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Abstract

This thesis investigates efficient schemes for parameterized multi-
scale problems. The reduced basis method is a well-known technique
for the reduction of computational effort for parameterized partial
differential equations. Herein two extensions of the methodology are
introduced.

First, an extension to problems with high parameter dimension
is suggested. This so-called online greedy basis construction ap-
proach relies on building parameter-dependent reduced-dimensional
approximation spaces during the main computational phase, the so-
called online-phase. Bases constructed using the online greedy basis
construction are much smaller than those constructed using conven-
tional greedy methods and runtime improvements can be observed
for certain cases.

Secondly, the reduced basis method is combined with ideas from
so-called multiscale methods to make it applicable to problems with
multiscale character by overcoming the lack of control over the run-
time of its preparatory phase, the so-called offline-phase. It is estab-
lished that a novel approach, the localized reduced basis multiscale
method, allows to displace the computational effort between the two
phases of the reduced basis method. This technique is applied to
stationary heat diffusion problems and to two-phase flow in porous
media.

Additional performance can be reached by using multiscale meth-
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ods as efficient solvers during the preparatory phase of the localized
reduced basis method. A parallelization concept for these methods
is introduced and scaling tests for an implementation of the concept
are presented.

Finally some details on our implementations of multiscale methods
and of the aforementioned extensions to the reduced basis method
are presented.

20



Zusammenfassung

Diese Dissertation untersucht effiziente Algorithmen zur Behandlung
von parametrisierten Mehrskalenproblemen. Eine Standardmetho-
de der Modellreduktion fiir parametrisierte partielle Differentialglei-
chungen ist die Reduzierte Basis Methode. In dieser Arbeit werden
zwei Erweiterungen der Methodik vorgestellt.

Zuerst wird eine Erweiterung der Reduzierte Basis Methode auf
Probleme mit hoher Parameterdimension eingefiihrt. Dazu wird ein
Algorithmus zur Konstruktion eines parameterabhingigen Appro-
ximationsraumes niedriger Dimension definiert. Dieser Algorithmus
— ausgefiihrt wiahrend der eigentlichen Simulationsphase der Redu-
zierte Basis Methode, der sogenannten Online-Phase — erméglicht
deutlich kleinere reduzierte Basen als herkommliche Anséitze und
unter bestimmten Voraussetzungen werden reduzierte Laufzeiten im
Vergleich zur herkémmlichen Basiskonstruktion erreicht.

Weiterhin wird die Reduzierte Basis Methode mit Ideen aus dem
Bereich der Mehrskalenmethoden verkniipft. Es wird damit méglich,
die Laufzeit der vorbereitenden Phase der Reduzierte Basis Metho-
de, der sogenannten Offline-Phase, zu kontrollieren. Anhand von An-
wendungen im Bereich von stationdrem Wérmefluss und Mehrpha-
senstromungen in pordsen Medien wird demonstriert, dass die ent-
stehende neue Methode, die Lokalisierte Reduzierte Basis Mehrska-
lenmethode eine Verschiebung des Berechnungsaufwands zwischen
den beiden Phasen der Reduzierte Basis Methode erlaubt und sich

21



der neue Ansatz damit im Bereich von Mehrskalenproblemen an-
wenden l&sst.

Weitere Beschleunigung der Simulation kann durch Anwendung
von Mehrskalenmethoden als effiziente Loser wihrend der Offline-
Phase der Lokalisierten Reduzierte Basis Mehrskalenmethode er-
reicht werden. Ein Parallelisierungskonzept fiir diese Methoden wird
eingefithrt und anhand von Skalierungstests untersucht.

Abschlielend werden Implementierungen dieses Parallelisierungs-
konzepts und der oben genannten Erweiterungen der Reduzierte Ba-
sis Methode vorgestellt.
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Chapter

Introduction

As numerical methods find more and more application in real-world
scenarios as for example oil reservoir engineering or COs storage
modeling, demands regarding efficiency and reliability of these meth-
ods also increase. Both oil reservoir engineering and CO, storage
are perfect examples for scenarios with influential physical proper-
ties on different scales: both can usually be modeled by two-phase
flow equations in a porous medium where variations in the small-
scale quantities describing the porous medium (porosity, permeabil-
ity) can influence the global properties of the flow fields heavily.
This calls for discrete models of the flow resolving the small scale
details which in turn easily leads to equation systems with millions
of unknowns for the objective variables (usually the phase pressures
and phase saturations). Additional complexity is added to the prob-
lem when the flow pattern is not only needed for one fixed setting
of the physical properties and model parameters but rather in a
multi-query context. This is the case for optimization scenarios in
oil reservoir engineering, for example, where optimal well positions
and optimal production rates are desired. This may lead to equa-
tions parameterized by boundary values, initial conditions, inflow
and outflow positions and others.

So-called multiscale methods, such as the MSFEM [28], the vari-
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1 Introduction
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Figure 1.1 — Global channels and fine scale details in the perme-
ability field of the SPE 10 benchmark [18].
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ational multiscale method (VMM) [47] or the heterogeneous multi-
scale method (HMM) [26] aim at efficient solution schemes for mul-
tiscale problems by incorporating information about the fine scale
details of the flow into a new basis on a coarser scale. These methods
allow to break down the effort to solution for the afore-mentioned
multiscale problems into several smaller parts and are hence usually
a lot more efficient with respect to memory usage and have promis-
ing features regarding parallelization.

Reduced basis methods [69], as a typical example for model order
reduction techniques, aim at solving the second problem: They pro-
vide means to reduce the computational effort for parameterized par-
tial differential equations by introducing two computational phases:
In a time-consuming preparatory step, the so-called offline phase, a
reduced-dimensional surrogate space — the reduced basis space — is
computed that is used as ansatz space during the now rapid online
phase. The number of degrees of freedom during the online-phase
usually does not depend on the system size arising from the un-
derlying (finite element, discontinuous Galerkin, finite volume, ...)
discretization and hence huge speed-ups over those discretizations
can be reached while ensuring approximation quality via rigorous
and efficiently evaluable a-posteriori error estimators.

In this thesis we study how model problems like the parameterized
multiscale problems named above can be treated efficiently. As a
means to this end, several schemes are investigated.

First, we introduce a new basis generation algorithm for reduced
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1 Introduction

basis methods, the online greedy algorithm. The aim of this algo-
rithm is to adapt the reduced basis method to problems with high
parameter dimensions and problems with high sensitivity with re-
spect to the parameter. For both cases, the standard reduced basis
approach usually shows poor performance.

Secondly, we introduce a new approach combining ideas from mul-
tiscale and model order reduction methods: The localized reduced ba-
sis multiscale method computes localized reduced basis spaces and
decreases the workload during the offline phase which can be pro-
hibitively large for the traditional reduced basis method when ap-
plied to multiscale problems.

Thirdly, we present a parallelization concept for multiscale meth-
ods, especially for the multiscale finite element method. As multi-
scale methods find more and more application in engineering science
and industry, scalable computations on high-performance clusters
become an interesting field of research. Also — the other way around
— multiscale methods show high potential for good scaling even to
era-scale architectures and hence are worth studying even without
having the above-named applications in mind. Here, the term eza-
scale refers to computational systems operating at a rate of 10'®
floating point operations per second. These systems are expected
to govern high-performance computing in the next decade and pose
a great challenge to all parts of a numerical simulation work-flow,
especially to numerical algorithms.

Most parts of this thesis were published in journal articles and
conference proceedings beforehand. In [56] we introduced the online
greedy basis construction algorithm for stationary elliptic problems,
in [23] we introduced a similar method for instationary convection-
diffusion problems.

The concept of localized reduced basis spaces was originally intro-
duced in [57] using different finite element schemes for the local and
global problems. In [2] we applied this idea using the same discon-
tinuous formulation on the local and global scale. Finally, in [55] we
introduced a novel formulation of two-phase flow using our localized
reduced basis approach.

This thesis is structured as follows: in the next chapter, we in-
troduce the reduced basis method including error estimation in de-
tail. Chapter 3 describes the parameterized model for two-phase
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1 Introduction

flow that will be used throughout the work and its discretization
using a discontinuous Galerkin method and the multiscale finite el-
ement method. The above-mentioned online greedy basis construc-
tion algorithm is introduced in Chapter 4. Chapter 5 introduces
the localized reduced basis multiscale method and its application to
stationary heat diffusion and two-phase flow problems. Finally, in
Chapter 7 we introduce software concepts for the implementation
of reduced basis methods and for the parallelization of multiscale
methods.
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Chapter

Reduced Basis Methods

As outlined in the introduction in Chapter 1, the reduced basis (RB)
method is a model order reduction technique for a special class of
partial differential equations (PDEs), so-called parameterized partial
differential equations (PPDEs). In these equations, typically one
or more input values like boundary values, initial data or physical
data like diffusion coefficients, velocity fields or others are treated
as parameters.

In an optimization context these problems then, for example, need
to be solved numerous times and a need for model order reduction
arises that allows the numerous (probably to some extend similar)
solutions to be computed at reduced cost. Another example for these
so-called many-query contexts is the application used in Chapter 5:
Here model order reduction is used to reduce the workload produced
by solving the equation for the unknown phase pressure in each step
of a time stepping scheme.

In real-time contexts, which provide another class of motivating
examples for model order reduction techniques, responses from the
PDE are needed ideally instantaneously. This is the case in optimal
control settings, for example.

For both scenarios, the idea of the reduced basis method and its
ancestors is to provide function spaces that are specifically fit to
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2 Reduced Basis Methods

approximate the manifold of all solutions for the equation at hand
for all possible realizations of the parameters.

First studies comprising the idea of problem-specific approxima-
tion spaces for parameterized problems date back to the 1970s and
1980s, see [69] for an overview. It was then recognized that a-
posteriori error estimation is an important ingredient for successful
application in the context of parametric PDEs [59, 60] both for the
construction of reduced bases using greedy-type algorithms [79] and
for online approximation quality certification. After being applied to
elliptic problems [72, 71, 69, 67] and linear and nonlinear parabolic
problems [34, 74, 33], the methodology was extended to cover linear
and non-linear hyperbolic problems [37, 39, 38].

The list of similar approaches includes the PCA method [52, 15,
53], which is also known as Karhunen-Loéve expansion or proper
orthogonal decomposition method. This method aims at finding best
approximation spaces from a given data set, in this context usually
a set of solution snapshots of the PDE. Other related approaches
are the balanced truncation method and Krylov-subspace methods

We will now introduce the RB method in its most basic form (Sec-
tions 2.1 to 2.4) and give some details on a broadly used a posteriori
error estimator (Section 2.5). Finally, in Section 2.6 we will give
some pointers on recent developments in the field of RB research.

2.1 Model Problem

The key model problem for the introduction of the RB method will
be the parameterized partial differential equation (in the weak form)
given as: For some given suitable Hilbert-space X C L?(Q2) on a
domain Q let u(p) € X be given as the solution to

blu(p),v; ) =l(v; ) Yo € X, (2.1.1)

for u € P where P C RP for p € N denotes a compact set and
b: XXX xP — R denotes a given parameterized bilinear form, that
is: For every pu € P, b(-, -; 1) defines a bilinear form. Correspondingly
[ : X xP — R denotes a given parameterized linear form. The
compact set P will be referred to as the parameter set.
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2.1 Model Problem

Such equations arise, for example, in the context of heat diffusion.
In this case, the parameter p could model the diffusion coefficient,
boundary values or a heat source in the domain.

In the sequel we will assume b(-, ;1) to be symmetric. Further-
more, we assume coercivity and continuity for b:

Assumption 2.1 (Coercivity and Continuity of b). We assume b
to be coercive uniformly with respect to the parameter u, that is

b(v,v; )

Q@ = in >0,
)= oy Tl
where here and later || - || denotes the norm in X induced by its

scalar product (-,-), and there exists o > 0 such that o < a(p) for
all p € P. Furthermore we assume b to be continuous uniformly
with respect to the parameter p, that is

b(v, w; p
() == sup bowip)
v,weX\{0} lv|l][w]|

and there exists v € R such that v(u) < for all u € P.

Remark 2.2. Ezistence and uniqueness of solutions to (2.1.1) is
then guaranteed by the Laz-Milgram theorem if the right hand side
form 1 is continuous for all parameters, that is if

l .
sup (v; 1)
veX\{0} ||UH

< oo, YuewP.

The basis for the introduction of the reduced basis (RB) method
is a discrete formulation of problem (2.1.1). Different methods such
as finite volume (FV), discontinuous Galerkin (DG) or finite element
(FE) methods have been used as a basis for the RB method. For now
we only assume a discrete space V;, C X to be given and introduce
the high-dimensional solution of (2.1.1):

Definition 2.3 (High-Dimensional Solution). Given a discrete func-
tion space V, C X of dimension N = dim(V}), where dim(V,)
denotes the length of a basis of V},, the high-dimensional solution
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2 Reduced Basis Methods

up(p) € Vy to Equation (2.1.1) for a parameter p € P is given as
the solution to

blup(p),v; ) =l(v;p) Yo € V. (2.1.2)

As usual in RB methods, we will consider Definition 2.3 a replace-
ment for the weak formulation (2.1.1): We assume the error between
analytical and high-dimensional solutions to be negligible and com-
pare our reduced approximations only to the high-dimensional ones.

2.2 Reduced Basis Approximation

The RB method reduces the complexity of computing a solution
to the equation at hand from N/ = dim(V},) to N € N, N < N,
by introducing a low-dimensional surrogate Xy, dim(Xy) = N of
the high-dimensional discretization space V. This space Xy is the
linear span of high-dimensional solutions for a given set of parameter
values.

Definition 2.4 (Reduced Basis Space). For a given set of parame-
ters puy, ..., g € P stemming from the parameter set P, the reduced
basis space X is given as

Xy = span ({un(p1), - un(pe)}) -

Here and in the following, span({vs,...,vn}) denotes the linear span
of the set of vectors {vy,...,vx}. Furthermore, we denote by ® =
{¢1,... N}, where N is the dimension of the linear space Xy, an
orthonormal basis of X .

The space X is used to define a reduced-dimensional surrogate
for Equation (2.1.2) where we look for a solution uy(u) € Xy for a
given parameter y € P:

blun(p),vn; ) =l vn; ) Yon € Xn. (2.2.1)

Remark 2.5. As Assumption 2.1 ensures coercivity and continuity
on the reduced space Xy (due to Xy C X), the reduced-dimensional
equation (2.2.1) has a unique solution: Equation (2.2.1) is a linear
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2.3 Offline=Online Decomposition

problem in finite space dimension. Therefore existence and unique-
ness of solutions are equivalent. Let uy(p) and ug(p) be two solutions
to (2.2.1). We then have

bu (p) — ua(p), ua(p) — uz(p); p)
= (uy(p) — ua(p); ) — s (p) — uz(p); 1)
= 0.

Therefore

0 = bur (k) — ua (), ur(p) — u2(p); 1)
> afluy(p) — uz(p)||

with a > 0. Hence we have ||Juy(p) — uz(p)|| = 0, that is ui(pn) =
uz(p).-

Introducing the vector uy(p) € RY, the matrix-valued function
Ay P — RVN with (An(p))i; = b(gj, pi; 1), and the vector-
valued function by : P — RY with (by(1)); = [(¢s; i), the reduced
dimensional equation system for Equation (2.2.1) is given as

An(p) - un(p) = by (p), (2.2.2)

which is of much smaller size (N < N) than the arising equation
system for the high-dimensional discretization (Definition 2.3) but
typically dense. The computational effort for solving is thus re-
duced from O(N?) to O(N3). The complexity of the assembly of
the reduced-dimensional system (2.2.2) still depends on N, though.
In the next paragraph we will therefore introduce a scheme that
decouples the overall complexity of (2.2.2) from N.

2.3 Offline—Online Decomposition

The main idea of the RB method is the so-called offline—online split-
ting of all computations: We introduce two phases of RB computa-
tions:

Offline phase During this phase, all A'-dependent computations are
performed. In particular, the linear subspace Xy of the high-
dimensional space V} is built up with the aim of finding the
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2 Reduced Basis Methods

best approximation of the manifold of all possible solutions
M(P) = {u(p)|n € P}. This phase may be very expensive as
a certain amount of solutions uy (14;) and potentially additional
data like operator projections need to be computed.

Online phase During this phase, the equation at hand is solved in
the reduced space Xy for a given parameter p. This phase is
ideally totally independent of A, and therefore usually very
fast.

While the construction of Xy can clearly be done during the of-
fline phase, the assembly of the equation system (2.2.2) needs to
be done for every new given parameter y during the online phase.
As this requires evaluations of b at the solutions wp(u;), the on-
line phase would depend on A'. We thus make the assumption of
parameter-separability:

Assumption 2.6. Assume b, | to be parameter-separable, that is
for all u,v € V), we assume

b(u, v; ) Z@q )04 (u, v),

p) = Z O (1)1 (u)

for a set of parameter-dependent functions ©f,07 : P — R, a set of
parameter-independent bilinear and, respectively, linear forms b? :
Vi xVp =R, 19:V, = R and given numbers Qyp, Q; € N.

Using Assumption 2.6, the assembly of the system (2.2.2) can be
done in two steps: During the offline phase, after computing the
reduced basis space Xy, project the parameter-independent com-
ponents of b and [ to X :

2.3.1
(b%)i =1%(p:i), 1<q¢<Q,1<i<N. (23.1)
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2.4 Reduced Basis Construction

During the online phase, it then only remains to sum up the pre-
computed components:

Qo Qi
An() =3 OUmAL, bl =Y Olwbl.  (232)

If parameter separability can not be fulfilled for the equation
at hand, approximation techniques like the empirical interpolation
method (EIM) [8], the empirical operator interpolation method [39,
24] or the discrete empirical interpolation method (DEIM) [14] can
be applied, see Section 2.6. For the sake of simplicity of the expo-
sition of our key points we will nevertheless henceforth assume that
an affine separation as in Assumption 2.6 is possible for the given
bilinear forms.

2.4 Reduced Basis Construction

It remains to clarify how the parameters puq,...,us for the con-
struction of the reduced space Xy in Definition 2.4 are chosen. In
the following we introduce a greedy-type algorithm [79] that is fre-
quently used in the construction of RB spaces and give some hints
on approximation quality using this algorithm.

2.4.1 Greedy Algorithm

Let the training set Py, Py C P, be a finite subset of the param-
eter set. The training set can for example be comprised of a set of
random points in P or the set of vertices of a structured mesh in
the parameter set. Furthermore we assume an efficient and reliable
a-posteriori error estimator Ay, : P — [0, 00) with

Jun () —un ()| < Ax; (1)

for 4 € P to be given. Details on the estimator used throughout
this work are given in Section 2.5.

Algorithm 2.7 (Greedy Basis Construction). Choose an initial-
ization parameter Wi € P, a maximum basis size Npax € N,
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2 Reduced Basis Methods

[ Initialize J—>[ Compute up, ]\

No/ [ Extend basis j

h

Error Compute all
tolerance reduced
fulfilled? solutions
Yes \ /
Find maximum Evaluate error
error estimator
Done

Figure 2.1 — [llustration of the greedy basis construction method
(Algorithm 2.7).

Npax > 0, a tolerance € > 0 and a training set Py C P. Fur-
thermore, let a projection wg : Vi, — Vi, for a subset ¥ C V, be
giwen. The basis construction algorithm then proceeds as follows:

1. Initialize the reduced basis: Set ®g = {wa(up(finit))} and
X = span(®y)
2. Fori1=0,..., Npax-

a) Compute the reduced-dimensional solutions u(u) € X; for
all parameters i € Py, (see Equation (2.2.1)).

b) Evaluate the error estimator for all parameters in the
training set:

€n = AXi (/’(')a V/,L € P

If max,ep, e, <e€: Set N =1, Xy = X; and break.
¢) Find the parameter giving the worst approzimation in the

current basis:

Pmax = arg mMax e,,.
HEP

If multiple parameters fulfill this criterion, select one ran-
domly.
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2.4 Reduced Basis Construction

d) Compute the high-dimensional solution up(lmax) for the
parameter fimax using (2.1.2).

e) Extend the reduced basis with wp(fmax):
Pip1 = @; U {wa, (un(pmax))}

f) Set X;11 =span(®;11). If i = Npax: Set N =i, Xy =
X;.

A widely used example for the mapping wy : Vi — Vp is the
Gram-Schmidt orthogonalization in conjunction with an normaliza-
tion with respect to a certain norm. Figure 2.1 illustrates the course
of action of Algorithm 2.7.

2.4.2 Approximation Quality

Using a straightforward computation one can show a result similar
to Céa’s lemma:

inf — .
oot s (1) = on]

In other words: the reduced basis scheme (2.2.1) computes a quasi
best-approximation in the reduced basis space Xy. The question
of approximation quality of the reduced basis method is therefore
brought down to the question of optimal construction of the space
Xn. In [13, 12] the notion of the Kolmogorov n-width is used to
answer this question. The Kolmogorov n-width d,, (M) of a compact
subset M of a Hilbert space X" is defined as

lun (1) — un ()] < (

dn, = inf fllv—wl,
M) = b, s inf flv—w]

where Y C X denotes a linear subspace. It can then be demon-
strated that if the reduced basis is constructed using Algorithm 2.7
and if the Kolmogorov n-width of M(P) = {u(u)|px € P} decays
polynomially, the reduced basis method converges polynomially: If

dp(M(P)) < ME™*,
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2 Reduced Basis Methods

for a > 0 and M > 0, then for a given approximation quality ¢ of
the high-dimensional scheme (||u(u) — up ()| < €):

u(p) — wr(p)|| < Cmax {Mk~“,e} VueP,

where C := (1 + 2%)¢"/?(49)*, q := [2°t277112 and uy () denotes
the reduced solution in the RB space of dimension k. Here, for a
given real number r € R, [r] denotes the smallest natural number
m € N such that » < m and the constant 7 € (0, 1] depends on the
training set P, and the estimator Ay,.

