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The knowledge of diffusion mechanisms in materials is crucial for predicting
their high-temperature performance and stability, yet accurately capturing the
underlying physics like thermal effects remains challenging. In particular, the
origin of the experimentally observed non-Arrhenius diffusion behavior has
remained elusive, largely due to the lack of effective computational tools. Here
we propose an efficient ab initio framework to compute the Gibbs energy of
the transition state in vacancy-mediated diffusion including the relevant
thermal excitations at the density-functional-theory level. With the aid of a
bespoke machine-learning interatomic potential, the temperature-dependent
vacancy formation and migration Gibbs energies of the prototype system
body-centered cubic (BCC) tungsten are shown to be strongly affected by
anharmonicity. This finding explains the physical origin of the experimentally
observed non-Arrhenius behavior of tungsten self-diffusion. A remarkable
agreement between the calculated and experimental temperature-dependent
self-diffusivity and, in particular, its curvature is revealed. The proposed
computational framework is robust and broadly applicable, as evidenced by
first tests for a hexagonal close-packed (HCP) multicomponent high-entropy
alloy. The successful applications underscore the attainability of an accurate
ab initio diffusion database.

Understanding atomic diffusion is of fundamental importance in
developing materials with controlled mechanical and functional
properties. For the majority of metals, the temperature dependence of
thermally activated, vacancy-mediated diffusion is well assessed from
countless studies. The common knowledge expects a linear Arrhenius
behavior. Magnetic?, chemical order-disorder®*, or structural® trans-
formations might induce characteristic deviations from the Arrhenius-
type temperature dependence. When phase transformations do not
interfere, the logarithm of the diffusion rate, D, is assumed to scale
linearly with the inverse temperature, T,

D= 08Q=kghT '+Dg, a1p

with the slope, - Q/kg, and the intercept, Dy, controlled by the acti-
vation energy Q and the prefactor Dg (Kg : Boltzmann constant). Both Q
and Dq are generally assumed to be independent or very weakly
dependent on temperature®.

The universality of this widespread assumption is, however, lim-
ited, especially close to the melting point®. Diffusion measurements
covering wide temperature intervals revealed deviations from
linearity’2 Textbook knowledge explains this “anomaly” of substitu-
tional diffusion with di-vacancies in addition to mono-vacancies®**,
Various measurements®™’ were interpreted as supporting the di-
vacancy explanation, which grew into an undisputed paradigm.
Nevertheless, some researchers proposed an alternative explanation in
terms of temperature-dependent activation energies®?* indicating
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Fig. 1| TSTI workflow. Schematic illustration of the proposed transition state thermodynamic integration (TSTI) approach (NEB = nudged elastic band; TS = transition

state; cfgs = configurations (sampled from MD); T* = electronic temperature).

problems with the mono-/di-vacancy interpretation even in simple
metals. Temperature-dependent vacancy formation energies driven by
anharmonic vibrations were indeed uncovered by recent ab initio
simulations®?*. Temperature-dependent vacancy energies were also
found for self-diffusion in Mo®.

These theoretical findings call for a conceptual revision of the
long-standing paradigm. However, a paradigm shift requires strong
support. Therefore, not only further ab initio simulations of defect
energetics are required, but in particular methodological advances to
enable access to reliable predictions at high temperatures.

While efficient high-accuracy ab initio techniques are available for
vacancy formation®?°, state-of-the-art ab initio approaches approx-
imate migration Gibbs energies by (quasi)harmonic transition state
theory (hTST)?, utilizing either the full quasiharmonic free energy® or
a simplified Vineyard formula® with explicit phonon calculations®. It
will be shown below that hTST is unrealistic at elevated temperatures
and causes significant errors.

The most accurate approach to exploring the full vibrational
space is thermodynamic integration. A crucial requirement for ther-
modynamic integration is “sufficient” phase stability, i.e., the target
phase should be dynamically stable in the temperature range of
interest. Certain correlated lattice instabilities, e.g., the hcp to dhcp
transformation as observed for hcp Ni*°, are suppressed by increasing
the size of the simulation cell. Other undesirable transformations may
be inhibited by restricting the cell to smaller sizes®. For an intrinsically
localized instability as experienced by a diffusing atom at the energetic
saddle point, such measures will not be effective. Although finite-
temperature path-based approaches such as the finite temperature
string method® and the mean-force based integration®*** have been
developed to include the full vibrational contribution to the activation
free energy, their practical application in an ab initio framework is not
straightforward.

