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Abstract
Under in-situ conditions, natural hydraulic fractures (NHF) can occur in permeable rock structures as a result of a rapid

decrease of pore water accompanied by a local pressure regression. Obviously, these phenomena are of great interest for

the geo-engineering community, as for instance in the framework of mining technologies. Compared to induced hydraulic

fractures, NHF do not evolve under an increasing pore pressure resulting from pressing a fracking fluid in the underground

but occur and evolve under local pore-pressure reductions resulting in tensile stresses in the rock material. The present

contribution concerns the question under what quantitative circumstances NHF emerge and evolve. By this means, the

novelty of this article results from the combination of numerical investigations based on the Theory of Porous Media with a

tailored experimental protocol applied to saturated porous sandstone cylinders. The numerical investigations include both

pre-existing and evolving fractures described by use of an embedded phase-field fracture model. Based on this procedure,

representative mechanical and hydraulic loading scenarios are simulated that are in line with experimental investigations

on low-permeable sandstone cylinders accomplished in the Porous Media Lab of the University of Stuttgart. The values of

two parameters, the hydraulic conductivity of the sandstone and the critical energy release rate of the fracture model, have

turned out essential for the occurrence of tensile fractures in the sandstone cores, where the latter is quantitatively estimated

by a comparison of experimental and numerical results. This parameter can be taken as reference for further studies of in-

situ NHF phenomena and experimental results.

Keywords Crack resistance � Hydraulic conductivity � Hydraulic fracturing � Phase-field method � Porous sandstone �
Theory of Porous Media

1 Introduction

Hydraulically induced fracturing in porous media can be

divided into two main categories, namely induced

hydraulic fracturing (IHF) and natural hydraulic fracturing

(NHF). In the field of geo-engineering, IHF is frequently

used to make the underground suitable for resource

extraction or final storage. Therefore, cracks and fissures

are artificially induced (stimulated) through the injection of

a fluid under high pressure, commonly known as fracking,

cf., e. g., the review article of Chen et al. [11] and citations

therein.

Another hydraulic fracturing phenomenon occurs fre-

quently in practise, when the in-situ equilibrium conditions

(natural mechanical and hydraulical loading conditions)

change in a porous rock formation. For example, this is the

case when the steady-state flow of deep groundwater within

sandstone is affected by a variation of the total external

loading pressure, e. g. due to tunnelling or drilling. As a

result of the interaction between the components of a fluid-

saturated porous material, effective tensile stresses are

generated within the solid skeleton in order to adapt to the
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changed boundary conditions. This effect can result in

fracturing processes within the porous rock, known as

NHF. In contrast to IHF, the driving force for NHF is not

the increasing pore pressure. Instead, the newly created

cracks allow water to flow in to fill them up, which

decreases pore pressure, thus also inducing tensile rock

stresses.

For the description of IHF, a variety of different meth-

ods can be found in the literature. Shauer and Duarte [41]

adopted the generalised finite element method (GFEM),

Lecampion [31] employed the extended finite element

method (XFEM), and Yi et al. [48] proposed a coupled

fluid-flow and rock-damage model to describe fracture

propagation in rock under consideration of a fluid injection

rate, viscosity and confining far-field stresses. Moreover,

Nguyen et al. [39] presented a cohesive interface element

method.

In recent years, the usage of multiphasic models with an

embedded phase-field approach to model brittle fracture

received more attention, cf., e. g., Mikelić et al. [37],

Heider and Markert [25] or Ehlers and Luo [17, 18], just to

name a few. While the above articles describe fully satu-

rated media, Sonntag et al. [42] expanded these findings to

a fully coupled analysis of partially saturated media. Apart

from brittle fracture, the phase-field method was also

applied to ductile fracture for single-phasic materials, e. g.,

in Ambati et al. [2], Borden et al. [7] or Miehe et al. [35]. A

systematic review of model approaches for flow in frac-

tured porous media has been presented by Berre et al. [4, 5]

based on benchmark problems. Furthermore, comprehen-

sive reviews for modelling IHF can be found in, e. g.,

Lecampion et al. [32], Davies et al. [14], Adachi et al. [1]

or Chen et al. [11].

Current research regarding NHF mainly focuses on

already existing natural cracks and their interaction with

IHF but do not study their origin. In this regard, Kolawole

and Ispas [29] reported a comprehensive literature review

on the interaction between IHF and NHF. Therein, the

authors state that numerical modelling and simulation is

applied more often than experimental approaches, and

analytical methods are used the least. Obviously, pre-ex-

isting natural fractures influence IHF and result in various

effects, such as turning, kinking, branching and coalescing.

To describe these effects, several models were presented.

For example, Cordero et al. [12] adopted cohesive interface

elements, Zheng et al. [51] presented a model based on

XFEM, Yi et al. [49] proposed a new fluid flow model and

Zhang et al. [50] carried out a fully coupled numerical

analysis, based on the concept of synthetic rock-mass

modelling (SRM) to investigate the fluid-driven fracture in

naturally fractured rocks. A field study in soft coal seams

was carried out by Lyu et al. [34], Liu et al. [33] designed

an experimental model and Gale et al. [23] performed a

detailed analysis of NHF on a test site, including their

orientation, size, spatial distribution and openness.

However, all of these studies basically assume already

existing and static (non-evolving) NHF. Therefore, they are

beneficial to improve the understanding of the behaviour of

NHF and their influence on IHF but neglect the question of

what happened before, namely why NHF occur and how

NHF develop in situ. Due to the limited research on this

aspect, modelling NHF represents a current and partly open

research topic. Therefore, these questions are focused in

this contribution using a combined investigation of

numerical simulations and experiments. Modelling NHF

implies to account for the coupled multiphasic material

behaviour of the solid and fluid components as well as for

the inclusion of a fracture model to describe the occurrence

and evolution of NHF processes within the multiphasic

material.

While numerous qualitative studies have been carried

out on IHF and on the interaction between NHF and IHF,

only little research has been accomplished so far to answer

the question under what quantitative circumstances NHF

emerge and evolve. By this means, the novelty of this

article results from the combination of numerical investi-

gations based on of the Theory of Porous Media (TPM)

with a tailored experimental protocol applied to saturated

porous sandstone cylinders. In particular, these investiga-

tions are based on modelling NHF in sedimentary sand-

stone rocks (Anröchter sandstone) both theoretically and

numerically by enhancing the TPM through the phase-field

approach to fracture. Therefore, an experimental setup for

fully water-saturated sandstone cores under hydraulically

induced pressure conditions combined with mechanically

applied triaxial external loading conditions has been

investigated at the Porous Media Lab (PML) of the

University of Stuttgart. These experimental hydraulic

fracturing procedures are then studied by accompanying

simulations: (i) a classical biphasic model in the framework

of the TPM and (ii) the same model with an embedded

phase-field approach to fracture. Using (i), we evaluate the

stress and pressure distributions occurring during the

experimental investigations. After the basic behaviour is

described we further use (ii) to justify the failure criteria

and estimate material parameters of the TPM phase-field

model.

