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Abstract

In this paper ��� control of high index andnon-regular linear differential-algebraic-

equationsystemsis addressed.Basedonageneralizationof theboundedreallemma(BRL)

to index onesystems,all linearoutputfeedbackcontrollersin standard,i.e.non-descriptor,

statespaceform solvingthe �	� controlproblemcanbecharacterizedvia biaffine matrix

inequalities(BMIs). In asecondstepacongruencetransformationandasubsequentchange

of variablesshow that certainlinear matrix inequalities(LMIs) necessarilymusthold in

orderto admit a solutionof the � � control problem. However, theseconditionsarenot

sufficient. Necessaryand sufficient conditionsfor the existenceof a controller solving

the ��� control problemarederived asBMIs of reducedordercomparedto the original

characterizationvia theBRL. Theapproachis illustratedby asimpleexample.
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1 Intr oduction

Differential-algebraic-equation(DAE) systems(sometimesalsoreferredto asdescriptor, sin-

gularor semistatesystems)describea broadclassof systemswhich arenot only of theoretical

interestbut alsohave greatpracticalsignificance.Modelsof chemicalprocesses,for example,

typically consistof differentialequationsdescribingthedynamicbalancesof massandenergy



while additionalalgebraicequationsaccountfor thermodynamicequilibriumrelations,steady-

stateassumptions,empiricalcorrelations,etc. [23,18]. In mechanicsDAE systemdescriptions,

that are typically of index lessor equalto three,result from holonomicand non-holonomic

constraints[27]. Also in electronicsandeven in economicsDAE descriptionsarefrequently

encountered[19].

DAE systemsareabletodescribeasystembehaviour thatcannotbecapturedby “non-descriptor”

systems(i.e. systemsgovernedonly by differentialequations)[33]. Thereforeindex reduction

techniques(i.e. reductionof a DAEs to an ODEs[23]) necessarilyareconnectedto a lossof

information. Due to this fact in recentyearsmuch work hasbeenfocusedon analysisand

designtechniquesfor DAE systems(see[3, 4, 5]). For linear systemsmany of the standard

designtechniquesfor non-descriptorsystemshave beenextendedto DAE systems.Basedon a

generalizationof � -spectralfactorization[14] also 
 � controllerdesignfor DAE systemswas

establishedrecently[31]. However the approachin [31] is restrictedto the so calledDGKF

assumptions[7]. Theseassumptions,thatareratherrestrictive for practicalapplications,were

overcomein [20] by meansof a Riccati inequalityapproach.Thecontrollersynthesisin [20]

essentiallyrequiresthe solutionof certainlinear matrix inequalities.However, the controller

is assumedto have thesamestructureastheplant, i.e. a DAE system.Althougha subsequent

normalizationof thecontrolleris possiblethis procedureis, from a practicalpoint of view, not

desirablesinceit requiresa re-computationof perturbedsynthesisLMIs andinversionof the

possiblyill-conditionedresultsof theLMI computations.

In thispaperweexaminethepossibilityto directlysynthesize
 � controllersin non-descriptor

form. As indicatedabovethisoffersanumberof advantagesfor practicalapplications,themost

importantonebeinga muchsimplifiedimplementationof thecontroller.

The paperis structuredasfollows: Firstly the necessarybackgroundon DAE systems,LMIs

and 
 � control is summarizedin Section2. Then, in the main part of the paper, we derive

a generalizedversionof theboundedreal lemma(BRL). Basedon this analysisresultandan

adaptationof the “linearizing changeof variables”asproposedin [26], a necessaryLMI con-

dition for theexistenceof a non-descriptorsuboptimaloutputfeedbackcontrolleris stated.In

contrastto thecorresponding“classical” 
 � controlproblem[26] theexistenceof a solution

to this LMI is, however, not sufficient. A necessaryandsufficient conditioncanbe given as

biaffinematrix inequality. This non-convex problemcanbesolvedvia iterativecomputationof

LMI problems[13].
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2 Background

2.1 Linear DAE systems

Weconsiderlinear, time-invariantDAE systems��
����������������������� �!������" �$#�%&" ���'%)(*���+�,(- (1). �������0/1�������2�435�!�����76
with constantsystemmatrices

� "��98�: ;=<?>A@B<C>
,
�D8�: ;E<?>F@B<HG

,
/I8�: ;=<?JA@B<?>

, and
3K8L: ;=<?J?@B<?G

and MON #QP�RBSUT2� � �V�XW,Y . �������=84: ; < > denotesthedescriptorvariables,
�Z�����18�: ; <?G

the input

variables,and . �����[8\: ; <HJ theoutputvariables.As ashorthandnotationfor system(1) weoften

write
� � "�� "��5"7/]"73^�

(or
� � "_� "7�5"�/`�

if
3a��%

).

Systemswith representation
�':b"�� "7�c"7/�"�3^�

aresaidto benon-descriptorsystems.

Theconceptof systemequivalencewill beusedin thesequel:

Definition 2.1 Twosystems
� � "�� "7�c"7/�"�3^�

and
��d� "ed� "fd�5"gd/`"[d3^�

aresaidto be(system)equiv-

alent,denotedby
� � "_� "7�5"�/�"73h�jik��d� "ed� "fd�c"fd/`"[d3^�

, if thereexistnonsingulartransformation

matricesl "7;Q8\: ; < > @B< > such that theequationsd� � l � ; d��� l �=; d�m� l � d/n�0/�; d3a�o3
hold true (i.e. thetwo systemshavethesameinput-outputbehaviour).

For notationalconvenienceit is assumedin the following, that (1) describesa genuine(
%4pYrq M*s � � �[p M,N ) DAE system.Althoughwedonot requirea representationof (1) with

�
(t) split

up into dynamicandalgebraicvariables,it is sometimesusefulto transform(1) into a system

equivalentnormalizedSVDrepresentation[16], i.e. a representationwithd� � t :Auv%% %xw 6 (2)

In contrastto non-descriptorlinear systems,(1) may have no solution,onesolutionor even

multiplesolutionsfor thesameinitial conditionandinput [21]. Thesolutionsin generalexhibit

impulsivebehaviour (i.e.aregeneralizedsolutions[6]) evenif theinput
�!�zy{�

is continuous[5].

For our purposesit will benecessaryto characterizethesepropertiesin somedetail:

Definition 2.2 Thesystem
� � "��	"7�5"7/]"73^�

and theassociatedmatrix pencil | �m} � are said

to be regular if thecharacteristicpolynomial~ � | ��W��n�U�A��� | �n} ��� doesnot vanishidentically

in | . Otherwiseit is calledsingular.

3



Obviouslyregularity is invariantundersystemequivalence.Furthermorearegularsystemguar-

anteesauniquesolutionof (1). On theotherhandasingularsystem(1) alwaysadmitsmultiple

solutionsfor the unforced(
�Z�zy{�5���

) homogeneousinitial valueproblem[21]. Finally for

regularsystems(1) thetransfermatrix� � | �fW��0/�� | ��} �]�_(����o��3 (3)

is defined.Thequestionof impulsivesolutionsof regularsystemsis usuallystudiedin termsof

theWeierstrasscanonicalform (WCF)of
� � "��	"7�5"7/]"73^�

:

Theorem 2.1 [11] Let
� � "_� "7�5"�/�"73h�

be regular. Then there exists an equivalentsystem��d� "ed� "fd�5"gd/`"[d3^��ik� � "��	"7�5"7/]"73^�
withd� � t :Au %% � w d�o� t � %% : <?> ( u w (4)

where � 8�: ;	��<C> ( u�� @)��<C> ( u�� , � 8�: ; u @ u
are matricesin Jordancanonicalform and

�
is nilpo-

tent.

