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Let Q be a domain in R" and let me N be given. We study the initial-boundary value problem for the
equation

F(t, x, D?™u(1, x), D™3,u(t, x), d2u(t, x)) = f(t, x)

with a homogeneous Dirichlet boundary condition; here u is a scalar function, DTu := (82u), <n and
certain restrictions are made on F guaranteeing that energy estimates are possible. We prove the existence
of a value of T > 0 such that a unique classical solution u exists on [0, 7] x Q. Furthermore, we show that
T - o if the data tend to zero.

1. Introduction

Let Q be a domain in R” and let me N be given. For every sufficiently smooth
function u defined on [0, T] x Q we set

ollu(t, x)
Ox3. .. 0ox

Pu(t, x) := (D2™u(t, x), D™d,u(t, x), d2u(t, x)).

D™u(t, x) = (a;u(:,x)= la] =ay + - -~ +a,.<m),

In this paper we study for a scalar function u the mixed problem

F(t, x, Du(t, x)) = f(t, x) in [0, T]xQ, (1.1)
D™ lu(t,x)=0 on [0, T]x3Q, (1.2)
u(0,x) = u®(x),  0,u(0, x) = u'(x) inQ (1.3)

under certain restrictions on F guaranteeing that (1.1) is a non-linear wave equation.
For example,

F(t,x, Dut, x)) = Fu(t, x) — Y. a,(t, x, Diu(t, x))0%u(t, x), (1.4)
le] <2

where the coefficient a, have to obey a special ellipticity condition (compare (2.16)).
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The restrictions made on F can be roughly described as follows. Differentiating (1.1)
with respect to ¢t and dividing the result by 0F/9(0?u) we obtain

3ult, x) + o, (£)d,ul(t, x) + B,(£)02u(t, x) = g,(¢t, x) (1.5)

in [0, T] x ; here «/,(t) and %,(t) denote families of spatial operators of order 2m
and m, respectively, having coefficients depending on (¢, x, Zu(t, x)), and g, is suitably
defined (compare (2.7)—(2.11)). We suppose that o/ ,(¢) is uniformly strongly elliptic for
every te [0, T]. Furthermore, we assume that there exists a (not necessarily positive)
constant ce R such that

Re(B,(t)p, 0> 2 cllol® for pe H™(Q), te[0,T], (1.6)

where {.,.)> and ||. || denote the inner product and the norm in L,(Q), and H Q)
denotes the closure of CJ(Q) in the mth Sobolev space H™(£2). We mention that (1.6)
holds in the case m = 1 if only F is supposed to be real valued. For details compare
section 2 and especially Assumption 2.1.

We prove the existence of a T > 0 such that (1.1)-(1.3) has a unique solution

ue@k = (k] Ci([0, T, H*~m(Q)) (1.7)
j=0

with k = [n/2m] + 6([r] := max {keN:k < r}). Then u is a classical solution (com-
pare Lemma 5.1). For functions ue €% we understand (1.2) in the sense that

u(t) = u(t, )e H™(Q) for te[0, T]. (1.8)
We require that the solution u of (1.1)—(1.3) satisfies
sup_ Qu(t, x)| <M (1.9)
[0, T]1xQ

for a given M > 0, since the properties of &/, and %, mentioned above will only be
supposed if u satisfies (1.9). In order to guarantee (1.9) we have to assume that the data
(and F) are suitable.

Definition 1.1. Let u°eC*™Q), u'eC™Q) and feC([0, T1xQ). We say that
u° ul, f) e # if and only if there exists a u? € C(Q) such that

F(0, x, D2™u°(x), D™u'(x), u*(x)) = f(0, x) in Q, (1.10)
sup (|D2mu(x)| + [D7ul (x)] + [u?(x)]) < §M. (1.11)
xeQd

Now we can formulate the main theorem of this paper:

Theorem 1.1. Let k > ko = [n/2m] + 6 and M > 0 be given. Assume that F satisfies
Assumption 2.1 and that u® € H*"(Q), ut e H*~Y™(Q), fe €% > n C* ([0, T], L,(Q))
such that (u®, u, f)€ # satisfies the natural compatibility condition of order k (compare
section 3). Then there exists a T'€(0, T'] depending only on

T [ko—2 )
N:=|u° lkom + [l ! o - 1ym + J < .Zl 107 f ()Ml ho-2-jym + ||a:‘°_1f(t)||>dt
=

0
ko—2 .
+ SUP( Yo aff(t)ll(ko_z_ﬁ...> (1.12)
[0,T) \ j=0

(and F,Q, M) such that (1.1)-(1.3) has a unique solution ue%%., which is a classical
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solution. If the assumptions are satisfied for every k = kg, then
ue C>([0, T'1x Q). (1.13)

Remark (1) The regularity conditions made on u° and u' are necessary conditions for
a solution u to be in €%, as will be shown in section 3. Therefore, we can continue the

solution u for t > T’ by Theorem 1.1 as long as sup | 2u(t, x)| < $M. If Assumption
XEﬁ
2.1 is satisfied for every M > 0, then we can continue the solution until a blow-up

occurs.
Remark (2) In addition to Theorem 1.1 we prove that

T 2 O(loglogN™') asN |0 (1.14)
(compare section 7).

Remark (3) If problem (1.1)—(1.3) is quasilinear as in example 2 at the end of the
section 2, it suffices to suppose that k > k;, — 1 in Theorem 1.1. This can be shown by
a modification of the proof of Lemma 6.1.

Inthecasem = 1,k = [n/2] + 8, Theorem 1.1 has already been proved by Shibatah
and Tsutsumi [7]. In addition to generalization of their result to higher values of m we
give a simpler proof, which makes possible the estimate (1.14).

The proof of Theorem 1.1 is based on the following idea: let u € €%° be a solution of
(1.1)—(1.3). Differentiating (1.1) with respect to t we obtain (1.5). We set v := d,u and
conclude that

02u(t) + o, (H)o(t) + B,(t)00(t) = g,(t) for te[0, T],
v(t)e H™(Q) for te[0, T, (1.15)
v(0) = u?, 3,v(0) = u?,

t

u(t) =u + f v(r)dt for te[0, T]. (1.16)
V]
Here we omit the variable x and understand the equations in L,(Q). Then (u, v)
(sufficiently smooth) is a solution of (1.15) and (1.16) if and only if v = 8,u and u solves
(1.1)—(1.3).
We define a mapping @ : ur— ®[u] by

Ol[u](t):=u® + f v(r)dt for te[0, T], 1.17)
(1]

where v is the unique solution of (1.15). By an existence theorem for linear equations
contained in [6] it follows that @ is a mapping from

@ = () CU([0, T, HE (@) (1.18)
j=1

into itself. Note that C([0, T'], H*"(€2)) does not contain €%, but €%. By energy
estimates it follows that @ is a_contraction. This will give us the existence and
uniqueness of a fixed point ue %% of ® for some T’ > 0, which is a solution of
(1.1)—(1.3). The higher regularity of u can be proved by induction in the same time
interval [0, T"].
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This method could also be applied to hyperbolic systems and to hyperbolic
equations with non-linear boundary conditions. In a conference in March 1990 the
author learned that H. Koch [5] uses the same idea to study equations of second
order (m = 1) with non-linear boundary conditions.

The author is thankful to Prof. Leis for giving him the opportunity of staying one
and a half year in the stimulating atmosphere of his group.

This paper was partially supported by the Deutsche Forschungsgemeinschaft
(SFB 256).

