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Bedeutet aber nicht die Statuierung des Ewigen und Un-

endlichen die logisch-rechnerische Vernichtung alles Begrenzten

und Endlichen, eine verhältnismäßige Reduzierung auf Null?

Ist im Ewigen ein Nacheinander möglich, im Unendlichen ein

Nebeneinander?

Thomas Mann, Der Zauberberg, 1924.

But does not the very positing of eternity and infinity imply the log-

ical, mathematical negation of things limited and finite, their rela-

tive reduction to zero? Is a sequence of events possible in eternity,

a juxtaposition of objects in infinity?

Thomas Mann, The Magic Mountain, 1924.
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Preface

We know a great deal more about the forces which produce the vibrations of sound than
about those which produce the vibrations of light. To find out the different tunes send out by
a vibrating system is a problem which may or may not be solvable in certain special cases,
but it would baffle the most skilful mathematician to solve the inverse problem and to find
out the shape of a bell by means of the sounds which it is capable of sending out. And
this is the problem which ultimately spectroscopy hopes to solve in the case of light. In the
meantime we must welcome with delight even the smallest step in the desired direction.

Sir Franz Arthur Friedrich Schuster, 1882

Is it possible to find out the shape of a bell by means of the sound it sends out?

Or, quoting M. Kac’ famous article from 1966, Can one hear the shape of a drum?

This question – in less picturesque language – is the question of how the oscillating

frequencies of a vibrating membrane are related to the geometry of the membrane is

a longstanding problem of spectral theory. In the 18th and 19th century physicists

and mathematicians such as J. d’Alembert, P. S. Laplace, and J. Fourier investigated

how vibrations, for example vibrating strings, oscillating membranes like drums, vi-

brations in other music instruments producing sound, and in general oscillations of

elastic bodies can be described mathematically by differential operators. Their con-

siderations also extend to more subtle oscillations which according to the theory of

electromagnetism produce light and radiation. It was discovered that the frequencies

of the normal modes of general oscillating systems correspond to the spectrum of

differential operators; more precisely they correspond to the eigenvalues. Hence, it

became important to study spectral properties of such operators, in particular, how

the spectrum of differential operators and thus frequencies of oscillations depend on

the geometry of the underlying system.

The first pertinent answer to this question is that one can hear the size of a

drum. This is an old result – probably not very surprising for drummers – with a rich

history. However, this problem was not brought up by musicians but by physicists who

studied the laws of electromagnetic radiation. Lord Rayleigh analyzed the frequencies

and the intensity of radiation within a black-body, which is an idealized physical

body absorbing all radiation. In 1900, he derived the relation between intensity and

frequency of the radiation within a black-body using the laws of classical mechanics.

To this end he needed to determine the number of standing electromagnetic waves –

analogs of the overtones of an organ pipe – at a certain frequency. Roughly speaking

this is similar as the problem of determining the number of normal modes of an

oscillating membrane at a certain frequency.
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Lord Rayleigh used explicit calculations for rectangles and cubes to find that this

number depends, at least for high frequencies, mainly on the volume of the body and

not on any other geometric quantities. He assumed that this is true for any black-

body of arbitrary shape. These considerations lead to the famous Rayleigh-Jeans

law [Ray00, Jea05] relating the intensity of radiation of a black-body at a certain

temperature to the frequency of the radiation.

However, Lord Rayleigh’s generalisation from cubes to arbitrarily shaped bodies

was still to be justified. This problem was taken up in 1910 by H. A. Lorentz who

raised this question during a series of lectures entitled ‘Alte und neue Fragen der

Physik’ (‘Old and new problems of physics’) held at Göttingen. He challenged those

present to prove that the number of oscillating modes of a membrane at sufficiently

high frequencies is independent of the shape of the membrane and is simply propor-

tional to its area. Legend has it that D. Hilbert predicted that this theorem would

not be proved within his life time. True or not, this prediction was wrong by many

years. Only two years later Hilbert’s student H. Weyl, who was present at Lorentz’

lectures, proved the theorem in question [Wey12a].

It is interesting to note that Weyl’s result is related to a much older number-

theoretical question. Actually, Weyl’s law can be reduced to the problem of finding

the number of points with integer coordinates within a ball of given radius. It is easy

to see that for large radii this number is well approximated by the volume of the ball.

However, it is much more difficult to find good estimates for the error that occurs by

making this approximation. This problem was considered by famous mathematicians

such as Gauß, Hardy, Wright, Landau and more recently by Walfisz.

Similar considerations concerning estimates for the error in his result led H. Weyl

to the conjecture that the law describing the number of normal modes of an oscillating

membrane could be refined by a second lower order term depending on the length

of the boundary of the membrane. This problem took much longer to be solved

than Lorentz’ original question and it seems to be related to the geometry of the

membrane in a very subtle way. Only in 1980 did V. Ivrii [Ivr80a, Ivr80b] give

a proof of H. Weyl’s conjecture, and questions related to this conjecture still pose

substantial mathematical challenges.

H. Weyl’s ideas and results were refined by R. Courant and D. Hilbert and were

included in their famous book Methoden der Mathematischen Physik (Methods of

Mathematical Physics) [CH24]. This initiated a lot of research around the asymp-

totic behavior of the spectrum of differential operators and marked the beginning of

an important branch of spectral analysis. In this way Lord Rayleigh’s initial consid-

erations stimulated various developments in modern mathematical physics.

However, the famous Rayleigh-Jeans law turned out to be wrong. In particular,

for high frequencies it is not in accordance with experimental results. Moreover, the

energy output predicted by the Rayleigh-Jeans law is infinite as the frequency tends

to infinity. This so-called ultraviolet catastrophe is a substantial problem of classical

mechanics since it is not due to any error in the derivation of the law but due to

conceptual problems in the theory of classical mechanics itself.
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The ultraviolet catastrophe does not occur in M. Planck’s empirically derived law

for black-body radiation and this disagreement ultimately led to a whole new theory,

namely quantum mechanics. However, the connection of Lord Rayleigh’s and H.

Weyl’s considerations with quantum mechanics is much deeper: the same differential

operators describing the frequencies of an oscillating membrane are postulated to

determine the energy levels of particles that are described by the laws of quantum

mechanics. Hence, the results relating the spectrum of partial differential operators

to the geometry of the underlying system found numerous applications in quantum

mechanics and still there are various questions to be answered.

With this thesis I hope to contribute a small step in the desired direction. This

work was carried out from 2008 until 2011 at Universität Stuttgart, Imperial College

London and Princeton University.
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Abstract

In this thesis we study spectral properties of the Dirichlet Laplace operator and

related differential and pseudo-differential operators defined on Euclidean domains:

the eigenvalues of such operators and properties of functions of the eigenvalues are

investigated. In particular, we prove refined asymptotic formulas for sums of eigenval-

ues in the semiclassical limit and we derive improved uniform bounds on eigenvalues

and eigenvalue means.

Let 0 < λ1 ≤ λ2 ≤ . . . denote the eigenvalues of the Dirichlet Laplacian de-

fined on a bounded domain Ω ⊂ Rd. In 1912, H. Weyl analysed the function

N(Λ) = ]{k ∈ N : λk < Λ} counting the number of eigenvalues below Λ > 0.

He calculated the leading term of N(Λ) in the semiclassical limit Λ → ∞, which is

given by the phase-space volume of the problem. On the one hand, this result and its

generalizations relating the eigenvalues of a differential operator to the phase-space

volume of the respective problem has numerous applications in physics, in the theory

of oscillations and radiation, and in quantum mechanics. On the other hand, the

work of H. Weyl inspired the development of modern mathematical techniques and

raised deep mathematical problems that are still challenging today.

For example, H. Weyl conjectured that there exists a second term of lower order in

the semiclassical limit of N(Λ) depending on |∂Ω|, the surface area of the boundary.

In 1980, V. Ivrii used a detailed microlocal analysis to prove Weyl’s conjecture:

N(Λ) =
ωd

(2π)d
|Ω|Λd/2 − 1

4

ωd−1

(2π)d−1
|∂Ω|Λ(d−1)/2 + o(Λ(d−1)/2) , Λ→∞ ,

where ωd denotes the volume of the unit ball in Rd. However, this approach requires

strong assumptions on the domain, in particular an involved global condition on the

geometry of Ω. Therefore the question arises of whether these conditions are necessary

for the existence of a second term.

At least for averaged versions of the counting function, a two-term formula exists

under weaker conditions. Here we give a new proof for the equivalent of Weyl’s

conjecture for the sum of the eigenvalues under weak smoothness assumptions on the

boundary. In particular, without any global geometric conditions on Ω, we establish

that

Rσ(Λ) =
∑
k∈N

(Λ− λk)σ+ = Lclσ,d |Ω|Λσ+d/2 − 1

4
Lclσ,d−1 |∂Ω|Λσ+(d−1)/2 + o(Λσ+(d−1)/2)

holds as Λ→∞ for σ ≥ 1, with sharp positive constants Lclσ,d, L
cl
σ,d−1. The sum R1(Λ)

is directly related to the sum of the eigenvalues. This quantity describes the energy
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of non-interacting, fermionic particles ’trapped’ in Ω and plays an important role in

physical applications.

This asymptotic formula is extended to fractional powers of the Laplace operator.

For these non-local, non-smooth operators the microlocal methods leading to V. Ivrii’s

result cannot be applied and up to now it was unknown whether a corresponding two-

term formula exists. One of the main results of this thesis is a proof of precise spectral

asymptotics for the fractional Laplacian with the leading (Weyl) term given by the

volume and the second term given by the surface area of the domain.

The second part of this thesis is devoted to improved uniform spectral estimates

for the Dirichlet Laplace operator on bounded domains. To deduce information for

specific domains Ω, it is necessary to supplement the asymptotic relations mentioned

above with uniform bounds on the eigenvalue means. For example, the Berezin-Lieb-

Li-Yau inequality

Rσ(Λ) ≤ Lclσ,d |Ω|Λσ+d/2 , σ ≥ 1 ,

holds for any open set Ω ⊂ Rd and all Λ > 0. This estimate is sharp: the constant in

the bound cannot be improved. However, it is possible to strengthen the estimate with

a negative remainder term. Here we present different possibilities to improve sharp

semiclassical estimates uniformly with negative remainder terms correctly capturing

asymptotic properties of the eigenvalue means.

Another main result of this work gives an improved Berezin inequality for σ ≥ 3/2.

It is valid for all Λ > 0 and reflects precisely the asymptotic and geometric properties

of the semiclassical asymptotics. Under certain geometric conditions these results

imply new lower bounds on individual eigenvalues that improve the Li-Yau inequality.

Similarly, we derive universal bounds on eigenvalue means and on the trace of the

heat kernel of the Dirichlet Laplace operator. Again the bounds show the correct

asymptotic behavior in the semiclassical limit and their geometric dependence is ex-

pressed in terms of the volume of the domain only. These results improve universal

inequalities by Kac and Berezin.

Finally, we use the developed methods to prove sharp spectral estimates in quasi-

bounded domains of infinite volume. For such domains, semiclassical spectral esti-

mates based on the phase-space volume, and therefore on the volume of the domain,

must fail. Here we present a method how one can nevertheless prove uniform bounds

on eigenvalues and eigenvalue means which are sharp in the semiclassical limit and

we extend some results to Schrödinger operators.
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Zusammenfassung

In dieser Arbeit werden spektrale Eigenschaften des Dirichlet Laplace Operators

und verwandter Differential- und Pseudodifferential-Operatoren untersucht, die auf

Euklidischen Gebieten definiert sind. Wir analysieren die Eigenwerte solcher Oper-

atoren und Eigenschaften von Funktionen dieser Eigenwerte. Insbesondere beweisen

wir genaue asymptotische Formeln für die Summe der Eigenwerte im semiklassischen

Grenzwert und leiten verbesserte semiklassische Abschätzungen an Eigenwerte und

Eigenwertmittel her.

Seien 0 < λ1 ≤ λ2 ≤ . . . die Eigenwerte des Dirichlet Laplace Operators, der auf

einem beschränkten Gebiet Ω ⊂ Rd definiert sei. Im Jahr 1912 analysierte H. Weyl

die Funktion N(Λ) = ]{k ∈ N : λk < Λ}, die die Anzahl der Eigenwerte unterhalb

von Λ > 0 angibt. Er berechnete den führenden Term von N(Λ) im semiklassischen

Grenzwert Λ→∞, der durch das Phasenraumvolumen des Problems bestimmt wird.

Dieses Resultat hat einerseits zahlreiche Anwendungen in der Physik, zum Beispiel

in der Theorie der Schwingungen und der elektromagnetischen Strahlung und in der

Quantenmechanik. Andererseits regte die Arbeit von H. Weyl die Entwicklung mod-

erner mathematischer Methoden an und es ergaben sich wichtige, zum Teil bis heute

ungelöste, mathematische Fragestellungen.

Zum Beispiel vermutete H. Weyl, dass im semiklassischen Grenzwert von N(Λ) ein

zweiter Term von niedrigerer Ordnung existiert, der von |∂Ω|, dem Oberflächeninhalt

des Randes, abhängt. Im Jahr 1980 konnte V. Ivrii diese Vermutung mit Hilfe einer

detaillierten mikrolokalen Analyse beweisen:

N(Λ) =
ωd

(2π)d
|Ω|Λd/2 − 1

4

ωd−1

(2π)d−1
|∂Ω|Λ(d−1)/2 + o(Λ(d−1)/2) , Λ→∞ ,

wobei ωd das Volumen des Einheitsballs in Rd bezeichnet. Dieser Ansatz setzt jedoch

starke Bedingungen an das Gebiet voraus, insbesondere eine komplizierte globale

Bedingung an die Geometrie von Ω. Dies wirft die Frage auf, ob solche Bedingungen

in Euklidischen Gebieten notwendig sind.

Zumindest für gemittelte Versionen der Zählfunktion existiert eine asymptotische

Formel mit zwei Termen auch unter schwächeren Voraussetzungen. In dieser Arbeit

zeigen wir einen neuen Beweis der Weylschen Vermutung für die Asymptotik der

Summe der Eigenwerte unter schwachen Glattheitsbedingungen an den Rand von Ω.

Insbesondere existiert der Grenzwert

Rσ(Λ) =
∑
k∈N

(Λ− λk)σ+ = Lclσ,d |Ω|Λσ+d/2 − 1

4
Lclσ,d−1 |∂Ω|Λσ+(d−1)/2 + o(Λσ+(d−1)/2)

13



für Λ→∞ und alle σ ≥ 1 mit scharfen positiven Konstanten Lclσ,d, L
cl
σ,d−1 ohne globale

Voraussetzungen an die Geometrie von Ω.

Dieses Resultat kann auf fraktionelle Potenzen des Laplace Operators verall-

gemeinert werden. Für diese nicht-lokalen, nicht-glatten Operatoren können die

mikrolokalen Methoden, die zu V. Ivriis Resultat führen, nicht angewendet wer-

den und bis jetzt war nicht bekannt, ob eine entsprechende Asymptotik mit zwei

Termen existiert. Ein zentrales Resultat dieser Arbeit ist der Beweis einer präzisen

Spektralasymptotik für den fraktionellen Laplace Operator, die den führenden (Weyl)

Term enthält und den zweiten Term, der vom Oberflächeninhalt des Randes abhängt.

Der zweite Teil dieser Arbeit widmet sich verbesserten, gleichmäßigen Spektral-

abschätzungen für den Dirichlet Laplace Operator auf beschränkten Gebieten: Die

Berezin-Li-Yau Ungleichung zeigt, dass die Abschätzung

Rσ(Λ) ≤ Lclσ,d |Ω|Λσ+d/2 , σ ≥ 1 ,

für alle offenen Mengen Ω ⊂ Rd und alle Λ > 0 gilt. Diese Schranke ist scharf:

Die Konstante in der Abschätzung kann nicht verbessert werden. Allerdings ist

es möglich, die Ungleichung durch einen negativen Restterm zu verbessern. Hier

präsentieren wir verschiedene Möglichkeiten, scharfe semiklassische Ungleichungen

durch negative Restterme zu verbessern, die im semiklassischen Grenzwert die richti-

gen Eigenschaften aufweisen.

Ein zweites zentrales Ergebnis dieser Arbeit ist eine verbesserte Berezin Ungle-

ichung für σ ≥ 3/2. Dieses Resultat gilt für alle Λ > 0 und gibt die asymp-

totischen und geometrischen Eigenschaften der semiklassischen Asymptotik genau

wieder. Unter bestimmten geometrischen Voraussetzungen folgen daraus neue untere

Schranken an einzelne Eigenwerte, die die Li-Yau Ungleichung verbessern.

In ähnlicher Weise leiten wir universelle Schranken an Eigenwertmittel und an

die Spur des Wärmeleitungskerns des Dirichlet Laplace Operators her. Dabei ist die

geometrische Abhängigkeit dieser Schranken lediglich durch das Volumen des Gebiets

gegeben. Diese Resultate zeigen wieder das korrekte asymptotische Verhalten im

semiklassischen Grenzwert und verbessern universelle Ungleichungen von Kac und

Berezin.

Schließlich benutzen wir die entwickelten Methoden, um scharfe Abschätzungen

an Eigenwertmittel in quasi-beschränkten Gebieten mit unendlichem Volumen zu be-

weisen. Für solche Gebiete sind semiklassische Abschätzungen, die auf dem Phasen-

raumvolumen und damit auf dem Volumen des Gebiets basieren, nicht anwendbar.

Hier zeigen wir eine Methode, wie man dennoch scharfe, gleichmäßige Abschätzungen

beweisen kann, und verallgemeinern Resultate auf Schrödingeroperatoren.

14



CHAPTER 1

Introduction

1.1. Weyl’s law and the variational principle

1.1.1. The semiclassical limit. One hundred years ago H. Weyl studied the

frequencies of oscillating membranes. Stimulated by questions arising from the theory

of radiation [Jea05, Som10] he analyzed how the frequencies depend on the geometry

of the membrane [Wey12a, Wey12b, Wey12c, Wey13]. In particular, he was

interested in the high-energy limit, corresponding to high frequencies.

It is remarkable that these questions are closely connected with problems in quan-

tum mechanics. The equation determining the frequencies of an oscillating membrane

describes a quantum-mechanical particle trapped in a domain corresponding to the

membrane. In quantum mechanics, the frequencies are equivalent to the energy lev-

els of the particle under consideration and the high-energy limit corresponds to the

semiclassical limit of the quantum mechanical system.

H. Weyl’s main result [Wey12a] shows that the high-energy limit of the frequen-

cies of an oscillating membrane depends to first order on the area of the membrane,

more precisely on the phase-space volume of the respective problem. This result stim-

ulated a lot of research around the semiclassical limit of quantum mechanical systems

and the underlying partial differential equations. It marked the starting point for an

important branch in mathematical physics and spectral analysis.

Let us briefly review the mathematical setting of the problem. The frequencies

of an oscillating membrane Ω ⊂ R2 with fixed boundary are given by the eigenvalues

of the Dirichlet Laplace operator defined in the Hilbert space L2(Ω). In general, we

consider an open set Ω ⊂ Rd, d ≥ 1, and the quadratic form∫
Ω

|∇u(x)|2 dx

with form domain given by the Sobolev space H1
0 (Ω). The Dirichlet Laplace operator

−∆D
Ω is defined as the self-adjoint operator in L2(Ω) generated by this quadratic form.

That means −∆D
Ω is the Friedrichs extension of the Laplace operator initially defined

on C∞0 (Ω), see [BS87] for details.

We always assume that the spectrum of −∆D
Ω is purely discrete. This is equivalent

to compactness of the embedding H1
0 (Ω) ↪→ L2(Ω) and is satisfied, for example, if Ω

is bounded. Then the spectrum of the Dirichlet Laplace operator consists of positive

eigenvalues 0 < λ1(Ω) ≤ λ2(Ω) ≤ . . . accumulating at infinity only.

In general these eigenvalues cannot be calculated explicitly and especially for large

k it is difficult to approximate λk(Ω) numerically. Therefore it is interesting to find

15



1. INTRODUCTION

a precise formula for λk(Ω) in the semiclassical limit k → ∞ and it is important to

understand how this limit depends on the geometry of Ω.

As mentioned above the first rigorous step towards this was made by H. Weyl who

considered the equivalent problem of analyzing the counting function

N(Λ; Ω) = ]{k ∈ N : λk(Ω) < Λ} , Λ > 0 ,

in the semiclassical limit Λ→∞. Let |Ω| denote the d-dimensional Lebesgue-measure

of Ω. Then the limit

N(Λ; Ω) = Lcl0,d |Ω|Λd/2 + o(Λd/2) (1.1)

holds as Λ→∞ [Wey12a], where Lcl0,d denotes the semiclassical constant

Lcl0,d =
ωd

(2π)d
=

1

(4π)d/2Γ(d
2

+ 1)

and ωd denotes the volume of the unit ball in Rd. The identity

Lcl0,d |Ω|Λd/2 =
1

(2π)d

∫
Ω

∫
Rd

(
|ξ|2 − Λ

)0

− dξ dx

shows that the semiclassical limit is indeed determined by the phase-space volume of

the problem under consideration. This agrees with the Bohr-Sommerfeld quantization

rule from early quantum mechanics: Each particle state occupies a volume of (2π)d

in phase-space.

Note that the leading term of the semiclassical limit is independent of the choice of

boundary conditions. Thus (1.1) is also valid, e.g., for the Neumann Laplace operator.

Weyl’s law (1.1) can also be generalized to Schrödinger operators

H(λV ) = −∆ + λV , λ > 0 ,

with real-valued potential V given on Rd. Under suitable assumptions on the po-

tential, the operator H(λV ) can be defined in L2(Rd) again as Friedrichs extension

of the respective operator with domain C∞0 (Rd), see [BS87, RS75] for details. Let

V−(x) = max{−V (x), 0} denote the negative part of the potential. If V− ∈ Ld/2(Rd)

then the negative spectrum of H(λV ) is discrete and one defines N(λ;V ) to be the

number of negative eigenvalues.

The semiclassical limit of the counting function N(λ;V ) is again determined by

the phase-space volume. As λ→∞ the limit

N(λ;V ) =
1

(2π)d

∫
Rd

∫
Rd

(
|ξ|2 − λV−(x)

)0

− dξ dx+ o(λd/2)

= Lcl0,d

∫
Rd
V
d/2
− (x) dx λd/2 + o(λd/2) (1.2)

holds true [BB71, Mar72, Tam74]. We point out that by setting V (x) = −1 on

an open and bounded set Ω ⊂ Rd and V (x) = +∞ on Rd \ Ω we recover Weyl’s law

(1.1).
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1.1. WEYL’S LAW AND THE VARIATIONAL PRINCIPLE

1.1.2. The variational principle. In order to review some basic methods let

us outline the main ideas leading to (1.1). More details can be found for example in

[CH24, RS78].

The starting point is the variational principle. One version is the following charac-

terization of the eigenvalues of a self-adjoint, semi-bounded operator H on a Hilbert

space H known as the min-max principle [Cou20]. Let Q(H) ⊂ H denote the form

domain of the operator H and for ϕ ∈ Q(H) write 〈ϕ,Hϕ〉 for the quadratic form

corresponding to H. For k ∈ N put

µk = max
ψ1,...,ψk−1∈H

min
ϕ∈Q(H); ‖ϕ‖=1
ϕ⊥[ψ1,...,ψk−1]

〈ϕ,Hϕ〉 . (1.3)

Then either there are k eigenvalues below the essential spectrum of H and µk is the

k-th eigenvalue counted in increasing order with multiplicity, or µk is the bottom of

the essential spectrum and there are at most k − 1 eigenvalues below µk.

For the Dirichlet Laplace operator the variational principle gives

λk(Ω) = max
ψ1,...,ψk−1∈L2(Ω)

min
ϕ∈H1

0 (Ω), ‖ϕ‖=1
ϕ⊥[ψ1,...,ψk−1]

〈ϕ,−∆D
Ωϕ〉 , k ∈ N .

Since additional Dirichlet boundary conditions in the interior of Ω reduce the form

domain H1
0 (Ω), adding a Dirichlet condition rises the eigenvalues. On the other hand,

adding a Neumann boundary conditions – i.e. a condition ∂ϕ
∂ν

∣∣
Γ

= 0 along a surface

Γ ⊂ Ω, where ∂
∂ν

is the normal derivative with respect to Γ – enlarges the form domain

and therefore lowers the eigenvalues of the Laplace operator.

The crucial idea was to approximate Ω by a covering consisting of small cubes

and to put additional Dirichlet or Neumann boundary conditions at the sides of

the cubes. The point is that one can calculate the eigenvalues of the Dirichlet and

Neumann Laplace operator on a cube explicitly. Indeed, if ND(Λ;Ql) and NN(Λ;Ql)

denote the counting functions of the Dirichlet and Neumann Laplace operator on a

cube Ql ⊂ Rd with side length l > 0 then

ND(Λ;Ql) =
∑
k∈Nd

π2

l2

d∑
j=1

k2
j = Lcl0,d l

d Λd/2 + o(Λd/2) (1.4)

NN(Λ;Ql) =
∑
k∈Nd0

π2

l2

d∑
j=1

k2
j = Lcl0,d l

d Λd/2 + o(Λd/2) (1.5)

as Λ→∞.

By the variational principle, the counting function of the Dirichlet Laplace oper-

ator on Ω can be estimated from below by ND(Λ;Ql) times the maximal number of

disjoint cubes Ql in the interior of Ω. As the side length l tends to zero the latter

number tends to |Ω|l−d, hence from (1.4) it follows that

N(Λ; Ω) ≥ ND(Λ;Ql) |Ω| l−d + o(Λd/2) = Lcl0,d |Ω|Λd/2 + o(Λd/2)

17
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as Λ→∞. Similarly, approximating Ω by cubes with Neumann boundary conditions

and using (1.5) one gets

N(Λ; Ω) ≤ NN(Λ;Ql) |Ω| l−d + o(Λd/2) = Lcl0,d |Ω|Λd/2 + o(Λd/2)

as Λ→∞, and (1.1) follows.

We remark that the same methods can be applied to derive the limit (1.2) for the

number of negative eigenvalues of Schrödinger operators [CH24, RS78]. Again the

first term of the semiclassical limit can be proved entirely by variational methods.

To conclude this section let us mention that the variational principle implies the

following convenient identity for the sum of the negative eigenvalues of a Schrödinger

operator H(V ) = −∆ + V . By (1.3), for the trace of the negative part of H(V ) the

identity

−Tr (H(V )−) = inf
0≤γ≤1

Tr(γH(V )) (1.6)

holds, where the infimum is taken over all trial density matrices γ, i.e. over all trace

class operators 0 ≤ γ ≤ 1 with range belonging to the form domain of H(V ).

1.2. The second term in Weyl’s law

After H. Weyl calculated the leading term of the semiclassical limit for the Dirich-

let Laplace operator (1.1), he put forward the conjecture that there exists a second

term of lower order depending on |∂Ω|, the surface area of the boundary of Ω [Wey13].

Explicit calculations for cubes show that a two-term formula

N(Λ; Ω) = Lcl0,d |Ω|Λd/2 − 1

4
Lcl0,d−1 |∂Ω|Λ(d−1)/2 + o(Λ(d−1)/2) (1.7)

is plausible as Λ→∞. However, it turned out to be difficult to prove this conjecture

in general. One of the difficulties is to handle the discontinuity of the counting

function.

1.2.1. Riesz-means and the trace of the heat kernel. As a general principle

one can state that things get easier if one does not consider the counting function

directly but averaged or smoothed versions. For example one often studies the Riesz-

means

Rσ(Λ; Ω) = Tr
(
−∆D

Ω − Λ
)σ
− =

∑
k∈N

(Λ− λk)σ+ , Λ > 0 , σ ≥ 0 .

Here and in the following x± = (|x| ± x)/2 denotes the positive and negative part

of x ∈ R respectively. Apart from the counting function – corresponding to σ = 0

– the case σ = 1 is of special interest, since it is directly related to the sum of

the eigenvalues, see Section 1.3.2 below. This quantity describes the energy of non-

interacting, fermionic particles trapped in Ω and plays an important role in physical

applications.

The fact that the behavior of the eigenvalue means Rσ becomes more regular as

σ increases, allows one to deduce results for eigenvalue means of higher order from

18



1.2. THE SECOND TERM IN WEYL’S LAW

results for eigenvalue means of lower order. In particular, one can use the identity

[AL78]

Rσ(Λ; Ω) =
1

B(γ + 1, σ − γ)

∫ ∞
0

τσ−γ−1Rγ(Λ− τ ; Ω) dτ , σ > γ ≥ 0 , (1.8)

where B denotes the Beta-function. From (1.7) and (1.8) with σ > γ = 0 we see that

the equivalent of Weyl’s conjecture for Riesz-means reads as

Rσ(Λ; Ω) = Lclσ,d |Ω|Λσ+d/2 − 1

4
Lclσ,d−1 |∂Ω|Λσ+(d−1)/2 + o(Λσ+(d−1)/2) (1.9)

with

Lclσ,d =
Γ(σ + 1)

(4π)d/2Γ(σ + d
2

+ 1)
.

One can smooth the counting function even further and consider the trace of the

heat kernel, the so-called partition function,

Z(t; Ω) = Tr
(
e∆D

Ω t
)

=
∑
k

e−λk(Ω)t , t > 0 .

This trace function corresponds to the endpoint of the scale of Riesz-means Rσ as σ

tends to infinity. Let

L[f(·)](t) =

∫ ∞
0

f(λ)e−λt dλ

denote the Laplace transform of a suitable function f : [0,∞)→ R and note that the

partition function is related to the Riesz-means by the formula

Z(t; Ω) =
tσ+1

Γ(σ + 1)
L [Rσ(·; Ω)] (t) , σ ≥ 0 . (1.10)

For this smooth and convex trace function of the Dirichlet Laplace operator one

can employ local properties of the heat kernel to study the semiclassical limit which

corresponds to the short-time limit t→ 0+. The question how this limit depends on

the geometry of the domain Ω was addressed by M. Kac in his famous paper ’Can

one hear the shape of a drum?’ [Kac66]. There he proved that for convex domains

Ω ⊂ R2 the limit

Z(t; Ω) =
|Ω|
4πt
− |∂Ω|

4
√

4πt
+ o

(
t−1/2

)
holds as t→ 0+, see also [Ple54]. This result was generalized to a wide class of not

necessarily convex domains in higher dimension. Even for Lipschitz domains Ω ⊂ Rd,

i.e., for domains with boundary given by a Lipschitz continuous curve, one has

Z(t; Ω) =
|Ω|

(4πt)d/2
− H (∂Ω)

4(4πt)(d−1)/2
+ o

(
t−(d−1)/2

)
(1.11)

as t→ 0+ [Bro93], where H (∂Ω) denotes the d− 1-dimensional Hausdorff measure

of the boundary. In view of (1.10) this is in agreement with Weyl’s conjecture (1.7).

For smooth domains Ω ⊂ Rd there even exists an asymptotic expansion

Z(t; Ω) = t−d/2
∑
k≥0

Ck t
k/2
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as t → 0+ [Min54, MS67, Gre71]. The constants Ck are related to the geometry

of Ω [Smi81], for k ≥ 2 to properties of the boundary. However, the inverse problem

of determining the geometry Ω from the spectrum of −∆D
Ω cannot be solved uniquely

[GWW92].

1.2.2. Ivrii’s result. Since the trace of the heat kernel is directly related to the

counting function and the Riesz-means via the Laplace transform it is evident and

tempting to use (1.11) to prove that Weyl’s conjecture (1.7) and therefore (1.9) holds

true. However, since the Riesz-means and especially the counting function are not

smooth, carrying out this conclusion rigorously is very cumbersome.

In general, one can use classical Tauberian theorems, see e.g. [Sim05, Theorem

10.3], to deduce asymptotic results for Riesz-means from (1.11). However, this yields

only the first term of the semiclassical limit.

Already in 1924 R. Courant used variational methods to prove that for domains

Ω ⊂ Rd with smooth boundary the limit

N(Λ; Ω) = Lcl0,d |Ω|Λd/2 +O(Λ(d−1)/2 ln Λ) (1.12)

holds as Λ → ∞ [CH24]. Recently, Y. Netrusov and Y. Safarov applied variational

methods and a very subtle covering to prove that the estimate∣∣N(Λ; Ω)− Lcl0,d |Ω|Λd/2
∣∣ ≤ cd Λ(d−1)/2

∫ Λ

0

|Ωt−1| dt

holds for all Λ > 0 with a positive constant cd > 0 [NS05]. Here

Ωt−1 = {x ∈ Ω : dist(x,Rd \ Ω) < t−1}

denotes the inner parallel set of Ω with distance to the boundary less than t−1. While

this result gives the correct asymptotic behavior of the second term for domains Ω with

rough boundary – for example for fractals as considered in [Lap91, FV93, FLV95]

– it does not improve on (1.12) for smooth domains.

Since neither variational methods nor Tauberian theorems are strong enough to

prove Weyl’s conjecture (1.7) one needs a more elaborate strategy.

The main idea which goes back to T. Carleman [Car36] and B. M. Levitan

[Lev52] is to study another integral transform of the counting function, namely

σ(t) = Tr cos

(
t
√
−∆D

Ω

)
=

∫
R

cos
(√

λt
)
dN(λ; Ω) .

Since σ(t) equals
∫

Ω
u(x, x, t)dx, where u(x, y, t) solves the wave equation

∂2
t u−∆u = 0

u |t=0 = δ(x− y) , ∂tu|t=0 = 0 , u = 0 on ∂Ω ,

one can analyze local properties of solutions of the wave equation and apply the

Fourier cosine transform to gather information about the counting function.

This microlocal approach was employed by R. Seeley to prove

N(Λ; Ω) = Lcl0,d |Ω|Λd/2 +O(Λ(d−1)/2) , Λ→∞ ,
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in domains with smooth boundary [See78]. In 1980 V. Ivrii [Ivr80a, Ivr80b] finally

established Weyl’s conjecture (1.7) under certain conditions on the geometry of Ω.

See also [Hör85, SV97, Ivr98] for further results and references.

Here we follow [Hör85, Ch. 29.3] to briefly review Ivrii’s result and the necessary

conditions. Let T ∗(R× Ω× Ω) be the cotangent bundle of R× Ω× Ω and set

Γ = {(t, x, y; τ, ξ, η) ∈ T ∗(R× Ω× Ω) \ 0 ; τ = |ξ| ,
and (t, x, τ, ξ), (0, y, τ, η) lie on a generalized bicharacteristic of τ 2 − |ξ|2

}
.

Here generalized bicharacteristics - or so called geodesic billiards - are orbits of the

Hamiltonian vector field generated by the Hamiltonian |ξ| which are reflected at the

boundary, see [Hör85, Ch. 24] and also [SV97]. Hence, the last assumption means

that the Hamiltonian orbit which is at (y, η) when the time parameter is 0 arrives at

(x, ξ) when the parameter is t. Thus the condition (t, x, x; τ, ξ, ξ) ∈ Γ means that the

orbit starting at (x, ξ) returns to (x, ξ) at time t. Put

Π∗(x, ξ) = inf{t > 0 : (t, x, x; τ, ξ, ξ) ∈ Γ} ,

and define Π∗ to be +∞ if no such t exists.

The set Γ is closed in T ∗(R×Ω×Ω) and so is {(t, x, x; τ, ξ, ξ) ∈ Γ , t 6= 0}. Hence

Π∗(x, ξ) is a strictly positive, lower semi-continuous function of degree 0 and has a

positive lower bound.

In [Ivr80a, Ivr80b], see also [Hör85, Thm 29.3.3], it is shown that

lim sup
Λ→∞

Λ(1−d)/2

∣∣∣∣N(Λ)− Lcl0,d|Ω|Λd/2 +
1

4
Lcl0,d−1|∂Ω|Λ(d−1)/2

∣∣∣∣
≤ C

∫
|ξ|<1

∫
Ω

Π∗(x, ξ)−1dx dξ .

Now we can state V. Ivrii’s result proving Weyl’s conjecture: Let Ω ⊂ Rd be a

bounded domain with smooth boundary and assume that the measure of all periodic

geodesic billiards is zero. Then we have Π∗(x, ξ)−1 = 0 a.e. and (1.7) follows.

For general manifolds the condition about periodic geodesic billiards is known

to be necessary. For example, let us consider the Laplace-Beltrami operator on the

sphere S2 = {(ϕ, θ) : 0 ≤ ϕ < 2π, 0 ≤ θ ≤ π}, more precisely on domains

Ωβ = {(ϕ, θ) : 0 < ϕ < β, 0 < θ < π} ⊂ S2

with 0 < β < π. Based on explicit calculations the following asymptotics were found

in [Gro66]. If β/π is irrational then as Λ→∞

N(Λ) =
|Ωβ|
4π

Λ− |∂Ωβ|
4π

√
Λ + o

(√
Λ
)
.

However, if β/π = b/a with a, b ∈ Z and relatively prime then as Λ→∞

N(Λ) =
|Ωβ|
4π

Λ− |∂Ωβ|
4π

√
Λ− 1

a

{
b

(√
Λ +

1

4
− 1

2

)}
√

Λ + o
(√

Λ
)
,
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where {x} = x− [x]− 1/2 and [x] denotes the integer part of x ∈ R. This shows that

without further geometric conditions oscillations can occur at the order of the second

term.

For planar domains, however, it is conjectured that the measure of all periodic

geodesic billiards is always zero. A positive answer to this conjecture was announced

in [Gut06] for dimension 2. Nevertheless it would be convenient to find a new

approach to refined semiclassics on planar domains not requiring any assumptions on

geodesic billiards.

1.2.3. Refined semiclassics for Schrödinger operators. Let us briefly turn

to Schrödinger operators H(λV ) = −∆ − λV defined for λ > 0 on Rd without

boundary. In [HR90], B. Helffer and D. Robert analyze Riesz-means of the negative

eigenvalues

Rσ(λV ) = Tr (−∆ + λV )σ− , σ ≥ 0 ,

in the semiclassical limit λ→∞. The asymptotics of the counting function (1.2) and

identity (1.8) applied with γ = 0 imply that

Rσ(λV ) = Lclσ,d

∫
Rd
V
σ+d/2
− (x) dx λσ+d/2 + o(λσ+d/2) (1.13)

holds as λ → ∞ for potentials with V− ∈ Lσ+d/2(Rd). In [HR90] it is shown that

one can refine this limit with more and more lower order terms as σ increases. Again

this is due to the increasing regularity of the eigenvalue means Rσ. In particular, for

σ > N − 1, N ∈ N, an expansion

Rσ(λV ) = λσ+d/2

(
N∑
k=0

Cσ,k λ
−k/2 +O(λ−(σ+1)/2)

)
(1.14)

holds as λ→∞. From (1.2) and (1.8) one has

Cσ,0 = Lclσ,d

∫
Rd
V
σ+d/2
− (x) dx .

Since H(λV ) is defined on Rd without boundary one also has Cσ,1 = 0 for all σ > 0.

We point out that for all σ > 0 the second term of this expansion is of smaller order

than λσ+(d−1)/2 without any assumptions on periodic geodesics.

Even though this result is not directly applicable to the Laplace operator on

a bounded domain it supports the conjecture that the condition about periodic

geodesics is not necessary to prove Weyl’s refined law (1.9) for σ > 0. Thus the

problem arises to find minimal conditions on Ω and its boundary such that the re-

fined limit (1.9) holds.

1.3. Uniform semiclassical estimates

1.3.1. Lieb-Thirring inequalities. The asymptotic relations (1.7), (1.9) and

(1.11) for the Laplace operator and (1.2) and (1.14) for Schödinger operators give

precise information about the semiclassical limit. However, to study specific domains

Ω and specific potentials V for finite energies, it is important to supplement the
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asymptotic results with uniform estimates valid for finite values of Λ > 0 and finite

potentials V respectively.

The question whether bounds

Rσ(V ) = Tr (−∆− V )σ− ≤ Lσ,d

∫
Rd
V
σ+d/2
− (x) dx (1.15)

hold true for all potentials satisfying V− ∈ Lσ+d/2(Rd) with a uniform constant Lσ,d >

0 was first addressed by E. Lieb and W. Thirring [LT76]. They provide a proof of

(1.15) for σ > max{0, 1− d/2}.
Note that in dimensions d ≥ 3 one can deduce (1.15) for all σ > 0 from (1.8) and

the Cwikel-Lieb-Rozenblyum inequality [Cwi77, Lie76, Roz72a] that is inequality

(1.15) in the case σ = 0.

Later on the Lieb-Thirring inequalities were also established in dimension d = 1

in the critical case σ = 1/2 [Wei96]. Let us mention that (1.15) cannot hold in the

remaining cases d = 2, σ = 0 and d = 1, σ < 1/2 due to the existence of at least one

negative eigenvalue for any non-vanishing potential V ≤ 0 and its behavior in the

weak coupling limit [Sim76].

The Lieb-Thirring inequalities turn out to be important in many physical appli-

cations for example in proving the stability of matter in different models in quantum

mechanics [Lie97, LS10] and in studying fluid mechanics [Rue82, Lie84, Ily05].

While the question, whether the Lieb-Thirring inequalities hold with uniform

constants Lσ,d, is answered completely, it is still a striking mathematical problem to

find the best constants for which (1.15) is valid. In [LW00] it is shown that for d ≥ 1

and σ ≥ 3/2 the Lieb-Thirring inequality

Rσ(V ) ≤ Lclσ,d

∫
Rd
V
σ+d/2
− (x) dx (1.16)

holds true with the semiclassical constant Lclσ,d, see also [BL00].

We point out that this estimate is sharp. In view of asymptotics (1.13) this bound

corresponds to the leading term of the semiclassical limit, thus the constant Lclσ,d in

(1.16) cannot be improved. In this case the phase-space volume not only determines

the semiclassical limit of the eigenvalue means but also yields a uniform upper bound.

1.3.2. Berezin-Lieb-Li-Yau inequalities. If one studies the Dirichlet Laplace

operator on a bounded, open domain Ω ⊂ Rd, then uniform semiclassical estimates

turn out to be somewhat simpler to find. Such estimates were first obtained for the

partition function. In 1951 M. Kac proved that for all open sets Ω ⊂ Rd with finite

volume the estimate

Z(t; Ω) ≤ |Ω|
(4πt)d/2

(1.17)

holds for all t > 0 [Kac51]. In view of (1.11) we see that the bound is sharp. The

proof of this result is based on the principle of not feeling the boundary which allows

to use local results for the heat kernel defined on Rd without boundary.

Even though this principle is very useful when dealing with heat kernels it is not

directly applicable if one considers Riesz-means. For σ ≥ 3/2 one can use (1.16) and
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set V ≡ −Λ on Ω and V ≡ +∞ on Rd \ Ω to obtain

Rσ(Λ; Ω) ≤ Lclσ,d |Ω|Λσ+d/2 (1.18)

for all Λ > 0. Again this bound coincides with the leading term of the semiclassical

limit (1.9). Actually such an estimate holds true for any convex function of the

Dirichlet Laplace operator, see [Ber72b, Lie73] and Section 1.3.3 below. In [Ber72a]

it is proved that for the specific case of Riesz-means the sharp Berezin inequality (1.18)

holds for all Λ > 0 whenever σ ≥ 1.

The case σ = 1 is of special importance since it is directly related to the sum

of the first K eigenvalues. Indeed, if L [f(·)](w) = supΛ∈R(wΛ − f(Λ)) denotes the

Legendre transform of a real-valued function f then for K ∈ N

L [R1(·; Ω)](K) = sup
Λ∈R

(
KΛ−

∑
k∈N

(Λ− λk)+

)
=

K∑
k=1

λk(Ω) ,

since the maximizing Λ is determined by N(Λ; Ω) = K. The Legendre transform

reverses inequalities, hence applying it to both sides of (1.18) with σ = 1 yields

K∑
k=1

λk(Ω) ≥ Cd
d

d+ 2
K2/d+1 |Ω|−2/d , (1.19)

for all K ∈ N with Cd = (2π)2ω
−2/d
d . This estimate was found by other means by P.

Li and S. T. Yau [LY83], see Section 1.4.1 below. Hence, estimates (1.18) and (1.19)

are often referred to as Berezin-Lieb-Li-Yau inequalities.

Let us briefly recall how these semiclassical estimates imply bounds on individual

eigenvalues. One can either use that

λN(Ω) ≥ 1

N

N∑
k=1

λk(Ω) ≥ Cd
d

d+ 2
N2/d |Ω|−2/d (1.20)

or one can employ the estimate [Lap97]

N(Λ; Ω) ≤ (τΛ)−σRσ ((1 + τ)Λ; Ω) , Λ > 0 , τ > 0 , σ > 0 , (1.21)

with σ = 1 and insert (1.18). Optimizing the resulting inequality in τ > 0 yields

N(Λ; Ω) ≤
(

1 +
2

d

)
Lcl0,d |Ω|Λd/2 (1.22)

for all Λ > 0, which is easily seen to be equivalent to (1.20).

The question whether (1.20) and (1.22) hold for all open sets Ω with the sharp

constants Cd and Lcl0,d respectively is still unsolved. G. Pólya proved the sharp esti-

mate for tiling domains [Pol61]. Whether this result extends to all open bounded

sets is unclear, see [Lap97, FLW09] for extensions and recent developments.
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1.3.3. Convex trace functions. To show the importance of convexity for the

proof of the Berezin inequality, let us recall the following proof of (1.18) from [Lap97].

Actually we prove that for any open set Ω ⊂ Rd with finite volume and any convex

function Φ : R→ R the estimate

TrΦ(−∆D
Ω ) ≤ |Ω|

(2π)d

∫
Rd
Φ(|ξ|2) dξ (1.23)

holds true. Choosing Φ(x) = (Λ− x)σ+, σ ≥ 1, Λ > 0 yields the Berezin inequality as

stated in (1.18).

Let (ψk)k∈N denote the normalized eigenfunctions of −∆D
Ω corresponding to the

eigenvalues (λk(Ω))k∈N. Then

TrΦ(−∆D
Ω ) =

∑
k∈N

Φ(λk(Ω)) =
∑
k∈N

Φ
(
〈ψk,−∆D

Ωψk〉
)

=
∑
k∈N

Φ

(∫
Rd
|ξ|2|ψ̂k(ξ)|2dξ

)
.

Since
∫

Rd |ψ̂k(ξ)|
2dξ = 1 by Plancherel’s Theorem we can apply Jensen’s inequality to

get

TrΦ(−∆D
Ω ) ≤

∫
Rd
Φ
(
|ξ|2
)∑
k∈N

|ψ̂k(ξ)|2dξ .

The set (ψk)k∈N forms an orthonormal basis in L2(Ω), hence, Parseval’s identity gives∑
k∈N

|ψ̂k(ξ)|2 =
1

(2π)d
∥∥eik·∥∥2

L2(Ω)
=
|Ω|

(2π)d

and (1.23) follows.

1.4. Improving sharp estimates

The semiclassical estimates (1.17) and (1.18) are universal in the sense that they

hold for any open set Ω of finite volume, depend only on the volume of the set and

are valid for all t > 0 and Λ > 0 respectively. As mentioned above these estimates

are sharp. Since they coincide with the leading term of the respective semiclassical

limit the constants in (1.17) and (1.18) cannot be improved.

However, the refined asymptotics (1.11) and (1.9) show that the second term

of the semiclassical limit is negative. Therefore it might be possible to strengthen

the estimates with negative correction terms of lower order and the question arises

whether this can be done uniformly for all open sets Ω and all t > 0 and Λ > 0

respectively.

Let us mention that in the case of the discrete Laplace operator defined on a

bounded set Γ ⊂ Zd a two-term bound on the sum of the eigenvalues holds true with

a main term depending on the volume of Γ and a remainder term depending on the

analog of the surface area of the boundary [FLU02].

Such a result cannot hold for general domains Ω ⊂ Rd in the continuous case. In

particular, a direct analog of the first two terms of the semiclassical limit (1.9) cannot

yield a uniform upper bound. It is easy to see that by varying the boundary of Ω

slightly one can increase the surface area of the boundary more and more without

changing the volume of Ω and the eigenvalues of the Laplacian significantly. Hence,
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if an estimate with a negative remainder term depending only on |∂Ω| were true, one

could fix Λ and make the bound negative.

Therefore an appropriate negative correction term must depend on the geometry

of Ω in a more subtle way. It is challenging to find a suitable geometric quantity

replacing the surface area of the boundary such that improved semiclassical estimates

hold uniformly for all Λ > 0 with a negative correction term reflecting the asymptotic

properties of the second term of the refined limit (1.9).

1.4.1. Melás’ improvement and decreasing rearrangements. The first re-

sult giving an improved Berezin-Li-Yau inequality for the continuous Laplace operator

is due to A. Melás [Mel03]. His proof as well as the proof of the classical Li-Yau

inequality (1.19) relies on the following results from the theory of rearrangements, see

e.g. [LL97] for more information.

Let A ⊂ Rd be a measurable set with finite volume. Then A∗, the symmetric

rearrangement of A, is defined to be the open ball centred at the origin with volume

|A|. For a measurable function f : Rd → R let At denote the set {x ∈ Rd : |f(x)| >
t}. The symmetric decreasing rearrangement f ∗ is defined by

f ∗(x) =

∫ ∞
0

χA∗t (x) dt ,

where χA∗ denotes the characteristic function of A∗.

