the bound is very precise for specific domains it depends on
the choice of direction v € S¢~!. Moreover, the relation of the improvement and the
second term of the semiclassical asymptotics (1.9) is not immediate.

Hence, we average the bound over all directions u € S¢~!. To state the result let

Q) ={yeQ:x+tly—2) e, Vte[0,1]}

be the part of €2 that 'can be seen’ from z € () and let

o(x) = inf {ly —al + y ¢ )}

denote the distance to the exterior of Q(z).
For fixed € > 0 put

A (x) = {aERd\W: |z — al <5(ac)+6}

and for a € A.(z) set By(a) ={y € R? : |y —a| < |z — a|} and

_ |B.()\ @)
wq|r — al?

Pa(T)

I

where wy denotes the volume of the unit ball in R?. To get a result, independent of
a and ¢, set

p(z) = inf sup pa(z).
e>0 a€Ac(x)

Finally, we define
Mold) = [ pla)ds,
Ra(A)
where Ro(A) C Q denotes the set {z € Q : §(x) < 1/(4v/A)}.
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2.4. UNIVERSAL BOUNDS FOR THE DIRICHLET LAPLACIAN

In Theorem 5.5 we show that for any open set Q C RY, o > 3/2, and all A > 0
the bound

Tr(—A—A)7 < Lg QAT — L 27T ATH2 Mg (A)

holds true. This result solves the problem raised in Section 1.4.2. The negative
remainder term not only captures the correct order in A in comparison with the
second term of the semiclassical asymptotics, it also reflects the geometric properties
of this second term. Indeed, the quantity \/KMQ(A) is an appropriate replacement
of the surface area of the boundary. On the one hand, the function p(z) depends on
local properties of the boundary. On the other hand, if € is for example convex or
Lipschitz, then we find that v/AMq(A) converges to a multiple of |9€)| as A — oo
and we recover the properties of the second term of the semiclassical limit.

Under certain conditions on the geometry of {2 our results improve the Li-Yau
inequality (1.19). Set

l(z,u) = 0(z,u) +0(x,—u) and Iy = inf sup l(z,u).

ueSI—1 zcq

We show that for any open set 2 C R? and any k € N the estimate

||

holds with a positive constant ¢, which is, however, smaller than the constant #‘lz(}’d
from (1.20). Finally, we derive a similar result improving the Li-Yau inequality (1.20)
for any convex domain 2 C R?. For such domains we obtain new lower bounds on

A () for £ < 23.

2.4. Universal bounds for traces of the Dirichlet Laplace operator

The work of Chapter 6 was stimulated by conjecture (1.33), namely by the question
whether for any open set €2 of finite volume the improved Kac’ inequality

, iy t
Z(t,Q) S WGXP _|m—2/d

holds true for all £ > 0.

In Section 1.2.1 we explained that the trace of the heat kernel Z(¢; ) is closely
connected to the Riesz-means R, (A; ) via the Laplace transform. By virtue of (1.10)
every bound on the Riesz-means implies a bound on the trace of the heat kernel.

Here we use the induction-in-the-dimension argument outlined in Section 1.4.3 to
derive precise uniform bounds on Riesz-means and deduce estimates on the trace of
the heat kernel. However, to prove the conjectured inequality (1.33) we need to prove
universal bounds, i.e., bounds that depend only on the volume of the underlying do-
main €2 and not on any other geometric quantity. Hence, we have to analyze and
simplify the geometric dependence of the improved inequalities. This is accomplished
using symmetric rearrangements, introduced in Section 1.4.1, and isoperimetric re-
sults. In particular, we make use of the estimate [Lut73]

Z(t:Q) < 200, t>0), (2.4)
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where Q* denotes the ball in R? with the same volume as €.

To apply the methods described in Section 1.4.3, fix a coordinate system in R?
and for z € R? write (2/,t) € R x R. Let |Q(z)| denote the length of the one-
dimensional sections Q(z') = {t € R : (2/,t) € Q} and let

mq(m;Q) = [{«' : |Q)| >7}, 7>0,

denote the distribution function of €.
Using the inductive argument from [Wei08] we prove that the estimate
R,(N;Q) < LY, / ma(7; Q)dr AT (2.5)
/A
holds for all ¢ > 5/2 and all A > 0, see Proposition 6.5. Note that mgy is a non-
negative function that satisfies

/ mq(T; Q)dr = |Q].
0

Thus (2.5) is an improvement of the Berezin inequality (1.18), however, it depends
on the geometry of €2 and on the choice of coordinate system.

Averaging over all directions and using properties of rearrangements we deduce
universal bounds on the Riesz-means and on the trace of the heat kernel. In particular,
applying (2.4) yields the improved Kac’ inequality stated below.

The general result depends on a lower bound on the ground state of —AZL. In
view of the isoperimetric inequality by Rayleigh, Faber and Krahn [Fab23, Kra25]
we can always choose

2Q) = T Jaja-1a < \(Q
@) - -
r(d/2+ 170

as a lower bound on A;(2), where ji 1 denotes the first zero of the Bessel-function Jj.
Let I'(z) be the usual Gamma-function and by

A 1 >
I'(z,s) = m/ e tdt

we denote normed incomplete Gamma-functions. For d € N put

5/2 if d=2
oq=4 2 if d=3
3/2 if d>4

Let Q C R? be an arbitrary open set with finite volume and let A € [A(Q), A1(Q)]
be a lower bound on the ground state. In Theorem 6.1 it is stated that for any ¢ > 0
the improved Kac’ inequality

Q- d
holds true with a remainder term

|Q|@-D/d d+1 |Qld=3)/d d—1
R(t7/\)zcl,dmr Od+T,)\t —Cz,de Ud—l-T,)\t
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2.5. SHARP SPECTRAL ESTIMATES IN DOMAINS OF INFINITE VOLUME

and with explicit positive constants ¢; 4 and ¢y 4 depending only on the dimension.

If we choose A = A(Q) we arrive at a universal upper bound on Z(t) depending
only on |©2] and not including any explicit information on A;(€2). We note that the
bound captures the main asymptotic behaviour of Z(t) as ¢ tends to zero: The first
term equals the leading term of the short time asymptotics of Z(¢) and the second
term shows the correct order in ¢ compared with the second term of the asymptotic
expansion (1.11).

Moreover, the bound decays exponentially as t tends to infinity. In particular,
this result implies the conjectured inequality (1.33) in dimensions d < 633.

The same approach based on (2.5) can be applied to unbounded domains of infinite
volume. While the results of Kac (1.17) and Luttinger (2.4) must fail for such domains,
we show that under appropriate conditions on §2 our methods can still be applied and
give sharp upper bounds on the trace of the heat kernel.

2.5. Sharp spectral estimates in domains of infinite volume

In [WeiO8] it is mentioned that the improved Berezin-Li-Yau inequality (1.35)
can be applied in domains of infinite volume. In [GW10] — see the previous section
and Chapter 6 — we refine this approach to derive sharp upper bounds on the trace
of the heat kernel in unbounded domains.

In Chapter 7 we consider spectral estimates in domains of infinite volume in
more detail. For unbounded domains €2 even the discreteness of the spectrum of the
Dirichlet Laplacian on 2 is no longer guaranteed. A necessary condition is the so
called quasi-boundedness of Q2 [AF03] which is satisfied, by definition, if

lim dist(z, 0Q2) = 0.
z€S

|z|—o0

But even for quasi-bounded domains the classical Berezin inequality (1.18) and Weyl’s
asymptotic formula (1.1) must fail if the volume of ) is infinite. Here we show that
one can nevertheless prove uniform bounds on eigenvalue means for certain domains
of infinite volume. In this case the leading order of the semiclassical limit depends on
the geometry of 2. Applying the inductive argument described in Section 1.4.3 we
can prove estimates valid for all A > 0 and reflecting the correct asymptotic behavior.

First we consider horn-shaped regions, domains stretching to infinity along distin-
guished directions, see [vdB92a] for a general definition. In [Sim83] the semiclassical
limit of the counting function was calculated for the horn-shaped domains

Q, = {(x,y)G]R2 S|yl < 1}, v>1.

In view of (1.8) one can immediately generalize these results to get asymptotic for-
mulas for the semiclassical limit of eigenvalues means. For ¢ > 0 and v > 1 we
obtain

ATHEED/2 4 (Ao+(u+1)/2) (2.6)

R (8552) = <) (2) 7;%;;;*3

7T 2 72

as A — oo, where ( denotes the zeta function.
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In Theorem 7.3 we show that for o > 3/2 and v > 1 the uniform bound

2\" B(+1,0+1) ..,
R,(A;9,) < ((v) (—) Bza+”—+f5 l) Ao+H@+1)/2

T 2 02

holds for all A > 0. Comparing this bound with the asymptotic relation (2.6) we
see that the estimate is sharp: For horn-shaped regions, just as well as for bounded
domains, the leading term of the semiclassical limit yields a uniform upper bound.

We generalize this result to higher dimensions and using the estimate (1.21) from
[Lap97] we deduce order-sharp uniform bounds on the counting function Ry(A;€2,).
Moreover, we give similar estimates in the critical case v = 1.

As a second example for domains with infinite volume we consider so called spiny
urchins, radially symmetric domains Qg C R? with infinite volume.

To construct Qg we use polar coordinates (r,¢) € [0,00) x [0,27) and choose an
increasing sequence (7, )nen of positive real numbers and put ro = 0. For n € Ny and
k=1,2,...,2"2 let

k—1
Png = {(7’,%0) : Tzrn,sﬁzwﬂ}

be semi-axes and define
Qs = R\ JToi
n.k
see Figure 2 in Chapter 7 and the figure on the title page. Note that this domain,
though quasi bounded, has empty exterior. However, if lim,,_,o, r"27" = 0, then the
spectrum of Hg, is discrete.

Again we apply the inductive argument from Section 1.4.3. We adapt it to the
radially symmetric situation and derive order-sharp bounds on the eigenvalue means
R,(A;Qg). Here the leading order of the semiclassical limit depends on the choice of
the sequence (7,)nen. To give a flavor of our results let us just state the following
examples considered in Corollary 7.9.

Let o > 0 and assume r,, = n. Then for 0 < A < 15/4 we have R,(A,Qg) =0
and for A > 15/4

Ry(A,Qg) < Cya A%TH(InA)? .
To give a second example assume r, = n°® with 0 < § < 1. Then for 0 < A <
15 - 272049) we have R,(A,g) = 0 and for A > 15 - 272(1+9)

R,(A,Qg) < C,p5 A7H/00)
We prove that all bounds capture the correct order in A as A — oo.
Finally, we examine Schrodinger operators
Ho(V) = =Af -V
defined on unbounded domains @ C R?, d > 2 with non constant potential V' > 0.
If V¢ L°+92(Q) then the classical bounds (1.15) and (1.16) and the asymptotic
formula (1.13) must fail.

Under certain conditions on 2 and on V' we can nevertheless prove uniform bounds
on the eigenvalue means of Hq(V'). However, if the potential V' is not constant the
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situation is more difficult, since even in the one-dimensional setting the eigenvalue
means cannot be calculated explicitly. Therefore we have to adapt the aforementioned
arguments and analyze the one-dimensional problem in more detail. In particular,
we have to study the effect of different boundary conditions on the eigenvalues.

The result yields an improved version of the semiclassical bound (1.16), see The-
orem 7.15. Again, this sharp Lieb-Thirring inequality with remainder term can be
applied in situations, where all known results — in particular (1.13) and (1.16) — fail.

2.6. Open problems and further research

One hundred years after H. Weyl proved the fundamental asymptotic law (1.1)
and conjectured about the second term in the semiclassical limit (1.7) and fifty years
after G. Polya’s — still unsolved — conjecture about the sharp constant in the semi-
classical estimate on the eigenvalues (1.20) there are still numerous open questions
and challenging problems about the spectrum of the Laplace operator on bounded
domains. Here we only mention some questions and further considerations arising
naturally from the results presented in this thesis.

In Theorem 3.1 and Theorem 4.1 we establish the existence of a second term in
the semiclassical limit for the sum of the eigenvalues of the Dirichlet Laplace operator
and its fractional powers. The results hold under weak assumptions on €2, however,
they do not give a complete answer to the question under which minimal conditions
the second term exists. In view of the short-time limit of the trace of the heat semi-
group, see (1.11) and related results in [BKS09], one might expect that Theorem 3.1
and Theorem 4.1 can be extended to Lipschitz domains ).

The question raised in [BKS09] of whether an analogue of Ivrii’s two-term asymp-
totics (1.7) holds for the counting function of the fractional Laplacian remains a
challenging open problem.

Considering the Laplace operator itself, it is natural to ask what happens for
different boundary conditions. Since the methods presented in Chapter 3 are not
specific to the Dirichlet case it is possible to generalize Theorem 3.1 to Neumann or
arbitrary Robin boundary conditions.

Comparing Ivrii’s result described in Section 1.2.2 with Theorem 3.1 the question
arises whether any intermediate results hold. It might be possible to adapt the meth-
ods from [HR90] to prove the asymptotic formula (1.9) for any 0 < o < 1 at least for
domains with smooth boundary. In the same way as in (1.14) more and more lower
order terms should exist in the semiclassical limit of the eigenvalue means R, (A;2)
as o tends to infinity.

Concerning uniform bounds on the eigenvalue means the results presented in
Chapters 5 to 7 are rather satisfactory for ¢ > 3/2. In particular, Theorem 5.5
gives a sharp bound valid for all A > 0 and reflects the properties of the semiclassical
limit accurately. However, the question whether similar results are valid in the im-
portant case o = 1 remains open. Such a result could lead to a uniform improvement
of (1.20) and (1.22), in particular to better constants.
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CHAPTER 3

Two-term spectral asymptotics for the Dirichlet Laplacian
on a bounded domain

Rupert L. Frank and L. Geisinger
Dedicated to Ari Laptev on the occasion of his 60th birthday.

ABSTRACT. Let —A denote the Dirichlet Laplace operator on a bounded
open set in R?. We study the sum of the negative eigenvalues of the operator
—h2?A — 1 in the semiclassical limit A — 0+. We give a new proof that yields
not only the first term of the asymptotic formula but also the second term
involving the surface area of the boundary of the set. The proof is valid under
weak smoothness assumptions on the boundary.

3.1. Introduction and main result

3.1.1. Introduction. Let € be a bounded open set in R%, d > 2. We consider the
Dirichlet Laplace operator —Agq defined as a self-adjoint operator in L?*(§2) generated
by the form

(v, —Aqu) = /Q|vu(a;)\2dx

with form domain Hj (). Since € is bounded the embedding of H}(2) into L?*(Q)
is compact and the spectrum of —Ag is discrete. It consists of a series of positive
eigenvalues 0 < \; < Ay < ... accumulating at infinity only.

In general, the eigenvalues \; cannot be calculated explicitly and especially for
large k it is difficult to evaluate them numerically. Therefore it is interesting to de-
scribe the asymptotic behavior of A; as & — oo. This is equivalent to the asymptotics
of the negative eigenvalues of the operator

Hg = —h%?Ag — 1

in the semiclassical limit h — 0+.
The first general result is due to H. Weyl who studied the counting function

No(h) = #{\ < h72} = Tr (Hg)" .

In 1912 he showed that the first term of its semiclassical limit is given by the phase-
space volume [Wey12a]: For any open bounded set  C R? the limit

NQ(h) = Cd |Q| hid + O(hid)
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holds as h — 0+, where
1 2 0 Wd
—1)dp =
(P =1 =

and wy denotes the volume of the unit ball in R<.
H. Weyl conjectured in [Wey13] that this formula can be refined by a second
term of order h=¢*! depending on the boundary of Q. This stimulated a detailed

Cy =

analysis of the semiclassical limit of partial differential operators. We refer to the
books [H6r85, SV97, Ivr98| for general results and an overview over the literature.
Eventually, the existence of a second term was proved by V. Ivrii by means of a
detailed microlocal analysis [Ivr80a, Ivr80b]: If the boundary of € is smooth and
if the measure of all periodic geodesic billiards is zero then the limit

1
Na(h) = C4|Q|h™ — 7Ca-1109)] =4 o(h™Y) (3.1)

holds as h — 0+, where |0€2| denotes the surface area of the boundary.
In this article we are interested in the sum of the negative eigenvalues

Tr(Ho)- = » (WX —1)_.
keN
This quantity describes the energy of non-interacting, fermionic particles trapped in
() and plays an important role in physical applications.
The asymptotic relation (3.1) immediately implies a refined formula for the semi-
classical limit of Tr(Hg)_: Suppose that the aforementioned geometric conditions on
) are satisfied. Then integrating (3.1) yields

1
Tr(Hg)- = Lg|Q| ¢ - ZLd,ﬂ@Q\h*d“ + o(h™4th) (3.2)

as h — 04, with

1 2 wq
Ly = —— 2 1) dp = ————.
‘= G [P =1 dp = 525 P
In the following we present a direct approach to derive the semiclassical limit of

Tr(Hgq)-. We prove (3.2) without using the result for the counting function. Since we
do not apply any microlocal methods the proof works under much weaker conditions.

3.1.2. Main Result. Our main result holds without any global geometric con-
ditions on 2. We only require weak smoothness conditions on the boundary - namely
that the boundary belongs to the class C** for some o > 0. That means, we assume
that the local charts of {2 are differentiable and the derivatives are Holder continuous
with exponent a.

THEOREM 3.1. Let the boundary of Q satisfy 02 € CY*, 0 < a < 1. Then the
asymptotic limit
1
Tr(Hq)- = Lq|Q[h™¢ - 7 La-110)] W O (e (2e))
holds as h — 0+.
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Our work was stimulated by the question whether similar two-term formulae hold
for non-local, non-smooth operators. This is unknown, since the microlocal methods
leading to (3.1) are not applicable. Therefore it is necessary to use a direct approach.

Indeed, Theorem 3.1 can be extended to fractional powers of the Dirichlet Laplace
operator [FG11a]. The strategy of the proof is similar but dealing with non-local
operators is more difficult and elaborate. In order to give a flavor of our techniques
we confine ourselves in this article to the local case.

The question whether the second term of the semiclassical limit of Tr(Hg)_ exists
for Lipschitz domains {2 remains open.

3.1.3. Strategy of the proof. The proof of Theorem 3.1 is divided into three
steps: First, we localize the operator Hg into balls, whose size varies depending on
the distance to the complement of ). Then we analyze separately the semiclassical
limit in the bulk and at the boundary.

To localize, let d(u) = inf{|z — u| : z ¢ Q} denote the distance of u € R? to the
complement of (2. We set

() = % (14 (@2 +2)7)

where 0 < [y < 1 is a parameter depending only on h. Indeed, we will finally choose
ly proportional to h?/(*+2),

In Section 3.3 we introduce real-valued functions ¢, € C§°(R?) with support in
the ball B, = {z € R? : |z — u| < I(u)}. For all u € R? these functions satisfy

[Pulle < C, IVoully < Cl(u)™ (3.3)
and for all z € R?
qﬁz(:c)l(u)’d du = 1. (3.4)
Rd

Here and in the following the letter C' denotes various positive constants that might
depend on 2, but that are independent of u, [y and h.

PrOPOSITION 3.2. For 0 <ly <1 and h > 0 we have

Tr(Hg)_ — / Tr (¢ Hody) l(u) " du| < Clyth™t2.
Rd

In view of this result, one can analyze the local asymptotics, i. e., the asymptotic
behavior of Tr(¢, Hao,)— separately on different parts of 2. First, in the bulk, where
the influence of the boundary is not felt.

PROPOSITION 3.3. Assume that ¢ € C§°(R2) is supported in a ball of radius [ > 0
and that

Vol < CU7 (3.5)
1s satisfied. Then for h > 0 the estimate

Tr (pHag)_ _Ld/QQbQ(ZL‘) de h™4| < C 192 p=d+2

holds, with a constant depending only on the constant in (3.5).
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Close to the boundary of €2, more precisely, if the support of ¢ intersects the
boundary, a term of order h=%*! appears:

PROPOSITION 3.4. Assume that ¢ € C3°(RY) is supported in a ball of radius | > 0
intersecting the boundary of Q and that inequality (3.5) is satisfied.
Then for all0 <1 <1 and 0 < h <1 the estimate

1
7L ¢*(x)do(z) b~
o0

holds. Here do denotes the d—1-dimensional volume element of 9 and the remainder
satisfies

T (6Hod) — Ly / & (x) dx b + < r(i, h)
Q

ld_2 l2a+d—1 ld—i—a
1) < (s + S + )

with a constant depending on Q, ||¢|l and the constant in (3.5).
Based on these propositions we can complete the proof of the main result.

ProoOF OF THEOREM 3.1. In order to apply Proposition 3.4 to the operators
buHad,, we need to estimate [(u) uniformly. Assume that u € R? satisfies B, N9 #
(). Then we have d(u) < I(u), which by definition of I(u) implies

I(u) < lo/V3. (3.6)

In view of (3.3) we can therefore apply Proposition 3.3 and Proposition 3.4 to all
functions ¢,,, u € R?. Combining these results with Proposition 3.2 we get

2( du Ld 1 9 du
T ()~ [ [ s s [ ] s 5

<C (zo—lh—d+2+/Ulz(u)—2 duh_d+2+/Uzr(l(u),h)l(u)_ddu) :

where Uy = {u € Q : B,NINY =0} and Uy = {u € R? : B, NN # 0}. Now we

change the order of integration and by virtue of (3.4) we obtain

1
Tr(Hg)_ — Lqg|Qh™¢ + 7 La 10Q| h—4+!

<C (lolhd”Jr/Ull(u)Q du hd”—l—/UQ'r(l(u),h)l(u)d du) . (37

It remains to estimate the remainder terms. Note that, by definition of [(u), we
have

l(u) >
for all u € R, Together with

/ I(u)2du < Cly' and / l(u)*du < CZS/ du < CIgtt (3.8)
U1 U2

{d(u)<lo}
for any a € R. Inserting these estimates into (3.7) we find that the remainder terms
are bounded from above by a constant times

min (d(u),1) and [(u) >

A~ e
~| S

3.6) this implies

lalh7d+2 + lgahfdJrl + l84+1h7d.
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Finally, we choose [, proportional to h%(“*2) and conclude that all error terms in
(3.7) equal O(h~d+1+e/2+2)) a5 b — 0+, O

The remainder of the text is structured as follows. In Section 3.2 we analyze the
local asymptotics and outline the proofs of Proposition 3.3 and 3.4. In Section 3.3,
we perform the localization and, in particular, prove Proposition 3.2.

3.2. Local asymptotics

To prove the propositions we need the following rough estimate, a variant of the
Berezin-Lieb-Li-Yau inequality [Ber72b, Lie73, LY83].

LEMMA 3.5. For any ¢ € C§°(R?) and h > 0
Tr(pHad)_ < Lg [ ¢*(x)dah™.
Rd

PROOF. Let us introduce the operator
Hy=—h*A -1,

defined with form domain H!(R?). The variational principle for sums of eigenvalues
implies Tr(¢pHa¢)- < Tr(¢(Hp)—¢)-. Using the Fourier-transform one can derive an
explicit expression for the kernel of (Hy)_ and inserting this yields the claim. U

3.2.1. Local asymptotics in the bulk. First we assume ¢ € C§°(2). Then
we have Tr (¢Ha¢)_ = Tr(¢pHyp)_, since the form domains of ¢Hn¢ and ¢pHy¢p
coincide. Moreover, by scaling, we can assume [ = 1. Thus, to prove Proposition 3.3,
it suffices to establish the estimate

Tr (6Hod)_ — La / () d b~
Rd

< Ch*d+2

for h > 0. The lower bound follows immediately from Lemma 3.5. The upper bound
can be derived in the same way as in the proof of Lemma 3.7 below. Indeed, by
choosing the trial density matrix v = x(Hy)® x we find

Tr(6Hyd) > Lo | 6%(x)de — Cy / (V)2 (x) da h-+2
Rd Rd
and the claim follows.

3.2.2. Straightening the boundary. Here we transform the operator Hg lo-
cally to an operator given on the half-space RY = {y € R? : y; > 0}. There we
define the operator H" in the same way as Hq, with form domain Hj(R%).

Under the conditions of Proposition 3.4 let B denote the open ball of radius [ > 0,
containing the support of ¢. Choose xo € B N0 and let v,, be the normed inner
normal vector at xg. We choose a Cartesian coordinate system such that xq = 0 and
Vo = (0,...,0,1), and we write z = (2/,74) € R4 x R for z € R%.

For sufficiently small [ > 0 one can introduce new local coordinates near the
boundary. Let D denote the projection of B on the hyperplane given by x; = 0.
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Since the boundary of Q is compact and in C%®, there exists a constant ¢ > 0, such
that for 0 < [ < ¢ we can find a real function f € C1“ given on D, satisfying

IONB = {(2/,2q) : 2’ € D,zqg= f(2')} N B.

The choice of coordinates implies f(0) = 0 and Vf(0) = 0. Since f € C** and the
boundary of €2 is compact we can estimate
sup [V f(2)] < CI*, (3.9)
@'€D
with a constant C' > 0 depending only on 2, in particular independent of f.

Now we introduce new local coordinates given by a diffeomorphism ¢ : D xR —
R We set y; = @j(z) = xjfor j=1,...,d—1and y5 = pa(z) = x4 — f(2').
Note that the determinant of the Jacobian matrix of ¢ equals 1 and that the inverse
of ¢ is defined on ran p = D x R. There we define ¢ = ¢ o ¢! and extend it by zero
to R%, such that ¢ € C}(R?) and ||V¢||oo < CI7" holds.

LEMMA 3.6. For 0 <! < c and any h > 0 the estimate

Tr(¢pHap)_ — Tr(pH )| < C1*h™ (3.10)
holds. Moreover, we have
[#@is = [ Fway (3.11)
Q R%
and
¢*(x) do(z) — Py, 0)dy | < U1 (3.12)
o0 Rd—1

PROOF. The definition of ¢ and the fact detJy = 1 immediately give (3.11).
Using (3.9) we estimate

P (a)do(x) = | G, 0)V1+[VfPdy < / Py, 0)dy' + O+
-1 Rd—1

o0 Rd
from which (3.12) follows.
To prove (3.10) fix v € HZ(Q) with support in B. For y € rang put 9(y) =
v o pt(y) and extend 0 by zero to R%. Note that ¢ belongs to Hj(R%).
An explicit calculation shows

(0, —ARif)) — (v, —Aqu)| < C1* (0, —ARiﬁ) .
Hence, we find
Tr(¢Hod)- < Tr(¢(—(1 — CI*)h*Agg —1)9) .
Set ¢ = 2C1* and assume [ to be sufficiently small, so that 0 < ¢ < 1/2 holds. Then
Tr(¢Hog)- < Tr(¢(—(1 — CI*)h*Aga —1)9)-
< Tr(@(—h*Ags — 1)§)- + Tr(d(—(e — CIVR2Ags —€)9)-
< Te(9H¢) - + e Tr(¢(—(h*/2) Aga — 1)9) .
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By Lemma 3.5 we have Tr(¢(— (h?/2)Aga — 1)¢)_ < CI%~* and we obtain
Tr(¢pHoo)- < Tr(¢H ¢)_ + C14t*p~d.

Finally, by interchanging the roles of Ho and H™, we get an analogous upper bound
and the proof of Lemma 3.6 is complete. 0

3.2.3. Local asymptotics in half-space. In view of Lemma 3.6 we can reduce
Proposition 3.4 to a statement concerning the operator H™, given on the half-space
Ri. Indeed, to prove Proposition 3.4, it suffices to establish the following result.

LEMMA 3.7. Assume that ¢ € C}(RY) is supported in a ball of radius | > 0 and
that (3.5) is satisfied. Then for h > 0 the estimate

La

d—271 —d+2
T <o

¢*(2’,0)dz’

L
Tr (¢H*0) 3 / O (w)da +

holds with a constant depending only on the constant in (3.5).

Proor. On Ri we can rescale ¢ and assume [ = 1. In a first step we prove the

estimate
T (on*0) 3 [ et [ 0 [ o) 150
< Ch™2, (3.13)

To derive a lower bound we use the inequality Tr (pH*¢)_ < Tr(¢(H')_¢) and
diagonalize the operator (H1)_, applying the Fourier-transform in the 2’-coordinates
and the sine-transform in the x4-coordinate. This yields

Tr(GH* ). < / () / 2sin®(Gaxah™") (1€]° = 1) _ (Zfr;l;

and the lower bound follows from the identity

2sin?(Egzgh™) = 1 — cos(2842qh™ ") . (3.14)

To prove the upper bound, define the operator v = x(H™')° x with kernel
2 sl I o/ . — . —

Aw9) = o x@) [ I i) sin(€anah ™) (),

(27Th) l€l<1

where x denotes the characteristic function of an open ball containing the support
of ¢. Thus, v is a trace-class operator, satisfying 0 < v < 1 and by the variational
principle it follows that

Tr(¢pH* )
> —Tr(y¢H"¢)

o - , 2 d§
Y /|£<1 <h2||V65 /M sin(y - h 1)425”%2(11@) — ||sin(& - h 1)¢”L2(Ri)> (2rh)d

/ (Jg2 = 1) / () 281 (g™ )é‘”fff o,

v
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In view of (3.14) this gives an upper bound and we established (3.13).
We proceed to analyzing the term in (3.13) which contains the cosine. We substi-
tute x4 = th and write

/Rd+ () /R cos(2eqrah™) (I€]7 — 1) (Zizf;d
N (2711')d /000 i O*(«', th)da’ /Rd cos(264t) (J[* — 1) _ d€dth™"*'. (3.15)
Note that
(271T>d /Ooo /Rd cos(2&4t) (€* —1)_ dgdt = iLdl. (3.16)

Moreover, in [AS72, (9.1.20)] it is shown that

1 J, 2
/]Rd cos(2¢,t) (|€|2 — 1)_ d§ = C/o cos(264t) (1 — €5)HD/2dg, = C%jlﬂ ’

where Jg/541 denotes the Bessel function of the first kind. We remark that |Jg/241(2t)]

is proportional to t¥/?*! as t — 0+ and bounded by a constant times ¢t~'/2

see [AST2, (9.1.7) and (9.2.1)]. It follows that

/Oot / cos(2&4t) (|¢]* — 1)d§‘dt < C/oot‘d/QUd/QH(Qt)]dt <C. (317)
0 R4 0

In view of (3.15), (3.16) and (3.17) we find

as t — o0,

- d€dr L
2 2 h 1 2 1 o / 20,0 d /
[ [ eotagaman™ (6 =) e = i [ 6% 0
< Oh—d—l—Q )
Inserting this into (3.13) proves Lemma 3.7. O

Proposition 3.4 is a consequence of Lemma 3.6 and Lemma 3.7.