2. Notation and assumptions
By Q we denote a domain in R” having a smooth boundary 6Q € C ® such that 0Q is
bounded (or empty) or such that Q has the form
Q=R"xQ (2.1)

with bounded Q' < R*~". The set Cy(Q) consists of all the infinitely many differ-
entiable functions having compact support in Q. Futhermore, let

Q) = {peCi(Q):8%¢ is bounded in Q for xe N3, || < j},
where |a| :=a; + - - - + a,. For every sufficiently smooth function ¢ we set
Dip:=@%p:xeNg, laj =j), Dig:=(@i¢p:aeNg, || <)) 22

(jeN). By (.,.» and | - || we denote the inner product and the norm in L,(Q), and
- Il ; denotes the norm in the jth Sobolev space H/(Q).
If ue €% (compare (1.7)), then

k
lu()le = Zo I07u(t) 4~ ym for te[0, T, (2.3)
=
Mulll, 7 := sup Ju(t)l,. 24
(0.7

For u E(E“T (compare (1.18)) we set

k
lu(e)ly = _Zl 07 u() - jym + N18(E) k= 1ym
=
=10u(t)li-1 + lu() |- 1ym forte[0, T], 2.3)
ulll, 7= sup |u(t)ls. (2.6)
(0.7

In order to pose the assumptions to be made on F, we set u = (o, iy, 4,) With
po = (U |a) < 2m), p; = (uP:1Bl < m) and p®, uP, u,eC. This notation means
that in the case p= u(t,x) we have u{ =0%u(t,x), u'® =2a30,u(t,x) and
u, = 02u(t, x). The operators .o, and 4@, used in (1.5) and (1.15) are given by

()= Y alt., Du(t,.)ds, @27
|a] € 2m
B, =Y by(t, ., Du(t,.)) 0%, (2.8)

[Bl<m
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where
oF 1 ®F
aa(ta X, .u') = (5”—2(t, X, H)) W(ta X, Il), (29)
oF -1 dF
by(t, x, p) = (6—;12(t’ X, #)) W(ta X, §). (2.10)

Furthermore, g, used in (1.5) and (1.15) is given by
gu(t, x) = g(t, x, Du(t, x)),

-1 2.11)
g(t9 X, #) = (aa—F(ta X, ”)) [atf(t’ x) - (atF) (t) X, ”)]
12
Note that Qu(t, x) has
g m) = <2mn+ n) N (m : n) +1 212)

components. We impose the following conditions on F.

Assumption 2.1. Let ke N and M, T > 0 be given. Then
() FeCE2m*1([0, TIx Qx {peR™™:|y| < M}).
(i) F(t,x,0)=0in[0, T]xQ.
(iii) OF(t, x, u)/Ou, is real valued and

aaTF(t,x,u)>d1 >0 on[0,TIxQx{u:lul <M}
2

(iv) There exists a d, > 0 such that
(=1"Re Y a,(t,x, ))& > dy|¢1*™ on [0, TTxQx {u:lul < M}
fa] =2m
Jor every LeR" (&% := &5 . .. &), Furthermore, for every ue 6% (k, := [n/2m]
+ 4) there exists a dy > 0, which may depend on |||ul||,, 1, such that

I,(t) = L E@))o| < ds| @l for e H*™Q) N H™(Q), te[0,T]; (2.13)
here of }(t) denotes the adjoint operator to o/ ,(t) with D(sZ,(t)) = H*"(Q)
~E™Q).

v) For every ue®% there exists a d, € R (not necessarily positive), which may depend
y T 4
on |\\u|ll,,, . such that

Re (A,(1)p, 9> = dullol|* for pe H™(Q), te[0,T]. (2.14)

Condition (2.13) means that the part of o/, containing the derivatives 8% with
m + 1 < |a| < 2m is symmetric. An analogous condition was used in [2].

Condition (2.14) seems to be complicated. However, in the case m = 1 this condition
is satisfied for every real-valued F, since

Z <bﬁ(ti ©s @u(t))aﬂ(p, (P> = - | lz <(pa ag[bﬁ(ta v @u(t))¢]>
18l=1 Bl=1

= = Y Loby(t,., 2u(t))dbe) — ¥ (o, [08by(e,., Du(t)]e)
181=1 181=1
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and therefore

1
RedB,(t)o, 0> = —5 Y (@, [08by(t,., 2u())]0) + {by(t,., Du(®)o, @)

2 15121
zcllol?

In the same way it follows in the case m = 2 that (2.14) holds if F is real-valued and
satisfies

= ¥ ba(t,x,p)& 20 on [0, TIxQx{p:{ul <M} (2.15)
1Bl=2

for every £e R". If me N and %,(¢) is elliptic for every t € [0, T ], then (2.14) also holds.
Example 1. Let F be defined by (1.4). Then Assumption 2.1 is satisfied if

a,€ CH ™+ 1([0, TIx D x {to o] < M})
is real valued for |a| = 2 and

~ke § (atnm+ § B i Yers ggem @.16)

laf=2 <2 OKo
on [0, TIxQx {uy:luel < M} for every £ R".
Example 2. For the quasilinear equation let
F(t, x, Du(t, x)):= d2u(t, x)
+ X (= 182 (ag(t, x, DTu(t, x), 8,u(t, x)) 4(t, x))

lal,18] €m
+ h(t, x, D™u(t, x), d,u(t, x)) (2.17)
with a,5, he C~ "+ 1([0, T]xQ x {(11s p2): 1] + p2l < M}), a5 = ap, for |af
+ |8l >mh(t,x,00)=00n[0,T]xQ and
Re Y au(t,x, py, 1) &4 > dy| £ (2.18)
lal, [Bl=m

on [0, TIxQx {(py, p3): 11| + |12} < M} for every £eR", then Assumption 2.1 is
satisfied.

3. The compatibility condition

Let (u°,u', f)e.# be given and let ue %% with k > [n/2m] + 3 be a solution of
(1.1)-(1.3). Then it holds that u(t)e H™(Q) and ue C*~ ([0, T ], H™(Q)). Note that
this means that there exist functions diue C([0, T], H™(Q)) such that

j=1 _i-t
0] u(t+h})1 07 u(t) 50 asho0 (3.1)

forO0<t<T,j=1,.. ,k—1Ift=00rt=7,(3.1) must holdash [ Oorh 10,
respectively. .

Since I:I"'(Q) is closed in H™(Q), we conclude from u(t)e H™(R2) and (3.1) that
a,ju(t)efi"'(Q) forte[0,T],j=0,..., k— 1. In particular, we have

dlu@)e H™Q) for j=0,..., k—1. (3.2)

olu(t) —
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In order to formulate the compatlblhty condition, we note that d/u(0) = u’ for
=0,1,2, where u® is given by (4% u!, f)e.# and (1.10) and (1.11); the fact that

,2 (0) = u? will be proved by Lemma 3.1 below. We express d;u(0) for j > 3 in terms
of u° u', u? and f. Differentiating (1.1) with respect to t we obtain
Qu(t) = g,(t) — o, (t)du(t) — B, ()0 u(t) for te[0,T]
(compare (1.5), (2.7)-(2.11)). Further differentiation yields
. . i3 (j-3
dfu(t) =0 3g, (1) = Y <] )
v=0 v
x { [0} .22,(t)10 73 u(t) + [0} AB,(t)10{ ' "u(t)} (3.3)
(j = 3), where

O ()= Y [Oayt,., Du(1)]0s,

la| € 2m

and 0; #,(¢) is defined analogously. We set recursively

; . i3 (j—3
w=8/72g,(0)— ¥ (’ . )

v=0
x {[0; ,(0)]u/ "2 + [8; B,(0)]u' =177} (34
forj=3,...,k where we have set 0¢u(0) := u* for u = 0 .,j — 1 in the coefficients
of 0; s (0) and 0! 4,(0). Note that u/ = dju(0) for j = ., k from our considera-

tions.

Definition 3.1. Let (u°, u', f)e.# be given. We say that (u°, u', f) satisfies the compat-
ibility condition of order keN, if wie H™(Q) for j =0, ..., k — 1, where u? is given by
(1.10) and (1.11), and u’ is defined by (3.4) for j = 3.

Now we show that the solution u? of (1.10) and (1.11) is unique.

Lemma 3.1. Assume that u’e C*"(Q), u'eC™(Q), f(0)e C(Q) and that F satisfies
Assumption 2.1 for some k = 2. Let x€€ be fixed. If ye C solves

F(0, x, D2™u®(x), D7u(x), y) = (0, x), 3.5)
IDF"uC(x)| + |DFu! (x)| + |yl < M, (3.6)
then y is unique.

