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Deutsche Zusammenfassung

Motivation

Kohlendioxid (CO,) spielt eine wesentliche Rolle bei der Unterstiitzung von Leben auf
der Erde. Es wird von Pflanzen fiir die Photosynthese genutzt und ist ein wichtiger
Teil des globalen Kohlenstoffkreislaufs. Im iiberkritischen Aggregatzustand wird CO5 in
industriellen Anwendungen, wie der Stromerzeugung, der Produktion von Biokraftstof-
fen, Einfriervorgangen und vielen anderen Verfahren verwendet. Des Weiteren gehort
COg zu den Gasen, den sogenannten Treibhausgasen, die zum Treibhauseffekt beitragen.
Die COy-Konzentration in der Atmosphéare erhoht sich jedes Jahr, was heute von vielen
Wissenschaftlern und Ingenieuren als eine der Hauptursachen der globalen Erwarmung
zugeschrieben wird. Um den Anstieg der globalen Durchschnittstemperatur zu vermin-
dern, sollte die Konzentration von Treibhausgasen in der Atmosphére herabgesetzt wer-
den. In diesem Zusammenhang ist die Reduktion der CO-Konzentration besonders rele-
vant, da ihre Emissionen deutlich hoher sind im Vergleich zu anderen Treibhausgasen.

Es ist eine Reihe von Moglichkeiten vorhanden, um die COs-Freisetzung in die Atmosphéare
zu verringern. Optional konnen alternative Energiequellen wie Wind- und Wasserkraft
verwendet werden, die kein CO, produzieren. Ein weiterer Anhaltspunkt zur Verringerung
der COo-Emission kénnte die Verbesserung der Energieeffizienz bereits bestehender Tech-
nologien sein, vgl. Bielinski [11]. Eine weitere wichtige Strategie, die Gegenstand der
vorliegenden Untersuchung ist, ist die Speicherung von CO, in geologischen Formationen
tiber einen langeren Zeitabschnitt von hundert bis tausend Jahren, siehe Bachu [4], Metz

et al. [73], Baines & Worden [6].

Im Allgemeinen besteht der geologische Speicherungsprozess von CO4 aus mehreren charak-
teristischen Schritten: das Abfangen von COy aus Quellen, der Transport, die Injektion
und die Lagerung. Die vorliegende Arbeit konzentriert sich auf die Modellierung des Se-
questrierungsvorgangs, im Einzelnen auf die Injektion und Speicherung. Insbesondere die
Wirkung von injiziertem CO, auf die Verformung von Festkorpern sowie die Auswirkun-
gen des COy-Phaseniibergangs auf die weitere Ausbreitung innerhalb eines Reservoirs sind
Gegenstand des Interesses.

Zielsetzung und Vorgehensweise

Im Rahmen der COs-Speicherungsproblematik wird angenommen, dass die geologische
Speicherung von Kohlendioxid eine vielversprechende Technologie zur Reduktion von at-
mospharischen COy Emissionen ist. Derzeit laufen weltweit verschiedene Industriepro-
jekte, um unterschiedliche Mengen von CO, zu speichern. Von Projekten wie am Sleipner
Olfeld in Norwegen, Weyburn in Kanada und in Salah in Algerien wird erwartet, insge-
samt mehr als 1 MtCOs/Jahr zu speichern, vgl. Metz et al. [73]. Die geologische Spe-
icherung von CO, als Treibhausgas wurde erstmals in den 1970er Jahren vorgeschlagen,
aber bis in die frithen 1990er Jahre wurde in diesem Bereich kein bedeutender Forschungs-
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fortschritt erzielt. Ein ausgereiftes Injektionsverfahren von COy wurde zum ersten Mal in
Texas (USA) in den frithen 1970er Jahren vorgestellt und erfolgreich als Teil eines ,,En-
hanced Oil Recovery“-Projekts angewendet. Zusatzliche niitzliche Erfahrungen wurden
aus dem Alberta Basin in Kanada und den USA zur Verfligung gestellt. Das weltweit erste
grofitechnisch realisierte Speicherungsprojekt wurde im Sleipner-Gasfeld in der Nordsee
im Jahr 1996 initiiert. Des Weiteren gibt es mehrere Pilotprojekte in Deutschland, die
die Injektion von COy in einem salinen Aquifer in Ketzin und das Abfangen von CO, aus
der Kohleverbrennung im Kraftwerk Schwarze Pumpe vorschlagen. Fiir weitere Informa-
tionen wird der Leser unter anderem auf die Forschungsarbeiten von van der Meer [72],
Pruess & Garcia [86], Gunter et al. [55], Baines & Worden [6] verwiesen.

Es existieren verschiedene Arten von geologischen Formationen, die fiir die CO, End-
lagerung zur Verfligung stehen. Im Rahmen dieser Arbeit werden Reservoire, unter an-
derem in tiefen salinen Aquiferen, betrachtet. Die Vorteile dieser Lagerung im Vergleich
zu anderen sind die relativ hohe Leistungsfahigkeit und die weltweite Verfiigbarkeit. Die
COs-Verteilung iiber einen Aquifer hangt von vielen verschiedenen Faktoren ab, unter
anderem von der Interaktion zwischen dem injizierten CO, und den festen Partikeln
im Aquifer, der Heterogenitéit in verschiedenen Skalen und der Schwerkraft. Die COs-
Injektion in einen Aquifer ist ein sehr komplizierter Vorgang und bedarf einer eingehenden
Untersuchung. In diesem Zusammenhang wurde eine Reihe von Studien durchgefiihrt, um
diesen Mechanismus zu verstehen und die Erkenntnisse iiber das COy-Verhalten wahrend
und nach der Injektion in einen Aquifer zu erweitern. Die vorliegende wissenschaftliche
Arbeit ist der Erarbeitung des theoretischen Hintergrunds und der numerischen Metho-
de zur Untersuchung der COs-Sequestrierung in einem Aquifer und der Beschreibung
mehrerer charakteristischer Prozesse gewidmet.

Forscher und Ingenieure betrachten die Verteilung von CO; in einem Reservoir oft unter
Vernachléssigung der thermischen, chemischen und mechanischen Kopplung der Prozesse.
Diese Effekte konnen eine bedeutende Rolle in der CO,-Speicherung spielen und sind
sehr komplex zu beschreiben. Die Besonderheit dieser wissenschaftlichen Arbeit liegt
darin, dass neben der Untersuchung der Prozesse im Rahmen der Fluiddynamik und
der Mehrphasenstromungen die mechanischen Effekte ebenfalls berticksichtigt werden.
Insbesondere die Deformation von Festkorpern im Grundwasserleiter und der ,,cap-rock® -
Schicht sowie die Phasenumwandlung von iiberkritischem CO, werden hier untersucht.

Um diese Prozesse zu beschreiben, wird ein mehrphasiges Modell in einer kontinuumsmech-
anischen Betrachtungsweise im Rahmen der fundierten Theorie Poréser Medien (TPM)
verwendet. Die der TPM zugrunde liegenden Mischungstheorie wird durch das Konzept
der Volumenanteile erweitert, sieche Truesdell & Toupin [102], de Boer [14], Bowen [18],
Ehlers [34, 36, 37]. Die Eigenschaften der einzelnen Bestandteile von Mehrphasenma-
terialen werden durch die konstitutiven Gleichungen beschrieben, welche anhand der
Auswertung der Entropieungleichung gewonnen werden. Die restlichen Konstitutivgle-
ichungen konnen basierend auf thermodynamischen Grundlagen sowie auf den Gesetz-
mafigkeiten der Mechanik, Chemie, Elektrizitat und anderen Bereichen abhangig von
den Anforderungen des eigentlichen Problems definiert werden. Weiterfiihrende Informa-
tionen iiber die historische Entwicklung der TPM findet der Leser in de Boer [14] und in
weiteren Veroffentlichungen.
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Es wurden bereits diverse Mehrphasenmodelle fiir unterschiedlichste Anwendungen en-
twickelt. Ein Dreiphasenmodell mit elasto-viskoplastischem Festkorperskelett, materiell
inkompressibler Fliissigkeit und materiell kompressiblem Gas wurde in den Arbeiten von
Blome [12] und Ehlers et al. [46] diskutiert. Dieses Modell wurde von Graf [53] ein-
schliefflich nicht-isothermen FEigenschaften fiir jede Phase und dem Massenaustausch-
prozess zwischen den Fluidphasen erweitert. Ghadiani [51] untersuchte in seiner Arbeit
ein Zweiphasenmodell, bei dem jede Phase durch ihre jeweilige Temperatur geregelt wird.
Dariiber hinaus wurde von Acartiirk [2] ein Modell, welches die mechanischen, chemi-
schen und elektrischen Eigenschaften von geladenen hydratisierten porosen Materialien
kombiniert, entwickelt. Weiterhin erweiterte Karajan [60] ein Zweiphasenmodell, um das
komplexe Verhalten der Bandscheibe in Bezug auf ihre strukturellen, mechanischen und
elektro-chemischen Komponenten zu beschreiben. Beziiglich der detaillierten Betrachtung
des Verhaltens eines Festkorperskeletts innerhalb der elasto-plastischen Theorie mittels
der Modellierung von Verhartungs- und Erweichungseffekten wird der interessierte Leser
an Miillerschon [75], Scholz [92] und Ehlers & Avci [42] verwiesen.

Die numerische Abhandlung eines Mehrphasenmodells mit elasto-viskoplastischem Fest-
korperskelett wird in Arbeiten von Ellsiepen [48] und Ammann [3] diskutiert. Darin
werden verschiedene Raum- und Zeit-adaptive Verfahren unter Verwendung von parallelen
Losungsstrategien mit Anwendungen auf verschiedenen praktischen Beispielen untersucht.
Es gibt zahlreiche weitere Publikationen, die sich auf die Beschreibung des komplexen
Verhaltens von porésen Materialien unter Verwendung der TPM fokussieren, vgl. Helmig
[57], Wieners et al. [103], Ehlers & Acartiirk [40], Ehlers [38], Ehlers et al. [41].

Das in der vorliegenden Arbeit entwickelte Mehrphasenmodell stellt das Verhalten des
gekoppelten Fluid-Festkoper-Systems innerhalb der Anwendung der COs-Lagerungsproble-
matik dar. Insbesondere werden drei- und vierphasige Modelle fiir die Modellierung
von COs-Injektionen dargestellt, wobei der Massenaustauschprozess zwischen den COq-
Phasen im Detail betrachtet wird. Auch thermische Effekte werden in das Modell aufge-
nommen. Im Vergleich zu bisher entwickelten Modellen, bei denen zur Beschreibung des
Verhaltens von Gasphasen das ideale Gasgesetz verwendet wurde, nimmt das aktuelle
Modell die Peng-Robinson-Zustandsgleichung fiir die COs-Komponente. In dieser Arbeit
werden zudem die unterschiedlichen Zustandsgleichungen, der Masseniibergangprozess
und das Schalter-Kriterium, das angibt, ob der Phaseniibergang stattfindet, diskutiert.

Gliederung der Arbeit

Im Anschluss an die Einleitung wird in Kapitel 2 eine allgemeine Diskussion iiber die
COgq-Speicherungsproblematik prasentiert. Dieses Kapitel konzentriert sich auf die Betra-
chtung der geologischen Moglichkeiten zur CO,-Sequestrierung, verschiedene Riickhalte-
mechanismen und spezifische physikalische Eigenschaften von Kohlendioxid sowie deren
Darstellung mit Hilfe des Phasendiagramms. Kapitel 2 wird mit einer Liste von of-
fenen Fragen und Wissensliicken auf dem Gebiet der CO,-Sequestrierungsproblematik
abgeschlossen.

Kapitel 3 behandelt den theoretischen Rahmen fiir diese Fragestellungen. Ausgehend
von den kontinuumsmechanischen Grundlagen der TPM wird die Diskussion durch die



VI Deutsche Zusammenfassung

Einfithrung der kinematischen Beziehungen und Bilanzgleichungen erganzt. Nachfolgend
werden in diesem Kapitel die erforderlichen thermodynamischen Grundlagen, insbeson-
dere das Phasendiagramm, die verschiedenen Zustandsgleichungen, die Definition der
chemischen Potentiale sowie ein Phasentiibergangsprozess vorgestellt.

Kapitel 4 konzentriert sich auf die konstitutive Modellierung. Die Auswertung der En-
tropieungleichung liefert fiir zwei unterschiedliche Modelle, die die idealen und kritischen
Szenarien der COo-Injektion darstellen, die konstitutiven Beziehungen. Anschliefend wer-
den die charakteristischen Konstitutivgleichungen fiir die festen und fliissigen Bestandteile
des Mehrphasenmodells formuliert. Hierbei wird die Verformung des Festkorperskeletts
anhand eines linear-elastischen Gesetzes beschrieben. Das Verhalten von COy wird durch
die Peng-Robinson-Zustandsgleichung beschrieben, welche die entsprechenden Formen
der Helmholtz-Energien und Entropien fiir die COo-Phasen berticksichtigt. Der Massen-
austauschprozess wird durch eine zusétzliche konstitutive Beziehung fiir den Massenpro-
duktionsanteil hergeleitet, siche Kapitel 5. Hierin wird ebenfalls das entsprechende
Schalter-Kriterium fiir den Massenaustauschprozess diskutiert.

Die numerische Umsetzung der entwickelten theoretischen Modelle wird in Kapitel 6
vorgestellt. Darin werden die schwache Formulierung der Erhaltungsgleichungen sowie die
Diskretisierung des raumlichen und zeitlichen Gebiets erlautert. Mehrere entsprechende
numerische Beispiele finden sich in Kapitel 7.

SchlieBlich werden die wichtigsten Aspekte der Arbeit und Ideen fiir eine weitere Forschung
in Kapitel 8 zusammengefasst dargestellt.
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Nomenclature

Symbol  Unit Description

A, [—] Almansian solid strain tensor

b, b, [m/s? | mass specific body force vector of ¢ and p*

B. [—] left Cauchy Green deformation tensor

B, 0B aggregate body and boundary of the aggregate body
65 [ J/(K kg) | specific heat of p®

C. [—] right Cauchy- Green deformation tensor

d differential operator

dm® [ kg | local mass element of p®

dov® [m? ] local volume element of ¢

dv [ m? | volume element of ¢ in the actual configuration
dV, [ m? | volume element of ¢* in the reference configuration
da [ m? | oriented actual area element

dk® [N] surface force of ¢

dx [m ] actual line element

dA, [ m? | oriented reference area element

dX, [m | reference line element

d, [m/s ] diffusion velocity of p®

D dimension in space

D, [1/s] symmetric part of L,

D dissipative inequality

e [ J/(m?s) ] volume-specific total energy production of p®

e, ey, e3 positive oriented orthonormal triad of vectors

E, [ —] contravariant Green-Lagrangean solid strain tensor
f generalised force vector

F vector of the residuum

X1



XV

Nomenclature

F, F!

material and inverse material deformation gradient
mechanical and thermal part of the deformation gradient Fg
constant gravitation vector

abstract function vectors containing the weak forms
volume-specific total angular momentum production of ¢*
Sobolev function space

heat conduction tensor

identity tensor

Jacobian determinant

empirical interaction parameter

heat exchange coefficients

relative permeability factor

intrinsic permeability in the reference configuration
generalised stiffness vector

Darcy permeability tensor

intrinsic permeability tensor

spatial solid velocity gradient

van Genuchten parameter

volume-specific direct angular momentum production of ¢*
molar mass of CO,

generalised mass matrix

van Genuchten parameter

volume fraction of ¢

porosity

outward-oriented unit surface normal vector

number of elements and nodes

capillary pressure

Brooks & Corey parameter

volume-specific direct and extra momentum production of ¢*

material points
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XV

B
867 seff’ Sfes

paye’

Sa’

Ug

v, ve

first Piola- Kirchhoff stress tensor

volume efflux of ¢* over the boundary T,

heat influx vectors of ¢ and

mass-specific external heat supplies of ¢ and ¢*
universal gas constant

set of response functions

saturation function, effective and residual saturation functions
volume-specific total momentum production of ¢*
second Piola- Kirchhoff stress tensor

specific set of the constitutive variables

trial spaces of the primary variables

time and initial time

external load vector acting on the boundary I'y
surface traction vector

Cauchy stress tensor

discrete vector containing the nodal degrees of freedom
solid displacement vector

molar volume and specific volume

overall volume of B and partial volume of B“

set of fundamental process variables

fluid seepage velocity vector

skew-symmetric part of L, (spin tensor)

molar fraction

actual position vector

aggregate velocity vector

velocity vector

aggregate acceleration vector

acceleration vector

reference position vector of P

compressibility factor



XVI Nomenclature

o constituent identifier (here: av = {5, F'})
o [1/K ] linear thermal expansion coefficient of ¢°
Q, function of the acentric factor
o} fluid component identifier (here: = {W, L, G})
v [ —] van Genuchten parameter
W [1/K ] volumetric thermal expansion coefficient of "'
PR [ N/m? | specific weight
L' Dirichlet and Neumann boundaries
Okl [—] Kronecker symbol
£, [ J/kg | mass-specific internal energies of ¢ and p®
£« [ J/(m3 s) ] volume-specific direct energy production of ¢*
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Chapter 1:
Introduction and Overview

1.1 Motivation

Carbon dioxide (CO,) plays an essential role in supporting life on Earth. It is used by
plants for the photosynthesis and is an important part of the global carbon cycle. In the
supercritical state, COs is used in industrial activities, such as power generation, biofuel
production, refrigeration and many other applications. COj is also one of the greenhouse
gases (GHG). Its concentration in the atmosphere increases every year, which is attributed
to one of the main causes of the global warming by many scientists and engineers today. In
order to avoid the increase of the average global temperature, the concentration of GHG
in the atmosphere should be reduced. In this regard, the decrease of COy concentration
is particularly relevant, since its emission is much higher compared to other GHG.

There are a number of ways to reduce the CO5 release into the atmosphere. Optionally,
alternative energy sources such as wind and hydro-power, which do not produce COs,
can be used, or the energy efficiency of already existing technologies can be improved, cf.
Bielinski [11]. Another important strategy, which is the subject of the current investiga-
tion, is the capture and storage of CO5 in geological formations for a long period of time
(hundreds or even thousands of years), cf. Bachu [4], Metz et al. [73], Baines & Worden

6].

In general, the geological sequestration process of COs consists of several characteristic

|

- COs source

[www.co2crc. com. au]

Figure 1.1: Steps of the CO, sequestration process.
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steps illustrated in Figure 1.1, which include capture from sources, transport, injection
and storage. The present work will focus on the modelling of specific processes taking part
at the end of the sequestration process, namely, injection and storage. In particular, the
effect of pumped COs on the deformation of the solid within a reservoir and the impact
of CO4 phase transition on its propagation within a storage formation are the subject of
interest.

1.2 Scope, Aims and State of the Art

Within the scope of carbon-dioxide capture and storage (CCS) problem, the geological
storage of CO, is assumed to be a promising technology for the reduction of atmospheric
COsy emission from human activity. Various industrial projects all over the world are
currently underway planning to store different amounts of CO,. For example, the projects
at Sleipner oilfield in Norway, Weyburn in Canada and In Salah in Algeria are expected
to store more than 1 MtCO,/year in total, ¢f. Metz et al. [73]. The geological storage
of CO5 as a GHG was first proposed in the 1970s, but not much research had been done
until the early 1990s. The engineered injection of COy was first undertaken in Texas,
USA, in the early 1970s, as part of an enhanced oil recovery (EOR) project. Additional
useful experience is provided from the Alberta Basin in Canada and the USA. The world’s
first large-scale storage project was initiated at the Sleipner Gas Field in the North Sea
in 1996. There are also several pilot projects proposed in Germany: the injection of CO,
into a saline aquifer in Ketzin and the capture of COy from coal combustion at the power
plant Schwarze Pumpe. For more information, the readership is referred to the research
works by van der Meer [72], Pruess & Garcia [86], Gunter et al. [55], Baines & Worden
6], and many others.

There are different types of geological formations suitable for COy disposal. Among
many others, deep saline aquifers are taken into consideration in the present contribution.
The advantages of this reservoir compared to others are its relatively high capability
and world-wide availability. The CO, distribution over the aquifer depends on many
different factors, such as the interaction between the injected CO5 and solid particles in
the aquifer, the heterogeneity at different scales, gravity and many others. It can be noted
that CO, injection into an aquifer is a very complicated mechanism and requires detailed
investigation. In this regard, a number of studies have been carried out to understand
and to extend the knowledge of the COy behaviour during and after injection into an
aquifer. The present contribution is as well dedicated to the development of a theoretical
background and a numerical tool for the investigation of the COs sequestration process
in the aquifer focusing on several specific processes described below.

Researchers and engineers often consider the distribution of COy in the reservoir neglecting
the thermal, chemical and mechanical coupling of the processes. These effects can play a
significant role in the CO5 sequestration and are quite complex to describe. In this context,
the distinguishing feature of this investigation is that besides studying the processes in the
framework of fluid dynamics and multiphase flow, the mechanical effects are also taken
into consideration. In particular, the deformation of the solid within the aquifer and the
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cap-rock layer as well as the phase transformation of the supercritical CO4 are studied
here.

In order to describe these processes, a multiphasic model in the continuum mechanical
framework of the well-founded Theory of Porous Media (TPM) is applied. The funda-
mentals of the TPM, which is based on the Theory of Mixture (TM) combined with
the concept of volume fractions, can be found in the works by Truesdell & Toupin [102],
de Boer [14], Bowen [18], Ehlers [34, 36, 37] and others. The characteristics of the individ-
ual constituents of the multiphasic material are described by the constitutive equations
obtained mainly from the evaluation of the entropy principle. The remaining constitutive
settings can be defined based on thermodynamical fundamentals as well as on the knowl-
edge of mechanics, chemistry, electricity and other fields depending on the requirements
of the actual problem. Some information about the historical development of the TPM
can be found in de Boer [14] and in other publications.

Many multiphasic models for various applications were developed in the past. For exam-
ple, for a multiphasic material consisting of more than one pore fluid, a triphasic model
with elasto-viscoplastic behaviour of the solid skeleton and a materially incompressible
liquid as well as a materially compressible gas was discussed in Blome [12] and Ehlers
et al. [46]. This model was extended by Graf [53] including non-isothermal properties for
each phase and the mass interaction between the fluid phases in a specific form. Ghadiani
[51] considered a biphasic model, where each phase is governed by its respective tempera-
ture. Furthermore, a model combining the mechanical, chemical and electrical properties
of charged hydrated porous materials was developed by Acartiirk [2]. Karajan [60] ex-
tended a biphasic model in order to describe the complex behaviour of the intervertebral
disc regarding its structural, mechanical and electro-chemical components. Regarding the
detailed description of the behaviour of a solid skeleton within the elasto-plastic theory
with modelling of the hardening and softening effects, the interested reader is referred to

Miillerschon [75], Scholz [92] and Ehlers & Avci [42].

