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Abstract
Determination of relevant model parameters is crucial for accurate mathematical modelling and efficient numerical simulation
of a wide spectrum of applications in geosciences. The conventional method of choice is the global sensitivity analysis (GSA).
Unfortunately, at least the classical Monte-Carlo based GSA requires a high number of model runs. Response surfaces based
techniques, e.g. arbitrary Polynomial Chaos (aPC) expansion, can reduce computational effort, however, they suffer from the
Gibbs phenomena and high hardware requirements for higher accuracy. We introduce GSA for arbitrary Multi-Resolution
Polynomial Chaos (aMR-PC) which is a localized aPC based data-driven polynomial discretization. The aMR-PC allows
to reduce the Gibbs phenomena by construction and to achieve higher accuracy by means of localization also for lower
polynomial degrees. We apply these techniques to perform the sensitivity analysis for the Stokes–Darcy problem which
describes fluid flow in coupled free-flow and porous-medium systems. We consider the Stokes equations in the free-flow
region, Darcy’s law in the porous-medium domain and the classical interface conditions across the fluid–porous interface
including the conservation of mass, the balance of normal forces and the Beavers–Joseph condition for the tangential velocity.
This coupled problem formulation contains four uncertain parameters: the exact location of the interface, the permeability,
the Beavers–Joseph slip coefficient and the uncertainty in the boundary conditions. We carry out the sensitivity analysis
of the coupled model with respect to these parameters using the Sobol indices on the aMR-PC expansion and conduct the
corresponding numerical simulations.

Keywords Global sensitivity analysis · Multi-resolution polynomial chaos · Sobol index · Porous medium · Interface
conditions · Data-driven modelling
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1 Introduction

Fluid flows through a coupled system consisting of a free-
flow region and an adjacent porous-medium domain appear
in many technical applications and environmental settings
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such as industrial filtration, wood drying, water-gas man-
agement in fuel cells, interaction of surface and subsurface
flows [7, 13, 16, 26, 48]. Solving such coupled flow prob-
lems at the microscale is computationally demanding, if
not impossible, for applications as the detailed pore-scale
geometry should be resolved. Therefore, macroscale model
formulations containing two different flow models in the
free-flow and porous-medium domains together with an
appropriate set of coupling conditions on the fluid–porous
interface are considered in practice [4, 17, 42, 71]. Such cou-
pled flowmodels contain several effective coefficients whose
values are typically uncertain. The quantification and correct
choice of the relevant model parameters are important for
physically consistent modelling and accurate numerical sim-
ulations of flow and transport processes in coupled systems
for various applications in geosciences.
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In this paper, we consider the most commonly used cou-
pled flow model containing the Stokes equations in the
free-flow domain and Darcy’s law in the porous-medium
region. The classical set of coupling conditions including
the conservation of mass across the interface, the balance
of normal forces and the Beavers–Joseph condition on the
tangential velocity component is applied [8, 18, 41, 42, 50].
Alternative coupling concepts for such flow problems exist,
e.g. [4, 21, 32, 40, 49, 51]. Some of them include unknown
parameters which still have to be determined in order tomake
these models computable [4, 51, 66]. Also in case of the clas-
sical coupling conditions considered in this work, several
effective parameters conceptualising the macroscale model
are typically uncertain, even if the detailed pore-scale geome-
try is available.We consider three uncertain parameters in the
model of interest in this work: the exact position of the fluid–
porous interface, the permeability of the porous medium and
the Beavers–Joseph slip coefficient. Additionally, we intro-
duce an uncertainty in the outflow boundary conditions to be
able to model coupled problems with different flow direc-
tions to the interface. Several computational methods were
developed in the past to address some of these uncertainties,
e.g., [3, 37].

There are several attempts in the literature to specify the
uncertain parameters in the Stokes–Darcy model. However,
to the best of the authors knowledge, there is no such sys-
tematic study for general flow problems. For periodic porous
media, permeability can be computed in the classical way
using the theory of homogenisation and solving additional
cell problems [28]. For arbitrary porous media, numeri-
cal upscaling techniques with different pore-scale resolved
models can be applied in order to determine the intrinsic per-
meability, e.g. [58, 67] and references therein. In this case,
there are uncertainties in the choice of boundary conditions
for the local flow problems in the representative elementary
volume. Even less information exists on where to locate the
sharp fluid–porous interface so that the pore-scale resolved
solutions fit to the macroscale solutions. The interface is
located on the top of the first row of solid inclusions in [8, 39],
other possibilities are considered in [14, 57]. The most chal-
lenging problem is the determination of the Beavers–Joseph
slip coefficient. One can find the values of the slip coefficient
for four materials in the original work [8]. Several values for
periodic isotropic porous media are provided in [46, 57, 70],
but correct determination of this parameter still stays an open
question for non-periodic and anisotropic porous structures.

The current paper aims to investigate sensitivity of the cou-
pled Stokes–Darcy model to the exact position of the fluid–
porous interface, porous-medium morphology reflected in
the intrinsic permeability, theBeavers–Joseph slip coefficient
and the outflow boundary conditions. The knowledge about
parameter relevance is necessary for model reduction, model
calibration and parameter inference.

Importance of the model parameters and their influ-
ence on the overall modelling procedure is not trivial to
understand even for the experienced modeller. On the one
hand, uncertain parameters could contain unseen uncertainty,
on the other hand, they could produce a joint effect that
may become significant during the modelling procedure.
Moreover, any manual identification of relevant parameters
and their combinations is usually limited by the available
resources. Sensitivity analysis provides identification of the
parameters with the highest impact of uncertainty that could
serve as the basis for model reduction. While the local sen-
sitivity analysis studies the variation of the model response
close to some selected basis point in the parameter space [63],
the global sensitivity analysis (GSA) considers the averaged
variation of the model response over the whole domain [27,
61, 63]. In the present work, we use the Sobol and total sen-
sitivity indices [27, 60, 61] to perform the GSA.

The GSA is commonly used for many applications in
geosciences, e.g. [23, 55]. Nevertheless, the classical Monte-
Carlo (MC) averaging based GSA [61, 63] often requires
high number of model runs, which becomes challenging
with increasing computational costs for a single model run.
Instead, the Polynomial Chaos Expansion (PCE) based sur-
rogate models allow to avoid additional model evaluations
after building the surrogate model [23, 62].

Research on orthogonal polynomials goes back at least
into the 19th century. The Ansatz of the homogeneous chaos
was introduced byWiener [60] and extended byCameron and
Martin [12]. Since Ghanem and Spanos applied the PCE in
context of partial differential equations [60],many researches
have used and extended the concept of PCE in several uncer-
tainty related areas [6, 19, 22, 34, 38, 45, 53, 59, 62, 69]. Of
particular interest for this work is the data-driven Ansatz of
the arbitrary Polynomial Chaos (aPC) expansion, which was
introduced in [52].

The idea of the multi-resolution framework goes back to
the early 90s [1, 2, 9]. In the area of Uncertainty Quantifica-
tion (UQ)multi-resolution framework was introduced in [43,
68] and also widely used in research, in particular, in context
of nonlinear model response [10, 11, 25, 30, 34, 35, 44, 54,
65]. One of the drawbacks of the multi-resolution framework
is the rapidly increasing number of stochastic subdomains
for increasing number of uncertain parameters. Adaptivity
strategies that reduce the number of stochastic subdomains
w.r.t. the data are proposed, e.g., in [36, 65].

In this work, we introduce GSA for arbitrary Multi-
Resolution Polynomial Chaos (aMR-PC) [36], which com-
bines the flexibility of the data-driven concept of the aPC [52]
and the reliability of the multi-resolution/ multi-element
based PCEs [11, 19, 34, 35, 43, 65, 68]. More precisely,
construction and performance of aMR-PC andmulti-wavelet
based adaptivity for aMR-PC were discussed in [36].
In present work, we introduce the piecewise-polynomial-
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coefficients-based GSA for aMR-PC that allows to perform
GSA without additional model- or surrogate model evalua-
tions after building the aMR-PC-surrogate model such that
the concept ofGSA for plain PCE introduced in [62] becomes
available on the multi-resolution framework. For the sake of
comparison, we provide the application of the introduced
GSA method on the Ishigami function, which is one of the
standard benchmarks in context of GSA [62]. We apply the
proposed GSA method for the sensitivity analysis of the
coupled Stokes–Darcy flow model, which contains several
uncertain parameters, and lay the basis for future research
on parameter identification and model reduction for coupled
flow problems.

Thepaper is organised as follows. InSection2, the coupled
macroscale Stokes–Darcy problem formulation is described
and the typical values and intervals of the uncertain model
parameters are introduced. In Section 3, we provide a brief
overview of the aMR-PC expansion, which is used as the sur-
rogate model. Section 4 is devoted to the global sensitivity
analysis employing the Sobol indices. Numerical simula-
tion results on the sensitivity analysis for the Stokes–Darcy
model are presented in Section 5. Finally, the discussion fol-
lows in Section 6. In Appendix, the Sobol indices for the
aPC and aMR-PC expansions of the Ishigami function are
provided.