The manuscript is organised as follows. Chapter 2

introduces the basic framework of the TPM (Sect. 2.1) and

the embedded phase-field approach to fracture (Sect. 2.2)

allowing to model NHF. Chapter 3 presents the experi-

mental setup for NHF in sandstone cores. Therein, the

experimental investigations are introduced in detail. Based

on the experiments, Chapter 4 presents the numerical

examples of the considered fully saturated sandstone cores

under controlled triaxial stress conditions. In particular, a
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detailed study of the stress distribution for the involved

components without a consideration of a crack evolution is

first given in Sect. 4.1. Therein, special attention is paid to

the principal generation of effective tensile stresses in the

solid skeleton under the experimental loading protocol.

Then the TPM-phase-field model is used in Sect. 4.2 to

simulate the occurrence and evolution of NHF. Therein, a

specific focus is laid in Sect. 4.2.1 on the influence of the

critical crack resistance and in Sect. 4.2.2 on the influence

of the hydraulic conductivity (Darcy permeability) on the

fracturing behaviour. Moreover, several cases are investi-

gated in Sect. 4.2.3 in detail, showing different possibilities

of evolving fracture profiles. These cases are compared

with each other and related to the experimental results.

Finally, Chapter 5 gives the conclusions and future

research perspectives.

2 Modelling approach

The considerations above motivate the usage of a multi-

phasic modelling approach to meaningfully describe the

coupled processes in dense porous rocks. In this chapter,

the fundamentals of the basic biphasic TPM model and its

combination with the phase-field approach to fracture to

obtain an embedded TPM-phase-field method are briefly

presented based on referenced literature.

2.1 Biphasic TPM model

Several approaches can be found for a continuum-me-

chanical description of the coupled processes occurring in

multiphasic (porous) media, e. g., the Biot theory [6],

poroelastic approaches [13, 43] or the theory of porous

media (TPM) [15, 16], just to name a few. In this work, the

TPM is favoured based on the following arguments. Since

the TPM evolved from the theory of mixtures, which goes

back to Truesdell and Toupin [44], Bowen [9, 10] and

many others, this approach is based on first principles of

rational thermodynamics. Therefore, the TPM allows for a

rigorous and consistent model formulation. The concept of

a virtual smearing (volumetrical averaging) of the real pore

morphology on the microscale yields a macroscopic model

of superimposed and interacting continua. This means that

each constituent owns an individual motion function as a

basis for a continuum-mechanical description, and balance

equations. The individual balance equations of the different

constituents are coupled to each other via so-called pro-

duction terms, e. g., mass or momentum exchange between

the constituents.

The basic biphasic TPM model has been established

decades ago and is therefore only briefly summarised here

for the sake of completeness, cf., e. g., Ehlers [16] or

Ehlers and Wagner [19]. The overall macroscopic model u
of superimposed and interacting continua is composed of a

materially incompressible solid skeleton uS and a materi-

ally incompressible pore liquid uL, viz.:

u ¼
[

a

ua ¼ uS [ uL with a ¼ fS; Lg: ð1Þ

As basic quantities to express the volumetric composition

of the porous medium, volume fractions are classically

defined via na :¼ dva=dv with nS þ nL ¼ 1, where the sum

of the volume fractions equals always one, thus describing

the so-called saturation condition. Furthermore, two dif-

ferent density functions are introduced, the real density

qaR :¼ dma=dva and the partial density qa :¼ dma=dv.

Since the local mass element dma is related in the latter

case to the bulk volume element dv of the so-called rep-

resentative elementary volume (REV), the partial density

can be interpreted as a volumetrically averaged density on

the macroscale, which is also seen by the relation

qa ¼ naqaR.
In an isothermal environment, the specific balance

equations of immiscible constituents are given by the mass

and momentum balances, viz.:

ðqaÞ0a þ qadiv x
0
a ¼ 0 and

qa x
00
a ¼ divTa þ qag þ p̂a :

ð2Þ

Therein, p̂a is the direct momentum production term of the

constituent ua, Ta defines the partial Cauchy stress tensor

of ua, and g is the gravitation vector. In (2), x
0
a and x

00
a are

the velocity and acceleration of ua, while ð � Þ0a is the

material time derivative following the motion of ua. Note

that the assumption of materially incompressible materials

with constant real density qaR results in volume balances

nað Þ0a þ na div x
0
a ¼ 0 : ð3Þ

For a saturated porous medium with incompressible con-

stituents, the volume balance of the overall aggregate reads

nSdiv x
0
S þ nFdiv x

0
F þ grad nF � wF ¼ 0 : ð4Þ

Therein, wF :¼ x
0
F � x

0
S is the seepage velocity. To ensure

that the constitutive equations for the stresses and the

production terms are thermodynamically admissible, they

have to fulfil the entropy inequality. Therefore, the con-

stitutive choice of the Helmholtz free energies wS ¼
wSðFSÞ with FS as the solid deformation gradient and wL ¼
wLð�Þ has been made. Neglecting gravitational effects

(g ¼ 0), this leads to the following constitutive equations:
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Ta ¼ Ta
E � nap I; p̂L ¼ p grad nL þ p̂LE ;

TS
E ¼ qS

owS

oFS
FT
S � rSE ¼ 2lSeS þ kSðeS � IÞ I ;

p̂LE ¼ � ðnLÞ2 lLR
KS

wL ! nL wL ¼ � KS

lLR
grad p ;

ð5Þ

where p denotes the pore pressure and I the second-order

identity tensor. For the effective stress of the solid, TS
E,

with rSE as its linearised counterpart, the linear elastic

(Hookean) approach with the Lamé constants lS and kS has
been applied, where eS ¼ 1

2
ðgrad uS þ gradTuSÞ is the

linearised solid strain tensor based on the gradient of the

solid displacement vector uS. Summing up the momentum

balances (2)2 under the assumption of quasi-static condi-

tions yields the overall momentum balance (6)1, where the

total stress T ¼ TS þ TL ¼ TS
E � p I is found by applying

the principle of effective stresses as well as by neglecting

the liquid extra stresses. In (5)3, a standard Darcy filter law

is obtained from the momentum balance of the liquid.

