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Abstract

In this paperH,, control of high index and non-regular linear differential-algebria-
equatiorsystemss addressedBasednageneralizatiorof theboundedeallemma(BRL)
to index onesystemsall linearoutputfeedbackcontrollersin standardi.e. non-descriptqr
statespaceform solvingthe H,, control problemcanbe characterizedia biaffine matrix
inequalitiegBMIs). In asecondstepacongruencéransformatioranda subsequenthange
of variablesshav that certainlinear matrix inequalities(LMIs) necessarilynusthold in
orderto admita solutionof the H, control problem. However, theseconditionsare not
sufiicient. Necessaryand sufiicient conditionsfor the existenceof a controller solving
the H,, control problemare derived asBMIs of reducedorder comparedo the original
characterizationia the BRL. Theapproachis illustratedby a simpleexample.

Keywords: State-spacél,.-control; Differential-algebraisystemspDescriptorsystems;
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1 Intr oduction

Differential-algebraic-equatiofiDAE) systemgsometimesalsoreferredto asdescriptoy sin-
gular or semistatesystemsyescribea broadclassof systemswvhich arenot only of theoretical
interestbut alsohave greatpracticalsignificance.Modelsof chemicalprocessedpr example,
typically consistof differentialequationgdescribingthe dynamicbalance®f massandenegy



while additionalalgebraicequationsaccountfor thermodynami@quilibriumrelations steady-
stateassumptionsgmpiricalcorrelationsetc. [23, 18]. In mechanicDAE systendescriptions,
that are typically of index lessor equalto three, resultfrom holonomicand non-holonomic
constraintg27]. Also in electronicsandevenin economicsDAE descriptionsare frequently
encounteredl19].

DAE systemsareableto describeasystenbehaiour thatcannotecapturedy “non-descriptor”
systemgi.e. systemgovernedonly by differentialequations]33]. Thereforeindex reduction
techniqueqi.e. reductionof a DAEs to an ODEs[23]) necessarilyare connectedo a loss of
information. Due to this factin recentyearsmuch work hasbeenfocusedon analysisand
designtechniquedor DAE systemgsee[3, 4, 5]). For linear systemamary of the standard
designtechniquegor non-descriptosystemdave beenextendedio DAE systemsBasedona
generalizatiorof J-spectrafactorization[14] also H,, controllerdesignfor DAE systemswvas
establishedecently[31]. However the approachn [31] is restrictedto the so called DGKF
assumption$7]. Theseassumptionsthatareratherrestrictve for practicalapplicationswere
overcomein [20] by meansof a Riccatiinequalityapproach.The controllersynthesisn [20]
essentiallyrequiresthe solution of certainlinear matrix inequalities. However, the controller
is assumedo have the samestructureasthe plant,i.e. a DAE system.Although a subsequent
normalizationof the controlleris possiblethis proceduras, from a practicalpoint of view, not
desirablesinceit requiresa re-computatiorof perturbedsynthesid_Mls andinversionof the
possiblyill-conditionedresultsof theLMI computations.

In this paperwe examinethe possibilityto directly synthesizeH ., controllersin non-descriptor
form. As indicatedabove this offersa numberof advantagegor practicalapplicationsthe most
importantonebeinga muchsimplifiedimplementatiorof the controller

The paperis structuredasfollows: Firstly the necessarypackgroundon DAE systems]Mls
and H,, controlis summarizedn Section2. Then,in the main part of the paper we derive
a generalizedrersionof the boundedreal lemma(BRL). Basedon this analysisresultandan
adaptatiorof the “linearizing changeof variables”asproposedn [26], a necessaryMI con-
dition for the existenceof a non-descriptosuboptimaloutputfeedbackcontrolleris stated.In
contrastto the correspondingclassical’ H,, control problem[26] the existenceof a solution
to this LMI is, however, not sufficient. A necessaryandsufficient conditioncanbe given as
biaffine matrix inequality This non-comwvex problemcanbe solvedyvia iteratve computatiorof
LMI problemq13].



2 Background

2.1 Linear DAE systems

We considedinear, time-invariantDAE systems

EE(t) = AE(t) + Bw(t), t>0, £(07)=4¢ (1)
z(t) = C&(t) + Dw(t).

with constansystemmatricesk, A € IR"*™, B € R "™, C € IR™*™,andD € IR™ "™
andng > rank(E) =: r. £(t) € IR™ denotegshe descriptorvariablesw(t) € IR™ theinput
variablesandz(t) € IR™ theoutputvariables As ashorthanchotationfor system(1) we often
write (E, A, B,C, D) (or (E, A, B,C) if D = 0).

Systemswith representatiof/, A, B, C, D) aresaidto be non-descriptoisystems

Theconcepbf systenmequivalencevill beusedin thesequel:

Definition 2.1 Twosystem$E, A, B,C, D) and(E, A, B, C, D) aresaidto be (systempquiv-
alent,denotedby (E, A, B,C, D) ~ (E, A, B, C, D), if there exist nonsingulartransformation
matricesL, R € IR™*™ suc thattheequations

E=LER A=LAR B=LB C=CR D=D

holdtrue (i.e. thetwo system$iavethe sameinput-outputbehaviour).