2 Coupled problem formulation

2.1 Geometrical setting and assumptions

We consider steady-state non-compositional single-fluid-
phase flows at constant temperature both in the free-
flow domain and in the porous-medium region. In non-
compositional flow systems only one component (chemical
species) is present in thefluid phase, therefore, flowequations
for the phase as a whole are considered without modelling
any transport of individual chemical components. The flow is
assumed to be creeping at low Reynolds numbers. The fluid
is incompressible and the viscosity is constant. The porous
medium is considered to be homogeneous, isotropic and hav-
ing constant porosity. The solid phase is rigid.

The coupled flow system contains the free-flow domain
Ωff ⊂ R

2 and the porous-medium region Ωpm ⊂ R
2,

which are separated by a sharp fluid–porous interface Γ =
Ωff ∩Ωpm (Fig. 1). The interface is considered to be flat and
simple, i.e. no thermodynamic properties can be stored in or
transported alongΓ . The precise location of the fluid–porous
interface is uncertain. It can be placed on the top of the first
row of solid inclusions, slightly above, between the first and
the second rows of solid grains, or at a distance ofmaximum5
pore diameters from the top of solid inclusions [14].

Fig. 1 Schematic geometrical setting for the coupled problem

2.2 Flow problem formulation

Under assumptions given in Section 2.1, fluid flow in the
free-flow domain can be described by the Stokes equations

∇·vff = 0, −∇·T(vff , pff) − ρg = 0 in Ωff , (1)

where vff is the fluid velocity, pff is the fluid pressure,
T(vff , pff) = 2μD (vff) − pff I is the stress tensor, μ is the

dynamic viscosity, D (vff) = 1
2

(
∇vff + (∇vff)

T
)
is the rate

of strain tensor, I is the identity tensor, ρ is the fluid density
and g is the gravitational acceleration.

The following boundary conditions on the external bound-
ary Γff = ∂Ωff \ Γ are considered

vff = vff on ΓD,ff ,
∂vff
∂n

= 0 on ΓN ,ff , (2)

where nff is the unit outward normal vector from the domain
Ωff on its boundary, Γff = ΓD,ff ∪ ΓN ,ff and vff is given. In
this work, we consider the outflow boundary ΓN ,ff with the
uncertain opening width h (Fig. 1) in order tomodel different
flow directions to the fluid–porous interface Γ . Note that for
small opening widths h the flow will have bigger angle to the
interface (see Fig. 5 in [21]).

Under the assumptions provided in Section 2.1, the Darcy
flow equations can be applied to describe fluid flow through
the porous medium

∇·vpm = q, vpm = −K
μ

(∇ ppm − ρg
)

in Ωpm. (3)

The boundary conditions on Γpm = ∂Ωpm \ Γ read

ppm = ppm on ΓD,pm, vpm·npm = vpm on ΓN ,pm, (4)
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where vpm is the Darcy velocity, ppm is the pressure, q is the
source term, npm is the unit outward normal vector from the
domain Ωpm on its boundary, Γpm = ΓD,pm ∪ ΓN ,pm, and
ppm, vpm are given functions.

The intrinsic permeability tensor K is symmetric, posi-
tive definite and bounded. Depending on their morphology,
porous media can be classified as

– isotropic, when K = kI with k > 0,
– orthotropic, when K = diag{k11, . . . , kdd}, where d is

the number of space dimensions,
– anisotropic, with a full tensor K = (

ki j
)
1≤i, j≤d , where

ki j �= 0.

In this paper, we consider homogeneous isotropic porous
media with K = kI, k > 0. Permeability of periodic porous
structures can be computed using the theory of homogeni-
sation. It can be estimated using the porosity–permeability
relationships, e.g. Kozeny–Carman, or determined by means
of numerical upscaling techniques, e.g. [28, 58, 67] and ref-
erences therein. However, the permeability is uncertain in
general.

In order to obtain a closed problem formulation for the
Stokes–Darcy problem, Eqs. 1–4 have to be completed by an
appropriate set of coupling conditions on the fluid–porous
interface Γ .

2.3 Interface conditions

Different sets of interface conditions are proposed in the lit-
erature to couple the Stokes Eq. 1 with the Darcy flowmodel
Eq. 3 depending on the flow direction and the application of
interest, e.g. [4, 21, 32, 40, 50]. In this paper, we consider
the classical set of interface conditions Eqs. 5–7 and analyse
the sensitivity of the coupled model Eqs. 1–7 to the exact
position of the fluid–porous interface Γ and the choice of
material parameters.

The conservation ofmass across thefluid–porous interface
is given by

vff ·n = vpm·n on Γ, (5)

and the balance of normal forces is

−n·T (vff , pff) ·n = ppm on Γ. (6)

The Beavers–Joseph coupling condition [8, 33] for the tan-
gential velocity reads

(vff − vpm)·τ + 2
√
K

αBJ
n·D (vff) ·τ = 0 on Γ, (7)

where
√
K = √

kI, n = nff = −npm is the unit normal vector
on the interface pointing outward from the free-flow domain
Ωff , τ is a unit vector tangential to the interface (Fig. 1) and
αBJ > 0 is the Beavers–Joseph slip coefficient.

The Beavers–Joseph parameter characterises pore-space
morphology near the fluid–porous interface including the
microscale interface roughness. Usually, the slip coefficient
is taken to be αBJ = 1, however, this is not optimal for many
flow problems. It was shown that the model behaviour is very
sensitive to the choice of this parameter [20, 57].

Some researchers distinguish between the permeability of
the porous bulk used in Eq. 3 and the permeability of the near-
interface region used in the Beavers–Joseph condition Eq. 7,
e.g. [40]. In this case, the slip coefficient αBJ can be scaled.
We consider the same permeability value in Eqs. 3 and 7, and
analyse model sensitivity to the Beavers–Joseph coefficient
αBJ and possible simultaneous effects of permeability k and
parameter αBJ.

2.4 Model parameters

In this paper, we analyse sensitivity of the coupled Stokes–
Darcy model Eqs. 5–7 with respect to the following model
parameters that are uncertain: permeability k, exact location
of the fluid–porous interface Γ (x2 = γ ) and the Beavers–
Joseph slip coefficient αBJ. In addition, we study different
flow directions which are controlled by the opening h at the
outflow boundary (Fig. 1).

We choose the intervals for the Beavers–Joseph slip coef-
ficient αBJ, interface location γ and permeability k as well
as their distributions based on the data from the literature.
We take a larger interval αBJ ∈ (0, 10) than in the original
paper [8] in order to take into account awider range of porous
materials. Based on the most commonly used values in the
literature, we set the mode of the probability density function
(PDF) of the Beavers–Joseph slip coefficient αBJ = 1 and
use a scaled beta distribution of the appropriate shape. The
exact location of the interface Γ is typically set on the top
of the first row of solid inclusions (γ = 0), however, some
authors move this location above or below at a distance of
a few solid inclusions. We choose the mode of the corre-
sponding PDF and the parameters’ range accordingly, and
use again an appropriate beta probability distribution.

The values of the intrinsic permeability are taken from the
interval k ∈ (10−8, 10−5) to reflect commonly considered
porous materials. Here, we use the log-normal probability
distribution [56] to generate the initial dataset and reduce it to
the interval of interest. The outflow opening width h is varied
in order to simulate different flow directions to the fluid–
porous interface and it is related to the considered geometry.
The uniform distribution is chosen for h since there is no
preference in flow direction. The intervals for these uncer-
tain parameters are summarised in Table 1. The histograms
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Table 1 Typical values and intervals for uncertain parameters for the
Stokes–Darcy model Eqs. 1–7

Parameter and typical value Interval Units

Beavers–Joseph slip, αBJ = 1 (0, 10) [–]

Interface location, γ = 0 (−0.125, 0.025) [m]

Permeability, k (10−8, 10−5) [m2]

Outflow opening width, h [0, 0.475) [m]

and related PDF for the uncertain parameters are plotted in
Fig. 2. Using these assumptions we generate the dataset for
the construction of related aPC/aMR-PC (piecewise) poly-
nomial bases.

3 Introduction to aMR-PC

In this section, we provide a brief overview of the aMR-
PC expansion, which is used as the surrogate model in this
work. For a comprehensive description of the method we

Fig. 2 Probability density functions and histograms of the uncertain
parameters

refer the reader to [36]. The core idea of aMR-PC is to com-
bine the data-driven polynomial basis construction provided
by aPC [52] and the multi-resolution Ansatz [1, 2, 9]. The
latter reduces by localization the undesired oscillations of
the response surface and compensates the reduction of the
highest polynomial degree of the expansion.

3.1 Arbitrary polynomial chaos expansion

In the following, we assume that Y (x, θ(·)) ∈ L2(Ω) is a
random field, depending on the random variable θ on the
probability space (Ω,A,P) with the sample space Ω , σ -
algebra A and probability measure P .

In the classical (arbitrary) polynomial chaos Ansatz the
random field Y ≡ Y (x, θ) can be expressed by the following
expansion

Y (x, θ) ≈
No∑
p=0

cp(x)ϕp(θ), cp(x) = 〈
Y (x, ·), ϕp

〉
, (8)

where No is the maximal polynomial degree and 〈·〉 denotes
the expectation E[·] with respect to the probability measure
P . The response coefficients cp(x) are deterministic and can
be computed as well by numerical quadrature as by regres-
sion. In present work, we use an appropriate least squares
regression. In particular, in the context of UQ the response
coefficients cp usually denote deterministic functions cp(x).
For the sake of brevity, we omit the function related notation
and write, e.g., cp instead of cp(·). The polynomials ϕp(·)
of degree p are orthonormal with respect to the probability
distribution of θ , i.e.

