Beitr Algebra Geom (2025) 66:757-774
https://doi.org/10.1007/s13366-024-00767-6

ORIGINAL PAPER

®

Check for
updates

Canonical structure constants for simple Lie algebras

Meinolf Geck'® - Alexander Lang’

Received: 14 May 2024 / Accepted: 3 September 2024 / Published online: 18 October 2024
© The Author(s) 2024

Abstract

Let g be a finite-dimensional simple Lie algebra over C. In the 1950s Chevalley
showed that g admits particular bases, now called “Chevalley bases”, for which the
corresponding structure constants are integers. Such bases are not unique but, using
Lusztig’s theory of canonical bases, one can single out a “canonical” Chevalley basis
which is unique up to a global sign. In this paper, we give explicit formulae for the
structure constants with respect to such a basis.
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1 Introduction

Let g be a finite-dimensional simple Lie algebra over C. We shall assume that the
reader is familiar with the basic aspects of the Cartan—Killing structure theory for g;
see, e.g., Bourbaki (1975) or Humphreys (1972). Let h C g be a Cartan subalgebra
and h* be the dual space. For any A € h* let g, be the subspace of all x € g such that
[A, x] = A(h)x for h € b. Then the root system @ of g is the set of all non-zero A € h*
such that g; # {0}. We have the fundamental Cartan decompositon

g:b@@ga where h=go and dimg, =1 (¢ € D).

aed

Let us choose elements 0 # ey € gq for all « € ®. Then {ey | @ € P}, together
with a basis of 0, yields a basis of g. In order to completely describe the multiplication
table for g, the main problem are the Lie brackets [ey, eg] where «, B € ®. Firstly, we
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have [ey, e] = O for all «. Furthermore, one can normalise the elements {e,} such
that [eq, e—o] = hy, Where hy € b is the co-root corresponding to «. It remains to
consider the case where 8 # da. Then it is known that [ey, eg] = 0if a + B ¢ D;
otherwise, we have

[eq, es] = Ny peatp where 0 # Ny p € C.

The constants N, g are the main object of interest in this paper. So let now o, 8 € ¢
be such that 8 # +«. Then we set

Papi=max{i > 0| B +ic e P} and gup:=max{i >0|p —ia € O}.

Thus, the sequence 8 — go g, ..., B — o, B, B+, ..., B+ py o is the “a-string
through B”. All elements in that sequence are roots in ®. Chevalley (1955) showed
that one can always choose the elements e, such that

Noyp==2x(Gup+1DeZ ifa,B,a+ped. ©

Note that the collection {e,} is not uniquely determined by this condition. The exact
amount of freedom is described in [Carter (1989), Prop. 4.2.2], in terms of the concept
of “extraspecial pairs” of roots. A detailed study of the structure constants Ny g in
this setting is contained in Tits (1966); see also the more recent article by Casselman
(2014) for related algorithmic questions.

Note that [Bourbaki (1975), Ch. VIII, Sect. 2.4] works with a slightly different
normalisation of the elements e, : there it is assumed that [ey, e_,] = —h for all
o € ®. In order to accomodate these different conventions, we shall call any collection
of elements {ey | @ € ®} a “Chevalley system” if (C) holds and if [ey, e_q] = £hqy
for all « € ® (where the sign may depend on «). Together with a basis of ) consisting
of simple co-roots, this gives rise to a “Chevalley basis” of the whole Lie algebra g.

Now there is Lusztig’s theory (Lusztig 2010) of canonical bases for quantised
enveloping algebras. This gives rise to canonical bases in all finite-dimensional irre-
ducible g-modules. In particular, there is a canonical basis of g, viewed as a g-module
via the adjoint representation; see (Lusztig 2017) and further references there to pre-
vious work of Lusztig on this subject (prior to Lusztig 2010). In Geck (2017), this is
presented in a completely elementary way, without reference to the general theory in
Lusztig (2010) or Lusztig (2017). The result is that, by an inductive procedure entirely
within g itself, one can single out a “canonical” Chevalley system {e, | @ € ®}, which
is unique up to replacing all e, simultaneously by —e,,. Hence, the resulting structure
constants Ny g are also uniquely determined up to a global sign. The purpose of this
paper is to find explicit formulae for them.

In Sect.2, we recall some further facts from the structure theory of simple Lie
algebras and define the “canonical” collection of the elements e, mentioned above.
In Sect.3 we give an explicit formula for the corresponding “canonical” structure
constants Ny, g, in the case where g is simply laced, that is, of type A, (n > 1), D,
(n>3)or E, (n = 6,7, 8). The proof of the main result, Theorem 3.9, is by a general
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argument, not “case—by—case”. In Sect. 4, we use the technique of “folding” to obtain
analogous results for g of type B, C,, (n > 2), G, and Fjy.

That technique is well-known in Lie theory; see, e.g., [De Graaf (2000), Sect. 5.15]
or [Kac (1985), Sect. 7.9]. See also Mitzman (1985) where this is used to construct
integral forms of type 2 and 3 affine Lie algebras and their universal enveloping
algebras. Lusztig (2010) uses “admissible automorphisms” (= “folding” in the finite
case) to reduce the study of canonical bases for quantised enveloping algebras in the
non-symmetric case to the symmetric case. In Sect.4 we will present the “folding”
procedure for g in a way where the canonical basis of g is built in from the outset; this
may be of independent interest. In particular, “folding” will be seen to be perfectly
compatible with canonical bases.