Proof. This proof is the same as a proof in [7]. Let y,, y, € C be two solutions of (3.5)
and (3.6). Then it holds that

IDZ"u(x)| + | DRu (x)| + |y, + Oy, — )< M
for 0 < © < 1. Furthermore, we have
0 = F(0, x, D2"u®(x), D™u'(x), y;) — F(0, x, D2™u°(x), D"u*(x), y,)

1 oF — _
= = L 672(0’ x, D{"u’(x), DTu' (x), y1 + ©(y, — y1)) (2 — y,) dO.

Since OF (0, x, #)/0u, > 0, this implies that y, = y,

Our considerations yield the following lemma.
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Lemma 3.2. Let k > {(n/2m] + 3 and M > 0 be given. Suppose that F satisfies Assump-
tion 2.1 and that u®e H*™(Q), ut e H*~V™(Q), fe €% 2 such that (u° u*,f)e s If
ue€™ is a solution of (1.1)—(1.3) with the property (1.9), then it holds that diu(0) = u’,
where u? is determined by (1.10)—(1.11) and u’ is given by (34) for j=3,..., k,
Furthermore, (u°, u', f) satisfies the compatibility condition of order k.

Let ue %% (k = [n/2m] + 3) be a solution of (1.1)—(1.3). According to Lemma 3.2 it
holds that

k
[u(Q) = | u® "(k—l)m + '21 I “J"(k—j)m- 3.7
=

We prove an estimate for |u(0)|;.

Lemma 3.3. Let k= [n/2m]+ 4 and R >0 be given and let all assumptions of
Lemma 3.2 be satisfied. Furthermore, suppose that

Iluollk... + Jlu! “(k—l)m + 1 fO)-2 <R

Then there exists a positive number ¢ = c(R, k) such that

/Y - pm < €O Wi + N1t = 1ym + 1F O] 2) (3.8)
forj=2,... k.
Proof. At first we prove (3.8) for j = 2. We set

B:=sup{|V,F(O,x,p)|:xeQ, |ul < M}, (3.9)

where V, F == (OF /oy, OF opf’, 0F /op,:|a| < 2m, |B| < m). Furthermore, we set
2u(0, x) = (D2™u°(x), D™u'(x), u*(x)). Let xeQ be fixed. From F(0, x,0) = 0 and
(1.10) we conclude that

f©, x) = F(, x, 2u(0, x)) — F(0, x, 0)
=V, F(0, x, ®2u(0, x))- (D2™u®(x), DTu'(x), u*(x)) (3.10)

for some © €(0, 1). Note that (0F/0u,) (¢, x, u) = d, > 0 by Assumption 2.1. Hence we
obtain from (3.9) and (3.10) that

lu?(x)| < di '[1£(0, x)| + B(DZ"u®(x)| + | D7u'(x)})] (3.11)
for xeQ. This implies that
il < cCl SO + Nl 2m + Hlue || )- (3.12)
We differentiate (1.10) with respect to x; and divide the result by 0F /0y, . This yields

2
Oou (x) o (O)Gu (x) — a0 du'(x)

axi ax' x,-

H(Eoxauox) (L2 - Eo . aup,x)
ou, Ox; Ox;

for xeQ,i=1,...,n It follows by induction that
Ja| _ _
Ut (x) = 3 KP(0, x, 2u(0, x)) [T [DL(DZ"u’(x), DFu'(x), f(0, x))1*
] ji=1

~ <aF(0, xéizu(o, x)))’ " (&F) (0, x, Du(0, x)) (3.13)
2
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for xeQ, |a| < (k — 2)m, where the summation extends overally = (y,, . . ., 7/4)) with
taj
1< Y jlvl < o]
j=1

and functions h® consist of derivatives of F. Note that (k — 2)m > [n/2] + 2 and that
02 F (0, x, 0) = 0 on Q. With Corollary A.4 and Lemma A.6 we obtain that

ll a:“Z I < el u® lim + [l u' I &-tm + Il £(0) "(k~2)m) (3.19)

for |a| < (k — 2)m. This together with (3.12) proves (3.8) for j = 2.
In order to prove (3.8) for j = 3 we rewrite (3.3) for t =0 as

o1u(0, x) = X, AP0, x, 2u(0, x)) T| (B2 (x), Dyui* ' (x), 310, x))"

0 -t
_(CEOx U0 XD\ ai-2 F) (0, x, Du(o, x)) (3.15)
O,
(j=3,...,k); here the summation extends over all y = (7,,...,y;) with

j—2

1< Y ilpl<j—2

i=1

and the functions }T(vf’ consist of derivatives of F. In order to apply Lemma A.6 to the
product in (3.15) we have to set

_ {(DZmyrm, Drurimtt @rim f0)) forr=im,i=1,...,j—2,
Y=o otherwise.

Then we obtain from (3.15) by Corollary A4, Lemma A.6 and Lemma A.2 (for
functions that are constant in f) that

, izt
f u"”(k—j)m < C('_Zl 'l - iym + If(0)|k—2)- (3.16)

From this (3.8) for j = 3, . . ., k follows by induction.

We conclude this section by proving the existence of data (u°, u!, f)e .# satisfying
the compatibility condition of order k.

Lemma 3.4. Letk = [n/2m] + 3 and M > 0 be given. Suppose that F satisfies Assump-
tion 2.1 and that ueC¥"(Q), uleC¢ U™Q), feC* ([0, T]xQ) such that
f0)eC¥~2™(Q) and

sup| 17001+ (74 1) 0Dz + D7D | <3m, G

xeQ 1

where B is defined by (3.9) and d, is_given by Assumption 2.1. Then it holds that
(u, ul, f)ef and WeCt M™Q)c H™Q) for j=2, ..., k— 1. In particular,
(u°, u?, f) satisfies the compatibility condition of order k.

Proof. Let
S = {xeQ: there exists a y = y(x)eC such that (3.5) and (3.6) hold }. (3.18)

Note that S':= {xeQ:u°(x) = u'(x) =f(0,x) =0} = §, since F(0,x,0)=0 and
therefore y(x) =0 on §".
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By the implicit function theorem it follows that S is an open subset of Q with respect
to the usual metric on Q < R", In fact, if x e S, then (8F /0u,) (0, x, 1) = d; > 0 and the
implicit function theorem implies the existence of a neighbourhood U of x and a
solution yeC(U) of (3.5. By (3.11) and (3.17) we obtain that |D2™u°(x)|
+ [D™u!(x)I+ |y(x)] < 4M on U. Hence we have U = S. Moreover, we obtain that
ye C(S), since the solution y of (3.5) and (3.6) is unique by Lemma 3.1 and since for
every x € S there exists such a neighbourhood U with ye C(U).

On the other hand, since ye C(S), it follows from the continuity assumptions made
on F,u% u! and f that S is a closed subset of Q. Thus § = Qand ye C(Q). Since ' < S,
we have ye Cy(Q). Setting u? := y we obtain (1%, u!, f)e #. Using (3.13) and (3.15) we
conclude that u/e C%~"(Q) for j = 2, . .., k. Hence Lemma 3.4 is proved.

4. The existence of the fixed point of @

In this section we study the mapping ®, which is defined by (1.17) and (1.15). First
we prove the following Lemma.

