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Abstract

The Gross-Pitaevskii (GP) equation is a model for the description of the dynam-
ics of Bose-Einstein condensates. Here, we consider the GP equation in a
two-dimensional setting with an external periodic potential in the x-direction
and a harmonic oscillator potential in the y-direction in the so-called tight-
binding limit. We prove error estimates which show that in this limit the original
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system can be approximated by a discrete nonlinear Schrodinger equation. The
paper is a first attempt to generalize the results from [19] obtained in the one-
dimensional setting to higher space dimensions and more general interaction
potentials. Such a generalization is a non-trivial task due to the oscillations in
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and cause some irregularity of the solutions which are harder to handle in higher
space dimensions. To overcome these difficulties, we work in anisotropic Sobolev
spaces. Moreover, additional non-resonance conditions have to be satisfied in the
two-dimensional case.
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1 | INTRODUCTION

A Bose-FEinstein condensate is a state of matter that is formed when a gas of bosons at low densities is cooled to temper-
atures very close to absolute zero. For such condensates in the mean-field limit, the N-particle Schrédinger equation can
be described by a single nonlinear Gross-Pitaevskii (GP) equation, cf. [2, 8, 17]. Looking at the condensate in an external
periodic field, such as optical gaps, is very common in experimental and in theoretical research. From a mathematical
point of view, we have to deal with a nonlinear Schrédinger equation with an external periodic potential. The book [15]
gives a good overview on the analysis of such systems. The GP equation is of the form

idju=—-Au+Vu+ N(u)

witht € R, r € R4 for d = 1,2, 3, where V is the external potential and u = u(r, t) € C the wavefunction. The nonlinear
terms N(u) model the interaction of the involved molecules. Local hard sphere interactions are modeled with a term
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o|u|?u, whereas a term Suv with v satisfying Av = |u|?> models a long range interaction. In the existing literature also
dipole interactions are considered.
Here, we consider the GP equation

idu=—-Au+Vu+olul®u, teR, reR? 6))

in a two-dimensional setting with an external periodic potential V" in the x-direction and a harmonic oscillator potential
in the y-direction in the so-called tight-binding limit. Tight-binding limits in mathematical physics have been considered
in various papers, cf. [1, 9].

Bose-Einstein condensates, respectively the GP equation, with external periodic potential V' in the x-direction and
a harmonic oscillator potential in the y-direction has been considered for instance in [4]. Herein, u(t,r) : RxR? = C
decays to zero sufficiently fast as |r| - oo and V' = V/(r) is given by a periodic sequence of potential wells with a height of
order O(¢2) in the x-direction, where 0 < € < 1.

For £ = 0 the potential wells are separated and for each potential well a countable number of eigenfunctions exist. For
€ > 0 nearby these eigenfunctions there are the combined functions $n,m(x)¢ i(y) where the indicesm € Zand n € N of
the so-called Wannier functions $n,m(x) denote the nth eigenfunction in the mth potential well in the x-direction and
J € Ny the jth eigenfunction in the y-direction. These combined functions $n,m(x)¢ i(y) decay with a rate O(e~rx—ml/e)
for an r > 0. Hence, the influence of the Wannier functions of the m;th well to the m,th well is exponentially small
w.r.t. € > 0, in detail O(e™" lmy—my|/ £)-small. Suppose for a moment that the solutions, in which we are interested in, are
linear combinations of the lowest order combined functions $Lm(x)zp0(y). We would like to describe such solutions by
the amplitudes of these functions alone. In order to obtain a system where the linear and nonlinear terms are of the same
order also the amplitude has to be exponentially small w.r.t. ¢ > 0. As a consequence also, the dynamics will happen on an
exponentially long timescale. Therefore, in order to obtain a non-trivial equation for the amplitudes we make the ansatz

u(t,r) = ul/ 2@, (t,r) + higher-order terms,
with

/’ll/ZlIIO(t’ r) = #1/2¢0(T5 V)E(t), ¢0(T5 l") = Z am(T)$l,m(x)l)b0(y)5 (2)

mezZ
small parameter u = ce~%/¢, with a € (0, 27r) defined in Equation (4), slow time variable T = ut, and E(t) = e~ilBrotwolt
where E ; + @, is the energy associated with ¢, ,,,(x)o(y). We find that in the limit ¢ — 0 the dynamics of the original
system can formally be described by a discrete nonlinear Schrédinger equation (ANLS) which is a system of infinitely
many coupled ordinary differential equation (ODEs)

. 2
laTam = a(am—l + am+1) + O'5|am| Ay (3)

with explicitly computable coefficients a and S, cf. Equation (31), and where the amplitude functions a,,(T) are associ-
ated with the mth potential well and evolve with respect to the slow time T = ut with u = u(e) > 0. More details about
Wannier functions and the derivation of the dNLS equation which is not restricted to (n, j) = (1,0) are given in the sub-
sequent sections. For larger amplitudes no linear terms and for smaller amplitudes no non-linear terms appear in the
limit equation. The paper is a first attempt to generalize the approximation results from [19] for small 0 < € < 1 obtained
in the one-dimensional setting to higher space dimensions and to more general interaction potentials. In contrast to the
one-dimensional problem in [19], for the two-dimensional model the new difficulty occurs that higher regularity is needed
in order to control the nonlinearity of Equation (1) in R2. To overcome these difficulties, we work in anisotropic Sobolev
spaces H'?(R?). Moreover, additional non-resonance conditions have to be satisfied in the 2D case.

