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200 nm in silty aquifers to 100,000 nm in gravel aquifers (de Boer, 2012; Elliott & Zhang, 

2001). 

Accordingly, NPs are capable to be injected as a colloidal suspension in most aquifers, which 

permits application in otherwise hard-to-reach places like deep aquifers or below buildings, as 

well as direct injection into the contaminant source zone. NP injection into the source zone 

enables the rapid treatment of highly concentrated dissolved contaminants close to the 

contaminant source, greatly enhancing dissolution. This effectively cuts off the contaminant 

plume, preventing further downstream transportation of contaminants. 

 

1.2.1 NP Mobility 

The attachment of colloidal particles in porous media is governed by (i) particle-grain and 

particle-particle interactions as discussed in Chapter 4.2.2, and (ii) the collision mechanism 

determining the deposition of a single particle onto a single collector (grain) as discussed 

in 4.2.3 (Tosco & Sethi, 2010).  

 

Figure 1.1 Schematic images of particle-grain & particle-particle interactions (top, adapted 

from Tosco, et al., (2016) and of collision mechanisms (bottom, adapted from Yao (1971). 
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2 Characterization of Fluid Flow Generated by High Velocity Injection 

(1D) 

2.1 Motivation 

The goal of this chapter is to examine the non-Darcy effect of high velocity injection in porous 

media. 

When fluids are injected with high flow velocity via an injection well, the flow in the vicinity 

of the well becomes turbulent (Reynolds number Re > 10). The resisting force (inertial force) 

of fluid against a change in velocity (inertial effects) in porous media is not negligible, and thus 

an increase in hydraulic head occurs in the pores. In other words, the hydraulic head in the 

vicinity of the well is higher than that predicted by Darcy’s law (Zeng & Grigg, 2006). This 

type of fluid flow is called non-Darcy flow. The non-Darcy flow conditions occur only around 

the well; after certain distance the conditions conform to Darcy flow (Mathias & Wen, 2015; 

Wu, et al., 2009), because flow velocity decreases with distance from the injection position. 

This is due to the hyperbolic expansion of the flow zone area. The hydraulic head gradient also 

decreases hyperbolically with distance from the injection position, since it is proportional to the 

flow velocity. 

Due to the different flow regime, the injection head at the injection position is higher and the 

decrease in velocity (or hydraulic head gradient) is significantly large when the fluid is injected 

using the Direct Push Method, as opposed to injection via fully penetrating well.  

In the Direct Push Method, the fluid is injected via the injection rod, with small nozzles at the 

end of the rod. As such the fluid is released from the nozzle at very high velocity and flows in 

all three-dimensional directions, comprising horizontal and vertical flow components. By 

contrast, the fluid released from a fully penetrating well, the screen zone of which extends the 

full depth of the aquifer, is released at a much lower velocity, flows radially and comprises only 

horizontal flow components. Thus, the increase in the area of the flow zone is more pronounced 

in the Direct Push Method, and is an inverse function of the velocity, leading to a great 

difference between the two injection methods regarding the decrease of velocity and the 

hydraulic head gradient. 

Accordingly, the non-Darcy effect around the injection position in the Direct Push Method is 

excessively high. As such the injection head and space dependent hydraulic head gradient 

cannot be accurately predicted by Darcy’s law, so this study aims to explore the magnitude of 

non-Darcy effects on the flow velocity in porous media, and to develop a prediction tool for the 

hydraulic head gradient under the conditions of non-Darcy flow. 
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2.2 Conceptual Model and Mathematical Description 

2.2.1 Darcy’s law 

Groundwater flows on the microscopic scale are a complex network of flows through the 

tortuous, interconnected pore spaces of the soil. Avoiding the difficulties of the microscopic 

hydrodynamic picture, Darcy’s law relies on a simple observation on the macroscopic scale: 

when an incompressible laminar flow reaches steady state, the hydraulic head gradient caused 

by the flow is a linear function of the specific discharge q (Darcy velocity): 

 𝑞 = − 𝐾∇ℎ (2.1) 

where 𝐾 [LT-1] is the hydraulic conductivity of the porous media and ∇ℎ is the gradient of the 

hydraulic head ℎ [L] given by, 

 ℎ =  
𝑝

𝜌𝑓𝑔
+ 𝑧 (2.2) 

where 𝑝 [M L-1 T-2] is the pressure, 𝜌𝑓 [M L-3] is the fluid density, 𝑔 [M T-2] is the gravity and 

𝑧 [L] is the elevation head.  

Using the intrinsic permeability of soil pores 𝑘0  [L²] and dynamic viscosity of fluid 

𝜇  [M  L- 1 T-1] of the fluid Eq.(2.1) takes the form of 

 
𝑞 = − 

𝑘0
𝜇
(∇𝑃 + 𝜌𝑓𝑔∇𝑧) (2.3) 

Darcy’s law is only valid where the flow is characterized by a small Reynolds number (Re < 10) 

and is dominated by viscous forces (Rodríguez de Castro & Radilla, 2017). 

 

2.2.2 Forchheimer Equation for non-Darcy Flow 

Increasing flow velocity or decreasing viscosity will cause inertial forces to gain importance in 

the flow dynamics, leading to perturbations of the flow field due to the heterogeneity of the 

porous media. A flow regime that exceeds the critical Reynold’s number is called non-Darcy 

flow, and can no longer be described by a simple linear relationship between hydraulic head 

gradient and discharge. It is instead described by a non-linear relationship accounting for the 

additional inertial forces. 

One example of where such flows may arise is the recharge of fluid in an aquifer via a partially 

penetrating well, or alternatively via the Direct Push Method which leads to high flow velocity 

and a high Reynolds number (Re > 10) in the vicinity of the well, producing non-Darcy flow 

conditions there (Moutsopoulos, 2009; Sidiropoulou, et al., 2007). 

For such conditions, where the non-Darcy effects on the pore scale are no longer negligible, 

Forchheimer proposed a non-linear relation between flow velocity and the hydraulic head 

gradient (Forchheimer, 1901): 

 
𝑞 +

𝑏

𝑔
𝐾𝑞2 = −𝐾∇ℎ (2.4) 
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where 𝑏 [L-1] is the Forchheimer coefficient, which depends on the porous media properties. 

Equation (2.4) reduces to linear Darcy law when 𝑞 is small (how small depends on the porous 

media). 

Equation (2.4) can also be transformed to Darcy’s law using Forchheimer factor 𝐹  [-] 

(0 < F < 1): 

 𝑞 = −𝐾𝐹∇ℎ (2.5) 

where 

 
𝐹 = [1 +

𝑏

𝑔
𝐾𝑞]

−1

= [1 + 𝑏
𝑘𝜌𝑓

𝜇
𝑞]

−1

 
(2.6) 

 

2.2.3 Reynold’s Number 

The Reynold’s number is a dimensionless quantity which quantifies the ratio of inertial force to 

viscous forces. In porous media it is given by 

 
𝑅𝑒 =

𝐼𝑛𝑒𝑟𝑡𝑖𝑎𝑙 𝑓𝑜𝑟𝑐𝑒

𝑉𝑖𝑠𝑐𝑜𝑢𝑠 𝑓𝑜𝑟𝑐𝑒
=  
𝜌𝑓𝑞𝐷𝑝

𝜇𝜀
 (2.7) 

where 𝐷𝑝 [L] is the diameter of the soil grains and 𝜀 is porosity [-]. 

In porous media, the Reynolds number is an important measure for distinguishing Darcy and 

non-Darcy flow regimes. According to the work of Zeng & Grigg (2006), the critical Reynolds 

number which marks the onset of non-Darcy flow lies in the range of 1 to 100. Following the 

suggestion of Hassanizadeh and Gray (1987), in this work, flow shall be considered non-Darcy 

when the Reynolds number exceeds 10 (Re > 10). 

 

2.3 Materials & Methods 

In order to get a better qualitative understanding of the non-Darcy effects occurring during the 

injection of water into porous media, 1D flow experiments in columns were performed.  

 

Porous Media and Column Filling 

Non-monosized quartz sand was used as porous medium for the experiment (mixture of 

Dorsilit® 2F 3-5 mm and Dorsilit® FG 0-3 mm, Dorfner GmbH, Germany). The grain size 

distribution of the mixed porous media, described with D-values (𝑑10/𝑑50 /𝑑90 ), denoting the 

intercepts for 10 %, 50 % and 90 % of the cumulative mass of the sand, is listed in Table 2.1. 

The grain size distribution is consistent with the porous material of the 2D large experiments in 

this study (this will be discussed later in this study). The quartz sand was delivered fire-dried 

and had a very low iron content (< 1 mg/kg). 

The porous medium was packed in glass columns with an inner diameter of 4 cm. The columns 

were filled using the dry packing method, following the example of Rad and Tumay (1987). 
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Homogeneous packing was achieved by pluviating sand into column through a sand raining 

tube, which ensures the porous material grains to fall at terminal velocity before being deposited 

(Rad & Tumay, 1987).  

To replace the air inside the pore matrix, the sand-filled columns were then flushed with four 

pore volumes (PV) of Argon gas from bottom to top. Finally the columns were saturated with 

degassed tap water (< 1 mg dissolved O2/L) and flushed with 4 PVs. 

The pore volume of each column was calculated by subtracting the mass of the dry column 

from the mass of the water-saturated column. The permeability of each packed column was 

obtained following the fitting method used by Rodríguez de Castro and Radilla (2017). 

The pure water was injected into the column at various velocities, and the measured pressure 

gradients (maximum hydraulic head gradient during the pure water injection) of all applied flow 

velocities were fitted to 𝑞
µ

𝑘
 with the least absolute residual method in order to minimize the 

sum of the residual 
∑ |

∆𝑃𝑖
𝐿
−𝑞𝑖

µ

𝑘
|𝑁

𝑖=1

𝑁
  with 𝑁  being the number of experimental data points. The 

hydraulic conductivity is given by 𝐾 =
𝑘𝜌𝑓𝑔

𝜇
. The applied value of the dynamic viscosity of 

water μ and the density of water 𝜌𝑓 were 1.00 · 10-3 [pa s] and 1.00 · 103 [kg/m³] respectively. 

The obtained values of permeability, hydraulic conductivity, bulk density, grain size 

distribution, and porosity ε as derived from the pore volume are presented in Table 2.1. 

 

Table 2.1 Characteristics of porous media 

k [m²] K [m/s] 𝝆𝒃 [kg/m³] 𝒅𝟏𝟎/𝒅𝟓𝟎 /𝒅𝟗𝟎  [m] 𝜺 [-] 

4.59 · 10-11 4.49 · 10-4 1.65 · 103 2.50 · 10-4/ 7.00 · 10-4/ 2.80 · 10-3 0.39 

 

Water 

The used water for this study is degassed drinking water from the water supply in Stuttgart 

(Zweckverband Bodensee-Wasserversorgung), which contains very low dissolved oxygen 

(< 1 mg/l). 

It is reported that NP mobility is significantly reduced in a solution which has high ionic 

strength (Bianco, et al., 2015; Tosco & Sethi, 2009). Presented in Table 2.2 are the chemical 

constituents of the water used which reflect the ionic strength (Bodensee-Wasserversorgung, 

2017). Based on the concentration of these chemicals, the ionic strength 𝐼 of the water was 

obtained as 4mM, calculated with the equation 𝐼 =  
1

2
∑ 𝑐𝑖𝑧𝑖

2𝑛
1  (IUPAC, 1997), where 𝐶𝑖 is the 

molar concentration of ion [mol/l], 𝑧𝑖is the charge number of that ion. Since high ionic strength 

hinders NP transport, the low ionic strength of 4mM in the water used is regarded as having a 

minor effect on the NP. 
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Table 2.2 Concentration of chemical constituents which correspond to the ionic strength in the 

water used (Bodensee-Wasserversorgung, 2017) 

Constituents Concentration Constituents Concentration 

Calcium 48 mg/l Carbonate 30.9 mg/l 

Magnesium 8.1 mg/l Sulfate 33 mg/l 

Sodium 5.4 mg/l Chloride 7.3 mg/l 

Pottasium 1.4 mg/l Nitrate 0.01 mg/l 

 

Setup and Procedure: Non-Darcy Flow Experiments (1D) 

Degassed tap water was injected into horizontally arranged packed columns measuring 0.44 m 

length, using a cylinder pump adjusting constant flux boundary condition (Figure 2.1). The 

pump was driven by nitrogen gas with a pressure of up to 7 bar, and the flow rate was regulated 

by the controlling pressure of the pump. The actual flow rate was obtained by dividing a 

measured cumulative mass of outlet solution by a measured period of time and a column cross 

sectional area.  

For each injection, one liter of water was flushed, which is equivalent to four pore volumes 

(PV), and during the injection the pressure at the inlet and the outlet was measured with pressure 

transducers (PT4515, ifm electronic). Once a liter of water had passed through the column, the 

controlling pressure of the pump was increased and the measurement carried out again for the 

new injection rate.  

Fifteen injection rates within the range of 1.71 · 10-6 to 4.10 · 10-5 m³/s were applied in this 

study. The increase in the injection rate was determined by increasing the controlling pressure 

of the pump; at 0.2 bar intervals from 0.3 bar to 1.5 bar, then at 0.5 bar intervals until 2.0 bar 

and at 1 bar intervals until 5 bar. 

 

Figure 2.1 Set-up of the1D column experiment (adapted from Accolla (2017)) 

  



2 Characterization of Fluid Flow Generated by High Velocity Injection (1D)  27 

 

 

2.4 Results and Discussion 

The hydraulic head gradient was obtained from the measured pressures at the inlet 𝑃𝑖𝑛 and the 

outlet 𝑃𝑜𝑢𝑡 as  
∆𝑃

𝐿
=

(𝑃𝑖𝑛 −𝑃𝑜𝑢𝑡)

𝐿
, which was converted into the hydraulic hydrau gradient as  

∆ℎ

𝐿
=

∆𝑃

𝜌𝑓𝑔𝐿
. The relation of the hydraulic head gradient and flow velocity q is shown in Figure 2.2. It 

shows that the empirical gradient (black dots) does not coincide with the calculated hydraulic 

head gradient of Darcy’s law (dashed line) at higher flow velocities. This deviation reveals that 

the linear relation between the measured hydraulic head gradient and the flow velocity of 

Darcy’s law no longer holds due to the increased inertial forces yielded by the increase in flow 

rate. 

The obvious deviation can be observed after velocity q = 0.005 m/s. The Reynolds number at q 

= 0.005 m/s is 8.97 (Figure 2.2, a dotted line). One study suggests the flow is considered non-

Darcy when the Reynold’s number exceeds 10 (Re > 10) (Hassanizadeh & Gray, 1987). 

Consistent with this suggestion, in this study, an non-Darcy effect was not observed where the 

Reynold’s number was below 9. Thus, the critical Reynolds number in the used porous media 

is determined as 9 in this study, and a flow velocity which causes the Reynolds number to 

exceed 9 is assumed to be non-Darcy flow. 

The Forchheimer coefficient b was obtained by fitting the experimental data and the 

Forchheimer’s equation (Eq.(2.4)) using the least square method. The value was determined as 

b=1.79·105. The fitted curve of the Forchheimer’s equation (solid line) shows good agreement 

with the experimental data. The goodness of fit was assessed by the R-squared value (R²). The 

value obtained for the fit with the Forchheimer equation was 0.99, which is 7 % higher than the 

R-squared value of 0.93 obtained for the fit with Darcy’s law. 

Using the obtained b value, the Forchheimer factor F was predicted for the velocity range of 

0 to 0.1 m/s (Figure 2.2b). In this study, the flow velocity q = 0.1 m/s was selected as the highest 

velocity which may be generated around the injection position during a field injection using the 

Direct Push Method. 

Figure 2.2b shows that the F value at q =  0.1 m/s is 0.55, i.e. the conduction term 𝐾𝐹 in Eq.(2.5) 

decreases to 55 % of the initial hydraulic conductivity, which implies that at 0.01 m from the 

injection well the hydraulic head gradient becomes 182 % higher than the hydraulic head 

gradient predicted by Darcy’s law. 
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Figure 2.2 Hydraulic head gradient (left axis) and Reynolds number (right axis) over the flow 

velocity (a) and Forchheimer factor F at various flow velocities (b). For (a), black dots are 

experimental data, the dashed line represents their fit to Darcy’s law, and the solid line their fit 

to Forchheimer’s equation. 

 

2.5 Summary of the Findings 

Through an analysis of the Darcy and non-Darcy flow during water injection in a 1D flow 

system, a better understanding of the inertial effect at high velocity was obtained. The 

Forchheimer coefficient of the porous media was obtained, which will be applied in the 

upscaling and the prediction of the hydraulic head gradient in the subsequent large scale 

experiment. The effect of flow velocity on the inertial effect, the Reynolds number, and the 

Forchheimer factor were quantified. Forchheimer's equation proved its importance in the 

prediction of the hydraulic head in the high velocity region of over 0.01 m/s. 