〈
ϕp, ϕq

〉 =
∫

Ω

ϕp(θ)ϕq(θ) dP(θ) = δp,q (9)

for p, q = 0, . . . , No. For the common probability dis-
tributions, the orthonormal polynomial bases {ϕp}p∈N0 are
already known. E.g., the Hermite polynomials are used for
the Gaussian distribution and the Legendre polynomials are
applied for the uniformdistribution. Formore comprehensive
description of the construction and properties of orthonormal
polynomials we refer to [5, 15, 22, 24, 63, 64].

The aPC Ansatz introduced in [52] allows to generate the
orthonormal polynomial bases from arbitrary data samples
using properties of the stochastic moments without any addi-
tional knowledge on the related probability distribution. The
major requirement for the construction of the aPC expansion
is the existence and boundness of the stochastic moments
μn = E[θn]. In this case monic polynomials of type

ϕ̂k(θ) = θk+ pk−1θ
k−1+· · ·+ p1θ+ p0, for k = 0, . . . , No
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form the orthogonal basis. Here, we obtain the coefficients
pi by solving the system of linear equations

⎛
⎜⎜⎜⎜⎜⎝

μ0 · · · μk

μ1 · · · μk+1
...

. . .
...

μk−1 · · · μ2k−1

0 · · · 1

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

p0
p1
...

pk−1

pk

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

0
0
...

0
1

⎞
⎟⎟⎟⎟⎟⎠

.

Orthonormal basis {ϕk}k∈N0
can be obtained by divid-

ing monic polynomials by related normalizing coefficient√〈ϕ̂k, ϕ̂k〉 that also can be obtained without use of quadra-
ture as following:

〈ϕ̂k, ϕ̂k〉 =E

⎡
⎣
(

k∑
i=0

piθ
i

)⎛
⎝

k∑
j=0

p jθ
j

⎞
⎠
⎤
⎦

=
k∑

i=0

k∑
j=0

pi p jμi+ j , for k = 0, . . . , No.

For a comprehensive introduction into aPC we refer to [52].
In Fig. 3, we present the aPC bases for the datasets introduced
in Section 2.4 and visualised in Fig. 2. These plots demon-
strate a strong relation between the underlying data and the
shape of the related polynomial basis.

3.2 Extension to themulti-resolution framework

The main idea behind the multi-resolution/multi-element
framework is the decomposition of the stochastic domain
into subdomains. In the present work, we use the dyadic
decomposition with respect to the (empirical) cumulative
density function Fθ (η) := P(θ ≤ η) for η ∈ R. We assume
that Fθ (·) is a continuous, strictly monotonically increasing
function over the interval (a, b) for a < b, a, b ∈ R with
Fθ (a) = 0 and Fθ (b) = 1, e.g. [36, 43]. These assumptions
provide the existence of the unique inverse F−1

θ such that the
quantile function

Qθ (s) := inf {η ∈ R s.t. s ≤ Fθ (η)}

can be used as a numerical approximation of the inverse F−1
θ .

This allows us to decompose the sample space/datasetΩ into
stochastic subdomains (SD) by using dyadic decomposition

ΩNr,l :=F−1
θ

(
[2−Nr l, 2−Nr (l + 1)]

)

=Qθ

(
[2−Nr l, 2−Nr (l + 1)]

)
, l = 0, . . . , 2Nr − 1.

Fig. 3 aPC bases for probability distributions shown in Fig. 2

To obtain the piecewise polynomial basis

{
ψ

Nr
l,p s.t. l = 0, . . . , 2Nr − 1, p = 0, . . . , No

}
,

we construct the aPC polynomial basis on each SD such that
the orthonormality relation on the whole stochastic domain
Ω is satisfied
〈
ψ

Nr
k,p, ψ

Nr
l,q

〉
= δk,lδp,q , k, l = 0, . . . , 2Nr − 1,

p, q = 0, . . . , No.
(10)

For practical implementation it could be more convenient to
work with the piecewise polynomial basis ψ̄

Nr
l,p satisfying the

orthogonal relation

〈
ψ̄

Nr
k,p, ψ̄

Nr
l,q

〉
= 2Nrδk,lδp,q , k, l = 0, . . . , 2Nr − 1,

p, q = 0, . . . , No.
(11)

This is, e.g., the case, if one applies the aPC-framework intro-
duced in [52] on samples contained in the SDΩNr,l . In Fig. 4,
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Fig. 4 aMC-PC bases (Nr = 2) for probability distributions shown in
Fig. 2

we present the aMR-PC bases for the datasets introduced in
Section 2.4 and visualised in Fig. 2. In Eqs. 10 and 11, the
zero-order polynomials are given by functions that are con-
stant on the related SD and zero elsewhere

ψ
Nr
l,0(θ) = 2−Nr/2ψ̄

Nr
l,0(θ) =

{
2Nr/2, for θ ∈ ΩNr,l ,

0, else.

3.3 Multivariate formulation

The extension to the multi-dimensional case requires some
additional formalism. Let M be the stochastic dimension,
representing the number of uncertain model parameters. For
the sake of readability, we assume the same refinement level
Nr ∈ N0 in each direction. To address each SD we use the
concept of multi-index set. Let INr = {

0, . . . , 2Nr − 1
}
be a

set of indices related to SDs ΩNr,l , l = 0, . . . , 2Nr − 1, such
that Ω = ⋃

l∈INr
ΩNr,l . Then let IM

Nr
be the set of multi-

indices denoted by l = (l1, . . . , lM ) with li ∈ INr for all

i = 1, . . . , M . Applying this to multi-dimensional SDs on
the refinement level Nr, we obtain

ΩM
Nr,l

:= ΩNr,l1 × · · · × ΩNr,lM , for l ∈ IM
Nr

,

such thatΩM = ⋃
l∈IM

Nr
ΩM

Nr,l
. For the extension to the poly-

nomials inMvariables θ = (θ1, . . . , θM )we use the standard
multi-index notation α = (α1, . . . , αM ) ∈ N

M
0 . The mono-

mial θα of the multi-dimensional variable θ = (θ1, . . . , θM )

is defined by θα := θ
α1
1 · · · θαM

M . The total degree of θα is
denoted by |α| = α1 + . . . + αM .

Now we define the space of the multivariate piecewise
polynomial functions P

M,Nr
No

spanned by the orthonormal
multivariate polynomials with maximal total polynomial
degree No constructed as

�
Nr
l,α(θ) :=

{
�M

i=1ψ
Nr
li ,αi

(θi ), θ ∈ ΩM
Nr,l

,

0, else.

Here, we use the reverse-lexicographic ordering inmultivari-
ate polynomial degree α for the construction of the basis. The
multivariate piecewise polynomial functions�

Nr
l,α are orthog-

onal, i.e.

〈
�

Nr
l,α, �

Nr
m,β

〉
= δl,mδα,β, l,m ∈ IM

Nr
, α, β ∈ N

M
0 , (12)

due to orthonormality of ψ
Nr
l,p in each variable, as in Eq.

10. Use of the piecewise polynomials ψ̄
Nr
k,p satisfying the

orthogonality relation Eq. 11 leads to

〈
�̄

Nr
l,α, �̄

Nr
m,β

〉
= 2MNrδl,mδα,β, l,m ∈ IM

Nr
, α, β ∈ N

M
0 .

The total number of basis functions on the refinement level
Nr after truncation on the total polynomial degree No is

P = 2MNr
(No + M)!
No!M ! .

Further, we denote the expansion of the second order random
field Y (θ) by

�Nr,No [Y ] :=
∑

l∈IM
Nr

∑
|α|≤No

Y Nr
l,α�

Nr
l,α(θ),

Y Nr
l,α =

〈
Y , �

Nr
l,α

〉
.

In present work, we obtain the polynomial coefficients by an
appropriate least-squares approach on Gaussian quadrature
points [24, chap. 3.1] related to the polynomial degree No+1.
(Gaussian) quadrature can be used as well. The mean and
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variance of the truncated aMR-PCexpansion of the random
field Y can be computed as

μMR := E

[
�Nr,No [Y ]

]
=

∑

l∈IM
Nr

Y Nr
l,0

〈
�

Nr
l,0, �0

0,0

〉

=
∑

l∈IM
Nr

Y Nr
l,0 · 2−MNr/2, (13)

σ 2
MR := V

[
�Nr,No [Y ]

]
=

∑

l∈IM
Nr

∑
|α|≤No

(
Y Nr
l,α

)2−μ2
MR . (14)

4 Global sensitivity analysis

The variance is the common measure for the uncertainty.
The variance based GSA methods are popular for various
applications as they also quantify howparametric uncertainty
is propagated through the model. Moreover, simultaneous
influence of model parameters should be quantified as joint
effects could be admissible in overall modelling proce-
dure. We address the mentioned challenges employing the
Sobol orthogonal decomposition and resulting Sobol indices
[27, 60, 61] for the variance based GSA methods in Sec-
tion 4.1. However, the straightforward computation of the
Sobol indices usually requires additional MC-averaging and
also increasing number of model runs for each considered
uncertain model parameter. Instead, due to the orthogonality
of the basis polynomials, the PCE based model surrogates
allow to compute the Sobol indices analytically without
additional model or surrogate model evaluations from the
polynomial coefficients directly [62] as we show in Sec-
tion 4.2. In Section 4.3, we introduce the novel extension of
this PCE based concept to the aMR-PC representation and
demonstrate the application of the concept in Section 4.4 in
comparison with the classical PCE based approach.

