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Abstract

Quantum optimization algorithms (QOAs) show promise in surpassing classical
methods for solving complex problems. However, their practical application is
limited by the sensitivity of quantum systems to noise. This study addresses this
challenge by investigating the resilience of QOAs and developing strategies to en-
hance their performance and robustness on noisy quantum computers. We begin
by establishing an evaluation framework to assess the performance of QOAs under
various conditions, including simulated noise-free and error-modeled environments,
as well as real noisy hardware, providing a foundation for guiding the development
of enhancement strategies. We then propose innovative techniques to improve the
performance of algorithms on near-term quantum devices characterized by limited
qubit connectivity and noisy operations. Our study introduces an effective compila-
tion process that maximizes the utilization of classical and quantum resources. To
overcome the restricted connectivity of hardware, we develop an algorithm-oriented
qubit mapping approach that bridges the gap between heuristic and exact methods,
providing scalable and optimal solutions. Additionally, we demonstrate, for the first
time, selective optimization of quantum circuits on real hardware by optimizing
only gates implemented with low-quality native gates, providing significant insights
for large-scale quantum computing. We also investigate error mitigation strategies
and their dependence on hardware features and algorithm implementation details,
emphasizing the synergistic effects of error mitigation and circuit design. While error
mitigation can suppress the effects of noise, hardware quality and circuit design are
ultimately more critical for achieving high performance. Building upon these insights,
we explore the cooptimization of algorithm design and hardware implementation to
achieve optimal performance and resilience. By optimizing gate sequences and pa-
rameters at the algorithmic level and minimizing error-prone two-qubit gates during
compilation, we demonstrate significant improvements in QOA performance. Finally,
we explore the practical application of QOAs in real-world problems, emphasizing
the importance of optimizing parameters in problem instances to identify optimal
solutions. With extensive experiments conducted on real devices, this dissertation
makes a substantial contribution to the field of quantum optimization, providing
both theoretical foundations and practical strategies for addressing the challenges
posed by near-term quantum hardware. Our findings pave the way for the realization
of practical quantum computing applications and unlock the full potential of QOAs.
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Zusammenfassung

Quantenoptimierungsalgorithmen (QOAs) zeigen vielversprechende Ergebnisse bei
der Überlegenheit klassischer Methoden zur Lösung komplexer Probleme. Ihre
praktische Anwendung wird jedoch durch die Empfindlichkeit von Quantensyste-
men gegenüber Rauschen begrenzt. Diese Studie geht dieser Herausforderung an,
indem sie die Resilienz von QOAs untersucht und Strategien zur Verbesserung
ihrer Leistung und Robustheit auf verrauschten Quantencomputern entwickelt.
Wir beginnen mit der Entwicklung eines Bewertungsrahmens zur Beurteilung der
Leistung von QOAs unter verschiedenen Bedingungen, einschließlich simulierter
rauschfreier und fehlermodellierter Umgebungen sowie realer verrauschter Hard-
ware, um eine Grundlage für die Entwicklung von Verbesserungsstrategien zu schaf-
fen. Anschließend schlagen wir innovative Techniken zur Verbesserung der Leis-
tung von Algorithmen auf kurzfristigen Quantenrechnern mit begrenzter Qubit-
Konnektivität und verrauschten Operationen vor. Unsere Studie stellt einen effek-
tiven Kompilierungsprozess vor, der die Nutzung von klassischen und Quantenres-
sourcen maximiert. Um die begrenzte Konnektivität der Hardware zu überwinden,
entwickeln wir einen algorithmusorientierten Qubit-Mapping Ansatz, der die Lücke
zwischen heuristischen und exakten Methoden schließt und skalierbare und op-
timale Lösungen bietet. Darüber hinaus demonstrieren wir zum ersten Mal eine
selektive Optimierung von Quantenschaltungen auf realer Hardware, indem wir
nur Gatter optimieren, die mit niedrigqualitativen nativen Gattern implementiert
wurden, was wichtige Erkenntnisse für das Quantencomputing im großen Maßstab
liefert. Wir untersuchen auch Fehlermitigationsstrategien und ihre Abhängigkeit
von Hardware-Eigenschaften und Algorithmus-Implementierungsdetails, wobei wir
die synergistischen Effekte von Fehlermitigation und Schaltkreisdesign betonen.
Während Fehlermitigation die Auswirkungen von Rauschen unterdrücken kann,
sind Hardwarequalität und Schaltkreisdesign letztendlich entscheidender für das
Erreichen hoher Leistung. Aufbauend auf diesen Erkenntnissen untersuchen wir die
Co-Optimierung von Algorithmusdesign und Hardwareimplementierung, um opti-
male Leistung und Widerstandsfähigkeit zu erreichen. Durch die Optimierung von
Gattersequenzen und Parametern auf algorithmischer Ebene und die Minimierung
fehleranfälliger Zwei-Qubit-Gatter während der Kompilierung demonstrieren wir
signifikante Verbesserungen der QOA-Leistung. Schließlich untersuchen wir die
praktische Anwendung von QOAs in realen Problemen und betonen die Bedeutung
der Optimierung von Parametern in Probleminstanzen, um optimale Lösungen zu
identifizieren. Mit umfangreichen Experimenten, die an realen Geräten durchge-
führt wurden, leistet diese Dissertation einen wesentlichen Beitrag zum Gebiet der
Quantenoptimierung, indem sie sowohl theoretische Grundlagen als auch praktische
Strategien zur Bewältigung der Herausforderungen von kurzfristiger Quantenhard-
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ware bereitstellt. Unsere Ergebnisse ebnen den Weg für die Realisierung praktischer
Quantencomputing-Anwendungen und erschließen das volle Potenzial von QOAs.
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Chapter 1

Introduction

Quantum computing utilizes the principles of quantum mechanics, such as superpo-
sition and entanglement, to provide a significant advantage over classical computing.
While classical bits are limited to the states 0 or 1, qubits can exist in a superposition
of both states simultaneously. This ability to explore multiple states at once gives
quantum computers exceptional computational capabilities. Quantum algorithms
have already reached significant milestones, including Shor’s efficient integer fac-
toring algorithm [1] and Grover’s fast search algorithm for unstructured databases
[2]. One particularly promising application for near-term quantum devices is solv-
ing optimization problems. Classical methods face challenges when dealing with
increasingly complex problems due to the large search spaces involved. Quantum
optimization algorithms (QOAs) offer an alternative that could potentially surpass
classical approaches [3, 4]. QOAs encode optimization problems into a quantum
system and use quantum parallelism to evaluate numerous solutions concurrently.
This approach has the potential for exponential speedup in tackling complex opti-
mization tasks and has implications for diverse fields such as finance [5, 6, 7], material
science [8, 9, 10, 11], and chemistry [12, 13, 14, 15, 16]. However, near-term quantum
devices face significant challenges due to inherent noise and imperfections, such
as decoherence and imperfect gate control. These factors contribute to high error
rates, which hinder the performance of quantum algorithms [17, 18]. Therefore, it is
crucial to mitigate these errors and enhance the resilience of QOAs in order to realize
practical benefits before fully fault-tolerant quantum computers become available.

Several studies have extensively examined the negative impact of noise on the
performance of QOAs. Farhi et al. [19] introduced the quantum approximate opti-
mization algorithm (QAOA) for solving combinatorial optimization problems but
pointed out that its performance is heavily dependent on circuit depth, which is
limited by noise. Experimental and theoretical studies have confirmed that quantum
noise can reduce the fidelity of the final output state, the target cost function value,
and the crucial gradient obtained from the QAOA execution [20]. Similarly, Gilyen
et al. [21] proposed an algorithm for calculating the gradient of cost functions in
quantum optimization, but its performance is significantly affected by noise in the
underlying quantum hardware. In addition to affecting algorithm performance, noise
can also impact the decision to use a quantum approach. Moussa et al. [4] presented
a machine learning framework for selecting between QOAs and classical heuristics in
optimization tasks. The level of noise in the available quantum devices is a critical
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factor in this selection process. Highlighting this dependence, Stilck et al. [18] com-
pared classical and quantum algorithms for optimization problems. Their findings
suggest that achieving significant quantum advantage depends on either reducing
noise rates or tailoring optimization problems to the specific hardware topologies.

Improving the resilience of QOAs and effectively mitigating the detrimental effects
of noise and errors are of paramount importance to fully exploit the potential of
QOAs. Fontana et al. [22] simulated the effects of noise on variational quantum
algorithms (VQAs) and found that circuits with redundant parameterized gates are
more resilient to noise. Endo et al. [23] proposed a protocol for evaluating the effects
of errors and designing efficient error mitigation circuits for quantum algorithms. In
a practical implementation, Kandala et al. [24] successfully demonstrated an error
mitigation protocol on a superconducting quantum processor, significantly improving
computational capabilities without hardware modifications. To further enhance error
mitigation techniques, Huggins et al. [25] introduced a near-term friendly strategy
called virtual distillation. This strategy utilizes entanglement and measurement
of copies of a noisy state to reduce errors. Maciejewski et al. [26] investigated
the impact of readout noise on the performance of QAOA and showed that error
mitigation techniques significantly improve optimization quality. Building on these
advancements, LaRose et al. developed Mitiq [27], a Python package specifically
designed for error mitigation on noisy quantum computers. Mitiq offers various error
mitigation methods such as zero-noise extrapolation (ZNE) and probabilistic error
cancellation (PEC). Despite these valuable contributions, there is still a need for a
systematic methodology to comprehensively evaluate and enhance the resilience of
QOAs. Additionally, research on effectively integrating error mitigation techniques
into the design and implementation of QOAs is still in its early stages. Addressing
these gaps is crucial for unlocking the true power of QOAs on noisy intermediate-
scale quantum (NISQ) devices [17].

This dissertation centers on the challenge of enhancing the performance and robust-
ness of QOAs for practical applications on near-term quantum devices. Figure 1.1
provides an overview of our investigation into resilience in quantum computing,
which encompasses various interconnected components and processes. Resilience,
a primary focus of this research, is significantly influenced by factors such as noise,
errors, algorithm structure, compilation strategies, and hardware characteristics. To
effectively assess resilience, the first part of this dissertation employs a multifaceted
approach involving theoretical analysis, numerical simulations, and real hardware
experiments, focusing on quantitatively analyzing the resilience properties of QOAs
under different noise conditions, using established error models and resilience metrics
to comprehensively assess performance and explore the impact of various influential
factors. Based on this comprehensive evaluation, the second part of the dissertation
implements tailored strategies to improve the noise resilience of QOAs. This includes
optimizing the quantum compilation process, selectively optimizing quantum cir-
cuits, investigating factors affecting error mitigation efficiency, and cooptimizing
the algorithm implementation with hardware constraints. These advancements will
result in more resilient QOAs that can be applied in diverse fields such as finance,
machine learning, and chemistry. The third part then demonstrates the performance
of QOAs on real-world problem applications, highlighting the importance of parame-
ter optimization and the trade-off between performance and noise impact in realistic
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Figure 1.1: A schematic illustration of components involved in investigating and enhancing
resilience in quantum computing, encompassing factors influencing resilience, assessment
methods, enhancement strategies, and potential applications across diverse fields.

scenarios. The goal of this dissertation is to provide methodologies and techniques
that enhance the performance, reliability, and robustness of QOAs on near-term
quantum devices, enabling their potential in practical applications. By thoroughly
investigating the resilience of QOAs, this research significantly contributes to the
development of robust and valuable QOAs for real-world problems, showcasing their
potential to bridge the gap between theoretical advancements and transformative
impacts in various application domains.

The main contributions of this dissertation are summarized as follows.

• Identification of Key Factors for Robust Quantum Algorithms: We investigate
the performance of QOAs under various noise conditions to identify the key
factors that impact their resilience. By conducting simulations and real-device
demonstrations, we gain valuable insights for developing robust algorithms
that can function effectively even in noisy environments.

• Reliable and Efficient Cross-Layer Compilation for VQAs: We introduce
a novel cross-layer circuit compilation framework specifically designed for
near-term quantum devices. Our framework prioritizes minimizing noise and
errors during compilation, enabling the reliable and efficient execution of VQAs.
Comprehensive benchmarking experiments on real hardware demonstrate the
effectiveness of our approach, contributing to the efficient implementation of
algorithms on NISQ devices.

• Scalable and Optimal Qubit Mapping Solutions for VQAs on Diverse Topolo-
gies: A key contribution of this dissertation is the development of the algorithm-
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oriented qubit mapping (AOQMAP) approach. This methodology provides scal-
able and optimal solutions for mapping VQAs with fully connected two-qubit
interactions onto diverse topologies including linear, T-shaped, and H-shaped.
Our approach is applicable to any number of qubits and VQA layers, offering
significant flexibility for implementing VQA on various hardware configura-
tions. Additionally, we propose solutions for VQAs with partially connected
gates by optimizing the initial qubit order. This comprehensive approach sig-
nificantly reduces the impact of errors inherent in executing VQAs on actual
devices.

• Selective Optimization of Quantum Circuits for Performance Improvement
and Resource Reduction: We introduce a novel approach to selective optimiza-
tion for quantum algorithms, demonstrating its implementation on quantum
hardware for the first time. Our technique strategically focuses on optimizing
only the two-qubit gates within algorithms implemented by low-fidelity na-
tive gates. This targeted approach significantly reduces the possible resource
consumption for gate calibration while improving performance. This advance-
ment holds significant promise for the development of large-scale quantum
computation, bringing us closer to achieving quantum advantage.

• Synergistic Error Mitigation for High-Performance Quantum Algorithms: We
present a novel investigation into the potential synergies between dynamical
decoupling (DD) error mitigation and optimized circuit design. Our inves-
tigation demonstrates that strategically incorporating DD sequences within
alternative gate implementations and circuit optimization techniques signifi-
cantly enhances algorithm performance and robustness. These findings open
new avenues for advancing quantum computing and enabling the development
of high-fidelity and robust quantum algorithms on near-term devices.

• Cooptimization of Algorithm Design and Hardware Implementation: We
tackle the challenge of optimizing both the algorithm design and hardware im-
plementation for digitized counterdiabatic quantum optimization algorithms on
near-term quantum devices. Traditionally, these algorithms are optimized solely
at the algorithmic level. Our approach integrates the previously developed
AOQMAP strategy with parameter optimization and gate sequence optimiza-
tion strategies, leading to substantial improvements in performance, resilience,
and the ability to leverage diverse error mitigation techniques. This holistic
approach, addressing challenges across all layers of the quantum software stack,
unlocks the true potential of QOAs on NISQ devices.

• Advancing QOAs for Real-World Impact: We further advance the applica-
bility of QOAs to real-world problems by investigating parameter settings in
problem instances and resilience factors from both application and algorithmic
perspectives. Through in-depth case studies, we demonstrate the crucial role
of parameter optimization in problem instances. We highlight the trade-off
between achieving a higher success probability with deeper circuit depths and
the increased impact of noise in realistic scenarios, emphasizing the importance
of the strategies we previously developed to overcome them.
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This dissertation is organized into three main parts and ten chapters as outlined
below.

Chapter 2 provides an overview of the theoretical foundations relevant to QOAs,
including essential concepts in quantum computing, classical and quantum optimiza-
tion algorithms, and resilience concepts in quantum algorithms.

Part I: Resilience Assessment

Chapter 3 introduces quantified resilience metrics and utilizes various error models
to evaluate the noise resilience of QOAs. By assessing the algorithm’s performance
under various noise conditions, we analyze factors impacting its robustness, such as
the number of measurement shots and compilation quality.

Part II: Resilience Enhancement Strategies

Chapter 4 focuses on proposing optimized compilation by leveraging the features
of algorithms and properties of quantum devices. We develop an efficient compilation
process and detail the development of optimal and scalable qubit mapping solutions
for VQAs that can be transformed between different quantum devices, followed by a
framework to optimize compilation for general algorithms.

Chapter 5 investigates selective optimization strategies with a specific type of quan-
tum hardware known as bipotent architectures. These architectures are characterized
by the ability to implement the same logical gate using two distinct native hardware
implementations. By selectively optimizing only partial gates within the circuits,
we improve the performance and robustness of algorithms. This approach has the
potential to pave the way for solutions in larger-scale quantum computing, where
efficient resource utilization becomes crucial.

Chapter 6 studies the synergistic effects of the dynamical decoupling (DD) error
mitigation strategy and optimized circuit design for maximizing the performance and
robustness of algorithms on near term quantum devices. By analyzing hardware and
algorithmic factors, we highlight the significance of a holistic approach that leverages
hardware features, algorithm design, and error mitigation strategies for high quality
and reliable execution of near term quantum algorithms.

Chapter 7 explores performance and robustness enhancements through a coopti-
mization approach that considers both the algorithm design and hardware imple-
mentations. We achieve this by cooptimizing algorithm parameters, gate sequences,
and incorporating realistic hardware constraints. Extensive experiments on real quan-
tum devices demonstrate the significant advantages of our cooptimization approach
compared to traditional methods.

Part III: Practical Applications

Chapter 8 delves into the practical applications of QOAs. We investigate the
challenges associated with QOAs and strategies for adapting real-world problems
into a format suitable for QOA implementation. Using portfolio optimization as a
case study, we analyze the robustness of QOAs under varying problem parameters
and algorithm configurations.
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Chapter 9 concludes the dissertation by summarizing the key research findings,
contributions, and implications. It also discusses promising future directions for
building on this research to further advance resilient quantum algorithms.
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Chapter 2

Theoretical Foundations

In this chapter, we review the theoretical concepts and technical background essential
to analyzing and enhancing the resilience of QOAs. We first cover the basics of
quantum computing. We then delve into the landscape of classical and quantum
optimization algorithms, followed by a detailed introduction to QAOA. Finally, we
explore the resilience in quantum computing, discuss its significance in the NISQ era,
present features of NISQ devices, and review techniques to improve resilience.

2.1 Quantum computing basics

This section introduces concepts of qubits, quantum gates, superposition, and en-
tanglement. We discuss the qubit representation using Dirac notation and common
single and multi-qubit gates that perform defined operations on qubit states.

2.1.1 Qubits and quantum gates

A qubit is a fundamental unit of quantum information. In contrast to a classical bit,
which can only be in one state at a time, the qubit can exist in a superposition of the
two base states [28]. Qubits can be physically implemented in a variety of quantum
systems, such as quantum dots [29, 30], superconducting circuits [31, 32, 33, 34], and
trapped ions [35, 36, 37, 38]. The two qubit states |0⟩ and |1⟩ correspond to two
distinguishable quantum states of the physical system, which can be chosen as two
energy levels, such as electron spin states and photon polarizations. High control and
readout fidelity of the qubit states are essential requirements for any candidate qubit
implementation. A qubit state |ψ⟩ can be represented on a Bloch sphere, as show in
Figure 2.1. The north and south poles of the Bloch sphere correspond to the basis
states |0⟩ and |1⟩, respectively. The point on sphere surface denotes a superposition
state of the form

|ψ⟩ = cos(θ/2) |0⟩+ eiϕ sin(θ/2) |1⟩ , (2.1)

where 0 ≤ θ ≤ π and 0 ≤ ϕ < 2π.
Qubit gates are unitary operations that act on one or more qubits to perform

quantum logic operations, which can be categorized into single-qubit gates and multi-
qubit gates. Single qubit gates operate on a single qubit, whereas multi-qubit gates act
on two or more qubits. Sequences of single-qubit gates can be used to rotate a qubit

7



2 Theoretical Foundations

x

y

|0

|1

Figure 2.1: Bloch sphere representation of a qubit. The sphere depicts all possible states of a
two-level quantum system, with the qubit assigning a point on the surface of the sphere.

to an arbitrary state on the Bloch sphere. The commonly used single-qubit gates are
summarized in Table 2.1. The Pauli gates X, Y, and Z correspond to sigma matrices
in quantum mechanics. The X gate flips a qubit from |0⟩ to |1⟩ and vice versa, while
the Z gate leaves |0⟩ unchanged and flips the phase of |1⟩. The Y gate combines the
effects of X and Z gates. The Hadamard gate creates an equal superposition of |0⟩
and |1⟩, while S and T gates induce phase shifts.

Multi-qubit gates are essential for entangling qubits and enabling quantum paral-
lelism, which are both crucial for achieving universal quantum computation. Among
these gates, the controlled-NOT (CNOT or CX) gate is a fundamental element for cre-
ating and manipulating entangled states. It achieves this by flipping the target qubit
only when the control qubit is in the state |1⟩. In contrast, the CZ gate is responsible
for flipping the phase of the target qubit when the control qubit is in the state |1⟩.
Another significant gate is the CH gate, which applies a Hadamard gate to the target
qubit when the control qubit is in the state |1⟩. Additionally, the SWAP gate allows
for the exchange of states between two qubits, while the Toffoli gate flips the target
qubit if both control qubits are in the state |1⟩.

A universal gate set is a small set of quantum gates that can be combined and re-
peated to enact arbitrary single-qubit rotations and multi-qubit controlled operations.
It can be formed by single qubit gates along with the CX [28], such as {H, S, T, CX}.
Universal gate sets are meaningful in quantum computing because they provide a
way to approximate any arbitrary unitary operation on a quantum system.

2.1.2 Superposition and entanglement

Quantum mechanics differs fundamentally from classical physics because of two key
principles: superposition and entanglement. Superposition allows quantum algo-
rithms to evaluate functions on all inputs simultaneously, while entanglement enables
higher information capacity through quantum teleportation and superdense coding.
Leveraging superposition and entanglement, quantum information processing can
principle outperform classical approaches.

8



2.1 Quantum computing basics

Table 2.1: Common quantum logic gates.

Gate Matrix Function

Pauli-X
(

0 1
1 0

)
Bit-flip: Swaps |0⟩ and |1⟩ states

Pauli-Y
(

0 −i
i 0

)
Bit and phase flip: Swaps |0⟩ and |1⟩
and adds a π phase shift

Pauli-Z
(

1 0
0 −1

)
Phase flip: Adds a π phase shift to |1⟩
state

Hadamard 1√
2

(
1 1
1 −1

)
Superposition: Puts qubit into equal
superposition of |0⟩ and |1⟩

Phase S
(

1 0
0 i

)
Phase shift by π/2

Phase T
(

1 0
0 eiπ/4

)
Phase shift by π/4

Controlled-NOT


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 Conditional bit flip: Flips target qubit
if control is |1⟩

Controlled-Z


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 Conditional phase flip: Applies Z to
target if control is |1⟩

Controlled-H


1 0 0 0
0 1 0 0
0 0 1√

2
1√
2

0 0 1√
2
− 1√

2

 Applies Hadamard gate to target if
control is |1⟩

SWAP


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 Swaps states of two qubits

Toffoli



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


Conditional bit flip with two controls
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The superposition principle states that quantum systems can exist in a linear
combination of multiple states simultaneously. For instance, an electron can be in a
superposition of spin up and spin down states, or a photon can be in a superposition
of horizontal and vertical polarization. This principle allows quantum systems to
exhibit phenomena impossible in classical physics, such as interference, tunneling,
and uncertainty. However, a notable characteristic of quantum mechanics is that
measurement collapses superpositions into a single eigenstate. Prior to measurement,
a system exists in a coherent superposition of multiple states. Upon measurement, it
collapses into one of the possible outcomes with a defined probability. This prevents
direct observation of superpositions, but interference effects can definitively prove
the existence of superpositions.

The second distinctive feature of quantum mechanics is entanglement. Entangled
systems share quantum properties, such as spin, momentum, or polarization, in such
a way that the measurement of one system affects the outcome of the measurement
of another system, even if they are spatially separated. For instance, two electrons
can be prepared in one of the four maximally entangled Bell states∣∣Ψ±〉 = 1√

2
(|↑↓⟩ ± |↓↑⟩), (2.2)∣∣Φ±〉 = 1√

2
(|↑↑⟩ ± |↓↓⟩). (2.3)

Here the |↑↓⟩ denotes one electron in spin up state and the other in spin down.
Measuring one electron’s spin instantaneously determines the measurement of the
other, regardless of separation. This nonlocal correlation cannot be explained by
any classical mechanism. The Bell states form an orthonormal basis for two qubits
and exhibit maximum entanglement. They play a vital role in quantum information,
underlying quantum teleportation, superdense coding, and quantum cryptography.

Entanglement can also exist between more than two particles. For instance, Green-
berger–Horne–Zeilinger (GHZ) states [39, 40] involve three or more particles and
are a special type of entangled state where the state of each particle is completely
determined by the state of other particles. The simplest 3-qubit GHZ state can be

q[0]

q[1]

q[2]

c3

H

1 0 2

Figure 2.2: Circuit representation of the GHZ state and its simulation using Qiskit’s Qasm
simulator with 1024 circuit repetitions (shots).
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expressed as

|GHZ⟩ = 1√
2
(|↑↑↑⟩+ |↓↓↓⟩). (2.4)

The generation of GHZ state using a quantum circuit is presented in Figure 2.2.
Three qubits are first prepared in ground state |000⟩, corresponding to |↑↑↑⟩. Then, a
Hardamard gate (H) is applied to the first qubit, followed by two CX gates acting on
qubit pairs (0, 1) and (0, 2). Finally, the qubits are measured. We perform simulations
using Qiskit, a popular open-source quantum computing software development kit
that offers a suite of tools for quantum circuit simulation, optimization, and compi-
lation. Simulating the circuit using Qiskit’s Qasm simulator with 1024 repetitions
(shots), we obtain the possibility of measuring a |000⟩ state of 0.467 and a probability
of measuring the |111⟩ state of 0.533. We observe that the simulation result does not
exactly correspond to the theoretical result of 0.5 for each state. This is due to the
probabilistic nature of the measurement, also known as shot noise.

2.2 Classical and quantum optimization algorithms

We start by establishing a solid understanding of optimization problems and then
delve into well-established classical optimization techniques. Next, we introduce
quantum optimization algorithms. Finally, taking portfolio optimization as an exam-
ple, we introduce the formulation of QAOA for solving it.

2.2.1 Introduction to optimization

Optimization involves finding the best solution from a set of possible solutions, while
satisfying constraints [41, 42, 43, 44, 45]. The set of all feasible solutions satisfying the
constraints is called the feasible region. The goal of optimization is to find a solution
in the feasible region that minimizes or maximizes an objective function, which
represents the measure of quality or performance of the solution. Mathematically, an
optimization problem can be defined as

minimize : f (x), (2.5)
subject to : g(x) ≤ b, (2.6)

h(x) = 0, (2.7)

where f (x) is the objective function, which is a scalar function that maps a vector
of variables x to a real number. x is a vector of variables that must be chosen from
a set of feasible solutions. g(x) is a vector of m inequality constraints, where each
component gi(x) must be less than or equal to a constant bi with i = 1, ..., m. h(x)
is a vector of k equality constraints, where each component hj(x) with j = 1, ..., k
must be equal to a constant 0. The objective of an optimization problem is to find a
vector x∗ that minimizes f (x), subject to the constraints g(x) ≤ b and h(x) = 0. It
is sufficient to focus only on minimization problems when designing optimization
algorithms. This is because any maximization problem can be converted into a
minimization problem by simply negating the objective function, and then solved
using minimization techniques.

11
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Many real-world problems can be formulated as optimization problems, where the
goal is to identify the best solution among various possibilities [44]. Optimization
problems come in a wide variety of forms, such as finding the shortest path [46, 47],
minimal cost flow [48, 49], and optimal resource allocation [50, 51, 52, 53, 54, 55]. Both
classical and quantum algorithms aim to solve these problems efficiently.

2.2.2 Classical optimization algorithms

Classical optimization algorithms have been extensively studied and remain fun-
damental tools across various scientific disciplines [56, 57]. These algorithms can
be broadly categorized into two main classes: exact methods and heuristics. Exact
methods guarantee finding the global optimum through mathematical proofs, elim-
inating suboptimal solutions. Examples include dynamic programming [58] and
linear programming [59]. However, their applicability is limited to problems with
continuous, differentiable, and convex functions. Additionally, most of them have
exponential time complexity, which makes them impractical for problems involving
nonlinearities or differential equations.

Heuristic algorithms [57] prioritize efficiency by employing techniques such as
greedy construction [60], local search [61], and random sampling [62, 63] to find
reasonable-quality feasible solutions. While these methods can handle large-scale
complex problems, they lack optimality guarantees and can become trapped in local
optima, leading to suboptimal solutions. Metaheuristics [64, 65, 66, 67] address
this limitation by incorporating higher-level strategies such as randomization to
escape local optima and enhance simple heuristics. Examples include simulated
annealing [68, 69, 70], tabu search [71, 72, 73], and genetic algorithms [74]. Unlike
exact methods, metaheuristics balance diversification and intensification in the search
process. While they often discover high-quality solutions, their performance is
heavily influenced by the problem structure. Moreover, parameter tuning remains a
challenge [75]. In practice, selecting the most suitable optimization technique requires
careful consideration of problem characteristics and practical constraints. Real-world
applications often necessitate combining different approaches to achieve optimal
results.

Optimizers are specialized algorithms designed to find the best solution within
given constraints, often through parameter fine-tuning. They can be categorized as
gradient-based and gradient-free. Gradient-based optimizers [76, 77] leverage the
objective function’s gradient to guide the search towards the optimal solution. They
iteratively update parameters by following the direction of steepest descent or ascent
in the parameter space, utilizing the gradient of the cost function. These methods
are prevalent in machine learning due to their efficiency in handling large-scale opti-
mization problems [78]. Common examples include stochastic gradient descent [79],
conjugate gradient [80], and limited-memory Broyden-Fletcher-Goldfarb-Shanno
(L-BFGS) [81] algorithms. Gradient-free optimizers [82], on the other hand, are em-
ployed when the objective function is non-differentiable or its gradient computation
is expensive. These methods explore the parameter space by evaluating the objective
function at different configurations and adjusting parameters accordingly. Popular
examples include genetic algorithms [83], simulated annealing [70], Bayesian opti-
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mization [84], constrained optimization by linear approximation (COBYLA) [85], and
Nelder-Mead method [86].

2.2.3 Quantum optimization algorithms (QOAs)

QOAs have recently emerged as promising approaches for solving complex opti-
mization problems using principles of quantum mechanics. These problems often
involve many variables and constraints, making them difficult to solve using conven-
tional computational methods. QOAs encode optimization problems into a quantum
Hamiltonian or circuit with the goal of leveraging quantum effects to find optimal
solutions more efficiently. The objective function of a quantum optimization problem
is typically a quadratic function, with constraints that can be linear or nonlinear.

Several QOAs have been proposed. Two prominent QOA paradigms are quantum
annealing (QA) [87] and variational quantum algorithms (VQAs) [88]. QA leverages
quantum effects such as tunneling and superposition to search for the global mini-
mum of an objective function encoding a computational problem. It is based on the
principle of adiabatic quantum computing (AQC) [89], where solutions are encoded
to the ground states of a problem Hamiltonian HP. The system starts in the easily
initialized ground state of an initial Hamiltonian HI , which is slowly transformed
into HP, driving the system adiabatically to the ground state of HP that encodes
the solution. The runtime in AQC scales with the inverse minimum energy gap
between ground and excited states. QA is similar to AQC, but it allows for transitions
out of the ground state by introducing transverse field driving terms in the system
Hamiltonian H(t) = λ(t)HI + [1− λ(t)]HP [90, 91, 89]. Here, λ(t) is the annealing
schedule that satisfies λ(0) = 1 and λ(T) = 0, with T being the final time. This
can help the system escape local minima and find the global optimum. Quantum
annealing, in contrast to adiabatic optimization, allows for non-adiabatic evolution,
and at high temperatures, it exhibits similarities to classical simulated annealing.
However, careful tuning of the annealing schedule λ(t) is critical.

VQAs, on the other hand, leverage a parameterized quantum circuit U(θ) acting
on an initial state to explore a space of possible solutions to a problem. By measuring
outputs and feeding into a classical optimizer adjusting θ, the parameters can be
tuned to find the solution. The hybrid quantum-classical loop enables optimization
using shallow circuits. Prominent VQAs include the QAOA [19] and the variational
quantum eigensolver (VQE) [92]. QAOA applies alternating quantum gates to gradu-
ally shape a superposition state towards an approximate solution [19]. Meanwhile,
VQE finds the minimum eigenvalue of a problem Hamiltonian using a parameterized
circuit tuned by classical optimization [92, 93]. These hybrid algorithms are designed
for near-term quantum devices by optimizing shallow circuits in a feedback loop.

While QOAs have the potential to revolutionize the way we solve optimization
problems, they are still in the development stage and face challenges such as limited
access to quantum computers and sensitivity to noise, which can degrade their
performance. Despite these challenges, QOAs have the potential to provide quantum
speedups, which could lead to different scaling behavior on certain problems. It is
important to note, however, that no asymptotic speedup is currently expected from
QOAs. Further research is needed to fully characterize when quantum speedups are
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achievable and to compare the strengths and limitations of classical and quantum
optimization approaches.

2.2.4 Quantum approximate optimization algorithm (QAOA)

We employ portfolio optimization as a representative problem instance to illustrate
the application of QAOA in solving such optimization challenges. This section is
based on the paper [94].

Portfolio optimization

Portfolio optimization is the process of selecting a set of assets to invest in order
to maximize the expected return while minimizing the risk. This is a challenging
problem, as it involves finding the optimal trade-off between risk and return. The clas-
sical approach to portfolio optimization is based on Markowitz’s [95] mean-variance
optimization framework and has been widely used for decades. Markowitz mean-
variance optimization uses a linear programming algorithm to optimize portfolio
performance. It takes into account the expected returns and covariance matrix of
assets to identify the optimal portfolio that minimizes risk while maximizing return.
However, this approach has several limitations, such as its reliance on historical
data and its inability to handle complex, non-linear relationships between assets.
The QAOA has the potential to address this challenge [96, 94, 6]. The objective func-
tion in portfolio optimization is typically the expected return of the portfolio, subject
to a constraint on the risk.

Problem defination

We define first the portfolio optimization problem. Consider the cost function

F(z1, z2, . . . , zn) = q
n

∑
i,j=1

zizjσij − (1− q)
n

∑
i=1

ziµi, zi = 0, 1, (2.8)

which consists of the portfolio weights zi = 0 or 1 of stock i, the covariance matrix
of the stock returns σij and the expected return µi. Furthermore, n is the number
of available assets and the factor q sets the risk preference of the investor: q = 1
would be used if the investor is fully risk-averse, i.e., he wants to choose the portfolio
with the lowest risk, irrespective of the return. q = 0 would be used in case of an
aggressive investor who takes only the return of the stocks into account. In real-world
applications, however, q is set between 0 and 1.

Usually, an investment strategy consists in investing a fixed budget of money into
a portfolio of securities. This budget constraint can be formulated in the binary

Material from: Brandhofer, Sebastian, Daniel Braun, Vanessa Dehn, Gerhard Hellstern, Matthias
Hüls, Yanjun Ji, Ilia Polian, Amandeep Singh Bhatia, and Thomas Wellens, Benchmarking the perfor-
mance of portfolio optimization with QAOA. Quantum Inf Process 22, 25, (2023), ©Springer.
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optimization problem as follows:

n

∑
i=1

zi = B, (2.9)

The parameter B defines the number of assets to be chosen for the portfolio and
thereby constrains the money invested. In the following, we will refer to those
portfolios z1, z2, . . . , zn which fulfill the constraint as ‘feasible’ portfolios, whereas the
remaining ones will be called ‘unfeasible’ [97].

In order to solve the portfolio optimization problem, the covariance matrix and the
return vector must be provided. Here, we use the following prescription to calculate
these values: If the portfolio consists of n assets, we use m + 1 historical daily prices
p(i)k where i = 1, 2, . . . , n and k = 0, 1, . . . , m. Out of these values we compute the
daily percentage price change via

r(i)k =
(

p(i)k − p(i)k−1

)
/p(i)k , 1 ≤ k ≤ m, (2.10)

and the annualized return of the portfolio:

µi =

[
m

∏
k=1

(
1 + r(i)k

)] 252
m

. (2.11)

The annualized covariance matrix is calculated with the equation

σij =
252
m

m

∑
k=1

(
r(i)k − r(i)

) (
r(j)

k − r(j)
)

, (2.12)

where r(i) = 1
m ∑m

k=1 r(i)k is the mean of the daily price changes of asset i.
In order to fulfill the budget constraint, Eq. 2.9, a penalty term can be added to the

function F as follows:

F(A)(z1, . . . , zn) = F(z1, . . . , zn) + A

(
n

∑
i=1

zi − B

)2

. (2.13)

The prefactor A should be chosen large enough such that, on the one hand, all
unfeasible states (i.e., those which do not fulfill the constraint) yield F(A) > Fmin. On
the other hand, if A is chosen too large, the performance of QAOA is expected to
deteriorate. It has been suggested to choose A such that all unfeasible states yield
F(A) > Fmax [97, 96].

QAOA formulation

To solve the above optimization problem on a quantum computer, we convert the
function F(A) into a quantum operator, also known as the problem Hamiltonian or
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cost Hamiltonian

Ĥc = λ F(A)

(
Î1 + Ẑ1

2
, . . . ,

În + Ẑn

2

)
, (2.14)

where Îj and Ẑj denote the identity and the Pauli-Ẑ operator, respectively, acting on
qubit j. Additionally, we scale the function by a constant factor λ > 0, the significance
of which will be explained below. Taking into account Eqs. 2.8 and 2.13, we can write
Ĥc as a sum of two-qubit and single-qubit operators (plus an irrelevant constant term
c)

Ĥc =
n−1

∑
i=1

n

∑
j=i+1

WijẐiẐj −
n

∑
i=1

wiẐi + c, (2.15)

where Wij =
λ
2 (qσij + A) and wi =

λ
2

[
(1− q)µi + A(2B− n)− q ∑n

j=1 σij

]
.

The QAOA variational quantum circuit then generates the following quantum
state |ψγ⃗,⃗β⟩ depending on the parameters γ⃗ = (γ1, . . . , γp) and β⃗ = (β1, . . . , βp) (with
number of iterations p, also referred to as ‘QAOA depth’ in the following):

|ψγ⃗,⃗β⟩M = ÛM(βp)e−iγp Ĥc . . . ÛM(β2)e−iγ2 ĤcÛM(β1)e−iγ1 Ĥc |ψ0⟩M, (2.16)

where the initial state |ψ0⟩M and the operator ÛM(β) depend on the choice of the
mixer M, see below. Finally, all qubits are measured with respect to the standard
basis in order to determine the mean value

E = ⟨ψγ⃗,⃗β|Ĥc|ψγ⃗,⃗β⟩. (2.17)

This information is then passed to a classical optimization routine, which suggests
new values for the parameters γ⃗ and β⃗ in order to minimize the expectation value
E. Similar approaches, where optimized parameters of a quantum circuit are found
in a hybrid quantum-classical process, are also used in other fields such as quantum
circuit learning [98] or Hamiltonian learning [99].

Different mixers

The standard mixer is defined by single-qubit rotations applied to each qubit:

Ûstandard(β) = eiβ ∑n
i=1 X̂i . (2.18)

The corresponding initial state is |ψ0⟩standard = | + · · ·+⟩, where |+⟩ = (|0⟩ +
|1⟩)/

√
2. This state is the eigenstate of the mixing operator Ĥm = −∑i X̂i, also

referred to as mixer Hamiltonian, associated to its smallest eigenvalue.
Alternatively, the initial state and the mixer can be adapted such that only states
|z⟩ = |z1, . . . , zn⟩ fulfilling the budget constraint, see Eq. 2.9, are populated during
the algorithm [100, 101]. Correspondingly, the initial state is chosen as a uniform
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superposition (Dicke state [102])

|ψ0⟩MXY = |Dn
B⟩ =

1√
(n

B)
∑

i1,...,in=0,1
i1+···+in=B

|i1 . . . in⟩. (2.19)

This state is an eigenstate of the operator (X̂iX̂j + ŶiŶj) (for all pairs of qubits i and
j), which essentially swaps two qubits populating different states (i.e., |01⟩ ↔ |10⟩),
thereby keeping the total budget (or number of excitations) constant. Therefore, the
basic ingredient of the XY-mixers is given by the following two-qubit operation:

R̂(XY)
i,j (β) = eiβ(X̂iX̂j+ŶiŶj). (2.20)

Different versions MXY of the XY-mixer are now obtained by applying this operation
to different sets SMXY of qubit pairs:

ÛMXY(β) = ∏
(i,j)∈SMXY

R̂(XY)
i,j (β). (2.21)

We consider four versions of XY-mixers as follows:

(i) Ring mixer (MXY = ring)

In the ring mixer, the operation R̂(XY)
i,j (β) is applied only to neighbouring pairs of

qubits, i.e., Sring = {(1, 2), (2, 3), . . . , (n− 1, n), (n, n + 1)}, where qubit n + 1 is

identified with qubit 1. Note that, since [R̂(XY)
i,j , R̂(XY)

j,k ] ̸= 0 for mutually distinct

qubits i, j and k, the ordering in which the individual operations R̂(XY)
i,j are ap-

plied in Eq. 2.21 is relevant. It is given by the order in which the corresponding
qubit pairs appear in the above set Sring, i.e., first (1,2), then (2,3) etc.

(ii) Parity ring mixer (MXY = par_ring)

In the parity ring mixer , this ordering is changed such as to obtain two subsets
of commuting operations R̂(XY)

i,i+1 with odd or even i, respectively, i.e., Spar_ring =
{(1, 2), (3, 4), . . . , (no, no + 1), (2, 3), (4, 5), . . . , (ne, ne + 1)}, where ne (or no) is
the largest even (or odd) number ne ≤ n (or no ≤ n) (and, again, qubit n + 1 is
identified with qubit 1).

(iii) Full mixer (MXY = full)

In the full XY-mixer (MXY = full), the set Sfull contains all pairs of qubits, where
the ordering is chosen such that as many gates as possible can be performed in
parallel, thus minimizing the depth of the circuit. If n is odd, the R̂(XY)

i,j ’s are ar-
ranged into n subsets of (n− 1)/2 commuting operations, where i + j mod n =
k in subset k. (E.g., for n = 5: Sfull = {(1, 5), (2, 4), (2, 5), (3, 4), (2, 1), (3, 5), (3, 1),
(4, 5), (3, 2), (4, 1)} with subsets {(1, 5), (2, 4)}, {(2, 5), (3, 4)} etc.) If n is even,
we first generate the subsets for n− 1 as described above, and add the missing
pair of qubits to each subset. (For example, for n = 6, we add (3, 6) to the first
subset {(1, 5), (2, 4)}, (1, 6) to the second, etc., i.e., Sfull = {(1, 5), (2, 4), (3, 6), (2,
5), (3, 4), (1, 6), ...}.)
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Together with the phase separation operator e−iγF̂, a single iteration step in the
full XY-mixer QAOA algorithm, see Eq. 2.16, reads as follows:

Ûfull(β)e−iγF̂ = ∏
(i,j)∈Sfull

R̂(XY)
i,j (β) ∏

(i,j)∈Sfull

e−iγWijẐi Ẑj
n

∏
i=1

e−iγwi Ẑi . (2.22)

(iv) Quantum alternate mixer-phase ansatz (MXY = QAMPA)

Finally, we modify the full mixer according to the recently proposed quantum
alternate mixer-phase ansatz (QAMPA) [103]. Instead of applying the operator
e−iγF̂ to all qubits before applying the mixer, we reorder the terms such that,
for each pair of qubits, the gates corresponding to the mixer and the phase
separation are contracted as follows:

ÛMP(β, γ) = ∏
(i,j)∈Sfull

eiβ(X̂iX̂j+ŶiŶj)−iγWijẐi Ẑj
n

∏
i=1

e−iγwi Ẑi . (2.23)

Thereby, the QAOA circuit, see Eq. 2.16 is modified as follows:

|ψγ⃗,⃗β⟩M = ÛMP(βp, γp) . . . ÛMP(β2, γ2)ÛMP(β1, γ1)|ψ0⟩MXY . (2.24)

This reduces the number of CX gates by a factor 3/4. Since the CX gates
constitute the most important source of errors in present NISQ devices, we may
expect that this version is more resilient against errors than the full XY mixer.

While the standard mixer Ĥm can be implemented using single-qubit gates and
the corresponding initial state |ψ0⟩standard is easily prepared with Hadamard gates,
XY-mixers necessitate the implementation of two-qubit gates, and the corresponding
initial state, the Dick state, requires numerous two-qubit gates to prepare. These
additional two-qubit gates introduced by XY-mixers and the Dick state significantly
increase noise, as two-qubit gates are the primary noise source in current quantum
hardware. Therefore, in Part II, we focus on the standard mixer of QAOA and explore
the effects of different mixers in Part III.

2.3 Resilience in quantum computing

In the previous section, we established the fundamentals of quantum computing and
introduced optimization algorithms. We now discuss the significance of resilience,
introduce the features of near term quantum devices, and present an overview of
techniques for improving resilience in quantum computing.

2.3.1 State-of-the-art

Resilience refers to the ability of quantum systems to operate reliably in the presence
of noise and control imperfections, which is a crucial aspect in realizing the full
potential of quantum computation, communication, and other applications. The
foundational work conducted in this field established the theoretical feasibility of
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fault-tolerant quantum computation [104, 105, 106, 107, 108]. The threshold theorem
states that a quantum computer with a physical error rate below a certain threshold
(10−6) can achieve arbitrarily low logical error rates by employing quantum error
correction (QEC) schemes [109, 110]. This fundamental idea has motivated extensive
research on optimized QEC codes and fault-tolerant techniques for achieving accurate
quantum computation in the presence of noise.

Significant progress has been made in reducing gate error rates across various quan-
tum computing platforms, with superconducting and trapped-ion qubits emerging as
leading contenders. Superconducting qubits have achieved state-of-the-art two-qubit
gate fidelities exceeding 99.9% [111, 112], corresponding to an error probability of
approximately 0.1% per operation. Single-qubit fidelities have even reached 99.99%
[113]. Notably, a recent research by Google Quantum AI demonstrated error rates
below the critical threshold required for effective quantum error correction [114],
a crucial milestone on the path to building scalable quantum computers. On the
other hand, trapped-ion qubits offer advantages such as long coherence times and
high-fidelity gates. Recent demonstrations have showcased fidelities exceeding 99.9%
for two-qubit gates and 99.99% for single-qubit logic gates driven by lasers [115].

While fault-tolerant quantum computation remains the ultimate objective, achiev-
ing these low error rates presents a significant challenge. In the NISQ era, error
mitigation techniques can play a crucial role in enhancing the resilience of quantum
algorithms. A recent experiment involving a 127-qubit IBM quantum computer
successfully tackled a complex model system beyond the capabilities of classical
computation by leveraging error mitigation [116]. This achievement underscores
the importance of error mitigation strategies alongside hardware development in
unlocking the potential of near term quantum algorithms.

2.3.2 Noisy intermediate-scale quantum (NISQ) devices

Near-term quantum devices [17] are prone to errors that can significantly impact
their accuracy and reliability. These errors can stem from various factors, including
environmental noise, imperfect control of quantum gates, and interactions between
qubits. Furthermore, NISQ devices are characterized by limited connectivity and a
restricted number of available quantum gates (basis gates). In this section, we discuss
different types of errors, techniques used to characterize them, and the key features
of NISQ devices.

Error sources

Quantum computations are susceptible to various error sources that can compromise
the fidelity of encoded information [117]. These errors can be broadly categorized
into coherent and incoherent errors based on their impact on the quantum state
[118, 119]. Coherent errors, stemming from systematic control imperfections or
crosstalk between qubits, can be described by unitary rotations leading to deviations
from the intended quantum operations [118, 119, 120, 121]. Examples include over- or
under-rotations due to inaccurate microwave pulses and erroneous gate operations
from imprecise pulse sequencing. These can be mitigated through optimization
of pulse shapes [122, 123] and meticulous timing calibrations [124, 125]. Careful
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engineering and calibration of qubit couplings are also crucial for high-fidelity two-
qubit gates and crosstalk suppression [126, 127]. In contrast to coherent errors,
incoherent errors arise from stochastic processes that introduce random fluctuations in
the qubit state. Examples of incoherent errors include depolarizing noise, bit-flip error,
and phase-flip error, which can be mathematically described using Pauli matrices.
Finally, quantum computations are inherently susceptible to measurement error
due to the probabilistic nature of quantum mechanics [128], which is unavoidable
even with a perfect quantum computer operating under ideal conditions. Various
mitigation strategies have been developed to mitigate errors. An overview of error
mitigation can be found in [129].

Noise modeling and error characterization

Accurate noise modeling and error characterization are fundamental for developing
efficient error mitigation techniques in quantum computation. Noise modeling is
the process of building an error model that can mathematically describe the detri-
mental effects of various noise sources on qubit states and quantum gates. Error
models can be categorized on the Markovian property. Markovian models [130] as-
sume noise processes are memoryless, simplifying analysis but potentially neglecting
non-Markovian effects observed in real hardware [131]. Conversely, non-Markovian
models [132] capture correlations and memory effects in noise, providing a more accu-
rate description. Advanced models employing the post-Markovian master equation
[133, 134, 135] can further enhance model fidelity by better matching the observed
experimental behavior of quantum devices [132]. In Section 3.1.2, we will present
several commonly used error models that describe specific types of noise, which are
then used to assess the performance of quantum algorithms in the presence of noise.

Error characterization involves identifying and quantifying errors through vari-
ous techniques. Randomized benchmarking (RB) is a particularly effective tool for
characterizing coherent noise affecting quantum gates by providing an average gate
fidelity metric [118, 136, 137]. However, RB offers an incomplete description of noise
dynamics. Conversely, quantum process tomography (QPT) reconstructs a complete
picture of noise dynamics but suffers from scalability limitations for large-scale sys-
tems [138]. Several error characterization protocols have been developed. Wood et
al. [139] introduced common noise sources in superconducting qubits and described
techniques for characterizing and mitigating associated errors. Magesan et al. [136]
introduced a scalable RB protocol for benchmarking quantum gates and estimating
noise dependence. Magesan et al. (2012) [137] further developed an efficient protocol
for measuring quantum gate error through interleaved randomized benchmarking.
Sud et al. [140] presented a dual-map framework for error characterization, enabling
the derivation of expectation values of observables in noisy circuits. Gupta et al.
[141] introduced an autonomous learning framework for adaptive scheduling of
sensor-qubit measurements and efficient spatial noise mapping, demonstrating ad-
vantages over brute-force approaches. Additionally, a general framework for QPT in
the presence of time-correlated noise has been proposed to enhance existing charac-
terization protocols [142]. Finally, innovative methods based on tensor networks offer
a promising alternative approach to traditional protocols for characterizing errors on
near-term quantum computers [143]. These characterization protocols play a crucial
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role in validating hardware performance, identifying dominant error mechanisms,
benchmarking improvements in noise mitigation strategies, and ultimately guiding
approaches for enhancing qubit fidelities. However, error characterization remains a
significant challenge for large-scale quantum systems, where current methods such
as process tomography become impractical.