  

(a) 

(b) 
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3 Analysis of Shear-Thinning Fluid Flow and Transport Generated by 

Viscous Fluid Injection 

3.1 Motivation 

The main purpose of this study is to examine 1) the flow and transport characteristics of viscous 

shear-thinning fluids, and 2) the effect of fluid viscosity and rheological properties on the pore 

pressure in the non-Darcy flow field. 

The injection fluid for the NP injection is a (highly) viscous colloidal suspension containing 

polymers that stabilize the particles in the suspension. Since the viscosity is a function of the 

dissolved polymer concentration in the solvent (water, in this study), viscosity in the pore matrix 

resulting from the injection is subject to the transport of polymer fluid and the distribution of 

concentration at each time step. 

NP injections usually require much higher pressure compared to pure water injections due to 

the high viscosity of the carrier fluid, which causes an increase in the hydraulic head around the 

injection point. However, the shear-thinning properties of the polymer solution, which come to 

the fore as the viscosity decreases at high flow rates, moderates the increase in the hydraulic 

head (Rodríguez de Castro & Radilla, 2017). 

One might reasonably speculate that the effects described above could lead to a different fluid 

flow and particle transport behavior in the non-Darcy flow field, as compared to the case of 

pure water flow and solute transport in the Darcy flow field. It is therefore critical to investigate 

the flow and transport behavior for different polymer concentrations and the effect of the fluid’s 

rheological properties on the flow field at different flow velocities. 

In order to quantify the influence of each of the competing effects of the viscous fluid transport 

and shear-thinning, both phenomena were studied individually first, and then brought together 

in one system. The constitutive relations were identified by looking at the concentration profiles 

of the column experiments and fitting parameters for a numerical model of these experiments. 

 

3.2 Conceptual and Mathematical Model 

3.2.1 Solute Transport in Porous Media 

Conservative solute transport in porous media can be described by the advection-dispersion 

equation: 

 
𝜀
𝜕𝑐

𝜕𝑡
+ 𝑞⃗ ∙ ∇𝑐 − 𝜀𝐷∇2𝑐 − 𝑆 = 0 (3.1) 

 

where 𝑐 [M L-3] is the concentration of the solute, 𝜀 [-] is the porosity, 𝑞⃗ [L T-1] is the Darcy 

velocity vector, 𝑡 [T] is time and 𝐷 [L² T-1] is the dispersion tensor and 𝑆 represents a source or 

sink. 
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Taking into account only the component in the x-direction and assuming the porosity 𝜀  is 

constant in space, the equation can further be simplified to the conservative transport equation: 

  

 𝜕𝑐

𝜕𝑡
+
𝑞

𝜀

𝜕𝑐

𝜕𝑥
− 𝐷

𝜕2𝑐

𝜕𝑥2
− S = 0 (3.2) 

The polymer used for the shear-thinning carrier fluid in this study is carboxymethyl cellulose 

(CMC) (see chapter 3.3). A previous study of the CMC transport (Accolla, 2017) showed that 

the CMC solution used was transported without retardation or deposition, and for that reason, 

in this study the transport behavior of the CMC solution will be considered a conservative 

transport. The 1D transport of the shear-thinning polymer fluid can be described with Eq. (3.2), 

with 𝑐 being the CMC concentration 𝑐𝐶𝑀𝐶. 

 

3.2.2 Shear-Thinning Effect of Polymer Carrier Fluid 

For regular (Newtonian) fluids, shear stress  τ [M L-1 T-2] on shear rate 𝛾̇ [T-1] have a linear 

relationship 𝜏 = 𝜇𝛾̇, where the constant coefficient 𝜇 is the dynamic viscosity of the fluid. 

However, in the case of non-Newtonian fluids, 𝜇 [M L-1 T-1] itself is a function of the shear rate 

𝛾̇ (𝜇 →  𝜇 (𝛾̇)), turning the simple linear model into a non-linear one, 𝜏 = 𝜇(𝛾̇)𝛾̇. 

Shear-thinning is a non-Newtonian effect, in which the viscosity decreases with increasing 

shear rate. The extent of shear-thinning depends on polymer type, concentration, temperature, 

and shear rate (Teegarden, 2004). 

For a given fluid at a given temperature, the empirical Carreau model (Carreau, 1972) can 

accurately predict the variation in viscosity when varying the shear rate. 

The Carreau equation is described as: 

 𝜇 − 𝜇∞
𝜇0 − 𝜇∞

= (1 + (𝜆𝛾̇)2)
𝑛−1
2  (3.3) 

where 𝜇 is the viscosity given shear rate 𝛾̇,  𝜇0 and 𝜇∞ are the zero shear rate and infinite shear 

rate viscosities respectively, 𝑛 is the power-law index, and 𝜆 is the empirical constant. 

According to Gastone et al (2014), the rheological parameters  𝜇0, 𝜇∞ and 𝜆 are the function of 

the used polymer concentration (in this study CMC) and can be described as: 

 𝜇0(𝑐𝐶𝑀𝐶)  = 𝜇𝑤(1 + 𝑐𝐶𝑀𝐶
𝐸) 

𝜆 = 𝐴𝑐𝐶𝑀𝐶
𝐵  

(3.4) 

where 𝜇𝑤 is the viscosity of the solvent (water, in this study), and the values of parameters 𝐸, 

𝐴 and 𝐵 are determined by fitting to experimental data. Following Rodriguez de Castro & 

Radilla (2017), the infinite shear rate viscosity 𝜇∞(𝑐𝐶𝑀𝐶) was assumed to be the viscosity of 

the solvent for all CMC concentrations, in this case that of water (1.01 · 10-3 Pa s). 

Employing the equations of the rheological parameters explained above Eq. (3.4), the Carreau 

model for CMC solution yields 
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𝜇 = 𝜇𝑤 + (𝜇𝑤(1 + 𝑐𝐶𝑀𝐶

𝐸) − 𝜇𝑤)((1 + (𝐴𝑐𝐶𝑀𝐶
𝐵 ∙ 𝛾̇ )2)

𝑛−1
2  (3.5) 

 

3.2.3 Shear-Thinning Effect in Porous Media. 

The shear-thinning viscosity in porous media can be described based on the Carreau model 

(Eq.(3.5)). In this case, the viscosity in porous media, the apparent viscosity 𝜇𝑝𝑚(𝛾̇𝑝𝑚) which 

is a function of the apparent shear rate in porous media𝛾̇𝑝𝑚, is used instead of the shear rate-

dependent intrinsic viscosity 𝜇 (𝛾̇). The apparent shear rate 𝛾̇𝑝𝑚 is obtained from the Darcy 

velocity 𝛾̇𝑝𝑚 =  𝛼
𝑞

√𝑘𝜀
 (Rodríguez de Castro & Radilla, 2017). Thus the apparent viscosity is 

given by: 

 

𝜇𝑝𝑚 = 𝜇𝑤 + (𝜇𝑤(1 + 𝑐𝐶𝑀𝐶
𝐸) − 𝜇𝑤) ((1 + (𝐴𝑐𝐶𝑀𝐶

𝐵 ∙ 𝛼
𝑞

√𝑘𝜀
 )
2

)

𝑛−1
2

 (3.6) 

where 𝛼 is an empirical shift factor, which linearly shifts the intrinsic shear-thinning viscosity 

𝜇 of the CMC solution to the viscosity in porous media. The shift factor 𝛼 depends on the 

rheological properties of the shear-thinning fluid as well as the structure of the porous medium, 

including the shape and size of the grains (Lopez, et al., 2003). According to Lopez et al, there 

is no theory that can predict α reliably. Thus the value needs to be obtained empirically and 

usually lies in the range of 1 < α < 15, where a value of 1 is expected for monosized spheres 

and higher values account for irregular shapes and varying grain size distributions (Lopez, et 

al., 2003; Tosco, et al., 2013). 

 

3.2.4 Flow of Shear-Thinning Fluid in Porous Media 

When a shear-thinning fluid is injected into a porous medium, the hydraulic head gradient is 

considerably higher than in the case of a pure water injection due to the high viscosity of the 

fluid. However, the high flow velocity in the injection zone reduces the viscosity of the carrier 

fluid, which compensates for the hydraulic head increase to some degree. 

For the shear-thinning fluid flow in porous media, Darcy’s law and the Forchheimer equation 

are applicable in the framework of the generalized Newtonian fluid theory (Bird, et al., 1987; 

Bird, 2002) in which the constant Newtonian viscosity is replaced by a shear-dependent 

viscosity that takes the rheological properties of the fluid and pore fluid flow velocity into 

account (Lopez, et al., 2003; Bird, et al., 1987; Pearson & Tardy, 2002; Sorbie, et al., 1989). 

For a 1D geometry, Darcy’s law and the Forchheimer equation read: 

 
𝑞 = −𝐾𝐹

∆ℎ

𝐿
=  −

𝑘𝜌𝑓𝑔

𝜇𝑝𝑚(𝑐𝐶𝑀𝐶 , 𝛾̇𝑝𝑚)
𝐹
∆ℎ

𝐿
     {

𝐷𝑎𝑟𝑐𝑦: 𝐹 = 1
𝐹𝑜𝑟𝑐ℎℎ𝑒𝑖𝑚𝑒𝑟: 0 < 𝐹 < 1

} (3.7) 
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𝐹 = [1 +

𝑏

𝑔
𝐾𝑞]

−1

= [1 + 𝑏
𝑘𝜌𝑓

𝜇𝑝𝑚(𝑐𝐶𝑀𝐶 , 𝛾̇𝑝𝑚)
𝑞]

−1

 
(3.8) 

where 𝑘  [L²] is the intrinsic permeability of porous media, 𝜌𝑓  [M L-3] is the fluid density, 

g [L  T-2] is gravity, 𝐿  [L] is the length of the one-dimensional porous media zone and 

𝜇𝑝𝑚(𝛾̇𝑝𝑚) [Pa s] ] is the apparent viscosity accounting for the shear-thinning effect in porous 

media, which depends on the apparent shear rate 𝛾̇𝑝𝑚 [T-1] and the polymer concentration. 

In the case of a 1D column system with constant injection rate, the viscosity only changes as a 

result of changes in the polymer concentration. In the early stage of the injection, the saturated 

water is progressively displaced by the injected polymer fluid in the direction of the flow. 

Where the polymer concentration increases, the viscosity rises and the hydraulic conductivity 

drops. Accordingly, the hydraulic head increases during the transient state of the injection until 

all water has been replaced with the polymer fluid and steady state conditions have been reached 

(Santoso, et al., 2018). 

 

3.3 Materials & Methods 

In order to get a better qualitative understanding of viscous fluid transport with the shear-

thinning effect and non-Darcy effects occurring during the injection of fluid into porous media, 

1D flow and transport experiments in columns were performed. 

 

Porous Media and Column Filling and Water 

Same procedure as laid out in Chapter 2.3 was used. 

 

Carboxymethyl cellulose (CMC) and Polymer Solution 

Sodium carboxymethyl cellulose is a cellulose derivative with carboxymethyl groups, produced 

by partial substitution of the cellulose hydroxyl groups with ionic hydrophilic moieties 

(deButts, et al., 1957; CPKelco, 2009). It is water soluble and appears as a white powder in its 

solid form. Sodium carboxymethyl cellulose is widely used in many different industrial fields, 

mainly for controlling viscosity. In the context of nanoremediation, CMC is added to the 

colloidal nano particle suspension of the injection fluid for the purpose of stabilization, and also 

to prevent aggregation and sedimentation (Phenrat, et al., 2007). 

The polymer solution was made by dispersing granular sodium carboxymethyl cellulose 

(Walocel CRT 30 GA, Dow Wolff Cellulosics GmbH, Germany) in degassed tap water using 

a disperser (T25 digital Ultra-Turrax®, IKA Werke GmbH & Co. KG). The solutions were 

produced at least one day prior to the experiments, allowing for the solution to reach a 

homogenous state. 



3 Analysis of Shear-Thinning Fluid Flow and Transport Generated by Viscous Fluid Injection  34 

 

 

3.4 Results and Discussion 

3.4.1 Transport of Polymer Solution in Porous Media 

As explained in the Chapter 3.2.1, transport of CMC in porous media is considered 

conservative. Thus the transport behavior of the CMC solution was investigated using the same 

method for the conservative solute transport as was used to analyze the breakthrough of the 

tracer mixed in the CMC solution. In this method, the tracer breakthrough was considered 

representative of the CMC breakthrough. The solution was injected continuously, and the inlet 

concentration of CMC/tracer was constant over the injection time. 

The longitudinal dispersion coefficient 𝐷𝑙  [L² T-1] was obtained for each flow velocity and 

CMC concentration by fitting the measured tracer breakthrough curve to the analytical solution 

for solute transport (Lapidus & Amundson, 1952; Bianco, et al., 2015), given by  

 𝑐

𝑐0
=
1

2
𝑒𝑟𝑓𝑐 (

𝑥 − 𝑣𝑡

2√𝐷𝑙𝑡
) + 

1

2
𝑒𝑥𝑝 (

𝑣𝑥

𝐷𝑙
)
1

2
𝑒𝑟𝑓𝑐 (

𝑥 + 𝑣𝑡

2√𝐷𝑙𝑡
) (3.9) 

where 𝑐  [M L-3] is a tracer (CMC) concentration at time 𝑡  and 𝑐0  [M L-3] is the initial 

concentration. 𝑥 [L] is the observation point seen from the column inlet, 𝑣 is seepage velocity, 

which can be described with the Darcy velocity and porosity 𝑣 =  
𝑞

𝜀
.  

An example of the experimental data and the fitted curve is presented in Figure 3.1. The 

goodness of fit is estimated with three parameters: the sum of squared estimate of errors (SSe), 

the residual standard deviation (Sr) and the R-squared (r²). The low values of SSe and Sr (4.68 

· 10-² and 2.44 · 10-3 respectively) and the high value of the R-squared (99.9) indicate very good 

agreement between both curves. By way of this fitting, the longitudinal dispersion coefficient 

𝐷𝑙 [L² T-1] was obtained. 

The 𝐷𝑙 is a function of the seepage velocity and the dispersivity 𝛼𝑙 [L]: 

 𝐷𝑙 = 𝛼𝑙 ∙ 𝑣 (3.10) 

From the fitted 𝐷𝑙, the dispersivity 𝛼𝑙was derived using Eq.(3.10) for each CMC concentration. 

The association of 𝐷𝑙 and the seepage velocity is represented in Figure 3.2. It is shown that an 

increase in CMC concentration yields an increase in the curve gradient, henceforth 𝛼𝑙. It can be 

observed that the empirical data and the fitted curves are in satisfactory agreement for all 

concentrations. The fitting accuracy was evaluated with two parameters (the R-squared and the 

residual standard deviation). 

The obtained dispersivity 𝛼𝑙 and the parameters used to evaluate the fitting accuracy are listed 

in Table 3.1. The dispersivity 𝛼𝑙 for water is close to the mean grain size (𝑑50) of the sand, but 
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the dispersivity increases as CMC concentration increases. This finding implies that the higher 

viscosity solution dispersed more. 

 

Figure 3.1 Sample tracer breakthrough curve. Blue dots represent experimental data and the red 

solid line represents a fitted curve, calculated with Eq (3.9). The goodness of fit is expressed 

with the sum of of squared estimate of errors (SSe), the residual standard deviation (Sr) and the 

R-squared (R²).  

 

 

Figure 3.2 Longitudinal dispersion coefficient vs the seepage velocity for various CMC 

concentrations. Triangles represent experimental data and dashed lines are the curves calculated 

with Eq. (3.10). 
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Table 3.1 The obtained longitudinal dispersivity and the parameters (R² and Sr) for evaluation 

of the fitting accuracy 

CMC concentration [g/L] 𝜶𝒍 [m] R² Sr 

0 6.39 · 10-3 0.83 2.57 · 10-5 

5 1.61 · 10-2 0.93 8.94 · 10-5 

10 2.14 · 10-2 0.8 9.21 · 10-5 

20 2.70 · 10-2 0.83 3.93 · 10-5 

According to Gelhar et al. (1992), longitudinal dispersitivy ranges between 10-2 to 104 m. The 

obtained dispersivity for water (CMC concentration = 0 g/L) is 6.39 · 10-3 m, which is slightly 

lower than the range stated by Gelhar et al. (1992). 

 

3.4.2 Shear-Thinning Effect of Polymer Solution 

The viscosity of each CMC solution measured using the rotational viscometer is reported in 

Figure 3.3. It shows shear-thinning behavior for all concentrations, with the viscosity 

decreasing with as shear rate increases. It also shows that an increase in CMC concentration 

yields a higher viscosity and a greater shear thinning effect. 

 

Figure 3.3 Viscosity vs. shear rate for the CMC concentrations in the range of 2 to 20 g/L. Dots 

represent the measured data and dashed lines represent the fitted curves using the Carreau model 

(ST Model) (Eq. (3.3)). 

