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Abstract  

In this thesis punching shear behavior of reinforced concrete slabs is studied in detail. The 

study is mainly organized in two parts. The first part mainly focuses on provision of simple, 

safe, economical and realistic design equation formulation for the design of slabs against 

punching shear. The second part proposes an innovative strengthening approach for existing 

RC slabs to enhance their capacity against punching shear. For this, a low-invasive, efficient 

and effective system of post-installed reinforcement as punching shear reinforcement is 

utilized. 

Reinforced concrete slabs resting directly on column are popular slab systems for reinforced 

concrete structures. Their usage is quite common in industrial structures (typically with post-

tensioning) and in buildings used for parking purposes, since they allow higher head room for 

the same story height compared to traditional beam-slab systems. However, these slabs are 

susceptible against punching failure at column locations and catastrophic failures of slabs 

have been reported in the past due to punching. This highlights a lack of understanding and 

calls for a rational approach which can effectively describe and quantify the mechanism of 

punching shear. Almost all codes propose empirical equations based on statistical evaluation 

of existing experimental data to estimate the punching shear capacity of the reinforced 

concrete slabs. In the first part of this thesis, through an extensive numerical parametric study 

a new, simple, and realistic punching shear predictive equation is proposed. The numerical 

study is carried out using the software MASA developed at the University of Stuttgart, which 

is known for its capabilities to simulate the nonlinear concrete behavior quite well. The 

numerical modeling approach is first verified against existing experimental results and then 

used to carry out a detailed parametric study. The proposed equation considers the 

quantitative contribution of concrete grade, flexural reinforcement ratio, member depth and 

loading column size. The prediction capacity of the proposed equation is tested by comparing 

it with existing 235 test data bank.  It has been shown that the proposed equation is able to 
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predict the punching shear capacity of the RC slabs with high accuracy and significantly better 

than the current formulations given in different codes and standards. 

The second part of the thesis is invested on studying the strengthening of existing reinforced 

concrete slabs by introducing post installed reinforcing bars as punching shear reinforcement, 

through numerical and experimental study. The novelty lies in the fact that for the first time 

the effectiveness and efficiency of plan and vertical arrangement of post installed shear 

reinforcement is evaluated in this work. A well-designed experimental program that evaluates 

the effect of arrangement of post installed shear reinforcement is developed and executed. 

It is shown that the punching shear strength depends not only on the amount of introduced 

shear reinforcement but also on their plan and vertical arrangement. Furthermore, the effect 

of member depth on the effectiveness of post installed shear reinforcement is analyzed and 

it is shown that the percentage utilization of the reinforcement is significantly affected by the 

member depth.  Eventually, an empirical equation that predicts the punching shear capacity 

of slab strengthened with post installed shear reinforcement is proposed. The degree of 

accuracy and the reliability of the proposed equation is verified using experimentally tested 

slabs in this thesis, previous experiment as well as numerically tested slabs, there is a good 

agreement between the calculated value and experimentally and numerically tested slabs.  
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Kurzfassung (Abstract in German) 

In dieser Arbeit wird das Durchstanzverhalten von Stahlbeton-Flachdecken im Detail 

untersucht. Die Studie ist im Wesentlichen in zwei Teile gegliedert. Der erste Teil konzentriert 

sich hauptsächlich auf die Bereitstellung einer einfachen, sicheren, wirtschaftlichen und 

realistischen Entwurfsgleichungsformulierung für die Bemessung von Platten gegen 

Durchstanzen. Im zweiten Teil wird ein innovativer Verstärkungsansatz für bestehende 

Betonstahlplatten vorgeschlagen, um deren Widerstandsfähigkeit gegen Durchstanzen zu 

erhöhen. Hierzu wird ein invasives, effizientes und effektives System der nachträglich 

eingebauten Bewehrung als Durchstanzbewehrung eingesetzt. 

Flachdecken sind beliebte Deckensysteme für Stahlbetonkonstruktionen. Ihre Verwendung 

ist in Industriebauten (typischerweise mit Vorspannung) und in Gebäuden, die zu 

Parkzwecken genutzt werden, sehr beliebt, da sie im Vergleich zu herkömmlichen Balken-

Platten-Systemen eine größere Durchfahrtshöhe bei gleicher Geschosshöhe ermöglichen. 

Allerdings sind Flachdecken anfällig für Durchstanzversagen an Stützenstandorten, und in der 

Vergangenheit wurde über katastrophale Ausfälle von Flachdecken aufgrund von 

Durchstanzungen berichtet. Dies verdeutlicht einen Mangel an Verständnis und erfordert 

einen rationalen Ansatz, der den Mechanismus der Durchstanzung effektiv beschreiben und 

quantifizieren kann. Fast alle Codes schlagen empirische Gleichungen vor, die auf einer 

statistischen Auswertung vorhandener experimenteller Daten basieren, um die 

Durchstanzkapazität der Flachplatten abzuschätzen. Im ersten Teil dieser Arbeit wird anhand 

einer umfassenden numerischen Parameterstudie eine neue, einfache und realistische 

Vorhersagegleichung für die Durchstanzscherung vorgeschlagen. Die numerische 

Untersuchung wird mit der an der Universität Stuttgart entwickelten Software MASA 

durchgeführt, die für ihre Fähigkeit bekannt ist, das nichtlineare Betonverhalten recht gut zu 

simulieren. Der numerische Modellierungsansatz wird zunächst anhand vorhandener 

experimenteller Ergebnisse verifiziert und anschließend zur Durchführung einer detaillierten 
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parametrischen Studie verwendet. Die vorgeschlagene Gleichung berücksichtigt den 

quantitativen Beitrag der Betonsorte, des Biegebewehrungsverhältnisses, der Bauteiltiefe 

und der Lastsäulengröße. Die Vorhersagefähigkeit der vorgeschlagenen Gleichung wird durch 

einen Vergleich mit der vorhandenen 235-Testdatenbank getestet. Es hat sich gezeigt, dass 

die vorgeschlagene Gleichung in der Lage ist, die Durchstanztragfähigkeit der Stahlbeton-

Flachplatten mit hoher Genauigkeit und deutlich besser vorherzusagen als die aktuellen 

Formulierungen in verschiedenen Codes und Normen. 

Der zweite Teil der Arbeit befasst sich mit der Untersuchung der Verstärkung vorhandener 

Flachdecken durch die Einführung von nachträglich angebrachten Bewehrungsstäben als 

Durchstanzbewehrung durch eine experimentelle und numerische Studie. Die Neuheit liegt 

darin, dass in dieser Arbeit erstmals die Wirksamkeit und Effizienz der planmäßigen und 

vertikalen Anordnung nachträglich eingebauter Schubbewehrungsstäbe bewertet wird. Es 

wird ein gut durchdachtes Versuchsprogramm entwickelt und ausgeführt, das die Wirkung 

der Anordnung nachträglich installierter Schubbewehrungsstäbe bewertet. Es zeigt sich, dass 

die Durchstanzfestigkeit nicht nur von der Menge der eingebrachten Schubbewehrung, 

sondern auch von deren planarer und vertikaler Anordnung abhängt. Darüber hinaus wird der 

Einfluss der Bauteiltiefe auf die Wirksamkeit der nachträglich eingebauten Schubbewehrung 

analysiert und es wird gezeigt, dass die prozentuale Ausnutzung des Bewehrungsstabs 

maßgeblich von der Bauteiltiefe beeinflusst wird. Schließlich wird eine empirische Gleichung 

vorgeschlagen, die die Durchstanztragfähigkeit einer Platte vorhersagt, die mit nachträglich 

installiertem Schubbewehrungsstab verstärkt ist. 
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Notation 
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fc
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Empirical factor to account slab reinforcement type (circular, radial, 
hoop) 
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rf Radius of conical shell between top and bottom (mm) 

ro Diameter of circular column (mm) 
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Vflexure Shear force causing flexural failure (kN) 
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1 Introduction  

Reinforced concrete slabs are usually supported on beams or directly on columns. If they are 

supported in the later arrangement, then they are called flat slabs. This type of system is 

proven to be architecturally preferable for many reasons.  

The design and construction of flat slab systems dates back to the year 1906 where the first 

five story building was constructed in 1906 in the United States of America, Minnesota. The 

flat slab was not constructed to give service but rather it was constructed so that it will be 

tested for its performance. The result of the experiment showed that the slab can carry three 

times its design load before it fails. Later several researchers all over the world worked 

towards understanding the behavior and predicting the strength of flat slabs, which resulted 

in the development of design provisions in various codes and standards such as ACI 318-19 

[46]  , EN 2004 [45] and fib Model Code 2020 to name a few [1][3][11][12]. 

Flat slab system has several advantages over the conventional beam supported slab system. 

Some of the advantages are freedom of partitioning during finishing work, reduction in overall 

building height or increased room height, reduction in formwork requirement leading to 

easier and faster construction. While flat slab has all those advantages it has its own 

disadvantages too. One of the major disadvantages of having flat slab system is high stress 

concentration at slab column joint which results in local failure called punching shear failure, 

which is a two-way shear failure resulting from large shear stresses in the region of the column 

supports. Flat slab system also has reduced lateral stiffness which demands wall system to 

carry the lateral force on the structure. This is due to the absence of floor beams which 

contribute to the framing action.  

At design stage, the global problem of weak lateral stiffness can be resolved with the 

provision of shear walls which increases the lateral stiffness of the structure significantly. The 

local problem of punching shear is solved through different approaches like the provision of 
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flared column at the top, drop panels and slabs with larger depth. Alternatively, punching 

shear reinforcement in the form of a series of headed studs can be used in the formwork to 

increase the punching shear strength of the flat slabs  [73] [74]. 

For existing slabs however, the global strengthening of flat slab structures can be achieved 

by using seismic bracing systems or by addition of new shear walls using post-installed 

reinforcement. The strengthening of existing slabs against punching can be achieved by 

concrete jacketing to increase the slab thickness around the columns or by more innovative 

and less invasive methods such as using post installed shear reinforcement. This thesis focuses 

on using the post-installed reinforcement solution as the retrofit method for capacity 

enhancement of reinforced concrete flat slabs. 

1.1 Statement of the Problem 

5ÎÌÉËÅ ÆÌÅØÕÒÅ ×ÈÉÃÈ ÃÁÎ ÂÅ ÅÆÆÅÃÔÉÖÅÌÙ ÅØÐÌÁÉÎÅÄ ÂÙ "ÅÒÎÏÕÌÌÉȭÓ ÂÅÁÍ ÔÈÅÏÒÙ ÓÈÅÁÒ ÓÔÒÅÎÇÔÈ 

of structural elements are not fully explained theoretically so far. Researchers are trying to 

find a single unifying equation which can effectively predict the punching shear capacity of 

slabs supported on columns. Kinnunen & Nylander were probably the first who tries to explain 

punching shear mechanically in a rational way by introducing a failure criterion  [1][2]. Their 

pioneering work is a turning point for researchers that work on punching shear afterwards. 

While their model address punching shear rationally it has some limitations; first the failure 

criteria is defined by limiting the bottom strain to a certain value (1.96/1000), second shear 

contribution due to dowel action is considered by a single empirical factor and third, the 

location of inclined shear crack is defined by experimental or finite element analysis  [12]. 

Most of the current codes and analytical methods used to predict punching shear can be 

applied for a specified range of parameters (such as Slab depth, concrete grade, column size 

etc.). This is because of the nature of their derivation, which is based on empirical evaluation 

through experimental or numerical analysis. Hence these provisions are reasonably accurate 
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for conventional types of structural system. However, extrapolating the usage of these 

provisions for structures that are beyond this conventional arrangement, the accuracy of the 

provided expression comes in question. As the parameters of structural system as well as the 

materials used is getting larger the validity of the conventional approach may not always be 

reasonable.  

Therefore, in this work, a new predictive equation is developed that can be used for a realistic 

and reliable prediction/assessment of the punching shear capacity of reinforced concrete 

slabs. The equation is developed on the basis of a series of detailed 3D finite element 

numerical analysis that covers a wide variation of all the relevant parameters to capture their 

influence on punching shear capacity of reinforced concrete slabs. The equation is compared 

with the equations from the existing international codes and standards, as well as against a 

large experimental database. The proposed equation seems to provide significantly improved 

match with the test results as compared to the existing codal equations. 

Due to an increase in loads on the structures that might occur due to a change in occupancy 

of the building, renovations, knowledge advancement etc. it is possible that the capacity of 

the existing reinforced concrete slabs is insufficient, and strengthening is needed. Therefore, 

in this work, a new innovative and low-invasive system of strengthening using post-installed 

bars as punching shear reinforcement is explored. The effectiveness and efficiency of post-

installed bars is studied. Through numerical and experimental analysis amount of post-

installed bars, plan arrangement, vertical arrangement and member depth are studied to 

come up with an efficient arrangement. 

1.2 Objectives  

The two primary objectives of this work and the corresponding sub-objectives of this work 

are discussed below: 
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1. To develop a new equation for prediction/assessment of the punching shear capacity 

of reinforced concrete slabs 

ü To study the different shear models available in the literature.  

ü To numerically investigate the mechanism of shear failure of reinforced concrete 

reinforced concrete slabs and the influence of various relevant parameters on the 

punching shear capacity of reinforced concrete slabs. 

ü To propose an empirical equation to predict the punching shear capacity of 

reinforced concrete reinforced concrete slabs. 

ü To assess the reliability internationally practiced codal provisions for the prediction 

of punching shear capacity. 

2. To investigate a low-invasive retrofit solution for strengthening of existing reinforced 

concrete slabs against punching shear. 

ü To numerically investigate the mechanism of post-installed reinforcing bars in 

punching shear resistance of reinforced concrete slabs 

ü To verify experimentally the influence of post installed reinforcement for 

strengthening the reinforced concrete slabs against punching shear. 

3. Propose a model to predict the punching shear strength of reinforced concrete 

reinforced concrete slabs strengthened using post-installed bars.  

1.3 Scope 

This study focuses on assessing the punching shear performance of reinforced concrete slab 

with and without shear reinforcement. The assessment is first done using a numerical tool 

which is validated in this thesis as well as in previous research. The major punching shear 

strength contributing parameters are studied analytically and are seen how they are 

addressed in different building codes. Following the parametric study, a simple empirical 

equation is proposed which can predict the punching shear performance of RC slabs with 

statically reasonable accuracy. 
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The research also studies reinforced concrete slab strengthening approaches using post 

installed shear reinforcement with bonding agent. Here, the main focus of the thesis is to 

maximize the efficiency of the introduced shear reinforcement s. The arrangement of these 

reinforcement is studied both numerically and experimentally. Finally, the influence of 

member depth and loading column shape on the effectiveness of the strengthening approach 

is studied experimentally as well as analytically. 

1.4  Dissertation outline  

The dissertation outline is organized in nine chapters each consisting of a focused concept 

and/or finding. 

The first chapter mainly focuses on the introduction, objective and outline of the dissertation. 

Chapter 2 of this research focuses on the comprehensive review of the state of the art on 

punching shear mechanism of slabs. Mechanism of punching is studied here where punching 

shear is expressed mechanistically as well as empirically in different building codes. The 

different punching shear strengthening approach both at design stage as well as after 

construction are addressed here. 