2 The e-canonical Chevally basis of g

Let g be a simple Lie algebra, h C g be a Cartan subalgebra and ® C §* be the root
system, as in Sect. 1. Let / be a finite index set and IT = {«; | i € I} be a set of simple
roots of ®. Every € ® can be written uniquely as « = ), _; nja; where n; € Z
and either n; > O foralli € I orn; < 0foralli € I. Correspondingly, we say that «
is a positive or a negative root, respectively. Thus, o can be represented by an /-tuple
(ni)ier where all n; have the same sign. The integer ht(«) := >_._, n; is called the
height of .

iel

2.1 Forevery o € @ let hy € b be the corresponding co-root. This is characterised
as follows. It is known that [g,, g—«] is a 1-dimensional subspace of h, and that « is
non-zero on [gy, g—¢]. Then h, is the unique element in that subspace on which «
takes the value 2. (See, e.g., [Bourbaki 1975, Ch. VIII, Sect. 2, no. 2].) If we now take
any 0 # e4 € gy, then there is an element e_, € g_, such that [ey, e_y] = £hy.
Thus, the subspace (eq, e_q, hy)c S g is a subalgebra isomorphic to sl;. (As already
mentioned, in Bourbaki (1975), it is assumed that [ey, ¢e_o] = —hgy for all «; in
Humphreys (1972), it is assumend that [ey, e_y] = +hq. For us it will be convenient
to keep the flexibility of choosing an individual sign for each o € ®.)

2.2 The root system @ has the following invariance property (which gives rise to the
Weyl group of g but we will not need to formally introduce this):

(@, B):=Bhe)eZ and B— (o, flacd foralla, B e ®.

This has the following consequence. Assume that m := f(hy) # 0. Then the «-
string through B contains the term 8 — ma. Hence, if m < 0, then we will also have
B+a e ®;if m > 0, then we will also have 8 — o € ®. (For all this see, e.g.,
[Bourbaki 1968, Ch. VI, Sect. 1, no. 3] or [Bourbaki 1975, Ch. VIII, Sect. 2, no. 2].)

2.3 We set h; := hg, fori € I. We have just seen that there are elements ¢; € gq,
and f; € g—o, such that h; = [e;, f;] for all i € I. It is known that g is generated
(as a Lie algebra) by the elements ¢;, f; (i € I). We call {e;, fi,h; | i € I} a
system of Chevalley generators for g. (By the Isomorphism Theorem in [Humphreys
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Table 1 Dynkin diagrams of Cartan matrices of finite type

1t 2= 3t nE 1+ 2= 3t nE
A oo - - - —o Bn ez®—e— - - - —@
n=1 n=2
1+
3= 47 nE 1= 2F 3% nt
Dn S e Cn  €so—0— —o
nz=3 n=2
+ + 33— 4+ 55— g+t
2 s 1t 3= 4t 57 6
11— 2f 1= 2+ 3= 4*
G2 «—e Fy o—a=w—o 2~
1t 3= 4t 5- 6T 7- 1+ 3= 4t 5= 6+t 7 8t

(1972), Sect. 14.2], any two such systems can be transformed into each other by an
automorphisms of g.) We shall fix such a system throughout the following discussion.
The corresponding Cartan matrix is defined by A = (a;;);, je; Where

ajj = (a;,aj) =ajh;) € Z foralli,jel.

Thus, we have [h;, ;] = a;jje; and [h;, fj] = —a;; f; forall i, j € I. We also have
le;, fil=0fori # jin 1.

Now it is known that A = (a;;); jes is an indecomposable (generalised) Cartan
matrix of finite type (see [Kac 1985, Chap. 4]). These matrices are encoded by the
Dynkin diagrams in Table 1, as follows. The vertices of the diagram are labelled by
the elements of 1. Leti, j € I,i # j.1f a;; = aj; = 0, then there is no edge between
the vertices labelled by i and j. Now assume that a;; # 0. Then we also have a;; # 0
and the notation can be chosen such that a;; = —1 and m := —aj; € {1, 2, 3}. In this
case, the vertices labelled by i, j will be joined by m edges; if m > 2, then we put an
additional arrow pointing towards j.

2.4 In the diagrams in Table 1 we also specify a function €: I — {=£1} such that
€(i) = —e(j) wheneveri # janda;; # 0.Such functions explicitly appeared in work
of [Rietsch (1997), 4.1]. Note that, since the diagram is connected, there are exactly
two such functions: if € is one of them, then the other one is —e. (The conventions for
the definition of € for types B,,, C,,, G2, F4 will be explained in Sect. 4.) The function €
is an essential ingredient in the definition of a “canonical Chevalley system” of g below.

2.5 The following remarks will be useful in identifying a Chevalley basis for g. Let us
choose, foreach @ € @, elements ey € gy and e_y € g_q such that [ey, e_o] = Fhg.
Furthermore, letw: g — gbe the unique automorphism suchthatw(e;) = fi,w(fi) =
e; and w(h;) = —h; fori € I; note that w? = idg. (This exists by the Isomorphism

@ Springer



Beitr Algebra Geom (2025) 66:757-774 761

Theorem [Humphreys 1972, Sect. 14.2], or see [Geck 2017, Remark 4.8].) Assume
that

w(ey) = *e_q foralla € .

Now let o, B € ® be such that « + B € ®. Then, by [Chevalley (1955), p. 23],
we have Ny gN_o,—p = £(qu,p + 1)%. Using the automorphism w, it follows that
N_q,—p = £Ny g and, hence,

Niﬂ = +(ga,p + 1)>  whenever «,f8,a+f € ®. *)

So if we know for some reason that Ny g € R, then Ny g = £(gu,p + 1). Assume
now that this is the case; then B := {h; | i € I} U {ey | @ € ®} is a Chevalley basis
of g. Since each k4 is known to be a Z-linear combination of 4; (i € I), it follows that
the complete multiplication table of g with respect to B has only entries in Z. Thus, a
Chevalley basis defines an “integral structure” of g.