A similar statement holds if the convergence of the Kolmogorov
n-width is exponential, see [12].

These results were extended to basis construction using the POD-
Greedy method [39] for instationary problems in [35].

2.5 Error Estimation

One crucial ingredient of the reduced basis method is a posteriori
error estimation. FError estimation is used for basis construction
during the offline phase in Algorithm 2.7 and for certification by
approximation quality control during the online phase. In our work
we use a residual-based estimator which is shortly outlined in this
paragraph. For more details we refer to [69, 2].

Definition 2.8. For b given from (2.1.1) we denote by |||, : Vi —
[0,00) the parameter-dependent energy norm

lull,, = blu,us )72,

Next we introduce the residual and its representation via the Riesz
representation theorem.

Definition 2.9. For a given function u € Vj, let the residual rp[u] :
Vih x P — R be given by

rr[ul(vs p) = Uvs p) — b(u,vi ) Vo € V.

As b defines a scalar product on Vy,, the residual can be represented
by r,, (@) € Vh, via the Riesz representation theorem, given a param-
eter @ € P

b(ru(p),v; ) = rpfu)(vip) Yo € V.
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2.5 Error Estimation

We can now state the residual-based a posteriori error estimator
that will be used in the rest of this work.

Theorem 2.10 (A Posteriori Error Estimate). Assume O} (p) > 0,
b9 (u,u) >0 for allp € P, u € X and 1 < q¢ < Qp and denote

Axy(n) = 17 oy (1) |5

om(p)
with og(p), vz(p) € R,

O (1)

. S
(1) = Ip\H) O b
ap(p) = e S7n) V() :

max .
1<¢<Q, O}(R)

(2.5.1)

Then for parameters p, i € P, we have

1

m ||TuN(u) Hf < Jun(p) — uN(M)Hg < Axy (),

that is: The energy norm of the representation of the residual for
the reduced approximation un(p) provides an efficient and rigorous
estimate for the discrepancy to the high-dimensional solution up(u).

Proof. For a proof see [69]. O

Remark 2.11. Equation (2.5.1) represents the so-called min-© ap-
proach for providing computable lower (upper) bounds to the coer-
cwity (continuity) constant o (y) [69]. Another approach is the
successive constraint method (SCM) [48].

Efficient Evaluation of the Error Estimator

As mentioned before, the estimator will not only be used in the
basis construction during the offline phase but also for certification
purposes during the online phase. We will therefore describe in this
section how evaluations of the error estimator can be decomposed
into computationally intensive steps that are independent of the
parameter but only depend on the degrees of freedom of the dis-
cretization space V}, and steps dependent on the parameter that are
computationally inexpensive. The idea here again is to make use of
the affine decomposition (Assumption 2.6) of the underlying system.
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2 Reduced Basis Methods

As a preparation of evaluations of the error estimator in a reduced
space Xy we compute the components r{ € Vj,, ¢ € {1,...,Q;}

b(rl,v;m) =1%(v) Vv eV,

and the components r} € Vs, ¢ € {1,...,Qp - N} with

b(rl()jfl)'NH,v;ﬁ) =V (p;,v) Yo €V,
where & = {¢;|]1 < i < N} denotes a basis of Xy, see Section
2.1. For the sake of simplicity of the following presentation, we
collect the energy products of all components r{, r{ in one matrix
G eR?*%.Q, = Qi+ QN

(G Gy
G—<G3 G4>, (2.5.2)

where

(Gl)i’j = b(rliv rlj;ﬁ)7 (GQ)Z'J = b(?"li,T‘Z;ﬁL
(G3)ij = b(ry,rsm),  (Ga)iyj = b(ry, 7] 0).

Finally, we define the parameter vector ©,.(u, uy) € R@" for a given
parameter p € P and a given reduced function uy € Xy:

OF (1), if k <@y,

(@ (un))s =1 @
_(UN)ZC—)I;(:U)? 61867

where i = ((k — @Q;) mod N), j = % + 1. The evaluation

Ax, (1) of the error estimator is then given as

Ay () = O run)T G O (). (253)
am(p)
Here we used the notation vT to denote the transpose of a vector
v € R™ for m € N.

By using this scheme, the computational complexity of evaluations
of the error estimator is now independent of ' but only polynomial
in Q, < N. Furthermore, @, does not depend on the size of the un-
derlying mesh but is a constant determined by the modeling process
and therefore does not change when the mesh is refined.
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2.6 Recent Developments

As mentioned in Section 2.3 the assumption of separable parameter
dependence of data functions and physical properties is not crucial
as affine parameter dependence of the bilinear and linear forms in
Assumption 2.6 can be introduced using different techniques.

In [8] an empirical interpolation method was introduced that en-
ables efficient, fully offline—online decoupled computations for prob-
lems with non-separable parameter dependence. For a given non-
separably parameter-dependent data function g(;u) € L*(Q) N
C°(2), the idea of this method is to iteratively build up a so-
called collateral reduced basis qi,...,qum, @ €& — R such that gy :
AxP =R, gylz;p) = Zn]\fczl Orm (1) gm(x) is a good approxi-
mation of g(x; p). Here, the parameter-independent collateral basis
functions ¢; are, broadly speaking, residuals normalized at itera-
tively selected parameter values that are computed during the offline
phase. The parameter-dependent coefficients ¢, are solutions to
a lower-triangular system of size M, that needs to be solved during
the online phase of the RB algorithm.

The gain of this approach is an online phase complexity indepen-
dent of A/. The additional cost introduced by solving the equation
system for the coefficients for the collateral basis is usually accept-
able as M. < N. It was shown that in some cases M. =~ N is a good
choice [33] where N denotes the size of the reduced basis introduced
in the last sections.

The empirical interpolation method and the similar discrete em-
pirical interpolation method were applied in different non-linear and
non-separable contexts as for example in a two-phase flow setting
[25] and especially for the simulation of non-linear miscible viscous
fingering in porous media [15].

Equations with high sensitivity with respect to the parameter
and large extent of the parameter domain usually yield large re-
duced bases and hence reduced gain by application of the reduced
basis method. Different methods were proposed to overcome this
problem. In [30, 31] an extension to the RB method, the so-called
“hp” reduced basis method was introduced for elliptic and parabolic
PDEs. In this approach, the parameter space is bisected during the
basis construction (h-refinement) and one reduced space is build per
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2 Reduced Basis Methods

parameter subdomain (p-refinement). In the online phase, given a
parameter, the reduced simulation space is then selected via a bi-
nary search. In [36] a similar approach is suggested that allows to
alleviate the problem of over-fitting — a problem that occurs when
the training set Py, is does not cover the parameter set well enough
and the approximation errors during the online phase hence get un-
feasibly large. Towards this end an early-stopping greedy algorithm
is introduced that uses a second set of parameters (in addition to
Pir) to detect over-fitting. If over-fitting is detected, the training pa-
rameter set is refined in order to enhance the approximation quality.
Moreover an adaptive parameter domain partitioning, based on the
early-stopping greedy algorithm is introduced to overcome the prob-
lem of impractically large reduced bases. In [22] the time domain of
evolution problems is partitioned to construct several reduced bases
for the different intervals.

A further effort of overcoming the obstacle of sensible choice of
the training set P;, was introduced in [78]. Therein an alternative
to the maximization step in the greedy algorithm is proposed that
consists in performing nonlinear optimization of the parameter set.

In [42] an alternative sampling strategy for the construction of the
training set is proposed: Using the assumption of (nearly) monotone
error decrease during the greedy algorithm, parameters fulfilling the
error tolerance are discarded and new random ones are added. This
way a much better coverage of the parameter set can be reached and
the probability of the occurrence of over-fitting is reduced.

Another approach to overcome problems arising from large extent
or high dimension of the parameter domain are local greedy approx-
imations as introduced in [62]. Herein, given a parameter, a local
approximation space is constructed during the online phase select-
ing parameters from a training set by proximity in space. Our own
approach, the online greedy basis construction [56] (also see Section
4) uses function similarity (measured by a posteriori error estima-
tion) as selection criterion in a greedy-type algorithm run during
the online phase. The latter approach was also applied to evolution
problems in [23].

A further range of extension to the reduced basis method was in-
troduced to master impractical offline runtimes due to overly expen-
sive snapshot computations: In its basic form introduced above, the
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RB method does not allow to control the workload introduced by the
computation of high-dimensional snapshots. This can be prohibitive
for models leading to very detailed high-dimensional discretizations
like two-phase flow applications in porous media, for example. This
challenge was answered by different extensions to the RB method in
the last years.

The reduced basis element method (RBEM) [58, 61, 16] computes
multiple reduced bases during the offline phase, one for each of
a set of representative domains. The computational domain  is
then composed from those representative domains during the on-
line phase (possibly using deformation mappings) and a reduced-
dimensional approximation space is constructed from the precom-
puted spaces using Lagrange multipliers. The reduced basis hybrid
method (RBHM) [50] combines this concept with global finite ele-
ment solutions on a coarse mesh to guarantee continuity of velocities
and stresses across interfaces. The reduced basis domain decompo-
sition finite element method (RDFM) [49] introduces a domain de-
composition approach coupling reduced basis approximation for the
domain spaces and with finite element approximation for the inter-
face. A related approach using RB methods in the context of het-
erogeneous domain decomposition was introduced in [63]. Finally,
our own approach, the localized reduced basis multiscale method
(LRBMS) [57, 2, 55] (also see Chapter 5) makes use of local reduced
basis spaces, stemming from localizations of global snapshots, glued
together via a DG discretization to reduce the number of necessary
snapshot computations during the offline phase.
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Chapter

Two-Phase Flow in
Porous Media

In this chapter we introduce the mathematical model for two-phase
flow that will be used in the remainder of the work. Also, we describe
a discontinuous Galerkin (DG) discretization for the full two-phase
flow problem. Parts of this chapter were originally introduced in
[55].

3.1 Model Problem

Our model problem is the flow of two phases in a spatio-temporal
domain Q x (0,7) C R? x R* where d € {1,2,3} denotes the space
dimension. We use a global pressure, total velocity formulation for
two incompressible, immiscible fluids that includes gravity but no
capillary effects. For a given source term ¢; : Q x (0,7) — R this
yields the equation for the unknown pressure p

-V (A(s)ﬁVp — K[ Aw(8) 0w + Ao(8)00] G) =q inQx(0,T),
(3.1.1)
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3 Two-Phase Flow in Porous Media

where 0, and o, denote the densities for the wetting and non-wetting
phases, respectively, and G is the gravitational force vector

GeRY (Ga=-g, (G);=0forj+#d,

with g being the gravitational acceleration. Furthermore, x denotes
the total permeability and the functions Ay, Ao, A : [0,1] — RT
denote the wetting, non-wetting and total mobility, given by

Aw(s) = kr:;u(:g), Ao(s) = k;r;(()s), A(8) = A (8) + Ao(s), (3.1.2)

where 7, and 7, is the viscosity of the wetting and non-wetting
phase, respectively and the relative permeabilities k. and k,, are
given functions of the saturation s of the wetting phase, which will
be specified in the subsequent sections.

Throughout this work we will assume uniform boundedness of Ak,
that is: there exist ki, ko € R, ko > kq > 0 such that for all v € R?
we have

kiv-v < Aa)s(z)v-v<kow-v Vze (3.1.3)

Using Darcy’s law, the total velocity w is given by

u = —\(8)EVD + K[ Aw(8) 0w + Ao(8)00] G in Q% [0,T], (3.1.4)

and enters the transport equation for the saturation s,

00+ - (fuls) [u+ KAo(5) (0w — 00)G]) =gz in Q% [0,7]
(3.1.5)

Here, g2 : Q x [0,7] — R is a source term, ¢ denotes the porosity of
the porous medium and the fractional flow of water f,, is given by

()
fw(s) - )\U,(S)+)\0(S).

The above three equations for the pressure (3.1.1), velocity (3.1.4)
and saturation (3.1.5) are equipped with the boundary conditions

s=sp in Q4 x[0,T],
—A(8)kVp-n=wvy in 99, x[0,T], (3.1.7)
p=pp indQ,qx[0,T],

(3.1.6)
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on the inflow boundary for the saturation 99,4 C 092 and on the
Dirichlet and Neumann boundaries for the pressure 9§, 4, 0, p
where 09 4 N OQy.,, = 0, 0Qp q U 0y, ,, = 0. Further, we impose
initial conditions

s(-,0) =sp in Q.

3.2 Discontinuous Galerkin Discretization

In this section we introduce the high-dimensional discretization of
problem (3.1.1)—(3.1.7). The term high-dimensional is used here to
indicate the antonym of the reduced (low-dimensional) discretiza-
tion, cf. Section 2.2.

Different schemes are frequently used to discretize (3.1.1)—(3.1.7).
A tendency towards finite-volume-type schemes can be observed in
the literature because they are motivated by local conservation prop-
erties. As it will prove advantageous in the analysis of our reduced
method, we will use a DG discretization with arbitrary local polyno-
mial degree. In particular, we have found the Symmetric Weighted
Interior Penalty (SWIP) DG method [32], including the total ve-
locity reconstruction presented therein, to be very robust and it is
therefore our method of choice in the following.

Discretization

As a first step towards a discrete version of Equations (3.1.1)—(3.1.7),
we introduce a tessellation 7, of the computational domain 2. We
assume 7}, to be admissible in the sense that

e the interior of all elements e € Ty, is nonempty (int(e) # 0),

e the mesh covers the whole domain Q (Q = J ceT, €); this as-
sumption usually restricts the choice of Q to domains with
boundaries that are polygonal chains,

e for any ey, es € Ty, with e; # es the intersection f = e Nesy is

either empty or a joint vertex, edge or (in the case of d = 3)
face.
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An intersection of codimension one of two elements ey, e5 or one ele-
ment e and the boundary 052 is denoted by f and its width by hy =
diam(f). Further, we introduce the element width h, = diam(e),
the grid size h = max.c7;, he, the d-dimensional Lebesgue measure
le| of an element e € T, and the d — 1-dimensional Lebesgue measure
|f] of an intersection f.

With each intersection f we associate a unique normal vector ny,
for which the subscript f will be dropped whenever no ambiguity
arises. We let I', g and I'y, denote all boundary intersections of
Trn where Dirichlet and Neumann conditions for the pressure shall
be implied, respectively, and I's 4 denote all boundary intersections
on which we impose a fixed saturation. Finally, by I'; we denote
the inner intersections and by I'y, = I'p,, UT', g UT; the set of all
intersections. For convenience we denote the set of all intersection
where jump and mean values of functions will be defined by I'; =

I'; U Fp,d.
In addition to the spatial discretization, we introduce a temporal
discretization 9, ...tV € [0,T], t* = i-A; and space-time-discrete

approximations s} ~ s(-,t"), pj ~ p(-,t") of the saturation and the
pressure, both stemming from the so-called DG space.

Definition 3.1 (Discontinuous Galerkin Space). We call the space
of piecewise polynomials of maximum local order k

Vi = {v e L*(Q)|ve €Prle) Vee Ty}
the discontinuous Galerkin space.

In the following we will use £ = 1. Functions in V, are two-valued
on intersections f = e; M ez. Here we assume the unique normal ng
introduced above to point from e; to es. We define jump [-], and
(weighted) mean {-}} ; values for w € V), i.e.,

[[w]]f = Wie; — Wieys

(3.2.1)
flwl; = Ter pwie, + Teo, fWiess

where we used

Qe f

W = 1K) e £=1,2.
o ray () eell oo ()

Teo,f =
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For the sake of readability, the subscript f in [-]|, and {{-}}, will be
dropped in the following whenever no ambiguity arises.

Pressure Equation

Following the ideas in [32], we introduce discrete formulations of
Equations (3.1.1)—(3.1.7). For a given general mobility function - :
Q — RT the bilinear form by (-, +;7y) : Vi x Vi, — R is defined as

bh(U,U};’Y>
= Z /'vadem—i— Z %/ [v] [w] dS
ceTn e feraur, T

= > [ wvo nsh [l + oxVu-ng) fol) S

felr;ul'y 4 f

(3.2.2)
Here, the penalty parameter oy is given as
2a1 ra
op = ;2L (3.2.3)
ay,f + az,f

where ¢y > 0 is a constant that has to be chosen larger than a
minimal threshold depending on the regularity of the mesh.

Remark 3.2. Note that in [32], ar; = |[(VK)e, |z (p) was used.
As the penalty parameter o¢ does not allow an affine decomposition
in that case, we refrain from using the mobility in the penalties and
instead replace the original constant cy by ¢y /max{n,,n.}. Usage of
the original weighted averages and penalties would be possible using
the empirical interpolation method [8, 2/].

The right-hand side for the discrete formulation of the pressure
equation is for s € Vi, Yo,V : @ = RT, v = 7, + v, given via the
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linear form I, (*; Vo, V) : Vi — R,

(W Yo, ) = > [ 1w+ (Yoo + Yw0w)k G - Vw dz
eeTn "¢

— 3 | (000 + 00u)r G g} [w] dS

fEFiUFp,d I

+ Z /f(Zﬁw—van-w)deS

f€lp.a

+ Z /vadS.

felpn
(3.2.4)

At this point we are ready to introduce the high-dimensional dis-
cretization of (3.1.1).

Definition 3.3 (DG Pressure Discretization). For given functions
Yy Yo : & = RY and v = 7 + 70, we call p, € V), the high-
dimensional pressure solution if it satisfies

bh(phaw;’y) = lh(w;’}/ov’yw) Yw € Vh~

Remark 3.4. Problem 3.3 has a unique solution by the Lax-Milgram
theorem since by, is continuous and coercive and lj, is continuous
and bounded if the data functions and the local penalty function are
chosen accordingly [7].

Remark 3.5. Time-dependency enters the DG pressure discretiza-
tion only via the mobility which usually depends on the saturation.
On occasion we will use the discretization 3.3 in a stationary context
as well, where the mobility function v is a given function depending
only on the position in space.

Total Velocity Reconstruction

From a given pressure p, which may be either p, or the solution of
a reduced-dimensional pressure discretization later on, we compute
the total velocity u,, using the conservative reconstruction from [32],
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which yields continuity of the normal components. For k = 1, i.e.,
piecewise linear pressure, the velocity is computed in the lowest-
order Raviart-Thomas space

RT = {u € H(div) ‘u\T € [Po(T))? + xPo(T) VT € T, } :
where H(div) = {v € [L*(Q)]? |V -v € L?() } and x € R?.

Additionally, for v € V, (in the following v = s} or v = p) with
Dirichlet boundary data vp we introduce

[[U]]f ) f € Fia
]} = qv|e —vp, fE€Tua,
Oa f € Fp,n'

Definition 3.6 (DG Velocity Discretization). For a given pressure
p € V), and saturation s € Vp, let the total velocity u, € RT be the
unique solution to

/f (uy, -ny) dS

_ /f 1y {6~ wDus)ow + Aols)eo] GY + 71 o] @S
(3.2.5)

for all f € T'y.

Saturation Equation

The saturation equation is discretized by a DG scheme in space using
an upwind flux in the space of piecewise polynomial functions Vj,.
For the temporal discretization, we use an explicit Euler scheme.

Definition 3.7 (DG Saturation Discretization). For a given satu-
ration s € V}, and velocity u € [V;,]¢, the saturation SZH €V is

49



3 Two-Phase Flow in Porous Media

given as the solution to

¢ n+1
Z/EES" vy, dx

e€Th

= Z /Aitsﬁvhdx—l— Z qovp dx

e€Th ' © e€Th
+ Z [u + Ao (85) (0w — 00)K - G] fuw(sy) - Vo, dz
e€Th V€
=3 [t Al ew — - GY Sulx(si) [on] 4
fer,’t
o -
- > e, s,
fer;uls q s
(3.2.6)
for all v, € Vy. Here the upwind function x is given as
nT
n Sp s f € Fiv
= 3.2.7
x(sh) {sB’ fer (3.2.7)

where SZT denotes the upwind value of sj: If f € I';, there exist
e1, ez € Ty such that f = de; Ndes. Then SZT = smel ifuy, -ny >0
and spT = 32‘62 otherwise. Remember that we assume ny to point

from e; to es. The penalty o in Equation (3.2.6) is the same as for
the pressure equation, see (3.2.3).

Slope Limiter

Discontinuous Galerkin methods require some kind of stabilization
to avoid over- and undershoots if they are to be used in a two-phase
flow context; see [73, 20], for example. Both artificial diffusion and
slope limiters have been used as a means to this end. We will employ
a slope limiter introduced by Dedner et al. [20] that is applicable to
different element types (triangular, tetrahedral, hexahedral, Carte-
sian). We will shortly outline the most important features of the
mass-conservative limiter that we use in our experiments for the
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3.2 Discontinuous Galerkin Discretization

case of a piecewise linear saturation, where we use the “DG scheme”
(in contrast to “DG + R, see [20, Section 6.1]). For more details on
the method and a discussion of the general case of arbitrary poly-
nomial order on s} we refer to [20].