Note that f ∗ is a non-negative, radially symmetric function satisfying f ∗(x) ≥
f ∗(y) for |x| ≤ |y|. Moreover, one has∫

Rd
|f(x)| dx =

∫
Rd
f ∗(x) dx (1.24)

and if g : [0,∞)→ [0,∞) is non-decreasing then∫
Rd
|f(x)| g(|x|) dx ≥

∫
Rd
f ∗(x) g(|x|) dx . (1.25)

Let us first explain how these facts can be used to prove the Li-Yau inequality

(1.19). Similar as in Section 1.3.3 one can write

N∑
k=1

λk(Ω) =

∫
Rd
|ξ|2

N∑
k=1

|ψ̂k(ξ)|2 dξ , (1.26)

where (ψk)k∈N denotes the orthonormal basis of eigenfunctions corresponding to the

eigenvalues (λk(Ω))k∈N and (ψ̂k)k∈N denotes its Fourier transform. By Parseval’s

identity one has

F (ξ) =
N∑
k=1

|ψ̂k(ξ)|2 ≤
1

(2π)d

∑
k∈N

∣∣〈eik·, ψk〉L2(Ω)

∣∣2 ≤ |Ω|
(2π)d

(1.27)

for all ξ ∈ Rd and by Plancherel’s theorem∫
Rd
F (ξ) dξ =

N∑
k=1

∫
Rd
|ψ̂k(ξ)|2 dξ = N .
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In view of (1.24) this implies ∫
Rd
F ∗(ξ) dξ = N . (1.28)

By definition of the decreasing rearrangement the bound (1.27) gives

F ∗(ξ) ≤ |Ω|
(2π)d

(1.29)

for all ξ ∈ Rd. Finally from (1.26) and (1.25) one gets

N∑
k=1

λk(Ω) =

∫
Rd
|ξ|2F (ξ) dξ ≥

∫
Rd
|ξ|2F ∗(ξ) dξ . (1.30)

Minimizing the right-hand side under the restrictions (1.28) and (1.29) yields

F ∗(ξ) = |Ω|/(2π)d for 0 ≤ |ξ| ≤ rN and F ∗(ξ) = 0 for |ξ| > rN , where rN =

2πN1/d(|Ω|ωd)−1/d. Inserting this into (1.30) proves the Li-Yau inequality (1.19).

A. Melás observed that in addition to (1.27) the inequality

N∑
k=1

|∇ξ ψ̂k(ξ)|2 ≤
1

(2π)d

∫
Ω

|ixeixξ|2 dx =
I(Ω)

(2π)d

holds. In general,

I(Ω) = min
y∈Rd

∫
Ω

|x− y|2 dx

denotes the second moment of the set Ω. Here one can translate Ω to get I(Ω) =∫
Ω
|x|2dx. Applying results from the theory of rearrangements one can show that

|∇ξF
∗(ξ)| ≤ 2

(2π)d

√
I(Ω)|Ω|

holds for all ξ ∈ Rd. Taking this additional restriction into account, minimizing (1.30)

gives the following improvement of the Li-Yau inequality. For all N ∈ N the estimate

N∑
k=1

λk(Ω) ≥ Cd
d

d+ 2
N2/d+1 |Ω|−2/d +Md

|Ω|
I(Ω)

k (1.31)

holds with a constant Md > 0 depending only on the dimension [Mel03]. See also

[Ily10, Yol10, YY10] for recent extensions.

Following the discussion in Section 1.3.2 one can apply the Legendre transform to

(1.31) and use (1.8) to obtain the improved Berezin inequality

Rσ(Λ; Ω) ≤ Lclσ,d |Ω|
(

Λ−Md
|Ω|
I(Ω)

)σ+d/2

(1.32)

valid for all Λ > 0 and σ ≥ 1.

In the limit Λ → ∞ the remainder term of this bound is of the order Λσ+d/2−1.

Comparing this to the asymptotics (1.9) shows that the improvement is not of optimal

order. We conclude that the effects leading to Melas’ improvement are in this sense

third order effects and do not capture the influence of the Dirichlet boundary condition

properly.
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To complete the discussion of Melas’ result let us mention that in [HH07] it was

noted that applying the Laplace transform to (1.32) yields the following improvement

of Kac’ inequality (1.17). In view of (1.10) the estimate (1.32) implies

Z(t; Ω) ≤ |Ω|
(4πt)d/2

exp

(
−Md

|Ω|
I(Ω)

t

)
for all t > 0.

The simplicity of this improvement of Kac’ inequaltiy lead to the conjecture that

for all open sets Ω ⊂ Rd with finite volume and all t > 0 the universal bound

Z(t; Ω) ≤ |Ω|
(4πt)d/2

exp

(
− t

|Ω|d/2

)
(1.33)

holds [HH07]. Asymptotic considerations show that this conjecture is plausible for

small t > 0 as well as for large t. However, in the same way as (1.32) these improved

bounds do not capture the correct order of the second term of the semiclassical limit

(1.11).

This was enhanced in [KVW09] where an improved Li-Yau inequality was derived

in the two-dimensional case. There it is shown that even for the sum of the negative

eigenvalues one can choose the order of the correction term arbitrarily close to the

correct one. However, the correction depends on the geometry of the set Ω in a rather

involved way.

1.4.2. A correction term of correct order. Again it turns out to be easier to

remedy these defects if one considers Riesz-means Rσ of higher order. In [Wei08] T.

Weidl considered the case σ ≥ 3/2 and derived an improved Berezin-Li-Yau inequality

with a negative remainder term of correct order compared to the second term of the

semiclassical limit (1.9).

To state this result and to explain how it depends on the geometry of the un-

derlying domain Ω ⊂ Rd let us introduce the following notation. Fix a Cartesian

coordinate system in Rd and write x = (x′, t) ∈ Rd−1 × R for x ∈ Rd. For x′ ∈ Rd−1

consider the one-dimensional sections Ω(x′) = {t ∈ R : (x′, t) ∈ Ω}. If not empty,

each section Ω(x′) consists of at most countably many open intervals Jk(x
′) ⊂ R,

k = 1, . . . , N(x′) ≤ ∞.

Fix Λ > 0 and let κ(x′,Λ) ⊂ N denote the subset of all indices for which Jk(x
′) is

larger than π/
√

Λ. Set

ΩΛ(x′) =
⋃

k∈κ(x′,Λ)

Jk(x
′) ⊂ Ω(x′)

ΩΛ =
⋃

x′∈Rd−1

{x′} × ΩΛ(x′) ⊂ Ω

and let χ(x′,Λ) be the number of elements in κ(x′,Λ) that is the number of intervals

in Ω(x′) larger than π/
√

Λ. The function χ(x′,Λ) is measurable and finite a.e. if the

volume of ΩΛ is finite [Gei08]. For µ > 0 let us define constants

εµ = min
A≥1

(
A

2
B

(
1 + µ,

1

2

)
−
∑
k∈N

(
1− k2

A2

)µ
+

)
, (1.34)
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where B denotes the beta-function. In [Wei08] it is shown that the improved Berezin-

Li-Yau inequality

Rσ(Λ; Ω) ≤ Lclσ,d |ΩΛ|Λσ+d/2 − εσ+(d−1)/2 L
cl
σ,d−1

∫
Rd−1

χ(x′,Λ)dx′ Λσ+(d−1)/2 (1.35)

holds for all Λ > 0 and σ ≥ 3/2.

Comparing this bound with the original Berezin inequality (1.18) we recognize

two improvements. First the volume of Ω is replaced by the smaller volume of the

effective domain ΩΛ consisting of one-dimensional sections larger than π/
√

Λ. Note

that in the case of an open interval I ⊂ R on has N(Λ; I) = 0 for all Λ > π2/|I|2, i.e.

for |I| ≤ π/
√

Λ. Roughly speaking, one can get rid of those parts of Ω which are too

narrow to support eigenvalues less or equal than Λ.

Analyzing the difference |Ω| − |ΩΛ| is difficult in general since it depends on the

geometry of the domain. However, calculating it for bounded domains, e.g. for the

ball, wee see that it is typically of order 1/Λ. As in Melas’ improved bound (1.32) we

see that this first improvement captures some kind or third order effect.

The second improvement of (1.35) in comparison to (1.18) is due to the negative

remainder term. Again considering the integral
∫

Rd−1 χ(x′,Λ)dx′ on bounded domains,

we see that it is a positive and increasing function of order zero in Λ. Hence, the

negative remainder term is indeed of correct order in Λ in comparison to the second

term of the semiclassical limit (1.9).

Comparing the remainder with the second term of the semiclassical limit (1.9)

shows that the quantity
∫

Rd−1 χ(x′,Λ)dx′ takes the effect of the Dirichlet boundary

condition into account. While the improved inequality (1.35) is very precise for spe-

cific domains this geometric dependence of the remainder term is rather involved. In

particular, in the limit Λ → ∞ the quantity
∫

Rd−1 χ(x′,Λ)dx′ does not necessarily

converge to a multiple of the surface area of the boundary. Therefore it is interesting

to study the geometric dependence in more detail in order to simplify the bound. It

is challenging to find an improved estimate with a remainder term capturing not only

the correct order in Λ but also the geometric properties of the second term of the

semiclassical limit.

1.4.3. Induction in the dimension and operator-valued Lieb-Thirring

inequalities. The proof of (1.35) relies on an induction in the dimension argument

lifting one-dimensional estimates to higher dimensions. This lifting technique which

goes back to [GGM78] and [Lap97] allows to reduce the problem of estimating the

eigenvalues of −∆D
Ω on a set Ω ⊂ Rd, d ≥ 2, to eigenvalue bounds for one-dimensional

differential operators. The eigenvalues of these operators are known explicitly. Hence

one can use elementary calculations to find suitable bounds.

Here the implementation of this method is based on operator-valued Lieb-Thirring

inequalities introduced in [LW00] to establish the sharp Lieb-Thirring inequality

(1.16). In fact, this result is obtained for systems of Schrödinger operators with

operator-valued potentials. Let G be a separable Hilbert space, let IG be the identity
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operator in G and consider the Schrödinger-type operator

−∆⊗ IG + V

in L2(Rd,G). Assume that V (x), x ∈ Rd, is a family of self-adjoint non-positive

operators in G such that TrV− ∈ Lσ+d/2(Rd). Then for σ ≥ 3/2 and all Λ > 0 the

estimate

Tr (−∆⊗ IG + V )σ− ≤ Lclσ,d

∫
Rd

TrV
σ+d/2
− (x) dx

holds [LW00]. Note that this result itself is obtained from the one-dimensional Lieb-

Thirring inequality [LT76]

Tr

(
− d2

dt2
+ V

)3/2

−
≤ 3

16

∫
R
V−(t) dt

by means of induction in the dimension.

This argument can be applied to the Dirichlet Laplace operator on bounded open

sets Ω ⊂ Rd, d ≥ 2. In terms of the notation from Section 1.4.2 the estimate

Rσ(Λ; Ω) = Tr
(
−∆D

Ω − Λ
)σ
− ≤ Lclσ,d−1

∫
Rd−1

Tr

(
− d2

dt2

∣∣∣∣
Ω(x′)

− Λ

)σ+(d−1)/2

−

dx′ (1.36)

holds for σ ≥ 3/2 and all Λ > 0 [Wei08]. Since

Tr

(
− d2

dt2

∣∣∣∣
Ω(x′)

− Λ

)σ+(d−1)/2

−

=
∑

k∈κ(x′,Λ)

∑
j∈N

(
π2j2

|Jk(x′)|2
− Λ

)σ+(d−1)/2

−

one can now use explicit calculations to estimate the right-hand side. Indeed, in view

of (1.34) one has

Tr

(
− d2

dt2

∣∣∣∣
Ω(x′)

− Λ

)σ+(d−1)/2

−

≤
B
(
σ + d+1

2
, 1

2

)
2π

Λσ+d/2
∑

k∈κ(x′,Λ)

|Jk(x′)|

− εσ+(d−1)/2 Λσ+(d−1)/2 χ(x′,Λ) .

Inserting this into (1.36) yields (1.35).
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CHAPTER 2

Summary of main results

This thesis is based upon the articles

1. R. L. Frank and L. Geisinger, Two-term spectral asymptotics of the Dirichlet

Laplacian on a bounded domain, Mathematical Results in Quantum Physics:

Proceedings of the Qmath11 Conference (Pavel Exner, ed.), World Scientific

Publishing Company, 2011, pp. 138–147.

2. R. L. Frank and L. Geisinger, Refined semiclassical asymptotics for fractional

powers of the Laplace operator, submitted (2011).

3. L. Geisinger, A. Laptev, and T. Weidl, Geometrical versions of improved

Berezin-Li-Yau inequalities, Journal of Spectral Theory 1 (2011), no. 1, 87–

109.

4. L. Geisinger and T. Weidl, Universal bounds for traces of the Dirichlet Laplace

operator, J. Lond. Math. Soc. 82 (2010), no. 2, 395–419.

5. L. Geisinger and T. Weidl, Sharp spectral estimates in domains of infinite

volume, Reviews in Mathematical Physics 23 (2011), no. 6, 615–641.

The work leading to these publications was carried out from 2008 until 2011 at

Universität Stuttgart, Imperial College London and Princeton University.

While each of the following chapters corresponds to one of the articles we use this

chapter to summarize the main results.

The main subject of this thesis is the analysis of the Dirichlet Laplace operator and

related differential and pseudo-differential operators on bounded Euclidean domains.

We study the eigenvalues of these operators and their relation to the geometry of the

underlying domain. The material presented here is divided into two main parts.

First we study the Dirichlet Laplace operator in the semiclassical limit. We derive

refined asymptotic formulas of the type introduced in Section 1.2. We take up the

questions raised in Section 1.2.2 and examine under which minimal conditions two-

term spectral asymptotics exist for the Dirichlet Laplace operator. We establish the

refined limit (1.9) for σ ≥ 1 without assuming any global geometric conditions on the

domain. We only require weak smoothness conditions on the boundary. This done in

Chapter 3.

In Chapter 4 we generalize this result to fractional powers of the Laplace operator

on bounded domains. Up to now it was not known whether a second term exists in

the semiclassical limit for eigenvalue means of such non-local, non-smooth operators.

We show that our approach is applicable and that a two-term formula analogous to

(1.9) holds for σ ≥ 1 for the fractional Laplacian. To avoid confusion, we emphasize
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that the fractional Laplacian on a domain is different from the Dirichlet Laplacian

raised to the respective fractional power. One of our results is that, while the leading

terms in the semiclassical limit coincide for both operators, the second order terms

do not. This means, in particular, that our result cannot be obtained from the study

of the (local) Dirichlet Laplacian, and that our analysis needs to take into account

non-local effects.

The second part of the thesis is devoted to improved uniform bounds on the

eigenvalues of the Laplace operator, in particular to improved Berezin-Lieb-Li-Yau

inequalities. We analyze how the improvements depend on the geometry of the un-

derlying domain and how the improved estimates are related to the aforementioned

asymptotic results.

In Chapter 5 we solve the problem discussed in Section 1.4.2. Based on the

methods introduced in Section 1.4.3 we derive an improved version of the Berezin

inequality (1.18) with a negative remainder term reflecting the properties of the second

term of the semiclassical limit (1.9) accurately. Under certain geometric conditions

these results imply new lower bounds on individual eigenvalues which improve the

Li-Yau inequality.

Then we simplify the geometric dependence of the bounds in order to derive

universal bounds on traces of the Dirichlet Laplace operator: In Chapter 6 we prove

uniform estimates on the trace of the heat kernel and on Riesz-means depending only

on the volume of the underlying domain. These results strengthen universal bounds

from Kac and Berezin and in low dimensions these estimates prove the conjectured

inequality (1.33).

Finally, in Chapter 7, we apply the developed methods to prove uniform spectral

estimates for the Dirichlet Laplace operator on domains with infinite volume. In

this case the classical results (1.1) and (1.18) fail and even the leading order of the

asymptotics of the eigenvalue means depends on geometric properties of the domain.

Nevertheless, we derive sharp spectral estimates for the Dirichlet Laplace operator

and extend some results to Schrödinger operators on bounded domains.

2.1. Two-term spectral asymptotics for the Dirichlet Laplacian on a

bounded domain

In Chapter 3 we take up the questions raised in Section 1.2.2. We study the sum

of the eigenvalues of the Dirichlet Laplace operator on a bounded domain and give a

new proof for the refined semiclassical limit (1.9) under weak smoothness assumptions

on the geometry of the domain.

More precisely, we study the sum of the negative eigenvalues of the operator

HΩ = −h2∆D
Ω − 1

defined on an open bounded set Ω ⊂ Rd in the limit h → 0+. This limit coincides

with the semiclassical limit of the Dirichlet Laplace operator introduced in Section

1.1.1. Indeed, we have

Tr (HΩ)− = h2 Tr

(
−∆D

Ω −
1

h2

)
= h2R1

(
1

h2
,Ω

)
. (2.1)
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Our main result holds under weak smoothness assumptions on the boundary. We

only require that the boundary of Ω belongs to C1,α for some α > 0. That means, we

assume that the local charts of Ω are differentiable and that the derivatives are Hölder

continuous with exponent α. Without further conditions – in particular without any

assumptions on the global geometry of Ω – we prove that the limit

Tr(HΩ)− = Lcl1,d Ωh−d − 1

4
Lcl1,d−1 |∂Ω|h−d+1 +O

(
h−d+1+α/(2+α)

)
holds as h → 0+, see Theorem 3.1 below. In view of (2.1) and (1.8) it is easily seen

that this implies the refined semiclassical limit (1.9) for all σ ≥ 1 and for any bounded

open set Ω with boundary belonging to C1,α.

This work was stimulated by the question whether a similar two-term formula

holds for non-local, non-smooth operators. This is unknown since the microlocal

methods described in Section 1.2.2 are not applicable to such operators. Therefore it

was necessary to find a new approach.

Our proof is based on the variational principle for the sum of the eigenvalues

(1.6) and on a precise localization of the Laplace operator inspired by an application

of the IMS-formula in [SS03]. The key idea is to choose the localization not only

depending on the semiclassical parameter h but also depending on the distance to

the complement of Ω. Hence, the localization becomes very fine as the boundary of

Ω is approached.

This multiscale localization allows to analyze two different situations separately.

First one can study the semiclassical limit of HΩ localized to the interior of the

domain where the influence of the boundary is not felt. Thus a simple application

of the variational principle and the methods presented in Section 1.3.3 yields precise

asymptotics with a second term of order h−d+2.

Close to the boundary we have to take the effects of the Dirichlet condition into

account. Due to the fine localization at the boundary we can introduce a local coor-

dinate transform which straightens the boundary and transforms the problem locally

to the half-space. There we can further reduce the problem to the analysis of a one-

dimensional operator given on a half-line with a boundary condition at zero. This

problem can be analyzed by means of the Fourier sine transform.

Let us point out that the same approach can indeed be applied to non-local, non-

smooth operators. In Chapter 4 we use the same strategy to prove an analogous

formula for the fractional Laplace operator. Hence, Chapter 3 is meant as an exposi-

tion where we solve the problem for the Laplace operator itself and outline the main

ideas of proof. More details can be found in Chapter 4.

2.2. Refined semiclassical asymptotics for fractional powers of the

Laplace operator

Here we generalize the results of the preceding chapter to the fractional Laplace

operator on a bounded domain Ω ⊂ Rd, d ≥ 2. For h > 0 and 0 < s < 1 let

HΩ = (−h2∆)s − 1
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be defined as a self-adjoint operator, generated by the quadratic form

(v,HΩv) =

∫
Rd

(
|hp|2s − 1

)
|v̂(p)|2 dp

with form domain

Hs(Ω) =
{
v ∈ Hs(Rd) : v ≡ 0 on Rd \ Ω

}
.

For 0 < s < 1 we have the representation

(v,HΩv) = Cs,d h
2s

∫
Rd

∫
Rd

|v(x)− v(y)|2

|x− y|d+2s
dx dy −

∫
Ω

|v(x)|2 dx

with a constant Cs,d > 0 given in (4.5).

We see that in this setting HΩ is a non-smooth, non-local operator and the mi-

crolocal methods described in Section 1.2.2 are not applicable. Hence, it is unknown

whether a second term exists in the semiclassical limit of the respective eigenvalue

means. Especially for 0 < s < 1/2 it is not clear whether the second term has a local

form and depends only on |∂Ω|, since in this case the form domain Hs(Ω) coincides

with the Sobolev space Hs(Ω).

In Chapter 4 we prove a two-term asymptotic expansion of the sum of the eigenval-

ues of HΩ for 0 < s < 1. Again our results hold under weak smoothness assumptions

on the boundary, in particular, without any global conditions on Ω. Let the boundary

of Ω satisfy ∂Ω ∈ C1,α with 0 < α ≤ 1. Then as N →∞

1

N

N∑
n=1

λ(s)
n = C

(1)
d,s |Ω|

−2s/d N2s/d + C
(2)
d,s |∂Ω||Ω|−(d−1+2s)/d N (2s−1)/d (1 + o(1))

with positive, universal constants C
(1)
d,s and C

(2)
d,s depending only on d and s.

To prove this result it is convenient to rewrite it in an equivalent form: In Theorem

4.1 below we show that the limit

Tr(HΩ)− = L
(1)
s,d |Ω|h

−d − L(2)
s,d |∂Ω|h−d+1 + o(h−d+1) , h→ 0+ , (2.2)

holds with positive constants L
(1)
s,d and L

(2)
s,d given in (4.7) and (4.28).

Let us briefly summarize the strategy and the main results necessary to prove

(2.2). First, we localize the operator HΩ into balls, whose size varies depending on

the distance to the complement of Ω. Then we can analyze the semiclassical limit in

the bulk and at the boundary separately.

Let d(u) = inf{|x−u| : x /∈ Ω} denote the distance of u ∈ Rd to the complement

of Ω. We set

l(u) =
1

2

(
1 +

(
d(u)2 + l20

)−1/2
)−1

,

where 0 < l0 ≤ 1 is a small parameter depending only on h.

In Section 4.5 we construct real-valued functions φu ∈ C∞0 (Rd) with support in

the ball Bu = {x ∈ Rd : |x−u| < l(u)}. For all u ∈ Rd these functions are uniformly

bounded and for all x ∈ Rd we have∫
Rd
φ2
u(x) l(u)−d du = 1 .
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Proposition. There exits a constant C > 0 depending only on s and d such that

for all 0 < l0 ≤ 1/2 and all 0 < h ≤ C−1l0 the estimates

0 ≤ Tr(HΩ)− −
∫

Rd
Tr (φuHΩφu)− l(u)−d du ≤ C h−d+2 l−1

0 Rloc(h, l0)

hold with a remainder Rloc(h, l0) given explicitly in Proposition 4.3 below.

In view of this result, one can analyze the local asymptotics, i.e., the asymptotic

behavior of Tr(φuHΩφu)−, separately on different parts of Ω. First, in the bulk, where

the influence of the boundary is not felt.

Proposition. Assume that φ ∈ C1
0(Ω) is supported in a ball of radius l > 0 and

‖∇φ‖∞ ≤ Cl−1 . (2.3)

Then for h > 0 the estimates

−Cld−2h−d+2 ≤ Tr (φHΩφ)− − L
(1)
s,d

∫
Ω

φ2(x) dx h−d ≤ 0

hold, with a constant depending only on the constant in (2.3).

Close to the boundary of Ω, more precisely, if the support of φ intersects the

boundary, a boundary term of the order h−d+1 appears.

Proposition. Assume that φ ∈ C∞0 (Rd) is supported in a ball of radius 0 < l ≤ 1

intersecting the boundary of Ω and assume that (2.3) is satisfied. Then for h > 0 the

estimates

−R̃bd(l, h) ≤ Tr (φHΩφ)−−L
(1)
s,d

∫
Ω

φ2(x)dxh−d+L
(2)
s,d

∫
∂Ω

φ2(x)dσ(x)h−d+1 ≤ Rbd(l, h)

hold. Here dσ denotes the (d− 1)-dimensional volume element of ∂Ω and the lower-

order remainder terms Rbd, R̃bd are given explicitly in Proposition 4.5 below.

Based on these results we establish the limit (2.2).

2.3. Geometrical versions of improved Berezin-Li-Yau inequalities

Here we return to the Dirichlet Laplace operator and give answers to the problems

discussed in Section 1.4. We supplement the precise asymptotic formula derived in

Chapter 3 with uniform bounds valid for all values of the spectral parameter and for

any open set Ω ⊂ Rd, d ≥ 2. Our results improve the Berezin-Li-Yau inequality (1.18)

for σ ≥ 3/2 with a negative remainder term capturing the asymptotic and geometric

properties of the second term of the semiclassical limit.

The proof is based on the induction-in-the-dimension argument outlined in Section

1.4.3. In view of (1.36) the crucial point is to derive suitable eigenvalue estimates in

the one-dimensional setting.

Let I ⊂ R be an open interval and let δ(t) = dist(t, Ic) denote the distance of

t ∈ R to the complement of I. We consider the operator −d2/dt2 − Λ on I with
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Dirichlet boundary conditions at the endpoints of the interval. In Lemma 5.1 we

prove that for σ ≥ 1 and all Λ > 0 the estimate

Tr

(
− d2

dt2
− Λ

)σ
−

=
∑
k∈N

(
Λ− π2k2

|I|2

)σ
+

≤ Lclσ,1

∫
I

(
Λ− 1

4δ(t)2

)σ+1/2

+

dt

holds. Comparing this bound with the Berezin inequality (1.18) and the asymptotics

(1.9) we see that the improving term −1
4
δ(t)−2 captures the effect of the Dirichlet

boundary condition.

To generalize this result to higher dimensions we introduce the following notation.

Let Sd−1 denote the unit sphere in Rd and for u ∈ Sd−1 and x ∈ Ω set

θ(x, u) = inf {t > 0 : x+ tu /∈ Ω} ,
d(x, u) = inf{θ(x, u), θ(x,−u)} .

Using (1.36) we prove the following bound valid for any open set Ω ⊂ Rd, d ≥ 2. For

any u ∈ Sd−1, σ ≥ 3/2 and all Λ > 0 the estimate

Tr
(
−∆D

Ω − Λ
)σ
− ≤ Lclσ,d

∫
Ω

(
Λ− 1

4 d(x, u)2

)σ+d/2

+

dx

holds, see Theorem 5.4. This bound improves the Berezin inequality (1.18) by the

term 1
4
d(x, u)−2. While the bound is very precise for specific domains it depends on

the choice of direction u ∈ Sd−1. Moreover, the relation of the improvement and the

second term of the semiclassical asymptotics (1.9) is not immediate.

Hence, we average the bound over all directions u ∈ Sd−1. To state the result let

Ω(x) = {y ∈ Ω : x+ t(y − x) ∈ Ω , ∀ t ∈ [0, 1]}

be the part of Ω that ’can be seen’ from x ∈ Ω and let

δ(x) = inf
{
|y − x| : y /∈ Ω(x)

}
denote the distance to the exterior of Ω(x).

For fixed ε > 0 put

Aε(x) =
{
a ∈ Rd \ Ω(x) : |x− a| < δ(x) + ε

}
and for a ∈ Aε(x) set Bx(a) = {y ∈ Rd : |y − a| < |x− a|} and

ρa(x) =
|Bx(a) \ Ω(x)|
ωd|x− a|d

,

where ωd denotes the volume of the unit ball in Rd. To get a result, independent of

a and ε, set

ρ(x) = inf
ε>0

sup
a∈Aε(x)

ρa(x) .

Finally, we define

MΩ(Λ) =

∫
RΩ(Λ)

ρ(x) dx ,

where RΩ(Λ) ⊂ Ω denotes the set {x ∈ Ω : δ(x) < 1/(4
√

Λ)}.

36



2.4. UNIVERSAL BOUNDS FOR THE DIRICHLET LAPLACIAN

In Theorem 5.5 we show that for any open set Ω ⊂ Rd, σ ≥ 3/2, and all Λ > 0

the bound

Tr (−∆− Λ)σ− ≤ Lclσ,d |Ω|Λσ+d/2 − Lclσ,d 2−d+1 Λσ+d/2MΩ(Λ)

holds true. This result solves the problem raised in Section 1.4.2. The negative

remainder term not only captures the correct order in Λ in comparison with the

second term of the semiclassical asymptotics, it also reflects the geometric properties

of this second term. Indeed, the quantity
√

ΛMΩ(Λ) is an appropriate replacement

of the surface area of the boundary. On the one hand, the function ρ(x) depends on

local properties of the boundary. On the other hand, if Ω is for example convex or

Lipschitz, then we find that
√

ΛMΩ(Λ) converges to a multiple of |∂Ω| as Λ → ∞
and we recover the properties of the second term of the semiclassical limit.

Under certain conditions on the geometry of Ω our results improve the Li-Yau

inequality (1.19). Set

l(x, u) = θ(x, u) + θ(x,−u) and l0 = inf
u∈Sd−1

sup
x∈Ω

l(x, u) .

We show that for any open set Ω ⊂ Rd and any k ∈ N the estimate

λk(Ω) ≥ cd
k2/d

|Ω|2/d
+

1

l20

holds with a positive constant cd which is, however, smaller than the constant d
d+2

Cd
from (1.20). Finally, we derive a similar result improving the Li-Yau inequality (1.20)

for any convex domain Ω ⊂ R2. For such domains we obtain new lower bounds on

λk(Ω) for k ≤ 23.

2.4. Universal bounds for traces of the Dirichlet Laplace operator

The work of Chapter 6 was stimulated by conjecture (1.33), namely by the question

whether for any open set Ω of finite volume the improved Kac’ inequality

Z(t; Ω) ≤ |Ω|
(4πt)d/2

exp

(
− t

|Ω|2/d

)
holds true for all t > 0.

In Section 1.2.1 we explained that the trace of the heat kernel Z(t; Ω) is closely

connected to the Riesz-means Rσ(Λ; Ω) via the Laplace transform. By virtue of (1.10)

every bound on the Riesz-means implies a bound on the trace of the heat kernel.

Here we use the induction-in-the-dimension argument outlined in Section 1.4.3 to

derive precise uniform bounds on Riesz-means and deduce estimates on the trace of

the heat kernel. However, to prove the conjectured inequality (1.33) we need to prove

universal bounds, i.e., bounds that depend only on the volume of the underlying do-

main Ω and not on any other geometric quantity. Hence, we have to analyze and

simplify the geometric dependence of the improved inequalities. This is accomplished

using symmetric rearrangements, introduced in Section 1.4.1, and isoperimetric re-

sults. In particular, we make use of the estimate [Lut73]

Z(t; Ω) ≤ Z(t; Ω∗) , t > 0 , (2.4)
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where Ω∗ denotes the ball in Rd with the same volume as Ω.

To apply the methods described in Section 1.4.3, fix a coordinate system in Rd

and for x ∈ Rd write (x′, t) ∈ Rd−1 × R. Let |Ω(x′)| denote the length of the one-

dimensional sections Ω(x′) = {t ∈ R : (x′, t) ∈ Ω} and let

md(τ ; Ω) = |{x′ : |Ω(x′)| > τ}| , τ > 0 ,

denote the distribution function of Ω.

Using the inductive argument from [Wei08] we prove that the estimate

Rσ(Λ; Ω) ≤ Lclσ,d

∫ ∞
π/
√

Λ

md(τ ; Ω)dτ Λσ+d/2 (2.5)

holds for all σ ≥ 5/2 and all Λ > 0, see Proposition 6.5. Note that md is a non-

negative function that satisfies∫ ∞
0

md(τ ; Ω)dτ = |Ω| .

Thus (2.5) is an improvement of the Berezin inequality (1.18), however, it depends

on the geometry of Ω and on the choice of coordinate system.

Averaging over all directions and using properties of rearrangements we deduce

universal bounds on the Riesz-means and on the trace of the heat kernel. In particular,

applying (2.4) yields the improved Kac’ inequality stated below.

The general result depends on a lower bound on the ground state of −∆D
Ω . In

view of the isoperimetric inequality by Rayleigh, Faber and Krahn [Fab23, Kra25]

we can always choose

λ̃(Ω) =
π j2

d/2−1,1

Γ (d/2 + 1)2/d |Ω|2/d
≤ λ1(Ω)

as a lower bound on λ1(Ω), where jk,1 denotes the first zero of the Bessel-function Jk.

Let Γ(z) be the usual Gamma-function and by

Γ̂(z, s) =
1

Γ(z)

∫ ∞
s

tz−1e−tdt

we denote normed incomplete Gamma-functions. For d ∈ N put

σd =


5/2 if d = 2

2 if d = 3

3/2 if d ≥ 4

.

Let Ω ⊂ Rd be an arbitrary open set with finite volume and let λ ∈ [λ̃(Ω), λ1(Ω)]

be a lower bound on the ground state. In Theorem 6.1 it is stated that for any t > 0

the improved Kac’ inequality

Z(t) ≤ |Ω|
(4πt)d/2

Γ̂

(
σd +

d

2
+ 1, λt

)
− (R(t, λ))+

holds true with a remainder term

R(t, λ) = c1,d
|Ω|(d−1)/d

(4πt)(d−1)/2
Γ̂

(
σd +

d+ 1

2
, λt

)
− c2,d

|Ω|(d−3)/d

(4πt)(d−3)/2
Γ̂

(
σd +

d− 1

2
, λt

)
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and with explicit positive constants c1,d and c2,d depending only on the dimension.

If we choose λ = λ̃(Ω) we arrive at a universal upper bound on Z(t) depending

only on |Ω| and not including any explicit information on λ1(Ω). We note that the

bound captures the main asymptotic behaviour of Z(t) as t tends to zero: The first

term equals the leading term of the short time asymptotics of Z(t) and the second

term shows the correct order in t compared with the second term of the asymptotic

expansion (1.11).

Moreover, the bound decays exponentially as t tends to infinity. In particular,

this result implies the conjectured inequality (1.33) in dimensions d ≤ 633.

The same approach based on (2.5) can be applied to unbounded domains of infinite

volume. While the results of Kac (1.17) and Luttinger (2.4) must fail for such domains,

we show that under appropriate conditions on Ω our methods can still be applied and

give sharp upper bounds on the trace of the heat kernel.

2.5. Sharp spectral estimates in domains of infinite volume

In [Wei08] it is mentioned that the improved Berezin-Li-Yau inequality (1.35)

can be applied in domains of infinite volume. In [GW10] – see the previous section

and Chapter 6 – we refine this approach to derive sharp upper bounds on the trace

of the heat kernel in unbounded domains.

In Chapter 7 we consider spectral estimates in domains of infinite volume in

more detail. For unbounded domains Ω even the discreteness of the spectrum of the

Dirichlet Laplacian on Ω is no longer guaranteed. A necessary condition is the so

called quasi-boundedness of Ω [AF03] which is satisfied, by definition, if

lim
x∈Ω
|x|→∞

dist(x, ∂Ω) = 0 .

But even for quasi-bounded domains the classical Berezin inequality (1.18) and Weyl’s

asymptotic formula (1.1) must fail if the volume of Ω is infinite. Here we show that

one can nevertheless prove uniform bounds on eigenvalue means for certain domains

of infinite volume. In this case the leading order of the semiclassical limit depends on

the geometry of Ω. Applying the inductive argument described in Section 1.4.3 we

can prove estimates valid for all Λ > 0 and reflecting the correct asymptotic behavior.

First we consider horn-shaped regions, domains stretching to infinity along distin-

guished directions, see [vdB92a] for a general definition. In [Sim83] the semiclassical

limit of the counting function was calculated for the horn-shaped domains

Ων =
{

(x, y) ∈ R2 : |x| · |y|ν < 1
}
, ν ≥ 1 .

In view of (1.8) one can immediately generalize these results to get asymptotic for-

mulas for the semiclassical limit of eigenvalues means. For σ ≥ 0 and ν > 1 we

obtain

Rσ(Λ; Ων) = ζ(ν)

(
2

π

)ν B(ν
2

+ 1, σ + 1)

B
(
σ + ν+3

2
, 1

2

) Λσ+(ν+1)/2 + o
(
Λσ+(ν+1)/2

)
(2.6)

as Λ→∞, where ζ denotes the zeta function.

39



2. SUMMARY OF MAIN RESULTS

In Theorem 7.3 we show that for σ ≥ 3/2 and ν > 1 the uniform bound

Rσ(Λ; Ων) ≤ ζ(ν)

(
2

π

)ν B(ν
2

+ 1, σ + 1)

B
(
σ + ν+3

2
, 1

2

) Λσ+(ν+1)/2

holds for all Λ > 0. Comparing this bound with the asymptotic relation (2.6) we

see that the estimate is sharp: For horn-shaped regions, just as well as for bounded

domains, the leading term of the semiclassical limit yields a uniform upper bound.

We generalize this result to higher dimensions and using the estimate (1.21) from

[Lap97] we deduce order-sharp uniform bounds on the counting function R0(Λ; Ων).

Moreover, we give similar estimates in the critical case ν = 1.

As a second example for domains with infinite volume we consider so called spiny

urchins, radially symmetric domains ΩS ⊂ R2 with infinite volume.

To construct ΩS we use polar coordinates (r, ϕ) ∈ [0,∞)× [0, 2π) and choose an

increasing sequence (rn)n∈N of positive real numbers and put r0 = 0. For n ∈ N0 and

k = 1, 2, . . . , 2n+2 let

Γn,k =

{
(r, ϕ) : r ≥ rn , ϕ =

k − 1

2n+1
π

}
be semi-axes and define

ΩS = R2 \
⋃
n,k

Γn,k ,

see Figure 2 in Chapter 7 and the figure on the title page. Note that this domain,

though quasi bounded, has empty exterior. However, if limn→∞ r
n2−n = 0, then the

spectrum of HΩS is discrete.

Again we apply the inductive argument from Section 1.4.3. We adapt it to the

radially symmetric situation and derive order-sharp bounds on the eigenvalue means

Rσ(Λ; ΩS). Here the leading order of the semiclassical limit depends on the choice of

the sequence (rn)n∈N. To give a flavor of our results let us just state the following

examples considered in Corollary 7.9.

Let σ ≥ 0 and assume rn = n. Then for 0 < Λ ≤ 15/4 we have Rσ(Λ,ΩS) = 0

and for Λ > 15/4

Rσ(Λ,ΩS) ≤ Cσ Λσ+1(ln Λ)2 .

To give a second example assume rn = nδn with 0 < δ < 1. Then for 0 < Λ ≤
15 · 2−2(1+δ) we have Rσ(Λ,ΩS) = 0 and for Λ > 15 · 2−2(1+δ)

Rσ(Λ,ΩS) ≤ Cσ,δ Λσ+1/(1−δ) .

We prove that all bounds capture the correct order in Λ as Λ→∞.

Finally, we examine Schrödinger operators

HΩ(V ) = −∆D
Ω − V

defined on unbounded domains Ω ⊂ Rd, d ≥ 2 with non constant potential V ≥ 0.

If V /∈ Lσ+d/2(Ω) then the classical bounds (1.15) and (1.16) and the asymptotic

formula (1.13) must fail.

Under certain conditions on Ω and on V we can nevertheless prove uniform bounds

on the eigenvalue means of HΩ(V ). However, if the potential V is not constant the
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situation is more difficult, since even in the one-dimensional setting the eigenvalue

means cannot be calculated explicitly. Therefore we have to adapt the aforementioned

arguments and analyze the one-dimensional problem in more detail. In particular,

we have to study the effect of different boundary conditions on the eigenvalues.

The result yields an improved version of the semiclassical bound (1.16), see The-

orem 7.15. Again, this sharp Lieb-Thirring inequality with remainder term can be

applied in situations, where all known results – in particular (1.13) and (1.16) – fail.

2.6. Open problems and further research

One hundred years after H. Weyl proved the fundamental asymptotic law (1.1)

and conjectured about the second term in the semiclassical limit (1.7) and fifty years

after G. Polya’s – still unsolved – conjecture about the sharp constant in the semi-

classical estimate on the eigenvalues (1.20) there are still numerous open questions

and challenging problems about the spectrum of the Laplace operator on bounded

domains. Here we only mention some questions and further considerations arising

naturally from the results presented in this thesis.

In Theorem 3.1 and Theorem 4.1 we establish the existence of a second term in

the semiclassical limit for the sum of the eigenvalues of the Dirichlet Laplace operator

and its fractional powers. The results hold under weak assumptions on Ω, however,

they do not give a complete answer to the question under which minimal conditions

the second term exists. In view of the short-time limit of the trace of the heat semi-

group, see (1.11) and related results in [BKS09], one might expect that Theorem 3.1

and Theorem 4.1 can be extended to Lipschitz domains Ω.

The question raised in [BKS09] of whether an analogue of Ivrii’s two-term asymp-

totics (1.7) holds for the counting function of the fractional Laplacian remains a

challenging open problem.

Considering the Laplace operator itself, it is natural to ask what happens for

different boundary conditions. Since the methods presented in Chapter 3 are not

specific to the Dirichlet case it is possible to generalize Theorem 3.1 to Neumann or

arbitrary Robin boundary conditions.

Comparing Ivrii’s result described in Section 1.2.2 with Theorem 3.1 the question

arises whether any intermediate results hold. It might be possible to adapt the meth-

ods from [HR90] to prove the asymptotic formula (1.9) for any 0 < σ < 1 at least for

domains with smooth boundary. In the same way as in (1.14) more and more lower

order terms should exist in the semiclassical limit of the eigenvalue means Rσ(Λ; Ω)

as σ tends to infinity.

Concerning uniform bounds on the eigenvalue means the results presented in

Chapters 5 to 7 are rather satisfactory for σ ≥ 3/2. In particular, Theorem 5.5

gives a sharp bound valid for all Λ > 0 and reflects the properties of the semiclassical

limit accurately. However, the question whether similar results are valid in the im-

portant case σ = 1 remains open. Such a result could lead to a uniform improvement

of (1.20) and (1.22), in particular to better constants.
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CHAPTER 3

Two-term spectral asymptotics for the Dirichlet Laplacian

on a bounded domain

Rupert L. Frank and L. Geisinger

Dedicated to Ari Laptev on the occasion of his 60th birthday.

Abstract. Let −∆ denote the Dirichlet Laplace operator on a bounded
open set in Rd. We study the sum of the negative eigenvalues of the operator
−h2∆− 1 in the semiclassical limit h→ 0+. We give a new proof that yields
not only the first term of the asymptotic formula but also the second term
involving the surface area of the boundary of the set. The proof is valid under
weak smoothness assumptions on the boundary.

3.1. Introduction and main result

3.1.1. Introduction. Let Ω be a bounded open set in Rd, d ≥ 2. We consider the

Dirichlet Laplace operator −∆Ω defined as a self-adjoint operator in L2(Ω) generated

by the form

(v,−∆Ωv) =

∫
Ω

|∇v(x)|2dx

with form domain H1
0 (Ω). Since Ω is bounded the embedding of H1

0 (Ω) into L2(Ω)

is compact and the spectrum of −∆Ω is discrete. It consists of a series of positive

eigenvalues 0 < λ1 ≤ λ2 ≤ . . . accumulating at infinity only.

In general, the eigenvalues λk cannot be calculated explicitly and especially for

large k it is difficult to evaluate them numerically. Therefore it is interesting to de-

scribe the asymptotic behavior of λk as k →∞. This is equivalent to the asymptotics

of the negative eigenvalues of the operator

HΩ = −h2∆Ω − 1

in the semiclassical limit h→ 0+.

The first general result is due to H. Weyl who studied the counting function

NΩ(h) = ]{λk < h−2} = Tr (HΩ)0
− .

In 1912 he showed that the first term of its semiclassical limit is given by the phase-

space volume [Wey12a]: For any open bounded set Ω ⊂ Rd the limit

NΩ(h) = Cd |Ω|h−d + o(h−d)
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holds as h→ 0+, where

Cd =
1

(2π)d

∫
Rd

(|p|2 − 1)0
−dp =

ωd
(2π)d

and ωd denotes the volume of the unit ball in Rd.

H. Weyl conjectured in [Wey13] that this formula can be refined by a second

term of order h−d+1 depending on the boundary of Ω. This stimulated a detailed

analysis of the semiclassical limit of partial differential operators. We refer to the

books [Hör85, SV97, Ivr98] for general results and an overview over the literature.

Eventually, the existence of a second term was proved by V. Ivrii by means of a

detailed microlocal analysis [Ivr80a, Ivr80b]: If the boundary of Ω is smooth and

if the measure of all periodic geodesic billiards is zero then the limit

NΩ(h) = Cd |Ω|h−d −
1

4
Cd−1 |∂Ω|h−d+1 + o(h−d+1) (3.1)

holds as h→ 0+, where |∂Ω| denotes the surface area of the boundary.

In this article we are interested in the sum of the negative eigenvalues

Tr(HΩ)− =
∑
k∈N

(h2λk − 1)− .

This quantity describes the energy of non-interacting, fermionic particles trapped in

Ω and plays an important role in physical applications.

The asymptotic relation (3.1) immediately implies a refined formula for the semi-

classical limit of Tr(HΩ)−: Suppose that the aforementioned geometric conditions on

Ω are satisfied. Then integrating (3.1) yields

Tr(HΩ)− = Ld |Ω|h−d −
1

4
Ld−1|∂Ω|h−d+1 + o(h−d+1) (3.2)

as h→ 0+, with

Ld =
1

(2π)d

∫
Rd

(|p|2 − 1)−dp =
2

d+ 2

ωd
(2π)d

.

In the following we present a direct approach to derive the semiclassical limit of

Tr(HΩ)−. We prove (3.2) without using the result for the counting function. Since we

do not apply any microlocal methods the proof works under much weaker conditions.

3.1.2. Main Result. Our main result holds without any global geometric con-

ditions on Ω. We only require weak smoothness conditions on the boundary - namely

that the boundary belongs to the class C1,α for some α > 0. That means, we assume

that the local charts of Ω are differentiable and the derivatives are Hölder continuous

with exponent α.

Theorem 3.1. Let the boundary of Ω satisfy ∂Ω ∈ C1,α, 0 < α ≤ 1. Then the

asymptotic limit

Tr(HΩ)− = Ld |Ω|h−d −
1

4
Ld−1 |∂Ω|h−d+1 +O

(
h−d+1+α/(2+α)

)
holds as h→ 0+.
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Our work was stimulated by the question whether similar two-term formulae hold

for non-local, non-smooth operators. This is unknown, since the microlocal methods

leading to (3.1) are not applicable. Therefore it is necessary to use a direct approach.

Indeed, Theorem 3.1 can be extended to fractional powers of the Dirichlet Laplace

operator [FG11a]. The strategy of the proof is similar but dealing with non-local

operators is more difficult and elaborate. In order to give a flavor of our techniques

we confine ourselves in this article to the local case.

The question whether the second term of the semiclassical limit of Tr(HΩ)− exists

for Lipschitz domains Ω remains open.

3.1.3. Strategy of the proof. The proof of Theorem 3.1 is divided into three

steps: First, we localize the operator HΩ into balls, whose size varies depending on

the distance to the complement of Ω. Then we analyze separately the semiclassical

limit in the bulk and at the boundary.

To localize, let d(u) = inf{|x− u| : x /∈ Ω} denote the distance of u ∈ Rd to the

complement of Ω. We set

l(u) =
1

2

(
1 +

(
d(u)2 + l20

)−1/2
)−1

,

where 0 < l0 ≤ 1 is a parameter depending only on h. Indeed, we will finally choose

l0 proportional to h2/(α+2).

In Section 3.3 we introduce real-valued functions φu ∈ C∞0 (Rd) with support in

the ball Bu = {x ∈ Rd : |x− u| < l(u)}. For all u ∈ Rd these functions satisfy

‖φu‖∞ ≤ C , ‖∇φu‖∞ ≤ C l(u)−1 (3.3)

and for all x ∈ Rd ∫
Rd
φ2
u(x) l(u)−d du = 1 . (3.4)

Here and in the following the letter C denotes various positive constants that might

depend on Ω, but that are independent of u, l0 and h.

Proposition 3.2. For 0 < l0 ≤ 1 and h > 0 we have∣∣∣∣Tr(HΩ)− −
∫

Rd
Tr (φuHΩφu)− l(u)−d du

∣∣∣∣ ≤ C l−1
0 h−d+2 .

In view of this result, one can analyze the local asymptotics, i. e., the asymptotic

behavior of Tr(φuHΩφu)− separately on different parts of Ω. First, in the bulk, where

the influence of the boundary is not felt.

Proposition 3.3. Assume that φ ∈ C∞0 (Ω) is supported in a ball of radius l > 0

and that

‖∇φ‖∞ ≤ C l−1 (3.5)

is satisfied. Then for h > 0 the estimate∣∣∣∣Tr (φHΩφ)− − Ld
∫

Ω

φ2(x) dx h−d
∣∣∣∣ ≤ C ld−2 h−d+2

holds, with a constant depending only on the constant in (3.5).
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Close to the boundary of Ω, more precisely, if the support of φ intersects the

boundary, a term of order h−d+1 appears:

Proposition 3.4. Assume that φ ∈ C∞0 (Rd) is supported in a ball of radius l > 0

intersecting the boundary of Ω and that inequality (3.5) is satisfied.

