










Figure 1. 3-dimensional structured tool with a sinusoidal surface structure which is rotated by 60� . Length,
width, wave length, amplitude.

in [2]. Thus, the top face of the upper block is subjected to a pressure load of 35 MPa, whereas
the bottom face is the contact zone. The free faces of the upper block are subjected to periodic
boundary conditions. The top face of the lower structured tool is the contact zone and the
bottom face is completely constrained via homogeneous Dirichlet boundary conditions. The
free faces at its sides are left free, and the error made occuring following this inconsistency can
be accepted. The simulation keeps track of the horizontal reaction force of the structured tool.
The material parameters of the two bodies are taken from [2]. For each increment ∆τ at the
τ � scale, the upscaling parameter M is determined, and the upscaled wear is applied in the
post-processing step of the Python programme. The sum of all M parameters is the number of
total passovers of the workpiece over the structured tool. In Fig. 2, the worn surface of the tool,
cf. Fig. 1, after 36.000 passovers is depicted. Here, Fig. 2 (a) shows the von Mises stress, whereas
Fig. 2 (b) is a plot of the equivalent plastic strain. A closer look at the formerly sinusoidal
edge reveals the wear since the topmost zone is flattened after 36.000 passovers. In Fig. 3,
the homogenised coefficient of friction µ̄ is normalised to the meso-scale Coulomb coefficient
of friction µ and is plotted versus the number of total passovers. It shows that the structure
influences the effective coefficient of friction. Furthermore, it is obvious that flattening of the
structure due to wear leads to decreasing structural resistance and, as a consequence, lowers the
homogenised coefficient of friction.
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Figure 2. (a) Von Mises stress and (b) equivalent plastic strain plots of the structured tool, cf. Fig. 1, after
36.000 pass-overs.
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Figure 3. The homogenised coefficient of friction is normalised µ̄ / µ and plotted vs. the number of passovers.

Conclusions

In this contribution, the extension of a 2d-wear-simulation-framework is further extended to 3d.
The combined simulation tool consists of a Python pre- and post-processor for the commercial
finite element solver Abaqus/Standard. Contact boundary value problems are pre-processed
by the Python code, solved by Abaqus/Standard and finally post-processed by the Python
programme which applies the calculated wear increment to the considered bodies and delivers
the effective coefficient of friction as a homogenised result. The non-invasive structure of the
Python programme makes the framework suitable for the application with any finite element
programme that is capable of contact formulations.
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Micro Abstract
In this contribution a homogenisation method based on the Irving-Kirkwood theory is introduced.
The homogenisation formulas for mass and impulse are consistent with the theory and from
there homogenisation formulas for the stress tensor and body force vector are derived. A numer-
ical implementation of the theory is shown and examples with various boundary conditions are
presented and compared to results obtained with a Hill-Mandel-approach as well as a full scale approach.
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Introduction

The existing and in FE2 widely used Hill-Mandel homogenisation limits possible boundary
conditions very strictly. The desire to get rid of those restrictions led to the development
of a more general homogenisation method based on the Irving-Kirkwood theory [3]. In this
contribution we want to discuss the implementation for small strains and compare results between
the new and the Hill-Mandel approach as well as benchmark them with a full scale model.

1 Irving Kirkwood theory

The basis of the Irving Kirkwood theory is a description of the heterogenous body in two scales.
One scale shall be a macroscopic one, in which the body is considered to be homogeneous. The
homogeneous properties defining the material in the macroscopic scale are extracted through
homogenisation from a second, microscopic scale in which the heterogeneous properties of the
material are represented.
In detail, there shall be given a body B inhabiting the area R with boundary ∂R. A point in
B shall be described with coordinates y defining the macro scale. For very point y there is an
assigned surrounding area Pm of the micro scale, described with coordinates x.
For all subdivisions of R and all Pm the mass and linear momentum balance laws hold:

ρ̇α + ρα∇y · (vα) = 0, (1)

ραv̇α = ∇x · σα + ραbα. (2)

Here, α is a placeholder for an index m for microscopic or M for macroscopic, indicating the
scale in which the quantity is defined. Further, ∇x · (·) denotes the divergence of (·) with respect
to x.
In the next step, the two equations shall be connected as they hold within the same body.
For this a homogenisation law is postulated, connecting the density and linear momentum of
microscopic and macroscopic scale:

ρM(y, t) =

∫

R
ρm(x, t)g(y,x) dV m, (3)