The numerical treatment of a multiphasic model with elasto-viscoplastic behaviour of
the solid skeleton can be found in works by Ellsiepen [48] and Ammann [3]. Therein,
various space- and time- adaptive methods using parallel solution strategies are discussed
with applications to different practical examples. There are numerous other publications
dedicated to the description of the complex behaviour of porous materials using the TPM,
cf. Helmig [57], Wieners et al. [103], Ehlers & Acartiirk [40], Ehlers [38], Ehlers et al. [41]
among many others.

The multiphasic model developed in the present contribution is capable to represent the
coupled behaviour of the fluid-solid system within the application of the CO, storage
problem. In particular, the tri- and four- phasic models are suggested here for the mod-
elling of CO, injection, where the mass exchange process between the CO, phases is
considered in detail. Also thermal effects are included into the model. Compared to pre-
viously developed models, where the ideal gas law was used to describe the behaviour of
gas phases, the current model takes the Peng-Robinson equation of state (EOS) for the
COs component, cf. Peng & Robinson [81]. The details of the variety of EOS, the mass
transition process and the switching criterion are discussed further in this thesis.
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1.3 Outline of the Thesis

Following the introductory part, a general discussion of the CCS problem is presented
in Chapter 2. This chapter focuses on the consideration of geological options for CO,
sequestration, various trapping mechanisms and specific physical properties of COs as
well as their representation by means of the phase diagram. Chapter 2 is concluded by a
list of open questions and gaps in knowledge in the field of the CO4 sequestration problem.

Chapter 3 concerns the theoretical framework of the problems under investigation. Start-
ing from the continuum-mechanical fundamentals of the TPM, the discussion is supple-
mented by the introduction of kinematical and balance relations. Afterwards, the required
thermodynamical fundamentals, namely, the phase diagram, various EOS, the definition
of chemical potentials and a phase transition process are presented in this chapter.

Chapter 4 focuses on the constitutive modelling. In order to derive constitutive relations,
evaluation of the entropy inequality is presented for two different models corresponding to
the ideal and critical scenarios of COs injection. Then, the specific constitutive equations
for the solid and fluid constituents of the multiphasic model are formulated. In particular,
the deformation of the solid skeleton is modelled by a linear-elastic law. The behaviour
of COy is described by the Peng-Robinson EOS resulting in the corresponding forms of
the Helmholtz energies and entropies for the CO, phases. The mass transition process
is modelled by an additional constitutive relation for the mass production term, which
is derived in Chapter 5. Herein, also the appropriate switching criterion for the mass
transition process is discussed.

The numerical implementation of the developed theoretical models is presented in Chap-
ter 6. Therein, the weak form of the governing equations as well as the discretisation
procedure of the spatial and time domains are introduced. Several corresponding numer-
ical examples can be found in Chapter 7.

Finally, the main aspects of the thesis and ideas for further research are summarised in
Chapter 8.



Chapter 2:
Carbon-Dioxide Capture and Storage

Scientists and engineers from different fields have been working on the problem of carbon
dioxide capture and storage (CCS) making outstanding contribution for many years up
to this day, see e. g. Bachu [4], Pruess & Garcia [86], Metz et al. [73], Bradshaw et al.
[21], Doughty & Pruess [29]. At the same time, a number of questions still remains in the
CCS field. Some problems have been only partly solved and, consequently, require further
investigation. Before going into details of the continuum-mechanical fundamentals and
modelling of the carbon dioxide (CO3) sequestration problem, the problem statement itself
is provided in the following chapter. In particular, this chapter offers a brief introduction
into the different geological options for CO, storage as well as a discussion of their positive
and negative aspects. Moreover, the specific physical and chemical properties of CO, are
introduced here.

2.1 Geological Options for the Carbon-Dioxide Se-
questration

Nowadays, it is commonly accepted that one of the main reasons for the global warming is
an increasing concentration of greenhouse gases (GHG) in the atmosphere, such as carbon
dioxide (CO;), methane (CHy), nitrous oxide (N2O) and others. However, according to
the annual data of the emissions of GHG into the atmosphere, the portion of released
COg is much higher compared to other gases. For example, in 2000, the emission of CO,
was 72% against 18% of CHy, 9% of N,O and 1% of other gases. This fact makes CO,
the most important GHG for collecting and storage. One of the options to reduce the
atmospheric emissions of CO, is its storage in geological formations. There are different
types of formations suitable for CO, sequestration. These are, mainly, depleted oil and gas
reservoirs, deep saline aquifers and coal beds, cf. Figure 2.1. Potential reservoirs appear
in both onshore and offshore basins and vary in storage capacity, circumstances of the
injection process, trapping mechanisms taking place in the formations after the injection
and other factors. In other words, each type of formations has special properties, which
are discussed below.

Type of Formations

Depleted oil and gas reservoirs are the primary candidates for the CO, sequestration pro-
cess. As storage formations, they have definite advantages compared to other reservoirs.
First of all, much more data and research regarding the reservoir properties are available.
Simulation and modelling procedures for the fluid flow processes, which have already been
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COg storage in
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Figure 2.1: Geological storage options for CO,, Baines & Worden [6].

developed in gas and oil industry, can also be used for prediction of CO, behaviour within
depleted oil and gas reservoirs. Furthermore, abandoned oil and gas reservoirs are widely
used in such industries as Enhanced Oil Recovery (EOR) and Enhanced Gas Recovery
(EGR). COs sequestration in combination with EOR or EGR is likely to be realised in the
places where the cost of CO5 storage can be reduced by producing additional oil or gas, cf.
Bachu [4], Metz et al. [73]. However, depleted oil and gas reservoirs have also weaknesses
as a storage media for CO,. For example, they have limited geographic distribution and
storage capacity, which has an average value compared to other types of the formations,
cf. Table 2.1.

Reservoir type Global capacity (Gt COy)

Deep saline aquifers 240 - 10000
Depleted oil and gas reservoirs 675 - 920

Unminable coal seams 3-270

Table 2.1: Estimated global storage capacity of different reservoirs.

The storage capacity itself can be described and evaluated in different ways including
various factors and properties. There are numerous publications dedicated to the de-
velopment methods for the estimation of storage capacity of a particular formation, for
example, Bachu et al. [5], Bradshaw et al. [21] and Kopp et al. [61]. Theoretically, the
storage capacity is a physical limit of how much the geological system is able to contain.
Since there is no general method for estimating of the global capacity, various data can
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be found in literature. Table 2.1 presents the combined data from Damen et al. [28] and
Metz et al. [73].

The next type of reservoirs appropriate for the COs injection is the coal bed formation,
where the permeability and adsorption properties of coal are determinant for the seques-
tration process. It leads to the fact that variations of these parameters during an injection
process or afterwards could have a critical effect on the further pumping procedure. There-
fore, the special properties for a reservoir are required. Firstly, the sequestration process
has to take place at an optimal depth, because the permeability of a coal formation usually
decreases with the increase in depth. Secondly, when injected CO, diffuses into the coal
matrix, it displaces CH, typically adsorbed on the coal surface, and remains sequestered
in coal seam. It blocks the coal pores, thus, reducing the permeability and the injectivity
of coal, which is undesirable. Finally according to Bachu et al. [5], COy storage in coal
seams is a practical but not very significant option compared to the other geological me-
dia. There are many publications related to this topic, such as Larsen [65], Durucan &
Shi [30]. However, the fact that CH, can be obtained by pumping CO, into coal beds is
widely used in enhancing Coal Bed Methane (CBM) recovery.

Another type of geological storage formations, which is a subject of the current investiga-
tion, are deep saline aquifers. Currently, there is a lack of data and knowledge regarding
the geology, physical and chemical processes in the aquifers. Therefore, more information
about the properties and characteristics of this formation type is required. According to
the definition by Bachu et al. [5], the deep saline aquifer is a geological formation or a layer
of permeable rocks, saturated with (saline) formation water. From the point of structure,
aquifers can be separated by so-called aquitard layers, which usually have extremely low
porosity and permeability (e. g. shale). These nearly impermeable layers act as barriers
for the injected CO5. In other words, when COs rises to the top of the reservoir after
injection, it migrates further in the horizontal direction and the dense cap rock layer keeps
the COy in the reservoir. With time, the CO4 dissolves into the formation water and can
even take part in geochemical reactions, which leads to an effective and secure long-term
COs storage.

Compared to other geological reservoirs, saline aquifers have several advantages as stor-
age formations for CO,. Firstly, they are spread out all over the world and are readily
available. Secondly, deep saline aquifers provide the largest storage capacity, followed by
oil or gas reservoirs and coal seams, cf. Table 2.1. Moreover, the upper bound of capacity
of the aquifers can be re-estimated and increased after an additional study of the reservoir
properties.

However, the hydrology and efficiency of CO, storage in saline aquifers are limited and
depend on many factors, including fluid properties of CO, (viscosity, density, solubility),
geochemical properties of COy (water-rock reaction with COg-saturated water) and geo-
logical variables (availability of pore space, low permeability of cap-rock layer) and others.
More details about this topic can be found in Gunter et al. [55] based on van der Meer
[72].

There are also other geological media, such as salt caverns (Figure 2.1), oil and gas shale
and abandoned mines, which can locally provide an effective option for CO, storage, cf.
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Metz et al. [73]. These formations could be very expensive for geological sequestration
of COs, but in some places in the world they are the only available option for CO, storage.

Trapping Mechanisms

The goal of the sequestration process is the disposal of CO, in a subsurface for an extended
period of time. For the realisation of such a long-term storage, the CO5 has to be held back
by a combination of trapping mechanisms. All trapping mechanisms could be roughly
divided into two groups: physical and chemical trappings. Physical trapping, such as
structural trapping in structural traps and residual-gas trapping in the pore space, occur
when CO» as a free gas or supercritical fluid is immobilised. Chemical trapping in the form
of a solubility trapping appears, when CO, is dissolved into the subsurface fluids, while
mineral trapping occurs, when COs is involved in chemical reactions with the rock matrix.
Finally, during the adsorption of the CO5 onto mineral surfaces, adsorption trapping can
be observed.

Depending on the time scale and the type of geological formation, some trapping mecha-
nisms are more prevalent than others. The schematic illustration in Figure 2.2 represents
the dependence of storage security on the injection time and type of the trapping mech-
anisms.

& y “Mineral Trapping
=

= /

% /  Solubility Trapping
50 /

g ad

§ - Residual Trapping
5-6 -

=

Injection Post-injection
period period

Figure 2.2: Storage security versus time scale during and after CO5 injection.

According to Figure 2.2, structural trapping or hydrodynamic trapping plays an important
role during the injection period. Since the COy within an aquifer is more buoyant than
water, it rises and accumulates under a dense impermeable layer (or a cap-rock), cf.
Figure 2.3a. A large amount of COy can be stored in the subsurface because of the
reservoir structure and, therefore, it is called structural trapping.

Residual trapping is observed when the injected CO5 moves through the porous rock
displacing water and some of CO, stays in the pore space in the form of disconnected
(residual) droplets, which are immobile, cf. Figure 2.3 b.

Dissolution or solubility trapping involves the COy dissolution process in the salt water
(Figure 2.3 ¢). Since the salt water containing COs is denser than the surrounding fluid,
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it sinks to the bottom of the formation, which makes the storage process more secure over
time.

Mineral trapping is usually the chemical reaction of CO, with the rock matrix (Fig-

ure 2.3d). This type of trapping can be considered as a final stage of the whole trapping

pI"OCQSS1 .

[www.co2captureproject.org]

Figure 2.3: Trapping mechanisms: (a) hydrodynamic trapping (b) residual trapping
(c) solubility trapping (d) mineral trapping.

An operation of the multiple trapping mechanisms have a common goal: to make COs
less mobile, which increases the security and safety of CO, storage over the time.

2.2 Specific Physical Properties of Carbon Dioxide

COg carries a significant meaning for life of natural systems, for the industry and for
other aspects of human life. CO, can exist in different phases: solid, liquid, gaseous or
even supercritical. Under the normal atmospheric conditions, at pressure p = 1 atm and
temperature 0 = 273 K, CO, is a gas with density p = 1.87kg/m?. Gaseous CO, is used
by plants for the photosynthesis, which is a key process for life on the earth. COs in a
solid phase is usually called “dry ice” and is used in cooling technologies, since it is colder
than regular ice and leaves no moisture during phase transformations (e. g. sublimation).
Moreover, COs is not flammable, does not explode and is not toxic.

For a better understanding of the physical properties and the behaviour of any substance,
usually the so-called phase diagram is introduced, which describes the relationship be-
tween pressure (p), specific volume (v) and temperature (6). A definition of a phase
diagram in the frame of classical thermodynamics can be found in Section 3.5.

A projection of a three-dimensional phase diagram for CO, on the pressure-temperature
plane or, in other words, the physical CO, properties at a constant specific volume are

1CO4 Capture Project, 2008, URL:http://www.co2captureproject.org
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presented in Figure 2.4. As it can be seen from the diagram, at low temperatures and
under certain pressure the aggregate state of COs is solid. Further increasing the tem-
perature, solid COs can be directly sublimated into the vapour state skipping the liquid
state. The p-6 area is split into two regions corresponding to a gaseous and a liquid phases
by a so-called vaporisation curve. This curve rises from the triple point and ends at the
critical point, where pure CO, has the following properties:

O, = 3041 [K],
P = 7.38 [MPa], (2.1)
pa = 467.6 [kg/m?].
Furthermore, by increasing pressure or temperature or both of them at the critical point,
the region with the supercritical properties can be reached. This region is indicated by the

bold dashed line on the p-0 (v = const) and p-6 diagrams, in Figure 2.4 and Figure 2.5,
respectively.

p[MPa] I
supercritical
region
738 bo-omofooo oo = — —
, critical
| 1 t
solid \ o
|
______ gaseous |
0.5 | triple :
: point :
| |
I |
O = 216.6 O = 304.18 0 [K]

Figure 2.4: CO, phase diagram at v = const.

In physics, a supercritical state of a substance is defined as an aggregate state with prop-
erties between gas and liquid phases, because it can diffuse through solids as a gas and
dissolve materials as a liquid. By changing temperature and pressure, the supercritical
substance will behave more as a gas or a liquid. Often, a substance in the supercritical
state is called a supercritical fluid. Besides other advantages, the supercritical fluid has
higher mass transfer rates and low operating temperatures. Supercritical fluids are widely
used in power generation, biofuel production, refrigeration and many other applications,

including CCS and EOR industrial fields.

In this context, it should be noted that during pumping into the subsurface, CO, stays
under relatively high pressure p and temperature # and reaches the aquifer as a supercrit-
ical fluid. The density of supercritical CO, depends on the temperature and the pressure
in the reservoir as shown in Figure 2.5. In this regard, there are several desired conditions
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Figure 2.5: Density of CO, versus temperature, Baines & Worden [6].

for the reservoir properties. Firstly, it is assumed that the temperature within the reser-
voir is almost constant. It means that the density of CO, depends only on the pressure
in the reservoir, which is related to the injection depth. COs density as a function of
the depth of a reservoir is shown in Figure 2.6. This dependence demonstrates that the
deeper an injection process takes place the less space is needed for the CO, and, as a
result, more CO4 can be stored in a reservoir.

Secondly, it is important to have a low permeable cap-rock or a dense layer without any
open faults on the upper part of a reservoir, which blocks the upwards migration of the
CO, after injection.

ground level
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Figure 2.6: Depth of a reservoir versus CO, density.

From the point of the storage efficiency, it is desirable to inject CO, at supercritical con-
ditions since more COy can be stored per unit of an available pore volume compared to
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a gaseous state of COgq, cf. Bachu [4]. However, due to the fact that the surrounding
conditions within a reservoir could change, CO, can also change its state from the super-
critical phase to liquid or gaseous phase. Thus, the problem how to describe the phase
transformation process occurs. This phase change process itself is undesirable, because
the occupied volume and pressure change accordingly leading to an increasing of the pres-
sure on the cap-rock layer and, possibly, to a high deformation of the solid skeleton of the
layer.

Therefore, the ideal injection depth for CO, storage is more than 800m, where it is
assumed that the temperature and the pressure have constant values and the CO, stays
in the supercritical state. Nevertheless, this is an “ideal” situation, which may not always
be possible in the reality. In this regard, one of the goals of the present investigation is to
study the possible consequences of the injection procedure. In other words, a “critical”
scenario of CO, injection into a reservoir where supercritical CO4 can potentially change
its phase is modelled in this work.

Moreover, pressure and temperature differences between the injection well and the aquifer
can cause various problems. For example, if the pressure gradient is high, the solid rock
within a stored reservoir could be highly deformed. Furthermore, the solid skeleton within
a cap-rock layer also can undergo deformations, which are enough to create cracks in
this layer. Due to buoyancy forces, COs may leak through available pathways from a
reservoir. At the same time, an escaping process is accompanied by changes in pressure
and temperature, which may result in CO, phase transformation. This issue provides
an additional motivation to study the phase change process for the supercritical CO5 in
more detail. More knowledge about the phase transition process and critical phenomena
can be found, for instance, in the book by Stanley [97]. Additional information and some
experimental results about an estimation of the mass-transfer rates for the COs-water
system can be found in Farajzadeh et al. [49].

2.3 Gaps in Research and Remaining Questions

Although a lot of research work has been done in the area of CCS, there is still a large
number of questions that needs to be answered. The current gaps in research are sum-
marised and grouped into several categories as follows:

e improvement of available technologies for the CO, capture in order to decrease the
costs of capturing, processing and transporting

e detailed study of the geographical relation between CO, sources and storage reser-
voirs (regional assessment)

e improvement of estimation of storage capacity; obtaining more information on stor-
age capacity for more areas all over the world, especially, for countries with high
energy consumption
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e complete investigation of the particular storage mechanisms, such as long-term stor-
age, CO, migration, leakage processes and others; improved understanding of the in-
teraction between various storage mechanisms, in particular, for deep saline aquifers

e detailed study of the response of the biological systems for ocean storage; gaining
experience in ecological impact of the stored CO,

e analysis of the related environmental and safety issues

e assessment of the duration of COsy; development of reliable methods for the estima-
tion of the leakage rates

e several other aspects

The current investigation is focused only on some aspects from the list above. In partic-
ular, a better understanding of the deformation of the solid skeleton in a reservoir under
the influence of the high pressure of the injected CO, is regarded as one of the main
issues for investigation. Furthermore, the behaviour of geologically stored COy has been
incompletely studied so far. In this regard, the phase transition process between CO,
phases is an interesting subject for research.

It is evident that besides the problems related to the CO, injection process mentioned
above, other factors have to be taken into account, such as: economical costs, risk analysis,
biological risk, transport problems, capacity estimation, physical and chemical processes
taking place after injection and many others. Additional general information about the
CO. storage problem can be found in publications by Michael et al. [74], Metz et al. [73],
Bachu et al. [5] and by other authors. Benchmark problems and their solutions for the
COs injection problem are available in papers by Pruess et al. [87], Ebigbo et al. [31] and
others. Some results of numerical simulations are provided in Sasaki et al. [91], Bielinski
[11] and others, while analytical evaluation of specific aspects can be found in Nordbotten
et al. [77].






Chapter 3:
Theoretical Fundamentals

The following chapter provides a brief introduction into the continuum-mechanical funda-
mentals of the Theory of Porous Media (TPM), as well as the concept of volume fractions,
the kinematical relations and the governing form of balance relations. Also, an overview of
the thermodynamical principles required for further constitutive modelling can be found
in this chapter.

3.1 General Discussion

Each problem in fluid and solid mechanics can be considered at a micro- or a macroscale.
The micromechanical consideration of a problem has the advantage of describing the mo-
tion of each individual aggregate, because within this consideration phases are separated
from each other. However, it is not always possible to describe the process completely,
since detailed information about the size and shape (geometry) of the particles within
the considered material is often unknown at microscale. Therefore, the macromechanical
consideration of the processes comes into play. Basically, the macroscale consideration is
provided by a homogenisation procedure, which is defined as a statistical spread of the
actual microstructural properties trough the considered domain, known as the represen-
tative elementary volume (REV), cf. Bear [§], Ehlers [37].

Porosity %
100

..} trials

R

%1 Vs V3=REV  Volume

Figure 3.1: Definition of the representative elementary volume.

The size of the REV has some limits: firstly, the domain should be sufficiently large to
allow performing statistical analysis and, secondly, small enough to maintain inherent
heterogeneity of the considered domain. It means that the average values of macroscopic
parameters must be independent of the size of the domain. As an example, an estimation
of the porosity of a porous medium is illustrated in Figure 3.1. Herein, the selected
volumes V) and V5 are not representative since they do not reflect the real properties of

15
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the media. In contrast, the porosity of the porous medium for the volume V3 is constant
and thus provides a representative description of the material, cf. Bear [9], Helmig [57].

The description of the CO, injection process into an aquifer and its distribution along
the reservoir can be classified as a multiphasic problem and described at the macroscale.
Thus, the postulated issues including the complexity of the different formulations can be
well-understood and described using the TPM, which fundamentals are explained in the
next sections.

3.2 The Theory of Porous Media

Physical processes taking place within natural systems and materials, such as biological
soft tissues, soils and others can be well-described by either the Theory of Mixture, cf.
Bowen [18], Green & Naghdi [54], or the Theory of Porous Media, cf. Bowen [19, 20],
de Boer [14], Ehlers [37] and Truesdell & Toupin [102].

macroscale
microscale dv
(PS
homogenised model © = ¢° U SDF
o \
dof

- -

concept of volume fractions

Figure 3.2: Representative elementary volume with microstructure, homogenised
model and concept of volume fractions.

Basically, the modelling of miscible constituents is embedded in the Theory of Mixture
(TM). However, this theory has a drawback caused by the loss of microscopic information
about the system. In order to reflect the inner structure of a system, the TM is combined
with the Concept of Volume Fractions, which forms the basis of the TPM. In contrast
with the TM, the TPM represents a convenient tool for the macroscopic description of
immiscible multiphasic aggregates, wherein the quantity of the individual constituents of
the overall medium is characterised by their volume fractions. In particular, the TPM
provides a convenient framework for the current investigation to describe the complicated
behaviour of coupled fluid-solid systems such as the CO, sequestration problem. Within
the TPM, each constituent of the overall aggregate can be described by the governing
equations for a single-phase material with additional production terms representing the
thermodynamical and mechanical interactions between the constituents. For more com-
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prehensive information and details about the TPM, the readership is referred to Truesdell
[100], de Boer & Ehlers [16] and Ehlers [34, 35, 37] among others.

