Contact analysis and overlapping
domain decomposition methods for
dynamic and nonlinear problems

Von der Fakultdt Mathematik und Physik der Universitdt Stuttgart
zur Erlangung der Wiirde eines Doktors der
Naturwissenschaften (Dr. rer. nat.) genehmigte Abhandlung

Vorgelegt von
Stephan Brunfsen

aus Varel 1.0.

Hauptberichter: Prof. Dr. B. Wohlmuth

Mitberichter: Prof. Dr. C. Wieners
Prof. Dr. M. Schéfer

Tag der miindlichen Priifung: 4. April 2008

Institut fiir Angewandte Analysis und Numerische Simulation
Universitat Stuttgart
2008



D93 (Diss. Universitiat Stuttgart)



Acknowledgments

This thesis summarizes the results of my research activities during the years 2003 to
2008 at the chair ‘Numerische Mathematik fiir Hochstleistungsrechner’ of the Institut fiir
Angewandte Analysis und Numerische Simulation (IANS), Universitit Stuttgart.

The research work was funded by the German Research Foundation (DFG) which is
gratefully acknowledged.

I would like to express my extraordinary gratitude to my supervisor and academic teacher
Prof. Dr. Barbara Wohlmuth for her mentoring, support and enduring encouragement
of my work. Her outstanding dedication to the research activities of the whole group has
been truly inspiring for me. I would also like to thank her for giving me the opportunity
to present my work on international conferences.

My special thanks go to Prof. Dr. Christian Wieners and Prof. Dr. Michael Schifer for
their efforts to provide the referee reports for this thesis. I am very grateful to Prof. Dr.
Barbara Kaltenbacher for participating in the oral defense. T also would like to thank the
scientists with whom I had the pleasure to co-author several contributions: Dr. Markus
Bambach, Prof. Dr. Gerhard Hirt and in particular Prof. Dr. Ekkehard Ramm and
again Prof. Dr. Michael Schéfer.

I thank Dr. Florian Schmid and Dr. Stefan Hartmann not only for writing publications
with me but also for their close and very pleasant collaboration.

[ am much obliged to the supervisors of my Diploma thesis Dr. Henning Behnke and
Prof. Dr. Ulrich Mertins for arousing my interest in the Finite Element method.
Thanks to Dr. Paul Lyons and his co-workers for most stimulating discussions about
contact problems in an industrial context and also to Dr. Uwe-Jens Gorke for his help on
finite plasticity. Thanks also to the LASSO GmbH for giving software technical support.
During my employment at the TANS, I greatly enjoyed the inspiring and cooperative
atmosphere. I thank Dr. Andreas Klimke, Dr. Bishnu Lamichhane, Michael Mair, Brit
Steiner and Alexander Weifs for always being available and offering help and advice for
accomplishing the various theoretical, technical and administrative tasks connected with
this thesis. T would especially like to thank Corinna Hager and Dr. Bernd Flemisch for
their cooperation in domain decomposition methods and for proofreading parts of my
thesis and Stefan Hiieber for his help on contact problems.

[ am deeply indebted to my family and especially to my parents for always supporting me
with all their strength and goodwill. Finally I would like to express my deepest gratitude
to my wife Haixia for her constant moral support and encouragement. Without her love
and patience, it would not have been possible to complete this work.

Stuttgart, April 2008 Stephan Brunfsen

il






Contents

Abstract
Zusammenfassung
Notations

1 Introduction

1.1 Deep-rolling . . . . . ..

1.2 Incremental sheet metal forming . . . . . . . ... .. ... ... .....
1.3  Aim and outline of thiswork . . . . . . . . . . ... ...

2 Classical 1-grid discretization: Plasticity

2.1 Introduction . . . . . ..

2.2 Governing equations and notations . . . . .. ... Lo
2.3 Global equilibrium iteration and Finite Element discretization . . . . . .
2.4 A Gauss point section: Radial Return for linear isotropic hardening . . .
2.4.1 Consistent elastoplastic tangent module. . . . . . . .. ... ...
2.4.2 Plastic consistency parameter . . . . . .. .. .. ... ... ...
2.5 A Gauss point section: The Tangent Cutting Plane algorithm . . . . . .
2.5.1 Fulfillment of the yield condition . . . . .. ... ... ... ...

2.5.2 Discussion . . . .

2.6 A Gauss point section: Sequential quadratic programming . . . . . . . .

2.6.1 Definitions . . . .

2.6.2 Derivation of the SQP step . . . . . . . . .. ...
2.6.3 The SQP step and the algorithm . . . . . ... ... ... ....
2.7 Comparison of the Gauss point algorithms . . . . . . ... ... .. ...

2.8 Numerical results . . . .
2.9 Some tensor calculus . .
2.10 Summary . .. .. ...

3 Classical 1-grid discretization: Contact
3.1 Contact algorithms in the literature . . . . . . .. ... ... ... ...
3.2 The primal dual active set strategy with dual Lagrange multipliers . . . .

3.2.1 Basicidea . . ..

3.2.2 Continuous equations . . . . . . . . . ... ..
3.2.3 Active Set Strategy and Algebraic Multigrid Methods . . . . . . .

3.2.4 Discretized form

EEEEEEE EEREEEEEEEEEEEmmans mom== B & &



Contents

3.2.5 Nonlinear algorithm for 1-grid discretization . . . . . . . .. ...
3.2.6 Inexact strategy . . . . . . . ...
3.3 Numerical results for contact . . . . . .. ... ... oL

3.3.1 Block

indention test . . . . . . . . ...

3.3.2 Comparison of both contact approaches in connection with AMG
3.3.3 Active set versus adaptive penalty strategies . . . . . . . .. ...
3.3.4  Acceleration by AMG-inexact strategy . . . . ... .. ... ...

3.4 Summary .

4 Dynamic contact
4.1 Introduction

4.2 Problem description . . . . . ...
4.2.1 One-body contact with rigid obstacle . . . . . ... ... .. ...
4.2.2 Boundary value problem of nonlinear elastodynamics . . . . . . .

4.3 Spatial discretization of contact virtual work . . . . ... ... ... ..
4.3.1 Discrete dual Lagrange multipliers for arbitrary shaped elements .
4.3.2 Semidiscrete initial value problem . . . . . . ... ... ... ...

4.4 Time discretization . . . . . . . ..o
4.4.1 Linearization and iterative solution strategy . . . . ... ... ..
4.4.2 Global system with contact manipulation . . . .. ... .. ...

4.5 Spatial discretization by a finite shell element . . . . . . . . .. ... ..

4.6 Energy conservation for frictionless contact . . . . . . ... .. .. ...

4.7 Examples .

non-penetration . . . . . ... ..o

4.7.2 Tossrule . . . . . .

4.7.1 Weak
4.7.3 Ball
4.7.4 Torus

4.8 Conclusions

5 Velocity based contact problems

6 Coupling algorith

m

6.1 Dynamic ODDM, main concepts . . . . . ... ... ... ... .....
6.2 Review of the literature . . . . . . .. . ... o000
6.3 Coupling scheme . . . . . . ... Lo
6.3.1 Finedomain . . . . .. ... .
6.3.2 Coarse domain . . . . . . . .. ...
6.3.3 Solving the nonlinear problem with a coarse global and a fine local

mesh

6.4 Numerical results . . . . . . . . . . L
6.4.1 Materialdata . . . . .. . ... L
6.4.2 Elastic example, non-hierarchical case . . . . ... ... ... ..
6.4.3 Numerical testing of the mortar operator . . . . . . . .. .. ...
6.4.4 Relative error . . . . . . . ..

vi



Contents

6.4.5 Update strategies . . . . . . . .. .. L
6.4.6 Deep-rolling like example . . . . . .. ... ... ... ...
6.5 Conclusions and future work . . . .. ... ...

7 An inexact Newton block scheme

7.1 Motivation . . . . . ...
7.2 Block iterative scheme: Linear elasticity . . . .. .. ... ... ...
7.3 Newton Block iterative scheme: Elasticity with contact . . . . . . ..
7.4 Newton Block iterative scheme: Plasticity with contact . . . . . . ..
7.5 Block iterative schemes . . . . . . . ... L0
7.6 Schur complement method . . . . . . . ... ... ... ... ... ..
7.6.1 Schur complement method, elastic case . . . . ... ... ..
7.6.2 Schur complement method, plasticcase . . . . . .. ... ...
7.7 Inexact Newton methods . . . . . ... .. ... .. ... ......
7.7.1 Avoiding oversolving . . . . . .. ...
7.7.2 Iterative solver . . . . . . .. ... ...
7.8 Complete algorithm . . . . . ... ... ... oo
7.9 Numerical results . . . . . . . . ..
7.9.1 Model example . . . .. ... ... oo
7.9.2 Schur complement method . . . . . . ... ... ... .....
7.9.3 Block Gauss Seidel . . . ... ..o
710 Summary . ... ..o e e

8 Large deformations

8.1 Definitions . . . . . . ..
8.1.1 Stress and strain tensors . . . . . . . . . ... ... ...
8.1.2 Multiplicative decomposition . . . . . . . . ... ... . ...
8.1.3 Applications of pull-back and push-forward . . ... ... ..
8.1.4 Additive decomposition of Green’s strain . . . . . . ... ...

8.2 Equilibrium, Total Lagrange . . . . . .. . .. .. ... ... ....

8.3 Constitutive law . . . . . . . ...

8.4 Consistent linearization of the constitutive law . . . . . . ... . ..

8.5 A Gauss point section: Generalized projection method . . . . . . ..

8.6 Updated Lagrange . . . . . . . .. . .. ... 0.
8.6.1 Some iteration for UL . . . .. ... .. ... .. .......

8.7 Contact Total Lagrange . . . . . . .. ... .. ... ... ......
8.7.1 Transformation of the contact stresses . . . .. .. ... ...
8.7.2 Mortar coupling fine to coarse in the large deformation regime . .

8.8 Conclusions . . . . . . . . ...

9 Conclusions

Bibliography

vil






Abstract

This thesis is concerned with the development of efficient numerical schemes for the Finite
Element simulation of elastoplastic incremental metal forming processes. Two examples
of this new and promising manufacturing technology are introduced to motivate the re-
search work. Some basic technology is provided to accelerate the implicit Finite Element
simulation which is still very costly for this kind of operations due to the small but very
mobile forming zone and due to the highly nonlinear field equations and inequalities to
be solved. For this purpose, the underlying equations and inequalities are reviewed. The
main idea to meet these challenges it to use a ‘divide and conquer’” approach: The work-
piece is discretized with a global coarse mesh and the forming zone is meshed with a small
fine grid. Unlike in adaptive Finite Elements, no sophisticated remeshing procedures are
necessary and the two grids are computationally independent from each other. The in-
terface between coarse and fine computation is small such that a block iterative solution
with two different Finite Element programs is possible. To hide the nonlinearities from
the global computation, the two meshes interchange information about the plastic defor-
mation and about the contact stresses. Results and algorithms from several disciplines of
numerical mathematics and computational mechanics (contact, domain decomposition,
iterative solvers, plasticity etc.) are combined to accomplish this task.

X






Zusammenfassung

Durch die CNC-gesteuerte inkrementelle Umformtechnik kénnen durch wiederholte Ein-
wirkung einfacher Werkzeuge kostengiinstig Bauteile mit komplexen Geometrien her-
gestellt werden. Wichtige Eigenschaften dieses neuen Fertigungsverfahrens sind die ho-
he Flexibilitdt und der geringe Kraftbedarf. Neue Umformmaschinen, Materialien und
Steuerungstechniken haben zu einer Technologie gefiihrt, die eine interessante Alterna-
tive zu klassischen Umformverfahren, wie z.B. dem Tiefziehen, bieten. Aufgrund der
Vielzahl an Grofen, die auf Umformprozesse Einfluss nehmen, seitens des Materials, sei-
tens vielerlei geometrischer Nebenbedingungen usw. stellt sich die Frage nach optimalen
Umformstrategien. Daher besteht ein grofer Bedarf nach einer effizienten Modellierung
und Simulation dieser Vorgéinge. Um implizite Finite Element Pakete fiir die Simulation
inkrementeller Umformungen auf industrieller Skala nutzbar zu machen, miissen die der-
zeit noch sehr langen Rechenzeiten dramatisch verkiirzt werden.

Im einleitenden Kapitel [l werden zwei Beispiele fiir inkrementelle Umformung eingefiihrt,
um die Forschungsarbeit zu motivieren. Die beschriebenen Verfahren sind grundsétzlich
sehr schwer zu steuern. Durch das inkrementelle Vorgehen addieren sich Verfahrensfehler
sehr schnell auf und fithren nach und nach zu immer mehr Abweichung von der Sollkontur
des Werkstiickes. Ziel dieser Arbeit ist es, die implizite Finite Element Simulation solcher
Prozesse zu verschnellern, so dass es in naher Zukunft moglich sein wird, Werkzeugpfa-
de und andere Prozessparameter per Simulation zu testen und gegebenenfalls ‘online’
abzudndern. Gegenwirtiger Stand der Technik bei den géngigen Softwarepaketen ist es
immer noch, mit expliziter Zeitintegration zu arbeiten und die Rechnung durch Techniken
wie zum Beispiel Massenskalierung drastisch zu beschleunigen. Es ist allerdings bekannt,
dass derartige Methoden insbesondere in den Spannungen zu sehr ungenauen Ergebnis-
sen fiihren, spétestens sobald dynamische Effekte die Losung dominieren. Andererseits
enthilt die implizite Finite Elemente Simulation zahlreiche Herausforderungen. Die Sy-
stemmatrizen sind héufig schlecht konditioniert, unter anderem durch die Nutzung eines
Penaltyparameters fiir den Kontakt. Daraus resultieren Schwierigkeiten bei der dringend
notigen Verwendung von iterativen Losern.

Die Umformzone ist sehr klein aber auch sehr mobil, da das Werkzeug fast jeden Oberfla-
chenpunkt des Werkstiickes im Verlaufe des Vorgangs mindestens einmal beriihrt. Daher
miisste bei einer nicht-adaptiven Rechnung die Anzahl der Elemente sehr grofs sein. Auch
die Anzahl der Zeitschritte ist sehr grofs, da allein die Echtzeitdauer mindestens mehrere
Minuten betrigt. Die Grundidee, diese Herausforderungen anzugehen, ist im wesentlichen
reduzierbar auf das Motto ‘Teile und herrsche’: Eine dynamische iiberlappende Gebiets-
zerlegungsmethode wird dergestalt angewendet, dass das Bauteil mit einem globalen,
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Zusammenfassung

groben Gitter vernetzt wird und die Umformzone mit einem davon weitestgehend unab-
hiangigen lokalen, feinen Gitter, sieche Kapitel @l In den Kapiteln ] und B wird ein kurzer
Uberblick iiber den klassischen Losungsprozess mit Finiten Elementen ohne Adaptivitit
gegeben. Desweiteren werden Definitionen und Schreibweisen eingefiihrt, die fiir die Be-
schreibung des Informationsaustausches zwischen den beiden Gittern gebraucht werden.
Die wichtigsten Aspekte dieser Kopplung, niamlich die elastoplastische und die Kontakt-
kopplung werden in Kapitel @ behandelt, und ein erster Ansatz fiir eine blockweise Losung
wird vorgestellt.

In Kapitel [d wird dieser Ansatz verbessert und mit dem klassischen inexakten Newton-
verfahren in Einklang gebracht.

Grundsitzlich besteht der Wunsch, Metallumformsimulationen dynamisch also auch mit
Tragheitseffekten durchzufiithren. Hierfiir ist eine energiekonsistente Zeitintegration des
Kontaktproblems eine wichtige Voraussetzung. Dies wird in Kapitel Bl im Rahmen der
Behandlung diinnwandiger Strukturen behandelt.

Komplexe Linearisierungen ergeben sich durch verschiebungsbasierte (Kapitel B) und
geschwindigkeitsbasierte (Kapitel B) Kontaktprobleme, durch ein elastoplastisches Mate-
rialgesetz (Kapitel B]) und durch grofe Deformationen (Kapitel B).

In Kapitel @ werden abschlieffende Bemerkungen gemacht.
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Notations

The following notations and abbreviations will be used in this thesis repeatedly.

Abbreviations, alphabetical

AMG
(pd)ASeS
CAD
CC
CNC
dof
FEM
GEMM
Gen-a
GP

GS

IBF

IC

ISF

lhs

LM
NCP
ODDM
pb

pf

PK

RC

rhs

RR
SQP
TCP
TL

UL

Algebraic Multigrid

(primal dual) active set strategy
computer aided design

current configuration

computerized numerical control
degree(s) of freedom

finite element method

Generalized energy momentum method
Generalized o method

Gauss point

Gauss Seidel

Institut fiir Bildsame Formgebung
intermediate configuration
incremental sheet metal forming
left hand side

Lagrange multiplier

nonlinear complementarity function
overlapping domain decomposition method
push-back

push-forward

Piola-Kirchhoff

reference configuration

right hand side

radial return method

sequential quadratic programming
tangent cutting plane algorithm
total Lagrange

updated Lagrange
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Notations

WZL Werkzeugmaschinenlabor

Small latin letters, alphabetical

Qo

QRSN NS BB
> =

e c
o

X1v

dimension dependent scaling factor for the von Mises yield
criterion

contact constant

spatial (problem) dimension

deviatoric strain

rth unit vector in R?

bivariate form of internal forces

bivariate form of internal forces in the updated Lagrange for-
mulation

bivariate form of the geometric stiffness in the updated La-
grange formulation

density of external body forces

contact gap

index of Newton iteration

index of coarse-fine iteration

either index for linear solver loop or index for UL loop
linear form, defined by f°*

linear form of geometric residual in the updated Lagrange
formulation

linear form of plastic load correction

number of potential contact nodes

index of the (last known) time/load step

number of fine grid nodes

number of coarse grid nodes

direction of plastic flow

scaled direction of plastic flow

pressure

deviatoric stress

trial deviatoric stress

time parameter

tool feed in step n

continuous displacement field

displacement field, discretized on the FE mesh T},

test function

Laursen /Love velocity correction



T,y contact reference point
X, coordinates of the material points in configuration {2,

Capital latin letters, alphabetical

AH7 Ah
Ar

A
B
C
Cel

Cip’(j)

D

D

Eh,n7 E]Aun

FE

Etot

E(u;v)

E(u; AAu,v)
FCOn

Fint

Fint,A

Fext

Fy

F

Fr

Fy

Ghn, Gy, Gy
GP

G

H

H; (9)

I
Idev

J=Jr

coarse and fine linear elastic stiffness

transformation matrix for the dual Lagrange multipliers
set of active contact nodes

contact stiffness

global damping matrix

Hooke tensor

elastoplastic tangent module at time n and in Newton step j
Dirichlet nodes/dof

diagonal part of the contact stiffness B

set of plastic history data on Ty, and on T}

Young’s modulus

total energy

Gateaux-derivative of E in direction of v

Gateaux-derivative of E(u;v) in direction of AAwu

contact residual vector

standard finite element assembly of the internal forces
standard finite element assembly of incremental internal forces
tn — tnta

standard finite element assembly of the external forces
standard finite element assembly of [P/

overall Newton residual

element mapping

deformation gradient for the deformation from 2y — €2,

sets of Gauss points

nodal gap and nodal velocity gap

global gap vector

history term for dynamic computations

space of test functions with zero Dirichlet boundary condi-
tions

fourth order identity tensor

fourth order deviatoric tensor

set of inactive contact nodes

Jacobian, determinant of the element mapping Frp

Jacobian, determinant of the deformation gradient
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R}

!

hS]

T=22222gE%

g
QX
0
i
Q

e
Q
0
i
!

e
Q
>
|
0

N W

Jacobi matrix of Z

constant parameter for linear isotropic hardening

Jacobi matrix of F

geometric stiffness UL, ¢, — ¢,,41

global mass matrix

Mortar operator

mass matrix of element 7T’

space of (dual) LM

set of all structure nodes/dof

nodal normal vector

global contact normal matrices

number of grid nodes

1st Piola-Kirchhoff stress tensor and standard prolongation
operator

global vector of normal impulses

interpolation operators for plastic data

set of potential contact nodes

surface element on the contact boundary, physical space or
end of interval of interest in time dependent computations
surface element on the contact boundary, isoparametric space
2nd Piola-Kirchhoff stress tensor

tangential vectors normal to IN,,

global contact tangent matrices

coarse, fine and storage mesh at time step n

nodal displacement vector

global coefficient vector of u”

function of isotropic hardening

effective dynamic structural forces

Small greek letters, alphabetical

Q@ hardening parameter
o, o GEMM and Gen-a parameter

I} Newmark parameter
¥ Newmark parameter
Opq Kronecker symbol

linearized strain tensor

bulk modulus

€
e el  elastic and plastic part of the linearized strain tensor
K

KkPlas volume penalty in the rigid plastic constitutive law
A plastic consistency parameter
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scaled plastic consistency parameter
current contact stress w.r.t. time ¢,
Lamé parameter

Lamé parameter

viscosity coefficient of the plastic flow
Poisson ratio

contact normal on the tool

either contact penalty or mass density
dissipation coefficient

(initial) yield stress

trial stress

o, =0, =o0(u,) current (Cauchy) stress at time ¢(= t,) and with respect to

time ¢

scalar FE ansatzfunction at the ith node, linear if not stated
otherwise

FE ansatzfunction at the ith node, isoparametric space
placement reference configuration into €2,

scalar valued dual LM at node i

scalar valued dual LM at node i, isoparametric space

Capital greek letters, alphabetical

[eon
Ftool
L.
Fd
r (J;’n
Ff7n

AEnum
At
U

>

bS]

AN

<o ppp
S

Q:QO

potential contact zone

tool boundary

coarse potential (reference) contact domain

coarse Dirichlet boundary

fine potential (reference) contact domain at process step n
fine potential (reference) Dirichlet boundary at process step
n

pure numerical change in energy

time step size

Newton increment or time increment (depending on the con-
text)

nodal vector of contact stresses

global vector of normal contact stresses

normal part of A,

tangential part of A,

yield function

elastic potential

reference configuration
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Qe
Q¢

Qt — Qn
Q= ar = Q2,11 unknown configuration

Q

p7n

global reference domain
fine reference domain at process step n
last known configuration

zone of plastic deformation

Mathematical and other symbols

Vt(') = %(')

[fij=12...

o)
Qli]
1

)

XViii

Qi

gradient w.r.t. the deformed coordinates of €2,

1 row index, j column index

boundary of the domain/workpiece

1th component of the vector Q

second order identity tensor

either equivalent strain/stress or current configuration



1 Introduction

CNC-controlled incremental metal forming processes have a great innovative potential
for the cost-effective manufacturing of workpieces with complex geometries. Important
characteristics are the high flexibility and the small power requirements. New processing
machines, materials and control techniques have led to a technology, which is supposed to
provide a very interesting alternative to conventional forming techniques as for example
deep drawing. As these new processes are very difficult to control, there is a need for the
modelling and simulation. For extending the usability of implicit Finite Element (FE)
codes to large scale incremental metal forming simulations, the computation time has
to be decreased dramatically. Two incremental processes are introduced to motivate the
research work on the subject, and the main challenges of the implicit FE simulation and
solution methods are presented.

In this work, the results of the research activities within the subproject ‘Entwicklung
effizienter numerischer Simulationsalgorithmen fiir CNC-gesteuerte inkrementelle Umfor-
mverfahren’ of the DFG priority program SPP 1146 ‘Modellierung inkrementeller Um-
formverfahren’ are presented. It is should be stated that parts of this work have already
been published in E, E, E, m, @], see Section [[3

1.1 Deep-rolling

(c) | (d) ©WZL, Aachen

Figure 1.1: Technical application for deep-rolling.

For a more detailed description of the process and the technical applications, see [@]
and the references cited therein. The weakening of the fatigue strength of turbine blades



1 Introduction

(see Figure [l (d)) due to local impact damage represents a significant safety risk in
modern aviation, see Figure [l (a)-(c). Notches, tensile residual stresses and sometimes
even micro cracks are induced. It is possible to employ deep rolling, see Figure [[2, to
counteract such component weakening in an effective way. Strain hardening of the deep-
rolled rim zone, see Figure (d), is one promising way to suppress the crack formation
resulting from alternating loads, as well as to stop or slow down crack growth. Deep
rolling of thin-walled fan and compressor blades is possible by using special rolling tools,
see Figure 2 (b),(c) and [@] These tools use hydrostatically supported balls as rolling
elements. The design of such deep-rolling processes is, however, associated with time- and
cost-intensive test efforts as no suitable methods exist for deriving the necessary process
variables from the desired rim zone properties. In order to derive a possible process
control parameter-set in advance, a FE analysis is very helpful, in order to understand
the complex deformation mechanisms occurring during the rolling contact.

(az) (a3) (b‘)\ 2 rolling
elements

Figure 1.2: Deep-rolling, ©WZL, Aachen.