The first step is to compute a so-called shock-detector S : T, —
R*, which for a given saturation s, € Vj, and velocity u, € [V3]%,
reads:

Se) =3 (0.08-d~¢hif|)1/f[[shﬂ as,

fex?

where Z! = {f € T, |f C De,u,, -ny < 0} denotes the upstream in-
terfaces of e. Using S makes it possible to apply the limiter (i.e.,
reduce gradients of the saturation) only on cells in which (strong)
discontinuities are present and therefore unwanted numerical oscil-
lations may occur. In other regions the saturation is left unlim-
ited. In this sense all cells e € 75 with S(e) > 1 or s, (z) ¢ [0, 1]
for some = € e will be marked. Let e* € 7} be such a cell and
{e;]i=1,...,N,} its direct neighbors. We then compute

1 1
gi = Vsp, - (be; — bex) and di:||/ shdx—|*|/ sy, dz,
€; e; & e*

where b, denotes the barycenter of the cell e. From g; and d; we
compute the gradient scales m; by

0, if gzdl <0, ‘gl‘ > 108 and |d2| > 1078,
m; = di/gia if gid; > 0, \gi\ > ‘dz|, |g7;‘ > 108 and |d1| > 10_8,
1, otherwise.

Finally, the stabilized saturation 3, is computed as

/§h<p dz = /shgodx + /min(mi)Vsh (x—be)pdr Vo € Py(e)
(3.2.8)
in all marked cells e € 7. In all other cells, we set 5, = s,,.

Algorithm 3.8 (High-Dimensional Two-Phase Flow Scheme). The
overall high-dimensional simulation scheme for two-phase flow is as
follows:
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3 Two-Phase Flow in Porous Media

1. Project the initial data so for the saturation onto the discrete
space Vy,: Let s9) € Vy, be given by

/sowdxz/sgwdx Vi € Vy.
Q Q

2. For allm €{0,...,Np — 1},

a) use the pressure scheme (Definition 3.3) for v, = \o(s})
and vy = Ay (S}) to compute pZ‘H;
b) use the velocity scheme (Definition 3.6) for p = pitt to

- +1,
compute the total velocity uy, ™ ;

¢) use the saturation scheme (Definition 3.7) for u = u
—n+1,

to compute the saturation s, ;

d) use the limiter (Equation (3.2.8)) for s, = s/t u, =
UZH to compute a stabilized version §Z+1 of the satura-

tion and set SZH = §Z+1,

n+1
h

Time-of-Flight Equation

The so-called time-of-flight 7(x) is defined as the time it takes for
a passive particle to reach a given point xz € Q, starting from the
closest point on the inflow boundary or a source. Here, 7(z) can be
defined by integrating [ |u|~1¢ dz along streamlines, or by solving
u - T = ¢. The time-of-flight inherits important information about
the flow pattern and will be used in Section 5.3 to approximate
the spatio-temporal behavior of the saturation without computing
a whole temporal evolution the transport equation.

Consistent with our discretization of the saturation and pressure
equation we use the DG discretization introduced in [66]: Find 77 €
Vi such that

- / (riw,) - Vibn da + /8 (73 My, - )y S = / oun da

for all ¢, € V), and all e € T},. Here, TﬁT again denotes the upwind
value of the two-valued function 73, see (3.2.7), and ¢ denotes the
porosity of the porous medium.
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3.3 Parameterization

In the absence of gravitational forces, the discretized time-of-flight
equation can be permuted to a lower block-triangular form—if the
computational mesh is reordered according to the direction of the
flow—and hence solved very efficiently in a per-element fashion by
a simple backsubstitution method; see [66] for details.

3.3 Parameterization

As described in Chapter 2 the RB method provides model order re-
duction for parameterized partial differential equations. It remains
to clarify how the parameterization enters the model problem intro-
duced in the last section. In this paragraph we will outline some
possible parameterizations of the two-phase flow scheme as intro-
duced in Algorithm 3.8.

For the pressure equation (3.1.1) possible parameterizations can
be introduced via the boundary data: Assume a parameter set P C
R, a set of functions v : 9Q,, — R and 02" : P — R, i €
{1,...,Qneu} for the Neumann data and a set of functions p%, :
004 — Rand 03 : P - R, i € {1,...,Qai} for the Dirichlet data
to be given. An affine decomposition of the linear form I, (;-,-) as
in Assumption 2.6 could then be given by

lh(w370’7w7 Zel ZZ w ’)/oalyw)

where Q; = Qneu + Qair + 1 and the functions 9}' and [} are given by
1, ifi=1,
0i(u) =< 08T if 1 <i<Qair + 1,
e?eu, if Qdir+1 <1 S anu+Qdir+17
and

U (W, %0, V) Z/ LW+ (Yoo + Yw0w)k G - Vo da
ecTh

- > /{{(%goﬂwgw)nc:mf}}[[wﬂds,

ferur, o7 f
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3 Two-Phase Flow in Porous Media

and for 1 < i < Qg + 1:

. o .
(w0, %0, Y0) = Y /f(}éw—%Vwﬂf)pde,

f€lp.a

and ﬁna‘uy for Qdir +1<1 < Qneu + Qdir +1:

1 (w0, Yo, V) = Z /vawdS.
ferpn Yy

The assembly of the right hand side vector for a low-dimensional
(reduced) system can then be decomposed into offline- and online-
parts as as suggested in Equations (2.3.1) and (2.3.2).

Another possible parameterization of the pressure equation that
will be frequently used throughout the rest of this work concerns
the wetting and non-wetting mobilities and the total mobility. More
precisely: The functions 7, 7, and v in Definition 3.3 will be re-
placed by different types of parameterized functions in the following
chapters. As a common feature, all parameterizations will take the
affine form

10(8,2) = S 0OAL (@), 7o 2) = 3 6:(8)AL (),
=t j; (3.3.1)
v(6,2) =) 0:(5H)A (),
=1

where z € Q and A¥(z) = Al (z) + Ai(z). The quantity § will be
used to model the parameter which can be either an element of R™
for some m € N (Chapter 4 and Section 5.2) or a function (Section
5.3).

The saturation equation (3.1.5) can for example be parameter-
ized via the boundary data, the right hand side or its initial values.
In order to keep the notation comprehensible we will refrain from
parameterizing the saturation equation.
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Chapter

Online Greedy Basis
Construction

Reduced basis methods as introduced in Chapter 2 usually gain
huge speedups over their underlying high-dimensional discretization.
Problems may, however, arise when the problem at hand shows high
sensitivity with respect to the parameter or with growing dimen-
sion of the parameter. In both cases, the greedy basis construction
algorithm from Section 2.1 may yield large bases. Considering the
fact that the reduced systems are usually dense, growing reduced
basis size can easily become a problem in terms of computational
complexity and hence simulation time. Such a situation is shown in
Figure 4.1 where the error convergence during the standard greedy
algorithm is depicted for a problem with parameter dimension eight.
Here already we see that the basis size is quite large for the desired
tolerance of 1-1075.

In this chapter we study problems with high parameter dimen-
sion that yield unfeasibly large bases. Based on the notation intro-
duced in Chapter 2, we introduce a new method for model order
reduction that uses a large dictionary of basis vector candidates to
build a small, parameter-adapted basis during the online phase. Our
method holds some similarity with the locally adaptive greedy method
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4 Online Greedy Basis Construction

1E+02
1E+01
1E+00
1E-01
1E-02
1E-03

Maximum Error

1E-04
1E-05

1E-06
0 225 450 675 900

Number of Reduced DOFs

Figure 4.1 — Error convergence during greedy algorithm from Sec-
tion 2.1 for a problem with dim(P) = 8.

introduced in [62]. As a main difference, our method does not use
proximity in parameter space as an indicator for well-suited basis
candidates in the basis construction but directly measures function
similarity via error estimation. By using this approach we can al-
ways guarantee minimal basis sizes for a desired error tolerance.
Further ideas about greedy methods and dictionary approaches can
be found in [77].

In Section 4.1 we present our dictionary construction algorithm.
Section 4.2 and Section 4.3 are dedicated to the online basis con-
struction procedure. Finally we present numerical results in Section
4.4. The contents of this chapter were originally presented in [56].

4.1 Offline Data Computation

During the offline phase we construct a “dictionary” D.
Definition 4.1 (Dictionary). A dictionary D is a set
D={pi[l<i< D}

of basis vector candidates.
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4.2 Online Basis Construction

A straightforward algorithm to construct the dictionary could be
to choose a training set Py, C P (cf. Chapter 2) and compute

D = {up(p) € Vylp € Py}

This idea restricts the size of the training set to a certain extent as its
size is directly linked to the size of the dictionary. More elaborate
dictionary construction algorithms are possible, of course. Since
our focus in this chapter is on the online basis generation from the
dictionary and not on the construction of the dictionary itself we will
nevertheless use this simple algorithm for the experiments in Section
4.4. For possible approaches for improved dictionary construction
see [11].

Together with the dictionary we compute the Gramian matrices
Al e RP*P 1 < ¢ < Qy and the vectors b, e RP| 1 < ¢ < Qy,

(bD)i =1"(¢i), @i €D

that will be needed for reduced simulations during the online phase.
For the Definitions of b,1, Qp, @y, etc. see Chapter 2. Furthermore,
we compute the matrix G from Section 2.5 for & = D.

4.2 Online Basis Construction

In this section we describe the algorithm that is used to construct
a space X (p) from the dictionary D for a given parameter p € P.
As a means to this end we define a so-called indicator function:

Definition 4.2 (Indicator Function). Given the high-dimensional
space Vy, a reduced-dimensional space Xy, a parameter set P C R¢
and an error estimator A : Xyeq — {w|w : P — [0,00) } for a given
linear subspace X,.q C V) of the discrete function space V,, we
define the indicator function na : V), x P — [0, 00) as

na(e, 1" Xn) = AXn) (") — A(Xn @ span({p})) (1)

The function na indicates the reduction of the estimated error (for
example using the estimator A(X;eq)(p) = Ax, (1) from Theorem
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4 Online Greedy Basis Construction

2.10) for a given parameter pu* € P in a given space Xy if Xy is
enlarged with ¢ € V. By using the estimated error decrease in
na we ensure that our indicator will always point out the ideal basis
enrichment candidate ¢ € V}, for a reduced space Xy and parameter
p* in terms of (estimated) error decrease for the reduced solution
un(p*) € Xn. In the following, we introduce an iterative greedy-
type algorithm using this indicator that will therefore yield ideal (in
the sense of minimal) basis sizes | X | for a given tolerance for the
error between the reduced- and high-dimensional solution.

Remark 4.3. For the rest of this section, we will suppress the pa-
rameter p in solutions u(p) whenever no ambiguity arises. Fur-
ther, without loss of generality, we henceforth assume the estimator
A(XN) : P —[0,00) to be given by the residual a posteriori estima-
tor from Section 2.5.

Algorithm 4.4. Given a parameter p* € P, an error tolerance
e > 0, a desired basis size N € N, n = 0 and Xo = {0} we repeat
the following steps to construct a parameter-fit reduced basis space
Xn(p*) from a precomputed dictionary D:

1. Compute the reduced solution wu,(p*) in the space X, see
Chapter 2, and evaluate the error estimator Ax, (u*). In case
Ax, (p*) <e orn> N set Xn(p*) = X, (p*) and finish, else
go on with Step 2.

2. Ewaluate the indicator na(e, p*; Xy,) for all dictionary ele-
ments ¢ € D.

3. Find the dictionary element that maximizes the indicator func-
tion:

Pmax = arg qur;lea’g 77A(¢a /J*; Xn)
4. Setn=n—+1 and enrich the reduced space with the linear span

of the current dictionary element: X,, = X,,_1®span({@max})-

For an illustration of Algorithm 4.4 see Figure 4.2.
Clearly, in a naive implementation, Step 2, which includes reduced
simulation in the space X,, @ span({y}) and evaluation of the error
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4.2 Online Basis Construction

Xo={0} | 7
uw*eP

Compute reduced
solution

Evaluate error

estimator

X = Xno1 @ {@macd) / N\

Error tolerance fulfilled?
Maximum basis size reached?

Yes
No
element maximizing _ ¥'*

indicator function o :

Enrich reduced space
Extract operator components

Figure 4.2 — Flowchart for the basis generation algorithm (Algo-
rithm 4.4) used for online construction of parameter-
fit reduced bases.

estimator for all dictionary elements ¢ € D, will be too costly to be
applicable, especially for large dictionaries D as it has a complexity
of O(DN*) with D = |D|. We will therefore now point out how
Algorithm 4.4 can be performed with a complexity of O(DN?). This
will be favorable over the standard greedy RB approach, where the
complexity is also cubic in the basis size but bases are usually a lot
larger than with our method as they are precomputed during the
offline phase to provide a best-fit for all parameters in the training
set.
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4 Online Greedy Basis Construction

4.3 Online-Computation Vectorization

As a first step in the evaluation of the indicator na (see Definition
4.2) we need to compute all reduced solutions w,, , € X, @span({¢})
for all dictionary elements ¢ € D and a given space X,,. The follow-
ing proposition allows us to compute these solutions with minimal
effort simultaneously for the whole dictionary D:

Proposition 4.5. For a given parameter p € P and ¢ € D, the
solution u, (1) of Equation (2.2.2) in the space X,, ®span({¢}) is
given by

u _ U, U(<P7 /’(‘) - ﬂ(@7 ,u)un . —Agla(()@ p,)
e (1) ( 0 > T o) — Blo A (g 1) ( 1 )

with suitably chosen A, € R"*™ u, € R™ and functions o : D X
PR, B3:DxP —R>X™ g,v:DxP —R.

Proof. We define the matrix A,, € R"*" and the vectors u,,b,, €
R™ for the space X, as in (2.2.2). Let

(a(p))i = (e, )i = b(wi, 3), 1<i<m,
(B(@)i = (B, )i = blp, pis ), 1<i<m,
Y(p) = (. 1) = b(ep, @3 1),
o(p) = a(e, ) = Up; p).

for a given basis {p;|1 < i < n} C X,, of X,,. The projection of
Equation (2.1.1) onto the space X,, @span({p}) for a given function
@ € D is then given by

An,cp *Un,p = bn,cp, (431)

where

_ [ Ax a(w)) (n+1)x (n+1)
Anp <ﬂ(so) v(p) <R ’

_ bn n+1
by = (U(@) e R,
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4.3 Online-Computation Vectorization

Multiplication of Equation (4.3.1) with the invertible block diagonal
matrix diag(A, !, 1) then yields:

A, ¢~u7w =by,,,,

( )( () 75)“’“@ (% ) @52))
<i><£§((js0) nv(w&) tne _<

= (Ign () —Aﬁn(lsoo)lz(&pzla(wo e = (0(@) —ug(@)w) ’

where Id,, € R"*" denotes the n by n identity matrix.
Using back substitution we find the solution u,, , :

a(p) — Blp)u,
v(p) = Blp)As alp)’
(un,sa)k = (un)k - (Ar_Lla(@))k(un,sa)n-&-la ke {17 cee ’n}'

(un,<p)n+1 =

Which can be rewritten in the form
w (un> L olp) = Ble)un '(—Aﬁla(@)
e 0 — Al 1 ’
Y(p) — Blp)An a(p)

Using Proposition 4.5, only one matrix-vector multiplication and
two vector-vector multiplications are needed for the computation
of one reduced solution in Step (2) in Algorithm 4.4. Only once
per loop iteration in Algorithm 4.4 the matrix A, needs to be in-
verted. The quantities a, 3,7v,0 and A,, can be extracted from
Ap(u),bp(p) where

O

Z@q )AL, € RP*P, Z@q )b}, € RP.

Here A}, 1 < ¢ < @Qp and b,, 1 < ¢ < @Q; are the precomputed
quantities from Section 4.1.
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4 Online Greedy Basis Construction

In the sequel, we will outline how to efficiently evaluate the indi-
cator function na for all possible extensions in Step (2) of Algorithm
4.4. When evaluating the indicator na (¢, p*; X,,) for all dictionary
elements ¢, we need to evaluate Ax gspan({e}) (1) for all ¢ € D.
The next proposition proves that these values can be computed si-
multaneously for the whole dictionary.

Proposition 4.6. For suitable choice of matrices gq € R(TDXD,
gy € R the vector A € RP with

,(un7 )1 e 7(un, )1
A=(1 - 1) o . en o(%l)
: - : g2
_(un,tpl)n-i-l tee _(un,gap)n-i-l

contains the squared error estimators for all possible basis exten-
s0Ms:

A= (AX,,LGBspan({gal})(,U'*)v R AXn@span({cpp})(:u'*)) .

Here we used the Hadamard product MoIN € R™*™ of two matrices
M, N e R'an, (M ¢} N)z,] = Mi,j . Nz,]

Proof. Given a parameter pu* € P we define

ol) 0 0
Q0 .. ¢
S(u*) = © éﬂ) 0 0 € R(@+QuD)x(D+1)

: C(ur)
0

where the coefficient matrix C(u*) € R(@P)*D is given as
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4.3 Online-Computation Vectorization

with @p(u*) € R, (@p(p*))r = OF(u*). Using S(u*) we define
the matrix

é:é(ﬂ*) — S(M*)T G- S(M*) c R(D+1)><(D+1)’

with G as computed in Section 4.1. For the exposition of the rest
of the simultaneous indicator evaluation we need some additional
notation:

e Given a set of indices I = [i1,...,%n] C N we define I 41 :=
[iv+1,...,0m +1] for I €N.

e Given a set of indices I = [i1,...,4m] C N we define the set of
indices [I,1] C N: [I,1] := [i1,...,im,!] for l € N.

e Given a matrix M and two sets of indices I = [i1,...,4;] C N,
J =1[j1,...,41s]] C N we define the matrix My ; € RHI*IJ]

(M7, 1)k =M, 5.

Assume a basis ® C D of the space X,, to be given. Let I C N be
an index set for ® and Ip C N be an index set for D. Additionally
we use the vectors u,, , = u, ,(1*) from Section 4.3.

Using the above notation we can define

1 1
_ ()1 0 —(Wngph
81 = G 1o 41), (1,10 41] - . .
—(Wnpy)n o —(Wngp)n
_(un,w)n-&-l 0
+ G[1,1¢+H],ID+H : )
0 _(un,¢1)n+1

ga=(1 - 1)-gs +8o,,
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4 Online Greedy Basis Construction

where we used

1 1
. (o)t o ()
82, = G1D+1,[1,I¢+1] o .
*(un,w)n T *(umson)n
g2, = (Ga2, - ,Gpy1,p41) © (—(Wn oy Jnt1s 5, —(Wnop Jnr1)-

Using this definition of g; and go, one can show by performing
all remaining multiplications that the vector A as defined in the
proposition indeed represents the desired error estimates. O

4.4 Experiments

In this section we present numerical results for the online greedy ba-
sis construction method introduced above. All tests were performed
using our C++ library dune-rb, see Chapter 7.

For our tests, we solve the pressure equation (Definition 3.3) ig-
noring gravity (G = 0) and using the total mobility + given by

8

Y x) =D ()i - xi(2),

i=1

for p € P = (0,10]8. Here, as usual, (u); € R denotes the i-th
component of the vector p and the functions y; : Q@ — {0, 1} denote
the characteristic functions for the eight subdomains of €2 sketched
in Figure 4.3. Furthermore, Figure 4.3 shows a typical solution for a
given parameter. For more details on the parameterization also see
Section 3.3.

Offline Phase

We discretize €2 using 1000 cubes. The training set Py, C P is given
by a lognormal distribution centered at 2 in each component. We
generate a traditional greedy-basis @ using Algorithm 2.7 (see Sec-
tion 2.4) with a training set PG with [PS| = 1000 and a tolerance
of 1075 and a dictionary D using the approach described in Sec-
tion 4.1 using a training set PL D PS with [PZ| = 2000. While the
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0.0

(b)

Figure 4.3 — Heat diffusion coefficient A(p) : @ — R (a) and solu-
tion up(p) (b) for u=(1,2,3,4,5,6,7,8).
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4 Online Greedy Basis Construction

generation of the traditional greedy-basis takes more than 9 hours
and produces about 600 megabytes of data, the generation of the
dictionary takes only one hour but produces about 1.1 gigabytes of
data.

Online Phase

Using both the basis ®¢ and the dictionary D we run online simu-
lations on the test set

T={p+pr|pePirer}

where R contains random numbers in (0,1]® and p € R denotes
a distortion scale. For our online basis construction algorithm we
use the same error tolerance as for the standard greedy algorithm:
e=10""°.

Figure 4.4(a) shows the resulting basis sizes N for the standard
greedy method (which is fixed by the basis construction during the
offline phase, here: N = 871) and the basis size N resulting from
Algorithm 4.4 for different values of the distortion scale p. We see
that, especially for small disturbances of the training parameters,
our online basis generation algorithm yields substantially smaller
bases.

For small disturbances p this pays out in terms of runtime: Fig-
ure 4.4(b) shows mean online runtimes for the two algorithms and
different values of p. This runtime includes reduced simulation, er-
ror estimation and, for our algorithm, the time needed for basis
construction. Beginning with distortions in the range of 5-10~° our
algorithm is slower than the standard approach as we then need lots
of basis enrichment iterations in Algorithm 4.4. Still, it pays out to
use our algorithm even in these cases as it consistently fulfills the
error bound while the standard greedy method violates the error
tolerance for p = 5- 1073 (error: max,ec7 Ax,(p) = 1.64-1075)
and p=1-1072 (error: max,e7 Ax, (1) = 3.28-1075) as we see in
Table 4.1.
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Figure 4.4 — Mean basis size N (a) and total runtime (b) during

the online phase for the standard greedy method and
our online basis construction algorithm for different
values of p.
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4 Online Greedy Basis Construction

Distortion Estimator Indicator ~Standard Greedy

0 4.09-10°6 8.69-1076
1-107* 9.87-1076 8.64-1076
5-1074 9.99-10°6 8.63-1076
1-1073 1-107° 8.45-1076
5-1073 9.99-10°6 1.64-107°
1-1072 9.99-1076 3.28-107°

Table 4.1 — Estimated errors max,c7 Ax, (1) on the test set T
during the online phase.

