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Abstract

For algebraic triangulated categories, we construct bounded realisation functors of t-structures

and resolution functors of bounded w-structures. Under suitable assumptions, we also con-

struct the corresponding unbounded versions of these functors. We show that our resolution

and realisation functors yield an adjunction between the algebraic triangulated category and

the derived category of the heart of the t-structure for adjacent t- and w-structures.

For silting and cosilting complexes, we obtain a connection between the derived categories of

the heart of the associated t-structure and the module category that generalises the connection

on the abelian level described by the silting and cosilting theorems for two-term complexes.

We also deduce a Morita theorem for derived categories of suitable abelian categories which

include left-complete Grothendieck categories.

Zusammenfassung

Wir konstruieren beschränkte Realisierungsfunktoren von t-Strukturen und Auflösungsfunk-

toren von beschränkten w-Strukturen für algebraische triangulierte Kategorien. Unter geeig-

neten Voraussetzungen konstruieren wir auch die zugehörigen unbeschränkten Varianten dieser

Funktoren. Wir zeigen, dass unsere Auflösungs- und Realisierungsfunktoren eine Adjunktion

zwischen der algebraischen triangulierten Kategorie und der derivierten Kategorie des Herzes

der t-Struktur liefern, wenn die t- und w-Strukturen benachbart sind.

Für Silting- und Kosiltingkomplexe erhalten wir eine Beziehung zwischen den derivierten Ka-

tegorien des Herzes der assoziierten t-Struktur und der Modulkategorie, die die Beziehung

auf der abelschen Ebene verallgemeinert, welche von den Silting- und Kosiltingtheoremen

für Komplexe mit nur zwei nichttrivialen Einträgen beschrieben wird. Wir leiten zudem ein

Moritatheorem für derivierte Kategorien von geeigneten abelschen Kategorien her, welche die

linksvollständigen Grothendieckkategorien einschließen.
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Introduction

Motivation

To compare similar categories of quiver representations, J. Bernstein, I. M. Gel′fand and V. A.

Ponomarev [BGP73] introduced reflection functors and were able to prove Gabriel’s theorem

[Gab72] using them. For example, consider the following two quivers Q and R.

Q : ◦ ◦oo ◦oo R : ◦ ◦oo // ◦

We refer to [ASS06, examples 4.10, 5.15.(a), 4.8.(a)] and [Kel07, example 2.10] for details on

our examples. For simplicity, we always work over the complex numbers C in this section.

The categories of quiver representations mod-CQ and mod-CR are not equivalent since their

Auslander-Reiten quivers ARQ and ARR are different:

•
��

ARQ : •

@@

��

•
��

•

@@

•

@@

•

~

��

~

��
ARR : ~

??

��

~

~

??

~

??

But one can compare the two categories with reflection functors. It was realised by D. Happel

[Hap87] that the (bounded) derived categories Db(mod-CQ) and Db(mod-CR) are equivalent.

We obtain graphical evidence of this fact by looking at the following Auslander-Reiten quiver

of Db(mod-CQ) which is the repetition quiver of ARQ .

◦
��

◦
��

•
��

◦
��

◦
��

~
  

~
  

◦
��

· · · ◦

@@

��

◦

@@

��

•

@@

��

•

@@

��

◦

@@

��

◦

??

��

~

>>

  

~

??

��

◦ · · ·

◦

@@

•

@@

•

@@

•

@@

◦

@@

~

>>

~

>>

◦

@@

The filled circles again form ARQ and we also find ARR as the subquiver formed by the circles

marked with an asterisk. From our point of view, the reason for this is that the category

mod-CR is the heart of a t-structure on the derived category Db(mod-CQ). Moreover, an

equivalence Db(mod-CR)→ Db(mod-CQ) is given by a (bounded) realisation functor of this

t-structure. In this way, such a realisation functor can be seen as a generalised version of a
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reflection functor.

In fact, D. Happel’s result works in the more general context of tilting modules. Consider the

following tame quiver S

◦
��

S : ◦ ◦
��

__

◦

__

and the direct sum T of the following four indecomposable representations of S.

0

��
C 0

��

^^

0

__

0

~~
C C

1~~

``

C
1

``

C
1
~~

C C

~~

1
``

0

``

0

��
0 C

��

__

0

^^

Then T is a tilting module such that its endomorphism algebra End(T ) is representation-

finite. According to D. Happel, the derived categories Db(mod-CS) and Db(mod-End(T )) are

equivalent. Again, a realisation functor of a t-structure provides such an equivalence. So we

obtain a derived equivalence between algebras of different representation type.

Realisation functors can also be used to obtain connections between algebraic geometry and

representation theory. Consider the category of coherent sheaves on the projective line coh-P1.

Its indecomposable objects and irreducible morphisms can be visualised in the following quiver.

...
...

◦

��

◦

��
◦

&& ��

◦

&& ��

◦ ◦

GG

��

◦

GG

��
· · · · · · · · ·

◦

JJ88

◦

JJ88

◦

JJ88

◦

GG

◦

GG

The left part is formed by the line bundles and the right part by the skyscraper sheaves. The

Auslander-Reiten quiver of the derived category Db(coh-P1) is the repetition quiver of the one

above. It contains the following Auslander-Reiten quiver ARK as a subquiver, where K is the

Kronecker quiver ◦ &&88◦ .

...
...

◦

��

◦

��
◦

$$ ��

◦ ◦

GG

��

◦

GG

��

◦

$$ ��

◦
ARK : · · · · · · · · ·

◦

KK::

◦

KK::

◦

HH

◦

HH

◦

KK::

◦

KK::
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The reason is once more that the category of quiver representations mod-CK is the heart of

a t-structure on Db(coh-P1). Again, an equivalence Db(mod-CK)→ Db(coh-P1) is given by a

realisation functor. One main goal of this thesis is the construction of realisation functors not

only for bounded derived categories but also for unbounded derived categories.

Overview

Triangulated categories arise in various branches of mathematics. They were introduced by

J.-L. Verdier to provide an appropriate framework for derived categories and derived func-

tors [Ver96, introduction 4]. For a suitable abelian category, its derived category is equivalent

to the stable category of a Frobenius category. Since most triangulated categories occurring

in algebra are of this form, they are called algebraic triangulated categories [Kel07, section 8].

In [BBD82], t-structures on triangulated categories were introduced. Each t-structure on a

triangulated category D has a heart H which is an abelian subcategory. Since every abelian

category is a full subcategory of its derived category D(H ), it is natural to ask how the two

inclusions H ↪−→ D and H ↪−→ D(H ) are related. So one would like to have a realisation

functor D(H ) → D that prolongs the inclusion H ↪−→ D(H ) to provide an answer to this

question.

A. A. Bĕılinson, J. Bernstein and P. Deligne [BBD82] constructed a bounded realisation functor

Db(H ) → D under the assumption that D is a triangulated subcategory of a left-bounded

derived category of an abelian category with enough injectives. To axiomatise the proper-

ties of D that are needed to construct such a bounded realisation functor, A. A. Bĕılinson

introduced the concept of a filtered triangulated category in [Bĕı87, Appendix]. Assuming an

additional axiom, E. Cabezuelo Fernández and O. M. Schnürer [PV18, Appendix A] showed

that this functor is exact. Different approaches to bounded realisation functors for algebraic

triangulated categories can be found in [KV87], [Kel90] and to half-bounded versions for stable

infinity-categories in [Lur11, section 1.3.3].

Bounded realisation functors are useful in many applications including Koszul duality [AR13],

simple-minded collections [KY14], HRS-tilting [CHZ18], hereditary triangulated categories

[CR18] and Cohen-Macaulay modules [Han19]. L. Alonso Tarŕıo, A. Jeremı́as López, M. J.

Souto Salorio [ATJLSS03, remark following theorem 6.6] and C. Psaroudakis, J. Vitória [PV18,

section 5] remarked that an unbounded version would be desirable to simplify their arguments.

One result of this thesis is the construction of such a realisation functor D(H ) → D , where

H is the heart of a non-degenerate t-structure on a suitable algebraic triangulated category,

e.g. on the derived category of a Grothendieck category.

In independent work, S. Virili [Vir18] uses derivators to extend bounded realisation functors to

unbounded derived categories and obtains similar results concerning (co)tilting equivalences

which we will discuss below. To achieve this, he uses homotopy (co)limits and t-structure

truncations, so he has to impose some conditions on the heart of the t-structure, namely that

it has enough injectives and that it is (Ab.4*)-k for some k ∈ N [Vir18, pp. 53-54 and definition
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2.7]. While we also use (co)limits, our construction does not involve t-structure truncations

and we only have to assume that the t-structure is non-degenerate. In fact, it relies on the

decomposition of complexes with respect to the standard w-structure on K(H ).

W-structures were independently introduced by M. V. Bondarko [Bon10] (who called them

weight structures) and D. Pauksztello [Pau08] (who called them co-t-structures). Each w-

structure on a triangulated category has a core C (also called heart or co-heart) which is

an additive subcategory. Since every additive category is a full subcategory of its homotopy

category, it is again natural to ask how the two inclusions C ↪−→ D and C ↪−→ K(C ) are related.

So one would like to have a functor D → K(C ) that prolongs the inclusion C ↪−→ K(C ) to

provide an answer to this question. M. V. Bondarko constructed a weight complex functor

D → Kw(C ), where Kw(C ) is a factor category of K(C ) which might no longer be triangu-

lated. He showed that in some bounded cases, this functor lifts to a functor D → K(C ) which

he called strong weight complex functor. For filtered triangulated categories, he attributed

the arguments to A. A. Bĕılinson [Bon10, section 8.4]. However, O. M. Schnürer [Sch11] had to

impose the additional axiom mentioned above again to construct this lift for filtered triangu-

lated categories.

We use the term resolution functor for the desired functor D → K(C ) since for the standard

w-structures on derived categories, it maps an object to its resolution.

An approach to resolution functors of bounded or compactly generated w-structures on stable

infinity-categories can be found in [Sos17].

It seems that in general w-structures allow the construction of functors out of the given trian-

gulated category, whereas t-structures can be used to map into the given triangulated category.

Therefore the direction of resolution functors D → K(C ) is opposite to the direction of real-

isation functors D(H )→ D . The results of J. Lurie [Lur11, theorem 1.3.3.2] for t-structures

and V. Sosnilo [Sos17, proof of corollary 3.5] for w-structures provide further evidence of this

claim.

For algebraic triangulated categories, we construct resolution functors of arbitrary w-structures

under the assumption that the underlying Frobenius category has countable products and co-

products of bijectives. We study the interplay between resolution and realisation functors for

adjacent w- and t-structures and obtain an adjunction D //D(H )oo under suitable hypothe-

ses.

Tilting theory is a fundamental tool in representation theory. The starting point was the tilt-

ing theorem due to S. Brenner and M. C. R. Butler [BB80] which relates the module categories

of a ring R and of the endomorphism ring of a tilting module over R in terms of an equiva-

lence of torsion pairs. E. Cline, B. Parshall, L. Scott [CPS86] and D. Happel [Hap87] showed

that the involved functors induce an equivalence between the corresponding bounded derived

categories. J. Rickard introduced tilting complexes as a generalisation of tilting modules and

obtained a Morita theorem for derived categories of module categories in [Ric89]. As remarked

in [ATJLSS03, theorem 6.6 and the following remark], bounded realisation functors can be

used to recover Rickard’s equivalence. C. Psaroudakis and J. Vitória [PV18] systematically
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used bounded realisation functors in tilting theory and obtained results on (co)tilting equiva-

lences, standard forms of derived equivalences and on recollements.

In this thesis, we pursue two lines of research in this area. On the one hand, we obtain

a Morita theorem for derived categories of suitable abelian categories which include left-

complete Grothendieck categories. To this end, we introduce the notion of w-cotilting objects

in triangulated categories and use our resolution and realisation functors. Moreover, we show

that resolution functors associated to w-cotilting objects in derived categories are usually full

and faithful, e.g. in the ones of Grothendieck categories.

On the other hand, we study silting and cosilting complexes in derived categories of module

categories. They are examples of w-silting resp. w-cosilting objects by [AHMV16, theorem

4.6] and [MV18, theorem 3.13] for which one can not expect that our functors yield equiv-

alences [PV18, proposition 5.1]. However, there are silting and cosilting theorems for two-

term complexes relating the involved abelian categories in terms of equivalences of torsion

pairs [BM17] [BZ16] [Pop17a].

For a cosilting complex S with associated heart HS over a ring R, we show that the realisation

functor D(HS)→ D(Mod-R) has a right-adjoint which is provided by the resolution functor.

This adjunction yields a cosilting theorem on the abelian level for two-term complexes. A

dual version for silting complexes is also true.

Results

Basic constructions

We introduce the concept of strict Frobenius categories for which the functorial Frobenius

categories of [Kün07, definition A.5] are predecessors. The category of complexes C(A ) with

entries in an additive category A is the archetypical example of a strict Frobenius category.

Following an idea of B. Keller [Kel94, section 4.3], we show that every algebraic triangulated

category is equivalent to the stable category of a strict Frobenius category. So all of our results

involving strict Frobenius categories can be applied to algebraic triangulated categories.

For a strict Frobenius category F , we introduce the diagram category FO(F ) of filtered

objects, whose objects are diagrams of the following form, subject to exactness conditions.

Xω

.

vv

(

tt· · · Xk+1|
�oo Xk|

�oo · · ·�oo · · · X|k+1•oo

•

hh

X|k•oo

•

kk

· · ·•oo

The projection functor Pω,F : FO(F )→ F maps the diagram above to Xω . We also introduce

the category ∇(F ) of ∇-diagrams, whose objects are diagrams of the following form, subject
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to exactness conditions.

. . .
...

...
... . .

.

0 Xk+2/k+1
�oo

•

OO

Xk+2/k
�oo

•

OO

Xk+2/k−1
�oo

•

OO

· · ·�oo

0

•

OO

Xk+1/k
�oo

•

OO

Xk+1/k−1
�oo

•

OO

· · ·�oo

0

•

OO

Xk/k−1
�oo

•

OO

· · ·�oo

0

•

OO

. . .

We construct the filtered cokernel functor ΞF : FO(F ) → ∇(F ) by choosing cokernels of

pure monomorphisms. For a strictly full additive subcategory S ⊆ F , where F is the

stable category of F , we have the full subcategory ∇S (F ) ⊆ ∇(F ) and the delta functor

∆S ,F : ∇S (F )→ C(S ) which maps the diagram above to the complex

· · · // X
[−k−2]
k+2/k+1

// X
[−k−1]
k+1/k

// X
[−k]
k/k−1

// · · · ,

its differentials being given by connecting morphisms of triangles.

To construct our realisation and resolution functors, we study these functors Pω,F , ΞF , ∆S ,F

and the ones induced by them on various factor categories and subcategories.

The bounded case

Suppose given a full triangulated subcategory D ⊆ F .

For a bounded w-structure W on D with core C , we obtain an equivalence

Pb
W ,F : FOb

W
(F ) → D and choose a quasi-inverse Wb

W ,F : D → FOb

W
(F ). The bounded

resolution functor Resb
W ,F : D → Kb(C ) is defined as the following composite.

D
Wb

W ,F // FOb

W
(F )

Ξb
C ,F // ∇b

C
(F )

∆b
C ,F // Kb(C )

Theorem A (4.3.40, 4.3.43). Suppose given a strict Frobenius category F , a full triangulated

subcategory D ⊆ F and a bounded w-structure W on D with core C . The bounded resolution

functor Resb
W ,F : D → Kb(C ) is w-exact and the functors IncD

C · Resb
W ,F and IKb,C from C to

Kb(C ) are isomorphic. ♦
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For a t-structure T on D with heart H , we obtain equivalences

∆b

H ,F
: ∇b

H
(F )→ Kb(H ), Ξb

H ,F : FOb

H
(F )→ ∇b

H
(F )

and choose quasi-inverses

Rb
H ,F : Kb(H )→ ∇b

H
(F ), Limb

H ,F : ∇b

H
(F )→ FOb

H
(F ).

We define the bounded realisation functor RealbT ,F : Db(H ) → D to be the unique exact

functor such that the following diagram is commutative.

Kb(H )

Lb
H
��

Rb
H ,F // ∇b

H
(F )

Limb
H ,F // FOb

H
(F )

Pb
ω,H ,F |

D

// D

Db(H ) RealbT ,F

44

Theorem B (4.4.25, 4.4.28). Suppose given a strict Frobenius category F , a full triangulated

subcategory D ⊆ F and a t-structure T on D with heart H . The bounded realisation

functor RealbT ,F : Db(H )→ D is t-exact and the functors IDb,H ·RealbT ,F and IncD
H from H

to D are isomorphic. ♦

For adjacent t- and w-structures, we obtain the following adjunction.

Theorem C (4.5.4). Suppose given a strict Frobenius category F and a full triangulated

subcategory D ⊆ F . Suppose given a bounded w-structure W on D and a t-structure T on

D . Suppose that that Tb0 = Wd0 , i.e. that T is left-adjacent to W . We denote the heart of

T by H = Tb0,0c , the homology functor of T by H = HT and the core of W by C = Wd0,0e .

(a) The functor RealbT ,F is left-adjoint to Resb
W ,F ·Kb(H|C ) · Lb

H .

The functors
(
Resb

W ,F ·Kb(H|C ) · Lb
H · Hb

H

)
|H and (IDb,H · RealbT ,F )|H from H to H

are isomorphic to 1H .

(b) Suppose that C ⊆H .

Then the functors Resb
W ,F , Kb(H|C ) and Resb

W ,F ·Kb(H|C ) · Lb
H are full and faithful.

Kb(C )
Kb(H|C ) // Kb(H )

Lb
H

((
D

Resb
W ,F

77

Db(H )
RealbT ,Foo

Hb
H




H

IncD
H

OO

H

I
Db,H

KK

♦
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The unbounded case

Suppose that F and F op have countable products of bijectives. For a w-structure W on

D with core C , we obtain an equivalence PW ,F : FO
W

(F ) → D and choose a quasi-inverse

WW ,F : D → FO
W

(F ). The resolution functor ResW ,F : D → K(C ) is defined as the following

composite.

D
WW ,F // FO

W
(F )

Inc
FO

C
(F)

FO
W

(F)
// FO

C
(F )

ΞC ,F // ∇
C

(F )
∆

C ,F // K(C )

Theorem D (4.3.41, 4.3.44). Suppose given a strict Frobenius category F such that F and

F op have countable products of bijectives. Suppose given a full triangulated subcategory

D ⊆ F and a w-structure W on D with core C . The resolution functor ResW ,F : D → K(C )

is w-exact and the functors IncD
C · ResW ,F and IK,C from C to K(C ) are isomorphic. ♦

Suppose that F has epilimits and monocolimits and that D is closed under countable products

in F . Suppose given a functor A : F → D that is left-adjoint to IncF
D . For a non-degenerate

t-structure on T on D with heart H , we obtain equivalences

∆
H ,F

: ∇
H

(F )→ K(H ), Ξ∇H ,F : FO∇
H

(F )→ ∇
H

(F )

and choose quasi-inverses

RH ,F : K(H )→ ∇
H

(F ), LimH ,F : ∇
H

(F )→ FO∇
H

(F ).

We define the realisation functor RealA,T ,F : D(H )→ D to be the unique exact functor such

that the following diagram is commutative.

K(H )

LH

��

RH ,F //∇
H

(F )
LimH ,F // FO∇

H
(F )

P∇ω,H ,F //F A // D

D(H ) RealA,T ,F

33

Theorem E (4.4.26, 4.4.29). Suppose given a strict Frobenius category F with epilimits and

monocolimits. Suppose given a full triangulated subcategory D ⊆ F that is closed under

countable products in F . Suppose given a functor A : F → D that is left-adjoint to IncF
D .

Suppose given a non-degenerate t-structure T on D with heart H . The realisation functor

RealA,T ,F : D(H )→ D is t-exact and the functors ID,H · RealA,T ,F and IncD
H from H to D

are isomorphic. ♦

For adjacent t- and w-structures, we obtain the following adjunction.

Theorem F (4.5.1). Suppose given a strict Frobenius category F with epilimits and mono-

colimits. Suppose given a full triangulated subcategory D ⊆ F that is closed under countable
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products in F . Suppose given a functor A : F → D that is left-adjoint to IncF
D . Suppose

given a t-structure T = (T0c,Tb0) and a w-structure W = (Wd0,W0e) on D . Suppose that

T is non-degenerate and that Tb0 = Wd0 , i.e. that T is left-adjacent to W . We abbreviate

H = Tb0,0c , H = HT and C = Wd0,0e .

(a) The functor RealA,T ,F is left-adjoint to ResW ,F ·K(H|C ) · LH .

The functors
(
ResW ,F ·K(H|C ) · LH · HH

)
|H and (ID,H · RealA,T ,F )|H from H to H

are isomorphic to 1H .

(b) Suppose that there exists an n ∈ Z such that W0e ⊆ Tnc . Suppose that C ⊆H .

Then the functors ResW ,F , K(H|C ) and ResW ,F ·K(H|C ) · LH are full and faithful.

K(C )
K(H|C ) // K(H )

LH

((
D

ResW ,F

77

D(H )
RealA,T ,Foo

HH




H

IncD
H

OO

H

ID,H

JJ

♦

Application to derived categories

Suppose given an abelian category A with countable products and countable coproducts.

Suppose that A has enough K-injectives. Then we have an equivalence Kinj(A ) ∼ //D(A ),

where Kinj(A ) is the full triangulated subcategory of K(A ) whose objects are the K-injective

complexes. Now K(A ) is the stable category of the strict Frobenius category C(A ) which has

epilimits and monocolimits and the inclusion Kinj(A ) ↪−→ K(A ) has a left adjoint. So for a

w-structure W on D(A ) with core C , we obtain a resolution functor Resinj
W ,A : D(A )→ K(C )

and for a non-degenerate t-structure T on D(A ) with heart H , we get a realisation functor

Realinj
T ,A : D(H )→ D(A ). We have the following version of theorem F.

Theorem G (4.6.2).

Suppose given an abelian category A with countable products and countable coproducts.

Suppose that A has enough K-injectives. Suppose given a t-structure T = (T0c,Tb0) and a

w-structure W = (Wd0,W0e) on D(A ). Suppose that T is non-degenerate and that Tb0 = Wd0 .

We abbreviate H = Tb0,0c , H = HT and C = Wd0,0e .

(a) The functor Realinj
T ,A is left-adjoint to Resinj

W ,A ·K(H|C ) · LH .

The functors
(
Resinj

W ,A ·K(H|C ) ·LH ·HH

)
|H and (ID,H ·Realinj

T ,A )|H from H to H are

isomorphic to 1H .

(b) Suppose that there exists an n ∈ Z such that W0e ⊆ Tnc . Suppose that C ⊆H .

Then the functors Resinj
W ,A , K(H|C ) and Resinj

W ,A ·K(H|C ) · LH are full and faithful.
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K(C )
K(H|C ) // K(H )

LH

((
D(A )

Resinj
W ,A

77

D(H )
Realinj

T ,Aoo

HH




H

Inc
D(A )
H

OO

H

ID,H

JJ

♦

We introduce the notion of w-silting and w-cosilting objects in triangulated categories. They

are silting and cosilting objects in the sense of [PV18, definition 4.1] whose associated t-

structures have adjacent w-structures. For a w-cosilting object S with heart HS and core CS

in a derived category D(A ) as above, we say that Realcos
S,A = Realinj

T S ,A
: D(HS) → D(A ) is

the cosilting realisation functor and that Rescos
S,A = Resinj

W S ,A
·K(HS|CS

) ·LHS
: D(A )→ D(HS)

is the cosilting resolution functor.

Theorem H (5.1.19). Suppose given an abelian category A with products, coproducts and

enough K-injectives. Suppose given a w-cosilting object S in D(A ).

(a) The cosilting realisation functor Realcos
S,A : D(HS)→ D(A ) is left-adjoint to the cosilting

resolution functor Rescos
S,A : D(A )→ D(HS). Both functors are exact.

The functors (Rescos
S,A ·HHS

)|HS
and (ID,HS

·Realcos
S,A )|HS from HS to HS are isomorphic

to 1HS
.

(b) Suppose that S is a w-cotilting object in D(A ). Then the cosilting resolution functor

Rescos
S,A is full and faithful. If SID,HS

cogenerates D(HS), then Rescos
S,A and Realcos

S,A are

mutually quasi-inverse equivalences. ♦

The second part of the previous theorem H allows us to deduce the following Morita theorem

for derived categories of injectively complete abelian categories.

Theorem I (5.2.4). Suppose given injectively complete abelian categories A and B. The

following two statements are equivalent.

(a) There is an exact equivalence F : D(B)→ D(A ).

(b) There is a w-cotilting object S in D(A ) and an equivalence G : B →HS . ♦

Silting and cosilting complexes in derived categories of module categories are examples of

w-silting resp. w-cosilting objects by [AHMV16, theorem 4.6] and [MV18, theorem 3.13]. So

theorem H and its dual yield the following two results.

Theorem J (5.3.5). Suppose given a ring R and a silting complex S ∈ Ob(Cb(Proj-R)).

The silting realisation functor RealsS,Mod-R : D(HS)→ D(Mod-R) is right-adjoint to the silting

resolution functor Ress
S,Mod-R : D(Mod-R)→ D(HS). The functors (Ress

S,Mod-R · HHS
)|HS

and

(ID,HS
· RealsS,Mod-R)|HS from HS to HS are isomorphic to 1HS

. ♦



17

Theorem K (5.3.6). Suppose given a ring R and a cosilting complex S ∈ Ob(Cb(Inj-R)). The

cosilting realisation functor Realcos
S,Mod-R : D(HS) → D(Mod-R) is left-adjoint to the cosilting

resolution functor Rescos
S,Mod-R : D(Mod-R) → D(HS). The functors (Rescos

S,A · HHS
)|HS

and

(ID,HS
· Realcos

S,A )|HS from HS to HS are isomorphic to 1HS
. ♦

We conclude by stating our version of a silting theorem and our version of a cosilting theorem.

Theorem L (5.3.8). Suppose given a ring R and a silting complex S ∈ Ob(Cd1,0e(Proj-R)).

Let T denote the associated t-structure in D(Mod-R). We abbreviate H = Tb0,0c . Let U

denote the standard t-structure in D(Mod-R). Note that one may identify Ub0,0c with Mod-R

via ID,Mod-R . Let Y = H ∩U [1]
b0,0c and X = H ∩Ub0,0c . Then (Y ,X ) is a torsion pair in H

and (X ,Y [−1]) is a torsion pair in Ub0,0c .

The functors (Ress
S,Mod-R · HH )|H and (ID,H · RealsS,Mod-R)|H from H to H are isomorphic

to 1H . In particular, we have the following.

• The functors (Ress
S,Mod-R · HH )|XX and (ID,H · RealsS,Mod-R)|XX are mutually quasi-inverse

equivalences.

• The functors (ΣD,Mod-R ·Ress
S,Mod-R ·HH )|YY [−1] and (ID,H ·RealsS,Mod-R ·Σ−1

D,Mod-R)|Y [−1]

Y are

mutually quasi-inverse equivalences.

D(Mod-R)
Ress

S,Mod-R // D(H )
RealsS,Mod-R

oo

HH




Mod-R

ID,Mod-R

OO

H

ID,H

JJ

♦

Theorem M (5.3.9). Suppose given a ring R and a cosilting complex S ∈ Ob(Cd0,−1e(Inj-R)).

Let U denote the associated t-structure in D(Mod-R). We abbreviate H = Ub0,0c . Let T

denote the standard t-structure in D(Mod-R). Note that one may identify Tb0,0c with Mod-R

via ID,Mod-R . Let Y = Tb0,0c ∩H [1] and X = Tb0,0c ∩H . Then (Y ,X ) is a torsion pair in

Tb0,0c and (X ,Y [−1]) is a torsion pair in H .

The functors (Rescos
S,Mod-R · HH )|H and (ID,H · Realcos

S,Mod-R)|H from H to H are isomorphic

to 1H . In particular, we have the following.

• The functors (Rescos
S,Mod-R · HH )|XX and (ID,H · Realcos

S,Mod-R)|XX are mutually quasi-inverse

equivalences.

• The functors (Σ−1
D,Mod-R ·Rescos

S,Mod-R ·HH )|Y [−1]

Y and (ID,H ·Realcos
S,Mod-R ·ΣD,Mod-R)|YY [−1] are

mutually quasi-inverse equivalences.
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D(Mod-R)
Rescos

S,Mod-R // D(H )
Realcos

S,Mod-R

oo

HH




Mod-R

ID,Mod-R

OO

H

ID,H

JJ

♦

Comparison with others’ results

A. A. Bĕılinson, J. Bernstein and P. Deligne introduced the concept of a t-structure with heart

H on a triangulated category D and gave the first construction of a bounded realisation

functor Db(H ) → D in [BBD82]. They assumed that D is a triangulated subcategory of

D+(A ), where A is an abelian category with enough injectives. In particular, D is an algebraic

triangulated category and thus our theorem B contains their result as a special case. Later,

A. A. Bĕılinson [Bĕı87, Appendix] introduced filtered triangulated categories to axiomatise

the properties that are needed to construct such a bounded realisation functor adapting the

arguments from [BBD82]. However, it is not clear if an additional axiom is needed to show

that the functor is exact, cf. [PV18, Appendix A].

A different approach to bounded realisation functors for algebraic triangulated categories

is due to B. Keller and D. Vossieck [KV87]. They constructed the functor on the level of the

homotopy category under the same assumptions as we do in definition 4.1.20. The equivalence

that they used to map out of the homotopy category of the heart is studied in detail in the

recent preprint [CC19]. Our theorem B recovers the result of B. Keller and D. Vossieck on the

existence of bounded realisation functors.

C. Psaroudakis and J. Vitória [PV18] use A. A. Bĕılinson’s approach to construct bounded

realisation functors via filtered triangulated categories. Their Morita theorem [PV18, theorem

A] is a predecessor of our theorem I and its dual, theorem 5.2.8. They show that a restrictable

equivalence D(B) → D(A ), i.e. one that restricts to an equivalence Db(B) → Db(A ), gives

rise to a bounded tilting object, where A and B are suitable abelian categories. Given such

a bounded tilting object, the associated bounded realisation functor yields an equivalence

Db(B)→ Db(A ). But they can not show that in this case the bounded realisation functor can

be extended to an equivalence between the unbounded derived categories and they conjecture

that one can prove that using a different approach to realisation functors.

The main goal of S. Virili’s paper [Vir18] is to do just that using derivators. He works with

t-structures on triangulated categories at the base of a strong and stable derivator D. Exam-

ples of such triangulated categories include derived categories of Grothendieck categories. At

first, he constructs a morphism of prederivators realb : Db
H → D which is the analogon of a

bounded realisation functor in the language of derivators. Our theorem B and his theorem

4.13 can be seen as essentially the same but in different settings. He then proceeds to extend

realb in two steps to a morphism of prederivators real : DH → D, the analogon of a realisation
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functor for derivators. To map out of the prederivator DH enhancing the derived category of

H , he relies on certain model approximations for chain complexes which are only available

if H has enough injectives and is (Ab.4*)-k for some k ∈ N or if the dual conditions are

satisfied, cf. [Vir18, proposition 2.8]. These approximations involve t-structure truncations

and thus it turns out that real is obtained from realb by taking homotopy limits and colim-

its of diagrams obtained by such truncations. While we also use limits and colimts in our

construction of realisation functors in the unbounded setting, the use of t-structure trunca-

tions seems considerably different to our approach, where the decomposition of a complex

with respect to the standard w-structure naturally extends the construction of the bounded

version. Apart from the different assumptions on the underlying triangulated categories, our

theorem E yields realisation functors for non-degenerate t-structures and S. Virili’s theorem

B yields morphisms of prederivators real : DH → D for t-structures whose heart has enough

injectives and is (Ab.4*)-k for some k ∈ N. His theorem also includes conditions for real to

be full and faithful allowing him to prove that real is an equivalence for certain (co)tilting

t-structures. We have chosen a different path to obtain equivalences in that we also consider

w-structures and resolution functors. Let us now compare the resulting derived Morita theo-

rems ([Vir18, theorem E] and our theorem I and its dual) for unbounded derived categories.

A notable difference is that S. Virili only considers restrictable equivalences whereas we deal

with arbitrary exact equivalences of derived categories. While our results for w-tilting and

w-cotilting objects are dual to each other, he works with tilting objects in derived categories

of Grothendieck categories and with cotilting objects in derived categories of Grothendieck

categories that are (Ab.4*)-k for some k ∈ N. Since the latter are left-complete Grothendieck

categories by [Vir18, proposition 5.10], our theorem I can be seen as a extension of S. Virili’s

Morita theorem to not necessarily restrictable equivalences in the cotilting case, cf. example

5.2.3. However, in the tilting case we work with abelian categories with enough projectives

and thus his result for arbitrary Grothendieck categories is more general than ours.

In [Bec18], H. Becker studies a realisation problem for algebraic triangulated categories of

special origin. For a cofibrantly generated and hereditary abelian model structure M over a

Grothendieck category A , its homotopy category ho(M) is an algebraic triangulated category

and he constructs a functor real : D(A ) → ho(M) using a left stabilisation functor of a

butterfly of abelian model structures on C(A ).

Outline

We summarise the required preliminaries in chapter 1.

In chapter 2, we introduce the concept of strict Frobenius categories. We show that every alge-

braic triangulated category is equivalent to the stable category of a strict Frobenius category

in section 2.3.

We study the diagram categories that are involved in our constructions in chapter 3. In
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particular, this chapter deals with filtrations and cofiltrations, ∇-diagrams and filtered objects.

Chapter 4 contains all of our main constructions. The functors ∆S ,F and ΞF are defined

and studied in the sections 4.1 and 4.2. We construct resolution functors in section 4.3 and

realisation functors in section 4.4. The theorems for adjacent t- and w-structures are located

in section 4.5. The constructions are applied to derived categories in section 4.6.

The topic of chapter 5 is tilting and silting theory. We follow the treatment of [PV18, section 4].

Additionally, we introduce the notion of w-silting and w-cosilting objects in triangulated cat-

egories. Section 5.2 contains our Morita theorem for derived categories. We conclude by

applying our results to silting and cosilting complexes in section 5.3.
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Conventions

1. We denote the poset of integers by Z. We use symbols like Z≥n , Z<n , Z[m,n] = [m,n],

where m,n ∈ Z, for subsets of Z with the obvious associated meaning.

2. We treat categories as algebraic objects. There is no need to distinguish between small

and large categories or between sets and classes in our constructions. In chapter 5,

we want to talk about ’all’ products/coproducts/modules, so we work inside a fixed

Grothendieck universe there.

3. The opposite (or dual) category of a category C is denoted by C op. Similarly, the

opposite functor of a functor F is denoted by by F op and the opposite of a transformation

α is denoted by αop.

4. For a category C , we denote the set of objects in C by Ob(C ) and the set of morphisms

in C by Mor(C ). For X, Y ∈ Ob(C ), we write C (X, Y ) for the set of morphisms from

X to Y in C . For X ∈ Ob(C ), we denote the identity morphism by 1X : X → X and

abbreviate 1 = 1X if unambiguous. If f ∈ Mor(C ) is an isomorphism, we denote its

inverse by f−1.

5. The composition of morphisms is written naturally:
( f // g //

)
=
( f ·g //

)
=
( fg //

)
6. The composition of functors is written naturally:

( F // G //
)

=
( F ·G //

)
=
( FG //

)
7. Suppose given a functor F : C → D . The image of X ∈ Ob(C ) is denoted by XF . The

image of f ∈ Mor(C ) is denoted by fF .
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If F is an isomorphism of categories, we denote its inverse by F−1. If additionally

C = D , we use the notation F k for the corresponding composites, where k ∈ Z.

8. For a category A , we denote the identity functor of A by 1A : A → A .

9. For a full subcategory A of a category C , we denote the inclusion functor from A to C

by IncC
A : A → C .

10. A strictly full subcategory is a full subcategory that is closed under isomorphisms.

11. Suppose given categories, functors and transformations as follows:

A

F

%%
G //

H

::B
H
((

I

66C
λ ��

µ ��
ν �� .

We denote the vertical composite of λ and µ by λ · µ : F → H. For X ∈ Ob(A ), we

have X(λ · µ) = Xλ ·Xµ.

We denote the horizontal composite of λ and ν by λ ? ν : FH → GI. For X ∈ Ob(A ),

we have X(λ ? ν) = XλH ·XGν = XFν ·XλI.

We denote the identity transformation of F by 1F . We sometimes abbreviate

F ? ν = 1F ? ν and similarly λ ? H = λ ? 1H .

Using this notation, we have λ ? ν = (λ ? H) · (G ? ν) = (F ? ν) · (λ ? I).

12. We have collected some facts about adjoint functors, equivalences and isomorphisms of

categories in section 1.6.

13. Suppose given a functor F : C → D . Suppose given a full subcategory A of C and

a full subcategory B of D such that XF ∈ Ob(B) for X ∈ Ob(A ). There exists a

unique functor F |BA : A → B such that F |BA · IncD
B = IncC

A ·F . If A = C , we also write

F |B = F |BA . If B = D , we also write F |A = F |BA .

14. Suppose given functors F,G : C → D . Suppose given a full subcategory A of C and a

full subcategory B of D such that XF,XG ∈ Ob(B) for X ∈ Ob(A ). Suppose given a

transformation λ : F → G. There exists a unique transformation λ|BA : F |BA → G|BA such

that λ|BA ? IncD
B = IncC

A ? λ. If A = C , we also write λ|B = λ|BA . If B = D , we also

write λ|A = λ|BA .

15. We call a commutative diagram of the following form a rectangle.

X //

��

Y

��
U // V

A square is a rectangle that is both a pushout and a pullback.
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16. Suppose given categories C and A . The category of functors from C to A is denoted

by C (A ). We have collected some facts about functor categories in section 1.4.

17. We may consider posets as categories. Suppose given a poset P . For a, b ∈ P with a ≤ b,

we denote the unique morphism from a to b in P by a b. For a category A , we have the

functor category P (A ) and use the following notation. For X ∈ Ob(P (A )) and a ∈ P ,

we write Xa = aX. For X ∈ Ob(P (A )) and a b in P , we write Xa b = (a b)X. For

f ∈ Mor(P (A )) and a ∈ P , we write fa = af .

Similarly, we use the following notation in the functor category P op(A ).

For X ∈ Ob(P op(A )) and a ∈ P , we write Xa = aX. For X ∈ Ob(P op(A )) and a b in

P , we write Xb a = (a b)opX. For f ∈ Mor(P op(A )) and a ∈ P , we write fa = af .

18. Shift functors in triangulated categories are usually denoted by variants of the letter Σ.

For example, the shift functor in the derived category D(A ) of an abelian category A is

denoted by ΣD,A : D(A )→ D(A ) . We often use abbreviations like X [1] = XΣ for such

a shift functor Σ and, if Σ is an isomorphism of categories, we also write X [k] = XΣk

for k ∈ Z.

In some diagram categories, we also use translation functors that are usually denoted

by variants of the letter T. For example, the translation functor in the category of ∇-

diagrams ∇(F ) in a strict Frobenius category F is denoted by T∇,F : ∇(F )→ ∇(F ).

We often use abbreviations like X[k] = XTk for such a translation functor and k ∈ Z.

19. Suppose given an exact category A and an object X ∈ Ob(A ). We say that X is

bijective in A if X is both projective and injective in A . Cf. definition 1.3.4.



Chapter 1

Preliminaries

In this chapter, we collect basic and well-known results and present some common definitions

in our notation. We do not claim originality.

1.1 Miscellaneous

1.1.1 Lemma (pasting lemma). Suppose given a category C . Suppose given the following

commutative diagram in C .

X
a //

f
��

Z
c //

g
��

U

h
��

Y b //W d // V

(a) Suppose that the left rectangle (a, f, g, b) is a pushout. The right rectangle (c, g, h, d) is

a pushout if and only if the outer rectangle (a · c, f, h, b · d) is a pushout.

(b) Suppose that the right rectangle (c, g, h, d) is a pullback. The left rectangle (a, f, g, b) is

a pullback if and only if the outer rectangle (a · c, f, h, b · d) is a pullback.
♦

Proof. Ad (a). Suppose that the right rectangle (c, g, h, d) is a pushout. Suppose given

Y
s //T and U

t //T in A such that f · s = a · c · t. Since the left rectangle (a, f, g, b) is a

pushout, there exists a unique morphism W
u //T in A such that b · u = s and g · u = c · t.

Since the right rectangle (c, g, h, d) is a pushout, there exists a unique morphism V v //T in

A such that d · v = u and h · v = t. So b · d · v = b · u = s.

Suppose given V w //T such that b ·d ·w = s and h ·w = t. We have d ·w = u since b ·d ·w = s

and g · d · w = c · h · w = c · t. Thus w = v.

Conversely, suppose that the outer rectangle (a · c, f, h, b · d) is a pushout. Suppose given

W
s //T and U

t //T in A such that g · s = c · t. We have f · b · s = a · g · s = a · c · t. Since

the outer rectangle (a · c, f, h, b · d) is a pushout, there exists a unique morphism W u //T
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in A such that b · d · u = b · s and h · u = t. We have d · u = s since b · d · u = b · s,
g · d · u = c · h · u = c · t = g · s and since the left rectangle (a, f, g, b) is a pushout.

Suppose given V
v //T in A such that d · v = s and h · v = t. So b · d · v = b · s and h · v = t.

Thus v = u.

Ad (b). This is dual to (a).

1.1.2 Lemma. Suppose given a category C . Suppose given the following pushouts in C .

X
a //

f
��

Z

g
��

Y b //W

X ′
a′ //

f ′

��

Z ′

g′

��
Y ′

b′ //W ′

Suppose given morphisms X x //X ′ , Y
y //Y ′ and Z z //Z ′ in C such that x · f ′ = f · y

and x · a′ = a · z. Then there exists a unique morphism W w //W ′ in C such that y · b′ = b ·w
and z · g′ = g · w. ♦

Proof. Consider the morphisms Y
y·b′ //W ′ and Z

z·g′ //W ′ in C . We have

f · y · b′ = x · f ′ · b′ = x · a′ · g′ = a · z · g′.

So the result follows from the pushout property.

1.1.3 Lemma. Suppose given a category C . Suppose given the following pullbacks in C .

X
a //

f
��

Z

g
��

Y b //W

X ′
a′ //

f ′

��

Z ′

g′

��
Y ′ b′ //W ′

Suppose given morphisms W w //W ′ , Y
y //Y ′ and Z z //Z ′ in C such that y · b′ = b · w

and z · g′ = g ·w. Then there exists a unique morphism X x //X ′ in C such that x · f ′ = f · y
and x · a′ = a · z. ♦

Proof. This is dual to the previous lemma 1.1.2.

1.1.4 Lemma (elementary properties of functors and transformations).

(a) Suppose given categories and functors as follows: A F //B G //C .

We have 1F ? 1G = 1FG .

(b) Suppose given categories, functors and transformations as follows: A
F ))

G

55Bλ �� . We have

1A ? λ = λ = λ ? 1B and 1F · λ = λ = λ · 1G .
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(c) Suppose given categories, functors and transformations as follows: A

F

��G ''

H
55

I

DDB

λ ��

µ ��

ν ��

.

We have (λ · µ) · ν = λ · (µ · ν).

(d) Suppose given categories, functors and transformations as follows:

A
F ))

G

55B
H
((

I

66C
J
((

K

66Dλ �� µ �� ν �� . We have (λ ? µ) ? ν = λ ? (µ ? ν).

(e) Suppose given categories, functors and transformations as follows:

A

F

%%
G //

H

::B

I

%%
J //

K

::C
λ ��

µ ��

ν ��

ξ ��
. We have (λ ? ν) · (µ ? ξ) = (λ · µ) ? (ν · ξ).

♦

Proof. Ad (a). Suppose given X ∈ Ob(A ). We have X(1F ? 1G) = XF1G = XFG = X1FG .

Ad (b). Suppose given X ∈ Ob(A ). We have X(1A ?λ) = X1A λ = Xλ = Xλ1B = X(λ?1B)

and X(1F · λ) = X1F ·Xλ = 1XF ·Xλ = Xλ = Xλ · 1XG = Xλ ·X1G = X(λ · 1G).

Ad (c). Suppose given X ∈ Ob(A ). We have

X((λ · µ) · ν) = X(λ · µ) ·Xν = Xλ ·Xµ ·Xν = Xλ ·X(µ · ν) = X(λ · (µ · ν)).

Ad (d). Suppose given X ∈ Ob(A ). We have

X((λ ? µ) ? ν) = X(λ ? µ)J ·XGIν = XλHJ ·XGµJ ·XGIν = XλHJ ·XG(µ ? ν)

= X(λ ? (µ ? ν)).

Ad (e). Suppose given X ∈ Ob(A ). Note that we have XGν ·XµJ = XµI ·XHν. We have

X((λ ? ν) · (µ ? ξ)) = X(λ ? ν) ·X(µ ? ξ) = XλI ·XGν ·XνJ ·XHξ

= XλI ·XµI ·XHν ·XHξ = X(λ · µ)I ·XH(ν · ξ)

= X((λ · µ) ? (ν · ξ)).

1.1.5 Lemma (composition of isomorphic functors). Suppose given categories and functors

as follows: C
F //
H
//D

G //
I
//E . Suppose that F is isomorphic to H in C (D) and that G is

isomorphic to I in D(E ). Then FG is isomorphic to HI in C (E ). ♦

Proof. Choose isotransformations F λ //H and G
µ //I . Then FG

λ?µ //HF is an isotrans-

formation as well.

1.1.6 Lemma (restriction of isomorphic functors). Suppose given functors F,G : C → D and

a full subcategory A ⊆ D . Suppose that F and G are isomorphic in C (D). Suppose that

XF,XG ∈ Ob(A ) for X ∈ Ob(C ). Then the functors F |A and G|A are isomorphic in C (A )

as well. ♦
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Proof. Choose an isotransformation F
λ //G . Then λ|A : F |A → G|A is an isotransformation

as well.

1.1.7 Lemma. Suppose given functors A I //C and A J //D . Suppose given mutually

quasi-inverse equivalences C F //D and D G //C . If I · F is isomorphic to J in A (D), then

J ·G is isomorphic to I in A (C ).

C
F // D
G

oo

A

I

OO

J

88

♦

Proof. By lemma 1.1.5, I = I · 1C and I · F · G are isomorphic in A (C ). Again by lemma

1.1.5, I · F ·G and J ·G are isomorphic in A (C ). We conclude that J ·G is isomorphic to I

in A (C ).

1.2 Additive categories

1.2.1 Definition. Suppose given an additive category A . We define the full subcategory

ZA of A by setting Ob(ZA ) = {X ∈ Ob(A ) : X is a zero object in A } and call ZA the

subcategory of zero objects in A . We choose a zero object 0A ∈ Ob(ZA ).

For X, Y ∈ Ob(A ), A (X, Y ) is an abelian group, written additively, and we denote the zero

morphism in A (X, Y ) by 0X,Y . We abbreviate 0 = 0X,Y if unambiguous.

For X
f //Y in A and Z ∈ Ob(A ), the maps A (Z, f) : A (Z,X) → A (Z, Y ) : g 7→ g · f and

A (f, Z) : A (Y, Z)→ A (X,Z) : g 7→ f · g are group homomorphisms.

We say that a diagram X
i //D
s
oo

p
//Y

too in A is a direct sum of X and Y in A if i · s = 1,

t · p = 1 and if s · i+ p · t = 1. In this case, we also say that the sequence X i //D
p //Y is

split short exact in A , that i is a split monomorphism, that p is a split epimorphism and that

X and Y are summands of D in A .

For X, Y ∈ Ob(A ), we choose a direct sum X
( 1 0 ) //X ⊕ Y
( 1

0 )
oo

( 0
1 )
//Y

( 0 1 )oo in A and use the usual

matrix notation for morphisms involving such direct sums. ♦

1.2.2 Definition. Suppose given an additive category A . For X, Y ∈ Ob(A ), we write

A (X, Y ) = 0 if A (X, Y ) has a single element and A (X, Y ) 6= 0 otherwise.

Suppose given a full subcategory B and Y ∈ Ob(A ). We write A (B, Y ) = 0 if A (X, Y ) = 0

for X ∈ Ob(B) and A (B, Y ) 6= 0 otherwise. We write A (Y,B) = 0 if A (Y,X) = 0 for

X ∈ Ob(B) and A (B, Y ) 6= 0 otherwise.

Suppose given full subcategories B,C ⊆ A . We write A (B,C ) = 0 if A (X, Y ) = 0 for

X ∈ Ob(B) and Y ∈ Ob(C ). Otherwise, we write A (B,C ) 6= 0.
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For a full subcategory B ⊆ A , we define the full subcategories B⊥ and ⊥B of A by setting

Ob(B⊥) = {Y ∈ Ob(A ) : A (B, Y ) = 0} and Ob(⊥B) = {Y ∈ Ob(A ) : A (Y,B) = 0}.
♦

1.2.3 Definition. Suppose given an additive category A . A full additive subcategory B of A

is a full subcategory B ⊆ A such that there exists a zero object Z ∈ Ob(ZA )∩Ob(B) and such

that for X, Y ∈ Ob(B), there exists a direct sum X
i //D
s
oo

p
//Y

too in A with D ∈ Ob(B). ♦

1.2.4 Remark. Suppose given an additive category A and strictly full additive subcategories

B,C ⊆ A . Then B ∩ C is a strictly full additive subcategory of A as well. ♦

1.2.5 Remark. Suppose given additive categories A , B and a functor F : A → B.

(a) Suppose that F is an equivalence. Then F is additive.

More generally, adjoints of additive functors are additive since they preserve (co)limits.

(b) Suppose that F is additive. Suppose given a full additive subcategory C of A and a

full additive subcategory D of B such that XF ∈ Ob(D) for X ∈ Ob(C ). Then F |DC is

additive as well. ♦

1.2.6 Lemma. Suppose given an additive category A . Suppose given the following rectangle

in A .

X
a //

f
��

Z

g
��

Y
b //W

(a) The rectangle is a pushout if and only if ( gb ) is a cokernel of ( a −f ).

(b) The rectangle is a pullback if and only if ( a −f ) is a kernel of ( gb ).

(c) The rectangle is a square if and only if (( a −f ) , ( gb )) is a kernel-cokernel-pair. ♦

Proof. Ad (a). Note that we have ( a −f ) · ( gb ) = a · g − f · b = 0.

Suppose that the rectangle is a pushout.

Suppose given Z ⊕ Y
( st ) //T in A such that ( a −f ) · ( st ) = 0, i.e. such that a · s = f · t. Since

the rectangle is a pushout, there exists a unique morphism W u //T in A such that g · u = s

and b · u = t, i.e. such that ( gb ) · u = ( st ).

Conversely, suppose that ( gb ) is a cokernel of ( a −f ). Suppose given Z s //T and Y t //T

in A such that a · s = f · t, i.e. such that ( a −f ) · ( st ) = 0. Since ( gb ) is a cokernel of ( a −f ),

there exists a unique morphism W
u //T in A such that ( gb ) ·u = ( st ), i.e. such that g ·u = s

and b · u = t.

Ad (b). This is dual to (a).

Ad (c). This follows from (a) and (b).
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1.2.7 Lemma. Suppose given an additive category A . Suppose given the following pushout

in A .

X a //

f
��

Z

g
��

Y
b //W

(a) Suppose given a cokernel W d //C of b. Then g · d is a cokernel of a.

(b) Suppose given a cokernel Z c //C of a. Then there exists a unique morphism W
d //C

in A such that g · d = c and b · d = 0. Moreover, d is a cokernel of b.

(c) If a is an epimorphism, then b is an epimorphism. ♦

Proof. Ad (a). Consider the following commutative diagram in A .

X a //

f
��

Z

g
��

Y
b //

��

W

d
��

0 // C

The lower rectangle (b, 0, d, 0) is a pushout since d is a cokernel of b. By the pasting lemma

1.1.1.(a), the outer rectangle (a, 0, g · d, 0) is a pushout as well. So g · d is a cokernel of a.

Ad (b). We have a · c = 0. So there is a unique morphism W
d //C in A such that g · d = c

and b · d = 0 since the rectangle (a, f, g, b) is a pushout.

X
a //

f
��

Z

c

��

g
��

Y

0 11

b //W
d

  
C

Consider the following commutative diagram in A .

X
a //

f
��

Z

g
��

Y
b //

��

W

d
��

0 // C

The outer rectangle (a, 0, g · d, 0) is a pushout since g · d = c is a cokernel of a. By the pasting

lemma 1.1.1.(a), the lower rectangle (b, 0, d, 0) is a pushout as well. Thus d is a cokernel of b.



29

Ad (c). Suppose given W
t //T in A such that b · t = 0. We have a · g · t = f · b · t = 0.

Since a is an epimorphism, we have g · t = 0. Since (a, f, g, b) is a pushout, we conclude that

t = 0.

1.2.8 Lemma. Suppose given an additive category A . Suppose given the following pullback

in A .

X a //

f
��

Z

g
��

Y
b //W

(a) Suppose given a kernel C c //X of a. Then c · f is a kernel of b.

(b) Suppose given a kernel D d //Y of b. Then there exists a unique morphism D
c //X

in A such that c · f = d and c · a = 0. Moreover, c is a kernel of a.

(c) If b is a monomorphism, then a is a monomorphism.
♦

Proof. This is dual to the previous lemma 1.2.7.

1.2.9 Lemma. Suppose given an additive category A . Suppose given the following square

in A .

X
a //

f
��

Z

g
��

Y
b //W

(a) Suppose given K
k //X in A such that (k, f) is a kernel-cokernel-pair. Then (k · a, g)

is a kernel-cokernel-pair as well.

(b) Suppose given W
c //C in A such that (g, c) is a kernel-cokernel-pair. Then (f, b · c)

is a kernel-cokernel-pair as well.
♦

Proof. Consider the following commutative diagram in A .

K
k //

��

X
a //

f
��

Z

g
��

0 // Y
b //W

Since (k, f) is a kernel-cokernel-pair, the left rectangle (k, 0, f, 0) is a square. By the pasting

lemma 1.1.1, the outer rectangle (k · a, 0, g, 0) is a square as well. Thus (k · a, g) is a kernel-

cokernel-pair.

Ad (b). This is dual to (a).
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1.2.10 Lemma. Suppose given an additive category A . Suppose given

X

f
��

K k // Y
g // Z

in A such that k is a kernel of g. Then the following diagram is a pullback in A .

X ⊕K
( 1

0 )
��

(
f
k

)
// Y

g

��
X

f ·g // Z ♦

Proof. We have
(
f
k

)
· g =

(
f ·g
0

)
= ( 1

0 ) · f · g.

Suppose given T
s //Y and T

t //X such that s · g = t · f · g. Thus (s− t · f) · g = 0. Since

k is a kernel of g, there exists a unique morphism T u //K in A such that u · k = s − t · f .

We have ( t u ) · ( 1
0 ) = t and ( t u ) ·

(
f
k

)
= t · f + u · k = t · f + s− t · f = s.

T s

��

t

''

( t u )

##
X ⊕K

( 1
0 )
��

(
f
k

) // Y

g

��
X

f ·g // Z

Given T
( v w ) //X ⊕K with ( v w ) · ( 1

0 ) = t and ( v w )
(
f
k

)
= s, we necessarily have v = t and

w · k = s− v · f = s− t · f . Thus u = w. We conclude that the rectangle
((

f
k

)
, ( 1

0 ) , g, f · g
)

is a pullback.

1.2.11 Lemma (splitting of kernel-cokernel-pairs). Suppose given an additive category A

and a kernel-cokernel-pair X
f //Y

g //Z in A .

(a) Suppose given Y s //X in A such that f · s = 1X . Then there exists a unique

morphism Z
t //Y in A such that 1Y − s · f = g · t. Moreover, we have t · g = 1Z .

Thus X
f //Y

g //Z is a split short exact sequence.

(b) Suppose given Z
t //Y in A such that t ·g = 1Z . Then there exists a unique morphism

Y s //X in A such that 1Y − g · t = s · f . Moreover, we have f · s = 1X . Thus

X
f //Y

g //Z is a split short exact sequence. ♦

Proof. Ad (a). We have f · (1Y − s · f) = f − f = 0. So there exists a unique morphism

Z
t //Y in A such that 1Y −s·f = g ·t. We also have t·g = 1Z since g ·t·g = (1Y −s·f)·g = g

and since g is an epimorphism.

Ad (b). This is dual to (a).
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Factor categories

We follow [Ste12, chapter 2].

1.2.12 Definition. Suppose given an additive category A and a subset I ⊆ Mor(A ). We

write A ,I(X, Y ) = A (X, Y ) ∩ I for X, Y ∈ Ob(A ). We say that I is an ideal in A if the

following two conditions hold.

(I1) Suppose given W
f //X

g //Y h //Z in A such that g ∈ I. Then we have f ·g ·h ∈ I

as well.

(I2) For X, Y ∈ Ob(A ), A ,I(X, Y ) is a subgroup of the abelian group A (X, Y ).
♦

1.2.13 Definition. Supppose given an additive category A and an ideal I in A . We denote

the factor category of A modulo I by A /I and the associated residue class functor by

RA ,I : A → A /I. We have Ob(A /I) = Ob(A ) and A /I(X, Y ) = A (X, Y )/A ,I(X, Y ) for

X, Y ∈ Ob(A ). A /I is an additive category and RA ,I is an additive functor.

For X
f //Y in A , we have XRA ,J = X and fRA ,J = f + A ,I(X, Y ). ♦

1.2.14 Remark. Supppose given an additive category A and an ideal I in A . Suppose given

a full additive subcategory B ⊆ A . Let B denote the full subcategory of A /I defined by

Ob(B) = Ob(B). Then B is a full additive subcategory of A /I. Moreover, I ∩Mor(B) is

an ideal in B and we have B = B/(I ∩Mor(B)). So B is a factor category itself. ♦

Proof. Since RA ,I is additive, it preserves zero objects and direct sums. Thus B is a full

additive subcategory of A /I.

Suppose given W
f //X

g //Y h //Z in B such that g ∈ I ∩ Mor(B). Then we have

f · g · h ∈ I ∩Mor(B) as well.

Note that we have B,I∩Mor(B)(X, Y ) = B(X, Y ) ∩ I ∩Mor(B) = A (X, Y ) ∩ I = A ,I(X, Y ) for

X, Y ∈ Ob(B) since B is a full subcategory of A . Consequently, B,I∩Mor(B)(X, Y ) = A ,I(X, Y )

is a subgroup of B(X, Y ) = A (X, Y ) for X, Y ∈ Ob(B).

So I ∩Mor(B) is in fact an ideal in B. Moreover, we have B = B/(I ∩Mor(B)) since

Ob(B) = Ob(B) = Ob(B/(I ∩Mor(B))), since

B(X, Y ) = A /I(X, Y ) = A (X, Y )/A ,I(X, Y ) = B(X, Y )/B,I∩Mor(B)(X, Y ) = B/(I∩Mor(B)(X, Y )

for X, Y ∈ Ob(B) and since composites and identities are induced from the ones in B.

1.2.15 Lemma (universal property). [Ste12, theorem 21]

Supppose given an additive category A and an ideal I in A .

(a) Suppose given an additive category B and an additive functor F : A → B such that

fF = 0 in B for f ∈ I. Then there exists a unique functor F : A /I → B such that
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RA ,I · F = F . Moreover, this functor F is additive.

A F //

RA ,I

��

B

A /I
F

<<

(b) Suppose given an additive category B and additive functors F,G : A → B such that

fF = 0 and fG = 0 in B for f ∈ I. Let F : A /I → B denote the unique functor

such that RA ,I · F = F and let G : A /I → B denote the unique functor such that

RA ,I · G = G. Suppose given a transformation λ : F → G. Then there exists a unique

transformation λ : F → G such that RA ,I ? λ = λ.
♦

1.2.16 Lemma. Suppose given an additive category C and an ideal I in C . Suppose given

an additive category D and a full additive functor F : C → D such that for f ∈ Mor(C ), we

have f ∈ I if and only if fF = 0 in D . Let F : C /I→ D denote the unique functor such that

RC ,I · F = F .

C F //

RC ,I

��

D

C /I
F

==

For X ∈ Ob(D), suppose given an object XG ∈ Ob(C ) and an isomorphism X
Xς //XGF

in D . For X
f //Y in D , there exists a unique morphism XG

fG //Y G in C /I such that

f = Xς · fGF · (Y ς)−1. This yields a functor G : D → C /I and an isotransformation

ς : 1D → GF . Moreover, F and G are mutually quasi-inverse equivalences. ♦

Proof. Note that F is full and faithful since for f ∈ Mor(C ), we have fRC ,I = 0 if and only

if f ∈ I. Thus the result follows from lemma 1.6.5.

1.2.17 Lemma. Suppose given an additive category C and an ideal I in C . Suppose given

an additive category D and an ideal J in D . Suppose given a full and faithful additive functor

F : C → D such that for f ∈ Mor(C ), we have f ∈ I if and only if fFRD ,J = 0 in D/J. Let

F : C /I→ D/J denote the unique functor such that RC ,I · F = F ·RD ,J .

C F //

RC ,I

��

D

RD,J

��
C /I

F
// D/J

For X ∈ Ob(D), suppose given an object XG ∈ Ob(C ) and an isomorphism X
Xς //XGF in

D . Lemma 1.6.5 yields the functor G : D → C , where for X
f //Y in D , XG

fG //Y G is the
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unique morphism in C such that f = Xς · fGF · (Y ς)−1. The functors F and G are mutually

quasi-inverse equivalences. Moreover, we obtain the isotransformation ς : 1D → GF .

Now for X ∈ Ob(D), X
XςRD,J //XGF is an isomorphism in D/J. So lemma 1.2.16 yields

the functor G : D/J → C /I, where for X
f //Y in D , XG

fRD,JG //Y G is the unique

morphism in C /I such that fRD ,J = XςRD ,J · fRD ,JGF · (Y ς)−1RD ,J . The functors F

and G are mutually quasi-inverse equivalences. Moreover, we obtain the isotransformation

ς : 1D/J → G · F with Xς = XςRD ,J for X ∈ Ob(D). We have G ·RC ,I = RD ,J ·G.

C

RC ,I

��

D

RD,J

��

Goo

C /I D/J
Goo ♦

Proof. Suppose given X
f //Y in D . We have

XςRD ,J · fGRC ,I F · (Y ς)−1RD ,J = XςRD ,J · fGFRD ,J · (Y ς)−1RD ,J

= (Xς · fGF · (Y ς)−1)RD ,J

= fRD ,J .

Thus fGRC ,I = fRD ,JG. We conclude that G ·RC ,I = RD ,J ·G.

1.2.18 Lemma. Suppose given an additive category C and ideals I, I′ in C such that I ⊆ I′.

Let S : C /I→ C /I′ denote the unique functor such that RC ,I ·S = RC ,I′ . Suppose given an

additive category D and an ideal J in D . Suppose given an additive functor F : C → D such

that for f ∈ I, we have fF = 0 in D and such that for f ∈ I′, we have fFRD ,J = 0 in D/J.

Let F : C /I → D denote the unique functor such that RC ,I · F = F . Let F : C /I′ → D/J

denote the unique functor such that RC ,I′ · F = F ·RD ,J . We have F ·RD ,J = S · F .

C

RC ,I′

��

F //

RC ,I

��

D

RD,J

��
C /I

F

77

S
��

D/J

C /I′
F

77

♦

Proof. We have F ·RD ,J = S ·F since RC ,I ·F ·RD ,J = F ·RD ,J = RC ,I′ ·F = RC ,I ·S ·F .

1.2.19 Lemma. Suppose given an additive category C and ideals I, I′ in C such that I ⊆ I′.

Let S : C /I → C /I′ denote the unique functor such that RC ,I ·S = RC ,I′ . Suppose given

an additive category D and an ideal J in D . Suppose given a full additive functor F : C → D

such that for f ∈ Mor(C ), the following two statements hold.

• We have f ∈ I if and only if fF = 0 in D .
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• We have f ∈ I′ if and only if fFRD ,J = 0 in D/J.

Let F : C /I → D denote the unique functor such that RC ,I · F = F . Let F : C /I′ → D/J

denote the unique functor such that RC ,I′ · F = F · RD ,J . We have F · RD ,J = S · F by

lemma 1.2.18.

C

RC ,I′

��

F //

RC ,I

��

D

RD,J

��
C /I

F

77

S
��

D/J

C /I′
F

77

For X ∈ Ob(D), suppose given an object XG ∈ Ob(C ) and an isomorphism X
Xς //XGF in

D . Lemma 1.2.16 yields the functor G : D → C /I, where for X
f //Y in D , XG

fG //Y G is

the unique morphism in C /I such that f = Xς · fGF · (Y ς)−1. The functors F and G are

mutually quasi-inverse equivalences.

Now for X ∈ Ob(D), X
XςRD,J //XGF is an isomorphism in D/J. So lemma 1.2.16 yields

the functor G : D/J → C /I′, where for X
f //Y in D , XG

fRD,JG //Y G is the unique

morphism in C /I′ such that fRD ,J = XςRD ,J · fRD ,JGF · (Y ς)−1RD ,J . The functors F and

G are mutually quasi-inverse equivalences. We have G ·S = RD ,J ·G.

C /I

S
��

D

RD,J

��

Goo

C /I′ D/J
Goo ♦

Proof. Suppose given X
f //Y in D . Using lemma 1.2.18, we obtain

XςRD ,J · fGSF · (Y ς)−1RD ,J = XςRD ,J · fGFRD ,J · (Y ς)−1RD ,J

= (Xς · fGF · (Y ς)−1)RD ,J

= fRD ,J .

Thus fGS = fRD ,JG. We conclude that G ·S = RD ,J ·G.

1.3 Exact categories

We use [Büh10] as basic reference for exact categories.

1.3.1 Definition. Suppose given an additive category A . We define KCP(A ) to be the full
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subcategory of Z[0,2](A ) defined by

Ob(KCP(A )) = {U ∈ Ob(Z[0,2](A )) : (U0 1 , U1 2) is a kernel-cokernel-pair in A }

and call KCP(A ) the category of kernel-cokernel-pairs in A . Objects U ∈ Ob(KCP(A )) are

usually denoted by U = (f, g) or U =
(
X

f //Y
g //Z

)
, where X = U0 , Y = U1 , Z = U2 ,

f = U0 1 and g = U1 2 .

Suppose given a full subcategory E ⊆ KCP(A ).

We write Ek = {f ∈ Mor(A ) : There exists g ∈ Mor(A ) such that (f, g) ∈ Ob(E )} for the set

of kernels in kernel-cokernel-pairs in E and

Ec = {g ∈ Mor(A ) : There exists f ∈ Mor(A ) such that (f, g) ∈ Ob(E )} for the set of coker-

nels in kernel-cokernel-pairs in E . ♦

1.3.2 Definition. Suppose given an additive category A and a strictly full subcategory

E ⊆ KCP(A ) such that the following six conditions hold. Cf. definition 1.3.1.

(E1) For X ∈ Ob(A ), we have 1X ∈ Ek .

(E2) For X ∈ Ob(A ), we have 1X ∈ Ec .

(E3) Suppose given X
f //Y

g //Z in A such that f, g ∈ Ek . Then we have f · g ∈ Ek .

(E4) Suppose given X
f //Y

g //Z in A such that f, g ∈ Ec . Then we have f · g ∈ Ec .

(E5) Suppose given X
i //Y and X

f //U in A such that i ∈ Ek . Then there exists a

pushout

X i //

f
��

Y

g
��

U
m // V

in A such that m ∈ Ek .

(E6) Suppose given Y
p //Z and W

f //Z in A such that p ∈ Ec . Then there exists a

pullback

V
e //

g
��

W

f
��

Y
p // Z

in A such that e ∈ Ec .

We call the pair (A ,E ) an exact category.

The objects of E are called pure short exact sequences in (A ,E ). We usually write (f, g) or

X
f //Y

g //Z for such a pure short exact sequence, cf. definition 1.3.1.
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A morphism f ∈ Ek is called a pure monomorphism in (A ,E ). In diagrams, we usually mark

pure monomorphisms with a dot: X •
f //Y . Note that pure monomorphisms in (A ,E ) are

in fact monomorphisms in A .

A morphism f ∈ Ec is called a pure epimorphism in (A ,E ). In diagrams, we usually mark

pure epimorphisms with a bar: X �f //Y . Note that pure epimorphisms in (A ,E ) are in fact

epimorphisms in A .

We abbreviate A = (A ,E ) if unambiguous. ♦

1.3.3 Definition. Suppose given exact categories (A ,E ) and (B,F ). An additive functor

F : A → B is called exact with respect to E and F if for every pure short exact sequence

X •i //Y �p //Z in (A ,E ), the sequence XF iF //Y F
pF //ZF is pure short exact in (B,F ).

♦

1.3.4 Definition. Suppose given an exact category A and A ∈ Ob(A ).

(a) We say that A is projective in A if for every diagram

A

f
��

X �p // Y

in A such that p is a pure epimorphism, there exists A
g //X in A such that g · p = f .

(b) We say that A is injective in A if for every diagram

X

f
��

•i // Y

A

in A such that i is a pure monomorphism, there exists Y
g //A in A such that i ·g = f .

(c) We say that A is bijective in A if it is both injective and projective in A .
♦

1.3.5 Lemma. [Büh10, proposition 11.3]

Suppose given an exact category A and P ∈ Ob(A ). The following statements are equivalent.

(a) P is projective in A .

(b) For every pure epimorphism X �p //P in A , there exists P u //X in A such that

u · p = 1.

(c) For every pure short exact sequence X •i //Y �p //Z in A , the sequence of abelian

groups A (P,X)
A (P,i)//

A (P, Y )
A (P,p)//

A (P,Z) is short exact.
♦
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1.3.6 Lemma. Suppose given an exact category A and I ∈ Ob(A ). The following statements

are equivalent.

(a) I is injective in A .

(b) For every pure monomorphism I •i //X in A , there exists X u //I in A such that

i · u = 1.

(c) For every pure short exact sequence X •i //Y �p //Z in A , the sequence of abelian

groups A (Z, I)
A (p,I)//

A (Y, I)
A (i,I)//

A (X, I) is short exact.
♦

Proof. This is dual to the previous lemma 1.3.5.

1.3.7 Remark. [Büh10, corollary 11.7]

Suppose given an exact category A and a set J .

Suppose given projective objects Pi in A for i ∈ J and a coproduct (C, (ci)i∈J) for (Pi)i∈J in

A . Then C is projective in A as well.

Suppose given injective objects Ii in A for i ∈ J and a product (P, (pi)i∈J) for (Ii)i∈J in A .

Then P is injective in A as well. ♦

1.3.8 Remark. [Büh10, corollary 11.6]

Suppose given an exact category A . Summands of projective objects in A are projective in

A as well. Summands of injective objects in A are injective in A as well. ♦

1.3.9 Definition. Suppose given an exact category A . We say that A has enough projectives

if for X ∈ Ob(A ), there exists a pure epimorphism P �p //X in A such that P is projective in

A . We say that A has enough injectives if for X ∈ Ob(A ), there exists a pure monomorphism

X •i //I in A such that I is injective in A . ♦

1.3.10 Lemma. Suppose given an exact category A . Suppose given a pure short exact

sequence X •i //Y �p //Z and the following commutative diagrams in A .

X

f
��

•i // Y �p //

g
��

Z

h
��

A
j // B

q // C

X •i //

f
��

Y

g′

��

�p // Z

h′

��
A

j // B
q // C

Then there exists a unique morphism Z
u //B in A such that g = g′ + p · u. Moreover, we

have h = h′ + u · q. ♦

Proof. We have i · (g − g′) = f · j − f · j = 0. Since p is a cokernel of i, there exists a unique

morphism Z
u //B in A such that g − g′ = p · u, i.e. g = g′ + p · u. Moreover, we have

p · h = g · q = g′ · q + p · u · q = p · (h′ + u · q). Since p is a pure epimorphism (In particular, p

is an epimorphism, cf. definition 1.3.2.), we conclude that h = h′ + u · q.
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1.3.11 Lemma. Suppose given an exact category A and a pure short exact sequence

X •
f //Y �g //Z in A .

(a) Suppose that X is injective in A . Then the sequence X
f //Y

g //Z is split short

exact. In particular, we may choose Z
t //Y

s //X in A such that t · g = 1Z and

f · s = 1X .

(b) Suppose that Z is projective in A . Then the sequence X
f //Y

g //Z is split short

exact. In particular, we may choose Z t //Y s //X in A such that t · g = 1Z and

f · s = 1X .
♦

Proof. Ad (a). This follows from lemmata 1.3.6 and 1.2.11.

Ad (b). This follows from lemmata 1.3.5 and 1.2.11.

1.3.12 Lemma. Suppose given an exact category A and a pure short exact sequence

X •i //Y �p //Z in A .

(a) If X and Y are injective in A , then Z is injective in A as well. If X and Z are injective

in A , then Y is injective in A as well.

(b) If Y and Z are projective in A , then X is projective in A as well. If X and Z are

projective in A , then Y is projective in A as well.
♦

Proof. Ad (a). This follows from lemma 1.3.11.(a) and remarks 1.3.7, 1.3.8.

Ad (b). This follows from lemma 1.3.11.(b) and remarks 1.3.7, 1.3.8.

1.3.13 Lemma. Suppose given an exact category A . Suppose given pure short exact se-

quences X •i //Y �p //C , Y •
j //Z �q //D and X •

i·j //Z �r //E in A . There exists a unique

morphism C
k //E in A such that j · r = p · k. There exists a unique morphism E

s //D in

A such that r · s = q. Moreover, C k //E
s //D is a pure short exact sequence in A .

C

•k

  

Y

•
j

��

>p
??

X

•i
>>

•
i·j

// Z �r //

�
q   

E
>
s~~

D ♦

Proof. We have i · j ·r = 0. Since p is a cokernel of i, there exists a unique morphism C
k //E

in A such that j · r = p · k.
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We have i · j · q = 0. Since r is a cokernel of i · j, there exists a unique morphism E s //D in

A such that r · s = q.

We have the following commutative diagram in A .

X •i //

1
��

Y

•j
��

�p // C

k
��

X •
i·j // Z �r // E

By [Büh10, (the dual of) proposition 2.12], the right rectangle (p, j, k, r) is a square. Thus k is

a pure monomorphism. Moreover, we have r ·s = q and k ·s = 0 since p·k ·s = j ·r ·s = j ·q = 0

and since p is a pure epimorphism. Thus s is a cokernel of k by lemma 1.2.7.(b).

1.3.14 Lemma. Suppose given an exact category A . Suppose given pure short exact se-

quences C •
j //Y �q //Z , D •i //X �p //Y and E •h //X �p·q //E in A . There exists a unique

morphism D k //E in A such that k ·h = i. There exists a unique morphism E s //C in A

such that s · j = h · p. Moreover, D k //E
s //C is a pure short exact sequence in A .

C

•
j

  
Y

�
q

��
E

>s

>>

•h // X

>p
>>

�
p·q

// Z

D

•
i

>>

•
k

``

♦

Proof. This is dual to the previous lemma 1.3.13.

1.3.15 Lemma. [Büh10, corollary 3.6, exercise 3.7]

Suppose given an exact category A and a commutative diagram

X ′ •i
′
//

•k
��

Y ′ �p′ //

•`
��

Z ′

X •i //

_c
��

Y �p //

_d
��

Z

X ′′ •i
′′
// Y ′′ �p′′ // Z ′′

in A such that (i′, p′), (i, p), (i′′, p′′), (k, c) and (`, d) are pure short exact sequences.

Then there exist unique morphisms Z ′ m //Z and Z
e //Z ′′ in A such that p′ ·m = ` · p and

p · e = d · p′′. Moreover, (m, e) is a pure short exact sequence. ♦
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1.3.16 Lemma. Suppose given an exact category A and a commutative diagram

X ′ •i
′
// Y ′ �p′ //

•`
��

Z ′

•m
��

X •i // Y �p //

_d
��

Z

_e
��

X ′′ •i
′′
// Y ′′ �p′′ // Z ′′

in A such that (i′, p′), (i, p), (i′′, p′′), (m, e) and (`, d) are pure short exact sequences.

Then there exist unique morphisms X ′ k //X and X
c //X ′′ in A such that k · i = i · ` and

c · i′′ = i · d. Moreover, (k, c) is a pure short exact sequence. ♦

Proof. This is dual to the previous lemma 1.3.15.

1.3.17 Lemma. [Büh10, corollary 3.6]

Suppose given an exact category A and a commutative diagram

X ′ •i
′
//

•k
��

Y ′ �p′ //

`
��

Z ′

•m
��

X •i //

_c
��

Y �p //

d
��

Z

_e
��

X ′′ •i
′′
// Y ′′ �p′′ // Z ′′

in A such that (i′, p′), (i, p), (i′′, p′′), (k, c) and (m, e) are pure short exact sequences and such

that ` · d = 0. Then (`, d) is a pure short exact sequence in A as well. ♦

1.3.18 Lemma. [Büh10, exercise 11.10]

Suppose given an exact category A with enough projectives. Suppose given a sequence

X i //Y
p //Z in A . Then (i, p) is a pure short exact sequence in A if and only if for

each projective object P in A , the sequence A (P,X)
A (P,i) //

A (P, Y )
A (P,p) //

A (P,Z) of

abelian groups is short exact. ♦

Proof. Suppose that (i, p) is a pure short exact sequence in A . By lemma 1.3.5, the se-

quence A (P,X)
A (P,i) //

A (P, Y )
A (P,p) //

A (P,Z) of abelian groups is short exact for each

projective object P in A .

Conversely, suppose that the sequence A (P,X)
A (P,i) //

A (P, Y )
A (P,p) //

A (P,Z) of abelian

groups is short exact for each projective object P in A .

We want to show that i is a monomorphism. Suppose given T t //X in A such that t · i = 0.

Choose a pure epimorphism P �q //T such that P is projective in A . We have q · t · i = 0.

Since A (P, i) is injective, we have q · t = 0. Thus t = 0 since q is a pure epimorphism. We

conclude that i is a monomorphism.
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We want to show that i is a kernel of p. Suppose given T
t //Y in A such that t · p = 0.

Choose a pure short exact sequence K •
j //P �q //T such that P is projective in A . We have

q · t · p = 0. Since A (P, i) is a kernel of A (P, p), we may choose P u //X in A such that

u · i = q · t. We have j · u = 0 since j · u · i = j · q · t = 0 and since i is a monomorphism. So

there exists a unique morphism T
v //X in A such that q · v = u. We have v · i = t since

q · v · i = u · i = q · t and since q is a pure epimorphism. Since we already know that i is

monomorphic, we conclude that i is a kernel of p.

It remains to show that p is a pure epimorphism. Choose a pure epimorphism P �q //Z such

that P is projective in A . Since A (P, p) is surjective, we may choose P r //Y in A such that

r · p = q. Note that we have alredy shown that p has a kernel. By the dual of the obscure

axiom [Büh10, proposition 2.16], we conclude that p is a pure epimorphism.

1.3.19 Lemma. [Büh10, corollary 3.2]

Suppose given an exact category A .

Suppose given pure short exact sequences X •i //Y �p //Z and X ′ •i
′
//Y ′ �p′ //Z ′ in A .

Suppose given the following commutative diagram in A .

X •i //

f
��

Y

g
��

�p // Z

h
��

X ′ •i
′
// Y ′ �p′ // Z ′

(a) If f and h are pure monomorphisms, then g is a pure monomorphism as well.

(b) If f and h are pure epimorphisms, then g is a pure epimorphism as well.

(c) If f and h are isomorphisms, then g is an isomorphism as well.

♦

Exact subcategories

1.3.20 Definition. Suppose given exact categories (A ,E ) and (B,F ) such that B is a full

subcategory of A . We say that (B,F ) is an exact subcategory of (A ,E ) if the inclusion

functor IncA
B : B → A is exact with respect to F and E . ♦

1.3.21 Lemma/Definition. Suppose given an exact category (A ,E ) and a full additive

subcategory B such that the following four conditions hold.

(RE1) Suppose given pure short exact sequences X •i //Y �p //C , Y •
j //Z �q //D and

X •
i·j //Z �r //E in (A ,E ) such that X, Y, Z, C,D ∈ Ob(B).
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Then we have E ∈ Ob(B) as well.

C

Y

•
j

��

>p
??

X

•i
>>

•
i·j

// Z �r //

�
q   

E

D

(RE2) Suppose given pure short exact sequences D •i //X �p //Y , C •
j //Y �q //Z and

E •h //X �p·q //Z in (A ,E ) such that X, Y, Z, C,D ∈ Ob(B).

Then we have E ∈ Ob(B) as well.

C

•
j

  
Y

�
q

��
E •h // X

>p
>>

�
p·q

// Z

D

•
i

>>

(RE3) Suppose given a pure short exact sequence X •i //Y �p //Z in (A ,E ) and the following

pushout in A .

X •i //

f
��

Y

g
��

U •m // V

Suppose that X, Y, Z, U ∈ Ob(B). Then we have V ∈ Ob(B) as well.

(RE4) Suppose given a pure short exact sequence X •i //Y �p //Z in (A ,E ) and the following

pullback in A .

V �e //

g
��

W

f
��

Y �p // Z

Suppose that X, Y, Z,W ∈ Ob(B). Then we have V ∈ Ob(B) as well.

We define the restricted exact structure of (A ,E ) on B to be the full subcategory
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E |B ⊆ KCP(B) defined by

Ob(E |B) = {U |B : U ∈ Ob(E ) such that Uk ∈ Ob(B) for all k ∈ Z[0,2]}.

The pair (B,E |B) is in fact an exact subcategory of (A ,E ).

A sequence X i //Y
p //Z in B is pure short exact in (B,E |B) if and only if the sequence

X i //Y
p //Z is pure short exact in (A ,E ). ♦

Proof. We abbreviate F = E |B .

Note that F is a strictly full subcategory of KCP(B) since U, V ∈ KCP(B) are isomorphic

if and only if U · IncA
B , V · IncA

B are isomorphic in KCP(A ).

Ad (E1). Suppose given X ∈ Ob(B). We have 1X ∈ Fk since X
1X //X

0 //0B is pure short

exact in (A ,E ).

Ad (E2). This is dual to (E1).

Ad (E3). This follows from (RE1).

Ad (E4). This follows from (RE2).

Ad (E5). This follows from (RE3).

Ad (E6). This follows from (RE4).

Note that the inclusion functor IncB
A is exact by construction.

1.3.22 Remark. Suppose given exact categories (A ,E ), (B,F ) and an exact functor

F : A → B. Suppose given given full additive subcategories C ⊆ A and D ⊆ B that

satisfy the conditions (RE1), (RE2), (RE3) and (RE4) of definition 1.3.21. Suppose that we

have XF ∈ Ob(D) for X ∈ Ob(C ). Then the functor F |DC is exact with respect to E |C and

F |D . ♦

1.3.23 Definition. Suppose given an exact category A and a full subcategory B. We say

that B is extension-closed in A if ZA ⊆ B and if for every pure short exact sequence

X •i //Y �p //Z in A with X,Z ∈ Ob(B), we have Y ∈ Ob(B) as well. ♦

1.3.24 Remark. Suppose given an exact category A and extension-closed full subcategories

B ⊆ A and C ⊆ A . Then B ∩ C is an extension-closed full subcategory of A as well. ♦

1.3.25 Lemma. Suppose given an exact category A and an extension-closed full subcategory

B ⊆ A . Then B is a strictly full additive subcategory of A and satisfies the conditions (RE1),

(RE2), (RE3) and (RE4) of definition 1.3.21. Consequently, (B,E |B) is an exact subcategory

of (A ,E ). ♦

Proof. By definition, B contains the zero objects of A . Since split short exact sequences are

pure short exact by [Büh10, lemma 2.7], B is also closed under directs sums. Consequently,

B is a strictly full additive subcategory of A .

Ad (RE1). This follows from lemma 1.3.13.
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Ad (RE2). This is dual to (RE1).

Ad (RE3). This follows from lemma 1.2.7.(b).

Ad (RE4). This is dual to (RE3).

Frobenius categories

1.3.26 Definition. An exact category F is called a Frobenius category if for each object

X ∈ Ob(F ), there exists a pure epimorphism B � //X and a pure monomorphism X • //C

such that B and C are bijective in F . ♦

1.3.27 Lemma/Definition. Suppose given a Frobenius category F . Let JF denote the set

of morphisms X
f //Y in F for which there exists X u //B v //Y in F such thatf = u · v

and such that B is bijective in F . The set JF is an ideal in F , cf. definition 1.2.12. We usually

denote the corresponding factor category by F = F/JF and the corresponding residue class

functor by PF = RF ,JF
: F → F , cf. definition 1.2.13. The category F is called the stable

category of F and PF is called the stabilisation functor of F . For f ∈ Mor(F ), we usually

abbreviate f = fPF . ♦

Proof. We abbreviate J = JF . Suppose given W a //X
f //Y b //Z in F with f ∈ J. We

want to show that a · f · b ∈ J. We may choose X u //B v //Y in F such that f = u · v and

such that B is bijective in F . We have a · f · b = a · u · v · b and thus a · f · b ∈ J.

Suppose given X, Y ∈ Ob(A ). We want to show that F (X, Y ) ∩ J is a subgroup of F (X, Y ).

We have 0X,Y ∈ J since 0X,Y = 0X,0F
· 00F ,Y and since 0F is bijective in F .

Suppose given f, g ∈ F (X, Y ) ∩ J. We may choose X u //B
v //Y in F such that f = u · v

and such that B is bijective in F . We may choose X r //C
s //Y in F such that g = r · s

and such that C is bijective in F . Note that B ⊕ C is bijective in F as well. We have

f − g = u · v − r · s = ( u −r ) · ( vs ) and thus f − g ∈ J.

X
f−g //

(u −r ) ##

Y

B ⊕ C
( vs )

;;

1.3.28 Lemma. Suppose given a Frobenius category F and X
f //Y in F . Suppose given

a pure monomorphism X •i //C and a pure epimorphism B �p //Y in F such that B and C

are bijective in F . The following four statements are equivalent.

(a) We have f = 0 in F .

(b) There exists C
g //Y in F such that f = i · g.

(c) There exists C h //B in F such that f = i · h · p.
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(d) There exists X e //B in F such that f = e · p. ♦

Proof. Ad (a)→(b). We may choose X u //D
v //Y in F such that f = u · v and such that

D is bijective in F . Since D is injective in F , we may choose C
a //D in F such that

i · a = u. Let g = a · v. We have i · g = i · a · v = u · v = f .

Ad (b)→(c). This follows from the fact that C is projective in F .

The remaining implications are trivial.

1.3.29 Remark. Suppose given a Frobenius category F . An object X ∈ Ob(F ) is projective

in F if and only if it is injective in F . ♦

Proof. Suppose given a projective object X ∈ Ob(F ). Choose a pure epimorphism B �p //X

in F such that B is bijective in F . By lemma 1.3.11.(b), X is a summand of B and thus X

is injective in F . Dually, injective objects in F are also projective in F .

The stable category of a Frobenius category is triangulated, cf. [Hap88, chapter I, section 2].

We have the following lemma.

1.3.30 Lemma. [Hap88, lemma I.2.8] [Kel96, example 8.1]

Suppose given Frobenius categories F and G . Suppose given an exact functor F : F → G

such that XF is bijective in G for all bijectives X ∈ Ob(F ). Then there exists a unique

functor F : F → G such that PF · F = F ·PG . Moreover, this functor F is exact.

F F //

PF

��

G

PG

��
F

F // G ♦

1.4 Functor categories

Suppose given a category C .

1.4.1 Definition. Suppose given a category A . We denote the category of functors from

C to A by C (A ). Its objects are the functors from C to A and its morphisms are the

transformations between such functors. For X ∈ Ob(C (A )), the transformation 1X is the

identity morphism in C (A ). For X
f //Y

g //Z in C (A ), the vertical composite f · g of the

transformations is the composite in C (A ).

If A is an additive category, then C (A ) is an additive category as well. In this case, for

X
f //
h
//Y in C (A ), the sum f+h in C (A ) is given by A(f+h) = Af+Ah for A ∈ Ob(C ). ♦

1.4.2 Remark. Limits and colimits in functor categories are formed pointwise, provided that

the pointwise (co)limits exist, cf. [Bor94, proposition 2.15.1]. We will use this fact without

comment. ♦
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1.4.3 Lemma/Definition. Suppose given categories A and B and a functor F : A → B.

We define the functor C (F ) : C (A ) → C (B) by setting XC (F ) = XF for X ∈ Ob(C (A ))

and fC (F ) = f ? 1F for f ∈ Mor(C (A )). This in fact defines a functor.

If A , B are additive categories and F is an additive functor, then C (F ) is additive as well. ♦

Proof. Suppose given X
f //Y

g //Z in C (A ). We have 1XC (F ) = 1X ?1F = 1XF = 1XC (F )

and (f · g)C (F ) = (f · g) ? 1F = (f · g) ? (1F · 1F ) = (f ? 1F ) · (g ? 1F ) = fC (F ) · gC (F ).

Suppose that A , B are additive categories and that F is an additive functor.

Suppose given X
f //
h
//Y in C (A ). Then we have (f + h)C (F ) = fC (F ) + hC (F ) since we

have

A((f + h)C (F )) = A((f + h) ? 1F ) = A(f + h)F = (Af + Ah)F = AfF + AhF

= A(f ? 1F ) + A(h ? 1F ) = A(fC (F ) + hC (F ))

for A ∈ Ob(C ).

1.4.4 Lemma. Suppose given additive categories A , B and an additive functor F : A → C .

Suppose given a category C and X ∈ Ob(C (A )).

(a) Suppose given A
a //B in C such that aX = 0. Then we have a(XC (F )) = 0 as well.

(b) Suppose given A ∈ Ob(C ) such that AX ∈ Ob(ZA ).

Then we have A(XC (F )) ∈ Ob(ZB).
♦

Proof. Ad (a). We have a(XC (F )) = aXF = 0F = 0 since F is additive.

Ad (b). We have A(XC (F )) = AXF ∈ Ob(ZB) since F is additive.

1.4.5 Lemma/Definition. Suppose given categories A , B, functors F,G : A → B and a

transformation λ : F → G. We define the transformation C (λ) : C (F ) → C (G) by setting

XC (λ) = 1X ? λ for X ∈ Ob(C (A )).

This in fact defines a transformation. ♦

Proof. Suppose given X
f //Y in C (A ). We have

XC (λ) · fC (G) = (1X ? λ) · (f ? 1G) = (1X · f) ? (λ · 1G) = f ? λ = (f · 1Y ) ? (1F · λ)

= (f ? 1F ) · (1Y ? λ) = fC (F ) · Y C (λ).

1.4.6 Lemma.

(a) Suppose given a category A . We have C (1A ) = 1C (A ) .

(b) Suppose given categories and functors as follows: A F //B G //D .

We have C (F ·G) = C (F ) · C (G).
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(c) Suppose given categories and functors as follows: A F //B . We have C (1F ) = 1C (F ) .

(d) Suppose given categories, functors and transformations as follows: A

F

%%
G //

H

::B
λ ��

µ ��
. We

have C (λ · µ) = C (λ) · C (µ).

(e) Suppose given categories, functors and transformations as follows: A
F ))

G

55B
H
((

I

66Dλ �� µ �� .

We have C (λ ? µ) = C (λ) ? C (µ).

(f) Suppose given a category A , an additive category B and functors F,G : A → B.

Suppose given transformations λ, µ : F → G. We have C (λ+ µ) = C (λ) + C (µ).
♦

Proof. Ad (a). Suppose given f ∈ Mor(C (A )). We have fC (1A ) = f ? 1A = f = f1C (A ) .

Ad (b). Suppose given f ∈ Mor(C (A )). We have

f(C (F ) · C (G)) = fC (F )C (G) = (f ? 1F )C (G) = (f ? 1F ) ? 1G = f ? (1F ? 1G) = f ? 1FG

= fC (F ·G).

Ad (c). Suppose given X ∈ Ob(C (A )). We have XC (1F ) = 1X ? 1F = 1XF = 1XC (F ) .

Ad (d). Suppose given X ∈ Ob(C (A )). We have

X(C (λ) · C (µ)) = XC (λ) ·XC (µ) = (1X ? λ) · (1X ? µ) = (1X · 1X) ? (λ · µ) = 1X ? (λ · µ)

= XC (λ · µ).

Ad (e). Suppose given X ∈ Ob(C (A )). We have

X(C (λ) ? C (µ)) = XC (λ)C (H) ·XC (G)C (µ) = ((1X ? λ)C (H)) · ((XC (G) ? µ))

= ((1X ? λ) ? H) · (XG ? µ) = (1X ? λ) ? µ = 1X ? (λ ? µ) = XC (λ ? µ).