Therein, KS is the intrinsic permeability and lLR the

effective dynamic viscosity of the liquid. The intrinsic

permeability KS ¼ lLR kL=ðqLR gÞ depends only on the pore
morphology of the solid, whereas the Darcy permeability

(hydraulic conductivity) kL also depends on the fluid

properties and the gravitation g ¼ jgj. Inserting Darcy’s

filter law into the overall volume balance (4) yields the

second governing equation assigned to the pore pressure p,

acting as the second primary variable. In conclusion, the set

of coupled partial differential equations is found under

quasi-static conditions as:

0 ¼ divTS
E � grad p ;

0 ¼ div
�
ðuSÞ0S � KS

lLR
grad p

�
:

ð6Þ

For further discussion, the interested reader is referred to,

e. g., Ehlers [16].

2.2 Biphasic TPM model with embedded phase-
field approach to fracture

In this subsection, the description of the basic multiphasic

material behaviour introduced in Sect. 2.1 is enriched by a

diffuse fracture description using the well-suited phase-

field approach. In particular, the original model of Ehlers

and Luo [17, 18] is used for the description of brittle

dynamic hydraulic fracturing in fully-saturated porous

media. This model is briefly summarised here to provide an

overview. For more background, the interested reader is

referred to fundamental works, e. g., Griffith [24], Franc-

fort and Marigo [21] and Miehe et al. [36] or to the review

article of Ambati et al. [3] for quasi-static and dynamic

phase-field modelling of brittle fracture in single-phasic

materials.

The principle for incorporating a phase-field approach

within the TPM is to extend the set of process variables for

the solid’s free energy by integrating the phase-field

variable

/Sðx; tÞ 2 ½0; 1�

with

/S ¼ 0 : intact solid phase,

0\/S\1 : diffuse interface,

/S ¼ 1 : fully broken solid phase,

8
><

>:

ð7Þ

and its gradient grad/S via wS ¼ wSðeS;/S; grad/SÞ,
where eS ¼ 1

2
ðFS þ FT

S Þ � I substitutes FS. In comparison

to Sect. 2.1, the standard constitutive choice of wS for fully

saturated porous media is extended for the considera-

tion of fracturing processes therein. In this regard, we

further restrict our considerations to a small-strain

approach of the porous solid. Further restrictions for a

thermodynamically consistent constitutive setting are

obtained by the evaluation of the entropy inequality

(Coleman-Noll procedure) as described in Ehlers and

Luo [17], yielding

rSE ¼ qS0
owS

oeS
and div ð/SÞ0S qS0

owS

o grad/S

� �
¼ 0 ; ð8Þ

where qS0 ¼ qS detFS is the partial solid density in the

solid’s initial configuration. Exploiting the properties of

proportionality, the dissipation inequality is fulfilled by the

relations

ð/SÞ0S ¼ � 1

M
qS0

owS

o/S
� div qS0

owS

o grad/S

� �� �
;

TL
E ¼ 2 ð/SÞ2 nLlLR DL and

p̂LE ¼ �ð1� /SÞ2 ðn
LÞ2lLR
KS

wL :

ð9Þ

In this regard, the structure of the evolution equation for /S

in (9)1 is found under thermodynamical considerations.

Therein, the mobility parameter M is introduced with a

dual meaning, cf. Miehe et al. [36]. Physically, it governs

the time-delay of fracture initiation and propagation and,

furthermore, enables numerical stabilisation. Typically, the

value for M is chosen very small. From (9)1, it is clearly

seen that only the energetic changes of the porous solid

influence the evolution of /S. However, in the here con-

sidered coupled problem the related solid deformation can

also be indirectly caused by the pore liquid’s pressure. In

(9)2, the viscous extra stress TL
E of the liquid depends in

addition to the effective dynamic viscosity lLR and the

deformation velocity tensor DL also on the phase-field

parameter /S. Therefore, the liquid extra stress TL
E
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automatically vanishes in the intact porous domain but

arises in the fractured zone. In (9)3, the extra part of the

direct liquid momentum production term p̂LE depends in

contrary fashion on /S such that p̂LE disappears in the fully

fractured zone but governs the pore-fluid flow in the intact

porous domain. According to the fundamental papers of

Kuhn and Müller [30] and Miehe et al. [36], the solid free

energy is introduced as

qS0w
SðeS;/S; grad/SÞ ¼ ð1� /SÞ2 þ gSr

h i
qS0 w

SþðeþS Þþ

þ qS0 w
S�ðe�S Þþ

þ Gc C
Sð/S; grad/SÞ :

ð10Þ

In particular, a combination of the tensile energy qS0 w
Sþ,

the compression energy qS0 w
S� and the fracture energy is

chosen. The fracture energy includes the critical energy

release rate Gc of brittle fracture. Physically, this parameter

can be understood as a crack resistance property of the

solid. From a microscopic perspective, Gc is linked to the

energy required to break bonds between particles and, as a

result, for the generation of an evolving fracture surface.

Moreover, the fracture surface density function

CSð/S; grad/SÞ ¼ ð/SÞ2=2�þ 1
2
� grad/S � grad/S is

included in (10) in terms of a diffuse approach to fracture

using the length-scale parameter �. In particular, � controls

the width of the transition zone such that a decreasing �

sharpens the fracture towards a discrete (sharp) crack for

� ! 0, as exemplarily shown for a one-dimensional case in

Fig. 1.

According to Miehe et al. [36], a spectral decomposition

of the symmetric strain tensor eS in terms of eigenvalues

and eigenvectors allows for a split of eS ¼ eþS þ e�S into

positive and negative parts, cf. Ehlers and Luo [17].

Therefore, the solid free energy parts in (10) can be

expressed as

qS0 w
SþðeþS Þ ¼ lS ðeþS � eþS Þþ

þ 1
2
kS
�

1
2
ðtr eS þ jtr eSjÞ

	2
;

qS0 w
S�ðe�S Þ ¼ lS ðe�S � e�S Þþ

þ 1
2
kS
�

1
2
ðtr eS � jtr eSjÞ

	2
:

ð11Þ

Furthermore, a residual stiffness gSr is added in (10) in the

tensile part of the strain energy to maintain a small stiffness

in the fully damaged state.