1.2 Incremental sheet metal forming

blank holder sheet  partial die rigid support

Figure 1.3: Some variants of incremental sheet metal forming processes, see [@]

Incremental sheet metal forming (ISF) is a recently introduced forming technique,
using simple shaped, small and flexible tools to form sheet metal workpieces [@, @,E]
In Figure some variants of this technique are depicted. As one can see from Figure
[CA, the ISF process is very difficult to control. Wrinkles or even cracks occur if the
CNC-controlled path is not appropriate. The aim of this work is not to contribute to



1.3 Aim and outline of this work

Figure 1.4: ©IBF, Aachen, incremental sheet metal forming (left), wrinkles and cracks
(right).

the simulation of crack propagation but to provide some basic technology that will help
to accelerate the implicit FE simulation of such processes before they degenerate, and to
make it feasible in the near future. The goal to be kept in mind is always to sort out the
processes which lead to undesired behavior as soon as it is detected. To find the ‘good’
processes by an optimization process would be part of the future work. The competitors of
the implicit FEM, namely explicit methods, can be speeded up by means of mass or load
scaling to enable the simulation of large scale sheet metal forming problems. However,
it is well known that these methods can entail poor results when dynamic effects start
to dominate the solution, see [@] On the other hand, implicit FE simulation is a highly
challenging task.

1.3 Aim and outline of this work

Only some of the difficulties one has to face are listed here.
e [ll conditioned system matrices due to the use of shell elements.
e Several kinds of locking.

In this work, the focus is on the following points:

e [ll conditioned system matrices due to the use of penalty parameters and therefore
difficulties with the strongly desirable use of iterative solvers, see Chapter A
contact strategy using Lagrange multipliers is introduced there to cope with these
difficulties. Chapter Blis a joint work within the SPP 1146 and is published in [E]

e The interaction between tool and workpiece demands stable and inexpensive cou-
pling schemes.
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e The forming zone is small but very mobile. The punch is touching almost every
point of the workpiece surface at some time in the process. Therefore the number
of degrees of freedom (dof) has to be very large in a non-adaptive computation.
Also the number of time steps is very large since the total duration of an incre-
mental shaping procedure is at least several minutes. The main idea to tackle
these problems is to use a ‘divide and conquer’ approach: A dynamic overlapping
domain decomposition (ODDM) is employed by discretizing the global workpiece
with a coarse mesh and the small forming zone with a relatively fine mesh, see
Chapter In Chapter 2 and Chapter Bl a short review of the classical FE
solution process without any adaptive computation is recalled. Parts of Chapter
have been published in [17]. The purpose of these two chapters is also to pro-
vide definitions and notations which are needed in the description of the coupling
algorithm. The two main aspects of this algorithm, the treatment of the material
nonlinearity and the treatment of the contact are explained in Chapter [6l and first
considerations are made about the blockwise (first block: coarse system, second
block: fine system) solution process. The results of this chapter are published in

|. In Chapter [, the solution process is improved and put into the perspective
of classical inexact Newton schemes.

e Sometimes ISF simulations are performed dynamically and with an implicit time
integration for two reasons:

1. ISF can actually be regarded as a dynamic process since elastic waves are
travelling through the material and dynamic springback (movement of the
workpiece due to a sudden load change or after it is released from the clamping)
occurs.

2. It seems to be a reasonable hope that a computation with a lumped mass ma-
trix will improve the condition number of the overall effective stiffness matrix
| and will help to overcome difficulties in the pre-buckling phase.

These two points are not completely within the scope of this work, however energy
consistent time integration of the contact problem is a prerequisite for these points
and is treated in Chapter @l For the energy consistent treatment of plasticity in
the regime of large deformations, pioneering work has been done, see for example
[@] and the references therein.

e First steps were taken for the dynamic contact analysis of thin walled structures,
see Chapter H which is a result of a cooperation with Ramm /Hartmann [@]

e Complex linearization problems arise due to

1. displacement based (Chapter Bl) and velocity based (Chapter Bl published
in [18]) contact problems (boundary nonlinearity)

2. the elastoplastic constitutive law, Chapter [2] (material nonlinearity)

3. large deformations, Chapter B (geometric nonlinearity)



1.3 Aim and outline of this work

e Finally, the acceleration of the computation by using iterative solvers efficiently
especially in the framework of inexact Newton methods is a topic of Chapter
and Chapter [

In Chapter @, concluding remarks are made. One last word on the citations: Works
from several disciplines of computational mechanics and numerical mathematics are cited
here. Although all quoted works are important contributions to these fields, the list is
rather fragmentary, and the author apologizes to those who had deserved to be quoted
here and are not.






2 Classical 1-grid discretization:
Plasticity

A short review of the classical FEM solution process of elastoplastic problems without any
mesh-adaptivity is recalled in this chapter. Some basic concepts of metal plasticity will
be considered and the need for consistent linearization of the constitutive relations. In
order to keep the description of the coupling technique in Chapter Bl clear, a quite simple
material model was used, namely elastoplasticity for small deformations, see classical
textbooks on computational mechanics and plasticity [‘E, , @, @] and the references
cited therein.

2.1 Introduction

In many large scale forming simulation FE packages there is the problem that the mod-
eling of elastoplasticity is only validated well with examples like deep-drawing or other
examples where the plastic strain, here in this work taken as the driving variable, is
increasing in every time step. Incremental forming operations, make greater demands
on the elastoplastic simulation because of the permanently changing loading situation.
In this chapter, the linearization of the constitutive equations emphasized and not the
large deformations. In Section and Section EZ3 a simple plasticity model the finite
element discretization are detailed. In Section [Z4] a classical return mapping algorithm
is discussed and the so called consistently linearized material tangent is derived. In
Section [ZT, the tangent cutting plane algorithm is discussed which is implemented in
LARSTRAN/SHAPE [@], a FE package dedicated to metal forming simulations. In
a quite different direction goes the sequential quadratic programming (SQP) approach.
This is presented in Section In Section X7 the different approaches for the algorith-
mic treatment of the constitutive law are briefly compared. In Section and in Section
9, numerical results and some rules for tensor calculus are given.

2.2 Governing equations and notations

It is assumed here, that an additive decomposition of the linearized strain tensor e € R%*?
(d € {2, 3} is the problem dimension) into an elastic part € and a plastic part e? is valid.



2 Classical 1-grid discretization: Plasticity

The governing equations for the constitutive law are the following:

e® = e—¢f (2.1)
o = C (2.2)
er = ANog?P(o,q) (2.3)
a = A (2.4)

A>0, P(o,0) <0 and IP(o,a)=0

with & € R%9 the actual Cauchy stress, A € R the plastic consistency parameter.
The 4th order tensor C%(uy, \) is the isotropic elastic material tensor with the Lamé
parameters (up, \r) and ® : R%4 x R — R is the yield function defined by

O(o,a) =0 —Y(a) (2.5)

By Y : R — R, the function of isotropic hardening with the hardening parameter a € R

is denoted. The equivalent stress () : R¥*¢ — R can be defined by

agvVdeveo : devo von Mises
7= (3 [alKi + Ko|M + a| Ky — KoM + (2 — a)|2K2|M])1/M Barlat/Lian, [7] (2.6)

with

2 4

and a, h, p, M material parameters for the Barlat/Lian yield function and with the di-
mension dependent scaling factor

1 1
Ky = =(04p + hoyy), Ks:= \/—(am — hoyy)? + p*o3,

for the von Mises yield function. The function of isotropic hardening can be defined by

Y(a) :=

Y (0) + K« linear isotropic
{. ) o P (27)

with K € R, the slope of the linear isotropic hardening curve. There is a vast literature
about other possible yield functions, see ﬁ

2.3 Global equilibrium iteration and Finite Element
discretization

Given a grid with N nodes and with FE ansatz functions ¢4, ..., ¢y, it is recalled briefly
how the global equilibrium iteration is set up: Since small deformations are assumed, all



2.3 Global equilibrium iteration and Finite Element discretization

integrations can be carried out with respect to the reference configuration Q. By H}(Q),
the space of test functions with zero-Dirichlet boundary conditions [] is denoted. The
relation o = o (u) is nonlinear and not even differentiable in the strong sense. A closed
form of the relation is not needed here. Usually, before spatial discretization a time
discretization is performed. In addition to commonly used Euler first-order methods,
which are used here, higher order methods with step size control have gained increasing
attention in the last years, see for example [@] and the references therein. Throughout
this chapter, the general trapezoidal rule (v € [0, 1])

Znp1 = Zn + AL(YP(2011) + (1 —7)P(24))

is used with v = 1 (backward, implicit Euler). The time step ¢, — t,,1 is considered and
the global equilibrium at the current time step ¢, with the external forces fff_fl acting
on the body is enforced. Strong emphasis should be placed on the fact that the stress o,
does not only depend on the current displacements u,, but also on the complete path. So
there is also a dependence on w,,_1,u,_o,...,u;. The global equilibrium equation reads

in weak form

P

[ rslunn) @) = [ £ 0= 0), e lHQ) (29

Discretize u,,q by uh+1 and define the vectors Fmt(UnH) and F*" as standard FE

assemblies of f and [*** and the vector F(U,,) as

F(U,},) = F™U,,) - F*

A few remarks on the notation: The dictions F[i] and F; mean the same, namely the
ith component of the vector F'. Often FE functions, for example ", are identified with
their coefficient vector U, and sometimes the time index n is omitted. With this, the
equilibrium equation (ZF) in the discrete form is formulated now:

F(U,.1) =0 (2.9)

After consistent linearization [@, @], one arrives at a global system of linear equations
with the tangential stiffness K,(fll in the jth Newton step defined as

_OFUYL)E) _ oF™(UL)i]

oUW k] a oUW k] (2.10)

!convenient abuse of notation in order to keep the notation simple in the case when more than one

Dirichlet boundary is involved



2 Classical 1-grid discretization: Plasticity

The corresponding derivative is determined as follows (sometimes the relation o = o(u)
is not written explicitly):

Ko _ ORMUL)
ik - aU}g]’)
e)
= —— o, el
/ i (@)
— [ eton:cd e e.11)
Q

In the last equality, the chain rule was used with the inner derivative %E(UHH) = e(op)
and the outer derivative, which shall be defined as the 4th order tensor

ep.(i 80'55)
O (2.12)
ae(Un—i—l)

which is denoted as elastoplastic tangent. Finally, the zone of plastic deformation €2, ,, C
Q) at the time step t,, is defined as the zone where new plastic deformation takes place:

Qpn={xcQ: e(x,t,) #e’(x,th1)} (2.13)

This definition will be needed in the coupling algorithm.

The following sections are basically concerned with the elastoplastic tangent in Equation
([ZT2) and the fulfillment of the yield condition.

Remark: The notation in ([ZI2) is a little bit sloppy: It turns out that F' is only a
Lipschitz continuous function. Thus, Ciﬁ(lj) cannot be viewed as a unique total derivative
but it is one element of the generalized Jacobian as it is introduced by Clarke, see for

example [@]

2.4 A Gauss point section: Radial Return for linear
isotropic hardening

Now the radial return (RR) algorithm for linear isotropic hardening is described. The
purpose of this algorithm is to fulfill the constitutive Equations (1) - (24]) at the end of
each load step. One sees that within the framework of this stress integration algorithm, a
consistent material tangent can be readily obtained. Except for minor technical details,
the resulting algorithm is the same as documented in, e.g., [@]

Definitions The yield function is now specified to a von-Mises type of yield function
with linear isotropic hardening (the first case in (1) and in (Z)). Some abbreviations

10



2.4 A Gauss point section: Radial Return for linear isotropic hardening

have to be made.

A = a?)\ scaled plastic consistency parameter (2.14)
s = dev(o) deviatoric stress
llo|| := Vo :o Frobenius norm

Because of the structure of ®, the ordinary differential equation for the evolution of the
plastic strain can be written explicitly in terms of the stress:

~S
— = A= 2.15
) (215

Here is s = apVdevs:devs = ag||s|| according to Equation (ZG),. In the following
algorithm, the notations 1, I and

1
Idev::I_E]-@l

are used for the second order identity tensor, the fourth order symmetric identity tensor
and the fourth order deviatoric tensor.

Algorithm  [¢7Y) U C® oY) ] — RADIAL_RETURN(eY " 2, o, @)

n+1 s
1. Compute trial stress
K:= A — 3/@ bulk modulus
€ni1 = Idevs,(f;f) deviatoric strain

t ._ . . .
Spo1 = 24 (€nq1 —€h)  trial deviatoric stress

2. Check yield condition

Y. =8 —Y(a,) evaluation of the yield function
IF CIJZH < 0 THEN:

()

Opt1 = “tr(egil))JVSZJrl
endl = e
cry = c
oy = an

AND EXIT

11



2 Classical 1-grid discretization: Plasticity

3. Compute flow direction n,,; and plastic consistency parameter \

A :=root[g(A\) = 0] plastic consistency parameter, see Section

1
n, = s,y flow direction
| n+1 ‘
N1 =Gy Ny scaled flow direction
1(121 =, + A backward Euler for (24 (2.16)

4. Update plastic strain and stress according to (21

eifl) = &P 4+ \h, 4
0-53'?'1 = mtr(eﬁfﬂ 1+ Spp1 — 2L AR,

= Htr(egf:f))l + S — 2upa0 A1 (2.17)

5. Compute the consistent elastoplastic tangent module Cfﬁf) according to Equation

E13)

2.4.1 Consistent elastoplastic tangent module

For the sake of brevity, the index for the Newton iteration (j) is omitted in the following.
With ([ZZI) and some equations from tensor calculus, see Section X9, the following
derivatives can be computed:

a57n+1(tr("‘sn-i-l)l) = 1®1

O\ 8nn+1
0, An,, = n, -
ox ag’ Spi1 . OSii _ ag’ Spi1
- —2 tr : - =2 2”
Oen i1 ag K +2pur ||Sn+1|| O€nt1 ag K +2pp, ||Sn+1||
-1

a

= 2 0 n,

e g’ K +2p,

Using the fact that n, is trace-free:

t
on, 1 0s;.

19) n =
1 ost"
_ —n ® n n+1
||sn+1u Tl R e e
1
n+1
2[LL

n+1

12



2.4 A Gauss point section: Radial Return for linear isotropic hardening

With this, one arrives at the desired tangent module:

80’ 1
Cr, = —
i 85jnJrl
8)\ 8nn+1
= v1®1+2ur Lie, — 201 ap [Ny @ + A
HL S piL o = Oent1 O€nt1
2ir, ag’t 2up A
= C%—2up ag Ny @ ————— 1 — 2 ag ———(Tgep — Npyq @ Ny,
i 0 1 Gy e 2 g e ™ e )
= Cc'-Ct (2.18)
with the abbreviations
é L Q,ML _ 2[LL 5\
L’ K A+ 2u ST,
p . 2[LL A 28 ~ ~
Cn+1 = Q'MLgT Idev — Q,ML(],OQ n,1 (%9 n,1 (219)
n+1

2.4.2 Plastic consistency parameter

The aim of this section is to compute an expression for the plastic consistency parameter
A. The deviatoric part of Equation (ZI1) is:

tr
Sn+1 — Spy1 + 20La0A Ny =0

Multiplying this with n,) , and using that

tr
n,41 = s?:—l = Sn+1
sl lsniall
one gets:
9(A) = llsnarll = Iy all + 2ppagh = 0 (2.20)

Using that the yield condition is fulfilled at ¢,,; and with the aid of IHl), one can
compute:
9N = ag'Y(anr) = Isyll + 2uza0)
= ay ' Y(0) + a5 Kangr — |Isyal| + 2pra0
= ay'Y(0) + ag ' K(an + \) — |87 11| 4+ 2prao)
The consistency parameter A can be written explicitly here as root of g.

ag 'Y (0) + Isiya || — ag ' Ko,

A= — (2.21)
ag K + 2appr,
< -Y(0) — Ko, + S
P (12 On F S (2.22)
ay K +2pug,

Note that consistent linearization of the RR algorithm is also straightforward in the
case of nonlinear isotropic and kinematic hardening, see [@], as long as the context of
J2-plasticity is not left.

13



2 Classical 1-grid discretization: Plasticity

2.5 A Gauss point section: The Tangent Cutting
Plane algorithm

The following algorithm is given in [3]. Tt is based on works on tangent cutting plane
(TCP) algorithms like for example [98|. A need for the tangent cutting plane algorithm
is given when

1. anisotropic plasticity occurs, e.g. the second case of ([ZG]) applies. See the situation
in Figure ZT] (observe that the yield surface does not only change the location
und size due to kinematic und isotropic hardening but also the shape due to the
anisotropy), where classical return mapping algorithms do not apply any more

2. and when the user cannot or is not willing to provide twice differentiable yield
functions in order to make general return mapping algorithms ( ['ﬂ] Chapter 3)
applicable.

Unlike in Section L4, this Section is not restricted to the case of a von-Mises type yield
function (28),. Thus the deviatoric parts of the stress and the strain tensors are not
computed in the TCP algorithm. Another difference to RR is that in this method a
closed expression for A like in Equation (ZZI]) cannot be derived since the yield function
is supposed to be more general. Hence, a local Newton iteration, see Section EZ0.Il must
be performed to guarantee the fulfillment of the yield condition and the starting iterate

&01) takes the role of the trial stress.

Algorithm  [¢¥) V) c® oY) ] = CUTTING _PLANE(eY. )V, e, a,, ®)

1. Trial values

(43,0) ._ el . ((G-1) P
Opi1 = c™ (En-l—l _En)
p7(]70) . P

En-l—l T €n

(3,0) ._

oy = oy

2. Check yield condition

IF 6V — V(o) <0 THEN

0 e .
SET (¢)Y), := (V%) AND %9 .= ¢
AND EXIT
3. Initialization
a) nizo+1 = 80"1>|a<1 0 € Rxd

b) AV =0l C?:nl), + 0,9 6o

14



2.5 A Gauss point section: The Tangent Cutting Plane algorithm

final
yield surface

[ Ep]’e =0.20
0.002 —o—
0.01 —o—

006 —e—  €Epre=0

initial (circular)
yield surface

010 —e— —e—

Figure 2.1: Anisotropic yield surfaces for the steel S10C, for different plastic strains, taken
from [@], page 94.

c) A@:=0
d) Y, =Y (an)

4. Iteration i =0,1,2, ..., see Section 20Tl

4 AN O

A
b) o = all} — ANCIC )
o) o = a(alY)
d) nif} = 0o | i
) Agill) —n z+1 el n’Ll +0,Y]| o)
o

£) AGTD = A0 4 ANGHD

15



2 Classical 1-grid discretization: Plasticity

g) agffl) . Jl) JrA)\(zﬂ

1) 4 0+ A0

) Vi = Yialh)

) TF &9 — vy < TOLe THEN

INNER ITERATION FINISHED, GOTO
ELSEi=1i+1 GOTOH
ENDIF

5. Elastoplastic module Cii(f =C4 -1 (C:n,,)®(C": n, )

n+1

Details about the background can be found in [E] Only a few points are discussed here,
especially the fulfillment of the yield condition and the elastoplastic tangent which are
the two most important differences to the RR algorithm in Section (24]).

2.5.1 Fulfillment of the yield condition

An equation for the plastic consistency parameter has to be developed, such that the
yield condition is fulfilled in the current Newton step.

oY) (A) = (a¥), (), al), (V) =0 (2.23)

From this and Equations (E4)), 3) follows:

Bl = o) = Y(alh ()
oY), = 9509 o0V —8,v9 950,
- _ao'q)nJrl szlﬂ aU(I)nJrl_aYn(«JH (2.24)

The last equation is obtained with the aid of

sfl’fl) —el = )\80<I>£f+1 (backward Euler scheme for Equation (E1I))
ol —on = Cilenn —eht) — e, + el
= C“. [Ens1 — En — A&o@sﬁl]
8A0'nJ)rl = —C“; 80-(I>,(£1

Note that the total strain e,,; does not depend on A. So, with the aid of ([Z24), the
Newton scheme for finding the root of ® reads like this:

(@) A)\(Hl = @ﬁfll(k(i))

8/\(1)1(121
with (
AN — 2L ()

000, Ol g0l + Y,

16



2.6 A Gauss point section: Sequential quadratic programming

2.5.2 Discussion

One of the problems arising here is that the yield condition is fulfilled but Cfﬁff in Point
B of Algorithm CUTTING_PLANE is not the consistent material tangent. Indeed one can
see that (ZI2) is not fulfilled by the tangent cutting plane algorithm presented here. In
fact it is derived from the time-continuous tangent

o 00

oe

see for example [E] This is done because it is very difficult to obtain a closed expression for
the final ai{ll, see line Rl since there is no explicit expression for a root A of the nonlinear
Equation [ZZ3). As it is shown in the results in Section X8, no good convergence is
achievable using this tangent, even in the case of the simple von Mises yield function.

2.6 A Gauss point section: Sequential quadratic
programming

In this section, another method for solving the constrained optimization problem is given,
namely sequential quadratic programming (SQP). In [lﬁ] the method is described and
applied to perfect plasticity (no hardening, ® = ®(o)). The basic idea is to use the fact
that it is not necessary to fulfill the yield condition in each semismooth Newton step.
The Newton iteration is replaced by a sequence of quadratic minimization problems with
linearized constraints (‘linearized projection step’). The advantage of the SQP method is
the large flexibility which allows to enhance it to more general plasticity models, where the
generalization of the Radial Return algorithm is not straightforward. Another important
point is the mesh independent convergence of the SQP loop.

2.6.1 Definitions

Some definitions have to be made: Let K be the set of admissible stresses
K:={rcS™ . d(r) <0}

Let S¥4 denote the subset of symmetric matrices in R4, Some variables for the lin-
earized prOJectlon step 7, namely the linearized ﬂow rule (I>n+1, the quadratic dual en-

ergy functional 5n+1, the elastoplastic module Cfqul the half-space K] 1 of admissible

stresses with respect to @ﬁfll, the inner product eiﬁl( ,-) and the associated energy EY)

n+1

17



2 Classical 1-grid discretization: Plasticity

are defined by

Ol(e) = ) +00pyn (0 = al)) (2.25)
eV (o) ::/iﬁg( —cﬁ#%@ﬁ+MfW%a¢bﬁﬁ:dﬁﬁg(2%)
C = (T4 AIC dgo |y )t C (2.27)
K, = {res™: ol (r) <0} (2.28)
elhloT) = o (G g (2.29)
Eo(0) = so(CrO) o (230

The trial stress Oﬁfll is defined by:
sqp,(j) . j— . j—1
Og_,’_l( ) = Cn({fl(j) . (8(’“) — €£ + )\(] 1)60'0'(I)|0.£Lj+—11) : O'S_H )) (231)

2.6.2 Derivation of the SQP step

Starting point of the SQP step is the original system containing flow rule, complementary
conditions and equilibrium which is to be solved at the end of the load step:

01— C: (e(Ups1) — €8 + X0a®la,,,) =0 (2.32)
D(0p1) <0, AB(0py) =0, A>0 (2.33)
[ awnieo) =iz, velm@y (2.34)

Linearizing Equation ([Z32) with respect to (0,11, A\, 4,1 1), using the definitions ([Z23])
and (Z3T) and using the equality

U ®|gu-n = 3aq)n+1|agﬁl

(<I>(J)rl is linear), one arrives after some algebraic manipulations at the result which will

be discussed in Section ZE3  Equation ([Z33) and ([Z34) are reformulated with the
linearized flow function and the linearized material response, respectively.

2.6.3 The SQP step and the algorithm

So in each SQP step, the linearized flow rule and the linearized complementary conditions

0'51]11 - 9%1 - )‘(])Cfﬁ—)l aO'q)n+1|o-gﬁl =0 (2.35)
oV <0, A9 —0, AU >0 (2.36)

18



2.6 A Gauss point section: Sequential quadratic programming

are solved at each integration point for (Uﬂl, A0)) and this linearized material response

is inserted into the equilibrium equation:

[ othis) =10, ve m@y 2.7
The System (IZBE])—(IZBII) represents indeed a SQP step as it is equivalent to:

Find a minimizer oV 1 of 5n+1(~) subject to the linear constraints o € KY) 11 and the
equilibrium equation.

()

In contrary to o € K, the constraint o € K )

| is indeed linear since K,

Lemma 7 in ['@] states that a unique solution USH of this problem exists since €n+1( )

is uniformly convex. So (without giving a formal proof) mesh-independent convergence
can be expected.

11 is a half- space.

The nonlinear problem (EZZ1) is to be solved with an inner Newton iteration. Fortu-
nately, the application of an inexact method is possible: It is not necessary to iterate the
inner Newton loop until convergence in each SQP step. Further inexact methods will
be presented in the following chapters. SQP would insofar fit very well to the divide-
and-conquer approach of this work: The difficulties of fulfilling the yield condition and
the equilibrium condition are separated in such a way that computational cost can be
reduced.