Ad (f). Suppose given X ∈ Ob(C (A )). We have X(C (λ+ µ)) = X(C (λ) + C (µ)) since

A(X(C (λ+ µ))) = A(1X ? (λ+ µ)) = AX(λ+ µ) = AXλ+ AXµ = A(1X ? λ) + A(1X ? µ)

= A(1X ? λ+ 1X ? µ) = A(XC (λ) +XC (µ)) = A(X(C (λ) + C (µ)))

for A ∈ Ob(C ).

Functor categories of exact categories

Suppose given a category C and an exact category A = (A ,E ).
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1.4.7 Definition. We consider the functor category C (A ) as an exact category equipped

with the pointwise exact structure, cf. [Büh10, example 13.11]. A sequence X
i //Y

p //Z

in C (A ) is pure short exact in C (A ) if and only if the sequence AX Ai //AY
Ap //AZ is pure

short exact in A for A ∈ Ob(C ). ♦

1.4.8 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in C (A ). Suppose

given A
a //B in C .

(a) Suppose that aX and aZ are pure monomorphisms. Then aY is a pure monomorphism

as well.

(b) Suppose that aX and aZ are pure epimorphisms. Then aY is a pure epimorphism as

well.

(c) Suppose that aX and aZ are isomorphisms. Then aY is an isomorphism as well.

(d) Suppose that AX,AZ ∈ Ob(ZA ). Then we have AY ∈ Ob(ZA ) as well.
♦

Proof. Ad (a,b,c). This follows from lemma 1.3.19.

Ad (d).

We have the pure short exact sequence AX •Ai //AY �Ap //AZ in A with AX,AZ ∈ Ob(ZA ).

Thus we have AY ∈ Ob(ZA ) as well.

1.4.9 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in C (A ). Suppose

given A
a //B

b //C in C .

(a) Suppose that (aX, bX) and (aY, bY ) are pure short exact sequences in A . Then (aZ, bZ)

is a pure short exact sequence in A as well.

(b) Suppose that (aZ, bZ) and (aY, bY ) are pure short exact sequences in A . Then (aX, bX)

is a pure short exact sequence in A as well.
♦

Proof. Ad (a). This follows from lemma 1.3.15.

Ad (b). This is dual to (a).

1.4.10 Remark. Suppose given Z ∈ Ob(ZC (A )). Then we have AZ ∈ Ob(ZA ) for

A ∈ Ob(C ). Consequently, the following statements are also true.

(a) For A a //B in C , the morphism aZ is an isomorphism. In particular, it is both a pure

monomorphism and a pure epimorphism.

(b) For A a //B
b //C in C , the pair (aZ, bZ) is a pure short exact sequence in A .

♦

1.4.11 Lemma. Suppose given X, Y ∈ Ob(C (A )) and a direct sum X
i //D
s
oo

p
//Y

too of X

and Y in C (A ).
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(a) Suppose given A a //B in C such that aX and aY are pure monomorphisms. Then aD

is a pure monomorphism as well.

(b) Suppose given A a //B in C such that aX and aY are pure epimorphisms. Then aD

is a pure epimorphism as well.

(c) Suppose given A
a //B in C such that aX and aY are isomorphisms. Then aD is an

isomorphism as well.

(d) Suppose given A ∈ Ob(C ) such that AX,AY ∈ Ob(ZA ). Then we have aD ∈ Ob(ZA )

as well.

(e) Suppose given A a //B b //C in C such that (aX, bX) and (aY, bY ) are pure short

exact sequences in A . Then (aD, bD) is a pure short exact sequence in A as well.
♦

Proof. Ad (a,b,c,d). This follows from lemma 1.4.8.

Ad (e). This follows from [Büh10, proposition 2.9].

1.4.12 Lemma. Suppose given pure short exact sequences X •i //Y �p //C , Y •
j //Z �q //D

and X •
i·j //Z �r //E in C (A ).

(a) Suppose given A
a //B in C such that aC, aD are pure monomorphisms. Then aE is

a pure monomorphism as well.

(b) Suppose given A a //B in C such that aC, aD are pure epimorphisms. Then aE is a

pure epimorphism as well.

(c) Suppose given A
a //B in C such that aC, aD are isomorphisms. Then aE is an iso-

morphism as well.

(d) Suppose given A
a //B

b //C in C such that (aX, bX) and (aZ, bZ) are pure short

exact sequences in A . Then (aE, bE) is a pure short exact sequence in A as well.

C

Y

•
j

��

>p
??

X

•i
>>

•
i·j

// Z �r //

�
q   

E

D ♦
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Proof. Ad (a). This follows from lemmata 1.3.13 and 1.4.8.(a).

Ad (b). This follows from lemmata 1.3.13 and 1.4.8.(b).

Ad (c). This follows from lemmata 1.3.13 and 1.4.8.(c).

Ad (d). This follows from lemma 1.4.9.(a).

1.4.13 Lemma. Suppose given pure short exact sequences D •i //X �p //Y , C •
j //Y �q //Z

and E •h //X �p·q //Z in C (A ).

(a) Suppose given A a //B in C such that aC, aD are pure monomorphisms. Then aE is

a pure monomorphism as well.

(b) Suppose given A
a //B in C such that aC, aD are pure epimorphisms. Then aE is a

pure epimorphism as well.

(c) Suppose given A a //B in C such that aC, aD are isomorphisms. Then aE is an iso-

morphism as well.

(d) Suppose given A
a //B

b //C in C such that (aX, bX) and (aZ, bZ) are pure short

exact sequences in A . Then (aE, bE) is a pure short exact sequence in A as well.

C

•
j

  
Y

�
q

��
E •h // X

>p
>>

�
p·q

// Z

D

•
i

>>

♦

Proof. This is dual to the previous lemma 1.4.13.

1.4.14 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in C (A ) and

the following pushout in C (A ).

X •i //

f
��

Y

g
��

U •m // V

(a) Suppose given A a //B in C such that aU, aZ are pure monomorphisms. Then aV is a

pure monomorphism as well.

(b) Suppose given A
a //B in C such that aU, aZ are pure epimorphisms. Then aV is a

pure epimorphism as well.
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(c) Suppose given A a //B in C such that aU, aZ are isomorphisms. Then aV is an iso-

morphism as well.

(d) Suppose given A a //B b //C in C such that (aX, bX), (aY, bY ) and (aU, bU) are pure

short exact sequences in A . Then (aV, bV ) is a pure short exact sequence in A as well.
♦

Proof. We may choose a cokernel V e //Z of m in C (A ), cf. lemma 1.2.7.(b).

Ad (a). This follows from lemma 1.4.8.(a).

Ad (b). This follows from lemma 1.4.8.(b).

Ad (c). This follows from lemma 1.4.8.(c).

Ad (d). The sequence X •
(−i f )//Y ⊕ U �( gm )

//V is pure short exact in C (A ), cf. [Büh10, propo-

sition 2.12]. So the result follows from lemmata 1.4.11.(e) and 1.4.9.(a).

1.4.15 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in C (A ) and

the following pullback in C (A ).

V �e //

g
��

W

f
��

Y �p // Z

(a) Suppose given A a //B in C such that aX, aW are pure monomorphisms. Then aV is

a pure monomorphism as well.

(b) Suppose given A
a //B in C such that aX, aW are pure epimorphisms. Then aV is a

pure epimorphism as well.

(c) Suppose given A
a //B in C such that aX, aW are isomorphisms. Then aV is an

isomorphism as well.

(d) Suppose given A a //B b //C in C such that (aW, bW ), (aY, bY ) and (aZ, bZ) are pure

short exact sequences in A . Then (aV, bV ) is a pure short exact sequence in A as well.

♦

Proof. This is dual to the previous lemma 1.4.14.

1.4.16 Lemma. Suppose given an exact functor F : A → A .

(a) The functor C (F ) is exact as well, cf. definition 1.4.3.

(b) Suppose given X ∈ Ob(C (A )) and A
a //B

b //C in C such that (aX, bX) is a pure

short exact sequence in A . Then (a(XC (F )), b(XC (F ))) is a pure short exact sequence

in A as well.
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(c) Suppose given X ∈ Ob(C (A )) and A a //B in C such that aX is a pure monomor-

phism. Then a(XC (F )) is a pure monomorphism as well.

(d) Suppose given X ∈ Ob(C (A )) and A
a //B in C such that aX is a pure epimorphism.

Then a(XC (F )) is a pure epimorphism as well. ♦

Proof. Ad (a). The functor C (F ) is additive, cf. definition 1.4.3.

Suppose given a pure short exact sequence X •i //Y �p //Z in C (A ). For A ∈ Ob(C ), the

sequence
(
A(iC (F )), A(pC (F ))

)
=
(
A(i ? 1F ), A(p ? 1F )

)
= (AiF,ApF ) is pure short exact

in A since F is exact. Thus (iC (F ), pC (F )) is pure short exact in C (A ). We conclude that

C (F ) is exact.

Ad (b). The sequence (a(XC (F )), b(XC (F ))) = (aXF, bXF ) is pure short exact in A since

F is exact.

Ad (c). The morphism a(XC (F )) = aXF is a pure monomorphism since F is exact.

Ad (d). The morphism a(XC (F )) = aXF is a pure epimorphism since F is exact.

1.5 Triangulated categories

1.5.1 Definition. Suppose given an additive category A and a functor Σ: A → A . Let

CTΣ(A ) denote the subcategory of Z[0,3](A ) defined by

Ob(CTΣ(A )) = {T ∈ Ob(Z[0,3](A )) : T3 = T0Σ}

and

Mor(CTΣ(A )) = {f ∈ Mor(Z[0,3](A )) : f3 = f0Σ}.

The objects of CTΣ(A ) are called candidate triangles and CTΣ(A ) is called the category of

candiate triangles in A with respect to Σ. Objects T ∈ Ob(CTΣ(A )) are usually denoted by

T = (f, g, h) or T =
(
X

f //Y
g //Z h //XΣ

)
, where X = T0 , Y = T1 , Z = T2 , f = T0 1 ,

g = T1 2 and h = T2 3 . ♦

1.5.2 Remark. We will also use candidate triangles to introduce pseudo-triangles in some

exact categories, cf. definitions 1.9.16, 2.2.8, 3.3.24 and 3.4.17. Sometimes they give rise to

triangles in a triangulated category, cf. definition 2.2.14. ♦

1.5.3 Definition. Suppose given an additive category A , an equivalence Σ: A → A and

a strictly full subcategory T ⊆ CTΣ(A ) such that the following four conditions hold. Cf.

definition 1.5.1.

(TR1) For X ∈ Ob(A ), we have
(
X 1 //X //0A

//XΣ
)
∈ Ob(T).

For X
f //Y in A , there exists

(
X

f //Y
g //Z h //XΣ

)
∈ Ob(T).
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(TR2) Suppose given
(
X

f //Y
g //Z h //XΣ

)
∈ Ob(CTΣ(A )).

We have
(
X

f //Y
g //Z

h //XΣ
)
∈ Ob(T) if and only if(

Y
g //Z

h //XΣ
−fΣ //Y Σ

)
∈ Ob(T).

(TR3) Suppose given
(
X u //Y v //Z w //XΣ

)
,
(
X ′ u′ //Y ′ v′ //Z ′ w′ //XΣ

)
∈ Ob(T).

Suppose given X
f //X ′ and Y

g //Y ′ in A such that u · g = f · u′.
Then there exists Z h //Z ′ in A such that v · h = g · v′ and w · fΣ = h · w′.

X

f
��

u // Y

g
��

v // Z

h
��

w // XΣ

fΣ
��

X ′ u′ // Y ′ v′ // Z ′ w′ // XΣ

(TR4) Suppose given
(
X i //Y

p //C u //XΣ
)
,
(
Y

j //Z
q //D v //Y Σ

)
,(

X
i·j //Z

r //E
w //XΣ

)
∈ Ob(T). Then there exists(

C
k //E

s //D
x //CΣ

)
∈ Ob(T) such that p · k = j · r, r · s = q, k · w = u,

s · v = w · iΣ and such that v · pΣ = x.

XΣ

1

!!

C

u

<<

k

""

Y
j

!!

p
==

X

i

>>

i·j
// Z r //

q
""

E

s
||

w // XΣ

iΣ

��

D
x

||

v

""
CΣ Y Σ

pΣoo

We call the tuple (A ,Σ,T) a triangulated category. The objects of T are called triangles in

(A ,Σ,T). If Σ is an isomorphism of categories, we say that (A ,Σ,T) is a strict triangulated

category. We abbreviate A = (A ,Σ,T) if unambiguous.

Suppose that A = (A ,Σ,T) is a strict triangulated category. For X ∈ Ob(A ) and k ∈ Z,

we usually write X [k] = XΣk . For f ∈ Mor(A ) and k ∈ Z, we usually write f [k] = fΣk .

We remark that (TR3) follows from the other axioms by [May01, lemma 2.2].

For a full subcategory S ⊆ A and k ∈ Z, we define the full subcategory S [k] of A by setting

Ob(S [k]) = {X [k] ∈ Ob(A ) : X ∈ Ob(S )}.

For S ∈ Ob(A ) and k ∈ Z, we define the full subcategories S⊥<k , S⊥>k , ⊥<kS and ⊥>kS of
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A by setting

Ob(S⊥<k) = {X ∈ Ob(A ) : A (S,X [`]) = 0 for ` ∈ Z<k},

Ob(S⊥>k) = {X ∈ Ob(A ) : A (S,X [`]) = 0 for ` ∈ Z>k},

Ob(⊥<kS) = {X ∈ Ob(A ) : A (X,S[`]) = 0 for ` ∈ Z<k}

and

Ob(⊥>kS) = {X ∈ Ob(A ) : A (X,S[`]) = 0 for ` ∈ Z>k}.
♦

1.5.4 Definition. Suppose given triangulated categories (C ,Σ,T), (D ,Σ′,S) and an additive

functor F : C → D . We say that F is exact if there exists an isotransformation ΣF λ //FΣ′

such that for
(
X

f //Y
g //Z

h //XΣ
)
∈ Ob(T), we have(

XF
fF //Y F

gF //ZF hF ·Xλ //XFΣ′
)
∈ Ob(S). ♦

1.5.5 Definition. Suppose given a triangulated category (C ,Σ,T), an abelian category A

and an additive functor F : C → A . We say that F is homological if for(
X

f //Y
g //Z

h //XΣ
)
∈ Ob(T), the sequence XF

fF //Y F
gF //ZF is exact in A . ♦

1.5.6 Definition. Suppose given a strict triangulated category C and m ∈ Z. Suppose given

full subcategories Sk ⊆ C for k ∈ [0,m]. We recursively define the full subcategory ∗
k∈[0,m]

Sk

of C as follows. If m < 0, let ∗
k∈[0,m]

Sk = ZC . If m ≥ 0, let

Ob

( ∗
k∈[0,m]

Sk

)
= {Y ∈ Ob(C ) : There exists a triangle X //Y //Z //X [1] in C

such that X ∈ Ob

( ∗
k∈[0,m−1]

Sk

)
and Z ∈ Ob(Sm)}.

We call ∗
k∈[0,m]

Sk a category of extensions in C .

In case m = 1, we also write S0 ∗S1 = ∗
k∈[0,1]

Sk .

In case m = 2, we also write S0 ∗S1 ∗S2 = ∗
k∈[0,2]

Sk . ♦

1.5.7 Definition. Suppose given a strict triangulated category C and a, b ∈ Z. Suppose

given full subcategories Sk ⊆ C for k ∈ [a, b]. We write ∗
k∈[a,b]

Sk = ∗
k∈[0,b−a]

Sa+k . ♦

1.5.8 Definition. Suppose given a strict triangulated category C and a full additive subcat-

egory D ⊆ C . We say that D is a full triangulated subcategory of C if D ∗ D = D and if

X [1], X [−1] ∈ Ob(D) for X ∈ Ob(D). ♦
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1.5.9 Lemma. Suppose given a strict triangulated category C , m ∈ Z and full subcat-

egories Sk ⊆ C for k ∈ [0,m]. Suppose given Y ∈ Ob

( ∗
k∈[0,m]

Sk

)
. Then we have

Y [1] ∈ Ob

( ∗
k∈[0,m]

S [1]
k

)
. ♦

Proof. We proceed by induction on m. If m<0, then we have Y [1] ∈ Ob(ZC ) since Y ∈ Ob(ZC ).

If m≥0, we may choose a triangle X //Y //Z //X [1] in C such that

X ∈ Ob

( ∗
k∈[0,m−1]

Sk

)
and Z ∈ Ob(Sm) . Rotation yields a triangle

X [1] //Y [1] //Z [1] //X [2] in C . We have Z [1] ∈ Ob(S [1]
m ) and X [1] ∈ Ob

( ∗
k∈[0,m−1]

S [1]
k

)
by induction. We conclude that Y [1] ∈ Ob

( ∗
k∈[0,m]

S [1]
k

)
.

1.5.10 Lemma. Suppose given a strict triangulated category C . Suppose given m,n ∈ Z ,

full subcategories Sk ⊆ C for k ∈ [0,m] and full subcategories R` ⊆ C for ` ∈ [0, n] such that

C (Sk , R`) = 0 for k ∈ [0,m] and ` ∈ [0, n]. Then we have
C

( ∗
k∈[0,m]

Sk , ∗
`∈[0,n]

R`

)
= 0. ♦

Proof. Suppose given ` ∈ [0, n].

Using induction on m, we want to show that
C

( ∗
k∈[0,m]

Sk , R`

)
= 0. If m < 0, this follows

from ∗
k∈[0,m]

Sk = ZC . Suppose that m ≥ 0 and suppose given Y ∈ Ob

( ∗
k∈[0,m]

Sk

)
. We

may choose a triangle X //Y //Z //X [1] in C such that X ∈ Ob

( ∗
k∈[0,m−1]

Sk

)
and

Z ∈ Ob(Sm) . We have C (Sm , R`) = 0 and
C

( ∗
k∈[0,m−1]

Sk , R`

)
= 0 by induction. Thus

C (Y,R`) = 0. We conclude that
C

( ∗
k∈[0,m]

Sk , R`

)
= 0.

Using induction on n, we want to show that
C

( ∗
k∈[0,m]

Sk , ∗
`∈[0,n]

R`

)
= 0. If n < 0 , this

follows from ∗
`∈[0,n]

R` = ZC . Suppose that n ≥ 0 and suppose given Y ∈ Ob

( ∗
`∈[0,n]

R`

)
.

We may choose a triangle X //Y //Z //X [1] in C such that X ∈ Ob

( ∗
`∈[0,n−1]

R`

)
and Z ∈ Ob(Rn) . We have C

( ∗
k∈[0,m]

Sk , Rn

)
= 0 and

C

( ∗
k∈[0,m]

Sk , ∗
`∈[0,n−1]

R`

)
= 0 by

induction. Thus C

( ∗
k∈[0,m]

Sk , Y

)
= 0. We conclude that

C

( ∗
k∈[0,m]

Sk , ∗
`∈[0,n]

R`

)
= 0.

1.5.11 Definition. For a strict triangulated category C and a full triangulated subcategory

S ⊆ C , we denote the Verdier quotient of C by S by C //S and the associated quotient

functor (or localisation functor) by LC ,S : C → C //S , cf. [Kra10, section 4.6]. We have the

following universal property. ♦

1.5.12 Lemma (universal property). [Kra10, proposition 4.6.2.(4)]

Suppose given a strict triangulated category C and a full triangulated subcategory S ⊆ C .
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Suppose given a triangulated category D and an exact functor F : C → D such that

XF ∈ Ob(ZD) for X ∈ Ob(S ). Then there exists a unique exact functor F̂ : C //S → D such

that LC ,S · F̂ = F .

C F //

LC ,S

��

D

C //S
F̂

77

♦

1.6 Adjoint functors

1.6.1 Definition. Suppose given categories A , B and functors F : A → B, G : B → A .

Suppose given transformations η : 1A → FG and ε : GF → 1B . We say that the tuple

(F,G, η, ε) is an adjunction if we have (η ? 1F ) · (1F ? ε) = 1F and (1G ? η) · (ε ? 1G) = 1G .

In this case, we say that η is the unit and that ε is the counit of the adjunction. ♦

1.6.2 Definition. Suppose given categories A , B and functors F : A → B, G : B → A .

We say that F is left-adjoint to G if there exists an adjunction (F,G, η, ε). In this case, we

also say that G is right-adjoint to F and write F a G or G ` F .

We say that F and G are mutually quasi-inverse equivalences if there exists an adjunction

(F,G, η, ε) such that η and ε are isotransformations. In this case, we also say that F and G

are equivalences.

We say that F and G are mutually inverse isomorphisms of categories if there exists an

adjunction (F,G, η, ε) such that η = 11A
and ε = 11B

, i.e. such that FG = 1A and such that

GF = 1B . In this case, we also say that F and G are isomorphisms of categories. ♦

1.6.3 Remark. Suppose given categories A , B and functors F : A → B, G : B → A .

F is left-adjoint to G if and only if there exist bijective maps ΦX,Y : B(XF, Y ) → A (X, Y G)

for X ∈ Ob(A ) and Y ∈ Ob(B) such that (gF · f · h)ΦX′,Y ′ = g · fΦX,Y · hG for X ′
g //X

in A and XF
f //Y , Y h //Y ′ in B. The maps ΦX,Y are called natural bijections.

Cf. [Mac71, section IV.1]. ♦

1.6.4 Remark. Suppose given categories A , B and a functor F : A → B. F is an equiva-

lence if and only if it is full, faithful and dense, cf. [Mac71, theorem IV.4.1]. A quasi-inverse of

such a full, faithful and dense functor can be constructed using the following lemma 1.6.5. ♦

1.6.5 Lemma. [Mac71, (proof of) theorem IV.4.1]

Suppose given categories C , D and a full and faithful functor F : C → D . For X ∈ Ob(D),

suppose given an object XG ∈ Ob(C ) and an isomorphism X
Xς //XGF in D . For X

f //Y

in D , there exists a unique morphism XG
fG //Y G in C such that f = Xς · fGF · (Y ς)−1.

This yields a functor G : D → C and an isotransformation ς : 1D → GF . Moreover, F and G

are mutually quasi-inverse equivalences. ♦
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1.6.6 Lemma. [Bor94, proposition 3.4.1]

Suppose given an adjunction (F,G, η, ε).

(a) The functor F is full and faithful if and only if η is an isotransformation.

(b) The functor G is full and faithful if and only if ε is an isotransformation.
♦

1.6.7 Lemma (composition of adjunctions). Suppose given categories and functors as follows:

A
F //B
G
oo

H //C
I
oo . If F is left-adjoint to G and H is left-adjoint to I, then F · H is left-

adjoint to I ·G. More precisely, suppose given adjunctions (F,G, η, ε) and (H, I, λ, µ). Then

(F ·H, I ·G, η · (1F ? λ ? 1G), (1I ? ε ? 1H) · µ) is an adjunction as well. ♦

Proof. We have (η ? 1F ) · (1F ? ε) = 1F , (1G ? η) · (ε ? 1G) = 1G , (λ ? 1H) · (1H ? µ) = 1H and

(1I ?λ) · (µ? 1I) = 1I . Note that we have λ? ε = (1B ? ε) · (λ? 1B) = (ε ? 1B) · (1B ?λ) = ε ?λ.

We obtain

((η · (1F ? λ ? 1G)) ? 1FH) · (1FH ? ((1I ? ε ? 1H) · µ))

= ((η · (1F ? λ ? 1G)) ? (1FH · 1FH)) · ((1FH · 1FH) ? ((1I ? ε ? 1H) · µ))

= (η ? 1FH) · (1F ? λ ? 1GFH) · (1FHI ? ε ? 1H) · (1FH ? µ)

= (η ? 1FH) · (1F ? (λ ? 1GF ) ? 1H) · (1F ? (1HI ? ε) ? 1H) · (1FH ? µ)

= (η ? 1FH) · (1F ? ((λ ? 1GF ) · (1HI ? ε)) ? 1H) · (1FH ? µ)

= (η ? 1FH) · (1F ? λ ? ε ? 1H) · (1FH ? µ)

= (η ? 1F ? 1B ? 1H) · (1F ? ε ? λ ? 1H) · (1FH ? µ)

= (1F ? λ ? 1H) · (1F ? 1H ? µ)

= 1F ? 1H

= 1FH

and

(1IG ? (η · (1F ? λ ? 1G))) · (((1I ? ε ? 1H) · µ)) ? 1IG)

= (1IG ? η) · (1IGF ? λ ? 1G) · (1I ? ε ? 1HIG) · (µ ? 1IG)

= (1IG ? η) · (1I ? ((1GF ? λ) · (ε ? 1HI)) ? 1G) · (µ ? 1IG)

= (1IG ? η) · (1I ? ε ? λ ? 1G) · (µ ? 1IG)

= (1I ? λ ? 1G) · (µ ? 1IG)

= 1I ? 1G

= 1IG

We conclude that (F ·H, I ·G, η · (1F ? λ ? 1G), (1I ? ε ? 1H) · µ) is an adjunction.
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1.6.8 Lemma. Suppose given categories A , B and C . Suppose given functors F : A → B

and G : B → A such that F is left-adjoint to G. Then C (F ) is left-adjoint to C (G), cf.

definition 1.4.3.

More precisely, suppose given an adjunction (F,G, η, ε). Then (C (F ),C (G),C (η),C (ε)) is an

adjunction as well. ♦

Proof. We have (η ? 1F ) · (1F ? ε) = 1F and (1G ? η) · (ε ? 1G) = 1G . Using lemma 1.4.6, we

obtain the transformations 1C (A )
C (η) //C (F )C (G) and C (G)C (F )

C (ε) //1C (B) . Moreover, we

have

(C (η) ? 1C (F )) · (1C (F ) ? C (ε)) = (C (η) ? C (1F )) · (C (1F ) ? C (ε))

= C (η ? 1F ) · C (1F ? ε) = C ((η ? 1F ) · (1F ? ε))

= C (1F ) = 1C (F )

and

(1C (G) ? C (η)) · (C (ε) ? 1C (G)) = (C (1G) ? C (η)) · (C (ε) ? C (1G))

= C (1G ? η) · C (ε ? 1G) = C ((1G ? η) · (ε ? 1G))

= C (1G) = 1C (G) .

We conclude that (C (F ),C (G),C (η),C (ε)) is an adjunction.

1.6.9 Lemma. Suppose given functors F : C → D and G : D → C such that F is left-adjoint

to G. Suppose given a full subcategory A of C and a full subcategory B of D such that

XF ∈ Ob(B) for X ∈ Ob(A ) and Y G ∈ Ob(A ) for Y ∈ Ob(B). Then F |BA : A → B is

left-adjoint to G|AB : B → A as well.

More precisely, suppose given an adjunction (F,G, η, ε). Then (F |BA , G|AB , η|AA , ε|BB) is an

adjunction as well. ♦

Proof. We abbreviate F = F |BA , G = G|AB , η = η|AA and ε = ε|BB .

We have (η ? 1F ) · (1F ? ε) = 1F and (1G ? η) · (ε ? 1G) = 1G .

We have (η ? 1F ) · (1F ? ε) = 1F since

((η ? 1F ) · (1F ? ε)) ? IncD
B = ((η ? 1F ) · (1F ? ε)) ? (1IncD

B
· 1IncD

B
)

= (η ? 1F ? 1IncD
B

) · (1F ? ε ? 1IncD
B

)

= (η ? 1IncC
A
? 1F ) · (1F ? 1IncD

B
? ε)

= (1IncC
A
? η ? 1F ) · (1IncC

A
? 1F ? ε)

= (1IncC
A
· 1IncC

A
) ? ((η ? 1F ) · (1F ? ε))

= 1IncC
A
? 1F

= 1F ? IncD
B .
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We have (1G ? η) · (ε ? 1G) = 1G since

((1G ? η) · (ε ? 1G)) ? IncC
A = ((1G ? η ? 1IncC

A
) · (ε ? 1G ? 1IncC

A
))

= ((1G ? 1IncC
A
? η) · (ε ? 1IncD

B
? 1G))

= ((1IncD
B
? 1G ? η) · (1IncD

B
? ε ? 1G))

= 1IncD
B
? ((1G ? η) · (ε ? 1G))

= 1IncD
B
? 1G

= 1G ? IncC
A .

We conclude that (F ,G, η, ε) is an adjunction.

1.6.10 Lemma. Suppose given categories C , D and mutually quasi-inverse equivalences

F : C → D , G : D → C . Suppose given a full subcategory A of C and a full subcate-

gory B of D such that XF ∈ Ob(B) for X ∈ Ob(A ) and Y G ∈ Ob(A ) for Y ∈ Ob(B).

Then F |BA : A → B and G|AB : B → A are mutually quasi-inverse equivalences as well.

More precisely, suppose given an adjunction (F,G, η, ε) such that η and ε are isotransforma-

tions. Then (F |BA , G|AB , η|AA , ε|BB) is an adjunction such that η|AA and ε|BB are isotransforma-

tions as well.

In particular, if F and G are mutually inverse isomorphisms of categories, then F |BA : A → B

and G|AB : B → A are mutually inverse isomorphisms of categories as well. ♦

Proof. By lemma 1.6.9, (F |BA , G|AB , η|AA , ε|BB) is an adjunction as well. Now η|AA is an iso-

transformation since Xη|AA = Xη is an isomorphism in A for X ∈ Ob(A ). Similarly, ε|BB is

an isotransformation since Y ε|BB = Y ε is an isomorphism in B for Y ∈ Ob(B).

1.6.11 Lemma. Suppose given additive categories A and B. Suppose given an ideal I in

A and an ideal J in B. Suppose given an additive functor F : A → B such that fF ∈ J for

f ∈ I. Suppose given an additive functor G : B → A such that fF ∈ I for f ∈ J.

Let F : A /I → B/J denote the unique additive functor such that RA ,I · F = F · RB,J .

Let G : B/J → A /I denote the unique additive functor such that RB,J · G = G · RA ,I .

Suppose that F is left-adjoint to G. Then F is left-adjoint to G.

More precisely, suppose given an adjunction (F,G, η, ε). Let η : 1A /I → F G denote the

unique transformation such that RA ,I ? η = η ?RA ,I . Let ε : GF → 1B/J denote the unique

transformation such that RB,J ? ε = ε ?RB,J . Then (F ,G, η, ε) is an adjunction as well. ♦

Proof. We have (η ? 1F ) · (1F ? ε) = 1F and (1G ? η) · (ε ? 1G) = 1G .
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We have (η ? 1F ) · (1F ? ε) = 1F since

RA ,I ? ((η ? 1F ) · (1F ? ε)) = (1RA ,I
· 1RA ,I

) ? ((η ? 1F ) · (1F ? ε))

= (1RA ,I
? η ? 1F ) · (1RA ,I

? 1F ? ε)

= (η ? 1RA ,I
? 1F ) · (1F ? 1RB,J

? ε)

= (η ? 1F ? 1RB,J
) · (1F ? ε ? 1RB,J

)

= ((η ? 1F ) · (1F ? ε)) ? (1RB,J
· 1RB,J

)

= 1F ? 1RB,J

= RA ,I ? 1F .

We have (1G ? η) · (ε ? 1G) = 1G since

RB,J ? ((1G ? η) · (ε ? 1G)) = ((1RB,J
? 1G ? η) · (1RB,J

? ε ? 1G))

= ((1G ? 1RA ,I
? η) · (ε ? 1RB,J

? 1G))

= ((1G ? η ? 1RA ,I
) · (ε ? 1G ? 1RA ,I

))

= ((1G ? η) · (ε ? 1G)) ? 1RA ,I

= 1G ? 1RA ,I

= RB,J ? 1G .

We conclude that (F ,G, η, ε) is an adjunction.

1.6.12 Lemma. Suppose given additive categories A and B. Suppose given an ideal I in

A and an ideal J in B. Suppose given an additive functor F : A → B such that fF ∈ J for

f ∈ I. Suppose given an additive functor G : B → A such that fF ∈ I for f ∈ J.

Let F : A /I → B/J denote the unique additive functor such that RA ,I · F = F · RB,J .

Let G : B/J→ A /I denote the unique additive functor such that RB,J ·G = G ·RA ,I .

Suppose that F and G are mutually quasi-inverse equivalences. Then F and G are mutually

quasi-inverse equivalences as well.

More precisely, suppose given an adjunction (F,G, η, ε) such that η and ε are isotransforma-

tions. Let η : 1A /I → F G denote the unique transformation such that RA ,I ? η = η ?RA ,I .

Let ε : GF → 1B/J denote the unique transformation such that RB,J ? ε = ε ?RB,J .

Then (F ,G, η, ε) is an adjunction such that η and ε are isotransformations as well.

In particular, if F and G are mutually inverse isomorphisms of categories, then F and G are

mutually inverse isomorphisms of categories as well. ♦

Proof. By lemma 1.6.11, (F ,G, η, ε) is an adjunction as well. Now η is an isotransforma-

tion since Xη = XηRA ,I is an isomorphism in A /I for X ∈ Ob(A ). Similarly, ε is an

isotransformation since Y ε = Y εRB,J is an isomorphism in B/J for Y ∈ Ob(B).
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1.6.13 Lemma. [Nee01, lemma 5.3.6]

Suppose given triangulated categories C , D and functors F : C → D , G : D → C such that

F is left-adjoint to G. Then F is exact if and only if G is exact. ♦

1.6.14 Lemma. Suppose given a triangulated category C and a full triangulated subcategory

S ⊆ C . Suppose given a triangulated category D and an exact functor F : C → D such that

XF ∈ Ob(ZD) for X ∈ Ob(S ). Let F̂ : C //S → D denote the unique exact functor such

that LC ,S · F̂ = F , cf. lemma 1.5.12. Suppose given a functor G : D → C such that F is

left-adjoint to G.

C
F //

LC ,S

��

D
G

oo

C //S
F̂

77

(a) For Y ∈ Ob(D), we have Y G ∈ Ob(S ⊥).

(b) If G is full and faithful, then G · LC ,S is full and faithful as well.

(c) The functor F̂ is left-adjoint to G · LC ,S .
♦

Proof. Since F a G, we may choose natural bijections ΦX,Y : D(XF, Y ) → C (X, Y G) for

X ∈ Ob(C ) and Y ∈ Ob(D).

Ad (a). Suppose given Y ∈ Ob(D) and X ∈ Ob(S ).

We have D(XF, Y ) = 0 since XF ∈ Ob(ZD) by assumption. Since ΦX,Y is a bijection, we also

have C (X, Y G) = 0. Thus Y G ∈ Ob(S ⊥).

Ad (b). This follows from (a) and [Kra10, lemma 4.8.1].

Ad (c). For X ∈ Ob(C ) and Y ∈ Ob(D), let ΨX,Y : C (X, Y G)→ C //S (X, Y G) : f 7→ fLC ,S .

This is a bijection by (a) and [Kra10, lemma 4.8.1]. Consider the bijections ΦX,Y · ΨX,Y for

X ∈ Ob(C ) and Y ∈ Ob(D). It remains to show that they are natural.

We use a calculus of fraction as explained in [Kra10, sections 3 and 4.6]. Suppose given a left

fraction X ′
g //X ′′ Xsoo in C //S , where X ′

g //X ′′ and X s //X ′′ are morphisms in C .

We write g/s for this left fraction. Suppose given Y h //Y ′ in D . We have

(g/sF̂ · f · h)ΦX′,Y ′ΨX′,Y ′ = (gF · (sF )−1 · f · h)ΦX′,Y ′LC ,S

= (g · ((sF )−1 · f)ΦX′′,Y · hG)LC ,S

= gLC ,S · ((sF )−1 · f)ΦX′′,YLC ,S · hGLC ,S

= g/s · sLC ,S · ((sF )−1 · f)ΦX′′,YLC ,S · hGLC ,S

= g/s · (s · ((sF )−1 · f)ΦX′′,Y )LC ,S · hGLC ,S

= g/s · (sF · (sF )−1 · f)ΦX,YLC ,S · hGLC ,S

= g/s · fΦX,Y ΨX,Y · hGLC ,S .
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1.6.15 Lemma. Suppose given a category C and a full subcategory A . Suppose given a

functor F : C → D such that the map ΨX,Y : C (X, Y ) → D(XF, Y F ) : f 7→ fF is bijective

for X ∈ Ob(A ) and Y ∈ Ob(C ). Suppose given a functor G : D → A such that IncC
A · F is

left-adjoint to G. Then IncC
A is left-adjoint to F ·G.

C F // D

G~~
A

IncC
A

OO

♦

Proof. Since IncC
A ·F a G, we may choose natural bijections ΦX,Z : D(XF,Z)→ A (X,ZG) for

X ∈ Ob(A ) and Z ∈ Ob(D). Consider the bijections ΨX,Y · ΦX,Y F : C (X, Y ) → A (X, Y FG)

for X ∈ Ob(A ) and Y ∈ Ob(C ). It remains to show that they are natural.

Suppose given X ′
g //X in A and X

f //Y , Y h //Y ′ in C . We have

(g · f · h)ΨX′,Y ′ΦX′,Y ′F = (g · f · h)FΦX′,Y ′F = (gF · fF · hF )ΦX′,Y ′F

= g · fFΦX,Y F · hFG = g · fΨX,Y ΦX,Y F · hFG.

1.6.16 Lemma. Suppose given a category C and a full subcategory A . Suppose given

mutually quasi-inverse equivalences E : A → B and D : B → A . Suppose given functors

I : B → D and H : D → B such that I is left-adjoint to H. Suppose given a functor

F : C → D such that the map C (X, Y ) → D(XF, Y F ) : f 7→ fF is bijective for X ∈ Ob(A )

and Y ∈ Ob(C ). Suppose that IncC
A · F = E · I. Then D · IncC

A is left-adjoint to F ·H.

C F // D

H




A

IncC
A

OO

E
,,B

D

ll

I

II

♦

Proof. We have E a D and I a H and thus E · I a H · D. So IncC
A · F a H · D since

E · I = IncC
A · F . By lemma 1.6.15, we have IncC

A a F · H · D. Since D a E, we obtain

D · IncC
A a F ·H ·D ·E. Now D and E are mutually quasi-inverse equivalences and thus D ·E

is isomorphic to 1B in B(B). We conclude that D · IncC
A a F ·H.

1.6.17 Lemma. Suppose given a category C and a full subcategory A . Suppose given

mutually quasi-inverse equivalences E : A → B and D : B → A . Suppose given functors

I : B → D and H : D → B such that H is left-adjoint to I. Suppose given a functor

F : C → D such that the map C (X, Y ) → D(XF, Y F ) : f 7→ fF is bijective for X ∈ Ob(C )
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and Y ∈ Ob(A ). Suppose that IncC
A · F = E · I. Then F ·H is left-adjoint to D · IncC

A .

C F // D

H




A

IncC
A

OO

E
,,B

D

ll

I

II

♦

Proof. This is dual to the previous lemma 1.6.16.

1.7 W-structures

We refer to [Bon10, section 1] for details and proofs.

1.7.1 Definition. Suppose given a triangulated category C .

A pair W = (U ,V ) of summand-closed full subcategories U ,V ⊆ C is called a w-structure

(or weight structure) on C if the following three conditions hold.

(W1) C (U ,V [1]) = 0

(W2) V [1] ⊆ V

(W3) C = U ∗ V [1]

♦

1.7.2 Lemma/Definition. Suppose given a strict triangulated category C and a w-structure

W = (U ,V ) on C . For k ∈ Z, we write Wdk = U [k] and Wke = V [k]. For k, ` ∈ Z, we write

Wdk, è = Wdk ∩W è . We also write W b =
⋃

k,`∈Z
Wdk, è .

We say that W is left-non-degenerate if
⋂
k∈Z

Wdk = ZC . We say that W is right-non-degenerate

if
⋂
k∈Z

Wke = ZC . We say that W is non-degenerate if it is left- and right-non-degenerate. We

say that W is bounded if C = W b. The full additive subcategory Wd0,0e of C is called the core

of the w-structure W .

Note that W |W b = (Wd0 ∩W b,W0e ∩W b) is a w-structure on the full triangulated subcategory

W b of C by [Sch11, lemma 4.5]. ♦

1.7.3 Lemma. Suppose given a strict triangulated category C and a w-structure

W = (Wd0,W0e) on C .

(a) For k, ` ∈ Z, we have W [`]
dk = Wdk+` and W [`]

ke = Wk+ è .

(b) Suppose given k < ` in Z. We have C (Wdk,W è) = 0.

(c) Suppose given k ∈ Z. We have Wdk = ⊥(Wk+1e) and (Wdk)
⊥ = Wk+1e .

(d) Suppose given k ∈ Z. The subcategory Wdk is closed under coproducts in C and the

subcategory Wke is closed under products in C .
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(e) Suppose given k ≤ ` in Z. We have Wdk ⊆ Wd̀ and W è ⊆ Wke .

(f) For k ∈ Z, we have Wdk ∗Wdk = Wdk and Wke ∗Wke = Wke .

(g) For k ∈ Z and X ∈ Ob(C ), we may choose a triangle Xdk //X //Xk+1e //X
[1]
dk in

C such that Xdk ∈ Ob(Wdk) and Xk+1e ∈ Ob(Wk+1e).

(h) Suppose given k ∈ Z. Suppose given triangles Xdk−1

jk−1 //X
qk //Xke //X

[1]
dk−1 and

Xdk
jk //X

qk+1 //Xk+1e //X
[1]
dk in C such that Xdk−1 ∈ Ob(Wdk−1), Xdk ∈ Ob(Wdk),

Xke ∈ Ob(Wke) and Xk+1e ∈ Ob(Wk+1e). Then there exist unique morphisms

Xdk−1
a //Xdk and Xke

b //Xk+1e in C such that jk−1 = a · jk and qk+1 = qk · b.
♦

1.7.4 Definition. Suppose given triangulated categories C ,D , a functor F : C → D and

w-structures W = (Wd0 , W0e) on C and V = (Vd0 , V0e) on D . We say that F is w-exact with

respect to W and V if F is exact, XF ∈ Ob(V0e) for X ∈ Ob(W0e) and if XF ∈ Ob(Vd0) for

X ∈ Ob(Wd0). ♦

1.7.5 Lemma/Definition. Suppose given triangulated categories C , D and a w-structure

W = (U ,V ) on C . Suppose given an exact equivalence F : C → D . We obtain a w-structure

W F = (U ′,V ′) on D by setting

Ob(U ′) = {Y ∈ Ob(D) : There exists X ∈ Ob(U ) such that XF is isomorphic to Y in D}

and

Ob(V ′) = {Y ∈ Ob(D) : There exists X ∈ Ob(V ) such that XF is isomorphic to Y in D}.
♦

1.8 T-structures

We refer to [BBD82, section 1.3] [ATJLSS03, section 1] for details and proofs.

1.8.1 Definition. Suppose given a triangulated category C . A pair T = (U ,V ) of full

subcategories U ,V ⊆ C is called a t-structure (or truncation structure) on C if the following

three conditions hold.

(T1) C (U [1],V ) = 0

(T2) U [1] ⊆ U

(T3) C = U [1] ∗ V
♦
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1.8.2 Lemma/Definition. Suppose given a strict triangulated category C and a t-structure

T = (U ,V ) on C . For k ∈ Z, we write Tkc = U [k] and Tbk = V [k]. For k, ` ∈ Z, we write

Tbk, c̀ = Tbk ∩T c̀ . We also write T b =
⋃

k,`∈Z
Tbk, c̀ .

We say that T is left-non-degenerate if
⋂
k∈Z

Tkc = ZC . We say that T is right-non-degenerate

if
⋂
k∈Z

Tbk = ZC . We say that T is non-degenerate if it is left- and right-non-degenerate. We

say that T is bounded if C = T b.

We refer to [BBD82, proposition 1.3.3 and théorème 1.3.6] for the following notions and results.

The subcategory Tb0,0c is called the heart of the t-structure T . The heart Tb0,0c is an abelian

category. A sequence X
f //Y

g //Z in Tb0,0c is short exact if and only if it can be completed

to a triangle X
f //Y

g //Z //X [1] in C .

Suppose given k ∈ Z.

We denote the truncation functors by Tkc = TT
kc : C → Tkc and Tbk = TT

bk : C → Tbk . The

functor Tkc is right-adjoint to IncC
Tkc

and the functor Tbk is left-adjoint to IncC
Tbk

.

We denote the homology functor by HT : C → Tb0,0c . The homology functor is a homo-

logical functor. The restriction HT |Tb0 : Tb0 → Tb0,0c is isomorphic to T0c|
Tb0,0c
Tb0

in Tb0(Tb0,0c).

Consequently, HT |Tb0 : Tb0 → Tb0,0c right-adjoint to Inc
Tb0
Tb0,0c

, cf. lemma 1.6.9. ♦

1.8.3 Lemma. Suppose given a strict triangulated category C and a t-structure

T = (T0c,Tb0) on C .

(a) For k, ` ∈ Z, we have T [`]
bk = Tbk+` and T [`]

kc = Tk+ c̀ .

(b) Suppose given k > ` in Z. We have C (Tkc,Tb̀ ) = 0.

(c) Suppose given k ∈ Z. We have Tk+1c = ⊥(Tbk) and (Tk+1c)
⊥ = Tbk .

(d) Suppose given k ∈ Z. The subcategory Tkc is closed under coproducts in C and the

subcategory Tbk is closed under products in C .

(e) We have C (T [k]
b0,0c,Td0) = 0 and C (T [k]

b0,0c,Td0,0c) = 0 for k ∈ Z≥1 .

(f) Suppose given k ≥ ` in Z. We have Tkc ⊆ T c̀ and Tb̀ ⊆ Tbk .

(g) For k ∈ Z, we have Tbk ∗Tbk = Tbk and Tkc ∗Tkc = Tkc .

(h) For k ∈ Z, we may choose a triangle Xk+1c //X //Xbk //X
[1]
k+1c in C such that

Xk+1c ∈ Ob(Tk+1c) and Xbk ∈ Ob(Tbk).

(i) Suppose that T is non-degenerate. Suppose given X ∈ Ob(C ). We have X ∈ Ob(ZC )

if and only if X [−k]HT ∈ Ob(ZTb0,0c) for k ∈ Z.
♦
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1.8.4 Definition. Suppose given triangulated categories C ,D , a functor F : C → D and

t-structures T = (T0c , Tb0) on C and U = (U0c , Ub0) on D . We say that F is t-exact with

respect to T and U if F is exact, XF ∈ Ob(U0c) for X ∈ Ob(T0c) and if XF ∈ Ob(Ub0) for

X ∈ Ob(Tb0). ♦

1.8.5 Lemma/Definition. Suppose given triangulated categories C , D and a t-structure

T = (U ,V ) on C . Suppose given an exact equivalence F : C → D . We obtain a t-structure

T F = (U ′,V ′) on D by setting

Ob(U ′) = {Y ∈ Ob(D) : There exists X ∈ Ob(U ) such that XF is isomorphic to Y in D}

and

Ob(V ′) = {Y ∈ Ob(D) : There exists X ∈ Ob(V ) such that XF is isomorphic to Y in D}.
♦

1.8.6 Definition. Suppose given a triangulated category C , a t-structure T = (T0c,Tb0) on

C and a w-structure W = (Wd0,W0e) on C .

(a) We say that T is left-adjacent to W if Tb0 = Wd0 . In this case, we also say that W is

right-adjacent to T .

(b) We say that W is left-adjacent to T if W0e = T0c . In this case, we also say that T is

right-adjacent to W .
♦

1.9 Complexes

The additive case

1.9.1 Definition. Suppose given an additive category A . For X ∈ Ob(Zop(A )) and k ∈ Z,

we write xk = Xk k−1 , cf. convention 17. ♦

1.9.2 Definition. Suppose given an additive category A . The category of complexes with

entries in A is the full subcategory C(A ) of Zop(A ) defined by

Ob(C(A )) = {X ∈ Ob(Zop(A )) : xk · xk−1 = 0 for k ∈ Z}.

· · · // Xk+1

xk+1 // Xk
xk // Xk−1

xk−1 // Xk−2
// · · ·

We always equip C(A ) with the pointwise split exact structure: A sequence X
f //Y

g //Z

in C(A ) is pure short exact in C(A ) if and only if Xk
fk //Yk

gk //Zk is split short exact in

A for k ∈ Z. Cf. [Büh10, lemma 9.1]. ♦
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1.9.3 Definition. Suppose given an exact category A and X ∈ Ob(C(A )). We say that X

is acyclic in C(A ) if there exist pure short exact sequences Sk+1 •
ik //Xk

�pk //Sk in A such

that xk = pk · ik−1 for k ∈ Z. ♦

1.9.4 Definition. Suppose given an additive category A and X ∈ Ob(C(A )). We say that

X is split acyclic in C(A ) if there exist direct sums Sk+1

ik //Xksk
oo

pk
//Sk

tkoo in A such that

xk = pk · ik−1 for k ∈ Z. ♦

1.9.5 Lemma. Suppose given an additive category A and a split acyclic complex

X ∈ Ob(C(A )). Then X is a bijective object in C(A ). ♦

Proof. Choose direct sums Sk+1

ik //Xksk
oo

pk
//Sk

tkoo in A such that xk = pk · ik−1 for k ∈ Z.

We want to show that X is injective in A . Suppose given a pure monomorphism X
f //Y

in C(A ). For k ∈ Z, we may choose Yk
hk //Xk in A such that fk · hk = 1.

For k ∈ Z, let gk = hk · sk · ik + yk · hk−1 · sk−1 · tk .

Suppose given k ∈ Z. We have

gk · xk = hk · sk · ik · xk + yk · hk−1 · sk−1 · tk · xk
= hk · sk · ik · pk · ik−1 + yk · hk−1 · sk−1 · tk · pk · ik−1

= yk · hk−1 · sk−1 · ik−1

= yk · gk−1

and

fk · gk = fk · hk · sk · ik + fk · yk · hk−1 · sk−1 · tk = sk · ik + xk · fk−1 · hk−1 · sk−1 · tk
= sk · ik + pk · ik−1 · sk−1 · tk = sk · ik + pk · tk = 1.

Thus we have a morphism Y
g //X in C(A ) such that f · g = 1. We conclude that X is

injective in C(A ). Dually, X is also projective in C(A ).

1.9.6 Lemma. Suppose given an additive category A . Suppose given X ∈ Ob(C(A )) and

direct sums Xk

ik //Bksk
oo

pk
//Xk−1

tkoo in A for k ∈ Z. Let bk = sk ·xk ·ik−1 +pk ·ik−1−pk ·xk−1 ·tk−1

for k ∈ Z. This yields a bijective object B ∈ Ob(C(A )). ♦

Proof. For k ∈ Z, we have the direct sums Xk

ik−xk·tk //Bksk
oo

pk+sk·xk
//Xk−1

tkoo in A . We have

(pk + sk · xk) · (ik−1 − xk−1 · tk−1) = sk · xk · ik−1 + pk · ik−1 − pk · xk−1 · tk−1 for k ∈ Z.

Thus X is split acyclic. The result now follows from lemma 1.9.5.

1.9.7 Lemma/Definition. Suppose given an additive category A . We define the functor

BC,A : C(A )→ C(A ) as follows. For X ∈ Ob(C(A )) and k ∈ Z, let (XBC,A )k = Xk ⊕Xk−1

and (XBC,A )k k−1 =
(
xk 0
1 −xk−1

)
. This object XBC,A is often called the mapping cone of the
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identity 1X . For f ∈ Mor(C(A )), let (fBC,A )k =
(
fk 0
0 fk−1

)
. This in fact defines an additive

functor. Note that XBC,A is bijective in C(A ) for X ∈ Ob(C(A )) by lemma 1.9.6. We

abbreviate B = BC,A if unambiguous. ♦

Proof. Suppose given X
f //
h
//Y

g //Z in C(A ).

Note that for k ∈ Z, we have

(XB)k k−1 · (fB)k−1 =
(
xk 0
1 −xk−1

)
·
(
fk−1 0

0 fk−2

)
=
(
xk·fk−1 0
fk−1 −xk−1·fk−2

)
=
(
fk·yk 0
fk−1 −fk−1·yk−1

)
=
(
fk 0
0 fk−1

)
·
( yk 0

1 −yk−1

)
= (fB)k · (Y B)k k−1 .

We have 1XB = 1XB since (1XB)k = ( 1 0
0 1 ) = 1Xk⊕Xk−1

= (1XB)k for k ∈ Z.

We have (f · g)B = fB · gB since

((f · g)B)k =
(
fk·gk 0

0 fk−1·gk−1

)
=
(
fk 0
0 fk−1

)
·
( gk 0

0 gk−1

)
= (fB · gB)k for k ∈ Z.

We have (f + h)B = fB + hB since

((f + h)B)k =
(
fk+hk 0

0 fk−1+hk−1

)
=
(
fk 0
0 fk−1

)
+
(
hk 0
0 hk−1

)
= (fB + hB)k for k ∈ Z.

1.9.8 Lemma/Definition. Suppose given an additive category A . We define the shift

functors ΣC,A ,Σ−C,A : C(A ) → C(A ) as follows. For X ∈ Ob(C(A )) and k ∈ Z, let

(XΣC,A )k = Xk−1 , (XΣ−C,A )k = Xk+1 , (XΣC,A )k k−1 = −xk−1 and (XΣ−C,A )k k−1 = −xk+1 .

For f ∈ Mor(C(A )), let (fΣC,A )k = fk−1 and (fΣ−C,A )k = fk+1 .

The functors ΣC,A and Σ−C,A are mutually inverse isomorphisms of categories. For k ∈ Z and

X
f //Y in C(A ), we often write X [k] = XΣkC,A and f [k] = fΣkC,A . ♦

Proof. We abbreviate Σ = ΣC,A and Σ− = Σ−C,A . Suppose given X
f //Y

g //Z in C(A ).

We have 1XΣ = 1XΣ since (1XΣ)k = 1Xk−1
= (1XΣ)k for k ∈ Z.

We have (f · g)Σ = fΣ · gΣ since ((f · g)Σ)k = fk−1 · gk−1 = (fΣ · gΣ)k for k ∈ Z.

We have 1XΣ
− = 1XΣ− since (1XΣ

−)k = 1Xk+1
= (1XΣ−)k for k ∈ Z.

We have (f · g)Σ− = fΣ− · gΣ− since ((f · g)Σ−)k = fk+1 · gk+1 = (fΣ− · gΣ−)k for k ∈ Z.

We have fΣΣ− = f since (fΣΣ−)k = fk for k ∈ Z.

We have fΣ−Σ = f since (fΣ−Σ)k = fk for k ∈ Z.

1.9.9 Lemma/Definition. Suppose given an additive category A . We define the transfor-

mation ιC,A : 1C(A ) → BC,A by setting (XιC,A )k = ( 1 0 ) : Xk → Xk⊕Xk−1 for X ∈ Ob(C(A ))

and k ∈ Z. We abbreviate ι = ιC,A if unambiguous.

We define the transformation πC,A : BC,A → ΣC,A by setting

(XπC,A )k = ( 0
1 ) : Xk⊕Xk−1 → Xk−1 for X ∈ Ob(C(A )) and k ∈ Z. We abbreviate π = πC,A

if unambiguous.

Note that for X ∈ Ob(C(A )), the sequence (XιC,A , XπC,A ) is pure short exact in C(A ). ♦
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Proof. Suppose given X ∈ Ob(C(A )) and k ∈ Z. We have

(XιC,A )k · (XBC,A )k k−1 = ( 1 0 ) ·
(
xk 0
1 −xk−1

)
= ( xk 0 ) = xk · ( 1 0 )

= (X1C(A ))k k−1 · (XιC,A )k−1

and

(XBC,A )k k−1 · (XπC,A )k−1 =
(
xk 0
1 −xk−1

)
· ( 0

1 ) =
(

0
−xk−1

)
= ( 0

1 ) · (−xk−1)

= (XπC,A )k · (XΣC,A )k k−1 .

Suppose given X
f //Y in C(A ) and k ∈ Z. We have

(XιC,A )k · (fBC,A )k = ( 1 0 ) ·
(
fk 0
0 fk−1

)
= ( fk 0 ) = fk · ( 1 0 )

= (f1C(A ))k · (Y ιC,A )k

and

(fBC,A )k · (Y πC,A )k =
(
fk 0
0 fk−1

)
· ( 0

1 ) =
(

0
fk−1

)
= ( 0

1 ) · fk−1

= (XπC,A )k · (fΣC,A )k .

1.9.10 Lemma/Definition. Suppose given an additive category A . We define the isotrans-

formation αC,A : ΣC,A BC,A → BC,A ΣC,A by setting

(XαC,A )k = ( 1 0
0 −1 ) : Xk−1 ⊕ Xk−2 → Xk−1 ⊕ Xk−2 for X ∈ Ob(C(A )) and k ∈ Z. We

abbreviate α = αC,A if unambiguous. ♦

Proof. Suppose given X ∈ Ob(C(A )) and k ∈ Z. We have

(XαC,A )k · (XBC,A ΣC,A )k k−1 = ( 1 0
0 −1 ) ·

(
−xk−1 0
−1 xk−2

)
=
(
−xk−1 0

1 −xk−2

)
=
(
−xk−1 0

1 xk−2

)
· ( 1 0

0 −1 ) = (XΣC,A BC,A )k k−1 · (XαC,A )k−1 .

Suppose given X
f //Y in C(A ) and k ∈ Z. We have

(fΣC,A BC,A )k · (Y αC,A )k =
(
fk−1 0

0 fk−2

)
· ( 1 0

0 −1 ) =
(
fk−1 0

0 −fk−2

)
= ( 1 0

0 −1 ) ·
(
fk−1 0

0 fk−2

)
= (XαC,A )k · (fBC,A ΣC,A )k .

1.9.11 Lemma. Suppose given an additive category A .

We have (ΣC,A ? ιC,A ) · αC,A = ιC,A ? ΣC,A and ΣC,A ? πC,A = −αC,A · (πC,A ? ΣC,A ). ♦
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Proof. Suppose given X ∈ Ob(C(A )) and k ∈ Z. We have

(X((ΣC,A ? ιC,A ) · αC,A ))k = (X [1]ι ·Xα)k = ( 1 0 ) · ( 1 0
0 −1 ) = ( 1 0 ) = ((Xι)[1])k

= (X(ιC,A ? ΣC,A ))k

and

(X(−αC,A · (πC,A ? ΣC,A )))k = (−Xα · (Xπ)[1])k = − ( 1 0
0 −1 ) · ( 0

1 ) = ( 0
1 ) = (X [1]π)k

= (X(ΣC,A ? πC,A ))k .

1.9.12 Lemma/Definition. Suppose given an additive category A . The exact category

C(A ) is a Frobenius category. We denote its stable category by K(A ) = C(A ) and call it

the homotopy category of A , cf. definition 1.3.27. ♦

Proof. Suppose given X ∈ Ob(C(A )). We have the pure epimorphism X [−1]B �X[−1]π//X and

the pure monomorphism X •Xι //XB with X [−1]B, XB bijective in F , cf. definitions 1.9.7 and

1.9.9.

1.9.13 Lemma. Suppose given an additive category A and X
f //Y in C(A ). The following

three statements are equivalent.

(a) We have f = 0 in K(A ).

(b) There exists XB
g //Y in C(A ) such that Xι · g = f .

(c) There exist morphisms Xk
hk //Yk+1 in A such that hk · yk+1 + xk · hk−1 = fk for k ∈ Z.

♦

Proof. Ad (a)↔(b). This follows from lemma 1.3.28.(a,b).

Ad (b)→(c). For k ∈ Z, write gk =
( uk
hk−1

)
: Xk ⊕Xk−1 → Yk .

Suppose given k ∈ Z. We have uk = (Xι)k ·
( uk
hk−1

)
= (Xι · g)k = fk and

( uk+1

hk

)
· yk+1 = gk+1 · yk+1 = (XB)k+1 k · gk =

(
xk+1 0

1 −xk

)
·
( uk
hk−1

)
=
( xk+1·uk
uk−xk·hk−1

)
.

Thus hk · yk+1 + xk · hk−1 = fk .

Ad (c)→(b). For k ∈ Z, let gk =
(

fk
hk−1

)
: Xk ⊕Xk−1 → Yk .

Suppose given k ∈ Z. We have

gk · yk =
(

fk
hk−1

)
· yk =

(
xk·fk−1

fk−1−xk−1·hk−2

)
=
(
xk 0
1 −xk−1

)
·
(
fk−1

hk−2

)
= (XB)k k−1 · gk−1

and (Xι)k · gk = ( 1 0 ) ·
(

fk
hk−1

)
= fk .
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1.9.14 Definition. Suppose given an additive category A . For n ∈ Z, we define the full

subcategories Cdn(A ) and Cne(A ) of C(A ) by setting

Ob(Cdn(A )) = {X ∈ Ob(C(A )) : Xk ∈ Ob(ZA ) for k ∈ Z>n}

and

Ob(Cne(A )) = {X ∈ Ob(C(A )) : Xk ∈ Ob(ZA ) for k ∈ Z<n}.

For m,n ∈ Z, let Cdm,ne(A ) = Cdm(A ) ∩ Cne(A ). ♦

1.9.15 Definition. Suppose given an additive category A . Let Cb(A ) =
⋃

m,n∈Z
Cdm,ne(A ).

Note that Cb(A ) is an extension-closed subcategory of C(A ), cf. definition 1.3.23.

We define the full subcategory Kb(A ) of K(A ) by setting Ob(Kb(A )) = Ob(Cb(A )). Note

that Kb(A ) is a full additive subcategory of K(A ), cf. remark 1.2.14. ♦

1.9.16 Definition. Suppose given an additive category A . A candidate triangle

X
f //Y

i //Z
p //X [1] in C(A ) with respect to ΣC,A is called a pseudo-triangle in C(A )

if (i, p) is a pure short exact sequence in C(A ) and if there exists XB
g //Z in C(A ) such

that the following diagram is commutative in C(A ).

X •Xι //

f
��

XB

g

��

�Xπ // X [1]

1
��

Y •i // Z �p // X [1]

We use the term pseudo-triangle since it will be a special case of definition 2.2.8 below. We

will also explain the reasons for using this term there.

Cf. also [Wei94, definition 10.1.3] and [Büh10, definition 9.2], where the term ’strict triangle’

is used to describe similar notions. ♦

1.9.17 Lemma. Suppose given an additive category A . Suppose given a candidate triangle

X
f //Y

i //Z
p //X [1] in C(A ). It is a pseudo-triangle if and only if we may choose

Zk
sk //Yk and Xk−1

tk //Zk for k ∈ Z such that Yk
ik //Zksk
oo

pk
//Xk−1

tkoo is a direct sum in

A and such that

zk = sk · yk · ik−1 + pk · fk−1 · ik−1 − pk · xk−1 · tk−1

for k ∈ Z. Cf. definition 1.9.16. ♦

Proof. Suppose given Zk
sk //Yk and Xk−1

tk //Zk for k ∈ Z such that Yk
ik //Zksk
oo

pk
//Xk−1

tkoo

is a direct sum in A and such that

zk = sk · yk · ik−1 + pk · fk−1 · ik−1 − pk · xk−1 · tk−1
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for k ∈ Z.

Note that (ik , pk) is a split short exact sequence for k ∈ Z. Thus (i, p) is a pure short exact

sequence in C(A ).

We define XB
g //Z by setting gk =

(
fk·ik
tk

)
: Xk ⊕Xk−1 → Zk for k ∈ Z.

For k ∈ Z, we have

gk · zk =
(
fk·ik
tk

)
· zk =

(
fk·yk·ik−1

fk−1·ik−1−xk−1·tk−1

)
=
(

xk·fk−1·ik−1

fk−1·ik−1−xk−1·tk−1

)
=
(
xk 0
1 −xk−1

)
·
(
fk−1·ik−1
tk−1

)
= (XB)k k−1 · gk−1 .

It remains to show that the following diagram is commutative.

X •Xι //

f
��

XB

g

��

�Xπ // X [1]

1
��

Y •i // Z �p // X [1]

Indeed, we have ( 1 0 ) · gk = ( 1 0 ) ·
(
fk·ik
tk

)
= fk · ik and gk · pk =

(
fk·ik
tk

)
· pk = ( 0

1 ) for k ∈ Z.

Conversely, suppose given XB
g //Z in C(A ) such that the following diagram is commutative.

X •Xι //

f
��

XB

g

��

�Xπ // X [1]

1
��

Y •i // Z �p // X [1]

Write gk = ( uktk ) : Xk ⊕Xk−1 → Zk for k ∈ Z.

Suppose given k ∈ Z. We have fk ·ik = ( 1 0 )·gk = ( 1 0 )·( uktk ) = uk and ( uktk )·pk = gk ·pk = ( 0
1 ) .

So tk ·pk = 1. By lemma 1.2.11, we may choose Zk
sk //Yk in A such that Yk

ik //Zksk
oo

pk
//Xk−1

tkoo

is a direct sum in A .

Suppose given k ∈ Z. We have the following (pointwise) pushout in A .

Xk
( 1 0 ) //

fk
��

Xk ⊕Xk−1

gk=(uktk )=
(
fk·ik
tk

)
��

Yk
ik // Zk
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We have zk = sk · yk · ik−1 + pk · fk−1 · ik−1 − pk · xk−1 · tk−1 since

(
ik
gk

)
· zk =

(
yk·ik−1(

xk 0
1 −xk−1

)
·gk−1

)
=

(
ik·sk·yk·ik−1(

xk 0
1 −xk−1

)
·
(
fk−1·ik−1
tk−1

))
=

(
ik·sk·yk·ik−1(
xk·fk−1·ik−1

fk−1·ik−1−xk−1·tk−1

))
=

(
ik·sk·yk·ik−1(
fk·yk·ik−1

fk−1·ik−1−xk−1·tk−1

))
=

(
ik·sk·yk·ik−1(
fk·ik·sk·yk·ik−1

tk·pk·fk−1·ik−1−tk·pk·xk−1·tk−1

))
=

(
ik·(sk·yk·ik−1+pk·fk−1·ik−1−pk·xk−1·tk−1)(
fk·ik
tk

)
·(sk·yk·ik−1+pk·fk−1·ik−1−pk·xk−1·tk−1)

)
=
(
ik
gk

)
· (sk · yk · ik−1 + pk · fk−1 · ik−1 − pk · xk−1 · tk−1)

and since
(
ik
gk

)
is a split epimorphism.

1.9.18 Lemma. Suppose given an additive category A . Suppose given a pseudo-triangle

X 1 //X •i //B �p //X [1] in C(A ).

(a) The object B is bijective in C(A ).

(b) Suppose given X
f //Y in C(A ). Then f = 0 in K(A ) if and only if there exists

B
g //Y in C(A ) such that f = i · g.

♦

Proof. Ad (a). This follows from lemmata 1.9.17 and 1.9.6.

Ad (b). This follows from (a) and from the fact that i is a pure monomorphism.

1.9.19 Lemma/Definition. Suppose given an additive category A . We have

fΣC,A PC(A ) = 0 and fΣ−C,A PC(A ) = 0 in K(A ) for f ∈ JC(A ) . Let ΣK,A : K(A ) → K(A )

denote the unique additive functor such that PC(A ) · ΣK,A = ΣC,A ·PC(A ) , cf. lemma 1.2.15.

Note that ΣK,A is an isomorphism of categories, cf. lemma 1.6.12.

Let ΣKb,A = ΣK,A |K
b(A )

Kb(A )
: Kb(A )→ Kb(A ). Note that ΣKb,A is an isomorphism of categories

as well, cf. lemma 1.6.10. ♦

Proof. Suppose given X
f //Y in C(A ) such that f ∈ JC(A ) .

We want to show that fΣC,A PC(A ) = 0 and that fΣ−C,A PC(A ) = 0 in K(A ).

We may choose Xk
hk //Yk+1 in A such that hk · yk+1 +xk ·hk−1 = fk for k ∈ Z. So for k ∈ Z,

we have −hk · (−yk+1) + (−xk) · (−hk−1) = fk . Thus fΣC,A PC(A ) = 0 and fΣ−C,A PC(A ) = 0

in K(A ).

1.9.20 Definition. Suppose given an additive category A .

Suppose given T ∈ Ob(CTΣK,A
(K(A ))). We say that T is a triangle in K(A ) if there exists

a pseudo-triangle X
f //Y •i //Z �p //X [1] in C(A ) such that T is isomorphic to

X
f
//Y

i //Z
p
//X [1] in CTΣK,A

(K(A )).

We define the full subcategory TK,A of CTΣK,A
(K(A )) by setting

Ob(TK,A ) = {T ∈ Ob(CTΣK,A
(K(A ))) : T is a triangle in K(A )}.
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The tuple (K(A ),ΣK,A ,TK,A ) is a strict triangulated category.

Similarly, we define the full subcategory Tb
K,A of CTΣ

Kb,A
(Kb(A )) by setting

Ob(Tb
K,A ) = {T ∈ Ob(CTΣ

Kb,A
(Kb(A ))) : T · Inc

K(A )

Kb(A )
is a triangle in K(A )}.

The tuple (Kb(A ),ΣKb,A ,T
b
K,A ) is a strict triangulated category as well.

We will give proofs in the more general context of strict Frobenius categories below, cf. exam-

ples 2.1.4 and 2.1.33 and lemma 2.2.14. ♦

1.9.21 Lemma/Definition. Suppose given additive categories A , B and an additive functor

F : A → B. Let C(F ) = Zop(F )|C(B)
C(A ) , cf. definition 1.4.3 and lemma 1.4.4.(a). Note that

C(F ) is an additive functor as well, cf. remark 1.2.5.(b).

We have fC(F )PC(B) = 0 in K(B) for f ∈ JC(A ) . Let K(F ) : K(A ) → K(B) denote the

unique additive functor such that PC(A ) ·K(F ) = C(F ) ·PC(B) , cf. lemma 1.2.15.

C(A )

PC(A )

��

C(F ) // C(B)

PC(B)

��
K(A )

K(F ) // K(B)

Let Kb(F ) = K(F )|K
b(B)

Kb(A )
: Kb(A ) → Kb(B), cf. lemma 1.4.4.(b). Note that Kb(F ) is an

additive functor as well, cf. remark 1.2.5.(b). ♦

Proof. Suppose given X
f //Y in C(A ) such that f ∈ JC(A ) .

We want to show that fC(F )PC(B) = 0 in K(B).

We may choose Xk
hk //Yk+1 in A such that hk · yk+1 + xk · hk−1 = fk for k ∈ Z.

We have hkF · yk+1F + xkF · hk−1F = (hk · yk+1 + xk · hk−1)F = fkF = (fC(F ))k for k ∈ Z.

Thus fC(F )PC(B) = 0 in K(B).

1.9.22 Lemma. Suppose given additive categories C and D . Suppose given a full and faithful

additive functor F : C → D . Then K(F ) : K(C )→ K(D) is full and faithful as well. ♦

Proof. Suppose given X, Y ∈ Ob(K(C )) and XK(F )
f //YK(F ) in C(D). Since F is full, we

may choose Xk
gk //Yk in C such that gkF = fk for k ∈ Z. For k ∈ Z, we have xk ·gk−1 = gk ·yk

since (xk · gk−1)F = xkF · fk−1 = fk · ykF = (gk · yk)F and since F is faithful. So we obtain

a morphism X
g //Y in C(C ) with gK(F ) = f since (gC(F ))k = gkF = fk for k ∈ Z. We

conclude that K(F ) is full.

Suppose given X
f //Y in C(C ) such that fK(F ) = 0. We may choose XkF

hk //Yk+1F

in D such that hk · yk+1F + xkF · hk−1 = fkF for k ∈ Z. Since F is full, we may choose

Xk
gk //Yk+1 in C such that gkF = hk for k ∈ Z. We have gk · yk+1 + xk · gk−1 = fk since

(gk · yk+1 + xk · gk−1)F = hk · yk+1F + xkF · hk−1 = fkF and since F is faithful. We conclude

that K(F ) is faithful.
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1.9.23 Lemma. Suppose given additive categories C and D . Suppose given a full and faithful

additive functor F : C → D . Then Kb(F ) : Kb(C )→ Kb(D) is full and faithful as well. ♦

Proof. This follows from lemma 1.9.22 since Kb(F ) = K(F )|K
b(D)

Kb(C )
.

1.9.24 Lemma. Suppose given additive categories C and D .

Suppose given functors F : C → D and G : D → C such that F is left-adjoint to G. Note

that F and G are necessarily additive, cf. remark 1.2.5.(a). Then K(F ) : K(C ) → K(D) is

left-adjoint to K(G) : K(D)→ K(C ). ♦

Proof. This follows from lemmata 1.6.8, 1.6.9 and 1.6.11.

1.9.25 Lemma/Definition. Suppose given an additive category A . We define the functor

IC,A : A → C(A ) as follows. For X ∈ Ob(A ), let (XIC,A )0 = X and (XIC,A )k = 0A for

k ∈ Z \ {0}. For f ∈ Mor(A ), let (XIC,A )0 = f .

This in fact defines an additive functor.

Let IK,A = IC,A ·PC(A ) : A → K(A ), ICb,A = IC,A |C
b(A ) : A → Cb(A ) and

IKb,A = IK,A |K
b(A ) : A → Kb(A ). ♦

Proof. We abbreviate I = IC,A . Suppose given X
f //
h
//Y

g //Z in A . We have 1XI = 1XI

since (1XI)0 = 1X = (1XI)0 . We have (f · g)I = fI · gI since ((f · g)I)0 = f · g = (fI · gI)0 .

We have (f + h)I = fI + hI since ((f + h)I)0 = f + h = (fI + hI)0 .

1.9.26 Definition. Suppose given an additive category A , n ∈ Z and X ∈ Ob(C(A )). We

define the pure short exact sequence XSA
dn

XsAdn //X
XsA

n+1e//XSA
n+1e in C(A ) as follows.

For k ∈ Z>n , let (XSA
dn)k = 0F , (XSA

n+1e)k = Xk , (XSA
n+1e)k+1 k = xk+1 , (XsAn+1e)k = 1Xk

.

For k ∈ Z≤n , let (XSA
dn)k = Xk , (XSA

dn)k k−1 = xk , (XSA
n+1e)k = 0A , (XsAdn)k = 1Xk

.

The objects XSA
dn and XSA

n+1e are sometimes called simple/hard/brutal/naive/stupid trunca-

tions of X.

XSA
dn

XsAdn
��

· · · // 0

��

// 0

��

// Xn

1

��

xn // Xn−1

1

��

xn−1 // Xn−2

1

��

// · · ·

X

XsA
n+1e
��

· · · // Xn+2

1

��

xn+2 // Xn+1

1

��

xn+1 // Xn

��

xn // Xn−1

��

xn−1 // Xn−2

��

// · · ·

XSA
n+1e · · · // Xn+2

xn+2 // Xn+1
// 0 // 0 // 0 // · · · ♦

1.9.27 Definition. An additive category A is called idempotent complete if for every mor-

phism X e //X in A with e ·e = e, there exists a direct sum A
i //X
s

oo
p
//B

too in A such that

e = s · i. Cf. [Büh10, definition 6.1]. ♦

1.9.28 Example. An abelian category is idempotent complete by [Büh10, remark 6.2]. ♦
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1.9.29 Lemma. Suppose given an additive category A , n ∈ Z and Y ∈ Ob(Cne(A )). Suppose

given X ∈ Ob(C(A )) such that X is a summand of Y in K(A ). Then there exists a complex

C ∈ Ob(Cne(A )) such that X is isomorphic to C in K(A ). If A is idempotent complete, then

X
XsA

ne
//XSA

ne is an isomorphism in K(A ). ♦

Proof. Since X is a summand of Y in K(A ), we may choose X
u //Y
v
oo in C(A ) such that

u · v = 1 in K(A ). We have XsAdn−1 = XsAdn−1 · u · v = 0 in K(A ) since C(A )(XSA
dn−1, Y ) = 0.

So we may choose Xk
hk //Xk+1 such that hk · xk+1 + xk · hk−1 = 1 for k ∈ Z<n , cf. lemma

1.9.13.

Let e = xn · hn−1 : Xn → Xn .

We have xn+1 · e = 0, e · xn = xn · (1− xn−1 · hn−2) = xn , e · e = e · xn · hn−1 = xn · hn−1 = e,

(1− e) · xn = xn − xn = 0 and (1− e) · e = e− e = 0.

We define M ∈ Ob(Cne(A )) by setting Mk = 0A for k ∈ Z<n , Mk = Xn for k ∈ Z≥n ,

mn+2k = e for k ∈ Z≥1 and mn+2k−1 = 1− e for k ∈ Z≥1 .

· · · // Xn
1−e // Xn

e // Xn
1−e // Xn

// 0 // · · ·

Note that if A is idempotent complete, then M is split acyclic and, consequently, we have

M ∈ Ob(ZK(A )) in this case, cf. definitions 1.9.27, 1.9.4 and lemma 1.9.5.

We define C ∈ Ob(Cne(A )) by setting Ck = 0A for k ∈ Z<n , Cn = Xn , Ck = Xk ⊕Xn for

k ∈ Z>n , mn+1 = ( xn+1
e ) , mn+2k+1 =

(
xn+2k+1 0

0 −e
)

for k ∈ Z≥1 and mn+2k =
(
xn+2k 0

0 e−1

)
for

k ∈ Z≥1 .

· · · // Xn+3⊕Xn

(
xn+3 0

0 −e
)
// Xn+2⊕Xn

(
xn+2 0

0 e−1

)
// Xn+1⊕Xn

(xn+1
e )
// Xn

// 0 // · · ·

We obtain a pseudo-triangle M
f //XSA

ne •
i //C �p //M [1] in C(A ) by setting fn = e, fk = 0

for k ∈ Z>n , in = 1, ik = ( 1 0 ) for k ∈ Z>n and pk = ( 0
1 ) for k ∈ Z>n , cf. lemma 1.9.17.

M

f
��

· · · // Xn

0

��

1−e // Xn

0

��

e // Xn

0

��

1−e // Xn

e

��

// 0

��

// · · ·

XSA
ne

•i
��

· · · // Xn+3

( 1 0 )

��

xn+3 // Xn+2

( 1 0 )

��

xn+2 // Xn+1

( 1 0 )

��

xn+1 // Xn

1

��

// 0

��

// · · ·

C

_p
��

· · · // Xn+3⊕Xn

( 0
1 )
��

(
xn+3 0

0 −e
)
// Xn+2⊕Xn

( 0
1 )
��

(
xn+2 0

0 e−1

)// Xn+1⊕Xn

( 0
1 )
��

(xn+1
e )
// Xn

��

// 0

��

// · · ·

M [1] · · · // Xn
−e // Xn

e−1 // Xn
// 0 // 0 // · · ·

Note that M
f
//XSA

ne
i //C

p
//M [1] is a triangle in K(A ). If A is idempotent complete,

then i is an isomorphism in K(A ) since M ∈ Ob(ZK(A )) in this case.
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So it suffices to show that XsAne · i : X → C is an isomorphism in K(A ).

We define C
g //X in C(A ) by setting gn = 1− e and gk = ( 1

0 ) for k ∈ Z>n .

C

g

��

· · · // Xn+3⊕Xn

( 1
0 )
��

(
xn+3 0

0 −e
)
// Xn+2⊕Xn

( 1
0 )
��

(
xn+2 0

0 e−1

)
// Xn+1⊕Xn

( 1
0 )
��

(xn+1
e )
// Xn

1−e
��

// 0 //

��

· · ·

X · · · // Xn+3
xn+3 // Xn+2

xn+2 // Xn+1
xn+1 // Xn

xn // Xn−1
// · · ·

We want to show that 1−XsAne · i · g = 0 in K(A ). Let ak = 0: Xk → Xk+1 for k ∈ Z≥n and

ak = hk : Xk → Xk+1 for k ∈ Z<n .

For k ∈ Z>n , we have ak · xk+1 + xk · ak−1 = 0 = 1− (XsAne)k · ik · gk .

We have an · xn+1 + xn · an−1 = xn · hn−1 = e = 1− (XsAne)k · ik · gk .

For k ∈ Z<n , we have ak · xk+1 + xk · ak−1 = hk · xk+1 + xk · hk−1 = 1 = 1− (XsAne)k · ik · gk .

We want to show that 1− g ·XsAne · i = 0 in K(A ). Let bk = ( 0 0
0 −1 ) : Ck → Ck+1 for

k ∈ Z>n+1 , bn+1 =
(

0 xn+1

0 −1

)
: Cn+1 → Cn+2 , bn = ( 0 1 ) : Cn → Cn+1 and bk = 0: Ck → Ck+1

for k ∈ Z<n . For k ∈ Z≥1 , we have

bn+2k+1 · cn+2k+2 + cn+2k+1 · bn+2k = ( 0 0
0 1−e ) + ( 0 0

0 e ) = ( 1 0
0 1 )− ( 1 0

0 0 )

= 1− gn+2k+1 · (XsAne)n+2k+1 · in+2k+1 .

For k ∈ Z>1 , we have

bn+2k · cn+2k+1 + cn+2k · bn+2k−1 = ( 0 0
0 e ) + ( 0 0

0 1−e ) = ( 1 0
0 1 )− ( 1 0

0 0 )

= 1− gn+2k · (XsAne)n+2k · in+2k .

We have bn+2 · cn+3 + cn+2 · bn+1 = ( 0 0
0 e ) + ( 0 0

0 1−e ) = ( 1 0
0 1 )− ( 1 0

0 0 ) = 1− gn+2 · (XsAne)n+2 · in+2 ,

bn+1 · cn+2 + cn+1 · bn =
(

0 −xn+1

0 1−e
)

+
(

0 xn+1

0 e

)
= ( 1 0

0 1 )− ( 1 0
0 0 ) = 1− gn+1 · (XsAne)n+1 · in+1 and

bn · cn+1 + cn · bn−1 = e = 1− gn · (XsAne)n · in .

For k ∈ Z<n , we have bk · ck+1 + ck · bk−1 = 0 = 1− gk · (XsAne)k · ik .

We conclude that XsAne · i and g are mutually inverse isomorphisms in K(A ).

1.9.30 Lemma. Suppose given an additive category A , n ∈ Z and Y ∈ Ob(Cdn(A )). Suppose

given X ∈ Ob(C(A )) such that X is a summand of Y in K(A ). Then there exists a complex

C ∈ Ob(Cdn(A )) such that X is isomorphic to C in K(A ). If A is idempotent complete, then

XSA
dn

XsAdn
//X is an isomorphism in K(A ). ♦

Proof. This is dual to the previous lemma 1.9.29.

1.9.31 Lemma/Definition. Suppose given an additive category A . We obtain a w-structure
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WA on K(A ) as follows. For k ∈ Z, let WA
ke be the full subcategory of K(A ) defined by

Ob(WA
ke ) = {X ∈ Ob(K(A )) : There exists C ∈ Ob(Cke(A )) and an isomorphism

X //C in K(A )}

and let WA
dk be the full subcategory of K(A ) defined by

Ob(WA
dk ) = {X ∈ Ob(K(A )) : There exists C ∈ Ob(Cdk(A )) and an isomorphism

X //C in K(A )}.

We call WA the standard w-structure on K(A ).

We obtain a w-structure WA ,b on Kb(A ) as follows. For k ∈ Z, let WA ,b
ke be the full subcat-

egory of Kb(A ) defined by

Ob(WA ,b
ke ) = {X ∈ Ob(Kb(A )) : There exists C ∈ Ob(Cke(A )) and an isomorphism

X //C in K(A )}

and let WA ,b
dk be the full subcategory of Kb(A ) defined by

Ob(WA .b
dk ) = {X ∈ Ob(Kb(A )) : There exists C ∈ Ob(Cdk(A )) and an isomorphism

X //C in K(A )}.

We call WA ,b the standard w-structure on Kb(A ). Cf. [Sch11, proposition 4.6]. ♦

The abelian case

We assume some familiarity with abelian categories and derived categories. We refer to [Wei94]

for an introduction to these notions and to [Ste75] for Grothendieck categories.

1.9.32 Definition. Suppose given an abelian category A . Let Inj(A ) ⊆ A denote the full

subcategory of injective objects in A . Let Proj(A ) ⊆ A denote the full subcategory of

projective objects in A . ♦

1.9.33 Definition. Suppose given an abelian category A . Let Ac(A ) ⊆ K(A ) denote the

full subcategory of acyclic complexes in K(A ). Let Acb(A ) = Ac(A ) ∩Kb(A ).

We say that a morphism X
f //Y in K(A ) is a quasi-isomorphism if there is a triangle

X
f //Y //Z //X [1] in K(A ) such that Z ∈ Ob(Ac(A )).

We say that a morphism X
f //Y in Kb(A ) is a quasi-isomorphism if there is a triangle

X
f //Y //Z //X [1] in Kb(A ) such that Z ∈ Ob(Acb(A )).

The derived category of A is the Verdier quotient D(A ) = K(A )//Ac(A ). We denote the

associated quotient functor by LA : K(A ) → D(A ). Let ID,A = IK,A · LA : A → D(A ). Let
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HA : D(A )→ A denote the homology functor that maps an object to its zeroth homology.

The bounded derived category of A is the Verdier quotient Kb(A )//Acb(A ). We denote the

corresponding quotient functor by Lb
A : Kb(A )→ Db(A ).

Let IDb,A = IKb,A · Lb
A : A → Db(A ). Let Hb

A : Db(A ) → A denote the bounded homology

functor that maps an object to its zeroth homology. ♦

1.9.34 Definition. Suppose given an abelian category A , n ∈ Z and X ∈ Ob(C(A )). We

define the sequence XTA
n+1c

XtA
n+1c//X

XtAbn //XTA
bn in C(A ) as follows.

Choose a cokernel Xn+1
cn+1 //Cn of xn+2 and let Cn

dn //Xn denote the unique morphism in

A such that cn+1 · dn = xn+1 . Choose a kernel En+1
fn+1 //Xn of xn and let Xn+1

en+1 //En+1

denote the unique morphism in A such that en+1 · fn+1 = xn+1 . For k ∈ Z>n+1 ,

let (XTA
n+1c)k−1 = Xk−1 , (XTA

n+1c)k k−1 = xk , (XTA
bn)k = 0A , (XtAn+1c)k−1 = 1Xk−1

.

Let (XTA
n+1c)n = Cn , (XTA

n+1c)n+1 n = cn+1 and (XtAn+1c)n = dn .

Let (XTA
bn)n+1 = En+1 , (XTA

bn)n+1 n = fn+1 and (XtAbn)n+1 = en+1 .

For k ∈ Z<n ,

let (XTA
n+1c)k = 0A , (XTA

bn)k+1 = Xk+1 , (XTA
bn)k+1 k = xk+1 , (XtAbn)k+1 = 1Xk+1

.

The objects XTA
n+1c and XTA

bn are sometimes called canonical/soft/smart/intelligent trunca-

tions of X.

XTA
n+1c

XtA
n+1c
��

· · · // Xn+2

1

��

xn+2 // Xn+1

1

��

cn+1 // Cn

dn

��

// 0

��

// 0

��

// · · ·

X

XtAbn
��

· · · // Xn+2

��

xn+2 // Xn+1

en+1

��

xn+1 // Xn

1

��

xn // Xn−1

1

��

xn−1 // Xn−2

1

��

// · · ·

XTA
bn · · · // 0 // En+1

fn+1 // Xn
xn // Xn−1

xn−1 // Xn−2
// · · · ♦

1.9.35 Lemma/Definition. Suppose given an abelian category A . We obtain a t-structure

T A on D(A ) as follows. For k ∈ Z, let T A
kc be the full subcategory of D(A ) defined by

Ob(T A
kc ) = {X ∈ Ob(D(A )) : Xtkc is a quasi-isomorphism in K(A )}

and let T A
bk be the full subcategory of D(A ) defined by

Ob(T A
bk ) = {X ∈ Ob(D(A )) : Xtbk is a quasi-isomorphism in K(A )}.

We call T A the standard t-structure on D(A ).

For k, ` ∈ Z, T A
bk, c̀ is the full subcategory of D(A ) with

Ob(T A
bk, c̀) = {X ∈ Ob(D(A )) : X is isomorphic to a complex Y ∈ Ob(Cdk, è(A )) in D(A )}.

We obtain a t-structure T A ,b on Db(A ) as follows. For k ∈ Z, let T A ,b
kc be the full subcategory
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of Db(A ) defined by

Ob(T A ,b
kc ) = {X ∈ Ob(Db(A )) : Xtkc is a quasi-isomorphism in Kb(A )}

and let T A ,b
bk be the full subcategory of Db(A ) defined by

Ob(T A ,b
bk ) = {X ∈ Ob(Db(A )) : Xtbk is a quasi-isomorphism in Kb(A )}.

We call T A ,b the standard t-structure on Db(A ).

For k, ` ∈ Z, T A ,b
bk, c̀ is the full subcategory of Db(A ) with

Ob(T A ,b
bk, c̀ ) = {X ∈ Ob(Db(A )) : X is isomorphic to a complex Y ∈Ob(Cdk, è(A )) in Db(A )}.

Cf. [BBD82, example 1.3.2.(i)]. ♦

1.9.36 Definition. Suppose given an abelian category A . A complex I ∈ Ob(C(A )) is called

K-injective if K(A )(X, I) = 0 for every acyclic complex X ∈ Ob(Ac(A )).

Let Kinj(A ) ⊆ K(A ) denote the full subcategory of K-injective complexes in K(A ). Note

that Kinj(A ) is closed under products in K(A ).

Cf. [Spa88, definition 1.1] [BN93, remark 2.13]. ♦

1.9.37 Definition. Suppose given an abelian category A . A complex P ∈ Ob(C(A )) is

called K-projective if K(A )(P,X) = 0 for every acyclic complex X ∈ Ob(Ac(A )).

Let Kproj(A ) ⊆ K(A ) denote the full subcategory of K-projective complexes in K(A ). Note

that Kproj(A ) is closed under coproducts in K(A ). ♦

1.9.38 Lemma. [Sta, lemma 070I] [Mur06, proposition 51]

Suppose given an abelian category A and a complex I ∈ Ob(C(A )). The following three

statements are equivalent.

(a) The complex I is K-injective.

(b) For every complex X ∈ Ob(C(A )), the map K(A )(X, I) → D(A )(X, I) : f 7→ fLA is an

isomorphism of abelian groups.

(c) For every quasi-isomorphism X
f //Y in K(A ), the map

K(A )(f, I) : K(A )(Y, I)→ K(A )(X, I) : g 7→ f · g is an isomorphism of abelian groups.
♦

1.9.39 Lemma. Suppose given an abelian category A and a complex P ∈ Ob(C(A )). The

following three statements are equivalent.

(a) The complex P is K-projective.

(b) For every complex X ∈ Ob(C(A )), the map K(A )(P,X)→ D(A )(P,X) : f 7→ fLA is an

isomorphism of abelian groups.

https://stacks.math.columbia.edu/tag/070I
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(c) For every quasi-isomorphism X
f //Y in K(A ), the map

K(A )(P, f) : K(A )(P,X)→ K(A )(P, Y ) : g 7→ g · f is an isomorphism of abelian groups. ♦

1.9.40 Lemma. [Sta, lemma 090X]

Suppose given an abelian category A and a triangle X //Y //Z //X [1] in K(A ). If

two out of the three objects X, Y , Z are K-injective, then the remaining one is K-injective

as well. ♦

1.9.41 Lemma. [Sta, lemma 070J] [Mur06, proposition 47]

Suppose given an abelian category A , n ∈ Z and a complex X ∈ Ob(Cdn(A )) such that

Xk ∈ Ob(Inj(A )) for k ∈ Z. Then X is K-injective. ♦

1.9.42 Definition. We say that an abelian category A has enough K-injectives if for every

X ∈ Ob(C(A )), there exists a K-injective complex I ∈ Ob(C(A )) and a quasi-isomorphism

X //I in K(A ). ♦

1.9.43 Definition. We say that an abelian category A has enough K-projectives if for every

X ∈ Ob(C(A )), there exists a K-projective complex P ∈ Ob(C(A )) and a quasi-isomorphism

P //X in K(A ). ♦

1.9.44 Definition. Suppose given an abelian category A . A complex I ∈ Ob(C(A )) is called

DG-injective if it is K-injective and if Ik ∈ Ob(Inj(A )) for k ∈ Z. ♦

1.9.45 Definition. Suppose given an abelian category A . A complex P ∈ Ob(C(A )) is

called DG-projective if it is K-projective and if Pk ∈ Ob(Proj(A )) for k ∈ Z. ♦

1.9.46 Remark. Suppose given an abelian category A and a complex X ∈ Ob(A ). By

definition, X is DG-projective if and only if it is K-projective and has projective entries. Not

every K-projective complex has projective entries since any zero object in K(A ) is K-projective

and so split acyclic complexes of the form · · · //0 //Y
1 //Y //0 //· · · are always K-

projective. Also not every complex with projective entries is K-projective. For example,

let A = Mod-Z/4Z and consider the complex X =
(
· · · 2 //Z/4Z 2 //Z/4Z 2 //· · ·

)
with

projective (free) entries. It is acyclic and thus K(A )(X,X) = 0 if it were K-projective. But X

is not a zero object in K(A ) which can be seen by tensoring with Z/2Z. Cf. [Spa88, p. 124]

and [Dol60, section 3.4].