4.5 Summary and Outlook

In this chapter we presented a novel model order reduction ap-
proach that constructs an extensive dictionary of basis vector candi-
dates during a preparatory offline step. During the online phase, a
custom-made reduced basis space is built up for a given parameter
and simulations are carried out in that space.

We are able to demonstrate the applicability of our approach in
theory and in numerical experiments. Our approach yields smaller
bases and, at least for small distortions from the training parame-
ters, comparable runtimes as the standard greedy basis construction
procedure.

One possible extension to our approach would be a smarter dic-
tionary construction algorithm: by using a greedy-type algorithm
to construct the dictionary during the offline phase—that is by it-
eratively extending the dictionary with solutions for the parameter
worst approximated in the current dictionary—we hope to establish
dictionaries with good approximation quality while enabling low on-
line runtimes at the same time.

In [23] we applied the idea of online basis construction to param-
eterized evolution systems.
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Chapter

The Localized Reduced
Basis Multiscale Method

In this chapter, we combine the idea of problem-specific local basis
functions on a coarse mesh that is used in multiscale methods (see
Chapter 6) with the idea of model order reduction for parameterized
partial differential equations that depend affinely on the parameter,
see Chapter 2.

The motivating application for the derivation of this method is
two-phase flow in a porous medium. As described in the introduc-
tion in Chapter 1, these applications usually yield large equation
systems due to small-scale heterogeneities in the physical parame-
ters and large extent of the computational domain. At the same
time, possible parameterizations for these kinds of problems come
to mind easily: Parameterized boundary data, well locations, injec-
tion and production rates and others are examples that establish the
idea to use model order reduction techniques like the reduced basis
method in this setting to allow real-time or many-query simulations
(see Chapter 2). Nevertheless, RB methods easily become unfea-
sible for these applications as there is no control over the number
of snapshots that is necessary to guarantee a given error tolerance
during greedy basis construction (Algorithm 2.7, Section 2.4) in the
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5 The Localized Reduced Basis Multiscale Method

offline phase. More precisely: One can only control the approx-
imation quality of the reduced basis or the number of snapshots
(and hence basis size), not both at the same time. For that reason,
with increasing size of the detailed problem, the basis construction
becomes unreasonably expensive and a different approach may be
needed.

In [2, 57], we introduced the so-called localized reduced basis mul-
tiscale (LRBMS) method. It connects ideas from numerical multi-
scale methods with the RB approach and aims at reducing the offline
time of the RB method while ensuring at least identical approxima-
tion quality during the online time, possibly at a slightly increased
cost in terms of online runtime.

The rest of this chapter is dedicated to the exposition of the de-
tails of this method and its application to stationary elliptic and
instationary parabolic (two-phase flow) problems. Most parts of
this chapter were originally published in [2, 57].

5.1 Derivation of the Method

In this section, we describe the key features of our novel model order
reduction technique. The main idea is a spatial localization of the
approximating function space based on a coarse mesh on the physical
domain. This localized function space will be spanned by a set of
local bases, where each may for example consist of localized global
snapshots on a fine mesh.

5.1.1 Discretization

In addition to the fine mesh 7} from Section 3.2, we introduce a
second, coarser mesh on the domain : Let 7y be an admissible
mesh with mesh size H > h > 0,

H = max Hp = max diam(E).
EeTy EeTy

Cells in Ty will be denoted by F, intersections of two elements or
of one element and the boundary by F', and the set of all coarse
intersections by I' 4. Furthermore, we assume the two meshes to be
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5.1 Derivation of the Method

matching in the sense that for each F' € I'4 there exist m € N and
fi,--os fm € Ty such that F =J~, fi, see Figure 5.1.

Figure 5.1 — Coarse (solid lines) and fine (dotted lines) grids with
matching interfaces.

Based on the coarse mesh T we introduce the localized reduced-
dimensional function space Wy .

Definition 5.1 (Reduced Broken Space). For every coarse grid
cell E € Ty, we assume a set of linearly independent functions
o¥, .. ok €V, with supp(pF) C E to be given. We then define
local reduced bases

OF ={of R}
and call the set @y of size N =) . NE,
oy = | @F
E€TH

the global reduced basis. Further, we define the reduced broken space,
spanned by the global reduced basis ® y:

Wy = span(®y).

We point out that, because of our discontinuous Galerkin ansatz,
see Definition 3.1, the reduced broken space is nested in the fine-
scale space: Wy C V. Using the reduced basis @, we compute
the coarse-scale pressure approximation p; € Wy.
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5 The Localized Reduced Basis Multiscale Method

Definition 5.2 (LRBMS Pressure Discretization). For a given re-
duced broken space Wy and mobilities Vo, Y, : 2 — RZY where
Y = Yo + Yw, the reduced solution p;; € Wy to Equation (3.1.1) is
given by

br(Prwiy) = (W Yo, V),  Yw € Wi,

where by(-,-;+) and I,(-;-,-) were given in Equations (3.2.2) and
(3.2.4).

Next we would like to demonstrate that problem 5.2 has a unique
solution. As a means to this end, we will introduce an energy norm
and prove that by (-, ;) is coercive with respect to that norm. All
analysis is performed on V; D Wy which yields the desired results
in WN.

The proof of coercivity of by (-, ;) is standard and was originally
given in [54] for a slightly different formulation of the bilinear form.
We repeat it here in detail for the sake of completeness. The proof is
written along the lines of [73], Section 2.7.1. We start by introducing
the energy norm ||- .,

Definition 5.3. Given a function v € V, and 7 : Q — R2% we
define the energy norm

1/2

olle, = S /’va.Vvdz+ 3 Z;/f[m] [v] dS

e€Th fGF]'

Remark 5.4. It was shown in [54] that ||-||¢., indeed defines a norm
on Vi, if vk fulfills (3.1.3).

Theorem 5.5. Let the constant c; in Equation (3.2.3) be bounded
from below by a sufficiently large constant and let v : Q@ — RZ9 be
given such that vk fulfills (3.1.3). The bilinear form by (-, ;") is then

coercive on Vy:

bn(v,v;7) > « ||’l}‘|§,y, Yu € V.
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5.1 Derivation of the Method

Proof. We recall the definition of by,:

bp(v,w;y) = Z /wvaodex—k Z Z;/f[[v}] [w] dS

e€Ty v ® fET;

- /f ({{ysVo -0} [w] + {yaVw - g} [o]) dS.

JEL;

We will now compute an upper bound for the last sum. Given an
intersection f € I', of two elements eq,eq € T, we derive for the
L?-norm

(RVATRCRR TS 1D
< Ter N WVARV Y mp) | L2 () + Tes [l VARV -mp), L2 gy

< By (rer gl (V0 0| ey + Teas | (V0 gl o))
<C-ky- hf_l/2 (Tel,f”V’U”LQ(el) + T627f||vv||L2(62)) ,

where we used the definition (3.2.1) of the mean, the boundedness
of vk (3.1.3) and the trace theorem (see [6], Equation (2.5)).
Now, for given real numbers «, 8, x,y > 0 we have:
(azx + By)*
= o?2? + %% + 208zy
< a’a® + %% + aB(a® +y7)
<o’2® + B2y + aB(a® +y) + o’y + 2% + aB(@® +y7)
— (0% + 62 + 208)(2 + 1)
= (a+B)*(2* +y°),

that is: (ax+By) < (a+B)(z?+y?)/2. Using this and the Cauchy-
Schwarz inequality we get

/f {vsvo ng} o] dS
< Ckahy V2 (10 fIV0] 120er) + Ten s V0l z2eny) | To] N2y

_ 1/2
< Cokighy ™2 (1900 + 190y ) D lz2r),
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5 The Localized Reduced Basis Multiscale Method

where we used 7., f + T, r = 1.
For boundary intersections f with f € 92N de for e € Tj, we can
derive in a similar fashion:

/f{{wVv ‘ng}} o] dS < Chahy ™2V 0)l 2o | [0] 122 ) -

Using the number np,x of maximum element neighbors in the
mesh we can proceed

Y [ omvng) ol as

fer;
-1/2 2 2 1/2
<Chy 3 b7 (V0o + V0l ) N 2y
fery
+Cha Y2 by IVl ol oD e
fe€lyp.a
\1/2 1/2
< Cha( YNl e ™) (X 190 1Vl oy
fer; fer;
N1/2 1/2
+Cha( 2 MBIt ™) (3 190l3)
f€lp,a f€lp.a

< O/ (3 B N0 ) (2 1900 )

fer; e€Th

For § > 0 we get using Young’s inequality and (3.1.3)

3 / {yeVo ng} [o] dS

fer;
1m0 ||L2 [
< E k1 Vo2 dz
20k, P diam( f eGTh
C2k2nmax I [ol 113
< vo?d
- 20k diam( f Z /7,% voan
fGFj EETh
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5.1 Derivation of the Method

such that we get using diam(f) = hy

b (v, v;7)
Z/’YHV’U Vvdx—i—z / o] [v]
e€Th fery
23 [ {onveen) il d
fer;
>Z/’}/HVU Vvda:—i—z / [v] [v] d
e€Ty fer;
2
_¢ kznmax Z /[[ dsS -9 Z /’yan dz
fer; e€Th
B C? k2nmdx
:(1—§)Z/V/$Vv daz—l—z 5]” /[[v
e€Ty fEF

Now choose § = % to get

202 kznmmx

bh(vyv;v)ZfZ/wVv de+ > AL A—— /[[v
e€Th fEF
Z*Z/’}/KVU dr + = Zaf/[[v
e€Th fEF
= aolz,
with a = 3 if ¢f is chosen such that oy > M Here the
constants kl, ko obviously depend on the total moblhty 5. O

Theorem 5.6 (Existence and Uniqueness of Solutions). Given cy >

0 such that of > % the LRBMS pressure discretization 5.2
has a unique solution.

Proof. The LRBMS problem 5.2 is a linear equation for the un-
known pressure. Due to the finite dimension of Wy, uniqueness and
existence of solutions are equivalent. It therefore suffices to show
that, given two solutions p1,ps € Wy to 5.2, we have p; = po.
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5 The Localized Reduced Basis Multiscale Method

If p; and po are solutions to 5.2, we have

br(p1 — P2, p1 — P2;7Y) = (D1 — P23 Yo, Yw) — (D1 — P23 Yor Vo)
= 0.

Using the coercivity result 5.5 we get

0 = bn(p1 — p2,p1 — p2;7) > lp1 —P2H?sw

for a > 0. This yields p; = ps since [|-[|¢, is a norm. O

5.1.2 Offline—Online Decomposition

The computations for the LRBMS method can be split into compu-
tationally demanding parts that will be executed during the offline
phase and computationally inexpensive parts to be performed during
the online phase. More exactly, all computations depending on the
fine mesh size h can be performed during the offline phase render-
ing the online phase totally independent of h. The computational
effort during the online phase is usually polynomial in the size of
the reduced broken space. As indicated in Section 3.3 we will re-
place the wetting, non-wetting and total mobilities (v, 7, and )
in Definition 5.2 by the affine sum (3.3.1).

During the offline phase, we compute a reduced basis ® of size
N € N, & = {p1,...,pon} and the projection of all parameter-
independent parts of Definition 5.2, that is: all parts that depend on
the location in space but not on the parameter-dependent functions
0y. We can identify the terms b,,c € RNXN ¢ =1,..., M with

(Qq)ij = Z ANV V;da

ecT, V€
= > [ AT ngh sl + {ATT g, ) ] S,
fer; /7
R /A T
@ =37 [ Tedlel as
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5.1 Derivation of the Method

and the terms e, d, € RN, g=1,..., M for the right hand side:

(e)i = Z/(h%‘da?-i- Z /f;;%deS-i- Z /fUNSDidS7

e€T, V¢ f€lp.a f€Tpn

(d)i= > [(Algo+A%ow)k G- Vi dz
667-h €

. / {(A%, + M%)k G -np) [ioi] AS

ferur, o7

- Z /(Aq/ngoi-nf)deS.

f€lp.a !

where the profiles A%, A? and A? will be defined in the subsequent
sections.

Let 6, = 6,(u) for a given parameter p € P in the case that only
the pressure equation is solved (see Section 5.2) or 8, = 6,(s) for a
given saturation s € Vj, in the case that full two-phase flow is solved
(see Section 5.3). During the online phase, the solution Py € RY of
the discrete equivalent of the reduced equation 5.2 is then given by

M M
<c+29qbq> py=c+ Y 04, (5.1.1)
g=1 q=1

The exact definition of the coefficients 6;, i = 1,..., M will be given
in the respective sections below.

Now, while the computation of the quantities b, ¢, d, and e has a
complexity polynomial in |73|, computing the sums in the reduced
system (5.1.1) has a complexity polynomial in N where N < |T|.

Remark 5.7. As mentioned in Section 3.3, other parameterizations
like boundary value parameterizations would be possible for Problem
(8.1.1-8.1.7). As long as these parameterizations are parameter-
separable, the offline—online decomposition works analogously. For

different kinds of parameterizations, see Section 3.3 and e.g., [69,
57, 37].
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5 The Localized Reduced Basis Multiscale Method

5.1.3 Basis Construction

The basis construction for the reduced broken space that yields the
local reduced bases will be described separately for the two appli-
cation scenarios as a general notation fitting both would make the
exposition unnecessarily complicated.

5.2 Application to Stationary Elliptic
Problems

After explaining the main ideas of the LRBMS method (except for
the basis construction algorithm), we will now demonstrate its appli-
cation to a stationary elliptic equation, more precisely: The pressure
equation (Definition 5.2). Applying the method to the stationary
equation without coupling it to the saturation equation allows us to
take a deeper look at its features without studying the coupling be-
tween the two equations. The results of this section were published
in [2].

5.2.1 Parameterization

In this section, the parameterization of the wetting, non-wetting and
total mobility v, 7, and 7y in Definition 3.3 is for a given parameter
p € P CRF (k € N) defined as

M M
Yot ) =3 0 (AL (), Yol x) = Op(n)AL(z), = €Q,

and Y(,2) = Yu (6 2) + (1, 2), where AL, AL Q > R, g =
1,..., M are analytical functions. For an exact definition of the
profiles and coefficients see Section 5.2.3.

5.2.2 Basis Construction

We obtain the reduced broken space Wy by the following algorithm
combining a localized variant of the greedy algorithm [79] with a
final compression step by a PCA.
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5.2 Application to Stationary Elliptic Problems

Algorithm 5.8 (Localized Greedy for Stationary Heat Diffusion).
Given a finite set of training parameters Py C P, a mazimum basis
siz¢ Npaz € N, Npaz > 0, an error tolerance ey, € R”? = {z €
R|z > 0} and a PCA tolerance epca € R>Y, the following algorithm
produces a reduced broken space Wy :

(1)

(i)

(iii)

(iv)

Pick a parameter py € Py and initialize the local bases by
@g)) :=0. Setk =0 and N(%) =0 forall E € Ty.

Given local bases @56_1) of size N(Ek_l) € N forall E € Ty
and a parameter pi—1 € Py, compute a global fine DG snap-
shot pp(pk—1) € Vi and set the extended local bases as <I>(Ek) =

@ﬁ_l)u{ph(uk_l)b} with size N(E) = £_1)+1 forall E €
Tr- Set the global basis as @1y = UpeT, @g’;) of size N :=
Y BeTy N(Ek) and Wy, = span(®)). Compute all offline
quantities for this basis (that is: the quantities b, c,d,, e from
Section 5.1.2 and the necessary quantities for the error esti-
mator, see Section 2.5).

Compute LRBMS approzimations px (1) € Wi, for all train-
ing parameters pu € Py using the current basis and evaluate the
error estimator to find the parameter ) € Py which mazi-
mizes the error estimator.

IF Ny < Nipaz and if the estimated error for py(uky) is
larger than €41 Set k :=k + 1 and repeat from (ii).

ELSE: Apply the PCA to @ﬁ) with tolerance epca on each
E € Ty to obtain the localized orthogonalized reduced bases
OF of size NF < N(]i) on each E € Ty.

Define the global reduced basis ® of size N. = ZEGTH NF qas

P = UEeTH ®F and compute all offline quantities for this
basis.

5.2.3 Numerical Experiments

In the following we will demonstrate the performance of our ap-
proach using two different examples which fit in the framework of our
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5 The Localized Reduced Basis Multiscale Method

I
0.00 0.00661 0.0132 0.0198 0.0264

Figure 5.2 — Solution of the thermalblock problem with isolines for
w=(3,6,9,2,58,1,4,7,10,3,6,9,2,5,8)T.

elliptic problem. The first example, the 2D thermal block example,
is easily scalable concerning parameter and spatial complexity and is
therefore well-suited to highlight the basic principle of our method:
The scaling between offline and online cost. The second example is
much closer to real-world applications: Here we use 3D real-world
data taken from the SPE10 benchmark problem [18], putting our
method in the context of two-phase flow equations and multiscale
problems. For details on implementation aspects see Chapter 7.

The Thermal Block Example

In this example, we solve the pressure equation (Definition 3.3) on
Q = [0,1)? ignoring gravity (G = (0,0)T), with a constant perme-
ability x = 1 and a parameter-dependent total mobility given by

M

’7(”7 1’) = Z eq(ﬂ)Aq(fﬂ),

q=1
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60

45
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Number of snapshots
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1 4 16 64 225 900

Number of subdomains

Figure 5.3 — Number of snapshots needed during the generation of
the reduced basis with the localized greedy algorithm
against number of coarse mesh elements.

with A(x) := xq,(z) where

1, ze€Q

5.2.1
0, else. ( )

XQ, ¢ Q— {Oa 1}3 X, (SC) - {

Here the M € N, M > 0 blocks Q, C Q with Q, N Qs =0 for ¢ # s
are given by an equidistant mesh on ) consisting of M =4 -4 =16
square elements. The coefficients 6,(u) for 1 < g < M are given by
04(1t) = pq for pg € [0.1,10]. We complete the description of the
problem setting by choosing, cf. (3.1.7),

Q1517 pDEOa UNEOa
Iya=10,1] x{0}U[0,1] x {1}, Tp,=02\T,4.

We discretized this problem using a rectangular grid with 30 - 30 =
900 fine grid elements and applied our method using rectangular
coarse meshes with 1,2 -2,4-4,8-8,15- 15 and 30 - 30 elements
(subdomains). We ran the localized greedy algorithm 5.8 with a
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1 Subdomain
4 Subdomains
16 Subdomains

<
1E+01 o
3 64 Subdomains
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1E+00
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1E-06

1 4 7 10 13 16 19 22 25 28 31 34 37 40 43 46 49 52 55

Number of snapshots

Figure 5.4 — Maximum estimated absolute error over training set
against extension step during greedy algorithm for dif-
ferent sizes of the coarse mesh.

tolerance of €;, = 0.05 for the estimated absolute error over the
training set which consisted of 100 randomized parameters in the
above-mentioned parameter domain. The training set consisted of
the same random parameters for all basis generation procedures. A
typical fine DG solution is plotted in Figure 5.2.

Figure 5.3 shows the number of total snapshots needed during the
greedy algorithm to fulfill the error tolerance for different sizes of the
coarse mesh. We see that we are able to scale the offline cost in terms
of needed snapshots by choosing different coarse meshes. The num-
ber of snapshots ranges from 56 for one coarse grid element (which
corresponds to a standard RB method) to only three snapshots for
900 coarse grid elements. The latter is the expected behavior since
three linearly independent functions on each element are sufficient
to represent a linear function in two spatial dimensions. This scal-
ing quality of our approach can also be seen in Figure 5.4 where
we demonstrate the evolution of the maximum estimated absolute
error over the training set during the offline procedure. We see how
with an increasing number of coarse elements the error decent gets
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Figure 5.5 — Time needed to update the error estimator during
the greedy algorithm: Mean over all steps in seconds
against number of coarse mesh elements.

steeper.

Clearly these qualities come with additional costs: With increas-
ing size of the coarse grid, the update of the error estimator becomes
more and more costly as we have to solve the high-dimensional equa-
tion once for every new basis function on every coarse element. This
increase in the offline cost can be seen in Figure 5.5, where we com-
pare the mean estimator update time for the different coarse meshes.
As the necessary computations in each step are independent of each
other, this step can be easily parallelized. Thus it should be possible
to compensate for the additional costs by increasing the number of
used CPUs with increasing coarse grid size. For the experiments at
hand we used a shared memory parallelization which needs to be
further improved by more sophisticated parallelization techniques
as our approach is obviously not able to fully compensate for the
additional costs.

An estimator not relying on global computations would be desir-
able in this context. Such an estimator was recently introduced by
Schindler et al. [75].
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3.0E-02
K O Maximum relative true error
\ Z= Mean relative true error
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Error
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Figure 5.6 — Maximum and mean relative true error in the energy
norm over the test set for different coarse mesh sizes.

60

Il Size before PCA

B Mean size after PCA
Maximum size after PCA
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1 4 16 64 225 900
Number of subdomains

Figure 5.7 — Mean, maximal and minimal number of local basis
functions on the different coarse meshes before and
after the PCA.
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5.2 Application to Stationary Elliptic Problems

Similar to the update time for the error estimator, the total train-
ing time (time for reduced simulations and estimator evaluations for
all training parameters during the offline phase) increases with in-
creasing coarse grid sizes as the reduced basis ® grows a lot faster
since | Ty | new basis vectors are added in each extension step of Algo-
rithm 5.8. Nevertheless, since we aim at applications with extremely
costly detailed simulations, this increase will usually be negligible.

Furthermore, our localized method has another nice quality: The
online error over a given fixed test set decreases with increasing
numbers of coarse elements. This is due to the greater flexibility
in the reduced scheme with our method. This phenomenon can be
seen in Figure 5.6 where the maximum relative true error (norm of
difference between high- and reduced-dimensional solution) in the
energy norm over the test set drops from 0.03 for 1 subdomain to
0.002 for 64 subdomains and finally to 7-107'2 for 900 subdomains.