For notationalcorvenienceit is assumedn the following, that (1) describesa genuine(0 <

rank(E) < ng) DAE system.Althoughwe do notrequirearepresentatioof (1) with £(t) split

up into dynamicandalgebraicvariables,t is sometimesisefulto transform(1) into a system
equvalentnormalizedSVDrepresentatiorf16], i.e. arepresentatiowith

~ I. 0
E = : 2
S @
In contrastto non-descriptotinear systems,(1) may have no solution, one solution or even
multiple solutionsfor the samanitial conditionandinput[21]. Thesolutionsin generalkexhibit

impulsive behaiour (i.e. aregenerlizedsolutions[6]) evenif theinputw(-) is continuoug5].
For our purposest will benecessaryo characterizéhesepropertiesn somedetail:

Definition 2.2 Thesystem(E, A, B, C, D) andthe associatednatrix pencil s — A are said
to beregularif the characteristicpolynomialp(s) := det(sE — A) doesnotvanishidentically
in s. Otherwiseit is calledsingular



Obviouslyregularity is invariantundersystemequialence Furthermorearegularsystemguar
anteesa uniquesolutionof (1). Ontheotherhanda singularsystem(1) alwaysadmitsmultiple
solutionsfor the unforced(w(-) = 0) homogeneousitial value problem[21]. Finally for
regularsystemg1) thetransfermatrix

G(s):=C(sE—-A)'B+D (3)

is defined.Thequestionof impulsive solutionsof regularsystemss usuallystudiedin termsof
the Weierstrasganonicaform (WCF) of (E, A, B, C, D):

Theorem2.1 [11] Let (E, A, B,C, D) beregular. Thenthere exists an equivalentsystem
(E,A,B,C,D) ~ (E, A, B,C, D) with

1 o (7 o
0 N 0 In s
whee J € RMe)x(ne=7) N < JR™" are matricesin Jordan canonicalformand N is nilpo-
tent.

Definition 2.3 Theindex of nilpotencev of N, i.e. v := min{q|N? = 0,¢ € IN} is saidto be
theindex of thelinear DAE system(E, A, B, C, D). Systemsvith v > 2 are called high index
DAE systems.

If (1)isin WCEF i.e.
- 1k
N, (1) 0 I] [&()

thenthe part¢; of the descriptorvectoré™ = [T, £€7] is governedby an ordinarydifferential
equationwhile

£1(07) =&,

5
£2(07) = &5 ©)

1
| w(t), t>0,
AECNE

Ea(t) = =) sU([N ey ZNszw t>0

solvesthe “algebraicpart” in (5) [32] (with §(¢) the Dirac delta and superscript(i) the ith
distributionalderivative). We concludethat DAE systemswill have no impulsive solutions(for
all w(-) € Ly[0, c0) andall initial conditions)iff theirindex is one.

Similarto non-descriptosystemghe stability of regular DAE systemsanbestudiedby means
of thepencilsE — A:

Theorem 2.2 [5] Let(E, A, B, C, D) beregular. Theunforced(w(-) = 0) systems asymptot-
ically stableif andonlyif o(E, A) := {s|s € €,det(sE — A) =0} C C".
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Ontheotherhandsingular DAE systemsarenever asymptoticallystablesincethe condition
Ja,b> 0 [IE@2)]| < ae”™[€(0)]] ¥t >0

of asymptoticstability is violatedfor homogeneoumitial conditions(singularsystemsadmita
non-trivial solution).

2.2 Matrix inequalities

If F'is aquadraticmatrix, the inequality ¥ < 0 meansthat F' is negative definite. The most
importanttool we will uselateron to manipulatematrix inequalitiesis the Schurcomplement
formula[17] which saysthatthe following threeconditionsareequvalent

A C
. 0
@) CT B
b) A < 0, B-CTA'B < 0 (6)

¢c) B < 0, A-CB7'CT < .

Linear matrix inequalitiesareexpression®f theform

N
F(x) = F, +inFi <0

=1
with variableg(z1, ... ,zy) =: € R" andconstanmatricesF; = F;* € R"" i =0,...N.
In controltheoryoneoftenencountergroblemsn whichthevariablesarematricesfor example
the Lyapunw inequalitiesA™ X + X A < 0, X > 0. It will be notationallymorecorvenientto
work directly with theseinequalitiesratherthanto transferthemto the form F(z) < 0 with «
denotingtheindependenmatrix entriesof X.
ThreeLMI-basedproblemsareof centralimportancen this paper:

e Thefeasibility problem Decidewhetheror notthe LMI F'(z) < 0 is solvableandin the
affirmative casefind a solution.
¢ Minimizationof alinearfunctionalc®z underLMI constraintsF(z) < 0.

e Thegeneanlizedeigervalueproblem Minimize the maximumgeneralizecigervalue of
apairof matricesA(x), B(x) subjecttoanLMI C(z) < 0, i.e.

A(z) < M\B(=)
Minimize A subjectto B(x) > 0 (7)
C(x) < 0.



The startingpoint for anefficient numericaltreatmenof theseproblemss the obsenationthat
the solutionsetof anLMI definesa corvex set[2].
Dueto theequvalence

F(z) <0, G(x) <0, ... <— G(z) <0 (8)

alsoa collection of matrix inequalitiesleadsto a corvex solutionset. We only mentionthat
alsoLMIs F(x) < 0 with additionallinearrestrictionsAz = B definea convex set: With x
denotinga specialsolutionof thelinearequationj.e. Az = B, and{x;} beinga basisof the
kernelof A, the problemcanbereformulatedas F(zo + > a;x;) < 0. Thereforewe endup
againwith a corvex problem(aLMI with new variablesa;).

A unified corvex optimizationbasedapproacho numericaltreatmenif theseandotherprob-
lemscanbefoundin [2, 22]. Theimportantpointfor usis aprovenpolynomialtime compleity
of theseproblemsandthe existenceof effective numericaltoolstailoredfor LMI problemsaris-
ing from controltheoreticproblemsetupq10, 8.