Following the basic concept of the TPM, the properties of a multiphasic aggregate ¢ with
individual constituents ¢ are statistically distributed over the REV, cf. Figure 3.2. This
averaging procedure leads to a model of superimposed and interacting continua

@ngpa, where o € {S, F'} and @F:U<p5. (3.1)
a B

Herein, S indicates the solid constituent and F' is a summation over all fluid constituents
B. Depending on the amount and type of the fluid constituents, S can be represented, for
example, by liquid L or gas GG constituents and others.

In the frame of the TPM, each immiscible phase is represented by its partial volume
V<. Then, the volume V of the overall aggregate B is obtained as the sum of the partial
volumes of the constituents ¢ in B

vz/dv:Zva, (3.2)

e — /dva _ /no‘dv. (3.3)

B B

where

Herein, n® is called volume fraction and is defined as a ratio between the volume element
dv® of a constituent p* and the volume element dv of the overall aggregate ¢ (Figure 3.2):

«
o dv

nt = (3.4)

Equations (3.2)-(3.4) represent the concept of volume fractions. Furthermore, based on
the assumption that there is no voids pace within the overall aggregate and examining
the equations (3.2) and (3.3), the so-called saturation condition is obtained

> ont =1, (3.5)

Proceeding from the concept of volume fractions, two different densities can be introduced:
the material (effective or realistic) density p®® and the partial (global or bulk) density p®.
p*f and p® relate the local mass dm® to the volume elements dv® and dv, respectively,

wp  dm“ dm®

— d = .
p doe anc. e dv

(3.6)

From (3.4) and (3.6), it is determined that both densities are related to each other through
the corresponding volume fraction

p* = n®pt. (3.7)
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The partial density p* can be changed either by the volume fraction n® or the material
density p*f. If a constituent is materially incompressible, its material density has a
constant value at constant temperature (p®* = const). It means that the partial density
of a materially incompressible constituent can only be modified due to a deformation-
driven change of the corresponding volume fraction.

For a system with more than one fluid phase, it is convenient to introduce a saturation
function s?, which describes the ratio of the pore-fluids in the pore space. s” represents
the ratio of the volume fraction of a constituent n® to the volume fraction of the overall
fluid phases n!" (porosity):

B

n

SB:n_F and nF:Enﬁzl—nS. (3.8)
B

Herein, similar to condition (3.5), the restriction for the saturation function is derived as

follows
d o' =1 (3.9)
B

3.3 Kinematical Relations

3.3.1 Motion Functions

In the framework of the TPM, the porous body B is defined as a manifold of material
points P® of the corresponding constituents ¢®. In the reference configuration at time ¢
material points P can have different coordinates X, while in the actual configuration
at time ¢ each partial point x is simultaneously occupied by points P® of all constituents,
cf. Figure 3.3.

actual
reference configuration
configuration (t)

(o)

Figure 3.3: Motion of a multiphase porous material.

Kinematic relations of the constituents are described by their own motion functions x,

X = Xo (X, t). (3.10)
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The assumption about the individuality of the motion function for each constituent re-
quires the uniqueness of the inverse motion function based on the non-singular Jacobian
determinant J,:

%
X, = xt(x,t d = det =22 . 11
o X, (x,t) and J, e X, £ 0 (3.11)

This leads to the fact that each constituent has its individual velocity )lca and acceleration
&a. In a Lagrangean or material description, velocity and acceleration are given in terms

of the reference configuration and can be written as follows

/ 8X (Xa, f;) " 62)( (Xa,t)

X, = —4——= d x,= —F—~—= 3.12
ot o o2 (3.12)

while in an Fulerian or spatial description, they are expressed in terms of the actual

configuration as

Xo=%o (X1, 1),t] =%Xo (x,1) and  Xo =X, [x21(x.1),t] =Xa (x,8).  (3.13)

Herein, (-)', denotes the material time derivative. The total material time derivative
for an arbitrary, steady and sufficiently steady differentiable scalar function I' or vector
function I' is correspondingly defined as

d or /
/ — —a = — .
d or , '
F / = -« F = — F
( ) « dt (X7 t) at + (grad ) XCV )

where the operator “grad (-)” denotes the gradient with respect to the actual position x.

In addition, the velocity of the overall aggregate, which indicates the barycentric velocity,
can be introduced as

X:%Zpa X, with p =Y p° (3.15)

The difference between the velocity of a constituent ¢® and the barycentric velocity is
interpreted as the diffusion velocity d,:

do =X, — % with Y p*ds = 0. (3.16)

The behaviour of each constituent can be mathematically described by primary variables
within the modelling of coupled fluid-solid problems. Usually, the displacement vector ug
in the frame of the Lagrangean description is taken into account as a kinematic primary
variable for the solid skeleton

Ug = X — Xs. (317)
For fluid phases, it is more convenient to use the seepage velocity as a primary variable,
representing the velocity of the fluid phase with respect to the velocity of the solid skeleton
in the frame of a modified Fulerian description

/ /

W =Xg — Xg . (318)
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3.3.2 Deformation and Strain Measures

Deformation and strain measures can be introduced via the material deformation gradi-
ent F, and their inverse F!. Proceeding from the equations (3.10) and (3.11);, these
gradients are defined as

B ox
09X,

00X

F. = Grad,x and F.' = o = grad X,, . (3.19)

Therein, the operator “Grad, (-)” represents the gradients with respect to the reference
position
()
Grad, (1) = =~ 3.20
rada (1) = 532 (3:20)
In this regard, the deformation gradient of the solid skeleton Fg can be expressed in terms
of the displacement vector ug, which leads to
ox
Fg = — = Gradgx = I + Gradgug. (3.21)
0Xg
Due to the fact that the uniqueness of the inverse motion function (3.11) requires a
non-zero Jacobian J, and the deformation gradient equals to the identity tensor I (or
det F,(tp) = 1) in the undeformed initial state, the domain of detF, is restricted to
positive values
detF, = J, > 0. (3.22)

Furthermore, it is possible to derive the following relations, describing the transformation
of line, area and volume elements from the reference configuration (dX,, dA,, dV,) to
the actual configuration (dx, da, dv) via the deformation gradient

dx = F,dX,,
da = detF,FI-1dA,, (3.23)
dv = detF,dV,.

This type of transformation is called push-forward transformation, while the inverse trans-
formation, from the actual to the reference configuration, is named pull-back transforma-
tion. The basic operations of the tensor calculus can be found in Appendix A as well as
in de Boer [13], Ehlers [34, 39], Truesdell & Noll [101] and Zhilin [104].

Furthermore, different deformation tensors could be defined via the deformation gradients.
Using the relations given in (3.23), one derives

dx-dx = F,dX, F,dX, = dX,-(FIF,)dX, = dX, C,dX,,
(3.24)
dX, -dX, = F 'dx -F'dx = dx:(FI'F l)dx = dx-B;!'dx.

Herein, C, = FLF,, is the right Cauchy-Green deformation tensor representing a defor-
mation measure of the reference configuration, while B, = F, FZ is the left Cauchy-Green
deformation tensor representing a deformation measure of the actual configuration.
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The strain measures are obtained by the difference of squares of the line elements at the
current and reference configuration

dx - dx — dX, -dX, = dX, - (C, — I)dX, = dX,- (I — B,!)dX,. (3.25)

Herein,

E, =3(C, —I) and A, =3(I-B., (3.26)

1
2

where E, is the Green-Lagrangean strain tensor, A, is the Almansian strain tensor.

3.3.3 Deformation and Strain Rates

In order to formulate the deformation and strain rates, the material time derivative of the
deformation gradient (3.19) is introduced based on the Lagrangean description

/
12 o dCl{ o a XCV (Xo”t) o !/
(Fo), = P F, = 0X. = Grad, x, . (3.27)

On the other hand, based on the Fulerian description, the derivative is
(Fa)y, = Lo Fa, (3.28)

where L, is known as the spatial velocity gradient of the constituent ¢®. From (3.28),
one finds that

/

L, = (F,).F;' = grad x, and L,-I=div X, . (3.29)

Furthermore, L, can be decomposed into a symmetric part D, named deformation velocity
and a skew-symmetric part W, named spin or vorticity tensor, yielding

L, = D, + W,, (3.30)

where
D, = %(La + Lg),
(3.31)
W, = %(La — Lg)

In addition, the Green-Lagrangean stain rate can be derived from the Green-Lagrangean
strain tensor E,:

(B.), = 1(C.), = FID,F,. (3.32)

3.3.4 Stress Measures

In order to complete the description of the rates and measures, the stress measures should
be introduced.
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Figure 3.4: Illustration of stress measures.

Figure 3.4 shows body B at the current configuration ¢ consisting of the constituents .
The forces acting from the vicinity on the surface 0B, are captured by the surface traction
vector t%(x, n, t). Following Cauchy’s theorem, t*(x,n,t) can be represented via

t%(x,n,t) = TYx,t)n. (3.33)

Therein, T is the partial Cauchy tensor and n is the outward oriented unit normal vector
of the surface 9B.

Other stress tensors could be introduced by use of the representation of the surface force
dk® via tensor T® and the oriented area element da:

dk® = t*da = T*nda = T%da. (3.34)

Transferring the area element da to a weighted area element da, = detF;ldaa leads to
the Kirchhoff stress tensor 7 such as

dk® = detF, T" da, = 7°da,. (3.35)

Thus, using the transformation rules (3.23) and reformulating the surface force dk®
through the area element at the reference configuration dA,, the first Piola- Kirchhoff
tensor P is derived:

dk® = detF, T*FI'dA, = P*dA,. (3.36)
In addition, the second Piola- Kirchhoff tensor S can be introduced by
S* = F, ' P~. (3.37)

Proceeding from (3.35)-(3.37), the relations between the Kirchhoff tensor and both Piola-
Kirchhoff tensors are given by

a _ ~aRT-1
P = 1F,,

(3.38)
S* = F lroFl-1,

It should be noted that in case of a geometrically linear theory, where F, ~ I, the stress
tensors introduced above are approximately the same and can be given by one stress

tensor o“:
T ~ 7% =~ P* =~ S* ~: o“. (3.39)
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3.4 Balance Relations

In continuum mechanics, the evolution of any physical system can be analysed using the
conservation laws for the mechanical and thermodynamical properties, such as, mass,
momentum, momentum of momentum (m.o.m), energy and entropy.

In frame of the TPM, modelling of multiphasic materials follows Truesdell’s “metaphysical
principles”, cf. Truesdell [100]:

1. All properties of the mixture must be mathematical consequences of properties of
the constituents.

2. So as to describe the motion of a constituent, we may in imagination isolate it from
the rest of the mixture, provided we allow properly for the actions of the other
constituents upon it.

3. The motion of the mixture is governed by the same equations as is a single body.

In other words, these principles mean that each constituent within the multiphasic mate-
rial has to be described by individual balance relations. However, since the constituents
of the multiphasic material can exchange their properties with each other, the balance
relations originally taken for the single-phase material, have to be extended by so-called
production terms, which describe the interaction between different constituents. Finally,
the balance relations for the overall aggregate are obtained by summing over all balance
relations for the individual constituents.

The next sections give a brief introduction to the general and specific forms of the balance
relations based on Ehlers [37]. The corresponding unknown variables from these relations
are discussed in Section 4, which represents the constitutive modelling procedure. A more
comprehensive description of this topic can be found, for example, in de Boer & Ehlers
[16], Ehlers [34, 38] or Marle [70].

3.4.1 Balance Relations for the Overall Aggregate

Balance relations for the mechanical (mass, momentum, m.o.m.) and thermodynamical
(energy, entropy) quantities can be embedded into a general structure denoted as master
balance relation. Proceeding from the results of classical continuum mechanics of single-
phase material, the master balance relations for the overall aggregate B in the global form

read q
o vdv = /(¢~n)da+/adv+/\i’dv,

B oB B B
(3.40)
d .
a/\Ildv = /(@n)da+/adv+/\1/dv.
B oB B B

Herein, ¥ and ¥ are volume-specific scalar- and vector-valued mechanical quantities re-
spectively, which have to be balanced. The terms (¢ - n) and (®n) are the effluxes of
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the respective mechanical quantity at the body surface dB. The symbols ¢ and o are
the supply terms of the mechanical quantities resulting from a distance. The remaining
terms ¥ and ¥ are the production terms of the mechanical quantities coming from the
possible couplings of body B with its surrounding.

The global structure of the balance relations (3.40) yields the corresponding local forms
by applying the time derivative for the actual volume element dv on the left-hand side
of (3.40) and using the Gauss integral theorem for the surface integral on the right-hand
side of (3.40). The local form of the balance relations reads

U+ Udivk = divep + 0 + U
(3.41)

U+ Udivk = divd + o + W,

The balance relations for mass, momentum, m.o.m., energy and entropy could be obtained
using the corresponding physical quantities from Table 3.1.

v, ¥ ¢, P o, 0 U, U
mass p 0 0 0
momentum pxX T pb 0
m.o.m. x X (p%) x x T x X (pb) 0
energy | pe + +x x (px) | TT%x — q | %x-(pb) + pr| 0
entropy pn @, oy Ul

Table 3.1: Balance relations of the overall aggregate.

Therein, p denotes the density of the overall aggregate, px is the momentum, whereas
x X (px) is the m.o.m., T is the Cauchy stress tensor and pb is the volume-specific body
force (usually performed by gravitation). Accordingly to the energy balance equation, &
denotes the internal energy, q is the heat influx over the boundary and r is the external
heat supply (e. g. radiation). In the entropy balance, 1 is the entropy, ¢, is the efflux
of entropy, o, denotes the external supply and 7 is the entropy production, which is

non-negative, 7 > 0.

By substituting the quantities from Table 3.1 into the local form of the balance relations
(3.41), the specific balance relations known from continuum mechanics of single-phase
materials could be derived, cf. Ehlers [36]. In order to simplify the forms of the balance
relations, the so-called respective “lower” balances are used. Starting from the mass
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balance the momentum, m.o.m., energy and entropy balances are evaluated:

mass : p+ pdivx = 0,
momentum : px = divT + pb,
m.o.m. : 0 = IxT — T=TT, (3.42)
energy : pe = T-L —divqg + pr,
entropy : pn = dive, + o,.

It should be noted that the m.o.m. equation leads to the symmetry of the Cauchy stress
tensor T.

3.4.2 Balance Relations of the Constituents

Proceeding from the Truesdell’s metaphysical principles and the balance relations for the
overall aggregate in the global form (3.40), the balances for the individual constituent p®
can be introduced as follows

% U*dv = /(¢“-n)da+/a“dv+/\if”dv,
B

—/\Ilo‘dv = / da+/a°‘dv+/ “dv.
B

Herein, the terms (-)* have the same physical meaning as the corresponding terms (-) in
(3.40).

The local form of the balance relations (3.43) for the individual constituents ¢®, which is
derived by differentiation of the left-hand side and transformation of the surface integral
on the right-hand side via Gauss theorem leads to

(3.43)

(To). + odiv x, = dive® + o + b,
/ (3.44)
(T, + ¥div x, = div®® 4+ o + ¥ .

Again, following Truesdell’s principles, the sum over the local balances for all constituents
(3.44) should yield the balances of the overall aggregate (3.41). This fact leads to the
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constraints between the global and the local quantities
o= ) ue o= Y e
¢-n = ZM)O‘—\I/O‘da]-n, dn = Z[@a—\I’O‘Q@ d,|n;
o= 20" o = ) o
o= Yue Po- Y

Similar to the balanced quantities presented in Table 3.1, the quantities for (3.44) are
summarised and introduced in Table 3.2.

(3.45)

g, P ¢°, ®° o, o g, o
mass P 0 0 P~
momentum P~ )lca T« pe b s
m.o.1m. x X (p* )lca) x x T x X (p*b®) he

energy | p"e® + L X0 x(p* Xo) | (T X4 —q* | Xo - (0°b%) + p21® | é°

entropy pen” &, oy n

Table 3.2: Balance relations of the constituents.

Herein, the production terms U and ¥ describe the interaction between the constituents
¢®. In particular, p is the mass production term, $* denotes the total momentum
production term and h® is the total m.o.m production term. The remaining terms é* and

N® correspondingly describe the total energy and entropy production.

The total production terms are strongly related to the direct terms p%, p%, m®, €%, (* as

e e

pro= P,

«

w>
I
Lo}
o)
+
»
o
M~
Q

he = m® + xx (p* + p* xa), (3.46)
e fo NG 1]
= & + P Xq FPY(e + 5 Xa - Xa),

,'/,}CM — CCV + pACM 7704 .

It can be seen that the total momentum production term §* contains the direct production
term p®, which results from the interaction force between ¢® and other constituents within
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the overall medium, and the mass production term p®. The total m.o.m. production term
h” is represented by the direct production term m® and an additional production term of
angular momentum. The direct energy production term £ is a part of the total energy
production term é%, the same as é “ for n“.

Moreover, there is a possibility to specify a prior: constitutive assumptions for the con-
stituents ¢ for the entropy efflux ¢, and the entropy supply oy via the absolute Kelvin’s
temperature 0%, cf. Ehlers [34],

o) = ——, o = —pre. (3.47)

The specific forms of the local balance relations for the constituents can be obtained by
inserting the balance quantities from Table 3.2 into the local form of the balance relations
(3.45) and read

e

mass : (p™)., + p*div X, = P,

momentum : p*x, = divT* + p*b® + p*,
m.o.m. : 0 = IxT*+ m*, (3.48)
energy : pte), = T* .- L, — divg® + p*r® 4 &9,
entropy POV = div (= d®) + o E

Assuming that the sum of the relations (3.48) over the individual constituents has to result
in the balance relations for the single-phase material (3.42), the following constraints are
obtained for the total production terms:

D=0, Y8 =0, > h*=0, Y &=0, > i*=>0. (3.49)

«

The restriction (3.49)5 for the entropy production term introduces the second law of
thermodynamics.

Finally, considering (3.45), the relations between the quantities of the individual con-
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stituents ¢ and overall aggregate ¢ can be taken into account

pb = > p"b”,

T = ) (T° - p*da®d,),

q = > [q° = (T)7dy + p*e*do + Lp* (do - do) da ],

¢ (3.50)
pe = > p" (e + 3da-da),

pro= D P + b da),

pn o= YoMt

3.4.3 Entropy Principle

In thermodynamics, the entropy principle postulates that the entropy of an isolated system
either remains constant or increases, depending on whether the process is reversible or
irreversible, cf. Potter & Somerton [85]. In other words, for adiabatic systems the entropy
increases until it reaches its maximum. Based on this statement, which has to be fulfilled
for any thermodynamical process, the evaluation of the entropy inequality is used to obtain
the thermodynamically consistent constitutive relations for the considered problem, cf.
Section 4.

Based on the total entropy production term (3.46)5 substituted into the entropy balance
(3.48)5 and restriction (3.49)5, the entropy inequality can be obtained in the following

form . .
S 1™ (™) + 60 + div (g a%) = gz p"r*] = 0. (3.51)

Introducing the Helmholtz free energy 1 via Legendre transformation between the con-
jugated variables entropy n* and temperature 6, cf. Appendix B,

PO = e — 9, (3.52)

and by use of the energy balance (3.48); as well as the relation (3.46)4, the entropy
inequality can be transformed into the Clausius- Duhem form

1 « (0% « (6% (0% ey} /
S AT L = L+ (0] — B R
o . (3.53)
S e Xa) = goatad 6t + ) > 0,
It should be noted that in the current work the temperature is assumed to be the same
for all constituents ¢ = 6.
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3.5 Thermodynamical Fundamentals

The capture and storage of COs involves a number of complex processes, such as trans-
portation of CO,, dissolution of COs into water (H,O) and others. Among various factors,
the thermodynamic properties of a substance play an important role in the description
of these processes. In this regard, the following section presents the thermodynamical
fundamentals required for the current investigation. In particular, various equations of
state and their graphical representation by phase diagrams, the definitions of chemical
potentials and phase transition process can be found in the following.

3.5.1 Phase Diagram

In order to widen the discussion concerning the phase diagram started in Section 2.2,
a more detailed analysis of the relationships between pressure (p), specific volume (v)
and temperature () for a pure substance is introduced here. For more comprehensive

information, the interested reader is referred to Potter & Somerton [85], Abbott & van
Ness [1], Gmehling & Kolbe [52] and others.

The phase diagram for water is taken into consideration as an example. In Figure 3.5,
the three-dimensional p — v — 6 surface and the corresponding projections p — v at 6 =
const, # — v at p = const and p — # at v = const are shown. The regions, where only
one phase exists, are labelled “solid”, “liquid” and “vapour” (or gas). The remaining
regions, where two phases coexist simultaneously, are assigned by “solid-liquid” (S — L),
“solid-vapour” (S — V) and “liquid-vapour” (L — V). The lines separating the different
states of aggregation are called phase-coexistence lines, e. g., vaporisation-condensation,
sublimation and fusion curves.

Moreover, there are two characteristic points on the phase diagram called triple and critical
point, which play an essential role for the description of the behaviour of a substance.
The triple point is known as a point where all phases (solid, liquid, vapour) occur at the
same time and it is the starting point for the vaporisation curve. The critical point is the
final point of the vaporisation curve and the last point where liquid and vapour phases
coexist in equilibrium. In case when the pressures and temperatures exceed the critical
values p., and 6, the substance becomes a supercritical fluid, cf. Section 2.2.

The vaporisation curve is named the condensation curve, if the vaporisation process goes
in the opposite direction, i. e. from the critical to the triple point. The sublimation curve
splits solid and vapour regions, whereas the fusion curve separates the solid region from
the liquid one.

If one of these phase-coexistence curves is crossed resulting in the changes of the properties
(p, 0, v), a phase change process occurs. It also causes changes in the internal energy,
enthalpy and entropy of the system. As it was mentioned above, a description of the phase
change process between CO, phases during the injection process is one of the subjects of
the current investigation. Therefore, proper description and understanding of this process
is required for appropriate modelling. In this respect, a variety of so-called equations of
state, which mathematically represent the phase diagram, are discussed in Section 3.5.2.
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Figure 3.5: 3-d phase diagram for water, (a) 8 = const, (b) p = const, (¢) v = const,
Potter & Somerton [85].