After doing literature review Chapter 3 describes numerical modeling and validation of the 

numerical modeling for the assessment of punching shear critical slabs. The different finite 

element modeling approaches are studied. The accuracy of the finite element modeling MASA 

is evaluated based on failure mode crack pattern and load deformation diagram. The 3D finite 

element software uses smeared crack approach and is developed to simulate various types of 

failure mode including punching shear failure. The software is well-known to be particularly 

accurate in predicting the tension dominant fracture of concrete and other quasi-brittle 

materials.  

In Chapter 4 the different punching shear strength contributing parameters are studied and 

parametric study is done to see the effect of different parameters. Based on a detailed 



      

  29 

evaluation of the results, an empirical equation is proposed. The prediction capacity of this 

method is evaluated, and conclusion is drawn.  The proposed equation has a wider range of 

applicability as the major contributing parameters are incorporated in a reasonable manner. 

Chapter 5 focuses on the numerical modeling in which the slab to be tested experimentally 

are designed through variation of different parameter. The section also focuses on an 

experimental campaign where the validity and effectiveness of post installed shear 

reinforcement for strengthening of punching shear resistance of different slabs is 

investigated. Details of the test procedure along with the result of the experiment are given 

here. Here comparison between experimental and numerical analysis is done. 

In Chapter 6 the effect of depth and shear span to depth ratio (a/d) for the effectiveness of 

post installed shear reinforcement in strengthening punching shear critical slabs. 

Furthermore, the influence of column shape on the effectiveness of post installed shear 

reinforcement is assessed both experimentally and numerically. 

Before concluding the thesis in Chapter 7 a model that predicts the punching shear resistance 

of slabs strengthened using post installed shear reinforcement is proposed. The proposed 

model is validated using experimentally tested slabs in both this thesis as well as experiment 

done by previous researcher. Further validation is done using numerical analysis considering 

different parameters. 

Chapter 8 of the thesis comprehensively present the proposed equation in a concise manner. 

Appropriate factor of safety is applied to get the punching shear performance of slab with 

and without shear reinforcement at mean level, characteristic level and finally at design level. 

Finally, Chapter 9 highlights the key findings of the overall research drawn from numerical as 

well as experimental analysis and investigation. Finally, recommendations on the punching 

shear resistance prediction of un-strengthened and strengthened slab are forwarded. Further 
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recommendations for future development on punching shear strength of slab are also 

forwarded. 

For better understanding of the whole activities of the thesis the flow chart shown in Figure 

1-1 and Figure 1-2 summarizes diagrammatically. 
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Figure 1-1  Flow chart of activities on phase I 
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 Figure 1-2  Flow chart of activities on phase II 
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2 Literature Review (State of the Art)  

2.1 Slabs and Punching Shear 

It has been over a century since the design and construction of slabs that rest directly on 

columns has become more common. The popularity of this slab systems is mainly associated 

with the simplicity during design and construction stage which is a result of constant depth 

thorough out the span of the structure. They are also advantageous in regard to reduction of 

overall floor height, faster construction time and smooth roof soffit  for freedom of partition 

location.  

While having all those advantages this type of slab has a drawback associated with the 

localized stress concentration at the slab column joint. The design approach that has been in 

effect for a very long time happens to be empirically driven and hence results in inadequate 

design of slab system. The inadequacy of the previous designs has been verified by the 

number of catastrophic failures reported in recent years. Number of buildings  have failed due 

to punching even after being designed as per the existing building code recommendations 

[13][14]. There are at least three punching shear failure in Switzerland, specifically in 

Serfontana in 1970s [12], in Bluche in 1981 [12] and in a parking garage in Gretzenbach in 2004 

[12]. Though the Gretzenbach failure is originally initiated by fire, studies shows that there are 

a number of factors that led to the total collapse of the structure. These include inadequate 

slab depth, poor construction, poor construction detail (large flexural reinforcement and no 

punching shear reinforcement) it is evident that even if the design satisfied building code 

provisions, failure of the slab was inevitable [13][14].  The Piper Row multi story car parking 

project found in Great Britain; Wolverhampton is also another car parking project that partially 

failed after serving for over 30 years (1965-1997). The failure happened at the 4th floor of the 

slab which has a total load of 120 tons. It was a progressive failure which started at one column 

and then spread further. The cause of failure is believed to be inadequate initial design, poor 

workmanship and poor repairing work that was done on part of the slab prior to failure [15].    
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The fact that punching shear failure is brittle  and has high potential for spreading it requires 

through investigation starting from understanding its mechanics design and strengthening 

point of view. 

 

(a)      (b) 

Figure 2-1 Failed parking garage, (a) Switzerland (photo courtesy of Gillie, M), [13][14] (b) 

Great Britain, [15] 

Significant efforts have been laid to characterize and understand the punching shear behavior 

of RC slabs. Some of the most relevant research works are summarized below, 

The first rational approach was proposed by Kinnunen & Nylander in 1960 where they explain 

punching shear failure as a function of compressive stress at inclined radial location and 

compressive strain tangentially at the location of the inclined shear crack (inclined shear crack 

and the radial crack were used for the derivation) [1]. Their work happens to be a 

breakthrough as they explain punching shear mechanistically.  

To quantify punching shear capacity of slab different approaches were adopted. In flexural 

capacity approach, the shear capacity is related to the flexural capacity or a combination of 

both shear and flexure capacity. In the control perimeter approach, which was proposed by 

Talbot [77] a failure surface is assumed, and acting shear stress is computed and compared 

with resisting shear stress at the critical perimeter. In the plasticity-based approach virtual 

work method is used to equilibrate external and internal work [78].  
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After the work of Kinnunen et al other researchers have started to advance the previous work 

where they considered the effect tensile stress transfer at cracked concrete like 

Georgopoulos in 1988 and 1989 and Menetrey et.al in 1994. It was Moe 1961 [3] who came up 

with another rational approach by testing square slab rather than the circular slabs used by 

Kinnunen. Moe 1961 [3] compared two limit states where first the pure flexural load carrying 

capacity at failure and second with flexure and shear capacity interaction at failure [3]. 

Based on virtual work method or plasticity Braestrup et al [4]  proposed another rational 

approach in 1976. The failure load was computed by equating the fracture energy on the 

truncated slab element with the work done by the applied load. While this approach looks 

logical it concentrates deformations at specific points rather than distributing them over the 

member length. 

The work done by Shehata [5] improves model by Kinnunen by adding dowel action as well as 

detailed action effect at the truncated conical surface defined by radial tangential and shear 

crack. This improves the punching shear performance of slab as the flexural reinforcement 

will take part of the shear load through dowel action. 

Later in 1990 Broom [6]  proposed another rational approach which was not dependent on 

experimental data like Kinnunen where the concrete strength was provided in more general 

way and its capacity is compared at radial and tangential crack. Kinnunen used experimentally 

tested concrete strength. In addition to this Broom has calculated different height of 

compression zone in radial and tangential directions which was done iteratively in case of 

Kinnunen model. 

The model proposed by Hallegren [7] in 1996 shows that the shear strength can be increased 

by using high strength concrete however the strength increment is not linearly related to 

either tensile or compressive strength of concrete. This is due to the fact that high strength 
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concrete results in a more brittle type of failure which ultimately reduce the shear capacity 

increment that is gain due to high strength concrete.  

In 2005 again Broom [8]  improved the model by introducing size effect and concrete 

brittleness. Here it was explained that the slab has failed when the critical tangential strain in 

concrete is attained at the perimeter of the column under consideration. 

In the history of punching shear, the latest rational model is proposed by Muttoni in 2008 [9] . 

His theory is named critical shear crack theory where a dominant diagonal flexural crack called 

critical shear crack disrupts the shear transfer mechanism of the slab. 

From detailed literature review on the current state of the art the following gaps were 

identified.  

i. The construction industry is pushing the limit in everyday design. This demand 

in large structure element put in question the accuracy of the current prediction 

procedure as they are proposed based on conventional member size and 

structural elements. Hence the current prediction equation must be examined 

and amendment must be made for better accuracy, if need be.  

ii. The current design approach of punching shear does not consider the 

mechanism of punching rather it is based on control perimeter. It tries to 

quantify punching shear resistance with a specified control perimeter at some 

fixed distance from the loading/support point. This deviates from the reality of 

punching for most of cases. 

iii. The provision of building codes addresses different punching shear strength 

contributing parameters empirically. This approach is reasonably realistic for 

some parameters but for other parameters sometimes it underestimates and 

sometimes it overestimates their contribution. This results in conservative and 
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unconservative design depending on the types of code used and other related 

situations.  

iv. Size effect is either not considered at all in some building codes and those which 

consider, the effect is not well captured particularly in lightly reinforced 

concrete structures. 

v. The effect of flexural reinforcement (dowel action) is also omitted on some 

design approaches which will underestimate the punching shear capacity. 

vi. Current punching shear provisions are rather complicated and suggestion of 

simple empirical approaches that are suitable for design will make the design 

procedure a lot easier. 

vii. Structures that are designed and constructed using the current design 

procedures especially based on building code provisions are rather unsafe and 

hence they need an intervention to safeguard safety and serviceability of the 

structure under consideration. Hence strengthening work is mandatory. 

 

2.2 Mechanics of Punching Shear  

Understanding the mechanism of punching shear failure of slabs falls among the most 

challenging behavior of reinforced concrete structures. It is also relatively late since 

researchers try to explain the mechanism of punching rationally. Kinnunen & Nylander tries 

to explain punching shear rationally for the first time in 1960. Before their work punching 

shear was modeled and explained fully empirically. According to Kinnunen punching shear is 

carried by an inclined compression strut and failure due to punching shear occur when the 

applied load resulted in a certain amount of tangential strain at the tension side of the slab. 

The major idea here is the introduction of a failure criteria [12]. 

Usually punching shear occurs on area where there is moment and shear interaction as this is 

a place for maximum combined stress action. During pure punching shear failure, the 
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following phenomena are observed and can reasonably describe the mechanism of punching 

shear failure. Relatively low bending stress in flexural rebar, radial crack that starts form the 

loading column and propagates to the support point, tangential crack that encircle the radial 

crack close to column and away from the column and diagonal crack along the height of the 

slab which are variable depending on the slab depth, column size, column shape, concrete 

grade, and flexural reinforcement ratio. When the diagonal crack advance to the column then 

the mechanism of load transfer will depend on aggregate interlock and dowel action at the 

cracked concrete and uncracked concrete shear transfer capacity. Figure 2-2 below shows the 

evolution of crack formation in flat slabs at failure. 

 

Figure 2-2 Evolution of crack at failure during punching. 

In general, for slab without shear reinforcement the punching failure mechanism can be 

summarized as follows,   
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i. The first crack that forms is the inner tangential crack (tangential crack 1) which is 

circular in shape, and it is located near the column. This is due to the presence of large 

radial moment near the column (hogging moment).  

ii. Following this second crack that forms are the radial cracks (radial crack 2) due to the 

negative tangential moment.  

iii. After the radial crack an inclined crack (radial crack 3) that starts around the mid depth 

of the slab will be formed. The work by Kinnunen shows that this phenomenon is 

expected to occur at a loading value of 45-75% of the maximum load carrying capacity.  

iv. The outer tangential cracks (tangential crack 4) which are far from the column are 

expected to occur at a very large load as the radial moment drops very sharply as one 

goes far from the column. Hence it needs a very large load to cause tangential cracking 

4 of slab.  

v. Finally, failure occurs when the diagonal shear crack widens and extends in length and 

meet with the outer most tangential crack. When this happens, the shear transferring 

capacity of the slab will reduce and finally punching shear failure will occur [16].  

The above-mentioned punching shear failure mechanism is valid only for slabs that is not 

equipped with shear reinforcement. If the slab under consideration is provided with shear 

reinforcement, then the failure mode is going to be modified.  

i. Failure due to the compression strut,  

ii. Failure of the introduced shear reinforcement (within the shear reinforced zone) 

iii. Failure outside the shear reinforced area,  

iv. Failure of the flexural reinforcement by yielding, 

The whole objective of providing shear reinforcement is to improve the punching shear 

capacity of the slab both in deformation as well as punching shear load carrying capacity. 

Hence, if one use shear reinforcement then the failure mechanism of the unreinforced slab 

will be modified, and the failure will occur in one of the above failure modes.  
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(a) 

 

(b) 

Figure 2-3 (a) Slab without shear reinforcement (b) Slab with shear reinforcement 

2.3 Models for Predicting the Punching Shear Strength  

The analysis and design of reinforced concrete slabs are based either on empirical approach 

from experiments and/or rational approach which are based on the mechanics of punching 

shear failure. Since the beginning of reinforced concrete slabs construction, the analysis and 

design mainly rely on an experimental and empirical approach where the punching action 

effect is estimated from different empirical predictions and experimental approaches. The 

work by Kinnunen & Nylander presented in 1960 is believed to be the first rational punching 

shear prediction equation. In their work they related the punching shear capacity with the 

deformation capacity and introduced the idea of failure criteria for slab analysis. Afterwards 

a number of researches have been done towards advancement of the rational model. One of 

the most recent developments in rational model is the one proposed by Muttoni & Schwartz 

named the critical shear crack theory [17]. Here it is worth mentioning that the commonly 

practiced building codes base their formulation on empirical approach than the mechanistic 

based rational approach. 
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In the following sub sections the different punching capacity prediction models are presented 

briefly. Depending on the approach used generally the punching shear models can be 

categorized in to the following groups.  

i. Flexural capacity approach  

In this model the shear capacity is related with the flexure capacity as in most cases it is close 

to the flexural capacity. The approach mainly assumes that the shear capacity of a slab is not 

significantly lesser than the flexural capacity.  

ii. Kinnunen & Nylander Approach 

The model by Kinnunen & Nylander use a failure criterion which relate the deformation 

capacity with the punching shear capacity. In the model shear is transfer through the 

compression strut. Number of researchers use this idea and base this approach for their 

model with some modifications. 

iii. Plasticity Based Model  

This uses a work method in which the work done by external acting load is equated with the 

work done internally at crack dissipating energy. This approach results in an upper bound 

estimate for the punching shear resistance. 

iv. Truss model/Strut and Tie Model 

This is a smeared crack model and is proposed by Pralong in 1982 [12]. For one way/beam shear 

truss model was proposed by Reineck, K. H., et.al [80]  where the concrete is considered as a 

tie. Later this model is adopted for design by Schlaich J. in 1992 [79] where the D-region are 

modeled using strut and tie model after concrete cracks. It is classified as smeared model 

because the concrete serves as ties in the load transfer of the slab. In this model cracks are 
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not addressed independently but they are considered by modifying material parameter like 

concrete strength reduction.   

v. Fracture mechanics-based approach. 

This type of approach defines a failure criterion based on fracture mechanics. This approach 

is suitable for numerical analysis during the coding of finite element tool. This method is not 

applicable to slabs with web reinforcement. 

vi. Failure Mechanism Approaches 

This approach is more like model by Kinnunen & Nylander but here a different shear transfer 

approach is used considering the tensile capacity of concrete to transfer shear at cracked 

surface. The approach is different from fracture mechanics approach because it tries to 

address stress state at the crack interface. 

2.3.1 Rational / Mechanistic Models 

In this section brief presentation of existing punching shear models are presented and they 

are organized based on their time of formulation and not based on their accuracy. The detail 

of each model can be found from fib bulletin [12].  