Dually, X is DG-injective if and only if it is K-injective and has injective entries. Not every

K-injective complex has injective entries and not every complex with injective entries is K-

injective. ♦

1.9.47 Definition. We say that an abelian category A has enough DG-injectives if for every

X ∈ Ob(C(A )), there exists a DG-injective complex I ∈ Ob(C(A )) and a quasi-isomorphism

X //I in K(A ). ♦

1.9.48 Example. A Grothendieck category has enough DG-injectives by [Ser03, theorem

3.13, lemma 3.7] [Sta, theorem 079P]. ♦

https://stacks.math.columbia.edu/tag/090X
https://stacks.math.columbia.edu/tag/070J
https://stacks.math.columbia.edu/tag/079P
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1.9.49 Definition. We say that an abelian category A has enough DG-projectives if for

every X ∈ Ob(C(A )), there exists a DG-projective complex P ∈ Ob(C(A )) and a quasi-

isomorphism P //X in K(A ). ♦

1.9.50 Example. The module category Mod-R, where R is a ring, has enough DG-injectives

and enough DG-projectives by [AF91, 1.6]. ♦

1.9.51 Lemma. Suppose given an abelian category A , n ∈ Z and a DG-injective complex

I ∈ Ob(C(A )). Then ISA
dn ∈ Ob(Cdn(A )) and ISA

n+1e ∈ Ob(Cn+1e(A )) are DG-injective as

well. ♦

Proof. It suffices to show that ISA
dn and ISA

n+1e are K-injective. Now ISdn is K-injective by

lemma 1.9.41. Since we have a triangle ISA
dn

IsAdn
//I
IsA

n+1e
//ISA

n+1e
//(ISA

dn)[1] in K(A ), ISA
n+1e

is K-injective as well by lemma 1.9.40.

1.9.52 Lemma. Suppose given an abelian category A . Suppose given a direct sum

X
i //D
s
oo

p
//Y

too in D(A ). Suppose given quasi-isomorphisms X
f //I D

g //J and Y h //K

in K(A ) such that I, J,K are K-injective. Then there exists a direct sum I
i′ //J
s′
oo

p′
//K

t′oo in

K(A ). ♦

Proof. We will repeatedly use the properties 1.9.38.(b,c) of K-injective complexes. We abbre-

viate L = LA : K(A ) → D(A ). Note that we have i · s = 1, t · p = 1 and s · i + p · t = 1 in

D(A ). By lemma 1.9.38, there exists

• a unique morphism I i′ //J in K(A ) such that (f · i′)L = i · gL.

• a unique morphism J
s′ //I in K(A ) such that (g · s′)L = s · fL.

• a unique morphism J
p′ //K in K(A ) such that (g · p′)L = p · hL.

• a unique morphism K
t′ //J in K(A ) such that (h · t′)L = t · gL.

It remains to show that i′ · s′ = 1, t′ · p′ = 1 and s′ · i′ + p′ · t′ = 1 in K(A ).

Using lemma 1.9.38, we have i′ · s′ = 1 since

(f · i′ · s′)L = i · gL · s′L = i · s · fL = fL = (f · 1)L.

Using lemma 1.9.38, we have t′ · p′ = 1 since

(h · t′ · p′)L = t · gL · p′L = t · p · hL = hL = (h · 1)L.

Using lemma 1.9.38, we have t′ · p′ = 1 since

(h · t′ · p′)L = t · gL · p′L = t · p · hL = hL = (h · 1)L.
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Using lemma 1.9.38, we have s′ · i′ + p′ · t′ = 1 since

(g · (s′ · i′ + p′ · t′))L = s · fL · i′L + p · hL · t′L = s · i · gL + p · t · gL = gL = (g · 1)L.

X

f
��

i // D
s
oo

g
��

p
// Y

too

h
��

I
i′ // J
s′

oo
p′
// K

t′oo

1.9.53 Lemma/Definition.

Suppose given an abelian category A with enough DG-injectives. We define the standard

injective w-structure WA ,inj = (WA ,inj
d0 ,WA ,inj

0e ) on D(A ) as follows. For k ∈ Z, WA ,inj
ke is the

full subcategory of D(A ) with

Ob(WA ,inj
ke ) = {X ∈ Ob(D(A )) : There exists a DG-injective complex I ∈ Ob(Cke(A ))

and a quasi-isomorphism X //I in K(A )}

and WA ,inj
dk is the full subcategory of D(A ) with

Ob(WA ,inj
dk ) = {X ∈ Ob(D(A )) : There exists a DG-injective complex I ∈ Ob(Cdk(A ))

and a quasi-isomorphism X //I in K(A )}.

(a) For k, ` ∈ Z, WA ,inj
dk, è is the full subcategory of D(A ) with

Ob(WA ,inj
dk, è ) = {X ∈ Ob(D(A )) : There exists a DG-injective complex I ∈ Ob(Cdk, è(A ))

and a quasi-isomorphism X //I in K(A )}.

(b) We have WA ,inj
0e ⊆ T A

0c .

(c) We have WA ,inj
d0 = T A

b0 , i.e. T A is left-adjacent to WA ,inj. Cf. definition 1.8.6.(a).
♦

Proof. We abbreviate W =WA ,inj.

We want to show that W is a w-structure on D(A ).

Suppose given Y ∈ Ob(Wd0) and X ∈ Ob(D(A )) such that X is a summand of Y in D(A ).

Choose quasi-isomorphisms X
f //I and Y

g //J in K(A ) such that I ∈ Ob(C(A )) and

J ∈ Ob(Cd0(A )) are DG-injective. Thus I is a summand of J in K(A ) by lemma 1.9.52. By

lemma 1.9.30, I is isomorphic to ISA
d0 ∈ Ob(Cd0(A )) in K(A ).

We conclude that X ∈ Ob(Wd0).

Suppose given Y ∈ Ob(W0e) and X ∈ Ob(D(A )) such that X is a summand of Y in D(A ).

Choose quasi-isomorphisms X
f //I and Y

g //J in K(A ) such that I ∈ Ob(C(A )) and
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J ∈ Ob(C0e(A )) are DG-injective. Thus I is a summand of J in K(A ) by lemma 1.9.52. By

lemma 1.9.29, I is isomorphic to ISA
0e ∈ Ob(C0e(A )) in K(A ).

We conclude that X ∈ Ob(W0e).

Ad (W1). Suppose given X ∈ Ob(Wd0) and Y ∈ Ob(W1e). Choose quasi-isomorphisms

X
f //I and Y

g //J in K(A ) such that I ∈ Ob(Cd0(A )) and J ∈ Ob(C1e(A )) are DG-

injective. We have D(A )(X, Y ) = 0 since K(A )(I, J) = 0.

Ad (W2). Suppose given X ∈ Ob(W0e). Choose a quasi-isomorphism X
f //I in K(A ) such

that I ∈ Ob(C0e(A )) is DG-injective. Then X [1] f [1]
//I [1] is a quasi-isomorphism in K(A )

such that I [1] ∈ Ob(C1e(A )) ⊆ Ob(C0e(A )).

Ad (W3). Suppose given X ∈ Ob(D(A )). Choose a quasi-isomorphism X
f //I in K(A )

such that I ∈ Ob(C(A )) is DG-injective. We have a triangle ISA
d0

sAd0
//I

sA
1e
//ISA

1e
//(ISA

d0 )[1]

in K(A ) with ISA
d0 , ISA

1e DG-injective by lemma 1.9.51. This yields a triangle

ISA
d0

//X //ISA
1e

//(ISA
d0 )[1] in D(A ).

We conclude that W is a w-structure on D(A ).

Ad (a). Suppose given X ∈ Ob(Wdk, è). Choose quasi-isomorphisms X
f //I and X

g //J

in K(A ) such that I ∈ Ob(C è(A )) and J ∈ Ob(Cdk(A )) are DG-injective. Since X is a

summand of X in D(A ), J is a summand of I in K(A ) by lemma 1.9.52. By lemma 1.9.29,

J is isomorphic to JSA
è ∈ Ob(Cdk, è(A )) in K(A ).

Ad (b). Suppose given X ∈ Ob(W0e). Choose a quasi-isomorphism X
f //I in K(A ) such

that I ∈ Ob(C0e(A )) is DG-injective. We have I ∈ Ob(T A
0c ) and thus X ∈ Ob(T A

0c ).

Ad (c). Suppose given X ∈ Ob(Wd0). Choose a quasi-isomorphism X
f //I in K(A ) such

that I ∈ Ob(Cd0(A )) is DG-injective. We have I ∈ Ob(T A
b0 ) and thus X ∈ Ob(T A

b0 ).

Conversely, suppose given X ∈ Ob(T A
b0 ). It suffices to show that X ∈ Ob(⊥W1e). Suppose

given Y ∈ Ob(W1e). Choose a quasi-isomorphism Y
f //I in K(A ) such that I ∈ Ob(C1e(A ))

is DG-injective. We have D(A )(X, Y ) = 0 since K(A )(XTA
b0 , I) = 0.

1.9.54 Lemma/Definition. Suppose given an abelian category A with enough DG-projec-

tives. We define the standard projective w-structure WA ,proj = (WA ,proj
d0 ,WA ,proj

0e ) on D(A ) as

follows. For k ∈ Z, WA ,proj
ke is the full subcategory of D(A ) with

Ob(WA ,proj
ke ) = {X ∈ Ob(D(A )) : There exists a DG-projective complex P ∈ Ob(Cke(A ))

and a quasi-isomorphism P //X in K(A )}

and WA ,proj
dk is the full subcategory of D(A ) with

Ob(WA ,proj
dk ) = {X ∈ Ob(D(A )) : There exists a DG-projective complex P ∈ Ob(Cdk(A ))

and a quasi-isomorphism P //X in K(A )}.
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(a) For k, ` ∈ Z, WA ,proj
dk, è is the full subcategory of D(A ) with

Ob(WA ,proj
dk, è ) = {X ∈ Ob(D(A )) : There exists a DG-projective complex P ∈ Ob(Cdk, è(A ))

and a quasi-isomorphism P //X in K(A )}.

(b) We have WA ,proj
d0 ⊆ T A

b0 .

(c) We have WA ,proj
0e = T A

0c , i.e. T A is right-adjacent to WA ,proj. Cf. definition 1.8.6.(b).
♦

Proof. This is dual to the previous lemma 1.9.53

1.9.55 Lemma. Suppose given an abelian category A , an acyclic complex X ∈ Ob(Ac(A ))

and m ∈ Z. There exists a triangle T //X //U //T [1] in K(A ) such that

T, U ∈ Ob(Ac(A )), T ∈ Ob(Cme(A )), U ∈ Ob(Cdm+1(A )) and such that the following two

statements hold.

• If X ∈ Ob(Cdn(A )), where n ∈ Z, then T ∈ Ob(Cdn(A )) as well.

• If X ∈ Ob(Cne(A )), where n ∈ Z, then U ∈ Ob(Cne(A )) as well.
♦

Proof. Choose an image Xm+1
�p //M •i //Xm of xm+1 in A .

Consider the pseudo-triangle T h //X •
j //C �q //T [1] in C(A ) with

• Tk = Xk, tk+1 = xk+1 for k ∈ Z>m , Tm = M , tm+1 = p, Tk = 0A for k ∈ Z<m ,

• hk = 1 for k ∈ Z>m , hm = i,

• Ck = Xk ⊕ Xk−1 , ck+1 =
(
xk+1 0

1 −xk

)
for k ∈ Z>m+1 , Cm+1 = Xm+1 ⊕ M , cm+2 =(

xm+2 0
1 −p

)
, cm+1 = ( xm+1

i ) , Ck = Xk , ck = xk for k ∈ Z≤m ,

• qk = ( 0
1 ) for k ∈ Z>m .

T

h
��

· · · // Xm+3

1
��

xm+3 // Xm+2

1
��

xm+2 // Xm+1

1
��

�p //M

•i
��

// 0 //

��

· · ·

X

•j
��

· · · // Xm+3
xm+3 //

( 1 0 )

��

Xm+2
xm+2 //

( 1 0 )

��

Xm+1
xm+1 //

( 1 0 )

��

Xm
xm //

1
��

Xm−1
//

1
��

· · ·

C

_q
��

· · · // Xm+3⊕Xm+2

( xm+3 0
1 −xm+2

)
//

( 0
1 )
��

Xm+2⊕Xm+1(
xm+2 0

1 −p
)//

( 0
1 )
��

Xm+1⊕M
(xm+1

i )
//

( 0
1 )
��

Xm
xm //

��

Xm−1
//

��

· · ·

T [1] · · · // Xm+2
−xm+2 // Xm+1

�−p //M // 0 // 0 // · · ·
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Note that T ∈ Ob(Ac(A )) and T ∈ Ob(Cme(A )) by construction. If X ∈ Ob(Cdn(A )), where

n ∈ Z, then T ∈ Ob(Cdn(A )) by construction as well.

We define U ∈ C(A ) by setting Uk = 0A for k ∈ Z>m+1 , Um+1 = M , um+1 = i , Uk = Xk ,

uk = xk for k ∈ Z≤m .

· · · // 0 //M •i // Xm
xm // Xm−1

xm−1 // Xm−2
// · · ·

Note that U ∈ Ob(Ac(A )) and U ∈ Ob(Cdm+1(A )) by construction. If X ∈ Ob(Cne(A )),

where n ∈ Z, then U ∈ Ob(Cne(A )) by construction as well.

It remains to show that C and U are isomorphic in K(A ).

We define C
f //U in C(A ) by setting fm+1 = ( p1 ) and fk = 1 for k ∈ Z≤m .

C

f

��

· · · // Xm+3⊕Xm+2

( xm+3 0
1 −xm+2

)
//

��

Xm+2⊕Xm+1

(
xm+2 0

1 −p
)
//

��

Xm+1⊕M
(xm+1

i )
//

( p1 )
��

Xm

1
��

xm //

��

Xm−1

1
��

//

��

· · ·

U · · · // 0 // 0 //M •i // Xm
xm // Xm−1

// · · ·

We define U
g //C in C(A ) by setting gm+1 = ( 0 1 ) and gk = 1 for k ∈ Z≤m .

U

g

��

· · · // 0

��

// 0

��

//M

( 0 1 )

��

•i // Xm

1
��

xm // Xm−1

1
��

// · · ·

C · · · // Xm+3⊕Xm+2( xm+3 0
1 −xm+2

)// Xm+2⊕Xm+1(
xm+2 0

1 −p
)// Xm+1⊕M

(xm+1

i )
// Xm xm

// Xm−1
// · · ·

Note that we have g · f = 1U by construction. Thus it suffices to show that 1− f · g = 0 in

K(A ). Let hk = ( 0 1
0 0 ) : Ck → Ck+1 for k ∈ Z>m and hk = 0: Ck → Ck+1 for k ∈ Z≤m . For

k ∈ Z>m+2 , we have

(1− f · g)k = ( 1 0
0 1 ) = ( 0 1

0 0 ) ·
(
xk+1 0

1 −xk

)
+
(
xk 0
1 −xk−1

)
· ( 0 1

0 0 ) = hk · ck+1 + ck · hk−1 .

We have

(1− f · g)m+2 = ( 1 0
0 1 ) = ( 0 1

0 0 ) ·
( xm+3 0

1 −xm+2

)
+
(
xm+2 0

1 −p
)
· ( 0 1

0 0 ) = hm+2 · cm+3 + cm+2 · hm+1

and

(1− f · g)m+1 =
(

1 −p
0 0

)
= ( 0 1

0 0 ) ·
(
xm+2 0

1 −p
)

+ ( xm+1

i ) · 0 = hm+1 · cm+2 + cm+1 · hm .

For k ∈ Z≤m , we have (1− f · g)k = 0 = hk · ck+1 + ck · hk−1 .

1.9.56 Definition. Suppose given an abelian category A . An acyclic complex

X ∈ Ob(Ac(A )) is called 2-acyclic if there exists k ∈ Z such that X ∈ Ob(Cdk+1,k−1e(A )).
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We define the full subcategory Ac2(A ) of K(A ) by setting

Ob(Ac2(A )) = {X ∈ Ob(Ac(A )) : X is 2-acyclic}.

Note that Ac2(A ) ⊆ Acb(A ) ⊆ Kb(A ). ♦

1.9.57 Lemma. Suppose given an abelian category A . Suppose given a triangulated category

D and an exact functor F : Kb(A )→ D such that XF ∈ Ob(ZD) for X ∈ Ob(Ac2(A )). Then

we have XF ∈ Ob(ZD) for X ∈ Ob(Acb(A )). ♦

Proof. Suppose given X ∈ Ob(Acb(A )).

We may choose m,n ∈ Z such that X ∈ Ob(Cdm,ne(A )). We use induction on m− n ∈ Z.

If m− n ∈ Z≤1 , we have X ∈ Ob(ZKb(A )). Thus XF ∈ Ob(ZD) since F is additive.

If m− n = 2, we have XF ∈ Ob(ZD) by assumption.

If m− n ∈ Z>2 , we may choose a triangle T //X //U //T [1] in K(A ) such that

T, U ∈ Ob(Ac(A )), T ∈ Ob(Cdm,m−2e(A )) and U ∈ Ob(Cdm−1,ne(A )) by lemma 1.9.55. We

have TF ∈ Ob(ZD) since T is 2-acyclic and UF ∈ Ob(ZD) by induction. We conclude that

XF ∈ Ob(ZD) since F is exact.

1.9.58 Lemma. Suppose given an abelian category A . Suppose given a triangulated category

D and a non-degenerate t-structure T on D . Suppose given an exact functor F : K(A )→ D

such that

(a) XF ∈ Ob(ZD) for X ∈ Ob(Ac2(A )),

(b) XF ∈ Ob(Tbm) for m ∈ Z, X ∈ Ob(Cdm(A )) and such that

(c) XF ∈ Ob(Tmc) for m ∈ Z, X ∈ Ob(Cme(A )).

Then we have XF ∈ Ob(ZD) for all X ∈ Ob(Ac(A )). ♦

Proof. We want prove the following four statements.

(i) For X ∈ Ob(Acb(A )), we have XF ∈ Ob(ZD).

(ii) For m ∈ Z and X ∈ Ob(Ac(A )) ∩Ob(Cdm(A )), we have XF ∈ Ob(ZD).

(iii) For m ∈ Z and X ∈ Ob(Ac(A )) ∩Ob(Cme(A )), we have XF ∈ Ob(ZD).

(iv) For X ∈ Ob(Ac(A )), we have XF ∈ Ob(ZD).

Ad (i). This follows from lemma 1.9.57 applied to the exact functor Inc
K(A )

Kb(A )
·F : Kb(A )→ D .

Ad (ii). We abbreviate H = Tb0,0c . Suppose givenm ∈ Z andX ∈ Ob(Ac(A ))∩Ob(Cdm(A )).

It suffices to show that XF [−k]HT ∈ Ob(ZH ) for k ∈ Z since T is non-degenerate.

Suppose given k ∈ Z. By lemma 1.9.55, we may choose a triangle T //X //U //T [1] in

K(A ) such that T, U ∈ Ob(Ac(A )), T ∈ Ob(Cdm,k−2e(A )) and U ∈ Ob(Cdk−1(A )). We have
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TF [−k]HT ∈ Ob(ZH ) by (i) and UF [−k]HT ∈ Ob(ZH ) since UF ∈ Ob(Tbk−1) by assumption.

We conclude that XF [−k]HT ∈ Ob(ZH ) since F · Σ−k · HT is homological.

Ad (iii). This is dual to (ii).

Ad (iv). Suppose given X ∈ Ob(Ac(A )). We may choose a triangle T //X //U //T [1]

in K(A ) such that T, U ∈ Ob(Ac(A )), T ∈ Ob(Cme(A )) and U ∈ Ob(Cdm+1(A )) by lemma

1.9.55. We have TF ∈ Ob(ZD) by (iii) and UF ∈ Ob(ZD) by (ii).

We conclude that XF ∈ Ob(ZD) since F is exact.



Chapter 2

Strict Frobenius categories

Some aspects of the general theory of triangulated categories are not satisfactory. Examples

include the non-functoriality of cones, homotopy limits and homotopy colimits. One way to

overcome these problems is to work with enhancements such as Frobenius categories [Hap88],

dg-categories [CS17], A∞-categories [Kel06], derivators [Gro13] or infinity-categories [Lur11].

We choose to work with Frobenius categories. Triangulated categories that have this kind

of enhancement are called algebraic. When working with diagrams as in chapter 3, it will

be advantageous to have functorial short exact sequences X •Xι //XB �Xπ //XΣ on the level of

the Frobenius category. To this end, we develop the theory of strict Frobenius categories for

which the functorial Frobenius categories of [Kün07, definition A.5] are predecessors. Strict

Frobenius categories will provide the language for all of the constructions in the chapters 3

and 4.

Section 2.1 contains the basic definitions and we deduce elementary properties of strict Frobe-

nius categories: They are in fact Frobenius categories (proposition 2.1.27) and the functors B

and Σ are exact (lemmata 2.1.31, 2.1.30).

We define and study connecting morphisms (’deltas’) in section 2.2. These are used to show

that the stable category of a strict Frobenius category is a strict triangulated category in

lemma 2.2.14.

In section 2.3, we show that every algebraic triangulated category is equivalent to the stable

category of a strict Frobenius category. Since every algebraic triangulated category is equiv-

alent to the stable category of a Frobenius category by definition, it suffices to show that the

stable category of a Frobenius category is equivalent to the stable category of a strict Frobenius

category. The idea behind the construction is due to B. Keller [Kel94, section 4.3] and was

also described in [Kün07, lemma A.8], [Kra07, proof of theorem 7.5] and [CS17, proposition

3.1]. We briefly discuss that the construction can be extended to functors and transformations

in remark 2.3.10. However, the construction is not needed in our main example: The category

of complexes with entries in an additive category is already a strict Frobenius category. Here

the construction yields a category of double complexes.
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2.1 Definitions and elementary properties

2.1.1 Definition. Suppose given an additive category A .

A morphism X
i //Y in A is called a pairable monomorphism if there exists Y

p //Z in A

such that (i, p) is a kernel-cokernel-pair.

A morphism Y
p //Z in A is called a pairable epimorphism if there exists X i //Y in A

such that (i, p) is a kernel-cokernel-pair. ♦

2.1.2 Definition. Suppose given an additive category F , an additive functor B: F → F ,

an isomorphism of categories Σ: F → F , transformations ι : 1F → B, π : B → Σ and an

isotransformation α : ΣB→ BΣ such that the following four conditions hold.

(SF1) The pair (Xι,Xπ) is a kernel-cokernel-pair in F for X ∈ Ob(F ).

(SF2) Suppose given X
f //Y in F .

(a) There exists a pushout

X Xι //

f
��

XB

f ′

��
Y

i // Z

in F such that i is a pairable monomorphism.

(b) There exists a pullback

W
p //

f ′′

��

X

f
��

Y Σ−1B
(Y Σ−1)π // Y

in F such that p is a pairable epimorphism.

(SF3) Suppose given X, Y, Z ∈ Ob(F ) and Y B
f //XΣ, X

g //ZB in F . Then there exist

Y B
f ′ //XB and XB

g′ //ZB in F such that f ′ ·Xπ = f and Xι · g′ = g.

Y B

f
��

f ′

{{
X Xι //

g
��

XB
Xπ
//

g′||

XΣ

ZB

(SF4) We have (Σ ? ι) · α = ι ? Σ and Σ ? π = −α · (π ? Σ).

We call such a tuple (F ,B,Σ, ι, π, α) a strict Frobenius category.

We abbreviate F = (F ,B,Σ, ι, π, α) if unambiguous. ♦
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2.1.3 Remark. Every strict Frobenius category is a Frobenius category when equipped with

a suitable exact structure, cf. proposition 2.1.27 below. Moreover, the stable category of a

strict Frobenius category is a strict triangulated category, cf. lemma 2.2.14 below. ♦

2.1.4 Example. Suppose given an additive category A . (C(A ),BC,A ,ΣC,A , ιC,A , πC,A , αC,A )

is a strict Frobenius category, cf. definitions 1.9.7, 1.9.8, 1.9.9, 1.9.10 and lemma 1.9.11. ♦

Suppose given a strict Frobenius category F = (F ,B,Σ, ι, π, α) for the remainder of this

section.

2.1.5 Remark. Note that (F op, (Σ−1B)op, (Σ−1)op, (Σ−1?π)op, (Σ−1?ι)op, (Σ−2?−α?Σ−1)op)

is a strict Frobenius category as well. This allows for reasoning by dualisation. ♦

2.1.6 Remark. For X ∈ Ob(F ), we have (XΣ)ι ·Xα = (Xι)Σ and −(XΣ)π = Xα · (Xπ)Σ

by (SF4).

XΣ
(XΣ)ι//

1
��

XΣB
(XΣ)π //

Xα
��

XΣ2

−1
��

XΣ
(Xι)Σ// XBΣ

(Xπ)Σ // XΣ2 ♦

2.1.7 Lemma. Suppose given a pushout in F as follows.

X
Xι //

f
��

XB

f ′

��
Y

i // Z

Then i is a pairable monomorphism in F . ♦

Proof. Since pushouts are unique up to isomorphism, i is the composite of a pairable monomor-

phism and an isomorphism, cf. (SF2).

2.1.8 Lemma. Suppose given a pullback in F as follows.

W
p //

f ′′

��

X

f
��

Y Σ−1B Y Σ−1π // Y

Then p is a pairable epimorphism in F . ♦

Proof. This is dual to the previous lemma 2.1.7.

2.1.9 Lemma. Suppose given a commutative diagram in F as follows.

X
Xι //

f
��

XB

f ′

��

Xπ // XΣ

1
��

Y i // Z
p // XΣ
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Suppose that i is a kernel of p. Then the left rectangle (Xι, f, f ′, i) is a square and (i, p) is a

kernel-cokernel-pair in F . ♦

Proof. Consider the following commutative diagram in F .

X Xι //

f
��

XB

f ′

��
Y i //

��

Z

p
��

0 // XΣ

The lower rectangle (i, 0, p, 0) is a pullback since i is a kernel of p. The outer rectangle

(Xι, 0, f ′ ·p, 0) is a pullback since Xι is a kernel of f ′ ·p = Xπ. By the pasting lemma 1.1.1.(b),

the upper rectangle (Xι, f, f ′, i) is a pullback as well. Thus (Xι −f ) is a kernel of
(
f ′

i

)
by

lemma 1.2.6.(b). By lemma 1.2.10, the following rectangle is a pullback in F .

XB⊕ Y
(
f ′

i

)
//

( 1
0 )
��

Z

p

��
XB Xπ // XΣ

Thus
(
f ′

i

)
is a pairable epimorphism by lemma 2.1.8. So

(
(Xι −f ) ,

(
f ′

i

))
is a kernel-cokernel-

pair. We conclude that (Xι, f, f ′, i) is a square, cf. lemma 1.2.6.(c). Now p is a cokernel of i

by lemma 1.2.7.(b). Thus (i, p) is a kernel-cokernel-pair.

2.1.10 Lemma. Suppose given a commutative diagram in F as follows.

Y Σ−1

1
��

i //W

f ′′

��

p // X

f
��

Y Σ−1 Y Σ−1ι // Y Σ−1B Y Σ−1π // Y

Suppose that p is a cokernel of i. Then the right rectangle (p, f ′′, f, Y Σ−1π) is a square and

(i, p) is a kernel-cokernel-pair. ♦

Proof. This is dual to the previous lemma 2.1.9.

2.1.11 Lemma. Suppose given a pushout in F as follows.

X
Xι //

f
��

XB

f ′

��
Y i // Z

(a) This pushout is a square.
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(b) We may choose Z
p //XΣ in F such that f ′ · p = Xπ and such that (i, p) is a kernel-

cokernel-pair.

(c) Suppose given Z
p //XΣ in F such that f ′ · p = Xπ and such that (i, p) is a kernel-

cokernel-pair. We may choose Z h //Y B in F such that i · h = Y ι, f ′ · h = fB and

such that the rectangle

Z
p //

h
��

XΣ

fΣ
��

Y B Y π // Y Σ

is a square in F .

X
Xι //

f
��

XB

f ′

��

Xπ // XΣ

1
��

Y
i //

1
��

Z
p //

h
��

XΣ

fΣ
��

Y Y ι // Y B Y π // Y Σ ♦

Proof. Ad (b). The morphism Xπ is a cokernel of Xι by (SF1). By lemma 1.2.7.(b), we get

a cokernel Z
p //XΣ of i such that f ′ · p = Xπ. Since i is a pairable monomorphism by

lemma 2.1.7, the pair (i, p) is a kernel-cokernel-pair.

Ad (a). Using (b), lemma 2.1.9 yields that the pushout (Xι, f, f ′, i) is a square.

Ad (c). We have Xι · fB = f · Y ι since ι is a transformation. By the pushout property, we

get Z h //Y B such that i · h = Y ι and f ′ · h = fB.

X Xι //

f
��

XB

f ′

�� fB

��

Y

Y ι 00

i // Z

h ""
Y B

We have
(
f ′

i

)
· p · fΣ = (Xπ0 ) · fΣ =

(
fB·Y π

0

)
=
(
fB
Y ι

)
· Y π =

(
f ′

i

)
· h · Y π. Since

(
f ′

i

)
is an

epimorphism by lemma 1.2.6.(a), we have p · fΣ = h · Y π.

Consider the following commutative diagram in F .

Y
i //

1
��

Z
p //

h
��

XΣ

fΣ
��

Y Y ι // Y B Y π // Y Σ
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Since p is a cokernel of i, the right rectangle (p, h, fΣ, Y π) is a square by lemma 2.1.10.

2.1.12 Lemma. Suppose given a pullback in F as follows.

W
p //

f̃
��

X

f
��

Y Σ−1B Y Σ−1π // Y

(a) This pullback is a square.

(b) We may choose Y Σ−1 i //W in F such that i · f̃ = Y Σ−1ι and such that (i, p) is a

kernel-cokernel-pair.

(c) Suppose given Y Σ−1 i //W in F such that i · f̃ = Y Σ−1ι and such that (i, p) is a

kernel-cokernel-pair. We may choose XΣ−1B h //W in F such that h · p = XΣ−1π,

h · f̃ = fΣ−1B and such that the rectangle

XΣ−1 XΣ−1ι //

fΣ−1

��

XΣ−1B

h
��

Y Σ−1 i //W

is a square in F .

XΣ−1 XΣ−1ι //

fΣ−1

��

XΣ−1B

h
��

XΣ−1π // X

1
��

Y Σ−1 i //

1
��

W
p //

f̃
��

X

f
��

Y Σ−1 Y Σ−1ι // Y Σ−1B Y Σ−1π // Y ♦

Proof. This is dual to the previous lemma 2.1.11.

2.1.13 Definition. A morphism Y
i //Z in F is called a pure monomorphism in F if there

exists a pushout in F as follows.

X
Xι //

f
��

XB

f ′

��
Y

i // Z

A morphism W
q //X in F is called a pure epimorphism in F if there exists a pullback in
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F as follows.

W
q //

f̃
��

X

f
��

Y Σ−1B Y Σ−1π // Y ♦

2.1.14 Remark. Suppose given X ∈ Ob(F ). The morphism Xι is a pure monomorphism

and the morphism Xπ is a pure epimorphism in F . ♦

Proof. The following diagram is a pushout in F .

X Xι //

1
��

XB

1
��

X
Xι // XB

Thus Xι is a pure monomorphism in F .

The following diagram is a pullback in F .

XB Xπ //

1
��

XΣ

1
��

XB Xπ // XΣ

Thus Xπ is a pure epimorphism in F .

2.1.15 Lemma.

(a) Pure monomorphisms are closed under isomorphisms.

More precisely, given a pure monomorphism Y
i //Z in F and a commutative diagram

Y i //

g

��

Z

h
��

W
j // Q

in F with g, h isomorphisms, then j is a pure monomorphism as well.

(b) Pure epimorphisms are closed under isomorphisms.

(c) Every pure monomorphism has a cokernel that is a pure epimorphism.

(d) Every pure epimorphism has a kernel that is a pure monomorphism.

(e) Suppose given a kernel-cokernel-pair (i, p) in F . If i is a pure monomorphism, then p is

a pure epimorphism. If p is a pure epimorphism, then i is a pure monomorphism.
♦
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Proof. Ad (a). Since i is a pure monomorphism, there is a pushout

X Xι //

f
��

XB

f ′

��
Y i // Z

in F . By the pasting lemma 1.1.1.(a), the diagram

X
Xι //

f ·g
��

XB

f ′·h
��

W
j // Y

is a pushout as well. Thus j is a pure monomorphism.

Ad (b). This is dual to (a).

Ad (c). This follows from lemma 2.1.11.(b,c).

Ad (d). This is dual to (c).

Ad (e). If i is a pure monomorphism, then it has a cokernel that is a pure epimorphism by

(c). By (a), p is also a pure epimorphism.

If p is a pure epimorphism, then it has a kernel that is a pure monomorphism by (d). By (b),

i is also a pure monomorphism.

2.1.16 Definition. A kernel-cokernel-pair (i, p) in F is called a pure short exact sequence in

F if i is a pure monomorphism and if p is a pure epimorphism, cf. definition 2.1.13. Let E p
F

denote the full subcategory of KCP(F ) defined by

Ob(E p
F ) = {(i, p) ∈ Ob(KCP(F )) : (i, p) is a pure short exact sequence in F}.

♦

2.1.17 Remark. Suppose given X ∈ Ob(F ). The kernel-cokernel-pair (Xι,Xπ) is a pure

short exact sequence in F . ♦

Proof. This follows from remark 2.1.14 and lemma 2.1.15.(e).

2.1.18 Remark. E p
F is a strictly full subcategory of KCP(F ). ♦

Proof. This follows from lemma 2.1.15.(a,e).

2.1.19 Lemma. Suppose given X ∈ Ob(F ). The identity morphism 1X is a pure monomor-

phism in F . ♦

Proof. The following rectangle is a pushout since B is additive.

0F
0F ι //

0
��

0F B

0
��

X
1X // X
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Thus 1X is a pure monomorphism in F .

2.1.20 Lemma. Suppose given X ∈ Ob(F ). The identity morphism 1X is a pure epimor-

phism in F . ♦

Proof. This is dual to the previous lemma 2.1.19.

2.1.21 Lemma. Suppose given a morphism Y
g //W and pure monomorphism Y

i //Z in

F . There exists a pushout in F as follows such that j is a pure monomorphism in F .

Y
i //

g

��

Z

g′

��
W

j // Q

Moreover, this pushout is a square. ♦

Proof. Since i is a pure monomorphism, we may choose a pushout in F as follows.

X Xι //

f
��

XB

f ′

��
Y i // Z

By (SF2), we may choose a pushout in F as follows such that j is a pure monomorphism.

X
Xι //

f ·g
��

XB

u
��

W
j // Q

We have Xι ·u = f ·g ·j. By the pushout property, we get Z
g′ //Q in F such that i ·g′ = g ·j

and f ′ · g′ = u.

X
Xι //

f
��

XB

f ′

�� u

��

Y

g·j 00

i // Z

g′ !!
Q
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Consider the following commutative diagram in F .

X Xι //

f
��

XB

f ′

��
Y i //

g

��

Z

g′

��
W

j // Q

The lower rectangle (i, g, g′, j) is a pushout by the pasting lemma 1.1.1.(a). Since j is a pure

monomorphism, we may choose Q
q //R in F such that (j, q) is a kernel-cokernel-pair.

Consider the following commutative diagram in F .

Y i //

g

��

Z

g′

��
W

j //

��

Q

q

��
0 // R

The lower rectangle (j, 0, q, 0) is a pullback since (j, q) is a kernel-cokernel-pair. By lemma

1.2.7.(a), g′ · q is a cokernel of i. So (i, g′ · q) is a kernel-cokernel-pair since i is a pure

monomorphism. Thus the outer rectangle (i, 0, g′ · q, 0) is a pullback. By the pasting lemma

1.1.1.(b), the upper rectangle (i, g, g′, j) is a pullback as well.

2.1.22 Lemma. Suppose given a morphism W
g //Z and pure epimorphism Y

p //Z in F .

There exists a pullback in F as follows such that q is a pure epimorphism in F .

P
q //

g̃
��

W

g
��

Y
p // Z

Moreover, this pullback is a square. ♦

Proof. This is dual to the previous lemma 2.1.21.

2.1.23 Lemma. Suppose given W ∈ Ob(F ), a morphism Y
g //WB and pure monomor-

phism Y
i //Z in F . There exists Z

g′ //WB in F such that i · g′ = g.
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Y
i //

g
��

Z

g′}}
WB ♦

Proof. Since i is a pure monomorphism, we may choose a pushout in F as follows.

X
Xι //

f
��

XB

f ′

��
Y i // Z

We get XB u //WB in F such that Xι · u = f · g by (SF3).

X Xι //

f ·g
��

XB

u{{
WB

By the pushout property, we get Z
g′ //WB such that i · g′ = g and f ′ · g′ = u.

X Xι //

f
��

XB

f ′

�� u

��

Y

g 00

i // Z

g′ ##
WB

2.1.24 Lemma. Suppose given W ∈ Ob(F ), a morphism WB
g //Z and pure epimorphism

Y
p //Z in F . There exists WB

g′ //Y in F such that g′ · p = g.

WB

g
��

g′

}}
Y p

// Z ♦

Proof. This is dual to the previous lemma 2.1.23.

2.1.25 Lemma. The composite of two pure monomorphisms is a pure monomorphism.

More precisely, suppose given pure monomorphisms Y i //Z and Z
j //W in F . Then the

composite i · j is a pure monomorphism in F as well. ♦
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Proof. Since i is a pure monomorphism, we may choose a pushout in F as follows.

X Xι //

f
��

XB

f ′

��
Y i // Z

By lemma 2.1.11.(b,c), we may choose a pullback

Z
p //

h
��

XΣ

fΣ
��

Y B Y π // Y Σ

in F such that (i, p) a kernel-cokernel-pair and such that i · h = Y ι.

By lemma 2.1.23, we may choose W c //Y B in F such that j · c = h.

Z
j //

h
��

W

c}}
Y B

By lemma 2.1.21, we may choose a square in F as follows.

Z
j //

p

��

W

w
��

XΣ s // Q

By lemma 1.2.9.(a), (i · j, w) is a kernel-cokernel-pair in F . We have

j · c · Y π = h · Y π = p · fΣ. By the pushout property, we get Q
k //Y Σ in F such that

s · k = fΣ and w · k = c · Y π.

Z
j //

p

��

W

w
�� c·Y π

��

XΣ

fΣ 00

s // Q

k !!
Y Σ

We have the following commutative diagram in F .

Y

1
��

i·j //W w //

c
��

Q

k
��

Y
Y ι // Y B Y π // Y Σ

Moreover, w is a cokernel of i · j. Thus the right rectangle (w, c, k, Y π) is a pullback by
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lemma 2.1.10. We conclude that w is a pure epimorphism and, consequently, i · j is a pure

monomorphism in F by lemma 2.1.15.(e).

2.1.26 Lemma. The composite of two pure epimorphisms is a pure epimorphism.

More precisely, suppose given pure epimorphisms Y
p //Z and Z

q //W in F . Then the

composite p · q is a pure epimorphism in F as well. ♦

Proof. This is dual to the previous lemma 2.1.25.

2.1.27 Proposition. The pair (F ,E p
F ) is a Frobenius category, cf. definitions 1.3.2, 1.3.26,

2.1.2 and 2.1.16. ♦

Proof. The pair (F ,E p
F ) is an exact category by remark 2.1.18 and lemmata 2.1.19, 2.1.20,

2.1.25, 2.1.26, 2.1.21, 2.1.22.

For X ∈ Ob(F ), we have the pure epimorphism XΣ−1B
(XΣ−1)π //X and the pure monomor-

phism X
Xι //XB with XΣ−1B, XB bijective in F by remark 2.1.14 and lemmata 2.1.23,

2.1.24.

2.1.28 Remark. Since F is a Frobenius category by proposition 2.1.27, we have the ideal

JF ⊆ Mor(F ), the stable category F = F/PF and the residue class functor PF : F → F .

For f ∈ Mor(F ), we usually abbreviate f = fPF . Cf. definition 1.3.27 and lemma 1.3.28. ♦

2.1.29 Lemma. Suppose given an additive category A and an additive functor F : F → A

such that XBF ∈ Ob(ZA ) for X ∈ Ob(F ). Then we have fF = 0 for f ∈ JF . Consequently,

there exists a unique additive functor F : F → A such that PF ·F = F , cf. lemma 1.2.15. ♦

Proof. Suppose given X
f //Y in F such that f ∈ JF . By lemma 1.3.28, we may choose

XB
g //Y in F such that f = Xι·g. We have fF = XιF ·gF = 0 since XBF ∈ Ob(ZA ).

2.1.30 Lemma/Definition. The functor Σ: F → F is exact.

For X ∈ Ob(F ), we have XBΣPF , XBΣ−1PF ∈ Ob(ZF ).

Let Σ: F → F denote the unique additive functor such that PF · Σ = Σ ·PF , cf. lemma

2.1.29. Note that Σ is an isomorphism of categories, cf. lemma 1.6.12.

For X ∈ Ob(F ), we often write X [k] = XΣk = XΣk for k ∈ Z. For f ∈ Mor(F ), we often

write f [k] = fΣk and f [k] = f [k] = f Σk for k ∈ Z. ♦

Proof. Suppose given a pure short exact sequence Y •i //Z �p //W in F . Then (iΣ, pΣ) is a

kernel-cokernel-pair in F since Σ is an isomorphism of categories. We may choose a pushout

in F as follows since i is a pure monomorphism in F .

X
Xι //

f
��

XB

f ′

��
Y i // Z
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We have the the following commutative diagram in F .

XΣ
(XΣ)ι//

1
��

XΣB

Xα
��

XΣ
(Xι)Σ//

fΣ
��

XBΣ

f ′Σ
��

Y Σ iΣ // ZΣ

By the pasting lemma 1.1.1.(a), the outer rectangle

XΣ
(XΣ)ι//

fΣ
��

XΣB

Xα·f ′Σ
��

Y Σ iΣ // ZΣ

is a pushout. Thus iΣ is a pure monomorphism and, consequently, (iΣ, pΣ) is a pure short

exact sequence in F .

Suppose given X ∈ Ob(F ).

We have the isomorphisms XΣB Xα //XBΣ and XBΣ−1 XΣ−1αΣ−1
//XΣ−1B in F .

Thus XBΣPF , XBΣ−1PF ∈ Ob(ZF ).

2.1.31 Lemma. The functor B: F → F is exact. ♦

Proof. This follows from lemmata 2.1.30 and 1.3.17.

2.1.32 Lemma/Definition. Suppose given a full subcategory G ⊆ F . We say that G is a

strict Frobenius subcategory of F if it extension-closed in F and if X [1], X [−1] ∈ Ob(G ) for

X ∈ Ob(G ). In this case, (G ,B|GG ,Σ|GG , ι|GG , π|GG , α|GG ) is a strict Frobenius category as well and

G ⊆ F is a full additive subcategory, cf. definition 1.3.23 and remark 1.2.14. ♦

Proof. Note that G is a strictly full additive subcategory of G , B|GG is an additive functor, Σ|GG
is an isomorphism of categories and α|GG is an isotransformation, cf. lemmata 1.3.25, 1.6.10

and remark 1.2.5.(b).

Ad (SF1),(SF3). This follows directly from (SF1),(SF3) in F .

Ad (SF2). This follows from (RE3) and (RE4) of definition 1.3.21, cf. lemma 1.3.25.
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Ad (SF4). We have (Σ|GG ? ι|GG ) · α|GG = ι|GG ? Σ|GG since

((Σ|GG ? ι|GG ) · α|GG ) ? IncF
G = ((Σ|GG ? ι|GG ) · α|GG ) ? (1IncF

G
· 1IncF

G
)

= ((Σ|GG ? ι|GG ? 1IncF
G

) · (α|GG ? 1IncF
G

)

= (1IncF
G
? Σ ? ι) · (1IncF

G
? α)

= (1IncF
G
· 1IncF

G
) ? ((Σ ? ι) · α)

= 1IncF
G
? (ι ? Σ)

= 1IncF
G
? ι ? Σ

= ι|GG ? Σ|GG ? 1IncF
G

= (ι|GG ? Σ|GG ) ? IncF
G .

We have Σ|GG ? π|GG = −α|GG · (π|GG ? Σ|GG ) since

(−α|GG · (π|GG ? Σ|GG )) ? IncF
G = (−α|GG · (π|GG ? Σ|GG )) ? (1IncF

G
· 1IncF

G
)

= ((−α|GG ? 1IncF
G

) · (π|GG ? Σ|GG ? 1IncF
G

)

= ((1IncF
G
?−α) · (1IncF

G
? π ? Σ)

= 1IncF
G
? (−α · (π ? Σ))

= 1IncF
G
? Σ ? π

= (Σ|GG ? π|GG ) ? IncF
G .

2.1.33 Example. Suppose given an additive category A .

The full subcategory Cb(A ) ⊆ C(A ) is a strict Frobenius subcategory of C(A ), cf. example

2.1.4 and definition 1.9.15. Note that we have Cb(A ) = Kb(A ) ⊆ K(A ). ♦

2.1.34 Lemma. Suppose given a strictly full subcategory E ⊆ KCP(F ) such that (F ,E ) is

an exact category. Suppose that (Xι,Xπ) ∈ Ob(E ) and that XB is projective in (F ,E ) for

X ∈ Ob(F ). Then we have E = E p
F . ♦

Proof. Suppose given
(
Y i //Z

p //W
)
∈ Ob(E p

F ) . We may choose a pushout in F as

follows, cf. definition 2.1.13.

X
Xι //

f
��

XB

f ′

��
Y i // Z

We conclude that (i, p) ∈ Ob(E ) since (Xι,Xπ) ∈ Ob(E ).

Conversely, suppose given
(
Y

i //Z
p //W

)
∈ Ob(E ) . Since W [−1]B is projective in (F ,E ),

we may choose W [−1]B
g //Z in F such that g · p = W [−1]π. Note that we have

W [−1]ι · g · p = W [−1]ι ·W [−1]π = 0. Since i is a kernel of p, we may choose W [−1] f //Y in F
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such that f · i = W [−1]ι · g.

W [−1]

f
��

W [−1]ι //W [−1]B

g

��

W [−1]π //W

1
��

Y
i // Z

p //W

By [Büh10, proposition 2.12], the left rectangle (W [−1]ι, f, g, i) is a pushout. We conclude that

(i, p) ∈ Ob(E p
F ) .

2.1.35 Lemma. Suppose given pure short exact sequences X •i //Y �p //Z ,

X ′ •i
′
//Y ′ �p′ //Z ′ and the following commutative diagram in F .

X

f
��

•i // Y

g
��

�p // Z

h
��

X ′ •i
′
// Y ′ �p′ // Z ′

Suppose given XB
f̃ //X ′[−1]B and ZB h̃ //Z ′[−1]B in F such that f = Xι · f̃ ·X ′[−1]π and

h = Zι · h̃ ·Z ′[−1]π. Suppose that F (Z,X ′) = 0. Then there exists Y B
g̃ //Y ′[−1]B in F such

that g = Y ι · g̃ · Y ′[−1]π, f̃ · i′[−1]B = iB · g̃ and g̃ · p′[−1]B = pB · h̃.

X

•Xι
��

•i // Y

•Y ι
��

�p // Z

•Zι
��

XB

f̃
��

•iB // Y B

g̃
��

�pB // ZB

h̃
��

X ′[−1]B

_X′[−1]π
��

•i′[−1]B // Y ′[−1]B

_Y ′[−1]π
��

�p′[−1]B // Z ′[−1]B

_Z′[−1]π
��

X ′ •i
′

// Y ′ �p′ // Z ′ ♦

Proof. We may choose Y B s //XB such that iB · s = 1 and Z ′[−1]B v //Y ′[−1]B such that

v · p′[−1]B = 1 by lemma 1.3.11.

Let a = Y ι · s · f̃ · i′[−1]B · Y ′[−1]π : Y → Y ′ and b = Y ι · pB · h̃ · v · Y ′[−1]π : Y → Y ′.

We have

i · (g − a− b) = f · i′ −Xι · iB · s · f̃ · i′[−1]B · Y ′[−1]π − i · p · Zι · h̃ · v · Y ′[−1]π

= f · i′ −Xι · f̃ ·X ′[−1]π · i′ = 0.

So there exists a unique morphism Z
q //Y ′ in F such that p · q = g − a− b.
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We have q · p′ = 0 since

p · q · p′ = g · p′ − a · p′ − b · p′

= p · h− Y ι · s · f̃ ·X ′[−1]π · i′ · p′ − Y ι · pB · h̃ · v · p′[−1]B · Z ′[−1]π

= p · h− p · Zι · h̃ · Z ′[−1]π = 0

and since p is a pure epimorphism (In particular, p is an epimorphism, cf. definition 1.3.2.).

So there exists a unique morphism Z
r //X ′ in F such that q = r · i′. Since F (Z,X ′) = 0,

we may choose ZB d //X ′[−1]B in F such that r = Zι · d ·X ′[−1]π.

Let g̃ = s · f̃ · i′[−1]B + pB · h̃ · v + pB · d · i′[−1]B.

We have iB · g̃ = f̃ · i′[−1]B, g̃ · p′[−1]B = pB · h̃ and

Y ι · g̃ · Y ′[−1]π = a+ b+ Y ι · pB · d · i[−1]B · Y ′[−1]π

= a+ b+ p · Zι · d ·X ′[−1]π · i′

= a+ b+ p · r · i′ = a+ b+ p · q

= a+ b+ g − a− b = g.

2.1.36 Corollary. Suppose given pure short exact sequences X •i //Y �p //Z ,

X ′ •i
′
//Y ′ �p′ //Z ′ and the following commutative diagram in F .

X

f
��

•i // Y

g
��

�p // Z

h
��

X ′ •i
′
// Y ′ �p′ // Z ′

Suppose given XB
f̂ //X ′ and ZB ĥ //Z ′ in F such that f = Xι · f̂ and h = Zι · ĥ. Suppose

that F (Z,X ′) = 0. Then there exists Y B
ĝ //Y ′ in F such that g = Y ι · ĝ, f̂ · i′ = iB · ĝ and

ĝ · p′ = pB · ĥ.

X

•Xι
��

•i // Y

•Y ι
��

�p // Z

•Zι
��

XB

f̂
��

•iB // Y B

ĝ
��

�pB // ZB

ĥ
��

X ′ •i
′

// Y ′ �p′ // Z ′ ♦

Proof. We may choose XB
f̃ //X ′[−1]B and ZB h̃ //Z ′[−1]B in F such that f̂ = f̃ ·X ′[−1]π

and ĥ = h̃ ·Z ′[−1]π. By the previous lemma 2.1.35, we may choose Y B
g̃ //Y ′[−1]B in F such

that g = Y ι · g̃ · Y ′[−1]π, f̃ · i′[−1]B = iB · g̃ and g̃ · p′[−1]B = pB · h̃.
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Let ĝ = g̃ · Y ′[−1]π. We have Y ι · ĝ = Y ι · g̃ · Y ′[−1]π = g,

f̂ · i′ = f̃ ·X ′[−1]π · i′ = f̃ · i′[−1]B · Y ′[−1]π = iB · g̃ · Y ′[−1]π = iB · ĝ and

ĝ · p′ = g̃ · Y ′[−1]π · p′ = g̃ · p′[−1]B · Z ′[−1]π = pB · h̃ · Z ′[−1]π = pB · ĥ.

2.1.37 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z and a pure

monomorphism V •
j //Z in F . Then we may choose a pullback

U
q //

k
��

V

•j
��

Y �p // Z

and a morphism X
` //U in F such that (`, q) is a pure short exact sequence, ` · k = i and

such that k is a pure monomorphism in F . Moreover, the pullback is a square.

Suppose given a cokernel Z �r //C of j in F . Then (k, p · r) is a pure short exact sequence in

F . ♦

Proof. We may choose a pullback as follows since p is a pure epimorphism.

U
q //

k
��

V

•j
��

Y �p // Z

Moreover, this pullback is a square and q is a pure epimorphism since p is a pure epimorphism.

By lemma 1.2.8.(b), we may choose X ` //U in F such that ` · k = i and such that ` is a

kernel of q. Thus (`, q) is a pure short exact sequence.

Suppose given a cokernel Z �r //C of j. So r is a pure epimorphism and, consequently, p · r is

a pure epimorphism as well. By lemma 1.2.9.(b), (k, p · r) is a pure short exact sequence. In

particular, k is a pure monomorphism in F .

2.1.38 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z and pure epi-

morphism X �q //U in F . Then we may choose a pushout

X •i //

_q
��

Y

k
��

U
j // V

and a morphism V
r //W in F such that (j, r) is a pure short exact sequence, k · r = p and

such that k is a pure epimorphism in F . Moreover, the pushout is a square.

Suppose given a kernel T •h //X of q in F . Then (h · i, k) is a pure short exact sequence in

F . ♦
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Proof. This is dual to the previous lemma 2.1.37.

2.1.39 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in F . If two

out of the three objects X, Y, Z are bijective in F , then the remaining third one is bijective

in F as well. ♦

Proof. This follows from lemma 1.3.12 and remark 1.3.29.

2.1.40 Lemma. Suppose given a set I and Xk ∈ Ob(F ) for k ∈ I. Suppose given a

coproduct (C, (ck)k∈I) for (Xk)k∈I in F and a coproduct (D, (dk)k∈I) for (XkB)k∈I in F .

Then (C, (ck)k∈I) is a coproduct for (Xk)k∈I in F . ♦

Proof. Since (C, (ck)k∈I) is a coproduct for (Xk)k∈I in F , we may choose C i //D in F such

that ck · i = Xkι · dk for k ∈ I.

Suppose given morphisms Xk
fk //T in F for k ∈ I. Since (C, (ck)k∈I) is a coproduct for

(Xk)k∈I in F , we may choose C
f //T in F such that ck · f = fk in F for k ∈ I. In

particular, we have ck · f = ck · f = fk in F for k ∈ I. Suppose given C
g //T in F such

that ck · g = fk for k ∈ I. So ck · (f − g) = ck · f − ck · g = fk − fk = 0 in F . Thus we may

choose XkB
rk //T in F such that Xkι · rk = ck · (f − g) for k ∈ I. Since (D, (dk)k∈I) is a

coproduct for (XkB)k∈I in F , we may may choose D r //T in F such that dk · r = rk for

k ∈ I. We have f − g = i · r since ck · i · r = Xkι · dk · r = Xkι · rk = ck · (f − g) for k ∈ I. We

conclude that f = g in F , cf. remark 1.3.7.

2.1.41 Lemma. Suppose given a set I and Xk ∈ Ob(F ) for k ∈ I. Suppose given a

product (P, (pk)k∈I) for (Xk)k∈I in F and a product (Q, (qk)k∈I) for (X
[−1]
k B)k∈I in F . Then

(P, (pk)k∈I) is a product for (Xk)k∈I in F . ♦

Proof. This is dual to the previous lemma 2.1.41.

2.2 Triangulated structure

Suppose given a strict Frobenius category F = (F ,B,Σ, ι, π, α).

2.2.1 Definition. For each pure short exact sequence X •i //Y �p //Z in F , we choose mor-

phisms Y
γ(i,p) //XB and Z

δ(i,p) //X [1] in F as follows.

Since XB is injective and i is a pure monomorphism in F , we may choose Y
γ(i,p) //XB such

that i · γ(i,p) = Xι. We have i · γ(i,p) ·Xπ = Xι ·Xπ = 0. Since p is a cokernel of i, there exists

a unique morphism Z
δ(i,p) //X [1] in F such that p · δ(i,p) = γ(i,p) ·Xπ.

X •i //

1
��

Y �p //

γ(i,p)

��

Z

δ(i,p)
��

X •Xι // XB �Xπ // X [1]
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Note that the right rectangle is a square by lemma 2.1.10. Also note that p · δ(i,p) = 0 in

F . ♦

2.2.2 Remark. Suppose given a pure short exact sequence X •i //Y �p //Z in F and the

following commutative diagram.

X •i //

1
��

Y �p //

c
��

Z

d
��

X •Xι // XB �Xπ // X [1]

Then we have d = δ(i,p) in F . ♦

Proof. Lemma 1.3.10 yields a morphism Z u //XB in F such that d = δ(i,p) + u · Xπ. So

d = δ(i,p) in F .

2.2.3 Lemma. Suppose given X ∈ Ob(F ). We have δ(Xι,Xπ) = 1X[1] in F . ♦

Proof. We have the following commutative diagram in F .

X •Xι //

1
��

XB �Xπ //

1
��

X [1]

1
��

X •Xι // XB �Xπ // X [1]

So the result follows from remark 2.2.2.

2.2.4 Lemma. Suppose given pure short exact sequences X •i //Y �p //Z , X ′ •i
′
//Y ′ �p′ //Z ′

and the following commutative diagram in F .

X

f
��

•i // Y

g
��

�p // Z

h
��

X ′ •i
′
// Y ′ �p′ // Z ′

Then we have h · δ(i′,p′) = δ(i,p) · f [1] in F .

X

f
��

•i // Y

g

��

�p // Z

h
��

δ(i,p) // X [1]

f [1]

��
X ′ •i

′
// Y ′ �p′ // Z ′

δ(i′,p′)// X ′[1] ♦

Proof. We want to show that the following diagrams are commutative.

X

f
��

•i // Y

g·γ(i′,p′)
��

�p // Z

h·δ(i′,p′)
��

X ′ •X
′ι // X ′B �X′π // X ′[1]

X

f
��

•i // Y

γ(i,p)·fB
��

�p // Z

δ(i,p)·f [1]

��
X ′ •X

′ι // X ′B �X′π // X ′[1]
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We have i · g · γ(i′,p′) = f · i′ · γ(i′,p′) = f ·X ′ι and p · h · δ(i′,p′) = g · p′ · δ(i′,p′) = g · γ(i′,p′) ·X ′π.

We have i · γ(i,p) · fB = Xι · fB = f ·X ′ι and p · δ(i,p) · f [1] = γ(i,p) ·Xπ · f [1] = γ(i,p) · fB ·X ′π.

Now lemma 1.3.10 yields a morphism Z
u //X ′B such that h · δ(i′,p′) = δ(i,p) · f [1] + u · X ′π.

Thus h · δ(i′,p′) = δ(i,p) · f [1] in F .

2.2.5 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in F . Then we

have δ(i[1],p[1]) = −δ[1]
(i,p) in F . ♦

Proof. We want to show that the following diagram is commutative.

X [1]

1
��

•i
[1]
// Y [1]

γ
[1]
(i,p)
·Xα−1

��

�p[1]
// Z [1]

−δ[1]
(i,p)��

X [1] •X
[1]ι // X [1]B �X[1]π // X [2]

We have i[1] · γ[1]
(i,p) ·Xα−1 = (i · γ(i,p))

[1] ·Xα−1 = (Xι)[1] ·Xα−1 = X [1]ι, cf. remark 2.1.6.

We have −p[1] · δ[1]
(i,p) = −(p · δ(i,p))

[1] = −(γ(i,p) ·Xπ)[1] = γ
[1]
(i,p) · (−Xπ)[1] = γ

[1]
(i,p) ·Xα−1 ·X [1]π.

By remark 2.2.2, we have δ(i[1],p[1]) = −δ[1]
(i,p) in F .

2.2.6 Lemma. Suppose given pure short exact sequences X •i //Y �p //Z and

X ′ •i
′
//Y ′ �p′ //Z ′ in F . Suppose given morphisms Z h //Z ′ and X

f //X ′ in F such that

h · δ(i′,p′) = δ(i,p) · f [1] in F . Then there exists Y
g //Y ′ in F such that f · i′ = i · g and

g · p′ = p · h.

X

f
��

•i // Y

g

��

�p // Z

h
��

δ(i,p) // X [1]

f [1]

��
X ′ •i

′
// Y ′ �p′ // Z ′

δ(i′,p′)// X ′[1] ♦

Proof. We may choose Z a //X ′B in F such that h · δ(i′,p′) − δ(i,p) · f [1] = a · X ′π since we

have h · δ(i′,p′) = δ(i,p) · f [1] in F .

We use the fact that the following rectangle is a pullback, cf. definition 2.2.1.

Y ′ �p′ //

γ(i′,p′)
��

Z ′

δ(i′,p′)
��

X ′B �X′π // X ′[1]

We have

(p · a+ γ(i,p) · fB) ·X ′π = p · h · δ(i′,p′) − p · δ(i,p) · f [1] + γ(i,p) ·Xπ · f [1]

= p · h · δ(i′,p′) − p · δ(i,p) · f [1] + p · δ(i,p) · f [1]

= p · h · δ(i′,p′) .
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So we may choose Y
g //Y ′ in F such that g · p′ = p · h and g · γ(i′,p′) = p · a+ γ(i,p) · fB.

We have f · i′ = i · g since

f · i′ ·
(

p′
γ(i′,p′)

)
=
(

0
f ·X′ι

)
=
(

0
Xι·fB

)
=
(

0
i·γ(i,p)·fB

)
=
(

i·p·h
i·(p·a+γ(i,p)·fB)

)
= i · g ·

(
p′

γ(i′,p′)

)
and since

(
p′

γ(i′,p′)

)
is a monomorphism.

2.2.7 Lemma. Suppose given Z d //X [1] in F . Then there exists a pure short exact sequence

X •i //Y �p //Z in F such that δ(i,p) = d. ♦

Proof. Choose a pullback in F as follows.

Y
p //

c
��

Z

d
��

XB �Xπ // X [1]

Note that p is a pure epimorphism. By lemma 1.2.8.(b), we may choose X i //Y in F such

that i · c = Xι and such that i is a kernel of p. Thus (i, p) is a pure short exact sequence and

the following diagram is commutative.

X •i //

1
��

Y �p //

c
��

Z

d
��

X Xι // XB �Xπ // X [1]

So δ(i,p) = d by remark 2.2.2.

2.2.8 Definition. A candidate triangle X
f //Y i //Z

p //X [1] in F with respect to Σ is

called a pseudo-triangle in F if (i, p) is a pure short exact sequence in F and if there exists

XB
g //Z in F such that the following diagram is commutative in F .

X •Xι //

f
��

XB

g

��

�Xπ // X [1]

1
��

Y •i // Z �p // X [1]

Note that in this case the left rectangle is a square, cf. lemma 2.1.9.

On the level of exact categories, these pseudo-triangles do not have the properties that triangles

in triangulated categories have. For example, rotation of a pseudo-triangle may not yield a

pseudo-triangle. Moreover, the term will also be used in similar contexts such as in definition

3.4.17. There the underlying exact category is not necessarily a Frobenius category, so the

pseudo-triangles do not give rise to triangles in a stable category. ♦

2.2.9 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in F . Then

Z [−1]
δ
[−1]
(i,p) //X •i //Y �p //Z is a pseudo-triangle in F . ♦
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Proof. We have the following commutative diagram in F .

X •i //

1
��

Y �p //

γ(i,p)

��

Z

δ(i,p)
��

X •Xι // XB �Xπ // X [1]

Lemma 2.1.12.(c) yields Z [−1]B
g //Y in F such that the following diagram is commutative

in F .

Z [−1] •Z[−1]ι //

δ
[−1]
(i,p)
��

Z [−1]B

g

��

�Z[−1]π // Z

1
��

X •i // Y �p // Z

2.2.10 Lemma. Suppose given a pseudo-triangle X
f //Y •i //Z �p //X [1] in F . We have

δ(i,p) = f [1] and δ
[−1]
(i,p) = f . ♦

Proof. We may choose XB
g //Z in F such that Xι · g = f · i, g · p = Xπ and such that

X •Xι //

f
��

XB

g
��

Y •i // Z

is a square in F , cf. definition 2.2.8. By lemma 2.1.11.(c), we may choose Z
h //Y B in F

such that g · h = fB, i · h = Y ι and such that h · Y π = p · f [1].

Y •i //

1
��

Z �p //

h
��

X [1]

f [1]

��
Y •Y ι // Y B �Y π // Y [1]

So the result follows from remark 2.2.2.

2.2.11 Lemma. Suppose given X
f //Y in F . Then there exists a pseudo-triangle

X
f //Y •i //Z �p //X [1] in F . ♦

Proof. Choose a pushout in F as follows.

X •Xι //

f
��

XB

g
��

Y •i // Z

By lemma 2.1.11.(b), we may choose Z
p //X [1] in F such that g · p = Xπ and such that

(i, p) is a pure short exact sequence. Thus X
f //Y •i //Z �p //X [1] is a pseudo-triangle in

F .
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2.2.12 Lemma.

(a) Suppose given a pseudo-triangle X
f //Y •i //Z �p //X [1] in F . Then there exists a

pure short exact sequence X •
j //Y ′ �q //Z in F such that the candidate triangles

X
f
//Y

i //Z
p
//X [1] and X

j
//Y ′

q
//Z

−δ(j,q)
//X [1] are isomorphic in

CTΣ(F ). Note that we have f = δ
[−1]
(i,p) by lemma 2.2.7.

(b) Suppose given a pure short exact sequence X •
j //Y �q //Z in F . Then there exists a

pseudo-triangle X
f //Y •i //Z ′ �p //X [1] in F such that the candidate triangles

X
f
//Y

i //Z ′
p
//X [1] and X

j
//Y

q
//Z

−δ(j,q)
//X [1] are isomorphic in

CTΣ(F ). Again, note that we have f = δ
[−1]
(i,p) by lemma 2.2.7.

♦

Proof. Ad (a). We may choose XB
g //Z such that Xι · g = f · i, g · p = Xπ and such that

X •Xι //

f
��

XB

g
��

Y •i // Z

is a square in F , cf. definition 2.2.8.

We have the pure short exact sequence X •
(Xι f ) //XB⊕ Y �

(−g
i

)
//Z in F , cf. [Büh10,

proposition 2.12]. Let Y ′ = XB ⊕ Y , j = (Xι f ) and q =
( −g

i

)
. We have −δ(j,q) = p in F

since the following diagram is commutative in F , cf. remark 2.2.2.

X

1
��

•
(Xι f ) // XB⊕ Y �

(−g
i

)
//

( 1
0 )
��

Z

−p
��

X •Xι // XB �Xπ // X [1]

The result now follows from the following commutative diagram in F whose columns are

isomorphisms in F .

X

1
��

(Xι f )
// XB⊕ Y

(−g
i

)
//

( 0
1 )
��

Z

1
��

−δ(j,q)
// X [1]

1
��

X
f

// Y
i // Z

p
// X [1]

Ad (b). We have the pure short exact sequence Y •
( γ(j,q) q ) //XB⊕ Z �

(
Xπ
−δ(j,q)

)
//X [1] in F , cf.

definition 2.2.1 and [Büh10, proposition 2.12].

Moreover, X
j //Y •

( γ(j,q) q ) //XB⊕ Z �

(
Xπ
−δ(j,q)

)
//X [1] is a pseudo-triangle in F since the fol-
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lowing diagram is commutative in F .

X •Xι //

j

��

XB

( 1 0 )

��

�Xπ // X [1]

1
��

Y •
( γ(j,q) q ) // XB⊕ Z �

(
Xπ
−δ(j,q)

)
// X [1]

The result now follows from the following commutative diagram in F whose columns are

isomorphisms in F .

X
j

//

1
��

Y

1
��

q
// Z

−δ(j,q)
//

( 0 1 )

��

X [1]

1
��

X
j

// Y
( γ(j,q) q )

// XB⊕ Z

(
Xπ
−δ(j,q)

)
// X [1]

2.2.13 Lemma. Suppose given pure short exact sequences X •i //Y �p //C , Y •
j //Z �q //D

and X •
i·j //Z �r //E in F . By lemma 1.3.13, There exists a unique morphism C k //E in F

such that j · r = p · k and a unique morphism E
s //D in F such that r · s = q. Moreover,

C
k //E

s //D is a pure short exact sequence in F .

We also have k · δ(i·j,r) = δ(i,p) , δ(i·j,r) · i[1] = s · δ(j,q) and δ(j,q) · p[1] = δ(k,s) in F .

X [1]

1

!!

C

δ(i,p)

<<

k

""

Y
j

!!

p
==

X

i

??

i·j
// Z r //

q
""

E

s
||

δ(i·j,r) // X [1]

i[1]

��

D
δ(k,s)

||

δ(j,q)

""
C [1] Y [1]p[1]

oo ♦

Proof. We have the following commutative diagrams in F .

X

1
��

•i // Y

j
��

�p // C

k
��

X •
i·j // Z �r // E

X

i
��

•
i·j // Z

1
��

�r // E

s
��

Y •
j // Z �q // D

Y

p
��

•
j // Z

r
��

�q // D

1
��

C •k // E �s // D

The result now follows from lemma 2.2.4.

2.2.14 Lemma/Definition. Suppose given T ∈ Ob(CTΣ(F )). We say that T is a triangle

in F if there exists a pseudo-triangle X
f //Y •i //Z �p //X [1] in F such that T is isomorphic
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to X
f
//Y

i //Z
p
//X [1] in CTΣ(F ). We define the full subcategory TF of CTΣ(F ) by

setting

Ob(TF ) = {T ∈ Ob(CTΣ(F )) : T is a triangle in F}.

The tuple (F ,Σ,TF ) is in fact a strict triangulated category. ♦

Proof. Ad (TR1). This follows from lemmata 2.2.9, 2.2.3 and 2.2.11.

Ad (TR2). This follows from lemmata 2.2.12 and 2.2.9.

Ad (TR3). This follows from lemmata 2.2.6, 2.2.10

Ad (TR4). This follows from lemmata 2.2.12 and 2.2.13.

2.3 Algebraic triangulated categories

Suppose given a Frobenius category F . Let B denote the strictly full additive subcategory

of F whose objects are bijective in F . We will define a strict Frobenius catgory Bac and an

exact functor I : Bac → F that induces an equivalence I : Bac → F . We briefly discuss that

the construction can be extended to functors and transformations in remark 2.3.10.

2.3.1 Definition. We define the full subcategory Bac of C(B) by setting

Ob(Bac) = {X ∈ Ob(C(B)) : XC(IncF
B ) is acyclic in C(F )},

cf. definitions 1.9.3 and 1.9.21. ♦

2.3.2 Lemma. Bac is a strict Frobenius subcategory of C(B), cf. definition 2.1.32. In par-

ticular, it is a strict Frobenius category itself. ♦

Proof. Note that we have ZC(B) ⊆ Bac and that X [1], X [−1] ∈ Ob(Bac) for X ∈ Ob(Bac).

Suppose given a pure short exact sequence X •i //Y �p //Z in C(B) such that

X,Z ∈ Ob(Bac). Then Y is a mapping cone (see [Büh10, definition 9.2]) of δ
[−1]
(i,p) by lemmata

2.2.9 and 1.9.17. So Y ∈ Ob(Bac) by [Nee90, lemma 1.1] [Büh10, lemma 10.3].

2.3.3 Lemma. Suppose given X
f //Y in Bac. We have f = 0 in Bac if and only if there

exist morphisms Xk
hk //Yk+1 in F such that hk · yk+1 + xk · hk−1 = fk for k ∈ Z. ♦

Proof. This follows from lemma 1.9.13.

2.3.4 Definition. Suppose given X ∈ Ob(Bac). For k ∈ Z, we choose pure short exact
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sequences Xk+1
•
x•
k //Xk

�xk //Xk in F such that xk · x •
k−1

= xk .

· · · // Xk+1

�
xk+1 ##

xk+1 // Xk

�
xk   

xk // Xk−1
// · · ·

· · · Xk+1

•
x•
k

<<

Xk

•
x •
k−1

<<

· · ·

Suppose given X
f //Y in Bac. For k ∈ Z, let Xk

fk //Yk denote the unique morphism in F

such that xk · fk = fk · yk . Note that we also have fk · y •
k−1

= x •
k−1
· fk−1 for k ∈ Z. ♦

2.3.5 Lemma/Definition. We define the functor I : Bac → F by setting XI = X0 for

X ∈ Ob(Bac) and fI = f0 for f ∈ Mor(Bac). This in fact defines an exact functor. The letter

I stands for image and in fact the object XI = X0 belongs to the image X0
�x0 //X0

•
x •−1 //X−1

of x0 for X ∈ Ob(Bac). ♦

Proof. Suppose given X
f //
h
//Y

g //Z in Bac. We have 1XI = 1XI since x0 · 1XI = 1X0 · x0 .

We have (f · g)I = fI · gI since x0 · fI · gI = f0 · y0 · gI = f0 · g0 · z0 = (f · g)0 · z0 . We have

(f+h)I = fI+hI since x0·(fI+hI) = x0·fI+x0·hI = f0·y0+h0·y0 = (f0+h0)·y0 = (f+h)0·y0 .

Suppose that (f, g) is a pure short exact sequence. Then Y is a mapping cone (see [Büh10,

definition 9.2]) of δ
[−1]
(f,g) by lemmata 2.2.9 and 1.9.17. So (fI, gI) = (f0, g0) is pure short exact

in F by [Büh10, remark 10.4].

2.3.6 Lemma.

(a) The functor I : Bac → F is dense.

(b) The functor I : Bac → F is full.

(c) Suppose given a bijective object X ∈ Ob(Bac). The object XI ∈ Ob(F ) is bijective as

well.
♦

Proof. Ad (a). Suppose given I0 ∈ Ob(F ).

For k ∈ Z≤0 , we may recursively choose pure short exact sequences Ik •
ik−1 //Xk−1

�pk−1 //Ik−1

such that Xk−1 is bijective in F .

For k ∈ Z≥1 , we may recursively choose pure short exact sequences Ik •
ik−1 //Xk−1

�pk−1 //Ik−1

such that Xk−1 is bijective in F .

We obtain X ∈ Ob(Bac) by setting xk = pk · ik−1 for k ∈ Z.

By [Büh10, lemma 8.4], the objects I0 and XI = X0 are isomorphic in F .

Ad (b). Suppose given X, Y ∈ Ob(Bac) and X0

f0 //Y0 in F .

For k ∈ Z<0 , we want to recursively construct Xk
gk //Yk and Xk

fk //Yk in F such that

x •
k
· gk = fk+1 · y •k and xk · fk = gk · yk .



116

Suppose given k ∈ Z<0 . Suppose we have already constructed g` , f` for ` ∈ [k+ 1,−1]. Since

Yk is injective in F , we may choose Xk
gk //Yk in F such that x •

k
· gk = fk+1 · y •k . We have

x •
k
· gk · yk = fk+1 · y •k · yk = 0. So we may choose Xk

fk //Yk in F such that xk · fk = gk · yk .

For k ∈ Z≥0 , we want to recursively construct Xk
gk //Yk and Xk+1

fk+1 //Yk+1 in F such that

gk · yk = xk · fk and fk+1 · y •k = x •
k
· gk .

Suppose given k ∈ Z≥0 . Suppose we have already constructed g` , f`+1 for ` ∈ [0, k−1]. Since

Xk is projective in F , we may choose Xk
gk //Yk in F such that gk · yk = xk · fk . We have

x •
k
·gk ·yk = x •

k
·xk ·fk = 0. So we may choose Xk+1

fk+1 //Yk+1 in F such that fk+1 ·y •k = x •
k
·gk .

We obtain a morphism X
g //Y in Bac since we have

gk · yk = gk · yk · y •
k−1

= xk · fk · y •
k−1

= xk · x •
k−1
· gk−1 = xk · gk−1 for k ∈ Z.

Moreover, we have gI = f0 since x0 · f0 = g0 · y0 . We conclude that I is full.

Ad (c). We have 1X = 0 in Bac. So we may choose Xk
hk //Xk+1 in F such that

hk · yk+1 + xk · hk−1 = 1 for k ∈ Z by lemma 2.3.3.

Consider the morphism t = x •−1 · h−1 : X0 → X0 in F . We have t · x0 = 1 since

t · x0 · x •−1 = x •−1 · h−1 · x0 = x •−1 · (1− x−1 · h−2) = x •−1

and since x •−1 is a pure monomorphism. So X0 is a summand of X0 , cf. lemma 1.2.11.(b).

We conclude that XI = X0 is bijective in F .

2.3.7 Lemma. Suppose given X
f //Y in Bac. Suppose given X−1

h−1 //Y0 in F such that

x0 · h−1 · y0 = f0 · y0 . Then we have f = 0 in Bac. ♦

Proof. For k ∈ Z≥0 , we want to recursively construct Xk
hk //Yk+1 in F such that

hk · yk+1 + xk · hk−1 = fk .

We have (f0−x0·h−1)·y0 = 0. So we may choose X0
g0 //Y1 in F such that g0·y•0 = f0−x0·h−1 .

Since X0 is projective in F , we may choose X0
h0 //Y1 in F such that h0 · y1 = g0 . We have

h0 · y1 + x0 · h−1 = h0 · y1 · y•0 + x0 · h−1 = g0 · y•0 + x0 · h−1 = f0 .

Suppose given k ∈ Z>0 . Suppose we have already constructed h` for ` ∈ [k − 1, 0]. We have

(fk−xk ·hk−1) ·yk = xk ·fk−1−xk · (fk−1−xk−1 ·hk−2) = 0. So we may choose Xk
gk //Yk+1 in

F such that gk ·y •k = fk−xk ·hk−1 . Since Xk is projective in F , we may choose Xk
hk //Yk+1

in F such that hk · yk+1 = gk . We have

hk · yk+1 + xk · hk−1 = hk · yk+1 · y •k + xk · hk−1 = gk · y •k + xk · hk−1 = fk .

For k ∈ Z<−1 , we want to recursively construct Xk
hk //Yk+1 in F such that

hk+1 · yk+2 + xk+1 · hk = fk+1 .

We have x0 · (f−1− h−1 · y0) = f0 · y0− f0 · y0 = 0. So we may choose X−1

g−2 //Y−1 in F such

that x−1 · g−2 = f−1 − h−1 · y0 . Since Y−1 is injective in F , we may choose X−2
h−2 //Y−1 in

F such that x •−2 · h−2 = g−2 . We have
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h−1 · y0 + x−1 · h−2 = h−1 · y0 + x−1 · x •−2 · h−2 = h−1 · y0 + x−1 · g−2 = f−1 .

Suppose given k ∈ Z<−2 . Suppose we have already constructed h` for ` ∈ [−1, k + 1].

We have xk+2 · (fk+1 − hk+1 · yk+2) = fk+2 · yk+2 − (fk+2 − hk+2 · yk+3) · yk+2 = 0. So we

may choose Xk+1

gk //Yk+1 in F such that xk+1 · gk = fk+1 − hk+1 · yk+2 . Since Yk+1

is injective in F , we may choose Xk
hk //Yk+1 in F such that x •

k
· hk = gk . We have

hk+1 · yk+2 + xk+1 · hk = hk+1 · yk+2 + xk+1 · x •k · hk = hk+1 · yk+2 + xk+1 · gk = fk+1 .

By lemma 2.3.3, we have f = 0 in Bac .

2.3.8 Definition. Let I : Bac → F denote the unique functor such that PBac · I = I ·PF ,

cf. lemmata 2.3.5, 2.3.6.(c) and 1.3.30. Note that this functor I is exact.

Bac I //

PBac

��

F

PF

��
Bac I //F ♦

2.3.9 Proposition. The functor I : Bac → F is an exact equivalence. ♦

Proof. The functor I is exact, dense and full, cf. definition 2.3.8 and lemma 2.3.6.(a,b). So it

remains to show that I is faithful.

Suppose given X
f //Y in Bac such that f I = 0. Thus we have f0 = fI = f I = 0 in F . So

we may choose bijective objects I, P ∈ Ob(F ), a morphism I
g //P , a pure monomorphism

X0
•i //I and a pure epimorphism P �p //Y0 in F such that f0 = i · g · p.

Since I is injective in F , we may choose X−1
a //I in F such that x •−1 · a = i. Since P is

projective in F , we may choose P b //Y0 in F such that b · y0 = p.

X0
�x0 // X0

•i
��

•
x •−1 // X−1

a
||

I

g
��
P

_p
��

b

}}
Y0

�y0 // Y0
•
y •−1 // Y−1

Let h = a · g · b. We have

x0 · h · y0 = x0 · x •−1 · h · y0 · y •−1 = x0 · x •−1 · a · g · b · y0 · y •−1 = x0 · i · g · p · y •−1

= x0 · f0 · y •−1 = f0 · y0 · y •−1 = f0 · y0 .

Now lemma 2.3.7 yields that f = 0 in Bac. We conclude that I is faithful.
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2.3.10 Remark (construction for functors and transformations). Suppose given another

Frobenius category F ′ and an exact functor G : F → F ′ that sends bijective objects in

F to bijective objects in F ′. Let B′ denote the full subcategory of F ′ whosae objects are

bijective in F ′. We obtain a functor Gac : Bac → B′ac by setting Gac = Zop(G|B′B )|B′ac

Bac , cf.

definition 1.9.21.

Suppose given another exact functor H : F → F ′ that sends bijective objects in F to bijective

objects in F ′ and a transformation ϕ : G→ H. We obtain a transformation ϕac : Gac → Hac

by setting ϕac = Zop(ϕ|B′B )|B′ac

Bac . ♦



Chapter 3

Diagram categories

The previous constructions of (bounded) realisation functors in [BBD82] and [Bĕı87] used fil-

tered derived categories and the more general filtered triangulated categories. We will also use

filtrations in our constructions but in order to carry them out in the unbounded case, we have

to introduce four different kinds of categories that will be equivalent on bounded levels: the

category of filtrations F(F ), the category of cofiltrations CF(F ), the category of ∇-diagrams

∇(F ) and the category of filtered objects FO(F ) with entries in strict Frobenius category

F . This chapter deals with the definition of these categories, the study of their properties

and the functors between them and between various factor categories and subcategories. The

construction of resolution and realisation functors in the next chapter 4 will heavily rely on

the results presented in this chapter 3.

In the brief first section 3.1, we describe how to obtain an ideal in an additive category with

translation functor. This will be applied in the sections 3.3 and 3.4 to obtain the factor

categories ∇(F ) and FO(F ).

Section 3.2 defines and studies the category of filtrations F(A ) and the category of cofiltra-

tions CF(A ) with entries in an exact category A . The properties of limits, colimits and of

morphisms induced between them will be important for the sequel, as well as the new concept

of projective and injective families which are weak forms of (co)limits.

The first major result in section 3.3 is theorem 3.3.8, where we prove that the category of

∇-diagrams ∇(F ) with entries in a strict Frobenius category F is a strict Frobenius cat-

egory itself. So we may form its stable category ∇(F ) and have the stabilisation functor

P∇(F ) : ∇(F )→ ∇(F ). We proceed to introduce another factor category ∇(F ) with residue

class functor Q∇,F : ∇(F )→ ∇(F ) by factoring out more morphisms, so there exists a nat-

ural functor S : ∇(F ) → ∇(F ). We discuss projection functors Ψ`,CF,F : ∇(F ) → CF(F ),

Ψk,F,F : ∇(F )→ CF(F ) and also how (co)limits can be used to obtain cofiltrations XΨ∞,CF,F

and filtrations XΨ−∞,F,F from a ∇-diagram X.

In section 3.4, we introduce the category of filtered objects FO(F ) with entries in a strict

Frobenius category F . It is related to the categories in the previous sections via the projection

functors Pω,F : FO(F ) → F , PCF,F : FO(F ) → CF(F ) and PF,F : FO(F ) → F(F ). We
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define the factor category FO(F ) and also various subcategories whose objects consist of

(co)limits, projective families or injective families such as FO∇(F ), FO∇(F ), FOproj(F ) or

FOinj(F ). Finally, we construct the embedding EF : F → FO(F ) of the strict Frobenius

category F into the category of filtered objects.

3.1 Ideals in additive categories with translation

3.1.1 Lemma/Definition. Suppose given an additive category A , a functor T : A → A ,

a transformation ρ : 1A → T and a full additive subcategory B ⊆ A . Let JA ,T,ρ,B denote

the set of morphisms X
f //Y in A for which there exists X u //B

v //Y T in A such that

B ∈ Ob(B) and f · Y ρ = u · v.

X
f //

u
��

Y

Y ρ
��

B
v // Y T

The set JA ,T,ρ,B is an ideal in A , cf. definition 1.2.12. ♦

Proof. We abbreviate J = JA ,T,ρ,B . Suppose given W
a //X

f //Y
b //Z in A with f ∈ J.

We want to show that a · f · b ∈ J. We may choose X
u //B

v //Y T in A such that

B ∈ Ob(B) and f · Y ρ = u · v. We have a · f · b · Zρ = a · f · Y ρ · bT = a · u · v · bT and thus

a · f · b ∈ J.

W a //

a·u
��

X

u
��

f // Y b //

Y ρ
��

Z

Zρ
��

B
1 // B

v // Y T
bT // ZT

Suppose given X, Y ∈ Ob(A ). We want to show that A (X, Y ) ∩ J is a subgroup of A (X, Y ).

Choose a zero object Z ∈ Ob(ZA )∩Ob(B). We have 0X,Y ∈ J since 0X,Y ·Y ρ = 0X,Z · 0Z,Y T .

X
0 //

0
��

Y

Y ρ
��

Z 0 // Y T

Suppose given f, g ∈ A (X, Y ) ∩ J. We may choose X
u //B

v //Y T in A such that

B ∈ Ob(B) and f ·Y ρ = u · v. We may choose X r //C
s //Y T in A such that C ∈ Ob(B)

and g · Y ρ = r · s. We may choose a direct sum B ⊕ C ∈ Ob(B) of B and C in A . We have



121

(f − g) · Y ρ = f · Y ρ− g · Y ρ = u · v − r · s = ( u −r ) · ( vs ) and thus f − g ∈ J.

X
f−g //

(u −r )
��

Y

Y ρ
��

B ⊕ C
( vs )

// Y T

3.1.2 Lemma. Suppose given an additive category A , an isomorphism T : A → A with

inverse T−1 : A → A , a transformation ρ : 1A → T and a full additive subcategory B ⊆ A .

Suppose that we have ρ ? T = T ? ρ and BT,BT−1 ∈ Ob(B) for B ∈ Ob(B). Suppose given

X
f //Y in A . We have f ∈ JA ,T,ρ,B if and only if there exists XT−1 r //B s //Y in A

such that B ∈ Ob(B) and XT−1ρ · f = r · s.

XT−1

XT−1ρ
��

r // B

s
��

X
f // Y ♦

Proof. Note that we have ρ ? T−1 = T−1 ? T ? ρ ? T−1 = T−1 ? ρ ? T ? T−1 = T−1 ? ρ.

We abbreviate J = JA ,T,ρ,B .

Suppose that f ∈ J. We may choose X
u //B

v //Y T in A such that B ∈ Ob(B) and

f · Y ρ = u · v. We have XT−1ρ · f = fT−1 · Y T−1ρ = (f · Y ρ)T−1 = (u · v)T−1 = uT−1 · vT−1.

XT−1 uT−1
//

XT−1ρ
��

BT−1

vT−1

��
X

f // Y

Conversely, suppose given XT−1 r //B
s //Y in A such that B ∈ Ob(B) and

XT−1ρ · f = r · s. We have

f · Y ρ = Xρ · fT = (XρT−1 · fTT−1)T = (XT−1ρ · f)T = (r · s)T = rT · sT.

X
f //

rT
��

f // Y

Y ρ
��

BT
sT // Y T



122

3.2 Filtrations and cofiltrations

For exact categories

Suppose given an exact category A .

3.2.1 Definition. We consider the functor category Z(A ) as an exact category equipped

with the pointwise exact structure, cf. convention 17 and definition 1.4.7.

For X ∈ Ob(Z(A )) and k ∈ Z, we write xk = Xk k+1 .

We define the full subcategories F(A ) and CF(A ) of Z(A ) by setting

Ob(F(A )) = {X ∈ Ob(Z(A )) : xk is a pure monomorphism in A for k ∈ Z}

and

Ob(CF(A )) = {X ∈ Ob(Z(A )) : xk is a pure epimorphism in A for k ∈ Z}.

We may think of objects X ∈ Ob(F(A )) as diagrams of the following form.

· · · Xk+2•oo Xk+1•
xk+1oo Xk•

xkoo Xk−1•
xk−1oo · · ·•oo

We call such an object X ∈ Ob(F(A )) a filtration in A and F(A ) the category of filtrations

in A . We may think of objects X ∈ Ob(CF(A )) as diagrams of the following form.

· · · Xk+2
�oo Xk+1

�xk+1oo Xk
�xkoo Xk−1

�xk−1oo · · ·�oo

We call such an object X ∈ Ob(CF(A )) a cofiltration in A and CF(A ) the category of

cofiltrations in A . The full subcategories F(A ) and CF(A ) are extension-closed in Z(A ), cf.

definition 1.3.23, lemma 1.4.8 and remark 1.4.10.

We equip F(A ) and CF(A ) with the restricted exact structures of the pointwise exact struc-

ture on Z(A ), cf. definition 1.3.21 and 1.3.25.

A sequence X
f //Y

g //Z in F(A ) is a pure short exact sequence if and only if

Xk
fk //Yk

gk //Zk is a pure short exact sequence in A for k ∈ Z.

A sequence X
f //Y

g //Z in CF(A ) is a pure short exact sequence if and only if

Xk
fk //Yk

gk //Zk is a pure short exact sequence in A for k ∈ Z. ♦

3.2.2 Definition. Suppose given m ∈ Z. We define the full subcategories CFdm(A ) and

CFme(A ) of CF(A ) by setting

Ob(CFdm(A )) = {X ∈ Ob(CF(A )) : Xk ∈ Ob(ZA ) for k ∈ Z>m}
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and

Ob(CFme(A )) = {X ∈ Ob(CF(A )) : xk is an isomorphism in A for k ∈ Z<m}.

The full subcategories CFdm(A ) and CFme(A ) are extension-closed in CF(A ), cf. definition

1.3.23, lemma 1.4.8 and remark 1.4.10.

We equip CFdm(A ) and CFme(A ) with the restricted exact structures of the pointwise exact

structure on CF(A ), cf. definition 1.3.21 and 1.3.25. ♦

3.2.3 Definition. Suppose given m ∈ Z. We define the full subcategories Fme(A ) and Fdm(A )

of F(A ) by setting

Ob(Fme(A )) = {X ∈ Ob(F(A )) : Xk ∈ Ob(ZA ) for k ∈ Z<m}

and

Ob(Fdm(A )) = {X ∈ Ob(F(A )) : xk is an isomorphism in A for k ∈ Z≥m}.

The full subcategories Fdm(A ) and Fme(A ) are extension-closed in F(A ), cf. definition 1.3.23,

lemma 1.4.8 and remark 1.4.10.

We equip Fdm(A ) and Fme(A ) with the restricted exact structures of the pointwise exact

structure on F(A ), cf. definition 1.3.21 and 1.3.25. ♦

3.2.4 Definition. Suppose given m,n ∈ Z. Let CFdm,ne(A ) = CFdm(A ) ∩ CFne(A ) and let

Fdm,ne(A ) = Fdm(A ) ∩ Fne(A ). ♦

3.2.5 Definition. Let CFb(A ) =
⋃

m,n∈Z
CFdm,ne(A ) and let Fb(A ) =

⋃
m,n∈Z

Fdm,ne(A ). ♦

3.2.6 Definition. For X ∈ Ob(CF(A )) and k ∈ Z, we choose kernels X •
k
•
x•
k //Xk of xk .

For X
f //Y in CF(A ) and k ∈ Z, let X •

k

f•
k //Y •

k
denote the unique morphism in A such

that f •
k
· y •

k
= x •

k
· fk . Note that for a pure short exact sequence X •

f //Y �g //Z in CF(A ),

the sequence X •
k

f•
k //Y •

k

g•
k //Z •

k
is pure short exact in A for k ∈ Z by lemma 1.3.16. ♦

3.2.7 Definition. For X ∈ Ob(F(A )) and k ∈ Z, we choose cokernels Xk
�xk //Xk of xk−1 .

For X
f //Y in F(A ) and k ∈ Z, let Xk

fk //Yk denote the unique morphism in A such that

xk · fk = fk · yk . Note that for a pure short exact sequence X •
f //Y �g //Z in F(A ), the

sequence Xk

fk //Yk
gk //Zk is pure short exact in A for k ∈ Z by lemma 1.3.15. ♦

3.2.8 Definition. Suppose given m ∈ Z. We define the functor Γdm : CF(A )→ CFdm(A ) as

follows.