3.5.2 Equations of State

The equations of state (EOS) are used in order to predict the thermodynamical properties
and describe the behaviour of a substance. Numerous EOS developed in the past can
be roughly divided into two groups: specialised equations, such as the Span and Wagner
equation, and general equations, like the van der Waals equation. The first group consists
of very detailed equations having a better accuracy, but with a very specific range of
application. For example, the Span and Wagner equation is applied only for CO,, cf.
Span & Wagner [94]. The second group of the general EOS can be again divided into
two classes: equations with a simple structure, such as the Redlich- Kwong equation, cf.

Redlich & Kwong [88]:

RO a

p:v—b_

v(v 4+ bVO

(3.54)



3.5 Thermodynamical Fundamentals 31

and equations with a complex structure, such as the Benedict- Webb- Rubin equation, cf.
Benedict et al. [10]:

Co, o 3 6, P 2y —vp?
—ﬁ)p + (bRO — a) p° + acp +§(1—|—7p)e , (3.55)
where R is the gas constant, # is the temperature, v is the specific volume, p is the pressure,
p is the density and Ay, By, Cy, a, b, ¢, a,y are constants. The equations with a complex
structure, such as (3.55), will give better results, but consist of many parameters which
are not always available for all substances. The complex structure of these equations
makes the calculation procedure more difficult. Therefore, it is preferable to use the first
type of equations with a simple structure, such as (3.54), if they produce a reasonable
accuracy.

p = Rip + (BoRO — A

It can be noted that both types of EOS mentioned above are suitable for the description
of the behaviour of real gases. In thermodynamics, in order to compare real gases to ideal
gas, the compressibility factor Z is used:

pv

7 = —. 3.56

Y (3.56)
For the ideal gas the compressibility factor equals to one (Z = 1). The closer the Z value
of a real gas is to 1, the closer the physical quantities and behaviour of this real gas are
to the ideal gas. Often in literature, the EOS are reformulated in terms of the Z factor.

After the general classification, a proper EOS for CO5 should be defined. The first choice
would be the standard van der Waals equation (1873):

RO a

v—> v2’

p = (3.57)
where a,b are constants, R is the gas constant, v is the molar volume (volume of one
mole of the substance) and p is the pressure. The disadvantage of using the van der
Waals equation for CO, is that around the critical point this equation yields only a
rough agreement with the actual curves. This motivated other researchers to improve
and extend the van der Waals equation. Thus, Redlich and Knowg (1949) have developed
equation (3.54) and later according to Li et al. [67] the constants a,b were modified to
obtain a better accuracy for gaseous CO5 and a mixture of COy and HyO. Another EOS
was proposed by Peng and Robinson (1976), cf. Peng & Robinson [81]:

RO aQy,
v—>b v+ 2bv — b2’

b= (3.58)

where v is a specific volume, R is the gas constant, a,b are constants depending on the
critical pressure p., and temperature 6,,:

0.45724 R? 62,
a = —,
Per (3.50)
, _ 0007780 RO, '

Per
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and constant «, is a function of the acentric factor w:

ap = [1+ (0.37464 + 1.54226w — 0.26992w?) (1 — /&,)]2,
w = —logy(pf™) — 1,
(3.60)
6)r - 6)/ch 3
sat _
P = p/pals, -

In reality, it is often impossible to observe the behaviour of a pure substance, because
different parts of a substance (e. g., species, molecules, phases) can interact between with
each other. Thus, a mixture of different constituents should be taken into consideration,
e. g., a mixture of CO5 and H,O. In this case, the EOS has to be modified in order to
describe mixtures. For example, the Peng- Robinson equation for a mixture of species has
a form

RO Ay O,

v —>b, 02+ 2b,v — b,
where a,, is the attractive parameter and b,, is the repulsive parameter of the mixture.
These parameters are expressed as functions of the concentration of the different com-
ponents in the mixture through the mixing rules. Several different mixing rules can be
found in literature, for example, in Poling et al. [83], Barragédn-Aroche & Bazia-Rueda
[7]. For instance, following a simple conventional mixing rule for the ¢ and j components,
the coefficients are defined as

Ay, — E ZT; ZL‘j aij (0) s bm = Z €Z; bz s (362)

p = (3.61)

where x; represents a molar fraction and

ai(0) = 0.4572236 (ROu,)?[1 + i (1 — /G2 / pen,
ajj = a5 (1 — kij), (3.63)
b = 0.077796 Rbu, | per.
with
¢ = 0.37464 + 1.54226 w; — 0.26992 wf,
(3.64)
O = 0/0u .

Herein, w; is the acentric factor for species i, k;; is an empirical interaction parameter,
which describes the attraction forces between the pairs of non-similar molecules and should
be defined by regressing experimental data for each mixture separately, cf. Harstad et al.
[56], Poling et al. [83] and Li & Yan [68].

Based on the fact that in the present investigation the behaviour of pure COy at the
supercritical state is under consideration, there is no need to use any mixing rules here.
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However, it is possible to extend the model in the future in order to examine a mixture
of CO, with other components, such as HyO. For example, a description of the thermo-
dynamical model for the COy-water mixture can be found in Eftekhari et al. [32] among
others.

But still, the most detailed and exact EOS for COy nowadays is the Span and Wagner
equation proposed in the last century and improved in Span et al. [95]. The disadvantage
of this equation is its very complicated form with a lot of parameters. Therefore, in the
current investigation in order to simplify the modelling procedure, the Peng-Robinson
equation (3.58) is taken into account.

Within the present contribution there is no need to go deeper into the topic about the
variety and accuracy of EOS. However, the question about the choice of EOS is a very
complex subject of research and has been discussed in depth in the literature by Lewis &
Randall [66], Sterner & Pitzer [99], McPherson et al. [71], Pappa et al. [80] and by many
others.

3.5.3 Chemical Potentials and Phase Transition

The chemical potential is an important characteristic of a substance in thermodynamics.
In particular, conditions for the phase equilibrium and phase transition process can be
properly defined with aid of the chemical potentials. In classical chemical thermodynam-
ics, chemical potential p for a pure substance is defined as the change of Gibbs free energy
¢ per change of moles n of a substance at constant temperature 6 and pressure p, cf. Ott
& Boerio-Goates [78], Abbott & van Ness [1]:

§ = (%)Gm. (3.65)

A pure substance can contain several phases, which under certain pressure and temper-
ature coexist in equilibrium. Based on the definition given in (3.65), the criterion for a
phase equilibrium can be defined. Namely, if two phases of a substance, for example,
liquid L and gas G, are at equilibrium, the total Gibbs energy for this substance remains
constant yielding

dé = def + d¢? = 0. (3.66)
Using definition (3.65), the relation (3.66) leads to
pldn® + pfdn = 0. (3.67)
Resulting from the assumption that the system is closed, which means
dn’ = —dn®, (3.68)

(3.67) is reformulated as
(pt — p&ydn® = 0. (3.69)

This leads to the conclusion that two phases are at equilibrium if the chemical potentials
of both phases are equal
pt = . (3.70)
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Also the opposite statement is valid: if u* < p“, the phases are not in equilibrium.

Going further, conditions for the phase transition process in terms of the chemical poten-
tials can be defined. It is known that the phase transition occurs at constant pressure and
temperature whenever on of the curves (line of equilibrium with pl = p in Figure 3.6)
on phase diagram is crossed, cf. Abbott & van Ness [1]. Crossing of these equilibrium
lines results into the changes of the thermodynamical properties except the Gibbs energy,
which is in agreement with a definition of equilibrium in (3.66).

P liquid line of equilibrium
L_ G
pt < p ph=p
G L
p<
gas

0
Figure 3.6: Specific region of the phase diagram.

It is also known that the chemical potential drives the flow of mass during the phase tran-
sition process, cf. Ott & Boerio-Goates [78]|. A direction of the phase transition process
between two phases of a pure substance is defined from the phase with a higher chemical
potential to the phase with lower potential. For a better understanding a correlation
between the phase transition and the chemical potentials, additionally to Figure 3.6, the
relation between the chemical potentials and a temperature at a fixed pressure value is
shown in Figure 3.7. Therein, #°9 is a temperature at the equilibrium, p* and u© are the
chemical potentials of L and G phases.

", ey

)

A

Figure 3.7: Chemical potentials p”, u¢ versus temperature 6.

Comparing a dependence of the chemical potentials on the temperature in Figure 3.7 and
a region of the phase diagram in Figure 3.6, some relations between p”, u, 6 and p for the
phase change process can be observed. Each point on the line of equilibrium (u* = u)
in Figure 3.6 at certain pressure p and temperature ¢ corresponds to the point of § =



3.5 Thermodynamical Fundamentals 35

in Figure 3.7 plotted for the same pressure value p. Moreover, the “liquid” (“gas”) region
in Figure 3.6, where u* < u® (ut > p), corresponds to the area with 6 < 6% (9 > 0°9)
in Figure 3.7. In this regard, two types of the phase transition processes with respect
to the relation between chemical potentials can be distinguished: a spontaneous phase
transition process, if ' < u, and the phase transition at the so-called coexistence
area, where u* = u%. The coexistence area is the area, where two phases are in the
thermodynamical equilibrium (line of equilibrium in Figure 3.6). The phase transition
process in the coexistence area is possible only if some heating is applied to the system
or removed from the system. The spontaneous phase transition process takes place when
pl < 1@ and is not required an additional heating.

In order to be clear about the relation between the phase transition and chemical poten-
tials, a water boiling process is explained here in detail based on Figure 3.7 and Figure 3.6.
Boiling, or in other words a water vaporisation, means the phase transition between water
(L) and vapour (G). Using the notation from Figure 3.7, the chemical potential p” is as-
signed to the water and p“ to the vapour. The beginning of the boiling process is referred
to the region, where § < 6°¢ and p* < p“. Further, applying a heating to the system,
the process approaches to the equilibrium point ¢ = #°4. Once the boiling temperature
of 100°C, which is also an equilibrium temperature, under constant atmospheric pressure
is reached, the phase transition process starts. The temperature of water stays so long
constant until there is no more water left for the vaporisation, which corresponds to the
point on the line of equilibrium in Figure 3.6 and also to the point ¢ in Figure 3.7. Af-
terwards, the temperature can be further increased, which relates to the area with 6 > 64
in Figure 3.7.

In the present contribution, the chemical potential of a COy component existing in two
different phases, supercritical L and gaseous G, is defined via different variables than in
(3.65). Namely, the relation between the Helmholtz energy v°, pressure p® and specific
volume 1# with 8 € {L, G} gives the chemical potential and reads

p =7+ pPrh (3.71)

All statements discussed above are valid and used further for the definition an appropriate
switching criterion for the phase transition process. In detail, this question is discussed
in Section 5.2.1.






Chapter 4:
Constitutive Modelling

In this chapter, the constitutive modelling procedure for the different formulations of
the CO; injection problem regarding the number of phases and components within the
multiphasic model is considered. To describe the difference between the approaches, the
definition of phase and component of a media should be given. A phase is a homogeneous
region in a system or, in other words, a quantity of matter which has the same chemical
structure everywhere in a system, cf. Potter & Somerton [85]. In general, a substance
may exist in solid, liquid, gaseous or even in supercritical phase. It is assumed that
in a multiphasic system the phases are separated by sharp interfaces, otherwise if the
phases are considered as a whole, it is called mizture. A component can be defined as
an independent substance, for instance, a chemical element or molecular substance, cf.
Helmig [57]. In the current work, all balance and constitutive relations are introduced for
each phase separately.

4.1 Alternative Modelling Approaches

Two approaches are chosen to model the problem of COs injection into an aquifer: a
three-phases-three-components and a four-phases-three-components model. Both models
consist of three identical components, i. e. solid, water and COs, and two identical phases,
namely, a solid phase, represented by the rock within the porous medium, and a liquid
phase, represented by the water in the aquifer. The difference between the formulations
is given by the description of the CO5 component. In the frame of the first formulation,
COg occurs only in the supercritical state without any phase transition, while the second
formulation includes phase transition with the possibility for the CO5 to be divided into
gaseous and supercritical phases. In this context, the following notations for the phases are
chosen: solid is denoted by S, liquid (water) by W, supercritical COy by L and gaseous
COs by G. Moreover, within the current work, it is assumed that the first modelling
approach corresponds to the ideal scenario of the CO, injection (model I), whereas the
second approach represents the critical scenario (model II). Schematically, these scenarios
are illustrated in Figure 4.1.

Before going into details about the modelling procedure, some general simplifications are
performed. It is assumed that both models consist of a materially incompressible solid
skeleton (rock) with p°® = const, a materially incompressible liquid phase (water) with
P = const and a materially compressible CO, in any phase, p*%, p&% £ const. In
the frame of the first formulation (model I), there is no mass exchange between the con-

stituents (p* = 0), whereas for the model II: p* # 0, p # 0. Moreover, all processes have

a quasi-static behaviour, which means that )%a = 0; the body forces for all constituents

37
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gaseous COq

supercritical COq supercritical COq

CO, = aquifer COy, =X aquifer
(a) (b)

Figure 4.1: Alternative modelling approaches: (a) ideal scenario, (b) critical sce-
nario.

are reduced to gravitation b* = g; there are no external fluxes r* = 0 into the system
and all constituents have the same temperature ¢ = 6.

To summarise, the model 1 corresponding to the ideal scenario is a model with three-
phases-three-components o € {S, W, G}, where there are no mass production terms
(p° =0, p =0, p¢ = 0) and the primary variables are ug, p""'#, p*# 6. The model
IT representing the critical scenario is the model with four-phases-three-components a €
{S, W, G, L}, which includes the mass production terms for the CO, phases (p° = 0,

PV =0, p = —p%) and the primary variables are ug, p"V %, ptf, p©F 0.

According to the balance equations presented in (3.48), the system of the governing bal-
ance relations for model I with respect to the primary variables leads to the momentum
balance for the overall aggregate (4.1);, the mass balances for water (4.1); and the su-
percritical COy (4.1)3 and, finally, the energy balance for the overall aggregate (4.1)4,
ae{S, W, L}

0 = ST + g+ )
oo+ pWdiv Xy = 0,
o (4.1)
"), +  ptdivx, = 0,

> ), = > AT L, — divg® + &}

«

The total momentum and energy production terms are defined by (3.49) and in this

particular case read
SEIED M)
[e% (0%

ST = Y (e 4 ptxa) = 0.

The system of the governing balance relations for model II with a € {S, W, L, G} consists
of the momentum balance for the overall aggregate (4.3);, the mass balances for water
(4.3), the supercritical COy (4.3)3 and the gaseous COy (4.3)4 and the energy balance

(4.2)
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for the overall aggregate (4.3)s:
0 = YT 1 gt ),
"My + deiV)/(W = 0,

. / A
(P +  phdivxy = pf, (4.3)
. / A
PV +  pfdivxe = p9,

D, = D> AT L, — divg® + &}

a

In this case, the total mass, momentum and energy production terms yield

D=+t =0,

ST = NP+ %) =0, (4.4)

St = ST P X 40N+ L X %)} = 0.

«

Except the primary variables, which are obtained by solving the system of the governing
balance equations (4.1) and (4.3), there are also other unknowns named constitutive
variables, which have to be defined by constitutive relations. Before performing this task,
the constitutive variables themselves are identified in Section 4.2.

4.2 Identification of the Constitutive Variables

In general, all constitutive variables could be split into several categories, which are re-
stricted here to two sets of fundamental V and response R constitutive variables. Wherein,
each variable from the response set R is defined as a function of the variables from the
fundamental set V.

According to Ehlers [34], the fundamental set of constitutive variables for the general case,
where the multiphasic system consists of a single solid skeleton percolated by several fluids,
reads

V(x,t) = {6 grad 6, n® gradn®, p®%, grad p*,

, , (4.5)
F., Grad, F,,x,, Grad, X,, X,}.

This set of variables includes the temperature #¢ describing the thermal state of the
constituents ¢®. The volume fraction n®, real density p®* and deformation gradient F* as
well as their gradients define the deformation of the constituents. The remaining variables,

>/<a and Grad, )lca, are used in order to describe the viscosity effect and X, is needed to
describe possible inhomogeneities of the individual constituents. The fundamental set V
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can be also extended, in case it is necessary to describe some particular behaviour of the
system, for example visco-elastic behaviour of the solid skeleton.

Based on the fundamental set of the constitutive variables and the relations for the
Helmholtz energy ¢ = e — #%n® and the density p* = n® p*f, the unknown response
set of the constitutive variables R can be defined as

RV (x, )] = {T*, g ¥, n" p*, &%, p"}. (4.6)

Using the effective quantities of the constituents, which are discussed in detail in Sec-
tion 4.3 and Graf [53], the set of constitutive variables V can be reduced to specific set S
of variables:

S = {6, grad0°, s°, grad s”, p°%, grad p°%, Fg, Gradg Fs,wg}. (4.7)

Further, according to the works by Truesdell & Noll [101], Ehlers [34, 37], based on the
principles of determinism, local action, equipresence, frame indifference and dissipation,
the functions defined in the response set R can depend on the variables given in S:
R = RIS]. Moreover, this specific set of the constitutive variables in (4.7) can be reduced
to a minimum number of variables for each response function separately depending on
the material behaviour.

4.3 Evaluation of the Entropy Inequality

The evaluation of the entropy inequality in order to obtain the constitutive equations
was first applied by Coleman & Noll [27] to single-phasic materials. Here, the entropy
inequality is separately evaluated for both considered models, model I (ideal scenario)
and model IT (critical scenario). Firstly, model I is represented, where no mass transfer
is included into the modelling, and COs exists only in one state. Secondly, the entropy
inequality for model II is introduced, where CO5 can occur in two different phases and
the phase transition process between these phases is considered. Moreover, since model 11
includes three fluid phases, there are several possibilities to perform the capillary pressure-
saturation relation between these phases, cf. Class [25]. Here, it is assumed that there are
two capillary pressures: between water and supercritical CO5 and between supercritical
and gaseous phases of CO,. The definition of the capillary pressure itself and the capillary
pressure-saturation relations are given in Section 4.5.

4.3.1 Model I: Ideal Scenario

(67

Taking into account that the mass production terms are zero (p® = 0), the entropy

inequality (3.53) is reformulated as

S (T Lo — LW, + (07)7] — B %
2 (4.8)

1
—e—aqo‘-gradea +¢é*} >0,
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where a € {S, W, L}. Multiplying (4.8) by 0% = # and inserting the constraints (4.2),
the entropy inequality leads to

1
D AT Lo — p*[(¥%) + 0n"] — g d-eradd + &% > 0. (4.9)

As a further constraint, the saturation condition (3.5) has to be fulfilled. For this reason,
the time derivative of the saturation constraint with respect to the solid skeleton is taken
and yields

(n*)s + (") + (nh)s = 0. (4.10)

Therein, the derivatives of the individual volume fractions are obtained from the corre-
sponding mass balances in the following form:

o
(n®)s = R (—n® (P — n pSRdiv xg),
1
A G xw) — gradn¥ -wy,  (411)
1
(nt)s = LR (=n" (p")), — nP p"div >,(L) — gradn® - wyp.
p

The effective densities of the solid skeleton p°f and water p"V'# depend only on the tem-
perature 6, because of their predetermination as materially incompressible constituents,

whereas the effective density p*® of CO, depends on the temperature § and the pressure
LR.

p
SR SR SRY/ dp®f
Pt = pP(0) —  (pP)s = s
WR WR WRY/ dp™
8pLR 8pLR
pLR = pLR<97 pLR) (pLR),L 89 9/L + apLR (pLR)/L

Relations (4.11), (4.12) are inserted into the saturation condition (4.10). Then, this
condition is weighted by the Lagrangean multiplier A and added to the entropy inequality
(4.9), which finally leads to the form

nS dpSR
(T% + An®T) - Ls + 05 (=p"n" + AZgg =) = 0" (%) +
aW dpWR

+ (T + A1) - Ly + 0, (=" 0"V + A —=

SWE dg ) = " (W) +

(4.13)
L
+ (T + AnPT) - Ly + 65 (—pPn¥) — ok (¥1), + Aan—R (0™7Y, +

1
+ Agradn" - wy + Agradn® - wp — g4 gradf + &% + &V 4 &l > 0.
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Therein, q denotes the heat influx for the overall aggregate. It is obtained by a summation
of the heat fluxes over the individual constituents and reads

a=9q°+q4" +4q". (4.14)

The energy production terms for the fluid constituents &V, & describe the energy ex-
change between the constituents in case of different temperatures of the constituents.
According to Graf [53] and Ghadiani [51], they can be defined as

W= K (05 — 0Y) 4+ KSw (05 — 6Y),
(4.15)
Blo— k5, (05 — 0F) 4+ K, (0Y — 01,

where kg, and kg, are the heat exchange coefficients. However, in the current investi-
gation, €V, ¢ disappear, because the temperatures of the constituents are the same in
(4.15), the energy production €% for the solid constituent is derived from (4.2) via the
momentum production terms and reads

&5 = —p" wy — pfowp. (4.16)

Going further, the free Helmholtz energies 1) have to be specified. Proceeding from the
principle of constituent separation, cf. Ehlers [33], postulating that * depends only on
the variables from the set (4.7) of the corresponding constituent ¢®, the free energies lead
to

o® o®
S — S 9 F SN/ — 9/ FT L
Vo= W0 F)  — W = Tt + g FSLs,
oW oYW
o= W0, s") — (W) = ge 0, + afw (Y,  (417)
ol ol
W= ¢L<97 pLR> - (wL)/L = ;}99/ + 6;&}% (p™ )}

The exact form of the Helmholtz energies will be discussed in Section 4.4 and Section 4.5.
The term (s");,, which is needed to derive (")}, is obtained from the definition of the
saturation function

1
(8" = —F [0 = " (") ], (4.18)
where (n'V)};, and ()}, are evaluated using the mass balances. Thus,
1 nW deR nS dpSR
w — / w w /
(" = = [pWR e T R A

(4.19)
+s"nSLg -1+ sV gradn® - WW] )
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Incorporating the free energies from (4.17) with use of (4.19), the entropy inequality
transforms into

2 WR awW S 81/15

T + An 1 +n%(sV —— 1 - p° —FL). L
( + An° T +n°(s")?p AT p O ¢) - Lg+
TS
E
w
+ (T + An"1 +nWstWR8LI) Ly + (T + AnPI) - Ly —
———— sV ——————
Ty T%
SO (S - A dp*  (s")2p"H dptt oy i
RO (p5F)2 ~df (PSB)2 g asW ' 09
i3
1 deR sW dﬂVRawW’ awW
o W’g w A _ _
g
ar T

! LR
—ph oL (" + 20 )+ (p )L(ApL—R —p 8/)—LR>_

oW
— (p" — Agradn' — (V)2 p"E —— gradn®) - wy —

N . osW
pE
1
— (p* — Agradn®) - wy — Al gradd > 0.
P

Herein, T% with a € {S, W, L} account for the so-called extra stresses, 03, Ny represent
the extra entropies and p@ with 8 € {W, L} are the extra momentum production terms:

T% = T + An°I,

1 dpSR
S _ S _ A
e N (p5R)2 df
. ; L g (4.21)
= — A _
nE’ n (pWR)2 d9 9

ﬁ% = p% — Agradn®.