A consistent tangent module has to be computed. For this purpose, problem ([Z31) is
slightly reformulated with the aid of Lemma 1 in [@], which states that the solution

o), of [[E31),E30)] is uniquely determined as
0'1(121 = Hgl(eﬁl) (2.38)
where H,(ﬁl is the e,(ﬁl(-, -)-orthogonal projection onto the half-space Kﬁfll Then

!

P ) = [ 2080 ) - (o)~ 157 (0) L0 (2.39)
is equivalent to (Z31). By deriving 8ru,fn nt,(9) ‘u(j,z‘), one gets the consistent tangent module
n+1

Cepv(jvi) P 8Hn+1

in the inner Newton step ¢. Now, the solution algorithm is given; note that j is in this
context the index of the SQP iteration and 7 index of the inner Newton iteration.

Algorithm [o,.1,e) ] = SQP(e?, ®, \,, 0,0, uy)

1. Init. uﬂl = un,aﬂl = O'n,)\(Jrl =\, and 7 :=1

19



2 Classical 1-grid discretization: Plasticity

2. Init. uiffl) = u,(le) and 7 :=1

3. Compute the trial stress
j ji—1
051]—?—1(U£LJ+1 ))

according to Equation (Z3]) and the linearized projection

i1 i—1
Ugﬂ ) = ng]Jrl(Ongl( n]+1 )))

according to Equation (Z3J) for the Newton residual of the nonlinear problem

(233
4. If | f! mt {071 g not small enough then goto step Bl else goto step Bl

5. Compute Cn’;(f’ according to (ZZ0) and compute Au(J’% as Newton step in the

solution of the nonlinear problem (Z39) with the residual, computed in step (B).
Update

wll = ull Y Al
set 7 := i+ 1 and goto step

6. Set u), = ul) gV = g and AO) = \G)

7. If
otk = O s (euilly) — & + AP0l 50 ) |

which is the residual of Equation (232)), is not small enough, set j := j + 1 and
goto step Bl else goto step

8. Set u,1; = u,(lil,anﬂ = U'n+1> A =AY and €, ;= €l + \Jg®|q,,, and exit.

2.7 Comparison of the Gauss point algorithms

The different algorithms for stress integration are compared in some headwords. The
generalized projection method will be explained in the context of finite plasticity. There
are more possibilities to solve the constrained optimization problem which are not listed
here, for example the interior point method which has been applied to plasticity in [@]

Consistently linearized RR, see Section 24
e For certain types of yield functions easy to linearize consistently.

e Difficult to adapt to general yield functions. In the general case, consistent lin-
earization difficult.

20



2.8 Numerical results

TCP, see Section
e Applicable to many kinds of flow laws, including anisotropic plasticity.

e Consistent linearization very difficult.

SQP, see Section

e The fact that the yield condition does not need to be fulfilled in each Newton step
can be used to save computation time.

e Outer SQP loop and inner Newton loop.

e Applicable to many kinds of flow laws, including anisotropic plasticity since in each
SQP step a back projection onto a simple half-space is performed.

e Mesh independent and good convergence of the outer SQP loop.

Generalized projection, see Section
e Applicable to many kinds of flow laws, including anisotropic plasticity.
e Consistent linearization easy.

e Fulfillment of the yield condition more costly since a Newton iteration has to be
performed to compute the stresses and the plastic data.

2.8 Numerical results

Figure 2.2: Problem setting of the forging simulation.
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2 Classical 1-grid discretization: Plasticity

In this section, TCP and RR are compared by means of an elastoplastic forging-like
simulation, depicted in Figure The assumptions are J2 plasticity, linear isotropic
hardening and small deformations. So, each FE element with TCP, which is formulated
for the more general case of anisotropic plasticity, is expected to behave like an element
with the consistently formulated RR algorithm. Results for (¢, = tool feed in step n)

0 0
t,. 5= [—00-05} s 6,50 = [001]

are shown in Figure EZ3 To compare the convergence of the Newton scheme between

RR and TCP and to see how the element behavior is in the case of springback, a slightly
modified example is considered. The results are given in Figure 224

Figure 2.3: Steps 5,13,25,37,41 and 45 of the forging simulation, the evolution of the
hardening parameter « is shown.

0 0 0
t,. 5= [—00-05} i t6,...20 = [001] ytag = [085]

Obviously, the RR element formulation performs much better, especially in the spring-
back situation.
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2.9 Some tensor calculus

. Step 1, representative . Step 11, best performance of TCP o Step 23, springback, divergence of TCP
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Figure 2.4: plotted over the Newton iteration (j).

1aU"Y)|

2.9 Some tensor calculus

Some rules from tensor calculus are given in this section. Let B,C,D,S, T and £ be
arbitrary second order tensors, let 1 be the second order identity tensor and let I be the
fourth order symmetric identity tensor.

tr(B) == 1:B
(B®C)D = (C:D)B
Oetr(e) = 1
dS) S da oS
ot~ “¥ar "ot
_ &
]
Ielléll = mn:0ek
= 8En = HT1||(I —n®n)

2.10 Summary

It was shown in this chapter that the importance of correct derivatives in the material
stiffness matrix cannot be overestimated in the context of metal forming. In principle
similar good convergence is not only achievable in the very simple case of J2 plasticit
but also in the case of a general nonlinear isotropic and kinematic hardening law, see ﬁ],
page 146. Several possibilities to solve the constrained optimization problem of plasticity
were shown and compared.
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3 Classical 1-grid discretization:
Contact

The interaction between tool and workpiece is modelled as one-body contact problem
with a rigid obstacle. Friction is neglected throughout this work but Tresca and Coulomb
friction can be incorporated in any of the algorithms presented here [@] For extending
the usability of implicit FE codes for large scale forming simulations, the computation
time has to be decreased dramatically. In principle, this can be achieved by using iterative
solvers. In order to facilitate the use of this kind of solvers, one needs a contact algorithm
which does not deteriorate the condition number of the system matrix and therefore
does not slow down the convergence of iterative solvers like penalty formulations do.
Additionally, an algorithm is desirable which does not blow up the size of the system
matrix like methods using standard Lagrange multipliers. The work detailed in [lﬁ]
shows that a contact algorithm based on a primal-dual active set strategy (pdASeS)
provides these advantages and is therefore highly efficient with respect to computation
time in combination with fast iterative solvers, especially algebraic multigrid methods.

3.1 Contact algorithms in the literature

Efficient contact algorithms have been developed in recent years, see [Iﬁ, m, m, m, m]
and the references therein. For more complex contact problems where the contact area is
not known in advance, active set strategies are well established nowadays. Four important
variants of them are listed with their advantages (+) and disadvantages (—), see for
example Willner [@] and the references therein.

Penalty formulation
+ Pure displacement based formulation, no change in the system size.
— For small values of the penalty parameter, the penetration is quite large.

— For large values of the penalty parameter, the condition number of the system
matrix is deteriorated.

Standard Lagrange multipliers
+ Exact fulfillment of the corresponding discrete non-penetration condition.

+ No deterioration of the condition number of the stiffness matrix.
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3 Classical 1-grid discretization: Contact

— The multipliers are additional unknowns, the size of the system matrix increases.

— Only global elimination of the LM is possible leading to dense matrices.

Perturbed Lagrangian formulation
+ Very stiff constitutive laws pose no numerical problems.
+ No deterioration of the condition number of the stiffness matrix.
— Mixed method, the size of the system matrix increases.

— Only global elimination of the LM is possible leading to dense matrices.

Augmented Lagrangian formulation
+ Nearly exact fulfillment of the non-penetration condition with low penalties.
+ No change in the system size.
+ No deterioration of the condition number of the stiffness matrix.
— Higher numerical costs due to extra augmentation loop.

The algorithm, proposed here, which goes back to [E, E], unifies the advantages of
Lagrange multipliers and the penalty method:

Dual Lagrange multipliers

+ No change in the system size due to the use of dual Lagrange multipliers, which
makes the method very useful even for large commercial FE packages.

+ Exact fulfillment of the geometric constraints of the tool in a weak integral sense.
<+ No deterioration of the condition number of the stiffness matrix.
There exists in the literature a large number of alternative methods such as e.g. FETI
type algorithms [@] and monotone methods [@, E] In this work, the comparison
between the primal-dual active set strategy and the penalty method is emphasized, since

one can see from the survey given above that the problems of the penalty formulation
are somehow preserved in the other algorithms and just assume a different shape.
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3.2 The primal dual active set strategy with dual Lagrange multipliers

3.2 The primal dual active set strategy with dual
Lagrange multipliers

In the following, the primal-dual active set strategy will be sometimes referred to as active
set strategy, keeping in mind that there are different kinds of active set strategies given
in the literature. It turns out that this strategy is very attractive for the use in metal
forming, especially in combination with iterative solvers, as their convergence behavior
strongly depends on the condition number of the system matrix. Due to steady increase
in the problem size and the need for a robust, highly accurate and scalable solution
method, algebraic multigrid methods [Iﬁl, @] are the main focus of this investigation.
In [‘E], the active set strategy was adapted for nonlinear material behavior and some
details were given about the implementation in LARSTRAN. It will be shown that in
combination with the active set strategy, the well-known good complexity of multigrid
methods can be achieved. By using algebraic multigrid, problem dependency can be
overcome such that the used solver provides a black-box character. It will be shown that
the Newton and the solver loop of the algebraic multigrid method can be merged. This
inexact strategy provides a further decrease in computation time.

To handle the nonlinearity of the Karush—Kuhn-Tucker contact conditions, a primal-
dual active set strategy based on dual Lagrange multipliers [@, @] is applied. This can
be interpreted as a Newton method [E, é] In contrast to the commonly used penalty
method [Ia], the active set strategy allows to adjust the geometric constraints of the tool
exactly in a weak integral sense. This point will be explained in more detail in Chapter
Al The contact stress can be easily recovered from the displacements in a variationally
consistent way and does not depend on a tuning parameter.

3.2.1 Basic idea

Just to give a first impression, a simple rectangular workpiece is considered which is
indented by a rigid, hemispherical punch, see Figure BIh. By S the set of potential
contact nodes is denoted, see Figure BTh. Here, j is the iteration index for the active set
loop. Let A; C S be the active set, for which the body is in contact with the obstacle.
The complementary set I; := S — A; is called the inactive set. The following simple
test example shows how the sets I;;; and A;;; are correctly determined. The following
situation is assumed, see Figure BIb, in the j-th step: Nodes {1,2} are active, nodes
{3,4} are inactive. The tool geometry is then adjusted to the active nodes, no matter if
the active set is already correct or not, see Figure BIk. Now the nodal forces and the
detected penetration are used to update the active and inactive node sets:

Ay = {pel;:ppenetrates} U{p € A, : p under compression}
I;11 = {p€l:no penetration} U{p € A, : p under tension}

Then the restrictions from the tool geometry are again adjusted to the correct active
nodes and the inactive nodes are released, see Figure BJd. The step from (c) to (d) is

27



3 Classical 1-grid discretization: Contact
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Figure 3.1: Active set strategy.

one active set iteration which can be run parallel to the Newton iteration for the nonlinear
material law. This is possible because the search for the correct active set can also be
interpreted as a Newton iteration. More details will be given in Section B2ZAl

3.2.2 Continuous equations

-
-
-

for @, 1
forbidden
halfspace

V(mrefv tn—f—l)

(@B Vo i)

Ftool

Figure 3.2: Example for a possible choice of x,e¢. The load step turns out to be too large
for this choice.
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3.2 The primal dual active set strategy with dual Lagrange multipliers

In order to avoid a case distinction in the algebraic part, only d = 3 is considered from
now on. It is assumed that a workpiece 2 C R? comes into contact with a rigid tool with
the boundary I'**?!. The following notations are introduced: The part of 92 which comes
potentially into contact with I'*° is called I'". By x,e¢ the coordinates of an arbitrary
point on the potential contact zone in the so called contact reference configuration are
denoted. With respect to this special configuration, all important contact variables like
the gap und the contact normal are computed. Several choices are possible:

e x,..s = xo. The contact reference configuration is the reference configuration. Ob-
viously this will lead to good results only in the regime of small deformations.

® Lot = T,1: The most accurate and also most difficult way to choose @, is to
choose the unknown, solution dependent, current position of the material point.
Yang et al. pursue this way in |. Since all contact variables are solution
dependent, complicated linearizations have to be performed there. It turns out
that this formulation is extremely stable even if large load steps are performed.
Since there are technical restrictions on the load step size anyway (the movement
of the tool has to be resolved), this method is not pursued in this work.

To avoid difficulties arising from large deformations, the contact reference configuration
must be chosen in such a way that the deformation from there to the current configuration
is small. So in this work, the two following options are chosen:

® T..r = x,. Like in an updated Lagrange manner, it is a good choice to take the
last time step as contact reference configuration. This choice is assumed in each
of the following chapters except Chapter Bl This performs well under the small-
time-step assumption, as the numerical examples show. Moreover, it is always
possible to check again the newly computed final contact normal and the final gap
with the reference normal and the reference gap, see Figure B2 If the forbidden
halfspace shows a major discrepancy with the tool geometry, then one should redo
the computation with updated normal and gap.

® Lo = azg}rl: A more up-to-date choice is the last Newton iteration. This is done
in Chapter Bl It is important to note that this procedure is different from [Iﬂ],
because a full linearization is not performed. This method is more in accordance
with a fixpoint iteration.

The point on the tool boundary I'**® which corresponds to &yf. is called Ttool(Trer). If
I['*°l can be described by a sufficiently smooth function, the inward-looking normal v can
be defined on every point on I'**° such that the following closest point relation holds:

||mtool($ref) - mref||2 - min,

mtool(mref) — Lref — g(mrefu thrl)V(mrefu tn+1) (31)

where §(@yef, tn11) denotes the gap between Tioo1(@rer) and xpor with the tool position
at time t,,,1. The gap has the meaning of the distance between the tool and the structure
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3 Classical 1-grid discretization: Contact

in the contact reference configuration. The sign of this gap function will define whether
a material point on the potential contact zone will come into contact with the rigid
obstacle or not. A positive value of §(x,t) indicates that there is no contact, whereas a
negative value describes an interpenetration, which is prohibited. In the following, it will
be always written v instead of v(@yer, t,11) and g instead of §(@yer, t11), and it will be
assumed that the relation (Bl holds. By w, the unknown displacements x, 1 — @, are
denoted, and by u(xy er) the known displacements @ er — xo. Finally, the scalar valued
normal part o, (u) of the stresses on ['“" and the tangential stress vector o, (u) € R?
are defined by

o,(u) = (o (u)v) v, o,(u):=0(u)v—o,(u)v (3.2)

The well known contact conditions for all @, in the potential contact zone I'“" are
given by (the time index n is omitted in this subsection):

(u —wu(@rer)) v—9 < 0
o,(u) < 0
oy (u) (U — w(Trer)) v —g) = 0
o.(u) = 0
Hiding all the known information in
g =0+ u(Tyer) -V
the contact conditions can be written as
u-v—g < 0 (3.3)
o,(u) < 0 (3.4)
o (u)(u-v—g) = 0 (3.5)
o (u) = 0 (3.6)

The conditions (B3))-(B0) can be interpreted in the following way:
[B3) means that no penetration is allowed.
B4 allows only compression but no tension, since there is no adhesion.

[B3) is the complementary condition that means that either non-zero contact stresses
are present and the gap is zero or the gap is non-zero and there are no contact
stresses.

BT finally means that the stress in tangential direction is zero, since there is no friction.

The equilibrium is given by (for simplicity volume forces and other external forces are
assumed to be zero except from the contact forces): Find w € [H}(Q)]® such that

Fi (g, v) +/ Av=0 (3.7)

con
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3.2 The primal dual active set strategy with dual Lagrange multipliers

for arbitrary test functions v € [H}(Q)]* and with the internal forces ™ depending
nonlinearly on w. The Lagrange multiplier A := —o(u)v is exactly the contact stress,
which is necessary to adjust the contact displacements on the contact boundary I'*“". It
is introduced as additional unknown to fulfill the contact conditions.

3.2.3 Active Set Strategy and Algebraic Multigrid Methods

Later in this chapter, the task will be to solve the linearized equation system (B24]).
Multigrid methods have proven to be highly efficient for problems arising from finite
element discretizations of partial differential equations, see e.g. [@] and especially for
contact problems, see Kornhuber and Krause ﬁ, @] Due to the fact that locally refined
meshes are widely used throughout engineering practice for such kind of problems, a
hierarchical grid structure might be very difficult to achieve on large unstructured grids.
For that reason the focus is on algebraic multigrid methods. They preserve the main
multigrid properties but require only the system matrix of the (fine) computational grid
as input and thus appear to be very attractive.

Algebraic multigrid, first introduced by Brandt, McCormick, Ruge and Stiiben in the
1980’s, has received steady progress in its development, to become a robust and efficient
tool in numerics (see e.g. [31l] and the references therein). It has been applied to a wide
field of applications, including structural mechanics. Although the initial attempts were
restricted to M-matrices, it has been shown that the method works well also for other
matrices in many cases. For the according theory, the reader is referred to [IE, @, @]

A vital property of a method for its usage in engineering is a generalized applicability
to different problems. Therefore, the reduction of parameters which have to be chosen
in advance is inevitable. Thus, a compromise has to be found to fulfill that demand and
still maintain good performance. In order to do so, for the numerical examples in Section
B3, the classical Ruge-Stiiben AMG method is used in a scalar approach to preserve the
property of a total black-box solver and ensure a generalized applicability.

In the same way as geometric multigrid, the AMG uses a number of grid levels to achieve
an effective relaxation of all error components iteratively in the computed solution. In
contrast to its geometric counterpart, algebraic multigrid does not need any geometric
mesh information to establish a grid hierarchy. Instead the system matrix entries serve
as vertices and the matrix topology determines their connectivity according to ideas from
graph theory. All multigrid components including the coarse levels are then computed
algebraically. For further acceleration, the AMG will be used as a preconditioner for a
conjugate gradient method, which has proven to be very efficient [‘E, @] In connection
with the active set strategy, the emerging system matrices are slightly unsymmetric. For
that reason a BiCGStab method is used when necessary. For simplicity, the according
AMG-preconditioned CG method is denoted simply by AMG method in the rest of this
work. In the following, it will be examined how those methods perform in combination
with the described active set strategy, and the developed algorithms are discussed.
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3 Classical 1-grid discretization: Contact

3.2.4 Discretized form

The Lagrange multiplier A is approximated by
A=) Apy €R? (3.8)
=

with dual Lagrange multipliers ¢; € M, and S the set of all potential contact nodes on
[<e™. For literature about dual Lagrange multipliers, the reader is referred to [Iﬂ, @]
Furthermore ¢,, restricted to I'“”, and 1), are the scalar-valued basis functions, associated
with the node p respectively node q. See especially [@] and the references therein for the
situation when I'“" is two-dimensional and meshed with quadrilaterals. The algebraic
representation of (B) has the form

F™U)+BA=0 (3.9)

with
B[pa q] = gbpwq 13a P € N’q S S

FCO?’L

where N D S is the set of all structure nodes. The biorthogonality of the basis functions
yields

qu = 5pq ¢p (3-10)

Tcon Tcon

with the Kronecker symbol d,, understood in the way that

5 {1 structure node p coincides with potential contact node ¢
pq

0 otherwise

Now, using an appropriate node numbering, B has the form
B=(0D)' (3.11)

Due to (BI0) the entries of the diagonal matrix D are given by
Dp, q] = dpg1s - Pp (3.12)
FCOn

Then the contact conditions have to be discretized. The strong pointwise non-penetration
condition (B3 is replaced by the weaker integral condition

/mn(“"’wf’S /9% PES (3.13)

Tcon

If the right hand side is defined by G, and using (BIZ), the algebraic representation of
the weak non-penetration condition can be written as

Uyp:=N,D[ppU,<G,  peS (3.14)
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3.2 The primal dual active set strategy with dual Lagrange multipliers

where U, € R? denotes the coefficient vector of uy, associated with the vertex p. The
normal vector at the vertex p is denoted by IN,. Condition (B4 is discretized by A,,, > 0
at each vertex p € S, where A, is defined according to (BId)) by

Avp:= N, Dlp,pl Ay, A, €R?

Introducing the tangential part of the Lagrange multiplier A at the vertex p € S by

A, =A,— (A, - N,)N,, the discrete algebraic version of B3)) - [B0) is:
Up<Gp, N\p>0, A, ,(U,p—G,) =0, peS (3.15)
A, =0

3.2.5 Nonlinear algorithm for 1-grid discretization

The tangential vectors are given by Tf)J_Np and T := Tf) x N, with [|IN,|| = ||T§|| =
|T}|| = 1. After introducing

T = diag (T >) EREXSL p—ep pes (3.16)
it can be readily shown, that the system (BI3) is equivalent to the following nonlinear
problem:

con ,__ Flclon L
For = [ Ts As } =0
with
Fy"(U,A)p] =Ny — (A +c(Upp — Gy))+ =0, p€ES (3.17)
where (z); := 1(|z| + z). The meaning of the constant ¢ will be explained in Section

BZ6 Now the nonlinear equation system (B3) is expanded to the following one:
F™(U) + BA =0

Fer(U, A) _ 0 (3.18)

The set of potential contact nodes S can be split up into two parts:
IV = {peS:AJ) +cU) - G,) <0} (3.19)
AV = [pes: Aw +c(UY) - G,) > 0} (3.20)

where, as before, AU) and 1) refer to the active and inactive set, respectively. The next
task is to linearize (BI8)) consistently. To do so, the diagonal matrix D is decomposed

into
| Dt O
-

Moreover, the global normal matrix N, € RI#>3I41 wwhere |A| denotes the number of
vertices in A, is defined by

N, = diag (w,, N,), peA (3.21)
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3 Classical 1-grid discretization: Contact

The weighting factor w,, is an abbreviation for D{p,pli1 = -+ = D[p,pl33 = [reon Op-
Finally, consistent linearization gives:
Ky K Kna 0 0 19V [AUY ] [ Fi(U) 107
Ky Kp K Dp 0 AU]%)_U Ff["t(U) + DyAg
Kiv Kar Kaa 0 Dy ) B F(U) + DuyAy
0 0 0 1, 0 AUﬁ;j_l) = A (3.22)
0 0 —NA 0 0 AA]I{J’%) —(NA UA — GA)
0 0 0 0 T, A AX(L) | TaAn i
with
© A
Ty = {:ﬁ”)] and with K := Jacobian of F" in terms of ([ZTI]).

Here, G denotes the vector containing the entries (G, associated with the active vertex
p € A. One remark has to be made to the linearization of (BIf),. From (BID), one can
see that

R
Fﬁon[A] o —C(NA UA — GA)
Finally, one gets

8FCOH[H] ]
— 4th 1 f
AU A = 4th line of B2

and OFen A
—r—— th line of
AU A) = 5th line of [B22))

System (B22) is not solved directly, since this would mean in the context of a FE package
that the size of the system to be solved always changes if the size of S is variable from
time step to time step. This would be inefficient, but due to the diagonal structure of
D, A can be eliminated:

AU — D! ([KU(j—l)]S _ [KU(j)]S _ Fglt(U(j—l))> (3.23)

With this, a local static condensation of the Lagrange multipliers can be performed to
get the reduced system for the displacements AU. The resulting system, written as an
incremental Newton scheme, is then:

Ky K Kna U= AUY) Ff\?t(U) vy
K]IN K]I]I K]IA AUI(\;) _ Fzﬂnt(U) (3 24)
0 0 —Ny ]%;.j)_l) GA — NAUA .
TaKan TaKar TaKya AU G- T,F"(U)

with
AUY) =yl — gyl-1

Due to the consistent linearization, superlinear convergence can be expected. An im-
portant conclusion of this section is that the two nonlinearities of material behavior and
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3.2 The primal dual active set strategy with dual Lagrange multipliers

contact can be handled in only one Newton loop. This is possible because the search for
the correct active set can also be interpreted as a Newton iteration, see also [E, E, @]
Now, Algorithm [l can be applied for solving the nonlinear problem (BIF]). Although, it
is listed here for the sake of completeness, note that the integration of the SQP method
into the overall solution process is different from the others, since it contains an outer
SQP loop and an inner Newton loop for the mechanical equilibrium. To combine this
efficiently with the active set loop will be part of the future work.

Algorithm 1 Plasticity and contact.