Suppose given X ∈ Ob(CF(A )). For k ∈ Z≤m , let (XΓdm)k = Xk and (XΓdm)k−1 k = xk−1 .
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For k ∈ Z>m , let (XΓdm)k = 0A .

Suppose given f ∈ Mor(CF(A )). For k ∈ Z≤m , let (fΓdm)k = fk .

This in fact defines an exact functor. ♦

Proof. We abbreviate Γ = Γdm . Suppose given X
f //
h
//Y

g //Z in CF(A ).

We have 1XΓ = 1XΓ since (1XΓ)k = 1Xk
= (1XΓ)k for k ∈ Z≤m .

We have (f · g)Γ = fΓ · gΓ since since ((f · g)Γ)k = fk · gk = (fΓ · gΓ)k for k ∈ Z≤m .

We have (f + h)Γ = fΓ + hΓ since since ((f + h)Γ)k = fk + hk = (fΓ + hΓ)k for k ∈ Z≤m .

If (f, g) is a pure short exact sequence in CF(A ), then (fk , gk) is a pure short exact sequence

in A for k ∈ Z. Consequently, (fΓ, gΓ) is a pure short exact sequence in CFdm(A ).

3.2.9 Definition. Suppose given X ∈ Ob(CF(A )). We define the cofiltration

X[1] ∈ Ob(CF(A )) by setting (X[1])k = Xk+1 and (X[1])k k+1 = xk+1 for k ∈ Z. ♦

3.2.10 Definition. Suppose given X ∈ Ob(CF(A )). Suppose given morphisms A
ak //Xk

in A for k ∈ Z. We say that the pair (A, (ak)k∈Z) is a compatible family for X if we have

ak−1 · xk−1 = ak for k ∈ Z. ♦

3.2.11 Definition. Suppose given X ∈ Ob(F(A )). Suppose given morphisms Xk
ak //A in

A for k ∈ Z. We say that the pair (A, (ak)k∈Z) is a compatible family for X if we have

xk−1 · ak = ak−1 for k ∈ Z. ♦

3.2.12 Definition. Suppose given X ∈ Ob(CF(A )). A compatible family (A, (ak)k∈Z) for X

is called a limit for X if for every compatible family (B, (fk)k∈Z) for X, there exists a unique

morphism B
u //A in A such that u · ak = fk for k ∈ Z. ♦

3.2.13 Definition. Suppose given X ∈ Ob(F(A )). A compatible family (A, (ak)k∈Z) for X is

called an colimit for X if for every compatible family (B, (fk)k∈Z) for X, there exists a unique

morphism A u //B in A such that ak · u = fk for k ∈ Z. ♦

3.2.14 Lemma (cofinality of limits). Suppose given X ∈ Ob(CF(A )).

(a) Suppose given a limit (A, (ak)k∈Z) for X. Suppose given m ∈ Z and T
tk //Xk in A

such that tk−1 · xk−1 = tk for k ∈ Z≤m . Then there exists a unique morphism T
t //A

in A such that t · ak = tk for k ∈ Z≤m .

(b) Suppose given m ∈ Z and A
ak //Xk such that ak−1 · xk−1 = ak for k ∈ Z≤m .

Suppose that for T
tk //Xk in A with tk−1 ·xk−1 = tk for k ∈ Z≤m , there exists a unique

morphism T
t //A in A such that t · ak = tk for k ∈ Z≤m .

Let bk = ak for k ∈ Z≤m and bk = am ·Xm k for k ∈ Z>m . Then (A, (bk)k∈Z) is a limit

for X.
♦

Proof. Ad (a). Let uk = tk for k ∈ Z≤m and let uk = tm ·Xm k for k ∈ Z>m .
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For k ∈ Z≤m , we have uk−1 · xk−1 = tk−1 · xk−1 = tk = uk .

For k ∈ Z>m , we have uk−1 · xk−1 = tm ·Xm k−1 ·Xk−1 k = tm ·Xm k = uk .

Since (A, (ak)k∈Z) is a limit for X, there exists a unique morphism T
t //A in A such that

t · ak = uk for k ∈ Z.

In particular, we have t · ak = uk = tk for k ∈ Z≤m .

Suppose given T
s //A in A such that s · ak = tk = uk for k ∈ Z≤m . Then we also have

s · ak = s · am ·Xm k = tm ·Xm k = uk for k ∈ Z>m . Thus s = t.

Ad (b). For k ∈ Z≤m , we have bk−1 · xk−1 = ak−1 · xk−1 = ak = bk .

For k ∈ Z>m , we have bk−1 · xk−1 = am ·Xm k−1 ·Xk−1 k = am ·Xm k = bk .

Suppose given T
tk //Xk in A such that tk−1 · xk−1 = tk for k ∈ Z. By assumption, there

exists a unique morphism T t //A in A such that t · ak = tk for k ∈ Z≤m . The result now

follows since we also have t · bk = t · am ·Xm k = tm ·Xm k = tk for k ∈ Z>m .

3.2.15 Lemma. Suppose given X ∈ Ob(CF(A )) and m ∈ Z.

(a) Suppose given a limit (A, (ak)k∈Z) for X. Let ãk = ak : A → Xk for k ∈ Z≤m and

ãk = 0: A→ 0A for k ∈ Z>m . Then (A, (ãk)k∈Z) is a limit for XΓdm .

(b) Suppose given a limit (A, (ãk)k∈Z) for XΓdm . Let ak = ãk : A → Xk for k ∈ Z≤m and

ak = ãm ·Xm k for k ∈ Z>m . Then (A, (ak)k∈Z) is a limit for X.
♦

Proof. This follows from lemma 3.2.14.

3.2.16 Remark. Suppose given an isomorphism X
f //Y in CF(A ) and a limit (A, (ak)k∈Z)

for X. Then (A, (ak · fk)k∈Z) is a limit for Y . ♦

Proof. We write g = f−1 : Y → X.

Suppose given T
tk //Yk in A such that tk · yk = tk+1 for k ∈ Z.

For k ∈ Z, we have tk · gk · xk = tk+1 · gk+1 since

tk · gk · xk · fk+1 = tk · gk · fk · yk = tk · yk = tk+1 = tk+1 · gk+1 · fk+1

and since fk+1 is an isomorphism. Since (A, (ak)k∈Z) is a limit for X, there exists a unique

morphism T
t //A in A such that t · ak = tk · gk for k ∈ Z.

For k ∈ Z, we have t · ak · fk = tk · gk · fk = tk .

Suppose given T
u //A in A such that u · ak · fk = tk for k ∈ Z.

We have u · ak = u · ak · fk · gk = tk · gk for k ∈ Z. Thus u = t.

3.2.17 Lemma. Suppose given m ∈ Z and X ∈ Ob(CF(A )). Suppose given a compatible

family (A, (ak)k∈Z) for X such that ak is an isomorphism in A for k ∈ Z≤m . Then (A, (ak)k∈Z)

is a limit for X. ♦
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Proof. Note we have the isomorphisms Xk m = a−1
k · am for k ∈ Z≤m since

ak ·Xk m · a−1
m = am · a−1

m = 1 = ak · a−1
k · am · a

−1
m

and since ak and am are isomorphisms.

We use lemma 3.2.14.(b). Suppose given T
tk //Xk in A with tk−1 · xk−1 = tk for k ∈ Z≤m .

Let t = tm ·a−1
m . For k ∈ Z≤m , we have t·ak = tk since t·ak ·Xk m = tm ·a−1

m ·am = tm = tk ·Xk m

and since Xk m is an isomorphism.

Suppose given T
s //A in A such that s · ak = tk for k ∈ Z≤m .

Then s = t since s · am = tm = tm · a−1
m · am = t · am and since am is an isomorphism.

3.2.18 Lemma. Suppose given m ∈ Z and X ∈ Ob(CFme(A )). Let ak = Xm k for k ∈ Z≥m

and ak =
(
Xk m

)−1
for k ∈ Z<m . Then (Xm , (ak)k∈Z) is a limit for X. ♦

Proof. For k ∈ Z≥m , we have ak · xk = Xm k ·Xk k+1 = Xm k+1 = ak+1 .

For k ∈ Z<m , we have ak · xk = ak+1 since

ak · xk ·Xk+1 m = (Xk m)−1 ·Xk k+1 ·Xk+1 m = 1 = (Xk+1 m)−1 ·Xk+1 m = ak+1 ·Xk+1 m and

since Xk+1 m is an isomorphism. The result now follows from lemma 3.2.17.

3.2.19 Lemma. Suppose given m ∈ Z and X ∈ Ob(Fdm(A )). Let ak = Xk m for k ∈ Z≤m

and ak =
(
Xm k

)−1
for k ∈ Z>m . Then (Xm , (ak)k∈Z) is a colimit for X. ♦

Proof. This is dual to the previous lemma 3.2.18.

3.2.20 Lemma. Suppose given X ∈ Ob(CF(A )).

(a) Suppose given a compatible family (A, (ak)k∈Z) for X.

Then (A, (ak+1)k∈Z) is a compatible family for X[1] .

(b) Suppose given a compatible family (A, (ak+1)k∈Z) for X[1] .

Then (A, (ak)k∈Z) is a compatible family for X.
♦

Proof. Suppose given morphisms A
ak //Xk in A for k ∈ Z. For k ∈ Z, we have ak ·xk = ak+1

if and only ak · (X[1])k−1 k = ak+1 for k ∈ Z.

3.2.21 Lemma. Suppose given X ∈ Ob(CF(A )).

(a) Suppose given a limit (A, (ak)k∈Z) for X. Then (A, (ak+1)k∈Z) is a limit for X[1] .

(b) Suppose given a limit (A, (ak+1)k∈Z) for X[1] . Then (A, (ak)k∈Z) is a limit for X.
♦

Proof. This follows from lemma 3.2.20.
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3.2.22 Lemma/Definition. Suppose given X
f //Y in CF(A ). Suppose given a compatible

family (A, (ak)k∈Z) for X and a limit (B, (bk)k∈Z) for Y . There exists a unique morphism

f�(B,(bk)k∈Z)
(A,(ak)k∈Z) : A→ B in A such that ak · fk = f�(B,(bk)k∈Z)

(A,(ak)k∈Z) · bk for k ∈ Z.

We abbreviate f� = f�(B,(bk)k∈Z)
(A,(ak)k∈Z) : A→ B if unambiguous. ♦

Proof. For k ∈ Z, we have ak ·fk ·yk = ak ·xk ·fk+1 = ak+1 ·fk+1 . Since (B, (bk)k∈Z) is a limit for

Y , there exists a unique morphism f�(B,(bk)k∈Z)
(A,(ak)k∈Z) : A→ B in A such that ak ·fk = f�(B,(bk)k∈Z)

(A,(ak)k∈Z) ·bk
for k ∈ Z.

3.2.23 Lemma/Definition. Suppose given X
f //Y in F(A ). Suppose given a colimit

(A, (ak)k∈Z) for X and a compatible family (B, (bk)k∈Z) for Y . There exists a unique morphism

f�(B,(bk)k∈Z)
(A,(ak)k∈Z) : A→ B in A such that ak · f�(B,(bk)k∈Z)

(A,(ak)k∈Z) = fk · bk for k ∈ Z .

We abbreviate f� = f�(B,(bk)k∈Z)
(A,(ak)k∈Z) : A→ B if unambiguous. ♦

Proof. This is dual to the previous lemma 3.2.22.

3.2.24 Lemma. Suppose given X
h
//

f //Y
g //Z in CF(A ).

(a) Suppose given a limit (A, (ak)k∈Z) for X. We have 1X� = 1A .

(b) Suppose given a compatible family (A, (ak)k∈Z) for X. Suppose given a limit (B, (bk)k∈Z)

for Y and a limit (C, (ck)k∈Z) for Z. We have (f · g)� = f� · g�.

(c) Suppose given a compatible family (A, (ak)k∈Z) for X and a limit (B, (bk)k∈Z) for Y . We

have (f + h)� = f�+ h�.

(d) Suppose given a compatible family (A, (ak)k∈Z) for X and a limit (B, (bk)k∈Z) for Y . If

f = 0 in CF(A ), then f� = 0 in A .
♦

Proof. Ad (a). For k ∈ Z, we have ak · 1A = ak = (1X)k · ak .

Ad (b). For k ∈ Z, we have ak · f� · g� = fk · bk · g� = fk · gk · ck = (f · g)k · ck .

Ad (c). For k ∈ Z, we have

ak · (f�+ h�) = ak · f�+ ak · h� = fk · bk + hk · bk = (fk + hk) · bk = (f + h)k · bk .

Ad (d). For k ∈ Z, we have ak · 0 = 0 = fk · bk .

3.2.25 Remark. Suppose given X
f //Y in CF(A ). Suppose given a limit (A, (ak)k∈Z) for

X and a limit (B, (bk)k∈Z) for Y . If f is an isomorphism in CF(A ), then f� is an isomorphism

in A . ♦

Proof. This follows from lemma 3.2.24.(a,b).

3.2.26 Remark. Suppose given X ∈ Ob(CF(A )) and a limit (A, (ak)k∈Z) for X.

If X ∈ Ob
(
ZCF(A )

)
, then A ∈ Ob(ZA ). ♦
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Proof. This follows from lemma 3.2.18 and remark 3.2.25.

3.2.27 Lemma. Suppose given X
f //Y in CF(A ) and n ∈ Z. Suppose given a limit

(A, (ak)k∈Z) for X. Let ãk = ak : A → Xk for k ∈ Z≤n and ãk = 0: A → 0A for k ∈ Z>n .

Then (A, (ãk)k∈Z) is a limit for XΓdn by lemma 3.2.15. Suppose given a limit (B, (bk)k∈Z) for

Y . Let b̃k = bk : B → Yk for k ∈ Z≤n and b̃k = 0: B → 0A for k ∈ Z>n . Then (B, (b̃k)k∈Z) is

a limit for Y Γdn by lemma 3.2.15. We have f� = fΓdn�. ♦

Proof. For k ∈ Z>n , we have ãk · fk = 0 = f� · b̃k .

For k ∈ Z≤n , we have ãk · fk = ak · fk = f� · bk = f� · b̃k . Thus f� = fΓdn�.

3.2.28 Lemma/Definition. Suppose given an object P ∈ Ob(A ).

We define the cofiltration P ∈ Ob(CFd0(A )) by setting P k = 0A for k ∈ Z>0 and P k = P ,

pk−1 = 1 for k ∈ Z≤0 .

We obtain a limit (P, (pk)k∈Z) for P by setting pk = 1 for k ∈ Z≤0 , cf. lemma 3.2.18.

For a cofiltration X ∈ Ob(CFd0(A )) and a limit (A, (ak)k∈Z) for X, we have the following

isomorphism of abelian groups.

Λ
(A,(ak)k∈Z)
P,X : CF(A )(P ,X)→ A (P,A) : g 7→ g�(A,(ak)k∈Z)

(P,(pk)k∈Z) ,

cf. definition 3.2.22.

For a morphism X
f //Y in CF(A ), a limit (A, (ak)k∈Z) for X and a limit (B, (bk)k∈Z) for

Y , we have Λ
(A,(ak)k∈Z)
P,X · A (P, f�) = CF(A )(P , f) · Λ(B,(bk)k∈Z)

P,Y .

CF(A )(P ,X)

CF(A )(P ,f)
��

Λ
(A,(ak)k∈Z)

P,X //
A (P,A)

A (P,f�)

��

CF(A )(P , Y )
Λ

(B,(bk)k∈Z)

P,Y //
A (P,B) ♦

Proof. Suppose given X ∈ Ob(CFd0(A )) and a limit (A, (ak)k∈Z) for X.

For g, h ∈ CF(A )(P ,X), we have

(g + h)Λ
(A,(ak)k∈Z)
P,X = (g + h)� = g�+ h� = gΛ

(A,(ak)k∈Z)
P,X + hΛ

(A,(ak)k∈Z)
P,X by lemma 3.2.24.(c).

Suppose given g, h ∈ CF(A )(P ,X) such that gΛ
(A,(ak)k∈Z)
P,X = hΛ

(A,(ak)k∈Z)
P,X , i.e. g� = h�.

For k ∈ Z≤0 , we have hk = 1 · hk = h� · ak = g� · ak = 1 · gk = gk . Thus g = h.

Suppose given h ∈ A (P,A). Let gk = h · ak for k ∈ Z≤0 .

We have gk−1 · xk−1 = h · ak−1 · xk−1 = h · ak = gk = 1 · gk for k ∈ Z≤0 . So we obtain a

morphism g ∈ CF(A )(P ,X) with h = gΛ
(A,(ak)k∈Z)
P,X = g� since h · ak = 1 · gk for k ∈ Z≤0 .

We conclude that Λ
(A,(ak)k∈Z)
P,X is an isomorphism of abelian groups.

Suppose given a morphism X
f //Y in CF(A ), a limit (A, (ak)k∈Z) for X and a limit

(B, (bk)k∈Z) for Y .
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Suppose given g ∈ CF(A )(P ,X). We have

gΛ
(A,(ak)k∈Z)
P,X A (P, f�) = g� · f� = (gf)� = gCF(A )(P , f)Λ

(B,(bk)k∈Z)
P,Y

by lemma 3.2.24.(b).

3.2.29 Lemma. Suppose given a projective object P ∈ Ob(A ). Then P is projective in

CFd0(A ). ♦

Proof. Suppose given a pure epimorphism X �f //P in CFd0(A ). Since f0 is a pure epimor-

phism and P is projective in A , we may choose P
g0 //X0 in A such that g0 · f0 = 1. For

k ∈ Z<0 , we may recursively choose P
gk //Xk in A such that gk · xk = gk+1 . So we obtain

a morphism P
g //X in CFd0(A ). We have g · f = 1 since g0 · f0 = 1 and since we have

gk · fk = gk · fk · 1 = gk · xk · fk+1 = gk+1 · fk+1 = 1 for k ∈ Z<0 by induction. We conclude that

P is projective in CFd0(A ).

3.2.30 Lemma (exactness of limits). Suppose that A has enough projectives. Suppose given

a pure short exact sequence X •
f //Y �g //Z in CF(A ). Suppose given a limit (A, (ak)k∈Z) for

X, a limit (B, (bk)k∈Z) for Y and a limit (C, (ck)k∈Z) for Z. Then the sequence A
f� //B

g� //C

is pure short exact in A , cf. definition 3.2.22.

Cf. [Kel90, section 5]. ♦

Proof. Let ãk = ak : A→ Xk for k ∈ Z≤0 and ãk = 0: A→ 0A for k ∈ Z>0 . Then (A, (ãk)k∈Z)

is a limit for XΓd0 by lemma 3.2.15.

Let b̃k = bk : B → Yk for k ∈ Z≤0 and b̃k = 0: B → 0A for k ∈ Z>0 . Then (B, (b̃k)k∈Z) is a

limit for Y Γd0 by lemma 3.2.15.

Let c̃k = ck : C → Zk for k ∈ Z≤0 and c̃k = 0: C → 0A for k ∈ Z>0 . Then (C, (c̃k)k∈Z) is a

limit for ZΓd0 by lemma 3.2.15.

Note that we have f� = fΓd0� and g� = gΓd0� by lemma 3.2.27.

Suppose given a projective object P ∈ Ob(A ).

Since the sequence XΓd0 •
fΓd0 //Y Γd0

�gΓd0 //ZΓd0 is pure short exact in CF(A ), lemma 3.2.29 yields

the short exact sequence CF(A )(P ,XΓd0) •
CF(A )(P ,fΓd0)

//
CF(A )(P , Y Γd0) �CF(A )(P ,gΓd0)

//
CF(A )(P ,ZΓd0) of

abelian groups. Lemma 3.2.28 yields the following commutative diagram of abelian groups

whose columns are isomorphisms.

CF(A )(P ,XΓd0) •
CF(A )(P ,fΓd0)

//

Λ
(A,(ãk)k∈Z)

P,XΓd0
��

CF(A )(P , Y Γd0) �CF(A )(P ,gΓd0)
//

Λ
(B,(b̃k)k∈Z)

P,Y Γd0 ��

CF(A )(P ,ZΓd0)

Λ
(C,(c̃k)k∈Z)

P,ZΓd0
��

A (P,A)
A (P,f�) //

A (P,B)
A (P,g�) //

A (P,C)
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Thus A (P,A)
A (P,f�) //

A (P,B)
A (P,g�) //

A (P,C) is a short exact sequence of abelian groups

as well. So the sequence A
f� //B

g� //C is pure short exact in A by lemma 1.3.18.

3.2.31 Lemma/Definition. Suppose given n ∈ Z and Xk ∈ Ob(A ) for k ∈ Z≤n . We obtain

a cofiltration D = D(Xk)k∈Z≤n
∈ Ob(CF(A )) recursively as follows. Let Dk = 0A for k ∈ Z>n .

Let Dn = Xn . For k ∈ Z<n , let Dk = Dk+1 ⊕Xk and dk = ( 1
0 ) : Dk+1 ⊕Xk → Dk+1 .

(a) Suppose given a product (P, (pk)k∈Z≤n
) for (Xk)k∈Z≤n

in A .

We obtain a limit (P, (ak)k∈Z) for D recursively as follows.

Let an = pn . For k ∈ Z<n , let ak = ( ak+1 pk ) : P → Dk+1 ⊕Xk .

(b) Suppose given a limit (A, (ak)k∈Z) for D. We obtain a product (A, (pk)k∈Z≤n
) for

(Xk)k∈Z≤n
in A by setting pn = an and pk = ak · ( 0

1 ) for k ∈ Z<n .

A
ak // Dk+1 ⊕Xk

( 0
1 )
// Xk

♦

Proof. We write tn = 1: Dn → Dn and tk = ( 0
1 ) : Dk+1 ⊕Xk → Xk for k ∈ Z<n .

Ad (a). Note that we have ak · tk = pk for k ∈ Z≤n . Also note that we have ak · dk = ak+1 for

k ∈ Z by construction.

Suppose given T
fk //Dk such that fk−1 · dk−1 = fk for k ∈ Z≤n .

Let gk = fk ·tk : T → Xk for k ∈ Z≤n . So we have fk = ( fk+1 gk ) : T → Dk+1⊕Xk for k ∈ Z<n .

Since (P, (pk)k∈Z≤n
) is a product for (Xk)k∈Z≤n

in A , there exists a unique morphism T
g //P

in A such that g · pk = gk for k ∈ Z≤n .

We have g · an = g · pn = gn = fn and, inductively, g · ak = g · ( ak+1 pk ) = ( fk+1 gk ) = fk for

k ∈ Z<n .

Suppose given T h //P in A such that h · ak = fk for k ∈ Z≤n .

We have h · pk = h · ak · tk = fk · tk = gk for k ∈ Z≤n . Thus h = g.

Ad (b). Note that we have pk = ak · tk for k ∈ Z≤n .

Suppose given T
gk //Xk for k ∈ Z≤n . Let fn = gn and fk = ( fk+1 gk ) : T → Dk+1 ⊕Xk for

k ∈ Z<n . Note that fk · tk = gk for k ∈ Z≤n by construction. We have fk · dk = fk+1 for

k ∈ Z<n and thus there exists a unique morphism T
f //A in A such that f · ak = fk for

k ∈ Z≤n . We have f · pk = f · ak · tk = fk · tk = gk for k ∈ Z≤n .

Supppose given T h //P in A such that h · pk = gk for k ∈ Z≤n .

We have h · an = h · pn = gn = fn . Suppose given k ∈ Z<n . We have h · ak · tk = h · pk = gk

and, inductively, h · ak · dk = h · ak+1 = fk+1 . Thus h · ak = fk .

We conclude that h = f .

3.2.32 Lemma. Suppose given X ∈ Ob(CF(A )) such that xk is a split epimorphism for

k ∈ Z. Suppose given n ∈ Z and kernels Rk •
rk //Xk of xk for k ∈ Z<n . We write Rn = Xn .
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(a) In CF(A ), the cofiltration XΓdn is isomorphic to the cofiltration D = D(Rk)k∈Z≤n
con-

structed in definition 3.2.31.

(b) Suppose given a product (P, (pk)k∈Z≤n
) for (Rk)k∈Z≤n

in A . Then there exist morphisms

P
ak //Xk for k ∈ Z such that (P, (ak)k∈Z) is a limit for X.

♦

Proof. Ad (a). For k ∈ Z≤n , we want to recursively construct isomorphisms Dk
fk //Xk such

that dk−1 · fk = fk−1 · xk−1 .

Let fn = 1. Suppose given k ∈ Z<n . Suppose that we have already constructed f` for

` ∈ [k + 1, n].

Since xk is a split epimorphism, we may choose Xk+1
sk //Xk in A such that sk · xk = 1, cf.

lemma 1.2.11.

Let fk =
(
fk+1·sk
rk

)
: Dk+1 ⊕Rk → Xk .

We have fk · xk =
(
fk+1

0

)
= dk · fk+1 and ( 0 1 ) · fk = 1 · rk : Rk → Xk .

Rk •
( 0 1 ) //

1
��

Dk+1 ⊕Rk
�( 1

0 )=dk
//

fk
��

Dk+1

fk+1

��
Rk •

rk // Xk
�xk // Xk+1

By lemma 1.3.19.(c), fk is an isomorphism.

So we obtain an isomorphism D
f //XΓdn in CF(A ).

Ad (b). This follows from (a), lemmata 3.2.31.(a), 3.2.15.(b) and remark 3.2.16.

3.2.33 Lemma. Suppose that A has countable products of projectives. Suppose given a

cofiltration X ∈ Ob(CF(A )) such that Xk is projective in A for k ∈ Z. Then there exists a

limit (P, (ak)k∈Z) for X such that P is a countable product of projectives in A . ♦

Proof. This follows from lemma 3.2.32.

3.2.34 Lemma. Suppose that A has countable coproducts of injectives. Suppose given a

filtration X ∈ Ob(F(A )) such that Xk is injective in A for k ∈ Z. Then there exists a colimit

(I, (ak)k∈Z) for X such that I is a countable coproduct of injectives in A . ♦

Proof. This is dual to the previous lemma 3.2.33.

3.2.35 Lemma. Suppose that A has enough projectives. Suppose given X ∈ Ob(CF(A ))

and a limit (A, (ak)k∈Z) for X. Suppose given n ∈ Z and a product (P, (pk)k∈Z≤n
) for

(Xk)k∈Z≤n
. Then there exists a pure short exact sequence A •i //P �q //P in A , where q

is the unique morphism in A such that q · pk = pk − pk−1 · xk−1 for k ∈ Z≤n . ♦

Proof. We use the cofiltration D = D(Xk)k∈Z≤n
∈ Ob(CF(A )) constructed in definition 3.2.31.

We write en = 1: Dn → Dn and ek = ( 0 1 ) : Xk → Dk+1 ⊕ Xk for k ∈ Z<n . We write
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tn = 1: Dn → Dn and tk = ( 0
1 ) : Dk+1⊕Xk → Xk for k ∈ Z<n . Note that ek is a kernel of dk

and that we have ek · tk = 1 for k ∈ Z≤n . We obtain a limit (P, (bk)k∈Z) for D recursively as

in definition 3.2.31.(a) by setting bn = pn and bk = ( bk+1 pk ) for k ∈ Z<n . Note that we have

bk · tk = pk for k ∈ Z≤n .

For k ∈ Z≤n , we want to recursively construct morphisms Xk
fk //Dk , Dk

hk //Dk and

Dk
gk //Dk+1 in A such that xk−1 · fk = fk−1 · dk−1 , dk−1 · gk = gk−1 · dk , fk · hk = ek ,

hk · dk = gk , hk · tk = tk , bk−1 · gk−1 · tk = pk − pk−1 · xk−1 and such that (fk, gk) is a pure

short exact sequence in A .

Let fn = 1 , hn = 1 and gn = 0 . Note that we have fn · hn = 1 = en , hn · dn = 0 = gn ,

hn · tn = 1 = en and that (fn, gn) is a pure short exact sequence in A .

Suppose given k ∈ Z<n . Suppose we have already constructed f` , h` and g` for ` ∈ [k+ 1, n].

Let fk = ( xk·fk+1 1 ) : Xk → Dk+1 ⊕Xk , gk =
(

hk+1
−xk·ek+1

)
: Dk+1 ⊕Xk → Dk+1 and

hk =
(

hk+1 0
−xk·ek+1 1

)
: Dk+1 ⊕Xk → Dk+1 ⊕Xk .

We have fk ·dk = xk ·fk+1 , gk ·dk+1 =
(

hk+1·dk+1

−xk·ek+1·dk+1

)
= ( gk+1

0 ) = dk ·gk+1 , fk ·hk = ( 0 1 ) = ek ,

hk ·dk =
(

hk+1
−xk·ek+1

)
= gk , hk ·tk = ( 0

1 ) = tk and bk ·gk ·tk+1 = ( bk+1 pk ) ·
(
tk+1
−xk

)
= pk+1−pk ·xk .

Moreover, we have x •
k
·fk = ( 0 x•

k ) = x •
k
·ek and ek ·gk = −xk ·ek+1 . So we obtain the following

commutative diagram in A .

Xk+1

•fk+1

��

Xk
�xkoo

fk
��

X •
k

•
x•
koo

•x•k
��

Dk+1

_gk+1

��

Dk
�dkoo

gk
��

Xk

_−xk
��

•
ekoo

Dk+2 Dk+1
�dk+1oo Xk+1•

ek+1oo

Since fk ·gk = xk ·ek+1−xk ·ek+1 = 0, the sequence (fk, gk) is pure short exact in A by lemma

1.3.17.

So we obtain a pure short exact sequence XΓdn •
f //D �g //D[1] in CF(A ).

Let ãk = ak : A→ Xk for k ∈ Z≤n and ãk = 0: A→ 0A for k ∈ Z>n . Then (A, (ãk)k∈Z) is a

limit for XΓdn by lemma 3.2.15. Moreover, (P, (bk+1)k∈Z) is a limit for D[1] by lemma 3.2.21.

Let i = f� : A → P and q = g� : P → P . The sequence (i, q) is pure short exact in A by

lemma 3.2.30.

Moreover, we have q · pk = q · bk · tk = bk−1 · gk−1 · tk = pk − pk−1 · xk−1 for k ∈ Z≤n .

3.2.36 Lemma. Suppose that A has enough injectives. Suppose given X ∈ Ob(F(A )) and a

colimit (A, (ak)k∈Z) for X. Suppose given n ∈ Z and a coproduct (C, (ck)k∈Z≥n
) for (Xk)k∈Z≥n

.

Then there exists a pure short exact sequence C •i //C �q //A in A , where i is the unique

morphism in A such that ck · i = ck − xk · ck+1 for k ∈ Z≥n . ♦

Proof. This is dual to the previous lemma 3.2.35.
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3.2.37 Definition. Suppose given m ∈ Z. A morphism X
i //Y in CF(A ) is called an

m-pure monomorphism if Xk
ik //Yk

Yk m+1 //Ym+1 is a pure short exact sequence in A for

k ∈ Z≤m+1 . ♦

3.2.38 Definition. Suppose given m ∈ Z. A morphism Y
p //Z in F(A ) is called an

m-pure epimorphism if Ym−1

Ym−1 k //Yk
pk //Zk is a pure short exact sequence in A for

k ∈ Z≥m−1 . ♦

3.2.39 Lemma. Suppose given m ∈ Z and an m-pure monomorphism X
i //Y in CF(A ).

(a) We have X ∈ Ob(CFdm(A )).

(b) The morphism i is a pure monomorphism in CF(A ).

(c) Suppose given a limit (B, (bk)k∈Z) for Y and a pure short exact sequence

A •u //B �bm+1 //Ym+1 in A . For k ∈ Z, there exists a unique morphism A
ak //Xk in A

such that ak · ik = u · bk . Moreover, (A, (ak)k∈Z) is a limit for X.

(d) Suppose that A has enough projectives. Suppose given a limit (A, (ak)k∈Z) for X and a

limit (B, (bk)k∈Z) for Y . Then A
i� //B

bm+1 //Ym+1 is a pure short exact sequence in A ,

cf. definition 3.2.22. ♦

Proof. Ad (a). We have Xm+1 ∈ Ob(ZA ) since Xm+1 •
im+1 //Ym

�1 //Ym is pure short exact in

A .

Ad (b). We define Z ∈ Ob(CF(A )) and Y
p //Z in CF(A ) as follows.

For k ∈ Z≤m+1 , let Zk = Ym+1 , zk−1 = 1 and pk = Yk m+1 . For k ∈ Z>m+1 , let Zk = Yk ,

zk−1 = yk−1 and pk = 1.

X

i
��

· · · 0�oo

•
��

0�oo

•
��

0�oo

•
��

Xm

•im
��

�oo Xm−1

•im−1

��

�xm−1oo Xm−2

•im−1

��

�xm−2oo · · ·�oo

Y

p

��

· · · Ym+3

_1
��

�oo Ym+2
�ym+2oo

_1
��

Ym+1
�ym+1oo

_1
��

Ym
�ymoo

_ym
��

Ym−1
�ym−1oo

_Ym−1 m+1

��

Ym−2
�ym−2oo

_Ym−2 m+1

��

· · ·�oo

Z · · · Ym+3
�oo Ym+2

�
ym+2

oo Ym+1
�

ym+1

oo Ym+1
�
1
oo Ym+1

�
1

oo Ym+1
�
1

oo · · ·�oo

Note that (i, p) is a pure short exact sequence in CF(A ). In particular, i is a pure monomor-

phism in CF(A ).

Ad (c). For k ∈ Z>m , we have Xk ∈ Ob(ZA ) by (a) and u · bk = u · bm+1 · Ym+1 k = 0. Thus

ak = 0: A→ Xk is the unique morphism such that ak · ik = u · bk .

For k ∈ Z≤m , we have u · bk ·Yk m+1 = u · bm+1 = 0. Since ik is a kernel of Yk m+1 , there exists

a unique morphism A
ak //Xk in A such that ak · ik = u · bk .

Suppose given morphisms T
fk //Xk in A such that fk · xk = fk+1 for k ∈ Z. Consider the

morphisms T
fk·ik //Yk for k ∈ Z. We have fk · ik · yk = fk · xk · ik+1 = fk+1 · ik+1 for k ∈ Z.
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Since (B, (bk)k∈Z) is a limit for Y , there exists a unique morphism T
g //B in A such that

g · bk = fk · ik for k ∈ Z. In particular, we have g · bm+1 = fm+1 · im+1 = 0. Since u is a kernel

of bm+1 , we get T h //A in A such that h · u = g. So for k ∈ Z, we have h · ak = fk since

h · ak · ik = h · u · bk = g · bk = fk · ik and since ik is a pure monomorphism (In particular, ik is

a monomorphism, cf. definition 1.3.2.).

Suppose given T e //A in A such that e·ak = fk for k ∈ Z. We have e·u·bk = e·ak ·ik = fk ·ik
for k ∈ Z. Thus e · u = g = h · u. We conclude that e = h since u is a pure monomorphism.

Ad (d). We consider the pure short exact sequence X •i //Y �p //Z in CF(A ) from (b). Note

that we get a limit (Ym+1 , (ck)k∈Z) for Z with ck = 1 for k ∈ Z≤m+1 , cf. lemma 3.2.18.

Moreover, we have p� = bm+1 since bm+1 · ck = bm+1 = bk · Yk m+1 = bk · pk for k ∈ Z≤m+1 .

The result now follows from lemma 3.2.30.

3.2.40 Lemma. Suppose given m ∈ Z and an m-pure epimorphism Y
p //Z in F(A ).

(a) The morphism p is a pure epimorphism in F(A ).

(b) We have Z ∈ Ob(Fme(A )).

(c) Suppose given a colimit (B, (bk)k∈Z) for Y and a pure short exact sequence

Ym−1 •
bm−1 //B �v //C in A . For k ∈ Z, there exists a unique morphism Zk

ck //C in A

such that pk · ck = bk · v . Moreover, (C, (ck)k∈Z) is a colimit for Z.

(d) Suppose that A has enough injectives. Suppose given a colimit (C, (ck)k∈Z) for Z and

a colimit (B, (bk)k∈Z) for Y . Then Ym−1
bm−1 //B

p� //C is a pure short exact sequence in

A , cf. definition 3.2.23. ♦

Proof. This is dual to the previous lemma 3.2.39.

3.2.41 Lemma. Suppose that A has enough projectives. Suppose given a pure short ex-

act sequence X •i //Y �p //Z in CF(A ). Suppose given a limit (A, (ak)k∈Z) for X, a limit

(B, (bk)k∈Z) for Y and a limit (C, (ck)k∈Z) for Z. Suppose given a pure short exact se-

quence A •
j //D �q //C in A . Suppose given a compatible family (D, (dk)k∈Z) for Y such

that j · dk = ak · ik and q · ck = dk · pk for k ∈ Z. Then (D, (dk)k∈Z) is a limit for Y . ♦

Proof. Let D u //B be the unique morphism in A such that u · bk = dk for k ∈ Z. We want

to show that the following diagram is commutative in A .

A •
j //

1
��

D

u
��

�q // C

1
��

A •
i� // B �p� // C

For k ∈ Z, we have j · u · bk = j · dk = ak · ik = i� · bk . Since (B, (bk)k∈Z) is a limit for Y , we

obtain j · u = i�. For k ∈ Z, we have u · p� · ck = u · bk · pk = dk · pk = q · ck . Since (C, (ck)k∈Z)

is a limit for Z, we obtain u · p� = q.
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Now u is an isomorphism by lemma 1.3.19.(c). We conclude that (D, (dk)k∈Z) is a limit for

Y .

We introduce a weak form of limits for cofiltrations and a weak form of colimits for filtrations.

3.2.42 Definition. Suppose given X ∈ Ob(CF(A )). A compatible family (A, (ak)k∈Z) for X

is called a projective family for X if for every compatible family (P, (fk)k∈Z) for X such that

P is projective in A , there exists P u //A in A such that u · ak = fk for k ∈ Z. ♦

3.2.43 Definition. Suppose given X ∈ Ob(F(A )). A compatible family (A, (ak)k∈Z) for X

is called an injective family for X if for every compatible family (I, (fk)k∈Z) for X such that

I is injective in A , there exists A u //I in A such that ak · u = fk for k ∈ Z. ♦

3.2.44 Remark. Suppose given X ∈ Ob(CF(A )). If (A, (ak)k∈Z) is a limit for X, then it is

a projective family for X. ♦

3.2.45 Remark. Suppose given X ∈ Ob(F(A )). If (A, (ak)k∈Z) is a colimit for X, then it is

an injective family for X. ♦

3.2.46 Lemma (cofinality of projective families). Suppose given X ∈ Ob(CF(A )).

(a) Suppose given a projective family (A, (ak)k∈Z) for X.

Suppose given m ∈ Z and P
tk //Xk in A such that P is projective in A and such that

tk−1 · xk−1 = tk for k ∈ Z≤m . Then there exists P t //A in A such that t · ak = tk for

k ∈ Z≤m .

(b) Suppose given m ∈ Z and A
ak //Xk such that ak−1 · xk−1 = ak for k ∈ Z≤m . Suppose

that for P
tk //Xk in A with P projective in A and tk−1 ·xk−1 = tk for k ∈ Z≤m , there

exists T t //A in A such that t · ak = tk for k ∈ Z≤m . Let bk = ak for k ∈ Z≤m and

bk = am ·Xm k for k ∈ Z>m . Then (A, (bk)k∈Z) is a projective family for X.

Cf. lemma 3.2.14. ♦

Proof. Ad (a). Let uk = tk for k ∈ Z≤m and let uk = tm ·Xm k for k ∈ Z>m .

For k ∈ Z≤m , we have uk−1 · xk−1 = tk−1 · xk−1 = tk = uk .

For k ∈ Z>m , we have uk−1 · xk−1 = tm ·Xm k−1 ·Xk−1 k = tm ·Xm k = uk .

Since (A, (ak)k∈Z) is a projective family for X, there exists P t //A in A such that t ·ak = uk

for k ∈ Z. In particular, we have t · ak = uk = tk for k ∈ Z≤m .

Ad (b). For k ∈ Z≤m , we have bk−1 · xk−1 = ak−1 · xk−1 = ak = bk .

For k ∈ Z>m , we have bk−1 · xk−1 = am ·Xm k−1 ·Xk−1 k = am ·Xm k = bk .

Suppose given P
tk //Xk in A such that P is projective in A and such that tk−1 · xk−1 = tk

for k ∈ Z. By assumption, there exists a morphism P
t //A in A such that t · ak = tk for

k ∈ Z≤m . The result now follows since we also have t · bk = t · am ·Xm k = tm ·Xm k = tk for

k ∈ Z>m .
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3.2.47 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in CF(A ).

Suppose given a projective family (A, (ak)k∈Z) for X, a compatible family (B, (bk)k∈Z) for

Y and a projective family (C, (ck)k∈Z) for Z. Suppose given a pure short exact sequence

A •
j //B �q //C in A such that ak · ik = j · bk and bk · pk = q · ck for k ∈ Z. Then (B, (bk)k∈Z)

is a projective family for Y as well. ♦

Proof. Suppose given P
fk //Yk in A such that P is projective and such that fk−1 · yk−1 = fk

for k ∈ Z≤0 .

Consider the morphisms P
fk·pk //Zk for k ∈ Z≤0 .

We have fk−1 · pk−1 · zk−1 = fk−1 · yk−1 · pk = fk · pk for k ∈ Z≤0 . Since (C, (ck)k∈Z) is a

projective family for Z, we may choose P u //C in A such that fk · pk = u · ck for k ∈ Z≤0 .

Since P is projective in A , we may choose P v //B in A such that v · q = u.

For k ∈ Z≤0 , we want to construct P
gk //Xk in A recursively such that gk−1 · xk−1 = gk and

such that v · bk + gk · ik = fk .

We have (f0 − v · b0) · p0 = f0 · p0 − v · q · c0 = f0 · p0 − u · c0 = 0. So there exists a unique

morphism P
g0 //X0 in A such that f0 − v · b0 = g0 · i0 . Thus v · b0 + g0 · i0 = f0 .

Suppose given k ∈ Z<0 . Suppose we have already constructed g` for ` ∈ [k + 1, 0].

Since P is projective in A , we may choose P
hk //Xk in A such that hk ·xk = gk+1 . We have

(fk − v · bk − hk · ik) · yk = fk+1 − v · bk+1 − hk · xk · ik+1 = gk+1 · ik+1 − gk+1 · ik+1 = 0.

So there exists a unique morphism P
rk //Y •

k
in A such that rk · y •k = fk − v · bk − hk · ik . We

have rk · p •k = 0 since

rk · p •k · z •k = rk · y •k · pk = (fk − v · bk − hk · ik) · pk = u · ck − v · q · ck = 0

and since z •
k

is a pure monomorphism.

So there exists a unique morphism P
sk //X •

k
in A such that sk · i •k = rk .

P

sk

��
rk

&&

fk−v·bk−hk·ik // Yk
�yk // Yk+1

X •
k

•
i•
k

// Y •
k

•y•k

OO

Let gk = hk + sk · x •k . We have gk · xk = gk+1 and

v · bk + gk · ik = v · bk + hk · ik + sk · i •k · y •k = v · bk + hk · ik + rk · y •k = fk .

Since (A, (ak)k∈Z) is a projective family for X, we may choose P
w //A in A such that

w · ak = gk for k ∈ Z≤0 . Consider the morphism P
v+w·j //B in A . For k ∈ Z≤0 , we have

(v + w · j) · bk = v · bk + w · ak · ik = v · bk + gk · ik = fk . We conclude that (B, (bk)k∈Z) is a
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projective family for Y .

3.2.48 Lemma. Suppose given X ∈ Ob(CF(A )).

(a) Suppose given a projective family (A, (ak)k∈Z) for X. Then (A, (ak+1)k∈Z) is a projective

family for X[1] .

(b) Suppose given a projective family (A, (ak+1)k∈Z) for X[1] . Then (A, (ak)k∈Z) is a pro-

jective family for X.
♦

Proof. This follows from lemma 3.2.20.

3.2.49 Definition. We say that A has epilimits if there exists a limit for every cofiltration

X ∈ Ob(CF(A )). We say that A has monocolimits if there exists a colimit for every filtration

X ∈ Ob(F(A )). ♦

3.2.50 Lemma. Suppose given an additive category B with countable products. Then C(B)

has epilimits. ♦

Proof. The pointwise limits exist by lemma 3.2.32. They yield a complex by lemma 3.2.24.(d).

3.2.51 Lemma. Suppose given an additive category B with countable coproducts. Then

C(B) has monocolimits. ♦

Proof. This is dual to the previous lemma 3.2.50.

For strict Frobenius categories

Suppose given a strict Frobenius category F = (F ,B,Σ, ι, π, α).

3.2.52 Definition. Suppose given an exact functor G : F → F .

Let F(G) = Z(G)|F(F )
F(F ) : F(F )→ F(F ) , cf. definition 1.4.3 and lemma 1.4.16.(c). The functor

F(G) is exact by lemma 1.4.16.(a) and remark 1.3.22.

We often abbreviate B = F(B) and Σ = F(Σ). ♦

3.2.53 Definition. Suppose given an exact functor G : F → F .

Let CF(G) = Z(G)|CF(F )
CF(F ) : CF(F )→ CF(F ) , cf. definition 1.4.3 and lemma 1.4.16.(d). The

functor CF(G) is exact by lemma 1.4.16.(a) and remark 1.3.22.

We often abbreviate B = CF(B) and Σ = CF(Σ). ♦

3.2.54 Definition. Suppose given a full subcategory S ⊆ F . We say that S is closed under

epilimits if for each X ∈ Ob(CF(F )) with Xk ∈ Ob(S ) for k ∈ Z and each limit (A, (ak)k∈Z)

for X, we have A ∈ Ob(S ). ♦
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3.2.55 Lemma. Suppose given ` ∈ Z, X ∈ Ob(CF(F )) and a limit (A, (ak)k∈Z) for X. Then

(A[`], (a
[`]
k )k∈Z) is a limit for X [`]. ♦

Proof. This follows from the fact that Σ: F → F is an isomorphism of categories.

3.2.56 Lemma. Suppose given ` ∈ Z, X ∈ Ob(CF(F )) and a projective family (A, (ak)k∈Z)

for X. Then (A[`], (a
[`]
k )k∈Z) is a projective family for X [`]. ♦

Proof. This follows from the fact that Σ,Σ−1 : F → F are mutually inverse exact isomor-

phisms of categories.

3.3 ∇-diagrams

Suppose given a strict Frobenius category F = (F ,B,Σ, ι, π, α).

3.3.1 Definition. Let V := {(k, `) ∈ Z × Z : k ≤ `}. We write `/k := (k, `) for (k, `) ∈ V.

We define a partial order on V by setting j/i ≤ `/k if i ≤ k and j ≤ ` for j/i, `/k ∈ V.

We consider the functor category V(F ) as an exact category equipped with the pointwise

exact structure, cf. convention 17 and definition 1.4.7.

For X ∈ Ob(V(F )) and j ≤ k ≤ ` in Z, we write xk,`/j = Xk/j `/j and x`/j,k = X`/j `/k . ♦

3.3.2 Definition. An object X ∈ Ob(V(F )) is called a ∇-diagram (or nabla-diagram) if

(xk,`/j , x`/j,k) is a pure short exact sequence in F for j ≤ k ≤ ` in Z. We may think of such

an object as a diagram of the following form.

. . .
...

...
... . .

.

0 Xk+2/k+1
�oo

•

OO

Xk+2/k
�xk+2/k,k+1oo

•

OO

Xk+2/k−1
�xk+2/k−1,koo

•

OO

· · ·�oo

0

•

OO

Xk+1/k
�oo

•xk+1,k+2/k

OO

Xk+1/k−1
�xk+1/k−1,koo

•xk+1,k+2/k−1

OO

· · ·�oo

0

•

OO

Xk/k−1
�oo

•xk,k+1/k−1

OO

· · ·�oo

0

•

OO

. . .

We use the letter ∇ because its shape is reminiscent of the shape of the diagram. Let ∇(F )

denote the full subcategory of V(F ) defined by

Ob(∇(F )) = {X ∈ Ob(V(F )) : X is a ∇-diagram}.
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We call ∇(F ) the category of ∇-diagrams in F . ∇(F ) is a full additive subcategory of V(F )

that satifies the conditions (RE1), (RE2) (RE3) and (RE4) of definition 1.3.21 by remark 1.4.10

and lemmata 1.4.11, 1.4.12, 1.4.13, 1.4.14, 1.4.15. We equip ∇(F ) with the restricted exact

structure E∇,F of the pointwise exact structure on V(F ). A sequence X
f //Y

g //Z in

∇(F ) is a pure short exact sequence if and only if X`/k

f`/k //Y`/k
g`/k //Z`/k is a pure short

exact sequence in F for `/k ∈ V. ♦

3.3.3 Definition. Suppose given an exact functor F : F → F .

Let ∇(F ) = V(F )|∇(F )
∇(F ) : ∇(F ) → ∇(F ) , cf. definition 1.4.3 and lemma 1.4.16.(b). The

functor ∇(F ) is exact by lemma 1.4.16.(a) and remark 1.3.22.

Suppose given exact functors F,G : F → F and a transformation λ : F → G.

Let ∇(λ) = V(λ)|∇(F )
∇(F ) : ∇(F )→ ∇(G) , cf. definition 1.4.5.

We often abbreviate B = ∇(B), Σ = ∇(Σ), ι = ∇(ι), π = ∇(π) and α = ∇(α). We also

write Σ∇,F = ∇(Σ). ♦

3.3.4 Lemma. Suppose given X ∈ Ob(V(F )). Then we have X ∈ Ob(∇(F )) if and only if

the following four conditions hold.

(N1) We have Xk/k ∈ Ob(ZF ), i.e. Xk/k is a zero object for k ∈ Z.

(N2) The rectangle

X`+1/k+1 X`+1/k

x`+1/k,k+1oo

X`/k+1

x`,`+1/k+1

OO

X`/k

x`/k,k+1oo

x`,`+1/k

OO

is a square for k < ` in Z.

(N3) The morphism x`,`+1/k is a pure monomorphism for k < ` in Z.

(N4) The morphism x`+1/k,k+1 is a pure epimorphism for k < ` in Z.
♦

Proof. Suppose that X ∈ Ob(∇(F )). Suppose given k ∈ Z. We have the pure short exact

sequence (xk,k/k , xk/k,k) in F . Thus 1Xk/k
= 0. We conclude that Xk/k ∈ Ob(ZF ).

Note that the following rectangle is a square since (xk,k+1/k−1 , xk+1/k−1,k) is a pure short exact

sequence in F .

Xk+1/k Xk+1/k−1

xk+1/k−1,koo

Xk/k

OO

Xk/k−1

xk,k+1/k−1

OO

oo
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Suppose given k < ` in Z. We have the pure short exact sequences X`/k •
x`,`+1/k//X`+1/k

�x`+1/k,`//X`+1/`

and Xk+1/k •
xk+1,`+1/k //X`+1/k

�x`+1/k,k+1 //X`+1/k+1 in F . It remains to show that the following

rectangle is a square.

X`+1/k+1 X`+1/k

x`+1/k,k+1oo

X`/k+1

x`,`+1/k+1

OO

X`/k

x`/k,k+1oo

x`,`+1/k

OO

If ` = k + 1, then this follows from the discussion above. Suppose that ` > k + 1. We have

the pure short exact sequences X`/k+1 •
x`,`+1/k+1 //X`+1/k+1

�x`+1/k+1,` //X`+1/` and

Xk+1/k •
xk+1,`/k //X`/k

�x`/k,k+1 //X`/k+1 in F . The result now follows by applying the pasting

lemma 1.1.1.(a,b) to the following diagram.

X`+1/` X`+1/k+1

x`+1/k+1,`oo X`+1/k

x`+1/k,k+1oo

X`/`

OO

X`/k+1
oo

x`,`+1/k+1

OO

X`/k

x`/k,k+1oo

x`,`+1/k

OO

Xk+1/k+1

OO

Xk+1/k
oo

xk+1,`/k

OO

Conversely, suppose that the conditions (N1), (N2), (N3) and (N4) hold.

By induction, xk,`/j is a pure monomorphism and x`/j,k is a pure epimorphism for j ≤ k ≤ ` in

Z. Also by induction, the pasting lemma 1.1.1.(a,b) yields that all rectangles of the following

form, where j/i ≤ `/k in V, are squares.

X`/k X`/i

x`/i,koo

Xj/k

xj,`/k

OO

Xj/i

xj/i,koo

xj,`/i

OO

In particular, we have the following square for j ≤ k ≤ ` in Z with Xk/k ∈ Ob(ZF ).

X`/k X`/j

x`/j,koo

Xk/k

OO

Xk/j
oo

xk,`/j

OO

We conclude that (xk,`/j , x`/j,k) is a pure short exact sequence in F .

3.3.5 Lemma. Suppose given the following squares in F for j+1 < ` in Z, where the vertical

morphisms are pure monomorphisms and the horizontal morphisms are pure epimorphisms,
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as indicated.

X`+1/j+1 X`+1/j
�x`+1/j,j+1oo

X`/j+1

•x`,`+1/j+1

OO

X`/j
�x`/j,j+1oo

•x`,`+1/j

OO

Suppose that Xk/k−1 •
xk,k+1/k−1 //Xk+1/k−1

�xk+1/k−1,k //Xk+1/k is a pure short exact sequence in F

for k ∈ Z. Then there exists an object Y ∈ Ob(∇(F )) such that

y`/j,j+1 = x`/j,j+1 and y`,`+1/j+1 = x`,`+1/j+1

for j + 1 < ` in Z. In particular, we have Y`/j = X`/j for j < ` in Z. ♦

Proof. This is an application of the previous lemma 3.3.4.

3.3.6 Definition. An object X ∈ Ob(∇(F )) is called pointwise bijective if X`/k is a bijec-

tive object in F for `/k ∈ V. Let B∇,F denote the full subcategory of ∇(F ) defined by

Ob(B∇,F ) = {X ∈ Ob(∇(F )) : X is pointwise bijective}. ♦

3.3.7 Lemma. Suppose given a pointwise bijective objectX ∈ Ob(B∇,F ). ThenX is bijective

in ∇(F ). ♦

Proof. We want to show that X is injective in ∇(F ). Suppose given Y
g //X and a pure

monomorphism Y
m //Z in ∇(F ). We want to construct Z h //X in ∇(F ) recursively.

Y m //

g
��

Z

h
xx

X

For k ∈ Z, we may choose hk/k = 0: Zk/k → Xk/k .

For k ∈ Z, we may choose Zk/k−1

hk/k−1//Xk/k−1 such that mk/k−1 · hk/k−1 = gk/k−1 since Xk/k−1

is injective in F .

Yk/k−1 •
mk/k−1//

gk/k−1

��

Zk/k−1

hk/k−1zz
Xk/k−1

So we have m`/k · h`/k = g`/k for `, k ∈ Z with 0 ≤ `− k ≤ 1.

Moreover, we have z`/k,k+1 · h`/k+1 = 0 = h`/k · x`/k,k+1 and z`−1,`/k · h`/k = 0 = h`−1/k · x`−1,`/k

for `, k ∈ Z with `− k = 1.

Suppose given k, ` ∈ Z with `−k > 1. Suppose we have constructed Zj/i
hj/i //Xj/i for i, j ∈ Z

with 0 ≤ j − i < ` − k such that mj/i · hj/i = gj/i , such that zj/i,i+1 · hj/i+1 = hj/i · xj/i,i+1

and such that zj−1,j/i · hj/i = hj−1/i · xj−1,j/i for 0 < j − i < `− k.
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Since X`/k+1 is projective in F , we may choose X`/k+1
t //X`/k such that t · x`/k,k+1 = 1, cf.

lemma 1.3.11. Let a = z`/k,k+1 ·h`/k+1 · t : Z`/k → X`/k . We have a ·x`/k,k+1 = z`/k,k+1 ·h`/k+1 .

Z`/k

_z`/k,k+1

��
a

  

Z`/k+1

h`/k+1

��
X`/k+1 X`/k

�x`/k,k+1oo

We have

(h`−1/k · x`−1,`/k − z`−1,`/k · a) · x`/k,k+1

= h`−1/k · x`−1/k,k+1 · x`−1,`/k+1 − z`−1,`/k · z`/k,k+1 · h`/k+1

= z`−1/k,k+1 · h`−1/k+1 · x`−1,`/k+1 − z`−1/k,k+1 · z`−1,`/k+1 · h`/k+1

= z`−1/k,k+1 · z`−1,`/k+1 · h`/k+1 − z`−1/k,k+1 · z`−1,`/k+1 · h`/k+1

= 0.

Since xk+1,`/k is a kernel of x`/k,k+1 , there exists a unique morphism Z`−1/k
b //X`+1/k in F

such that b · xk+1,`/k = h`−1/k · x`−1,`/k − z`−1,`/k · a.

We may choose Z`/k
c //Xk+1/k with z`−1,`/k · c = b since Xk+1/k is injective in F .

Z`−1/k •
z`−1,`/k //

b

((
h`−1/k·x`−1,`/k−z`−1,`/k·a

��

Z`/k

c

��
X`/k+1 X`/k

�
x`/k,k+1

oo Xk+1/k•
xk+1,`/k

oo

We have

y`−1,`/k · (g`/k −m`/k · a−m`/k · c · xk+1,`/k)

= g`−1/k · x`−1,`/k −m`−1/k · z`−1,`/k · a−m`−1/k · z`−1,`/k · c · xk+1,`/k

= g`−1/k · x`−1,`/k −m`−1/k · z`−1,`/k · a−m`−1/k · b · xk+1,`/k

= g`−1/k · x`−1,`/k −m`−1/k · z`−1,`/k · a−m`−1/k · (h`−1/k · x`−1,`/k − z`−1,`/k · a)

= g`−1/k · x`−1,`/k −m`−1/k · h`−1/k · x`−1,`/k

= (g`−1/k −m`−1/k · h`−1/k) · x`−1,`/k

= 0.

Since y`/k,`−1 is a cokernel of y`−1,`/k , there exists a unique morphism Y`/`−1
d //X`/k in F

such that y`/k,`−1 · d = g`/k −m`/k · a−m`/k · c · xk+1,`/k .
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We have

y`/k,`−1 · d · x`/k,k+1

= (g`/k −m`/k · a−m`/k · c · xk+1,`/k) · x`/k,k+1

= y`/k,k+1 · g`/k+1 −m`/k · z`/k,k+1 · h`/k+1 −m`/k · c · 0

= y`/k,k+1 · g`/k+1 − y`/k,k+1 ·m`/k+1 · h`/k+1

= y`/k,k+1 · (g`/k+1 −m`/k+1 · h`/k+1)

= 0.

Since y`/k,`−1 is a pure epimorphism, we conclude that d ·x`/k,k+1 = 0. Since xk+1,`/k is a kernel

of x`/k,k+1 , there exists a unique morphism Y`/`−1
e //Xk+1/k in F such that e · xk+1,`/k = d.

We may choose Z`/`−1
f //Xk+1/k with m`/`−1 · f = e since Xk+1/k is injective in F .

Y`−1/k •
y`−1,`/k // Y`/k

�y`/k,`−1 //

g`/k−m`/k·a−m`/k·c·xk+1,`/k

��

Y`/`−1 •
m`/`−1 //

e

��

d

ww

Z`/`−1

fvv
X`/k+1 X`/k

�
x`/k,k+1

oo Xk+1/k•
xk+1,`/k

oo

Let h`/k = a+ c · xk+1,`/k + z`/k,`−1 · f · xk+1,`/k .

We have

m`/k · h`/k = m`/k · a+m`/k · c · xk+1,`/k +m`/k · z`/k,`−1 · f · xk+1,`/k

= m`/k · a+m`/k · c · xk+1,`/k + y`/k,`−1 ·m`/`−1 · f · xk+1,`/k

= m`/k · a+m`/k · c · xk+1,`/k + y`/k,`−1 · e · xk+1,`/k

= m`/k · a+m`/k · c · xk+1,`/k + y`/k,`−1 · d

= m`/k · a+m`/k · c · xk+1,`/k + g`/k −m`/k · a−m`/k · c · xk+1,`/k

= g`/k ,

h`/k · x`/k,k+1 = a · x`/k,k+1 + c · xk+1,`/k · x`/k,k+1 + z`/k,`−1 · f · xk+1,`/k · x`/k,k+1

= z`/k,k+1 · h`/k+1

and

z`−1,`/k · h`/k = z`−1,`/k · a+ z`−1,`/k · c · xk+1,`/k + z`−1,`/k · z`/k,`−1 · f · xk+1,`/k

= z`−1,`/k · a+ b · xk+1,`/k

= z`−1,`/k · a+ h`−1/k · x`−1,`/k − z`−1,`/k · a

= h`−1/k · x`−1,`/k .
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Y`/k+1

•
m`/k+1 --

g`/k+1

��

Y`/k
�oo

g`/k

��

•
m`/k

--Z`/k+1

h`/k+1

pp

Z`/k

h`/k

qq

�oo

Y`−1/k

•

OO

g`−1/k

  

• m`−1/k

-- Z`−1/k

•

OO

h`−1/k

pp

X`/k+1 X`/k
�oo

X`−1/k

•

OO

We conclude that X is injective in ∇(F ). Dually, it is also projective in ∇(F ).

3.3.8 Theorem. The tuple (∇(F ),B,Σ, ι,π,α) is a strict Frobenius category. Moreover,

we have E p
∇(F ) = E∇,F , cf. definitions 3.3.2 and 2.1.16. ♦

Proof. The functor B = ∇(B) is additive, cf. definition 1.4.3 and remark 1.2.5.(b). The functor

Σ = ∇(Σ) is an isomorphism of categories with inverse ∇(Σ−1) since we have

(∇(Σ) · ∇(Σ−1)) ? Inc
V(F )
∇(F ) = (∇(Σ) · ∇(Σ−1)) ? (1

Inc
V(F)
∇(F)

· 1
Inc

V(F)
∇(F)

)

= (∇(Σ) ? 1
Inc

V(F)
∇(F)

) · (∇(Σ−1) ? 1
Inc

V(F)
∇(F)

)

= (1
Inc

V(F)
∇(F)

? V(Σ)) · (1
Inc

V(F)
∇(F)

? V(Σ−1))

= (1
Inc

V(F)
∇(F)

· 1
Inc

V(F)
∇(F)

) ? (V(Σ) · V(Σ−1))

= 1
Inc

V(F)
∇(F)

? (V(Σ · Σ−1))

= Inc
V(F )
∇(F ) ? V(1F )

= Inc
V(F )
∇(F ) ? 1V(F )

= 1∇(F ) ? Inc
V(F )
∇(F )
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and

(∇(Σ−1) · ∇(Σ)) ? Inc
V(F )
∇(F ) = (∇(Σ−1) · ∇(Σ)) ? (1

Inc
V(F)
∇(F)

· 1
Inc

V(F)
∇(F)

)

= (∇(Σ−1) ? 1
Inc

V(F)
∇(F)

) · (∇(Σ) ? 1
Inc

V(F)
∇(F)

)

= (1
Inc

V(F)
∇(F)

? V(Σ−1)) · (1
Inc

V(F)
∇(F)

? V(Σ))

= (1
Inc

V(F)
∇(F)

· 1
Inc

V(F)
∇(F)

) ? (V(Σ−1) · V(Σ))

= 1
Inc

V(F)
∇(F)

? (V(Σ−1 · Σ))

= Inc
V(F )
∇(F ) ? V(1F )

= Inc
V(F )
∇(F ) ? 1V(F )

= 1∇(F ) ? Inc
V(F )
∇(F ) ,

cf. lemma 1.4.6.(a,b).

The transformation α = ∇(α) is an isotransformation since X∇(α) = XV(α) is an isomor-

phism in V(F ) for X ∈ Ob(∇(F )), cf. lemma 1.4.6.(c,d).

Ad (SF4). We have (Σ ? ι) ·α = ι ?Σ since

((Σ ? ι) ·α) ? Inc
V(F )
∇(F ) = ((∇(Σ) ?∇(ι)) · ∇(α)) ? (1

Inc
V(F)
∇(F)

· 1
Inc

V(F)
∇(F)

)

= ((∇(Σ) ?∇(ι) ? 1
Inc

V(F)
∇(F)

) · (∇(α) ? 1
Inc

V(F)
∇(F)

)

= (1
Inc

V(F)
∇(F)

? V(Σ) ? V(ι)) · (1
Inc

V(F)
∇(F)

? V(α))

= (1
Inc

V(F)
∇(F)

· 1
Inc

V(F)
∇(F)

) ? ((V(Σ) ? V(ι)) · V(α))

= 1
Inc

V(F)
∇(F)

? V((Σ ? ι) · α))

= 1
Inc

V(F)
∇(F)

? V(ι ? Σ)

= 1
Inc

V(F)
∇(F)

? V(ι) ? V(Σ),

= ∇(ι) ?∇(Σ) ? 1
Inc

V(F)
∇(F)

= (ι ?Σ) ? Inc
V(F )
∇(F ) ,
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cf. lemma 1.4.6.(d,e). We have Σ ? π = −α · (π ?Σ) since

(−α · (π ?Σ)) ? Inc
V(F )
∇(F ) = (−∇(α) · (∇(π) ?∇(Σ))) ? (1

Inc
V(F)
∇(F)

· 1
Inc

V(F)
∇(F)

)

= (−∇(α) ? 1
Inc

V(F)
∇(F)

) · ((∇(π) ?∇(Σ) ? 1
Inc

V(F)
∇(F)

)

= (1
Inc

V(F)
∇(F)

? V(−α)) · (1
Inc

V(F)
∇(F)

? V(π) ? V(Σ))

= (1
Inc

V(F)
∇(F)

· 1
Inc

V(F)
∇(F)

) ? (V(−α) · (V(π) ? V(Σ)))

= 1
Inc

V(F)
∇(F)

? V(−α · (π ? Σ)))

= 1
Inc

V(F)
∇(F)

? V(Σ ? π)

= 1
Inc

V(F)
∇(F)

? V(Σ) ? V(π),

= ∇(Σ) ?∇(π) ? 1
Inc

V(F)
∇(F)

= (Σ ? π) ? Inc
V(F )
∇(F ) ,

cf. lemma 1.4.6.(d,e,f).

Ad (SF1),(SF2),(SF3).

Note that for X ∈ Ob(∇(F )), (Xι, Xπ) is a pure short exact sequence in (∇(F ),E∇,F ) since

((Xι)`/k , (Xπ)`/k) = (X`/kι , X`/kπ) is a pure short exact sequence in F for `/k ∈ V. Also

note that for X ∈ Ob(∇(F )), the object XB is bijective in (∇(F ),E∇,F ) by lemma 3.3.7.

This yields (SF1),(SF2) and (SF3). Moreover, we have E p
∇(F ) = E∇,F by lemma 2.1.34.

3.3.9 Definition. By theorem 3.3.8, ∇(F ) = (∇(F ),B,Σ, ι,π,α) is a strict Frobenius

category. We denote its stable category by ∇(F ) = ∇(F ), cf. definition 1.3.27. Note that

P∇(F ) : ∇(F )→ ∇(F ) denotes the stabilisation functor of ∇(F ). ♦

3.3.10 Remark. Suppose given X
f //Y in ∇(F ). Then we have f = 0 in ∇(F ) if and

only if there exists XB
g //Y in ∇(F ) such that Xι · g = f , cf. lemma 1.3.28. ♦

3.3.11 Lemma/Definition. We define the translation functors T∇,F ,T−∇,F : ∇(F )→ ∇(F )

as follows. For X ∈ Ob(∇(F )) and j/i ≤ `/k in V, let

(XT∇,F )`/k = X`+1/k+1 , (XT−∇,F )`/k = X`−1/k−1 ,

(XT∇,F )j/i `/k = Xj+1/i+1 `+1/k+1 and (XT−∇,F )j/i `/k = Xj−1/i−1 `−1/k−1 .

For f ∈ Mor(∇(F )) and `/k ∈ V, let (fT∇,F )`/k = f`+1/k+1 and (fT−∇,F )`/k = f`−1/k−1 .

The functors T∇,F and T−∇,F are mutually inverse isomorphisms of categories.

For k ∈ Z and X
f //Y in ∇(F ), we often write X[k] = XTk

∇,F and f[k] = fTk
∇,F . ♦

Proof. We abbreviate T = T∇,F and T− = T−∇,F . Suppose given X
f //Y

g //Z in ∇(F ).
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We have 1XT = 1XT since (1XT)`/k = 1X`+1/k+1
= (1XT)`/k for `/k ∈ V.

We have (fg)T = fT · gT since ((fg)T)`/k = f`+1/k+1 · g`+1/k+1 = (fT · gT)`/k for `/k ∈ V.

We have 1XT− = 1XT− since (1XT−)`/k = 1X`−1/k−1
= (1XT−)`/k for `/k ∈ V.

We have (fg)T− = fT− · gT− since ((fg)T−)`/k = f`−1/k−1 · g`−1/k−1 = (fT− · gT−)`/k for

`/k ∈ V.

We have fTT− = f since (fTT−)`/k = f`/k for `/k ∈ V.

We have fT−T = f since (fT−T)`/k = f`/k for `/k ∈ V.

3.3.12 Remark. Suppose given k, ` ∈ Z. We have Σk∇,F · T
`
∇,F = T`

∇,F · Σk∇,F . ♦

Proof. Suppose given X
f //Y in ∇(F ). We have fΣk∇,F T`

∇,F = fT`
∇,FΣ

k
∇,F since

(fΣk∇,F T`
∇,F )j/i = f

[k]
j+`/i+` = (fT`

∇,FΣ
k
∇,F )j/i

for j/i ∈ V.

3.3.13 Lemma/Definition. We define the transformation ρ∇,F : 1∇(F ) → T∇,F by setting

(Xρ∇,F )`/k = X`/k `+1/k+1 for X ∈ Ob(∇(F )) and `/k ∈ V. This in fact defines a transfor-

mation. We sometimes abbreviate ρ = ρ∇,F . ♦

Proof. We abbreviate ρ = ρ∇,F and T = T∇,F . Suppose given X
f //Y in ∇(F ).

We have Xρ · fT = f · Y ρ since

(Xρ · fT)`/k = X`/k `+1/k+1 · f`+1/k+1 = f`/k · Y`/k `+1/k+1 = (f · Y ρ)`/k

for `/k ∈ V.

3.3.14 Lemma. We have T∇,F ? ρ∇,F = ρ∇,F ? T∇,F . ♦

Proof. We abbreviate T = T∇,F and ρ = ρ∇,F . We have T ? ρ = ρ ? T since

(X(T ? ρ))`/k = X`+1/k+1 `+2/k+2 = (X(ρ ? T))`/k for X ∈ Ob(∇(F )) and `/k ∈ V.

3.3.15 Definition. The set J∇(F ),T∇,F ,ρ∇,F ,B∇,F
is an ideal in ∇(F ), cf. definition 3.1.1. We

abbreviate J∇,F = J∇(F ),T∇,F ,ρ∇,F ,B∇,F
. Let ∇(F ) = ∇(F )/J∇,F denote the corresponding

factor category and let Q∇,F : ∇(F )→ ∇(F ) denote the correspoding residue class functor,

cf. definition 1.2.13. For X
f //Y in ∇(F ), we write f = f + ∇(F ),Q∇,F

(X, Y ). ♦

3.3.16 Remark. Suppose given X
f //Y in ∇(F ). The following statements are equivalent,

cf. lemmata 3.1.2, 3.3.14, definition 1.3.27 and remark 3.3.10.

(a) We have f = 0 in ∇(F ).

(b) We have X[−1]ρ∇,F · f = 0 in ∇(F ).

(c) There exists X[−1]B
g //Y in ∇(F ) such that X[−1]ρ∇,F · f = X[−1]ι · g. ♦
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3.3.17 Definition. Suppose given a full subcategory S ⊆ F . We define the full subcategory

∇S (F ) of ∇(F ) by setting

Ob(∇S (F )) = {X ∈ Ob(∇(F )) : X
[−k]
k/k−1 ∈ Ob(S ) for k ∈ Z}.

We define the full subcategory ∇S (F ) of ∇(F ) by setting Ob(∇S (F )) = Ob(∇S (F )). We

define the full subcategory ∇
S

(F ) of ∇(F ) by setting Ob(∇
S

(F )) = Ob(∇S (F )). ♦

3.3.18 Definition. Suppose given a full subcategory S ⊆ F . Let

P∇(F ),S = P∇(F )|
∇S (F )

∇S (F ) : ∇S (F )→ ∇S (F )

and let

Q∇,F ,S = Q∇,F |
∇

S
(F )

∇S (F ) : ∇S (F )→ ∇
S

(F ).

Cf. definitions 3.3.9 and 3.3.15. ♦

3.3.19 Lemma. Suppose given a strictly full additive subcategory S ⊆ F . Then ∇S (F ) is

a strictly full additive subcategory of ∇(F ) as well. ♦

Proof. Note that zero objects, direct sums and isomorphisms in∇(F ) are formed pointwise, cf.

remark 1.4.2. The result now follows from the fact that the residue class functor PF : F → F

is additive.

3.3.20 Remark. Suppose given a full subcategory S ⊆ F and X ∈ Ob(∇S (F )). For ` ∈ Z,

we have X`/`−1 ∈ Ob(S [`]). For k, ` ∈ Z with k ≤ `, we have X`/k ∈ Ob

( ∗
j∈[k+1,`]

S [j]

)
. ♦

Proof. For ` ∈ Z, we have X`/`−1 ∈ Ob(S [`]) since X
[−`]
`/`−1 ∈ Ob(S ).

Suppose given k, ` ∈ Z with k ≤ `.

For ` = k, we have X`/k = X`/` ∈ Ob(ZF ) ⊆ Ob(ZF ) = Ob

( ∗
j∈[k+1,`]

S [j]

)
.

Now suppose that k < `. We proceed by induction on `− k ∈ Z≥1 .

For `− k = 1, we have X`/k = X`/`−1 ∈ Ob(S [`]) ⊆ Ob

( ∗
j∈[k+1,`]

S [j]

)
.

Suppose that `− k > 1. We obtain a triangle

X`−1/k

x`−1,`/k
// X`/k

x`/k,`−1
// X`/`−1

// X
[1]
`−1/k

in F , cf. lemma 2.2.9 and definition 2.2.14. Since by induction X`−1/k ∈ Ob

( ∗
j∈[k+1,`−1]

S [j]

)
and X`/`−1 ∈ Ob(S [`]), we have X`/k ∈ Ob

( ∗
j∈[k+1,`]

S [j]

)
.
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3.3.21 Lemma. Suppose given full subcategories Q,R ⊆ F such that F (Q[k],R) = 0 for

k ∈ Z>0 . Suppose given X ∈ Ob(∇Q(F )) and Y ∈ Ob(∇R(F )). For i, j, k, ` ∈ Z with

i ≤ j ≤ k ≤ `, we have F (X`/k , Yj/i) = 0. ♦

Proof. Suppose given i, j, k, ` ∈ Z with i ≤ j ≤ k ≤ `.

By remark 3.3.20, we have X`/k ∈ Ob

( ∗
m∈[k+1,`]

Q[m]

)
and Yj/i ∈ Ob

( ∗
n∈[i+1,j]

R [n]

)
. So the

result follows from lemma 1.5.10.

3.3.22 Lemma. Suppose given full subcategories Q,R ⊆ F such that F (Q[k],R) = 0 for

k ∈ Z>0 . Suppose given X ∈ Ob(∇Q(F )) and Y ∈ Ob(∇R(F )). For i, j, k, ` ∈ Z with

i ≤ j < k ≤ `, we have F (X`/k , Y
[1]
j/i) = 0. ♦

Proof. Suppose given i, j, k, ` ∈ Z with i ≤ j < k ≤ `.

By remark 3.3.20, we have X`/k ∈ Ob

( ∗
m∈[k+1,`]

Q[m]

)
and Yj/i ∈ Ob

( ∗
n∈[i+1,j]

R [n]

)
. So

Y
[1]
j/i ∈ Ob

( ∗
n∈[i+1,j]

R [n+1]

)
= Ob

( ∗
n∈[i+2,j+1]

R [n]

)
by lemma 1.5.9. Thus the result follows

from lemma 1.5.10.

3.3.23 Remark. Suppose given a full subcategory S ⊆ F and X ∈ Ob(∇S (F )). Then we

have X
[1]
[−1] ∈ Ob(∇S (F )) as well. ♦

Proof. For k ∈ Z, we have (X
[1]
[−1])

[−k]
k/k−1 = (X

[1]
k−1/k−2)[−k] = X

[−k+1]
k−1/k−2 ∈ Ob(S ).

3.3.24 Definition. A candidate triangle X
f //Y i //Z

p //X
[1]
[−1] in ∇(F ) with respect to

Σ∇,F ·T−1
∇,F is called a pseudo-triangle in ∇(F ) if (i, p) is a pure short exact sequence in ∇(F )

and if there exists X[−1]B
g //Z in ∇(F ) such that the following diagram is commutative in

∇(F ).

X[−1] •
X[−1]ι//

X[−1]ρ ·f

��

X[−1]B

g

��

�X[−1]π // X
[1]
[−1]

1
��

Y •i // Z �p // X
[1]
[−1]

Note that in this case the left rectangle is a square, cf. lemma 2.1.9. ♦

3.3.25 Lemma. Suppose given X
f //Y in ∇(F ). Then there exists a pseudo-triangle

X
f //Y •i //Z �p //X

[1]
[−1] in ∇(F ). ♦

Proof. Choose a pushout in ∇(F ) as follows.

X[−1] •
X[−1]ι//

X[−1]ρ ·f
��

X[−1]B

g

��
Y •i // Z
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By lemma 2.1.11.(b), we may choose Z
p //X

[1]
[−1] in F such that g ·p = X[−1]π and such that

(i, p) is a pure short exact sequence. Thus X
f //Y •i //Z �p //X

[1]
[−1] is a pseudo-triangle in

∇(F ).

3.3.26 Lemma. Suppose given a pseudo-triangle X
f //Y •i //Z �p //X

[1]
[−1] in ∇(F ) and a

morphism X[−1]B
g //Z in ∇(F ) such that the following diagram is commutative.

X[−1] •
X[−1]ι//

X[−1]ρ ·f

��

X[−1]B

g

��

�X[−1]π // X
[1]
[−1]

1
��

Y •i // Z �p // X
[1]
[−1]

For k ∈ Z, we may choose Zk/k−1
sk //Yk/k−1 and X

[1]
k−1/k−2

tk //Yk/k−1 in F such that

Xk−1/k−2π · tk = gk/k−1 and such that Yk/k−1

ik/k−1 //Zk/k−1sk
oo

pk/k−1

//X
[1]
k−1/k−2

tkoo is a direct

sum in F . ♦

Proof. Suppose given k ∈ Z.

We have (X[−1]ρ)k/k−1 = 0 and thus Xk−1/k−2ι · gk/k−1 = (X[−1]ρ · f)k/k−1 · ik/k−1 = 0.

So we may choose X
[1]
k−1/k−2

tk //Zk/k−1 in F such that Xk−1/k−2π · tk = gk/k−1 .

We have tk · pk/k−1 = 1 since Xk−1/k−2π · tk · pk/k−1 = gk/k−1 · pk/k−1 = Xk−1/k−2π and since

Xk−1/k−2π is a pure epimorphism.

The result now follows from lemma 1.2.11.

3.3.27 Corollary. Suppose given a strictly full additive subcategory S ⊆ F . Suppose given

a pseudo-triangle X
f //Y •i //Z �p //X

[1]
[−1] in ∇(F ) with X, Y ∈ Ob(∇S (F )). Then we

have Z,X
[1]
[−1] ∈ Ob(∇S (F )) as well. ♦

Proof. We have X
[1]
[−1] ∈ Ob(∇S (F )), cf. remark 3.3.23.

For k ∈ Z, lemma 3.3.26 yields a direct sum Yk/k−1

ik/k−1 //Zk/k−1sk
oo

pk/k−1

//X
[1]
k−1/k−2

tkoo in F .

So Y
[−k]
k/k−1

i
[−k]
k/k−1

//Z
[−k]
k/k−1

s
[−k]
k

oo
p

[−k]
k/k−1

//X
[−k+1]
k−1/k−2

t
[−k]
koo is a direct sum in F .

Thus Z
[−k]
k/k−1 ∈ Ob(S ). We conclude that Z ∈ Ob(∇S (F )).

3.3.28 Lemma. Suppose given a pseudo-triangle X 1 //X •i //B �p //X
[1]
[−1] in ∇(F ). Sup-

pose given X
f //Y in ∇(F ). The following three statements are equivalent.

(a) We have f = 0.

(b) There exists B h //Y in ∇(F ) such that f = i · h.
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(c) There exists B h //Y in ∇(F ) such that f = i · h.
♦

Proof. We may choose X[−1]B
g //Z in ∇(F ) such that the following diagram is a square,

cf. definition 3.3.24.

X[−1] •
X[−1]ι//

X[−1]ρ

��

X[−1]B

g

��
X •i // B

Ad (a) → (b). Suppose that f = 0. So we may choose X[−1]B
e //Y in ∇(F ) such that

X[−1]ρ · f = X[−1]ι · e by remark 3.3.16. Since the diagram above is a pushout, we may choose

B h //Y such that i · h = f .

Ad (b) → (c). This is trivial.

Ad (c) → (a). Suppose given B h //Y in ∇(F ) such that f = i · h.

Then X[−1]ρ · f = X[−1]ρ · i · h = X[−1]ι · g · h. So X[−1]ρ · f = 0. We conclude that f = 0 by

remark 3.3.16.

3.3.29 Definition. Suppose given k ∈ Z. We define the full subcategories ∇dk(F ) and

∇ke(F ) of ∇(F ) by setting

Ob(∇dk(F )) = {X ∈ Ob(∇(F )) : X`/`−1 ∈ Ob(ZF ) for ` ∈ Z>k}

and

Ob(∇ke(F )) = {X ∈ Ob(∇(F )) : X`/`−1 ∈ Ob(ZF ) for ` ∈ Z<k}.

We define the full subcategories ∇dk(F ) and ∇ke(F ) of ∇(F ) by setting

Ob(∇dk(F )) = Ob(∇dk(F )) and Ob(∇ke(F )) = Ob(∇ke(F )).

We define the full subcategories ∇dk(F ) and ∇ke(F ) of ∇(F ) by setting

Ob(∇dk(F )) = Ob(∇dk(F )) and Ob(∇ke(F )) = Ob(∇ke(F )).

Suppose given a strictly full additive subcategory S ⊆ F .

Let ∇dkS (F ) = ∇dk(F ) ∩∇S (F ) and ∇ke
S (F ) = ∇ke(F ) ∩∇S (F ).

Let ∇dkS (F ) = ∇dk(F ) ∩∇S (F ) and ∇ke
S (F ) = ∇ke(F ) ∩∇S (F ).

Let ∇dk
S

(F ) = ∇dk(F ) ∩∇
S

(F ) and ∇ke
S

(F ) = ∇ke(F ) ∩∇
S

(F ). ♦

3.3.30 Definition. Suppose given k, ` ∈ Z. Let ∇dk, è(F ) = ∇dk(F ) ∩∇ è(F ),

∇dk, è(F ) = ∇dk(F ) ∩∇ è(F ) and ∇dk, è(F ) = ∇dk(F ) ∩∇ è(F ).

Suppose given a strictly full additive subcategory S ⊆ F .

Let ∇dk, èS (F ) = ∇dk, è(F ) ∩∇S (F ), ∇dk, èS (F ) = ∇dk, è(F ) ∩∇S (F ) and

∇dk, è
S

(F ) = ∇dk, è(F ) ∩∇
S

(F ). ♦
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3.3.31 Definition. Let ∇b(F ) =
⋃

k,`∈Z
∇dk, è(F ), ∇b(F ) =

⋃
k,`∈Z

∇dk, è(F ) and

∇b(F ) =
⋃

k,`∈Z
∇dk, è(F ).

Suppose given a strictly full additive subcategory S ⊆ F .

Let ∇b
S (F ) = ∇b(F ) ∩∇S (F ), ∇b

S (F ) = ∇b(F ) ∩∇S (F ) and

∇b

S
(F ) = ∇b(F ) ∩∇

S
(F ) ♦

3.3.32 Definition. Let Q∇b,F = Q∇,F |
∇b(F )

∇b(F )
: ∇b(F )→ ∇b(F ). ♦

3.3.33 Remark. Suppose given n ∈ Z.

(a) Suppose given X ∈ Ob(∇ne(F )). Then X`/k ∈ Ob(ZF ) for `/k ∈ V with ` < n.

(b) Suppose given X ∈ Ob(∇dn(F )). Then X`/k ∈ Ob(ZF ) for `/k ∈ V with k > n− 1.
♦

Proof. Ad (a). We use induction on `− k ∈ Z≥0 with ` < n.

If `− k = 0, then X`/k = X`/` ∈ Ob(ZF ).

If `− k = 1 with ` < n, then X`/k = X`/`−1 ∈ Ob(ZF ).

Suppose that `− k > 1 with ` < n.

Consider the pure short exact sequence X`−1/k •
x`−1,`/k //X`/k

�x`/k,`−1 //X`/`−1 in F . We have

X`/`−1 ∈ Ob(ZF ) and, by induction, X`−1/k ∈ Ob(ZF ). We conclude that X`/k ∈ Ob(ZF ).

Ad (b). We use induction on `− k ∈ Z≥0 with k > n− 1.

If `− k = 0, then X`/k = Xk/k ∈ Ob(ZF ).

If `− k = 1 with k > n− 1, then X`/k = Xk+1/k ∈ Ob(ZF ).

Suppose that `− k > 1 with k > n− 1.

Consider the pure short exact sequence Xk+1/k •
xk+1,`/k //X`/k

�x`/k,k+1 //X`/k+1 in F . We have

Xk+1/k ∈ Ob(ZF ) and, by induction, X`/k+1 ∈ Ob(ZF ). We conclude that X`/k ∈ Ob(ZF ).

3.3.34 Remark. Suppose given n ∈ Z.

(a) Suppose given X ∈ Ob(∇dn(F )). Then x`,`+1/k is an isomorphism in F for `/k ∈ V

with ` ≥ n.

(b) Suppose given X ∈ Ob(∇ne(F )). Then x`/k−1,k is an isomorphism in F for `/k ∈ V

with k < n.
♦

Proof. Ad (a). Suppose given `/k ∈ V with ` ≥ n. The sequence (x`,`+1/k , x`+1/k,`) is pure

short exact in F with x`+1/k,` = 0 since X`+1/` ∈ Ob(ZF ). We conclude that x`,`+1/k is an

isomorphism in F .

Ad (b). Suppose given `/k ∈ V with k < n. The sequence (xk,`/k−1 , x`/k−1,k) is pure short

exact in F with xk,`/k−1 = 0 since Xk/k−1 ∈ Ob(ZF ). We conclude that x`/k−1,k is an

isomorphism in F .
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3.3.35 Lemma. Suppose given m ∈ Z and a pure short exact sequence X •i //Y �p //Z in

∇(F ).

(a) If X,Z ∈ Ob(∇dm(F )), then Y ∈ Ob(∇dm(F )) as well.

(b) If X,Z ∈ Ob(∇me(F )), then Y ∈ Ob(∇me(F )) as well.
♦

Proof. This follows from lemma 1.4.8.(d).

3.3.36 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in ∇(F ) such

that X,Z ∈ Ob(∇b(F )). Then we have Y ∈ Ob(∇b(F )) as well. ♦

Proof. This follows from lemma 3.3.35.

3.3.37 Corollary. ∇b(F ) is an extension-closed subcategory of ∇(F ), cf. definition 1.3.23,

remark 1.4.10 and lemma 3.3.36. In particular, it is a strictly full additive subcategory of

∇(F ). So ∇b(F ) is a full additive subcategory of ∇(F ) and ∇b(F ) is a full additive

subcategory of ∇(F ), cf. remark 1.2.14.

Suppose given a strictly full additive subcategory S ⊆ F . Then ∇S (F ) is a strictly full

additive subcategory of ∇(F ) as well by lemma 3.3.19. Consequently, ∇b
S (F ) is a strictly

full additive subcategory of ∇(F ), cf. remark 1.2.4. Thus ∇S (F ), ∇b
S (F ) are full additive

subcategories of ∇(F ) and ∇
S

(F ), ∇b

S
(F ) are full additive subcategories of ∇(F ), cf.

remark 1.2.14. ♦

3.3.38 Definition. Suppose given X ∈ Ob(∇(F )). We write

γX,j,k,` = γ(xk,`/j ,x`/j,k) : X`/j → Xk/jB and δX,j,k,` = δ(xk,`/j ,x`/j,k) : X`/k → X
[1]
k/j

for j ≤ k ≤ ` in Z. Cf. definition 2.2.1.

Xk/j •
xk,`/j //

1

��

X`/j
�x`/j,k //

γX,j,k,`

��

X`/k

δX,j,k,`
��

Xk/j •
Xk/jι // Xk/jB

�Xk/jπ // X
[1]
k/j

Note that x`/j,k · δX,j,k,` = 0 in F . ♦

3.3.39 Remark. Suppose given X ∈ Ob(∇(F )) and j, k, ` ∈ Z with j ≤ k ≤ `. We have

δX[−1],j,k,` = δ(xk−1,`−1/j−1,x`−1/j−1,k−1) = δX,j−1,k−1,`−1 . ♦

3.3.40 Lemma. Suppose given X ∈ Ob(∇(F )) and j, k, ` ∈ Z with j ≤ k ≤ `. We have

δX[1],j,k,` = −δ[1]
X,j,k,` in F . ♦

Proof. By lemma 2.2.5, we have δX[1],j,k,` = δ
(x

[1]
k,`/j

,x
[1]
`/j,k

)
= −δ[1]

(xk,`/j ,x`/j,k) = −δ[1]
X,j,k,` .
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3.3.41 Corollary. Suppose given X ∈ Ob(∇(F )) and j, k, ` ∈ Z with j ≤ k ≤ `. We have

δ
X

[1]
[−1]

,j,k,`
= −δ[1]

X,j−1,k−1,`−1 in F . ♦

Proof. Using remark 3.3.39 and lemma 3.3.40, we obtain

δ
X

[1]
[−1]

,j,k,`
= δX[1],j−1,k−1,`−1 = −δ[1]

X,j−1,k−1,`−1 in F .

3.3.42 Lemma. Suppose given X ∈ Ob(∇(F )). Suppose given k, ` ∈ Z such that k ≤ `.

Then we have xk,`/k−1 · δX,k−2,k−1,` = δX,k−2,k−1,k . ♦

Proof. Consider the pure short exact sequences Xk−1/k−2 •
xk−1,k/k−2 //Xk/k−2

�xk/k−2,k−1 //Xk/k−1

and Xk−1/k−2 •
xk−1,`/k−2 //X`/k−2

�x`/k−2,k−1 //X`/k−1 and the following commutative diagram in F .

Xk−1/k−2

1

��

•
xk−1,k/k−2 // Xk/k−2

xk,`/k−2

��

�xk/k−2,k−1 // Xk/k−1

xk,`/k−1

��
Xk−1/k−2 •

xk−1,`/k−2 // X`/k−2
�x`/k−2,k−1 // X`/k−1

By lemma 2.2.4, we have xk,`/k−1 · δX,k−2,k−1,` = δX,k−2,k−1,k .

Xk−1/k−2

1

��

•
xk−1,k/k−2 // Xk/k−2

xk,`/k−2

��

�xk/k−2,k−1 // Xk/k−1

xk,`/k−1

��

δX,k−2,k−1,k // X
[1]
k−1/k−2

1
��

Xk−1/k−2 •
xk−1,`/k−2 // X`/k−2

�x`/k−2,k−1 // X`/k−1

δX,k−2,k−1,` // X
[1]
k−1/k−2

3.3.43 Lemma. Suppose given X ∈ Ob(∇(F )). Suppose given j, k ∈ Z such that j ≤ k− 2.

Then we have δX,j,k−1,k · x[1]
k−1/j,k−2 = δX,k−2,k−1,k . ♦

Proof. Consider the pure short exact sequences Xk−1/k−2 •
xk−1,k/k−2 //Xk/k−2

�xk/k−2,k−1 //Xk/k−1

and Xk−1/k−2 •
xk−1,`/k−2 //X`/k−2

�x`/k−2,k−1 //X`/k−1 and the following commutative diagram in F .

Xk−1/j

xk−1/j,k−2

��

•
xk−1,k/j // Xk/j

xk/j,k−2

��

�xk/j,k−1 // Xk/k−1

1

��
Xk−1/k−2 •

xk−1,k/k−2 // Xk/k−2
�xk/k−2,k−1 // Xk/k−1

By lemma 2.2.4, we have δX,k−2,k−1,k = δX,j,k−1,k · x[1]
k−1/j,k−2 .