Then for all 0 < l ≤ 1 and 0 < h ≤ 1 the estimate∣∣∣∣Tr (φHΩφ)− − Ld
∫

Ω

φ2(x) dx h−d +
1

4
Ld−1

∫
∂Ω

φ2(x)dσ(x)h−d+1

∣∣∣∣ ≤ r(l, h)

holds. Here dσ denotes the d−1-dimensional volume element of ∂Ω and the remainder

satisfies

r(l, h) ≤ C

(
ld−2

hd−2
+
l2α+d−1

hd−1
+
ld+α

hd

)
with a constant depending on Ω, ‖φ‖∞ and the constant in (3.5).

Based on these propositions we can complete the proof of the main result.

Proof of Theorem 3.1. In order to apply Proposition 3.4 to the operators

φuHΩφu, we need to estimate l(u) uniformly. Assume that u ∈ Rd satisfies Bu∩∂Ω 6=
∅. Then we have d(u) ≤ l(u), which by definition of l(u) implies

l(u) ≤ l0/
√

3 . (3.6)

In view of (3.3) we can therefore apply Proposition 3.3 and Proposition 3.4 to all

functions φu, u ∈ Rd. Combining these results with Proposition 3.2 we get∣∣∣∣Tr (HΩ)− −
Ld
hd

∫
Rd

∫
Ω

φ2
u(x)dx

du

l(u)d
+

Ld−1

4hd−1

∫
Rd

∫
∂Ω

φ2
u(x)dσ(x)

du

l(u)d

∣∣∣∣
≤ C

(
l−1
0 h−d+2 +

∫
U1

l(u)−2 du h−d+2 +

∫
U2

r(l(u), h)l(u)−d du

)
,

where U1 = {u ∈ Ω : Bu ∩ ∂Ω = ∅} and U2 = {u ∈ Rd : Bu ∩ ∂Ω 6= ∅}. Now we

change the order of integration and by virtue of (3.4) we obtain∣∣∣∣Tr (HΩ)− − Ld |Ω|h
−d +

1

4
Ld−1 |∂Ω|h−d+1

∣∣∣∣
≤ C

(
l−1
0 h−d+2 +

∫
U1

l(u)−2 du h−d+2 +

∫
U2

r(l(u), h)l(u)−d du

)
. (3.7)

It remains to estimate the remainder terms. Note that, by definition of l(u), we

have

l(u) ≥ 1

4
min (d(u), 1) and l(u) ≥ l0

4
for all u ∈ Rd. Together with (3.6) this implies∫

U1

l(u)−2du ≤ Cl−1
0 and

∫
U2

l(u)adu ≤ Cla0

∫
{d(u)≤l0}

du ≤ Cla+1
0 (3.8)

for any a ∈ R. Inserting these estimates into (3.7) we find that the remainder terms

are bounded from above by a constant times

l−1
0 h−d+2 + l2α0 h−d+1 + lα+1

0 h−d .
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Finally, we choose l0 proportional to h2/(α+2) and conclude that all error terms in

(3.7) equal O(h−d+1+α/(2+α)) as h→ 0+. �

The remainder of the text is structured as follows. In Section 3.2 we analyze the

local asymptotics and outline the proofs of Proposition 3.3 and 3.4. In Section 3.3,

we perform the localization and, in particular, prove Proposition 3.2.

3.2. Local asymptotics

To prove the propositions we need the following rough estimate, a variant of the

Berezin-Lieb-Li-Yau inequality [Ber72b, Lie73, LY83].

Lemma 3.5. For any φ ∈ C∞0 (Rd) and h > 0

Tr (φHΩφ)− ≤ Ld

∫
Rd
φ2(x) dx h−d .

Proof. Let us introduce the operator

H0 = −h2∆− 1 ,

defined with form domain H1(Rd). The variational principle for sums of eigenvalues

implies Tr(φHΩφ)− ≤ Tr(φ(H0)−φ)−. Using the Fourier-transform one can derive an

explicit expression for the kernel of (H0)− and inserting this yields the claim. �

3.2.1. Local asymptotics in the bulk. First we assume φ ∈ C∞0 (Ω). Then

we have Tr (φHΩφ)− = Tr (φH0φ)−, since the form domains of φHΩφ and φH0φ

coincide. Moreover, by scaling, we can assume l = 1. Thus, to prove Proposition 3.3,

it suffices to establish the estimate∣∣∣∣Tr (φH0φ)− − Ld
∫

Rd
φ2(x) dx h−d

∣∣∣∣ ≤ Ch−d+2

for h > 0. The lower bound follows immediately from Lemma 3.5. The upper bound

can be derived in the same way as in the proof of Lemma 3.7 below. Indeed, by

choosing the trial density matrix γ = χ(H0)0
−χ we find

Tr (φH0φ)− ≥ Ld

∫
Rd
φ2(x) dx− Cd

∫
Rd

(∇φ)2(x) dx h−d+2

and the claim follows.

3.2.2. Straightening the boundary. Here we transform the operator HΩ lo-

cally to an operator given on the half-space Rd
+ = {y ∈ Rd : yd > 0}. There we

define the operator H+ in the same way as HΩ, with form domain H1
0 (Rd

+).

Under the conditions of Proposition 3.4 let B denote the open ball of radius l > 0,

containing the support of φ. Choose x0 ∈ B ∩ ∂Ω and let νx0 be the normed inner

normal vector at x0. We choose a Cartesian coordinate system such that x0 = 0 and

νx0 = (0, . . . , 0, 1), and we write x = (x′, xd) ∈ Rd−1 × R for x ∈ Rd.

For sufficiently small l > 0 one can introduce new local coordinates near the

boundary. Let D denote the projection of B on the hyperplane given by xd = 0.
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Since the boundary of Ω is compact and in C1,α, there exists a constant c > 0, such

that for 0 < l ≤ c we can find a real function f ∈ C1,α given on D, satisfying

∂Ω ∩B = {(x′, xd) : x′ ∈ D, xd = f(x′)} ∩B .

The choice of coordinates implies f(0) = 0 and ∇f(0) = 0. Since f ∈ C1,α and the

boundary of Ω is compact we can estimate

sup
x′∈D
|∇f(x′)| ≤ C lα , (3.9)

with a constant C > 0 depending only on Ω, in particular independent of f .

Now we introduce new local coordinates given by a diffeomorphism ϕ : D×R→
Rd. We set yj = ϕj(x) = xj for j = 1, . . . , d − 1 and yd = ϕd(x) = xd − f(x′).

Note that the determinant of the Jacobian matrix of ϕ equals 1 and that the inverse

of ϕ is defined on ranϕ = D×R. There we define φ̃ = φ ◦ ϕ−1 and extend it by zero

to Rd, such that φ̃ ∈ C1
0(Rd) and ‖∇φ̃‖∞ ≤ Cl−1 holds.

Lemma 3.6. For 0 < l ≤ c and any h > 0 the estimate∣∣∣Tr(φHΩφ)− − Tr(φ̃H+φ̃)−

∣∣∣ ≤ C ld+α h−d (3.10)

holds. Moreover, we have ∫
Ω

φ2(x) dx =

∫
Rd+
φ̃2(y) dy (3.11)

and ∣∣∣∣∫
∂Ω

φ2(x) dσ(x)−
∫

Rd−1

φ̃2(y′, 0) dy′
∣∣∣∣ ≤ C ld−1+2α . (3.12)

Proof. The definition of φ̃ and the fact detJϕ = 1 immediately give (3.11).

Using (3.9) we estimate∫
∂Ω

φ2(x)dσ(x) =

∫
Rd−1

φ̃2(y′, 0)
√

1 + |∇f |2dy′ ≤
∫

Rd−1

φ̃2(y′, 0)dy′ + Cld−1+2α

from which (3.12) follows.

To prove (3.10) fix v ∈ H1
0 (Ω) with support in B. For y ∈ ranϕ put ṽ(y) =

v ◦ ϕ−1(y) and extend ṽ by zero to Rd. Note that ṽ belongs to H1
0 (Rd

+).

An explicit calculation shows∣∣∣(ṽ,−∆Rd+ ṽ)− (v,−∆Ωv)
∣∣∣ ≤ C lα (ṽ,−∆Rd+ ṽ) .

Hence, we find

Tr(φHΩφ)− ≤ Tr(φ̃(−(1− Clα)h2∆Rd+ − 1)φ̃)− .

Set ε = 2Clα and assume l to be sufficiently small, so that 0 < ε ≤ 1/2 holds. Then

Tr(φHΩφ)− ≤ Tr(φ̃(−(1− Clα)h2∆Rd+ − 1)φ̃)−

≤ Tr(φ̃(−h2∆Rd+ − 1)φ̃)− + Tr(φ̃(−(ε− Clα)h2∆Rd+ − ε)φ̃)−

≤ Tr(φ̃H+φ̃)− + εTr(φ̃(−(h2/2)∆Rd+ − 1)φ̃)− .
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By Lemma 3.5 we have Tr(φ̃(−(h2/2)∆Rd+ − 1)φ̃)− ≤ Cldh−d and we obtain

Tr(φHΩφ)− ≤ Tr(φ̃H+φ̃)− + C ld+α h−d .

Finally, by interchanging the roles of HΩ and H+, we get an analogous upper bound

and the proof of Lemma 3.6 is complete. �

3.2.3. Local asymptotics in half-space. In view of Lemma 3.6 we can reduce

Proposition 3.4 to a statement concerning the operator H+, given on the half-space

Rd
+. Indeed, to prove Proposition 3.4, it suffices to establish the following result.

Lemma 3.7. Assume that φ ∈ C1
0(Rd) is supported in a ball of radius l > 0 and

that (3.5) is satisfied. Then for h > 0 the estimate∣∣∣∣∣Tr
(
φH+φ

)
− −

Ld
hd

∫
Rd+
φ2(x)dx+

Ld−1

4hd−1

∫
Rd−1

φ2(x′, 0)dx′

∣∣∣∣∣ ≤ Cld−2h−d+2

holds with a constant depending only on the constant in (3.5).

Proof. On Rd
+ we can rescale φ and assume l = 1. In a first step we prove the

estimate∣∣∣∣∣Tr
(
φH+φ

)
− −

Ld
hd

∫
Rd+
φ2(x)dx+

∫
Rd+
φ2(x)

∫
Rd

cos(2ξdxdh
−1)(|ξ|2 − 1)−

dξ dx

(2πh)d

∣∣∣∣∣
≤ C h−d+2 . (3.13)

To derive a lower bound we use the inequality Tr (φH+φ)− ≤ Tr (φ(H+)−φ) and

diagonalize the operator (H+)−, applying the Fourier-transform in the x′-coordinates

and the sine-transform in the xd-coordinate. This yields

Tr(φH+φ)− ≤
∫

Rd+
φ2(x)

∫
Rd

2 sin2(ξdxdh
−1)
(
|ξ|2 − 1

)
−
dξ dx

(2πh)d

and the lower bound follows from the identity

2 sin2(ξdxdh
−1) = 1− cos(2ξdxdh

−1) . (3.14)

To prove the upper bound, define the operator γ = χ(H+)0
−χ with kernel

γ(x, y) =
2

(2πh)d
χ(x)

∫
|ξ|<1

eiξ
′(x′−y′)/h sin(ξdxdh

−1) sin(ξdydh
−1)dξ χ(y) ,

where χ denotes the characteristic function of an open ball containing the support

of φ. Thus, γ is a trace-class operator, satisfying 0 ≤ γ ≤ 1 and by the variational

principle it follows that

Tr(φH+φ)−

≥ −Tr(γφH+φ)

= −2

∫
|ξ|<1

(
h2‖∇eiξ′·/h sin(ξd · h−1)φ‖2

L2(Rd+) −
∥∥sin(ξd · h−1)φ

∥∥2

L2(Rd+)

) dξ

(2πh)d

≥
∫

Rd

(
|ξ|2 − 1

)
−

∫
Rd+
φ2(x) 2 sin2(ξdxdh

−1)
dx dξ

(2πh)d
− Ch−d+2 .
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In view of (3.14) this gives an upper bound and we established (3.13).

We proceed to analyzing the term in (3.13) which contains the cosine. We substi-

tute xd = th and write∫
Rd+
φ2(x)

∫
Rd

cos(2ξdxdh
−1)
(
|ξ|2 − 1

)
−
dξ dx

(2πh)d

=
1

(2π)d

∫ ∞
0

∫
Rd−1

φ2(x′, th)dx′
∫

Rd
cos(2ξdt)

(
|ξ|2 − 1

)
− dξ dt h

−d+1 . (3.15)

Note that
1

(2π)d

∫ ∞
0

∫
Rd

cos(2ξdt)
(
|ξ|2 − 1

)
− dξ dt =

1

4
Ld−1 . (3.16)

Moreover, in [AS72, (9.1.20)] it is shown that∫
Rd

cos(2ξdt)
(
|ξ|2 − 1

)
− dξ = C

∫ 1

0

cos(2ξdt)(1− ξ2
d)

(d+1)/2dξd = C
Jd/2+1(2t)

td/2+1
,

where Jd/2+1 denotes the Bessel function of the first kind. We remark that |Jd/2+1(2t)|
is proportional to td/2+1 as t→ 0+ and bounded by a constant times t−1/2 as t→∞,

see [AS72, (9.1.7) and (9.2.1)]. It follows that∫ ∞
0

t

∣∣∣∣∫
Rd

cos(2ξdt)
(
|ξ|2 − 1

)
− dξ

∣∣∣∣ dt ≤ C

∫ ∞
0

t−d/2|Jd/2+1(2t)| dt ≤ C . (3.17)

In view of (3.15), (3.16) and (3.17) we find∣∣∣∣∣
∫

Rd+
φ2(x)

∫
Rd

cos(2ξdxdh
−1)
(
|ξ|2 − 1

)
−
dξ dx

(2πh)d
− Ld−1

4hd−1

∫
Rd−1

φ2(x′, 0)dx′

∣∣∣∣∣
≤ Ch−d+2 .

Inserting this into (3.13) proves Lemma 3.7. �

Proposition 3.4 is a consequence of Lemma 3.6 and Lemma 3.7.

3.3. Localization

Here we construct the family of localization functions (φu)u∈Rd and prove Propo-

sition 3.2. The key idea is to choose the localization depending on the distance to

the complement of Ω, see [Hör85, Theorem 17.1.3] and [SS03].

Fix a real-valued function φ ∈ C∞0 (Rd) with support in {|x| < 1} and ‖φ‖2 = 1.

For u, x ∈ Rd let J(x, u) be the Jacobian of the map u 7→ (x− u)/l(u). We define

φu(x) = φ

(
x− u
l(u)

)√
J(x, u) l(u)d/2 ,

such that φu is supported in {x : |x−u| < l(u)}. According to [SS03], the functions

φu satisfy (3.3) and (3.4) for all u ∈ Rd.

To prove the upper bound in Proposition 3.2, put

γ =

∫
Rd
φu (φuHΩφu)

0
− φu l(u)−d du .
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Obviously, γ ≥ 0 holds and in view of (3.4) also γ ≤ 1. The range of γ belongs to

H1
0 (Ω) and by the variational principle it follows that

−Tr(HΩ)− ≤ Tr γHΩ = −
∫

Rd
Tr (φuHΩφu)− l(u)−d du .

To prove the lower bound we make use of the IMS-formula

1

2

(
f, φ2(−∆)f

)
+

1

2

(
f,−∆φ2f

)
= (f, φ(−∆)φf)−

(
f, f(∇φ)2

)
,

valid for φ ∈ C∞0 (Rd) and f ∈ H1
0 (Ω). Combining this identity with (3.4) yields

(f,−∆f) =

∫
Rd

(
(f, φu(−∆)φuf)−

(
f, (∇φu)2f

))
l(u)−d du . (3.18)

Using (3.3) and (3.4) one can show [SS03]∫
Rd

(∇φu)2(x)l(u)−d du ≤ C

∫
Rd
φ2
u(x) l(u)−d−2 du .

We insert this into (3.18) and deduce

Tr (HΩ)− ≤
∫

Ω∗
Tr
(
φu
(
−h2∆− 1− Ch2l(u)−2

)
φu
)
− l(u)−d du ,

where Ω∗ = {u ∈ Rd : suppφu ∩ Ω 6= ∅}. To estimate the localization error we use

Lemma 3.5. For any u ∈ R, let ρu be another parameter 0 < ρu ≤ 1/2 and estimate

Tr
(
φu
(
−h2∆− 1− Ch2l(u)−2

)
φu
)
−

≤ Tr
(
φu(−h2∆− 1)φu

)
− + C Tr

(
φu
(
−ρuh2∆− ρu − h2l(u)−2

)
φu
)
−

≤ Tr (φuHΩφu)− + C l(u)d(ρuh
2)−d/2

(
ρu + h2l(u)−2

)1+d/2
.

With ρu proportional to h2l(u)−2 we find

Tr (HΩ)− ≤
∫

Ω∗
Tr (φuHΩφu)− l(u)−ddu+ Ch−d+2

∫
Ω∗
l(u)−2du .

In view of (3.8) the last integral is bounded by a constant times l−1
0 and the proof of

Proposition 3.2 is complete.
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CHAPTER 4

Refined semiclassical asymptotics for fractional powers of the

Laplace operator

Rupert L. Frank and L. Geisinger

Abstract. We consider the fractional Laplacian on a domain and inves-
tigate the asymptotic behavior of its eigenvalues. Extending methods from
semi-classical analysis we are able to prove a two-term formula for the sum of
eigenvalues with the leading (Weyl) term given by the volume and the sublead-
ing term by the surface area. Our result is valid under very weak assumptions
on the regularity of the boundary.

4.1. Introduction and main result

4.1.1. Introduction. In this paper we study the asymptotic behavior of eigen-

values for fractional powers of the Laplacian. The operator (−∆)s with 0 < s < 1

appears in numerous fields of mathematical physics, mathematical biology and math-

ematical finance and has attracted a lot of attention recently. The key difference

between this operator and the usual Laplacian is the non-locality of (−∆)s, which

allows one to model long-range interactions in applications and leads to challenging

mathematical problems.

From a probabilistic point of view, the fractional Laplacian of order s on a domain

Ω ⊂ Rd can be defined as the generator of the 2s-stable process killed upon exiting

Ω. A more operator theoretic definition, which we employ here, is in terms of the

quadratic form

Cs,d

∫
Rd

∫
Rd

|u(x)− u(y)|2

|x− y|d+2s
dx dy =

∫
Rd
|p|2s|û(p)|2 dp , (4.1)

restricted to functions u ∈ Hs(Rd) which satisfy u ≡ 0 in Rd \ Ω. Here Hs(Rd) is

the Sobolev space of order s, û(p) = (2π)−d/2
∫
e−ip·xu(x) dx is the Fourier transform

of u and Cs,d is an explicit constant given in (4.5). The identity in (4.1) is an easy

consequence of Plancherel’s theorem.

For bounded domains Ω the spectrum of the fractional Laplacian is discrete and

we denote its eigenvalues (in increasing order, repeated according to multiplicities)

by λ
(s)
n . Our main result in this paper is a two-term asymptotic expansion of the sum

of these eigenvalues,

1

N

N∑
n=1

λ(s)
n = C

(1)
d,s |Ω|

−2s/d N2s/d + C
(2)
d,s |∂Ω||Ω|−(d−1+2s)/d N (2s−1)/d (1 + o(1)) (4.2)
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as N → ∞. Here |Ω| and |∂Ω| denote the d-dimensional measure of Ω and the

(d−1)-dimensional surface measure of ∂Ω, respectively, and C
(1)
d,s and C

(2)
d,s are positive,

universal constants, depending only on d and s, for which we shall obtain explicit

expressions. Our result is valid for non-smooth domains, requiring only that ∂Ω ∈
C1,α for some (arbitrarily small) α > 0. It is remarkable that, despite the fact that

we are dealing with a non-local operator, both coefficients in (4.2) have a local form,

depending only on Ω and ∂Ω, just like in the case of the Laplacian. This will become

clearer from the reformulation given in Theorem 4.1 below.

In order to avoid confusion, we emphasize that the fractional Laplacian of order

s on a domain Ω is different from the Dirichlet Laplacian on Ω raised to the s-th

power. For the Dirichlet Laplacian, and hence for its fractional powers, asymptotics

analogous to (4.2) are well-known. One of our results is that, while the first terms in

(4.2) coincide for both operators, the second terms do not. This means, in particular,

that our result cannot be obtained from the study of the (local) Dirichlet Laplacian,

and that our analysis needs to take into account the non-locality inherent in (4.2). For

further results about the relation between the fractional Laplacian on a domain and

the fractional power of the Dirichlet Laplacian we refer to [CS05]; see also Section

4.6 below.

The one-term asymptotics λ
(s)
N = d+2s

d
C

(1)
d,s |Ω|−2s/d N2s/d(1 + o(1)), which is a

fractional version of Weyl’s law, is a classical result of Blumenthal and Getoor [BG59].

More recently, Bañuelos and Kulczycki [BK08] and Bañuelos, Kulczycki and Siudeja

[BKS09] have shown a two-term asymptotic formula for
∑∞

n=1 exp(−tλ(s)
n ) as t→ 0.

Note that
∑∞

n=1 exp(−tλ(s)
n ) and 1

N

∑N
n=1 λ

(s)
n correspond to the Abel and Cesàro

summation of the sequence λ
(s)
n , respectively. As is well-known, asymptotics of Cesàro

means imply asymptotics of Abel means, but not vice versa. Hence for C1,α domains

we recover and improve upon the result of [BK08, BKS09].

This is, actually, a significant improvement since our asymptotics are no longer

derived for the infinitely smooth function e−tE of the fractional Laplacian, but, as we

shall see shortly, for the Lipschitz function (Λ−E)+. Moreover, since we are no longer

able to apply the probabilistic machinery available for the partition function, we have

to find new and more robust tools. Our methods also work for the ordinary Dirichlet

Laplacian on a bounded domain, and in [FG11b] we use the techniques developed

here to give an elementary and short proof of two-term asymptotics in that case.

Another point in which we go beyond [BK08, BKS09] is that we give an expres-

sion for the constant C
(2)
d,s in (4.2) in terms of a model operator on a half-line instead

of a model operator on a half-space. In this way our expression is similar to familiar

two-term formulas in semi-classical analysis; see, for instance, [SV97]. This is possi-

ble due to some recent beautiful results of Kwaśnicki [Kwa10b] about a general class

of half-line operators.

We find it convenient to prove (4.2) in an equivalent form, namely

∞∑
n=1

(
Λ− λ(s)

n

)
+

= L
(1)
s,d |Ω|Λ

1+d/2s−L(2)
s,d |∂Ω|Λ1+(d−1)/2s(1+o(1)) as Λ→∞ . (4.3)
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Here x+ := max{x, 0} denotes the positive part of a number x. (The fact that (4.2)

and (4.3) are equivalent is well-known to experts in the field, but we include a short

proof in Section 4.7 for the sake of completeness, see Lemma 4.20.) Note also that

(4.3) can be rewritten as
∞∑
n=1

(
1− h2sλ(s)

n

)
+

= L
(1)
s,d |Ω|h

−d − L(2)
s,d |∂Ω|h−d+1(1 + o(1)) as h→ 0+ , (4.4)

and this is the form in which we shall state and prove our main theorem. The small

parameter h has the interpretation of Planck’s constant and (4.4) emphasizes the

semi-classical nature of the problem.

Our approach extends the multiscale analysis to the fractional setting. By this

we mean that we localize simultaneously on different length scales according to the

distance from the boundary. Of course, a main difficulty when dealing with our

non-local operator comes from the treatment of the localization error. At this point

we have to improve upon previous results from [LY88, SSS10]. Another major

impasse, as compared to the local case, is the analysis of a one-dimensional model

operator for which an (almost) explicit diagonalization is far from trivial. This is

where Kwaśnicki’s work [Kwa10b] enters. It requires, however, still substantial work

to bring these results into a form which is useful for us. We will explain the strategy

of our proof in more detail in Subsection 4.1.3 after a precise statement of our main

result.

Throughout this paper we assume that the dimension d ≥ 2. In the one dimen-

sional case (the fractional Laplacian on an interval) considerably stronger results are

known [KKMS10, Kwa10a]. The powerful methods developed there are, however,

intrinsically one-dimensional and seem of little help in the multi-dimensional case.

The question raised in [BKS09] of whether an analogue of Ivrii’s two-term asymp-

totics [Ivr80a] holds for λ
(s)
n in d ≥ 2 without Abel or Cesàro averaging remains a

challenging open problem.

4.1.2. Main Result. Let Ω ⊂ Rd, d ≥ 2, be a bounded open set. For h > 0 and

0 < s < 1 let

HΩ = (−h2∆)s − 1

be the self-adjoint operator in L2(Ω) generated by the quadratic form

(u,HΩu) =

∫
Rd

(
|hp|2s − 1

)
|û(p)|2 dp

with form domain

Hs(Ω) =
{
u ∈ Hs(Rd) : u ≡ 0 on Rd \ Ω

}
.

For 0 < s < 1 we have the representation

(u,HΩu) = Cs,d h
2s

∫
Rd

∫
Rd

|u(x)− u(y)|2

|x− y|d+2s
dx dy −

∫
Ω

|u(x)|2 dx

with constant

Cs,d = 22s−1π−d/2
Γ(d/2 + s)

|Γ(−s)|
> 0 . (4.5)
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Our main results hold without any global geometric conditions on Ω. We only

require weak smoothness conditions on the boundary - namely that the boundary be-

longs to the class C1,α for some α > 0. That is, the local charts of ∂Ω are differentiable

and the derivatives are Hölder continuous with exponent α.

Theorem 4.1. Let 0 < s < 1 and assume that the boundary of Ω satisfies ∂Ω ∈
C1,α with some 0 < α ≤ 1. Then

Tr(HΩ)− = L
(1)
s,d |Ω|h

−d − L(2)
s,d |∂Ω|h−d+1 +Rh (4.6)

with Rh = o(h−d+1) as h→ 0+. Here

L
(1)
s,d =

1

(2π)d

∫
Rd

(
|p|2s − 1

)
− dp (4.7)

and the positive constant L
(2)
s,d is given in (4.28).

More precisely, we have the lower bound Rh ≥ −Ch−d+1+ε− for any

0 < ε− <

{
α
α+2

if 1/2 ≤ s < 1 ,
2sα

α+1+2s
if 0 < s < 1/2 ,

and the upper bound Rh ≤ Ch−d+1+ε+ for any

0 < ε+ <
α

α + 2
if 1− d/4 ≤ s < 1 ,

0 < ε+ ≤
α(2s− 1 + d/2)

α + 2s+ d/2
if 0 < s < 1− d/4 .

We do not claim that our remainder estimates are sharp. They show, however,

that our methods are rather explicit and they correctly reflect the intuitive fact that

the estimate worsens as the boundary gets rougher. We also mention that for not too

small s we (almost) get the same remainder estimate h−d+1+α/(α+2) that our method

yields in the local case s = 1 [FG11b].

In Section 4.6 we will derive several representations of the constant L
(2)
s,d in (4.6).

One of these, which emphasizes the semi-classical nature of the problem, leads to a

rewriting of (4.6) as

Tr(HΩ)− =

∫∫
TΩ

(
|p|2s − 1

)
−
dpdx

(2πh)d
−
∫∫

T∂Ω

ζ(|p′|−2s)
dp′dσ(x)

(2πh)d−1
+Rh , (4.8)

where TΩ = Ω×Rd and T∂Ω = ∂Ω×Rd−1 are the cotangent bundles over Ω and ∂Ω,

respectively, and where dσ is the surface element of ∂Ω. Here ζ is a universal (i.e.,

depending on s, but independent of Ω or d) function, which has the interpretation

of an energy shift (the integral of a spectral shift). It is given in terms of a one-

dimensional model operator A+ on the half-line R+ and its analogue A on the whole

line (see Section 4.3) by

ζ(µ) = µ−1

∫ ∞
0

(
a(t, t, µ)− a+(t, t, µ)

)
dt , µ > 0 ,

where a(t, u, µ) and a+(t, u, µ) denote the integral kernels of (A−µ)− and (A+−µ)−,

respectively. Another representation, derived in Remark 4.6.1, shows that our result

is consistent with the result of [BK08, BKS09].
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In Section 4.6 we also prove that

L
(2)
s,d > 0 .

Moreover, we compare this constant with the one obtained from the corresponding

fractional power of the Dirichlet Laplacian.

Proposition 4.2. Let 0 < s < 1 and assume that the boundary of Ω satisfies

∂Ω ∈ C1,α with some 0 < α ≤ 1. Let −∆Ω be the Dirichlet Laplacian on Ω. Then

Tr
((
−h2∆Ω

)s − 1
)
− = L

(1)
s,d |Ω|h

−d − L̃(2)
s,d |∂Ω|h−d+1 +Rh (4.9)

with Rh = o(h−d+1) as h→ 0+. Here L
(1)
s,d is the same as in (4.7) and L̃

(2)
s,d satisfies

L
(2)
s,d < L̃

(2)
s,d . (4.10)

In other words, the operators HΩ and (−h2∆Ω)
s− 1 differ semi-classically to first

subleading order.

4.1.3. Strategy of the proof. The proof of Theorem 4.1 is divided into three

main steps: First, we localize the operator HΩ into balls, whose size varies depend-

ing on the distance to the complement of Ω. Then we can analyze separately the

semiclassical limit in the bulk and at the boundary.

The key idea is to choose the localization depending on the distance to the comple-

ment of Ω, see [Hör85, Theorem 17.1.3] and [SS03]. Let d(u) = inf{|x−u| : x /∈ Ω}
denote the distance of u ∈ Rd to the complement of Ω. We set

l(u) =
1

2

(
1 +

(
d(u)2 + l20

)−1/2
)−1

, (4.11)

where 0 < l0 ≤ 1/2 is a small parameter depending only on h. Indeed, we will finally

choose l0 proportional to hβ with suitable 0 < β < 1.

In Section 4.5 we construct real-valued functions φu ∈ C∞0 (Rd) with support in

the ball Bu = {x ∈ Rd : |x− u| < l(u)}. For all u ∈ Rd these functions satisfy

‖φu‖∞ ≤ C , ‖∇φu‖∞ ≤ C l(u)−1 (4.12)

and for all x ∈ Rd ∫
Rd
φ2
u(x) l(u)−d du = 1 . (4.13)

Here and in the following the letter C denotes various positive constants that are

independent of u, l0 and h.

Proposition 4.3. There is a constant C > 0 depending only on s and d such

that for all 0 < l0 ≤ 1/2 and all 0 < h ≤ C−1l0 the estimates

0 ≤ Tr(HΩ)− −
∫

Rd
Tr (φuHΩφu)− l(u)−d du ≤ C h−d+2 l−1

0 Rloc(h, l0)

hold with a remainder

Rloc(h, l0) =


1 if 1− d/4 < s < 1

| ln(l0/h)|1/2 if 0 < s = 1− d/4
(l0/h)2−2s−d/2 if 0 < s < 1− d/4

.
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In view of this result, one can analyze the local asymptotics, i.e., the asymptotic

behavior of Tr(φuHΩφu)−, separately on different parts of Ω. First, we consider the

bulk, where the influence of the boundary is not felt.

Proposition 4.4. Assume that φ ∈ C1
0(Ω) is supported in a ball of radius l > 0

and that

‖∇φ‖∞ ≤ Cl−1 . (4.14)

Then for all h > 0 the estimates

−Cld−2h−d+2 ≤ Tr (φHΩφ)− − L
(1)
s,d

∫
Ω

φ2(x) dx h−d ≤ 0

hold with a constant depending only on the constant in (4.14).

Close to the boundary of Ω, more precisely, if the support of φ intersects the

boundary, a boundary term of the order h−d+1 appears.

Proposition 4.5. Assume that φ ∈ C1
0(Rd) is supported in a ball of radius 0 <

l ≤ 1 intersecting the boundary of Ω and assume that (4.14) is satisfied. Then for all

h > 0 the estimates

−R̃bd(l, h) ≤ Tr (φHΩφ)−−L
(1)
s,d

∫
Ω

φ2(x)dxh−d+L
(2)
s,d

∫
∂Ω

φ2(x)dσ(x)h−d+1 ≤ Rbd(l, h)

hold. Here dσ denotes the (d−1)-dimensional volume element of ∂Ω and the remain-

der terms satisfy for any 0 < δ1 < 1 and 0 < δ2 < min{1, 2s}

Rbd(l, h) ≤ Cδ1

(
ld−1−δ1

hd−1−δ1
+
ld+α

hd

)
,

R̃bd(l, h) ≤ Cδ1,δ2

(
ld−1−δ1

hd−1−δ1
+
ld−1−δ2

hd−1−δ2
+
l2α+d−1

hd−1
+
ld+α

hd

)
,

with constants depending on δ1, δ2, Ω, ‖φ‖∞ and the constant in (4.14).

Based on these propositions we can complete the proof of Theorem 4.1.

Proof of Theorem 4.1. In order to apply Proposition 4.5 to the operators

φuHΩφu, we need to estimate l(u) uniformly. Let

U(Ω) = {u ∈ Rd : Bu ∩ ∂Ω 6= ∅}

be a small neighborhood of the boundary. For u ∈ U(Ω) we have d(u) ≤ l(u), which

by the definition of l(u) implies

l(u) ≤ l0/
√

3 . (4.15)

In view of (4.12) and (4.15) we can apply Proposition 4.4 and Proposition 4.5

to all functions φu, u ∈ Rd, if l0 is sufficiently small. Combining these results with
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Proposition 4.3 we get

− C
∫

Ω\U(Ω)

l(u)−2du h−d+2 −
∫
U(Ω)

R̃bd(l(u), h) l(u)−ddu

≤ Tr (HΩ)− − L
(1)
s,d

∫
Rd

∫
Ω

φ2
u(x)dx

du

l(u)d
h−d + L

(2)
s,d

∫
Rd

∫
∂Ω

φ2
u(x)dσ(x)

du

l(u)d
h−d+1

≤
∫
U(Ω)

Rbd(l(u), h)l(u)−ddu+ Ch−d+2l−1
0 Rloc(l0, h) .

Now we change the order of integration and in view of (4.13) we obtain

− C
∫

Ω\U(Ω)

l(u)−2du h−d+2 −
∫
U(Ω)

R̃bd(l(u), h) l(u)−ddu

≤ Tr (HΩ)− − L
(1)
s,d |Ω|h

−d + L
(2)
s,d |∂Ω|h−d+1

≤
∫
U(Ω)

Rbd(l(u), h)l(u)−ddu+ Ch−d+2l−1
0 Rloc(l0, h) . (4.16)

It remains to estimate the error terms.

By definition of l(u) we have

l(u) ≥ 1

4
min (d(u), 1) and l(u) ≥ l0

4
(4.17)

for all u ∈ Rd. For u ∈ Ω \U(Ω), we find d(u) ≥ l(u) ≥ l0/4. Hence, we can estimate∫
Ω\U(Ω)

l(u)−2du ≤ C

(
1 +

∫
{d(u)≥l0/4}

d(u)−2du

)
≤ C

(
1 +

∫ ∞
l0/4

t−2 |∂Ωt| dt
)
,

where |∂Ωt| denotes the surface area of the boundary of Ωt = {x ∈ Ω : d(x) > t}.
Using the fact that |∂Ωt| is uniformly bounded and that |∂Ωt| = 0 for large t, we get∫

Ω\U(Ω)

l(u)−2du ≤ Cl−1
0 . (4.18)

For u ∈ U(Ω) the inequalities (4.15) and (4.17) show that l(u) is proportional to l0.

Since Bu ∩ ∂Ω 6= ∅ we find d(u) < l(u) ≤ Cl0 and∫
U(Ω)

l(u)adu ≤ Cla0

∫
{d(u)≤l0}

du ≤ Cla+1
0 , (4.19)

for any a ∈ R.

We insert (4.18) and (4.19) into (4.16) and get (using the fact that h ≤ C−1l0)

−C
(
l−δ20 hδ2 + l2α0 + lα+1

0 h−1
)
≤ hd−1

(
Tr (HΩ)− − L

(1)
s,d |Ω|h

−d + L
(2)
s,d |∂Ω|h−d+1

)
≤ C

(
l−δ10 hδ1 + lα+1

0 h−1 + l−1
0 hRloc(l0, h)

)
. (4.20)

In order to choose l0 we need to distinguish several cases. For the lower bound

we recall that 0 < δ2 < min{1, 2s}. The stated lower bound on Rh follows with l0
proportional to hβ, where β = (1 + δ2)/(1 + α + δ2).

For the upper bound we have 0 < δ1 < 1. If 1 − d/4 < s < 1, we pick l0
proportional to hβ, where β = (1 + δ1)/(1 + α + δ1). If 0 < s ≤ 1− d/4, we pick hβ,

where β = (2s+ d/2)/(α + 2s+ d/2). This completes the proof of Theorem 4.1. �
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The remainder of the text is structured as follows. First we analyze the local

asymptotics in the bulk and prove Proposition 4.4. This is done in Section 4.2. In

Section 4.3 we consider the local asymptotics in the case where Ω is replaced by

a half-space. We reduce the problem close to the boundary to the analysis of a

one-dimensional model operator given on a half-line and give an analogue of Propo-

sition 4.5 for a half-space. In Section 4.4 we show how Proposition 4.5 follows from

the previous considerations by local straightening of the boundary. In Section 4.5, we

perform the localization and, in particular, prove Proposition 4.3. In Section 4.8 we

provide some technical results about the one-dimensional model operator introduced

in Section 4.3.

Notation. We define the positive and negative parts of a real number x by x± =

max{0,±x}. We use a similar notation for the heavy side function, namely, x0
± = 1

if ±x ≥ 0 and x0
± = 0 if ±x < 0. For a self-adjoint operator X, the operators X±

and X0
± are defined similarly via the spectral theorem.

4.2. Local asymptotics in the bulk

This section is a warm-up dealing with the spectral asymptotics in the bound-

aryless case. Although the estimates in this case are essentially known, we include a

proof for the sake of completeness and in order to introduce the methods that will

be important later on. We divide the proof of Proposition 4.4 into two subsections

containing the lower and the upper bound, respectively. The operator

H0 = (−h2∆)s − 1 in L2(Rd) ,

defined with form domain Hs(Rd), will appear frequently.

4.2.1. Lower bound. The lower bound is given by a variant of the Berezin-

Lieb-Li-Yau inequality, see [Ber72b, Lie73, LY83]. For later purposes we record

this as

Lemma 4.6. For any φ ∈ L2(Rd) and h > 0

Tr (φHΩφ)− ≤ L
(1)
s,d

∫
Rd
φ2(x) dx h−d .

Proof. We apply the variational principle for the sum of the eigenvalues

−Tr (φHΩφ)− = inf
0≤γ≤1

Tr (γφHΩφ) ,

where the infimum is taken over all trial density matrices, i.e., over all trace-class

operators 0 ≤ γ ≤ 1 with range belonging to the form domain of HΩ. We apply this

twice and find

Tr (φHΩφ)− ≤ Tr (φH0φ)− ≤ Tr
(
φ (H0)− φ

)
.

Applying the Fourier transform to diagonalize the operator (H0)− yields the bound

Tr
(
φ (H0)− φ

)
=

1

(2πh)d

∫∫
φ(x)2

(
|p|2s − 1

)
− dp dx = L

(1)
s,d

∫
φ(x)2 dx h−d ,

as claimed. �
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4.2.2. Upper bound. We now assume that φ satisfies the conditions of Propo-

sition 4.4. In particular, we assume that φ has support in Ω. To derive the upper

bound we put γ = (H0)0
−, i.e.,

γ(x, y) = (2πh)−d
∫
|p|<1

eip·(x−y)/h dp ,

and obtain that

−Tr (φHΩφ)− ≤ Tr (γφHΩφ) = Tr (γφH0φ)

=

∫
|p|<1

(
‖(−h2∆)s/2φ eip·/h‖2

2 − ‖φ‖
2
2

) dp

(2πh)d
. (4.21)

Lemma 4.7. For φ ∈ C∞0 (Rd) and h > 0 we have

‖(−h2∆)s/2φ e−ip·/h‖2
2 = |p|2s ‖φ‖2

2+

∫ (
1

2

(
|p+ hη|2s + |p− hη|2s

)
− |p|2s

)
|φ̂(η)|2dη .

Proof. By Plancherel’s theorem we get

‖(−h2∆)s/2φ eip·/h‖2
2

=

∫∫∫
|ξ|2s φ(x)φ(y) ei(p−ξ)·(x−y)/hdxdydξ

(2πh)d

=
1

2

∫∫∫
|ξ|2s

(
φ2(x) + φ2(y)− |φ(x)− φ(y)|2

)
ei(p−ξ)·(x−y)/h dxdydξ

(2πh)d
. (4.22)

In the first two terms we perform the ξ integration and either the x or the y integration

to arrive at

1

2

∫∫∫
|ξ|2s

(
φ2(x) + φ2(y)

)
ei(p−ξ)·(x−y)/hdxdydξ

(2πh)d
= |p|2s

∫
φ2(x) dx . (4.23)

We are left with calculating the third term in (4.22). Again, by Plancherel’s theorem

we see that it equals

1

2

∫∫∫
|ξ|2s

∣∣∣φ̂(η
h

)∣∣∣2 ∣∣1− e−iz·η/h∣∣2 ei(p−ξ)·z/h dηdzdξ

(2π)dh2d
.

We can write ∣∣1− e−iz·η/h∣∣2 = 2− eiz·η/h − e−iz·η/h

and perform the integration in z and ξ to obtain

1

2

∫∫∫
|ξ|2s |φ(x)− φ(y)|2 ei(p−ξ)·(x−y)/hdxdydξ

(2πh)d

=
1

hd

∫ (
|p|2s − 1

2

(
|p+ η|2s + |p− η|2s

)) ∣∣∣φ̂(η
h

)∣∣∣2 dη . (4.24)

Hence, combining (4.22), (4.23) and (4.24) yields the claim. �

In view of identity (4.21) and Lemma 4.7 we conclude

Tr (γφH0φ) = (2πh)−d
∫
|p|<1

(
|p|2s − 1

)
dp ‖φ‖2

2 + (2πh)−d
∫
|p|<1

Rh(p) dp (4.25)
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with

Rh(p) =

∫ (
1

2

(
|p+ hη|2s + |p− hη|2s

)
− |p|2s

)
|φ̂(η)|2dη .

We proceed to estimate Rh(p). Note that for any a > 0

max
|t|≤a

((a+ t)s + (a− t)s) = 2as .

Taking a = |p|2 + |η|2 and t = 2p · η we deduce that

1

2

(
|p+ η|2s + |p− η|2s

)
− |p|2s ≤ (|p|2 + |η|2)s − |p|2s .

Next, for 0 < s < 1 concavity implies that (a + b)s ≤ as + sas−1b for a, b > 0, from

which we learn that

(|p|2 + |η|2)s − |p|2s ≤ s |p|2(s−1) |η|2 .

Hence, replacing η with hη and using (4.14) we can estimate

Rh(p) ≤ s

∫
|p|−2+2s|hη|2|φ̂(η)|2dη = s |p|−2+2s h2

∫
|∇φ|2dx ≤ Ch2|p|−2+2s .

Thus the upper bound follows from (4.21) and (4.25).

4.3. Asymptotics on the half-space

Our goal in this section is to prove the analogue of Proposition 4.5 in the case

where Ω is the half-space Rd
+ = {(x′, xd) : xd > 0}. We define the operator H+ on

L2(Rd
+), in the same way as HΩ, with form domain

Hs(Rd
+) =

{
v ∈ Hs(Rd) : v ≡ 0 on Rd \ Rd

+

}
.

We shall prove

Proposition 4.8. Assume that φ ∈ C1
0(Rd) is supported in a ball of radius l > 0

and assume that (4.14) is satisfied. Then for h > 0 and any 0 < δ1 < 1 and

0 < δ2 < min{1, 2s} we have

− Cδ1,δ2
(
ld−1−δ1h−d+1+δ1 + ld−1−δ2h−d+1+δ2

)
≤ Tr

(
φH+φ

)
− − L

(1)
s,d

∫
Rd+
φ2(x)dxh−d + L

(2)
s,d

∫
Rd−1

φ2(x′, 0)dx′h−d+1

≤ Cδ1l
d−1−δ1h−d+1+δ1 .

This result depends on a more or less explicit diagonalization of the operator

H+, which is far from obvious. This is accomplished in Subsections 4.3.1 and 4.3.2,

relying crucially on recent results of Kwaśnicki [Kwa10b] about non-local operators

on a half-line. These results are collected and extended to our needs in Section 4.8.
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4.3.1. The model operator on the half-line. In this subsection we collect

some facts about the one-dimensional operator

A+ =

(
− d2

dt2
+ 1

)s
in L2(R+) with form domain Hs(R+), and about the corresponding operator A in

L2(R), defined analogously to A+, but with form domain Hs(R).

For µ > 0 and t, u ∈ R+, let e+(t, u, µ) and a+(t, u, µ) be the integral kernels

of (A+ − µ)0
− and (A+ − µ)−, respectively. Similarly, we define a(t, u, µ) via (A −

µ)−. To simplify notation we abbreviate a+(t, µ) = a+(t, t, µ). We also note that

a(µ) = a(t, t, µ) is independent of t ∈ R+. The inequality A+ ≥ 1 implies that

a+(t, u, µ) = e+(t, u, µ) = 0 for µ < 1 and similarly for a(t, u, µ) and e(t, u, µ).

The following two results about e+(t, µ) and a+(t, µ) are rather technical and we

defer the proofs to Subsections 4.8.1 and 4.8.2. The first one provides a rough a-priori

bound on e+(t, u, µ).

Lemma 4.9. For any µ > 0 and t, u ∈ R+ one has |e+(t, u, µ)| ≤ Cµ1/2s.

The second result in this subsection quantifies that a+(t, µ) is close to a(µ) for

large t.

Lemma 4.10. For any 0 ≤ γ < 1 there is a constant Cγ such that for all µ ≥ 1,∫ ∞
0

tγ|a+(t, µ)− a(µ)| dt ≤ Cγ µ
(
(lnµ)2 + 1

)
. (4.26)

In particular, the function

K(t) =
1

(2π)d−1

∫
Rd−1

|ξ′|1+2s
(
a(|ξ′|−2s)− a+(t|ξ′|, |ξ′|−2s)

)
dξ′ , t > 0 , (4.27)

satisfies for every 0 ≤ γ < 1 ∫ ∞
0

tγ |K(t)| dt < ∞ .

With this lemma at hand we can now define the constant L
(2)
s,d which appears in

our main theorem by

L
(2)
s,d =

∫ ∞
0

K(t) dt . (4.28)

(This integral converges by Lemma 4.10.) Expression (4.28) suffices for the proof of

our main result. In Section 4.6, see also (4.71), we will derive different representation

for L
(2)
s,d.

4.3.2. Reduction from the half-space to the half-line. Our goal in this

subsection is to write the spectral projections of the operator H+ on the half-space

in terms of those of the operator A+ on the half-line. Before turning to spectral

projections we treat resolvents.
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Lemma 4.11. For x = (x′, xd) ∈ Rd
+, y = (y′, yd) ∈ Rd

+ and z ∈ C \ [0,∞) the

resolvent kernels of H+s and of A+ are related by

(H+ + 1− z)−1(x, y)

=
1

hd

∫
Rd−1

|ξ′|1−2s eiξ
′·(x′−y′)/h

(
A+ − z

|ξ′|2s

)−1(
xd|ξ′|
h

,
yd|ξ′|
h

)
dξ′

(2π)d−1
.

This lemma, together with the representations (see, e.g., [Kat66])

(H+)0
− = − 1

2πi

∫
Γ(1)

(H+ + 1− z)−1 dz

and

(H+)− = −h2s

∫ h−2s

0

1

2πi

∫
Γ(ν)

(H+ + 1− z)−1 dz dν ,

where Γ(ν) = {z ∈ C : |z| = ν}, implies that

(H+)0
−(x, y) =

1

hd

∫
Rd−1

|ξ′|eiξ′·(x′−y′)/h e+

(
xd|ξ′|
h

,
yd|ξ′|
h

,
1

|ξ′|2s

)
dξ′

(2π)d−1
(4.29)

and

(H+)−(x, y) =
1

hd

∫
Rd−1

|ξ′|1+2s eiξ
′·(x′−y′)/h a+

(
xd|ξ′|
h

,
yd|ξ′|
h

,
1

|ξ′|2s

)
dξ′

(2π)d−1
. (4.30)

We now give the

Proof of Lemma 4.11. By scaling we may assume that h = 1. Given f ∈
L2(Rd

+) we want to solve (−∆)su = zu+ f . Take ψ ∈ C∞0 (Rd−1) and φ ∈ C∞0 (0,∞).

Then ψ ⊗ φ belongs to the form domain of H+ and therefore the equation implies

that∫∫
(|ξ′|2 + ξ2

d)
sψ̂(ξ′)φ̂(ξd)û(ξ′, ξd) dξ

′ dξd = z

∫∫
ψ̂(ξ′)φ̂(ξd)û(ξ′, ξd) dξ

′ dξd

+

∫∫
ψ̂(ξ′)φ̂(ξd)f̂(ξ′, ξd) dξ

′ dξd .