1: input: [A© 500, TOLewr, Ugl, [el, a,], DIRECT] with j,u0, 2 maximum number
of Newton iterations, which can be set from outside, the starting iterate is Ug)ll
init. j =1

assemble stiffness matrix and right hand side according to (ZI1)), (BI6), (BZ1) and
E23)

compute m; according to Section B34
solve Equation (B24)) by

w N

using Algorithm B with the input [m;, (B2Z4),, ., EZ4),,.] DIRECT =0
solving directly DIRECT =1

to compute a new Newton iterate AUﬁfll

6: update U,(ﬁ; = Ufj;f’ + AU,(Q1

7: compute Aif}rl using Equation (EZJ)

8: update IU) and AV using (ETH) and (B20)

9: on the GP level: map the stress state back to the yield surface and update the plastic
strain:

call [2, 67, 0,

(TCP(E:(USL), ai{ll, ev . ay, P) see Section
RADIAL RETURN(e(UY),), 2, o, ®)  see Section B
= {SQP METHOD(:- ) see Section
generalized projection method see Section
L other options, see e.g. [26]

10: if (a suitable Newton error criterion is met accurate to TOL,,; and AU = A(j’l))
Or J = jmas €Xit else set j := j + 1 and goto
11: OUtPUt: [AnJrlu Un+17 [EfLJrlu Oén+1]7 A]
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3 Classical 1-grid discretization: Contact

Algorithm 2 AMG solver algorithm.
input: [m, A, F]
for/=1,....,mdo
AUV .= AMG _CYCLE(AUY'™V A F)
end for
AUY) .— AUUD
output: [AUY]

3.2.6 Inexact strategy

The next step to improve the performance even further is to use an inexact Newton
strategy. The idea to reduce the total number of AMG cycles (see Algorithm B) per time
step is to perform only a few AMG steps (m; small) in the first Newton iterations. In
particular, it is not efficient to iterate the AMG until convergence, since the first iterates
will be very far from the solution anyway. This method is called AMG-inexact strategy
here and is used in Algorithm [II line @l and Bl In Section B34l some ad hoc strategies
for choosing m; are presented. By UUY, the solution after the Newton iteration j and
the AMG iteration [ is denoted. In the inexact case, the constant ¢ > 0 in (BIZ) has
the meaning of a weighting between the non-penetration condition ([B3) and the contact
stress condition (B4) in the inactive-active decision. In the exact case, ¢ does not play a
role since it cannot happen that both of the summands A and U, — G are not equal to
zero. The ad hoc choice of A and I in Section B2ZT] corresponds to the exact case, where
the choice of ¢ does not play a role.

3.3 Numerical results for contact

In this section, some numerical results are given to show the performance of the pro-
posed algorithms. For that reason, the active set strategy is compared to a standard
contact formulation, namely the penalty formulation, which is widely used throughout
engineering practice. Only the penalty formulation is considered here, being aware that
there are alternative solution strategies already mentioned in Section Bl Moreover, a
comparison is shown between the algebraic multigrid solver and other classical iterative
schemes. Finally, further examples are given by using the inexact strategy suggested
above and an elastoplastic constitutive law.

3.3.1 Block indention test

In the following, the example depicted in Figure is considered, where a block of
dimension 100 x 100 x 50 is indented by a hemispherical rigid punch with radius 30 by
the depth d = 5 within one time step. The block is discretized by tri-linear hexahedral
elements and a constitutive law of nonlinear elasticity is used. For further information,
the reader is referred to [IE, @]
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3.3 Numerical results for contact

Figure 3.3: Setting of the contact problem with rigid tool.

Table 3.1: Comparison of results with decreasing penalty factor and active set strategy

(ASeS).
method | displacement dy s, | Mises equiv. stress 0,4z
p=10° -2.79 5665
p =107 -4.86 8370
p=10° -4.89 8399
ASeS -4.99 8398

3.3.2 Comparison of both contact approaches in connection with
AMG

In this section, the active set strategy is compared with a standard penalty approach.
The penalty method can be formulated for the potential contact nodes p € S:

[Fmt<U)];'Np"‘/)(Up'Np_Gp)Jr =0, peS

Thus, the penetration in the normal direction is penalized by the artificial spring force
with the spring rate p. This constant must be of significant size (10% — 10'° are common
values in metal forming simulation) to avoid too large penetration of the bodies and
ensure high accuracy. Figure B4 and Table Bl illustrate the mentioned behavior.
Unfortunately, the need for a large penalty value p is contradictory to the requirements
of iterative solvers. The penalty factor deteriorates the condition numbers of the emerging
equation systems, and thus leads to bad convergence rates of the iterative solvers. This
problem can be significantly improved by using the primal-dual active set strategy as
illustrated below. Figure shows the convergence histories for the solution of the

37



3 Classical 1-grid discretization: Contact

A
AN NN NN NN

active set strategy

Figure 3.4: Deformed shape, loss in accuracy with decreasing penalty factor and active
set strategy, von Mises equivalent stress &.

arising equation system in a representative Newton step, on the one hand using a penalty
formulation (p = 10%) and on the other hand the active set strategy (ASeS). In both cases
the algebraic multigrid solver is applied.

3.3.3 Active set versus adaptive penalty strategies

In Figure BB(A), the average computation time per Newton step for the active set
strategy (a) is compared with the following different penalty strategies pl-p5 with the
penalty parameter p = 10% in the jth Newton step, see Table Here for example
i = 6,8,9 means: The penalty parameter p is 10° in the first, 10% in the second and 10°
in all the Newton steps during the rest of the time step. One sees that the computation
time for the active set is significantly smaller in comparison to e.g. the penalty strategy
p5, where a high penalty value is chosen right from the start. The explanation is that the
contact penalty deteriorates the condition of the stiffness matrix as mentioned before and
therefore slows down the convergence of the iterative solver [IE, @] But one could think
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3.3 Numerical results for contact

1 —— AMG/BICGStab (ASeS)
9 —— AMG/BICGStab (Penalty)

residual (L2—-norm)

0 20 40 60 80 100 120
iteration number

Figure 3.5: Residual reduction per iteration. ASeS respectively penalty approach and
AMG-solver.

Table 3.2: Different penalty strategies.

pl: i= 246,89
p2: i= 49

p3: 7= 6,89
pd: = 479
pb: 1= 9

a: -

that there are clever strategies which work adaptively in the sense that they start with a
small penalty value in the first Newton steps and choose the expensive high penalty value
only in the last Newton steps. This is done in the strategies pl-p4. Figure BG(B) shows
that this does not work out because low penalty values in the beginning compels to take
more Newton steps, since there is a large penetration in the beginning, and therefore
the convergence of the Newton method is undermined. Only the strategy p3 performs
quite well but this strategy as well as the others need much more total computation
time over the whole time step than the active set strategy, see Figure BT)C). It can
be concluded that the convergence speed of iterative solvers is significantly lower when
using a penalty formulation, no matter if a high value is used right from the start or
if an adaptive strategy is used. Again, it should be remarked, that the other contact
formulations, mentioned in Section Bl do not suffer from this problem, but have other
drawbacks. For example the Augmented Lagrange technique can work with low penalty
values, but has to pay the price of higher computation times M]
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3 Classical 1-grid discretization: Contact
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Figure 3.6: Comparison between active set strategy (a) and different adaptive penalty
strategies (pl-p5).

3.3.4 Acceleration by AMG-inexact strategy

As mentioned above, further acceleration can be achieved by an inexact strategy accord-
ing to Algorithm 1 Figure B and Table describe the parameter settings and show
the numerical results for the simulations performed.

In the strategy i4, for example (see Figure B Table B3), the number of AMG cycles
m is fixed to 1,1,2 in the first three Newton-Raphson steps (NR steps) and during the
rest of the time step the solver is let to iterate until convergence. In contrast the exact
strategy il, in which always AMG convergence is awaited, altogether has much more
solver cycles and therefore a larger computation time. Other ‘semi-inexact’ examples
with a variable number of solver cycles are given in the strategies i2 and i3. It is even
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3.3 Numerical results for contact

Table 3.3: Inexact strategy, convergence history of respective loops.

NR steps with | NR step of | NR step with | total

prescribed active set NR loop AMG total
run | values (m;) convergence | convergence | cycles | time [s]
il | - 3 6 67 10.2
2 | 2(25) 3 6 35 8.1
i3 | 4(2234) 3 6 18 5.7
i4 | 3(1,1,2) 3 6 15 5.1
i5 | all (1,1,...) 3 15 15 8.9

possible to perform the totally inexact strategy given in i5, where only one AMG cycle
per Newton step is performed, which means that the Newton loop and the solver loop
coincide now. Although the total number of AMG cycles is 15 as in case i4, this totally
inexact strategy needs more computation time than the semi-inexact one. This can be
explained by the fact that in strategy i5 the setup of the AMG solver must be initialized
more often, since more Newton steps are performed, and thus there are more different
equation systems. This again could be overcome by preserving the coarse grid levels from
one Newton step to the next, but it would have to be observed that the active set might
change and has to be represented correctly on the coarse grids. By applying the whole
setup phase in each Newton step, this problem is avoided. Using an adaptive strategy
would be appealing, but then again the black-box character of the described method is
lost to some extent.

active set converged + prescribed values

|
I
B 15+ 11 : .
e 1
g |
E 1
o
E 10~ B
[3)
>
)
[©)
S Newton—-Raphson method
< 5S¢ converged (runs 1,..,4) ]

/ 15th iteration (run 5)
|

6 7 8 9

NR-iteration

Figure 3.7: Active set strategy and AMG with loop unrolling.
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3 Classical 1-grid discretization: Contact

3.4 Summary

It can be concluded that the proposed contact algorithm allows to apply fast iterative
solvers on nonlinear problems in a very efficient way. It was shown, that the discussed
algebraic multigrid methods significantly gain in efficiency in comparison to standard
penalty approaches when used in combination with a primal-dual active set strategy. It
will be part of the future work to compare this method with the other contact formulations
mentioned in Section Bl Furthermore it was shown that computation time can be further
decreased by merging the otherwise nested loops of each method into a single solver loop
by the described inexact strategies. The theory explained exhibits the character of the
method and a way to implement the method in a practical manner into a FE package.
The study is based on a very simple approach for the algebraic multigrid in order to
preserve the black-box applicability of the method to a maximum extent.

The remark has to be made, that there are many reasons for a bad condition number
of the system matrix, not only the contact penalty. For example, also buckling tends to
deteriorate the condition number but it is not addressed in this work. The reason is that
here, it is assumed, that a metal forming process which is near to buckling or any kind
of bifurcation behavior [] belongs already to the ill-controlled processes which are not to
be simulated here. Nevertheless, it stays part of the future work to

1. validate this assumption carefully and, if it proves to be true,

2. to incorporate the detection of undesired bifurcation behavior into the algorithms
of this work.

'to such an extent that the condition number gets significantly deteriorated (at the bifurcation point,
the Jacobian is singular)
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4 Dynamic contact

The efficient modeling of dynamic, thin-walled, large deformation 3D contact problems
is still a challenge in nonlinear implicit structural analysis.

4.1 Introduction

A great number of contact algorithms developed in the past enforce the contact con-
straints at specific collocation points. Using a node-to-segment approach, the main idea
is that a specific node on the slave side must not penetrate the opposing master side
segment. Although this approach is quite popular and available in numerous commercial
finite element codes, the robustness of these methods is still a limitation in certain appli-
cations. So-called single pass algorithms do not satisfy the contact patch test [@], where
a flat contact surface should be able to transmit a spatially constant contact pressure from
one body to the other. Using low order finite elements, the nonsmooth representation
of the real geometry will have a significant influence on the performance of a node-to-
segment approach. It will cause jumps in the contact forces once a slave node slides off
the contacting master segment. Various smoothing algorithms have been proposed to
overcome these deficiencies, e.g. [@, @, @] Proposed two-pass algorithms indeed pass
the contact patch test for 2D and some 3D mesh configurations, but they suffer in turn
from locking.

Due to these drawbacks of the classical contact algorithms, the research on segment-
to-segment contact strategies became quite active in recent years. Most of these new
approaches use the so-called mortar method, initially introduced as a domain decompo-
sition method by Bernardi and co-workers |ﬁ2] The reader is referred to [ﬁ, |ﬁ|, E] and
the references therein for an overview of the mortar method in the context of contact
problems. Yang et al. ['E] describe a contact method for two dimensional large deforma-
tion frictional sliding. Puso and Laursen @, @] develop a mortar segment-to-segment
contact method for large deformation solid mechanics for three dimensional applications.
McDevitt and Laursen [@] introduce an intermediate mortar surface to project the con-
tact conditions between two contacting surfaces. A 2D mortar formulation was also used
by Fischer and Wriggers [@]

In this formulation, a primal-dual active set strategy [E, E, E] is used which allows to
enforce the contact constraints without any additional parameter. The success of this
strategy is based on the introduction of dual Lagrange multipliers M] to discretize the
contact pressure. Following the approach described in Hiieber and Wohlmuth [Iﬁ], one
ends up with an algebraic structure of the problem which allows to locally eliminate the
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4 Dynamic contact

introduced Lagrange multipliers. The contact pressure can be regarded as an external
force which is dual to the contact displacement and therefore be easily recovered from
the displacements in a variationally consistent way.

In this chapter, the contact formulation is presented in the context of implicit structural
dynamics, using two different time discretization schemes, the Generalized-a Method
[Eé] and the Generalized Energy-Momentum Method [E]I] to compare the development of
energies. To end up with an energy conserving framework, an idea by Laursen and Love
[ﬁ] is picked up who introduce a discrete contact velocity to update the velocity field in
a post-processing step. The necessary generalization of this approach according to the
utilized time integration schemes as well as the incorporation into the primal-dual active
set strategy is presented. Finally, an algorithm for a surface oriented shell element, based
on a three-dimensional 7-parameter formulation, including the thickness stretch of the
shell [@], is included. Various examples show the good performance of the primal-dual
active set strategy applied to the implicit dynamic analysis of thin-walled structures.

4.2 Problem description

In this section, the one-body, rigid obstacle problem for large deformations is briefly
reviewed and the notation used throughout this chapter is introduced. The boundary
value problem for nonlinear elastodynamics as well as its weak form is shortly presented.

4.2.1 One-body contact with rigid obstacle

A three dimensional, large deformation one-body contact problem is shown in Figure
EETl The rigid obstacle is represented by ., and its potential contact surface is denoted
with T'pps. The deformable body is represented by Q and € in the reference and current
configuration, respectively. The notation () for all quantities corresponding to the cur-
rent configuration will be used. The surface 92 = I' is divided into I', and T',, where
displacements and tractions are prescribed and into I'°", where the contact constraints
will be defined. For the sake of clarity, only the contact surfaces I'“" and T'>* are shown
in Figure Tl Considering a point x on the contact surface of the deformable body, a
corresponding point y(x) is defined (in analogy to @iee1 like in Chapter Bl) on Ty, as a
result of the closest point projection given by

§(x) := arg min [[x - y| (4.1)

Y€lops
The motion of the deformable body from the reference to the current configuration at
time t is given by
X=x+u (4.2)

The (not necessarily contact) tractions w.r.t. the reference configuration t and the trac-
tions w.r.t. the current configuration t at a specific point x € I'®" are

t = P(x)-n(x)
t = ox1) 10X
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4.2 Problem description

Figure 4.1: Notation for one-body large deformation contact problem.

where n and n are the outward unit normal on © and , respectively. Due to the
definition of the first Piola Kirchhoff (PK) stress tensor P, the Cauchy stress tensor o
and Nanson’s formula (1878), one finds that

dTeon
t= -t 4.3
dl"con ( )

where dI'°", dT'cn are the differential areas in the reference and current configuration,
respectively, see also Section BZZIl From this, one can see that the difference between
the current contact tractions and the reference contact tractions is only the change in the
area resulting from the deformation ZEZZ which is a positive number. Since each of the
following considerations involving the contact tractions will only depend on their sign,

one can work with the contact tractions measured in the reference configuration.
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4 Dynamic contact

4.2.2 Boundary value problem of nonlinear elastodynamics

In the context of large deformation, nonlinear elastodynamics, the bivariate form £ in
Equation (B1) is specified to the weak form of the following boundary value problem

pi = div (F-T) in Q
u 0 on I, (4.4)
t = on I',

> o

where F and T are the material deformation gradient and the second PK stress tensor,
respectively. Appropriate boundary conditions are given by the prescribed displacements
u and tractions t, acting on the correlated boundaries I', and I',. The second Piola-
Kirchhoff stress tensor is given via an appropriate constitutive relation, e.g. for St.
Venant-Kirchhoff material:

T=C":E (4.5)

with E representing the Green-Lagrange strain tensor defined as

E = % (F'F—-1) (4.6)

4.3 Spatial discretization of contact virtual work

In SectionB24] the notion of dual Lagrange multipliers was introduced. In case of quadri-
lateral elements on ' with a constant functional determinant, the ansatz-functions for
the Lagrange multipliers in the isoparametric space (functions, defined there, are marked
with (-)) can be specified at once. In Figure and 2, the standard bi-linear shape
functions ¢y,...,¢s: [-1,12 > R

b= =90 -n)  (hown
b = 0490 -1)
b = F0+90+n)
b = 0-90+n)
and the corresponding dual basis functions ¢, ..., ¢ : [~1,1]> — R for parallelogram

shaped elements are given in the isoparametric space. For arbitrarily shaped elements, the
ansatz-functions for the discretized dual Lagrange multipliers have to be constructed [@]
Without detailing the theory, the necessary steps to derive the appropriate discretized
Lagrange multipliers fulfilling the biorthogonality condition with the standard bi-linear
shape functions are presented.
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4.3 Spatial discretization of contact virtual work

4.3.1 Discrete dual Lagrange multipliers for arbitrary shaped
elements

Define with 7" and 7" = [—1,1]? a 4-noded element on the contact boundary ['®", given
in the physical and the isoparametric space, respectively. Furthermore by

Fr:T —-TCR?

the element mapping such that ngSZ = ¢; o Fr is denoted. The aim is now to find functions
; such that the biorthogonality condition (BI0) holds element-wise on 7" C I'*™:

/Twigbj dT" = 0;; /Tgbj ar (4.7)

Therefore, one constructs the ansatz-functions for the Lagrange multipliers in the follow-
ing way:
Q/Ji = Zaik@, with AT = Qg = DT M;l S R4X4 (48)
k

and therein
DT = 5”/@5]({1—‘, MT :/¢Z¢]dT
T T

the desired diagonal matrix and the element mass matrix without density and sets 1; :=
;o F;l. Then one verifies:

[ woar = [ sidat

T

= /Jzaikqgkqgjd,f

Ty

= Zazk/Jflgkéde
k T

= Zaik[MT]kj

= [ArMr];; = [Dr]y;

Herein J := Jr := det(Fr) is the Jacobian of an element 7. To further illustrate this
procedure, one discrete ansatz-function for the dual Lagrange multipliers for two different
element shapes is exemplarily calculated. The first one has a regular shape, resulting in
a constant Jacobian determinant .J = const whereas the second one is of arbitrary shape
with J # const.

Undistorted Element: 5 L2
02 20 .
00 2 2
0000 04—
0o 1 2 "
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4 Dynamic contact

The diagonal matrix, mass matrix and the resulting transformation matrix are:

42 1 2 4 -2 1 -2

. 112421 -2 4 -2 1
Dr=diag((L111]), Mr=g 1 o, 5|, Ar=1| | o 4
2 1 2 4 —2 1 -2 4

So one can compute for example the discretized Lagrange multiplier 121 in the isopara-
metric space [£,n] € [—1,1]? from Equation (EX):
by = 461 — 202 + 1ds — 204

= L3901 -30)

1/;1(_17 _1) = 47 1/;1(17 _1) = _27 ’1/31(17 1) = 17 1&1(_17 1) =2

which is always the case for constant J.

Figure 4.2: Plot of 1/11 for the undistorted (a), for the distorted (b) element, of the shape
function ¢; (c) and of the ordering of the shape functions ¢1,. .., ¢4 (d).

Distorted Element: 9
1 2 18 15 . ﬂ
1 13 21 2
0
00 0 0 Ty o
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4.3 Spatial discretization of contact virtual work

The diagonal matrix and mass matrix are:

0.1633 0.0781 0.0392 0.0154 0.0307

Do — dia 0.1642 ML — 0.0392 0.0786 0.0310 0.0154
4 & 0.1142 ' r 0.0154 0.0310 0.0453 0.0225
0.1133 0.0307 0.0154 0.0225 0.0447

The resulting transformation matrix is:

3.8214 —1.9035  1.3043 —2.6228
—-1.9132  3.8118 —-2.6075  1.3109
09116 —1.8133  4.6024 —2.3161
—1.8199  0.9050 —2.2992  4.6280

Ar =

Again, one can compute the discretized Lagrange multiplier 1&1:

Uy = 3.8214¢1 — 1.9035¢5 + 1.3043p5 — 2.6228¢,

Pi(—1,—1) = 3.8214 (1, —1) = —1.9035 < (1,1) = 1.3043 oy (—1,1) = —2.6228

In Figure E2h and the ansatz-functions 1y is shown for the undistorted and the dis-
torted element, respectively. The general structure of the interpolation functions remains
the same, but the basis values at the nodes of the elements vary.

4.3.2 Semidiscrete initial value problem

Starting from the weak form of the nonlinear dynamic contact problem (#4l), the semidis-
crete equation of motion is derived introducing the spatial discretization via finite ele-
ments.

M, U + CU + F"™(U) + F° = F** 4.9
P

Herein, M, represents the mass matrix, C the viscous damping matrix, F™(U) the
deformation dependent internal forces, F° the contact forces and F*' the external forces.
U are the nodal velocities and U the nodal accelerations. Consequently, the inertia forces
and damping forces are given by MPU and CU, respectively. The damping matrix is
assumed to be a linear combination of the mass matrix and the elastic stiffness matrix
A which corresponds to the so-called proportional or Rayleigh damping.

After appropriate ordering of the variables, the contact forces can be expressed in exactly
the same manner as in Equation (B3

FC=BA (4.10)

It is worth noting that the determination of the entries of B can be performed in the
reference configuration. This will have the advantage that the weighting factors have to
be calculated only once, thus no linearization is necessary for the calculation of B.
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4 Dynamic contact

4.4 Time discretization

To integrate the semidiscrete problem (), the time interval of interest [0, 7] is subdi-
vided into typical time intervals [t,, ¢, +1] with the corresponding time step At = t,,,1 —t,,.
Given the state variables U, U,, and U,, at time t,,, Equation [E3) is solved in an im-
plicit way to obtain the solution of the state variables U, 1, Un+1 and Un+1 at the end
of each time step. To reduce the set of unknown variables to the displacements U, 1,
the classical Newmark approximations are used.

Uni(Uni1) = Un+ AU, + 15208 U, + AP U

. .. . 4.11

Equivalently the velocities and accelerations are rewritten in terms of the displacement
at time ¢, .

UnaUns1) = 750w —Un) = (3-1)U. - (F-1) MU,

. . (4.12)
Upi(Unst) = a0 —Un) = 35U, (4 -1) U,
In the following, two slightly different time integration schemes are described, both based
on the given Newmark scheme. The Generalized-o Method (Gen-«), originally proposed
for linear dynamical systems by Chung and Hulbert ['E] and the Generalized Energy-
Momentum Method (GEMM) developed by Kuhl and Crisfield [Iﬁ] for trusses and later
adapted for nonlinear shell dynamics by Kuhl and Ramm [‘ﬂ] Both methods apply the
semidiscrete equation of motion (£3) at a generalized mid-point configuration

Mp UnJrlfam + C Un+17af + Fint + F;

ntl-a; = F; (4.13)

nt+l—ag nt+l—ag

described via two shift parameters «,, and a;. Herein, the subscripts denote the time
discrete combinations of the accelerations, velocities, displacements, internal, contact and
external forces.

Unii-a, = (1 = am)Ups1 + anU,
Upiica; = (1—ap)Uni+0a;U,
e ((1 — (();f))FnJrl i Zfzmt for Gen-a (4.14)
F;n-‘il —a; { pint Do o
(1—=ap)Upy1 +afU,) for GEMM
Fit., = (- apFih +agFs

The crucial difference between the Generalized-a Method and the Generalized Energy-
Momentum Method is the calculation of the internal forces at the generalized mid-point
configuration. In the Generalized-a Method, the internal forces are approximated using
the general trapezoidal rule, whereas in the General Energy-Momentum Method, the
internal forces are calculated at the mid-point configuration. This is essential for this
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4.4 Time discretization

method and will have significant influence on the derivation of the deformation dependent
algorithmic tangential stiffness matrix, which will be discussed separately when describing
the surface oriented shell element in Section EOl  According to Equation (EEI0), the
contribution of the contact forces in Equation (ET3) can be expressed as

FC

n+l—ajy =B An+1—af (415)

Combining the approximations of the velocities and accelerations ([{LI2) and (T4 with
the equation of motion ([EI3)) together with (EE1H) yields the effective structural equation
which is nonlinear in the unknown displacements U, 1

in 11— (679 -« Y
ZWUp) = Flo,(Un) + WMp Uni1+ (ﬁth)C Upi1—
H(U,,U,,U,)+B Ay o, — Fif, =0 (4.16)

where H(U ,, U,, Un), the history term, is only dependent on the given state variables
at time ¢,,.