 

The measured viscosity of each CMC solution (2, 5, 10 and 20 g/L) was fitted with the shear-

thinning Carreau model (Eq.(3.3)) by the least square method and the empirical parameters 

𝜇0, 𝜇∞, 𝜆, and 𝑛 for each CMC concentration were obtained (Table 3.2). Viscosity was 

measured within a shear rate of > 101 (s-1). 

According to the study of Rodriguez de Castro & Radilla (2017), the infinite shear rate viscosity 

𝜇∞  can be assumed to be that of the solvent (in this study, water at room temperature). 
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Therefore, for all was used. For each concentration, the model and the empirical data show a 

good agreement with a low residual sum of squares (SSe: 5.06 · 10-7, 3.53 · 10-7, 2.69 · 10-7, 

5.12 · 10-7) and R-squared (R²: 0.95, 0.87, 0.93 and 0.75) respectively. 

Based on the obtained parameters: 𝜇0 , 𝜇∞ , and 𝜆  for each CMC concentration, the 

concentration function parameters 𝐸, 𝐴, and 𝐵 in Eq. (3.5) were determined by the least square 

fitting method. The values of the fitted parameters are 𝐸 = 1.6179 , 𝐴 = 0.0617 , and  

𝐵 = 1.246.  

Table 3.2 Empirical parameters of Carreau model (Eq.(3.3)) obtained from the curve fitting. 

CCMC [g/L] µ0 [Pa s] µ∞ [Pa s] 𝝀 [s] 𝒏 

2 9.18 · 10-3 1.01 · 10-3 0.14 0.54 

5 2.31 · 10-2 1.01 · 10-3 0.41 0.59 

10 4.59 · 10-2 1.01 · 10-3 1.41 0.68 

20 1.27 · 10-1 1.01 · 10-3 2.23 0.72 

 

3.4.3 Shear-Thinning Effect in Porous Media 

The experimental data for the hydraulic head gradient as a function of flow velocity are 

presented in Figure 3.4. They show a steeper increase in the head gradient 
∆ℎ

𝐿
 at the higher CMC 

concentration, attributable to the higher viscosity of the CMC solution. 

 

Figure 3.4 Hydraulic head gradient vs. Darcy velocity for the injection of CMC solution with 

concentration of 0, 2 5, 10 and 20 g/L. Dots represent experimental data for each concentration 

and the dashed black line represents the fit of Darcy’s law for water (CMC = 0 g/L). 

 

The shear-thinning effect for each CMC concentration in the porous media was evaluated in 

two steps, following the methodology of Rodriguez de Castro & Radilla (2017). First the 

equivalent viscosity 𝜇𝑒𝑞  [M L-1 T-1], including both inertial and shear-thinning effects, was 
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4.2.1 NP transport in Porous Media 

NP transport in porous media is a process of non-conservative mass transport governed by 

advection and dispersion phenomena in the liquid phase, and interaction of NPs (attachment 

and detachment) in the solid phase (Tosco & Sethi, 2010). 

Taking into account the flow component in only the horizontal direction, the equation of NP 

transport can be described as 

 
𝜀
𝜕𝑐𝑁𝑃
𝜕𝑡

+ 𝑞
𝜕𝑐𝑁𝑃
𝜕𝑥

− 𝜀𝐷
𝜕2𝑐𝑁𝑃
𝜕𝑥2

= −𝜌𝑏
𝜕𝑠𝑁𝑃
𝜕𝑡

 (4.1) 

where 𝑐𝑁𝑃 is particle concentration in the liquid phase [M L-3], 𝑠𝑁𝑃 is the particle mass attached 

on the solid grain [M M-1 (kg/kg)] and ρb is the bulk density of the solid matrix [M L-3], 𝜀 [-] is 

the porosity, 𝑞   [L  T- 1] is the Darcy velocity vector, 𝑡  [T] is time and 𝐷  [L² T-1] is the 

dispersion coefficient (Harvey & Garabedian, 1991; Corapcioglu & Choi, 1996; Bolster, et al., 

1999; Schijven & Hassanizadeh, 2000). 

 

4.2.2 Particle-Grain, Particle-Particle Interactions 

According to Tosco and Sethi (2010), the retention of colloidal particles in the pore water in 

porous media is governed by physical and physicochemical interactions. The physical 

mechanisms of retention are filtration and straining. These processes mostly involve aggregates, 

as single NPs are much smaller than a single pore space. The physicochemical mechanism is a 

dynamic process of attachment and release, which changes its behavior depending on the 

retention stage (Tosco, et al., 2016) In the early stages of the NP injection, the soil grains are 

exposed to the particles, so particle-soil interactions like straining, blocking, and liner 

attachment are dominant in the process of retention. In the late stages of the injection, however, 

the attachment kinetics include not only simple particle-soil interactions but also particle-

collector interactions, including particle-particle interactions like ripening (Torkzaban, et al., 

2012), since a significant amount of particles are already retained in the soil matrix and act as 

a collector. Straining and ripening contribute greatly the clogging of porous media (Tosco & 

Sethi, 2010), a phenomenon which constantly changes the hydrogeological parameters around 

the injection position. 

Generally, the suspension contains a mixture of nano-sized particles and larger aggregates (de 

Boer, 2012). In fact, the suspension used for the field application is highly concentrated, which 

promotes particle aggregation due to strong magnetic attractions between the iron particles 

(Phenrat, et al., 2007). Consequently, particle retention and release kinetics are described as a 

biphasic process comprising the physical interaction of straining and the physicochemical 

interactions of linear attachment, blocking, and ripening (Tosco & Sethi, 2009). 

Both interactions are expressed in the existing model E-MNM1D as follows: 
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{
𝜌𝑏
𝜕𝑠1
𝜕𝑡

= 𝜀𝑘𝑎,1Ф1𝑐𝑁𝑃 − 𝜌𝑏𝑘𝑑,1𝑠𝑁𝑃,1

𝜌𝑏
𝜕𝑠2
𝜕𝑡

= 𝜀𝑘𝑎,2Ф2𝑐𝑁𝑃 − 𝜌𝑏𝑘𝑑,2𝑠𝑁𝑃,2

 (4.2) 

where 𝑘𝑎,𝑖 and 𝑘𝑑,𝑖 are the attachment, detachment rate coefficient [T-1] respectively, and Ф𝑖 is 

the generic attachment function. The retained particle mass in every interaction is described as 

𝑠𝑁𝑃 = 𝑠𝑁𝑃,1 + 𝑠𝑁𝑃,2 [-]. 

The generic attachment function is described by the four attachment mechanisms detailed below 

((Eq. (4.3), (4.4), (4.5) and (4.6)), while detachment is a linear function of the concentration of 

attached particles. The four mechanisms are schematically illustrated in Chapter 1.2.1. 

The purpose and formulation of the 4 different attachment functions are presented for each 

mechanism: 

Straining– Particles and aggregates that are too big to pass through the pore space and clog up 

the pore throat: 

 
Ф𝑖 = (1 + 

𝑥

𝑑50,𝑠𝑎𝑛𝑑
)

−𝛽𝑠𝑡𝑟

 (4.3) 

where 𝑥 is the length of the net path of the particles in porous media (in laboratory experiments, 

the distance from the inlet position), 𝑑50,𝑠𝑎𝑛𝑑 [L] is the average grain size and 𝛽𝑠𝑡𝑟 [-] is a fitting 

parameter which controls the spatial distribution of the NPs. According to Bradford et al. 

(2003), the average 𝛽𝑠𝑡𝑟value of colloids (2.0 to 3.2 µm) is 0.432. 

 

Linear reversible attachment - When particle-particle interaction are identical to the particle-

collector interaction, the deposition is not influenced by the amount of deposited particles: 

 Ф𝑖 = 1 (4.4) 

 

Blocking phenomena - When particle-particle interaction tends towards repulsion, colloids 

approaching the soil grains with particles already deposited are effectively repelled and further 

deposition is inhibited (Ko & Elimelech, 2000). 

 Ф𝑖 = 1 − 
𝑠𝑁𝑃
𝑠𝑚𝑎𝑥

 (4.5) 

where 𝑠𝑚𝑎𝑥 [-] is the maximum sediment retention capacity at given chemical conditions. 

Ripening phenomena - When particle-particle interaction, in contrast to blocking, tends 

towards aggregation, and the suspended particles are attracted by those already deposited on 
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the surface. This type of progressive attachment kinetics increases the rate of attachment on 

sites with a higher deposited NP concentration, leading to a reduction of pore space, and thus 

causes partial clogging. 

 Ф𝑖 = 1 + 𝐴𝑟𝑖𝑝𝑠𝑁𝑃
𝛽𝑟𝑖𝑝 (4.6) 

where 𝐴𝑟𝑖𝑝 [-] and 𝛽𝑟𝑖𝑝 [-] are the ripening coefficients. 

 

4.2.3 Particle Deposition onto Grains (Colloid Filtration Theory) 

According to the clean bed filtration theory (Yao, et al., 1971), which describes the removal of 

colloids during packed-bed filtration, the attachment rate coefficient 𝑘𝑎 can be described with 

the single collector efficiency 𝜂0 and attachment coefficient 𝛼𝑎𝑡𝑡: 

 
𝑘𝑎 =

3

2
(1 − 𝜀)

𝑣𝑒
𝑑50,𝑠𝑎𝑛𝑑

𝛼𝑎𝑡𝑡𝜂0 (4.7) 

where 𝜀 is porosity [-], 𝑑50,𝑠𝑎𝑛𝑑 is the median grain size and 𝑣𝑒 is the effective velocity [LT-1], 

which is equivalent to the seepage velocity (Tosco, et al., 2014). 

 

Attachment rate coefficient 𝒌𝒂,𝒊 

For NP transport, the above mentioned attachment rate can be rewritten to include a single 

coefficient 𝐶𝑎,𝑖 [-] (i = 1, 2) accounting for the collision efficiency and the porosity-dependent 

term (Yao, et al., 1971; Elimelech, 1994). 𝑘𝑎,𝑖 may be determined from fitting  the experimental 

data of the breakthrough curve of NP transport in a 1D column test (Tosco, et al., 2014).  

 𝑘𝑎,𝑖 = 𝐶𝑎,𝑖
𝑣𝑒

𝑑50,𝑠𝑎𝑛𝑑
𝜂0 (4.8) 

𝐶𝑎,𝑖 can be obtained by the linear curve fitting of Eq.(4.8) (explained in Chapter 4.4.4). 

 

Collision Mechanisms: Single-Collector Efficiency 𝜼𝟎 

The single-collector efficiency 𝜂0 represents the rate of single particle deposition onto a single 

collector (grain) during a convective transport of particles towards the collector (Yao, et al., 

1971). The single collector efficiency can be analytically calculated by a summation of the 

individual contributions from three deposition mechanisms (Yao, et al., 1971; Elimelech & 

Tufenkji, 2004): 
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1) Brownian diffusion 𝜂𝐷, referring to the filtration of particles by chaotic and irregular 

movement, caused by their collision with surrounding molecules, 

2) Interception 𝜂𝐼 , which occurs when particles moving along a stream line come into 

contact with the collector, 

3) Gravitational effect 𝜂𝐺 , which refers to the settling on the collector of particles with 

higher densities than the pore fluid. 

There are several models for the single collector efficiency which vary in complexity and  

in terms of the number of phenomena they account for (Elimelech, 1992; Ngueleu, et al., 

2014; Rajagopalan & Tien, 1976; Elimelech & Tufenkji, 2004). In this study the Yao model 

(Yao, et al., 1971) was used: 

 𝜂0 = 𝜂𝐼 + 𝜂𝐷 + 𝜂𝐺  

𝜂𝐼 =
3

2
𝐴𝑠 (

𝑑50,𝑁𝑃
𝑑50,𝑠𝑎𝑛𝑑

)

2

 

𝜂𝐷 = 4.04𝐴𝑠
1 3⁄ 𝑃𝑒−2/3 

𝜂𝐺 =
2(𝜌𝑁𝑃 − 𝜌𝑤)𝑑𝑁𝑃

2

9𝜇𝑤𝑣𝑒
𝑔 

𝐴𝑠 = 
2(1 − (1 − 𝜀)5 2⁄ )

2 − 3(1 − 𝜀)1 2⁄ + 3(1 − 𝜀)5 2⁄ − 2(1 − 𝜀)3
 

(4.9) 

where 𝑑50,𝑁𝑃  [L] and 𝑑50,𝑠𝑎𝑛𝑑  [L] are the mean diameter of the NP and sand grains 

respectively, 𝐴𝑠 [-] is a variable which is porosity dependent, 𝑃𝑒 is the Peclet number [-], 𝜇𝑤 

[M L-1 T- 1] is the dynamic viscosity of the suspension, and 𝑣𝑒 [L T-1] is the seepage velocity.  

 

Detachment Rate Coefficient 𝒌𝒅,𝒊 

The detachment rate is described following the assumption of Tosco & Sethi (2010), who 

suggest, based on the experimental results of Liu et al. (2005) that the detachment rate is directly 

dependent on drag forces and can thus be described as 

 𝑘𝑑,𝑖 = 𝐶𝑑,𝑖𝜇𝑝𝑚𝑣𝑒 (4.10) 

where 𝑘𝑑,𝑖  [T M-1] is a detachment rate coefficient, which is empirical parameter to be 

determined from a fitting of the experimental data, and 𝜇𝑝𝑚 [M L-1 T-1] is the shear thinning 

viscosity of the slurry (Eq.(3.6)), which depends on the flow velocity and stabilizer 

concentration (discussed in Chapter 3.2.2). 

The single detachment coefficient 𝐶𝑑,𝑖 can be obtained by the linear curve fitting of Eq.(4.10) 

(explained in Chapter 4.4.4). 
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4.2.4 Progressive Change of Hydrodynamic Properties  

Due to the progressive deposition of NPs onto the grain surface, the porosity of the porous 

media decreases proportionally to the quantity of attached particles. Since straining is the 

dominant mechanism of the reduction in permeability, only the particles attached by way of 

straining are considered. The new porosity is calculated using 

 𝜀𝑚 = 𝜀0 − 
𝜌𝑏

𝜆𝑁𝑃𝜌𝑁𝑃
 𝑠𝑁𝑃,𝑠𝑡𝑟 (4.11) 

where 𝜀𝑚 [-] is the effective porosity of the soil matrix with attached NP, 𝜀0 is initial porosity, 

𝜌𝑁𝑃 [ML-3] is the density of the NP, 𝜆𝑁𝑃 [-] is an empirical parameter representing the fraction 

of retained particles that contribute to the decrease in bulk porosity, and 𝑠𝑁𝑃,𝑠𝑡𝑟  is the NP 

attached by straining. 

The specific surface area of the matrix 𝑎𝑚 [L-1] on the other hand, increases proportionally to 

the surface area of the attached NPs, as follows: 

 𝑎𝑚 = 𝑎0 + 𝜃𝑁𝑃𝑎𝑁𝑃
𝜌𝑏
𝜌𝑁𝑃

 𝑠𝑁𝑃,𝑠𝑡𝑟 (4.12) 

where 𝑎0  and 𝑎𝑁𝑃  are the specific surface area of grains at initial condition and of colloid 

particles respectively and 𝜃𝑁𝑃 [-] is the fraction of deposited NPs contributing to the overall 

increase of the solid-liquid interface area. 

Both of the parameters 𝜆𝑁𝑃  and 𝜃𝑁𝑃 range from 0 to 1 (Mays & Hunt, 2005). 

Finally, the resulting permeability 𝑘𝑚 (Eq. (4.13) with NP deposition taken into account, can 

be calculated using the Kozeny-Carman equation by replacing the porosity and the specific 

surface area with their effective values given in Eq (4.12) and (4.12). (Tosco & Sethi, 2010): 

 
𝑘𝑚 = (

𝜀𝑚
𝜀0
)
3

(
𝑎0
𝑎𝑚
)
2

 𝑘0 (4.13) 

 

4.2.5 Flow Equation of the Colloidal Suspension with Shear-Thinning Effect and 

Permeability Change 

The flow of a suspension of NPs and polymers exhibits a shear-thinning effect, which is a 

function of the shear rate in porous media and the progressive permeability change caused by 

NP deposition (Tosco, et al., 2013). The effect is described in a modified Forchheimer’s 

equation (Eq. (4.14) with the Forchheimer factor 𝐹 (Eq. (4.15): 

 
𝑞 = −𝐾𝐹∇ℎ = − 

𝑘𝑚( 𝑠𝑁𝑃,𝑠𝑡𝑟)𝜌𝑠𝑔

𝜇𝑝𝑚(𝛾̇𝑝𝑚)
𝐹∇ℎ (4.14) 
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𝐹 = [1 +

𝑏

𝑔
𝐾𝑞]

−1

= [1 + 𝑏
𝑘𝑚( 𝑠𝑁𝑃,𝑠𝑡𝑟)𝜌𝑠
𝜇𝑝𝑚(𝛾̇𝑝𝑚)

𝑞]

−1

 (4.15) 

where 𝑘𝑚( 𝑠𝑁𝑃) [L²] is an apparent permeability with NP deposition and 𝜌𝑠  [M L-3] is the 

density of the suspension, while the other parameters are defined in Chapter 2 and 3. 