4.1 Sobol indices

The core idea of the Sobol orthogonal decomposition [27,
60–63] is to write the square integrable random field
Y (θ1, . . . , θM ) as a sum of the form

Y (θ1, . . . , θM ) = P∅Y +
M∑
i=1

P{i}Y (θi )

+
∑

1≤i< j≤M

P{i, j}Y (θi , θ j ) + . . .

=
∑
I⊆N

PI Y (θI ),

(15)

where N := {1, . . . , M}. The decomposition of Y can be
obtained by use of the operators PI

P∅Y := E[Y ],
P{ j}Y :=

∫
Y dP(θ)−{ j} − P∅Y ,

PI Y :=
∫
Y (θ1, . . . , θM ) dP(θ)−I −

∑
J�I

PJ Y , I ⊆ N .

Here
∫ · dP(θ)−{ j} denotes the integration over all variables

except θ j .
According to [27, 61], PI Y has the property

∫
PI Y dP(θ)− j = 0, ∀ j ∈ I ⊆ N . (16)

This property leads to the orthogonality of the summands in
decomposition Eq. 15 in the following sense

∫
PI Y PJY dP(θ) = 0, for I �= J , I , J ⊆ N . (17)

This decomposition implies also the decomposition of the
variance

σ 2 =
∑
I⊆N

σ 2
I ,

where

σ 2
∅ := 0, σ 2

I :=
∫

ΩM
(PI Y (θ))2 dP(θ).

The Sobol sensitivity indices are defined as follows

SI = σ 2
I

σ 2 , for I ⊆ N .

The total sensitivity indices STi are defined as

STi :=
∑
I∈Ji

SI ,

with Ji :={I = (i1, . . . , is) ⊆ N | ∃k, 1 ≤ k ≤ s, ik = i}.

4.2 Sobol indices of the PCE

Before we proceed with the new results in Section 4.3, we
would like to recapitulate the notation and calculation of the
Sobol indices for the (global) PCE. One of the advantages
of the PCE is the possibility to calculate the Sobol indices
without additional evaluations of the response surface using
the polynomial coefficients only. We will follow the nota-
tion introduced by Sudret [62]. Let α = (α1, . . . , αM ) be a
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tuple corresponding to the polynomial degree of a multivari-
ate polynomial �α such that the second order random field
Y (θ) has a PC expansion

Y (θ) ≈ YPC (θ) :=
∑

|α|≤No

Yα�α(θ).

Here we should keep in mind that the mean is given by the
zero degree coefficient and the variance is computed from
the coefficients related to the polynomial degrees higher than
zero

E[YPC ] = Y0,

σ 2
PC = V[YPC ] =

∑
0<|α|≤No

Y 2
α E[�α(θ)] =

∑
0<|α|≤No

Y 2
α .

Using this property together with the orthonormality of the
basis polynomials it is possible to compute the Sobol indices
directly from the expansion coefficients Yα .

More precisely, let us define the set of α tuples such that
only the indices I = (i1, . . . , is) ⊆ N are nonzero

ANo
I :=

{
α s.t. |α| ≤ No,

αk > 0, ∀ k ∈ N , k ∈ I
αk = 0, ∀ k ∈ N , k /∈ I

}
.

This means that ANo
i corresponds to the multivariate poly-

nomials depending only on the random variable θi . Now we
can write the Sobol decomposition for the PCE of Y :

YPC (θ) =
∑
I⊆N

YI (θI ) = Y0 +
∑
I⊆N

∑

α∈ANo
I

Yα�α(θ).

For I = (i1, . . . , is) ⊆ N the PC based Sobol indices of a
random field Y are defined by

SYI :=
∑

α∈ANo
I

Y 2
α E[�2

α]/σ 2
PC =

∑

α∈ANo
I

Y 2
α /σ 2

PC .

The total sensitivity index is given by

SY T
I :=

∑
J⊆N , I⊆J

SYJ .

4.3 Extension of Sobol indices to the
multi-resolution formulation

Now we extend the concept of the Sobol indices to the
multi-resolution formulation. The main difference from the
classical setting is the fact that in the multi-resolution setting
also the polynomial of degree zero contribute to the vari-
ance. Therefore, we define the restriction of the piecewise

polynomial �Nr
l,α on I ⊆ N :

�
Nr
l,α,I (θ) :=

∫
�

Nr
l,α(θ)�0

0,0(θ)︸ ︷︷ ︸
≡1

dP(θ)−I

=
(∏
i∈I

ψ
Nr
l,αi

(θi )

)
×

⎛
⎝∏

j /∈I

〈
ψ

Nr
l,α j

, ψ0
0,0

〉⎞⎠ (18)

This definition allows to restrict the contribution of the zero
degree coefficients related to i ∈ N \ I to the mean and avoid
their contribution to the variance. Due to orthonormality of
�

Nr
l,α we have

�
Nr
l,α,I (θ)=

⎧⎨
⎩

∏
i∈I

ψ
Nr
l,αi

(θi )× ∏
j /∈I

2−Nr/2, α ∈ ANo
I ∪ {0},

0, else.

Since in the aMR-PC expansion also the zero degree poly-
nomials contribute to the variance, we have to redefine the
set of polynomial degree tuples α corresponding to the index
set I :

�
No
I := {α s.t. |α| ≤ No, αk = 0, ∀ k ∈ N , k /∈ I } .

According to the definition of�Nr
l,α,I given in Eq. 18, we have

for α ∈ �
No
I , β ∈ �

No
J and l,m ∈ IM

Nr
:

〈
�

Nr
l,α,I , �

Nr
m,β,J

〉
=

∏
i∈I∩J

〈
ψ

Nr
li ,αi

, ψ
Nr
mi ,βi

〉

×
∏

i∈I\J

〈
ψ

Nr
li ,αi

, 2−Nr/2
〉
×

∏
i∈J\I

〈
2−Nr/2, ψ

Nr
li ,αi

〉

× 2−Nr ·#(N \(I∪J ))

= 2−Nr ·#(N \(I∩J ))δα,βδl,m,I∩J . (19)

Here # (N \ (I ∩ J )) denotes the count of elements in N \
(I ∩ J ) and

δl,m,I∩J :=
{
1, li = mi , ∀ i ∈ I ∩ J ,

0, else.

Let us define the main effect of YMR := �Nr,No [Y ] in the j-
th direction. Using the orthonormal relation of the aMR-PC
piecewise polynomials, we obtain

PjYMR =
∫ ∑

l∈IM
Nr

∑
|α|≤No

Y Nr
l,α�

Nr
l,α(θ)�0

0,0(θ) dP(θ)−{ j}

− μMR

=
∑

l∈IM
Nr

∑

α∈�
No{ j}

Y Nr
l,α�

Nr
l,α, j (θ) − μMR .
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The interaction of the components I ⊆ N is given by

PI YMR =
∫ ∑

l∈IM
Nr

∑
|α|≤No

Y Nr
l,α�

Nr
l,α(θ)�0

0,0(θ)dP(θ)−I

−
∑
J�I

PJ YMR

=
∑

l∈IM
Nr

∑

α∈�
No
I

Y Nr
l,α�

Nr
l,α,I (θ)−

∑
J�I

PJ YMR .

(20)

Here we should keep in mind that P∅YMR = μMR . Using
induction on the lengths of the set I , we can transform for-
mulation Eq. 20 into

PI YMR =
∑

l∈IM
Nr

∑

α∈�
No
I

Y Nr
l,α�

Nr
l,α,I (θ)

+
∑
J�I

C I
J

∑

l∈IM
Nr

∑

α∈�
No
J

Y Nr
l,α�

Nr
l,α,J (θ), (21)

for constants C I
J = (−1)#(I\J ), J � I � N .

It could be easily shown by induction that property Eq. 16
is also valid for PI YMR that means

∫
PI YMR dP(θ)− j = 0, ∀ j ∈ I .

Sketch of the proof: Assume that the statement is valid for
all subsets of N of length ≤ l.
Let I ⊂ N , # (I ) = l + 1, j ∈ I . We set J = I \ { j}. Then,
we have

∫
PI YMR dP(θ)− j =

∑

l∈IM
Nr

∑

α∈�
No
J

Y Nr
l,α�

Nr
l,α,J (θ)

−PJYMR −
∑
K�J

PKYMR

−
∑

L�I , j∈L

∫
PLYMR dP(θ)− j

︸ ︷︷ ︸
=0

=
∑

l∈IM
Nr

∑

α∈�
No
J

Y Nr
l,α�

Nr
l,α,J (θ) −

∑
K�J

PKYMR

−
⎛
⎜⎝

∑

l∈IM
Nr

∑

α∈�
No
J

Y Nr
l,α�

Nr
l,α,J (θ) −

∑
K�J

PKYMR

⎞
⎟⎠

︸ ︷︷ ︸
=PJ YMR

= 0.