Features of NISQ devices

Superconducting quantum devices, a prominent type of NISQ computers operating
with superconducting qubits [32, 144], exhibit unique characteristics that influence
algorithm design and execution. This section explores their features using IBM
quantum devices.

Figure 2.3 showcases the topologies of representative IBM quantum devices with
varying qubit counts (27, 127, and 133). Each circle represents a qubit, and connecting
lines depict possible interactions. Notably, these devices possess limited qubit con-
nectivity, implying not all qubits can interact directly. The color scheme indicates gate
error rates. Note that they fluctuate over time. These limitations in connectivity and
fluctuating error rates necessitate careful consideration when developing quantum
algorithms for NISQ devices.

Figure 2.4 is a screenshot displaying the specific properties of ibmq_ehningen. This
27-qubit device boasts a quantum volume (QV) [145] of 64 and executes circuits at
a rate of 1900 circuit layer operations per second (CLOPS) [146]. QV quantifies a
quantum device’s capabilities by measuring the largest square (width equals depth)
quantum circuit that can be executed successfully [145]. CLOPS assesses the speed
of quantum devices by determining the number of quantum volume circuits it can
execute per unit of time [146]. The supported gates include single-qubit gates (ID, RZ,
SX, and X) and the CX (controlled-NOT) two-qubit gate. Here, ID is identity gate, RZ
performs a single qubit rotation around the z-axis, X is the NOT gate, and SX is the
square root of X. Notably, two-qubit gate errors are significantly higher (around 10−3

) compared to single-qubit gate errors (around 10−4). Moreover, the readout error is
around 10−2. This screenshot also presents the decoherence times (T1 and T2), which
characterize how long a qubit retains its quantum information.

Figure 2.5 offers a granular view of error rates for various single-qubit gates and
measurements in ibmq_ehningen. These errors exhibit qubit-specific variations. For
instance, qubit 7 experiences the highest single-qubit gate error (Figure 2.5(a)), while
qubit 17 suffers from the most significant readout error (Figure 2.5(b)) and has the
highest probability of misreading a state |1⟩ (Figure 2.5(c)). Conversely, qubit 9 has
the highest chance of being misread when prepared in |0⟩ (Figure 2.5(d)).

Decoherence times, characterized by relaxation time (T1) and dephasing time (T2),
are critical parameters for NISQ devices. These times represent the duration for which
a qubit can maintain its quantum state before succumbing to environmental noise.
For successful quantum information processing, T1 and T2 should be significantly
longer than the gate operation time (the time it takes to perform a single quantum
logic gate) on the qubits. Figure 2.6 illustrates T1 and T2 values for each qubit in
ibmq_ehningen. Different qubits exhibit distinct decoherence times. In this case,
qubit 7 experiences the shortest T1 and T2, while qubit 25 demonstrates the longest T1
and T2. It’s important to note that these values fluctuate over time.
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(a)

(b)

(c)

Figure 2.3: Topologies of IBM quantum devices with (a) 27 qubits, (b) 127 qubits, and (c) 133
qubits. Color indicates the error rate (see Figure 2.4).

Two-qubit gate errors are a dominant source of errors in NISQ devices, posing a
significant challenge for achieving accurate quantum computations. As shown in
Figure 2.7, the CX gate error rate on ibmq_ehningen can be around 10−3, comparable
to readout error rates. However, quantum algorithms typically involve a significantly
higher number of CX gates compared to readouts, which are usually measured only
once at the end. Additionally, SWAP gates, which are commonly used to address lim-
ited qubit connectivity in NISQ devices, introduce further noise themselves, as each
SWAP gate needs to be implemented with three CX gates. This significantly increases
the overall number of two-qubit operations in the circuit, further exacerbating the
impact of gate errors. Moreover, variations in error rates and gate execution times
exist across different qubits within the same device. Therefore, optimizing the use of
qubits based on their individual properties and the specific structure of the quantum
algorithm becomes crucial for improving performance on NISQ devices.

2.3.3 Key strategies for improving resilience

This section discusses strategies to improve the performance of quantum algorithms
on NISQ devices without fully-fledged quantum error correction. While achieving
fault-tolerant quantum computation with robust error correction is a long-term goal,
practical applications can benefit from alternative approaches. We focus on error
mitigation and resilience-optimized compilation strategies.

Error mitigation

The errors in NISQ devices can significantly impact the accuracy and reliability of
computations, limiting their practical applications. To address this challenge, many
error mitigation techniques have been proposed. Here, we introduce several error
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2.3 Resilience in quantum computing

Figure 2.4: Properties of ibmq_ehningen (screenshot). The system comprises 27 qubits and has
a quantum volume (QV) [145] of 64. It is capable of performing 1900 circuit layer operations
per second (CLOPS) [146]. The basis gate set is {CX, ID RZ, SX, X}. Notably, the two-qubit
gate (CX) exhibits an error rate on the order of 10−3, which is an order of magnitude greater
than that of the single-qubit gates {ID, SX, X}. The RZ gate is a virtual gate, implying that it
can be implemented in hardware through frame changes, thereby resulting in zero error and
duration. The decoherence times, T1 and T2, are approximately 142µs and 158µs, respectively.
The topology’s color scheme represents varying error rates. Specifically, the readout error
ranges from 6.2× 10−3 to 2.83× 10−2, while the CX gate error rate varies from 5.121× 10−3

to 5.234× 10−2.
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(a)

(b)

(c)

(d)

Figure 2.5: Error rates of single qubit gates of ibmq_ehningen: (a) Gate error, (b) readout error,
(c) prob meas0 prep1, the probability of measuring state |0⟩ when the qubit was actually
prepared in state |1⟩, and (d) prob meas1 prep0, the probability of measuring state |1⟩ when
the qubit was initially prepared in state |0⟩. We observe that there is a higher probability of
misreading a qubit prepared in the state |1⟩ compared to one prepared in the state |0⟩.

mitigation techniques [147], such as readout error mitigation (REM), dynamical
decoupling (DD), and zero-noise extrapolation (ZNE).

Readout errors pose a significant challenge in current quantum systems, with error
rates typically higher than single qubit gate errors by approximately one order of
magnitude. These errors stem from various sources, including decoherence during the
measurement process and the overlapping of measured physical quantities associated
with |0⟩ and |1⟩ states. A range of mitigation techniques have been proposed [148,
149, 150, 26, 151, 152, 153, 154, 155, 156, 157, 158], aiming to enhance the precision of
quantum state measurements, which typically involve constructing noise models or
applying classical postprocessing to measured outcomes.

DD [159, 160, 161, 162] is a widely used error mitigation technique in quantum
systems. Its primary objective is to suppress decoherence errors during qubit idle
times by applying a sequence of pulses that implement the identity operation. DD
is effective in protecting quantum states against noise and can also be utilized to
mitigate crosstalk [163, 164] and coherent errors [165]. DD sequences typically consist
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(a)

(b)

Figure 2.6: Decoherence times of ibmq_ehningen: (a) T1, and (b) T2. The relaxation time T1
refers to the time it takes for an excited quantum state to decay towards the ground state.
The dephasing time T2 describes how long the phase of a qubit’s superposition state remains
intact.

of repetitive patterns of pulses, such as π pulses, which counteract the detrimental
effects of system and environment coupling. The relative phases and delays between
pulses play a crucial role in improving the robustness of DD sequences against pulse
imperfections and unwanted environmental interactions. A variety of DD sequences,
such as Carr-Purcell-Meiboom-Gill (CPMG) [166, 167], XY4 [168, 169, 170, 171], KDD
[172], and Uhrig dynamical decoupling (UDD) [173], have been investigated and
demonstrated promising results in various quantum systems, such as spin systems
[174, 175, 176, 177, 178, 179], superconducting qubits [161, 163, 180], trapped ions
[181], and quantum memories [182]. Moreover, DD techniques have been applied in
simulations of quantum many-body systems [183] and quantum machine learning
[184].

ZNE estimates ideal expectation values from noisy data by leveraging measure-
ments taken at different controlled noise levels [185, 186, 23, 24]. It comprises two
primary steps: noise scaling and extrapolation. Noise scaling is the process of mod-
ifying the quantum circuit to run at different noise levels. This can be achieved
through pulse stretching [24] or by applying digital techniques such as gate folding
[187]. Extrapolation is the process of fitting a mathematical model to noisy data and
estimating the zero-noise value using different methods such as linear, polynomial,
exponential, or adaptive extrapolation. A similar approach to ZNE is the probabilistic
error cancellation (PEC) [186, 23, 188, 189], which also aims to reduce the impact of
noise by sampling from a collection of circuits that emulate a noise inverting channel,
effectively canceling out the noise.

Machine learning (ML) techniques are increasingly being used to mitigate errors in
quantum computations [190, 191, 192, 193, 194]. These techniques have the potential
to reduce overhead and maintain, or even surpass, the accuracy of conventional
methods. For example, Kim et al. [190] introduced a neural network-based error
mitigation technique that adjusts estimated measurement probabilities to improve
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(a)

(b)

Figure 2.7: CX gate properties of ibmq_ehningen: (a) Error rate, and (b) execution time . The
execution time refers to the duration it takes for a quantum gate operation to be executed.

algorithm accuracy without extensive error characterization. Similarly, Strikis et al.
[191] proposed a learning-based method that uses automated training to learn the
optimal error compensation strategy. Bennewitz et al. [195] introduced neural error
mitigation, a method that applies quantum many-body machine learning techniques
to improve estimates of ground states and observables obtained using VQE on noisy
devices. Haug et al. [196] demonstrated the benefits of randomized measurements for
quantum machine learning on noisy quantum computers, enabling the classification
of large datasets. In a recent development, Sack et al. [197] successfully implemented
a QAOA on non-planar random regular graphs with up to 40 nodes, made possible
by an ML-based error mitigation technique.

Quantum compilation

In addition to error mitigation, quantum compilation techniques [198, 199, 200, 201,
202, 203, 204, 205, 206, 207] have been developed to minimize errors during the
implementation of algorithms. Quantum compilation bridges the gap between high-
level algorithms and the low-level control capabilities of the physics-based hardware
by transforming a high-level quantum algorithm into an optimized sequence of
gate operations that can be executed on a specific hardware platform. This process
involves three key steps: decomposing the quantum algorithm into a sequence of
native gate operations supported by the device, inserting SWAP gates to address the
connectivity constraints (also referred to as qubit routing), optimizing the quantum
circuit to minimize errors, and scheduling gates to minimize the waiting time between
them. The primary goals of compilation are reducing the circuit depth and gate count,
thereby mitigating the impact of errors and maximizing performance within the
physical hardware limits of the device. The compilation process can be iterative, with
the optimization stage being repeated until an optimal circuit is achieved.

Ensuring reliability, scalability, and flexibility is important in compilation process.
The algorithm should be correctly rewritten and resistant to noise and errors, while
also being scalable to large quantum circuits and flexible enough to handle a variety
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of quantum algorithms and hardware platforms. Obtaining high-quality compilation
solutions, such as those with minimal circuit depth, is crucial for minimizing errors.
The circuit depth refers to the number of time steps or layers required to apply
the sequential gates. The longer circuit depth, the more time there is for noise and
errors to accumulate between operations, which can significantly reduce the fidelity
of quantum circuit. In addition, resource utilization is a critical consideration for
quantum circuit compilation. Near-term quantum devices have finite resources such
as qubit counts, gate fidelities, and connectivity. Therefore, the compiler should
aim to optimize resource utilization by minimizing the number of qubits, depth,
and classical memory overhead required to execute the quantum circuit. Lastly,
integrating error mitigation and correction techniques during circuit compilation is
beneficial for enhancing resilience against noise.

Compilation strategies can be broadly classified into resilience-based and non-
resilience-based approaches. Non-resilience-based compilation primarily focuses
on minimizing the number of gates and circuit depth. Although this approach may
unintentionally enhance resilience by reducing errors, it does not ensure optimal
resilience. On the other hand, resilience-based compilation explicitly takes into
account error rates during the compilation process, thus guaranteeing a more resilient
resulting circuit. Several quantum circuit compilation frameworks exist, such as
Qiskit [208], Cirq [209], Tket [210], and QPanda [211]. While these frameworks offer
functionalities such as circuit simplification, optimization, and mapping of algorithms
onto hardware, they often focus on fast compilation time, potentially leading to
poor quality. To improve the efficiency of compilation, Quetschlich et al. proposed
a reinforcement learning framework that leverages classical compiler optimization
techniques to optimize quantum circuit compilation flow [212]. Moreover, the Munich
quantum toolkit (MQT) [213] offers a comprehensive suite of design automation tools
to address challenges across the entire quantum software stack.
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Part I

Resilience Assessment





Preface

This initial part focuses on resilience assessment, a critical aspect of quantum algo-
rithms. We establish methodologies to quantify the algorithm’s robustness against
noise and errors using error models and dedicated metrics. The QAOA for problem
instances including portfolio optimization and MaxCut serves as a practical example
for resilience analysis. We then dissect key factors influencing resilience, including
measurement shots, optimizers, optimal parameters, and compilation quality. Under-
standing these factors is fundamental for designing and optimizing robust quantum
algorithms. This initial exploration lays the groundwork for subsequent chapters that
will explore strategies and avenues for enhancing resilience.
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Chapter 3

Resilience analysis and evaluation

This chapter delves into the resilience of QOAs by evaluating their performance un-
der different noise conditions. We begin by establishing a methodology and metrics
to quantify resilience effectively. We then explore the implementation of QAOA, fol-
lowed by analyzing factors that influence algorithm resilience. Sections 3.3.2 and 3.3.3
are based on the paper published in 2022 IEEE International Conference on Quantum
Computing and Engineering (QCE) under the title Calibration-Aware Transpilation for
Variational Quantum Optimization [6].

3.1 Quantifying algorithm resilience

In the NISQ ear, the performance of algorithms depends not only on their theoretical
correctness but also on their ability to function effectively despite inherent hardware
errors. This ability of algorithms against noise and errors, also referred to as resilience,
is significant for achieving high performance on NISQ devices.

3.1.1 Evaluation methodology

The resilience of quantum algorithms can be assessed by comparing results from sim-
ulation and experimental execution. As illustrated in Figure 3.1, the process begins
by conducting noise-free simulations on classical computers to establish a theoretical
benchmark for optimal algorithm performance. The simulator models the ideal oper-
ation of quantum algorithms and serves as a reference point for subsequent analyses.
To bridge the gap between theory and practice, as the realistic hardware exhibits noise
and errors, the algorithm can be simulated with error models that may incorporate
different types of errors, such as bit-flip, phase-flip, and readout error, allowing for
a more realistic assessment of the algorithm’s resilience. However, mathematical
models and assumptions may not fully capture the complexities of real quantum
hardware. Therefore, the ultimate evaluation of an algorithm’s resilience is achieved
by executing it on actual quantum devices. Running the algorithm on physical hard-
ware exposes it to the full range of noise and errors inherent to the specific quantum
computing platform. The evaluation under different conditions provides valuable
insights into the algorithm’s susceptibility to specific error types and its performance
degradation, as well as the extent to which hardware noise affects its performance.
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q[0]

q[1]

c2

H

0 1

Simulator

Quantum computer

Ideal

Noise model

Real hardware

(a)

(b)

(c)

Figure 3.1: Execution modes of quantum algorithms illustrating the impact of noise on output
distributions. The probability distributions of output bit strings are obtained from 1024 circuit
repetitions (shots) under three conditions: (a) noise-free scenario using the Qiskit Qasm
simulator, (b) Qiskit Qasm simulator with a customized noise model, and (c) real quantum
hardware, the ibm_osaka is used for this demonstration. While simulations can predict ideal
outcomes or incorporate noise models, real quantum devices exhibit inherent noise, resulting
in deviations from simulated behavior.

Such analyses bridging the gap between theoretical predictions and practical perfor-
mance are crucial for developing effective strategies to enhance algorithm resilience,
which may involve error mitigation techniques, designing algorithms that are aware
of noise, or improving the hardware itself.

3.1.2 Error models

Error models are important for accessing algorithm resilience. Different error models
exhibit depending on various noise sources in quantum computers such as environ-
mental noise, imperfect control of gates, and statistical errors. Here, we introduce
some commonly used error models.
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Pauli channels

The bit-flip, bit-phase flip and phase flip channels indicated by EX, EY, and EZ acting
on qubits described by density matrix ρ with error rate pϵ are defined as [28]

EX(ρ) = pϵXρX + (1− pϵ)ρ, (3.1)
EY(ρ) = pϵYρY + (1− pϵ)ρ, (3.2)
EZ(ρ) = pϵZρZ + (1− pϵ)ρ, (3.3)

where X, Y and Z denote the Pauli matrices.

Depolarizing channel

The depolarizing channel ED acting on an n-qubit system describing by the density
matrix ρ is given by [28]

ED(ρ) = (1− pϵ)ρ + pϵ
I
2n , (3.4)

where pϵ is the probabilistic error rate and I is the identity matrix. For a single qubit,
the depolarizing channel is

ED(ρ) = (1− 3pϵ

4
)ρ +

pϵ

4
(XρX + YρY + ZρZ) , (3.5)

which can be parametrized as

ED(ρ) = (1− λϵ)ρ +
λϵ

3
(XρX + YρY + ZρZ) , (3.6)

where λϵ =
3pϵ

4 .

Decoherence channels

Decoherence errors [214] including relaxation (T1) and dephasing (T2) arise from
unintended qubit-environment interactions causing exponential decay of quantum
superposition. Relaxation causes the excited state to decay to the ground state over
time, while dephasing randomizes the relative phases between basis states. Both
processes degrade the qubit’s ability to maintain a superposition, limiting the effec-
tiveness of quantum algorithms. Decoherence can be modeled mathematically using
functions that describe this exponential decay of coherence based on characteristic
relaxation times.

Readout error model

Readout errors occur during the process of measuring a qubit’s state. These errors
can arise from imperfections in the measurement apparatus and cause the measured
state to differ from the actual qubit state. A common model for readout errors utilizes
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the Pauli-X error channel. This model assumes the readout process flips the qubit
state from |0⟩ to |1⟩ (or vice versa) with a certain probability pϵ.

Backend noise model

To simulate the behavior of quantum devices, IBM provides the backend noise model
which includes readout error, gate error, and decoherence error based on the device
properties. We note that this noise model does not include the crosstalk error.

3.1.3 Quantification metrics

Quantifying resilience in quantum algorithms critically depends on selecting appro-
priate metrics that accurately capture performance under various noise models. We
present several metrics that facilitate a multidimensional assessment of quantum
algorithm resilience.

Quantum state fidelity

Quantum state fidelity serves as a fundamental measure of similarity between ideal
and noisy quantum states. Mathematically, it is defined as

F(ρ1ρ2) = Tr
[√√

ρ1ρ2
√

ρ1

]2

, (3.7)

where ρ1 is the ideal noiseless quantum state and ρ2 denotes the state influenced by
noise. Fidelity provides a quantitative assessment of the stability of quantum states
in the presence of errors.

Hellinger distance

The Hellinger distance quantifies the divergence between two probability distribu-
tions. Consider two probability measures, P and Q, defined on a measure space
χ with probability densities p(x) and q(x), respectively. The Hellinger distance is
expressed as

H(P, Q) =

√
1
2

∫
χ

(√
p(x)−

√
q(x)

)2

dx. (3.8)

For discrete probability distributions, the Hellinger distance simplifies to

H(P, Q) =
√
(1−∑

i

√
piqi), (3.9)

where pi and qi represent the probabilities of outcome i in distributions P and Q,
respectively. The Hellinger distance is particularly valuable for assessing the distribu-
tion differences between ideal and noisy outcomes in quantum algorithms, enabling
both simulations and real hardware applications.
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Algorithm performance metrics

A common method for evaluating an algorithm’s robustness to noise is directly
comparing its performance under different conditions. We define the algorithm’s
performance as a parameter f , where higher values indicate better performance. In an
ideal scenario without noise, the algorithm’s performance is denoted by fi, whereas
under realistic conditions with noise, the performance is represented by fn. The
algorithm’s resilience to noise can be assessed by analyzing the difference between
fn and fi. A smaller difference signifies greater resilience, as the performance is less
affected by noise. Conversely, a larger difference between fn and fi indicates higher
susceptibility to noise, resulting in lower resilience. To quantify the effectiveness of
an error mitigation strategy, we introduce the metric ∆ f = fm − fn, where fm is the
algorithm’s performance with error mitigation and fn is its performance without error
mitigation. A positive ∆ f indicates that the error mitigation strategy has successfully
improved the algorithm’s performance, enhancing its resilience to errors. These
performance metrics enable direct comparisons of an algorithm’s resilience across
various conditions, including quantifying the impact of noise and assessing the
effectiveness of error mitigation techniques in improving the algorithm’s robustness to
noise and other factors. We will delve deeper into these metrics and their implications
in Chapter 6.

3.2 Implementation of QAOA

The QAOA is a prominent VQA used for solving combinatorial optimization prob-
lems on NISQ devices [19]. In this section, we present the detailed implementation
of QAOA for two specific problem instances: portfolio optimization and MaxCut,
which serve as examples to illustrate how QAOA can be tailored to address different
optimization tasks. The performance of QAOA can be evaluated using two metrics:
approximation ratio and success probability. The approximation ratio measures the
quality of the solution found by QAOA compared to the theoretical optimal value.
The success probability, or ground state probability, reflects the probability of finding
the optimal solution for a given problem instance.

3.2.1 QAOA for portfolio optimization

We first briefly summarize the QAOA approach for solving portfolio optimization,
as described in Section 2.2.4. The cost Hamiltonian, which describes the portfolio
optimization problem for n available assets, can be expressed as

Ĥc =
n−1

∑
i=1

n

∑
j=i+1

ci,jẐiẐj −
n

∑
i=1

kiẐi, (3.10)

where parameters ci,j and ki depend on factors specific to the portfolio optimization

problem. In particular, ci,j =
λ
2 (qσij + A) and ki =

λ
2

[
(1− q)µi + A(2B− n)− q ∑n

j=1 σij

]
,

where λ is the global scaling factor, q is risk preference, σij is the covariance between
assets i and j, A is the penalty factor, B is the number of assets to be chosen, and µi is
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the expected return of asset i. The terms ẐiẐj and Ẑi correspond to the ZZ interaction
on qubits (i, j) and Pauli Z operator acting on qubit i, respectively. The standard
mixer Hamiltonian is given by [19]

Ĥm =
n

∑
i=1

X̂i, (3.11)

where X̂i is the Pauli X operator acting on qubit i. After a depth of p, the total system
evolves to

|ψγ⃗,⃗β⟩ =
p

∏
k=1

e−iβk Hm e−iγk Hc |ψ0⟩ , (3.12)

where |ψ0⟩ is the eigenstate of the mixer Hamiltonian. The aim of the QAOA is to
find 2p parameters (β1, ..., βp, γ1, ..., γp) that minimize the expectation value of the
cost Hamiltonian E = ⟨ψγ⃗,⃗β|Ĥc|ψγ⃗,⃗β⟩. To quantify the solution founded by QAOA,
we define the approximation ratio as

r =
E− Emax

E0 − Emax
, (3.13)

where E0 represents the optimal value and Emax signifies the worst-case value. A
larger value of r indicates higher performance, with r = 1 signifying that the QAOA
achieves the ground state energy, corresponding to finding the optimal solution.

3.2.2 QAOA for MaxCut

Another application of QAOA is to find the maximum cut of a graph, i.e., to partition
the nodes of the graph into two sets such that the number of edges between the sets is
maximized, which is known as the MaxCut problem [19, 215]. The cost Hamiltonian
describing the MaxCut problem Ĥc is given by [19]

Ĥc =
1
2 ∑

i,j
ωi,j(1− ẐiẐj), (3.14)

where vertices i, j share an edge and ωi,j = ωj,i is the weight corresponding to the
edge. Unlike the Hamiltonian for portfolio optimization (Eq. 3.10), which includes

(a) (b)

Figure 3.2: (a) Graph of the MaxCut problem and (b) Circuit implementation of QAOA at
depth p = 1 for MaxCut on the graph shown in (a). For a depth of p, the gates in the box
are repeated p times with distinct parameters. A total of 2p parameters are required to be
determined using a classical optimizer.
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Ẑi terms, the Hamiltonian for MaxCut problems (Eq. 3.14) does not contain these
terms. This reflects the absence of RZ gates in the QAOA circuit for MaxCut problems.
Similar to QAOA for portfolio optimization, a mixer Hamiltonian is applied to drive
the system towards the desired state (Eq. 3.12) that encodes the solution. An example
of implementing the QAOA for MaxCut is shown in Figure 3.2. For a QAOA depth p,
the subcircuit in the box presented in Figure 3.2(b) is repeated p times. 2p parameters
are determined by minimizing the expectation value of the problem Hamiltonian Ĥc.
The approximation ratio of QAOA for MaxCut is defined by

r = E/E0, (3.15)

where E is the mean value found by QAOA and E0 is the optimal value.

3.3 Factors influencing algorithm resilience

The resilience of QOAs to noise and errors depends on both hardware properties
and algorithmic considerations. Hardware factors, such as the number of qubits
and their connectivity, significantly impact QOA performance. More qubits enable
larger, more complex problems, while better connectivity facilitates efficient algorithm
implementation. High-quality qubits with high gate fidelities and long coherence
times are essential for achieving high-performance QOAs. Algorithmic design also
plays a crucial role in QOA performance. The structure of the circuit, settings of
parameters, and strategies used for optimization all influence the algorithm’s ability
to navigate the optimization landscape. Deeper circuits have the potential to yield
better solutions, but they are also more susceptible to noise accumulation. In the
following, we explore several factors that affect the performance of QAOA.

3.3.1 Measurement shots and optimizers

We investigate the impact of measurement shots and optimizers on the performance
of QAOA applied to the 3-regular MaxCut problem. We compare the performance
of the gradient-free COBYLA with the gradient-based SPSA optimizer for classical
parameter optimization within the QAOA circuit.

Noise-free case

We begin by examining the noise-free scenario. Both optimizers are initialized with
the same random values and set to 1000 iterations. Figure 3.3 displays the simu-
lated probabilities of achieving various objective values for different measurement
shot numbers using COBYLA and SPSA. For the 6-qubit case (Figures 3.3(a) and
3.3(b)), all configurations achieve a high probability of finding the optimal solution
with a minimum objective value of −7. Additionally, COBYLA exhibits a generally
increasing success probability with more shots, suggesting improved performance
with an increasing number of shots. SPSA achieves better performance but shows
less variation in success probability across different shot numbers. For the 10-qubit
case (Figures 3.3(c) and 3.3(d)), only COBYLA with 8192 shots achieves the optimal
solution with an objective value of −13 most of the times. In comparison, 16384 shots
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Figure 3.3: Simulated probabilities of obtaining different objective values for QAOA applied
to randomly generated 3-regular MaxCut problems using Qiskit’s Qasm simulator with
varying shot numbers. (a) and (b) depict 6-qubit (6Q) QAOA at p = 6, while (c) and (d)
represent 10-qubit (10Q) QAOA at p = 6. (a) and (c) employ COBYLA, whereas (c) and (d)
utilize SPSA for parameter optimization.

have a lower performance than 8192 shots, meaning that selecting a larger number
of shots may not always yield optimal results for optimizing algorithm parameters.
Moreover, optimizing the number of shots presents a possible way to achieve high
performance. Compared to COBYLA, SPSA exhibits low performance, especially for
a large number of shots. The reason could be that as the problem size grows, the
optimization becomes more complex, potentially causing the gradient-based SPSA to
get stuck in local minima and miss the optimal solution.

These results indicate that gradient-free optimizers might be advantageous for
identifying optimal solutions in large-scale problems. Moreover, the number of
measurement shots significantly impacts optimization outcomes and, consequently,
algorithm performance. We also observe a trend where performance increases with
shots, reaches a peak at 8192 shots, and then decreases. Therefore, finding the op-
timal number of shots for a desired performance guarantee is crucial for balancing
computational efficiency and solution quality, as large numbers of shots increase
computational cost and also the required quantum resources for execution. Addition-
ally, factors beyond the number of shots, such as initial parameter values and QAOA
depth, can limit algorithm effectiveness. In such cases, even a very high number of
shots cannot significantly improve the probability of finding the optimal solution.

Optimization under noise

We now examine the influence of noise on the optimization process for algorithms
applied to the 3-regular MaxCut problem. Here, we analyze the performance of
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Figure 3.4: Simulated results of optimizing algorithm parameters under noise. Labels are the
same as in Figure 3.3

COBYLA and SPSA optimizers when optimizing parameters in the presence of a
well-defined noise model. We employ the Pauli-X error channel (Eq. 3.1), introducing
bit-flip errors with a probability of 0.0005 to all single- and two-qubit gates. Our
focus is on how noise impacts the optimization process and its effect on the success
probability of finding the optimal solution for both 6- and 10-qubit QAOA instances.

For the 6-qubit QAOA case (Figures 3.4(a) and 3.4(b)), all configurations achieve
the optimal solution, exhibiting similar behavior to the noise-free scenario across
different shot numbers. This suggests that for smaller problem sizes, noise does
not significantly affect the optimization process. For the 10-qubit QAOA case (Fig-
ures 3.4(c) and 3.4(d)), COBYLA with the highest number of shots (16384) achieves
the highest success probability for the optimal solution, corresponding to the lowest
objective value of −13. However, this success probability value is close to that for a
suboptimal solution, potentially hindering the identification of the optimal solution
in other cases. Conversely, SPSA with the lowest number of shots (1024) successfully
identifies the optimal solution, demonstrating a potential advantage under noise
for this problem size. These observations suggest that the optimal number of shots
and the impact of noise on optimizer performance depend on the problem size. For
smaller problems, noise might have a less pronounced effect. However, for larger
problems, a lower number of shots might be beneficial for gradient-based optimizers
like SPSA under noise, potentially helping them escape local minima. Additionally,
noise appears to have a mixed effect on COBYLA, with a higher number of shots
sometimes leading to better performance but also potentially increasing the chance
of getting stuck near suboptimal solutions. These findings emphasize the importance
of considering noise when optimizing algorithms, particularly for larger and more
complex problems.
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Our investigation highlights the potential benefits of using SPSA with a lower
number of shots for noisy optimizations, especially for larger problems. However,
direct hardware optimization through iterative execution on real devices is challeng-
ing due to resource constraints and the increased time required by SPSA compared
to COBYLA. Therefore, a practical approach for real-world applications might in-
volve optimizing algorithm parameters in a noise-free environment with COBYLA,
followed by the implementation of error mitigation or correction techniques during
execution on real quantum devices.

3.3.2 Optimal parameters

The performance of QAOA depends on the values of its parameters. Optimal
parameters result in a higher quality of performance, which is indicated by a high
value of the approximation ratio or success probability. The parameters of QAOA are
usually determined by a classical optimizer, but the optimal parameters for QAOA
with p = 1 can be determined using a grid search. Here, we study the influence
of parameters on the performance of QAOA. Specifically, we use grid search to
identify the optimal parameters for QAOA at depth p = 1. Then, we compare the
performance of QAOA employing optimal parameters with those determined by a
classical optimizer. In this investigation, we employ COBYLA. Figures 3.5(a) and
3.5(b) show the optimization landscape of 5-qubit QAOA using the Qasm simulator in
the absence of noise and on the actual quantum device ibmq_ehningen, respectively.
The optimal parameters θ, expectation values E, as well as the approximation ratio
and success probability are shown in Table 3.1. We observe that the optimal values
of parameters and optimization landscape hardly change, indicating that QAOA at
p = 1 is stable even in the presence of noise.

We simulate QAOA with the original and optimal initial values using bit-flip,
bit-phase flip, and depolarizing error channels indicated by EX, EY, and ED [28] with
an error rate of pϵ. The error channels acting on qubits described by density matrix ρ
are defined as in Eqs. 3.1, 3.2, and 3.4. We study the state fidelity of QAOA between
the ideal quantum state and the noisy state with an error rate of up to 1%. The state
fidelity is defined in Eq. 3.7. In our case, ρ1 is the final QAOA state in the absence
of errors, and ρ2 is the state for QAOA with an error rate of pϵ. We consider discrete
values of pϵ ∈ {0, 0.1%, 0.2%, ..., 1%}. The maximum fidelity of 1 occurs at pϵ = 0.

Table 3.1: Optimal solution founded by grid search with Qasm simulator in absence of errors
(error-free) and ibmq_ehningen. θ: values of parameters. E: expectation values.

Parameter error-free ibmq_ehningen
θ (2.3, 2.1) (2.3, 2.3)
E −0.957 −0.726
AR 0.417 0.409
SP 0.235 0.295

Published in Yanjun Ji, Sebastian Brandhofer and Ilia Polian, 2022 IEEE International Conference
on Quantum Computing and Engineering (QCE), DOI: 10.1109/QCE53715.2022.00040. ©2022 IEEE.
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(a) (b)

Figure 3.5: Optimization landscape of QAOA for portfolio optimization with (a) Qasm
simulator and (b) ibmq_ehningen.

We label original (orig) as original initial values established by the classical opti-
mizer COBYLA, and the optimal (opt) as optimal initial values determined by grid
search, i.e., Figure 3.5(a). As shown in Figure 3.6, optimal initial values of QAOA
produce a higher fidelity than the original values. Different error channels introduce
distinct types of errors in quantum circuits, leading to various effects on the per-
formance of algorithms. The effect of bit-phase flip on fidelity is significant, while
the fidelity under bit-flip error varies only slightly. In addition, the type of initial
values only produces a small difference under depolarizing error. At a noise level
of pϵ = 1%, the fidelity of QAOA with bit-flip errors decreases to approximately
0.95. For depolarizing errors, the fidelity drops to 0.75, and for bit-phase flip errors, it
drops to 0.6.

The behavior of approximation ratio and success probability with increased error
rates is also investigated. The results of running 10 QAOA using Qasm simulator
are shown in Figure 3.7. Without error, we achieve approximation ratios of around
0.42 with optimal and 0.39 with original parameters. The approximation ratio is
strongly affected by bit-phase flip error, such as the fidelity in Figure 3.6. The values
of approximation ratio at pϵ = 1% are around 0.33 and 0.30 for optimal and original
parameters, respectively. QAOA under noise with optimal parameters outperformed
the original. The influence of parameters on approximation ratio is smaller than the
success probability. Optimal parameter values produced a significantly better success
probability than the original, as shown in Figure 3.7(b). The results demonstrate the
importance of optimizing parameters in enhancing the resilience of VQAs.

3.3.3 Compilation quality

Published in Yanjun Ji, Sebastian Brandhofer and Ilia Polian, 2022 IEEE International Conference
on Quantum Computing and Engineering (QCE), DOI: 10.1109/QCE53715.2022.00040. ©2022 IEEE.
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Figure 3.6: Simulation of fidelity of QAOA with original (orig) and optimal (opt) initial values
using Qasm simulator under bitflip, depolarizing and bit-phase flip errors as a function of
error rate from 0 to 1%.

Qiskit’s transpilation procedure includes randomization, and running it multiple
times produces different solutions. To improve stability, we implemented an ad-
ditional check that bounds the maximum increase of CX gates CXmax

inc , i.e., discards
transpiled circuits with an increase of CX gates exceeding this threshold. Figures 3.8
and 3.9 show the approximation ratio and, respectively, the success probability of 678
repetitions of QAOA on the physical quantum computer ibmq_ehningen with CX

max
inc

set to 215%, 185%, 155%, 140%, 75%. For each such restriction, Figures 3.8(a) and 3.9(a)
show the 95% confidence interval of approximation ratio and success probability,
whereas Figures 3.8(b) and 3.9(b) include the complete histograms. It can be seen
that restricting the increase in CX gates tends to improve the performance of QAOA.
Therefore, one main goal of our calibration-aware transpilation is to minimize the
number of used CX gates (while also improving fidelity). Our results show that
QAOA is resilient against noise up to a certain noise level. However, the performance
of QAOA deteriorates rapidly with increasing bit-phase flip noise. We also find that
the choice of the classical optimization algorithm and the number of iterations of
QAOA have a significant impact on its resilience.

3.4 Conclusions

We proposed an evaluation methodology and metrics for assessing the resilience of
QOAs under noise simulation and real device execution. Additionally, we presented
case studies on the resilience of QAOA for MaxCut and portfolio optimization prob-
lems, and discussed the factors that impact the resilience of QOAs. While QOAs
currently demonstrate limited resilience, our analysis highlights clear opportunities
for improvement by implementing techniques such as efficient compilation. This
motivates the development of strategies to enhance algorithm performance on noisy
quantum devices.
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Figure 3.7: Simulation of (a) approximation ratio and (b) success probability of QAOA with
10 repetitions using Qasm simulator under bitflip, depolarizing and bit-phase flip errors as a
function of error rate from 0 to 1%.
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Figure 3.8: Impact of compilation quality on QAOA approximation ratio. (a) 95% confi-
dence interval and (b) histogram with 678 QAOA repetitions using Qiskit transpiler on
ibmq_ehningen. With restriction of the amount of maximum increase in CX gates, the
approximation ratio is improved.

4 8 16 32 64 128 256 512

0.05

0.10

SP

(a)

CXmax
inc =215%

4 8 16 32 64 128 256 512

CXmax
inc =185%

4 8 16 32 64 128 256

CXmax
inc =155%

4 8 16 32 64 128

CXmax
inc =140%

4 8 16 32 64

CXmax
inc =75%

0 25 50 75

0.05

0.10

SP

(b) 0 20 40 0 20 40 0 10 20 0.0 2.5 5.0 7.5

Figure 3.9: Impact of compilation quality on QAOA success probability. (a) 95% confi-
dence interval and (b) histogram with 678 QAOA repetitions using Qiskit transpiler on
ibmq_ehningen. Success probability shows a similar behavior to approximation ratio in
Figure 3.8.
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Part II

Resilience Enhancement Strategies





Preface

Building upon the foundation of resilience assessment established in the first part,
the second part delves into various strategies for enhancing the resilience of quan-
tum algorithms, including optimized quantum compilation, selective optimization,
error mitigation, and a cooptimization approach. Chapter 4 presents an efficient
calibration-aware transpilation method and an algorithm-oriented qubit mapping
strategy. Utilizing the proposed compilation method, Chapter 5 further explores selec-
tive optimization on bipotent architectures, focusing on optimizing algorithm-native
gates at the pulse level. Understanding the factors that affect the efficiency of error
mitigation is a crucial aspect of resilience enhancement. This is analyzed in Chapter 6,
which investigates the synergistic effect of error mitigation and circuit design, con-
sidering both hardware and algorithmic factors. Experiments are conducted on real
quantum processing units (QPUs) to validate the findings. Finally, Chapter 7 explores
the concept of algorithm-hardware cooptimization, a methodology that incorporates
hardware constraints into the design of algorithms. This approach is then applied to
various problem instances, including MaxCut on complete and noncomplete graphs,
as well as portfolio optimization. Experimental evaluations demonstrate the effective-
ness of this cooptimization strategy in reducing noise and improving performance on
real quantum hardware. Our comprehensive exploration of resilience enhancement
strategies provides a holistic understanding of the techniques that can be used to
enhance the resilience of QOAs, ultimately accelerating their integration into practical
applications.
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Chapter 4

Optimized Quantum Compilation

This chapter presents strategies for optimizing quantum compilation to enhance
the performance and robustness of QOAs. First, we introduce a calibration-aware
transpilation process to improve compilation efficiency by considering the time-
varying error rates of quantum devices and algorithm features. Then, we bridge the
gap between heuristic and exact methods to address qubit connectivity constraints
by providing optimal and scalable solutions. Finally, we introduce the workflow
for optimized compilation and discuss methods for ensuring reliability. Section 4.1
has been published in 2022 IEEE International Conference on Quantum Computing
and Engineering (QCE) under the title Calibration-Aware Transpilation for Variational
Quantum Optimization [6]. Section 4.2 is currently under third review in Physical
Review Applied.

4.1 Efficient calibration-aware transpilation
The compilation process handles mapping algorithms to executable code for quan-

tum devices, which involves mapping logical qubits in algorithms to physical qubits
on quantum devices, inserting SWAP gates to accommodate connectivity constraints,
decomposing gates into the device’s native gate set, and optimizing the circuit at the
gate or pulse level to mitigate the impact of errors. In comparison, transpilation is
a critical component of the compilation process. While compilation encompasses
broader algorithmic considerations, transpilation specifically focuses on low-level
circuit rewrite and optimizations. Moreover, transpilation is frequently employed for
IBM quantum devices, where IBM provides a transpiler to automate this process. In
some contexts, the terms compilation and transpilation are used interchangeably. In
this section, we adopt the term ‘transpilation’ to emphasize its focus on IBM quantum
devices. Specifically, we introduce the calibration-aware transpilation for variational
algorithms with parameterized ansatz circuits.

4.1.1 Method advantages

As introduced in Section 2.3.2, the errors of quantum devices vary over time. Fig-
ure 4.1 further reports hourly calibration data, which we collected on ibmq_ehningen

Published in Yanjun Ji, Sebastian Brandhofer and Ilia Polian, 2022 IEEE International Conference
on Quantum Computing and Engineering (QCE), DOI: 10.1109/QCE53715.2022.00040. ©2022 IEEE.
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Figure 4.1: Error information of ibmq_ehningen over 39 days.

over a period of 39 days. The highest variations were observed for the CX gate
between qubits 8 and 9 (Figure 4.1a) and for the readout errors of qubit 15 (Fig-
ure 4.1c). Therefore, periodically updated calibration of quantum devices provides
information on time-varying error rates that should be considered during transpi-
lation. Based on these observations, we propose a calibration-aware transpilation
process that divides the implementation process into three main steps: (1) noise-
unaware and computationally heavy pretranspilation; (2) fast noise-aware matching;
and (3) fast decomposition followed by heuristic optimization. The first step performs
a noise-unaware and computationally heavy pretranspilation of the quantum circuit
to address the connectivity constraints optimally. The second step performs a fast
noise-aware matching of the pretranspiled circuit on the topology based on updated
noise rates ensuring that the qubits with the highest quality are selected for execution.
Finally, the circuit is decomposed into the basis gate set of the target devices, followed
by optimization that optimizes the circuit for speed and accuracy.

The calibration-aware transpilation process provides executable circuits with low
latency and can be applied to other near-term quantum computers. For a complete
run of a variational algorithm under constant error rates, only step (3) needs to be ex-
ecuted for each new ansatz circuit. Step (2) is required only if the error rates reported
by calibration have changed significantly since the beginning of the computation.
The most expensive step (1) is executed only once for the whole run. This distribution
is helpful for incremental, calibration-aware transpilation when the variational algo-
rithm adapts its own execution to changing error rates. While designed to optimize
variational quantum algorithms, the calibration-aware transpilation process is also
applicable for optimizing general quantum algorithms.

The procedure is outlined in Figure 4.2. The processed ansatz circuit A is parame-
terized with values θi, which, in case of QAOA, are angles determined by the classical
optimization step. Transpiled circuits A(θ1), A(θ2), . . . differ only minimally and their
basic structure must be computed only once for A and can be reused by all circuits.
Moreover, transpilation takes error rates ξ∗ into account, which are determined by
calibration. After each re-calibration, the procedure checks whether new error rates
ξ are substantially different from ξ∗. If this is the case, transpilation is not repeated
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4.1 Efficient calibration-aware transpilation

Figure 4.2: Flowchart of calibration-aware transpilation. It consists of three steps: Topology-
aware pretranspilation (TAPT), executed one time for the entire run of a variational algorithm
and calculating parts of the solution applicable to all ansatz circuits; Noise-aware matching
(NAM), invoked only when error rates have changed significantly, and decomposition and
optimization (DO), which includes improvements for a specific ansatz circuit A(θi).

from scratch, but the initial, optimized solution is mapped to a different subset of
qubits with the same subgraph topology yet better fidelities. Overall, calibration-
aware transpilation consists of three steps: topology-aware pre-transpilation (TAPT);
noise-aware matching (NAM), and decomposition and optimization (DO).

The main advantage of calibration-aware transpilation is the significantly reduced
effort, as all computationally heavy parts are accumulated in the TAPT step that is
run only once, and the two remaining steps are lightweight. It is feasible to use NAM
and DO in an incremental mode: whenever a new ansatz circuit is ready for execution
on the quantum hardware, reserve the quantum computer, acquire calibration data,
execute NAM (if needed) and DO, and then immediately execute the transpiled
circuit on the reserved computer. This makes sure that the most recent calibration
data are used for each ansatz circuit, while the amount of the quantum computer’s
time “wasted” during reservation is minimal. In the traditional approach with full
transpilation of each ansatz circuit, reserving the quantum computer for its complete
duration would be unrealistic. The computer would start processing other tasks, and
the transpiled ansatz circuit, once it is ready, would be inserted into the regular queue
and executed possibly at a time instant when the calibration data is outdated.

In addition, the potential advantage of transpiling one circuit with calibration-
aware transpilation is shown in Figure 4.3. The high-level idea is to submit the circuit
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Figure 4.3: Advantage for transpiling one circuit with calibration-aware transpilation com-
pared to traditional: fresher error rate information. 1, 2 and 3 indicate TAPT, NAM and DO
processes in CA transpilation, respectively.

Figure 4.4: Advantage of calibration-aware transpilation compared to traditional for a varia-
tional run with multiple ansatz circuits: effort reducing and time saving. Classical optimiza-
tion is used to calculate new parameters of QAOA.

directly to the queue after step 1, which is the most computationally heavy process.
Steps 2 and 3, which take calibration data into account, are performed just before
execution, followed by immediate execution of the transpiled circuit. This ensures
that CA has a fresher error rate information than the traditional approach where
calibration data is acquired at the beginning of transpilation. This is crucial to the
performance of algorithms on the NISQ computers as their errors change over time.
Furthermore, based on CA’s structures, we can significantly reduce effort and save
time for a variational run with multiple circuits, see Figure 4.4. While the traditional
approach requires each circuit to be transpiled and passed into the queue before
execution, CA only needs to pass the first circuit into the queue, and since steps 2 and
3 are fast, the remaining ansatz circuits can continue implementation, resulting in a
significant reduction in overheads.

4.1.2 Procedure

As has been discussed above (Figure 4.2), calibration-aware transpilation is organized
in three steps:

• TAPT, which can be computationally complex and produces a high-quality (or
even optimal) solution that is independent of error rates.
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• NAM, which takes the connectivity determined during the first step and maps
it to a subgraph of the IBM quantum devices’s topology graph with the lowest
error rates. This step is simple and needs to be repeated only if the error rates
according to the calibration data have changed significantly.

• DO, which is a collection of inexpensive procedures that take the ansatz circuit’s
parameters (for QAOA: angle θi) into account. For example, certain quantum
gates can be removed altogether for θi = 0.

In the following, we provide details on the three steps.

Topology-aware pre-transpilation (TAPT)

The TAPT process aims at satisfying the connectivity requirements of a quantum
algorithm (here: ansatz circuit) at a given architecture. All two-qubit gates must either
be mapped to connected qubits of the quantum hardware, or additional SWAP gates
must be inserted such as to bring them onto neighboring qubits. On IBM’s architecture
used in this work, SWAP gates are rather expensive primitives, implemented by 3
CX gates. Therefore, TAPT aims at minimizing the number of required extra SWAP
gates, and ultimately the total number of CX gates in the circuit. Note that in general,
even an optimized transpiled circuit has more CX gates than before transpilation.

Algorithm 4.1 shows the pseudocode of topology-aware pretranspilation. To obtain
an efficient pretranspiled circuit as a starting point, the algorithm starts with finding
an initial mapping by graph placement [210]. This procedure identifies a subgraph
isomorphism between the graph of interacting logical qubits and the connectivity
graph of the physical qubits. Before inserting SWAP gates, the circuit is partitioned
into sub-circuits bounded by a CX gate on one or both sides. For QAOA ansatz
circuits, such efficient sub-circuits have the form CX-RZ-CX and implement the Z⊗ Z
interaction between two qubits.

To insert SWAP gates, we use an optimal method based on the satisfiability modulo
theory (SMT) with circuit depth as the optimization objective [216]. The SMT method
treats the sub-circuits identified as outlined above as primitive circuit elements.
That is, SWAP gates are inserted only between sub-circuits. The rationale behind
this procedure is the later application of CX cancellation, where CX gates on the
boundaries of sub-circuits can be merged with CX gates that implement SWAP gates.
In addition, considering sub-circuits reduces the problem complexity and the run-
time of the SMT solver. Thereafter, the sub-circuits and the inserted SWAP gates are
decomposed into basis gates of the circuit and undergo optimization, including CX
cancellation. The resulting circuit is depth-optimized and executable on (a subgraph
of) the target topology graph.

Noise-aware matching (NAM)

The previous process maps the algorithm’s qubits to a subgraph of the topology
graph, but it does not consider error rates of physical qubits in that subgraph. At the
same time, most topology graphs of today’s larger-scale quantum computers have a
large number of isomorphies and symmetries. For example, the topology graph from
Figure 2.3(a) can be understood as consisting of two “tiles” (physical qubits 0, . . . , 14,

55



4 Optimized Quantum Compilation

Algorithm 4.1: Topology-aware pre-transpilation (TAPT)
Input: Original quantum circuit qc, Coupling map G(V, E)
Output: Topology-aware pretranspiled circuit pqc
begin

M← initial mapping;
U ← set of sub-circuits between two qubits in qc with different structures;
for u ∈ U do

transform all gates in qc with the same structure as u to u with gate parameters;
end
Set initial mapping M;
Route the re-constructed circuit by inserting SWAP gates using SMT based optimal

algorithm to minimize depth;
Decompose parameterized u into basis gates of qc;
for each swap gate in the circuit do

if swap gate is before the measurement then
remove SWAP gate and interchange the measurement of two qubits;

else
decompose SWAP into three CX gates and optimize with CX cancellation;

end
end
Transform into a logic circuit by removing the idle wires;
return pqc

end

16 and physical qubits 10, 12, . . . , 26). Any algorithm mapped to a subgraph from
one “tile” can also run on the other. Moreover, each “tile” is symmetric. For instance,
a 5-qubit algorithm mapped to physical qubits (0, 1, 4, 7, 6) is automatically valid for
physical qubits (10, 12, 15, 18, 17); (15, 12, 10, 7, 6); (16, 14, 11, 8, 9); (26, 25, 22, 19,
20). Note that larger IBM computers have even more identical “tiles” and offer more
valid alternatives for each result of step TAPT.