Lemma 4.1. Let k = [n/2m] + 5 and M > Q be given. Suppose that F satisfies Assump-
tion 2.1 and that u®e H*™(Q), u' e H*~Y™(Q), fe €% 2N C* ([0, T], L,(Q)) such
that (u®, u, f) e # satisfies the compatibility condition of order k (compare Definitions
1.1 and 3.1). Then for every sufficiently large R > 0 there exists a T, > 0 such that ®
maps . . _

MR, T,) = {ue@ :|ulli r, <R Qu@ =w/(j=0,....k—=1)} (@41

into itself, where u’ is given by (1.10), (1.11) and (3.4) for j > 2. Here T, depends only on
R, k and

T

N = u(0)l + j 1@ f (D=3 + 1057 f(D) D dr + W0 S Nlx-3.7 (4.2)

0

where
k
1u(Q); = 'Zl "uj"(k—j)m + nuon(k—l)rrr

Proof. We suppose that R, T, > 0 are arbitrary, but fixed. Let ue #(R, T;) be given.
In a first step we show that u satisfies (1.9) for sufficiently smail 7;.
By Sobolev’s lemma we obtain for (t, x) e [0, T; ] x Q that

|Zu(t, x) — 2u(0, x)| = |8, 2u(@1, x)|t < ¢ llulllk,r,t < ¢, RT;. (4.3)

Since |2u(0, x)] < tM for xeQ by (1.11), it follows that |Qu(t,x)| <M for
(6, x)e[0, T, xQif T, < M/2¢,R. _

In the next step we prove ®[u]e €%, . Consider (1.15). Formally differentiating this
equation j — 2 times with respect to t and comparing the result with (3.4) we conclude
that (formally)

div(0) = wtle A™Q), j=0,...,k—2. (4.4)

Hence (u!, u?, g,) satisfies the natural compatibility condition for problem (1.15) of
order k — 1. From (2.9) and Lemma A.1 we obtain

Qs Du) —ay.,.,0)e B4 2,



Fully Non-linear Wave Equations 493

The same holds for b;. From (2.11) we obtain by Lemma A.1 and Corollary A.5 that
0.€857 <6530 ([0, T ], Lo(Q)).

From the linear existence theorem ((1.1) in [6]) it follows that (1.15) has a unique
solution ve €% . Therefore (4.4) holds. Furthermore we conclude from (1.17) and
ve®k ! that ®[u]eC([0, 7,], H*~V™(Q)), 8,®[u] = ve®¥%,'. This proves that
®[u]e?€%,. Note that we have

didful](®)=u forj=0,...,k—1 (4.5)

by (1.17) and (4.4).

In the next step we prove ®[u]e # (R, T;). We suppose that T < 1, T‘.. < 1/R. By
d; (j=1,2,...) we denote positive constants depending only on k and N,. It holds
that

t - T,
()l -1 < fu(O)ly-, +f |a:“(f)|k—1dT<Nk+I Rdr<d, (4.6)
0 0
for te[0, 7;]. With Lemma 8.1 we obtain that
la.(t, ., Du(t)) — a,(¢,. ,0) |, _3 < dy, (47
Iaa(t’ . gu(t)) - aa(t’ s O)I‘;(—Z < d3 R (48)

for t€[0, T} ]. The same estimates hold for b;. We apply Theorem 1.1 of [6] to (1.15).
This yields

[o(O)]-1 < d4eXP(Czt)|:|U(0)|k—1 + ¢ J; (oF 2 g, (0l + Igu(T)lk—S)dr]

+ds1gu(t)] 43 49
for te [0, T}, where ¢, = c,(R). Note that
[0O)li-1 = 18,uO)k-1 < N,
and that by Lemma A.1 and Corollary A.S
[9u(Di—3 < d,

J (”af_zgu(f)" + 19.(Dk-3) dr < d; T, + dgRT,
0

for te[0, T, ]. Hence it follows from (4.9) that
[o()k-1 < do + dioexplcyt)(1 + ¢, T3(1 + R))
for te[0, T, ]. With (1.15) we conclude that

t

[@Lul()]% < 1u]] k-1)m + _[o lo(2) - 1ym AT + [0()]i-1

1
<dy, +dio exp(czt)<1 + c—)(l + ¢, T(1 + R)) 4.10)
2

for t€[0, T; ]. Note that ¢, in (4.9) can be chosen so that ¢, > 1. Furthermore, note
that d,, and d,, depend only on k and N,. We suppose that
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1 M 1
Ty=mindT,1,—, —— — —— 412
! m'“{ R’2¢,R c2(1+R)} *12)

Then (4.10) implies that |®[u]lll%. +, < R. This together with (4.5) proves that
®lule# (R, T,).

The next lemma contains the contraction property of @.
Lemma 4.2. Let all assumptions of Lemma 4.1 be satisfied. Furthermore let R > 0 be
given. Then there exists a T, > 0 such that
N@Lu, 1 — ®Lu M- 17, < 3lluy — ualll%e-1. 7, (4.13)

forallu,,u,e # (R, T,) with®[u,], ®P[u,]e # (R, T,). Here T, depends only on R, k
and 10,/ Il -5, -

Remark. ¥f ue #(R, T,), then ®[u]e #(R, T,) if and only if ||®[u]lll} 7, < R.

Proof of Lemma 4.2. We suppose that T, >0 is arbitrary, but fixed. We set
v;:=0,®[u;]1(j =1, 2). Then we have

loi(Oi-1 S 1PLu ()l < R (4.14)

forte[0, T,];j = 1,2. Let w:= v, — v,. Since v; satisfies (1.15) withu = u;(j = 1,2),it
holds that

OZw(t) + o, (D)w(t) + B, (1)d,w(t)
= gu, (8) — 9, (8) + [ A, (1) — A, ()] 0,(8)

+ [8B,,(t) — #,,(1)18,0,(¢) for te[0, T5], (4.15)
w(t)e H™(Q) for te[0, T, 1, (4.16)
diw()=0 forj=0,...,k 4.17)

We estimate the right-hand side of (4.15). From Lemma A.1 and Corollary A.3 we
conclude that

194, (1) = Gu, (O3 < dyluy (2) — u (D5
190, (1) = Gu, (D) k-2 < darlug(8) — uy (D - 2

for te[0, T, ], since

dillluy —ualll%- 1, 1as

VAN AN

dy, T llluy — uy|Il - 1, T2

18fu, (t) — a{uz(t)”(k—Z—j)m < f 104 1 [uy (1) — uy(7)] l@-2-jmde
o

< Dlllu, — “2l”~k—1.n (4.18)

for j=0,...,k—2 Here and in the following d; (j =1, 2,...) denote positive
constants depending only on R, k and [{|3, fll% -3, 1
Let te[0, T, ]. From Lemma A.l1 and Corollary A.3 we obtain that

[[a.(t. ., Duy(t)) — a,(t, ., 2u,(£))10502(8)]% -5
< a,(t, ., Duy(t) — a,(t, ., Du ()% 3lv2()l- 1

< dgluy (1) — uy ()7 -4
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for |a| < 2m. This implies that
1L, (8) — 4, (D103 S dslluy — walllh— 1 1,
In the same way it can be shown with (4.18) that
I, (8) — 0 ()T03()—a < de Tallluy — uallls-y, 1,0
Analogous estimates hold for [#,,(t) — 8,,(t)]v,(t). Note that for (pe‘g’};:’
13F 2@ + lo®l-4 <lo@)]%-5 fortel0, T2].
We apply Theorem 1.1 of [6] to (4.15)—(4.17) and obtain

t
[0, (t) — (k-2 < d7exp(dst)f luy — uolll%-1,7,d7
0

+ dy oty — ualll -1, 75
< (d7 + dg)Tz eXp(ds Tz)”lul - uzllrk—l.Tz‘

Using (1.17) we conclude that

fOLu, 1(t) — ®Lu J (05—, < J. I01(7) = 02(T) - 2ym AT + 01 () — 02() k-2
0

< (d; + do) (T} + T,) exp(ds o) llluy — walll%- 1.1, (419)
for te[0, T;]. We choose T, > 0 so small that
(dy + do) (T} + T,) exp(ds T) < 3.
Then (4.19) implies (4.13) and Lemma 4.2 is proved.