Since ψ is arbitrary, this means that for a.e. ξ′,∫
(|ξ′|2 +ξ2

d)
sφ̂(ξd)û(ξ′, ξd) dξd = z

∫
φ̂(ξd)û(ξ′, ξd) dξd+

∫
φ̂(ξd)f̂(ξ′, ξd) dξd . (4.31)

For fixed ξ′ define functions vξ′ , gξ′ and χξ′ on (0,∞) by

vξ′(t) := (2π)−(d−1)/2

∫
Rd−1

|ξ′|−1u(x′, |ξ′|−1t)e−iξ
′·x′ dx′ ,

gξ′(t) := (2π)−(d−1)/2

∫
Rd−1

|ξ′|−1−2sf(x′, |ξ′|−1t)e−iξ
′·x′ dx′ ,

χξ′(t) := |ξ′|−1φ(|ξ′|−1t) .
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We note that the one-dimensional Fourier transforms of these functions are given by

v̂ξ′(k) = û(ξ′, |ξ′|k) ,

ĝξ′(k) = |ξ′|−2sf̂(ξ′, |ξ′|k) ,

χ̂ξ′(k) = φ̂(|ξ′|k) .

Hence we can rewrite (4.31) as∫
(1 + k2)sχ̂ξ′(k)v̂ξ′(k) dk = |ξ′|−2sz

∫
χ̂ξ′(k)v̂ξ′(k) dk +

∫
χ̂ξ′(k)ĝξ′(k) dk .

Note that both vξ′ and χξ′ belong to the form domain of A+ and that the set of all

functions χξ′ obtained in this way is dense in the form sense (by the definition of A+).

Therefore the equation can be written as

A+vξ′ = |ξ′|−2szvξ′ + gξ′ .

We abbreviate r+
z (t, w) = (A+ − z)−1(t, w) and conclude that

vξ′(t) =

∫ ∞
0

r+
z|ξ′|−2s(t, w)gξ′(w) dw .

Recalling the definitions of vξ′ and gξ′ this reads∫
Rd−1

|ξ′|−1u(x′, |ξ′|−1t)e−iξ
′·x′ dx′

=

∫ ∞
0

∫
Rd−1

r+
z|ξ′|−2s(t, w)|ξ′|−1−2sf(x′, |ξ′|−1t)e−iξ

′·x′ dw dx′ .

Multiplying by |ξ′|, setting t = |ξ′|xd and inverting the Fourier transform, we obtain

u(x) = (2π)−d+1

∫
Rd−1

∫
Rd−1

∫ ∞
0

r+
z|ξ′|−2s(|ξ′|xd, w)|ξ′|−2sf(y′, |ξ′|−1w) eiξ

′·(x′−y′)dw dξ′ dy′

= (2π)−d+1

∫
Rd

∫
Rd−1

r+
z|ξ′|−2s(|ξ′|xd, |ξ′|yd)|ξ′|1−2sf(y) eiξ

′·(x′−y′)dξ′ dy .

This proves the lemma. �

4.3.3. Proof of Proposition 4.8. Our next step is to state upper and lower

bounds on Tr (φH+φ)− in terms of the one-dimensional model operators A and A+,

in particular, in terms of the function K(t) given in (4.27). As explained below,

the main result of this section, Proposition 4.8, will be a direct consequence of the

following estimates.

Proposition 4.12. Assume that φ ∈ C1
0(Rd) is supported in a ball of radius l = 1

and assume that (4.14) is satisfied with l = 1. Then for any 0 < δ2 < min{1, 2s}
there is a constant Cδ2 such that for all h > 0 we have

Tr
(
φH+φ

)
− ≤ L

(1)
s,d

∫
Rd+
φ2(x)dxh−d −

∫
Rd+
φ2(x)

1

h
K
(xd
h

)
dxh−d+1 , (4.32)

Tr
(
φH+φ

)
− ≥ L

(1)
s,d

∫
Rd+
φ2(x)dxh−d −

∫
Rd+
φ2(x)

1

h
K
(xd
h

)
dxh−d+1 − Cδ2h−d+1+δ2 .

(4.33)
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Assuming Proposition 4.12, we now give the short

Proof of Proposition 4.8. To prove the proposition we may rescale φ and

hence assume l = 1. Proposition 4.8 is then an immediate consequence of Proposition

4.12 provided we can show that for any 0 < δ1 < 1 there is a Cδ1 such that for all

h > 0 ∣∣∣∣∣
∫

Rd+
φ2(x)

1

h
K
(xd
h

)
dx− L(2)

s,d

∫
Rd−1

φ2(x′, 0)dx′

∣∣∣∣∣ ≤ Cδ1h
δ1 . (4.34)

In order to obtain the latter bound, we substitute xd = th and write, recalling

(4.28), ∫
Rd+
φ2(x)

1

h
K
(xd
h

)
dx− L(2)

s,d

∫
Rd−1

φ2(x′, 0)dx′

=

∫ ∞
0

K(t)

∫
Rd−1

∫ th

0

∂τφ
2(x′, τ)dτdx′dt .

By Hölder’s inequality we can further estimate∣∣∣∣∫
Rd−1

∫ th

0

∂τφ
2(x′, τ)dτdx′

∣∣∣∣ ≤ (∫ th

0

dτ

)δ1(∫ ∞
0

∣∣∣∣∫
Rd−1

∂τφ
2(x′, τ)dx′

∣∣∣∣(1−δ1)−1

dτ

)1−δ1

≤ Ctδ1hδ1 .

Since
∫∞

0
tδ1|K(t)| dt <∞ by Lemma 4.10, we obtain inequality (4.34). �

In the following two subsections we shall prove the lower and the upper bound in

Proposition 4.12, respectively.

4.3.4. Lower bound. To prove (4.32) we use that

−Tr
(
φH+φ

)
− ≥ −Tr

(
φ(H+)−φ

)
.

The lower bound follows from this by integrating the identity

(H+)−(x, x) = h−dL
(1)
s,d − h

−dK
(xd
h

)
, (4.35)

against φ2. Equation (4.35) is a consequence of (4.30). Indeed, by the same argument

as in Subsection 4.3.2 we learn that

(H0)−(x, x) =
1

(2π)d−1

1

hd

∫
Rd−1

|ξ′|1+2s a
(
|ξ′|−2s

)
dξ′ .

On the other hand, by direct diagonalization as in Subsection 4.2.1 we find that

(H0)−(x, x) = h−dL
(1)
s,d .

Comparing these two identities with (4.30) we arrive at (4.35), thus establishing

(4.32).
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4.3.5. Upper bound. To prove (4.33) we set γ = (H+)0
−. Its integral kernel

is given by (4.29) in terms of the kernel e+(·, ·, µ) of (A+ − µ)0
−. By the variational

principle it follows that

−Tr
(
φH+φ

)
− ≤Tr

(
φγφH+

)
=

1

h2d

∫
Rd+

∫
Rd+

∫
Rd−1

∫
Rd
|ξ′|eiξ′·(x′−y′)/h e+

(
xd|ξ′|h−1, yd|ξ′|h−1, |ξ′|−2s

)
×
(
|p|2s − 1

)
eip·(y−x)/h φ(x)φ(y)

dp dξ′ dx dy

(2π)2d−1
. (4.36)

We insert the identity

φ(x)φ(y) =
1

2

(
φ2(x) + φ2(y)− |φ(x)− φ(y)|2

)
,

use the symmetry in x and y and substitute q = pd/|p′| to obtain

−Tr
(
φH+φ

)
≤ Ih[φ]−Rh[φ]

with the main term

Ih[φ] =
1

h2d

∫
Rd+

∫
Rd+

∫
Rd−1

∫
Rd−1

∫
R
|ξ′|ei(ξ′−p′)·(x′−y′)/he+

(
xd|ξ′|h−1, yd|ξ′|h−1, |ξ′|−2s

)
× ei(yd−xd)|p′|q/h ((q2 + 1)s − |p′|−2s

)
|p′|1+2sφ2(x)

dq dp′ dξ′ dx dy

(2π)2d−1

and the remainder

Rh[φ] =
1

h2d

∫
Rd+

∫
Rd+

∫
Rd−1

∫
Rd
|ξ′|eiξ′·(x′−y′)/h e+

(
xd|ξ′|h−1, yd|ξ′|h−1, |ξ′|−2s

)
× |p|2seip·(y−x)/h |φ(x)− φ(y)|2 dp dξ

′ dx dy

2(2π)2d−1
.

Since φ ∈ C1
0(Rd) we can perform the y′-integration in Ih[φ]. We use the fact that∫

R

∫ ∞
0

e+ (xd, yd, µ)
(
(q2 + 1)s − µ

)
ei(yd−zd)q dyd dq = −a+(xd, zd, µ)

and obtain

Ih[φ] =
1

hd+1

∫
Rd+

∫ ∞
0

∫
Rd−1

∫
R
|ξ′|2s+2 e+

(
xd|ξ′|h−1, yd|ξ′|h−1, |ξ′|−2s

)
×
(
(q2 + 1)s − |ξ′|−2s

)
ei(yd−xd)|ξ′|q/hφ2(x)

dq dξ′ dyd dx

(2π)d

=− 1

hd

∫
Rd+
φ2(x)

∫
Rd−1

|ξ′|2s+1 a+
(
xd|ξ′|h−1, |ξ′|−2s

) dξ′ dx

(2π)d−1
.

Using again (4.35) we find that

Ih[φ] = −L(1)
s,d

∫
Rd+
φ2(x) dx h−d +

∫
Rd+
φ2(x)K

(xd
h

)
dx h−d . (4.37)

It remains to study Rh[φ]. We claim that for any 1
2
− s < σ < min{1

2
, 1− s} there

is a Cσ such that

|Rh[φ]| ≤ Cσh
−d+2s+2σ (4.38)
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for all h > 0. This, together with (4.37) will complete the proof of (4.33).

In order to show (4.38) we perform the p integration and find that

Rh[φ] = − C

hd−2s

∫
Rd+

∫
Rd+

∫
Rd−1

|ξ′|eiξ′·(x′−y′)/he+

(
xd|ξ′|
h

,
yd|ξ′|
h

,
1

|ξ′|2s

)
× |φ(x)− φ(y)|2

|x− y|d+2s
dξ′ dx dy .

We insert

eiξ
′·(x′−y′)/h =

h2σ

|ξ′|2σ
(−∆x′)

σeiξ
′·(x′−y′)/h

and integrate by parts to get

Rh[φ] = − C

hd−2s−2σ

∫
Rd+

∫
Rd+

∫
Rd−1

|ξ′|1−2σeiξ
′·(x′−y′)/he+

(
xd|ξ′|
h

,
yd|ξ′|
h

,
1

|ξ′|2s

)
dξ′

× (−∆x′)
σ |φ(x)− φ(y)|2

|x− y|d+2s
dx dy .

By Lemma 4.9 and the fact that e+(t, u, µ) = 0 for µ ≤ 1 we arrive at

|Rh[φ]| ≤ C

hd−2s−2σ

∫
Rd+

∫
Rd+

∫
{ξ′∈Rd−1:|ξ′|<1}

|ξ′|−2σdξ′
∣∣∣∣(−∆x′)

σ |φ(x)− φ(y)|2

|x− y|d+2s

∣∣∣∣ dxdy
≤ C

hd−2s−2σ

∫
Rd+

∫
Rd+

∣∣∣∣(−∆′x)
σ |φ(x)− φ(y)|2

|x− y|d+2s

∣∣∣∣ dxdy .
According to Lemma 4.24 this implies (4.38) and hence completes the proof of (4.33).

4.4. Local asymptotics near the boundary

In this section we prove Proposition 4.5. After having analyzed the half-space

case in the previous section, we now show how the case of a general domain follows.

We shall transform the operator HΩ locally to an operator given on the half-space

Rd
+ = {(y′, yd) ∈ Rd−1 × R : yd > 0} and we shall quantify the error made by this

straightening of the boundary.

Under the conditions of Proposition 4.5, let B denote the open ball of radius

l > 0, containing the support of φ. For x0 ∈ B ∩ ∂Ω let νx0 be the inner normal

unit vector at x0. We choose a Cartesian coordinate system such that x0 = 0 and

νx0 = (0, . . . , 0, 1), and we write x = (x′, xd) ∈ Rd−1 × R for x ∈ Rd.

For sufficiently small l > 0 one can introduce new local coordinates near the

boundary. Let D denote the projection of B on the hyperplane given by xd = 0.

Since the boundary of Ω is compact and C1,α there is a constant c > 0 such that for

0 < l ≤ c we can find a real function f ∈ C1,α given on D, satisfying

∂Ω ∩B = {(x′, xd) : x′ ∈ D, xd = f(x′)} ∩B .

The choice of coordinates implies f(0) = 0 and ∇f(0) = 0. Hence, we can estimate

sup
x′∈D
|∇f(x′)| = sup

x′∈D
|∇f(x′)−∇f(0)| ≤ Cf |x′|α ≤ Cf l

α .
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Since the boundary of Ω is compact we can choose a constant C > 0, depending only

on Ω, in particular independent of f , such that the bound

sup
x′∈D
|∇f(x′)| ≤ Clα (4.39)

holds.

We introduce new local coordinates via the diffeomorphism ϕ : D × R → Rd,

given by

yj = ϕj(x) = xj for j = 1, . . . , d− 1

and

yd = ϕd(x) = xd − f(x′) .

Note that the determinant of the Jacobian matrix of ϕ equals 1 and that the inverse

of ϕ is given on ranϕ = D × R. In particular, we get

ϕ (∂Ω ∩B) ⊂ ∂Rd
+ = {y ∈ Rd : yd = 0} .

Fix v ∈ Hs(Ω) with support in B. For y ∈ ranϕ put ṽ(y) = v ◦ϕ−1(y) and extend

ṽ by zero to Rd.

Lemma 4.13. The function ṽ belongs to Hs(Rd
+) and for 0 < l ≤ c we have∣∣∣(ṽ, (−∆)sRd+

ṽ)− (v, (−∆)sΩv)
∣∣∣ ≤ C lα min

{
(ṽ, (−∆)sRd+

ṽ), (v, (−∆)sΩv)
}
.

Proof. By definition, ṽ belongs to Hs(Rd) and for y ∈ Rd \ Rd
+ we find xd =

yd + f(y′) < f(x′), thus ṽ(y) = v(x) = 0. Therefore ṽ belongs to Hs(Rd
+).

Using the new local coordinates we get

(v, (−∆)sΩv) = Cs,d

∫
Rd

∫
Rd

|v(x)− v(w)|2

|x− w|d+2s
dx dw = Cs,d

∫
Rd

∫
Rd

|ṽ(y)− ṽ(z)|2

|x− w|d+2s
dy dz ,

(4.40)

where y = ϕ(x) and z = ϕ(w), thus x = (y′, yd + f(y′)) and w = (z′, zd + f(z′)). Let

us write ∣∣∣∣ 1

|y − z|d+2s
− 1

|x− w|d+2s

∣∣∣∣
=

1

|y − z|d+2s

∣∣∣∣∣1− |y − z|d+2s

[|y′ − z′|2 + (yd + f(y′)− zd − f(z′))2]d/2+s

∣∣∣∣∣ .
After multiplying out, the last fraction equals(

1 +
(f(y′)− f(z′))2 + 2(yd − zd)(f(y′)− f(z′))

|y − z|2

)−(d/2+s)

and we can employ (4.39) to estimate∣∣∣∣(f(y′)− f(z′))2 + 2(yd − zd)(f(y′)− f(z′))

|y − z|2

∣∣∣∣
≤ sup |∇f |2 |y

′ − z′|2

|y − z|2
+ 2 sup |∇f | |y

′ − z′| |yd − zd|
|y − z|2

≤ Clα .
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Choosing l small enough we can assume Clα < 1/2. Then, combining the foregoing

relations, we find ∣∣∣∣ 1

|x− w|d+2s
− 1

|y − z|d+2s

∣∣∣∣ ≤ C
lα

|y − z|d+2s
. (4.41)

From (4.40) and (4.41) we conclude∣∣∣(ṽ, (−∆)sRd+
ṽ)− (v, (−∆)sΩv)

∣∣∣
≤ Cs,d

∫∫
|ṽ(y)− ṽ(z)|2

∣∣∣∣ 1

|y − z|d+2s
− 1

|x− w|d+2s

∣∣∣∣ dy dz
≤ C lα(ṽ, (−∆)sRd+

ṽ) .

This proves the first claim of the Lemma. The second claim follows by interchanging

the roles of (−∆)sRd+
and (−∆)sΩ. �

On the range of ϕ we define φ̃u = φu ◦ ϕ−1 and extend it by zero to Rd such that

φ̃u ∈ C1
0(Rd) and ‖∇φ̃u‖∞ ≤ Cl−1 hold. Using Lemma 4.13 we show the following

relations.

Lemma 4.14. For 0 < l ≤ c and any h > 0 the estimate∣∣∣Tr(φHΩφ)− − Tr(φ̃H+φ̃)−

∣∣∣ ≤ C ld+α h−d (4.42)

holds. Moreover, we have ∫
Ω

φ2(x) dx =

∫
Rd+
φ̃2(y) dy (4.43)

and

0 ≤
∫
∂Ω

φ2(x) dσ(x)−
∫

Rd−1

φ̃2(y′, 0) dy′ ≤ C ld−1+2α . (4.44)

Proof. The definition of φ̃ and the fact that the Jacobian of φ equals 1 immedi-

ately gives (4.43). Using (4.39) we estimate∫
∂Ω

φ2(x) dσ(x) =

∫
Rd−1

φ̃2(y′, 0)
√

1 + |∇f |2 dy′ ≤
∫

Rd−1

φ̃2(y′, 0) dy′ + Cld−1+2α .

from which (4.44) follows.

To prove (4.42) we refer to the variational principle once more and note that

−Tr (φHΩφ)− = inf
0≤γ≤1

Tr (φγφHΩ) ,

where we can assume that infimum is taken over trial density matrices γ supported

in B ×B. Fix such a γ. For y and z from D × R set

γ̃(y, z) = γ
(
ϕ−1(y), ϕ−1(z)

)
,

so that 0 ≤ γ̃ ≤ 1 and the range of γ̃ belongs to the form domain of φ̃H+φ̃. According

to Lemma 4.13 it follows that

Tr (φγφHΩ) ≥ Tr
(
φ̃γ̃φ̃

(
h2s(1− Clα)(−∆)sRd+

− 1
))

≥ −Tr
(
φ̃
(

(1− Clα)h2s(−∆)sRd+
− 1
)
φ̃
)
−

70



4.5. LOCALIZATION

and consequently

Tr (φHΩφ)− ≤ Tr
(
φ̃
(

(1− Clα)h2s(−∆)sRd+
− 1
)
φ̃
)
−
.

Set ε = 2Clα and assume l to be sufficiently small, so that 0 < ε ≤ 1/2. Then

Tr (φHΩφ)− ≤ Tr
(
φ̃
(

(1− Clα)h2s(−∆)sRd+
− 1
)
φ̃
)
−

≤ Tr
(
φ̃
(

(−h2∆)sRd+
− 1
)
φ̃
)
−

+ Tr
(
φ̃
(

(ε− Clα)h2s(−∆)sRd+
− ε
)
φ̃
)
−

≤ Tr(φ̃H+φ̃)− + εTr
(
φ̃
(

(h2s/2)(−∆)sRd+
− 1
)
φ̃
)
−
.

Using Lemma 4.6 we estimate Tr(φ̃((h2s/2)(−∆)sRd+
− 1)φ̃)− ≤ Cldh−d and it follows

that

Tr(φHΩφ)− ≤ Tr(φ̃H+φ̃)− + C ld+α h−d .

Finally, by interchanging the roles of HΩ and H+, we get an analogous lower bound

and the proof of the Lemma is complete. �

We conclude this section by giving the short

Proof of Proposition 4.5. It suffices to combine Lemma 4.14 and Proposi-

tion 4.8. �

4.5. Localization

In this section we construct the family of localization functions (φu)u∈Rd and prove

Proposition 4.3. Fix a real-valued function φ ∈ C∞0 (Rd) with support in the ball

{x ∈ Rd : |x| < 1} that satisfies ‖φ‖2 = 1. We recall the definition of the local

length scale l(u) from (4.11). For u, x ∈ Rd let J(x, u) be the Jacobian of the map

u 7→ (x− u)/l(u). We define

φu(x) = φ

(
x− u
l(u)

)√
J(x, u) l(u)d/2 ,

such that φu is supported in the ball Bu = {x ∈ Rd : |x− u| < l(u)}.
By definition, the function l(u) is smooth and satisfies 0 < l(u) ≤ 1/2 and

‖∇l‖∞ ≤ 1/2. Therefore, according to [SS03], the functions φu satisfy (4.12) and

(4.13) for all u ∈ Rd.

To prove the lower bound in Proposition 4.3 we follow some ideas from [LY88].

In particular, we need the following auxiliary results; the first one gives an IMS-type

localization formula for the fractional Laplacian.

Lemma 4.15. For the family of functions (φu)u∈Rd introduced above and for all

f ∈ Hs(Ω) the identity

(f, (−∆)sf) =

∫
Ω∗

(φuf, (−∆)sφuf) l(u)−d du− (f, Lf)

holds with Ω∗ = {u ∈ Rd : suppφu ∩ Ω 6= ∅}. The operator L is of the form

L =

∫
Ω∗
Lφu l(u)−d du , (4.45)
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where Lφu is a bounded operator with integral kernel

Lφu(x, y) = Cs,d
|φu(x)− φu(y)|2

|x− y|d+2s
χΩ(x)χΩ(y) .

Here χΩ denotes the characteristic function of Ω.

Lemma 4.15 implies that for any operator γ with range in Hs(Ω)

Tr γ(−∆)s =

∫
Rd

Tr (γφu(−∆)sφu) l(u)−d du− Tr γL . (4.46)

The next result allows to estimate the localization error Tr γL.

Lemma 4.16. For u ∈ Rd and 0 < δ ≤ 1/2 we have

Tr γLφu ≤ Tr γ
(
Cδ2−2sl(u)−2sχδχΩ

)
+ C ‖γ‖ l(u)−2s δ−d+2−2sr(δ)

with

r(δ) =


1 if 1− d/4 < s < 1

| ln δ| if 0 < s = 1− d/4
δd+4s−4 if 0 < s < 1− d/4

.

where χδ denotes the characteristic function of {x ∈ Rd : |x− u| < l(u)(1 + δ)}.

Proof. By translation and scaling we can assume that u = 0 and l(u) = 1, and

hence φu = φ. (This rescaling changes Ω, but the bound we are going to prove is

independent of the domain and therefore not affected by this dilation.) We set

L1
φ(x, y) =

{
Lφ(x, y)χδ(x)χδ(y) if |x− y| < δ

0 if |x− y| ≥ δ
,

L0
φ(x, y) = Lφ(x, y)− L1

φ(x, y) and θ(x) =
∫
L1
φ(x, y) dy. By a simple adaption of the

arguments of [LY88, Thm. 10] we find that for any ε > 0

Tr γLφ ≤ Tr γ (θ + ε χ0) +
‖γ‖
2ε

Tr
(
L0
φ

)2
. (4.47)

It remains to bound θ and Tr(L0
φ)2.

We begin by estimating θ. By definition, for |x| ≥ 1 + δ we have L1
φ(x, y) = 0 and

hence θ(x) = 0, and for |x| < 1 + δ we get

θ(x) = Cs,d

∫
|x−y|<δ
|y|<1+δ

(φ(x)− φ(y))2

|x− y|d+2s
dy ≤ C ‖∇φ‖2

∞

∫
|x−y|<δ

1

|x− y|d+2s−2
dy .

Thus, for all x ∈ Rd

θ(x) ≤ C δ2−2s χδ(x) . (4.48)

Finally, we estimate Tr(L0
φ)2. The symmetry of L0

φ(x, y) implies

Tr
(
L0
φ

)2 ≤ C

∫∫
A

(
(φ(x)− φ(y))2

|x− y|d+2s

)2

dx dy
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where A denotes the set {(x, y) ∈ Rd × Rd : |x| < min(|y|, 1) , |x − y| ≥ δ}. Set

A1 = {(x, y) ∈ A : |y| ≥ 2} and A2 = {(x, y) ∈ A : |y| < 2}. Then

Tr
(
L0
φ

)2 ≤ C

∫∫
A1

(
φ4(x)

|x− y|2d+4s

)
dx dy + C ‖∇φ‖4

∞

∫∫
A2

1

|x− y|2d+4s−4
dx dy

≤ C r(δ) . (4.49)

Choosing ε = δ2−2s and combining (4.47) with (4.48) and (4.49) yields the claimed

result. �

Proof of Proposition 4.3. We apply Lemma 4.16 with a parameter 0 < δu ≤
1/2 to be specified later. For ease of notation we write χu instead of χδu . Identities

(4.45) and (4.46) and the estimate from Lemma 4.16 imply

Tr γ(−∆)s ≥
∫

Ω∗
Tr γ

(
φu(−∆)sφu − Cδ2−2s

u l(u)−2sχu(x)χΩ(x)
)
l(u)−d du

− C ‖γ‖
∫

Ω∗
δ−d+2−2s
u r(δu)l(u)−d−2s du . (4.50)

If the supports of χu and φu′ overlap, we have |u − u′| ≤ (3/2)l(u) + l(u′). It

follows that l(u′) − l(u) ≤ ‖∇l‖∞ ((3/2)l(u) + l(u′)). Since ‖∇l‖∞ ≤ 1/2 we find

l(u′) ≤ Cl(u) and l(u)−1 ≤ Cl(u′)−1. Similarly, we get l(u) ≤ Cl(u′). We assume

now that δu satisfies

δu ≤ Cδu′ if |u− u′| ≤ (3/2)(l(u) + l(u′)) . (4.51)

Using these locally uniform bounds on l(u)/l(u′) and δu/δu′ , together with (4.13), we

can deduce the pointwise bound for all x ∈ Rd∫
Ω∗
δ2−2s
u l(u)−2s χu(x)χΩ(x)

du

l(u)d

=

∫
Ω∗
δ2−2s
u l(u)−2s χu(x)χΩ(x)

(∫
φ2
u′(x)

du′

l(u′)d

)
du

l(u)d

≤ C

∫
Ω∗
φu′(x) δ2−2s

u′ l(u′)−2s φu′(x)
du′

l(u′)d
.

Rewriting the last integral with u as integration variable, in view of (4.50), we find

Tr γ(−∆)s ≥
∫

Ω∗
Tr γ

(
φu

(
(−∆)s − Cδ2−2s

u

l(u)2s

)
φu

)
du

l(u)d

− C‖γ‖
∫

Ω∗
δ−d+2−2s
u r(δu)

du

l(u)d+2s
.

By the variational principle it follows that

Tr(HΩ)− = − inf
0≤γ≤1

Tr γ
(
(−h2∆)s − 1

)
≤

∫
Ω∗

Tr
(
φu
(
(−h2∆)s − 1− Ch2sδ2−2s

u l(u)−2s
)
φu
)
−

du

l(u)d

+Ch2s

∫
Ω∗
δ−d+2−2s
u r(δu)

du

l(u)d+2s
. (4.52)
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To bound the first term, we use Lemma 4.6. For any u ∈ Rd, let ρu be another

parameter satisfying 0 < ρu ≤ 1/2 and estimate

Tr
(
φu
(
(−h2∆)s − 1− Ch2sδ2−2s

u l(u)−2s
)
φu
)
−

≤ Tr (φuHΩφu)− + C Tr
(
φu
(
ρuh

2s(−∆)s − ρu − h2sδ2−2s
u l(u)−2s

)
φu
)
−

≤ Tr (φuHΩφu)− + C l(u)d(ρuh
2s)−d/(2s)

(
ρu + h2sδ2−2s

u l(u)−2s
)1+d/(2s)

.

We pick ρu = h2s δ2−2s
u l(u)−2s. By (4.17) and our assumption that δu ≤ 1/2, we

see that ρu ≤ (h/l0)2s26s−2. We assume now that h ≤ C−1l0 (with a possibly large

constant C) in order to guarantee that ρu ≤ 1/2. With this choice we find

Tr

(
φu

(
(−h2∆)s − 1− Ch2sδ2−2s

u

l(u)2s

)
φu

)
−
≤ Tr (φuHΩφu)− + C

δ2−2s
u l(u)d−2s

hd−2s
.

(4.53)

Combining (4.52) and (4.53) we obtain

Tr(HΩ)− ≤
∫

Ω∗
Tr (φuHΩφu)−

du

l(u)d
+ C

∫
Ω∗

(
δ2−2s
u

hd−2sl(u)2s
+
h2sδ−d+2−2s

u r(δu)

l(u)d+2s

)
du .

(4.54)

At this point we choose δu in order to minimize the second integrand, which we

shall denote by Iu. We pick

δu =


h/l(u) if 1− d/4 < s < 1

(h/l(u))| ln(l(u)/h)|1/(4−4s) if 0 < s = 1− d/4
(h/l(u))d/(4−4s) if 0 < s < 1− d/4

and note that δu ≤ 1/2 if h ≤ C−1l0 by (4.17). Moreover, (4.51) is an easy consequence

of the corresponding estimate for l(u)/l(u′). With this choice we arrive at the bounds

Iu ≤ C


h−d+2l(u)−2 if 1− d/4 < s < 1

h−d+2l(u)−2| ln(l(u)/h)|1/2 if 0 < s = 1− d/4
h−d/2+2sl(u)−d/2−2s if 0 < s < 1− d/4

.

Finally, we integrate with respect to u. The same arguments that lead to (4.18) and

(4.19) yield∫
Ω∗
Iu du ≤ C


h−d+2l−1

0 if 1− d/4 < s < 1

h−d+2l−1
0 | ln(l0/h)|1/2 if 0 < s = 1− d/4

h−d/2+2sl
−d/2−2s+1
0 if 0 < s < 1− d/4

.

This completes the proof of the lower bound with the remainder stated in Proposition

4.3.

To prove the upper bound we put

γ =

∫
Rd
φu (φuHΩφu)

0
− φu l(u)−d du .

Obviously, γ ≥ 0 holds and in view of (4.13) also γ ≤ 1. The range of γ belongs to

Hs(Ω) and by the variational principle it follows that

−Tr(HΩ)− ≤ Tr γHΩ = −
∫

Rd
Tr (φuHΩφu)− l(u)−d du .
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This yields the upper bound and finishes the proof of Proposition 4.3. �

4.6. Discussion of the second term

4.6.1. Representations for the second constant. In this section we study

the second term of (4.6) in more detail. First we derive representation (4.8).

Proposition 4.17. One has

L
(2)
s,d =

∫
Rd−1

ζ(|p′|−2s)
dp′

(2π)d−1

=
|Sd−2|

(2π)d−1

2s

(d− 1)(d− 1 + 2s)
Tr
[
χA−(d−1)/2sχ− (A+)−(d−1)/2s

]
. (4.55)

Here χ is the characteristic function of R+ and

ζ(µ) = µ−1

∫ ∞
0

(
a(µ)− a+(t, µ)

)
dt . (4.56)

Proof. The first identity follows immediately from (4.27) and (4.28). The second

identity follows from the fact that∫
Rd−1

|p′|2s(E − |p′|−2s)−
dp′

(2π)d−1
=
|Sd−2|

(2π)d−1

2s

(d− 1)(d− 1 + 2s)
E−(d−1)/2s

for any E > 0, which by the spectral theorem implies that∫
Rd−1

|p′|2sa+(t, |p′|−2s)
dp′

(2π)d−1
=
|Sd−2|

(2π)d−1

2s

(d− 1)(d− 1 + 2s)
(A+)−(d−1)/2s(t, t)

and similarly for A. �

Remark. There is another representation, namely,

L
(2)
s,d =

2s

d− 1 + 2s

∫
Rd−1

ξ(|p′|−2s)
dp′

(2π)d−1
, (4.57)

where

ξ(µ) =

∫ ∞
0

(
e(µ)− e+(t, µ)

)
dt . (4.58)

Here e(µ) and e+(t, µ) are the diagonals of the integral kernels of the spectral projec-

tors (A − µ)0
− and (A+ − µ)0

−, respectively. We have not shown that the integral in

(4.58) converges, since we will not use (4.57) in the remainder of this paper. Identity

(4.57) is an easy consequence of (4.55) and the fact that

a(µ) =

∫ µ

0

e(τ) dτ a+(t, µ) =

∫ µ

0

e+(t, τ) dτ

which follows by the spectral theorem from (E−µ)− =
∫ µ

0
(E−τ)0

− dτ . Representation

(4.57) is natural since in terms of this function the conjectured formula for the number

of negative eigenvalues of HΩ takes the form∫∫
TΩ

(
|p|2s − 1

)0

−
dpdx

(2πh)d
−
∫∫

T∂Ω

ξ(|p′|−2s)
dp′dσ(x)

(2πh)d−1
+ o(h−d+1) ,

which is the analogue of well-known two-term semi-classical formulas in the local

case; see, for instance, [Ivr80a, SV97]. The function ξ plays the role of a spectral
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shift. Note that we avoided to write (4.56) and (4.58) in terms of a trace. While the

integrals on the diagonals converge, we do not expect the operators to be trace class,

see [Pus08].

Remark. Yet another representation is

h−d+1L
(2)
s,d =

∫ ∞
0

(
H−(x, x)− (H+)−(x, x)

)
dxd .

(Note that the right side is independent of x′.) This follows from (4.30) and the

corresponding formula for H. Using this representation one sees that our asymptotic

formula coincides with the one obtained in [BK08, BKS09].

Finally, we refer to (4.71) in Section 4.8 for a representation of L
(2)
s,d in terms of

generalized eigenfunctions of A+.

4.6.2. Positivity of the constant. Here we shall prove

Proposition 4.18. For any 0 < s < 1 and d ≥ 2, one has L
(2)
s,d > 0.

Proof. We use the second representation in (4.55) and the fact that

E−(d−1)/2s =
1

Γ((d− 1)/2s)

∫ ∞
0

e−βEβ(d−1)/(2s)−1dβ

for every E > 0 to see that

L
(2)
s,d =

|Sd−2|
(2π)d−1

2s

(d− 1)(d− 1 + 2s)Γ((d− 1)/2s)

×
∫ ∞

0

∫ ∞
0

(
e−βA(t, t)− e−βA+

(t, t)
)
β(d−1)/(2s)−1dt dβ .

By means of the Trotter product formula (see also [BK08] for a probabilistic deriva-

tion) it is easy to see that

exp(−βA)(t, u) ≥ exp(−βA+)(t, u)

for every β > 0 and every t, u > 0. This, together with the fact that A 6≡ A+, proves

the proposition. �

4.6.3. Comparison with a fractional power of the Dirichlet Laplacian.

It is well-known that the Dirichlet Laplacian −∆Ω on Ω satisfies

Tr
(
−h2∆Ω − 1

)
− = L

(1)
1,d |Ω|h

−d − L(2)
1,d |∂Ω|h−d+1 + o(h−d+1) ,

see, e.g., [FG11b] for a proof under the sole assumption that ∂Ω ∈ C1,α for some

0 < α ≤ 1. Here

L
(1)
1,d =

1

(2π)d

∫
Rd

(
|p|2 − 1

)
− dp

and, by an argument similar to that in our Proposition 4.17, one can bring the second

constant in the form

L
(2)
1,d =

|Sd−2|
(2π)d−1

2

(d− 1)(d+ 1)
Tr
[
χB−(d−1)/2χ− (B+)−(d−1)/2

]
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where B = − d2

dt2
+ 1 in L2(R) and B+ = − d2

dt2
+ 1 with Dirichlet boundary conditions

in L2(R+). A short computation, using the fact that

(Es − 1)− = s(1− s)
∫ 1

0

(E − τ)−τ
s−2 dτ + s(E − 1)− ,

gives

Tr
((
−h2∆Ω

)s − 1
)
− =L

(1)
1,d |Ω|h

−d s

(
(1− s)

∫ 1

0

τ d/2+s−1 dτ + 1

)
− L(2)

1,d |∂Ω|h−d+1 s

(
(1− s)

∫ 1

0

τ (d−1)/2+s−1 dτ + 1

)
+ o(h−d+1)

=L
(1)
s,d |Ω|h

−d − s(d+ 1)

d− 1 + 2s
L

(2)
1,d |∂Ω|h−d+1 + o(h−d+1) ,

that is,

L̃
(2)
s,d =

s(d+ 1)

d− 1 + 2s
L

(2)
1,d =

|Sd−2|
(2π)d−1

2s

(d− 1)(d− 1 + 2s)
Tr
[
χB−(d−1)/2χ− (B+)−(d−1)/2

]
.

Since

B−(d−1)/2(t, t) =
1

2π

∫
R

1

(1 + p2)(d−1)/2
dp = A−(d−1)/2s(t, t)

we find that

L̃
(2)
s,d − L

(2)
s,d =

|Sd−2|
(2π)d−1

2s

(d− 1)(d− 1 + 2s)
Tr
[
(A+)−(d−1)/2s − (B+)−(d−1)/2

]
.

We now apply Lemma 4.19 below with B = −d2/dt2 + 1 in L2(R), with P being the

projector onto L2(R+) and with φ(E) = Es. Then φ(PBP ) = (B+)s and Pφ(B)P =

A+, and therefore (4.59) yields

(B+)s ≥ A+ .

Since E 7→ E−(d−1)/2s is strictly monotone and since the operators A+ and (B+)s are

not identical, we conclude that

Tr
(
(A+)−(d−1)/2s − (B+)−(d−1)/2

)
> 0 .

This shows that L̃
(2)
s,d − L

(2)
s,d > 0 and completes the proof of Proposition 4.2. �

In the previous proof we used

Lemma 4.19. Let B be a non-negative operator with kerB = {0} and let P be an

orthogonal projection. Then for any complete Bernstein function

φ(PBP ) ≥ Pφ(B)P . (4.59)

We recall (see, e.g., [SSV10]) that complete Bernstein functions (also known as

operator-monotone functions) are characterized by the representation

φ(E) = a+ bE +

∫ ∞
0

E

τ(E + τ)
dρ(τ) (4.60)
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with a ∈ R, b ≥ 0 and a positive measure ρ satisfying∫ ∞
0

1

τ(1 + τ)
dρ(τ) <∞ .

Proof. We first prove that

B−1 ≥ (PBP )−1 . (4.61)

Let us write P⊥ = 1− P , so that

B = PBP + P⊥BP⊥ + P⊥BP + PBP⊥ .

By the Schwarz inequality we have

P⊥BP + PBP⊥ ≤ εPBP +
1

ε
P⊥BP⊥

for any ε > 0, and hence

B ≤ (1 + ε)PBP +

(
1 +

1

ε

)
P⊥BP⊥ .

Since P and P⊥ are orthogonal we can invert this inequality and obtain

B−1 ≥ 1

1 + ε
(PBP )−1 +

ε

1 + ε
(P⊥BP⊥)−1 .

Thus (4.61) follows by taking ε→ 0+.

Now if φ is of the form (4.60) then

φ(PBP )− Pφ(B)P = −
∫ ∞

0

(
(PBP + τ)−1 − P (B + τ)−1P

)
dρ(τ) .

By (4.61) with B replaced by B + τ , this is non-negative. �

4.7. Equivalence of (4.2) and (4.3)

For the sake of completeness we include a short proof of

Lemma 4.20. Let (λk)k∈N be a non-decreasing sequence of real numbers and let

A,C > 0, B,D ∈ R and −1 < a− 1 < b < a be related by

C = A−1/aa(a+ 1)−(1+a)/a , D = B(A(a+ 1))−(1+b)/a .

Then the asymptotic formula

N∑
k=1

λk = ANa+1 +BN b+1(1 + o(1)) , N →∞ , (4.62)

is equivalent to∑
k∈N

(Λ− λk)+ = CΛ(1+a)/a −DΛ(1+b)/a(1 + o(1)) , Λ→∞ . (4.63)
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Proof. This lemma is a consequence of Hardy, Littlewood and Pólya’s majoriza-

tion theorem, which says that for any non-decreasing sequences {ak} and {bk}
N∑
k=1

ak ≤
N∑
k=1

bk for all N ∈ N (4.64)

is equivalent to

∞∑
k=1

(Λ− ak)+ ≥
∞∑
k=1

(Λ− bk)+ for all Λ ∈ R ;

see, e.g., [MO79, Prop. 4.B.4]. As usual, we will denote property (4.64) by {ak} ≺
{bk}.

We fix ε > 0 and set β±k = A(a+1)ka+(B±ε)(b+1)kb. Note that the assumptions

on a and b imply

N∑
k=1

β±k = ANa+1 + (B ± ε)N b+1(1 + o(1)) , N →∞ , (4.65)

and∑
k∈N

(Λ− β±k )+ =
aA

(A(a+ 1))1+1/a
Λ(1+a)/a − B ± ε

(A(a+ 1))(1+b)/a
Λ(1+b)/a(1 + o(1)) ,

(4.66)

as Λ → ∞. First, we assume that (4.62) holds. Then, by (4.62) and (4.65) there is

an Nε ∈ N such that for all N ≥ Nε

N∑
k=1

β−k ≤
N∑
k=1

λk ≤
N∑
k=1

β+
k .

We put α±k = β±k for k ≥ Nε and α+
k = max(β+

k , λk), α
−
k = min(β−k , λk) for k < Nε.

Thus {α−k } ≺ {λk} ≺ {α
+
k }, and therefore∑

k∈N

(Λ− α+
k )+ ≤

∑
k∈N

(Λ− λk)+ ≤
∑
k∈N

(Λ− α−k )+ for all Λ ∈ R .

Since
∑

k∈N(Λ − α±k )+ =
∑

k∈N(Λ − β±k )+ + O(1), the assertion (4.63) follows from

(4.66). The converse implication is proved similarly. �

4.8. The one-dimensional model operator

Here we outline the calculations that are necessary to complete the analysis of the

model operator A+ introduced in Section 4.3. The results depend on the following

spectral representation of the operator A+ found in [Kwa10b].

Theorem 4.21. For E > 0 let

ψ(E) = (E + 1)s − 1
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and for λ > 0 put γλ(ξ) = 0 if 0 < ξ < 1 and

γλ(ξ) =
1

π

λψ′(λ2) sin(πs) (ξ2 − 1)s

ψ(λ2)2 + (ξ2 − 1)s − 2ψ(λ2)(ξ2 − 1) cos(πs)

× exp

(
− 1

π

∫ ∞
0

ξ

ξ2 + ζ2
ln
ψ′(λ2)(λ2 − ζ2)

ψ(λ2)− ψ(ζ2)
dζ

)
if ξ ≥ 1. Moreover, define a phase-shift

ϑλ =
1

π

∫ ∞
0

λ

ζ2 − λ2
ln
ψ′(λ2)(λ2 − ζ2)

ψ(λ2)− ψ(ζ2)
dζ (4.67)

and functions

Fλ(x) = sin (λx+ ϑλ) +

∫ ∞
0

e−xξ γλ(ξ) dξ , x > 0 . (4.68)

Then

Φf(λ) =

√
2

π

∫ ∞
0

f(x)Fλ(x) dx

defines a unitary operator from L2(R+) to L2(R+).

This operator diagonalizes A+ in the sense that a function f ∈ L2(R+) is in the

domain of A+ if and only if (λ2 + 1)sΦf(λ) is in L2(R+), and in this case

ΦA+f(λ) = (λ2 + 1)sΦf(λ) .

According to [Kwa10b] the Laplace transform of γλ is a completely monotone

function bounded by one. From (4.68) it follows that for all t ≥ 0

|Fλ(t)| ≤ 2 . (4.69)

Theorem 4.21 states that the functions Fλ are generalized eigenfunctions of the

operator A+. Hence, we can write

e+(t, u, µ) =
2

π

∫ ∞
0

(
(λ2 + 1)s − µ

)0

− Fλ(t)Fλ(u) dλ . (4.70)

From (4.28) and (4.8) it follows that

L
(2)
s,d =

4s

(d− 1 + 2s)(d− 1)

|Sd−2|
(2π)d

∫ ∞
0

∫ ∞
0

(
1− 2F 2

λ (t)
) (
λ2 + 1

)−(d−1)/2
dλ dt .

(4.71)

4.8.1. Proof of Lemma 4.9. Lemma 4.9 is an immediate consequence of (4.70).

In view of (4.69) we estimate

∣∣e+(t, u, µ)
∣∣ ≤ C

∫ (µ1/s−1)
1/2
+

0

dλ ≤ Cµ1/(2s) .

This proves the lemma.
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4.8. THE ONE-DIMENSIONAL MODEL OPERATOR

4.8.2. Proof of Lemma 4.10. First we need the following technical result about

ϑλ.

Lemma 4.22. The phase-shift ϑλ is monotone increasing and twice differentiable

in λ > 0. It satisfies

ϑ0 = 0 and ϑλ →
π

4
(1− s) as λ→∞ .

The first and second derivatives are bounded and one has, as λ→∞,

dϑλ
dλ

=
d2ϑλ
dλ2

= O

(
1

λ

)
.

Proof. Following [Kwa10b], we substitute ζ = λz for ζ ∈ (0, 1) and ζ = λ/z

for ζ ∈ (1,∞) in the definition of ϑλ and obtain

ϑλ =
1

π

∫ 1

0

1

1− z2
ln

(
1

z2

ψ(λ2)− ψ(λ2z2)

ψ(λ2/z2)− ψ(λ2)

)
dz.

Note that the function

1

z2

ψ(λ2)− ψ(λ2z2)

ψ(λ2/z2)− ψ(λ2)
=

1

z2

(1 + λ2)s − (1 + λ2z2)s

(1 + λ2/z2)s − (1 + λ2)s

equals 1 for λ = 0 and that for all z ∈ (0, 1) it is increasing in λ > 0 and tends to

z2s−2 as λ tends to infinity. By Lebesgue’s dominated convergence we find ϑ0 = 0

and

lim
λ→∞

ϑλ =
1

π

∫ 1

0

1

1− z2
ln(z2s−2) dz =

π

4
(1− s) .

By (4.67), we also have

ϑλ =
1

π

∫ ∞
0

bλ(ζ) dζ

with

bλ(ζ) =
λ

ζ2 − λ2
ln

(
s(1 + λ2)s−1(λ2 − ζ2)

(λ2 + 1)s − (ζ2 + 1)s

)
.

We remark that

|∂λbλ(ζ)| ≤ ∂λbλ(ζ)|λ=0 =
1

ζ2
ln

(
sζ2

(1− ζ2)s − 1

)
.

for all ζ ∈ (0,∞). Since the last expression is integrable in ζ ∈ (0,∞) it follows that

dϑλ
dλ

=
1

π

∫ ∞
0

∂λbλ(ζ) dλ

is bounded and, in particular, we obtain

dϑλ
dλ

∣∣∣∣
λ=0

=
1

π

∫ ∞
0

1

ζ2
ln

(
sζ2

(1 + ζ2)s − 1

)
dζ . (4.72)

Similarly, we can show existence and boundedness of the second derivative and de-

cay of the derivatives as λ → ∞ by explicit calculations and Lebesgue’s dominated

convergence theorem. �
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To simplify notation we put

ψλ(E) =
1− E/λ2

1− ψ(E)/ψ(λ2)

for E > 0. Moreover, we write Gλ for the Laplace transform of γλ and gλ for the

Laplace transform of Gλ. According to [Kwa10b] we have

gλ(t) =
λ cosϑλ + t sinϑλ

λ2 + t2
− λ2

√
ψ′(λ2)

ψ(λ2)

ϕλ(t)

λ2 + t2
, t > 0 , (4.73)

with

ϕλ(t) = exp

(
1

π

∫ ∞
0

t

t2 + ζ2
ln
(
ψλ(ζ

2)
)
dζ

)
.

To prove Lemma 4.10 we need the following properties of ϕλ.

Lemma 4.23. The function t 7→ ϕλ(t) is differentiable in t > 0 and its derivative

satisfies

ϕ′λ(0) = o(1) as λ→∞ ,

ϕ′λ(0) =
dϑλ
dλ

∣∣∣∣
λ=0

+O(λ) as λ→ 0 .

Proof. For fixed ζ ∈ (0,∞) the function λ 7→ ψλ(ζ
2) is non-increasing in λ > 0

and tends to 1 as λ→∞. Moreover,

1

ζ2
ln
(
ψ0(ζ2)

)
=

1

ζ2
ln

(
sζ2

(ζ2 + 1)s − 1

)
is integrable with respect to ζ ∈ (0,∞). Hence we find that

ϕ′λ(0) =
1

π

∫ ∞
0

1

ζ2
ln
(
ψλ(ζ

2)
)
dζ

and ϕ′λ(0) = o(1) as λ→∞ by Lebesgue’s theorem.

In view of (4.72)

ϕ′λ(0)|λ=0 =
1

π

∫ ∞
0

1

ζ2
ln
(
ψ0(ζ2)

)
dζ =

dϑλ
dλ

∣∣∣∣
λ=0

.

The second claim now follows from the fact that the derivative of λ 7→ ϕ′λ(0) is

bounded. �

Proof of Lemma 4.10. In view of Theorem 4.21 we can write

a(µ)− a+(t, µ) =
1

π

∫ ∞
0

(
(λ2 + 1)s − µ

)
−

(
1− 2F 2

λ (t)
)
dλ

and by (4.68)

1− 2Fλ(t)
2 = cos(2λt+ 2ϑλ)− 4 sin(λt+ ϑλ)Gλ(t)− 2Gλ(t)

2 .