 

4.3 Materials and Methods 

4.3.1 Transport Experiments (1D) 

NP transport experiments in 1D columns were conducted using high velocity injection to study 

the NP transport, distribution of retained NPs and their effect on permeability at high flow 

velocity. The main focus of the experiments was the investigation of transport and attachment 

kinetics under high velocity, which was expected to differ from the transport and attachment 

kinetics observed at low velocity. The obtained datasets were used to obtain the empirical 

parameters of the transport equation. 

 

Porous Media, Column Filling and Water  

Same procedure as laid out in chapter 2.3, was used. 

 

Carboxymethyl cellulose (CMC) and Polymer Solution 

Same material as laid out in chapter 3.3, was used. 

 

Nanoparticles: NANOFER STAR 

The NPs used for this study, NANOFER STAR, are nanoscale zero-valent iron (nZVI) particles, 

produced by NANO IRON s.r.o. (Czech Republic). They are surface-stabilized nanoparticles 

that are stable in air and achieve maximum reactivity in water. NANOFER STAR is a black 

powder and contains 65-80 wt% zero-valent iron (Fe0) and 20-35 wt% of iron oxide (Fe3O4). 

The mean size of the particles is 50 nm and their specific surface area is around 25 m²/g (NANO 

IRON, 2017). 

 

Setup and Procedure 

1D NP transport experiments using sand-packed columns were performed by injecting 10 g/l 

of the colloidal suspension nZVI (NANOFER STAR) and 5 g/l of the stabilizer CMC. The NP 

suspension was prepared under anoxic conditions shortly before the injection by mixing the 
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activated nZVI concentrate and the CMC solution using a disperser (T 25 digital ULTRA-

TURRAX®, IKA® Works, Inc., Germany) to break up aggregates. The  total iron concentration 

in the suspension was measured to be 4.75 g/l. 

The dispersed NP suspension was injected into the horizontally arranged 0.44 m long packed 

and water-saturated columns at various flow velocities (q: = 3.87 · 10-3, 8.76 · 10-3 and 

1.98 ·  10-2 (m/s), equaling to the Reynolds numbers of 3.61, 9.43 and 20.67 respectively). 

Before and after the injection of the suspension, 0.5 l of the CMC solution (5 g/l) was injected, 

which is equivalent to 2 PV in the packed column. The volume of the injected suspension was 

1 l for the high and middle velocity experiments and 2 l for the lowest velocity experiment. 

During the injection, the cumulative mass of effluent solution and the pressure at the inlet and 

the outlet were measured continuously. To trace the NP concentration breakthrough, liquid 

samples were taken at the outlet at intervals of 0.2 PV, and the total iron concentration of 

samples was also measured. The retained NP concentration profiles in the porous media were 

measured with the magnetic susceptibility sensor developed by de Boer (de Boer, 2012). The 

obtained raw datasets were converted to a profile of the iron concentration along the column 

length using known iron concentrations. 

 

Table 4.1 Conditions used for the column experiments. Provided are the initial injection 

velocity 𝑞0, concentration of iron in the suspension 𝑐𝐹𝑒, injected volume of suspension 𝑉𝑖𝑛𝑗, 

time taken to flush 1 PV 𝑡1𝑃𝑉, duration of the injection 𝑡𝑖𝑛𝑗, and mass balances 𝑚𝑜𝑢𝑡/𝑚𝑖𝑛𝑗 after 

injection and flushing 

𝒒𝟎 

[m/s] 

𝒄𝑭𝒆 

[g/l] 

𝑽𝒊𝒏𝒋 

[l] 

𝒕𝟏𝑷𝑽 

[s] 

𝒕𝒊𝒏𝒋 

[s] 

𝒎𝒐𝒖𝒕/𝒎𝒊𝒏𝒋 

[%] 

     After injection After flushing 

3.87 · 10-3 4.75 1.00 9.1 36.3 51.92 54.57 

8.76 · 10-3 4.75 1.00 20.5 81.9 58.15 62.24 

1.98 · 10-2 4.75 2.00 46.39 371 66.70 76.86 
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4.3.2 Numerical Simulation 

In this study, the mathematical model E-MNM1D (Enhanced Micro- and Nanoparticle transport 

Model in porous media) developed by Tosco and Sethi (Tosco & Sethi, 2010), was used and 

extended to apply the NP injection at high flow velocity. 

Numerical simulation was carried out in two steps; firstly, the empirical attachment and 

detachment coefficients were obtained by a breakthrough curve fitting method, using the 

software MNMs 2015 (Micro and Nanoparticle transport, filtration and clogging Model Suite) 

developed by Bianco et al. (2015), which implements the E-MNM1D.  

Secondly, these coefficients were inputted into the extended E-MNM1D model to simulate the 

evolution of the injection head as affected by pore-clogging during the NP injection at a high 

flow velocity. 

The E-MNM1D model considers a fully coupled fluid flow involving NP and viscous fluid 

transport, and accounts for the shear-thinning effect and permeability changes caused by 

particle deposition, described by the set of equations (Eq. (4.2) – Eq. (4.6) and Eq. (4.11) - 

Eq.(4.13)). The MNMs2015 provides the option of fitting a breakthrough curve to the model, 

in order to obtain the empirical coefficients of attachment and detachment kinetics described in 

Eq. (4.3) - (4.6).  

With the E-MNM1D model the implements Darcy's law, the evolution of the pressure 

difference ∆𝑃 = (𝑃𝑖𝑛  − 𝑃𝑜𝑢𝑡) is calculated taking into account pore clogging. 

In this study the applied velocity was high, no longer residing in the range of Darcy flow but in 

that of non-Darcy flow. Under such experimental conditions, the evolution of the pressure 

difference cannot be accurately simulated using Darcy’s law. Instead, the simulation must be 

done using the Forchheimer’s equation. 

Therefore, in this study, the E-MNM1D model was extended to create a non-Darcy MNM1D 

that accounts for the non-Darcy flow effects described by the flow equations Eq. (4.14) and 

(4.15). This extended model can achieve an accurate simulation of the evolution of the injection 

head as affected by pore-clogging during the NP injection at a high flow velocity. This is not 

possible with a simulation that uses Darcy’s law. The extended model was numerically solved 

using a finite difference approach in MATLAB. 
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4.4 Results & Discussion 

4.4.1 The Breakthrough of the NP Concentration 

The experimental and simulated breakthrough of the NP concentration at three different flow 

velocities are presented in Figure 4.1. Considering the maximum NP concentration of each 

measurement, one can easily verify how the NP transport improves as the flow velocity rises; 

At a flow velocity of 3.87 · 10-3 m/, NP concentration peaks at 61% of the inflow concentration, 

while at 8.76 · 10-3 m/s this rises to 74%, and to 84 % at 1.98 · 10-2 (m/s) (Figure 4.1). It can 

also be observed that the fitted curves and the experimental data are in good agreement. The 

software MNMs 2015 can reproduce the shape of the experimental breakthrough curve during 

the NP injection and flushing as well.  

Using the curve fitting acquired from the software MNMs 2015, the following empirical 

parameters were obtained: 

• for straining, the attachment rate coefficient 𝑘𝑎,𝑠𝑡𝑟 (Eq.(4.8)) and the control parameter 

for the spatial distribution of the NPs 𝛽𝑠𝑡𝑟 (Eq.(4.3)),  

• for blocking, the attachment rate coefficient 𝑘𝑎,𝑏𝑙𝑜 (Eq.(4.8)), the detachment rate 

coefficient 𝑘𝑑,𝑏𝑙𝑜  (Eq.(4.10)) and the maximum sediment retention capacity 𝑠𝑚𝑎𝑥 

(Eq.(4.5)). 

The values of all parameters are listed in Table 4.2 (Chapter 4.4.4). 

 

 

Figure 4.1 Breakthrough curves of NP concentrations at 3.87 · 10-3, 8.76 · 10-3 and 1.98 · 10-2 

(m/s). The dots represent actual data point and the lines are the simulation results, calculated 

by the set of equations Eq. (4.2), (4.3), (4.5) and (4.8) with the attachment and detachment 

empirical coefficients obtained using the software MNMs 2015. 
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4.4.2 Mass Recovery 

Using the breakthrough curves, the mass recovery of the injected NPs was obtained by 

integrating the area under the breakthrough curves between the start and end time. The results 

are listed in Table 4.1. 

The values of 𝑚𝑜𝑢𝑡/𝑚𝑖𝑛𝑗 after injection show that more than 50 % of the injected NP reached 

the outlet for all three columns (i.e. flow velocities). This is typical of mass recovery for the NP 

injection tests. During these experiments, increasing flow velocity improved NP transport. The 

recovered mass after the injection increased by a factor of 1.18 and 1.36 for the middle and high 

flow velocity compared to the low flow velocity, and after flushing increased by a factor of 1.23 

and 1.51 respectively.  

 

4.4.3 NP Retained in Porous Media 

The retained NP mass in the mass of sand in the columns are presented in Figure 4.2 Comparing 

the profiles of the different flow velocities, it is apparent that higher velocity results in reduced 

NP deposition, which is consistent with the analysis of the breakthrough curves (Chapter 4.4.1), 

where higher injection velocities were accompanied by an improvement in NP transport. 

Considering the qualitative shape of the profiles, one can see that all profiles share a common 

shape regardless of inflow velocity. Close to the inlet the readings for retained NP mass start 

out high but decrease exponentially with distance, converging to an approximately common 

plateau further downstream. As the velocity increases, overall NP retention is reduced, which 

was to be expected since NP retention is a function of the flow velocity, as discussed in Chapters 

4.2.1, 4.2.2 and 4.2.3. 

 

Figure 4.2 Retained NP profiles along the column at injection velocities of (a) 3.87 · 10-3, (b) 

8.76 · 10-3and (c) 1.98  · 10-2 (m/s). The y-axis measures NP mass per unit volume of sand 𝑠𝑁𝑃 

(kg/kg). The measured data points are represented by dots, and the solid lines represent the 

modelled curve of the retained NP. 
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4.4.4 Empirical Coefficients 

As the qualitative observation of the NP retention profiles (in Chapter 4.4.3) showed that the 

major contributions to NP retention were predominantly made by straining and blocking, the 

NP transport and retention model (Eq. (4.2), (4.3) and (4.5)) was reduced to account only for 

these two factors. The experimental data for the NP breakthrough and the retained NP profiles 

were fitted to the model using the toolbox MNM2015, applying the parameters of the 

experimental system as presented in Table 4.2. The empirical coefficients obtained in this way 

are listed in Table 4.3. 

 

Table 4.2 The velocity-independent (a) and velocity-dependent parameter values (b) used for 

the fitting. 

(a) Porous media NP suspension 
 poros

ity 

bulk 

density 

specific 

surface 

area of 

grain 

mean 

grain 

size 

intrinsic 

permeabil

ity 

Particle 

density 

mean 

particle 

size 

specific 

surface 

area of 

particle 

density of 

stabilizer 

solution 

 𝜀0 𝜌𝑏 𝑎0 𝑑50,𝑠𝑎𝑛𝑑 𝑘0 𝜌𝑁𝑃 𝑑50,𝑁𝑃 𝑎𝑁𝑃 𝜌𝑤 

 [-] [kg/m³] [m²/m³] [m] [m²] [kg/m³] [m] [m²/m³] [kg/m³] 

 0.39 1650 7255 7 · 10-4 4.59 · 10-11 7800 1 · 10-6 4 · 107 1005 

(b) Initial  

flow velocity 

Dispersion 

coefficient 

Viscosity of 

suspension 

Single collector 

efficiency 

 𝑞0 𝐷 𝜇𝑤 𝜂0 

 [m/s] [m²/s] [Pa s] [-] 

 3.87 · 10-3 2.12 · 10-4 1.95 · 10-3 4.97 · 10-5 

 8.76 · 10-3 4.81 · 10-4 1.68 · 10-3 2.58 · 10-5 

 1.98 · 10-2 1.08 · 10-3 1.49 · 10-3 1.31 · 10-5 

 

Table 4.3 Model parameters obtained from the fitting of the experimental data of the column 

tests 

Parameter   Initial flow velocity 𝒒𝟎 (m/s) 

   3.87 · 10-3 8.76 · 10-3 1.98 · 10-2 

straining 𝑘𝑎,𝑠𝑡𝑟 [s-1] 1.04 · 10-1 2.31 · 10-1 3.50 · 10-1 

 𝛽𝑠𝑡𝑟 [-] 0.6 0.6 0.6 

blocking 𝑘𝑎,𝑏𝑙𝑜 [s-1] 5.54 · 10-3 1.00 · 10-2 1.51 · 10-2 

 𝑘𝑑,𝑏𝑙𝑜 [Pa m] 5.00 · 10-4 1.00 · 10-3 2.00 · 10-3 

 𝑠𝑚𝑎𝑥 [kg/kg] 1.00 · 10-2 5.00 · 10-3 2.50 · 10-4 

Clogging 𝜆𝑁𝑃 [-] 0.4 0.4 0.4 

 𝜃𝑁𝑃 [-] 0.04 0.04 0.04 
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advection-dispersion equation used in the 1D system, which is extended to 2D axial symmetry. 

The flow velocity 𝑞 in the Forchheimer equation is obtained using the hydraulic head gradient 

from the flow equation. 

Thus, the newly developed model solves the problem of the 2D axially symmetric flow and 

transport of tracer solution in a high flow velocity fluid injection via the Direct Push Method in 

an unconfined aquifer. This new model can simulate the evolution of the injection head, the 

time- and space-dependent hydraulic head buildup, and the solute transport in the unconfined 

aquifer during the fluid injection.  

 

5.2.1 Groundwater Flow in an Anisotropic, Unconfined Aquifer 

Conversion from 3D cartesian coordinate to 3D cylindrical coordinate  

The three-dimensional saturated transient groundwater flow can be described by the 

groundwater flow equation: 

 
𝑆𝑠
𝜕ℎ

𝜕𝑡
 + 𝑊0 =

𝜕𝑞𝑥
𝜕𝑥

+
𝜕𝑞𝑦

𝜕𝑦
+
𝜕𝑞𝑧
𝜕𝑧

=
𝜕

𝜕𝑥
(𝐾𝑥

𝜕ℎ

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝐾𝑦

𝜕ℎ

𝜕𝑦
) +

𝜕

𝜕𝑧
(𝐾𝑧

𝜕ℎ

𝜕𝑧
)   

(5.1) 

where ℎ is the hydraulic head, described as the sum of the pressure head 𝛹 [L] and the position 

head 𝑧  [L] (ℎ =  𝛹 + 𝑧 =  
𝑃

𝜌𝑔
+ 𝑧). 𝑆𝑠  [L-1] is the specific storage of the aquifer, which is 

obtained by the following equation: 

 𝑆𝑠 = 𝜌𝑓𝑔(𝛽𝑝 + 𝜀 ∙ 𝛽𝑓) (5.2) 

where 𝑔 [L T-2] is gravitational acceleration, 𝛽𝑝 [LT² M-1] is aquifer compressibility (for sandy 

aquifers 𝛽𝑝 ≈ 1.0 ∙ 10-8 LT² M-1), 𝜀 [-] is the porosity and 𝛽𝑓 [LT² M-1] is compressibility of 

fluid (for water 𝛽𝑓 = 4.4 ∙ 10-10 LT² M-1). The specific storage was obtained as 9.93 ∙ 10-5 [m-1] 

based on the uniform porosity of the sandy aquifer (𝜀 = 0.39) in this study. 𝐾𝑥, 𝐾𝑦 and 𝐾𝑧 [LT-

1] are the hydraulic conductivity tensors, and 𝑊0 [T-1] is a specific storage coefficient for sink 

or source term. 

The Cartesian coordinate is converted to a cylindrical coordinate using the following set of 

equations. 
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𝑠 = 𝑠𝑤,      𝑟 = 𝑟𝑤𝑒𝑙𝑙, 𝑑𝑙𝑜𝑤𝑒𝑟 ≤ 𝑧 < 𝑑𝑙𝑜𝑤𝑒𝑟 + 𝐿𝑤𝑒𝑙𝑙 

where 𝑟𝑤𝑒𝑙𝑙 [L] is a radius of a well, 𝑠𝑤 [L] is a hydraulic head buildup at the injection position, 

𝑑𝑠𝑎𝑡 [L] is the thickness of the saturated zone. In the 2D axial symmetry, the injection position 

is defined as a 1 cm x 1 cm region, as necessitated by the discretization of the flow domain 

described in Chapters 5.3.1 and 6.3.1. Therefore, 𝑑𝑢𝑝𝑝𝑒𝑟  [L] and 𝑑𝑙𝑜𝑤𝑒𝑟  [L] are vertical 

distances between the initial water table to the top and bottom of the injection position, 

respectively.  