Definition 2.3 Theindex of nilpotence� of
�

, i.e. � W�������SO�x�O� �^�E��%&"���8�: �Z� is saidto be

the index of thelinear DAE system
� � "��	"7�5"7/]"73^�

. Systemswith � #¡  are calledhigh index

DAEsystems.

If (1) is in WCF, i.e.t 
� � ������ 
�b¢������'w � t � %% :Bw t � � ������ ¢ �����'w �£t d� �d� ¢ w �!�����7" �e#+%�" � � �¤% ( �*���2(� -� ¢ �¤% ( �*��� (¢ - (5)

thenthepart
� � of thedescriptorvector

�U¥L�§¦ ��¥� "_�&¥¢U¨ is governedby anordinarydifferential

equationwhile � ¢ ������� }�© (��ª «­¬ -f® � « � ������� «°¯ � � (¢ - }o© (��ª «­¬ - � « d� ¢ � � « � �����7" �$#+%
solves the “algebraicpart” in (5) [32] (with ® ����� the Dirac delta and superscript

�'±��
the

±
th

distributionalderivative). We concludethatDAE systemswill haveno impulsivesolutions(for

all
�!�²y­�f8 l ¢ ¦³%&"F´o� andall initial conditions)if f their index is one.

Similar to non-descriptorsystemsthestabilityof regular DAE systemscanbestudiedby means

of thepencil | ��} � :

Theorem 2.2 [5] Let
� � "��	"7�5"7/]"73^�

beregular. Theunforced(
�Z�²y­���n�

) systemis asymptot-

ically stableif andonly if µ � � "����fW��Q� | � | 8\/ :U"��U�A��� | ��} �]�¶�o%&�X·+/ :$( .
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On theotherhandsingularDAE systemsareneverasymptoticallystablesincethecondition¸ q¹"�º¼»½%¾W ¿7�*�����?¿¼ÀÁq)ÂB()ÃÅÄ7¿7���'%)�H¿ ÆO�$#+%
of asymptoticstability is violatedfor homogeneousinitial conditions(singularsystemsadmita

non-trivial solution).

2.2 Matrix inequalities

If Ç is a quadraticmatrix, the inequality Ç pÈ%
meansthat Ç is negative definite. The most

importanttool we will uselateron to manipulatematrix inequalitiesis theSchur-complement

formula[17] which saysthatthefollowing threeconditionsareequivalentq¹6ÊÉ t � // ¥ �]w p %ºr6ÊÉ � p %�"¡� } /1¥,� (�� � p %Ë 6 É � p %�"Q� } /	� (�� /]¥ p %�6 (6)

Linear matrix inequalitiesareexpressionsof theformÇ �'Ì[��� Ç - � Íª «°¬ �gÎ « Ç « pÁ%
with variables

� Î � "?6H6H6�" Î Í ���`WÏÌ48\: ; Í andconstantmatricesÇ « � Ç ¥« 8Ð: ; <Ñ@B< "�±j�0%&"H6H6H6²� .

In controltheoryoneoftenencountersproblemsin whichthevariablesarematrices,for example

theLyapunov inequalities
�E¥¹ÒI��ÒÐ�kpo%�"�ÒÓ»�%

. It will benotationallymoreconvenientto

work directly with theseinequalitiesratherthanto transferthemto theform Ç �'Ì[��p0% with
Ì

denotingtheindependentmatrixentriesof
Ò

.

ThreeLMI-basedproblemsareof centralimportancein this paper:Ô The feasibilityproblem: Decidewhetheror not theLMI Ç �'Ì[�Vpo% is solvableandin the

affirmativecasefind asolution.Ô Minimizationof a linearfunctional Õ ¥ Ì underLMI constraintsÇ �'Ì[�fpÁ% .Ô Thegeneralizedeigenvalueproblem: Minimize themaximumgeneralizedeigenvalueof

apair of matrices
� �¤Ì$�

,
�5�¤Ì[�

subjectto anLMI
/��¤Ì$�fpÁ%

, i.e.

Minimize Ö subjectto ×ØÙ ØÚ
�X�'Ì[�Óp Ö ���'Ì$����'Ì[�Ó» %/c�'Ì[�Óp %�6 (7)

5



Thestartingpoint for anefficientnumericaltreatmentof theseproblemsis theobservationthat

thesolutionsetof anLMI definesaconvex set[2].

Dueto theequivalence

Ç �'Ì[�[p½%�" � �¤Ì$�fpÁ%�"¶6H6?6 Û5Ü ÝÞß Ç �'Ì[� %� �¤Ì$�% . . .

à­áâ pã%
(8)

alsoa collectionof matrix inequalitiesleadsto a convex solutionset. We only mentionthat

alsoLMIs Ç �¤Ì[�Epn% with additionallinearrestrictions
�¼ÌÁ���

definea convex set: With
Ì¶ä

denotinga specialsolutionof thelinearequation,i.e.
�=Ìgä	�¡�

, and
�rÌ�åz�

beinga basisof the

kernelof
�

, theproblemcanbereformulatedas Ç �'Ì¶ä��oæ£q « Ì�å²�1pm%
. Thereforewe endup

againwith aconvex problem(aLMI with new variables
q «

).

A unifiedconvex optimizationbasedapproachto numericaltreatmentof theseandotherprob-

lemscanbefoundin [2, 22]. Theimportantpoint for usis aprovenpolynomialtimecomplexity

of theseproblemsandtheexistenceof effectivenumericaltoolstailoredfor LMI problemsaris-

ing from controltheoreticproblemsetups[10, 8].

Wealsowill encounterbiaffinematrix inequalities(BMIs [13]), i.e. expressionsof theformÇ �¤ÌV"�ç¶��� Ç - � ÍOèª «°¬ � Í¹éª ê²¬ � Î «�ëHê Ç «ìê p4%
with variables

� Î � "H6H6H6�" Î Í è �V�XWbÌ�8�: ; Í è , � ë � "H6H6H62" ë Í é �e�`WbçÁ8í: ; Í é , andconstantmatricesÇ «îê of appropriatedimensions.In generalBMIs do not defineconvex solutionsets[13]. How-

ever in many casesit is possibleto find solutionsby iterativesolutionof LMIs. Wewill takeup

this point againin Section3.3.

2.3 Linear ï�ð control of non-descriptor systems

We considerthestatespaceapproachto linear 
 � controlof non-descriptorsystems,a gener-

alizedplant ñ$ò
ñ$ò W 
Ì������£� �=Ì������ó� � � �Z�����ó� � ¢7ô �����. �����£� / � Ì������ó� 3 �õ� �Z�����ó� 3 � ¢7ô �����çe�����£� / ¢ Ì������ó� 3 ¢ � �Z����� (9)

where
Ì�������8�: ; < è denotesthestate,

ô ������8í: ; <Hö
thecontrol input,

�Ó8�: ; <HG
thedisturbance

input, . 8÷: ; < J theexternaloutput,and
ç½8÷: ; < é themeasuredoutput.