2.6 We now describe Lusztig’s canonical basis of g, in the elementary version of Geck
(2017), Geck (2020). Having fixed a system of Chevalley generators {e;, fi, h; | i € 1}
for g, and a function € : I — {=£1} (asin 2.4), there is a unique collection of elements
{0 # e, € go | @ € @} such that the following relations hold, for any i € I:

ey, =€(e;, e, =—e()fi,
lei. €3] = (G0 + DeGp,,  ifa+a €,

Lfi.e5] = (P + l)ez_al_ ifa —a; € .
See ([Geck 2017, Sect. 5]). If we replace € by —¢, then e, © = —e, forall« € ®. So
the passage from € to —e is given by a very simple rule. In this setting, it automatically
follows that
w(e) = —e, and [e5, e ] = (—D)"@pn, foralla e @;
see ([Geck 2017, Theorem 5.7]). We call
PBE=1{hi |liel}U{e | e D}
the e-canonical Chevalley basis of g. (The above rules provide an efficient algorithm

for constructing %¢; see Geck 2020.) The structure constants with respect to the
collection {ef, | « € @} will be denoted by N, ; PR thus we have

[eZ’ efg] = Né,ﬁegt+ﬂ lf(x, ﬂ,a +ﬂ € CD

It will be convenient to set N;,,g := 0 for any o, 8 € ® such that « # +f and
o+ B ¢ ®. Itis already known (see once more [Geck 2017, Theorem 5.7]) that

N(;ﬂ = 775(0(7 ,3)(%1,5 + 1) ifa, B,ao + B € @,
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where n€(a, ) = £1. So %€ indeed is a Chevalley basis. Our aim is to obtain explicit
formulae for the signs € (c, B), just in terms of the roots «, § € ® and €.

Example 2.7 [Type A,—1] Letn > 2 and g = s, be the Lie algebra of n x n-matrices
with trace zero. Let ) € g be the subalgebra consisting of all diagonal matrices with
trace zero. It is known that g is simple and b is a Cartan subalgebraof g. For 1 <i < n,
let §; € b* be the map which sends a diagonal matrix to its ith diagonal entry; note
that §; + ...+ 3, = 0. Fori # j let¢;; € g be the matrix with entry 1 at position
(i, j), and O everywhere else. Then a simple matrix calculation shows that

[h,eij1= (8i(h) —8j(h))e;;  forallh € b,

and so ¢;; € gs;—s;. It casily follows that & = {8; —4; | | <i,j <n,i # j}. Now
set o := 6 — Sij1 for 1 <i <n —1.Then {oy,...,a,—1} is a system of simple
roots for ®. For all i # j we have

5 — 8. — Qi + g+ Fajog ifi < j,
! J —(aj+aji1+--+ai-1) ifi > j.
Nowlet I :={1,...,n— 1};fori € I we set
hi :=ejj—eir1ir1 €Y, e =e€iit1 €0e;» fi =€it1i € g

Then {e;, fi,hi | i € I} is a system of Chevalley generators for g. Since the Lie
brackets [e;, ex;] are easily determined for all i and all k # [, one can directly verify
in this case that

e¢ = —(—DM@e(i)e;; for a =8 —8;€ (i # j).

(For this purpose, one has to check that the relations in 2.6 hold; note that the
absolute value of ht(«) equals |i — j|if @ = 6; —6;.) Leta = §; —; € ® and
B =08 — 6 € ® wherei, j, k are pairwise different. Then o + = §; — 6y € ® and

(e, efS] = —e(j)e2+ﬁ, that is, Né’ﬁ(a, B) = —€(j).

Similar explicit descriptions have been determined by the second named author for
all the classical Lie algebras g of type B, C,,, D,, in their natural matrix representations;
see ([Lang 2023, Chap. 2], Lang (2024)).

3 The simply laced case

We keep the notation of the previous section. Our aim will be to describe the structure
constants N P with respect to the e-canonical Chevalley basis

P ={hi|iel}Ule, | ae P}

of g (see 2.6). In this section, we shall deal with the case where A is simply laced, that
is, A is symmetric and a;; € {0, —1} foralli # jin I.
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Remark 3.1 Leto, B € ® besuchthata+ 8 € ®. By the defining properties of the Lie
bracket, we certainly have N§ b = =—N; p- Now letw: g — g be the automorphism
in 2.5. As already mentioned in 2.6, we have w(ef) = o forall o € ®. This
implies that N¢ g = —N¢ B Hence, in order to determme the structure constants
N B itis sufﬁ01ent to consider the case where « is a positive root (but 8 may still be

an arbltrary root).

3.2 Assume that A is simply laced. This is equivalent to saying that A is symmetric,
and also to saying that A is of type A, (n > 1), D, (n = 3)or E, (n = 6,7, 8).
Assume now that this is the case. Then the following hold, where «, B € ® are such
that o #= £8.

(@ 0<pup+qgep=<1anda, B) € {0, £1}.

®) (,.p)=1a—-—Bed,and (e, 8)=—-1a+ B e ]

(©) (a, B) = (B, ). (This immediately follows from (a) and (b).)

(d) Ifa+ B e P, then go g = 0and so N;,ﬂ = +1.

(See, e.g., [Bourbaki 1968, Ch. VI, Sect. 1, no. 3] or the discussion in [Carter 1989,
Sect. 3.4].)

Example 3.3 Assume that A is simply laced. Let o, 8 € ®. Using the properties in
3.2, we obtain the following formula, which will be useful below. Let o, 8 € ®. Write
o= ;nia;and = Ziel mjaj where n;, m; € Z. Then

= B(hy) = Zma](ha) ij(a,aj)=2mj(aj,a

jel jel jel

= Zm]a(h]) = Z n,-mjoei(hj) = Z ajjnim;.

jel ijel ijel

Lemma 3.4 Assume that A is simply laced. Let | € I and a, B € ® be such that
o +aecdandoy + o+ B € ®. Also assume that o # £ and B # *ay. Then we
have either o + B € ® or oy + B € ® (but not both). Accordingly, we have:

NG

o

_ Neﬂ fa+ped,
1tefp N;alJrﬁ ifa+ B € .