The thermodynamical restriction (8)1 can be evaluated

using (10) to obtain the linearised effective stress tensor

rSE ¼ qS0
owS

oeS

¼ ð1� /SÞ2 þ gSr

h i
2lSeþS

1
2
kSðtr eS þ jtr eSjÞ I

� �
þ

þ 2lSe�S þ 1
2
kSðtr eS � jtr eSjÞ I

ð12Þ

of the solid skeleton. In accordance, the evaluation of (9)1

with (10) yields the evolution equation of /S as

ð/SÞ0S ¼
1

M
2ð1� /SÞ qS0 w

Sþ � Gcð
/S

�
� � div grad/SÞ

� �
:

ð13Þ

In the numerical approach, the restriction ð/SÞ0S � 0 is

considered using a history variable H ¼ max
t[ t0

ðqS0w
SþÞ to

account for irreversible fracturing processes, cf. Miehe

et al. [36]. Moreover, to prescribe pre-fractured areas in the

numerical approach, (13) is exploited to obtain the initial

value H0 of the history variable using the assumption of a

fully developed crack with ð/SÞ0S ¼ 0, yielding

H0 ¼ Gc /
S=½2 �ð1 � /SÞ�. Therein, H0 would tend

Fig. 1 Diffusive representation of a fracture using the phase-field approach (left) and a sharp fracture representation for the limit case � ! 0

(right)
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towards infinity for /S ¼ 1. Therefore, /S is chosen

slightly smaller than 1, such that /S � 1 adjusts. In par-

ticular, the corresponding value can then be assigned,

based on the phase-field material parameters of the con-

sidered problem, as an initial condition to describe a pre-

defined notch within the domain. Finally, integrating (8)2
and applying the Gaussian integral theorem leads to the

boundary condition Gc � grad/
S � n ¼ 0 for the phase-field

variable, cf. Ehlers and Luo [17].

As described in Ehlers and Luo [17, 18], a monolithic

solution of the strongly coupled set of governing equations

for the biphasic TPM-phase-field model is used. In par-

ticular, the mass and momentum Eq. (2) and the evolution

equation of the phase field (13) are closed by the admis-

sible constitutive relations and result in the following weak

formulations, cf. Ehlers and Luo [17]:

GpðyÞ ¼
Z

B

divvS dp� nLwL � grad dp
� 	

dvþ

þ
Z

S



nLwL � n|fflfflfflffl{zfflfflfflffl}

¼: �v

�
dp da ¼ 0 ;

GuSðyÞ ¼
Z

B

n

qSðvSÞ0S þ

þ qL
h
ðvLÞ0S þ ðgrad vLÞwL

i�
� duS þ

þ


rSE þ TL

E � p I
�
� grad duS

o
dv�

�
Z

S


 

rSE þ TL

E

�
n� p n

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼: �t

�
� duS da ¼ 0 ;

GvLðyÞ ¼
Z

B

n

qLR

h
ðvLÞ0S þ ðgrad vLÞwL

i
�

� 1

nL
p grad nL � 1

nL
p̂LE

�
� dvL þ

þ

 1

nL
TL
E � p I

�
� grad dvL

o
dv�

�
Z

S


 1

nL
TL
E n� p n

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
¼: �tLR

�
� dvL da ¼ 0 ;

G/SðyÞ ¼
Z

B

nh
Mð/SÞ0S � 2ð1� /SÞHþ Gc

�
/S

i
d/S þ

þ Gc � grad/
S � grad d/S

o
dv�

�
Z

S

Gc � grad/
S � n d/Sda ¼ 0 :

ð14Þ

These weak formulations are numerically implemented in

the finite-element solver PANDAS (Porous media Adap-

tive Nonlinear finite-element solver based on Differential

Algebraic Systems, http://www.get-pandas.com). Thereby,

the spatial domain is discretised with Taylor-Hood ele-

ments, cf. Fortin and Brezzi [20], and an implicit finite-

difference scheme is used for the discretisation in time. By

default, quadratic shape functions for uS and vL and linear

shape functions for p and /S are chosen. Note that the solid

displacement-velocity relation

GvSðyÞ ¼
Z

B

½ ðuSÞ0S � vS � � dvS dv ¼ 0 ð15Þ

is used here to reduce the overall momentum balance from

second order to first order in time. A fully coupled solution

(monolithic) strategy for the strongly coupled problem was

used since this procedure has proven to be accurate and

robust.

3 Experimental setup und results

To study the behaviour of NHF under in situ loading

conditions, a triaxial testing environment is used. Therein,

we performed pressure-diffusion-controlled pure tensile

fractures in cylindrical samples. In this study, the samples

consist of dense and low permeable Anröchter sandstone

(Bentheim formation). Preliminary tests to obtain material

parameters were performed on the sandstone samples. In

particular, a one-dimensional deformation (compression)

test resulted a Young’s modulus of E ¼ 30GPa. The Darcy

permeability (hydraulic conductivity) kL ¼ 2 � 10�11 m=s

was estimated via a Darcy permeability test. Moreover, the

densities of the components were measured and, thereof, a

porosity of nL ¼ 0:17 was determined. These values are

used in the numerical simulations, combined with further

material parameters given in Table 2.

In the main experiment, hydrostatic conditions and

subsequent changes of mechanical and hydraulical loading

conditions are investigated. In this regard, the experimental

procedure is motivated by the pioneering work of French

et al. [22] but fully implemented and investigated at the

Porous Media Lab (PML) of the Institute of Applied

Mechanics, University of Stuttgart. The experimental setup

is shown in Fig. 2. The external loading is applied using

two separated pumps (Teledyne Isco syringe pump 100DX,

max. pressure of 689 bar, volume of 100 ml with flowrates

of 0.01 ll/min to 50 ml/min) which are individually con-

nected to the triaxial cell, as shown in Fig. 2. In this regard,

the pump A is responsible to adjust the mechanical con-

fining pressure onto the outer surface of the coated sand-

stone cylinder. In particular, the specimen was covered by

a shrinkage tube in order to isolate the pore and the con-

fining pressure. The pump B applies the hydraulic pore

pressure of the fluid (water) via a tube onto a part of the top
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surface of the cylinder. The change of the in situ stress state

is achieved by a specific loading and unloading of the

mechanical normal pressure in vertical direction, see

Fig. 2b. The cylindrical specimen has a height of 75 mm

and a diameter (width) of 30 mm, as shown in Fig. 3a.

As already mentioned, tensile stresses are required to

obtain NHF in the sandstone matrix. The occurrence of

tensile stresses in the solid material is an indirect result of

unloading from a previous steady state (in situ) condition.

In this regard, the experimental schema is designed as

follows to capture these two properties. The cylindrical

specimen is firstly placed into the triaxial test cell and is

fully saturated therein. Then, this step is followed by

applying the mechanical confining pressure and the

hydraulical pore pressure to mimic the in situ loading state.

Once the specimen achieves a steady flow state, the valve

at the outlet, which confines the pore-fluid flow, is opened.

Thus, the pore pressure at the outlet becomes atmospheric

pressure. Simultaneously, the pore pressure at the inlet is

controlled to be close to atmospheric pressure accordingly.