�
,
� «

,
/ «

, and
3 «ìê

are

constantmatricesof appropriatedimension.Givena realnumberø »0% thecontrolproblemis

to determineadynamicoutputfeedbackcontroller ùù W 
úû�����ó� �EüVúý�����£� �=üeç[�����ô �����ó� /eü$úý�����£� 3`üeç[����� (10)
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of (yet unspecified)order M,þ (i.e.
ú48½: ; <�ÿ

) suchthat the the 
 � norm
¿ ��� � ¿ � of theclosed

loop transfermatrix

��� � W�� � . "*�\" . 8 
 ¢ is strictly smallerthan ø . Furthermorethe

controllerhasto guaranteeinternal stability of the closedloop system. 
 � optimal control

additionallyis concernedwith thedeterminationof thesmallestø suchthat
¿ ��� � ¿ � p ø holds

true.Thisproblemsetuptypically arisesfrom robustcontrolsystemdesign[28].

Many solutionsto theproblemhavebeenpresentedin recentyears([7, 30, 24, 29,25,15,9] only

to mentiona few), we will merelysketchthemethodicallysimplestapproachvia thebounded

real lemma(BRL), i.e. via an LMI characterizationof asymptoticallystablenon-descriptor

systemswith 
 � norm smaller ø , sinceit will alsobe instrumentalin our derivation for the

DAE - case:

Proposition 2.1 (BoundedRealLemma)[1, 25] Considera non-descriptorsystem
�':

,
� � � , � � � ,/ � � , 3 � � � andthecorrespondingtransfermatrix

� ò � | ��W��Q/ � � � | : } � � � � (�� � � � �43 � � . Then
� � �

is asymptoticallystable, i.e.
� | �����C�?� | : } � � � �]� %&�!· / : ( and

¿ � ò ¿ � p ø iff there existsa

symmetricmatrix
Ò

withÝÞß �E¥� � Òa��Ò � � � Ò\� � � /1¥� �� ¥� � Ò } ø : 3 ¥� �/ � � 3 � � } ø :
à áâ pã%�" Òã»½%�6

(11)

Viewing the system
�':b"�� � � "7� � � "7/ � � "73 � � � asstatespacerealizationof the closedloop system

(9), (10), the questionwhethera given controller solves the 
 � control problemobviously

can be checked by looking at the feasibility problem(11) for
Ò

. On the other handfor an

unspecifiedcontroller
�¤:b"��Eü="7�=üE"7/eü="�3¾ü��

(11) constitutesnonlinear synthesisinequalities

in
�=ü

,
�=ü

,
/eü

,
3¾ü

, and
Ò

(since
� � � � � � � �'�Eü¼"7�=üE"7/eü="�3¾ü�� , ...). The essentialstep

towardsanLMI characterizationof thesynthesisproblemis basedon a “CompletionLemma”

for positive definitematrices[15, 9]; i.e. the existenceof a positive definitematrix
Ò

canbe

characterizedin termsof anLMI with theprincipleminorsof
Ò

and
Ò (��

asvariables.With

this result it is possibleto separatethe determinationof
�'�Eü

,
�=ü

,
/eü

,
3`ü��

, and
Ò

[15, 9].

Thecorrespondingderivationsalsorevealthatthenecessarycontrollerorder M2þ is lessor equal

to thesystemorder M�� .
In thefollowing sectionwewill examineaway to reformulatethe 
 � problemin orderto also

capturethecaseof DAE systems.
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3 The
� ´ -control problemfor linear DAE systems

Insteadof (9) weconsiderageneralizedplant ñ�� thatis adescriptorsystem

ñ�� W � 
Ì������ó� �¼Ì������ó� � � �Z�����ó� � ¢7ô �����. �����ó� / � Ì������ó� 3 �õ� �Z�����ó� 3 � ¢7ô �����çe�����ó� / ¢ Ì������ó� 3 ¢ � �Z����� (12)

with
�

,
� «

,
/ «

,
3 «ìê

beingconstantmatricesof equaldimensionasin (9) andsingularmatrix�
having the samedimensionas

�
. Otherwisewe usethe samenotationas in (9). As is

clearfrom thediscussionof DAE systemsin Sect.2 wehave to take somecarein “translating”

the objectivesof non-descriptor
 � control: Singularclosedloop systemsmustbe ruled out

sincethey admitnon-asymptoticallystablesolutionsto thehomogeneousinitial valueproblem

(besidesthe trivial solution, thereexist solutionswheresomecomponentsof the descriptor

vectorarearbitrary).Impulsivesolutions,i.e.unboundednon-differentialmodes,alsodonotfit

in theconceptof internalstability. In addition,consideringimplementation,we explicitly want

thecontrollerto be a non-descriptorsystem,i.e. we will not take a “statefeedbackplus DAE

observer” structureinto consideration.In summarywe want to find a non-descriptordynamic

outputfeedbackcontroller(10) suchthat:

1. Theclosedloop is aregular, asymptoticallystableindex onesystem.A systemwith these

propertiesis saidto beadmissible[20].

2. The 
 � norm
¿ ��� � ¿ � of the closedloop transfermatrix

�	� � Wý� 8 
 ¢�
� . 8 
 ¢ is

strictly smallerthanaprescribedrealnumberø »Á% .
Westressthefactthattheplant(12) itself is assumedto beneitherregularnorany assumptions

concerningthe index have to be satisfied. Analogousto the BRL for non-descriptorsystems

we will now derive a simpleanswerto thequestionwhethera givencontrollersolvesthe 
 �
controlproblem.

3.1 The boundedreal lemmafor linear DAE systems

The main ideaof this subsectionis to provide an LMI basedanalysisresult for linear DAE

systems
� � � � "�� � � "�� � � "7/ � � � , i.e. systemswithout direct feedthroughterm(

3 � � �¡% ). This setup

impliescertaininherentassumptionsontheplantand/orcontrollermatricesif
� � � � "�� � � "7� � � "7/ � � �

is interpretedasclosedloop systemdescriptionof (12), (10). However, we will seelater on,

thatthereis noadvantagein takingthecase
3 � �
��0% into consideration.
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Proposition 3.1 A system
� � � � , � � � , � � � , / � � � is admissibleand¿ �	� � ¿ � p ø " ��� � � | �fW��0/ � � � | � � � } � � � �_(��²� � � (13)

iff thereexistsa matrix
Ò

with � ¥� � Ò �oÒ ¥ � � � #+% (14)�=� ø "_Ò÷�[W�� ÝÞß ��¥� � Òa��ÒÐ� � � Ò ¥O� � � /1¥� ��	¥� � Ò } ø : %/ � � % } ø :
à áâ pv%&6

(15)

Remark. A solution
Ò

to (14), (15) is alwaysregular dueto the (1,1) entry in
�=� ø "�ÒZ� . If� � :

, then“admissible”is equivalentto “asymptoticallystable”and(14) implies that
Ò

is

actuallysymmetricandpositivedefinite.ThereforeProposition3.1containsthecorresponding

resultfor non-descriptorsystemsasspecialcase.