According to the principles of evaluation of the entropy inequality presented in Ehlers
[34], the expressions in front of the free parameters Lg, ¢/,, (p“®)} with arbitrary values,
have to vanish in order to fulfil the inequality. This leads to the following constraints for
the mechanical extra stress T3, cf. Graf [53],
w 5
> wr Y 5 OV

T%mech = T% + TLS (SW) 1% 85—W = p a—}?SFg, (422)
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and for the mechanical extra entropies 7% . ca, Momed, and n:

T G0 S Vel
"E mech e (pSR)2 do osW 09’
w WR w w
wooo_ w50 4oy _ o 493
NEmech — TE pWR d6 0sW - 00 ' ( )
o
L _ _YY
T T e

The Lagrangean multiplier A is obtained from the coefficient in front of (p#); in (4.20)
and can be interpreted as the pressure of the corresponding fluid phase:

a L
A= (S = (4.24)

The remaining terms from the entropy inequality are collected in the dissipation inequality
D:

1
D = _pg/mech'ww _ﬁéwL - quradﬁ Z 0. (425)
Herein, the extra momentum production terms of the fluid constituents are
v F
ﬁgfmech = ﬁW - Agradnw - (SW)2 pWRas—Wgradn s

(4.26)
pk = pt — Agradnl.

The appropriate constitutive assumptions have to be introduced for pi¥ .= pk and q in
order to fulfil the dissipation inequality D such that it has a positive value. In this context,
following the argumentation in Acartiirk [2], Graf [53] and Markert [69], the momentum
production terms for the isotropic material yield

Phmean = — ()Y KT ) wy and pi = — (nF)?yMHKY) T wr, (4.27)

with the coefficients K?, 3 € {W, L}, in the form:

B 1.B(BYKB (1S s _ s s 1—n"\7 g
K = OK0), K= K K = (1—n5> K51 (4.28)
0S

Therein, kY is the relative permeability factor depending on the saturation s”. The Darcy
permeability K? is introduced via the solid volume fraction n°, the shear viscosity *?
of the considered pore liquid and the specific weight v?% = p*fg. K9 is the so-called
intrinsic permeability, where 7 is a material parameter and K is an intrinsic permeability
in the reference configuration. For more details on this formulation, the interested reader
is referred to Eipper [47] and Graf [53].

The heat influx q® of the individual constituent is analysed using Fourier’s law via the
heat conduction tensor H*:
q* = —H%gradf. (4.29)
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The sum of the heat influxes over the individual constituents results in the heat influx q
for the overall aggregate, cf. (4.14).

Proceeding from (4.20), (4.22) and (4.23), the relations for the Cauchy stress tensors read

2 wr V"

T%mech = TS + nS< A + (SW) P 8SW) ’
A
oW
™ = TV ¢ nW(\A 4 s R 85W1)I’ (4.30)
A

TL = TE + nt AT

Wherein, the variables A, A are introduced by the effective pressures pV#, p“f and the
pore pressure p'f as follows

_ B w
A = A + SW pWR 8fw — pWR’
(4.31)
A = A + <8W)2 WR 8wW _ FR
a p osW P

These notations are in agreement with the definition of the pore pressure p# given usually

by Dalton’s law:

pift = sWplWE 4 shphit (4.32)
Moreover, as a consequence of (4.31) and (4.32), the classical definition of the capillary
pressure p© as a difference between the pressures of the non-wetting (CO,) and wetting

(water) phases, cf. Section 4.5,
p¢ = ptt = p"h, (4.33)
can be reformulated via the free energies and the saturations:

oW
p¢ = s VR af—w . (4.34)

According to the arguments discussed in Ehlers et al. [45] and Markert [69], the extra stress
of the fluid constituents, T . and T%, are negligible compared to the mechanical extra
momentum production term py . representing the effective drag force. Also it should
be noted that by means of pi¥ . the fluid viscosity is included into the modelling. Thus,
the resulting form of the stress tensors leads to

TS = _nSpFRI + T%mech’
™ = —nWpWEiT, (4.35)

T: = —nlplRT.
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Applying the same procedure as for the stress tensors and using the terms from (4.23)
and (4.20), the entropies read

S 1 dpSRpFR _a_ws
1 (p5F)2 " dg 90
WR w

oo L e OV (4.36)
(PWE)2 g a0
ot
L _ __
= 90

The remaining constitutive relations required to close the system of equations are defined
in the Section 4.4 and Section 4.5.

Finally, based on the discussed relations for the stress tensors and production terms and
denoting p = > p®, the system (4.1) of the governing equations leads to

momentum balance:
div (T3 — p"*I) + pg =0, (4.37)

mass balances:

(P + div(pWww) + pVdiv(us)y = 0,

(4.38)
(M + divipbw) 4+ prdiviug)s = 0,
energy balance:
PEYs + PV iy + M, — T+ Ls + n¥p M div (us)i + )
L PWERdiv xy +nlpPRdiv x, +divg + pV - ww + plowy = 0.
4.3.2 Model II: Critical Scenario
For model II the entropy inequality has a form of
1 (o3 (6% a\/ / (0%
D g AT Lo = o [ + O]+
a (4.40)

1
+p7 (" = 9% — 5 a” - gradd + &%} > 0,

which results from a substitution of the entropy function in the form n* = (e — ¢*)/0
into (3.51) and using the energy balance (4.3)5 with 0 =0, a € {S, W, L, G}.

Similar to (4.10), the saturation constraint has to be fulfilled here. Thus,

(n%)s + ()5 + (") + (n)5 = 0. (4.41)
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Herein, the mass production terms are included in the derivatives of (nf) and (n%)%:
Sy 1 S (,SRy! S SR Jiv %
(n%)s = pS—R (=n” (p7)s — n” pdiv Xg),
1
(WY = e (=0 (VY — n" PV R div >’<W) — gradn” -wy,
'01 (4.42)
~ . /
("5 = pLR (p" — n" (p")y — nPpMidiv x,)  — gradn®-wy,
1
(nC), = — (p¢ — nC (pOR),, — nC pCR div )’(G) — gradn® - wq.
p

The effective densities of the solid skeleton p°%, water p"# and supercritical COy p=%
have the same form as in (4.12), whereas the effective density of the gaseous COy p&%
has to be defined additionally. p“# is defined as a function of temperature and pressure
analogously to the density p™%:

SR

WR

LR

GR

s e =
R
prrO, pt ) — (M) = ag;R
PO, p) — (e = 8ng

0,

Oy
3,17 (4.43)
p

02 + 8pLR (‘LR)Zv
8pGR

b + gpar 07

Equations (4.42) and (4.43) are inserted into (4.41). Afterwards, (4.41) is multiplied by
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the Lagrangean multiplier A and added to the entropy inequality yielding

nS dSR
(TS + AnST) - Lg + 05 (—p°n° + ApS—R g@ ) — p° (%) +

W dpWE

+ (T + A D) - Ly + 0 (—p"' "V + A —=

L
+ (TE 4+ AnET) - Ly + 05 (—pPnk) — p& (01);, + A;L—R (o™, +

G
+ (T + An®T) - Le + 0 (—p“ %) — p% () + A—;R (0“6 = (4.44)
~L (L L 1 ~G (G G 1
— AN = = AR) = (T - Wt = AR+

+ AgradnV - wy + Agradn’ - wp + Agradn® - wg —

1
—5q-grad0+és+éw+éL+éGzo.

In comparison to the entropy inequality of model I, the mass production terms are included
in (4.44).
The heat flux for the overall aggregate q leads to

q=q° +d" +q" + q“, where q* = —H%gradf,ac {S, W, L, G}. (4.45)
The energy production terms for the fluid constituents €V, ¢, &% vanish: ¢V ~ 0, é& ~ 0,
€9 ~ 0, since in the present model all constituents have the same temperature. The energy
production term for the solid constituent €% is derived from (4.4); via momentum and
mass production terms (p = —p%) as follows

&8 = —p"V -ww — ptwp = Y wet
(4.46)

~G (~L G 1 1
+p (8 — € —|—§WL'WL—§WG“W0).

The free Helmholtz energies %, 9"V are defined the same as in (4.17), whereas 1%, ¢
have a different form. In particular, 1) depends not only on temperature ¢ and density
pH of the supercritical CO, as for model I, but also on the saturation function s. An
inclusion of s” into the dependence of ¥* can be explained by a necessity to cover the
existence of the capillary pressure between CO, phases. ¢ is the free Helmholtz energy
of the COy constituent in the gaseous state and is a function of the temperature and
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corresponding density.
aws 81/15
® = Y50, Fg) — (s = W% + 8—FSF£'LS’
o oW
YW= (0, sV) — W)y = W%" T 5aw (s")w
ot ot
1/1L = wL<97 PLR; SL) — (¢L)/I, = WHIL + OpLR (pLRyL + (447)
p
ot
A (s")7
oY o<
08 = 00005 — W = Sple + 5 aR (076
where the derivatives of the saturations have a following form:
1 nW deR nS dpSR
+sWnSLg - I 4 sWgradnt - wy |,
(4.48)
1 r nk nS dpSh P
Ly  _ LR L L
(s)L =T F pL—R(P )p +n Ly I+ pECRETE /S_pL—R

+snLg - I 4+ slgradn! - WL] .
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Going further, the free energies are inserted into the entropy inequality (4.44) yielding

B w
(TS JrAnSIJrns(SW)zpwz%LWI+
\ , Os
TS
) ot 81/}5
‘|‘nS(SL)2,0LRWI—,0 8F FT) LS+
oW
+(TW+AnWI+nWstWRaS—WI)-LW+
—_——
Ty

L
+ (T + An"T +nb st plf — o I) - Ly + (T 4+ An®I) - Lg—

—_—— dst —_——
T Tf
_pS 9’5( nS A 1 dpSR B (SW) ,OWR dpSR 8wW

(PRP A0 (PR df asW

N

0
(SL) pLR dpSR 8¢L 87/}5
(pSF)2  do ast ' 90

)_

Gy (g AL s PR OVT ovTy (4.49)
(PR df pWVE dg  9sW 00
W
n
o (g W)i( Ry A
w ) T (A ot~ BprR
e n M
_ G G GRY (AN = — ¢ —
p= O, (0" + 90 )+ (P7)e ( R p 8pGR>
_(ﬁW . Agradnw —(SW)2 WR awW radn ) - Wiy —
! | Pr e 8 v
R
PE
O L
—(p* — Agradn® —(SL)ZpLR%graan) -wy — (P — Agradn®) - wg
~ G
PE Pe
1 A 1 A opr
e @ L

1
—gq - gradf > 0.
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Herein, T% with o € {S, W, L, G} are the extra stresses, 07, 7% are the extra entropies
and ﬁ% with 5 € {W, L, G} are the extra momentum production terms assigned to

T¢ = T° + Ancl,

1 dpSR
S _ g8 _ A 9
nE n (pSR>2 d9 )

(4.50)
W W 1 deR

= — A
TIE n (pWR)2 d6’ 9

ﬁ% = p? — Agradn®.

Following the same procedure of evaluation of the entropy inequality as performed for
model I, the expressions in front of the free parameters Lg, @, (p*%)} and (p“%), with
arbitrary values have to disappear in order to fulfil the inequality. This leads to the

- - S w L .
constraints for the mechanical extra stress terms T% . ., T meen a0 TH pecn:

oW ot o’
S _ S S (WY\2 WR S (.L\2 LR _ S T
Timeen = Tp +n7(s7)p &S—WJF”(S)P m-ﬂa—FSFs,
oW
Tg/mech = Tg/ + SW pW aS—W7 (451)
oy’
Témech = Té + SL pL aSL )

for the mechanical extra entropies N5 . .q., MW meq, and for the entropies n*, n%:

s <8W)2pWR dpSR awW (SL)QpLR dpSR awL B _a—ws

S _ _ —
Teme = TIE T OSSR g 9sW | (pSR)2 Ao Ost 90
W - - SW deR 81/}W - 81/}W
NEmech — TlE pWR de 83W - o0 )
(4.52)
00’
a0 '
and for the extra momentum production terms pyy . and pk . :
oW P
pg'vmech = pg/ - (SW)QpWR OsW gradn )
(4.53)

AL AL L\2 LR 81/’L F
Phmecn = Dp — (87)%p @gradn .
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Examining the expression in front of (p“%),, the Lagrangean multiplier A is defined as:

8 G
N (4.54)

Considering the coefficient ahead of (p™®) , the following relation is obtained

o onp*
At s = (MY (4.55)

where by definition the right hand side of the relation represents the pressure p“*. There-
fore, the left hand side of the relation also equals to p™#, which is in agreement with the

later determination of the A in (4.60).
The dissipation part of the entropy inequality reads

1
D = —p¥ e " Wiw — Do WL — PG - wg — gq gradd +
R A L Ov*
PEWE + gwewL o+ o 4 s g (4.56)
1 A
— ¢ — o WaWa — pG—R) >0,
where the extra momentum production terms are
. . oW
pg'vmech = pg/ - (SW)QPWR as—wgraan,
pp = p" — Agradn”, (4.57)

p% = p% — Agradn®.

In order to fulfil the D inequality, appropriate constitutive assumptions for py .. pk,
q and p have to be developed such that D > 0. Using the same argumentation as for
model I, the momentum production terms yield

W = (")) v
o= (PR (4.58)
B = 9K we.

with parameters given in (4.28) and valid for g € {W, L, G}.

The remaining variables, namely, the heat flux q is defined above in (4.45) and the mass
production term p in Section 5.
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Based on the notations in (4.49) and relations (4.51), the Cauchy stress tensors yield

2 wr 00" 2 i OP"

S _ S S w L
TEmech = T +n (\A_'_<8 ) P W +<S) P E)Ia
A
E mech N GSWJ )
3 (4.59)

A

TL — TL L A L LR% I
E mech +n ( + s P 8$L) ’

S>1114

T¢ = TC 4 nCAIL.

The variables A, A and A are introduced similar to the variables in (4.31), in particular,
by the effective pressures p'V'#*, pf and pore pressure pf':

= L

A = A + SL pLR aa,li)[, — pLR’

- oW

A = A+ sV pWRaf_W — pWE (4.60)

B awW 81/1L
A = A W2 Wr Y 2 or9Y PR
BRI (PR S =
Here, it is essential to remember that in this model two capillary pressures p%, and p&,; are
defined. The term p%y;, represents the capillary pressure between water and supercritical
CO,, whereas pf; describes the difference between the pressures of supercritical and
gaseous COa,:

Pow = p" = "R, pG, = pF = pt. (4.61)

According to the relations (4.60), these capillary pressures could be defined as

sl LR%L_ w WR&/)W

c  _
Prw = P s P W
; (4.62)
o
b = —stp 20
Respectively, the pore pressure p'% is defined as
pFR = W WR | (L LR | G GR (4.63)

Following the argumentation given for model I, the extra stresses of the fluid constituents
TW a0, TE and TG are negligible in comparison to the mechanical extra momentum
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production terms, which represent the fluid viscosity in the model. The Cauchy stress
tensors have a form

TS = _nS pFRI + T%mech’
™ = W pWR I ,
(4.64)
TL — —7’LL pLR I ’
TG = _n& pGR I ’
and the entropies yield
(P72 df 99
(R dg 09
(4.65)
90
T}G == _%
a0

The remaining constitutive settings are defined in the next sections, specifically, for the
solid and fluid constituents. Based on the derived relations for the stress tensors and
production terms as well as setting p = > p®, the system (4.3) of the governing equations
for model II is reformulated and read

momentum balance:

div (T3 — p"* D) + pg — p*wy — p%wg = 0, (4.66)
mass balances:
P + div(pVwy) + pVdiv(ug)y = 0,
(P")s + div(pPwr) + pldiv(ug)y — pF = 0, (4.67)

(095 + div(pPwg) + pdiv(ug)y — 9 = 0,
energy balance:
p°(e%)s + PV (MW + pH(EN)L — T Ls + n®pfdiv(ug)s +
L PWERAiv x40l plRdiv x; 4+ nCpCRdiv x4 +
(4.68)
+divg + pV - ww + pF-w, + pYwe+

+ﬁG(€G + %Wg'Wg) —|—,6L<€L + %WL'WL) = 0.
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4.4 The Solid Constituent

For the purpose of simplification of the modelling procedure, the deformation of the solid
skeleton is limited to elastic behaviour within the current investigation. However, it is
possible to include plastic or visco-plastic properties for the solid skeleton into the model,
cf. Graf [53], Ehlers et al. [43]. Due to the assumption that only small deformations oc-
cur within the considered continuum mechanical model, the geometrically linear theory is
used to describe the deformations of the solid constituent. Also, it should be noted that in
the framework of the two considered approaches (model I and model II), the constitutive
relations for the solid skeleton have the same form.

Effective Density:

The constitutive relation for the partial density p° of the solid skeleton is derived by time
integration of the corresponding mass balance without the mass production term and
results in

p° = pis(det Fg)™t, (4.69)

where pf is the partial solid density at the reference configuration. Following Ghadiani
[51], the material gradient Fg can be split into a mechanical Fg, and a thermal Fg, part:

Fs = Fg,, Fg,. (4.70)
Thus, the density of the solid skeleton leads to
p° = pis (det Fg,) ™ (detFg, )t (4.71)

The partial density of the solid skeleton, which deformation is caused only by purely
thermal loads, is denoted p; and equals

o5 = pis (det Fg,) . (4.72)

Further, looking at the definition of p° via the volume fraction n® and substituting pj
into (4.71), the density p° yields

p° = 0% o9 = g5 (detFs,)™" = nf p5 (det Fs, ). (4.73)

It is assumed that the effective density p°F of the solid skeleton is governed only by
the temperature @, which means that p°f = ps%  The thermal loading only yields
a homogeneous expansion, or in other words, the changes of the volume fractions are
only caused by the mechanical loads: nj = ngs. Based on these assumptions, (4.72) is
transformed into

P = pSF (det Fg,) ™, (4.74)
and (4.73) turns out to

n® = nj (detFg, )" = nis (det Fg, )", (4.75)
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According to Ghadiani [51], an a priori constitutive relation for the determinant of the
thermal part of the deformation gradient is introduced in the form

det Fg, = s (@00 (4.76)

where ag is the thermal expansion coefficient of the solid skeleton, 6 is the temperature at
the reference configuration (initial temperature). Finally, the expression for the effective
density of the solid skeleton reads

pSR — pgg 673045 (9790) . (477)

In order to use the geometrically linear theory for a description of the deformations of the
solid skeleton, the linearisation procedure has to be performed for the effective density

p°f and volume fraction n°. Proceeding from Graf [53], it results in

Pt = post[1 — Bag (0 — 6o)],
(4.78)
ng, = ngs [1 — Divsug + 3ag (6 — 6y)].

Moreover, there is no need to distinguish between reference and actual configurations in
case of small deformations. It means that there is no difference between div (-) and Div (-)

resulting into
ng = nhg [l — divug + 3ag (6 — 6)]. (4.79)

Free Helmholtz Energy:

The free Helmholtz energy of the solid constituent ¢° is defined as a function of the
temperature and the deformation gradient, cf. (4.17);. In addition, the principle of
material frame indifference, also known as principle of the material objectivity, requires
the dependence of ¥ on the Cauchy-Green tensor C5 = FLFg. Then, Cg can be
substituted via the Green-Lagrangean tensor Eg from (3.26), which after linearisation is
denoted as eg and equals to

es = 1[gradug + grad” ug]. (4.80)

Herein, there is no difference between the grad(:) and Gradg(-) operators because of the
assumption that small deformations occur in the problem.

Thus, the free Helmholtz energy 1 for the solid skeleton in the frame of the geometrically
linear theory and non-isothermal problem depends on the temperature 6 and the strain
tensor €g and is defined as

Pos Vi (0, €5) = pes-es + 3% (es-I)? + m® (0 — Op)es-1—
(4.81)

0
~pfs OF [0m g — (0 — d0)].
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where 1%, A% are the Lamé constants, m® = —(2u° + 3)\%)a” is the stress-temperature
modulus and Cf) is the specific heat for the solid skeleton.

Effective Stress, Entropy and Internal Energy:

As a consequence of (4.51);, the linearised mechanical extra stress for the solid constituent

denoted as o3, ., is obtained based on (4.81) in the following form:
s s Ovik, 5 S s
O Emech — Pos 855 = 21“ €s + A (85 : I) I + m (e - 00) I. (482)

Having ¢ from (4.81) and pgf from (4.78);, the linearised entropy function 7y can be

lin lin

deduced from (4.36); in the from

0 1 3a’
nﬁn:C’gln——Tmses-I—pFR%, (4.83)
0o Pos Pos

with an additional assumption that for small o: (p#)? ~ (p5L)2.

In addition, taking the second derivative of (4.81), the specific heat for the solid skeleton
can be determined:

5?2 1/}5
@0y |,

Ccs = -0 (4.84)

SR—const
The internal energy of the solid constituent €° can be defined from an expression for the
Helmholtz energy 1° introduced via the Legendre transformation between the conjugated
variables entropy 7° and temperature 6, cf. Appendix B:

Vo =% — on°. (4.85)

4.5 The Pore-Fluid Constituents

At the beginning of this subsection, the capillary pressure as well as the capillary pressure-
saturation relationships are introduced. Afterwards, the definition of the seepage velocities
of the fluid constituents and the constitutive settings specific to the different modelling
approaches are discussed.

4.5.1 Capillary Pressure

In general, the capillary pressure p¢ is defined for a multiphasic material composed of
two or more fluid phases. These fluid phases could be divided into two classes according
to their wettability, which depends on the contact angle ¥ between the solid skeleton and
fluid interface. A fluid is a wetting fluid W, if 0° < ¥ < 90°, and a non-wetting fluid NW,
if 90 < ¥ < 180°. If ¥ = 90°, there are no capillary forces in the system, cf. Figure 4.2.

At the microscopic level, capillarity is caused by the cohesion (adhesion) effects within
(between) the phases or, simply, by the surface tension o at the interface between the
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fluids. The difference between the pressures of the corresponding phases is called the

capillary pressure p°:
p¢ =p" =", (4.86)

where p™W is a pressure of a non-wetting phase and p"' of a wetting phase. In this case,
the capillary pressure can be also represented via

2
W = acosﬁ" (4.87)
r

where 7 is the meniscus radius, cf. Helmig [57].

| NW
| o
Ir /
::ﬁi
M F W

Figure 4.2: Capillary tube.