The injection head at the injection position can be described as a function of the injection rate 

𝑄 [L³T-1] (Mishra & Neuman, 2010), 

 𝑄

2𝜋𝑟𝑤(𝐿𝑤𝑒𝑙𝑙)
= 𝑞𝑤 = −𝐹𝐾𝑟

(𝑠(𝑤) − 𝑠(𝑤+1))

𝜕𝑟
,   𝑑𝑙𝑜𝑤𝑒𝑟 ≤ 𝑧 < 𝑑𝑙𝑜𝑤𝑒𝑟 + 𝐿𝑤𝑒𝑙𝑙 (5.9) 

 

Variably saturated zone 

The hydraulic head buildup in the variably saturated zone 𝑠𝑢 [L] is controlled by Richards’s 

equation combined with the Forchheimer’s equation. 

 
𝐶(𝛹)

𝜕𝑠𝑢
𝜕𝑡

=
1

𝑟

𝜕

𝜕𝑟
(𝐹𝐾𝑟𝐾(𝛹)𝑟

𝜕𝑠𝑢
𝜕𝑟
) +

𝜕

𝜕𝑧
(𝐹Φ𝐾𝐾𝑟𝐾(𝛹)

𝜕𝑠𝑢
𝜕𝑧
) (5.10) 

where 𝑠𝑢 [L] is a hydraulic head buildup in the variably saturated zone, 𝐾(𝛹) [-] is the relative 

hydraulic conductivity to wetting phase, which is a ratio of actual hydraulic conductivity in 

variably saturated zone and saturated hydraulic conductivity (0 ≤ 𝐾(𝛹) ≤1), and 𝐶(𝛹) [- ] is 

the specific moisture capacity. The relative hydraulic conductivity and the specific moisture 

capacity are a function of pressure head, which can be derived from the exponential constitutive 

relationship.  

 

According to Gardner (Gardner, 1958), a possible equation for the relationship between the 

relative hydraulic conductivity and capillary pressure is given by: 

 
𝐾(𝛹) = {𝑒

𝑎𝑘(𝛹)

1
   {
𝛹 < 0
𝛹 ≥ 0

     𝑎𝑘 ≥ 0 (5.11) 

where 𝑎𝑘 [L-1] is the exponent for relative hydraulic conductivity (𝑎𝑘 ≥ 0).  

According to Tartakovsky and Neuman (2007), the specific moisture capacity is described as: 
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5.4 Results 

The effect of the injection and aquifer boundary conditions on fluid flow and solute transport 

(conservative tracer, i.e. uranine) in an unconfined aquifer was investigated in varied scenarios, 

by (1) applying both Darcy and non-Darcy flow conditions, (2) varying the distance from the 

injection position to the bottom of the aquifer (𝑑𝑙𝑜𝑤𝑒𝑟) and to the water table (𝑑𝑢𝑝𝑝𝑒𝑟), (3) 

varying the thickness of the variably saturated zone (𝑑𝑢𝑛𝑠𝑎𝑡),  and (4) varying the well screen 

length (𝐿𝑤𝑒𝑙𝑙).  

As a base line for these comparative scenarios, a reference case scenario was devised with the 

following parameter values: 

• Aquifer size: r = ∞, 𝑏𝑎 = 2.0 m, 𝑑𝑢𝑝𝑝𝑒𝑟 = 𝑑𝑙𝑜𝑤𝑒𝑟 = 0.9925 m and 𝑑𝑣𝑎𝑟.𝑠𝑎𝑡 = 0.4 m (20 

% of the depth of the saturated zone). 

• Well size: 𝑟𝑤𝑒𝑙𝑙 = 0.015 m and 𝐿𝑤𝑒𝑙𝑙  =0.015 m, which correspond to the size of the 

Direct Push injection rod. 

• Isotropic aquifer: 𝛷𝐾 = 𝐾𝑧 𝐾𝑟⁄ =1. 

• Exponents for the variably saturated zone: ac=1, ak =1. 

• Specific storage and specific yield: 𝑆𝑠 = 4.00 · 10-3 m-1, 𝑆𝑦 = 0.4. 

• Injection rate: Q = 1.40 · 10-4 m³/s. 

• Injection time: t = 2400 sec. 

• Concentration of the injected tracer: 𝑐𝑠𝑜𝑙𝑢𝑡𝑒_𝑖𝑛 = 5.0 g/l. 

 

The following modifications to the reference case were applied to create each scenario: 

• Distance to the bottom boundary (chapter 5.4.2): 𝑑𝑙𝑜𝑤𝑒𝑟 = 0.1, 0.3, 0.5 m. 

• Distance to the water table (chapter 5.4.3): 𝑑𝑢𝑝𝑝𝑒𝑟 = 0.1, 0.3, 0.5 m. 

• Thickness of the variably saturated zone (chapter 5.4.4): 𝑑𝑣𝑎𝑟.𝑠𝑎𝑡  = 0.1, 0.5, 0.8 m  

(5, 25, 40 % of the depth of the saturated zone, respectively). 

• Well screen length (chapter 5.4.5): 𝐿𝑤𝑒𝑙𝑙 = 0.1, 1.0, 2.0 m (5, 50, 100 % of the thickness 

of the saturated zone). 

• Injection rate (chapter 5.4.6): Q = 1.40 · 10-3 m³/s and t = 240 sec. 

• Anisotropy of hydraulic conductivity and dispersivity (chapter 5.4.7): 

 𝛷𝐾 =
𝐾𝑧

𝐾𝑟
= 0.1 and 𝛷𝐷 = 𝐷𝑧 𝐷𝑟 = 0.1⁄ . 
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5.4.1 Non-Darcy Effect 

The spatial distribution of hydraulic head buildup 𝑠, flow velocity 𝑞 and tracer concentration 𝑐 

for the Darcy scenario and the non-Darcy scenario are presented in Figure 5.3 (a) and (b) 

respectively. The flow velocity is a vector length, which is the square root of the sum of the 

square of the horizontal and vertical flow components: 𝑞 = √𝑞𝑟2 + 𝑞𝑧2. The ranges of the 

colored areas of the hydraulic head buildup, the flow velocity, and the concentration are above 

0.0031 m, 1.56 · 10-5 m and 0.078 g/l respectively. 

In Figure 5.3 it is shown that the distribution of all three parameters for the non-Darcy scenario 

are greater than that of the Darcy scenario. The hydraulic head buildup at the injection position 

in the non-Darcy scenario (at the center of the red zone) reaches 10.5 m, which is 1.65 times 

higher than the buildup of 6.35 m observed in the Darcy scenario. For both scenarios, the 

downward propagation of the hydraulic head buildup is greater than the upward propagation, 

influenced by the no-flow boundary at the bottom of the aquifer. In the upward direction, 

however, the vertical propagation of the hydraulic head buildup becomes less marked than its 

horizontal propagation. This difference is more significant in the non-Darcy scenario. This is 

attributed to the lower hydraulic conductivity in the variably saturated zone, hydraulic 

conductivity being a function of water saturation. Since saturation in the variably saturated zone 

decreases with increasing upward distance from the water table, the actual hydraulic 

conductivity also decreases with upward distance. These disproportional distributions of the 

hydraulic head buildup result in a very small flux at the bottom of the aquifer, and a larger flux 

in the upper part of the aquifer, which leads to larger solute plumes in the upward direction. 



5 Simulation Study of Fluid Flow and Solute Transport During Injection in an Infinite Aquifer (2DR)  76 

 

 

 

Figure 5.3 Vertical profiles (r and z direction) of hydraulic head buildup, flow velocity and 

solute concentration for the Darcy scenario (a) and the non-Darcy scenario (b). The black lines 

at the upper part of the domain represent the ground surface (GS) and the initial water table 

(WT). 

 

Above the water table, a small flux is observed. Two possible theories are proposed: 1) small 

hydraulic conductivity in the variably saturated zone, and 2) storage change in the variably 

saturated zone. 

1) Generally, around the boundary between high and low hydraulic conductivity zones, the 

flow along the boundary is increased, but the flow crossing the boundary into the low 

conductivity zone is reduced. The scenario in this Chapter is a possible example, with the 

water table acting as the boundary. 

2) Saturation in the variably saturated zone is initially lower than 1. When the water is 

injected, the water table rises. Firstly, the air filling the pores is replaced by water, and then 

the water flows further upwards. This storage change in the variably saturated zone lowers the 

vertical upward flow velocity.  

In order to analyze these two theories, the horizontal and vertical flow components (absolute 

values of 𝑞𝑧 and 𝑞𝑟) of the non-Darcy scenario are plotted in Figure 5.4 (a) and (b). Around 

the water table, the horizontal flow component is zero (a), and only vertical flow is observed 
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(b). This indicates a disagreement with theory 1, and theory 2 is corroborated instead, the flow 

velocity reduction in the variably saturated zone is attributed to storage change. 

 

Figure 5.4 Vertical profiles of the (a) horizontal and (b) vertical flow components of the non-

Darcy scenario. 

The distribution of the Forchheimer factors F is plotted in Figure 5.5. The lowest 𝐹 (the highest 

non-Darcy effect) is observed at the injection position, increasing with distance from that point. 

The purple band in the plot represents the Forchheimer factor F = 0.93 at q = 0.01 m/s, and 

above that the non-Darcy effect becomes prominent. At a distance of over 0.1 m (r > 0.1 m) 

from the injection position, F becomes almost 1, which indicates a negligible non-Darcy effect. 

The extension of the non-Darcy flow zone (colored area in Figure 5.5) is related to the extension 

of the flow velocity at 1.00 · 10-3 m/s (red contour line in Figure 5.3 (b)). The extension of the 

non-Darcy flow zone reveals that even though the zone is small (r ≤ 0.1 m), it has a significant 

effect on the overall distribution of the flow velocity and the concentration of solute at far 

distance. 

 

 

Figure 5.5 Vertical profiles (r and z direction) of the Forchheimer factor F in the non-Darcy 

scenario. 
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5.4.2 Distance between Injection Position and Aquifer Bottom 𝒅𝒍𝒐𝒘𝒆𝒓 

The spatial distribution of three parameters (hydraulic head, flow velocity, and solute 

concentration) at injection depths 𝑑𝑙𝑜𝑤𝑒𝑟 = 0.1, 0.3 and 0.5 m are shown in Figure 5.6 (a), (b) 

and (c), respectively. As 𝑑𝑙𝑜𝑤𝑒𝑟  decreases, the colored area of the hydraulic head buildup 

(> 0.0031 m) shrinks in the vertical direction due to the restriction of the bottom boundary, 

while expanding in the horizontal direction. This results in a corresponding lateral expansion 

and vertical shrinkage of the colored area of the flow velocity (> 1.56 · 10-5 m). Despite the 

shrinkage of the net flow velocity area, the distance between the injection position and the upper 

limit of the velocity area decreases as 𝑑𝑙𝑜𝑤𝑒𝑟  increases. This has an impact on the concentration 

distribution, in that the area of the concentration (> 0.078 g/l) is also extended further both 

horizontally and vertically when the injection position is closer to the bottom boundary. This 

change in the extension direction is observed more clearly in the shape of the inner contour 

zone (orange band), which tends upwards for the middle and lower injection positions. These 

results indicate that the injection near the bottom no-flow boundary leads to an increase in the 

hydraulic head buildup and flow velocity, and consequently to an increase in the solute transport 

rate in the upward and horizontal directions. In this Chapter, non-Darcy flow is applied for all 

simulated scenarios.  
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Figure 5.6 Vertical profiles (r and z direction) of hydraulic head buildup, flow velocity and 

solute concentration at 𝑑𝑙𝑜𝑤𝑒𝑟 of 0. 5m (a), 0.3 m (b) and 0.1 m (c). 
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5.4.3 Distance between Injection Position and Water Table 𝒅𝒖𝒑𝒑𝒆𝒓 

The spatial distribution of three parameters (hydraulic head, flow velocity, solute concentration) 

at injection depths 𝑑𝑢𝑝𝑝𝑒𝑟 = 0.1, 0.3, 0.5 m are presented in Figure 5.7 (a), (b) and (c), 

respectively. The solute transport behavior is observed in the variably saturated zone for all 

cases. As 𝑑𝑢𝑝𝑝𝑒𝑟 is reduced, the hydraulic head buildup area and the flow velocity area in the 

saturated zone (in a downward and a horizontal direction) are diminished, whereas both areas 

in the variably saturated zone are enlarged. This indicates that the fluid flow increasingly 

exhibits an upward (as opposed to downward) directionality, the closer injection position is to 

the water table. This implies that if the NPs were injected in the upper region of the aquifer, a 

large amount of NPs would be transported in the unsaturated zone, where the target 

contamination is not expected to be. At the same time, in the lower region of the aquifer, where 

the target contaminant is in fact located, a very small amount of NPs would be transported. 

The flow velocity in the variably saturated zone is smaller than in the saturated zone. The 

hydraulic conductivity in the variably saturated zone is much lower than the one in the saturated 

zone 𝐾  since the relative hydraulic conductivity 𝐾(𝛹)  in the variably saturated zone is a 

function of the pressure head which decreases over the distance from the injection position (Eq. 

(5.11)). 

The disproportional fluid flow leads the reduction of the lateral and downwards transport as the 

concentration area in the saturated zone shrinks.  
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Figure 5.7 Vertical profiles (r and z direction) of hydraulic head buildup, flow velocity and 

solute concentration at 𝑑𝑢𝑝𝑝𝑒𝑟 of 0. 5m (a), 0.3 m (b) and 0.1 m (c). 
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5.4.4 Thickness of Variably saturated zone 𝒅𝒗𝒂𝒓.𝒔𝒂𝒕 

The spatial distribution of three parameters (hydraulic head buildup, flow velocity, solute 

concentration) at variably saturated zone thicknesses 𝑑𝑣𝑎𝑟.𝑠𝑎𝑡 = 0.1, 0.5 and 0.8 m are presented 

in Figure 5.8 (a), (b) and (c), respectively. The normalized thicknesses of the variably saturated 

zone (𝑑𝑣𝑎𝑟.𝑠𝑎𝑡𝑢/𝑑𝑠𝑎𝑡𝑢) were 0.05, 0.25 and 0.4 respectively.  

Considering the qualitative shape of the distribution of the three parameters in in Figure 5.8, all 

profiles have effectively the same proportional distribution regardless of the thickness of the 

variably saturated zone, with one exception observable at 𝑑𝑣𝑎𝑟.𝑠𝑎𝑡  = 0.1 m, where the flow 

velocity and concentration zones are cut off at the top of the aquifer (2.1 m), indicating ponding. 

As the distribution of the three variables is so comparable across all three profiles, it can be 

concluded that the variably saturated zone thickness does not influence the fluid flow in the 

saturated zone. 
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Figure 5.8 Vertical profiles (r and z direction) of hydraulic head buildup, flow velocity and 

solute concentration at 𝑑𝑣𝑎𝑟.𝑠𝑎𝑡 of 0.1 m (a), 05 m (b) and 0.8 m (c).  

For the quantitative investigation, the hydraulic head buildup at the injection position 𝑠𝑖𝑛, with 

variably saturated zone thicknesses of 0.1, 0.4 (reference case; Chapter 5.4.1), 0.5 and 0.8 m, is 

presented in Figure 5.9. It shows that 𝑠𝑖𝑛 is identical for all four thicknesses at the beginning, 

but 𝑠𝑖𝑛 with an variably saturated zone thickness of 0.1 m deviates after 2000 seconds, while 

𝑠𝑖𝑛 for thicknesses of 0.4, 0.5 and 0.8 m continue in almost perfect agreement. This behavior is 

consistent with the findings of Mishra and Neumann (2010), who observed that variably 

saturated zone thickness has no discernible effect on hydraulic head buildup when the ratio of 

𝑑𝑣𝑎𝑟.𝑠𝑎𝑡/𝑑𝑠𝑎𝑡 is larger than 0.25. In this study, no significant effect was observed at ratios of 

over 0.2. 
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Figure 5.9 Hydraulic head buildup at the injection position in the aquifer with variably saturated 

zone thicknesses 𝑑𝑣𝑎𝑟.𝑠𝑎𝑡 = 0.1, 0.4, 0.5 and 0.8 

 

5.4.5 Well Length 𝑳𝒘𝒆𝒍𝒍 

The spatial distribution of three parameters (hydraulic head buildup, flow velocity, and solute 

concentration) during the injection via the injection well with well screen lengths 𝐿𝑤𝑒𝑙𝑙 of 0.1, 

1.0 and 2.0 m are presented in Figure 5.10 (a), (b) and (c), respectively. The ratios of the well 

penetration to the aquifer thickness (
𝐿𝑤𝑒𝑙𝑙

𝑏𝑎
) are 5, 50 and 100 %, respectively. 