Xk−1/j

xk−1/j,k−2

��

•
xk−1,k/j // Xk/j

xk/j,k−2

��

�xk/j,k−1 // Xk/k−1

1

��

δX,j,k−1,k // X
[1]
k−1/j

x
[1]
k−1/j,k−2
��

Xk−1/k−2 •
xk−1,k/k−2 // Xk/k−2

�xk/k−2,k−1 // Xk/k−1

δX,k−2,k−1,k // X
[1]
k−1/k−2

3.3.44 Lemma. Suppose given `/j ∈ V with j < `.
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(a) Suppose that `+j < 0 and write k = −j. Then `/j = `/−k with k > 0 and −k < ` < k.

(b) Suppose that `+ j = 0 and write k = `. Then `/j = k/−k with k > 0.

(c) Suppose that `+ j = 1 and write k = `− 1. Then `/j = k + 1/−k with k ≥ 0.

(d) Suppose that `+j > 1 and write k = `. Then `/j = k/j with k > 1 and −k+1 < j < k.

♦

Proof. Ad (a). We have 2 · j < `+ j < 0 and thus k = −j > 0.

Moreover, we have −k = j < ` < −j = k.

Ad (b). We have 2 · ` > `+ j = 0 and thus k = ` > 0.

Ad (c). We have 2 · ` > `+ j = 1 and thus k = `− 1 ≥ 0.

Ad (d). We have 2 · ` > `+ j > 1 and thus k = ` > 1.

Moreover, we have −k + 1 = −`+ 1 < j < ` = k.

3.3.45 Lemma. Suppose given X, Y ∈ Ob(∇(F )). Suppose given Xk/−k
fk/−k //Yk/−k and

Xk+1/−k
fk+1/−k //Yk+1/−k in F such that

fk/−k · yk,k+1/−k = xk,k+1/−k · fk+1/−k and fk+1/−k−1 · yk+1/−k−1,−k = xk+1/−k−1,−k · fk+1/−k

for k ∈ Z≥0 .

Let fk/k = 0: Xk/k → Yk/k denote the unique morphism from Xk/k to Yk/k in F for k ∈ Z.

(a) For k ∈ Z≥0 , there exist unique morphisms Xk/j

fk/j //Yk/j , where j ∈ Z with

−k + 1 < j < k, and X`/−k
f`/−k //Y`/−k , where ` ∈ Z with −k < ` < k, that satisfy the

following equations.

fk/−k+1 · yk/−k+1,j = xk/−k+1,j · fk/j
fk−1/j · yk−1,k/j = xk−1,k/j · fk/j
f`/−k · y`,k/−k = x`,k/−k · fk/−k

f`/−k · y`/−k,−k+1 = x`/−k,−k+1 · f`/−k+1

(b) Note that, using (a), we have a morphism X`/j

f`/j //Y`/j in F for every `/j ∈ V, cf.

lemma 3.3.44. So we obtain a morphism X
f //Y in ∇(F ).

♦

Proof. Ad (a). For k = 0, there is nothing to show. Suppose given k ∈ Z>0 .
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Suppose given j ∈ Z with −k + 1 < j < k. We have the following pushouts in F .

Xk/j Xk/−k+1
�xk/−k+1,joo

Xk−1/j

•xk−1,k/j

OO

Xk−1/−k+1
�xk−1/−k+1,joo

•xk−1,k/−k+1

OO
Yk/j Yk/−k+1

�yk/−k+1,joo

Yk−1/j

•yk−1,k/j

OO

Yk−1/−k+1
�yk−1/−k+1,joo

•yk−1,k/−k+1

OO

We want to apply lemma 1.1.2.

We have fk−1/−k+1 · yk−1,k/−k+1 = xk−1,k/−k+1 · fk/−k+1 .

If j = k − 1, then fk−1/−k+1 · yk−1/−k+1,j = 0 = xk−1/−k+1,j · fk−1/j .

If j = −k + 2, then fk−1/−k+1 · yk−1/−k+1,j = xk−1/−k+1,j · fk−1/j .

If −k + 2 < j < k − 1, then we have fk−1/−k+2 · yk−1/−k+2,j = xk−1/−k+2,j · fk−1/j by induction

and thus

fk−1/−k+1 · yk−1/−k+1,j = fk−1/−k+1 · yk−1/−k+1,−k+2 · yk−1/−k+2,j

= xk−1/−k+1,−k+2 · fk−1/−k+2 · yk−1/−k+2,j

= xk−1/−k+1,−k+2 · xk−1/−k+2,j · fk−1/j

= xk−1/−k+1,j · fk−1/j .

By lemma 1.1.2, there exists a unique morphism Xk/j

fk/j //Yk/j such that

fk/−k+1 · yk/−k+1,j = xk/−k+1,j · fk/j and fk−1/j · yk−1,k/j = xk−1,k/j · fk/j .

Suppose given ` ∈ Z with −k < ` < k. We have the following pullbacks in F .

Xk/−k+1 Xk/−k
�xk/−k,−k+1oo

X`/−k+1

•x`,k/−k+1

OO

X`/−k
�x`/−k,−k+1oo

•x`,k/−k

OO
Yk/−k+1 Yk/−k

�yk/−k,−k+1oo

Y`/−k+1

•y`,k/−k+1

OO

Y`/−k
�y`/−k,−k+1oo

•y`,k/−k

OO

We want to apply lemma 1.1.3.

We have fk/−k · yk/−k,−k+1 = xk/−k,−k+1 · fk/−k+1 .

If ` = −k + 1, then f`/−k+1 · y`,k/−k+1 = 0 = x`,k/−k+1 · fk/−k+1 .

If ` = k − 1, then f`/−k+1 · y`,k/−k+1 = x`,k/−k+1 · fk/−k+1 .

If −k+ 1 < ` < k− 1, then we have f`/−k+1 · y`,k−1/−k+1 = x`,k−1/−k+1 · fk−1/−k+1 by induction

and thus

f`/−k+1 · y`,k/−k+1 = f`/−k+1 · y`,k−1/−k+1 · yk−1,k/−k+1

= x`,k−1/−k+1 · fk−1/−k+1 · yk−1,k/−k+1

= x`,k−1/−k+1 · xk−1,k/−k+1 · fk/−k+1

= x`,k/−k+1 · fk/−k+1 .
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By lemma 1.1.3, there exists a unique morphism X`/−k
f`/−k //Y`/−k such that

f`/−k · y`,k/−k = x`,k/−k · fk/−k and f`/−k · y`/−k,−k+1 = x`/−k,−k+1 · f`/−k+1 .

Ad (b). It suffices to show that f`/j ·y`/j,j+1 = x`/j,j+1 ·f`/j+1 and f`−1/j ·y`−1,`/j = x`−1,`/j ·f`/j
for `/j ∈ V with ` > j.

We make use of lemma 3.3.44.

• Suppose given `/−k ∈ V with k > 0 and −k < ` < k.

We have f`/−k · y`/−k,−k+1 = x`/−k,−k+1 · f`/−k+1 .

We have f`−1/−k · y`−1,`/−k = x`−1,`/−k · f`/−k since

f`−1/−k · y`−1,`/−k · y`,k/−k = f`−1/−k · y`−1,k/−k

= x`−1,k/−k · fk/−k
= x`−1,`/−k · x`,k/−k · fk/−k
= x`−1,`/−k · f`/−k · y`,k/−k ,

where either `− 1 = −k or −k < `− 1 < k, and since y`,k/−k is a pure monomorphism.

• Suppose given k/−k ∈ V with k > 0.

We have fk/−k · yk/−k,−k+1 = xk/−k,−k+1 · fk/−k+1 .

We have fk−1/−k · yk−1,k/−k = xk−1,k/−k · fk/−k , where −k < k − 1 < k.

• Suppose given k + 1/−k ∈ V with k ≥ 0.

We have fk+1/−k · yk+1/−k,−k+1 = xk+1/−k,−k+1 · fk+1/−k+1 , where either k = 0 or

−k < −k + 1 < k + 1 with k + 1 > 0.

We have fk/−k · yk,k+1/−k = xk,k+1/−k · fk+1/−k .

• Suppose given k/j ∈ V with k > 1 and −k + 1 < j < k.

We have fk/j · yk/j,j+1 = xk/j,j+1 · fk/j+1 since

xk/−k+1,j · fk/j · yk/j,j+1 = fk/−k+1 · yk/−k+1,j · yk/j,j+1

= fk/−k+1 · yk/−k+1,j+1

= xk/−k+1,j+1 · fk/j+1

= xk/−k+1,j · xk/j,j+1 · fk/j+1 ,

where either j+ 1 = k or −k+ 1 < j+ 1 < k, and since xk/−k+1,j is a pure epimorphism.

We have fk−1/j · yk−1,k/j = xk−1,k/j · fk/j .

3.3.46 Corollary. Suppose given X, Y ∈ Ob(∇(F )). Suppose given Xk/−k
fk/−k //Yk/−k ,

Xk+1/−k
fk+1/−k //Yk+1/−k , Xk+2/k+1

fk+2/k+1 //Yk+2/k+1 and X−k/−k−1

f−k/−k−1 //Y−k/−k−1 in
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F for k ∈ Z≥0 such that the following diagrams are commutative.

X−k/−k−1

f−k/−k−1

��

•
x−k,k+1/−k−1// Xk+1/−k−1

fk+1/−k−1

��

�xk+1/−k−1,−k // Xk+1/−k

fk+1/−k

��
Y−k/−k−1 •

y−k,k+1/−k−1 // Yk+1/−k−1
�yk+1/−k−1,−k // Yk+1/−k

Xk/−k

fk/−k

��

•
xk,k+1/−k // Xk+1/−k

fk+1/−k

��

�xk+1/−k,k // Xk+1/k

fk+1/k

��
Yk/−k •

yk,k+1/−k // Yk+1/−k
�yk+1/−k,k // Yk+1/k

Then there exists a unique morphism X
g //Y in ∇(F ) such that

gk/−k = fk/−k , gk+1/−k = fk+1/−k , gk+2/k+1 = fk+2/k+1 and g−k/−k−1 = f−k/−k−1

for k ∈ Z≥0 . ♦

Proof. For k ∈ Z, let fk/k = 0: Xk/k → Yk/k denote the unique morphism from Xk/k to Yk/k

in F . Suppose given k ∈ Z≥0 .

Note that f−k/−k−1 is the unique morphism in F such that

f−k/−k−1 · y−k/−k−1,−k = 0 = x−k/−k−1,−k · f−k/−k

and f−k/−k−1 · y−k,k+1/−k−1 = x−k,k+1/−k−1 · fk+1/−k−1 .

Also note that fk+2/k+1 is the unique morphism in F such that

fk+1/k+1 · yk+1,k+2/k+1 = 0 = xk+1,k+2/k+1 · fk+2/k+1

and fk+2/−k−1 · yk+2/−k−1,k+1 = xk+2/−k−1,k+1 · fk+2/k+1 .

So the result follows from lemma 3.3.45.

3.3.47 Lemma. Suppose given pure short exact sequences

X−k+1/−k •
x−k+1,k/−k //Xk/−k

�xk/−k,−k+1 //Xk/−k+1 and Xk/−k •
xk,k+1/−k //Xk+1/−k

�xk+1/−k,k //Xk+1/k

for k ∈ Z≥1 . Then there exists an object Y ∈ Ob(∇(F )) such that

y−k+1,k/−k = x−k+1,k/−k , yk/−k,−k+1 = xk/−k,−k+1 , yk,k+1/−k = xk,k+1/−k , yk+1/−k,k = xk+1/−k,k

for k ∈ Z≥1 . In particular, we have Y−k+1/−k = X−k+1/−k , Yk/−k = Xk/−k ,

Yk/−k+1 = Xk/−k+1 and Yk+1/k = Xk+1/k for k ∈ Z≥1 . ♦

Proof. Using recursion on k ∈ Z≥1 and (descending) recursion on ` ∈ [−k + 2, k − 1], we

construct objects X`/−k ∈ Ob(F ) and morphisms X−k+1/−k
x−k+1,`/−k //X`/−k ,
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X`/−k
x`,`+1/−k //X`+1/−k , X`/−k

x`/−k,−k+1 //X`/−k+1 in F such that

• X−k+1/−k
x−k+1,`/−k //X`/−k

x`/−k,−k+1 //X`/−k+1 is a pure short exact sequence in F ,

• x`,`+1/−k is a pure monomorphism,

• x−k+1,`/−k · x`,`+1/−k = x−k+1,`+1/−k and

• such that the following diagram is a square in F .

X`+1/−k+1 X`+1/−k
x`+1/−k,−k+1oo

X`/−k+1

x`,`+1/−k+1

OO

X`/−k
x`/−k,−k+1oo

x`,`+1/−k

OO

Suppose given k ∈ Z≥1 and ` ∈ [−k + 2, k − 1]. Note that (x−k+1,`+1/−k , x`+1/−k,−k+1) is a

pure short exact sequence and that x`,`+1/−k+1 is a pure monomorphism, either by assumption

or by recursion.

By lemma 2.1.37, we may choose a pullback

X`+1/−k+1 X`+1/−k
�x`+1/−k,−k+1oo

X`/−k+1

•x`,`+1/−k+1

OO

X`/−k
x`/−k,−k+1oo

x`,`+1/−k

OO

and a morphism X−k+1/−k
x−k+1,`/−k //X`/−k in F such that

X−k+1/−k
x−k+1,`/−k //X`/−k

x`/−k,−k+1 //X`/−k+1 is a pure short exact sequence,

x−k+1,`/−k ·x`,`+1/−k = x−k+1,`+1/−k and such that x`,`+1/−k is a pure monomorphism. Moreover,

the pushout is a square.

Using recursion on k ∈ Z≥1 and (ascending) recursion on j ∈ [−k + 1, k − 1], we construct

objects Xk+1/j ∈ Ob(F ) and morphisms Xk/j

xk,k+1/j //Xk+1/j , Xk+1/j−1

xk+1/j−1,j //Xk+1/j ,

Xk+1/j

xk+1/j,k //Xk+1/k in F such that

• Xk/j

xk,k+1/j //Xk+1/j

xk+1/j,k //Xk+1/k is a pure short exact sequence in F ,

• xk+1/j−1,j is a pure epimorphism,

• xk+1/j−1,j · xk+1/j,k = xk+1/j−1,k and

• such that the following diagram is a square in F .

Xk+1/j Xk+1/j−1

xk+1/j−1,joo

Xk/j

xk,k+1/j

OO

Xk/j−1

xk/j−1,joo

xk,k+1/j−1

OO
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Suppose given k ∈ Z≥1 and j ∈ [−k + 1, k − 1]. Note that (xk,k+1/j−1 , xk+1/j−1,k) is a pure

short exact sequence and that xk/j−1,j is a pure epimorphism, either by assumption or by

recursion.

By lemma 2.1.38, we may choose a pushout

Xk+1/j Xk+1/j−1

xk+1/j−1,joo

Xk/j

xk,k+1/j

OO

Xk/j−1
�xk/j−1,joo

•xk,k+1/j−1

OO

and a morphism Xk+1/j

xk+1/j,k //Xk+1/k in F such that

Xk/j

xk,k+1/j //Xk+1/j

xk+1/j,k //Xk+1/k is a pure short exact sequence,

xk+1/j−1,j ·xk+1/j,k = xk+1/j−1,k and such that xk+1/j−1,j is a pure epimorphism. Moreover, the

pushout is a square.

Suppose given i, ` ∈ Z with i+ 1 < `. We show that we now have the following square in F .

X`+1/i+1 X`+1/i
�x`+1/i,i+1oo

X`/i+1

•x`,`+1/i+1

OO

X`/i
�x`/i,i+1oo

•x`,`+1/i

OO

If ` + i < 0, write k = −i. So ` < −i = k. We have k ∈ Z≥1 since 2 · i < ` + i < 0. We have

−k + 1 < ` since i + 1 < `. Thus `/i = `/−k with k ∈ Z≥1 and ` ∈ [−k + 2, k − 1]. So the

square was constructed in the first recursion.

If ` + i ≥ 0, write k = ` and j = i + 1. So j = i + 1 < ` = k and j > i ≥ −` = −k. We

have k ∈ Z≥1 since 2 · k = ` + ` > ` + i + 1 ≥ 1. Thus `/i = k/j − 1 with k ∈ Z≥1 and

j ∈ [−k + 1, k − 1]. So the square was constructed in the second recursion.

We show that we now have a pure short exact sequence

Xi/i−1 •
xi,i+1/i−1 //Xi+1/i−1

�xi+1/i−1,i //Xi+1/i for i ∈ Z.

For i = 0, we have the given pure short exact sequence X0/−1

x0,1/−1//X1/−1

x1/−1,0 //X1/0 .

For i < 0, write k = 1 − i ∈ Z>1 and ` = −k + 2 ∈ [−k + 2, k − 1]. We have the pure short

exact sequence X−k+1/−k •
x−k+1,`/−k //X`/−k

�x`/−k,−k+1 //X`/−k+1 from the first recursion.

For i > 0, write k = i ∈ Z≥1 and j = k − 1 ∈ [−k + 1, k − 1]. We have the pure short exact

sequence Xk/j •
xk,k+1/j //Xk+1/j

�xk+1/j,k //Xk+1/k from the second recursion.

Thus lemma 3.3.5 yields an object Y ∈ Ob(∇(F )) such that

y`/i,i+1 = x`/i,i+1 and y`,`+1/i+1 = x`,`+1/i+1

for i+1 < ` in Z. In particular, we have Y`/i = X`/i for i < ` in Z and yk/−k,−k+1 = xk/−k,−k+1 ,

yk,k+1/−k = xk,k+1/−k for k ∈ Z≥1 .
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It remains to show that

y−k+1,k/−k = x−k+1,k/−k and yk+1/−k,k = xk+1/−k,k

for k ∈ Z≥1 .

For k = 1, we have y0,1/−1 = x0,1/−1 . Suppose given k ∈ Z>1 . We use induction to show that

y−k+1,`/−k = x−k+1,`/−k for ` ∈ [−k + 2, k]:

For ` = −k + 2, we have y−k+1,−k+2/−k = x−k+1,−k+2/−k . For ` ∈ [−k + 2, k − 1], we have

y−k+1,`+1/−k = y−k+1,`/−k · y`,`+1/−k = x−k+1,`/−k · x`,`+1/−k = x−k+1,`+1/−k .

We conclude that y−k+1,k/−k = x−k+1,k/−k for k ∈ Z≥1 .

Suppose given k ∈ Z≥1 . We use induction to show that yk+1/j,k = xk+1/j,k for j ∈ [−k, k− 1].

For j = k − 1, we have yk+1/k−1,k = xk+1/k−1,k .

For j ∈ [−k+1, k−1], we have yk+1/j−1,k = yk+1/j−1,j ·yk+1/j,k = xk+1/j−1,j ·xk+1/j,k = xk+1/j−1,k .

We conclude that yk+1/−k,k = xk+1/−k,k for k ∈ Z≥1 .

3.3.48 Definition. Suppose given X ∈ Ob(∇(F )). For ` < k in Z, we write X`/k = 0F .

Moreover, for ` < k, j ≤ k and ` ≤ m in Z, we write x`,m/k = 0: X`/k → Xm/k and

x`/j,k = 0: X`/j → X`/k .

Suppose given X
f //Y in ∇(F ). We write f`/k = 0: X`/k → Y`/k for ` < k in Z. ♦

3.3.49 Lemma/Definition. Suppose given ` ∈ Z.

We define the projection functor Ψ`,CF,F : ∇(F ) → CF(F ) as follows. For X ∈ Ob(∇(F ))

and k ∈ Z, let (XΨ`,CF,F )k = X`/k−1 and (XΨ`,CF,F )k k+1 = x`/k−1,k .

For X
f //Y in ∇(F ) and k ∈ Z, let (fΨ`,CF,F )k = f`/k−1 .

This in fact defines an exact functor. ♦

Proof. Note that for X ∈ Ob(∇(F )) and k ∈ Z, x`/k−1,k is a pure epimorphism in F . Thus

XΨ`,CF,F ∈ Ob(CF(F )) for X ∈ Ob(∇(F )).

For X
f //Y in ∇(F ) and k ∈ Z, we have

(fΨ`,CF,F )k · (Y Ψ`,CF,F )k k+1 = f`/k−1 · x`/k−1,k = y`/k−1,k · f`/k
= (XΨ`,CF,F )k k+1 · (fΨ`,CF,F )k+1 .

Suppose given X
f //
h
//Y

g //Z in ∇(F ). For k ∈ Z, we have

(1XΨ`,CF,F )k = (1X)`/k−1 = 1X`/k−1
= (1XΨ`,CF,F

)k ,

((f · g)Ψ`,CF,F )k = (f · g)`/k−1 = f`/k−1 · g`/k−1 = (fΨ`,CF,F )k · (gΨ`,CF,F )k

= (fΨ`,CF,F · gΨ`,CF,F )k
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and

((f + h)Ψ`,CF,F )k = (f + h)`/k−1 = f`/k−1 + h`/k−1 = (fΨ`,CF,F )k + (hΨ`,CF,F )k

= (fΨ`,CF,F + hΨ`,CF,F )k .

Suppose given a pure short exact sequence (i, p) in ∇(F ). So for k ∈ Z, (i`/k−1 , p`/k−1) is a

pure short exact sequence in F . We conclude that (iΨ`,CF,F , pΨ`,CF,F ) is a pure short exact

sequence in CF(F ).

3.3.50 Lemma/Definition. Suppose given k ∈ Z.

We define the projection functor Ψk,F,F : ∇(F )→ F(F ) as follows. For X ∈ Ob(∇(F )) and

` ∈ Z, let (XΨk,F,F )` = X`/k−1 and (XΨk,F,F )` `+1 = x`,`+1/k−1 .

For X
f //Y in ∇(F ) and ` ∈ Z, let (fΨk,F,F )` = f`/k−1 .

This in fact defines an exact functor. ♦

Proof. This is dual to the previous lemma 3.3.49.

3.3.51 Lemma. Suppose given ` ∈ Z and X ∈ Ob(∇(F )).

(a) We have XΨ`,CF,F ∈ Ob(CFd̀ (F )).

(b) Suppose given m ∈ Z≤` . If X ∈ Ob(∇me(F )), then XΨ`,CF,F ∈ Ob(CFme(F )).
♦

Proof. Ad (a). We have (XΨ`,CF,F )k = X`/k−1 ∈ Ob(ZF ) for k ∈ Z>` , cf. definition 3.3.48.

Ad (b). For k ∈ Z<m , we have (XΨ`,CF,F )k k+1 = x`/k−1,k , which is an isomorphism in F by

remark 3.3.34.(b).

3.3.52 Corollary. Suppose given X ∈ Ob(∇b(F )).

(a) For ` ∈ Z, we have XΨ`,CF,F ∈ Ob(CFb(F )).

(b) For k ∈ Z, we have XΨk,F,F ∈ Ob(Fb(F )).
♦

Proof. Choose a, b ∈ Z such that X ∈ Ob(∇da,be(F )).

Ad (a). Suppose given ` ∈ Z. We have XΨ`,CF,F ∈ Ob(CFd̀ (F )) by lemma 3.3.51.(a).

If b ≤ `, then XΨ`,CF,F ∈ Ob(CFbe(F )) by lemma 3.3.51.(b).

If b > `, then XΨ`,CF,F ∈ Ob(CF è(F )) since for k ∈ Z<` , we have (XΨ`,CF,F )k k+1 = x`/k−1,k ,

which is an isomorphism in F by remark 3.3.34.(b).

Ad (b). This is dual to (a).

3.3.53 Lemma/Definition. Suppose given ` ≤ m in Z. We define the transformation

ψ`,m,CF,F : Ψ`,CF,F → Ψm,CF,F by setting (Xψ`,m,CF,F )k = x`,m/k−1 for X ∈ Ob(∇(F )) and

k ∈ Z. Moreover, Xψ`,m,CF,F is an `-pure monomorphism in CF(F ) for X ∈ Ob(∇(F )). ♦
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Proof. For X ∈ Ob(∇(F )) and k ∈ Z, we have

(Xψ`,m,CF,F )k · (XΨm,CF,F )k k+1 = x`,m/k−1 · xm/k−1,k = x`/k−1,k · x`,m/k
= (XΨ`,CF,F )k k+1 · (Xψ`,m,CF,F )k+1 .

For X
f //Y in ∇(F ) and k ∈ Z, we have

(Xψ`,m,CF,F )k · (fΨm,CF,F )k = x`,m/k−1 · fm/k−1 = f`/k−1 · x`,m/k−1

= (fΨ`,CF,F )k · (Yψ`,m,CF,F )k .

Moreover, for X ∈ Ob(∇(F )), Xψ`,m,CF,F is an `-pure monomorphism in CF(F ) since for

k ∈ Z≤`+1 , the sequence
(
(Xψ`,m,CF,F )k , (XΨm,CF,F )k `+1

)
= (x`,m/k−1 , xm/k−1,`) is pure

short exact in F .

3.3.54 Lemma/Definition. Suppose given j ≤ k in Z. We define the transformation

ψj,k,F,F : Ψj,F,F → Ψk,F,F by setting (Xψj,k,F,F )` = x`/j−1,k−1 for X ∈ Ob(∇(F )) and ` ∈ Z.

Moreover, Xψj,k,F,F is a k-pure epimorphism in F(F ) for X ∈ Ob(∇(F )). ♦

Proof. This is dual to the previous lemma 3.3.53.

3.3.55 Lemma. Suppose given j ≤ k ≤ ` in Z.

(a) We have ψ`,`,CF,F = 1Ψ`,CF,F
.

(b) We have ψj,`,CF,F = ψj,k,CF,F ·ψk,`,CF,F .
♦

Proof. Ad (a). Suppose given X ∈ Ob(∇(F )) and i ∈ Z.

We have (ψ`,`,CF,F )i = x`,`/i−1 = 1X`/i−1
.

Ad (b). Suppose given X ∈ Ob(∇(F )) and i ∈ Z.

We have (Xψj,k,CF,F )i · (Xψk,`,CF,F )i = xj,k/i−1 · xk,`/i−1 = xj,`/i−1 = (Xψj,`,CF,F )i .

3.3.56 Remark. Suppose given n ∈ Z.

(a) Suppose given X ∈ Ob(∇dn(F )). Then Xψ`,`+1,CF,F is an isomorphism in CF(F ) for

` ∈ Z≥n .

(b) Suppose given X ∈ Ob(∇ne(F )). Then Xψk,k+1,F,F is an isomorphism in F(F ) for

k ∈ Z<n .
♦

Proof. Ad (a). Suppose given ` ∈ Z≥n .

For k ∈ Z, (Xψ`,`+1,CF,F )k = x`,`+1/k−1 is an isomorphism, cf. remark 3.3.34.(a).

Ad (b). This is dual to (a).
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3.3.57 Lemma. Suppose given X ∈ Ob(∇(F )).

For ` ∈ Z, suppose given a limit (X`/−∞ , (x`/−∞,k−1)k∈Z) for XΨ`,CF,F , cf. definition 3.3.49.

(a) We obtain a filtration XΨ−∞,F,F ∈ Ob(F(F )) as follows.

For ` ∈ Z, let (XΨ−∞,F,F )` = X`/−∞ .

For k ≤ ` in Z, let (XΨ−∞,F,F )k ` = Xψk,`,CF,F � : Xk/−∞ → X`/−∞ , cf. definitions

3.3.53, 3.2.22 and lemma 3.2.30.

(b) For k ≤ ` in Z, the morphism X`/−∞
x`/−∞,k//X`/k is a cokernel of (XΨ−∞,F,F )k ` .

For j/i ≤ `/k in V, we have xj/−∞,i ·Xj/i `/k = (XΨ−∞,F,F )j ` · x`/−∞,k .

(c) Suppose given k ∈ Z. We obtain a morphism XΨ−∞,F,F
Xψ−∞,k,F,F //XΨk,F,F in F(F ) by

setting (Xψ−∞,k,F,F )` = x`/−∞,k−1 for ` ∈ Z.

Moreover, Xψ−∞,k,F,F is a k-pure epimorphism in F(F ).

(d) Suppose given n ∈ Z. If X ∈ Ob(∇dn(F )), then XΨ−∞,F,F ∈ Ob(Fdn(F )).

(e) Suppose given n ∈ Z. If X ∈ Ob(∇ne(F )), then XΨ−∞,F,F ∈ Ob(Fne(F )).

(f) If X ∈ Ob(∇b(F )), then XΨ−∞,F,F ∈ Ob(Fb(F )).
♦

Proof. Ad (a). For ` ∈ Z, we have (XΨ−∞,F,F )` ` = Xψ`,`,CF,F � = 1XΨ`,CF,F
� = 1X`/−∞ by

lemmata 3.3.55.(a) and 3.2.24.(a). For j ≤ k ≤ ` in Z, we have

(XΨ−∞,F,F )j k · (XΨ−∞,F,F )k ` = Xψj,k,CF,F � ·Xψk,`,CF,F � = Xψj,`,CF,F � = (XΨ−∞,F,F )j `

by lemmata 3.3.55.(b) and 3.2.24.(b).

Ad (b). For k ≤ ` in Z, the morphism X`/−∞
x`/−∞,k//X`/k is a cokernel of (XΨ−∞,F,F )k ` by

lemma 3.2.39.(d).

Suppose given j/i ≤ `/k in V. We have

xj/−∞,i ·Xj/i `/k = xj/−∞,i · xj/i,k · xj,`/k = xj/−∞,k · xj,`/k = xj/−∞,k · (Xψj,`,CF,F )k+1

= Xψj,`,CF,F � · x`/−∞,k = (XΨ−∞,F,F )j ` · x`/−∞,k .

Ad (c). For ` ∈ Z, we have

(Xψ−∞,k,F,F )` · (XΨk,F,F )` `+1 = x`/−∞,k−1 · x`,`+1/k−1 = x`/−∞,k−1 · (Xψ`,`+1,CF,F )k

= Xψ`,`+1,CF,F � · x`+1/−∞,k−1

= (XΨ−∞,F,F )` `+1 · (Xψ−∞,k,F,F )`+1 .

Moreover, Xψ−∞,k,F,F is a k-pure epimorphism in F(F ) since for ` ∈ Z≥k−1 , the sequence(
(XΨ−∞,F,F )k−1 ` , (Xψ−∞,k,F,F )`

)
is pure short exact by (b).



165

Ad (d). Suppose that X ∈ Ob(∇dn(F )). For ` ∈ Z≥n , (XΨ−∞,F,F )` `+1 = Xψ`,`+1,CF,F � is

an isomorphism by remarks 3.3.56.(a) and 3.2.25.

Ad (e). Suppose that X ∈ Ob(∇ne(F )). Suppose given ` ∈ Z<n . For k ∈ Z, we have

(XΨ`,CF,F )k = X`/k−1 ∈ Ob(ZF ), cf. remark 3.3.33.(a). Thus X`/−∞ ∈ Ob(ZF ) by remark

3.2.26.

Ad (f). This follows from (d) and (e).

3.3.58 Lemma. Suppose given X ∈ Ob(∇(F )).

For k ∈ Z, suppose given a colimit (X∞/k−1 , (x`,∞/k−1)`∈Z) for XΨk,F,F , cf. definition 3.3.50.

(a) We obtain a cofiltration XΨ∞,CF,F ∈ Ob(CF(F )) as follows.

For k ∈ Z, let (XΨ∞,CF,F )k = X∞/k−1 .

For k ≤ ` in Z, let (XΨ∞,CF,F )k ` = Xψk,`,F,F � : X∞/k−1 → X∞/`−1 , cf. defini-

tions 3.3.54 and 3.2.23.

(b) Suppose given ` ∈ Z. We obtain a morphism XΨ`,CF,F

Xψ`,∞,CF,F //XΨ∞,CF,F in CF(F )

by setting (Xψ`,∞,CF,F )k = x`,∞/k−1 for k ∈ Z.

Moreover, Xψ`,∞,CF,F is an `-pure monomorphism in F(F ).

(c) Suppose given n ∈ Z. If X ∈ Ob(∇dn(F )), then XΨ∞,CF,F ∈ Ob(CFdn(F )).

(d) Suppose given n ∈ Z. If X ∈ Ob(∇ne(F )), then XΨ∞,CF,F ∈ Ob(CFne(F )).

(e) If X ∈ Ob(∇b(F )), then XΨ∞,CF,F ∈ Ob(CFb(F )). ♦

Proof. This is dual to the previous lemma 3.3.57.(a,c,d,e,f).

3.3.59 Lemma. Suppose given X ∈ Ob(∇(F )).

For ` ∈ Z, suppose given a limit (X`/−∞ , (x`/−∞,k−1)k∈Z) for XΨ`,CF,F .

Lemma 3.3.57 yields the filtration XΨ−∞,F,F ∈ Ob(F(F )) and k-pure epimorphisms

XΨ−∞,F,F
Xψ−∞,k,F,F //XΨk,F,F in F(F ) for k ∈ Z.

For k ∈ Z, suppose given a colimit (X∞/k−1 , (x`,∞/k−1)`∈Z) for XΨk,F,F .

Lemma 3.3.58 yields the cofiltration XΨ∞,CF,F ∈ Ob(CF(F )) and `-pure monomorphisms

XΨ`,CF,F

Xψ`,∞,CF,F //XΨ∞,CF,F in CF(F ) for ` ∈ Z.

(a) Suppose given a colimit (C, (ck)k∈Z) for XΨ−∞,F,F . For k ∈ Z, the sequence

Xk/−∞
ck //C

Xψ−∞,k+1,F,F � //X∞/k is pure short exact in F , cf. definition 3.2.23.

(b) Suppose given a limit (A, (ak)k∈Z) for XΨ∞,CF,F . For k ∈ Z, the sequence

Xk/−∞
Xψk,∞,CF,F � //A

ak+1 //X∞/k is pure short exact in F , cf. definition 3.2.22.

(c) Suppose given a colimit (C, (ck)k∈Z) for XΨ−∞,F,F and a limit (A, (ak)k∈Z) for XΨ∞,CF,F .

There exists a unique morphism C
u //A in F such that c` ·u ·ak+1 = x`/−∞,k ·x`,∞/k for

k, ` ∈ Z. Moreover, u is an isomorphism, (C, (Xψ−∞,k,F,F �)k∈Z) is a limit for XΨ∞,CF,F

and (A, (Xψk,∞,CF,F �)k∈Z) is a colimit for XΨ−∞,F,F . ♦
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Proof. Ad (a).

This follows from lemma 3.2.40.(d) since Xψ−∞,k+1,F,F is a (k+1)-pure epimorphism for k ∈ Z.

Ad (b).

This follows from lemma 3.2.39.(d) since Xψk,∞,F,F is a k-pure monomorphism for k ∈ Z.

Ad (c).

Suppose given ` ∈ Z.

Consider the morphisms x`/−∞,k · x`,∞/k : X`/−∞ → X∞/k for k ∈ Z. We have

x`/−∞,k · x`,∞/k · (XΨ∞,CF,F )k+1 k+2 = x`/−∞,k · x`/k,k+1 · x`,∞/k+1 = x`/−∞,k+1 · x`,∞/k+1 .

Since (A, (ak)k∈Z) is a limit for XΨ∞,CF,F , there exists a unique morphism X`/−∞
t` //A in

F such that t` · ak+1 = x`/−∞,k · x`,∞/k for k ∈ Z.

Now consider the morphisms X`/−∞
t` //A for ` ∈ Z. We have (XΨ−∞,F,F )`−1 ` · t` = t`−1

since

(XΨ−∞,F,F )`−1 ` · t` · ak+1 = (XΨ−∞,F,F )`−1 ` · x`/−∞,k · x`,∞/k
= x`−1/−∞,k · x`−1,`/k · x`,∞/k = x`−1/−∞,k · x`−1,∞/k

= t`−1 · ak+1

for k ∈ Z and since (A, (ak)k∈Z) is a limit for XΨ∞,CF,F .

Since (C, (c`)`∈Z) is a colimit for XΨ−∞,F,F , there exists a unique morphism C u //A in F

such that c` · u = t` for ` ∈ Z. So c` · u · ak+1 = t` · ak+1 = x`/−∞,k · x`,∞/k for k, ` ∈ Z.

Suppose given C v //A in F such that c` · v · ak+1 = x`/−∞,k · x`,∞/k for k, ` ∈ Z.

For ` ∈ Z, we have the morphisms X`/−∞
t` //A and X`/−∞

c`·v //A in F with

t` · ak+1 = x`/−∞,k · x`,∞/k = c` · v · ak+1 for k ∈ Z. Since (A, (ak)k∈Z) is a limit for XΨ∞,CF,F ,

we have t` = c` · v for ` ∈ Z.

Now c` · v = t` = c` · u for ` ∈ Z and thus v = u.

We want to show that the following diagram is commutative in F .

X0/−∞

1

��

•
c0 // C

u

��

�Xψ−∞,1,F,F � // X∞/0

1

��
X0/−∞ •

Xψ0,∞,CF,F � // A �a1 // X∞/0

We have c0 · u = Xψ0,∞,CF,F � since c0 · u · ak+1 = x0/−∞,k · x0,∞/k = Xψ0,∞,CF,F � · ak+1 for

k ∈ Z and since (A, (ak)k∈Z) is a limit for XΨ∞,CF,F .

We have u · a1 = Xψ−∞,1,F,F � since c` · u · a1 = x`/−∞,0 · x`,∞/0 = c` ·Xψ−∞,1,F,F � for ` ∈ Z

and since (C, (c`)`∈Z) is a colimit for XΨ−∞,F,F .

Now u is an isomorphism by lemma 1.3.19.(c).

So (C, (u · ak)k∈Z) is a limit for XΨ∞,CF,F and (A, (c` · u)`∈Z) is a colimit for XΨ−∞,F,F .
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Suppose given k ∈ Z. We have u · ak = Xψ−∞,k,F,F � since

c` · u · ak = x`/−∞,k−1 · x`,∞/k−1 = c` ·Xψ−∞,k,F,F �

for ` ∈ Z and since (C, (c`)`∈Z) is a colimit for XΨ−∞,F,F .

Suppose given ` ∈ Z. We have c` · u = Xψ`,∞,CF,F � since

c` · u · ak+1 = x`/−∞,k · x`,∞/k = Xψ`,∞,CF,F � · ak+1

for k ∈ Z and since (A, (ak)k∈Z) is a limit for XΨ∞,CF,F .

3.4 Filtered objects

Suppose given a strict Frobenius category F = (F ,B,Σ, ι, π, α).

3.4.1 Definition. Let Ω = Z t Z[0,0] t Z = (Z× {1}) ∪ (Z[0,0] × {2}) ∪ (Z× {3}). We write

|k = (k, 1) ∈ Ω and k| = (k, 3) ∈ Ω for k ∈ Z. We also write ω = (0, 2) ∈ Ω.

We define a partial order on Ω as follows. Suppose given k, ` ∈ Z.

• We have |k ≤ |` if and only if k ≤ ` in Z.

• We have k| ≤ `| if and only if k ≤ ` in Z.

• We have |k ≤ ω.

• We have ω ≤ k|.

• We have |k ≤ `|.

We consider the functor category Ω(F ) as an exact category equipped with the pointwise

exact structure, cf. convention 17 and definition 1.4.7.

For X ∈ Ob(Ω(F )) and k ∈ Z, we write x|k = X|k |k+1 , xk| = Xk| k+1| , xω|k = X|k ω and

xωk| = Xω k| . ♦

3.4.2 Definition. An object X ∈ Ob(Ω(F )) is called a filtered object if the following three

conditions hold.

(FO1) The pair (xω|k , x
ω
k+1|) is a pure short exact sequence for k ∈ Z.

(FO2) The morphism x|k is a pure monomorphism for k ∈ Z.

(FO3) The morphism xk| is a pure epimorphism for k ∈ Z.

Let FO(F ) denote the full subcategory of Ω(F ) defined by

Ob(FO(F )) = {X ∈ Ob(Ω(F )) : X is a filtered object}.
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We call FO(F ) the category of filtered objects in F .

Xω

.
xω
k|vv

(
xω
k+1|

tt· · · Xk+1|
�oo Xk|

�
xk|
oo · · ·�oo · · · X|k+1•oo

•
xω|k+1

hh

X|k•
x|k
oo

•
xω|k

kk

· · ·•oo

FO(F ) is a full additive subcategory of Ω(F ) that satifies the conditions (RE1), (RE2)

(RE3) and (RE4) of definition 1.3.21 by remark 1.4.10 and lemmata 1.4.11, 1.4.12, 1.4.13,

1.4.14, 1.4.15.

We equip FO(F ) with the restricted exact structure of the pointwise exact structure on

Ω(F ). A sequence X
f //Y

g //Z in FO(F ) is a pure short exact sequence if and only if

Xa
fa //Ya

ga //Za is a pure short exact sequence in F for a ∈ Ω. ♦

3.4.3 Lemma. Suppose given X, Y ∈ Ob(FO(F )).

(a) Suppose given a morphism X
f //Y in FO(F ). The morphism Xω

fω //Yω satisfies

xω|k · fω · yωk+1| = 0 for k ∈ Z.

(b) Suppose given a morphism Xω
g //Yω in F such that xω|k · g · yωk+1| = 0 for k ∈ Z. Then

there exists a unique morphism X
f //Y in FO(F ) such that fω = g.

For k ∈ Z, X|k
f|k //Y|k is the unique morphism in F such that f|k · yω|k = xω|k · g and

Xk|
fk| //Yk| is the unique morphism in F such that xωk| · fk| = g · yωk| .

(c) Suppose given f, g : X → Y in FO(F ) such that fω = gω in F . Then f = g in FO(F ).

♦

Proof. Ad (a). For k ∈ Z, we have xω|k · fω · yωk+1| = xω|k · xωk+1| · fk+1| = 0.

Ad (b). Let fω = g. Suppose given k ∈ Z. Since yω|k is a kernel of yωk+1| , there exists a unique

morphism X|k
f|k //Y|k in F such that f|k · yω|k = xω|k · g. We also have f|k · y|k = x|k · f|k+1 since

f|k · y|k · yω|k+1 = f|k · yω|k = xω|k · g = x|k · xω|k+1 · g = x|k · f|k+1 · yω|k+1 and since yω|k+1 is a pure

monomorphism.

Since xωk| is a cokernel of xω|k−1 , there exists a unique morphism Xk|
fk| //Yk| in F such that

xωk| · fk| = g · yωk| . We also have fk| · yk| = xk| · fk+1| since

xωk| · fk| · yk| = g · yωk| · yk| = g · yωk+1| = xωk+1| · fk+1| = xωk| · xk| · fk+1| and since xωk| is a pure

epimorphism.

Ad (c). This follows from (a) and (b).

3.4.4 Lemma/Definition. We define the projection functor Pω,F : FO(F )→ F by setting

XPω,F = Xω for X ∈ Ob(FO(F )) and fPω,F = fω for f ∈ Mor(FO(F )). This in fact defines

an exact functor. ♦
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Proof. We abbreviate P = Pω,F . Suppose given X
f //
h
//Y

g //Z in FO(F ).

We have 1XP = (1X)ω = 1Xω = 1XP , (f · g)P = (f · g)ω = fω · gω = fP · gP and

(f + h)P = (f + h)ω = fω + hω = fP + hP.

If (f, g) is a pure short exact sequence in FO(F ), then (fP, gP) = (fω , gω) is a pure short

exact sequence in F .

3.4.5 Lemma/Definition. We define the projection functor PCF,F : FO(F ) → CF(F ) as

follows. For X ∈ Ob(FO(F )) and k ∈ Z, let (XPCF,F )k = Xk| and (XPCF,F )k k+1 = xk| . For

f ∈ Mor(FO(F )) and k ∈ Z, let (fPCF,F )k = fk| . This in fact defines an exact functor. ♦

Proof. We abbreviate P = PCF,F . Suppose given X
f //
h
//Y

g //Z in FO(F ).

We have 1XP = (1X)ω = 1Xω = 1XP since (1XP)k = (1X)k| = 1Xk| = (1XP)k| for k ∈ Z.

We have (f · g)P = fP · gP since

((f · g)P)k = (f · g)k| = fk| · gk| = (fP)k · (gP)k = (fP · gP)k

for k ∈ Z.

We have (f + h)P = fP + hP since

((f + h)P)k = (f + h)k| = fk| + hk| = (fP)k + (hP)k = (fP + hP)k

for k ∈ Z.

Suppose that (f, g) is a pure short exact sequence in FO(F ). Then ((fP)k , (gP)k) = (fk| , gk|)

is a pure short exact sequence in F for k ∈ Z. We conclude that (fP, gP) is a pure short

exact sequence in CF(F ).

3.4.6 Lemma/Definition. We define the projection functor PF,F : FO(F ) → F(F ) as fol-

lows. For X ∈ Ob(FO(F )) and k ∈ Z, let (XPF,F )k = X|k and (XPF,F )k k+1 = x|k . For

f ∈ Mor(FO(F )) and k ∈ Z, let (fPF,F )k = f|k . This in fact defines an exact functor. ♦

Proof. This is dual to the previous lemma 3.4.5

3.4.7 Lemma/Definition. We define the translation functors

TFO,F ,T−FO,F : FO(F )→ FO(F ) as follows. For X ∈ Ob(FO(F )) and k ∈ Z, let

• (XTFO,F )ω = Xω , (XTFO,F )|k = X|k+1 , (XTFO,F )k| = Xk+1| ,

• (XTFO,F )|k ω = X|k+1 ω , (XTFO,F )ω k| = Xω k+1| ,

• (XTFO,F )|k |k+1 = X|k+1 |k+2 , (XTFO,F )k| k+1| = Xk+1| k+2| ,

• (XT−FO,F )ω = Xω , (XT−FO,F )|k = X|k−1 , (XT−FO,F )k| = Xk−1| ,

• (XT−FO,F )|k ω = X|k−1 ω , (XT−FO,F )ω k| = Xω k−1| ,
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• (XT−FO,F )|k |k+1 = X|k−1 |k , (XT−FO,F )k| k+1| = Xk−1| k| .

For f ∈ Mor(FO(F )) and k ∈ Z, let

• (fTFO,F )ω = fω , (fTFO,F )|k = f|k+1 , (fTFO,F )k| = fk+1| ,

• (fT−FO,F )ω = fω , (fT−FO,F )|k = f|k−1 , (fT−FO,F )k| = fk−1| .

The functors TFO,F and T−FO,F are mutually inverse isomorphisms of categories.

For k ∈ Z and X
f //Y in FO(F ), we often write X[k] = XTk

FO,F and f[k] = fTk
FO,F . ♦

Proof. We abbreviate T = TFO,F and T− = T−FO,F . We will use lemma 3.4.3.(c).

Suppose given X
f //Y

g //Z in FO(F ).

We have 1XT = 1XT since (1XT)ω = 1Xω = (1XT)ω .

We have (fg)T = fT · gT since ((fg)T)ω = fω · gω = (fT · gT)ω .

We have 1XT− = 1XT− since (1XT−)ω = 1Xω = (1XT−)ω .

We have (fg)T− = fT− · gT− since ((fg)T−)ω = fω · gω = (fT− · gT−)ω .

We have fTT− = f since (fTT−)ω = fω . We have fT−T = f since (fT−T)ω = fω .

3.4.8 Lemma/Definition. We define the transformation ρFO,F : 1FO(F ) → TFO,F by setting

(XρFO,F )ω = 1Xω , (XρFO,F )|k = x|k and (XρFO,F )k| = xk| for X ∈ Ob(FO(F )) and k ∈ Z.

This in fact defines a transformation. We sometimes abbreviate ρ = ρFO,F . ♦

Proof. We abbreviate ρ = ρFO,F and T = TFO,F . We will use lemma 3.4.3.(c).

Suppose given X
f //Y in FO(F ). We have Xρ · fT = f · Y ρ since

(Xρ · fT)ω = 1Xω · fω = fω = fω · 1Yω = (f · Y ρ)ω .

3.4.9 Definition. Suppose given an exact functor F : F → F .

Let FO(F ) = Ω(F )|FO(F )
FO(F ) : FO(F ) → FO(F ) , cf. definition 1.4.3 and lemma 1.4.16.(b,c,d).

The functor FO(F ) is exact by lemma 1.4.16.(a) and remark 1.3.22.

Suppose given exact functors F,G : F → F and a transformation λ : F → G.

Let FO(λ) = Ω(λ)|FO(F )
FO(F ) : FO(F )→ FO(G) , cf. definition 1.4.5.

We often abbreviate B = FO(B), Σ = FO(Σ), ι = FO(ι), π = FO(π) and α = FO(α). We

also write ΣFO,F = FO(Σ). ♦

3.4.10 Lemma. Suppose given an exact functor F : F → F .

We have FO(F ) · TFO,F = TFO,F · FO(F ) and FO(F ) · T−1
FO,F = T−1

FO,F · FO(F ). ♦

Proof. Suppose given X
f //Y in FO(F ). We have

(fFO(F )TFO,F )ω = (fFO(F ))ω = fωF = (fTFO,F )ωF = (fTFO,F FO(F ))ω .
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Thus fFO(F )TFO,F = fTFO,F FO(F ) by lemma 3.4.3. So FO(F ) · TFO,F = TFO,F · FO(F ).

We also have

FO(F ) · T−1
FO,F = T−1

FO,F · TFO,F · FO(F ) · T−1
FO,F = T−1

FO,F · FO(F ) · TFO,F · T−1
FO,F

= T−1
FO,F · FO(F ).

3.4.11 Lemma. We have TFO,F ? ρFO,F = ρFO,F ? TFO,F . ♦

Proof. We abbreviate T = TFO,F and ρ = ρFO,F . We will use lemma 3.4.3.(c). We have

T ? ρ = ρ ? T since (X(T ? ρ))ω = 1Xω = (X(ρ ? T))ω for X ∈ Ob(FO(F )).

3.4.12 Definition. An object X ∈ Ob(FO(F )) is called pointwise bijective if Xω , X|k and

Xk| are bijective objects in F for k ∈ Z. Let BFO,F denote the full subcategory of FO(F )

defined by Ob(BFO,F ) = {X ∈ Ob(FO(F )) : X is pointwise bijective}. ♦

3.4.13 Definition. The set JFO(F ),TFO,F ,ρFO,F ,BFO,F
is an ideal in FO(F ), cf. definition 3.1.1.

We abbreviate JFO,F = JFO(F ),TFO,F ,ρFO,F ,BFO,F
. Let FO(F ) = FO(F )/JFO,F denote the

corresponding factor category and let QFO,F : FO(F ) → FO(F ) denote the correspoding

residue class functor, cf. definition 1.2.13.

For X
f //Y in FO(F ), we write f = f + FO(F ),QFO,F

(X, Y ). ♦

3.4.14 Remark. Suppose given X
f //Y in FO(F ).

We have f = 0 if and only if there exists X[−1]
u //B

g //Y in FO(F ) such that

X[−1]ρFO,F · f = u · g and such that B ∈ Ob(BFO,F ), cf. lemmata 3.1.2 and 3.4.11. ♦

3.4.15 Lemma. Suppose given X
f //Y in FO(F ) such that f = 0 in FO(F ). Then we

have fω = 0 in F . ♦

Proof. We may choose X[−1]
u //B

g //Y in FO(F ) such that X[−1]ρFO,F ·f = u ·g and such

that B ∈ Ob(BFO,F ), cf. remark 3.4.14. Thus fω = uω · gω . We conclude that fω = 0 in F ,

cf. lemma 1.3.28.

3.4.16 Definition. Let Pω,F : FO(F )→ F denote the unique functor such that

QFO,F · Pω,F = Pω,F ·PF , cf. lemma 3.4.15.

FO(F )
Pω,F //

QFO,F

��

F

PF

��
FO(F )

Pω,F //F ♦

3.4.17 Definition. A candidate triangle X
f //Y

i //Z
p //X

[1]
[−1] in FO(F ) with respect

to ΣFO,F · T−1
FO,F is called a pseudo-triangle in FO(F ) if (i, p) is a pure short exact sequence
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in FO(F ) and if there exists X[−1]B
g //Z in FO(F ) such that the following diagram is

commutative in FO(F ).

X[−1] •
X[−1]ι//

X[−1]ρFO,F ·f

��

X[−1]B

g

��

�X[−1]π // X
[1]
[−1]

1
��

Y •i // Z �p // X
[1]
[−1] ♦

3.4.18 Lemma. Suppose given X
f //Y in FO(F ). Then there exists a pseudo-triangle

X
f //Y •i //Z �p //X

[1]
[−1] in FO(F ). ♦

Proof. Choose a pushout in FO(F ) as follows.

X[−1] •
X[−1]ι//

X[−1]ρFO,F ·f
��

X[−1]B

g

��
Y •i // Z

By lemma 1.2.7.(b), we may choose Z
p //X

[1]
[−1] in F such that g · p = X[−1]π and such that

(i, p) is a pure short exact sequence. Thus X
f //Y •i //Z �p //X

[1]
[−1] is a pseudo-triangle in

FO(F ).

3.4.19 Lemma.

(a) We have ΣFO,F · T−1
FO,F · Pω,F = Pω,F · Σ.

(b) Suppose given a pseudo-triangle X
f //Y •i //Z �p //X

[1]
[−1] in FO(F ). Then

XPω,F

fPω,F //Y Pω,F

iPω,F //ZPω,F

pPω,F //X
[1]
[−1]Pω,F is a pseudo-triangle in F ,

cf. definitions 3.4.17 and 2.2.8.
♦

Proof. Ad (a). For X
f //Y in FO(F ), we have f

[1]
[−1]Pω,F =

(
f

[1]
[−1]

)
ω

= f
[1]
ω =

(
fPω,F

)[1]
.

Ad (b). Note that we have XPω,F = Xω , Y Pω,F = Yω , ZPω,F = Zω , X
[1]
[−1]Pω,F = X

[1]
ω ,

fPω,F = fω , iPω,F = iω and pPω,F = pω .

We may choose X[−1]B
g //Z in FO(F ) such that the following diagram is commutative in

FO(F ).

X[−1] •
X[−1]ι//

X[−1]ρFO,F ·f

��

X[−1]B

g

��

�X[−1]π // X
[1]
[−1]

1
��

Y •i // Z �p // X
[1]
[−1]
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So we get the following commutative diagram in F .

Xω •
Xωι //

fω

��

XωB

gω

��

�Xωπ // X
[1]
ω

1
��

Yω •
iω // Zω

�pω // X
[1]
ω

We conclude that Xω
fω //Yω •

iω //Zω
�pω //X

[1]
ω is a pseudo-triangle in F .

3.4.20 Definition. Suppose given k ∈ Z. We define the full subcategories FOdk(F ) and

FOke(F ) of FO(F ) by setting

Ob(FOdk(F )) = {X ∈ Ob(FO(F )) : X`| ∈ Ob(ZF ) for ` ∈ Z>k}

and

Ob(FOke(F )) = {X ∈ Ob(FO(F )) : X|` ∈ Ob(ZF ) for ` ∈ Z<k}.

We define the full subcategories FOdk(F ) and FOke(F ) of FO(F ) by setting

Ob(FOdk(F )) = Ob(FOdk(F )) and Ob(FOke(F )) = Ob(FOke(F )). ♦

3.4.21 Definition. Suppose given k, ` ∈ Z. Let FOdk, è(F ) = FOdk(F ) ∩ FO è(F ) and

FOdk, è(F ) = FOdk(F ) ∩ FO è(F ). ♦

3.4.22 Definition. Let FOb(F ) =
⋃

k,`∈Z
FOdk, è(F ) and FOb(F ) =

⋃
k,`∈Z

FOdk, è(F ). ♦

3.4.23 Definition. Let QFOb,F = QFO,F |
FOb(F )

FOb(F )
: FOb(F )→ FOb(F ). ♦

3.4.24 Lemma. Suppose given X ∈ Ob(FO(F )) and m ∈ Z. The following three statements

are equivalent.

(a) We have X ∈ Ob(FOdm(F )).

(b) We have XPF,F ∈ Ob(Fdm(F )).

(c) We have XPCF,F ∈ Ob(CFdm(F )).
♦

Proof. Suppose given ` ∈ Z>m . Consider the pure short exact sequence X|`−1 •
xω|`−1 //Xω

�x
ω
`| //X`|

in F . We have X`| ∈ Ob(ZF ) is and only if xω|`−1 = x|`−1 · xω|` is an isomorphism in F . So the

statements (a), (b) and (c) are equivalent.

3.4.25 Lemma. Suppose given X ∈ Ob(FO(F )) and m ∈ Z. The following three statements

are equivalent.

(a) We have X ∈ Ob(FOme(F )).
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(b) We have XPF,F ∈ Ob(Fme(F )).

(c) We have XPCF,F ∈ Ob(CFme(F )).
♦

Proof. This is dual to lemma 3.4.24.

3.4.26 Corollary. Suppose given X ∈ Ob(FO(F )). The following three statements are

equivalent.

(a) We have X ∈ Ob(FOb(F )).

(b) We have XPF,F ∈ Ob(Fb(F )).

(c) We have XPCF,F ∈ Ob(CFb(F )).
♦

Proof. This follows from the previous lemmata 3.4.24 and 3.4.25.

3.4.27 Remark. Suppose given m,n ∈ Z and X ∈ Ob(FO(F )).

(a) If X ∈ Ob(FOdm(F )), then X[n] ∈ Ob(FOdm−n(F )).

(b) If X ∈ Ob(FOme(F )), then X[n] ∈ Ob(FOm−ne(F )).
♦

Proof. Ad (a). Suppose given ` ∈ Z>m−n .

We have (X[n])`| = Xn+`| ∈ Ob(ZF ) since X ∈ Ob(FOdm(F )).

Ad (b). This is dual to (a).

3.4.28 Lemma. Suppose given m ∈ Z and a pure short exact sequence X •i //Y �p //Z in

FO(F ).

(a) If X,Z ∈ Ob(FOdm(F )), then Y ∈ Ob(FOdm(F )) as well.

(b) If X,Z ∈ Ob(FOme(F )), then Y ∈ Ob(FOme(F )) as well.
♦

Proof. This follows from lemma 1.4.8.(d).

3.4.29 Lemma. Suppose given X ∈ Ob(FOb(F )). We have X[1], X[−1] ∈ Ob(FOb(F )) as

well. ♦

Proof. This follows from remark 3.4.27.

3.4.30 Lemma. Suppose given X ∈ Ob(FOb(F )). We have X [1], X [−1] ∈ Ob(FOb(F )) as

well. ♦

Proof. This follows from lemma 1.4.4.(b).
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3.4.31 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in FO(F ) such

that X,Z ∈ Ob(FOb(F )). Then we have Y ∈ Ob(FOb(F )) as well. ♦

Proof. This follows from lemma 3.4.28.

3.4.32 Corollary. FOb(F ) is an extension-closed subcategory of FO(F ), cf. definition 1.3.23,

remark 1.4.10 and lemma 3.4.31. In particular, it is a strictly full additive subcategory of

FO(F ). So FOb(F ) is a full additive subcategory of FO(F ), cf. remark 1.2.14. ♦

3.4.33 Lemma. Suppose given a pseudo-triangle X
f //Y •i //Z �p //X

[1]
[−1] in FO(F ) such

that X, Y ∈ Ob(FOb(F )). Then we have Z,X
[1]
[−1] ∈ Ob(FOb(F )) as well. ♦

Proof. This follows from lemmata 3.4.29, 3.4.30 and 3.4.31.

3.4.34 Definition. We define the full subcategories FOlim(F ) and FOcolim(F ) of FO(F ) by

setting

Ob(FOlim(F )) = {X ∈ Ob(FO(F )) : (Xω , (xωk|)k∈Z) is a limit for XPCF,F}

and

Ob(FOcolim(F )) = {X ∈ Ob(FO(F )) : (Xω , (xω|k)k∈Z) is a colimit for XPF,F}.

Let FO∇(F ) = FOlim(F ) ∩ FOcolim(F ).

We define the full subcategories FOlim(F ), FOcolim(F ) and FO∇(F ) of FO(F ) by setting

Ob(FOlim(F )) = Ob(FOlim(F )), Ob(FOcolim(F )) = Ob(FOcolim(F )) and

Ob(FO∇(F )) = Ob(FO∇(F )). ♦

3.4.35 Definition. Let QFO∇,F = QFO,F |
FO∇(F )

FO∇(F )
: FO∇(F )→ FO∇(F ). ♦

3.4.36 Remark. Suppose given m ∈ Z and X ∈ Ob(FOme(F )). Then X ∈ Ob(FOlim(F )).

♦

Proof. This follows from lemma 3.2.17.

3.4.37 Remark. Suppose given m ∈ Z and X ∈ Ob(FOdm(F )). Then X ∈ Ob(FOcolim(F )).

♦

Proof. This is dual to the previous remark 3.4.36.

3.4.38 Remark. We have FOb(F ) ⊆ FOlim(F ) and FOb(F ) ⊆ FOcolim(F ), cf. remarks

3.4.36 and 3.4.37. ♦

3.4.39 Lemma. Suppose given X ∈ Ob(FOlim(F )). We have X[1], X[−1] ∈ Ob(FOlim(F )) as

well. ♦
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Proof. This follows from lemma 3.2.21.

3.4.40 Lemma. Suppose given X ∈ Ob(FOcolim(F )). We have X[1], X[−1] ∈ Ob(FOcolim(F ))

as well. ♦

Proof. This is dual to the previous lemma 3.4.39.

3.4.41 Lemma. Suppose given X ∈ Ob(FO∇(F )). We have X[1], X[−1] ∈ Ob(FO∇(F )) as

well. ♦

Proof. This follows from lemmata 3.4.39 and 3.4.40.

3.4.42 Lemma. Suppose given X ∈ Ob(FOlim(F )). We have X [1], X [−1] ∈ Ob(FOlim(F )) as

well. ♦

Proof. This follows from lemma 3.2.55.

3.4.43 Lemma. Suppose given X ∈ Ob(FOcolim(F )). We have X [1], X [−1] ∈ Ob(FOcolim(F ))

as well. ♦

Proof. This is dual to the previous lemma 3.4.42.

3.4.44 Lemma. Suppose given X ∈ Ob(FO∇(F )). We have X [1], X [−1] ∈ Ob(FO∇(F )) as

well. ♦

Proof. This follows from lemmata 3.4.42 and 3.4.43.

3.4.45 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in FO(F ) such

that X,Z ∈ Ob(FOlim(F )).

If there exists a limit for Y PCF,F , then we have Y ∈ Ob(FOlim(F )) as well. ♦

Proof. This follows from lemma 3.2.41.

3.4.46 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in FO(F ) such

that X,Z ∈ Ob(FOcolim(F )).

If there exists a colimit for Y PF,F , then we have Y ∈ Ob(FOcolim(F )) as well. ♦

Proof. This is dual to the previous lemma 3.4.45.

3.4.47 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in FO(F ) such

that X,Z ∈ Ob(FO∇(F )). If there exists a limit for Y PCF,F and a colimit for Y PF,F , then

we have Y ∈ Ob(FO∇(F )) as well. ♦

Proof. This follows from lemmata 3.4.45 and 3.4.46.

3.4.48 Corollary. Suppose that F has epilimits and monocolimits. FO∇(F ) is an extension-

closed subcategory of FO(F ), cf. definition 1.3.23, remark 1.4.10 and lemma 3.4.47. In par-

ticular, it is a full additive subcategory of FO(F ). So FO∇(F ) is a full additive subcategory

of FO(F ), cf. remark 1.2.14. ♦
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3.4.49 Lemma. Suppose that F has epilimits and monocolimits. Suppose given a pseudo-

triangle X
f //Y •i //Z �p //X

[1]
[−1] in FO(F ) such that X, Y ∈ Ob(FO∇(F )). Then we have

Z,X
[1]
[−1] ∈ Ob(FO∇(F )) as well. ♦

Proof. This follows from lemmata 3.4.41, 3.4.44 and 3.4.47.

3.4.50 Lemma. Suppose that F has countable products of bijectives.

Suppose given X ∈ Ob(FOlim(F )). Then we have XB ∈ Ob(FOlim(F )) as well. ♦

Proof. Consider the pure short exact sequence X •Xι //XB �Xπ //X [1] in FO(F ). We have

X [1] ∈ Ob(FOlim(F )) by lemma 3.4.42. Moreover, there exists a limit for XBPCF,F by

lemma 3.2.33. Thus XB ∈ Ob(FOlim(F )) by lemma 3.4.45.

3.4.51 Lemma. Suppose that F has countable coproducts of bijectives. Suppose given

X ∈ Ob(FOcolim(F )). Then we have XB ∈ Ob(FOcolim(F )) as well. ♦

Proof. This is dual to the previous lemma 3.4.50.

3.4.52 Lemma. Suppose given X ∈ Ob(FOcolim(F )) and Y ∈ Ob(FO(F )). Suppose given

a morphism XPF,F
f //Y PF,F in F(F ). Then there exists a unique morphism X

g //Y in

FO(F ) such that gPF,F = f . Moreover, we have gω = f�
(Yω ,(yω|k)k∈Z)

(Xω ,(xω|k)k∈Z) , cf. definition 3.2.23. ♦

Proof. Consider the morphism f�
(Yω ,(yω|k)k∈Z)

(Xω ,(xω|k)k∈Z) : Xω → Yω . For k ∈ Z, we have

xω|k · f�
(Yω ,(yω|k)k∈Z)

(Xω ,(xω|k)k∈Z) · y
ω
k+1| = fk · yω|k · yωk+1| = 0.

Now lemma 3.4.3.(b) yields the morphism X
g //Y such that gω = f�

(Yω ,(yω|k)k∈Z)

(Xω ,(xω|k)k∈Z) . Moreover,

we have gPF,F = f since for k ∈ Z, we have fk · yω|k = xω|k · f�
(Yω ,(yω|k)k∈Z)

(Xω ,(xω|k)k∈Z) and, consequently,

fk = g|k .

Suppose given X e //Y in FO(F ) such that ePF,F = f . For k ∈ Z, we have

xω|k · eω = e|k · yω|k = fk · yω|k = xω|k · f�
(Yω ,(yω|k)k∈Z)

(Xω ,(xω|k)k∈Z) . Thus eω = f�
(Yω ,(yω|k)k∈Z)

(Xω ,(xω|k)k∈Z) . We conclude that

e = g by lemma 3.4.3.(c).

3.4.53 Definition. We define the full subcategories FOproj(F ) and FOinj(F ) of FO(F ) by

setting

Ob(FOproj(F )) = {X ∈ Ob(FO(F )) : (Xω , (xωk|)k∈Z) is a projective family for XPCF,F}

and

Ob(FOinj(F )) = {X ∈ Ob(FO(F )) : (Xω , (xω|k)k∈Z) is an injective family for XPF,F}.

Cf. definitions 3.2.42 and 3.2.43.



178

We define the full subcategories FOproj(F ) and FOinj(F ) of FO(F ) by setting

Ob(FOproj(F )) = Ob(FOproj(F )) and Ob(FOinj(F )) = Ob(FOinj(F )). ♦

3.4.54 Remark. Suppose given X ∈ Ob(FOlim(F )). Then X ∈ Ob(FOproj(F )), cf. remark

3.2.44. ♦

3.4.55 Remark. Suppose given X ∈ Ob(FOcolim(F )). Then X ∈ Ob(FOinj(F )), cf. remark

3.2.45. ♦

3.4.56 Remark. Suppose given X ∈ Ob(FOb(F )). Then we have X ∈ Ob(FOinj(F )) and

X ∈ Ob(FOproj(F )), cf. remarks 3.4.38, 3.4.54 and 3.4.55. ♦

3.4.57 Lemma. Suppose given X ∈ Ob(FOproj(F )).

Then we have X [1], X [−1] ∈ Ob(FOproj(F )) as well. ♦

Proof. This follows from lemma 3.2.56.

3.4.58 Lemma. Suppose given X ∈ Ob(FOinj(F )).

Then we have X [1], X [−1] ∈ Ob(FOinj(F )) as well. ♦

Proof. This is dual to the previous lemma 3.4.54.

3.4.59 Lemma. Suppose given X ∈ Ob(FOproj(F )).

Then we have X[1], X[−1] ∈ Ob(FOproj(F )) as well. ♦

Proof. This follows from lemma 3.2.48.

3.4.60 Lemma. Suppose given X ∈ Ob(FOinj(F )).

Then we have X[1], X[−1] ∈ Ob(FOinj(F )) as well. ♦

Proof. This is dual to the previous lemma 3.4.59.

3.4.61 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in FO(F ) such

that X,Z ∈ Ob(FOproj(F )). Then we have Y ∈ Ob(FOproj(F )) as well. ♦

Proof. This follows from lemma 3.2.47.

3.4.62 Corollary. FOproj(F ) is an extension-closed subcategory of FO(F ), cf. definition

1.3.23, remark 1.4.10 and lemma 3.4.61. In particular, it is a strictly full additive subcategory

of FO(F ). So FOproj(F ) is a full additive subcategory of FO(F ), cf. remark 1.2.14. ♦

3.4.63 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in FO(F ) such

that X,Z ∈ Ob(FOinj(F )). Then we have Y ∈ Ob(FOinj(F )) as well. ♦

Proof. This is dual to lemma 3.4.61.

3.4.64 Corollary. FOinj(F ) is an extension-closed subcategory of FO(F ), cf. definition

1.3.23, remark 1.4.10 and lemma 3.4.63. In particular, it is a strictly full additive subcat-

egory of FO(F ). So FOinj(F ) is a full additive subcategory of FO(F ), cf. remark 1.2.14. ♦
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3.4.65 Lemma/Definition. We define the functor EF : F → FO(F ) as follows.

For X ∈ Ob(F ), we define XEF ∈ Ob(FO(F )) by setting

• (XEF )ω = X,

• (XEF )|k = (XEF ) -k| = X for k ∈ Z≥0 ,

• (XEF )|k = (XEF ) -k| = 0F for k ∈ Z<0 ,

• (XEF )|k ω = (XEF )|k |k+1 = (XEF )ω -k| = (XEF ) -k -1| -k| = 1 for k ∈ Z≥0 .

For f ∈ Mor(F ), we define fEF ∈ Mor(FO(F )) by setting

• (fEF )ω = f ,

• (fEF )|k = (fEF ) -k| = f for k ∈ Z≥0 .

This in fact defines an additive functor. We call EF the embedding functor of F . Note that

XEF ∈ Ob(FOd0,0e(F )) for X ∈ Ob(F ) by construction. ♦

Proof. We abbreviate E = EF . We will use lemma 3.4.3.(c). Suppose given X
f //
h
//Y

g //Z

in F . We have 1XE = 1XE since (1XE)ω = 1X = (1XE)ω .

We have (f · g)E = fE · gE since ((f · g)E)ω = f · g = (fE · gE)ω .

We have (f + h)E = fE + hE since ((f + h)E)ω = f + h = (fE + hE)ω .

3.4.66 Lemma. Suppose given X
f //Y in F such that f = 0 in F . Then we have fEF = 0

in FO(F ). ♦

Proof. Choose XB
g //Y in F such that Xι · g = f . Note that ((XEF )[−1]B)ω = XB and

that (Y EF )ω = Y . For k ∈ Z, we have

((XEF )[−1]B)|k ω · g · (Y EF )ω k+1| = (XEF )|k−1 ωB · g · (Y EF )ω k+1| = 0. So lemma 3.4.3.(b)

yields a morphism (XEF )[−1]B
h //Y EF in FO(F ) with hω = g. We have

((XEF )[−1]ρ ·fEF )ω = f = Xι · g = ((XEF )[−1]ι ·h)ω . So (XEF )[−1]ρ ·fEF = (XEF )[−1]ι ·h
by lemma 3.4.3.(c). We conclude that fEF = 0 in FO(F ).

3.4.67 Definition. Let EF : F → FO(F ) denote the unique functor such that

PF · EF = EF ·QFO,F , cf. lemma 3.4.66.

F

PF

��

EF // FO(F )

QFO,F

��
F

EF // FO(F ) ♦

3.4.68 Lemma. We have EF · Pω,F = 1F . ♦

Proof. Suppose given f ∈ Mor(F ). We have f EF Pω,F = fEF Pω,F = (fEF )ω = f .
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Chapter 4

Resolution and realisation functors

We refer to the introduction for generalities on resolution and realisation functors. The

main ingredients for our construction of resolution and realisation are the projection functor

Pω,F : FO(F ) → F from the previous chapter 3, the delta functor ∆S ,F : ∇S (F ) → C(S )

and the filtered cokernel functor ΞF : FO(F )→ ∇(F ).

In the first section 4.1, we define the delta functor and show that it induces functors

∆S ,F : ∇S (F ) → C(S ) and ∆
S ,F

: ∇
S

(F ) → K(S ) on factor categories. For a heart

of a t-structure H ⊆ F , proposition 4.1.11 yields that ∆H ,F and ∆
H ,F

are equivalences.

We proceed to define quasi-inverses RH ,F and RH ,F of these equivalences. Proposition 4.1.24

contains the first of three adjunctions that will be composed to obtain our adjunction for

adjacent t- and w-structures.

The filtered cokernel functor ΞF is defined in section 4.2 by choosing cokernels of pure

monomorphisms. To study its properties, we compare different choices of such cokernels.

We obtain several functors induced by the filtered cokernel functor on factor categories and

subcategories. Under suitable assumptions, we obtain equivalences Ξ∇F : FO∇(F ) → ∇(F )

and Ξ∇F : FO∇(F )→ ∇(F ). We define the limit functors LimF and LimF as quasi-inverses of

these equivalences. Proposition 4.2.60 contains the second of the three adjunctions mentioned

above.

We construct resolution functors in section 4.3. To this end, we show that there is an equiva-

lence PW ,F : FO
W

(F )→ D (proposition 4.3.32) and choose the weight equivalence WW ,F to

be a quasi-inverse of it. This functor will be the first factor in the definition of the resolution

functor as a composite. After studying the properties of resolution functors, we define a mod-

ified version of the weight equivalence under special assumptions and finally obtain the third

of the adjunctions mentioned above in proposition 4.3.52.

In section 4.4, we define a preliminary version of the realisation functor on the level of the

homotopy category: RealKT ,F : K(H ) → F . We study its properties and finally define the

realisation functor to be the one induced on the derived category.

Section 4.5 contains our main theorems 4.5.1 and 4.5.3 for adjacent t- and w-structures which

show how our resolution and realisation functors yield adjunctions.
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We conclude this chapter by applying the results to derived categories in section 4.6.

4.1 From ∇-diagrams to complexes: the functor

∆S ,F : ∇S (F )→ C(S )

Suppose given a strict Frobenius category F = (F ,B,Σ, ι, π, α).

4.1.1 Lemma/Definition. Suppose given a strictly full additive subcategory S ⊆ F .

We define the functor ∆S ,F : ∇S (F ) → C(S ) as follows. For X ∈ Ob(∇S (F )) and k ∈ Z,

let

(X∆S ,F )k = X
[−k]
k/k−1 and (X∆S ,F )k k−1 = δ

[−k]
X,k−2,k−1,k ,

cf. definition 3.3.38. For f ∈ Mor(∇S (F )) and k ∈ Z, let (f∆S ,F )k = f
[−k]
k/k−1 .

This in fact defines an additive functor, cf. lemma 3.3.19. We call ∆S ,F the delta functor of

S with respect to F . Note that it is obtained by choosing connecting morphisms of triangles

(’deltas’). ♦

Proof. We abbreviate ∆ = ∆S ,F .

Suppose given X ∈ Ob(∇S (F )) and k ∈ Z. We have (X∆)k = X
[−k]
k/k−1 ∈ Ob(S ), cf. defini-

tion 3.3.17. By lemma 3.3.43, we have

(X∆)k+1 k · (X∆)k k−1 = δ
[−k−1]
X,k−1,k,k+1 · δ

[−k]
X,k−2,k−1,k

= δ
[−k−1]
k−2,k,k+1 · x

[−k]
k/k−2,k−1 · δ

[−k]
X,k−2,k−1,k

= δ
[−k−1]
k−2,k,k+1 · (xk/k−2,k−1 · δX,k−2,k−1,k)

[−k]

= 0.

Cf. definition 3.3.38. Thus X∆ ∈ Ob(C(S )).

Suppose given X
f //Y in ∇S (F ) and k ∈ Z.

Consider the pure short exact sequences Xk−1/k−2 •
xk−1,k/k−2 //Xk/k−2

�xk/k−2,k−1 //Xk/k−1 and

Yk−1/k−2 •
yk−1,k/k−2 //Yk/k−2

�yk/k−2,k−1 //Yk/k−1 and the following commutative diagram in F .

Xk−1/k−2 •
xk−1,k/k−2 //

fk−1/k−2

��

Xk/k−2

fk/k−2

��

�xk/k−2,k−1 // Xk/k−1

fk/k−1

��
Yk−1/k−2 •

yk−1,k/k−2 // Yk/k−2
�yk/k−2,k−1 // Yk/k−1
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By lemma 2.2.4, we have

(X∆)k k−1 · (f∆)k−1 = δ
[−k]
X,k−2,k−1,k · f

[−k+1]
k−1/k−2 = (δX,k−2,k−1,k · f [1]

k−1/k−2)[−k]

= (fk/k−1 · δY,k−2,k−1,k)
[−k] = f

[−k]
k/k−1 · δ

[−k]
Y,k−2,k−1,k

= (f∆)k · (Y∆)k k−1 .

Xk−1/k−2 •
xk−1,k/k−2 //

fk−1/k−2

��

Xk/k−2

fk/k−2

��

�xk/k−2,k−1 // Xk/k−1

fk/k−1

��

δX,k−2,k−1,k // X
[1]
k−1/k−2

f
[1]
k−1/k−2
��

Yk−1/k−2 •
yk−1,k/k−2 // Yk/k−2

�yk/k−2,k−1 // Yk/k−1

δY,k−2,k−1,k // X
[1]
k/k−1

So f∆ ∈ C(S )(X∆, Y∆).

Suppose given X
h
//

f //Y
g //Z in ∇S (F ).

For k ∈ Z, we have (1X∆)k = (1X)
[−k]
k/k−1 = 1

[−k]
Xk/k−1

= 1
X

[−k]
k/k−1

= (1X∆)k . So 1X∆ = 1X∆ .

For k ∈ Z, we have ((f · g)∆)k = (f · g)
[−k]
k/k−1 = f

[−k]
k/k−1 · g

[−k]
k/k−1 = (f∆)k · (g∆)k .

So (f · g)∆ = f∆ · g∆.

For k ∈ Z, we have ((f + h)∆)k = (f + h)
[−k]
k/k−1 = f

[−k]
k/k−1 + h

[−k]
k/k−1 = (f∆)k + (h∆)k . So

(f + h)∆ = f∆ + h∆.

We conclude that ∆ = ∆S ,F : ∇S (F )→ C(S ) is an additive functor.

4.1.2 Remark. Suppose given strictly full additive subcategories R,S ⊆ F with R ⊆ S .

We have ∆R,F · C(IncS
R ) = Inc

∇S (F )
∇R(F ) ·∆S ,F .

∇S (F )
∆S ,F // C(S )

∇R(F )

Inc
∇S (F)

∇R(F)

OO

∆R,F // C(R)

C(IncS
R )

OO

♦

4.1.3 Proposition. Suppose given a strictly full additive subcategory S ⊆ F .

(a) We have
(
Σ∇,F · T−1

∇,F
)∣∣∇S (F )

∇S (F )
·∆S ,F = ∆S ,F · ΣC,S .

(b) Suppose given a pseudo-triangle X
f //Y •i //Z �p //X

[1]
[−1] in ∇(F ) with

X, Y ∈ Ob(∇S (F )). Then

X∆S ,F

f∆S ,F // Y∆S ,F

i∆S ,F // Z∆S ,F

p∆S ,F // X
[1]
[−1]∆S ,F

is a pseudo-triangle in C(S ).
♦
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Proof. We abbreviate ∆ = ∆S ,F .

Ad (a). Suppose given f ∈ Mor(∇S (F )). We want to show that f
[1]
[−1]∆ = (f∆)[1].

For k ∈ Z, we have (f
[1]
[−1]∆)k = (f

[1]
k−1/k−2)[−k] = f

[−k+1]
k−1/k−2 = (f∆)k−1 = ((f∆)[1])k .

We conclude that
(
Σ∇,F T−1

∇,F
)∣∣∇S (F )

∇S (F )
·∆S ,F = ∆S ,F · ΣC,S .

Ad (b). We abbreviate X ′ = X
[1]
[−1] .

Choose a morphism X[−1]B
g //Z in ∇(F ) such that the following diagram is commutative.

X[−1] •
X[−1]ι//

X[−1]ρ ·f
��

X[−1]B

g

��

�X[−1]π// X ′

1
��

Y •i // Z �p // X ′

For k ∈ Z, we may choose Zk/k−1
sk //Yk/k−1 and X

[1]
k−1/k−2

tk //Yk/k−1 in F such that

Xk−1/k−2π · tk = gk/k−1 and such that Yk/k−1

ik/k−1 //Zk/k−1sk
oo

pk/k−1

//X
[1]
k−1/k−2

tkoo is a direct

sum in F by lemma 3.3.26.

So Y
[−k]
k/k−1

i
[−k]
k/k−1

//Z
[−k]
k/k−1

s
[−k]
k

oo
p

[−k]
k/k−1

//X
[−k+1]
k−1/k−2

t
[−k]
koo is a direct sum in S for k ∈ Z, cf. corol-

lary 3.3.27. Note that, for k ∈ Z, we have (X ′∆)k = (X∆)k−1 and

(X ′∆)k k−1 = δ
[−k]
X′,k−2,k−1,k = −δ[−k+1]

X,k−3,k−2,k−1 = −(X∆)k−1 k−2 , cf. corollary 3.3.41.

Also note that, for k ∈ Z, we have (i∆)k = i
[−k]
k/k−1 and (p∆)k = p

[−k]
k/k−1 .

We want to apply lemma 1.9.17.

Suppose given k ∈ Z.

Let dk = sk · δY,k−2,k−1,k · i[1]
k−1/k−2 + pk/k−1 · f [1]

k−1/k−2 · i
[1]
k−1/k−2 + pk/k−1 · δX′,k−2,k−1,k · t[1]

k−1 .

So d
[−k]
k = s

[−k]
k · δ[−k]

Y,k−2,k−1,k · i
[−k+1]
k−1/k−2 + p

[−k]
k/k−1 · f

[−k+1]
k−1/k−2 · i

[−k+1]
k−1/k−2 + p

[−k]
k/k−1 · δ

[−k]
X′,k−2,k−1,k · t

[−k+1]
k−1 .

It remains to show that δ
[−k]
Z,k−2,k−1,k = d

[−k]
k , i.e. that δZ,k−2,k−1,k = dk .

We have the following commutative diagrams in F , cf. definition 3.3.38.

Yk−1/k−2 •
yk−1,k/k−2 //

1

��

Yk/k−2
�yk/k−2,k−1 //

γY,k−2,k−1,k

��

Yk/k−1

δY,k−2,k−1,k
��

Yk−1/k−2 •
Yk−1/k−2ι // Yk−1/k−2B �Yk−1/k−2π // Y

[1]
k−1/k−2

X
[1]
k−2/k−3

•
x

[1]
k−2,k−1/k−3 //

1
��

X
[1]
k−1/k−3

�x
[1]
k−1/k−3,k−2 //

γX′,k−2,k−1,k

��

X
[1]
k−1/k−2

δX′,k−2,k−1,k

��

X
[1]
k−2/k−3

•
X

[1]
k−2/k−3

ι
// X

[1]
k−2/k−3B �X

[1]
k−2/k−3

π
// X

[2]
k−2/k−3
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We have the following (pointwise) pushouts in F .

Xk−2/k−3

0

��

•
Xk−2/k−3ι // Xk−2/k−3B

gk−1/k−2

��
Yk−1/k−2 •

ik−1/k−2 // Zk−1/k−2

Xk−1/k−3 •
Xk−1/k−3ι //

Xk−1/k−3 k/k−2·fk/k−2

��

Xk−1/k−3B

gk/k−2

��
Yk/k−2 •

ik/k−2 // Zk/k−2

We have

Xk−1/k−3 k/k−2 · fk/k−2 · γY,k−2,k−1,k · ik−1/k−2B

= fk−1/k−3 · Yk−1/k−3 k/k−2 · γY,k−2,k−1,k · ik−1/k−2B

= fk−1/k−3 · yk−1/k−3,k−2 · yk−1,k/k−2 · γY,k−2,k−1,k · ik−1/k−2B

= fk−1/k−3 · yk−1/k−3,k−2 · Yk−1/k−2ι · ik−1/k−2B

= fk−1/k−3 · Yk−1/k−3ι · yk−1/k−3,k−2B · ik−1/k−2B

= Xk−1/k−3ι · fk−1/k−3B · yk−1/k−3,k−2B · ik−1/k−2B

= Xk−1/k−3ι ·
(
fk−1/k−3B · yk−1/k−3,k−2B · ik−1/k−2B +Xk−1/k−3π · γX′,k−2,k−1,k · tk−1B).

By the universal property of the pushout, there exists a unique morphism

Zk/k−2
ck //Zk−1/k−2B in F such that ik/k−2 · ck = γY,k−2,k−1,k · ik−1/k−2B and

gk/k−2 · ck = fk−1/k−3B · yk−1/k−3,k−2B · ik−1/k−2B +Xk−1/k−3π · γX′,k−2,k−1,k · tk−1B.

Xk−1/k−3 •
Xk−1/k−3ι //

Xk−1/k−3 k/k−2·fk/k−2

��

Xk−1/k−3B

gk/k−2

��

fk−1/k−3B·yk−1/k−3,k−2B·ik−1/k−2B

+Xk−1/k−3π·γX′,k−2,k−1,k·tk−1B

��

Yk/k−2 •
ik/k−2 //

γY,k−2,k−1,k·ik−1/k−2B
00

Zk/k−2

ck

''
Zk−1/k−2B

By remark 2.2.2, it suffices to show that the following diagram is commutative.

Zk−1/k−2 •
zk−1,k/k−2 //

1

��

Zk/k−2
�zk/k−2,k−1 //

ck

��

Zk/k−1

dk
��

Zk−1/k−2 •
Zk−1/k−2ι // Zk−1/k−2B �Zk−1/k−2π // Z

[1]
k−1/k−2
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We have zk/k−2,k−1 · dk = ck · Zk−1/k−2π since(
ik/k−2
gk/k−2

)
· zk/k−2,k−1 · dk =

(
yk/k−2,k−1·ik/k−1·dk

xk−1/k−3,k−2B·gk/k−1·dk

)
=
(
yk/k−2,k−1·δY,k−2,k−1,k·i

[1]
k−1/k−2

xk−1/k−3,k−2B·Xk−1/k−2π·tk·dk

)
=

(
γY,k−2,k−1,k·Yk−1/k−2π·i

[1]
k−1/k−2

Xk−1/k−3π·x
[1]
k−1/k−3,k−2

·tk·dk

)
=
( γY,k−2,k−1,k·ik−1/k−2B·Zk−1/k−2π

Xk−1/k−3π·x
[1]
k−1/k−3,k−2

·f [1]
k−1/k−2

·i[1]
k−1/k−2

+Xk−1/k−3π·x
[1]
k−1/k−3,k−2

·δX′,k−2,k−1,k·t
[1]
k−1

)
=
( γY,k−2,k−1,k·ik−1/k−2B·Zk−1/k−2π

xk−1/k−3,k−2B·fk−1/k−2B·ik−1/k−2B·Zk−1/k−2π+Xk−1/k−3π·γX′,k−2,k−1,k·X
[1]
k−2/k−3

π·t[1]
k−1

)
=
(

γY,k−2,k−1,k·ik−1/k−2B·Zk−1/k−2π

fk−1/k−3B·yk−1/k−3,k−2B·ik−1/k−2B·Zk−1/k−2π+Xk−1/k−3π·γX′,k−2,k−1,k·tk−1B·Zk−1/k−2π

)
=
(
ik/k−2
gk/k−2

)
· ck · Zk−1/k−2π

and since
(
ik/k−2
gk/k−2

)
is a pure epimorphism (In particular,

(
ik/k−2
gk/k−2

)
is an epimorphism, cf.

definition 1.3.2.).

We will use that xk−2,k−1/k−3 · xk−1/k−3,k−2 = 0 and thus xk−2,k−1/k−3B · xk−1/k−3,k−2B = 0.

We have zk−1,k/k−2 · ck = Zk−1/k−2ι since(
ik−1/k−2
gk−1/k−2

)
· zk−1,k/k−2 · ck =

(
yk−1,k/k−2·ik/k−2·ck

xk−2,k−1/k−3B·gk/k−2·ck

)
=
(

yk−1,k/k−2·γY,k−2,k−1,k·ik−1/k−2B

xk−2,k−1/k−3B·fk−1/k−3B·yk−1/k−3,k−2B·ik−1/k−2B+xk−2,k−1/k−3B·Xk−1/k−3π·γX′,k−2,k−1,k·tk−1B

)
=
( Yk−1/k−2ι·ik−1/k−2B

xk−2,k−1/k−3B·xk−1/k−3,k−2B·fk−1/k−2B·ik−1/k−2B+Xk−2/k−3π·x
[1]
k−2,k−1/k−3

·γX′,k−2,k−1,k·tk−1B

)
=
( ik−1/k−2·Zk−1/k−2ι

Xk−2/k−3π·X
[1]
k−2/k−3

ι·tk−1B

)
=
(

ik−1/k−2·Zk−1/k−2ι

Xk−2/k−3π·tk−1·Zk−1/k−2ι

)
=
(
ik−1/k−2·Zk−1/k−2ι

gk−1/k−2·Zk−1/k−2ι

)
=
(
ik−1/k−2
gk−1/k−2

)
· Zk−1/k−2ι

and since
(
ik−1/k−2
gk−1/k−2

)
is a pure epimorphism.

4.1.4 Lemma. Suppose given a strictly full additive subcategory S ⊆ F and

X, Y ∈ Ob(∇S (F )) such that F (X`/k , Y
[1]
j/i) = 0 for i, j, k, ` ∈ Z with i ≤ j < k ≤ `.

Suppose given X∆S ,F
g //Y∆S ,F in C(S ). Then there exists X

h //Y in ∇S (F ) such

that h∆S ,F = g. ♦

Proof. We abbreviate ∆ = ∆S ,F . Let fk/k = 0: Xk/k → Yk/k for k ∈ Z.

For k ∈ Z, choose Xk/k−1

fk/k−1 //Yk/k−1 in F such that gk = f
[−k]
k/k−1 . Note that we have

f
[−k]
k/k−1 · δ

[−k]
Y,k−2,k−1,k = gk · (Y∆)k k−1 = (X∆)k k−1 · gk−1 = δ

[−k]
X,k−2,k−1,k · f

[−k+1]
k−1/k−2

and thus fk/k−1 · δY,k−2,k−1,k = δX,k−2,k−1,k · f [1]
k−1/k−2 for k ∈ Z.

Using recursion on k ∈ Z≥1 , we construct morphisms Xk/−k
fk/−k //Yk/−k and
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Xk+1/−k
fk+1/−k //Yk+1/−k in F such that

fk+1/−k · δY,−k−1,−k,k+1 = δX,−k−1,−k,k+1 · f [1]
−k/−k−1

and such that the following diagrams are commutative.

X−k+1/−k

f−k+1/−k

��

•
x−k+1,k/−k // Xk/−k

fk/−k

��

�xk/−k,−k+1 // Xk/−k+1

fk/−k+1

��
Y−k+1/−k •

y−k+1,k/−k // Yk/−k
�yk/−k,−k+1 // Yk/−k+1

Xk/−k

fk/−k

��

•
xk,k+1/−k // Xk+1/−k

fk+1/−k

��

�xk+1/−k,k // Xk+1/k

fk+1/k

��
Yk/−k •

yk,k+1/−k // Yk+1/−k
�yk+1/−k,k // Yk+1/k

Suppose given k ∈ Z≥1 . We have fk/−k+1 · δY,−k,−k+1,k = δX,−k,−k+1,k · f [1]
−k+1/−k for k = 1

since f1/0 · δY,−1,0,1 = δX,−1,0,1 · f [1]
0/−1 and for k > 1 by recursion.

By lemma 2.2.6, we may choose Xk/−k
fk/−k //Yk/−k in F such that the following diagram is

commutative.