Here, we propose an efficient and accurate ab initio method that
overcomes the dynamical instability problem of the transition state.
We show that with the introduced stabilization scheme—implemented
in a machine-learning-assisted thermodynamic-integration + direct-
upsampling framework—the full temperature dependence of vacancy
migration Gibbs energies can be efficiently calculated, including all
relevant thermal excitations with density-functional-theory (DFT)
accuracy. Together with the vacancy formation Gibbs energies, like-
wise computable with the direct upsampling technique, accurate ab

initio self-diffusivities become available, even for high melting
systems.

Results

Transition state thermodynamic integration

Figure 1 provides the general workflow of the introduced transition
state thermodynamic integration (TSTI) approach. The key parts are
highlighted by the gray-blue boxes. At the core lies the actual TSTI
calculation from a stabilized dynamical matrix to a highly optimized
machine-learning potential, specifically a moment tensor potential
(MTP)®*. The TSTI calculation is followed by direct upsampling to
achieve DFT accuracy.

The MTP is trained on a large DFT dataset (2591 structures)
including bulk, vacancy, and transition-state configurations sampled
from high-temperature MD. The root-mean-square error (RMSE) is
only 1.9 meV/atom in energies and 0.15 eV/ in forces, respectively.
Consequently, the MD energies (2591 energies in total) and forces
(nearly one million forces in total) predicted by the MTP show a strong
correlation with the DFT data, cf. Fig. 2. The good performance of the
MTP ensures an accurate description of the vibrational phase space for
the considered bulk, vacancy, and transition-state configurations and
boosts up the direct upsampling convergence. More details about the
MTP are given in the Methods section.

The anharmonic free energy is expressed as

h _ h ¥ full
Fo = AR ™+ AFER, a2p

where the first term AF‘,?AhTF!, full'is obtained from the TSTI calculation to

the MTP and the second term AF 2, from free energy perturbation
theory, i.e., the direct upsampling, to DFT. Specifically,

z

1
AFE™' = dAREM'SfR > ETFRg; DPi 83
0o

== A

represents a thermodynamic integration along the coupling parameter
A [0, 1], with the thermodynamic average ... , of the difference
between the quasiharmonic energy E%" and the stabilized full vibra-
tional MTP energy EM' (discussed below) computed for different
configurations of the atomic coordinates {R;}. For each fixed value of A,
the atomic movement in the MD simulation is driven by forces derived
from a linear combination of quasiharmonic and MTP forces.
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Fig. 2 | Accuracy of the moment tensor potential (MTP). Correlation plots of the energies (a) and forces (b) of the MTP vs. DFT and the corresponding root-mean-square

errors (RMSEs).

A key ingredient to the here proposed approach is the stabilized
dynamical matrix Ds computed from the original, unstable dynamical
matrix via o

D= w w2 w! +w o? w',
=T %) T % 3 i
3N lstablemodes  siapilized mode
where
w? =diagiw?, ::1, w3y 0P, %
wg? =diagd0, ::1, 0, AW qiP %6p

represent two 3N x 3N diagonal matrices, which store the 3N — 1 stable
phonon frequencies w; and the single stabilized phonon frequency,
respectively. The stabilization is achieved by taking the absolute value

of the reaction coordinate frequency wizmag times a tunable parameter

a. We set a to be 30, a value ensuring that the resulting stabilized
ajwizma
stable frequency of the frequency spectrum of the transition state.
More details and tests on the stabilization parameter a are provided in
the Supplementary Information. Further in Eq. (4), w is the eigenvector
matrix of the original, unstable dynamical matrix.

The second crucial ingredient to our scheme is the stabilization of
the MTP forces during the thermodynamic integration. This is
achieved by replacing the forces along the unstable mode with the
stabilized harmonic forces given by D,. Specifically, for a given A, the
interatomic forces are obtained as

frequency of the unstable mode, gj, is higher than the highest

Fo=0l MWFEIM+ AR 87p
with the forces FI" corresponding to D, and with the stabilized MTP
forces F' computed by -

FU'=FMTofR o+ F R +ulgp FMTOfR +ulgp, 88

where FMT are the original unstabilized MTP forces and

u? = wimag wimagv u = RI Rlsp’ d9p
with the saddle-point positions fprg and the normalized eigenvector
Wimag of the unstable phonon mode. Consistently, the corresponding

MTP potential energy entering Eq. (3) is computed as

EL"6fR, gp=EMTofR, b + {E TR +ujg; D EMTPOFRYP +ujgr, 4100

where EM™ is the original unstabilized MTP potential energy.