The paper is organized as follows. We start in Section 2 with a short introduction of the model and focus on the definition
of the function spaces which we need to prove our approximation result. We also give a short recap of the spectral situation
in general and on the theory of Wannier function decomposition for the one-dimensional Schrédinger operator with
a periodic potential. The main result is formulated in Section 3. In Section 4.1, we use a multiple scaling expansion to
derive the effective amplitude equation. Moreover, we construct an improved approximation and estimate the associated
residual. In Section 4.2, we estimate the error by using the variation of constant formula and Gronwall’s inequality. Since
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FIGURE 1 The potential function V,(x) with a = 7 and ¢ = 0.2 (left) and the potential function V,(y) = ¥? (right).

our overall analysis for the deterministic case follows very closely [19] for the one-dimensional case, we concentrate on
the parts which we have to adjust for the two-dimensional setting.

Notation. We denote with Cg(Rz) the space of uniformly continuous and bounded functions u : R?> — C equipped with
the sup-norm || - ||c2~ We use the standard notations for the Sobolev space H*(R?) and the Lebesgue space L (R?) for s > 0

and p > 1. The anisotropic Sobolev space H'>(R?) is equipped with the norm

1/2
2 2 2 2
Il = (1xull?, + 183ull?, + lluf2,) .

For the complex-valued sequence spaces we write ['(Z) and [2(Z) with the corresponding norms ||d||p = Y

1/2
ldlle = (X,cz laml®) "

mez 1am| and

2 | THE MODEL

We consider the GP Equation (1) with a periodic potential in two space dimensions, where the potential V(r) = V(x) +
V,(y) is given by a piecewise-constant periodic potential V,(x) in the x-direction and a harmonic oscillator potential
of the form V,(y) = y? in the y-direction. Analogous to the one-dimensional case in [19], the potential V, is bounded,
real-valued, 27-periodic and defined by
-2
V.(x) = {E , x €(0,a) mod(27), @
0, x € (a,2r)mod(27),

where a € (0,27) is fixed and 0 < € <« 1 is a small perturbation parameter. Both potentials are shown in Figure 1. The
parameter ¢ = +1 in Equation (1) is normalized for convenience.

Remark 2.1. For our analysis, it is essential that the potential is separable, but the special form of the potentials V', and
V,, is not essential as long as they have similar properties as the chosen ones, that is, V. should be chosen for instance in
such a way that the subsequent Lemma 2.9 holds. Other examples can be found for instance in [16, Section 7]. Almost all
physical experiments about Bose-Einstein condensates use separable potentials, cf. [18].

In order to prove our result stated in Theorem 3.3, we need a suitable Banach space to bound the error made by
the approximation. As in the one-dimensional case, we have ||Vx||C2 — oo for € — 0. Since V, >0 for all x € R, it is

convenient for our analysis to work in the anisotropic function space #?(R?) equipped with the norm

”””?{1,2 = ((Lx + I)u’ u>L2 + ((Ly + I)Zu’ u>L2 + <u’ u>L2’ (5)
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where [ is the identity operator and where the occurring scalar products are defined by the linear Schrodinger operators

Ly=-0;+V, and L,=-3;+V,.

This space will allow us to control the nonlinearity of the original problem (1) in two space dimensions, too.
Remark 2.2. Note that it is not possible to use the space H!(R?) with ||u||§1’1 = ((L + Du,u);> in our analysis due to
Sobolev’s embedding theorem in two space dimensions where L = L, + L, = —A + V. For the same reason with the
present approach, the 2D case with a potential periodic in both space directions cannot be handled so far in the tight
binding limit. Also, the function space H?*(R?) with ||u||i[2 = ((L + I)*u, u);2 seems to be inappropriate for this problem
because, as far as we can see, this space is not closed under point-wise multiplication with an e-independent constant Cp
in Theorem 2.7 for the potential V' = V. + V.. Moreover, we would like to mention that the difficulties do not come from
the non-smoothness of V', but from the scaling properties of V.
2.1 | The function space H'?
Anisotropic Sobolev spaces were introduced, for instance, in [13]. See also [7].

As mentioned above, we need the anisotropic function space H'?(R?) to be closed under point-wise multiplication

without a loss of powers of ¢ when multiplying two functions of order @(1), cf. Theorem 2.7. Therefore, we first define the
space H?(R?) and equip it with the norm

1/2
lullzz = UOcull?, + 1165ull?, + llull?,) " (6)

It is obvious that ||u||g1 < C||u||g1.2. The following lemmas now allow us to control two more norms with Equation (6),
which we need in the proof of Theorem 2.7.