S o 1—a,, 1—a,, .- 1—a,, —208 .-
HU,U,U, = M, liﬁAtz U, + GAL U, + —25 Un} + (4.17)
(1—ay)y (I—ap)y=8.  (1=208)0—0ay) =

4.4.1 Linearization and iterative solution strategy

The nonlinearity of the effective structural equation needs an iterative solution procedure.
Therefore Equation (EZI0) is linearized in direction of

AUV = U;jill) - Uszj—?—l (4-18)

and the Newton-Raphson iteration technique is applied. This leads to the effective iter-
ative structural equation . . ‘
JDAUGHY = —Zz(WY)) (4.19)

where JU) is the effective algorithmic tangential stiffness matrix

aFint Un . Un — —
_ ( +1 f( +1)) ]' amM + MC (420)

JO .
oU 41 BAL2 TP BAt

and Z(Uffil) are the out-of-balance forces at iteration step j. Now, all these matrices
are sorted according to the definition of the subsets N and S, and the contact term
B Ay 11-4, is put onto the left hand side. With the ordering (BITl), one arrives at the
following incremental representation of the effective structural Equation (EIH)

; (5+1) ;
Janw Jus O (4) AUy Z (4)
(4.21)

AU -
Jsv Jss D AApii o, Zs+DAyi1-q
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~
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Figure 4.3: Incremental impenetrability condition.

4.4.2 Global system with contact manipulation

Up to now, the gap has not been specified yet. The gap is defined as in Section B222 by

§(@) ) ) = —v(@V)) - (@), - g(al))) (4.22)

where the contact reference x,o¢ is the last known Newton step xﬁﬁl, see Figure
Now, with (ZI]) and the fact that the second part of the nonlinear problem BIF) is
the same in this setting except for the gap, one arrives at a global system which has
intentionally been written the same way as System (BZZZ). This has been done to make
clear that, although the structural and out-of-balance forces are completely different from

the quasi-static case, the implementation of the contact is structurally the same.

[ Iy It Jna O 0] T AUI(N]'H) | i A 19
Jnv Jon Juw Dr 0 AU%J’U Z1 + DiA;
T Jar a0 Da AUSY | = — | ZatDals (4.23)
0 0 0 1, O A A
AA(J+1)
0 0 —NA 0 0 HJ" —(NAUA - GA)
0 0 o o T, |[2aA) | TuAL

One does not directly solve system (L2Z3)) because this would lead to a change in the size
of the system matrices during the calculation which implies several drawbacks for the
performance of a solver. Due to the dual Lagrange multiplier space, the unknown values
of A can again be locally eliminated using Equation (E2TI).

A=D1 (-Zs— JsnAUy — JsAU5) (4.24)
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4.5 Spatial discretization by a finite shell element

A static condensation yields the reduced system

Jnn Jnr Jna v AUI(\{H) Zy v
J J J - A
IN il IA AU]EJ,“) _ I (4.25)
Tadan Tadar Tadaa A; TyZ,

to be solved in each Newton step j. As mentioned before, the size of this system remains
constant during the calculation and is determined only by the finite element discretiza-
tion. In the present approach, the contact forces are calculated from the displacements
in a variationally consistent way in a post processing step. The geometric contact con-
straint of an active node in A; is directly introduced as a Dirichlet boundary condition
in a weak integral sense. Therefore no user defined parameter like a penalty parameter
is needed in this approach.

4.5 Spatial discretization by a finite shell element

The spatial discretization of the deformable body is realized by an eight noded, hexahe-
dral surface oriented finite shell element of the Reissner/Mindlin type. Its formulation is
based on the shell element presented by Biichter et al. ([‘ﬁ], [@]) A detailed description
and several enhancements to this shell formulation are presented by Bischoff [15].

For the application to contact problems, the original description of the shell geometry
was modified. In the original formulation, the kinematics of the nonlinear shell element is
described via a displacement field of the shell mid-surface plus an extensible shell director
field. Having the finite element nodes situated in the shell mid-surface, the formulation
of contact problems becomes quite complicated as all the contact integrals have to be
calculated with respect to the real surface of the shell body. Thus, contact forces acting
on the actual shell surface have to be transmitted to the degrees of freedom living in the
mid-surface. Although this approach has been successfully applied for a classical node-
to-segment contact formulation by Gee [@], the geometry description is reformulated,
leading to a surface-oriented shell element. With the finite element nodes now lying on
the shell surface, one can apply the contact approach without any further modification
as for any standard hexahedral solid element.

4.6 Energy conservation for frictionless contact

It is known [‘ﬁ, @, @] that the application of the presented time integration algorithms,
without any special treatment of the contact constraints will not result in an energy
conservative method. Dealing with frictionless dynamic contact problems, it is well
known that the fulfillment of the so-called persistency condition

(A(x,t) - v(x,1))g(x,t) =0 (4.26)
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4 Dynamic contact

will lead to an energy conserving scheme. Here, the gap g is the current gap
g(x,t) = —v(@) - (T —y(x)), t€[0,T]

instead of the gap in Equation (E2Z). Considering the time continuous case, the per-
sistency condition is automatically fulfilled if the Karush-Kuhn-Tucker conditions are
satisfied. Various strategies to fulfill this additional constraint (e.g. [E] and [@]) have
the drawback of violating the geometric admissibility instead. This work follows the idea
of Laursen and Love 71| by introducing a discrete contact velocity V¢ into the velocity
update:
O, Ve

This additional term is motivated by the fact that the analytical solution of a simple one-
dimensional contact problem is characterized by discrete velocity jumps occurring within
one discrete time step. Without an explicit compliance of an algorithmic persistency
condition, this strategy allows the treatment of the geometric contact constraints in
an unmodified manner. Thus the impenetrability condition is still satisfied in a weak
integral sense. The framework described in [lﬁ] considers the classical midpoint rule.
This approach is generalized according to the Generalized-a and the Generalized Energy-
Momentum Method, leading to the following form of the velocity update, see Equation

E12)

BAL 3 23

To derive the energy conservation conditions, a special variation of the discretized prob-
lem (I3 is performed, excluding the damping term and the external forces since energy
conservation only makes sense in this setting. Due to the correction term, the dynamic
equilibrium

U= L, -U,) - (1 - 1) U, - (l - 1) AT, + Ve (4.27)

- 1 —an c in c
MP (Un+1am - ’}/At |4 ) + Fn-il—ozf + Fn-l—l—ozf =0 (428)
is solved and this equation is multiplied with (see Equation (E21))
At
AU = A — 92y (4.29)
Y
with A
t |- upd v . ol ..
AU = T [Un + (— — 1) U, + (— — 1) At Un] 4.30
v +1 ﬁ Qﬁ ( )
In the absence of contact, the change in total energy can be expressed as
Ui o, MoAU™™ + (FiL | )TAU = AE™ (431)

In the following, only the terms arising from the contact forces and the discrete velocity
update are considered to arrive at a condition which satisfies energy conservation for the
contact part. Therefore Equation (LZ])) is multiplied with AU (Equation (E29))

0= @X),, - AU = AE" + AE™™
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4.6 Energy conservation for frictionless contact

with the pure numerical gain or loss of energy

AE™™ = (4.32)
1—ap upd ﬁ(l—()ém) c ﬁAt ! c c T
(— fyAt AU P + 72 V - ~ Un+17am MpV + (Fn—i—l—af) AU
So the condition
AE™M™m — () (4.33)

guarantees energy conservation for the contact part. Therefore, the total energy conser-
vation depends on the used time integration scheme.

After inserting all necessary interpolation definitions into Equation (EE33]) and after some
algebraic modifications, one can express the contact energy conservation condition in
terms of known variables

. . T
(RlAU 4 RU, + R, + R4Vc) M, V°+ (Fo,y ) AU =0 (4.34)
Herein the constants R; are defined as
2(1 — am) (1 — ) At B(1 — )
=——>, Ryi=————  R3:=——(2 m—1), Ry =——5—">
Ry AL 0 o 1 2% 28+« ) 4 5
(4.35)
Define now the vector of nodal normal contact forces A, € R" and the matrix
Nn,l
N, := € R3nexne (4.36)

Nn,nc

which is the same matrix as in Equation (BZI) but without the weighting w,,. The
number of potential contact nodes is abbreviated by nc. To solve Equation (EE34]) with
respect to the unknown discrete velocity jump V¢, Equation (EEI0) is used

c
Fn+1—af

=B N,jia, Ay (4.37)
to express the contact forces and similarly
M,V =B N,,,, P, (4.38)

to represent the magnitude of the impulses P, across the contact surface, presumed to
be acting in the direction of the surface normal as well. Using Equation (38]), one can
express the discrete nodal velocity jump as

Ve=M,' BN, P, (4.39)

Now the expressions ([E31), [{38)) and [39) are inserted into Equation ([EE34) to end up
with a quadratic expression for the unknown nodal impulse values P, on ['°".

P AP, + B"TP, =0 (4.40)
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4 Dynamic contact

with . .
A = R,N!,,B"M;! BN,
B = (R AU+ R,U,+R;U,)” BN, (4.41)
kL .= AU' B Nn+1_af A,

Of course, the quadratic Equation (40) does not have a unique solution, as the set
of solutions P is an ellipsoid in R™. But the solution is unique if (EZ0) is fulfilled
individually for each nodal point i € ", see (A2, and Equation (EEZE), given below,

is satisfied.
nc

> (AL Poipug) + BM Pt =0 (4.42)
j=1
A reorganization of this equation will yield a simple quadratic form

ALE(P)? + l Z ALV Py + BIY| Pt = AFH(P)?+ B P+ cM =0 (4.43)
j=1,5#1

which can easily be solved, giving two real-valued solutions. Laursen and Love [Iﬂ]
showed that enforcing the condition

sign(P, ;) = sign(B") (4.44)

guarantees that P,; = 0 if A,; = 0 which is physically meaningful. Once the values of
the nodal impulses have been determined, the discrete velocity jump can be calculated
using Equation (E39), and finally, the update of the velocity field [Z1) is performed
in a post processing step to ensure total energy conservation. For further details of this
approach, the reader is referred to the work by Laursen and Love [ﬁ] It must be noted
that in case of impact problems the Lagrange multiplier must appropriately be smoothed
in time since the accelerations and therefore the contact forces are a Dirac impulse which
leads to a highly oscillating A, see Hauret and Le Tallec [@] where a penalty formulation
is used which shows the problem for high penalty values. So the contact decision has to
be modified accordingly.

4.7 Examples

Four examples are chosen to examine the performance of the primal-dual active set
strategy applied to the described time integration schemes. All implementations were
done in CCARAT by Dr. Ing. Stefan Hartmann and Dipl. Ing. Thomas Cichosz.
CCARAT is a scientific FE package at the Institute for Structural Mechanics in Stuttgart.
Various sets of integration parameters are analyzed in view of the evolution of the total
energy and the effect of the velocity update. No physical damping has been assumed.
The time integration parameters 3, v, o, and oy can be expressed as functions of the
spectral radius or of the high frequency dissipation coefficient p., € [0, 1] as

 2p0 — 1 Poo 1

1
ot 1 T Bi=q(l—amtap)?, vi=g—ant+ay (44)

Ay = )
Poo + 1 2
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The choice p,, = 1 corresponds to the case of no algorithmic dissipation, while a smaller
Pso < 1 renders dissipation which increases with a decreasing value of p.

4.7.1 Weak non-penetration
Line of sight

I
T
\\‘\{\\\‘%&s\\‘
RIRORERE
DS
R
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W
Rk
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Integral
impenetrability
Pointwise T
i di
e condition
R
. o1 i e S A
impenetrability R SN
"““':31}“‘ "
condition S

Figure 4.4: Weak non-penetration, taken from [@]

In this example, a rigid half sphere is pressed against a elastic plate. The weak non-
penetration condition (BI4) is imposed as well as a point-wise one (D — 1). The
results are shown in Figure 4l The weak non-penetration condition leads to much less
penetration than the pointwise one.

4.7.2 Toss rule

To analyze the two different time integration schemes, the different sets of time integration
parameters and the effect of the velocity update, the example of the three-dimensional
movement of a toss rule is chosen. The problem set up, including geometry, material and
load time curve is given in Figure For all calculations a time step At = 50us is used.
The spatial discretization is done with 30 eight-noded surface oriented hexahedral shell
elements. In Figure L0, the motion of the toss rule is shown where the calculation is done
by the Generalized Energy-Momentum Method with p,, = 1.0. The distribution of the
total energy, the kinetic energy and the strain energy, calculated with the Generalized
Energy-Momentum Method and the Generalized-ao Method is shown for the case with
and without the velocity update approach in the Figures I and B8, respectively. It
can be seen that the full conservation of total energy can only be achieved with the
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4 Dynamic contact

b1
30.0 ” 15
5 [mm] thickness — 0.2 mm
- y Material: St.Venant-Kirchhoff Load: rigid
! E = 206000 N/mm? [N/mm] obstacle

pw = 0.0 B
p = 7800 kg/m? pi(t) =40

time step: At = 50 pus pa(t) = 10

t[ms]
2 4

Figure 4.5: Toss rule - geometry, material and load.

Generalized Energy-Momentum Method, using p,, = 1.0, together with the application of
the velocity update algorithm. It is interesting to see that the usage of the velocity update
together with the Generalized-a Method does not lead to an improvement concerning the
development of the total energy. In case of the General Energy-Momentum Method, the
decrease of total energy for a spectral radius p,, < 1 is smoother when the velocity update
algorithm is used. It should be pointed out that the contact algorithm itself turns out
to be very robust, regardless of which time integration scheme is used.

fffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff

't =10.0 ms

,,,,,,,,,,,,,,,,,,,,,,,

Figure 4.6: Motion of the toss rule - Generalized Energy-Momentum Method p,, = 1.0.
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Figure 4.7: Toss rule - Energy E [J]| vs time t [us| for GEMM and Gen-a with velocity

update.
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Figure 4.8: Toss rule - Energy E [J] vs time t [us| for GEMM and Gen-a without velocity
update.
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I Material: St.Venant-Kirchhoff
+fﬁ@% —fy E =15 N/mm?
. p = 0.46
p = 1200 kg/m?

time step: At =0.02 s
Load: [N/mm2]

500

2./5/
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f.=0.025
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Figure 4.9: Ball - geometry, material and load.
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Figure 4.10: Ball - Motion and Energy E [J]| vs time t [s|] for GEMM p,, = 1.0.

4.7.3 Ball

The third example is a thin ball which is thrown onto an inclined rigid obstacle. Ge-
ometry, material and position of the applied loads as well as their load time curves are
given in Figure A uniform vertical force f, is applied on the whole outer surface of
the ball, whereas the forces in y-direction are applied in positive and negative coordinate
direction on one half of the surface of the ball, respectively, which will introduce a slight
rotation of the ball. Following the discussion on the time integration schemes in the
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second example, the Generalized Energy-Momentum Method is employed with p,, = 1.0
for the time discretization. The spatial discretization is done with 256 eight-noded hexa-
hedral surface oriented shell elements. In Figure LT0 the motion of the ball is shown for
different integration times, as well as the development of the total energy. It can be seen
that exact energy conservation can be achieved with the used time integration scheme
combined with the velocity update algorithm.

4.7.4 Torus

\ ‘ T¢ —=rolling direction

Figure 4.11: Choice of the normals and tangents for the torus example.

With this last example it is shown that the presented contact formulation can be
easily extended to frictional contact conditions. The consideration is restricted to sticking
friction where no tangential sliding is allowed. To show the performance of this approach,
a simple rolling contact example is chosen where only sliding in rolling direction T is
suppressed, see Figure ILT1l For the implementation, the fourth block row of ([ZZH) must
be split up in a T -part and a T"-part. The latter remains unchanged since tangential
sliding orthogonal to the sliding direction is allowed, but the T*-part changes to

TAjJAjAj AUX]) =0

In addition, the energy conservation now demands to consider a tangential impulse. A
torus is discretized with 384 elements and thrown onto a rigid floor. Geometry, material
and loads are given in Figure ET2, where the load f, is applied at eight cross-section
surfaces, equally distributed around the whole torus, to introduce a slight rotation of the
torus. The translatory motion of the torus is initiated by the load f; which acts at the
inner surface of the torus with an inclined angle of 22.5° to the rigid obstacle. In Figure
ET3 the motion of the torus is shown in the case of pure normal contact constrains (no
stick condition) and for the modified version with sticking condition in the direction of
the motion. To see the different rotations of the toruses, one ring of elements is marked
with a different color. It is obvious to see that in the case of pure normal contact, the
torus slides over the rigid obstacle without getting any additional rotational impulse,
whereas the example with stick conditions enforces the torus to roll on the surface. Both
examples are calculated with the Generalized Energy-Momentum Method with p,, = 1.0.
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4 Dynamic contact

The evolution of the energies are shown in Figure T4 Besides the fact that the total
energy is conserved for both cases, it can be seen that the additional stick constraint will
shift quite an amount of kinetic energy to the strain energy due to the larger deformations

in this case.

Material:  St.Venant-Kirchhoff
T SO £ = 10 Nfm?
“ p o= 0.46
fr 3
= 1000 k
P Ty . P g/m
29 50(' F time step: At = 0.0125 s
R S _
JA Load: [N/mmZ]
[mm] X 295 fr =0.05
Ir -

TNt

rigid obstacle 0.15 0.250.3 0.4

Figure 4.12: Torus - geometry, material and load.

t=0.0s

Figure 4.13:

t=062s t=095s t=120s t=156s t=187Ts t=25s

Motion of the torus - Generalized Energy-Momentum Method p,, = 1.0
with (top row) and without (bottom row) stick condition.

4.8 Conclusions

A primal-dual active set strategy based on dual Lagrange multipliers for implicit non-
linear analysis of dynamic contact problems is presented. For the time discretization,
the Generalized Energy-Momentum Method and alternatively the Generalized-a Method
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Figure 4.14: Torus - Energy E [J]| vs time t [s] with (left) and without (right) stick
condition.

are used. The spatial discretization is done by a surface oriented, three-dimensional 7-
parameter finite shell element. An energy conserving framework using a velocity update,
introduced in [Iﬂ], is generalized to the application within the two mentioned time in-
tegration schemes. Furthermore it is adapted to the use of dual Lagrange multipliers
for the impulse. The numerical examples show that the proposed strategy leads to a
very robust algorithm which can guarantee total energy conservation if the Generalized
Energy-Momentum Method is used with a spectral radius p,, = 1.0. In the last example,
it is shown that this framework can be easily adapted to frictional contact problems.

It should be pointed out that the presented strategy does not need any user defined
parameters such as a penalty parameter to enforce the contact constraints.
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5 Velocity based contact problems

The aim of this chapter is to show the applicability of the pdASeS to velocity driven
problems. The method is applied to the ring rolling of external spur gears, which is a rigid-
plastic metal forming simulation. The existing displacement based contact formulation
is adapted to a velocity based one. A numerical example is presented. The problem
is restricted again to the case without inertia forces. Let ¢ be the current, unknown
deformation and define the Almansi strain E by

|
E=3 (Vo (w)" + Vo) (u) — Vo) (w) Vi) (u))

Here is only important that E is a strain measure which is suited for the large deformation
¢, the workpiece is undergoing. The body €2 gets into contact with a rigid obstacle €2,
which has the boundary T',,. By P, the viscosity coefficient for the plastic flow is
denoted and the bulk modulus xP"** acts as a volume penalty which is usually set to a
very high value to nearly guarantee the plastic incompressibility

tr(ﬁ) — 0

By p = —étr(a), the pressure is denoted, and s := o + pl is the deviatoric stress.
According to this, the constitutive law [BI] formulated in the actual Cauchy stresses reads
as _ ‘

s = 24P dev(E), p = K" tr(E)
Since the material law is velocity-driven, the Dirichlet boundary condition has to be given
for the velocity w. The bivariate form of the internal energy is

fP(a,v) = L(Q) o(u): E(v)

Since the structural term f™(-,-) is velocity-driven, whereas the contact conditions are
displacement-driven, one has to express (BI3) in terms of the velocity 1. Therefore,
a generalized trapezoidal rule is used with the parameter v € [0, 1]

AUy = Upyp1 — Uy, = (1 =) At U, + v AL Uypyg (5.1)

The difficulty of the large deformations is tackled in an updated Lagrange manner. Thus,
the gap ¢ and the contact normal v are chosen with respect to the last known configu-
ration at time ¢,. This means that g(x,,t,.1) is the distance between the position x,
at time ¢,, and its closest point projection onto I'gps(t,11). By v(x,,t,11), the direction
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Figure 5.1: Gap and normal.

of this closest point projection is indicated, see Figure EIl Thus, gap and normal are
defined as in Section B2Z2 for the case Tref = @,,. It should be remarked that the current
position of the moving tool boundary ys(t,41) is always known in advance. Now, a
dynamic gap G,y is defined in such a way that the non-penetration condition ([BI3) in
terms of displacements at the current time step ¢, is fulfilled. Setting

G = (g<wna tns1) — (L —7) At 4, - v(z,, thrl))

vAt
for the case v € (0, 1], the velocity-driven form of the non-penetration condition (B3
is given by

Iau,n+1 - GnJrl S 07 )\u,nJrl Z 07 )\l/,n+1<u1/,n+1 - GnJrl) =0 (52)
with the definitions 1,11 1= Wny1 - V(X0 tar1) and Apyr = X' - v(2,, t,41). Using
(), it can be readily verified that the displacement-driven non-penetration condition
is fulfilled

Atpir V(T tns1) = [ — ) At @, +v At ’i'/n+1} V(T L)
< ( 7) At un : V(mna tn-‘,—l) + Y At Gn+1
g

Remark: For the special case v = 0 (explicit Euler), the desired non-penetration can only
be guaranteed in the next time step ¢,.5 since the current displacements are completely
determined by quantities from the last time step (w,12 — U1 = Atyo = At Uyyq). In
this case, the choice

1. )
Gn+2 = Eg(wnJrla tn+2)7 Uyn+1 — Gn+2 < 0

leads to

Aty - V<wn+17 tn+2) = At Uy - u(:r:n“, tn+2) < @(wmh tn+2)
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As only the frictionless case is considered, the LM cone M* is given by (W is the trace
space of [Hi]¢ restricted to the potential contact boundary, M is its dual space)

M":={peM: (un) <0, neW with n, <0}

The time discretized variational formulation for the time step t,,, reads as follows: find
(i1, Any1) € [H3]¢ x M™ such that

frp<un+17'v> + <’U, )\n+1> = 07 v E [H(%]d (5 3)
<uu7n+17 Hy — )\V,n+1> S <Gn+17 Hy — )\V,n+1>a 1 € MJF .

Let K™ be the rigid plastic stiffness matrix resulting from the bivariate form f™(-, )
after discretization in space and consistent linearization of the geometric nonlinearity.
Then, in analogy to (B22), the algebraic form of (&3] is given by

: 0
KU, + [ D } Any1 =0

together with the contact conditions
Uptt —Grtt <o, ARt >0, (U -GrHART =0, AL =0
pv p = pr = pv P pU ) pT
Along with the definition NZH = v(x,,tny1), the abbreviations
S B g n41 +1 . andtl n41 P P | +1 arntl
u,  =u, N, A=A N A=A AN

were used. As a numerical example, an incremental metal forming process is considered,
see the left upper picture in Figure 22 One mobile tool presses the material into a
rigid mold and forms a spur gear within 6000 time steps. The simulation was done in
LARSTRAN. In Figures and .3 one can see some snapshots out of the simulation
process. The movement of the mobile inner tool is not plotted, but at the rigid outer
tool, one can recognize that the method is performing well.
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Interior of tool 1

Figure 5.2: Ring rolling of external spur gears. Three snapshots of the simulation, the
equivalent plastic strain is shown.
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Figure 5.3: Ring rolling of external spur gears. Four snapshots of the simulation.
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6 Coupling algorithm

The main idea to tackle the problems, mentioned in the introduction, is to use a ‘divide
and conquer’ approach. The nonlinearities of the problem will be hidden from the global
computation and left to a local computation. This is possible due to the fact that
contact and plasticity are strictly localized in the class of forming processes, discussed in
this work.

6.1 Dynamic ODDM, main concepts

2N

T TIT T
I

«— workpiece —

Figure 6.1: Left: (©IBF, Aachen, Abaqus simulation with triangular shell elements and
adaptive mesh refinement, right: ODDM.