Using the argumentation from [27, 61, 62], we obtain

〈PI YMR, PJYMR〉=
∫

PI YMR PJYMR dP(θ)=0, (22)

for I �= J , I , J ⊆ N .
Now we can write the Sobol decomposition for the aMR-

PC expansion of the random field YMR using an elegant
recursive formulation of PI YMR given in Eq. 20:

YMR(θ) :=
∑
I⊆N

PI YMR(θI ) =
∑

l∈IM
Nr

Y Nr
l,02

−MNr/2

+
∑
I⊆N

⎛
⎜⎝

∑

l∈IM
Nr

∑

α∈�
No
I

Y Nr
l,α�

Nr
l,α,I (θ) −

∑
J�I

PJ YMR

⎞
⎟⎠ .

In the next step, we consider the computation of the variance
σ 2
I of PI YMR :

σ 2
I := 〈PI YMR, PI YMR〉 .

Using orthogonality Eq. 22 and recombining Eq. 20, we
obtain
〈 ∑

l∈IM
Nr

∑

α∈�
No
I

Y Nr
l,α�

Nr
l,α,I (θ), PJYMR

〉

=
〈
PI YMR −

∑
K�I

PK YMR, PJYMR

〉

= 〈PJYMR, PJYMR〉 , for all J ⊆ I ⊆ N .

Therefore, due to Eqs. 22 and 19 the variance σ 2
I of PI YMR

for index set I ⊆ N is given by

σ 2
I := 〈PI YMR, PI YMR〉

=
∑

l∈IM
Nr

∑

α∈�
No
I

∑

m∈IM
Nr

∑

β∈�
No
I

Y Nr
l,αY

Nr
m,β

〈
�

Nr
l,α,I , �

Nr
m,β,I

〉

−
∑
J�I

〈PJYMR, PJYMR〉

=
∑

l∈IM
Nr

∑

m∈IM
Nr

∑

α∈�
No
I

Y Nr
l,αY

Nr
m,α2

−Nr#(N \I )δl,m,I

−
∑
J�I

〈PJYMR, PJYMR〉 .

(23)

Using similar arguments as in Eq. 21, we obtain the fol-
lowing formulation for the variance index

σ 2
I =

∑

l∈IM
Nr

∑

m∈IM
Nr

∑

α∈�
No
I

Y Nr
l,αY

Nr
m,α2

−Nr#(N \I )δl,m,I

+
∑
J�I

C I
J

∑

l∈IM
Nr

∑

m∈IM
Nr

∑

α∈�
No
J

Y Nr
l,αY

Nr
m,α2

−Nr#(N \J )δl,m,J . (24)
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Also here we should keep in mind that the term related to
J = ∅ is equal to μ2.

Now, using Eq. 23 or Eq. 24, we can compute the
Sobol sensitivity index SY MR

i and the total sensitivity

index SY T ,MR
i for the aMR-PC expansion by the following

formulae

SY MR
I := σ 2

I

σ 2
MR

, SY T ,MR
I :=

∑
J⊆N , I⊆J

SY MR
J .

4.4 Numerical validation of Sobol indices

In this section, we validate the expression of the Sobol
sensitivity indices SY MR

i and the total sensitivity indices

SY T ,MR
i of the aMR-PC expansion provided in Section 4.3.

To approach the main application scenario of the aMR-PC:
random distributions and datasets for which the higher poly-
nomial degrees of the polynomial expansions like aPC are
not suitable by several reasons, e.g., vanishing stochastic
moments, we use the lowest possible nonlinear polynomial
degrees No = 2, 3 and vary the resolution level Nr. For the
sake of completeness, we also provide the results computed
on the aPC [52] (without multi-resolution) for several poly-
nomial degrees generated on the same dataset.

To validate accuracy of computation of the Sobol indices
of the aPC and aMR-PC expansions we use, similar to [62],
the so-called Ishigami function

Y = sin X1 + a sin2 X2 + bX4
3 sin X1. (25)

Here, Xi , i = 1, 2, 3 are the over the interval [−π, π ]
uniformly distributed random variables and a, b ∈ R are
deterministic parameters. The Ishigami function is widely
used in the literature to benchmark sensitivity methods and
it could not be easily captured by polynomial representation
due to its nature. Themost relevant properties of the Ishigami
function are nonlinearity, non-monotonicity and the known
formulae to compute the variance and the Sobol sensitivity
indices analytically

VY = a2

8
+ bπ4

5
+ b2π8

18
+ 1

2
,

S1 = bπ4

5
+ b2π8

50
+ 1

2
, S2 = a2

8
, S3 = 0,

S12 = S23 = S123 = 0, S13 = 8b2π8

225
.

(26)

For the numerical experiments we use the values a = 7
and b = 0.1. Due to our main interest on the data-driven
sensitivity analysis we use the randomly generated dataset

of 106 samples for the construction of the aPC and aMR-
PC expansions, and evaluate the Ishigami function Eq. 25
on the related roots. In Table 2, we provide the analytically
computed Sobol sensitivity indices SI according to Eq. 26
and the total sensitivity indices STI of the Ishigami func-
tion for all possible combinations of the input parameters
I . In Fig. 5, we visualise the comparison of accuracy of
the total sensitivity indices of the aMR-PC and aPC surro-
gate models. Here, we consider the relationship between the
accuracy of the approach and two key factors: the number
of polynomial coefficients, which determines the problem
size, and the number of training samples, which determines
the quantity of PDE-model evaluations needed. Since the
Ishigami function is smooth, themost accurate and less train-
ing samples demanding approach can usually be obtained by
high polynomial degree No and lowest possible number of
MR refinements Nr. Nevertheless, real-world applications
of aMR-PC are usually related to low No and increasing Nr,
due to the higher reliability. Therefore, to validate this type of
approach we compare the results with aPC that is equivalent
to aMR-PC with Nr = 0.

For the comprehensive comparison we refer the reader
to the tables in Appendix. In Table 4, we present the Sobol
sensitivity indices SYI and the total sensitivity indices SY T

I
for the aPC expansion of the Ishigami function for No =
3, 5, 7, 9, 11, 13 as well as their absolute errors in com-
parison to the reference solution shown in Table 2. The
obtained accuracy is comparable to the results presented by
Sudret [62]. However, also for the comparatively high num-
ber of used random samples in the dataset the accuracy can
slightly vary for each new realisation of the random dataset.

Table 2 Analytical Sobol
indices of the Ishigami function
Eq. 25: (a) sensitivity indices
SYI ; (b) total sensitivity indices
SY T

I

SYI

(a)

I = 1 0.3139

I = 12 0.0000

I = 123 0.0000

I = 13 0.2437

I = 2 0.4424

I = 23 0.0000

I = 3 0.0000

SY T
I

(b)

I = 1 0.5576

I = 2 0.4424

I = 3 0.2437
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Fig. 5 Comparison of error of total sensitivity indices for sources I = 1, 2, 3, computed with aPC for No = 3, 5, 7, 9, 11, 13 and aMR-PC for
Nr = 0, . . . , 4, No = 2 (a), (b) and No = 3 (c),(d) w.r.t. the number of polynomial coefficients and the number of training samples

Therefore, to obtain exactly reproducible results, seed should
be used. In Table 5, we provide the Sobol sensitivity indices
SY MR

I and the total sensitivity indices SY T ,MR
I for the aMR-

PC representation of the Ishigami function for No = 2 and
Nr = 0, . . . , 3 and also their absolute errors in comparison
to the reference solution shown in Table 2.

This numerical experiment demonstrates the convergence
of the Sobol sensitivity indices SY MR

i and the total sen-

sitivity indices SY T ,MR
i of the aMR-PC expansion of the

Ishigami function for increasing Nr. Accuracy of the Sobol
indices computed using aMR-PC expansion, that could be
achieved by increasing the number of refinements Nr, is
at least comparable with the accuracy of the approxima-
tion of the Sobol sensitivity indices SYi and SY T

i provided
by the aPC expansion of higher polynomial degree, which
also shows the convergence to the analytical solution for
increasing polynomial degree. Partially higher computa-
tional costs and complexity of the aMR-PC expansion is an
acceptable price for use of the PCE based framework if a
global PCE expansion is not suitable for higher polynomial
degree.

5 Global sensitivity analysis for coupled
Stokes–Darcy flow problems

In this section, we apply the methods proposed in Sections 3
and 4 to the model introduced in Section 2. In this setting, we
are interested in the impact of uncertain model parameters
on the velocity distribution v = (u, v). Therefore, we will
proceed as follows. In Section 5.1, we discuss accuracy of
the aMR-PC surrogate models of the tangential and normal
components of velocity u and v, respectively.