3.3. Localization

Here we construct the family of localization functions (¢, ),cre and prove Propo-
sition 3.2. The key idea is to choose the localization depending on the distance to
the complement of €2, see [H6r85, Theorem 17.1.3] and [SS03].

Fix a real-valued function ¢ € C5°(R?) with support in {|z| < 1} and ||¢|» = 1.
For u,x € R% let J(x,u) be the Jacobian of the map u — (x — u)/l(u). We define

du(r) = @ (Il(;)u) VI (@, u) L(u)¥?,
such that ¢, is supported in {z : |xr —u| < l(u)}. According to [SS03], the functions

¢, satisfy (3.3) and (3.4) for all u € R%.
To prove the upper bound in Proposition 3.2, put

v = / bu (puHodu)" Gul(u) ™ du .
Rd
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Obviously, v > 0 holds and in view of (3.4) also v < 1. The range of v belongs to
H}(Q) and by the variational principle it follows that

—Tr(Hq)- < TryHq = —/ Tr (¢ Hody)_ 1(w) @ du.

R4
To prove the lower bound we make use of the IMS-formula

S P00 + 5 (L -AFT) = (Lo(-A)0f) — (, S(Vo)) |
valid for ¢ € C°(RY) and f € H}(Q2). Combining this identity with (3.4) yields
F=00) = [ (080000 = (£(V60.2) ) “du. (1)
Using (3.3) and (3.4) one can show [SS03]

/RdWW(af)l(u)‘d du < C /R o) L)~ du.

We insert this into (3.18) and deduce
Tr (Hq)_ g/ Tr (¢u (—P°A =1 — ChL(u)™?) ¢u) _ 1(u) " du,
Q*

where Q* = {u € R? : suppg, NQ # 0}. To estimate the localization error we use
Lemma 3.5. For any u € R, let p, be another parameter 0 < p, < 1/2 and estimate

Tr (¢u (—R°A —1— Ch%(u)*) bu)_
< Tr (¢u(—h*A = 1)¢u)  + CTr (¢u (—puh®A = pu — W2U(u)72) 6u) _
< Tr(duHodu)_ + CLUw) (puh) ™ (pu + B2 (u)~2) T2
With p, proportional to h?l(u)~2 we find

Tr(Hg)_ < / Tr (puHody)_ 1(u) *du + Ch™" / I(u)%du.

*

In view of (3.8) the last integral is bounded by a constant times /; ' and the proof of
Proposition 3.2 is complete.
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CHAPTER 4

Refined semiclassical asymptotics for fractional powers of the
Laplace operator

Rupert L. Frank and L. Geisinger

ABSTRACT. We consider the fractional Laplacian on a domain and inves-
tigate the asymptotic behavior of its eigenvalues. Extending methods from
semi-classical analysis we are able to prove a two-term formula for the sum of
eigenvalues with the leading (Weyl) term given by the volume and the sublead-
ing term by the surface area. Our result is valid under very weak assumptions
on the regularity of the boundary.

4.1. Introduction and main result

4.1.1. Introduction. In this paper we study the asymptotic behavior of eigen-
values for fractional powers of the Laplacian. The operator (—A)® with 0 < s < 1
appears in numerous fields of mathematical physics, mathematical biology and math-
ematical finance and has attracted a lot of attention recently. The key difference
between this operator and the usual Laplacian is the non-locality of (—A)* which
allows one to model long-range interactions in applications and leads to challenging
mathematical problems.

From a probabilistic point of view, the fractional Laplacian of order s on a domain
Q) C R? can be defined as the generator of the 2s-stable process killed upon exiting
Q. A more operator theoretic definition, which we employ here, is in terms of the

quadratic form
CSd/ / 200 gy gy —/ [pl**|a(p)|* dp. (4.1)
Rd JRd |x - y|d+25 R4

restricted to functions u € H*(R?) which satisfy u = 0 in R?\ Q. Here H*(R?) is
the Sobolev space of order s, (p) = (27)~%? [ e~y (z) dx is the Fourier transform
of w and Cy4 is an explicit constant given in (4.5). The identity in (4.1) is an easy
consequence of Plancherel’s theorem.

For bounded domains €2 the spectrum of the fractional Laplacian is discrete and
we denote its eigenvalues (in increasing order, repeated according to multiplicities)
by A% Our main result in this paper is a two-term asymptotic expansion of the sum
of these eigenvalues,

n

N

1

Nz/\(s) _ |Q| 2s/d N25/d+cvd |8Q||Q| (d—1+2s)/d N(Qs—l)/d (1+0<1)) (42)
=1
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as N — oo. Here || and |092] denote the d-dimensional measure of Q2 and the
(d—1)-dimensional surface measure of 02, respectively, and C C(lls) and C’C(l?s) are positive,
universal constants, depending only on d and s, for which we shall obtain explicit
expressions. Our result is valid for non-smooth domains, requiring only that 02 €
C1* for some (arbitrarily small) o > 0. It is remarkable that, despite the fact that
we are dealing with a non-local operator, both coefficients in (4.2) have a local form,
depending only on € and 0f2, just like in the case of the Laplacian. This will become
clearer from the reformulation given in Theorem 4.1 below.

In order to avoid confusion, we emphasize that the fractional Laplacian of order
s on a domain {2 is different from the Dirichlet Laplacian on € raised to the s-th
power. For the Dirichlet Laplacian, and hence for its fractional powers, asymptotics
analogous to (4.2) are well-known. One of our results is that, while the first terms in
(4.2) coincide for both operators, the second terms do not. This means, in particular,
that our result cannot be obtained from the study of the (local) Dirichlet Laplacian,
and that our analysis needs to take into account the non-locality inherent in (4.2). For
further results about the relation between the fractional Laplacian on a domain and
the fractional power of the Dirichlet Laplacian we refer to [CS05]; see also Section
4.6 below.

The one-term asymptotics )\E\S,) = &tz C§}3|Q|_25/d N?/4(1 + 0(1)), which is a
fractional version of Weyl’s law, is a classical result of Blumenthal and Getoor [BG59].
More recently, Banuelos and Kulezycki [BK08] and Banuelos, Kulezycki and Siudeja
[BKS09] have shown a two-term asymptotic formula for > exp(—t)\gf)) ast — 0.
Note that %7, exp(—tAY)) and L3N A correspond to the Abel and Cesaro

summation of the sequence )\gf), respectively. As is well-known, asymptotics of Cesaro
means imply asymptotics of Abel means, but not vice versa. Hence for C1® domains
we recover and improve upon the result of [BK08, BKS09].

This is, actually, a significant improvement since our asymptotics are no longer
derived for the infinitely smooth function e~*¥ of the fractional Laplacian, but, as we
shall see shortly, for the Lipschitz function (A— E).. Moreover, since we are no longer
able to apply the probabilistic machinery available for the partition function, we have
to find new and more robust tools. Our methods also work for the ordinary Dirichlet
Laplacian on a bounded domain, and in [FG11b] we use the techniques developed
here to give an elementary and short proof of two-term asymptotics in that case.

Another point in which we go beyond [BK08, BKS09] is that we give an expres-
sion for the constant Cc(li) in (4.2) in terms of a model operator on a half-line instead
of a model operator on a half-space. In this way our expression is similar to familiar
two-term formulas in semi-classical analysis; see, for instance, [SV97|. This is possi-
ble due to some recent beautiful results of Kwasnicki [Kwal0b] about a general class
of half-line operators.

We find it convenient to prove (4.2) in an equivalent form, namely

(A=), = L0 A2 — L&) 90) A=D1 40(1)) as A — co. (4.3)

n=1
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Here z; := max{z,0} denotes the positive part of a number x. (The fact that (4.2)
and (4.3) are equivalent is well-known to experts in the field, but we include a short
proof in Section 4.7 for the sake of completeness, see Lemma 4.20.) Note also that
(4.3) can be rewritten as

ST(—n2A), =L QI = L) 09I (14 0(1) ash— 0+, (4.4)
n=1

and this is the form in which we shall state and prove our main theorem. The small
parameter h has the interpretation of Planck’s constant and (4.4) emphasizes the
semi-classical nature of the problem.

Our approach extends the multiscale analysis to the fractional setting. By this
we mean that we localize simultaneously on different length scales according to the
distance from the boundary. Of course, a main difficulty when dealing with our
non-local operator comes from the treatment of the localization error. At this point
we have to improve upon previous results from [LY88, SSS10]. Another major
impasse, as compared to the local case, is the analysis of a one-dimensional model
operator for which an (almost) explicit diagonalization is far from trivial. This is
where Kwagnicki’s work [Kwal0b] enters. It requires, however, still substantial work
to bring these results into a form which is useful for us. We will explain the strategy
of our proof in more detail in Subsection 4.1.3 after a precise statement of our main
result.

Throughout this paper we assume that the dimension d > 2. In the one dimen-
sional case (the fractional Laplacian on an interval) considerably stronger results are
known [KKMS10, Kwal0a]. The powerful methods developed there are, however,
intrinsically one-dimensional and seem of little help in the multi-dimensional case.
The question raised in [BKS09] of whether an analogue of Ivrii’s two-term asymp-
totics [Ivr80a] holds for A% in d > 2 without Abel or Cesaro averaging remains a
challenging open problem.

4.1.2. Main Result. Let Q c R? d > 2, be a bounded open set. For h > 0 and
0<s<1let
Hg = (—h*A)* — 1
be the self-adjoint operator in L?(§2) generated by the quadratic form

(e How) = [ (o = 1) o) dp
R
with form domain
H(Q) = {ue H*R?) : u=00on R\ Q} .

For 0 < s < 1 we have the representation

_ 2s u(z () )2
(u, Hou) = Cj, h/Rd/Rd 7= ‘d+2sddy /\u )|F dx

with constant
['(d/2+ s)

IC(=s)l

Cs,d — 225717_(_703/2
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Our main results hold without any global geometric conditions on 2. We only
require weak smoothness conditions on the boundary - namely that the boundary be-
longs to the class C** for some o > 0. That is, the local charts of 9Q are differentiable
and the derivatives are Holder continuous with exponent .

THEOREM 4.1. Let 0 < s < 1 and assume that the boundary of ) satisfies OS2 €
CH with some 0 < o < 1. Then

Tr(Hg)- = L) h~! — LP) 00| =" + R, (4.6)
with Ry, = o(h~%"') as h — 0+. Here
1
L(l) — / 25 _ 1 d 4.
s,d (27T)d Rd (|p| )_ p ( 7)

and the positive constant Lf; is given in (4.28).
More precisely, we have the lower bound Ry > —Ch

bee - { o if1/2<s <1,

—d+1+e_ fO?" any

2sa :
iy f0<s<1/2,

and the upper bound R;, < Ch= 4%+ for any

a
— if1—-d/4< 1
O<€+<a+2 i /A<s<1,

a(2s —14d/2)
a+2s+d/2

0<er < ifo<s<1—d/4.

We do not claim that our remainder estimates are sharp. They show, however,
that our methods are rather explicit and they correctly reflect the intuitive fact that
the estimate worsens as the boundary gets rougher. We also mention that for not too
small s we (almost) get the same remainder estimate h=4+1+/(@*2) that our method
yields in the local case s =1 [FG11b].

In Section 4.6 we will derive several representations of the constant L? oq i (4.6).
One of these, which emphasizes the semi-classical nature of the problem, leads to a
rewriting of (4.6) as

dd dp'd
//m (Ip)* —1) px /Tmé /Izséhc;ngrRh, (4.8)

where TQ) = Q x R? and T9) = 89 X Rd I are the cotangent bundles over € and 02,
respectively, and where do is the surface element of 0. Here ( is a universal (i.e.,
depending on s, but independent of € or d) function, which has the interpretation
of an energy shift (the integral of a spectral shift). It is given in terms of a one-
dimensional model operator A* on the half-line R, and its analogue A on the whole
line (see Section 4.3) by

() = u‘l/ooo (alt,t,p) —a™(t,t,p)) dt, p>0,

where a(t, u, 1) and a™ (¢, u, 1) denote the integral kernels of (A —pu)_ and (AT —pu)_,
respectively. Another representation, derived in Remark 4.6.1, shows that our result
is consistent with the result of [BK08, BKS09].
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In Section 4.6 we also prove that
2)
L8 >0.

Moreover, we compare this constant with the one obtained from the corresponding
fractional power of the Dirichlet Laplacian.

PROPOSITION 4.2. Let 0 < s < 1 and assume that the boundary of () satisfies
00 € C with some 0 < o < 1. Let —Aq be the Dirichlet Laplacian on Q. Then

Tr ((—h?Aq)" —1)_ = L) |Q|h~? — LE) |09 i~ + R, (4.9)

with Ry, = o(h~*') as h — 0+. Here L(lc)l is the same as in (4.7) and ZS; satisfies

2 7(2
L® <L), (4.10)

In other words, the operators Hq and (—h%Aq)° — 1 differ semi-classically to first
subleading order.

4.1.3. Strategy of the proof. The proof of Theorem 4.1 is divided into three
main steps: First, we localize the operator Hq into balls, whose size varies depend-
ing on the distance to the complement of 2. Then we can analyze separately the
semiclassical limit in the bulk and at the boundary.

The key idea is to choose the localization depending on the distance to the comple-
ment of €2, see [H6r85, Theorem 17.1.3] and [SS03]. Let d(u) = inf{|z—u| : = ¢ Q}
denote the distance of u € R? to the complement of €. We set

() = % (14 (@2 +2)7) (4.11)

where 0 < [y < 1/2 is a small parameter depending only on h. Indeed, we will finally
choose [y proportional to h? with suitable 0 < 3 < 1.

In Section 4.5 we construct real-valued functions ¢, € C5°(R?) with support in
the ball B, = {z € R? : |z — u| < l(u)}. For all u € R? these functions satisfy

[Pull o < C, IVulle < Cl(u)™ (4.12)
and for all z € R?
O (x) l(u) ™ du = 1. (4.13)
Rd

Here and in the following the letter C' denotes various positive constants that are
independent of u, [y and h.

PROPOSITION 4.3. There is a constant C' > 0 depending only on s and d such
that for all 0 < ly < 1/2 and all 0 < h < C~tly the estimates

0 < Tr(Hg)_ — / Tr (puHody) 1(u) % du < Ch™ 27 Rige(h, o)

Rd
hold with a remainder
1 ifl—-d/d<s<l1
Rioe(hylo) = < |In(lo/h)|V?  if0<s=1-d/4
(Io/R)?7%742 if 0<s<1—d/4
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In view of this result, one can analyze the local asymptotics, i.e., the asymptotic
behavior of Tr(¢,Hqo,)—, separately on different parts of 2. First, we consider the
bulk, where the influence of the boundary is not felt.

PROPOSITION 4.4. Assume that ¢ € C}(Q) is supported in a ball of radius | > 0
and that
Vol < CI7H. (4.14)

Then for all h > 0 the estimates
~C12h=? < Tr(¢Hge)_ — L) / *(x)dzh™ < 0
Q

hold with a constant depending only on the constant in (4.14).

Close to the boundary of 2, more precisely, if the support of ¢ intersects the

boundary, a boundary term of the order A~¢*! appears.

PROPOSITION 4.5. Assume that ¢ € CL(RY) is supported in a ball of radius 0 <
[ < 1 intersecting the boundary of Q0 and assume that (4.14) is satisfied. Then for all
h > 0 the estimates

~Rpa(l,h) < Tr (¢Hog) —LLY) / ¢*(x)deh ™+ L) | ¢*(x)do(2)h™* " < Rya(l, )
Q o0

hold. Here do denotes the (d —1)-dimensional volume element of 02 and the remain-
der terms satisfy for any 0 < 6; < 1 and 0 < 63 < min{1, 2s}

[d-1-61  jd+a
hd—1—6; + B ) ’

N ld71761 ldflfzsz l2a+d71 ld+a
Bya(l,h) < Cs,.5, (hd—1—51 + hd—1-62 + pd—1 + hd ) ’

Rya(l,h) < Cs, (

with constants depending on 41, 0, 0, ||d||s and the constant in (4.14).
Based on these propositions we can complete the proof of Theorem 4.1.

PROOF OF THEOREM 4.1. In order to apply Proposition 4.5 to the operators
¢duHqady, we need to estimate I(u) uniformly. Let

UQ) = {ueR?: B,NIN# 0}

be a small neighborhood of the boundary. For v € U(€2) we have d(u) < [(u), which
by the definition of /(u) implies

I(u) < lo/V3. (4.15)

In view of (4.12) and (4.15) we can apply Proposition 4.4 and Proposition 4.5
to all functions ¢,, v € RY, if [ is sufficiently small. Combining these results with
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Proposition 4.3 we get
- C / I(w) " 2du b=+ — / Rua(l(w), h) 1(w) " %du
A\U(Q)
< Tr(H —L(l)//qb ———h™ 4 L / ¢2 (z)do(z) —— du_ j—de
B >4 * Jra Joo L(u)?
S/ Rbd(l(u),h)l(u)’ddu—i—Ch’d”lo’lec(lo,h).
U(©Q)

Now we change the order of integration and in view of (4.13) we obtain

- / I(u)2duh=*2 — / Rua(l(w), h) 1(u)~4du
O\U(Q) U()

Tr (Hg)_ — L' 10 h~? + L) |90 A=+

IN

< / Roa(1(w), B)l(u)~*du + Ch~215 Rige(lo, ) . (4.16)
U(Q)

It remains to estimate the error terms.

By definition of [(u) we have
1
l(u) > Zmin (d(u),1) and I(u) > %0
for all uw € R For u € Q\ U(), we find d(u) > I(u) > lo/4. Hence, we can estimate

/ I(uw)2du < C (1 +/ d(u)Qdu> <C <1 —i—/ t72 10| dt) ,
A\U(Q) {d(uw)>lo/4} lo/4

where |0€);| denotes the surface area of the boundary of Q, = {z € Q : d(z) > t}.
Using the fact that |0€2;| is uniformly bounded and that |0€2;| = 0 for large ¢, we get

/ l(u)2du < CI=". (4.18)
O\U(©Q

For u € U(Q) the inequalities (4. 15) nd (4.17) show that I(u) is proportional to [o.
Since B, N0 # 0 we find d(u) < l(u) < Cly and

/ l(u)*du < C’l“/ du < CI3*, (4.19)
U(Q) {d(u)<lo}
for any a € R.

We insert (4.18) and (4.19) into (4.16) and get (using the fact that h < C~1ly)

(4.17)

—C (Ig%=h + 12 415 R < i (Tr (Ho) — L1014 + L) 100 h—d+1)
< C(>Ig"h + 15 h ™ + g h Rie(lo, B)) . (4.20)

In order to choose [y we need to distinguish several cases. For the lower bound
we recall that 0 < dy < min{1,2s}. The stated lower bound on R}, follows with Iy
proportional to h®, where 8 = (1+ 83)/(1 4+ a + ).

For the upper bound we have 0 < §; < 1. If 1 —d/4 < s < 1, we pick [
proportional to h?, where 8= (1 +6,)/(1+a+d;). If 0 < s <1 —d/4, we pick h?,
where 3 = (2s +d/2)/(a 4+ 2s + d/2). This completes the proof of Theorem 4.1. [
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The remainder of the text is structured as follows. First we analyze the local
asymptotics in the bulk and prove Proposition 4.4. This is done in Section 4.2. In
Section 4.3 we consider the local asymptotics in the case where €2 is replaced by
a half-space. We reduce the problem close to the boundary to the analysis of a
one-dimensional model operator given on a half-line and give an analogue of Propo-
sition 4.5 for a half-space. In Section 4.4 we show how Proposition 4.5 follows from
the previous considerations by local straightening of the boundary. In Section 4.5, we
perform the localization and, in particular, prove Proposition 4.3. In Section 4.8 we
provide some technical results about the one-dimensional model operator introduced
in Section 4.3.

Notation. We define the positive and negative parts of a real number = by x4 =
max{0, +z}. We use a similar notation for the heavy side function, namely, z% = 1
if 7 > 0 and 2% = 0 if +2 < 0. For a self-adjoint operator X, the operators X
and X{ are defined similarly via the spectral theorem.

4.2. Local asymptotics in the bulk

This section is a warm-up dealing with the spectral asymptotics in the bound-
aryless case. Although the estimates in this case are essentially known, we include a
proof for the sake of completeness and in order to introduce the methods that will
be important later on. We divide the proof of Proposition 4.4 into two subsections
containing the lower and the upper bound, respectively. The operator

Hy = (—=h*A)* —1  in L*(RY),
defined with form domain H*(R?), will appear frequently.

4.2.1. Lower bound. The lower bound is given by a variant of the Berezin-
Lieb-Li-Yau inequality, see [Ber72b, Lie73, LY83|. For later purposes we record
this as

LEMMA 4.6. For any ¢ € L*(R?) and h > 0
Tr(oHat). < 1) [ ¢w)don .
R
PrRoOOF. We apply the variational principle for the sum of the eigenvalues
—Tr (pHoo) = OégilTr (voHa9)

where the infimum is taken over all trial density matrices, i.e., over all trace-class
operators 0 < v < 1 with range belonging to the form domain of Hy. We apply this
twice and find

Tr (¢pHa¢)_ < Tr(¢pHop)_ < Tr(¢(Ho)_9) -
Applying the Fourier transform to diagonalize the operator (Hy)_ yields the bound
1 _
Tr (¢ (Hy) @) = W// o(x)? (|Ip/* —1)_ dpda = Lg};/¢(x)2dxh a.
as claimed. ]
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4.2.2. Upper bound. We now assume that ¢ satisfies the conditions of Propo-
sition 4.4. In particular, we assume that ¢ has support in €2. To derive the upper
bound we put v = (Hp)?, i.e

(w,y) = (2mh) / et gy

lp|<1

and obtain that
~Tr (pHop) < Tr(y¢Hop) = Tr(yoHoop)

= AV24 P /)2 _ [16]12 dp
/M(H( A6 e M= 1913) g (4.21)

LEMMA 4.7. For ¢ € C3°(R?) and h > 0 we have

_in- s 1 s s s in
(=128 203 = 2 Yol (5 (-t ™ + 1o = k) = ) 6600

Proor. By Plancherel’s theorem we get
[(=h*A)2ge™ /|3

///|£|2s i(p—§)-(z— y/hdxdyd§
(2mh)?
=5 J[[ 16 @@ + 80 = ot — oty oo AL (4

In the first two terms we perform the £ integration and either the x or the y integration
to arrive at

// €2 (6%(x) + 3 (y)) PO y/hc(ifl?dydg Ip ’25/¢2 . (4.23)

We are left with calculating the third term in (4.22). Again, by Plancherel’s theorem
we see that it equals

[l )

’1 . e—iz-n/h‘2 -9 eiz~77/h . e—iz-n/h

’2 }1 _efzz n/h‘ i(p—&)-z/h dndng
(2m)Th2d

We can write

and perform the integration in z and £ to obtain

dxdyd
// 61 lole) — o) 09 TS

(2mh)?
2
hd (Ip!% =5 (Ip+nl* +lp—nl*) ) }¢< )‘ dn. (4.24)
Hence, combining (4.22), (4.23) and (4.24) yields the claim. O

In view of identity (4.21) and Lemma 4.7 we conclude

Tr (y¢Ho¢) = (2mh) ™ (Ip|* = 1) dp||oll5 + (27Th)_d/ Ry(p)dp  (4.25)

Ip|<1 Ip|<1
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with

ratp) = [ (5 o+ b= 1) = 1 ) o) P,

We proceed to estimate Ry (p). Note that for any a > 0

I|1t1|z£l{ ((a+1t)°+(a—1)°) = 2a°.

Taking a = |p|> + |n|*> and ¢ = 2p - n we deduce that

1 S S S S S
5(\p+?7!2 +p—n*) = pl* < (Ip>+1n1*)° — [p]*.

Next, for 0 < s < 1 concavity implies that (a + b)* < a® + sa® b for a,b > 0, from
which we learn that

(I + [n*)* = Il < s[pf**D n]*.

Hence, replacing n with hn and using (4.14) we can estimate

Ru(p) = 8/!p|2+25\hn\2!$(n)\2dn = s|p| > h2/yv¢|2dx < Ch2[p| 2%

Thus the upper bound follows from (4.21) and (4.25).

4.3. Asymptotics on the half-space
Our goal in this section is to prove the analogue of Proposition 4.5 in the case
where (2 is the half-space R = {(2/,z4) : x4 > 0}. We define the operator H* on
L*(R%), in the same way as Hg, with form domain
HE(RY) = {v € H*(RY) : v=0on Rd\@} .
We shall prove

PROPOSITION 4.8. Assume that ¢ € C3(R?) is supported in a ball of radius | > 0
and assume that (4.14) is satisfied. Then for h > 0 and any 0 < 6; < 1 and
0 < 0y < min{1,2s} we have

_ d—1-61 3, —d+1+01 d—1-082 1. —d+1+02
051752 l h +1 h

Rd-1

< Tr(pH*¢) — L) / ¢*(z)dxh~* + L) ¢ (', 0)da' b~
I Ri b
< C(S ld—l—élh—d+1+51 .

This result depends on a more or less explicit diagonalization of the operator
H™, which is far from obvious. This is accomplished in Subsections 4.3.1 and 4.3.2,
relying crucially on recent results of Kwasnicki [Kwal0b] about non-local operators
on a half-line. These results are collected and extended to our needs in Section 4.8.
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4.3.1. The model operator on the half-line. In this subsection we collect
some facts about the one-dimensional operator

in L?*(R,) with form domain H*(R,), and about the corresponding operator A in
L*(R), defined analogously to AT, but with form domain H*(R).

For p > 0 and t,u € Ry, let et (t,u,u) and a™ (¢, u, ) be the integral kernels
of (AT — p)® and (AT — u)_, respectively. Similarly, we define a(t,u,u) via (A —
w)—. To simplify notation we abbreviate a™ (¢, u) = a™(t,t, ). We also note that
a(p) = a(t,t,p) is independent of t € R,. The inequality AT > 1 implies that
at(t,u,pu) = et (t,u, u) =0 for p < 1 and similarly for a(t,u, u) and e(t, u, u).

The following two results about e (¢, 1) and a™ (¢, ) are rather technical and we
defer the proofs to Subsections 4.8.1 and 4.8.2. The first one provides a rough a-priori
bound on e (¢, u, u).

LEMMA 4.9. For any 1 > 0 and t,u € R, one has |e*(t,u, p)| < Cp'/?.

The second result in this subsection quantifies that a™ (¢, ) is close to a(u) for
large t.

LEMMA 4.10. For any 0 <~ <1 there is a constant C,, such that for all j > 1,

/OO Ola*(t, 1) —a(p)|dt < Cyp((np)®+1) . (4.26)
0
In particular, the function
1 ! S 1| —2s ! 1| —2s !
KO = oy [, €17 @) —a (el jg1) de 1> 0. @2

satisfies for every 0 < v < 1

/ﬂMWﬁ<m
0

With this lemma at hand we can now define the constant LSC)I which appears in
our main theorem by

ngfzwm. (4.28)
0

(This integral converges by Lemma 4.10.) Expression (4.28) suffices for the proof of
our main result. In Section 4.6, see also (4.71), we will derive different representation
for Lf}l.

4.3.2. Reduction from the half-space to the half-line. Our goal in this
subsection is to write the spectral projections of the operator H* on the half-space
in terms of those of the operator AT on the half-line. Before turning to spectral
projections we treat resolvents.
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LEMMA 4.11. For z = (¢/,z4) € R%, y = (v',ya) € RL and z € C\ [0,00) the
resolvent kernels of H"s and of A" are related by

(H +1-2)"(z.y)
— i |§/|1—25 eif/'(x’—y’)/h At — z -1 l’d|§/| yd|§/| df/ |
hd Rd-1 |§/|23 n o h (27T)d—1

This lemma, together with the representations (see, e.g., [Kat66))

1
HT) = - — (Ht +1—2)""dz
( ) 271 (1)
and
h 2s
H+_:—h2$/ — (H" +1—2)"tdzdv,
( ) 0 211 I(v)

where I'(v) = {# € C : |z| = v}, implies that

(HY) (z,y) = 1/ @R (xd\f’ljyd\f’\’ 1 )(df’ (4.20)

he Jga- h h &2 ) (2m)d-t
and
1 s it (x md|§ | ydlfl| 1 dél
(H)_(z,y) = hd/ ’£|1+2 &' (a'—y") /b +( et T ) @y (4.30)

We now give the

PrROOF OF LEMMA 4.11. By scaling we may assume that h = 1. Given f €
L*(R%) we want to solve (—A)*u = zu + f. Take ¢ € C5°(R*™) and ¢ € C5°(0, ).
Then 1 ® ¢ belongs to the form domain of H* and therefore the equation implies
that

/ / (167 + &) 0(&)dlen)i(€, ) de’ déq = = / / HEVHEale, £4) de' d,

//¢ )IENF(E 1) de dEy

/(|§/|2+§3)8A( )€ &) deq = 2 [ d(Ea)a(, Ea) d§d+/¢ &) f(€,€) déq. (4.31)

Since 1) is arbitrary, this means that for a.e. £,

For fixed ¢ define functions ve/, g and xe on (0, 00) by
1]5/(?5) — (2,/T)—(d—1)/2/ ‘f/‘_l’LL(.Z'/, ‘fll—lt)e—ighxl d$,7
d—1

gg(t) — (27T)_(d_1)/2/ |f/‘_1_25f($/, ‘Sll—lt)e—ig’.x’ dﬂ?l,
xer(t) = &1 (€M)
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We note that the one-dimensional Fourier transforms of these functions are given by
ve (k) = (¢, [S]k),
ge (k) = |17 f (€ €1k .
Xe (k) = o(I¢']k).

Hence we can rewrite (4.31) as

[y Tmm e a = (61> [ T+ [ TFwgE ) d.

Note that both ve and x¢ belong to the form domain of A™ and that the set of all
functions x¢ obtained in this way is dense in the form sense (by the definition of A™).
Therefore the equation can be written as

A+U£/ = ‘€I|7232’U£/ -+ g£/ .
We abbreviate 1 (t,w) = (AT — 2)7!(t,w) and conclude that
vlt) = [ et wlgetw) do.
0

Recalling the definitions of ve and gg this reads
|1t el e
Rd-1
— [ sl R e dwd
0o Jri-1

Multiplying by |£’|, setting ¢ = |¢’|z4 and inverting the Fourier transform, we obtain
ue) = @) (€ €I ) dw dg'dy
Rd-1JRd-1J0
= [l €1 ) g dy.