With sub-seconds of delay, subsequently, the normal stress

is eliminated. Thus, the specimen could be deformed by the

remaining pore pressure in it. A detailed description of the

loading protocol for BSA01(2), the first experiment where

a crack occurred, is given in Chapter 4 for the numerical

simulation of this case. For all experiments, the confining

pressure rc is chosen 2 MPa higher than the vertical

(normal) pressure rn, where the latter is 1 MPa higher than

the pore pressure p, cf. Fig. 5. Note that in the TPM-phase-

field model the confining stress rc as well as the vertical

(normal) stress rn are considered in terms of the classical

mechanical sign convention, i. e. tensile stresses are posi-

tive, while the pore pressure p is, as common, positive for

compressive stresses.

Fig. 2 Complete arrangement of the NHF experimental setup (left) and detail of the triaxial cell with connections (right)

Fig. 3 Cylindrical sandstone samples: a before the experiment and b after the experiment

Acta Geotechnica (2024) 19:7709–7725 7715

123



As a result of the experiments it is found that, along with

the removing vertical pressure, the specimen is fractured

horizontally, as shown in Fig. 3b for the samples BSA05

and BSA06. For an overview, Table 1 collects the results

for the performed experiments on eight sandstone samples.

In Table 1, the confining pressure rc has been set differ-

ently in the experiments. Furthermore, the pieces of the

sample after the experiment and a rough description of the

crack location(s) is given. It is obvious that the obtained

results are quite different, which may come from a variety

of influences. In this regard, main issues are supposed to be

the lack of prior knowledge of local (microscopic) weak

points or inhomogeneities, while the exact manual execu-

tion of the loading protocol is extremely challenging.

Moreover, after several attempts, the top and bottom sur-

faces of samples were polished (p) to achieve a better fit to

the testing machine. This prevented a rupture of the used

shrinkage tube caused by high confining pressure. As a

result, this leads to different crack patterns. Furthermore,

the number of cracks varies, sometimes the sample is

completely ruined, cf. BSA02, or remains intact, cf.

BSA08. Therefore, the numerical recalculation in the fol-

lowing chapter is used to further study and discuss these

experimental outcomes for different scenarios.

4 Numerical simulation and comparison
with experiments

In this chapter, a numerical model is developed in accor-

dance to the experiments described in Chapter 3 to simu-

late the natural hydraulic fracturing behaviour of

sandstone. The chosen material parameters for the solid

and liquid components of the saturated sandstone samples

are either obtained by preliminary experiments on the

sandstone samples, cf. Chapter 3, or taken from the book of

Morrow et al. [38]. For example, the Lamé constants are

found by a combination of the experimentally obtained

Young’s modulus of E ¼ 30GPa with a chosen Poisson

ratio of m ¼ 0:26, based on Morrow et al. [38]. In addition,

the phase-field parameters are meaningfully chosen for the

simulations of the fracturing experiments with pure tensile

crack(s). The length-scale parameter � is chosen small to

ensure a clear crack pattern. Here, no value for the crack

resistance Gc is given, since this parameter is studied in

Sect. 4.2.1. A collection of all used material parameters is

given in Table 2.

To reduce the computational effort, the three-dimen-

sional cylindrical samples under the symmetrical triaxial

stress state are simulated using an axisymmetric two-di-

mensional model, as is common practise cf., e. g., the book

of Helwany [26]. In this case, the rectangular geometry

with height h ¼ 75 mm and width w ¼ 15 mm is discre-

tised with 2440 quadrilateral Taylor-Hood elements. In

Table 1 Collection of the performed experiments on sandstone

samples

Summary of experimental results

Label rc
(MPa)

Pieces Description of crack location

BSA01(1) 50 1 No crack

BSA01(2) 65 2 1/3 from bottom

BSA02 70 Broken Broken

BSA03(1) 64 1 No crack

BSA03(2)(p) 50 2 2/3 from bottom

BSA04(1) 64 1 No crack

BSA04(2)(p) 50 2 2/3 from bottom

BSA05(p) 50 3 Two cracks close to the bottom

(15 mm distance between the

cracks)

BSA06(p) 50 3 Two cracks close to the bottom

(18 mm distance between the

cracks)

BSA07(p) 50 4 Three cracks at the middle

BSA08(p) 45 1 No crack

Table 2 Collection of material parameters for the numerical

simulations

Collection of material parameters

Value Unit Description

lS 11.904 [GPa] Lamé constant of uS (experimentally

based)

kS 12.896 [GPa] Lamé constant of uS (experimentally

based)

qSR 3 000 [kg/

m3]

Real density of uS (experimentally

based)

qLR 1 000 [kg/

m3]

Real density of uL (experimentally

based)

lLR 0.001 [Pa s] Dynamic viscosity of uL (water)

nS0S 0.83 [ - ] Initial solidity of uS (experimentally

based)

KS 2.0 � 10�18 [m2] Intrinsic permeability (experimentally

based)

M 0.001 [Pa s] Mobility parameter

� 5.0 � 10�6 [m] Length-scale parameter

gSr 1.0 � 10�3 [ – ] Residual artificial stiffness of uS
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terms of the Dirichlet-type mechanical boundary condi-

tions, the vertical symmetry line of the specimen is fixed in

the horizontal direction and the bottom of the sample is

fixed in the vertical direction, as shown in Fig. 4. Two

small tubes with an inner diameter of 3.5 mm (radius

r ¼ 1:75 mm) in the center of the top and bottom surfaces

allow the application of the hydraulic boundary conditions

for the fluid. In particular, a Dirichlet-type pressure

boundary condition is assigned to the tube areas and results

in free-flow boundary condition, i. e. in a permeable sur-

face. All of the remaining edges are considered as imper-

meable (no-flow boundary condition). The basic setup of

the geometry as well as the mechanical support and the

hydraulic permeability conditions of the outer boundaries

are identical for all experiments.

The loading history is chosen here according to the first

successful experiment BSA01(2), cf. Table 1. Basically,

the loading procedure is divided into two steps, shown in

Fig. 5 for the vertical (normal) stress rn, the confining

pressure rc and the pore pressure p. The application of the

loading to the sample is shown in Fig. 6. In the first step

(loading), the vertical and confining pressures are increased

within 50 s to 63 MPa and 65 MPa, respectively. Particu-

larly, this leads for the Neumann boundary conditions in

(14)2 to �t1 ¼ rn ¼ �63MPa and �t2 ¼ rc ¼ �65MPa after

50 s. Moreover, pore pressure boundary conditions are

applied via the tube from the top and bottom, again loaded

within 50 s to 62 MPa. The loading state is held for further

30 s, to obtain a homogeneous pore pressure distribution

within the entire specimen. In the second step (unloading),

the vertical loading and applied pore pressure drop to zero

within 50 s, while the confining pressure remains. In this

regard, the same time span as for the loading stage is used.