The TSTI workflow relies upon and significantly advances the
established computational framework for high-accuracy ab initio
Gibbs energies for equilibrium states®. In particular, as highlighted
by the two schematic plots in Fig. 1, the unstable mode (red dotted
line), which drives the saddle-point configuration to the equilibrium,
does not directly contribute to the vibrational free energy of the
transition state. At any A, the instability is replaced by the stable
energy profile corresponding to ajwizmagj (red solid line). Since the
stabilized energy profile along the thermodynamic-integration path
remains unchanged, there is no explicit contribution of the reaction
coordinate to the free energy difference in Eq. (2). (This is consistent
with hTST in sampling the (3N - 1) stable modes, albeit in the har-
monic regime.) The indirect impact of the stabilization via the
coupling to the stable modes is small and can be controlled with the
a parameter (see Supplementary Information). The stabilization in
TSTl is of crucial importance to restrict the vibrations to the vicinity
of the saddle point, such as to enable the sampling of the anhar-
monicity (gray shaded area) from all other, 3N — 1 stable modes (gray
or black curves).

With TSTI, the anharmonicity of the transition state is captured at
the accuracy level of the MTP. Upsampling based on molecular-
dynamics snapshots with the full free-energy formula for AFR;
ensures DFT accuracy. Electronic excitations and their coupling to
atomic vibrations are computed in a second upsampling step utilizing
finite temperature DFT***’. Thus, the full set of free energy contribu-
tions can be computed for the transition state at the level of DFT
accuracy.

Temperature-dependent Gibbs energies of vacancy formation
and migration

We use TSTI to calculate the Gibbs energy of vacancy migration
Gmig(T) for BCC W. The reference transition-state configuration,
fR}"g, is obtained from the climbing-image nudged elastic band®
method performed at zero Kelvin. At high temperatures, even close
to the melting point, the MD migration trajectories suggest that, for
symmetrical crystalline structures like BCC, the migration pathway
remains the same (see Supplementary Fig. 6 and the related dis-
cussion). For complex molecular systems®, migration pathways may
be modified at high temperatures due to fewer symmetry restric-
tions, which would require a special analysis that is out of the
scope of the present paper. We use the “standard” scheme of
thermodynamic-integration + direct-upsampling® to calculate the
Gibbs energy of vacancy formation G¢om(T). Previously, the tem-
perature dependence of G, 0Of BCC W was derived from fitting a
single data point*®, and we now investigate the explicit temperature
dependence on a dense temperature mesh. The self-diffusion
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Fig. 3 | Impact of anharmonicity and electrons on vacancy formation and
migration in tungsten. a Formation and b migration Gibbs energies from the
proposed TSTI approach in comparison with experiments (black symbols with
error bars showing the experimental uncertainty). Experimental techniques:

a quenched-in resistivity’”*"®, positron annihilation spectroscopy (PAS) Doppler

(b) Vacancy migration in tungsten
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interrupted quenching®. The dotted/dashed lines connecting the computed data
points (filled symbols) are fourth-order polynomial fits. The dashed red lines show
the linear Arrhenius extrapolation of the Gibbs energies from the temperature
range of 2600 K to 3000 K.

coefficient reads

Grorm0TP+ GpyigdTP

ke T
DTP=a2dThf e BTexp kT

, 311

where h is the Planck constant. The lattice constant at zero pressure
ao(T) is obtained from the relative thermal expansion (DFT molecular
dynamics) reported in ref. 41 and rescaled with the lattice constant at O
K, 3.1723 | calculated here (see Supplementary Information for more
details). The correlation factor for vacancy diffusion on the BCC lattice,
face, takes the value of 0.7272% For the DFT calculations, we employ
the projector augmented wave (PAW) method™ within the generalized
gradient approximation (GGA) in the Perdew-Burke-Ernzerhof (PBE)
parametrization* as implemented in VASP*“, Further details are
given in the Methods section.