The NAM process considers up to N alternative subgraphs and selects the one
with the highest effective average fidelity. N is a user-defined constant, which trades
the likelihood of finding a good matching against the number of necessary compu-
tations; the latter can be important when calibration-aware transpilation is used in
the incremental mode and the quantum computer waits until the new subgraph is
identified. The effective average fidelity of quantum circuit qc with the calibration
data ξ = ( fu, fCX, fd) as

get_fidelity(qc, ξ) =
1
3
(∏
u∈qc

fu + ∏
CX∈qc

fCX + ∏
d∈qc

fd) (4.1)

where fu, fCX and fd are fidelities of single qubit, CX gate and readout gate, respec-
tively.

The NAM process is described in Algorithm 4.2. As input we have pretranspiled
circuit, which has satisfied the connectivity of subgraph of topology graph, coupling
map, the latest calibration data, the function get_fidelity to calculate the fidelity of
circuit, and the number of trials N (we used N = 15 in our experiments). In order
to select high-fidelity qubits, we perform N trial matchings with Qiskit’s transpile.
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Algorithm 4.2: Noise-aware matching (NAM)
Input: Topology-aware pretranspiled circuit pqc, Coupling map G(V, E), Calibration

data ξ, Fidelity computation function get_fidelity, Number of trials N
Output: Matched circuit mqc
begin

mqc←matched pqc with Qiskit;
cm ← number of CX gates in mqc;
fm ← get_fidelity(mqc, ξ);
j← 0;
while j ̸= N do

rqc← re-matched pqc with Qiskit;
cr ← number of CX gates in rqc;
fr ← get_fidelity(rqc, ξ);
if cr ≤ cm and fr > fm then

mqc← rqc
end
j← j + 1;

end
return mqc

end

With the randomization of Qiskit’s transpilation procedure, the pretranspiled circuit
is matched to different physical qubits of quantum computer. Effective average
fidelities of the matched circuits on physical qubits are calculated and the circuit
with the highest fidelity is picked. This circuit contains the information of selected
physical qubits in N trials.

Decomposition and optimization (DO)

After the NAM process, the target qubits used to run the algorithm are fixed. Then the
quantum algorithm is decomposed into the native gate set supported by IBM quan-
tum devices. In this work, we are using IBM’s computers that support single-qubit
gates and the CX gate as an entangling gate. After decomposition, we apply opti-
mization techniques Optimize1qGates, CommutationAnalysis, CommutativeCancellation,
CXCancellation, RemoveDiagonalGatesBeforeMeasure and RemoveResetInZeroState pro-
vided by Qiskit. We repeat this process 15 times aiming to obtain the final transpiled
circuit with the least number of CX gates. Note that this step is architecture-specific
and would need to be adapted for a different platform; for example, Google’s com-
puters use CZ gates as entangled gates.

4.1.3 Benchmarking with QAOA

We benchmark the calibration-aware transpilation with QAOA on four IBM quantum
devices, ibmq_ehningen, ibm_cairo, ibm_auckland and ibm_hanoi, all of which have
27 qubits and the same topology graph, as shown in Figure 2.3(a). The initial values
of QAOA used here are determined by COBYLA. We use three sets of metrics: the
quality of the transpilation process (quantified by percental increase of the circuit’s
depth ∆d%, its total number of gates ∆g% and number of its CX gates ∆gCX% as a
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4 Optimized Quantum Compilation

result of transpilation); the runtime of the transpilation procedure; and the quality
of QAOA in terms of approximation ratio and success probability achieved on a
physical quantum computer. We start with a comparison of CA with a large number
of different transpilation methods with respect to approximation ratio and success
probability. Then, we pick one of the best methods observed and compare it with CA
in-depth. Finally, we outline the potential benefits of CA for runtime of a complete
QAOA algorithm.

Approximation ratio, success probability, CX gate count

We compare the achieved approximation ratio in Figure 4.5. In addition to CA, this
figure includes Qiskit’s built-in transpilation procedure, SMT-based methods [216],
two variants of Tket [210], staq [217], a total of 53 composite methods depending on
different initial mapping and routing procedures, and swap network (SN) [218]. CA
either outperforms other methods or is on a par with the best of them for all four
quantum computers.
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Figure 4.5: Approximation ratio of 10 QAOA runs with different transpilation methods
on four IBM quantum devices. CA: Calibration-aware (our approach); Q: Qiskit’s built-
in transpilation procedure with optimization_level 3; D/S/F: SMT-based methods [216] to
minimize depth (D), minimize the number of SWAP gates (S), to maximize fidelity (F); G:
Tket with initial mapping based on graph placement [210]; N: Tket with noise aware placement
[210]; T: staq [217]; 00. . . 52: methods composed of different initial mapping and routing
procedures, some including ZX-calculus optimization [219]; SN: swap network [218]. 10 runs
of QAOA per data point.

We believe that this advantage is due to CA’s NAM step considering a number
of possible sub-graphs, selecting the one with the best fidelity according to a more
up-to-data calibration data than other methods. At the same time, the TAPT step
produces a robust depth-optimized solution for the connectivity constraints, thus
limiting errors that stem from excessive gate-count. We observed that purely fidelity-
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4.1 Efficient calibration-aware transpilation

oriented transpilation can incur strong variability in gate count for different ansatz
circuits A(θ1), A(θ2), . . .; CA’s DO step is applying only minimal modifications to the
basic solution from the TAPT step, thus leading to well-aligned transpilation results
for different circuits.

Figure 4.6 shows the success probability of QAOA on the same four IBM quantum
devices. Similar to the approximation ratio, CA produces a good and robust result.
For some reference methods (e.g., method 33 on ibm_cairo), the success probability
tends to fluctuate more than approximation ratio, sometimes the opposite occurs (e.g.,
method 24 on ibmq_ehningen). We observed that for cases where the approximation
ratio exceeds 0.3, the success probability on the physical computer roughly reaches
its simulated noise-free value with the Qasm simulator.
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Figure 4.6: Success probability with different transpilation methods on four IBM quantum
devices (10 QAOA runs, same symbols as in Figure 4.5).

The percental increase in CX gates after transpilation is reported in Figure 4.7. The
numbers differ only minimally among the four quantum computers. Again, CA
is consistently best or among the best methods with respect to this metric, while

Table 4.1: Comparison of percentage increase in depth ∆d%, the total number of gates ∆g%
and the number of CX gates ∆gCX% after transpilation with CA and SF. µ: average value. σ:
standard deviation.

∆d% ∆g% ∆gCX%
Quantum device CA SF CA SF CA SF

µ σ µ σ µ σ µ σ µ σ µ σ

ibmq_ehningen 126.32 0.0 116.84 31.47 170.00 0.0 104.00 66.78 30.00 0.0 42.00 17.20
ibm_cairo 126.32 0.0 110.00 27.49 170.00 0.0 93.20 63.03 30.00 0.0 48.00 18.87

ibm_auckland 126.32 0.0 116.84 31.47 170.00 0.0 104.00 66.78 30.00 0.0 42.00 17.20
ibm_hanoi 126.32 0.0 116.84 31.47 170.00 0.0 104.00 66.78 30.00 0.0 42.00 17.20
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Figure 4.7: Percental increase in the number of CX gates after transpilation (10 QAOA runs,
same methods as in Figure 4.5).

other methods produce an increase of up to 330% (more than four times) in CX gates.
CA’s outcome is also much more stable, since all its ansatz circuits are based on the
same high-quality basic solution provided by the TAPT step, whereas, e.g., Qiskit
(Q) produces quite different transpilation results for each QAOA run and quantum
computer.

Table 7.1 shows a detailed comparison of CA with SF in terms of increase in depth
∆d%, total number of gates ∆g% and number of CX gates ∆gCX%. The table shows
that SF is a good transpilation method with a slightly better ∆d%, significantly better
∆g%, but significantly worse ∆gCX%. SF exposes large-scale variability whereas CA’s
results are repeatable.

To assess the significance of calibration data and the NAM step, we report in
Figure 4.8 the approximation ratio and the success probability of three methods:
topology-aware transpilation TA, which is CA that stopped after the TAPT step
and did not incorporate any calibration data; SMT-based transpilation SF [216] that
maximizes the circuit’s fidelity and is used for reference; and the full CA procedure
with all its three steps. CA by far outperforms TA and is also consistently better than
SF, while both TA and CA are less affected by the variability of the obtained results.
We conclude that all three steps of CA are needed to obtain a high-quality solution.

Runtime

One central objective of our calibration-aware transpilation approach is to reduce
the runtime of iterative variational algorithms. We now compare CA with SMT-
based [216] fidelity maximization (SF). Table 4.2 reports the average runtimes of
CA’s three steps, their sum (µ) and standard deviation (σ), along with the average
runtime and standard deviation for SF, which is not partitioned into steps. It can be
seen that the overall runtimes of CA and SF are comparable, suggesting a similar
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Figure 4.8: Approximation ratio and success probability with IBM quantum devices. TA:
topology-aware (noise-unaware) transpilation (TAPT step of CA); SF: SMT-based fidelity
maximization; CA: full calibration-aware method (TAPT, NAM, DO).

amount of computational effort being invested. However, CA manages to serialize
its computation without a major deterioration of overall runtime.

To illustrate the runtime advantage enabled by CA, assume we have NA QAOA
ansatz circuits to execute. The expectation value of the total runtime for NA circuits
with SF is

µSF(NA) = µSF × NA (4.2)

with µSF being the average runtime for one circuit. If the calibration data changes
every m iterations, the expected total runtime with CA is

µCA(NA) = µTAPT + µNAM × ⌈
NA

m
⌉+ µDO × NA, (4.3)

where µTAPT, µNAM and µDO are average runtimes for TAPT, NAM and DO process,
respectively. For the special case that calibration data is fixed, we have m = NA and
only the last step DO needs to be executed each time.

Table 4.2: Comparison of runtime of transpilation with CA and SF for 10 QAOA runs (in
seconds). µ: average runtime. σ: standard deviation.

CA SF
Quantum device TAPT NAM DO µ σ µ σ
ibmq_ehningen 18.13 4.41 2.26 24.80 0.22 30.00 3.65

ibm_cairo 23.07 3.59 3.13 29.79 0.26 25.90 1.74
ibm_auckland 22.92 3.44 2.31 28.67 0.14 27.94 5.46

ibm_hanoi 17.44 4.37 2.50 24.31 0.31 29.89 3.20
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4 Optimized Quantum Compilation

Table 4.3: Comparison of runtime (in seconds) of CA and SF for NA = 5, 100. CER: Changing
error rate after m = 5 iterations. FER: Fixed error rate (m = NA). ∆µ: average time savings
compared to SF.

CA SF ∆µ(%)
NA Quantum device CER FER CER FER

ibmq_ehningen 33.83 33.83 149.98 -77.44 -77.44
5 ibm_auckland 37.91 37.91 139.71 -72.87 -72.87

ibm_cairo 42.33 42.33 129.48 -67.31 -67.31
ibm_hanoi 34.32 34.32 149.43 -77.03 -77.03

ibmq_ehningen 332.23 248.46 2999.66 -88.92 -91.72
100 ibm_auckland 322.67 257.31 2794.29 -88.45 -90.79

ibm_cairo 408.21 339.99 2589.61 -84.24 -86.87
ibm_hanoi 355.05 272.03 2988.57 -88.12 -90.90

The projected runtimes of a complete QAOA run with NA ∈ {5, 100} ansatz
circuits are shown in Table 4.3. The data assumes two scenarios: changing error
rate (CER), where the calibration data changes after 5 iterations (m = 5), and fixed
error rate (FER), where the calibration data remains unchanged (m = NA). We see
an improvement of up to one order of magnitude due to CA’s three-step structure
where the most expensive part of the calculation is executed only once.

4.2 Algorithm-oriented qubit mapping

The previous section shows that calibration-aware transpilation strikes a good
balance between quality and stability of transpilation results. Experiments on four
IBM quantum devices demonstrate the benefits of calibration-aware transpilation for
variational algorithms. By accounting for fluctuating noise rates and optimizing the
transpilation process accordingly, we can minimize the impact of noise on algorithm
performance for specific hardware, resulting in faster execution times and improved
fidelity. While the proposed process shows effectiveness in executing quantum algo-
rithms, finding optimal solutions in the TAPT process remains challenging, especially
for large-scale problem instances. In this section, we delve into the qubit mapping
problem [220, 221] on different subtopologies that determines the assignment of
logical qubits in a quantum circuit to the physical qubits with deterministic topology
types in the quantum device, a critical step in the transpilation process. The main ob-
jective of qubit mapping is to minimize the number of inserted SWAP gates or circuit
depth and to maximize circuit fidelity. This problem is identified as NP-hard [222],
meaning that there is no known polynomial-time algorithm to find optimal solutions
for it, underscoring the necessity for efficient and effective methods to tackle it.

Qubit mapping can be expressed as a mathematical optimization problem and
solved using constraint satisfaction techniques. These approaches are called exact
methods and have been investigated in various studies [223, 224, 225, 226, 216]. While
exact methods provide high quality and stable solutions, their compilation time in-

Under third review in Physical Review Applied.
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creases exponentially with problem size. In contrast, heuristic approaches [226, 227,
228, 229, 230, 225] prioritize efficiency by providing fast solutions without guaran-
teeing optimality. Another approach involves constructing swap layers [218, 231,
232, 233, 234] aimed at providing scalable solutions. However, similar to heuristic
methods, optimality is not guaranteed.

Here, we propose a strategy called algorithm-oriented qubit mapping (AOQMAP)
that aims to bridge the gap between exact and scalable mapping methods by utilizing
the inherent structure of algorithms. The proposed strategy follows a two stage
approach. First, it maps circuits to subtopologies to meet connectivity constraints.
Second, it identifies the optimal qubits for execution using a cost function. Notably,
AOQMAP provides both scalable and optimal solutions for variational quantum
algorithms with fully connected two qubit interactions on common subtopologies
including linear, T-, and H-shaped, minimizing circuit depth. Benchmarking experi-
ments conducted on IBM quantum devices demonstrate significant reductions in gate
count and circuit depth compared to Qiskit, Tket, and SWAP network. Specifically,
AOQMAP achieves up to an 82% reduction in circuit depth and an average 138%
increase in success probability. This scalable and algorithm-specific approach holds
the potential to optimize a wider range of quantum algorithms.

The implementation of AOQMAP is publicly available on Github [235].

4.2.1 Methodology overview

This section details our methodology. Figure 4.9 presents algorithm oriented qubit
mapping (AOQMAP) flow. The process begins with decomposition of input VQA into
a two qubit Hamiltonian. Subsequently, this Hamiltonian is routed onto subtopolo-
gies by introducing SWAP gates, ensuring compliance with hardware connectivity
constraints. Each of these routed circuits is then decomposed into native basis gates
of target QPU and optimized to minimize errors. For verification, a reference circuit
is constructed directly from the two-qubit Hamiltonian, matching parameters and
gate sequences of routed circuit. The Hellinger distance between output distributions
of reference and routed circuits is employed to ensure correctness. Finally, a cost
function is utilized to select the optimal set of qubits for execution. After execution
on the target QPU, a postselection process can be applied to select the outcomes
with different types subtopologies that maximizes algorithm performance, as will be
detailed later. This comprehensive flow guarantees effective adaptation, verification,
and optimization of quantum circuits within constraints imposed by target hardware
topology.

Below, we detail each step. Beginning with identifying three common subtopolo-
gies, we present optimal and scalable solutions for routing VQAs on these topolo-
gies, focusing on fully connected two-qubit interactions. The circuit verification is
then explored to ensure correctness, following a qubit selection strategy that maps
subtopology-adapted circuits onto high-quality qubits of QPUs. We conclude by
analyzing the optimality and scalability of our proposed methods.
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Figure 4.9: Algorithm-oriented qubit mapping (AOQMAP) flow is outlined for mapping
VQAs onto a target QPU. The AOQMAP approach differs from traditional qubit mapping
methods in that it starts from a two-qubit Hamiltonian, rather than a predefined circuit. The
process of AOQMAP involves two main steps: (1) adapting VQA to subtopologies of target
QPU; and (2) selecting the optimal mapping scheme to implement subtopology-adapted
circuits. The adaptation process ensures algorithm excitability, while the mapping process
guarantees the use of high-quality qubits for execution. By first adapting circuits and then
choosing an optimal mapping scheme, AOQMAP minimizes errors and optimizes algorithm
performance.

4.2.2 Identification of subtopologies

We identify three prevalent subtopologies within IBM QPUs: linear, T-, and H-shaped
configurations. Given the NP-hard nature of qubit mapping, we focus on symmetric
subtopologies to facilitate the development of optimal and scalable solutions. Linear
configurations serve as a fundamental topology, while T- and H-shaped topolo-
gies (formally defined in Section 4.2.3) represent the simplest symmetric extensions.
Moreover, to achieve optimality and scalability, we will employ exact methods for
small-scale problems and then develop scalable approaches (see Section 4.2.3). The
symmetric T- and H-shaped subtopologies enable efficient analysis of solutions and
offer potential for extending these solutions to other topologies. Future research will
explore these extensions. Additionally, our analysis of 27-qubit IBM QPUs reveals
that these subtopologies are dominant for the problem sizes considered. Specifically,
we exhaustively identify all possible subtopologies of up to seven qubits and calcu-
late their corresponding layouts within the QPU using mapomatic [236]. Figure 4.10
illustrates these subtopologies, and Table 4.4 summarizes the numbers of their corre-
sponding layouts. As shown in Table 4.4, linear topologies exhibit the highest number
of layouts, followed by T- and H-shaped configurations.

Table 4.4: Number of layouts within a 27-qubit QPU that enable the execution of circuits
satisfying the connectivity constraints of subtopologies shown in Figures 4.10(a-o).

Topology type 3 4 5 6 7
Linear 74 (a) 80 (b) 100 (d) 104 (f) 132 (j)
T-shaped 48 (c) 36 (e) 64 (g) 48 (k)
H-shaped 56 (l)
T-variant 24 (h-i) 44 (m-n), 12 (o)
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Figure 4.10: All possible subtopologies within the heavy-hex topology for varying numbers
of qubits, ranging from 3 to 7. The most common subtopology on a 27-qubit topology
(Figure 2.3(a)) is linear, followed by T-shaped and then H-shaped.

To identify the optimal subtopology among the three candidates, a postselection
strategy is employed. This approach is essential when the optimal subtopology is
not immediately evident. The cost function, which will be detailed in Section 4.2.4,
incorporates gate fidelity to select the optimal set of qubits for executing subtopology-
adapted circuits. In addition to enabling the selection of qubits for a given topology,
this cost function allows for the distinction between various types of subtopologies.
However, each subtopology exhibits unique crosstalk effects that are not accounted
for in the calibration data of IBM QPUs. Furthermore, as will be demonstrated subse-
quently, increased qubit connectivity reduces the number of two-qubit gates required
but increases circuit depth, creating a trade-off between circuit fidelity and execution
time. The cost function based solely on gate fidelity is insufficient for accurately
assessing the quality of a circuit. To overcome these limitations, a postselection
procedure is performed after executing circuits corresponding to each subtopology
on QPUs. The criterion for postselection is based on minimizing the expectation
value of the problem Hamiltonian, which allows us to identify the most effective
subtopology. This will be investigated in Section 4.2.7. This method will be further
demonstrated through the application of AOQMAP to a digitized counterdiabatic
quantum optimization algorithm in Chapter 7.

4.2.3 Subtopology-aware circuit adaptation

This section introduces the methodology for subtopology aware circuit adaptation
on NISQ devices. We focus on linear, T-, and H-shaped configurations, and develop
strategies for adapting VQAs to each subtopology. In this study, we focus on the
QAOA applied to dense portfolio optimization problems, as described in Section 3.2.1,
where each qubit necessitates interaction with all other qubits.

To achieve optimal qubit mapping solutions, a comprehensive analysis of problem
and mixer Hamiltonians described in Eqs. (3.10) and (3.11) is essential. Notable ob-
servations guide our approach: (i) The two-qubit gates in Eq. 3.10 exclusively involve
ZZ interactions. Their summation form implies that the order of application does not
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affect the outcome, allowing flexibility in mapping Hc; (ii) The single rotation gates
RZ and RX in Hc and Hm can be independently applied to each qubit without affecting
others. Hence, qubit mapping is unnecessary for these gates; (iii) For high depths, as
depicted in Eq. 3.12, a fixed gate arrangement for two-qubit gates is required at each
depth to maintain an equivalent Hc. However, since all ZZ gates commute with each
other, they can be assigned in each depth with an arbitrary gate arrangement. This
implies that the ZZ gate arrangement needed for implementing QAOA at each depth
can be arbitrary, providing additional flexibility in qubit mapping. By leveraging
these observations, we can formulate a tailored mapping method for quantum algo-
rithms to optimize their performance, minimizing the number of CX gates, reducing
circuit depth, and thereby maximizing the algorithm’s overall performance.

In the upcoming sections, we explore qubit mapping solutions on three subtopolo-
gies, emphasizing QAOA with all-to-all connected two-qubit gate interactions. Al-
though our analysis focuses on this specific instance of VQAs, the implications extend
to algorithms with analogous features. Specifically, we underscore the relevance of
our findings to Hamiltonian with partially connected interactions, VQE, and other
NISQ devices in Section 4.2.6.

Linear subtopology

In quantum computing, linear subtopology arranges qubits sequentially in a one-
dimensional configuration, forming a linear chain or arrangement. To determine
optimal mapping on this subtopology, we initially employ an exact method aimed
at minimizing the circuit depth [216]. This decision follows the same principle
in Section 4.1, which uses circuit depth as the objective function instead of fidelity,
thereby not requiring access to real devices at this stage. However, instead of mapping
the entire algorithm as in Section 4.1, we focus here solely on mapping the ZZ gates in
Eq. 3.10, treating them as single entities and avoiding the decomposition into two CX
gates to streamline the mapping process. Additionally, we narrow our attention to
the first QAOA depth, significantly reducing the effort required to identify a solution.

The routing solution for ZZ gates in a five-qubit QAOA on linear topology is
illustrated in Figure 4.11(a). Assuming an arbitrary initial qubit order [a, b, c, d, e],
after each swap layer, qubit orders evolve as follows: [a, c, b, e, d], [c, a, e, b, d], and
[c, e, a, d, b]. Since each qubit needs to interact with all other qubits, ZZ gate acts on
following qubit pairs: for qubit a, (a, b), (a, c), (a, d), and (a, e); for qubit b, (b, c),
(b, d), and (b, e); for qubit c, (c, d), and (c, e); and for qubit d, (d, e). Our analysis
reveals that all ten ZZ gates required in a five-qubit QAOA can be executed on a
linear subtopology, regardless of the initial qubit order. This observation is highly
beneficial for achieving scalability, as it facilitates straightforward extension to high
QAOA depths by repeating these swap layers. Similarly, as depicted in Figure 4.11(b),
the fifteen ZZ gates required for six-qubit QAOA can be implemented using four
swap layers. We observe that in an n-qubit QAOA, ZZ gates are organized into
n layers to minimize circuit depth. The swap layers, excluding the first and last
layers, are positioned after each ZZ layer. As shown in Figure 4.11(c), due to the
cancellation of CX gates between ZZ and SWAP gates, each SWAP gate following a
ZZ gate introduces only one additional CX gate. The optimal routing solutions of
ZZ gates in QAOA on linear subtopology exhibit a structure similar to the SWAP
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Figure 4.11: Routing solutions of ZZ gates in QAOA at depth p = 1 with (a) five and (b) six
qubits. (c) ZZ gate on qubit pair (c, t) with rotation angle γ[c, t], followed by a SWAP gate,
with the box showing CX gate cancellation between ZZ and SWAP gates.

network presented in [218], with the absence of the first and last swap layers. This
similarity enables the extension of solutions to an arbitrary number of qubits. The
dispensability of the first and last swap layers stems from the flexibility to adjust
initial qubit order and measurement order to eliminate SWAP gates in the first and
last ZZ layers, leveraging commutativity of ZZ and SWAP gates. Once two-qubit
gates are mapped, we can construct the entire QAOA circuit.

Algorithm 4.3 presents pseudocode for mapping QAOA on linear subtopology. The
reconstruction process starts with an initialized qubit order O = {0, 1, ...i, ..., j, n− 1}
for n qubits. We first prepare an initial state |ψ0⟩ by applying a Hadamard gate to
each qubit. Then, we apply ZZ or ZZ-SWAP gate layer continuously according to the
solutions presented in Figure 4.11. The order of qubits i and j is exchanged only when
a SWAP gate is applied to qubit pair (i, j). To improve algorithm efficiency, it is crucial
to optimize ZZ and ZZ-SWAP gates using strategies such as gate cancellation or pulse
level optimization techniques, which will be explored in Chapter 5. Finally, RZ gates
in problem Hamiltonian and RX gates in mixer Hamiltonian are implemented on
qubits with appropriate parameters. Figure 4.12 shows the resulting circuit of a
five-qubit QAOA at depth p = 1. All ZZ, RZ, and RX gates are executed according to
the current qubit order, followed by measurement of qubits.

As demonstrated, an arbitrary qubit order can implement all required ZZ gates in
QAOA with n qubits using n− 2 swap layers. A solution of depth p can be obtained
by repeating p times swap layers in depth p = 1 circuit. Inserting these swap layers
consecutively, the initial order returns after 2n swap layers. Since each QAOA depth
introduces n− 2 swap layers, circuit repeats every lcm(2n, n− 2)/(n− 2) depths,
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Algorithm 4.3: AOQMAP for QAOA on linear subtopology
Input: Number of qubits n, QAOA depth p, Parameters γ[c, t], α[i], and β[j] of gates

ZZ on qubit pair (c, t), RZ on qubit i, and RX on qubit j, respectively, where
c, t, i, j ∈ {0, ..., n− 1} and c < t

Output: Circuit satisfying connectivity constraints
Function ApplyZZGate(O, i, j)

Apply ZZ(γ[O[i], O[j]]) on (i, j)
end
Function ApplyZZSWAPGate(O, i, j)

Apply ZZ(γ[O[i], O[j]]) on (i, j)
Apply SWAP on (i, j)
O[i]↔ O[j] // Exchange qubit order

end
O← {0, 1, ..., n− 1}// Initialize the qubit order

Prepare the initial state |0⟩⊗n

Apply H⊗n

while p > 0 do
s← 0
while s < n do

for q := 0 to n− 1 step 2 do
if s == 0 or s == n− 1 then

ApplyZZGate(O, q, q + 1)
else

ApplyZZSWAPGate(O, q, q + 1)
end

end
s← s + 1
if s < n then

for q := 1 to n− 1 step 2 do
if s == 0 or s == n− 1 then

ApplyZZGate(O, q, q + 1)
else

ApplyZZSWAPGate(O, q, q + 1)
end

end
end
s← s + 1

end
for k := 0 to n do

Apply RZ(α[O[k]]) on k
Apply RX(β[O[k]]) on k

end
p← p− 1

end
Measure the qubits ([0, ..., n− 1]→ [O[0], ..., O[n− 1]])
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Figure 4.12: Resulting circuit of five-qubit QAOA for portfolio optimization on a linear
subtopology using AOQMAP approach. This circuit is further decomposed and optimized
for the target QPU. The optimal mapping scheme is then selected for execution based on the
QPU’s noise information.

where lcm(2n, n− 2) is the least common multiple of 2n and n− 2. For odd numbers
of qubits, one repetition of swap layers in depth p = 1 circuit demonstrates symmetry,
and at depth two, the final qubit order returns directly to the initial qubit order. For
even numbers of qubits, one repetition of such swap layers demonstrates alternating
odd and even-numbered swap layers, resulting in circuits that repeat a subcircuit
with the same gate arrangement every lcm(2n, n− 2)/(n− 2) layers. Since all ZZ
gates commute with each other, these two constructions of high depth solutions are
equivalent. However, we can utilize mirror symmetry of swap layers to construct
high depth circuits for even numbers of qubits and obtain circuits repeating every two
depths. Additionally, mirror symmetry can also be utilized to construct algorithms
with partially connected two qubit gates, which we discuss in Section 4.2.6.

T-shaped subtopology

We now analyze solutions obtained by exact method [216] for two-qubit gates in
QAOA with five and six qubits on T-shaped subtopology. A T-shaped subtopology
features a central qubit at the apex of “T" shape, serving as the primary qubit. The
arms of T-shaped topology consist of one or more qubits that are linearly connected
to the central qubit. The qubits in arms typically do not have direct interactions with
each other. We note that the minimum number of qubits on a T-shaped subtopology
is four. Figure 4.13(a) shows the definition of T-shaped topology for n qubits with
qubit 2 as the center qubit. Consider an arbitrary initial qubit order [a, b, c, d, e] for the
solution of five-qubit, as shown in Figure 4.13(b). Following each swap layer, the qubit
order evolves sequentially: [a, b, d, c, e], [d, b, a, e, c], and [d, b, e, a, c]. This sequence
allows us to execute all required ten ZZ gates for five-qubit QAOA. Similarly, the
four swap layers in six-qubit QAOA are capable of performing the necessary fifteen
ZZ gates, as shown in Figure 4.13(c).

Algorithm 4.4 outlines procedure for generating n swap layers for n-qubit QAOA
on T-shaped subtopology. As depicted in Figure 4.13(c), the initial swap layer starts
at center qubit 2 and consists of SWAP gates on qubit pairs {(2, 3), (4, 5), ..., (nodd −
1, nodd)} with nodd = (n− 1)− 1 + (n− 1) mod 2. This layer alternates with another
layer that starts from two different qubits in short arms of a T-shaped structure, form-
ing two distinct layers {(0, 2), (3, 4), ..., (neven− 1, neven)} and {(1, 2), (3, 4), ..., (neven−
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Figure 4.13: Definition of T-shaped topology and corresponding routing solutions of ZZ
gates in QAOA at depth p = 1. (a) T-shaped topology defined for n qubits with qubit
2 as the center qubit. The connectivity of this subtopology for n qubits is given by
{(0, 2), (1, 2), (2, 3), (3, 4), ..., (n − 2, n − 1)}. (b) Five-qubit routing solution. (c) Six-qubit
routing solution.

1, neven)} with neven = (n − 1) − (n − 1) mod 2. After constructing n swap lay-
ers, all required ZZ gates can be implemented on connected qubit pairs. Algo-
rithm 4.5 presents pseudocode for AOQMAP applied in n-qubit QAOA at depth
p = 1 on T-shaped subtopology. We begin the process by initializing a qubit order
O = {0, 1, ..., i, ..., j, n− 1} for n qubits, with qubit 2 being center qubit. This initial
qubit order enables executing one layer of ZZ gates. One possible option is gates on
qubit pairs of the center qubit and two qubits in short arm, and gates on qubit pairs
starting with the first qubit in long arm. For instance, the first ZZ layer in six-qubit
QAOA consists of {(0, 2), (1, 2), (3, 4)}. The second layer starts with center qubits
and proceeds to qubits on long arm to form ZZ gates on qubit pairs {(2, 3), (4, 5)},
followed by the first swap layer that introduces new qubit order and provides op-
portunity for additional gate implementation. We first execute remaining ZZ gates
that are not on qubit pairs of the second swap layer. Then, we implement remaining
ZZ gates on qubit pairs of the second swap layer, followed by SWAP gates. This
process ensures that ZZ gate is positioned immediately before SWAP gate on the
corresponding qubit pair, thereby enabling CX gate cancellation. We maintain this
iterative process until all ZZ gates are implemented.

Similar to linear subtopology, there are two solutions for higher depths: repeating
swap layers in depth p = 1 circuit and leveraging mirror symmetry of swap layers.
Alternating swap layers and their mirrors causes gates in QAOA at depth p to
invert gates at the previous depth. For commuting gates such as the ZZ gates used
in QAOA, this reversal has no impact on algorithm performance. However, for
noncommuting gates, this inversion may suppress Trotter errors [237, 238], making
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Algorithm 4.4: Swap layers on T-shaped subtopology
Input: Number of qubits n, Connectivity of T-shaped topology defined in

Figure 4.13(a)
Output: List of swap layers S
begin

nodd ← (n− 1)− 1 + (n− 1) mod 2;
neven ← (n− 1)− (n− 1) mod 2;
S← empty List;
j← 0;
while j < n do

S[j]← S[j] ∪ [(2, 3), (4, 5), ..., (nodd − 1, nodd)];
if ++j ≥ n then break;
S[j]← S[j] ∪ [(0, 2), (3, 4), ..., (neven − 1, neven)];
if ++j ≥ n then break;
S[j]← S[j] ∪ [(2, 3), (4, 5), ..., (nodd − 1, nodd)];
if ++j ≥ n then break;
S[j]← S[j] ∪ [(1, 2), (3, 4), ..., (neven − 1, neven)];
if ++j ≥ n then break;

end
end

AOQMAP promising for optimizing other algorithms. Compared to solutions on
linear topology that exhibit a fixed number of swap layers, solutions on T-shaped
topology require at least n− 2 but no more than n swap layers for n-qubit QAOA. If
ZZ gates remain after n− 2 swap layers, SWAP gates in the penultimate and/or last
layer become indispensable. It is worth noting that SWAP gates at the end of a circuit
can be eliminated, as no remaining two-qubit gates require the introduction of new
qubit orders.

The T-shaped subtopology affords enhanced qubit connectivity for the central
qubit, reducing required SWAP gates but increasing circuit depth. This implies that
T-shaped subtopology is advantageous when the algorithm’s fidelity is a primary
factor affecting performance. Conversely, linear subtopology is more effective for
larger circuit sizes where schedule duration is paramount.

H-shaped subtopology

The H-shaped subtopology shares similarities with T-shaped, but has two central
qubits at each end instead of one. The horizontal segments of “H" serve as a bridge
connecting central qubits. To implement an H-shaped subtopology, a minimum of six
qubits is required. We define the connectivity of an H-shaped subtopology with center
qubits 2 and n− 3 as {(0, 2), (1, 2), (2, 3), ..., (n− 4, n− 3), (n− 3, n− 2), (n− 3, n− 1)}
for n qubits.

Algorithm 4.6 presents pseudocode for generating n swap layers that enable the
implementation of Hamiltonian with fully connected two-qubit gates on H-shaped
topology. All n swap layers are necessary for this implementation. For odd numbers
of qubits, the first and third swap layers differ in initial connections of (0, 2) and (1, 2),
which alternate. Similarly, the second and fourth layers differ in final connections of
(neven − 2, neven − 1) and (neven − 2, neven). For even numbers of qubits, the first and
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Algorithm 4.5: AOQMAP for QAOA at depth p = 1 on T-shaped subtopology
Input: Number of qubits n, Parameters γ[c, t], α[i], and β[j] of gates ZZ on qubit pair

(c, t), RZ on qubit i, and RX on qubit j, respectively, where
c, t, i, j ∈ {0, ..., n− 1} and c < t

Output: Circuit satisfying connectivity constraints
O← {0, 1, ..., n− 1}// Initialize the qubit order

L← List of all ZZ gates
E← List of connected edges on T-shaped subtopology
EO ← [(O[r], O[s]) for (r, s) ∈ E]
S← List of n swap layers // Algorithm 4.4

SO ← [(O[r], O[s]) for (r, s) ∈ S[k]]
Function ApplyZZGate(O, c, t)

Apply ZZ(γ[c, t]) on (O.index(c), O.index(t))
end
Function ApplySWAPGate(O, i, j)

Apply SWAP on (i, j)
O[i]↔ O[j] // Exchange qubit order

end
Prepare the initial state |0⟩⊗n

Apply H⊗n

for k := 0 to n do
if L is empty then continue
foreach ZZ(γ[c, t]) ∈ L do

if (c, t) ∈ EO and (c, t) /∈ SO then
ApplyZZGate(O, c, t)
L.remove(ZZ(γ[c, t]))

end
end
if L is empty then continue
foreach (i, j) ∈ S[k] do

c, t = O[i], O[j]
if c > t then

c↔ t // Exchange

end
if ZZ(γ[c, t]) ∈ L then

ApplyZZGate(O, c, t)
L.remove(ZZ(γ[c, t]))
if L is empty then continue
ApplySWAPGate(O, i, j)

end
end

end
foreach SWAP on (i, j) located at the circuit end do

Remove SWAP
O[i]↔ O[j]

end
for k← 0 to n do

Apply RZ(α[O[k]]) on k
Apply RX(β[O[k]]) on k

end
Measure the qubits ([0, ..., n− 1]→ [O[0], ..., O[n− 1]])

72



4.2 Algorithm-oriented qubit mapping

third layers are identical, which include connections between two center qubits. In
contrast, the second and fourth layers differ in the first and last connections, where
(1,2) and (nodd − 2, nodd − 1) are for the second layer and (0,2) and (nodd − 2, nodd)
are for the fourth layer. This alternating pattern of connections between neighboring
swap layers efficiently constructs the set of minimized SWAP gates for VQAs with
arbitrary numbers of qubits mapped to H-shaped topology.

The procedure to construct a depth-one circuit with arbitrary qubit number n
on H-shaped subtopology is similar to Algorithm 4.5 for T-shaped subtopology.
The list of connected edges E is updated to reflect the H-shaped connectivity, and
the list of n swap layers S is generated according to Algorithm 4.6 for H-shaped
subtopology. Similarly, repeating the same swap layers at depth p = 1 circuit or
leveraging mirror symmetry extends solutions to high depths. Compared to linear
and T-shaped topologies, H-shaped topology enables additional connections for two
center qubits that reduce required SWAP gates but increase circuit depth.

Verification of circuits

After obtaining routing solutions on various subtopologies, the circuit is decomposed
into basis gates of target QPUs, followed by an optimization step aiming to reduce
redundant gates in circuit and improve fidelity. This decomposition and optimization
process is performed using Qiskit transpiler [208] with default settings (optimization
level 1). To maintain effectiveness, it is necessary to enforce the same or reduced
number of CX gates during decomposition and optimization. Moreover, we verify
the accuracy of adapted circuit by comparing output probability distributions of
adapted and original circuits with Hellinger distance [239], which ranges from 0 to 1,
with 0 indicating identical distributions. The Hellinger distance of two probability
distributions is defined in Eq. 3.9. The verification process begins by simulating each
circuit using a simulator on a classical computer to obtain the expected output state in
the absence of noise. In this study, we employ the Qasm simulator provided by Qiskit
to execute original and mapped circuits. We then calculate the Hellinger distance
between probability distributions of simulated output states.

Table 4.5 reports the Hellinger distance between original and mapped circuits
generated using AOQMAP on linear subtopology (AOQMAP-L). The benchmark
circuits are QAOA for portfolio optimization with 3, 4, 5, 6, and 10 qubits and depths
ranging from 1 to 7. Each data point is averaged over 50 circuit repetitions, with a
standard error of the means that is more than 15 orders of magnitude smaller than the
mean. The Hellinger distance increases with qubit number but remains two orders
of magnitude smaller than one. Values greater than 0 are due to measurement noise
or shot noise generated when executing circuits using the Qasm simulator. This
observation confirms that the mapped circuits are consistent with the originals across
the problem instances studied.

While we directly execute adapted and original circuits in the ideal case, without
considering noise, and employ Hellinger distance to verify correctness, incorporating
noise models is crucial for a more accurate assessment of AOQMAP’s performance in
real-world scenarios. However, verifying quantum circuits under noise is challenging
due to the exponential scaling of traditional strategies such as quantum state tomog-
raphy [240, 241, 242, 243], quantum process tomography [244, 245], and randomized
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Algorithm 4.6: Swap layers on H-shaped subtopology
Input: Number of qubits n
Output: List of swap layers S
begin

nodd ← (n− 1)− 1 + (n− 1) mod 2;
neven ← (n− 1)− (n− 1) mod 2;
S← empty List;
j← 0;
if n mod 2 ̸= 0 then

while j < n do
S[j]← S[j] ∪ [(0, 2), (3, 4), ..., (nodd − 2, nodd − 1)];
if ++j ≥ n then break;
S[j]← S[j] ∪ [(2, 3), (4, 5), ..., (neven − 2, neven − 1)];
if ++j ≥ n then break;
S[j]← S[j] ∪ [(1, 2), (3, 4), ..., (nodd − 2, nodd − 1)];
if ++j ≥ n then break;
S[j]← S[j] ∪ [(2, 3), ..., (neven − 4, neven − 3), (neven − 2, neven)];
if ++j ≥ n then break;

end
else

while j < n do
S[j]← S[j] ∪ [(2, 3), (4, 5), ..., (neven − 2, neven − 1)];
if ++j ≥ n then break;
S[j]← S[j] ∪ [(1, 2), (3, 4), ..., (nodd − 2, nodd − 1)];
if ++j ≥ n then break;
S[j]← S[j] ∪ [(2, 3), (4, 5), ..., (neven − 2, neven − 1)];
if ++j ≥ n then break;
S[j]← S[j] ∪ [(0, 2), ..., (nodd − 4, nodd − 3), ..., (nodd − 2, nodd)];
if ++j ≥ n then break;

end
end

end

benchmarking [246, 247, 248] with the size of qubits to be characterized. Moreover,
for large numbers of qubits, directly executing reference and original circuits with a
Qasm simulator and comparing their probability distributions becomes inaccurate
and impractical. Current research on verifying quantum circuits typically involves
decomposing the circuit into subcircuits and quantifying the difference between noisy
and ideal subcircuit outputs using metrics such as total variation distance [155, 249]
and fidelity [250]. The resulting circuits produced by AOQMAP for VQAs on linear,
T-, and H-shaped topologies maintain their structure with increasing qubit numbers
and VQA depths, enabling efficient identification of subcircuits. These specifically
structured circuits can also be employed to test the performance of NISQ devices as
they minimize the impact of compilation quality on their performance and contain
different types of topologies to capture more noise information such as crosstalk, pro-
viding valuable insights into the scalability of VQAs on real devices. Future research
can verify subtopology-adapted VQAs on noisy quantum devices and benchmark
the scalability of VQAs on real devices.
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Table 4.5: Hellinger distance between original and mapped circuits with AOQMAP-L using
QAOA at a depth ranging from 1 to 7.

p 1 2 3 4 5 6 7
3-qubit 0.0045 0.0036 0.0033 0.005 0.0036 0.0048 0.0051
4-qubit 0.0044 0.0064 0.0057 0.0051 0.005 0.006 0.0044
5-qubit 0.0087 0.0067 0.0086 0.0103 0.0072 0.0095 0.0071
6-qubit 0.0138 0.0117 0.0138 0.0102 0.0123 0.0131 0.0124
10-qubit 0.0120 0.0127 0.0137 0.0127 0.0106 0.0158 0.0123

4.2.4 Mapping of subtopology-adapted circuits

The next crucial step is to map these subtopology-aware circuits onto target quantum
device by selecting an optimal qubit mapping scheme. To identify a high-quality
qubit set, we utilize a cost function denoted as C, which takes into account the error
rate of each gate and measurement in the circuit and is given by

C = 1−
Ng

∏
i=1

(1− pgi)
Nm

∏
j=1

(1− pmj), (4.4)

where Ng is number of gates in circuit, pgi is error rate of the ith gate, Nm is number
of measurements, and pmj is error rate of the jth measurement. A lower value of C
indicates a higher estimated fidelity. The error rates of gates and measurements can
be obtained from device calibration data. To select optimal qubits, we first utilize
mapomatic [236] to identify all layouts on QPU matching connectivity of adapted
circuit. We evaluate circuit on each layout, choosing the one with the highest fidelity
for execution. Since IBM QPUs like Figure 2.3 contain more linear and T-shaped
subtopologies than H-shaped, we focus on mapping to linear and T-shaped in our
demonstrations. Additionally, H-shaped subtopologies on IBM QPUs are limited
to specific qubit numbers such as 7, 9, 11, 13, and 15, whereas linear and T-shaped
provide more flexibility.

The methodology presented here closely resembles the NAM process outlined in
Section 4.1. However, we depart from the Qiskit-based approach to circuit matching
and instead utilize mapomatic. While Qiskit’s N-trial matching offers an efficient
means of qubit assignment, it does not guarantee optimal circuit fidelity due to the
inherent randomness in its transpilation process. By contrast, mapomatic’s exhaustive
search of all possible layouts and subsequent evaluation of a cost function ensures
the identification of the most optimal configuration.

We adopt a postselection process to determine between linear and T-shaped map-
pings instead of relying solely on cost function evaluation. Specifically, we execute
circuits on both subtopologies and use postselection to select the circuit correspond-
ing to the minimum expectation value of the problem Hamiltonian. While fidelity
estimates from the cost function are valuable, factors such as gate scheduling can also
affect algorithm performance (see Chapter 5). Moreover, different gate arrangements
may be equivalent in the absence of noise but behave differently under actual hard-
ware noise. Therefore, we further introduce an additional variant called AOQMAP-LS
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which performs AOQMAP on linear subtopology with mirror symmetric swap layers
in depth p = 1.

4.2.5 Optimality and scalability

The optimal swap strategy on line topology with n qubits has been proven to neces-
sitate n− 2 total swap layers to achieve fully connected two qubit gates [233]. This
paper utilizes an exact method to obtain optimal solutions for small scale instances.
By repeating swap layers or utilizing their symmetry, these solutions can be extended
to any depth p. The analysis of these solutions allows for scalability in terms of the
number of qubits. Similarly, we are able to obtain solutions for T- and H-shaped
topologies for VQAs with arbitrary depths and numbers of qubits. For Hamiltonian
with partially connected two-qubit interactions, scalability in terms of depths is main-
tained through mirror symmetry. However, in terms of qubit numbers, we need to
optimize the initial qubit mapping to minimize CX gate count, which we discuss in
Section 4.2.6.

The scalability of AOQMAP to large quantum systems, such as those comprising
100 qubits, is essential for its practical applicability. To compare scalability, we
measure compilation time to obtain optimal mappings that minimize circuit depth
using an exact approach proposed in [216]. The original work on the compiler
in [216] focused on an entire topology rather than a specific substructure. Therefore,
we map QAOA circuits onto the entire topology of a 27-qubit IBM QPU, as depicted
in Figure 2.3(a). For three-qubit QAOA circuits, the compilation time of an exact
algorithm increases exponentially with higher depth p, expanding from seconds
at depth 1 to over 5 days at depth 7. Similarly, four-qubit compilation requires 13
seconds for depth 1 but grows substantially to over 15 hours for depth 2 and more
than a week for depth 3. Furthermore, increasing qubit number from 3 to 9 lengthens
compilation from 3 seconds to over 41 hours. In contrast, our approach intrinsically
generalizes solutions for arbitrary depth and number of qubits without requiring any
computational effort.

AOQMAP achieves both optimality and scalability by analyzing the optimal solu-
tions of small QAOA instances obtained using the exact method [216] in conjunction
with the scalable solutions provided by SWAPNK [218]. Depth optimality is achieved
by setting the objective to minimize circuit depth in the exact method [216], while
scalability is ensured by preserving the structural properties of small-circuit solu-
tions as the system size increases, leveraging symmetric subtopologies (linear, T-,
and H-shaped). By integrating insights from both optimal and scalable approaches,
AOQMAP provides depth-optimal and scalable solutions. This methodology not
only bridges the gap between fully optimal and scalable approaches but also offers
significant insights for addressing other routing problems, advancing both theoretical
understanding and practical applications.

While the mapping of Hamiltonians to circuits is inherently scalable, other stages,
such as verification, qubit selection, and subtopology identification, require careful
attention to ensure feasibility at larger scales. The verification stage currently relies
on classical simulation to validate the correctness of routing, decomposition, and op-
timization processes, which is effective for smaller circuits but is not scalable to larger
systems due to the exponential growth in computational resources. To overcome this
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limitation, the verification step can be validated on small circuits and subsequently
omitted for larger ones. Alternatively, techniques such as ZX-calculus-based circuit
verification [251] provide a practical solution, having demonstrated the capability to
handle systems with hundreds of qubits. Qubit selection in AOQMAP is performed
using the mapomatic framework, which has been demonstrated to scale to systems
with hundreds of qubits [236], ensuring its suitability for large problem instances.
Postselection, the final step in the workflow, evaluates and selects the optimal out-
come among the three identified subtopologies by minimizing the expectation value
of the problem Hamiltonian. This process imposes minimal computational overhead,
supporting the scalability of AOQMAP.

For subtopology selection, AOQMAP currently supports linear, T-, and H-shaped
configurations. To meet the demands of larger or more complex systems, future work
will extend these subtopologies to include variants with additional qubit connections,
providing enhanced flexibility while maintaining computational efficiency. If no
predefined subtopologies are sufficient, routing can still be performed on the available
subtopologies using compilers such as Qiskit or Tket, which reduce computational
complexity compared to routing on the entire topology while maintaining high
quality results. By integrating these strategies into the workflow, AOQMAP ensures
scalability for large quantum systems. This efficient and adaptive process balances
classical and quantum resources, making it well suited for real world problems on
near-term quantum devices.

4.2.6 Applications

QAOA for MaxCut on noncomplete graphs

QAOA is a VQA designed specifically to address combinatorial optimization prob-
lems, such as the MaxCut problem for graphs [19]. This problem involves partitioning
nodes of a graph into two distinct groups to maximize the number of edges that
connect these groups [252]. The problem Hamiltonian in QAOA for MaxCut problem
is represented as in Eq. 3.14, Compared to QAOA for portfolio optimization (Eq. 3.10),
QAOA for the MaxCut problem does not include Pauli Z items, implying the absence
of RZ gates in quantum circuit. QAOA for MaxCut starts with state preparation
and then alternately applies the problem and mixer Hamiltonian to evolve the state
toward an optimal solution. QAOA for MaxCut problem on complete graphs follows
a similar approach to QAOA for portfolio optimization. However, in noncomplete
graphs, the lack of connectivity necessitates the exclusion of corresponding ZZ gates,
introducing additional challenges for qubit mapping.