Kinnunen & Nylander Model 1960 [1][11][12]: This model is the first rational model which tries 

to describe punching shear in detail. They introduced a failure criterion which is dependent on 

the deformation capacity of the slab. The punching shear transfer mechanism is the 

compression strut which is close to the loading column. The basic consideration of this model 

is that a truncated cone shown in Figure 2-4 is formed by two radial cracks one small tangential 

crack and inclined shear crack. This element is modeled and put to equilibrium and failure 

occurs when the deformation of this element reaches a certain amount with corresponding 

tangential strain. 
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They tested 61 circular slabs resting on circular column and they monitor shear crack, 

deformation of steel and deformation of slab concrete are carefully observed and recorded. 

The property of concrete used in the model is calibrated with the test results. 

 

 

(a) 

  

(b)      (c) 

Figure 2-4 Mechanism of Failure by Kinnunen & Nylander (Taken from [1]) 

Applying force equilibrium on once cracked element intercepted by the radial, tangential and 

inclined crack as shown in Figure 2-4 (c) one can find a reasonable punching shear capacity 

estimation [1]. 

The accuracy of the model resulted in the equation [1] was verified for the 61 circular slabs 

experimentally tested by the researcher and the result shows that the model and 



      

  44 

experimental result are in good agreement. For the punching shear model two sets of 

equations were used, the first one shear stress found based on ultimate concrete stress and 

the second one is based on the ratio of flexural reinforcement. Below are the two equations 

that will be equated and will result in expression for punching shear. [1][11][12]. 
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cus in MPa,  fy, in Mpa,  d in mm  and  rf in mm 

Moe 1961 [3]: In his model Moe compute the shear capacity based on two conditions. First the 

shear capacity due to flexure Vflex is estimated considering the case when only flexural stress 

is applied. Second the shear carrying capacity of the slab column is calculated. The ultimate 

punching shear carrying capacity is estimated using the combination of shear stress due to 

shear and flexure. The ACI code base its punching shear prediction based on the 

recommendation of Moe, especially the contribution of concrete. 

The model tries to address punching shear partly in a mechanical way but generally this model 

is not rational model rather it is an empirical model as there is no physical failure mode and 

also no geometry and material property are considered rationally. 
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Braestrup Model 1976 [4] : this method is based on work method where external work done 

by applied load is equilibrated with internal work made through deformation. 

Shehata Model 1985 and 1990 [12]: Shehata first proposed a mechanical model in 1985 and 

later in 1990 he modified the same model so that it can be simplified. Hence the old model 

was more complicated, and the new model is more simplified. In his model Shehata considers 

the force as shown in Figure 2-5 below which includes the applied force and the internal forces 

that are acting on a truncated element. The forces are the applied external force, which is 

proportioned within the two radial cracks, radial tension force, radial compression force, 

inclined force on the face of the column.  

The force equilibrium for this segment is checked and the stress at the column face will be the 

limiting stress for the estimation of punching shear capacity. In this model the failure criteria 

is the strain on the compressed face due to radial and tangential strain. When this strain 

reaches 0.0035 then punching shear failure is assumed. 

 

 

 

 

 

(a) 
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(b) 

 

(c) 

Figure 2-5 Punching Shear Failure cone(a)Punching Shear failure segment (b)action on 

truncated cone (c) planner view of acting forces (Taken from [12]) 

tan2 o c cuP nr fxp q=                 Equation 2-4 

Where:  

 ro = diameter of column in mm 

x = height of compression zone at flexure in tangential direction when punching   

       occurs in mm. 

nc = stress concentration factor to account for the concrete strength under   

         multiaxial state of stress 

fc = concrete cylinder strength in MPa 

Bazant & Cao Model 1987 [12]: This model is mainly different in the fact that it considers size 

effect where the nominal failure stress for different slab depth is different. The application of 

this model is more significant for large member depth. For slabs that are shallow in depth this 
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effect is not significant this can be seen from the initial gentle slope of the failure stress in 

Figure 2-6. 

The advantage of using this method for large slab depth arises from its derivation which is a 

concept of fracture mechanics rather than plasticity approach. In fracture mechanics 

approach energy is the comparison parameter unlike plasticity approach which use strength 

as a comparison criterion.  

 

Figure 2-6 Size effect according to Bazant & Cao Model 1987 (Taken from [12]) 

For the derivation of the model, they used experiments of three slabs with variable thickness 

and constant flexural reinforcement ratio. From the result they conclude that the larger the 

specimen the lesser the ductility and the smaller the specimen the higher the ductility. They 

also observed a significant reduction of failure stress with size which is now called size effect. 

Based on their findings they proposed Equation 2-5. Even though they proposed this formula 

it was not used to estimate punching shear as its leads to inconsistent result. However, in 

some current codes, size effect is considered using a square root function of the size similar 

to that proposed by Bazant and Cao (1987). 
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Where Vu = shear stress 

 C = nominal shear stress found through plastic analysis  
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 d = thickness of the slab in mm, 

 b = circular cone diameter of the punching cone in mm, 

 K1, K2, = Empirical constants 

  ʇo = fracture energy and shape parameter derived empirically 

 da = Maximum aggregate size in mm, 

Bortolotti Model 1990  [12]: This is a plasticity-based model which results in an upper bound 

estimate of the punching shear strength. This model might result in overestimating the 

strength as size effect is not considered (strength method). There is an improvement from 

previous plasticity approach in a way it considers softening of concrete unlike the plasticity 

model by Braestrup. 

Broms Model 1990 [6] [12]: In 1990 Broms [6]  proposed modified semi empirical model. Here 

Broms modified the model by Kinnunen & Nylander. According to Broms punching shear 

failure occurs when the compression stress that is located near the column is released from 

the stressed state because of either radial or tangential strain or combination of the two 

strains. Thie happens when the strain exceeds ὑcpu.  

After limiting the value of ὑcpu one can estimate the corresponding punching shear force by 

using strain compatibility and force equilibrium. 
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i. Concrete strain is calculated individually and not through calibration with experimental 

results.  

ii. For the compression zone variable height is used in the radial and tangential direction.  

iii. size effect is also considered to some extent. 

iv. unsymmetrical slab system is addressed. 

Limiting Tangential strain ὑcpu 
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                Equation 2-6 

where,  

150 = is diameter of cylinder for test specimen in mm. 

 Xpu = tangential direction depth of compression zone during punching in mm. 

 ɻØpu = depth of rectangular stress block /equivalent in mm. 

fc
ȭ = cylindrical compressive strength in MPa. 

Limiting radial compressive stress  ʎV 

The radial compressive stress will result in failure when the compressive stress at the bottom 

of the truncated cone reaches 110% of the cylindrical compressive strength of the concrete. 

The over strength is resulted due to the bi-axial state of stress around the column vicinity. 

The punching shear capacity V can be found by using equilibrium of force in the vertical 

direction. 
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   Where, 

 b = column diameter in mm. 

y = conical shell thickness in mm. 

fc
ȭ = cylindrical compressive strength in MPa.  

 

Figure 2-7  Radial compression stress according to Broms (Picture taken from [12]) 

The final failure load will be the minimum of the two shear forces, one found by limiting 

tangential strain and one computed by limiting radial stress.  

Muttoni Model 1991 [17]: In 1991 Muttoni et al. proposed a theory called critical shear crack 

theory to predict punching shear strength of reinforced concrete flat slabs. After the first 

introduction, the method was modified for different cases. First its applicability was improved 

to slab without shear reinforcement and latter for slab with shear reinforcement by the same 
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researcher [18][19][20]. Following the development of the model, a number of research have 

validated its applicability for the mentioned range and even beyond that range.  

According to critical shear crack theory the shear carrying capacity of a slab depends on the 

width of the crack and the roughness of the inclined critical shear crack along compression 

strut. The width at critical shear crack wc is assumed to be proportional with the rotation of 

the slab and depth of the slab [20].  

 

 

 

 

 

Figure 2-8 Critical shear crack formation of slab redrawn based on Muttoni et.al 2003 (Taken 

from [19]) 

With that in mind failure criteria is drawn out of the above assumption as shown below  
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                Equation 2-8 

Where, 

 VR = is the punching shear strength of the slab in kN. 

 bo = punching shear perimeter at d/2 distance from the face of the column in mm. 

Critical shear crack (w θ ʕÄɊ 
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 d = member (slab) depth (effective) in mm. 

 fc = concrete strength in mm. 

 dg = aggregate size (maximum) in mm and  

dgo = reference aggregate size in mm. 

when one equates the failure criteria with the load deformation diagram then the intersection 

point is the punching shear capacity. The load deformation diagram can be approximated by 

the following equation as recommended by muttoni. 

3.2

1.5
ys

s flex

fr V

d E V
y

å õå õå õ
= æ öæ öæ ö æ öç ÷ç ÷ç ÷

                Equation 2-9 

Were, 

 rs = radius of the circular slab in mm.  

 Vflex = acting force causing flexural failure at d/2 from the face of the column in kN. 

 d = member depth (effective) in mm. 

 fy = steel yield strength in MPa. 

 V = acting shear in kN. 
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                 Equation 2-10 

Where,  

mR = moment capacity nominal in kNm. 

B = slab width in mm. 

c = column size  in mm. 

 

Figure 2-9  Failure criteria vs load ɀ deformation diagram according to Muttoni et.al. (Picture 

Redrawn based on  [17])  

Hallgren Model 1996 [7]: With the objective of assessing the effect of high strength concrete 

on the punching shear performance of Hallgren propose a model that is based on the 
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Kinnunen and Nylander model 1960 [1]. In his work he observed that the rate of increment of 

punching shear is smaller as compared to the increase in concrete grade.  

HallgrenȭÓ ΣΫΫΨ [7] model improved two major sections of the previous models, first a rational 

failure criterion based on fracture mechanics is proposed rather than semi-empirical failure 

criteria which are driven from punching shear test. Second, size effect and concrete 

brittleness is considered considers.  

 

(a) 

 

(b) 
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(c) 

 

(d) 

 

(e) 

Figure 2-10  Failure criteria according to Hallgren (a) radial state of stress (b) tensile steel 

strain and compressive steel strain (c) tangential concrete stress on compression zone (d) 
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tangential steel stress along the radius (e) truncated cone state of stress (Picture taken from 

[7])  

2.3.2 Code Based Design Equations  

Initially most building codes use empirically driven equations for the determination of 

punching shear strength of reinforced concrete slab. As rational method develops some code 

refer this advancement and try to introduce rational approach into the building code. While 

this is a good start it is still not the best approach as it results in both unsafe as well as 

uneconomical design at time. One major difference between different building codes is the 

parameters that are considered and how they are considered. The major parameters that 

contribute to punching shear are listed below, 

i. Concrete grade  

ii. Flexural reinforcement ratio 

iii. Slab depth  

iv. Column cross section  

v. Shear reinforcement if any. 

In the following sub sections different building code provisions are reviewed briefly.  

2.3.2.1 EN 2004-1-1, [45] 

In EN 2004 [45] the parameters considered are  

i. Cylindrical strength of concrete, fc in MPa. 

ii. 3ÈÅÁÒ ÒÅÉÎÆÏÒÃÅÍÅÎÔȟ ʍt (if any) 

iii. &ÌÅØÕÒÁÌ ÒÅÉÎÆÏÒÃÅÍÅÎÔȟ ʍl 

iv. Size effect, k 
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While the parameters considered in EN 2004 [45] are mechanistically justified some 

modification would result in better prediction if the concrete strength is represented by fc
(1/3) 

rather than fc(2/3). The percentage utilization of bent up bars for shear should be utilized not 

more that 50-60%. The punching shear stress capacity of the concrete should be enhanced 

because of triaxial state of stress. According to Kordina 20% increment will result in better 

prediction [12]. 

Punching shear according to EN 1992, 2004 [45] can be given as follows.  
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                Equation 2-11 

Where,  

 ‎ὧ = 1.5;  

ὯϾΣϹЋΤΡΡȾὨЃΤȢΡΡȟ  

d  slab depth in mm;  

1 0.02lx lyr r r= ¢  

ʍlx ÁÎÄ ʍly are the reinforcement ratios of the flexural reinforcement in the x- and y-

directions, respectively;  

(3/2) (1/2)

min 0.035v k fck=  

„cp represents the prestressing stress in MPa 

k1=0.1; and  

b0 is the perimeter of the critical section in mm, as can be seen in Figure 2-11. 
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Figure 2-11 Location of control perimeter according to, EN2004-1-1, (Taken from [45])  

2.3.2.2 Japanese Code JSCE 15, 2007 [48]   

The Japanese code tries to address all the major parameters indicated above. Even though it 

is an empirical equation the detail of the result show that the prediction capacity is in good 

agreement with experimental data.  

The parameters considered are,  

i. Cylindrical strength of concrete, fc MPa 

ii. Shear reinforcement ratioȟ ʍt (if any) 

iii. Flexural reinforcement ratio, ‍ʍ 

iv. Size effect factor, ‍d 

Slabs designed using the Japanese code provision will provide results close to the 

experimental one which shows better prediction of punching shear. 

Punching shear according to Japanese code is given as follows.  

pcd d p r pcd pV f U db b b=                 Equation 2-12 

Where,  
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 ɼd = 4ЋɉΣ000/d) = to account size effect  

ɼp = 3ЋΣΡΡÐ = to account dowel action  

ɼr = 1+ 1/(1+0.25.bo/d) = to account effect of loaded area. 

fpcd = 0.2 Ћ Æc
ȭ = to account for effect of concrete grade in MPa. This value is limited to 

1.2N/mm2 

d = effective depth in mm 

bo = the length of control perimeter in mm 

The control perimeter is similar to EN 2004 [45] with the only difference being the location of 

the critical control perimeter. In the case of Japanese code, a distance of d/2 from the face of 

the column is considered whereas in EN 2004 [45] it is at 2d from the face of the column. 

     

Figure 2-12 Location of control perimeter for different shape according to Japanese code 

(Taken from [48] ) 

2.3.2.3 ACI 318-19 [46]  

The American code consider fewer parameters than the EN 1992 2004 [45] and the details are 

summarized as below;   

i. Concrete strength  
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ii. Column cross section  

iii. Length of the control perimeter 

In ACI 318-19 [46]  provision the contribution of flexural reinforcement is not considered, it also 

misses to address size effect which is critical for large member sized structural elements. 

Punching shear according to ACI 318-19 [46]can be given as follows. And minimum of the 

values shown below will be considered as the punching shear capacity. 

 

Where,  

 ‍ = column dimension ratio (smaller over larger) 

 ‌ί = 40 if column is interior  

  ‌ί= 30 if column is on the side  

 ‌ί = 20 if column is on the corner 

‗ = 1 if concrete is normal weight and 0.75 if the concrete is light weight  

‗s = is size effect modification factor and it is given as follows, 

2
1

1 0.004
s

d
l= ¢

+
                 

d = Slab depth (effective) in mm. 

bo = control perimeter located at d/2 from the face of supporting columns in mm. 

'0.33c s c oV f b dll=                 Equation 2-13 

'0.33
0.17c s c oV f b dll

b

å õ
= +æ ö
ç ÷

                Equation 2-14 

'0.083
0.17 s

c s c o

o

d
V f b d

b

a
ll

å õ
= +æ ö
ç ÷

                Equation 2-15 
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Figure 2-13 Location of control perimeter according to ACI 318-19 (Taken from [46] ) 

2.3.2.4 Canadian Code CSA A23.3-14 [47]  

The Canadian code considers similar parameters like the ACI 318-19 code with only minor 

difference on the coefficient.  

i. Concrete strength  

ii. Column cross section  

iii. Length of the control perimeter 

Here also the provision fails to address the contribution of flexural reinforcement, it also 

misses to address size effect which is critical for large member sized structural elements. 