Lemma 2.3. There exists a positive constant Cc > 0 such that
llullco < Cellullm2 (7)
forallu € HY(R?).

Proof. In this proof, we use the Fourier transform 7 and its inverse, denoted by 7~!. The continuity of #~! : L}(R?) —
Cg(IRZ) and the Cauchy-Schwarz inequality lead to

lullco < @l = lldep™ llzr < lidpllz2llo™" llze,

where p(k,I) = 1+ |k| + |I|? and & = F(u). In fact, the Fourier transform F is an isometric isomorphism from L*(R?) to
L*(R?) and by using the weight p we get

el < llullpna.

Hence, it remains to show that [|p~!||;2 < oo in order to obtain the bound (7). We find

(9] oo 5
o117, =/ / (1+ k] + [1]?) “dkdl
l=—00 J k=—00

=4/ / (1+Ikl+|l|2)_2dkdl=4/ (1+11P2) dl =27
l=0 k=0 l=0

and the inequality (7) holds. O
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Remark 2.4.

a) Embedding theorems for anisotropic Sobolev spaces can be found in the existing literature. However, for completeness
we give proofs of the estimates related to the anisotropy of the problem.

b) The reason why we restrict ourselves to two space dimensions is that this embedding just holds in two space
dimensions. In the three-dimensional case, the integral

/ / / (k+l§+l§)_2dkdlzdly=/ / (k +r2) " rdrdk
ly=1J1,=1 Jk=1 k=1Jr=1

is divergent and we cannot bound the norm ||p~!||;2 of the weight function p(k, Ly, ;). Since the analysis of the linear
operator heavily relies on its self-adjointness, we have to use L?-based spaces and are not allowed to change to LP-
based spaces on the right-hand side of the inequality (7) at this point. We expect that the three-dimensional case can
be handled in a space H>3(R3).
¢) The case of periodic potentials in both directions cannot be handled with our analysis for similar reasons. This will be
the subject of future research.
With the same approach, we can also estimate ||0,u||;+ with the norm of the Sobolev space H 1.2 in two space dimensions.
Lemma 2.5. There exists a positive constant C; > 0 such that
loyulls < Cpllullpe ®

forallu € HY*(R?).

Proof. The inverse Fourier transform 7~ is a continuous mapping from L9 to L? with 1/p + 1/q = 1 for q < 2 due to the
Hausdorff-Young inequality. For p = 4 and q = 4/3, this leads to the inequality

9y ullzs < NNildllpas = llil@op~ NI Lass < lltpllc2 llilo™ I )
with the weight p =1+ |k| + |I|* and il&l = F(0,u). We also applied the generalized Holder inequality |luvl|;- <

lullzrllvlle with 1/p +1/q = 1/r to obtain the last inequality of Equation (9). Using analogous calculations as in the
proof of Lemma 2.3, we find that

et = [ ) aka
I=—0c0 =—c0

=4/ / - (14 [k + 112) " dkdl
1=0 J k=0

= i/ - (14 117) " dl < oo
3 1=0

is bounded and with ||#@p||;2 < |lu|lz1.2 We complete the proof. O

Remark 2.6. Moreover, we use ||ul|;+ < Cy|lullg for all u € HY(R?) which is a consequence of classical Sobolev’s
embedding theorem. It can be proved with the same strategy as the proof of Lemma 2.5, using the weight function

p= (1+k2+12)1/2.

With these two embedding results, the following inequality holds.
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Theorem 2.7. The space H'2(R?) is closed under point-wise multiplication with

lullre < llullzpe and  Jluvlizpe < Cgllullzpzlivliza.
for every u,v € H?(R?) and some positive constant Cg > 0 independent of the small parameter 0 < ¢ < 1.
Proof. We first show that ||u||g12 < ||ull31.2. Expanding the norm defined in Equation (5), we get

lll3,1, = (Lotd, )2 + (L, udr + 2(Lyu, u)p2 + 3(u, u)po.

Now, we look at the occurring terms separately. We obtain

(Lauu)z = 162ull?, + [Vyul2, + (~02u, Vyu) + (Vyu, —37u)2 (10)
and
1/2 1/2
<Lyu’ u>L2 = ”ayu”iz + ”Vy/ u“iz’ <Lxuau>L2 = ”axu”iz + ”Vx/ u”iz’ 1)
respectively. Using Equations (10) and (11), we rewrite the norm as
“u“ill,Z = “u”ip,z + ”Vyu”iz + <_a§u’ Vyu>L2 + <Vyu’ _a§u>L2 @)
12
1/2 1/2
+208,ull2, + 201V 2ull?, + 1V 2ull?, + 2(ull?,
and simplify the scalar products by integration by parts to get for V', = y? that
(—aﬁu, Vyu) +(V,u, —6§u)Lz = (9yu,0,(Vyu))r2 +(8,(Vyu),d,u)2
12 13)
= 2, + 21V, G, w12,
where V,,0,V,, 5§Vy € Rand 6§Vy = 2. Inserting Equation (13) into Equation (12), we directly obtain
2 _ 2 Voull? 2V1/2(a)2
ll2,,, = ullZ, + IVyull?, + 20V, *@,uwl?,
(14)
1/2 1/2
+208,ull?, + 20Vy *ull?, + 1V ull,,
and thus the bound
lll?,, < Nl (15)
holds.
Now, we come to the proof of the second estimate and write
1/2
2., = 183wo)l1Z, + IV, o)lIZ, + 21V, @, o)1,
1/2
+ 2118, o2, + 211V} *@o)lI2, + 18, wv)ll, (16)

1/2
+ IV 2@, + fluvll?,.