We consider the free-flow domain Ωff = [0, 2] × [γ, 1],
the porous-medium region Ωpm = [0, 2] × [−1, γ ] and the
sharp fluid–porous interface Γ = [0, 2] × {γ }, i.e., H = 1,
B = 1 and L = 2 (Fig. 1). The inflow boundary conditions
in Eq. 2 on the top boundary and side boundaries are taken

vff = (0,−0.1 sin(πx)) on Γ
top
D,ff ,

vff = 0 on Γ l
D,ff ∪ Γ r

D,ff ,
(27)

where the top boundary is Γ
top
D,ff = [0, 2] × {1}, the side

boundaries are Γ l
D,ff = {0} × (γ, 1), Γ r

D,ff = {2} × (h, 1),
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ΓD,ff = Γ
top
D,ff ∪ Γ l

D,ff ∪ Γ r
D,ff , and the outflow boundary is

ΓN ,ff = {2} × (γ, h]. The intervals for the outflow opening
width h and the exact position of the interface γ are given in
Table 1.

We consider the no-flow boundary conditions for the
porous-medium domain, i.e., in Eq. 4 we have

vpm = 0 on ΓN ,pm, (28)

where the no-flow boundary is ΓN ,pm = {0} × (−1, γ ) ∪
[0, 2] × {−1} ∪ {2} × (−1, γ ).

The dynamic viscosity is μ = 10−3 [Pa s] and the
gravitational effects are neglected both in the free-flow and
porous-medium models, i.e. g = 0 in Eqs. 1 and 3. The typ-
ical values and the considered intervals for the permeability
tensor K = kI in Eqs. 3 and 7 as well as for the Beavers–
Joseph slip coefficient αBJ in the interface condition Eq. 7
are provided in Table 1.

We discretize the coupled Stokes–Darcy model Eqs. 1–7
using the second-order finite volume method on staggered
grids that are conforming at the fluid–porous interface. We
use the Cartesian mesh and consider 201 × 202 control vol-
umes in the coupled domain Ωff ∪ Ωpm. This means that
we have to compute 40 602 piecewise polynomial expan-
sions, one for each node in the spatial mesh. However, in
this paper we omit use of sparsity or adaptivity concepts and
work with the full-tensor expansion to avoid possible influ-
ence of the adaptivity related artefacts on the results. Finally,
in Section 5.2, we apply the aMR-PC surrogate models to
compute the Sobol indices which describe the global sensi-
tivity of the surrogate model.

5.1 Uncertainty quantification

Mean (E) and variance (σ 2 = V) or standard deviation (σ )
are the moments which are commonly used for description
of random fields. For the validation of the aMR-PC surro-
gate model we compare mean and standard deviation of the
aMR-PC expansion of the tangential velocity u and the nor-
mal velocity v using Eq. 13, Eq. 14 with the reference mean
and standard deviation obtained from the MC approach for
M = 50 000 realisations. To ensure a realistic selection of
(Nr, No) we have chosen to focus on a polynomial degree
No = 2 for aMR-PC. Due to our experience, the lowest
nonlinear polynomial degree No = 2 is a very common
compromise between reliability and accuracy if no additional
information is available. Another consideration is the limi-
tation imposed by the number of model runs. To address
this, we have set the number of refinements Nr to 2, which
allows for a reasonable number of samples. Furthermore,
assessment of amore accurate approximate solutionwill also

require amore accurate reference solution. In Fig. 6, we visu-
alize the computational effort in terms of number of training
samples and number of polynomial coefficients that is nec-
essary to address a certain polynomial degree No for given
Nr = 0, 1, 2 in case of four uncertainmodel input parameters
(M = 4) (Fig. 7).

We visualise the results in Fig. 8 providingmean, standard
deviation and log-variance of velocity v = (u, v) computed
using the coefficients of the aMR-PC expansion for poly-
nomial degree No = 2 and refinement level Nr = 2. We
present mean, standard deviation and log-variance of theMC
reference solution for M = 50 000 realisations in Fig. 7.
Visually, the results of the aMR-PC approach conform with
theMC results. Also the log-variance of u and v used to visu-
alise values of variances, which are close to zero, shows the
same behaviour.

Fig. 6 Computational effort in terms of (a) number of training samples
and (b) number of polynomial coefficients to obtain a polynomial degree
No = 2, . . . 8 for Nr = 0, 1, 2 in case M = 4
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Fig. 7 Mean E, standard deviation σ and log-variance log σ 2 of tan-
gential (left) and normal (right) velocities computed with MC for
M = 50 000

Beyond of the visual examination, we compute the spatial
averaged L2-error ofmean and standard deviation in compar-
ison with the reference solution provided byMC and provide
the results in Table 3. These results show the error decay
for increasing polynomial degree No as well as refinement
level Nr, where the aMR-PC expansion allows to obtain the
same or slightly higher accuracy. The presented aMR-PC
concept could be also seen as a generalization of the aPC
representation, where the aMR-PC with Nr = 0 is equiv-
alent to pure aPC expansion. The pure aPC expansion can
only handle the nonlinearity of the underlying problem by
increasing the degree of expansion, which is only appropri-
ate for smooth problems. Unfortunately, increasing the aPC
expansion degree results in a substantial increase in the num-
ber of expansion terms that could be hardly handled in the
post-processing (e.g. mentioned above 40 602 polynomial
expansions). In contrast, the aMR-PC could also handle the
nonlinearity of the underlying problem via decomposition
onto the stochastic subdomains Nr, without the need for a
high expansion degree in each subdomain. Moreover, due
to the decoupled structure of aMR-PC with Nr > 0, each

Fig. 8 Mean E, standard deviation σ and log-variance log σ 2 of tan-
gential (left) and normal (right) velocities computed with aMR-PC for
Nr = 2 and No = 2

stochastic subdomain can be post-processed independently.
For example, the low polynomial degree No = 2 requires
only 15 realizations (cf. Section 3 for details) to be processed
simultaneously.

Now that we have shown that the aMR-PC-surrogate
model describes the Stokes–Darcy flow problem with appro-
priate accuracy, we can proceed with the GSA in Section 5.2.

5.2 Global sensitivity analysis using Sobol indices

In this section, we use the Sobol sensitivity and total sensi-
tivity indices for the global sensitivity analysis to describe
the impact of the single uncertain parameter or parameter
combinations on the model output of the surrogate model.

We visualise the distribution of the total sensitivity indices
in space computed with aMR-PC for No = 2 and Nr = 2 in
Fig. 9, where the total Sobol indices of both velocity compo-
nents u and v are presented for the uncertain Beavers–Joseph
slip coefficient αBJ, the interface location γ , the permeabil-
ity k and the outflow opening width h. Spatial distribution of
the total Sobol indices in Fig. 9 indicates that the interface
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Table 3 Spatial averaged
L2-error in mean E[·] and
standard deviation σ [·]
computed by aPC and aMR-PC
in comparison with reference
solutions provided by MC with
50 000 realisations

aPC Error

(a) E[u]
No = 2 3.52e-03

No = 4 2.07e-03

No = 6 1.40e-03

No = 8 8.41e-04

aMR-PC Error

Nr = 1/No = 2 1.34e-03

Nr = 2/No = 2 5.05e-04

(b) σ [u]
No = 2 8.34e-03

No = 4 6.32e-03

No = 6 6.70e-03

No = 8 4.90e-03

aMR-PC Error

Nr = 1/No = 2 4.91e-03

Nr = 2/No = 2 3.41e-03

(c) E[v]
No = 2 1.95e-03

No = 4 1.25e-03

No = 6 8.62e-04

No = 8 3.80e-04

aMR-PC Error

Nr = 1/No = 2 8.92e-04

Nr = 2/No = 2 3.22e-04

(d) σ [v]
No = 2 6.13e-03

No = 4 3.45e-03

No = 6 3.69e-03

No = 8 2.86e-03

aMR-PC Error

Nr = 1/No = 2 2.87e-03

Nr = 2/No = 2 2.68e-03

location and outflow opening significantly influence both
velocity components. However, Fig. 9 reveals the detailed
information about the relationship between the interface
location, outflow opening and their impact on the spatial
distribution of velocities. It appears that both velocity com-
ponents demonstrate highly nonlinear behaviour in response
to changes in the interface location and outflow opening, par-
ticularly in themiddle of the coupled domain indicated by the
sharp fronts in Fig. 9 (c, d, g, h). Horizontal sharp fronts are
related to the common interface between two domains. The

Fig. 9 Total Sobol indices of velocity (u, v) for uncertain Beavers–
Joseph parameter αBJ, interface location γ , permeability k and outflow
opening h computed with aMR-PC for Nr = 2 and No = 2

exact location of the fluid–porous interfacemainly influences
the velocity in the free-flow domain (Fig. 9 (c, d)). Since the
free-flow velocity is much higher than the porous-medium
velocity, the change in the domain size due to the interface
position influences the velocity in the free-flow region much
stronger in comparison to the porous medium. Since we con-
sider low permeable media, fluid flow through the porous
medium is more sensitive to permeability variations than the
free flow (Fig. 9 (e, f)). The outflow opening controls flow
direction in the free-flow domain. Therefore, it influences
mainly fluid flow near the right boundary (outflow) and in
the porous medium, since the direction of the flow to the
interface is varying and thus affecting the infiltration velocity
(Fig. 9 (g, h)). Additionally, the strong correlations between

123



820 Computational Geosciences (2023) 27:805–827

the interface location and outflow opening are illustrated in
Fig. 9 (c, d) and (g, h). Here we should keep in mind that the
Sobol indices (and also the total sensitivity indices, which
are derived from them) are by definition normalised by the
variance. Therefore, the results in areas where the variance is
close to zero are not necessarily meaningful from the mod-
elling point of view, since the influence of the numerical error
can be emphasised.