ρM(y, t)vM(y, t) =

∫

R
ρm(x, t)vm(x, t)g(y,x) dV m. (4)
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In (3) and (4) g(y,x) is a weighting function, which needs to fulfill a few basic properties in
order to not compromise the theory. For further information on those properties and their
implications see [2].
The consistency of these homogenisation laws can be shown by determining the time derivative
of (3) and then using only the Reynolds transport theorem, the properties of g(y,x) and finally
inserting (3) and (4) which leads to the local form of the linear momentum balance (2).
By equal means it can be shown that the homogenisation law for the linear momentum (4) is
consistent with the theory as well. From this contemplation we also get a homogenisation law
for the stress tensor σ and the body force vector b:

ρMbM :=

∫

R
ρmbmg dV m, (5)

σM :=

∫

R

[
σm − ρm(vm − vM)⊗ (vm − vM)

]
g dV m. (6)

In these equations the dependencies of the quantities are left out for better readability.
For a more detailed contemplation on the consistency of (3) and (4), as well as the derivation of
(5) and (6) see [2]. Here, a quasi-static case is considered, so the difference in velocity between
microscale and macroscale is zero (vm − vM = 0). This leads to a very simple homogenisation
law for the stress tensor σ:

σM :=

∫

R
σmg dV m. (7)

2 Finite element formulation

From now on, we want to limit the theory to small strains and set the weighting function to
g(y,x) = 1

V m , where V m is volume of the representative volume element (RVE). In order to
get rid of the restrictions on the boundary conditions in the Hill-Mandel theory, an additional
constraint connecting microscopic and macroscopic strains is introduced:

εM =

∫

R
εmg dV m =

1

V m

∫

R
εm dV m ⇔

∫

R
(εM − εm) dV m = 0. (8)

This additional constraint shall be introduced into the weak form of equilibrium via 6 Lagrange
multipliers for the 6 equations resulting from (8) for each RVE. We vary with respect to the
displacements u, the Lagrange multipliers µ and the macroscopic strains εM. The latter allows
a much easier formulation of the homogenisation and implementation into the existing FE code
than the approach presented in [3]. With vanishing boundary and body volume forces, this leads
to:

∫

R
δεmTσm − δuTf dV m +

∫

R
δµT(εM − εm) dV m +

∫

R
µT(δεM − δεm) dV m = 0. (9)

Linearisation and a standard iso-parametric FE-formulation leads to:

L[. . . ] =δV mT(K∆V m +A∆µ+ F ) + δµT(AT∆V m + T∆εM) + δεMT(TT∆µ) = 0. (10)

Where εm = BV m, K is the stiffness matrix and V m the displacement vector for the RVE. The
matrices A and T are defined below.

K :=

∫

ω
BTDB dV m, A := −

∫

ω
BT dV m, T :=

∫
1 dV m. (11)

In matrix form:


δV m

δµ
δεM




T




K A 0
AT 0 T
0 T 0






∆V m

∆µ
∆εM


+



F
0
0





 = 0. (12)
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We now subdivide the displacement vector for each element ve into a free part vf = aeV
m and

a part with boundary conditions vb = Me∆ε
M, where ae is the standard assembly operator and

Me is defined below:

ve =

[
vf

vb

]
=

[
ae 0
0 Me

] [
V m

∆εM

]
, (13)

where: (14)

Me =




...
MI

...


 and MI =



XI1 0 0 XI2 XI3 0

0 XI2 0 XI1 0 XI3

0 0 XI3 0 XI1 XI2


 . (15)

Here, I denotes the nodes with boundary conditions. So Me has as many rows as there are
boundary conditions.
Inserting this into (12) and subdividing the corresponding matrices K and A, leads to:

L[g(. . . )] =




δV m

δεM

δµ
δεM




T





Kff Kfb Āf 0
Kbf Kbb Āb 0
ĀT

f ĀT
b 0 T

0 0 T 0







∆V m

∆εM

∆µ
∆εM


+




Ff

Fb

0
0








= 0. (16)

Implementation into a multi-scale FE formulation follows standard procedure as is described e.g.
in [1]. The derivation of the homogenised stiffness matrix and stress resultants for each Gauss
point also follows the same procedure as shown in [1].
As a remark on the implementation, it shall be noted, that for µ and εM we introduced four
additional nodes into every RVE, which are then part of every element in that RVE. While
the nodes carrying the Lagrange multipliers µ are left unbound, the ones carrying εM are fully
bound and internally loaded with their respective values.