Proof. Sufficiency:Assume(15)holdstruefor somematrix
Ò

. It follows� ¥� � Òa��Ò ¥ � � � p½% with
� ¥� � Ò§��Ò ¥ � � � #+%�"

whichin turnshowsadmissibilityof
� � � � "�� � � "7� � � "7/ � � � ([20], Lemma2). Since

� � � � "�� � � "7� � � "7/ � � �
is regular the transfermatrix

�	� � � | �íW�� / � � � | � � � } � � � � (�� � � � is defined. Admissibility of� � � � "�� � � "7� � � "7/ � � � furthermoreguarantees

�	� � 8�� � andtherefore
¿ ��� � ¿ � ��������� µ � ��� � �����V�²�76

In orderto establishtherequirednormboundwewrite
�=� ø "�ÒZ� as�=� ø "�ÒZ�¶� ÝÞß ��¥� � ÒI��Ò ¥¹� � � Ò ¥O� � � %�	¥� � Ò % %% % % à áâ� � � !�XW"� � �'Ò÷�
� ÝÞß % % /1¥� �% } ø : %/ � � % } ø :

à áâ� � � !�XW#��ux� ø �
6

(16)

A congruencetransformationof (16) thenrenders$&% ¥� �('&)+*-, � �#.0/ � �21 (43"57685 �9#: 3� '&)+* 1<;>= � '2? 1A@BC '&)D*-, � �8.0/ � �21 (�� % � �6�9�E � � '&)+* 1 FHGIJ KML NOQP R
$S% ¥� � '&)+*-, � �".0/ � �21 (43 57685 �9#: 3� '&)+* 1T; = u 'VU 1A@BC '&)D*-, � �".0/ � �21 (�� % � �6�9�E � � '&)+* 1 FHGIJ KML NOXWU : 3� '&)+* 1 E � � '&)+* 1Y. U 6

Z P
andthereforeµ � �	� � �V�[�V�²�fp ø for all

�
, i.e. ø is astrict upperboundon

¿ ��� � ¿ � .

Necessity:Theproof of necessityessentiallyis basedon thefactthatthesystemrepresentation
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of a index onesystemin WCF is equivalentto a certainrepresentationof a non-descriptorsys-

tem. Thereforethe applicationof the BRL is possible.After variousalgebraicmanipulations

(seeAppendixA) it is possibleto establish(14), (15). \
Proposition3.1representsaconvenienttool for checkingadmissibilityand 
 � normbounded-

nessof singularsystems
� � � � "_� � � "7� � � "7/ � � � sinceit only requiresthecomputationof thesolution

of theLMIs (14),(15), i.e. thesolutionof a feasibilityproblem.Especiallyit is notnecessaryto

firstly establishtheequivalenceof thesystemathandwith anindex onesystemandto checkthe

normboundin asecondstep.Thiswill bethekey to thesolutionof thecorrespondingsynthesis

problemin thefollowing section.

For completenessit shouldbe mentionedthat, since ø entersaffinely into (15), alsothe 
 �
normcomputationfor

� � � � "�� � � "7� � � "�/ � � � , i.e. thedeterminationof thesmallestø suchthat(14),

(15)holdstrue,is aconvex optimizationproblem.

3.2 The synthesisproblem

After having establishedanLMI basedanalysisresultwe will now considerthecorresponding

synthesisproblem.

3.2.1 Problemsetup

We considerthe generalizedplant (12). Our generalphilosophyis to consideran unspecified

controller, to formulatethe closedloop equations,to plug them into the analysisresult (i.e.

Proposition3.1),andto derive on this basisconditionsfor thecontrollermatrices.Application

of Proposition3.1 requiresa closedloop without direct feedthroughmatrix, or, speakingin

termsof thegeneralizedplant (12), thematrices
3 «ìê

mustbezero. Suchan representationof

the generalizedplant allwayscanbe achieved if the “new” descriptorvariablevector
Ì�¥QW��¦ìÌ ¥ "M] ¥ � "M] ¥ ¢b¨ with ] � �����vW�� 3 �õ� �!�����ó� 3 � ¢7ô �����] ¢ �����vW�� 3 ¢ � �!����� (17)

is considered.By meansof theauxiliary variables
] � , ] ¢ it is allwayspossibleto reformulate

(12)asÝÞß � % %% % %% % % à áâ ÝÞß 
Ì������
] � �����
] ¢ ����� à áâ � ÝÞß � % %% } : %% % } : à áâ ÝÞß ÌV�����] � �����] ¢ ����� à áâ � ÝÞß � �3 �õ�3 ¢ �
à áâ �Z�����2� ÝÞß � ¢3 � ¢% à áâ ô �����

. �������_^ / � : %a` ÝÞß Ì������] � �����] ¢ ����� à áâ ç[�������_^ / ¢ % :[` ÝÞß Ì������] � �����] ¢ ����� à áâ 6 (18)

10



Without lossof generalitywe thereforerestrictourattentionto theplantdescription� 
Ì��������o�¼Ì������2��� � �!��������� ¢�ô �����7" . ��������/ � Ì������7" ç[�������o/ ¢ ÌV�����76
(19)

In thecourseof thefollowing discussionwewill see,thattheaugmentation(18)of thedescrip-

tor vectornot only doesnot alter the input outputdescriptionbut alsohasno impacton the

necessarycontrollerorder.

In view of theBRL for DAE systems,for agiven ø »Á% the 
 � controlproblemconsistsin the

determinationof anon-descriptoroutputfeedbackcontrollerù W 
úû�����ó� �=üeúj�����£� �Eüeç$�����ô �����ó� /eü$új�����£� 3¾ü[ç$����� " úû�����[8\: ; <�ÿ
(20)

suchthattheclosedloopsystem� � � 
���������o� � � �ý�����2��� � � �!����� (21). ��������/ � � �������7" �������[8\: ; ��< è ¯ <�ÿ � (22)

with � � � � t � %% : <�ÿ w " � � � � t ����� ¢ 3`üe/ ¢ � ¢ /eü�=üe/ ¢ �=ü w " (23)� � � � t � �% < ÿ @B<?G w " / � � � ^ / � % <?JA@B<�ÿ ` (24)

allows for asolution
Ò

of thecorrespondingBRL inequalities� ¥� � Ò§��Ò ¥ � � � #+%�" ÝÞß ��¥� � Òa��Ò ¥¹� � � Ò ¥O� � � /]¥� �� ¥� � Ò } ø : %/ � � % } ø :
à­áâ pÁ%&6 (25)

As in the non-descriptorcase(Section2.3) thesematrix inequalitiesarenonlinearin the un-

knowns
�x�Eü

,
�=ü

,
/eü

,
3¾ü

,
Ò÷�

. Unfortunatelythe algebraicmethodsin [15, 9] do not apply

since
Ò

is not necessarilysymmetricnor positive definite. Neverthelessa modificationof the

“linearizingchangeof variables”in [26] canbeusedasfollows in orderto reducethe 
 � con-

trol problemto an LMI feasibility problem. In orderto facilitatethe following discussionwe

assumewithout lossof generalitythat (19) is given in thesystemequivalentnormalizedSVD

representation� � t :Fuv%% % w �o� t � �õ� � � ¢� ¢ � � ¢õ¢ w � � � t � �õ�� � ¢ w / � � ^ / �õ� / � ¢ ` (26)

andthecontrolleris assumedto beof full order, i.e. thecontrollerorderis at leastequalto the

numberof dynamicdescriptorvariablesof the plant ( M,þ # YZW�� P�R S�T,� � � ). The existenceof

reducedordercontrollers(i.e. M,þ pIY ) canbe examinedalongthe samelines if the methods

from [26] for thenon-descriptorcasearetakeninto account.