Finally, in Figure 5.7 we see the effect of the PCA. As described
in Algorithm 5.8 we applied the PCA on each coarse element, using
a tolerance of epca = 1-1077. We see that, up to a certain point,
refinements of the coarse grid lead to bigger differences between
maximum and minimum basis sizes. This behavior is expected as
finer coarse meshes lead to a greater resemblance of the snapshots
on each coarse element (in particular in regions where the snapshots
do not differ too much, for example close to the Dirichlet bound-
aries). Beginning with a coarse grid size of about 225 this effect
starts to reduce as the bases on the coarse elements get more and
more compact and therefore the possibility for reduction with the
PCA diminish. Also remarkable is the fact that the PCA reduces
the standard greedy basis (which corresponds to 1 subdomain in
Figure 5.7) only by one function. On one coarse element the greedy
algorithm seems to work as good as the PCA: The basis is already
very compact.

The SPE10 Example

The second example uses real-world data taken from the SPE10
benchmark problem [18]: we use the permeability field given in the
SPE10 benchmark and a mobility function that models the flooding
of the domain by one of the phases to solve the pressure equation on
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e+04
le+04
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' 0.0e+00
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Figure 5.8 — Permeability (top) and solution (bot-
tom) of the SPE10 problem for p =
(0.01,0.01,0.95,0.01,0.01,0.01). Left: ~ Whole
field, z-axis scaled by 4. Right: Cuts along the
x-y-plane at different values of z, demonstrating the
channel structures in the permeability and matching
solution with isolines (bottom).
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oy

(a) (b)

(©) (d)

\

(e) ()
I
0.050 0.29 0.53 0.76 1.0

Figure 5.9 — Mobility for p = p; € P for i =1 (a) to i = 6 (f)
where (p3)r = 0.95 if K =¢ and (pi)r = 0.01 else.
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1 =10,365.76] x [0,670.56] x [0,51.816]. The fine mesh on €2 consists
of 60 - 220 - 42 = 554400 rectangular cuboids. The permeability field
is displayed in Figure 5.8 (top).

For a given center xy € R?, a given transition width ¢ € R>9,
M € N2! and radii a; € R*? for 1 < ¢ < M the total mobility is
given by

M

Y x) = 0 (n)A(x),
qg=1
A(w) = 1= xgo (1) (1= xppo () -sin® (mlz=telremea )

where we used the coefficients 6,(p) = pq for 1 < ¢ < M. We
assume (u), € (0,1] and Y (u)q < 1. Furthermore Bf denotes the
ball with radius r and center c. The functions y pc again denote the
characteristic functions (5.2.1).

We used zo = (0,0, 365.76)/, €=2383.82, M =6and oy ~ 128-(¢q—
1) in our example. In Figure 5.9 we display the mobility function
for six choices of u. Finally, we set

Q1507

pp=00onT,q={(x,y,2) € X|y=0670.56},
vy =1onT}, ={(x,y,2) € ®|y=0},

oy =0onT;, =0Q\T,,UT,,

to complete the problem definition. A typical fine DG solution of
the SPE10 example is plotted in Figure 5.8 (bottom).

We compute our LRBMS approximation on different coarse mesh
configurations consisting of 1,2-2-2=28,2-4-2 =16 and 4-4-2 = 32
equally sized rectangular cuboids.

Figure 5.10 shows the evolution of the maximum estimated ab-
solute error over the training set during the greedy algorithm, the
tolerance of which was set to €1 = 0.1. Again the number of snap-
shots needed to fulfill the error tolerance decreases with increasing
numbers of coarse elements. In this example the decrease is not as
big as in the thermal block example which is most certainly due to
the larger spatial dimensions of the fine grid and smaller amount
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Figure 5.10 — Maximum estimated absolute error over the train-
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ing set against number of snapshots needed during
greedy algorithm for the different coarse meshes.
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Figure 5.11 — Offline time (snapshot computation, computation of

reduced quantities and training time) and online time
(time for one online simulation) against number of
subdomains (different units on the ordinate axes).
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of coarse elements. Similar to the previous example, the estimator
update times increase with the number of coarse grid elements: The
mean time for one update rises from approximately 0.36 hours for
1 coarse grid element to 0.59 hours, 1 hour and 1.69 hours for 8, 16
and 32 coarse grid elements, respectively. Again, this increase can
be compensated by an efficient parallelization. Apart from the error
estimator, our new scheme pays out for this test case: For 16 and 32
coarse elements we need 4 snapshots less than a standard RB method
needs, which saves about 37 minutes of computation time during the
offline phase. This effect can be seen nicely in Figure 5.11: With in-
creasing numbers of coarse grid elements, the offline time (excluding
the time needed to update the error estimator) drops from 5.4 hours
to 3.46 hours while the online time rises from 0.3 milliseconds to 33
milliseconds. Note that here the offline time comprises the runtime
for snapshot computations as well as update times of the reduced
operator and the training time, which is the time needed to compute
the reduced simulations for all training parameters and to evaluate
the error estimator for those reduced simulations.

In this case, the reduction of the offline time is not only due to
the smaller amount of snapshots that need to be computed but also
due to the faster projection of the high-dimensional quantities onto
the respective reduced spaces.

In Figure 5.12 we see an effect that we know from the previous
example already: The maximum relative true error over a given test
set decreases with increasing numbers of coarse elements. Here, the
mean error stays at the same level. Although for this example the
decrease in the error is not as decisive, it is worth noting that the
approximation qualities of our scheme are better than those of a
standard RB scheme.

Finally, similar to the previous example, we compare the effect
of the PCA for the different coarse meshes, this time using epca =
1-10~%. In Figure 5.13 we observe the same behavior as for the
thermal block example: With a rising number of subdomains, the
difference between maximum and minimum numbers of basis func-
tions on the different subdomains increases. We further see that,
although the greedy algorithm needed 19 snapshots for both 16 and
32 subdomains to fulfill the error tolerance, the basis sizes after the
PCA decreases.
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Figure 5.12 — Mean and maximum relative true error (error be-
tween reconstructed reduced and detailed simula-
tion) in the energy norm over the test set for different
coarse meshes.
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Figure 5.13 — Mean, maximal and minimal local basis sizes for the
different coarse meshes before and after the PCA.
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5.2.4 Summary and Outlook

In this section we applied the localized reduced basis multiscale
method in the context of stationary heat diffusion with heteroge-
neous coefficients. We were able to demonstrate the ability of our
approach to drastically reduce the offline cost in reduced basis meth-
ods while slightly increasing the online cost. We also demonstrated
that our approach has at least equal approximation quality when
compared to standard RB methods.

The error estimator shows pleasant performance for small coarse
grid sizes but for coarse grids with more elements, a localized estima-
tor that does not rely on global computations would be preferable.

In the next chapter we will apply the LRBMS in a two-phase flow
context where it will replace the high-dimensional scheme for the
unknown pressure.

5.3 Application to Two-Phase Flow

In this chapter, we will use the implicit pressure, explicit saturation
(IMPES) formulation of two-phase flow introduced in Chapter 3 to
prove the applicability of the LRBMS in multiphase flow regimes.
As the (implicit) pressure equation usually accounts for the vast
majority of the overall computation time in IMPES formulations,
we will concentrate on reducing the computational effort here by
using the LRBMS method as a low-dimensional surrogate for the
high-dimensional pressure solver.

Application of the LRBMS method yields a potentially costly of-
fline phase which computes localized reduced-dimensional bases for
the pressure. These bases then operate as low-dimensional surro-
gates of the high-dimensional DG discretization during the actual
two-phase flow simulation (here referred to as the online phase).
The online phase is carried out using a sequential splitting scheme
to decouple the high-dimensional saturation equation and reduced-
dimensional pressure equation.

A key point in this section is the use of the so-called time-of-flight
T to parameterize our two-phase model. As described in Section 3.2,
the time-of-flight is the time it takes for an inert particle to travel
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along a pathline from the closest point on the inflow boundary and
to a given point inside the domain, or alternatively, the time it takes
for a particle to travel from a given interior point and to the closest
point on the outflow boundary. The time-of-flight carries valuable
information about the characteristics of the flow, and our idea is to
use 7°(z), defined for a given spatial point z and a given saturation
snapshot s, as a means to efficiently compute a limited number of
mobility profiles A', ..., AM which are assumed to approximate the
actual mobility A(s) for a given saturation s via A\(s) ~ > u;A? for a
given parameter € RM, see Section 3.3. The coupling between the
saturation and pressure equation via the mobility is now replaced by
a coupling via the parameter u and we apply model order reduction
techniques for parameterized problems to the pressure equation, now
being parametrized by pu.

The remainder of this section is structured as follows: After intro-
ducing the details on the parameterization in the next section, we de-
scribe the usage of the time-of-flight in this context in Section 5.3.2.
Section 5.3.3 is dedicated to the derivation of the LRBMS basis con-
struction algorithm in the two-phase flow setting. Section 5.3.4 gives
details on the coupling between the reduced pressure equation and
the high-dimensional saturation equation and in Section 5.3.5 we
give some remarks on the offline-online decomposition in the two-
phase flow setting. Finally, in Section 5.3.6, we demonstrate the
applicability of the method in numerical experiments.

5.3.1 Parameterization

At this point we provide details on the parameterization indicated
above. As stated earlier, the coupling between the saturation and
pressure equation will be realized via a parameterization of the pres-
sure equation: We introduce wetting and non-wetting phase mobil-
ities Ay, Ao 1 Vi x Q — RT that depend on the saturation s via

M M
Ay(s,z) = ZHQ(S)A?U(QS), Ao(s,z) = Z O,(s)Ad(x), x€Q,
qg=1 qg=1

(5.3.1)
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5 The Localized Reduced Basis Multiscale Method

where A9, A2 € Vy,, ¢ = 1,..., M denote saturation-independent
mobility profiles that are precomputed during the offline phase and
the coefficients 0, are computed during the online phase via a least-
squares fitting.

In the sequel we describe the least-squares fitting used for the
computation of the coefficients 6,, the construction of the profiles
A%, A is described in the next section.

For a given saturation s € Vy, let p(s) € V), be given by

/p(s)godzz/)\(s)cpdz, Yo € Vi,
Q Q

where A denotes the total mobility function (3.1.2). Then choose a
basis in the vector space V;, and let 7(s) € RN denote the coefficient
vector of p(s) in that basis. Further, let a? € RV denote the coef-
ficient vector for the vector space element A? € V;,, A = A% + A¢
forg=1,..., M.

The least-squares approximation problem then reads as follows:
Find O(s) € RM as solution to

M
O(s) = i =) Yqal]f3. 5.3.2
() = ang i, ) = 3 0l (5:32)
Here we used the Euclidean norm | - ||o : R — [0,00). As the ob-
servations {a?,q = 1,..., M} were always linearly independent in

our experiments, we obtain the unique solution O(s) to the least-
squares problem via a QR-decomposition using Householder trans-
formations. If linear independence of the observations can not be
guaranteed, using a singular value decomposition provides a unique
minimal-norm solution.

Finally we set 0,(s) = (O(s))q forg=1,..., M.

5.3.2 Profile Computation

As the coupling between the saturation and the pressure is realized
via the mobility profiles, we expect these profiles to have large im-
pact on the overall approximation quality of our scheme. In the
sequel we introduce two algorithms for the construction of A%, A¢
Vh,q=1,..., M.
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The first algorithm is rather straightforward: it assumes that a
saturation front of height one moves trough the domain, following
the isolines of the time-of-flight. Given a fixed number of desired
profiles, we define a time step size and set an artificial saturation
profile to one whenever the time-of-flight at the current point in
space is smaller than the current time step and to zero otherwise.
Applying the mobility function to the resulting saturation profiles
for all time steps yields the desired mobility profiles:

Definition 5.9 (One-Zero-Profiles). For a given time-of-flight 7,°,
an end time T and M € N, M > 1, define the mobility profiles
AL . AM eV, and AL, ... AM € V), as

Ao if 770 —1) L
() = {200 ET@ >0 e g ooy
Aa(l), otherwise,

where A\, denotes the mobility (3.1.2) of phase a. Set A? = A

“)JFAZ
forgq=1,..., M.

The second profile construction algorithm is a bit more involved as
numerical experiments testing the first algorithm demonstrated that
using one-zero profiles gives rise to large errors especially with non-
linear relative permeability functions where the saturation shows a
much more complicated behavior than for linear relative permeabil-
ities. Therefore the second algorithm uses data from a full one-
dimensional two-phase flow simulation to approximate the form of
the saturation in one spatial direction: We compute a full trajectory
using the high-dimensional discretization in one spatial dimension
with a simplified model with unit permeability and porosity. Here
we assume the spatial direction chosen is the x-direction. We choose
one saturation profile to be representative from this trajectory.

In the next step we again define a time step size from the desired
number of profiles and front positions from the isolines of the time-
of-flight just like in the previous algorithm. The important difference
here is that we do not assume a drop of the saturation from one to
zero at the position of the front but we stretch the one-dimensional
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5 The Localized Reduced Basis Multiscale Method

saturation profile such that its shock is located at the z-coordinate
of the front position and then use this stretched profile to define the
saturation values for all positions (z,y) with the same y-coordinate.
Repeating this for all cells in the mesh and all time steps we define
M saturation profiles. Applying the mobility to these saturations
gives rise to the following mobility profiles. For the sake of simplicity
we assume ) C R?, that is d = 2 for the following definition. An
extension to d = 3 is straightforward.

Definition 5.10 (Extended One-Dimensional Profiles). For a given
time-of-flight-function 7;,°, end time 7" and M € N, M > 1, define
the mobility profiles AL ..., AM €V, and AL, ..., AM € V), via the
following algorithm:

1. Using Algorithm 3.8 in one spatial dimension (d = 1) with unit
permeability (kx = 1) and unit porosity (¢ = 1) compute the
saturation trajectory {s,ll’one, ceey sggne} and select one satu-
ration profile si,one fort€[0,T],t=14-A; forieN.

max

2. Let the point z™** € Q) be given as z
where | - ||oo denotes the infinity norm.

= arg maxyeq [|#)lo

3. Set AL(z) = A\o(0) and AM(z) = A\, (1) for all z € Q.
4. For g e {2,...,M — 1} set

t z1-& . w1 & s
A (@2 = Lo (hone (555)) - 1 i < @
Aa(0), else,

where £*(q, z2) € R is chosen such that

T

(€ (g,w2) w2) < (4 1) - 57—

and

Ve > 0.

Tzo(f*(%@) +€,£L’2) > (q_ 1) : M—_2

Here, ¢ denotes the position of the front in the one-dimensional
saturation profile at time f, see Figure 5.14. This position
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Figure 5.14 — One-dimensional saturation profile using quadratic
relative permeabilities and a simplified model after
55 hours with saturation front approximately at po-
sition & = 210.

can either be set by hand or computed analytically from the
velocity and height of the front which can both be computed
from the fractional flow function (3.1.6).

Remark 5.11. For the numerical experiments in Section 5.3.6 we
set the mobility to be constant in y-direction in every mesh element
when using the profile construction from Definition 5.10.

5.3.3 Basis Construction

As reasoned above, one of the key ingredients in the LRBMS method
is the novel basis construction algorithm. In the sequel we apply our
localized greedy algorithm 5.8 in the two-phase flow context.

Algorithm 5.12 (Localized Greedy for Two-Phase Flow). Based on
the coarse mesh Ty, an error measure An and a profile construc-
tion algorithm P, we compute the global reduced basis @ using the
following algorithm:

1. Initialization

a) Given the initial saturation sg, compute the initial pres-
sure pY) € Vy, and velocity u) € RT, see Algorithm 3.8.
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98

b)
c)

d)

From u$) compute the time-of-flight 7;,°.

From the time-of-flight and M € N, M > 1, compute
mobility profiles AL ..., AM €V, and AL, ..., AM €V,
using the profile construction algorithm 3.

Choose a desired mazximum basis size Npyax € N, an ap-
proximation tolerance €;o, P = {u € [RT]M| Yot < 1}
and a discrete subset Py C P, the so-called training pa-
rameter set. Furthermore let ®F = () for all E € Ty,
E=Uger, OF W =spanZ and ¥ = ().

2. Basis Extension

a)

b)

a)
)

For each p € Py compute py(y) € W as the solution
to the coarse-scale (LRBMS) pressure discretization 5.2,
that is

br(per (7), w5 ) = I (w; Yo, V)  Yw € W

) M

with o = Zq:l /‘l’quz and v = Yw + Yo-

Evaluate the error estimator for each parameter in the
training set: €, := An(p, W) and find the parameter with
the worst approximation in the current basis: fimax =
arg max,ep, €.

max )

If €40 > €101 compute py (v as solution to the high-
dimensional equation (see Definition 3.3) for the wetting
and non-wetting mobilities mobilities

’Yff,lax = Z(Mmax)q Aqq1)7 ,y(r)nax = Z(Mmax)q Ag

Otherwise go to step 3a.
Eztend the set of snapshots: U = U U {p, (v™*)}.
For each E € Ty :

i. Use the Gram-Schmidt algorithm to orthonormalize
the restriction py (™) | & with respect to the current

local basis DE :

p = ortho(p,(Y™™)| 5, ®%).
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ii. Extend the local reduced basis: ®F = ®F U {p}.
f) Set E=Uger, ®F and W = spanE.
g) If 2| < Nmax, go back to step 2a.

3. Data Compression (optional)

a) Set PF = \II‘E, that is: Define local bases F per coarse
element £ € Ty as restrictions of the snapshots U to the
coarse elements.

b) Apply the principal component analysis using the toler-
ance epca on each element:

@E = POA((AI;E, EPCA)-
The details of this step can be found in [52], for example.

4. Finalization

a) Define the global reduced basis ®n for N =3 p . |®F|
as

Oy = U oF.
Ee€Th

b) Define the global reduced basis space Wi as

Wy = span @ .

In summary, the basis construction performs the following: In an
“initialization” step, we compute the pressure and velocity from the
initial saturation data. From the velocity and the time-of-flight we
compute approximate mobility profiles using one of the algorithms
introduced in Section 5.3.2. This will incorporate important features
of the problem, like low-permeability-lenses, for example, into the
mobility profiles and therefore also into the reduced basis for the
pressure. After fixing some input data like the desired basis size, we
proceed to the basis extension step.

In the basis extension step, we add localized orthonormalizations
of high-dimensional snapshots to initially empty local bases until
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either the maximum total basis size is reached or a prescribed error
tolerance is fulfilled in the current overall basis, which is the union
of all local bases. Additionally, we save the original snapshots.

An optional “compression” step defines local per-coarse-element
bases by restricting the global untouched snapshots from the last
step to each coarse element. Next, we apply a data compression
algorithm, the principal component analysis, to each local basis to
reduce the basis size in regions where redundant information may be
present, like in regions far from sinks and sources, for example. At
this point, it is important that we do not use the orthonormalized
local bases from the extension step for the local compressions. Re-
dundancies were canceled out in those bases and therefore the data
compression would not give meaningful results.

We conclude the algorithm with the “finalization” step by defining
one global reduced basis as the joint of all local bases and the reduced
broken space as its linear span.

The main ideas of this approach are the restriction of the basis
to elements of a coarser grid and subsequent per-element data com-
pression. By the restriction to a coarse grid we reduce the number of
snapshots needed to fulfill a desired error tolerance on a prescribed
training set of parameters during the offline phase. This is easy to
see for the limit case in which Ty = 73, as in this case the reduced
space coincides with the high-dimensional discrete function space
after a finite number of basis extensions. For |Tg| < |T], this ef-
fect was demonstrated in Section 5.2 and can be seen again in the
numerical experiments in Section 5.3.6.

The downside of this approach is that the size of the global reduced
basis increases with the number of coarse elements. This is where
the idea of per-element data compression comes into play and allows
us to keep the total basis size N, which is the main factor in online
computation complexity, in an agreeable range by reducing the local
basis size in regions where little or no variation is inherent in the
local bases, as may be the case in the absence of sinks or sources in
the neighboring elements. The effectiveness of the PCA-step will be
backed up by the experiments in Section 5.3.6.
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5.3.4 Reduced Two-Phase Flow Scheme

We now have all parts together to introduce our overall reduced
approximation scheme for two-phase flow in porous media using an
IMPES-type coupling.

Algorithm 5.13 (LRBMS Two-Phase Flow Scheme). Compute the
approzimations pk, . .. ,pgT for the pressure and sk, . . ., ng for the
saturation using the LRBMS method as follows.

1.

Choose a mazimum basis size Npax € N, the number of mo-
bility profiles M € N and the number of time steps Ny € N.

Compute a reduced basis ® = {p1,...,on} CVy of size N € N
using Algorithm 5.12 for mobility profiles AL, ..., AM € Vy,
where a € {o,w}.

Compute the quantities by, c,d, and e from Section 5.1.2.

. Project the initial data sqg to the fine grid:

/s%vdmz/sovdx, Yv € Vy,.
Q Q

Forn=0,...,Npr—1,

a) compute the reduced-dimensional pressure Q?jl € RY as
solution to Equation (5.1.1) for s = . This means
that we need to compute the least-squares fit (5.3.2) to
the given saturation s € Vi and then solve the reduced

dimensional system (5.1.1).

b) given the reduced-dimensional pressure solution QZH, re-
construct a function p; € Vy by setting

N
1
= (Q’;;“ >¢“0i'
i=1
¢) compute the velocity uZH € RT from the reconstructed
pressure using (3.2.5) for s = s% and p = p}.

d) compute the fine-scale saturation s € Vy, using (3.2.6).
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Notice the difference to the quantities computed using the high-
dimensional two-phase flow scheme: While in Algorithm 3.8 we used
the linear mobilities (3.1.2) in the DG-bilinear-form and in the right
hand side for the pressure, we now use the parameterized mobilities
(5.3.1). We use the notation s, for saturations computed with the
LRBMS scheme—although the saturation itself is not computed in
a reduced space—to point out the dependency on the coarse-scale
pressure.