Figure 5.10 shows that the lateral distributions of the hydraulic head buildup and the flow 

velocity become smaller as 𝐿𝑤𝑒𝑙𝑙 increases. Since the increase in 𝐿𝑤𝑒𝑙𝑙 enlarges the surface area 

of the well, the lateral flow velocity at the well position decreases. This causes a reduction in 

the hydraulic head gradient around the injection position, which consequently reduces the flow 

velocity in both vertical and horizontal directions. Due to the decrease in the flow velocity, the 

distance of the solute transport is reduced, and thus the concentration in the area of the transport 

is increased. For the injection with a fully penetrating well (Figure 5.10 (c)), a small amount of 

fluid flow and solute transport in the variably saturated zone can be seen due to the upward flow 

around the upper end of the well.  
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Figure 5.10 Vertical profiles (r and z direction) of hydraulic head buildup, flow velocity and 

solute concentration at 𝐿𝑤𝑒𝑙𝑙 of 0. 1 m (a), 1.0 m (b) and 2.0 m (c). 
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5.4.6 Injection Rate Q 

The spatial distributions of three parameters (hydraulic head buildup, flow velocity, and solute 

concentration) during the injection at an injection rate of Q = 1.40 · 10-3 m³/s are presented in 

Figure 5.11. This injection rate is 10 times higher than that of the reference case (Non-Darcy 

flow of Figure 5.3 Chapter 5.4.1), and thus the injection time (240 s) was set as 10 times less 

than the reference case, in order to keep the same injected volume for both. Figure 5.11 shows 

a significant increase in hydraulic head buildup and flow velocity for the higher flow rate 

compared to the reference case, which results in the enlargement of the transport zone in 

horizontal and vertical directions. The upper and lower boundaries make the increase in the 

lateral flow velocity more marked than the increase in the vertical flow velocity. 

 

Figure 5.11 Vertical profiles (r and z direction) of hydraulic head buildup, flow velocity and 

solute concentration at Q = 1.40 · 10-3 m³/s and t = 240 s.  

 

The horizontal and vertical flow components (𝑞𝑟 and 𝑞𝑧) are plotted in Figure 5.12 (a) and (b). 

They show the differing propagation of the horizontal and vertical flow components, reflecting 

the fact that vertical extension is restricted by the top and bottom boundaries. These restrictions 

result in a greater extension of the horizontal and vertical flow components in the horizontal 

direction. 
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Figure 5.12 Vertical profiles of the (a) horizontal and (b) vertical flow components of the non-

Darcy scenario. 

 

For an investigation of the non-Darcy effect, the distribution of the Forchheimer factor 𝐹 and 

the change in 𝐹 relative to horizontal distance from the injection position are plotted in Figure 

5.13 (a) and (b), respectively. Figure 5.13 (a) shows that the region of non-Darcy flow extends 

further than in the reference case (Figure 5.5), caused by the higher flow velocity. The purple 

band on the plot represents the Forchheimer factor (𝐹 = 0.93) at 𝑞 = 0.01 m/s, above which the 

non-Darcy effect becomes prominent. In the variably saturated zone, 𝐹 reaches low levels due 

to the low hydraulic conductivity there, making the profile look as if the non-Darcy zone were 

cut off at the water table. In Figure 5.13 (b), it can be seen that a higher flow rate enhances the 

non-Darcy effect, as does the reduction in 𝐹. At the higher flow rate, 𝐹 is lower than 0.2 around 

the injection position, which causes a significantly more pronounced increase in the hydraulic 

head buildup than is observed in the reference case. 

(a) 

 

(b) 

 

Figure 5.13 Vertical profiles (r and z direction) of the Forchheimer factor 𝐹 (a), and 𝐹 as a 

function of horizontal distance from the injection position at two different injection rates (b). 
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5.4.7 Anisotropy 

The spatial distribution of the three parameters (hydraulic head buildup, flow velocity, and 

solute concentration) during the injection into an anisotropic aquifer, 𝛷𝐾 = 𝐾𝑧/𝐾𝑟 = 0.1 and 

 𝛷𝐷 = 𝐷𝑧 𝐷𝑟 = 0.1⁄ , are presented in Figure 5.14. As expected, all parameters exhibit greater 

horizontal expansion but reduced vertical expansion in comparison to the reference case  

(Figure 5.3 (b)). Since the vertical hydraulic conductivity is lower than the horizontal hydraulic 

conductivity by a factor of 10, the vertical propagation of the hydraulic head buildup decreases, 

but the horizontal propagation increases. This distribution is reflected in the flow velocity and 

the concentration, as their distributions also extend laterally more than in the reference case 

scenario (Figure 5.3 (b)), while extending comparatively less along the vertical axis. 

Furthermore, the distribution of the solute concentration is smaller than that of the reference 

case scenario. The decrease in vertical dispersivity 𝐷𝑧  reduces vertical solute transport, 

resulting in the distribution of higher concentration (red area) in the horizontal direction. 

 

Figure 5.14 Vertical profiles (r and z direction) of the hydraulic head buildup, flow velocity and 

solute concentration at 𝛷𝐾 = 𝐾𝑧/𝐾𝑟 = 0.1 and 𝛷𝐷 = 𝐷𝑧 𝐷𝑟 = 0.1⁄ .  

 

5.5 Summarizing the findings 

A two-dimensional axial symmetric numerical model was developed for hydraulic head buildup 

and solute transport in an unconfined aquifer for an injection using the Direct Push Method 

with a constant injection rate. The model accounts for the non-Darcy effect caused by high flow 

velocity around the injection position, and for flow and transport in the variably saturated zone. 

The flow above the water table was described by Tartakovsky and Neuman (2007) using their 

adapted Richards’ equation. 

Through the numerical study, a better understanding of the non-Darcy effect, the effect of the 

aquifer boundary, and the effect of the injection condition on flow and transport was achieved. 

The non-Darcy effect resulted in an increase in the hydraulic head around the injection position, 

which in turn led to increases in the overall flow velocity and the solute transport at further 
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6 Analysis of Shear-Thinning Fluid Flow and NP Transport during 

Injection into an Infinite Aquifer (2DR) 

6.1 Motivation 

In this Chapter, shear-thinning fluid flow and NP transport generated by an injection using the 

Direct Push Method in a 2D axial symmetry are discussed. 

The extremely high velocity at the injection position, and the significant decrease in velocity 

with distance from the injection position, have a great impact not only on hydraulic head 

increase, but also on fluid viscosity and NP transport, since all parameters are highly dependent 

on flow velocity. In addition, particle interactions and collision mechanisms are subject to flow 

velocity (discussed in chapter 5), meaning that NP retention and the subsequent permeability 

reduction in the porous media are also determined by flow velocity. 

However, NP retention in the 2D axial symmetry system cannot easily be extrapolated from the 

1D case, since the velocity field is fundamentally different due to an additional degree of 

freedom. Therefore, the prediction of NP retention, flow velocity and hydraulic head buildup 

in the 2D axial symmetry system is only possible by way of lab experiments or numerical 

simulation. 

In order to solve this problem, a 2D axial symmetric model was set up in this study. Two 

mechanisms were added to the model in Chapter 5: one for viscous fluid flow with shear-

thinning effect, and one for NP transport with pore clogging. By simulating several injection 

scenarios with the prediction tool, the impact of the viscosity, the shear-thinning effect, NP 

retention, and pore-clogging on flow and transport were studied. 

 

6.2 Conceptual and Mathematical Model 

In this study, a new model was developed to solve the problem of the 2D axially symmetric 

flow and transport of polymer solution and NPs under the influence of non-Darcy flow 

conditions, the shear-thinning effect and changing permeability. In order to achieve this, the 

non-Darcy MNM1D model (discussed in Chapter 4.3.2) was upscaled to 2D axial symmetry in 

order to include transient non-Darcy flow around the injection point, as well as flow and 

transport in the variably saturated zone. 

This new model can simulate the time evolution of hydraulic head, flow velocity, the non-Darcy 

effect, polymer concentration, viscosity, NP concentration and retention, permeability, and 

hydraulic conductivity in porous media during an injection of NP slurry via Direct Push into an 

unconfined aquifer. 

 

6.2.1 Shear-Thinning Effect in Porous Media 

The shear-thinning viscosity in porous media can be described with the modified Carreau model 

(Eq. (3.6)), utilizing the apparent shear rate in porous media 𝛾̇𝑝𝑚 and the apparent viscosity 
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𝜇𝑝𝑚(𝛾̇𝑝𝑚 ). The apparent shear rate 𝛾̇𝑝𝑚  is obtained from the Darcy velocity 𝛾̇𝑝𝑚 =  𝛼
𝑞

√𝑘𝜀
 

(discussed in Chapter 3.2.3). As opposed to the 1D column system, where the viscosity change 

was subject only to the polymer concentration (𝑐𝐶𝑀𝐶) because the flow velocity was constant, 

the viscosity in the 2D axially symmetric flow system is a function of both velocity and polymer 

concentration.  

Taking into account both the flow velocity q, represented by the vertical and horizontal flow  

components (𝑞𝑟  and 𝑞𝑧 ), and the determinant of the tensor-permeability (𝑘 = (det   𝒌)1/3 ; 

Knupp & Lage, 1995; Chapter 5.2.1), the axially symmetric 2D Carreau model is given by: 

 

𝜇𝑝𝑚 = 𝜇𝑤 + (𝜇𝑤(1 + 𝑐𝐶𝑀𝐶
𝐸) − 𝜇𝑤) (1 + (𝐴𝑐𝐶𝑀𝐶

𝐵 ∙ 𝛼
(𝑞𝑟

2 + 𝑞𝑧
2)1/2

√(Φ𝐾)
1/3𝑘𝜀

 )

2

)

𝑛−1
2

 (6.1) 

The empirically obtained shift factor α in the 1D experiment (Chapter 3.4.2 increases 

proportional to the increase in CMC concentration. Although no concrete relation between the 

polymer concentration and α is yet developed (Lopez, et al., 2003), from the degree of increase 

in α that accompanies the CMC concentration increase for the concentration range used in this 

study, 𝛼 is considered as a linear function of the CMC concentration.  

The linear relation is described as  

 𝛼 = 1.45 𝑐𝐶𝑀𝐶 + 0.64 (6.2) 

In the 2D axially symmetric flow system, considering dilution, the viscosity is calculated by 

changing α values at each concentration: 

 𝜇𝑝𝑚 = 𝜇𝑤 + (𝜇𝑤(1 + 𝑐𝐶𝑀𝐶
𝐸) − 𝜇𝑤) (1 + (𝐴𝑐𝐶𝑀𝐶

𝐵 ∙ (1.45 𝑐𝐶𝑀𝐶 + 0.64)
(𝑞𝑟

2 + 𝑞𝑧
2)1/2

√(Φ𝐾)
1/3𝑘𝜀

 )

2

)

𝑛−1
2

 (6.3) 

The values of the three empirical coefficients A, B and E are determined as in Chapter 3.4.3. 

 

6.2.2 NP transport in Porous Media 

The model for 1D NP transport in porous media (Eq. (4.1)) is extended to a radially symmetric 

2D system. The model is governed by advection and dispersion, including the interaction of 

NPs (attachment and detachment) with the grain surface (Tosco & Sethi, 2010): 

 𝜕𝑐𝑁𝑃
𝜕𝑡

+
1

𝑟

𝜕

𝜕𝑟
(𝑟
𝑞𝑟
𝜀𝑚
𝑐𝑁𝑃) +

𝑞𝑧
𝜀𝑚

𝜕𝑐𝑁𝑃
𝜕𝑧

−
1

𝑟

𝜕

𝜕𝑟
(𝑟𝐷𝑟

𝜕𝑐𝑁𝑃
𝜕𝑟

) −
𝜕

𝜕𝑧
(Φ𝐷𝐷𝑟

𝜕𝑐𝑁𝑃
𝜕𝑧

) = −
𝜌𝑏
𝜀𝑚

𝜕𝑠𝑁𝑃
𝜕𝑡

 (6.4) 

The interaction between particles and grains is described in the same manner as in the 1D 

system:  

 

{
𝜌𝑏
𝜕𝑠𝑁𝑃,1
𝜕𝑡

= 𝜀𝑚𝑘𝑎,1Ф1𝑐𝑁𝑃 − 𝜌𝑏𝑘𝑑,1𝑠𝑁𝑃,1

𝜌𝑏
𝜕𝑠𝑁𝑃,2
𝜕𝑡

= 𝜀𝑚𝑘𝑎,2Ф2𝑐𝑁𝑃 − 𝜌𝑏𝑘𝑑,2𝑠𝑁𝑃,2

 

𝑠𝑁𝑃 = 𝑠𝑁𝑃,1 + 𝑠𝑁𝑃,2 

(6.5) 
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6.4 Result 

The simulations of the polymer solution and the NP transport were firstly implemented in the 

reference case scenario (explained in Chapter 5.4),which are presented in Chapters 6.4.1 and 

6.4.2. Concentration of the injected polymer (CMC) and NP were 𝑐𝐶𝑀𝐶_𝑖𝑛  = 5.0 g/l and 

𝑐𝑁𝑃_𝑖𝑛 = 5.0 g/l respectively. 

In order to investigate NP distribution under different injection and aquifer conditions, four 

scenarios are tested and presented in Chapter 6.4.3, applying the following modifications to the 

reference case: 

• Distance from the injection position to the bottom boundary: 𝑑𝑙𝑜𝑤𝑒𝑟 = 0.1 m 

• Distance from the injection position to the water table: 𝑑𝑢𝑝𝑝𝑒𝑟 = 0.1 m 

• Well length: 𝐿𝑤𝑒𝑙𝑙 = 2.0 m (100 % of the thickness of the saturated zone) 

• Anisotropy of hydraulic conductivity and dispersivity: 𝛷𝐾 =
𝐾𝑧

𝐾𝑟
= 0.1  and  

𝛷𝐷 = 𝐷𝑧 𝐷𝑟 = 0.1⁄ . 

 

6.4.1 Polymer Transport 

The spatial distributions of the hydraulic head buildup 𝑠 , flow velocity 𝑞 , polymer 

concentration 𝑐𝐶𝑀𝐶 , viscosity 𝜇𝑝𝑚 , and hydraulic conductivity 𝐾𝐹  for the shear-thinning 

polymer transport scenario are presented in Figure 6.2. As in the polymer transport scenario, 

the distribution of the flow velocity above the water table in the reference case of the solute 

transport scenario is very limited (Figure 5.3 (b)), due to the storage change in the variably 

saturated zone. However, the area of the high flow velocity zone (the light blue band) is reduced 

compared to the area of the high flow velocity zone in the reference scenario. This is attributed 

to a decrease in the hydraulic conductivity, caused by the propagation of the higher viscosity 

there (roughly within a 0.8 m radius from the injection position). The propagations of the 

viscosity and CMC concentration are not in perfect agreement since viscosity is determined not 

only by the CMC concentration, but also by the flow velocity in this model (Eq.(6.3)). 

Therefore, viscosity is low around the injection position, where CMC concentration is highest. 

In the whole flow domain, the propagation of the polymer concentration (Figure 6.2) turns out 

to be slightly smaller than the propagation of the solute concentration (Figure 5.3 (b)) due to a 

reduction in the area of the high flow velocity zone (the light blue band).  
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Figure 6.2 Vertical profiles (r and z direction) of hydraulic head buildup, flow velocity, polymer 

concentration, viscosity and hydraulic conductivity.  
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6.4.2 NP Transport 

In addition to the five parameters (𝑠, 𝑞, 𝑐𝐶𝑀𝐶, 𝜇𝑝𝑚 and 𝐾𝐹) explained in the previous Chapter, 

the NP concentration 𝑐𝑁𝑃 and the mass of NPs deposited 𝑠𝑁𝑃 by straining and blocking are 

presented in Figure 6.3. 

Figure 6.3 shows that the hydraulic head buildup, the flow velocity, and the polymer 

concentration are higher in comparison to the previous polymer transport scenario (Figure 6.2). 

The increase in hydraulic head buildup around the injection position, accompanied by the 

permeability reduction caused by NP deposition, leads to a slight increase in flow velocity there, 

which subsequently extends the CMC and viscosity distributions. 

Compared to the area of the polymer transport (1.4 m lateral distance from the injection 

position), the area of NP transport is significantly smaller (lateral distance of 0.76 m). Due to 

NP deposition, the suspended NP concentration in the liquid phase decreases with distance from 

the injection position, which reduces the transport of NPs at far distance. 

The area of NP retention due to straining can be seen only around the injection position, which 

is consistent with the observations made in the 1D transport test. It is small compared to the 

area of NP deposition due to blocking, which is attributed to the nature of the straining equation 

since NP deposition is an inverse function of distance. The deposited NP mass due to blocking 

is highest around the injection position, which contrasts with the 1D test, where the deposited 

NP mass remained almost constant over distance. Deposition by blocking is a function of 

concentration and seepage velocity in terms of the attachment coefficient  

(𝑘𝑎,1 = 𝐶𝑎,1
𝑣𝑒

𝑑50,𝑠𝑎𝑛𝑑
𝜂0), and so deposition increases with increasing concentration and flow 

velocity. 