We alsowill encountebiaffine matrix inequalities(BMIs [13]), i.e. expression®f theform

Ny NZ‘!

F(z,y)=Fy+ ZZwiijij <0
i=1 j=1
with variables(zy, ... ,zn,) =t & € R™, (y1,... ,yn,) = y € R", andconstanmatrices
F;; of appropriatedimensionsin generalBMIs do not definecorvex solutionsets[13]. How-
everin mary casest is possibleto find solutionsby iterative solutionof LMIs. We will take up
this pointagainin Section3.3.

2.3 Linear H,, control of non-descriptor systems

We considerthe statespaceapproacho linear H,, controlof non-descriptosystemsa gener
alizedplant;

&) = Az(t) + Biw(t)
E[ . Z(t) = Clili(t) + an(t)
y(t) = Cx(t) + Dyw(t)

+ Bou(t)

+ Diu(t) (9)

wherex(t) € IR"* denoteghestate,u(t) € IR™ thecontrolinput,w € R™ thedisturbance
input, z € IR™ theexternaloutput,andy € IR" themeasureautput. A, B;, C;, andD;; are
constanmmatricesof appropriatadimension.Givenarealnumbery > 0 the control problemis

to determinea dynamicoutputfeedbackcontroller K

¢(t) = Ax¢(t) + Bgy(t)

ult) = Cxclt) + Dyt (10)



of (yetunspecifiedprdern, (i.e.{ € IR") suchthatthethe H,, norm||G|| of the closed

loop transfermatrix G.; : w — z, w,z € H, is strictly smallerthan~. Furthermorethe

controller hasto guaranteenternal stability of the closedloop system. H,, optimal control

additionallyis concernedwith the determinatiorof the smallesty suchthat||G||. < - holds

true. This problemsetuptypically arisesrom robustcontrol systemdesign[28].

Many solutiongto theproblemhave beenpresentedh recentyeary[7, 30, 24, 29,25,15,9] only

to mentiona few), we will merelysketchthe methodicallysimplestapproachvia the bounded
real lemma(BRL), i.e. via an LMI characterizatiorof asymptoticallystablenon-descriptor
systemswith H,, norm smaller~, sinceit will alsobe instrumentaln our derivation for the

DAE - case:

Proposition 2.1 (BoundedRealLemma)1, 25] Considera non-descriptosystem(, A.;, B,
Ca, D) andthe correspondingransfermatrix G;(s) := Cy(sI — Ay) *By + D.. ThenAy
is asymptoticallystable i.e.{s|det(s] — A,) = 0} C €~ and||G{||« < 7 iff ther existsa
symmetrianatrix X with

ATX + XAy XB, CZ
BTX —vI DI| <0, X>0 (11)
Ccl Dcl _'7[

Viewing the system(I, Ay, Ba, C, Do) asstatespacerealizationof the closedloop system
(9), (10), the questionwhethera given controller solvesthe H,, control problemobviously
canbe checled by looking at the feasibility problem(11) for X. On the otherhandfor an
unspecifiedcontroller (I, Ax, Bk, Cxk, Dx) (11) constitutesnonlinear synthesisinequalities
in Ag, Bk, Ck, Dk, and X (since Ay = Au(Ak, Bk,Cxk,Dgk), ...). The essentialstep
towardsanLMI characterizatioof the synthesigproblemis basedon a“CompletionLemma”
for positive definite matrices[15, 9]; i.e. the existenceof a positive definite matrix X canbe
characterizedn termsof an LMI with the principle minorsof X and X ! asvariables.With
this resultit is possibleto separatehe determinatiorof (Ax, Bk, Ck, Dk), and X [15, 9].
Thecorrespondinglerivationsalsorevealthatthe necessargontrollerordern, is lessor equal
to thesystemordern,,.

In thefollowing sectionwe will examineaway to reformulatethe H,, problemin orderto also
capturethe caseof DAE systems.



3 The H..-control problemfor linear DAE systems

Insteadof (9) we considerageneralizeglantX g thatis adescriptorsystem

Ex(t) = Az(t) + Bw(t) + Bu(t)
y(t) = Cez(t) + Daw(?)

with A, B;, C;, D;; beingconstanimatricesof equaldimensionasin (9) andsingularmatrix
E having the samedimensionas A. Otherwisewe usethe samenotationasin (9). As is

clearfrom thediscussiorof DAE systemsn Sect.2 we have to take somecarein “translating”
the objectvesof non-descriptolH,, control: Singularclosedloop systemamustbe ruled out
sincethey admitnon-asymptoticallystablesolutionsto the homogeneousnitial valueproblem
(besidesthe trivial solution, there exist solutionswhere somecomponentf the descriptor
vectorarearbitrary).Impulsive solutions,.e. unboundeahon-differentialmodes alsodo not fit

in the concepiof internalstability. In addition,consideringmplementationyve explicitly want
the controllerto be a non-descriptosystem,i.e. we will not take a “statefeedbackplus DAE

obsener” structureinto considerationIn summarywe wantto find a non-descriptodynamic
outputfeedbaclkcontroller(10) suchthat:

1. Theclosedoopis aregular, asymptoticallystableindex onesystem A systemwith these
propertieds saidto beadmissiblg20].

2. The H,, norm |G| Of the closedloop transfermatrix G, : w € Hy — z € Hs IS
strictly smallerthana prescribedealnumbery > 0.

We stresghefactthatthe plant(12) itself is assumedo be neitherregularnor ary assumptions
concerningthe index have to be satisfied. Analogousto the BRL for non-descriptosystems

we will now derive a simpleanswerto the questionwhethera given controllersolvesthe H,,
controlproblem.