Proof We have [e7, , €;]1 = N, o€ 1> (€510 €3] = Ng 1y €5, a5 SO, using the
Jacobi identity and the anti-symmetry of the Lie bracket, we obtain

NS oNS

a+a, ﬂea1+a+ﬁ [leg a’ 05] eﬂ] [[e“’ eﬂ]’ “l] [[eleg’ e‘i/]’ eZ]
= [eaz’ [eS,, eﬂ]] — [e5, [eal, eﬂ]].

€
o,

Now, if @ + B € ®, then [e, e ] = N§ B SH_ ,otherw1se this is 0 (since o # +f).
Similarly, if ¢ + 8 € @, then [e /3] = Na B a+f3’ otherwise, this is 0 (since
B # =a;). Hence, since Nél o« = e(l) (see 2.6 and note that Gy, = 0 since A is
simply laced), we obtain the following formula:

E(I)N a+a.p NO! Noéll>0!+/3 o Noeél,ﬁN;,aﬁﬁ'
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Since A is simply laced, all non-zero structure constants are 1. Since the left hand

side of the above identity is non-zero, we conclude that either N; ﬂNéz wtp = +1

or N;z,ﬂN;,aerﬂ = =1 (but not both). Hence, either« + 8 € ®ora; + B €
(but not both). Accordingly, e(l)Nél_W’ﬁ = Nof’ﬂN;’Ol_ng # 0 or G(I)N;ﬁa,ﬁ =

_Noetz,ﬂ]_\/;,ogﬁﬁ # 0. In' the first case, N;l,aﬂs = ¢(/); in the second case, Néz,ﬁ =
€(l). This yields the desired formulae. O

Definition 3.5 [Lang (2023), Sect. 3.2.2] For ¢ € ® we set sgn(«) := 1 if « is
positive, and sgn(x) := —1 if « is negative. Let o, § € ® be such that + 8 € ©.
Writing o = 3,y nicj and B =3, mja; withn;, m; € Z, we define

7(@, B) := sgn(@)sgn(B)sgn(e + B) [ | e ™™ e {£1). (%)

i,jel

(This is inspired by the construction of the “asymmetry functions” in [Kac 1985
Sect. 7.8].) Using the identity («;, B8) = B(h;) = Zje[ Olj(/’ll')l’l’lj = Z ajjmsj,
we can re-write the above formula as

Jjel

7 (a, B) = sgn(a)sgn(B)sgn(a + ) He(i)ni(ai,ﬂ),

iel
which will be useful in some arguments below.

Example 3.6 Assume that A is simply laced. Let i € [ and B € ® be such that
a; + B € ®. We claim that 7°(a;, B) = €(i). Indeed, we have n; = 1 and n; = 0 for
i # j.Itis known that 8 and «; + 8 have the same sign and so sgn(8)sgn(o; + ) = 1.
Hence, since sgn(a;) = 1, we obtain 7€ (;, B) = €(i)*-P) Since o; + B € ® we
have {(«;, B) = —1 by 3.2(b). So 7€ («;, B) = €(i).

In the following two results we show that 7€ («, B) satisfies relations analogous to
those in Remark 3.1 and Lemma 3.4.

Lemma 3.7 Assume that A is simply laced. If «, B, o + B € @, then 71°(B, ) =
N (—a, —B) = —(a, B).

Proof We have sgn(—«) = —sgn(a), sgn(—p) = —sgn(B) and sgn(—a — B) =
—sgn(a + B). Changing @ to —« and B to —pB does not change anything in the
product over i, j € I in the definition of 7¢(«, B). Hence, we certainly have
n¢(—a, —B) = —nc(a, B). Now consider the relation between 7€ («, 8) and 1€ (B, a).
Let ¢ := sgn(a)sgn(B)sgn(a + B). If i, j € I are such that a;; = aj; # 0, then
€(i) = —e(j). Consequently, we can re-write n¢(«, 8) as

W@ ) =c [ [ (—e(Gin@mim =q“(B.a) ] (=Dmm.

i,jel ijel

By Example 3.3, the right hand side equals 7€ (8, @)(—1)*#). Since « + 8 € ®, we
have {(«, 8) = —1 by 3.2(b). Hence, 71 (¢, 8) = —17€(B, ). O
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Lemma 3.8 Assume that A is simply laced. Let |l € I and o, € ® be such that
o +o € dand oy + a4+ B € . Also assume that o # B and B # =La;. By
Lemma 3.4, we have either o + € ® or oy + B € © (but not both). Then

e _ n(a, B) fa+ped,

et f) = { —i @+ ) ifar+p e o.

Proof Let ¢ := sgn(a)sgn(B)sgn(a + B). Since « and «; + « have the same sign, and
o + B and 7 + o + B have the same sign, we conclude that

N +a, B) = ce(l)(n1+l)(a”ﬂ) 1_[ E(j)"i(“i»ﬁ) — 6(1)@‘/,/3),56(0(’ B).
iel\{l}

Assume first that « + 8 € . Since oy + B ¢ P, we have (o7, B) = 0 by 3.2.
Hence, n€(o; + «, B) = 7°(«, B), as claimed. Now assume that oy + B € ®. Since
{ar, B) = —1 by 3.2, we conclude that 7€ (o + @, B) = €([)n¢ (o, B). On the other
hand, since 8 and o + B have the same sign, we obtain

ﬁé(a, o) + 13) =C He(i)ni<ﬂli,al+ﬂ> — ;]6(01, :B) HE(i)<ai’a[>.

iel iel

Let ¢’ := sgn(a)sgn(ey)sgn(e; + «). Then the product on the right hand side equals
¢’ ¢ (a, ;). Since «, o +a have the same sign and since sgn(o;) = 1, we have ¢’ = 1.
Furthermore, by Lemma 3.7 and Example 3.6, we have 7 (a, ;) = —n¢ (o, @) =
—e(l). Hence, n¢(a, oy + B) = —e(D7 (e, B) = —1 (o + , B), as claimed. O

Theorem 3.9 Assume that A is simply laced. Let o, B € © be such that « + B € .
Then [ef,, e;] = n(«, ,B)efHﬁ with 7€ (a, B) as in ().