Since NP deposition by straining causes clogging, the permeability, and hence the hydraulic 

conductivity around the injection position, are significantly reduced.  
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Figure 6.3 Vertical profiles (r and z direction) of hydraulic head buildup, flow velocity, polymer 

concentration, NP concentration, viscosity, actual hydraulic conductivity, deposited NP mass 

by straining 𝑠𝑁𝑃,1 and blocking 𝑠𝑁𝑃,2.  

 

Presented in Figure 6.4 are the evolutions of the injection hydraulic head and monitoring 

parameters (hydraulic head buildup, concentration, mass of NPs deposited, hydraulic 

conductivity, flow velocity, and viscosity) at the monitoring position (r, z = 0.5, 1.0) for three 

different scenarios: solute transport (Chapter 5.4.1, Non-Darcy effect), polymer transport 

(Chapter 6.4.1) and NP transport.  

Comparing the solute (conservative tracer) and polymer transport scenarios, the flow of the 

high viscosity polymer solution (red line) pushes the hydraulic head buildup slightly higher 

than in the case of the solute transport ((a) and (b), black line). An increase in the polymer 

concentration is observed after 300 seconds in the polymer scenario ((c), red lines). This leads 

to an increase in viscosity (f) and a decrease in hydraulic conductivity (d) at the monitoring 

position, which subsequently reduces the flow velocity (e).  

Regarding the NP transport scenario (blue lines), the injection hydraulic head (a) and the 

hydraulic head buildup (b) are much higher than in the other two scenarios. This is attributed 

to the permeability reduction around the injection position caused by straining-related NP 

deposition (Figure 6.3 𝑠𝑁𝑃,1). This hydraulic head buildup increases flow velocity (e) and leads 

to faster transport of the polymer and NPs (c) at the monitoring position. A reduction in 

hydraulic conductivity at the sampling position is observed after 300 seconds (d), which is 
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attributed not to NP deposition, but to the increase in viscosity caused by the arrival of the 

polymer solution. 

 

 

Figure 6.4 Time evolution of the injection head and hydraulic head buildup at the monitoring 

position (r, z = 0.5, 1.0 m) and the other monitoring parameters (concentrations, mass of NP 

deposited, actual hydraulic conductivity, flow velocity and viscosity) for three different 

scenarios: solute transport (black lines), polymer transport (red lines) and NP transport (blue 

lines). 
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6.4.3 NP Transport with Various Conditions 

The NP injections for various conditions (as described in chapter 5.4) were simulated and the 

effects of the injections and aquifer boundary conditions on flow and NP transport in an 

unconfined aquifer were investigated. Four scenarios based on the following modifications to 

the reference case were selected: 

• Distance to the bottom boundary: 𝑑𝑙𝑜𝑤𝑒𝑟 = 0.1 m 

• Distance to the water table: 𝑑𝑢𝑝𝑝𝑒𝑟 = 0.1 m 

• Well screen length: 𝐿𝑤𝑒𝑙𝑙 = 2.0 m (100 % of the thickness of the saturated zone) 

• Anisotropy of hydraulic conductivity and dispersivity: 𝛷𝐾 =
𝐾𝑧

𝐾𝑟
= 0.1  and 

𝛷𝐷 = 𝐷𝑧 𝐷𝑟 = 0.1⁄ . 

For all scenarios, the distributions of some parameters, such as hydraulic head buildup, flow 

velocity and polymer concentration, show trends similar to the results in Chapter 5.4, and thus 

the parameters that provided the most remarkable results are discussed in this Chapter, namely 

NP concentration 𝑐𝑁𝑃, viscosity 𝜇𝑝𝑚 and actual hydraulic conductivity 𝐾𝐹 

The spatial distribution of the three parameters mentioned above for the four scenarios are 

presented in Figure 6.5 (a), (b), (c) and (d), respectively. 
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Figure 6.5 Vertical profiles (r and z direction) of NP concentration, viscosity and actual 

hydraulic conductivity for the four scenarios of 𝑑𝑙𝑜𝑤𝑒𝑟 = 0.1 m (a), 𝑑𝑢𝑝𝑝𝑒𝑟 = 0.1 m (b), 𝐿𝑤𝑒𝑙𝑙 = 

2.0 m (c) and anisotropy (d). 
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The inflow and the outflow boundary conditions were controlled by a set of four hydraulically 

communicating four PVC-U wells (fully screened, 0.3 mm slot width) embedded in coarse sand 

(blue colored zones in Figure 7.2). The inflow wells were connected to a pump to establish 

constant discharge (Q = 2.5 ∙ 10-8 m³/s), which consequently created a head boundary in the 

inflow wells. The hydraulic heads in the inflow wells stayed constant under steady state 

conditions, (constant head boundary condition), when no injection was carried out. But it 

changed during the transient state, when temporally injection was carried out. On the outflow 

side the PVC-U wells were connected to a constant head tank. Under steady state conditions, 

the chosen discharge Q yielded a seepage velocity (v) of 2.31 ∙ 10-6 m/s in the flow domain. 

For the discharge-controlled head boundary, no analytical solution is available. However, the 

inflow wells are located outside of the ROI of the injection (r > 2.5 m). Moreover, the velocity 

of the flow from the inflow wells is significantly lower than the flow velocity of the injection. 

Therefore, for the simulation of NP injection, the inflow boundary condition is considered a no-

flow boundary condition. 

 

 

Figure 7.2 Schematic image of the LSF aquifer (blue symbols represent the sampling positions 

for tracer tests, pink symbols for NP injection). 
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7.2.2 Fluid Flow and Solute Transport of a Conservative Tracer 

The fluid flow and solute transport experiments were conducted by injecting a tracer solution 

using the Direct Push set-up (ID = 0.015 m). A tracer solution of 0.25 m³ with a uranine 

concentration of 0.2 g/l (Chapter 3.3) was injected into the LSF aquifer for 40 minutes at a 

constant injection rate of 1.39 ∙ 10-4 m³/s. 

The injection position was situated in the middle of the aquifer, at (x, y, z) = (3.01, 0.5, 0.9). 

The tracer solution was injected using a dosing pump (Seepex BN, Seepex GmbH, Germany) 

and continuously monitored with an electromagnetic flowmeter (IFM1010KD/6 AQUAFLUX, 

KROHNE Messtechnik GmbH, Germany). The injection pressure was also recorded 

continuously with a pressure transducer (PT Series 33 X, KELLER AG für Druckmesstechnik, 

Germany). In the flow domain, the hydraulic head buildup was monitored at (x, y, z) = (2.58, 

0.35, 0.25). The tracer concentration was measured by a fluorimeter (Hermes Messtechnik, 

Germany) at nine sampling positions, or observation points, listed in Table 7.1 

 

Table 7.1 Location of nine sampling positions 

  x [m] y [m] z [m] 

T
ra

ce
r 

In
je

ct
io

n
 

Pressure transducer 2.58 0.35 0.25 

Fluorimeter 

2.58 0.35 (or 0.65) 0.7, 0.9, 1.3 

2.79 0.35 (or 0.65) 0.7, 0.9, 1.3 

3.03 0.5 0.7, 0.9, 1.3 

N
P

 I
n
je

ct
io

n
 

Pressure transducer 3.01 0.35 0.25 

MSS 3.01 0.24 0.7, 1.3 

Soil sampling 

3.01 0.5 0.6, 0.9, 1.2 

3.25 0.5 0.6, 0.9, 1.2 

3.5 0.5 0.6, 0.9, 1.2 
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7.2.3 Shear-Thinning Fluid Flow and NP Transport 

In order to attain a better understanding of viscous fluid flow and NP transport in a channel 

aquifer, NP injection tests were performed with the Direct Push method in the LSF aquifer. The 

focus of the experiments was the evolution of injection pressure and hydraulic head buildup, as 

well as the distribution of polymer and NPs in the aquifer. The influence of interacting 

mechanisms on the flow and transport behavior, such as the shear-thinning effect and NP 

retention in the porous medium, were studied. The polymer (Carboxymethyl cellulose), and 

nanoparticles used (NANOFER STAR) were the same materials described in Chapters 3.3 and 

4.3, respectively. 

 

Setup and Procedure 

The NP suspension was intermittently injected at five different depths from top to bottom at the 

injection positions (x, y) = (2.8, 0.5) m. The duration of injection, injection rate, injected mass 

of NPs, NP concentration and polymer concentration at each injection depth are listed in Table 

7.2. After the injection at each depth, the injection was paused to move the injection position 

deeper. The intervals between injections were 86, 7, 15 and 7 minutes in length, and varied due 

to the non-uniformity of operational exertions, such as pushing the injection rod down to the 

next injection position and reassembling the injection setup. 

 

Table 7.2 Duration of injection, injection rate, injected mass of NPs, NP concentration and 

polymer concentration at each injection depth. 

Injection 

depth  

[m] 

Duration of 

Injection 

[min] 

Average 

Injection rate 

Q [m³/s] 

Injected 

mass of 

NPs [kg] 

CNP in 

suspension 

[g/L] 

CCMC in 

suspension 

[g/L] 

1.30 40 1.14 ∙ 10-4 2.00 7.40 5.00 

1.15 26 1.28 ∙ 10-4 2.30 11.00 5.00 

1.00 19 1.78 ∙ 10-4 2.21 11.00 5.00 

0.85 18 1.86 ∙ 10-4 2.20 11.00 5.00 

0.70 23 8.06 ∙ 10-5 1.25 11.00 5.00 

 

The injection rate for each injection was continuously monitored with the electromagnetic 

flowmeter. The injection pressure was also measured continuously during the injections using 

a pressure transducer (PT4515, ifm electronic, Germany) installed between the pump and the 

injection position. The hydraulic head buildup in the aquifer was monitored continuously by 

the pressure transducer (PT Series 33 X, KELLER AG für Druckmesstechnik, Germany), the 

NPs were traced using two magnetic susceptibility sensors, and the deposited NP mass in the 

porous medium (𝐴𝑙𝑙 𝑁𝑃 = 𝑐𝑁𝑃
𝜀𝑚

𝜌𝑏𝑢𝑙𝑘
+ 𝑠𝑁𝑃) was measured by way of soil sampling. The 

positions of all monitoring devices and sampling positions are listed in Table 7.1 
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Figure 7.3 Infinite array of imaginary injection wells in a channel aquifer (modified from 

(Ferris, et al., 1962)). The blue dot represents an observation point, which is situated at a 

distance of 𝑟0 from the injection well and 𝑟1 from the imaginary wells. 

 

7.3.2 How to find a Radius of Symmetrical Transport (Numerical Study) 

In order to find the radius of a region within which flow and transport are symmetric in the LSF 

aquifer, the transport regime of an infinite system and that of a LSF aquifer are investigated. 

Since the impermeable side barriers will create a boundary effect only in the horizontal 

direction, the investigation focuses on the 2D system with Cartesian coordinates (over an x-y 

plane, as in the top view of the LSF aquifer in Figure 7.2). The x axis is parallel to the 

impermeable side barriers, and the y axis is perpendicular to the impermeable side barriers. In 

this system, the injection position is set as the origin of the coordinate (x, y) = (0, 0). 

Two geometries were simulated numerically: (1) injection in a 2D infinite aquifer (open side 

boundaries) and (2) injection in the LSF aquifer (no-flow side boundaries). The other two 

boundaries for the inflow and outflow are configured as a no-flow boundary and a constant 
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The time evolutions of the four parameters (injection head, hydraulic head buildup, flow 

velocity and NP concentration) at observation points are plotted in Figure 7.7. As in the tracer 

injection case, the development of NP concentration in the x direction is the same in both 

aquifers. In the y direction, at up to 0.25 m a minor inconsistency between the LSF aquifer and 

the infinite aquifer is observed, but at far distances (y > 0.25 m) the deviation becomes 

significant. The differences in NP concentration between the infinite aquifer and the LSF 

aquifer are 2.5 %, 10.0 % and 91.7 % at y = 0.15, 0.25 and 0.45 m respectively. 

Asserting that a concentration difference of up to 10 % represents acceptable similarity, NP 

transport in the y direction in the LSF aquifer is equal to that in the infinite aquifer within the 

first 0.25 m. Therefore, in this region, the 2DR transport model is applicable to the transport 

problem. 

 

 

Figure 7.6 Distribution of hydraulic head buildup, flow velocity and NP concentration during 

the NP injection in the 2D (x-y plane) system in the infinite aquifer (a) and LSF aquifer (b). 

Lines represent boundaries (green: open boundary, black: no-flow boundary, red: constant head 

boundary) and black dots represent the sampling positions. 

 

 

Figure 7.7 Comparison of the four parameters at sampling positions in the infinite aquifer (IA) 

and LSF aquifer (LSF). 
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7.4 Results and Discussion 

In order to apply the 2DR flow model to the LSF aquifer, the real coordinates (cartesian 

coordinates) of the injection and monitoring positions in the horizontal dimensions (x and y) 

are converted into a cylindrical coordinate in the 2DR system, taking the bottom of the aquifer 

at the injection position as (r, z) = (0,0) m. 

All sampling positions but the MSS are located within the region where the 2DR model is 

applicable. The y coordinate of the MSS is 0.26 m, which is 0.01 m outside the applicable 

region (explained in Chapter 7.3.2). Therefore, transport at this position is likely to exhibit a 

minor asymmetry. The time period in which the injection was paused to move the Direct Push 

rod deeper into the aquifer was not considered in the numerical simulation. Since no significant 

effect on NP transport occurs during the injection pause, injected NPs are all retained in the 

pore matrix due to the very low injection flow, or indeed the absence thereof. Therefore the 

injection pause is ignored in the numerical simulation. 

The parameters applied for the LSF aquifer are the following: 

• Aquifer size: x = 6 m, y= 1 m, z = 3 m and 𝑑𝑣𝑎𝑟.𝑠𝑎𝑡𝑢 = 1.7 m 

• 𝑑𝑙𝑜𝑤𝑒𝑟 is the same as the injection depths in Table 7.2, 𝑑𝑢𝑝𝑝𝑒𝑟 = 1.7 − 𝑑𝑙𝑜𝑤𝑒𝑟 

• Well size: 𝑟𝑤𝑒𝑙𝑙 = 0.015 m, 𝐿𝑤𝑒𝑙𝑙 =0.015 m, corresponding to the Direct Push Method 

• Isotropic aquifer: 𝛷𝐾 = 𝐾𝑧 𝐾𝑟⁄ =1 

• Exponents for the variably saturated zone: ac=1, ak =1 

• Specific storage and specific yield: 𝑆𝑠 = 9.93 ∙ 10-5 [m-1], Sy = 0.32 [-] 

• Injection conditions: listed in Table 7.2 

For the other parameters, the previously obtained values were used: hydrogeologic properties 

(Chapter 2.3), Forchheimer coefficients (Chapter 2.4), coefficients for the shear-thinning effect 

(Chapter 3.4), and NP retention (Chapter 4.4).  

 

7.4.1 LSF Experiment for Solute Transport (2DR) 

The time evolution of the measured and simulated injection pressure, the hydraulic head buildup 

at the sampling position (r, z) = (0.25, 0.25) m and the measured injection rate are shown in 

Figure 7.8. The simulated injection pressure remains almost constant, with only a slight jump 

at the beginning of the injection, while the measured pressure increases gradually over time and 

plateaus after 30 minutes. Since a typical curve for water injection pressure jumps up 

immediately after the start of the injection and stays constant thereafter, the measured injection 

pressure reflects a technical error, probably an inconstant injection rate. The hydraulic head 

buildup s for both the measured and simulated injection rates is similar. The simulated hydraulic 

head buildup within the limit of r ≤ 2.5 m (black solid line) was obtained by superposition 

 (𝑠𝑠𝑝 = 𝑠𝑟0 + 𝑠𝑟1 + 𝑠𝑟2 + 𝑠𝑟3 + 𝑠𝑟4 …). In the experiment, the distance from the observation 
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point to the injection well is 𝑟0  = 0.25 m, and four the imaginary wells were included 

(𝑟1 = 0.88 m, 𝑟2 = 1.17 m, 𝑟3 = 1.86 m and 𝑟4 = 2.16 m).  

 

 

Figure 7.8 Time evolution of the measured and simulated injection pressure (left), hydraulic 

head buildup at the sampling position (r, z) = (0.25, 0.25) m (middle), and injection rate (right) 

during the tracer injection. 

 

The time evolution of the normalized tracer concentration ( 𝑐 𝑐0⁄ ) according to both the 

measured and simulated data at each sampling position is presented in Figure 7.9. At four 

sampling positions (r, z) = (0.15, 0.9), (0.25, 0.7), (0.45, 1.3) and (0.45, 0.9) m, the measured 

and simulated curves show good agreement (R² > 0.89), while at the other four sampling 

positions, a minor inconsistency is observed (R² < 0.73). The aquifer is homogeneous, but the 

sand grains are well-graded (Table 2.1). Therefore, the micro-heterogeneity of the medium may 

be responsible for a discrepancy in the time taken for the tracer to reach the sampling positions. 