3 Numerical Examples

3.1 RVE boundary conditions

Several RVE displacement boundary conditions were tested, following the ones proposed in [3].
Here, we will only use two of them. The first one, referred to as RB1, is a minimal configuration
which constrains only the rigid body motions of the RVE. The second one, referred to as RB2, is
a Hill-Mandel like boundary condition that fully constrains all nodes on all outer boundaries of
the RVE. In RB2 the corner nodes had to be released from all boundary conditions, in order to
allow a numerical solution as the system of equations would have been overdetermined otherwise.

3.2 Bending of inhomogeneous beam

The implemented homogenisation method was first tested on a homogeneous tension rod and on
a homogeneous beam in bending to varify basic functionality. The results obtained were exactly
the same as the results obtained with a Hill-Mandel approach and a full scale model with solid
3d elements. The results were independent from the chosen RVE boundary condition.
Next, we tested an inhomogeneous beam, that consisted of a soft matrix material and cube
shaped inclusions, that were a hundred times stiffer than the matrix material. the cubes made
up one ninth of the overall volume (see figure 1).
The results showed a slightly stiffer response for the RB2 configuration compared to RB1. The
results of the Hill-Mandel homogenisation were very close to the ones of the RB2 configuration.
The full scale model with only 1 inhomogeneity per cross section was significantly softer than both
coupled models. The full scale model with 2 inhomogeneities per cross section showed a response
very close to the one of the RB1 configuration. Results for a model with 3 inhomogeneities per
cross section could not be obtained as the inversion of the stiffness matrix exceeded the system’s
memory.
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Figure 1. Full scale model of the beam (left) with 2x2 blocks of inhomogeneities (dashed) in the cross
section and one such block on the right (also a depiction of the RVE)
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Figure 2. Reaction force over displacement for a cantilever with a single force on the free end, compared are
Irving-Kirkwood homogenisation (IK) with two different boundary conditions with a Hill-Mandel
homogenisation (HM) and a full scale modell with 1 (inh1) and 2 (inh2) inhomogeneities per cross section
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Micro Abstract
The implementation of geometrically nonlinear crystal plasticity into a hybrid discontinuous Galerkin
(DG) framework is presented using a regularization technique for very high strain rate sensitivity
exponents. This combination leads to a numericallly efficient and locking-free model. The performance
of the regularized hybrid DG crystal plasticity is examined on a planar single crystal.
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Introduction

There are many theories such as classical continuum (e.g., [10]) and strain-gradient theories
(e.g., [1–3, 13, 15]) to study crystal deformations in large- and small-scale plasticity, respectively,
which are in good agreement with the experimental data. For example, a comparison of a rate-
dependent planar single crystal under tension and a rate-independent one using explicit numerical
treatment shows that rate sensitivity delays the shear band development (see e.g., [6, 7]).
Moreover, a hybrid discontinuous Galerkin (DG) method was introduced, for the first time, by
Reed and Hill [8] to solve a linear first-order hyperbolic problem of neutron transport. Unlike
conventional continuous methods, the DG framework allows displacement discontinuities between
the element sub-domains. Later, a penalty term on the element boundaries was added to stabilize
the solution [5].

1 Crystal viscoplasticity: dissipation and thermodynamically consistent flow rule

Assume the deformation mapping x(X, t) is given, in which X and x are, respectively, position
vector of a particle in the reference and current configuration at time t. The deformation
gradient F = ∂x/∂X is assumed to be decomposed multiplicatively, i.e., F = F eF p into elastic
and plastic parts [4]. Regarding the continuum model of crystal viscoplasticity, the so-called
plastic velocity gradient is given as a superposition of the contributions of the individual slip
systems:

Lp =
N∑

α=1

γ̇αMα, (1)

in which N is the number of slip systems, γ̇α are the slip rates and Mα = dα ⊗ nα represent
the crystal geometry in which dα and nα are the slip direction and slip plane normal vectors,
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respectively. In addition, the accumulated plastic strain reads:

γacc =
N∑

α=1

t∫

0

|γ̇α| dt. (2)

The dissipation per unit volume, represented in terms of the first Piola-Kirchhoff stress tensor P
and the free energy ψ, is obtained by

D = P : Ḟ − ψ̇ ≥ 0, (3)

neglecting thermal effects.
Considering a suitable form of the free energy per unit volume (see e.g., [9]), one can assume a
thermodynamically consistent flow rule as follows

γ̇α = sgn(τα)γ̇0

〈 |τα| − τ c
τD

〉p
, (4)

in which γ̇0 , τ c , τD and p are the reference shear rate, the yield stress, the drag stress and the
strain rate sensitivity, respectively. Moreover, τα is the resolved shear stress associated to slip
plane α in the intermediate configuration.
The numerical solution of the nonlinear system of equations via the Newton scheme is challenging,
especially for large values of the rate sensitivity parameter p. Therefore, a regularization technique
is implemented by improving the starting guess in the Newton scheme (see [14] for details).