Punching shear according to Canadian code can be given as follows. And minimum of the 

values shown below will be considered as the punching shear capacity. 
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'2
0.19 1c c c o

c

V f b dlf
b

å õ
= +æ ö

ç ÷
                Equation 2-16 

'0.19 s
c c c o

o

d
V f b d

b

a
lf

å õå õ
= +æ öæ öæ ö
ç ÷ç ÷

                Equation 2-17 

'0.38c c c oV f b dlf=                 Equation 2-18 

Where,  

 ‍c = column dimension ratio (smaller over larger) 

 ‌ί = 40 if column is interior  

  ‌ί= 30 if column is on the side  

 ‌ί = 20 if column is on the corner 

‗ = 1 if concrete is normal weight and 0.75 if the concrete is light weight  

d = Slab depth (effective) in mm. 

bo = control perimeter located at d/2 from the face of supporting columns   

cf = a value of 0.65 is used to reduce concrete strength. 

If the effective depth, d, used in two-way shear calculations exceeds 300 mm, the 
value of Vc obtained shall be multiplied by 1300/(1000+d). 

4ÈÅ ÖÁÌÕÅ ÏÆ ЋÆc
ȭused to calculate vc shall not exceed 8 MPa. 
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Figure 2-14 Location of control perimeter according to Canadian code CSA A23.3-14 (Taken 

from [47]) 

The above-mentioned punching shear strength prediction equations are the most used codal 

provisions. In all cases a pseudo critical section is considered as a punching shear control 

perimeter. While EN 2004 1-1 [45] consider 2d from column face (loaded area) ACI 318-19 [46]  

CSA A23.3-14 and JSCE 15  2007 [48]  consider d/2 from column face. Effect of flexural 

reinforcement ratio on punching shear capacity is considered in EN 2004 2004 1-1 and JSCE 15 

which is not observed in ACI 318-19 [46]and CSA A23.3-14 [47]. In all codes a reduction factor 

is introduced to consider the member size effect. The overall prediction capacity of each code 

is evaluated in section 4.8 and 4.9 of this thesis. 

2.4 Methods for the enhancement of punching shear performance 

To utilize the full potential of a given reinforced concrete slab, premature failure like punching 

shear should be avoided. Otherwise having punching shear failure will have two 

disadvantages, first the flexural capacity will not be used fully and hence it will have economic 

wastage, secondly and most importantly it will result in sudden and catastrophic failure. 

Hence, it is the duty of the engineer to avoid such failure. To avoid punching shear failure two 

types of intervention can be used based on the stage of the work. The first option is enhancing 

the punching shear performance at design stage where number of possible ways can be 

introduced, the second option is strengthening of the slab if the construction is completed. In 

the following section both approaches are discussed briefly  

2.4.1 During Design Phase (New construction)  

As shear failure of reinforced concrete slab is catastrophic which happens suddenly without 

giving any warning the design process should be done very carefully and by investing all the 

latest existing knowledge available. With that in mind, for slabs that are under design stage 

designers use different methods to enhance the punching shear capacity of the slab. The 
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enhancement approaches are proposed after knowing the shear performance contributing 

parameters. Some of these parameters are the concrete grade, concrete depth flexural 

reinforcement column size. The following are some of the methods used to enhance punching 

shear performance. 

2.4.1.1 Punching shear reinforcement 

This is the most common way of enhancing the punching shear performance both in strength 

and deformation capacity. For this reinforcement to be effective it has to be fully activated 

and also adequate bonding should be provided [21]. The adequate amount of anchorage will 

benefit more for the deformation rather than the strength roughly it enhances it 2-3 folds than 

the unreinforced one according to Regan[55]. The provided reinforcement can have different 

arrangements and usually headed stud and closed stirrup are used [22]. The closed stirrup can 

be a single hooked stirrup or continuous stirrup. The continuous one has been advantageous 

both in structural performance as well as and construction. 

                                                            

(a)                                                       (b)                                          (c) 

Figure 2-15 arrangement of stirrup (a) single closed stirrup (b) vertical continuous stirrup (c) 
inclined continuous stirrup Nasim s. et.al 2022 (Taken from [22]) 

One can also use headed shear reinforcement during design this also will enhance the 

punching shear performance of a given flat slab. The headed stud will be placed following the 

installation of flexural reinforcement. For this stud to be activated crack has to be initiated 

and then all the reinforcement that are intercepted by the crack will be utilized. The degree 

of utilization depends on the location of the stud from the column and the depth of the slab. 

Studs that are adequately embedded between top and bottom part of the cracked slab will 

be highly activated. Figure 2-16 below shows a typical heads stud arrangement.  
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(a) 

   

(b)                 

Figure 2-16 Headed stud (a) schematic representation [75] (b) Photographic view of headed 

stud (Taken from [76]) 

2.4.1.2 Concrete quality and depth enhancement   

The most common way of enhancing punching shear strength of reinforced concrete is to 

increase the overall column size or to just simply increase the top part of the column which is 

the introduction of column capital. Both approaches are associated with concrete geometry 

modification. 

One can also increase the concrete grade and it will result in better punching shear 

performance. The above two approaches are ideal if the slab is not constructed yet. If 

however, we need to enhance the punching shear capacity of slab that is already constructed 

then other methods should be employed. The following section briefly discuss how to 

strengthen an existing slab. 
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(a)      (b) 

Figure 2-17 concrete size increment (a) column size increment (b) column capital (Taken 

from  [23]) 

2.4.2 Strengthening of existing slabs 

2.4.2.1 Concrete jacketing 

This approach increases the overall depth of the slab on the tension side. From serviceability 

perspective It is an ideal choice when strengthening work is needed on outer most top floor. 

If it is on lower floors, then it has a drawback that it will reduce floor height and also result in 

obstacle. The critical part of this approach is the interfacial zone between the old and new 

concrete. Monolithic action can be ensured by the use of shear studs and hence the number 

and size have to be properly designed. While using this approach as the overall depth is 

increasing the flexural capacity is also increasing and once has to ensure that shear failure is 

avoided ultimately.  

 

(a) 

Figure 2-18 concrete size increment, slab depth increment (Taken from [23]) 
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2.4.2.2 CFRP Wrapping 

Strengthening with CFRP plate wrapping has been tested before and has resulted in an 

increase in punching shear capacity [24]. This technique not only increase the punching shear 

capacity but also it enhances the deformation capacity and also avoid the highly brittle failure 

mode into less brittle failure mode. This is attained through provision of confinement which 

will enhance ductility. The failure mode expected here is debonding of the CFRP which is 

usually the problem for all type of structural elements strengthened by this technique.  

Later it was tried to use CFRP rods than CFRP plate and also steel bolt. The result was 

compared and it shows that closer advantages can be found with lesser amount CFRP [25]. 

 

  

Figure 2-19 CFRP Plate, Rode and bolt for strengthening of flat slabs [25]. 

2.4.2.3 Post-Installed Rebars as punching shear reinforcement 

This method is less invasive compared to concrete jacketing and is considered as more 

effective than using FRP laminates.  

Miguel et. al. 2010 [23]: This type of strengthening technique was first introduced by Miguel 

et.al 2010 [23]. To enhance the punching shear capacity of flat slab they came up with the idea 

of introducing shear reinforcement from the compression side of the slab in an inclined 

manner. The result of the work shows an increase in punching shear performance of the 
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control specimen. Figure 2-20 below shows the control slab as well as some of the 

strengthened slab with post installed shear reinforcement. 

Form their work it can be concluded that use of post installed shear reinforcement can be a 

solution for punching shear performance enhancement. However, in this research it is argued 

that the amount of reinforcement used and the advantage that is gained are not comparable 

and hence need to see better arrangement in order to maximize the output of  

 

Figure 2-20 Inclined Post Installed Shear Reinforcement Miguel et.al 2010  [23]. 

the introduced reinforcement. The inclined orientation of the post installed shear 

reinforcement is also another challenge during construction. 

H.S Askar 2015 [26]: Askar H.S 2015 also tried to strengthen flat slab that fails due to punching 

using post installed bar that are interconnected with a plate at the bottom. Four slabs were 

tested and A1(40) is the control slab, NR1, NR2 and NR3 has single double and triple row post 

installed bars as shown in Figure 2-22. Unlike the orientation used by Miguel vertical 

orientation of the bar is used. For his work he used two series of specimen one with normal 
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strength concrete and the other with high strength concrete. Some of the result that are 

observed are inconsistent and questionable. For example, Al40 being the control specimen 

gives higher capacity than the strengthened one NR1 and NR2 this result is doubtful because 

the strengthened specimen is higher in concrete grade slab depth and also has post installed 

shear reinforcement. 

 

Figure 2-21 Vertical Post Installed Shear Reinforcement  by Askar [26]. 

 

Figure 2-22 load deformation diagram by Askar [26]. 

Haifa S. et. al 2018 [27]: in an attempt to strengthen a slab that fails by punching they tested 

two slabs one control and one strengthened. For the strengthened one steel that is bolted, 
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and end anchored with plate was used. The introduction of bolted steel enhanced the 

punching shear resistance. The efficiency and utilization (relationship between yield stress 

and acting stress) of the introduced bolted steel is not evaluated and hence it needs to be 

assessed to see a better utilization of the introduced shear reinforcement. It is also difficult 

to make a conclusion from a single experiment. 

From the above literatures [23][26][27] it can be concluded that post installed bars can 

enhance the punching shear performance of reinforced concrete flat slabs. Detailed study 

was done by Miguel et. al. 2010 [23]. It is observed that the maximum shear capacity increment 

observed is 73% on specimen PV14. This enhancement is very large if we only observe the 

capacity enhancement. Looking at the effectiveness of the introduced shear reinforcement s, 

the capacity increment observed is after adding 72 post installed shear reinforcement in 12 

radial orientations having 6 row diameter 16 bars. Hence large amount of post installed shear 

reinforcements is used which leaves a room for maximization of the effectiveness of the 

introduced shear reinforcement ɉÕÔÉÌÉÚÁÔÉÏÎ ÆÁÃÔÏÒ ʎy/fy).  In this thesis the plane and vertical 

arrangement of these share reinforcement is studied in detail so that the utilization of the 

reinforcement is maximized. The influence of slab depth and column shape on the 

effectiveness of the post installed bar is also another parameter that is studied in this thesis. 

2.5 Section Summary 

The section outlines introduction about punching shear of RC slabs by focusing on history of 

RC slabs resting on column, mechanism of punching shear failure, models for predicting 

punching shear and strengthening of RC slabs. RC slabs resting on columns are discussed 

briefly. The advantage of having an RC slab resting on column is outlined in regards to 

aesthetics, simplicity of construction and reduction of building height while acknowledging 

failures due to punching shear. Recorded history of flat slab failure associated with punching 

shear are also presented. 
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The mechanism of punching shear of RC slab with or without shear reinforcement is 

presented in detail. For better understanding of punching shear failure: first crack initiation, 

crack propagation and final failure are explained briefly.  Effect of shear reinforcement in 

changing punching shear failure mode is also presented. 

The existing punching shear prediction models are also presented starting from the first and 

the old rational model to the most recent model. Here different codes predictive equations 

are also discussed by point out what parameter is considered and what important parameter 

is omitted. 

Finally different strength enhancing techniques are discussed by dividing them based on time 

of applicability as during design stage and after construction.  The most convent method is 

pointed out as it is chosen to be used in this thesis.
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3 Numerical modeling approach and validation 

3.1 Numerical modeling approach 

In understanding reinforced concrete structure, the use of numerical tool has become more 

common these days. The main reason that makes numerical tool method of choice is its 

capability in performing different parametric study with relatively shorter time. It also gives a 

chance to see what is happening on the specimen at every load step both on the surface and 

on the interior part of the specimen in terms of stress, strain, deformation and other relevant 

parameters.  

Over the years numerous modeling approaches have been developed which include plastic 

model, visco-plastic model, empirical model and combination of different model [81]. The 

different modeling approaches varies in how they represent the material properties, the 

interaction between constituent material and also the way how they represent the load. A 

brief summary of different modeling approach is summarized below.  

3.1.1 Smeared Crack Approach 

At lower load concrete behaves in a linear elastic manner but with increasing load it starts to 

behave in a non-linear manner with progressive cracks and finally failure occurs with 

localization at a specific point. In this approach the discontinuities that are formed locally due 

to crack are assumed to be part of the structural elements and are evenly distributed over a 

tributary area of same finite element [28]. By this manner the property of the cracked 

concrete is addressed indirectly by finding stress -strain relationship of the concrete with 

smeared crack over the specified length.  Unlike discrete crack approach in smeared crack 

approach displacement method is valid because continuous displacement filed is applicable. 

The main drawback of smeared crack approach is its mesh sensitivity in estimation of local 

failure of large member because of the distributed crack over the length [29]. 
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3.1.2 Microplane Modeling Approach  

This model was first introduced by Taylor G.I et.al 1938 [31] ÁÎÄ ÌÁÔÅÒ ÍÏÄÉÆÉÅÄ ÂÙ "ÁĿÁÎÔ and 

coworker, 1992 [30]. The latest modification used in the present work ×ÁÓ ÄÏÎÅ ÂÙ /ĿÂÏÌÔ 

et.al in 1999 [41]. In microplane model the characterization of material mainly depend on 

stress strain relation at different orientation. The different planes that are used for stress and 

strain equilibrium are considered to be the weak plane of the material at micro level [10]. 

Figure 3-1 shows an example of weak surface or contact between aggregate and paste. 

   

(a)     (b) 

Figure 3-1 Microplane Model (a) paste aggregate contact area (b) microplane for strain 

compatibility J. /ĿÂÏÌÔ ÅÔȢÁÌ ΤΡΡΣ [10] 

In addition to experimental investigation, in the current study a numerical investigation will 

also be conducted to understand the mechanistic behavior of punching in slabs. The numerical 

investigation will be carried out on a 3D FE platform based on the microplane modelling 

approach called MASA, developed at the University of Stuttgart. In microplane modelling 

micromechanics for the deformation at microlevel is described through stress strain diagram. 

While in the macroscopic model an average response of the material is considered instead of 

the micro level stress transfer. It is important to know that the micro level analysis is more 

accurate in physical representation of the material performance while the macro level 

approach is more practical [10].  In the following sub section A brief description on the 

Macroscopic modeling approach of MASA will be discussed. 
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3.1.2.1 Modeling of concrete 

In MASA concrete is generally modeled using the microplane model. This model was first 

developed by Taylor in 1938 [31]. As it was first developed for metals it needs improvement if 

one prefers to use this model for concrete which is quasi brittle in nature which has softening 

property. Hence later researchers made an improvement to incorporate the softening 

behavior of quasi brittle material like concrete and glass [32][33]. The latest improvement was 

done by Ozbolt in 1999 and it has been the base for modeling in MASA. The latest 

advancement bases relaxed kinematic constraint concept. A normal vector ni with unit 

magnitude is used to define the microplane. As can be seen from Figure 3-2 on each 

ÍÉÃÒÏÐÌÁÎÅ ÎÏÒÍÁÌ Ǫ ÓÈÅÁÒ ÓÔÒÅÓÓ Ǫ ÓÔÒÁÉÎ ÉÓ ÃÏÎÓÉÄÅÒÅÄ ȾʎNȟ ʎTrȠ ʀNȟ ʀTr/. Here the major 

assumption is that microplane strain tensor are projection of the macroscopic strain tensor 

ʀij. The stress (macroscopic) is computed by using the concept of virtual work and integration 

of all possible microplane orientation. 