Obviously, this is different in comparison to the conducted

experiments, where the load is suddenly removed. How-

ever, a longer unloading step allows a better control of the

fracturing process and leads to a numerically stable com-

putation without convergence problems. In general, the

Fig. 4 Geometry and boundary conditions for the simulation of the

triaxial sandstone experiment

Fig. 5 Loading protocol for the mechanical parts: vertical (normal) stress rn and confining pressure rc. The hydraulical part is represented by the

pore pressure p

Fig. 6 Geometry and loading of the triaxial sandstone experiment:

loading in Step 1 (left) and unloading in Step 2 (right)
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basic effect of NHF is not affected by this time scaling, in

particular under the circumstance that the time of crack

occurrence is not considered in this study. Note in passing

that the assumption of materially incompressibility for the

liquid (water) constituent is only valid for moderate pres-

sures. However, relatively high pressures of up to 62 MPa

are applied in the experiments and may change the water

volume up to 2.5–3.0 %. Nevertheless, for the aspects

examined in this study we consider it sufficient to neglect

the compressibility in the present modelling approach.

4.1 Results for the biphasic TPM model
without fracturing

Before modelling the fracturing process, the basic coupled

material behaviour during the triaxial experiment, i. e. the

arising stress distribution within the sandstone sample, is

derived in this subsection. Therefore, the basic biphasic

model of Sect. 2.1 without an embedded phase-field

approach to fracture is applied to the loading protocol

described in Fig. 5. In particular, the boundary conditions,

cf. Fig. 6, include the external loading and the applied pore

pressure according to the loading procedure, cf. Fig. 5.

During the loading process, a typical consolidation beha-

viour is observed which reaches equilibrium stress at the

end of the first loading step, cf. Fig. 7. At this point, the

specimen has a homogeneously distributed pore pressure of

p ¼ 62 MPa and a total vertical (compression) stress

r22 ¼ � 63 MPa. Based on the principle of effective

stresses

r ¼ rSE � p I ; ð16Þ

this equilibrium stress state results in an effective (com-

pression) stress of rSE22 ¼ �1 MPa within the solid skele-

ton. This equilibrium stress state can be interpreted as the

initial equilibrium state of geomaterials under in situ con-

ditions. After the stresses have reached equilibrium, the

total stress r22 and the pore pressure p start to drop to

mimic changes in the loading conditions at deep subsurface

foundations.

The decrease of the vertical load and the zeroing of the

fluid pressure leads to a pore pressure diffusion and tensile

stresses within the specimen, as shown in Fig. 8. In par-

ticular, this is caused by the permeability which restrains

the fluid from going out through the open tube on the top

and bottom surfaces. Therefore, the pore pressure in the

middle takes more time to decrease than that in the area

near the open tube on the top and bottom surfaces, thus

creating a pore pressure gradient and diffusive behaviour

over time. As the total vertical pressure is reduced and the

pore pressure is maintained, the effective stress within the

solid skeleton has to increase to balance the external total

stress, cf. (16). This process essentially depends on the

permeability, as can be seen in Fig. 9 for a four-times

higher permeability value. In this case, the effective

stresses within the solid only changes marginally since the

fluid is able to flow out easily.

From the stress state analysis of the recalculated triaxial

experiment, it can be concluded that during the unloading

Step 2, the sandstone sample develops tensile effective

stresses under the considered loading protocol. This pro-

vides the possibility of fracture evolution within the solid

skeleton if the tensile stresses exceed the strength of the

material. Therefore, the permeability of a geological

material plays an important role for the occurrence of NHF.

Fig. 7 Stress partition under external loading in the equilibrium state

of Step 1

Fig. 8 Stress partition during the Step 2 (unloading) with the

measured Darcy permeability of kL ¼ 2� 10�11 m/s

Fig. 9 Stress state during the Step 2 (unloading) with a four-times

higher Darcy permeability of kL ¼ 8� 10�11 m/s
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4.2 Results for the biphasic TPM model
with embedded phase-field approach
to fracture

In this subsection, the fracturing behaviour is studied with a

specific focus on the influence of the phase-field parameter

Gc and the permeability.

4.2.1 Effect of the critical energy release rate Gc

on the fracture evolution

As indicated in (10), the critical energy release rate Gc

represents the resistance of the material to fracturing.

Therefore, Gc is one of the key parameters responsible for

the fracturing behaviour. Since there are no comparable

studies of NHF of sandstone within the framework of the

TPM-phase-field method, an estimated value of Gc is firstly

chosen from the related literature. Based on that, a sensi-

tivity study is performed afterwards to justify the range of

the critical value of Gc that permits a fracture occurrence.

In the literature, several values for Gc of geomaterials in

phase-field approaches can be found. For example, Pra-

japati et al. [40] reported a value of Gc ¼ 57 N/mm in a

study related to the anisotropic fracture propagation of an

artificial sandstone consisting only on quartz grains.

Therein, a good agreement on the anisotropic fracture

behaviour was obtained by varying Gc with the crystallo-

graphic orientation of each quartz grain. However, it was

also mentioned that the adopted material parameter may

not be applicable to real geological systems. In another

study, Ip and Borja [27] reported a value of Gc ¼ 42 N/

mm for Bentheim sandstone in terms of modelling the

formation of compaction bands under compression. In this

model, Gc shares the same physical meaning of the energy

release rate as in fracture modelling, but is used only for

the compressive stress state. In conclusion, it can be stated

that a precise quantification of Gc on the NHF is still

missing.

Based on the above mentioned two studies, three dif-

ferent values for Gc are investigated here: 20 N/mm for a

weak crack, 35 N/mm for a normal crack and 50 N/mm for

a strong crack resistance. The other parameters remain

constant for all simulations as given in Table 2. Further-

more, an initial crack (notch) of 3 mm length is predeter-

mined at the middle of the sample via the assignment of a

pseudo-elastic energy H0 corresponding to a phase field

/ � 1, cf. Borden et al. [8] and Ehlers and Luo [18].

Figure 10 shows the sandstone fracture evolution under

the three different values of Gc at t ¼ 112 s, i. e. in the

middle of the unloading history. For Gc ¼ 20 N/mm, a

through-going crack is already developed. In contrast, the

crack is just about to grow for Gc ¼ 50 N/mm. It can be

recognised, that the fracture development for the

Gc ¼ 35 N/mm case fits best to the experimental results.