2 Hybrid discontinuous Galerkin framework

In contrast to the continuous finite element method, the displacement is not constrained to be
continuous at the element boundaries in the hybrid DG framework (see Figure 1 and [11]). It is
noteworthy to mention that the interface and the subdomains are not kinematically coupled.
For further details concerning the method and its implementation see [11].

Figure 1. Left: Division of the body into subdomains. Right: Illustration with shrunk subdomains (Fig. taken
from [11]).
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3 Example

A specimen with dimensions 20 × 60 mm is considered being under uniaxial tension in lon-
gitudinal direction. The material is assumed to be elastically isotropic with Lamé parame-
ters λ = 35104.88 MPa and µ = 23427.25 MPa. The other material parameters are shown in
Table 1 (see [12] for details). Double slip is investigated here where the slip directions are ±30◦

about the y-axis. Figure 2 shows the distribution of the accumulated plastic strain at elongation
5.5 mm where θ = 10−1|∂Ωe|−1 MPa, in which |∂Ωe| is the sum of the element edge lengths.

τ0 [MPa] τ∞ [MPa] h0 [MPa] h∞ [MPa] γ̇0 [s−1] τD [MPa] p[−]

0.84 49.51 541.48 1 10−3 60 250

Table 1. The material parameters.

Figure 2. Distribution of the accumulated plastic (total number of elements is 80× 120).

Conclusions

A geometrically nonlinear single crystal viscoplasticity model in combination with a DG formu-
lation, here by quadrilateral hybrid DG elements with constant deformation gradient has been
presented, leading to a numerically efficient model. In addition, a regularization method for the
power law was applied to improve the numerical solution of the nonlinear equations.
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Micro Abstract
A two-scale finite element (FE) and fast Fourier transform (FFT) based thermo-mechanically
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for a qualitative investigation of the microscopic interplay between stress and temperature induced
martensitic phase transformation and plasticity.
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Introduction

Polycrystalline materials (e.g. steels) have superior mechanical properties and are thus impor-
tant for numerous technically relevant applications. The prediction of the effective behavior of
these materials represents an enormous challenge. This is due to the fact that the distribution,
morphology and orientation of individual grains on the microscopic level strongly influence the
macroscopic structural response. In addition, complex interactions between different deforma-
tion mechanisms (e.g. plastic slip and martensitic phase transformation) on the micro scale can
occur and affect the mechanical behavior. As a consequence, two different continuum scales
need to be studied in order to capture the microstructural influence on structural finite ele-
ment (FE) simulations. Recently, [6] and [3] published finite element and fast Fourier transform
(FFT) based methods to predict the local and effective mechanical response of heterogeneous
materials. Compared to the classical multiscale finite element or FE2 method this approach
exhibits significant advantages with respect to computational efficiency [5].
In this work a two-scale FE-FFT based and thermo-mechanically coupled material model for-
mulation for elasto-viscoplastic polycrystalline materials is developed. Temperature and stress
induced martensitic phase transformations are considered. Following [1], a meso-scale descrip-
tion of the crystal configurations, based on the volume fractions λi of the different martensite
variants, is derived. The direction of plastic dislocation motion is prescribed by up to 48 differ-
ent slip systems and depending on the crystal system and grain orientation. The evolution of
plastic slip is modeled by means of a power law based flow rule in accordance with [4].

1 Material model

To solve the thermo-mechanically coupled multiscale problem it is essential to fulfill the me-
chanical equilibrium (2) and energy balance (3) at both scales. In what follows, macroscopic
quantities are denoted by the subscript M and microscopic fields by no index to distinguish
between the two scales.
The macroscopic boundary value problem is solved by employing the finite element method.
The microscopic structure is embedded at the Gauss-points of each element, to deduce the
form of the constitutive relation between macroscopic strain εM and stress σM and further the
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macroscopic internal heat sources rM . To this end the macroscopic strain and temperature θM

are transferred to the microscale, during the FE solution procedure. The unknown macroscopic
quantities (σM , rM ) are subsequently determined by finding the solution of the local problem
and are obtained from homogenization of the corresponding micro-scale quantities. Figure 1
gives an overview of the proposed scale transition and solution method.