( )
3 3

2 2 2

Tr
ij N i j i rj j rin n d n n d

s
s s d d

p pW W

= W+ + W                Equation 3-1 

 

(a)      (b) 

Figure 3-2 Concept of Microplane model (a) unit volume sphere - integration point and b) 

strain components J. Ozbolt et.al 2001 [39]. 
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As the normal stress & strain is composed of volumetric and deviatoric stress it has to be 

ÄÅÃÏÍÐÏÓÅÄ ÉÎÔÏ ÔÈÅÓÅ ÃÏÍÐÏÎÅÎÔÓ ÓÏ ÔÈÁÔ ÉÔ ×ÉÌÌ ÇÉÖÅ Á ÒÅÁÌÉÓÔÉÃ ÒÅÓÕÌÔ ɉʎNϾʎVϹʎDȟ ʀNϾʀVϹʀD). 

the above expression will be changed in to: 

( )
3 3

2 2 2

Tr
ij V ij D i j i rj j rin n d n n d

s
s s d s d d

p pW W

= + W+ + W                                     Equation 3-2 

The constitutive law for concrete is given by the following relation which is valid for each 

microplane to as uniaxial stress strain relationship. 

( ), ;V V V effFs e=      ( ), ;D D D effFs e=         ( ),Tr Tr Tr effFs e=                    Equation 3-3 

To model cracking of concrete at any load step effective microplane strain should be 

computed using the following relation.  

,m eff me e y=                                                                      Equation 3-4 

where: 
 ʀm,eff = effective microplane strain  
 ʀm = volumetric, deviatoric stress and shear stress  

ʕ Ͼ ÄÉÓÃÏÎÔÉÎÕÉÔÙ ÆÕÎÃÔÉÏÎ 

ÔÈÅ ʕ ÆÕÎÃÔÉÏÎ ÁÃÃÏÕÎÔÓ ÆÏÒ ÃÒÁÃË discontinuity on the individual microplane model [10]. 

Modeling concrete under compressive load, is done by using the strain tensor. The total strain 

tensor must be on the microplane level decomposed into the normal (volumetric and 

deviatoric) and shear strain component. Tension is also modeled using microplane model. It 

is shown that for dominant tensile load the decomposition of the normal microplane strain 

into volumetric and deviatoric part will give realistic result[10]. 

3.2 Description of MASA 

In this research, a finite element software called MASA (Macroscopic Space Analysis) is used 

for numerical study. The tool was developed at university of Stuttgart, Germany by Professor 

Ozbolt.  
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Before the use of the numerical tool, it is validated for its prediction capacity with different 

measurements. In MASA microplane material model with relaxed kinematic constraint is 

employed as constitutive law [10]. It is aimed to be used for nonlinear three-dimensional 

damage and fracture analysis of concrete and reinforced concrete structures in the 

framework of the smeared crack approach [10]. The fundamental property of the microplane 

model is the interaction between various orientations, which are defined by microplanes. The 

microplanes may be imagined representing damage planes or weak planes in the 

microstructure. 3D damage and fracture analysis are carried out in the framework of the 

smeared crack approach. To avoid error related to mesh size the constitutive law is coupled 

with the localization limiter of local integral type (crack band method). In this method the 

energy dissipation due to crack formation is equalized with the concrete fracture energy. For 

more detail about the FE tool one can refer [10].  

3.2.1 Modeling Procedure  

In MASA concrete is modeled with a four-node solid element as shown in Figure 3-3. The stress 

strain diagram of both tension and compression is define by the microplane model. The steel 

reinforcement is modeled using solid eight node hexahedral elements. Depending on the 

discretization of reinforcement, 1D truss or 3D solid finite elements, uniaxial elasto-plastic 

stress-strain relationship with or without strain hardening or classical plasticity-based models 

can be employed. The bond model used in the code is based on the discrete bond-slip 

relationship that is defined by zero length non-linear spring elements [10]. In this thesis it is 

assumed that there is a perfect nodal connectivity between concrete and reinforcement steel.   
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(a)       (b) 

Figure 3-3 (a) tetrahedron mesh of concrete, (b) modeling of steel, concrete and loading 

plate.  

    

Figure 3-4 hexahedron mesh of steel reinforcement  

3.2.2 Constitutive laws and material modeling 

Like any other numerical tool in MASA the most important component is the constitute law. 

In the following subsections the constitute laws for concrete, steel and bond are summarized 

and presented.  

3.2.2.1 Modeling of Steel Reinforcement  

In MASA constitutive law of reinforcement steel or any other steel are modeled by uni-axial 

stress strain law. If one is modeling reinforcement as a line element the element is modeled 

using 1D constitutive law. However, if reinforcement is modeled as a solid element, then it is 
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modeled used plasticity theory with von Mieses yield criteria where averaging stress in 3D is 

considered. 

For the numerical tool one has to give the following listed parameters as can be seen from 

Figure 3-5. 

i. Modulus of Elasticity, Eo 

ii. Strain Hardening Modulus, Eh  

iii. Yield Stress, fy 

iv. Ultimate stress, fs  

In the Figure 3-5 below the stress strain relation is presented during monotonic load case. In 

MASA failure of steel is assumed when the strain on the steel reaches a certain value. 

 

Figure 3-5 Tri-linear Stress strain relationship for reinforcement   

3.2.2.2 Concrete uniaxial tensile and compressive laws  

The numerical compressive and tensile stress-displacement curve of a single finite element, 

having normal strength concrete in MASA is given below. 
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(a) 

 
(b) 

Figure 3-6 Stress-Displacement relationship of concrete (a) under compression (b) under 
tension 

3.2.2.3 Modeling of Bond  

In addition to tension and compression the modeling of load transfer from steel to concrete 

and from concrete to steel is another parameter that must be considered with a detail. In 

MASA an isolated bond slip relation with zero or negligible length spring element which is 

nonlinear is employed [34].  

As can be seen from Figure 3-8 if bond is the major mode of failure, then one must use a special 

contact layer which is spring nonlinear element [34].  
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Figure 3-7 bond stress vs slip relation [35]. 

Where:  ʁb,max is the maximum bond stress in MPa 

ʁbf is the residual bond stress in MPa 

S1, S2 and S3 are bond slip in mm at different bond stress level 

    

Figure 3-8 Special contact bar element around reinforcement in MASA (a) 3D View (b) 

Section View  

This modelling is not used in the current work as perfect bond (perfect nodal connectivity 

between concrete and reinforcement) between concrete and reinforcement is attained 

through adequate concrete cover. 

3.3 Validation of numerical tool/MASA/ 

Before using numerical tool for parametric study, one has to validate the reliability of the tool 

at different scenario. The most important validating parameters are the mode of failure, 
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failure load, deformation at failure, load-deformation diagram, crack pattern among other 

parameters. This tool is verified in this research as well as on previous research for different 

conditions like reinforcement under corrosion, beam column joint under shear and cyclic 

loading, concrete under fire, fastening technology and punching shear. The result of the 

validation shows good agreement with experimental results [10][39][40] . This is mainly 

because of the versatile constitutive laws which are verified under complex loading history.  

Given the primary focus of the current research is on punching shear dominated behavior of 

RC members the following section demonstrates shear dominated cases for the purpose of 

validation. 

3.3.1 Validations by Previous Researchers  

Prior to this research work, the capability of the numerical tool in predicting the response of 

reinforced concrete structures is validated by number of researchers. The area of validation 

ranges from simple structural analysis to more complicated Thermo-hygro-mechanical 

analysis and Chemo-thermo-hygro-mechanical analysis. 

3.3.1.1 Punching shear Dominated failure 

To study the influence of material property and size effect on punching shear strength of 

reinforced concrete slab Ozbolt et. al, 2001 [10] performed numerical analysis using MASA. In 

MASA size effect is addressed through a factor called fracture energy which will account the 

reduction of failure stress with increasing member size. The result of the analysis shows that 

there is reasonable agreement between the experimental and numerical analysis in predicting 

the failure mode, load deformation diagram, peak load, and deformation [39]. This is 

evidenced in Figure 3-9 -Figure 3-11 below. 



      

  82 

   

(a)       (b) 

Figure 3-9 (a) Geometrical arrangement of test specimen (b) Finite Element Meshing on 

MASA (Quarter slab model) (Taken from [39]) 

   

(a)      (b) 

Figure 3-10 crack pattern and failure mode (a) experimental specimen (b) Numerical 

simulation on MASA (Taken from [39]) 

 

Figure 3-11 Load Deflection Diagram (Redrawn based on [39]) 
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Hence with this model it is verified that the numerical tool can predict the failure load as well 

as the corresponding deformation for slabs that fail due to punching shear. 

3.3.1.2 Shear Dominated failure of column 

The capability of the numerical tool in predicting shear dominated failure of reinforced column 

the San Diego column was validated numerically [10].  

                          

(a)                 (b) 

Figure 3-12 Half model of San Diego Column (a) concrete meshing (b) reinforcement 

meshing (Taken from [10]) 

     

(a)      (b) 

Figure 3-13 principal tensile strain (a) concrete bending and shear strain (b) failed 

reinforcement under shear (Taken from  [10]) 
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In both numerical and experimental analysis, 

¶ Diagonal shear failure is the observed mode of failure. 

¶ Similar crack patterns are observed and  

¶ The stirrup has yielded. 

 

(a)      (b) 

Figure 3-14 Load Deformation diagram (a) concrete bending and shear strain (b) failed 

reinforcement under shear (Taken from [10]) 

3.3.1.3 Tension dominated failure of concrete 

The shear failure can be classified rather as a diagonal tension failure. Hence it is crucial to 

assess the reliability of the MASA model for tension dominated behavior of RC members.  This 

type of failure is usually observed in steel concrete connection like fastening technology, if we 

consider steel embedded in concrete then the failure will be either on the steel or on the 

concrete. If the steel is strong enough the failure mode is going to be governed by the tension 

capacity of concrete. At first, the stiffness is governed by the steel elongation. With increasing 
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load, the concrete around the base of the steel will crush as it reaches its tensile stress 

capacity. This will reduce the load deformation diagram stiffness as now it is governed by the 

concrete strength [41]. 

 

Figure 3-15 Nonlinear load displacement behavior of anchor (concrete failing in tension -

concrete cone failure) (Taken from [40] ) 

)Î ΣΫΫΫ /ĿÂÏÌÔ ÅÔ ÁÌȢ [41], model an experimentally tested steel embedded in concrete and 

that fails due to concrete cone failure which is tension dominated failure mode as is shown in 

Figure 3-16 . From Figure 3-16, it can be clearly seen that the crack pattern of the experimental 

result and the principal tensile strain (crack pattern) of the numerical modeling are in good 

agreement.  

 

(a) 
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(b) 

Figure 3-16  crack pattern comparison during pull-out of a headed stud: (a) principal strain 

during numerical modeling (= crack pattern) (b) experimental crack pattern (Taken from 

[42]) 

From the above work it can be concluded that the finite element tool MASA through 

microplane material model for concrete and trilinear stress strain relation for reinforcement 

along with modified crack band approach, can realistically predict behavior for a number of 

different reinforced concrete structures [10].  

So far, the validation of the numerical tool is done based on previous research work. It shows 

that the numerical tool is versatile as it can capture the failure mode, load deformation 

diagram crack pattern and also internal stresses. From the result it is safe to use the tool for 

variable loading condition, material property and boundary conditions as the numerical 

output is reasonably consistent with the experimental findings. 

3.4 Summary section 

From the result of this section, it is shown that the numerical tools can efficiently be used to 

predict the structural performance of an individual (slab element) as well as combined (beam 

column) structural systems with reasonable accuracy. Specifically, the numerical tool MASA is 

validated for versatile loading condition and can be safely used for better understanding of 

quasi brittle material like concrete. When appropriately validated, the numerical analysis 
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provides insight in understanding different structural systems. The result clearly shows that 

the selected numerical tool is proven to be an effective numerical tool in simulating both 

flexure dominated and shear dominated slabs. 

In the next section, the numerical tool MASA is used to deeply understand the mechanism of 

punching shear failure in shear critical RC slabs. The major punching shear contributing 

parameters are identified and assessed in how they can influence punching shear strength of 

RC slabs.
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4 Development of Predictive Equation for Punching Shear Failure of RC 

Slabs  

4.1 Validations of the numerical modeling approach in the framework of the 

present work 

When reinforced concrete structures are loaded beyond their design load carrying capacity 

different types of failures can be observed. Among the different types of failure, the 

predominant failure type will result in total failure of the structural system. In slabs three types 

of failure can be observed. These are punching shear failure, flexure-punching failure, and 

pure flexural failure. In these sub-section two types of slabs are validated: the first failed due 

to punching (PG6) while the second failed due to flexure punching (PM2). 

In the numerical analysis concrete is modeled as microplane four node tetrahedral solid 

element as can be seen from Figure 3-3 (a). In an attempt to optimize analysis time and space 

consumption with accuracy of result finer meshing with minimum element size of 13mm 

around the load point is considered. This meshing size increases gradually as we go far from 

the loading column. The steel reinforcement is modeled as eight node hexahedral solid 

element. The reinforcement is discretized in to 12 elements along the cross-section as can be 

seen from Figure 3-4. Along the length it is discretized with elements having a minimum length 

of 15 mm. The slab specimen is supported on eight rods that provide vertical as well as lateral 

restraints in both x and y direction. The boundary condition of the slab is shown in Figure 4-1. 
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Figure 4-1 Slab boundary condition (Supporting Rod and Loading Plate) on quarter model 

To study the punching shear behavior of flat slabs with low flexural reinforcement Guandalini, 

et al. [36] performed 11 experiments with varying flexural reinforcement ratio and member 

size. From these experiments test PG6 is used for validation here. This test specimen is 

selected because it is adequately reinforced in flexure, which resulted in a punching shear 

failure. Furthermore, specimen PM2 tested by Fernández et,al. 2013 [37] was selected for 

validation. The second specimen is selected because it is lightly reinforced in flexure and 

flexural reinforcements yield prior to punching shear failure. They tested 20 slabs 

(photographic view of PM2 is shown on Figure 4-2 c) to study the effect of integrity 

reinforcement on progressive failure of slab due to punching shear [37]. The detailed 

geometry and material property of slabs PG6 and PM2 are summarized on Table 4-1.  

Table 4-1 Geometry and Material Property of slabs validated 

Parameter Units PM2 PG6 Parameter Units PM2 PG6 

Slab Width, B mm 1500 1500 Yield Strength of Steel, fy MPa 601 526 

Slab Length, L mm 1500 1500 Ultimate Strength of Steel, fu MPa 664 607 

8 l  ΩΡ 3ÔÅÅÌ 2ÏÄ 

100x00x10mm Linear 

Elastic Loading Steel Plate 
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Slab Depth, h mm 125 125 Modules of Strain Hardening, Esh MPa 3000 3000 

Slab Cover, d' mm 23 29 &ÌÅØÕÒÁÌ 2ÅÉÎÆÏÒÃÅÍÅÎÔ 2ÁÔÉÏȟ ʍ % 0.49 1.5 

Column Size, c mm 130 130 Modules of Elasticity of Concrete, Ec GPa 29 28 

Slab Effective Depth, d mm 102 96 Compressive Cylindrical Strength, fc
' MPa 36.5 34.7 

Flexural Rebar Area, As mm2/m 500 1440 Concrete Tensile Strength, fct
' MPa 3.3 3.23 

 

 

(a)                                                                                  (b) 

 

(c) 

Figure 4-2 Schematic drawing of slabs used for numerical validation a) PG6 [36] b) PM2 [37], 

c) experimental setup of PM2 (Taken from [37]) 
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As the slabs are symmetric about two orthogonal planes, only a quarter model of the slab is 

used in the analysis for optimizing the run-time of the simulations. This might result in a slight 

increase on the estimated load carrying capacity as the symmetry is a broken symmetry after 

the onset of crack. 