3.1 Theboundedreallemmafor linear DAE systems

The main ideaof this subsections to provide an LMI basedanalysisresultfor linear DAE

systemg E,;, Au, Ba, Ca), i.e. systemswithout directfeedthroughterm (D,; = 0). This setup
impliescertaininherentassumptionsntheplantand/orcontrollermatricesf (E., Ae, Bei, Cer)

is interpretedas closedloop systemdescriptionof (12), (10). However, we will seelateron,
thatthereis no advantagen takingthecaseD,; # 0 into consideration.



Proposition 3.1 A system(E,;, Ax, B, Cy) is admissibleand
”Gcl“oo <, Gcl(s) = Ccl(SEcl - Acl)_chl (13)

iff there existsa matrix X with

EIX=X"E,; >0 (14)
ATX + XAy X'B, C3F

B(vy,X) := BT X —~I 0 | <0O. (15)
Ccl 0 —’}/I

Remark. A solution X to (14), (15) is alwaysregular dueto the (1,1) entryin B(~, X). If
E = I, then“admissible”is equialentto “asymptoticallystable”’and(14) impliesthat X is
actuallysymmetricandpositive definite. ThereforeProposition3.1 containsthe corresponding
resultfor non-descriptosystemsasspecialcase.

Proof. Suficiency: Assume(15) holdstruefor somematrix X. It follows

AZX +XTA,; <0 with EZX =XTE,; >0,

whichin turnshovsadmissibilityof (E,;, A, Ba, Ce) ([20], Lemma2). Since(E,;, A, By, Cer)
is regular the transfermatrix G (s) := Cqy(sEy — Ag) !B is defined. Admissibility of
(Ee, Ae, B, Cgp) furthermoreguarantee&,; € H., andthereford| G| = sup,, 7(Ga(jw))-
In orderto establishthe requirednormboundwe write B(y, X) as

ATX + XTA, XTBy 0 0o 0 CZ
By, X) = BTX 0 o|l+]|0 —I 0 |. (16)
0 0 0 Ca 0 —4I
=: By(X) =: B,(7)

A congruencéransformatiorof (16) thenrenders

(j‘*‘)Ecl - Acl>7chl

[B;fl (jwBa — Aa)™*, 1, 3Ty (jw)] By(X) I n
. 5 Ga(jw) ]
=0
(jwEaq — Aa) ' By
[BcTz(wacz —Aa)™*, 1, %Tg(jw)] B, () I <0
5 Ga(jw)

~ S
-~

1 . .
= ;TE(JW)Gcl(JW) —I

andthereforer (G, (jw)) < 7 for all w, i.e.y is astrictupperboundon |G| o -
NecessityThe proof of necessityessentiallyis basednthefactthatthe systenmrepresentation
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of aindex onesystemin WCF is equialentto a certainrepresentationf a non-descriptosys-
tem. Thereforethe applicationof the BRL is possible. After variousalgebraicmanipulations
(seeAppendixA) it is possibleto establisn14), (15). O
Proposition3.1representa corvenienttool for checkingadmissibilityand H,, normbounded-
nesof singularsystemsg E,;, A, Ba, Coy) Sinceit only requiregshecomputatiorof thesolution
of theLMlIs (14), (15),i.e.thesolutionof afeasibility problem.Especiallyit is notnecessaryo
firstly establisitheequialenceof the systemathandwith anindex onesystemandto checkthe
normboundin asecondstep.Thiswill bethekey to thesolutionof the correspondingynthesis
problemin thefollowing section.

For completenes# shouldbe mentionedthat, since~y entersaffinely into (15), alsothe H,
normcomputatiorfor (E,, Ay, B, Ce), i.€.thedeterminatiorof thesmallesty suchthat(14),
(15) holdstrue,is a corvex optimizationproblem.

3.2 The synthesisproblem

After having establishedn LMI basedanalysisresultwe will now considerthe corresponding
synthesigroblem.

3.2.1 Problemsetup

We considerthe generalizeglant (12). Our generalphilosophyis to consideran unspecified
controller to formulatethe closedloop equationsto plug theminto the analysisresult (i.e.
Proposition3.1), andto derive on this basisconditionsfor the controllermatrices.Application
of Proposition3.1 requiresa closedloop without direct feedthroughmatrix, or, speakingin
termsof the generalizeplant (12), the matricesD;; mustbe zero. Suchan representatiomf
the generalizedplant allways canbe achieved if the “new” descriptorvariablevector z* :=
[T, xT, xz] with
x1(t) = Dpw(t) + Disu(t)
x2(t) := Dyw(t)
is consideredBy meansof the auxiliary variablesy, x: it is allwayspossibleto reformulate
(12)as

(17)

E 0 0] [ () A 0 0] [z B, B,
0 0 0| |xa(®)|=|0 —I O x1(t)| + [Du| w(t) + | Dia| u(?)
0 0 0] [x»(t) 0 0 —I] [xaft) D 0
(18)
[ =] x(t)
2= 10| |  y®=]C 0 1] x()].
o] o)
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Without lossof generalitywe thereforerestrictour attentionto the plantdescription
Ex(t) = Az(t) + Biw(t) + Bou(t), =z(t) = Ciz(t), y(t) = Cex(t). (19)

In thecourseof thefollowing discussiorwe will see thattheaugmentatiorf18) of the descrip-
tor vectornot only doesnot alter the input output descriptionbut also hasno impacton the
necessargontrollerorder