∂Ωu
M

∂Ωt
M

macro scale

micro scale

xM

finite element method

Fast Fourier transforms,

∂ΩM

ΩM

Ω

∂Ω

x

apply: εM (xM ), θM (xM )

find: ε(x,xM )

σ(x,xM )

θ(x,xM)

pass: σ̄(xM )
r̄(xM )

r(x,xM )

Newton-Krylov solver

Figure 1. Overview of proposed scale transition and solution method

The microstructure is embedded as a unit cell of the domain Ω at each xM ∈ ΩM with periodic
boundary conditions. To solve the local problem we additively decompose the total microscopic
strain

ε(x,xM ) = ε̄(xM ) + ε̃(x) (1)

into the mean strain ε̄ and the local fluctuation ε̃. The homogeneous contribution ε̄ is equal
to the macroscopic strain εM and therefore independent of x ∈ Ω. Thus, using FFT-based
solution schemes the local strain fluctuation around the mean strain represents the primary
unknown of the local, nonlinear mechanical equilibrium condition.

div(σ(x, ε, θ, ξ)) = 0 for x ∈ Ω (2)

In addition ξ is a set of local internal variables representing plastic slip and martensitic phase
transformation.
The time- and length-scale of the underlying unit cell can be assumed much smaller than their
counterparts in the macro-scale. We therefore presume that macroscopic temperature changes
affect the temperature at each point of the micro structure instantaneously and simultaneously.
Consequently, the macroscopic temperature will be represented as a steady state, homogeneous
temperature field on the micro scale.
However, dissipative effects on the micro scale due to plasticity and phase transformation should
not be neglected throughout this work. Hence the local temperature field is divided conceptually
into the homogeneous macroscopic temperature contribution θM and a transient heterogeneous
field θL. Based on the previous considerations, we only need to pass the macroscopic tempera-
ture and not its gradient to the unit cell, to solve the local reduced energy equilibrium:

ρCv θ̇(x) = ρCv( θ̇M︸︷︷︸
≈0

+θ̇L(x)) = r(x, ε, θ, ξ)) − div(q(x, θ)) for x ∈ Ω (3)

Here, Cv is the heat capacity storage, ρ denotes the density and q represents the heat flux
vector.
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We postulate an additive decomposition of the Helmholtz free energy

Ψ(ε,γ,λ, θ,x) = Ψe(ε,γ,λ, θ) + Ψp(γ, θ) + Ψt(λ, θ) + Ψθ(θ) (4)

,where Ψe is the elastic energy density. The stored energy due to plastic work is represented by
Ψp and depends on the slip γ = {γα} on each slip system α and the temperature. The energy
associated with martensitic transformation Ψt is a function of λ = {λi} the volume fraction of
all martensite variants λi and the temperature. The thermal energy density is Ψθ. The stress
and entropy η are governed by

σ =
∂Ψ

∂ε
, η = −∂Ψ

∂θ
(5)

and the evolution equations of the internal variables

λ̇i = fi

(
− ∂Ψ

∂λi
, θ

)
, γ̇α = gα

(
− ∂Ψ

∂γα
, θ

)
(6)

are functions of the associated driving forces and the temperature. In accordance with [4] the
evolution of the plastic strain is obtained by a power law based flow rule being solved by an
algorithm proposed by [7]. Following [1] a kinetic potential is introduced to determine the
evolution of transformation.

The computational solution procedure for the local problem is based on fast Fourier transforms
and Newton-Krylov methods and a staggered implicit time integration scheme is applied. To
this end, the local mechanical boundary value problem is solved first. In a staggered update,
the heterogeneous temperature field and martensitic phase evolution of the underlying unit cell
is determined. The components of the global algorithmic tangent are calculated numerically by
finite differences, which requires a repeated performance of the microscopic solution procedure.
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Figure 2. Macro- and microscopic results for thermo-mechanical loading conditions
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2 Computational example

We study a simple virtual experiment to provide an insight into the capabilities of the model.
The proposed formulation is implemented as an extension to the finite element software FEAP.
A plane strain example is considered. At each Gauss-point of the fully integrated, 8-node, cubic
finite elements a polycrystalline micro structure is embedded. The latter is composed of 100
grains with random orientation φz. In figure 2 the thermo-mechanical loading and boundary
conditions as well as the results for this loading sequence are displayed for selected fields on the
macro (finite element model) and on the micro scale (unit cell).
Considering macroscopic steady state temperature conditions, we obtain a constant, macro-
scopic temperature gradient in x-direction (see figure 2). Hence, the primarily temperature
induced evolution of martensite is distributed heterogeneously on the macro scale . On the
micro scale a complex interplay between plasticity and transformation arises. Plastic deforma-
tions are initiated in grains that are oriented poorly for transformation and provide a bridge
across less transformed regions. All these results are qualitatively consistent with experimental
observation and the prediction of e.g. [2] and [1].