By Lemma 4.1 and Lemma 4.2 we obtain the existence of a fixed point of ® in the
following way: suppose that all the assumptions of Lemma 4.1 are satisfied. Let
u,€ %% be a function with 9/(0) = u’ for j=0,..., k — 1 (compare, for example,
Lemma A.8). We choose

R := max {||luolll’s, > d12 + 2dy, €}, (4.20)

where d,, and d,, are the constants of (4.11). Note that R depends only on k and N,.
Furthermore, we set
T :=min {T,, T5}, 4.21)

with T;, T, being the numbers of Lemma 4.1 and Lemma 4.2. Then the following
statements hoid:

(i) # (R, T") # & (since uge #(R, T').
(ii) ® maps .# (R, T’) into itself.
(ii}) For u,,u,e.#(R, T’) (4.13) holds with T, being replaced by T".

The_proof of Banach’s fixed-point theorem yields the existence of a fixed-point
ueg ! of .

In order to prove the uniqueness of a fixed point of @ in 2 ¥, we suppose that all the
assumptions of Lemma 4.1 are satisfied. Let u,, u, € €% be two fixed points of . We
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choose

R = max {{llu;lIl5, 7> Muzlll%, 7 }-

By ®{u;] = u; (j = 1, 2) and Lemma 4.2 it follows that u,(t) = u,(t) in some interval
[0, T, 1. Note that T, > 0 depends only R. Hence a further application of Lemma 4.2
yields u,(¢) = u,(t) in [0, 27, ]. After a finite number of steps we obtain u, (t) = u,(t)
in [0, T']. We have proved the following theorem.

Lemma 4.3. Let all the assumptions of Lemma 4.1 be satisfied. Then there exists a
T’ > Odepending only on k and N, such that ® has a fixed point ue 65> *. If k > [n/2m]
+ 6, then this fixed point is unique in €% 1.

5. The fixed point of @ and the solution

Let ue 6% with k > [n/2m] + 4 be a fixed point of ®. Note that
DimueCE ([0, T1xQ) j=0,1,2 (5.1
by the following lemma:
Lemma 5.1. Let k > k, := [n/2m] + 1 and let ue€%.. Then it holds that
Dimue Ck ([0, T1xQ) j=0,...,k—k, (5.2)

We shall give the proof of Lemma 5.1 at the end of this section. Consider the fixed
point ue €% of ®. It follows from the definition of ® that (u, v) = (u, 8,u) is a solution
of (1.15) and (1.16). By the definition of «/,, 8, and g, (compare (2.7)—(2.11)) we obtain
from v = 0,u and (1.15) that

0= f [B2u(r, x) + o, (1)B,u(1, x) + B,(1)d2u(z, x)
0

— gu(1,x)] aa—‘i (1, x, Qu(r, x))dz

- [ (Ztrex guten ~sten e

= F(t, x, Qu(t, x)) — f(t, x) — F(0, x, 2u(0, x)) + f(0, x)

for (t, x)e [0, T] x Q. Taking into account the fact that F (0, x, 2u(0, x)) = f(0, x) by
(1.10), we conclude that (1.1) holds

Note that Q,u(t) = v(t)efi"‘(ﬂ)m Cr(Q) for te[0, T]. Therefore, the following
relation holds:

D™ 'u(t,x) =0 on [0, T]x3Q.

Since the same holds for u°(x), we obtain from

1

u(t, x) = u%(x) + J v(t, x)dt
0

that u satisfies (1.2). Furthermore, (1.3) holds. Hence u is a classical solution of
(1.1)—(1.3). In addition to this it follows from Lemma A.7 that ue€%.
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On the other hand, every solution ue %% of (1.1)—(1.3) is a fixed point of @, which
follows from the construction of problem (1.15) and (1.16). Together with Lemma 4.3
we have proved the following lemma.

Lemma 5.2. Let all assumptions of 4.1 be satisfied. Then there exists a T' > 0 depending
only on k and N, such that (1.1)—(1.3) has a classical solution, ue €% *. Furthermore, it
holds

Dimue k%= 1=i([0, '] x @) forj=0,... k—k,—1 (5.3)
(ky = [n/2m] + 1). If k > [n/2m] + 6, then u is unique in €% .

Remark. Lemma 5.2 differs from Theorem 1.1 in two points. First, if all the assump-
tions of Theorem 1.1 are satisfied, then Lemma 5.2 gives a solution ue €%~ ! instead of
ue%*.. The second difference is that T’ in Lemma 5.2 depends on k. Both problems
will be solved in the next section.

Proof of Lemma 5.1. We prove that for ve C([0, T], H**™(Q)) that the following holds:

ve C,y([0, T1x Q). (5.4)
Note that k,m = [n/2] + 1. Hence Sobolev’s lemma yields
v(t)e H*™(Q) = C,(Q) for te[0, T]. (5.5)

Moreover, we obtain that
[o(tg, x) — v(ty, ) < cllo(t) — vt em >0 ast, -, (5.6)

for x € Q). Since (5.6) is uniform with respect to x € Q, we conclude from (5.5) and (5.6)
that (5.4) holds.

Let k > k,, uc€%. Then it holds that 32 D/™8iue C([0, T'], H**™(Q)) for |a| + i < k
— k, — j. Thus we obtain by (5.4) that (5.2) is valid.

6. Higher regularity and the proof of Theorem 1.1

The gap between Lemma 5.2 and Theorem 1.1 will be bridged by the following
lemma.

Lemma 6.1. Let k > ko = [n/2m] + 6 and let all the assumptions of Lemma 4.1 be
satisfied. If ue €% ! is a solution of (1.1)—(1.3), then uc €%.

Before proving Lemma 6.1 we consider Theorem 1.1. Let k > k, and let all the
assumptions of Theorem 1.1 be satisfied. Lemma 5.2 gives us the existence ofa 7" > 0
such that (1.1)-(1.3) has a solution ue€®!. This T’ depends only on N~,‘o. Note
that N, < cN by Lemma 3.3. Hence T’ depends only on N. From Lemma 6.1 we
obtain that ue®%. Further application of Lemma 6.1 yields successively
uegter!, .. ,€%.. Finally it follows from Lemma 5.1 that u has the regularity
property (5.2), so that (1.13) follows if the assumptions of Theorem 1.1 are satisfied for
every k = ky. This proves Theorem 1.1.

Proof of Lemma 6.1. This proof is a modification of a proof contained in [7]. Let
uc %% ! be a solution of (1.1)-(1.3). Then (1.15) and (1.16) hold with v = 0,u. We
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differentiate (1.15) twice with respect to t:
o u(t) + o () u(t) + B, ()0} u(t)
= 07 g,(t) — 2[8,,(t)107 u(t) — 2[0,8,()13}u(t)
— [02#,(t)10,u(t) — [0} B,(t)]10%u(t) for te[0, T].
It holds that (compare (2.11))
079.(1) =07 [g(t,., 2u(1))] = V,g(t,., Du(t))- 207 u(t) + §(t)
=V, 9(t, ., Du(t)) D2"d2u(t) + V,,g(t,., Du(t))- D" u(t)
+ 21, Du()Btu(r) + 31
On,
where V,g := (0g/0us’, dg/ouf’, dg/0u,:1a| < 2m, |B| < m) and
§(t) = (829)(t, ., Du(1)) + 2V,(8,9)(t, ., Du(t))- DB,u(t)
+ Y Viglt,., Qu(t)) (23u(1)).

Irl=2
In the same way we obtain
()= ) [Vualt,., 2u(t)) D07 u(t) + d,(t)]0%
la] <2m
B = T [Vubslt, ., Du(1)) DOFu(t) + by(t)10%
1Bl<m

6.1)

(6.2)

(6.3)

with d, and l;ﬂ being defined analogously to §. We set w(t) := 02u(t) and rewrite

(6.1) as
Bdw(t) + o' (1)o,w(t) + B (1) w(t)

= h(t) — 9(t)w(t) — 2[0,A,(t)]10,w(t)
with
oA (t) = 2 a,(t)0y

171€2m

= o,(t) — V,,g(t,., Du(t)) D™

+< Y [6§6,u(t)]Vu.aa((t,.,@u(t))>-l5:'

|la| €2m

+( ) [aﬂafu(t)]Vu,bg((t,-,@u(t)))'ﬁ?,

1Bl<m

B()= ), by(1)o]

13l<m

= B,(t) — aa%(t, Su() + Y [053u()] (L, ., Du(t))

la| €2m

Oa,
Oy
Ba2 0Ob,
+ Y, [0402u(t)] (s, ., Du(r)),

[Bl<m Ouz

h(t):=g(t)— Y G, ()du(t)— Y by(t)dlo?u(t)

le|€2m 1Bl<m

(6.4)

(6.5)

(6.6) .