Proof We must show that Néyﬁ = n¢(a, B) whenevera, B, o+ B € ®. By Remark 3.1
and Lemma 3.7, it is sufficient to consider the case where « is a positive root (but
may be arbitrary). Assume now thata € ®T (= set of positive roots). Then we proceed
by induction on ht(e). If ht(e) = 1, then ¢ = «; for some i € I. In this case, the
assertion holds by Example 3.6 and the formulae in 2.6. Now let ht(w) > 1. It is
well-known (see, e.g., [Humphreys 1972, Sect. 10.2]) that we can find some [ € [
suchthaty ;= a —ay € ®+. Thenoy+y € Pandoy +y + B = a+ B € . Assume
first that y % £ and B # =£o;. Then we can apply Lemma 3.4 and obtain

e _{ N;ﬂ ify + 8 e ®,
ap = Dty T —N;a[Jrﬂ ifo; + 8 € ®.
By induction, we already know that N;’ﬂ = 7°(y, B) in the first case, and N;,az-HS =
n¢(y, a; + B) in the second case. Using Lemma 3.8, we conclude that the result equals
n¢(a, B) in both cases, as desired.

It remains to deal with the cases where y = £ or B = £q;. If y = B, then
o+yePando; + 2y = o + y + B € P, contradiction to 3.2(a). On the other

@ Springer



766 Beitr Algebra Geom (2025) 66:757-774

hand, if y = —B, then
wp=Ny_y =N, _, (byRemark3.1),
(@, B) = 7(a, —y) = 7°(y, —e)  (by Lemma 3.7).

Now note that, by induction, the two right hand sides are equal; hence, so are the left
hand sides. Next, if 8 = o, theny + o € ® and y + 20 = o 4+ B € D, contradiction
to 3.2(a). On the other hand, if 8 = —qy, then

é,ﬁ = N;,_al = Né,,—a (again by Remark 3.1),

n(a, B) = 1°(a, —ay) = 7(ay, —a)  (again by Lemma 3.7).
By 2.6 and Example 3.6, the two right hand sides are both equal to € (/). O

Remark 3.10 Assume that g is of type G». Then one can check by an explicit compu-
tation (e.g., using the programs in Geck 2020) that

Ng’ﬁ =n°(a, B)(Ga,p +1) whenever o, B, a+p € P,

where 7€ («, B) is given exactly by the formula in Definition 3.5. One can also show
that the above formula is true for g of type B, (n > 2); see Lang (2024). But that
formula definitely fails for g of type C,, (n > 3) and g of type Fj.

4 Folding

We keep the general notation of the previous sections. We assume from now on that
the Cartan matrix A is simply laced; thus, A is of type A, (n > 1), D, (n > 3) or E,
(n = 6,7, 8). Furthermore, let I — I, i > i’, be a bijection such that

al-jzai/j/ foralli,jel. (a)

a;y =0 foralli € I suchthati’ #i. (b)

The first condition means that i +— i’ corresponds to a symmetry of the Dynkin
diagram of A; the second condition means that, if i # i’, then the nodes labelled
by i and i’ are not connected in the Dynkin diagram. Let d > 1 denote the order of
the bijection i +> i’ (as an element of the symmetric group on I). The non-trivial
possibilities are listed in Table 2. (The last column will be explained below.) Note that
there is also a non-trivial symmetry of order 2 for A of type A,, (n > 1), but condition
(b) is not satisfied in this case. By the Isomorphism Theorem in [Humphreys (1972),
Sect. 14.2], there is a Lie algebra automorphism 7: g — g such that

t(ej) =ey, T(fi)=fr and t(h;) =hy foralli e I.
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Table 2 Diagram automorphisms

Type of A d orbits of i > i’ A

Agp—1 (n=2) 2 {n}, {n—=1,n+1}, {n=2,n+2}, ..., {1,2n—1} Cn
Dpiy (n = 3) 2 {1,2}, {3}, {4}, ..., {n+1} By
Dy 3 {3}, {1,2, 4} G,
Ee 2 {2}, {4}, {3, 5}, {1, 6} Fy

Since the permutation i > i’ (i € I) has order d, we also have rd = idg.

4.1 Let I be a set of representatives for the orbits of the bijection i —> i’ of 1. Note
that we can choose I such that the subdiagram (of the original diagram of A) formed
by the nodes in I is connected. (For example, this holds if we select the first element
listed in each orbit in the 3rd column of Table 2.) For each i € I, let d; be the size of
the orbit of i. (Since d = 1 or d is a prime, we have d; = 1 or d; = d.) Now define

~ - - dia;; ifd; >d; =1,

A=) jep  Where i = { zlzi;j otherwise.

Then a case—by—case verification shows that A (for d > 1) is an indecomposable
Cartan matrix of the type specified in the last column of Table 2. If we order the rows
and columns of A according to the list of orbits in the 3rd column, then the diagram
of A corresponds exactly to the one with the same name in Table 1.

Lete: I — {£1} be the function defined in Table 1 for A of type Az,—_1, D41 and
E¢. Then we notice that € is constant on the orbits of /. So, by restriction, we obtain
analogous functions € : I — {%1} for A of type By, Cn, G and Fy, as specified in
Table 1.