Conclusions

The proposed FE-FFT-based method represents an efficient and novel tool to predict the local
and structural response of polycrystalline materials under thermo-mechanical loading conditions.
The model allows for various further investigations of the interplay between crystal plasticity,
martensitic transformation and the corresponding dissipative effects.
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Micro Abstract
The dense arrangement of different microstructural interfaces in fully lamellar TiAl alloys ne-
cessitates microstructure informed modelling in order to predict the macroscopic mechanical
behavior. Microtwinning within the lamellae leads to further interface related strengthening.
The presented crystal plasticity model incorporates the evolution of dislocation density and afore
mentioned twins during plastic deformation and accounts for thermally activated recovery of said defects.
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Introduction

Due to their beneficial combination of good thermomechanical properties with a low density,
fully lamellar titanium aluminides (TiAl) become increasingly important as structural materials
for high-temperature lightweight applications such as turbo chargers in combustion engines or
turbine blades in aircraft engines [5]. The extraordinary thermomechanical properties of fully
lamellar TiAl alloys are closely related to the specifics of their complex microstructure [2].

On the meso scale, fully lamellar microstructures consist of grain-shaped colonies that are
subdivided into numerous thin lamellae which result from the strict orientation relation between
the α2 and the γ phase, i.e., the two main phases that occur in TiAl alloys. In addition to colony
and lamella boundaries a third type of microstructural interface is present in the γ lamellae,
subdividing domains of different crystal orientation. Besides these three types of microstructural
boundaries, additional obstacles for dislocation motion and twin propagation arise in the form
of micro twins that evolve in the γ lamellae during plastic deformation. This dense arrangement
of different microstructural interfaces in fully lamellar TiAl alloys necessitates microstructure
informed modelling in order to predict the macroscopic mechanical behavior. Therefore, we
set up a microstructure sensitive thermomechanically coupled crystal plasticity model of fully
lamellar TiAl which incorporates the three simulataneously acting Hall-Petch effects, the typical
yield stress temperature anomaly and that accounts for defect density evolution as well as the
correlated work hardening [4, 15].

In this contribution we now focus on the defect density evolution with deformation and thermal
recovery and the correlated work hardening.

1 Work hardening

While most of the reported crystal plasticity models for fully lamellar TiAl used linear [3, 6–
9, 17, 18] or hyper secans [11, 13, 14] hardening laws, we describe work hardening in terms of
evolving defects, i.e. as function of dislocation densities and twinned volume fractions. In the
presented model, dislocation densities and twinned volume fractions evolve with the plastic shear
rates on respective slip and twinning systems as they are predicted by crystal plasticity. The
work hardening due to evolving dislocation densities is described by classical Taylor hardening

CS07 Crystal Mechanics

803



while the strengthening effect of evolving twins on the non-coplanar slip and twinning systems is
modeled via a Hall-Petch type strengthening law (cf. [10]).

Since so-called polysynthetically twinned crystals are specimens that only contain lamellae
of one specific orientation and thus basically represent a single lamellar colony, they are the
best source for basic investigation of the micromechanics in fully lamellar TiAl. Thus, the
defect density evolution and the correlated work hardening is calibrated against the experiments
with differently oriented polysynthetically twinned crystals reported in [16]. The simulation
results of the calibrated crystal plasticity model meet the initial yield of the differently oriented
polysynthetcially twinned crystals and reproduce their hardening behavior reasonably well as
shown in [15].

Due to its physics based formulation of work hardening, this crystal plasticity model enables
investigation of the evolution of relative activity of deformation systems in the lamellae of
polysynthetically twinned crystals which is not easily done via experiments. The few fragmented
experimental results that exist on the relative activity in polysynthetically twinned crystals are,
however, met well by the simulation results confirming the models ability to correctly predict
the defect density evolution.