This proves the lemma. U

4.3.3. Proof of Proposition 4.8. Our next step is to state upper and lower
bounds on Tr (¢H " ¢)_ in terms of the one-dimensional model operators A and A™,
in particular, in terms of the function K(t) given in (4.27). As explained below,
the main result of this section, Proposition 4.8, will be a direct consequence of the
following estimates.

PROPOSITION 4.12. Assume that ¢ € C3(R?) is supported in a ball of radius | = 1
and assume that (4.14) is satisfied with | = 1. Then for any 0 < 2 < min{l,2s}
there is a constant Cs, such that for all h > 0 we have

1
Tr (pH"¢) < Lg}; /R . ¢*(x)dzh™" — y (bQ(m)EK (%) dxh= (4.32)

1
Tr (pH ) > Lilc)l/ o*(x)dah™ — | $*a)—K (ﬁ) duh ! — Oy 10
- 7 R% RY h h
(4.33)
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Assuming Proposition 4.12, we now give the short

PROOF OF PROPOSITION 4.8. To prove the proposition we may rescale ¢ and
hence assume [ = 1. Proposition 4.8 is then an immediate consequence of Proposition
4.12 provided we can show that for any 0 < 0; < 1 there is a Cj, such that for all
h >0

¢2(:v)lK (@> dr — ij *(2,0)dz’
R4 h h ’

Rd-1

< Cj,ho. (4.34)

In order to obtain the latter bound, we substitute z; = th and write, recalling
(4.28),

1 x
20,0\ d 7@ 20,1 /
o o (x)hK <_h ) dr — L, - (2',0)dx

Ra-1

00 th
_ / K(®) / / 0,62 (a 7)drdadt
0 Rd—=1 J0

By Holder’s inequality we can further estimate
th th o1 00 (1—61)~1 1-61
/ / 0,0 (', 7)drdz'| < (/ dT) / dr
r-1.J0 0 0

< Ct" .
Since [;¢°'|K(t)|dt < co by Lemma 4.10, we obtain inequality (4.34). O

/ 0,0 (', 7)da’
Rd—1

In the following two subsections we shall prove the lower and the upper bound in
Proposition 4.12, respectively.

4.3.4. Lower bound. To prove (4.32) we use that

“Tr (9HY9) > ~Tr (6(H)-0) .

The lower bound follows from this by integrating the identity

(HY)_(2,2) = h LY — h K (%) , (4.35)

against ¢*. Equation (4.35) is a consequence of (4.30). Indeed, by the same argument
as in Subsection 4.3.2 we learn that

1 1
H B — i 111425 /11—2s /‘
( 0) (l‘,fL‘) (27T)d71 hd /Rdl |€ | a (|€ | )df
On the other hand, by direct diagonalization as in Subsection 4.2.1 we find that
(Ho)—(w,2) = h™L)).

Comparing these two identities with (4.30) we arrive at (4.35), thus establishing
(4.32).

66



4.3. ASYMPTOTICS ON THE HALF-SPACE

4.3.5. Upper bound. To prove (4.33) we set v = (HT)°. Its integral kernel
is given by (4.29) in terms of the kernel e (-, -, u) of (A" — 1)?. By the variational
principle it follows that

—Tr (¢H+¢)7 <Tr ((bfyqﬁHJr)

h2d/Rd/Rd/Rd1 Rdlé«’z&/(x —y')/h *(xd\f\h ,yd\flh 1 |€’ 23)

. dpd€' dx d
< (Ip* = 1) PO b(2) () W | (4.36)

We insert the identity

B o) = 3 () + 6(w) ~ 16(x) — o))

use the symmetry in z and y and substitute ¢ = py/[p’| to obtain

~Tr (9H'9) < Li[¢] — Rulg]

with the main term

Inle ~ 2 /Rd /Rd /Rd 1 /Rd 1 / S |€ o +( d|€,|h_1’yd|§/|h_lv |€/‘_28)

dq dp’ d&' dx dy
(27r)2d—1

« ewa—za)lp'la/h ((q2 + 1)3 . ‘p/‘—Qs) ]p']leng(:C)

and the remainder

1 sl !/ !
Ruld) = / / / €6 et (g €, gal€ ), 1)
h2d Ri R(-ik Rdfl Rd

s iy dp d¢' dx dy
x [p|*e™ WM g(x) — p(y )!2w-

Since ¢ € C3(RY) we can perform the y-integration in I;,[¢]. We use the fact that

/ / J?d, Ya, ((q2 + 1)5 o H’) ei(yd_Zd)q dyd dq = —(I+(l'd, Zds ,U)

and obtain

1 > 1128 ! — / - /1—2s
nlol =g [, [ [ LI e e

i(ya—xq)|€ g da d€' dy. d
((q +1)* =&~ 25) i(Yya—za)l¢'| /h¢2(1’)%

1
== [, PO [ € e )

Using again (4.35) we find that

¢ = L) /R i & (x) drh~ + ” & () K (%) deh~?. (4.37)

d¢' dz
(2m)d-t

It remains to study Rj[¢]. We claim that for any § —s < 0 < min{3,1— s} there
is a C, such that
|Rh[¢]| S Cahfd+23+2a (438)
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for all h > 0. This, together with (4.37) will complete the proof of (4.33).
In order to show (4.38) we perform the p integration and find that

/ ! ! 1
R — i’ (2 —y' /h + l‘d‘f’ yd|€|
nl#] T hd- 2S/Rd /]Rd /Rdl‘g‘ ( IR

0@ =00

| |d+2

We insert

h20’
| 5/ | 20

eiﬁ/-(ff’—y’)/h _ (—Axl)aeiél'(z/*y/)/h

and integrate by parts to get

_ c =20 i€ (z'—y')/h + zal¢'| val'] 1 /
Rh[gb] - hd—2s—20 \/Ri /Ri /Rd1|§| € € L' h ’|§/‘2s dg

% (_Ax/)g |¢($) B ¢(y)|2dl' dy )

‘LIZ’ _y‘d+23

By Lemma 4.9 and the fact that e (¢, u, u) = 0 for p < 1 we arrive at

o ¢ 2
[Bnlo |—hd 2520 /Rd /Rd/’ i 1\£’|<1}|§‘ —7dE | (—An)” -] |( T) - |d£22’ dxdy
JE— I'\o ¢ - 2
Shd—2s—2a /]Rd /Rd (A7) % dxdy .

According to Lemma 4.24 this implies (4.38) and hence completes the proof of (4.33).

4.4. Local asymptotics near the boundary

In this section we prove Proposition 4.5. After having analyzed the half-space
case in the previous section, we now show how the case of a general domain follows.
We shall transform the operator Hg locally to an operator given on the half-space
RY = {(y,yq) € R xR : y; > 0} and we shall quantify the error made by this
straightening of the boundary.

Under the conditions of Proposition 4.5, let B denote the open ball of radius
[ > 0, containing the support of ¢. For xqg € B N IN let v,, be the inner normal
unit vector at xg. We choose a Cartesian coordinate system such that o = 0 and
Vo = (0,...,0,1), and we write z = (2/,74) € R x R for z € R%.

For sufficiently small [ > 0 one can introduce new local coordinates near the
boundary. Let D denote the projection of B on the hyperplane given by x; = 0.
Since the boundary of € is compact and C1® there is a constant ¢ > 0 such that for
0 <1 < ¢ we can find a real function f € CY® given on D, satisfying

0N B = {(2/,24) : @’ € D,zqg= f(2')} N B.
The choice of coordinates implies f(0) = 0 and V f(0) = 0. Hence, we can estimate

sup [V f(2')] = sup [Vf(2) = Vf(0)] < Cpl2'|* < Cpl”.
z'eD z'eD
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Since the boundary of €2 is compact we can choose a constant C' > 0, depending only
on €2, in particular independent of f, such that the bound

sup |V f(2)] < CI1? (4.39)
a'eD
holds.
We introduce new local coordinates via the diffeomorphism ¢ : D x R — R%,
given by
Yy = pi(x) =z; for j=1,....,d—1
and

ya = pa(z) = z4— f(2).
Note that the determinant of the Jacobian matrix of ¢ equals 1 and that the inverse
of ¢ is given on ranp = D x R. In particular, we get

(0NN B) C ORL = {y e R : y;=0}.

Fix v € H*(Q) with support in B. For y € ran ¢ put 9(y) = voy~!(y) and extend
¥ by zero to RY.

LEMMA 4.13. The function v belongs to H*(RL) and for 0 <1 < ¢ we have
(5, (=) 9) = (0, (—A)30)| < C 12 min{ (5, (=A)38), (v, (~A)30) b

PROOF. By definition, ¢ belongs to H*(R?) and for y € R\ @ we find x4 =
ya+ f(y') < f(2'), thus 0(y) = v(x) = 0. Therefore v belongs to H*(R%).
Using the new local coordinates we get

lo(a) — v(w) //
_c, dzdw = C, P =oGF, .
(v, (=4 // v —w \d” o S |x— !M

(4.40)
where y = p(z) and z = p(w), thus z = (¢, y4 + f(¥/)) and w = (', 24 + f(2')). Let
us write

1 1
‘y _ Z|d+2s |QZ _ w|d+2s
_ 1 B ’y _ Z’d+2s
|y — 2|2 ly = 212+ (wa + F(y) — 2 — ()]

After multiplying out, the last fraction equals
(1+ YO FO 42— 2)(0) ~ ) S
ly — 2|2

and we can employ (4.39) to estimate

(f(y) = £(")* +2(ya — 2) (f(¥) — f(2)) ‘

ly — =2
y/_z/2 y—Z/ yd N
§sup|Vf|2ﬁ+28up|Vf|‘ iy L BE il < Cl~.
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Choosing [ small enough we can assume Cl* < 1/2. Then, combining the foregoing
relations, we find

1 1 o
|z — w[dt2s |y — z[dt2s [y — 2% (4.41)
From (4.40) and (4.41) we conclude
(5, (—A)a ) — (v, <—A>av>\
1 1

< C’sd//|v —9(

< C la A)Rd 'U)

dydz

— z|d+2s N |z — w2

This proves the first claim of the Lemma. The second claim follows by interchanging

the roles of (—A)z, and (—A)g. O
+

) On the range of ¢ we define ¢, = ¢, o ¢~ ! and extend it by zero to R? such that
by € CHR?Y) and ||Voy|lee < CI7! hold. Using Lemma 4.13 we show the following
relations.

LEMMA 4.14. For 0 <l <c and any h > 0 the estimate

Te(¢pHoo)_ — Tr(&HWS),‘ < Cpdopd (4.42)
holds. Moreover, we have
[#wa = [ (4.43
Q R4
and
*(z) do(z) — &*(y,0)dy < C14 12 (4.44)
Q Rd-1

PROOF. The definition of ¢ and the fact that the Jacobian of ¢ equals 1 immedi-
ately gives (4.43). Using (4.39) we estimate

¢*(x) do(z) = Oy, 01+ |V fPdy < Gy, 0) dy + Cl1A- 1+
[2)9] Rd—l

Rd-1
from which (4.44) follows.
To prove (4.42) we refer to the variational principle once more and note that

—Tr(pHoo)_ = O%I%ITT (pvoHq) |

where we can assume that infimum is taken over trial density matrices v supported
in B x B. Fix such a ~. For y and z from D x R set

Yy, z) =7 (¢ (), ¢ (2)) ,

so that 0 < 4 < 1 and the range of 7 belongs to the form domain of ¢H*¢. According
to Lemma 4.13 it follows that

Te(¢6Ha) > Tr (976 (h*(1 - CI)(=A)p 1))
> T (6 (1 - I (~A) —1)6)
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and consequently
Te (9Hag)_ < Tr (6 (1 - CIMR* (~A)5s — 1) 6)
Set € = 2C1* and assume [ to be sufficiently small, so that 0 < ¢ < 1/2. Then

T (0Hag) < Tr (6 (1= I (~A)3 —1)0)
< Tr (6 ((-h*2)50 —1)6) + T (6((e - C1M>(-A) —¢) 6)
< TH(GHG) + =T (6 (h*/2)(~A)gy — 1) 6)

Using Lemma 4.6 we estimate Tr(¢((h*/2)(—A)
that

na 1)¢)_ < Cl%h~? and it follows
+
Tr(pHod)- < Tr(¢H ) + C 1> pe.
Finally, by interchanging the roles of Hn and H™, we get an analogous lower bound
and the proof of the Lemma is complete. O

We conclude this section by giving the short

PrROOF OF PROPOSITION 4.5. It suffices to combine Lemma 4.14 and Proposi-
tion 4.8. U

4.5. Localization

In this section we construct the family of localization functions (¢, ),cre and prove
Proposition 4.3. Fix a real-valued function ¢ € C$°(R?) with support in the ball
{x € R? : |z| < 1} that satisfies ||¢] = 1. We recall the definition of the local
length scale [(u) from (4.11). For u,z € R? let J(x,u) be the Jacobian of the map
u— (x —u)/l(u). We define

Pu(z) = ¢ (xl<—u>u) VT (@, w) L) Y2,

such that ¢, is supported in the ball B, = {x € R? : |z — u| < I(u)}.

By definition, the function I(u) is smooth and satisfies 0 < [(u) < 1/2 and
V]|, < 1/2. Therefore, according to [SS03], the functions ¢, satisfy (4.12) and
(4.13) for all u € R<.

To prove the lower bound in Proposition 4.3 we follow some ideas from [LY88].

In particular, we need the following auxiliary results; the first one gives an IMS-type
localization formula for the fractional Laplacian.

LEMMA 4.15. For the family of functions (¢y),cga introduced above and for all
f € H*(QY) the identity

FAPD) = [ (0uf, (-8 6. 1) du = (£,L)
holds with Q* = {u € R? : suppg, NQ # O}. The operator L is of the form

L :/ Lg, l(u) ™ du, (4.45)
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where Ly, is a bounded operator with integral kernel

‘iIZ' _ y‘d+23

Ly, (z,y) = Csq xa(®)xa(y) -

Here yq denotes the characteristic function of €.
Lemma 4.15 implies that for any operator v with range in H*(2)

Too(=8)° = [ Tr(o0u(=A)6,) t) " du—Tr L, (4.46)
The next result allows to estimate the localization error TryL.
LEMMA 4.16. For u € R? and 0 < 6 < 1/2 we have
TryLy, < Try (C871(u) > xsxa) + C vl 1(w) > 6~ #71(5)

with
1 if1—d/d<s<l1
r(6) =< |Ind| if0<s=1-d/4
§its=t if 0 <s<1—d/4

where x5 denotes the characteristic function of {x € R? : |z —u| < I(u)(1 +9)}.

PROOF. By translation and scaling we can assume that u = 0 and (u) = 1, and
hence ¢, = ¢. (This rescaling changes €2, but the bound we are going to prove is
independent of the domain and therefore not affected by this dilation.) We set

1 | Le(zy) xs(2) xs(y) if |z =y <§
L¢(a:,y)—{0 if |le—yl>d "

LY(x,y) = Lg(x,y) — Ly(x,y) and O(x) = [ Li(x,y) dy. By a simple adaption of the
arguments of [LY88, Thm. 10] we find that for any € > 0
TryLy < Try (6 +¢x0)+ @ Tr (LZ)Z . (4.47)
It remains to bound 6 and Tr(L})*.
We begin by estimating 6. By definition, for || > 1+ § we have L}(x,y) = 0 and
hence (x) = 0, and for |z| < 1+ 6 we get

((z) — ¢(y))” 2 1
9:1:):05,/ dy < C Vol ——dy.
( d E|_<y1|j§ |z — y|&2s | | oyl <5 |z — y|d+2s—2
Thus, for all z € R?
0(x) < C 62 xs(x). (4.48)

Finally, we estimate Tr(Lg)?. The symmetry of L (z,y) implies

sy <o ff (400w
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where A denotes the set {(z,y) € R? x R? : || < min(|y|,1), |z —y| > 6}. Set
Ay ={(xz,y) € A : |yl > 2} and Ay = {(x,y) € A : |y| < 2}. Then

o], (e o f s

< (4.49)

T (19

IN

Choosing ¢ = 52_25 and combining (4.47) with (4.48) and (4.49) yields the claimed
result. O

PrROOF OF PROPOSITION 4.3. We apply Lemma 4.16 with a parameter 0 < 9, <
1/2 to be specified later. For ease of notation we write y, instead of xg,. Identities
(4.45) and (4.46) and the estimate from Lemma 4.16 imply

Try(—A)" > / Tey (Bu(=A) 6y — COFUu)*xale) xale)) I(u)  du

— C’H’yH/ 6, 2725 (0,)1(w) " du . (4.50)
Q*

If the supports of y, and ¢, overlap, we have |u — u'| < (3/2)l(u) + l(u). Tt
follows that [(u') — l(u) < ||Vl ((3/2)I(u) 4+ 1(w)). Since ||Vi]jo < 1/2 we find
I(u') < Cl(u) and I(u)~! < Cl(v')~!. Similarly, we get {(u) < Cl(v'). We assume
now that ¢, satisfies

0y < Coy if |Ju—u'| < (3/2)(1(u) + 1(u)) . (4.51)

Using these locally uniform bounds on {(u)/l(u) and 0, /0., together with (4.13), we
can deduce the pointwise bound for all z € R?

[ 1 ) xale >l(d“

= [t o) xale) ( / )

< C [ oul) S bue)

(u)d'

Rewriting the last integral with u as integration variable, in view of (4.50), we find

s [ (- G52)0)
~Clhl [ dte #

By the variational principle it follows that

Tr(Hg)- = —Oinf Tr~ ((—hQA)S _ 1)
< [T o (Y = 1= ORI ) 0,)_
s _d42-9s du
+Ch2 . 6u d+2—2 r(éu)l(u)m . (452)
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To bound the first term, we use Lemma 4.6. For any u € R?, let p, be another
parameter satisfying 0 < p, < 1/2 and estimate

Tr (¢ ((—h*A) — 1 — CR*62721(u) ™) ¢)
S Tr (¢uHQ¢u)_ + OTI' (¢u (puhzs(_A)s — Pu — h2855_28l(u)_28) ¢u)_
< T (guHadu) + CUY (puh®) ™ E) (py + h26221(u) 72)

We pick p, = h*§272%1(u)"2*. By (4.17) and our assumption that 6, < 1/2, we
see that p, < (h/lp)?2%72. We assume now that h < C~'y (with a possibly large
constant C') in order to guarantee that p, < 1/2. With this choice we find
Ch2552—23 5225 [(u d—2s
Tr (¢u ((_hQA)S -1- W) (bu) B < Tr (¢uHQ¢u)— +C %
(4.53)
Combining (4.52) and (4.53) we obtain

du 52—25 h285_d+2_2s7" 5u
Tr{Ho)- < / Tr($uHlag)- I(u) i O/Q* <hd—21;l(U)28 " 7(U)d+28( )> s
(4.54)
At this point we choose ¢, in order to minimize the second integrand, which we
shall denote by I,,. We pick

h/l(u) ifl—-d/4<s<l1
S = % (h/1(w)| In(l(u)/h)|/E4) if0<s=1—d/4
(h/1(u))¥/(4=4s) if0<s<1—d/4

and note that 6, < 1/2if h < C~!y by (4.17). Moreover, (4.51) is an easy consequence
of the corresponding estimate for [(u)/l(w’). With this choice we arrive at the bounds

h=4+2](u)~2 ifl1-d/d4<s<l1
I, < C< h= 2 (u)~ Y In(l(u)/R)]}? if0<s=1—d/4
R /2428 ] (1) /22 if0<s<1-—d/4

Finally, we integrate with respect to u. The same arguments that lead to (4.18) and
(4.19) yield
h—d+2t if1—d/d<s<l1
/ Idu < C{ h=#*2 7 In(lp/R)[M? if0<s=1—d/4
' pod/2r2sy AL g g <1 — )4
This completes the proof of the lower bound with the remainder stated in Proposition

4.3.
To prove the upper bound we put

Y= / b (6uHadw)”. dul(w) du.
Rd

Obviously, v > 0 holds and in view of (4.13) also v < 1. The range of v belongs to
H?(2) and by the variational principle it follows that

—Tr(Hg)- < TryHq = —/

Tr (¢puHogy)  1(u) *du.
R
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This yields the upper bound and finishes the proof of Proposition 4.3. U

4.6. Discussion of the second term

4.6.1. Representations for the second constant. In this section we study
the second term of (4.6) in more detail. First we derive representation (4.8).

PROPOSITION 4.17. One has

dp’

L(z) — /|1—2s

s,d Ri—1 C(|p| ) (27T)d71
e 2s

T @t (d—1)(d - 1+ 2) Tr A 0y — (AT) DT (459)

Here x is the characteristic function of Ry and

)= [ (ati) e p0) . (4.56)

PROOF. The first identity follows immediately from (4.27) and (4.28). The second
identity follows from the fact that

_ dp’ |S?=2| 2s e
/112s E— | 2s B — E (d—1)/2s
/ o PE =) 55 = o d= D(d =1+ 25)
for any E¥ > 0, which by the spectral theorem implies that

_ dp/ S 2s (
2s + /|—2s _ +\—(d—1)/2s
t = A t,t
WP G = e i AT
and similarly for A. O
REMARK. There is another representation, namely,
25 dp’
== /-2 4.57
s,d d—14+2s Ri—1 f(‘p ‘ ) (27T)d_1 ) ( )

where
€)= /0 () — e* (¢, ) dt (4.58)

Here e(u) and e* (¢, u) are the diagonals of the integral kernels of the spectral projec-
tors (A — ) and (AT — )Y, respectively. We have not shown that the integral in
(4.58) converges, since we will not use (4.57) in the remainder of this paper. Identity
(4.57) is an easy consequence of (4.55) and the fact that

a(p) = /OM e(t)dr at(t,pu) = /OM et(t,7)dr

which follows by the spectral theorem from (F—p)_ = fo (E—71)° dr. Representation
(4.57) is natural since in terms of this function the conjectured formula for the number
of negative eigenvalues of Hq takes the form

dpd dp'd -
1 00 =0 G = [ S0 gt o),

which is the analogue of Well—known two-term semi-classical formulas in the local
case; see, for instance, [Ivr80a, SV97|. The function £ plays the role of a spectral
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shift. Note that we avoided to write (4.56) and (4.58) in terms of a trace. While the
integrals on the diagonals converge, we do not expect the operators to be trace class,
see [Pus08].

REMARK. Yet another representation is

h L) = /OOO (H_(z,2) — (H")_(z,2)) dzg.

(Note that the right side is independent of z’.) This follows from (4.30) and the
corresponding formula for H. Using this representation one sees that our asymptotic
formula coincides with the one obtained in [BK08, BKS09].

Finally, we refer to (4.71) in Section 4.8 for a representation of LS; in terms of
generalized eigenfunctions of A*.

4.6.2. Positivity of the constant. Here we shall prove
PROPOSITION 4.18. For any 0 < s <1 and d > 2, one has Lg > 0.

PRrROOF. We use the second representation in (4.55) and the fact that

1 oo
E(d-1)/2s _ / efﬁEﬁ(dfl)/(%)*ldﬁ
L((d=1)/2s) Jo
for every E > 0 to see that
L(Q) _ |Sd72| 2s
sd T (2m)d-1 ( — 1+ 2s5)0((d —1)/2s)

/ / “BA(t, 1) —f’/“(t,t)) BU=D/@)=1 gt g3 |

By means of the Trotter product formula (see also [BKO08]| for a probabilistic deriva-
tion) it is easy to see that

exp(—BA)(t,u) > exp(—BAT)(t,u)

for every 5 > 0 and every t,u > 0. This, together with the fact that A # A™, proves
the proposition. O

4.6.3. Comparison with a fractional power of the Dirichlet Laplacian.
It is well-known that the Dirichlet Laplacian —Agq on €2 satisfies

Tr (—h’Ag—1)_ = Lfc)l [ Lfc)l 19 A=+ 1 o(h=d+1Y

see, e.g., [FG11b] for a proof under the sole assumption that 9Q € C* for some

0 < a<1. Here
1

L - / 2 1) d
1,d (27T)d e (|p‘ ), P

and, by an argument similar to that in our Proposition 4.17, one can bring the second
constant in the form

577 2
(2m)dL(d—1)(d+ 1)

Lf; _ Tr [XBf(dfl)/QX B (B+>—(d—1)/2}
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where B = —C‘li—; +1in L*(R) and BT = —% + 1 with Dirichlet boundary conditions

in L?(R,). A short computation, using the fact that
1
(E°—=1)_ =s(1— s)/ (E—7)_m52dr +s(E —1)_,
0

gives
1
Tr ((—h*Aq)” — 1) _ :Lgc)l Q|5 ((1 - S)/ Tl gr 4 1)
0

1
— L7100 s ((1 ) / FaD/2he1 g 1)
0

+ O<h7d+1)

_ 7@ —d _ s(d+1) (2) —d+1 —d+1

_Ls,d|Q|h d—1+28 Ll,d’aQ|h +O(h )’
that is,
~ d+1) |S4-2| 2s d —(d—
i@ _ s 2 _ Tr [vB-@=1/2,, _ (g+)-(d-1)/2]

s d—142s Y (2m)d-1 (d — 1)(d — 1 4 25) r[x X — (B") ]

Since

1 1

B2 1) = o /R SO dp = A==/ (¢ ¢)
we find that
|S9=2| 2s
(2m)d=1(d — 1)(d — 1 + 2s)
We now apply Lemma 4.19 below with B = —d?/dt* + 1 in L*(R), with P being the
projector onto L*(R, ) and with ¢(F) = E*. Then ¢(PBP) = (B")® and P¢(B)P =
AT, and therefore (4.59) yields

1 1) e [l ()

(BT)* > AT,
Since E +— E~(@=1/25 ig strictly monotone and since the operators A™ and (B*)* are
not identical, we conclude that

Tr ((A+)f(dfl)/2s _ (B*)’(d’lw) 0.

This shows that Eg — Lii)l > (0 and completes the proof of Proposition 4.2. U

In the previous proof we used

LEMMA 4.19. Let B be a non-negative operator with ker B = {0} and let P be an
orthogonal projection. Then for any complete Bernstein function

¢(PBP) > P¢(B)P. (4.59)

We recall (see, e.g., [SSV10]) that complete Bernstein functions (also known as
operator-monotone functions) are characterized by the representation

qﬁ(E):a—i-bE—i—/ooT( b

—Er ) (4.60)
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with a € R, b > 0 and a positive measure p satisfying

/0 ﬁdp(ﬂ < 00.
ProOF. We first prove that
B~ > (PBP)™'. (4.61)
Let us write P+ =1 — P, so that
B = PBP + P*BP*+ P*BP + PBP".
By the Schwarz inequality we have
P+BP + PBP* <ePBP + %PiBPL
for any € > 0, and hence
B<(1+¢)PBP+ (1 - é) PBPt.
Since P and Pt are orthogonal we can invert this inequality and obtain
B> 1—Jlr€(131_f;1.D)1 + %H(PLBPL)*P

Thus (4.61) follows by taking ¢ — 0+.
Now if ¢ is of the form (4.60) then

¢(PBP) — Py(B)P = — /OOO (PBP+71)""=P(B+7)""P) dp(7).

By (4.61) with B replaced by B + 7, this is non-negative. O

4.7. Equivalence of (4.2) and (4.3)

For the sake of completeness we include a short proof of

LEMMA 4.20. Let (Ag)ken be a non-decreasing sequence of real numbers and let
A C>0,B,DeR and -1 <a—1<b<a be related by

C = A Yag(a + 1)~ 0+, D = B(A(a + 1))~ (+0)/a

Then the asymptotic formula

N
D> A= AN £ BN" (1 40(1)), N — oo, (4.62)
k=1
18 equivalent to
D (A= M)y = CAUF/e — DAUIIIA(1 4 o(1)), A — oo, (4.63)

keN
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PRroOF. This lemma is a consequence of Hardy, Littlewood and Pélya’s majoriza-
tion theorem, which says that for any non-decreasing sequences {a;} and {b;}

Z ap < Z b forall N e N (4.64)
k=1
is equivalent to
D (M—ap)y =) (A=t  forall A€R;
k=1 k=1

see, e.g., [MOT9, Prop. 4.B.4]. As usual, we will denote property (4.64) by {ax} <

{0k}
We fix € > 0 and set 3 = A(a+1)k*+(B+e)(b+1)k". Note that the assumptions
on a and b imply

N
> BE = AN 4 (B e N (1+0(1), N— oo, (4.65)
k=1
and
aA B+e
S(A - B = A+ _ Ae(1 4 o(1)),
(Ala+ D)+ (Ala+ )07
(4.66)

as A — oo. First, we assume that (4.62) holds. Then, by (4.62) and (4.65) there is
an N, € N such that for all N > N,

N N N
2B <D <) Bt
k=1 k=1 k=1

We put af = ﬁff for k > N, and off = max(3;, \), a = min(5,, \,) for k < N..
Thus {a; } < {\} < {af }, and therefore

A=) <) (A=M)s <> (A—ay)s forall A€R.

keN keN keN
Since > pen(A — @) = Y pen(A — BF)+ + O(1), the assertion (4.63) follows from
(4.66). The converse implication is proved similarly. U

4.8. The one-dimensional model operator

Here we outline the calculations that are necessary to complete the analysis of the
model operator A" introduced in Section 4.3. The results depend on the following
spectral representation of the operator A* found in [KwalODb].

THEOREM 4.21. For E > 0 let
Y(E)=(F+1) -1
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and for A >0 put 7\(§) =0 f 0 < < 1 and

1 A% sir) (€~ 1)
T 1) RO ool

“Xp(“/ giah 8;( <>>d<)

if € > 1. Moreover, define a phase-shift

() =

PN (N = ¢7)
-] T e o7
and functions
F\(z) = sin (Az +9)) + /000 e (6 dE, x>0, (4.68)

Then

- & [ rn

defines a unitary operator from L*(R,) to L*(R,).
This operator diagonalizes A" in the sense that a function f € L*(R,) is in the
domain of AY if and only if (N\*> + 1)*®f(N\) is in L*(R,), and in this case

DPATF(N) = (N +1)°Df(N).