6.7
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and
4()= Y g,(1)0]

l7]<2m

= 2[0,A,(1)) = Vyog(t, ., Du(r))- DI™

+< ) [aiatu(t)]Vuoa,(t,~,gu(t)))D_im

la| <2m
+ < Y [8507u(1)]V,,by(t, ., @u(t)))ljf"'- (6.8)
18l<m
Note that d,(t) = a,(t, ., Qu(t)) for |a| = 2m, so that o&/’(¢t) is a family of uniformly
elliptic operators. Furthermore, by(t) = by(t, ., 2u(t)) for | B > 1. Hence (2.14) holds
with 4,(t) being replaced by #'(t). From Lemma A.1 and Corollary A.3 we obtain
that he €% * and that the coefficients a(t) have a representation
a,(t, x) = p,(1, X) + g,(t, x) (6.9)
((t, x)e[0, T]xQ, |a] < 2m) such that
paecgk_Z)m([O’ T] X ﬁ)’
G €€k 4.
The same holds for by(t), g,(t), 0,b4(t, ., Du(t)).

From (1.15) and (6.4) we conclude that w = 82 u e %% 3 is a solution of the following
linear problem

Bw(t) + o' ()0, w(t) + B ()02 w(t)

{6.10)

= h(t) — 9(t)w(t) — 2[0,B.(t)]10,w(1) for te[0, T], (6.11a)
w(t)e H™(Q) for te[0, T], (6.11b)
w(0) = u?, o,w(0) =u?, O?w(0) = u*. (6.11¢)

We prove the existence of a solution we‘gz k=2 of (6.11) by the method of successive
approximation (compare [3]). Let woe %% 2 with d/wy(0) = u/*2 for j=0,.
k — 3 (compare Lemma A.8). We define w; for j > 1 successively by

.« vy

O2vj,(8) + o' (1)), (1) + A (£)3,v;,,(1)

= h(t) — G(t)w,(t) — 2[0,B()]8,w,(t) for t[0, T], (6.12a)

v ()€ H™(Q) for te[0, T, (6.12b)

v (0)=v® ;. ,(0)=u, (6.12¢)

Wi () =u? + J" vj+1(t)dr for te[0, T]. (6.13)
0

We prove w; e €%~ 2 by induction. Let w; e €42, then
h—%(-)w; — 2[0,8B,(-)1d,w; € €5 *.

We apply Theorem 1.1 of [6] to problem (6.12) and obtain v;, , € ¥4 3. Hence (6.13)
implies w;, , € 64 2.
Note that Oyw;(0) =u**? (v=0,...,k—2) for every jeN. We consider the



500 P. Lesky Jr.

differences v;,, — v;, w;., — w;. The following relations hold

(87 + (1) + Z'(1)8,] [v)41(1) — v,(1)]

={—%(t) - 2[0,4,()]10,} [wi(t) — w;_,(t)] forte[0, T], (6.14a)

vy () — vj(t)ef{"‘(Q) for te[0, T, (6.14b)

0/v;41(0) —0v;(0) =0 forv=0,...,k—2 (6.14c)
and

wiq(t) — wi(t) = J: [vj+:1(t) —v(r)]dr for te[0, T]. (6.15)

With Corollary A.3 we conclude that
H{%(t) + 2[0,B,()18,} (w;(t) — wi— 1 (D %-s < cqIwi(t) — w1 (D]%-2,
{%(t) + 2[0,B.(£)13,} (wi(t) — w;— 1 () |i-5 < codwi(t) — w;_y (t)]4 -3

<6 j Iwi(t) — w1 (D)]-2 dr.
0

Applying the energy estimate of Theorem 1.1 in [6] to (6.14) we obtain that

[0;41(8) — (D)3 < 3 f [wi(t) — wi—((t)[%-, dr
0

with ¢; > 0 depending on 7. With (6.15) it follows that

W 1(8) = wit)[%-2 < J'W(T w;_ (1) %-2 dr, (6.16)

with ¢, := ¢; T. By induction we obtain from (6.16) that

(4)

Iwje1(8) = wi(Dlk-2 < Mwy — wolll-2, 7 (6.17)

for te[0, T]. This implies that {w } converges in €% 2. We denote the limit by w.
Since v; = 0,w;, the sequence {v;} converges in €% 3 to O,w. Hence it follows from
(6.12) and (6. 13) that we‘g" 2 js a solution of (6.11).

It remains to be shown that w = 82u. Let w'", w® ¢ €%~ 3 be two solutions of (6.11).
Then (6.14) and (6.15) hold with w; — w;_,,v;,, — v;and w;,, — w; being replaced by
w® — w2 3w — 3w and w¥ — w'?, respectively. The same argument that leads
to (6.17) gives us

[wh(E) = wP()5-3 < (c; ) lw® — w[%_5,r for te[0, T]
for every jeN. It follows that w = w®. This proves 02u = we €% 2.
We rewrite (1.15) as
o (£)B,u(t) = gu(t) — B u(t) — B,(t)du(t). (6.18)
Differentiation with respect to ¢ yields
o (£)07 u(t) = Bygu(t) — B u(t) — B,(1)0u(t)
— [0,()18,u(t) — [A.()107u(r). (6.19)
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Taking into account that ue %%~ 1, 32u e %2 we conclude that the right-hand side of
(6.19) is an element of C([0, T], H*~*™(Q)). The elliptic regularity theory (compare
[6]) yields 82ue C([0, T], H*~ 2™ (Q)). Hence we have 02ue@% 2. .

In the same way we conclude from (6.18) that d,ue 4% ! and therefore ue%%.
Finally, it follows by Lemma A.7 that u € €%.

7. The existence interval for small data
In this section we study solutions ue €% (k > ko) of (1.1)-(1.3) with [{|ullli,. + < Ry,
where R, > 0 is chosen so that
|Du(t, x)| < cll 2u(t)ll 4o-3ym < cRo <M for (¢, x)e [0, T] x Q (7.1

by Sobolev’s lemma. We suppose that all the assumptions of Theorem 1.1 are satisfied
for every T > 0 and that

a0

~ ko ,
N:= .ZO 192 | o = jyom +f (12 f (D3 + 1B~ f(2) ) de
i=

0
+ sup 18,/ (t)lso-3 < 2Ro. (72)

[0, )

According to Theorem 1.1 there exists a T > 0 and a solution ue € of (1.1)—(1.3).
Since [u(0)[, < N < 3R, by (7.2), we can choose T so small that |u(t)|3, < R, for
te[0, T). We use ®[u] = u to prove an a priori estimate for Ju(t)|7,-

By (4.9) and v = 0,®[u] we have

10 ®Lul(e)lk,-1 < dy exp(d,t) [Iaﬂ)[u](o)lko-l

t
+ f (1o¥° =2 g, ()1l + lgu(t)lko—s)dr] +d319.()|4o-3 foree(0,T].  (7.3)
0
Here and in the following we denote by d;(j = 1, 2,. . .) positive constants that can be

chosen independently of all ue ¢ % with ||{u||%,, r < Ro- From (2.11) and 8, F(t, x, 0)
=0 on [0, T] xQ we conclude by Lemma A.1 and Corollary A.4 that

lgu(t)lko—3 s d4(|a:f(t)|ko—3 + Iu(t)lko—-l):
19572 gu(t)l < ds 1B f(D)lio—3 + 1027 () + u(2)],)

and therefore
f (18224, + 10l ) dt < (dy + dy) (1\7 ¥ f a5 dr>, (14)
19u(t)]io-3 < d4<1\7 + Ui, + L [u(D)l%, dr)
<dgN +d, L lu(T)%, dt (7.5)
for te[0, T]). With |3, ®[u](0)],-, < N we obtain from (7.3) that