At the macroscopic level, it is noted that as the saturations of the phases change the
capillary pressure also changes. Therefore, it is realised that p¢ depends on the saturation

¢ =p°(s"). (4.88)

However, it is found that there are also other factors, which should be included into the
capillary-pressure-saturation relation (4.88). For example, according to the modelling
approach suggested in the publications by Pop et al. [84], Niessner & Hassanizadeh [76]
and others, p© (s") does not only involve the saturation s", but also specific interfacial
areas. Nevertheless, since in the present contribution the models are considered at the
macroscopic scale, it is assumed that the capillary pressure depends only on the saturation
of the wetting phases as in (4.88).

Many scientists have tried to derive the relationship between capillary pressure and sat-
uration. Among others, the most widely used formulations for a system with two fluid
phases were developed by Brooks & Corey (1964) and van Genuchten (1980). The basic
principles of these laws can be found in Brooks & Corey [23, 24] and van Genuchten [50].

The Brooks & Corey law with the material parameters pg, A and the van Genuchten law
with the parameters n, m, v are defined in (4.89);, (4.89), as the dependence between an
effective saturation s.;; and the capillary pressure p©:

Pa\*
Brooks & Corey :  sepp = <_c) ;
p (4.89)

van Genuchten :  s.;p = (1 + (y p9)")~™.



4.5 The Pore-Fluid Constituents 59

The effective saturation s.;; can be derived through the residual saturation s,%; such as
sV — sV
Seff = 171;8 for sV < sV <o, (4.90)
— Sres
or in a different way
sWo— sV N
Seff = 7 oy for s < s <1 - SN (4.91)
— Sres T Sres

The choice of the definition of s.s can be done based on the hydrodynamic situation of
the considered problem.

Inverting the relations (4.89), the capillary pressures lead to

1

Brooks & Corey :  p® (s") = py Sef} for p. > pa,

. ) (4.92)
van Genuchten :  p® (s") = = (se_f? — 1)% for p. > 0,

g

where s, is defined via (4.90) or (4.91). The main difference between the Brooks & Corey
and the van Genuchten laws is in the behaviour of the corresponding capillary-pressure-
saturation relation p© (s") in the fully-saturated region. In particular, the Brooks & Corey
law results in a non-zero value of the capillary pressure at the fully-saturated conditions
whereas the van Genuchten law does not. As an example, p© (s") curves related to
both laws for a gas-water system under identical physical conditions are schematically
illustrated in Figure 4.3. More detailed information about this topic can be found, for
instance, in the book by Helmig [57] and references therein.

p© [10° Pa]
10 + — Brooks & Corey

-~
y

-- van Genuchten

8 -

W
|

[\]
|

.
>

0 02 04 06 08 1.0 sV[—]

e

Figure 4.3: Brooks & Corey and van Genuchten p©(s") relations.

There are several limitations of these laws. One of them is the omission of the temperature
influence on the capillary pressure, resulting from the temperature-dependence of the
surface tension, cf. Class [26]. Also, the required material parameters can be determined
only by fitting to experimental data and are, therefore, often not available.
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Going further into a discussion about the capillary-pressure-saturation relations, for the
model IT a proper capillary-pressure-saturation relation between three fluid phases is re-
quired. Different scenarios could be suggested to describe a capillary-pressure-saturation
relation for a model with more than two fluid phases. One approach among others sug-
gested by Holm et al. [58] is based on the idea to create a capillary-pressure-saturation
surface by using a pore network model. Another possibility is to split the problem with
three fluid phases into two problems with two phases, cf. Class [26], Helmig [57]. Within
the current work, the second concept is used, which requires the definition of a capillary
pressure p%y,, between the supercritical CO; (L) and water (W), and p&; between gaseous
CO4 (G) and the supercritical CO4 (L). Proceeding from (4.61) and (4.62), these capillary
pressures read

ot oW
PGy = pER — pWE = oL IR T _ W R —
0s ds
(4.93)
c GR LR L LR opr
bpgr = P — P = —sp sl

where according to (4.47), the Helmholtz energies are defined as ¢ = L (0, p, s*) and
Q/JW YW (0, s"). This leads to the following dependence of the capillary pressures p%,,,

p%; on the variables 6, pl2, st sV

M st W) and pgy = per(0, M sh). (4.94)
For the description of the capillary-pressure-saturation relation for p%y, given in (4.94),
the standard van Genuchten or Brooks & Corey laws are used. In this regard, a broad
of the multiphasic pore models considering the interaction between CO, and water were
also discussed in Spycher et al. [96], Span & Wagner [94] and some experimental results
can be found in Plug & Bruining [82] among others. The capillary-pressure-saturation
relation for p&; given (4.94) is also described by the van Genuchten or Brooks & Corey
laws in this thesis, because of the lack of data and information about an interaction and
a behaviour of the CO, phases.

pLW = PLW(Q P

4.5.2 Filter Velocity

By definition, the filter velocity n’wg is the product of the volume fraction n” and the
seepage velocity wg, presented in Section 3.3. Incorporating the momentum production
terms (4.57) with (4.58) into the corresponding momentum balances, the individual rela-
tion for the filter velocity is obtained:

kﬁ K5

nwg = (gradp — ). (4.95)
This is a well-known relation to obtain the seepage velocity ws of the multiphasic material,
which is valid for all fluid constituents 5 € {W, L, G} within the present work. Moreover,
this relation represents the standard Darcy law derived from the experiments for the
multiphase flow problems, cf. Helmig [57].
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4.5.3 Specific Constitutive Relations for Model I

The constitutive relations for the fluid phases, water and supercritical CO», are introduced
for a discussion here. The derivation procedure for these constitutive settings is similar to
the procedure used for the solid constituent in Section 4.4. Mainly, the relations for the
effective properties, such as density, CO, pressure, stress as well as entropy, free energy
and heat fluxes are defined in this section.

Effective Density:

The effective density for the fluid constituent represented by the water phase " reads
PV = pife " 00, (4.96)

where ¥W is the volumetric thermal expansion coefficient and piy2 is the density in the
reference configuration with the corresponding temperature 6.

Concerning the supercritical COs, its density p™# is obtained by solving the Peng- Robinson
EOS (Peng & Robinson [81]) with respect to the density, cf. Appendix B. Herein, the
effective pressure of the supercritical COy is defined by the Peng-Robinson EOS, which
was discussed in Section 3.5.2:

R0 aq
M — — - : 4.
p v —>b v2 4+ 2bv — b2 (4.97)

Therein, v = 1/pf is the specific volume, R = R/Mgo, is the specific gas constant
given by a ratio between the universal gas constant R and the molar mass M¢gp,. The
constants a, b and «,, are defined in (3.59) and (3.60) via the critical pressure p.,, the
critical temperature 6., and an acentric factor w. The required parameters for CO, for
the Peng-Robinson EOS yield, cf. Metz et al. [73],

R = 831 [J/(Kmol)],
Mco, = 0.044 [kg/mol],
Pe = 738 [MPal, (4.98)
0 = 3041 [K],
wo= 0239 [—].

Free Helmholtz Energies:

The free Helmholtz energies for the fluid constituents ¢ and ¢’ are derived using the

procedure proposed by Ghadiani [51] and extended by Graf [53]. The main idea is to
corvilbine Lproperly the derivatives &ap_;” aép—; via the specific heat C{} with the derivatives
aafw, aa;’iR via the capillary and liquid pressures in order to obtain the relation for ¥"

and L.
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Thus, on the one hand, the second derivative of the free Helmholtz energy with respect to
temperature is by definition the specific heat coefficient C, o € {S, W, L} reads

aQwa
Cy = -0 (4.99)
v (80) 2 p*B=const
And integration of (4.99) by use of (4.17) results in
W W
—age = — CTVdG + gV (") = —OF o + gV ("),
; ; (4.100)
opr [ Cy L( LRy _ _ (L L( LR
50 = g 40+ g7 (7)) = —Cylnb + g7 (p"").

On the other hand, the derivative of the free energy with respect to the saturation can
be expressed via the capillary pressure similar to (4.34):

w
oo g wr Y (4.101)

and its integration turns out as

C
g —/ SprWRdsW + 7). (4.102)

In the framework of the present investigation, p© could be inserted either based on the
Brooks & Corey or van Genuchten laws given in (4.92). For example, the Brooks &
Corey law, which has a simpler form for the purpose of integration with an assumption

of sepp~ s, is inserted into (4.102) and free energy leads to
A p©
v = Som + £ 0). (4.103)

Taking the derivative of "V from (4.103) with respect to temperature and inserting p"V' %
from (4.96), the expression for a:’;—gv is obtained

oW AW p© N o (o)

= 4.104
00 pWE 00 (4.104)
Comparing (4.104) with (4.100);, the functions f"(#) and ¢" (s") are assigned
w W W (W A" p©
7)) = =Cy (0lnf — 0) and ¢"(s") = SR (4.105)

and the free Helmholtz energy for the water reads

PV = A Y (01Inf — 0) (4.106)
- pWER Vv ) :
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In the same way, the free Helmholtz energy of the supercritical COy is defined. In this

L . . .
g;ﬁm via p™f obtained as a result of evaluation of

case instead of (4.34), the relation for
the entropy principle is used:

ot
LR __ LR\2

Integrating (4.107) with the pressure p“f given by the Peng-Robinson EOS (4.97), ¢
reads

LR LR
L L P ac, 1 —V2—bp L
= R"0ln — n + 0). 4.108
¥ L —bpl® 220 1+ V2 — bpLR 770) ( )
The derivative of 1% with respect to 6 based on (4.108) is

" L prr 91" ()
— = 1 . 4.109
oo - BT E T T (4.109)

Comparing (4.109) and (4.100),, the functions f£(0) and g% (p™®) are defined as
LR

FHO) = —CE (M0 —0) and gH(p) = R

(4.110)

Finally, proceeding from (4.108), ¥* yields

pLR aa,, 1_\/§_prR

L' — RAIn — n
v L—0bp 2320 1+ V2 — bplR

— CL(Ome — 0).  (4.111)

Effective Stress, Entropy and Internal Energy:

It was mentioned in the previous sections that the effective fluid stresses T and Tk
could be neglected in comparison to the mechanical part of the momentum production
terms,

TY ~0 and TL =~ 0. (4.112)

The entropy function " is derived using (4.36), and (4.106) as

,.VW pWR

pWR

"W =CInb — (4.113)

Similarly, the entropy function n’ is derived proceeding from (4.36)3 and (4.111) in the
form
LR

1 _prR'

The internal energy of the fluid constituents can be obtained from the introduction of the
Helmholtz energy via the Legendre transformation for entropy n” and 6, cf. Appendix B,
pe{W, L}:

n" = Cinf — R*In (4.114)

Y= — onf. (4.115)
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4.5.4 Specific Constitutive Relations for Model II

This section introduces the constitutive relations for the water phase and both CO, phases
in the frame of model II. Although the constitutive settings for the water and supercritical
COs have been already defined in Section 4.5.3, some of them will be briefly repeated and
reformulated here. The main difference of model II compared to model I is in possessing
the additional COs phase and the mass production term in the balance relations, which
is separately defined in Section 5.

Effective Density:

The effective density of the water phase " is defined in (4.96). The effective densities
pFE. p9R of the supercritical and gaseous CO, are defined via an expression presented in
Appendix B. The effective pressures of the COy phases are given by the Peng-Robinson

EOS as follows

- R0 - a oy,

vl — b L% 4 2pyl — p2 (4.116)
GR R 9 B a oy, .
N A Y T

where vF = 1/pM and v& = 1/p“® are the specific volumes. The constants RY and R,
a, b and o, have the same value for both phases, since they are defined specifically for
the CO5 component and do not depend on the phase of CO,. All required parameters are
listed in (4.98).

Free Helmholtz Energies:

The free Helmholtz energies for the fluid constituents ", ¥ and ¢ are derived here
using the same algorithm as for model 1. Thus, the free Helmholtz energy for the water
phase " (6, sV) is derived based on the relations (4.99) and (4.62), namely,

2, W
oy = -9 Zv |
(ae)Q pWE=const
ot oV
c  _ W WR 4.117
Prw = SLPLRﬁ -8 ERTR ( )
ot
W = st o
Integration of (4.117); leads to
W
W _ —CV¥Ing + g% (sV). (4.118)

00
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Inserting (4.117)3 into (4.117),, and then, integrating (4.117)y with respect to s", the
W results in

W Apiw ngl w 0 4.119
w - pWR _/)WR ns +f() ( )

Taking the derivative of 9" from (4.119) with respect to temperature and comparing to
the (4.118), the ¢ reads

wo_ Mw_ Peny w oW (g1ng — g 4.120

w—pWR—pWRns—v(n—>- (4.120)

The free Helmholtz energy 1" for the supercritical CO, is defined in (4.47)3 as a function

of the temperature 0, density pf* and saturation s”. Therefore, it would be reasonably to

presume that % (6, p't, s¥) should have a mixed form between the free energies depending

on (6, p°%) and on (#,s%). In order to derive 1” (6, p*f, s%), the following relations are
used:

82@/)L
cL = —p —— ,
v (60)2 pLB=const
81/1L
pER = (ptR)? el (4.121)
awL
pSL = —st /)LR m )

where the first relation is a definition of the specific heat coefficient via the free energy
function, and the next two relations appear during the evaluation of the entropy principle,
cf. (4.55) and (4.62),. Assuming that the function o (6, p'ft sl) can be presented by
the sum of the functions explicitly depending on the internal variables 6, p*#, s”, the first
relation in (4.121) after integration yields

i

0 —CEIng + g" (s%) + nE(p™"). (4.122)
The other relations in (4.121) after integration lead to
LR LR
L L P a &y 1 - V2 —bp L L(.L

V" = R anl_prR SEW.T n1+¢§—prR + f20) + g7 (s7), (4.123)
and Ao
p

Pt = pLi’;L + hE (™) + f1(0). (4.124)

Therein, f£(0), g* (s¥) and hl(p!*?) are functions which have to be defined. This is done
by solving the system of equations (4.122) - (4.124). Then, the ¥* results in
pLR a 1_\/§_pr}%
- n
L —Dbptlf 242b 14 V2 — bplR

A PgL
pLR

vl = RFOIn — OL(0Ing — )+

(4.125)

_|_
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The free Helmholtz energy ¥ (0, p%) for the gaseous CO, is defined based on the Peng-
Robinson EOS and has the same form as the ¥* for model I in (4.111), namely,

pCT acy, . 1 — 2 —bpoh
— n
L—0pSF  2y2b 14 2 — bpGR

Y% = R°0In — CS (0l — ).  (4.126)

Effective Stress, Entropy and Internal Energy:

As for the other fluid constituents " and ¢, the effective stress T% for ¢ is neglected
in comparison to the mechanical part of the momentum production terms

TW ~0 and T: =0 and TE =~ 0. (4.127)

Proceeding from the relations for the free Helmholtz energies and the entropies in (4.65),
the entropy functions n"', n* and n¢ yield

w , WR
TP
"= CY¥no — P
pLR
77L = C‘e Ing — RL In m s (4128)
G G G per
n = CV 1n9 — R ln m .

The internal energies are defined via the Legendre transformation in the same way as for

model I, cf. (4.85).



Chapter 5:
Mass Interaction

One of the goals of the present investigation is to model the mass interaction process
between two different phases of the COy component. Within the framework of the present
contribution, “mass interaction” means the same as “phase interaction”, “phase exchange”
or “phase transfer”, although these definitions could be contradictory according to the
classical theories.

This chapter focuses on the particular aspects needed to understand the phase transition
process in detail. The discussion begins with the description of the existing constitutive
relations for the mass production term p®. After that, a new constitutive law for p*
is introduced. At the end, the “switching mechanism” that distinguishes between the
processes with phase transition (p® # 0) and without phase transition (p® = 0) can be
found.

5.1 State of the Art

The derivation of the constitutive equation for the mass production term in the context
of the TPM was discussed before in the literature by de Boer, Kowalski, Bluhm, Ricken
and by others. For example, in the paper by de Boer & Kowalski [17], the considered
model consists of three constituents ¢, o € {S,L,G} (solid, liquid, gas) and the mass
exchange process takes place only between fluid constituents: p¥ = — p%, p® = 0. The
constitutive equation for the mass production term p” is proposed in the form:

IaL — —OéR (,ML o MG>7 (51)
where aft is a positive response parameter and p*, ;¢ are defined as the chemical poten-
tials for the liquid and the gaseous phases. The form of the constitutive equation (5.1)
was chosen in order to satisfy the dissipation part of the entropy inequality:

!/ !

1
D = —gradf-q — (x; — Xg) - (p* — Agradn®) —
0 (5.2)

/ /

—(xg — xs) - (PY — Agradn®) — p" (u* — p“) > 0.

where A is the Lagrangean multiplier, which can be interpreted as an “interface pressure”,
and the chemical potentials ” with 8 € {L, G} are defined as

52 007

57) (5.3)

1
T e
p

67
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According to de Boer & Kowalski [17], the Helmholtz energies ¢° in (5.3) do not depend
on the saturation function s° in comparison with the energies defined in the current
contribution in (4.47). It leads to the minor difference between the dissipation part D
given in (5.2) and D obtained in this work, cf. (4.56). Moreover, the aforementioned
authors confirm that relation (5.1) is in good agreement with the main principles of the
classical thermodynamics theory, where it is postulated that the mass-exchange process
does not take place when the chemical potentials are equal to each other. However, this
fact is valid only if additional assumptions about the equilibrium between the phases are
done, cf. Section 3.5.3. Moreover, there are no numerical examples in this publication
which can prove the suggested constitutive equation and no hints from the authors on
how the coefficient o can be defined.

A similar form of the constitutive relation for the mass production term is suggested by
de Boer & Bluhm [15], 5 € {L,G}:

/35 _ _gﬁ('g_j _ g_j) ’ (5.4)

with a positive response parameter £°. In comparison to (5.1), the mass production term
(5.4) additionally depends on the temperature. Nevertheless, there is no indication as to
how the response parameter has to be defined.

There are several other constitutive relations which have been derived specifically for the
problem at hand. For example, in the paper by Ricken & Ustohalova [90], an organic
mass-exchange term p° is discussed and is defined as

$° = = 6300 5 (4° — 49, (55)

wherein 5500 defines a constant for the chemical potential functions ¥ and ¥¢.

In the work published by Ricken et al. [89], the mass exchange between the solid and the

nutrient phase (p¥ = —p°) in the case of biological tissues is considered such as
P = D D P,
Sy = R (5.6)
ﬁvaz‘ = —2e 9@ mumi/Tonmio 4 1

where 7,y is the effective stress related to the distortion strain energy according to
von Mises and n” is the nutrient content. For the numerical examples presented in the
aforementioned paper, the required material parameters from (5.6) were chosen by the
authors in a way that the obtained solution is reasonable. It means that these parameters
are defined for a specific case, and consequently, could not be used to describe the phase
exchange process between CO, phases.

In Steeb et al. [98], where the erosion problem is considered, the mass production term
for the solid constituent p° is chosen proportionally to the intensity of the total fluid
discharge q:

p° =&, 0)p°q-q, (5.7)
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where the erosion modulus & has to be calibrated experimentally. There are also other
variations of the constitutive relation, for example in the publications by Kruschwitz &
Bluhm [64] and Kowalski [62].

It can be seen that up to now, the developed constitutive relations for p“ were defined for
specific cases without explanations on how to choose the parameters and corroborative
numerical examples. It means that these relations could not be used for the CO, storage
problem, and therefore, another constitutive relation is required. First endeavours to
develop a constitutive relation for the mass production term, which in general can be
used for any type of problem, are presented in the following.

5.2 Developed Constitutive Relation

In order to derive a constitutive relation for the mass production term, the entropy balance
for the individual constituent ¢ is taken into consideration

’ . 1 «a 1 a o o
p“(n“)ade(—gq)Jrgp re + (7, (5.8)

where n® is the entropy and é “ is the entropy production term, which equals to

~

¢t =" = Pt (5.9)

It is known that for a closed system the sum of the total entropy production terms has
to be non-negative, cf. (3.49):

> i > 0. (5.10)

However, if the considered process is reversible as it is assumed to be in the present work,
restriction (5.10) can be enforced in the sense that the sum of the entropy productions

terms yields zero:
> it =0. (5.11)

Substituting (5.9) into (5.8) with the assumption (5.11), the relation for the mass pro-
duction term p% = —p* can be easily derived as

) 1 R ol a LT
po = pre— —nLZ (—dw(gq A Ul Y ) (5.12)

«

Herein, the entropy change ng — 7z can be represented by definition through the enthalpy
difference (¢ — (., as
(¢ — Cr

NG — NL = 7 (5.13)
Moreover, applying the divergence theorem to the term with the heat flux

1 1, 1. .
dlv(gq ) = —pd -grad0+§dlvq , (5.14)
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equation (5.12) is modified and leads to

1
R — QQO‘ ay/ 0 di oy do — 0% r>) . 1
P 6 (CL — (G) E : < p* (n*) + 0divg q - gra pr ) (5.15)

«

The enthalpy difference is also called latent heat and represents the amount of energy
which is necessary for the realisation of the phase transition process. It can be seen that
if (¢ = (z, then the equation (5.15) can not be used for the calculation of the mass
production term (zero in the denominator). It means that in this case the mass transition
is not taking place, which is in agreement with the definition of the latent heat.

For a full description of the mass-exchange process between the phases, some type of
switching mechanism indicating whether the phase transition takes place or not, should
be defined.

5.2.1 Switching criterion

One of the ways to define a switching criterion is based on the principle from the theory
of plasticity, where a certain yielding surface splits the stress domain into the elastic
and plastic regions. In case of the mass transition process, the “yielding surface” can
be represented by a phase transition surface in the three-dimensional space shown in
Figure 3.5. Based on the position of a point (p, v, #) on the phase diagram, the phase
region, where the points are located, can be determined. In order to implement this
criterion, an equation for a transition surface has to be derived. This is not straightforward
to accomplish because of the complicated shape of this surface. The alternative method
would be to use so-called lookup tables, where the p — v — 6 data are collected. The
lookup-table concept is widely used and can be taken as a reference methodology to define
the state of a substance. However, the idea within the current work is to find a more
general switching criterion, which can be also used in the future for other substances,
even if there is no lookup-table data available.