As expected, the results show that the crack propagation is

retarded with increasing resistances Gc. Due to the

assumption of homogeneous material with constant

Fig. 11 Influence of higher values for Gc on the fracturing behaviour

Fig. 10 Influence of lower values for Gc on the fracturing behaviour

at t ¼ 112 s

Fig. 12 Degree of damage (phase-field evolution) over the height of

the cylinder at the level of the initial crack tip (cf. the solid and dotted

black lines marked in Fig. 11) for higher values of Gc preventing

fracture propagation
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material parameters, the propagating cracks remain purely

horizontal, as the initial notch has been assumed horizontal.

In principle, it is also possible to consider crack branching

or non-horizontal fractures within the TPM-phase-field

approach if material imperfections or heterogeneities are

taken into account, cf. Wagner et al. [46]. The inclusion of

spatially varying material parameters may help to repro-

duce the experimental results, cf. Fig. 3b. However, this

was not intended here due to the lack of microstructural

knowledge of the sandstone samples.

In engineering practise, it is necessary to know the

critical value of Gc to prevent a fracture evolution. In this

regard, Fig. 11 shows the phase-field development, under

higher Gc values at the end of the unloading process. In this

study, it can be seen that the sandstone can not develop any

fracture, but is only damaged, when Gc [ 110 N/mm.

According to the solid and dotted black lines, marked in

Fig. 11 (c) and (d), the degree of damage over the height at

the level of the initial crack tip is shown in Fig. 12 using

the phase field.

4.2.2 Effect of the permeability on the fracture evolution

As discussed in Sect. 4.1, the permeability affects the pore

pressure response during the unloading stage. In particular,

a smaller permeability causes a more pronounced (steeper)

pore pressure profile and results therefore in higher effec-

tive tensile stresses in the solid to balance the decreasing

external load, cf. Fig. 8. These tensile stresses initiate

fracture within the specimen.

Figure 13 and Fig. 14 show the fracture behaviour of the

specimen at Gc ¼ 35 N/mm over time for two different

permeabilities, namely the original measured one of kL ¼
2� 10�11 m/s and a four-times higher one of kL ¼ 8�
10�11 m/s. As expected from the basic coupled multi-

phasic material behaviour described in Sect. 4.1, the

specimen with the lower (original) permeability shows an

evident evolution of fracture, cf. Fig. 13, while there is no

fracture occurrence (only damage effect) in the specimen

with the higher permeability, cf. Fig. 14.

Correspondingly, the degree of damage evaluated by the

phase field is presented in Fig. 15 for the higher perme-

ability. The corresponding stress distribution for the two

different permeabilities is given along the specimen’s

symmetry line in Fig. 16 at two specific time steps

t ¼ 102:4 s and t ¼ 110:4 s for a more detailed analysis. It

can be seen that after unloading at t ¼ 102:4 s, the speci-

men with the lower (original) permeability has developed

vertical effective tensile stresses in the solid skeleton all

over its height, cf. Fig. 16a. In contrast, the specimen with

the higher permeability still retain compression stresses at

the top surfaces, cf. Fig. 16b.

With ongoing unloading, a significant increase in the

tensile stresses is observed at t ¼ 110:4 s in the middle of

the lower (original) permeable specimen, as shown in

Fig. 16c. This effect is obtained since at this point the

sandstone has already fractured to a large extent, theFig. 13 Fracturing behaviour for a Darcy permeability of kL ¼
2� 10�11 m/s

Fig. 14 Fracturing behaviour using a four-times higher Darcy

permeability of kL ¼ 8� 10�11 m/s

Fig. 15 Degree of damage (phase-field evolution) for kL ¼ 8� 10�11

m/s at different times in front of the crack tip over the height (the line

positions are shown in Fig. 14)
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middle intact section decreases due to the propagation of

the fracture and the remaining section has to carry all the

external loads. Therefore, the tensile stresses increase

within the remaining intact section. In other words, once

the material starts to fracture, it will fracture at an

increasing rate due to the increased stresses in the

decreasing intact area.

For the specimen with higher permeability it is observed

in Fig. 16d that during unloading at t ¼ 110:4 s, the

effective tensile stresses in the solid skeleton are very small

and do not lead to a fracturing of the specimen, only to

some damage effects. This behaviour can be explained by

the fact that the fluid can flow out faster due to the larger

permeability and, as a consequence, the pore pressure can

also diffuse faster. Therefore, in accordance to (16), only a

very small tensile stress is generated in this case.

As a result of this study on the influence of the perme-

ability, an interesting property of NHF is revealed. It is

found that the occurrence of NHF does not only depend on

the external loads but also on the prevailing permeability of

the material. Furthermore, it could be shown that NHF

evolution is accompanied by a continuous decrease in the

pore pressure. This is in contrast to IHF, where the pore

pressure is typically increased to maintain a fracture

evolution.

4.2.3 Study of fracture profiles and comparison
with the experiments

Based on the symmetric setup of the studied experiment,

the highest effective tensile stresses in the solid skeleton

arise in the middle of the specimen. Therefore, we first

expected a single complete fracture arising in the middle of

the sample from the conducted experiments. This case was

found, however, several samples show additional and non

complete cracks at the upper and/or lower parts of the

specimen, cf. Table 1 and Fig. 3b. Therefore, the mod-

elling of additional incomplete cracks occurring at the

upper and/or lower parts of the specimen is investigated in

this subsection. Physically, incomplete fractures can

develop since tensile stresses in the solid skeleton are

Fig. 16 Stress distribution and fracture evolution for two different times and permeabilities. The dashed dotted line indicates the total stress, the

solid line the effective stress and the dashed line the pore pressure, given over the height along the green (symmetry) line

Fig. 17 Case (i): Evolution of a single complete crack from a central

notch
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present over the entire height of the sample but decreasing

towards the top and bottom.

In this regard, different locations of pre-defined notches

are investigated using for all simulations the basic material

parameters from Table 2 and the estimated parameter

Gc ¼ 35 N/mm. The specification of notches naturally

governs the resulting crack pattern and must therefore be

understood as knowing the weak point(s) of the sample and

thus the starting location of the crack(s) in advance.

However, knowing the crack locations from the experi-

ments, a simulation of an individual experimental case can

be investigated to reconstruct and evaluate the fracturing

process. In particular, three different cases are studied.

Case (i) considers a central complete crack occurring

under perfect experimental (symmetrical application of the

sample and the boundary conditions) and (homogeneous)

material conditions. As shown in Fig. 17, the fracture

evolves towards the line of symmetry with increasing

speed as the external vertical load decreases. This fracture

evolution corresponds to the experimental result of

BSA01(2), BSA03(2) and BSA04(2), as summarised in

Table 1. These samples showed a single complete crack,

which, however, did not appear exactly in the middle.