[ ®Lul(t)ly-s < exp(d,2) (dsﬁ +dg f 4(0)l% dr) for te[0, T1,
0
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where we can choose d, > 1. It follows that

[PLu]()i, < [ PLuIO) o 1ym + L (8, @Lul(T) o 1ym 47 + |3, @Lu I (s, -1

~ ~ ' 1
< N + exp(d,t) (dsN + dy J [u(t)] d7><1 + T)
0 2

< exp(dzr)<dw/\7 +d,, J Ju(o)l;, dr) for te[0, T}
[¢]

From this and Ju(t)};, € R, we conclude by induction that

; id 1 (dy, di exp(jd,t)
ld)l[u] (t)lko Ndlo Zo W <d—2) exp[dz(v + 1)[] + tRO(——i)'—dj—l—
(7.6)
(te[0,T];j=0,1,...). Note that ®/[u] = u. Letting j - co we obtain
- dy,
Ju(t) < Ndloexp<d2t+ 4, exp(dzt))
<d;gexpl(d,; + 1)exp(d,t)] N (1.7
for te[0, T]. We set
1 R
= 1 =2 .
Ty= d, og<d11+llg ) (78)

for sufficiently small N. Then it holds that lu(t)lz, < R, for te[0, T3]

We denote by [0, 7, ] the largest interval on which the solution ue €% of (1.1)—(1.3)
exists. It holds that T, > T;. In fact, if we assume T, < Tj, then it follows with
ju(Ty)]% < Ro and (7.1) that all the assumptions of Theorem 1.1 are satisfied in
[ T,, o). Hence there exists a AT > 0 and a solution

k
e ﬂ C/([T,. T, + AT], H*=I™(Q)).
j=0

Note that 8{u(7,) = diu(T,) for j=0,..., k by the considerations of section 3.
Therefore we can extend the solution u E‘K to asolution ue %%, ,,rin contradiction
to the definition of 7,. Thus we have proved T, > T, = O(loglog(1/N)) as N | 0.
Using Lemma 3.3 we obtain (1.14).

Appendix

In the first part of this section we study G(t, x, Qu(t, x)), where
GeC¥¢ 2™+ 1([0,T] x Q x {peRi=m}) (A1)
and ue€* for some k > k, :== [n/2m] + 4.
Lemma A.l. Let k = k, = [n/2m] + 4 and G satisfying (A.1) be given.
(i) We set G(t,x):= G(t, x, Du(t, x)) — G(t, x,0). If ue€% €%, then GeF% 2
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and -
[G()e-2 < ey (1 + [u(@)]e- ) 2™ u(0)]5, (A2)
<

1G(0)i-3 < (1 + 1)l )* > u(®)]i- s (A3)
Jor te[0, T) with c,, ¢, > 0 depending only on k, G and Q.
(i) If uy, u,€€% €%, then

1G(t, ., Du, (1)) — G(1, ., Duy(D)i-2 < calug(8) — ux (D)3, (A4
[G(t, ., Duy (1)) — G(t, ., Duy(t)) k-3 < caluy(t) — ua()li- o, (A.5)
Jor te[0, T, where c4, cy, > 0 depend only on k, G, Q and |||u,|lix. +» Nz, 7-

Before we can prove Lemma A.l1 we need two lemmata given in the following.
Lemma A.2. Suppose that i, j€ N, such that r :== min{i,j,i + j — [n/2] — 1} 2 0. Then
for fe C([0, T], H'(Q)), ge C([0, T], H/(Q)) it holds that fge C([0, T], H"(Q)) and
I f@DgO, <cll fON:ilg(e)l; forte[0,T] (A.6)

with ¢ > 0 depending only on €, i and J; here fg denotes the pointwise multiplication of f
and g.

Proof. Let te[0, T] be fixed and suppose that r = 0. We prove that

I (@gl <cl f(Olillg(e)l; forte[0, T]. (A7)

If i =[n/2] + 1, then f(1)e C,(Q) and | f(t, x)| < c | f(t)]); for (¢, x)e[0, T]xQ by
the lemma of Sobolev. Hence (A.7) follows immediately. The same holds if
j=[n2]+ L
We suppose that i,j < [n/2] and i + j = [n/2] + 1. Note that i,j > 1. We set
o "
1=y T
Then we have 2/q + 2/p=1,9 > 2 and
n 2n
< .
(n21+1—j n—-2
From Sobolev’s lemma (compare [1]) it follows that f(t)e L,(Q), g(¢t)e L,(2) and

I f(t)"Lq(m <cll £l lg(e)l Lp() < C||g(t)||j
for te[0, T]. Holders inequality yields (A.7).
From (A.7) we conclude that

I f(t)g(ty) —f(£2)g(t) < W f (e llglty) — gt

+ 1L () =S ()il g(e) 5

for t,,t,e[0, T'] and hence fge C([0, T], L,(Q)). This proves Lemma A.2 in the case
r=0. For r > 0, Lemma A.2 follows by induction.

Corollary A3 (i) Let uc 6%, ve €, withr .= min[k, Lk + I — [n/2m] — 1} = 0. Then
we¥ and

lu(t)o(e)l, < clu(@) |o(e)l, for te[0,T], (A.8)

2<p=
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where ¢ > 0 depends only on Q k,landr. _

(i) Let ue €%, ve€y withr:=min{k, Lk +1—[n/2m] — 2} > 1. Then uwwe €% and
lu(e)o(t)]7 < clu(®)clo()]7 for te[0, T1], (A9)

with ¢ > 0 depending on Q, k, | and r.

Proof. Note that (k + )m > [n/2]+ 1 in case (i) and (k+1—2)ym=[n/2] + 1 in
case (ii), respectively. Corollary A.3 follows from Lemma A.2 by the Leibnitz rule and
the definition of €% and €% (compare (1.7), (1.18), (2.3) and (2.5)).

Proof of Lemma A.1. At first we prove by induction that

GeC([0, T], H(Q)),
1601, < ey (1 + (Dl 14D, for te[O, T]} (A-10)
for1=0,...,(k—3)m.
It holds that
1G() < c,lu(t)l, for te[0, T, A1)

since _
|G(t, x, u) — G(t, x,0)| < c,y|ul for (¢, x, w)e[0, T] x Q x RI™™,
In the same way we obtain from
3,G(t, x) = (3,G) (t, x, Du(t, x)) — (3,G) (t, x, 0)
+ V,G(t, x, Du(t, x)) D0,u(t, x) (A.12)

that | 6,G(t)|| < c;3|u(t)]; for te[0, T]. This implies Ge C([0, T], L,(Q)) = ¢% and
(A.10) is proved for I = 0. In the case I = 1 we obtain from
8G(t,x) oG

oG
o, = a—x, (t, x, Du(t, x)) — a—x, (t,x,0)

Ou(t, x)

+ V,G(t, x, Du(t, x)): D (A.13)

and the above argument that |1(66/6x,-) ()| < cqlu(t)l; (i =1,...,n). Furthermore

it follows that 8G/0x;e C([0, T], L,(€2)), since

Qu(t,)
Ox

H[G(tls - 2u(ty)) — Gy, ., Du(t,))] 2

i

< ¢s sup |Dulty, x) — Du(t,, x)l‘
xef)

Ou(t,)
7 ox;

Ou(t,)

@ax

< cgllulty) — u(t)l @-1)m

fort,, t,€[0, T].
Let (A.10) be proved for | =0,..., L —1 with 2 € L € (k — 3)m and consider
(A.13). We obtain from the induction hypothesis that
oG 0G

éx—i(.,.,@u)—a—)ﬁ(.,.,O)eC([O, T}, H '), A14)

V,G(.,.,Pu) - V,G(.,.,0)eC([0, T], H-~1(Q)).
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Obviously it holds that

o
V,G(., .,0)~96—"7efg",—4,

vV.G(1,.,0) QF(_) < clu(t)ly-, fortel0, T].