The criterion suggested here is based on a combined condition between the saturation
functions and chemical potentials, which are taken in the form defined in (3.71). This
criterion proceeds from the fact that, in the phase diagram, there are regions occupied
only by one phase, where the saturation can be determine as s = 1 or s° = 0 and
no mass transition takes place. In contrast, in phase diagram there are also transition
curves (surfaces), where the saturation has a value between 0 < s < 1 and a mass-
exchange process may occur. However, the last aspect should be checked supplementary,
and thus, some type of additional constraint is required. This refers to the idea of using
the relation between the chemical potentials during the phase transition process discussed
in Section 3.5.3. Having a look at the dissipative part of the entropy inequality (4.56)
and remembering that in the current investigation, a system with non-dissipative, fully
reversible processes is under consideration, the next condition is deduced: if the chemical
potentials of two phases are equal, a phase transition process can occur, otherwise, there
is no mass transfer.

Finally, the switching criterion for the phase transition process between two phases L
and G is stated as a correlation of a relation between the chemical potentials p”, ¢ and
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L

saturation functions s, s and reads

if s =1,s"=0 or s¢ =0,s" =1, then p% = 0;

if 0 < s s <1 and  pl < u@ then p% = 0.

if 0 < s s <1 and  pl = p¢ then p“

LN

In the current work, a relation between calculated chemical potentials for the phases is
used in the simulations as an indicator of the phase transition process.






Chapter 6:
Numerical Treatment

This chapter concerns the solution procedure for the system of partial differential equa-
tions associated with the problem studied herein. The best way to solve such a system of
equations is to obtain its analytical solution, which can be difficult to achieve for the chal-
lenging problems discussed in the present work. Alternatively, an approximate solution
can be derived using an appropriate numerical method.

In this context, the numerical solution of the governing equations from Section 4 presented
by the partial differential equations (PDE) is introduced. The PDE with the correspond-
ing boundary and initial conditions constitute an initial-boundary-value problem (IBVP).
Herein, the IBVP is formulated for the weak (integral) form of the PDE based on the
fact that the strong form of the PDE is too strict for numerical solution of the consid-
ered problem. However, for several relatively simple numerical examples presented in
Section 7, the strong formulation of the problem is used. A derivation of the weak form
of the equations, the required ansatz and test functions are presented in this chapter
and valid for the Finite-Element Solver PANDAS. Furthermore, the obtained equations
should be discretised in order to solve the postulated IBVP. This is accomplished using
the finite-element method (FEM) in the spatial domain and by the implicit Fuler method
in the temporal domain.

6.1 Weak Formulations of the Governing Equations

The transformation of the strong form of the governing equations into the corresponding
weak form requires several steps. Firstly, the trial (ansatz) and test functions have to be
defined. Then, each governing equation is multiplied by the corresponding test function
and integrated over the domain €2 using the Gauss theorem, cf. Appendix B. At the end,
it results in the weak formulation of the problem.

Herein, the trial functions are defined as follows

Susl) = {us € H(Q! : us(x) = us(xt) on Dy },
ww) — {PVR e H(Q) : p"R(x) = pVR(x,t) on Tywn},

wlt) = {p"R € H'(Q) : pH(x) = pR(x,t) on T}, (61)
ScR<t> = {p°F € HYQ) : p°R(x) = pR(x,t) on Tyen},
St) = {60 € H(Q) : 0(x) = 6(xt) on Iy },

where H'(Q) represents the Sobolev space with d € {1,2,3} as a dimension of the problem

73
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and I'(y the boundaries of the domain (2 for a corresponding primary variable.

Any boundary I'(y can be usually split into two regions: the Dirichlet boundary, where
the value of the primary variable itself is specified, and the Neumann boundary, where
the flux over the boundary is given. Respectively to the primary variables chosen for
the current investigation, the Dirichlet boundary conditions are presented on I'yg, I'ywr,
Lyer, I'yer and T'p, the Neumann boundary conditions on I'y, I'yw, 'z, I'ye and I'; and
() denotes an empty set:

I' = T, U Iy, Ty, N Ty = 0,
I = Twre U Dyw, Twe N Tow = 0,
I = Tpr U Ty, Tpn N T = 0, (6.2)
I' = Ter U le, Foer N T = 0,
r = I, UT, r, no, =10

The test functions of the corresponding primary variables disappear on the Dirichlet
boundaries and are defined as

Toe = {dus € HY? : dus(x) = 0 on Iy, },
Twre = {0p"% € HYQ) pVE(x) = 0 on T,wr},
Toer = {0p*t e HY Q) : dpHfi(x) = 0 on Iz}, (6.3)
Ter = {0p% € HYQ) p9f(x) = 0 on Tyer },
To = {40 e HY(Q) 00 (x) = 0 on Iy }.

Further, the weak form of the governing equations for both models, I and II, can be
represented. In this regard, based on the set of equations (4.37) - (4.39) for model I, the
weak form of the momentum balance for the overall aggregate leads to

Gus = /(TE — p"™I) - graddug dv — /pb-éude—
Q “ (6.4)
—/1_:~5u5da =0,
'y

where t = (T3 — pfI)n is an external load vector acting on the boundary I'y with
outward-oriented normal n.

The weak from of the mass balances for the water and supercritical CO, phases yield

Gyvn = / {(0")s + p" div (ug)s} op™ v — / P! w - gradop™ v+
Q

. (6.5)

+ / oV opda = 0,

row
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and
G = [ 10Ms + o div (a6 v — [ pbw - graddpHdo-+
Q Q
(6.6)
+ / vl optida = 0,
r,.
where ©V = p"'wyy - n and v¥ = pl'wy, - n are the mass effluxes over the boundaries I'yw

and [',r, respectively.

Based on (4.39) the weak form of the energy balance for the overall aggregate reads
o= /{PS (%5 = Tg-Ls + p" (") + D" - ww +
Q

+pR (M), + P wr + pfHdiv (ug)s } 00 dv —

(6.7)
- /{q + V" Ewy + nfptftw} - grad 66 dv +
Q

+/q56’da =0,

Ly

where the Neumann boundary conditions on T, are governed by g = (q + n"V p"" Bwy, +
nEplfw) -n = (¢ + gV +qf + WV p" Ewy + nbpRwy) - n.

Similarly to model I, the weak formulation for model II is presented in the following based
on the set of the governing equations (4.66) - (4.68). The weak form of the momentum

balance reads

Gus = /(T% — p"R1) - grad Sugdv — /pb-éusdv—
. . (6.8)
—/ﬁG(wL — wg)ougdv — /t-éusda =0,
Q Ft

with the external load vector: t = (T5 — p?I)n.

The weak mass balances are presented correspondingly for the water and both CO, phases:

Gyvn = / {(0")s + p" div (ug)s} op™ v — / P! w - gradop™ v+
Q

: (6.9)

+ / oV spda = 0,

row
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where "V = p"Wwyy - n;
G = [ {625 + o div (us)) v — [ vy - gracdip o -
o Q
(6.10)
— / plopttdv + / oF opttda = 0,
Q 1)
with % = plw - n;
Guon = [ {00 + o aiv (us)} 59 o — [ %o - grad oy -
0 Q
(6.11)
— / P opCttdv + / 79 6ptda = 0,
Q 'a
where 19 = p“wg - n.
Based on (4.68) the energy balance in the weak form leads to
G = [ 16" () = 5L + " div (sl + 07 My B+
Q
oM (ML + B W+ p (€9)e + BT wo
—p (et =%+ swrw — sWe - wg)}Fofdv+ (6.12)

— /{q + 2" Bwy + nfpl P w, + 0w} - grad 66 dv +

—l—/(jé«?da =0,

Ty

where ¢ = (q +n"Vp" Ewy + nfptiw, + np“Fwg) - n.

6.2 Spatial and Time Discretisation

The numerical solution of an IBVP requires the discretisation of the weak form of the
governing equations in space and time. Within the current work, a spatial discretisation is
carried out by the FEM, whereas a time integration is implemented by the implicit Euler
method. For more comprehensive information about FEM, the readership is referred to
Zienkiewicz & Taylor [106], Segerlind [93], Hughes [59] among others. The particular
information about the FE procedure in the frame of the TPM is given in Ammann [3],
Ellsiepen [48].
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6.2.1 Finite-Element Method in Space

The FEM is a numerical algorithm used to define an approximate solution of differential
equations describing the different physical processes. To be more precise, the domain {2
is approximated by a spatially discretised domain €, which is represented by the union
of the non-overlapping subdomains €2.:

O~ =] Q. (6.13)

e=1

where N, is a number of the subdomains (FE). The corresponding number of nodes is
denoted as N,,.

Correspondingly, the infinite dimensional trial space S(.(t) defined in (6.1) and test space
7y from (6.3) could be transformed into the corresponding discrete spaces S(’?) (t) and 77’),
where the discrete trial functions for both models, I and II, are defined as

Nn
us(x,t) o~ uf(xt) = uixt) o+ Y Sl (x)ui() € Su(1),
j=1

Nn A
PR~ TR (xt) = PR t) + Y @un(x) V() € Shualt),
j=1

Ny, .
PRt = pPPi(xt) = PRkt 4 Y @) () € Shat), (6.14)
j=1
Nn
h _GR" j ]
pli(x,t) =~ pfl(x,t) = pifi(x,t) + Z(bi)GR(X)pGRJ(t) € SSGR(t),
j=1
No
Ox.t) =~ 0xt) = 0xt)  + Y G c Sh(t).
j=1
Therein, flg? pWRh, pLRh, ;BGRh and 6" represent the Dirichlet boundary conditions. The

functions @7 = {97, ...gbid}, qf);wm ¢;LR> ¢;GR and gz% are the global basis functions of
the respective trial functions, which correspond to the set of the nodal points N,, and

normalised such that

¥(x) =0, if x¢ U Q,j=1,..,N,,
e€Ne; (6.15)

oh(x;) = &, i,j=1,..., Ny,

where 5f is the Kronecker symbol. The nodal values of the primary variables or the so-
called degrees of freedom (DOF) u%, pW ' pl® pGR'gi depend only on time ¢, while
the basis functions depend only on the spatial position x.

In order to derive the discrete test functions, the Bubnov-Galerkin approximate method
is applied. In the framework of this method, the equal global basis functions are used for
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trial and test functions. Moreover, in contrast to the discrete trial functions, the discrete
test functions disappear at the Dirichlet boundaries I'yy, I',wr, I'yir, T'yer and T’y and
are given in the following form

P

Nn
dus(x)  ~ duf(x) = Y @l (X)iuy €T,
j=1
Np ' )
pVRx) ~ opVNx) = Y $wn(x) 0PV € Thi,
j=1
Nn, )
, |
opti(x) o~ oprR(x) = Y ¢la(x) et € Tha, (6.16)
j=1
h Sliggy j
opi(x) ~ 0pUT(x) = Y dlea(x)0pT € Tha,
j=1
Nn, '
00(x) o~ 00(x) = > Gh(x) o0 cT).
j=1

The whole procedure of the spatial discretisation leads to a system of linear independent
equations for each unknown nodal quantity (each DOF). However, for the multiphasic
problem modelled in the present work, several primary variables appear in all equations
of the coupled system of equations. Thus they have to be approximated simultaneously.
It requires the modification of the FE within the FEM to the so-called mixed FE.

1-d element 2-d element 3-d element

* solid displacement ug
pressure pPft
temperature 6

® solid displacement ug

Figure 6.1: 1-d, 2-d and 3-d Taylor-Hood elements.

In the framework of the mixed finite element formulation, a proper choice of the trial
functions is based on the Ladyzhenskaya- Babuska-Brezzi conditions (or inf-sup condi-
tions), which have to be fulfilled to prevent possible oscillations in the numerical solution,
cf. Brezzi & Fortin [22], Zienkiewicz et al. [105]. Based on the weak form of the equations
from Section 6.1, assumptions about the order of approximation of the primary vari-
ables can be made. To obtain an equal order of the variables belonging to one equation,
quadratic basis functions are chosen for the displacement u% and linear basis functions for

LRh  GRh
, D

the fluid pressure pWRh, P and temperature #”. In this context, the mixed FE is
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designed to consider the aforementioned conditions and is used for the spatial discretisa-
tion of the studied problem, was suggested by Taylor and Hood and is shown in Figure 6.1.

Numerical Integration:

For the numerical treatment of the integral representation of the governing equations
within the FE implementation, the equations should be reformulated with respect to the
local coordinates & of the element. This can be carried out, for example, by the Gauss
quadrature method, cf. Ellsiepen [48], Zienkiewicz & Taylor [106]. Using this numerical
integration technique and the geometrical relation of the local coordinates & to the global
coordinates x via € — x = h®(§), an integral can be approximated as follows

[ rax = 3 s (0w (6.17)
Q. k=1

Therein, Ny is the number of integration (Gauss) points &, wy. is a certain weight factor
and J. denotes the Jacobian determinant.

Semi-Discrete Initial-Value Problem:

Up to this point, the considered problem is discretised only in the spatial domain, but
still depends on time. This fact leads to the formulation of the semi-discrete initial-value
problem. Afterwards, the suitable discretisation method for the temporal domain can be

defined.

In this context, the system of the governing equations leads to
F(t,u,u)=Mu +k(u) — f =0 with u(t) = uo, (6.18)

where M is the generalised mass matrix, k the generalised stiffness vector and f the
generalised force vector, cf. Ammann [3], Acartiirk [2]. The space-discrete vector w is
defined at N,, nodal points and consists of all DOF":

WRl’ pLRI’ pG’Rl’ 91)’ o ,(ug”, pWRNn LRNn GRNn’ eNn)]T. (6.19)

U:[(u}gap , P , P

For the simplification of this formulation, it is assumed that all DOF are approximated by
the same order, or in other words, at each nodal point all primary variables are present,
although this is not the case for the used Taylor - Hood element.

It should be noted that, if plastic deformations are taken into consideration, the plastic
evaluation equations and additional space-discrete variables should be included into (6.18),
cf. Graf [53], Karajan [60].

6.2.2 Time Integration

In order to complete the whole discretisation procedure, a suitable discretisation scheme
for the time domain should be defined. Within a wide range of available numerical
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schemes generally given by the series of Runge- Kutta methods, the implicit (backward)
FEuler scheme is chosen here to carry out the time discretisation. Numerical methods
considering explicit schemes are not unconditionally stable compared to implicit ones and
might lead to the unstable results or require high numerical efforts, because of a choice
of a relatively small time step. Therefore, the explicit schemes are not applied here.

The implicitness of the scheme can be explained by the form of an approximate solution
for the standard first order PDE ¢y’ = f(x,y) such as

Yn+1 = Un + hf('anrla yn+1)7 n = 07 17"'7 (620)

where y,,+1 is obtained implicitly via y, and h is the step size, cf. Kreyszig [63].

Regarding the numerical problem discussed in this work, the time derivative of vector u
depending on time %, is discretised as

Au u —Uu

l o o n+l n+1 n
u(tn—i—l) = U, = oo = oo 7
A n+ n+ n

(6.21)

where n denotes the old time step. More details about time integration schemes can be
found, for instance, in Ellsiepen [48], Ammann [3].

6.2.3 Solution Procedure

Substituting (6.21) into (6.18) yields the following system of nonlinear equations:

Fpit (tosrs Unrr, Uppy) = Mgy + k(tngn) — fop = 0. (6.22)

In the current work, this system of equations is solved by the Newton- Raphson iteration
method. This method consists of several iterative steps within each time step. In order
to apply the Newton- Raphson method to the actual problem, firstly, the global tangent
should be defined. In this work, the global tangent is calculated numerically at each step,
and according to Eipper [47] it reads

dF*
DFF = ——ntl 6.23
n+1 duﬁ+1 ( )

After obtaining the global tangent of the system DF* 41, a system of equations

k k k
DF, Auyyy = —Fryy (6.24)
has to be solved at an iteration step k£ and time ¢, 1, where the solution vector
k+1 k k
Upf = Upyy + Ay (6.25)

is updated until the remainder or the so-called residual part Rﬁﬂ becomes less than a
certain tolerance value ey:

IF = IR < el (6.26)

The details on the steps discussed above could be found in Ellsiepen [48], Ehlers &
Ellsiepen [44] and Eipper [47].



Chapter 7:
Numerical Application

This chapter introduces the application of the developed theoretical models to the de-
scription of the phase transition and CO, injection processes. In this regard, several
numerical examples are presented here. The first group of numerical examples examines
the phase transition process for the different models. The goal of these numerical exam-
ples is to verify the constitutive relation for the mass production term derived in Section 5.
In particular, there is an example, which describes the water vaporisation process, and
another example, which illustrates the mass exchange process between the COy phases.
The second group of examples is dedicated to the simulation of the COy injection prob-
lem. Herein, an ideal scenario of CO, injection is presented based on the model I from
Section 4.

The numerical treatment of the problems is carried out by the implementation of the
weak forms of the governing equations into the Finite-Element Solver PANDAS (Porous
media Adaptive Nonlinear finite element solver based on Differential Algebraic Systems),
cf. PANDAS [79] and of the strong forms of the governing equations into the software
FlexPDE. The FlexPDE tool is a multi-physics finite-element solution environment for
partial-differential equations.

7.1 Phase Transition

Water Vaporisation:

The water vaporisation process is considered here in order to describe the phase exchange
process between two fluid phases and to check the constitutive relation for the mass
production term (5.12).

The geometry of the model is given in Figure 7.1, where a rectangular container with a
height of A = 0.2m and a width of h/2 is illustrated. After applying a heat flux on the
bottom of the container filled with a water saturated porous material, the vaporisation
process should start.

The examined model consists of a solid skeleton S percolated by two fluid phases: mate-
rially incompressible water L and materially compressible vapour GG. The solid skeleton
is deformable, but the characteristic Lamé parameters are chosen in the way that a be-
haviour of a solid constituent is very close to the behaviour of a rigid solid skeleton, and
therefore, its deformation can be neglected in this numerical example. The capillary pres-
sure between the fluid phases is described by the van Genuchten law. The phase transition

process takes place between the water and vapour, which means that p* = —p¢.

81
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The applied initial conditions are chosen as follows:

0, = 370 (K],
pS = Pam = 101325 [Pa], (7.1)
sk = 095 -],

where 0 is the initial temperature, p§ denotes the initial vapour pressure and equals to
the atmospheric pressure p,u, and st is the initial water saturation corresponding to the
condition of a nearly fully-saturated domain.

The boundary conditions are illustrated in Figure 7.1(a). On the bottom of the domain,
the heat flux @ = 100 [J/m?s] and the pressures p“%, p“# with the values corresponded
to the water saturation s = 0.95 are applied. On the other sides of the domain, the
Neumann boundary conditions are set.

h [m]
0.2 I

0.1 !

f~—N/2 — 0o+ . -

no flux 0  0.0001 0.0002 p° [kg/s]

no flux ~ |~ no flux

xZ‘ Y hm]

0 + 4 T T T >
400 450 500 550 600 6 [K]

(a) (b)

Figure 7.1: (a) Geometry and boundary conditions; (b) mass production term p%,
saturation s* and temperature 6 versus height of the domain h.
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The material parameters needed for the simulation are summarised in the following:

Lamé coefficients p® = 5.58-107 [N/m?]

AS = 8.36-107 [N/m?]
intrinsic permeability Ky, = 10712 [m?]
porosity nkp = 1 —njs =04 [-]
specific heat ck = 4187 [J/(kgK)]

Y = 1618 13/ (kg K)]

Cy = 700 [J/ (kg K)]
gas constant RV = 287.17 [J/(kgK)]
viscosities pft = 2.01-107° [Ns/m?]

ptft = 2.94.1074 [Ns/m?]
heat conductivity ht = 0.62 [W/(mK)]

he = 0.2 [W/(mK)]
h® = 1.0 [W/(mK)]
van Genuchten parameters -~y = 0.0002 [1/Pa]

n = 15 [—]

m = 23 [—]
residual saturations sk = s&. =005 [—]
effective densities pSF = 2600 [kg/m? |

pHt = 1000 [kg/m? |
gravitation g = 9.81 [m/s?]

Two different cases with respect to the mass production term are examined here: with
and without mass exchange term. In both cases, the boundary conditions and the com-
putational time are identical. The numerical simulations are done within PANDAS. As
a switching criterion for the mass-exchange process, the relation between the saturation
function and the chemical potential is chosen, cf. Section 5.2.1. In particular, p¢ = 0
if s < 0.05 or s* > 0.95, otherwise if 0.05 < s” < 0.95, the values for the chemical
potentials have to be calculated. In this case, if u* ~ pu“, the mass transition process
takes place.

The graphical interpretation of the results is given in Figure 7.1(b). These results show
that including the mass production term p into the equations affects the saturation and
temperature profile. In particular, the temperature increases dramatically in the case
where the p¢ term is not considered compared to the case with p&. This can be explained
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by the fact that, if the phase transition process takes place, part of the heat is used by
the substance to transform from one phase into another phase and only the rest of the
heat influences the increase of temperature over the whole domain. Furthermore, having a
look at the saturation profile, it can be noted that a different amount of vapour is created
within the same simulation time. These differences in the saturation and temperature
magnitudes can govern the variety in the pressure values and, as a result, the deformation
of the solid skeleton (if the deformation of the solid is relevant for the problem in hand).
Therefore, the mass transition process should not be neglected, but included into the
model.

Phase Transition between CQO, Phases:

This numerical example focuses on the modelling of the phase transition process between
supercritical COy (L) and gaseous COq (G). At the beginning of the simulations, the
considered domain is under constant temperature and almost fully occupied by super-
critical COy, see Figure 7.2. With time the pressure of the supercritical COy (p*%) is
reduced on the top of the domain leading to a phase change of the CO,. According to
the phase diagram shown in Figure 2.4, a pressure change between 6.8 and 7.8 MPa is
enough to observe a phase transition between supercritical and gaseous CO,. Moreover,
this pressure range corresponds to the depth of CO, injection in real applications.

The examined model consists of two materially compressible fluid phases: supercritical
and gaseous CO,. The solid skeleton is not included into the model. Both fluid phases
are described by the Peng-Robinson EOS introduced in Section 3.5.2. The densities of
the fluid phases are estimated by an expression, which is obtained by inversion of the
Peng-Robinson EOS with respect to the density, cf. Appendix B. The capillary pressure
between the phases is given by the Brooks & Corey law, cf. Section 4.5.1. Two specific
cases are chosen here for consideration in order to analyse the influence of the mass
production term on the results. The first case corresponds to the model, where the mass
production term is included into the system of the governing equations (¢ # 0), while in
the second case, the mass production term is assumed to be zero (p¢ = 0). However, it
should noted that the phase transition with different intensity takes place in both cases:
in the first case, this process is modelled directly by an inclusion of the mass production
term into system of equations (5 # 0), and in the second case, where p“ = 0, the phase
transition process is governed by the EOS.