The novelties in this scheme are the coupling between pressure and
saturation via a parameterized mobility and the replacement of the
pressure equation by a reduced-dimensional substitute. While both
the least-squares approximation in the basis construction step (2)
and the reconstruction step (5b) still need to prove their efficiency,
we expect this scheme to allow largely accelerated computations with
acceptable additional error. The validity of this assumption will be
investigated in the numerical experiments.

5.3.5 Offline—Online Decomposition

The only critical part in (5.1.1) is the computation of the coefficients
0;(s), i = 1,..., M that depends on the grid size h because of the
least-squares approximation (5.3.2). Nevertheless, as the complexity
of the least-squares fit is only O(1/h), we still expect largely acceler-
ated computations compared to a high-dimensional pressure solve,
which has a complexity of O(1/h?) or even O(1/h3).

5.3.6 Numerical Experiments

In this section, we demonstrate the advantages of our approach in-
troduced in Sections 5.3.3 and 5.3.4 by means of different bench-
mark problems. All implementation was done using the Distributed
and Unified Numerics Environment (DUNE), see [10, 9, 21, 19] and
Chapter 7. For the results shown in this section we will use the true
error in an energy norm as error measure:

An (i, W) = [ba(pr () = pa (1), P (v) = pR(1); V)]

where v = > j,A? and \ = Zé\il figA? for a fixed parameter [,
py () denotes the LRBMS-pressure-solution in the space W, see
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Figure 5.15 — The permeability s [m?] used in the 2D benchmark

problem.
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Figure 5.16 — The porosity ¢ used in the 2D benchmark problem.

Definition 5.2, and p;, () denotes the high-dimensional pressure so-
lution, see Definition 3.3. For the exposition of well-applicable a-
posteriori estimators for our setting we refer to [75, 76].

All tests in this section were run using the tolerance epca = 10712
for the PCA.

First Test: Linear Relative Permeabilities

Our first benchmark models the replacement of the non-wetting
phase by the wetting phase in = [0,300] x [0,60] for T' = tN7 =
3 -10%. The fine mesh 7}, consists of 400 - 160 = 64000 rectangles
and we use Ny = 6000 time steps for the temporal discretization
such that A; = 50. The permeability and porosity fields are shown
in Figures 5.15 and 5.16, respectively.

The domain is initially fully saturated with the non-wetting phase
(so = 0), which is then displaced by the wetting phase entering from
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the left boundary, modelled via the boundary conditions (see (3.1.7))

sp=10 inTy4x 0,77, oy =3-107% inT,, x[0,7],
pp =10 inT, 4 x[0,T], vy =0 in 2, % [0,7],

on T'yq = Tpa = {0} x[0,60] and T}, = T}, UT2,, where

) ,n?
Fll)ﬂl = {300} x [0,60], I‘g,n = [0,300] x {0} U [0,300] x {60}. In
this benchmark no sources are used (¢ = g2 = 0.0) and we neglect
gravity so that G = (0.0,0.0)T.
For this test the relative permeabilities in Equation (3.1.2) for

simplicity are given via the linear relations
krw(8) =38, kio(s)=1—s

and we choose the densities g,, = 999.749, 0, = 890 and viscosities
Nw = 0.00130581 and 7, = 0.008. Figure 5.17 shows the saturation
s, computed with the full scheme (Algorithm 3.8) after approxi-
mately 3.5, 10, 15, and 48 hours.

From the time-of-flight, which is depicted in Figure 5.18, we com-
pute the reduced basis ¢ via Algorithm 5.12 for coarse meshes
with sizes |Tg| = 1,4,8,16,32 and using One-Zero-Profiles (Defi-
nition 5.9) with M = 8. The resulting wetting mobility profiles are
depicted in Figure 5.19. We use the tolerance €y, = 107%, a train-
ing set Py, consisting of 300 randomly distributed parameters p in
[0.0001, 1]® with >"(u); = 1, and the maximum size Nyax = oo for
Algorithm 5.12. The resulting basis sizes can be seen in Table 5.1.

We observe that with increasing size of the coarse mesh (first
column), the number of snapshots computed in Step 2c of Algo-
rithm 5.12 (fourth column) decreases significantly from 134 to 69.
At the same time, the overall basis size (the sum of all local basis
sizes, second column) increases. Notice that the basis size is not
necessarily equal the product between the number of snapshots and
the coarse grid size. This is because we orthonormalize each new
snapshot with respect to the existing basis in each extension dur-
ing the basis generation, reject local extensions with norms below a
certain threshold to avoid linear dependencies in the resulting basis
and hence reduce the number of local basis functions.

In Table 5.1 we also see the impact of the local data compression
using PCA (Step 3b in Algorithm 5.12): With increasing coarse
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Figure 5.17 — Wetting phase saturation s, computed using Algo-
rithm 3.8 after 3.5, 10, 15 and 48 hours including
contour lines.
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Figure 5.18 — The time-of-flight 7;; for the first test case for s = 0.
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Figure 5.19 — Wetting mobility profiles computed using Algo-
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rithm 5.12 for the time-of-flight depicted in Fig-
ure 5.18. Not shown are the profiles for ¢ = 1 and

g = M which have constant values Al, = 0 and
AM = 765.808, respectively.
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Coarse Basis Size Basis Size Number of
Grid Size w/oPCA  w/ PCA  Snapshots

1x1 134 134
4x1 353 155 105
8x1 965 264 84
8x2 1030 443 78
16x2 1771 751 69

Table 5.1 — Basis sizes |®| resulting from Algorithm 5.12 for the
2D benchmark problem and a fine mesh with 64000
elements: Size of the coarse mesh, sum of all local basis
sizes before and after application of the PCA, number
of snapshots computed during the basis generation.

1826 | 20 | 34 | 37 | 41 | 42 | 40 | 37| 25 | 17 | 10" S@sMEasg ) 7

20 2555267173071 31" | 36 | 37 | 34735727810 -15 | 10 |u8 | 6 |7

Figure 5.20 — Foreground: local basis sizes after the basis genera-
tion performed for Table 5.1, last line, including the
PCA; background: permeability field.

mesh size, the PCA is able to reduce the local basis sizes significantly
on the different coarse elements.

This effect can be seen again in Figure 5.20 where we plot the local
basis sizes after the PCA step for the test run presented in Table 5.1,
last line. We observe that the local basis size varies strongly from left
to right, due to the fact that the peak saturation does not reach the
right half of the computational domain before the end time 7. Also,
the basis size differs from bottom to top, especially in regions where
the permeability, which is plotted in the background of Figure 5.20,
shows strong variation from bottom to top.

In Table 5.2 we see the resulting discrepancies between the sat-
uration s} computed by the SWIP-DG method on the fine mesh
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(Algorithm 3.8) and the saturation s% computed with the reduced
scheme 5.13. In Table 5.3 we present the respective discrepancies
between the SWIP-DG pressure and the reduced pressure during the
two-phase flow simulation. We present both the relative L? and H*
discrepancies for the saturation
s — s% 2
Az,zs _ || h HHL (Th)’

gn — gn
Isillz2(7)

il (73

the discrepancy in the energy norm

nos b (s — s7, % — s A 1/2 _ M
AD® = [on (s — s o ) L A=) AT (5.34)
[bh(sz’ Sh /\)] g=1

as well as the respective quantities for the pressure:

oy — Pl 27 P — Pl
Azg’:w AP — h — PHIH(T)

') ? - n 9 (535)
Iphl 2277 I3l £ (73)
1\11/2 M
n bu(Pl — PR Pl — D A) - .
N Y FUBNEY
[bh(phaphﬂ)‘)} q=1

Here we used i = (0.125,...,0.125), >, fi; = 1 and || - || 2(7;,) and
| - [[£2(75,) denote the element-wise L?- and H'-norm, respectively.

For different coarse grids, the second column in each table dis-
plays the number of snapshots computed during the extension step
2¢ in Algorithm 5.12 as a measure for the amount of work needed
in that step. Then, in the sections for the L2, H' and energy rela-
tive discrepancies, we present mean discrepancies over all time steps
and the discrepancy at the last time step V7 for basis generations
without and with usage of the PCA.

Over different coarse mesh configurations, we consistently observe
a mean L2-discrepancy for the saturation of approximately 5.6%
(standard deviation: 1.6%), both with and without the PCA, which
is reduced to 4.3% at end time. The respective H'-discrepancies
are slightly bigger with a mean of 7.9% (standard deviation: 2.9%)
and 5.5% at end time. The discrepancies in the energy norm are
still slightly bigger with a mean of 13.2% (standard deviation 5.7%)
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Figure 5.21 — Relative mass loss (" for the final time step t" =
3-10°.

which largely reduces towards the end time to reach a final value
of about 7.9%. The mean L2-discrepancy for the pressure is ap-
proximately 1.4% (standard deviation: 0.3%) for all coarse grid
configurations, and reduces to 1.3% at end time, the respective H'-
discrepancies are in the same ranges. The discrepancies in the energy
norm are slightly bigger with a mean of 5.1% (standard deviation
0.87%) and reduce to a final value of 4.85%. In conclusion, we can
say that the data compression step using the PCA increases neither
the error for the pressure nor the error for the saturation noticeably.

While we can ensure mass conservation on the coarse grid by
adding per-coarse-cell unit basis functions to the reduced basis, the
method is not mass-conservative on the fine grid. In Figure 5.21 we

plot the relative mass loss
/ upy -ndS ‘
Oe

as a measure of the lack of mass conservation at end time " = 3-10°
for the velocity computed with the LRBMS scheme on a 16 x 2 coarse
grid. We see that the velocity lacks mass conservation mainly on
coarse cell intersections and in regions with large gradients in the
mobility profiles A*. Overall, the relative lack of mass conservation
is well below 2 - 1075, Although we therefore found this to be only
a minor problem in the tests—the saturation usually did not grow
above a value of 1.05 and hardly ever fell below zero—the ques-
tion how to ensure mass-conservation on the fine grid seems like an
interesting and important issue.

1

maxgege |[uf ()2

T R, (e =
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5 The Localized Reduced Basis Multiscale Method

As the discrepancies are increased neither by adding more coarse
cells, nor by application of the PCA, we find the localized reduced
basis multiscale method to be well applicable in this context: Intro-
duction of more coarse cells reduces the number of costly snapshots
to be computed during the basis construction, while application of
the PCA yields smaller, more compact bases, leading to faster com-
putations during the two-phase flow simulation.

Test runs with a different tolerance e, = 107° for the greedy
basis construction (Algorithm 5.12) exhibit approximately the same
discrepancies in both the L? and H' norms. Further, computa-
tions with higher numbers of mobility profiles (M = 10,12, 20) give
roughly the same discrepancies. This gives rise to the assumption
that the error is dominated by different phenomena, which we con-
sider to be twofold: First, the assumption that the time-of-flight
is invariant for the whole simulation is not valid in some regions.
Therefore, the position of the saturation front and its impact on the
mobility cannot be represented correctly. Second, the profile of the
mobility along streamlines is not approximated well enough due to
the simple one-zero mobility profiles.

To support the first statement, we present in Figure 5.22 the ab-
solute value of the difference between the SWIP-DG approxima-
tion sflv T and our approximation of the saturation SZT at end time
tN7. We see that huge discrepancies arise in three distinct positions:
around the point x = (30, 35), the point x = (40, 10), and the point
x = (80,1). These positions are located directly downwind along
the streamlines from points where the time-of-flight changes signif-
icantly during the test run, see Figure 5.23. The error produced
in those regions is then transported through the domain along the
streamlines, hence the error distribution to be seen in Figure 5.22 is
established.

We can establish the second statement using M high-dimensional
saturation approximations s)*,...,s;™ at times th, ... tM to form
the profiles in Step 1c of Algorithm 5.12:

In doing so, we ensure that the shape of the mobility profiles along
streamlines is correct and the error of the LRBMS two-phase flow
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5.3 Application to Two-Phase Flow

s Nt g s Nt g
Tul o A W/o AL wjo ARTw/ AL w/
PCA (%) PCA (%) PCA (%) PCA (%)
1x1 134 5.59 4.26
4x1 105 5.59 4.25 5.61 4.26
8x1 84 5.58 4.25 5.59 4.26
8x2 78 5.8 4.25 5.6 4.26
16x2 69 5.59 4.25 5.59 4.26
(a) L2-errors
9,5 NT g g,s Nt g
PCA (%) PCA (%) PCA (%) PCA (%)
1x1 134 7.88 5.49
4x1 105 7.88 5.45 7.92 5.53
8x1 84 7.89 5.53 7.89 5.47
8x2 78 7.9 5.51 7.92 5.55
16x2 69 7.89 5.9 7.91 5.56
(b) H'-errors
[ Nt g .8 NT g
Tul |9 Ag®wio AL wio APw/ AL w/
PCA (%) PCA (%) PCA (%) PCA (%)
1x1 134 13.14 7.3
4x1 105 13.07 7.1 13.28 7.92
8x1 84 13.28 7.93 13 7.24
8x2 78 13.26 7.82 13.28 7.96
16x2 69 13.21 7.69 13.31 8.01

(c) Energy-norm-errors

Table 5.2 — Relative L? (a) and H' (b) discrepancies and discrep-
ancies (5.3.4) in the energy norm (c) between the sat-
uration computed with Algorithm 5.13 and the satu-
ration computed with the fine-scale scheme from Al-
gorithm 3.8 for different coarse mesh configurations:
Number of snapshots |¥| needed during the basis con-
struction algorithm 5.12, mean relative discrepancy and
relative discrepancy at end time t™7 without usage of
the PCA, respective quantities after usage of the PCA.
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5 The Localized Reduced Basis Multiscale Method

N N,

T AE M AT we A AT

PCA (%) PCA (%) PCA (%) PCA (%)
1x1 134 1.36 1.33
4x1 105 1.36 1.33 1.36 1.34
8x1 84 1.35 1.32 1.36 1.33
8x2 78 1.36 1.32 1.36 1.33
16x2 69 1.36 1.32 1.36 1.33

(a) L2-errors

N N,

Tal 1w AR WO AR wjo  ARw/ AL w/

PCA (%) PCA (%) PCA (%) PCA (%)
1x1 134 7.88 5.49
4x1 105 7.88 5.45 7.92 5.53
8x1 84 7.89 5.55 7.89 5.47
8x2 78 7.9 5.51 7.92 5.55
16x2 69 7.89 55 7.91 5.56

(b) H'-errors

A?,p w/o AthT,p w/o A?m w/ AZNTJ? w/

Tul 11 pEA (%) “Pea %) PCA (%) PCA (%)
1x1 134 5.12 4.85

4x1 105 5.13 4.85 5.12 4.85
8x1 84 5.13 4.85 5.12 4.85
8x2 78 5.12 4.85 5.12 4.85
16x2 69 5.12 4.85 5.12 4.85

(¢) Energy-norm-errors

Table 5.3 — Relative L? (a) and H' (b) errors and errors (5.3.6)
in the energy norm (c) between the pressure computed
with Algorithm 5.13 and the pressure computed with
the fine-scale scheme from Algorithm 3.8 for different
coarse mesh configurations: Number of snapshots |¥|
needed during the basis construction algorithm 5.12,
mean relative discrepancy and relative discrepancy at
end time tMT without usage of the PCA, respective
quantities after usage of the PCA.
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Figure 5.22 — Absolute value of the difference in the saturation
sp' ™ computed with the full high-dimensional scheme
and the saturation sN? computed with the LRBMS
scheme at end time 7.
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Figure 5.23 — Absolute difference between the time-of-flight for the
initial saturation sp and the time-of-flight for the
saturation computed with the LRBMS scheme for
a coarse grid with 16 x 2 cells at time ¢ = 10000s.

scheme should decrease drastically. Indeed, for M = 8, this pro-
cedure decreases the mean relative L2-discrepancy to 2.3% with a
standard deviation of 2.0%. Even more: The L2-discrepancy at
t =T is reduced by a factor of ten to 0.45%. Obviously, using mul-
tiple high-dimensional saturation profiles is not possible in general
as the model order reduction would become superfluous, but two
other remedies could be implemented: One could be to recompute
the mobility profiles and the reduced basis after a certain number of
time steps t" using the time-of-flight for s}. Another approach is to
use more realistic mobility profiles by applying the mobility to full
one-dimensional saturation trajectories as is realized by the second
mobility profile computation algorithm (Definition 5.10).

In Table 5.4 we present runtimes for the basis construction part of
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5 The Localized Reduced Basis Multiscale Method

the LRBMS two-phase flow scheme. Again, we give the coarse grid
configuration (column one) and the number of snapshots needed
(column two). The third column then shows the time needed for the
basis construction (Algorithm 5.12). The timings presented here in-
clude the time for the computation of the mobility profiles (about
13 seconds), the so-called “training”-step (computation of all re-
duced solutions, evaluation of the error measure, selection of the
parameter for basis extension), and the extension-step including the
computation of a high-dimensional snapshot and application of the
Gram-Schmidt procedure. It does not contain the application of
the PCA which is consistently below one second for all coarse grid
configurations and hence can be considered negligible. The time
needed to compute the reduced basis ® is 50 minutes on one coarse
cell (which corresponds to a standard reduced basis method), goes
up to 1 hour 7 minutes for a coarse grid of size 4 x 1 and is then re-
duced to 45 minutes for all other coarse grids. The increase in total
runtime from line one to line two can be explained by the relatively
high number of iterations that is still needed to reach the error toler-
ance with an increased per-step cost due to the larger reduced bases.
This effect would vanish if the snapshot computation (column four)
was more expensive, for larger fine grids, for example. As mentioned
earlier, we use the true error as error measure. The time for error
estimation in column five includes the time needed to reconstruct a
high-dimensional snapshot from each reduced solution and compute
the difference in the energy norm. The time for computation of the
high-dimensional snapshots itself is not included.

In conclusion we can say that for the test case at hand, introduc-
tion of more coarse cells yields slight reductions in terms of runtime.
As the computation of the snapshots shows a speedup by a factor of
two for the computation on 32 coarse cells compared to the compu-
tation on one coarse cell, we can expect the runtime-gain to increase
drastically as the size of the fine mesh—and hence the time for the
computation of one high-dimensional snapshot—is increased.

Finally, in Table 5.5 we present runtimes for the two-phase flow
simulation (Step 5 in Algorithm 5.13) for uncompressed bases (that
is: bases that were computed without usage of the PCA) and com-
pressed bases on different coarse grids and, for comparison, the same
runtimes for a full high-dimensional computation. We see that for
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5.3 Application to Two-Phase Flow

Coarse Num. of Basisgen. Snapshot Error
Grid Size  Snapshots Total Computation Estimation
1x1 134 50m 6s 15m 39s 19m 52s
4x1 105 67m 19s 12m 19s 12m 15s
8x1 84 45m 34s 9m 52s 9m 3s
8x2 78 46m 36s 9m 9s 9m 37s
16x2 69 45m 48s 8m 6s 10m 25s

Table 5.4 — Runtimes for the basis construction (see Algo-
rithm 5.12): Coarse grid size, number of snapshots com-
puted, total runtime, total time for snapshot computa-
tion, total time for error estimation.

the reduced simulations, more than 50% of the overall runtime of
about 2 hours 40 minutes is spend in the application of the ODE
solver and slope limiter for the saturation equation. About one hour
is spend for the elliptic equation with about 45 minutes for the recon-
struction of the flux (see Definition 3.6). For uncompressed bases,
computing all pressure solutions takes five to 15 minutes, depending
on the coarse grid and respective basis size, for compressed bases
those times drop to two to five minutes.

The time to solution for one reduced pressure computation there-
fore ranges from 20 milliseconds on the 1 x 1, 4 x 1 and 8 x 1 coarse
grids to 50 milliseconds on the 8 x 2 and 16 x 2 coarse grids using
the PCA. Comparing these runtimes to the time needed for a high-
dimensional simulation we see the advantage of our method: The
high-dimensional test run takes approximately 16 hours with nearly
90% of the time spent in the treatment of the elliptic equation: more
than two hours are spent assembling the pressure system, solving it
takes approximately 11 hours in total (approximately seven seconds
per solve). The speed-up for the solution of the pressure equation
is approximately a factor 140. As nothing was done to speed up the
transport solve, the overall speed-up for the two-phase flow simula-
tion (high-dimensional vs. basis construction and reduced simula-
tion) is five.
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5 The Localized Reduced Basis Multiscale Method

8??5 > Total Elliptic  Pressure Velocity Saturation
. ota Part Solver Recons. Part
Size
Without PCA
1x1 2h 37m 1h Om 5m 28s 46m 1h 37m
4x1 2h 41m 1h 1m 5m 5s 47m 1h 40m
8x1 2h 38m 1h Om 5m 25s 47m 1h 37m
8x2 2h 40m 1h 4m 10m 40s 45m 1h 36m
16x2 2h 45m 1h 9m 15m 3s 45m 1h 36m
With PCA

4x1 2h 34m  Oh 56m 1m 59s 45m 1h 38m
8x1 2h 31m Oh 55m 2m 0Os 44m 1h 36m
8x2 2h 41m Oh 55m 3m Os 44m 1h 46m
16x2 2h 37m Oh 57m 4m 42s 44m 1h 39m

High-Dimensional

15h 58m 14h 23m  11h 13m 43m 1h 35m

Table 5.5 — Runtimes for Step 5 of Algorithm 5.13 for uncom-
pressed and compressed bases: Coarse grid size, total
runtime, time spent for treatment of the elliptic equa-
tion, thereof time spent in pressure solve and velocity
reconstruction and time spent in saturation part. Last
line: same numbers for a full high-dimensional simula-
tion.