In view of theBRL for DAE systemsfor agiven~y > 0 the H,, controlproblemconsistan the
determinatiorof a non-descriptooutputfeedbackcontroller

¢(t) = Ax¢(t) + Bgy(t)

K: , ¢(t) € R™ (20)
u(t) = Cxl(t) + Dgy(t)
suchthatthe closedloop system
Eqé(t) = Aué(t) + Baw(t) (21)
2(t) = Cak(?), £(t) € R0 (22)
with B 0] A+ ByDxCs BsC
Ecl = ’ Acl = e 2K ’ (23)
0 In, BrCs Ag
Cp
Bcl = ! 3 CCI = [Cl Onzxn<i| (24)
_OncX’nw_
allows for asolution X of thecorrespondind@@RL inequalities
ATX + XTAy, XTB, C}
ElX =X"E, >0, BIX —I 0 | <O. (25)

Ccl 0 —"yI

As in the non-descriptorcase(Section2.3) thesematrix inequalitiesare nonlinearin the un-
knowns { Ak, Bk, Ck, Dk, X }. Unfortunatelythe algebraicmethodsin [15, 9] do not apply
sinceX is not necessarilysymmetricnor positive definite. Neverthelessa modificationof the
“linearizing changeof variables”in [26] canbe usedasfollowsin orderto reducethe H,,, con-
trol problemto an LMI feasibility problem. In orderto facilitatethe following discussiornwe
assumevithout lossof generalitythat (19) is givenin the systemequialentnormalizedSVD
representation

E:[fr 0] A
00

andthe controlleris assumedo be of full order i.e. the controllerorderis at leastequalto the

numberof dynamicdescriptorvariablesof the plant(n, > r := rank(FE)). The existenceof

reducedordercontrollers(i.e. n, < r) canbe examinedalongthe samelines if the methods
from [26] for the non-descriptocasearetakeninto account.

All A12
A21 A22

Bll

12

Ci=[Cn Cn) (26)

1

11



3.2.2 Linearizing Changeof Variables

If thereis asolutionX to (25)it is necessarilyyon-singulamndE; X = XTE,; impliesthat X
andX ! canbewrittenas

S 0 N Ri 0 M
X=15 S PJ, X'=|R Ry Q, (27)
NT 0 L MT 0 K
S, =8, L=LT R =R’ K=K, (28)

with $;,R; € R™", L,K € R">*™, N,M € R"™™, S4,Ry € R"=="*M==r) Gy Ry €
RM==)%" andP,Q € R™ "™ Theblock partition (27)and XX ' = I andXI = X
leadsto

R, 0 I I, 0 S1
XII; =11, with: II, := Rs Ry Of, II,:=1]0 Inz—r 53 . (29)
MT 0 0 0 0 NT

R, is non-singulasinceX ! is, andwithout lossof generality(seeAppendixB) N, M canbe
assumedo have full row rank. Thereforell; (andIl,) arecolumnfull rank matricesandthe
non-singulaicongruenceéransformation

Iy ETXIL, = TITXTEM, >0 (30)
nf o o| [A5X +XTA, XTB, Cr| |0, 0 0
0 I 0 BYX —I 0 0 I 0/<0 (31)
0 0 I Cu 0 —yI| |0 0 I

of (25) is possible. Sucha congruencdransformatiorhasbeenproposedn [26] in orderto

reveal the essentiallyaffine structureof the underlyingmatrix inequalities. In the DAE case,
we additionally have to take careof the nonlinearcondition S4R4 = I,,, . thatfollows from

X X~! = I and(27). This problemis circumventedby the specialstructureof II;, I, (29): the
congruenceransformatior(30) basedn this matricedeadsto inequalitiey(33), (34) whereS,

no moreappearsaindthereforeS, R, = I,,,_, doesnotaffecttheaffine structure With

~ R1 0 Sl
M := |M7T, 0, xtn.—m| R := , S; =
(s )] Rs Ry l 53]
andthefollowing changeof controllervariables
Ag = NAxM + NBxCyR + ST B,Cx M + ST (A + B,DkCy)R
By := NBx + SF B, Dy (32)
C'K = CKM + DKCQR
_DK = DK

12



theinequalitieg25) become

R, I,
! >0 (33)
I, S
] ) o ) ) _
AR+ RTAT 4 B,Ck + (Bch) (A + ByDiCo [ ] + AT R™CT
. T . (SITA + BKC'2 [ ]
[, 0] (A + B2DK02) + Ag 1 STB (400
+11,,0] (874 + Bk Cs) |
BlT BlTSI —’}/I 0
Ci1R Gy [{)’"] 0 —I
(34)

In the above formulas Strict inequality in (33) is dueto the fact thatthe “>" in (25) only
stemdrom thesingularityof E,; (seeappendixB for details).Dueto the precedingemarkshe
solvability of theinequalities(33), (34) constitutesa necessargonditionfor the existenceof a
suboptimalH,, controller Clearly (33), (34) areaffine inequalitiesin the matrix variablesR,
S, Ak, Bk, Cx, Dk (highlightedwith boldface),i.e. (33), (34) arenecessaryMI conditions
for the existenceof a solutionto the synthesigproblem.