We get ∫ ∞
0

tγ|a(µ)− a+(t, µ)|dt ≤ R1(µ) +R2(µ)
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with

R1(µ) =

∫ ∞
0

tγ

∣∣∣∣∣
∫ (µ1/s−1)

1/2
+

0

(
µ− (λ2 + 1)s

)
cos(2λt+ 2ϑλ) dλ

∣∣∣∣∣ dt ,
R2(µ) =

∫ ∞
0

tγ

∣∣∣∣∣
∫ (µ1/s−1)

1/2
+

0

(
µ− (λ2 + 1)s

) (
2 sin(λt+ ϑλ)Gλ(t) +Gλ(t)

2
)
dλ

∣∣∣∣∣ dt .
To estimate R1(µ) we split the integration in t and integrate over t ∈ [0, 1] first.

We assume 0 < γ < 1. The proof for γ = 0 follows similarly.

We write

cos(2λt+ 2ϑλ) =
1

2t

d

dλ
sin(2λt+ 2ϑλ)−

cos(2λt+ 2ϑλ)

t

dϑλ
dλ

and insert this identity in the expression for R1(µ). After integrating by parts in the

λ-integral one can estimate∫ 1

0

tγ

∣∣∣∣∣
∫ (µ1/s−1)

1/2
+

0

(
µ− (λ2 + 1)s

)
cos(2λt+ 2ϑλ) dλ

∣∣∣∣∣ dt ≤ Cµ
(
(lnµ)2 + 1

)
.

To estimate the integral over t ∈ [1,∞) we proceed similarly. We integrate by parts

twice and get∫ ∞
1

tγ

∣∣∣∣∣
∫ (µ1/s−1)

1/2
+

0

(
µ− (λ2 + 1)s

)
cos(2λt+ 2ϑλ) dλ

∣∣∣∣∣ dt ≤ Cµ(lnµ+ 1) .

We conclude

R1(µ) ≤ Cµ
(
(lnµ)2 + 1

)
and turn to estimating R2(µ).

Since Gλ is non-negative and uniformly bounded, we have

R2(µ) ≤ C

∫ (µ1/s−1)
1/2
+

0

(
µ− (λ2 + 1)s

) ∫ ∞
0

tγ Gλ(t)du dλ . (4.74)

Identity (4.73) implies
∫∞

0
Gλ(t)dt = gλ(0) and

∫∞
0
tGλ(t)dt = g′λ(0). We note that

gλ(0) =
cosϑλ
λ
−

√
ψ′(λ2)

ψ(λ2)

and apply Lemma 4.22 to estimate
∫∞

0
Gλ(t)dt ≤ C (λ ∧ λ−1). Moreover, by (4.73),

g′λ(0) =
sinϑλ
λ2

−

√
ψ′(λ2)

ψ(λ2)
ϕ′λ(0)

and we apply Lemma 4.22 and Lemma 4.23 to estimate
∫∞

0
tGλ(t)dt ≤ C (1 ∧ λ−1).

It follows that ∫ ∞
0

tγ Gλ(t) dt ≤ C
(
1 ∧ λ−1

)
.

Thus, by (4.74), we arrive at

R2(µ) ≤ C

∫ (µ1/s−1)
1/2
+

0

(
µ− (λ2 + 1)s

) (
1 ∧ λ−1

)
dλ ≤ C µ (lnµ+ 1) .
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This finishes the first part of the proof of Lemma 4.10.

In order to prove the assertion about K(t), we bound∫ ∞
0

tγ |K(t)| dt ≤
∫
|ξ′|<1

|ξ′|1+2s

∫ ∞
0

tγ|a+(t|ξ′|, |ξ′|−2s)− a(|ξ′|−2s)| dt dξ′ .

Here we also used that, since a(µ) = a+(t, µ) = 0 for µ ≤ 1, we can restrict the

integration in the definition of K to |ξ′| < 1. On the other hand, from (4.26) we know

that ∫ ∞
0

tγ|a+(tµ−1/2s, µ)− a(µ)| dt ≤ Cγµ
1+(γ+1)/(2s)

(
(lnµ)2 + 1

)
.

Combining these two bounds and using that γ < 1 ≤ d− 1 we obtain the second part

of Lemma 4.10. �

4.8.3. A remainder estimate. The following technical lemma was needed in

the proof of the upper bound near the boundary.

Lemma 4.24. Assume that φ ∈ C1
0(Rd) is supported in a ball of radius l = 1 and

that (4.14) is satisfied with l = 1. Then for any 1
2
− s < σ < min{1

2
, 1− s} one has∫

Rd

∫
Rd

∣∣∣∣(−∆x′)
σ |φ(x)− φ(y)|2

|x− y|d+2s

∣∣∣∣ dxdy ≤ C (4.75)

Proof. For x = (x′, xd) ∈ Rd−1 × R and y = (y′, yd) ∈ Rd−1 × R put

Fxd,y(x
′) =

(φ(x′, xd)− φ(y′, yd))
2

(|x′ − y′|2 + (xd − yd)2)d/2+s
.

To establish (4.75) we use that∣∣∣∣(−∆x′)
σ |φ(x)− φ(y)|2

|x− y|d+2s

∣∣∣∣ ≤ C

∫
Rd−1

|Fxd,y(x′)− Fxd,y(z′)|
|x′ − z′|d−1+2σ

dz′ (4.76)

and split the integration in x ∈ Rd and y ∈ Rd in four parts. First we assume that x

and y are in B1. Then we have to show that∫
B1

∫
B1

∫
Rd−1

|Fxd,y(x′)− Fxd,y(z′)|
|x′ − z′|d−1+2σ

dz′ dx dy =∫
B1

∫
B1

∫
|x′−z′|<|x−y|/2

|Fxd,y(x′)− Fxd,y(z′)|
|x′ − z′|d−1+2σ

dz′ dx dy

+

∫
B1

∫
B1

∫
|x′−z′|≥|x−y|/2

|Fxd,y(x′)− Fxd,y(z′)|
|x′ − z′|d−1+2σ

dz′ dx dy (4.77)

is bounded from above.

To estimate the first integral over |x′ − z′| < |x− y|/2 we use that

F (z′)− F (x′) =
d−1∑
j=1

(zj − xj)
|x′ − z′|

∫ |x′−z′|
0

(∂jF )

(
x′ + t

(z′ − x′)
|x′ − z′|

)
dt .

For j = 1, . . . , d− 1 we have

(∂jFxd,y)(x
′) =

2(φ(x′, xd)− φ(y))(∂jφ(x))

|x− y|d+2s
− (d+ 2s)(xj − yj)

(φ(x)− φ(y))2

|x− y|d+2s+2
,

84



4.8. THE ONE-DIMENSIONAL MODEL OPERATOR

thus

|(∂jFxd,y)(x′)| ≤ C |x− y|−d+1−2s .

Hence, we obtain

|Fxd,y(z′)− Fxd,y(x′)|

≤ C|x′ − z′|α
∫ |x′−z′|

0

(∣∣∣∣x′ + t
(z′ − x′)
|x′ − z′|

− y′
∣∣∣∣2 + (xd − yd)2

)β

dt

1−α

, (4.78)

with 0 < α < 1 and β = (d−1
2

+ s)/(α − 1), by applying Hölder’s inequality. Note

that ∣∣∣∣x′ − y′ + t
(z′ − x′)
|x′ − z′|

∣∣∣∣2 + (xd − yd)2 = |x− y|2 + t2 + 2t
(x′ − y′) · (z′ − x′)

|x′ − z′|
≥ (|x− y| − t)2 .

Inserting this into (4.78) we get for |x′ − z′| < |x− y|/2

|Fxd,y(z′)− Fxd,y(x′)| ≤ C|x′ − z′|α
(∫ |x−y|/2

0

(|x− y| − t)2βdt

)1−α

≤ C|x′ − z′|α|x− y|(2β+1)(1−α) ,

where (2β + 1)(1− α) = −d− 2s+ 2− α. We conclude that for any 2σ < α < 1 and

σ < 1− s∫
B1

∫
B1

∫
|x′−z′|<|x−y|/2

|Fxd,y(x′)− Fxd,y(z′)|
|x′ − z′|d−1+2σ

dz′ dx dy

≤ C

∫
B1

∫
B1

∫
|x′−z′|<|x−y|/2

|x′ − z′|−d+1−2σ+αdz′ |x− y|−d−2s+2−α dx dy

≤ C . (4.79)

Now we turn to the second integral in (4.77) over |x′ − z′| ≥ |x− y|/2. Since

0 ≤ Fxd,y(x
′) ≤ |x− y|−d−2s+2 (4.80)

and σ < 1− s we have∫
B1

∫
B1

∫
|x′−z′|≥|x−y|/2

Fxd,y(x
′)

|x′ − z′|d−1+2σ
dz′dxdy ≤ C

∫
B1

∫
B1

1

|x− y|d+2s−2+2σ
≤ C.

(4.81)

Moreover,∫
|x′−z′|≥|x−y|/2

Fxd,y(z
′)

|x′ − z′|d−1+2σ
dz′ ≤ C|x− y|1−d−2σ+(d−1)/p

(∫
|x′−z′|≥|x−y|/2

F q
xd,y

(z′)dz′
) 1

q
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with 1
p

+ 1
q

= 1, by Hölder’s inequality. Since σ > 1
2
− s we can choose p > d−1

2σ
and

q > d−1
d+2s−2

. By (4.80), we have(∫
|x′−z′|≥|x−y|/2

F q
xd,y

(z′)dz′
) 1

q

≤ C

(∫
Rd−1

(
|z′ − y′|2 + (xd − yd)2

)−q(d/2+s−1)
dz′
) 1

q

≤ C |xd − yd|−d−2s+2+(d−1)/q .

It follows that∫
B1

∫
B1

∫
|x′−z′|≥|x−y|/2

Fxd,y(z
′)

|x′ − z′|d−1+2σ
dz′ dx dy

≤ C

∫
B1

∫
B1

|x− y|−d+1−2σ+(d−1)/p |xd − yd|−d−2s+2+(d−1)/q dx dy

≤ C

∫ 2

0

t−d−2s+2+(d−1)/q

∫ 2

0

rd−2
(
r2 + t2

)(−d+1−2σ)/2+(d−1)/(2p)
dr dt ,

where we substituted t = |xd − yd| and r = |x′ − y′|. Since p > d−1
2σ

and σ < 1− s we

find∫
B1

∫
B1

∫
|x′−z′|≥|x−y|/2

Fxd,y(z
′)

|x′ − z′|d−1+2σ
dz′ dx dy ≤ C

∫ 2

0

t1−2s−2σdt ≤ C . (4.82)

The estimates (4.81) and (4.82) show that∫
B1

∫
B1

∫
|x′−z′|≥|x−y|/2

|Fxd,y(x′)− Fxd,y(z′)|
|x′ − z′|d−1+2σ

dz′ dx dy ≤ C (4.83)

and from (4.76), (4.79), and (4.83) it follows that∫
B1

∫
B1

∣∣∣∣(−∆x′)
σ |φ(x)− φ(y)|2

|x− y|d+2s

∣∣∣∣ dxdy ≤ C .

The proof that the respective integrals over B1 × (Rd \ B1), (Rd \ B1)× B1, and

(Rd \ B1) × (Rd \ B1) are finite is similar but easier, since suppφ ⊂ B1 and we only

have to handle one singularity at a time. �
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CHAPTER 5

Geometrical versions of improved Berezin-Li-Yau inequalities

Leander Geisinger, Ari Laptev, and Timo Weidl

Abstract. We study the eigenvalues of the Dirichlet Laplace operator on
an arbitrary bounded, open set in Rd, d ≥ 2. In particular, we derive upper
bounds on Riesz means of order σ ≥ 3/2, that improve the sharp Berezin
inequality by a negative second term. This remainder term depends on geo-
metric properties of the boundary of the set and reflects the correct order of
growth in the semi-classical limit.
Under certain geometric conditions these results imply new lower bounds on
individual eigenvalues, which improve the Li-Yau inequality.

5.1. Introduction

Let Ω ⊂ Rd be an open set and let −∆ denote the Dirichlet Laplace operator on

L2(Ω), defined as a self-adjoint operator with form domain H1
0 (Ω). We assume that

the volume of Ω, denoted by |Ω|, is finite. Then the embedding H1
0 (Ω) ↪→ L2(Ω) is

compact and the spectrum of −∆ is discrete: It consists of positive eigenvalues

0 < λ1 ≤ λ2 ≤ λ3 ≤ . . .

accumulating at infinity only.

Here we are interested in upper bounds on the Riesz means∑
k

(Λ− λk)σ+ = Tr (−∆− Λ)σ− , σ ≥ 0 ,

where we use the notation x± = (|x| ± x)/2. In 1972 Berezin proved that convex

eigenvalue means are bounded uniformly by the corresponding phase-space volume,

see [Ber72b]: For any open set Ω ⊂ Rd, σ ≥ 1, and all Λ > 0

Tr (−∆− Λ)σ− ≤
1

(2π)d

∫∫
Ω×Rd

(
|p|2 − Λ

)σ
− dp dx = Lclσ,d |Ω|Λσ+d/2 , (5.1)

see also [LY83], where the problem is treated from a different point of view. Here

Lclσ,d denotes the so-called Lieb-Thirring constant

Lclσ,d =
Γ(σ + 1)

(4π)d/2 Γ(σ + 1 + d/2)
.

The Berezin inequality (5.1) captures, in particular, the well-known asymptotic

limit that goes back to Hermann Weyl [Wey12a]: For Ω ⊂ Rd and σ ≥ 0 the

asymptotic identity

Tr(−∆− Λ)σ− = Lclσ,d |Ω|Λσ+d/2 + o
(
Λσ+d/2

)
(5.2)
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holds true as Λ → ∞. From this it follows that the Berezin inequality is sharp, in

the sense that the constant in (5.1) cannot be improved. However, Hermann Weyl’s

work stimulated further analysis of the asymptotic formula and (5.2) was gradually

improved by studying the second term, see [CH24, Hör68, Ivr80a, Ivr80b, Mel80,

SV97, Ivr98] and references within. The precise second term was found by Ivrii

[Ivr80a, Ivr80b]: Under appropriate conditions on the set Ω and its boundary ∂Ω

the relation

Tr(−∆− Λ)σ− = Lclσ,d |Ω|Λσ+d/2 − 1

4
Lclσ,d−1 |∂Ω|Λσ+(d−1)/2 + o

(
Λσ+(d−1)/2

)
(5.3)

holds as Λ→∞. To simplify notation we write |Ω| for the volume (the d-dimensional

Lebesgue measure) of Ω, as well as |∂Ω| for the d− 1-dimensional surface area of its

boundary. Since the second term of this semi-classical limit is negative, the question

arises, whether the Berezin inequality (5.1) can be improved by a negative remainder

term.

Recently, several such improvements have been found, initially for the discrete

Laplace operator, see [FLU02]. The first result for the continuous Laplace operator

is due to Melas [Mel03]. From his work follows that

Tr (−∆− Λ)σ− ≤ Lclσ,d |Ω|
(

Λ−Md
|Ω|
I(Ω)

)σ+d/2

+

, Λ > 0 , σ ≥ 1 , (5.4)

where Md is a constant depending only on the dimension and I(Ω) denotes the second

moment of Ω, see also [Ily10, Yol10, YY10] for further generalisations. One should

mention, however, that these corrections do not capture the correct order in Λ from

the second term of the asymptotics (5.3). This was improved in the two-dimensional

case in [KVW09], where it is shown that one can choose the order of the correction

term arbitrarily close to the correct one.

In this paper we are interested in the case σ ≥ 3/2. For these values of σ it

is known, [Wei08], that one can strengthen the Berezin inequality for any open set

Ω ⊂ Rd with a negative remainder term reflecting the correct order in Λ in comparison

to the second term of (5.3). However, since one can increase |∂Ω| without changing

the individual eigenvalues λk significantly, a direct analog of the first two terms of the

asymptotics (5.3) cannot yield a uniform bound on the eigenvalue means. Therefore

- without further conditions on Ω - any uniform improvement of (5.1) must invoke

other geometric quantities.

In the result from [Wei08] the remainder term involves certain projections on

d − 1-dimensional hyperplanes. In [GW10] a universal improvement of (5.1) was

found, that holds for σ ≥ 3/2 with a correction term of correct order, depending only

on the volume of Ω.

The proof of the aforementioned results relies on operator-valued Lieb-Thirring

inequalities [LW00] and an inductive argument, that allows to reduce the problem to

estimating traces of the one-dimensional Dirichlet Laplace operator on open intervals.

In this paper we use the same approach, but with new estimates in the one-

dimensional case, in order to make the dependence on the geometry more transparent.

The new one-dimensional bounds involve the distance to the boundary of the interval
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in question and are related to Hardy-Lieb-Thirring inequalities for Schrödinger oper-

ators, see [EF06]. There it is shown that for σ ≥ 1/2 and potentials V ∈ Lσ+1/2(R+),

given on the half-line R+ = (0,∞), the inequality

Tr

(
− d2

dt2
− V

)σ
−
≤ Lσ

∫ ∞
0

(
V (t)− 1

4t2

)σ+1/2

+

dt

holds true, with a constant Lσ independent of V . For further developments see

[FLS08, Fra09].

We start this paper by analysing the special case of the Dirichlet Laplace operator

given on a finite interval I ⊂ R, with the constant potential V ≡ Λ. For σ ≥ 1 we

establish that the estimate

Tr

(
− d2

dt2
− Λ

)σ
−
≤ Lclσ,1

∫
I

(
Λ− 1

4δ(t)2

)σ+1/2

+

dt

is valid with the sharp constant Lclσ,1, where δ(t) denotes the distance to the boundary

of I. This is done in Section 5.2.

Then we can use results from [LW00, Wei08] to deduce bounds in higher dimen-

sions: In Section 5.3 we first derive improvements of (5.1), which are valid for any

open set Ω ⊂ Rd, d ≥ 2. These improvements depend on the geometry of Ω. In view

of the asymptotic result (5.3) one might expect, that this geometric dependence can

be expressed in terms of the boundary of Ω. To see this, we adapt methods, which

were used in [Dav95, Dav99, HHL02] to derive geometric versions of Hardy’s in-

equality. Here the result gives an improved Berezin inequality with a correction term

of correct order depending on geometric properties of the boundary.

If Ω is convex and smooth this dependence can be expressed only in terms of |Ω|,
|∂Ω| and the curvature of the boundary. In particular the first remainder term of the

estimate is very similar to the second term of the semiclassical asymptotics (5.3): it

shows the same order in Λ and it depends only on the surface area of the boundary.

In Section 5.4 we return to the general case, where Ω ⊂ Rd is not necessarily

convex or smooth, and obtain lower bounds on individual eigenvalues λk. Under

certain conditions on the geometry of Ω these results improve the estimate

λk ≥ Cd
d

d+ 2

(
k

|Ω|

)2/d

, (5.5)

from [LY83], where Cd denotes the semi-classical constant 4π Γ(d/2 + 1)2/d.

Finally, in Section 5.5, we specialise to the two-dimensional case, where we can

use the foregoing results and refined geometric considerations to further improve and

generalise the inequalities. In particular, we avoid dependence on curvature, thus we

do not require smoothness of the boundary.

The question whether such improved estimates can be generalised to 1 ≤ σ < 3/2

remains open.
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5.2. One-dimensional considerations

Let us consider an open interval I ⊂ R of length l > 0. For t ∈ I let

δ(t) = inf {|t− s| : s /∈ I}

be the distance to the boundary. The eigenvalues of −d2/dt2 subject to Dirichlet

boundary conditions at the endpoints of I are given by λk = k2π2/l2. Therefore the

Riesz means equal

Tr

(
− d2

dt2
− Λ

)σ
−

=
∑
k

(
Λ− k2π2

l2

)σ
+

.

To find precise bounds on the Riesz means in the one-dimensional case, it suffices to

analyse this sum explicitly. Our main observation is

Lemma 5.1. Let I ⊂ R be an open interval and σ ≥ 1. Then the estimate

Tr

(
− d2

dt2
− Λ

)σ
−
≤ Lclσ,1

∫
I

(
Λ− 1

4δ(t)2

)σ+1/2

+

dt ,

holds true for all Λ > 0. The constant 1/4 cannot be improved.

The remainder of this section deals with the proof of this estimate. First we need

two rather technical results. The proof is elementary but not trivial and therefore

will be given in Section 5.6.

Lemma 5.2. For all A ≥ 1/π∑
k

(
1− k2

A2

)
+

≤ 2

3π

∫ πA

1

(
1− 1

s2

)3/2

ds . (5.6)

Lemma 5.3. Let I ⊂ R be an open interval of length l > 0. Then for σ ≥ 1 and

c > 0

Lclσ,1

∫
I

(
Λ− c

δ(t)2

)σ+1/2

+

dt−
∑
k

(
Λ− π2k2

l2

)σ
+

=

(
1

2
−
√
c

)
Λσ + o (Λσ)

holds as Λ→∞.

Proof of Lemma 5.1. Note that one can always assume I = (0, l), where l > 0

denotes the length of the interval. First we deduce the estimate for σ = 1 from

Lemma 5.2. Assume Λ ≥ l−2 and apply Lemma 5.2 with A = l
√

Λ/π to get

Tr

(
− d2

dt2
− Λ

)
−

= Λ
∑
k

(
1− π2k2

l2Λ

)
+

≤ Λ
2

3π

∫ l
√

Λ

1

(
1− 1

s2

)3/2

ds .

Substituting s = 2t
√

Λ, we find that

Tr

(
− d2

dt2
− Λ

)
−
≤ 4

3π

∫ l/2

1/(2
√

Λ)

(
Λ− 1

4t2

)3/2

dt = 2Lcl1,1

∫ l/2

0

(
Λ− 1

4t2

)3/2

+

dt
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holds for all Λ ≥ l−2. Note that this inequality is trivially true for 0 < Λ < l−2, since

the left hand side is zero. Finally, we use the identities∫ l/2

0

(
Λ− 1

4t2

)3/2

+

dt =

∫ l

l/2

(
Λ− 1

4(l − t)2

)3/2

+

dt =
1

2

∫ l

0

(
Λ− 1

4δ(t)2

)3/2

+

dt

to finish the proof for σ = 1.

To deduce the claim for σ > 1 we can apply a method from [AL78]. Writing∑
k

(Λ− λk)σ+ =
1

B(2, σ − 1)

∫ ∞
0

τσ−2
∑
k

(Λ− τ − λk)+ dτ ,

we estimate

Tr

(
− d2

dt2
− Λ

)σ
−
≤ 1

B(2, σ − 1)
Lcl1,1

∫
I

∫ ∞
0

τσ−2

(
Λ− 1

4δ(t)2
− τ
)3/2

+

dτ dt

= Lcl1,1
B(5/2, σ − 1)

B(2, σ − 1)

∫
I

(
Λ− 1

4δ(t)2

)σ+1/2

+

dt

and the result follows from the identity Lcl1,1B(5/2, σ − 1) = Lclσ,1B(2, σ − 1).

The claim, that the constant 1/4 cannot be improved, follows from Lemma 5.3:

For c = 1/4 the leading term of the asymptotics in Lemma 5.3 vanishes. For any

constant c > 1/4 the leading term is negative, thus the estimate from Lemma 5.1

must fail in this case, for large values of Λ. �

Figure 1 illustrates the results of Lemma 5.1 and Lemma 5.3 for l = π2 and σ = 1

with the sharp constant c = 1/4: The function

f(Λ) = Lcl1,1

∫ π

0

(
Λ− 1

4 δ(t)2

)3/2

+

dt−
∑
k

(
Λ− k2

)
+

is plotted for 1 < Λ < 112, so that the first ten minima are shown.

20 40 60 80 100

0.5

1.0
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2.0

2.5

Figure 1. The function f(Λ), illustrating the results from Section 5.2.
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5.3. Results in higher dimensions

In this section we use the one-dimensional result to prove uniform eigenvalue esti-

mates for the Dirichlet Laplace operator in bounded open sets in higher dimensions.

These estimates - refinements of the Berezin inequality (5.1) - depend on the geometry

of the set, in particular on properties of the boundary.

5.3.1. Arbitrary open sets. First we provide general estimates, valid for any

open subset Ω ⊂ Rd, d ≥ 2. Let

Sd−1 =
{
x ∈ Rd : |x| = 1

}
denote the unit-sphere in Rd. For an arbitrary direction u ∈ Sd−1 and x ∈ Ω set

θ(x, u) = inf {t > 0 : x+ tu /∈ Ω} ,
d(x, u) = inf{θ(x, u), θ(x,−u)} and

l(x, u) = θ(x, u) + θ(x,−u) .

Theorem 5.4. Let Ω ⊂ Rd be an open set and let u ∈ Sd−1 and σ ≥ 3/2. Then

for all Λ > 0 the estimate

Tr (−∆− Λ)σ− ≤ Lclσ,d

∫
Ω

(
Λ− 1

4 d(x, u)2

)σ+d/2

+

dx (5.7)

holds true.

Remark. Let us define

l0 = inf
u∈Sd−1

sup
x∈Ω

l(x, u) . (5.8)

Then Theorem 5.4 implies the following improvement of Melas-type: For σ ≥ 3/2

and all Λ > 0 the estimate

Tr (−∆− Λ)σ− ≤ Lclσ,d |Ω|
(

Λ− 1

l20

)σ+d/2

+

(5.9)

holds. In convex domains l0 is the minimal width of the domain, see [BF48]. In

this case 1/l20 is bounded from below by a multiple of |Ω|−2/d, [YB61], while no such

bound holds for the improving term |Ω|/I(Ω) in Melas’ inequality (5.4).

The proof of Theorem 5.4 relies on a lifting technique, which was introduced in

[Lap97], see also [LW00, ELW04, Wei08, FL08] for further developments and

applications.

Proof of Theorem 5.4. We apply the argument used in [Wei08] to reduce

the problem to one-dimensional estimates. Fix a Cartesian coordinate system in Rd,

such that the given direction u corresponds to the vector (0, . . . , 0, 1).

For x ∈ Rd write x = (x′, t) ∈ Rd−1 × R and let ∇′ and −∆′ denote the gradient

and the Laplace operator in the first d − 1 dimensions. Each section Ω(x′) = {t ∈
R : (x′, t) ∈ Ω} consists of at most countably many open intervals Jk(x

′) ⊂ R,

k = 1, . . . , N(x′) ≤ ∞.
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We consider the quadratic form of −∆ − Λ on functions ϕ from the form core

C∞0 (Ω) and write

‖∇ϕ‖2
L2(Ω) − Λ ‖ϕ‖2

L2(Ω) = ‖∇′ϕ‖2
L2(Ω) +

∫
Rd−1

dx′
∫

Ω(x′)

(
|∂tϕ|2 − Λ|ϕ|2

)
dt .

The functions ϕ(x′, ·) satisfy Dirichlet boundary conditions at the endpoints of each

interval Jk(x
′) forming Ω(x′), hence∫

Ω(x′)

(
|∂tϕ|2 − Λ|ϕ|2

)
dt =

N(x′)∑
k=1

∫
Jk(x′)

(
|∂tϕ|2 − Λ|ϕ|2

)
dt

≥ −
N(x′)∑
k=1

〈Vk(x′)ϕ(x′, ·), ϕ(x′, ·)〉L2(Jk(x′)) ,

where the bounded, non-negative operators Vk(x
′,Λ) = (−∂2

t − Λ)− are the negative

parts of the Sturm-Liouville operators −∂2
t − Λ with Dirichlet boundary conditions

on Jk(x
′). Let

V (x′,Λ) =

N(x′)⊕
k=1

Vk(x
′,Λ)

be the negative part of −∂2
t − Λ on Ω(x′) subject to Dirichlet boundary conditions

on the endpoints of each interval Jk(x
′), k = 1, . . . , N(x′), that is on ∂Ω(x′). Then∫

Ω(x′)

(
|∂tϕ|2 − Λ|ϕ|2

)
dt ≥ −〈V (x′,Λ)ϕ(x′, ·), ϕ(x′, ·)〉L2(Ω(x′))

and consequently

‖∇ϕ‖2
L2(Ω) − Λ ‖ϕ‖2

L2(Ω) ≥ ‖∇
′ϕ‖2

L2(Ω) −
∫

Rd−1

dx′ 〈V ϕ(x′, ·), ϕ(x′, ·)〉L2(Ω(x′)).

Now we can extend this quadratic form by zero to C∞0
(
Rd \ ∂Ω

)
, which is a form

core for (−∆Rd\Ω) ⊕ (−∆Ω − Λ). This operator corresponds to the left hand side of

the equality above, while the semi-bounded form on the right hand side is closed on

the larger domain H1
(
Rd−1, L2(R)

)
, where it corresponds to the operator

−∆′ ⊗ I− V (x′,Λ) on L2
(
Rd−1, L2(R)

)
. (5.10)

Due to the positivity of −∆Rd\Ω we can use the variational principle to deduce that

for any σ ≥ 0

Tr (−∆Ω − Λ)σ− = Tr
((
−∆Rd\Ω

)
⊕ (−∆Ω − Λ)

)σ
−

≤ Tr (−∆′ ⊗ I− V (x′,Λ))
σ
− .

Now we apply sharp Lieb-Thirring inequalities [LW00] to the Schrödinger operator

(5.10) with the operator-valued potential −V (x′,Λ) and obtain that for σ ≥ 3/2

Tr (−∆Ω − Λ)σ− ≤ Lclσ,d−1

∫
Rd−1

TrV (x′,Λ)σ+(d−1)/2 dx′ . (5.11)

To estimate the trace of the one-dimensional differential operator V (x′,Λ) we

apply Lemma 5.1. Our choice of coordinate system implies that for x = (x′, t) ∈ Jk(x′)

93
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the distance of t to the boundary of the interval Jk(x
′) is given by d(x, u). Hence,

Lemma 5.1 implies

TrV (x′,Λ)σ+(d−1)/2 =

N(x′)∑
k=1

Tr

(
− d2

dt2

∣∣∣∣
Jk(x′)

− Λ

)σ+(d−1)/2

−

≤ Lclσ+(d−1)/2,1

∫
Ω(x′)

(
Λ− 1

4 d((x′, t), u)

)σ+d/2

+

dt

and the result follows from (5.11) and the identity Lclσ,d−1 L
cl
σ+(d−1)/2,1 = Lclσ,d. �

We proceed to analysing the geometric properties of (5.7). Note that the left

hand side of (5.7) is independent of the choice of direction u ∈ Sd−1, while the right

hand side depends on u and therefore on the geometry of Ω. For a given set Ω one

can minimise the right hand side in u ∈ Sd−1. The result, however, depends on the

geometry of Ω in a rather tricky way. In order to make this geometric dependence

more transparent, we average the right hand side of (5.7) over u ∈ Sd−1. Even though

the resulting bound is - in general - not as precise as (5.7), it allows a more appropriate

geometric interpretation.

To analyse the effect of the boundary, one would like to estimate d(x, u) in terms of

the distance to the boundary. See [Dav95, Dav99, HHL02], where this approach is

used to derive geometrical versions of Hardy’s inequality. To avoid complications that

arise, for example, if the complement of Ω contains isolated points, we use slightly

different notions: For x ∈ Ω let

Ω(x) = {y ∈ Ω : x+ t(y − x) ∈ Ω , ∀ t ∈ [0, 1]}

be the part of Ω that ”can be seen” from x and let

δ(x) = inf
{
|y − x| : y /∈ Ω(x)

}
denote the distance to the exterior of Ω(x).

For fixed ε > 0 put

Aε(x) =
{
a ∈ Rd \ Ω(x) : |x− a| < δ(x) + ε

}
and for a ∈ Aε(x) set Bx(a) = {y ∈ Rd : |y − a| < |x− a|} and

ρa(x) =
|Bx(a) \ Ω(x)|
ωd|x− a|d

,

where ωd denotes the volume of the unit ball in Rd. To get a result, independent of

a and ε, set

ρ(x) = inf
ε>0

sup
a∈Aε(x)

ρa(x) .

Note that Rd \ Ω(x) is open, hence ρa(x) > 0 and ρ(x) > 0 hold for x ∈ Ω. Finally,

we define

MΩ(Λ) =

∫
RΩ(Λ)

ρ(x) dx ,
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where RΩ(Λ) ⊂ Ω denotes the set {x ∈ Ω : δ(x) < 1/(4
√

Λ)}. The main result of

this section allows a geometric interpretation of the remainder term:

Theorem 5.5. Let Ω ⊂ Rd be an open set with finite volume and σ ≥ 3/2. Then

for all Λ > 0 we have

Tr (−∆− Λ)σ− ≤ Lclσ,d |Ω|Λσ+d/2 − Lclσ,d 2−d+1 Λσ+d/2MΩ(Λ) . (5.12)

The function ρ(x) depends on the behaviour of the boundary close to x ∈ Ω. For

example, ρ(x) is small close to a cusp. On the other hand ρ(x) is larger than 1/2 in a

convex domain. By definition, the function MΩ(Λ) gives an average of this behaviour

over RΩ(Λ), which is like a tube of width 1/(4
√

Λ) around the boundary.

Note that MΩ(Λ) tends to zero as Λ tends to infinity. This decay in Λ is of the

order (δM−d)/2, where δM denotes the interior Minkowski dimension of the boundary,

see e.g. [Lap91, FV93, FLV95] for definition and examples. If d − 1 ≤ δM < d

and if the upper Minkowski content of the boundary is finite, then the second term of

the asymptotic limit of the Riesz means equals O
(
Λσ+δM/2

)
as Λ→∞, see [Lap91].

Therefore the remainder term in (5.12) reflects the correct order of growth in the

asymptotic limit.

In particular, if the dimension of the boundary equals d− 1, we find

MΩ(Λ) = |∂Ω|Λ−1/2 + o(Λ−1/2)

as Λ→∞ and the second term in (5.12) is in close correspondence with the asymp-

totic formula (5.3).

Proof of Theorem 5.5. We start from the result of Theorem 5.4 and average

over all directions to get

Tr (−∆− Λ)σ− ≤ Lclσ,d Λσ+d/2

∫
Ω

∫
Sd−1

(
1− 1

4 Λ d(x, u)2

)σ+d/2

+

dν(u) dx , (5.13)

where dν(u) denotes the normed measure on Sd−1.

For x ∈ Ω and a /∈ Ω(x) let Θ(x, a) ⊂ Sd−1 be the subset of all directions u ∈ Sd−1,

satisfying x+ su ∈ Bx(a) \ Ω(x) for some s > 0. For such s we have

s ≤ 2 |x− a| . (5.14)

By definition of ρa(x) and Θ(x, a) we find

ρa(x)ωd|x− a|d = |Bx(a) \ Ω(x)| ≤
∫

Θ(x,a)

dν(u)ωd(2|x− a|)d ,

hence ∫
Θ(x,a)

dν(u) ≥ 2−d ρa(x) . (5.15)

Using (5.14) we also see that for u ∈ Θ(x, a) the estimate d(x, u) ≤ s ≤ 2 |x − a|
holds.

Now fix Λ > 0 and choose 0 < ε < 1/(4
√

Λ) and a ∈ Aε(x). By definition of

Aε(x) it follows that for all u ∈ Θ(x, a)

d(x, u) ≤ 2|x− a| < 2(δ(x) + ε) . (5.16)
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The set Θ(x, a) must be contained in one hemisphere of Sd−1 which we denote by

Sd−1
+ . Using that d(x, u) = d(x,−u) we estimate∫

Sd−1

(
1− 1

4Λd(x, u)2

)σ+d/2

+

dν(u) = 2

∫
Sd−1

+

(
1− 1

4Λd(x, u)2

)σ+d/2

+

dν(u)

≤ 1− 2

∫
{u∈Sd−1

+ : d(x,u)≤1/(2
√

Λ)}
dν(u) .

Assume that δ(x) ≤ 1/(4
√

Λ)− ε. From (5.16) it follows that

Θ(x, a) ⊂
{
u ∈ Sd−1

+ : d(x, u) ≤ 1/(2
√

Λ)
}
,

hence, using (5.15), we conclude∫
Sd−1

(
1− 1

4Λd(x, u)2

)σ+d/2

+

dν(u) ≤ 1− 2

∫
Θ(x,a)

dν(u) ≤ 1− 21−dρa(x) .

Since a ∈ Aε(x) was arbitrary we arrive at∫
Sd−1

(
1− 1

4Λd(x, u)2

)σ+d/2

+

dν(u) ≤ 1− 21−dρ(x) ,

for all x ∈ Ω with δ(x) ≤ 1/(4
√

Λ)− ε and we can take the limit ε→ 0.

It follows that∫
Ω

∫
Sd−1

(
1− 1

4Λd(x, u)2

)σ+d/2

+

dν(u) dx ≤ |Ω| − 21−d
∫
{x∈Ω : δ(x)<1/(4

√
Λ)}

ρ(x) dx

and inserting this into (5.13) yields the claimed result. �

5.3.2. Convex domains. If Ω ⊂ Rd is convex, we have Ω(x) = Ω and

ρ(x) > 1/2 (5.17)

for all x ∈ Ω. Thus we can simplify the remainder term, by estimating MΩ(Λ).

Corollary 5.6. Let Ω ⊂ Rd be a bounded, convex domain and let Ωt = {x ∈ Ω :

δ(x) > t} be the inner parallel set of Ω. Then for σ ≥ 3/2 and all Λ > 0 we have

Tr (−∆− Λ)σ− ≤ Lclσ,d |Ω|Λσ+d/2 − Lclσ,d 2−d−2 |∂Ω1/(4
√

Λ)|Λ
σ+(d−1)/2 .

Proof. Inserting (5.17) into the definition of MΩ(Λ) yields

MΩ(Λ) >
1

2

∫
RΩ(Λ)

dx =
1

2

∫
{x∈Ω : δ(x)<1/(4

√
Λ)}

dx =
1

2

∫ 1/(4
√

Λ)

0

|∂Ωt| dt . (5.18)

In view of (5.12) estimating∫ 1/(4
√

Λ)

0

|∂Ωt| dt ≥
1

4
√

Λ
|∂Ω1/(4

√
Λ)|

proves the claim. �

If more is known about the geometry of Ω we can refine the estimate.
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Corollary 5.7. Let Ω ⊂ Rd be a bounded, convex domain with smooth boundary

and assume that the curvature of ∂Ω is bounded from above by 1/R. Then for σ ≥ 3/2

and all Λ > 0 we have

Tr (−∆− Λ)σ− ≤ Lclσ,d |Ω|Λσ+d/2 − Lclσ,d 2−d−2 |∂Ω|Λσ+(d−1)/2

∫ 1

0

(
1− d− 1

4R
√

Λ
s

)
+

ds .

Note that one can estimate the integral in the remainder term to get the simplified

bound

Tr (−∆− Λ)σ− ≤ Lclσ,d |Ω|Λσ+d/2 − Lclσ,d 2−d−2 |∂Ω|Λσ+(d−1)/2

(
1− d− 1

8R
√

Λ

)
+

.

Proof of Corollary 5.7. To estimate MΩ(Λ) we can use Steiner’s Theorem,

see [Gug77, vdB84b], namely

|∂Ωt| ≥
(

1− d− 1

R
t

)
+

|∂Ω| . (5.19)

From (5.18) it follows that

MΩ(Λ) >
1

2
|∂Ω|

∫ 1/(4
√

Λ)

0

(
1− d− 1

R
t

)
+

dt =
|∂Ω|
8
√

Λ

∫ 1

0

(
1− d− 1

4R
√

Λ
s

)
+

ds .

Inserting this into (5.12) completes the proof. �

5.4. Lower bounds on individual eigenvalues

In order to further estimate the remainder terms, in particular to show that the

remainder is negative for all Λ ≥ λ1(Ω) one needs suitable bounds on the ground state

λ1(Ω). We point out the following consequence of the proof of Theorem 5.4 which

might be of independent interest.

Corollary 5.8. For any open set Ω ⊂ Rd the estimate

λ1(Ω) ≥ π2

l20

holds, where l0 is given in (5.8).

Remark. One can compare this bound with

λ1(Ω) ≥ inf
x∈Ω

(
d

4m(x)2

)
,

see [Dav95]. Here m(x)−2 denotes the average of d(x, u)−2 over all directions u ∈
Sd−1. The relation between these bounds depends on the geometry of Ω. In particular,

the bound from Corollary 5.8 is stronger, if the width of Ω is small along an arbitrary

direction u ∈ Sd−1 such that l0 is small enough.

Proof of Corollary 5.8. Fix ε > 0 and choose a direction u0 ∈ Sd−1, such

that supx∈Ω l(x, u0) < l0 + ε. We write x = (x′, t) ∈ Rd−1 × R, where the t-axes is
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chosen in the direction of u0. Let us recall inequality (5.11) from the proof of Theorem

5.4: For any σ ≥ 3/2

Tr (−∆− Λ)σ− ≤ Lclσ,d−1

∫
Rd−1

TrV (x′,Λ)σ+(d−1)/2 dx′ ,

where V (x′,Λ) denotes the negative part of the operator −∂2
t − Λ on

Ω(x′) =

N(x′)⋃
k=1

Jk(x
′)

with Dirichlet boundary conditions at the endpoints of each interval Jk(x
′). This

inequality can be rewritten as

Tr (−∆− Λ)σ− ≤ Lclσ,d−1

∫
Rd−1

N(x′)∑
k=1

∑
j∈N

(
Λ− π2 j2

|Jk(x′)|2

)σ+(d−1)/2

+

dx′ .

Our choice of coordinate system implies |Jk(x′)| ≤ supx∈Ω l(x, u0) < l0 + ε for all

k = 1, . . . , N(x′) and all x′ ∈ Rd−1. It follows that the right hand side of the inequality

above is zero for all Λ ≤ π2/(l0 + ε)2. Thus by taking the limit ε→ 0 we find∑
n∈N

(Λ− λn)σ+ = Tr (−∆− Λ)σ− = 0 ,

for all Λ ≤ π2/l20 and λ1 ≥ π2/l20 follows. �

From (5.9) we obtain similar bounds on higher eigenvalues using a method intro-

duced in [Lap97].

Corollary 5.9. For any open set Ω ⊂ Rd with finite volume and any k ∈ N the

estimate

λk(Ω) ≥ Cd

(
12

π

)1/d
d

(d+ 3)1+1/d

(
Γ ((d+ 3)/2)

Γ(d/2 + 1)

)2/d
k2/d

|Ω|2/d
+

1

l20

holds, with

Cd = 4π Γ (d/2 + 1)2/d .

Proof. Let N(Λ) = Tr (−∆− Λ)0
− denote the counting function of the eigenval-

ues below Λ > 0. In [Lap97] it is shown that for σ > 0, and all Λ > 0, τ > 0

N(Λ) ≤ (τΛ)−σ Tr (−∆− (1 + τ)Λ)σ− . (5.20)

If we apply this inequality with σ = 3/2, we can use (5.9) to estimate

N(Λ) ≤ Lcl3/2,d |Ω|Λd/2 (1 + τ)(d+3)/2

τ 3/2

(
1− 1

Λ(1 + τ)l20

)(d+3)/2

+

.

Minimising the right hand side in τ > 0 yields τmin = 3(Λl20− 1)/(dΛl20) and inserting

this we find

N(Λ) ≤ Lcl3/2,d |Ω|
(d+ 3)(d+3)/2

33/2 dd/2

(
Λ− 1

l20

)d/2
+

.

This is equivalent to the claimed result. �
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Remark. Applying the same method to (5.1) with σ = 1 we recover the Li-Yau

inequality (5.5). In the proof of Corollary 5.9 we have to start from σ = 3/2, therefore

the result is not strong enough to improve (5.5) in general, i. e. the coefficient of

k2/d/|Ω|2/d in Corollary 5.9 is less than Cd · d/(d+ 2) for all d ≥ 2. However, one gets

an improvement of (5.5) for low eigenvalues whenever l0 is small.

5.5. Further improvements in dimension 2

In this section we further improve Corollary 5.7 and generalise it to a large class

of bounded convex domains Ω ⊂ R2. Here we do not require smoothness, therefore

we cannot use (5.19) to estimate inner parallels of the boundary. To find a suitable

substitute let w denote the minimal width of Ω and note that for l0 given in (5.8) the

identity

w = l0

holds true, see e.g. [BF48]. In the remainder of this section we assume that for all

t > 0

|∂Ωt| ≥
(

1− 3t

w

)
+

|∂Ω| . (5.21)

This is true for a large class of convex domains, including the circle, regular polygons

and arbitrary triangles and equality holds for the equilateral triangle. Actually we

conjecture that (5.21) holds true for all bounded convex domains in R2.

Furthermore we need a lower bound on the ground state. From Corollary 5.8 we

obtain that for all convex domains Ω ⊂ R2

λ1(Ω) ≥ π2

w2
(5.22)

holds. One should mention that this follows immediately from the variational princi-

ple and the fact that λ1(Ω) = π2/w2 if Ω is the infinite strip with width w. Moreover,

the same estimate can be obtained from the inequality λ1(Ω) ≥ π2/(4r2
in), see [Oss77],

where rin is the inradius of Ω.

Using (5.21) and (5.22) we can derive a more precise version of Theorem 5.5,

where the correction term depends only on |∂Ω| and is apart from that independent

of the geometry of Ω.

Theorem 5.10. Let Ω ⊂ R2 be a bounded, convex domain, satisfying (5.21). Then

for σ ≥ 3/2 we have

Tr (−∆− Λ)σ− = 0 if Λ ≤ π2/w2 and

Tr (−∆− Λ)σ− ≤ Lclσ,2 |Ω|Λσ+1 − Cco Lclσ,1 |∂Ω|Λσ+1/2 if Λ > π2/w2 ,

with a constant

Cco ≥
11

9π2
− 3

20π4
− 2

5π2
ln

(
4π

3

)
> 0.0642 .

Proof. The first claim follows directly from (5.22), thus we can assume Λ >

π2/w2. First we prove the result for σ = 3/2. Again we can start from (5.13) and we

need to estimate d(x, u) in terms of δ(x), which is just the distance to the boundary,

since Ω is convex.
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Fix x ∈ Ω. Since Ω is convex and smooth we can choose u0 ∈ Sd−1, such that

d(x, u0) = δ(x). We can assume u0 = (1, 0, . . . , 0) and put Sd−1
+ =

{
u ∈ Rd : u1 > 0

}
.

Let a be the intersection point of the semi-axes {x+ tu0, t > 0} with ∂Ω and for

arbitrary u ∈ Sd−1
+ let bu be the intersection point of {x+ tu, t > 0} with the plane

through a, orthogonal to u0. We find d(x, u) ≤ |x − bu| and if θu denotes the angle

between u0 and u, we find

d(x, u) ≤ |x− bu| =
|x− a|
cos θu

=
δ(x)

cos θu
.

Using (5.13) and taking into account that d(x, u) = d(x,−u) we get

Tr (−∆− Λ)3/2
− ≤ Lcl3/2,2 Λ5/2

∫
Ω

2

π

∫ π/2

θ0

(
1− cos2(θ)

4Λδ(x)2

)5/2

dθ dx ,

where θ0 = 0 if δ(x) ≥ 1/(2
√

Λ) and θ0 = arccos(2δ(x)
√

Λ) if δ(x) < 1/(2
√

Λ). To

obtain a simple bound one could estimate(
1− cos2(θ)

4Λδ(x)2

)5/2

≤ 1− cos2(θ)

4Λδ(x)2
.

However, to get a result as precise as possible we use(
1− cos2(θ)

4Λδ(x)2

)5/2

≤ 1− cos2(θ)

2Λδ(x)2
+

cos4(θ)

16Λ2δ(x)4

and get

Tr (−∆− Λ)3/2
− ≤ Λ5/2

5π2

∫
Ω

∫ π/2

θ0

(
1− cos2(θ)

2Λδ(x)2
+

cos4(θ)

16Λ2δ(x)4

)
dθ dx . (5.23)

Set u0 = min(1, 2δ(x)
√

Λ) and calculate∫ π/2

θ0

(
1− cos2(θ)

2Λδ(x)2
+

cos4(θ)

16Λ2δ(x)4

)
dθ

=
π

2
− θ0 −

arcsin(u0)− u0

√
1− u2

0

4Λδ(x)2
+

3 arcsin(u0)− u0 (2u2
0 + 3)

√
1− u2

0

128Λ2δ(x)4
.

Inserting this back into (5.23) yields

Tr (−∆− Λ)3/2
− ≤ 1

10π
|Ω|Λ5/2 − Λ5/2 (I1 + I2) , (5.24)

where

I1 =

∫
{δ(x)≥1/(2

√
Λ)}

1

10π

(
1

4Λδ(x)2
− 3

128Λ2δ(x)4

)
dx

and

I2 =

∫
{δ(x)<1/(2

√
Λ)}

1

5π2

(
arccos(2

√
Λδ(x)) +

arcsin(2
√

Λδ(x))

4Λδ(x)2
−
√

1− 4Λδ(x)2

2
√

Λδ(x)

−3 arcsin(2
√

Λδ(x))

128Λ2δ(x)4
+

(8Λδ(x)2 + 3)
√

1− 4Λδ(x)2

64Λ3/2δ(x)3

)
dx .
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First we turn to

I1 =
1

10π

∫ ∞
1/(2
√

Λ)

|∂Ωt|
(

1

4Λt2
− 3

128Λ2t4

)
dt .