For VQAs with partially connected two-qubit gates, swap layers obtained from
fully connected interactions can still ensure that the circuit satisfies connectivity
constraints. In such cases, ZZ-SWAP gate corresponding to the missing edge is
replaced by a SWAP gate, allowing for correct execution of quantum circuits on
subtopologies. However, the presence of remaining SWAP gates due to the lack of
two-qubit interactions significantly amplifies errors caused by noise. One solution is
to optimize initial mapping or initial qubit order such that all SWAP gates are placed
at the end of circuit. These end-located SWAP gates can then be removed by adjusting
measurement order accordingly. Furthermore, if a SWAP gate is placed behind a ZZ
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gate in the first ZZ layer, it can be removed by adjusting the initial qubit order since
ZZ and SWAP gates commute.

Algorithm 4.7 presents pseudocode for mapping QAOA for MaxCut on noncom-
plete graphs by optimizing initial qubit order. For n qubits, there are n!/2 distin-
guished permutations due to symmetry. Different initial qubit orders introduce
different gate arrangements, resulting in different numbers of CX gates. By minimiz-
ing additional CX gates, we can obtain an optimized qubit mapping. Practically, we
can calculate the optimal or minimum number of CX gates in the resulting circuit.
This optimal solution arranges all existing ZZ gates in consecutive layers until all
gates are implemented. Then, we remove every SWAP gate behind the first ZZ layer
and the one located at the end of circuit. This yields solutions with the minimum
number of CX gates. To accelerate the search process, we can set the calculated opti-
mal CX gate count as a target and terminate optimization once an initial qubit order
achieves this value. It’s important to note that the optimal initial order is not unique.
Alternatively, we can employ a heuristic approach, where a certain size of initial
qubit orders is searched, and the one with the fewest number of CX gates is selected.
For higher depth, we can obtain the solution by utilizing mirror symmetry, which
involves alternating between swap layers at depth p = 1 and their corresponding
mirrors, resulting in a circuit repeating every two depths.

Variational quantum eigensolver (VQE)

In the previous section, we presented optimal routing solutions for QAOA on different
types of subtopologies, including linear, T-, and H-shaped. One notable advantage
of our approach is its applicability to other VQAs, such as VQE, without requiring
additional computational resources. This is because both VQAs involve sequences
of parameterized single qubit rotations and fixed two qubit operations. Therefore,
optimal qubit routing solutions that we derived for QAOA based on subtopology
connectivities can be easily adapted.

VQE [92, 253, 254] is designed to determine the ground state energy or eigen-
value of a Hamiltonian. It has broad applications in various fields such as quantum
chemistry [14], condensed matter physics [8], and combinatorial optimization [255].
Let H be the Hamiltonian of a quantum system, and |ψ⟩ a trial wavefunction. The
Rayleigh-Ritz quotient is bounded below by the ground state energy E0

E0 ≤
⟨ψ|H |ψ⟩
⟨ψ|ψ⟩ . (4.5)

The objective is to determine a quantum state by examining a parameterized ansatz
state, denoted as |ψ(θ)⟩ = U(θ) |0⟩, to minimize expectation value of Hamiltonian.
Here, |0⟩ represents initial state, and U(θ) is the vector of parameters θ, also known
as variational form or ansatz, which represents a parameterized unitary transfor-
mation achievable through quantum circuit. The selection of ansatz circuits plays a
critical role in determining the efficacy of VQE. Three prominent categories of ansatz
circuits include chemically inspired [256], hardware-efficient ansatz (HEA) [257], and
Hamiltonian variational [258].

In this study, we examine VQE with full entanglement, as demonstrated in previous
research (e.g., [259]). The ansatz circuit begins with a layer of parameterized RY gates,
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Algorithm 4.7: AOQMAP for QAOA at depth p = 1 with partially connected ZZ
interactions

Input: Number of qubits n, Parameters γ[c, t] and β[j] of gates ZZ on qubit pair (c, t)
and RX on qubit j, respectively, where c, t, j ∈ {0, ..., n− 1} and c < t

Output: Circuit satisfying connectivity constraints
O← {0, 1, ..., n− 1}// Initialize the qubit order

L← List of all existing ZZ gates
Function MapTwoQubitGates(O, L, γ)

O0 ← O // Initial qubit order

qczz ← Quantum circuit initialized to |0⟩⊗n

foreach ZZ in L do
Assign ZZ(γ[c, t]) to qczz according to O0 and swap layers obtained for fully

connected two qubit interactions and update current qubit order O if SWAP is
applied

end
O f ← O // Final qubit order

foreach SWAP on (i, j) located at the end of qczz do
Remove SWAP
O f [i]↔ O f [j]

end
foreach SWAP on (i, j) located at the end of the first ZZ layer of qczz do

Remove SWAP
O0[i]↔ O0[j]

end
return (qczz, O f )

(qcopt
zz , O f ) = MapTwoQubitGates (O, L)

nopt
cx ← CX gate count of qcopt

zz
Oq ← List of defined qubit orders
for Oi in Oq do

(qczz, O fi
) = MapTwoQubitGates (Oi, L)

ncx ← CX gate count of qczz

if ncx < nopt
cx then

nopt
cx = ncx

qcopt
zz = qczz

O f = O fi

end
end
Prepare the initial state |0⟩⊗n

Apply H⊗n

Apply qcopt
zz

for k← 0 to n do
Apply RX(β[O f [k]]) on k

end
Measure the qubits ([0, ..., n− 1]→ [O f [0], ..., O f [n− 1]])
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followed by controlled-Z (CZ) gates that serve as entangling gates. Unlike CX gate,
which distinguishes between control and target qubits, CZ gate is undirected. After
that, another set of parameterized RY gates is performed, succeeded by measurement.
For higher p, the subcircuit between the first layer and measurement is repeated p
times. The circuit with n qubits and depth p contains (p+ 1)n parameters that require
optimization by a classical optimizer. The full entanglement is achieved through
n(n− 1)/2 CZ gates, each comprising one CX and two Hadamard gates.

Algorithm 4.8 describes procedure of AOQMAP for VQE with full entanglement
on linear subtopology. It differs from Algorithm 4.3 in the gates used. We initiate
the implementation of CZ gate with one CX and two Hadamard gates that act on the
physical qubit representing target qubit of CX gate. Subsequently, we perform CZ-
SWAP gate by inserting a SWAP gate after CX gate and the second Hadamard gate on
the physical qubit representing control qubit of CX instead of target qubit, since the
introduced SWAP gate alters qubit order. Analogously, we construct n− 2 swap layers
for n qubits on linear subtopology, meaning that CZ gates are performed on the first
and last layers, while the constructed CZ-SWAP gates are implemented on remaining
layers. Finally, RY gates are assigned accordingly, followed by measurement. The
qubit mapping solution for VQE circuits on T- and H-shaped subtopologies can be
attained similarly. Additionally, Algorithm 4.7 can be employed to obtain solutions
for non-fully entangled VQE. The mapped circuit with depth p = 1 on five qubits
is depicted in Figure 4.14. Each SWAP gate introduces a new qubit order and adds
one additional CX gate, resulting in a total of p(n− 1)2 CX gates. The incorporated
SWAP gates guarantee that all requisite CZ gates can be executed. RY gates and
measurement operators are then assigned according to the current qubit order.

The AOQMAP approach offers several advantages. First, solutions for different
subtopologies can be easily adapted between VQAs. This means that once solutions
are found for a specific algorithm on target subtopology, they can be applied to other
VQAs. Second, AOQMAP facilitates individual block optimization. For instance,
the optimization of CZ-SWAP gate can be achieved by rearranging SWAP gate be-
fore the second Hadamard gate, while altering the qubit that Hadamard gate acts
upon. Moreover, this structure enables efficient pulse optimization (Chapter 5) and
application of error mitigation strategies (Chapters 6 and 7).
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Figure 4.14: Resulting circuit of a five-qubit VQE at depth p = 1 with full entanglement on a
linear subtopology using AOQMAP. The circuit can be further optimized by canceling two
Hadamard gates and performing CX gate cancellation for CX-SWAP gates.
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Algorithm 4.8: AOQMAP for VQE on linear subtopology
Input: Number of qubits n, VQE depth p, Vector of parameters θ with dimension

(p + 1)× n
Output: Circuit satisfying connectivity constraints
Function ApplyCZGate(i, j)

Apply H on j
Apply CX on (i, j)
Apply H on j

end
Function ApplyCZSWAPGate(O, i, j)

Apply H on j
Apply CX on (i, j)
Apply SWAP on (i, j)
O[i]↔ O[j] // Exchange qubit order

Apply H on i
end
O← {0, 1, ..., n− 1}// Initialize the qubit order

Prepare the initial state |0⟩⊗n

for i := 0 to n do
Apply RY(θ[i]) on i

end
pmax ← p
while p > 0 do

s← 0
while s < n do

for q := 0 to n− 1 step 2 do
if s == 0 or s == n− 1 then

ApplyCZGate(q, q + 1)
else

ApplyCZSWAPGate(O, q, q + 1)
end

end
s← s + 1
if s < n then

for q := 1 to n− 1 step 2 do
if s == 0 or s == n− 1 then

ApplyCZGate(q, q + 1)
else

ApplyCZSWAPGate(O, q, q + 1)
end

end
s← s + 1

end
for i := 0 to n do

Apply RY(θ[i + n(pmax − p + 1)]) on O[i]
end
p← p− 1

end
Measure the qubits ([0, ..., n− 1]→ [O[0], ..., O[n− 1]])
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NISQ devices and algorithms beyond VQAs

AOQMAP facilitates the transfer of solutions among diverse quantum devices, ac-
counting for their specific architectures and noise characteristics. The routing solu-
tions for VQAs on linear, T-, and H-shaped configurations can be adapted to other
superconducting quantum devices. For instance, Google’s Sycamore processor [260]
employs square lattice qubit connectivity providing more opportunities for the three
subtopologies. An H-shaped subtopology can be readily implemented in the proces-
sor by identifying two neighboring square faces in the grid and their linear connection.
Similarly, Rigetti’s processor [261] also exhibits such basic subtopologies. The adapt-
ability is then achieved through a decomposition-optimization-remapping workflow,
where the routed circuit on a subtopology is decomposed into basis gates of target
device, optimized, and mapped onto hardware, taking into account the latest device
calibration data. As novel architectures proliferate, AOQMAP’s customized adapt-
ability enables algorithms to be easily adjusted, making it a crucial advantage in the
NISQ era.

The proposed method is also adaptable to other gate-based quantum architectures,
such as trapped ions [262, 263, 264], where qubit connectivity and gate fidelities may
differ significantly. Trapped ion architectures typically support full connectivity on a
one-dimensional chain. While this eliminates the need for SWAP layers, first decom-
posing the circuit into native gates and then selecting high-quality qubits remains
essential for improving algorithm performance. Moreover, gate sequences introduced
by SWAP layers provide guidance for implementing algorithms. Additionally, re-
search has shown that gate fidelities decrease as the chain size increases [263, 265],
limiting scalability to a large number of qubits. An open question is whether focusing
on neighboring qubit interactions can maintain high gate fidelities with increasing
system size, thereby achieving scalability. Future research can compare the perfor-
mance of fully connected two-qubit interactions versus neighboring qubit interactions
using our routing solutions.

For photonic architectures [266, 267, 268, 269], the universal quantum computing
models, such as one-way or measurement-based [270, 271, 272, 273], differ funda-
mentally from the standard quantum circuit model, requiring tailored compilation
strategies for mapping circuits to photonic hardware [274, 275, 276]. While the pro-
posed mapping strategy is not directly applicable to such architectures, this study
provides valuable insights into optimizing algorithm performance. For instance,
recent work has demonstrated VQA with hardware-efficient ansatzes (HEA) on a
quantum photonic platform [277]. Our routing solutions with neighboring inter-
actions can be adapted to build HEA for VQAs, including integrating symmetric
structures to construct high VQA layers, as employed in AOQMAP-L.

The AOQMAP flow presented in Figure 4.9 can be generalized to optimize vari-
ous quantum algorithms. Specifically, the division of the process into subtopology
adaptation, verification, and mapping of subtopology-adapted circuits is particularly
promising for improving the performance of algorithms on real quantum devices, as
it facilitates the efficient utilization of classical and quantum resources while enabling
high-quality implementations. One of the most significant advantages of AOQMAP
is its ability to find optimal and scalable solutions for VQAs with fully connected
two-qubit interactions on linear, T-, and H-shaped subtopologies. These solutions
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can be directly adapted to variational-based algorithms, including machine learning
models leveraging variational circuits [278, 279, 280, 281]. While these solutions can-
not be straightforwardly transformed to algorithms beyond VQAs, such as Grover’s
algorithm [282], our approach to finding solutions by bridging exact and scalable
methods offers valuable guidance: (1) Carefully analyze the specific structure of target
algorithm from Hamiltonian to circuit level to identify properties such as symmetry
and the most advantageous subtopologies. In the case where the optimal subtopology
is not immediately apparent, start with linear, T-, and H-shaped topologies, as they
frequently appear in most NISQ devices; (2) Focus on two-qubit interactions in the
algorithm and insert SWAP gates to satisfy connectivity constraints. This simplifies
the routing problem, as any single qubit gate can be assigned at the algorithmic
level, which we have demonstrated with QAOA by first finding routing solutions
on subtopologies and then assigning single qubit gates; (3) Prioritize placing SWAP
gates behind or before two-qubit gates. This allows for optimization of the two-qubit
gate following a SWAP gate by leveraging CX gate cancellation (see Figure 4.14 for
CZ-SWAP and Chapter 7 for ZY-SWAP), thereby reducing the impact of noise due to
the insertion of SWAP gates; (4) Remove any possible initial and final SWAP gates by
adjusting the initial and measurement orders. Integrating these guidelines into the
design process of heuristic and exact methods is promising to improve the quality
and efficiency of solving qubit mapping problems.

4.2.7 Benchmarking experiments

This section presents benchmarking results of QAOA for portfolio optimization
problems on several IBM QPUs. We evaluate the efficiency of our method against
three other approaches: Qiskit [208], Tket [210], and SWAP network (SWAPNK) [218].

Table 4.6 summarizes the characteristics of IBM QPUs employed in our benchmark-
ing experiments. It is worth noting that these characteristics fluctuate over time. The
processors used in our study range from 7 to 127 qubits. The native gate set on 7-
and 27-qubit QPUs is {CX, ID, RZ, SX, X}, comprising CX, identity gate, single-qubit
Z-rotation, π/2 X-rotation, and Pauli-X. The 127-qubit QPUs implement a basis set
of {ECR, ID, RZ, SX, X}, where ECR is echoed cross-resonance two-qubit gate. The
average error rate for single qubit gates varies from 10−4 to 10−2, while for two-qubit
gates, it is typically an order of magnitude higher, around 10−2. Additionally, average
readout error rates are approximately 10−2. The average gate lengths for single-qubit
gates range from 32 ns to 60 ns, whereas for two-qubit gates, they range from 306.96 ns
to 665.83 ns. Furthermore, the mean energy relaxation time T1 ranges from 101.06 µs
to 227.95 µs across different processors, and the average dephasing time T2 ranges
from 71.04 µs to 166.11 µs. These comprehensive devices allow us to validate our
optimization techniques across various qubit numbers, connectivity options, and
noise properties.

The portfolio optimization instances utilized in this study are obtained from the
supplementary information of [94]. Five different problem sizes are examined, involv-
ing the selection of the first 3, 4, 5, 6, and 10 assets from the portfolio optimization
dataset. In QAOA, the key parameters (q, B, A, λ) vary depending on problem size.
Here, q, B, A, and λ respectively represent risk preference, number of assets to be
selected for the portfolio, penalty factor, and global scaling factor. The parameter
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Table 4.6: Characterization of IBM QPUs.

Property ibm_perth ibm_nairobi ibmq_ehningen ibmq_kaolkata ibm_cusco ibm_nazca
Qubit number 7 7 27 27 127 127
Single qubit gate error 4.867e-04 3.049e-04 3.348e-04 3.732e-02 2.703e-03 8.61e-04
Two qubit gate error 1.140e-02 8.749e-03 1.025e-02 1.855e-01 8.861e-02 5.49e-02
Readout error 2.443e-02 3.007e-02 1.230e-02 2.600e-02 5.509e-02 5.18e-02
Single qubit gate length 35.56 ns 35.56 ns 32.00 ns 35.56 ns 44.00 ns 60.00 ns
Two qubit gate length 485.93 ns 306.96 ns 346.98 ns 450.29 ns 487.22 ns 658.17 ns
T1 162.06 µs 101.06 µs 143.82 µs 103.18 µs 131.51 µs 197.66 µs
T2 123.82 µs 71.04 µs 166.11 µs 82.98 µs 109.17 µs 128.56 µs

values (q, B, A, λ) for each case are as follows: (0.33, 2, 0, 20.97) for three-qubit, (0.33,
2, 0.13, 17.99) for four-qubit, (0.33, 3, 0.07, 17.51) for five-qubit, (0.33, 3, 0.12, 17.73) for
six-qubit, and (0.33, 5, 0.05, 6) for ten-qubit scenario. To determine the parameters
(β, γ), we employ the constrained optimization by linear approximation (COBYLA)
[85] optimizer along with Qiskit’s Qasm simulator.

Evaluation metrics

We utilize circuit metrics including CX gate count and circuit depth to evaluate
various qubit mapping methods. Additionally, we employ approximation ratio
(AR) and success probability (SP) to assess the performance of QAOA, as defined
in Section 3.2.1. A higher value of AR or SP implies a more effective algorithm
performance, while a lower value of CX gate count or circuit depth indicates a high
quality of the qubit mapping solution.

Comparison of qubit mapping strategies

To ensure fair benchmarking, we employ various qubit mapping techniques to map
circuits onto target quantum hardware, followed by decomposing and optimizing
these circuits using Qiskit [208] with default settings (optimization level 1). For
Tket [210], we employ NoiseAwarePlacement to select the lowest-noise qubits based
on target QPUs’ noise properties. The default Tket routing method RoutingPass is
employed to insert SWAP gates. For Qiskit [208], we transpile with default settings.
Finally, to map SWAPNK [218], we apply the same mapping strategy as AOQMAP,
as detailed in Section 4.2.4.

We first compare our approach with SWAPNK [218]. Figure 4.15 presents the
reduction in SWAP gates for QAOA at depth p = 1 using AOQMAP on linear
(AOQMAP-L), T- (AOQMAP-T), and H-shaped (AOQMAP-H) subtopologies com-
pared to SWAPNK. Specifically, AOQMAP-L leads to a decrease of 67% in SWAP
gates for three-qubit and 20% for ten-qubit. Moreover, AOQMAP-T reduces SWAP
gates by 67% for four-qubit and 29% for ten-qubit, whereas AOQMAP-H reduces
SWAP gates by 53% for six-qubit and 36% for ten-qubit. For QAOA with depth p, the
reduction in SWAP gate count achieved is p multiplied by the reduction attained at
depth p = 1.

We then compare our approach with Tket, Qiskit, and SWAPNK on IBM QPUs.
The examined QAOA depths range from 1 to 7 for qubit numbers of three, five, six,
and ten. Table 4.7 presents the two-qubit gate (CX or ECR) counts for the mapped
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Figure 4.15: Reduction in the number of SWAP gates for QAOA with depth p = 1 using
AOQMAP-L, AOQMAP-T, and AOQMAP-H compared to SWAPNK.

circuits generated by each strategy across the benchmarked QPUs. We note that
the 127-qubit QPUs natively implement ECR gates rather than CX gates. Across
all benchmarks, AOQMAP achieves the fewest CX or ECR gates. For three-qubit
QAOA, the number of CX gates remains identical for AOQMAP since three-qubit can
only form a linear subtopology. However, for five-qubit QAOA with depth p from
two to seven on ibm_perth (5Q-Perth), AOQMAP reduces the number of CX gates
compared to other QPUs (5Q-Kolkata and 5Q-Cusco) because a circuit adapted to a
T-shaped subtopology yields lower expectation value of problem Hamiltonian and
is selected. Similar CX reductions occur for ten-qubit QAOA such as on ibm_nazca
and ibmq_kolkata at depth three. SWAPNK provides consistent solutions for fixed
problem sizes, while Tket and Qiskit produce solutions that vary across QPUs with
different qubit counts.

Table 4.8 presents circuit depths of mapped QAOA with different methods. AO-
QMAP achieves the shortest depth on average. The T-shaped subtopology increases
five-qubit depth on ibm_perth but reduces CX gates. For six-qubit QAOA on
ibmq_ehningen, AOQMAP uses only the linear subtopology which has the least
number of CX gates and the shortest depths than others. For ten-qubit QAOA on 127-
qubit QPUs ibm_cusco and ibm_nazca, depth varies slightly due to the randomness
of Qiskit’s transpile used in the decomposition and optimization process.

The solutions provided by AOQMAP achieve on average the shortest circuit depth
and the fewest number of CX or ECR gates compared to other approaches. Specifically,
AOQMAP reduces the two-qubit gate count by 28.8% (up to 56.1%) and circuit depth
by 30.2% (up to 82.1 %) on average compared to Qiskit, Tket, and SWAPNK.

It is important to note that the solution quality in Qiskit is sensitive to the opti-
mization level settings. As will be shown in Chapter 7, where AOQMAP is applied
to improve digitized counterdiabatic QAOA, for QAOA circuits with depth p = 1,
Qiskit’s optimization levels 1 and 2 produce comparable results, while level 3 shows
improved performance. However, AOQMAP consistently outperforms all Qiskit
optimization levels tested, highlighting its superior efficiency and effectiveness.
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Table 4.7: Reduction in CX or ECR gate counts of AOQMAP compared to other qubit mapping
methods using QAOA with n qubits (nQ) and depths from 1 to 7 on various IBM QPUs.
Higher values indicate better performance of AOQMAP.

Benchmark Tket Qiskit SWAPNK
3Q-Perth (22%, 22%, 30%, 28%, 31%, 30%, 32%) (22%, 22%, 30%, 28%, 31%, 30%, 32%) (22%, 22%, 22%, 22%, 22%, 22%, 22%)
3Q-Kolkata (22%, 22%, 30%, 28%, 31%, 30%, 32%) (22%, 22%, 30%, 28%, 31%, 30%, 32%) (22%, 22%, 22%, 22%, 22%, 22%, 22%)
3Q-Ehningen (22%, 22%, 30%, 28%, 31%, 30%, 32%) (30%, 48%, 40%, 45%, 35%, 38%, 42%) (22%, 22%, 22%, 22%, 22%, 22%, 22%)
3Q-Nairobi (22%, 22%, 30%, 28%, 31%, 30%, 32%) (22%, 22%, 30%, 28%, 31%, 30%, 32%) (22%, 22%, 22%, 22%, 22%, 22%, 22%)
5Q-Perth (10%, 28%, 28%, 30%, 30%, 31%, 31%) (19%, 34%, 35%, 37%, 35%, 39%, 36%) (13%, 20%, 20%, 20%, 20%, 20%, 20%)
5Q-Kolkata (10%, 22%, 22%, 25%, 26%, 25%, 26%) (21%, 29%, 30%, 32%, 32%, 34%, 34%) (13%, 13%, 13%, 13%, 13%, 13%, 13%)
5Q-Cusco (28%, 25%, 27%, 26%, 27%, 26%, 27%) (32%, 34%, 38%, 38%, 38%, 39%, 39%) (13%, 13%, 13%, 13%, 13%, 13%, 13%)
5Q-Ehningen (7%, 19%, 22%, 24%, 24%, 25%, 25%) (48%, 50%, 54%, 52%, 53%, 56%, 53%) (13%, 13%, 13%, 13%, 13%, 13%, 13%)
6Q-Ehningen (41%, 40%, 41%, 42%, 42%, 42%, 42%) (39%, 43%, 45%, 43%, 44%, 44%, 45%) (11%, 11%, 11%, 11%, 11%, 11%, 11%)
10Q-Kolkata (52%, 50%, 48%, 52%, 53%, 48%, 54%) (44%, 43%, 45%, 47%, 48%, 47%, 44%) (10%, 7%, 7%, 7%, 7%, 7%, 10%)
10Q-Nazca (48%, 53%, 55%, 55%, 56%, 56%, 56%) (46%, 46%, 48%, 49%, 48%, 49%, 49%) (7%, 7%, 7%, 7%, 7%, 7%, 7%)
10Q-Cusco (51%, 53%, 55%, 55%, 56%, 56%, 56%) (46%, 46%, 48%, 49%, 48%, 49%, 49%) (7%, 7%, 7%, 7%, 7%, 7%, 7%)

Table 4.8: Reduction in circuit depth. Same benchmarks as in Table 4.7.

Benchmark Tket Qiskit SWAPNK
3Q-Perth (30%, 21%, 29%, 25%, 29%, 26%, 29%) (27%, 21%, 22%, 25%, 25%, 26%, 26%) (10%, 11%, 11%, 11%, 11%, 11%, 11%)
3Q-Kolkata (30%, 21%, 29%, 25%, 29%, 26%, 29%) (27%, 21%, 22%, 25%, 25%, 26%, 26%) (10%, 11%, 11%, 11%, 11%, 11%, 11%)
3Q-Ehningen (27%, 21%, 28%, 25%, 28%, 26%, 28%) (14%, 28%, 22%, 26%, 19%, 22%, 25%) (10%, 11%, 11%, 11%, 11%, 11%, 11%)
3Q-Nairobi (30%, 21%, 29%, 25%, 29%, 26%, 29%) (27%, 21%, 22%, 25%, 25%, 26%, 26%) (10%, 11%, 11%, 11%, 11%, 11%, 11%)
5Q-Perth (29%, 13%, 18%, 19%, 20%, 20%, 21%) (43%, 23%, 27%, 34%, 28%, 36%, 28%) (7%, -26%, -27%, -27%, -27%, -27%, -27%)
5Q-Kolkata (29%, 36%, 40%, 46%, 47%, 46%, 47%) (47%, 43%, 51%, 50%, 48%, 54%, 53%) (7%, 7%, 8%, 8%, 8%, 8%, 8%)
5Q-Cusco (53%, 50%, 50%, 49%, 50%, 49%, 49%) (48%, 47%, 48%, 52%, 50%, 52%, 52%) (13%, 13%, 12%, 12%, 11%, 12%, 11%)
5Q-Ehningen (21%, 26%, 28%, 29%, 30%, 30%, 31%) (51%, 55%, 57%, 57%, 57%, 59%, 57%) (7%, 7%, 8%, 8%, 8%, 8%, 8%)
6Q-Ehningen (48%, 43%, 44%, 48%, 45%, 46%, 48%) (44%, 45%, 50%, 50%, 47%, 49%, 49%) (6%, 6%, 7%, 7%, 7%, 7%, 7%)
10Q-Kolkata (57%, 69%, 65%, 71%, 71%, 66%, 59%) (54%, 66%, 67%, 69%, 72%, 71%, 27%) (-33%, 4%, 4%, 4%, 4%, 4%, -35%)
10Q-Nazca (74%, 75%, 79%, 80%, 81%, 82%, 82%) (71%, 71%, 52%, 72%, 71%, 76%, 74%) (6%, 6%, 6%, 5%, 5%, 5%, 5%)
10Q-Cusco (75%, 75%, 79%, 80%, 81%, 81%, 81%) (71%, 71%, 52%, 71%, 71%, 76%, 74%) (7%, 7%, 6%, 6%, 6%, 7%, 6%)

Computational resources

This section examines the computational resources needed for AOQMAP and com-
pares them with the requirements of Qiskit and Tket. We show that the performance
enhancements achieved by AOQMAP do not come at the expense of increased com-
putational complexity, making it a practical approach. Specifically, we first divide
the runtime of AOQMAP into three parts: adaptation, verification, and qubit selec-
tion. As illustrated in Figure 4.9, VQAs are routed, decomposed, and optimized
on subtopologies in adaptation process, ensuring that the circuit can be executed
on QPU’s subtopologies. Then, the circuit correctness is verified by computing the
Hellinger distance of adapted and original circuits using Qasm simulator. Finally,
mapomatic [236] is employed to select optimal qubits for execution.

AOQMAP, Qiskit, and Tkit employ the same experimental setup described at
the last section. We benchmark the QAOA for MaxCut on complete graphs with
varying qubit numbers and depths, mapping these circuits onto a 27-qubit QPU. We
take AOQMAP-T as an example, and its analysis can be extended to AOQMAP-L
and AOQMAP-H. Tables 4.9 and 4.10 provide a comprehensive overview of run-
time for three parts of AOQMAP and an overall comparison, respectively. Our
investigation reveals that adaptation in AOQMAP consumes the least time, with
its duration increasing minimally as the number of qubits grows. This process is
also minimally affected by variations in QAOA depths. In contrast, verification is
the most time-intensive, requiring the execution of circuits with Qasm simulator.
Moreover, verification runtime increases with the number of qubits but is relatively
unaffected by QAOA depths. The runtime for qubit selection increases with both the

86



4.2 Algorithm-oriented qubit mapping

Table 4.9: Runtime [s] of three components in AOQMAP on T-shaped subtopology using
QAOA with the number of qubits n ranging from 4 to 10 and depth p of 1, 3, 5, and 7. The
runtime is divided into adaptation, verification, and qubit selection. Avg denotes the average
runtime for different qubit numbers.

p n 4 5 6 7 8 9 10 Avg

1
Adaptation 0.04 0.05 0.08 0.06 0.12 0.09 0.08 0.07
Verification 0.13 0.12 0.16 0.16 0.19 0.25 0.21 0.17
Qubit selection 0.03 0.05 0.11 0.07 0.09 0.09 0.14 0.08

3
Adaptation 0.02 0.02 0.03 0.03 0.05 0.06 0.08 0.04
Verification 0.12 0.14 0.14 0.24 0.19 0.2 0.23 0.18
Qubit selection 0.11 0.06 0.09 0.09 0.16 0.14 0.23 0.13

5
Adaptation 0.03 0.03 0.05 0.05 0.06 0.08 0.1 0.06
Verification 0.12 0.2 0.16 0.31 0.2 0.23 0.28 0.21
Qubit selection 0.05 0.06 0.11 0.13 0.2 0.2 0.33 0.15

7
Adaptation 0.03 0.03 0.06 0.06 0.08 0.11 0.2 0.08
Verification 0.13 0.14 0.16 0.19 0.22 0.25 0.28 0.2
Qubit selection 0.08 0.08 0.12 0.16 0.27 0.25 0.44 0.2

Table 4.10: Runtime comparison of different qubit mapping methods using QAOA, with the
number of qubits n ranging from 4 to 10 and depth p of 1, 3, 5, and 7. Avg denotes the average
runtime for different qubit numbers.

p n 4 5 6 7 8 9 10 Avg

1
AOQMAP-T 0.2 0.22 0.34 0.29 0.4 0.44 0.44 0.33
Qiskit 0.02 0.03 0.03 0.03 0.03 0.04 0.05 0.03
Tket 0.05 0.36 0.19 0.13 0.64 0.77 2.99 0.73

3
AOQMAP-T 0.25 0.22 0.27 0.36 0.39 0.41 0.55 0.35
Qiskit 0.02 0.04 0.03 0.13 0.06 0.06 0.08 0.06
Tket 0.07 0.42 0.27 0.23 1.42 0.92 3.16 0.93

5
AOQMAP-T 0.2 0.23 0.31 0.48 0.47 0.52 0.7 0.42
Qiskit 0.05 0.05 0.05 0.09 0.08 0.12 0.14 0.08
Tket 0.13 0.48 0.35 0.34 0.97 1.09 3.19 0.94

7
AOQMAP-T 0.24 0.25 0.34 0.41 0.56 0.62 0.92 0.48
Qiskit 0.04 0.06 0.06 0.09 0.19 0.13 0.17 0.11
Tket 0.16 0.53 0.49 0.44 1.13 1.34 3.67 1.11

number of qubits and QAOA depths. We also observe that the runtime for deeper
circuits might be shorter than that for shallower circuits. This is potentially due to the
stochastic nature of Qiskit transpiler employed for decomposition and optimization.
As indicated in Table 4.10, Qiskit demonstrates the shortest runtime. Additionally,
AOQMAP outperforms the heuristic strategy Tket. Tket’s runtime increases with
QAOA depths and qubit numbers, and exhibits significant fluctuations, potentially
due to the interface transforming circuits implemented with Qiskit and Tket.

Simulation under noise

To examine the impact of noise on the performance of QAOA with different qubit
mapping strategies, we simulate algorithms mapped onto a 27-qubit QPU with the
topology shown in Figure 2.3(a). We use a depolarizing noise model [283, 284],
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which is a common simple model used to approximate the effects of mixed noise
processes in quantum systems. This model captures noise effects by applying random
single-qubit bit-flip, phase-flip, and combined bit- and phase-flip errors to each
gate, providing a good approximation of the overall noise behavior and impact on
algorithm performance.

We compare AOQMAP-L and AOQMAP-T with Tket, Qiskit, and SWAPNK. The
mapped circuits are simulated under depolarizing noise with strength 0.005 for two-
qubit gates and ϵ/10 for single-qubit gates. Figure 4.16 presents the approximation
ratio and success probability of QAOA on 3, 4, 5, and 6 qubits at depths from 1 to
7. Compared to other quantum mapping strategies, AOQMAP-L and AOQMAP-T
demonstrate better performance at higher depths and comparable performance at
depth p = 1. This suggests that increased depth of QAOA leads to a more significant
noise effect, emphasizing advantages of AOQMAP. AOQMAP-T requires fewer CX
gates during the mapping stage compared to others, which mitigates the detrimental
effects of noise accumulation, leading to improved performance. For three-qubit
QAOA, AR and SP decrease with increased depth, indicating that noise effects
outweigh performance improvement at higher depths. In comparison, for QAOA
with 4, 5, and 6 qubits, AR and SP increase and then stabilize or slightly decrease,
suggesting a balance between performance improvements and noise effects.

Demonstration on IBM quantum devices

This section evaluates the performance of QAOA for portfolio optimization across
six IBM QPUs, comparing different mapping approaches on 7-qubit ibm_perth and
ibm_nairobi, 27-qubit ibmq_kolkata and ibmq_ehningen, and 127-qubit ibm_nazca
and ibm_cusco. The problem sizes QAOA include 3, 4, 5, 6, and 10 qubits, and depths
ranging from 1 to 7.

As discussed in Section 4.2.3, two methods exist for constructing higher QAOA
depth, including repeating swap layers in depth p = 1 circuit and leveraging their
symmetry. To examine the influence of symmetry, we conduct a comparative analysis
of AOQMAP on linear subtopology with repetitive routing at depth p = 1 (AOQMAP-
L) and with mirror-symmetric swap layers (AOQMAP-LS), as well as AOQMAP
on T-shaped subtopology (AOQMAP-T). We consider QAOA instances with four
qubits and depths from 1 to 7. Figure 4.17 compares these variants to Tket, Qiskit,
and SWAPNK on the 7-qubit ibm_nairobi. AOQMAP on linear subtopology utilizing
symmetry significantly enhances the performance, increasing success probability
by an average of 82% (up to 1.83×) compared to AOQMAP-L, 76% (up to 2.76×)
compared to AOQMAP-T, 1.72× (up to 3.80×) compared to Tket, 1.77× (up to 3.21×)
compared to Qiskit, and 73% (up to 1.41×) compared to SWAPNK. These results
demonstrate the effectiveness of symmetry for improving performance on NISQ
devices, validating the advantage of AOQMAP’s symmetry-incorporated mapping
approach.

For the demonstration on ibmq_ehningen, we directly compare AOQMAP-L with
other methods, while for evaluations on other QPUs, a postselection process is uti-
lized to generate the AOQMAP solution. Specifically, we construct the algorithms
with AOQMAP-L, AOQMAP-LS, and AOQMAP-T. Each adapted circuit is mapped
to the target device using the method described in Section 4.2.4. The demonstration
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Figure 4.16: Performance comparison of QAOA for portfolio optimization mapped with
AOQMAP-L, AOQMAP-T, Tket, Qiskit, and SWAPNK under depolarizing noise. (a) Ap-
proximation ratio and (b) success probability for QAOA with three, four, five, and six qubits.
Three-qubit QAOA has an absence of AOQMAP-T, as the minimum number of qubits re-
quired for the T-shaped subtopology is four.

solution corresponding to the minimum expectation value of the problem Hamil-
tonian is then chosen. As shown in Figure 4.18(a), AOQMAP achieves the highest
performance on all QPUs. Tket and Qiskit perform comparably on all QPUs, while
SWAPNK performs better on ibm_perth and ibmq_ehningen than ibm_kolkata and
ibm_nairobi. The approximation ratio decreases with increased depth, indicating that
the negative impact of noise dominates the improved performance at higher depths.
For five-qubit QAOA (Figure 4.18(b)), AOQMAP maintains the highest AR across all
QPUs. Tket outperforms Qiskit on ibmq_kolkata and ibmq_ehningen, whereas Qiskit
performs better on ibm_cusco. SWAPNK has a better performance on ibmq_perth and
ibmq_kolkata, while it performs worse on ibmq_ehningen. For six-qubit QAOA on
ibmq_ehningen, AOQMAP has a significantly higher AR value than Tket, Qiskit, and
SWAPNK (Figure 4.18(c)). For the largest ten-qubit QAOA, AOQMAP consistently
achieves the highest AR across all tested QPUs. SWAPNK has a higher AR only on
ibm_nazca, while Qiskit and Tket perform worse on all QPUs. On ibmq_kolkata,
AOQMAP achieves the highest AR value at depth two, outperforming others. With
increased depth, the noise in large-scale circuit increases significantly, resulting in
a reduced AR value. For ten-qubit QAOA on ibm_cusco, AOQMAP has the high-
est AR value at depth p = 1. The presence of the second-highest AR at depth six
demonstrates a trade-off between improved performance and introduced noise of the
increased QAOA depth.

These findings demonstrate that AOQMAP provides a significant improvement in
approximation ratio and success probability, surpassing other popular qubit mapping
approaches. In particular, AOQMAP improves AR by an average of 54% and SP by
an average of 138% compared to Qiskit, Tket, and SWAPNK, demonstrating robust
high performance on NISQ devices. Furthermore, our experiments on various QPUs
highlight the limitations of solely relying on noise model simulations for assessing
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Figure 4.17: Demonstration of 4-qubit QAOA on a 7-qubit QPU ibm_nairobi with various
qubit mapping methods. (a) Approximation ratio and (b) success probability. QAOA depths
range from 1 to 7.

circuit performance. While such simulations provide valuable insights, they often
fail to accurately capture the complex and multifaceted noise characteristics inherent
to real quantum hardware. Although different qubit mapping strategies exhibit
comparable behavior under simulated noise conditions, their performance diverges
significantly when executed on physical devices. This disparity emphasizes the
critical role of efficient qubit mapping in achieving high algorithm performance on
NISQ devices.

4.3 Optimized compilation workflow

Based on previously extensive experiments involving the practical execution of
variational quantum algorithms on real quantum devices, this section presents a
framework for the resilient compilation of general quantum algorithms, emphasizing
enhanced reliability and robustness against noise. The objective is to optimize the
compilation flow by taking into account the constraints within hardware. Addition-
ally, we propose metrics for the evaluation of compilation quality.
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Figure 4.18: Approximation ratio of QAOA obtained on various IBM QPUs using AOQMAP,
Tket, Qiskit, and SWAPNK. The numbers of qubits are (a) three, (b) five, and (c) ten (six
for ibmq_ehningen). AOQMAP demonstrates the highest performance on all QPUs in
comparison to other approaches.

4.3.1 Proposed workflow

To optimize the execution of quantum algorithms, we integrate various strategies
developed in previous sections. As illustrated in Figure 4.20, the workflow comprises
several key steps: (1) adapting circuits to compatible subtopologies of QPUs, (2)
modeling noise to capture realistic errors in real quantum devices, (3) formulating
cost functions to guide qubit selection, and (4) selecting optimal qubits for circuit
execution. In the subtopology-aware circuit adaptation process, quantum algorithms
are transformed into circuits compatible with specific subtopologies of QPUs, lever-
aging the topology and native gate set of the quantum devices. Subsequently, an
error model describing noise in the system is employed, along with a designed cost
function accounting for factors such as fidelity and schedule duration of gates. Re-
alistic noise models and effective cost functions are crucial for selecting qubits that
are less susceptible to errors during circuit execution. To refine the error model for
accuracy, we recommend analyzing historical calibration data of the devices and
executing benchmarking circuits on the target QPU for validation. Additionally,
error mitigation strategies can be integrated into the cost function design and noise
modeling process, as different qubits may exhibit varying mitigation effectiveness.
Finally, the predefined cost function and error model are used to guide the selection
of optimal qubits that satisfy the subtopology connectivity constraints by leveraging
updated calibration data provided by the QPUs. Employing different methods to
select qubits for execution can significantly influence algorithm performance, which
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Figure 4.19: Success probability of QAOA obtained on various QPUs with AOQMAP, Tket,
Qiskit, and SWAPNK. The labels are the same as Figure 4.18.

we will study in Chapter 5. Our framework offers a comprehensive strategy to fully
exploit the capabilities of existing quantum hardware resources.

4.3.2 Reliability and quality

Reliable and high-quality quantum compilation are essential for maximizing the
performance of algorithms. For statistical validation of circuits tailored to specific
subtopologies, we can employ the Hellinger distance (Eq. 3.9) to compare the com-
piled circuit’s outputs with the results from original circuit. A near-zero value indi-
cates reliable compilation. Additionally, randomized benchmarking and quantum
tomography offer verification of pulse-level optimizations. These techniques provide
estimates independent of calibration data for optimized circuits. While challenging to
apply to large-scale circuits, they verify specific gate operations on actual devices and
the accuracy of gate optimizations throughout compilation. To quantify the quality
of compilation, we propose a comprehensive set of metrics.

Compilation quality metrics

The following metrics can be used to assess the efficiency of the compilation process
and the quality of compiled circuits:

• Local preparation time: The time required to prepare the compilation process
locally on classical computers.
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Figure 4.20: Optimized compilation and execution for near-term quantum devices. This
flowchart outlines a process to optimize the execution of quantum algorithms on QPUs. Key
steps include subtopology-aware circuit adaptation, noise modeling, cost function design,
and qubit selection based on updated calibration data.

• Quantum device access time: The time required to generate the final compiled
circuit after accessing real quantum devices.

• Quantum state and process fidelity: The fidelity between the compiled and
original circuits’ quantum states, simulated under varying noise conditions.

• Increase in total gates: The relative increase in the total gate count of the
compiled circuit compared to the original.

• Increase in two-qubit gates: The relative increase in the two-qubit gate count
of the compiled circuit compared to the original.

• Increase in circuit depth: The relative increase in the number of layers or depth
of the compiled circuit compared to the original.

We introduce compilation time in detail. Compilation time consists of two primary
components: local preparation time and quantum device access time. As illustrated
in Figure 4.21, local preparation time addresses device connectivity constraints and
refines the error model and cost function using classical computers, considering
the target device’s topology and native gate set. Historical characterization data
can be leveraged to further enhance the precision of these models. Subsequently,
quantum device access involves utilizing real-time calibration data to update the
models for qubit selection and potentially performing individual qubit optimizations.
For instance, selective optimization at the pulse level is advantageous by optimizing
only quantum gates with a high error rate. Finally, the compiled circuit is executed
on the quantum device. Local preparation time doesn’t directly impact execution
quality, but it affects the quality of the adapted circuits and the accuracy of the models
guiding qubit selection. In contrast, quantum device access time directly influences
execution quality. Extended access times may lead to outdated calibration data, and
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Figure 4.21: Breakdown of quantum circuit compilation time. Quantum circuit compilation
time comprises two main components: local preparation time and quantum device access
time. Local preparation time encompasses tasks such as: (i) adapting circuits to the specific
topologies based on native gate sets and historical calibration data of the QPU; (ii) developing
an error model that captures realistic noise; and (iii) formulating a custom cost function for
qubit selection. Quantum device access time includes utilizing up-to-date calibration data
and performing optimizations at the pulse level.

the preselected qubits may now have high error rates. We exclude queue time from
job submission to execution; reserving quantum computers for execution can mitigate
outdated calibration data issues. Minimizing quantum device access time ensures
optimal utilization of the resource.

Based on our examination of diverse strategies aimed at improving the compilation
of variational quantum circuits in Sections 4.1 and 4.2, a framework has been devised
for the optimization of quantum algorithm compilation. This approach possesses the
capacity to substantially enhance both the efficiency of compilation and the robust-
ness of quantum circuits, thereby establishing a solid basis for the advancement of
forthcoming compilers. In the subsequent chapter, our focus turns to the optimization
of circuits at the pulse level and the augmentation of performance at the algorithmic
level.
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Chapter 5

Selective Optimization on Bipotent Architectures

Selective optimization is a strategy proposed for optimizing quantum circuits on
bipotent architectures, where the same logical gate is natively implemented using
two different pulse sequences with distinct quality on various qubit connections.
Strategically optimizing specific gates within the circuit reduces possible computation
efforts while enhancing performance, as only gates with lower quality can benefit
significantly from optimization, while those with higher quality may not require
it. While the focus here is on bipotent architectures, the underlying principles and
insights can be applied to a broader range of quantum algorithms and hardware
configurations. This chapter has been published in Physical Review A under the title
Optimizing quantum algorithms on bipotent architectures [285].

5.1 Preliminaries

We first introduce the fundamental background of our methodology. We begin by pro-
viding motivation for our research. Then, we analyze different gate implementations
and optimizations. Finally, we present features of bipotent architecture.

5.1.1 Motivation

Computational capabilities of today’s quantum architectures are severely limited
by comparatively high error rates of their hardware components. This shortcoming
is commonly addressed on two levels: by providing improved implementations
of qubits and quantum gates, and by adapting a given quantum circuit to error
mechanisms and error rates of a specific quantum computer. A recent example from
the first category is IBM’s direct-CX gate that exhibits a shorter duration and a better
fidelity than the previous entangling gate design based on the Echo Cross-Resonance
(ECR) principle [31]. Approaches from the second category include noise-aware
transpilation methods [225] and pulse-level optimization of algorithm primitives
[286, 202].

Published in Yanjun Ji, Kathrin F. Koenig, and Ilia Polian, PhysRevA.108.022610, 2023. Copyright
(2023) by the American Physical Society.
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Figure 5.1: Bipotent architecture of ibmq_ehningen. It contains two types of CX gates: direct-
CX, represented by blue or dark gray edges, and ECR-CX, represented by orange or medium
gray edges. Qubits are depicted as circles, the lines between the qubits are connections where
a CX gate can be applied. When only one type of CX gate can be applied, the qubit has the
same color as the CX gate type, otherwise it is green (light gray).

Vigorous optimizations of quantum gates can lead to architectures where the
optimized gate is not available for all existing qubits or qubit connections. For
example, Figure 5.1 shows the topology of a QPU ibmq_ehningen. In this diagram,
qubit pairs on which a direct-CX gate implementation is available share a blue (dark
gray) edge, whereas qubit pairs on which only the ECR-CX gate implementation
is available share an orange (medium gray) edge. While direct-CX gates tend to
have better raw error rates, ECR-CX gates offer a significant advantage: they support
bespoke pulse-level optimization, which is currently not available for direct-CX gates
unless additional calibration is performed. Pulse-level optimizations have proven
to be highly effective for regular quantum circuits, such as the QAOA [19], where
frequently occurring sub-circuits are mapped to efficient, bespoke sequences of pulses
[287, 286].

Here, we investigate the qubit mapping of QAOA onto quantum computers that
provide two different implementations of the same gate on different pairs of qubits.
We call such quantum architectures bipotent. Figure 5.1 is an example of a bipotent
architecture, where two different CX gate types are available on different qubit pairs.
Similarly, if there are more than two implementations of the same gate, we call
such architectures multipotent. The reason for adopting a bipotent architecture may
be the need to balance the quality of all qubits in engineering or manufacturing
and the difficulty of having equally high-quality qubits due to various noises. The
qubit mapping on bipotent architectures should balance between hardware-level
and algorithm-level improvements, that is, trade the lower error rate of direct-CX
gates for pulse-level optimization supported by ECR-CX gates. We focus on a specific
quantum algorithm: QAOA for portfolio optimization (PortOpt) and maximum-cut
(MaxCut) instances with denser connectivity.

We start by algorithm-agnostically benchmarking direct-CX versus ECR-CX gates,
generating data specific to the platforms being used. We then introduce pulse-level
optimizations for QAOA circuits applied to PortOpt. In particular, mapping a dense
PortOpt problem to a rather sparse topology map such as in Figure 5.1 will require
many SWAP gates, leading to a substantial contribution to the entire circuit’s error
rate. Good pulse-level optimizations are known for such SWAP gates. Note that
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finding optimal pulse sequences is computationally expensive; for example, the
compilation time of gradient ascent pulse engineering (GRAPE) scales exponentially in
the size of the quantum algorithm [288]. For this reason, we only optimize the pulses
of frequently occurring primitives of QAOA. The size of the primitives does not scale
with the size of the algorithm. Moreover, we focus on improvements that rely on
available calibration data and use pulse-level optimizations where possible, but do
not consider solutions that require additional calibrations.

We report a comprehensive set of demonstrations on two of IBM’s bipotent archi-
tectures. For the first time, we investigate not only the fidelities of QAOA circuits,
but also their gate types and actual schedule durations on a bipotent architecture.
Our results indicate that, for today’s error rates, pulse-level optimization leads to a
stronger error-rate decrease than using improved but monolithic native gates in most
cases. This comes with a few unexpected observations. For example, the relative
impact of pulse-level optimization and monolithic gates varies for circuits of different
sizes; pulse-level optimizations tend to outperform direct-CX gates for medium-scale
circuits. Moreover, the Control-Target polarity of CX gates, which is usually ignored
by implementing algorithms, has a significant influence on the quality of the results.

The key contributions and novelties are as follows.

• For the first time, the features of a bipotent architecture are studied and used to
optimize the implementation of algorithms on the QPUs.

• We improve the performance of QAOA for the first time by selectively optimiz-
ing partial gates implemented on some specific instead of all qubit pairs. This
optimization technique can also be applied to other quantum algorithms.

• We describe how vigorously optimized quantum gates lead to bipotent quan-
tum architectures and identify the conflict between using highly calibrated
monolithic gates on the one hand, and pulse-level optimization on the other.

• We extensively study the performance of QAOA on noisy quantum computers
for different problem sizes and depths using different strategies for selecting
direct-CX or/and ECR-CX gates.

• We provide practical advice on how to map QAOA instances onto a given
bipotent quantum architecture, thus improving the performance of QAOA on
said architectures.

• All methods presented in this chapter do not require any additional calibration.