According to [Kwal0b| the Laplace transform of 7, is a completely monotone
function bounded by one. From (4.68) it follows that for all ¢ > 0

[FA(t)] < 2. (4.69)

Theorem 4.21 states that the functions F\ are generalized eigenfunctions of the
operator AT. Hence, we can write

2 [e.e]
et (1) = %/ (A2 +1)° — )" Fa(t)Fa(u) dA. (4.70)
0
From (4.28) and (4.8) it follows that

4 d—2
Ly = (d—1+233 ‘S ‘/ / (1—=2F2(1)) (A2 + 1) axnar.
(4.71)

4.8.1. Proof of Lemma 4.9. Lemma 4.9 is an immediate consequence of (4.70).
In view of (4.69) we estimate

1/5_1)1/2

(
’e+(t,U,M)‘ < C/ dh < Cpt/®)
0

This proves the lemma.
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4.8. THE ONE-DIMENSIONAL MODEL OPERATOR

4.8.2. Proof of Lemma 4.10. First we need the following technical result about
Dy

LEMMA 4.22. The phase-shift 9, is monotone increasing and twice differentiable
m A > 0. It satisfies

Jo =0 and 19>\—>%(1—s) as A — 00.

The first and second derivatives are bounded and one has, as A — oo,

d_w_d%?’\_g 1
dN  d\? N

PROOF. Following [KwalOb], we substitute ( = Az for ¢ € (0,1) and { = A\/z
for ¢ € (1,00) in the definition of ¥, and obtain

w1 e (i)

Note that the function
i 1/1()\2) — w()\sz) 1 (1+ /\2)8 —(1+ /\2,22)S

2Y(N/22) () 2 (1+A/22) — (1+ X"
equals 1 for A = 0 and that for all z € (0,1) it is increasing in A > 0 and tends to
22572 as X tends to infinity. By Lebesgue’s dominated convergence we find 1y = 0
and

. IR _ u
/\113)101% = ;/0 o In(2*"%)dz = Z(l—s).
By (4.67), we also have
1 o
h= 1 [ h©ow
0

T
with

A s(L+ X1 (N = ¢?)
bA(C) = 22 n(()\2+1)5—(g2+1)3) '
We remark that

1 5(2
1030A(Q)] < ONbA(Q)y—g = pln —p-1)"
for all ¢ € (0,00). Since the last expression is integrable in ¢ € (0,00) it follows that
ddy 1 [
VI ;/0 I\bA(C) dA

is bounded and, in particular, we obtain

dvy - 1 [ 1 8<2
A=0 N ;/0 ?ln (W) dc (4.72)

dx
Similarly, we can show existence and boundedness of the second derivative and de-
cay of the derivatives as A — oo by explicit calculations and Lebesgue’s dominated
convergence theorem. O
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To simplify notation we put
1— E/)\?
1—o(E) /(N

for £ > 0. Moreover, we write G, for the Laplace transform of ~, and g, for the
Laplace transform of G. According to [Kwal0b] we have

UA(E) =

_Acosty + tsindy e ' (A?) pa(t)

£>0 473
N2t g o) Az T (4.73)

g(t)

with
1 [~ t
t) = — —1 N de) .
pa(t) = exp (W /0 Pyl (¥a(¢%)) C)
To prove Lemma 4.10 we need the following properties of ¢,.

LEMMA 4.23. The function t — @\(t) is differentiable in t > 0 and its derivative
satisfies
PA(0) = o(1) as A — o0,
dvy

o\(0) = "IN +O(\) as A —0.
A=0

PROOF. For fixed ¢ € (0,00) the function A — (¢?) is non-increasing in A > 0
and tends to 1 as A\ — oo. Moreover,

L @) = (s
i) = g ()

is integrable with respect to ¢ € (0, 00). Hence we find that

1 [>1
AA0) = = [ Zn(da(¢?)dC
mJo ¢
and ¢} (0) = o(1) as A — oo by Lebesgue’s theorem.
In view of (4.72)

1 [>~1 dvly
SO)\( )|)\:O T 0 C2 n (1/}0(4. )) C d)\ o
The second claim now follows from the fact that the derivative of A\ +— ¢ (0) is
bounded. O

Proor orF LEMMA 4.10. In view of Theorem 4.21 we can write
o) =t = (O 17 ) (1= 2F}(0)
and by (4.68)
1 —2F\(t)* = cos(2)t + 20,) — 4sin(M + 05) Ga(t) — 2G\(1)?.
We get
| a0 = o ke < Rate) + Rat)
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4.8. THE ONE-DIMENSIONAL MODEL OPERATOR

with

) ( 1/s 1)1/2
Ri(pn) = /0 7 /0 (L — (A2 +1)°) cos(2At + 20,) dA

(/=1

Ropt) = /0 T /0 (11— (O + 1)°) (2sin(M + 93) Ga(t) + G (1)?) dA

dt |

dt .

To estimate R;(u) we split the integration in ¢ and integrate over ¢ € [0, 1] first.
We assume 0 < 7 < 1. The proof for v = 0 follows similarly.
We write

1 d 2\t + 20,) d
cos(2Mt + 29,) = 2—58111<2)\t+219)\) cos( /\t—l— V) dli\,\

and insert this identity in the expression for Ry(u). After integrating by parts in the
A-integral one can estimate

1
f
0

To estimate the integral over t € [1,00) we proceed similarly. We integrate by parts
twice and get

Jr
1

We conclude

(Ml/s 1)1/2
/ (1 — (N +1)°) cos(2Mt 4 20,) dA | dt < Cp ((Inp)® +1) .
0

( 1/s 1)1/2
/ ' (1t — (N +1)%) cos(2Mt 4 20,) dA|dt < Cpu(lnp+1).
0

Ry(p) < Cp((Inp)®+1)

and turn to estimating Ro(u).
Since (@) is non-negative and uniformly bounded, we have
1/9 1)1/2

Ro(y) < C / (1= (O + 1)) / £ Gy (#)du d. (4.74)
0
Identity (4.73) implies [° G5(t)dt = gx(0) and [;°tG\(t)dt = ¢}(0). We note that

_ cos, P'(N?)
PO =T Ty oe)

and apply Lemma 4.22 to estimate [;° G(t)dt < C (AAX™'). Moreover, by (4.73),

sin 19,\ 1/]’()\2) ’
— 0
)\2 @ZJ()\Q) @A( )
and we apply Lemma 4.22 and Lemma 4.23 to estimate [~ tGy(t)dt < C'(LAXTY).
It follows that

9,\(0) =

/ G\t dt < C(IAXNT) .
0
Thus, by (4.74), we arrive at

( 1/s 1)1/2
Ro(p) gc/ (p—N+1)°) (LAX)dr < Cpu(lnp+1).
0
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This finishes the first part of the proof of Lemma 4.10.
In order to prove the assertion about K (t), we bound

/”\K(t)ldtS/ Vf’|1+2s/ la™ ('], 1€'17%) — a(l€|7%) | dt d€’
0 l¢|<1 0

Here we also used that, since a(p) = a™(t,u) = 0 for p < 1, we can restrict the
integration in the definition of K to |¢'| < 1. On the other hand, from (4.26) we know
that

o0

at (b= ) — a(p)| dt < Cop' O (Inp)? +1)
0
Combining these two bounds and using that v < 1 < d — 1 we obtain the second part

of Lemma 4.10. O

4.8.3. A remainder estimate. The following technical lemma was needed in
the proof of the upper bound near the boundary.

LEMMA 4.24. Assume that ¢ € C}(R?) is supported in a ball of radius | =1 and
that (4.14) is satisfied with | = 1. Then for any % —s<o< min{%, 1 — s} one has

/ / )—¢(y)l2

Clw— gl
PROOF. For # = (2/,24) € R x R and y = (¢, y4) € R! x R put

/ ((b(il'/, xd) - (b(y,a yd))2
F.,y = .
o) (Jo" =y 2 + (g — ya)?)***

To establish (4.75) we use that
o19(x) — ¢y)I” [Fryy (@) = Foyy (D]
(—Ay) 2| < (O " d\x’ — Z,’dfli% dz (4.76)

‘iL‘ _y‘d+23

dedy < C (4.75)

and split the integration in x € R? and y € R in four parts. First we assume that x
and y are in By. Then we have to show that

|Fw — Fey (&I
d dv dy =

\/Bl \/Bl \/]Rd 1 ! Z/’d 1+20 z aray

Fy —F,, (7
/ / / | d’y/( %wi’g(z)‘ d2' dx dy
e T i

| Fry(2) = Fayy(2)]
+/B /B /| '|2la—l/2 7x’—z’|d—1i2ff 4 du dy (4.77)

1 1 =2 > |r—

is bounded from above.

To estimate the first integral over |2/ — 2| < |z — y|/2 we use that

F(2) — F(z') = dj@ /0 o (x—kt@) dt .

= |z — 2| |x/ — 2z

For j=1,...,d —1 we have

OFean) @) = ol x|dx) :jgﬁz(ajd)(qj)) — (d + 2s)(z; — ;) (Ti(x_) y_!d?g?ﬁl :
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thus
(0 Fpu0)(2")| < Clz — y|—d+1—2s '

Hence, we obtain

| Fayy(2) = Fayy(2)]
/ / i / (Z/ — :C/) / ? 2 ’ -
< C'Z’ —Z |O‘ / xr + tm -y + (ZL’d — yd) dt s (478)
0 —

with 0 < @ < 1 and 8 = (%2 + s)/(a — 1), by applying Hélder’s inequality. Note
that

i 2 (@' —y)- (& =)

_ 2 42
+ (v —ya)” = [z —y[" + 17 + 2 2 — 2|

(-~ )
R

J,’/—y/—l—t

> (|lz =yl —1)°

Inserting this into (4.78) we get for |2/ — 2| < |x — y|/2

lz—yl/2
[Fagy(2) = Fagy(2')] < Cla’ = 2| (/0 (Ifc—yl—t)mdt>

< C’le . lea‘l' _ y‘(2ﬁ+l)(lfo¢)

-«

?

where (26 +1)(1 —a) = —d — 25 + 2 — a. We conclude that for any 20 < v < 1 and
c<l—s

F, " —F, !
/ / / | d»y/('r) /d_li’;J(Z )l dZ/ d:U dy
By J By J|x' =2 |<|z—y|/2 |aj -z ’ 7

< C/ / / |Q?l . le—d+172cr+adzl ’Q? . y’—d72s+2fa dx dy
By J By J|x' =2 |<|x—y|/2

(4.79)
Now we turn to the second integral in (4.77) over |z’ — 2/| > |z — y|/2. Since

0<F

Td,Y

(2') < |z — y[ 47272 (4.80)

and 0 < 1 — s we have

Fayy(2) / / 1
— e dZ dxdy < C <C.
/B1 /Bl/|3: B A B, |w — y| 22420

(4.81)

Moreover,

1
Fy, (2 a
/ | I _ d’}y|gi1)+20 dZ, S O|[L’ - y|1—d—20’+(d—1)/p (/ Fﬂgd,y(zl)dzl)
o —2'|2e—y|/2 T T # |2 —2'[>|z—y| /2
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with 1 + l = 1, by Holder’s inequality. Since o > % — 5 we can choose p > d2;01 and

q> d+23 5. By (4.80), we have

1 1
q _ s q
</ ng y(z’)dz’) < C </ (|Z/ . y/|2 4 (13(1 . yd)Q) q(d/2+s-1) dzl)
o/~ | 2|e—yl/2 Rd—1
<C ‘xd o yd|fd72s+2+(d71)/q .

It follows that

/
Zd y( ) /
dz' dx dy
/31 /Bl /|x’ 2 >lz—y|/2 ’.%'/ - ’Z/‘d +2o

< C |$ | —d+1—-20+(d— 1)/p‘x — Y | d—254+2+(d— 1)/qudy
By J B

2 2
< C’/ t—d—23+2+(d—1)/q/ a2 (r2+t2)(_d+1_20)/2+(d_1 (2p) drdt,
0 0

Where we substituted ¢ = |24 — y4| and r = |2/ — ¢/|. Since p > L and o < 1 — s we

de y(7) / ? 1-25—20
i, A7 dady < C [t dt < C. (4.82)
By J By J|a =2 |>|z—y|/2 |33 — 2| 0

The estimates (4.81) and (4.82) show that

‘F‘T ( ) — xd y( />’ /
dz dzdy < C 4.83
/Bl /31 /:E’ 2| >|x—y|/2 ‘l’ — z/’d 1+20 ( )

and from (4.76), (4.79), and (4.83) it follows that

/ / [6(x) — o)

| x — y|d+2s
The proof that the respective integrals over By x (R?\ By), (R¢\ B;) x B;, and
(R\ B;) x (RY\ By) are finite is similar but easier, since suppp C B; and we only
have to handle one singularity at a time. 0

dedy < C'.
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CHAPTER 5

Geometrical versions of improved Berezin-Li-Yau inequalities
Leander Geisinger, Ari Laptev, and Timo Weidl

ABSTRACT. We study the eigenvalues of the Dirichlet Laplace operator on
an arbitrary bounded, open set in R?, d > 2. In particular, we derive upper
bounds on Riesz means of order ¢ > 3/2, that improve the sharp Berezin
inequality by a negative second term. This remainder term depends on geo-
metric properties of the boundary of the set and reflects the correct order of
growth in the semi-classical limit.

Under certain geometric conditions these results imply new lower bounds on
individual eigenvalues, which improve the Li-Yau inequality.

5.1. Introduction

Let 2 C R? be an open set and let —A denote the Dirichlet Laplace operator on
L?(92), defined as a self-adjoint operator with form domain H}(2). We assume that

the volume of €, denoted by ||, is finite. Then the embedding Hj(2) — L*(Q) is
compact and the spectrum of —A is discrete: It consists of positive eigenvalues

O<)\1§)\2§>\3§

accumulating at infinity only.
Here we are interested in upper bounds on the Riesz means

DA=X)T =Tr(-A=AN)T, >0,
k

where we use the notation x4 = (|| £ z)/2. In 1972 Berezin proved that convex
eigenvalue means are bounded uniformly by the corresponding phase-space volume,
see [Ber72b]: For any open set Q CRY o >1,and all A >0

T(-A-A € oo [ (bl =8 dpde = (A )

see also [LY83], where the problem is treated from a different point of view. Here

L¢ ; denotes the so-called Lieb-Thirring constant
Lcl — F(U + 1)
o T (Un)d2T (o +14+d/2)
The Berezin inequality (5.1) captures, in particular, the well-known asymptotic

limit that goes back to Hermann Weyl [Wey12a]: For Q@ C R? and o > 0 the
asymptotic identity

Tr(—A — A)7 = L& |QATH2 4 o (A7H?) (5.2)
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holds true as A — oco. From this it follows that the Berezin inequality is sharp, in
the sense that the constant in (5.1) cannot be improved. However, Hermann Weyl’s
work stimulated further analysis of the asymptotic formula and (5.2) was gradually
improved by studying the second term, see [CH24, H6r68, Ivr80a, Ivr80b, Mel80,
SV97, Ivr98| and references within. The precise second term was found by Ivrii
[Ivr80a, Ivr80b]: Under appropriate conditions on the set Q and its boundary 02
the relation

1
Tr(—A —A)7 = L&, QAT — i L 4y |0Q) ATHEZD2 o (A7HED2) - (5.3)

holds as A — oo. To simplify notation we write |€2| for the volume (the d-dimensional
Lebesgue measure) of €, as well as |0€)| for the d — 1-dimensional surface area of its
boundary. Since the second term of this semi-classical limit is negative, the question
arises, whether the Berezin inequality (5.1) can be improved by a negative remainder
term.

Recently, several such improvements have been found, initially for the discrete
Laplace operator, see [FLUO2]. The first result for the continuous Laplace operator
is due to Melas [Mel03]. From his work follows that

’Q’ o+d/2
Tr(—A —A)? < L9,|9| (A—Md—) , A>0, o>1, (5.4)
! 1Q) /),

where M, is a constant depending only on the dimension and (£2) denotes the second
moment of €2, see also [Ily10, Yol10, YY10] for further generalisations. One should
mention, however, that these corrections do not capture the correct order in A from
the second term of the asymptotics (5.3). This was improved in the two-dimensional
case in [KVWO09], where it is shown that one can choose the order of the correction
term arbitrarily close to the correct one.

In this paper we are interested in the case ¢ > 3/2. For these values of o it
is known, [Wei08]|, that one can strengthen the Berezin inequality for any open set
Q) C R? with a negative remainder term reflecting the correct order in A in comparison
to the second term of (5.3). However, since one can increase |0§2| without changing
the individual eigenvalues )\ significantly, a direct analog of the first two terms of the
asymptotics (5.3) cannot yield a uniform bound on the eigenvalue means. Therefore
- without further conditions on §2 - any uniform improvement of (5.1) must invoke
other geometric quantities.

In the result from [Wei08] the remainder term involves certain projections on
d — 1-dimensional hyperplanes. In [GW10] a universal improvement of (5.1) was
found, that holds for o > 3/2 with a correction term of correct order, depending only
on the volume of €.

The proof of the aforementioned results relies on operator-valued Lieb-Thirring
inequalities [LWO00] and an inductive argument, that allows to reduce the problem to
estimating traces of the one-dimensional Dirichlet Laplace operator on open intervals.

In this paper we use the same approach, but with new estimates in the one-
dimensional case, in order to make the dependence on the geometry more transparent.
The new one-dimensional bounds involve the distance to the boundary of the interval
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in question and are related to Hardy-Lieb-Thirring inequalities for Schrodinger oper-
ators, see [EF06]. There it is shown that for ¢ > 1/2 and potentials V € L°FY/2(R,),
given on the half-line R, = (0, 00), the inequality

2 o 0 1 o+1/2
_Z < =
Tr( e V)_ < LJ/O (V(t) 4t2)+ dt

holds true, with a constant L, independent of V. For further developments see
[FLS08, Fra09].

We start this paper by analysing the special case of the Dirichlet Laplace operator
given on a finite interval I C R, with the constant potential V = A. For ¢ > 1 we
establish that the estimate

d2 o l 1 o+1/2
2 < [¢ -
(- -n) <z [(a 45(t)2>+ i

is valid with the sharp constant Lﬁl, where §(t) denotes the distance to the boundary
of I. This is done in Section 5.2.

Then we can use results from [LW00, Wei08] to deduce bounds in higher dimen-
sions: In Section 5.3 we first derive improvements of (5.1), which are valid for any
open set Q C R% d > 2. These improvements depend on the geometry of €. In view
of the asymptotic result (5.3) one might expect, that this geometric dependence can
be expressed in terms of the boundary of 2. To see this, we adapt methods, which
were used in [Dav95, Dav99, HHLO02]| to derive geometric versions of Hardy’s in-
equality. Here the result gives an improved Berezin inequality with a correction term
of correct order depending on geometric properties of the boundary.

If © is convex and smooth this dependence can be expressed only in terms of |Q],
|0€2| and the curvature of the boundary. In particular the first remainder term of the
estimate is very similar to the second term of the semiclassical asymptotics (5.3): it
shows the same order in A and it depends only on the surface area of the boundary.

In Section 5.4 we return to the general case, where  C R? is not necessarily
convex or smooth, and obtain lower bounds on individual eigenvalues \;. Under
certain conditions on the geometry of {2 these results improve the estimate

> — | —= .

from [LY83], where C; denotes the semi-classical constant 47 I'(d/2 + 1)%/7.

Finally, in Section 5.5, we specialise to the two-dimensional case, where we can
use the foregoing results and refined geometric considerations to further improve and
generalise the inequalities. In particular, we avoid dependence on curvature, thus we
do not require smoothness of the boundary.

The question whether such improved estimates can be generalised to 1 < o < 3/2
remains open.
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5.2. One-dimensional considerations

Let us consider an open interval I C R of length [ > 0. For ¢t € I let
O(t) = inf{|t—s| :s¢ I}

be the distance to the boundary. The eigenvalues of —d?/dt*> subject to Dirichlet
boundary conditions at the endpoints of I are given by A, = k?x?/[?. Therefore the

d2 g k27'('2 g
Tr(—@—A)_:Z(A— l2 .
k +
To find precise bounds on the Riesz means in the one-dimensional case, it suffices to
analyse this sum explicitly. Our main observation is

Riesz means equal

LEMMA 5.1. Let I C R be an open interval and o > 1. Then the estimate

2 o l 1 o+1/2
Tr(—— —A) <L A —— dt
( ar ) = / ( 46<t>2>+ ’

holds true for all A > 0. The constant 1/4 cannot be improved.

The remainder of this section deals with the proof of this estimate. First we need
two rather technical results. The proof is elementary but not trivial and therefore
will be given in Section 5.6.

LEMMA 5.2. For all A>1/m

k2 9 TA 1 3/2
1-2) <= - . .
Z( 142)+ = 37/, ( 52> ds (5.6)

k

LEMMA 5.3. Let I C R be an open interval of length | > 0. Then for o > 1 and
c>0

Lg{lfl(/\_#)m”dt_;(A_”;’fg)i _ (%_\/g) A% +0(A%)

+

holds as A — oo.

PROOF OF LEMMA 5.1. Note that one can always assume I = (0,[), where [ > 0
denotes the length of the interval. First we deduce the estimate for ¢ = 1 from
Lemma 5.2. Assume A > [=2 and apply Lemma 5.2 with A = Iv/A/7 to get

> 2 [IVA 1\*?
_ — _ < S _ .
Tr< T A)_ Azk:(l )+ <Az (1 52) ds

Substituting s = Qt\/K, we find that

2 4 1/2 1 3/2 1/2 1 3/2
() 2 [ (e e [ (o)
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5.2. ONE-DIMENSIONAL CONSIDERATIONS

holds for all A > [72. Note that this inequality is trivially true for 0 < A < (72, since
the left hand side is zero. Finally, we use the identities

1/2 1 3/2 l 1 3/2 1 [ 1 3/2
A—— dt = AN——— dt = — AN——— dt
o Cmm), o= [ Cmamw), s (),

to finish the proof for o = 1.
To deduce the claim for ¢ > 1 we can apply a method from [AL78]. Writing

S (A -] = m/jgﬂ;(/\q_xm dr,

k

we estimate

d2 o 1 3/2
(-2 —A) < A— _
r( pTE )_ = 320—1 // ( 15(1)2 T>+ dr dt

s S [ (ae i)

and the result follows from the identity L, B(5/2,0 — 1) = L%, B(2,0 — 1).
The claim, that the constant 1/4 cannot be improved, follows from Lemma 5.3:

For ¢ = 1/4 the leading term of the asymptotics in Lemma 5.3 vanishes. For any
constant ¢ > 1/4 the leading term is negative, thus the estimate from Lemma 5.1
must fail in this case, for large values of A. O

Figure 1 illustrates the results of Lemma 5.1 and Lemma 5.3 for [ = 72 and o = 1
with the sharp constant ¢ = 1/4: The function

f(A) = L§, /OW (A— ﬁw)iﬂdt—Z(A—ﬁh

k

is plotted for 1 < A < 112, so that the first ten minima are shown.

25
2.0
15
1.0

0.5

20 40 60 80 100

F1GURE 1. The function f(A), illustrating the results from Section 5.2.
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5.3. Results in higher dimensions

In this section we use the one-dimensional result to prove uniform eigenvalue esti-
mates for the Dirichlet Laplace operator in bounded open sets in higher dimensions.
These estimates - refinements of the Berezin inequality (5.1) - depend on the geometry
of the set, in particular on properties of the boundary.

5.3.1. Arbitrary open sets. First we provide general estimates, valid for any
open subset Q C R?, d > 2. Let

St = {z eR?: |z| =1}
denote the unit-sphere in RY. For an arbitrary direction v € S¥~! and = € Q set
O(z,u) = inf{t>0:z+tudgQ},
d(z,u) = inf{(z,u),0(xr,—u)} and
l(x,u) = O0(x,u)+0(x,—u).

THEOREM 5.4. Let Q C RY be an open set and let u € S** and o > 3/2. Then
for all A > 0 the estimate

. . 1 o+d/2
Tr <—A — A)_ S LUl,d/Q (A - W) dx (57)

Jr
holds true.

REMARK. Let us define

lo = inf sup l(z,u). (5.8)
u€SI1 2eQ
Then Theorem 5.4 implies the following improvement of Melas-type: For o > 3/2
and all A > 0 the estimate

1 o+d/2
Tr(—A - A)? < L, 19 <A - —2) (5.9)
) lo .
holds. In convex domains [, is the minimal width of the domain, see [BF48]. In
this case 1/I2 is bounded from below by a multiple of [2|~2/¢, [YB61], while no such
bound holds for the improving term |Q2|/1(€2) in Melas’ inequality (5.4).

The proof of Theorem 5.4 relies on a lifting technique, which was introduced in
[Lap97], see also [LW00, ELWO04, Wei08, FLO8| for further developments and
applications.

PROOF OF THEOREM 5.4. We apply the argument used in [WeiO8] to reduce
the problem to one-dimensional estimates. Fix a Cartesian coordinate system in R,
such that the given direction u corresponds to the vector (0,...,0,1).

For z € R? write z = (2/,t) € R x R and let V' and —A’ denote the gradient
and the Laplace operator in the first d — 1 dimensions. Each section Q(z') = {t €
R : (2/,t) € Q} consists of at most countably many open intervals Jy(z') C R,
k=1,...,N(z') < 0.
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We consider the quadratic form of —A — A on functions ¢ from the form core

C§°(2) and write
2 2 2 2
HV(:OHLQ(Q) - AH‘PHL2(Q) = HVISOHL'Z(Q) +/Rd1 da’ /Q( y (’at90| - A‘90|2) dt .

The functions (2’, -) satisfy Dirichlet boundary conditions at the endpoints of each
interval Jy(2') forming 2(2’), hence

N(z")
/ (l0wpl* — Alg|?) dt - = Z/ (I0wp|* — Alp?) dt
Q(z") =1 Y Jk(@)

N(z')
> - Z <V/€("L‘/)Qp($,7 ')a 90(1‘/7 ')>L2(Jk($’)) )

k=1
where the bounded, non-negative operators Vi (z', A) = (=92 — A)_ are the negative
parts of the Sturm-Liouville operators —9? — A with Dirichlet boundary conditions
on Ji(x'). Let

N(z")

V(z',A) = 5 Vila', A)

k=1
be the negative part of —9? — A on Q(z’) subject to Dirichlet boundary conditions
on the endpoints of each interval Ji(2'), k =1,..., N(2), that is on 0§2(2"). Then

[, (el = Aoyt 2~V N, 000" sy

/

and consequently
2 2 2
HVSOHL?(Q) —A ||90”L2(Q) 2 ||V/<P||L2(Q) - /Rdl dz’ (V@' ), o(2', ) 2y
Now we can extend this quadratic form by zero to C§° (]Rd \ 89), which is a form
core for (—Aga\g) ® (—Aq — A). This operator corresponds to the left hand side of

the equality above, while the semi-bounded form on the right hand side is closed on
the larger domain H* (]Rdil, LQ(R)), where it corresponds to the operator

~A'@I-V(z,A) on L*(R*' L*R)). (5.10)
Due to the positivity of —Aga o Wwe can use the variational principle to deduce that
for any o > 0
Tr(—Aq—A)° = Tr ((—ARd\Q) @ (—Aq — A))i
< Tr(-A'@I-V(a',A)7.
Now we apply sharp Lieb-Thirring inequalities [LWO0O] to the Schrodinger operator
(5.10) with the operator-valued potential —V'(2’, A) and obtain that for o > 3/2

Tr(—Aq —A)? < Lf,{d_l/ TeV(z!, A)7H D2 gy (5.11)

Rd-1
To estimate the trace of the one-dimensional differential operator V(z’,A) we
apply Lemma 5.1. Our choice of coordinate system implies that for x = (2/,t) € Ji(2)
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the distance of ¢ to the boundary of the interval J(2') is given by d(z,u). Hence,

o+(d—1)/2
_A)

| 1 o+d/2
< Lt A @ «
S Lov-121 /sz(z/) ( 4d(($'>t>v“))+

L, 0

Lemma 5.1 implies

N(z') 2

d

T V / A O'+(d—1)/2 — T o
(', A) DR B

Ji(x")

and the result follows from (5.11) and the identity L, L(C7'l+(d—1)/2,l =

We proceed to analysing the geometric properties of (5.7). Note that the left
hand side of (5.7) is independent of the choice of direction u € S, while the right
hand side depends on u and therefore on the geometry of 2. For a given set () one
can minimise the right hand side in v € S!. The result, however, depends on the
geometry of € in a rather tricky way. In order to make this geometric dependence
more transparent, we average the right hand side of (5.7) over u € S¢~!. Even though
the resulting bound is - in general - not as precise as (5.7), it allows a more appropriate
geometric interpretation.

To analyse the effect of the boundary, one would like to estimate d(x, u) in terms of
the distance to the boundary. See [Dav95, Dav99, HHLO02|, where this approach is
used to derive geometrical versions of Hardy’s inequality. To avoid complications that
arise, for example, if the complement of () contains isolated points, we use slightly
different notions: For z € () let

Q) ={yeQ:z+tly—2) €, Vte|0,1]}

be the part of {2 that "can be seen” from x and let

o(x) = inf {ly — al + y ¢ ) |

denote the distance to the exterior of Q(z).
For fixed € > 0 put

A(x) = {aGRd\M: |z — al <5(a:)+5}

and for a € A.(z) set By(a) = {y € R? : |y —a| < |v — a|} and

_ |Bua)\ 2(@)|

wglr — al?

Pa(T)

Y

where wy denotes the volume of the unit ball in R?. To get a result, independent of
a and €, set

p(z) = inf sup pa(z).
e>0 a€Ac(x)

Note that R?\ Q(x) is open, hence p,(x) > 0 and p(z) > 0 hold for x € Q. Finally,
we define

%WZLWWWn
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where Ro(A) C Q denotes the set {z € Q : §(z) < 1/(4V/A)}. The main result of
this section allows a geometric interpretation of the remainder term:

THEOREM 5.5. Let 2 C R? be an open set with finite volume and o > 3/2. Then
for all A > 0 we have

Tr(—A—A)7 < L& QAT — L2 27T ATH2 (o (M) (5.12)

The function p(x) depends on the behaviour of the boundary close to x € €. For
example, p(x) is small close to a cusp. On the other hand p(z) is larger than 1/2 in a
convex domain. By definition, the function Mq(A) gives an average of this behaviour
over Ro(A), which is like a tube of width 1/(4v/A) around the boundary.