The crack patterns (failure modes) obtained for specimen PG6 is shown in Figure 4-3, while 

the load-displacement curves are plotted in Figure 4-4. The results of the numerical analysis 

for specimen PG6 are in good agreement with the experimental result. In the experiment it 

was reported that the failure mode was pure punching. Most of the flexural reinforcement 

were stressed less than the elastic limit. The specimen in the numerical model also fails in pure 

punching prior to yielding of flexural reinforcements. The peak load at failure and the 

corresponding deflection at failure are consistently captured. The load-displacement diagram 

obtained from the analysis follows the same path as the experimental result as shown in 

Figure 4-4. The peak load and deformation are estimated with a nominal difference from the 

test results of 1.68% and 6.78%, respectively.  

At first, flexural cracks appear under the loading points (location of maximum bending 

moments) as shown in  Figure 4-3a ÔÈÉÓ ÉÓ ÁÌÓÏ ÓÈÏ×Î ÁÔ ÐÏÉÎÔ ȬÁȭ ÏÆ ÔÈÅ ÌÏÁÄ ÄÅÆÏÒÍÁÔÉÏÎ 

diagram Figure 4-4. The peak load corresponds to the formation of the major shear crack this 

ÉÓ ÐÏÉÎÔ ȬÂȭ ÏÆ ÔÈÅ ÌÏÁÄ ÄÅÆÏÒÍÁÔÉÏÎ ÄÉÁÇÒÁÍ Figure 4-4. Until this point there is an increase in  

 

                                        (a)                                                                                 (b) 
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                                              (c)                                                                                (d) 

 

(e)                                                 (f)  

Figure 4-3 Specimen PG6: crack propagation (a) flexural crack (b) onset of shear crack (c) 

crack at peak load (d) Post punching crack (e) plan view of flexural crack at peak load (f) 

plan view of flexural crack after punching failure at ultimate load. 

ÓÈÅÁÒ ÃÁÐÁÃÉÔÙ ÁÓ ÔÈÅ ÓÈÅÁÒ ÔÒÁÎÓÆÅÒ ÉÓ ÓÔÉÌÌ ÔÈÅÒÅ ÅÖÅÎ ÁÆÔÅÒ ÃÒÁÃËȢ  !Ô ÐÅÁË ÌÏÁÄ ɉÐÏÉÎÔ ȬÂȭ ÏÆ 

Figure 4-4) around 87% of the steel strength is utilized. This flexural reinforcement is located 

at the mid span of the slab where maximum moment is expected to occur. Hence, the failure 

mode corresponds to pure punching shear failure, without yielding of reinforcement as 

reported in the experiment [36].  

The results obtained by the numerical analysis of specimen PM2 [37] are also in good 

agreement with the experimental results. The load-displacement curves displayed in Figure 

4-4 show a good overall correspondence between experimental and numerical results. The 

peak load prediction capacity is acceptable and demonstrates a variation of 0.21% from the 

experiment. However, there is a visible difference in the initial stiffness between the 

experimental and analytical results. This is possibly due to the drying shrinkage induced self-
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equilibrated stresses in the slab prior to loading, which influences the initial stiffness of the 

experimental specimen [38]. This drying shrinkage effect was not introduced in the numerical  

 
Figure 4-4 Load deformation diagram of experimental and numerical modeling of PG6 & 

PM2. 
modeling as there is no information reported on the experimental data about the drying 

shrinkage. The post peak response shows a rapid degradation due to fracture of concrete 

followed by rupture of the flexural reinforcement which was also reported in the experiment 

ÔÈÉÓ ÉÓ ÒÅÌÁÔÅÄ ÔÏ ÐÏÉÎÔ ȬÅȭ ÏÆ Figure 4-4.  

The predicted failure mode is flexural failure followed by punching shear, which can be 

verified from the crack propagation shown in Figure 4-5. As the load increases the flexural 

cracks are intercepted by the shear crack around the mid-section of the slab. Before reaching 

the peak load, the flexural rebar yields which results in relatively large displacement of the 

slab before peak. Figure 4-5 (a) shows flexure and shear crack at yielding of the rebar in (b) 

the crack becomes larger and deeper as the rebar has yielded which leads to (c) where the 

rebar reaches its ultimate stress capacity. Even after the peak load the strain of the steel is 

3.3%o this indicates the rebar has not fractured. This observation asserts that the final mode 

of failure is governed by crushing of concrete. 
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(a)                                                                                          (b) 

 

(c)                                                                                          (d) 

 

(e)                                                                                            (f) 

Figure 4-5 Specimen PM2: crack propagation (a) flexure-shear crack at yielding (b) onset of 
ultimate Rebar stress (c) crack at peak load (ultimate rebar stress) (d) post peak crack 
pattern (e) plan view of flexural crack at rebar yielding (f) plan view of flexural crack at 

ultimate rebar stress. 

In PM2, the width of the flexural crack increases which is expected for slab with lower amount 

of flexural reinforcement. The failure mode reported in Figure 4-5 corresponds well with the 

results reported in the work of Fernadez [37]. 

From this sub section and the previous section, it can be concluded that the numerical tool 

can be reliably used to study the mechanism of punching shear performance of RC slabs. 

Hence, in the next sub-section the numerical tool is used to conduct parametric study, code 

comparison and development of empirical equation to predict the punching shear capacity of 

RC slabs without shear reinforcements. 
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4.2 Parameters  

Following the validation, the numerical tool MASA is used to carry out a detailed parametric 

study in which the influence of major parameters on punching shear strength were evaluated. 

To better understand the influence of each parameter individually, at a time, only one 

parameter was varied while keeping all other parameters constant. The chosen parameters 

are concrete compressive strength [C-Series], slab thickness [D-Series], steel reinforcement 

ÒÁÔÉÏ ɍ ʍ -Series], and column size [P-Series]. Table 4-2 summarizes the different combination 

of parameters used in this study. A total of 28 cases are considered. In all cases diameter 

20mm with a spacing of 100mm are used as flexural reinforcement and slab dimensions are 

kept as 1500x1500mm. For the C-series two sets of groups were used, (i) with low flexural 

ÒÅÉÎÆÏÒÃÅÍÅÎÔ ɉʍϾ0.49% diameter 8mm bar at every 100mm) and (ii) with high flexural 

ÒÅÉÎÆÏÒÃÅÍÅÎÔ ɉʍϾ1.5% diameter 20mm bar at every 100mm). 

Based on the evaluation of the results, the section aims to come up with a simple and 

statistically improved punching shear capacity predictive equation. At last different punching 

shear predictive equation given by building codes are evaluated and compared with the 

predictive equation. 

Table 4-2 Slab Designation and Parameters Considered  

Series Model 
Name 

Cube Concrete 
compressive 

strength, (MPa) 
fcu 

Flexural 
Reinforcement 
2ÁÔÉÏ ʍ ɉϷɊ 

Tensile 
strength, Mean 

(MPa) 
ft=0.3*(fc')^(2/3)  

Fracture 
Energy   Gf = 
(8*fc' 0.7)/1000 

Slab 
Depth d, 

mm 

Column Size  
(mm x mm) 

C-Series 

0-ʍ#ΤΧ 28 

1.5 & 0.49 

2.38 0.0705 

87.1 130x130 

0-ʍ#ΥΧ 36 2.82 0.0841 

0-ʍ#ΦΧ 44 3.22 0.0968 

0-ʍ#ΧΧ 52 3.60 0.1088 

0-ʍ#ΨΧ 60 3.96 0.1202 

0-ʍ#ΩΧ 68 4.31 0.1312 

0-ʍ#ΪΧ 76 4.64 0.1418 

0-ʍ#ΣΡΡ 88 5.11 0.1572 

0-ʍ#ΣΤΡ 104 5.72 0.1767 

ʍ-Series 0-ʍʍΡȢΦΫ 36 0.49 2.82 0.0841 87.1 130x130 
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0-ʍʍΡȢΪΡ 0.8 

0-ʍʍΣȢΡ 1 

0-ʍʍΣȢΧ 1.5 

0-ʍʍΤȢΡ 2 

D-Series 

0-ʍ$ΣΡΡ 

36 

 
1.5 2.82 0.0841 

63.95 

130x130 

0-ʍ$ΣΤΧ 87.1 

0-ʍ$ΤΡΡ 157.65 

0-ʍ$ΤΤΧ 181.39 

0-ʍ$ΤΧΡ 205.2 

0-ʍ$ΥΡΡ 253.02 

0-ʍ$ΦΡΡ 349.18 

0-ʍ$ΧΡΡ 445.82 

PM2D500 0.49 463.1 

P-Series 

0-ʍ0ΣΡ 

36 1.5 2.82 0.0841 87.1 

100x100 

0-ʍ0ΣΥ 130x130 

0-ʍ0ΣΨ 160x160 

0-ʍ0ΤΡ 200x200 

0-ʍ0ΤΧ 250x250 

0-ʍ0ΥΡ 300x300 

4.3 Influence of Slab Depth  

So far, most of the experiments conducted have conventional slab depth which is below 

300mm overall slab depth. In research conducted by Li [59] this value increase to 500mm 

which is higher than the conventional slab depth. Even this is not large enough to study size 

effect considering the type of member depth that we are having these days. Hence size effect 

which is address through fracture energy in the numerical model is studied in this sub section. 

The energy required to create new crack surface (fracture energy) reduces gradually as 

member size increase, this can explain size effect partly. It is to be noted that these types of 

structures are becoming more common these days, especially on foundation structures.  

In this research, the maximum slab depth considered is 500mm. Hence, the total slab depth 

is varied from 100mm to 500mm with a constant reinforcement ratio and spacing. This 

resulted in an effective depth varying from 63.95 mm to 445.8 mm. As expected, increasing 

slab depth leads to an increase of punching shear failure load of the slab. The failure load 
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obtained from the numerical analysis is plotted as a function of the slab total depth in Figure 

4-6.The overall trend of increasing punching shear failure load of the slab with increasing 

effective depth of the slab lies within the trends of different predictive equations. In addition 

to increase in the load carrying capacity, increasing the slab depth changes the load-deflection 

diagram from relatively flat to sharper peak which is accompanied by smaller deformation at 

ÆÁÉÌÕÒÅȢ 4ÈÅ ÓÌÁÂ ×ÉÔÈ ΣΡΡÍÍ ÔÏÔÁÌ ÄÅÐÔÈ ɉ0-ʍ$ΣΡΡɊ ÒÅÁÃÈÅÓ ÐÅÁË ÁÔ Á ÒÅÌÁÔÉÖÅÌÙ ÌÁÒÇÅ 

deformation and as the depth increase peak load deformation decreases. As the slab depth 

increases the post peak load-deflection diagram becomes steeper.  As shown in Figure 4-6 and 

Figure 4-7, PM2D500 and PMʍD500 differ only in the amount of flexural reinforcement ratio 

where it is increased from 0.49% to 1.5%. This change results in 15% shear capacity enhancement 

which shows the influence of reinforcement ratio on punching shear capacity. As the slab 

ÄÅÐÔÈ ÉÎÃÒÅÁÓÅ ÆÒÏÍ 0-ʍ$ΣΡΡ ÔÏ 0-ʍ$ΧΡΡ ÔÈÅ ÃÒÁÃËÉÎÇ ÌÏÁÄ ÁÌÓÏ ÓÅÅÍ ÔÏ ÉÎÃÒÅÁÓÅ ×ÉÔÈ ÉÔȢ 

This phenomenon was explained by Li 2000, [59]. As the slab depth increases the failure mode 

changes from flexural failure to flexure punching and finally to punching shear failure.  

 

Figure 4-6 Effect of Slab Depth on Punching Shear Capacity 
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Figure 4-7 Effect of Slab Depth on Load Deformation Diagram 

The failure shear stress is shown to reduce as the slab depth increases. This is explained as 

size effect by different researchers [59][68] [69] . The punching shear failure load increases 

roughly as a function of d1.5, which is attributed to the size effect of concrete. The punching 

shear area is proportional to d2, while the consideration of highest size effect would result in 

the punching shear strength inversely proportional to d0.5, thus resulting in an overall 

dependency of the punching shear failure load to d1.5. This is analogous to the concrete cone 

breakout failure load in case of anchorages [70] (Eligehausen et al., 2006). Figure 4-8 shows 

the relation between slab depth and failure shear stress. The slab depth increment also results  

in reduced percentage utilization of flexural reinforcement.  As the slab depth vary from 

100mm to 500mm the flexural reinforcement utilization (Which is calculated as ʎy/fy) reduces 

from 86% to 58.6%. This reduction is shown on Figure 4-8 where higher percentage reduction 

is seen when the slab depth changes from 150mm to 200mm. 
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(a) 

 
(b) 

Figure 4-8  Effect of slab depth on a) Failure stress b) Percentage utilization of flexural 
reinforcement  

The inclined shear crack becomes more dominant when the depth of the slab increases, which 

is evidenced in Figure 4-9. Figure 4-9 ÁɊ ÓÈÏ×Ó ÃÒÁÃË ÐÁÔÔÅÒÎ ÏÆ 0-ʍ$ΣΡΡ ×ÈÅÒÅ ÔÈÅ ÆÌÅØÕÒÁÌ 

cracks are predominant whereas on Figure 4-9 g) less flexural cracks with concentrated 

inclined shear cracks is observed.  
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The red part of the stress contour is a place on surface of concrete where the principal tensile 

strain exceeds 0.02 and it corresponds to zero stress transfer as the crack width in this place 

is larger than the maximum crack spacing to cause interface shear transfer. 

 
(a)                                                                              (b) 

 
(c)                                                                            (d) 

 
(e)                                                                                     (f) 

 
(g) 

Figure 4-9  Crack pattern at failure for slab depth from 100mm to 500mm 

4.4 Influence of Concrete Grade  

From the data bank it can be observed that the cylindrical concrete grade fȭc varied from 20 

to 119MPa. Generally, it is observed that increasing concrete strength increases the punching 

shear force. For ÓÌÁÂÓ ×ÉÔÈ ÁÄÅÑÕÁÔÅ ÆÌÅØÕÒÁÌ ÒÅÉÎÆÏÒÃÅÍÅÎÔÓȟ ɍ0-ʍ #ͺÓÅÒÉÅÓɎȟ ÉÎÃÒÅÁÓÉÎÇ ÔÈÅ 
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concrete grade results in higher punching shear capacity. This continues until the failure mode 

changes to flexural punching where steel yielding happens before punching. The capacity 

increment rate reduces when the concrete grade reaches 75MPa. Increasing the concrete 

grade beyond this value has shown reduced peak load increment. In Figure 4-10 it is shown 

that the increment rate becomes flatter after 75MPa. This is due to the change in failure mode. 

With the increase of concrete grade from low to high strength the brittle punching failure 

mode changes to flexure-punching failure. This is due to higher flexural rebar utilization with 

higher concrete grade, which finally results in yielding of more flexural reinforcements. 