X−k+1/−k

f−k+1/−k

��

•
x−k+1,k/−k // Xk/−k

fk/−k

��

�xk/−k,−k+1 // Xk/−k+1

fk/−k+1

��
Y−k+1/−k •

y−k+1,k/−k // Yk/−k
�yk/−k,−k+1 // Yk/−k+1

Now fk+1/k · δY,−k,k,k+1 = δX,−k,k,k+1 · f [1]
k/−k since we have, using lemma 3.3.43 and recursion

for k > 1,

fk+1/k · δY,−k,k,k+1 · y[1]
k/−k,k−1 = fk+1/k · δY,k−1,k,k+1 = δX,k−1,k,k+1 · f [1]

k/k−1

= δX,−k,k,k+1 · x[1]
k/−k,k−1 · f

[1]
k/k−1

= δX,−k,k,k+1 · x[1]
k/−k,−k+1 · x

[1]
k/−k+1,k−1 · f

[1]
k/k−1

= δX,−k,k,k+1 · x[1]
k/−k,−k+1 · f

[1]
k/−k+1 · y

[1]
k/−k+1,k−1

= δX,−k,k,k+1 · f [1]
k/−k · y

[1]
k/−k,−k+1 · y

[1]
k/−k+1,k−1

= δX,−k,k,k+1 · f [1]
k/−k · y

[1]
k/−k,k−1

and since F (Xk+1/k , Y
[1]
k−1/−k) = 0.

By lemma 2.2.6, we may choose Xk+1/−k
fk+1/−k //Yk+1/−k in F such that the following dia-
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gram is commutative.

Xk/−k

fk/−k

��

•
xk,k+1/−k // Xk+1/−k

fk+1/−k

��

�xk+1/−k,k // Xk+1/k

fk+1/k

��
Yk/−k •

yk,k+1/−k // Yk+1/−k
�yk+1/−k,k // Yk+1/k

Now fk+1/−k · δY,−k−1,−k,k+1 = δX,−k−1,−k,k+1 · f [1]
−k/−k−1 since we have, using lemma 3.3.42,

x−k+1,k+1/−k · fk+1/−k · δY,−k−1,−k,k+1 = x−k+1,k/−k · xk,k+1/−k · fk+1/−k · δY,−k−1,−k,k+1

= x−k+1,k/−k · fk/−k · yk,k+1/−k · δY,−k−1,−k,k+1

= f−k+1/−k · y−k+1,k/−k · yk,k+1/−k · δY,−k−1,−k,k+1

= f−k+1/−k · y−k+1,k+1/−k · δY,−k−1,−k,k+1

= f−k+1/−k · δY,−k−1,−k,−k+1

= δX,−k−1,−k,−k+1 · f [1]
−k/−k−1

= x−k+1,k+1/−k · δX,−k−1,−k,k+1 · f [1]
−k/−k−1

and since F (Xk+1/−k+1 , Y
[1]
−k/−k−1) = 0.

Note that we also have f0/0 · y0,1/0 = 0 = x0,1/0 · f1/0 and f1/0 · y1/0,0 = f1/0 = x1/0,0 · f1/0 .

So corollary 3.3.46 yields a morphism X
h //Y in ∇S (F ) with hk/k−1 = fk/k−1 for k ∈ Z.

Thus (h∆)k = h
[−k]
k/k−1 = f

[−k]
k/k−1 = gk . We conclude that h∆ = g.

4.1.5 Lemma. Suppose given a strictly full additive subcategory S ⊆ F and full subcate-

gories Q,R ⊆ S such that F (Q[k],R) = 0 for k ∈ Z>0 . Suppose given X ∈ Ob(∇Q(F )) and

Y ∈ Ob(∇R(F )). For each X∆S ,F
g //Y∆S ,F in C(S ), there exists X

f //Y in ∇S (F )

such that f∆S ,F = g. ♦

Proof. Suppose given X∆S ,F
g //Y∆S ,F in C(S ).

For i, j, k, ` ∈ Z with i ≤ j < k ≤ `, we have F (X`/k , Y
[1]
j/i) = 0 by lemma 3.3.22. So the result

follows from the previous lemma 4.1.4.

4.1.6 Lemma. Suppose given a strictly full additive subcategory S ⊆ F and X
f //Y in

∇S (F ) such that F (X`/k , Yj/i) = 0 for i, j, k, ` ∈ Z with i ≤ j ≤ k ≤ `. Suppose that

f∆S ,F = 0 in C(S ). Then f = 0 in ∇S (F ). ♦

Proof. We abbreviate ∆ = ∆S ,F . Let gk/k = 0: Xk/kB→ Yk/k for k ∈ Z.

For k ∈ Z, we have f
[−k]
k/k−1 = (f∆)k = 0 and thus fk/k−1 = 0 in F . So we may choose

Xk/k−1B
gk/k−1 //Yk/k−1 in F such that Xk/k−1ι · gk/k−1 = fk/k−1 for k ∈ Z.

Using recursion on k ∈ Z≥1 , we construct morphisms Xk/−kB
gk/−k //Yk/−k and
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Xk+1/−kB
gk+1/−k //Yk+1/−k in F such that

Xk/−kι · gk/−k = fk/−k , Xk+1/−kι · gk+1/−k = fk+1/−k

and such that the following diagrams are commutative.

X−k+1/−kB

g−k+1/−k

��

•
x−k+1,k/−kB

// Xk/−kB

gk/−k

��

�xk/−k,−k+1B
// Xk/−k+1B

gk/−k+1

��
Y−k+1/−k •

y−k+1,k/−k // Yk/−k
�yk/−k,−k+1 // Yk/−k+1

Xk/−kB

gk/−k

��

•
xk,k+1/−kB

// Xk+1/−kB

gk+1/−k

��

�xk+1/−k,kB
// Xk+1/kB

gk+1/k

��
Yk/−k •

yk,k+1/−k // Yk+1/−k
�yk+1/−k,k // Yk+1/k

Suppose given k ∈ Z≥1 . We have the following commutative diagram in F .

X−k+1/−k

f−k+1/−k

��

•
x−k+1,k/−k // Xk/−k

fk/−k

��

�xk/−k,−k+1 // Xk/−k+1

fk/−k+1

��
Y−k+1/−k •

y−k+1,k/−k // Yk/−k
�yk/−k,−k+1 // Yk/−k+1

We have f−k+1/−k = X−k+1/−kι · g−k+1/−k and, using recursion for k > 1,

fk/−k+1 = Xk/−k+1ι · gk/−k+1 . Moreover, we have F (Xk/−k+1 , Y−k+1/−k) = 0.

By corollary 2.1.36, we may choose Xk/−kB
gk/−k //Yk/−k in F such that

Xk/−kι · gk/−k = fk/−k and such that the following diagram is commutative.

X−k+1/−kB

g−k+1/−k

��

•
x−k+1,k/−kB

// Xk/−kB

gk/−k

��

�xk/−k,−k+1B
// Xk/−k+1B

gk/−k+1

��
Y−k+1/−k •

y−k+1,k/−k // Yk/−k
�yk/−k,−k+1 // Yk/−k+1

We have the following commutative diagram in F .

Xk/−k

fk/−k

��

•
xk,k+1/−k // Xk+1/−k

fk+1/−k

��

�xk+1/−k,k // Xk+1/k

fk+1/k

��
Yk/−k •

yk,k+1/−k // Yk+1/−k
�yk+1/−k,k // Yk+1/k

We have fk/−k = Xk/−kι · gk/−k and fk+1/k = Xk+1/kι · gk+1/k .

Moreover, we have F (Xk+1/k , Yk/−k) = 0.

By corollary 2.1.36, we may choose Xk+1/−kB
gk+1/−k //Yk+1/−k in F such that
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Xk+1/−kι · gk+1/−k = fk+1/−k and such that the following diagram is commutative.

Xk/−kB

gk/−k

��

•
xk,k+1/−kB

// Xk+1/−kB

gk+1/−k

��

�xk+1/−k,kB
// Xk+1/kB

gk+1/k

��
Yk/−k •

yk,k+1/−k // Yk+1/−k
�yk+1/−k,k // Yk+1/k

Note that we also have g0/0 · y0,1/0 = 0 = x0,1/0B · g1/0 and g1/0 · y1/0,0 = g1/0 = x1/0,0B · g1/0 .

So corollary 3.3.46 yields a morphism XB h //Y in ∇S (F ) with hk/k−1 = fk/k−1 for k ∈ Z,

hk/−k = gk/−k and hk+1/−k = gk+1/−k for k ∈ Z≥1 .

Again by corollary 3.3.46, we have Xι ·h = f since Xk/k−1ι ·hk/k−1 = Xk/k−1ι · gk/k−1 = fk/k−1

for k ∈ Z, Xk/−kι · hk/−k = Xk/−kι · gk/−k = fk/−k and

Xk+1/−kι · hk+1/−k = Xk+1/−kι · gk+1/−k = fk+1/−k for k ∈ Z≥1 . We conclude that f = 0 in

∇S (F ).

4.1.7 Lemma. Suppose given a strictly full additive subcategory S ⊆ F and full subcate-

gories Q,R ⊆ S such that F (Q[k],R) = 0 for k ∈ Z>0 . Suppose given X
f //Y in ∇S (F )

with X ∈ Ob(∇Q(F )) and Y ∈ Ob(∇R(F )). Suppose that f∆S ,F = 0 in C(S ). Then f = 0

in ∇S (F ). ♦

Proof. For i, j, k, ` ∈ Z with i ≤ j ≤ k ≤ `, we have F (X`/k , Yj/i) = 0 by lemma 3.3.21. So

the result follows from the previous lemma 4.1.6.

4.1.8 Lemma. Suppose given a strictly full additive subcategory H ⊆ F such that

F (H [k],H ) = 0 for k ∈ Z>0 . Then the functor ∆H ,F : ∇H (F ) → C(H ) is strictly dense.

♦

Proof. We abbreviate ∆ = ∆H ,F .

Note that
F

( ∗
m∈[k,`]

H [m] , ∗
n∈[i,j]

H [n]
)

= 0 for i ≤ j < k ≤ ` in Z, cf. lemma 1.5.10.

Suppose given Z ∈ Ob(C(H )). We have to construct Y ∈ Ob(∇H (F )) such that Y∆ = Z.

Let Xk/k−1 = Z
[k]
k ∈ Ob(H [k]) for k ∈ Z.

Using recursion on k ∈ Z≥1 , we construct pure short exact sequences

X−k+1/−k •
x−k+1,k/−k //Xk/−k

�xk/−k,−k+1 //Xk/−k+1 , Xk/−k •
xk,k+1/−k //Xk+1/−k

�xk+1/−k,k //Xk+1/k and

abbreviate δ−k,−k+1,k = δ(x−k+1,k/−k , xk/−k,−k+1) , δ−k,k,k+1 = δ(xk,k+1/−k , xk+1/−k,k) such that

Xk/−k ∈ Ob

( ∗
j∈[−k+1,k]

H [j]

)
, Xk+1/−k ∈ Ob

( ∗
j∈[−k+1,k+1]

H [j]

)
,

δ
[−1]
−k,−k+1,k · z

[−k+1]
−k+1 = 0, z

[k+2]
k+2 · δ

[1]
−k,k,k+1 = 0,



191

δ−1,0,1 = z
[1]
1 , δ−1,1,2 · x[1]

1/−1,0 = z
[2]
2 and such that, for k ∈ Z>1 , we have

x−k+2,k−1/−k+1 · xk−1,k/−k+1 · δ−k,−k+1,k = z
[−k+2]
−k+2 , δ−k,k,k+1 · x[1]

k/−k,−k+1 · x
[1]
k/−k+1,k−1 = z

[k+1]
k+1 .

We may choose a pure short exact sequence X0/−1 •
x0,1/−1//X1/−1

�x1/−1,0 //X1/0 in F such that

δ−1,0,1 = z
[1]
1 by lemma 2.2.7. Note that X1/−1 ∈ Ob(H ∗H [1]) since X0/−1 ∈ Ob(H ) and

X1/0 ∈ Ob(H [1]). We have δ
[−1]
−1,0,1 · z0 = z1 · z0 = 0.

Since z
[2]
2 · δ

[1]
−1,0,1 = z

[2]
2 · z

[2]
1 = 0, we may choose X2/1

β //X
[1]
1/−1 in F such that

β · x[1]
1/−1,0 = z

[2]
2 . Note that z

[3]
3 · β[1] = 0 since z

[3]
3 · β[1] · x[2]

1/−1,0 = z
[3]
3 · z

[3]
2 = 0 and since

F (X3/2 , X
[2]
0/−1) = 0.

By lemma 2.2.7, we may choose a pure short exact sequence X1/−1 •
x1,2/−1//X2/−1

�x2/−1,1 //X2/1 in F

such that δ−1,1,2 = β. Note that X2/1 ∈ Ob(H ∗H [1]∗H [2]) since X1/−1 ∈ Ob(H ∗H [1]) and

X2/1 ∈ Ob(H [2]). We have δ−1,1,2 · x[1]
1/−1,0 = β · x[1]

1/−1,0 = z
[2]
2 and z

[3]
3 · δ

[1]
−1,1,2 = z

[3]
3 · β[1] = 0.

Suppose given k ∈ Z≥1 and the recursively constructed pure short exact sequences

X−k+1/−k •
x−k+1,k/−k //Xk/−k

�xk/−k,−k+1 //Xk/−k+1 , Xk/−k •
xk,k+1/−k //Xk+1/−k

�xk+1/−k,k //Xk+1/k such

that

Xk/−k ∈ Ob

( ∗
j∈[−k+1,k]

H [j]

)
, Xk+1/−k ∈ Ob

( ∗
j∈[−k+1,k+1]

H [j]

)
and

δ
[−1]
−k,−k+1,k · z

[−k+1]
−k+1 = 0, z

[k+2]
k+2 · δ

[1]
−k,k,k+1 = 0.

Since δ
[−1]
−k,−k+1,k · z

[−k+1]
−k+1 = 0, we may choose Xk/−k

ε //X
[1]
−k/−k−1 in F such that

x−k+1,k/−k · ε = z
[−k+1]
−k+1 . Note that ε[−1] ·z[−k]

−k = 0 since x
[−1]
−k+1,k/−k · ε[−1] ·z[−k]

−k = z
[−k]
−k+1 ·z

[−k]
−k = 0

and since F (X
[−1]
k/−k+1 , X

[1]
−k−1/−k−2) = 0.

Since F (X
[−1]
k+1/k , X

[1]
−k/−k−1) = 0, we may choose Xk+1/−k

ε̃ //X
[1]
−k/−k−1 in F such that

xk,k+1/−k · ε̃ = ε. Note that ε̃[−1] · z[−k]
−k = 0 since x

[−1]
k,k+1/−k · ε̃[−1] · z[−k]

−k = ε[−1] · z[−k]
−k = 0

and since F (X
[−1]
k+1/k , X

[1]
−k−1/−k−2) = 0.

By lemma 2.2.7, we may choose a pure short exact sequence

X−k/−k−1 •
x−k,k+1/−k−1//Xk+1/−k−1

�xk+1/−k−1,−k //Xk+1/−k such that δ−k−1,−k,k+1 = ε̃.

Note that Xk+1/−k−1 ∈ Ob

( ∗
j∈[−k,k+1]

H [j]

)
since X−k/−k−1 ∈ Ob(H [−k]) and

Xk+1/−k ∈ Ob

( ∗
j∈[−k+1,k+1]

H [j]

)
. We have δ

[−1]
−k−1,−k,k+1 · z

[−k]
−k = ε̃[−1] · z[−k]

−k = 0 and

x−k+1,k/−k · xk,k+1/−k · δ−k−1,−k,k+1 = x−k+1,k/−k · xk,k+1/−k · ε̃ = x−k+1,k/−k · ε = z
[−k+1]
−k+1 .
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Since z
[k+2]
k+2 · δ

[1]
−k,k,k+1 = 0, we may choose Xk+2/k+1

ζ //X
[1]
k+1/−k such that

ζ · x[1]
k+1/−k,k = z

[k+2]
k+2 . Note that z

[k+3]
k+3 · ζ [1] = 0 since z

[k+3]
k+3 · ζ [1] · x[2]

k+1/−k,k = z
[k+3]
k+3 · z

[k+3]
k+2 = 0

and since F (Xk+3/k+2 , X
[2]
k/−k) = 0.

Since F (Xk+2/k+1 , X
[2]
−k/−k−1) = 0, we may choose Xk+2/k+1

ζ̃ //X
[1]
k+1/−k−1 in F such that

ζ̃ · x[1]
k+1/−k−1,−k = ζ. Note that z

[k+3]
k+3 · ζ̃ [1] = 0 since z

[k+3]
k+3 · ζ̃ [1] · x[2]

k+1/−k−1,−k = z
[k+3]
k+3 · ζ [1] = 0

and since F (Xk+3/k+2 , X
[2]
−k/−k−1) = 0.

By lemma 2.2.7, we may choose a pure short exact sequence

Xk+1/−k−1 •
xk+1,k+2/−k−1//Xk+2/−k−1

�xk+2/−k−1,k+1//Xk+2/k+1 in F such that δ−k−1,k+1,k+2 = ζ̃.

Note that Xk+2/−k−1 ∈ Ob

( ∗
j∈[−k,k+2]

H [j]

)
since Xk+1/−k−1 ∈ Ob

( ∗
j∈[−k,k+1]

H [j]

)
and since

Xk+2/k+1 ∈ Ob(H [k+2]). We have z
[k+3]
k+3 · δ

[1]
−k−1,k+1,k+2 = z

[k+3]
k+3 · ζ̃ [1] = 0 and

δ−k−1,k+1,k+2 · x[1]
k+1/−k−1,−k · x

[1]
k+1/−k,k = ζ̃ · x[1]

k+1/−k−1,−k · x
[1]
k+1/−k,k = ζ · x[1]

k+1/−k,k = z
[k+2]
k+2 .

Now lemma 3.3.47 yields an object Y ∈ Ob(∇(F )) such that

y−k+1,k/−k = x−k+1,k/−k , yk/−k,−k+1 = xk/−k,−k+1 , yk,k+1/−k = xk,k+1/−k , yk+1/−k,k = xk+1/−k,k

for k ∈ Z≥1 . In particular, we have Y−k+1/−k = X−k+1/−k , Yk/−k = Xk/−k ,

Yk/−k+1 = Xk/−k+1 and Yk+1/k = Xk+1/k for k ∈ Z≥1 .

So Y
[−k]
k/k−1 = X

[−k]
k/k−1 = Zk ∈ Ob(H ) for k ∈ Z. We conclude that Y ∈ Ob(∇H (F )) and that

(Y∆)k = Zk for k ∈ Z.

It remains to show that δY,`−2,`−1,` = z
[`]
` for ` ∈ Z.

For ` = 1, we have δY,−1,0,1 = δ−1,0,1 = z
[1]
1 .

For ` = 2, we have, using lemma 3.3.43, δY,0,1,2 = δY,−1,1,2 · y[1]
1/−1,0 = δ−1,1,2 · x[1]

1/−1,0 = z
[2]
2 .

For ` > 2, let k = `− 1 > 1. We have, using lemma 3.3.43,

δY,`−2,`−1,` = δY,k−1,k,k+1 = δY,−k,k,k+1 · y[1]
k/−k,−k+1 · y

[1]
k/−k+1,k−1

= δ−k,k,k+1 · x[1]
k/−k,−k+1 · x

[1]
k/−k+1,k−1 = z

[k+1]
k+1 = z

[`]
` .

For ` < 1, let k = −`+ 2 > 1. We have, using lemma 3.3.42,

δY,`−2,`−1,` = δY,−k,−k+1,−k+2 = y−k+2,k−1/−k+1 · yk−1,k/−k+1 · δY,−k,−k+1,k

= x−k+2,k−1/−k+1 · xk−1,k/−k+1 · δ−k,−k+1,k = z
[−k+2]
−k+2 = z

[`]
` .

4.1.9 Lemma. Suppose given a strictly full additive subcategory S ⊆ F . Suppose given

X
f //Y in ∇S (F ) such that f = 0 in ∇(F ). Then f∆S ,F = 0 in C(S ). ♦

Proof. We abbreviate ∆ = ∆S ,F . We may choose XB
g //Y in ∇(F ) such that f = Xι · g,
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cf. remark 3.3.10. For k ∈ Z, we have fk/k−1 = Xk/k−1ι · gk/k−1 . Thus (f∆)k = f
[−k]
k/k−1 = 0 in

F . We conclude that f∆ = 0 in C(S ).

4.1.10 Definition. Suppose given a strictly full additive subcategory S ⊆ F . Let

∆S ,F : ∇S (F )→ C(S ) denote the unique additive functor such that P∇(F ),S ·∆S ,F =∆S ,F ,

cf. lemma 4.1.9.

∇S (F )
∆S ,F //

P∇(F),S

��

C(S )

∇S (F )

∆S ,F

66

♦

4.1.11 Proposition. Suppose given a strictly full additive subcategory H ⊆ F such that

F (H [k],H ) = 0 for k ∈ Z>0 . Then the functor ∆H ,F : ∇H (F )→ C(H ) is an equivalence.

Moreover, it is strictly dense. ♦

Proof. The functor ∆H ,F is full, faithful and strictly dense by lemmata 4.1.5, 4.1.7, 4.1.8 and

thus it is an equivalence.

4.1.12 Remark. Suppose given strictly full additive subcategories R,S ⊆ F with R ⊆ S .

We have ∆R,F · C(IncS
R ) = Inc

∇S (F )

∇R(F ) ·∆S ,F .

∇S (F )
∆S ,F // C(S )

∇R(F )

Inc
∇S (F)

∇R(F)

OO

∆R,F // C(R)

C(IncS
R )

OO

Cf. remark 4.1.2. ♦

4.1.13 Lemma. Suppose given a strictly full additive subcategory S ⊆ F . Suppose given

X
f //Y in ∇S (F ) such that f = 0 in ∇(F ). Then f∆S ,F = 0 in K(S ). ♦

Proof. We abbreviate ∆ = ∆S ,F . Choose a pseudo-triangle X
1 //X •i //B �p //X

[1]
[−1] in

∇(F ), cf. lemma 3.3.25. Note that B ∈ Ob(∇S (F )), cf. corollary 3.3.27. By lemma 3.3.28,

we may choose B h //Y in ∇S (F ) such that f = i · h.

By proposition 4.1.3.(b), X∆ 1 //X∆ •i∆ //B∆ �p∆ //X
[1]
[−1]∆ is a pseudo-triangle in C(S ). We

have f∆ = (i · h)∆ = i∆ · h∆. Thus f∆ = 0 in K(S ) by lemma 1.9.18.(b).

4.1.14 Lemma. Suppose given strictly full additive subcategories S ⊆ F and Q ⊆ F such

that Q ⊆ S . Suppose given a full subcategory R ⊆ S such that F (Q[k],R) = 0 for k ∈ Z>0 .

Suppose given X
f //Y in ∇S (F ) with X ∈ Ob(∇Q(F )) and Y ∈ Ob(∇R(F )). Suppose

that f∆S ,F = 0 in K(S ). Then f = 0 in ∇
S

(F ). ♦

Proof. We abbreviate ∆ = ∆S ,F .
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Choose a pseudo-triangle X
1 //X •i //B �p //X

[1]
[−1] in ∇(F ), cf. lemma 3.3.25. Note that

B ∈ Ob(∇Q(F )), cf. corollary 3.3.27. By proposition 4.1.3.(b) and remark 4.1.2,

X∆ 1 //X∆ •i∆ //B∆ �p∆ //X
[1]
[−1]∆ is a pseudo-triangle in C(S ). By lemma 1.9.18.(b), we

may choose B∆
g //Y∆ in C(S ) such that f∆ = i∆ · g. By lemma 4.1.5, we may choose

B
h //Y in ∇S (F ) such that h∆ = g. We have (f − i ·h)∆ = f∆− i∆ ·g = 0. Thus f = i · h

by lemma 4.1.7. We conclude that f = 0 in ∇
S

(F ) by lemma 3.3.28.

4.1.15 Definition. Suppose given a strictly full additive subcategory S ⊆ F .

Let ∆
S ,F

: ∇
S

(F )→ K(S ) denote the unique additive functor such that

Q∇,F ,S · ∆S ,F
= ∆S ,F · PC(S ) , cf. lemma 4.1.13. Let S : ∇S (F ) → ∇

S
(F ) denote the

unique functor such that P∇(F ),S · S = Q∇,F ,S . We have S · ∆
S ,F

= ∆S ,F · PC(S ) , cf.

lemma 1.2.18.

∇S (F )

Q∇,F,S

��

∆S ,F //

P∇(F),S

��

C(S )

PC(S )

��
∇S (F )

S

��

∆S ,F

66

K(S )

∇
S

(F )

∆
S ,F

77

♦

4.1.16 Remark. Suppose given strictly full additive subcategories R,S ⊆ F with R ⊆ S .

We have ∆
R,F
·K(IncS

R ) = Inc
∇

S
(F )

∇
R

(F ) ·∆S ,F
.

∇
S

(F )
∆

S ,F // K(S )

∇
R

(F )

Inc
∇

S
(F)

∇
R

(F)

OO

∆
R,F // K(R)

K(IncS
R )

OO

Cf. remarks 4.1.2 and 4.1.12. ♦

4.1.17 Lemma. Suppose given k ∈ Z and an strictly full additive subcategory S ⊆ F .

(a) For X ∈ Ob(∇dkS (F )), we have X∆S ,F ∈ Ob(Cdk(S )).

(b) For X ∈ Ob(∇ke
S (F )), we have X∆S ,F ∈ Ob(Cke(S )).

♦

Proof. Ad (a). Suppose given X ∈ Ob(∇dkS (F )).

For ` ∈ Z>k , we have (X∆S ,F )` = X
[−`]
`/`−1 ∈ Ob(ZF ) ⊆ Ob(ZH ). We conclude that

X∆S ,F ∈ Ob(Cdk(S )).
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Ad (b). Suppose given X ∈ Ob(∇ke
S (F )).

For ` ∈ Z<k , we have (X∆S ,F )` = X
[−`]
`/`−1 ∈ Ob(ZF ) ⊆ Ob(ZH ). We conclude that

X∆S ,F ∈ Ob(Cke(S )).

4.1.18 Definition. Suppose given a strictly full additive subcategory S ⊆ F . Note that

for X ∈ Ob(∇b
S (F )), we have X∆S ,F ∈ Ob(Cb(S )) by lemma 4.1.17. We use the following

notation for the corresponding restricted functors. Let

∆b
S ,F = ∆S ,F |C

b(S )

∇b
S (F )

: ∇b
S (F )→ Cb(S ), ∆b

S ,F = ∆S ,F |
Cb(S )

∇b
S (F )

: ∇b
S (F )→ Cb(S )

and

∆b

S ,F
= ∆

S ,F
|K

b(S )

∇b
S

(F )
: ∇b

S
(F )→ Kb(S ).

Note that all three functors are additive, cf. remark 1.2.5.(b) and corollary 3.3.37. ♦

The following definition will make it easier to handle bounded or half-bounded complexes.

4.1.19 Definition. Suppose given an strictly full additive subcategory H ⊆ F . Suppose

given X ∈ Ob(C(H )).

We define an object X◦ ∈ Ob(C(H )) and an isomorphism X
Xς //X◦ in C(H ) as follows.

Let ΥX = {k ∈ Z : Xk ∈ Ob(ZH )}.

Let X◦k = Xk for k ∈ Z \ ΥX and X◦k = 0F for k ∈ ΥX . Let x◦k = xk for k, k − 1 ∈ Z \ ΥX .

Let x◦k = 0 for k ∈ ΥX or k − 1 ∈ ΥX . Let (Xς)k = 1 for k ∈ Z \ ΥX and (Xς)k = 0 for

k ∈ ΥX . ♦

4.1.20 Definition. Suppose given a strictly full additive subcategory H ⊆ F such that

F (H [k],H ) = 0 for k ∈ Z>0 . We want to construct quasi-inverses RH ,F and RH ,F of

the functors ∆H ,F : ∇H (F ) → C(H ) and ∆
H ,F

: ∇
H

(F ) → K(H ) following the steps

of lemma 1.2.19. These quasi-inverses will play a key role in our construction of realisation

functors. The letter R is the first in the word Realisation and such a functor will be the first

factor in the definition of a realisation functor, cf. definition 4.4.2. Let S : ∇H (F )→ ∇
H

(F )

denote the unique functor such that P∇(F ),H ·S = Q∇,F ,H .

∇H (F )

Q∇,F,H

��

∆H ,F //

P∇(F),H

��

C(H )

PC(H )

��
∇H (F )

S

��

∆H ,F

66

K(H )

∇
H

(F )

∆
H ,F

66
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The functor ∆H ,F is full by lemma 4.1.5. For f ∈ Mor(∇H (F )), the following two statements

hold.

• We have f = 0 if and only if f∆H ,F = 0 by lemmata 4.1.9 and 4.1.7.

• We have f = 0 if and only if f∆H ,F = 0 by lemmata 4.1.13 and 4.1.14.

We will use definition 4.1.19. The functor ∆H ,F is strictly dense by lemma 4.1.8. So for

X ∈ Ob(C(H )), we may choose XRH ,F ∈ Ob(∇H (F )) such that XRH ,F ∆H ,F = X◦.

Moreover, we have the isomorphism X
Xς //X◦ .

Lemma 1.2.16 yields the functor RH ,F : C(H ) → ∇H (F ), where for X
f //Y in C(H ),

XRH ,F

fRH ,F //Y RH ,F is the unique morphism in ∇H (F ) such that

f = Xς · fRH ,F ∆H ,F · (Y ς)−1. The functors ∆H ,F and RH ,F are mutually quasi-inverse

equivalences.

Lemma 1.2.16 yields the functor RH ,F : K(H ) → ∇
H

(F ), where for X
f //Y in C(H ),

XRH ,F

f RH ,F //Y RH ,F is the unique morphism in ∇
H

(F ) such that

f = Xς · f RH ,F ∆
H ,F

· (Y ς)−1. The functors ∆
H ,F

and RH ,F are mutually quasi-inverse

equivalences. We have RH ,F ·S = PC(H ) · RH ,F .

∇H (F )

S
��

C(H )

PC(H )

��

RH ,Foo

∇
H

(F ) K(H )
RH ,Foo

Note that the functors RH ,F and RH ,F are additive, cf. remark 1.2.5.(a) and corollary 3.3.37.

♦

4.1.21 Lemma. Suppose given k ∈ Z and a strictly full additive subcategory H ⊆ F such

that F (H [`],H ) = 0 for ` ∈ Z>0 .

(a) For X ∈ Ob(Cdk(H )), we have XRH ,F ∈ Ob(∇dkH (F )).

(b) For X ∈ Ob(Cke(H )), we have XRH ,F ∈ Ob(∇ke
H (F )). ♦

Proof. Ad (a). Suppose given X ∈ Ob(Cdk(H )). For ` ∈ Z>k , we have

(XRH ,F )
[−`]
`/`−1 = (XRH ,F ∆H ,F )` = (X◦)` = 0F

and thus (XRH ,F )`/`−1 ∈ Ob(ZF ). We conclude that XRH ,F ∈ Ob(∇dkH (F )).

Ad (b). Suppose given X ∈ Ob(Cke(H )). For ` ∈ Z<k , we have

(XRH ,F )
[−`]
`/`−1 = (XRH ,F ∆H ,F )` = (X◦)` = 0F

and thus (XRH ,F )`/`−1 ∈ Ob(ZF ). We conclude that XRH ,F ∈ Ob(∇ke
H (F )).
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4.1.22 Definition. Suppose given a strictly full additive subcategory H ⊆ F such that

F (H [k],H ) = 0 for k ∈ Z>0 . Note that for X ∈ Ob(Cb(H )), we have

XRH ,F ∈ Ob(∇b
H (F )) by lemma 4.1.21. We use the following notation for the corresponding

restricted functors. Let

Rb
H ,F = RH ,F |

∇b
H (F )

Cb(H )
: Cb(H )→ ∇b

H (F ) and Rb
H ,F = RH ,F |

∇b
H

(F )

Kb(H )
: Kb(H )→ ∇b

H
(F ).

Note that both functors are additive, cf. remark 1.2.5.(b) and corollary 3.3.37. ♦

4.1.23 Remark. Suppose given an strictly full additive subcategory H ⊆ F such that

F (H [k],H ) = 0 for k ∈ Z>0 .

The functors Rb
H ,F and ∆b

H ,F are mutually quasi-inverse equivalences by lemma 1.6.10.

The functors Rb
H ,F and ∆b

H ,F
are mutually quasi-inverse equivalences by lemma 1.6.10. ♦

4.1.24 Proposition. Suppose given strictly full additive subcategories H ,S ⊆ F such that

H ⊆ S and such that F (H [k],S ) = 0 for k ∈ Z>0 .

Suppose given a functor H : S → H that is right-adjoint to the inclusion functor IncS
H .

Then RH ,F · Inc
∇

S
(F )

∇
H

(F ) is left-adjoint to ∆
S ,F
·K(H). ♦

Proof. We have the mutually quasi-inverse equivalences ∆
H ,F

: ∇
H

(F )→ K(H ) and

RH ,F : K(H ) → ∇
H

(F ), cf. definition 4.1.20. Since IncS
H a H, we have K(IncS

H ) a K(H)

by lemma 1.9.24. The map ∇
S

(F )(X, Y )→ K(H )(X∆S ,F , Y∆S ,F ) : f 7→ f∆
S ,F

is bijective

for X ∈ Ob(∇H (F )) and Y ∈ Ob(∇S (F )) by lemmata 4.1.5 and 4.1.14.

We have ∆
H ,F

· K(IncS
H ) = Inc

∇
S

(F )

∇
H

(F ) ·∆S ,F
, cf. remark 4.1.16. So the result follows from

lemma 1.6.16.

∇
S

(F )
∆

S ,F // K(S )

K(H)

��
∇

H
(F )

Inc
∇

S
(F)

∇
H

(F)

OO

∆
H ,F

--
K(H )

RH ,F

mm

K(IncS
H )

KK

4.1.25 Proposition. Suppose given strictly full additive subcategories H ,S ⊆ F such that

H ⊆ S and such that F (H [k],S ) = 0 for k ∈ Z>0 .

Suppose given a functor H : S → H that is right-adjoint to the inclusion functor IncS
H .

Then Rb
H ,F · Inc

∇b
S

(F )

∇b
H

(F )
is left-adjoint to ∆b

S ,F
·Kb(H). ♦

Proof. This follows from proposition 4.1.24 and lemma 1.6.9. Cf. definitions 4.1.18 and 4.1.22.
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4.2 From filtered objects to ∇-diagrams: the functor

ΞF : FO(F )→ ∇(F )

Suppose given a strict Frobenius category F = (F ,B,Σ, ι, π, α).

4.2.1 Definition. For each pure monomorphism X •m //Y in F , we choose a cokernel

Y �cm //Cm of m in F . ♦

4.2.2 Definition. Suppose given X ∈ Ob(FO(F )) and `/k ∈ V. We write X`/k = CX|k |` and

X|`/k = cX|k |` . So X|`
�X|`/k //X`/k is a cokernel of X|k |` . By the circumference lemma 1.3.13,

there exists a unique morphism X`/k

X`/k| //Xk+1| in F such that X|`/k · X`/k| = xω|` · xωk+1| .

Moreover, it is a kernel of Xk+1| `+1| .

X`/k

•
X`/k|

##

X|`

:X|`/k
==

•
xω|`

!!
X|k •

xω|k //

•
X|k |`

==

Xω
�xω

k+1| //

�
xω
`+1| ##

Xk+1|

6
Xk+1| `+1|{{

X`+1|

Suppose given X
f //Y in FO(F ) and `/k ∈ V. Let f`/k denote the unique morphism in F

such that f|` · Y|`/k = X|`/k · f`/k .

X|k •
X|k |` //

f|k
��

X|`
�X|`/k //

f|`
��

X`/k

f`/k
��

Y|k •
Y|k |` // Y|`

�Y|`/k // Y`/k ♦

We want to construct a functor ΞF : FO(F ) → ∇(F ) such that, for `/k ∈ V, we have

(XΞF )`/k = X`/k for X ∈ Ob(FO(F )) and (fΞF )`/k = f`/k for f ∈ Mor(FO(F )). To study

its properties, it is useful to compare different choices of cokernels first.

4.2.3 Lemma/Definition. Suppose given X ∈ Ob(FO(F )) and cokernels X|`
�c`/k //C`/k of

X|k |` for `/k ∈ V in F . We obtain an object XΘ(cn/m)n/m∈V
∈ Ob(∇(F )) as follows.

Let (XΘ(cn/m)n/m∈V
)`/k = C`/k for `/k ∈ V. For j/i ≤ `/k in V, let

(
XΘ(cn/m)n/m∈V

)
j/i `/k

be
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the unique morphism in F such that cj/i ·
(
XΘ(cn/m)n/m∈V

)
j/i `/k

= X|j |` · c`/k .

X|i •
X|i |j //

•X|i |k
��

X|j
�cj/i //

•X|j |`
��

Cj/i(
XΘ(cn/m)n/m∈V

)
j/i `/k

��
X|k •

X|k |` // X|`
�c`/k // C`/k ♦

Proof. We abbreviate XΘ = XΘ(cn/m)n/m∈V
. For `/k ∈ V, we have (XΘ)j/i j/i = 1Cj/i

since

cj/i · 1Cj/i
= 1X|` · cj/i = X|` |` · cj/i and since cj/i is a pure epimorphism.

For h/g ≤ j/i ≤ `/k in V, we have (XΘ)h/g j/i · (XΘ)j/i `/k = (XΘ)h/g `/k since

ch/g · (XΘ)h/g j/i · (XΘ)j/i `/k = X|h |j · cj/i · (XΘ)j/i `/k = X|h |j ·X|j |` · c`/k = X|h |` · c`/k
= ch/g · (XΘ)h/g `/k

and since ch/g is a pure epimorphism. So XΘ ∈ Ob(V(F )).

Suppose given j ≤ k ≤ ` in Z. The sequence Ck/j
(XΘ)k/j `/j //C`/j

(XΘ)`/j `/k //C`/k is pure short

exact by the circumference lemma 1.3.13.

Ck/j

•
(XΘ)k/j `/j

""

X|k

:ck/j
==

•
X|k |`

!!
X|j •

X|j |` //

•
X|j |k

==

X|`
�c`/j //

�
c`/k ""

C`/j
9
(XΘ)`/j `/k||

C`/k

We conclude that XΘ ∈ Ob(∇(F )).

4.2.4 Lemma. Suppose given X ∈ Ob(FO(F )) and cokernels X|`
�c`/k //C`/k of X|k |` for

`/k ∈ V in F . Note that X|`+1
�c`+1/k+1 //C`+1/k+1 are cokernels of (XTFO,F )|k |` = X|k+1 |`+1

for `/k ∈ V in F . We have XTFO,F Θ(cn+1/m+1)n/m∈V
= XΘ(cn/m)n/m∈V

T∇,F . ♦

Proof. For `/k ∈ V, we have

(XTFO,F Θ(cn+1/m+1)n/m∈V
)`/k = C`+1/k+1 = (XΘ(cn/m)n/m∈V

)`+1/k+1 = (XΘ(cn/m)n/m∈V
T∇,F )`/k .

For j/i ≤ `/k in V, we have (XTFO,F Θ(cn+1/m+1)n/m∈V
)j/i `/k = (XΘ(cn/m)n/m∈V

T∇,F )j/i `/k
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since

cj+1/i+1 · (XTFO,F Θ(cn+1/m+1)n/m∈V
)j/i `/k = X|j+1 |`+1 · c`+1/k+1

= cj+1/i+1 · (XΘ(cn/m)n/m∈V
)j+1/i+1 `+1/k+1

= cj+1/i+1 · (XΘ(cn/m)n/m∈V
T∇,F )j/i `/k

and since cj+1/i+1 is a pure epimorphism.

4.2.5 Lemma. Suppose given a pointwise bijective object X ∈ Ob(FO(F )) and cokernels

X|`
�c`/k //C`/k of X|k |` for `/k ∈ V in F . Then XΘ(cn/m)n/m∈V

is bijective in ∇(F ). ♦

Proof. The objects (XΘ(cn/m)n/m∈V
)`/k = C`/k are bijective in F for `/k ∈ V by lemma 2.1.39.

So XΘ(cn/m)n/m∈V
is bijective in ∇(F ) by lemma 3.3.7.

4.2.6 Lemma/Definition. Suppose given X
f //Y in FO(F ). Suppose given cokernels

X|`
�c`/k //C`/k of X|k |` for `/k ∈ V in F and cokernels Y|`

�d`/k //D`/k of Y|k |` for `/k ∈ V in F .

We obtain a morphism XΘ(cn/m)n/m∈V

fθ
(dn/m)n/m∈V
(cn/m)n/m∈V //YΘ(dn/m)n/m∈V

as follows. For `/k ∈ V,

let
(
fθ

(dn/m)n/m∈V

(cn/m)n/m∈V

)
`/k

be the unique morphism in F such that

c`/k ·
(
fθ

(dn/m)n/m∈V

(cn/m)n/m∈V

)
`/k

= f|` · d`/k .

X|k •
X|k |` //

f|k
��

X|`
�c`/k //

f|`
��

C`/k(
fθ

(dn/m)n/m∈V
(cn/m)n/m∈V

)
`/k��

Y|k •
Y|k |` // Y|`

�d`/k // D`/k ♦

Proof. We abbreviate XΘ = XΘ(cn/m)n/m∈V
, YΘ = YΘ(dn/m)n/m∈V

and fθ = fθ
(dn/m)n/m∈V

(cn/m)n/m∈V
.

Suppose given j/i ≤ `/k in V. We have (XΘ)j/i `/k · (fθ)`/k = (fθ)j/i · (YΘ)j/i `/k since

cj/i · (XΘ)j/i `/k · (fθ)`/k = X|j |` · c`/k · (fθ)`/k = X|j |` · f|` · d`/k = f|j · Y|j |` · d`/k
= f|j · dj/i · (YΘ)j/i `/k = cj/i · (fθ)j/i · (YΘ)j/i `/k

and since cj/i is a pure epimorphism.

4.2.7 Lemma. Suppose given X
f //Y in FO(F ). Suppose given cokernels X|`

�c`/k //C`/k of

X|k |` for `/k ∈ V in F and cokernels Y|`
�d`/k //D`/k of Y|k |` for `/k ∈ V in F .

We have fTFO,Fθ
(dn+1/m+1)n/m∈V

(cn+1/m+1)n/m∈V
= fθ

(dn/m)n/m∈V

(cn/m)n/m∈V
T∇,F , cf. lemma 4.2.4. ♦
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Proof. For `/k ∈ V, we have
(
fTFO,Fθ

(dn+1/m+1)n/m∈V

(cn+1/m+1)n/m∈V

)
`/k

=
(
fθ

(dn/m)n/m∈V

(cn/m)n/m∈V
T∇,F

)
`/k

since

c`+1/k+1 ·
(
fTFO,Fθ

(dn+1/m+1)n/m∈V

(cn+1/m+1)n/m∈V

)
`/k

= f|`+1 · d`+1/k+1

= c`+1/k+1 ·
(
fθ

(dn/m)n/m∈V

(cn/m)n/m∈V

)
`+1/k+1

= c`+1/k+1 ·
(
fθ

(dn/m)n/m∈V

(cn/m)n/m∈V
T∇,F

)
`/k

and since c`+1/k+1 is a pure epimorphism.

4.2.8 Lemma. Suppose given X ∈ Ob(FO(F )).

We have XρFO,Fθ
(cn+1/m+1)n/m∈V

(cn/m)n/m∈V
= XΘ(cn/m)n/m∈V

ρ∇,F . ♦

Proof. For `/k ∈ V, we have
(
XρFO,Fθ

(cn+1/m+1)n/m∈V

(cn/m)n/m∈V

)
`/k

=
(
XΘ(cn/m)n/m∈V

ρ∇,F
)
`/k

since

c`/k ·
(
XρFO,Fθ

(cn+1/m+1)n/m∈V

(cn/m)n/m∈V

)
`/k

= x|` · c`+1/k+1

= c`/k ·
(
XΘ(cn/m)n/m∈V

)
`/k `+1/k+1

= c`/k ·
(
XΘ(cn/m)n/m∈V

ρ∇,F
)
`/k

and since c`/k is a pure epimorphism.

4.2.9 Lemma. Suppose given X
f //
h
//Y

g //Z in FO(F ).

Suppose given cokernels X|`
�c`/k //C`/k of X|k |` for `/k ∈ V in F , cokernels Y|`

�d`/k //D`/k of

Y|k |` for `/k ∈ V in F and cokernels Z|`
�e`/k //E`/k of Z|k |` for `/k ∈ V in F .

(a) We have 1Xθ
(cn/m)n/m∈V

(cn/m)n/m∈V
= 1XΘ(cn/m)n/m∈V

,

(b) (fg)θ
(en/m)n/m∈V

(cn/m)n/m∈V
= fθ

(dn/m)n/m∈V

(cn/m)n/m∈V
· gθ(en/m)n/m∈V

(dn/m)n/m∈V
and

(c) (f + h)θ
(dn/m)n/m∈V

(cn/m)n/m∈V
= fθ

(dn/m)n/m∈V

(cn/m)n/m∈V
+ hθ

(dn/m)n/m∈V

(cn/m)n/m∈V
.

(d) If (f, g) is a pure short exact sequence in FO(F ), then
(
fθ

(dn/m)n/m∈V

(cn/m)n/m∈V
, gθ

(en/m)n/m∈V

(dn/m)n/m∈V

)
is

a pure short exact sequence in ∇(F ).
♦

Proof. We abbreviate c = (cn/m)n/m∈V , d = (dn/m)n/m∈V and e = (en/m)n/m∈V .

Ad (a). Suppose given `/k ∈ V. We have (1Xθ
c
c)`/k = (1XΘc)`/k since

c`/k · (1Xθcc)`/k = 1X|` · c`/k = c`/k = c`/k · 1C`/k
= c`/k · (1XΘc)`/k

and since c`/k is a pure epimorphism.
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Ad (b). Suppose given `/k ∈ V. We have ((fg)θec)`/k = (fθdc · gθed)`/k since

c`/k · ((fg)θec)`/k = (fg)|` · e`/k = f|` · g|` · e`/k = f|` · d`/k · (gθed)`/k = c`/k · (fθdc )`/k · (gθed)`/k
= c`/k · (fθdc · gθed)`/k

and since c`/k is a pure epimorphism.

Ad (c). Suppose given `/k ∈ V. We have ((f + h)θdc )`/k = (fθdc + hθdc )`/k since

c`/k · ((f + h)θdc )`/k = (f + h)|` · d`/k = f|` · d`/k + h|` · d`/k = c`/k · (fθdc )`/k + c`/k · (hθdc )`/k
= c`/k · (fθdc + hθdc )`/k

and since c`/k is a pure epimorphism.

Ad (d). Suppose given `/k ∈ V. By assumption, (f|k , g|k) and (f|` , g|`) are pure short exact

sequences in F . By lemma 1.3.15, ((fθdc )`/k , (gθed)`/k) is a pure short exact sequence in F as

well.

X|k •
X|k |` //

•f|k
��

X|`
�c`/k //

•f|`
��

C`/k

(fθdc )`/k
��

Y|k •
Y|k |` //

_g|k

��

Y|`

_g|`
��

�d`/k // D`/k

(gθed)`/k
��

Z|k •
Z|k |` // Z|`

�e`/k // E`/k

We conclude that (fθdc , gθ
e
d) is a pure short exact sequence in ∇(F ).

4.2.10 Definition. Suppose given X ∈ Ob(FO(F )). For `/k ∈ V, we have the chosen

cokernels X|`
�X|`/k //X`/k of X|k |` , where X`/k = CX|k |` and X|`/k = cX|k |` , cf. definition 4.2.2.

We write XC = (X|`/k)`/k∈V . Note that XTFO,F C = (X|`+1/k+1)`/k∈V . ♦

4.2.11 Definition. We define the functor ΞF : FO(F )→ ∇(F ) as follows.

For X ∈ Ob(FO(F )), let XΞF = XΘXC . For X
f //Y in FO(F ), let fΞF = fθY C

XC .

This in fact defines a functor by lemma 4.2.9.(a,b). Moreover, it is exact by lemma 4.2.9.(c,d).

Note that (XΞF )`/k = X`/k for X ∈ Ob(FO(F )) and `/k ∈ V.

Also note that (fΞF )`/k = f`/k for f ∈ Mor(FO(F )) and `/k ∈ V.

For X ∈ Ob(FO(F )) and j/i ≤ `/k in V, we have X|j/i ·
(
XΞF

)
j/i `/k

= X|j |` ·X|`/k .

Cf. definitions 4.2.3, 4.2.6 and 4.2.10. We also call ΞF the filtered cokernel functor of F . The

letter Ξ was chosen to be reminiscent of the rows of cofiltrations one gets by taking cokernels

to obtain a diagram as in definition 3.3.2. ♦

4.2.12 Definition. Suppose given a full subcategory S ⊆ F . We define the full subcategory
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FOS (F ) of FO(F ) by setting

Ob(FOS (F )) = {X ∈ Ob(FO(F )) : X
[−k]
k/k−1 ∈ Ob(S ) for k ∈ Z}.

We define the full subcategory FO
S

(F ) of FO(F ) by setting Ob(FO
S

(F )) = Ob(FOS (F )).

♦

4.2.13 Remark. Suppose given a full subcategory S ⊆ F and X ∈ Ob(FO(F )).

We have (XΞF )k/k−1 = Xk/k−1 for k ∈ Z. Thus we have X ∈ Ob(FOS (F )) if and only if

XΞF ∈ Ob(∇S (F )). Cf. definitions 3.3.17 and 4.2.12. ♦

4.2.14 Remark. Suppose given a strictly full additive subcategory S ⊆ F . Then FOS (F )

is a strictly full additive subcategory of FO(F ) as well, cf. remark 4.2.13 and lemma 3.3.19.

Thus FO
S

(F ) is a full additive subcategory of FO(F ), cf. remark 1.2.14. ♦

4.2.15 Definition. Suppose given a full subcategory S ⊆ F .

Let ΞS ,F = ΞF |∇S (F )
FOS (F ) : FOS (F )→ ∇S (F ), cf. remark 4.2.13. ♦

4.2.16 Definition. Suppose given a full subcategory S ⊆ F .

Let FOb
S (F ) = FOS (F ) ∩ FOb(F ), FOb

S
(F ) = FO

S
(F ) ∩ FOb(F ),

FO∇S (F ) = FOS (F ) ∩ FO∇(F ), FO∇
S

(F ) = FO
S

(F ) ∩ FO∇(F ),

FOlim,inj
S (F ) = FOS (F ) ∩ FOlim(F ) ∩ FOinj(F ) and

FOlim,inj

S
(F ) = FO

S
(F ) ∩ FOlim(F ) ∩ FOinj(F ). ♦

4.2.17 Remark. Suppose given a strictly full additive subcategory S ⊆ F . Then FOb(F )

and FOS (F ) are strictly full additive subcategories of FO(F ), cf. remark 4.2.14 and corollary

3.4.32. Consequently, FOb
S (F ) is a strictly full additive subcategory of FO(F ) as well, cf.

remark 1.2.4. Thus FOb

S
(F ) is a full additive subcategory of FO(F ), cf. remark 1.2.14. ♦

4.2.18 Remark. Suppose that F has epilimits and monocolimits. Suppose given a strictly

full additive subcategory S ⊆ F . Then FOS (F ) and FO∇(F ) are strictly full additive

subcategories of FO(F ), cf. remark 4.2.14 and lemma 3.4.48. Consequently, FO∇S (F ) is a

strictly full additive subcategory of FO(F ) as well, cf. remark 1.2.4. Thus FO∇
S

(F ) is a full

additive subcategory of FO(F ), cf. remark 1.2.14. ♦

4.2.19 Definition. Suppose given a full subcategory S ⊆ F . Let Pω,S ,F = Pω,F |FOS (F ) ,

Pω,S ,F = Pω,F |FO
S

(F ) , Pb
ω,S ,F = Pω,F |FOb

S (F ) , Pb
ω,S ,F = Pω,F |FOb

S
(F ) ,

P∇ω,S ,F = Pω,F |FO∇S (F ) , P∇ω,S ,F = Pω,F |FO∇
S

(F ) , Plim,inj
ω,S ,F = Pω,F |FOlim,inj

S (F ) and

Plim,inj
ω,S ,F = Pω,F |FOlim,inj

S
(F ) . ♦

4.2.20 Remark. Suppose given a strictly full additive subcategory S ⊆ F . Then Pb
ω,S ,F is

an additive functor, cf. remarks 1.2.5.(b) and 4.2.17.

Suppose that F has epilimits and monocolimits. Then P∇ω,S ,F is an additive functor, cf.

remarks 1.2.5.(b) and 4.2.18. ♦
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4.2.21 Lemma. We have ΞF · T∇,F = TFO,F · ΞF , ΞF · T−1
∇,F = T−1

FO,F · ΞF

and 1ΞF
? ρ∇,F = ρFO,F ? 1ΞF

. ♦

Proof. Suppose given X
f //Y in FO(F ). We have

fΞF T∇,F = fθY C
XCT∇,F = fθ

(Y|`/k)`/k∈V

(X|`/k)`/k∈V
T∇,F = fTFO,Fθ

(Y|`+1/k+1)`/k∈V

(X|`+1/k+1)`/k∈V
= fTFO,Fθ

Y TFO,F C
XTFO,F C

= fTFO,F ΞF

by lemma 4.2.7. We conclude that ΞF · T∇,F = TFO,F · ΞF .

We have ΞF · T−1
∇,F = T−1

FO,F · TFO,F · ΞF · T−1
∇,F = T−1

FO,F · ΞF · T∇,F · T−1
∇,F = T−1

FO,F · ΞF .

Suppose given X ∈ Ob(FO(F )). We have

X(1ΞF
? ρ∇,F ) = XΞFρ∇,F = XΘXCρ∇,F = XΘ(X|`/k)`/k∈V

ρ∇,F = XρFO,Fθ
(X|`+1/k+1)`/k∈V

(X|`/k)`/k∈V

= XρFO,Fθ
XTFO,F C
XC = XρFO,F ΞF = X(ρFO,F ? 1ΞF

)

by lemma 4.2.8.

4.2.22 Lemma. Suppose given an exact functor F : F → F .

We have the functors FO(F ) : FO(F )→ FO(F ) and ∇(F ) : ∇(F )→ ∇(F ) and abbreviate

F = FO(F ), cf. definitions 3.4.9 and 3.3.3. Note that for X ∈ Ob(FO(F )) and `/k ∈ V, we

have the cokernel X|`F
�X|`/kF //X`/kF of (XF )|k |` = X|k |`F .

For X ∈ Ob(FO(F )), we have XΞF∇(F ) = XFΘ(X|n/mF )n/m∈V
.

For X
f //Y in FO(F ), we have fΞF∇(F ) = fF θ

(Y|n/mF )n/m∈V

(X|n/mF )n/m∈V
. ♦

Proof. Suppose given X ∈ Ob(FO(F )). For `/k ∈ V, we have

(XΞF∇(F ))`/k = (XΞF )`/kF = X`/kF =
(
XFΘ(X|n/mF )n/m∈V

)
`/k
.

For j/i ≤ `/k in V, we have (XΞF∇(F ))j/i `/k =
(
XFΘ(X|n/mF )n/m∈V

)
j/i `/k

since

X|j/iF · (XΞF∇(F ))j/i `/k = X|j/iF · (XΞF )j/i `/kF =
(
X|j/i · (XΞF )j/i `/k

)
F

= (X|j |` ·X|`/k)F = X|j |`F ·X|`/kF

= X|j/iF ·
(
XFΘ(X|n/mF )n/m∈V

)
j/i `/k

and since X|j/iF is a pure epimorphism. We conclude that XΞF∇(F ) = XFΘ(X|n/mF )n/m∈V
.

Suppose given X
f //Y in FO(F ). For `/k ∈ V, we have



205

(fΞF∇(F ))`/k =
(
fF θ

(Y|n/mF )n/m∈V

(X|n/mF )n/m∈V

)
`/k

since

X|`/kF · (fΞF∇(F ))`/k = X|`/kF · (fΞF )`/kF = (X|`/k · (fΞF )`/k)F = (f|` · Y|`/k)F

= f|`F · Y|`/kF = (fF )|` · Y|`/kF

= X|`/kF ·
(
fF θ

(Y|n/mF )n/m∈V

(X|n/mF )n/m∈V

)
`/k

and since X|`/kF is a pure epimorphism.

We conclude that fΞF∇(F ) = fF θ
(Y|n/mF )n/m∈V

(X|n/mF )n/m∈V
.

4.2.23 Lemma/Definition. Suppose given an exact functor F : F → F .

We obtain an isotransformation ξF,F : FO(F ) · ΞF → ΞF · ∇(F ) as follows.

For X ∈ Ob(FO(F )), let XξF,F = 1XFO(F )θ
(X|n/mF )n/m∈V

XFO(F )C : XFO(F )ΞF → XΞF∇(F ).

Cf. lemma 4.2.22. ♦

Proof. We sometimes abbreviate F = FO(F ). We will use lemmata 4.2.22 and 4.2.9.(b).

Suppose given X
f //Y in FO(F ). We have

XξF,F · fΞF∇(F ) = 1XF θ
(X|n/mF )n/m∈V

XFC · fF θ(Y|n/mF )n/m∈V

(X|n/mF )n/m∈V
= fF θ

(Y|n/mF )n/m∈V

XFC

= fF θY FC
XFC · 1Y F θ

(Y|n/mF )n/m∈V

Y FC = fFO(F )ΞF · Y ξF,F

XFO(F )ΞF

XξF,F //

fFO(F )ΞF

��

XΞF∇(F )

fΞF∇(F )
��

Y FO(F )ΞF

Y ξF,F // Y ΞF∇(F )

Note that XξF,F = 1XFO(F )θ
(X|n/mF )n/m∈V

XFO(F )C and 1XFO(F )θ
XFO(F )C
(X|n/mF )n/m∈V

are mutually inverse iso-

morphisms by lemma 4.2.9.(a,b).

4.2.24 Remark. Note that ξ1F ,F = 1ΞF
: ΞF → ΞF since Xξ1F ,F = 1Xθ

XFO(F )C
XFO(F )C = 1XΞF

for X ∈ Ob(FO(F )) by lemma 4.2.9.(a). ♦

4.2.25 Lemma. Suppose given an exact functor F : F → F . We have

1TFO,F
? ξF,F = ξF,F ? 1T∇,F

: FO(F ) · TFO,F · ΞF → ΞF · ∇(F ) · T∇,F

and

1T−1
FO,F

? ξF,F = ξF,F ? 1T−1
∇,F

: FO(F ) · T−1
FO,F · ΞF → ΞF · ∇(F ) · T−1

∇,F ,

cf. lemmata 3.4.10 and 4.2.21. ♦
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Proof. Suppose given X ∈ Ob(FO(F )). We will use lemmata 3.4.10 and 4.2.7. We have

X(1TFO,F
? ξF,F ) = XTFO,FξF,F = 1XTFO,F FO(F )θ

(X|n+1/m+1F )n/m∈V

XTFO,F FO(F )C

= 1XFO(F )TFO,F
θ

(X|n+1/m+1F )n/m∈V

XFO(F )TFO,F C = 1XFO(F )TFO,Fθ
(X|n+1/m+1F )n/m∈V

(XFO(F )|n+1/m+1)n/m∈V

= 1XFO(F )θ
(X|n/mF )n/m∈V

(XFO(F )|n/m)n/m∈V
T∇,F = 1XFO(F )θ

(X|n/mF )n/m∈V

XFO(F )C T∇,F

= XξF,F T∇,F = X(ξF,F ? 1T∇,F
).

We conclude that 1TFO,F
? ξF,F = ξF,F ? 1T∇,F

.

Suppose given X ∈ Ob(FO(F )). We have

X
(

1T−1
FO,F

? ξF,F

)
= XT−1

FO,FξF,F = XT−1
FO,FξF,F T∇,F T−1

∇,F = XT−1
FO,F TFO,FξF,F T−1

∇,F

= XξF,F T−1
∇,F = X

(
ξF,F ? 1T−1

∇,F

)
.

We conclude that 1T−1
FO,F

? ξF,F = ξF,F ? 1T−1
∇,F

.

4.2.26 Lemma.

Suppose given exact functors F,G : F → F and a transformation ϕ : F → G. We have the

transformations FO(ϕ) : FO(F )→ FO(G) and ∇(ϕ) : ∇(F )→ ∇(G), cf. definitions 3.4.9 and

3.3.3. For X ∈ Ob(FO(F )), we have XΞF∇(ϕ) = XFO(ϕ)θ
(X|n/mG)n/m∈V

(X|n/mF )n/m∈V
. ♦

Proof. Suppose given X ∈ Ob(FO(F )).

For `/k ∈ V, we have (XΞF∇(ϕ))`/k =
(
XFO(ϕ)θ

(X|n/mG)n/m∈V

(X|n/mF )n/m∈V

)
`/k

since

X|`/kF · (XΞF∇(ϕ))`/k = X|`/kF · (XΞF )`/kϕ = X|`/kF ·X`/kϕ = X|`ϕ ·X|`/kG

= (XFO(ϕ))|` ·X|`/kG = X|`/kF ·
(
XFO(ϕ)θ

(X|n/mG)n/m∈V

(X|n/mF )n/m∈V

)
`/k

and since X|`/kF is a pure epimorphism.

We conclude that XΞF∇(ϕ) = XFO(ϕ)θ
(X|n/mG)n/m∈V

(X|n/mF )n/m∈V
.

4.2.27 Lemma.

Suppose given exact functors F,G : F → F and a transformation ϕ : F → G. We have

ξF,F · (1ΞF
?∇(ϕ)) = (FO(ϕ) ? 1ΞF

) · ξG,F .

FO(F ) · ΞF

ξF,F //

FO(ϕ)?1ΞF
��

ΞF · ∇(F )

1ΞF
?∇(ϕ)

��
FO(G) · ΞF

ξG,F // ΞF · ∇(G)

We also have ξ−1
F,F · (FO(ϕ) ? 1ΞF

) = (1ΞF
?∇(ϕ)) · ξ−1

G,F . ♦
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Proof. We will use lemmata 4.2.26 and 4.2.9.(b). For X ∈ Ob(FO(F )), we have

X(ξF,F · (1ΞF
?∇(ϕ))) = XξF,F ·XΞF∇(ϕ) = 1XFO(F )θ

(X|n/mF )n/m∈V

XFO(F )C ·XFO(ϕ)θ
(X|n/mG)n/m∈V

(X|n/mF )n/m∈V

= XFO(ϕ)θ
(X|n/mG)n/m∈V

XFO(F )C = XFO(ϕ)θ
XFO(G)C
XFO(F )C · 1XFO(G)θ

(X|n/mG)n/m∈V

XFO(G)C

= XFO(ϕ)ΞF ·XξG,F = X((FO(ϕ) ? 1ΞF
) · ξG,F ).

We conclude that ξF,F · (1ΞF
?∇(ϕ)) = (FO(ϕ) ? 1ΞF

) · ξG,F .

We also have

ξ−1
F,F · (FO(ϕ) ? 1ΞF

) = ξ−1
F,F · (FO(ϕ) ? 1ΞF

) · ξG,F · ξ−1
G,F

= ξ−1
F,F · ξF,F · (1ΞF

?∇(ϕ)) · ξ−1
G,F

= (1ΞF
?∇(ϕ)) · ξ−1

G,F .

4.2.28 Proposition.

(a) We have the isotransformation

1T−1
FO,F

? ξΣ,F = ξΣ,F ? 1T−1
∇,F

: ΣFO,F ·T−1
FO,F ·ΞF → ΞF ·Σ∇,F ·T−1

∇,F , cf. lemma 4.2.25.

(b) Suppose given a pseudo-triangle X
f //Y •i //Y �p //X

[1]
[−1] in FO(F ). Then

XΞF
fΞF // Y ΞF

iΞF // ZΞF

pΞF ·X[−1]ξΣ,F // (XΞF )
[1]
[−1]

is a pseudo-triangle in ∇(F ), cf. definitions 3.3.24 and 3.4.17.

♦

Proof. Ad (b). We use abbreviations as in the sections 3.3 and 3.4. For example, we write

B = ∇(B) : ∇(F )→ ∇(F ) and B = FO(B): FO(F )→ FO(F ).

Note that (iΞF , pΞF ·X[−1]ξΣ,F ) is a pure short exact sequence since (iΞF , pΞF ) is a pure

short exact sequence and since X[−1]ξΣ,F is an isomorphism, cf. definitions 4.2.11 and 4.2.23.

We may choose X[−1]B
g //Z in FO(F ) such that the following diagram is commutative.

X[−1] •
X[−1]ι//

X[−1]ρ ·f

��

X[−1]B

g

��

�X[−1]π // X
[1]
[−1]

1
��

Y •i // Z �p // X
[1]
[−1]

We will use lemmata 4.2.21, 4.2.27 and remark 4.2.24.

Consider the morphism X[−1]ξ
−1
B,F · gΞF : (XΞF )[−1]B = X[−1]ΞFB → ZΞF in ∇(F ). We
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have

(XΞF )[−1]ρ · fΞF · iΞF = X[−1]ΞFρ · fΞF · iΞF = X[−1]ρΞF · (f · i)ΞF = (X[−1]ρ · f · i)ΞF

= (X[−1]ι · g)ΞF = X[−1]ιΞF · gΞF = X[−1]ξ
−1
1F ,F ·X[−1]ιΞF · gΞF

= X[−1]ΞF ι ·X[−1]ξ
−1
B,F · gΞF = (XΞF )[−1]ι ·X[−1]ξ

−1
B,F · gΞF

and

X[−1]ξ
−1
B,F · gΞF · pΞF ·X[−1]ξΣ,F = X[−1]ξ

−1
B,F · (g · p)ΞF ·X[−1]ξΣ,F

= X[−1]ξ
−1
B,F ·X[−1]πΞF ·X[−1]ξΣ,F

= X[−1]ΞFπ ·X[−1]ξ
−1
Σ,F ·X[−1]ξΣ,F

= (XΞF )[−1]π.

(XΞF )[−1] •
(XΞF )[−1]ι //

(XΞF )[−1]ρ ·fΞF

��

(XΞF )[−1]B

X[−1]ξ
−1
B,F ·gΞF

��

�(XΞF )[−1]π // (XΞF )
[1]
[−1]

1
��

Y ΞF •
iΞF // ZΞF

�pΞF ·X[−1]ξΣ,F// (XΞF )
[1]
[−1]

We conclude that XΞF
fΞF //Y ΞF

iΞF //ZΞF

pΞF ·X[−1]ξΣ,F //(XΞF )
[1]
[−1] is a pseudo-triangle in

∇(F ).

4.2.29 Lemma. Suppose given an strictly full additive subcategory S ⊆ F . Suppose given a

pseudo-triangle X
f //Y •i //Z �p //X

[1]
[−1] in FO(F ) such that X, Y ∈ Ob(FOS (F )). Then

we have Z,X
[1]
[−1] ∈ Ob(FOS (F )) as well. ♦

Proof. This follows from remark 4.2.13, proposition 4.2.28.(a,b), lemma 3.3.19 and corollary

3.3.27.

4.2.30 Lemma. Suppose given X
f //Y in FO(F ) such that f = 0 in FO(F ). Then we

have fΞF = 0 in ∇(F ) as well. ♦

Proof. We may choose a pointwise bijective object B ∈ Ob(FO(F )) and morphisms

X[−1]
r //B

s //Y in FO(F ) such that X[−1]ρ · f = r · s.

Using lemma 4.2.21, we obtain

(XΞF )[−1]ρ · fΞF = X[−1]ΞFρ · fΞF = X[−1]ρΞF · fΞF = (X[−1]ρ · f)ΞF = (r · s)ΞF

= rΞF · sΞF .

Since moreover BΞF is bijective in ∇(F ) by lemma 4.2.5, we conclude that fΞF = 0 in

∇(F ).
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4.2.31 Definition. Let ΞF : FO(F ) → ∇(F ) denote the unique additive functor such that

QFO,F · ΞF = ΞF ·Q∇,F , cf. lemma 4.2.30.

FO(F )
ΞF //

QFO,F

��

∇(F )

Q∇,F

��
FO(F )

ΞF // ∇(F ) ♦

4.2.32 Definition. Suppose given a full subcategory S ⊆ F .

Let ΞS ,F = ΞF |
∇

S
(F )

FO
S

(F ) : FO
S

(F )→ ∇
S

(F ), cf. remark 4.2.13 and definition 4.2.15.

If S is a strictly full additive subcategory of F , then ΞS ,F is additive, cf. remarks 1.2.5.(a),

4.2.14 and corollary 3.3.37. ♦

4.2.33 Lemma.

(a) Suppose given m ∈ Z and X ∈ Ob(FOdm(F )). Then we have XΞF ∈ Ob(∇dm(F )).

(b) Suppose given m ∈ Z and X ∈ Ob(FOme(F )). Then we have XΞF ∈ Ob(∇me(F )).

(c) Suppose given X ∈ Ob(FOb(F )). Then we have XΞF ∈ Ob(∇b(F )).

Cf. definitions 3.3.29 and 3.4.20. ♦

Proof. Ad (a). Suppose given ` ∈ Z>m .

We have the pure short exact sequence X`/`−1 •
X`/`−1| //X`|

�x`| //X`+1| in F .

We have X`| , X`+1| ∈ Ob(ZF ) since X ∈ Ob(FOdm(F )). So (XΞF )`/`−1 = X`/`−1 ∈ Ob(ZF ).

We conclude that XΞF ∈ Ob(∇dm(F )).

Ad (b). Suppose given ` ∈ Z<m .

We have the pure short exact sequence X|`−1 •
x|`−1 //X|`

�X|`/`−1 //X`/`−1 in F .

We have X|` , X|`−1 ∈ Ob(ZF ) since X ∈ Ob(FOme(F )). So (XΞF )`/`−1 = X`/`−1 ∈ Ob(ZF ).

We conclude that XΞF ∈ Ob(∇me(F )).

Ad (c). This follows from (a) and (b).

4.2.34 Definition. Let Ξb
F = ΞF |∇

b(F )

FOb(F )
: FOb(F )→ ∇b(F ) and let

Ξb
F = ΞF |

∇b(F )

FOb(F )
: FOb(F )→ ∇b(F ). Cf. lemma 4.2.33.(c). ♦

4.2.35 Definition. Let Ξ∇F = ΞF |FO∇(F ) : FO∇(F )→ ∇(F ) and let

Ξ∇F = ΞF |FO∇(F ) : FO∇(F )→ ∇(F ). Cf. definition 3.4.34. ♦

4.2.36 Definition. Let Ξlim
F = ΞF |FOlim(F ) : FOlim(F )→ ∇(F ) and let

Ξlim
F = ΞF |FOlim(F ) : FOlim(F )→ ∇(F ). Cf. definition 3.4.34. ♦

4.2.37 Definition. Suppose given X ∈ Ob(FO(F )).

We write X`/k = 0F , X|`/k = 0: X|` → X`/k and X`/k| = 0: X`/k → Xk+1| for ` < k in Z.

Note that X`/k = (XΞF )`/k for ` < k in Z. Cf. definition 3.3.48.



210

Also note that, for ` < k, we have xω|` · xωk+1| = X|` |k · xω|k · xωk+1| = 0 = X|`/k ·X`/k| .

Suppose given X
f //Y in FO(F ). We write f`/k = 0: X`/k → Y`/k for ` < k in Z. Note that

f`/k = (fΞF )`/k for ` < k in Z. ♦

4.2.38 Lemma/Definition. Suppose given ` ∈ Z. We define the transformation

χ`,CF,F : ΞF ·Ψ`,CF,F → PCF,F as follows, cf. definitions 3.3.49 and 3.4.5. For X ∈ Ob(FO(F ))

and k ∈ Z, let (Xχ`,CF,F )k = X`/k−1| : X`/k−1 → Xk| , cf. definitions 4.2.2 and 4.2.37.

Moreover, Xχ`,CF,F is an `-pure monomorphism in CF(F ) for X ∈ Ob(FO(F )). ♦

Proof. Suppose given X ∈ Ob(FO(F )) and k ∈ Z.

We have (Xχ`,CF,F )k · (XPCF,F )k k+1 = (XΞFΨ`,CF,F )k k+1 · (Xχ`,CF,F )k+1 since, for k ≤ `,

we have

X|`/k−1 · (Xχ`,CF,F )k · (XPCF,F )k k+1 = X|`/k−1 ·X`/k−1| · xk| = xω|` · xωk| · xk| = xω|` · xωk+1|

= X|`/k ·X`/k| = X|`/k−1 · (XΞF )`/k−1 `/k ·X`/k|

= X|`/k−1 · (XΞFΨ`,CF,F )k k+1 · (Xχ`,CF,F )k+1

and since X|`/k−1 is a pure epimorphism in F .

Suppose given X
f //Y in FO(F ). We have Xχ`,CF,F · fPCF,F = fΞFΨ`,CF,F · Y χ`,CF,F

since, for k ∈ Z, we have

X|`/k−1 · (Xχ`,CF,F )k · (fPCF,F )k = X|`/k−1 ·X`/k−1| · fk| = xω|` · xωk| · fk| = xω|` · fω · yωk|
= f|` · yω|` · yωk| = f|` · Y|`/k−1 · Y`/k−1| = X|`/k−1 · f`/k−1 · Y`/k−1|

= X|`/k−1 · (fΞFΨ`,CF,F )k · (Y χ`,CF,F )k

and since X|`/k−1 is a pure epimorphism in F .

Suppose given X ∈ Ob(FO(F )). The morphism Xχ`,CF,F is an `-pure monomorphism in

CF(F ) since
(
(Xχ`,CF,F )k , (XPCF,F )k `+1

)
=
(
X`/k−1| , Xk| `+1|

)
is a pure short exact se-

quence for k ∈ Z≤`+1 .

4.2.39 Lemma. Suppose given ` ∈ Z. We have (1ΞF
? ψ`,`+1,CF,F ) · χ`+1,CF,F = χ`,CF,F , cf.

definition 3.3.53. ♦

Proof. Suppose given X ∈ Ob(FO(F )). We have XΞFψ`,`+1,CF,F · Xχ`+1,CF,F = Xχ`,CF,F

since, for k ∈ Z≤`+1 ,

X|`/k−1 · (XΞFψ`,`+1,CF,F )k · (Xχ`+1,CF,F )k = X|`/k−1 · (XΞF )`/k−1 `+1/k−1 ·X`+1/k−1|

= x|` ·X|`+1/k−1 ·X`+1/k−1|

= x|` · xω|`+1 · xωk| = xω|` · xωk|
= X|`/k−1 ·X`/k−1| = X|`/k−1 · (Xχ`,CF,F )k
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and since X|`/k−1 is a pure epimorphism.

4.2.40 Lemma. Suppose given X ∈ Ob(FOlim(F )) and ` ∈ Z. Then (X|` , (X|`/k−1)k∈Z) is a

limit for XΞFΨ`,CF,F . ♦

Proof. We want to apply lemma 3.2.39.(c). The morphism Xχ`,CF,F : XΞFΨ`,CF,F → XPCF,F

is an `-pure monomorphism in CF(F ), cf. definition 4.2.38. We have the limit (Xω , (xωk|)k∈Z)

for XPCF,F , cf. definition 3.4.34. Note that (xω|` , x
ω
`+1|) is a pure short exact sequence. For

k ∈ Z, we have X|`/k−1 · (Xχ`,CF,F )k = X|`/k−1 ·X`/k−1| = xω|` · xωk| .

We conclude that (X|` , (X|`/k−1)k∈Z) is a limit for XΞFΨ`,CF,F .

4.2.41 Lemma. Suppose given X ∈ Ob(FOcolim(F )) and k ∈ Z. Then (Xk| , (X`/k−1|)`∈Z) is

a colimit for XΞFΨk,F,F . ♦

Proof. This is dual to the previous lemma 4.2.40.

4.2.42 Lemma. Suppose given X
f //Y in FO(F ) with Y ∈ Ob(FOlim(F )). For ` ∈ Z, we

have f|` = fΞFΨ`,CF,F �
(Y|`,(Y|`/k−1)k∈Z)

(X|`,(X|`/k−1)k∈Z) , cf. lemma 4.2.40 and definition 3.2.22. ♦

Proof. Suppose given k, ` ∈ Z. We have f|` ·Y|`/k−1 = X|`/k−1 ·f`/k−1 = X|`/k−1 ·(fΞFΨ`,CF,F )k .

4.2.43 Lemma. Suppose given X ∈ Ob(FOcolim(F )), Y ∈ Ob(FOlim(F )) and

XΞF
f //Y ΞF in ∇(F ). There exists a unique morphism X

g //Y in FO(F ) such that

gΞF = f . For ` ∈ Z, we have g|` = fΨ`,CF,F �
(Y|`,(Y|`/k−1)k∈Z)

(X|`,(X|`/k−1)k∈Z) .

Moreover, we have gω = gPF,F �
(Yω ,(yω|k)k∈Z)

(Xω ,(xω|k)k∈Z) . ♦

Proof. We verify that we obtain a morphism XPF,F
h //Y PF,F in F(F ) by setting

h` = fΨ`,CF,F �
(Y|`,(Y|`/k−1)k∈Z)

(X|`,(X|`/k−1)k∈Z) for ` ∈ Z.

For ` ∈ Z, we have h` · y|` = x|` · h`+1 since

h` · y|` · Y|`+1/j = fΨ`,CF,F �
(Y|`,(Y|`/k−1)k∈Z)

(X|`,(X|`/k−1)k∈Z) · Y|`/j · (Y ΞF )`/j `+1/j

= X|`/j · f`/j · (Y ΞF )`/j `+1/j = X|`/j · (XΞF )`/j `+1/j · f`+1/j

= x|` ·X|`+1/j · f`+1/j = x|` · fΨ`+1,CF,F �
(Y|`+1,(Y|`+1/k−1)k∈Z)

(X|`+1,(X|`+1/k−1)k∈Z) · Y|`+1/j

= x|` · h`+1 · Y|`+1/j

for j ∈ Z≤` and since (Y|`+1 , (Y|`+1/k−1)k∈Z) is a limit for XΞFΨ`+1,CF,F .

Lemma 3.4.52 yields a unique morphism X
g //Y in FO(F ) such that gPF,F = h. Moreover,

we have gω = gPF,F �
(Yω ,(yω|k)k∈Z)

(Xω ,(xω|k)k∈Z) .

For `/j ∈ V, we have (gΞF )`/j = f`/j since

X|`/j · (gΞF )`/j = X|`/j · g`/j = g|` · Y|`/j = fΨ`,CF,F �
(Y|`,(Y|`/k−1)k∈Z)

(X|`,(X|`/k−1)k∈Z) · Y|`/j = X|`/j · f`/j
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and since X|`/j is a pure epimorphism. Thus gΞF = f .

Suppose given X
e //Y in FO(F ) such that eΞF = f .

By lemma 4.2.42, we have e|` = fΨ`,CF,F �
(Y|`,(Y|`/k−1)k∈Z)

(X|`,(X|`/k−1)k∈Z) = h` for ` ∈ Z. So ePF,F = h. We

conclude that e = g.

4.2.44 Corollary. The restrictions Ξb
F = ΞF |∇

b(F )

FOb(F )
: FOb(F )→ ∇b(F ) and

Ξ∇F = ΞF |FO∇(F ) : FO∇(F )→ ∇(F ) are full and faithful, cf. remark 3.4.38. ♦

4.2.45 Lemma. Suppose given X
f //Y in FO(F ) such that X ∈ Ob(FOcolim(F )) ,

X[−1]B ∈ Ob(FOcolim(F )) and such that Y ∈ Ob(FOlim(F )). If fΞF = 0 in ∇(F ), then

f = 0 in FO(F ). ♦

Proof. Suppose that fΞF = 0 in ∇(F ). We may choose (XΞF )[−1]B
g //Y ΞF in ∇(F ) such

that (XΞF )[−1]ρ · fΞF = (XΞF )[−1]ι · g, cf. remarks 3.3.16 and 3.3.10.

Note that (XΞF )[−1]B = X[−1]ΞFB by lemma 4.2.21.

Consider the morphism X[−1]BΞF

X[−1]ξB,F ·g //Y ΞF in ∇(F ), cf. definition 4.2.23. By lemma

4.2.43, we may choose X[−1]B
h //Y in FO(F ) such that hΞF = X[−1]ξB,F · g.

We show that X[−1]ρ · f = X[−1]ι · h using lemmata 4.2.21, 4.2.27, 4.2.43 and remark 4.2.24:

(X[−1]ρ · f)ΞF = (XΞF )[−1]ρ · fΞF = X[−1]ξ1F ,F · (XΞF )[−1]ι · g = X[−1]ιΞF ·X[−1]ξB,F · g

= X[−1]ιΞF · hΞF = (X[−1]ι · h)ΞF .

We conclude that f = 0 in FO(F ), cf. remark 3.4.14.

4.2.46 Corollary. Suppose given X
f //Y in FOb(F ). If fΞF = 0 in ∇(F ), then f = 0 in

FO(F ), cf. lemma 3.4.29 and remark 3.4.38. ♦

4.2.47 Corollary. Suppose that F has countable coproducts of bijectives. Suppose given

X
f //Y in FO(F ) such that X ∈ Ob(FOcolim(F )) and such that Y ∈ Ob(FOlim(F )). If

fΞF = 0 in ∇(F ), then f = 0 in FO(F ). ♦

Proof. We have X[−1]B ∈ Ob(FOcolim(F )) by lemmata 3.4.40 and 3.4.51. So the result follows

from lemma 4.2.45.

4.2.48 Definition. Suppose given X ∈ Ob(∇b(F )). We obtain XLimb
F ∈ Ob(FOb(F )) as

follows. We will use lemmata 3.2.18 and 3.2.19 repeatedly.

For ` ∈ Z, we choose a limit (X`/−∞ , (x`/−∞,k−1)k∈Z) for XΨ`,CF,F , cf. corollary 3.3.52.(a).

Lemma 3.3.57 yields the filtration XΨ−∞,F,F ∈ Ob(Fb(F )) and morphisms

XΨ−∞,F,F
Xψ−∞,k,F,F //XΨk,F,F in F(F ) for k ∈ Z, cf. lemma 3.3.57.(f).

For k ∈ Z, we choose a colimit (X∞/k−1 , (x`,∞/k−1)`∈Z) for XΨk,F,F , cf. corollary 3.3.52.(b).

Lemma 3.3.58 yields the cofiltration XΨ∞,CF,F ∈ Ob(CFb(F )), cf. lemma 3.3.58.(e).
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Choose a colimit (X∞/−∞ , (x`,∞/−∞)`∈Z) for XΨ−∞,F,F ∈ Ob(Fb(F )).

We define XLimb
F ∈ Ob(FOb(F )) by setting

• XLimb
F PF,F = XΨ−∞,F,F ,

• XLimb
F PCF,F = XΨ∞,CF,F ,

• (XLimb
F )ω = X∞/−∞ ,

• (XLimb
F )|k ω = xk,∞/−∞ for k ∈ Z and

• (XLimb
F )ω k| = Xψ−∞,k,F,F � for k ∈ Z.

Note that, for k ∈ Z, we have xk,∞/−∞ = (XΨ−∞,F,F )k k+1 · xk+1,∞/−∞ and

Xψ−∞,k,F,F � · (XΨ∞,CF,F )k k+1 = Xψ−∞,k+1,F,F � by lemma 3.3.59.(c). Moreover, for k ∈ Z,

the sequence Xk/−∞
xk,∞/−∞ //X∞/−∞

Xψ−∞,k+1,F,F � //X∞/k is pure short exact in F by lemma

3.3.59.(a).

Additionally, we obtain the isomorphism Xσb
F = 1XLimb

F
θ
XLimb

F C

(x`/−∞,k)`/k∈V
: X → XLimb

F Ξb
F in

∇(F ), cf. lemmata 3.3.57.(b) and 4.2.9.(a,b). ♦

4.2.49 Definition. Suppose that F has epilimits and monocolimits.

Suppose given X ∈ Ob(∇(F )). We obtain XLimF ∈ Ob(FO∇(F )) as follows.

For X ∈ Ob(∇b(F )), we choose XLimF = XLimb
F ∈ Ob(FOb(F )), cf. definition 4.2.48.

Now suppose that X /∈ Ob(∇b(F )).

For ` ∈ Z, we choose a limit (X`/−∞ , (x`/−∞,k−1)k∈Z) for XΨ`,CF,F .

Lemma 3.3.57 yields the filtration XΨ−∞,F,F ∈ Ob(F(F )) and morphisms

XΨ−∞,F,F
Xψ−∞,k,F,F //XΨk,F,F in F(F ) for k ∈ Z.

For k ∈ Z, we choose a colimit (X∞/k−1 , (x`,∞/k−1)`∈Z) for XΨk,F,F .

Lemma 3.3.58 yields the cofiltration XΨ∞,CF,F ∈ Ob(CF(F )).

Choose a colimit (X∞/−∞ , (x`,∞/−∞)`∈Z) for XΨ−∞,F,F ∈ Ob(F(F )).

We define XLimF ∈ Ob(FO(F )) by setting

• XLimF PF,F = XΨ−∞,F,F ,

• XLimF PCF,F = XΨ∞,CF,F ,

• (XLimF )ω = X∞/−∞ ,

• (XLimF )|k ω = xk,∞/−∞ for k ∈ Z and

• (XLimF )ω k| = Xψ−∞,k,F,F � for k ∈ Z.

Note that, for k ∈ Z, we have xk,∞/−∞ = (XΨ−∞,F,F )k k+1 · xk+1,∞/−∞ and

Xψ−∞,k,F,F � · (XΨ∞,CF,F )k k+1 = Xψ−∞,k+1,F,F � by lemma 3.3.59.(c). Moreover, for k ∈ Z,
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the sequence Xk/−∞
xk,∞/−∞ //X∞/−∞

Xψ−∞,k+1,F,F � //X∞/k is pure short exact in F by lemma

3.3.59.(a).

Also note that we have XLimF ∈ Ob(FO∇(F )) by lemma 3.3.59.(c).

Additionally, we obtain the isomorphism XσF = 1XLimF
θXLimF C

(x`/−∞,k)`/k∈V
: X → XLimF ΞF in

∇(F ), cf. lemmata 3.3.57.(b) and 4.2.9.(a,b). ♦

4.2.50 Definition. We want to construct quasi-inverses Limb
F and Limb

F of the functors

Ξb
F = ΞF |∇

b(F )

FOb(F )
: FOb(F ) → ∇b(F ) and Ξb

F = ΞF |
∇b(F )

FOb(F )
: FOb(F ) → ∇b(F ) following

the steps of lemma 1.2.17. Cf. definition 4.2.34. We call these quasi-inverses bounded limit

functors since the are obtained by taking limits and colimits.

FOb(F )
Ξb

F //

Q
FOb,F

��

∇b(F )

Q∇b,F

��

FOb(F )
Ξb

F // ∇b(F )

The functor Ξb
F is full and faithful by corollary 4.2.44. For f ∈ Mor(FOb(F )), we have f = 0

if and only if fΞF = 0 by lemma 4.2.30 and corollary 4.2.46.

For X ∈ Ob(∇b(F )), definition 4.2.48 yields the object XLimb
F ∈ Ob(FOb(F )) and the

isomorphism Xσb
F : X → XLimb

F Ξb
F .

Lemma 1.6.5 yields the functor Limb
F : ∇b(F ) → FOb(F ), where for X

f //Y in ∇b(F ),

XLimb
F

fLimb
F //Y Limb

F is the unique morphism in FOb(F ) such that

f = Xσb
F · fLimb

F Ξb
F · (Y σb

F )−1. The functors Ξb
F and Limb

F are mutually quasi-inverse

equivalences. Moreover, we obtain the isotransformation σb
F : 1∇b(F ) → Limb

F Ξb
F .

Lemma 1.2.16 yields the functor Limb
F : ∇b(F ) → FOb(F ), where for X

f //Y in ∇b(F ),

XLimb
F

f Limb
F
//Y Limb

F is the unique morphism in FOb(F ) such that

f = Xσb
F · f Limb

F Ξb
F · (Y σb

F )−1.

The functors Ξb
F and Limb

F are mutually quasi-inverse equivalences. Moreover, we obtain the

isotransformation σb
F : 1∇b(F ) → Limb

F Ξb
F with Xσb

F = Xσb
F for X ∈ Ob(∇b(F )). We have

Limb
F ·QFOb,F = Q∇b,F · Limb

F .

FOb(F )

Q
FOb,F

��

∇b(F )
Limb

Foo

Q∇b,F

��

FOb(F ) ∇b(F )
Limb

Foo
♦

4.2.51 Definition. Suppose that F has epilimits and monocolimits. We want to construct

quasi-inverses LimF and LimF of the functors Ξ∇F = ΞF |FO∇(F ) : FO∇(F ) → ∇(F ) and

Ξ∇F = ΞF |FO∇(F ) : FO∇(F ) → ∇(F ) following the steps of lemma 1.2.17. Cf. definition

4.2.35. We call these quasi-inverses limit functors since the are obtained by taking limits and
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colimits.

FO∇(F )
Ξ∇F //

Q
FO∇,F

��

∇(F )

Q∇,F

��
FO∇(F )

Ξ∇F //∇(F )

The functor Ξ∇F is full and faithful by corollary 4.2.44. For f ∈ Mor(FO∇(F )), we have f = 0

if and only if fΞF = 0 by lemma 4.2.30 and corollary 4.2.47.

For X ∈ Ob(∇(F )), definition 4.2.49 yields the object XLimF ∈ Ob(FO∇(F )) and the

isomorphism XσF : X → XLimF ΞF .

Lemma 1.6.5 yields the functor LimF : ∇(F ) → FO∇(F ), where for X
f //Y in ∇(F ),

XLimF
fLimF //Y LimF is the unique morphism in FO∇(F ) such that

f = XσF · fLimF Ξ∇F · (Y σF )−1. The functors Ξ∇F and LimF are mutually quasi-inverse

equivalences. Moreover, we obtain the isotransformation σF : 1∇(F ) → LimF Ξ∇F .

Lemma 1.2.16 yields the functor LimF : ∇(F ) → FO∇(F ), where for X
f //Y in ∇(F ),

XLimF

f LimF
//Y LimF is the unique morphism in FO∇(F ) such that

f = XσF · f LimF Ξ∇F · (Y σF )−1.

The functors Ξ∇F and LimF are mutually quasi-inverse equivalences. Moreover, we obtain the

isotransformation σF : 1∇(F ) → LimF Ξ∇F with XσF = XσF for X ∈ Ob(∇(F )). We have

LimF ·QFO∇,F = Q∇,F · LimF .

FO∇(F )

Q
FO∇,F

��

∇(F )
LimFoo

Q∇,F

��
FO∇(F ) ∇(F )

LimFoo

Note that we have LimF |FOb(F )

∇b(F )
= Limb

F and LimF |
FOb(F )

∇b(F )
= Limb

F by construction. ♦

4.2.52 Remark. Suppose given X ∈ Ob(∇b(F )).

(a) Suppose given n ∈ Z. If X ∈ Ob(∇dn(F )), then XLimb
F ∈ Ob(FOdn(F )), cf. definition

4.2.48, lemma 3.3.57.(d) and lemma 3.4.24.

(b) Suppose given n ∈ Z. If X ∈ Ob(∇ne(F )), then XLimb
F ∈ Ob(FOne(F )), cf. definition

4.2.48, lemma 3.3.57.(e) and lemma 3.4.25.
♦

4.2.53 Remark. Suppose that F has epilimits and monocolimits.

Suppose given X ∈ Ob(∇(F )).

(a) Suppose given n ∈ Z. If X ∈ Ob(∇dn(F )), then XLimF ∈ Ob(FOdn(F )), cf. definition

4.2.49, lemma 3.3.57.(d) and lemma 3.4.24.
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(b) Suppose given n ∈ Z. If X ∈ Ob(∇ne(F )), then XLimF ∈ Ob(FOne(F )), cf. definition

4.2.49, lemma 3.3.57.(e) and lemma 3.4.25.
♦

4.2.54 Lemma. Suppose given a strictly full additive subcategory S ⊆ F . Suppose given

X ∈ Ob(∇b
S (F )). Then XLimb

F ∈ Ob(FOb
S (F )). ♦

Proof. We have XLimb
F Ξb

F ∈ Ob(∇b
S (F )) by lemma 3.3.19. Thus XLimb

F ∈ Ob(FOb
S (F ))

by remark 4.2.13.

4.2.55 Lemma. Suppose that F has epilimits and monocolimits.

Suppose given a strictly full additive subcategory S ⊆ F . Suppose given X ∈ Ob(∇S (F )).

Then XLimF ∈ Ob(FOS (F )). ♦

Proof. We have XLimF Ξ∇F ∈ Ob(∇S (F )) by lemma 3.3.19. Thus XLimF ∈ Ob(FOS (F ))

by remark 4.2.13.