We use an exact and scalable approach on a linear topology aiming to minimize
the circuit depth to pretranspile the circuit to satisfy the connectivity constraints.
Then, we map the pretranspiled circuit to different qubits according to the circuit
fidelity, gate type, and schedule duration. We provide first the features of a bipotent
architecture. Then, we discuss pulse-level optimizations in QAOA and demonstrate
the performance of QAOA with different optimizations on two QPUs. The case
beyond QAOA and error mitigation techniques are then discussed. Additional
details about the QPUs used in this study are presented in the Appendix A.1.
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5.1.2 Gate design and optimization

Quantum gates are a crucial component of quantum algorithms, and their quality is
paramount to algorithm performance. Researchers have explored various methods
for enhancing gate quality, including investigating different measurement durations
to improve readout fidelity [289] and implementing pulse-level optimizations to
enhance gate fidelity. For example, GRAPE can be used to translate quantum al-
gorithms directly into optimal hardware control pulses with shorter pulse lengths
than a gate-based compilation, thereby improving fidelity, but with exponentially
increasing compilation times. A partial compilation of variational algorithms [290]
was developed to achieve the pulse speedups of GRAPE by precomputing optimal
pulses for parametrization-independent blocks of gates. In addition, aggregating
small gates into larger operations can reduce the compilation latency [201].

Compared to directly optimizing algorithms that require extensive computation,
optimizing specific gates can improve the performance of the algorithm more ef-
fectively. In [286], the authors show a pulse-efficient transpilation approach that
requires no additional calibration efforts by scaling Cross-Resonance (CR) pulses and
removing redundant single-qubit operations to reduce the overall schedule duration
of the gate and thus improves its fidelities. Faster and more reliable SWAP gates were
developed at pulse-level with CR native gates on IBM’s QPUs [291]. Moreover, using
hardware primitive gates can reduce errors and run times resulting in improved
performance [202]. In addition, a hybrid gate-pulse model [292] was proposed to
improve the performance of QAOA on IBM’s QPUs. Recently, the authors in [293]
demonstrated an improvement in performance by achieving shorter pulse schedules
through the optimization of pulse amplitude and duration.

We now introduce the pulse-level structure of CX gates. Figure 5.2(a) is a gen-
eral symbol of the CX gate on IBM’s QPUs. The direct-CX and ECR-CX gates are
indistinguishable at the gate-level. However, there are differences in the pulse-level.
Figures 5.2(b) and 5.2(c) show the implementations (up to a global phase) of a direct-
CX gate on qubits [1, 4] and an ECR-CX gate on qubits [1, 0], respectively. While the
direct-CX consists of one CR gate and one RZ gate, the ECR-CX consists of one ECR
gate and three single-qubit gates. A closer look into the hardware implementation,
the ECR gate is implemented by two CR gates and one RX gate on the control qubit,
as shown in Figure 5.2(d). Their corresponding schedules consisting of several mi-
crowave pulses are shown in Figure 5.3. The direct-CX with a schedule duration of
245.3 ns is implemented by one Gaussian square pulse on the connecting channel U3,
a parallel echoed Gaussian square pulse on the drive channel D4 of target qubit 4,
and a virtual (digital) RZ rotation (denoted by a ⟲). In comparison, the ECR-CX gate
with a duration of 320 ns consists of two CR pulses and four single-qubit gates. The
schedule duration of the virtual RZ gate is 0 ns, while that of RY and RX gates is 32 ns.

Although direct-CX has a shorter schedule duration than ECR-CX, gates imple-
mented by ECR-CX gates may perform better than those implemented by direct-CX,
since they can be further optimized directly at the pulse-level by employing existing
techniques in Qiskit [208]. Specifically, the ZZ gate implemented by ECR-CX gates al-
lows pulse-level optimization without any additional calibration [286]. Compared to
this, optimizing gates implemented by direct-CX gates currently requires additional
calibration (e.g., [294]). Figures 5.2(e)-5.2(h) show the different implementations of ZZ
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Figure 5.2: Different implementations of CX and ZZ gates on IBM’s QPUs. (a) Symbol of
CX gate. (b) direct-CX gate on qubits [1, 4]. (c) ECR-CX gate on qubits [1, 0]. (d) Hardware
implementation of the ECR-CX gate. (e) Decomposition of ZZ gate. ZZ gate implemented by
(g) direct-CX gates on qubits [1, 4] and (f) ECR-CX gates on qubits [1, 0]. (h) ZZOPT gate, the
pulse-level optimization of (f).

gate on IBM’s QPUs. It achieves a schedule duration of 490 ns on qubits [1, 4] using
direct-CX gates, compared to a value of 640 ns on qubits [1, 0] using ECR-CX gates.
However, the ZZ gate implemented by ECR-CX gates can be optimized at pulse-level
resulting in a reduced duration of 241.8 ns. We refer to the ZZ gate optimized at
pulse-level as ZZOPT. In addition, single-pulse-gates RX and RY in ECR-CX enable
gate cancellations, while a virtual RZ gate with 0 ns schedule duration in direct-CX
can not be further optimized.

As shown in [31], the direct-CX gate seems to have better quality. At the same time,
the ECR-CX gate gives the user flexibility for pulse-level optimization [286], which
will be discussed in Section 5.1.3.

5.1.3 Features of bipotent architecture

We now investigate the features of a bipotent architecture ibmq_ehningen, as shown
in Figure 5.1, on which two types of CX gates are present: direct-CX and ECR-CX.
Additionally, we denote the qubits as Q-ECR (orange, medium gray), Q-Direct (blue,
dark gray), and Q-Bipotent (green, light gray), depending on whether the qubit is
connected to only ECR-CX, only direct-CX, or both.

We collected hourly calibration data of ibmq_ehningen throughout September
2022. Figure 5.4 shows the CX gate error rate and gate execution time of ECR-CX
and direct-CX. While the error rate varies over time, the gate time is constant. Their
average values are summarized in Table 5.1. Compared to ECR-CX, the average
error rate of direct-CX is slightly reduced by 4.82%, while the average gate time is
significantly reduced by 32.79%. The data show that direct-CX is generally of better
quality than ECR-CX.

Figures 5.5(a) and 5.5(b) show the decoherence times T1 and T2, respectively, of the
27 qubits on ibmq_ehningen. Qubits connected to two types of CX gates (Q-Bipotent)
have a higher average value of T1 and T2 compared to qubits connected only to
ECR-CX (Q-ECR) or only to direct-CX gates (Q-Direct). While the precise reason
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(a)

(b)

Figure 5.3: Schedules of (a) direct-CX on qubits [1, 4] and (b) ECR-CX on qubits [1, 0].

for this trend is unknown, it appears logical that more robust qubits are considered
suitable for implementing both types of gates and are designated Q-Bipotent. This
implies the advantage of using a combination of both types of CX gates. Single-qubit
gate error and readout error are shown in Figures 5.5(c) and 5.5(d), respectively. The
mean gate errors are comparable for three qubit types. However, the Q-ECR has
a higher readout error overall than the Q-Direct and the Q-Bipotent. Throughout
this chapter, we use the default readout error mitigation provided by Qiskit [208] to
reduce the impact of measurements on results. The averages of decoherence times
and error rates of qubits are summarized in Table 5.2.

The study on bipotent architecture shows that direct-CX gates have significantly
reduced schedule duration. In addition, Q-Bipotent has the highest decoherence

Table 5.1: Properties of ECR-CX and direct-CX gates.

Parameter ECR-CX direct-CX Reduction (%)
Gate error (%) 0.83 0.79 4.82
Gate time (ns) 382.22 256.89 32.79
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Figure 5.4: Properties of ECR-CX (orange, medium gray) and direct-CX (blue, dark gray)
gates on ibmq_ehningen. (a) Gate error rate. (b) Execution time in nanoseconds.

Table 5.2: Properties of qubits.

Parameter Q-ECR Q-Direct Q-Bipotent
T1 (µs) 122.59 154.29 161.16
T2 (µs) 132.94 118.02 175.16
Gate error (%) 0.021 0.023 0.026
Readout error (%) 1.386 1.009 1.077

times T1 and T2 overall, while on average Q-Direct has a better T1 than Q-ECR that
has a better T2.

5.2 Optimizing algorithm native gates at pulse level

In this section, we explore potential optimization strategies at the pulse level, leverag-
ing the features of the bipotent architecture. Our investigation begins by analyzing
gates within the algorithm. Subsequently, we focus on optimizing these identified
gates and demonstrate the results experimentally.

5.2.1 Algorithm-native gate set

Studying the properties of an algorithm is crucial to improve the performance of
its implementation. One of the most important properties is the Algorithm-Native
Gate Set (ANGS), which is the set of gates used to construct the algorithm. Efficient
implementations of these gates will facilitate transpilation, enable exploitation of
pulse-level optimization, and ultimately result in better performance.

Figure 5.6 shows the pre-transpiled circuit of QAOA for PortOpt with 5 qubits and
p = 1 on a linear topology using the strategy AOQMAP presented in Section 4.2 that
provides optimal and scalable solutions. The resulting circuit has a structure similar
to a swap network (see e.g., [218]), but two layers are skipped per p, namely SWAP
gates after the first and last layers of ZZ gates in every p. Thus, in the gate set {H, RX,
RZ, ZZ, ZZ-SWAP}, the circuit with n qubits has a depth of 2 + (n + 2)× p including
initial state and measurement operators.
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Figure 5.5: Properties of 27 qubits on ibmq_ehningen. (a) T1 and (b) T2 decoherence times.
A higher value is better. (c) Single-qubit gate error and (d) readout error. A lower value is
better. We label qubits connected to two types of CX gates as Q-Bipotent (green, light gray)
and qubits connected only to ECR-CX or direct-CX gates as Q-ECR (orange, medium gray) or
Q-Direct (blue, dark gray), respectively.

With the overall structure of QAOA circuit in Figure 5.6, the ANGS of QAOA for
PortOpt is {H, ZZ, SWAP-ZZ, RZ, RX}, while that of QAOA for MaxCut is {H, ZZ,
SWAP-ZZ, RX}, as no RZ is required for Eq. 3.14. Therefore, we focus on improve-
ments of these gate types based on different CX primitives.

5.2.2 Analyzing two-qubit gates

We now analyze two-qubit gates. The CZ, ZZ, and ZZ-SWAP gates are both undi-
rected, which means that a more efficient implementation is possible with the native
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Figure 5.6: Pre-transpiled circuit of QAOA for PortOpt with 5 qubits and p = 1 on a linear
topology with AOQMAP proposed in Section 4.2. For higher p, the circuit between the initial
state and measurement is repeated p times, each time with new parameters.
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(a)

(c)
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Figure 5.7: Different implementations (up to a global phase) of CZ and ZZ-SWAP gates on
IBM’s QPUs. (a) Decomposition of CZ gate. CZ gate implemented by (b) direct-CX gate on
qubits [1, 4] and (c) ECR-CX gate on qubits [1, 0]. (d) CZOPT gate, the pulse-level optimization
of (c). (e) Decomposition of ZZ-SWAP gate. (f) Alternative decomposition of the ZZ-SWAP
gate into CZ gates. (g) ZZ-SWAPOPT gate, the implementation of (f) on qubits [1, 0] using
ECR-CX gates with the pulse-level optimization.

CX gate on the QPU. Additionally, gate cancellation at pulse-level provides opportu-
nities for optimizations of gates implemented by ECR-CX gates.

Figure 5.7(a) presents the decomposition of CZ gate on the IBM quantum device.
Figure 5.7(b) shows the default implementation of a CZ gate using direct-CX on
qubits [1, 4] with a schedule duration of 309.3 ns. Although the implementation using
ECR-CX on qubits [1, 0] shown in Figure 5.7(c) has a longer duration of 384 ns, it
can be optimized at the pulse-level (CZOPT) by reducing three single-qubit gates,
resulting in a duration of 352 ns, as shown in Figure 5.7(d). The decompositions of
ZZ-SWAP gate into CX gates and CZ gates [295] are shown in Figures 5.7(e) and
5.7(f), respectively. In contrast to the CZ gate, the CX gate is directed. The ZZ-SWAP
gate has a schedule duration of 992 ns on qubits [1, 0] and 800 ns on qubits [1, 4].
To implement the ZZ-SWAP gate with CZ gates, we use CZOPT implemented by
ECR-CX since the CZ gate is not a basis gate of IBM’s QPUs, and then take advantage
of single-qubit cancellation at the pulse-level, resulting in the same duration as the
standard ZZ-SWAP gate. The optimized ZZ-SWAP gate (ZZ-SWAPOPT) is shown in
Figure 5.7(g).

The data show that implementing gates using vigorously optimized monolithic
gates results in a shorter duration, while using ECR-CX gates allows for user-friendly
pulse-level optimization without requiring additional calibration.

5.2.3 Experimental results

We have discussed the pulse-level optimization of gates implemented by ECR-CX
gates. We now use the process fidelity to benchmark the performance of default and
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optimized gates on the qubits that support ECR-CX gates. The process fidelity can
be determined by the Quantum Process Tomography (QPT) using Qiskit’s standard
implementation. The QPT is a method to characterize the actual behavior of quantum
gates on QPUs. For QPT experiments, several initial states need to be prepared and
then evolved, followed by numerous measurements at different measurement bases.
The quantum channel is then reconstructed from the measurement data. The process
fidelity between two quantum channels η and ξ is given by:

F(η, ξ) = Tr
[√√

ρηρξ
√

ρη

]2
, (5.1)

where ρη and ρξ are the normalized Choi matrices for the channel η and ξ, respectively.
In our case, ρη is the Choi matrix of the ideal operator, while ρξ is the Choi matrix
determined by the QPT process on the QPU.

The ZZ and ZZ-SWAP denote gates implemented by the default basis gates of
IBM’s QPUs, while the ZZOPT and ZZ-SWAPOPT refer to gates with pulse-level opti-
mizations. In addition, we employ the notations CT and TC to distinguish between
the gate implemented by CX gates with Control-Target (CT, in hardware native CX
direction) and Target-Control (TC, opposite to hardware native CX direction).

Figure 5.8(a) shows the infidelity (1− F) of ZZ gate on qubits [5, 8] (left) with a
gate repetition of 1 and on qubits [1, 0] (right) with a gate repetition of 10, respec-
tively, as a function of angle. The schedule duration of ZZOPT-CT and ZZOPT-TC
increases with angle, while that of ZZ-CT and ZZ-TC is constant since CX gate has
a fixed duration and RZ gate is virtual. ZZOPT-CT has the best overall performance
as its duration is the shortest. Figure 5.8(b) shows the infidelity of the ZZ-SWAP
gate on qubits [0, 1] with gate repetitions of 10 (left) and 20 (right), respectively. We
benchmark the performance of ZZ-SWAP gate implemented by default CX gates
considering CT and TC and by CZOPT gates considering CT. The schedule durations
of ZZ-SWAP-CT and ZZ-SWAPOPT-CT are the same, while that of ZZ-SWAP-TC is
longer. The ZZ-SWAPOPT gate yields the best performance by decomposing the
ZZ-SWAP into CZ gates, performing pulse-level optimization, and taking into ac-
count the Control-Target polarity of CX gates.

The results confirm that using hardware native polarity Control-Target to imple-
ment undirected gates, such as ZZ and SWAP-ZZ, is more efficient than using Target-
Control polarity which results in a longer duration. In addition, gates optimized at
pulse-level perform better than their default implementation. In the benchmarking
below, we implement the undirected gates with Control-Target.

5.3 Methodology and benchmark experiments

In this section, we outline our methodology for demonstrating selective optimization
and evaluate it on several IBM quantum devices.

5.3.1 Methodology

To implement QAOA, we first prepare pretranspiled circuits. This process ensures
that the circuits satisfy the connectivity constraints on a linear topology. The next
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Figure 5.8: Infidelity determined by QPT on the ibmq_ehningen. For (a), the ZZ gate acts on
qubits [5, 8] with a gate repetition of 1 (left) and [1, 0] with a gate repetition of 10 (right). For
(b), the ZZ-SWAP gate acts on qubits [1, 0] with a repeated number of gates of 10 (left) and 20
(right).

crucial step is to identify high-quality qubits to execute them. To evaluate the qubit
quality, we first consider only the circuit fidelity. As illustrated in Figure 5.9, we
consider four families of QAOA circuits for evaluation. ECR-, Direct- and Global-
circuits connected with violet (dark gray) lines use the qubits selected by mapomatic
[236] aiming to maximize the fidelity of the circuit. In comparison, the Bipotent-
circuits connected with green (light gray) lines take into account the schedule duration,
fidelity, and gate type. Moreover, ECR-circuits utilize only the ECR-CX gates (with or
without pulse-level optimizations). Direct-circuits are composed of only direct-CX
gates, while Global-circuits and Bipotent-circuits contain mixtures of both gate types.

To construct an ECR-circuit with k qubits, mapomatic [236] selects a maximum-
fidelity linear arrangement of k qubits such that ECR-CX gates are available on
neighboring qubits. We use three versions of such circuits: ECR-Default that employs
default implementations of ZZ and ZZ-SWAP gates; ECR-ZZOPT that utilizes pulse-
level-optimized ZZ gate performed with the reduced CR gate; and ECR-ZZ-SWAPOPT
that leverages pulse-level optimizations for ZZ gates and reconstructs ZZ-SWAP
gates with CZOPT gates. We maintain the same set of qubits for each data point if
optimizations are implemented.

Direct-circuits exclusively utilize direct-CX gates, and best-fidelity linear arrange-
ments of qubits that support such gates are selected, again using mapomatic. It is
worth noting that there are no pulse-level optimizations in Direct-circuits. Global-
circuits are best-fidelity linear arrangements of arbitrary qubits, regardless of whether
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Figure 5.9: QAOA circuits. ECR-circuits, Direct-circuits, and Global-circuits consider fidelity
and restrict the CX gate type in the circuit to only ECR-CX, only direct-CX, and regardless of
its type, respectively, whereas Bipotent-circuits have a trade-off between fidelity, schedule
duration, and gate type.

their connections support ECR-CX or direct-CX. It is possible, but not necessary,
that all selected qubits of a Global-circuit have only direct-CX links. We call such
configurations Global-D (for “direct”), and configurations with mixtures of direct-CX
and ECR-CX Global-B (for “bipotent”). We observe that due to the higher error rate
of ECR-CX gates, as shown in Figure 5.4, only ECR-CX-linked qubits are not selected
in Global-circuits.

In addition to those circuits where qubits are selected based on the circuit fidelity,
we consider a further bipotent arrangement, called Bipotent-circuits. As the schedule
duration of a circuit on the selected qubits has a fixed value and can be determined
directly by Qiskit, Bipotent-circuit optimizes duration while controlling its fidelity.
We focus only on qubits with below-average single-qubit and two-qubit error rates.
Among these qubits, we select a linear arrangement on which the pulse-level opti-
mized circuit has the shortest schedule duration. Moreover, we enforce bipotency by
requiring at least one ECR-CX and at least one direct-CX gate. Pulse-level optimiza-
tions can be applied to ECR-CX gates within such circuits; the resulting circuits are
labeled Bipotent-Default, Bipotent-ZZOPT and Bipotent-ZZ-SWAPOPT, analogously to
ECR-circuits above.

5.3.2 Benchmarks and performance metrics

We consider as benchmarks the circuits with different numbers of qubits and depths
p. The maximum number of qubits that can be connected linearly using only ECR-CX
gates is five, e.g., [9, 8, 11, 14, 16], as illustrated in Figure 5.1. Therefore, we limited
the number of qubits to five to allow a full comparison of qubits with different CX
gate types.

The five-asset PortOpt instance that runs on five qubits (5Q) is taken from [94],
and its first three and four assets are used for the three- (3Q) and four-qubit (4Q)
instances, respectively. The values of the variables q, B, A, and λ vary across the three
cases considered. For 3Q, they are 0.33, 2, 0, and 20.97, respectively. For 4Q, they are
0.33, 2, 0.13, and 17.99, respectively. Finally, for 5Q, they are 0.33, 3, 0.07, and 17.51,
respectively. For MaxCut we consider the complete graph, which results in the same
connectivity requirements as the dense PortOpt problem instances.

To evaluate the performance of QAOA for PortOpt, we define the approximation
ratio (AR) and success probability (SP). A higher value of AR or SP implies better
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performance. Compared to the previous results, here we employ the post-selected
results that satisfy the budget constraint (all feasible solutions) to calculate AR of n
assets {z1, ..., zn}, defined as follows:

r(z1, . . . , zn) = C(z1, . . . , zn)/Copt, (5.2)

where C(z1, ..., zn) and Copt are the mean value found by QAOA and optimal value,
respectively. The SP is defined as the probability of optimal solution. Similarly, the
AR of QAOA for MaxCut is defined by:

r(z1, ..., zn) = C(z1, ..., zn)/Cmax, (5.3)

with C(z1, ..., zn) the mean value found by QAOA and Cmax = max C(z1, ..., zn) the
optimal value.

We simulate the circuits in the noiseless case with the Qasm simulator to get the
values of AR and SP of QAOA for PortOpt and MaxCut that can be used as a baseline.
For the demonstrations on QPUs, we set the number of shots to 50000 for each circuit.
Table 5.3 presents the simulated values of the AR and SP of QAOA for PortOpt
with p ∈ {1, 2, ..., 5}, while Table 5.4 displays the results of QAOA for MaxCut. The
data show that QAOA with 5 qubits for PortOpt exhibits smaller AR and SP values
compared to MaxCut for the specific instances considered.

In addition to AR and SP, we use the schedule duration and the number of CX
gates to study the properties of the circuit. A lower schedule duration means that
the circuit executes faster, while a reduced number of CX gates implies pulse-level
optimizations.

5.3.3 Results analysis

QAOA for portfolio optimization

We first benchmark the performance of QAOA for PortOpt with ECR-circuits, Global-
circuits, and Direct-circuits. Then, we demonstrate the performance of QAOA with
Bipotent-circuits and explore the pulse-level optimizations.

The results of QAOA-PortOpt with 3Q, 4Q, and 5Q are shown in Figures 5.10(a–c),
respectively. The ECR-Default has the largest schedule duration. In the ECR-ZZOPT,
the number of CX gates is reduced as the ZZ gates are optimized. Furthermore, the
ZZ-SWAPOPT gate is implemented by CZOPT gates, therefore there are no CX gates
in the ECR-ZZ-SWAPOPT. In Figure 5.10(a), the qubits used in the ECR-circuits are

Table 5.3: AR and SP of QAOA for PortOpt without noise.

p 1 2 3 4 5
3Q-AR 0.993 0.996 0.998 1.000 1.000
3Q-SP (%) 99.34 99.57 99.83 99.99 99.98
4Q-AR 0.525 0.674 0.892 0.930 0.935
4Q-SP (%) 21.18 29.04 44.30 45.61 46.97
5Q-AR 0.513 0.819 0.828 0.898 0.909
5Q-SP (%) 17.70 48.61 45.28 55.33 58.35
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Table 5.4: AR and SP of QAOA for MaxCut without noise.

p 1 2 3 4 5
5Q-AR 0.914 0.972 0.996 0.997 0.997
5Q-SP (%) 87.79 96.99 99.45 99.62 99.72
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Figure 5.10: Approximation ratio, success probability, schedule duration, and CX gate
count of QAOA for PortOpt with p from 1 to 5 using ECR-, Global-, and Direct-circuits
on ibmq_ehningen for (a) 3Q, (b) 4Q, and (c) 5Q. The average CX gate error rates are 0.48%
in all Global-circuits, they are 0.78%, 0.87%, and 0.89% in ECR-circuits for 3Q, 4Q, and 5Q,
respectively, while 0.48% and 0.60% in Direct-circuits for 4Q and 5Q, respectively.

[16, 14, 11], while in Global-D they are [18, 21, 23]. The ECR-ZZ-SWAPOPT has the
best performance, although the average CX gate error rate in ECR-circuits is 1.6 times
higher than that in the Global-D. Optimizing both ZZ and ZZ-SWAP gates yields
better and more stable AR and SP than optimizing only ZZ gates. Figure 5.10(b)
shows the results of QAOA using ECR-circuits with qubits [16, 14, 11, 8], Global-
B with qubits [18, 21, 23, 24], and Direct-circuit with qubits [1, 4, 7, 6]. Despite
having the highest fidelity, Global-B does not perform the best. In comparison,
ECR-ZZ-SWAPOPT achieves the highest AR values, although its average CX gate error
rate is 1.8 times higher and the duration is much longer. We believe this advantage
comes from the combination of ZZOPT and ZZ-SWAPOPT gates. The Direct-circuit
has a shorter schedule duration than Global-B resulting in comparable AR values
and better SP values for higher p. Figure 5.10(c) shows a performance comparison of
5Q-QAOA for PortOpt using ECR-circuits with qubits [16, 14, 11, 8, 9], Global-B with
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Figure 5.11: Benchmarking results of QAOA for PortOpt using Bipotent- and Global-circuits
on ibmq_ehningen for (a) 3Q, (b) 5Q, and (c) on ibm_auckland for 5Q. The average CX gate
error rates for each data point in (a), (b), and (c) are 0.60%, 0.65%, and 0.67%, respectively.

qubits [17, 18, 21, 23, 24] including two ECR-CX gates, and Direct-circuit with qubits
[6, 7, 4, 1, 2]. While the Global-B and Direct-circuit exhibit better fidelity and shorter
schedule durations, ECR-ZZ-SWAPOPT outperforms them with the highest AR values.
Therefore, despite its longer duration, ECR-ZZ-SWAPOPT can be considered as a
promising alternative for achieving higher accuracy in quantum computing. A
possible explanation is that combining ZZOPT and ZZ-SWAPOPT produces a pulse
that is more resilient to noise than the others.

We now benchmark the performance of QAOA with Bipotent-circuits (optimized
for schedule duration rather than for fidelity). Figure 5.11(a) shows the results
of 3Q-QAOA on ibmq_ehningen. The qubits used in Bipotent-circuits are [22, 25,
26] including one ECR-CX on qubits [22, 25] and one direct-CX on qubits [25, 26].
Compared to Bipotent-Default and Global-D, Bipotent-ZZOPT demonstrates better
performance, as indicated by its higher AR and SP values. The decrease in the
number of CX gates achieved through the use of optimized ZZ gates suggests that
partial ZZ gates originally implemented with default CX gates have been optimized
at the pulse-level. This optimization leads to a reduction in schedule duration.
The Bipotent-circuits in Figure 5.11(b) employ a set of five qubits, namely [11, 14,
13, 12, 10], among which only a single pair of qubits is capable of performing an
ECR-CX gate. The optimization of ZZ gates implemented using ECR-CX gates in
Bipotent-ZZOPT leads to a reduction in the number of CX gates and a shorter schedule
duration. Bipotent-ZZ-SWAPOPT further optimizes ZZ-SWAP gates by replacing
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Figure 5.12: Bipotent architecture of ibm_auckland. It has the same label as ibmq_ehningen.

certain ECR-CX-based ZZ-SWAP gates with CZOPT-based ZZ-SWAPOPT gates, thus
further decreasing the number of CX gates. Although Global-B has better fidelity, the
demonstrations show that Bipotent-circuits outperform it for p ≥ 2. Overall, among
all the methods tested, Bipotent-ZZ-SWAPOPT exhibits the best performance in terms
of the improvement in both the AR and SP metrics, making it a promising approach
for quantum circuit optimization. Figure 5.11(c) presents the benchmark results of
5Q-QAOA using qubits [11, 8, 5, 3, 2] on ibm_auckland. It is worth noting that
ibm_auckland has a different bipotent architecture compared to ibmq_ehningen, as
illustrated in Figure 5.12. The results on ibm_auckland are consistent with the trend
of 5Q-QAOA for PortOpt observed on ibmq_ehningen. Specifically, we observe that
QAOA with Bipotent-ZZ-SWAPOPT outperforms the others. These results highlight
the potential of the proposed optimization approach in improving the performance
of quantum algorithms on other QPUs.

The data show that leveraging a combination of ZZOPT and ZZ-SWAPOPT gates
can significantly enhance both AR and SP, surpassing the performance achieved by
solely optimizing ZZ gates. This approach also outperforms Global-circuits with
the highest fidelity. Specifically, when compared to Global-circuits, we observe an
improvement in AR of up to 70%, on average 29%, for ECR-ZZ-SWAPOPT at p = 2.
Similarly, on ibm_auckland, Bipotent-ZZ-SWAPOPT shows an improvement of up to
55%, on average 27%, compared to Bipotent-Default. On ibmq_ehningen, Bipotent-
ZZ-SWAPOPT achieves an improvement of up to 34%, on average 14%, compared to
Global-B.

QAOA for MaxCut

We now investigate the performance of QAOA for MaxCut with 5 qubits. The qubits
used in ECR-circuits, Global-B, and Direct-circuit are [16, 14, 11, 8, 9], [6, 7, 4, 1, 0], and
[6, 7, 4, 1, 2], respectively. Figure 5.13(a) shows that Global-B, which has the highest
fidelity, performs better for smaller p, whereas Direct-circuit, which has the lowest
schedule duration, performs better for larger p. These results suggest that, when using
default IBM gates, fidelity is more critical for medium-scale circuits, while a shorter
schedule duration is more important for larger circuits. One possible explanation is
that, as the size of the circuit increases, the effects of decoherence become dominant
and prevail over the variability in qubit error rates. ECR-circuits with higher error
rates and longer schedule durations lead to lower AR compared to other methods.
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Figure 5.13: Benchmarking results of 5Q-QAOA for MaxCut on ibmq_ehningen using two
sets of circuits: (a) ECR-, Global-, and Direct-circuits, and (b) Bipotent- and Global-circuits.
The average CX gate error rates in the ECR-circuits, Global-B, and Direct-circuit are 0.89%,
0.48%, and 0.60%, respectively, while that of each data point in (b) is 0.48%.

However, by combining ZZOPT and ZZ-SWAPOPT, ECR-ZZ-SWAPOPT achieves stable
performance in both AR and SP. Figure 5.13(b) shows the results of QAOA using
Bipotent-circuits with qubits [17, 18, 21, 23, 24] including two ECR-CX and two direct-
CX gates. While all three types of Bipotent-circuits have the same schedule duration,
Bipotent-ZZ-SWAPOPT exhibits a clear advantage, as demonstrated by significant
improvements in both AR and SP. However, Global-B exhibits better performance for
larger values of p due to its shorter duration.

Our study highlights the importance of efficient gate implementation, achieved
through increasing fidelity and reducing schedule duration, in enhancing the algo-
rithm’s performance. However, we found that the use of different gate types in a
circuit can result in significantly divergent performances, even when the duration is
identical. Therefore, careful consideration must be given to the selection of gate types
to optimize the performance.

5.3.4 Discussion

Our results demonstrate that selective pulse optimization tailored to the algorithm
structure outperforms the direct use of high-quality native gates. Furthermore, the
analysis reveals that primitive gate fidelities alone do not determine algorithm per-
formance. The gate type and circuit schedule duration should also be considered
for optimal compilation. While the primary focus of this research is on optimizing
QAOA on bipotent architectures without requiring additional calibration, the insights
presented here have broader implications for other quantum algorithms and archi-
tectures. Specifically, some two-qubit gates in an algorithm may only achieve high
fidelity after a time-consuming gate calibration, resulting in a notable increase in over-
head costs [296]. However, our study suggests a selective calibration approach that can
reduce the potential overhead by calibrating only the two-qubit gates implemented
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on specific qubit pairs with a higher CX gate error rate, instead of calibrating all
two-qubit gates. This approach enhances algorithm performance by enabling more
efficient resource utilization, leading to faster and more accurate results. Moreover,
pulse-level optimization and various gate decomposition strategies can be combined
to significantly improve algorithm performance. By investigating the resilience of
different pulse shapes to noise, we can identify more robust pulse shapes that are less
affected by noise and errors in the computation. Consequently, by leveraging these
resilient pulse shapes, we can achieve better performance of quantum algorithms.

We optimize the algorithm on cross-resonance based hardware. The optimization
is also applicable to other architectures, such as tunable couplers [297] that support
interactions like iSWAP and CZ gates [298, 299]. The implementation of ZZ or
ZZ-SWAP gates can be realized using three sets of gates: CZ gates, iSWAP gates, and
a combination of CZ and iSWAP gates. By tailoring distinct gate decompositions to
the properties of the two-qubit gates on the target hardware, such as fidelity and
schedule duration, we can achieve improved performance. Furthermore, integrating
selective calibration at the pulse-level makes this approach particularly promising
for near-term quantum computing. Additionally, our study shows that decomposing
ZZ-SWAP gates into CZ gates helps achieve improved results. Therefore, we expect
that architectures with a native CZ gate may benefit even more from this optimization.
Importantly, these techniques are not restricted to a particular algorithm and can be
employed in various other quantum algorithms.

We applied readout error mitigation in Qiskit to mitigate measurement errors.
However, there are additional techniques that can be utilized to suppress other types
of errors in bipotent architectures. Here, we discuss two such techniques: dynam-
ical decoupling [300] and zero-noise extrapolation [301]. Dynamical decoupling is
a widely used strategy to suppress decoherence errors [302] by applying pulse se-
quences to idle qubits. This strategy will be detailed investigated in Chapter 6. In
bipotent architectures, the presence of two distinct CX gate types with unique pulse
schedules can lead to significant variations in pulse lengths across different qubit
pairs within the algorithm. Applying dynamical decoupling pulses to the idle regions
of shorter pulses can be particularly advantageous for such architectures. Moreover,
diverse gate decompositions on different qubit pairs and selective calibration can also
result in noticeable differences in pulse lengths and larger idle regions. This under-
scores the importance of incorporating dynamical decoupling into this optimization
strategy. The ZNE technique estimates the noiseless result by utilizing expectation
values measured at different noise levels. The impact of ZNE and the combined
impact of DD and ZNE will be studied in Chapter 7. In bipotent architectures, two
types of CX gates introduce different errors, which can be suppressed using ZNE.
Additionally, ZNE can help identify the optimal gate decomposition for each qubit
pair among various decomposition strategies used on different qubit pairs. Thorough
analysis, experimentation, and adaptation of these techniques to the unique charac-
teristics of bipotent architectures are crucial for achieving improved performance on
such architectures.
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Chapter 6

Synergistic Error Mitigation and Circuit Design

This chapter investigates the synergistic effects of dynamical decoupling (DD) and
optimized circuit design for maximizing the performance and robustness of quantum
algorithms on near-term devices. We leverage eight IBM quantum processors to ex-
plore the impact of device characteristics and algorithm design on the effectiveness of
DD for error mitigation. This analysis takes into account hardware factors including
circuit fidelity, scheduling duration, and the native gate set of quantum devices. Ad-
ditionally, we examine the influence of algorithmic implementation details, including
specific gates used, the chosen DD sequence, and the level of circuit optimization
applied. This chapter has been published in the special issue on Quantum Computing
in the NISQ Era of the journal Entropy under the title Synergistic Dynamical Decoupling
and Circuit Design for Enhanced Algorithm Performance on Near-Term Quantum Devices
[303].

6.1 Methodology

We experimentally investigate the impact of hardware and algorithmic factors on
the effectiveness of dynamical decoupling in superconducting quantum processes.
Hardware factors, such as circuit fidelity, schedule duration, and native gate sets,
define the fundamental capabilities of a quantum device. Conversely, algorithmic
factors encompass the design choices made during algorithm implementation (spe-
cific sequence of quantum operations), error suppression strategy (selection of a DD
sequence), and circuit optimization techniques. These algorithmic choices ultimately
determine how efficiently the inherent capabilities of the hardware are utilized for op-
timal performance. Understanding these factors can potentially improve the practical
implementation of algorithms on near-term quantum devices.

6.1.1 Benchmark circuits and metrics

We first present benchmark circuits used in our demonstration and metrics employed
to assess algorithm performance and DD effectiveness.

Published in Yanjun Ji and Ilia Polian, Synergistic dynamical decoupling and circuit design for
enhanced algorithm performance on near-term quantum devices, Entropy, 26(7), 2024.
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6 Synergistic Error Mitigation and Circuit Design

QAOA for portfolio optimization

We employ QAOAs for portfolio optimization as benchmarks, which can be found
in Section 3.2.1. Our study uses a QAOA with qubit numbers ranging from 3 to
12 and a depth of 1. To establish a baseline for experimental results, we present
the simulation results conducted in a noise-free environment with Qiskit’s Qasm
simulator in Table 6.1. All data use 30,000 circuit repetitions (shots). We observe
that the approximation ratio and success probability decrease as the number of
qubits increases.

Metric definition

To quantify the impact of noise, we introduce two normalized metrics: the normalized
approximation ratio (NAR) and the normalized success probability (NSP). These
metrics are defined as

NAR = rϵ/r0, (6.1)
NSP = pϵ/p0, (6.2)

where rϵ and pϵ represent the approximation ratio and success probability obtained
under noise conditions. r0 and p0 denote corresponding values obtained from the
simulated noise-free case (Table 6.1). For the same problem instances, we use identical
values of r0 and p0 for evaluation. Due to noise, the NAR and NSP typically exhibit
values less than one. However, in rare instances, these metrics may exceed unity,
indicating that specific noise patterns or randomness enhance performance compared
to the simulated noise-free case.

Without any error mitigation being applied, the NAR and NSP for algorithms
executing on real noisy quantum devices are given by

NARB = rb/r0, (6.3)
NSPB = pb/p0, (6.4)

where B represents results obtained from real hardware without error mitigation.
rb and pb represent the corresponding approximation ratio and success probability,
respectively. When a specific error mitigation strategy, such as the DD sequence, is
applied, the NAR and NSP are given by

NARDD = rd/r0, (6.5)
NSPDD = pd/p0, (6.6)

Table 6.1: Noise-free simulation results of the QAOA for portfolio optimization using Qiskit’s
Qasm simulator with 30,000 shots.

Number of Qubits 3 4 5 6 7 8 9 10 11 12
Approximation ratio 0.9751 0.4342 0.3776 0.3734 0.3589 0.3144 0.2806 0.3241 0.2933 0.3161
Success probability 0.9747 0.1536 0.1131 0.0422 0.0227 0.0124 0.0065 0.0057 0.0018 0.0006
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where DD denotes the application of DD sequences. rd and pd represent the approxi-
mation ratio and success probability, respectively, with error mitigation. To assess
DD effectiveness in error mitigation, we introduce two additional metrics: ∆NAR and
∆NSP. These metrics are defined as the difference between the corresponding values
obtained with and without DD sequences:

∆NAR = NARDD −NARB, (6.7)
∆NSP = NSPDD −NSPB. (6.8)

A positive value for ∆NAR and ∆NSP indicates a successful improvement in performance
resulting from the utilization of DD sequences.

We further introduce the concept of error mitigation success rate (EMSR) to quantify
the robustness of an error mitigation strategy. EMSR is defined as the percentage of
experimental trials where error mitigation improved the outcome compared to no
mitigation. A high EMSR indicates consistent performance improvement while a
low EMSR suggests limited effectiveness or potential performance degradation. We
employ two EMSR metrics in this study, EMSRAR and EMSRSP, depending on whether
the approximation ratio or success probability is used. Positive values of ∆NAR and
∆NSP contribute to increased EMSRAR and EMSRSP, respectively.

6.1.2 Hardware considerations

This section provides information about the IBM quantum devices used in our exper-
iments. The QPUs with 27 qubits, namely ibmq_mumbai, ibmq_kolkata, ibm_cairo,
and ibmq_ehningen, operate using basis gates {CX, ID, RZ, SX, X}, where ID repre-
sents identity gate, RZ performs a single qubit rotation around the z-axis, X is the
NOT gate, and SX is the square root of X. On the other hand, the QPUs with 127
qubits, specifically ibm_kyoto, ibm_cusco, ibm_brisbane, and ibm_sherbrooke, utilize
basis gates {ECR, ID, RZ, SX, X}, where ECR is the echoed cross-resonance gate.

Figure 6.1(a) illustrates the schedule of a native CX gate on ibm_cairo. This imple-
mentation employs a single-pulse gate duration of 112 dt and a cross-resonance (CR)
gate duration of 544 dt, leading to a total duration of 1312 dt, where dt represents
the system cycle time. In contrast, Figure 6.1(b) depicts the schedule of a native
ECR gate on ibm_cusco. Here, the single-pulse and CR gate durations are 88 dt and
416 dt, respectively, resulting in a shorter total duration of 920 dt. The CX gate is
typically implemented using one ECR gate and multiple single-qubit gates. A further
decomposition of the CX gate into ECR and single-pulse gates at pulse level enables
the elimination of single-pulse gates during circuit optimization, as demonstrated in
Chapter 5. Additionally, CX-based IBM QPUs, where CX is the native gate, support
the operation of CX in two directions. On the other hand, ECR-based QPUs, where
ECR is the native gate, typically only support the ECR gate in one direction. Conse-
quently, quantum circuits designed for these latter devices need to be decomposed
into sequences of gates that include only the supported direction of the ECR.
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(a)

(b)

Figure 6.1: Schedule of hardware-native two-qubit gates: (a) CX gate on qubit pair (0,1)
of ibm_cairo, and (b) echoed cross-resonance (ECR) gate on qubit pair (0,1) of ibm_cusco.
The system cycle time (1dt) is 2/9 ns ≈ 0.22 ns in ibm_cairo, while it is 0.50 ns in ibm_cusco.
Di represents the drive channel acting on qubit i, and Uj is the control channel for a corre-
sponding qubit pair (c, t) driving the control qubit c at the frequency of the target qubit t.

6.1.3 Synergistic design approach

This section describes a synergistic design approach for maximizing the performance
and robustness of algorithms on near-term quantum devices. This approach acknowl-
edges the critical interplay between the hardware’s capabilities and the design choices
made in the software implementation. The quality of algorithm implementation di-
rectly affects the performance. Key aspects include the efficiency of transpilation pro-
cesses, specific gate types used, and the overall symmetry of the algorithm structure.
For instance, the algorithm-oriented qubit mapping (AOQMAP) method introduced
in Section 4.2 offers advantages in transpilation for variational quantum algorithms
(VQAs) [88] over popular compilers such as Qiskit [208] and Tket [210] by introducing
fewer two-qubit gates, maintaining a shallower circuit depth, and promoting higher
symmetry.

Here, we utilize the AOQMAP method proposed in Section 4.2 to efficiently map
circuits onto hardware, aiming to minimize SWAP gates and circuit depth on linear
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topologies. Subsequently, we examine two implementations of QAOAs for portfolio
optimization on CX-based IBM QPUs. These implementations differ in their choice of
gate decompositions within the algorithms. The first implementation, referred to as
CX implementation, directly decomposes the gates in the QAOA into basis gates of the
QPUs using Qiskit’s transpiler with optimization level 3. In comparison, the second
implementation, referred to as CZ implementation, initially decomposes gates in
algorithms into CZ and single-qubit gates. Then, Qiskit’s transpiler with optimization
level 3 is used to perform optimization and decomposition into basis gates of QPUs. In
Chapter 5, we have demonstrated that this CZ decomposition approach outperforms
CX decomposition for ZZ and ZZ-SWAP gates in the QAOA on IBM QPUs. During
implementation, we also explore different optimization level settings in Qiskit and
investigate their impact. To ensure consistency in evaluations, we employ identical
benchmark circuits and parameters. Additionally, we consistently use 30,000 shots for
each demonstration. Within the Qiskit framework, we default to using optimization
level 3.

We also investigate the effectiveness of two well-established DD sequences: CPMG
and XY4. As illustrated in Figure 6.2, the CPMG sequence applies two X pulses
separated by a delay of t

2 , with additional delays of t
4 at the beginning and end.

The parameter t represents the time interval during which the qubit remains idle,
excluding the duration of single-qubit pulses and, in the case of CPMG, two X pulses.
In comparison, the XY4 sequence utilizes two X and two Y pulses, each separated
by a delay of t

4 , with additional delays of t
8 at the beginning and end. Additionally,

the “alap” (as late as possible) scheduling method, which schedules the stop time
of instructions as late as possible, is used for scheduling gates and inserting DD
sequences throughout our study. Figure 6.3 showcases the resulting implementations
of a three-qubit QAOA with a CPMG sequence on a 27-qubit QPU ibm_kolkata using
both CX and CZ implementations. Compared to CX implementation, CZ implemen-
tation employs all the same directed CX gates. Additionally, we observe an X gate
inserted between control qubits of CX gates in the CZ implementation, potentially
suppressing idle errors and improving performance. Moreover, CZ implementation
shows improved symmetry compared to CX implementation. By simultaneously
optimizing both hardware and software aspects through careful algorithm design,
efficient transpilation techniques, and DD sequences, it is possible to fully exploit the
capabilities of near-term quantum algorithms.

In the following we delve into the examination of multiple factors that influence al-
gorithm performance and DD effectiveness. These factors are classified into two main
categories: hardware and algorithmic. More specifically, we thoroughly analyze the

Y YX X X X
(a) (b)

Figure 6.2: Two types of dynamical decoupling (DD) sequences: (a) Carr–Purcell–Meiboom–
Gill (CPMG) and (b) XY4. The delay time t represents the idle time of the qubit minus the
duration of the corresponding X or Y pulses.
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(a)

(b)

Figure 6.3: Two implementations of a three-qubit QAOA: (a) CX implementation and (b) CZ
implementation, where both are decomposed and optimized using Qiskit’s transpiler with
optimization level 3. Highlighted yellow boxes represent CPMG sequences.

influence of circuit fidelity, schedule duration, and native gate set on the performance
of DD sequences. Furthermore, we explore the impact of algorithm implementation,
choice of DD sequence, and level of optimization on algorithm performance and
DD effectiveness. The objective of these analyses is to provide invaluable insights
into the design and optimization of algorithm implementation for achieving efficient
execution on quantum devices.

6.2 Impact of hardware factors

Our investigation begins by examining how hardware characteristics affect algo-
rithm performance and DD effectiveness. The CPMG sequence is chosen for our
study due to its widespread adoption and relative simplicity, allowing us to gain
fundamental insights. We analyze these factors using extensive datasets. The ex-
periments involve varying the qubit counts from 3 to 12 and investigating different
combinations of algorithm implementations, including the CX and CZ versions of
the QAOA, as well as optimization levels 1 and 3 within the Qiskit framework. We
conduct these experiments using eight QPUs, which consist of four 27-qubit devices—
ibmq_mumbai, ibmq_kolkata, ibm_cairo, and ibmq_ehningen—and four 127-qubit
devices: ibm_kyoto, ibm_cusco, ibm_brisbane, and ibm_sherbrooke. These extensive
datasets provide a solid foundation for analyzing the impact of hardware factors on
algorithm performance.

6.2.1 Circuit fidelity

We first explore the impact of circuit fidelity on the performance. The fidelity of a
circuit qc, denoted as Fqc, measures the agreement between the actual operation of a
quantum circuit and its ideal operation. The circuit fidelity can be mathematically
represented as

Fqc = ∏
Gs∈qc

fGs ∏
Gt∈qc

fGt ∏
Gm∈qc

fGm , (6.9)

where fGs , fGt , and fGm denote fidelities of a single-qubit gate Gs, a two-qubit gate
Gt, and the measurement Gm, respectively, in the circuit. We focus on circuits with
fidelities between 0.01 and 1. This broader range of fidelities establishes a solid basis
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Figure 6.4: Impact of circuit fidelity on algorithm performance and DD effectiveness: (a)
normalized approximation ratio (NAR), (b) normalized success probability (NSP), (c) im-
provement in NAR after applying DD (∆NAR), and (d) improvement in NSP after applying
DD (∆NSP). Higher values of NARB, NARDD, NSPB, and NSPDD indicate better performance
on actual quantum devices. Values exceeding unity indicate that the performance achieved
on the IBM quantum hardware surpasses the results obtained from the noise-free simulation.
Positive values of ∆NAR and ∆NSP demonstrate improvements due to DD. The CPMG sequence
is used for all data points. Each line in the graph represents a linear fit of the data. The
reported EMSRAR and EMSRSP are 85.55% and 66.8%, respectively.

for investigating the effectiveness of DD sequences under realistic noise conditions.
We analyze various metrics defined in Section 6.1.1, including NARB, NARDD, NSPB,
NSPDD, ∆NAR, and ∆NSP. The measured data and the corresponding circuit fidelity are
fitted using a linear function. The correlation coefficient Cr and p-value are computed
to assess the quality of linear approximation. Cr measures the strength and direction
of the linear relationship, ranging from −1 (perfect negative correlation) to 1 (perfect
positive correlation), with 0 indicating no association. The absolute value of Cr reflects
the correlation strength: very strong (0.9–1.0), strong (0.7–0.9), moderate (0.4–0.7),
weak (0.2–0.4), and very weak (0–0.2). It is important to note that correlation does not
imply causation. The p-value is a complementary statistical measure that evaluates
the strength of evidence against the null hypothesis of no correlation. A low p-value
(typically below 0.05) suggests a statistically significant correlation, possibly not due
to random chance. Linear fitting builds on correlation by determining the best-fit line
equation, enabling predictions based on the observed relationship.

Figure 6.4 depicts a general trend of improved algorithm performance with in-
creasing circuit fidelity. DD sequences enhance both the NAR and NSP on average.
However, the NSP exhibits a wider range of variation for a given circuit fidelity com-

Table 6.2: Parameters derived from the analysis of Figure 6.4.

Metric Mean Fit Function Correlation Coefficient p-Value
NARB 0.610 y = 0.572x + 0.317 0.809 0
NARDD 0.687 y = 0.506x + 0.430 0.827 0
NSPB 0.556 y = 0.558x + 0.270 0.530 0
NSPDD 0.631 y = 0.537x + 0.358 0.521 0
∆NAR 0.077 y = −0.065x + 0.111 −0.209 0.00075
∆NSP 0.075 y = −0.021x + 0.086 −0.027 0.66997
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6 Synergistic Error Mitigation and Circuit Design

pared to the approximation ratio, particularly at lower fidelities. Table 6.2 presents
the average value, fitted function, correlation coefficient, and p-value for each metric.
A stronger correlation is observed between NAR and circuit fidelity compared to
NSP, suggesting a more pronounced dependence of NAR on fidelity. In contrast,
the correlation between ∆NSP and circuit fidelity is very weak, as evidenced by the low
value of Cr and high p-value. This suggests that the observed decrease in DD effec-
tiveness might be due to random fluctuations or other factors not captured by circuit
fidelity alone. The average improvement in NAR and NSP due to DD sequences is
approximately 0.08. Moreover, the negative coefficients of the fitted lines for ∆NAR

and ∆NSP suggest a potential decrease in DD effectiveness as circuit fidelity increases.