However theseconditionsarenot sufficientsincethematrix A in (32)is singulari.e. (32) does
not constitutea surjectionbetweenA g and Ay andbetweerCy andCy.
Theideabehindthefollowing refinemenbf thechangeof controllervariableg32)isto separate
Ag, Ck into theinvertible part (4., C%), i.e. the partcorrespondindo the matrix M from
M = [MT™, 0], andaremaindei(o;, 0):

Ax = NAgM + SFB,Cx M + BxCoR + STAR

— A [Ir o] +(BK02+sFA) L [o In,r} (35)
) =: QI(BK7517R4) ’
Cx = Cl [1 0]+DKC2 IO_ Ra [o In_r}
) = Q2(DK,R4) ’

with

Ry

3

Al = NAKM + ST B,CxM + (BiCs + STA) Ry

. R =
C}{ = CKM -+ DKCQR[

(36)

Sincethe remainders;, g, arebiaffine in the matrix variablesthe inequality (34) becomesa
biaffine matrix inequality (BMI) in R, S;, A, Bk, C}, Dk if (32) is refinedvia (35), (36).
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Obviously the existenceof a solutionof this BMI is a necessargonditionfor the existenceof a
~ suboptimalH, controller

In orderto shaw thata solutionof this BMI (togethemwith (33)) is alsosufficientwe only have
to reverseour agument:Assumeasolution{ R, S;, A%, Bk, C, D} exists. Thenwe have to
determinematricesM, N with full row ranksuchthat XTI; = II, holdstrue. Dueto the block
partition of this equation(29) we musthave

MN™ =1-R,S,. (37)

From(33)wederive S; > 0, R; —S; ' > 0 with the Schurcomplementormula(6). Therefore
the right handside — R;S; = —(R; — S;')S,; of (37) is non-singulay hencea full rank
decompositioris possible.With full row rankmatricesM, N the equationg32), (36) for Dy,
C'., Bk, and A’ canbesolvedfor thecontrollermatrices{ Dk, Cx, Bk, Ax}. Thematrices
IT;, II, are non-singulay thereforeX := TI,II;' surely solves (29), hencethe congruence
transformatior(30), (31) canbereversedand{ Ak, Bk, Ck, Dk, X } actuallysolvestheBRL,
i.e.thesynthesigproblem.

The precedingderivationsaresummarizedn the following theorem:

Theorem 3.1 The H,, control problemto find a y suboptimalnon-descriptoroutputfeedba&
controller (20) for linear high-index DAE systemg$19) hasa solutiononly if theLMIs (33), (34)
are feasible Iff the LMI/BMIs

R, I
a(Rl,Sl) = ! > 0,
Sl \1111 \1/12 B]_ RchlI‘
. N « - T v ST B

S, R;, Ry, A" B, C Dy):=| 2 2 " ' | <0 (38
B(S1, Ry, R4, A, Bk, C, Di) BT BTS, —yI (38)

with: CiR Bf 0 —yI
U, := AR+ RTAT + (39)

B, (C}( [IT,O] + DgCs [Ino_r] R, [o,In_TD + <C’}{ [IT,O] + DgCy [IHO_T]R4 [O,In_TD

T
T
BZ

W im (A+ BaDiCa) [B] + [5] 457 + [, [ RSfour] (c7B5 + 47)
Uy 1= (S,TA + BKOQ) [{)] +[1,, 0] (S,TA + BKCz)T

admit a solution {R, S;, A%, Bk, C%, D} the H,, control problemis solvable A non-
descriptorstatespacedescription(I, Ak, Bx, Ck, Dk ) of thecontrller canbecomputedrom
(32),(36).

Remark. The “smallest” full rank decomposition(37) correspondso n, = r, i.e. the con-
troller orderis equalto the numberof dynamicdescriptorvariablesof the plant. Thereforethe
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complity of theoutputfeedbackcontrolleris independentf a precedingaugmentatiorf the
descriptowvectorof the plantin orderto guarante¢hatthe planthasnodirectfeedthrougtierms
(18),i.e.thereis nolossof generalityin assuminghe generalizeglantstructure(19).

3.3 Controller Computation

In the precedingsectionwe derivedsufficientLMI/BMI conditionsfor the H,, controlproblem.
Of coursealsothe BRL for DAE systemss asufficientLMI/BMI condition.However biaffinity
in (38) essentiallyis connectedo thematrix R4, i.e. asubmatrixof X ~1. Ontheotherhandthe
BRL constitutesa biaffine conditionfor the whole matrix X. Sincealsoall structuralinforma-
tion on X is apparentn the LMI/BMI condition(38) we will substantiallysimplify controller
computationf we basecalculationson Theorem3.1.

Themainpointin analgorithmicprocedurdor controllercomputatiortherefores the question
how BMIs canbe solved. Recently[12, 13] it hasbeenshowvn that BMIs arisingin control
problemswherethebilineartermsare“small” comparedo the sizeof the matrix which should
be madengyative definitecanefficiently be addressetly a sequencef generalizecigervalue
problems(i.e. LMI problems).For agivenBMI 8(X,Y) < 0 with unknovn matrix variables
X, Y andsomeinitial guessX, thefollowing proceduras iterated:

Stepi: Y; .= arg myin A subjectto 8(X;,Y) < AI (40)
Stepi+l: X;,, := arg Ir}}n A subjectto (X, Y;) < AL

If A becomesegative,asolutionof theBMI is found. We payaprize,however: By construction
thesequencef generalizeetigervalues) is obviously non-increasindput dueto non-corvexity

of the BMI problemtheiterationprocessnaycorvergeto a A > 0 evenif the BMI hasa solu-
tion.