We look at the terms on the right-hand side of Equation (16) separately. For the first term, the triangle inequality yields

132v)llz> < 12wl + 213, @, W)l + Iu@30)ll.2

2 2
< lIGyullz2livlico + 2116y ullz+lIoyvllzs + llullcolldyvllr2
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and with the bounds (7), (8), and (15), we obtain

2 2
19y uv)llr2 < 2Ccllullm2llvllme + 2C; Jullgmzllvlime < Cllullpzllvllza..

Using the representation (14) and the bound (7), we can estimate the second term ||V, (uv)||i2 as follows:
IVyolizz < llvlicollVyullz < Cellvllmallullzne < Cellvllzallullya.
The estimates for the remaining terms follow with the same ideas as in the calculations above. In total, we get the inequality

2 2 2 2
vl < C3llull?,,, 012,

and so the function space H?(R?) is closed under point-wise multiplication with a constant Cz = O(1) for ¢ — 0. O

2.2 | The unitary semigroup in H'?*(R?)
By definition we have

“”“?11,2 = ((Ly + Du,uy2 + (L + D*u,u)p2 + (u, u)y2,
with L, = —82 + V,(x) and L, = —65 + V,(¥). These operators are self-adjoint in L*(R?) and thus, by the classical
semigroup theory, cf. [14], we get

iLyt —iLyt

(e xty, e ety = (u,u). and (e Dvlu, e Dlud = (u,u) .

Since L.L,=L,L,,we have that L., Ly, e~ilxt and e~Lv! a1l commute. Therefore, we find
le™™ull?,, = (Ly + DeMu, e uy o + (L, + D’e M u, e uyp + (e Hu, e up

= (e7 Ly + Du, e Huyp + (e7 (L, + D*u, e uy + (e Hu, e Huy

= ((Ly + Du, u)pz + ((Ly + D*u,uyp2 + (u,u)p2

2

= llull?,.,.

and so e ! forms a unitary group in H?(R?) with

le™™ ullyn2 = llullzp.. a7)

2.3 | The Bloch wave expansion

The form of our potential makes it reasonable to use an approximation ansatz which decomposes the original solutions
u(t, x) of the GP equation (1) into a linear combination of the eigenfunctions of the linear problems corresponding to the
one-dimensional operators L, = —32 + V' and L,= —6; + V. Therefore, we first study the spectrum of these operators
separately.

i) The spectral problem of the harmonic oscillator in the y-direction is well documented in the literature. The eigenvalue
problem is solved by the eigenfunctions

¥, = H(y)e™/? (1s)

1
(DA )2



GILG and SCHNEIDER MATHEMATISCHE 3877

NACHRICHTEN
with corresponding eigenvalues w; =1+2j for j €N, where the function H; represents the jth Hermite
polynomial.

ii) Next, we focus on the one-dimensional eigenvalue problem L, = E¢ which is solved by the Bloch wave ansatz
p(x) = ei*p(¢,x), ¢, x €R.
The functions ¢ satisfy
¢, x) = p(€,x +2m), ¢(€,x)=¢({ +1,x)e™, ¢, xER, (19)

and therefore we can restrict the definition of ¢(¢,x) to x € T,, = R/(2nZ) and ¢ € T; = R/Z. With this ansatz,
#(¢, -) is a solution to the eigenvalue problem

L (¢, X)$(¢,x) = E(€)$(¢, x)
with the linear operator L, (¢, x) := —(3, + if)? + V(x). We have cf. [10].
Lemma 2.8. For fixed ¢ € T,, the operator L,(¢, x) is a self-adjoint, positive semi-definite operator in L*>(T,,).

By Lemma 2.8 and the spectral theorem for self-adjoint operators with compact resolvent for each ¢ € T, there exists
a Schauder base {¢,(?, )}, Of L(T,,) consisting of eigenfunctions of L, (¢, x) with positive eigenvalues {E, (£)}
ordered as E,,(€) < E,.;1(€).

Hence, we define the corresponding Bloch wavefunction in L*(R) to the eigenvalue E, (¢) by (€, x) 1= ell%p, (¢, x)
and each of these pairs solves the spectral problem

neN

L $u(,%) = Ey(€)$n(f,x) (20)

for every n € N. By Equation (19), the condition ¢,(¢,x + 27) = ¢,,(¢, x)e2™ holds for all x € R, and also all Bloch
wavefunctions ¢,(¢, -) satisfy the following orthogonality and normalization relation:

(Bn(€, ), b (', Ni2w) = SuwdU—=1), n,n' €N, ¢,¢ €T,.