Figure 3 presents the temperature-dependent Gibbs energies of
vacancy formation and migration for BCC W. The red circles and lines
correspond to the final Gibbs energies with all thermal contributions
included. For both Gsorm(T) and Gnig(T), a strong and clearly non-linear
temperature dependence is observed, particularly in the temperature
range where diffusion is measured (T > 0.46T™", gray shaded area).
The computed high-temperature data are well reproduced by a
quadratic fit (red solid lines), as observed before for formation Gibbs
energies®®. The energy reduction with temperature is particularly
strong for vacancy formation and reaches - 1.21eV (- 36%) at 3400 K
as compared to the O K value.

The experimental data (black symbols) reflect extrapolations of
high-temperature measurements utilizing the linear Arrhenius ansatz,
i.e., Giorm/mig = Hform/mig = TStorm/mig,» With temperature-independent
enthalpies (Hrorm/mig) and entropies (Storm/mig) Of formation/migration.
Although such a linear fitting ansatz is clearly inappropriate based on
the present and previous results®®**, we utilize it nevertheless to fit our
exact data for the purpose of an unbiased comparison between theory
and experiment. For both formation and migration, a linear Arrhenius
fit of the full Gibbs energies between 2600 K and 3000 K shows a
reasonable agreement with experiment, considering the significant
scatter and uncertainty in the high-temperature measurements.

A comparison between the generally applied quasiharmonic
approximation (gray diamonds) and the Gibbs energies featuring full
vibrations (blue squares) unveils strong anharmonicity in the forma-
tion and migration of a vacancy. The Gibbs energies decrease sig-
nificantly due to explicit anharmonicity as highlighted by the arrows
labeled “ah”; max. — 20% for the vacancy formation and - 10% for the
migration. The strong non-linear temperature dependence observed

for the full vibrational Gibbs energies is absent for the quasiharmonic
approximation. Note that the Gibbs energy of migration is obtained
from the difference of the Gibbs energy of the transition state and the
vacancy supercell. Thus, the anharmonic contribution observed in
Fig. 3b means that the transition state is even more anharmonic than
the already strongly anharmonic vacancy supercell when compared to
the bulk. This highlights that the so far well-established and generally
applied quasiharmonic approximation is not adequate to describe the
vibrational contribution in vacancy-mediated diffusion.

Strong impact of electronic excitations

Electronic excitations have traditionally been considered less influen-
tial in state-of-the-art diffusion studies®. Thus in practice, explicit
calculations of electronic free energy have often been omitted®**® or,
when considered, relied on the ideal static lattice approximation®.

The present computational framework enables us to explicitly
account for electronic excitations and the coupling effect with thermal
vibrations. As revealed in Fig. 3, electronic excitations including the
coupling to vibrations provide a sizable contribution to the Gibbs
energies (black arrows labeled with “el”). The corresponding decrease
is — 0.35 eV for the vacancy formation and - 0.15 eV for the migration
Gibbs energy.

The electronic impact can be understood from an analysis of the
electronic density of states (eDOS). Figure 4 shows the electronic
density of states at 3000 K extracted from molecular dynamics snap-
shots. The smoothening effect due to thermal vibrations (i.e., decrease
of peaks and increase of valleys as the one close to the Fermi level)
becomes stronger with the sequence of bulk to vacancy to transition
state, as is observed from the mean eDOS’s (solid lines in blue, red,
black, respectively) each averaged over 120 MD snapshots (the lighter
background with similar color tone). Despite the considerable variance
in the eDOS’s of the single snapshots, the standard errors of the mean
values are about one order of magnitude smaller than the differences
between the different types of structures (bulk, vacancy, and transition
state) in particular at the valleys and peaks (see Supplementary Fig. 4),
suggesting that the eDOS’s are well converged. At high (electronic)
temperatures, the Fermi function (dash-dotted curve shown in the
right panel) re-populates the electrons from below the Fermi level to
higher energy states above the Fermi level. The resulting holes and
excited electrons are the origin of the electronic entropy contribution
to the free energy. A large eDOS at the Fermi level facilitates many such
excitations and thus implies a largely negative electronic free energy,
as detailed in ref. 50. As observed around the valley region enlarged in
the right panel of Fig. 4, the eDOS’s close to the Fermi level increase
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