A dynamic overlapping domain decomposition (ODDM), shown in Figure BT is em-
ployed. The workpiece (solid line, €2.) is discretized with a relatively (c)oarse mesh and
the forming zone (dashed line, Qf) is meshed with a relatively (f)ine mesh which is as-
sumed to overlap the zone of plastic deformation at any time. This latter term was
defined exactly in Equation ([ZI3). With dynamic ODDM it is meant that within the
time loop the fine grid is displaced due to the movement of the tool. In this chapter,
the assumption of small deformations is still valid which means that I' and € always
denote the undeformed reference configurations of contact boundary and structure. In
Chapter B an outlook is given how this restriction can be omitted. Firstly, an elastic
step is computed on the coarse grid. Then, this approximate coarse solution which is
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Relative displacement
Contact stresses
Plastic data

P1 P2

Coarse computation Fine computation

with AMG Control of the iteration
Solver loop [ =1,...,L Newton loop 7 =1,...,J

\/Base solution

Figure 6.2: Coupling FE program P1 (coarse computation) and program P2 (fine com-
putation).

not yet correct since the plastic effect was not taken into account at all, is prolongated
and transmitted to the fine grid where a nonlinear plastic computation with contact is
performed. After that, the plastic strain is computed and transferred as load correction
to the coarse grid where a new and better approximation of the coarse solution can be
computed and so on. The terms coarse and global are used interchangeably. The terms
fine and local mean the same here and also the terms grid and mesh. Sometimes terms
like fine patch or fine overlay grid are used and sometimes the tool is called punch. Of
course the two FE domains have to interchange informations:

1. Plastic information, mainly the tensor of plastic deformation: The main idea is to
use the additive split of the strain tensor into an elastic part and a plastic part
within the global equilibrium and to perform the plastic computation only on the
fine grid.

2. Contact information: The contact computation for the interaction of the tool and
the workpiece is only performed on the fine grid and the contact stresses, computed
there, are transferred to the coarse grid. A mortar operator is employed for this
contact coupling.

These local nonlinear effects enter the coarse grid computation only on the right hand
side. It should be stressed that the second point has to be modified in order to suit ISF
operations with partial die or rigid support, see Figure b and ¢, since in these
processes, there is not only a localized contact with the tool but also a global contact.
For simplicity of notation, the following considerations are restricted to the case where
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6.2 Review of the literature

the contact between support and sheet does not need to be modeled, see Figure a.
It is assumed here that the clamping of the sheet can be modeled by Dirichlet boundary
conditions. This strategy has the following advantages:

e All nonlinearities of the present problem can be separated from the coarse grid at
the expense that some iterations between the fine and the coarse grid have to be
done. In view of the numerical examples in Section E40], this additional cost turns
out to be acceptable.

e Using the fine patch, the plastic zone and the contact problem can be resolved very
well without

— discretizing the workpiece with a global fine grid, which would lead to high
computational cost. The problem is not only to solve the large systems of
linear equations as one could argue that efficient iterative solvers are available
anyway. It is also very time consuming to frequently reassemble the element
tangential stiffness matrices. In principle it would be possible to use the knowl-
edge about the tool path to reassemble only those small parts of the stiffness
matrix which are subject to new plastification. This would necessitate consid-
erable changes in the structure of the FE program which can be avoided by the
algorithm proposed here. Actually, the algorithm can be implemented using
two different programs P1 and P2, see Figure B2l and the interface between
these two programs is small as will be shown in the following. In the numerical
examples, one has either P1 = P2 = Matlab or P1 = LARSTRAN and P2 =
Matlab. Furthermore, the convergence of commonly used nonlinear solvers is
still mesh dependent, see for example [Iﬁ], and therefore it is advantageous
to keep the FE domain of nonlinear computation as small as possible.

— performing an adaptive computation with remeshing and coarsening which is
also quite expensive since the forming zone is moving through the whole work-
piece, so remeshing is very complicated. In addition, the need for a transition
zone between coarse zone and fine zone is eliminated. So the generation of
unnecessarily many fine elements is avoided. Even approaches which use hang-
ing nodes make this transition zone mandatory. Another point is that refining
and coarsening makes complicated procedures for the data mapping of plastic
history data between the previous mesh and the current mesh necessary.

6.2 Review of the literature

For an overview over error controlled discretization and model adaptivity, the reader is
referred to [El, , @, [104]. Advanced mesh superposition techniques have been around
since the early nineties , @, ], often but not exclusively in the context of crack
propagation. A very good overview over those methods can be found in the recent
works [@, Iﬂ] In , ﬂ, @], the coupling of two regions, one discretized with an
h-version overlay mesh and one discretized with a p-version coarse mesh, is solved with a
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block Gauss-Seidel iteration. The mechanical interpretation is quite similar: In principle
body forces are interchanged iteratively in a block Gauss-Seidel manner between the
two domains until convergence is reached. In this work, this idea is extended insofar
as the fine patch is completely mobile and contact comes into play. An overlapping
domain decomposition where the decomposition is introduced via a partition of unity
of the energy and the coupling conditions are imposed via an Augmented Lagrangian
has been recently been given in [@ ODDMs have been analytically investigated in
the linear case, see for example in [45] for the case of volumetric coupling. Of course
more abstract frameworks like the nonlinear multigrid method or Jacobian-free Newton-
Krylov methods, see the survey paper [@], should also be acknowledged here. Parallels
can be drawn between the proposed scheme and partitioned algorithms and in particular
sequentially staggered schemes for the simulation of fluid-structure-interaction. Finally,
multiscale coupling methods like the so called bridging method [‘E], where a molecular
dynamics model is coupled with a dynamic continuum model, employ similar ideas.

6.3 Coupling scheme

. discretized
top view
tool path t,
|
Ty
1
I, T
side view
i
N
'_X_T_hva /__( I !
Trd lepn U Fﬁn = 8Qf7n
T fin ’
H

Figure 6.3: Dynamic ODDM.

Due to the domain decomposition, suggested in Section B2l the governing nonlinear
equation system is discretized in the following way: Let

Ty = {x € R®: x is a node in the coarse grid}
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be the set of the coarse grid points and let

Thy:={x+ Z t, € R?: ¢ is a node in the initial position of the fine grid}
i=0

be the set of fine grid points. The potential contact zone and the Dirichlet boundary
of the fine grid will be denoted by I';,, and Fin which depend both on time since the
fine grid is moving with the tool. By I'., the potential contact zone of the coarse grid is
indicated. The vector ¢, € R3 shall again mean the feed of the tool at time t,, see also
Figure

6.3.1 Fine domain

On the fine domain €2, the full nonlinear elastoplastic contact problem is to be solved
like in (BI8), with the only difference that the fine solution U}, is a relative displacement
w.r.t. Uy which is brought up onto T, with the aid of a standard prolongation operator
P € R3»X3"# with n; the number of fine nodes and ny the number of coarse nodes.
Find U}, Aj, such that uh\p;n = 0 and:

F"(PUy+U,)+BA, = 0
Fy"(PUy +Uy, Ap) = 0

It should be remarked that (1) and (E2)) are solved in the condensed form but the
uncondensed notation is more convenient here. The homogeneous Dirichlet condition
on F?,n, see Figure 3 guarantees the continuity of the composite solution PU g + U},
which is of course a desired feature of the method.

6.3.2 Coarse domain

T Slave, €2

T

Qy
Master, €2, |:>

Figure 6.4: Use technology from the two body contact problem (left) for ODDM (right).

On the coarse domain €2, the linear problem is solved. Since the contact problem is
not solved on Ty, the discretized contact stresses in Aj are coupled to the right hand
side with the aid of the mortar operator M which is derived in the following: In the
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discretization of two-bod ontact blems mortar methods have been around for a
while, see for example @ Like depicted schematically in Figure B4, two
domains, denoted by € slave) and Q (master), come into contact at the interface T’
where the meshes are in general nonconforming. The idea is now to let €24 play the role
of Q) while €2, takes the role of €),,. Let v be the outward normal on I'.. The equilibrium
stated on €, is:

/Q (e(u.) —ep) : C: g(v) +/ (o(u,)-v)-v=0, wvel[H(Q) (6.3)

Remark: Tt is assumed here a priori that the fine correction wy is zero which is the case
in the continuous setting and which also makes sense in the discrete equations since the
global equilibrium is mostly influenced by the contact stresses and the plastic strain and
not by the fine relative displacements. However, in Section [[2], this problem will be
discussed in more detail.

Returning to Equation (E3), the contact stress A = o(u.) - v which is equal to o (uys) - v
is discretized by dual Lagrange multipliers w;} which are defined on the slave side of
I't,. The mortar operator M couples between these 1/11’,‘ and the coarse standard shape
functions on the potential contact zone I'. and is defined by:

M[p, q] :=/F Pholl Ty (6.4)

so it is well suited for the task of transmitting the contact stresses from the fine grid
to the coarse grid. Now, it is assumed that the contact stress A as well as the plastic
strain €, are known from the fine grid computation. Then, with the definition of the load

correction term
P (v) = —/Q g, : C": e(v)

one can proceed from Equation (G3)):

/ e(u,) : C%: e(v) = —/ Av— P o), wvel[HH(W)? (6.5)
Q. c
Discretizing this linear problem one arrives at: Find Uy s.t. ug|ra = 0:

AUy = —F2% —M'A, (6.6)

where Ay is the elastic stiffness matrix belonging to the coarse discretization, and F’I’f,
can be obtained by standard finite element assembly of [?’. Since the transfer values of
Uy as well as of e? and Aj, are computed with some error due to the decoupling, an
iteration between {2y and (2. needs to be performed. The plastic data is stored on a
global storage grid T; with the mesh size h. Finally the two-grid algorithm is described
in the next section.
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Figure 6.5: Hierarchical situation (a), non-hierarchical situation (b), unstructured situ-
ation (c), coarse interface grid (solid line), fine interface grid (dashed line).

6.3.3 Solving the nonlinear problem with a coarse global and a
fine local mesh

First of all, some definitions and remarks have to be made: Let P“Ps—¢ be the inter-
polation operator for the plastic data between (G)auss (p)oints on the (c)oarse grid and
on the (s)torage grid T;. Analogously P¢"s—r and PYPr—s transfer data between (f)ine
and (s)torage Gauss points. The discrete plastic history data defines the set

Epn = {[eP(&,tn), a(&, 1)) - € € Gh,n}

and the set E;  accordingly. Herein
Gh,na GH and sz

denote the positions of the fine, coarse and storage grid integration points at time ¢,
respectively. With (-)*), the kth iterate of (-) within the coarse-fine iteration is indi-
cated. If a notation like (-)(**) is used, then e denotes the index of a coarse-fine iteration
and « indicates the index of the Newton iteration. Let TOL,,,; denote the tolerance for
the Newton stopping criterion and j,,,, the maximum number of Newton iterations to
be performed. The implementation of the aforementioned prolongation and restriction
operators in the case of structured, axis-parallel grids is straightforward (‘do-not-search-
just-compute’). As a consequence, the assembly of those operators does not contribute
very much to the overall computation time. To keep the efficiency in the case of unstruc-
tured grids, see Figure EX(c), one has to employ hierarchical search algorithms like in
two body contact problems with very large sliding or rigid body motions, see [‘ﬁ, m]
Two remarks have to be made:

e In steplfl when the plastic history data of the last time step is read from the storage
grid, one has to take the new position of the displaced fine grid into account.
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6 Coupling algorithm

Algorithm 3 Coupling.

1: assemble PCFs—c .= PCFs—c(G; Gy)
2: time loop
3: forn=1,...do

4. perform initialization in Algorithm @l
5. coarse-fine iteration
6: fork=1,...do )
! k-1
7: assemble F7 | = Fpl(PGPSﬁC[EiL,nH])
8: solve AHU%:,)n—I—l =-M,,, Al(zkr:ﬂ - F%lf,n—i—l
k—
0. A0 A,(Hll) update strategy (U1)
i 0 otherwise
10: init. fine Newton: use as starting iterate
(k=1)
®0 __ JUj ;1 update strategy (U2)
ittt ) 0 otherwise
, 1 update strategy (U3)
11: Jmazx = .
oo otherwise
12: using Algorithm [l with the input
A%, jiaws TOLyeus, U + PIUY) L], By, DIRECT = 1]
to find
k k k k
(Agz,r)z-‘rl? Ugw)z-i-l’ E§177)1+17 Angl)
such that Equations (B1]) and (G2) are fulfilled
k GPp_sm(k
13: update E%’BLH =PSB, ]
14: ki=k+1
15: if relative coarse-fine error < TOL.; goto [0 else goto [ endif
16: end coarse-fine iteration
17:  end for
18:  if G(2pint1) C Gp i1 then n:=n+ 1 else expand fine grid and goto [l
19: end for

78



6.4 Numerical results

Algorithm 4 Initialization.

. displace fine grid T}, p41 1= Tp, + i

assemble mortar operator M,, 1 := M(T} 41, Th)
assemble P, 1 := P(Ty, Tp n+1)

assemble PSTT=5 .= PCPr—s(Gy, .11, G;)
assemble PE7s—F .— PGPSHF(Gh, Ghnt1)

n+1
read fine data from G;, : Ej, ngf*F[Eﬁ’n]

init. E;)H. E;,. A, ;:An, A9 —o, U

e Without going into details: In step [[¥ it is checked whether plastification occurs
somewhere outside the fine domain. In this case, one has to distinguish between
two cases:

1. The plastic zone is just a bit larger than assumed: Expand the fine domain
accordingly.

2. New plastification occurred far outside the fine domain: The computation has
to be stopped, since the intention of incremental forming processes is to have
plastification only in the forming zone, otherwise it is impossible to control
these operations. In this case, the tool path has to be reconsidered carefully.

With the remark that a careful use of the update strategies (U1)-(U3) is crucial to the
performance of the algorithm, see the numerical example in Part EZ3 this section is
concluded.

6.4 Numerical results

In this section, some numerical examples are presented to show the performance of the
proposed coupling methods.

6.4.1 Material data

The following set of material data is chosen for all the subsequent numerical exam-
ples: E = 69000, = 0.33. For the examples with elastoplastic material behavior,
linear isotropic hardening is assumed with Y (a) = 0y + Ka and with the additional
parameters K = 2538.930 and oy = 279.618. The process control parameters are
TOLewt = TOL.p = 1075,

6.4.2 Elastic example, non-hierarchical case

It will be demonstrated in this example that if one considers only the contact problem and
not the material nonlinearity, the fine grid is able to move independently from the coarse
grid and does not necessarily have to be a local refinement of the global coarse grid. A
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Figure 6.6: Elastic non-hierarchical example, time step 6 (bottom) and 11 (top), scaling
factor = 100, contact surface (left), zoom (right).

sphere headed tool (radius = 200) is indenting the workpiece (2. = [0, 20] x [0, 20] x [0, 1])
by d, = 0.01 and then moving in direction [0.77 0.44 0] over the workpiece. Two time
steps out of the process are shown in Figure[Gfl The mesh sizes are h = 0.5 and H = 1.0.

6.4.3 Numerical testing of the mortar operator

The idea is to separate the test of the mortar coupling from the structural problem. We
consider three surface loads

fol Te—T; =R, fo,:T. R fl,.T; R

ext * ext *

being defined such that:

fet 0
fod = feor=Flu=| ;" #0 (6.7)

fet 0
Now let Tj, and Ty be the overlapping and not necessarily nested triangulations of I'y and
I, with shape functions ¢f,...,¢" and ¢{',... ¢ . Then the standard finite element
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fZTt
L.
¢ fécmt l
fext
!
fzazt
Figure 6.7: Mortar test setting.
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Figure 6.8: Z-component of the error of the standard interpolation coupling (left) and of
the mortar coupling (middle) plotted on the coarse grid, hierarchical case.

assemblies of these three surface loads are F” , FX and FZ" Let P := P(T,, Ty) be

extr) * ext ext
the Lagrange interpolation operator as before. In terms of ([B2Z3) it can be written:

A,=D"' F"

ext

(6.8)

A test which must necessarily be fulfilled by the mortar operator M is the following: In
the continuous setting, bringing up the constant load ffxt on the fine interface I'y and
the same constant load £,/ on I', — I'; results in the same constant load f¢_,, brought
upon the whole coarse interface I'.. However, it turns out that in the discrete setting,
the standard interpolation operator P fails to transfer F" , correctly to the coarse grid.
As soon as some coarse shape function ¢’ cannot be reproduced by the fine ones <b§‘ any

more, the equation

Fi;h + PTFth = ngt (6-9)
does not hold any more. The patch test is passed, if M is used: The equation
FI 7y M'A, =F2, (6.10)
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Figure 6.9: Z-component of the error of the standard interpolation coupling and of the
mortar coupling plotted on the coarse grid, non-hierarchical case, no scaling,
h=05H=10,T.=][0,6] x [0,4], starting position of I'; = [1, 5] x [1, 3].

holds even in the non-hierarchical situation, see Figure GH(b). One feature of this patch
test is that it is possible to test the transfer of stress/force fields with more than one
nonzero component, unlike classical patch tests like described in, e.g., [@] In Figure B8
one can see that in the hierarchical case, see Figure LD(a), the interpolation operator P
transfers f_, as accurately as M does. In Figure B9, the fine interface I'; is displaced
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6.4 Numerical results

by the vector 0.05 d,0.1 d and 0.2 d with

0.77
d:= { 0.4 }

Even in this non-hierarchical situation, the transfer error produced by M is zero while
that stemming from P is increasing. It is possible to pass this patch test in the totally
unstructured situation with methods introduced in [42]. The constant test load was
fezt = [20 37 100] in this example. In the left picture of Figure E0 the z-component of
the error

Eipery = F1- h, pT ph _ pH

ext ext ext

is plotted on the coarse grid of I'., while in the middle, the z-component of the error

Emortar- FHh_'_MTAh_FH

ext ext

(6.11)

is displayed.

Remark to the meaning of the patch test Although the proof that E,, . = 0 is
a direct consequence of the theory of the mortar method, it is written down here in a
direct form to explain what the practical meaning of the mortar operator is. It turns
out that M is constructed in such a way that it incorporates the information about the
non-conforming overlap between T’y and T'y. The notations ¢, := ¢;e, and ¥, = 1;e,
with the unit vectors e,,r = 1,2,3 are introduced. Due to the test setting and (E1), it
can be stated that the following continuous equation is true:

fezt+fext fgztEOERs
Soforalli=1,...,n,,7r=1,2, 3 holds:

fea:t ¢7/7‘ + fext ¢) fea:t d)lr — O

= fea:t d)zr + fext ¢) fea:t d)lr — 0

Ty—T
The constant force density ffxt can be reproduced by dual Lagrange multipliers 1)
.fea:t - Z Ah[ .T]w?T (612)
J€TY,r=1,2,3

as well as the standard LMs which are identical to the fine standard shape functions ¢,
in this setting:

Flu=2_  FLlile} (6.13)

€T, r=1,2,3

For example with the first variant, one can proceed:

/FH_Fhfm ¢Zr+/rh(‘ S Ay ) ! /fm o — 0

€T, r=1,2,3
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6 Coupling algorithm

Due to the definitions, this is:

FIUMa )+ > Min G Asl] — F2f] =0 (6.14)

j€TL,r=1,2,3

For the complete vectors:
FIh e MTA, —F2 =0 (6.15)

ext T

By comparing (E12) and (GI3), one can easily see that

M'A,=M'D'F"

ext

Note that it is also possible to use the standard LMs for discretizing f/,. Then the

ext*
coupling operator is not M" but M "D~ since the coefficients in F”  are different from

those in Aj,. Only in the hierarchical situation, the coupling operator M D! equals the
standard pointwise interpolation operator P as one can easily derive using the Equations
(BI0). By «), the coordinates of the p-th fine node are denoted.

Mip.q] = / i1

4
- / g <z¢5<wz>¢z) 1
IV, k=1
_ H h h
_ ¢q<wp>/FH¢p1

= ¢l (z})D[p, p]
= P[p,q|Dip, p]

With the operator P defined accordingly:

Plp,q) = ¢l (xh)1 (6.16)

6.4.4 Relative error

This numerical example considers the relative error of the two-grid solution w.r.t. a
global fine one-grid solution. Four two-grid solutions, see Table 1], all with H = 1 and
h = 0.5, are compared with the one-grid displacement solution U™ with H = 0.5 for
the coarse domain €, = [0, 30] x [0, 10] x [0, 1]. In all four examples, only one time step
is computed, elastoplastic material behavior is chosen, the geometry of the tool and the
indention depth are the same as in Section B2 The relative error

U~ U™ ||
[Lopsd |

is shown in Figure BTl The expected behavior is that the relative error of a coarse
grid solution (0 nodes in the fine mesh) w.r.t the global fine solution can be already
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tool path for Section B.4.3

Figure 6.10: Contact surface of the fine and the coarse FE grid for two-grid solution 2,
see Table BTl
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Figure 6.11: Relative error w.r.t. the global fine solution.

significantly reduced, using a fine grid with a moderate number of nodes. In this example,
one can see that it is not necessary to choose much more than 500 fine nodes to achieve
a relative error of less than one percent. This number of fine nodes has to be added to
the 682 nodes in the coarse grid, whereas for the global fine solution 3843 nodes were
needed. So the conclusion can be drawn that due to the small size of the forming zone
and the very localized loading, a small fine patch already leads to an acceptable accuracy.
Of course, the size of the local patch also depends strongly on the size of the tool, the
indention depth and other process parameters. To preserve the black box character of a
given FE package, an adaptivity should be implemented such that the size of the small
patch adapts not only to the location of the tool but also to the size of the plastic zone
2, n, defined in Equation [ZI3)). Due to the incremental character of the forming process,
it can be expected that a drastic change does not happen very often.
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Table 6.1: Various domain decompositions.

number | fine domain number of fine nodes
1 0 0
2 [3,7] x [3,7] x [0,1] | 243, see Figure G100
3 [2,8] x [2,8] x [0,1] | 507, rel. error < 1%
4 [1,9] x [1,9] x [0,1] | 867, rel. error < 0.1%

6.4.5 Update strategies

o 300 ‘ ‘ 60 ‘ ‘
o
2 250l ¢ standard ¢ standard
< o +Ul o+U1
£ 200/ 2*“2 40/ o +U2
2 +U3 A+U3
.GE) 150r
S 100f 20
€
T 50
(@)
|_
0 1 2 3 4 5 0 _ 1 _ 2
Time step and the cf-steps therein Time step and the cf-steps therein

Figure 6.12: Left: total number of fine Newton steps, right: number of fine Newton steps
within time step 1 and 2.

A good performance of Algorithm Bl can be achieved if a careful update strategy is
employed. In order to demonstrate this, the following numerical example is presented.
The coarse domain is 2. = [0,30] x [0,10] x [0, 1] and the starting fine domain is Qs =
3,7] x [3,7] x [0,1]. The mesh sizes are again H = 1 and h = 0.5. Elastoplastic
material behavior is chosen and the geometry of the tool and the indention are the same
as in Section The tool, once indenting, is following a straight line parallel to the
boundary of ., defined by ¢, = [1 0 0], see Figure In Figure ET2, four different
computations are compared. For a rather stationary problem as depicted in Figure G210
it is sufficient to observe the first 5 time steps. The total number of fine Newton iterations
is plotted versus the time steps and the coarse-fine steps therein. The symbol e marks,
where a coarse-fine step is completed.

1. A standard computation () is done as in Algorithm 2 without any update strategy.
2. In the second computation (o), the update strategy (U1) was used. Not surprisingly,

the convergence is significantly faster if the information about the active nodes of
the last coarse-fine iteration is used in the current step.
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3. In the computation ([J), the update strategies (Ul) and (U2) were used. One
can see that in each coarse-fine iteration the number of fine Newton steps until
convergence decreases since increasingly better Newton starting iterates are used.

4. In the computation (A), all three update strategies (U1)-(U3) are used, so in each
coarse-fine iteration only one fine Newton step is made.

The conclusion is that a significant saving of fine Newton iterations and computation time
can be achieved. Actually, in the version (A) the number of fine Newton iterations turns
out to be not much higher than the total number of Newton iterations that a one-grid
computation would take. In addition, one has to keep in mind that the fine linear systems
to be solved are much smaller than the coarse ones, especially in examples of an industrial
scale where the forming zone is very small in comparison to the workpiece. But it depends
strongly on the efficiency of the coarse grid linear solver - this is the reason why the total
number of fine Newton steps is chosen as an indicator for the computational cost and not
the total computation time - whether strategy (OJ) or (A) can be recommended as the
fastest one, since the number of coarse grid computations is smaller in strategy (OJ). It
should be pointed out that using the update strategies, no accuracy is lost. Algorithm 2
without and Algorithm 2 with the update strategies (U1)—(U3) lead to the same results.

6.4.6 Deep-rolling like example

The final numerical example is a two-grid example with contact and with elastoplastic
coupling of a (30 x 30 x 1) coarse domain, discretized with H =1 and a (6 x 6 x 1) fine
domain, discretized with h = 0.5. The sphere headed rigid tool is forming a small groove
into the surface. It has the same geometry and indention as in Section In Figure
ET3 the real displacements Uy on I'. and PUy + Uy, on I'y,, are shown at the time
steps n = 181,185,194 and 198. In Figure B2T4, time step 30 is shown. There, the tool
path and the (r)emaining displacements (without load) w, are shown, which are defined
as the solution of the problem: Find u, € [HJ(€.)]3, such that

/ e(u,): C: g(v) :/ e?: C%: e(v), wve[H}(Q)? (6.17)
Qe

Qe

The remaining displacements are computed and plotted on the storage grid. It is im-
portant to note that this large elastic system has to be solved only for visualization
purposes and is not needed for the current computation. One can see in Figure [E.14] that
the remaining plastic deformation is nearly as accurately resolved as a global fine one-
grid computation would resolve it, although only a coarse grid was used for the global
problem.