In order to normalize the phase factors of the Bloch wavefunctions asin [16], we set gn(f ,X) = $n(—€ ,X) as eigenfunctions
for the eigenvalues E,(¢) = E,(¢) = E,(-0).

2.4 | The Wannier functions

In the limit we are interested in, it is more useful to use the Wannier function decomposition. This allows us to approximate
the continuous partial differential equation (PDE) (1) with the lattice equation (3). In the following, we summarize the
main properties of the Wannier functions. This is done similarly to [19], following the more detailed approaches in [15,
16].

The band function E, (¢) and the Bloch wavefunction ¢,,(¢, x) introduced above are 1-periodic with respect to ¢ € T,
for any n € N. Therefore, we can represent them by the Fourier series

En(f) = Z E\n’meﬂﬂmf’ La (S —[l—l’ (21)
meZ
and
$,(€,x) = Z P m(x)ei27ME teT,, xeR. (22)

meZ



3878 %ﬁggﬁ%ﬁ%ﬁﬁHE GILG and SCHNEIDER
[NACHRICHTEN |

The Fourier coefficients in Equations (21) and (22) are defined by the integrals

Epm= / E,(£)e 2l de, me Z,
T

1
and
$n,m(x) = / $n(€ax)e_i2mn€d€, meZ, x€R,
T
and satisfy

~

EBum=Ey n=Ep e  Fum(®)=9,,(x). VmeZ VneN, VxeR,
Because of the quasi-periodicity, ¢, (¢, x + 27) = ¢, (¢, x)el2™ for any x € R and ¢ € T,, we obtain the property
$n,m(x) = $n,m_1(x —2m) = $n,0(x —27tm), VmeZ VneN, Vx eR,

and the so-defined real-valued functions gz?n’m are called Wannier functions.

Although the Wannier functions are no eigenfunctions of the Schrédinger operator L,, we can substitute the Fourier
series representations (21) and (22) into the one-dimensional linear problem (20) for a fixed n € N. Thereby, in every
spectral band &, the set of functions {$n,m}m€Z satisfies the system

Lx¢n,m = Z E\n,m—m’qsn,m” Vm e 7, (23)

m'eZ

with the corresponding coefficients {ﬁn’m }mez. Orthogonality and normalization of Wannier functions, given by

(Dm(): St N 2@) = St Ommrs m1 EN, m,m' €2,

directly follow from the relation (21) for Bloch functions.

We complete this part with the following two lemmas from [16], which summarize important properties of the band
functions E,(¢) and the Wannier functions $n,m(x) of the linear one-dimensional spectral problem L, = E¢g. For an
introduction into the theory, see [12, 20] or the textbooks [6, 11].

Lemma 2.9. Let V, be given by Equation (4) and u = ce~%/¢. For any fixed n, € N, there exist strictly positive constants
€o> CS,EO,CI—',CZ, Co,Cy, > 0, such that, for any € € [0, €y), the band functions and the Wannier functions of the operator
L, = —02 4V, satisfy the properties.

(i) (Band separation)

ne%{glo} fig‘ﬂg 1En(6) = Eno,0| 2 Cs (24)
(ii) (Band boundedness)
|Eng 0l < Eo (25)

(iii) (Tight-binding approximation)

Cru < |Epgal <CT
. (26)
|En0,m| < C2/'{2 fOV m22

(iv) (Compactly supported approximation)

By 0(X) = $ol < Coe,  Vx € [0,27], 27
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where
~ 0, Vx € [0, a],
Po(x) = \/f—a sin (”nO(zf_x) >, Vx € [a,2r].
(v) (Exponential decay)
|, 0O < Cu™,  ¥x € [=27rm, —27(m — D] U [2em, 2c(m + 1)], m € N (28)
Proof. The proof of (i)-(iii) is given in [16, Appendix B] and (iv) and (v) are shown in [16, Appendix C]. O

Lemma 2.10. Let &, be the invariant closed subspace of L*>(R) associated with the nth spectral band and assume that
&, NEy ={0}forafixedn € Nandalln' # n. Then, (¢, m> $nm )12(R) = Omp foranym,m’ € Z and there exists constants
1, > 0and C,, > 0, such that

|Bam(0)] < Cpe b2 (29)
Proof. Here, we refer to the proof of [16, Proposition 2]. 1

Remark 2.11. The exponential decay (29) is proven in [16] for the spectrum of an operator L = —32 + V(x) consisting of
the union of disjoint spectral bands. However, for the proof of Lemma 2.10 we do not need the assumption that all spectral
bands are disjoint. It is sufficient that the particular nth spectral band is disjoint from the other spectral bands of the linear
operator. According to property (24), this condition is satisfied for the spectrum of the operator L, for small € > 0, cf. [19].