Second Test: Quadratic Relative Permeabilities, Unit Total
Permeability

For the second test case we use quadratic relative permeability func-
tions

krw(s) = s2, kro(s) = (1 — 5)2

in Equation (3.1.2) and the computational domain is given as {2 =
(0,1) x (0,1). Again we simulate the replacement of the non-wetting
phase by the wetting phase. We use sg =0, T = t¥7 = 0.008, Ny =
8000, unit permeability and porosity (k = 1, ¢ = 1), n, = 0.0004,
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5.3 Application to Two-Phase Flow

1, = 0.002 and a fine mesh 7;, consisting of 50-50 = 2500 rectangles.
We define the boundary conditions

sp=10 inTyqx[0,T], oxy=3-10"" inT}, x[0,7],

pp =10 inT,4 x [0,T], oy =0 in T2, % [0,7],
onlyq="Tpa={0}x[0,1] and T, =T, , UTZ , where T}, =
{1} x[0,1], T2, = [0,1] x {0} U[0,1] x {1}. Finally, no sources are
used (¢1 = g2 = 0.0) and we neglect gravity (G = (0.0,0.0)7).

From the time-of-flight we construct reduced bases for coarse
meshes with one and 4 -1 = 4 coarse cells using Algorithm 5.12.
Here we use extended one-dimensional profiles for M = 16 to com-
pute the non-wetting and wetting mobility profiles. The resulting
profiles are depicted in Figure 5.24. As our problem is constant
in the vertical direction we only plot the mobilities (and all other
quantities for this test case) over the horizontal axis.

Further we used €, = 1077 and Ny.x = oo for Algorithm 5.12.
The training set Py, consisted of 1000 randomly distributed param-
eters g in [0.0001,1]1¢ with Y (u); = 1. The basis construction
yielded a basis of size |®| = 45 for |Tg| = 1 (number of snapshots:
45) and of |®| = 68 for |Ty| = 4 (number of snapshots: 18).

In this benchmark we are only interested in the capability of our
two-phase flow scheme of capturing the shape of the saturation dur-
ing the simulation and whether we are able to use quadratic relative
permeabilities when using the extended one-dimensional profiles for
the mobilities. Towards this end we plot the saturations resulting
from the high-dimensional two-phase flow scheme and the reduced
scheme for the two reduced bases on |Tx| = 1 and |7y | = 4 in Figure
5.25.

We see that we get a very good matching of the whole saturation
profile on both coarse grid configurations. Especially the saturation
front is captured very accurately. This can also be seen in the error
values: For the coarse grid with |7z| = 1 the mean relative L? error
is 0.41% (standard deviation (sd) 0.12%) and the relative L? error
at end time is 0.45% for the saturation. The respective values for
the energy norm (see Equation 5.3.4, i1 = ... = fi1g = 0.0625)
are 1.32% (sd 0.36%) and 2.34%. The errors for the coarse grid
configuration with |7z | = 4 are roughly the same. For the pressure,
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5.24 — Wetting mobility profiles for ¢ = 2,...,15 (left to
right) computed with Algorithm 5.12 (plot along the
horizontal axis). Not shown are the profiles for ¢ = 1
and ¢ = 16 which have constant values AL, = 0 and
ALS = 2500.
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5.25 — Saturation computed with high-dimensional scheme
(dashed), reduced scheme with |7x| = 1 (gray with
points) and reduced scheme with |Tx| = 4 (black,
solid) at timesteps 500, 1500 and 2500 (left to right).



5.3 Application to Two-Phase Flow

all above-mentioned error quantities are well below 0.5%.

In summary we can say that the LRBMS two-phase flow scheme is
well-applicable for this benchmark which is admittedly rather simple
regarding the permeability and porosity but more complex regard-
ing the relative permeability function when compared to the last
test case. We conclude that the extended one-dimensional profiles
show better performance for quadratic relative permeability func-
tions than the one-zero profiles which we found to be unusable in
conjunction with non-linear relative permeabilities.

Third Test: Quadratic Relative Permeabilities, Non-Trivial Total
Permeability

In our third test case, the relative permeabilities in Equation (3.1.2)
are again given via the quadratic relations

Eew(8) = 8%, kro(s) = (1 —s)?

and we define the densities g, = 999.749, 0, = 890 and viscosities
Nw = 0.0004 and 7, = 0.002. We use the same domain as in the first
test case: 2 = [0,300] x [0, 60], the same boundary and initial data
and the same permeability and porosity fields (see Figures 5.15 and
5.16, respectively). Gravity is again neglected. The computational
mesh is given by 200 - 80 = 16000 rectangles. The end time is again
given as T = t"7 = 3.10° and we use Ny = 6000 time steps.
Figure 5.26 shows the saturation s, computed with the full scheme
(Algorithm 3.8) after approximately 5.5, 14, 25 and 44 hours.

From the time-of-flight we compute the reduced basis ® via Al-
gorithm 5.12 for coarse meshes with sizes |Ty| = 1,4,8,16,32 and
using the extended one-dimensional profiles (Definition 5.10) with
M = 16. The resulting wetting mobility profiles are depicted in
Figure 5.27.

We use the tolerance €,y = 1076 a training set P, consist-
ing of 1000 randomly distributed parameters u in [0.0001, 1]'6 with
>(n); = 1, and the maximum size Npax = oo for Algorithm 5.12.
The resulting basis sizes can be seen in Table 5.6.

Again we observe that with increasing size of the coarse grid, the
number of snapshots necessary to fulfill the error tolerance in our
greedy basis construction algorithm decreases. Clearly, at the same
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5 The Localized Reduced Basis Multiscale Method

Figure 5.26 — Wetting phase saturation s; computed using Algo-
rithm 3.8 after approximately 5.5, 14, 25 and 44
hours (top to bottom) for the third test case.

Coarse Basis Size Basis Size Number of
Grid Size w/o PCA  w/ PCA  Snapshots

1x1 138 138
4x1 327 186 102
8x1 539 315 86
8x2 936 556 75
16x2 1598 935 65

Table 5.6 — Basis sizes resulting from Algorithm 5.12 for the third
test case: Size of the coarse mesh, sum of all local basis
sizes before and after application of the PCA, number
of snapshots computed during the basis generation.
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D ———
962.5 1475. 1988. 2500

Figure 5.27 — Wetting mobility profiles computed with Algo-
rithm 5.12 for the second test case. Not shown are
the profiles for ¢ = 1 and ¢ = M which have constant
values AL = 0 and AM = 2500, respectively.
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5 The Localized Reduced Basis Multiscale Method

time the size of the global reduced basis increases as we now intro-
duce roughly | Ty | new basis functions in each extension step. At the
same time we note that the compression step (Step 3 of Algorithm
5.12) reduces the basis sizes drastically: For the two rightmost cells
in the coarse grid configuration with 16 x 2 cells, the local basis size
is reduced from 65 to six, for example.

In Table 5.7 we present the error measures A7y, A%7 and AR®
for the saturation and the respective quantities for the pressure in
Table 5.8 (see Equations (5.3.3)—(5.3.6)).

We observe that the mean error increased largely when compared
to the first test case, in most cases it nearly doubled. We believe
the reason for this to be the more complex behavior of the satura-
tion when using quadratic relative permeabilities. As seen in Figure
5.26, the saturation shows viscous fingering which is much harder
to capture using our scheme than the more linear behavior of the
saturation in the first test case.

Furthermore, the extended one-dimensional profiles now capture
the shape of the mobility in the horizontal direction more accurately
but flows in vertical direction are not captured which leads to wrong
fluxes in that direction during the reduced two-phase flow simula-
tion. Nevertheless we consider the ability to use the more complex
quadratic relative permeability function to be an improvement over
the first test case and over the one-zero profiles.

5.3.7 Summary and Outlook

We applied the localized reduced basis multiscale method to two-
phase flows in porous media. We introduced a new formulation of
two-phase flow using a parameterized mobility function that realizes
the coupling between the equations for the unknown pressure and
saturation. The mobility uses a certain number of precomputed pro-
files to match a given mobility via a least-squares fitting during the
main simulation and the parameters arising from the least-squares
fitting are used as parameters to the pressure equation which is dis-
cretized using the LRBMS method.

We were able to demonstrate significant reduction of computation
time at moderate error when compared to a full high-dimensional
computation for linear relative permeability functions. As the prop-
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s Nt g s Nt g
Tul o A W/o AL wjo ARTw/ AL w/
PCA (%) PCA (%) PCA (%) PCA (%)
1x1 138 8.57 2.48
4x1 102 8.58 2.45 9.27 4.93
8x1 86 8.57 2.41 8.7 2.91
8x2 75 8.57 2.44 8.68 2.83
16x2 65 8.54 2.43 8.58 2.59
(a) L2-errors
9,5 NT g g,s Nt g
PCA (%) PCA (%) PCA (%) PCA (%)
1x1 138 9.12 2.8
4x1 102 9.12 2.75 9.98 5.96
8x1 86 9.11 2.7 9.35 3.52
8x2 75 9.11 2.73 9.37 3.52
16x2 65 9.09 2.74 9.21 3.12
(b) H'-errors
[ Nt g .8 NT g
Tul |9 Ag®wio AL wio APw/ AL w/
PCA (%) PCA (%) PCA (%) PCA (%)
1x1 138 27.9 9.59
4x1 102 27.51 7.69 37.42 38.84
8x1 86 27.54 7.69 30.43 17.63
8x2 75 27.4 7.25 29.95 16.41
16x2 65 27.4 7.62 28.71 12.71

(c) Energy-norm-errors

Table 5.7 — Relative L? (a) and H' (b) discrepancies and discrep-
ancies (5.3.4) in the energy norm (c) between the sat-
uration computed with Algorithm 5.13 and the satu-
ration computed with the fine-scale scheme from Al-
gorithm 3.8 for different coarse mesh configurations:
Number of snapshots |¥| needed during the basis con-
struction algorithm 5.12, mean relative discrepancy and
relative discrepancy at end time t™7 without usage of
the PCA, respective quantities after usage of the PCA.
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N Nt |
Tul u AW/ ALTTwjo ATPw/ AT w)
PCA (%) PCA (%) PCA (%) PCA (%)
1x1 138 0.81 1.12
4x1 102 0.8 1.08 0.84 1.27
8x1 86 0.8 1.08 0.84 1.15
8x2 75 0.79 1.07 0.93 1.25
16x2 65 0.8 1.09 0.81 1.1
(a) L2-errors
, Nt a, N |
Tl o Aat W AT wjo ARFw/ AL w/
PCA (%) PCA (%) PCA (%) PCA (%)
1x1 138 9.12 2.8
4x1 102 9.12 2.75 9.98 5.56
8x1 86 9.11 2.7 9.35 3.52
8x2 75 9.11 2.73 9.37 3.52
16x2 65 9.09 2.74 9.21 3.12
(b) H'-errors
a, tNT | z, tNT |
Tl jp AETW/o AL w/o AZTw/ ALTY w/
PCA (%) PCA (%) PCA (%) PCA (%)
1x1 138 4.94 5.17
4x1 102 4.95 5.19 4.92 5.19
8x1 86 4.94 5.19 4.95 5.22
8x2 75 4.94 5.19 4.97 5.26
16x2 65 4.95 5.2 4.97 5.23

(¢) Energy-norm-errors

Table 5.8 — Relative L? (a) and H' (b) errors and errors (5.3.6)
in the energy norm (c) between the pressure computed
with Algorithm 5.13 and the pressure computed with
the fine-scale scheme from Algorithm 3.8 for different
coarse mesh configurations: Number of snapshots |¥|
needed during the basis construction algorithm 5.12,
mean relative discrepancy and relative discrepancy at
end time tMT without usage of the PCA, respective
quantities after usage of the PCA.
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erties of the flow get more complicated when using non-linear relative
permeabilities we introduced an algorithm computing mobility pro-
files reusing the shape of full one-dimensional computations. This
made our approach applicable even in these non-linear settings.

Mass conservation can only be guaranteed on the coarse mesh
of our approach. Ensuring mass conservation on the fine mesh as
well seems like an interesting and challenging field for future work.
Furthermore using the efficient PDE solver introduced in Chapter
6 for snapshot computation seems like a promising approach as it
would it allow for problems with even larger numbers of degrees of
freedom to be treated efficiently.
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Chapter

Multiscale Methods

In Chapter 5 we introduced a localized version of the RB method
that is able to reduce the workload during the offline phase sig-
nificantly by decreasing the necessary number of high-dimensional
snapshot computations. In this chapter we introduce the multiscale
finite element method (MSFEM). The MsFEM allows very memory-
efficient computations of solutions to multiscale problems and—as
we will demonstrate in this chapter—has a high potential for good
scaling performance on modern high-performance computing archi-
tecture. The MsFEM can therefore be seen as a tool for making
the offline phase of the LRBMS even more efficient and hence more
applicable to real world problems.

The MSFEM is one example of so-called multiscale methods. Mul-
tiscale methods incorporate information about physical properties
(such as permeabilities, porosities, etc) on a fine scale into coarse
scale equations [46, 28]. Different methods have emerged in the last
decade: The variational multiscale method offers a general frame-
work for the construction of hierarchical approximation spaces [47].
The multiscale finite volume method [51] constructs coarse-scale
transmissibilities that capture fine-scale effects. This leads to a
multi-point approximation for the finite volume discretization on
the coarse scale. Recently, a more robust two-point finite volume
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method was proposed [65]. In [40], an adaptive version of the hetero-
geneous multiscale method [26], which aims at capturing the macro-
scopic scale of the problem by estimating necessary information from
a microscopic model, was applied to immiscible two-phase flows in
porous media. Finally, Henning et al. [70] recently applied the par-
tition of unity method in the multiscale context as a means for re-
liable numerical homogenization for elliptic equations with rough
coefficients. The multiscale finite element method [44, 28] uses so-
lutions to local fine-scale problems to incorporate fine-scale details
into coarse-scale basis functions; a recent development in this direc-
tion is the generalized multiscale finite element method [27]. The
mixed multiscale finite element method [17, 1] is based on the same
principles but in addition allows for mass-conserving reconstruction
of the fine-scale velocities. Related methods include the numerical
subgrid upscaling method [4] and the multiscale mortar method [5].

The rest of this chapter is structured as follows: In the next sec-
tion we introduce the MsFEM in its most basic form and give hints
to analysis results and extensions. In Section 6.2 we introduce a con-
cept for computational parallelization of the MSFEM and in Section
6.3 we present preliminary numerical results for our implementation
of this concept. Details about this implementation can be found in
Chapter 7.

6.1 The Multiscale Finite Element Method

The governing equation for the introduction of the MsFEM is the
pressure equation (3.1.1) without the consideration of gravitational
effects which we shortly recall here: We compute the unknown pres-
sure p such that

-V - (A&Vp)=¢ inQx(0,7), (6.1.1)
in the space-time domain Q x (0,7). For the sake of simplicity we
assume that A(s,z,t) = A(z) everywhere in the space-time domain

Q% (0,T), that is to say: we neglect the dependency of the mobility
on the saturation and time in this section. Finally we equip Equation
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(6.1.1) with homogeneous Dirichlet boundary values:
p=0 on 9N.

As mentioned before, the central idea of the MSFEM is to incorpo-
rate fine-scale details of the physical properties into basis functions
on a coarse mesh. We will therefore reuse the fine mesh 7; from
Section 3.2 and the coarse mesh Ty from Section 5.1.

Based on the two computational meshes we introduce two discrete
function spaces Wy and Wy,:

Wi = {v € C°(Q)|v|, € P1(E)VE € T},

Wy, = {v e C%Q)|v|, € Pi(e) Ve € Tp},
where P;(w) denotes the space of polynomials of maximum order
one on the set w C €.

Finally, following the introduction of the MSFEM in [43] and [41]
we introduce multiscale basis functions:

Definition 6.1 (Multiscale Basis Functions and Local Problems).
Given an index ¢ € {1,...,dim(Wpg)} and denoting by {¢;} the
usual nodal finite element basis of Wy, we call the solution ®* € W,
of

/ M2)k(2) VO () - Vi (z)dz = 0 Ve, € Wy, N HY(E),
B (6.1.2)
®'(z) = pi(r) on OFE

for all E € Ty multiscale basis function. The problem (6.1.2) will
also be referred to as local problem in the sequel.

Given the multiscale basis ® with
¢ = {91 <i< Wy}
we define the MsFEM space
Wi® = span(®) C W,

Now we are ready to define the MSFEM solution to the pressure
equation.
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Definition 6.2 (MsFEM Solution). The MsFEM solution p§® €
Wi to Equation (6.1.1) is given by

/ M@k (@) VpS (@) - VI (z) de = / (@) U(x)dz Y € Wms.
Q Q

In different works multiple features of the MSFEM method were
investigated. Hou et al. demonstrated that the order of convergence
of the MsFEM coincides with that of the linear finite element method
if the heterogeneities in A - k are well-resolved by the fine mesh 7,
(see [43] and references therein).

Furthermore, different authors have shown a negative impact of
so-called resonance errors that occur when the fine mesh scale and
the physical scale of the problem are close. For those cases over-
sampling methods were suggested that reduce the influence of the
boundary conditions on the multiscale basis functions, see [28, 41],
for example.

Finally, we point out that an extension of the MsFEM to nonzero
Dirichlet- and general Neumann-boundary-values can be done. In
this case, additional local problems (6.1.2) for the boundary values
need to solved.

6.2 Parallelization Concept

The key idea of our parallelization concept is to reflect the different
layers—coarse and fine—of the MSFEM in the code and to make use
of the independence of the different local problems.

The coarse scale of the problem, represented by a coarse-scale
mesh and a coarse-scale discrete function space, is handed out to
different distributed memory compute nodes via the Message Pass-
ing Interface (MPI), more specifically its abstraction in the dune-grid
interface, see Chapter 7. We do not base the coarse-scale paralleliza-
tion directly on the coarse mesh but on coarse patches.

Definition 6.3 (Coarse Patch). Let Ty (see Section 6.1) denote the
coarse mesh of a MSFEM method. We then call any subset of Ty
consisting of coarse mesh entities { E|E € Ty} a coarse patch.

130



6.2 Parallelization Concept

Figure 6.1 — Illustration of parallelization concept: Coarse patches
for distributed memory parallelization, fine scale mesh
for basis function computation using shared memory
parallelization.

For an illustration of possible coarse patches see Figure 6.1 where
each of the nine coarse patches consists of 4 coarse mesh elements
and is colorized in a distinct color shade. The construction of these
coarse patches can be handled by the load-balancing in the DUNE
grid-interface: Calling the loadBalance() function on a grid will re-
sult in multiple coarse mesh elements being grouped together and
distributed to a MPI process if the number of MPI processes is
smaller than the number of coarse mesh elements. At the moment
we rely on the automatic load-balancing of the respective coarse
grid implementation as all local problems are assumed to have ap-
proximately the same computational demands. For cases where this
assumption is not valid, in the case of complex coarse meshes, for
example, more evolved algorithms for the generation of the coarse
patches would need to be implemented.

Now, after distributing the computations on the coarse mesh as
described above, the computation of all multiscale basis functions
(see Definition 6.1) on the coarse mesh elements of each coarse patch
needs to be performed. Firstly, the computation of several multi-
scale basis functions can be done in parallel on one compute node.
Secondly, each single computation of a basis function can be par-
allelized. For both parallelizations a shared-memory approach is
advisable as different local problems on one coarse element share
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the same system matrix. Furthermore, in this case, an ideal shared-
memory parallelization is faster than a distributed memory paral-
lelization as the latter suffers from communication overhead and
we assume the equation system for one basis function to fit in the
memory of one compute node. Clearly, the word ideal in this case
includes that locking does not introduce noticeable slowdown.

Another important concept is the so-called virtual grid refinement
layer. Although our formulation of the MSFEM in Section 6.1 as-
sumes the multiscale basis functions to be globally continuous (as
they belong to W), error estimates for non-conforming formulations
were derived in [29, 45] under certain conditions on the properties
of the coefficients.

Now, if we assume that the multiscale basis functions do not need
to be conforming, there is no need to use restrictions of a function
space on the global fine mesh 7}, in Equation (6.1.2) but local meshes
and according local discrete function spaces can be used. This frees
us from any limitations introduced by the coarse scale mesh and
we only assume the local meshes used for the computation of the
multiscale basis functions on the coarse cell £ € Ty to cover the
whole cell E. In other terms: The local problems for a given coarse
mesh element E are now solved on a computational mesh 7;LE with

{re E} C TF.

This way it becomes possible, for example, to use a simple struc-
tured mesh for the local problems in conjunction with an unstruc-
tured mesh on the coarse scale. Apart from efliciency considera-
tions this also has the advantage of smaller memory consumption
for the computation of the multiscale basis functions which can be
paramount on large-scale clusters with very limited per-core mem-
ory.

Remark 6.4. The parallelization concept presented in this section
is not restricted to the MsFEM context. It was demonstrated in [68]
that multiple multiscale methods, such as the VMM, the HMM or the
MsFEM can be cast into the same mathematical abstraction allowing
a unified implementation based on the principles introduced above.
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6.3 Numerical Experiments

6.3 Numerical Experiments

In this section we present results for a simple 3D-benchmark for
our multiscale-library dune-multiscale, see Chapter 7. Our model
problem is the stationary heat diffusion equation in Q = (0,1)3:
Find p¢ € H*(Q) such that

=V (k°(2)VpS(z)) = f(z) n,
p(x)=0 onT,={xed|z3e{0,1}}, (6.3.1)
—k(x)Vp(z) - n=0 ondQ\T,,

where k€, f¢ are for x = (21,12, 23)T € R3 given by

1 2(2 + cos(2xLL)) ! 0 0
k(z) = 5.2 0 1+ %cos(%%) 01,
0 1
f(x) = =V - (k°(2)Vp*(2)) .