6.2.2 Schedule duration

We now investigate the influence of schedule duration τ and, in particular, the
logarithmic transformation of schedule duration ln(τ/dt) on algorithm performance
and DD effectiveness. Schedule duration reflects the total time required to execute
a quantum circuit and depends on the number and execution time of individual
gates. Shorter durations potentially improve circuit fidelity by reducing the system’s
exposure to decoherence errors, but achieving them necessitates faster gates, which
can be hardware-limited.

Figure 6.5 depicts the impact of ln(τ/dt) on the defined metrics using the same
datasets as in Figure 6.4. We observe that the algorithm performance degrades
with increasing schedule duration, while DD effectiveness improves. However, ∆NSP

exhibits larger fluctuations for longer durations, suggesting that while DD sequences
mitigate decoherence errors, potentially improving performance at longer durations,
they could also introduce other error mechanisms, such as operation errors, that
counteract this improvement. Table 6.3 summarizes corresponding parameters. The
coefficients of the linear function for NARB, NARDD, NSPB, and NSPDD indicate a
suppressed decay in performance with increasing schedule duration by applying
DD sequences. The correlation coefficients between these metrics and ln(τ/dt)
further support the effectiveness of DD sequences in reducing the dependence of
performance (both NAR and NSP) on schedule duration. ∆NAR exhibits a statistically
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Figure 6.5: Influence of logarithmic transformation of circuit schedule duration (ln(τ/dt))
on algorithm performance and DD effectiveness with the same datasets as in Figure 6.4: (a)
NAR, (b) NSP, (c) ∆NAR, and (d) ∆NSP.
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Table 6.3: Parameters derived from the analysis of Figure 6.5.

Metric Fit Function Correlation Coefficient p-Value
NARB y = −0.238x + 3.136 −0.731 0
NARDD y = −0.196x + 2.764 −0.691 0
NSPB y = −0.254x + 3.253 −0.524 0
NSPDD y = −0.221x + 2.975 −0.464 0
∆NAR y = 0.042x− 0.372 0.295 0
∆NSP y = 0.033x− 0.278 0.092 0.14281

weak correlation with ln(τ/dt), while ∆NSP shows a very weak correlation. This
observation aligns with the findings for circuit fidelity. However, ∆NSP appears more
sensitive to schedule duration compared to circuit fidelity, as indicated by a larger
absolute correlation coefficient (|Cr|) and lower p-value.

Figures 6.6(a–d) illustrate the impact of circuit fidelity and schedule duration on
NARDD, NSPDD, ∆NAR, and ∆NSP, respectively. As observed in Figure 6.6(a), NARDD

exhibits degradation with increasing logarithmic schedule duration (ln(τ/dt)) and
decreasing circuit fidelity. High performance is concentrated in the region where the
schedule duration τ is below e10.5dt and circuit fidelity surpasses 0.5. Conversely,
low performance is primarily observed for τ exceeding e10.5dt and fidelities below
0.5. A similar trend is evident for NSPDD in Figure 6.6(b). However, unlike NARDD,
achieving a high NSPDD value remains feasible even for longer schedule durations and
lower fidelities. This suggests that NSPDD is less sensitive to these factors compared
to NARDD. Figures 6.6(c–d) further demonstrate the effectiveness of DD sequences,
particularly at longer durations. This is potentially due to the ability of DD sequences
to mitigate decoherence errors that become more prominent at these timescales.

6.2.3 Native gate sets

This section explores the performance of quantum algorithms implemented on two
distinct sets of IBM QPUs. The first set comprises four 27-qubit devices utilizing the
CX gate as their native two-qubit gate, while the second set consists of four 127-qubit
devices employing the ECR gate as their native two-qubit gate.

Benchmark results obtained from the two QPU sets are presented in Figure 6.7. Ta-
ble 6.4 summarizes average values of metrics and parameters derived from the linear
fits of these metrics against the number of qubits. As shown in Figures 6.7(a) and
6.7(b), applying DD sequences generally improves the NAR and NSP, respectively,
for both native gate sets. The highest performance is achieved with NARECR

DD and
NSPECR

DD , which leverages ECR-based QPUs and incorporates DD sequences. More-
over, QPUs utilizing the ECR gate exhibit consistently higher baseline performance,
NARECR

B and NSPECR
B , compared to those with the CX gate, NARCX

B and NSPCX
B , even

surpassing those with DD sequences, NARCX
DD, and NSPCX

DD. This observation suggests
that the selection of QPUs may be more critical for achieving optimal performance
than relying solely on DD techniques. As shown in Figures 6.7(c) and 6.7(d), DD
effectiveness improves as the qubit count increases for both gate sets. Moreover,
the CX gate set exhibits higher DD effectiveness than the ECR gate set. As illustrated
in Figures 6.7(e) and 6.7(f), the ECR gate produces an overall higher circuit fidelity
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Figure 6.6: Influence of circuit fidelity and ln(τ/dt) on algorithm performance and DD
effectiveness: (a) NARDD, (b) NSPDD, (c) ∆NAR, and (d) ∆NSP.

and lower schedule duration, potentially contributing to higher performance. An-
alyzing the proportion of positive outcomes in the experimental data presented in
Figures 6.7(c) and 6.7(d), we observe that the reported values of EMSRAR and EMSRSP

are 92.5% and 72.5% for the CX gate, respectively, whereas the corresponding values
are 75% and 62.5%, respectively, for the ECR gate, suggesting that DD sequences are
more robust in mitigating errors for the CX gate set.

The correlation coefficient presented in Table 6.4 reveals a very strong negative
correlation between NARECR

DD and the number of qubits compared to NARECR
B . Similarly,

a very strong negative correlation is observed between circuit fidelity and qubit count
for both CX and ECR gate sets, indicating a significant decrease in circuit fidelity as
the number of qubits increases. Moreover, we observe a weaker correlation between
NSP and qubit number compared to NAR, implying that the impact of qubit count
on success probability is less pronounced than its effect on approximation ratio.
Additionally, the high p-values for ∆ECR

NAR and ∆ECR
NSP suggest that the effectiveness of

DD sequences for ECR gates is more susceptible to random fluctuations. This can be
attributed to the interplay between the intended decoherence suppression capabilities
of DD sequences and the additional gate errors that they introduce. As shown in
Figures 6.7(e) and 6.7(f), circuits utilizing ECR gates demonstrate higher fidelities
while requiring shorter execution times. The inherent advantage of shorter circuits
may limit the potential for further enhancement through the use of DD sequences.
In such cases, incorporating extra DD pulses could even lead to a decrease in overall
algorithm performance.

Our demonstrations on eight IBM QPUs highlight the importance of circuit fi-
delity, schedule duration, and DD sequences in optimizing algorithm performance.
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Figure 6.7: Comparison of two hardware-native gate sets: {CX, ID, RZ, SX, X} and {ECR,
ID, RZ, SX, X}, denoted as CX and ECR gate sets, respectively. Results obtained using
four 27-qubit quantum processing units (QPUs) ibmq_mumbai, ibmq_kolkata, ibm_cairo,
and ibmq_ehningen for the CX gate set, and four 127-qubit QPUs ibm_kyoto, ibm_cusco,
ibm_brisbane, and ibm_sherbrooke for the ECR gate set: (a) NAR, (b) NSP, (c) ∆NAR, (d) ∆NSP,
(e) circuit fidelity, and (f) ln(τ/dt). The CPMG sequence is used for all data points. Each line
represents a linear fit to the corresponding data.

As circuit fidelity decreases and schedule duration increases, DD sequences become
increasingly important for mitigating errors and identifying optimal solutions. Fur-
thermore, the results suggest that ECR-based QPUs offer advantages over CX-based
QPUs. This is primarily due to the inherently shorter schedule durations and higher
circuit fidelities associated with ECR gates. However, CX-based QPUs benefit more
significantly from DD sequences in terms of error mitigation.

6.3 Impact of algorithmic factors

6.3.1 Algorithm implementations

We compare the performance of CX and CZ implementations of the QAOA on four
27-qubit IBM QPUs, as detailed in Section 6.1.3. The CPMG sequence is consistently
utilized throughout this analysis. As shown in Figures 6.8(a) and 6.8(b), CZ im-
plementation with DD sequences achieves the highest average values for both the
NAR (NARCZ

DD) and NSP (NSPCZ
DD). However, for the NSP at qubit counts exceeding

9, CZ implementation without DD sequences, NSPCZ
B , outperforms that with DD

sequences, NSPCZ
DD, potentially due to the introduction of significant errors by DD

sequences themselves. Furthermore, CX implementation exhibits increasing DD
effectiveness as the qubit number grows (Figures 6.8(c) and 6.8(d)), whereas ∆NSP for
CZ implementation exhibits a slight decrease. Additionally, EMSRAR and EMSRSP are
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Table 6.4: Parameters derived from the analysis of Figure 6.7.

Metric Mean Fit Function Correlation Coefficient p-Value
NARCX

B 0.548 y = −0.056x + 0.967 −0.832 0
NARCX

DD 0.656 y = −0.047x + 1.010 −0.812 0
NARECR

B 0.712 y = −0.043x + 1.033 −0.766 0
NARECR

DD 0.771 y = −0.037x + 1.052 −0.911 0
NSPCX

B 0.464 y = −0.068x + 0.976 −0.678 0
NSPCX

DD 0.582 y = −0.051x + 0.967 −0.504 0.00092
NSPECR

B 0.618 y = −0.056x + 1.041 −0.579 0.00009
NSPECR

DD 0.716 y = −0.047x + 1.072 −0.529 0.00044
∆CX

NAR 0.108 y = 0.009x + 0.043 0.27 0.09252
∆ECR

NAR 0.059 y = 0.005x + 0.019 0.167 0.30429
∆CX

NSP 0.118 y = 0.017x− 0.008 0.277 0.08407
∆ECR

NSP 0.098 y = 0.009x + 0.031 0.108 0.50688
Circuit fidelity (CX) 0.539 y = −0.088x + 1.195 −0.984 0
Circuit fidelity (ECR) 0.594 y = −0.082x + 1.211 −0.975 0
ln(τ/dt) (CX) 10.703 y = 0.188x + 9.294 0.891 0
ln(τ/dt) (ECR) 10.577 y = 0.138x + 9.543 0.791 0

consistently higher for CX implementation (92.5% and 80%, respectively) compared
to CZ implementation (75% and 57.5%, respectively), suggesting a higher robustness
of DD sequences for CX implementation. As depicted in Figures 6.8(e) and 6.8(b), CX
and CZ implementations exhibit comparable circuit fidelities. For a larger number
of qubits, CX implementation even achieves slightly higher fidelities. Moreover, CX
implementation demonstrates a consistently shorter schedule duration compared to
CZ implementation (Figure 6.8(f)). This difference in schedule duration is attributed
to the increased number of single-qubit gates required by CZ implementation (details
in Figure 6.3).

Table 6.5 summarizes the average value of each metric along with the linear fit
parameters extracted from Figure 6.8. The negative coefficient associated with ∆CZ

NSP

suggests a decrease in DD effectiveness, as measured by success probability, with an
increasing qubit count for CZ implementation. This behavior can be attributed to the
intricate interplay between the optimization landscape and gate errors. As the num-
ber of qubits involved increases, the cumulative error introduced by DD sequences
becomes more pronounced. This significantly alters the optimization landscape,
rendering the pre-optimized parameters of the QAOA in the noiseless case no longer
suitable. Furthermore, correlation coefficients between the NAR (NARB and NARDD)
and qubit count reveal that applying DD sequences weakens the correlation for CX
implementation while strengthening it for CZ implementation. This trend is also
observed for NSPB and NSPDD. An additional observation is the high p-values associ-
ated with ∆CZ

NAR and ∆CZ
NSP, indicating the potential dominance of random fluctuations

in these metrics for CZ implementation.
The results suggest that although CX implementation offers more advantages in

terms of DD effectiveness, the higher performance of CZ implementation highlights
the significance of circuit structure in executing the QAOA. In certain instances,
the inherent advantage of a more symmetrical circuit structure, as exhibited by CZ
implementation, can outweigh the benefits of strong DD mitigation achieved with
CX implementation. However, the optimal selection of gate decomposition ulti-
mately relies on the specific algorithm being implemented, the hardware capabilities
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Figure 6.8: Comparison of CX and CZ implementations of QAOA across four 27-qubit IBM
QPUs ibmq_mumbai, ibmq_kolkata, ibm_cairo, and ibmq_ehningen: (a) NAR, (b) NSP, (c)
∆NAR, (d) ∆NSP, (e) circuit fidelity, and (f) ln(τ/dt). The CPMG sequence is used for all data
points. Each line represents a linear fit of the data.

available, and the desired balance between overhead caused by DD and potential
performance gains.

6.3.2 DD sequences

This section evaluates the performance of two DD sequences, CPMG and XY4, for mit-
igating decoherence errors during QAOA execution with CX implementation. The
evaluation leverages data from seven IBM QPUs. XY4, which employs four single-
qubit pulses, might be more effective for qubits with extended idle times than CPMG,
which utilizes two single-qubit pulses. While DD sequences may introduce crosstalk
errors, the use of the same transpiled circuits minimizes the impact of this potential
crosstalk on our evaluation.

Figures 6.9(a) and 6.9(b) show that both CPMG and XY4 contribute to improved
algorithm performance. While CPMG and XY4 achieve comparable NAR values, XY4
exhibits a better NSP for a larger number of qubits, but with noticeable fluctuations.
CPMG and XY4 demonstrate comparable DD effectiveness for a small number of
qubits (Figures 6.9(c) and 6.9(d)), with XY4 showing a slight advantage for larger
qubit counts. However, CPMG exhibits greater robustness, as evidenced by its
higher EMSRAR (84.29%) and EMSRSP (75.71%) compared to XY4’s values (67.14%
and 64.29%, respectively). Figures 6.9(e) and 6.9(f) illustrate comparable circuit
fidelity and schedule duration for both CPMG and XY4. As before, the data are
fitted with a linear function. The resulting parameters are summarized in Table 6.6.
The coefficients of the linear function suggest that both CPMG and XY4 effectively
suppress the decrease in NAR and NSP as the qubit count increases. The correlation
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Table 6.5: Parameters derived from the analysis of Figure 6.8.

Metric Mean Fit Function Correlation Coefficient p-Value
NARCX

B 0.548 y = −0.056x + 0.967 −0.832 0
NARCX

DD 0.656 y = −0.047x + 1.010 −0.812 0
NARCZ

B 0.638 y = −0.049x + 1.007 −0.850 0
NARCZ

DD 0.691 y = −0.047x + 1.041 −0.885 0
NSPCX

B 0.464 y = −0.068x + 0.976 −0.678 0
NSPCX

DD 0.582 y = −0.051x + 0.967 −0.504 0.00092
NSPCZ

B 0.635 y = −0.041x + 0.940 −0.473 0.00208
NSPCZ

DD 0.653 y = −0.056x + 1.071 −0.589 0.00006
∆CX

NAR 0.108 y = 0.009x + 0.043 0.27 0.09252
∆CZ

NAR 0.053 y = 0.003x + 0.034 0.109 0.50206
∆CX

NSP 0.118 y = 0.017x− 0.008 0.277 0.08407
∆CZ

NSP 0.018 y = −0.015x + 0.132 −0.202 0.21130
Circuit fidelity (CX) 0.539 y = −0.088x + 1.195 −0.984 0
Circuit fidelity (CZ) 0.527 y = −0.089x + 1.195 −0.977 0
ln(τ/dt) (CX) 10.703 y = 0.188x + 9.294 0.891 0
ln(τ/dt) (CZ) 10.799 y = 0.192x + 9.360 0.901 0

coefficients and p-values suggest a stronger correlation between ∆XY4
NAR and qubit count

compared to ∆CPMG
NAR , ∆XY4

NSP, and ∆CPMG
NSP .

The results indicate that DD sequences are generally recommended for improving
circuit performance. They allow for achieving acceptable results in a wider range of
circuits. For instance, the QAOA with DD can reach higher NAR values for more
qubits. However, the effectiveness and robustness of DD sequences can vary. While
XY4 offers slightly better performance improvements in terms of NAR and NSP,
CPMG demonstrates higher robustness as measured by EMSR. This highlights the
importance of considering both performance gains and mitigation robustness when
choosing a DD sequence.

6.3.3 Optimization levels

We investigate the influence of optimization levels on the performance and DD
effectiveness using five IBM QPUs. Two optimization levels within Qiskit’s transpiler
are considered: level 1 (Opt1) and level 3 (Opt3), representing the default and highest
settings, respectively. It is worth noting that different optimization levels do not
affect the number of two-qubit gates in our demonstration. This is because we are
considering benchmark circuits that have already undergone the AOQMAP approach,
which effectively ensures adherence to connectivity constraints and eliminates the
need for additional SWAP gates. In our case, different optimization levels influence
the selected qubits for circuit execution and the count of single-qubit gates, which
affects the circuit fidelity and schedule duration. The CPMG sequence and CX
implementation of the QAOA are employed throughout this analysis.

Figures 6.10(a) and 6.10(b) demonstrate that Opt3 with DD sequences achieves
the highest overall performance in terms of NAR and NSP, followed by Opt1 with
DD sequences. Without error mitigation, Opt3 outperforms Opt1 for all tested qubit
counts in terms of NAR, whereas, for NSP, Opt3 exhibits an advantage only for
a small number of qubits, with comparable performance achieved at larger qubit
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Figure 6.9: Comparison of CPMG and XY4 sequences across seven IBM QPUs ibmq_mumbai,
ibmq_kolkata, ibm_cairo, ibmq_ehningen, ibm_kyoto, ibm_cusco, and ibm_brisbane: (a)
NAR, (b) NSP, (c) ∆NAR, (d) ∆NSP, (e) circuit fidelity, and (f) ln(τ/dt). Each line represents a
linear fit of the data.

counts. The average improvement in NAR due to DD (∆NAR) is generally higher for
Opt1 compared to Opt3 (Figure 6.10(c)). However, for NSP, DD initially benefits Opt1
more, but this advantage shifts toward Opt3 for larger qubit counts (Figure 6.10(d)).
Furthermore, the reported average EMSRAR and EMSRSP are 92% and 74% for Opt1,
respectively, compared to 80% and 60% for Opt3, suggesting a higher robustness
of DD for Opt1. It is important to note that Opt3 exhibits higher circuit fidelity
(Figure 6.10(e)) and a shorter schedule duration (Figure 6.10(f)), which are crucial for
high algorithm performance.

The detailed linear fit parameters for the optimization levels are provided in
Table 6.7. While DD effectively mitigates the decrease in NAR for both Opt1 and
Opt3 with increasing qubits, its impact on NSP differs. For Opt3, DD suppresses the
decrease in NSP, whereas, for Opt1, it appears to exacerbate the decay. The correlation
between NSP and qubit count for Opt1 is very weak (low Cr and high p-value),
suggesting minimal influence from qubit count on NSP for this optimization level.
In contrast, Opt1 prioritizes schedule duration, exhibiting a stronger correlation with
qubit count, while Opt3 prioritizes circuit fidelity, showing a stronger correlation
between fidelity and qubit count.

This analysis demonstrates a trade-off between the optimization level and DD effec-
tiveness. While Opt3 offers superior overall performance with DD sequences, Opt1
exhibits higher DD effectiveness. Furthermore, DD sequences become increasingly
beneficial for Opt3 at larger qubit counts for finding optimal solutions.

127



6 Synergistic Error Mitigation and Circuit Design

Table 6.6: Parameters derived from the analysis of Figure 6.9.

Metric Mean Fit Function Correlation Coefficient p-Value
NARCPMG

B 0.610 y = −0.050x + 0.986 −0.749 0
NARCPMG

DD 0.699 y = −0.044x + 1.029 −0.802 0
NARXY4

B 0.6 y = −0.052x + 0.992 −0.752 0
NARXY4

DD 0.697 y = −0.043x + 1.019 −0.750 0
NSPCPMG

B 0.525 y = −0.061x + 0.986 −0.613 0
NSPCPMG

DD 0.629 y = −0.051x + 1.009 −0.513 0.00001
NSPXY4

B 0.509 y = −0.057x + 0.940 −0.591 0
NSPXY4

DD 0.648 y = −0.044x + 0.975 −0.373 0.00148
∆CPMG

NAR 0.09 y = 0.006x + 0.042 0.189 0.11748
∆XY4

NAR 0.097 y = 0.009x + 0.027 0.23 0.05502
∆CPMG

NSP 0.104 y = 0.011x + 0.023 0.144 0.23425
∆XY4

NSP 0.139 y = 0.014x + 0.035 0.116 0.33818
Circuit fidelity (CPMG) 0.555 y = −0.086x + 1.201 −0.979 0
Circuit fidelity (XY4) 0.55 y = −0.088x + 1.209 −0.981 0
ln(τ/dt) (CPMG) 10.589 y = 0.165x + 9.354 0.851 0
ln(τ/dt) (XY4) 10.586 y = 0.163x + 9.360 0.858 0

6.4 Discussion

Our comprehensive study, conducted on eight IBM quantum devices, reveals that the
application of DD sequences can significantly enhance the performance and robust-
ness of algorithms on near-term quantum devices. However, the effectiveness of DD
sequences varies depending on hardware and algorithmic factors. A key finding is the
observed inverse relationship between DD effectiveness and the original performance
of algorithms without error mitigation. This implies that algorithms with higher
inherent performance (measured without DD sequences) exhibit lower DD effective-
ness. For instance, ECR-based QPUs offer superior native performance but reduced
DD effectiveness compared to CX-based QPUs. Similarly, the CZ implementation of
a QAOA exhibits higher native algorithm performance but lower average DD effec-
tiveness compared to CX implementation. Moreover, optimization level 3 produces
higher algorithm performance, but level 1 exhibits higher DD effectiveness. This
inverse behavior can be attributed to the fact that algorithms with high performance
typically have a lower intrinsic error rate, including the decoherence errors targeted
by DD sequences. Furthermore, the introduction of DD pulse sequences can lead to
new gate operation errors that decrease algorithm performance and potentially limit
their effectiveness for certain algorithms.

DD sequences are typically more effective for algorithms with lower fidelity and
a longer schedule duration, but their impact on approximation ratio and success
probability differs. The results indicate that while algorithms with lower circuit
fidelity struggle to achieve high approximation ratio values, the application of DD
sequences allows for achieving the simulated success probability. This finding sug-
gests a potential methodology for obtaining the desired probabilities by studying
different algorithm implementations and DD sequences and selecting the measure
that minimizes system energy.

Table 6.8 summarizes the observed effects of investigated hardware and algorithm
factors on the effectiveness and robustness of DD. Without error mitigation, the ECR
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Figure 6.10: Comparison of optimization level 1 (Opt1) and optimization level 3 (Opt3) across
five IBM QPUs ibmq_kolkata, ibm_cairo, ibmq_ehningen, ibm_cusco, and ibm_kyoto: (a)
NAR, (b) NSP, (c) ∆NAR, (d) ∆NSP, (e) circuit fidelity, and (f) ln(τ/dt). The CPMG sequence is
used for all data points. Each line represents a linear fit of the data.

native gate set achieves the highest average value of normalized approximation ratio
(NARB), while the CZ implementation of the QAOA exhibits the highest normalized
success probability (NSPB). However, when applying DD error mitigation, the CX na-
tive gate set and CX implementation of the QAOA demonstrate the greatest increase
in NAR, while the XY4 sequence leads to the most significant NSP improvement.
Additionally, the linear fit slope coefficients suggest that circuit fidelity has a stronger
influence on approximation ratio, whereas schedule duration more significantly im-
pacts success probability. Furthermore, as the qubit count increases, the CX gate set,
CX implementation, and XY4 sequence benefit more from DD mitigation compared
to the ECR gate set, CZ implementation, and CPMG sequence. Notably, the CX
implementation exhibits the highest overall robustness for the DD strategy, followed
by the CX gate set and circuit optimization level 1 (Opt1).

One significant reason for the higher performance of algorithms on ECR-based
QPUs is the inherently higher circuit fidelity and shorter schedule duration. However,
another potential factor could be the inherent advantages of ECR gates. In these
devices, ECR gates are only allowed for one direction, meaning that any two-qubit
gate is directly decomposed into ECR gates with the same direction on the qubit pair.
While the hardware-native CX gate also has a native direction, the reverse direction is
supported, requiring additional single-qubit gates and the hardware-native CX gate
for implementation. Directly decomposing algorithms into one-directional ECR gates
could be more advantageous than using CX gates with bidirectional capability at the
gate level and then transforming them into native CX gates at the hardware pulse
level. A similar trend is observed for CZ implementation, which produces a higher
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6 Synergistic Error Mitigation and Circuit Design

Table 6.7: Parameters derived from the analysis of Figure 6.10.

Metric Mean Fit Function Correlation Coefficient p-Value
NAROpt1

B 0.554 y = −0.052x + 0.946 −0.891 0
NAROpt1

DD 0.657 y = −0.046x + 1.004 −0.886 0
NAROpt3

B 0.618 y = −0.048 + 0.982 −0.720 0
NAROpt3

DD 0.688 y = −0.045x + 1.023 −0.770 0
NSPOpt1

B 0.509 y = −0.050x + 0.885 −0.596 0
NSPOpt1

DD 0.589 y = −0.055x + 0.998 −0.667 0
NSPOpt3

B 0.536 y = −0.060x + 0.988 −0.586 0.00001
NSPOpt3

DD 0.606 y = −0.050x + 0.981 −0.471 0.00056
∆Opt1

NAR 0.103 y = 0.006x + 0.058 0.218 0.12785
∆Opt3

NAR 0.069 y = 0.004x + 0.041 0.126 0.38513
∆Opt1

NSP 0.08 y = −0.004x + 0.113 −0.065 0.65396
∆Opt3

NSP 0.07 y = 0.010x− 0.007 0.136 0.34466
Circuit fidelity (Opt1) 0.417 y = −0.067x + 0.919 −0.729 0
Circuit fidelity (Opt3) 0.559 y = −0.087x + 1.209 −0.973 0
ln(τ/dt) (Opt1) 10.540 y = 0.183x + 9.168 0.919 0
ln(τ/dt) (Opt3) 10.475 y = 0.172x + 9.186 0.901 0

Table 6.8: Impact of hardware and algorithm factors on DD effectiveness and robustness.

Factor
Mean Slope Coefficient EMSR

NARB ∆NAR NSPB ∆NSP ∆NAR ∆NSP EMSRAR EMSRSP

Circuit fidelity
0.610 0.077 0.556 0.075

−0.065 −0.021
85.55% 66.80%

Schedule duration 0.042 0.033
CX gate set 0.548 0.108 0.464 0.118 0.009 0.017 92.50% 72.50%
ECR gate set 0.712 0.059 0.618 0.098 0.005 0.009 75.00% 62.50%
CX implementation 0.548 0.108 0.464 0.118 0.009 0.017 92.50% 80.00%
CZ implementation 0.638 0.053 0.635 0.018 0.003 −0.015 75.00% 57.50%
CPMG sequence 0.610 0.090 0.525 0.104 0.006 0.011 84.29% 75.71%
XY4 sequence 0.600 0.097 0.509 0.139 0.009 0.014 67.14% 64.29%
Opt1 0.554 0.103 0.509 0.080 0.006 −0.004 92.00% 74.00%
Opt3 0.618 0.069 0.536 0.070 0.004 0.010 80.00% 60.00%

algorithm performance than CX implementation. The CX gate is directed, whereas
the CZ gate is undirected, allowing for the decomposition of all two-qubit gates with
one directed CZ gate on one or more qubit pairs. Utilizing gates in the same direction
could lead to a higher symmetry in the circuit, both in terms of single- and two-
qubit gates, potentially contributing to error suppression and improved algorithmic
performance. This highlights the importance of considering native gate properties at
the pulse level and maintaining circuit structure symmetry during algorithm design.
Our findings hold broad applicability across various quantum algorithms, including
the VQE [92, 253]. Prioritizing native gates and maintaining circuit symmetry during
VQE and other quantum algorithm executions can enhance performance and mitigate
errors across diverse quantum computing platforms.
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Chapter 7

Algorithm and Hardware Cooptimization: Case
Study of DC-QAOA

This chapter explores the cooptimization strategy in the QOA implementation
process in order to develop a noise-resistant execution direct from the algorithm
design stage. We demonstrate both algorithmic and hardware level improvements.
The digitized counterdiabatic QAOA (DC-QAOA) is taken as an example for our
demonstration, but the methodology proposed here can be extended to other vari-
ational quantum algorithms. We also investigate the performance of various error
mitigation strategies. This chapter has been published in Physical Review A under
the title Improving the performance of digitized counterdiabatic quantum optimization via
algorithm-oriented qubit mapping [304].

7.1 Introduction to DC-QAOA

The NISQ devices encounter significant hurdles in realizing practical QOAs. A pri-
mary constraint lies in the limited qubit connectivity and inherent noise susceptibility
of these devices, hindering their ability to fully exploit the potential of optimization
algorithms [17]. Additionally, the transformation from analog to digital quantum
computing introduces approximations and errors. This process relies on Trotteriza-
tion, or the Suzuki-Trotter decomposition [305, 306, 307], a cornerstone technique
for approximating complex unitary time evolution operators. Trotterization bridges
the gap between intricate quantum system dynamics and their digital simulation by
decomposing them into sequences of elementary quantum logic gates. This iterative
approach allows the implementation of non-native unitary operations using avail-
able hardware gate sets, making it invaluable for studying systems with many-body
effects, strong correlations, and rich collective phenomena. The potential of efficient
digital quantum simulation extends across quantum chemistry, condensed matter
physics, and materials science, promising profound new insights.

To efficiently execute algorithms on NISQ devices, it is crucial to incorporate hard-
ware constraints into the algorithm design process. This necessitates optimizing the
algorithm’s performance while adhering to the specific architecture and limitations

Published in Yanjun Ji, Kathrin F. Koenig, and Ilia Polian, PhysRevA.110.032421, 2024. Copyright
(2024) by the American Physical Society.
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of the underlying quantum computer. Here, we propose a novel methodology to
enhance algorithm performance by cooptimizing gate sequences and algorithmic
parameters while explicitly considering the limited connectivity constraints of current
NISQ devices. By considering target device connectivities, our approach improves
performance at the algorithmic level through optimized gate sequences and algorithm
parameters while minimizing errors and noise introduced during the compilation
process. This leads to improved performance, accuracy, and reliability for solving real-
world problems. We demonstrate their effectiveness through three scenarios: MaxCut
on complete graphs, MaxCut on non-complete graphs, and portfolio optimization.

To illustrate these strategies, we employ the MaxCut problem on complete graphs as
our problem instance. The MaxCut problem is a fundamental optimization problem in
computer science that involves partitioning the nodes of a graph into two disjoint sets
in a way that maximizes the number of edges crossing between the two sets. Due to
its computational complexity, MaxCut is classified as NP-hard. The Hamiltonian for
the MaxCut problem Hc is given in Eq. 3.14. We use the standard mixer Hamiltonian
Hm (Eq. 3.11) [19]. The counterdiabatic (CD) driving Hamiltonian Hcd is derived from
adiabatic gauge potentials [308, 309, 310]. In this work, we investigate two forms of
the CD driving term: ∑i,j ZiYj and 1

2 ∑i,j(ZiYj + YiZj). The evolution of DC-QAOA
with depth p is given by∣∣ψ f

〉
= UDC(γp, βp, αp) . . . UDC(γ1, β1, α1) |ψ0⟩ , (7.1)

where |ψ0⟩ denotes the ground state of Hm and UDC(γ, β, α) = Ucd(γ)Um(β)Uc(α)
with Uc(α) = e−iαHc , Um(β) = e−iβHm , and Ucd(γ) = e−iγHcd .

The objective of DC-QAOA is to identify a set of angles that minimizes the expec-
tation value of the problem Hamiltonian

〈
ψ f
∣∣Hc

∣∣ψ f
〉

using classical optimization
algorithms, such as gradient-based optimizers [76] or gradient-free optimizers like the
constrained optimization by linear approximation (COBYLA) [85]. These optimizers
iteratively adjust the angles to approximate the ground state of Hc, thereby providing
an approximate solution to the MaxCut problem. The approximation ratio of QAOA
or DC-QAOA for MaxCut is defined as

r = E/E0, (7.2)

where E denotes the expectation value of the problem Hamiltonian obtained through
QAOA or DC-QAOA, and E0 represents the ground state energy of the system.

7.2 Methodology

7.2.1 Incorporating hardware constraints

In the context of DC-QAOA, the Suzuki-Trotter decomposition implies that the gate
sequence for a particular Trotter step remains constant. To satisfy the decomposition
requirements, we employ a fixed gate sequence for a specified depth in all instances
of DC-QAOA leveraging AOQMAP as proposed in Section 4.2. We explore four
variations of DC-QAOA: DC-QAOA with a ZY CD driving term both with and
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without the problem Hamiltonian; and DC-QAOA with a ZY-YZ CD driving term
both with and without the problem Hamiltonian.

The routing solutions for QAOA and DC-QAOA with the AOQMAP approach on a
linear topology are illustrated in Figure 7.1. Figure 7.1(a) depicts the routing solution
for fully connected ZZ gates in an n-qubit QAOA circuit. Each layer of ZZ gates is
followed by a SWAP layer, except for the first and last layers, where the SWAP gate
can be removed by adjusting the initial qubit order and the measurement order. Note
that ZZ and SWAP gates are both undirected and commute, making the ZZ-SWAP
gate equivalent to the SWAP-ZZ gate. For QAOA with partially connected ZZ gates,
the solution is obtained by optimizing the initial qubit order such that all existing ZZ
gates are arranged as forwards as possible, and the end-located SWAP gates can be
removed by adjusting the measurement order. An example of QAOA for MaxCut
on noncomplete graphs is presented in Figure 7.1(b). In comparison to Figure 7.1(a),
where an arbitrary initial qubit order enables the implementation of all ZZ gates,
Figure 7.1(b) requires a specific initial qubit order to minimize the additional CX
gate count. However, this deterministic initial qubit order is not unique, allowing
for exploring different ZZ gate sequences that may result in distinct efficiencies of
optimization performance, which we discuss later.

To construct the solution for DC-QAOA, we leverage the mirror symmetry of
swap layers, which enables the generation of two distinct gate sequences, denoted as
AOQ-FS and AOQ-SF, as illustrated in Figures 7.1(c) and 7.1(d), respectively. These
two gate sequences are equivalent for all-to-all commuting gates such as ZZ gates but
exhibit differences for non-all-to-all commuting gates such as ZY gates. Figure 7.1(e)
presents general solutions for applying AOQMAP to DC-QAOA. The two-qubit gates
in problem and/or CD driving Hamiltonians are represented by U1 and U2. For
instance, in the case of DC-QAOA with a ZY CD driving term including problem
Hamiltonian, U1 and U2 correspond to ZZ and ZY gates with respective parameters.
Figures 7.1(f–i) depict the decomposition of ZZ, SWAP, ZZ-SWAP, and ZY-SWAP
gates, respectively. In particular, Figure 7.1(h) highlights that a SWAP gate directly
following a ZZ gate introduces one additional CX gate due to CX gate cancellation,
as depicted in the enclosed box. To optimize the SWAP gate following a ZY gate, this
SWAP gate is repositioned before the final single qubit gate within the ZY gate, with
the position of the corresponding single qubit gate adjusted accordingly, as illustrated
in Figure 7.1(i). This optimization reduces CX gates involved.

The use of mirror symmetry in AOQMAP presents a distinctive characteristic,
where the qubit order reverts to its initial state every two two-qubit Hamiltonian
blocks. Specifically, when a depth-one circuit comprises an odd number of two-qubit
Hamiltonian blocks, the final qubit order returns to its initial state until depth two.
Although the Suzuki-Trotter decomposition mandates a fixed gate sequence for each
Trotter step, variations in gate sequences within a single Trotter step can result in
distinct Trotter errors. However, for a Hamiltonian composed solely of ZZ gates, gate
sequences have no impact on Trotter error since ZZ gates commute with each other.

In the case of DC-QAOA with a ZY CD driving term but lacking problem Hamil-
tonian, maintaining a fixed gate sequence for each depth can be challenging. One
potential solution is to employ the mirror symmetry of swap layers after each depth,
reversing the final qubit mapping back to the initial one. However, this approach
introduces a significant increase in noise. An alternative strategy is to utilize these
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Figure 7.1: AOQMAP approach for two-qubit Hamiltonian in QAOA and DC-QAOA on a
linear topology. (a) Routing solution for all-to-all connected ZZ gates in six-qubit QAOA at
p = 1. While an arbitrary initial qubit order allows for the execution of all two-qubit gates, it
results in different gate sequences. (b) Routing solution for partially connected ZZ gates in
six-qubit QAOA at p = 1. The initial qubit order is optimized to minimize the total increase
in the number of CX gates due to the insertion of SWAP gates. The mirror symmetry of swap
layers is used to construct a solution for the next QAOA depth. Two constructions of mirror
symmetry with varying initial mappings are displayed in (c) and (d); their corresponding gate
sequences are referred to as AOQ-FS and AOQ-SF, respectively. (e) Solution for DC-QAOA
leveraging mirror symmetry. The two-qubit gates in DC-QAOA are represented by U1 and
U2 in blocks 1 and 2, respectively. Decomposition of (f) ZZ, (g) SWAP, and (h) ZZ-SWAP.
Each SWAP gate adjacent to a ZZ gate introduces only one additional CX gate due to CX gate
cancellation. (i) Optimization of ZY-SWAP gate. A ZY gate followed by a SWAP gate can be
optimized by operating the SWAP gate directly behind the ZZ gate and altering the position
of Rx(

−ß
2 ) gate accordingly.
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swap layers to construct a solution that incorporates per layer reversed ZY gates at
depth two. The utilization of reversed gate sequences has the potential to mitigate
Trotter error [237, 238, 311], making AOQMAP a promising approach. In the case
where problem Hamiltonian is included, ZZ and ZY terms at depth one reverse the
final qubit mapping directly to the initial one, resulting in a fixed gate sequence for
each depth.

For DC-QAOA with a ZY-YZ CD driving term but excluding problem Hamiltonian,
ZY and YZ terms maintain a fixed gate sequence at each depth. However, when
problem Hamiltonian is included, DC-QAOA involves three terms: ZZ, ZY, and YZ.
Alternating between swap layers and their mirror symmetry ensures a consistent
gate sequence every two depths.

In summary, by exploiting swap layers and their symmetry, the AOQMAP strategy
ensures an efficient construction of DC-QAOA circuits adhering to the noncommuta-
tive nature of CD driving terms. This approach results in a fixed gate sequence that
depends on the initial qubit order. While the choice of gate sequence has no impact
on the performance when gates within each block commute, the effectiveness of the
parameter optimization process may vary when not all gates commute, which we
discuss in the following section.

7.2.2 Performance improvement strategies

This section explores optimization strategies to enhance the performance of DC-
QAOA with AOQMAP. The integration of SWAP gates during the qubit mapping
process generates a deterministic gate sequence. In contrast, conventional DC-QAOA
implementation does not impose a specific gate sequence and follows a sequential
order where qubit 0 is successively connected to remaining qubits, followed by the
sequential connection of qubits 1, 2, and so on, until reaching the final qubit n. We refer
to this gate sequence as the ORIG sequence. Although the performance of DC-QAOA
generally remains robust to variations in Hamiltonian and gate sequence within a
certain range of Trotter error, these factors can influence the algorithm’s optimization
efficiency, presenting opportunities for further performance enhancements.

Iterations and initial guess values

The gradient descent optimization method is used to minimize the expectation value
of the problem Hamiltonian, corresponding to the objective function. This study
investigates the influence of two critical factors during the optimization process: the
maximum number of iterations and the number of random initial guess values.

Figure 7.2 compares different settings for the maximum iteration and the number
of random initial guess values in the optimization process. The first setting, denoted
as 100(*10), uses 100 iterations and 10 random initial guess values. Each data point
is repeated 10 times, and the error bar represents one standard error of the mean
(SEM). The second setting, denoted as 100(*10)_1000, maintains 100 iterations and 10
random guess values and increases the number of iterations for the optimized initial
guess value to 1000, improving both ORIG and AOQ-FS gate sequences. In addition,
AOQ-FS shows significantly high approximation ratios at lower depths. However,
optimizing DC-QAOA becomes more difficult at larger depths, resulting in lower
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Figure 7.2: Comparison of different settings of the maximum number of iterations and the
number of random initial guess values in the optimization process for the six-qubit DC-
QAOA with a ZY-ZZ-X Hamiltonian sequence. Deviation 1− r of approximation ratio for
two different gate sequences: (a) ORIG and (b) AOQ-FS. A lower value of 1− r indicates a
higher approximation ratio, signifying improved performance. All error bars represent one
standard error of the mean (SEM) across 10 independent repetitions.

approximation ratios. Increasing the number of random initial guess values to 60,
represented as 100(*60), leads to improved performance compared to 100(*10). The
best performance is observed when setting the maximum number of iterations to
1000 and the number of initial guess values to 10, yielding the highest approximation
ratio for both ORIG and AOQ-FS gate sequences.

The results demonstrate that despite sharing the same order of Trotter errors,
different gate sequences significantly influence optimization efficiency. The AOQ-
FS gate sequence generally outperforms the ORIG gate sequence for these settings.
To minimize the impact of the optimization on algorithm performance, we use the
setting 1000(*10) during the optimization process.

Hamiltonian and gate sequences

We investigate the impact of varying Hamiltonian and gate sequences on the perfor-
mance of DC-QAOA with the ZY CD driving term. Firstly, we examine the effects of
applying Hamiltonians in different orders when the problem Hamiltonian is absent.
This leads to two possible sequences: ZY-X and X-ZY. Subsequently, we incorporate
the problem Hamiltonian, resulting in six distinct Hamiltonian sequences: ZY-ZZ-X,
ZY-X-ZZ, X-ZY-ZZ, ZZ-ZY-X, ZZ-X-ZY, and X-ZZ-ZY.

In addition to examining Hamiltonian sequences, we investigate two gate se-
quences: ORIG and AOQ. For both the first and second two-qubit Hamiltonians, the
ORIG sequence employs the original gate sequence, while AOQ utilizes the sequence
depicted in block 1 of Figure 7.1(e). Within AOQ gate sequence, two specific configura-
tions exist: AOQ-FS and AOQ-SF, illustrated in Figures7.1(c) and 7.1(d), respectively.
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Figure 7.3: Approximation ratio of QAOA and DC-QAOA with a ZY CD driving term for
MaxCut on complete graphs. The Hamiltonian sequences differ depending on the order in
which they operate on the initial state. For instance, ZY-X indicates that DC-QAOA, excluding
problem Hamiltonian, applies the CD driving term first, followed by the mixer Hamiltonian.
(a) QAOA with ZZ-X and DC-QAOA with ZY-X and X-ZY at p = 1 (p1) and p = 2 (p2). (b)
DC-QAOA with ZY before ZZ term at p = 1. (c) DC-QAOA with the ZZ before ZY term at
p = 1. AOQ refers to the gate sequence introduced by the AOQMAP approach, while ORIG
denotes the original gate sequence. For ZY-X and X-ZY, AOQ-p2 employs the same gate
sequence in each depth. All error bars represent one SEM across 10 independent repetitions.

Similarly, within ORIG gate sequence, two configurations are considered: ORIG-FS
and ORIG-SF. In ORIG-FS, two-qubit gates in the first two-qubit Hamiltonian term
are assigned using ORIG sequence, while the second term employs the reverse order
of ORIG sequence. Conversely, in ORIG-SF, the assignment is reversed: the first term
utilizes reverse order, while the second term employs ORIG gate sequence. Despite
both AOQ-SF and ORIG-SF involving gate sequence reversal, they differ in their
approach, with AOQ-SF employing per-layer reversal and ORIG-SF utilizing per-gate
reversal.

Figure 7.3 presents the approximation ratio of standard QAOA and DC-QAOA
with ZY CD driving term for MaxCut on complete graphs. The number of qubits
considered ranges from 6 to 16. For QAOA and the DC-QAOA without problem
Hamiltonian, depths are limited to two, while for DC-QAOA including problem
Hamiltonian, the depth is set to one. As shown in Figure 7.3(a), approximation
ratio of QAOA fluctuates with the number of qubits, exhibiting better performance
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Figure 7.4: Number of iterations in the optimization process corresponding to Figure 7.3.

at depth two. The ORIG and AOQ gate sequences in QAOA do not influence the
performance since each ZZ gate commutes with the remaining ZZ gates.

For DC-QAOA without problem Hamiltonian, we compare ZY-X and X-ZY with
different gate sequences. With ZY applied first (ZY-X), AOQ achieves an overall more
stable and improved approximation ratio compared to ORIG. Similarly, AOQ-p2
delivers the highest and most stable approximation ratio for X-ZY. In AOQ-p2, ZY
gates are constructed by repeating the gates from AOQ-p1 for both ZY-X and X-ZY
sequences. Implementing this gate sequence requires maintaining swap layers in
block 2 of Figure 7.1(e) to reverse to the initial qubit order, which is impractical due
to noise. However, we can utilize these swap layers in block 2 to construct solutions
at depth two, enabling a symmetric implementation of ZY gates, which we discuss
later.

Figures 7.3(b) and 7.3(c) depict the approximation ratio of DC-QAOA when ZY
CD driving term is positioned before or after problem Hamiltonian, respectively.
It is observed that sequences ZY-ZZ-X with AOQ-FS, ZZ-ZY-X with AOQ-SF, and
X-ZZ-ZY with AOQ-SF exhibit better performance. In terms of gate sequence within
ZY term, following the first block of Figure 7.1(e) yields better results than following
the second one. Specifically, when ZY precedes ZZ term (Figure 7.3(b)), ORIG-FS
gate sequence outperforms ORIG-SF. Similarly, when ZZ term precedes ZY term
(Figure 7.3(c)), AOQ-SF, ORIG, and ORIG-SF show better performance than AOQ-FS
and ORIG-FS. Moreover, AOQ-SF exhibits the most stable and highest performance,
while ORIG-SF performs comparably to ORIG.
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Figure 7.4 presents the number of iterations required for the optimization process
corresponding to results in Figure 7.3. As depicted in Figure 7.4(a), the number of
iterations for QAOA increases rapidly with growing number of qubits, eventually
reaching the maximum iteration setting for larger sizes. This trend, coupled with a
decrease in approximation ratio, indicates inefficient scaling for QAOA. In contrast,
for ZY-X and X-ZY sequences, the number of iterations decreases as qubit number
increases, demonstrating better scalability. Furthermore, the majority of iterations
remain below 200, providing an advantage over QAOA in terms of computational
efficiency.

In DC-QAOA with ZY term applied first (Figure 7.4(b)), ZY-ZZ-X with AOQ-FS
demonstrates a decreasing number of iterations as qubit count increases, while main-
taining a consistently high approximation ratio. Although sequences ZY-X-ZZ and
X-ZY-ZZ with AOQ-FS, ORIG, and ORIG-FS exhibit low and stable numbers of
iterations, their approximation ratio fluctuates across different qubit counts. This
highlights the benefit of utilizing an end located mixer in achieving stable perfor-
mance across all problem instances. On the other hand, ORIG-SF exhibits a fluctuating
iteration, aligning with variations in approximation ratio. In sequences where ZZ
term is applied before ZY term (Figure 7.4(c)), ZZ-ZY-X generally yields better re-
sults compared to ZZ-X-ZY and X-ZZ-ZY, again demonstrating the advantage of
employing an end located mixer Hamiltonian. Moreover, ZZ-ZY-X and X-ZZ-ZY,
both with AOQ-SF, demonstrate decreasing numbers of iterations as qubit number
increases, while maintaining high and stable approximation ratios. Although X-ZZ-
ZY with AOQ-FS exhibits low and stable numbers of iterations, the corresponding
approximation ratio varies and remains low.

The results highlight the substantial impact of Hamiltonian and gate sequences on
algorithm performance. In particular, gate sequence of ZY CD driving term plays a
crucial role in achieving high and stable performance in quantum algorithms. Ap-
plying the problem Hamiltonian before CD driving term generally leads to higher
approximation ratios. In addition, gate sequences introduced by AOQMAP demon-
strate an average improved performance compared to original gate sequences.

Combined and separated implementations

In the implementation of DC-QAOA with ZY CD driving term including problem
Hamiltonian, we can employ a combined gate implementation (see, e.g., [310]),
where a ZZ gate is followed by a ZY gate, or vice versa. This approach referred to
as combined implementation offers the advantage of eliminating the need for the
second block of Hamiltonian during the mapping process. Consequently, only block 1
in Figure 7.1(e) is required along with U1 gate, which corresponds to the combination
of ZZ and ZY gates. In the following, we evaluate the performance of the combined
implementation of ZZ and ZY gates against the separated implementation of ZZ and
ZY terms.

Figures 7.5(a) and 7.5(b) illustrate approximation ratios of ZZ-ZY-X and ZY-ZZ-X,
respectively. For original gate sequence, combined (ORIG-T) and separated (ORIG)
implementations of ZZ-ZY-X exhibit comparable performance, while ORIG out-
performs ORIG-T for ZY-ZZ-X. Moreover, for ZZ-ZY-X, separated implementation
AOQ-SF surpasses combined implementations AOQ-T-F and AOQ-T-S, which em-
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Figure 7.5: Comparison of implementing the ZZ and ZY gates as a combined unit versus
separating the implementation with all ZZ gates applied first followed by all ZY gates (or vice
versa). ORIG-T denotes the implementation of (a) ZZ-ZY or (b) ZY-ZZ gate as a unit using the
original gate sequence, while ORIG represents the separated implementation. AOQ-T-F and
AOQ-T-S correspond to the combined implementations using the first and the second block
gate sequences from AOQMAP, respectively. AOQ-FS and AOQ-SF refer to the separated
implementations. All error bars represent one SEM across 10 independent repetitions.
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Figure 7.6: Number of iterations in the optimization process corresponding to Figure 7.5.
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ploy gate sequences from block 1 and block 2 of Figure 7.1(e), respectively. Similarly,
for ZY-ZZ-X, the separated implementation AOQ-FS also outperforms the combined
implementation AOQ-T-F.