Note that Mq(A) tends to zero as A tends to infinity. This decay in A is of the
order (6p7—d)/2, where §,; denotes the interior Minkowski dimension of the boundary,
see e.g. [Lap91, FV93, FLV95] for definition and examples. If d — 1 < dyy < d
and if the upper Minkowski content of the boundary is finite, then the second term of
the asymptotic limit of the Riesz means equals O (A“+5A4 / 2) as A — oo, see [Lap91].
Therefore the remainder term in (5.12) reflects the correct order of growth in the
asymptotic limit.

In particular, if the dimension of the boundary equals d — 1, we find

Mg(A) = |09 A7V2 4 o(A1/?)

as A — oo and the second term in (5.12) is in close correspondence with the asymp-
totic formula (5.3).

PROOF OF THEOREM 5.5. We start from the result of Theorem 5.4 and average
over all directions to get
o+d/2

1
Tr(—A —A)7 < L9 A(’*d/z// 1l—-— d
I'( )— — “od 0 Jsi 4Ad($, U)2 dl/(u) d.ﬁE, (5 3)

_l’_

where dv(u) denotes the normed measure on S,
For z € Q and a ¢ Q(x) let O(x,a) C S ! be the subset of all directions u € S,
satisfying « + su € B,(a) \ Q(z) for some s > 0. For such s we have

s < 2|z —al. (5.14)
By definition of p,(x) and O(z,a) we find

pul() walt — al* = |Bo(a) \ Q)| < / ) el =

hence
/ dv(w) > 2% py(z) (5.15)
O(z,a)

Using (5.14) we also see that for u € O(z,a) the estimate d(z,u) < s < 2|z — qf
holds.

Now fix A > 0 and choose 0 < ¢ < 1/(4V/A) and a € A.(x). By definition of
A.(x) it follows that for all u € O(z,a)

d(z,u) < 2|z —a| < 2(6(x) +¢). (5.16)
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The set O(z,a) must be contained in one hemisphere of S¢~! which we denote by
S4t. Using that d(v,u) = d(z, —u) we estimate

1 o+d/2 1 otd)2
—— — 2 -
/S“ ( 4Ad(f€v“)2>+ ) /si-l ( 4Ad(x,U)2)+ i)

< dv(u) .

1- 2/
{ues{ ™ 1d(z,u)<1/(2VA) }
Assume that §(z) < 1/(4v/A) — . From (5.16) it follows that
O(z,a) C {u €St d(z,u) < 1/(2\/K)} ,

hence, using (5.15), we conclude

1 o 1-d
l1—-— dv(u §1—2/ dv(u) < 1—=2"%4(x).
/Sdl < 4Ad(x,u)2> ( ) O(z,a) ( ) ( )

+
Since a € A.(x) was arbitrary we arrive at

1 o+d/2
/ <1‘ M) dv(u) < 1-21p(z),

+

for all z € Q with 6(x) < 1/(4V/A) — € and we can take the limit & — 0.
It follows that

o+d/2
dv(u)dr < 9—21_d/ p(x)dx
//sd 1 ( 4Ad (z,u)? >+ (u) < zeQ:5(x)<1/(4vA) } (=)

and inserting this into (5.13) yields the claimed result. O
5.3.2. Convex domains. If Q C R? is convex, we have Q(z) = Q and
p(x) > 1/2 (5.17)
for all z € Q. Thus we can simplify the remainder term, by estimating Mq(A).

COROLLARY 5.6. Let Q C R be a bounded, convex domain and let Q; = {x € Q :
d(z) >t} be the inner parallel set of Q. Then for o > 3/2 and all A > 0 we have

Tr(—A—A)7 < Lg{d QAT — Lg{d 9—d—2 109 am)| AOHd=1)/2

PROOF. Inserting (5.17) into the definition of Mq(A) yields

1 1 1 /(4VA)
Mo(A) > -/ dr — -/ dr — -/ o] dt. (5.18)
2 Jro) 2 J{ze:o(@)<1/(4VA)} 2o

In view of (5.12) estimating

1/(4VA) 1
proves the claim. O

If more is known about the geometry of €2 we can refine the estimate.
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COROLLARY 5.7. Let Q C R? be a bounded, convex domain with smooth boundary
and assume that the curvature of 02 is bounded from above by 1/R. Then for o > 3/2
and all A > 0 we have

1 —_—
TM—A—wM”f;LiﬂmAHW2—Liﬂ‘fﬂmﬂA“W]V{/ O-—d 13) ds .
’ ’ 0 4R\/K +

Note that one can estimate the integral in the remainder term to get the simplified
bound

Tr(=A —A)7 < L9, |QATH2 — 4 9742 |gQ| A7+H(d-1)/2 (1 _d-1 ) ’
’ ’ SRVA) .

PROOF OF COROLLARY 5.7. To estimate Mq(A) we can use Steiner’s Theorem,
see [GugT77, vdB84b|, namely

d—1
|0S%| > (1—— ) |09 . (5.19)
R +
From (5.18) it follows that
1 Y(Ava) d—1 09 [ d—1
> By [ (1421 g2 000 Py

Inserting this into (5.12) completes the proof. O

5.4. Lower bounds on individual eigenvalues

In order to further estimate the remainder terms, in particular to show that the
remainder is negative for all A > \;(£2) one needs suitable bounds on the ground state
A1(£2). We point out the following consequence of the proof of Theorem 5.4 which
might be of independent interest.

COROLLARY 5.8. For any open set Q0 C R? the estimate
2

7T
() = 7l
0

holds, where ly is given in (5.8).

REMARK. One can compare this bound with

d
A(Q) > inf (| ———
1) 2 2E6 <4m(x)2> ’
see [Dav95]. Here m(x)~? denotes the average of d(x,u)™? over all directions u €
S9!, The relation between these bounds depends on the geometry of ). In particular,

the bound from Corollary 5.8 is stronger, if the width of €2 is small along an arbitrary
direction u € S9! such that [, is small enough.

PRrOOF OF COROLLARY 5.8. Fix € > 0 and choose a direction vy € S?!, such
that sup,cq (7, up) < lp + . We write z = (2/,t) € R¥™! x R, where the t-axes is
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chosen in the direction of ug. Let us recall inequality (5.11) from the proof of Theorem
5.4: For any o > 3/2

Tr(-A—A)? < LY, / Tr V(2/, A)7H D2 dy |
Rd-1

where V(2/, A) denotes the negative part of the operator —9? — A on

N(z')
x) = U Jp(2
k=1

with Dirichlet boundary conditions at the endpoints of each interval Ji(z'). This
inequality can be rewritten as

N(z")

2 o+(d—1)/2
Tr (—A —A)? <L§ld1/ Z}:( ) da’ .
|<]k +

k=1 jeN
Our choice of coordinate system implies |Ji(2')| < sup,cql(z,up) < lp + ¢ for all
k=1,...,N(2') and all 2/ € R4"L. It follows that the right hand side of the inequality
above is zero for all A < 72/(ly + €)?. Thus by taking the limit ¢ — 0 we find

ST =) = Tr(=A =AY =0,

neN

for all A < 72/12 and \; > 7%/I2 follows. O

From (5.9) we obtain similar bounds on higher eigenvalues using a method intro-
duced in [Lap97].

COROLLARY 5.9. For any open set @ C R? with finite volume and any k € N the
estimate

12\ d T((d+3)/2)\* ke 1
w2 e (2) g (amen) oot

holds, with
Cy = 4xT(d/2+1)¥".

PROOF. Let N(A) = Tr (=A — A)° denote the counting function of the eigenval-
ues below A > 0. In [Lap97] it is shown that for ¢ > 0, and all A > 0, 7 > 0
NA) < (tA)7 Tr (A= (1+71)A)7 . (5.20)
If we apply this inequality with o = 3/2, we can use (5.9) to estimate
| 4 7)(d+3)/2 1 (d+3)/2
N(A) < Lthy 0 A% 1— .
( ) 3/2d| | 73/2 A(l —|—T)l(2)
Minimising the right hand side in 7 > 0 yields 7, = 3(AlZ —1)/(dAl3) and inserting
this we find Y
2
0 g AR
N(A) < L3/2,d|Q|W A—% L

This is equivalent to the claimed result. O
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REMARK. Applying the same method to (5.1) with ¢ = 1 we recover the Li-Yau
inequality (5.5). In the proof of Corollary 5.9 we have to start from o = 3/2, therefore
the result is not strong enough to improve (5.5) in general, i. e. the coefficient of
k2/1/1Q|?/ in Corollary 5.9 is less than Cy-d/(d+2) for all d > 2. However, one gets
an improvement of (5.5) for low eigenvalues whenever [ is small.

5.5. Further improvements in dimension 2

In this section we further improve Corollary 5.7 and generalise it to a large class
of bounded convex domains € C R2. Here we do not require smoothness, therefore
we cannot use (5.19) to estimate inner parallels of the boundary. To find a suitable
substitute let w denote the minimal width of 2 and note that for [y given in (5.8) the
identity

w = [
holds true, see e.g. [BF48]. In the remainder of this section we assume that for all
t>0

00| > <1—§) 00 (5.21)
wyy

This is true for a large class of convex domains, including the circle, regular polygons
and arbitrary triangles and equality holds for the equilateral triangle. Actually we
conjecture that (5.21) holds true for all bounded convex domains in R?.

Furthermore we need a lower bound on the ground state. From Corollary 5.8 we
obtain that for all convex domains 2 C R?

71.2

M(Q) >

- (5.22)
holds. One should mention that this follows immediately from the variational princi-
ple and the fact that A\;(Q) = 72/w? if Q is the infinite strip with width w. Moreover,
the same estimate can be obtained from the inequality A;(Q2) > 72/(4r2,), see [OssT7],
where r;, is the inradius of €.

Using (5.21) and (5.22) we can derive a more precise version of Theorem 5.5,
where the correction term depends only on |0€2| and is apart from that independent

of the geometry of 2.

THEOREM 5.10. Let Q C R? be a bounded, convex domain, satisfying (5.21). Then
for o > 3/2 we have
Tr(-A—-A)? =0 if A <7?/w? and
Tr(—A—A)7 < L¢, QAT — Cpp LY |OQI ATV i A > 72 fw?

11 3 2 AT
Ceo > — — In| — | > 0.0642.
=9 20mt Ba ( 3 )
PRrROOF. The first claim follows directly from (5.22), thus we can assume A >
72 /w?. First we prove the result for ¢ = 3/2. Again we can start from (5.13) and we
need to estimate d(x,u) in terms of §(x), which is just the distance to the boundary,
since () is convex.

with a constant
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Fix z € Q. Since Q is convex and smooth we can choose uy € S !, such that
d(z,up) = §(x). We can assume ug = (1,0,...,0) and put ST = {u e R : uy > 0}.
Let a be the intersection point of the semi-axes {z + tug,t > 0} with 02 and for
arbitrary u € ST let b, be the intersection point of {z + tu,t > 0} with the plane
through a, orthogonal to uy. We find d(z,u) < |z — b,| and if §, denotes the angle
between ug and u, we find
o —al _ b(2)

dl@,u) < |z =bu] = cosf,  cosl,

Using (5.13) and taking into account that d(z,u) = d(z, —u) we get

w/2 2(0 5/2
LA AR < pe A 2/ _ cos(0)
Tr(=A—=A)7" < Lgp, A /Q7T A (1 Ao (0)? df dx ,
)

where 6y = 0 if 6(x) > 1/(2v/A) and 6, = arccos(25(z)v/A) if §(z) < 1/(2v/A). To

obtain a simple bound one could estimate
. cos2(0) \*/? - cos?(6)
4N0(x)? - 4NG(x)?
However, to get a result as precise as possible we use

cos?(0) \ cos?(0) cos*()
(1 - 4A5(x)2) = 1 oase T i6A%s ()

A2 cos*(0) cos*(0)
A 3/2
Tr(~A - A2 < 5Wz//@o ( T )2+16A25($)4)d0d:r. (5.23)

Set 1o = min(1,26(x)v/A) and calculate
w/2 2 4
/ L cos @ L _cos (0) o
80 2A6(x)?  16A25(x)*
T 4 arcsin(ug) — ugy/1 — ud N 3arcsin(ug) — ug (2ud + 3) /1 — u

2 a A6 (2)? 12826 ()
Inserting this back into (5.23) yields

Tr (—A - A)*? < 10% Q| A% — AS2 (1, 4 1) (5.24)
where
[ / 1 1 3 d
e {5(33)21/(2\/X)} 107 4A5(£C)2 128A2(5<£If)4 .
and
I, — / L arccos(2v/Ao () + arcsin(2v/Ad(z)) /1= 4A(2)?
{8(x)<1/(2v/R)} O ANS(x)? 2v/A6 ()

3arcsin(2v/Ad(z))  (8AS(z)? + 3)y/1 — 4A6(x)? p
TTImAD (@) 64A3/25(x)? "
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5.5. FURTHER IMPROVEMENTS IN DIMENSION 2

First we turn to

1 [ 1 3
L= — 09 - dt .
b 10m 1/<2¢K>| t|<4At2 128A2t4)

Note that the term in brackets is positive, thus after substituting s = 2v/At we can
use (5.21) and A > 7T2/w2 to obtain

1 109 / 13
> - _
Loz 207 52 8st ds

1 |99 39 21 3. (om
- Lo 20 2 (2F))
20 /A 8 327 12873 2rw 3

Similarly we can treat I and get

1 [oQ] (557 7w 3 ! arcsin(s)
I > _m 2 [ e ) |
1072 VA \192 16 27), s

In view of L§, , = 3/16 we can write

69 (11 3 2 o
htl 2 Loy 7o\ gs ~ g0 52 3 - 53 02)

and inserting this into (5.24) yields the claim in the case o = 3/2.
To prove the estimate for ¢ > 3/2 we again refer to [AL78] and use the identity

1 [e.e]
Tr(-A—A) = PRI (A - (A7) d
from which the general result follows. U

Now we can apply the same arguments that lead to Corollary 5.9 to derive lower
bounds on individual eigenvalues.

COROLLARY 5.11. Let Q C R? be a bounded, convexr domain, satisfying (5.21).
Then for k € N and any a € (0,1) the estimate

M) o b 157C,, 109 Tk 225m2C2 00 | 2257°C2 |00
>1 /2 " 1 co co
o 2 0m T T 138 [P

holds, with the constant C., given in Theorem 5.10.
PrOOF. Applying (5.20) and Theorem 5.10 with o = 3/2 yields

‘ (L+7)? : (L+7)°

N(A) < L5z |9 A —g5— = Coo L [0Q] VA 75—
for any 7 > 0 and A > 72/w?. With 7 = /(1 — a), a € (0, 1), this is equivalent to
the claimed estimate. O

REMARK. Given a fixed ratio |0€2|/|€2| one can optimise the foregoing estimate in

€ (0,1), depending on k € N. As mentioned in the remark after Corollary 5.9, the
result cannot improve the Li-Yau inequality (5.5) in general, since we have to apply
(5.20) with o = 3/2 instead of o = 1. However, the estimates obtained from Corollary

5.11 are stronger than (5.5) for low eigenvalues and the improvements depend on the
ratio |092]/|Q.
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5. GEOMETRICAL VERSIONS OF IMPROVED BEREZIN-LI-YAU INEQUALITIES

In particular, one can use the isoperimetric inequality, namely that
09 > 2(x|02)!/*

for all Q C R?, to derive general improvements of the Li-Yau inequality (5.5) for low
eigenvalues. From (5.5) we get

2k
1€2]
and one can supplement these estimates with the Krahn-Szegd inequality [HenO06|
272
Ma(€) > ,éj”l (5.25)

Optimising the estimate of Corollary 5.11 with |9Q| = 2(7|Q2])!/2, we find that for
any convex domain, satisfying (5.21),

40.50 127 2mjg,

A6($2
S TR TR T
46.74  14rw 144.58 46w

In this way we can improve (5.5) and (5.25) in convex domains for all eigenvalues

Finally let us make a remark about the square Q; = (0,1) x (0,1) C R? [ > 0.
Using the methods introduced in section 5.2 one can establish the following two-
dimensional version of Lemma 5.1: Choose a coordinate system (z1,7,) € R? with
axes parallel to the sides of the square and for x € @); put

d(z;) = min(x;, [ —x;), i=1,2.

Then for o > 1 and all A > 0 the estimate

Tr(-A-A)7 = > (A—?—j(n2+m2)>a

l ! I 1 1 2 o+1
< L7 AN=Cy| —— + ) dz, dx
// ( q(é(xn (i2) >+ e

holds with a constant Cy, > 1/10.

5.6. Proof of Lemma 5.2 and Lemma 5.3

5.6.1. Proof of Lemma 5.2. For A € R let A and A denote the integer and
fractional part of A respectively. Then we can calculate

2 4 B\ - 1 (A A A
Z(l—ﬁl - Z(l—ﬁ) _A_E<?+7+E

k
24 1 1 ~ ~ 1 ~ ~ <5
— —————+A(1—A)Z+A<1—3A+2A)@.
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5.6. PROOF OF LEMMA 5.2 AND LEMMA 5.3

From 0 < A < 1 we conclude A(1 — A) < 1/4 and A (1 ~ 34+ 2A2> < /3/18 and

we get
k? 24 1 1 V3
- =) <=_-4_— . 2
Z( A2)+_3 > " 124 T 10842 (5.26)

To estimate the right hand side of (5.6) note that

1) %2 1 3 1
/(1——2) ds:<1+—2)\/32—1+—arctan( ),
s 2s 2 21

thus
2 [ 1\*? Im2A2 4 1VmPAZ —1 1 1 1
— 1-—= ds = + — arctan (| ————= | — =
3t )y 52 3m2A TA T VA2 — 1 2
Now we can insert the elementary estimates
1 1 Vm2AZ —1 1 a
arctan | ——— | > — and — > 11— R
VA — 1 A TA om2A? Al

both valid for A > 2, where we write a = 16 — 2/7? — 84712 — 1/7 for simplicity.
We get

2 [ 1\*? 24 1 1 1 a (2 1
= 1— — ds > ———-4+———— — = | — 5.27
37/, ( 52) I T R o Y R (A3 +7TQA5) (5.27)

for all A > 2. From (5.26) and (5.27) we deduce that (5.6) holds true for all A > 2,

since \/_
1 1 3 1 2a a
— A A — AP — >0
(71'2 12) 108 (67T4 + 3) 3r2 —
for all A > 2.

Note that (5.6) is trivial for 1/7 < A < 1, since the left hand side equals zero.
The remaining case 1 < A < 2 can be checked by hand.

5.6.2. Proof of Lemma 5.3. We assume [ = (0,1), substitute ¢t = s1/c¢/A and

write
I e \oH1/2 IVA/(2,/) 1\°t1/2
A——— dt = 2 cA"/ (1——) ds.
A ( 5(t)2)+ \/— 1 82

The claim of the Lemma follows, if we show that
IVA/(24/¢) 1 o+1/2 212\ 7 1
cl T _
2\/ELU’1/ (1—;) ds—Ek (1—Al2)+—§—\/5+0(1)

as A — oo. With A = [v/A/7 this is equivalent to

wA/(2y/c) 1 o+1/2 2\ ° 1
QﬁLgflfl (1——) ds—Z(l—ﬁ) = 3 —Veto(l) (528)
k

2
s +

1

as A — oo.
It is easy to see that

2\7 A 1\ 1
1-—) =ZB 1L,=)—=+o(1
;( A2)+ 5 (a+ ,2) 5 +oll)
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5. GEOMETRICAL VERSIONS OF IMPROVED BEREZIN-LI-YAU INEQUALITIES

as A — o0o. Moreover, we claim

A/ (2v/€) 1\ A 1 1 3
— ds = —— +-B(—= ° 1 5.29
/1 < 52) s 2\/E+2 ( 2,0—|—2>+0() (5.29)

as A — oo and (5.28) follows from LY, = B(o + 1,1/2)/(2), if we can establish
(5.29). Let us write

(1 - 8—12>m = %;(—1)’g (7]?>82k _ ; (k—fg— 1>S2k

for m > 1 and note that the sum is finite if m € N, while the sum converges uniformly
on s € [1,00) if m ¢ N. Hence we have

/ly(l—é)mds = y+2(k_7:_1>2k1_1+o(1)

k>0

as y — oo. Using that

k-m—1) 1 1/
Z( k )%-1_53(_5””“)

k>0

/yl LY g = g (=L +o(1)
1 = s=y+3 5™ )

as y — 0o, which is equivalent to (5.29). This finishes the proof of Lemma 5.3.

we obtain
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CHAPTER 6

Universal bounds for traces of the Dirichlet Laplace operator
Leander Geisinger and Timo Weidl

ABSTRACT. We derive upper bounds for the trace of the heat kernel Z(t) of
the Dirichlet Laplace operator in an open set  C R% d > 2. In domains
of finite volume the result improves an inequality of Kac. Using the same
methods we give bounds on Z(t) in domains of infinite volume.

For domains of finite volume the bound on Z(t) decays exponentially as ¢ tends
to infinity and it contains the sharp first term and a correction term reflecting
the properties of the short time asymptotics of Z(t). To prove the result we
employ refined Berezin-Li-Yau inequalities for eigenvalue means.

6.1. Introduction and main results

Let € be an open subset of R?, d > 2. Consider the Laplace operator —Aq on
() subject to Dirichlet boundary conditions defined in the form sense on the form
domain H}(Q). If the embedding H}(Q) — L*(Q) is compact, e.g. if the volume of
Q) is finite, the spectrum of —Aq is discrete and consists of a monotone sequence of
positive eigenvalues 0 < A; < Ay < A3 < ... accumulating at infinity. We count these
eigenvalues according to their multiplicity.

The main goal of this paper is to derive some new universal upper bounds for the
trace of the heat kernel

Z(t) = Tr (et22) = Ze"\’“t

k

which are valid for arbitrary open sets Q C R? with finite volume |Q2| and for all ¢ > 0.
The first and most fundamental bound of this type is due to M. Kac [Kac51|. He
proved that for any open domain € R? and all ¢ > 0 the estimate

]
Zt) < ———
() (4mt)?
holds true. This bound is sharp in the sense that it reflects the leading term of the
short time asymptotics of the function Z(t), see [Min54, Kac66|

1Y
Z(t) ~ ——— as t—0+. 6.2
) ~ (6.2)
Several improvements of (6.1) are known, e.g. see [vdB84b, FLV95, Dav85,
Dav89, Sim83, vdB84a| and further references therein. For example, M. van den

(6.1)
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6. UNIVERSAL BOUNDS FOR THE DIRICHLET LAPLACIAN

Berg proved in [vdB&87], that if {2 is a connected region with a smooth boundary 0f2
and a surface area |0€|, then

@ o] | _ 4|0
@rD)2 2 (@xt) @ D2 | S 7B g

where the constant R depends on properties of 9. This estimate contains even the

Z(t) —

t>0,

second term of the short time asymptotic expansion of Z(t), see [MS67, Smi81,
BC86] and [Bro93]. Most of these results are based on a probabilistic approach
and implement local estimates for the heat kernel. Therefore one has to impose
appropriate conditions on €2 and on its boundary 0f).

We use a different approach based on some refined spectral estimates for the Riesz
means

R,(A) = Tr(=Aq = A)7 = > (A=X\)7, A>0.

k
For these objects the fundamental bounds are given by the Berezin-Li-Yau inequalities
Ry(A) < L, |QIATT2 o >1, A >0, (6.3)
where
[(o+1)

LYy = .
o4 (4m)a2T (o + d/2 4 1)

This result is sharp as well, in the sense that the bound captures the first term of the
high energy asymptotics

Ry(A) = L |QI A2 40 (A7F2)  as A — +o0.

Via Laplace transformation - and reversely via Tauberian theorems - this asymptotic
formula is closely connected with (6.2). On the level of uniform inequalities one can
deduce Kac’ inequality on Z(t) from Berezin-Li-Yau bounds. Reversely, to recover
sharp Berezin-Li-Yau bounds from Kac’ inequality one needs some additional infor-
mation. For example, in [HHO7] Harrell and Hermi formally deduced Berezin-Li-Yau
bounds for o > 2 from Kac’ inequality based on a monotonicity result by Harrell and
Stubbe.! Similar arguments fail for o < 2.

While both (6.3) and (6.1) are sharp in the sense that they capture the main as-
ymptotic behaviour and therefore constants in these inequalities cannot be improved,
one can expect that more subtle bounds might invoke additional lower order correc-
tion terms. Indeed, we know that under certain conditions on the geometry of 2 the
asymptotics

Ry(A) = L&, |QATH2 — iLg{dl |0 ATHIDZ 4o (A7HEV/Z)
holds true as A — oo, see [Ivr98]. Recently there have been several results on
semiclassical inequalities improving (6.3) with negative correction terms of lower or-
der, reflecting the effect of the second term of the asymptotics, see [Mel03, Wei08,
KVWO09|, and [FLUO02]| for discrete operators.

1One should mention, that in fact, due to Weyl’s asymptotic law, the monotonicity result implies
sharp Berezin-Li-Yau bounds for ¢ > 2 on its own.
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6.1. INTRODUCTION AND MAIN RESULTS

Let us first point out a result of Melas. In [Mel03] he effectively showed that?

Ri(A) < L¢, 19 [ A — My Q] )" (6.4)
- 1(Q)) .

holds for A > 0. Again applying Laplace transformation Harrell and Hermi deduced
an improvement of Kac’ inequality [HHO7]

Z(t) < % exp (_Mdll((;l) t) : (6.5)

where I(Q) = min,ega [, o — a|2dm and M, is a constant depending only on the

dimension. This improvement holds true for all ¢ > 0 and any open set €2 with finite
volume - without any conditions on the boundary 0€2. These authors conjecture also
that (6.5) can be improved to

Q
Z(t) < —(47|rt)|d/2 exp <—|Q|L2/d) (6.6)

for all £ > 0 and all open sets €2 of finite volume. Asymptotic considerations show
that this conjecture is plausible for small ¢ as well as for large t. However, one should
mention, that neither the correction term in (6.4) is of the expected order for high
energies, nor is the improvement (6.5) or even the conjecture (6.6) of correct order
for small ¢ > 0.

To derive universal bounds on Z(t) like (6.6) depending only on the volume of
) and not including any further geometrical information one can employ an isoperi-
metric result due to Luttinger [Lut73]. He shows that Steiner-symmetrization of an
open set () increases the trace of the heat kernel in this set. Thus for any open set
Q) C R? with finite volume the inequality

Z(t) < Z*(t) (6.7)

holds true for all ¢ > 0, where Z*(¢) denotes the trace of the heat kernel in the ball
B C R? with the same volume as €.

Here we prove a refined universal bound on Z(t) reflecting the correct asymptotic
properties. To this end we shall follow the approach in [Wei08]. There a Berezin-
Li-Yau type bound on R, for ¢ > 3/2 with a correction term of the expected order
has been found, see inequality (6.18) below. Using the same method we prove a
refined Berezin-Li-Yau inequality, see Proposition 6.5, that gives rise to an improved
bound on Z(t) applicable to any open set Q with finite volume. This bound decays
exponentially as ¢t tends to infinity and contains a negative correction term of correct
order as ¢ tends to zero.

Moreover, we can consider unbounded domains 2 C R? with infinite volume.
While the results of Kac and Luttinger must fail for such domains, we show that
under appropriate conditions on €2 our refined inequalities can still be applied and
give sharp upper bounds.

2This inequality is in fact the Legendre transform of Melas’ result.
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This paper is structured as follows: In Section 6.2 we state the main results. Then
in Section 6.3 we provide some auxiliary notation and auxiliary results including im-
proved Berezin-Li-Yau inequalities. In Section 6.4 we prove Theorem 6.1 and compare
this result to other bounds on Z(¢). In Section 6.5 we discuss some applications to
unbounded domains and domains with infinite volume. Finally, in Section 6.6 we
apply a method by M. Aizenman and E. H. Lieb [AL78] to the results from Section
6.3 in order to prove refined bounds on the eigenvalue means R, (A).

We thank Rupert L. Frank for helpful discussions and in particular for indicating
the result of J. M. Luttinger.

6.2. Main Results

To state the main result we have to introduce some auxiliary notation. Let I'(2)
be the usual Gamma-function and by

f‘(z,sl,sg)—/ s e %ds T(2)
S1

we denote normed incomplete Gamma-functions. If s, = 0 we write I'(z,5) =
['(z,0,s) and I'(z,s) = 1 = I'(2,s) = I'(z, s, +00). Note that for a > 0 we have

[(a,t) = alzi—a(a) +0 (") as t— 0+ and (6.8)
[(a,t) = % exp(—t) + O (t**exp(—t)) as t— oo. (6.9)

Furthermore, let B(a, ) be the usual Beta-function. By
~ 52
B($173270‘a5) = / sa_l(l - S)B_ldS/B(CM,ﬁ)
s1
we denote normed incomplete Beta-functions and for s; = 0 we write in short
B(s,a, ) = B(0,s,a, ) and B(s,«,3) = 1 — B(s,«a, ) = B(s,1,a, ). Note that
for a, 8 > 0 we have

1
B(0,t,a,8) = =t*+ 0 (t*"") as t—0+. (6.10)
(0

Next we remark that in view of the isoperimetric inequality by Rayleigh, Faber and
Krahn [Fab23, Kra25| on the ground state A\; we can always choose

7Tj62l/2—1,1
T (d/2+1)Y4 Q24

as a lower bound on A;, where j;; denotes the first zero of the Bessel-function Jj.
For r € R put (r)y = max{r,0} and for d € N let

x:

<\ (6.11)

5/2 if d=2
oa=< 2 if d=3 . (6.12)
3/2 if d>4

Finally, let Q C R? be an arbitrary open set with finite volume |€|.
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6.2. MAIN RESULTS

THEOREM 6.1. Let A € [\, \y]. For anyt > 0 the bound
Q] -
Z(t) < WP (04 +d/2+1,Xt) — (R(t, A))+

holds true with a remainder term

Qd-vrd d+1 Q|ld=3y/d d—1
) = e 2 (o LY (1

(4rt)(d=1)/2 4rt)(d=3)/2 2
where
1_ (1 d+1\ [ (d/2+ 1)@/
Cl,d = —B(—,Ud-i- )
27 \2 2 I (4
72(d—1) 1 d+ 1\ I (d/2+ 1)/
d - B(-=
T 9620, +d - 1) <2’0d T ) T (42)
REMARK. Because of (6.8) Theorem 6.1 can then be read as
0 O|d-1)/d
Z(t) < i i —r(t) (6.13)

(rt)@2 — U (grp)@-n/2

with an explicit remainder term r(¢t) = O(t~@3/2) as ¢t — 0+. We note that the
bound captures the main asymptotic behaviour of Z(t) as ¢ tends to zero: The first
term equals the leading term of the short time asymptotics of Z(¢) and the second
term shows the correct order in ¢ compared with the second term of the asymptotic
expansion.