Case (ii) assumes that the initial fractures are located at

other places. Then, the evolution of two fractures located at

the upper and lower part of the specimen is obtained as

shown in Fig. 18. The two cracks are symmetrical with

respect to the vertical midline of the specimen and evolve

at the same velocity due to the identical effective tensile

stresses in the solid skeleton. This fracturing behaviour was

not observed in the experiments, cf. Table 1. This is due to

the fact that a crack is most likely to appear at the point of

maximum tensile stress. To obtain case (ii) in an experi-

ment, there would have to be two symmetrical local weak

points such that this crack pattern would occur.

Therefore, case (iii) studies the more realistic develop-

ment of two asymmetric fractures which also occurred in

the experiments at the samples BSA05 and BSA06, cf.

Table 1 and Fig. 3b. In particular, the simulation results in

one crack in the middle of the specimen and the other

(asymmetric) one halfway to the drained boundary, cf.

Fig. 19. Since the effective tensile stress in the solid,

shown in Fig. 20, is larger in the middle than at the other

part of the specimen, the fracture in the middle advances

faster than the one in the upper part. Note that the effective

tensile stress is evaluated along the specimen’s symmetry

line, marked as a green line in Fig. 20.

Moreover, a comparison of a single central full crack,

case (i), with two asymmetric cracks, case (iii), is shown in

Fig. 21. It is recognised that in case (i), the specimen is

already broken completely while the specimen with two

asymmetric fractures still preserves an intact part in the

centre. This is due to the fact that in case (iii) a part of the

strain energy is consumed by the fracture in the upper part

of the specimen. Thus the central crack still remains

incomplete in that case.

5 Conclusion

In this work, the evolution of natural hydraulic fractures

(NHF) is studied using a combined experimental and

simulation approach. In particular, we applied the mod-

elling and simulation framework of the theory of porous

media (TPM) with an embedded phase-field approach to

fracture to experiments on sandstone (rock) cylinders under

laboratory-created in situ conditions. Within this method-

ological framework, the processes during NHF initiation

and evolution could be discussed and evaluated. As a

result, the occurrence of NHF under arising effective ten-

sile stresses in a low permeable dense sandstone caused by

a drop of external load was justified.

In this regard, the hydraulic conductivity kL and the

critical energy release rate Gc have been identified to play a

key role in the process of NHF. It was found that a lower

permeability and/or critical energy release rate promotes

the development of NHF. Thus, the study presented in this

work provides meaningful insights for the engineering

practise. For example, excessive fracture evolution within

geomaterials may be avoided by either increasing the

Fig. 18 Case (ii): Evolution of two incomplete symmetric cracks

Fig. 19 Case (iii): Evolution of two incomplete asymmetric cracks
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permeability or the critical energy release rate of the

ground. In this study we have considered these effects

independently. However, it should be noted that there may

be a competing effect between permeability and critical

energy release rate. In particular, an increasing perme-

ability would correlate to a decreasing critical energy

release rate, meaning that a simultaneous decrease or

increase in permeability and critical energy release rate is

not feasible. This is due to the fact that for certain materials

the porosity and the critical energy release rate are

dependent on each other, as was shown by Yang et al. [47]

for ceramics with controlled (homogeneous) porosity. If,

furthermore, the porous material shows a porosity-

permeability relationship, e. g. for a specific (ideal) porous

material, as was used for the benchmark example in

Wagner et al. [45], a competing effect between perme-

ability and crack resistance occurs. However, for natural

(heterogeneous) dense rock materials, the competing effect

does not necessarily have to appear and is not addressed in

this contribution. The interested reader is rather referred to

the work of Ip & Borja [28], where a relationship between

porosity and critical energy release rate is included and

applied to model the permeability evolution in a com-

paction band of a heterogeneous porous material using a

phase-field approach. In conclusion, the presented mod-

elling approach allows for a prediction of the expected

effects of a planned construction project for which the

boundary conditions are known. In this regard, a critical

range of Gc [ 110 N/mm was found in the investigated

experiments on sandstone cylinders to prevent fracturing.

These findings can be of great interest when transferred to

realistic geotechnical applications.

To the authors’ knowledge, this work provides the first

successful attempt to apply the TPM-phase-field method to

describe NHF. It can finally be stated that the proposed

model can serve as a powerful tool for engineering practise

to study interventions in a natural (in situ) state.
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Flügge S (ed) Handbuch der Physik, III(1). Springer, Berlin,

pp 226–858

45. Wagner A, Eggenweiler E, Weinhardt F, Trivedi Z, Krach D,

Lohrmann C, Jain K, Karadimitriou N, Bringedal C, Voland P,

Holm C, Class H, Steeb H, Rybak I (2021) Permeability esti-

mation of regular porous structures: a benchmark for comparison

of methods. Transp Porous Media 138:1–23

46. Wagner A, Sonntag A, Reuschen S, Nowak W, Ehlers W (2023)

Hydraulically induced fracturing in heterogeneous porous media

using a TPM-phase-field model and geostatistics. Proc Appl Math

Mech 23:e202200118

47. Yang JF, Ohji T, Kanzaki S, Dı́az A, Hampshire S (2002)

Microstructure and mechanical properties of silicon nitride

ceramics with controlled porosity. J Am Ceram Soc

85(6):1512–1516

48. Yi L, Li X, Yang Z, Waisman H (2019) A fully coupled fluid flow

and rock damage model for hydraulic fracture of porous media.

J Petrol Sci Eng 178:814–828

49. Yi L, Li X, Yang Z, Yang C (2020) Phase field modeling of

hydraulic fracturing in porous media formation with natural

fracture. Eng Fract Mech 236:107206

50. Zhang F, Damjanac B, Maxwell S (2019) Investigating hydraulic

fracturing complexity in naturally fractured rock masses using

fully coupled multiscale numerical modeling. Rock Mech Rock

Eng 52:5137–5160

51. Zheng H, Pu C, Sun C (2020) Study on the interaction between

hydraulic fracture and natural fracture based on extended finite

element method. Eng Fract Mech 230:106981

Publisher’s Note Springer Nature remains neutral with regard to

jurisdictional claims in published maps and institutional affiliations.

Acta Geotechnica (2024) 19:7709–7725 7725

123


	Modelling and simulation of natural hydraulic fracturing applied to experiments on natural sandstone cores
	Abstract
	Introduction
	Modelling approach
	Biphasic TPM model
	Biphasic TPM model with embedded phase-field approach to fracture

	Experimental setup und results
	Numerical simulation and comparison with experiments
	Results for the biphasic TPM model without fracturing
	Results for the biphasic TPM model with embedded phase-field approach to fracture
	Effect of the critical energy release rate G_c on the fracture evolution
	Effect of the permeability on the fracture evolution
	Study of fracture profiles and comparison with the experiments


	Conclusion
	Author Contributions
	Open Access
	References