Note that the term in brackets is positive, thus after substituting s = 2
√

Λt we can

use (5.21) and Λ > π2/w2 to obtain

I1 ≥
1

20π

|∂Ω|√
Λ

∫ ∞
1

(
1− 3s

2π

)
+

(
1

s2
− 3

8s4

)
ds

=
1

20π

|∂Ω|√
Λ

(
7

8
− 39

32π
− 27

128π3
− 3

2π
ln

(
2π

3

))
.

Similarly we can treat I2 and get

I2 ≥
1

10π2

|∂Ω|√
Λ

(
557

192
− 7π

16
− 3

2π

∫ 1

0

arcsin(s)

s
ds

)
.

In view of Lcl3/2,1 = 3/16 we can write

I1 + I2 ≥ Lcl3/2,1
|∂Ω|√

Λ

(
11

9π2
− 3

20π4
− 2

5π2
ln

(
2π

3

)
− 2

5π2
ln(2)

)
and inserting this into (5.24) yields the claim in the case σ = 3/2.

To prove the estimate for σ > 3/2 we again refer to [AL78] and use the identity

Tr (−∆− Λ)σ− =
1

B(σ − 3/2, 5/2)

∫ ∞
0

τσ−5/2 Tr (−∆− (Λ− τ))3/2
− dτ ,

from which the general result follows. �

Now we can apply the same arguments that lead to Corollary 5.9 to derive lower

bounds on individual eigenvalues.

Corollary 5.11. Let Ω ⊂ R2 be a bounded, convex domain, satisfying (5.21).

Then for k ∈ N and any α ∈ (0, 1) the estimate

λk(Ω)

1− α
≥ 10πα3/2 k

|Ω|
+

15πCco
8

|∂Ω|
|Ω|

√
10πα3/2

k

|Ω|
+

225π2C2
co

256

|∂Ω|2
|Ω|2

+
225π2C2

co

128

|∂Ω|2

|Ω|2

holds, with the constant Cco given in Theorem 5.10.

Proof. Applying (5.20) and Theorem 5.10 with σ = 3/2 yields

N(Λ) ≤ Lcl3/2,2 |Ω|Λ
(1 + τ)5/2

τ 3/2
− Cco Lcl3/2,1 |∂Ω|

√
Λ

(1 + τ)2

τ 3/2

for any τ > 0 and Λ > π2/w2. With τ = α/(1 − α), α ∈ (0, 1), this is equivalent to

the claimed estimate. �

Remark. Given a fixed ratio |∂Ω|/|Ω| one can optimise the foregoing estimate in

α ∈ (0, 1), depending on k ∈ N. As mentioned in the remark after Corollary 5.9, the

result cannot improve the Li-Yau inequality (5.5) in general, since we have to apply

(5.20) with σ = 3/2 instead of σ = 1. However, the estimates obtained from Corollary

5.11 are stronger than (5.5) for low eigenvalues and the improvements depend on the

ratio |∂Ω|/|Ω|.
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In particular, one can use the isoperimetric inequality, namely that

|∂Ω| ≥ 2(π|Ω|)1/2

for all Ω ⊂ R2, to derive general improvements of the Li-Yau inequality (5.5) for low

eigenvalues. From (5.5) we get

λk(Ω) ≥ 2πk

|Ω|
,

and one can supplement these estimates with the Krahn-Szegö inequality [Hen06]

λ2(Ω) ≥
2πj2

0,1

|Ω|
. (5.25)

Optimising the estimate of Corollary 5.11 with |∂Ω| = 2(π|Ω|)1/2, we find that for

any convex domain, satisfying (5.21),

λ6(Ω) >
40.50

|Ω|
>

12π

|Ω|
>

2πj2
0,1

|Ω|
,

λ7(Ω) >
46.74

|Ω|
>

14π

|Ω|
, . . . , λ23(Ω) >

144.58

|Ω|
>

46π

|Ω|
.

In this way we can improve (5.5) and (5.25) in convex domains for all eigenvalues

λk(Ω) with 6 ≤ k ≤ 23.

Finally let us make a remark about the square Ql = (0, l) × (0, l) ⊂ R2, l > 0.

Using the methods introduced in section 5.2 one can establish the following two-

dimensional version of Lemma 5.1: Choose a coordinate system (x1, x2) ∈ R2 with

axes parallel to the sides of the square and for x ∈ Ql put

δ(xi) = min(xi, l − xi) , i = 1, 2 .

Then for σ ≥ 1 and all Λ > 0 the estimate

Tr (−∆− Λ)σ− =
∑
m,n∈N

(
Λ− π2

l2
(
n2 +m2

))σ
+

≤ Lclσ,2

∫ l

0

∫ l

0

(
Λ− Csq

(
1

δ(x1)
+

1

δ(x2)

)2
)σ+1

+

dx1 dx2

holds with a constant Csq > 1/10.

5.6. Proof of Lemma 5.2 and Lemma 5.3

5.6.1. Proof of Lemma 5.2. For A ∈ R let A and Ã denote the integer and

fractional part of A respectively. Then we can calculate

∑
k

(
1− k2

A2

)
+

=
A∑
k=1

(
1− k2

A2

)
= A− 1

A2

(
A

3

3
+
A

2

2
+
A

6

)

=
2A

3
− 1

2
− 1

6A
+ Ã(1− Ã)

1

A
+ Ã

(
1− 3Ã+ 2Ã2

) 1

6A2
.
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From 0 ≤ Ã < 1 we conclude Ã(1 − Ã) ≤ 1/4 and Ã
(

1− 3Ã+ 2Ã2
)
≤
√

3/18 and

we get ∑
k

(
1− k2

A2

)
+

≤ 2A

3
− 1

2
+

1

12A
+

√
3

108A2
. (5.26)

To estimate the right hand side of (5.6) note that∫ (
1− 1

s2

)3/2

ds =

(
1 +

1

2s2

)√
s2 − 1 +

3

2
arctan

(
1√
s2 − 1

)
,

thus

2

3π

∫ πA

1

(
1− 1

s2

)3/2

ds =
2π2A2 + 1

3π2A

√
π2A2 − 1

πA
+

1

π
arctan

(
1√

π2A2 − 1

)
− 1

2
.

Now we can insert the elementary estimates

arctan

(
1√

π2A2 − 1

)
≥ 1

πA
and

√
π2A2 − 1

πA
≥ 1− 1

2π2A2
− a

A4

both valid for A ≥ 2, where we write a = 16 − 2/π2 − 8
√

4π2 − 1/π for simplicity.

We get

2

3π

∫ πA

1

(
1− 1

s2

)3/2

ds ≥ 2A

3
− 1

2
+

1

π2A
− 1

6π4A3
− a

3

(
2

A3
+

1

π2A5

)
(5.27)

for all A ≥ 2. From (5.26) and (5.27) we deduce that (5.6) holds true for all A ≥ 2,

since (
1

π2
− 1

12

)
A4 −

√
3

108
A3 −

(
1

6π4
+

2a

3

)
A2 − a

3π2
≥ 0

for all A ≥ 2.

Note that (5.6) is trivial for 1/π ≤ A ≤ 1, since the left hand side equals zero.

The remaining case 1 ≤ A ≤ 2 can be checked by hand.

5.6.2. Proof of Lemma 5.3. We assume I = (0, l), substitute t = s
√
c/Λ and

write ∫ l

0

(
Λ− c

δ(t)2

)σ+1/2

+

dt = 2
√
cΛσ

∫ l
√

Λ/(2
√
c)

1

(
1− 1

s2

)σ+1/2

ds .

The claim of the Lemma follows, if we show that

2
√
cLclσ,1

∫ l
√

Λ/(2
√
c)

1

(
1− 1

s2

)σ+1/2

ds−
∑
k

(
1− π2k2

Λ l2

)σ
+

=
1

2
−
√
c+ o (1)

as Λ→∞. With A = l
√

Λ/π this is equivalent to

2
√
c Lclσ,1

∫ πA/(2
√
c)

1

(
1− 1

s2

)σ+1/2

ds−
∑
k

(
1− k2

A2

)σ
+

=
1

2
−
√
c+ o (1) (5.28)

as A→∞.

It is easy to see that∑
k

(
1− k2

A2

)σ
+

=
A

2
B

(
σ + 1,

1

2

)
− 1

2
+ o(1)
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as A→∞. Moreover, we claim∫ πA/(2
√
c)

1

(
1− 1

s2

)σ+1/2

ds =
πA

2
√
c

+
1

2
B

(
−1

2
, σ +

3

2

)
+ o(1) (5.29)

as A → ∞ and (5.28) follows from Lclσ,1 = B(σ + 1, 1/2)/(2π), if we can establish

(5.29). Let us write(
1− 1

s2

)m
=
∑
k≥0

(−1)k
(
m

k

)
s−2k =

∑
k≥0

(
k −m− 1

k

)
s−2k

for m ≥ 1 and note that the sum is finite if m ∈ N, while the sum converges uniformly

on s ∈ [1,∞) if m /∈ N. Hence we have∫ y

1

(
1− 1

s2

)m
ds = y +

∑
k≥0

(
k −m− 1

k

)
1

2k − 1
+ o(1)

as y →∞. Using that∑
k≥0

(
k −m− 1

k

)
1

2k − 1
=

1

2
B

(
−1

2
,m+ 1

)
we obtain ∫ y

1

(
1− 1

s2

)m
ds = y +

1

2
B

(
−1

2
,m+ 1

)
+ o(1)

as y →∞, which is equivalent to (5.29). This finishes the proof of Lemma 5.3.
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CHAPTER 6

Universal bounds for traces of the Dirichlet Laplace operator

Leander Geisinger and Timo Weidl

Abstract. We derive upper bounds for the trace of the heat kernel Z(t) of
the Dirichlet Laplace operator in an open set Ω ⊂ Rd, d ≥ 2. In domains
of finite volume the result improves an inequality of Kac. Using the same
methods we give bounds on Z(t) in domains of infinite volume.
For domains of finite volume the bound on Z(t) decays exponentially as t tends
to infinity and it contains the sharp first term and a correction term reflecting
the properties of the short time asymptotics of Z(t). To prove the result we
employ refined Berezin-Li-Yau inequalities for eigenvalue means.

6.1. Introduction and main results

Let Ω be an open subset of Rd, d ≥ 2. Consider the Laplace operator −∆Ω on

Ω subject to Dirichlet boundary conditions defined in the form sense on the form

domain H1
0 (Ω). If the embedding H1

0 (Ω) ↪→ L2(Ω) is compact, e.g. if the volume of

Ω is finite, the spectrum of −∆Ω is discrete and consists of a monotone sequence of

positive eigenvalues 0 < λ1 ≤ λ2 ≤ λ3 ≤ . . . accumulating at infinity. We count these

eigenvalues according to their multiplicity.

The main goal of this paper is to derive some new universal upper bounds for the

trace of the heat kernel

Z(t) = Tr
(
e+∆Ωt

)
=
∑
k

e−λkt

which are valid for arbitrary open sets Ω ⊂ Rd with finite volume |Ω| and for all t > 0.

The first and most fundamental bound of this type is due to M. Kac [Kac51]. He

proved that for any open domain Ω ⊂ Rd and all t > 0 the estimate

Z(t) ≤ |Ω|
(4πt)d/2

(6.1)

holds true. This bound is sharp in the sense that it reflects the leading term of the

short time asymptotics of the function Z(t), see [Min54, Kac66]

Z(t) ∼ |Ω|
(4πt)d/2

as t→ 0 + . (6.2)

Several improvements of (6.1) are known, e.g. see [vdB84b, FLV95, Dav85,

Dav89, Sim83, vdB84a] and further references therein. For example, M. van den
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Berg proved in [vdB87], that if Ω is a connected region with a smooth boundary ∂Ω

and a surface area |∂Ω|, then∣∣∣∣Z(t)− |Ω|
(4πt)d/2

+
|∂Ω|

4 (4πt)(d−1)/2

∣∣∣∣ ≤ d4

πd/2
|Ω|

td/2−1R2
, t > 0,

where the constant R depends on properties of ∂Ω. This estimate contains even the

second term of the short time asymptotic expansion of Z(t), see [MS67, Smi81,

BC86] and [Bro93]. Most of these results are based on a probabilistic approach

and implement local estimates for the heat kernel. Therefore one has to impose

appropriate conditions on Ω and on its boundary ∂Ω.

We use a different approach based on some refined spectral estimates for the Riesz

means

Rσ(Λ) = Tr (−∆Ω − Λ)σ− =
∑
k

(Λ− λk)σ+ , Λ > 0.

For these objects the fundamental bounds are given by the Berezin-Li-Yau inequalities

Rσ(Λ) ≤ Lclσ,d |Ω|Λσ+d/2, σ ≥ 1 , Λ > 0, (6.3)

where

Lclσ,d =
Γ(σ + 1)

(4π)d/2Γ (σ + d/2 + 1)
.

This result is sharp as well, in the sense that the bound captures the first term of the

high energy asymptotics

Rσ(Λ) = Lclσ,d |Ω|Λσ+d/2 + o
(
Λσ+d/2

)
as Λ→ +∞.

Via Laplace transformation - and reversely via Tauberian theorems - this asymptotic

formula is closely connected with (6.2). On the level of uniform inequalities one can

deduce Kac’ inequality on Z(t) from Berezin-Li-Yau bounds. Reversely, to recover

sharp Berezin-Li-Yau bounds from Kac’ inequality one needs some additional infor-

mation. For example, in [HH07] Harrell and Hermi formally deduced Berezin-Li-Yau

bounds for σ ≥ 2 from Kac’ inequality based on a monotonicity result by Harrell and

Stubbe.1 Similar arguments fail for σ < 2.

While both (6.3) and (6.1) are sharp in the sense that they capture the main as-

ymptotic behaviour and therefore constants in these inequalities cannot be improved,

one can expect that more subtle bounds might invoke additional lower order correc-

tion terms. Indeed, we know that under certain conditions on the geometry of Ω the

asymptotics

Rσ(Λ) = Lclσ,d |Ω|Λσ+d/2 − 1

4
Lclσ,d−1 |∂Ω| Λσ+(d−1)/2 + o

(
Λσ+(d−1)/2

)
holds true as Λ → ∞, see [Ivr98]. Recently there have been several results on

semiclassical inequalities improving (6.3) with negative correction terms of lower or-

der, reflecting the effect of the second term of the asymptotics, see [Mel03, Wei08,

KVW09], and [FLU02] for discrete operators.

1One should mention, that in fact, due to Weyl’s asymptotic law, the monotonicity result implies
sharp Berezin-Li-Yau bounds for σ ≥ 2 on its own.
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Let us first point out a result of Melas. In [Mel03] he effectively showed that2

R1(Λ) ≤ Lcl1,d |Ω|
(

Λ−Md
|Ω|
I(Ω)

)1+d/2

+

(6.4)

holds for Λ > 0. Again applying Laplace transformation Harrell and Hermi deduced

an improvement of Kac’ inequality [HH07]

Z(t) ≤ |Ω|
(4πt)d/2

exp

(
−Md

|Ω|
I(Ω)

t

)
, (6.5)

where I(Ω) = mina∈Rd
∫

Ω
|x− a|2 dx and Md is a constant depending only on the

dimension. This improvement holds true for all t > 0 and any open set Ω with finite

volume - without any conditions on the boundary ∂Ω. These authors conjecture also

that (6.5) can be improved to

Z(t) ≤ |Ω|
(4πt)d/2

exp

(
− t

|Ω|2/d

)
(6.6)

for all t > 0 and all open sets Ω of finite volume. Asymptotic considerations show

that this conjecture is plausible for small t as well as for large t. However, one should

mention, that neither the correction term in (6.4) is of the expected order for high

energies, nor is the improvement (6.5) or even the conjecture (6.6) of correct order

for small t > 0.

To derive universal bounds on Z(t) like (6.6) depending only on the volume of

Ω and not including any further geometrical information one can employ an isoperi-

metric result due to Luttinger [Lut73]. He shows that Steiner-symmetrization of an

open set Ω increases the trace of the heat kernel in this set. Thus for any open set

Ω ⊂ Rd with finite volume the inequality

Z(t) ≤ Z∗(t) (6.7)

holds true for all t > 0, where Z∗(t) denotes the trace of the heat kernel in the ball

B ⊂ Rd with the same volume as Ω.

Here we prove a refined universal bound on Z(t) reflecting the correct asymptotic

properties. To this end we shall follow the approach in [Wei08]. There a Berezin-

Li-Yau type bound on Rσ for σ ≥ 3/2 with a correction term of the expected order

has been found, see inequality (6.18) below. Using the same method we prove a

refined Berezin-Li-Yau inequality, see Proposition 6.5, that gives rise to an improved

bound on Z(t) applicable to any open set Ω with finite volume. This bound decays

exponentially as t tends to infinity and contains a negative correction term of correct

order as t tends to zero.

Moreover, we can consider unbounded domains Ω ⊂ Rd with infinite volume.

While the results of Kac and Luttinger must fail for such domains, we show that

under appropriate conditions on Ω our refined inequalities can still be applied and

give sharp upper bounds.

2This inequality is in fact the Legendre transform of Melas’ result.
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This paper is structured as follows: In Section 6.2 we state the main results. Then

in Section 6.3 we provide some auxiliary notation and auxiliary results including im-

proved Berezin-Li-Yau inequalities. In Section 6.4 we prove Theorem 6.1 and compare

this result to other bounds on Z(t). In Section 6.5 we discuss some applications to

unbounded domains and domains with infinite volume. Finally, in Section 6.6 we

apply a method by M. Aizenman and E. H. Lieb [AL78] to the results from Section

6.3 in order to prove refined bounds on the eigenvalue means Rσ(Λ).

We thank Rupert L. Frank for helpful discussions and in particular for indicating

the result of J. M. Luttinger.

6.2. Main Results

To state the main result we have to introduce some auxiliary notation. Let Γ(z)

be the usual Gamma-function and by

Γ̃(z, s1, s2) =

∫ s2

s1

sz−1e−sds/Γ(z)

we denote normed incomplete Gamma-functions. If s1 = 0 we write Γ̃(z, s) =

Γ̃(z, 0, s) and Γ̂(z, s) = 1− Γ̃(z, s) = Γ̃(z, s,+∞). Note that for a > 0 we have

Γ̃(a, t) =
ta

a Γ(a)
+O

(
ta+1

)
as t→ 0 + and (6.8)

Γ̂(a, t) =
ta−1

Γ(a)
exp(−t) +O

(
ta−2 exp(−t)

)
as t→∞. (6.9)

Furthermore, let B(α, β) be the usual Beta-function. By

B̃(s1, s2, α, β) =

∫ s2

s1

sα−1(1− s)β−1ds/B(α, β)

we denote normed incomplete Beta-functions and for s1 = 0 we write in short

B̃(s, α, β) = B̃(0, s, α, β) and B̂(s, α, β) = 1 − B̃(s, α, β) = B̃(s, 1, α, β). Note that

for α, β > 0 we have

B(0, t, α, β) =
1

α
tα +O

(
tα+1

)
as t→ 0 + . (6.10)

Next we remark that in view of the isoperimetric inequality by Rayleigh, Faber and

Krahn [Fab23, Kra25] on the ground state λ1 we can always choose

λ̃ =
π j2

d/2−1,1

Γ (d/2 + 1)2/d |Ω|2/d
≤ λ1 (6.11)

as a lower bound on λ1, where jk,1 denotes the first zero of the Bessel-function Jk.

For r ∈ R put (r)+ = max{r, 0} and for d ∈ N let

σd =


5/2 if d = 2

2 if d = 3

3/2 if d ≥ 4

. (6.12)

Finally, let Ω ⊂ Rd be an arbitrary open set with finite volume |Ω|.
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Theorem 6.1. Let λ ∈ [λ̃, λ1]. For any t > 0 the bound

Z(t) ≤ |Ω|
(4πt)d/2

Γ̂ (σd + d/2 + 1, λt) − (R(t, λ))+

holds true with a remainder term

R(t, λ) = c1,d
|Ω|(d−1)/d

(4πt)(d−1)/2
Γ̂

(
σd +

d+ 1

2
, λt

)
− c2,d

|Ω|(d−3)/d

(4πt)(d−3)/2
Γ̂

(
σd +

d− 1

2
, λt

)
,

where

c1,d =
1

2
B

(
1

2
, σd +

d+ 1

2

)
Γ (d/2 + 1)(d−1)/d

Γ
(
d+1

2

)
and c2,d =

π2(d− 1)

96(2σd + d− 1)
B

(
1

2
, σd +

d+ 1

2

)
Γ (d/2 + 1)(d−3)/d

Γ
(
d+1

2

) .

Remark. Because of (6.8) Theorem 6.1 can then be read as

Z(t) ≤ |Ω|
(4πt)d/2

− c1,d
|Ω|(d−1)/d

(4πt)(d−1)/2
− r(t) (6.13)

with an explicit remainder term r(t) = O(t−(d−3)/2) as t → 0+. We note that the

bound captures the main asymptotic behaviour of Z(t) as t tends to zero: The first

term equals the leading term of the short time asymptotics of Z(t) and the second

term shows the correct order in t compared with the second term of the asymptotic

expansion.

Moreover, note that in view of (6.9) the bound from Theorem 6.1 decays expo-

nentially as t tends to infinity. More precisely, it follows that the bound is of order

O(tσd+1 exp(−λ t)) as t→∞.

Remark. If we choose λ = λ̃ introduced in (6.11) we arrive at a universal upper

bound on Z(t) depending only on |Ω| and not including any explicit information on

λ1. For the explicit statement see Corollary 6.9 in Section 6.4. This result implies

the conjectured inequality (6.6) for dimensions d ≤ 633.

As stated above, our proof of Theorem 6.1 relies on improved bounds for Riesz

means of eigenvalues. Let us state the corresponding result.

Theorem 6.2. Let λ ∈ [λ̃, λ1] and σ > σd and put τΩ = π2 d2 |Ω|−2/d. Then the

estimate

Rσ(Λ) ≤ Lclσ,d |Ω| B̂
(
λ

Λ
, σd + d/2 + 1, σ − σd

)
Λσ+d/2 − (S(Λ, λ))+

holds true for all Λ ≥ λ, where

S(Λ, λ) = Lclσ,d−1 |Ω|(d−1)/d Λσ+(d−1)/2 B
(

1
2
, σd + d+1

2

)
2

B̂

(
λ

Λ
, σd +

d+ 1

2
, σ − σd

)
(6.14)

if λ ≥ τΩ ,

S(Λ, λ) = Lclσ,d |Ω|Λσ+d/2 1

d
B̂

(
λ

Λ
, σd + d/2 + 1, σ − σd

)
(6.15)
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if λ < τΩ and Λ < τΩ, or

S(Λ, λ) = Lclσ,d−1 |Ω|(d−1)/dΛσ+(d−1)/2B
(

1
2
, σd + d+1

2

)
2

B̂

(
τΩ

Λ
, σd +

d+ 1

2
, σ − σd

)
+Lclσ,d |Ω|Λσ+d/2 1

d
B̃

(
λ

Λ
,
τΩ

Λ
, σd + d/2 + 1, σ − σd

)
, (6.16)

if λ < τΩ and Λ ≥ τΩ.

Remark. Again we can choose λ as in (6.11) and we arrive at a universal bound

depending only on |Ω|.

Remark. In view of (6.10) Theorem 6.2 can be read as

Rσ(Λ) ≤ Lclσ,d |Ω|Λσ+d/2 − 1

2
B

(
1

2
, σd +

d+ 1

2

)
Lclσ,d−1 |Ω|(d−1)/d Λσ+(d−1)/2 + s(Λ)

with an explicit remainder term s(Λ) = O (Λ−1) as Λ→∞.

6.3. Notation and auxiliary results

Fix a Cartesian coordinate system in Rd and write x = (x′, xd) ∈ Rd−1 × R for

x ∈ Rd. For a given Λ > 0 define

lΛ = πΛ−1/2.

Now consider an open set Ω ⊂ Rd. Each section Ω(x′) = {xd ∈ R : (x′, xd) ∈ Ω}
is a one-dimensional open set and consists of at most countably many open disjoint

intervals Jk(x
′), k = 1, . . . , N(x′) ≤ ∞. Let κ(x′,Λ) ⊂ N be the set of all those

indices k, for which the corresponding interval Jk(x
′) is strictly longer than lΛ. The

number these indices is denoted by χ(x′,Λ). Put

ΩΛ(x′) =
⋃

k∈κ(x′,Λ)

Jk(x
′) and ΩΛ =

⋃
x′∈Rd−1

{x′} × ΩΛ(x′) .

Obviously the set ΩΛ is the subset of Ω, where Ω is ”wide enough” in xd-direction.

The quantity

dΛ(Ω) =

∫
Rd−1

χ (x′,Λ) dx′

is an effective area of the projection of ΩΛ onto the (d − 1)-dimensional hyperplane

(x′, 0) counting also the multiplicities of the sufficiently long intervals Jk(x
′).

Moreover, for µ ≥ 2 put

ε(µ) = inf
A≥1

(
A

2
B

(
1

2
, µ+ 1

)
−
∑
k≥1

(
1− k2

A2

)µ
+

)
> 0 . (6.17)

We are now in the position to state the improved Berezin-Li-Yau bound from [Wei08]:

Proposition 6.3. For any open domain Ω ⊂ Rd, σ ≥ 3/2 and all Λ > 0 the

bound

Rσ(Λ) ≤ Lclσ,d |ΩΛ| Λσ+d/2 − ε

(
σ +

d− 1

2

)
Lclσ,d−1dΛ(Ω) Λσ+(d−1)/2 (6.18)

holds true.
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Let us state also the following result on the explicit values of ε(µ).

Lemma 6.4. For all µ ≥ 3 we have

ε (µ) =
1

2
B

(
1

2
, µ+ 1

)
.

Proof. In view of definition (6.17) and the identity∫ A

0

(
1− t2

A2

)µ
+

dt =
A

2
B

(
1

2
, µ+ 1

)
we have to show that ∑

k≥1

(
1− k2

A2

)µ
+

≤ A− 1

2
B

(
1

2
, µ+ 1

)
holds true for µ ≥ 3 and A ≥ 1.

For µ = 3 the claim can be checked by elementary analytic methods, since there

is an explicit expression for the sum in terms of A and its integer part.

To deduce the estimate for µ > 3, we start with the identity [AL78]∑
k≥1

(
1− k2

A2

)µ
+

=
1

A2µ

1

B(4, µ− 3)

∫ A2−1

0

τµ−4
(
A2 − τ

)3
∑
k≥1

(
1− k2

A2 − τ

)3

+

dτ

and estimate∑
k≥1

(
1− k2

A2

)µ
+

≤ 1

A2µ

B (1/2, 4)

B(4, µ− 3)

∫ A2−1

0

τµ−4
(
A2 − τ

)3 (A2 − τ)
1/2 − 1

2
dτ

=
1

2A2µ

B (1/2, 4)

B(4, µ− 3)

∫ A2−1

0

τµ−4
((
A2 − τ

)7/2 −
(
A2 − τ

)3
)
dτ .

If we substitute s = τ/A2, we see that the last integral equals

A2µ

∫ 1−A−2

0

sµ−4
(
A(1− s)7/2 − (1− s)3

)
ds

= A2µ

(
AB (µ− 3, 9/2)−B (4, µ− 3)−

∫ 1

1−A−2

sµ−4
(
A(1− s)7/2 − (1− s)3

)
ds

)
.

Now we can use the identity B (µ− 3, 9/2)B (1/2, 4) /B (4, µ− 3) = B (1/2, µ+ 1)

and substitute t = 1− s to conclude∑
k≥1

(
1− k2

A2

)µ
+

≤ A

2
B (1/2, µ+ 1)− B (1/2, 4)

2B(4, µ− 3)

×

(
B (4, µ− 3)−

∫ A−2

0

(1− t)µ−4 t3
(

1− A
√
t
)
dt

)
.

It remains to remark that the inequality

B (1/2, 4)

B(4, µ− 3)

(
B (4, µ− 3)−

∫ A−2

0

(1− t)µ−4 t3
(

1− A
√
t
)
dt

)
≥ B

(
1

2
, µ+ 1

)
,
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holds true for all A ≥ 1, since we have equality in the case A = 1 and since the left

hand side is non-decreasing in A ≥ 1. �

In fact, we shall need a modified version of Proposition 6.3.

Let pd(x
′; Ω) = |Ω(x′)|1 be the one-dimensional Lebesgue measure of Ω(x′), that

is the aggregated length of all intervals forming Ω(x′). Since Ω is open, the function

pd(x
′; Ω) is Lebesgue measurable, and we can define the distribution function 3

md(τ ; Ω) = |{x′ : pd(x′; Ω) > τ}|d−1 , τ > 0.

It is non-negative, non-increasing, continuous from the right and it satisfies the iden-

tity ∫ ∞
0

md(τ ; Ω) dτ = |Ω|. (6.19)

We interchange now the roles of xd and xi for i = 1, . . . , d − 1 and introduce in

the same way the distribution functions mi(·; Ω) for Ω measured along the xi-axes.

Finally, put

Mi(y; Ω) =

∫ y

0

mi(τ ; Ω) dτ for i = 1, . . . , d.

With this notation we can formulate a result similar to (6.18):

Proposition 6.5. For any open domain Ω ⊂ Rd, σ ≥ 3/2 and all Λ > 0

Rσ(Λ) ≤ Lclσ,d

∫ ∞
lΛ

mi(τ ; Ω) dτ Λσ+d/2 + δσ,d mi (lΛ; Ω) Λσ+(d−1)/2

holds true for i = 1, . . . , d with δσ,d = πLclσ,d − ε
(
σ + d−1

2

)
Lclσ,d−1.

Remark. Note that in the case of ε
(
σ + d−1

2

)
= 1

2
B
(
σ + d+1

2
, 1

2

)
we have δσ,d = 0.

In view of Lemma 6.4 this occurs, if σ + d−1
2
≥ 3, in particular, if σ = σd with σd

introduced in (6.12).

Remark. For domains Ω with finite volume (6.19) yields∫ ∞
lΛ

mi(τ ; Ω) dτ = |Ω| −Mi (lΛ; Ω) .

Thus we arrive at

Rσ(Λ) ≤ Lclσ,d (|Ω| −Mi (lΛ; Ω)) Λσ+d/2 + δσ,dmi (lΛ; Ω) Λσ+(d−1)/2

for i = 1, . . . , d. Averaging over all directions one claims

Rσ(Λ) ≤ Lclσ,d (|Ω| −M (lΛ; Ω)) Λσ+d/2 + δσ,dm (lΛ; Ω) Λσ+(d−1)/2, (6.20)

where

m(t; Ω) =
1

d
(m1(t; Ω) + · · ·+md(t; Ω)) ,

M(y; Ω) =
1

d
(M1(y; Ω) + · · ·+Md(y; Ω)) =

∫ y

0

m(t; Ω)dt .

3Here | · |d−1 stands for the Lebesgue measure in the dimension d− 1.
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Although Proposition 6.5 is, in general, not as sharp as (6.18), we cannot deduce

it directly quoting Proposition 6.3, but we have to modify the respective proof from

[Wei08], which relies on operator-valued Lieb-Thirring inequalities from [LW00].

Proof of Proposition 6.5. Consider the quadratic form

‖∇u‖2
L2(Ω) − Λ ‖u‖2

L2(Ω) = ‖∇′u‖2
L2(Ω) +

∫
Rd−1

dx′
∫

Ω(x′)

(
|∂xdu|

2 − Λ|u|2
)
dxd

on functions u from the form core C∞0 (Ω). Here∇′ and ∆′ denote the gradient and the

Laplace operator in the first d− 1 directions. The functions u(x′, ·) satisfy Dirichlet

boundary conditions at the endpoints of each interval Jk(x
′) forming Ω(x′). Let

the bounded, non-negative operators Wk(x
′,Λ) be the negative parts4 of the Sturm-

Liouville Operators −∂2
xd,Jk(x′)−Λ with Dirichlet boundary conditions on Jk(x

′). Then

W (x′,Λ) =

N(x′)⊕
k=1

Wk(x
′,Λ)

is the negative part of

−∂2
xd,Ω(x′) − Λ =

N(x′)⊕
k=1

(
−∂2

xd,Jk(x′) − Λ
)

subject to Dirichlet boundary conditions on the endpoints of the intervals Jk(x
′),

k = 1, . . . , N(x′), that is on ∂Ω(x′). Then∫
Ω(x′)

(
|∂xdu|

2 − Λ|u|2
)
dxd ≥ −〈Wu(x′, ·), u(x′, ·)〉L2(Ω(x′)).

and consequently

‖∇u‖2
L2(Ω) − Λ ‖u‖2

L2(Ω) ≥ ‖∇
′u‖2

L2(Ω) −
∫

Rd−1

dx′〈Wu(x′, ·), u(x′, ·)〉L2(Ω(x′)). (6.21)

Now we can extend this quadratic form by zero to C∞0
(
Rd \ ∂Ω

)
, which is a form

core for
(
−∆Rd\Ω

)
⊕ (−∆Ω − Λ). This operator corresponds to the left hand side of

(6.21), while the semi-bounded form on the right hand side is closed on the larger

domain H1
(
Rd−1, L2(R)

)
, where it corresponds to the operator

−∆′ ⊗ I−W (x′,Λ) on L2
(
Rd−1, L2(R)

)
. (6.22)

Due to the positivity of −∆Rd\Ω the variational principle implies that for any σ ≥ 0

Tr (−∆Ω − Λ)σ− = Tr
((
−∆Rd\Ω

)
⊕ (−∆Ω − Λ)

)σ
−

≤ Tr (−∆′ ⊗ I−W (x′,Λ))
σ
− .

We can now apply a sharp Lieb-Thirring inequality to the Schrödinger operator (6.22)

with the operator-valued potential −W (x′,Λ), see [LW00], and claim that

Tr (−∆′ ⊗ I−W (x′,Λ))
σ
− ≤ Lclσ,d−1

∫
Rd−1

TrW σ+(d−1)/2(x′,Λ) dx′, σ ≥ 3

2
.

4The negative part of a real number r is given by r− = (|r| − r)/2 ≥ 0. For operators we use
the same convention in the spectral sense.
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Now let pd(x
′) =

∑
k |Jk(x′)|1 be the total length of all intervals Jk(x

′). Then

shifting these intervals and dropping intermediate Dirichlet conditions by a variational

argument we see that the j-th eigenvalue of −∂2
xd,Ω(x′) − Λ is not smaller than the

j-th eigenvalue of −∂2
xd,L(x′)−Λ on the interval L(x′) = [0, pd(x

′)] subject to Dirichlet

conditions at the endpoint of this one interval only. Thus,

TrW σ+(d−1)/2(x′,Λ) ≤ Tr W̃ σ+(d−1)/2(x′,Λ),

where W̃ (x′,Λ) is the negative part of −∂2
xd,L(x′) − Λ. The nonzero eigenvalues of

W̃ (x′,Λ) are given explicitly by

µj = Λ− π2j2

p2
d(x
′)

= Λ

(
1− l2Λj

2

p2
d(x
′)

)
for j = 1, . . . ,

[
pd(x

′)

lΛ

]
.

From this we conclude that

Tr (−∆Ω − Λ)σ− ≤ Λσ+(d−1)/2 Lclσ,d−1

∫
Rd−1

∑
j≥1

(
1− l2Λj

2

p2
d(x
′)

)σ+(d−1)/2

+

dx′. (6.23)

Note that the right hand side of this bound vanishes if pd(x
′) ≤ lΛ. For pd(x

′) > lΛ
from (6.17) we get∑

j≥1

(
1− l2Λj

2

p2
d(x
′)

)σ+(d−1)/2

+

≤ pd(x
′)

2 lΛ
B

(
σ +

d+ 1

2
,
1

2

)
− ε

(
σ +

d− 1

2

)
and in view of lΛ = πΛ−1/2 we find

Tr (−∆Ω − Λ)σ− ≤
1

2π
B

(
σ +

d+ 1

2
,
1

2

)
Λσ+d/2Lclσ,d−1

∫
x′:pd(x′)>lΛ

pd(x
′) dx′

− ε
(
σ +

d− 1

2

)
Λσ+(d−1)/2 Lclσ,d−1

∫
x′:pd(x′)>lΛ

dx′. (6.24)

Note that ∫
x′:pd(x′)>lΛ

dx′ = md (lΛ; Ω)

and ∫
x′:pd(x′)>lΛ

pd(x
′) dx′ = md (lΛ; Ω) lΛ +

∫ ∞
lΛ

md (τ ; Ω) dτ .

Moreover, using
1

2π
B

(
σ +

d+ 1

2
,
1

2

)
Lclσ,d−1 = Lclσ,d,

we insert the identities above into (6.24) and arrive at

Rσ(Λ) = Tr(−∆− Λ)σ− ≤ Lclσ,d Λσ+d/2

(
md (lΛ; Ω) lΛ +

∫ ∞
lΛ

md(τ ; Ω)dτ

)
− ε
(
σ +

d− 1

2

)
Lclσ,d−1md (lΛ; Ω) Λσ+(d−1)/2 .

In view of lΛ = πΛ−1/2 this yields

Rσ(Λ) ≤ Lclσ,d

∫ ∞
lΛ

md(τ ; Ω)dτ Λσ+d/2 + δσ,dmd (lΛ; Ω) Λσ+(d−1)/2, σ ≥ 3

2
.
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Interchanging the roles of xd and xi we find the respective inequalities for any direction

i = 1, . . . , d. �

In order to derive universal bounds on Rσ independent from M , in particular to

prove Theorem 6.2, one needs bounds on M(y). Identity (6.19) immediately implies

M(y; Ω) =

∫ y

0

m(τ ; Ω)dτ ≤
∫ ∞

0

m(τ ; Ω)dτ = |Ω| for all 0 < y <∞ .

To prove a lower bound we first need an auxiliary result concerning rearrangements

of Ω. For Ω ⊂ Rd, d ≥ 2, fix a Cartesian coordinate system (x′, xd) ∈ Rd−1 × R.

Again put

pd(x
′; Ω) = |{xd : (x′, xd) ∈ Ω}|1 = |Ω(x′)|1

and for τ > 0

Ω∗(τ) = {x′ : pd(x′; Ω) > τ} ⊂ Rd−1.

This is a non-increasing set function, that means Ω∗(τ1) ⊃ Ω∗(τ2) for 0 < τ1 ≤ τ2.

Let

Ω∗ = ∪τ>0 Ω∗(τ)× {τ} ⊂ Rd (6.25)

be a non-increasing rearrangement of Ω in the direction of the xd-coordinate. Then

we have

Lemma 6.6. For all i = 1, . . . , d and all y > 0

Mi(y; Ω) ≥ Mi(y; Ω∗).

Proof. First note that in the case i = d we have by construction pd(x
′; Ω) =

pd(x
′; Ω∗) and consequently

md(τ ; Ω) = md(τ ; Ω∗) = |Ω∗(τ)|d−1 ,

what implies Md(y; Ω) = Md(y; Ω∗).

Assume now that j = 1, . . . , d− 1. Put

x′′ = (x1, . . . , xj−1, xj+1, . . . , xd−1) ∈ Rd−2

and

pj(x
′′, xd; Ω) = |{xj : (x′, xd) ∈ Ω}|1 .

By definition

mj(s; Ω) = |{(x′′, xd) : pj(x
′′, xd; Ω) > s}|d−1 =

∫
Rd−2

m̂j(x
′′, s; Ω) dx′′

where

m̂j(x
′′, s; Ω) = |{xd : pj(x

′′, xd; Ω) > s}|1 , j = 1, . . . , d− 1 .

Hence,

Mj(y; Ω) =

∫ y

0

mj(s; Ω)ds =

∫
Rd−2

∫ y

0

m̂j(x
′′, s; Ω) ds dx′′.

Applying the same notation to Ω∗ yields

Mj(y; Ω∗) =

∫ y

0

mj(s; Ω∗) ds =

∫
Rd−2

∫ y

0

m̂j(x
′′, s; Ω∗) ds dx′′.
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If we can show that for x′′ ∈ Rd−2 and all y > 0 the inequality∫ y

0

m̂j(x
′′, s; Ω)ds ≥

∫ y

0

m̂j(x
′′, s; Ω∗)ds (6.26)

holds true, the assertion is proven.

To establish (6.26) we consider for fixed x′′ ∈ Rd−2 the two-dimensional sets

Ω̂ = {(xj, xd) : (x′, xd) ∈ Ω} and Ω̂∗ = {(xj, xd) : (x′, xd) ∈ Ω∗} .

Note that

pd(x
′; Ω) = |{xd : (x′, xd) ∈ Ω}|1 =

∣∣∣{xd : (xj, xd) ∈ Ω̂}
∣∣∣
1

=: p̂d(xj; Ω̂) .

As above we get

p̂d(xj; Ω̂) = p̂d(xj; Ω̂∗) . (6.27)

In the jth direction we have

pj(x
′′, xd; Ω) = |{xj : (x′, xd) ∈ Ω}|1 =

∣∣∣{xj : (xj, xd) ∈ Ω̂
}∣∣∣

1
=: p̂j(xd; Ω̂)

and

m̂j(x
′′, s; Ω) = |{xd : pj(x

′′, xd; Ω) > s}|1 =
∣∣∣{xd : p̂j(xd, Ω̂) > s

}∣∣∣
1

=: m̂j(s; Ω̂) .

We also use the corresponding notions with respect to the domains Ω∗ and Ω̂∗. In

contrast to the preservation of length in the dth direction the values of p̂j(xd; Ω̂) and

p̂j(xd; Ω̂∗) (and thus of m̂j(s; Ω̂) and m̂j(s; Ω̂∗)) do not coincide in general.

Lets examine the functions p̂j(xd; Ω̂∗) and m̂j(s; Ω̂∗) in more detail. By construc-

tion of Ω̂∗, the set function Ω̂∗(xd) = {xj : (xj, xd) ∈ Ω̂} is non-increasing in xd > 0

and by definition

p̂j

(
xd; Ω̂∗

)
=
∣∣∣Ω̂∗(xd)∣∣∣

1
.

Moreover, m̂j(s; Ω̂∗) is the distribution function of p̂j(xd; Ω̂∗). Hence,∫ y

0

m̂j(s; Ω̂∗) ds =

∫
{xd:p̂j(xd;Ω̂∗)<y}

p̂j(xd; Ω̂∗) dxd + y
∣∣∣{xd : p̂j(xd; Ω̂∗) ≥ y

}∣∣∣
1
.

The monotonicity of the set function Ω̂∗(xd) implies that we can choose Iy ⊂ R
with total length y satisfying Iy ⊂ Ω̂∗(xd), wherever p̂j(xd; Ω̂∗) ≥ y. Again, by the

monotonicity of Ω̂∗(xd) the reverse inclusion Ω̂∗(xd) ⊂ Iy holds for all xd > 0 with

p̂j(xd; Ω̂∗) < y. Put

Ω̂∗y =
⋃
xd>0

(
Ω̂∗(xd) ∩ Iy

)
× {xd} and Ω̂y =

⋃
xd>0

(
Ω̂(xd) ∩ Iy

)
× {xd} .

From the above representation for
∫ y

0
m̂j(s; Ω̂∗) ds we deduce∫ y

0

m̂j(s; Ω̂∗)ds =
∣∣∣Ω̂∗y∣∣∣ . (6.28)
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Moreover, note that for xj ∈ Iy{
xd : (xj, xd) ∈ Ω̂∗y

}
=

{
xd : (xj, xd) ∈ Ω̂∗

}
and{

xd : (xj, xd) ∈ Ω̂y

}
=

{
xd : (xj, xd) ∈ Ω̂

}
.

In view of (6.27) we get

p̂d(xj; Ω̂y) = p̂d(xj; Ω̂) = p̂d(xj; Ω̂∗) = p̂d(xj; Ω̂∗y)

and we conclude ∣∣∣Ω̂∗y∣∣∣ =
∣∣∣Ω̂y

∣∣∣ . (6.29)

Finally, we analyse m̂j(s, Ω̂). The inclusion Ω̂y ⊂ Ω̂ implies∫ y

0

m̂j(s; Ω̂) ds ≥
∫ y

0

m̂j(s; Ω̂y) ds . (6.30)

Moreover, by construction of Ω̂y we have

p̂j(xd; Ω̂y) ≤ |Iy| = y

for all xd > 0 and consequently mj(s; Ω̂y) = 0 for all s ≥ y. Using (6.30) we conclude∫ y

0

m̂j(s; Ω̂) ds ≥
∫ y

0

m̂j(s; Ω̂y) ds =

∫ ∞
0

m̂j(s; Ω̂y) ds =
∣∣∣Ω̂y

∣∣∣ .
In view (6.29) and (6.28) we arrive at∫ y

0

m̂j(s; Ω̂) ds ≥
∣∣∣Ω̂y

∣∣∣ =
∣∣∣Ω̂∗y∣∣∣ =

∫ y

0

m̂j(s; Ω̂∗) ds .

This shows that (6.26) holds true and the proof is complete. �

Now we can give a lower bound on M(y; Ω):

Lemma 6.7. For all open sets Ω ⊂ Rd and all y > 0

M(y; Ω) ≥ min

(
|Ω|
d
, |Ω|(d−1)/d y

)
. (6.31)

Proof. We use induction in the dimension. For d = 1 and an interval of length

|Ω| we get

m(τ ; Ω) =

{
1 |Ω| > τ

0 |Ω| ≤ τ

and therefore M(y; Ω) =
∫ y

0
m(τ ; Ω)dτ = min (y, |Ω|) for all y > 0.

Now assume Ω ⊂ Rd, d ≥ 2. For any given j = 1, . . . , d− 1 put

x′′ = (x1, . . . , xj−1, xj+1, . . . , xd−1) ∈ Rd−2

and let m̃j(s; Ω̃) = |{x′′ : p̃j(x
′′; Ω̃) > s}|d−2 be the distribution function of a set

Ω̃ ⊂ Rd−1 with respect to the j-th direction, where p̃j(x
′′; Ω̃) = |{xj : x′ ∈ Ω̃}|1 is
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the total length of the section through Ω̃ at x′′ in the direction of the xj-coordinate.

Applying these notions to Ω∗ given in (6.25) we get

mj(s; Ω∗) =
∣∣{(x′′, τ) ∈ Rd−1 : pj (x′′, τ ; Ω∗) > s}

∣∣
d−1

=

∫ ∞
0

|{x′′ ∈ Rd−2 : p̃j (x′′; Ω∗(τ)) > s}|d−2 dτ

=

∫ ∞
0

m̃j(s; Ω∗(τ)) dτ , j = 1, . . . , d− 1 . (6.32)

Put m̃(s; Ω̃) = (d− 1)−1
∑d−1

j=1 m̃j(s; Ω̃). By induction assumption we have

M̃(y; Ω̃) =

∫ y

0

m̃(s; Ω̃) ds ≥ min

(
|Ω̃|d−1

d− 1
, |Ω̃|(d−2)/(d−1)

d−1 y

)
, y > 0. (6.33)

Next note that in view of (6.32)

d ·M(y; Ω∗) = M1(y; Ω∗) + · · ·+Md−1(y; Ω∗) +Md(y; Ω∗)

=

∫ y

0

(m1(s; Ω∗) + · · ·+md−1(s; Ω∗)) ds+

∫ y

0

md(s; Ω∗) ds

= (d− 1)

∫ y

0

∫ ∞
0

m̃(s; Ω∗(τ)) dτ ds+

∫ y

0

md(s; Ω∗) ds

= (d− 1)

∫ ∞
0

M̃(y; Ω∗(τ)) dτ +

∫ y

0

md(s; Ω∗) ds .

Using (6.33) we claim

M(y; Ω∗) ≥ d− 1

d

∫ ∞
0

min

(
|Ω∗(τ)|d−1

d− 1
, |Ω∗(τ)|(d−2)/(d−1)

d−1 y

)
dτ +

1

d

∫ y

0

md(s; Ω∗)ds .

We point out that |Ω∗(τ)|d−1 = md (τ,Ω∗) for τ > 0. Put

τ ∗ = inf
{
τ > 0 : md(τ ; Ω∗) ≤ (d− 1)d−1yd−1

}
.

Then

M(y; Ω∗) ≥ 1

d

∫ ∞
τ∗

md (τ,Ω∗) dτ +
1

d

∫ y

0

md(τ ; Ω∗)dτ

+
d− 1

d
y

∫ τ∗

0

md (τ ; Ω∗)(d−2)/(d−1) dτ .

By (6.19) we have
∫∞

0
md (τ ; Ω∗) dτ =

∫∞
0
md (τ ; Ω) dτ = |Ω| and using Lemma 6.6

we estimate

M(y; Ω) ≥ M(y; Ω∗) ≥ |Ω|
d
− 1

d

∫ τ∗

0

md (τ ; Ω∗) dτ +
1

d

∫ y

0

md(τ ; Ω∗)dτ

+
d− 1

d
y

∫ τ∗

0

md (τ ; Ω∗)(d−2)/(d−1) dτ . (6.34)

In particular, in the case of τ ∗ ≤ y we see from the previous bound that

M(y; Ω) ≥ d−1 |Ω|
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and the assertion is proven. Hence, let us consider the remaining case τ ∗ > y in more

detail. For τ ∗ > y we have

md(y; Ω∗) ≥ (d− 1)d−1yd−1 .