Moreover, note that in view of (6.9) the bound from Theorem 6.1 decays expo-
nentially as ¢ tends to infinity. More precisely, it follows that the bound is of order
O(t7e* exp(—At)) as t — oo.

REMARK. If we choose A = X introduced in (6.11) we arrive at a universal upper
bound on Z(t) depending only on || and not including any explicit information on
A1. For the explicit statement see Corollary 6.9 in Section 6.4. This result implies
the conjectured inequality (6.6) for dimensions d < 633.

As stated above, our proof of Theorem 6.1 relies on improved bounds for Riesz
means of eigenvalues. Let us state the corresponding result.

THEOREM 6.2. Let A € [\, 1] and 0 > o4 and put 7o = 72 d?|Q~%/%. Then the
estimate

~ (A
Ro(A) < L2410/ B (X, Ga+d/2+ 1,0 - ad) AT (S(A )+

holds true for all A > X\, where

B (3, a1y 1
S(A, )\) - Lgl,d—l ’Q’(d—l)/dAa—&-(d—l)/Z (2 ‘7;+ 2 )B (%70d + d;‘ o — 0oy
(6.14)
Zf)\ Z 0
1 -
S(AA) = L, |Q A7F2 5B <%,0d +d/24+ 1,0 — ad> (6.15)
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if A <Tq and A < 1q, or

By 00+ %) . d+1
SN = L, g vaprsann 2 5 2)3(%,ad+ N ,a—ad)

1 -/ 7
L QA2 g 22 2+ 1,0 — 1
+ O',d’ ’ d A’ A’O-d—i_d/ + 70- Ud ) (6 6)

if A <Tq and A > 1.

REMARK. Again we can choose A as in (6.11) and we arrive at a universal bound
depending only on |Q].

REMARK. In view of (6.10) Theorem 6.2 can be read as

1 1 d+1
R,(A) < L, 19 Ao+d/2 _ 3 B <§,ad - %) Ld Q| (@174 ATHE=D/2 | g(p)

with an explicit remainder term s(A) = O (A™!) as A — oco.

6.3. Notation and auxiliary results

Fix a Cartesian coordinate system in R? and write z = (2/,14) € R! x R for
x € R For a given A > 0 define
Ihn = TA~2,

Now consider an open set 2 C R Each section Q(z') = {zq € R : (2/,24) € Q}
is a one-dimensional open set and consists of at most countably many open disjoint
intervals Ji(2'), &k = 1,...,N(2') < oco. Let k(2’,A) C N be the set of all those
indices k, for which the corresponding interval Jy(2') is strictly longer than [,. The
number these indices is denoted by x(2’, A). Put

Qp(2") = U Jp(2') and Qp = U {'} x Qp(2').
]{:6/‘6(:{:’71\) x'eRd—1

Obviously the set {25 is the subset of 2, where 2 is "wide enough” in x4-direction.
The quantity

() = /R AN

is an effective area of the projection of {25 onto the (d — 1)-dimensional hyperplane
(2’,0) counting also the multiplicities of the sufficiently long intervals Ji(z').
Moreover, for p > 2 put

= inf AB ! 1 1 ) 0 6.17
5(@)—}&1 5 5 Ht —Z - > 0. (6.17)
k>1 +
We are now in the position to state the improved Berezin-Li-Yau bound from [Wei08]:
PROPOSITION 6.3. For any open domain @ C R, o > 3/2 and all A > 0 the
bound

—1
R < By ) 479 — e (o4 S0 i@ a0 (o
holds true.
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6.3. NOTATION AND AUXILIARY RESULTS

Let us state also the following result on the explicit values of e(u).

LEMMA 6.4. For all p > 3 we have

c(n) = 13(%,u+1>.

~ DN

PROOF. In view of definition (6.17

A 2\ M
t A (1
1— — = ZB(=z,u+1
/o( A?)ﬁlt 2 (2’“)

B\ A-1_[1
-2 ) <Z2—="B(z,u+1
> (%) <5 e (e

k>1 +

and the identity
we have to show that

holds true for p > 3 and A > 1.

For p1 = 3 the claim can be checked by elementary analytic methods, since there
is an explicit expression for the sum in terms of A and its integer part.

To deduce the estimate for p > 3, we start with the identity [AL78|

B2\ * 1 1 A2-1 5 L2 3
1—— = u—4 AZ_ 1_
Z( A?) R, Z( A?—r) o

E>1 + k>1 +

and estimate
2\ * 1 B(1/2,4) [~ 3 (A2— 1) -1
_ < ’ w4 (A2 _
2 (1 A?) < wEi g ) A > 7

k>1 +
1 B(1/2,4) [ /
= 2A2“B(4,,u—3)/0 7'“4((142—7')72—(/12—7)3) dr.

If we substitute s = 7/A?, we see that the last integral equals

1-A—2
A2“/ st (AL - $) 72— (1 - s)%) ds
0
1

—A-2

Now we can use the identity B (u — 3,9/2) B(1/2,4) /B (4,u—3) = B(1/2,u+ 1)
and substitute ¢ = 1 — s to conclude

" A B(1/2,4
;(I_F)+ : EB“/?’MH)—%

x (B (4,1 —3) —/OA_2(1 g (1 —Aﬂ) dt> .

It remains to remark that the inequality

%(B(4,M—3)_/0A_2(1—t)~—4t3 (1—A\/E> dt) > B(%,qu) ,
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holds true for all A > 1, since we have equality in the case A = 1 and since the left
hand side is non-decreasing in A > 1. 0

In fact, we shall need a modified version of Proposition 6.3.
Let pa(2'; ) = [Q(2)|; be the one-dimensional Lebesgue measure of Q(z'), that
is the aggregated length of all intervals forming (z’). Since 2 is open, the function

pa(2';Q) is Lebesgue measurable, and we can define the distribution function 3

mq(7; Q) = {2’ : pa(a’s Q) > 7}y, 7 >0.
It is non-negative, non-increasing, continuous from the right and it satisfies the iden-
tity
/00 ma(7; Q) dr = Q. (6.19)
We interchange now the roleos of x4 and x; for i = 1,...,d — 1 and introduce in

the same way the distribution functions m;(+;€2) for 2 measured along the z;-axes.
Finally, put

y
M;(y; Q) = / m;(T;Q)dr for i=1,...,d.
0
With this notation we can formulate a result similar to (6.18):

PROPOSITION 6.5. For any open domain Q@ C R, o > 3/2 and all A > 0

R,(A) < LY, mi (13 Q) dr A2 45, 4 my (1y; Q) ATE=D/2

Ia

holds true fori=1,...,d with 6,9 =wL%, —¢ (o + %) LE, ;.

REMARK. Note that in the case of ¢ ( + dT = %B ( %, %) we have §, 4 = 0.
In view of Lemma 6.4 this occurs, if o + % > 3, in particular, if 0 = o4 with oy

introduced in (6.12).

REMARK. For domains 2 with finite volume (6.19) yields

/ m;(T; Q) dr = |Q| — M; (I5;92) .
A
Thus we arrive at
Ry(A) < L (1] = M (Ia; Q) AT 4 6, gmi (Iy; Q) ATHED/2
for i =1,...,d. Averaging over all directions one claims
R,(A) < L&, (1Q] — M (1a; Q) A2 4+ 5, gm (1y; Q) ATHED/2) (6.20)
where
1
m(t; Q) = y (ma(t; Q) + - +mg(t;Q))
1
M(y; Q) = = (Mi(y; Q) + -+ Ma(y; @ / m(t; Q)d

3Here | - |a—1 stands for the Lebesgue measure in the dimension d — 1.
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Although Proposition 6.5 is, in general, not as sharp as (6.18), we cannot deduce
it directly quoting Proposition 6.3, but we have to modify the respective proof from
[Wei08], which relies on operator-valued Lieb-Thirring inequalities from [LWO0O].

PROOF OF PROPOSITION 6.5. Consider the quadratic form
2 2 2 2
IVl = Al = IVl + [ d? [ ((0n,ul® = Aluf?) day
Rd-1 Q(zq

on functions u from the form core C§°(2). Here V' and A’ denote the gradient and the
Laplace operator in the first d — 1 directions. The functions u(z’,-) satisfy Dirichlet
boundary conditions at the endpoints of each interval Ji(z') forming Q(z"). Let
the bounded, non-negative operators Wj(2/, A) be the negative parts* of the Sturm-
Liouville Operators —07 (ry— A with Dirichlet boundary conditions on Ji(z"). Then

N(z")
W(2',A) = @ Wi, A)
k=1
is the negative part of
N(z")
—pow) — A= 591 (=Osseany = D)

subject to Dirichlet boundary conditions on the endpoints of the intervals Ji(z'),
k=1,...,N(z'), that is on 0Q(2"). Then

/( (\8xdu|2 — Aul?) dzg > —(Wu(@', ), u(@', ) r2w)-
Q(z")

and consequently

2
IValai0 = AllulZagay 2 1Vl 20 — / de' (W', ), ule!, ) 2@y (6:21)

Ra-1

Now we can extend this quadratic form by zero to Cg° (R?\ 99), which is a form
core for (_ARd\Q) ® (—Aq — A). This operator corresponds to the left hand side of
(6.21), while the semi-bounded form on the right hand side is closed on the larger
domain H' (R*™!, L?(R)), where it corresponds to the operator

~AN'®@I-W(',A) on L*(R"' L*R)) . (6.22)
Due to the positivity of —Aga q the variational principle implies that for any o > 0
Tr(—Aq—A)° = Tr ((—AW\Q) @ (—Aq — A))i
< Tr(-A'@I-—-W(z',A)7 .

We can now apply a sharp Lieb-Thirring inequality to the Schrodinger operator (6.22)
with the operator-valued potential — W (z’, A), see [LWO0O0], and claim that

o 3
Tr(—A"@T—W(a' A)? < Lg{d_l/ TeWord=D2 Ayda!, o> 5

Rd-1

4The negative part of a real number 7 is given by r_ = (|r| —r)/2 > 0. For operators we use
the same convention in the spectral sense.
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Now let py(z') = >, |Jk(2’)|1 be the total length of all intervals Ji(2"). Then
shifting these intervals and dropping intermediate Dirichlet conditions by a variational
argument we see that the j-th eigenvalue of —Gidﬂ(z,) — A is not smaller than the
j-th eigenvalue of —92 1) — A on the interval L(z') = [0, pa(z')] subject to Dirichlet
conditions at the endpoint of this one interval only. Thus,

Tr WU+(d_1)/2(ZE,,A) < Tr WU+(d_1)/2(l‘/,A),

where W (2/,A) is the negative part of —05(1’ 1@y — A The nonzero eigenvalues of

W (z', A) are given explicitly by
2 :2 12 2 /
= A—— :A(l— 2“/) for j:1,...,{pd($)}.
pa(’) pa(e’) I
From this we conclude that

TI“(—AQ _ A)i < AotH(d=1)/2 Lgl,d—l/ Z (1 —
Rd-1 i>1

Note that the right hand side of this bound vanishes if pg(z’) < 5. For pg(z') > Ia
from (6.17) we get

B35\ pa(a) d+1 1 d—1
1 A < Blo+——-)- R
Z( =g P\t ) et

Jj>1 p?l(x’) +

de’.  (6.23)

li]2 ) o+(d—1)/2

paa’) )

and in view of [, = 7A~Y2 we find

1 d+1 1
Tr(—Aq —A)? < By B (a + %, 5) Aa+d/2Lff{d_1/ pala’) da’
T x':pg(x') >

d—1
—€ <0 + —) ArT@=DE Ll / dr'.  (6.24)
2 ' :pa(x’)>ln

/ dr' =my (I5; Q)
z":pg(x') >

oo

/ pa(')de’ = mg(ln; Q)1 + mg (7;) dr .
' :pg(x’)>Ip

I

Note that
and

Moreover, using
1 d+1 1

2m 2 2
we insert the identities above into (6.24) and arrive at
R,(A) = Tr(-A-A)? < LY, AT/ (md (Ia; ) I + mq(T; Q)dT)
I

d—1
— & (0’ + T) L(c’l’dil myg (lA7 Q) AU+(d*1)/2 )
In view of [y = wA~"/2 this yields

R,(A) < Lg{d ma(; Q)dr A7V 15, gmg (1y; Q) ATHED2 5 >

I

[\CR V]
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Interchanging the roles of x4 and z; we find the respective inequalities for any direction
1=1,...,d. O

In order to derive universal bounds on R, independent from M, in particular to
prove Theorem 6.2, one needs bounds on M (y). Identity (6.19) immediately implies

M(y; Q) = /ym(T; D)dr < / m(7T;Q)dr = |Q| forall 0<y<oo.
0 0
To prove a lower bound we first need an auxiliary result concerning rearrangements
of Q. For Q C R? d > 2, fix a Cartesian coordinate system (2/,z4) € R¥™1 x R.
Again put
pa(x'; Q) = [{zq : (', 24) € Q}; = Q)]
and for 7 > 0
Q (1) = {2’ : pa(2’;Q) > 7} C RTL

This is a non-increasing set function, that means Q*(m) D Q*(rp) for 0 < 7y < 7.
Let

Q= U (1) x {7} C RY (6.25)

be a non-increasing rearrangement of 2 in the direction of the z4-coordinate. Then
we have

LEMMA 6.6. Foralli=1,...,d and all y > 0
Mi(y; Q) > Mi(y: Q).
PROOF. First note that in the case i = d we have by construction pg(z';Q) =
pa(2’; %) and consequently
ma(7; Q) = ma(r; Q) = (1) 5

what implies My(y; Q) = My(y; Q%).
Assume now that j =1,...,d — 1. Put

" d—2
r = (IL‘h...,Ij_1,$j+1,...,$d_1) eR

and
pi(a” ;) = {z; : (2, 34) € QY.
By definition

m;(s;Q) = [{(2",zq) - pj(a”,24;2) > s}, | = / m;(z", s; Q) d”

Rd—2
where

mi(z",s;Q) = {zq : p;(a”,24; Q) > s}, , j=1,...,d—1.
Hence,

y y
M;(y; Q) :/ m;(s; Q)ds :/ / m; (2", s;Q) ds da”.
0 Rd—2 J0

Applying the same notation to 2* yields
Yy Yy
M;(y; Q%) = / m;(s; %) ds = / / (2", s;Q%) ds da”.
0 Rd—2 J0
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If we can show that for 2”7 € R?2 and all y > 0 the inequality

Yy Y
/ (2", s;Q)ds > / (2", 53 )ds (6.26)
0 0

holds true, the assertion is proven.
To establish (6.26) we consider for fixed 2" € R?~2 the two-dimensional sets

O = {(zj,2q) : (2',24) € Q} and O = {(xj,2q) : (2 24) € X} .
Note that
pa(z; Q) = [{zq: (@', 24) € A}, = [{za: (z,24) € Q} = Da(z;;€2).

As above we get

N

Pa(x;; Q) = pala;; ). (6.27)

In the jth direction we have

pi(a”, 24;Q) = {1 (2, 20) € QY = H% (@4, 2a) € Q}

and

mi(z”,5;Q) = |[{zq : pj(a”, 24;Q) > s}, = de  pi(xg, Q) > s}‘ —: 1;(5; Q) .

1

We also use the corresponding notions with respect to the domains Q* and Q. In
contrast to the preservation of length in the dth direction the values of p;(z4; Q) and
pi(a; Q%) (and thus of 7i;(s; Q) and 72, (s; Q%)) do not coincide in general.

Lets examine the functions p;(x4; ) and 7i2;(s; Q) in more detail. By construc-
tion of 2, the set function Q*(x4) = {x; : (z;,x4) € €1} is non-increasing in x4 > 0
and by definition

pj (%;Q*) = ’Q*(fd)‘l :

Moreover, m;(s; Q*) is the distribution function of p;(zg; Q*) Hence,
y Jay Jal A
/ m;(s; Q") ds = pi(xa; Q) dag +y de (i (a; ) > y}’l .
0

/{xd:ﬁj(md§ﬁ*)<y}
The monotonicity of the set function Q*(xd) implies that we can choose I, C R
with total length y satisfying I, C Q*(z4), wherever p;(zq;€2*) > y. Again, by the
monotonicity of Q*(x,4) the reverse inclusion Q*(x;) C I, holds for all z; > 0 with

~

pj(xq; Q) < y. Put

o= (Q*(xdmzy) x {za} and Q= | (Q(xd)ﬂfy> x {xa) .

zq>0 zq>0

From the above representation for foy m;(s; Q*) ds we deduce

y A
/ m;(s; Q" )ds =
0

Q*

yl -

(6.28)
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Moreover, note that for z; € I,

{xd (5, x4) € QZ} = {xd (x5, xq) € Q*} and

{:cd (25, x4) € Qy} = {xd (x5, x4) € Q} .
In view of (6.27) we get
Pa(s; Q) = Pa(as; Q) = pala;; ) = palay; Q)
and we conclude
| =

Q, (6.29)

Finally, we analyse 772;(s, Q). The inclusion €, C € implies

/y 1 (s; Q) ds > /y ;i (s; ) ds. (6.30)
0 0
Moreover, by construction of Qy we have
bi(za; ) < Ll =y
for all 4 > 0 and consequently m;(s;Q,) = 0 for all s > y. Using (6.30) we conclude
/ymj(s;Q) ds > /ymj(s;ﬂy) ds = /Oomj(s Q
0
In view (6.29) and (6.28) we arrive at

y A~
/m] :/ m;(s; ") ds.
0

This shows that (6.26) holds true and the proof is complete. O

> Q| = |

Now we can give a lower bound on M (y; ©):

LEMMA 6.7. For all open sets Q C R% and all y > 0
Q
M(y; Q) > min (’7’ |sz|<d—1>/dy) | (6.31)

Proor. We use induction in the dimension. For d = 1 and an interval of length
Q2] we get
1 |Q>7
Q) =
m{7: ) { 0 [0 <

and therefore M(y; Q) = [ m(7;Q)dr = min (y,|Q]) for all y > 0.
Now assume €2 C Rd d > 2. For any given j =1,...,d—1 put

" d—2
Tr = ($17' oy L1, Ty - - 7xd71) eR

and let 1m;(s;Q) = [{2” : p;(2”;Q) > s}|s_o be the distribution function of a set
Q C R with respect to the j-th direction, where p;(z”;Q) = [{z; : 2/ € Q}|, is
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the total length of the section through 2 at z” in the direction of the xj-coordinate.
Applying these notions to Q* given in (6.25) we get

mi(s; Q%) = |{(a",7) e R iy (¢, 75Q%) > s},
- / " €RI? () > sHaadr
0
= my(s; QU (r))dr,  j=1,...,d—1. (6.32)

Put m(s; Q) = (d — 1)1 32921 m;(s; Q). By induction assumption we have

~ ~ Y ~
M(y; Q) :/ m(s;Q) ds > min (d’ |2 y> , y>0.  (6.33)
0

Next note that in view of (6.32)
d-M(y; Q") = Mi(y; Q)+ + Maa(y; Q) + Ma(y; Q)

— /y(ml(SQ*) c+mg_1(s; Q) ds—l—/mdsQ)d

= —1// m(s; Q" (7 deS—i—/mdsQ*)d
= —1/ M (y; (1 dT—i—/mdsQ

Using (6.33) we claim

— Q
M) = 0 [Cwin (B o700y a4 [t s,
0 _
We point out that [Q*(7)|,_; = mq (7,*) for 7 > 0. Put
™ =inf {7 > 0:my(r; Q") < (d— 1)y}
Then

M (y; Q") / mq (1, Q%) dr + = /deQ

L [ s g

By (6.19) we have [~ mq (7;Q%)dr = [ mq(m;Q)dr = |Q| and using Lemma 6.6
we estimate

Q
M(y; Q) > M(y; Q") > u——/ mq (7; Q) d1 + = /deQ

+—y/ mg (7; @) 2D g7 (6.34)

In particular, in the case of 7* < y we see from the previous bound that
M(y; Q) > d |9
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and the assertion is proven. Hence, let us consider the remaining case 7* > y in more
detail. For 7* > y we have

ma(y; ) > (d — 1)1yt

Because of the monotonicity of mg we conclude

/y ma(; Q*)(d—Z)/(d—l)dT > ymaly; @)D/
0

y
/ ma(T; X)dr = yma(y; Q7).
0
Let us rewrite inequality (6.34) as follows

€ -1 / y £\(d=2)/(d—1)
— —y mga(7; 2%) dr
d d 0
-1 [T \(d—2)/(d—1) L[ .
—y mqa(7; %) dr — pi mqa(7; Q" )dT
y y

Put A = fyT* mq (75 ) dr. Then

M(y; Q) >

T* Yy
O<A:/ md@;a*)dT—/ ma (1) dr < 0] - yma(; 7). (6.35)
0 0
Moreover,
Q d—1 [T A
M(y; Q) > u+—y ma(y; Q)42 1)—l——y/ mg(T; Q) =2/ =g
d d d ”
Due to the monotonicity of my we have, in particular, my(7;Q*) < my(y; Q*) for
y < 7 and
T* = Q) (@D
mg(r )@ g = 0 (d—2)/(d—1)/ (md(T, ) ir
[ mae o) (e
_ _ ™ md(T; Q*)
> gy )@/ dr
i ) y ma(y; €2)
= ma(y; )Y AL
Thus,
Q d-1 1
My ) 2 %+ Ty maly; Q)Y — 2 (1= (d = 1) yma(y; )V D) AL

For 7* > y we have 1 — (d — 1) y mq(y; 2*)~/@=1 > 0 and we can insert (6.35) in this
estimate and arrive at

1 . .
—gﬂfwd—nymx%9>1”1)um—ym4%9»
> 2 ((d= 1)1 maly; )70 + ma(y; 2))
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Since the function f(m) = (d—1)|Q|m~"/(@=1) £ m takes its minimal value for positive
arguments at m = ||~/ we arrive for y < 7* at

M(y; Q) > %f(md(y;fl*)) > %f(lﬂl(d‘”/d) — y Q@D

This completes the proof. O

6.4. Proof of Theorem 6.1 and remarks

Let
LI = / F(A)eMdA

be the Laplace transformation of a suitable function f : (0,4+00) — R. For real
values of t it is monotone, that means a pointwise estimate fi;(A) < fo(A) for all
A > 0 implies L[f1](t) < L[f2](t) for any t € R, for which both transformations are
defined. In particular, for A > 0 and o > 0 one has

LA = N)7](t) = /:O(A —Ne ™ MdA =e Mt (e +1), t>0.

In view of the linearity of the Laplace transformation one finds for t > 0 and o > 0
the well-known identity
ta—i—l ta+1

Z(t) = Tre™@o! = Z oMt — zk: F(a——i—l)q(A —\)7(t) = F(O——l-l)qRU(A)] .

k
Therefore, any bound on the Riesz means of the type

R,(A) < f(A,Q) forall A>0 (6.36)
implies a bound on the heat kernel
to+1
Z(t) < — S )|(t .
() < oSG0 (6.37)

valid for all ¢ > 0, for which the r.h.s. is defined. For example, this way one can
deduce (6.1) from (6.3) with any o > 1.
Next note that in view of R,(A) =0 for 0 < A < A\; we have in fact

(o + 1)t 71 Z(t) = L[R,|(t) = L[R,, A|(t) forany 0< A<\,
where

CENE = [ FeNdn =ML N0, A2 0,

is the reduced Laplace transformation of a suitable function f. This transformation
preserves pointwise inequalities as well and from (6.36) one can deduce an improved
version of (6.37)

o+1
Z(t) < ﬁﬁ[f(-, ), A](t) for arbitrary 0 <\ < )\,
Applying this bound to (6.3) one gets the estimate
9 -
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which already contains an exponential decay for large t. Instead of referring to the
classical Berezin-Li-Yau-bound (6.3) we can apply this idea also directly to the im-
proved bound (6.18) and claim

tcr—i—l o]
Zt) < —— ¢ / Qp| ATH4/2e=A A
( ) — F(O’ + 1) o,d N | A|

ot e efoa d—1
e — O‘ —
T(o+1) 74! 2

where ¢ > 0 and o > % This bound is even sharper than the estimates presented

/ dp (Q)ATHAD/26=At gA (6.39)

A1

below. But the geometric properties of {2 enter in a rather tricky way and cannot be
simplified in a straightforward manner. Therefore we prefer to present also a slightly
weaker, but sometimes more convenient version of this bound. For that end we choose
o = 04 given in (6.12) and apply the reduced Laplace transformation to (6.20). Thus
we get the following estimate valid for A € [\, A;] and ¢ > 0:

Q-

Q
Z(t) < ———T (o4 +d/2+1,\t) —

Lcl OOM l A0d+d/2 _AtdA.
= ity b M 02 A7

F(O‘d +1 od-d
(6.40)

We are now in the position to provide bounds on Z(t) depending only on the volume
of Q. To this end we use inequality (6.7) and calculate M (I, ) explicitly on the ball.

PROPOSITION 6.8. Let A € [5\, Mi]. For any open set @ C RY and any t > 0 the
bound

€ -
ey L 0a+d/24100)

|Q| /OO _ a+d/2 D 7T2t 1 d+1
_ S O, B _ d
) 2T (g +dj2+1) )y, © ° iRz 2 )

holds true, where R = R (|Q)|) is the radius of the ball Br C R* with |Bg| = |9)|.

PROOF. Lets consider the ball Bg and apply (6.40) to estimate Z*(¢), i.e. Z(t) on
Bgr. Note that m;(7; Bg) = m(7; Bg) for i = 1,...,d and we can choose an arbitrary
coordinate system (z2/,z4) € R x R.

For 7 < 2R the set {2’ : py(2’, Bg) > 7} is itself a ball in R4 with radius
(R? = 72/4)'*. Thus we find

Z(t) <

; (d=1)/2 22\ (d-1)/2
m(r; Br) = |[{a' : pa(2’, Bg) > 7}|,, = R*! pEE) (1 )

re \'mam ),
and
mld=1)/2 y? 1 d+1 -yt 1 d+1
M(y;Bg) = =~ R*B(0,-%=,=,—— | = |Bg| B -%,=,— | .
(y: Br) I (1) (’432’2’ 2 ) |Brl (4R2’2’ 2 )
We insert this estimate into (6.40) and arrive at
B A
Z4(t) |Brl [ (og+d/2+1,M)

(4rt) 72

oq+1 0 2 1 1
g ol [ B( L ) v
A
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The assumption A > X implies % < X and in view of (6.7) and |Bg| = || the

claimed result follows by simplifying the right hand side. 0
We can now derive Theorem 6.1 from Proposition 6.8:
Proor oF THEOREM 6.1. The inequality

(1—u)d 92 >1— d—1

u, 0<u<l,

implies the estimate

B 7T2t 1 d + 1 - 1 / n2t)/(4R?s) u_1/2 {_ d — 1u Ju
4R%s727 2 ~ B(L ) g 2
1

L(d/2+1) [ Vnt (d- 1)7%/2¢3/2
Ry/s 24 R353/2 ‘

Therefore we claim

* - 2t 1 d+1
—s ad+d/2B T - d
/M ©’ <4R25’2’ 2 ) °

[ (d/2+1) (/xt d+1 _(d=1)m®p d—1
= F(%) (R F +T )\t 24R3 F O'd—FT,)\t .

Inserting the last estimate into the bound from Proposition 6.8 yields

Z(t) < % T (0g+d/2+1,\) — R(t,\)

with R(t,\) = ri(t,\) — ro(t, A) and
Q] T(d/2+1) Vrt T (oq+ 2 N)

t,A
NN = G T R Tleard/2+0)
) - 190 T(/247) (@d=Dr R T (o 45 A)
ST dmtyiz T (48) 24R3 T(og+d/2+1)
From |Bg| = || we deduce
L r(d/2+1)" (6.41)
NZs
and get
Qd=1)/d B d+1 9 4 1)@-1/d 1
ri(t, \) il = (300 + 57) T (df +d+3 r (O’d + d+1 )\t)
|Q|(d 3)/d
t,A) =
7'2( ) ) ( T )(
2 d+1 (d-3)/d
: )T (d/2+1 .
7r( ) ( o4+ )T (d/ —|—d+3 F(d+d /\t).
96(204 +d —1) INE
To complete the proof it remains to note that in view of (6.38) we can always estimate
the remainder term R(¢, A) from above by zero. U
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According to (6.11) we can choose

7173/271,1
' (d/2 + 1)¥*|Q2/d

as a suitable lower bound on A;. With this special choice of parameter we find

A=\ =

COROLLARY 6.9. For any open set Q C R with finite volume and all t > 0

2]

20) £ ppan

P (ad vd2 41, xt) — (R(t))+ (6.42)

holds true with

_ ey d+1 - Q- d—1 -
R(t)—chWF Ud—i-T,/\t _CQ’dWF gd+T’)\t

and constants c; 4, c2q gwen explicitly in Theorem 6.1.

Now we can apply (6.7) to known estimates on Z(t) and compare the resulting
universal bounds with the result from Corollary 6.9.
To analyse the asymptotics of Z(t) for ¢t — 0+ on convex domains van den Berg
proved [vdB84b] that for all convex domains D C R¢ and all ¢ > 0
D oD d—1)|0D|t
(4mt)¥/2  A(4mt)d=D/2 2 (47t)4/2 R
where 0D denotes the boundary of D and at each point of dD the curvature is
bounded by 1/R. To prove bounds for general domains €2 we can apply this bound
to the ball. Note that

Rd—l
Bg| = dn??—— .
9Br| = dn s

In view of (6.7) and (6.41) we find
COROLLARY 6.10. For any open domain Q C R? and any t > 0
20 < 19 Y ol L VI = o
T (4Amt)2 T (d/2 4+ 1)V AR N2 ()2 40 1) 8 (4mt) @22

REMARK. The bounds from Corollary 6.9 and Corollary 6.10 both capture the
main asymptotic behaviour of Z(t) as t tends to zero. Moreover, they contain order-

sharp remainder terms. Actually, in the regime ¢ — 04 the bound form Corollary
6.10 is stronger than (6.42). On the other hand the bound from Corollary 6.10 does
not show an exponential decay as ¢ tends to infinity.