3 | MAIN RESULT

We represent an approximate solution of the given GP equation (1) by the formal asymptotic expansion

u(t,r) = u*/>¥y(t, r) + higher-order terms,
with

KWt r) = @12y (T, NE®),  @o(T,r) = ) an(T)bnm()D; () (30)

meZ

and E(t) = e_i(E"!O“"J‘)‘, for a fixed n € N and j € Ny, where T = ut with u = ce~%/¢ <« 1 is the slow time variable and
r = (x,y) € R?. The set of Wannier functions {$n,m }nez belongs to the subspace of L?(R) associated with the nth spectral
band of the one-dimensional Schrodinger operator L,. The function 9; represents the eigenfunction of the operator L,
with the corresponding energy w;.

Substituting the ansatz (30) into the original equation (1) shows that the amplitudes {a,,,(T)},,c7 satisty the dNLS
equation (3), where the parameters are given by

a= ‘lliir%) ay,, and g = }ti—l;% Bu (31)

where

En,l

= =atOW and By = lduodlif = B+ O

The values of both constants «,, and §,, are uniformly bounded and nonzero as u — 0. For a bound on the constant a we
refer to (26) and for a bound on the constant g we refer to Remark 3.5. Properties (26) and (27) guarantee that o, 8 # 0 for
0 < u < 1. The initial-value problem for the dNLS equation (3) is locally well-posed in C'([0, T, ],1'(Z)) fora T, > 0.
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Lemma 3.1. Let d, € I'(Z). Then, there exists a T, > 0 and a unique solution d(T) € C'([0,T,],1*(Z)) of the ANLS
equation (3) with the initial data a(0) = a,.

Proof. See the proof of [19, Theorem 2]. O

Remark 3.2. The solutions a of the dNLS equation (3) with coefficients « and 8 and the solutions a, of the dNLS
equation (3) with coefficients a, and §,, obviously stay O(u)-close on an O(1)-timescale with respect to T.

The mathematical justification of the effective amplitude equation (3) by means of error estimates is the main purpose
of this section. The approximation result is given by the following theorem.

Theorem 3.3. Pickn € N, j € N such that the following non-resonance condition is satisfied for all ¢ € T;:
(Ew(€)—E,o) +2(j' —j) #0, forevery n’€N\{n} and j' €N,. (32)

Let d(T) € C! ([0, Ty, 11(2)) be a solution of the dNLS equation (3) with initial data d(0) = d, satisfying the bound

H1.2

g — 12D 4 (0) m(Y; ()

meZ

for some Cy > 0. Then, for any u € (0, uy) with sufficiently small u, > 0, there exists a u-independent constant C > 0 such
that the GP equation (1) admits a mild solution u(t) € C° ([0, To/u], H"? (R?)) satisfying the bound

S C/.L3/2
H12

u(" t) - #1/2 Z am(#t)an,m(x)EDj(y)e_i(E"'0+wj)t

meZ

forallt € [0,Ty/ul.
Remark 3.4. Since u = e/, the finite time interval [0, T,/ u] is exponentially long with respect to ¢, cf. [5, 19].

Remark 3.5. Using the embedding result from Remark 2.6 yields

I$n0%jllze < Cllidno®jlln < ClignoWjllzne < Clldnodjliznz (33)

and with*
109511205 = (L + D> Enodrz + (Ly + D*Eno¥;s bno¥)r2
+ <$n,o¢js $n,0¢j>L2

~ (34)
:En,0+1+co]2.+2cuj+1+1

2
<E+D+ (wj+1) +1<

we immediately get that 8 = ||¢,, o3 ilif, < oo.

Remark 3.6. The non-resonance condition (32) in Theorem 3.3 is new compared to the one-dimensional result. This

additional condition is needed due to the orthogonal projection on the spectral bands which is introduced in Lemma 4.2

used for the construction of a higher order approximation.

Remark 3.7. The method of reducing a continuous equation to a nonlinear lattice problem as an effective equation in the

tight-binding limit for the description of a wavefunction has been applied formally in the physics literature, cf. [3]. Other
rigorous approaches on the reduction of a one-dimensional GP equation to a dNLS equation can be found in [2, 5, 16].
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4 | PROOF OF THEOREM 3.3
4.1 | Estimates for the residual
Our next goal is to compute and estimate the so-called residual
Res(u) = —id,u — Au + Vu + o|u/’u, (35)

which contains the remaining terms which do not cancel after inserting the approximation u = u!/?%, into the GP
equation (1). Substituting the ansatz (30) into Equation (35) leads to

Res(u!/2Wg) = =ip®/2 Y 31y (T)m(x);()E)

meZ
~ 12 ()Y Bt G CO%(0EC)
meZ mez

m#m’
2
+ au32|@o(T, 1| @o(T, PE().