Here, the exact solution p¢ is given by
P(x) = sin(27xq) sin(27wxs) + g cos(2mxy) sin(27xy) Sin(27rﬂ).
€

The heat diffusion coefficient k¢ shows oscillations on a small scale
defined by € > 0. We will choose ¢ = 0.05. In Figure 6.2 we show
the exact solution p¢ for € = 0.05. In Figure 6.3 the two scales in the
heat-diffusion model problem can be observed: On the coarse scale,
a sinusoidal wave with wavelength one can be seen while on the fine
scale (in the close-up) an oscillation with much shorter wavelength
(e = 0.05) is noticable. For the MsFEM formulation of Equation
(6.3.1) see Section 6.1.

In the following experiments, our focus is on the strong and weak
scaling properties of our implementation. Here the term strong scal-
ing refers to runtime tests where the computational effort for solving
the problem is kept constant while the number of MPI-processes is
increased. The term weak scaling refers to tests where the com-
putational effort is increased by the same factor as the number of
MPI-processes.

In Figure 6.4 we present strong scaling results for our MsFEM im-
plementation using hexahedral meshes on both the fine and coarse
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-1.0 -0.50 0.0 0.50 1.0

Figure 6.2 — Computational mesh and exact solution p° to Equa-
tion 6.3.1 for e = 0.05: block [0.25,1] x [0.5, 1] x [0.5, 1]
cut out.

134



6.3 Numerical Experiments

Figure 6.3 — Exact solution to Equation 6.3.1 for ¢ = 0.05: slice
(using z-normal) and close-up with contour lines.

scale. The coarse-scale mesh Ty consists of 32-32-32 = 32768 cubes.
Each coarse mesh element is subdivided into 4096 cubes leading to
134,217,728 fine elements in total. Remember though that for the
MsFEM, we never need to set up a fine mesh on the whole do-
main. For this test we do not use oversampling techniques like those
mentioned in Section 6.1. We use a biconjugate gradient stabilized
(BiCGStab) solver for both the computation of the MSFEM basis
functions and for the solution of the coarse-scale problem and we
run the test on the Cheops cluster in Cologne (Intel Xeon Westmere
X5650 CPUs, 2.66 GHz, Hexacore, QDR Infiniband) using 16 to
1024 cores.

We see that most parts of our implementation scale nearly per-
fectly as expected: Assembling and solving the local problems for the
multiscale basis functions does not necessitate any kind of commu-
nication between the different MPI processes and therefore this part
of the code scales perfectly. The coarse right hand side assembly ne-
cessitates only one communication which is negligible compared to
the overall runtime of the assembly. The communication of shared
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MSFEM total
Coarse matrix assembly
100.00 Coarse RHS assembly
Local problem assembly and solve
4 Coarse solve
- Ideal

10.00

Scaling Factor

0.10
16-32 16-64 16-128 16-256 16-512 16-1024

Scaled from 16 to X processes

Figure 6.4 — Strong scaling for model problem (6.3.1) from 16 to
1024 cores: Scaling factor in wall runtime for different
parts of the MsFEM solver.

degrees of freedom of the global coarse matrix is done during the
coarse solve step. Therefore the coarse matrix assembly also scales
near to perfect. Only the coarse solve step does not show a desirable
strong scaling. This is to be explained by the fact that the coarse
problem size is still fairly small and that the communication over-
head does not pay out at this problem size: With roughly 32000
coarse cells in total, each process solves a subproblem on only 32
cells when computing with all available compute nodes and there-
fore the communication dominates the overall runtime. We expect
this problem to vanish when the size of the coarse grid is increased.

Next, Figure 6.5 shows results from a weak scaling test using the
same setup as above: Again we scale from 16 to 1024 cores on the
Cheops cluster and we do not use oversampling strategies. The local
meshes again consist of 4096 elements but the coarse mesh size is
now adapted to the number of MPI processes: on 16 processes we
use 512 coarse elements and this size is doubled in each step such
that we use 32768 elements on 1024 processes.

Again we see that most parts of our MSFEM solver show good scal-
ing, only the coarse solver shows a tendency to higher runtimes with
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Figure 6.5 — Weak scaling for model problem (6.3.1) from 16 to
1024 cores: Wall runtime in seconds for different parts
of the MsFEM solver.

increasing numbers of processes for the reasons explained above. Re-
member that, as this is a weak scaling test, the runtimes for all MPI
configurations should ideally be the same.

Most importantly, the assembly and solve of the local problems,
which obviously accounts for most of the overall runtime, shows
near-ideal behavior.

Finally, we plot the distribution of the overall runtime among the
different parts of our implementation using the mesh configuration
of the strong scaling test on 16, 128 and 1024 cores in Figure 6.6.

As reasoned above, the percentage of runtime spent in the coarse
solver increases with increasing number of MPI processes due to
increased communication overhead while the time needed for assem-
bling the coarse system stays roughly the same. Nevertheless, the
most important result drawn from Figure 6.6 is that the assembly
and solution of the local problems accounts for the vast majority of
the overall runtime. As this part of the code was shown to be scaling
(nearly) perfectly above, we believe that the good overall strong and
weak scaling for the MsFEM shown up to 1024 cores will continue
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16 Cores 128 Cores 1024 Cores

@ Coarse matrix assembly @ Coarse RHS assembly
© Fine scale part identification =~ @ Local problem assembly and solve
® Coarse solve @® Other

Figure 6.6 — Wall time distribution among different parts of the
MsFEM solver on 16, 128 and 1024 cores.

on bigger clusters.

6.4 Summary and Outlook

We introduced the multiscale finite element method which can be
used to render the offline phase of the localized reduced basis multi-
scale method even more efficient by replacing the high-dimensional
DG discretization. We introduced a general parallelization concept
that does not only apply to the MsFEM but to a general abstraction
of multiscale methods.

In numerical tests we were able to demonstrate good scaling of
our implementation of this parallelization concept on a mid-sized
cluster.

In the next step, the coupling between LRBMS and MsFEM could
be addressed and scaling tests on higher numbers of cores should be
done.
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Chapter

Software Concepts

In this chapter we shortly outline some of the principal design con-
cepts of our implementations of the reduced basis method (dune-rb)
and the multiscale finite element method (dune-multiscale). Both
implementations are based on the Distributed and Unified Numerics
Environment (DUNE) [9, 21, 19]. DUNE is a modular C++ frame-
work providing interfaces to and implementations of computational
meshes (dune-grid), iterative solvers (dune-istl) and two implemen-
tations of commonly used discretizations for partial differential equa-
tions (dune-fem and dune-pdelab).

In Section 7.1 we give some details on the implementation of re-
duced basis methods that was used to produce all RB-related results
in this work. In Section 7.2 we give some pointers to our implemen-
tation of the parallelization concept for the multiscale finite element
method as introduced in Chapter 6. We conclude this chapter with
a short summary and outlook in Section 7.3.
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7.1 The dune-rb Module

The dune-rb module! is a joint effort by M. Drohmann, F. Schindler
and the author of this document of implementing reduced basis
methods within the DUNE framework. It provides small and clean
interfaces for all parts of RB methods as well as implementations
for the most commonly used methods.

The module was designed with a focus on modularity, enabling
the user to implement only parts being particular to his individual
approach and reusing others. One example could be a situation
where a user wants to implement his own basis generation algorithm
but reuse the shipped reduced basis space implementation.

Our interfaces and the implementation are directly based on linear
algebra quantities as opposed to the usage of special discrete function
spaces as in the dune-fem module. This way we try to introduce as
little overhead as possible.

Furthermore, our software strictly separates the two computa-
tional phases of RB methods (offline- and online-phase) in the code.

In the following paragraphs we will shortly outline the most im-
portant parts of our implementation.

7.1.1 Linear Algebra

One important concept of reduced basis methods that is not rep-
resented in the standard linear algebra in DUNE is the separable
parametric tensors from Equation (2.3.2). In Listing 7.1 we present
our interface for the so-called separable parametric container. It
provides the method setSymbolicCoefficients to set the coefficients
0% / (1) via a vector of strings which contain the analytical co-
efficient functions depending on the argument variable which de-
faults to mu. Now, after the components A% / b% were set via the
component method, the complete tensors can be retrieved via the
complete method, which, for a given parameter param, performs the
sum (2.3.2).

In addition to the interface from Listing 7.1, implementations
for dense matrices and vectors and sparse matrices exist using the

Thttp:/ /users.dune-project.org/repositories/projects/dune-rb-dev.git
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Eigen? linear algebra package.

7.1.2 Reduced Basis Space

The reduced basis space from Definition 2.4 is represented via the
interface shown in Listing 7.2. We provide means to set and get
the basis vectors of the RB space via the methods setDofVector
and getDofVector and methods to set and get the whole basis via
setDofMatrix and getDofMatrix. Furthermore, new single basis vec-
tors can be added via addDofVector and a set of new basis vectors
can be added via addDofMatrix. For the methods operating on whole
sets of basis vectors, the single vectors are assumed to be collected
as the columns of a matrix. Finally, the reduced basis space can be
saved to and loaded from disk via the save and load methods.

At the moment, dune-rb ships an implementation of the RB space
suitable for the LRBMS method with arbitrary numbers of coarse
grid elements.

7.1.3 Generators

One of the key concepts of dune-rb is the separation of generators
and connectors. Generators are used to produce and process high-
dimensional data during the offline phase while connectors are a
result of the offline phase, process only reduced-dimensional data
and are used during the online phase.

Examples for generators are the reduced solver generator which
performs the Galerkin projection (2.3.1) and yields a reduced equa-
tion system used during the online phase or the reduced basis gen-
erator which performs a basis construction algorithm and yields the
reduced basis.

Listing 7.3 shows the interface for the reduced basis generator.
The reduced basis can be initialized via the init method and the
main basis extension loop is started using the generate method
which takes the training set paramSample as argument. Additional
arguments saveStep and savePath can be passed to the algorithm in
order to back up intermediate data in regular intervals such that the
computation can be resumed after a premature exit.

2http://eigen.tuxfamily.org
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Listing 7.1 — Interface for separable parametric matrix and vector from

Equation 2.3.2 (excerpt)

#include <dune/rb/parameter/function.hh>

namespace
namespace
namespace
template<

Dune { namespace RB {

LA { namespace SeparableParametric {
Container {

typename ComponentImp,

typename ComponentsVectorImp,
typename CoefficientsVectorImp,
typename ParameterImp >

class Interface {

public:
typedef
typedef
typedef
typedef

ComponentImp ComponentType;
ComponentsVectorImp ComponentsVectorType;
ComponentType CompleteType;
Parameter :: Function<double, 50, double, 50>

ParameterFunctionType;

typedef

virtual
virtual
virtual

ParameterImp ParameterType;

ComponentType& component (const int q) = 0;
int numComponents () const = 0;
bool

hasParameterindependentPart () const = 0;

virtual

ComponentType&

parameterindependentPart () = 0;

virtual

const CompleteType&

complete(const ParameterType& param) comnst = 0;

virtual

void setSymbolicCoefficients(

std::vector<std::string> symbolicCoefficients,

const

virtual

std::string variable = "mu") = 0;

const std::string getVariable() const = 0;

virtual bool
save(const std::string& path) const = 0;
virtual bool load(const std::string& path) = 0;

bbb
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Listing 7.2 — Interface for the reduced basis space Xy from (2.4) (ex-

cerpt)
namespace Dune {
namespace RB {
namespace Offline {
namespace Space {

template< class Traits >

class Interface

{

public:

typedef typename Traits

DofMatrixType;

typedef typename Traits

DofVectorType;

virtual bool

::DofMatrixType

::DofVectorType

save (const std::string& path) const = 0;

virtual bool

load (const std::string& path) =

virtual const int size () const =

virtual const DofMatrixType&
getDofMatrix () comnst = 0;
virtual const DofVectorType&

getDofVector (const

virtual void
setDofMatrix (const
virtual void
setDofVector (const
const

virtual void
addDofMatrix (const
virtual void
addDofVector (const

b 3

int i) const =

DofMatrixType&
int i,

DofVectorType&
DofMatrixType&

DofVectorType&

0;

0;

0;

dofMatrix)

dofVector)

dofMatrix)

dofVector)
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Listing 7.3 — Interface for the reduced basis generator (excerpt)

namespace Dune { namespace RB { namespace Offline {
namespace Generator { namespace ReducedBasis {
class Interface

{

typedef RBTraits::ParameterType ParameterType;
typedef RBTraits::ParameterSampleType
ParameterSampleType;

virtual void init(const ParameterType& param) = 0;

virtual void

generate (ParameterSampleType& paramSample,
const int saveStep = —1,
const std::string savePath = "") = 0;

virtual bool
save(const std::string& savePath) const = 0;

b bbb

7.1.4 Connectors

As described above, connectors are classes only processing reduced-
dimensional data (with the exception of the high-dimensional solver
connector, see below) Instances of these classes are used to carry out
the reduced-dimensional simulation and error estimation during the
online phase.

One example is the estimator connector which is shown in Listing
7.4. The estimator connector provides methods for the initializa-
tion and update of its data. These methods could, for example, be
used to pass and update the matrix G from Equation (2.5.2) to the
connector. The method estimate could then perform the evalua-
tion (2.5.3) for the given parameter mu and reduced solution vector.
Finally, save and load methods can be used to save and load the
respective data.

dune-rb ships an implementation of the residual estimator de-
scribed in Section 2.5 and an estimator computing the exact error
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Listing 7.4 — Interface for the estimator connector (excerpt)

namespace
namespace
namespace
template<

Dune { namespace RB {

Reduced { namespace Estimator {
Connector {

class DofVectorImp, class ParameterImp >

class Interface

{

public:
typedef
typedef

virtual
virtual

virtual

DofVectorImp DofVectorType;
ParameterImp ParameterType;

void init () = 0;
void update() = 0;

double

estimate(const ParameterType& mu,

const DofVectorType& vector) = 0;

virtual bool

save(const std::string& path) const = 0;
virtual bool

load(const std::string& path) = 0;

Fi i)
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Listing 7.5 — Interface for the detailed solver connector (excerpt)

namespace Dune { namespace RB { namespace Detailed {
namespace Solver { namespace Connector {
class Interface

{

public:
virtual const ModelType& model() comnst = 0;

virtual void init () = 0;

virtual const MatrixType&
getSystemMatrix () const = 0;
virtual const VectorType&k
getRightHandSide () const = 0;

virtual void
visualize (const DofVectorType& vector) const = 0;

virtual bool
solve (const ParameterType& param,
DofVectorType& solution) = 0;

virtual const MapperType& mapper () comst = 0;

Fiodh)

to the respective high-dimensional solution.

7.1.5 Link to High-Dimensional Solver

The algorithm for the computation of high-dimensional snapshots is
supposed to be provided by the user. As a means to this end, dune-
rb provides an interface which allows for easy, non-intrusive cou-
pling of user code. Listing 7.5 shows the interface for the so-called
detailed solver connector. The detailed solver connector stores in-
formation about the underlying model class. A call to the init
method could, for example assemble the underlying equation system
using the model. Calls to the getSystemMatrix and getRightHandSide
methods return the affinely decomposed system matrix and right
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hand side for the high-dimensional equation (see Definition 2.3),
both using the separable parametric container interface introduced
above. The visualize method can be used to visualize a high-
dimensional solution computed using the solve method for a given
parameter param. Finally, the mapper method returns a class provid-
ing mappings from a grid-cell-local numbering of the degrees of free-
dom of the discrete function space to a global numbering. Currently

we assume this mapping to be provided by the dune-fem module
[21].

7.1.6 Miscellaneous

A couple of different, smaller concepts and helper classes are needed
to perform the simulations presented in this thesis. For the sake of
completeness we list them here without providing details on their
implementation.

For the implementation of the LRBMS, a pseudo grid implementa-
tion for the definition of the coarse grid together with an appropriate
parser for grid configuration files was developed. Also, the localiza-
tion of high-dimensional solutions to the elements of this coarse grid
was implemented. Finally, the principal component analysis was
implemented for general data sets given via of matrix of column-
vectors.

For the realization of the online greedy basis construction method
from Chapter 4, a dictionary class was introduced and the above-
named generators and connectors (dictionary generator, estimator
generator, reduced solver generator and respective connectors) were
specialized for the dictionary context.

7.2 The dune-multiscale Module

The dune-multiscale software package® was initiated by P. Henning
as a serial implementation of the MsFEM on triangular meshes.
Recently, in the context of the EXA-DUNE project, founded by the
german science foundation under the contract number OH 98/5-

3https://github.com/wwu-numerik/DUNE-Multiscale
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1, the code base was nearly completely renewed to implement the
parallelization concept from Chapter 6.

Here, we shortly summarize the state of the art in dune-multiscale
as of June 2014 [64]. So far we implemented the virtual grid refine-
ment layer and the distributed-memory parallelization part of the
above-named concept, the shared-memory parallelization is under
current development. The course of action is as follows:

1. Generate a coarse grid using the dune-grid module

2. load-balance the grid to the given number of MPI processes
using the abstraction of the MPI routines in the dune-grid
interface

3. On every MPI-rank, given a coarse patch S C Ty
a) For every E € S

i. Generate a local structured mesh 771E covering F:
{re B} TP

ii. Solve the local problems (Definition 6.1) on E for all
nodal finite element basis functions ¢; with nonzero
support in E: supp(¢;) N E # 0

iii. Assemble the contribution of entity E to the coarse-
scale system (see Definition 6.2)

b) Solve the coarse scale system

Currently, our implementation can handle rectangular meshes in two
and three spatial dimensions and arbitrary Neumann- and Dirichlet-
boundary values. Further, a simple oversampling technique is pro-
vided where the computational domain for the local problems is
enlarged by a given number of fine cells and the solutions (i.e. the
multiscale basis functions) are then restricted to the original domain,
see Figure 7.1 for an illustration.

7.3 Summary and Outlook

We introduced our implementation of the reduced basis method
dune-rb. We presented some of the key classes and concepts which
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Figure 7.1 — [llustration of a simple oversampling technique: The
MsFEM basis functions for the center coarse mesh el-
ement are computed in the enlarged area marked in
light gray and then are restricted to the dark area
again.

aim at separating the computations of the offline and online phase
of the method in our code and at providing easy exchangeability
of certain parts like the basis construction algorithm, estimators or
others.

Furthermore we introduced our software package dune-multiscale
which is based on the general parallelization concept introduced in
Chapter 6. Currently, dune-multiscale implements the distributed-
memory part of this concept. Shared-memory parallelization is un-
der active development and will be available in the near future.
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Chapter

Conclusion and Outlook

In this thesis we introduced and investigated several schemes that
allow for efficient simulations of multiscale problems. As a means to
this end we first introduced a novel basis construction algorithm for
reduced basis methods: Based on a dictionary of basis vector candi-
dates that is constructed during the offline phase, we perform a full
greedy algorithm during the online phase to construct a parameter-
fit reduced basis. We demonstrated that the necessary computations
during the online phase can be vectorized and therefore performed
efficiently. We applied this approach to a stationary heat diffusion
problem in three spatial dimensions and observed good performance
of our algorithm in terms of runtimes for small deviations from the
training parameters. Furthermore our method provides at least iden-
tical approximation quality as a comparable reduced basis computed
with a conventional basis construction algorithm. In future contri-
butions to this topic, the question of sensible dictionary construction
should be investigated.

In a second step we introduced a novel basis construction algo-
rithm for reduced basis methods that is based on ideas from mul-
tiscale methods: In addition to the (fine) mesh which is used for
the detailed computations, a second (coarser) computational mesh
is introduced. Based on this coarse mesh, localized reduced bases
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8 Conclusion and Outlook

are constructed and a global reduced formulation, the localized re-
duced basis multiscale method (LRBMS), based on a discontinuous
Galerkin discretization, is defined. We first applied this technique
to stationary heat-diffusion problems with heterogeneous diffusion
coefficients and demonstrated that we are able to displace workload
between the offline and online phase by changing the size of the
coarse mesh. Next, we introduced a parameterized formulation of
two-phase flow in porous media in which the parameter couples the
equations for the saturation and the pressure. We used the LRBMS
to introduce model order reduction for the pressure equation and
were able to demonstrate good runtime reduction of the overall two-
phase flow simulation at notable but acceptable error increase for
saturation and pressure when compared to a full high-dimensional
two-phase flow simulation. Our scheme is not mass-conservative on
the fine mesh. As this may limit the applicability of the approach,
future work could investigate possible strategies to ensure mass con-
servation.

Next we introduced the multiscale finite element method (Ms-
FEM). The MSFEM is a technique for efficient simulation of multi-
scale problems and could be used to render the offline phase of the
LRBMS more cost-efficient for large-scale problems. We presented
a parallelization concept that aims at massively parallel simulations
for multiscale methods such as the MsFEM. It was motivated that
multiscale methods promise good scalability even to exa-scale ar-
chitectures since the biggest parts of the overall workload can be
done in parallel without any communication. This was supported
by our scaling tests run on a mid-sized cluster. In these tests we
saw nearly perfect scaling for all costly parts of the multiscale finite
element method. Future work in this direction should include the
implementation of missing parts of the parallelization concept and
tests with higher numbers of cores.

Finally we presented our software framework dune-rb which pro-
vides interfaces for all parts needed for a reduced basis simulation
and ships implementations for the most commonly used ones and
the current state of our implementation of the aforementioned par-
allelization concept for multiscale methods.
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