Finally, one can use the ideas of [Mel03] and [HHO7] to derive universal bounds
on Z(t). We can employ inequality (6.5) and the result of Luttinger (6.7). For the
ball Br C R? with |Bg| = || the second moment I (Bg) can be calculated explicitly.
If we insert the result into (6.5) we find

Ie] -t
2(0) < tpepar &0\ ~Margrr ) (6.43)
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with a constant My = 22 7T (d/2 + 1) M. For example, in dimension d = 2 we
have M, = 25, see [KVWO09], and we get

399

In general we have My < 1 and the estimate (6.43) is not strong enough to imply the
conjectured inequality (6.6).

But one can employ Corollary 6.9 to prove (6.6) at least in low dimensions. To
analyse the asymptotic behaviour of the bound from Corollary 6.9 we refer to the
inequalities

Joi > 2.4 > /2 if d =2

Jia > 3.1 > T (5/2) 712 if d =3

Jajpra > dj2—1 >T(d/24+ 1) 7712 ifd >4,
see [AST2]. We find

7”3/2—1,1 - 1
I'(2/d+ )Y |Qd ~ Q¥4
In view of (6.9) we deduce that (6.42) is stronger than (6.6) in the limit ¢ — oc.
Moreover one can employ (6.13) to show that this relation holds true also in the limit

X:

t — 04. Finally one can compare the bounds for finite values of ¢ numerically and
find that (6.42) is stronger than (6.6) for all £ > 0 if d < 633 and that in these
dimensions conjecture (6.6) holds true.

On the other hand numerical evaluations show that for dimensions d > 633 there
exist t > 0 so that the bound in (6.6) is smaller than the bound in (6.42). Since
the conjecture (6.6) does not show the expected asymptotic properties we confine
ourselves to this numerical discussion.

6.5. Heat kernel estimates in unbounded domains

Here we use the methods introduced in Section 6.3 to prove sharp upper bounds
on Z(t) in unbounded domains, in particular in domains with infinite volume. In such
domains, not much is known about universal bounds on Z(t), see [Dav85, Dav89|
for results valid in a very general setting. As an example for unbounded domains
Q C R?, so called “horn-shaped” regions were introduced [Sim83, vdB84a]: Assume
f:0,00) — [0,00) is a non-increasing function with lims_, f(s) = 0 and put

Qf:{(w,y)€R2zx>O,O<y<f(x)}. (6.44)
Then 2 is “horn-shaped”. Lets state some examples, where the short time asymp-

totics of Z;(t) can be computed explicitly. Assume f,(s) = s™'/#, u > 1. Then for
t — 0+ we get

(L4 p/2) C(1) |, —(usy 2 —(u+1)/2

2(t:9,) = —— st WtD/2 4o (¢~ D/2) (6.45)
if £ > 1 and

Int n 1+~ —2In(2m)

Z(t:9,,) = ——L
(#: €2p,) Art Amt

+0(t71?) (6.46)

124



6.5. HEAT KERNEL ESTIMATES IN UNBOUNDED DOMAINS

where ((p) is the Zeta function and vy denotes Euler’s constant, see [Sim83] and
[ST90] for refined results. Moreover one can choose f.(s) = exp(—2s) and find

1 Int
Z(Q),) = —

as t — 0+, see [vdB87] and [ST90].
In order to derive universal bounds on Z(¢) in unbounded domains, let us first

+O(t7?) (6.47)

note that all results mentioned in the previous sections, in particular Theorem 6.1
and Corollary 6.9 remain valid for unbounded domains 2 C R?, as long as || is
finite. Even if the volume of Q is infinite, the estimate (6.39) holds true, as long as
2, is finite. Moreover, one can use Proposition 6.5 to estimate R,(A) and Z(t), as
long as

/ mi(7; Q) dr < 00 (6.48)
A

for all A > 0. This condition is satisfied for ¢ = d and a suitable choice of coordinate
system (2/,z4) € R¥™1 x R, whenever

ma(T;Q) =0 ("), T—00.

For example we can apply Proposition 6.5 to horn-shaped regions introduced in (6.44)
with f,(s) = s~k 11 > 0. First we derive bounds that decay exponentially as ¢ tends
to infinity:

THEOREM 6.11. For > 0 and allt >0

(n—=1)/2 2 2

4 1 2 N T 1 ~/(9 =

Z(t: Q) = 2 (Epg Zg) o — (2,
(t:8,) < ~105m32 p— 1 (ﬂ) 2 T ) T 22

(1=p)/(2p) 2
Lo e (2 pOrm/enp (L, T,
105m3/21 — p \ w2 2u 2

if w# 1 and

Int 1 . (9 72 4 &
ZEQ V< [—— - —QInr—-W2)|T (=, —t ) +—" 2% Insds.
(& fl)—( It am T )> (2’ 2 )+1057r3/2t /7r2t/25 ¢ e

PROOF. In order to apply Proposition 6.5, choose a coordinate system (z1,x2) €
R? rotated by 7 with respect to the coordinate system (z,y) used in definition (6.44).
Then for z; = 0 we have

P2 (0;Q,) = [{z2: (0,22) € Qp, }[, = V2
and we find that my (7'; Q fu) =0 for all 7 > /2. Moreover, we can estimate
pa (01:92,) < V2 J, (V2m)

if z; > 0 and
pa (21;9,) < V2 £ (\/§|IE1|>
if x1 < 0, hence
my (7-; qu) < =172 = 4 9(1=p)/(2p) - =1/n
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for all 0 < 7 < v/2. Inserting these estimates into the inequality from Proposition 6.5
with 0 = 09 = 5/2 yields

7T2

R5/2(A) =0 forall 0 <A< 5

and for A > %2 we get

< _
Rsp(A) < 70 (1

if 4 # 1 and

1 qln (2A)(M—1)/2 __H ai=t/n (QA)(l—u)/(2u)) A7/2
1—p pw—1

1
< — — 7/2
Rs5/2(A) < i (InA+In2—2In7)A

if 4 = 1. Finally by applying the Laplace transformation to these inequalities and
simplifying the resulting estimates on Z(t) we arrive at the claimed results. O

REMARK. Comparing these bounds with the asymptotic results (6.45) and (6.46)
we see that the main terms capture the correct order in ¢t as ¢t — 0+. In the case
1 =1 the first term contains the sharp constant and even the second term is of correct
order.

If one is mainly interested in the short time behaviour, one can improve the leading
term of the bound for p > 1, to get the sharp constant as well; see Theorem 6.12 and
the subsequent remark, below.

To generalise these considerations to higher dimensions we use slightly different
notions. Assume a non-negative function m(7) is given for 7 > 0, right-continuous,
non-increasing and satisfying m(7) = o(77!) as t — oo. Choose

f(s) =inf {7 >0:m(r) <wz1s'},

)
where wy_; = (@ D/2T (%)_1 denotes the volume of the unit ball in R, and put
~ 1
Qp = {(ac’,xd) R X R ay| < §f(\x'|)} :

Then ¢ represents an example of a domain with the distribution function
ma(r; Q) = m(r).
In this case, to study explicit examples, we choose f,(s) = (wd_lsd_l)fl/ "

THEOREM 6.12. For any ;> 1 and allt > 0

& C(p/2+1)¢(p) —(p+d—1)/2
Z(t,QfH) < (d—l)Qd_lﬂ-/H-(d—l)ﬂt s .

REMARK. In dimension d = 2, according to [Sim83, vdB84a, ST90], the asymp-
totics (6.45), (6.46) and (6.47) are valid for Q; as well. For d = 2 Theorem 6.12 reads
as

. O U'(p/2+1)C(p) —(u+1)/2
Z(t:Qy,) < SPE=YD =

and from (6.45) we see, that this bound coincides with the leading asymptotic term.
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PROOF OF THEOREM 6.12. The definition of qu and the choice of f, implies
mqa(7,8y,) = 77", Hence, one could immediately employ Proposition 6.5 to derive
bounds on R,(A).

To get a more precise result, we start from (6.23) and use the notation introduced
in Section 6.3. By definition of Qy,, we have py(z’) = f.(|2'|) for 2’ € R*! and from
(6.23) we obtain

o+(d—1)/2
RU(A) < Aa—l-d 1)/2 Lcld 1/ Z 1— A] (d=1)/ 4
B T Jra fulle)?
o+(d—1)/2

o o+(d-1)/2 rc d—2
= A Ly 1wd12/( Afﬂ)) s %ds

j>1

—1/p

for any o > 3/2. Now we insert f,(s) = (wg_15*") and substitute

2 ;2

m™J] 2 _
to get
A w/2
RU(A) < Acr+(d—1)/2 Lgl’d_1 W1 Z <W)
j>1 ™
K > o+(d—1)/2 jpu/2—1
X 1—1¢ th dt
2(d — 1)wd 1 /0 ( )Jr

a Dlo+d/2+1)T(p/2) 1 C(p) Ao+ (@ Hu—1)/2
Tl @+ 1+ p)f2) [@- )T |

To this inequality we can apply the Laplace transformation and simplify the resulting
bound on Z(t) to arrive at the claimed result. O

In order to state an example for unbounded domains with finite volume, choose
fe(s) = exp (—wq_15%7"). In the same way as above one can show

THEOREM 6.13. For all t > 0 the estimate

~ 1 o 9
Z(t,Qfe) S WF (Ud+d/2+1,7'('t)

F 4 d+1 2t

+(Int+2Inw —2) v & )

4(47t)[d=D/2 T (g4 + d/2 +1)

ﬁ 1 /OO da+d/2 —
7 1 °d
T @ R T (o1 df2 1) oy nee o

holds true.

REMARK. In view of (6.2) the first term of this bound is sharp in the limit ¢ — 0+
since |Qf,| = 1. In dimension d = 2 we can use (6.8) and (6.47) to point out that
even the second term of the bound captures the right order in ¢ as ¢ tends to zero.
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6.6. Proof of Theorem 6.2

Here we use the results from Section 6.3 to derive universal bounds with correction
terms on the Riesz means R,(A). First we note that Proposition 6.5 and Lemma
6.7 immediately imply the following estimates (6.49) and (6.50). Recall that 7q =
d* 72 |Q|7%? and let o > 2 satisfy o + %2 > 3, hence 8,4 = 0. Then for any open
domain Q C R? and all A > 0 we find

d —

R,(A) < L7, Tl Q[ ATH (6.49)

if A < 7q and
R,(A) < L&, QI A7T2 — L | |Q|@=D/dpoHd=1)/2 (6.50)

Next we discuss how a trick by Aizenman and Lieb [AL78] can be applied to
inequalities for eigenvalue means R, (A) with remainder terms.

LEMMA 6.14. Let v > o > %, M>A>0and A> N Then

N
RN < LN E (S0 k21— )

- Lfrl,d /A_)\ 7_”/—0—1 M (ZA—T; Q) (A . 7_)0'+d/2 dr
B (U + ]-7 Y= U) 0
60,6[

+B(a+1,fy—a

A=)\
) / P70 m (I Q) (A —7)7 D2 g (6.51)
0

ProOOF. We start from the well-known identity [AL78|

1 o
— y—o—1 _
R.,(A) Blot1y-0) /o T R,(A —T)dr
1 A-A
= y=o-l A — . .52
B<U+17’Y—U)/o TR (A — 1) dr (6.52)

Here we have taken into account that RU([\) =0 for A < X\ < \;. Now we can apply
Proposition 6.5 and find

R (A) Lg{d |Q‘ /A_)\ T’yfo'fl (A _ 7_)0+d/2 dr
! B (J =+ 17 Y= U) 0
_ L(C;l,d /A_A T'y—a—l M (ZA—T' Q) (A _ 7_)0+d/2 dr
B (0- + 17 Y= 0) 0 ’
50,(1

A=)\
y—o—1 In_: Q) (A — ot(d-1)/2 5
+B<O’+1,’Y—O’)/O T m (la-r; ) ( 7) T
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Finally let us evaluate the first term on the right hand side of this expression. A
substitution of the integration variable s = % gives

L,
B(oc+1,v—o0)

1-A/A
A'y+d/2 / S'yfafl (1 . S)U+d/2 ds
0

AN —o—140
— |Q| A7+d/2LcldB(’Y — 0,0 + d/2 + 1) (1 . fo (1 B t)’y 't +d/2dt>

B(o+1,7—0) B(y—o0,0+d/2+1)
= QALY (1 -B (%a +d/2+ 1,7 — a>) :
O

If we apply this Lemma with o0 = o4 then because of d,,, = 0 the last term on
the right hand side of (6.51) vanishes. This enables us to finish the proof of Theorem
6.2.

PROOF OF THEOREM 6.2. Inequality (6.51) with v > 0 = 0, and with a substi-
tution y = ly_, = \/% gives

~ (A
R,(A) < Lfyl,d|Q|A7+d/2B (K,0d+d/2+1,7—ad>

27T2Ud+d+2LCl Ix 2\ 7—0q—1
. o4,d / <A . Tr_Q) M(y, Q) y720d7d73 dy
B(oa+1,v—0q) Ji, y

for all A > X. First we assume A > 7o. Then we have y|Q|(*=1/4 < 119 for all
In <y <l and in view of Lemma 6.7 we get

~ (A
R,(A) < L§,4QA*2B <K70d+d/2+177_0d>

204+d+2 1 cl —og—1
_ 2ioate Lo'd,d ‘Q‘(dfl)/d /l)\ (A . 71—_2>’y ‘ y720'd7d72 dy
B(og+ 1,7 —0y) In y?

If we substitute s = y’;—QA and simplify the expression of the remainder term we arrive
at

R,(A) < L&, Q] A2 B <% oa+d/2+ 1,7 — 0d> — S(A,N)

with S(A, \) as stated in (6.14).

Next we assume \ < 7q and proceed in two steps. If at the same time A < 7 we
have y [Q|@D/4 > 1Q| for all Iy < y < [, and by similar calculations as above we
arrive at

~ (A
R,(A) < Lfyl,d|Q|A“’+d/2B (K,ad+d/2+1,7—ad>
204+d+2 7 cl —ogq—1
2m d++Lad,d M 5 (A Wz)v d pE——

 Blogt+ly—og) d 2

N
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and we obtain the claimed inequality with S(A, A) given in (6.15). On the other hand,
if A <71 <A we get

A (A
R,(A) < L§{d|Q|AV+d/2B <K,Jd+d/2+1,’y—ad)

204+d+2 T cl d)|Q|1/d —oq—1
B Q20atd+ Le |Q|(d—1)/d /(1/ )18 (A_ 71._2)’7 d .
B(ad—f—l,’y—ad) Ia y2

B(og+1,7v—0a) d Jaayaprr y?
In this case after a simplification we arrive at S(A, \) as stated in (6.16). Finally, if
we apply (6.52) directly to (6.3) we claim

R,(A) < L4102 B (%Jd‘i‘d/?‘f' Ly — Ud) -

Hence, in the final bound S(A, \) can be replaced by its positive part (S(A,\)).. O
Again in view of (6.11) we can choose

7Tl7.§/271,1
T (d/2+ 1) |Qd

as a lower bound on A\;. Thus we find

A=\ =

COROLLARY 6.15. Let Q C R? be an open set with finite volume. Then for v > o4
the estimate

R,(A) < L9419 B (%70d+d/2+ 1,7—%) AT (S())4

holds for all A > 5\, where

1A
S(A) = Lg{d|9|m+d/283 (K,ad+d/2+ 1,y — ad>
if A < T1q and
B(%,00+ %) . d+1
S(A) = L, |12 (3 Uc; 5 )B(TKQ,%Jr -QF ,v—od)

1= (X
+L?Yl,d|Q|A’y+d/QC_ZB <K7%agd+d/2+177_ad>

REMARK. We can now compare this result with estimate (6.18) from Proposition
6.3. In both bounds the high energy asymptotics A — oo is dominated by the sharp
first term. In view of (6.10) also the remainder terms show the correct order as A
tends to infinity. In this limit the bound from Corollary 6.15 is stronger than (6.18)
whenever

d—1 1 /1 d+1
£ (7 + T) dA(Q) < 5 B (é,ad + %) Q| (d=1)/d (6.53)
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holds true. We remark that the right hand side is independent of v while (7 + %)
tends to zero as 7 tends to infinity and d,(€2) is bounded from above by the diameter
of 2. Hence condition (6.53) will be satisfied for large enough ~.

Moreover, the bound from Corollary 6.15 contains the factor B(A/A, oq + d/2 +
1,7 — 04) which decays exponentially if A — A+ and which improves the bound from
Theorem 6.2 in comparison to (6.18) for values of A close to \.
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CHAPTER 7

Sharp spectral estimates in domains of infinite volume
Leander Geisinger and Timo Weidl

ABSTRACT. We consider the Dirichlet Laplace operator on open, quasi-
bounded domains of infinite volume. For such domains semiclassical spectral
estimates based on the phase-space volume — and therefore on the volume of
the domain — must fail. Here we present a method how one can nevertheless
prove uniform bounds on eigenvalues and eigenvalue means which are sharp
in the semiclassical limit.

We give examples in horn-shaped regions and so-called spiny urchins. Some
results are extended to Schrodinger operators defined on quasi-bounded do-
mains with Dirichlet boundary conditions.

7.1. Introduction

Let V() be a non-negative function on an open set Q C R% d > 1. In this article
we study the negative spectrum of Schrodinger operators

Ho=-A-V

defined in L?(2) with Dirichlet conditions on the boundary of Q. More precisely, one
defines Hq to be the self-adjoint operator generated by the quadratic form

(u, Hou) = /Q|Vu(x)|2d$—/ﬂ\/(ac) lu(z)|? dz

with form domain H} (), see [BS87| for details. We always assume that Hg has
purely discrete spectrum. Then the negative spectrum of Hg, if not empty, consists
of finitely many eigenvalues —A\; < =Xy < -+ — Ay < 0, N < oo, counted with
multiplicity. In general, these eigenvalues cannot be calculated explicitly and for
large N it is difficult to approximate them numerically. Hence, to deduce information
about the eigenvalues one studies also the Riesz means

N
R,(V;Q) = Tr(Ho)” = Y X
k=1

of order ¢ > 0 and their dependence on 2 and V.

The first rigorous step in this direction dates back to H. Weyl, R. Courant and D.
Hilbert [Wey12a, CH24| who calculated the semiclassical limit of the eigenvalues
in the case of a constant potential. To state the general result let us introduce a
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scaling parameter A > 0 and replace the potential V' by AV. Then for ¢ > 0 and
V € L°+2(Q) the limit

R,(\V;Q) = LY, / V(%) dz N2 4 oM7) N S 00, (7.1)
Q

holds with the semiclassical constant
['(o+1)
(4m)42T (o + %l +1) ’

see e.g. [RS78]. To get information about finite potentials one needs to supplement

c
La,d -

this asymptotic result with uniform estimates. In [LT76] it was shown that for
Q =R? and o > max{0, 1 — d/2} the estimate

R,(V;RY) < Lyg / V(z)" ™ dz

Rd
holds with certain positive constants L, 4. These inequalities have many important
applications, for example, in proving the stability of matter [Lie97, LS10].

Finding the best constants for which the Lieb-Thirring inequalities hold poses a
substantial mathematical challenge. In [LWO0O] the inequalities were established for
o > 3/2 with the sharp constants Ly 4 = L¢,;. This result immediately implies that
for any open set Q C R? o > 3/2, and any non-negative potential V € L+4/2(Q)

R,(V;Q) < Lf,{d/QV(x)U+d/2 d . (7.2)

If Ve L7F%2(Q) then both (7.1) and (7.2) hold and we see that the bound (7.2) is
sharp: It shows the correct power of V' and holds with the sharp constant.

In this article we are interested in the case V' ¢ L7%2(Q), where the bound (7.2)
and even the asymptotics (7.1) must fail and one needs to find a new approach to get
sharp uniform bounds on eigenvalues means. If V ¢ L7+%2(Q) the leading order of
the semiclassical limit depends on the potential V' and on the geometry of (2 and it
is challenging to find estimates that take these dependencies into account.

Let us discuss the case of a constant potential V= A > 0 on §2 in more detail. If
2 is bounded then the semiclassical limit (7.1) reads as

Ry (A;Q) = L& QA2 4 o(AH2) . 6>0, A— oo, (7.3)

where |2 denotes the volume of Q. In this case the asymptotic results are supple-
mented by the Berezin-Lieb-Li-Yau inequality [Ber72b, Lie73, LY83]: For ¢ > 1

R, (A;Q) < LE QA2 A >0, (7.4)

Again, the constant in this inequality is sharp and cannot be improved. However, un-
der certain conditions on the geometry of {2 a negative second term exists in the
semiclassical limit (7.3), see [Ivr80a, Ivr80b, Ho6r85, SV97, Ivr98, FG11b],
and the question arises whether (7.4) can be improved by an additional negative
correction term. Recently, several results have been found giving answer to this
question [FLU02, Mel03, Wei08, KVW09, GW10, GLW11]. In [FLUO02| the
corresponding sharp estimate for the discrete Laplacian was improved by a nega-
tive remainder term capturing the properties of the second term of the semiclassical
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limit. The first uniform improvement for the continuous Laplacian is due to A. Melds
[Mel03]. He improved the estimate (7.4) for o > 1, however, the remainder does not
reflect the correct order of the second term of the semiclassical limit.

In [WeiO8] this was improved in the case ¢ > 3/2. Using an inductive argument
based on operator-valued Lieb-Thirring inequalities [LWO0O] the Berezin inequality
(7.4) was strengthened by a negative remainder term of correct order in comparison
with the second term of the semiclassical limit. Here we are not concerned with the
remainder term but we apply the same inductive argument to derive sharp spectral
inequalities in domains of infinite volume.

However, for unbounded domains €2 even the discreteness of the spectrum of the
Dirichlet Laplacian is no longer guaranteed. A necessary condition is the so called
quasi-boundedness of 2 [AF03] which is satisfied, by definition, if

lim dist(z, 02) = 0.

But even for quasi-bounded domains (7.3) and (7.4) must fail if the volume of € is
infinite. In this article we show that one can nevertheless prove uniform bounds on the
eigenvalue means for certain domains with infinite volume. In this case the leading
order of the semiclassical limit depends on the geometry of €2, see e.g. [Fle78, Sim83].
However, applying the induction-in-the-dimension argument from [WeiO8] we can
prove sharp estimates valid for all A > 0 that capture the correct asymptotic behavior.

If the potential V' is not constant the situation is more difficult. The same in-
ductive argument can still be used to reduce the problem to one dimension. But
in contrast to the case of constant potential the eigenvalues of the resulting one-
dimensional operator cannot be calculated explicitly. Therefore we have to study the
one-dimensional problem in more detail. In particular, we have to analyze the effect
of different boundary conditions on the eigenvalues. The result yields an improved
version of the semiclassical bound (7.2). Again, this sharp Lieb-Thirring inequal-
ity with remainder term can be applied in situations, where all known results — in
particular (7.1) and (7.2) — fail.

The remainder of the article is structured as follows. First we mention some key
ingredients of the proofs. In particular, we review the induction-in-the-dimension
argument from [WeiO8] and adapt it to our needs here. This is done in Section 7.2.

In Section 7.3 we consider constant potentials on domains with infinite volume.
We give examples, where the leading order of the semiclassical limit depends on the
geometry of the domain 2. In these examples we derive sharp upper bounds on the
eigenvalue means.

The last part of the article is devoted to the general setting of non-constant
potentials. In Section 7.4 we first analyze the effect of different boundary conditions
on the eigenvalues of one-dimensional Schrédinger operators. We find an improvement
of (7.2) that can be generalized to higher dimensions. Finally, we give an example to
show that the result applies to certain potentials V ¢ LoF%/2(().
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7.2. Induction in the dimension

In this section we prove an inequality reducing estimates for eigenvalue means of
the operator Hq to estimates for one-dimensional Schrodinger operators. The proof
relies on a lifting technique from [Lap97] and uses operator-valued Lieb-Thirring
inequalities [LWO0O]. Here we follow the proof from [Wei08|, where this approach of
induction-in-the-dimension is employed to derive improvements of (7.4) for constant
potentials.

Fix a Cartesian coordinate system in R? and for € R? write z = (2/,t) € R?"! x
R. For 2/ € R4 ! consider one-dimensional sections Q(z') = {t € R : (2/,t) € Q}.
If not empty, each section Q(z’) consists of at most countably many open intervals
Je(@) CR kE=1,...,N(z') < o0.

For x = (2/,t) € Q put Vp/(t) = V(z) and let the one-dimensional Schréodinger
operators

d2
Hy(z") = —ﬁ—%/, k=1,...,N(z'),

be defined in L?(Ji(2")) with Dirichlet boundary conditions. Finally let

N(z')
W(' V) = @ Hi(')- (7.5)
k=1

be the negative part of the Schrodinger operator —d?/dt* — Vs given on Q(z') with
Dirichlet boundary conditions at the endpoints of each interval forming (z'), that
is, on the boundary of Q(z).

Applying operator-valued Lieb-Thirring inequalities one can estimate eigenvalue
means of Hg in terms of W (a2, V).

PROPOSITION 7.1. For o > 3/2 we have

R,(V;Q) < LY, / TeW (2, V)oH =072 gy

Rd-1
REMARK. In the case of a constant potential V' = A > 0 the trace of W (z', A) can
be evaluated explicitly. If € is bounded, a detailed analysis of the resulting estimate
leads to improved Berezin-Li-Yau inequalities with a remainder term capturing the
properties of the second term of the semiclassical limit [Wei08, GW10, GLW11].

PROOF OF PROPOSITION 7.1. We consider the quadratic form (u, Hou) and eval-
uate it on functions u from the form core C§°(€2). We get

(u, Hotw) 20y = |V 2 — / ViuP de

= Hv/uHiQ(Q) + /I%dl dx//s;( , (]@u(x/’t)’? _ Vx/(t) |u($/,t)’2> dt,

where V' denotes the gradient in the first (d — 1)-coordinates.
For fixed 2/ € R4! the functions u(2’,-) belong to C$°(2(2’)) and therefore to
the form core of W (a', V). It follows that

(u, Hou) r2() > ||V'u||iz(m —/ (u(@', ), W', V)u(a', ) 2@y dz’ . (7.6)

Ra-1
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To apply operator-valued Lieb-Thirring inequalities we need to extend these forms to
R?. More precisely, we extend both sides of (7.6) by zero to C§°(R®\ 99) which is a
form core of (—Aga o) @ Ho. This operator corresponds to the left-hand side of (7.6),
while the semi-bounded form on the right-hand side is closed on the larger domain
H' (R L2(R)), where it corresponds to the operator

AT W(,V) (7.7)
defined in L*(R%"!, L*(R)). Due to the positivity of (—Aga\q) the variational principle
implies

Ry(V;Q) = Tr (—Agaq ® Ho)” < Tr (-A' @ I-W (2, V)7 . (7.8)
Now we apply sharp Lieb-Thirring inequalities [LWO0O] to the Schrodinger operator
(7.7) with operator-valued potential W (a’,V'). For ¢ > 3/2 we obtain

Tr (A @I-W(, V)7 < LY, / TeW (2, V)oHd=0/2 gy (7.9)

Rd—1

and the claim follows from (7.8) and (7.9). O

7.3. Constant potentials

In this section we assume V = A > 0 on quasi-bounded open sets Q C R?, d > 2.

First we remark the following relations between the eigenvalue means. For 0 < vy < o
we have [ALT8|

1
B(y+ 1,0 —

[e.e]

R,(A; Q) = / T"_”_IRW((A —7);Q)dT, (7.10)
7) Jo

where B denotes the Beta-function. Hence one can use bounds or asymptotic results
for R, to deduce the respective results for R, with ¢ > v > 0. Conclusions from
eigenvalue means of higher order to means of lower order are more cumbersome since
eigenvalue means of lower order are less smooth. To derive uniform bounds on the
counting function, that is, on Ry(A;€2) one can make use of the estimate [Lap97]

Ro(A;Q) < (TA)°Ry(1+7)A;Q), 7>0, A>0, o>0, (7.11)

and optimize the right hand side in 7 > 0. In general, sharp constants are lost but
usually the correct order of growth in A is preserved.

In the following we consider specific domains with infinite volume. The discrete-
ness of the spectrum of the Dirichlet Laplace operator defined on these domains can
be deduced from various sufficient conditions. For example, one can refer to the
following result from [Ada70].

LEMMA 7.2. Let Q be an open subset of R and for h > 0 let Q;, be a cube with
sides parallel to the coordinate axes. Let pig_1(Qn,$2) denote the mazimum of the
(d — 1)-dimensional measure of P(Qp \ ), where the mazimum is taken over all
projections P onto (d — 1)-dimensional faces of Qp,.
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Assume that for every € > 0 there exist h < 1 and r > 0 such that for every cube
Qy, of side length h with sides parallel to the coordinate azes and with Q, N{x € RY :
lz| > r} # 0 we have

pa1(@n, ) 1
Jd+1 =
Then the embedding Hj () — L*(Q2) is compact.

In the following examples the trace of the operator W(z', A) given in (7.5) can
be calculated explicitly and we find that Proposition 7.1 yields sharp estimates on
eigenvalue means.

7.3.1. Horn-shaped regions. First we consider horn-shaped regions, domains
stretching to infinity along distinguished directions, see [vdB92a] for a general defi-
nition. These regions were first examined by Rozenbljum [Roz71, Roz72b, Roz76|
and turn out to be of interest in different situations, see e.g. [Sim83, vdB84a,
DS92, vdB92a, MMO06, Lunl0]. In [Sim83] the semiclassical limit of the count-
ing function was calculated for the horn-shaped regions

Q = {(z.9) €R” s [a] -yl <1}, v>1, (7.12)

see Figure 1. Note that discreteness of the spectrum of Hg, can be deduced from
Lemma 7.2.

FIGURE 1. The set 5.

In [GW10] it was shown that the methods introduced in Section 7.2 yield sharp
upper bounds on the trace of the heat kernel of the Dirichlet Laplacian on various
horn-shaped regions. Here we derive sharp bounds on eigenvalue means and order-
sharp bounds on the counting function.

Let us recall the following asymptotic results from [Sim83]. For v > 1 the limit

2

holds, where ((v) denotes the Zeta function. Moreover, for v = 1

Ro(A;€)) = %AlnAqLo(AlnA) , A—oo.
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These formulas were improved and extended to higher dimensions in [vdBLO1]|. For
more general geometries we refer to [Lia00].