We will now show that the automorphism 7: g — g is compatible with the various
constructions in the previous sections. First note that 7 restricts to the linear map
7p: b — b such that h; — hy (i € I). Let r;‘: b* — b* be the contragredient dual

map, that is, rg(k) =Ao ‘L'I;I for A € b*.

Lemma4.2 For any a € ®, we have o = 5 (@) € ®. The map o + o is a
permutation of ® such that a} = ra‘ (aj) =aj forall j €. Since o +— o' is linear,
we have ht(a) = ht(a’).

Proof Let o € ® and x € gy. Note that, by the definition ‘L';;, we have o/ (t(h)) =
r,’]“(a)(r(h)) = «(h) for h € b, and so

[z(h), T()] = t([h, x]) = T(a(h)x) = a()T(x) = & (T(h))T(x).

Since h = {r(h) | h € b}, this shows that 7(x) € go . So, since g, # {0}, we also
have g, # {0} and, hence, &’ € ® (since o’ # 0). Finally, let j € I. Then

o (hir) = Ty () (hi) = aj(ff;l(hi/)) =ajh;) =ajj =ayj =ay(hy)
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foralli € 1. Since {h;s | i € I} is a basis of b, this yields a;. = t,’)"(aj) =aj. m]

Proposition 4.3 Let 2 = {h; | i € I} U e}, | a« € ®} be the e-canonical Chevalley
basis of g (as in 2.6). Then we have

T(eg) = eg/ and T(ha) = h()l/ for all € ®.
Furthermore, Né’ﬁ =N§, g ifa, B,a+ B € @.

Proof Since [ef,, e ] = (—DHM@p, it suffices to prove the assertion about T(ef).
First assume that « € ®*. Then we proceed by induction on the height ht(a). If
ht() = 1, then « = o; for some i € [. By inspection of Table 2, we see that
€(i) = €(i"). So we obtain

z(e,) = t(e()er) = e(i)t(e;) = €(i)ey = e(i)e(i’)e;i, =e,

as required. Now let ht(«) > 1. Then, as already used earlier, there exists some i € 1
such that 8 := a — a; € ®T. By induction, we already know that r(eg) = eE,. We
have [e;, e;] = (qu;,p + e, Since A is simply laced, we have g, g = 0; see 3.2(a).
This yields

7(e5) = 7(ler, €5]) = [t(er). T(€5)] = [eir, €51,

Since a; + B/ = t*(ot,) + r*(,B) = r*(a, +B) = t*(a) = o’ € @, the right hand
side of the above 1dent1ty equals (o, .pr + 1)e ,. But, agam we have g, g = 0 and
so T(eS) = e °/» as desired.

Thus, the assertion holds for all « € ®7. In order to deal with negative roots, we
consider the automorphism w: g — g in 2.5; we have w(e;) = f;, o(fi) = e; and
w(h;) = —h; fori € I. One easiliy sees that @ and T commute with each other. By
2.6, we have w(ef) = —e, forall @ € ®. Now let @ € ®~. Then —« € ®* and
so we already know that 7(e€ ) = ef_a), = e . Hence, since €, = —w(e<,), we
obtain

T(ey) = —(Tow)(e,) = —(wot)(e,) = —w(e ) =e,

as required. The assertion about N 8 is now clear since 7 is a homomorphism of Lie
algebras. O

44 Wesetg:= {x € g| T(x) = x}; clearly, this is a Lie subalgebra of g. For any
i € I we denote by i the orbit of i under the permutation i +> i’ of I; let d; := li].

Recall from 4.1 that [ is a (certain) set of representatives of those orbits. Let i € I
and i = {iy, ..., i,} be the orbit of i where r = d;; then we set

G i=ey 4+, fi=fot+o+fin  hi=hi+
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Thes~e elements only depend on the orbit of i; furthermore, ¢;, f,-, ﬁ,- € g for all
i € I. A straightforward computation, using the relations in 2.3 and the definition of
A = (aij); jei in 4.1, shows that

[é;, fil=h; and [&, f;1=0 fori,je Isuchthati # j,
[/:li,éj]Z&ijéj and [fli,fj]Z—Zlijfj foralli,jei.

Also note that 6 =(hj |iel)cC g is an abelian subalgebra (since [/;, i ;] = O for
alli, j e ).

4.5 For any a € ®, we denote by o the orbit of @ under the permutation o +— o’
of ®; again, we have || € {1, d}. We set

~a = Zﬂegeg € g

By Proposition 4.3, we have €, € g. Also note that we certainly have &, = ég for all

B € a. So let ® be a set of representatives for the orbits of ® under the permutation
o > o Since B¢ = {h; | i € I}U{e, | « € P} is a basis of g, and since 7
is an automorphism of finite order which permutes the elements of %€ (see again
Proposition 4.3), it easily follows by an elementary argument that

={hi|i e [JU{& |aed) isabasis of §.

Note that the elements of B¢ are integral linear combinations of elements of the basis
P of g. Hence, since the complete multiplication table of g with respect to %€ has
only entries in Z, it is already clear that the complete multiplication table of g with
respect to 3¢ will only have entries in Q. Now the following facts are standard; see,
e.g., [De Graaf (2000), Sect. 5.15], [Kac (1985) Sect. 7.9] or [Mitzman (1985),
Sect. 3.2].

(a) The Lie algebra g is simple and [) C gis a Cartan subalgebra.
(b) A system of Chevalley generators for g is given by {é;, f,, hi | i € I}; the corre-
sponding Cartan matrix is A (of the type specified in Table 2).

We shall deal with the roots for g in a way that is somewhat different from De Graaf
(2000), Kac (1985) or Mitzman (1985). This will also lead to an explicit description
of the co-roots in Corollary 4.7 below. Note that, in De Graaf (2000) and Kac (1985),
the definition of co-roots is not consistent with the general theory. (See the formulae
in [De Graaf 2000, (5.18)] or [Kac 1985, (7.9.3)].)