11



3.2.2 Linearizing Changeof Variables

If thereis asolution
Ò

to (25) it is necessarilynon-singularand
� ¥� � Ò§��Ò ¥ � � � impliesthat

Ò
and

Ò (��
canbewrittenasÒ§� ÝÞßcb � % �bed b�f g�^¥ % l

à áâ " Ò÷(��f� ÝÞß ; � % h; d ; f iho¥ % ù
à áâ " (27)

b � � b ¥� " l � l ¥ " ; � �0; ¥� " ù � ù ¥ " (28)

with b � "7; � 8¡: ; u @ u , l " ù 8¡: ; <�ÿF@B<Hÿ
,
� "jh 8�: ; u @B<�ÿ

, b�f "7; f 8¡: ; ��< è ( u�� @)��< è ( u�� , bed "7; d 8: ; �Ê< è ( u�� @ u , and g " i 80: ; �Ê< è ( u�� @B<�ÿ . The block partition (27) and
ÒÐÒ (�� �§:

and
Ò\:L� Ò

leadstoÒlk � ��k ¢
with:

k � W�� ÝÞß ; � % :Au; d ; f %ho¥ % % à­áâ " k ¢ W�� ÝÞß :Au % b �% : < è ( u bed% % �^¥ à­áâ 6 (29); f is non-singularsince
Ò (��

is, andwithout lossof generality(seeAppendixB)
�

,
h

canbe

assumedto have full row rank. Therefore
k � (and

k ¢
) arecolumnfull rank matricesandthe

non-singularcongruencetransformationk ¥ � � ¥ Òlk � �mk ¥ � Ò ¥ � k � #+% (30)ÝÞß k�¥� % %% : %% % : à áâ ÝÞß ��¥
� � Òa��Ò ¥¹� � � Ò ¥O� � � /1¥� ��	¥� � Ò } ø : %/ � � % } ø :

à áâ ÝÞß k � % %% : %% % : à áâ pÁ% (31)

of (25) is possible. Sucha congruencetransformationhasbeenproposedin [26] in order to

reveal the essentiallyaffine structureof the underlyingmatrix inequalities. In the DAE case,

we additionallyhave to take careof the nonlinearcondition b�f ; f � : < è ( u that follows fromÒÐÒ (�� ��:
and(27). Thisproblemis circumventedby thespecialstructureof

k � , k ¢ (29): the

congruencetransformation(30)basedon thismatricesleadsto inequalities(33), (34)where b�f
no moreappearsandthereforeb�f ; f �0: < è ( u doesnotaffect theaffinestructure.Withdh W�� ^ ho¥û"7% < ÿ @)�Ê< è ( u��2` " n W���t ; � %; d ; f w " oqp�W�� t b �bed w
andthefollowing changeof controllervariablesrsut W��0� �Eü9dh ��� �=üe/ ¢ nk�vo ¥p � ¢ /eü9dh �vo ¥p ������� ¢ 3`üe/ ¢ �wnrx t W��0� �=ü÷�yo ¥p � ¢ 3`ü

(32)rz t W��0/eü dh ��3`üe/ ¢ nr{ t W��03`ü
12



theinequalities(25)become | n�} :Au:Au o~}�� »½%
(33)

@BBBBBBBBBBBBBBC
/~� R � ¥ / ¥ R % ¢��� t R�� % ¢��� t�� ¥ � / R % ¢��� t�� ¢ �0���7��4� R �� ¥ t % � � ¥ � ¥�¦ì:AuH"�% ¨ � / R % ¢A�� t�� ¢ � ¥ R �� t �D� p ¥ / R �� t�� ¢ � � � �� � RR ¦ì:Au?"7% ¨ �+� p ¥ / R �� t�� ¢ � ¥ � ¥p % � ¦ì:Au?"7% ¨ � ¥�% ¥� % ¥� � p } ø : P� � � � � ���7���� P } ø :

FHGGGGGGGGGGGGGGI
Z P��
(34)

In the above formulasStrict inequality in (33) is due to the fact that the “
#

” in (25) only

stemsfrom thesingularityof
� � � (seeappendixB for details).Dueto theprecedingremarksthe

solvability of theinequalities(33), (34) constitutesa necessaryconditionfor theexistenceof a

suboptimal
 � controller. Clearly (33), (34) areaffine inequalitiesin thematrix variables
;

,b � , d�Eü ,
d�=ü

,
d/eü

,
d3`ü

(highlightedwith boldface),i.e. (33), (34) arenecessaryLMI conditions

for theexistenceof asolutionto thesynthesisproblem.

Howevertheseconditionsarenotsufficientsincethematrix
dh

in (32) is singular, i.e. (32)does

notconstituteasurjectionbetween
�Eü

and ��Eü andbetween
/eü

and �/eü .

Theideabehindthefollowing refinementof thechangeof controllervariables(32) is to separate��=ü , �/eü into the invertiblepart ( ���� ü
, �/	�ü

), i.e. the part correspondingto thematrix
ho¥

fromdh �k¦�h+¥j"�% ¨
, anda remainder( � � , � ¢ ):��Eü4�o� �Eü dh � b ¥� � ¢ /eü dh � ��=ü$/ ¢ ;½� b ¥� �¼;� �� � ü ^ :Auv%a` ��� ��=üe/ ¢ � b ¥� ��� t %: < ( u w ; f ^ % : < ( uw`� � � !�`W � � � ��=ü=" b � "�; f �

(35)

�/eü4� �/ �ü ^ :Fuv% ` � �3`ü$/ ¢ t %: < ( uzw ; f ^ % : < ( u `� � � !�`W � ¢ � �3`ü="7; f �
with �� � ü W��½�^�=ü�h � b ¥� � ¢ /eü�h � � ��=ü$/ ¢ � b ¥� ���]; ��/��ü W��½/eü~h ��3`üe/ ¢ ; � ; � W���t ; �; d w 6 (36)

Sincethe remainders� � , � ¢ arebiaffine in the matrix variablesthe inequality(34) becomesa

biaffine matrix inequality (BMI) in
;

, b � , d��� ü
,
d�=ü

,
d/	�ü

,
d3`ü

if (32) is refinedvia (35), (36).
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Obviously theexistenceof asolutionof thisBMI is anecessaryconditionfor theexistenceof aø suboptimal
 � controller.