Xi |k-4

(A.15)

With Lemma A.2 it follows from (A.13)-(A.15) that 8G/ox;e C([0, T], H:~*(Q))
for i=1,..., n. This proves the first part of (A.10) for ] = L. By an analogous
argument we obtain the estimate in (A.10) for I = L. Hence (A.10) is proved for
I=0,...,(k=3)m.

In the next step we prove

Ge%l, }
IG(O, < e(1 + 1u(t)]e— Y™ u(t)l,—, for te[0, T]

for1=0,...,k — 3 by induction. In the case I = 0, (A.16) is already proved by (A.10).
For | = 1, (A.16) follows from (A.12) by the same argument that proves (A.10) in the
casel = 1. Let (A.16) be provedfor I =0,..., L — 1 with2 < L < k — 3 and consider
(A.12). The induction hypothesis yields

(A.16)

®.G)(.,.,2u) — (3,G)(.,.,0e¥L 1,
V,G(.,.,Pu) —V,G(.,.,00c€L".

Together with

d

V,,G(.,.,O)-@a—':e%"r”, (A.17a)

V,G(.,.,0) 92“ <clu(t)[; for te[0, T, (A.17b)
k-3

V“G(.,.,O)‘@% <clu(®)l,-, forte[0, T], (A.17¢)
k—4

and Corollary A.3 it follows that

0G/ore gL, (A.18)
Using (A.10) we conclude that Ge %L The estimate in (A.16) with [ = L can be proved
in the same way. Hence (A.16) holds forl = , k — 3, which proves (A.3). In order

to prove Gefg“ 2 and (A. 2), we start from (A 16) with | =k — 3. The argument
leading to (A.18) yields 0G/dte®% 3. This implies together with Ge %% 2 that
G e %% 2. The estimate (A.2) follows analogously

In order to prove the second part of Lemma A.1 we note that

[G(t, x, Du, (t, x)) — G(t, x, Du,y(t, x))| € c|Du,(t, x) — Du,(t, x)|
((t, x)e [0, T] x Q) and therefore
1G@, ., Duy (1)) — G(t, ., Duy (1))l < cluy (8) — up ()i

From this estimate the assertion follows by the same argument as above.
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Corollary A4. Suppose that k > [n/2m] + 4, R >0 and e H* I™(Q) for j =0, 1,2
with |U® i + 18 | = 1ym + 12 1= 2ym < R. Let G satisfy (A.1). We set
G*(x):= G(0, x, D?™u°(x), D™u'(x), u*(x)) — G(0, x, 0).
Then G*e H*2™(Q) and
1G* k- 2ym < LU lam + 18" 1= 1ym + 182 [ = 2pm)s (A.19)

where ¢ > 0 depends on k, R, G and Q.
The proof of Corollary A.4 is the same as the proof of (A.10).

Corollary AS. Let k > k, = [n/2m] + 4 and G satisfying (A.1) be given. Furthermore
suppose that ue ¢ r\‘ﬁ"f and ve€%=2. Then G(.,., Du)ve €% * and

1G(t, ., Du(t)) o(E)l-3 < ey (1 + [u(@)l- ) ™ u@)] - 0(D)le-3,  (A20)
18t 2LG(t, ., Du(tDo(D]N < (1 + Ju(®)i- )* 2™ (a1 0(e)e -5
+ c3[10F 2u(t) || (A.21)
Jor te[0, T], where c,, c;, c3 > 0 depend only on k, G and Q.
Proof. The assertion (A.20) can be shown by Lemma A.1, Corollary A.3 and
G(t,., Qu(t))v(t) = [G(t,., Qu(t)) — G(t,.,0)]v(t) + G(t,.,0)u(t)
(te[0, T]). Equation (A.21) follows analogously from the Leibnitz rule and

Lemma A.2.

Lemma A6. Let k > [n/2] + 1 and w;=(W\",...,w")eC([0, T], H*™/ (Q)) for
1 < j <k be given. If y;€ N§ such that

il ly;l < (A.22)
for some | < k, then
,ﬁ. wie C([0, T1, H*'(Q)), (A.23)
jlj[1 Wil sjt] Iwi() I3, for te[O, T, (A.24)
where 3
wpi= TLOE, wOllyi= %, IO

and the constant ¢ > 0 depends only on k, | and Q.

Proof. We perform induction with respect to leN. If | = 1, we have y, = (0,...,0, 1,
., 0) and (A.23), (A.24) are obvious.
Let (A.23) and (A.24) be proved for 1 <I< L — 1 with L <k. We assume that
y;€NG (j=1,...,L) are given such that (A.22) holds with I = L. We have the
following two cases:

(1) ly,l = 1. Then |y, =+ -+ =|y.-,| = 0 and (A.23), (A.24) are obvious.
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(2) Iy.| = 0. We assume that ZIZ/ j|y;| = L. Otherwise the assertion follows dir-
ectly from the induction hypothesis. Let J := max {je N:|y;| # 0}. We set

J=-1 .
= ( y w}f) wli, (A.25)
ji=1

where 7, Njy’is chosen so that |y; — 7, = 1, §; < y;. Note that
j;lj|?j|+1|7j|=L—J-

This implies that |j;| = 0if J > L — Jand |y;/ = 0if L — J < j < J — 1. Hence
it follows from w = vpwl ~% together with the induction hypothesis and
Lemma A.2 that (A.23) and (A.24) hold for [ = L. This concludes the proof of
Lemma A.6.

Lemma A.7. Let k > [n/2m] + 5 and suppose that Assumption 2.1 holds and that
ue €% is a solution of (1.1)-(1.3), where fe €% 2. Then uc ¢%.

Proof. Let y e C*(Q) with supp ¢y < Q. We multiply (1.1) with y and differentiate the
result with respect to x; (i = 1,.. ., n). This yields

ou(t, x)

(1) (!//( ) ) = h(t, x) for (t,x)e[0, T]1xQ, (A.26)

l

where

h(t,x):= Y autx, -@u(t,x))[a~<./,( )au(t X)> _ l/l(x)aiau(t’ x)]

ja)<2m Ox;

—¥(x)%8, (t)( Ou(t, X)> - l//(X)ajafu(t, X)

N <6F(t, x, Qu(t, x))
a/‘z

-1/
) (a—;(tll(X)f(t,x))
ax/l(X)

Note that he C([0, T], H*~ 3""(Q)). From elliptic regularity theory (compare [6]) we
obtain ¥ 0u/0x;e C([0, T], H*~Y™(Q)). Similar considerations can be made at the
boundary of Q, so that it follows that ue C([0, T], H*~V™*1(Q)) (if Q has the form
(2.1), compare the considerations in [6]). From this and (A.27) we obtain he C([0, T,
H&=3m+1(Q)) Repeating this step m — 1 times we conclude that ueC([0, T],
H*™(Q)). Since ue €%, this implies ue €.

~ w(x) (t X, Qu(t, x)) — F(t, x, Qu(t, x))) (A.27)

Lemma A8. Let k > 2 and suppose that e H*~ J""(Q) for] = , k—1. Then
there exists a function ue(é with diu(0) = u’ for j = , k— 1
Proof. At first we assume that & is even. Let i/ e H*~ “"‘(R") forj = ,k—1be

extensions of u/ onto R" (compare [1]). We define an operator 4 by

D(4) = {ve L,(R"):( — AYv e Ly(R")}, }

Av:=(—A)"v for ve D(A). (A.28)
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Then A is a positive and self-adjoint in L,(R"). Let v be the solution of

kj2
62+'A>u=0 for te[0, T
(le( ; +jA) [0, T] (A29)
v = forj=0,...,k—1.

It follows by spectral theory and by elliptic regularity theory that (A.29) has a solution
k
ve () C/([0, T], H*~"™(R")).
j=0

The restriction u of v on Q is the desired function. Note that ue€%.
If k is odd, then we choose we €% ! such that 3iw(0) = u/*!forj=0,...,k—2.
Then

1

u(t) = u’ + j w(t)dt

1]
is the desired function.
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