By applying this defect density based crystal plasticity model of a polysynthetically twinned
crystal to a polycolony microstructure, it was furthermore possible to determine the Hall-Petch
coefficient for colony boundary strengthening and its dependence on the lamella thicckness and
domain size [15] which so far was not possible by experiments. With all three Hall-Petch effects
and the defect density based hardening incorporated, this model ultimately allows microstructure
sensitive prediction of the yield stress and post yield behavior of fully lamellar TiAl.

2 Recovery

Recovery, i.e. annihilation of dislocations, is modeled here via an Arhenius type law similar to
[1, 12]. The model is calibrated against static recovery experiments with differently oriented
polysynthetically twinned crystals, carried out at the Metal Physics department of the Institute
of Materials Research at the Helmholtz-Zentrum Geesthacht, Germany. The recovery simulations
showed that – unlike most other thermomechanical effects in fully lamellar TiAl – the functional
dependence of recovery rate on the current dislocation density on a system is isotropic.

With this claibrated recovery model it is possible to do first predictive simulations of the recovery
behavior in both polysynthetically twinned crystals and polycolony microstructures.

Conclusions

Introducing the evolution of defect densities and the correlated work hardening into a crystal
plasticity model of fully lamellar TiAl greatly improves its predictive abilities as compared to
reported models. In particular the evolution of micro twins and their pronounced strengthening
effect on all non-coplanar systems is crucial for precisely reproducing the hardening behavior
of fully lamellar TiAl. While this hardening model was already successfully applied to identify
the colony boundary strengthening Hall-Petch coefficient [15] – which could not consistently
be determined experimentally – it has the potential to support various other experimental
investigations of the micromechanics in fully lamellar TiAl.
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Micro Abstract
In our work, we focused on the understanding of the tensile deformation behaviour of a aluminium
single- and polycrystal by using molecular dynamics simulations. We considered a fully 3D atomistic
model with the embedded-atom method potential for aluminium. A symmetric tilt low energy grain
boundary structure was generated and used as an initiation of fracture. Finally, we performed tensile
tests investigated the results.
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Introduction

One of the major research topics of the last decade in material science as well as in structural
mechanics is the complex field of material failure [7]. The most common used methodologies for
the safety assessments of buildings and structures were mainly based on empirical observations,
but lightweight construction and extended life time of several constructions require improved
material models for more efficient structural design. Typical material failure mechanisms like
micro-cracks in quasi-brittle materials, shear bands in metallic materials, grain boundaries or
defects and dislocations in the atomic lattice mainly occur on finer scales then the usually
applied macro scale. By examining the processes on the finer scales during fracture, valuable
insights into the macroscopic material behaviour can be obtained. With molecular dynamic (MD)
simulations it is possible to obtain material parameters starting from atomistic tensile simulation
and applying homogenization techniques for material parameters on the macro scale [2].

The behaviour of polycrystals is of main interest, since one of the planar defects in polycrystalline
materials are grain boundaries (GB) [5]. Polycrystals usually consist of low energy GBs between
adjacent crystallites, because materials tend to minimize their potential energy [3]. The GB
energy can be critical in the field of stability of grains and the relationship between GB energy
and their atomic structure should therefore be investigated to gain a deeper understanding of
the properties of the nano structure of materials.

In the last two decades there were many different simulation approaches proposed in the literature
to study the micro mechanical tensile deformation of single- and polycrystals at the nanometer
scale [1, 3, 5, 6, 8, 9].

The scope of our work is to use MD to simulate and investigate the material and fracture
behaviour of a nano aluminium single- and polycrystal in order to have a suitable model for a
later embedding in a multi scale model.

1 Methodology

In our investigations, we distinguish between a model of a single crystal and that of a polycrystal,
both shown in Figure 1. For each we adopted the 3D atomistic Model from [3], but instead of a
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discretization via the quasi continuum method, we considered a fully molecular dynamic model
with the embedded-atom method (EAM) potential for aluminum (Al). We used EAM potential

(a) Model of the single crystal without lattice de-
fects

(b) Model of the polycrystal with
∑

33〈111〉(225) sym-
metric tilt grain boundary (STGB) and a gap of 1 Å
between the two crystals