In orderto show thata solutionof this BMI (togetherwith (33)) is alsosufficientwe only have

to reverseourargument:Assumeasolution
�r;

, b � , d��� ü
,
d�Eü

,
d/��ü

,
d3`üE�

exists.Thenwehaveto

determinematrices
h

,
�

with full row ranksuchthat
Ò¡k � �¢k ¢

holdstrue.Dueto theblock

partitionof this equation(29)wemusthaveh0� ¥ ��: } ; � b � 6 (37)

From(33)wederive b � »½% , ; � } b (��� »½%
with theSchur-complementformula(6). Therefore

the right handside
: } ; � b � � } �'; � } b (��� � b � of (37) is non-singular, hencea full rank

decompositionis possible.With full row rankmatrices
h

,
�

theequations(32), (36) for �3`ü ,�/��ü
, ��=ü , and ��A� ü

canbesolvedfor thecontrollermatrices
�r3`ü

,
/eü

,
�=ü

,
�=ü=�

. Thematricesk � , k ¢
are non-singular, therefore

Ò W�� k ¢ k](��� surely solves (29), hencethe congruence

transformation(30),(31)canbereversedand
�x�Eü

,
�Eü

,
/eü

,
3¾ü

,
ÒL�

actuallysolvestheBRL,

i.e. thesynthesisproblem.

Theprecedingderivationsaresummarizedin thefollowing theorem:

Theorem 3.1 The 
 � control problemto find a ø suboptimalnon-descriptoroutputfeedback

controller (20) for linear high-index DAEsystems(19)hasa solutiononly if theLMIs (33),(34)

are feasible. Iff theLMI/BMIs£ �¤; � " b � �[W�� t ; � :: b � w »½%�"¤[� b � "7; � "�; f " �� � ü " ��=üE" �/ �ü " �3¾ü��[W�� ÝÞÞÞß�¥ �õ� ¥ � ¢ � � ;=¥O/]¥�¥ ¥ � ¢ ¥ ¢õ¢ b ¥� � ��	¥� �	¥� b � } ø : %/ � ; �	¥� % } ø :
à áááâ p½% (38)

with:

¥ �õ� W����=;4��; ¥ � ¥ � (39)� ¢§¦ �/ �ü©¨ �7�jª �M« ��3¾ü$/ ¢ � ��7¬+­ � � ; f ¨ � ª®� ¬D­ � «�¯ � ¦ �/ �ü°¨ �7�jª �±« ��3`üe/ ¢ � ��7¬+­ � � ; f ¨ � ª®� ¬+­ � «�¯ ¥ � ¥¢
¥ � ¢ W�� � ����� ¢ �3`üV/ ¢ � ��� ���� � ��� ��4� �� � ü ¥ � � ��7¬+­ � � ; ¥f ¨ � ª®� ¬+­ � « � / ¥¢ �� ¥ü ��� ¥ b � �
¥ ¢õ¢ W��²� b ¥� ��� ��Eüe/ ¢ � ���7���� ��¦Ê:FuH"7% ¨ � b ¥� ��� ��=üe/ ¢ � ¥
admit a solution

�r;
, b � , d��� ü

,
d�Eü

,
d/��ü

,
d3`ü��

the 
 � control problemis solvable. A non-

descriptorstatespacedescription
�¤:b"��=üE"7�=üE"7/eü="73`ü��

of thecontroller canbecomputedfrom

(32), (36).

Remark. The “smallest” full rank decomposition(37) correspondsto M,þ �ãY
, i.e. the con-

troller orderis equalto thenumberof dynamicdescriptorvariablesof theplant. Thereforethe
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complexity of theoutputfeedbackcontrolleris independentof aprecedingaugmentationof the

descriptorvectorof theplantin orderto guaranteethattheplanthasnodirectfeedthroughterms

(18), i.e. thereis no lossof generalityin assumingthegeneralizedplantstructure(19).

3.3 Controller Computation

In theprecedingsectionwederivedsufficientLMI/BMI conditionsfor the 
 � controlproblem.

Of coursealsotheBRL for DAE systemsis asufficientLMI/BMI condition.Howeverbiaffinity

in (38)essentiallyis connectedto thematrix
; f , i.e.asubmatrixof

Ò (��
. On theotherhandthe

BRL constitutesa biaffine conditionfor thewholematrix
Ò

. Sincealsoall structuralinforma-

tion on
Ò

is apparentin theLMI/BMI condition(38) we will substantiallysimplify controller

computationif webasecalculationsonTheorem3.1.

Themainpoint in analgorithmicprocedurefor controllercomputationthereforeis thequestion

how BMIs canbe solved. Recently[12, 13] it hasbeenshown that BMIs arising in control

problemswherethebilineartermsare“small” comparedto thesizeof thematrixwhichshould

bemadenegativedefinitecanefficiently beaddressedby a sequenceof generalizedeigenvalue

problems(i.e. LMI problems).For a givenBMI
¤$��Ò "M³`�1p¡%

with unknown matrix variablesÒ
,
³

andsomeinitial guess
Ò - thefollowing procedureis iterated:

Stepi:
³ « W��0R P�´f����Sµ Ö subjectto

¤[�'Ò « "¶³��[p Ö : (40)

Stepi+1:
Ò «°¯ � W��0R P�´f����S· Ö subjectto

¤[�'Ò "¶³ « �[p Ö :¹6
If Ö becomesnegative,asolutionof theBMI is found.Wepayaprize,however: By construction

thesequenceof generalizedeigenvaluesÖ is obviouslynon-increasingbut dueto non-convexity

of theBMI problemtheiterationprocessmayconvergeto a Ö »o% evenif theBMI hasa solu-

tion.

Wearenow ableto sumupthenecessarystepsfrom aDAE system(12)up to thedetermination

of thecontrollermatrices:Ô PerformaSVD decompositionof
�

:
� �`W�¸ ñ�¹ ¥ (with

¸
, ¹ unitaryand ñ � t ñ u %% %Hw

diagonal).Definetransformationmatricesl W��¢¸E¥
,
;�W�� ¹ t ñ (��u %% : < è ( u w andcompute

thesystemequivalentSVD representationº§» 6 u PP P ¼ 57½ /¿¾ 57½©À % � 5 % ¢wÁ 5 » � �� ¢ ¼ ¾ 5 »ÃÂ �õ� Â � ¢Â ¢ � PÄ¼4ÅÇÆ º , 5 / 5�À % � 5 % ¢¶Á 5 » � �� ¢ ¼ 5 »ÃÂ �õ� Â � ¢Â ¢ � PÈ¼�Å �
15



For sake of simplicity of notationwe denotethetransformedsystemmatricesasbefore

(i.e.
�nW�� l �¼;X"H6?6H6 ).Ô Introduceadditionaldescriptorvariablesasin (18) in orderto get a systemdescription

wit
3 «ìê �0%

.