4.2.56 Definition. Suppose given a strictly full additive subcategory S ⊆ F .

Let Ξb
S ,F = Ξb

F |
∇b

S (F )

FOb
S (F )

: FOb
S (F )→ ∇b

S (F ), Ξb
S ,F = Ξb

F |
∇b

S
(F )

FOb
S

(F )
: FOb

S
(F )→ ∇b

S
(F ) and

Limb
S ,F =Limb

F |
FOb

S (F )

∇b
S (F )

: ∇b
S (F ) → FOb

S (F ), Limb
S ,F =Limb

F |
FOb

S
(F )

∇b
S

(F )
: ∇b

S
(F ) → FOb

S
(F ),

cf. remark 4.2.13 and lemma 4.2.54.

The functors Ξb
S ,F and Limb

S ,F are mutually quasi-inverse equivalences, cf. lemma 1.6.10.

The functors Ξb
S ,F and Limb

S ,F are mutually quasi-inverse equivalences, cf. lemma 1.6.10.

Note that the functors Ξb
S ,F , Limb

S ,F , Ξb
S ,F and Limb

S ,F are additive, cf. remarks 1.2.5.(a),

4.2.17 and corollary 3.3.37. ♦

4.2.57 Definition. Suppose that F has epilimits and monocolimits.

Suppose given a strictly full additive subcategory S ⊆ F .

Let Ξ∇S ,F = ΞF |∇S (F )

FO∇S (F )
: FO∇S (F )→ ∇S (F ), Ξ∇S ,F = ΞF |

∇
S

(F )

FO∇
S

(F )
: FO∇

S
(F )→ ∇

S
(F ) and

LimS ,F =LimF |
FO∇S (F )

∇S (F ) : ∇S (F ) → FO∇S (F ), LimS ,F =LimF |
FO∇

S
(F )

∇
S

(F ) : ∇
S

(F ) → FO∇
S

(F ),

cf. remark 4.2.13 and lemma 4.2.55.

The functors Ξ∇S ,F and LimS ,F are mutually quasi-inverse equivalences, cf. lemma 1.6.10.

The functors Ξ∇S ,F and LimS ,F are mutually quasi-inverse equivalences, cf. lemma 1.6.10.

Moreover, σS ,F = σF |
∇

S
(F )

∇
S

(F ) : 1∇
S

(F ) → LimS ,F Ξ∇S ,F is an isotransformation. Note that we

have LimS ,F |
FOb

S (F )

∇b
S (F )

= Limb
S ,F and LimS ,F |

FOb
S

(F )

∇b
S

(F )
= Limb

S ,F , cf. definition 4.2.51.

Also note that the functors Ξ∇S ,F , Lim∇S ,F , Ξ∇S ,F and Lim∇S ,F are additive, cf. remarks

1.2.5.(a), 4.2.18 and corollary 3.3.37. ♦

4.2.58 Lemma/Definition. Suppose that F has epilimits and monocolimits. Consider the

functors LimF · Inc
FOlim(F )

FO∇(F )
: ∇(F ) → FOlim(F ) and Ξlim

F : FOlim(F ) → ∇(F ), cf. definition
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4.2.36. We have the isotranformation σF : 1∇(F ) → LimF · Ξ∇F = LimF · Inc
FOlim(F )

FO∇(F )
· Ξlim

F .

FOlim(F )
Ξlim

F // ∇(F )

LimFvv
FO∇(F )

Inc
FOlim(F)

FO∇(F)

OO

We obtain a tranformation τF : Ξlim
F · LimF · Inc

FOlim(F )

FO∇(F )
→ 1FOlim(F ) as follows.

For X ∈ Ob(FOlim(F )), let XτF : XΞF LimF → X be the unique morphism in FO(F ) such

that XτF ΞF = XΞFσ
−1
F : XΞF LimF ΞF → XΞF , cf. lemma 4.2.43.

Moreover,
(
LimF · Inc

FOlim(F )

FO∇(F )
, Ξlim

F , σF , τF

)
is an adjunction, i.e. LimF · Inc

FOlim(F )

FO∇(F )
is left-

adjoint to Ξlim
F with unit σF and counit τF .

For X ∈ Ob(FOlim(F )) and ` ∈ Z, the morphism (XτF )|` is an isomorphism in F . ♦

Proof. Suppose given X
f //Y in FOlim(F ). We have

(XτF · f)ΞF = XτF ΞF · fΞF = XΞFσ
−1
F · fΞF = fΞF LimF ΞF · Y ΞFσ

−1
F

= fΞF LimF ΞF · Y τF ΞF = (fΞF LimF · Y τF )ΞF .

Thus XτF · f = fΞF LimF · Y τF by lemma 4.2.43.

Suppose given X ∈ Ob(FOlim(F )). We have XΞFσF ·XτF ΞF = XΞFσF ·XΞFσ
−1
F = 1XΞF

.

Suppose given X ∈ Ob(∇(F )). We have (XσF LimF ·XLimFτF )ΞF = 1XLimF
ΞF since

XσF · (XσF LimF ·XLimFτF )ΞF = XσF ·XσF LimF ΞF ·XLimFτF ΞF

= XσF ·XLimF ΞFσF ·XLimF ΞFσ
−1
F

= XσF · 1XLimF ΞF
= XσF · 1XLimF

ΞF

and since XσF is an isomorphism. Thus XσF LimF ·XLimFτF = 1XLimF
by lemma 4.2.43.

We conclude that
(
LimF · Inc

FOlim(F )

FO∇(F )
, Ξlim

F , σF , τF

)
is an adjunction.

Suppose given X ∈ Ob(FOlim(F )) and ` ∈ Z. By lemma 4.2.43, we have

(XτF )|` = XΞFσ
−1
F Ψ`,CF,F �

(X|`,(X|`/k−1)k∈Z)

((XΞF LimF )|`,((XΞF LimF )|`/k−1)k∈Z) .

Note that XΞFσ
−1
F Ψ`,CF,F is an isomorphism in CF(F ),

((XΞF LimF )|` , ((XΞF LimF )|`/k−1)k∈Z) is a limit for XΞF LimF ΞFΨ`,CF,F and that

(X|` , (X|`/k−1)k∈Z) is a limit for XΞFΨ`,CF,F , cf. lemma 4.2.40.

Thus (XτF )|` is an isomorphism in F , cf. lemma 3.2.24.(a,b).

4.2.59 Definition. Suppose given a full subcategory S ⊆ F .

Let Ξlim,inj
S ,F = ΞF |

∇
S

(F )

FOlim,inj
S

(F )
: FOlim,inj

S
(F )→ ∇

S
(F ), cf. definition 4.2.32. ♦

4.2.60 Proposition. Suppose that F has epilimits and monocolimits. Suppose given a

strictly full additive subcategory S ⊆ F . Consider the functors
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LimS ,F · Inc
FOlim,inj(F )

FO∇(F )
: ∇

S
(F ) → FOlim,inj

S
(F ) and Ξlim,inj

S ,F : FOlim,inj

S
(F ) → ∇

S
(F ). By

lemmata 4.2.58, 1.6.9 and 1.6.11, we obtain the adjunction

(
LimS ,F · Inc

FOlim,inj
S

(F )

FO∇
S

(F )
, Ξlim,inj

S ,F , σS ,F , τS ,F

)
with XτS ,F = XτF for X ∈ Ob(FOlim,inj

S (F )) and XσS ,F = XσF for X ∈ Ob(∇S (F )).

FOlim,inj

S
(F )

Ξlim,inj
S ,F //∇

S
(F )

LimS ,Fvv
FO∇

S
(F )

Inc
FO

lim,inj
S

(F)

FO∇
S

(F)

OO

♦

4.2.61 Lemma. Suppose given a strictly full additive subcategory S ⊆ F .

(a) We have EF |
FOb

S
(F )

S · Pb
ω,S ,F = IncF

S , cf. definitions 3.4.65 and 3.4.67.

(b) The functors EF |
FOb

S
(F )

S · Ξb
S ,F ·∆b

S ,F
and IKb,S are isomorphic in S (Kb(S )).

(c) Suppose that F (S [k],S ) = 0 for k ∈ Z≥1 .

The functors EF |
FOb

S
(F )

S and IKb,S · Rb
S ,F · Limb

S ,F are isomorphic in S (FOb

S
(F )).

(d) Suppose that F (S [k],S ) = 0 for k ∈ Z≥1 .

The functors IKb,S · Rb
S ,F · Limb

S ,F · Pb
ω,S ,F and IncF

S are isomorphic in S (F ).
♦

Proof. Ad (a). By lemma 3.4.68, we have

EF |
FOb

S
(F )

S · Pb
ω,S ,F = EF |

FOb
S

(F )

S · Pω,F |FOb
S

(F ) =
(
EF · Pω,F

)
|S = 1F |S = IncF

S .

Ad (b). We want to construct an isotransformation IKb,S
λ //EF |

FOb
S

(F )

S · Ξb
S ,F ·∆b

S ,F
.

Suppose given X ∈ Ob(S ).

We have XEF Ξb
S ,F ∆b

S ,F
= XEF ΞF ∆S ,F ∈ Ob(Cd0,0e(S )) by lemmata 4.2.33 and 4.1.17.

Note that (XEF ΞF ∆S ,F )0 = (XEF )0/−1 . We have the pure short exact sequence

0F •
(XEF )|−1 |0 //X �(XEF )|0/−1 //(XEF )0/−1 in F . Thus (XEF )|0/−1 : X → (XEF )0/−1 is an isomor-

phism in F .

We obtain the isomorphism XIKb,S

Xµ //XEF ΞF ∆S ,F in Cb(S ) by setting

(Xµ)0 = (XEF )|0/−1 . Let Xλ = Xµ in Kb(S ).

Suppose given X
f
//Y in S . We have Xλ ·f EF Ξb

S ,F ∆b

S ,F
= f IKb,S ·Y λ since Xλ = Xµ ,
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Y λ = Y µ , f EF Ξb
S ,F ∆b

S ,F
= fEF ΞF ∆S ,F , f IKb,S = f ICb,S and since

(Xµ · fEF ΞF ∆S ,F )0 = (XEF )|0/−1 · (fEF )0/−1 = (fEF )|0 · (Y EF )|0/−1 = f · (Y µ)0

= (f ICb,S · Y µ)0 .

XIKb,S

f I
Kb,S

��

Xλ // XEF Ξb
S ,F ∆b

S ,F

f EF Ξb
S ,F ∆b

S ,F

��

Y IKb,S
Y λ // Y EF Ξb

S ,F ∆b

S ,F

We conclude that IKb,S
λ //EF |

FOb
S

(F )

S · Ξb
S ,F ·∆b

S ,F
is an isotransformation.

Ad (c). The functors Ξb
S ,F ·∆b

S ,F
and Rb

S ,F ·Limb
S ,F are mutually quasi-inverse equivalences.

So the result follows from (b) and lemma 1.1.7.

FOb

S
(F )

Ξb
S ,F ·∆

b
S ,F // Kb(S )

Rb
S ,F ·Limb

S ,F

oo

S

EF |
FOb

S
(F)

S

OO

I
Kb,S

77

Ad (d). This follows from (c), (a) and lemma 1.1.5.

4.3 Resolution functors

We have collected some facts about w-structures in section 1.7 which we will use now.

Suppose given a strict Frobenius category F = (F ,B,Σ, ι, π, α). Suppose given a full trian-

gulated subcategory D ⊆ F . Suppose given a w-structure W = (Wd0,W0e) on D .

4.3.1 Remark. Suppose given X ∈ Ob(D) and k ∈ Z.

There is a triangle Y //Z //X //Y [1] in F such that Y ∈ Ob(Wke) and Z ∈ Ob(Wdk).

♦

Proof. We may choose a triangle Z //X //Y [1] //Z [1] in F such that Z ∈ Ob(Wdk) and

Y [1] ∈ Ob(Wk+1e). Rotation of the triangle yields the result.

4.3.2 Definition. We define the full subcategory FOW |(F ) of FOproj(F ) by setting

Ob(FOW |(F )) = {X ∈ Ob(FOproj(F )) : Xk| ∈ Ob(Wke) for k ∈ Z}.

We define the full subcategory FO|W (F ) of FOinj(F ) by setting

Ob(FO|W (F )) = {X ∈ Ob(FOinj(F )) : X|k ∈ Ob(Wdk) for k ∈ Z}.
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Cf. definition 3.4.53. Let FOW (F ) = FOW |(F ) ∩ FO|W (F ).

We define the full subcategories FO
W |(F ), FO|W (F ) and FO

W
(F ) of FO(F ) by setting

Ob(FO
W |(F )) = Ob(FOW |(F )), Ob(FO|W (F )) = Ob(FO|W (F )) and

Ob(FO
W

(F )) = Ob(FOW (F )).

Let FOb
W (F ) = FOb(F ) ∩ FOW (F ), FOb

W
(F ) = FOb(F ) ∩ FO

W
(F ),

FOlim
W (F ) = FOlim(F ) ∩ FOW (F ) and FOlim

W
(F ) = FOlim(F ) ∩ FO

W
(F ). ♦

4.3.3 Definition. Suppose given m,n ∈ Z.

Let FO
me
|W (F ) = FOme(F ) ∩ FO|W (F ), FO

dm
W |(F ) = FOdm(F ) ∩ FOW |(F ),

FO
dm
W (F ) = FOdm(F ) ∩ FOW (F ), FO

me
W (F ) = FOme(F ) ∩ FOW (F ) and

FO
dm,ne
W (F ) = FOdm,ne(F ) ∩ FOW (F ). ♦

4.3.4 Remark. Suppose given X ∈ Ob(FOW (F )). Then we have Xω ∈ Ob(D). ♦

Proof. The pure short exact sequence X|0 •
xω|0 //Xω

�x
ω
1| //X1| in F yields a triangle

X|0 //Xω
//X1| //X

[1]
|0 in F . Since X|0 , X1| ∈ Ob(D), we have Xω ∈ Ob(D) as well.

4.3.5 Remark. We will use definition 4.2.2. Suppose given X ∈ Ob(FO(F )) and k ∈ Z.

(a) If X ∈ Ob(FOW |(F )), then Xk/k−1 ∈ Ob(Wke).

(b) If X ∈ Ob(FO|W (F )), then Xk/k−1 ∈ Ob(Wdk).

(c) If X ∈ Ob(FOW (F )), then Xk/k−1 ∈ Ob(Wdk,ke). ♦

Proof. The pure short exact sequences X|k−1 •
x|k−1 //X|k

�X|k/k−1//Xk/k−1 and

Xk/k−1 •
Xk/k−1|//Xk|

�xk| //Xk+1| in F yield triangles X|k−1
//X|k //Xk/k−1

//X
[1]
|k−1 and

Xk/k−1
//Xk| //Xk+1| //X

[1]
k/k−1 in F .

Ad (a). If X ∈ Ob(FOW |(F )), then Xk| , X
[−1]
k+1| ∈ Ob(Wke) and thus Xk/k−1 ∈ Ob(Wke).

Ad (b). If X ∈ Ob(FO|W (F )), then X|k , X
[1]
|k−1 ∈ Ob(Wdk) and thus Xk/k−1 ∈ Ob(Wdk).

Ad (c). This follows from (a) and (b).

4.3.6 Corollary. We have FOW |(F ) ⊆ FOW0e(F ), FO|W (F ) ⊆ FOWd0(F ) and

FOW (F ) ⊆ FOWd0,0e(F ), cf. definition 4.2.12. ♦

4.3.7 Lemma. Suppose given X ∈ Ob(FOWd0(F )). For `/k ∈ V, we have X`/k ∈ Ob(Wd̀ ). ♦

Proof. We have X`/k ∈ Ob

( ∗
j∈[k+1,`]

W [j]
d0

)
= Ob

( ∗
j∈[k+1,`]

Wdj

)
by remark 3.3.20.

Thus X`/k ∈ Ob(Wd̀ ).

4.3.8 Lemma. Suppose given m ∈ Z and X ∈ Ob(FO
me
Wd0

(F )). Then we have X|` ∈ Ob(Wd̀ )

for ` ∈ Z. ♦
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Proof. For ` ∈ Z<m , we have X|` ∈ Ob(ZF ) and thus X|` ∈ Ob(Wd̀ ).

Suppose given ` ∈ Z≥m . We have X`/m−1 ∈ Ob(Wd̀ ) by lemma 4.3.7.

Consider the pure short exact sequence X|m−1 •
X|m−1 |` //X|`

�X|`/m−1 //X`/m−1 in F . The

morphism X|`/m−1 is an isomorphism in F since X|m−1 ∈ Ob(ZF ). We conclude that

X|` ∈ Ob(Wd̀ ) since X`/m−1 ∈ Ob(Wd̀ ).

4.3.9 Lemma. Suppose given m ∈ Z and X ∈ Ob(FO
dm
W0e

(F )). Then we have X`| ∈ Ob(W è)

for ` ∈ Z. ♦

Proof. This is dual to the previous lemma 4.3.8.

4.3.10 Lemma. We have FOb
Wd0,0e

(F ) = FOb
W (F ) and FOb

Wd0,0e
(F ) = FOb

W
(F ). ♦

Proof. Note that we have Ob(FOb
W (F )) = Ob(FOb

W
(F )).

Suppose given X ∈ Ob(FOb
W (F )).

Thus X ∈ Ob(FOb(F )) and X ∈ Ob(FOW (F )) ⊆ Ob(FOWd0,0e(F )) by corollary 4.3.6. We

conclude that X ∈ Ob(FOb
Wd0,0e

(F )).

Conversely, suppose given X ∈ Ob(FOb
Wd0,0e

(F )).

We may choose m,n ∈ Z such that X ∈ Ob(FO
dm,ne
Wd0,0e

(F )). By lemmata 4.3.8, 4.3.9 and remark

3.4.56, we have X ∈ Ob(FO
dm,ne
W (F )). We conclude that X ∈ Ob(FOb

W (F )).

4.3.11 Lemma. Suppose given X ∈ Ob(FOW (F )). Then X
[1]
[−1] ∈ Ob(FOW (F )) as well. ♦

Proof. We have X
[1]
[−1] ∈ Ob(FOproj(F )) by lemmata 3.4.57 and 3.4.59.

We have X
[1]
[−1] ∈ Ob(FOinj(F )) by lemmata 3.4.58 and 3.4.60.

For k ∈ Z, we have (X
[1]
[−1])k| = X

[1]
k−1| ∈ Ob(Wke) and (X

[1]
[−1])|k = X

[1]
|k−1 ∈ Ob(Wdk).

4.3.12 Lemma. Suppose given a pure short exact sequence X •i //Y �p //Z in FO(F ) such

that X,Z ∈ Ob(FOW (F )). Then we have Y ∈ Ob(FOW (F )) as well. ♦

Proof. We have Y ∈ Ob(FOproj(F )) by lemma 3.4.61. We have Y ∈ Ob(FOinj(F )) by

lemma 3.4.63. Suppose given k ∈ Z. The pure short exact sequences X|k •
i|k //Y|k

�p|k //Z|k and

Xk| •
ik| //Yk|

�pk| //Zk| in F yield triangles X|k //Y|k //Z|k //X
[1]
|k and

Xk| //Yk| //Zk| //X
[1]
k| in F . We have Y|k ∈ Ob(Wdk) since X|k , Z|k ∈ Ob(Wdk). We

have Yk| ∈ Ob(Wk|) since Xk| , Zk| ∈ Ob(Wke).

4.3.13 Corollary. FOW (F ) is an extension-closed subcategory of FO(F ), cf. definition

1.3.23, remark 1.4.10 and lemma 4.3.12. In particular, it is a strictly full additive subcat-

egory of FO(F ). Moreover, FOb
W (F ) is an extension-closed subcategory of FO(F ) as well,

cf. remark 1.3.24. Thus FO
W

(F ) and FOb

W
(F ) are full additive subcategories of FO(F ), cf.

remark 1.2.14. ♦
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4.3.14 Lemma. Suppose given a pseudo-triangle X
f //Y •i //Z �p //X

[1]
[−1] in FO(F ) such

that X, Y ∈ Ob(FOW (F )). Then we have Z,X
[1]
[−1] ∈ Ob(FOW (F )) as well. ♦

Proof. This follows from lemmata 4.3.11 and 4.3.12.

4.3.15 Lemma. Suppose given X ∈ Ob(FO|W (F )), Y ∈ Ob(FOW |(F )) and Xω
f //Yω in

F . Then there exists X
g //Y in FO(F ) such that gω = f in F . ♦

Proof. In two steps, we want to construct Xω
µ //Y

[−1]
ω B in F such that

xω|k · (f − µ · Y
[−1]
ω π) · yωk+1| = 0, i.e. such that xω|k · f · yωk+1| = xω|k · µ · Y

[−1]
ω π · yωk+1| for k ∈ Z.

First step.

For k ∈ Z≤1 , we want to construct X|0B
λk //Yk| in F recursively such that λk−1 · yk−1| = λk

and such that xω|k−1 · f · yωk| = X|k−1 |0 ·X|0ι · λk .

Since F (X|0 , Y1|) = 0, we may choose X|0B
λ1 //Y1| in F such that xω|0 · f · yω1| = X|0ι · λ1 .

Suppose given k ∈ Z<1 . Suppose that we have already constructed λ` for ` ∈ [k + 1, 1].

Since X|0B is projective in F , we may choose X|0B
ζk //Yk| in F such that ζk · yk| = λk+1 .

We have

(xω|k−1 · f · yωk| −X|k−1 |0 ·X|0ι · ζk) · yk| = x|k−1 · xω|k · f · yωk+1| − x|k−1 ·X|k |0 ·X|0ι · λk+1

= x|k−1 · (xω|k · f · yωk+1| −X|k |0 ·X|0ι · λk+1) = 0.

Since moreover F (X|k−1, Yk/k−1) = 0 by remark 4.3.5.(a), we may choose X|0B
ηk //Yk/k−1 in

F such that

X|k−1 |0 ·X|0ι · ηk · Yk/k−1| = xω|k−1 · f · yωk| −X|k−1 |0 ·X|0ι · ζk .

X|k−1

•X|k−1 |0·X|0ι
��

xω|k−1
·f ·yω

k|−X|k−1 |0·X|0ι·ζk
// Yk|

�yk| // Yk+1|

X|0B
ηk // Yk/k−1

•Yk/k−1|

OO

Let λk = ζk + ηk · Yk/k−1| . We have λk · yk| = λk+1 and

X|k−1 |0 ·X|0ι · λk = X|k−1 |0 ·X|0ι · ζk +X|k−1 |0 ·X|0ι · ηk · Yk/k−1

= X|k−1 |0 ·X|0ι · ζk + xω|k−1 · f · yωk| −X|k−1 |0 ·X|0ι · ζk
= xω|k−1 · f · yωk| .

Since Y ∈ Ob(FOproj(F )) and since X|0B is projective in F , we may choose X|0B λ //Yω in

F such that λ · yωk| = λk for k ∈ Z≤1 .

Since X|0B is projective in F , we may choose X|0B ϑ //Y
[−1]
ω B in F such that ϑ ·Y [−1]

ω π = λ.
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Second step.

For k ∈ Z≥0 , we want to construct X|k
µk //Y

[−1]
ω B in F recursively such that x|k ·µk+1 = µk ,

such that xω|k · f · yωk+1| = µk · Y [−1]
ω π · yωk+1| and such that µ0 = X|0ι · ϑ.

We have µ0 · Y [−1]
ω π · yω1| = X|0ι · ϑ · Y [−1]

ω π · yω1| = X|0ι · λ · yω1| = X|0ι · λ1 = xω|0 · f · yω1| .

Suppose given k ∈ Z>0 . Suppose that we have already constructed µ` for ` ∈ [0, k − 1].

Since Y
[−1]
ω B is injective in F , we may choose X|k

βk //Y
[−1]
ω B in F such that x|k−1 ·βk = µk−1 .

We have

x|k−1 · (xω|k · f · yωk+1| − βk · Y [−1]
ω π · yωk+1|) = xω|k−1 · f · yωk| · yk| − µk−1 · Y [−1]

ω π · yωk| · yk|
= (xω|k−1 · f · yωk| − µk−1 · Y [−1]

ω π · yωk|) · yk| = 0.

Since moreover F (Xk/k−1 , Yk+1|) = 0 by remark 4.3.5.(b), we may choose

Xk/k−1
νk //Y

[−1]
ω B in F such that

X|k/k−1 · νk · Y [−1]
ω π · yωk+1| = xω|k · f · yωk+1| − βk · Y [−1]

ω π · yωk+1| .

X|k−1 •
x|k−1 // X|k

_X|k/k−1

��

xω|k·f ·y
ω
k+1|−βk·Y

[−1]
ω π·yω

k+1| // Yk+1|

Xk/k−1
νk // Y

[−1]
ω B

_Y [−1]
ω π·yω

k+1|

OO

Let µk = βk +X|k/k−1 · νk . We have x|k−1 · µk = µk−1 and

µk · Y [−1]
ω π · yωk+1| = βk · Y [−1]

ω π · yωk+1| +X|k/k−1 · νk · Y [−1]
ω π · yωk+1|

= βk · Y [−1]
ω π · yωk+1| + xω|k · f · yωk+1| − βk · Y [−1]

ω π · yωk+1|

= xω|k · f · yωk+1| .

Since X ∈ Ob(FOinj(F )) and since Y
[−1]
ω B is injective in F , we may choose Xω

µ //Y
[−1]
ω B

in F such that xω|k · µ = µk for k ∈ Z≥0 .

For k ∈ Z≥0 , we have xω|k · µ · Y
[−1]
ω π · yωk+1| = µk · Y [−1]

ω π · yωk+1| = xω|k · f · yωk+1| .

For k ∈ Z<0 , we have

xω|k · µ · Y [−1]
ω π · yωk+1| = X|k |0 · xω|0 · µ · Y [−1]

ω π · yωk+1| = X|k |0 · µ0 · Y [−1]
ω π · yωk+1|

= X|k |0 ·X|0ι · ϑ · Y [−1]
ω π · yωk+1| = X|k |0 ·X|0ι · λ · yωk+1|

= X|k |0 ·X|0ι · λk+1 = xω|k · f · yωk+1| .

By lemma 3.4.3.(b), we may choose X
g //Y in FO(F ) with gω = f−µ ·Y [−1]

ω π. We conclude

that gω = f in F .
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4.3.16 Lemma. Suppose given X ∈ Ob(FO|W (F )), Y ∈ Ob(FOW |(F )) and XωB
f //Yω in

F such that xω|k ·Xωι · f · yωk+1| = 0 for k ∈ Z. Then there exists X
[1]
ω

ξ //Yω in F such that

xω|k−1B · (f −Xωπ · ξ) · yωk+1| = 0 for k ∈ Z. ♦

Proof. For k ∈ Z, we have X|kι ·xω|kB ·f ·yωk+1| = xω|k ·Xωι ·f ·yωk+1| = 0, which we use frequently.

First step.

For k ∈ Z≤2 , we want to construct X
[1]
|0 B

εk //Yk| in F recursively such that εk−1 · yk−1 = εk

and such that xω|k−2B · f · yωk| = X|k−2π ·X [1]
|k−2ι ·X

[1]
|k−2 |0B · εk .

We have X|0ι · xω|0B · f · yω2| = X|0ι · xω|0B · f · yω1| · y1| = 0. Since F (X
[1]
|0 , Y2|) = 0, we may choose

X
[1]
|0 B

ε2 //Y2| in F such that xω|0B · f · yω2| = X|0π ·X [1]
|0 ι · ε2 .

X|0 •
X|0ι // X|0B

_X|0π
��

xω|0B·f ·yω
2| // Y2|

X
[1]
|0 •

X
[1]
|0 ι // X

[1]
|0 B

ε2

==

Suppose given k ∈ Z<2 . Suppose that we have constructed ε` for ` ∈ [k + 1, 2].

Since X
[1]
|0 B is projective in F , we may choose X

[1]
|0 B

βk //Yk| in F such that βk · yk| = εk+1 .

We have

X|k−2ι · (xω|k−2B · f · yωk| −X|k−2π ·X [1]
|k−2ι ·X

[1]
|k−2 |0B · βk) = X|k−2ι · xω|k−2B · f · yωk−1| · yk−1| − 0

= 0

and

(xω|k−2B · f · yωk| −X|k−2π ·X [1]
|k−2ι ·X

[1]
|k−2 |0B · βk) · yk|

= x|k−2B · xω|k−1B · f · yωk+1| −X|k−2π ·X [1]
|k−2ι · x

[1]
|k−2B ·X [1]

|k−1 |0B · εk+1

= x|k−2B · xω|k−1B · f · yωk+1| − x|k−2B ·X|k−1π ·X [1]
|k−1ι ·X

[1]
|k−1 |0B · εk+1

= x|k−2B · (xω|k−1B · f · yωk+1| −X|k−1π ·X [1]
|k−1ι ·X

[1]
|k−1 |0B · εk+1) = 0.

Since moreover F (X
[1]
|k−2, Yk/k−1) = 0 by remark 4.3.5.(a), we may choose X

[1]
|0 B

λk //Yk/k−1 in

F such that

xω|k−2B · f · yωk| −X|k−2π ·X [1]
|k−2ι ·X

[1]
|k−2 |0B · βk = X|k−2π ·X [1]

|k−2ι ·X
[1]
|k−2 |0B · λk · Yk/k−1| .

X|k−2 •
X|k−2ι// X|k−2B

_X|k−2π
��

xω|k−2
B·f ·yω

k|−X|k−2π·X
[1]
|k−2

ι·X[1]
|k−2 |0B·βk

// Yk|
�yk| // Yk+1|

X
[1]
|k−2

•
X

[1]
|k−2

ι·X[1]
|k−2 |0B

// X
[1]
|0 B

λk // Yk/k−1

•Yk/k−1|

OO
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Let εk = βk + λk · Yk/k−1| . We have εk · yk| = εk+1 and

X|k−2π ·X [1]
|k−2ι ·X

[1]
|k−2 |0B · εk

= X|k−2π ·X [1]
|k−2ι ·X

[1]
|k−2 |0B · βk +X|k−2π ·X [1]

|k−2ι ·X
[1]
|k−2 |0B · λk · Yk/k−1|

= xω|k−2B · f · yωk| .

Since Y ∈ Ob(FOproj(F )) and since X
[1]
|0 B is projective in F , we may choose X

[1]
|0 B ε //Yω

in F such that ε · yωk| = εk for k ∈ Z≤2 .

Since X
[1]
|0 B is projective in F , we may choose X

[1]
|0 B

µ //Y
[−1]
ω B in F such that µ ·Y [−1]

ω π = ε.

Second step.

For k ∈ Z≥0 , we want to construct X
[1]
|k

ϑk //Y
[−1]
ω B in F recursively such that ϑk = x

[1]
|k ·ϑk+1 ,

such that xω|kB · f · yωk+2| = X|kπ · ϑk · Y [−1]
ω π · yωk+2| and such that ϑ0 = X

[1]
|0 ι · µ.

We have

X|0π · ϑ0 · Y [−1]
ω π · yω2| = X|0π ·X [1]

|0 ι · µ · Y
[−1]
ω π · yω2| = X|0π ·X [1]

|0 ι · ε · y
ω
2| = X|0π ·X [1]

|0 ι · ε2

= xω|0 · f · yω2| .

Suppose given k ∈ Z>0 . Suppose that we have constructed ϑ` for ` ∈ [0, k − 1].

SinceX
[−1]
ω B is injective in F , we may choose X

[1]
|k

ϕk //Y
[−1]
ω B in F such that x

[1]
|k−1·ϕk = ϑk−1 .

We have

x|k−1B · (xω|kB · f · yωk+2| −X|kπ · ϕk · Y [−1]
ω π · yωk+2|)

= xω|k−1B · f · yωk+1| · yk+1| −X|k−1π · x[1]
|k−1 · ϕk · Y

[−1]
ω π · yωk+1| · yk+1|

= (xω|k−1B · f · yωk+1| −X|k−1π · ϑk−1 · Y [−1]
ω π · yωk+1|) · yk+1| = 0.

So we may choose Xk/k−1B
ηk //Yk+2| in F such that

X|k/k−1B · ηk = xω|kB · f · yωk+2| −X|kπ · ϕk · Y [−1]
ω π · yωk+2| .

We have Xk/k−1ι · ηk = 0 since

X|k/k−1 ·Xk/k−1ι · ηk = X|kι ·X|k/k−1B · ηk = X|kι · (xω|kB · f · yωk+2| −X|kπ · ϕk · Y [−1]
ω π · yωk+2|)

= X|kι · xω|kB · f · yωk+1| · yk+1| − 0 = 0.

and since X|k/k−1 is a pure epimorphism. Since moreover F (X
[1]
k/k−1 , Yk+2|) = 0 by remark
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4.3.5.(b), we may choose X
[1]
k/k−1

ζk //Y
[−1]
ω B in F such that Xk/k−1π · ζk · Y [−1]

ω π · yωk+2| = ηk .

X|k−1B •
x|k−1B

// X|kB

_X|k/k−1B

��

xω|kB·f ·yω
k+2|−X|kπ·ϕk·Y

[−1]
ω π·yω

k+2| // Yk+2|

Xk/k−1 •
Xk/k−1ι// Xk/k−1B

_Xk/k−1π
��

ηk

33

X
[1]
k/k−1

ζk // Y
[−1]
ω B

_Y [−1]
ω π·yω

k+2|

OO

Let ϑk = ϕk +X
[1]
|k/k−1 · ζk . We have x

[1]
|k−1 · ϑk = ϑk−1 and

X|kπ · ϑk · Y [−1]
ω π · yωk+2| = X|kπ · ϕk · Y [−1]

ω π · yωk+2| +X|k/k−1B ·Xk/k−1π · ζk · Y [−1]
ω π · yωk+2|

= X|kπ · ϕk · Y [−1]
ω π · yωk+2| +X|k/k−1B · ηk

= X|kπ · ϕk · Y [−1]
ω π · yωk+2| + xω|kB · f · yωk+2| −X|kπ · ϕk · Y [−1]

ω π · yωk+2|

= xω|kB · f · yωk+2| .

Since X [1] ∈ Ob(FOinj(F )) by lemma 3.4.58 and since Y
[−1]
ω B is injective in F , we may choose

X
[1]
ω

ϑ //Y
[−1]
ω B in F such that (xω|k)

[1] · ϑ = ϑk for k ∈ Z≥0 . Let ξ = ϑ · Y [−1]
ω π.

For k ∈ Z≥1 , we have

X|k−1π · (xω|k−1)[1] · ξ · yωk+1| = X|k−1π · (xω|k−1)[1] · ϑ · Y [−1]
ω π · yωk+1|

= X|k−1π · ϑk−1 · Y [−1]
ω π · yωk+1|

= xω|k−1B · f · yωk+1| .

For k ∈ Z<1 , we have

X|k−1π · (xω|k−1)[1] · ξ · yωk+1| = X|k−1π ·X [1]
|k−1 |0 · (x

ω
|0)[1] · ϑ · Y [−1]

ω π · yωk+1|

= X|k−1π ·X [1]
|k−1 |0 · ϑ0 · Y [−1]

ω π · yωk+1|

= X|k−1π ·X [1]
|k−1 |0 ·X

[1]
|0 ι · µ · Y

[−1]
ω π · yωk+1|

= X|k−1π ·X [1]
|k−1ι ·X

[1]
|k−1 |0B · ε · yωk+1|

= X|k−1π ·X [1]
|k−1ι ·X

[1]
|k−1 |0B · εk+1

= xω|k−1B · f · yωk+1| .

We conclude that

xω|k−1B · (f −Xωπ · ξ) · yωk+1| = xω|k−1B · f · yωk+1| −X|k−1π · (xω|k−1)[1] · ξ · yωk+1| = 0

for k ∈ Z.
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4.3.17 Corollary. Suppose given X ∈ Ob(FO|W (F )), Y ∈ Ob(FOW |(F )) and X
g //Y in

FO(F ). If gω = 0 in F , then g = 0 in FO(F ). ♦

Proof. Suppose that gω = 0 in F . We may choose XωB
f //Yω in F such that Xωι · f = gω .

By lemma 3.4.3.(a), we have xω|k ·Xωι · f · yωk+1| = xω|k · gω · yωk+1| = 0 for k ∈ Z. The previous

lemma 4.3.16 yields X
[1]
ω

ξ //Yω in F such that xω|k−1B · (f −Xωπ · ξ) · yωk+1| = 0 for k ∈ Z.

Thus we obtain a morphism X[−1]B
h //Y in FO(F ) such that hω = f −Xωπ · ξ, cf. lemma

3.4.3.(b). So Xωι · hω = Xωι · f = gω in F and thus X[−1]ι · h = X[−1]ρ · g by lemma 3.4.3.(c).

We conclude that g = 0 in FO(F ), cf. remark 3.4.14.

4.3.18 Lemma. Suppose given X ∈ Ob(FOW (F )) and m ∈ Z.

(a) If X ∈ Ob(FOdm(F )), then we have Xω ∈ Ob(Wdm).

(b) If X ∈ Ob(FOme(F )), then we have Xω ∈ Ob(Wme).
♦

Proof. Ad (a). Suppose that X ∈ Ob(FOdm(F )). We have the pure short exact sequence

X|m •
xω|m //Xω

�xω
m+1| //Xm+1| with Xm+1| ∈ Ob(ZF ). So Xω ∈ Ob(Wdm) since X|m ∈ Ob(Wdm).

Ad (b). This is dual to (a).

4.3.19 Corollary. Suppose given X ∈ Ob(FOb
W (F )). Then we have Xω ∈ Ob(W b). ♦

4.3.20 Remark. Suppose given m ∈ Z and X ∈ Ob(Wdm,me).

We have (XEF )[−m] ∈ Ob
(
FO
dm,me
W (F )

)
and

(
(XEF )[−m]

)
ω

= X, cf. definition 3.4.65 and

remark 3.4.27. ♦

4.3.21 Lemma. Suppose given m,n ∈ Z and X ∈ Ob(Wdm,ne) .

There exists W ∈ Ob(FO
dm,ne
W (F )) such that Wω is isomorphic to X in W b. ♦

Proof. If m < n, then X ∈ Ob(ZD) and we may choose W = 0FO(F ) .

Suppose that m ≥ n. We will use induction on m− n ∈ Z≥0 .

If m = n, then we may choose W = (XEF )[−m] by remark 4.3.20.

If m > n, we may choose a triangle Y
f
//Z //X //Y [1] in F such that Y ∈ Ob(Wm−1e)

and Z ∈ Ob(Wdm−1), cf. remark 4.3.1.

Since X [−1], Z ∈ Ob(Wdm−1) , we have Y ∈ Ob(Wdm−1,m−1e). So we may choose

U ∈ Ob(FO
dm−1,m−1e
W (F )) and Uω

a //Y in F such that a is an isomorphism in F .

Since Y,X ∈ Ob(Wne) , we have Z ∈ Ob(Wdm−1,ne) . By induction, we may choose

V ∈ Ob(FO
dm−1,ne
W (F )) and Vω

b //Z in F such that b is an isomorphism in F .

Consider the morphism Uω
a·f ·(b)−1

//Vω in F . By lemma 4.3.15, we may choose U
g //V in

FO(F ) such that gω = a · f · (b)−1.



228

Choose a pseudo-triangle U
g //V •i //W �p //U

[1]
[−1] in FO(F ) such that

W,U
[1]
[−1] ∈ Ob(FOW (F )), cf. lemmata 3.4.18 and 4.3.14.

Note that W ∈ Ob(FO
dm,ne
W (F )), cf. remark 3.4.27 and lemma 3.4.28.

By lemma 3.4.19.(b), Uω
gω //Vω •

iω //Wω
�pω //U

[1]
ω is a pseudo-triangle in F .

So Uω
gω //Vω

iω //Wω

pω //U
[1]
ω is a triangle in F , cf. definition 2.2.14. We have gω · b = a · f .

Uω

a

��

gω // Vω

b

��

iω //Wω

pω // U
[1]
ω

a[1]

��
Y

f
// Z // X // Y [1]

Since a and b are isomorphisms in F , we conclude that Wω is isomorphic to X in F .

4.3.22 Corollary. Suppose given X ∈ Ob(W b) . There exists W ∈ Ob(FOb
W (F )) such that

Wω is isomorphic to X in W b. ♦

Proof. We may choose m,n ∈ Z such that X ∈ Ob(Wdm,ne) . So the result follows from the

previous lemma 4.3.21.

4.3.23 Remark. Suppose that F has countable coproducts of bijectives.

Suppose given X ∈ Ob(F(F )).

(a) There exists a colimit (A, (ak)k∈Z) for XB such that A is bijective in F .

(b) Suppose given a colimit (C, (ck)k∈Z) for XB. Then C is bijective in F and ck is a pure

monomorphism for k ∈ Z. ♦

Proof. Ad (a). This follows from lemma 3.2.34 and from the fact that coproducts of bijectives

are bijective as well.

Ad (b). By (a), there exists a colimit (A, (ak)k∈Z) for XB such that A is bijective in F . So

C is bijective in F as well, since it is isomorphic to A in F .

Suppose given m ∈ Z. We want to show that cm−1 is a pure monomorphism in F .

We obtain a filtration Z ∈ Ob(F(F )) and a morphism X
p //Z in F(F ) as follows. Let

Zk = 0F and pk = 0 for k ∈ Z<m−1 . For k ∈ Z≥m−1 , choose cokernels Xk
pk //Zk of Xm−1 k .

So for k ∈ Z≥m−1 , the circumference lemma 1.3.13 yields pure monomorphisms Zk •
zk //Zk+1

such that pk · zk = xk · pk+1 .

Zk

•
zk

  

Xk

•
xk

""

8pk
<<

Xm−1

•
Xm−1 k

<<

•
Xm−1 k+1

// Xk+1
�pk+1 // Zk+1
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Note that p is an m-pure epimorphism. Consequently, XB
pB //ZB is an m-pure monomor-

phism as well. By (a), we may choose a colimit (D, (dk)k∈Z) for ZB. By lemma 3.2.40.(d),

Xm−1
cm−1 //C

pB� //D is a pure short exact sequence in F .

4.3.24 Lemma. Suppose given X ∈ Ob(F(F )), a compatible family (A, (ak)k∈Z) for X and

a colimit (C, (ck)k∈Z) for XB.

(a)
(
A⊕ C,

(
( ak Xkι·ck )

)
k∈Z

)
is an injective family for X.

(b) Suppose that F has countable coproducts of bijectives.

So ck is a pure monomorphism for k ∈ Z, cf. remark 4.3.23.(b). Consequently, Xkι · ck
is also a pure monomorphism for k ∈ Z. We obtain Y ∈ Ob(FOinj(F )) as follows.

Let Y PF,F = X, Yω = A⊕C and yω|k = ( ak Xkι·ck ) for k ∈ Z. Choose pushouts in F for

k ∈ Z as follows.

Xk

•Xkι·ck
��

ak // A

hk+1

��
C

mk+1// Yk+1|

Let yωk| =
( −hk
mk

)
for k ∈ Z. For k ∈ Z, lemma 1.3.13 yields the pure epimorphism

Yk|
�yk| //Yk+1| in F such that yωk| · yk| = yωk+1| .

Xk

•
( ak Xkι·ck )

##
Xk−1

•
xk−1

<<

•
( ak−1 Xk−1ι·ck−1 )

// A⊕ C �

(
−hk
mk

)
//

�(−hk+1
mk+1

)
$$

Yk|
:
yk|}}

Yk+1| ♦

Proof. Ad (a). For k ∈ Z, we have xk · ( ak+1 Xk+1ι·ck+1 ) = ( ak Xkι·xkB·ck+1 ) = ( ak Xkι·ck ).

Suppose given Xk
fk //I in F such that I is injective and such that xk ·fk+1 = fk for k ∈ Z≥0 .

For k ∈ Z≥0 , we want to construct XkB
gk //I in F recursively such that xkB · gk+1 = gk

and such that Xkι · gk = fk .

Since I is injective in F , we may choose X0B
g0 //I in F such that X0ι · g0 = f0 .

Suppose given k ∈ Z>0 . Suppose we have already constructed g` for ` ∈ [0, k − 1].

We may choose XkB
sk //Xk−1B in F such that xk−1B · sk = 1, cf. lemma 1.3.11.

We have xk−1 ·(fk−Xkι·sk ·gk−1) = fk−1−Xk−1ι·xk−1B·sk ·gk−1 = fk−1−Xk−1ι·gk−1 = 0. Since
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I is injective in F , we may choose XkB
hk //I in F such that xk ·Xkι ·hk = fk−Xkι ·sk ·gk−1 .

Xk−1 •
xk−1 // Xk

_xk
��

fk−Xkι·sk·gk−1 // I

Xk

Xkι // XkB

hk

OO

Let gk = sk · gk−1 + xkB · hk . We have xk−1B · gk = gk−1 and

Xkι · gk = Xkι · sk · gk−1 + xk ·Xkι · hk = Xkι · sk · gk−1 + fk −Xkι · sk · gk−1 = fk .

Since (C, (ck)k∈Z) is a colimit for XB, we may choose C u //I in F such that ck · u = gk for

k ∈ Z≥0 .

Consider the morphism A⊕ C
( 0
u )
//I in F .

For k ∈ Z≥0 , we have ( ak Xkι·ck ) · ( 0
u ) = Xkι · ck · u = Xkι · gk = fk .

We conclude that
(
A⊕ C,

(
( ak Xkι·ck )

)
k∈Z

)
is an injective family for X.

Ad (b). We have Y ∈ Ob(FOinj(F )) by (a).

4.3.25 Lemma. Suppose that F has countable coproducts of bijectives. Suppose given

m ∈ Z and X ∈ Ob(Wme). There exists Y ∈ Ob(FO
me
W (F )) such that Yω is isomorphic to X

in D . ♦

Proof. For k ∈ Z≥m , choose triangles Xdk
jk //X

qk+1
//X ′k+1e

//X
[1]
dk in F such that

Xdk ∈ Ob(Wdk) and Xk+1e ∈ Ob(Wk+1e). Moreover, for k ∈ Z≥m , choose Xdk
xdk //Xdk+1 in F

such that xdk · jk+1 = jk in F , cf. lemma 1.7.3.(f).

Xdk
jk //

xdk

��

X

1

��

qk+1
// Xk+1e

Xdk+1

jk+1
// X

qk+2
// Xk+2e

For k ∈ Z≥m , we want to construct X ′dk •
x′dk //X ′dk+1 , X ′dk

βk //Xdk and X ′dk
j̃k //X in F

recursively such that X ′dk+1 ∈ Ob(Wdk+1), j̃k = x′dk · j̃k+1 , βk · jk = j̃k and such that βk is an

isomorphism in F .

Let X ′dm = Xdm ∈ Ob(Wdm) , βm = 1 and j̃m = jm . We have βm · jm = j̃m .

Suppose given k ∈ Z≥m . Suppose that we have constructed X ′d̀ , j̃` , β` for ` ∈ [m, k] and x′d̀
for ` ∈ [m, k − 1].

Let X ′dk+1 = Xdk+1 ⊕X ′dkB ∈ Ob(Wdk+1) , βk+1 = ( 1
0 ) : Xdk+1 ⊕X ′dkB→ Xdk+1 and

x′dk = ( βk·xdk X′dkι ) : X ′dk → Xdk+1 ⊕X ′dkB . Note that βk+1 is an isomorphism in F .

Since j̃k − βk · xdk · jk+1 = j̃k − βk · jk = 0, we may choose X ′dkB
uk+1 //X in F such that
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j̃k − βk · xdk · jk+1 = X ′dkι · uk+1 .

X ′dk

•X′dkι

��

j̃k−βk·xdk·jk+1 // X

X ′dkB

uk+1

66

Let j̃k+1 =
(
jk+1
uk+1

)
: Xdk+1 ⊕X ′dkB → X. We have x′dk · j̃k+1 = βk · xdk · jk+1 + X ′dkι · uk+1 = j̃k

and βk+1 · jk+1 =
(
jk+1

0

)
=
(
jk+1
uk+1

)
= j̃k+1 .

Let Z ∈ Ob(F(F )) denote the filtration with Zk = 0F for k ∈ Z<m and Zk = X ′dk , zk = x′dk
for k ∈ Z≥m . Choose a colimit (C, (ck)k∈Z) for ZB ∈ Ob(F(F )). Note that C is bijective in

F . Cf. remark 4.3.23.

Using lemma 4.3.24.(b), we obtain Y ∈ Ob(FOinj(F )) as follows. Let Y PF,F = Z, Yω = X⊕C
and yω|k = ( j̃k X′dkι·ck ) for k ∈ Z. Choose pushouts in F for k ∈ Z as follows.

X ′dk

•X′dkι·ck
��

j̃k // X

hk+1

��
C

mk+1// Yk+1|

Let yωk| =
( −hk
mk

)
for k ∈ Z. For k ∈ Z, lemma 1.3.13 yields the pure epimorphism Yk|

�yk| //Yk+1|

in F such that yωk| ·yk| = yωk+1| . We have Y ∈ Ob(FOme(F )) since Y PF,F = Z ∈ Ob(Fme(F ))

by construction, cf. lemma 3.4.25. Thus Y ∈ Ob(FOlim(F )) ⊆ Ob(FOproj(F )), cf. remark

3.4.36 and lemma 3.4.54. Note that Yω = X ⊕C is isomorphic to X in F since C is bijective

in F . Also note that Y|k ∈ Ob(Wdk) for k ∈ Z by construction. It remains to show that

Yk+1| ∈ Ob(Wk+1e) for k ∈ Z.

Suppose given k ∈ Z<m . Consider the pure short exact sequence Y|k •
yω|k //Yω

�yω
k+1| //Yk+1| in F .

We have Y|k = Zk = 0F . Thus Yk+1e ∈ Ob(Wk+1e) since Yω = X⊕C ∈ Ob(Wme) ⊆ Ob(Wk+1e).

Suppose given k ∈ Z≥m . Note that the pure short exact sequence Y|k •
yω|k //Yω

�yω
k+1| //Yk+1| in F

yields a triangle Y|k
yω|k
//Yω

yω
k+1|
//Yk+1| //Y

[1]
|k in F , cf. lemma 2.2.9 and definition 2.2.14.

We have yω|k · ( 1
0 ) = ( j̃k X′dkι·ck ) · ( 1

0 ) = j̃k = βk · jk .

X ′dk

βk

��

( j̃k X′dkι·ck )
// X ⊕ C

( 1
0 )
��

yω
k+1|

// Yk+1| // X
′[1]
dk

β
[1]
k
��

Xdk
jk // X

qk+1
// Xk+1e // X

[1]
dk

Since both ( 1
0 ) and βk are isomorphisms in F , we conclude that Yk+1| is isomorphic to Xk+1e

in F . Thus Yk+1| ∈ Ob(Wk+1e).
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4.3.26 Lemma. Suppose that F has countable products of bijectives. Suppose given m ∈ Z

and X ∈ Ob(Wdm). There exists Y ∈ Ob(FO
dm
W (F )) such that Yω is isomorphic to X in D . ♦

Proof. This is dual to the previous lemma 4.3.25.

4.3.27 Lemma. Suppose that F and F op have countable products of bijectives.

Suppose given X ∈ Ob(D). There exists W ∈ Ob(FOW (F )) such that Wω is isomorphic to

X in D . ♦

Proof. We may choose a triangle Y
f
//Z //X //Y [1] in F such that Y ∈ Ob(W0e) and

Z ∈ Ob(Wd0), cf. remark 4.3.1.

By lemma 4.3.25, we may choose U ∈ FOW (F ) and Uω
a //Y in F such that a is an

isomorphism in F . By lemma 4.3.26, we may choose V ∈ FOW (F ) and Vω
b //Z in F such

that b is an isomorphism in F .

Consider the morphism Uω
a·f ·(b)−1

//Vω in F . By lemma 4.3.15, we may choose U
g //V in

FO(F ) such that gω = a · f · (b)−1.

Choose a pseudo-triangle U
g //V •i //W �p //U

[1]
[−1] in FO(F ) such that

W,U
[1]
[−1] ∈ Ob(FOW (F )), cf. lemmata 3.4.18 and 4.3.14.

By lemma 3.4.19.(b), Uω
gω //Vω •

iω //Wω
�pω //U

[1]
ω is a pseudo-triangle in F .

So Uω
gω //Vω

iω //Wω

pω //U
[1]
ω is a triangle in F , cf. definition 2.2.14. We have gω · b = a · f .

Uω

a

��

gω // Vω

b

��

iω //Wω

pω // U
[1]
ω

a[1]

��
Y

f
// Z // X // Y [1]

Since a and b are isomorphisms in F , we conclude that Wω is isomorphic to X in F .

4.3.28 Definition. Let Pb
W ,F = Pω,F |W

b

FOb
W

(F )
: FOb

W
(F )→ W b, cf. corollary 4.3.19. ♦

4.3.29 Remark. Note that FOb

W
(F ) = FOb

Wd0,0e
(F ) by lemma 4.3.10.

We have Pb
ω,Wd0,0e,F

|W b
= Pb

W ,F , cf. definition 4.2.19. ♦

4.3.30 Definition. Let PW ,F = Pω,F |DFO
W

(F ) : FO
W

(F )→ D , cf. remark 4.3.4. ♦

4.3.31 Proposition. The functor Pb
W ,F : FOb

W
(F )→ W b is an equivalence. ♦

Proof. The functor is full, faithful and dense by lemma 4.3.15 and corollaries 4.3.17, 4.3.22.

4.3.32 Proposition. Suppose that F and F op have countable products of bijectives. The

functor PW ,F : FO
W

(F )→ D is an equivalence. ♦

Proof.

The functor is full, faithful and dense by lemma 4.3.15, corollary 4.3.17 and lemma 4.3.27.
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4.3.33 Definition. We want to construct a quasi-inverse Wb
W ,F of Pb

W ,F : FOb

W
(F ) → W b

using lemma 1.6.5. We call Wb
W ,F the bounded weight equivalence of W with respect to F .

The functor Pb
W ,F is full and faithful, cf. proposition 4.3.31.

For X ∈ Ob(W b), we may choose an object XWb
W ,F ∈ Ob(FOb

W
(F )) and an isomorphism

Xυb
W ,F : X → XWb

W ,F Pb
W ,F in F by corollary 4.3.22.

Lemma 1.6.5 yields the functor Wb
W ,F : W b → FOb

W
(F ), where for X

f //Y in W b,

XWb
W ,F

fWb
W ,F //YWb

W ,F is the unique morphism in FOb

W
(F ) such that

f = Xυb
W ,F · fWb

W ,F Pb
W ,F · (Y υb

W ,F )−1. The functors Pb
W ,F and Wb

W ,F are mutually quasi-

inverse equivalences. Moreover, we obtain the isotransformation υb
W ,F : 1W b → Wb

W ,F Pb
W ,F .

Note that the functors Pb
W ,F and Wb

W ,F are additive, cf. remark 1.2.5.(a) and corollary 4.3.13.

♦

4.3.34 Definition. Suppose that F and F op have countable products of bijectives. We want

to construct a quasi-inverse WW ,F of the functor PW ,F : FO
W

(F ) → D using lemma 1.6.5.

We call WW ,F the weight equivalence of W with respect to F . The functor PW ,F is full and

faithful, cf. proposition 4.3.32.

Suppose given X ∈ Ob(D).

If X ∈ Ob(W b), we may choose XWW ,F = XWb
W ,F ∈ Ob(FO

W
(F )) and the isomorphism

XυW ,F = Xυb
W ,F : X → XWW ,F PW ,F in F , cf. definition 4.3.33.

If X /∈ Ob(W b), we may choose an object XWW ,F ∈ Ob(FO
W

(F )) and an isomorphism

XυW ,F : X → XWW ,F PW ,F in F by lemma 4.3.27.

Lemma 1.6.5 yields the functor WW ,F : D → FO
W

(F ), where for X
f //Y in D ,

XWW ,F

fWW ,F //YWW ,F is the unique morphism in FO
W

(F ) such that

f = XυW ,F · fWW ,F PW ,F · (Y υW ,F )−1. The functors PW ,F and WW ,F are mutually quasi-

inverse equivalences. Moreover, we obtain the isotransformation υW ,F : 1D →WW ,F PW ,F .

Note that we have IncD
W b ·WW ,F = Wb

W ,F · Inc
FO

W
(F )

FOb
W

(F )
by construction. Also note that the

functors PW ,F and WW ,F are additive, cf. remark 1.2.5.(a) and corollary 4.3.13. ♦

4.3.35 Definition. We abbreviate C = Wd0,0e . Note that FOb

W
(F ) = FOb

C
(F ) by lemma

4.3.10. The composite

Resb
W ,F = Wb

W ,F · Ξb
C ,F ·∆b

C ,F
: W b → Kb(C )

is called the bounded resolution functor of W with respect to F . Cf. definitions 4.3.33, 4.2.56

and 4.1.18.

W b
Wb

W ,F // FOb

W
(F )

Ξb
C ,F // ∇b

C
(F )

∆b
C ,F // Kb(C )

♦

4.3.36 Definition. Suppose that F and F op have countable products of bijectives. We



234

abbreviate C = Wd0,0e . The composite

ResW ,F = WW ,F · Inc
FO

C
(F )

FO
W

(F ) · ΞC ,F ·∆C ,F
: D → K(C )

is called the resolution functor of W with respect to F . Cf. definitions 4.3.34, 4.2.32, 4.1.15

and corollary 4.3.6.

D
WW ,F // FO

W
(F )

Inc
FO

C
(F)

FO
W

(F)
// FO

C
(F )

ΞC ,F // ∇
C

(F )
∆

C ,F // K(C )
♦

4.3.37 Remark. Suppose that F and F op have countable products of bijectives. We abbre-

viate C = Wd0,0e . We have IncD
W b · ResW ,F = Resb

W ,F · Inc
K(C )

Kb(C )
. ♦

Proof. We have

IncD
W b · ResW ,F = IncD

W b ·WW ,F · Inc
FO

C
(F )

FO
W

(F ) · ΞC ,F ·∆C ,F

= Wb
W ,F · Inc

FO
W

(F )

FOb
W

(F )
· Inc

FO
C

(F )

FO
W

(F ) · ΞC ,F ·∆C ,F

= Wb
W ,F · Inc

FO
C

(F )

FOb
W

(F )
· ΞC ,F ·∆C ,F

= Wb
W ,F · Ξb

C ,F · Inc
∇

C
(F )

∇b
C

(F )
·∆

C ,F

= Wb
W ,F · Ξb

C ,F ·∆b

C ,F
· Inc

K(C )

Kb(C )

= Resb
W ,F · Inc

K(C )

Kb(C )
.

Cf. definitions 4.3.34, 4.2.56 and 4.1.18.

4.3.38 Lemma. We abbreviate C = Wd0,0e .

The bounded resolution functor Resb
W ,F : W b → Kb(C ) is exact. ♦

Proof. We will use lemma 3.4.19 and propositions 4.1.3, 4.2.28. We abbreviate W = Wb
W ,F ,

Ξ = Ξb
C ,F , Ξ = Ξb

C ,F , ∆ = ∆b
C ,F , ∆ = ∆b

C ,F
, P = Pb

W ,F , υ = υb
W ,F and ξ = ξΣ,F .

We will use that P is full and faithful, cf. proposition 4.3.31.

Note that Resb
W ,F is additive since it is a composite of additive functors, cf. definitions 4.3.33,

4.2.56 and 4.1.18.

First step.

We want to construct an isotransformation Σ|W b

W b · Resb
W ,F

λ //Resb
W ,F · ΣKb,C .

Suppose given X ∈ Ob(W b).

Note that we have XΣ|W b

W bResb
W ,F = X [1]WΞ∆ and XResb

W ,FΣKb,C = (XWΞ∆)[1]. Also note

that (XW)
[1]
[−1]P = (XWP)[1], cf. lemma 3.4.19.(a). Since P is full, we may choose

X [1]W
Xµ //(XW)

[1]
[−1] in FOb

W
(F ) such that XµP = X [1]υ−1 · (Xυ)[1]. Note that Xµ is an

isomorphism in FOb

W
(F ) since X [1]υ−1, (Xυ)[1] are isomorphisms in W b and since P is full

and faithful.
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Let Xλ = XµΞ∆ · XW[−1]ξ∆: X [1]WΞ∆ → (XWΞ∆)[1]. Note that Xλ is an isomorphism

in Kb(C ) since Xµ is an isomorphism in FOb

W
(F ) and since XW[−1]ξ is an isomorphism in

∇b

C
(F ).

Suppose given X
f //Y in W b.

Choose XW
g //YW in FO(F ) such that g = fW. We have Xµ · g[1]

[−1] = f [1]W · Y µ since

(Xµ · g[1]
[−1])P = X [1]υ−1 · (Xυ)[1] · (gP)[1] = X [1]υ−1 · (Xυ · fWP)[1] = X [1]υ−1 · (f · Y υ)[1]

= X [1]υ−1 · f [1] · (Y υ)[1] = f [1]WP · Y [1]υ−1 · (Y υ)[1] = (f [1]W · Y µ)P

and since P is faithful.

X [1]W
Xµ //

f [1]W

��

(XW)
[1]
[−1]

g
[1]
[−1]

��

Y [1]W
Y µ // (YW)

[1]
[−1]

We have

Xλ · (fWΞ∆)[1] = XµΞ∆ ·XW[−1]ξ∆ · (gΞ∆)[1] = XµΞ∆ ·XW[−1]ξ∆ · (gΞ)
[1]
[−1]∆

=
(
XµΞ ·XW[−1]ξ · (gΞ)

[1]
[−1]

)
∆ =

(
XµΞ · g[1]

[−1]Ξ · YW[−1]ξ
)
∆

=
(
XµΞ · g[1]

[−1]Ξ
)
∆ · YW[−1]ξ∆ =

(
Xµ · g[1]

[−1]

)
Ξ∆ · YW[−1]ξ∆

=
(
f [1]W · Y µ

)
Ξ∆ · YW[−1]ξ∆ = f [1]WΞ∆ · Y µΞ∆ · YW[−1]ξ∆

= f [1]WΞ∆ · Y λ.

X [1]WΞ∆ Xλ //

f [1]WΞ∆

��

(XWΞ∆)[1]

(fWΞ∆)[1]

��
Y [1]WΞ∆ Y λ // (YWΞ∆)[1]

We conclude that Σ|W b

W b · Resb
W ,F

λ //Resb
W ,F · ΣKb,C is an isotransformation.

Second step.

Suppose given a triangle X u //Y
v //Z

w //X [1] in W b. We want to show that

(
XResb

W ,F

uResb
W ,F //Y Resb

W ,F

vResb
W ,F //ZResb

W ,F

wResb
W ,F ·Xλ //(XResb

W ,F )[1]
)

=
(
XWΞ∆

uWΞ∆
//YWΞ∆

vWΞ∆
//ZWΞ∆

wWΞ∆·Xλ
//(XWΞ∆)[1]

)
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is a triangle in Kb(C ).

Choose XW
f //YW in FO(F ) such that f = uW.

Choose a pseudo-triangle XW
f //YW •i //A �p //XW

[1]
[−1] in FO(F ) such that

A,XW
[1]
[−1] ∈ Ob(FOb

W (F )), cf. lemmata 3.4.18, 3.4.33 and 4.3.14.

By lemma 3.4.19.(b), XWPω,F

fPω,F //YWPω,F •
iPω,F //APω,F

�pPω,F //XW
[1]
[−1]Pω,F is a pseudo-trian-

gle in F . Consequently, XWP
f P
//YWP

iP
//AP

pP
//XW

[1]
[−1]P is a triangle in W b.

We have Xυ · f P = Xυ · uWP = u · Y υ. Since Xυ and Y υ are isomorphisms in W b, we may

choose an isomorphism Z
a //AP in W b such that v · a = Y υ · iP and a · pP = w · (Xυ)[1].

X
u //

Xυ

��

Y
v //

Y υ

��

Z
w //

a

��

X [1]

(Xυ)[1]

��

XWP
f P
// YWP

iP
// AP

pP
// XW

[1]
[−1]P

Since P is full, we may choose ZW b //A in FOb

W
(F ) such that bP = Zυ−1 · a. Note that b

is an isomorphism in FOb

W
(F ) since Zυ−1, a are isomorphisms in W b and since P is full and

faithful. We have vW·b = i since (vW·b)P = vWP·Zυ−1 ·a = Y υ−1 ·v ·a = Y υ−1 ·Y υ·iP = iP

and since P is faithful. We have b · p = wW ·Xµ since

(b · p)P = Zυ−1 · a · pP = Zυ−1 · w · (Xυ)[1] = wWP · X [1]υ−1 · (Xυ)[1] = (wW · Xµ)P and

since P is faithful.

XW uW //

1

��

YW vW //

1

��

ZW
wW·Xµ //

b

��

XW
[1]
[−1]

1
��

XW
f
// YW

i
// A

p
// XW

[1]
[−1]

By propositions 4.2.28.(b) and 4.1.3.(b),

XWΞ∆
fΞ∆ //YWΞ∆ iΞ∆ //AΞ∆

(pΞ·XW[−1]ξ)∆ //XWΞ
[1]
[−1]∆ is a pseudo-triangle in C(C ). Con-

sequently, XWΞ∆
f Ξ∆

//YWΞ∆
iΞ∆

//AΞ∆
pΞ∆·XW[−1]ξ∆

//(XWΞ∆)[1] is a triangle in

Kb(C ). Note that ZWΞ∆
bΞ∆

//AΞ∆ is an isomorphism in Kb(C ) since b is an isomorphism

in FOb

W
(F ). We have uWΞ∆ = f Ξ∆, vWΞ∆ · bΞ∆ = (vW · b)Ξ∆ = iΞ∆ and

wWΞ∆ ·Xλ = wWΞ∆ ·XµΞ∆ ·XW[−1]ξ∆ = (wW ·Xµ)Ξ∆ ·XW[−1]ξ∆

= (b · p)Ξ∆ ·XW[−1]ξ∆ = bΞ∆ · pΞ∆ ·XW[−1]ξ∆.
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XWΞ∆
uWΞ∆

//

1

��

YWΞ∆
vWΞ∆

//

1

��

ZWΞ∆
wWΞ∆·Xλ

//

bΞ∆

��

(XWΞ∆)[1]

1
��

XWΞ∆
f Ξ∆

// YWΞ∆
iΞ∆

// AΞ∆
pΞ∆·XW[−1]ξ∆

// (XWΞ∆)[1]

We conclude that

(
XResb

W ,F

uResb
W ,F //Y Resb

W ,F

vResb
W ,F //ZResb

W ,F

wResb
W ,F ·Xλ //(XResb

W ,F )[1]
)

=
(
XWΞ∆

uWΞ∆
//YWΞ∆

vWΞ∆
//ZWΞ∆

wWΞ∆·Xλ
//(XWΞ∆)[1]

)
is a triangle in Kb(C ).

4.3.39 Lemma. Suppose that F and F op have countable products of bijectives. We abbre-

viate C = Wd0,0e . The resolution functor ResW ,F : D → K(C ) is exact. ♦

Proof. We will use lemma 3.4.19 and propositions 4.1.3, 4.2.28. We abbreviate W = WW ,F ,

Ξ = ΞC ,F , Ξ = ΞC ,F , ∆ = ∆C ,F , ∆ = ∆
C ,F

, P = PW ,F , υ = υW ,F and ξ = ξΣ,F .

We will use that P is full and faithful, cf. proposition 4.3.32.

Note that ResW ,F is additive since it is a composite of additive functors, cf. definition 4.3.34,

corollary 4.3.13, remark 4.2.14 and definitions 4.2.32, 4.1.15.

First step.

We want to construct an isotransformation Σ|DD · ResW ,F
λ //ResW ,F · ΣK,C .

Suppose given X ∈ Ob(D).

Note that we have XΣ|DDResW ,F = X [1]WΞ∆ and XResW ,FΣK,C = (XWΞ∆)[1]. Also note

that (XW)
[1]
[−1]P = (XWP)[1], cf. lemma 3.4.19.(a). Since P is full, we may choose

X [1]W
Xµ //(XW)

[1]
[−1] in FO

W
(F ) such that XµP = X [1]υ−1 · (Xυ)[1]. Note that Xµ is an

isomorphism in FO
W

(F ) since X [1]υ−1, (Xυ)[1] are isomorphisms in D and since P is full and

faithful.

Let Xλ = XµΞ∆ · XW[−1]ξ∆: X [1]WΞ∆ → (XWΞ∆)[1]. Note that Xλ is an isomorphism

in K(C ) since Xµ is an isomorphism in FO
W

(F ) and since XW[−1]ξ is an isomorphism in

∇
C

(F ).

Suppose given X
f //Y in D .

Choose XW
g //YW in FO(F ) such that g = fW. We have Xµ · g[1]

[−1] = f [1]W · Y µ since

(Xµ · g[1]
[−1])P = X [1]υ−1 · (Xυ)[1] · (gP)[1] = X [1]υ−1 · (Xυ · fWP)[1] = X [1]υ−1 · (f · Y υ)[1]

= X [1]υ−1 · f [1] · (Y υ)[1] = f [1]WP · Y [1]υ−1 · (Y υ)[1] = (f [1]W · Y µ)P
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and since P is faithful.

X [1]W
Xµ //

f [1]W

��

(XW)
[1]
[−1]

g
[1]
[−1]

��

Y [1]W
Y µ // (YW)

[1]
[−1]

We have

Xλ · (fWΞ∆)[1] = XµΞ∆ ·XW[−1]ξ∆ · (gΞ∆)[1] = XµΞ∆ ·XW[−1]ξ∆ · (gΞ)
[1]
[−1]∆

=
(
XµΞ ·XW[−1]ξ · (gΞ)

[1]
[−1]

)
∆ =

(
XµΞ · g[1]

[−1]Ξ · YW[−1]ξ
)
∆

=
(
XµΞ · g[1]

[−1]Ξ
)
∆ · YW[−1]ξ∆ =

(
Xµ · g[1]

[−1]

)
Ξ∆ · YW[−1]ξ∆

=
(
f [1]W · Y µ

)
Ξ∆ · YW[−1]ξ∆ = f [1]WΞ∆ · Y µΞ∆ · YW[−1]ξ∆

= f [1]WΞ∆ · Y λ.

X [1]WΞ∆ Xλ //

f [1]WΞ∆

��

(XWΞ∆)[1]

(fWΞ∆)[1]

��
Y [1]WΞ∆ Y λ // (YWΞ∆)[1]

We conclude that Σ|DD · ResW ,F
λ //ResW ,F · ΣK,C is an isotransformation.

Second step.

Suppose given a triangle X u //Y v //Z w //X [1] in D . We want to show that(
XResW ,F

uResW ,F //Y ResW ,F

vResW ,F //ZResW ,F

wResW ,F ·Xλ //(XResW ,F )[1]
)

=
(
XWΞ∆

uWΞ∆
//YWΞ∆

vWΞ∆
//ZWΞ∆

wWΞ∆·Xλ
//(XWΞ∆)[1]

)
is a triangle in K(C ).

Choose XW
f //YW in FO(F ) such that f = uW.

Choose a pseudo-triangle XW
f //YW •i //A �p //XW

[1]
[−1] in FO(F ) such that

A,XW
[1]
[−1] ∈ Ob(FOW (F )), cf. lemmata 3.4.18 and 4.3.14.

By lemma 3.4.19.(b), XWPω,F

fPω,F //YWPω,F •
iPω,F //APω,F

�pPω,F //XW
[1]
[−1]Pω,F is a pseudo-trian-

gle in F . Consequently, XWP
f P
//YWP

iP
//AP

pP
//XW

[1]
[−1]P is a triangle in D .

We have Xυ · f P = Xυ · uWP = u · Y υ. Since Xυ and Y υ are isomorphisms in D , we may



239

choose an isomorphism Z a //AP in D such that v · a = Y υ · iP and a · pP = w · (Xυ)[1].

X u //

Xυ

��

Y v //

Y υ

��

Z w //

a

��

X [1]

(Xυ)[1]

��

XWP
f P
// YWP

iP
// AP

pP
// XW

[1]
[−1]P

Since P is full, we may choose ZW b //A in FO
W

(F ) such that bP = Zυ−1 · a. Note that b

is an isomorphism in FO
W

(F ) since Zυ−1, a are isomorphisms in D and since P is full and

faithful. We have vW·b = i since (vW·b)P = vWP·Zυ−1 ·a = Y υ−1 ·v ·a = Y υ−1 ·Y υ·iP = iP

and since P is faithful. We have b · p = wW ·Xµ since

(b · p)P = Zυ−1 · a · pP = Zυ−1 · w · (Xυ)[1] = wWP · X [1]υ−1 · (Xυ)[1] = (wW · Xµ)P and

since P is faithful.

XW uW //

1

��

YW vW //

1

��

ZW
wW·Xµ //

b

��

XW
[1]
[−1]

1
��

XW
f
// YW

i
// A

p
// XW

[1]
[−1]

By propositions 4.2.28.(b) and 4.1.3.(b),

XWΞ∆
fΞ∆ //YWΞ∆ iΞ∆ //AΞ∆

(pΞ·XW[−1]ξ)∆ //XWΞ
[1]
[−1]∆ is a pseudo-triangle in C(C ). Con-

sequently, XWΞ∆
f Ξ∆

//YWΞ∆
iΞ∆

//AΞ∆
pΞ∆·XW[−1]ξ∆

//(XWΞ∆)[1] is a triangle in K(C ).

Note that ZWΞ∆
bΞ∆

//AΞ∆ is an isomorphism in K(C ) since b is an isomorphism in FO
W

(F ).

We have uWΞ∆ = f Ξ∆, vWΞ∆ · bΞ∆ = (vW · b)Ξ∆ = iΞ∆ and

wWΞ∆ ·Xλ = wWΞ∆ ·XµΞ∆ ·XW[−1]ξ∆ = (wW ·Xµ)Ξ∆ ·XW[−1]ξ∆

= (b · p)Ξ∆ ·XW[−1]ξ∆ = bΞ∆ · pΞ∆ ·XW[−1]ξ∆.

XWΞ∆
uWΞ∆

//

1

��

YWΞ∆
vWΞ∆

//

1

��

ZWΞ∆
wWΞ∆·Xλ

//

bΞ∆

��

(XWΞ∆)[1]

1
��

XWΞ∆
f Ξ∆

// YWΞ∆
iΞ∆

// AΞ∆
pΞ∆·XW[−1]ξ∆

// (XWΞ∆)[1]

We conclude that(
XResW ,F

uResW ,F //Y ResW ,F

vResW ,F //ZResW ,F

wResW ,F ·Xλ //(XResW ,F )[1]
)

=
(
XWΞ∆

uWΞ∆
//YWΞ∆

vWΞ∆
//ZWΞ∆

wWΞ∆·Xλ
//(XWΞ∆)[1]

)
is a triangle in K(C ).
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4.3.40 Lemma. We abbreviate C = Wd0,0e . The bounded resolution functor

ResW ,F : W b → Kb(C ) is w-exact with respect to W |W b and WC ,b. ♦

Proof. The bounded resolution functor Resb
W ,F is exact by lemma 4.3.38.

Suppose given X ∈ Ob(Wd0 ∩W b). So we may choose m ∈ Z such that X ∈ Ob(Wd0,me).

By lemma 4.3.21, we may choose Y ∈ Ob(FO
d0,me
W (F )) such that Y Pb

W ,F is isomorphic to X

in W b. So XWb
W ,F Pb

W ,F and Y Pb
W ,F are isomorphic in W b.

Since Pb
W ,F is full and faithful, XWb

W ,F and Y are isomorphic in FOb

W
(F ).

Consequently, XResb
W ,F = XWb

W ,F Ξb
C ,F ∆b

C ,F
and Y Ξb

C ,F ∆b

C ,F
are isomorphic in Kb(C ).

By lemma 4.2.33.(a), we have Y Ξb
C ,F = Y ΞF ∈ Ob(∇d0C (F )).

By lemma 4.1.17.(a), we have Y Ξb
C ,F ∆b

C ,F
= Y ΞF ∆C ,F ∈ Ob(Cd0(C )).

We conclude that XResb
W ,F = XWb

W ,F Ξb
C ,F ∆b

C ,F
∈ Ob(WC ,b

d0 ).

Suppose given X ∈ Ob(W0e ∩W b). So we may choose m ∈ Z such that X ∈ Ob(Wdm,0e).

By lemma 4.3.21, we may choose Y ∈ Ob(FO
dm,0e
W (F )) such that Y Pb

W ,F is isomorphic to X

in W b. So XWb
W ,F Pb

W ,F and Y Pb
W ,F are isomorphic in W b.

Since Pb
W ,F is full and faithful, XWb

W ,F and Y are isomorphic in FOb

W
(F ).

Consequently, XResb
W ,F = XWb

W ,F Ξb
C ,F ∆b

C ,F
and Y Ξb

C ,F ∆b

C ,F
are isomorphic in Kb(C ).

By lemma 4.2.33.(a), we have Y Ξb
C ,F = Y ΞF ∈ Ob(∇0e

C (F )).

By lemma 4.1.17.(a), we have Y Ξb
C ,F ∆b

C ,F
= Y ΞF ∆C ,F ∈ Ob(C0e(C )).

We conclude that XResb
W ,F = XWb

W ,F Ξb
C ,F ∆b

C ,F
∈ Ob(WC ,b

0e ).

4.3.41 Lemma. Suppose that F and F op have countable products of bijectives. We abbre-

viate C = Wd0,0e . The resolution functor ResW ,F : D → K(C ) is w-exact with respect to W

and WC . ♦

Proof. The resolution functor ResW ,F is exact by lemma 4.3.39.

Suppose given X ∈ Ob(Wd0). By lemma 4.3.26, we may choose Y ∈ Ob(FO
d0
W (F )) such that

Y PW ,F is isomorphic to X in D . So XWW ,F PW ,F and Y PW ,F are isomorphic in D .

Since PW ,F is full and faithful, XWW ,F and Y are isomorphic in FO
W

(F ).

Consequently, XResW ,F = XWW ,F ΞC ,F ∆
C ,F

and Y ΞC ,F ∆
C ,F

are isomorphic in K(C ).

By lemma 4.2.33.(a), we have Y ΞC ,F = Y ΞF ∈ Ob(∇d0C (F )).

By lemma 4.1.17.(a), we have Y ΞC ,F ∆
C ,F

= Y ΞF ∆C ,F ∈ Ob(Cd0(C )).

We conclude that XResW ,F = XWW ,F ΞC ,F ∆
C ,F
∈ Ob(WC

d0 ).

Suppose given X ∈ Ob(W0e). By lemma 4.3.25, we may choose Y ∈ Ob(FO
0e
W (F )) such that

Y PW ,F is isomorphic to X in D . So XWW ,F PW ,F and Y PW ,F are isomorphic in D .

Since PW ,F is full and faithful, XWW ,F and Y are isomorphic in FO
W

(F ).

Consequently, XResW ,F = XWW ,F ΞC ,F ∆
C ,F

and Y ΞC ,F ∆
C ,F

are isomorphic in K(C ).

By lemma 4.2.33.(b), we have Y ΞC ,F = Y ΞF ∈ Ob(∇0e
C (F )).

By lemma 4.1.17.(b), we have Y ΞC ,F ∆
C ,F

= Y ΞF ∆C ,F ∈ Ob(C0e(C )).

We conclude that XResW ,F = XWW ,F ΞC ,F ∆
C ,F
∈ Ob(WC

0e ).
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4.3.42 Lemma. We abbreviate C = Wd0,0e . The functors IncW b

C ·Wb
W ,F and EF |

FOb
W

(F )

C are

isomorphic in C (FOb

W
(F )). ♦

Proof. Note that Pb
ω,C ,F |W

b
= Pb

W ,F , cf. remark 4.3.29.

We have EF |
FOb

W
(F )

C ·Pb
W ,F = EF |

FOb
C

(F )

C ·Pb
ω,C ,F |W

b
= IncF

C |W
b

= IncW b

C by lemma 4.2.61.(a).

The result now follows from lemma 1.1.7 since Pb
W ,F and Wb

W ,F are mutually quasi-inverse

equivalences.

FOb

W
(F )

Pb
W ,F // W b

Wb
W ,F

oo

C

EF |
FOb

W
(F)

C

OO

IncW b

C

77

4.3.43 Lemma. We abbreviate C = Wd0,0e . The functors IncW b

C · Resb
W ,F and IKb,C are

isomorphic in C (Kb(C )). ♦

Proof. We have IncW b

C · Resb
W ,F = IncW b

C ·Wb
W ,F · Ξb

C ,F ·∆b

C ,F
.

Since IncW b

C · Wb
W ,F and EF |

FOb
W

(F )

C are isomorphic in C (FOb

W
(F )) by lemma 4.3.42, the

functors IncW b

C ·Resb
W ,F and EF |

FOb
W

(F )

C · Ξb
C ,F ·∆b

C ,F
are isomorphic in C (Kb(C )) by lemma

1.1.5. The result now follows from lemma 4.2.61.(b).

4.3.44 Lemma. Suppose that F and F op have countable products of bijectives. We abbre-

viate C = Wd0,0e . The functors IncD
C · ResW ,F and IK,C are isomorphic in C (K(C )). ♦

Proof. We have IncD
C ·ResW ,F = IncW b

C · IncD
W b ·ResW ,F = IncW b

C ·Resb
W ,F · Inc

K(C )

Kb(C )
, cf. remark

4.3.37. So the functors IncD
C · ResW ,F and IKb,C · Inc

K(C )

Kb(C )
= IK,C are isomorphic by lemmata

4.3.43 and 1.1.5.

4.3.45 Lemma. Suppose that F has countable products. Suppose that Wd0 is closed under

countable products in F . Then Wd̀ is closed under epilimits for ` ∈ Z, cf. definition 3.2.54. ♦

Proof. Suppose given ` ∈ Z, X ∈ Ob(CF(F )) with Xk ∈ Ob(Wd̀ ) for k ∈ Z and a limit

(A, (ak)k∈Z) for X. Note that (A[−`], (a
[−`]
k )k∈Z) is a limit for X [−`] by lemma 3.2.55. Choose a

product (P, (pk)k∈Z≤0
) for (X

[−`]
k )k∈Z≤0

in F . We have P ∈ Ob(Wd0) since Wd0 is closed under

countable products in F , cf. lemma 2.1.41. Lemma 3.2.35 yields a pure short exact sequence

A[−`] •i //P �q //P in F , which in turn yields a triangle P [−1] //A[−`] //P //P in F .

So A[−`] ∈ Ob(Wd0) since P [−1], P ∈ Ob(Wd0). We conclude that A ∈ Ob(Wd̀ ) .

4.3.46 Lemma. Suppose that F has epilimits and countable coproducts of bijectives. Sup-

pose that W is left-non-degenerate and that Wd0 is closed under countable products in F .

Suppose given V ∈ Ob(D). There exists Y ∈ Ob(FOlim
W (F )) such that Yω is isomorphic to V

in D . ♦
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Proof. By lemma 4.3.27, we may choose X ∈ Ob(FOW (F )) such that Xω is isomorphic to V in

D . Choose a limit (A, (ak)k∈Z) for XPCF,F . For ` ∈ Z, choose a limit (X`/−∞ , (x`/−∞,k−1)k∈Z)

for XΞFΨ`,CF,F . Note that Wd̀ is closed under epilimits for ` ∈ Z by lemma 4.3.45. So

X`/−∞ ∈ Ob(Wd̀ ) for ` ∈ Z by lemma 4.3.7.

Using lemma 3.3.57.(a), we obtain a filtration F ∈ Ob(F(F )) as follows. For ` ∈ Z, let

F` = X`/−∞ . For k ≤ ` in Z, let Fk ` = XΞFψk,`,CF,F � : Xk/−∞ → X`/−∞ .

Suppose given ` ∈ Z. We abbreviate χ` = Xχ`,CF,F . Note that χ` is an `-pure monomor-

phism in CF(F ), cf. definition 4.2.38. So lemma 3.2.39.(d) yields a pure short exact sequence

F` •
χ`� //A �a`+1 //X`+1| .

Note that (A, (χ`�)`∈Z) is a compatible family for F by lemmata 4.2.39 and 3.2.24.(b).

Let u = 1XPCF,F
�(A,(ak)k∈Z)

(Xω ,(xωk|)k∈Z) . Choose a triangle Z //Xω
u //A //Z [1] in F .

Suppose given k ∈ Z. Note that u · ak = xωk| for k ∈ Z. The pure short exact sequences

Xk/−∞ •
χk� //A �ak+1 //Xk+1| and X|k •

xω|k //Xω
�xω

k+1| //Xk+1| in F yield triangles

Xk/−∞ //A
ak+1

//Xk+1| //X
[1]
k/−∞ and X|k //Xω

xω
k+1|
//Xk+1| //X

[1]
|k in F .

Xk/−∞

##
A

ak+1

""
X|k // Xω

u
;;

xω
k+1|

// Xk+1|

Z

;;

The dual of (TR4) yields a triangle X
[−1]
k/−∞

//Z //X|k //Xk/−∞ in F .

Thus Z ∈ Ob(Wdk) since X
[−1]
k/−∞ , X|k ∈ Ob(Wdk).

So we obtain Z ∈ Ob(Wdk) for all k ∈ Z. Since W is left-non-degenerate, we have Z ∈ Ob(ZD).

We conclude that A is isomorphic to Xω and thus to V in D .

Choose a colimit (C, (ck)k∈Z) for FB.

Using lemma 4.3.24, we obtain Y ∈ Ob(FOinj(F )) as follows.

Let Y PF,F = F , Yω = A⊕ C and yω|k = ( χk� Fkι·ck ) for k ∈ Z. Since C is bijective in F , Yω is

isomorphic to A and thus to V in D . Choose pushouts in F for k ∈ Z as follows.

Fk

•Fkι·ck
��

•
χk� // A

•hk+1

��
C •

ik+1 // Yk+1|

We may choose cokernels Yk+1|
pk+1 //Xk+1| of ik+1 such that hk+1 · pk+1 = ak+1 for k ∈ Z by
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lemma 1.2.7.(b). Note that since C is bijective in F , the objects Xk| and Yk| are isomorphic

in F for k ∈ Z. Thus Yk| ∈ Ob(Wke) for k ∈ Z.

Let yωk| =
( −hk

ik

)
for k ∈ Z. For k ∈ Z, lemma 1.3.13 yields the pure epimorphism Yk|

�yk| //Yk+1|

in F such that yωk| · yk| = yωk+1| .

Let N ∈ Ob(CF(F )) denote the cofiltration with Nk = C and nk = 1C for k ∈ Z.

Suppose given k ∈ Z.

We have
( −hk

ik

)
· yk| = yωk| · yk| = yωk+1| =

(
−hk+1

ik+1

)
, i.e. ik · yk| = ik+1 and hk · yk| = hk+1 .

We have pk · xk| = yk| · pk+1 since

( −hk
ik

)
· pk · xk| =

( −ak·xk|
0

)
=
( −ak+1

0

)
=
(
−hk+1·pk+1

ik+1·pk+1

)
=
( −hk

ik

)
· yk| · pk+1

and since
( −hk

ik

)
is a pure epimorphism.

Thus the pure short exact sequences C •
ik //Yk|

�pk //Xk| , where k ∈ Z, yield the pure short

exact sequence N i //Y PCF,F
p //XPCF,F in CF(F ).

Consider the pure short exact sequence C •
( 0 1 ) //A⊕ C �(−1

0 )
//A in F . For k ∈ Z, we have

( 0 1 ) · yωk| = ik = 1C · ik and yωk| · pk =
( −hk·pk

ik·pk

)
= ( −ak0 ) = ( −1

0 ) · ak . Thus Y ∈ Ob(FOlim(F ))

by lemma 3.2.41.

We conclude that Y ∈ Ob(FOlim
W (F )).

4.3.47 Definition. Let Plim
W ,F = PW ,F |FOlim

W
(F ) . ♦

4.3.48 Proposition. Suppose that F has epilimits and countable coproducts of bijectives.

Suppose that W is left-non-degenerate and that Wd0 is closed under countable products in F .

The functor Plim
W ,F : FOlim

W
(F )→ D is an equivalence. ♦

Proof.

The functor is full, faithful and dense by lemma 4.3.15, corollary 4.3.17 and lemma 4.3.46.

4.3.49 Definition. Suppose that F has epilimits and countable coproducts of bijectives.

Suppose that W is left-non-degenerate and that Wd0 is closed under countable products in F .

We want to construct a quasi-inverse of the functor Plim
W ,F : FOlim

W
(F )→ D using lemma 1.6.5.

The functor Plim
W ,F is full and faithful, cf. proposition 4.3.48.

For X ∈ Ob(D), we may choose an object XWlim
W ,F ∈ Ob(FOlim

W
(F )) and an isomorphism

Xυlim
W ,F : X → XWlim

W ,F Plim
W ,F in F by lemma 4.3.46.

Lemma 1.6.5 yields the functor Wlim
W ,F : D → FOlim

W
(F ), where for X

f //Y in D ,

XWlim
W ,F

fWlim
W ,F //YWlim

W ,F is the unique morphism in FOlim

W
(F ) such that

f = Xυlim
W ,F · fWlim

W ,F Plim
W ,F · (Y υlim

W ,F )−1. The functors Plim
W ,F and Wlim

W ,F are mutually quasi-

inverse equivalences. Moreover, we obtain the isotransformation υlim
W ,F : 1D →Wlim

W ,F Plim
W ,F . ♦
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4.3.50 Lemma. Suppose that F has epilimits and countable coproducts of bijectives. Sup-

pose that W is left-non-degenerate and that Wd0 is closed under countable products in F . The

functors Wlim
W ,F · Inc

FO
W

(F )

FOlim
W

(F )
and WW ,F are isomorphic in D(FO

W
(F )). ♦

Proof. Note that Wlim
W ,F and Plim

W ,F are mutually quasi-inverse equivalences. Also note that

WW ,F and PW ,F are mutually quasi-inverse equivalences.

We have Plim
W ,F = Inc

FO
W

(F )

FOlim
W

(F )
· PW ,F , cf. definition 4.3.47. So the functors Plim

W ,F ·WW ,F and

Inc
FO

W
(F )

FOlim
W

(F )
are isomorphic in FOlim

W
(F )(FO

W
(F )) by lemma 1.1.7.

FO
W

(F )
PW ,F // D
WW ,F

oo

FOlim

W
(F )

Inc
FO

W
(F)

FOlim
W

(F)

OO

Plim
W ,F

88

By lemma 1.1.5, the functors Wlim
W ,F · Plim

W ,F ·WW ,F and Wlim
W ,F · Inc

FO
W

(F )

FOlim
W

(F )
are isomorphic in

D(FO
W

(F )). Since the functors 1D and Wlim
W ,F · Plim

W ,F are isomorphic in D(D), the functors

WW ,F = 1D ·WW ,F and Wlim
W ,F ·Plim

W ,F ·WW ,F are isomorphic in D(FO
W

(F )) by lemma 1.1.5. We

conclude that the functors WW ,F and Wlim
W ,F · Inc

FO
W

(F )

FOlim
W

(F )
are isomorphic in D(FO

W
(F )).

4.3.51 Lemma. Suppose that F has countable products. Suppose that Wd0 is closed under

countable products in F . Then we have FOlim,inj

Wd0
(F ) ⊆ FO|W (F ). ♦

Proof. Suppose given X ∈ Ob(FOlim,inj

Wd0
(F )) and ` ∈ Z. We have to show that X|` ∈ Ob(Wd̀ ).

By lemma 4.3.7, we have X`/k ∈ Ob(Wd̀ ) for k ∈ Z≤` . Note that X`/k = 0F ∈ Ob(Wd̀ ) for

k ∈ Z>` . By lemma 4.2.40, (X|` , (X|`/k−1)k∈Z) is a limit forXΞFΨ`,CF,F . ThusX|` ∈ Ob(Wd̀ )

by lemma 4.3.45.

4.3.52 Proposition. Suppose that F has epilimits and countable coproducts of bijectives.

Suppose that W is left-non-degenerate and that Wd0 is closed under countable products in F .

Suppose given a functor A : F → D such that A is left-adjoint to IncF
D .

Then Plim,inj
ω,Wd0,F

· A is left-adjoint to Wlim
W ,F · Inc

FOlim,inj
Wd0

(F )

FOlim
W

(F )
. ♦

Proof. Note that the functors Wlim
W ,F and Plim

W ,F are mutually quasi-inverse equivalences. Also

note that we have FOlim,inj

Wd0
(F ) ⊆ FO|W (F ) by lemma 4.3.51.

The map FOlim,inj
Wd0

(F )(X, Y )→ F (XPlim,inj
ω,Wd0,F

, Y Plim,inj
ω,Wd0,F

) : f 7→ fPlim,inj
ω,Wd0,F

is bijective for

X ∈ Ob(FOlim,inj

Wd0
(F )) and Y ∈ Ob(FOlim

W
(F )) by lemma 4.3.15 and corollary 4.3.17.