6.5 Conclusions and future work

The method, proposed in this chapter, can be characterized with the following points:
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Figure 6.13: Several time steps at the end of the process, displacements of fine and coarse
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grid (scaling factor = 200), fine grid moving without load over the coarse
grid.

First steps were taken to accelerate the simulation of metal forming processes with
the aid of a coupled elastoplastic algorithm.

The number of dof and the computational cost can be reduced by the use of an
ODDM with a two-scale approach without the need for sophisticated remeshing
algorithms.

Mortar operators are in some sense optimal transfer operators for stresses. They
are easy to implement and easy to test. A patch test setting, independent of the
underlying structural FE problem was proposed.

The two grids are in principle independent and the fine patch is not only a lo-
cal refinement of the coarse mesh which is still a slight advantage over classical
superposition methods.

The ODDM is a dynamic one, in the sense that the local grid is moving with the
‘hot spot’.

A nonlinear contact problem can be handled by the coupling algorithm.

The nonlinearities of contact and plasticity enter the coarse computation only as
load correction terms on the right hand side.



6.5 Conclusions and future work

181  tool path and
plotted time steps

184

plastic and

elastic deformation .

Figure 6.14: Time step 30, remaining displacements and «, scaling factor = 300 (right
lower picture), coarse and fine grid, scaling factor = 200 (left pictures), tool
path (right upper picture).

e In contrast to other approaches, mentioned in Section B2 more knowledge about
the nonlinearities is utilized in the iterations which leads to an efficient algorithm.

One point that is completely left untouched by this work is the question how the mapping
of the plastic history data is done if coarse, fine and storage mesh are completely non-
conforming and non-hierarchical, see Figure EX(c). This is a non-trivial task for which
the reader is referred to the literature, since this problem has been addressed by many
researchers who have worked on remeshing in order to guarantee a persistently good mesh
quality in simulations with very large plastic deformation [‘ﬂ, Il’i @, @] Of course,
this short list is by no means complete. In Chapter B, an outlook is given how this work
can be extended to the regime of large deformations. Also a comparison with adaptive
methods with hanging nodes [@] would be strongly desirable.
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7 An inexact Newton block scheme

The aim of this chapter is to review some algorithmic aspects of the coupling method in
Section Bl For simplicity, the notation is still restricted to the regime of small deforma-
tions.

7.1 Motivation

The structure of Algorithm B was basically this one:

coarse-fine
loop

coarse linear
system solver loop
fine Newton

In this section, also this structure is investigated:

Newton

coarse tangential
system solver loop
fine tangential system

It turns out that, organized in this manner, the numerical scheme can be put much easier
into the perspective of more classical inexact Newton schemes. This is expected to make
the algorithm more reliable and easier to globalize in the sense that damping schemes
from the literature can be employed to guarantee global convergence. The questions
which arise are:

e [s this method still efficient?
e [s the algorithmic interface between coarse and fine still small?

e Is it even possible to omit the coarse-fine iteration?

7.2 Block iterative scheme: Linear elasticity
The following discrete FE spaces are introduced:

Vi C[HY Q) Vi CHN Q)] Vo € [H(2))", Vorr € [Hy ()]
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The subject of publications like for instance [@] is to solve multiscale elliptic problems
on a locally enriched space. Written in weak form: Find u € Vg, & Vg such that

a(ua'v):/fext"va v € Vo, & Vou
Q

In [@], the bilinear form a(-,-) comes from the weak formulation of the Laplace equa-
tion, whereas here it stems from the weak formulation of the elasticity equation. After
discretization one arrives at
~ ~ A ~ ext
RAIEAE [F

~ ext
AHh AH UH H

(7.1)

with Az the FE assembly of a(u,v) in Vi x V,, and Ay, the FE assembly of a(u, v)
in V;, x V. With the hat symbol is meant that the (zero) Dirichlet boundary conditions
are not yet included in this system, so, for example

A Apngp,

. . U,
Ay = and Uy =

" [Athfo Athfo] " [ 0 }
with Ny and Dy denoting the free structure dof and the Dirichlet dof of the fine system
with NyNDy = (. After the removal of Dirichlet rows and columns, the following reduced

system is obtained:

A AnE NN, Uy _ Fyt (7.2)

A fh NN, Ay Uy Fg! '
In [@], the mixed matrices Ay and Ay, are set up correctly, which involves comput-
ing the intersections of elements of the discretization of Vj and V. After that, a Xu

type successive subspace correction method is employed to solve this 2 x 2 block system
iteratively. This way is not pursued entirely in this work:

1. First of all, the coupling A gy, is neglected completely, since it is assumed that the
fine grid correction does not substantially influence the coarse grid solution apart
from the contact stresses and the plastic deformation history. A block iterative
solution of ([ZZ) is then not necessary any more, because of the block triangular
structure which saves a lot of computation time. Another reason for these simpli-
fications is to avoid algorithmic difficulties arising from the necessity to guarantee
that the sum of V,,(¢,) and Vy is a direct sum at any time ¢,,, which is a necessary
requirement that the matrix in (L2),,, is invertible. Due to the movement of the
tool, the space Vy(t,) depends on the position of the tool and therefore it can
happen very easily that the sum of the spaces is not direct any more. Therefore,
the assumption of a direct sum is omitted.

2. Secondly, the coupling Ay, is approximated by A,P with P from Equation ET19),
so the computation of element intersections is not necessary any more, which is
in particular in 3D advantageous, when it comes to the use of general hexahedral
elements.
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With this and the auxiliary computation

ApunnUn = [AhP]NfNCUH = [AhPUH]Nf = Au[PUylyn, + Anno, [PUglp, (7.3)

f

(here it is assumed that P maps only the free coarse structure dof in N, and not D, to
the fine grid, so P € RN/ PrxNe) “one ends up with the block iterative scheme

Au (APl [ T0 ) ] FE o
0 Ay Uy F
Thus, the focus of this work is not a very high resolution of the underlying elliptic
problem, but an efficient formulation which is able to hide the difficulties of contact and
plasticity from the global domain. This will be explained in more detail in the following

sections, where System ([Z4) is extended by two block rows and block columns to account
for contact and material nonlinearity.

7.3 Newton Block iterative scheme: Elasticity with
contact

Due to the reasons illustrated in Section it is not attempted here, to start from a
weak form over the locally enriched space, although this would be desirable for analytical
reasons. The starting point here is rather a slightly simplified, full, discrete, nonlinear
problem:

7 AU+ [APUgy, +BA, |
F(Uh, Ah7 UH) = [ F]]; :| = FZOn<Uh + PUH, Ah) =0
AUy +MTA,

Herein, A, and Ay are the elastic stiffnesses of T;, and Ty. Meaning of the three lines
of the system:

1. Fine equilibrium with the fine solution as correction of the coarse solution according
to the first block row of ([Z4]) and with the contact forces.

2. Nonlinear complementarity (NCP) function.

3. Coarse equilibrium according to the second block row of (Z4) with the load cor-
rection due to contact.

Now, following Equations (BI6),([E21) and (B2ZJ), this nonlinear system can be consis-
tently linearized: With
OF

K =
a(Uha Ah7 UH)

the Jacobi matrix
A, B |[A,Ply,.

} N, Ty | NyPy,. (7.5)
0 MT[Ay
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is defined with the abbreviations:

8Fcon _O 0 0 UN
N, = 8{} =10 0 —N,u|, using the ordering U = | Uy
0 0 O Ui
1 0
8FCO7’L
T, = h_—1o o], using the ordering Aj, = At
8Ah 0T AA
| A
U = U(Uh, UH) = Uh —+ PUH

Finally, in every Newton step 7, the 2 x 2 block system

Khh KhH (jfl) A.Xh (.7) - Fh T .7'71)
KHh KHH A‘XI{ FH i

has to be solved. Here, the following definitions were made:

—~

(7.6)

AX&L]) = [AUl(zj,%\la AUl(ljJ)Ij—ﬂ AU&LJ,B&M—N AA&L],%[J'—N AAI(fvgjfl_ ’ AX(I? = AU(I;)

Thus, the domain decomposition into coarse and fine defines in a very natural way the
block decomposition for the block iterative scheme, like described in E] and the refer-
ences therein.

7.4 Newton Block iterative scheme: Plasticity with
contact

In this section, also the material nonlinearity is taken into account. The idea is to
introduce an additional unknown u% € [Hj(€;)]? as the Galerkin projection of the plastic
strain increment with respect to the elasticity bilinear form a(-, -) (see also formula (E171))

/Q e(u}) : Cé:e(v) = / Aell Ce:e(v), veVy,
7

and to define uf such that u; can be split up additively into uy = u{ — w%. This is
a purely fictitious decomposition. In particular V*¥"u’ = €' .| — €% does not hold.
Another problem is that the plastic dislocations which are captured by the incompatible

| strain field e’}, are now smoothed out by this projection. In particular, also the eigen
strains are contained in u’}. This is the reason why finally the uz} will not be stored on

the storage grid but the plastic strain sff. With this, the overall nonlinear problem is:
F(X):=F(X;,, Xpg):=FU; A, U, Ug)

Fh(UZnu Ah7 UZa UH)

FH(Ah7 UZ? UH)
AU —UY) + [APUyly, + BA, + FY
Fy™(Uy +PUp, Ag)
F'(U + PUy) — Ap(U} —U}) = [AWPUly, — F},,
AUy —PTA, o, Ul +MTA, + FY

=0 (7.7)
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7.4 Newton Block iterative scheme: Plasticity with contact

with F}" the standard finite element assembly of
/ o(u) : e(v), relation o (u) fully nonlinear
Q
— /Q (e(uf +up) —eh, — Al ) : C”:e(v)
1

and with Fffn the standard finite element assembly of

. —/ e e(v)
Q5

The latter term is included in the first and in the third block row of system () to
account for the plastic deformation history until time step ¢,,. The meaning of the four
lines of system ([Z7) is:

1. Fine equilibrium with the fine solution as correction of the coarse solution and
with the contact forces. Under the assumption that uz} is known, this would be an
equation for the nonlinear relation o (u).

2. NCP function.

3. This is again the spatial discretization of the fine equilibrium. Now under the
assumption that the nonlinear relation o (w) is known, this would be an equation
for 'u,?. In this block row, the plastic constitutive law comes into play.

4. Coarse equilibrium with the load correction terms due to contact and plasticity.

With
K — OF
oUy, AU Up)
the Jacobi matrix is defined:
A, B —A, (AP,
K — |:Khh Knu } _ | No Ty 0 NuPne (7.8)
Kuon | Kun K, o Ay KL Py e '

0 M' —PTA,., | Ay

Herein, K? is defined as the FE assembly of
—/ e(w) : O : (v)
Qf

with the fourth order tensor C? defined in Equation (ZTI9).
Remark: If one cancels the third row and the third column of (ZF) (problem without
plasticity) one arrives again at (ZI).
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7 An inexact Newton block scheme

7.5 Block iterative schemes

For the solution of problem (IZH), several block iterative schemes are applicable. Two of
them are given here:

Block-Jacobi: Fix j, for k=1,..., K solve

Ky, VAXPY = —FYY KV AX Y (7.9)
Ky axyh = —FyY kY VAX PR (7.10)

In principle it is possible to parallelize (Z3), ([ZI0). But also the solving of the coarse
linear system can be parallelized on its part.

K case o

some value K; | inexact Newton, see [31] and Section [

1 Newton = coarse-fine iteration, included in
Algorithm Bl when update strategy (U3) is
used

not fixed iteration stops when convergence criterion is
met

Block Gauss Seidel: Fix j, for k=1,..., K solve

Ky AxyY = —F9Y o KYVAXGEY (7.11)
Ky axyh = —FyY - KEVAX I (7.12)

As before, (ILTI) can be solved in the condensed form (B24)).

7.6 Schur complement method

Having a closer look at the Equations (IZT1]) and ([ZI2), one recognizes that it is possible
to make the coarse-fine iteration obsolete at the expense that the application of A,:l
on the matrix B has to be computed. Furthermore, good convergence of the Newton
iteration cannot be achieved, as it will be shown.

7.6.1 Schur complement method, elastic case

Equation (ZII), written explicitly is

Ah B(Jifl) AU, Uk _ Fy vy _ [AhP]Nfo vy AU(J}’?*U (7 13)
N UV | AA, F} o Ny Prje " |
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7.6 Schur complement method

Usingﬁ a Schur complement formula from standard textbooks like e.g. [@], the Newton
increment of the contact stresses can be computed using Equation ([Z3):

(T) — N, A, 'B) T DAATY
= —F7V - NYUPy AUGTY + NYTVASFY Y+ NYTUA A PAUS )y,
= —FV+NJVA; 1F§fl VR (7.14)

with the abbreviation

Fp V= NYTVA Ao, [PAUG ),
The matrix

T, - N,A;'B 7.15
h

is nonsingular as long as the matrix in Equation (ZI3),,, is nonsingular, see page 457 of
@] Equation (ZI4) reveals that, except from

(jvk_l)
F h,D;
all parts of the right hand side, containing AUy can be eliminated. Neglecting this
term, the right hand does not depend on k any more which means that approximations
of AA,, AU i and AU}, can be computed directly in this order:

(Th = NuA;'B)UVAAY = —FU;D L NUDA RO (7.16)
AZATY = AO9 Y —MTAY Y - MTAAY  (7.17)

AATY = AT, + PU)UY
“BAYY 1 AAY) — A, PATY (7.18)

For the Equations ([LIQ) and ([ZI8), the formulas (CI)) and ([ZI2) were just resolved
after the desired variables. This can be simplified to:

(T) — NuA;'B)U VAR = —FU;Y 4 NUDA R0 (7.19)
ALY = —MTAY (7.20)
AANTY = A, @YY 4 POY) - BAY (7.21)

Neglecting the boundary term F(J D, Y will of course deteriorate the convergence of the
Newton iteration significantly, see Flgure in Section [L93 Nevertheless, this method
can be used to compute a very good starting iterate for the inexact Newton block Gauss
Seidel (GS) method, as described in Section [71

'Idea from Dipl. Math. Corinna Hager, IANS, Stuttgart
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7 An inexact Newton block scheme

7.6.2 Schur complement method, plastic case

In the plastic case, Equation ([LIT) is written explicitly with the aid of Equations (IZ1)

and (Z3),

Ah Z1 (j*l) AUI;LT‘ (],k) _ _Fh71 (jfl) B [AhAP]Nf. AU(j,k*l) (7 22)
Zo Zs AE —Fy 23 Z, " .

with the abbreviations

Ny B
Z, =B —A Z = 7z, =
1 [ h]7 2 |: :|7 2 |:KI;LP:|

_|Th O
Cae [y 2]

Nf.

and

Setting up the Schur complement leads to:

(Zs — ZoA, ' Z,)V D ARG

= —FL0+ LA FD + ZoA A PAUYY — ZAU Y

In analogy to (ZIB), Z, is substituted by Z,P. Then the terms with AUg’kfl) are

cancelled out again, such that the approximations AZ, AUy, Aff: can be computed in
this order:

Sy UARY = —FU) 1+ Z,A FUY (7.23)
AgAU; = PTA,u,AUY —MTAAY — FUTY (7.24)
AATY = A ATPY —PATY) - BAAY - FUTY (7.25)

with the Schur matrix S;, defined by
Sh = Z3 - ZQA,:1Z1

It has the form

5, _ [Th 0] - [NhAhlB —Nh} _ [Th ~N,A;'B N, (7.26)

0 A, |K/A,'B —K! ~K'A;'B A, +K!

Not surprisingly, Sj 11 turns out to be the Schur complement defined in (ZIH). One
remark on efficiency: Since it is necessary to perform the application of A,;l on B (solve
3|S| linear equations), this method is only efficient if the small patch is significantly
smaller than the coarse domain.
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7.7 Inexact Newton methods

7.7 Inexact Newton methods

A very important issue in combining the Newton method for the nonlinear block-problem
F(U) = 0 with an iterative linear solver is to avoid the so-called oversolving, an effect,
extensively illustrated in [lﬁ] Oversolving can happen on two different levels:

1. Interaction between Newton loop and block Gauss Seidel iteration.

2. For the large coarse part ([LIZ), the use of the AMG solver is again an attractive
alternative to the direct solution process.

7.7.1 Avoiding oversolving

Algorithm 5 Inexact Newton Method.
input: [X(j_l),F(X(j_l)),K(X(j_l)),nj]
: for ITER =1,... do
AXUITER) .— ITERATIVE _SOLVER(AX UITER-D K F)
if ||F(XUY) + K(XU)AXUTED) | o |[F(XU7Y)|| break
end for
output: X0 .= x0-D 4 AXUITER)

A e

Oversolving means that too much accuracy is imposed on the computation of the
Newton step such that the nonlinear function and its local linear model disagree too
much. Several choices for the so called forcing terms are proposed to overcome this
problem. Algorithm Blis based on [@] The last Newton iterate, the residual, the Jacobi
matrix of the last Newton step and the forcing term for the current Newton step are the
input for the algorithm. The forcing term 7, is computed according to suggestions made
in ['ﬁ] Only one of the possible choices is presented here:

{ |IF(XUD) - p(XU2) - K(XU-2)AX 0| ) }
, L —€

. 7.27
IF(X2)]] 20

7; 1= min

with a small number e. This criterion reflects the agreement between F' and its local
linear model at the previous Newton step. Only if

F(x(jfl)) ~ F(X(j72)) +K(X(J'*2))AX(J'*1)

(and in consequence 7; small), then it is worth it to perform many linear solver iterations
since otherwise XV will be too far away from the nonlinear solution path. In the
numerical examples of this chapter, the maximum norm || - || is used as long as not
stated otherwise.

7.7.2 lterative solver

As an example for a solver in Algorithm Bl the following combined iterative solvers are
given:
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7 An inexact Newton block scheme

Schur complement method If one wants to use the Schur complement method, despite
of the loss of superlinear convergence, then one has to perform the following steps:

e Small deformations, elastic and contact: Solve in this order:
1. (1) directly
2. ([C20) using the AMG solver
3. (CZI)) directly with the approximation Ug’lﬁ”) (i, = final AMG step)

e Small deformations, plastic and contact: Solve in this order:

1. ([ZZ3) directly
2. (ILZ4)) using the AMG solver

3. ([ZA) directly with the approximation U {"™

Block Gauss Seidel If one does not want to work with the Schur complement, then
one has to iterate the Block-GS and solve

1. ([ZI11) directly
2. ([CI2) using the AMG solver

Then, a good strategy to coordinate the coarse-fine loop (index k) and the AMG solver
loop (index [) has to be found to avoid oversolving now with respect to the Block
Gauss Seidel and the AMG solver. Therefore, the residual ||RY*D||, of the system
[(ZT), (CTA)] in the jth Newton step, in the kth Block-GS step and in the ith AMG

step is investigated,
( '7k7l)
RUAD . R?], o
R
The fine part of the residual is due to (ZIT)

RS < K{DAX( B K AX G

where AXg’k’l) is the [th iteration in the solution of (LI2)). The coarse part is due to

C12)

R = K XG0 & PG 4 K ax (e

Since
i ikl ikl
|RUFD]| = max{|| RV, || RS20 oo} (7.28)

a straightforward strategy to avoid oversolving would be to stop the AMG iteration as
soon as
kel kel
1RG0 < [[RE*)l

two times in a row.

100



7.8 Complete algorithm

7.8 Complete algorithm

The complete improved coupling algorithm for the plastic case is given in Algorithm [

Algorithm 6 Improved coupling algorithm, plastic case.
1: assemble PCFs—c .= PCFs—c(G; Gy)
2: time loop
3: forn=1,...do
4:  displace fine grid T}, ;41 := Thp + top1
assemble mortar operator M,, 1 := M(T} 41, Th)
assemble P, 1 := P(Ty, Th ni1)
assemble PSTr=9 .= PCPr-5(Gy, .11, G;)
assemble PST5=7 .= PCPs—r (G, Gy )
read fine data from G; : Ej, := PfffﬂF[E,},n]
10:  Newton iteration
11: for j=1,...do

12: assemble F%l,m = Fpl(PGPSﬁC[E&n])
13: assemble F%' = F" (&}, ,)

14: assemble Equations (IZ7) and ([CH)
15: use Algorithm Bl with the input

[X(J'*l)’ F(x(jfl))’ K(x(jfl))’ 77j]

to compute [X(j),E(j) ]

h,n+1
16: if ||[F(XY)|| < TOLyew: goto [ else goto [ endif
17:  end for ‘
18:  update E; = ngf*s[E,(f’;ﬁ)l]
19: end for

7.9 Numerical results

Two numerical results are presented in this section. The setting is described in Section

[CIT

7.9.1 Model example

For the two numerical examples in this Section, the same test setting is considered, see
Figure[LIl The coarse domain is §2. = [0, 50] x [0, 50] x [0, 1] and Q; = [2, 8] x[2, 8] x [0, 1].
The material parameters and the tool geometry are the same as in the chapters before.
The mesh sizes are again H = 1.0 and h = 0.5. Only the first load step where the tool
indents the workpiece by 0.01 is considered.
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7 An inexact Newton block scheme

Figure 7.1: Test setting.

7.9.2 Schur complement method

In Figure [[2 the residual ||F|| is plotted over the Newton iterations. One can see that
superlinear convergence is lost. Nevertheless the convergence speed is at least for this
example still acceptable. The solution of ([L2Z3) - [CZH) can be viewed again from the
perspective of inexact Newton methods, since it is an approximate solution of the global
system

KU-D AXU) — _pG-1)

However, it is harder to control than standard inexact Newton methods, since (C23) -
([CZ3) define only one solution step and no further correction steps.

7.9.3 Block Gauss Seidel

In this section, an example for the application of Algorithm Bl is given. The Newton
residual ||F'|| (dashed line) and the block GS residual ||[F + KAX]| (solid line) are
plotted versus the GS steps in Figure[[3 A first computation is an exact one, where the
block GS converges down to 107!2 in each Newton step. In a second computation, the
inexact strategy in Algorithm [Blis used. Most of the oversolving can be avoided and most
of the time, the two residuals stick together, indicating that the iterative solver does not
leave the nonlinear solution path very far and does not waste too much effort. Some
oversolving in the beginning of the Newton iteration is not unusual, see [@] In the exact
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7.10 Summary

Block GS residual and Newton residual

Time step 1
a ===lIFl
~
’ ~
0 l' .‘\
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Figure 7.2: Convergence of the Schur complement method.

Time step 1

Time step 1

===||Fl
||F+DF X||
O Start of Block GS

===||Fl
||F+DF X||
O Start of Block GS

Block GS residual and Newton residual
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Block GS steps

10

15
Block GS steps
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Figure 7.3: Exact and inexact block Newton scheme.

20

25 30

computation, || F|| is stagnant most of the time. Nearly 50 % of the overall number of GS
steps are saved, although the inexact computation needs some more Newton iterations.
Remark: The solid line in the upper part of Figure does not completely go down to
the GS tolerance 10™'2 since the residuals are recorded before solving |(ZI),[T12)].

7.10 Summary

Some concluding remarks are made:

e [t turns out that the ODDM defines in a very natural way a partitioned solu-
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7 An inexact Newton block scheme

tion algorithm which shows in combination with classical inexact Newton schemes
satisfying convergence.

The algorithmic interface between coarse and fine is still small.

The use of inexact Newton methods in this context was insofar interesting as their
use is not so commonplace as in fluid mechanics or in fluid-structure interaction.

In view of Figure[Z3]l one can see again that iterative solvers are especially useful in
nonlinear problems since they can be used in inexact Newton methods to find a very
short nonlinear solution part, which is in this sense not possible when a direct solver
is used. So even if a certain iterative solver is for a material linear problem slower
than a direct solver (maybe due to problems in the present computer architecture),
it gains further efficiency if the problem becomes nonlinear.

As future development is planned: The combination of the contact active set loop and the
SQP iteration would be an interesting task. The inexact organization of the SQP loop
for the fulfillment of the yield condition and the inner Newton loop for the mechanical
equilibrium was discussed in ['@] Finally, with the results of this chapter and ongoing
work on the integration of the AMG solver, one arrives at the following chart:
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8 Large deformations

In this chapter, an outlook is given of what has to be done to extend the ODDM method
to the regime of large deformations. The description follows the notation in ['il]

8.1 Definitions

First of all, some definitions have to be made.

plastic Fe

dislocation

RC IC, Qi
Qo/Q, \/’ stress free
Fp

Figure 8.1: Configurations, the magnitude of the plotted elements is beneath the magni-
tude of the finite elements.