The initial conditions for the current problem are given via

0 = 313 [K], pi®# = 7.8 [MPa],

(7.2)
stbo= 095 [-], p§F = 68 [MPa],
where 6 is the initial temperature, p5 and pS are the initial pressures of the supercritical
and gaseous CO, correspondently and s is the initial saturation of the supercritical COs.
It is assumed that there is a small residual amount of gaseous COs within the domain at
the beginning of the simulations, s§ = 0.05 (to prevent numerical problems).

The applied boundary conditions are illustrated in Figure 7.2. The left and the right sides
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of the domain are impermeable for both CO, phases. On the bottom of the domain the
pressures of supercritical and gaseous CO, are set to a constant value:

GR

2y = 0: pft = pgtt, ptt

= g (7.3)
On the top of the domain, p** is reduced with time t by the scale factor k. Herein, the

scale factor k is chosen in a way that the pressure of supercritical COy (p™#) is decreased
in order to keep the simulation within the pressure range between 6.8 and 7.8 MPa,

xo = h: pMto= pif — kt. (7.4)

|<—h—>| pLR:pOLR_kt

T no flux ~ |~ no flux

h
L2 GR _ .GR LR _ LR
I /p =Py P =Dg
Z
0 T /7 Va4

S S ST

Figure 7.2: IBVP for the CO, phase transition problem.

The mass production term p¢ is estimated by the constitutive relation (5.12), and the
corresponding switching criterion is taken from Section 5.2.1. The chemical potentials for
the switching criterion are given as follows, cf. (3.71):

BR

uﬁzwﬁ+§g- Bel{G,L}. (7.5)

R’

Furthermore, the Helmholtz energies 1)® and entropy functions 1° should be evaluated
in order to obtain the mass production term p¢ and the chemical potentials ;°. In this
regard, repeating the procedure for deriving 1? and n® proposed in Section 4.5.3 and
assuming that the system has a non-zero reference state (in this case also the initial
state), the Helmholtz energies yield

s _ g = bp") e (1= V2 —0p") (14 V2 = bpy")
¥ o= R oR " 3R PR
po (L= bpPR) 22 (1 + V2 = bpfR) (1 — V2 — bpy")

0
—Cf (0m — 0 —00)) + 0§ + 1 (0—0).

)
(7.6)
and the entropy functions lead to
0 PR(1 — bpg"
0 = Cllm— — R°L ( Po) +nl . (7.7)

b0 (L~ bph)
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The required material parameters are summarised in the following:

porosity nf" = 06 [—]
intrinsic permeability Ky = 1077 [m?]
specific heat cl = 868 [J/(kgK)]
gas constant R = 189 [J/(kgK)]
heat conductivity h? = 0.014 [W/(mK)]
viscosities pfft = 1.85-107° [Ns/m?]

ptft = 21.107° [Ns/m?|
reference densities PSR = 186.87 [kg/m?|

pER = 25757 [kg/m?]
reference temperature 6y = 313 [K]
reference Helmholtz energy 1)) = 0 [J/kg]
reference entropy n =0 [J/ (kg K) ]
Brooks & Corey parameters p” = 2.31-10° [Pa]

A = 20 [—]
residual saturations sk, = s8¢, =005 [—]
COy critical pressure Per = T7.38 [MPa |
COq critical temperature 6, = 304.1 [ K]
gravitation g = 90.81 [m/s?]

The numerical treatment of this example is carried out by using FlexPDE. The resulting
distributions of the pressures, densities and saturation over the domain are shown in
Figure 7.3. It can be seen that during the same simulation time t, which is set to 50 s, the
profiles of the densities, pressures and saturation for both considered cases are different.
These differences can be explained by the inclusion of p¢ into the system of equations
in the one case and by the exclusion of p¢ in the other case. In order to clarify these
differences in the results, the graphical interpretation of the results is presented at the
last time step in Figure 7.3 and is analysed in the following.

According to the EOS, the pressure of CO, is a function of density and temperature.
In the current simulation the temperature is constant, which leads to the fact that the
pressures of the CO, phases depends only on the corresponding densities. Therefore, it is
obvious that the shape of the curve describing the pressure behaviour repeats the shape
of the curve presenting the density behaviour and vice versa, cf. in Figure 7.3(a)-(d).

Based on the phase diagram for CO, introduced in Figure 2.4, it can be seen that under
constant temperature the reduction of the pressure of supercritical CO4 causes the passing
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of the critical pressure level p., and leads to a phase transition process of the supercritical
CO; into gaseous COs. Also, it can be observed in Figure 7.3(a) and (d), where the
pressure and the density of the supercritical CO, decreased during the simulations. For
the current numerical example, the density obtained from the Peng-Robinson EOS for
the temperature ¢ = 313K and the critical pressure p.,, = 7.38 MPa has the value of
P = 229 kg /m3.

— p%=0 ——— initial value
=== %40 critical value

6.6 6.8 7.0 pGE[MPa]
(b)
A
] :
- /I
/
190 200 210 p%F [kg/m?]
(c) (d)
h [m] h[m]
10 - S 10 - .
~ o /
N /
6 - \\ 6 A //
\ /
2 \\ 2 ,///
0 02 04 06 08 1 si[- 0 02 04 06 08 p%ke/s]

(e) (f)

Figure 7.3: Results of the simulation: (a) pressure p“% versus h; (b) pressure p“

versus h; (c) density p versus h; (d) density p™f versus h; (e) saturation s” versus

h; (f) mass production term p% versus h.

R

The difference in the saturation profile for the cases with and without p“ can be seen in
Figure 7.3(e). Moreover, from the results of the calculation it can be noted that for the
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model with p¢ the supercritical CO, occupies the layer 0 < h < 1 at the end of the
simulation and in case without p¢ this layer is 0 < h < 2.1. It means that an inclusion
of p“ accelerates a phase transition process. In addition, the mass production term itself
p% is plotted in Figure 7.3(f). To summarise, taking the phase transition process into
consideration is necessary to describe the processes within the system properly and to
control the speed of the phase transition.

7.2 Carbon-Dioxide Injection

This numerical example represents the behaviour of supercritical CO, during its injection
into an aquifer as well as the propagation of CO5 plume through a reservoir. In particular,
the present simulations are focused on the estimation of the deformation of a solid skeleton
within an reservoir after COs injection.

The model I from Section 4 corresponding to the ideal scenario of injection process is used
here for modelling. This multiphasic model consists of three phases and three components:
materially incompressible solid (S) with elastic properties, materially incompressible water
(W) and materially compressible supercritical COy (L). Following the ideal scenario
of an injection process, the pumped supercritical COy should stay in the supercritical
state during the whole propagation process. Moreover, the temperature within a domain
slightly changes compared to the injection point whereas COy propagates through an
aquifer. This non-isothermal character of the process is described by model I.

However, for simplification and reduction of calculation time, the following assumptions
are made in this example. The behaviour of CO, is described by the ideal gas law.
Temperature 6 is assumed to be constant during the whole propagation process, which
means that the energy balance can be excluded form the system of equations. Assuming
that the temperature and pressure are above the critical values 6. and p., a phase
transition process between CO, phases is omitted from a consideration.

The observed domain consists of four layers: layers with a high intrinsic permeability
K(;SS1 and Lamé constants uj, A7 with corresponding index 1, such as an aquifer and an
aquitard, and layers with lower permeability Kgg, and p3, A3 with index 2, namely, a
cap-rock and impermeable layer. The geometry and the respective boundary conditions
are illustrated in Figure 7.4. The length of the domain is [ = 500 m and the height is
h = 250m. The size of the domain is large enough for neglecting the influence of the CO,
distribution around the injection well on the solid deformation and CO, propagation on
the right side of the domain. The bottom of the domain corresponds to a depth of 850 m
under the subsurface. Injection and distribution of CO, take place in the aquifer layer,
which has a thickness of 100m. The cap-rock is 20m in vertical direction and acts as
a barrier for the injected CO,. The upper aquitard layer with thickness of 80 m and a
lower impermeable layer (50 m) are modelled here in order to show possible deformations
of these layers under the CO, pressure.

At the beginning of the simulations, on the right and left sides of the domain, the hydro-
static pressure is applied, whereas the other sides are impermeable for water and CO,.
The CO, under pressure 8 MPa is injected into an aquifer from the left side of a domain,



7.2 Carbon-Dioxide Injection 89

aquitard (1)

aquifer (1)

0 500 1
(b) no flow
aquitard (1)
hydrostatic hydrostatic
pressure pressure
aquifer (1)
CO, =
T2
T_, no flow
T

Figure 7.4: CO, injection problem: (a) geometry; (b) boundary conditions.

see Figure 7.4(b). After a certain time, the injection pressure is equalised to the pressure
in the aquifer and the injection stops. Therefore, in order to proceed with the COs in-
jection into the aquifer, the injection pressure should be increased a little bit with time
(herein, 0.001MPa with each time step).

The capillary-pressure-saturation relationship and relative permeabilities between water
and supercritical CO5 are described by the van Genuchten law with the material param-
eters presented below.

The required material parameters are presented in the following:

porosity nf" = 04 [—]
Lamé constants py = 2500-10% [Pa]
A = 1667-105 [Pa]
uS = 8695-10° [Pa
NS = 3726-10° [Pa]
intrinsic permeability K5, = 1071 [m?]
Ky = 1071 [m?]
gas constant R = 188.86 [J/(kgK)]
viscosities pVB = 1.0-107% [Ns/m?]
ptft = 21-107° [Ns/m?]
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densities PP’ = 2720 [kg/m?3]
pVE = 1000 [kg/m?]
PP = 136 [ke/m]
material parameter s = 1.0 [—]
van Genuchten parameters -y = 0.0002 [1/Pa]
n = 15 [—]
m = 23 [—]
residual saturations sk = 0.1 [—]
s¢. = 001 [—]
temperature 7 = 310 [ K]
initial injection pressure ~ pif = 8.10° [Pa]
gravitation g = 981 [m/s?]

The injection of COs is stopped when the plume reaches approximately the middle of the
aquifer in the horizontal direction. The results of the simulation are presented at different
time steps: t; is the time step at the beginning of the injection, ¢5, t3 are in the middle of

the injection and t4 is at the end of the injection process. The resulting saturation profile
w

for the water s is shown in Figure 7.5.

tq

0.15 0.85 W [-]

Figure 7.5: Resulting saturation profile s"
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It can be seen that the more CO, is pumped into aquifer the more CO, migrates upwards
due to buoyancy forces (density difference) until it reaches the cap-rock layer. Then,
CO4 accumulates under the cap-rock and propagates further along the aquifer due to the
pressure gradient (advection).

The pressure distribution of the injected COs is given in Figure 7.6. The character of the
distribution is correspondent to the form of the saturation profile represented in Figure 7.5.
The small oscillation of the pressure, which appear around the COg plume in Figure 7.6,
could be explained by some limitations of the chosen numerical scheme.

1 [2)

1 5 8 pLE[MPa)

Figure 7.6: CO, pressure distribution p“¥.

It should be noted that the deformation of the solid skeleton within an aquifer and in a
cap-rock layer can cause serious problems for the storage process. For example, appearing
cracks and faults in a cap-rock layer could provide possibilities for the escaping of CO,
from a storage reservoir. The estimated displacement us in the vertical direction at the
particular points A, B, C and D versus time could be found in Figure 7.7. The time
period for an estimation of u, starts approximately at the beginning of the CO; injection
and ends, when the simulations are stopped.

It can be seen that the maximum amplitude of the displacement in the vertical direction is
less than 0.01 % of the thickness of the aquifer. It means that in this particular example,
a deformation of a solid skeleton has uncritical values and plastic properties of the solid
skeleton are not needed to be described.

The current numerical example is solved using PANDAS and describes a proper behaviour
of the CO5 within the aquifer. Nevertheless, the results could be improved in order to have
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Figure 7.7: Vertical displacement at the particular points of the aquifer.

more realistic representation of the CO, injection process. For example, in this numerical
example the behaviour of CO, is described by the ideal gas law. This simplification
is done in order to omit a reformulation of the problem with respect to other primary
variables, what should be done if the Peng-Robinson EOS is used (indirect representation
of density, cf. Section 3.5.2 and Appendix B). However, the Peng-Robinson EOS for
COs can be implemented for the simulations to perform more realistic propagation of the
COs trough the aquifer. Moreover, the distribution of the COy over the domain shows
that considering a deformation of the solid skeleton within the aquifer is important for
the injection process. It is also important to note that during propagation, CO, can
change its phase what requires a description of the phase-transition process. The relevant
theoretical model corresponding to the critical scenario of the COs injection is developed
within the current work in Section 4.1. Using the model II, it is possible to model the
phase transition process of CO, during its propagation trough an aquifer. However, in the
current work, there are no numerical simulations performed for the model II. Therefore,
further investigations have to be carried out in the field of the phase transition process
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for the CO5 injection problem.






Chapter 8:
Summary and Outlook

8.1 Summary

The CO, capture and storage problem is a widely discussed issue at the present time.
In order to predict the problems that may occur during and after COs injection in the
subsurface, scientists from different research areas developed a variety of models and sce-
narios of the CO, sequestration process. The distinct feature of the current investigation
is to model two particular processes taking place in the storage reservoir (aquifer): phase
transition phenomena and solid deformation. A multiphasic model describing these pro-
cesses was derived based on the continuum-mechanical framework of the well-founded
TPM.

Two different approaches regarding the number of fluid phases were considered in the
current research. The main difference between these two formulations was in the descrip-
tion of the CO, state. In the frame of the first formulation, CO, was present only in
one (supercritical) phase without any phase transition, whereas the second formulation
included phase transition between the CO5 phases (gaseous and supercritical).

Within the modelling procedure, the deformation of the solid skeleton was limited to
elastic material behaviour and described by the linear elastic Hookean law. The phase
transition process between the CO, phases was modelled by the inclusion of the mass
production term into the corresponding mass balance relations. For this term, a new con-
stitutive relation was derived from the entropy balance relations based on the assumption
of full reversibility of the considered processes. To complete the description of the phase
transition process, a so-called switching criterion was defined in the form of a combined
condition for the saturation functions and chemical potentials.

In order to describe the realistic behaviour of the CO, in any state, the Peng-Robinson
EOS was implemented into the model. This is a cubic equation and its inversion with
respect to the density has a relatively complicated form. Moreover, the new form of the
Helmholtz energies for the CO45 phases was derived based on the Peng- Robinson EOS.

The numerical treatment of the problem was carried out by the FEM in the spatial
space and by the implicit Fuler scheme in the temporal domain. Numerical examples
were performed in order to confirm the proposed modelling approach for the distribution
of the COy plume in the reservoir after injection and verify the developed constitutive
equation for the mass production term.

Throughout this thesis, it has been demonstrated that the solid deformation affects the
propagation of the COy plume within the aquifer after the injection. Moreover, it has
been shown that the phase transition process has a significant influence on the property
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change for the discussed models and, therefore, should be included into the modelling to
describe the processes in a system properly.

However, in the CCS research field, a number of questions remain open, which are impor-
tant for future discussion and vital for further investigation.

8.2 Outlook

The developed multiphasic models are capable of describing the coupled behaviour of the
injected supercritical CO, and the deformable solid skeleton within the aquifer and the
cap-rock layer. Also, the phase exchange process between the CO, phases is modelled
by the additional thermodynamical constitutive relation for the mass production term.
However, the numerical example corresponding to the critical scenario of CO, injection
should be still implemented into the numerical tool in order to show the joint influence of
both discussed aspects of solid deformation and phase transition on the CO5 propagation
within the aquifer.

Additionally, there are several aspects, which can be further investigated in order to
improve the existing model. In this regard, further work on this topic should focus on the
following items:

e Phase transition process: The suggested switching criterion was not compared to
other possible criteria and may have some potential disadvantages. Therefore, an al-
ternative transition rule for the phase transition process can be defined. Afterwards,
the criteria should be compared in order to define a more realistic criterion.

The derived constitutive relation for the mass production term was found with the
strong assumption of full reversibility of the processes taking place within the prob-
lem. In this context, the constitutive equation can be reconsidered and improved
such that it is valid for any type of processes.

e Deformation of the solid skeleton: Within the model presented in this thesis, the
behaviour of the solid skeleton was described by the geometrically linear elasticity
theory, which is sufficient for numerous applications. Nevertheless, there are some
cases, where large elasto-plastic deformations may take place as the result of inho-
mogeneities in the sequestration process. In other locations, such as the cap-rock
layer, cracks may occur leading to leakage phenomena of the sequestrated COs.
Consequently, an extension of the solid behaviour towards elasto-plasticity as well
as to crack initiation and propagation is required.

e Chemical reactions: A part of the COy sequestration process over time is the dis-
solution process of COy into the aquifer. As a result of the CO, reacting with the
water, salt species appear and may block the path for the further propagation of the
COy plume, especially around the injection well. This can be very critical for the
whole sequestration process. In this regard, the modelling of the dissolution process
would be an appropriate and useful extension of the problem.
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e Computational schemes: The coupled CO5 sequestration problem was computed by
a fully coupled implicit monolithic scheme. However, if the developed model will
be extended by an inclusion of, for example, the modelling of the crack propaga-
tion process or another complexity, the suggested numerical scheme may not work
properly requiring an improvement of numerical performance.

o Capillary-pressure-saturation relation: In contrast to the model introduced in this
thesis, the different capillary-pressure-saturation relations with various material pa-
rameters for the water-supercritical CO, interface and for the interface between the
COs phases can be implemented.

Although in the current work, the developed models give a realistic description of the COs
injection problem, the implementation of the aforementioned suggestions may result into
a more detailed and appropriate description of problem. Therefore, it is recommended to
consider and include the discussed aspects in future research efforts.






Appendix A:
Tensor Calculus

This appendix presents some selected principles of the tensor calculus. For the presented
relations, arbitrary scalars o, 3 € R are defined in the real space R; vectors a,b,c,d € V3
in the Fuclidean vector space V? and second-order tensors A,B,C € V2 ® V3 in the
dyadic product space V3 ® V3. More detailed information about the notations and tensor
calculus operations can be found in de Boer [13] and Ehlers [39].

A.1 Selected Rules for Second-Order Tensors

Multiplication of tensors by scalars:

associative law : a(fA) = (ap)A
distributive laws: (a+p8)A = oA + A

(A.1)
a(A+B) = aA + aB
commutative law : aA = A«
Linear mapping between tensors and vectors:
associative law : A(axa) = a(Aa) = (0¢A)a
distributive laws: A(a+b) = Aa+ Ab (A.2)

(A+B)a = Aa+ Ba
The scalar product of tensors:

associative law : (¢A)-B = A-(aB) = a(A-B)
distributive law: A-(B+C) = A-B+ A-C
commutative laws : A-B =B-A (A.3)
A-B =0 VA,ifB=0
A-A >0 YA#0O
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The tensor product of tensors:
associate law : a(AB) = («¢A)B= A(aB)

(AB)a = A(Ba)
(AB)C = A(BC)

distributive laws : AB+C) = AB+AC (A.4)
(A+B)C = AC+BC
no commutative law : AB # BA

(a®b)(c®d) = (b-c)awd

The transposition and inversion of a tensor:

(a®b)’ = (b®a)
(aA)T = aAT
(A.5)
(AB)T = BT AT
(A +B)T = AT + BT
The inversion of a tensor:
Al exists if det A #0
AA7l = A TA=1
(A.6)
(Afl)T — (AT>71 —- ATfl
(AB)™! = B 1A!
The trace operator:
trA = A-1
tr(¢A) = atrA
tr(a®b) = a-b (A.7)
trAT = trA

tr(AB) = tr(BA) = A-B” = AT.B

A.2 Principal Invariants of Second-Order Tensors

The principle invariants of a tensor A can be obtained by solving the eigenvalue problem:
(A —y4I)a = 0, where 7,4 is the eigenvalue and a is the eigenvector. Thus, the first 14,
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second I14 and third 11, invariants of any tensor A have a form:
Iy, =A-1T=1trA,

[, =113 - AT-A), (A-8)
Iy =13 —~112(AT-A) + LATAT.A.






Appendix B:
Specific Evaluations

Legendre Transformation for the £ and v:

The internal energy ¢ can be related to the free Helmholtz energy 1 by the Legendre
transformation. In order to perform this, conjugate variables are used, in particular the
mechanical pair {pio S,E} and the thermodynamical pair {n,0}. Thus, the derivative of

the internal energy as a function of strain and entropy £(E, n) leads to

Oe . Oe 1 .
(K = — Kk —n=—S-E 0n. B.1
£(E,n) 5 E T o pOS + 01 (B.1)

Substituting #7 = (§n) — 67 into (B.1), the following relation is obtained

1

(e —0n) = —S-E —dn, (B.2)
Po
where the Helmholtz energy reads

Other examples of the Legendre transformations can be found, for instance, in Ehlers [39].

Inversion of the Peng-Robinson EOS with respect to the Density:
The Peng-Robinson EOS is a cubic EOS and has the following form:

RO aQy,
v—>b v+ 2bv — b2’

p = (B.4)
where v is a specific volume, p is a pressure, 6 is a temperature, a, b, a,, are the constants
depending on the critical pressure and temperature of a substance (here COs) and R is
the universal gas constant, cf. Section 3.5.2.

Inserting a specific volume v as v = 1/p into equation (B.4), it yields

ROp aay, p

- _ . B.5
P T, T 11 20p - 22 (B.5)

Equation (B.5) is reformulated with respect to the density as follows

Ap* + Bp* + Cp+ D =0, (B.6)
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where
A = —pb®+aa,b— ROV,
B = 20RO0+3pl® —aay,
(B.7)
C = RO—-Dp,
D = —p.
Before solving equation (B.6), the following discriminant has to be evaluated
A=18ABCD—4B*D + B*C? —4AC? - 27 A* D*. (B.8)

There are several cases depending on the value of A, which can be distinguished: if A > 0,
then the equation has three distinct real roots; if A = 0, then the equation has a multiple
roots and all these roots are real; if A < 0, then the equation has one real root and two
non-real complex conjugate roots.

For the specific substance considered in the current work, namely COy, A < 0. It leads
to the fact that equation (B.6) has one real root, which is required in the expression for
COy density:

B 1 /E+F\3 1 /E—F\3
p:_3_A_3_A< 2 >_3_A< 2 ) (B.9)
where
E = 2B>—~9ABC+27A%D,
(B.10)

F = /2B*—9ABC+27A2D)>—4(B>—3AC)3.
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