We arenow ableto sumup thenecessargtepsrom a DAE system(12) upto thedetermination
of the controllermatrices:

iy : . 3,
e Performa SVD decompositiorof E: E =: ULVT (with U, V unitaryandX = !0 O]

0
: , : : T 5100
diagonal).DefinetransformatiommatricesL :=U", R :=V 0 I andcompute
Ng—T
the systemequialentSVD representation )
L0 aLARa L [Bh B2] ) 1 Rv Du Do ~ Ea A’ [Bh Bz] ) 1 ) Du D .
0 0 Cz D21 0 02 _D21 0
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For sale of simplicity of notationwe denotethe transformedsystemmatricesasbefore
(.,e.A:=LAR,...).

e Introduceadditionaldescriptorvariablesasin (18) in orderto geta systemdescription

We arenow in thesituationthatTheorenB.1applies.As adaptatiorof theconceptuailgorithm
(40)for thesolutionof BMI problemswe proposédhefollowing schemdor thesolutionof (38):

e Solwe the necessaryMI conditions(33,34)andusethe computedmatrix R4 asinitial-
izationfor theiterationprocess.
e Performtheiteration
Stepi: {RliaSliaAIK,-aBKwé}QaDK@'} = argmingg o ar goor by A
subjecto a(Ry, S1) >0, B(Ri, Si, Rui, Ay, B, Ci, Dic) < AI
StepH‘l {Rli-l—].’ R4i+17 AII(H_I, é}(i+1} = arg min{Rl’R‘l,A/K,é}{} A

SUbjECttO a(Rl, Slz) > 0, ﬁ(Rl, R4, Sli) A}(, BK“ CA’_IK, ﬁKl) < M
(41)

until the differencebetweentwo subsequengeneralizeceigervaluesis lessthana pre-
scribedtolerance.

e If thelastcomputedyeneralizeaigervalueis negative the LMI/BMI (38)is solved. The
controllerordercanbefixedasr (seethelastremark)andmatricesN, M € IR™*" canbe
computedasfull rankfactorization

MN™ :=1—-R,S,. (42)

e ComputethecontrollermatricesAk, Bk, Ck, Dk as

Dg = Dg

Cx =Cl M — DkCyR M (43)
Bgx = N'Bx — N"'SFB,Dg

Ag = N1 (A;{ _ (BK02 ¥ S,TA) R — s,TB2cKM) M

or alternatvely determineX = II,II;* andsolve the BRL LMI for Ak, Bk, Ck, and
Dg.
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3.3.1 A numerical example

We considerthefollowing examplewith index v = 2 from [31]

100 :00 -1 0 1 0 0 0 1
010 00 0 0 1 0 0 1 0
E=]000:00|,A=]|0 -1 0 0 0|,B=|1|,B=|1| @49
000 :00 0 0 0 -1 0 1 0
0 00 0 0 [0 0 0 0 —1] | 0] | 1]
110:00 .

Cy = : . Cy= : ) 45
1[011:01] 2[101.10] (45)

Theoriginal problemasdiscusedn [31] hasthreedescriptorvariablesanddirectfeedthrough
termsD;, = [0,1]T and D,; = 1 (seeEq. (12)). In (44), (45) new descriptorvariablesare
alreadyintroducedin orderto transformthe systemto the form (19). This transformationis

indicatedby the block-partioningin (44), (45). Since(44) is givenin normalizedSVD repre-
sentation the iteration (41) directly canbe applied. All necessargomputationsarerealized
within the LMI Control Toolbox[10]. In this example(with v = 1) matricesS;, R;, R4, A}(,

By, C*}(, and D, suchthatthe closedloop systemBRL (38) holdstrue, aredeterminedafter
two iterations. The controllerorderis chosento be two, i.e. equalto the numberof dynamic
descriptorvariablesin (44). The freedomin (42) canbe exploitedin orderto guaranteavell-

conditionedmatricesM, N. Thenthecontrollermatrices

~3.620 2.617 2.094
Ag = . Bx = . Cx=10210 —0291|, Dx = |—0.550].
K [3.948 —10.137] K l—4.294] K [ ] K [ ]

(46)

arecomputedvia (43). Themainadwantageof our approachs thatwe directly get(46),i.e.an
non-descriptocontrollerwhile theapproachn [31] canleadto a DAE controller

By constructiorthe H,, normof the closedloop (with this controller)is strictly lessthanone.
The actual H,, norm of the closedloop can be determinedoy minimization of v subjectto
the BRL conditions(14), (15). Sincethe controllermatricesare known this is againan LMI
problem.The H,, normof theclosedloop systemis computedas||G||- ~ 0.808.

4 Conclusion

We considered,, controlof DAE systemsia non-descriptocontrollers.A necessargondi-
tion for the existenceof suboptimahon-descriptoi,, controllersis givenby LMI conditions.
Theseconditions,however, arenot sufficient. Necessaryandsufficient conditionsare derived
asBMI/LMI conditions. The resultevenappliesto singulardescriptorsystems.Theresulting
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controllercanbe easilyimplementedandrendersthe closedloop to be anindex one system,
i.e. the closedloop operatoris not only H,, norm boundedbut alsoimpulse-free.Controller
computations possibleby meansof standard_-MI tools. The proposedgroceduresuccessfully
is appliedto anhighindex DAE systemfrom literature.