Table 8.1: Configurations.

abbreviation | configuration
RC reference configuration
IC intermediate configuration
CC current configuration
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8 Large deformations

Deformation gradient Let the vector field ; be the coordinates of the material points
in configuration €2;. Let

oz, Oou,
Fl .= ——= =1+4+Vy(u,) =1+ —
0 2 0 0( t) ) 0

be the deformation gradient for the deformation from Qg to ;. With J{ := det(F}) the
determinant of the deformation gradient F§ is defined.

8.1.1 Stress and strain tensors

The first and the second Piola-Kirchhoff stress tensor are defined by

P, = JYFL) oy (8.1)
T, = PY(F))™

The upper index is the time index and the lower index indicates with respect to which
configuration the strain or stress is meant. Despite this, strains or stresses marked with
an overline are meant with respect to and at the current time. In this section, these
indices are omitted, and it is assumed that every stress or strain or deformation gradient
which is not marked is meant to be [-]i. The following tensor representations are defined:

Right Cauchy Green: C := F

—~
&)
~—
—
—
i
~—

Left Cauchy Green: C:=F 'F~
1
Green’s strain: E := §(C -1) (8.5)
1 o
Almansi strain: E := 5(1 -C) (8.6)
As in [@], define by
h() = ELOFT (8.7)

¢*() = F'()F
the push-forward and the pull-back operator. For instance, one can see immediately that
C=¢*(1) and C=¢,(1)

So the right Cauchy-Green tensor is the pull-back of the identity in the current configu-
ration (CC) into the reference configuration (RC), and the left Cauchy-Green tensor is
the push-forward of the identity in RC into CC.

8.1.2 Multiplicative decomposition

Following for example [@], it can be assumed that a multiplicative decomposition

F = F.F,
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8.1 Definitions

is valid with the local intermediate, stress-free placement F,, and the consecutive elastic
deformation F., see Figure In general, neither F, nor F, are deformation gradients,
so for example, there exists no w, € [Hg(£2)]¢ such that

F,(xo) = Vu,(xzg) +1, xo€

8.1.3 Applications of pull-back and push-forward

The Green strain tensor E with respect to RC is the pull back of Almansi strain tensor
E:
— — 1
¢*(E)=F (E)F = FT§(1 ~F 'FY)F =E

The definition (B7) can be generalized such that a push-back and a push-forward with
respect to a factor of the deformation gradient F can be defined:

¢3(-) = F T(')F._l push-forward

() = F:T() o pull-back (8.8)

Herein, @ € {e, p} indicates whether the elastic or the plastic part of F is used. Another
example: There are two ways to compute CP: either as push-forward of the identity into
the intermediate configuration (IC) in accordance with (B3

CP = Fr~TFr! (8.9)
or one can easily derive CP as pull-back (now with F¢, not F) of C from CC to IC:
ép _ (b*e(a) _ FeTFfTFlee _ prTprl

It is not possible to speak about C. This can be seen from the calculation of C¢ as
pull-back of the identity on CC into IC.

C® = ¢*(1) = F*'F* (8.10)

8.1.4 Additive decomposition of Green's strain

According to Equations (BX) and ([BIM), it can be derived:

E’ = %(C” —1)= %(FPTFP —1) (8.11)
E° = %(ée —1) = %(FGTFG —1) (8.12)

With the aid of (8TT) and &), E? is now expressed as the push-forward of E? into the
intermediate configuration:

- 1 1 ~
EP = ¢g?(EP) = FF~TEPF P = Sl Fr'F7) = 5(1-0C7)
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8 Large deformations

Furthermore, E¢ can be understood with the aid of (8IT) and (&I as pull-back of E
from IC to RC.

_ _ 1 1
E¢ — ¢*p<Ee) _ FpTEer — 5(FPTFeT:I__-‘we]__'pp _ FPTFP> — 5(0 _ CP) (813)

Remark: 1t is not possible to compute E¢ in terms of [&X) as §(F_F. — I), since E° is
valid with respect to RC whereas F. is living on RC.

If one tries now to find a meaningful additive decomposition of Green’s strain tensor, one
gets with (B10l) and (8I3) the following result:

1

E:2(C—1):%(C—C”)+%(C”—1):E6+Ep (8.14)

8.2 Equilibrium, Total Lagrange

With the results gathered in the last sections, the Total Lagrange (TL) equilibrium can
be stated. At first, some notations have to be clarified. Let €2, = €); be the last known
configuration and let Q, 11 = QA be the unknown configuration. By E(u;wv), the
directional derivative of E at w in direction of v is denoted:

E(wv) = lim %(E@, + kv) — E(w))

k—0

- lim %(V(kv) Y (ko)T + V(ko)V (ko) + V()Y (ko) + V(ko)V(w)T)

= sym(V(v)" +V(u)V(v)") (8.15)
with
1
sym(A) = §(A +A")
The main problem in the regime of large deformations is that the domain, where the
solution of the PDE has to be found, is solution dependent itself. This means that the

weak form is stated with respect to the unknown configuration 2, A,. At the moment,
only the internal forces are considered. Using

40, = Tt (8.16)
A:B = tr(AB) (8.17)
Vi() = (Fo)~'Vo() (8.18)
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and (B as well as (B2), it can be derived:
S (U1, v) (8.19)
= / On+t1 - Vn+1(’U)TdQn+1
Qn«ﬁ»l

J e Vi (v) T dQ

(FaHPoth) - Vo(v) " (Foth)~tdQ (8.20)

T (Foth) Vo (v) TdQo

T (14 Vo(tny1))Vo(v) dQ

/
/
— /Q Pyt Vo(v) " dQy
/
/

_ / TO B v) d (8.21)
Qo

The last equality holds because the second Piola Kirchhoff (PK) stress is a symmetric
matrix. The gradient V,,; comes from the strong form of the mechanical problem,
where a divergence operator is acting with respect to the current configuration. It is
important to note, that if one writes V,;(v) it is indeed meant V, (v o ¢~!) since
the test function v is defined on the reference domain €25. With this notation, Equation

(BZ0) becomes apparent (¢ (x,,1) = x):

Va0l (@010) = V() T2 = Va(w) ()

In the following, this notation is omitted most of the time. In view of (BZII), it is
investigated if the TL formulation is suitable for the ODDM. Therefore, the plastic state
variable F? is assumed to be known in this section. If the St.Venant-Kirchhoff material
law T = CE¢ is applicable, then the global equilibrium can be stated in this way:

/ E(u,.1): C: E(u, 1;v) dQ = / E? : C% : E(u,y1;v) dQ + ext. forces
QQ Q0

= E(t,i1): C: E(t,y1;v) — EP: C: Vo(tny1)Vo(v) " dQ
Qo

:/ E? : C% : Vo(v) " dQ + ext. forces

Qo

Therefore, one finally arrives at a linear material (for known EP), but still the following
difficulties arise:

1. A geometric nonlinear problem (expensive reassemblations of the coarse system in
each Newton step).
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8 Large deformations

Table 8.2: Green strains.

configuration

RC E 3(C-1)
Ic B - lo—on
CC E 2(1-C)

2. In addition, the plastic strain E? does not only appear as load correction term on
the right hand side but also on the left hand side in a geometric stiffness.

3. Moreover, the St.Venant-Kirchhoff law is only valid for large displacements and
not for large deformations. In the case of a general hyperelastic relation (V€ is the
elastic potential )

ove

OE°

between stress and elastic strain, the situation gets even more complicated. Then

E€ has to be computed, hence F? enters even the coarse material stiffness and not

only the right hand side.

T = py (8.22)

Thus, it must be summarized, that the additive split (BTl does not lead to a formula-
tion which makes the application of the domain decomposition feasible. Nevertheless a
workaround is sought at least for point Bt Using (BH) one gets

E = ¢l(E)
1
= a(Fp‘TCF‘p—Fp‘TF"’)
1
— 5(];geT]:-‘\e_]__'ppr]__-‘wfp)

1 - N
= —(C*-C*
(€ - )
= E‘+FE?
In E¢ and E?, the elastic and the plastic part of F are clearly separated, but the problem
is that one cannot work in the IC since it is nonconforming. So this is not an appropriate

workaround. To give a better overview, the three most important representations of E
are given in Table

8.3 Constitutive law
This section follows the notation in [@] The hyperelastic material tensor is defined by

0*W,

hyp . 4
o 0CoCT
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8.4 Consistent linearization of the constitutive law

Without deriving the constitutive law, the four equations for the four unknown variables
T, o, EP and \ are given:

: od 1 :
T hyp . Z— _ _Clwr . C = 2
FACH o~ S C =0 (8.23)
a+2Q,(T,a) =0 (8.24)
EP + 0Q5(T, ) =0 (8.25)
O(EP, T, ) =0 (8.26)

with @, and )5 denoting general constitutive functions for the evolution of the backstress
a and the plastic arc length EP. The function ()5 is assumed to be negative valued. All
other variables have been defined before. The KKT conditions have already entered
®23)- ®24). Of special interest is (B2Z3J), since it is an extra evolution equation for
the stress which does not appear in common plasticity formulations. It is based on [Iﬁl]
and enhanced in [@] The advantage of this extra equation is that there is no longer a
need for an explicit back projection step which necessitates in many cases an awkward
linearization. With this method, only a full linearization of system (BZ3) — ([B20) is
necessary to compute a stress which fulfills the yield condition.

8.4 Consistent linearization of the constitutive law
After time discretization, two options are possible. Both options lead finally to the same
linear tangential stiffnesses:

1. First linearize the continuous nonlinear bivariate form f!(u,v) in direction of a
Newton increment Aw, and then discretize the resulting bilinear and linear forms
spatially.

2. Perform the spatial discretization before performing the Newton linearizations.

In this chapter, the first way is pursued, since it leads to a compact notation and it
supersedes the necessity to write down the spatial discretizations. Using ([BIH) and the
fact that the directional derivative of Vy(w) in direction of Awu is Vy(Awu) since the
gradient is a linear functional, an auxiliary calculation gives:

E (.1 Au,v) = sym(Vo(Au)Vy(v)") (8.27)

For computing the Jacobian of f(u, ;) in Equation (8IJ), one has to compute the
directional derivative in direction of the Newton increment Aw:

fmt(un-i-la U] Au)

= / T(upi1; Au)  E(uyi;v) + T(wnar) c E(u,a;v, Au) dQ
Qo

- / E(u,i1;Au) : C7 : E(upi1;v) + T(upy1) - E(ung1; 0, Au) dQg
Qo

— /Q E(tpi1; Au) : C? : E(tyi150) + T(Uns1) : [Vo(Au)V(v) '] d (8.28)
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8 Large deformations

Above, ([B21)) was used, as well as the definition

_ dT(E)

ep .
C?: B

which is the subject of the next section. The first summand of ([BZJ) is the material
stiffness and the second summand is the geometric stiffness.

8.5 A Gauss point section: Generalized projection
method

It is explained in this last Gauss point section, how the elastoplastic tangent in (B2Z8]) can
be computed for a very general plasticity model. It can be expected that the method, al-
ready mentioned in Section and which shall be named here as ‘generalized projection’
method, will gain new interest in the FE simulation of incremental forming processes:
The main disadvantage of the method is that a Newton iteration has to be performed for
the stress tensor and for the plastic data at each integration point. Since the zone, where
plastic state variables evolve, is relatively small in incremental processes, this disadvan-
tage is outbalanced by the advantage of the less complex linearizations to be performed.

Some notations: Let G be the nonlinear functional defined by the time discretized version

of (BZ3)-[®ZH) and let

z:=(T,a, E" \),,, € RY

be the vector E of unknowns. So the task is to find some z* such that
G(z*(Ey 1), Ey 1) =0 (8.29)

see [Iﬁl] and the references therein. Herein, E7 , has the meaning of the total Green
strain in the current Newton step. The implicit function theorem states that there exist

open sets Uy D {Ex_,} and Vo D {2z*(E}, )} and an injective C' mapping
z . UO — Vo

such that
G(2(Ent1),Eny1) =0, E,p €U

Thus
dg

T |Ep,1=E* =0
dEn+1 | +1 n+1

oG

A= E =E*
6En+1| T

dz
= Vz97|En+1:E;H (830)

dEn—H

'Tt is not explicitly stated in this chapter when tensor values variables are meant to be in Voigt notation
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8.6 Updated Lagrange

Algorithm [TY), C% oY) ] = GENERALIZED PROJEC(EY. " E,, a,, ®, C')
1. Compute trial values

tr . hyp (g (i—1) epitr ._ hyp tr . _
T, ,=T,+C"(E; " —E,)C. =C" o, = a,

2. Check yield condition
(I)Z—I—l = (I)(TZ—Ha an)

IF &7, < 0 THEN:
SET (e)¥), := ()., AND EXIT
ENDIF

3. Solve problem (B29) for [T,(fll, a?) ]

n+1

4. Solve the 6 linear equation systems in (B30) to get the consistent elastoplastic
tangent module as part of

(4)
dznj+1 :[ e]l(lj) ]T
BV ntl

n+1

8.6 Updated Lagrange

For a more detailed description of the updated Lagrange (UL) technique, see textbooks
like for instance [@] and the references therein. Let Aw, 1 := w, 1 —u, be the incremen-
tal displacement from €, to €2,,,1. The main assumption of UL is that the configurations
Q, and €, are similar in the sense that in the load step ¢, — ¢, the deformation is
assumed to be small:

/ Aoy1 Vi (v)TdQ 0 ~ / Ao, i1V (v)Td, (8.31)
Qn+1

n

It is important to note here, that Ao, on the left hand side is indeed related to the
current configuration 2,1, actually it is the push-forward of AT whereas Ao, on
the right hand side is related to €2,, and is meant in a small deformation manner. In this
sense it should be made clear that Ao, 1 = 0,11 — 0, is meaningless, since two stresses
are subtracted here which are measured with respect to two different configurations.
Equation (&3ZT) shall be called the assumption of small time steps. It means that the
stress increment Ao ,,1 which would be only valid with respect to €2, 1 in the context
of large deformations between €2, and €2,,,1, is assumed to be valid with respect to €2,,.
The assumption of small load steps can be justified, since otherwise the tool path is not
resolved properly, see Figure B2 If the tool path is not resolved adequately then even the
most sophisticated implicit time integration of the constitutive law and full linearization
of all bivariate forms will not reduce the error in the boundary conditions. On the other
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8 Large deformations

Figure 8.2: CAD tool path and approximation for the FE computation.

hand, the assumption of small time steps does not render full linearization unnecessary.
On the contrary: The feature of a Newton method with a consistent Jacobi matrix to
converge superlinearly or even quadratic in the proximity of the root, becomes particu-
larly interesting if the load/time steps are small and therefore the starting solutions are
good. Again, only the left hand side with the internal forces is considered. Using the
same ideas as in (8IJ) and

En(Aun+1§ 'U) = Sym(vn(v)T + vn(Aun+1)vn(v)T)

according to (8IH), it can be derived:
/ Onil - Vn+1(’U)TdQn+1
Qn«‘fl

= / TZJFI : En<A'U,n+1, ’U) dQn

n

— / AT B (A v) d, +/ o, Vn(AunH)Vn('v)TdQn
Qn Qn

+/ o, Va(v) dQ, (8.32)
Qn

Here, the additive decomposition of T"*! into o, and
AT =T/ — o,
was used. Considering that Ao, is the push-forward of AT""!, one can proceed:
/ Ontl - Vn+1(’U)TdQn+1
Qn«ﬁ»l
— / Aoy Vi (0) dQ iy + / T Va(Au, 1)V, () dQ,
Qn+1

Qn

+/ o, Va(v) dQ,
Qn
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8.6 Updated Lagrange

With the assumption (B3Tl), one arrives at:
/ Ontl: Vn+1(v>TdQn+1
Qn«‘fl
~ / Ay Vo(0) + 00 VoAt 1)V (v)TdO,
Qn

+ / o, Va(v) d, (8.33)
(At ) + (Dt 0) + 8 (0) (3.34)
The advantage of the formulation of the equilibrium in an updated Lagrange manner
F (A3 0) + f9(Atyyq;v) = —19(v) + contact forces

is that on the left hand side, there is a problem, which is material nonlinear only in Aw.
With the aid of the ODDM, this can again be brought to the right hand side of the global
coarse problem as load correction term. The effective stiffness of the global problem has
to be updated in every load step due to the geometric stiffness, which is still on the left
hand side, containing o,,. But this is nevertheless far more advantageous than the TL
formulation, since that would demand a global reassembly in each Newton step. One has
to consider that the geometric nonlinearity is always a global one.

8.6.1 Some iteration for UL

One can easily observe how large the error of the small-time-step assumption is, by
checking the norm of the residual RY* which is defined as the standard FE assembly of

/ Ao,V (v) — / A1 Vigi(v)
n ol

with

O = Q, 4 Auyyy

n

Obviously, Q,(;)l is in general not equal to €2,4; since the incremental solution Aw, 4
is only an approximation because the domain, where it was computed, was €2, and not
the correct €2,,.1. A further development would be to perform an extra loop above the

structural nonlinear solution process and make the residual RV>® | which is the standard
FE assembly of

/(l , Aaﬂl : Vig1-1(v) —/ AU’&A : Vit1,0(v)
Qn-;l

l
2

vanish for | — oo. Here, Qgil is defined by

oY =, (8.35)
0l = Q. +AdY, 1=1,.. (8.36)
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8 Large deformations

Proceeding like this, the domain is updated in every step of the extra UL loop. Bathe [@]
states that it is possible to unroll the extra UL loop and the Newton loop such the update
®34) is performed in each Newton step. Of course in this case, superlinear convergence
cannot be guaranteed anymore and for an acceptable convergence rate, the assumption

(B3T) is again needed.

8.7 Contact Total Lagrange

The main issue of this section is the transmission of the contact stresses from fine to
coarse in the large deformation regime. Due to the large deformations and rigid body
motions of the workpiece, the following question arises: In which configuration do the
mortar operator D and M need to be assembled? This question is answered exemplarily
for M, since D depends only on the fine contact interface which means that a change of
the configuration would not cause severe problems. However it is much more convenient
to set up M in the reference configuration for the following reason: For many important
examples for the ISF process, the unmachined sheet can be assumed to be planar, such
that fine grid and coarse grid fit very well in the reference configuration and translational
movement of the fine grid with the tool causes no problem. This nice property is lost,
as soon as the coarse grid deforms due to the UL formulation. Then the biorthogonality
relation changes due to the fact that a projection has to be performed to compute the
entries of M like it has to be done in the two-body contact with curved interfaces. In
the next section, it will be shown how the important integrals for M can be pulled back
into the reference configuration.

8.7.1 Transformation of the contact stresses

Let X,.1 be current contact stress with respect to time t,,.; and ¢ is the mapping
Qo — ,11. Then proceed in this way:

[ R @) 0l (@) dr

n+1

= [ w7 @0 0l (@) AT
n+1

= [ o B ] () - ol T
Fgon

= / [Pg*lvo} (xo) - v(x0) AT
Fgon

= / gt () - v(xg) dIE™ (8.37)
1—‘80’”

Again, Nanson’s formula was used here in the form

con __ n+1 n+1y—1 con
VndI = Jo (Fg) " wo dITg
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8.7 Contact Total Lagrange

Equation (831) takes care of the transformation of the contact normal and of the Jacobian
Jg“ and is therefore the reason, why the virtual contact work has the same structure in
CC and RC. A remark has to be made to the notation: A, is a stress with respect to

the current configuration
CO

T = T = ()

but it is defined with respect to its domain T'". Due to the bijectivity of ¢!, it is in
. . . N * .
principle possible to define a A, (2,11) with

Nk

)‘n—i—l = Xn—i—l © 90_1

but to XZH the integral transformation

/ 9wy = / 9((2)) £ ((x))|det D (p(x)) | dx (3.38)

is not directly applicable.

8.7.2 Mortar coupling fine to coarse in the large deformation

regime
A4 v v v v
soft body
Q(J)c Qerl v v A4 A\ vy
n
Qe e =SS QOc
0 0 L G~~~
f
Lo
= supp(¢s)
f :éc = o/
NOY = supp(14) n+1 nHt
hard body

Figure 8.3: Large deformation two body contact.

The equilibrium stated on the global domain is:

| o Venlle @) + [ Xl @) - vdel (@) =0 (839)

?L+1 I‘n«kl

By «/, the total fine coordinates are meant, including the coarse placement. If one is
in the situation of two-body contact problems with large relative motions, depicted in
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8 Large deformations

Figure B3 then it is impossible to apply ([B38) to the second summand and to pull it
back into the reference configuration, since ijil # 1. For example in publications like
['E], the operator M has to be set up in I', 4

MIAB) = [ (e (@l )oale: (@5e)

which means that it is solution dependent with all the awkward implications concerning
consistent linearization. In the context of this work, large relative motions of the two
grids are impossible since the fine grid solution does not substantially influence the coarse
grid solution. Therefore, the second summand of Problem (839) can be pulled back with
the aid of (B31) into I'§, and can be discretized there. The vector A is then keeping the
discretized contact stresses of )\g“, which does not play a role for the evaluation of F",
as Al and X, differ only in a positive (even though spatially not constant) factor.
With A being meant in this way, one has to take care that the mortar operator D which
discretizes the coupling

— - -~
[, Xl @) vrtesi (@l

n+1

has to be pulled back into RC, too. Otherwise the two mortar couplings do not fit
together. On the other hand, the weak nonpenetration condition has to be set up on €2,
because the incremental displacements are discretized there.

8.8 Conclusions

It can be concluded that in the regime of large deformations, the ODDM is in principle
possible with a fine balanced combination of Total Lagrange and Updated Lagrange
methods, but both the volumetric and the surface coupling of the fine and the coarse
grid are difficult.

e In principle, the mortar coupling of the contact stress between fine and coarse grid
is possible if

1. The workpiece is planar and the assemblation is done in the reference config-
uration or:
2. Alternatively, one works with complicated projections.

e Due to the deformation of the coarse grid and the fine grid, also the construction
of the data mapping operators P“" becomes very difficult.

e The ODDM together with a purely total Lagrange approach is not efficient since
the nonlinearities are not separated from the coarse grid computation as it can be
achieved in the small deformation regime.
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9 Conclusions

This thesis is devoted to the Finite Element simulation of incremental metal forming
processes. Several methods have been proposed to accelerate the Finite Element simula-
tion which is very important to make it an attractive alternative to trying out forming
strategies ‘by hand’.

A large part has been dedicated to the improvement of commonly used contact formu-
lations, another one to the development of a partitioned solution approach with a fine
Finite Element grid in the small and mobile forming zone and a coarse mesh for the
global workpiece. In detail:

e The importance of correct linearization of the elastoplastic constitutive law in the
context of metal forming processes has been underlined.

e Several possibilities to solve the constrained optimization problem of plasticity have
been shown and compared.

e The use of the primal dual active set strategy with dual Lagrange multipliers has
been studied, and its advantage over standard penalty methods has been shown in
numerical examples.

e The contact algorithm allows to apply fast iterative solvers on nonlinear problems
in a very efficient way.

e [t can be combined with energy conservative schemes in the implicit computation
of dynamical problems and it has been applied to a velocity driven, rigid plastic
problem.

e The above mentioned divide-and-conquer approach has been introduced to reduce
the number of unknowns in the Finite Element computation.

e The nonlinearities of the simulation, namely the contact and the elastoplastic prob-
lem have been hidden from the global computation.

e Due to clear data structures and a small interface, it turns out, that the fine grid
and the coarse grid computation can be distributed to two different FE codes.

e The domain decomposition method is a dynamic one, in the sense that the fine grid
is travelling with the forming zone.
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9 Conclusions

It defines in a very natural way a partitioned solution scheme which shows in
combination with inexact Newton schemes good convergence and finds a very short
nonlinear solution path.

Based on the results of this work, several future developments are desirable.

The energy consistent treatment of plasticity in the regime of large deformations
should be taken into account.

It should be intended to incorporate frictional contact into the proposed contact
algorithms.

A numerical example in the context of an elastic problem showed that the fine and
coarse grid are in principle independent. This result has to be extended to the
elastoplastic case by improving the data transfer operators.

It would be strongly desirable that the work is extended to the regime of large
deformations.

The proposed two-grid method should be compared to adaptive methods with hang-
ing nodes in terms of efficiency and accuracy. Nevertheless, the ODDM should
not be regarded as a method which is competing against more classical adaptive
schemes. On the contrary: It should be investigated, if both methods can complete
one another.

Overall, a significant speed increase has been achieved, by using several iterative solution
strategies and domain decomposition methods. The proposed methods turn out to be
promising and worth to be tested in the framework of a commercial FEM package to
validate them for industrial applications.

First steps in this direction have already been taken, for this thesis has been also intended
to make the nowadays still large gap between existing advanced numerical schemes and
the needs of today’s FEM software development a little bit smaller.
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