To obtain asymptotics for general eigenvalue means, we apply (7.10) with v = 0
and for 0 > 0 and v > 1 we get

Ro(A: Q) = C(v) (2) B(X+1,0+1)

A0+(u+1)/2 +o (AU+(V+1)/2) ’ A — 0,

m) B(o+"3)
(7.13)
and for v =1
1
AQy) = ——— AP InA AT In A A — 0. 14
RO’( ) 1) 7T(O'+1) n +0( n )7 o0 (7 )

In order to treat domains in higher dimensions we generalize the notions from
[Sim83] in the following way:
Q= {(@,2q) ERTI X R ¢ |2/| - |zg/"D < 1}, d>2, v>1.
For these domains of infinite volume an application of Proposition 7.1 yields sharp
spectral estimates.

THEOREM 7.3. For 0 > 3/2, v > 1, and all A > 0 the estimate

RN < &1) (g)vFr(gH)r(o—H) T

- 20 (d - (SHT (o + =57)

2
holds.

REMARK. For d = 2 we conclude that the bound

@ 2 72

Ao+(u+1)/2

holds for ¢ > 3/2 and all A > 0. Comparing this bound with the asymptotic relation
(7.13) we see that the estimate is sharp: For horn-shaped regions, just as well as for
bounded domains, the leading term of the semiclassical limit yields a uniform upper
bound.

PROOF OF THEOREM 7.3. In this setting the section 2, (z) consists of one open

interval
(—ll’/’(l_d)/y, |I/|(1—d)/1/) )

Since V' = A, the trace of the operator-valued potential W (z', A) defined in (7.5) can
be evaluated explicitly. We find

, 71_2‘7'2
TIW(ZL‘ ,A) = Z (A— W)+

JjEN

Applying Proposition 7.1 yields

| PR
. c _— !
R,(A;9,) < Ly, 1/Rd1§ :( 4@/,21 d) /v ) dz
+
PR
_ d—2 o+(d—1)/2
— E - J dr A
Ud 1Wd—1 / < 4A7"2(1 —d)/ >+ " " ’

JEN
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where wy_; denotes the volume of the unit sphere in R4~ We substitute

2,2
™) F2(d=1)/v

4A
and get
. cl v 2\" [~ o+(d-1)/2 v/2—-1 o+(d—1+v)/2
RO’(A7 Qu) < Lo,d—lwd—l Z 2<d _ 1) (E) /0 (1 - 8)+ S ds A
JEN
2 I/B (0. + d+1 E)
= 1< 3 z 2 2 2) Ao+(d—14v)/2
o,d—1Wd 1C(V) (7‘[‘) 2(d — 1)
Now we insert the identity
L vBloeSLY T+ T+
MM T - Do + )
and arrive at the claimed estimate. O

Now we apply (7.11) to deduce order-sharp bounds on the counting function.

COROLLARY 7.4. For v > 1 and all A > 0 the estimate
Ro(A; Q) < Oy, AT/

holds with a constant

o (d+v+ 2)(d+u+2)/2 C(v) z v T(% + )F@)
dy = 33/2(d—l— v — 1)(d+1/ 1)/2 2d—1(d _ 1) F(d—)F (d—f—y + 2)

T
PrOOF. We use (7.11) with ¢ = 3/2 and apply Theorem 7.3 to obtain

1 () 2\" T(E+1r(E)
Ro(A; Qu — 2 2 1 A (d+v)/2+1
0( ) ) (7_A)3/2 Qd_l(d—l) < > F(%)F (d+Ty+2) (( "‘7') )

L (L)@ ) 2 YT+ 1) A1)/
73/2 20-1(d — 1) [(EHT (2 4 2) '

Minimizing in 7 > 0 yields 7yin = 3/(d + v — 1) and inserting this we obtain the
claimed result. O

IN

Let us now consider the critical case ¥ = 1 in dimension d = 2. Here the domain
yields two equally strong singularities and we cannot distinguish one direction. How-
ever, choosing an intermediate direction we obtain a sharp estimate with a remainder
term.

THEOREM 7.5. Let o > 3/2. Then for A < 7%/16 we have R,(A; Q) = 0 and for
A > 72/16 the estimate

;AJJA IHA 4 C A0'+1
(o +1) o+1

R,(A;y) <

holds with a constant
_ 33 + 161n(%)

< 1.47.
81
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REMARK. Again, comparing this inequality with the asymptotics (7.14), we see
that the main term of the bound is sharp.

PROOF OF THEOREM 7.5. Since the function [ (z)| = 1 has non-integrable sin-
gularities at zero and at infinity we have to choose a coordinate system (z;, ;) € R?

rotated by T with respect to the coordinate system (z,y) € R? which was used in
definition (7.12). We get

Qy(xy) = {$2 ER : |z < \/|x1|2+2}

for |x1| < V2 and

Qi (1) = {xQ ER: V]m[P =2 < zo| < |$1‘2+2}

for |z1| > /2. To simplify the following calculations and the resulting bound we
confine ourselves to rough estimates which are nevertheless sufficient to prove the
sharp constant in the leading term. First, we estimate | (z1)| < 4 for |z1] < 2 and

4 2
(@) < 2(VimPr2- VimP-2) < —+

IRLEZII AT

for |z1| > 2.
Suppose that A < 72/16. Since | (x1)| < 4 for all z; € R we get

7T2j2
TeW (xq,A) = (A — —) =0
( 1 ) JGZN |Q(I1)|2 N

for all z; € R. From Proposition 7.1 it follows that R,(A;€;) = 0 for A < 72/16. On
the other hand, if A > 72/16 Proposition 7.1 implies

2 o+1/2
i <1t [ ()

l . ] U+1/2 2 .2 U+1/2
< ALG < T > +2L¢ / > (A— ) dry
jEN + jEN +
(7.15)
with
4 2
(xy) = — .
) = 2 T P

Note that for A > 0 and v > 0 we have

2(1—114'—22)W gB (%,’er) : (7.16)

jEN
thus
22\ g 1 3 4 1
41 A — < L% B(= Z)ATE = Z— AT (77
& ( 16 )+ = gt (2’0+2) T+ 1 (7.17)

JEN
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Now we turn to the second term in (7.15). Put z(A) = (4V/A) /7 4+ 7 /(4V/A). For
x1 > z(A) we have I(z,) < 7/v/A, hence

2.2
3 (A _ W_J2> _ 0.
jEN @) )
In view of (7.16) it follows that

l 2\ o2 - 1 3 2(A) B
Lc dr, < =L¢ B = - l dri A°
/ Z( )+ s Loy (2>U+2)/2 (z1)dy

jeN

1/2 (l’1> T ( )

By definition of x(A) and (),

z(A) z(A) 4 92
/ l(l’l)dI1 = / (— ) dIl
2 2 T

4 1
< 2lnA +41 —Aln2+ -
= 2inf n( 4A) nety

1

4
< 2lnA+4In (—) + - (7.19)
T 4

for A > 72/16. Inserting (7.17), (7.18) and (7.19) into (7.15) finishes the proof. O
Again we can apply (7.11) to deduce order-sharp bounds on the counting function.

COROLLARY 7.6. For A < 7?/16 we have Ry(A; ) = 0 and for A > 7?/16 the
estimate

5\*% 1
s
holds, with a constant

5
o - \/3825+4001n( 1) +360mIn (3) oo
3 72w

7.3.2. Spiny urchins. In this subsection we study the eigenvalues of the Dirich-
let Laplacian on so called spiny urchins, radially symmetric domains Q¢ C R? with
infinite volume, which were introduced in [Cla67].

To construct €2g we use polar coordinates (r, ) € [0,00) x [0,27) and choose an
increasing sequence (7, ),en of positive real numbers and put o = 0. For n € Ny and
k=1,2,...,2"2 et

k—1
Fn,k - {(TaSO) : TZTTL’@:WW}

be semi-axes and define
Qs = R\ [ JTk,
n,k

see Figure 2. Note that this domain, though quasi bounded, has empty exterior.
However, if
lim r, 27" =0, (7.20)

n—oo
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then discreteness of the spectrum of Hg, can be deduced from Lemma 7.2, see also

[vdB92b].

AN /
N g2
e =

FIGURE 2. The set Qg.

For r,, = n the domain {)g was analyzed in [Fle78|, where the leading term of the
semiclassical limit was calculated: For r,, = n the asymptotic relation
Ro(A;Qs) = CA(InA)® +0(A(InA)?) , A — oo,

holds with a constant C' > 0.
The general setting of an arbitrary increasing sequence (r,)nen, Was studied in
[vdB92b]: If 79 > 0 and (7.20) is satisfied then for all A > 27,2 the bound

Ro(A;2s) < 50(87" +87m)% Ay

holds with K(A) = max{n € N : r,27 > (32)"'v/A}. Moreover, there is a similar
lower bound. Here we extend the upper bound: We derive order-sharp estimates on
the eigenvalue means of Hq valid for all A > 0.

First, we need to adapt Proposition 7.1 to the radially symmetric situation. For
r € (0,00) put

Qs(r) = {p €[0,2m) : (r,¢) € Qs} .

Then Qg(r) consists of finitely many open intervals I (r), k = 1,..., N(r). Choose
u € C§°(s) and consider the quadratic form

(u, Hogu) r2(ag) —/ — Au(x)) dx

// (a?--a--a? A)u(r,go)dcprdr.

(7.21)
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For fixed » > 0 the function wu,.(¢) = u(r,¢) belongs to C5°(Qs(r)). It satisfies
Dirichlet boundary conditions at the endpoints of the intervals Iy(r), k = 1,..., N(r).

To rewrite the form in the ground state representation put v(r,¢) = /7 u(r, ¢).
Then again v(r, @) belongs to C§°(€2s) and for fixed r > 0, we have v,(¢) = v(r, ) €
C2(Qg(r)). Moreover,

// rgo\dgordr—// o)y dr

1 1 1
(-02 = 30— o2 utrp) =z (=22 - 1z - 502 ) ol

Inserting this into (7.21) we obtain

1
(u, Hogu) r2(04) / /Q o (\8 v|? + 2|8<[,U|2 — (4—2 +A) \v|2) dedr. (7.22)
S 7’

In this setting, we define the Schrodinger-type operators

1 d? 1
Hy(r) = -5 — (—+A) , k=1,...,N(r),

42

and

in L?(I;(r)) with Dirichlet boundary conditions at the endpoints of Ij(r). In the same
way as in (7.5) let
N(r)

A) = @5 Hlr)-

be the negative part of the operator

in L?(Qg(r)) with Dirichlet boundary conditions. In view of (7.22) we can apply
Proposition 7.1 and for 0 > 3/2 we get

R,(A;Qg) < LY, / TeW (r, A) T 2dr . (7.23)
0

To estimate the right hand side and to derive bounds on the eigenvalues means
we assume that (7.20) is satisfied and that

T'n+1 S ZTn (724)
holds for all n € N. Then the sequence
22n 1
7"_2 — m y n e N,

is increasing and for all A > 15/4 .72 and there is a unique index 7(A) € N satisfying

22n 1 22n 1 A
A > PR forallmn < A(A) and A < PR for all n > n(A). (7.25)

To simplify notation we put 7(A) = 74(a)-
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LEMMA 7.7. Let 0 > 3/2 and assume that (7.20) and (7.24) are satisfied. Then
for A < 15/4-r7% we have R,(A;Qs) = 0 and for A > 15/4 - r1* the estimate

R, (A;Qs) < L&, (M)A + C, A% In (AR(A))
holds with a constant C, > 0 depending only on o.

REMARK. If we compare the main term of this bound with the Berezin inequality
(7.4) we see that the effective domain that enters into the bound is a disk with radius
7(A).

PROOF OF LEMMA 7.7. In view of (7.23) we have to estimate

TeW(r,A) = Tr —id—z—A—L = ZZ A+L_i
’ N r2 dp? a2 ) — 4r2 2| L(r)]? +'

Fix r > 0 and ny € N such that r,,_; < r < r,,. Then the section Qg(r) C [0, 27)
consists of 2% identical open intervals of length |I;(r)| = 7/2". Hence,

1 1 22n0j2
TeW(r,A) = 2™ Z A4 — — :
+

, 42 72
JjeN

Note that for all j € N

22n0j2 1 S 22n0t+2 _ 1 S 15
r2 4r2 — 4r2 42

For A < 15/4 -7 we obtain TrIW(r, A) = 0 and by (7.23) also R,(A;Qg) = 0.
Hence, we can assume A > 15/4 - ;% Suppose that 7 > #(A) thus ny > n(A).
From (7.25) we get
2n9 ;2 2no+2 __
A R ek R

2 2 = 2 =
r 4r dry.

for all j € N and it follows that TrW (r, A) = 0 for r > #(A). Moreover, if r* < 15/(4A)
we have r < r; and
421 15
r2  4r?2 T 42
for all j € N. Again it follows that TriW(r,A) = 0 and it remains to consider
V15/(2VA) < r < #(A).

For such r we apply (7.16) to estimate

> A

1 22n0j2 o+1/2
TeW (r, A)7 2 = grott 37 <A t 5 )
jEN +

1 o+1 1 3
A+ — B - -] .
r( +47"2) (2,0+2)
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From (7.23) we conclude
1 3 7(A) 1 o+1
R,(A;Qs) < LY, B (_;U+ —) / r (A+ _2) dr
N2 2/ e ar

1 4AP(A)? 1 o+1
S — 14 - d
160+ 1) / (+> )

1 1671
< o AAZATT 4 A In (4AF(A)?
= 4(0+1)T( ) + g A7 In (4A7(A)°)

and the claim of the lemma follows from the identity 4m(c 4+ 1)L¢, = 1. O

Before we give examples we supplement Lemma 7.7 with the following lower bound
on R,(A;Qg).

LEMMA 7.8. Assume there exists Ny € N such that r,—y < (1 —2"")r, is satisfied

for all n > Ny. Then for o > 0 there exist positive constants C' and p independent of
A such that

A(pA)
Ry(A;Qg) > C Y 1y (ry — 1) A7
n=Np
holds for A > 0 with n(uA) > No.
PrROOF. For n > Ny and k € {1,... ,2"*1} consider a segment (2, C (g, i.e., a

region between r = r,,_1, r = r, and two adjacent semi-axes I', ;, and I', ;4;. Note
that there are 2"*! identical segments ,, . Let 7(n) denote the maximal number of
disjoint squares @Q;, with side length I, = 7,,/2"! that can be placed in the interior
of €2, ;. From the definition of {2 it follows that
Ty — Tn_
r(n) > €

Hence, the variational principle implies

R,(A:Qs) 2 3 2 7 (n) Ry(AsQy,) 2 € Y 27 =R (0 Q) .

L,
n>No n>No

nZNo.l

(7.26)

To estimate R(A; @y, ) from below, we first consider the square (); with side length

1. From Weyl’s asymptotic law (7.3) we know that there are positive constants C'

and Ay, such that R,(A; Q1) > C A" holds for all A > Ag. By scaling, we deduce
that

Ry(A; Q) > CI2ATH (7.27)

holds for all A > Ag/I2.
Fix A > 0. From (7.25) we deduce that

2n 2n
Ao _yp 2 < SAO(Z__L> <A

2 2 2 2
[2 r2 r2 4r2

'Here and in the following the letter C' denotes various positive constants that are independent
of A.

146



7.3. CONSTANT POTENTIALS

holds if n < n(A/(8Ag)). Denoting = 1/(8A¢) we find that (7.27) is valid for all
squares 0, with n < n(uA).
In view of (7.26) it follows that

A(pA) . . A(pA)
RO‘(A; QS) > C Z 2n+1 % l721 A0'+1 > C Z Tn(rn - Tnfl) AU+1
n=Np n n=~Ng
and the proof is complete. 0

Let us state some examples to show that the bounds capture the correct order
in A and that choosing different sequences (r,,)nen leads to different behavior in the
semiclassical limit.

COROLLARY 7.9. Let o > 0.
(1) Assume r, = n. Then for 0 < A < 15/4 we have R,(A;Qs) = 0 and for
A>15/4
Ry(A;Qg) < Oy, A%TH(InA)?.
(2) Assume r, = 2°" with 0 < 6 < 1. Then for 0 < A < 15- 272049 e have
R,(A;Qg) =0 and for A > 15.2720+9)
R0<A; QS) S Ca,(s AU—H/(l_(S) .
All bounds capture the correct order in A as A — oo.
ProoF. To prove the bounds for ¢ > 3/2 we can apply Lemma 7.7 and it remains
to estimate 7(A). By definition, 7(A) = 754y and by (7.25) 75(a) satisfies
22ﬁ(A) 1

< A.

T Araw T

It follows that #(A) < C'lnA in the case r, = n and #(A) < CsA%0-9) in the case

7, = 2°" and the bounds for o > 3/2 follow from Lemma 7.7. To deduce the claimed
estimates for 0 < o < 3/2 we apply (7.11) and finally (7.10).

It remains to prove that the estimates are of correct order in A. Note that in the

case 1, = n the assumptions of Lemma 7.8 are satisfied with Ny = 1. Hence, we have

A(pA) A(ph)
Z Tn (T — rne1) = Z n > Ci(uh)? = Cr(ph)?.
n=Ng n=1

In the case r, = 2°" we find for sufficiently large A that

A(pA) A(pA) A(uA) )
Z r, (rn _ Tnfl) _ Z 26n (25n . 25(7171)) > Z 225n > 0225n(uA) _ Cf(uA)Q,
n=Np n=Nog n=No

holds. In both cases, we insert this into Lemma 7.8 and get

Ry (A;Q5) > CATT7(uA)?. (7.28)
For A large enough the relations (7.25) imply

r(pA) > Cln(pA) > ClnA
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if r,, = n and
FuA) > C(pA)/C0=0) > A%/ (20-0)

if 7, = 2°". As A — oo we obtain from (7.28) that R,(A;Qg) = O(A°*1(In A)?) in the
case 1, = n and R,(A;Qg) = O(A°+*Y/1=9) in the case r,, = 2°". Thus the bounds
on R,(A,Qg) show the correct order in A. O

Let us state one more example, where one encounters exponential growth of the
eigenvalue means.

COROLLARY 7.10. Assume o > 3/2 and r, = 2"/\/n. Then for 0 < A < 15/16
we have R,(A;Qg) =0 and for A > 15/16

R,(A:Qg) < C, 222 A%

This bound follows from Lemma 7.7 similar as in Corollary 7.9.

7.4. Non-constant potentials

In this section we consider Schrodinger operators Hg with non-constant potentials
V > 0 on open sets Q C R Since we define Hg with Dirichlet boundary conditions
the variational principle implies that the sharp Lieb-Thirring inequality (7.2) holds.
In fact, the Dirichlet condition gives rise to an improvement of this bound. In this
section we use this to derive sharp Lieb-Thirring inequalities with remainder term.

7.4.1. One-dimensional considerations. As in Section 7.3 we apply Proposi-
tion 7.1 to reduce the problem to one dimension. However, for non-constant potentials
V' the trace of the operator-valued potential W (z’, V') defined in (7.5) cannot be cal-
culated explicitly. Therefore we need to study the one-dimensional situation in more
detail to derive the following improvement of (7.2).

THEOREM 7.11. Let I C R be an open interval of length | < oo and assume
o >3/2 and V € L°TYV2(I) such that

A:l/V(t)dt<oo.
I

Then for A < 21In3 we have R,(V;I) =0 and for A > 2In3

Ry(V;1) < L, /1 V(t) 2 dt <—2glf)g;>_d? )

The remainder of Section 7.4.1 is devoted to the proof of this result. In particular,
we study the effect of different boundary conditions on the eigenvalues. First we
assume [ = (0,1) and V € C3°(I). Recall that

is defined in L?(I) as self-adjoint operator generated by the quadratic form
(u, Hru) = /(\u'(t)\Q — V(t)\u(t)ﬁ) dt, (7.29)
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with form domain H{(I). Moreover, we define the operator

in L*(R) generated by the form (7.29) with form domain H'(R).
We assume that the negative spectrum of Hj consists of N eigenvalues ( —)\k)]kvzl,
N € N, and denote the negative eigenvalues of Hg by (—pz)iL,. The variational
principle implies M > N and —pu; < —Aj for each k=1,..., V.
In order to derive relations between the eigenvalues of H; and Hg we define
« d?
L

as self-adjoint operators generated by the form

mﬂﬁﬂo:/mwwﬁ—/V@m@wmwwﬂmmw+@mmmmﬁ

V. 0<af<3,

with form domain H'(I). Note that eigenfunctions of H}a’ﬁ ) satisfy boundary condi-
tions of the third kind: u/(0) = (cot @)u(0) and /() = —(cot B)u(l). For o, 5 € [0, 5]

the negative spectrum of H}a’ﬁ ) consists of eigenvalues (—uvy(a, ﬁ))ff:(?ﬁ ). We point
out that for a« = 8 = 0 we recover Dirichlet boundary conditions:
H™ = H;, N(0,0) = N, and (14(0,0)N%” = )N, (7.30)

We need the following result from [Wei03] about the behavior of the eigenvalues
of H}a”g). For a € [0, g] and v > 0 let u(t; v, &) to be the unique solution of
—u"(t) = V() u(t) = —vu(t), tel,
u(0;v, ) = sina,

u'(0;v, ) = cosar. (7.31)
LEMMA 7.12. Fix 3 € [O, %} Then for o € (0,%) the map a — vi(a,B3) is
monotone increasing and differentiable and we have
dI/k(Oé,ﬁ)
da

Because of the symmetry of the eigenvalue problem (7.31) a corresponding result
holds for fixed o € [O, g] and the map 3 — v (o, ), 0 € [0, %] For k=1,...N it
follows that

= Hu(-;Vk(Oéaﬁ)aa)Hzg(I)'

—Vk(O(,CY) < _Vk(()u()) = _>‘k <0
for all o € [0, Z].

For k=1,...N put
wy = arccoty/py, € [O,g] . (7.32)
Then we have N(wg,wy) > N and both —py, and —vg(wg, wy) exist as negative eigen-

values of Hy and H'“****) respectively.
PropPOSITION 7.13. For k=1,..., N the eigenvalues of Hg and H](w’“’wk) satisfy
— e = —Vi(wk, wi) -
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ProoOF. For arbitrary k£ € {1,...,N} let &, denote the eigenfunction of Hg
corresponding to —py. Then supp V C I = (0,[) implies

Op(t) = 1 exp (—/t) fort>1 and

Op(t) = o exp (+/uxt) fort <0
with suitable constants ¢, co € R. From (7.32) it follows that ®.(0) = (cot wy)Px(0)
and @, (1) = —(cotwy)Px(l). Put &y = ®yfy. Since @4 belongs to the domain

of Hl(w’“’w"’) we find that —py is an eigenvalue of Hl(w'“’w’“). Note that &, has k& — 1
zeros in the interior of I. Therefore ®; has k — 1 zeros as well and we conclude

— i = —Vg(Wk, W) O
Similar as in (7.31) let a(t; v, ), B € [ } v > 0, be the unique solution of

—u"(t) = V(@)u(t) = —va(t), tel,
u(l;v,B) = sinf,
(v, 3) = —cosf.

Due to the symmetry of the eigenvalue problem (7.31) there is a result analogous
to Lemma 7.12 relating the derivative of the map 3 — vi(a, 8) to the L?>-norm of

ra(v Vk(avﬁ)7ﬁ)'
In view of (7.30) and Proposition 7.13 we have

te — Ak = Vg (W, wr) — vk(0,0) = vp(wi, wi) — (0, wi) + v4(0, wi) — 14(0,0).

Hence, applying Lemma 7.12 and its analog for the map 3 — 14(0, 3) yields

W Wk
== [t 0l da+ [ laCon0.9, 012 45 (73)

fork=1,...,N.

In the remainder of this subsection we use this identity to complete the proof
of Theorem 7.11. In order to get a result valid without further assumptions on the
potential V' we have to restrict ourselves to considering the ground states.

LEMMA 7.14. Let I C R be an open interval of length I and V € C§°(I). Then
the inequality

., 2 ([V(t)dt)®

= exp (I [V (t)dt) — 1

holds. Moreover, if I [V (t)dt < 2In3 then —X\; > 0 and we have R,(V;1) =0 for
o > 0.

PROOF. First we remark that it suffices to prove the result for I = (0,7). To
apply (7.33) we have to analyze the functions u(-; v (o, w), @) and a(-;v4(0, 58), B) for
0<a,f<uw.
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By definition, the function w is the first eigenfunction of H}a’wl) thus it is non-
negative on I. As a solution of (7.31) u solves the integral equation

1 1 Vb eVt
u(t;v,a) = 5 (sin «v) <eﬁt + e’ﬁt) + 3 (cos ) (%)

— " sinh (Vi(t — 5)) s)u(s;v,a)ds
/0 NG V(s)u(s;v,a)ds. (7.34)

The first two summands are non-decreasing in v > 0. For a € [0,w;], Lemma 7.12

and Proposition 7.13 imply v (o, w;) < py. Since the integrand in (7.34) is positive
it follows that

1 1 evilt _ gVt
. < Lo N TR S
u(t; vy (o, wy),a) < 5 (sina) (eV¥' + e )+ 5 (cos ) o

= 1e‘/‘Tlt (sina + cosa) + le_mt <sina — COS&) .
2 v ) 2 N

Now we use that sina — cos a//f11 < 0 holds for o € [0,w;]| and conclude

1
0 < u(t;n(o,w), o) < ZeVhit <Sina+ Cosa> .

=5 N

By explicit calculations it follows that

w1 B 4#1
5 2do > :
[ e @l o 2 e

Similarly, we find

/Owl ||1~L<, V1(07 ﬁ)v 5)”_2 dﬁ >

and (7.33) implies

A
exp (2l\//Tl) -1

8

> .

exp (2[,/u1) -1
For I\/u1 < In3 it follows that —A; > 0. Since the right hand side of (7.35) is
non-increasing the estimate [HLT98]

wzg%/vwﬁ

1

1 — A (7.35)

implies the claimed result. 0J
The proof of Theorem 7.11 is an immediate consequence of the results above:

PROOF OF THEOREM 7.11. Using convexity of the map A — A7 and the Lieb-
Thirring inequality (7.2) we estimate

N N
RAViT) = 3008 < S pg - (ug — X)) < L, / VT2 dt — (g — )’
k=1 k=1

Hence, for V' € C§°(1) the claim follows from Lemma 7.14. A standard approximation
argument allows us to prove the claim for all non-negative potentials V € LeTY/2(T).
O
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7.4.2. A sharp Lieb-Thirring inequality with remainder term. Let us
now consider general Schrodinger operators Hg on bounded or quasi-bounded open
sets Q C R? with Dirichlet boundary conditions. To apply the inductive argument
introduced in Section 7.2, fix a coordinate system in R, For x € Q we write 7 =
(z/,t) € RT™! x R and assume that V,, € LoF¥2(Q(2')), a.e. in 2/ € RTL. We use
the notation introduced in Section 7.2 and put

Ap(a") = [Jp(2)] Vi (t) dt
Ji(2)

Bk(l‘,) = / ‘/x/(t) dt .
()
Let x(2',V) C N be the subset of all indices k with Ag(z') > 2In3 and put
Q)= |J k@)CR and Q = [J {2} x Q@) cCQ.

kek(z!,V) 2/ €Rd—1

The results from Section 7.2 and Section 7.4.1 imply the following sharp Lieb-Thirring
inequality with remainder term.

THEOREM 7.15. Let 2 be an open set in R?, d > 2, and assume o > 3/2. Then
the estimate

R,(V:Q) < Lg{d/

Qv

Vi de = L,y [ ol V)do
"

holds with a remainder

/ B QBk(:c’)z o+(d-1)/2
= 3 () |

ker(z'V)

PROOF. In view of Proposition 7.1 we have to estimate
N(z") N(z")
TeW (2, V)7 H@ 0/ Z Tr H ( U+ (@11 Z Ror(a—1y/2(Var; J(2')) .

k=1

The potential V. satlsﬁes the conditions of Theorem 7.11, a.e. in 2’ € R4, For gé

TI'W([E/, V)o’+(d—1)/2
> Ropaenyp(Var; Jul@))

ker(z!,V)

2B (,lel)z U+(d*1)/2
< e, / Vo ()72 qt — < k .
Z ( @=1)/21 i (2) (t) exp (Ap(7')) — 1

ker(z',V)

Thus the claim follows from Proposition 7.1 using the identities

/ / Vi ()72 dt da’ = / V(x)" Y2 dx
Rd-1 Jk(:r)
and L¢, | LY

ker(z',V) Qv
o+(d—1)/2,1 =

= L%, 0
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7.4.3. An example with V ¢ L°+9/2, Let us illustrate Theorem 7.15 by an
example of a Schrodinger operator defined on a horn-shaped region with a potential
such that the classical Lieb-Thirring inequality (7.2) fails. As in Section 7.3.1 set

Q= {(e,y) € B : ol -yl < 1}

and put V,(z,y) = |z|*y|~® with a > 0. Again, we introduce a scaling parameter
A > 0 and study the operator

Hy, = —A —\V,,

defined in L?(Q;) with Dirichlet boundary conditions. Since V,, ¢ L7T(Q;) the
classical results (7.2) and (7.1) fail and it is not clear whether the spectrum of H, is
discrete and whether eigenvalue means are bounded in terms of the potential AV,.
While our methods do not answer this question in general, we can apply Theorem
7.15 to get upper bounds on R,(AV,; ) for 0 < a<2/5and 3/2 <o < (1 —a)/a.
Indeed, for any = € R the section Q; () consists of one open interval (—z~!, ') and

ZD)\

|x’2(a71).
1l -«

4 |] 1 -
mmzmé Nel*ly| = dy =

Since o < 1 we find that A;(x) tends to zero as |x| tends to infinity. Thus A;(x) <
21n 3 holds for

2\ 1/(2—20)
>(—2 — za(N).
= <(1—a)ln3) Ta(A)

From Theorem 7.15 it follows that for o > 3/2

za(N)  prTt
Ry (AVa; Q) < 4LY, / / 2ot gmalet ) gy da A7+
0 0

Note that the right hand side is of this inequality is finite if 0 < (1 — «)/a. Thus the
estimate

l 4 9 a(c+1)/(1—a) 041/ (1)
Ry (\V,: ) < LS Ae+D/(-a
( ) S Lop 2a(0 + 1)(1 — ao + 1)) ((1—a)1n3>

holds for 3/2 < o < (1 — a)/a and for all A > 0.
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