A Proof of the BRL for DAE systemgnecessity)

Let (Ea, A, Ba, Co) be admissibleand |Gl < 7. We have to shaw the existenceof a
matrix X suchthat (14) and (15) hold. The following agumentswill be constructve in the
sense that they provide a simple methodto computesucha matrix X. First we note that
admissibilityof (E,;, Au, Ba, Cy) impliesthe existenceof anequivalentsystem
(5.4 B.0)— (!I o| 4 o
0 Inger

B,

00 | By

e 02]) (47

in Weierstrassanonicalform where A, € IR™" (r := rank(E)), is a stablematrix. The
transformedystemis givenas

& (t) = 4,4:(t) + Biw(t)
0= &(t)+ Bz'w(g) 48)
1
0= [ax o] 5]
Thereforethe transfermatrix G (s) = Cu(sEq — Aq)~ ' By of the original systemcan be
expresse@s
Gals) = Cy (sI — A,) "' By — CyBs (49)

andthestandardBRL (Proposition2.1) canbeusedto characterizehe H,,-normboundy:

ATX, + XA, X1B; ct
3X; >0, X; € R : BT X, —yI —BICI| < O. (50)
Ch —C3B, -1

Without lossof generalitywe assumehat C, hasat leastasmuchrows ascolumns,i.e.n, >

ng — r. OtherwiseC; andC; areaugmentedby rows with zeros.This augmentatiombviously
doesnotaffectthevalidity of (50). As a consequencacolumnfull rankmatrix C, of thesame
sizeas(), exists,i.e.

C, e R=*(¢  rankC, = neg — 7, (51)
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andwe canperformthefollowing non-singulatransformatiorof (50):

T
I 0 0 ATX, + XA, XiB; Ct I 0 0
0o 0 I BTX, —I —=BfcF¥|| o o I| < 0. (52
%Cl %02 0 Cl _0232 —’)’I %Cl %02 0
Theresultingmatrix inequality
ATX) + X1 4, + 2CTCy 0 X,B —1CTC:B
0 —%CzTC{ —2C3 0B,y <0
canberewrittenas
A?Xl + X1 A, —%CE‘Cg X1B1 — %01’1‘0232 C'II‘
s ~ 1
~Llofa 1 (FG+cfcy)  —ifCaBy |+ |cF| e ¢ 0] <0
BTx, — iBTcTC LBTCTC: "o
1417 yP2ba TyP2 a2 -1
andSchurcomplemented6) into
ATX, + X, A, —>C1 0y XiB; — >C{'CyBy  Cf
~Lofe, -1 (c;c2+c§cz) “ifeB, o | 53)
BIX, — 1BFCFCy —1BJCTC, I
Cy C 0 —~I

Besidesthe rank condition(51) we now imposea furtherrestrictionon Cs: theinequality (53)
shouldremainvalid if thematrix C, is replacedy C, in theupperleft 3 x 3 sub-blockmatrixt.
We endup with

B T

A, 0 X4 x0T A, 0 7 | B1 Ct

0 I I B, Cy
<0 54
BT BY| X' I 0 4)

| [01 C2i| 0 —’)/I_
whereX' is definedasfollows:
X 0

X'=| | am A | (55)

Clearly a precedingaugmentatiorof C; andC, canbe canceledn the third row andcolumn
of (54) withoutinvalidatingtheinequality If thetransformatiorto WCR is performedby non-
singularmatricesL, R (i.e. E = LER, A = LAR) it is easyto checkthat X := LTX'R™!
fulfills theinequalitie(14) and(15) of the original problem.

!Dueto strictinequalityin (52) sucha C; alwaysexists. ProvidedthatCs := C, notalreadysufiices(51) one
simply cantake C, asC5 with smallperturbationsn themaindiagonalentries.
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B Non-singularity of N, M

We have
I. 0 0 Ss 0 N kR 0 M
Ecl =10 Onz*r 0 ) and X = 53 S4 P ) Xil = R3 R4 Q (56)
0 0 I, NT 0 L MT 0 K

¢

with dimensionsasin Section3.2.2. Dueto E; X = XT'E, ary solution X of the BRL
inequalities(25) necessarilycanbe partitionedasin (56). In orderto establisithe congruence
transformation(30), (31) we have to show that the feasibility of the BRL inequalities(25)
implies the existenceof a solution X suchthat the sub-matrixV in (56) hasfull row rank.
Fromthefirst BRL inequality EX X > 0wegetX TETXX ' = X TET > 0 by congruence
transformationor explicitly, usingthe block partition (56) of X and X ~*:

S 0 N Ry 0 M
E}X=10 04 0[>0, X TE;j=|0 04 O0|>0  (57)
NT 0 L MT 0 K

Multiplication rendersEZ X X ~TEY = E,; or essentially

S N||R M| _|I. 0 (58)
NT L||M®" K| |0 I
:le :vT2

ThereforeY';, T, arenon-singulaandin view of (57) positive definite. Dueto this analysighe
non-strictBRL inequality E; X > 0 canbereplacedy thestrict inequality

[;’11“ ﬂ >0, (59)

i.e. all inequalityrestrictionson N dueto theBRL (25) arestrict. With N € IR"*"¢ andn,; > r
(full ordercontrollercase)it is now alwayspossibleto perturb/NV suchthatthe perturbedmatrix
hasfull row rankandtheBRL inequalitieg25) remainvalid. From(29)it followsthatasolution
X with full row ranksub-matrixNV hasaninverseX —! with afull row ranksub-matrix}.

As animportantconsequencee canstrengtherthe “>" in (30) in the following sense:We
haveTIT XTE, I, = U] XTE E,E 1T, = T ES X E,E4IT; > 0 or essentially

R, M||S N||R I
> 0. 60
ITO[NTLMTO_ (60)
=
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SinceY; is positive definiteand N, M canbe assumedo befull row rank matrices,(60) can
beinterpretedascongruencéransformatiorof a positive definitematrix, i.e. theinequality (60)
actuallyis strict. With

SR+ NMT =1 SiM+NK =0
NTR, + LMT =0 NTM+ LK =1

from theblock partitionof X X ! = I, (60)finally becomes

R I

> 0. 61
I s, (61)
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