At two sampling positions the measured concentrations are higher than the simulated ones, 

which may be caused by the low sensitivity of the sensor (optical fiber fluorimeter). Overall, 

however, the simulated results for fluid flow and solute transport agree with the measured data. 

The final distribution of hydraulic head buildup, flow velocity and tracer concentration in the 

r-z plane are reported in Figure 7.10. The concentration domain reaches a height of 1.7 m and 

a breadth of 0.85 m in the horizontal direction. 
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Figure 7.9 Measured and simulated results for the normalized solute concentration at the 

corresponding sampling position over time. Black dots represent the measured concentration 

and blue lines represent the simulated concentration.  

 

No measurement data 
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Figure 7.10 Vertical profiles (r and z direction) of hydraulic head buildup, flow velocity and 

solute concentration. The black lines in the upper part of the domain represent the ground 

surface (GS) and the water table (WT). 

 

7.4.2 LSF Experiment for NP Transport (2DR) 

The time evolutions of the measured and simulated injection pressure and hydraulic head 

buildup at the sampling position (r, z) = (0.25, 0.25) m are reported in Figure 7.11. In all but 

the fourth injection, there is some disagreement between the measured and simulated injection 

pressures (left). The simulated pressure is a function of the injection rate, while all measured 

pressures are around 2.5 bar, independent of the injection rate. This may be caused by micro-

clogging and fracturing in the vicinity of the injection position. At lower injection rates, the 

injected NPs cause clogging, which increases the injection pressure. At higher pressures, 

however, the higher flow velocity may cause small fractures around the injection position, 

which prevent a pressure increase. Fluctuation of the injection pressure between 1.5 and 3.0 bar 

was observed during the injection, with especially significant fluctuation observed during the 

first injection (Figure 7.11). From these fluctuations it can be concluded that clogging and 

micro-fracturing around the injection position occur simultaneously, with the result that the 

measured injection pressure differs from the simulated pressure. 

The profile of the measured hydraulic head buildup shows a steadier increase than the simulated 

hydraulic head buildup over the first four injections (center), although both datasets are in good 

agreement (no data is available for the first injection). The simulated hydraulic head buildup 

(black solid line) is obtained by superposition as 𝑠𝑠𝑝 = 𝑠𝑟0 + 𝑠𝑟1 + 𝑠𝑟2 + 𝑠𝑟3 + 𝑠𝑟4, where 𝑟0 

= 0.25 m, 𝑟1 = 0.88 m, 𝑟2 = 1.17 m, 𝑟3 = 1.86 m and 𝑟4 = 2.16 m. From these results, it was 

concluded that it is possible to approximate the hydraulic head buildup in the channel aquifer 

by way of superposition. 
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Figure 7.11 Measured and simulated injection pressure (left), hydraulic head buildup at the 

sampling position (r, z) = (0.25, 0.25) m (center), and injection rate (right) during the 

intermittent NP injection at five different depths. 

 

The time evolutions of the measured and simulated total NP concentration 𝑠𝑡𝑜𝑡 at the positions 

of the magnetic susceptibility sensors, as well as the measured total iron concentration in the 

soil over distance from the injection position are presented in Figure 7.12.  

The total NP concentration, including both deposited NPs (𝑠𝑁𝑃) and those in the liquid phase 

(𝑐𝑁𝑃), is calculated as 𝑠𝑡𝑜𝑡 = 𝑐𝑁𝑃
𝜀𝑚

𝜌𝑏𝑢𝑙𝑘
+ 𝑠𝑁𝑃.  

At z = 0.7 m, the measured 𝑉 𝑉𝑚𝑎𝑥⁄  and simulated 𝑠𝑡𝑜𝑡 values show good agreement. At a depth 

of 1.3 m, the measured data plateaus earlier than the simulated data. The durations of the first 

and second injections (at z = 1.3 and 1.15 m, respectively) are 40 and 26 min. Even so, there 

was an 86-minute pause after the first injection, and the measured data continued increasing 

until 50 minutes, which is 10 minutes after the end of the first injection. Therefore, the 

conclusion may be drawn that the NPs migrated in the liquid phase after the end of the first 

injection for around 10 minutes. During the second injection, no increase of 𝑉 𝑉𝑚𝑎𝑥⁄  was 

observed, and thus no NPs from the second injection reached the MSS position. 

The simulation data plateaued after 80 minutes. For the simulation, the time lag between 

injections is not included, so the successive injections at lower depths influence the NP 

concentration 𝑠𝑡𝑜𝑡  at the MSS position. The change in 𝑠𝑡𝑜𝑡  with distance from the injection 

position shows a good agreement with the measured total iron concentration in the soil at all 

distances and at three depths. 
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Figure 7.12 Simulated NP concentration 𝑠𝑡𝑜𝑡 over time at r = 0.26 m (left, left axis) Measured 

data for 𝑠𝑡𝑜𝑡 (dots) recorded by the magnetic susceptibility sensor (normalized voltage) (left, 

right axis), and measured and simulated 𝑠𝑡𝑜𝑡 in soil over distance from the injection position 

(right). 

 

The final distribution of eight parameters (𝑠, 𝑞, 𝑐𝐶𝑀𝐶, 𝜇𝑝𝑚, 𝐾𝐹, 𝑐𝑁𝑃, 𝑠𝑁𝑃,1 and 𝑠𝑁𝑃,2) at the end 

of the fifth injection is presented in Figure 7.13. The distribution shape of the hydraulic head 

buildup is not very different from that of the water injection, while all other parameters show 

very specific shapes resulting from the five NP injections. An irregular distribution of flow 

velocity is observed in the upper part of the aquifer, due to pore-clogging by the deposited NP 

𝑠𝑁𝑃,1. The polymer concentration (𝑐𝐶𝑀𝐶) is pushed upwards by the successive injections at 

lower depths, and passes the initial water table at 1.7 m. This leads to the distribution of higher 

viscosity (red area) in the upper part of the aquifer. The aquifer volume affected by the 

transported NPs is much smaller than that affected by the polymer solution. As opposed to the 

polymer solution, the liquid phase of the NPs starts to deposit after the injection stops. 

Therefore, a very small quantity of NPs remains in the liquid phase at the beginning of the next 

injection, which do not contribute to further upward distribution of the NP concentration. 

 

The NPs deposited due to straining 𝑠𝑁𝑃,1 are observed only around the injection position, while 

the NPs deposited by blocking 𝑠𝑁𝑃,2 are distributed more widely. The zone of deposited NPs 

extends up to 0.5 m from the injection position, with considerable NP deposition occurring 

within 0.15 m, which is consistent with the experimental result. The hydraulic conductivity 

around the injection position decreases significantly due to NP deposition. Also, the reduction 

in hydraulic conductivity due to high viscosity can be observed at a far distance from the 

injection position (especially in the upper part of the aquifer). 
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Figure 7.13 Vertical profiles (r and z direction) of hydraulic head buildup, flow velocity, 

polymer concentration, NP concentration, viscosity, actual hydraulic conductivity, deposited 

NP concentration by straining and deposited NP concentration by blocking.  
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7.5 Summarizing the findings 

In this Chapter the method for solving the boundary problem using the developed 2DR model 

from Chapter 6.2. shown, supported by experimental and numerical studies. For the 

experimental study, the NP injection test was conducted with the Direct Push Method in a 3D 

artificial channel aquifer (large scale flume) from which flow and transport data were collected. 

The aquifer was bounded by two parallel impermeable side barriers.  

The hydraulic head buildup and transport in the channel aquifer were studied using the 2DR 

model for shear-thinning fluid flow and NP transport in an unconfined aquifer including the 

non-Darcy effect, which was developed in Chapter 6. 

In order to deal with the boundary problem, the following approach was developed: 

• For the flow problem, the infinite 2DR flow model was upgraded with an application 

the superposition theory using imaginary wells. 

• For the transport problem, the applicable region for the infinite model in the bounded 

aquifer was determined as that within a radius of 0.25 m from the injection position, and 

the transport in that region was solved with the 2DR transport model. 

This approach was validated by the good agreement between the simulation and measurement 

results for flow and transport in the applicable region (Figure 7.11 and Figure 7.12). However, 

the discrepancy between the simulated and measured injection pressure confirmed the difficulty 

of predicting the injection pressure during NP injection. Discrepancies in injection pressure 

caused by microscopic clogging and fracturing around the injection well could not be simulated. 

The simulation results show that the intermittent NP injection at varying depths generated an 

upward flow which pushed the CMC solution upwards, but which did not contribute to upward 

NP distribution, rather the NPs were proportionally distributed. For the applied injection 

condition, the distribution of NPs (𝑠𝑡𝑜𝑡) reached a maximum extension of 0.5 m in the radial 

direction. At a higher injection rate, the extent of the NP distribution would be increased. 

To conclude, the prediction of hydraulic head buildup, flow velocity, NP retention and 

permeability change in the LSF aquifer was successfully achieved using the developed model, 

meaning that an effective prediction tool for the flow and transport generated by NP injection 

in a finite system was successfully developed. 
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8 Conclusion and Recommendations 
The successful field-scale injection of engineered NP suspensions for the remediation of a 

polluted site requires an efficient NP transport and the uniform NP distribution after injection.  

However, setting up such an application system to achieve far-distance NP distribution while 

avoiding fracturing (which disrupts the optimal distribution of NP) is somewhat contradicting. 

On one hand the system requires a high injection rate, but on the other the injection pressure 

should not exceed the upper limit of lithostatic and hydrostatic pressure, so as to keep the NP 

distribution undisturbed. Thus, optimizing the maximum injection rate which does not cause 

fracturing produces the most efficient NP transport, and leads to the most successful NP 

application possible in the field. However, the correlation between injection rate, injection 

pressure and the incidence of fracturing is not always consistent, rather it greatly depends on 

soil structure, NP type, the lithostatic pressure at the injection position, retention mechanisms 

and the viscosity of slurry. Due to the interrelatedness of such mechanisms, prediction of NP 

transport presents a complex challenge. 

In order to make prediction more accurate, this work has tackled the complex effects of NP 

injection by developing specially configured models. To that end, this study has focused on 

three major influential mechanisms: (1) the non-Darcy effect, (2) the rheologic (shear-thinning) 

effect, and (3) permeability change. 

The developed 2D radial symmetric (2DR) model is a set of mathematical models for simulating 

NP transport, injection pressure and the flow velocity of the injected fluid during injection using 

the “Direct Push Method”, which takes into account the high-flow velocity effect around the 

injection position, the shear-thinning effect of the polymer solution, and the reduction in 

permeability caused by NP retention. This is the first simulation tool which can solve a 

comprehensive problem during the injection of the NP suspension in field-relevant 2DR 

dimensions. 

The advantages of the models are: 

• The ability to simulate the NP distribution, along with the progressive NP retention and 

permeability change. 

• The ability to simulate the injection pressure, which provides the optimal injection rate 

to avoid fracturing. 

• The ability to simulate the flow velocity, which provides the optimal injection rate to 

avoid vertical disturbance of porous structure, such as quicksand. 

• The ability to simulate flow and transport in the variably saturated zone, which provides 

an understanding of the effects of the boundary condition. 

In this study, a more complete understanding and description of the transport of NP during 

injection into the subsurface using the “Direct Push Method” was successfully attained. Three 

research questions were set up in Chapter 1.4 which were answered in the course of the 

investigation. 
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1. How does the injection velocity influence the non-Darcy effect and the injection 

pressure? 

An increase in flow velocity increase in the non-Darcy effect, as an increase in flow 

velocity reduces the Forchheimer’s factor 𝐹 and consequently the actual hydraulic 

conductivity 𝐹𝐾 in Forchheimer’s equation (Eq.(2.4)). Thus, high speed injection leads 

to an increase of injection pressure, which is much higher than the injection pressure 

obtained by Darcy’s law. In the 2D axially symmetric geometry, a non-Darcy flow was 

observed only around the injection position. However, the small region of this strong 

non-Darcy flow had a great influence on the flow and transport at a far distance, 

increasing the flow velocity at greater distance, as well as extending the distribution of 

solute concentration (Chapter 5.4.1). 

 

2. How do the viscosity and shear-thinning effect of a fluid influence the flow in an 

injection flow field? 

Viscosity is a function of polymer concentration and flow velocity (Eq. (3.6)). In the 

1D geometry, where the flow velocity was constant, viscosity was determined only by 

the concentration. An increase of the viscosity decreased the hydraulic conductivity, 

subsequently pushing up the hydraulic head. In the 2D axially symmetric geometry, the 

viscosity was determined by both the concentration and the flow velocity, since the 

flow velocity was not constant. In this geometry, the viscosity distribution did not 

coincide with the concentration distribution (Chapter 6.4.1). The highest viscosity zone 

was not where the concentration was the highest (around the injection position), but 

somewhere between the injection position and far distance, where the concentration 

was moderately high and the flow velocity was reasonably low. In this geometry, the 

decrease in hydraulic conductivity caused by the viscosity increase restrained the 

transport in the far region. 

 

3. How does varying flow velocity influence the NP deposition? And how does NP 

deposition affect the flow pattern? 

The NP transport was improved by the increase in flow velocity. It was shown that the 

flow velocity also influenced the NP retention mechanisms, since straining is the 

dominant mechanism at high flow velocity. It was also shown that the dominance of 

blocking increased with a decrease in flow velocity (Chapter 4.4.3). The reduction in 

permeability caused by the NP retention was attributed mainly to straining. NP 

retention led to an increase in injection pressure, hydraulic head buildup, and flow 

velocity, which consequently improved the solute transport (Chapter 6.4.2). 

 

Based on these outcomes, following recommendations are given as relevant to the optimal 

execution of NP remediation in the field: 
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• The injection pressure should not reach such a level as to cause fracturing. In a deeper 

aquifer, where higher injection pressures and hydraulic head buildups are possible, 

injection at a higher flow velocity is recommended. 

• The injection flow rate generated by the Direct Push injection rod should be limited to 

Q < 1.8 · 10-4 m³/s in a sandy aquifer (K = 4.5 · 10-4 m/s), otherwise fracturing occurs 

around the injection position and the uniform NP distribution may be disturbed 

(Chapter 7.4.2 Figure 7.11 4th injection). 

• Injection should be conducted in the middle of the aquifer depth (Chapter 6.4.3), away 

from the no-flow boundary and water table. This helps to maximize NP distribution, 

i.e. enlarge the radius of influence in case of homogeneous and non-stratified aquifer. 

• The well screen should penetrate to between 50 % and 100 % of aquifer depth. This 

lessens the risk of fracturing and produces a more uniform NP distribution, due to a 

gradual velocity reduction that occurs with distance from the injection position. 

• NP stabilization should be improved in order to permit a reduction in the injection rate 

and the polymer solution concentration, which in turn helps to avoid fracturing and 

improve the uniformity of NP distribution. According to Phenrat & Lowry (2019), 

avoiding aggregation and agglomeration is a key to improve a suspension stability. The 

particle coating is one of the optimal methods. NP coating with electrosteric polymers 

or other solids can give a positive influence on the NP transport, due to change surface 

charge, lower particle effective density and reduction of agglomeration tendency. 

• A method for converting the obtained data into transient NP concentration profiles 

using a magnetic susceptibility sensor should be established. This would provide a 

more accurate picture of NP distribution, and would support the understanding of NP 

transport mechanisms in a 3D system in general. 

In order to develop the simulation tool into something even more representative of the in-situ 

reality of NP remediation, some important issues which are not considered in this work should 

receive attention in the future: 

• In the developed model, a uniform NP size was assumed (Chapter 4.2.2 Eq.(4.3)). In a 

field situation, NPs in an injection suspension are non-uniform. Therefore, well graded 

NPs may show different retention behavior from the predicted retention, since the 

straining of bigger NPs may clog pores around the injection position. The clogging 

causes a significant permeability reduction and disturbance of further NP transport. 

Furthermore, this clogging is a major contributor to fracturing. 

• Even in a shallow aquifer there are often soil layers or lenses, consisting of different 

components with various permeabilities. Such stratified soils should be considered in 

order to simulate the NP distribution for field applications more accurately. 

• Fracturing during the NP injection should be taken into account. In reality it could be 

expected that the high injection pressure and permeability reduction, especially around 

the injection position, may generate small local fractures. This may encourage the fluid 
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to exploit those fractures and create or enlarge dominant pathways for NP transport. In 

this way the high-pressure flow, while it may avoid comprehensive damage to the soil 

structure, can ultimately cause minor deformation of the pore matrix. This deformation 

disrupts the uniform NP transport and distribution. 

• A pore scale modeling of flow and NP transport/retention, based on computational fluid 

dynamics using soil structure obtained from fields, is recommended. This would provide 

a realistic simulation of the micro-scale behavior of permeability change and fracturing. 

As mentioned above, the significant permeability reduction and fracturing around the 

injection position may change the flow and transport regime at further distance, yet the 

expected effect there is relatively small. Therefore, in a simulation, the affected area 

within the ROI should be divided into sub-regions based on the magnitude of those 

effects, such as the region around the injection position, the transferring area and the 

far-distance area. 
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