Wearenow in thesituationthatTheorem3.1applies.As adaptationof theconceptualalgorithm

(40)for thesolutionof BMI problemsweproposethefollowing schemefor thesolutionof (38):Ô Solve thenecessaryLMI conditions(33,34)andusethecomputedmatrix
; f asinitial-

izationfor theiterationprocess.Ô Performtheiteration

Stepi:
�r; � « " b � « " �� � ü>É " ��=ü>Éõ" �/ �ü>É " �3`ü>É¤� W��oR P¶´f����SËÊ(ÌËÍ2Î Ï�Í�ÎMÐÑËÒÓ ÎwÐÔ Ó ÎwÐÕ ÒÓ ÎwÐÖ ÓØ× Ö
subjectto £ �¤; � " b � �f»Á%�" ¤$�'; � " b � "7; f « " ��A� ü " ��=üE" �/	�ü " �3`ü��$p Ö :

Stepi+1:
�r; � «­¯ � "�; f «­¯ � " ��A� ü>É�Ù#Ú " �/	�ü>ÉHÙ�Ú �	W��0R P¶´g����S Ê(Ì Í Î Ì�ÛwÎMÐÑ Ò Ó Î7ÐÕ ÒÓ × Ö
subjectto £ �¤; � " b � « �f»Á%&" ¤[�¤; � "7; f " b � « " ���� ü " ��Eü>Éõ" �/	�ü " �3`ü>É¤�fp Ö :

(41)

until the differencebetweentwo subsequentgeneralizedeigenvaluesis lessthana pre-

scribedtolerance.Ô If thelastcomputedgeneralizedeigenvalueis negative theLMI/BMI (38) is solved.The

controllerordercanbefixedas
Y

(seethelastremark)andmatrices
� "jh 8\: ; u @ u

canbe

computedasfull rankfactorizationh0� ¥ W��0: } ; � b � 6 (42)Ô Computethecontrollermatrices
�=ü

,
�=ü

,
/eü

,
3¾ü

as3¾ü�� �3`ü/eü�� �/ �ü h¡(�� } 3¾ü$/ ¢ ; � h¡(�� (43)�=ü��0�\(�� ��=ü } �!(�� b ¥� � ¢ 3¾ü�=ü��0� (�� � �� � ü } � ��=ü$/ ¢ � b ¥� �§��; � } b ¥� � ¢ /eü~hm��h (��
or alternatively determine

Ò �Ük ¢ k (��� andsolve the BRL LMI for
�=ü

,
�=ü

,
/eü

, and3`ü
.
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3.3.1 A numerical example

Weconsiderthefollowing examplewith index � ��  from [31]

, O @BBBBBBC W
P P ... P PP W P ... P PP P P ... P P��� ��� ����� ��� ���Ý�Ý�Ý�Ý�Ý�P P P ... P PP P P ... P P

FHGGGGGGI 5 / O @BBBBBBC
. W P W ... P PP P W ... P PP . W P ... P P���Ý���j�Ý�����Ý�j���Ý���Ý�j���Ý�����Ý�j���Ý�P P P ... . W PP P P ... P . W

FHGGGGGGI 5 % � O @BBBBBBC
P WWÞ±Þ±ÞWP
FHGGGGGGI 5 % ¢ O @BBBBBBC WP WÞ±Þ±ÞP W

FHGGGGGGI (44)

� � O » W W P ... P PP W W ... P W ¼ 5 � ¢ O $ W P W ... W P ; � (45)

Theoriginal problemasdiscusedin [31] hasthreedescriptorvariablesanddirectfeedthrough
terms

3 � ¢ � ¦³%�" ß ¨ ¥
and

3 ¢ � �àß
(seeEq. (12)). In (44), (45) new descriptorvariablesare

alreadyintroducedin order to transformthe systemto the form (19). This transformationis
indicatedby theblock-partioningin (44), (45). Since(44) is given in normalizedSVD repre-
sentation,the iteration(41) directly canbe applied. All necessarycomputationsarerealized
within theLMI ControlToolbox [10]. In this example(with ø �áß

) matricesb � , ; � , ; f , ���� ü
,��=ü , �/	�ü

, and �3¾ü , suchthat theclosedloop systemBRL (38) holdstrue,aredeterminedafter
two iterations. The controllerorderis chosento be two, i.e. equalto the numberof dynamic
descriptorvariablesin (44). The freedomin (42) canbeexploited in orderto guaranteewell-
conditionedmatrices

h
,
�

. Thenthecontrollermatrices/ ü O » .�â �äãDåDæ å[�äã W�çâ �äæ èêé . W P�� W â ç ¼ 5 % ü O » å[�ëPìæ è. è#�äåDæ è ¼ 5 � ü O $ P��äå W P . P��äåDæ W ; 5 Â ü O $ . P��äíDí+P ; �
(46)

arecomputedvia (43). Themainadvantageof our approachis thatwedirectlyget(46), i.e.an

non-descriptorcontrollerwhile theapproachin [31] canleadto aDAE controller.

By constructionthe 
 � normof theclosedloop (with this controller)is strictly lessthanone.

The actual 
 � norm of the closedloop canbe determinedby minimizationof ø subjectto

the BRL conditions(14), (15). Sincethe controllermatricesareknown this is againan LMI

problem.The 
 � normof theclosedloopsystemis computedas
¿ ��� � ¿ �¢î %�6�ïÏ%�ï .

4 Conclusion

We considered
 � controlof DAE systemsvia non-descriptorcontrollers.A necessarycondi-

tion for theexistenceof suboptimalnon-descriptor
 � controllersis givenby LMI conditions.

Theseconditions,however, arenot sufficient. Necessaryandsufficient conditionsarederived

asBMI/LMI conditions.Theresultevenappliesto singulardescriptorsystems.Theresulting
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controllercanbe easily implementedandrendersthe closedloop to be an index onesystem,

i.e. the closedloop operatoris not only 
 � norm boundedbut alsoimpulse-free.Controller

computationis possibleby meansof standardLMI tools.Theproposedproceduresuccessfully

is appliedto anhigh index DAE systemfrom literature.

A Proof of the BRL for DAE systems(necessity)

Let
� � � � "�� � � "�� � � "7/ � � � be admissibleand

¿ ��� � ¿ � p ø . We have to show the existenceof a

matrix
Ò

suchthat (14) and(15) hold. The following argumentswill be constructive in the

sense,that they provide a simple methodto computesucha matrix
Ò

. First we note that

admissibilityof
� � � � "�� � � "�� � � "7/ � � � impliestheexistenceof anequivalentsystem�*d� "ed� "fd��"gd/X�¶� | t :Fuv%% %xw "�t �Eu %% : < > ( uzw "�t � �� ¢ w " ^ / � / ¢ ` � (47)

in Weierstrasscanonicalform where
�EuZ8m: ; u @ u

(
Y½W��ãP_R SUT,� � � � � ), is a stablematrix. The

transformedsystemis givenas 
� � �����2���Eu_� � �����2��� � �Z������X� � ¢ �����2��� ¢ �Z�����. �����2� ^ / � / ¢ ` t � � ������ ¢ �����'w .