      

(a) 
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(b) 

Figure 4-10   Effect of concrete grade on punching strength (a) adequately reinforced slab 
ɉʍϾΣ.5) ɉÂɊ ÌÉÇÈÔÌÙ ÒÅÉÎÆÏÒÃÅÄ ÓÌÁÂ ɉʍϾΡ.49) 

For lightly reinforced slabs [PM2 C_series] the punching shear capacity increase with concrete 

grade until 45MPa.  After that the capacity keeps increasing but with reduced slope. The 

reduction in increment is due to change in failure mode where it changes to flexural yielding.  

Effect of concrete grade on load-deflection diagram for both series is shown in Figure 4-10. 

As the concrete strength becomes higher the descending branch of the load deformation 

diagram becomes steep. Hence the high concrete strength usage results in a more brittle post 

peak load deformation diagram. This is believed to be due to smooth crack formation in high 

strength concrete which results in loss of interface shear transfer mechanism. 

    

(a) 
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(b) 

Figure 4-11 Effect of concrete grade on Load deformation diagram (a) Adequately reinforced 
ÓÌÁÂ ɉʍϾΣ.ΧɊ ɉÂɊ ÌÉÇÈÔÌÙ ÒÅÉÎÆÏÒÃÅÄ ÓÌÁÂ ɉʍϾΡ.49) 

As the concrete grade increases the flexural reinforcement and the concrete are utilized to 

their full capacity. This resulted in increased load carrying capacity accompanied by more 

visible cracks and deformation.  

The progression of crack is illustrated in Figure 4-12 shows a gradual increase in both the 

number of cracks and crack depth as we transition from (a) to (f). This increase in crack is 

accompanied by increase in deformation which is shown in Figure 4-11. The observation from 

Figure 4-12 illustrate at lower load the number of cracks is relatively small. This crack number 

increases with higher concrete grades. The observed trend suggests that increasing concrete 

grade leads to larger number of cracks and larger crack size as it is evidenced in Figure 4-12. 

This phenomenon may be attributed to changes in microstructure and or mechanical 

properties of concrete which is resulted from increased concrete grade. 
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Furthermore, the result of the analysis shows that crack pattern is not perfectly symmetrical. 

One plausible explanation for this asymmetry is the analysis sequence employed. The 

numerical analysis starts from elements and nodes at one end and continue to elements and 

nodes at the other end. This will result in different stiffness on opposite sides of the loading 

column, hence leading to the observed broken symmetry.   

 
(a)                                                                                        (b) 

 
(c)                                                                                         (d) 

 
                           (e)                                                                                           (f) 

 
                           (e)                                                                                           (f) 

Figure 4-12 Crack pattern at peak load for variable concrete grade from C25-C100 

The gradual reduction of capacity increment rate mentioned earlier can be related to the 

increase in percentage utilization of flexural rebar where the flexural reinforcement is 
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stressed close to its yield capacity. This is because even if the concrete capacity is higher the 

steel cannot take additional load beyond its ultimate stress capacity. 

 

Figure 4-13 Percentage utilization of flexural reinforcement 

4.5 Influence of Flexural Reinforcement Ratio 

In the parametric study it is observed that increasing the flexural reinforcement results in 

higher punching shear capacity. As the flexural reinforcement ratio increases from 0.49% to 

2.0% the failure mode changes first from flexure to flexure-punching and finally from flexure-

punching to pure punching. It also results in 33% increase in the punching shear force. As can 

be seen from Figure 4-14 only flexural reinforcements at an average radius of 3,5d from 

column center are mobilized for dowel action. It is also seen that this reinforcement not only 

changes the failure mode but also enhance the punching shear capacity significantly in a 

relation of fourth root like the suggestion of Long [43]. It is observed that increasing the 

flexural reinforcement increases the punching capacity with steep slope up to certain point. 
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Beyond this value the dowel action contribution becomes minimal. For the given geometry of 

slab, the increment  

 
(a)                                                                                         (b) 

 
(c)                                                                                         (d) 

Figure 4-14  3ÔÒÅÓÓ ÏÎ ÆÌÅØÕÒÁÌ ÒÅÉÎÆÏÒÃÅÍÅÎÔ ÃÏÎÔÒÉÂÕÔÉÎÇ ÔÏ ÄÏ×ÅÌ ÁÃÔÉÏÎ ɉÁɊ 0-ʍʍΡȢΦΫȟ ɉÂɊ 
0-ʍʍΣȢΡȟ ɉÃɊ 0-ʍʍΣȢΧȟ ɉÁɊ 0-ʍʍΤȢΡ 
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become minimal beyond 1.5% reinforcement ratio this is evidenced on Figure 4-15 and Figure 

4-16.  The effect of diameter of reinforcement on the punching shear performance while 

keeping the flexural reinforcement ratio constant is shown in section 4.7  

Increasing flexural reinforcement ratio resulted in more brittle failure where the peak load 

deformation reduces gradually. The observed reduction in peak load deformation can be 

grouped in three zones having similar characteristics as shown in Figure 4-15. Zone one shows 

steeper deformation reduction (sharp negative slope). This case is encountered when having 

slab with lower ÆÌÅØÕÒÁÌ ÒÅÉÎÆÏÒÃÅÍÅÎÔ ÒÁÔÉÏ ɍ0-ʍʍ0.49 - 0-ʍʍ0.8]. The failure mode is 

flexural failure with large peak load deformation. Zone two shows constant deformation 

(flatt er slope) and these values are resulted when moderate amount of flexural reinforcement 

ÒÁÔÉÏ ɍ0-ʍʍ0.8 Ǫ 0-ʍʍ1.5] is used. When large amount of flexural reinforcement ɍ0-ʍʍ1.5 - 

Ϊ 0-ʍʍ2.0] is used the deformation reduce gradually with a very small amount.  The three 

zones are summarized on  Figure 4-15b. 

       
(a) 
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(b) 

Figure 4-15  Effect of flexural reinforcement action on (a) Failure load (b) Peak load 
deformation  

As it can be seen from Figure 4-16 lower reinforcement ratio results in more ductile type of 

failure. This is because even though the slabs finally fail in punching, they will undergo large 

deformation before failure as the flexural rebar yields. This is clearly seen on 0-ʍʍ0.49 where 

the reinforcement yields and reach to ultimate flexural stress. In 0-ʍʍ0.8 yielding of flexural 

reinforcement is observed. But before ultimate stress is reached concrete crushes which 

results in flexure punching type of failure.   
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Figure 4-16  Effect of flexural reinforcement on load deformation diagram 

The percentage utilization of the flexural reinforcement in relation to its yield capacity ɉʎy/fy) 

reduces as the amount of reinforcement ratio increases this results in a more brittle but higher 

failure load. Figure 4-17 shows reduction of reinforcement utilization with increasing of 

reinforcement ratio.  )Î ÔÈÅ ÆÉÇÕÒÅ ʎy is the acting stress and fy is the yield stress. 

 
Figure 4-17  Percentage reinforcement utilization 



      

  110 

)Î ÔÈÅ ÃÁÓÅ ÏÆ ÓÌÁÂ ×ÉÔÈ ÌÁÒÇÅ ÁÍÏÕÎÔ ÏÆ ÆÌÅØÕÒÁÌ ÒÅÉÎÆÏÒÃÅÍÅÎÔ ÒÁÔÉÏ ɍ0-ʍʍ1.5 ÁÎÄ 0-ʍʍ2.0] 

the flexural cracks are relatively small. This is believed to be due to the larger compression 

zone which reduces the tension zone which means smaller tensile or bending crack. The 

reduced bending crack enhances the mechanism of shear transfer, which is also explained by 

Regan 1981, [44] . The reinforcement also reduced the width of the crack which makes the 

interface shear transfer (aggregate interlock) more effective which also makes the dowel 

action higher. As the bending crack reduces the shear crack becomes more dominant and it 

also becomes more localized. This localization results in secondary punching shear crack. 

Figure 4-18 a) shows flexure dominated crack while b) to d) shows shear dominated crack at 

failure where the flexural crack reduces, and the shear crack becomes more pronounced. 

 
(a)                                                                       (b) 

 
(c)                                                                          (d) 

Figure 4-18   Crack ÐÁÔÔÅÒÎ ÁÔ ÆÁÉÌÕÒÅ ÆÏÒ ɉÁɊ 0-ʍʍ0.49, (b) 0-ʍʍ ʍϾΣȟ ɉÃɊ 0-ʍʍ ʍϾ1.5, (d) 
0-ʍʍ ʍϾΤ 

As can be seen from Figure 4-19 on the bottom surface (tension side) of the slab the crack 

pattern is more severe ×ÈÅÎ ÔÈÅ ÆÌÅØÕÒÁÌ ÒÅÉÎÆÏÒÃÅÍÅÎÔ ÒÁÔÉÏ ÉÓ ÓÍÁÌÌ ÁÓ ÉÎ 0-ʍʍ0.49. 

Increasing the flexural reinforcement ratio results in reduced flexural crack at the bottom face 

and the crack localized around the column, as explained by Muttoni [17]. )Î ÁÌÌ ÔÈÅ ʍ-series  
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(a)                                                 (b)                                                  (c) 

                    
(d)                                                                 (e) 

Figure 4-19   Flexural ÃÒÁÃË ÐÁÔÔÅÒÎ ÏÎ ÔÅÎÓÉÏÎ ÓÉÄÅ ÏÆ ÔÈÅ ÓÌÁÂ ÁÔ ÆÁÉÌÕÒÅ ɉÁɊ ʍϾ0.49ȟ ɉÂɊ ʍϾ0.8, 
ɉÃɊ ʍϾ1.0ȟ ɉÄɊ ʍϾ1.5, ɉÅɊ ʍϾ2.0 

slabs the tangential crack is concentrated around the column. This is because of radial 

curvature which is concentrated around the column. It creates concentric cracks which vanish 

as we go far from the column support and only radial crack is visible on the furthest part of 

the slab.  

4.6 Influence of Column Size  

The effect of column size is studied by changing the size of the loading plate. This is varied 

from 100mm to 300mm. It is observed that changing the column size enhance the punching 

shear capacity. As the column size increases the critical zone will be far away from the column 

center this will enhance the punching shear resistance for two reasons first the resisting area 

or the part of the slab to be truncated will be large and as a result larger load will be needed 
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to cause punching shear failure. Second the tributary area will be reduced with increasing size 

of column and as a result the overall punching shear resistance increase.  The post peak 

branch of the load deformation diagram also becomes flatter  as the column size increase.  

 

Figure 4-20 Effect of column size on load deformation diagram 

From Figure 4-22 The flexural crack at the tension side of the slab becomes more severe as 

the column size increases. This is because of the shift in failure mode where at smaller column 

size punching shear failure is the governing mode of failure. When the column size increases 

the slab can carry more load. The additional load that comes due to column size increment 

will result more reinforcement to be activated which happens after flexural crack. The 

capacity increment associated with column size increment is due to the shift in critical zone, 

this shift will result in two benefits: first the resisting area of the slab will be higher as the 

critical control perimeter is getting bigger. Second, the acting shear stress is reducing because 

the tributary area to be transferred is reducing (the load is getting closer to the support). 
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Figure 4-21 Effect of column size on Peak Load  

     
(a)                                            (b)                                               (c) 

Figure 4-22 Effect of column size on Crack patterna) C=100mm, b) C=160mm, c) C=300mm] 

4.7 Influence of Flexural Reinforcement Spacing 

The last parameter studied in this section is the effect of spacing of flexural reinforcement or 

effect of bar diameter. This parametric study is done by varying the spacing of flexural 

reinforcement while keeping the flexural reinforcement ratio constant (1.5%). Figure 4-23 

shows that effect of spacing on punching shear capacity is insignificant. It is also seen that the 
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peak load deformation is increased slightly with increasing spacing of the reinforcement. The 

size of the flexural crack increase as the reinforcement spacing increase but the number of 

cracks reduced as the spacing increase. One possible reason for these results is the 

contribution of the flexural reinforcement diameter. As the spacing increases so does the 

diameter of the flexural reinforcement. This increase in bar diameter can enhance the 

contribution of flexural reinforcement which are dowel action and better aggregate interlock  

 
(a) 

 
(b) 

Figure 4-23 Effect of Reinforcement spacing on punching shear strength, a) Load 
Deformation diagram b) Effect of spacing on peak load  
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due to reduced dilatancy. Effect of dowel action can be visualized by considering to extrema 

type of reinforcement, wire type reinforcement and large diameter reinforcement in case of 

wire type it resembles fiber type of concrete which have lower punching shear strength due 

to the lower of dowel action higher dilatancy (resulting in lower aggregate interlock 

contribution). Note that the current codes do not consider the influence of reinforcement 

spacing, which seems reasonable as shown by the results of the analysis.  



      

  116 

4.8 Development of a Predictive Equation 

In the pervious subsection, a detailed assessment was performed to analyze the effect of 

different parameters on the punching shear performance of reinforced concrete slabs. Out of 

the parameters studied concrete grade, slab depth, flexural reinforcement ratio and column 

size have major impact on the punching shear performance of an RC slabs. Here these 

parameters are systematically evaluated to determine the impact of these parameters 

quantitatively on punching shear performance of an RC slabs. 

For the derivation of the equation in the parametric study two sets of slab series are 

considered. The first series considers slab with low amount of flexural reinforcement that fails 

in flexure punching. Series two takes into account slab with adequate amount of flexural 

reinforcement that fails in pure punching shear. 

By numerically representing the trend of these parameters an empirical equation is derived 

using power relation. Figure 4-24 below shows trend of each parameter on punching shear 

capacity of RC slabs. 

 
(a) 
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(b) 

 
(c) 
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(d) 

Figure 4-24 Effect of different parameters on punching shear performance, Trend of  (a) 
Concrete grade (b) Flexural reinforcement ratio (c) Slab depth, (d) Column size 

The punching shear resistance of an RC slab without shear reinforcement is represented with 

the following expression, 

 

 

Where, 
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 ɻȡ Á ÆÁÃÔÏÒ ÔÏ ÁÃÃÏÕÎÔ ÃÏÎÔÒÉÂÕÔÉÏÎ ÏÆ ÃÏÎÃÒÅÔÅ  

ɼȡ Á ÆÁÃÔÏÒ ÔÏ ÁÃÃÏÕÎÔ ÃÏÎÔÒÉÂÕÔÉÏÎ ÏÆ reinforcement  
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ɿȡ Á ÆÁÃÔÏÒ ÔÏ ÁÃÃÏÕÎÔ ÃÏÎÔÒÉÂÕÔÉÏÎ ÏÆ ÃÏÌÕÍÎ ÓÉÚÅ ÆÏÒ ÔÈÅ ÖÁÌÕÅ ÏÆ ÔÈÉÓ factors refer 

Figure 4-24. 

 fc = fcm : Mean cylindrical strength of concrete in MPa 

 ʍȡ &ÌÅØÕÒÁÌ ÒÅÉÎÆÏÒÃÅÍÅÎÔ ÒÁÔÉÏ ÉÎ ÐÅÒÃÅÎÔ 

 d: Effective depth of slab in mm 

 C: Loading column size (Plate size) in mm 

Vc,i: Punching shear capacity of ith slab 

Based on the relation observed from the above parametric study the following empirical 

equation is proposed.  

( )()() ()( )
0.4 0.3 1.45 0.25

, 95Rm c cmV f d Cr=                 Equation 4-2 

The prediction accuracy is compared statistically with different codes. The result of the 

comparison is summarized in Table 4-3 for mean level equation of different building codes. 