Figure 1. Dimensions of the investigated single crystal and polycrystal model

Al99.eam.alloy provided by [4] and adopted it together with a lattice parameter of 4.032 for
the FCC lattice. The dimensions of the models are 100Å x 100Å parallel to the interface plane
with a heigh of 130Å perpendicular to the interface with approximately 80000 atoms in each
simulation box. Before running tensile simulations with the respective model, a minimization of
the whole atomic system is accomplished using lattice statics to get a stress free initial state
configuration. In case of the polycrystal model this is also necessary to form a bicrystal with a
containing grain boundary. The single crystal illustrated in Fig. 1(a) is considered as a perfect
crystal without any lattice defects. The polycrystal (Fig.1(b)) in contrast includes a symmetric
tilt grain boundary (STGB) of the style

∑
33〈111〉(225), which was formed around the middle

plane along the y axis by rotating the lattices around the tilt axis. We introduced a small gap of
the size 1Å between the two crystals of the polycrystal to have a clear separation before forming
a bicrystal later. We applied periodic boundary conditions in all directions. To minimize the
system and form a bicrystal with a low energy GB, we used the conjugate gradient algorithm
(CGA). As Luther et al. [3] suggested, the energy was calculated within a centered region of 60Å
x 40Å x 60Å to exclude some possible disturbances by boundary effects.

For the geometrical description of the crystal lattice, we used the coincidence-site-lattice descrip-
tion (CSL) scheme proposed by Wolf et al. [8]. The CSL misorientation scheme defines a grain
boundary by a relative rotation of the crystallites about the rotation axes nr through the angle
θ and by the normal direction n1 of the GB [3].

Like Luther et al. [3], the lowest GB energy configuration can be found for a
∑

33(225) STGB
with a misorientation angle of 121.01◦.

2 Results and discussion

The simulation procedure was first tested on an Al nano-single crystal before it was applied
to the nano-polycrystal containing the lowest GB energy configuration of

∑
33(225) STGB.
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The obtained stress-strain relationship of the single cystal model (fig. 4(a)) shows at the
beginning a quasi-linear material behaviour until the maximum stress of 13.0 GPa at a strain
of 0.156 is reached. After achieving the maximum tensile strength the stiffness of the material
decreases greatly and the material separates. Different snapshots of the simulation of the tensile
deformation process are illustrated in figure 2 for the single crystal.

(a) ε = 0.000 (b) ε = 0.099 (c) ε = 0.169 (d) ε = 0.393

Figure 2. Snapshots of several simulation states of a nano-single crystal Al.

The results of the tensile deformation process of the polycrystal are illustrated in figure 4(b) and
are showing a quasi-linear material behaviour until a stress of 4.3 GPa at a strain of 0.045 is
reached. That point initiates a pre-damage phase with a small lose of stiffness, but the maximum
tensile strength of 6.9 GPa is only reached at a strain of 0.102. Different snapshots of the
simulation of the tensile deformation process are illustrated in figure 3 for the poly crystal.

(a) ε = 0.000 (b) ε = 0.045 (c) ε = 0.102 (d) ε = 0.268

Figure 3. Snapshots of several simulation states of a nano-poly crystal Al.

Having a view on a macroscopic engineering material parameter like the youngs modulus and
comparing it with the values gained out of the nanoscopic tensile tests, shows a big difference.
While the experimentally macroscopic tensile test leads to a value of 70.00 GPa for the youngs
modulus, the nanoscopic simulation results a much higher value of 101.51 GPa for the single
crystal and 102.94 GPa for the polycrystal. This shows that the quasi linear part of the tensile
simulation is maybe unaffected by crystal defects. The maximum tensile stress of the single
crystal is higher then that of the polycrystal. This can be through the consideration of a grain
boundary, as a local dislocation, that decreases the material strength. It is very noticeable
that the achieved tensile strength of both models are much higher than those of macroscopic
aluminium. The macroscopic material contains a variety of defects like lattice defects, grain
boundaries, dislocations, etc., that decreases the overall strength of the material. It could be
stated that the material behavior of the nano scale single- and polycrystal is roughly equivalent
to that of macroscopic tested aluminium. The material expands, reaches the maximum tensile
strength and separates later.
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Figure 4. Stress-strain curve single crystal and polycrystal

3 Conclusion

In this study, MD simulation was used to investigate the tensile deformation behaviour of a
fully considered atomistic model of a single and a polycrystal for Al. The applied strategy to
include a grain boundary as a local defect is well suited, as the material separates along it. The
overall material behaviour of the nano-scale models are following the trend of macroscopic tested
aluminium, but the obtained values for the maximum tensile strength are too high. Furthermore,
an investigation of the influence of material parameters such as the strain rate, the model size
and the boundary conditions should be realized.
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