Because of the monotonicity of md we conclude∫ y

0

md(τ ; Ω∗)(d−2)/(d−1)dτ ≥ y md(y; Ω∗)(d−2)/(d−1) ,∫ y

0

md(τ ; Ω∗)dτ ≥ y md(y; Ω∗) .

Let us rewrite inequality (6.34) as follows

M(y; Ω) ≥ |Ω|
d

+
d− 1

d
y

∫ y

0

md(τ ; Ω∗)(d−2)/(d−1)dτ

+
d− 1

d
y

∫ τ∗

y

md(τ ; Ω∗)(d−2)/(d−1)dτ − 1

d

∫ τ∗

y

md(τ ; Ω∗)dτ .

Put A =
∫ τ∗
y
md (τ ; Ω∗) dτ . Then

0 < A =

∫ τ∗

0

md (τ ; Ω∗) dτ −
∫ y

0

md (τ ; Ω∗) dτ ≤ |Ω| − y md(y; Ω∗) . (6.35)

Moreover,

M(y; Ω) ≥ |Ω|
d

+
d− 1

d
y2md(y; Ω∗)(d−2)/(d−1)+

d− 1

d
y

∫ τ∗

y

md(τ ; Ω∗)(d−2)/(d−1)dτ−A
d
.

Due to the monotonicity of md we have, in particular, md(τ ; Ω∗) ≤ md(y; Ω∗) for

y ≤ τ and∫ τ∗

y

md(τ ; Ω∗)(d−2)/(d−1)dτ = md(y; Ω∗)(d−2)/(d−1)

∫ τ∗

y

(
md(τ ; Ω∗)

md(y; Ω∗)

)(d−2)/(d−1)

dτ

≥ md(y; Ω∗)(d−2)/(d−1)

∫ τ∗

y

md(τ ; Ω∗)

md(y; Ω∗)
dτ

= md(y; Ω∗)−1/(d−1)A .

Thus,

M(y; Ω) ≥ |Ω|
d

+
d− 1

d
y2md(y; Ω∗)(d−2)/(d−1)− 1

d

(
1− (d− 1) y md(y; Ω∗)−1/(d−1)

)
A .

For τ ∗ > y we have 1− (d− 1) y md(y; Ω∗)−1/(d−1) > 0 and we can insert (6.35) in this

estimate and arrive at

M(y; Ω) ≥ |Ω|
d

+
d− 1

d
y2md(y; Ω∗)(d−2)/(d−1)

−1

d

(
1− (d− 1) y md(y; Ω∗)−1/(d−1)

)
(|Ω| − y md(y; Ω∗))

≥ y

d

(
(d− 1)|Ω|md(y; Ω∗)−1/(d−1) + md(y; Ω∗)

)
.
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Since the function f(m) = (d−1)|Ω|m−1/(d−1)+m takes its minimal value for positive

arguments at m = |Ω|(d−1)/d, we arrive for y < τ ∗ at

M(y; Ω) ≥ y

d
f(md(y; Ω∗)) ≥ y

d
f(|Ω|(d−1)/d) = y |Ω|(d−1)/d .

This completes the proof. �

6.4. Proof of Theorem 6.1 and remarks

Let

L[f(·)](t) =

∫ ∞
0

f(Λ)e−ΛtdΛ

be the Laplace transformation of a suitable function f : (0,+∞) → R. For real

values of t it is monotone, that means a pointwise estimate f1(Λ) ≤ f2(Λ) for all

Λ > 0 implies L[f1](t) ≤ L[f2](t) for any t ∈ R, for which both transformations are

defined. In particular, for λ ≥ 0 and σ > 0 one has

L[(Λ− λ)σ+](t) =

∫ ∞
λ

(Λ− λ)e−ΛtdΛ = e−λtt−σ−1Γ(σ + 1) , t > 0 .

In view of the linearity of the Laplace transformation one finds for t > 0 and σ > 0

the well-known identity

Z(t) = Tr e+∆Ωt =
∑
k

e−λkt =
∑
k

tσ+1

Γ(σ + 1)
L[(Λ− λk)σ+](t) =

tσ+1

Γ(σ + 1)
L[Rσ(Λ)] .

Therefore, any bound on the Riesz means of the type

Rσ(Λ) ≤ f(Λ,Ω) for all Λ > 0 (6.36)

implies a bound on the heat kernel

Z(t) ≤ tσ+1

Γ(σ + 1)
L[f(·,Ω)](t) (6.37)

valid for all t > 0, for which the r.h.s. is defined. For example, this way one can

deduce (6.1) from (6.3) with any σ ≥ 1 .

Next note that in view of Rσ(Λ) = 0 for 0 < Λ ≤ λ1 we have in fact

Γ(σ + 1)t−σ−1Z(t) = L[Rσ](t) = L[Rσ, λ](t) for any 0 ≤ λ ≤ λ1 ,

where

L[f, λ](t) =

∫ ∞
λ

f(Λ)e−ΛtdΛ = e−λtL[f(·+ λ)](t) , λ ≥ 0 ,

is the reduced Laplace transformation of a suitable function f . This transformation

preserves pointwise inequalities as well and from (6.36) one can deduce an improved

version of (6.37)

Z(t) ≤ tσ+1

Γ(σ + 1)
L[f(·,Ω), λ](t) for arbitrary 0 ≤ λ ≤ λ1 .

Applying this bound to (6.3) one gets the estimate

Z(t) ≤ |Ω|
(4πt)d/2

Γ̂ (σ + d/2 + 1, λt) , t > 0 , σ ≥ 1 , 0 ≤ λ ≤ λ1 , (6.38)
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which already contains an exponential decay for large t. Instead of referring to the

classical Berezin-Li-Yau-bound (6.3) we can apply this idea also directly to the im-

proved bound (6.18) and claim

Z(t) ≤ tσ+1

Γ(σ + 1)
Lclσ,d

∫ ∞
λ1

|ΩΛ|Λσ+d/2e−Λt dΛ

− tσ+1

Γ(σ + 1)
Lclσ,d−1 ε

(
σ +

d− 1

2

)∫ ∞
λ1

dΛ(Ω)Λσ+(d−1)/2e−Λt dΛ, (6.39)

where t > 0 and σ ≥ 3
2
. This bound is even sharper than the estimates presented

below. But the geometric properties of Ω enter in a rather tricky way and cannot be

simplified in a straightforward manner. Therefore we prefer to present also a slightly

weaker, but sometimes more convenient version of this bound. For that end we choose

σ = σd given in (6.12) and apply the reduced Laplace transformation to (6.20). Thus

we get the following estimate valid for λ ∈ [λ̃, λ1] and t > 0:

Z(t) ≤ |Ω|
(4πt)d/2

Γ̂ (σd + d/2 + 1, λt)− tσd+1

Γ(σd + 1)
Lclσd,d

∫ ∞
λ

M (lΛ) Λσd+d/2e−ΛtdΛ .

(6.40)

We are now in the position to provide bounds on Z(t) depending only on the volume

of Ω. To this end we use inequality (6.7) and calculate M (lΛ) explicitly on the ball.

Proposition 6.8. Let λ ∈ [λ̃, λ1]. For any open set Ω ⊂ Rd and any t > 0 the

bound

Z(t) ≤ |Ω|
(4πt)d/2

Γ̂ (σd + d/2 + 1, λt)

− |Ω|
(4πt)d/2 Γ (σd + d/2 + 1)

∫ ∞
λ t

e−ssσd+d/2B̃

(
π2t

4R2s
,
1

2
,
d+ 1

2

)
ds

holds true, where R = R (|Ω|) is the radius of the ball BR ⊂ Rd with |BR| = |Ω|.

Proof. Lets consider the ball BR and apply (6.40) to estimate Z∗(t), i.e. Z(t) on

BR. Note that mi(τ ;BR) = m(τ ;BR) for i = 1, . . . , d and we can choose an arbitrary

coordinate system (x′, xd) ∈ Rd−1 × R.

For τ < 2R the set {x′ : pd(x
′, BR) > τ} is itself a ball in Rd−1 with radius

(R2 − τ 2/4)
1/2

. Thus we find

m(τ ;BR) = |{x′ : pd(x′, BR) > τ}|d−1 = Rd−1 π
(d−1)/2

Γ
(
d+1

2

) (1− τ 2

4R2

)(d−1)/2

+

and

M(y;BR) =
π(d−1)/2

Γ
(
d+1

2

) RdB

(
0,

y2

4R2
,
1

2
,
d+ 1

2

)
= |BR| B̃

(
y2

4R2
,
1

2
,
d+ 1

2

)
.

We insert this estimate into (6.40) and arrive at

Z∗(t) ≤ |BR|
(4πt)d/2

Γ̂ (σd + d/2 + 1, λt)

− tσd+1

Γ(σd + 1)
Lclσd,d |BR|

∫ ∞
λ

B̃

(
π2

4R2Λ
,
1

2
,
d+ 1

2

)
Λσd+d/2e−Λt dΛ .
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The assumption λ ≥ λ̃ implies π2

4R2 < λ and in view of (6.7) and |BR| = |Ω| the

claimed result follows by simplifying the right hand side. �

We can now derive Theorem 6.1 from Proposition 6.8:

Proof of Theorem 6.1. The inequality

(1− u)(d−1)/2 ≥ 1− d− 1

2
u , 0 ≤ u ≤ 1 ,

implies the estimate

B̃

(
π2t

4R2s
,
1

2
,
d+ 1

2

)
≥ 1

B
(

1
2
, d+1

2

) ∫ (π2t)/(4R2s)

0

u−1/2

(
1− d− 1

2
u

)
du

=
Γ (d/2 + 1)

Γ
(
d+1

2

) (√
πt

R
√
s
− (d− 1)π5/2t3/2

24R3s3/2

)
.

Therefore we claim∫ ∞
λt

e−ssσd+d/2B̃

(
π2 t

4R2 s
,
1

2
,
d+ 1

2

)
ds

≥ Γ (d/2 + 1)

Γ
(
d+1

2

) (√
πt

R
Γ

(
σd +

d+ 1

2
, λt

)
− (d− 1)π5/2t3/2

24R3
Γ

(
σd +

d− 1

2
, λt

))
.

Inserting the last estimate into the bound from Proposition 6.8 yields

Z(t) ≤ |Ω|
(4πt)d/2

Γ̂ (σd + d/2 + 1, λt)−R(t, λ)

with R(t, λ) = r1(t, λ)− r2(t, λ) and

r1(t, λ) =
|Ω|

(4πt)d/2
Γ (d/2 + 1)

Γ
(
d+1

2

) √
πt

R

Γ
(
σd + d+1

2
, λt
)

Γ (σd + d/2 + 1)

r2(t, λ) =
|Ω|

(4πt)d/2
Γ (d/2 + 1)

Γ
(
d+1

2

) (d− 1)π5/2 t3/2

24R3

Γ
(
σd + d−1

2
, λt
)

Γ (σd + d/2 + 1)
.

From |BR| = |Ω| we deduce

R =
|Ω|1/d√

π
Γ (d/2 + 1)1/d , (6.41)

and get

r1(t, λ) =
|Ω|(d−1)/d

(4πt)(d−1)/2

B
(

1
2
, σd + d+1

2

)
2

Γ (d/2 + 1)(d−1)/d

Γ
(
d+1

2

) Γ̂

(
σd +

d+ 1

2
, λt

)
r2(t, λ) =

|Ω|(d−3)/d

(4πt)(d−3)/2

×
π2(d− 1)B

(
1
2
, σd + d+1

2

)
96(2σd + d− 1)

Γ (d/2 + 1)(d−3)/d

Γ
(
d+1

2

) Γ̂

(
σd +

d− 1

2
, λt

)
.

To complete the proof it remains to note that in view of (6.38) we can always estimate

the remainder term R(t, λ) from above by zero. �
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According to (6.11) we can choose

λ = λ̃ =
π j2

d/2−1,1

Γ (d/2 + 1)2/d |Ω|2/d

as a suitable lower bound on λ1. With this special choice of parameter we find

Corollary 6.9. For any open set Ω ⊂ Rd with finite volume and all t > 0

Z(t) ≤ |Ω|
(4πt)d/2

Γ̂
(
σd + d/2 + 1, λ̃ t

)
− (R(t))+ (6.42)

holds true with

R(t) = c1,d
|Ω|(d−1)/d

(4πt)(d−1)/2
Γ̂

(
σd +

d+ 1

2
, λ̃t

)
− c2,d

|Ω|(d−3)/d

(4πt)(d−3)/2
Γ̂

(
σd +

d− 1

2
, λ̃t

)
and constants c1,d, c2,d given explicitly in Theorem 6.1.

Now we can apply (6.7) to known estimates on Z(t) and compare the resulting

universal bounds with the result from Corollary 6.9.

To analyse the asymptotics of Z(t) for t → 0+ on convex domains van den Berg

proved [vdB84b] that for all convex domains D ⊂ Rd and all t > 0

Z(t) ≤ |D|
(4πt)d/2

− |∂D|
4(4πt)(d−1)/2

+
(d− 1) |∂D| t
2 (4πt)d/2R

,

where ∂D denotes the boundary of D and at each point of ∂D the curvature is

bounded by 1/R. To prove bounds for general domains Ω we can apply this bound

to the ball. Note that

|∂BR| = d πd/2
Rd−1

Γ (d/2 + 1)
.

In view of (6.7) and (6.41) we find

Corollary 6.10. For any open domain Ω ⊂ Rd and any t > 0

Z(t) ≤ |Ω|
(4πt)d/2

− d
√
π

Γ (d/2 + 1)1/d

|Ω|(d−1)/d

4(4πt)(d−1)/2
+

d(d− 1)

Γ (d/2 + 1)2/d

|Ω|(d−2)/d

8 (4πt)(d−2)/2
.

Remark. The bounds from Corollary 6.9 and Corollary 6.10 both capture the

main asymptotic behaviour of Z(t) as t tends to zero. Moreover, they contain order-

sharp remainder terms. Actually, in the regime t → 0+ the bound form Corollary

6.10 is stronger than (6.42). On the other hand the bound from Corollary 6.10 does

not show an exponential decay as t tends to infinity.

Finally, one can use the ideas of [Mel03] and [HH07] to derive universal bounds

on Z(t). We can employ inequality (6.5) and the result of Luttinger (6.7). For the

ball BR ⊂ Rd with |BR| = |Ω| the second moment I (BR) can be calculated explicitly.

If we insert the result into (6.5) we find

Z(t) ≤ |Ω|
(4πt)d/2

exp

(
−M̃d

t

|Ω|2/d

)
, (6.43)
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with a constant M̃d = d+2
d
π Γ (d/2 + 1)−2/dMd. For example, in dimension d = 2 we

have M2 = 1
32

, see [KVW09], and we get

Z(t) ≤ |Ω|
4πt

exp

(
− π

16

t

|Ω|

)
.

In general we have M̃d < 1 and the estimate (6.43) is not strong enough to imply the

conjectured inequality (6.6).

But one can employ Corollary 6.9 to prove (6.6) at least in low dimensions. To

analyse the asymptotic behaviour of the bound from Corollary 6.9 we refer to the

inequalities

j0,1 > 2.4 > π−1/2 if d = 2

j 1
2
,1 > 3.1 > Γ (5/2)1/3 π−1/2 if d = 3

jd/2−1,1 > d/2− 1 > Γ (d/2 + 1)1/d π−1/2 if d ≥ 4 ,

see [AS72]. We find

λ̃ =
π j2

d/2−1,1

Γ (2/d+ 1)2/d |Ω|2/d
>

1

|Ω|2/d
.

In view of (6.9) we deduce that (6.42) is stronger than (6.6) in the limit t → ∞.

Moreover one can employ (6.13) to show that this relation holds true also in the limit

t → 0+. Finally one can compare the bounds for finite values of t numerically and

find that (6.42) is stronger than (6.6) for all t > 0 if d ≤ 633 and that in these

dimensions conjecture (6.6) holds true.

On the other hand numerical evaluations show that for dimensions d > 633 there

exist t > 0 so that the bound in (6.6) is smaller than the bound in (6.42). Since

the conjecture (6.6) does not show the expected asymptotic properties we confine

ourselves to this numerical discussion.

6.5. Heat kernel estimates in unbounded domains

Here we use the methods introduced in Section 6.3 to prove sharp upper bounds

on Z(t) in unbounded domains, in particular in domains with infinite volume. In such

domains, not much is known about universal bounds on Z(t), see [Dav85, Dav89]

for results valid in a very general setting. As an example for unbounded domains

Ω ⊂ R2, so called “horn-shaped” regions were introduced [Sim83, vdB84a]: Assume

f : [0,∞)→ [0,∞) is a non-increasing function with lims→∞ f(s) = 0 and put

Ωf =
{

(x, y) ∈ R2 : x > 0 , 0 < y < f(x)
}
. (6.44)

Then Ωf is “horn-shaped”. Lets state some examples, where the short time asymp-

totics of Zf (t) can be computed explicitly. Assume fµ(s) = s−1/µ, µ ≥ 1. Then for

t→ 0+ we get

Z(t; Ωfµ) =
Γ (1 + µ/2) ζ(µ)

2πµ+1/2
t−(µ+1)/2 + o

(
t−(µ+1)/2

)
(6.45)

if µ > 1 and

Z(t; Ωf1) = − ln t

4πt
+

1 + γ − 2 ln(2π)

4πt
+O

(
t−1/2

)
, (6.46)
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where ζ(µ) is the Zeta function and γ denotes Euler’s constant, see [Sim83] and

[ST90] for refined results. Moreover one can choose fe(s) = exp(−2s) and find

Z(t; Ωfe) =
1

4πt
+

ln t

4
√
πt

+O
(
t−1/2

)
(6.47)

as t→ 0+, see [vdB87] and [ST90].

In order to derive universal bounds on Z(t) in unbounded domains, let us first

note that all results mentioned in the previous sections, in particular Theorem 6.1

and Corollary 6.9 remain valid for unbounded domains Ω ⊂ Rd, as long as |Ω| is

finite. Even if the volume of Ω is infinite, the estimate (6.39) holds true, as long as

ΩΛ is finite. Moreover, one can use Proposition 6.5 to estimate Rσ(Λ) and Z(t), as

long as ∫ ∞
lΛ

mi(τ ; Ω) dτ <∞ (6.48)

for all Λ > 0. This condition is satisfied for i = d and a suitable choice of coordinate

system (x′, xd) ∈ Rd−1 × R, whenever

md(τ ; Ω) = o
(
τ−1
)
, τ →∞ .

For example we can apply Proposition 6.5 to horn-shaped regions introduced in (6.44)

with fµ(s) = s−1/µ, µ > 0. First we derive bounds that decay exponentially as t tends

to infinity:

Theorem 6.11. For µ > 0 and all t > 0

Z(t; Ωfµ) ≤ 4

105π3/2

1

µ− 1

(
2

π2

)(µ−1)/2

t−(µ+1)/2 Γ̂

(
µ

2
+ 4,

π2

2
t

)
+

1

4πt
Γ̂

(
9

2
,
π2

2
t

)
+

4

105π3/2

µ

1− µ

(
2

π2

)(1−µ)/(2µ)

t−(1+µ)/(2µ) Γ̂

(
1

2µ
+ 4,

π2

2
t

)
if µ 6= 1 and

Z(t; Ωf1) ≤
(
− ln t

4πt
− 1

4πt
(2 lnπ − ln 2)

)
Γ̂

(
9

2
,
π2

2
t

)
+

4

105π3/2t

∫ ∞
π2 t/2

s7/2e−s ln s ds .

Proof. In order to apply Proposition 6.5, choose a coordinate system (x1, x2) ∈
R2 rotated by π

4
with respect to the coordinate system (x, y) used in definition (6.44).

Then for x1 = 0 we have

p2

(
0; Ωfµ

)
=
∣∣{x2 : (0, x2) ∈ Ωfµ

}∣∣
1

=
√

2

and we find that md

(
τ ; Ωfµ

)
= 0 for all τ ≥

√
2. Moreover, we can estimate

p2

(
x1; Ωfµ

)
≤
√

2 fµ

(√
2x1

)
if x1 > 0 and

p2

(
x1; Ωfµ

)
≤
√

2 f−1
µ

(√
2 |x1|

)
if x1 < 0, hence

md

(
τ ; Ωfµ

)
≤ 2(µ−1)/2τ−µ + 2(1−µ)/(2µ)τ−1/µ

125



6. UNIVERSAL BOUNDS FOR THE DIRICHLET LAPLACIAN

for all 0 < τ <
√

2. Inserting these estimates into the inequality from Proposition 6.5

with σ = σ2 = 5/2 yields

R5/2(Λ) = 0 for all 0 < Λ ≤ π2

2

and for Λ > π2

2
we get

R5/2(Λ) ≤ 1

14π

(
1− 1

1− µ
π1−µ (2Λ)(µ−1)/2 − µ

µ− 1
π1−1/µ (2Λ)(1−µ)/(2µ)

)
Λ7/2

if µ 6= 1 and

R5/2(Λ) ≤ 1

14π
(ln Λ + ln 2− 2 lnπ) Λ7/2

if µ = 1. Finally by applying the Laplace transformation to these inequalities and

simplifying the resulting estimates on Z(t) we arrive at the claimed results. �

Remark. Comparing these bounds with the asymptotic results (6.45) and (6.46)

we see that the main terms capture the correct order in t as t → 0+. In the case

µ = 1 the first term contains the sharp constant and even the second term is of correct

order.

If one is mainly interested in the short time behaviour, one can improve the leading

term of the bound for µ > 1, to get the sharp constant as well; see Theorem 6.12 and

the subsequent remark, below.

To generalise these considerations to higher dimensions we use slightly different

notions. Assume a non-negative function m(τ) is given for τ > 0, right-continuous,

non-increasing and satisfying m(τ) = o(τ−1) as t→∞. Choose

f(s) = inf
{
τ > 0 : m(τ) ≤ ωd−1s

d−1
}
,

where ωd−1 = π(d−1)/2 Γ
(
d+1

2

)−1
denotes the volume of the unit ball in Rd−1, and put

Ω̃f =

{
(x′, xd) ∈ Rd−1 × R : |xd| <

1

2
f (|x′|)

}
.

Then Ω̃f represents an example of a domain with the distribution function

md(τ ; Ω̃f ) = m(τ) .

In this case, to study explicit examples, we choose fµ(s) =
(
ωd−1s

d−1
)−1/µ

.

Theorem 6.12. For any µ > 1 and all t > 0

Z(t; Ω̃fµ) ≤ Γ(µ/2 + 1) ζ(µ)

(d− 1) 2d−1 πµ+(d−1)/2
t−(µ+d−1)/2 .

Remark. In dimension d = 2, according to [Sim83, vdB84a, ST90], the asymp-

totics (6.45), (6.46) and (6.47) are valid for Ω̃f as well. For d = 2 Theorem 6.12 reads

as

Z(t; Ω̃fµ) ≤ Γ(µ/2 + 1) ζ(µ)

2πµ+1/2
t−(µ+1)/2

and from (6.45) we see, that this bound coincides with the leading asymptotic term.
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Proof of Theorem 6.12. The definition of Ω̃fµ and the choice of fµ implies

md(τ,Ωfµ) = τ−µ. Hence, one could immediately employ Proposition 6.5 to derive

bounds on Rσ(Λ).

To get a more precise result, we start from (6.23) and use the notation introduced

in Section 6.3. By definition of Ω̃fµ , we have pd(x
′) = fµ(|x′|) for x′ ∈ Rd−1 and from

(6.23) we obtain

Rσ(Λ) ≤ Λσ+(d−1)/2 Lclσ,d−1

∫
Rd−1

∑
j≥1

(
1− l2Λj

2

fµ(|x′|)2

)σ+(d−1)/2

+

dx′

= Λσ+(d−1)/2 Lclσ,d−1 ωd−1

∑
j≥1

∫ ∞
0

(
1− π2j2

Λ fµ(s)2

)σ+(d−1)/2

+

sd−2 ds

for any σ ≥ 3/2. Now we insert fµ(s) =
(
ωd−1s

d−1
)−1/µ

and substitute

t =
π2 j2

Λ
w

2/µ
d−1 s

2(d−1)/µ

to get

Rσ(Λ) ≤ Λσ+(d−1)/2 Lclσ,d−1 ωd−1

∑
j≥1

(
Λ

π2j2

)µ/2
× µ

2(d− 1)ωd−1

∫ ∞
0

(1− t)σ+(d−1)/2
+ tµ/2−1 dt

= Lclσ,d
Γ(σ + d/2 + 1) Γ(µ/2)

Γ(σ + (d+ 1 + µ)/2)

µ ζ(µ)

(d− 1) πµ−1/2
Λσ+(d+µ−1)/2 .

To this inequality we can apply the Laplace transformation and simplify the resulting

bound on Z(t) to arrive at the claimed result. �

In order to state an example for unbounded domains with finite volume, choose

fe(s) = exp
(
−ωd−1s

d−1
)
. In the same way as above one can show

Theorem 6.13. For all t > 0 the estimate

Z(t, Ω̃fe) ≤
1

(4πt)d/2
Γ̂
(
σd + d/2 + 1, π2t

)
+ (ln t+ 2 lnπ − 2)

√
π

4(4πt)(d−1)/2

Γ̂
(
σd + d+1

2
, π2t

)
Γ (σd + d/2 + 1)

+

√
π

4(4πt)(d−1)/2

1

Γ (σd + d/2 + 1)

∫ ∞
π2t

sσd+d/2 ln s e−s ds

holds true.

Remark. In view of (6.2) the first term of this bound is sharp in the limit t→ 0+

since |Ωfe| = 1. In dimension d = 2 we can use (6.8) and (6.47) to point out that

even the second term of the bound captures the right order in t as t tends to zero.
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6.6. Proof of Theorem 6.2

Here we use the results from Section 6.3 to derive universal bounds with correction

terms on the Riesz means Rσ(Λ). First we note that Proposition 6.5 and Lemma

6.7 immediately imply the following estimates (6.49) and (6.50). Recall that τΩ =

d2 π2 |Ω|−2/d and let σ ≥ 3
2

satisfy σ + d−1
2
≥ 3, hence δσ,d = 0. Then for any open

domain Ω ⊂ Rd and all Λ > 0 we find

Rσ(Λ) ≤ Lclσ,d
d− 1

d
|Ω|Λσ+d/2 (6.49)

if Λ < τΩ and

Rσ(Λ) ≤ Lclσ,d |Ω|Λσ+d/2 − π Lclσ,d |Ω|(d−1)/dΛσ+(d−1)/2 (6.50)

if Λ ≥ τΩ.

Next we discuss how a trick by Aizenman and Lieb [AL78] can be applied to

inequalities for eigenvalue means Rγ(Λ) with remainder terms.

Lemma 6.14. Let γ > σ ≥ 3
2
, λ1 ≥ λ ≥ 0 and Λ ≥ λ. Then

Rγ(Λ) ≤ Lclγ,d |Ω|Λγ+d/2 B̂

(
λ

Λ
, σ + d/2 + 1, γ − σ

)
−

Lclσ,d
B (σ + 1, γ − σ)

∫ Λ−λ

0

τ γ−σ−1M (lΛ−τ ; Ω) (Λ− τ)σ+d/2 dτ

+
δσ,d

B (σ + 1, γ − σ)

∫ Λ−λ

0

τ γ−σ−1m (lΛ−τ ; Ω) (Λ− τ)σ+(d−1)/2 dτ. (6.51)

Proof. We start from the well-known identity [AL78]

Rγ(Λ) =
1

B (σ + 1, γ − σ)

∫ ∞
0

τ γ−σ−1Rσ(Λ− τ) dτ

=
1

B (σ + 1, γ − σ)

∫ Λ−λ

0

τ γ−σ−1Rσ(Λ− τ) dτ. (6.52)

Here we have taken into account that Rσ(Λ̃) = 0 for Λ̃ ≤ λ ≤ λ1. Now we can apply

Proposition 6.5 and find

Rγ(Λ) ≤
Lclσ,d |Ω|

B (σ + 1, γ − σ)

∫ Λ−λ

0

τ γ−σ−1 (Λ− τ)σ+d/2 dτ

−
Lclσ,d

B (σ + 1, γ − σ)

∫ Λ−λ

0

τ γ−σ−1M (lΛ−τ ; Ω) (Λ− τ)σ+d/2 dτ

+
δσ,d

B (σ + 1, γ − σ)

∫ Λ−λ

0

τ γ−σ−1m (lΛ−τ ; Ω) (Λ− τ)σ+(d−1)/2 dτ.
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Finally let us evaluate the first term on the right hand side of this expression. A

substitution of the integration variable s = τ
Λ

gives

Lclσ,d|Ω|
B (σ + 1, γ − σ)

Λγ+d/2

∫ 1−λ/Λ

0

sγ−σ−1 (1− s)σ+d/2 ds

= |Ω|Λγ+d/2Lclσ,d
B(γ − σ, σ + d/2 + 1)

B(σ + 1, γ − σ)

(
1−

∫ λ/Λ
0

(1− t)γ−σ−1tσ+d/2dt

B(γ − σ, σ + d/2 + 1)

)

= |Ω|Λγ+d/2Lclγ,d

(
1− B̃

(
λ

Λ
, σ + d/2 + 1, γ − σ

))
.

�

If we apply this Lemma with σ = σd then because of δσd,d = 0 the last term on

the right hand side of (6.51) vanishes. This enables us to finish the proof of Theorem

6.2.

Proof of Theorem 6.2. Inequality (6.51) with γ > σ = σd and with a substi-

tution y = lΛ−τ = π√
Λ−τ gives

Rγ(Λ) ≤ Lclγ,d |Ω|Λγ+d/2B̂

(
λ

Λ
, σd + d/2 + 1, γ − σd

)
−

2π2σd+d+2Lclσd,d
B (σd + 1, γ − σd)

∫ lλ

lΛ

(
Λ− π2

y2

)γ−σd−1

M(y; Ω) y−2σd−d−3 dy

for all Λ ≥ λ. First we assume λ ≥ τΩ. Then we have y |Ω|(d−1)/d ≤ 1
d
|Ω| for all

lΛ ≤ y ≤ lλ and in view of Lemma 6.7 we get

Rγ(Λ) ≤ Lclγ,d |Ω|Λγ+d/2B̂

(
λ

Λ
, σd + d/2 + 1, γ − σd

)
−

2π2σd+d+2Lclσd,d
B (σd + 1, γ − σd)

|Ω|(d−1)/d

∫ lλ

lΛ

(
Λ− π2

y2

)γ−σd−1

y−2σd−d−2 dy .

If we substitute s = π2

y2Λ
and simplify the expression of the remainder term we arrive

at

Rγ(Λ) ≤ Lclγ,d |Ω|Λγ+d/2B̂

(
λ

Λ
, σd + d/2 + 1, γ − σd

)
− S(Λ, λ)

with S(Λ, λ) as stated in (6.14).

Next we assume λ < τΩ and proceed in two steps. If at the same time Λ < τΩ we

have y |Ω|(d−1)/d > 1
d
|Ω| for all lΛ < y < lλ and by similar calculations as above we

arrive at

Rγ(Λ) ≤ Lclγ,d |Ω|Λγ+d/2B̂

(
λ

Λ
, σd + d/2 + 1, γ − σd

)
−

2π2σd+d+2Lclσd,d
B (σd + 1, γ − σd)

|Ω|
d

∫ lλ

lΛ

(
Λ− π2

y2

)γ−σd−1

y−2σd−d−3 dy
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and we obtain the claimed inequality with S(Λ, λ) given in (6.15). On the other hand,

if λ < τΩ ≤ Λ we get

Rγ(Λ) ≤ Lclγ,d |Ω|Λγ+d/2B̂

(
λ

Λ
, σd + d/2 + 1, γ − σd

)
−

2π2σd+d+2Lclσd,d
B (σd + 1, γ − σd)

|Ω|(d−1)/d

∫ (1/d)|Ω|1/d

lΛ

(
Λ− π2

y2

)γ−σd−1

y−2σd−d−2 dy

−
2π2σd+d+2Lclσd,d

B (σd + 1, γ − σd)
|Ω|
d

∫ lλ

(1/d)|Ω|1/d

(
Λ− π2

y2

)γ−σd−1

y−2σd−d−3 dy.

In this case after a simplification we arrive at S(Λ, λ) as stated in (6.16). Finally, if

we apply (6.52) directly to (6.3) we claim

Rγ(Λ) ≤ Lclγ,d |Ω|Λγ+d/2 B̂

(
λ

Λ
, σd + d/2 + 1, γ − σd

)
.

Hence, in the final bound S(Λ, λ) can be replaced by its positive part (S(Λ, λ))+. �

Again in view of (6.11) we can choose

λ = λ̃ =
π j2

d/2−1,1

Γ (d/2 + 1)2/d |Ω|2/d

as a lower bound on λ1. Thus we find

Corollary 6.15. Let Ω ⊂ Rd be an open set with finite volume. Then for γ > σd
the estimate

Rγ(Λ) ≤ Lclγ,d |Ω| B̂

(
λ̃

Λ
, σd + d/2 + 1, γ − σd

)
Λγ+d/2 − (S(Λ))+

holds for all Λ ≥ λ̃, where

S(Λ) = Lclγ,d |Ω|Λγ+d/2 1

d
B̂

(
λ̃

Λ
, σd + d/2 + 1, γ − σd

)
if Λ < τΩ and

S(Λ) = Lclγ,d−1 |Ω|(d−1)/dΛγ+(d−1)/2B
(

1
2
, σd + d+1

2

)
2

B̂

(
τΩ

Λ
, σd +

d+ 1

2
, γ − σd

)
+Lclγ,d |Ω|Λγ+d/2 1

d
B̃

(
λ̃

Λ
,
τΩ

Λ
, σd + d/2 + 1, γ − σd

)
if Λ ≥ τΩ.

Remark. We can now compare this result with estimate (6.18) from Proposition

6.3. In both bounds the high energy asymptotics Λ→∞ is dominated by the sharp

first term. In view of (6.10) also the remainder terms show the correct order as Λ

tends to infinity. In this limit the bound from Corollary 6.15 is stronger than (6.18)

whenever

ε

(
γ +

d− 1

2

)
dΛ(Ω) <

1

2
B

(
1

2
, σd +

d+ 1

2

)
|Ω|(d−1)/d (6.53)
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holds true. We remark that the right hand side is independent of γ while ε
(
γ + d−1

2

)
tends to zero as γ tends to infinity and dΛ(Ω) is bounded from above by the diameter

of Ω. Hence condition (6.53) will be satisfied for large enough γ.

Moreover, the bound from Corollary 6.15 contains the factor B̂(λ̃/Λ, σd + d/2 +

1, γ−σd) which decays exponentially if Λ→ λ̃+ and which improves the bound from

Theorem 6.2 in comparison to (6.18) for values of Λ close to λ̃.
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CHAPTER 7

Sharp spectral estimates in domains of infinite volume

Leander Geisinger and Timo Weidl

Abstract. We consider the Dirichlet Laplace operator on open, quasi-
bounded domains of infinite volume. For such domains semiclassical spectral
estimates based on the phase-space volume – and therefore on the volume of
the domain – must fail. Here we present a method how one can nevertheless
prove uniform bounds on eigenvalues and eigenvalue means which are sharp
in the semiclassical limit.
We give examples in horn-shaped regions and so-called spiny urchins. Some
results are extended to Schrödinger operators defined on quasi-bounded do-
mains with Dirichlet boundary conditions.

7.1. Introduction

Let V (x) be a non-negative function on an open set Ω ⊂ Rd, d ≥ 1. In this article

we study the negative spectrum of Schrödinger operators

HΩ = −∆− V

defined in L2(Ω) with Dirichlet conditions on the boundary of Ω. More precisely, one

defines HΩ to be the self-adjoint operator generated by the quadratic form

〈u,HΩu〉 =

∫
Ω

|∇u(x)|2 dx−
∫

Ω

V (x) |u(x)|2 dx ,

with form domain H1
0 (Ω), see [BS87] for details. We always assume that HΩ has

purely discrete spectrum. Then the negative spectrum of HΩ, if not empty, consists

of finitely many eigenvalues −λ1 ≤ −λ2 ≤ · · · − λN < 0, N < ∞, counted with

multiplicity. In general, these eigenvalues cannot be calculated explicitly and for

large N it is difficult to approximate them numerically. Hence, to deduce information

about the eigenvalues one studies also the Riesz means

Rσ(V ; Ω) = Tr(HΩ)σ− =
N∑
k=1

λσk

of order σ ≥ 0 and their dependence on Ω and V .

The first rigorous step in this direction dates back to H. Weyl, R. Courant and D.

Hilbert [Wey12a, CH24] who calculated the semiclassical limit of the eigenvalues

in the case of a constant potential. To state the general result let us introduce a
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scaling parameter λ > 0 and replace the potential V by λV . Then for σ ≥ 0 and

V ∈ Lσ+d/2(Ω) the limit

Rσ(λV ; Ω) = Lclσ,d

∫
Ω

V (x) dx λσ+d/2 + o(λσ+d/2) , λ→∞ , (7.1)

holds with the semiclassical constant

Lclσ,d =
Γ(σ + 1)

(4π)d/2Γ(σ + d
2

+ 1)
,

see e.g. [RS78]. To get information about finite potentials one needs to supplement

this asymptotic result with uniform estimates. In [LT76] it was shown that for

Ω = Rd and σ > max{0, 1− d/2} the estimate

Rσ(V ; Rd) ≤ Lσ,d

∫
Rd
V (x)σ+d/2 dx

holds with certain positive constants Lσ,d. These inequalities have many important

applications, for example, in proving the stability of matter [Lie97, LS10].

Finding the best constants for which the Lieb-Thirring inequalities hold poses a

substantial mathematical challenge. In [LW00] the inequalities were established for

σ ≥ 3/2 with the sharp constants Lσ,d = Lclσ,d. This result immediately implies that

for any open set Ω ⊂ Rd, σ ≥ 3/2, and any non-negative potential V ∈ Lσ+d/2(Ω)

Rσ(V ; Ω) ≤ Lclσ,d

∫
Ω

V (x)σ+d/2 dx . (7.2)

If V ∈ Lσ+d/2(Ω) then both (7.1) and (7.2) hold and we see that the bound (7.2) is

sharp: It shows the correct power of V and holds with the sharp constant.

In this article we are interested in the case V /∈ Lσ+d/2(Ω), where the bound (7.2)

and even the asymptotics (7.1) must fail and one needs to find a new approach to get

sharp uniform bounds on eigenvalues means. If V /∈ Lσ+d/2(Ω) the leading order of

the semiclassical limit depends on the potential V and on the geometry of Ω and it

is challenging to find estimates that take these dependencies into account.

Let us discuss the case of a constant potential V ≡ Λ > 0 on Ω in more detail. If

Ω is bounded then the semiclassical limit (7.1) reads as

Rσ(Λ; Ω) = Lclσ,d |Ω|Λσ+d/2 + o(Λσ+d/2) , σ ≥ 0 , Λ→∞ , (7.3)

where |Ω| denotes the volume of Ω. In this case the asymptotic results are supple-

mented by the Berezin-Lieb-Li-Yau inequality [Ber72b, Lie73, LY83]: For σ ≥ 1

Rσ(Λ; Ω) ≤ Lclσ,d |Ω|Λσ+d/2 , Λ > 0 . (7.4)

Again, the constant in this inequality is sharp and cannot be improved. However, un-

der certain conditions on the geometry of Ω a negative second term exists in the

semiclassical limit (7.3), see [Ivr80a, Ivr80b, Hör85, SV97, Ivr98, FG11b],

and the question arises whether (7.4) can be improved by an additional negative

correction term. Recently, several results have been found giving answer to this

question [FLU02, Mel03, Wei08, KVW09, GW10, GLW11]. In [FLU02] the

corresponding sharp estimate for the discrete Laplacian was improved by a nega-

tive remainder term capturing the properties of the second term of the semiclassical
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limit. The first uniform improvement for the continuous Laplacian is due to A. Melás

[Mel03]. He improved the estimate (7.4) for σ ≥ 1, however, the remainder does not

reflect the correct order of the second term of the semiclassical limit.

In [Wei08] this was improved in the case σ ≥ 3/2. Using an inductive argument

based on operator-valued Lieb-Thirring inequalities [LW00] the Berezin inequality

(7.4) was strengthened by a negative remainder term of correct order in comparison

with the second term of the semiclassical limit. Here we are not concerned with the

remainder term but we apply the same inductive argument to derive sharp spectral

inequalities in domains of infinite volume.

However, for unbounded domains Ω even the discreteness of the spectrum of the

Dirichlet Laplacian is no longer guaranteed. A necessary condition is the so called

quasi-boundedness of Ω [AF03] which is satisfied, by definition, if

lim
x∈Ω
|x|→∞

dist(x, ∂Ω) = 0 .

But even for quasi-bounded domains (7.3) and (7.4) must fail if the volume of Ω is

infinite. In this article we show that one can nevertheless prove uniform bounds on the

eigenvalue means for certain domains with infinite volume. In this case the leading

order of the semiclassical limit depends on the geometry of Ω, see e.g. [Fle78, Sim83].

However, applying the induction-in-the-dimension argument from [Wei08] we can

prove sharp estimates valid for all Λ > 0 that capture the correct asymptotic behavior.

If the potential V is not constant the situation is more difficult. The same in-

ductive argument can still be used to reduce the problem to one dimension. But

in contrast to the case of constant potential the eigenvalues of the resulting one-

dimensional operator cannot be calculated explicitly. Therefore we have to study the

one-dimensional problem in more detail. In particular, we have to analyze the effect

of different boundary conditions on the eigenvalues. The result yields an improved

version of the semiclassical bound (7.2). Again, this sharp Lieb-Thirring inequal-

ity with remainder term can be applied in situations, where all known results – in

particular (7.1) and (7.2) – fail.

The remainder of the article is structured as follows. First we mention some key

ingredients of the proofs. In particular, we review the induction-in-the-dimension

argument from [Wei08] and adapt it to our needs here. This is done in Section 7.2.

In Section 7.3 we consider constant potentials on domains with infinite volume.

We give examples, where the leading order of the semiclassical limit depends on the

geometry of the domain Ω. In these examples we derive sharp upper bounds on the

eigenvalue means.

The last part of the article is devoted to the general setting of non-constant

potentials. In Section 7.4 we first analyze the effect of different boundary conditions

on the eigenvalues of one-dimensional Schrödinger operators. We find an improvement

of (7.2) that can be generalized to higher dimensions. Finally, we give an example to

show that the result applies to certain potentials V /∈ Lσ+d/2(Ω).
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7.2. Induction in the dimension

In this section we prove an inequality reducing estimates for eigenvalue means of

the operator HΩ to estimates for one-dimensional Schrödinger operators. The proof

relies on a lifting technique from [Lap97] and uses operator-valued Lieb-Thirring

inequalities [LW00]. Here we follow the proof from [Wei08], where this approach of

induction-in-the-dimension is employed to derive improvements of (7.4) for constant

potentials.

Fix a Cartesian coordinate system in Rd and for x ∈ Rd write x = (x′, t) ∈ Rd−1×
R. For x′ ∈ Rd−1 consider one-dimensional sections Ω(x′) = {t ∈ R : (x′, t) ∈ Ω}.
If not empty, each section Ω(x′) consists of at most countably many open intervals

Jk(x
′) ⊂ R, k = 1, . . . , N(x′) ≤ ∞.

For x = (x′, t) ∈ Ω put Vx′(t) = V (x) and let the one-dimensional Schrödinger

operators

Hk(x
′) = − d2

dt2
− Vx′ , k = 1, . . . , N(x′) ,

be defined in L2(Jk(x
′)) with Dirichlet boundary conditions. Finally let

W (x′, V ) =

N(x′)⊕
k=1

Hk(x
′)− (7.5)

be the negative part of the Schrödinger operator −d2/dt2 − Vx′ given on Ω(x′) with

Dirichlet boundary conditions at the endpoints of each interval forming Ω(x′), that

is, on the boundary of Ω(x′).

Applying operator-valued Lieb-Thirring inequalities one can estimate eigenvalue

means of HΩ in terms of W (x′, V ).

Proposition 7.1. For σ ≥ 3/2 we have

Rσ(V ; Ω) ≤ Lclσ,d−1

∫
Rd−1

TrW (x′, V )σ+(d−1)/2 dx′ .

Remark. In the case of a constant potential V ≡ Λ > 0 the trace of W (x′,Λ) can

be evaluated explicitly. If Ω is bounded, a detailed analysis of the resulting estimate

leads to improved Berezin-Li-Yau inequalities with a remainder term capturing the

properties of the second term of the semiclassical limit [Wei08, GW10, GLW11].

Proof of Proposition 7.1. We consider the quadratic form 〈u,HΩu〉 and eval-

uate it on functions u from the form core C∞0 (Ω). We get

〈u,HΩu〉L2(Ω) = ‖∇u‖2
L2(Ω) −

∫
Ω

V |u|2 dx

= ‖∇′u‖2
L2(Ω) +

∫
Rd−1

dx′
∫

Ω(x′)

(
|∂tu(x′, t)|2 − Vx′(t) |u(x′, t)|2

)
dt ,

where ∇′ denotes the gradient in the first (d− 1)-coordinates.

For fixed x′ ∈ Rd−1 the functions u(x′, ·) belong to C∞0 (Ω(x′)) and therefore to

the form core of W (x′, V ). It follows that

〈u,HΩu〉L2(Ω) ≥ ‖∇′u‖
2
L2(Ω) −

∫
Rd−1

〈u(x′, ·),W (x′, V )u(x′, ·)〉L2(Ω(x′)) dx
′ . (7.6)
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To apply operator-valued Lieb-Thirring inequalities we need to extend these forms to

Rd. More precisely, we extend both sides of (7.6) by zero to C∞0 (Rd \ ∂Ω) which is a

form core of (−∆Rd\Ω)⊕HΩ. This operator corresponds to the left-hand side of (7.6),

while the semi-bounded form on the right-hand side is closed on the larger domain

H1(Rd−1, L2(R)), where it corresponds to the operator

−∆′ ⊗ I−W (x′, V ) (7.7)

defined in L2(Rd−1, L2(R)). Due to the positivity of (−∆Rd\Ω) the variational principle

implies

Rσ(V ; Ω) = Tr
(
−∆Rd\Ω ⊕HΩ

)σ
− ≤ Tr (−∆′ ⊗ I−W (x′, V ))

σ
− . (7.8)

Now we apply sharp Lieb-Thirring inequalities [LW00] to the Schrödinger operator

(7.7) with operator-valued potential W (x′, V ). For σ ≥ 3/2 we obtain

Tr (−∆′ ⊗ I−W (x′, V ))
σ
− ≤ Lclσ,d−1

∫
Rd−1

TrW (x′, V )σ+(d−1)/2 dx′ (7.9)

and the claim follows from (7.8) and (7.9). �

7.3. Constant potentials

In this section we assume V ≡ Λ > 0 on quasi-bounded open sets Ω ⊂ Rd, d ≥ 2.

First we remark the following relations between the eigenvalue means. For 0 ≤ γ < σ

we have [AL78]

Rσ(Λ; Ω) =
1

B(γ + 1, σ − γ)

∫ ∞
0

τσ−γ−1Rγ((Λ− τ)+; Ω) dτ , (7.10)

where B denotes the Beta-function. Hence one can use bounds or asymptotic results

for Rγ to deduce the respective results for Rσ with σ > γ ≥ 0. Conclusions from

eigenvalue means of higher order to means of lower order are more cumbersome since

eigenvalue means of lower order are less smooth. To derive uniform bounds on the

counting function, that is, on R0(Λ; Ω) one can make use of the estimate [Lap97]

R0(Λ; Ω) ≤ (τΛ)−σRσ((1 + τ)Λ; Ω) , τ > 0 , Λ > 0 , σ > 0 , (7.11)

and optimize the right hand side in τ > 0. In general, sharp constants are lost but

usually the correct order of growth in Λ is preserved.

In the following we consider specific domains with infinite volume. The discrete-

ness of the spectrum of the Dirichlet Laplace operator defined on these domains can

be deduced from various sufficient conditions. For example, one can refer to the

following result from [Ada70].

Lemma 7.2. Let Ω be an open subset of Rd and for h > 0 let Qh be a cube with

sides parallel to the coordinate axes. Let µd−1(Qh,Ω) denote the maximum of the

(d − 1)-dimensional measure of P (Qh \ Ω), where the maximum is taken over all

projections P onto (d− 1)-dimensional faces of Qh.
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Assume that for every ε > 0 there exist h ≤ 1 and r ≥ 0 such that for every cube

Qh of side length h with sides parallel to the coordinate axes and with Qh ∩{x ∈ Rd :

|x| > r} 6= ∅ we have
µd−1(Qh,Ω)

hd+1
≥ 1

ε
.

Then the embedding H1
0 (Ω) ↪→ L2(Ω) is compact.

In the following examples the trace of the operator W (x′,Λ) given in (7.5) can

be calculated explicitly and we find that Proposition 7.1 yields sharp estimates on

eigenvalue means.