Generally, the codes prediction is conservative for most cases. most of the codes become un 

conservative when dealing with lightly reinforced high strength concrete and large member 

size. This can be seen from Figure 4-6 and Figure 4-10 b. The peak load prediction for codes 

and proposed equation are shown on Figure 4-25.  

After the derivation of the equation different experimentally tested slabs shown in annex A 

of this thesis are used to see the accuracy of the prediction capacity of the proposed equation. 

It is observed that the proposed equation gives better prediction with coefficient of variation 

of 0,137 while ACI, Eurocode, Japanese code and CSA A23.3-14 [47] code gives 0.231, 0.172, 0.17 

and 0.231 respectively. Also the R2 value is 98,7% while ACI, Eurocode, Japanese code and CSA 

A23.3-14 [47] code gives 90% , 96% , 93% and 90% respectively. This is summarized on Table 4-3. 

The mean level and the characteristic level equations of different building codes used for the 

comparison is summarized and presented in the following sub section.   
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4.8.1 Characteristic Level and Mean Level Equations  

4.8.1.1 According to ACI 318-19 [46]  

Characteristic value 

 

 

 

Mean value 
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4.8.1.2 Canadian Code CSA A23.3-14 [47]  

Characteristic value 
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                Equation 4-10 
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,
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, 0.507Rm c c cm oV f b dlf=                 Equation 4-14 

 

4.8.1.3 According to Eurocode EN 2004-1-1, [45]  

Characteristic value 

 ( )( )
( ) ( )
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                    Equation 4-16 

4.8.1.4 Japanese Code JSCE 15, 2007 [48]   

Design value 
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         0.8ck cuf f=      1.3cg=           Equation 4-17 

Characteristic value 
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, ,.Rk c c Rd cV Vg= ,    Where c ckf f=                  

,Rk c d p r ck pV f U db b b=       0.8ck cuf f=   

Equation 4-18 
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            ( )1 1.64 0.75k Sg= - =     8cm ckf f= + 

, 1.33 . . . . .Rm c d p r cm pV f U db b b=  

Equation 4-19 

Based on the proposed equation and the codal predictions from the four different building 

code provisions, a detailed comparison of the punching shear resistance has been conducted 

at the mean level. The results of this comparison, indicating the punching shear performance 

among the different codes, have been thoroughly analyzed and are summarized in following 

table. 

Table 4-3 Ratio of experiment to predicted failure loads for different equations  

ACI 318-19 
[46]  

CSA A23.3-
14 1994 

[47] 

EN 2004 1-1  
[45] 

JSCE 15-
2007  [48]  

Equation 
4-2 

AVG 1.52 1.33 1.25 1.26 0.98 

STDEV 0.35 0.31 0.22 0.25 0.14 

COV 0.23 0.23 0.18 0.20 0.14 

MIN 0.56 0.49 0.69 0.59 0.57 

R2 0.91 0.91 0.97 0.93 0.99 

Figure 4-25 shows the correlation between the experimental data from literature with ACI 318-

19 [46] , CSA A23.3-14 1994 [47], EN 2004 1-1  [45], JSCE 15-2007  [48] , code and proposed 

equation prediction. 
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(a)       

 
(b) 
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(c)                                                                    

 

 (d) 
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(e)                                                                     

 

(f)  

Figure 4-25  Correlation of experimental value with (a ) ACI 318-19 [46]  (b) CSA A23.3-14 1994 
[47] (c) EN 2004 1-1 [45] (d) JSCE 15-2007 [48]  (e) Proposed equation and, (f) all Codes VS 

Proposed equation 
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4.9 Comparison of Proposed Predictive Equation and Building Codes  

The result of the FE software prediction is compared with the punching shear capacity 

estimation of EN 2004 1-1 [45], JSCE 15-2007 [48] , CSA A23.3-14 1994 [47] and ACI 318-19 [46] . 

Referring Figure 4-25 a & b ACI 318-19 [46]  and CSA A23.3-14 [47]  code CSA A23.3-14 [47] 

prediction is conservative for slab with normal strength concrete with conventional slab 

depth and high amount of flexural reinforcement. This conservativeness is more pronounced 

when considering rounded control perimeter. Generally, for large slab depth with low amount 

of flexural reinforcement and high strength concrete ACI 318-19 [46]  and CSA A23.3-14 code 

[47] prediction overestimate the punching shear capacity. In 0-ʍ$ΧΡΡ ÁÎÄ 0-Τ$ΧΡΡ ÔÈÅ 

reinforcement changes from 1.5% to 0.49%. The punching shear capacity reduced by 20%. But 

this reduction is not captured in ACI 318-19 [46]  and CSA A23.3-14 [47] code. Both codes give 

a slightly higher value due to an increase in effective depth. This is because the two codes do 

not consider the effect of flexural reinforcement. 

Statistically EN 2004 [45] and Japanese code JSCE 15 2007 [48]  prediction is closer to the 

experimental values. This could be due to the incorporation of the contribution of flexural 

reinforcement in the punching shear equation. For large depth slab both EN 2004 [45] and 

Japanese code overestimate the punching shear strength. Generally, based on the analysis of 

this result all codes give unsafe results when dealing with slab with large depth, low 

reinforcement ratio and large loading column size. For detailed code comparison please refer 

the annex A which presents the analysis of the data bank.  

4.10 Section Summary 

The section mainly conducted a parametric study to identify factors contributing to punching 

shear strength of reinforced concrete slabs. punching shear performance of an RC slab. 

Afterwards, a simple and statistically acceptable predictive equation for punching shear 

strength estimation is proposed. Comparison of different building code provisions against 
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existing data bank and proposed equation show that the prediction capacity of the proposed 

equation is statically improved from existing codes provisions. Concrete strength, slab depth, 

flexural reinforcement ratio and loading column size are found to significantly influence 

punching shear strength. However, the numerical analysis shows that spacing or flexural 

reinforcement and or diameter of flexural reinforcement has minimal influence on punching 

shear strength of reinforced concrete slabs. 

As we compare different building codes with each other, all building codes consider pseudo-

critical control perimeter as punching shear critical section which varies from d/2 to 2d from 

the loading column. While all codes consider size effect, there is a difference in how it is 

considered. EN 2004 [45] and JSCE 15 2007 [48]  consider this effect when slab depth exceeds 

200mm while ACI 318-19 [46]  and CSA A23.3-14 start at 250mm and 300mm respectively. The 

contribution of flexural reinforcement is not accounted for in ACI 318-19 [46]  and CSA A23.3-

14, which is considered in EN 2004 [45] and JSCE 15 2007 [48]  . Considering this parameter is 

crucial for realistic predictions of punching shear performance, as flexural reinforcement 

contributes through dowel action and enhancing aggregate interlock by reducing dilatancy. 
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5 Numerical and Experimental Investigations on Strengthening of RC 

Slabs.  

Reinforced concrete structures are designed and constructed to resist and carry a certain type 

and magnitude of load and serve a specific function. However, there are number of structures 

that faces both design and construction defects. In addition, the function of RC structures 

may be changed leading to increased demand in structural capacity. RC structures may also 

deteriorate due to durability related mechanism or aging.  In such circumstances needs arise 

for enhancing the resistance capacity of components of structure which has strength 

problems using different strengthening technics. In reinforced concrete flat slab punching 

shear is a critical load and causes failure of the slab in a brittle manner. If the existing flat slab 

is inadequate to resist acting punching shear stress, it has to be strengthened using 

appropriate methods of strengthening. So far different strengthening techniques have been 

proposed [23][26]. Some of the techniques used are introduction of bonded flexural 

reinforcement, increasing column size below the slab, introduction of column capital (made 

of steel or concrete), increasing overall slab depth, introduction of post installed shear 

reinforcement with mechanical or bonded anchorage as discussed in section 2.4.2. 

The application of post installed shear reinforcement using bonding agent and/or screw 

connections being among the most convenient methods. This is due to the minimal 

disturbance of the norma service of the structure as the intervention is done from the sofit of 

the slab. The application of post installed shear reinforcement for slab strengthening was 

used by Miguel et.al in 2010 [23] where an inclined post installed shear reinforcement is 

introduced by drilling a hole, placing the post installed shear reinforcement and bonding it 

with the slab using epoxy bonding. At the end of the post-installed shear reinforcement an 

end cap is placed to avoid bond failure of the installed bars. From the experimental result is 

observed that there is an increase in punching shear capacity and corresponding deformation 

[23]. The application of screw anchor was introduced by Ondrej K. et al. 2018. They used screw 
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connection instead of bonding agent and end cap. The result shows a significant increase in 

deformation and punching shear capacity. They also checked the applicability and 

effectiveness of screw anchor on cracked and uncracked concrete [67]. 

In this research, the effect of post installed reinforcement as punching shear reinforcement is 

studied. Even though the idea of post installed punching shear reinforcement is not essentially 

new, it is not efficiently utilized as the amount of reinforcement introduced and the strength 

enhancement are not comparable [23].  In this research, systematic investigations are carried 

out to characterize the influence of post installed reinforcement on the punching shear 

behavior and capacity of RC slabs. First, the effect of the amount of post installed shear 

reinforcement is studied, then the plan arrangement of the introduced shear reinforcement 

is studied finally the arrangement of this bar in elevation is studied. In the analysis the 

effectiveness of proposed strengthening method is measured through load deformation 

diagram, increased punching shear capacity, crack pattern and flexural and shear 

reinforcement utilization ɉʎy/fy) through strain measurement. The punching shear capacity 

prediction of ACI 318-19 [46]  and EN 2004 [45] for slab with shear reinforcement is also 

evaluated and presented. Significant amount of capacity increment is observed with smaller 

amount of post installed shear reinforcement by placing the reinforcement at variable 

orientation. This chapter presents the details and results of the numerical and experimental 

campaign. 

5.1 Numerical Modelling and Experimental Design  

A detailed numerical analysis of the slabs was conducted prior to the experiment for two main 

objectives: firstly, to devise an optimal experimental design, and secondly to validate the 

numerical tool capability in predicting punching shear performance of slab with shear 

reinforcements. The same numerical tool (MASA) used in the previous sections is employed 

here. The tool is recognized for its robustness and versatility in multi-scale analysis where it is 

integrated with FEMAP for pre-processing and post-processing activity.  
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Through repeated numerical analysis the geometry of the slab the amount of flexural 

reinforcement boundary condition and parameters to be varied are identified. The geometry 

of the slab is 1100x1100x100mm slab with two bundle diameter 8mm flexural reinforcement. 

The detail of the post installed shear reinforcement and other details of the experimental 

design is summarized in Table 5-1. 

Table 5-1 Summary of experimental design  

Slab Type/ Naming 
Post installed shear reinforcement  

Support condition 
Number Diameter, mm 

1_ Control specimen  - - 
8 diameter 20 mm 

rods at 45o from each 

other and 400mm from 

the column loading 

point 

2_4_Std_P 4 8 

3_8_Std_2+ 8 8 

4_4_Std_45o 4 8 

5_8_Std_22.5o 8 8 

6_8_ Std_ Inclined 8 8 

5.2 Numerical Modeling procedure 

In numerical modeling, concrete is modeled using 4-node solid tetrahedral finite element. 

Concrete stress strain diagram both in tension and compression is defined as shown in Figure 

3-6. The material properties used for modeling of concrete behavior are listed in Table 5-2. The 

input parameters are computed using the following relations,  
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The steel reinforcement is modeled using solid eight node hexahedral elements as 3D solid 

finite elements. Von-Mieses Plasticity model with strain hardening as shown in Figure 3-5 is 

employed.  Perfect bond is assumed between steel and concrete for flexural reinforcement. 

Modeling reinforcing bars as solid allows proper consideration of dowel action of the 
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reinforcement. The material properties used for modeling of reinforcement behavior are 

listed in Table 5-2. 

The bond between punching shear reinforcement and concrete using the epoxy-based 

adhesive is modeled using special bar elements that transfer compression and shear (bond) 

between reinforcement and concrete. The bond stress-slip curve used to model bond is 

shown in Figure 3-7. The details of the material properties required to characterize the bond 

stress ɀ slip relation is presented in Table 5-3. 

Specimens: prior to experimental setup three-dimensional nonlinear finite element analyses 

were carried out for 6 specimens. The specimens modeled in MASA-FEMAP are like the ones 

used in experiment with insignificant variation.  

Materials: The compressive strength of concrete used in the numerical model is the same with 

the values acquired by testing cube specimen during casting of the slab. In addition, tensile 

strength test is also done for the reinforcements used in the specimens. Detailed description 

of material parameters used in the numerical analysis is shown in  Table 5-2. 

Table 5-2 Material strength Parameters used in numerical analysis  

Parameters Used for Concrete 

Slab Type Mean Cylin.  
Comp. Strength, 

fc (MPa) 

tensile 
strength, ft 

(MPa) 

Youngs Modulus, 
Ec, (GPa) 

fracture 
energy, Gf 

Poisson'
Ó ÒÁÔÉÏȟ ʉ 

1_ Control specimen  24.67 2.54 28.85 0.0754 

0.18 

2_4_Std_P 25.43 2.59 29.11 0.0771 

3_8_Std_2+ 23.16 2.44 28.30 0.0722 

4_4_Std_45o  24.86 2.56 28.91 0.0759 

5_8_Std_22.5o 23.27 2.45 28.34 0.0724 

6_8_ Std_Incl 23.68 2.47 28.49 0.0733 

Parameters Used for Steel Reinforcement   

   Yield stress 
(MPa) 

Ultimate 
stress 
(MPa) 

Modulus of 
Elasticity, Es, 

(GPa) 

Hardening 
Modulus, 
Esh, (MPa) 

Poisson'
Ó ÒÁÔÉÏȟ ʉ 

All Specimens 585 630 200 3000 0.33 
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Table 5-3 Bond Stress-Slip Relation ship 

M͆ax, (MPa) 19.00 

r͆, (MPa) 8.00 

S1, (mm) 0.01 

S2, (mm) 0.20 

S3, (mm) 2.00 

Loading plates and support bearings were modeled as elastic elements characterized by 

unyielding linear elastic behavior. Detail of the finite element modeling is shown in Figure 5-1. 

Support condition and loading: The slabs were simply supported with 0.4 m clear distance 

between the supports and the column loading point. Elastic bearing plates are used at the 

support and at the point of load application. To capture the post peak behavior of the slabs, 

a displacement-controlled analysis is performed by applying a downward displacement of 

0.075 mm per step for 150 load steps at mid span. 

                                                               

             (a)                                                    (b)                                                         (c) 
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                                          (d)                                                              (e)                                      (f)  

 

(g) 

Figure 5-1 Detail for Finite Element modeling, (a) Tetrahedron mesh of concrete, (b) 

Modeling of steel, concrete and loading plate. (c) Hexahedron mesh of flexural 

reinforcement, (d) Plan view of each quarter specimen (e) Side view of specimen (f) 

Hexahedron mesh and bond modeling of PISR (g) Front view of specimen 

5.3 Result of Numerical analysis 

All the six specimens are modeled with same geometry, same flexural reinforcement, variable 

area of post installed shear reinforcement and variable arrangement of post installed shear 

reinforcement both in plan and elevation.  Results that were obtained from numerical 

modeling are peak load at failure, deformation at peak load, crack pattern, stress on flexural 

and shear reinforcement, crack pattern and stress distribution at an interior section. The 

failure modes, crack pattern at failure and load-deflection diagram of each specimen are 

shown in Figure 5-2 and Figure 5-3. 






















































































































































































