For « € ® we denote by &: [) — C the restriction of « to the subspace l) c bh.
Note that all roots in the orbit o have the same restriction to f) (This immediately
follows from the formula o/ (7 (h)) = t;;(oz)(h) = «a(h).) A priori, it could happen

that two roots have the same restriction to 6 even if they are not in the same orbit. But
the following result shows that this can not happen.
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Lemma 4.6 The roots of § with respect to f) are glven by the set {a | @ € &} € h*
where & = B if and only if &« = B. We have g; )c forall o € ®.

Proof We claim that [A;, & <l = a(h; )€, fori € I and o € ®. To see this, note agam
that o’ (t (h)) = a(h) for h € b (by the definition of 1:*) Hence, since 7 (h;) = h;, we

have o/ (h;) = a(h;), and so ﬂ(h ) = a(h;) for all B € «. It follows that

hi €1 = [hi,e5l =Y B(hies =a(h) ) e =ah)E,

Bea Bea Bea

as desired. This means that €, € g, the weight space of g fora € b*. Since h = o,
we must have & # 0; thus, & is a root of g. Since the weight spaces corresponding
to roots are 1-dimensional, we conclude that gz = (€5)c. Since B€ is a basis of g, it
follows that § = § @ @D, 8a is the Cartan decomposition of g; in particular, we
musthave&;é,gifg;éé. O

Corollary 4.7 In the above setting, the following holds for any o € ®.

@) Ifa £a,thena+ o' ¢ danda +a” ¢ . 3 }
(b) The co-root corresponding to the root & of g is given by hy = Zﬂeg hg € b.

Thus, we have ﬁa € [fa> §—«] and &(ﬁa) =2

Proof (a) Assume that 8 := a + o’ € ®. Since o and «’ have the same restriction to
B, it follows that § = 2@ is a root of § g, contradiction since the root system of a simple
Lie algebra is reduced. Now assume that y := a« — «’ € ®. Then y = 0 is a root of
@, again a contradiction. The proofs for « & «” are analogous.

(b) By Proposition 4.3, it is clear that fzf € g.Now let B,y € a. If B # y, then
B =y’ or B = y”. Hence, (a) implies that B—v ¢ ®and so [eﬂ, _y] = 0. This
yields

(&, e ,]1= ZZ[eﬂ, e, ] Z[efe’ e 4l = Z(_l)ht(ﬂ)hﬁ,

Beayea Bea Bea

where the last equality holds by 2.6. Since all roots in o have the same height, the
right hand side equals (—1)ht<a>ﬁg; thus, ﬁfx € [g«, 9—«]. Now consider a(hy) =
Zﬂea ahg). Let B € a. If B = «, then a(hpg) = a(hy) = 2.If B # «, then B = o’
or B = «”. Assume, if possible, that a(hg) # 0. Then the invariance property in 2.2
implies that « = 8 € @, thatis, o« +a’ € ® or o + &’ € P, contradiction to (a).
Hence, @ (hy) = a(hy) = 2. O

Example 4.8 Let A be of type D4, where I = {1,2,3,4}and ' =2,2' =4,4' =1,
3/ = 3. Let {a, a2, a3, a4} be a system of simple roots in ®. We take [ = {1, 3}; then
we have two linearly independent restrictions {c, @3}. Table 3 shows the orbits of
a > o on the 12 positive roots in @, and expressions for & as linear combinations of
a1, a3. (In that table, we simply write 1011 instead of &; + o3 + a4, for example.) In
the second column, we recognise a root system of type G, as expected from Table 2.
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Table 3 Roots for type Dy

(Example 4.8) Orbits in & “
{1000, 0100, 0001} 3
{0010} a3
{1010, 0110, 0011} ay + a3
(1110, 1011, 0111} 201 + a3
(1111} 3a1 + a3
(1121} 3a) + 2a3

Here is a key property of the signs 7€ (c, 8) in Definition 3.5.

Lemma4.9 Let«, B € ® be such that o + B € ®. Let S(«, B) be the set of all pairs
(a0, Bo) where ap € o, o € B and ag + Po € . Then 7 (ar, B) = 7 (a0, Po) for all
(a0, Po) € S(et, B).

Proof First note that, by Theorem 3.9 and Proposition 4.3, we certainly have
(a0, Bo) = 1 (erg, By) ~ for all (a0, Bo) € S(et, B). ()
Also note that @ + ,5() =a+ B for all («g, Bo) € S(«, B). Hence, by Lemma 4.6,
(a0, Bo) € S(a, B) = o+ Po € at+B (orbitof o + B). ()

Now we distinguish four cases.

Case 1. Assume that o« = «’. Thena + By € ® forall By € ﬁ So S(a, B) = {(«, Po) |
Bo € B} and the desired property follows from ().

Case 2. Assume that 8 = B’. This is completely analogous to Case 1.