Using the expansion (23), (—65 +V,(y) —@;)¥;(y) = 0, and the fact that the amplitude functions {a,,(T)},c7 satisfy the
dNLS equation (3) with the coefficients a and 8 displayed in Equation (31), yields

Res(u'/2¥,) = s; +s,
where

51 = :"‘1/2 Z Z En,m’—mam’(T)$n,m(x)¢j(y)E(t)a

mezZ m'ez
m' £Hm—1,m,m+1}

5= ou3/2<|<oo(T, N eo(T,r) = Y 6|am(T)|2am(T>$n,m<x>¢,-(y)>E<t>.

meZ

The term s, is of order O(u*/?) due the tight-binding assumption (26). The remaining terms in s, are of order O(u*/?).
However, for our approach it is necessary that the residual will be of order @(u’/2). In order to achieve this order we add
higher-order terms u>/ 211‘# to the ansatz (30) and thus define the improved approximation as
p2W(t, ) = @208, r) + 132, (0, ). (36)
Due to the o|u|2u-nonlinearity, as above, the higher order terms can be chosen as
,u3/211"u = /13/2¢#(T, PE().
Inserting the improved approximation (36) into the GP equation (1) yields

Res(u'/2W) = s, + 55 + 54, 37)

with s; from above, and

1 ~
S3 = O',U3/2(E(L - (En,O + CUJ))@M(Ta r) + |¢0(Ta r)|2¢0(Ta r)

- ;3|amm|Zam(T)$n,m(x>¢j<y>>E(t>,

meZ
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s = opl? (—ﬁam(ﬁ P+ 2lgo(T. ) ¢, (T.1) + 3, (T ey (T, r)) E(1)
2
+ou’/? <2|¢M(T, N[ @o(T,NEW) + BT, N@L(T, r)) E(1)

2
+o°2|pu(T,7)| @u(T, PE).

Above we already found that the term s, is of order @(u/2). By a pure counting of powers of u we also find that s, =

O(>/?). In order to control the terms in s; we use the orthogonal projection IT,, ; : LA(R?) > &, ;, where &, ; C L*(R?)

is defined as the direct product of the nth spectral band £, in the x-direction and the eigenspace U; corresponding to the

eigenvalue w; of the harmonic oscillator problem. We set

$3q = I ;83 and s3p = (I = TL, j)s3.

By construction we have

3a = Hn,j <O',Ll3/2 <§(L - (E\n,o + wj))(Py(T’ }’)> = (9(,“7/2)

as in s; due to tight-binding assumption (26). In s3;, the linear terms in ¢, will be used to cancel the nonlinear terms in
@o- In order to do so, we need the following two lemmas.

Lemma 4.1. Let d(T) € I'(Z) for a fixed T € R and let ¢, (r) = Zmez am$n,m(x)z,bj(y)for afixedn €N, thengp, € £, ; C
L*(R?) and ¢, € HY2(R?).

Proof. We have

ligoll?,. < lldll; sup 1Bt 12 0 (38)
by using the triangle inequality and the bound (34). O
Lemma 4.2. Forany f € L*(R?) there exists a unique solution ¢ € H'*(R?) of the inhomogeneous equation

(L= (Bno +)))p = (I=T0)f,
with (¢, 8)r2 = 0 for every 3 € &, ; and ¢ satisfying

lpllz2 < Cllfll2 (39)

forsome C > 0 uniformlyin0 < u < 1.

Proof. We find En,o & o(Ly)|¢1 by the band separation property (24) of Lemma 2.9 and w; & o(Ly)|;;1. Using the same
n j
arguments as in [15], if ¢ is a solution of

(L =Bp) + Ly —w))p = (I -T0,,;) f,

then ¢ can be represented by

o(r) = /T

)

/oo Ty OBl ) ) 40)
— y . . y ,
y=—c0 werin} jremyy En (€) = Eng) + (wjr — @) '

1
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which implies that there is a constant Cy > 0 such that

~ 2
= Fw €.y 0|
2
o< [ [ A
Ty Jy'==c0 wreN\{n} j'eN\(j} ((Ep (€) — Ep) + (wjr — @)

<evf | TN Y ey won| dvae

=7 neN\{n} j’eN\{j}

!/
~dy'dt

(41)

< CylIfIE
due to the non-resonance condition (32) assumed in Theorem 3.3 such that ¢ € L?(R?) for any f € L?>(R?). For obtaining
the bound (39), we use again the representation (40) and the definition of the H?-norm in Equation (40) leading to

similar estimates as in Equation (41). O

Using Lemmas 4.1 and 4.2 allows us to define ¢, € £ rfj as a unique solution of the system

(L- (En,o + o)), =—0(I— Hn,j)|§0o|2¢’0- (42)

By this choice we have s; ;, = 0 such that in the residual only terms of order O(u°/?) remain. Hence, we have proved the
following lemma.

Lemma 4.3. Let d(T) € C* ([0,T,],1'(Z)) be a solution of the dNLS equation (3) and let u'/>¥ be the extended approx-
imation defined in Equation (36) associated with this solution. Then, there exists a C,,, such that for all u € (0,1] we

have

sup [IRes(u/2®)|I312 < Crespt™?.
[0,To/ul

4.2 | The error estimates
We derive an evolution equation for the error and estimate its solutions with energy estimates and a simple application
of Gronwall’s inequality.