To obtain a concise representation we use the space
averaged sensitivity indices. In Tables 6 and 7 the space
averaged sensitivity indices of velocity components u and
v are presented. We use the following uncertain parameter
indices:

I = 1 for the Beavers–Joseph slip coefficient αBJ,
I = 2 for the interface location γ ,
I = 3 for the permeability k,
I = 4 for the outflow opening width h.

We note that also in this case the space averaged sensitiv-
ity indices computed using the aPC (Nr = 0) and aMR-PC
(Nr > 0) expansions demonstrate similar behaviour. Visu-
alisation of the space averaged sensitivity indices for Nr =
2, No = 2 is presented in Fig. 10 for both velocity compo-
nents. From Fig. 10(c) and (d) we observe that the coupled
Stokes–Darcy model Eqs. 1–7 is very sensitive to the exact
location of the sharp fluid–porous interface γ , the outflow
openingwidth h and the permeability k. The Beavers–Joseph
slip coefficient αBJ, at least with respect to the proposed
probability distribution on the considered interval (Fig. 2(a)
and Table 1), does not play such an important role for the
velocity field in the whole coupled domain. However, it is
essential for the tangential velocity component in the near-
interface region as can be seen from Fig. 9(a). In addition to
contribution of parameters γ , h and k on the overall flow
behaviour, the domains of relevance for these parameters
on both velocity components can be seen from Fig. 9(c)–
(h). Note that, as mentioned in the beginning of this section,
the Sobol indices are in general not meaningful in domains,
where the variance is close to zero, due to normalisation by
the variance. More precisely, here it can not be excluded
that the variance of the model uncertainty is closer to zero
than the variance of the computational uncertainty/numerical
error that is almost always inherently included in results of
numerical simulations, with the consequence that the com-
putational uncertainty becomes dominating in the results of
GSA. Therefore, the sensitivity indices should be consid-
ered together with the variance, e.g., zero variance regions in
Fig. 8 and the related regions in Fig. 9.

6 Discussion and conclusions

In this paper, we proposed a new method to compute the
Sobol sensitivity indices and performed with them the GSA
on aMR-PC surrogate models. This provides the flexibility
and reliability which are necessary for realistic and data-
driven models. First, we verified the numerical accuracy of
the method on the Ishigami function, which is one of the
standard benchmark problems for GSA, and compared the
computed Sobol indices not onlywith known analytical solu-
tions but also with the Sobol indices computed from the
related PCE coefficients.

The goal of this work was to improve the applicabil-
ity of the GSA for real world applications. We considered
the coupled Stokes–Darcy flow model with four uncertain
parameters and provided an overview over the applica-
tion of the aMR-PC based GSA workflow. We extended
the Stokes–Darcy problem formulation introducing uncer-
tain model parameters and boundary conditions and pro-
posed the appropriate probability distribution/dataset for
each input parameter. In the next step, we developed and
validated the (piecewise) polynomial based surrogate mod-
els for the coupled Stokes–Darcy flow problem. Then, we
proceeded with the computation of the sensitivity indices
of the aMR-PC surrogate model and the interpretation
of the obtained results. We also provided the sensitivity
indices computed from the PCE coefficients for the sake of
comparison.

Analysing the total sensitivity indiceswe observed that the
aMR-PC surrogate of the Stokes–Darcy flow model with the
classical interface conditions is very sensitive to the exact
position of the fluid–porous interface, the outflow open-
ing width and the permeability. The Beavers–Joseph slip
coefficient does not significantly influence the overall flow
behaviour, at least for the proposed probability distribution
on the considered interval. However, this parameter impacts
the tangential velocity component near the interface. Since
we consider low permeable porous media in this work, the
porous-medium velocity is very slow. The permeability from
the considered interval k ∈ (10−8, 10−5) has almost no influ-
ence on the free-flow velocity. Therefore, the contribution
of the permeability to the variance is much lower (in space
average) in comparison to those of the interface location
and the outflow opening. The contribution of the cross-
effects seems to be proportional to the single contributions
of the related uncertain parameters such that no unexpected
cross-effects are observed. For example, the influence of the
Beavers–Joseph coefficient αBJ is very low in general, there-
fore, the influence of the related cross-effects is also almost
negligible.
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Fig. 10 Space averaged Sobol
and total sensitivity indices of
velocity: (a), (b) mean Sobol
indices; (c), (d) mean total
sensitivity indices

Use of surrogate models for the GSA allows to signif-
icantly reduce the number of the required model runs. In
particular, the polynomial based surrogate models provide
computationally efficient methods to obtain the sensitivity
indices. The aMR-PC based GSA proposed in this work
allows to overcome typical challenges of the polynomial
based surrogate models such as rough model output and high
memory requirement due to the high polynomial degree by
means of localization.

One of the possible extensions of this work is to apply the
proposed technique for the GSA of the Stokes–Darcy prob-
lemwith the alternative set of interface conditions developed
in [4]. These coupling conditions contain several uncer-
tain parameters where the intervals and typical values are
unknown. By utilizing the proposed GSA, it becomes pos-
sible to determine the significance of these parameters. This
enables an informed approach to model reduction.

Another extension is to apply the same set of interface con-
ditions as in this work but consider anisotropic porousmedia.
In this case, the permeability is a full tensorK = (ki j )1≤i, j≤d

containing, e.g., four entries in two space dimensions (d =
2). There are two different ways, e.g. [18, 29, 41, 42], to com-
pute

√
K appearing in theBeavers–Joseph interface condition

Eq. 7:

√
K := √

tr(K)/d and
√
K := √

(Kτ )·τ . (29)

These definitions are equivalent for isotropic porous media
(K = kI, k > 0) which are studied in this work. However, for

orthotropic (K = diag{k11, . . . , kdd}) and anisotropic porous
media the calculation of

√
K using formulations in Eq. 29

yields two different results.
Modelling fluid flow, species and energy transport in

porous media and in coupled flow systems using volume
averaging or thermodynamically constrained averaging the-
ory often yields nonlinear problem formulations containing
many uncertain parameters, e.g. [31, 47, 51]. High number
of the uncertain model parameters makes the straightforward
UQwithout any pre-selection of the parameters computation-
ally unfeasible. The GSA method proposed in this work is
therefore an effective strategy for such informative model
reduction and model calibration.

Appendix A

In this section, we provide additional tabularized data which
support the results presented in Section 4.4 and visualised
in Fig. 5. In particular, in Table 4 the Sobol sensitivity and
the total sensitivity indices computed from of the polynomial
coefficients of the aPC expansion together with the related
errors are presented. The results for the aMR-PC surrogate
model are given in Table 5. Further, Tables 6 and 7 show
space averages Sobol and total sensitivity indices of tangen-
tial velocity u and normal velocity v respectively, visualized
in Fig. 10.
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Table 4 Sobol indices for aPC
expansion of the Ishigami
function: (a) sensitivity indices;
(b) total sensitivity indices;
(c) error of the sensitivity
indices; (d) error of the total
sensitivity indices

No = 3 No = 5 No = 7 No = 9 No = 11 No = 13

(a)

I = 1 0.5622 0.4112 0.3198 0.3140 0.3139 0.3139

I = 12 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

I = 123 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

I = 13 0.1059 0.3125 0.2485 0.2438 0.2437 0.2437

I = 2 0.3319 0.2763 0.4316 0.4422 0.4424 0.4424

I = 23 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

I = 3 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

(b)

I = 1 I = 2 I = 3

No = 3 0.6681 0.3319 0.1059

No = 5 0.7237 0.2763 0.3125

No = 7 0.5684 0.4316 0.2485

No = 9 0.5578 0.4422 0.2438

No = 11 0.5576 0.4424 0.2437

No = 13 0.5576 0.4424 0.2437

(c)

No = 3 No = 5 No = 7 No = 9 No = 11 No = 13

I = 1 2.48e-01 9.73e-02 5.91e-03 1.07e-04 1.65e-05 1.75e-05

I = 12 6.21e-30 1.17e-30 8.16e-31 4.26e-30 3.84e-30 6.28e-30

I = 123 6.62e-34 4.95e-31 1.96e-30 4.04e-30 6.23e-30 1.55e-29

I = 13 1.38e-01 6.88e-02 4.86e-03 7.90e-05 1.84e-05 1.92e-05

I = 2 1.11e-01 1.66e-01 1.08e-02 1.86e-04 3.49e-05 3.67e-05

I = 23 4.44e-31 4.38e-31 2.00e-30 4.67e-30 8.10e-30 1.55e-29

I = 3 2.65e-10 6.22e-11 3.61e-11 3.67e-11 3.64e-11 3.64e-11

(d)