Figure 7.6 provides the number of iterations required in the optimization process,
corresponding to results presented in Figure 7.5. In Figure 7.6(a), AOQ-T-F and
AOQ-T-S, which exhibit lower and fluctuating approximation ratios, demonstrate
fluctuations, whereas ORIG-T, ORIG, and AOQ-SF show a more stable and decreasing
trend as qubit number increases. For ZY-ZZ-X (Figure 7.6(b)), AOQ-T-F and AOQ-FS,
where ZY term follows the sequence in block 1, consistently require a low number
of iterations. In contrast, ORIG-T and ORIG produce fluctuating outcomes, aligning
with the trends observed in approximation ratios shown in Fig 7.5(b).

The results demonstrate that ZZ-ZY-X with AOQ-SF and ZY-ZZ-X with AOQ-FS
consistently achieve the highest approximation ratios and require fewer iterations
as the number of qubits increases. These findings underscore the advantage of
employing separate implementations to enhance the performance of DC-QAOA.

Symmetry in implementation

As previously discussed, ZY-X and X-ZY with AOQ gate sequence at depth two
(AOQ-p2 in Figure 7.3(a)) utilize an identical gate sequence for each depth, neces-
sitating the use of swap layers in block 2 of Figure 7.1(e) to restore the initial qubit
order. In this study, we investigate alternative implementations of ZY-X and X-ZY
at depth two. Specifically, we examine the effects of symmetric implementations,
which hold the potential to improve performance at both the algorithmic level by
suppressing Trotter error [312, 237, 238] and the hardware level by enhancing noise
resilience in quantum device, as demonstrated in Chapter 4. Moreover, symmetry
has demonstrated advantages in variational quantum machine learning [281] and
variational quantum optimization [313, 314, 315].

Figures 7.7(a) and 7.7(b) present the approximation ratio achieved using ORIG-FS
and AOQ-FS gate sequences, respectively. AOQ-FS generally outperforms ORIG-
FS. For ORIG-FS (Figure 7.7(a)), ZY-X-ZY performs better than other sequences but
fluctuates with the number of qubits. For AOQ-FS (Figure 7.7(b)), X-ZY-ZY-X achieves
the highest performance, highlighting the effectiveness of the symmetric sequence
of ZY gates combined with the mixer Hamiltonian at the beginning and end of the
sequence. Additionally, ZY-X-ZY-X demonstrates better performance compared to
X-ZY-X-ZY, suggesting that mixer terms located at the end tend to outperform those
located at the beginning.

Figure 7.8 shows the number of iterations corresponding to results in Figure 7.7.
With ORIG-FS (Figure 7.8(a)), ZY-X-ZY exhibits a decreasing number of iterations
as qubit number increases, consistent with its high performance in Figure 7.7(a). In
contrast, sequences containing ZZ term demonstrate fluctuating iterations, aligning
with their lower approximation ratios. For AOQ-FS (Figure 7.8(b)), DC-QAOA with
ZY terms requires fewer than 300 iterations. The sequence X-ZY-ZY-X achieves the
best performance, requiring fewer than 200 iterations.

These findings underscore the crucial role of the gate sequence in determining the
performance of DC-QAOA with symmetric implementation. Strategic placement
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of mixer terms within the sequence can lead to improved approximation ratios and
reduced numbers of iterations.

7.2.3 Approach to cooptimization

The previous results demonstrate that as qubit count increases, a reduction in the
number of required iterations can result in stable and high performance with en-
hanced scalability. Gate sequences generated by AOQMAP provide advantages over
original gate sequences in optimizing digitized counterdiabatic quantum algorithms.
Moreover, AOQMAP employs a per-layer gate reversal strategy, which outperforms
the per-gate reversal strategy used in original gate sequence, as evidenced by en-
hanced performance of AOQ-FS compared to ORIG-FS for ZY-ZZ-X, and AOQ-SF
compared to ORIG-SF for ZZ-ZY-X. In all implementations, gate sequence of non-
all-to-all commuting gates, such as ZY gates, significantly influences the algorithm
performance. Although ZZ-ZY-X with AOQ-SF and ZY-ZZ-X with AOQ-FS achieve
comparable high performance, ZY-ZZ-X with AOQ-FS can be obtained with an ini-
tialized qubit order {0, 1, 2, ..., n− 1}, whereas ZZ-ZY-X with AOQ-SF requires an
optimized initial qubit order (see Figure 7.1(e)), which may necessitate more time
and effort to determine.

Based on these findings, we propose the method to enhance the performance of dig-
itized counterdiabatic quantum algorithms, which involves cooptimizing algorithm
parameters and gate sequences while satisfying hardware connectivity. Figure 7.9
illustrates the process for applying AOQMAP to the digitized counterdiabatic quan-
tum algorithms with a deterministic Hamiltonian sequence. We first evaluate routing
solutions on subtopologies using different swap layers such as for linear, T-shaped,
and H-shaped configurations. Each initial qubit order introduces a unique gate
sequence, leading to a fixed number of CX gates. For VQAs with fully connected two-
qubit interactions, any arbitrary initial qubit order permits the implementation of all
required two-qubit gates. However, when dealing with partially connected two-qubit
interactions, finding the optimal solution becomes more difficult. Optimizing the
initial qubit order becomes crucial for reducing the number of CX gates required for
the implementation. Moreover, there may be a better solution that takes advantage of
the incomplete connection requirement.

After minimizing CX gate count, the next step involves optimizing algorithm pa-
rameters using a classical optimizer to minimize the expectation value of the problem
Hamiltonian or the energy. A specific number of initial qubit orders, which minimize
CX gate count, are evaluated to identify the gate sequence that minimizes the energy.
The optimized gate sequences generated from different types of subtopologies may
exhibit varying algorithm performances. Therefore, a preselection can be conducted
to identify gate sequences from different subtopologies that minimize energy and
demonstrate better performance. These selected sequences are then executed on the
target QPU with a cost function to assess qubit quality. After the execution, a post-
selection step can be performed to identify the best mapping scheme from various
types of subtopologies by selecting the one that corresponds to the minimum energy.

143



7 Algorithm and Hardware Cooptimization: Case Study of DC-QAOA

Initial qubit order

Optimizing algorithm parameters

Optimized gate sequences

Cost function for mapping

Execution on target QPU

Postselection for minimized energy

Minimized CX gate count

Routing on subtopologies

Preselection for minimized energy

Figure 7.9: Optimization approach for applying AOQMAP to digitized counterdiabatic
quantum optimization algorithms with a deterministic Hamiltonian sequence.

7.3 Applications and evaluation

We validate the effectiveness of our optimization approach through experimental
evaluations conducted on three problem instances: unweighted MaxCut on complete
graphs, unweighted MaxCut on noncomplete graphs, and portfolio optimization.
The problem Hamiltonian for MaxCut on complete graphs shares similarities with the
Hamiltonian representing portfolio optimization. In particular, portfolio optimization
corresponds to the weighted MaxCut problem on complete graphs, where edges
connecting two nodes have varying weights. This introduces additional complexities
compared to the unweighted MaxCut problem.

7.3.1 MaxCut on complete graphs

We examine two variations of DC-QAOA for MaxCut on complete graphs. The first
variation, ZY-ZZ-X, employs a ZY CD driving term and includes problem Hamilto-
nian. The second variation, ZY-YZ-X, utilizes a ZY-YZ CD driving term but excludes
problem Hamiltonian. Both sequences follow a consistent Hamiltonian sequence,
starting with the CD driving term, followed by problem Hamiltonian, and concluding
with the mixer. This specific order provides advantages in dealing with non-all-to-all
commuting gates in CD driving terms, which necessitates the optimization of gate
sequences. We set the maximum number of iterations to 200 and employ 10 random
initial guesses for the optimization process. Furthermore, we explore 10 initial qubit
orders, starting with the default order {0, 1, ..., n− 1} and generating random permu-
tations for the remaining orders. The order that minimizes the expectation value of
the problem Hamiltonian is selected.
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Figure 7.10: Deviation 1− r of approximation ratio of DC-QAOA for MaxCut on complete
graphs at p = 1 with the AOQ-FS gate sequence on a linear topology. A lower deviation
indicates a higher approximation ratio, implying improved performance.

Figure 7.10 depicts the deviation of the approximation ratio of DC-QAOA for
the MaxCut problem on complete graphs, with qubit number ranging from 6 to 16.
The gate sequence is according to AOQ-FS on a linear topology. We observe that
the deviation for each data point is less than 10−5, demonstrating a high approx-
imation ratio. Additionally, ZY-ZZ-X sequence exhibits a decreasing deviation as
qubit count increases, implying improved performance. In comparison, ZY-YZ-X
sequence demonstrates fluctuating results. One possible explanation is that non-
all-to-all commuting YZ gates introduce different Trotter errors for odd and even
numbered qubits. Among ten initial qubit orders examined, the default qubit order
consistently produces the lowest expectation value for all data points in Figure 7.10.
This finding underscores the robustness and efficacy of the default qubit order in
achieving optimal results for this specific problem. Employing a predetermined initial
qubit order facilitates the acceleration of the optimization process, as the search for
an optimal initial qubit order is eliminated. Compared to routing solutions obtained
using AOQMAP on linear topologies, solutions on T- and H-shaped topologies ex-
hibit a reduced CX gate count but an increased circuit depth due to their enhanced
connectivity, as demonstrated in Section 4.2. However, identifying an optimal initial
qubit order that minimizes energy on these subtopologies may pose a challenge due
to their unique characteristics.

7.3.2 MaxCut on noncomplete graphs

The MaxCut problem on noncomplete graphs is more general and challenging com-
pared to the MaxCut problem on complete graphs. In noncomplete graphs, the
absence of edges leads to the lack of corresponding ZZ gates, resulting in reduced
symmetry and presenting significant challenges for both classical and quantum op-
timization algorithms. Furthermore, in the MaxCut problem on complete graphs,
any initial qubit order yields the same additional CX gate count. However, for non-

145



7 Algorithm and Hardware Cooptimization: Case Study of DC-QAOA

complete graphs, different initial qubit orders result in varying additional CX gate
counts. Consequently, there exists a trade-off between minimizing CX gate count and
optimizing gate sequence. As shown in Figure 7.9, our approach starts by searching
for an efficient mapping solution that minimizes CX gates on a subtopology. Here,
we focus on T-shaped subtopology, but the methodology is also applicable to other
subtopologies. We generate a set of No random initial qubit orders and select the
order that yields the lowest CX gate count. Increasing No improves the probability
of finding an optimal solution but also poses challenges in handling large problem
instances. We set a maximum value of No to 3000 for problem instances investigated.
This restriction allows us to determine a fixed gate sequence that minimizes CX gates
among No tests conducted.

QAOA and DC-QAOA use the ORIG gate sequence, while DC-QAOA-OPT uses the
AOQ-FS gate sequence. Furthermore, DC-QAOA employs the default Hamiltonian
sequence ZZ-X-ZY, whereas DC-QAOA-OPT utilizes the ZY-ZZ-X. All algorithms
utilize a gradient descent optimizer with 10 random initial guesses and a maximum
number of iterations of 200. Figure 7.11 demonstrates a high performance of DC-
QAOA-OPT compared to DC-QAOA and QAOA for the MaxCut problem on three
regular graphs. The consistent improvement in the approximation ratio achieved
by DC-QAOA-OPT underscores the effectiveness of the proposed optimization ap-
proach. We further highlight the advantages of AOQMAP in reducing CX gate count
compared to Qiskit and Tket. In Qiskit, we use the default setting to compile the
circuit directly on a 27-qubit QPU, with the default Hamiltonian and gate sequences.
By default, Qiskit employs an optimization level of 1 to compile quantum circuits
directly. This default level is chosen to strike a balance between optimization and
computational effort. Higher levels may produce higher quality circuits but require
more time and computational resources. In Tket, we use the NoiseAwarePlacement
initial mapping and its default routing method RoutingPass. Then, we apply Tket’s
own optimization strategies including DecomposeBRIDGE, DecomposeSWAPtoCX, and
RemoveRedundancies. Finally, the default setting of Qiskit’s transpiler is used to decom-
pose gates into the backend’s basis gate set. Figure 7.12 shows comparison results.
We observe that AOQMAP consistently produces the fewest number of CX gates
compared to Qiskit and Tket. Specifically, AOQMAP achieves an average reduction
of 27.2% in CX gate count. These results highlight the improved performance of
AOQMAP at the algorithmic level, while also providing efficient qubit mapping
solutions.

7.3.3 Portfolio optimization

We now investigate the application of QAOA and DC-QAOA in solving portfolio
optimization problem, which aims to identify a portfolio that maximizes expected
return while minimizing risk, subject to certain constraints [316, 94] (see Section 3.2.1).
Specifically, we evaluate the performance of QAOA, DC-QAOA, and DC-QAOA-OPT
for portfolio optimization instances with a qubit count ranging from 3 to 5 and a
depth ranging from 1 to 3. Our primary focus is on assessing the effectiveness of
the optimized DC-QAOA utilizing AOQMAP in comparison to conventional DC-
QAOA and standard QAOA approach. The default DC-QAOA utilizes ZZ-Z-X-ZY
Hamiltonian sequence with ORIG gate sequence, repeatedly applied p times to reach
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Figure 7.11: Approximation ratio of QAOA, DC-QAOA, and DC-QAOA-OPT at p = 2 for
MaxCut on 10 randomly generated 3-regular graphs. All error bars represent one SEM.

a depth of p. In contrast, DC-QAOA-OPT explores three Hamiltonian sequences
with AOQ-FS gate sequence: ZY-ZZ-Z-X, ZZ-Z-X-ZY, and ZY-YZ-Z-X. The sequence
minimizing energy is selected. For ZY-ZZ-Z-X, ZY CD driving term is applied first,
followed by problem Hamiltonian, and finally the mixer Hamiltonian. In ZZ-Z-X-ZY,
ZY CD driving term is placed at the end. In comparison, ZY-YZ-Z-X employs a ZY-YZ
CD driving term while lacking the two-qubit Hamiltonian in problem Hamiltonian.
In both DC-QAOA and DC-QAOA-OPT, CD driving term follows the same coefficient
as the ZZ term in problem Hamiltonian (Eq. 3.10).

The COBYLA algorithm is employed in the optimization process, with a maximum
number of function evaluations (maxiter) set to 1000. The optimization strategy for
QAOA follows the approach outlined in [94]. For DC-QAOA and DC-QAOA-OPT,
the strategy for the QAOA part (ZZ-Z-X) is maintained, while randomness is intro-
duced into the CD driving term. To further enhance the exploration of the solution
space, NI randomly generated initial guess values are additionally incorporated into
the optimization process for QAOA, DC-QAOA, and DC-QAOA-OPT. In our case, NI
is set to 30. Similar to the MaxCut on complete graphs, any initial qubit order allows
for the implementation of all two-qubit gates in DC-QAOA for portfolio optimization
but results in different gate sequences, leading to variations in optimization efficiency.
DC-QAOA-OPT employs the optimization process shown in Figure 7.9 to generate an
optimized gate sequence. This involves evaluating No initial qubit orders to identify
the one that minimizes the expectation value of problem Hamiltonian. In this study,
ten different initial qubit orders are utilized to optimize the gate sequence on a linear
topology. The optimization process is repeated ten times, and results are presented
with error bars that represent one SEM.

Figure 7.13 depicts the approximation ratio and success probability of QAOA,
DC-QAOA, and DC-QAOA-OPT for portfolio optimization with varying numbers of
qubits. The left, middle, and right subfigures correspond to instances with three, four,
and five qubits, respectively. The results clearly demonstrate that DC-QAOA-OPT
outperforms DC-QAOA and QAOA in terms of both approximation ratio and success
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Figure 7.12: Number of CX gates in the DC-QAOA circuit at p = 2 for MaxCut on 10
randomly generated 3-regular graphs mapped using AOQMAP, Qiskit, and Tket. All error
bars represent one SEM.

probability, highlighting the advantages of cooptimizing algorithm parameters, gate
sequences, and qubit mapping.

To summarize, we propose a methodology for efficiently applying the AOQMAP
to DC-QAOA, leveraging the Suzuki-Trotter decomposition to optimize qubit map-
ping and gate sequences. The AOQMAP approach introduces a customized gate
sequence tailored to the initial qubit order and Hamiltonian sequence. Our approach
generates optimized gate sequences that minimize SWAP gates, improving the re-
silience of algorithms on noisy quantum devices. Furthermore, these optimized
gate sequences facilitate efficient optimization of algorithm parameters, leading to
improved performance at the algorithmic level compared to the default sequence.
Extensive experiments demonstrate that optimizing sequences of Hamiltonian and
non-all-to-all commuting gates leads to substantial performance gains, as evidenced
by increased approximation ratio and reduced iterations as the qubit count increases.
The effectiveness of our approach is further confirmed by its successful application to
other problem instances, showcasing its ability to enhance performance and pave the
way for further advancements in DC-QAOA.

Table 7.1: Average (avg) and maximum (max) reduction in CX gates and circuit depth using
AOQMAP-L compared to other qubit mapping strategies in Figure 7.14.

Qiskit-Opt1 Qiskit-Opt2 Qiskit-Opt3 Tket 2QAN
avg max avg max avg max avg max avg max

CX count 65.1% 77.1% 65.2% 77.2% 43.4% 47.7% 27.3% 31.7% 8.8% 16.3%
Depth 79.0% 90.5% 79.2% 90.8% 83.3% 87.9% 34.4% 35.9% 72.6% 84.9%
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Figure 7.13: (a) Approximation ratio and (b) success probability of QAOA, DC-QAOA, and
DC-QAOA-OPT for portfolio optimization with three qubits (left), four qubits (middle), and
five qubits (right). DC-QAOA utilizes the ZZ-Z-X-ZY Hamiltonian sequence with the ORIG
gate sequence, while DC-QAOA-OPT is optimized over the ZY-ZZ-Z-X, ZZ-Z-X-ZY, and
ZY-YZ-Z-X Hamiltonian sequences with AQO-FS gate sequence. All error bars represent one
SEM across 10 independent repetitions.

7.3.4 Qubit mapping strategy evaluation

In addition to demonstrating performance improvement of our optimized gate se-
quence over the default one, we compare our optimization approach to commonly
used qubit mapping strategies, including industrial compilers Qiskit [208] and Tket
[210], as well as the application-specific compiler 2QAN [317]. Effectiveness is eval-
uated by measuring circuit depth and CX gate count, with lower values indicating
higher efficiency. The 2QAN method leverages the flexibility of permuting gates
within Hamiltonian to find solutions that minimize SWAP gates [317]. It compiles
only the first Trotter step and utilizes the same circuit for odd steps while reversing
gate order for even steps, exhibiting a similarity to AOQMAP’s utilization of mirror
effects. This suggests that for comparison of 2QAN and AOQMAP with respect to
circuit properties (excluding optimized gate sequences), evaluating depth-one QAOA
circuits suffices. However, unlike our approach that also optimizes gate sequences,
2QAN solely minimizes SWAP gates. For Qiskit and Tket, we apply our optimized
sequences to original QAOA circuits for fairness. Again, depth-one QAOA circuits
remain sufficient for evaluation. This is because, for depth-two QAOA, Qiskit and
Tket typically require more than double the number of SWAP compared to depth one,
while 2QAN and AOQMAP guarantee double SWAP gates for depth two. Finally,
focusing solely on QAOA is sufficient since any solution found for QAOA can be
extended to DC-QAOA using the strategy proposed in Figure 7.1.

The QAOA for MaxCut on complete graphs are first employed as benchmarks. In
this case, AOQMAP provides direct solutions for these all-to-all connected two-qubit
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Figure 7.14: Number of CX gates and circuit depth of mapped QAOA for MaxCut on complete
graphs with p = 1 and qubit counts ranging from 6 to 50 using Qiskit with optimization
levels 1 (Opt1), 2 (Opt2), and 3 (Opt3), Tket, 2QAN, and AOQMAP-L. Lower values mean
better results.

gates. We map QAOA circuits with a depth of one onto IBM’s 127-qubit QPU without
considering device’s noise characteristics. Its native gate set includes {ECR, ID, RZ,
SX, X}, where ID is identity gate, RZ is single-qubit rotation gate around z-axis, X is
Pauli X gate, and SX is square root of X gate. However, here we decompose QAOA
into gate set {CX, RZ, RX, RY}, where RX and RY are single rotation gates around x-axis
and y-axis, respectively. This choice prioritizes the mapping process by minimizing
influence of decomposition and optimization introduced by Qiskit’s transpiler. For
comparison, we consider Qiskit with optimization levels from 1 to 3. For Tket, we
utilize GraphPlacement for initial qubit mapping, followed by its default RoutingPass
for routing. Its subsequent optimization strategies are described in Section 7.3.2.
For 2QAN, the initial mapping strategy employs Qiskit’s SABRE mapper due to the
computational inefficiency of QAP within 2QAN framework for circuits with larger
numbers of qubits and QPUs with many qubits, followed by 2QAN’s own routing
strategy. In AOQMAP, we employ the solutions on linear (L) subtopologies. T- and
H-shaped sub-topologies offer increased connectivity, reducing the number of SWAP
gates required while increasing the depth of mapped circuits. Qiskit’s transpiler with
an optimization level of 1 performs the final decomposition and optimization for
Tket, 2QAN, and AOQMAP.

Figure 7.14 presents the number of CX gates and circuit depth of mapped QAOA for
qubit numbers ranging from 7 to 49 with various mapping strategies. Within Qiskit,
optimization levels 1 (Qiskit-Opt1) and 2 (Qiskit-Opt2) show minimal differences and
produce the most CX gates and deepest circuit depths, indicating the lowest solution
quality. While Qiskit-Opt3 offers improvement, Tket demonstrates lower CX counts
and shallower circuit depths than Qiskit-Opt3. In comparison, 2QAN achieves fewer
CX gates but deeper circuit depths than Tket. Finally, AOQMAP-L demonstrates the
highest performance with the fewest CX gates and shallowest circuit depths. Table 7.1
summarizes the reduction in CX count and circuit depth achieved by AOQMAP-L
compared to other methods. On average, AOQMAP-L reduces CX gates by 65%
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(up to 77%) compared to Qiskit-Opt1 and Qiskit-Opt2. Similarly, the circuit depth
reduction is substantial, averaging 79% with a maximum of 91%. Compared to
Qiskit-Opt3, AOQMAP-L achieves an average reduction of 43% in CX count and
83% in circuit depth. Furthermore, AOQMAP-L outperforms Tket with an average
27% reduction in the number of CXs and 34% reduction in circuit depth. Finally,
compared to 2QAN, AOQMAP-L shows an average reduction of 9% in CX count
and 73% in circuit depth, with maximum reductions of 16% and 85%, respectively.
Overall, AOQMAP-L demonstrates a significant average reduction of 42% in CX
count and 70% in circuit depth compared to others.

We now evaluate the performance of QAOA for MaxCut problem on 3-regular
graphs. In this study, we employ AOQMAP on T-shaped topologies (AOQMAP-T) to
generate mapped circuits. The strategy involves optimizing the initial qubit order to
minimize the number of CX gates. It’s important to note that for an n-qubit QAOA,
there are n!/2 distinct initial qubit orders due to the inherent symmetry, which is
challenging, particularly for larger qubit systems. Therefore, it is important to develop
efficient heuristic algorithms for optimizing this task, which is a promising area for
future research.

To ensure a fair comparison across different strategies, all methods (Qiskit, Tket,
and 2QAN) utilize identical, optimized gate sequences generated by AOQMAP-T.
As depicted in Figure 7.14, AOQMAP-T generates circuits with the fewest CX gates
and the shallowest depth, followed by 2QAN. While Qiskit with optimization level
3 (Qiskit-Opt3) achieves a lower CX count than Tket, it produces circuits with the
deepest depth. Optimization levels 1 and 2 in Qiskit exhibit similar performance but
result in the highest CX count. Notably, AOQMAP-T achieves an average maximum
reduction of 52.2% in CX count compared to Qiskit-Opt1 and an average maximum
decrease of 54.3% in circuit depth compared to Qiskit-Opt3, as detailed in Table 7.2.

7.4 Benchmarking experiments

In this section, we assess the efficiency of various qubit mapping techniques for
DC-QAOA applied to MaxCut on complete graphs and portfolio optimization. We
conduct a comprehensive benchmarking of their performance across a range of
metrics, analyze the influence of noise, evaluate the effectiveness of error mitigation
strategies, and demonstrate their implementation on IBM QPUs, providing valuable
insights into the practical applicability of these mapping strategies.

Table 7.2: Average (avg) and maximum (max) reduction in CX gates and circuit depth using
AOQMAP-T compared to other qubit mapping strategies in Figure 7.15.

Qiskit-Opt1 Qiskit-Opt2 Qiskit-Opt3 Tket 2QAN
avg max avg max avg max avg max avg max

CX count 52.2% 57.5% 51.7% 58.5% 20.8% 27.8% 36.9% 44.4% 7.9% 11.0%
Depth 50.5% 54.0% 51.0% 55.8% 54.3% 54.8% 44.7% 53.5% 24.0% 32.4%
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Figure 7.15: Number of CX gates and circuit depth of mapped QAOA for MaxCut on 10
randomly generated 3-regular graphs with p = 1 and qubit counts ranging from 6 to 10
using Qiskit with optimization levels 1 (Opt1), 2 (Opt2), and 3 (Opt3), Tket, 2QAN, and
AOQMAP-L. Lower values mean better results. The results are obtained with the maximum
numbers of initial qubit orders set to 3000, 20000, and 30000 for 6-qubit, 8-qubit, and 10-qubit
QAOA.

7.4.1 Experimental setup and evaluation metrics

For AOQMAP, we employ the optimization strategy developed in Section 7.2 to
determine the optimal parameters and gate sequence on a linear subtopology. For
Qiskit, we utilize the default setting (optimization level 1). For Tket, we use the same
settings as in Section 4.2.6. While Qiskit and Tket directly map circuit onto target QPU,
AOQMAP requires selecting high-quality qubits for execution, which is performed
in two stages (see Section 4.2). First, mapomatic [236] is employed to identify all
subtopologies that satisfy connectivity constraints of the resulting circuit. Then, a cost
function is used to select the subtopology that minimizes error by calculating circuit’s
error on each subtopology. For a fair evaluation, all mapped circuits are decomposed
onto hardware native basis gate set and optimized using Qiskit transpiler with the
default setting. The properties of QPUs can be found in Appendix A.2. It is worth
noting that as late as possible (ALAP) scheduling method, customizable in Qiskit’s
transpiler, is consistently applied across all experiments.
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Several metrics are employed to assess the performance of different qubit mapping
strategies. The number of CX gates and circuit depth in the resulting circuit are
used to compare the efficiency of qubit mapping approaches. Additionally, the
approximation ratio is used to evaluate the algorithm performance. A lower CX gate
count and shorter circuit depth indicate a more efficient mapping approach, while
a higher approximation ratio suggests improved performance. In the absence of
noise, Qiskit and Tket should produce similar results as they map the same original
circuit. Conversely, AOQMAP generates optimized gate sequences that differ from
the original one. In the presence of noise, the performance with different qubit
mapping strategies varies due to the distinct number of CX gates in the resulting
circuits, reflecting the quality of the mapping process.

7.4.2 Circuit properties

We now investigate circuit properties of DC-QAOA with AOQMAP and compare
them to properties obtained using Qiskit and Tket with the experimental setup
described previously. Table 7.3 presents the numbers of CX gates and circuit depths
in the final circuit of DC-QAOA with qubit count ranging from 1 to 3 for MaxCut
on complete graphs using AOQMAP, Qiskit, and Tket on a 7-qubit QPU ibm_perth.
We observe that AOQMAP consistently produces the fewest number of CX gates
and the shortest circuit depth compared to Qiskit and Tket. Specifically, AOQMAP
reduces CX gate count by an average of 28.6% and 18.7%, and circuit depth by 34%
and 32% compared to Qiskit and Tket, respectively. These results highlight the
effectiveness of AOQMAP in optimizing the circuit properties, resulting in more
efficient implementations of algorithms on the QPU.

Table 7.4 presents results for the same problem instances as Table 7.3 on a 27-qubit
QPU ibmq_ehningen. While CX gate count remains unchanged with AOQMAP,
circuit depth varies slightly between different QPUs. In contrast, Qiskit and Tket
result in different CX gate counts and circuit depths on two devices. Furthermore,
AOQMAP achieves an average reduction of 20% and 19.7% in CX gate count, and
an average reduction of 36% and 32.6% in circuit depth compared to Qiskit and
Tket, respectively. These findings demonstrate the consistent ability of AOQMAP to
enhance circuit properties across different QPUs.

Tables 7.5 and 7.6 present circuit properties of DC-QAOA for portfolio optimiza-
tion on two 27-qubit QPUs ibm_cairo and ibmq_ehningen, respectively. Similarly,
AOQMAP consistently achieves the lowest CX gate count and the shortest circuit
depth compared to Qiskit and Tket. Specifically, on ibm_cairo, AOQMAP reduces CX
gate count by 29.3% and 18.2%, and circuit depth by 36% and 30% compared to Qiskit

Table 7.3: Circuit properties of n-qubit DC-QAOA at p = 1 for MaxCut on complete graphs
with AOQMAP, Qiskit, and Tket approaches on a 7-qubit QPU ibm_perth.

AOQMAP Qiskit Tket
n CX count depth CX count depth CX count depth
3 14 35 18 44 18 44
4 30 46 46 68 33 73
5 52 59 73 116 69 96
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Table 7.4: Circuit properties on a 27-qubit QPU ibmq_ehningen. Same as in Table 7.3.

AOQMAP Qiskit Tket
n CX count depth CX count depth CX count depth
3 14 35 18 44 18 44
4 30 47 33 73 33 73
5 52 56 73 116 72 96

and Tket, respectively. On ibmq_ehningen, AOQMAP achieves an average reduction
of 29.3% and 28.2% in CX gate count compared to Qiskit and Tket, respectively, and
33.9% and 33.2% in circuit depth.

In summary, the AOQMAP approach yields an average reduction of 28.8% in the
CX gate count and 33.4% in circuit depth across all problem instances when compared
to Qiskit and Tket on the tested QPUs, demonstrating its potential to enhance the
performance of DC-QAOA in various applications.

7.4.3 Noise simulation and error mitigation

To assess the impact of noise on the performance of mapped circuits presented in
Section 7.4.2, we simulate their behavior under noise models. We also explore the
effectiveness of various error mitigation strategies including readout error mitigation
(REM), dynamical decoupling (DD), and zero-noise extrapolation (ZNE) in sup-
pressing these noise effects. The detailed information on strategies can be found
in Section 2.3.3. In this study, we leverage the CPMG pulse sequence to mitigate
errors within the quantum circuit. The CPMG pulse sequence (Figure 6.2(a)), denoted
as τ/4 – X – τ/2 – X – τ/4, involves applying two X pulses, separated by a delay
τ/2, with additional delays of τ/4 at the beginning and end of the pulse sequence.
The delay time τ is the idle time of the qubit minus the duration of two X pulses.
For ZNE, we focus on folding two-qubit gates, particularly CX gates. We utilize the
linear fitting method due to its simplicity and effectiveness. Moreover, we investigate
the influence of REM on the algorithm performance by employing the matrix-free
measurement mitigation (M3) technique [150]. M3 is a scalable method for mitigating
measurement errors that eliminates the need to form or invert the entire assignment
matrix. Instead, it operates within a subspace defined by the noisy input bit strings.

We initially employ a widely used depolarizing noise model, as described in Sec-
tion 3.1.2, that introduces random single qubit bit flip, phase flip, and combined bit
and phase flip errors into each gate, effectively capturing the effects of mixed noise

Table 7.5: Circuit properties of n-qubit DC-QAOA with a depth ranging from 1 to 3 for
portfolio optimization using AOQMAP, Qiskit, and Tket approaches on a 27-qubit QPU
ibm_cairo.

AOQMAP Qiskit Tket
n CX count depth CX count depth CX count depth
3 (14, 28, 42) (32, 60, 88) (18, 39, 60) (42, 83, 124) (18, 39, 60) (42, 83, 124)
4 (30, 60, 90) (47, 85, 144) (42, 84, 126) (75, 150, 221) (42, 84, 126) (75, 142, 208)
5 (52, 104, 156) (67, 108, 180) (76, 153, 237) (107, 199, 322) (71, 149, 224) (82, 175, 265)
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Table 7.6: Circuit properties on a 27-qubit QPU ibmq_ehningen. Same as in Table 7.5.

AOQMAP Qiskit Tket
n CX count depth CX count depth CX count depth
3 (14, 28, 42) (32, 60, 88) (18, 39, 60) (42, 83, 124) (18, 39, 60) (42, 83, 124)
4 (30, 60, 90) (47, 89, 138) (42, 91, 126) (75, 131, 221) (42, 84, 126) (77, 142, 212)
5 (52, 104, 156) (66, 108, 180) (73, 152, 228) (94, 205, 301) (73, 148, 223) (94, 184, 274)

processes in quantum systems. In addition to depolarizing noise, we also consider
thermal relaxation noise [283], which arises from the interaction between physical
qubits and environment. The device’s calibration data is incorporated to evaluate
algorithm performance under realistic noise levels. This dataset encompasses es-
sential qubit and gate properties, such as error rates, energy relaxation time T1, and
dephasing time T2.

Figure 7.16 presents simulation results of DC-QAOA for portfolio optimization
with five qubits and depths ranging from 1 to 3 on ibmq_ehningen. We begin by
simulating the performance under depolarizing noise and subsequently applying
error mitigation techniques including DD and ZNE. In Figure 7.16(a), we present
the results without error mitigation, with DD, with ZNE, and with a combination
of DD and ZNE. We observe that ZNE proves to be more effective than DD in
mitigating errors from depolarizing noise. When both DD and ZNE are applied,
the insertion of DD sequences introduces noise, resulting in a slight reduction in
approximation ratio. Furthermore, Figure 7.16(b) depicts results for the combination
of depolarizing and thermal relaxation noise. While the application of DD in Qiskit
enhances approximation ratio of DC-QAOA at high depth (p = 3), it conversely
diminishes the approximation ratio at low depth (p = 1). This observation highlights
a trade-off between mitigating decoherence errors caused by thermal relaxation noise
and the introduction gate errors due to insertion of pulse sequences from DD strategy.
Additionally, the results demonstrate that a combination of DD and ZNE strategies
yields the highest performance.

These findings provide valuable insights into the effectiveness of error mitigation
techniques in enhancing the performance of DC-QAOA on QPUs. ZNE proves to be
more efficient than DD in mitigating gate errors resulting from depolarizing noise.
Moreover, the study highlights the importance of minimizing CX gates and circuit
depth to achieve improved performance, as evidenced by higher approximation
ratios of AOQMAP, emphasizing the critical role of optimizing circuit properties
during compilation process.

7.4.4 Demonstration on IBM quantum devices

Following simulation results presented in the previous section, we now demonstrate
the performance of DC-QAOA and error mitigation strategies on IBM QPUs, aim-
ing to validate the effectiveness of our optimization strategies in achieving high
performance on near-term quantum devices.
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Figure 7.16: Noise simulation and mitigation of DC-QAOA for portfolio optimization with
five qubits using AOQMAP, Qiskit, and Tket. Approximation ratio under (a) depolarizing
noise and (b) depolarizing and thermal relaxation noise. We compare four situations from left
to right: no error mitigation, applying DD, applying ZNE, and applying both DD and ZNE.

MaxCut on complete graphs

We begin by investigating the MaxCut problem on complete graphs, focusing on
evaluating DC-QAOA on QPUs ibm_perth and ibmq_ehningen. For noiseless sim-
ulations, both DC-QAOA and DC-QAOA-OPT achieve an approximation ratio of
1.00 for tested problem instances, serving as a baseline for their subsequent imple-
mentation on QPUs. During execution, we set the number of shots to 50000 for
ibm_perth and 20000 for ibmq_ehningen, ensuring sufficient coverage. In the ZNE
error mitigation process, we use scale factors of {1, 2, 3} for ibm_perth and {1, 1.5, 2,
2.5, 3} for ibmq_ehningen.

Figure 7.17 presents the results of DC-QAOA and DC-QAOA-OPT on ibm_perth.
Specifically, Figures 7.17(a) and 7.17(b) illustrate the approximation ratio obtained
without and with REM, respectively. The data show that the application of REM
leads to a generally enhanced performance, while the relative behavior of different
qubit mapping strategies remains consistent. AOQMAP achieves overall the highest
approximation ratio across all situations, demonstrating its effectiveness with and
without applying error mitigation. In comparison, for Qiskit at four and five qubits
(Figure 7.17(a)), applying DD results in a substantial improvement in approxima-
tion ratio, increasing it from zero to around 0.5, while ZNE does not exhibit any
noticeable impact. A similar trend is observed for Tket at five qubits, highlighting
the effectiveness of DD in mitigating decoherence errors. In contrast, ZNE proves
beneficial in improving the performance of AOQMAP with the shortest circuit depth,
indicating its value in situations where circuit optimization is prioritized. The combi-
nation of DD and ZNE yields the highest overall performance. Incorporating REM
further enhances performance. However, for the three qubits case, we observe that
the approximation ratio exceeds one when both ZNE and REM are employed. This
discrepancy may arise from potential over-mitigation during the postprocessing stage
of ZNE and REM techniques.
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Figure 7.17: Approximation ratio of DC-QAOA for MaxCut on complete graphs using
AOQMAP, Qiskit, and Tket on ibm_perth. (a) Results from left to right: no error mitigation,
applying DD, applying ZNE, and applying both DD and ZNE. (b) Results corresponding to
(a) and additionally applying REM.
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Figure 7.18: Demonstration on ibmq_ehningen. Same as in Figure 7.17.

Figure 7.18 illustrates results obtained on ibmq_ehningen using same problem
instances as in Figure 7.17. AOQMAP consistently outperforms Qiskit and Tket,
achieving the highest approximation ratio when combining DD, ZNE, and REM.
Similar to observations presented in Figure 7.17, applying REM enhances approxima-
tion ratios, while the relative performance across various qubit mapping approaches
remains unchanged. Furthermore, DD demonstrates significant effectiveness for Tket
on five-qubit instances. A potential explanation is that qubits utilized in the execution
are particularly sensitive to decoherence noise, rendering DD a beneficial strategy in
this scenario.
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Table 7.7: Approximation ratio of n-qubit DC-QAOA and DC-QAOA-OPT with a depth
ranging from 1 to 3 for portfolio optimization in the absence of noise using the Qasm simulator.

n 3 4 5
DC-QAOA [0.985, 0.997, 0.997] [0.575, 0.821, 0.845] [0.428, 0.718, 0.829]
DC-QAOA-OPT [0.987, 0.998, 0.998] [0.739, 0.924, 0.919] [0.615, 0.882, 0.946]

Portfolio optimization

We now evaluate the performance of DC-QAOA for portfolio optimization on two
27-qubit QPUs: ibm_cairo and ibmq_ehningen. The specific instances and parameters
for portfolio optimization problems can be found in Section 4.2. Table 7.7 presents
noiseless simulation results for the default DC-QAOA with ORIG gate sequence and
the optimized DC-QAOA-OPT with AOQMAP. DC-QAOA-OPT consistently exhibits
an average higher approximation ratio compared to the default DC-QAOA, demon-
strating improved performance at algorithmic level. For the implementation on both
QPUs, we configure the number of shots to 20000, which ensures an adequate number
of repetitions for statistical sampling on the given problem instances. Additionally,
we employ a set of scale factors {1, 1.5, 2, 2.5} in ZNE on both QPUs.

Figures 7.19 and 7.20 display approximation ratio on ibm_cairo and ibmq_ehningen,
respectively. REM is not employed in this demonstration. As depicted in Figure 7.19,
AOQMAP consistently outperforms Qiskit and Tket across all problem instances. For
three-qubit (Figure 7.19(a)), ZNE proves to be more efficient than DD for AOQMAP,
while DD performs better for larger circuit depths produced by Qiskit and Tket.
The combination of DD and ZNE yields better results compared to other cases. For
four-qubit (Figure 7.19(b)), DD demonstrates better performance than ZNE across all
qubit mapping strategies. Combining DD and ZNE leads to a significant enhance-
ment in AOQMAP across all depths, with a particularly notable improvement at
shallower depths for Tket and Qiskit. A similar trend is observed for five-qubit case
(Figure 7.19(c)). The results highlight the effectiveness of DD in mitigating deco-
herence errors for deeper circuits and ZNE in mitigating gate errors for shallower
circuits.

On ibmq_ehningen, for three-qubit (Figure 7.20(a)), ZNE outperforms DD at low
depths, while DD performs better at high depths. Combining DD and ZNE achieves
the highest performance. For four-qubit (Figure 7.20(b)), all mitigation strategies
improve the performance of AOQMAP at each depth. DD demonstrates effectiveness
at p = 2 for Qiskit, while the impact of error mitigation on Tket is not significant. For
five-qubit (Figure 7.20(c)), all strategies also significantly improve the performance
of AOQMAP. DD proves to be effective for Qiskit and Tket exhibits no significant
changes under error mitigation.

Our findings demonstrate that while error mitigation techniques can enhance algo-
rithm performance on near-term quantum devices, optimizing circuits for reduced
depth and two-qubit gate count is essential to effectively leverage these techniques.
Moreover, combining different error mitigation techniques presents an efficient ap-
proach to further enhance performance. DD proves to be particularly effective for
longer circuit depths, whereas ZNE is more beneficial for shorter circuit depths. The
combination of DD and ZNE yields consistent improvements in performance across
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Figure 7.19: Approximation ratio of DC-QAOA for portfolio optimization on ibm_cairo with
(a) three qubits, (b) four qubits, and (c) five qubits. From left to right: no error mitigation,
applying DD, applying ZNE, and applying both DD and ZNE.

the board, highlighting the synergistic benefits of employing multiple error mitigation
techniques.

Results analysis

We now present a detailed analysis of the specific achievements of AOQMAP, high-
lighting its advantages compared to Qiskit and Tket. To ensure a fair comparison,
any approximation ratio values below zero were uniformly adjusted to a minimum
value of 0.01. This adjustment allows for a consistent and meaningful comparison of
the results across different scenarios.

Table 7.8 summarizes performance improvements obtained by applying error miti-
gation to AOQMAP, Qiskit, and Tket. The results show that REM yields an average
improvement of 12.3% and is more effective for Tket and AOQMAP compared to
Qiskit. On the other hand, DD significantly enhances performance, resulting in a
22.6% increase for AOQMAP, a 2.42× increase for Tket, and an impressive 5.65×

Table 7.8: Average increase in approximation ratio with error mitigation applied compared to
the case without error mitigation.

REM DD ZNE DD+ZNE
AOQMAP 12.2% 22.6% 23.9% 51.9%
Qiskit 6.8% 5.65× 18.7% 7.62×
Tket 17.8% 2.42× 13.4% 3.48×
Mean 12.3% 2.77× 18.7% 3.87×
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Figure 7.20: Demonstration on ibmq_ehningen. Same as in Figure 7.19.

Table 7.9: Average increase in the approximation ratio achieved with AOQMAP compared to
Qiskit and Tket.

Default DD ZNE DD+ZNE
Qiskit 5.95× 58.6% 5.59× 69.3%
Tket 3.04× 73.9% 3.83× 100.4%
Mean 4.49× 66.3% 4.71× 84.8%

increase for Qiskit. This discrepancy can be attributed to the deeper circuits generated
by Qiskit and Tket. In contrast, ZNE exhibits higher efficacy for AOQMAP, resulting
in an average increase of 23.9% in approximation ratio. The combination of DD and
ZNE demonstrates the highest efficiency, which yields a 3.87× increase.

Table 7.9 presents an average improvement in approximation ratio achieved by
AOQMAP compared to Qiskit and Tket across tested QPUs. Without error mitigation
(default), AOQMAP demonstrates an average increase of 4.49× in approximation
ratio. When employing ZNE alone, AOQMAP exhibits an average improvement
of 4.71×. When only DD is applied, AOQMAP still maintains an increase of 66.3%.
Combining DD with ZNE further enhances the average improvement to 84.8%.

These results underscore the effectiveness of AOQMAP compared to Qiskit and
Tket, both with and without error mitigation. The higher quality of circuits gener-
ated by AOQMAP offers significant benefits when implementing error mitigation
strategies, making the combination of DD and ZNE, as well as their separate applica-
tions, particularly efficient. In contrast, Qiskit and Tket rely on a single predominant
strategy, which in this study is DD.

160



7.5 Conclusions

7.4.5 Discussion

Our methodology integrates algorithm-oriented qubit mapping with optimization
strategies to enhance the performance of digitized counterdiabatic quantum optimiza-
tion algorithms on near-term quantum devices. It optimizes both algorithm design
and hardware implementation to achieve significant performance improvements.
The standard QAOA algorithm employs all-to-all commuting ZZ gates, resulting in
gate sequences that do not impact its performance. However, DC-QAOA introduces
non-commuting gates in counterdiabatic driving term, making it crucial to optimize
Hamiltonian and gate sequence for improved performance. Our findings indicate
that different gate sequences, despite having the same Trotter error order, can exhibit
varying efficacy during parameter optimization. Based on this observation, we pro-
pose an efficient approach that optimizes Hamiltonian, gate sequence, and algorithm
parameters while adhering to hardware connectivity constraints. This comprehensive
approach leads to performance gains at both algorithmic and hardware levels.

By benchmarking the optimized and mapped gate sequence obtained through
AOQMAP with the original sequence mapped using Qiskit and Tket, we show
that the optimized gate sequence leads to improved performance at the algorithmic
level compared to the original one. When considering the impact of noise, the
quality of qubit mapping becomes crucial. High-quality solutions produced by
AOQMAP result in fewer CX gates and shallower depth, leading to lower noise
accumulation and improved resilience against errors. Experimental demonstrations
on IBM QPUs further validate the effectiveness of our approach. The optimized
implementation DC-QAOA-OPT achieves the highest performance compared to the
default implementation. Moreover, circuits mapped with AOQMAP benefit from
each error mitigation technique, demonstrating efficiency of AOQMAP in leveraging
different mitigation approaches, unlike circuits mapped by Qiskit and Tket, which
rely on specific strategies.

Our study demonstrates significant performance improvements achieved through
the combination of algorithm-oriented qubit mapping and algorithmic level opti-
mization for digitized counterdiabatic quantum algorithms on near-term quantum
devices. The cooptimization of qubit mapping, gate sequences, and algorithm param-
eters effectively reduces inherent errors, thus enhancing overall performance. These
strategies present promising opportunities for addressing real-world optimization
problems using NISQ devices. Future research can explore the extension of this coop-
timization approach to other quantum algorithms. Moreover, the development of
algorithms that strike a balance between optimizing gate sequences and minimizing
CX gates for partially connected two-qubit Hamiltonians holds value.

7.5 Conclusions

We have investigated strategies to enhance the performance and noise resilience
of QOAs on near-term quantum devices. These strategies encompass optimized
quantum compilation, selective circuit optimization, synergistic error mitigation and
circuit design, and algorithm-hardware cooptimization. We initially explored the
compilation process of variational algorithms, proposing calibration-aware transpi-
lation to efficiently utilize classical and quantum resources, considering algorithm
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features and time-varying error rates. Addressing the NP-hard nature of qubit
mapping, we introduced algorithm-oriented qubit mapping, providing optimal and
scalable solutions for VQAs with fully connected two-qubit interactions on identified
subtopologies. Based on observations from executing VQAs on near-term devices,
we developed a resilience-optimized compilation workflow for general quantum
algorithms, along with quality metrics for assessing compilation outcomes. These
strategies contribute to resilient algorithm execution on NISQ devices. We further
adapted our compilation process to optimize VQAs on a specific architecture called
the bipotent architecture. This involves employing selective optimization after the
qubit selection process. The selective optimization of quantum circuits shows promise
in achieving useful large-scale quantum computing. This is because, for circuits with
a high number of qubits, exclusively optimizing gates implemented by high-error
hardware-native gates reduces calibration efforts and improves performance.

We then explored the significant impact of various factors on algorithm perfor-
mance and the effectiveness of error mitigation across eight IBM QPUs. These factors
include circuit fidelity, schedule duration, choice of hardware-native gates, algorithm
implementations, types of dynamic decoupling (DD) sequences, and optimization
levels. While the results highlight the general enhancement of algorithm performance
and robustness through DD sequences, achieving significantly improved perfor-
mance relies more critically on factors such as high-quality native gates of QPUs,
symmetric algorithm implementation, and effective circuit optimization techniques.
Therefore, a holistic approach considering both hardware characteristics and software
optimization strategies is essential when designing quantum algorithms to maximize
reliability and efficacy. Finally, we proposed an integrated algorithmic and hard-
ware codesign approach to enhancing QOA resilience and performance by tuning
algorithm parameters, leveraging efficient Trotterization, and tailoring solutions to
quantum hardware constraints. Rigorous analysis and case studies demonstrate sub-
stantial improvements in QOA performance and solution quality on current quantum
devices. By holistically addressing the multifaceted challenges across the quantum
stack layers through a systematic workflow, we can unlock the potential of QOAs in
the NISQ era.
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Part III

Practical Applications





Preface

In the last part, we explore the practical application of QOAs. Chapter 8 delves
into real-world use cases, outlining the challenges and techniques for implementing
QOAs. Using portfolio optimization as a representative problem instance, we analyze
the impact of parameter settings within algorithms on performance and resilience.
By bridging QOAs with practical applications, Part III enables a comprehensive
end-to-end resilience analysis of algorithms, which is essential for determining the
feasibility and effectiveness of QOAs in solving real-world problems.
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Chapter 8

Real-World Applications

Although QOAs have shown great promise in solving complex optimization prob-
lems in various fields, their application in real-world scenarios remains a significant
concern. In this chapter, we discuss the challenges in quantum optimization, investi-
gate techniques for encoding real world problems, and explore the effect of parameter
settings in problem instances on the algorithm’s performance.

8.1 Challenges and techniques

8.1.1 Challenges in advancing quantum optimization

Quantum optimization algorithms hold great promise for tackling complex real-world
optimization problems that classical computational methods struggle with. However,
significant challenges remain in advancing and implementing quantum optimization
due to the limitations of current quantum technologies and methodologies.