We write a solution u of the GP equation (1) as a sum of the improved approximation u*/2®(T,r) = u'/ 2@, (T, r)E(1)
and the error term u3/2R(t,r) = u3/%p(t, r)E(t), that is,

u(t,r) = ul20,(T,NE®) + 1*/p(t, NE®).
The error satisfies
16,0 = (L= (Epo+@j))p +u32N(@y p) + p=*/?E~1(t)Res(u/>®) (43)

with

WN@,,p) = 1o 2D, (T, 1) + 1 20(t, NP0, (T, 1) + 128, 1)
— | 2@, (T, 1)U 2@, (T, r)).

According to Theorem 2.7, this term obeys the estimate

™3 PN(@, )llrrz < Cull@I2, L el + 211l ol , + 1lo1E,,)- (44)
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We consider the variation of constant formula associated with Equation (43), namely

t
o(t) = i/ ei(L_(En,O+wj))(t_r)(,u_3/2N(CD#,p) + u=32E71(t)Res(u/2W))(1)dr. (45)
0

Using the previous estimates, namely Equation (17), Lemma 4.3, and Equation (44), yields

t
ol < C / W2, ol + 1210,z l012,, + L2113, (@) + Cregudt
0

which allows us to estimate the function p(t, -) in the H?(R?)-norm for ¢ € [0, T/u] by Gronwall’s inequality. In detail,
if we assume

mlDyllzp2llpllzos + 2llpll7 ., <1

we get the bound

t
oz < C / DI, + Dllplln2)(@) + Cregiadr.
0
With

sup  |D,(uz, llzn2 = sup [[9u(T, )llzn2 = Co = O(1)
T€[0,To/ul T€[0,To]

Gronwall’s inequality leads to

”P(t)”HLZ < Cres/lte#(c(zp-'—l)t < Cres’-TOe(Cé-'—l)T0 = MP

for all t € [0; Ty/u]. By choosing 1, > 0 so small that
HoCoMp + pugM3 <1,
we are done with the proof of Theorem 3.3.

Remark 4.4. Local existence and uniqueness of solutions of Equation (1) in 72 is straightforward with the previous

—i(L—E o+t

estimates. Following the arguments of Section 2.2 the operator e forms a unitary group in H'?(R?) with

—i(L=(Epo+@t,, 12 2
lle™ EEnorety)2 = Jlull2,,,.

Since the nonlinear terms are smooth in 7 ?(R?) the local existence and uniqueness of solutions of Equation (1) in H!-?
follows by applying the contraction mapping principle to the right-hand side of the variation of constant formula.

Remark 4.5. The local existence and uniqueness of solutions of Equation (1) in 7' together with the error estimates as
a priori estimates guarantees the long time existence of the solutions as long as the error estimates hold.

5 | DISCUSSION

We close the paper with a discussion about the same situation but with additive white noise located in the potential wells
and with a possible extension of the previous approximation result to more than one band.

We consider the GP equation

idu=—-Au+Vu+oluPu+é, teR, reR? (46)
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where

E, )= ) &Y (x +27n, ),

nez

with coefficients ¢,, > 0, Y a spatially localized function in the first potential well and where the £, = 3,W,, are indepen-
dent white noise processes defined as distributional derivatives of independent Wiener processes W,,. Formally, a system
of infinitely many coupled ODEs

. 2 - 5
i0ray, = a(ay,_1 + am+1) +oBlanl"an + Cmgm’ (47)

with coefficients ¢, and rescaled white noise processes Em = £,,(T) is obtained.

Remark 5.1. In the Wiener processes W, (t), we can rescale time by using the existence of a rescaled Wiener process
W, (T) with T = ut and u=2W,(ut) = W,(t) having the same probability distribution. Thus, we have for the rescaled
white noise that u/2&,(ut) = &,(¢).

Hence, we need ¢,, = O(w) in order to have the rescaled process E’m being of the sane order as the other terms in Equa-
tion (47). Thus, the noise terms have to be exponentially small in terms of €. It will be subject of future research to justify
amplitude equations like Equation (47) for the GP equation with noise terms like .

It is an easy exercise to extend the tight binding approximation to more than one band. In case of two bands, we chose
the formal asymptotic expansion

u(t,r) = u/2%, 1 (t,r) + />y 5(t, r) + higher-order terms,
with

/"UzlPO,p(t’r) = Ml/zgoo,p(Ta r)Enp,jp (t)r CPO,p(T’ V) = Z ap,m(T)$np,m(x)¢jp(y) (48)

meZ

for p €{1,2}and E, ;(t) = e IEnotapt, By equating the coefficients in front of E,, ; and E,, ; to zero yields a system of
the form

. 2 2
i0ray m = ay(ay mo1 + A1) + P11 @1 m| Q1 + B 2| A2 m| A1 s (49)

. 2 2
i0raym = a1(a -1 + A1 ms1) + P21 |A1m| Ao m + B22| A2 m| Ao s (50)

with coefficients a,, B, p, for p, p1, p> € {1, 2}. With some modified non-resonance condition, similar to Equation (32),
which allows to compute the improved approximation, cf. Lemma 4.2, an approximation theorem, similar to Theorem 3.3,
can be established by modifying the previous proof only slightly.
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