I = 1 I = 2 I = 3

No = 3 1.11e-01 1.11e-01 1.38e-01

No = 5 1.66e-01 1.66e-01 6.88e-02

No = 7 1.08e-02 1.08e-02 4.86e-03

No = 9 1.86e-04 1.86e-04 7.90e-05

No = 11 3.49e-05 3.49e-05 1.84e-05

No = 13 3.67e-05 3.67e-05 1.92e-05

Table 5 Sobol indices for
aMR-PC expansion of the
Ishigami function for No = 2:
(a) sensitivity indices; (b) total
sensitivity indices; (c) error of
the sensitivity indices; (d) error
of the total sensitivity indices

Nr = 0 Nr = 1 Nr = 2 Nr = 3 Nr = 4

(a)

I = 1 0.5473 0.2909 0.3211 0.3141 0.3139

I = 12 0.0000 0.0000 0.0000 0.0000 0.0000

I = 123 0.0000 0.0000 0.0000 0.0000 0.0000

I = 13 0.0000 0.1283 0.2414 0.2434 0.2436

I = 2 0.4527 0.5808 0.4376 0.4425 0.4424

I = 23 0.0000 0.0000 0.0000 0.0000 0.0000

I = 3 0.0000 0.0000 0.0000 0.0000 0.0000
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Table 5 continued Nr = 0 Nr = 1 Nr = 2 Nr = 3 Nr = 4

(b)

I = 1 I = 2 I = 3

Nr = 0 0.5473 0.4527 0.0000

Nr = 1 0.4192 0.5808 0.1283

Nr = 2 0.5624 0.4376 0.2414

Nr = 3 0.5575 0.4425 0.2434

Nr = 4 0.5576 0.4424 0.2436

(c)

Nr = 0 Nr = 1 Nr = 2 Nr = 3 Nr = 4

I = 1 2.33e-01 2.30e-02 7.17e-03 2.28e-04 2.35e-06

I = 12 2.22e-16 0.00e+00 5.00e-16 4.00e-15 7.77e-16

I = 123 6.85e-18 2.46e-16 5.38e-16 3.73e-15 5.42e-15

I = 13 2.44e-01 1.15e-01 2.33e-03 2.76e-04 3.44e-05

I = 2 1.03e-02 1.38e-01 4.84e-03 4.81e-05 3.67e-05

I = 23 6.85e-18 1.34e-16 6.49e-16 5.28e-15 7.93e-16

I = 3 7.40e-11 2.19e-10 3.85e-11 3.65e-11 3.65e-11

(d)

I = 1 I = 2 I = 3

Nr = 0 1.03e-02 1.03e-02 2.44e-01

Nr = 1 1.38e-01 1.38e-01 1.15e-01

Nr = 2 4.84e-03 4.84e-03 2.33e-03

Nr = 3 4.81e-05 4.81e-05 2.76e-04

Nr = 4 3.67e-05 3.67e-05 3.44e-05

Table 6 Space averaged Sobol
and total sensitivity indices of
tangential velocity u: (a) mean
Sobol indices; (b) mean total
sensitivity indices

No = 2 No = 4 No = 6 No = 8 Nr = 1/No = 2 Nr = 2/No = 2

(a)

I = 1 7.74e-04 1.52e-03 2.19e-03 2.78e-03 1.61e-03 2.09e-03

I = 12 1.79e-04 1.10e-03 2.93e-03 5.81e-03 1.18e-03 1.70e-03

I = 123 0.00e+00 3.98e-05 1.50e-04 3.48e-04 7.79e-05 9.85e-05

I = 1234 0.00e+00 1.36e-06 1.28e-05 2.52e-05 8.74e-06 1.12e-05

I = 124 0.00e+00 6.74e-05 2.50e-04 4.88e-04 8.07e-05 1.31e-04

I = 13 2.77e-05 1.50e-04 1.72e-04 1.96e-04 1.43e-04 1.32e-04

I = 134 0.00e+00 1.44e-04 4.27e-04 3.75e-04 2.45e-04 3.51e-04

I = 14 7.49e-05 1.02e-03 2.12e-03 1.95e-03 8.12e-04 1.50e-03

I = 2 4.14e-01 4.13e-01 4.27e-01 4.25e-01 4.12e-01 4.09e-01

I = 23 2.93e-03 1.05e-03 7.83e-04 6.88e-04 1.56e-03 8.55e-04

I = 234 0.00e+00 8.62e-04 7.28e-04 6.95e-04 1.25e-03 9.34e-04

I = 24 1.90e-02 2.34e-02 2.68e-02 2.76e-02 2.61e-02 2.62e-02

I = 3 8.68e-02 4.18e-02 2.77e-02 2.24e-02 4.87e-02 2.85e-02

I = 34 2.79e-02 3.84e-02 3.52e-02 3.50e-02 4.16e-02 3.96e-02

I = 4 4.36e-01 4.65e-01 4.62e-01 4.65e-01 4.53e-01 4.76e-01
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Table 6 continued No = 2 No = 4 No = 6 No = 8 Nr = 1/No = 2 Nr = 2/No = 2

(b)

I = 1 1.06e-03 4.04e-03 8.26e-03 1.20e-02 4.15e-03 6.01e-03

I = 2 4.36e-01 4.40e-01 4.58e-01 4.60e-01 4.42e-01 4.39e-01

I = 3 1.18e-01 8.24e-02 6.52e-02 5.97e-02 9.36e-02 7.05e-02

I = 4 4.83e-01 5.29e-01 5.28e-01 5.31e-01 5.23e-01 5.45e-01

Table 7 Space averaged Sobol
and total sensitivity indices of
normal velocity v: (a) mean
Sobol indices; (b) mean total
sensitivity indices

No = 2 No = 4 No = 6 No = 8 Nr = 1/No = 2 Nr = 2/No = 2

(a)

I = 1 5.67e-04 1.05e-03 1.38e-03 1.61e-03 1.18e-03 1.58e-03

I = 12 1.21e-04 4.43e-04 6.31e-04 7.02e-04 6.00e-04 6.44e-04

I = 123 0.00e+00 1.75e-05 3.21e-05 3.25e-05 3.57e-05 3.06e-05

I = 1234 0.00e+00 2.59e-06 2.44e-05 2.87e-05 1.76e-05 2.37e-05

I = 124 0.00e+00 1.06e-04 3.09e-04 3.54e-04 1.41e-04 2.05e-04

I = 13 1.91e-05 1.07e-04 1.05e-04 9.45e-05 9.72e-05 9.48e-05

I = 134 0.00e+00 1.45e-04 4.38e-04 3.84e-04 2.38e-04 3.43e-04

I = 14 8.80e-05 1.03e-03 2.19e-03 1.98e-03 8.00e-04 1.48e-03

I = 2 3.41e-01 3.40e-01 3.46e-01 3.43e-01 3.41e-01 3.38e-01

I = 23 1.89e-03 7.64e-04 6.82e-04 6.15e-04 1.02e-03 6.66e-04

I = 234 0.00e+00 2.30e-03 2.11e-03 2.10e-03 3.03e-03 2.46e-03

I = 24 3.80e-02 4.30e-02 4.88e-02 5.01e-02 4.65e-02 4.81e-02

I = 3 7.00e-02 3.54e-02 2.49e-02 2.06e-02 3.98e-02 2.42e-02

I = 34 3.22e-02 4.03e-02 3.69e-02 3.69e-02 4.32e-02 4.04e-02

I = 4 5.03e-01 5.23e-01 5.24e-01 5.30e-01 5.10e-01 5.30e-01

(b)

I = 1 7.95e-04 2.90e-03 5.10e-03 5.18e-03 3.11e-03 4.40e-03

I = 2 3.82e-01 3.87e-01 3.98e-01 3.97e-01 3.92e-01 3.90e-01

I = 3 1.04e-01 7.90e-02 6.52e-02 6.08e-02 8.74e-02 6.82e-02

I = 4 5.73e-01 6.10e-01 6.14e-01 6.21e-01 6.04e-01 6.23e-01

Appendix B

An important question is how accurate the aPC and aMR-
PC based surrogate models, provided in Sec. 5, approximate
the numerical solution of the coupled Stokes-Darcy problem.
Partially this question was already addressed by considering
of the L2-error in mean and variance presented in Table 3.

In Fig. 11, we compare the predictions of the velocity
component u made by evaluation of aPC/aMR-PC surrogate
models on 10.000 (randomly sampled) input parameter sets
with model output to assess the prediction performance of
the used surrogate models. More precisely, Fig. 11(a) shows

the scatter plot for one arbitrary chosen point in space
for aPC/ with No = 8 and aMR-PC with Nr = 2, No = 2. In
Fig. 11(b) we present the LogLog plots of Mean Squared
Error (MSE) over all samples and spacial expansions vs.
number of training samples/model evaluations for aPC on
No = 2, 4, 6, 8 and aMR-PC for No = 2, Nr = 1, 2. In
all tests, aMR-PC achieves moderately but visible higher
accuracy. Since aPC works mostly accurate but is also out-
performed by aMR-PC already on similar number of training
samples, this can be also interpreted as an indication for small
but measurable presence of heterogeneity’s in the model
response.
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Fig. 11 Surrogate model accuracy comparison aPC vs. aMR-PC on
10.000 evaluation samples
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