The present state of quantum hardware poses considerable challenges for practical
quantum optimization applications. Quantum computers are still in the early stages
of development, characterized by a restricted number of qubits and high error rates
[17]. Quantum systems are highly susceptible to environmental noise, leading to
decoherence and the loss of quantum information, which undermines the reliabil-
ity and accuracy of quantum operations necessary for complex optimization tasks.
While error mitigation strategies show promise, as discussed in Chapter 6, more
powerful QPUs and efficient circuit implementation are more crucial for achieving
high performance. The limited connectivity between qubits within current quantum
hardware architectures also presents a challenge. Many optimization problems re-
quire interactions between qubits that are not directly connected within the quantum
hardware, requiring additional SWAP gates or circuit compilation techniques to map
the problem onto the target hardware topology. These additional operations intro-
duce overhead and impact the efficiency of the quantum optimization process. The
optimized compilation proposed in Chapter 4 presents scalable and optimal solutions
for VQAs with fully connected two-qubit interactions. However, generalizing these
solutions to other algorithms requires further analysis. As the problem size increases,
the scalability of current quantum hardware, along with corresponding strategies
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for error mitigation, correction, and compilation, presents a significant hurdle in
resolving large-scale optimization problems.

Another fundamental challenge is the development of efficient quantum algorithms
for optimization. Although the QAOA and the VQE exhibit promising results, their
effectiveness largely relies on the careful design of the problem Hamiltonian and the
selection of appropriate variational ansatzes [19, 92]. Designing effective ansatzes that
capture the problem structure and are implementable on near-term quantum devices
remains an open research question [88]. Furthermore, VQE approaches often necessi-
tate meticulous parameter tuning to achieve the desired performance. Determining
suitable parameters can be computationally demanding and nontrivial. The Barren
Plateau phenomenon [318, 319], in which the landscape for parameter optimization
becomes exponentially flat and lacking in distinguishing features as the problem size
increases, poses a significant obstacle. The selection of ansatz, initial state, and hard-
ware noise can all contribute to the occurrence of this phenomenon. The development
of algorithms capable of adaptive parameter tuning during execution is still in its
early stages.

Efficient problem encoding and mapping from classical formulations to quantum
architectures are vital for the success of quantum optimization. Many classical
optimization problems need to be reformulated to fit the constraints of quantum
hardware. Inefficient encoding techniques can result in suboptimal utilization of
quantum resources and may negate the advantages offered by quantum computing.
It is crucial to improve problem mapping and encoding strategies to maximize the
effectiveness of quantum algorithms. We will discuss the problem landscape and
corresponding encoding strategies in the next section.

Finally, verifying and validating quantum optimization results pose significant
challenges. Due to the exponentially large Hilbert spaces in which quantum systems
operate, classical simulation of quantum optimization becomes intractable for large
problem sizes. This impedes the benchmarking and verification of the results obtained
from quantum optimization algorithms [320, 321]. Developing efficient verification
techniques and leveraging classical-quantum hybrid approaches are active areas of
research aimed at addressing this challenge.

8.1.2 Problem landscape and encoding techniques

Real-world optimization problems encompass a diverse landscape, broadly cate-
gorized into three main classes: combinatorial, constrained, and machine learning
optimization. Combinatorial problems, exemplified by the traveling salesman prob-
lem [322], involve finding the optimal configuration from a finite set of possibilities.
Constrained optimization (e.g., portfolio optimization) seeks solutions that minimize
an objective function while adhering to predefined constraints. Machine learning
optimization aims to identify optimal parameters for models by minimizing a loss
function, encompassing tasks like training neural networks [323] and support vector
machines [324]. These problems often pose significant computational challenges for
classical algorithms due to their inherent characteristics. Combinatorial problems
exhibit NP-hardness, implying their solution time scales exponentially with problem
size. Non-convexity and high dimensionality further complicate constrained and
machine learning optimization problems.
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To harness the power of QOAs for real-world problems, a critical initial step
involves encoding these problems into a format compatible with available quantum
hardware. This entails representing problem variables as qubits and transforming
objectives and constraints into quantum cost functions. Two common formulations
for encoding real-world optimization problems are the quadratic unconstrained
binary optimization (QUBO) and the Ising model. In QUBO, problem variables are
represented as binary vectors (0 or 1), and objectives and constraints are expressed as
a quadratic cost function:

f (x) = ∑
i

Qi,ixi + ∑
i≤j

Qi,jxixj, (8.1)

where xi ∈ {0, 1}, and Qi,i and Qi,j are the linear and quadratic coefficients, respec-
tively. The Ising model represents the problem as a spin system where spins can take
values of +1 (spin up) or −1 (spin down). Many NP problems can be formulated as
Ising models [3]:

E(s) = ∑
i

hisi + ∑
i≤j

Ji,jsisj, (8.2)

where si ∈ {−1,+1}, hi are the linear coefficients corresponding to qubit biases, and
Ji,j are the quadratic coefficients corresponding to coupling strengths between spins.
The objective is to minimize E(s). Both QUBO and Ising formulations serve as a
bridge between the classical and quantum domains. They can be directly solved
using quantum annealing [325] or transformed into Hamiltonian forms [326] for
gate-based quantum algorithms, where binary variables are mapped to qubits and
the cost function is encoded into a Hamiltonian representing the system’s energy.

Optimizing encoding for quantum computing platforms is crucial. One commonly
used approach is penalty-based encoding, where constraint violations are penalized
in the objective function [327]. An example of this can be found in Section 2.2.4.
However, this method can be sensitive to the chosen penalty strength and might yield
suboptimal performance. In addition to constraints, the choice of variable encoding
also substantially impacts the efficacy of quantum optimization algorithms [328].
Sparse encodings, like one-hot encoding, can impose additional constraints, whereas
other encodings, such as binary encoding, may lead to smoother energy landscapes.
It is important to carefully design the problem encoding and employ techniques to
enforce constraints in order to successfully apply quantum optimization algorithms
in real-world scenarios.

8.2 Parameters in problem instances

We now investigate the influence of different parameters in problem instances. Specif-
ically, based on the problem formulation of portfolio optimization in Section 2.2.4, we
explore the specific parameter settings.

8.2.1 Energy dependence on asset selection

We first explore the dependence of the system’s exact energy on the number of
selected assets B. With n available assets, C(n, B) = (n

B) combinatorial choices exist
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for selecting B assets. We analyze the minimum and maximum energy difference
for two cases: solutions satisfying the budget constraint (Eq. 2.9) and the global case
considering all possibilities. Additionally, the number of combinatorial choices is
presented.

Figure 8.1 presents the results for n assets, where n ranges from 3 to 12, and B varies
from 1 to n. As depicted in Figure 8.1(a), the constrained energy difference, consider-
ing only solutions satisfying the budget constraint, is zero at B = n for all n values
due to the selection of all n assets, resulting in a single choice. Initially increasing
with B, the constrained energy difference peaks around B ≈ ⌈n/2⌉ before decreasing.
This peak indicates that selecting approximately half of the assets maximizes the
range of energy differences, suggesting significant variation among possible portfolio
options and potential for effective diversification. In contrast, Figure 8.1(b) shows the
global energy difference, considering all possible solutions irrespective of the budget
constraint, first decreases and then increases. This suggests that around B ≈ ⌈n/2⌉,
the difference between maximum or minimum global and constrained energies is
minimized, indicating the budget constraint has minimal impact on achieving the
best or worst overall energy outcome. Table 8.1 summarizes the positions where the
maximum or minimum constrained and global energy differences occur in Figs 8.1(a)
and 8.1(b). For n ranging from 3 to 11, these positions coincide. However, for n = 12,
they differ by one. This observation consistently suggests that selecting half of the
assets optimizes diversification among feasible solutions while minimizing the influ-
ence of unfeasible solutions due to the budget constraint. Furthermore, Figure 8.1(c)
illustrates the number of possibilities for choosing B assets from a set of n assets. This
value initially increases with B, reaches a peak at B ≈ ⌈n/2⌉, and then decreases.
The rise in the number of choices around this point complicates the identification of
optimal solutions due to the greater number of potential portfolio configurations.

By examining the impact of the number of assets and budget size on portfolio
optimization, we found that selecting roughly half the assets maximizes diversifica-
tion (constrained energy difference) while minimally affecting the achievable energy
range (global energy difference). However, this choice also coincides with the highest
number of possible portfolio configurations, potentially complicating solution identi-
fication. These findings emphasize the need to balance diversification and solution
complexity when constructing portfolios under budget constraints.

8.2.2 Impact of parameter settings

This section investigates the impact of parameters on the performance of the QAOA
with the standard mixer in portfolio optimization problems. The parameters of
interest are the risk preference parameter q, penalty factor A, and global factor λ.
The goal is to optimize these parameters to enhance the algorithm’s performance.

Table 8.1: Positions of the maximum constrained energy difference and the minimum global
energy difference for n assets, as depicted in Figures 8.1(a) and 8.1(b), respectively.

n 3 4 5 6 7 8 9 10 11 12
Constrained 2 2 2 3 4 4 5 5 6 7
Global 2 2 2 3 4 4 5 5 6 6
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Figure 8.1: System energy difference and number of choices for choosing B assets from n
assets: (a) Difference between the maximum and minimum energy of solutions satisfying
the budget constraint, (b) difference between the global maximum and minimum energy of
solutions regardless of budget constraints, and (c) number of choices that satisfies C(n, B).
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Figure 8.2: Simulation results of 5-qubit QAOA for portfolio optimization with A/2q from
0.01 to 0.09, q = 1/3, B = 2, and λ = 10 using Qiskit’s Qasm simulator with 2048 shots.

In the experiments, we consider a scenario with B = 2 assets selected from a set of
5 randomly generated assets. The risk preference parameter is set to q = 1/3, with
a higher value of 1− q indicating a greater risk preference. Three different QAOA
depths, namely 1, 3, and 5, are explored. The COBYLA method is employed to
optimize the angles γ⃗ and β⃗ for each QAOA instance, following the strategy outlined
in [94]. The Qiskit’s Qasm simulator with shots 2048 is used for all simulations.

We begin by examining the relationship between q and A. Figure 8.2 depicts
the results for varying A/2q from 0.01 to 0.09, while fixing λ at 10. For depths 1
and 3, the approximation ratio exhibits an initial increase followed by a decrease.
Conversely, the success probability demonstrates a consistent decline with increasing
A. Specifically, the probability at p = 1 is most susceptible to changes in A, showing
a substantial decrease, whereas at p = 3, the decrease is slightly. In contrast, for
depth 5, the approximation ratio steadily increases with a rising A, reaching its peak
at A = 0.09. The success probability for depth 5 remains relatively stable around
0.4. These findings suggest that a higher penalty factor A is beneficial for achieving
better performance with higher QAOA depths p, while a lower penalty factor is more
suitable for shallower circuits. This implies that tailoring the penalty factor to the
specific QAOA depth can be crucial for optimizing performance.
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Figure 8.3: Simulation results of 5-qubit QAOA for portfolio optimization with λ from 1 to
20, B = 2, q = 1/3 and A/2q = 0.05 using Qiskit’s Qasm simulator with 2048 shots.
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We further investigate the influence of the global factor λ by fixing A/2q = 0.05
and keeping all other parameters unchanged. Figure 8.3 presents the simulation
results for λ ranging from 1 to 20. The results indicate that a larger value of λ
generally leads to improved performance. At λ = 1, both the approximation ratio and
success probability are low, suggesting an inefficient classical optimization process.
For depths 1 and 3, the approximation ratio exhibits a slight increase and remains
nearly saturated when λ > 5. Similarly, the success probability for depths 1 and 3
shows minimal variation with increasing λ. However, for depth 5, a higher λ leads
to a significant improvement in both approximation ratio and success probability,
reaching a maximum at λ = 10 before a slight decline. These observations suggest
that an optimal value of the global factor exists for different QAOA depths. This
implies that individual parameter optimization for each QAOA depth, rather than
using a uniform value for λ, is essential for achieving the highest performance.

This study highlights the critical role of parameter selection in maximizing the
performance of the QAOA-based portfolio optimization approach. Specifically, we
found that the optimal parameters are not consist for different QAOA depth, indi-
cating importance of individually optimizing parameters in problem instances for
each deterministic depth rather than using same problem instance parameters for
all QAOA depth. By carefully tailoring the risk preference parameter, penalty factor,
and global factor to the specific QAOA circuit depth, significant improvements in
both approximation ratio and success probability can be attained.

8.3 Resilience analysis

This section analyzes the resilience of QAOA with different mixers and depths. We
first simulate the optimization landscape under different noise conditions, followed
by performance evaluation. We employ a composed bit-flip (Eq. 3.1) and phase-flip
(Eq. 3.3) error channel with independent noise strengths for each type of error, ϵ1
and ϵ2, respectively. This channel acting on a single-qubit gate introduces bit-flip
and phase-flip errors with a combined probability of ϵ1ϵ2. Additionally, it introduces
independent bit-flip errors with a probability of ϵ1(1− ϵ2) and phase-flip errors with
a probability of (1− ϵ1)ϵ2. Finally, there is a residual probability of (1− ϵ1)(1− ϵ2)
for no error to occur. This model allows independent control over error types and
extends to multi-qubits as a tensor product. Here, we focus on a scenario with equal
error strengths ϵ1 = ϵ2.

8.3.1 Optimization landscapes

One crucial aspect of characterizing the efficacy of QAOA is the optimization land-
scape. This landscape visualizes the objective function’s behavior across its input
parameters, in this case, the angle parameters γ and β. The topography of this land-
scape, ranging from smooth with a single global minimum (ideal) to complex with
numerous local minima (challenging), significantly impacts the efficacy of optimiza-
tion algorithms. This section investigates the optimization landscape of depth-one
QAOA, where the objective function represents the Hamiltonian’s expectation value
to be minimized.
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Standard

Noise free Error rate: 0.005 Error rate: 0.01

XY Ring

XY Parity Ring

XY Full

XY QAMPA

Figure 8.4: Optimization landscape of 5-qubit QAOA with different mixers under varying
noise conditions using Qiskit’s Qasm simulator with 8192 shots. From left to right: noise free,
bit phase flip error with a strength of 0.005, and bit phase flip error with a strength of 0.01.
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Figure 8.4 presents the optimization landscapes for various noise levels and mixer
types used in the QAOA circuit. In the absence of noise, the QAOA circuit with the XY
ring mixer achieves the minimum expectation value of the Hamiltonian (−2.90) at the
optimal angles (γ, β) of (2.2, 0.5). Conversely, the standard mixer achieves the highest
expectation value (−0.94) at (2.3, 2.1), indicating lower performance. This suggests
that limited depth-one QAOA with a standard mixer might not achieve optimal
performance, and increasing depth may be beneficial. In contrast, XY mixers offer a
higher probability of finding optimal solutions. We note that the optimal expectation
value for the used problem instance found by brute force search, corresponding to
the optimal solution satisfying budget constraints, is −3.39.

As the noise strength increases, an expected increase in the expectation value is
observed for all mixer types, confirming the detrimental effect of noise. However,
the optimal angles for both standard and XY mixers remain relatively unchanged
despite noise. For instance, the optimal angles for the XY ring mixer are (2.2, 0.5)
without noise, (2.2, 0.5) for ϵ = 0.005, and (2.1, 0.5) for ϵ = 0.01. The XY QAMPA
mixer exhibits similar behavior and remains the same at (0.3, 0.5). However, the
XY full mixer shows a larger shift in optimal angles, from (2.4, 0.4) in the noise-free
case to (0.5, 0.3) for ϵ = 0.005, and (0.6, 0.3) for ϵ = 0.1. This suggests that XY
full mixer is more sensitive to noise. Compared to the standard mixer, XY mixers
consistently achieve lower expectation values across all noise levels. Moreover, the
XY ring and parity ring mixers perform similarly across all noise levels, resulting
in lower expectation values (higher performance) than XY full and QAMPA mixers.
Additionally, the XY full mixer is more susceptible to noise, with lower expectation
values than QAMPA in the noise-free case but higher values for ϵ = 0.005 and
ϵ = 0.01.

The analysis of the optimization landscape highlights the critical interplay between
mixer selection and noise mitigation for achieving optimal performance in noisy
QAOA circuits. While XY ring and XY parity ring mixers offer inherent advan-
tages in terms of lower expectation values, all mixer types suffer from performance
degradation in the presence of noise. This emphasizes the need to explore robust
noise mitigation techniques alongside careful mixer selection for practical QAOA
implementations.

8.3.2 Mixers in QAOA

This section explores the influence of mixer selection and QAOA depth on quantum
circuit properties and noise performance.

Table 8.2: Circuit depth for 5-qubit QAOA with different mixers and depths.

p 1 2 3 4 5 6 7
Standard 19 36 53 70 87 104 121
XY Full 86 119 152 185 218 251 284
XY QAMPA 88 124 160 196 232 268 304
XY Ring 90 132 173 215 255 297 339
XY Parity Ring 82 111 140 169 198 227 256
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Table 8.3: Total number of gates for 5-qubit QAOA with different mixers and depths.

p 1 2 3 4 5 6 7
Standard 50 90 130 170 210 250 290
XY Full 156 244 332 420 508 596 684
XY QAMPA 171 276 381 486 591 696 801
XY Ring 138 215 291 368 443 520 597
XY Parity Ring 138 208 278 348 418 488 558

Table 8.4: Number of CX gates for 5-qubit QAOA with different mixers and depths.

p 1 2 3 4 5 6 7
Standard 20 40 60 80 100 120 140
XY Full 68 108 148 188 228 268 308
XY QAMPA 58 88 118 148 178 208 238
XY Ring 58 87 116 145 174 203 232
XY Parity Ring 58 88 118 148 178 208 238

The initial state preparation differs between mixer types. The standard mixer
utilizes the simple |+ · · ·+⟩ state, whereas XY mixers necessitate the Dicke state [102].
This requirement introduces additional two-qubit gates, inherently increasing circuit
complexity. Tables 8.2, 8.3, and 8.4 compare circuit depth, total gate count, and CX
gate count for various mixers and depths using 5-qubit QAOA. Our analysis reveals
a significant rise in circuit depth for XY mixers compared to the standard mixer. On
average, XY Full mixers lead to a depth increase of 194.41%, followed by XY QAMPA
(209.3%) and XY Ring (233.25%). XY Parity Ring, which exploits gate commutativity
to optimize gate ordering, demonstrates the least depth increase (171.85%). A similar
trend is observed for the total gate count, with XY QAMPA exhibiting the highest
increase (194.81%) and XY Parity Ring showing the lowest (116.05%), whereas XY Full
and XY Ring have an increase of 157.39% and 125.72%, respectively. The impact on
CX gates, the most noise-sensitive operation, is also noteworthy. XY Full mixers incur
the most significant increase in CX count (151.86%). XY Ring has the least increase
(98.71%), while XY QAMPA and XY Parity Ring show a 101.86% increase. It is
important to note that all data includes the gates for preparing the Dicke state. Qiskit
is employed for state initialization and transpilation (level 3) into a consistent gate
set (CX, RZ, RX, RY, H) for a fair comparison. While Qiskit’s Dicke state preparation
might not be optimal, developing strategies for lower two-qubit gate count in XY
mixers is valuable.

Figure 8.5 presents simulation results for approximation ratio and success probabil-
ity under varying noise conditions. In the absence of noise, we observe a performance
improvement across all mixers with increasing QAOA depth. XY mixers demonstra-
bly achieve superior approximation ratios and success probabilities compared to the
standard mixer. Among XY mixers, XY Full exhibits the highest overall approxima-
tion ratio, while XY Parity Ring achieves a lower ratio but a higher success probability.
This discrepancy might be attributed to the approximation ratio definition, where the
objective value of solutions not satisfying budget constraints are set to 0, leading to
not fully reflection of system. We also observe that higher QAOA depth is crutial for
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Noise free Noise free

Error rate: 0.0005 Error rate: 0.0005

Error rate: 0.005 Error rate: 0.005

Figure 8.5: Simulation results of approximation ratio and success probability for 5-qubit
QAOA with different mixers and depths using Qiskit’s Qasm simulator with 8192 shots. The
combined bit flip and phase flip error channel is employed.

achieving higher success probability, which increasing from around 0.2 at p = 1 to
approx 0.9 at p = 7 for XY mixers.

When low noise is introduced (error rate 0.0005), XY mixers initially outperform
the standard mixer. However, as depth (p) increases, their approximation ratio
deteriorates. At p = 7, the standard mixer surpasses XY mixers. Nevertheless,
XY mixers maintain a higher success probability across all depths. Notably, XY
Ring and XY Parity Ring demonstrate higher performance than XY Full and XY
QAMPA, especially at higher depths, with XY Parity Ring achieving the highest
average success probability. For high noise (error rate 0.005), all mixers exhibit
comparable approximation ratios at p = 1. For p ≥ 2, the standard mixer significantly
outperforms XY mixers in terms of approximation ratio. The success probability of
the standard mixer follows a similar trend, peaking at p = 3 before decreasing.
Conversely, all XY mixers show a decreasing success probability with increasing
depth. However, XY Parity Ring still exhibits the highest success probability at
p = 1. For p ≥ 2, the standard mixer outperforms all XY mixers in terms of success
probability.

These findings suggest a trade-off between circuit complexity (depth and gate
count) and noise resilience for XY mixers. While XY mixers achieve superior per-
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formance in noise-free and low-noise scenarios, their advantage diminishes with
increasing noise strength. To improve the practicality of XY mixers in noisy environ-
ments, future research should focus on developing efficient Dicke state preparation
techniques and exploring optimized implementation strategies such as AOQMAP
(Chapter 4) and cooptimization with hardware constraints (Chapter 7).

8.3.3 Large-size problem instance

This section investigates the influence of noise on the QAOA with different numbers
of qubits. For portfolio optimization problems, QAOA implementations become
dense, requiring interactions between each qubit and all others. This translates to
a quadratic increase in two-qubit gates with the number of qubits n, following the
formula n(n− 1)/2. To illustrate this effect, we compare 5-qubit and 10-qubit QAOA
instances.

Figure 8.6 explores the performance of 5-qubit and 10-qubit QAOA under varying
noise strengths using the previously described composed bit-flip and phase-flip
error channel. For shallow depths (p ≤ 3), the 5-qubit QAOA exhibits superior
performance compared to the 10-qubit configuration across all noise levels. This is
evident in both the approximation ratio and success probability. Notably, at depth
one (p = 1) the success probability of the 10-qubit QAOA approaches zero. This
can be attributed to two factors: (1) limitations of the optimization process at low
depths, and (2) inherent limitations of the standard mixer at p = 1 in finding optimal
solutions, similar to the observations in Figure 8.4 for the 5-qubit case. This highlights
the importance of increasing QAOA depth for improved performance, especially
with larger qubit numbers.

In the absence of noise, the approximation ratios of 5-qubit and 10-qubit QAOA
become comparable for deeper circuits (p ≥ 4). However, the 10-qubit configuration
exhibits a higher success probability, suggesting a potential benefit for using higher
depths with large-scale problems. The introduction of noise significantly alters the
performance landscape. Even at a low noise strength of 0.01%, the advantage of
the 10-qubit configuration diminishes. At a higher noise strength of 0.05%, the
5-qubit QAOA demonstrably outperforms the 10-qubit version across all depths.
This underlines the increased susceptibility of more complex 10-qubit circuits to
noise. These findings emphasize the need for a careful trade-off between achieving
better performance with higher depths and the increased impact of noise in realistic
scenarios.

8.4 Conclusions

We analyzed the resilience and practical utility of QOAs for tackling real-world prob-
lems. Our findings highlight the crucial role of optimizing parameters in problem
instances to achieve improved algorithm performance. Notably, optimal parameters
may vary depending on the depth of the QAOA, indicating the potential for depth-
specific parameter optimization. Additionally, we can expand upon our previously
developed approach to cooptimize hardware and algorithms at the application level,
optimizing gate sequences and parameters of problem instances, while also consider-
ing hardware connectivity constraints. By exploring problem-specific adaptations and
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presenting case studies that showcase the efficacy of QOAs in the finance domain, we
bridge the gap between theoretical advancements and practical applications, offering
valuable insights into the practical implications of quantum optimization in diverse
fields.
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Chapter 9

Conclusion

This dissertation investigates the resilience of quantum optimization algorithms on
near-term noisy quantum devices. We first developed a methodology to quantify
resilience by comparing noise-free and noisy executions using metrics such as ap-
proximation ratio and success probability. Our findings demonstrate that compilation
quality, measurement shots, and classical optimization strategies significantly influ-
ence the performance of QOAs. A notable discovery, demonstrated on the real IBM
quantum device, is the resilience of QAOA with shallow depths to noise due to the
fewer number of gates. This observation suggests that for deeper QAOA circuits,
robust compilation techniques, and error mitigation strategies are crucial to fully
harness their potential on NISQ devices.

To enhance the performance and resilience of quantum algorithms, we developed
various strategies ranging from algorithmic level to hardware pulse level. First, we
proposed a calibration-aware transpilation process for VQAs. This process leverages
the time-varying error rates of quantum devices and the iterative nature of VQAs
to minimize the impact of errors while maximizing the utilization of classical and
quantum resources. Demonstrations on various real IBM quantum hardware validate
the effectiveness and efficiency of this strategy. Second, we addressed the NP-hard
qubit routing problem for VQAs with fully connected two-qubit interactions. Our
proposed algorithm-oriented qubit mapping (AOQMAP) approach leverages specific
hardware topologies and optimal methods for small-size VQAs to derive scalable and
optimal solutions for VQAs with arbitrary numbers of qubits and VQA depths. These
solutions minimize the increase in two-qubit gates and can be readily adapted to any
quantum device with similar subtopologies, such as Google’s quantum hardware.
Third, we introduced a framework for optimizing the compilation process of general
quantum algorithms. This framework focuses on preparing circuits to address con-
nectivity constraints locally and then selecting high-quality qubits for execution. The
noise modeling and cost function design can be further refined to guide the qubit
selection process, providing avenues for future research. Guided by the optimized
compilation, we investigated selective optimization on bipotent architectures. Our
demonstrations on IBM quantum devices show that optimizing a subset of two-qubit
gates with higher error rates can significantly improve the performance of VQAs.
This finding has important implications for large-scale quantum computing, as it
allows for selective optimization of gates to reduce calibration efforts while achieving
improved performance.
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9 Conclusion

Furthermore, we explored the factors influencing error mitigation efficiency. While
error mitigation is a promising strategy, our exploration of the interplay between error
mitigation and circuit design reveals that algorithms with higher original performance
benefit less from error mitigation. Achieving significantly improved performance
relies more critically on factors such as high-quality native gates of QPUs, symmetric
algorithm implementation, and effective circuit optimization techniques. Therefore,
a holistic approach that considers both hardware characteristics and software op-
timization strategies is essential for designing quantum algorithms to maximize
reliability and efficacy on NISQ devices. Finally, we proposed a novel cooptimization
framework that integrates algorithmic and hardware considerations for enhanced
QOA performance. By optimizing algorithm parameters and gate sequences while
adhering to hardware connectivity constraints, the performance is improved at the
algorithmic level and two-qubit gates are reduced during compilation. This approach
leverages algorithmic advantages at the Hamiltonian level and the inherent topology
of the hardware, providing insights for cooptimization in other quantum algorithms.

To demonstrate the applicability of QOAs, we outlined the challenges in advancing
quantum optimization and introduced problem encoding techniques. Our investiga-
tion of problem instance parameters, such as the number of assets, penalty factor, and
global factor, reveals that optimal values vary with QAOA depth p, suggesting the
need for specific optimization for a fixed p. We also studied the resilience of QOAs
with different mixers. XY mixers, while requiring more two-qubit gates, outperform
standard mixers but are more noise-sensitive. Moreover, a high value of p is crucial
for achieving high success probabilities. Our findings suggest promising strategies for
better utilizing near-term devices including optimizing problem instance parameters
for a target p and integrating resilience enhancement strategies into the application
level, including cooptimizing algorithm design and hardware implementations, syn-
ergizing error mitigation and circuit design, and selectively optimizing quantum
circuits. By providing theoretical foundations, performance evaluations, optimization
techniques, and practical demonstrations of QOAs, this research contributes to the
development of robust QOAs for near-term quantum devices, highlighting their
potential for practical quantum computing, and providing insights for optimizing
other algorithms.

The potential of quantum optimization holds considerable promise for the future;
however, several significant challenges should be overcome to fully realize its poten-
tial. Developing resilient and scalable quantum devices is paramount for practical
applications. Resilience requires improvements in hardware, algorithms, robust
error correction and mitigation strategies, and efficient resource management. This
involves enhancing qubit coherence time and gate fidelity, designing noise-resilient
quantum algorithms specifically tailored for optimization problems, and exploring
hybrid quantum-classical approaches. Scalability demands advancements in qubit
design, fabrication, innovative architectures, topologies, and control systems. Hybrid
quantum devices [329, 330, 331, 332, 333, 334, 335, 336], combining the strengths
of different quantum platforms, offer a promising solution to overcome individual
limitations. Estimating the quantum advantage for optimization problems remains a
complex task. Defining definitive benchmarks and quantifying the advantage over
classical algorithms are challenging endeavors. Establishing standardized bench-
marks and metrics will facilitate precise assessments of quantum advantage.
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Appendix A

Appendix

A.1 Cloud platform details for Chapter 5

We provide here more details about the two cloud-accessible QPUs ibmq_ehningen
and ibm_auckland used for the demonstration presented in Chapter 5. Both QPUs
have identical layouts, as shown in Figures 5.1 and 5.12, and employ a basis gate set
of {ID, RZ, SX, X, CX}, where ID represents the identity gate, X represents the Pauli X
gate, and SX represents the square root of the X gate. Calibration data at the time of
the demonstration of QAOA for PortOpt and MaxCut are summarized in Tables A.1
and A.2, respectively.

A.2 Cloud platform details for Chapter 7

Here we provide details on the IBM QPUs employed in Chapter 7, including ibm_perth
with 7 qubits, ibm_cairo, and ibmq_ehningen, both with 27 qubits. Figure A.1 shows
the topologies of 7-qubit and 27-qubit QPUs. All QPUs employ a basis gate set of {ID,
RZ, SX, X, CX}. The calibration data at the time of the demonstration are summarized
in the following tables. In particular, Tables A.3 and A.4 present the qubits employed
in the implementation of DC-QAOA for MaxCut problem on ibm_perth, along with
their corresponding qubit properties. Similarly, Tables A.5 and A.6 provide the
same information for the MaxCut problem instances executed on ibmq_ehningen.
Furthermore, Tables A.7 and A.8 present the qubits utilized and their properties in
the implementation of DC-QAOA for portfolio optimization on ibm_cairo, covering
depths ranging from one to three. Finally, Tables A.9 and A.10 display the correspond-
ing details for the portfolio optimization instances executed on ibmq_ehningen.
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3Q-QAOA-PortOpt ECR-circuit Global-D Bipotent-circuit
Qubits used [16, 14, 11] [18, 21, 23] [22, 25, 26]
T1 (µs) [194.12, 163.4, 150.43] [214.69, 300.02, 222.14] [195.66, 257.93, 195.59]
T2 (µs) [240.94, 215.18, 174.7] [333.28, 155.0, 234.21] [31.47, 354.96, 27.85]
Frequency (GHz) [5.022, 5.177, 5.119] [4.996, 4.94, 4.805] [4.725, 4.95, 5.151]
Anharmonicity (GHz) [-0.3435, -0.3408, -0.3405] [-0.343, -0.3456, -0.3471] [-0.3464, -0.3457, -0.3391]
Prob meas0 prep1 (%) [0.64, 0.92, 1.66] [1.14, 1.0, 0.84] [1.4, 1.16, 0.8]
Prob meas1 prep0 (%) [0.56, 0.68, 1.4] [0.86, 0.78, 0.76] [1.12, 0.66, 0.66]
Readout length (ns) [846.22, 846.22, 846.22] [846.22, 846.22, 846.22] [846.22, 846.22, 846.22]
Readout error (%) [0.6, 0.8, 1.53] [1.0, 0.89, 0.8] [1.26, 0.91, 0.73]
Single-qubit gate error (%) [0.016, 0.033, 0.022] [0.026, 0.021, 0.013] [0.016, 0.024, 0.014]
CX gate error (%) [0.66, 0.89] [0.44, 0.52] [0.62, 0.57]
4Q-QAOA-PortOpt ECR-circuit Global-B Direct-circuit
Qubits used [16, 14, 11, 8] [18, 21, 23, 24] [1, 4, 7, 6]
T1 (µs) [194.12, 163.4, 150.43, 145.9] [214.69, 300.02, 222.14, 244.38] [243.57, 134.77, 205.84, 105.37]
T2 (µs) [240.94, 215.18, 174.7, 157.35] [333.28, 155.0, 234.21, 225.4] [172.38, 111.81, 266.71, 183.16]
Frequency (GHz) [5.022, 5.177, 5.119, 5.174] [4.996, 4.94, 4.805, 5.074] [5.182, 5.054, 4.978, 4.89]
Anharmonicity (GHz) [-0.3435, -0.3408, -0.3405, -0.3399] [-0.343, -0.3456, -0.3471, -0.3416] [-0.34, -0.3426, -0.344, -0.3448]
Prob meas0 prep1 (%) [0.64, 0.92, 1.66, 1.18] [1.14, 1.0, 0.84, 0.88] [1.04, 1.02, 0.74, 1.48]
Prob meas1 prep0 (%) [0.56, 0.68, 1.4, 1.46] [0.86, 0.78, 0.76, 0.66] [0.64, 0.58, 0.82, 2.02]
Readout length (ns) [846.22, 846.22, 846.22, 846.22] [846.22, 846.22, 846.22, 846.22] [846.22, 846.22, 846.22, 846.22]
Readout error (%) [0.6, 0.8, 1.53, 1.32] [1.0, 0.89, 0.8, 0.77] [0.84, 0.8, 0.78, 1.75]
Single-qubit gate error (%) [0.016, 0.033, 0.022, 0.029] [0.026, 0.021, 0.013, 0.017] [0.026, 0.025, 0.016, 0.02]
CX gate error (%) [0.66, 0.89, 1.06] [0.44, 0.52, 0.49] [0.68, 0.4, 0.35]
5Q-QAOA-PortOpt ECR-circuit Global-B
Qubits used [16, 14, 11, 8, 9] [17, 18, 21, 23, 24]
T1 (µs) [194.12, 163.4, 150.43, 145.9, 178.39] [143.0, 214.69, 300.02, 222.14, 244.38]
T2 (µs) [240.94, 215.18, 174.7, 157.35, 195.4] [39.76, 333.28, 155.0, 234.21, 225.4]
Frequency (GHz) [5.022, 5.177, 5.119, 5.174, 4.993] [5.136, 4.996, 4.94, 4.805, 5.074]
Anharmonicity (GHz) [-0.3435, -0.3408, -0.3405, -0.3399, -0.3441] [-0.341, -0.343, -0.3456, -0.3471, -0.3416]
Prob meas0 prep1 (%) [0.64, 0.92, 1.66, 1.18, 1.0] [0.88, 1.14, 1.0, 0.84, 0.88]
Prob meas1 prep0 (%) [0.56, 0.68, 1.4, 1.46, 0.74] [0.56, 0.86, 0.78, 0.76, 0.66]
Readout length (ns) [846.22, 846.22, 846.22, 846.22, 846.22] [846.22, 846.22, 846.22, 846.22, 846.22]
Readout error (%) [0.6, 0.8, 1.53, 1.32, 0.87] [0.72, 1.0, 0.89, 0.8, 0.77]
Single-qubit gate error (%) [0.016, 0.033, 0.022, 0.029, 0.02] [0.018, 0.026, 0.021, 0.013, 0.017]
CX gate error (%) [0.66, 0.89, 1.06, 0.94] [0.47, 0.44, 0.52, 0.49]
5Q-QAOA-PortOpt Direct-circuit Bipotent-circuit
Qubits used [6, 7, 4, 1, 2] [11, 14, 13, 12, 10]
T1 (µs) [42.89, 148.29, 108.74, 154.56, 75.75] [127.56, 107.65, 147.9, 183.56, 115.74]
T2 (µs) [183.16, 266.71, 111.81, 172.38, 19.75] [74.74, 196.1, 271.77, 442.33, 57.65]
Frequency (GHz) [4.89, 4.978, 5.054, 5.182, 5.127] [5.119, 5.177, 4.926, 4.725, 4.835]
Anharmonicity (GHz) [-0.3448, -0.344, -0.3426, -0.34, -0.3403] [-0.3405, -0.3408, -0.344, -0.3484, -0.3471]
Prob meas0 prep1 (%) [1.48, 0.74, 1.02, 1.04, 1.04] [1.54, 1.08, 1.74, 1.0, 0.74]
Prob meas1 prep0 (%) [2.02, 0.82, 0.58, 0.64, 0.66] [1.34, 0.44, 0.96, 0.9, 0.46]
Readout length (ns) [846.22, 846.22, 846.22, 846.22, 846.22] [846.22, 846.22, 846.22, 846.22, 846.22]
Readout error (%) [1.75, 0.78, 0.8, 0.84, 0.85] [1.44, 0.76, 1.35, 0.95, 0.6]
Single-qubit gate error (%) [0.02, 0.016, 0.025, 0.026, 0.05] [0.025, 0.031, 0.018, 0.022, 0.017]
CX gate error (%) [0.35, 0.4, 0.68, 0.96] [0.84, 0.59, 0.66, 0.5]
5Q-QAOA-PortOpt Bipotent-circuit (ibm_auckland)
Qubits used [11, 8, 5, 3, 2]
T1 (µs) [168.1, 177.64, 280.77, 157.44, 126.14]
T2 (µs) [138.88, 97.6, 96.99, 219.48, 196.01]
Frequency (GHz) [5.055, 5.204, 4.993, 4.897, 5.006]
Anharmonicity (GHz) [-0.3422, -0.3407, -0.3445, -0.3455, -0.3434]
Prob meas0 prep1 (%) [0.84, 1.08, 1.14, 1.48, 1.28]
Prob meas1 prep0 (%) [0.5, 0.7, 0.74, 0.84, 0.98]
Readout length (ns) [757.33, 757.33, 757.33, 757.33, 757.33]
Readout error (%) [0.67, 0.89, 0.94, 1.16, 1.13]
Single-qubit gate error (%) [0.017, 0.019, 0.049, 0.016, 0.018]
CX gate error (%) [0.63, 0.98, 0.59, 0.49]

Table A.1: Calibration data at the time of the demonstration for portfolio optimization problem
presented in Section 5.3.3.
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Table A.2: Calibration data at the time of the demonstration for MaxCut problem presented
in Section 5.3.3.

5Q-QAOA-MaxCut ECR-circuit Global-B
Qubits used [16, 14, 11, 8, 9] [6, 7, 4, 1, 0]
T1 (µs) [197.21, 207.15, 104.89, 122.12, 135.3] [186.94, 217.29, 129.35, 143.59, 197.13]
T2 (µs) [240.94, 215.18, 174.7, 157.35, 195.4] [183.16, 266.71, 111.81, 172.38, 201.31]
Frequency (GHz) [5.022, 5.177, 5.119, 5.174, 4.993] [4.89, 4.978, 5.054, 5.182, 4.961]
Anharmonicity (GHz) [-0.3435, -0.3408, -0.3405, -0.3399, -0.3441] [-0.3448, -0.344, -0.3426, -0.34, -0.3445]
Prob meas0 prep1 (%) [0.64, 0.92, 1.66, 1.18, 1.0] [1.48, 0.74, 1.02, 1.04, 1.04]
Prob meas1 prep0 (%) [0.56, 0.68, 1.4, 1.46, 0.74] [2.02, 0.82, 0.58, 0.64, 0.88]
Readout length (ns) [846.22, 846.22, 846.22, 846.22, 846.22] [846.22, 846.22, 846.22, 846.22, 846.22]
Readout error (%) [0.6, 0.8, 1.53, 1.32, 0.87] [1.75, 0.78, 0.8, 0.84, 0.96]
Single-qubit gate error (%) [0.016, 0.033, 0.022, 0.029, 0.02] [0.02, 0.016, 0.025, 0.026, 0.018]
CX gate error (%) [0.66, 0.89, 1.06, 0.94] [0.35, 0.4, 0.68, 0.51]

5Q-QAOA-MaxCut Direct-circuit Bipotent-circuit
Qubits used [6, 7, 4, 1, 2] [17, 18, 21, 23, 24]
T1 (µs) [42.89, 148.29, 108.74, 154.56, 75.75] [143.0, 214.69, 300.02, 222.14, 244.38]
T2 (µs) [183.16, 266.71, 111.81, 172.38, 19.75] [39.76, 333.28, 155.0, 234.21, 225.4]
Frequency (GHz) [4.89, 4.978, 5.054, 5.182, 5.127] [5.136, 4.996, 4.94, 4.805, 5.074]
Anharmonicity (GHz) [-0.3448, -0.344, -0.3426, -0.34, -0.3403] [-0.341, -0.343, -0.3456, -0.3471, -0.3416]
Prob meas0 prep1 (%) [1.48, 0.74, 1.02, 1.04, 1.04] [0.88, 1.14, 1.0, 0.84, 0.88]
Prob meas1 prep0 (%) [2.02, 0.82, 0.58, 0.64, 0.66] [0.56, 0.86, 0.78, 0.76, 0.66]
Readout length (ns) [846.22, 846.22, 846.22, 846.22, 846.22] [846.22, 846.22, 846.22, 846.22, 846.22]
Readout error (%) [1.75, 0.78, 0.8, 0.84, 0.85] [0.72, 1.0, 0.89, 0.8, 0.77]
Single-qubit gate error (%) [0.02, 0.016, 0.025, 0.026, 0.05] [0.018, 0.026, 0.021, 0.013, 0.017]
CX gate error (%) [0.35, 0.4, 0.68, 0.96] [0.47, 0.44, 0.52, 0.49]
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Figure A.1: IBM QPU topology with 7 (left) and 27 (right) qubits. Each qubit is denoted by a
circle, and the lines connecting the qubits depict the available two-qubit gates.

Table A.3: Qubits used in the n-qubit DC-QAOA implementation on ibm_perth in Figure 7.17.

n AOQMAP Qiskit Tket
3 {1, 2, 3} {1, 3, 5} {1, 2, 3}
4 {1, 2, 3, 5} {1, 2, 3, 5} {3, 4, 5, 6]
5 {1, 2, 3, 5, 6} {1, 3, 4, 5, 6} {1, 3, 4, 5, 6}
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Table A.4: Calibration data at the time of the demonstration on ibm_perth in Figure 7.17.

Qubits 0 1 2 3 4 5 6
T1 (µs) 119.57 172.46 78.2 223.51 229.34 208.77 123.57
T2 (µs) 68.66 51.34 98.23 292.47 145.49 236.87 238.67
Frequency (GHz) 5.158 5.034 4.863 5.125 5.159 4.979 5.157
Anharmonicity (GHz) -0.3415 -0.3444 -0.3473 -0.3404 -0.3334 -0.346 -0.3405
Prob meas0 prep1 (%) 8.9 3.08 2.6 1.78 16.58 3.02 1.2
Prob meas1 prep0 (%) 67.38 3.16 1.88 1.62 11.94 3.02 1.04
Readout length (ns) 721.78 721.78 721.78 721.78 721.78 721.78 721.78
Readout error (%) 38.14 3.12 2.24 1.7 14.26 3.02 1.12
Single-qubit gate error (%) 0.093 0.026 0.023 0.02 0.039 0.035 0.037
CX gate (0, 1) (1, 2) (1, 3) (3, 5) (4, 5) (5, 6)
CX gate error (%) 1.48 0.75 0.45 0.76 0.89 1.05

Table A.5: Qubits used in the n-qubit DC-QAOA implementation on ibmq_ehningen in
Figure 7.18.

n AOQMAP Qiskit Tket
3 {22, 25, 26} {22, 25, 26} {23, 24, 25}
4 {19, 22, 25, 26} {22, 24, 25, 26} {22, 24, 25, 26]
5 {16, 19, 22, 25, 26} {19, 22, 24, 25, 26} {8, 11, 13, 14, 16}

Table A.6: Calibration data at the time of the demonstration on ibmq_ehningen in Figure 7.18.

Qubits 8 11 13 14 16 19 22 23 24 25 26
T1 (µs) 147.13 139.39 243.31 118.9 183.36 128.91 156.26 247.34 144.53 300.87 123.47
T2 (µs) 207.99 225.82 231.39 239.27 250.25 89.89 33.4 399.76 265.3 398.15 23.63
Frequency (GHz) 5.174 5.119 4.926 5.177 5.022 4.784 4.725 4.805 5.074 4.95 5.151
Anharmonicity (GHz) -0.3399 -0.3405 -0.344 -0.3408 -0.3435 -0.3485 -0.3464 -0.3471 -0.3416 -0.3457 -0.3391
Prob meas0 prep1 (%) 1.4 3.88 1.04 1.4 1.0 1.14 1.62 1.04 1.1 0.84 1.0
Prob meas1 prep0 (%) 1.1 1.76 0.68 0.48 0.58 0.96 1.18 0.76 0.52 0.48 0.6
Readout length (ns) 846.22 846.22 846.22 846.22 846.22 846.22 846.22 846.22 846.22 846.22 846.22
Readout error (%) 1.25 2.82 0.86 0.94 0.79 1.05 1.4 0.9 0.81 0.66 0.8
Single-qubit gate error (%) 0.029 0.031 0.022 0.032 0.023 0.026 0.019 0.017 0.021 0.013 0.028
CX gate (8, 11) (11, 14) (13, 14) (14, 16) (16, 19) (19, 22) (22, 25) (23, 24) (24, 25) (25, 26)
CX gate error (%) 1.4 0.81 0.72 0.97 0.52 0.48 0.36 0.38 0.88 0.52

Table A.7: Qubits used in the n-qubit DC-QAOA implementation with depth p, represented
as Dp

n , on ibm_cairo in Figure 7.19.

AOQMAP Qiskit Tket
D1

3 {12, 13, 14} {12, 13, 14} {12, 13, 15}
D2

3 {3, 5, 8} {12, 13, 14} {12, 13, 15}
D3

3 {13, 14, 16} {12, 13, 14} {12, 13, 15}
D1

4 {10, 12, 13, 14} {10, 12, 13, 15} {10, 12, 13, 15}
D2

4 {3, 5, 8, 9} {10, 12, 13, 15} {10, 12, 13, 15}
D3

4 {3, 5, 8, 9} {10, 12, 13, 15} {10, 12, 13, 15}
D1

5 {10, 12, 13, 14, 16} {10, 12, 13, 14, 15} {10, 12, 13, 14, 15}
D2

5 {10, 12, 13, 14, 16} {10, 12, 13, 14, 15} {10, 12, 13, 14, 15}
D3

5 {10, 12, 13, 14, 16} {10, 12, 13, 14, 15} {10, 12, 13, 14, 15}
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Table A.8: Calibration data at the time of the demonstration on ibm_cairo in Figure 7.19.

Qubits 3 5 8 9 10 12 13 14 15 16
T1 (µs) 89.65 105.74 83.87 77.23 95.75 99.99 75.72 77.0 130.63 98.95
T2 (µs) 134.52 50.84 43.33 30.47 13.92 102.35 155.06 132.19 334.49 207.13
Frequency (GHz) 5.119 5.046 4.969 5.227 5.234 5.115 5.282 5.044 4.963 5.277
Anharmonicity (GHz) -0.3404 -0.3047 -0.3442 -0.3391 -0.3392 -0.3413 -0.3686 -0.3422 -0.3453 -0.3388
Prob meas0 prep1 (%) 1.72 1.82 2.04 2.76 1.0 1.02 0.5 1.04 0.78 1.92
Prob meas1 prep0 (%) 1.72 1.36 2.6 5.48 0.8 0.98 0.36 0.58 0.42 10.18
Readout length (ns) 732.44 732.44 732.44 732.44 732.44 732.44 732.44 732.44 732.44 732.44
Readout error (%) 1.72 1.59 2.32 4.12 0.9 1.0 0.43 0.81 0.6 6.05
Single-qubit gate error (%) 0.02 0.024 0.016 0.022 0.019 0.019 0.015 0.02 0.011 0.02
CX gate (3, 5) (5, 8) (8, 9) (10, 12) (12, 13) (12, 15) (13, 14) (14, 16)
CX gate error (%) 0.55 0.54 0.8 0.8 1.16 0.93 0.48 0.52

Table A.9: Qubits used in the n-qubit DC-QAOA implementation with depth p, represented
as Dp

n , on ibmq_ehningen in Figure 7.20.

AOQMAP Qiskit Tket
D1

3 {22, 25, 26} {22, 25, 26} {23, 24, 25}
D2

3 {19, 22, 25} {22, 25, 26} {23, 24, 25}
D3

3 {19, 22, 25} {22, 25, 26} {23, 24, 25}
D1

4 {19, 22, 25, 26} {22, 24, 25, 26} {22, 24, 25, 26}
D2

4 {19, 22, 25, 26} {19, 22, 25, 26} {22, 24, 25, 26}
D3

4 {19, 22, 25, 26} {22, 24, 25, 26} {22, 24, 25, 26}
D1

5 {16, 19, 22, 25, 26} {16, 19, 20, 22, 25} {19, 22, 24, 25, 26}
D2

5 {16, 19, 22, 25, 26} {16, 19, 20, 22, 25} {19, 22, 24, 25, 26}
D3

5 {16, 19, 22, 25, 26} {16, 19, 20, 22, 25} {19, 22, 24, 25, 26}

Table A.10: Calibration data at the time of demonstration on ibmq_ehningen in Figure 7.20.

Qubits 16 19 20 22 23 24 25 26
T1 (µs) 183.36 128.91 43.22 156.26 247.34 144.53 300.87 123.47
T2 (µs) 250.25 89.89 121.72 33.4 399.76 265.3 398.15 23.63
Frequency (GHz) 5.022 4.784 5.042 4.725 4.805 5.074 4.95 5.151
Anharmonicity (GHz) -0.3435 -0.3485 -0.3426 -0.3464 -0.3471 -0.3416 -0.3457 -0.3391
Prob meas0 prep1 (%) 1.0 1.14 0.82 1.62 1.04 1.1 0.84 1.0
Prob meas1 prep0 (%) 0.58 0.96 2.18 1.18 0.76 0.52 0.48 0.6
Readout length (ns) 846.22 846.22 846.22 846.22 846.22 846.22 846.22 846.22
Readout error (%) 0.79 1.05 1.5 1.4 0.9 0.81 0.66 0.8
Single-qubit gate error (%) 0.023 0.026 0.038 0.019 0.017 0.021 0.013 0.028
CX gate (16, 19) (19, 20) (19, 22) (22, 25) (23, 24) (24, 25) (25, 26)
CX gate error (%) 0.52 0.57 0.48 0.36 0.38 0.88 0.52
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