7.3.1. Horn-shaped regions. First we consider horn-shaped regions, domains

stretching to infinity along distinguished directions, see [vdB92a] for a general defi-

nition. These regions were first examined by Rozenbljum [Roz71, Roz72b, Roz76]

and turn out to be of interest in different situations, see e.g. [Sim83, vdB84a,

DS92, vdB92a, MM06, Lun10]. In [Sim83] the semiclassical limit of the count-

ing function was calculated for the horn-shaped regions

Ων =
{

(x, y) ∈ R2 : |x| · |y|ν < 1
}
, ν ≥ 1 , (7.12)

see Figure 1. Note that discreteness of the spectrum of HΩν can be deduced from

Lemma 7.2.

-4 -2 2 4

-3

-2

-1

1

2

3

Figure 1. The set Ω2.

In [GW10] it was shown that the methods introduced in Section 7.2 yield sharp

upper bounds on the trace of the heat kernel of the Dirichlet Laplacian on various

horn-shaped regions. Here we derive sharp bounds on eigenvalue means and order-

sharp bounds on the counting function.

Let us recall the following asymptotic results from [Sim83]. For ν > 1 the limit

R0(Λ; Ων) = ζ(ν)

(
2

π

)ν Γ
(
ν
2

+ 1
)

√
π Γ
(
ν+3

2

) Λ(ν+1)/2 + o
(
Λ(ν+1)/2

)
, Λ→∞ ,

holds, where ζ(ν) denotes the Zeta function. Moreover, for ν = 1

R0(Λ; Ω1) =
1

π
Λ ln Λ + o (Λ ln Λ) , Λ→∞ .
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These formulas were improved and extended to higher dimensions in [vdBL01]. For

more general geometries we refer to [Lia00].

To obtain asymptotics for general eigenvalue means, we apply (7.10) with γ = 0

and for σ > 0 and ν > 1 we get

Rσ(Λ; Ων) = ζ(ν)

(
2

π

)ν B(ν
2

+ 1, σ + 1)

B
(
σ + ν+3

2
, 1

2

) Λσ+(ν+1)/2 + o
(
Λσ+(ν+1)/2

)
, Λ→∞ ,

(7.13)

and for ν = 1

Rσ(Λ; Ω1) =
1

π (σ + 1)
Λσ+1 ln Λ + o

(
Λσ+1 ln Λ

)
, Λ→∞ . (7.14)

In order to treat domains in higher dimensions we generalize the notions from

[Sim83] in the following way:

Ων =
{

(x′, xd) ∈ Rd−1 × R : |x′| · |xd|ν/(d−1) < 1
}
, d ≥ 2 , ν > 1 .

For these domains of infinite volume an application of Proposition 7.1 yields sharp

spectral estimates.

Theorem 7.3. For σ ≥ 3/2, ν > 1, and all Λ > 0 the estimate

Rσ(Λ; Ων) ≤
ζ(ν)

2d−1(d− 1)

(
2

π

)ν Γ(ν
2

+ 1)Γ(σ + 1)

Γ(d+1
2

)Γ
(
σ + d+1+ν

2

) Λσ+(d−1+ν)/2

holds.

Remark. For d = 2 we conclude that the bound

Rσ(Λ; Ων) ≤ ζ(ν)

(
2

π

)ν B(ν
2

+ 1, σ + 1)

B
(
σ + ν+3

2
, 1

2

) Λσ+(ν+1)/2

holds for σ ≥ 3/2 and all Λ > 0. Comparing this bound with the asymptotic relation

(7.13) we see that the estimate is sharp: For horn-shaped regions, just as well as for

bounded domains, the leading term of the semiclassical limit yields a uniform upper

bound.

Proof of Theorem 7.3. In this setting the section Ων(x
′) consists of one open

interval

(−|x′|(1−d)/ν , |x′|(1−d)/ν) .

Since V ≡ Λ, the trace of the operator-valued potential W (x′,Λ) defined in (7.5) can

be evaluated explicitly. We find

TrW (x′,Λ) =
∑
j∈N

(
Λ− π2j2

4|x′|2(1−d)/ν

)
+

.

Applying Proposition 7.1 yields

Rσ(Λ; Ων) ≤ Lclσ,d−1

∫
Rd−1

∑
j∈N

(
Λ− π2j2

4|x′|2(1−d)/ν

)σ+(d−1)/2

+

dx′

= Lclσ,d−1ωd−1

∑
j∈N

∫ ∞
0

(
1− π2j2

4Λr2(1−d)/ν

)σ+(d−1)/2

+

rd−2drΛσ+(d−1)/2 ,
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where ωd−1 denotes the volume of the unit sphere in Rd−1. We substitute

s =
π2j2

4Λ
r2(d−1)/ν

and get

Rσ(Λ; Ων) ≤ Lclσ,d−1ωd−1

∑
j∈N

ν

2(d− 1)

(
2

πj

)ν∫ ∞
0

(1− s)σ+(d−1)/2
+ sν/2−1dsΛσ+(d−1+ν)/2

= Lclσ,d−1ωd−1ζ(ν)

(
2

π

)ν νB (σ + d+1
2
, ν

2

)
2(d− 1)

Λσ+(d−1+ν)/2 .

Now we insert the identity

Lclσ,d−1 ωd−1

νB
(
σ + d+1

2
, ν

2

)
2(d− 1)

=
Γ(σ + 1)Γ(ν

2
+ 1)

2d−1(d− 1)Γ(d+1
2

)Γ(σ + d+1+ν
2

)

and arrive at the claimed estimate. �

Now we apply (7.11) to deduce order-sharp bounds on the counting function.

Corollary 7.4. For ν > 1 and all Λ > 0 the estimate

R0(Λ; Ων) ≤ Cd,ν Λ(d−1+ν)/2

holds with a constant

Cd,ν ≤
(d+ ν + 2)(d+ν+2)/2

33/2(d+ ν − 1)(d+ν−1)/2

ζ(ν)

2d−1(d− 1)

(
2

π

)ν Γ(ν
2

+ 1)Γ(5
2
)

Γ(d+1
2

)Γ
(
d+ν

2
+ 2
) .

Proof. We use (7.11) with σ = 3/2 and apply Theorem 7.3 to obtain

R0(Λ; Ων) ≤
1

(τΛ)3/2

ζ(ν)

2d−1(d− 1)

(
2

π

)ν Γ(ν
2

+ 1)Γ(5
2
)

Γ(d+1
2

)Γ
(
d+ν

2
+ 2
) ((1 + τ)Λ)(d+ν)/2+1

=
(1 + τ)(d+ν)/2+1

τ 3/2

ζ(ν)

2d−1(d− 1)

(
2

π

)ν Γ(ν
2

+ 1)Γ(5
2
)

Γ(d+1
2

)Γ
(
d+ν

2
+ 2
) Λ(d−1+ν)/2 .

Minimizing in τ > 0 yields τmin = 3/(d + ν − 1) and inserting this we obtain the

claimed result. �

Let us now consider the critical case ν = 1 in dimension d = 2. Here the domain

yields two equally strong singularities and we cannot distinguish one direction. How-

ever, choosing an intermediate direction we obtain a sharp estimate with a remainder

term.

Theorem 7.5. Let σ ≥ 3/2. Then for Λ ≤ π2/16 we have Rσ(Λ; Ω1) = 0 and for

Λ > π2/16 the estimate

Rσ(Λ; Ω1) ≤ 1

π (σ + 1)
Λσ+1 ln Λ +

C

σ + 1
Λσ+1

holds with a constant

C <
33 + 16 ln( 4

π
)

8π
< 1.47 .
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Remark. Again, comparing this inequality with the asymptotics (7.14), we see

that the main term of the bound is sharp.

Proof of Theorem 7.5. Since the function |Ω1(x)| = 1
x

has non-integrable sin-

gularities at zero and at infinity we have to choose a coordinate system (x1, x2) ∈ R2

rotated by π
4

with respect to the coordinate system (x, y) ∈ R2 which was used in

definition (7.12). We get

Ω1(x1) =
{
x2 ∈ R : |x2| ≤

√
|x1|2 + 2

}
for |x1| ≤

√
2 and

Ω1(x1) =
{
x2 ∈ R :

√
|x1|2 − 2 ≤ |x2| ≤

√
|x1|2 + 2

}
for |x1| >

√
2. To simplify the following calculations and the resulting bound we

confine ourselves to rough estimates which are nevertheless sufficient to prove the

sharp constant in the leading term. First, we estimate |Ω1(x1)| ≤ 4 for |x1| ≤ 2 and

|Ω1(x1)| ≤ 2
(√
|x1|2 + 2−

√
|x1|2 − 2

)
≤ 4

|x1|
+

2

|x1|3

for |x1| > 2.

Suppose that Λ ≤ π2/16. Since |Ω1(x1)| ≤ 4 for all x1 ∈ R we get

TrW (x1,Λ) =
∑
j∈N

(
Λ− π2j2

|Ω(x1)|2

)
+

= 0

for all x1 ∈ R. From Proposition 7.1 it follows that Rσ(Λ; Ω1) = 0 for Λ ≤ π2/16. On

the other hand, if Λ > π2/16 Proposition 7.1 implies

Rσ(Λ; Ω1) ≤ Lclσ,1

∫
R

∑
j∈N

(
Λ− π2j2

|Ω(x1)|2

)σ+1/2

+

dx1

≤ 4Lclσ,1
∑
j∈N

(
Λ− π2j2

16

)σ+1/2

+

+ 2Lclσ,1

∫ ∞
2

∑
j∈N

(
Λ− π2j2

l(x1)2

)σ+1/2

+

dx1 ,

(7.15)

with

l(x1) =
4

|x1|
+

2

|x1|3
.

Note that for A > 0 and γ > 0 we have∑
j∈N

(
1− j2

A2

)γ
+

≤ A

2
B

(
1

2
, γ + 1

)
, (7.16)

thus

4Lclσ,1
∑
j∈N

(
Λ− π2j2

16

)σ+1/2

+

≤ 8

π
Lclσ,1B

(
1

2
, σ +

3

2

)
Λσ+1 =

4

π

1

σ + 1
Λσ+1 . (7.17)
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Now we turn to the second term in (7.15). Put x(Λ) = (4
√

Λ)/π+ π/(4
√

Λ). For

x1 ≥ x(Λ) we have l(x1) ≤ π/
√

Λ, hence∑
j∈N

(
Λ− π2j2

l(x1)2

)
+

= 0 .

In view of (7.16) it follows that

2Lclσ,1

∫ ∞
2

∑
j∈N

(
Λ− π2j2

l(x1)2

)σ+1/2

+

dx1 ≤
1

π
Lclσ,1B

(
1

2
, σ +

3

2

)∫ x(Λ)

2

l(x1)dx1 Λσ+1

=
1

2π

1

σ + 1

∫ x(Λ)

2

l(x1)dx1 Λσ+1 . (7.18)

By definition of x(Λ) and l(x1),∫ x(Λ)

2

l(x1)dx1 =

∫ x(Λ)

2

(
4

x1

+
2

x3
1

)
dx1

≤ 2 ln Λ + 4 ln

(
4

π
+

π

4Λ

)
− 4 ln 2 +

1

4

≤ 2 ln Λ + 4 ln

(
4

π

)
+

1

4
(7.19)

for Λ > π2/16. Inserting (7.17), (7.18) and (7.19) into (7.15) finishes the proof. �

Again we can apply (7.11) to deduce order-sharp bounds on the counting function.

Corollary 7.6. For Λ ≤ π2/16 we have R0(Λ; Ω1) = 0 and for Λ > π2/16 the

estimate

R0(Λ; Ω1) ≤
(

5

3

)3/2
1

π
Λ ln Λ + CΛ ,

holds, with a constant

C <

√
5

3

825 + 400 ln
(

4
π

)
+ 360π ln

(
5
3

)
72π

< 8.56 .

7.3.2. Spiny urchins. In this subsection we study the eigenvalues of the Dirich-

let Laplacian on so called spiny urchins, radially symmetric domains ΩS ⊂ R2 with

infinite volume, which were introduced in [Cla67].

To construct ΩS we use polar coordinates (r, ϕ) ∈ [0,∞)× [0, 2π) and choose an

increasing sequence (rn)n∈N of positive real numbers and put r0 = 0. For n ∈ N0 and

k = 1, 2, . . . , 2n+2 let

Γn,k =

{
(r, ϕ) : r ≥ rn , ϕ =

k − 1

2n+1
π

}
be semi-axes and define

ΩS = R2 \
⋃
n,k

Γn,k ,

see Figure 2. Note that this domain, though quasi bounded, has empty exterior.

However, if

lim
n→∞

rn 2−n = 0 , (7.20)

142



7.3. CONSTANT POTENTIALS

then discreteness of the spectrum of HΩS can be deduced from Lemma 7.2, see also

[vdB92b].

Figure 2. The set ΩS.

For rn = n the domain ΩS was analyzed in [Fle78], where the leading term of the

semiclassical limit was calculated: For rn = n the asymptotic relation

R0(Λ; ΩS) = C Λ(ln Λ)2 + o
(
Λ(ln Λ)2

)
, Λ→∞ ,

holds with a constant C > 0.

The general setting of an arbitrary increasing sequence (rn)n∈N0 was studied in

[vdB92b]: If r0 > 0 and (7.20) is satisfied then for all Λ > 214r−2
0 the bound

R0(Λ; ΩS) ≤ 50(8−1 + 8π)2 Λ r2
K(Λ)

holds with K(Λ) = max{n ∈ N : rn2−n > (32)−1
√

Λ}. Moreover, there is a similar

lower bound. Here we extend the upper bound: We derive order-sharp estimates on

the eigenvalue means of HΩS valid for all Λ > 0.

First, we need to adapt Proposition 7.1 to the radially symmetric situation. For

r ∈ (0,∞) put

ΩS(r) = {ϕ ∈ [0, 2π) : (r, ϕ) ∈ ΩS} .
Then ΩS(r) consists of finitely many open intervals Ik(r), k = 1, . . . , N(r). Choose

u ∈ C∞0 (ΩS) and consider the quadratic form

〈u,HΩSu〉L2(ΩS) =

∫
Ω

u(x) (−∆u(x)− Λu(x)) dx

=

∫ ∞
0

∫
Ω(r)

u(r, ϕ)

(
−∂2

r −
1

r
∂r −

1

r2
∂2
ϕ − Λ

)
u(r, ϕ) dϕ r dr .

(7.21)
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For fixed r > 0 the function ur(ϕ) = u(r, ϕ) belongs to C∞0 (ΩS(r)). It satisfies

Dirichlet boundary conditions at the endpoints of the intervals Ik(r), k = 1, . . . , N(r).

To rewrite the form in the ground state representation put v(r, ϕ) =
√
r u(r, ϕ).

Then again v(r, ϕ) belongs to C∞0 (ΩS) and for fixed r > 0, we have vr(ϕ) = v(r, ϕ) ∈
C∞0 (ΩS(r)). Moreover,∫ ∞

0

∫
Ω(r)

|u(r, ϕ)|2dϕ r dr =

∫ ∞
0

∫
Ω(r)

|v(r, ϕ)|2dϕ dr

and (
−∂2

r −
1

r
∂r −

1

r2
∂2
ϕ

)
u(r, ϕ) =

1√
r

(
−∂2

r −
1

4r2
− 1

r2
∂2
ϕ

)
v(r, ϕ) .

Inserting this into (7.21) we obtain

〈u,HΩSu〉L2(ΩS) =

∫ ∞
0

∫
ΩS(r)

(
|∂rv|2 +

1

r2
|∂ϕv|2 −

(
1

4r2
+ Λ

)
|v|2
)
dϕ dr . (7.22)

In this setting, we define the Schrödinger-type operators

Hk(r) = − 1

r2

d2

dϕ2
−
(

1

4r2
+ Λ

)
, k = 1, . . . , N(r) ,

in L2(Ik(r)) with Dirichlet boundary conditions at the endpoints of Ik(r). In the same

way as in (7.5) let

W (r,Λ) =

N(r)⊕
k=1

Hk(r)−

be the negative part of the operator

− 1

r2

d2

dϕ2
−
(

1

4r2
+ Λ

)
in L2(ΩS(r)) with Dirichlet boundary conditions. In view of (7.22) we can apply

Proposition 7.1 and for σ ≥ 3/2 we get

Rσ(Λ; ΩS) ≤ Lclσ,1

∫ ∞
0

TrW (r,Λ)σ+1/2dr . (7.23)

To estimate the right hand side and to derive bounds on the eigenvalues means

we assume that (7.20) is satisfied and that

rn+1 ≤ 2rn (7.24)

holds for all n ∈ N. Then the sequence

22n

r2
n

− 1

4r2
n

, n ∈ N ,

is increasing and for all Λ > 15/4 ·r−2
1 and there is a unique index n̂(Λ) ∈ N satisfying

Λ >
22n

r2
n

− 1

4r2
n

for all n ≤ n̂(Λ) and Λ ≤ 22n

r2
n

− 1

4r2
n

for all n > n̂(Λ) . (7.25)

To simplify notation we put r̂(Λ) = rn̂(Λ).
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Lemma 7.7. Let σ ≥ 3/2 and assume that (7.20) and (7.24) are satisfied. Then

for Λ ≤ 15/4 · r−2
1 we have Rσ(Λ; ΩS) = 0 and for Λ > 15/4 · r−2

1 the estimate

Rσ(Λ; ΩS) ≤ Lclσ,2 πr̂(Λ)2Λσ+1 + Cσ Λσ ln (Λr̂(Λ)) .

holds with a constant Cσ > 0 depending only on σ.

Remark. If we compare the main term of this bound with the Berezin inequality

(7.4) we see that the effective domain that enters into the bound is a disk with radius

r̂(Λ).

Proof of Lemma 7.7. In view of (7.23) we have to estimate

TrW (r,Λ) = Tr

(
− 1

r2

d2

dϕ2
− Λ− 1

4r2

)
−

=

N(r)∑
k=1

∑
j∈N

(
Λ +

1

4r2
− π2j2

r2|Ik(r)|2

)
+

.

Fix r > 0 and n0 ∈ N such that rn0−1 < r ≤ rn0 . Then the section ΩS(r) ⊂ [0, 2π)

consists of 2n0+1 identical open intervals of length |Ik(r)| = π/2n0 . Hence,

TrW (r,Λ) = 2n0+1
∑
j∈N

(
Λ +

1

4r2
− 22n0j2

r2

)
+

.

Note that for all j ∈ N

22n0j2

r2
− 1

4r2
≥ 22n0+2 − 1

4r2
≥ 15

4r2
1

.

For Λ ≤ 15/4 · r−2
1 we obtain TrW (r,Λ) = 0 and by (7.23) also Rσ(Λ; ΩS) = 0.

Hence, we can assume Λ > 15/4 · r−2
1 . Suppose that r > r̂(Λ) thus n0 > n̂(Λ).

From (7.25) we get

22n0j2

r2
− 1

4r2
≥ 22n0+2 − 1

4r2
n0

≥ Λ

for all j ∈ N and it follows that TrW (r,Λ) = 0 for r > r̂(Λ). Moreover, if r2 ≤ 15/(4Λ)

we have r ≤ r1 and

4j2

r2
− 1

4r2
≥ 15

4r2
≥ Λ

for all j ∈ N. Again it follows that TrW (r,Λ) = 0 and it remains to consider√
15/(2

√
Λ) < r < r̂(Λ).

For such r we apply (7.16) to estimate

TrW (r,Λ)σ+1/2 = 2n0+1
∑
j∈N

(
Λ +

1

4r2
− 22n0j2

r2

)σ+1/2

+

≤ r

(
Λ +

1

4r2

)σ+1

B

(
1

2
, σ +

3

2

)
.
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From (7.23) we conclude

Rσ(Λ; ΩS) ≤ Lclσ,1B

(
1

2
, σ +

3

2

)∫ r̂(Λ)

√
15/(2

√
Λ)

r

(
Λ +

1

4r2

)σ+1

dr

=
1

16(σ + 1)
Λσ

∫ 4Λr̂(Λ)2

15

(
1 +

1

s

)σ+1

ds

≤ 1

4(σ + 1)
r̂(Λ)2 Λσ+1 +

16σ−1

15σ
Λσ ln

(
4Λr̂(Λ)2

)
and the claim of the lemma follows from the identity 4π(σ + 1)Lclσ,2 = 1. �

Before we give examples we supplement Lemma 7.7 with the following lower bound

on Rσ(Λ; ΩS).

Lemma 7.8. Assume there exists N0 ∈ N such that rn−1 < (1− 2−n)rn is satisfied

for all n ≥ N0. Then for σ ≥ 0 there exist positive constants C and µ independent of

Λ such that

Rσ(Λ; ΩS) ≥ C

n̂(µΛ)∑
n=N0

rn (rn − rn−1) Λσ+1

holds for Λ > 0 with n̂(µΛ) > N0.

Proof. For n ≥ N0 and k ∈ {1, . . . , 2n+1} consider a segment Ωn,k ⊂ ΩS, i.e., a

region between r = rn−1, r = rn and two adjacent semi-axes Γn,k and Γn,k+1. Note

that there are 2n+1 identical segments Ωn,k. Let τ(n) denote the maximal number of

disjoint squares Qln with side length ln = rn/2
n+1 that can be placed in the interior

of Ωn,k. From the definition of ΩS it follows that

τ(n) ≥ C
rn − rn−1

ln
, n ≥ N0 .

1

Hence, the variational principle implies

Rσ(Λ; ΩS) ≥
∑
n≥N0

2n+1 τ(n)Rσ(Λ;Qln) ≥ C
∑
n≥N0

2n+1 rn − rn−1

ln
Rσ(Λ;Qln) .

(7.26)

To estimate R(Λ;Qln) from below, we first consider the square Q1 with side length

1. From Weyl’s asymptotic law (7.3) we know that there are positive constants C

and Λ0, such that Rσ(Λ;Q1) ≥ C Λσ+1 holds for all Λ ≥ Λ0. By scaling, we deduce

that

Rσ(Λ;Qln) ≥ C l2n Λσ+1 (7.27)

holds for all Λ ≥ Λ0/l
2
n.

Fix Λ > 0. From (7.25) we deduce that

Λ0

l2n
= 4Λ0

22n

r2
n

≤ 8Λ0

(
22n

r2
n

− 1

4r2
n

)
≤ Λ

1Here and in the following the letter C denotes various positive constants that are independent
of Λ.
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holds if n ≤ n̂(Λ/(8Λ0)). Denoting µ = 1/(8Λ0) we find that (7.27) is valid for all

squares Qln with n ≤ n̂(µΛ).

In view of (7.26) it follows that

Rσ(Λ; ΩS) ≥ C

n̂(µΛ)∑
n=N0

2n+1 rn+1 − rn
ln

l2n Λσ+1 ≥ C

n̂(µΛ)∑
n=N0

rn(rn − rn−1) Λσ+1

and the proof is complete. �

Let us state some examples to show that the bounds capture the correct order

in Λ and that choosing different sequences (rn)n∈N leads to different behavior in the

semiclassical limit.

Corollary 7.9. Let σ ≥ 0.

(1) Assume rn = n. Then for 0 < Λ ≤ 15/4 we have Rσ(Λ; ΩS) = 0 and for

Λ > 15/4

Rσ(Λ; ΩS) ≤ Cσ Λσ+1(ln Λ)2 .

(2) Assume rn = 2δn with 0 < δ < 1. Then for 0 < Λ ≤ 15 · 2−2(1+δ) we have

Rσ(Λ; ΩS) = 0 and for Λ > 15 · 2−2(1+δ)

Rσ(Λ; ΩS) ≤ Cσ,δ Λσ+1/(1−δ) .

All bounds capture the correct order in Λ as Λ→∞.

Proof. To prove the bounds for σ ≥ 3/2 we can apply Lemma 7.7 and it remains

to estimate r̂(Λ). By definition, r̂(Λ) = rn̂(Λ) and by (7.25) rn̂(Λ) satisfies

22n̂(Λ)

r2
n̂(Λ)

− 1

4r2
n̂(Λ)

≤ Λ .

It follows that r̂(Λ) ≤ C ln Λ in the case rn = n and r̂(Λ) ≤ CδΛ
δ/(2(1−δ)) in the case

rn = 2δn and the bounds for σ ≥ 3/2 follow from Lemma 7.7. To deduce the claimed

estimates for 0 ≤ σ < 3/2 we apply (7.11) and finally (7.10).

It remains to prove that the estimates are of correct order in Λ. Note that in the

case rn = n the assumptions of Lemma 7.8 are satisfied with N0 = 1. Hence, we have

n̂(µΛ)∑
n=N0

rn (rn − rn−1) =

n̂(µΛ)∑
n=1

n ≥ Cn̂(µΛ)2 = Cr̂(µΛ)2 .

In the case rn = 2δn we find for sufficiently large Λ that

n̂(µΛ)∑
n=N0

rn (rn − rn−1) =

n̂(µΛ)∑
n=N0

2δn
(
2δn − 2δ(n−1)

)
≥ C

n̂(µΛ)∑
n=N0

22δn ≥ C22δn̂(µΛ) = Cr̂(µΛ)2 ,

holds. In both cases, we insert this into Lemma 7.8 and get

Rσ(Λ; ΩS) ≥ CΛσ+1 r̂(µΛ)2 . (7.28)

For Λ large enough the relations (7.25) imply

r̂(µΛ) ≥ C ln(µΛ) ≥ C ln Λ
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if rn = n and

r̂(µΛ) ≥ C(µΛ)δ/(2(1−δ)) ≥ CΛδ/(2(1−δ))

if rn = 2δn. As Λ→∞ we obtain from (7.28) that Rσ(Λ; ΩS) = O(Λσ+1(ln Λ)2) in the

case rn = n and Rσ(Λ; ΩS) = O(Λσ+1/(1−δ)) in the case rn = 2δn. Thus the bounds

on Rσ(Λ,ΩS) show the correct order in Λ. �

Let us state one more example, where one encounters exponential growth of the

eigenvalue means.

Corollary 7.10. Assume σ ≥ 3/2 and rn = 2n/
√
n. Then for 0 < Λ < 15/16

we have Rσ(Λ; ΩS) = 0 and for Λ > 15/16

Rσ(Λ; ΩS) ≤ Cσ 22Λ Λσ .

This bound follows from Lemma 7.7 similar as in Corollary 7.9.

7.4. Non-constant potentials

In this section we consider Schrödinger operators HΩ with non-constant potentials

V ≥ 0 on open sets Ω ⊂ Rd. Since we define HΩ with Dirichlet boundary conditions

the variational principle implies that the sharp Lieb-Thirring inequality (7.2) holds.

In fact, the Dirichlet condition gives rise to an improvement of this bound. In this

section we use this to derive sharp Lieb-Thirring inequalities with remainder term.

7.4.1. One-dimensional considerations. As in Section 7.3 we apply Proposi-

tion 7.1 to reduce the problem to one dimension. However, for non-constant potentials

V the trace of the operator-valued potential W (x′, V ) defined in (7.5) cannot be cal-

culated explicitly. Therefore we need to study the one-dimensional situation in more

detail to derive the following improvement of (7.2).

Theorem 7.11. Let I ⊂ R be an open interval of length l < ∞ and assume

σ ≥ 3/2 and V ∈ Lσ+1/2(I) such that

A = l

∫
I

V (t) dt < ∞ .

Then for A ≤ 2 ln 3 we have Rσ(V ; I) = 0 and for A > 2 ln 3

Rσ(V ; I) ≤ Lclσ,1

∫
I

V (t)σ+1/2 dt−

(
2
(∫

I
V (t) dt

)2

exp(A)− 1

)σ

.

The remainder of Section 7.4.1 is devoted to the proof of this result. In particular,

we study the effect of different boundary conditions on the eigenvalues. First we

assume I = (0, l) and V ∈ C∞0 (I). Recall that

HI = − d2

dt2
− V

is defined in L2(I) as self-adjoint operator generated by the quadratic form

〈u,HIu〉 =

∫ (
|u′(t)|2 − V (t)|u(t)|2

)
dt , (7.29)
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with form domain H1
0 (I). Moreover, we define the operator

HR = − d2

dt2
− V

in L2(R) generated by the form (7.29) with form domain H1(R).

We assume that the negative spectrum of HI consists of N eigenvalues (−λk)Nk=1,

N ∈ N, and denote the negative eigenvalues of HR by (−µk)Mk=1. The variational

principle implies M ≥ N and −µk ≤ −λk for each k = 1, . . . , N .

In order to derive relations between the eigenvalues of HI and HR we define

H
(α,β)
I = − d2

dt2
− V , 0 ≤ α, β ≤ π

2
,

as self-adjoint operators generated by the form

〈u,H(α,β)
I u〉 =

∫
|u′(t)|2dt−

∫
V (t)|u(t)|2dt+ (cotα) |u(0)|2 + (cot β) |u(l)|2

with form domain H1(I). Note that eigenfunctions of H
(α,β)
I satisfy boundary condi-

tions of the third kind: u′(0) = (cotα)u(0) and u′(l) = −(cot β)u(l). For α, β ∈
[
0, π

2

]
the negative spectrum of H

(α,β)
I consists of eigenvalues (−νk(α, β))

N(α,β)
k=1 . We point

out that for α = β = 0 we recover Dirichlet boundary conditions:

H
(0,0)
I = HI , N(0, 0) = N , and (νk(0, 0))

N(0,0)
k=1 = (λk)

N
k=1 . (7.30)

We need the following result from [Wei03] about the behavior of the eigenvalues

of H
(α,β)
I . For α ∈

[
0, π

2

]
and ν > 0 let u(t; ν, α) to be the unique solution of

−u′′(t)− V (t)u(t) = −ν u(t) , t ∈ I ,
u(0; ν, α) = sinα ,

u′(0; ν, α) = cosα . (7.31)

Lemma 7.12. Fix β ∈
[
0, π

2

]
. Then for α ∈ (0, π

2
) the map α 7→ νk(α, β) is

monotone increasing and differentiable and we have

dνk(α, β)

dα
= ‖u(·; νk(α, β), α)‖−2

L2(I) .

Because of the symmetry of the eigenvalue problem (7.31) a corresponding result

holds for fixed α ∈
[
0, π

2

]
and the map β 7→ νk(α, β), β ∈

[
0, π

2

]
. For k = 1, . . . N it

follows that

−νk(α, α) ≤ −νk(0, 0) = −λk < 0

for all α ∈
[
0, π

2

]
.

For k = 1, . . . N put

ωk = arccot
√
µk ∈

[
0,
π

2

]
. (7.32)

Then we have N(ωk, ωk) ≥ N and both −µk and −νk(ωk, ωk) exist as negative eigen-

values of HR and H
(ωk,ωk)
I respectively.

Proposition 7.13. For k = 1, . . . , N the eigenvalues of HR and H
(ωk,ωk)
I satisfy

−µk = −νk(ωk, ωk) .
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Proof. For arbitrary k ∈ {1, . . . , N} let Φk denote the eigenfunction of HR
corresponding to −µk. Then supp V ⊂ I = (0, l) implies

Φk(t) = c1 exp (−√µkt) for t ≥ l and

Φk(t) = c2 exp (+
√
µkt) for t ≤ 0

with suitable constants c1, c2 ∈ R. From (7.32) it follows that Φ′k(0) = (cotωk)Φk(0)

and Φ′k(l) = −(cotωk)Φk(l). Put Φ̃k = Φk|(0,l). Since Φ̃k belongs to the domain

of H
(ωk,ωk)
I we find that −µk is an eigenvalue of H

(ωk,ωk)
I . Note that Φk has k − 1

zeros in the interior of I. Therefore Φ̃k has k − 1 zeros as well and we conclude

−µk = −νk(ωk, ωk). �

Similar as in (7.31) let ũ(t; ν, β), β ∈
[
0, π

2

]
, ν > 0, be the unique solution of

−ũ′′(t)− V (t)ũ(t) = −ν ũ(t) , t ∈ I ,
ũ(l; ν, β) = sin β ,

ũ′(l; ν, β) = − cos β .

Due to the symmetry of the eigenvalue problem (7.31) there is a result analogous

to Lemma 7.12 relating the derivative of the map β 7→ νk(α, β) to the L2-norm of

ũ(·; νk(α, β), β).

In view of (7.30) and Proposition 7.13 we have

µk − λk = νk (ωk, ωk)− νk(0, 0) = νk(ωk, ωk)− νk(0, ωk) + νk(0, ωk)− νk(0, 0) .

Hence, applying Lemma 7.12 and its analog for the map β 7→ νk(0, β) yields

µk − λk =

∫ ωk

0

‖u(·; νk(α, ωk), α)‖−2
L2(I) dα +

∫ ωk

0

‖ũ(·, νk(0, β), β)‖−2
L2(I) dβ (7.33)

for k = 1, . . . , N .

In the remainder of this subsection we use this identity to complete the proof

of Theorem 7.11. In order to get a result valid without further assumptions on the

potential V we have to restrict ourselves to considering the ground states.

Lemma 7.14. Let I ⊂ R be an open interval of length l and V ∈ C∞0 (I). Then

the inequality

µ1 − λ1 ≥
2
(∫

V (t)dt
)2

exp
(
l
∫
V (t)dt

)
− 1

holds. Moreover, if l
∫
V (t) dt ≤ 2 ln 3 then −λ1 ≥ 0 and we have Rσ(V ; I) = 0 for

σ ≥ 0.

Proof. First we remark that it suffices to prove the result for I = (0, l). To

apply (7.33) we have to analyze the functions u(·; ν1(α, ω1), α) and ũ(·; ν1(0, β), β) for

0 < α, β < ω1.
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By definition, the function u is the first eigenfunction of H
(α,ω1)
I thus it is non-

negative on I. As a solution of (7.31) u solves the integral equation

u(t; ν, α) =
1

2
(sinα)

(
e
√
νt + e−

√
νt
)

+
1

2
(cosα)

(
e
√
νt − e−

√
νt

√
ν

)
−
∫ t

0

sinh (
√
ν(t− s))√
ν

V (s)u(s; ν, α) ds . (7.34)

The first two summands are non-decreasing in ν > 0. For α ∈ [0, ω1], Lemma 7.12

and Proposition 7.13 imply ν1(α, ω1) ≤ µ1. Since the integrand in (7.34) is positive

it follows that

u(t; ν1(α, ω1), α) ≤ 1

2
(sinα)

(
e
√
µ1t + e−

√
µ1t
)

+
1

2
(cosα)

(
e
√
µ1t − e−

√
µ1t

√
µ1

)
=

1

2
e
√
µ1t

(
sinα +

cosα
√
µ1

)
+

1

2
e−
√
µ1t

(
sinα− cosα

√
µ1

)
.

Now we use that sinα− cosα/
√
µ1 ≤ 0 holds for α ∈ [0, ω1] and conclude

0 < u(t; ν1(α, ω1), α) ≤ 1

2
e
√
µ1t

(
sinα +

cosα
√
µ1

)
.

By explicit calculations it follows that∫ ω1

0

‖u(·; ν1(α, ω1), α)‖−2 dα ≥ 4µ1

exp
(
2l
√
µ1

)
− 1

.

Similarly, we find ∫ ω1

0

‖ũ(·; ν1(0, β), β)‖−2 dβ ≥ 4µ1

exp
(
2l
√
µ1

)
− 1

and (7.33) implies

µ1 − λ1 ≥
8µ1

exp
(
2l
√
µ1

)
− 1

. (7.35)

For l
√
µ1 ≤ ln 3 it follows that −λ1 ≥ 0. Since the right hand side of (7.35) is

non-increasing the estimate [HLT98]

√
µ1 ≤

1

2

∫
I

V (t) dt

implies the claimed result. �

The proof of Theorem 7.11 is an immediate consequence of the results above:

Proof of Theorem 7.11. Using convexity of the map λ 7→ λσ and the Lieb-

Thirring inequality (7.2) we estimate

Rσ(V ; I) =
N∑
k=1

λσk ≤
N∑
k=1

µσk − (µσ1 − λσ1 ) ≤ Lclσ,1

∫
I

V (t)σ+1/2 dt− (µ1 − λ1)σ .

Hence, for V ∈ C∞0 (I) the claim follows from Lemma 7.14. A standard approximation

argument allows us to prove the claim for all non-negative potentials V ∈ Lσ+1/2(I).

�
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7.4.2. A sharp Lieb-Thirring inequality with remainder term. Let us

now consider general Schrödinger operators HΩ on bounded or quasi-bounded open

sets Ω ⊂ Rd with Dirichlet boundary conditions. To apply the inductive argument

introduced in Section 7.2, fix a coordinate system in Rd. For x ∈ Ω we write x =

(x′, t) ∈ Rd−1 × R and assume that Vx′ ∈ Lσ+d/2(Ω(x′)), a.e. in x′ ∈ Rd−1. We use

the notation introduced in Section 7.2 and put

Ak(x
′) = |Jk(x′)|

∫
Jk(x′)

Vx′(t) dt ,

Bk(x
′) =

∫
Jk(x′)

Vx′(t) dt .

Let κ(x′, V ) ⊂ N be the subset of all indices k with Ak(x
′) > 2 ln 3 and put

ΩV (x′) =
⋃

k∈κ(x′,V )

Jk(x
′) ⊂ R and ΩV =

⋃
x′∈Rd−1

{x′} × ΩV (x′) ⊂ Ω .

The results from Section 7.2 and Section 7.4.1 imply the following sharp Lieb-Thirring

inequality with remainder term.

Theorem 7.15. Let Ω be an open set in Rd, d ≥ 2, and assume σ ≥ 3/2. Then

the estimate

Rσ(V ; Ω) ≤ Lclσ,d

∫
ΩV

V (x)σ+d/2 dx− Lclσ,d−1

∫
Rd−1

ρ(x′, V ) dx′

holds with a remainder

ρ(x′, V ) =
∑

k∈κ(x′,V )

(
2Bk(x

′)2

exp (Ak(x′))− 1

)σ+(d−1)/2

.

Proof. In view of Proposition 7.1 we have to estimate

TrW (x′, V )σ+(d−1)/2 =

N(x′)∑
k=1

TrHk(x
′)
σ+(d−1)/2
− =

N(x′)∑
k=1

Rσ+(d−1)/2(Vx′ ; Jk(x
′)) .

The potential Vx′ satisfies the conditions of Theorem 7.11, a.e. in x′ ∈ Rd−1. For k /∈
κ(x′, V ) we have |Jk(x′)|

∫
Jk(x′)

Vx′dt ≤ 2 ln 3 and Theorem 7.11 yields TrHk(x
′)− = 0.

Hence,

TrW (x′, V )σ+(d−1)/2

=
∑

k∈κ(x′,V )

Rσ+(d−1)/2(Vx′ ; Jk(x
′))

≤
∑

k∈κ(x′,V )

(
Lclσ+(d−1)/2,1

∫
Jk(x′)

Vx′(t)
σ+d/2dt−

(
2Bk(x

′)2

exp (Ak(x′))− 1

)σ+(d−1)/2
)
.

Thus the claim follows from Proposition 7.1 using the identities∫
Rd−1

∑
k∈κ(x′,V )

∫
Jk(x′)

Vx′(t)
σ+d/2dt dx′ =

∫
ΩV

V (x)σ+d/2 dx

and Lclσ,d−1 L
cl
σ+(d−1)/2,1 = Lclσ,d. �
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7.4.3. An example with V /∈ Lσ+d/2. Let us illustrate Theorem 7.15 by an

example of a Schrödinger operator defined on a horn-shaped region with a potential

such that the classical Lieb-Thirring inequality (7.2) fails. As in Section 7.3.1 set

Ω1 =
{

(x, y) ∈ R2 : |x| · |y| < 1
}

and put Vα(x, y) = |x|α|y|−α with α > 0. Again, we introduce a scaling parameter

λ > 0 and study the operator

Hα = −∆− λVα ,

defined in L2(Ω1) with Dirichlet boundary conditions. Since Vα /∈ Lσ+1(Ω1) the

classical results (7.2) and (7.1) fail and it is not clear whether the spectrum of Hα is

discrete and whether eigenvalue means are bounded in terms of the potential λVα.

While our methods do not answer this question in general, we can apply Theorem

7.15 to get upper bounds on Rσ(λVα; Ω1) for 0 < α < 2/5 and 3/2 ≤ σ < (1− α)/α.

Indeed, for any x ∈ R the section Ω1(x) consists of one open interval (−x−1, x−1) and

A1(x) =
4

|x|

∫ |x|−1

0

λ|x|α|y|−α dy =
4λ

1− α
|x|2(α−1) .

Since α < 1 we find that A1(x) tends to zero as |x| tends to infinity. Thus A1(x) ≤
2 ln 3 holds for

|x| ≥
(

2λ

(1− α) ln 3

)1/(2−2α)

= xα(λ) .

From Theorem 7.15 it follows that for σ ≥ 3/2

Rσ(λVα; Ω1) ≤ 4Lclσ,2

∫ xα(λ)

0

∫ x−1

0

xα(σ+1) y−α(σ+1) dy dx λσ+1 .

Note that the right hand side is of this inequality is finite if σ < (1−α)/α. Thus the

estimate

Rσ(λVα; Ω1) ≤ Lclσ,2
4

2α(σ + 1)(1− α(σ + 1))

(
2

(1− α) ln 3

)α(σ+1)/(1−α)

λ(σ+1)/(1−α)

holds for 3/2 ≤ σ < (1− α)/α and for all λ > 0.
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[KVW09] H. Kovař́ık, S. Vugalter, and T. Weidl, Two dimensional Berezin-Li-Yau inequalities

with a correction term, Comm. Math. Phys. 287 (2009), no. 3, 959–981.
[Kwa10a] M. Kwasnicki, Eigenvalues of the fractional Laplace operator in the interval,

arXiv:1012.1133v1 (2010).
[Kwa10b] M. Kwasnicki, Spectral analysis of subordinate Brownian motions in half-line,

arXiv:1006.0524v2 (2010).

157



[Lap91] M. L. Lapidus, Fractal drum, inverse spectral problems for elliptic operators and a partial
resolution of the Weyl-Berry conjecture, Trans. Amer. Math. Soc. 325 (1991), no. 2, 465–
529.

[Lap97] A. Laptev, Dirichlet and Neumann eigenvalue problems on domains in Euclidean spaces,
J. Funct. Anal. 151 (1997), no. 2, 531–545.

[Lev52] B. M. Levitan, On the asymptotic behavior of the spectral function of a self-adjoint
differential equation of the second order, Izvestiya Akad. Nauk SSSR. 16 (1952), 325–
352.

[Lia00] M. Lianantonakis, On the eigenvalue counting function for weighted Laplace-Beltrami
operators, J. Geom. Anal. 10 (2000), 299–322.

[Lie73] E. H. Lieb, The classical limit of quantum spin systems, Comm. Math. Phys. 31 (1973),
327–340.

[Lie76] E. H. Lieb, Bounds on the eigenvalues of the Laplace and Schroedinger operators, Bull.
Amer. Math. Soc. 82 (1976), no. 5, 751–753.

[Lie84] E. H. Lieb, On characteristic exponents in turbulence, Comm. Math. Phys. 92 (1984),
no. 4, 473–480.

[Lie97] E. H. Lieb, The Stability of Matter: From Atoms to Stars, Selecta of Elliott H. Lieb, ed.
by W. Thirring, Springer, 1997.

[LL97] E. H. Lieb and M. Loss, Analysis, Graduate Studies in Mathematics, 14, American
Mathematical Society, Providence, RI, 1997.

[LS10] E. H. Lieb and R. Seiringer, The stability of matter in quantum mechanics, Cambridge
University Press, Cambridge, 2010.

[LT76] E. H. Lieb and W. Thirring, Inequalities for the moments of the eigenvalues of the
Schrödinger hamiltonian and their relation to Sobolev inequalities, Studies in Math.
Phys., Essays in Honor of Valentine Bargmann (E. Lieb, B. Simon, and A. S. Wightman,
eds.), Princeton Univ. Press, Princeton, New Jersey, 1976, pp. 269–330.

[Lun10] D. Lundholm, Weighted supermembrane toy model, Lett. Math. Phys. 92 (2010), no. 2,
125–141.

[Lut73] J. M. Luttinger, Generalized isoperimetric inequalities, J. Math. Phys. 14 (1973), no. 5,
586–593.

[LW00] A. Laptev and T. Weidl, Sharp Lieb-Thirring inequalities in high dimensions, Acta Math.
184 (2000), no. 1, 87–111.

[LY83] P. Li and S. T. Yau, On the Schrödinger equation and the eigenvalue problem, Comm.
Math. Phys. 88 (1983), no. 3, 309–318.

[LY88] E. H. Lieb and H. T. Yau, The stability and instability of relativistic matter, Comm.
Math. Phys. 118 (1988), no. 2, 177–213.

[Mar72] P. A. Martin, From the asymptotic condition to the cross-section, Helv. Phys. Acta 45
(1972), no. 5, 794–801.

[Mel80] R. B. Melrose, Weyl’s conjecture for manifolds with concave boundary, Geometry of the
Laplace operator (Proc. Sympos. Pure Math., Univ. Hawaii, Honolulu, Hawaii, 1979).
Proc. Sympos. Pure Math., XXXVI, Amer. Math. Soc., Providence, R.I., 1980, pp. 257–
274.

[Mel03] A.D. Melás, A lower bound for sums of eigenvalues of the Laplacian, Amer. Math. Soc
131 (2003), 631–636.

[Min54] S. Minakshisundaram, Eigenfunctions on Riemannian manifolds, J. Indian Math. Soc.
(N.S.) 17 (1954), 159–165.

[MM06] S. G. Matinyan and B. Müller, Adventures of the coupled Yang-Mills oscillators. I. Semi-
classical expansion, J. Phys. A 39 (2006), no. 1, 45–59.

[MO79] A. W. Marshall and I. Olkin, Inequalities: theory of majorization and its applications,
Mathematics in Science and Engineering, vol. 143, Academic Press Inc., New York, 1979.

158



[MS67] H. P. McKean and I. M. Singer, Curvature and the eigenvalues of the laplacian, J.
Differential Geometry 1 (1967), no. 1, 43–69.

[NS05] Y. Netrusov and Y. Safarov, Weyl asymptotic formula for the Laplacian on domains
with rough boundaries, Comm. Math. Phys. 253 (2005), no. 2, 481–509.

[Oss77] R. Osserman, A note on Hayman’s theorem on the bass note of a drum, Comment. Math.
Helv. 52 (1977), no. 4, 545–555.

[Ple54] A. Pleijel, A study of certain Green’s functions with applications in the theory of vibrating
membranes, Arkiv för Matematik 2 (1954), 553–569.

[Pol61] G. Polya, On the eigenvalues of vibrating membranes, Proc. London Math. Soc. 11
(1961), no. 3, 419–433.

[Pus08] A. Pushnitski, The scattering matrix and the differences of spectral projections, Bull.
Lond. Math. Soc. 40 (2008), no. 2, 227–238.

[Ray00] J. W. S. Rayleigh, Remarks upon the Law of Complete Radiation, Philosophical Magazine
49 (1900), 539–540.

[Roz71] G. V. Rozenbljum, On the distribution of eigenvalues of the first boundary problem in
unbounded domains, Dokl. Akad. Nauk SSSR 200 (1971), 1539–1542.

[Roz72a] G. V. Rozenbljum, Distribution of the discrete spectrum of singular differential operators.
(russian), Dokl. Akad. Nauk SSSR 202 (1972), 1012–1015.

[Roz72b] G. V. Rozenbljum, On the eigenvalues of the first boundary value problem in unbounded
domains, Math. USSR-Sb. 18 (1972), 235–248.

[Roz76] G. V. Rozenbljum, The computation of the spectral asymptotics for the Laplace operator
in domains of infinite volume, J. Sov. Math. 6 (1976), 64–71.

[RS75] M. Reed and B. Simon, Methods of Modern Mathematical Physics II. Fourier Analysis.
Self-adjointness, Academic Press, 1975.

[RS78] M. Reed and B. Simon, Methods of Modern Mathematical Physics IV. Analysis of Op-
erators, Academic Press, 1978.

[Rue82] D. Ruelle, Large volume limit of the distribution of characteristic exponents in turbulence,
Comm. Math. Phys. 87 (1982), no. 2, 287–302.

[See78] R. Seeley, A sharp asymptotic remainder estimate for the eigenvalues of the Laplacian
in a domain of R3, Adv. in Math. 29 (1978), no. 2, 244–269.

[Sim76] B. Simon, The bound state of weakly coupled schrödinger operators in one and two di-
mensions, Ann. Physics 97 (1976), no. 2, 279–288.

[Sim83] B. Simon, Non-classical eigenvalue asymptotics, J. Functional Anal. 53 (1983), 84–98.
[Sim05] B. Simon, Functional integration and quantum physics, 2 ed., AMS Chelsea Publishing,

Providence, RI, 2005.
[Smi81] L. Smith, The asymptotics of the heat equation for a boundary value problem, Invent.

Math. 63 (1981), no. 3, 467–493.
[Som10] A. Sommerfeld, Die Greensche Funktion der Schwingungsgleichung für ein beliebiges

Gebiet, Physikalische Zeitschrift 11 (1910), 1057–1066.
[SS03] J. P. Solovej and W. L. Spitzer, A new coherent states approach to semiclassics which

gives Scott’s correction, Comm. Math. Phys 241 (2003), 383–420.
[SSS10] J. P. Solovej, T. Østergaard Sørensen, and W. L. Spitzer, The relativistic Scott correction

for atoms and molecules, Comm. Pure Appl. Math. 63 (2010), 39–118.
[SSV10] R. L. Schilling, R. Song, and Z. Vondraček, Bernstein functions, de Gruyter Studies in
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