(48)

Thereforethe transfermatrix

��� � � | � ��/ � � � | � � � } � � � � (�� � � � of the original systemcan be

expressedas �	� � � | ���0/ � � | : } �EuA� (�� � � } / ¢ � ¢ (49)

andthestandardBRL (Proposition2.1)canbeusedto characterizethe 
 � -normboundø :¸ Ò � »½%&" Ò � 8Ð: ; u @ u W ÝÞß � ¥u Ò � ��Ò � ��u Ò � � � / ¥�� ¥� Ò � } ø : } � ¥¢ / ¥¢/ � } / ¢ � ¢ } ø :
à áâ pv%&6

(50)

Without lossof generalitywe assumethat
/ ¢

hasat leastasmuchrows ascolumns,i.e. MYð #M,N } Y . Otherwise
/ ¢

and
/ � areaugmentedby rowswith zeros.Thisaugmentationobviously

doesnotaffect thevalidity of (50). As aconsequenceacolumnfull rankmatrix
d/ ¢

of thesame

sizeas
/ ¢

exists,i.e. d/ ¢ 8Ð: ;=<HJC@)�Ê<?> ( uõ� " P�R S�T�d/ ¢ � M,N } Yx" (51)
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andwecanperformthefollowing non-singulartransformationof (50):

ÝÞß : % %% % :�9 / � �9 d/ ¢ % à áâ ¥ ÝÞß � ¥u Ò � ��Ò � �Eu Ò � � � / ¥�� ¥� Ò � } ø : } � ¥¢û/ ¥¢/ � } / ¢ � ¢ } ø :
à áâ ÝÞß : % %% % :�9 / � �9 d/ ¢ % à áâ p %�6

(52)

Theresultingmatrix inequalityÝÞß �E¥u Ò � ��Ò � �Euj� �9 /]¥� / � % Ò � � � }m�9 /1¥� / ¢ � ¢% } �9 d/ ¥¢ d/ ¢ } �9 d/ ¥¢ / ¢ � ¢� ¥� Ò � }m�9 � ¥¢ / ¥¢ / � }h�9 � ¥¢ / ¥¢ d/ ¢ } ø :
à áâ pK%

canberewrittenas@BBC / ¥u ? � R ? � / u . �9 � ¥� � ¢ ? � % � . �9 � ¥� � ¢ % ¢. �9 � ¥¢ � � . �9 �òñ� ¥¢ ñ� ¢ R � ¥¢ � ¢ � . �9 ñ� ¥¢ � ¢ % ¢% ¥� ? � . �9 % ¥¢ � ¥¢ � � . �9 % ¥¢ � ¥¢ ñ� ¢ . U 6
FHGGI R WU @BC � ¥�� ¥¢P FHGI $ � � � ¢ P ; Z P

andSchur-complemented(6) intoÝÞÞÞÞß �E¥u Ò � ��Ò � �Eu }h�9 /]¥� / ¢ Ò � � � }m�9 /1¥� / ¢ � ¢ /1¥�}h�9 / ¥¢ / � }h�9 � d/ ¥¢ d/ ¢ ��/ ¥¢ / ¢ � } �9 d/ ¥¢ / ¢ � ¢ / ¥¢�	¥� Ò � }k�9 �	¥¢ /]¥¢ / � }h�9 �	¥¢ /1¥¢ d/ ¢ } ø : %/ � / ¢ % } ø :
à ááááâ pã%�6

(53)

Besidestherankcondition(51) we now imposea furtherrestrictionon
d/ ¢

: theinequality(53)

shouldremainvalid if thematrix
/ ¢

is replacedby
d/ ¢

in theupperleft ó�ô©ó sub-blockmatrix1.

Weendup with ÝÞÞÞÞÞß t
�EuÓ%% : w ¥ Ò��B��Ò�� ¥ t �EuÓ%% : w Ò�� ¥ t � �� ¢ w t /]¥�/]¥¢ w^ �	¥� �	¥¢Ø` Ò � } ø : %^ / � / ¢ ` % } ø :

à­áááááâ pã%
(54)

where
Òõ�

is definedasfollows:Ò � W�� t Ò � %} �9 d/ ¥¢ / � }h�9 d/ ¥¢ d/ ¢ w 6 (55)

Clearly a precedingaugmentationof
/ � and

/ ¢
canbe canceledin the third row andcolumn

of (54) without invalidatingtheinequality. If thetransformationto WCR is performedby non-

singularmatricesl ,
;

(i.e.
d� � l � ; ,

d� � l �¼; ) it is easyto checkthat
Ò W�� l ¥¹Òõ�°; (��

fulfills theinequalities(14)and(15)of theoriginal problem.

1Dueto strict inequalityin (52) sucha ö÷�ø alwaysexists. Providedthat ö÷�øòùëú�÷eø
not alreadysuffices(51) one

simply cantake ö÷eø as
÷�ø

with smallperturbationsin themaindiagonalentries.
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B Non-singularity of û , ü
Wehave� � � � ÝÞß :Fu % %% % < è ( u %% % : < ÿ

à áâ " and
Ò§� ÝÞß b � % �bed b�f g�^¥ % l

à áâ " Ò (�� � ÝÞß ; � % h; d ; f iho¥ % ù
à áâ (56)

with dimensionsas in Section3.2.2. Due to
� ¥� � Ò � Ò ¥ � � � any solution

Ò
of the BRL

inequalities(25) necessarilycanbepartitionedasin (56). In orderto establishthecongruence

transformation(30), (31) we have to show that the feasibility of the BRL inequalities(25)

implies the existenceof a solution
Ò

suchthat the sub-matrix
�

in (56) hasfull row rank.

Fromthefirst BRL inequality
� ¥� � ÒK#�%

weget
Ò ( ¥ � ¥� � ÒÐÒ (�� ��Ò ( ¥ � ¥� � #+% by congruence

transformation,or explicitly, usingtheblockpartition(56)of
Ò

and
Ò (��

:� ¥� � Òó� ÝÞß b � % �% % < è ( u %�h¥ % l
à áâ #+%�" Ò ( ¥ � ¥� � � ÝÞß ; � % h% % < è ( u %ho¥ % ù

à áâ #+%�6 (57)

Multiplication renders
� ¥� � ÒÐÒ ( ¥ � ¥� � � � � � or essentiallyt b � �� ¥ l w� � � !�XW8ý � t ; � hh ¥ ù w� � � !�XW8ý ¢ � t :Au %% : <�ÿ w 6 (58)

Therefore
ý � , ý ¢ arenon-singularandin view of (57)positivedefinite.Dueto thisanalysisthe

non-strictBRL inequality
� ¥� � ÒK#+%

canbereplacedby thestrict inequalityt b � �� ¥ l w »Á%�" (59)

i.e.all inequalityrestrictionson
�

dueto theBRL (25)arestrict. With
�K8Ð: ; u @B<Hÿ

and M2þ #ÁY
(full ordercontrollercase)it is now alwayspossibleto perturb

�
suchthattheperturbedmatrix

hasfull row rankandtheBRL inequalities(25)remainvalid. From(29)it followsthatasolutionÒ
with full row ranksub-matrix

�
hasaninverse

Ò (��
with a full row ranksub-matrix

h
.

As an importantconsequencewe canstrengthenthe “
#

” in (30) in the following sense:We

have
k ¥ � Ò ¥ � � � k � ��k ¥ � Ò ¥ � � � � � � � � � k � ��k � � ¥� � Ò � � � � � � k � #+% or essentiallyt ; � h:Fu % w t b � �� ¥ l w� � � !�mý � t ; � :Fuh ¥ % w #+%�6 (60)
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Since
ý � is positive definiteand

�
,
h

canbeassumedto befull row rankmatrices,(60) can

beinterpretedascongruencetransformationof apositivedefinitematrix, i.e. theinequality(60)

actuallyis strict. With b � ; � ����h ¥ �0:� ¥ ; � � l h ¥ �0% b � h ��� ù ��%� ¥ h � lgù ��:
from theblock partitionof

ÒÐÒ (�� ��:
, (60) finally becomest ; � :Au:Au b � w »ã%�6

(61)
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