Case 3. Assume that @ # o’ and 8 # B’ but o + 8 = &’ + B'. The latter condition
means that the orbit of & + B is just {@ + B}. Now assume, if possible, that (a, B’) €
S(a, B). Then (T) would imply o + B’ € {«a + B}, contradiction. Hence, we have
a + B’ ¢ ©. Similarly, one sees that @ + 8” ¢ @ if d = 3. Consequently, we have
S(a, B) = {(a, p), (&, )} (if d = 2) or S(a, B) = {(e, B), (&', ), (@", B")} (Gf
d = 3). So the desired assertion follows again from ().
Case 4. Assume that @ # o’ and B # B’ and o + B # o’ + B. First let d = 2. Then
a={a,a'}and B = {B, B'}. f wehad a + B’ € P, then (}) would imply that o + 8’
belongs to the orbit of & 4 B, contradiction because that orbit is {o + 8, o’ + p'}.
Hence, a + B’ ¢ ®. By symmetry, one sees that ' + 8 ¢ ®. Consequently, we have
S(a, B) = {(a, B), (¢, B')} and so, again, the desired property follows from ().
Finally, assume that d = 3, so we are in the situation of Example 4.8. By inspection
of Table 3, one sees that one of «, 8, @ + 8 must be equal to +«; for somei € {1, 2, 4}.
If « = £o; or = +«;, then the desired assertion follows from Example 3.6 and
Lemma 3.7. So assume now that @ + 8 = %«;. Using () and Lemma 3.7, it is enough
to consider the case where o« + 8 = «1. An inspection of Table 3 gives only two
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possibilities:
(a, p) = (1110, —0110) or (a, B) = (1011, —0011).

In the first case, « = {1110, 0111, 1011} and é = {-0110, —0011, —1010}; further-
more, |S(«, B)| = 6. Using the formula in Definition 3.5 one finds that 7€ («g, Bo) =
€(1) for all («g, Bo) € S(e, B). The second case is analogous. O

Theorem 4.10 The set B¢ = {h; | i € [} U (& |a e @) is the é-canonical Chevalley
basis of §, where € is the restriction of € to I. Let a, B € ® be such that & + B is a root
for §. Replacing B by B’ or B” if necessary, we may assume without loss of generality
that o + B € ®. Then we have

(&5, 3] = 7 (e, B) (G p + D5,

where Go.g = max{m € Zx | B — ma is a root for §} and 7 (o, B) € {£1} is as in
Theorem 3.9.

Proof Let o, B € ® be such that @ + f is a root for §. Then

(€851 = D D by €hl = D Ny @

€ foef (a0,Po)ES (. B)

with S(a, B) as in Lemma 4.9. Since & +  is a root for §, the left hand side of (a) is
non-zero. So there must exist some («g, Bo) € S(«, B) such that g + By € ®. Note
that then we also have («g, ;) € S(a, B) and («;, By) € S(a, B). Hence, replacing B
by B’ or B” if necessary, we may assume without loss of generality that « + 8 € ®.
In this case, we can write

[€. 851 = NG 4€,,5 where Nz €C.

As a first step, we show that B¢isa Chevalley basis of g. (This will determine the
absolute value of ]\7; g-) For this purpose, we use the criterion in 2.5 and consider
the automorphism w: g — g. As already noted in the proof of Proposition 4.3, the
maps @ and T commute with each other. Hence, w(g) = g and so w restricts to an
automorphism of g which we denote by the same symbol. One immediately checks
that w(e;) = f,, a)(f,) = ¢; and a)(h ) = —h fori € I. So, by 2.6, we have

w(ey) = —e’ , forall @ € ®. Hence, we obtain
0@) =) wE)=) —e,=—
Bea Bea

By Corollary 4.7(b) (and its proof), we also have [€,, € ,] = (— l)h‘(“)l;f Hence, the
conditions in 2.5 are satisfied and so (N6 /5)2 :I:(qa g+ 1)2 whenevero, B, + 8 €
®. Finally, we already noted in 4.5 that the complete multiplication table of g with
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respect to B¢ has only entries in Q; in particular, N N wp € Q and, hence, N
£(Gu,p + 1), as required. (The above argument essentlally appeared already i in the
proof of [Mitzman 1985, Theorem 3.2.26].)

Now let again a, 8 € ® be arbitrary such that & + § is a root for §. As before, we
may assume without loss of generality that o + 8 € ®. Since B¢ is a Chevalley basis,
there is a sign & € {#1} such that N ﬂ =&(go,p +1). Then

[€5.85) = N§ &y =EGup+ 1) Y €. (b)
yeatp
In order to determine £ = %1, we compare the two expressions (a) and (b). All

coefficients of basis elements in those expressions are in Z, and (b) shows that they all
have the same sign, given by £. On the other hand, by Theorem 3.9 and Lemma 4.9,
all coefficients Ny, g, in the sum in (a) are equal to 7°(«, B). Hence, there are no
cancellations in (a) and so & = 1€ («, B); furthermore,

Gop +1 = [{(@0, Bo) € S(, B) | o + o = a + B} (©
Thus, we have shown that

€ R€

(&, €l = N, B)(qap + l)é;+ﬂ whenever o, B, + B € .

Finally, we show that l?e is the é-canonical Chevalley basis of g; recall the conditions
from 2.6. Firstleti € 1. Then €, =} ; e;. = _;c; €(j)e;. Since € is constant on
the orbits of the permutation i > i’, we conclude that €, = €(i)e;. The argument for
€<, is completely analogous. Now let also o € ® be such that &; + & is a root for §;
as before, we may assume without loss of generality that o; + o € ®. By the above
formula we know that

(21, &3] = € (DI, . &1 = ()7 (i, @) (o0 + D& 1o = G + DE, g,

where the last equality holds by Example 3.6. The argument for [ f;, &€ ] is completely
analogous (assuming that @ — &; is a root for g). O

Remark 4.11 Let «, B, + B € ®. By the detailed discussion in the proof of [De
Graaf (2000), Lemma 5.15.9], one can explicity work out the number G, g according
to formula (c) in the above proof. Examples: If « = o’ or = p’, then g g = 0. Now
assume that o # o’ and B # B/. Ifa + B = o' + B, then o p = d — 1 where d is
the order of 7;if o + B # o’ + B’ and d = 2, then gy, g = 0. This actually covers all
cases for d = 2. If d = 3, then we are in the situation of Example 4.8; the structure
constants for g have been already described in Remark 3.10. (They are explicitly listed
in Table 1 (p. 3246) of Geck 2017.)
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