We have Inc
FOlim,inj

Wd0
(F )

FOlim
W

(F )
· Plim,inj

ω,Wd0,F
= Pω,F |FOlim

W
(F ) = Plim

W ,F · IncF
D .
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So the result follows from lemma 1.6.17.

FOlim,inj

Wd0
(F )

Plim,inj
ω,Wd0,F //F

A

��
FOlim

W
(F )

Inc
FO

lim,inj
Wd0

(F)

FOlim
W

(F)

OO

Plim
W ,F

,, D
Wlim

W ,F

nn

Inc
F
D

KK

4.3.53 Lemma. Suppose given X ∈ Ob(FOb
Wd0

(F )). Then we have Xω ∈ Ob(D). ♦

Proof. Choose `,m ∈ Z such that X ∈ Ob(FOd̀ ,me(F )).

By lemma 4.3.8, we have X|` ∈ Ob(Wd̀ ) ⊆ Ob(D). Consider the pure short exact sequence

X|` •
xω|` //Xω

�xω
`+1| //X`+1| in F . We have X`+1| ∈ Ob(ZF ) since X ∈ Ob(FOd̀ (F )) and thus X|`

is isomorphic to Xω in F . We conclude that Xω ∈ Ob(D).

4.3.54 Proposition. Suppose that W is bounded, i.e. that W b = D .

Then Pb
ω,Wd0,F

|D is left-adjoint to Wb
W ,F · Inc

FOb
Wd0

(F )

FOb
W

(F )
. ♦

Proof. Note that the functors Wb
W ,F and Pb

W ,F are mutually quasi-inverse equivalences. Also

note that we have FOb

Wd0
(F ) ⊆ FO|W (F ) by lemma 4.3.8.

Consider the functor Pb
ω,Wd0,F

|D : FOb

Wd0
(F )→ D , cf. lemma 4.3.53.

The map FOb
Wd0

(F )(X, Y )→ D(XPb
ω,Wd0,F

, Y Pb
ω,Wd0,F

) : f 7→ fPb
ω,Wd0,F

is bijective for

X ∈ Ob(FOb

Wd0
(F )) and Y ∈ Ob(FOb

W
(F )) by lemma 4.3.15 and corollary 4.3.17.

We have Inc
FOb

Wd0
(F )

FOb
W

(F )
· Pb

ω,Wd0,F
|D = Pω,F |DFOb

W
(F )

= Pb
W ,F .

So the result follows from lemma 1.6.17.

FOb

Wd0
(F )

Pb
ω,Wd0,F

|D
// D

1D

��
FOb

W
(F )

Inc

FOb
Wd0

(F)

FOb
W

(F)

OO

Pb
W ,F

,, D
Wb

W ,F

mm

1D

JJ

4.4 Realisation functors

We have collected some facts about t-structures in section 1.8 which we will use now.

Suppose given a strict Frobenius category F = (F ,B,Σ, ι, π, α). Suppose given a full triangu-

lated subcategory D ⊆ F . Suppose given a t-structure T = (T0c,Tb0) on D . We abbreviate

H = Tb0,0c .
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4.4.1 Definition. Let RealK,bT ,F = Rb
H ,F · Limb

H ,F · Pb
ω,H ,F : Kb(H ) → F , cf. definitions

4.1.22, 4.2.56 and 4.2.19.

Kb(H )
Rb

H ,F // ∇b

H
(F )

Limb
H ,F // FOb

H
(F )

Pb
ω,H ,F //F

♦

4.4.2 Definition. Suppose that F has epilimits and monocolimits.

Let RealKT ,F = RH ,F ·LimH ,F ·P∇ω,H ,F : K(H )→ F , cf. definitions 4.1.20, 4.2.57 and 4.2.19.

K(H )
RH ,F //∇

H
(F )

LimH ,F // FO∇
H

(F )
P∇ω,H ,F //F

♦

4.4.3 Remark. Suppose that F has epilimits and monocolimits.

We have Inc
K(H )

Kb(H )
· RealKT ,F = RealK,bT ,F . ♦

Proof. We have

Inc
K(H )

Kb(H )
· RealKT ,F = Inc

K(H )

Kb(H )
· RH ,F · LimH ,F · P∇ω,H ,F

= Rb
H ,F · Inc

∇
H

(F )

∇b
H

(F )
· LimH ,F · P∇ω,H ,F

= Rb
H ,F · Limb

H ,F · Inc
FO∇

H
(F )

FOb
H

(F )
· Pω,F |FO∇

H
(F )

= Rb
H ,F · Limb

H ,F · Pω,F |FOb
H

(F )

= Rb
H ,F · Limb

H ,F · Pb
ω,H ,F

= RealK,bT ,F .

Cf. definitions 4.1.22, 4.2.57 and 4.2.19.

4.4.4 Lemma. The functors IKb,H · RealK,bT ,F and IncF
H are isomorphic in H (F ). ♦

Proof. This follows from lemma 4.2.61.(d).

4.4.5 Lemma. Suppose that F has epilimits and monocolimits. The functors IK,H ·RealKT ,F

and IncF
H are isomorphic in H (F ). ♦

Proof. Note that IKb,H · Inc
K(H )

Kb(H )
= IK,H and Inc

K(H )

Kb(H )
·RealKT ,F = RealK,bT ,F , cf. remark 4.4.3.

So IK,H · RealKT ,F = IKb,H · Inc
K(H )

Kb(H )
· RealKT ,F = IKb,H · RealK,bT ,F . Thus the result follows

from lemma 4.4.4.

4.4.6 Lemma. The functor RealK,bT ,F : Kb(H )→ F is exact. ♦

Proof. We will use lemma 3.4.19 and propositions 4.1.3, 4.2.28.

We abbreviate R = Rb
H ,F , Lim = Limb

H ,F , Ξ = Ξb
H ,F , Ξ = Ξb

H ,F , ∆ = ∆b
H ,F ,

∆ = ∆b

H ,F
, P = Pb

ω,H ,F , P = Pb
ω,H ,F , σ = σb

H ,F and ξ = ξΣ,F . We will use that

Ξ ·∆: FOb

H
(F )→ Kb(H ) is full and faithful, cf. definitions 4.1.22 and 4.2.56.
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Note that RealK,bT ,F is additive since it is a composite of additive functors, cf. definitions 4.1.22,

4.2.56 and remark 4.2.20.

First step.

We want to construct an isotransformation ΣKb,H · RealK,bT ,F
λ //RealK,bT ,F · Σ .

Suppose given X ∈ Ob(Kb(H )).

Note that we have XΣKb,H RealK,bT ,F = X [1]R Lim P and

XRealK,bT ,F Σ = (XR Lim P)[1] = (XR Lim)
[1]
[−1]P, cf. lemma 3.4.19.(a).

Since Ξ ·∆ is full, we may choose X [1]R Lim
Xµ //(XR Lim)

[1]
[−1] in FOb

H
(F ) such that

XµΞ∆ = X [1]Rσ−1∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] ·XR Lim[−1]ξ

−1 ∆.

Note that Xµ is an isomorphism in FOb

H
(F ) since X [1]Rσ−1∆, X [1]ς

−1
, Xς [1] , (XRσ∆)[1]

and XR Lim[−1]ξ
−1 ∆ are isomorphisms in Kb(H ) and since Ξ ·∆ is full and faithful.

Let Xλ = XµP: X [1]R Lim P → (XR Lim P)[1]. Note that Xλ is an isomorphism in F since

Xµ is an isomorphism in FOb

H
(F ).

Suppose given X
f //Y in Kb(H ).

Choose XR Lim
g //Y R Lim in FO(F ) such that g = fR Lim.

We have Xµ · g[1]
[−1] = f [1]R Lim · Y µ since

(Xµ · g[1]
[−1])Ξ∆

= X [1]Rσ−1∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] ·XR Lim[−1]ξ

−1 ∆ · g[1]
[−1]Ξ ∆

= X [1]Rσ−1∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] ·XR Lim[−1]ξ

−1 · g[1]
[−1]Ξ ∆

= X [1]Rσ−1∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] · gΞ

[1]
[−1] · Y R Lim[−1]ξ

−1 ∆

= X [1]Rσ−1∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] · gΞ∆[1] · Y R Lim[−1]ξ

−1 ∆

= X [1]Rσ−1∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] · (fR Lim Ξ ∆)[1] · Y R Lim[−1]ξ

−1 ∆

= X [1]Rσ−1∆ ·X [1]ς
−1 ·Xς [1] · (fR ∆)[1] · (Y Rσ∆)[1] · Y R Lim[−1]ξ

−1 ∆

= X [1]Rσ−1∆ ·X [1]ς
−1 · f [1] · Y ς [1] · (Y Rσ∆)[1] · Y R Lim[−1]ξ

−1 ∆

= X [1]Rσ−1∆ · f [1]R ∆ · Y [1]ς
−1 · Y ς [1] · (Y Rσ∆)[1] · Y R Lim[−1]ξ

−1 ∆

= f [1]R Lim Ξ ∆ · Y [1]Rσ−1∆ · Y [1]ς
−1 · Y ς [1] · (Y Rσ∆)[1] · Y R Lim[−1]ξ

−1 ∆

= (f [1]R Lim · Y µ)Ξ∆
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and since Ξ ·∆ is full and faithful.

X [1]R Lim
Xµ //

f [1]R Lim

��

(XR Lim)
[1]
[−1]

g
[1]
[−1]

��

Y [1]R Lim
Y µ // (Y R Lim)

[1]
[−1]

We have

Xλ · (fR Lim P)[1] = XµP · (g P)[1] = XµP · g[1]
[−1] P = (Xµ · g[1]

[−1])P = (f [1]R Lim · Y µ)P

= f [1]R Lim P · Y λ.

X [1]R Lim P Xλ //

f [1]R Lim P
��

(XR Lim P)[1]

(fR Lim P)[1]

��
Y [1]R Lim P Y λ // (Y R Lim P)[1]

We conclude that ΣKb,H · RealK,bT ,F
λ //RealK,bT ,F · Σ is an isotransformation.

Second step.

Suppose given a triangle X u //Y
v //Z

w //X [1] in Kb(H ). We want to show that

(
XRealK,bT ,F

uRealK,b
T ,F //Y RealK,bT ,F

vRealK,b
T ,F //ZRealK,bT ,F

wRealK,b
T ,F ·Xλ //(XRealK,bT ,F )[1]

)
=
(
XR Lim P

uR Lim P //Y R Lim P
vR Lim P //ZR Lim P

wR Lim P·Xλ//(XR Lim P)[1]
)

is a triangle in F .

Choose XR Lim
f //Y R Lim in FO(F ) such that f = uR Lim.

Choose a pseudo-triangle XR Lim
f //Y R Lim •i //A �p //XR Lim

[1]
[−1] in FO(F ) such that

A,XR Lim
[1]
[−1] ∈ Ob(FOb

H (F )), cf. lemmata 3.4.33 and 4.2.29. By propositions 4.2.28.(b) and

4.1.3.(b), XR LimΞ∆
fΞ∆ //Y R LimΞ∆ iΞ∆ //AΞ∆

(pΞ·XR Lim[−1]ξ)∆ //XR LimΞ
[1]
[−1]∆ is a pseudo-tri-

angle in C(H ). Consequently,

XR Lim Ξ ∆
f Ξ ∆

//Y R Lim Ξ ∆
iΞ ∆

//AΞ ∆
pΞ ∆·XR Lim[−1]ξ∆

//(XR Lim Ξ ∆)[1] is a triangle in

Kb(H ). We have

Xς ·XRσ∆ · f Ξ ∆ = Xς ·XRσ ∆ · uR Lim Ξ ∆ = Xς · (XRσ · uR Lim Ξ)∆

= Xς · (uR · Y Rσ)∆ = Xς · uR ∆ · Y Rσ∆ = u · Y ς · Y Rσ∆ .

SinceXς ·XRσ∆ and Y ς ·Y Rσ∆ are isomorphisms in Kb(H ), we may choose an isomorphism

Z a //AΞ ∆ in Kb(H ) such that v · a = Y ς · Y Rσ∆ · iΞ ∆ and
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a · pΞ ∆ ·XR Lim[−1]ξ∆ = w · (Xς ·XRσ∆)[1].

X u //

Xς·XRσ∆

��

Y v //

Y ς·Y Rσ∆

��

Z w //

a

��

X [1]

(Xς·XRσ∆)[1]

��
XR Lim Ξ ∆

f Ξ ∆
// Y R Lim Ξ ∆

iΞ ∆
// AΞ ∆

pΞ ∆·XR Lim[−1]ξ∆
// (XR Lim Ξ ∆)[1]

Since Ξ ·∆ is full, we may choose ZR Lim b //A in FOb

H
(F ) such that

bΞ ∆ = ZRσ−1∆ ·Zς−1 ·a. Note that b is an isomorphism in FOb

H
(F ) since ZRσ−1∆ , Zς−1,

a are isomorphisms in Kb(H ) and since Ξ ·∆ is full and faithful.

We have vR Lim · b = i since

(vR Lim · b)Ξ ∆ = vR Lim Ξ ∆ · bΞ ∆ = vR Lim Ξ ∆ · ZRσ−1∆ · Zς−1 · a

= (vR Lim Ξ · ZRσ−1)∆ · Zς−1 · a = (Y Rσ−1 · vR)∆ · Zς−1 · a

= Y Rσ−1∆ · Y ς−1 · v · a = Y Rσ−1∆ · Y ς−1 · Y ς · Y Rσ∆ · iΞ ∆

= Y Rσ−1∆ · Y Rσ∆ · iΞ ∆ = iΞ ∆

and since Ξ ·∆ is faithful. We have b · p = wR Lim ·Xµ since

(b · p)Ξ ∆ = ZRσ−1∆ · Zς−1 · a · pΞ ∆

= ZRσ−1∆ · Zς−1 · w · (Xς ·XRσ∆)[1] ·XR Lim[−1]ξ
−1 ∆

= ZRσ−1∆ · wR ∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] ·XR Lim[−1]ξ

−1 ∆

= (ZRσ−1 · wR)∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] ·XR Lim[−1]ξ

−1 ∆

= (wR Lim Ξ ·X [1]Rσ−1)∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] ·XR Lim[−1]ξ

−1 ∆

= wR Lim Ξ ∆ ·X [1]Rσ−1 ∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] ·XR Lim[−1]ξ

−1 ∆

= wR Lim Ξ ∆ ·XµΞ ∆

= (wR Lim ·Xµ)Ξ ∆

and since Ξ ·∆ is faithful.

XR Lim
uR Lim//

1

��

Y R Lim
vR Lim//

1

��

ZR Lim
wR Lim·Xµ //

b

��

XR Lim
[1]
[−1]

1
��

XR Lim
f
// Y R Lim

i
// A

p
// XR Lim

[1]
[−1]

By lemma 3.4.19.(b), XR LimP
fP //Y R LimP •iP //AP �pP //XR Lim

[1]
[−1]P is a pseudo-triangle

in F . Consequently, XR Lim P
f P
//Y R Lim P

iP
//AP

pP
//(XR Lim P)[1] is a triangle in F .
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Note that ZR Lim P
bP //AP is an isomorphism in F since b is an isomorphism in FOb

H
(F ).

We have uR Lim P = f P, vR Lim P · bP = (vR Lim · b)P = iP and

wR Lim P ·Xλ = wR Lim P ·XµP = (wR Lim ·Xµ)P = (b · p)P = bP · pP .

XR Lim P
uR Lim P //

1

��

Y R Lim P
vR Lim P //

1

��

ZR Lim P
wR Lim P·Xλ //

bP

��

(XR Lim P)[1]

1
��

XR Lim P
f P

// Y R Lim P
iP

// A
pP

// (XR Lim P)[1]

We conclude that

(
XRealK,bT ,F

uRealK,b
T ,F //Y RealK,bT ,F

vRealK,b
T ,F //ZRealK,bT ,F

wRealK,b
T ,F ·Xλ //(XRealK,bT ,F )[1]

)
=
(
XR Lim P

uR Lim P //Y R Lim P
vR Lim P //ZR Lim P

wR Lim P·Xλ//(XR Lim P)[1]
)

is a triangle in F .

4.4.7 Lemma. Suppose that F has epilimits and monocolimits.

The functor RealKT ,F : K(H )→ F is exact. ♦

Proof. We will use lemma 3.4.19 and propositions 4.1.3, 4.2.28. We abbreviate R = RH ,F ,

Lim = LimH ,F , Ξ = Ξ∇H ,F , Ξ = Ξ∇H ,F , ∆ = ∆H ,F , ∆ = ∆
H ,F

, P = P∇ω,H ,F ,

P = P∇ω,H ,F , σ = σH ,F and ξ = ξΣ,F .

We will use that Ξ ·∆: FO∇
H

(F )→ K(H ) is full and faithful, cf. definitions 4.1.20 and 4.2.57.

Note that RealKT ,F is additive since it is a composite of additive functors, cf. definitions 4.1.20,

4.2.57 and remark 4.2.20.

First step.

We want to construct an isotransformation ΣK,H · RealKT ,F
λ //RealKT ,F · Σ .

Suppose given X ∈ Ob(K(H )).

Note that we have XΣK,H RealKT ,F = X [1]R Lim P and

XRealKT ,F Σ = (XR Lim P)[1] = (XR Lim)
[1]
[−1]P, cf. lemma 3.4.19.(a).

Since Ξ ·∆ is full, we may choose X [1]R Lim
Xµ //(XR Lim)

[1]
[−1] in FO∇

H
(F ) such that

XµΞ∆ = X [1]Rσ−1∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] ·XR Lim[−1]ξ

−1 ∆.

Note that Xµ is an isomorphism in FO∇
H

(F ) since X [1]Rσ−1∆, X [1]ς
−1

, Xς [1] , (XRσ∆)[1]

and XR Lim[−1]ξ
−1 ∆ are isomorphisms in K(H ) and since Ξ ·∆ is full and faithful.

Let Xλ = XµP: X [1]R Lim P → (XR Lim P)[1]. Note that Xλ is an isomorphism in F since

Xµ is an isomorphism in FO∇
H

(F ).

Suppose given X
f //Y in K(H ).
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Choose XR Lim
g //Y R Lim in FO(F ) such that g = fR Lim.

We have Xµ · g[1]
[−1] = f [1]R Lim · Y µ since

(Xµ · g[1]
[−1])Ξ∆

= X [1]Rσ−1∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] ·XR Lim[−1]ξ

−1 ∆ · g[1]
[−1]Ξ ∆

= X [1]Rσ−1∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] ·XR Lim[−1]ξ

−1 · g[1]
[−1]Ξ ∆

= X [1]Rσ−1∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] · gΞ

[1]
[−1] · Y R Lim[−1]ξ

−1 ∆

= X [1]Rσ−1∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] · gΞ∆[1] · Y R Lim[−1]ξ

−1 ∆

= X [1]Rσ−1∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] · (fR Lim Ξ ∆)[1] · Y R Lim[−1]ξ

−1 ∆

= X [1]Rσ−1∆ ·X [1]ς
−1 ·Xς [1] · (fR ∆)[1] · (Y Rσ∆)[1] · Y R Lim[−1]ξ

−1 ∆

= X [1]Rσ−1∆ ·X [1]ς
−1 · f [1] · Y ς [1] · (Y Rσ∆)[1] · Y R Lim[−1]ξ

−1 ∆

= X [1]Rσ−1∆ · f [1]R ∆ · Y [1]ς
−1 · Y ς [1] · (Y Rσ∆)[1] · Y R Lim[−1]ξ

−1 ∆

= f [1]R Lim Ξ ∆ · Y [1]Rσ−1∆ · Y [1]ς
−1 · Y ς [1] · (Y Rσ∆)[1] · Y R Lim[−1]ξ

−1 ∆

= (f [1]R Lim · Y µ)Ξ∆

and since Ξ ·∆ is full and faithful.

X [1]R Lim
Xµ //

f [1]R Lim

��

(XR Lim)
[1]
[−1]

g
[1]
[−1]

��

Y [1]R Lim
Y µ // (Y R Lim)

[1]
[−1]

We have

Xλ · (fR Lim P)[1] = XµP · (g P)[1] = XµP · g[1]
[−1] P = (Xµ · g[1]

[−1])P = (f [1]R Lim · Y µ)P

= f [1]R Lim P · Y λ.

X [1]R Lim P Xλ //

f [1]R Lim P
��

(XR Lim P)[1]

(fR Lim P)[1]

��
Y [1]R Lim P Y λ // (Y R Lim P)[1]

We conclude that ΣK,H · RealKT ,F
λ //RealKT ,F · Σ is an isotransformation.
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Second step.

Suppose given a triangle X u //Y
v //Z

w //X [1] in K(H ). We want to show that

(
XRealKT ,F

uRealKT ,F //Y RealKT ,F

vRealKT ,F //ZRealKT ,F

wRealKT ,F ·Xλ //(XRealKT ,F )[1]
)

=
(
XR Lim P

uR Lim P //Y R Lim P
vR Lim P //ZR Lim P

wR Lim P·Xλ//(XR Lim P)[1]
)

is a triangle in F .

Choose XR Lim
f //Y R Lim in FO(F ) such that f = uR Lim.

Choose a pseudo-triangle XR Lim
f //Y R Lim •i //A �p //XR Lim

[1]
[−1] in FO(F ) such that

A,XR Lim
[1]
[−1] ∈ Ob(FO∇H (F )), cf. lemmata 3.4.49 and 4.2.29. By propositions 4.2.28.(b) and

4.1.3.(b), XR LimΞ∆
fΞ∆ //Y R LimΞ∆ iΞ∆ //AΞ∆

(pΞ·XR Lim[−1]ξ)∆ //XR LimΞ
[1]
[−1]∆ is a pseudo-tri-

angle in C(H ). Consequently,

XR Lim Ξ ∆
f Ξ ∆

//Y R Lim Ξ ∆
iΞ ∆

//AΞ ∆
pΞ ∆·XR Lim[−1]ξ∆

//(XR Lim Ξ ∆)[1] is a triangle in

K(H ). We have

Xς ·XRσ∆ · f Ξ ∆ = Xς ·XRσ ∆ · uR Lim Ξ ∆ = Xς · (XRσ · uR Lim Ξ)∆

= Xς · (uR · Y Rσ)∆ = Xς · uR ∆ · Y Rσ∆ = u · Y ς · Y Rσ∆ .

Since Xς ·XRσ∆ and Y ς ·Y Rσ∆ are isomorphisms in K(H ), we may choose an isomorphism

Z a //AΞ ∆ in K(H ) such that v · a = Y ς · Y Rσ∆ · iΞ ∆ and

a · pΞ ∆ ·XR Lim[−1]ξ∆ = w · (Xς ·XRσ∆)[1].

X u //

Xς·XRσ∆

��

Y v //

Y ς·Y Rσ∆

��

Z w //

a

��

X [1]

(Xς·XRσ∆)[1]

��
XR Lim Ξ ∆

f Ξ ∆
// Y R Lim Ξ ∆

iΞ ∆
// AΞ ∆

pΞ ∆·XR Lim[−1]ξ∆
// (XR Lim Ξ ∆)[1]

Since Ξ ·∆ is full, we may choose ZR Lim b //A in FO∇
H

(F ) such that

bΞ ∆ = ZRσ−1∆ ·Zς−1 ·a. Note that b is an isomorphism in FO∇
H

(F ) since ZRσ−1∆ , Zς−1,

a are isomorphisms in K(H ) and since Ξ ·∆ is full and faithful.

We have vR Lim · b = i since

(vR Lim · b)Ξ ∆ = vR Lim Ξ ∆ · bΞ ∆ = vR Lim Ξ ∆ · ZRσ−1∆ · Zς−1 · a

= (vR Lim Ξ · ZRσ−1)∆ · Zς−1 · a = (Y Rσ−1 · vR)∆ · Zς−1 · a

= Y Rσ−1∆ · Y ς−1 · v · a = Y Rσ−1∆ · Y ς−1 · Y ς · Y Rσ∆ · iΞ ∆

= Y Rσ−1∆ · Y Rσ∆ · iΞ ∆ = iΞ ∆
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and since Ξ ·∆ is faithful. We have b · p = wR Lim ·Xµ since

(b · p)Ξ ∆ = ZRσ−1∆ · Zς−1 · a · pΞ ∆

= ZRσ−1∆ · Zς−1 · w · (Xς ·XRσ∆)[1] ·XR Lim[−1]ξ
−1 ∆

= ZRσ−1∆ · wR ∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] ·XR Lim[−1]ξ

−1 ∆

= (ZRσ−1 · wR)∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] ·XR Lim[−1]ξ

−1 ∆

= (wR Lim Ξ ·X [1]Rσ−1)∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] ·XR Lim[−1]ξ

−1 ∆

= wR Lim Ξ ∆ ·X [1]Rσ−1 ∆ ·X [1]ς
−1 ·Xς [1] · (XRσ∆)[1] ·XR Lim[−1]ξ

−1 ∆

= wR Lim Ξ ∆ ·XµΞ ∆

= (wR Lim ·Xµ)Ξ ∆

and since Ξ ·∆ is faithful.

XR Lim
uR Lim//

1

��

Y R Lim
vR Lim//

1

��

ZR Lim
wR Lim·Xµ //

b

��

XR Lim
[1]
[−1]

1
��

XR Lim
f
// Y R Lim

i
// A

p
// XR Lim

[1]
[−1]

By lemma 3.4.19.(b), XR LimP
fP //Y R LimP •iP //AP �pP //XR Lim

[1]
[−1]P is a pseudo-triangle

in F . Consequently, XR Lim P
f P
//Y R Lim P

iP
//AP

pP
//(XR Lim P)[1] is a triangle in F .

Note that ZR Lim P
bP //AP is an isomorphism in F since b is an isomorphism in FO∇

H
(F ).

We have uR Lim P = f P, vR Lim P · bP = (vR Lim · b)P = iP and

wR Lim P ·Xλ = wR Lim P ·XµP = (wR Lim ·Xµ)P = (b · p)P = bP · pP .

XR Lim P
uR Lim P //

1

��

Y R Lim P
vR Lim P //

1

��

ZR Lim P
wR Lim P·Xλ //

bP

��

(XR Lim P)[1]

1
��

XR Lim P
f P

// Y R Lim P
iP

// A
pP

// (XR Lim P)[1]

We conclude that

(
XRealKT ,F

uRealKT ,F //Y RealKT ,F

vRealKT ,F //ZRealKT ,F

wRealKT ,F ·Xλ //(XRealKT ,F )[1]
)

=
(
XR Lim P

uR Lim P //Y R Lim P
vR Lim P //ZR Lim P

wR Lim P·Xλ//(XR Lim P)[1]
)

is a triangle in F .
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4.4.8 Lemma. Suppose given n ∈ Z and X ∈ Ob(FOTnc(F )).

For `/k ∈ V, we have X`/k ∈ Ob(Tn+k+1c). ♦

Proof. We have X`/k ∈ Ob

( ∗
j∈[k+1,`]

T [j]
nc

)
= Ob

( ∗
j∈[k+1,`]

Tn+jc

)
by remark 3.3.20.

Thus X`/k ∈ Ob(Tn+k+1c).

4.4.9 Lemma. Suppose given X ∈ Ob(FOH (F )). For `/k ∈ V, we have X`/k ∈ Ob(Tb̀ ,k+1c).

♦

Proof. We have X`/k ∈ Ob

( ∗
j∈[k+1,`]

H [j]

)
= Ob

( ∗
j∈[k+1,`]

Tbj,jc

)
by remark 3.3.20.

Thus X`/k ∈ Ob(Tb̀ ,k+1c).

4.4.10 Lemma. Suppose given n ∈ Z and X ∈ Ob(FO
ne
H (F )). Then we have X|` ∈ Ob(Tb̀ ,nc)

for ` ∈ Z. ♦

Proof. For ` ∈ Z<n , we have X|` ∈ Ob(ZF ) and thus X|` ∈ Ob(Tb̀ ,nc).

Suppose given ` ∈ Z≥n . We have X`/n−1 ∈ Ob(Tb̀ ,nc) by lemma 4.4.9.

Consider the pure short exact sequence X|n−1 •
X|n−1 |` //X|`

�X|`/n−1 //X`/n−1 in F . The mor-

phism X|`/n−1 is an isomorphism in F since X|n−1 ∈ Ob(ZF ). We conclude that

X|` ∈ Ob(Tb̀ ,nc) since X`/n−1 ∈ Ob(Tb̀ ,nc).

4.4.11 Lemma. Suppose given m,n ∈ Z and X ∈ Ob(FO
dm,ne
H (F )).

Then we have Xω ∈ Ob(Tbm,nc). ♦

Proof. Consider the pure short exact sequence X|m
xω|m //Xω

xω
m+1| //Xm+1| in F . The morphism

xω|m is an isomorphism in F since Xm+1| ∈ Ob(ZF ). We conclude that Xω ∈ Ob(Tbm,nc) since

X|m ∈ Ob(Tbm,nc) by lemma 4.4.10.

4.4.12 Lemma. Suppose given X ∈ Ob(Cb(H )).

(a) Suppose given m ∈ Z and suppose that X ∈ Ob(Cme(H )).

We have XRealK,bT ,F ∈ Ob(Tmc).

(b) Suppose given m ∈ Z and suppose that X ∈ Ob(Cdm(H )).

We have XRealK,bT ,F ∈ Ob(Tbm).

(c) We have XRealK,bT ,F ∈ Ob(T b).
♦

Proof. Ad (a). We may choose ` ∈ Z such that X ∈ Ob(Cd̀ ,me(H )). By lemma 4.1.21 and

remark 4.2.52, we have XRH ,F LimH ,F ∈ Ob(FOd̀ ,me(F )).

Thus XRealK,bT ,F = XRb
H ,F Limb

H ,F Pb
ω,H ,F ∈ Ob(Tb̀ ,mc) ⊆ Ob(Tmc) by lemma 4.4.11.

Ad (b). This is dual to (a).

Ad (c). This follows from (a) and (b).



255

4.4.13 Lemma. Suppose given U ∈ Ob(Ac2(H )). We have URealK,bT ,F ∈ Ob(ZD).

Cf. definition 1.9.56. ♦

Proof. We may choose n ∈ Z such that U ∈ Ob(Cdn+1,n−1e(H )). Write X = U
[n]
n+1 , Y = U

[n]
n

and choose X
f //Y in F such that f = u

[n]
n+1 .

Choose a pseudo-triangle X
f //Y •i //Z �p //X [1] in F , cf. lemma 2.2.11.

Note that X
f
//Y

i //Z
p
//X [1] is a triangle in F . Since Un+1

un+1 //Un
un //Un−1 is a short

exact sequence in H , it can be completed to a triangle Un+1
un+1 //Un

un //Un−1
//U

[1]
n+1 in

F . Since we have un+1 = f [−n], we may choose an isomorphism Z [−n] a //Un+1 in F such

that i[−n] · a = un .

X [−n]

1

��

f [−n]

// Y [−n]

1

��

i[−n]

// Z [−n]

a

��

// X [−n+1]

1
��

Un+1
un+1 // Un

un // Un−1
// U

[1]
n+1

By lemma 2.1.37, we may choose a pullback in F as follows.

Q �q //

•j
��

Y

•i
��

Z [−1]B �Z[−1]π // Z

Moreover, we may choose a kernel Z [−1] •h //Q of q in F such that h · j = Z [−1]ι and

Z [−1]B �Z[−1]π·p //X [1] is a cokernel of j.

We define V ∈ Ob(FOdn+1,n−1e(F )) by setting

• Vω = Z [−1]B ,

• V|k = Z [−1]B , v|k = 1 , vω|k = 1 for k ∈ Z≥n+1 ,

• V|n = Q , v|n = j , vω|n = j , V|n−1 = Z [−1] , v|n−1 = h , vω|n−1 = Z [−1]ι ,

• V|k = 0F for k ∈ Z<n−1 ,

• Vk| = Z [−1]B , vk−1| = 1 , vωk| = 1 for k ∈ Z<n ,

• Vn| = Z , vn−1| = Z [−1]π , vωn| = Z [−1]π , Vn+1| = X [1] , vn| = p , vωn+1| = Z [−1]π · p and

• Vk| = 0F for k ∈ Z≥n+2 .

Note that V Pω,F = Vω = Z [−1]B ∈ Ob(ZD).

We choose cokernels V|`
c`/k //C`/k of V|k |` for `/k ∈ V in F as follows. Let cn−1/n−2 = 1Z[−1] ,

cn+1/n−1 = Z [−1]π , cn/n−1 = q , cn/n−2 = 1Q , cn+1/n = Z [−1]π · p and cn+1/n−2 = 1Z[−1]B .
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We abbreviate C = (c`/k)`/k∈V . The object VΘC is isomorphic to V ΞF in∇(F ), cf. definitions

4.2.3, 4.2.11 and lemma 4.2.9.(a,b). Thus VΘC∆H ,F is isomorphic to V ΞF ∆H ,F in C(H ).

By lemmata 4.2.33 and 4.1.17, we have V ΞF ∆H ,F ∈ Ob(Cdn+1,n−1e(H )) and thus

VΘC∆H ,F ∈ Ob(Cdn+1,n−1e(H )).

We have

(VΘC)n−1/n−2 n+1/n−2 = cn−1/n−2 · (VΘC)n−1/n−2 n+1/n−2 = V|n−1 |n+1 · cn+1/n−2 = h · j

= Z [−1]ι

and (VΘC)n+1/n−2 n+1/n−1 = cn+1/n−2 · (VΘC)n+1/n−2 n+1/n−1 = cn+1/n−1 = Z [−1]π.

We have (VΘC)n/n−1 n+1/n−1 = i since

q · (VΘC)n/n−1 n+1/n−1 = cn/n−1 · (VΘC)n/n−1 n+1/n−1 = v|n · cn+1/n−1 = j · Z [−1]π = q · i

and since q is a pure epimorphism.

We have (VΘC)n+1/n−1 n+1/n = p since

Z [−1]π · (VΘC)n+1/n−1 n+1/n = cn+1/n−1 · (VΘC)n+1/n−1 n+1/n = cn+1/n = Z [−1]π · p

and since Z [−1]π is a pure epimorphism.

Using lemmata 2.2.10, 2.2.3 and 3.3.42, we obtain

(VΘC∆H ,F )n+1 n = δ
[−n−1]
VΘC ,n−1,n,n+1 = δ

[−n−1]
(i,p) = f [−n]

and

(VΘC∆H ,F )n n−1 = δ
[−n]
VΘC ,n−2,n−1,n = (VΘC)n/n−1 n+1/n−1

[−n] · δ[−n]
VΘC ,n−2,n−1,n+1

= i[−n] · δ[−n]

(Z[−1]ι,Z[−1]π)
= i[−n].

Thus we get an isomorphism VΘC∆H ,F
b //U in Cdn+1,n−1e(H ) by setting bn+1 = 1 , bn = 1

and bn−1 = a.

Since Ξb
H ,F and Limb

H ,F as well as ∆b

H ,F
and Rb

H ,F are mutually quasi-inverse equivalences,

we get that V and URb
H ,F Limb

H ,F are isomorphic in FOb

H
(F ). We conclude that

URealK,bT ,F = URb
H ,F Limb

H ,F Pb
ω,H ,F ∈ Ob(ZD) since V Pb

ω,H ,F = Vω ∈ Ob(ZD).

4.4.14 Lemma. Suppose given X ∈ Ob(Acb(H )). We have XRealK,bT ,F ∈ Ob(ZD). ♦

Proof. This follows from lemmata 4.4.6, 4.4.13 and 1.9.57.

4.4.15 Lemma. Suppose that F has countable products and that D is closed under countable

products in F . Then Tb̀ is closed under epilimits for ` ∈ Z, cf. definition 3.2.54. ♦
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Proof. Suppose given ` ∈ Z, X ∈ Ob(CF(F )) with Xk ∈ Ob(Tb̀ ) for k ∈ Z and a limit

(A, (ak)k∈Z) for X. Choose a product (P, (pk)k∈Z≤0
) for (Xk)k∈Z≤0

in F . We have P ∈ Ob(Tb̀ )

since P ∈ Ob(D) by assumption and since Tb̀ is closed under products in D , cf. lemma 2.1.41.

Lemma 3.2.35 yields a pure short exact sequence A •i //P �q //P in F , which in turn yields

a triangle P [−1] //A //P //P in F . So A ∈ Ob(Tb̀ ) since P [−1], P ∈ Ob(Tb̀ ).

4.4.16 Lemma. Suppose that F has countable products and that D is closed under countable

products in F . Suppose given X ∈ Ob(FOlim
H (F )). For ` ∈ Z, we have X|` ∈ Ob(Tb̀ ). ♦

Proof. This follows from lemmata 4.2.40, 4.4.9 and 4.4.15.

4.4.17 Remark. Suppose given a functor A : F → D .

(a) If A is left-adjoint to IncF
D , then the functors IncF

D ·A and 1D are isomorphic in D(D).

(b) If A is right-adjoint to IncF
D , then the functors IncF

D ·A and 1D are isomorphic in D(D).

♦

Proof. This follows from the fact that the inclusion functor IncF
D is full and faithful, cf. lemma

1.6.6.

4.4.18 Lemma. Suppose that F has countable coproducts. Suppose given a functor

A : F → D that is left-adjoint to IncF
D , n ∈ Z and X ∈ Ob(FOcolim

Tne
(F )).

For k ∈ Z, we have Xk|A ∈ Ob(Tn+kc). ♦

Proof. Suppose given k ∈ Z. By lemma 4.2.41, (Xk| , (X`/k−1|)`∈Z) is a colimit for XΞFΨk,F,F .

Moreover, we have (XΞFΨk,F,F )` = X`/k−1 ∈ Ob(Tn+kc), cf. lemma 4.4.8. Choose a coprod-

uct (C, (ck)k∈Z≥0
) for (X`/k−1)`∈Z≥0

in F . Lemma 3.2.36 yields a pure short exact sequence

C •i //C �q //Xk| in F , which in turn yields a triangle C //C //Xk| //C [1] in F . Since

A is left-adjoint to IncF
D , we obtain a triangle CA //CA //Xk|A //CA[1] in F and

(CA, (ckA)k∈Z≥0
) is a coproduct for (X`/k−1A)`∈Z≥0

in D , cf. lemma 2.1.40. Note that, for

` ∈ Z, we have X`/k−1A ∈ Ob(Tn+ke) since X`/k−1 ∈ Ob(Tn+ke), cf. remark 4.4.17. Thus

CA ∈ Ob(Tn+ke) since Tn+ke is closed under coproducts in D .

We conclude that Xk|A ∈ Ob(Tn+ke) since CA,CA[1] ∈ Ob(Tn+ke).

4.4.19 Lemma. Suppose that F has epilimits and monocolimits. Suppose that D is closed

under countable products in F . Suppose given a functor A : F → D that is left-adjoint to

IncF
D .

(a) Suppose given m ∈ Z and X ∈ Ob(Cme(H )). We have XRealKT ,FA ∈ Ob(Tmc).

(b) Suppose given m ∈ Z and X ∈ Ob(Cdm(H )). We have XRealKT ,FA ∈ Ob(Tbm).
♦
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Proof. Ad (a). We abbreviate Y = XRH ,F LimH ,F . By lemma 4.1.21.(b) and remark

4.2.53.(b), we have Y ∈ Ob(FOme(F )). Consider the pure short exact sequence

Y|m−1 •
yω|m−1 //Yω

�y
ω
m| //Ym| in F . We have Y|m−1 ∈ Ob(ZF ) since Y ∈ Ob(FOme(F )). Thus yωm|

is an isomorphism in F . By lemma 4.4.18, we have Xm|A ∈ Ob(Tmc). We conclude that

XRealKT ,FA = YωA ∈ Ob(Tmc).

Ad (b). We abbreviate Y = XRH ,F LimH ,F . By lemma 4.1.21.(a) and remark 4.2.53.(a), we

have Y ∈ Ob(FOdm(F )). Consider the pure short exact sequence

Y|m •
yω|m //Yω

�yω
m+1| //Ym+1| in F . We have Ym+1| ∈ Ob(ZF ) since Y ∈ Ob(FOdm(F )). Thus yω|m

is an isomorphism in F . By lemma 4.4.16, we have Y|m ∈ Ob(Tbm). So Yω ∈ Ob(Tbm). We

conclude that XRealKT ,FA = YωA ∈ Ob(Tbm), cf. remark 4.4.17.

4.4.20 Lemma. Suppose that F has epilimits and monocolimits. Suppose that D is closed

under countable coproducts in F . Suppose given a functor A : F → D that is right-adjoint

to IncF
D .

(a) Suppose given m ∈ Z and X ∈ Ob(Cme(H )). We have XRealKT ,FA ∈ Ob(Tmc).

(b) Suppose given m ∈ Z and X ∈ Ob(Cdm(H )). We have XRealKT ,FA ∈ Ob(Tbm).
♦

Proof. This is dual to the previous lemma 4.4.19.

4.4.21 Lemma. Suppose that F has epilimits and monocolimits. Suppose that D is closed

under countable products in F and that T is non-degenerate. Suppose given a functor

A : F → D that is left-adjoint to IncF
D . Suppose given X ∈ Ob(Ac(H )). We have

XRealKT ,FA ∈ Ob(ZD). ♦

Proof. This follows from lemmata 4.4.7, 4.4.13, 4.4.19 and 1.9.58. Cf. remark 4.4.3. Also note

that A is exact since it is left-adjoint to the exact functor IncF
D .

4.4.22 Lemma. Suppose that F has epilimits and monocolimits. Suppose that D is closed

under countable coproducts in F . Suppose given a functor A : F → D that is right-adjoint

to IncF
D . Suppose given X ∈ Ob(Ac(H )). We have XRealKT ,FA ∈ Ob(ZD). ♦

Proof. This is dual to the previous lemma 4.4.21.

4.4.23 Definition. We define RealbT ,F : Db(H ) → D to be the unique exact functor such

that Lb
H · RealbT ,F = RealK,bT ,F |D , cf. lemmata 4.4.6, 4.4.11, 4.4.12.(c), 4.4.14 and 1.5.12. We

call RealbT ,F the bounded realisation functor of T with respect to F .

Kb(H )

Lb
H
��

Rb
H ,F // ∇b

H
(F )

Limb
H ,F // FOb

H
(F )

Pb
ω,H ,F |

D

// D

Db(H ) RealbT ,F

44

♦
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4.4.24 Definition. Suppose that F has epilimits and monocolimits. Suppose given a functor

A : F → D . Suppose that one of the following two statements is true.

(a) D is closed under countable products in F and A is left-adjoint to IncF
D .

(b) D is closed under countable coproducts in F and A is right-adjoint to IncF
D .

We define RealA,T ,F : D(H )→ D to be the unique exact functor such that

LH ·RealA,T ,F = RealKT ,F ·A, cf. lemmata 4.4.7, 4.4.21, 4.4.22 and 1.5.12. We call RealA,T ,F

the realisation functor of T with respect to A and F .

K(H )

LH

��

RH ,F //∇
H

(F )
LimH ,F // FO∇

H
(F )

P∇ω,H ,F //F A // D

D(H ) RealA,T ,F

33

♦

4.4.25 Proposition. The bounded realisation functor RealbT ,F : Db(H )→ D is t-exact with

respect to T A ,b and T . ♦

Proof. Note that RealbT ,F is exact by construction.

Now the result follows from lemma 4.4.12.(a,b).

4.4.26 Proposition. Suppose that F has epilimits and monocolimits. Suppose that D is

closed under countable products in F . Suppose given a functor A : F → D that is left-adjoint

to IncF
D .

The realisation functor RealA,T ,F : D(H )→ D is t-exact with respect to T A and T . ♦

Proof. Note that RealA,T ,F is exact by construction.

Now the result follows from lemma 4.4.19.

4.4.27 Proposition. Suppose that F has epilimits and monocolimits. Suppose that D is

closed under countable coproducts in F . Suppose given a functor A : F → D that is right-

adjoint to IncF
D .

The realisation functor RealA,T ,F : D(H )→ D is t-exact with respect to T A and T . ♦

Proof. This is dual to the previous proposition 4.4.26.

4.4.28 Proposition. The functors IDb,H · RealbT ,F and IncD
H are isomorphic in H (D). ♦

Proof. We have IDb,H · RealbT ,F = IKb,H · Lb
H · RealbT ,F = IKb,H · RealK,bT ,F |D . So the result

follows from lemmata 4.4.4 and 1.1.6.

4.4.29 Proposition. Suppose that F has epilimits and monocolimits. Suppose that D is

closed under countable products in F . Suppose given a functor A : F → D that is left-adjoint

to IncF
D . The functors ID,H · RealA,T ,F and IncD

H are isomorphic in H (D). ♦
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Proof. We have ID,H · RealA,T ,F = IK,H · LH · RealA,T ,F = IK,H · RealKT ,F · A.

The functors IncD
H and IncD

H · IncF
D ·A = IncF

H ·A are isomorphic in H (D) by remark 4.4.17

and lemma 1.1.5. Now the result follows from lemmata 4.4.5 and 1.1.5.

4.4.30 Proposition. Suppose that F has epilimits and monocolimits. Suppose that D is

closed under countable coproducts in F . Suppose given a functor A : F → D that is right-

adjoint to IncF
D . The functors ID,H · RealA,T ,F and IncD

H are isomorphic in H (D). ♦

Proof. This is dual to the previous proposition 4.4.29.

4.4.31 Remark. It is not known if realisation functors are unique or universal in some way,

cf. [Ric89, section 7] and [Ric91, corollary 3.5]. The problem has its roots in the non-uniqueness

of the induced morphism in the axiom (TR3), cf. [Nee91, section 5]. ♦

4.5 Adjacent w- and t-structures

We have collected some facts about w- and t-structures in sections 1.7 and 1.8 which we will

use now.

Suppose given a strict Frobenius category F = (F ,B,Σ, ι, π, α). Suppose given a full triangu-

lated subcategory D ⊆ F . Suppose given a t-structure T = (T0c,Tb0) on D . Suppose given

a w-structure W = (Wd0,W0e) on D . We abbreviate H = Tb0,0c , H = HT and C = Wd0,0e .

4.5.1 Theorem (adjunction for adjacent structures). Suppose that F has epilimits and

monocolimits. Suppose that D is closed under countable products in F . Suppose given a

functor A : F → D that is left-adjoint to IncF
D . Suppose that T is non-degenerate and that

Tb0 = Wd0 , i.e. that T is left-adjacent to W .

(a) The functor RealA,T ,F is left-adjoint to ResW ,F ·K(H|C ) · LH .

The functors
(
ResW ,F · K(H|C ) · LH · HH

)
|H and (ID,H · RealA,T ,F )|H are isomorphic

to 1H in H (H ).

(b) Suppose given n ∈ Z such that W0e ⊆ Tnc .

Then the functor WW ,F · Inc
FO

C
(F )

FO
W

(F ) · ΞC ,F : D → ∇
C

(F ) is full and faithful. Moreover,

it is right-adjoint to LimC ,F · P∇ω,C ,F · A.

(c) Suppose given n ∈ Z such that W0e ⊆ Tnc . Suppose that C ⊆H .

Then the functors ResW ,F , K(H|C ) and ResW ,F ·K(H|C ) · LH are full and faithful.

K(C )
K(H|C ) // K(H )

LH

((
D

ResW ,F

77

D(H )
RealA,T ,Foo

HH




H

IncD
H

OO

H

ID,H

JJ

♦
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Proof. We abbreviate S = Tb0 = Wd0 . Note that S is closed under countable products in

F since D is closed under countable products in F and since S = Tb0 . Note that W is

left-non-degenerate since T is non-degenerate. Also note that H|S is right-adjoint to IncS
H .

By proposition 4.1.24, RH ,F · Inc
∇

S
(F )

∇
H

(F ) is left-adjoint to ∆
S ,F
·K(H|S ).

Proposition 4.2.60 yields the adjunction
(
LimS ,F · Inc

FOlim,inj
S

(F )

FO∇
S

(F )
, Ξlim,inj

S ,F , σS ,F , τS ,F

)
with

XτS ,F = XτF for X ∈ Ob(FOlim,inj
S (F )). We abbreviate τ = τF and τ = τS ,F .

By proposition 4.3.52, Plim,inj
ω,S ,F · A is left-adjoint to Wlim

W ,F · Inc
FOlim,inj

S
(F )

FOlim
W

(F )
.

D

Wlim
W ,F ·Inc

FO
lim,inj
S

(F)

FOlim
W

(F)
// FOlim,inj

S
(F )

Ξlim,inj
S ,F //

Plim,inj
ω,S ,F ·A

oo ∇
S

(F )
∆

S ,F
·K(H|S )

//

LimS ,F ·Inc
FO

lim,inj
S

(F)

FO∇
S

(F)

oo K(H )
RH ,F ·Inc

∇
S

(F)

∇
H

(F)

oo

We want to prove the following six statements.

(i) We have RealKT ,F · A = RH ,F · Inc
∇

S
(F )

∇
H

(F ) · LimS ,F · Inc
FOlim,inj

S
(F )

FO∇
S

(F )
· Plim,inj

ω,S ,F · A.

(ii) We have ∆
C ,F
·K(H|C ) = Inc

∇
S

(F )

∇
C

(F ) ·∆S ,F
·K(H|S ).

(iii) The functors WW ,F · Inc
FO

C
(F )

FO
W

(F ) · ΞC ,F · Inc
∇

S
(F )

∇
C

(F ) and Wlim
W ,F · Inc

FOlim,inj
S

(F )

FOlim
W

(F )
· Ξlim,inj

S ,F are

isomorphic in D(∇
S

(F )).

(iv) The functors WW ,F · Inc
FO

C
(F )

FO
W

(F ) · ΞC ,F and
(
Wlim

W ,F · Inc
FOlim,inj

S
(F )

FOlim
W

(F )
· Ξlim,inj

S ,F

)∣∣∇C
(F )

are

isomorphic in D(∇
C

(F )).

(v) The functors ResW ,F · K(H|C ) and Wlim
W ,F · Inc

FOlim,inj
S

(F )

FOlim
W

(F )
· Ξlim,inj

S ,F · ∆
S ,F
· K(H|S ) are

isomorphic in D(K(H )).

(vi) We have
(
LimS ,F · Inc

FOlim,inj
S

(F )

FO∇
S

(F )
· Plim,inj

ω,S ,F · A
)∣∣
∇

C
(F )

= LimC ,F · P∇ω,C ,F · A.

Ad (i). We have

RealKT ,F · A = RH ,F · LimH ,F · P∇ω,H ,F · A = RH ,F · LimF |
FO∇

H
(F )

∇
H

(F ) · Pω,F |FO∇
H

(F ) · A

= RH ,F · LimF |
FOlim,inj

S
(F )

∇
H

(F ) · Pω,F |FOlim,inj
S

(F ) · A

= RH ,F · LimF |
FO∇

S
(F )

∇
H

(F ) · Inc
FOlim,inj

S
(F )

FO∇
S

(F )
· Plim,inj

ω,S ,F · A

= RH ,F · Inc
∇

S
(F )

∇
H

(F ) · LimF |
FO∇

S
(F )

∇
S

(F ) · Inc
FOlim,inj

S
(F )

FO∇
S

(F )
· Plim,inj

ω,S ,F · A

= RH ,F · Inc
∇

S
(F )

∇
H

(F ) · LimS ,F · Inc
FOlim,inj

S
(F )

FO∇
S

(F )
· Plim,inj

ω,S ,F · A.
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Ad (ii). We have

∆
C ,F
·K(H|C ) = ∆

C ,F
·K(IncS

C · H|S ) = ∆
C ,F
·K(IncS

C ) ·K(H|S )

= Inc
∇

S
(F )

∇
C

(F ) ·∆S ,F
·K(H|S ),

cf. remark 4.1.16.

Ad (iii).

The functors Wlim
W ,F · Inc

FO
W

(F )

FOlim
W

(F )
and WW ,F are isomorphic in D(FO

W
(F )) by lemma 4.3.50.

Thus the functors WW ,F · Inc
FO

C
(F )

FO
W

(F ) · ΞC ,F · Inc
∇

S
(F )

∇
C

(F ) and

Wlim
W ,F · Inc

FO
W

(F )

FOlim
W

(F )
· Inc

FO
C

(F )

FO
W

(F ) · ΞC ,F · Inc
∇

S
(F )

∇
C

(F ) are isomorphic by lemma 1.1.5. We have

Wlim
W ,F · Inc

FO
W

(F )

FOlim
W

(F )
· Inc

FO
C

(F )

FO
W

(F ) · ΞC ,F · Inc
∇

S
(F )

∇
C

(F ) = Wlim
W ,F · ΞF |

∇
S

(F )

FOlim
W

(F )

= Wlim
W ,F · Inc

FOlim,inj
S

(F )

FOlim
W

(F )
· ΞF |

∇
S

(F )

FOlim,inj
S

(F )

= Wlim
W ,F · Inc

FOlim,inj
S

(F )

FOlim
W

(F )
· Ξlim,inj

S ,F .

Ad (iv). This follows from (iii) and lemmata 3.3.19, 1.1.6.

Ad (v). By (ii), we have

ResW ,F ·K(H|C ) = WW ,F · Inc
FO

C
(F )

FO
W

(F ) · ΞC ,F ·∆C ,F
·K(H|C )

= WW ,F · Inc
FO

C
(F )

FO
W

(F ) · ΞC ,F · Inc
∇

S
(F )

∇
C

(F ) ·∆S ,F
·K(H|S ).

So the result follows from (iii) and lemma 1.1.5.

Ad (vi). We have

(
LimS ,F · Inc

FOlim,inj
S

(F )

FO∇
S

(F )
· Plim,inj

ω,S ,F · A
)∣∣
∇

C
(F )

= Inc
∇

S
(F )

∇
C

(F ) · LimS ,F · Inc
FOlim,inj

S
(F )

FO∇
S

(F )
· Plim,inj

ω,S ,F · A

= LimF |
FO∇

S
(F )

∇
C

(F ) · Pω,F |FO∇
S

(F ) · A

= LimF |
FO∇

C
(F )

∇
C

(F ) · Pω,F |FO∇
C

(F ) · A

= LimC ,F · P∇ω,C ,F · A.

Ad (a). Composing the three adjunctions from above, we get that

RH ,F · Inc
∇

S
(F )

∇
H

(F ) · LimS ,F · Inc
FOlim,inj

S
(F )

FO∇
S

(F )
· Plim,inj

ω,S ,F · A is left-adjoint to

Wlim
W ,F · Inc

FOlim,inj
S

(F )

FOlim
W

(F )
· Ξlim,inj

S ,F ·∆
S ,F
·K(H|S ), cf. lemma 1.6.7. Using (i) and (v), we get that

RealKT ,F ·A is left-adjoint ResW ,F ·K(H|C ). So RealA,T ,F is left-adjoint to ResW ,F ·K(H|C )·LH

by lemma 1.6.14.(c).

Suppose given X ∈ Ob(Tb0). For Y ∈ Ob(T H
1c ), we have a bijection between
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D(Y RealA,T ,F , X) and D(H )(Y,XResW ,F K(H|C )LH ). Since RealA,T ,F is t-exact by proposi-

tion 4.4.26, we have D(Y RealA,T ,F , X) = 0 and thus D(H )(Y,XResW ,F K(H|C )LH ) = 0.

We conclude that XResW ,F K(H|C )LH ∈ Ob(T H
b0 ).

So RealA,T ,F |
Tb0

TH
b0

is left-adjoint to (ResW ,F ·K(H|C ) · LH )|
TH
b0

Tb0
, cf. lemma 1.6.9.

Note that ID,H |T
H
b0 is left-adjoint to HH |TH

b0
.

So
(
ID,H · RealA,T ,F

)∣∣Tb0 is left-adjoint to
(
ResW ,F ·K(H|C ) · LH · HH

)∣∣
Tb0

, cf. lemma 1.6.7.

The functors ID,H · RealA,T ,F and IncD
H are isomorphic in H (D) by proposition 4.4.29. In

particular, the functors (ID,H · RealA,T ,F )|H and 1H are isomorphic in H (H ) .

Since (ID,H · RealA,T ,F )|H is left-adjoint to
(
ResW ,F ·K(H|C ) · LH · HH

)
|H by lemma 1.6.9,

we also obtain that the functors
(
ResW ,F · K(H|C ) · LH · HH

)
|H and 1H are isomorphic in

H (H ).

Ad (b). We abbreviate F = Plim,inj
ω,S ,F ·A, G = Wlim

W ,F · Inc
FOlim,inj

S
(F )

FOlim
W

(F )
, U = LimS ,F · Inc

FOlim,inj
S

(F )

FO∇
S

(F )

and V = Ξlim,inj
S ,F .

Since F is left-adjoint to G , we may choose a counit GF λ //1D of the adjunction. Note that

λ is an isotransformation since G is full and faithful, cf. lemma 1.6.6.

Consider the composite of the first two adjunctions from above: U · F is left-adjoint to G · V
with counit (1G ? τ ? 1F ) · λ, cf. lemma 1.6.7.

For X ∈ Ob(D), we have XGV ∈ Ob(∇
C

(F )), cf. (iv).

So lemma 1.6.9 yields that (F ·U)|∇
C

(F ) is left-adjoint to (V ·G)|∇C
(F ) with counit (1G?τ?1F )·λ.

Note that (U ·F )|∇
C

(F ) = LimC ,F ·P∇ω,C ,F ·A by (vi) and that the functors (G ·V )|∇C
(F ) and

WW ,F · Inc
FO

C
(F )

FO
W

(F ) · ΞC ,F are isomorphic by (iv).

So it remains to show that (1G ? τ ? 1F ) · λ is an isotransformation, cf. lemma 1.6.6. Since λ

is an isotransformation, it suffices to show that 1G ? τ ? 1F is an isotransformation.

Suppose given D ∈ Ob(D). We abbreviate Y = DG, X = Y ΞF LimF and f = Y τ . So we

have X
f //Y in FO(F ) with D(1G ? τ ? 1F ) = DGτF = Y τ Plim,inj

ω,S ,F · A = fωA.

Note that Y ∈ Ob(FOlim
W (F )) and that X ∈ Ob(FO∇C (F )), cf. lemma 4.2.55. Since W0e ⊆ Tnc

by assumption, we also have C ⊆ Tnc and thus X ∈ Ob(FO∇Tnc
(F )).

Choose a triangle XωA
fωA //YωA //Z //XωA

[1] in D .

Suppose given k ∈ Z.

The morphism f|k is an isomorphism in F , cf. definition 4.2.58. Note that f|k · yω|k = xω|k · fω

in F . The pure short exact sequences X|k •
f|k·yω|k //Yω

�yω
k+1| //Yk+1| and X|k •

xω|k //Xω
�xω

k+1| //Xk+1|

in F yield triangles X|k
xω|k·fω

//Yω //Yk+1| //X
[1]
|k and X|k

xω|k
//Xω

//Xk+1| //X
[1]
|k

in F which in turn yield triangles X|kA
xω|kA·fωA

//YωA //Yk+1|A //X|kA
[1] and

X|kA
xω|kA

//XωA //Xk+1|A //X|kA
[1] in D since A is exact.
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Now (TR4) yields a triangle Xk+1|A //Yk+1|A //Z //Xk+1|A
[1] in D .

Xk+1|A

""

XωA
fωA

$$

::

X|kA

xω|kA
;;

xω|kA·fωA
// YωA //

##

Yk+1|A

{{
Z

Note that we have Yk+1|A ∈ Ob(Wk+1e) ⊆ Ob(Tn+k+1c), cf. remark 4.4.17.

We have Xk+1|A ,Xk+1|A
[1] ∈ Ob(Tn+k+1c) by lemma 4.4.18. Thus Z ∈ Ob(Tn+k+1c) as well.

So we have Z ∈ Ob(Tmc) for all m ∈ Z. Since T is non-degenerate, we have Z ∈ Ob(ZD).

Thus fωA is an isomorphism in D . We conclude that 1G ? τ ? 1F is an isotransformation.

Ad (c). The functor WW ,F · Inc
FO

C
(F )

FO
W

(F ) ·ΞC ,F is full and faithful by (b) and the functor ∆
C ,F

is

full and faithful since C ⊆H , cf. definition 4.1.20. So ResW ,F = WW ,F ·Inc
FO

C
(F )

FO
W

(F )·ΞC ,F ·∆C ,F

is full and faithful. Note that H|C is isomorphic to IncH
C in C (H ) since C ⊆H . Thus K(H|C )

is full and faithful, cf. lemma 1.9.22. Now lemma 1.6.14.(b) yields that ResW ,F ·K(H|C ) · LH

is full and faithful as well.

4.5.2 Remark. One may call w-structures with the properties of theorem 4.5.1.(b) complete.

♦

4.5.3 Theorem (adjunction for adjacent structures). Suppose that F has epilimits and

monocolimits. Suppose that D is closed under countable coproducts in F . Suppose given a

functor A : F → D that is right-adjoint to IncF
D . Suppose that T is non-degenerate and

that T0c = W0e , i.e. that T is right-adjacent to W .

(a) The functor RealA,T ,F is right-adjoint to ResW ,F ·K(H|C ) · LH .

The functors
(
ResW ,F · K(H|C ) · LH · HH

)
|H and (ID,H · RealA,T ,F )|H are isomorphic

to 1H in H (H ).

(b) Suppose given n ∈ Z such that Wd0 ⊆ Tdn .

Then the functor WW ,F · Inc
FO

C
(F )

FO
W

(F ) · ΞC ,F : D → ∇
C

(F ) is full and faithful. Moreover,

it is left-adjoint to LimC ,F · P∇ω,C ,F · A.

(c) Suppose given n ∈ Z such that Wd0 ⊆ Tdn . Suppose that C ⊆H .

Then the functors ResW ,F , K(H|C ) and ResW ,F ·K(H|C ) · LH are full and faithful.



265

K(C )
K(H|C ) // K(H )

LH

((
D

ResW ,F

77

D(H )
RealA,T ,Foo

HH




H

IncD
H

OO

H

ID,H

JJ

♦

Proof. This is dual to theorem 4.5.1.

4.5.4 Theorem (bounded adjunction for adjacent structures). Suppose that W is bounded

and that Tb0 = Wd0 , i.e. that T is left-adjacent to W .

(a) The functor RealbT ,F is left-adjoint to Resb
W ,F ·Kb(H|C ) · Lb

H .

The functors
(
Resb

W ,F · Kb(H|C ) · Lb
H · Hb

H

)
|H and (IDb,H · RealbT ,F )|H are isomorphic

to 1H in H (H ).

(b) Suppose that C ⊆H .

Then the functors Resb
W ,F , Kb(H|C ) and Resb

W ,F ·Kb(H|C ) · Lb
H are full and faithful.

Kb(C )
Kb(H|C ) // Kb(H )

Lb
H

((
D

Resb
W ,F

77

Db(H )
RealbT ,Foo

Hb
H




H

IncD
H

OO

H

I
Db,H

KK

♦

Proof. We abbreviate S = Tb0 = Wd0 . Note that H|S is right-adjoint to IncS
H .

By proposition 4.1.25, Rb
H ,F · Inc

∇b
S

(F )

∇b
H

(F )
is left-adjoint to ∆b

S ,F
·Kb(H|S ).

The functors Ξb
S ,F and Limb

S ,F are mutually quasi-inverse equivalences, cf. definition 4.2.56.

By proposition 4.3.54, Pb
ω,S ,F |D is left-adjoint to Wb

W ,F · Inc
FOb

S
(F )

FOb
W

(F )
since W is bounded.

D

Wb
W ,F ·Inc

FOb
S

(F)

FOb
W

(F)
// FOb

S
(F )

Ξb
S ,F //

Pb
ω,S ,F |

D
oo ∇b

S
(F )

∆b
S ,F

·Kb(H|S )
//

Limb
S ,F

oo Kb(H )
Rb

H ,F ·Inc
∇b

S
(F)

∇b
H

(F)

oo

Ad (a). Composing the three adjunctions from above, we get that

Rb
H ,F ·Inc

∇b
S

(F )

∇b
H

(F )
·Limb

S ,F ·Pb
ω,S ,F |D is left-adjoint to Wb

W ,F ·Inc
FOb

S
(F )

FOb
W

(F )
·Ξb

S ,F ·∆b

S ,F
·Kb(H|S ),
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cf. lemma 1.6.7. We have

Rb
H ,F · Inc

∇b
S

(F )

∇b
H

(F )
· Limb

S ,F · Pb
ω,S ,F |D = Rb

H ,F · Limb
F |

FOb
S

(F )

∇b
H

(F )
· Pω,F |DFOb

S
(F )

= Rb
H ,F · Limb

F |
FOb

H
(F )

∇b
H

(F )
· Pω,F |DFOb

H
(F )

=
(
Rb

H ,F · Limb
H ,F · Pb

ω,H ,F

)
|D

= RealK,bT ,F |
D

and

Wb
W ,F · Inc

FOb
S

(F )

FOb
W

(F )
· Ξb

S ,F ·∆b

S ,F
·Kb(H|S ) = Wb

W ,F · Ξb
C ,F · Inc

∇b
S

(F )

∇b
C

(F )
·∆b

S ,F
·Kb(H|S )

= Wb
W ,F · Ξb

C ,F ·∆b

C ,F
·Kb(IncS

C ) ·Kb(H|S )

= Resb
W ,F ·Kb(IncS

C · H|S )

= Resb
W ,F ·Kb(H|C ),

cf. lemma 4.3.10, remark 4.1.16 and definition 4.1.18.

So RealK,bT ,F |D is left-adjoint Resb
W ,F ·Kb(H|C ).

By lemma 1.6.14.(c), RealbT ,F is left-adjoint to Resb
W ,F ·Kb(H|C ) · Lb

H .

Suppose givenX ∈ Ob(Tb0). For Y ∈ Ob(T H ,b
1c ), we have a bijection between D(Y RealbT ,F , X)

and Db(H )(Y,XResb
W ,F Kb(H|C )Lb

H ). Since RealbT ,F is t-exact by proposition 4.4.25, we have

D(Y RealbT ,F , X) = 0 and thus Db(H )(Y,XResb
W ,F Kb(H|C )Lb

H ) = 0.

We conclude that XResb
W ,F Kb(H|C )Lb

H ∈ Ob(T H ,b
b0 ).

So RealbT ,F |
Tb0

TH ,b
b0

is left-adjoint to (Resb
W ,F ·Kb(H|C ) · Lb

H )|
TH ,b
b0

Tb0
, cf. lemma 1.6.9.

Note that IDb,H |
TH ,b
b0 is left-adjoint to Hb

H |TH ,b
b0

.

So
(
IDb,H · RealbT ,F

)∣∣Tb0 is left-adjoint to
(
Resb

W ,F ·Kb(H|C ) · Lb
H · Hb

H

)∣∣
Tb0

, cf. lemma 1.6.7.

The functors IDb,H · RealbT ,F and IncD
H are isomorphic in H (D) by proposition 4.4.28. In

particular, the functors (IDb,H · RealbT ,F )|H and 1H are isomorphic in H (H ) .

Since (IDb,H · RealbT ,F )|H is left-adjoint to
(
Resb

W ,F ·Kb(H|C ) · Lb
H · Hb

H

)
|H by lemma 1.6.9,

we also obtain that the functors
(
Resb

W ,F · Kb(H|C ) · Lb
H · Hb

H

)
|H and 1H are isomorphic in

H (H ).

Ad (b).

The functor Wb
W ,F is full and faithful, cf. definition 4.3.33. The functor Ξb

C ,F is full and

faithful, cf. definition 4.2.56. The functor ∆b

C ,F
is full and faithful since C ⊆ H , cf. remark

4.1.23. So Resb
W ,F = Wb

W ,F · Ξb
C ,F · ∆b

C ,F
is full and faithful. Note that H|C is isomorphic

to IncH
C in C (H ) since C ⊆ H . Thus Kb(H|C ) is full and faithful, cf. lemma 1.9.23. Now

lemma 1.6.14.(b) yields that Resb
W ,F ·Kb(H|C ) · Lb

H is full and faithful as well.

4.5.5 Theorem (bounded adjunction for adjacent structures). Suppose that W is bounded
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and that T0c = W0e , i.e. that T is right-adjacent to W .

(a) The functor RealbT ,F is right-adjoint to Resb
W ,F ·Kb(H|C ) · Lb

H .

The functors
(
Resb

W ,F · Kb(H|C ) · Lb
H · Hb

H

)
|H and (IDb,H · RealbT ,F )|H are isomorphic

to 1H in H (H ).

(b) Suppose that C ⊆H .

Then the functors Resb
W ,F , Kb(H|C ) and Resb

W ,F ·Kb(H|C ) · Lb
H are full and faithful.

Kb(C )
Kb(H|C ) // Kb(H )

Lb
H

((
D

Resb
W ,F

77

Db(H )
RealbT ,Foo

Hb
H




H

IncD
H

OO

H

I
Db,H

KK

♦

Proof. This is dual to the previous theorem 4.5.4.

4.6 Application to derived categories

4.6.1 Definition. Suppose given an abelian category A with countable products and count-

able coproducts. Suppose that A has enough K-injectives.

We abbreviate Linj
A = Inc

K(A )

Kinj(A )
· LA : Kinj(A ) → D(A ). By [Kra10, proposition 4.9.1], Linj

A

is an exact equivalence and we choose a quasi-inverse Rinj
A : D(A ) → Kinj(A ). Moreover, we

choose a functor Ainj
A : K(A )→ Kinj(A ) that is left-adjoint to Inc

K(A )

Kinj(A )
.

Kinj(A )

Linj
A

$$Inc
K(A )

Kinj(A ) // K(A )
Ainj

A

oo
LA // D(A )

Rinj
A

dd

Note that C(A ) is a strict Frobenius category with epilimits and monocolimits, cf. lemmata

3.2.50 and 3.2.51. Also note that Kinj(A ) is closed under countable products in K(A ).

(a) Suppose given a w-structure W on D(A ). Since Rinj
A is an exact equivalence, we obtain

a w-structure W Rinj
A on Kinj(A ). We abbreviate C = Wd0,0e and C ′ = (W Rinj

A )d0,0e . Note

that the restricted functors Rinj
A |C

′

C and Linj
A |CC ′ are mutually quasi-inverse equivalences.

Consequently, K
(
Rinj

A |C
′

C

)
and K

(
Linj

A |CC ′
)

are mutually quasi-inverse equivalences as well.
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We define the injective resolution functor of W over A to be the composite

Resinj
W ,A = Rinj

A · ResW Rinj
A ,C(A ) ·K

(
Linj

A |CC ′
)

: D(A )→ K(C ).

D(A )
Rinj

A // Kinj(A )
Res

W Rinj
A

,C(A )
// K(C ′)

K
(
Linj

A |
C
C ′

)
// K(C )

(b) Suppose given a non-degenerate t-structure T on D(A ). Since Rinj
A is an exact equiva-

lence, we obtain a non-degenerate t-structure T Rinj
A on Kinj(A ).

We abbreviate H = Tb0,0c and H ′ = (T Rinj
A )b0,0c . Note that the restricted functors

Rinj
A |H

′

H and Linj
A |HH ′ are mutually quasi-inverse equivalences. Consequently, D

(
Rinj

A |H
′

H

)
and D

(
Linj

A |HH ′

)
are mutually quasi-inverse equivalences as well.

We define the injective realisation functor of T over A to be the composite

Realinj
T ,A = D

(
Rinj

A |H
′

H

)
· RealAinj

A ,T Rinj
A ,C(A ) · L

inj
A : D(H )→ D(A ).

D(H )
D
(
Rinj

A |
H ′
H

)
// D(H ′)

Real
Ainj

A
,T Rinj

A
,C(A )

// Kinj(A )
Linj

A // D(A )

♦

Using the equivalences D(A )
Rinj

A //Kinj(A )
Linj

A

oo , K(C )
K
(
Rinj

A |
C ′
C

)
//K(C ′)

K
(
Linj

A |
C
C ′

)oo and

D(H )
D
(
Rinj

A |
H ′
H

)
//D(H ′)

D
(
Linj

A |
H
H ′

)oo from above, we obtain the following version of theorem 4.5.1.

4.6.2 Theorem (adjunction for adjacent structures on derived categories). Suppose given

an abelian category A with countable products and countable coproducts. Suppose that

A has enough K-injectives. Suppose given a t-structure T = (T0c,Tb0) and a w-structure

W = (Wd0,W0e) on D(A ). We abbreviate H = Tb0,0c , H = HT and C = Wd0,0e . Suppose that

T is non-degenerate and that Tb0 = Wd0 , i.e. that T is left-adjacent to W .

(a) The functor Realinj
T ,A is left-adjoint to Resinj

W ,A ·K(H|C ) · LH .

The functors
(
Resinj

W ,A ·K(H|C ) · LH ·HH

)
|H and (ID,H ·Realinj

T ,A )|H are isomorphic to

1H in H (H ).

(b) Suppose given n ∈ Z such that W0e ⊆ Tnc . Suppose that C ⊆H .

Then the functors Resinj
W ,A , K(H|C ) and Resinj

W ,A ·K(H|C ) · LH are full and faithful.
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K(C )
K(H|C ) // K(H )

LH

((
D(A )

Resinj
W ,A

77

D(H )
Realinj

T ,Aoo

HH




H

Inc
D(A )
H

OO

H

ID,H

JJ

♦

As usual, we also have the following dual versions of definition 4.6.1 and theorem 4.6.2.

4.6.3 Definition. Suppose given an abelian category A with countable products and count-

able coproducts. Suppose that A has enough K-projectives.

We abbreviate Lproj
A = Inc

K(A )

Kproj(A )
· LA : Kproj(A ) → D(A ). The functor Lproj

A is an exact

equivalence and we choose a quasi-inverse Rproj
A : D(A ) → Kproj(A ). Moreover, we choose a

functor Aproj
A : K(A )→ Kproj(A ) that is right-adjoint to Inc

K(A )

Kproj(A )
.

Kproj(A )

Lproj
A

$$Inc
K(A )

Kproj(A ) // K(A )
Aproj

A

oo
LA // D(A )

Rproj
A

dd

Note that C(A ) is a strict Frobenius category with epilimits and monocolimits, cf. lemmata

3.2.50 and 3.2.51. Also note that Kproj(A ) is closed under countable coproducts in K(A ).

(a) Suppose given a w-structure W on D(A ). Since Rproj
A is an exact equivalence, we obtain a

w-structure W Rproj
A on Kproj(A ). We abbreviate C = Wd0,0e and C ′ = (W Rproj

A )d0,0e . Note

that the restricted functors Rproj
A |C ′C and Lproj

A |CC ′ are mutually quasi-inverse equivalences.

Consequently, K
(
Rproj

A |C ′C

)
and K

(
Lproj

A |CC ′
)

are mutually quasi-inverse equivalences as

well. We define the projective resolution functor of W over A to be the composite

Resproj
W ,A = Rproj

A · ResW Rproj
A ,C(A ) ·K

(
Lproj

A |CC ′
)

: D(A )→ K(C ).

D(A )
Rproj

A // Kproj(A )
Res

W Rproj
A

,C(A )
// K(C ′)

K
(
Lproj

A |C
C ′

)
// K(C )

(b) Suppose given a non-degenerate t-structure T on D(A ). Since Rproj
A is an exact equiv-

alence, we obtain a non-degenerate t-structure T Rproj
A on Kproj(A ).

We abbreviate H = Tb0,0c and H ′ = (T Rproj
A )b0,0c . Note that the restricted functors

Rproj
A |H ′

H and Lproj
A |HH ′ are mutually quasi-inverse equivalences. Consequently, D

(
Rproj

A |H ′

H

)
and D

(
Lproj

A |HH ′

)
are mutually quasi-inverse equivalences as well.

We define the projective realisation functor of T over A to be the composite
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Realproj
T ,A = D

(
Rproj

A |H ′

H

)
· RealAproj

A ,T Rproj
A ,C(A ) · L

proj
A : D(H )→ D(A ).

D(H )
D
(
Rproj

A |H ′
H

)
// D(H ′)

Real
Aproj

A
,T Rproj

A
,C(A )

// Kproj(A )
Lproj

A // D(A )

♦

4.6.4 Theorem (adjunction for adjacent structures on derived categories). Suppose given an

abelian category A with countable products and countable coproducts. Suppose that A has

enough K-projectives. Suppose given a t-structure T = (T0c,Tb0) on D(A ) and a w-structure

W = (Wd0,W0e) on D(A ). We abbreviate H = Tb0,0c , H = HT and C = Wd0,0e . Suppose that

T is non-degenerate and that T0c = W0e , i.e. that T is right-adjacent to W .

(a) The functor Realproj
T ,A is right-adjoint to Resproj

W ,A ·K(H|C ) · LH .

The functors
(
Resproj

W ,A ·K(H|C ) · LH ·HH

)
|H and (ID,H ·Realproj

T ,A )|H are isomorphic to

1H in H (H ).

(b) Suppose given n ∈ Z such that Wd0 ⊆ Tbn . Suppose that C ⊆H .

Then the functors Resproj
W ,A , K(H|C ) and Resproj

W ,A ·K(H|C ) · LH are full and faithful.

K(C )
K(H|C ) // K(H )

LH

((
D(A )

Resproj
W ,A

77

D(H )
Realproj

T ,Aoo

HH




H

Inc
D(A )
H

OO

H

ID,H

JJ

♦



Chapter 5

Tilting and silting theory

We follow the treatment of [PV18, section 4]. In particular, we define silting and cosilting ob-

jects in triangulated categories using t-structures. The t-structure associated to a (co)silting

object S will be denoted by T S, its heart by HS and the corresponding homology functor

by HS . Additionally, we introduce the concept of w-(co)silting objects for (co)silting ob-

jects whose t-structures have adjacent w-structures. The w-structure associated to such a

w-(co)silting object will be denoted by W S and its core by CS .

We define (co)silting resolution and realisation functors associated to w-(co)silting objects in

suitable derived categories (definitions 5.1.17, 5.1.20) and use the results from the previous

chapter 4 to show that they are adjoint to each other (theorems 5.1.19, 5.1.22).

Section 5.2 contains our derived Morita theorems 5.2.4 and 5.2.8 for injectively (resp. projec-

tively) complete abelian categories.

We apply our adjunctions to silting and cosilting complexes in derived categories of module

categories in the last section 5.3 and deduce a silting theorem as well as a cosilting theorem

(theorems 5.3.8, 5.3.9).

In this chapter, we work inside a fixed Grothendieck universe U that contains the integers,

cf. [SGA72, exposé I] [Sch72, sections 3.2, 3.3]. All categories are assumed to be U-categories.

All products and coproducts are assumed to be small with respect to U. Note that the derived

category of an abelian U-category A with enough K-injectives or enough K-projectives is again

a U-category since it is equivalent to a subcategory of K(A ).

5.1 W-silting and w-cosilting objects

5.1.1 Definition. Suppose given an additive category A and an object X ∈ Ob(A ).

(a) Let CoprodA (X) denote the full subcategory of A whose objects are summands of a

coproduct of copies of X.

(b) Let ProdA (X) denote the full subcategory of A whose objects are summands of a
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product of copies of X.
♦

5.1.2 Definition. [PV18, definition 4.1]

Suppose given a strict triangulated category D and an object S ∈ Ob(D).

(a) We say that S is a silting object in D if S ∈ Ob(S⊥>0) and if (S⊥>0 , S⊥<0) is a t-

structure on D . In this case, we write T S = (S⊥>0 , S⊥<0) and say that T S is the

t-structure associated to S. We also write HS = HT S and HS = T S
b0,0c .

(b) We say that S is a cosilting object in D if S ∈ Ob(⊥>0S) and if (⊥<0S, ⊥>0S) is a t-

structure on D . In this case, we write T S = (⊥<0S, ⊥>0S) and say that T S is the

t-structure associated to S. We also write HS = HT S and HS = T S
b0,0c .

(c) We say that S is a tilting object in D if it is a silting object in D such that

CoprodD(S) ⊆HS .

(d) We say that S is a cotilting object in D if it is a cosilting object in D such that

ProdD(S) ⊆HS .
♦

This notion of silting and tilting objects is designed to be used in unbounded derived categories.

We refer to [PV18, example 4.2] for a comparison with existing notions in the literature and

to [AI12], where the authors work in the bounded setting in the first part of the paper and then

turn to the unbounded setting in section 4. The following proposition shows that silting and

tilting objects in derived categories of Grothendieck categories admit a perhaps more familiar

description.

5.1.3 Proposition. [PV18, proposition 4.13] Suppose given a Grothendieck category A and

an object S ∈ Ob(D(A )). Then S is a silting object in D(A ) if and only if the following three

conditions hold.

(a) We have D(A )(S, S
[k]) = 0 for k ∈ Z>0 .

(b) Given X ∈ Ob(D(A )) with D(A )(S,X
[k]) = 0 for k ∈ Z, then we have X ∈ Ob(ZD(A )).

(c) S⊥>0 is closed under coproducts in D(A ).

Note that, by definition, such a silting object S ∈ Ob(D(A )) is a tilting object in D(A ) if

and only if D(A )(S,CoprodD(A )(S)[k]) = 0 for k ∈ Z<0 . ♦

5.1.4 Definition. Suppose given an abelian category A and an object G ∈ Ob(A ).

(a) We say that G is a projective generator in A if G is projective in A and if we have

A (G, Y ) 6= 0 for all Y ∈ Ob(A ) with Y /∈ Ob(ZA ).

(b) We say that G is an injective cogenerator in A if G is injective in A and if we have

A (Y,G) 6= 0 for all Y ∈ Ob(A ) with Y /∈ Ob(ZA ). ♦
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5.1.5 Example. [PV18, lemma 4.10 and remark 4.11]

Suppose given an abelian category A .

(a) Suppose given a projective generator P in A . Then P ID,A is a tilting object in D(A )

and the associated t-structure is the standard one.

(b) Suppose given an injective cogenerator Q in A . Then QID,A is a cotilting object in

D(A ) and the associated t-structure is the standard one.
♦

5.1.6 Proposition. [PV18, proposition 4.3]

Suppose given a strict triangulated category D and a silting object S in D . Then T S is a

non-degenerate t-structure on D and SHS is a projective generator in HS . ♦

5.1.7 Proposition. [PV18, proposition 4.3]

Suppose given a strict triangulated category D and a cosilting object S in D . Then T S is a

non-degenerate t-structure on D and SHS is an injective cogenerator in HS . ♦

5.1.8 Definition. Suppose given a strict triangulated category D and an object S ∈ Ob(D).

(a) We say that S is a w-silting object in D if it is a silting object in D such that (⊥(T S
1c ),T S

0c )

is a w-structure on D . In this case, we write W S = (⊥(T S
1c ),T S

0c ) and say that W S is

the w-structure associated to S. We also write CS = W S
d0,0e.

(b) We say that S is a w-cosilting object in D if it is a cosilting object in D such that

(T S
b0 , (T

S
b−1)⊥) is a w-structure on D . In this case, we write W S = (T S

b0 , (T
S
b−1)⊥) and

say that W S is the w-structure associated to S. We also write CS = W S
d0,0e.

(c) Suppose given n ∈ Z. We say that S is an n-w-silting object in D if it is a w-silting

object in D such that W S
d0 ⊆ T S

bn .

(d) Suppose given n ∈ Z. We say that S is an n-w-cosilting object in D if it is a w-cosilting

object in D such that W S
0e ⊆ T S

nc .

(e) We say that S is a w-tilting object in D if there exists n ∈ Z such that S is an n-w-silting

object in D and if CS ⊆HS .

(f) We say that S is a w-cotilting object in D if there exists n ∈ Z such that S is an

n-w-cosilting object in D and if CS ⊆HS .
♦

5.1.9 Lemma. Suppose given a strict triangulated category D and a w-silting object S in D .

Suppose that D has coproducts. Then we have CS = CoprodD(S).

So if S is a w-tilting object in D then it is a tilting object in D . ♦

Proof. Note that we have CS = W S
0e ∩W S

d0 = T S
0c ∩⊥(T S

1c ) = S⊥>0 ∩⊥((S⊥>0)[1]). So the result

follows from [PV18, lemma 4.5.(ii).(a)].
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5.1.10 Lemma. Suppose given a strict triangulated category D and a w-cosilting object S

in D . Suppose that D has products. Then we have CS = ProdD(S).

So if S is a w-cotilting object in D then it is a cotilting object in D . ♦

Proof. This is dual to lemma 5.1.9.

5.1.11 Definition. Suppose given an abelian category A and an object S ∈ Ob(D(A )).

(a) Suppose that S is a silting object in D(A ). We say that S is bounded if there exist

n,m ∈ Z such that T A
mc ⊆ T S

0c ⊆ T A
nc .

(b) Suppose that S is a cosilting object in D(A ). We say that S is bounded if there exist

n,m ∈ Z such that T A
bm ⊆ T S

b0 ⊆ T A
bn .

Cf. [PV18, lemma 4.14 and definition 4.15]. ♦

5.1.12 Lemma. Suppose given an abelian category A with enough DG-projectives and a

bounded w-silting object S in D(A ). Then there exists n ∈ Z such that S is a n-w-silting

object in D(A ). ♦

Proof. Note that we have WA ,proj
dk ⊆ T A

bk for k ∈ Z, cf. definition 1.9.54.

Since S is bounded, we may choose m,n ∈ Z such that T A
mc ⊆ T S

0c ⊆ T A
nc . So we obtain

W S
d0 = ⊥(T S

1c ) ⊆ ⊥(T A
m+1c) =WA ,proj

dm ⊆ T A
bm = (T A

m+1c)
⊥ ⊆ (T Sm−n+1c)

⊥ = T S
bm−n .

5.1.13 Corollary. Suppose given an abelian category A with coproducts and enough DG-

projectives. Suppose given a bounded w-silting object S in D(A ). Then S is a w-tilting object

in D(A ) if and only if it is a tilting object in D(A ). Cf. lemmata 5.1.9 and 5.1.12. ♦

5.1.14 Lemma. Suppose given an abelian category A with enough DG-injectives and a

bounded w-cosilting object S in D(A ). Then there exists n ∈ Z such that S is a n-w-cosilting

object in D(A ). ♦

Proof. This is dual to lemma 5.1.12.

5.1.15 Corollary. Suppose given an abelian category A with products and enough DG-

injectives. Suppose given a bounded w-cosilting object S in D(A ). Then S is a w-cotilting

object in D(A ) if and only if it is a cotilting object in D(A ). Cf. lemmata 5.1.10 and

5.1.14. ♦

5.1.16 Example. Suppose given an abelian category A .

(a) Suppose that A has enough DG-projectives. Suppose given a projective generator P in

A . Then P ID,A is a bounded w-tilting object in D(A ) and the associated t-structure

is the standard one.
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(b) Suppose that A has enough DG-injectives. Suppose given an injective cogenerator Q in

A . Then QID,A is a bounded w-cotilting object in D(A ) and the associated t-structure

is the standard one.

Cf. example 5.1.5 and definitions 1.9.53, 1.9.54. ♦

5.1.17 Definition. Suppose given an abelian category A with products, coproducts and

enough K-injectives. Suppose given a w-cosilting object S in D(A ). We write

Realcos
S,A = Realinj

T S ,A
: D(HS)→ D(A )

and say that Realcos
S,A is the cosilting realisation functor associated to S. We also write

Rescos
S,A = Resinj

W S ,A
·K(HS|CS

) · LHS
: D(A )→ D(HS)

and say that Rescos
S,A is the cosilting resolution functor associated to S.

Cf. definition 4.6.1 and proposition 5.1.7. ♦

5.1.18 Definition. Suppose given a triangulated category D . A full triangulated subcategory

S ⊆ D is called a colocalising subcategory of D if it is closed under products in D . We say

that an object X ∈ Ob(D) cogenerates D if D is the smallest colocalising subcategory of D

that contains X.

When D has products, then this definition coincides with the one in [Nee11, 0. Introduction].

♦

5.1.19 Theorem (adjunction for w-cosilting objects). Suppose given an abelian category A

with products, coproducts and enough K-injectives. Suppose given a w-cosilting object S in

D(A ).

(a) The cosilting realisation functor Realcos
S,A is left-adjoint to the cosilting resolution functor

Rescos
S,A . The functors (Rescos

S,A ·HHS
)|HS

and (ID,HS
·Realcos

S,A )|HS are isomorphic to 1HS

in HS(HS).

(b) Suppose that S is a w-cotilting object in D(A ). Then the cosilting resolution functor

Rescos
S,A is full and faithful. If SID,HS

cogenerates D(HS), then Rescos
S,A and Realcos

S,A are

mutually quasi-inverse equivalences.
♦

Proof. Ad (a). This follows from theorem 4.6.2.(a).

Ad (b). The functor Rescos
S,A is full and faithful by theorem 4.6.2.(b).

Suppose that SID,HS
cogenerates D(HS). The essential image of Rescos

S,A is a triangulated

subcategory of D(HS) that is closed under products since Rescos
S,A has a left-adjoint. Moreover,

SRescos
S,A = SResinj

W S ,A
K(HS|CS

)LHS
is isomorphic to SID,HS

in D(HS) by lemma 4.3.44 and

since S ∈ Ob(CS) ⊆ Ob(HS). Thus D(HS) is the essential image of Rescos
S,A .
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5.1.20 Definition. Suppose given an abelian category A with products, coproducts and

enough K-projectives. Suppose given a w-silting object S in D(A ). We write

RealsS,A = Realproj
T S ,A

: D(HS)→ D(A )

and say that RealsS,A is the silting realisation functor associated to S. We also write

Ress
S,A = Resproj

W S ,A
·K(HS|CS

) · LHS
: D(A )→ D(HS)

and say that Ress
S,A is the silting resolution functor associated to S.

Cf. definition 4.6.3 and proposition 5.1.6. ♦

5.1.21 Definition. Suppose given a triangulated category D . A full triangulated subcategory

S ⊆ D is called a localising subcategory of D if it is closed under coproducts in D . We say

that an object X ∈ Ob(D) generates D if D is the smallest localising subcategory of D that

contains X. ♦

5.1.22 Theorem (adjunction for w-silting objects). Suppose given an abelian category A

with products, coproducts and enough K-projectives. Suppose given a w-silting object S in

D(A ).

(a) The silting realisation functor RealsS,A is right-adjoint to the silting resolution functor

Ress
S,A . The functors (Ress

S,A ·HHS
)|HS

and (ID,HS
·RealsS,A )|HS are isomorphic to 1HS

in HS(HS).

(b) Suppose that S is a w-tilting object in D(A ). Then the silting resolution functor Ress
S,A

is full and faithful. If SID,HS
generates D(HS), then Ress

S,A and RealsS,A are mutually

quasi-inverse equivalences.
♦

Proof. This is dual to theorem 5.1.19.

5.2 Morita theory for derived categories

Classical Morita theory [Mor58] tells us when two categories of modules Mod-R and Mod-S are

equivalent. A necessary and sufficient condition is that there exists a progenerator in Mod-R

such that its endomorphism ring is isomorphic to S. For derived categories of module cate-

gories, the corresponding theory is due to [Ric89] and [Kel94]. Here the existence of a tilting

complex theorem is necessary and sufficient for two derived categories of module categories to

be equivalent. We are now able to generalise this to derived categories of projectively complete

abelian categories via w-tilting objects in theorem 5.2.8 and, dually, to derived categories of

injectively complete abelian categories via w-cotilting objects in theorem 5.2.4.

5.2.1 Definition. We say that an abelian category A is injectively complete if
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(a) it has products and coproducts,

(b) it has enough DG-injectives and if

(c) there exists an injective cogenerator Q in A such that QID,A cogenerates D(A ).
♦

5.2.2 Remark. Suppose given an injectively complete abelian category A and an injective

cogenerator R in A . Then RID,A cogenerates D(A ). ♦

Proof. We may choose an injective cogenerator Q in A such that QID,A cogenerates D(A ).

So we have ProdA (R) = ProdA (Q). The result now follows from the fact that ID,A preserves

products of injectives.

5.2.3 Example. We say that a Grothendieck category A is left-complete if D(A ) is left-

complete in the sense of [PV18, definition 6.2]. Left-complete Grothendieck categories are

injectively complete. See example 1.9.48 for (b) and [PV18, (proof of) lemma 6.6.(ii)] for

(c). ♦

5.2.4 Theorem (derived Morita theorem for injectively complete abelian categories). Suppose

given injectively complete abelian categories A and B. The following two statements are

equivalent.

(a) There is an exact equivalence F : D(B)→ D(A ).

(b) There is a w-cotilting object S in D(A ) and an equivalence G : B →HS .
♦

Proof. Ad (a)→(b). Choose an injective cogenerator Q in B. Then QID,B is a w-cotilting

object in D(B) and the associated t-structure is the standard one, cf. example 5.1.16. Conse-

quently, S = QID,BF is a w-cotilting object in D(A ) and there is an equivalence G : B →HS .

Ad (b)→(a). Note that SID,HS
cogenerates D(HS), cf. proposition 5.1.7 and remark 5.2.2. By

theorem 5.1.19.(b), Realcos
S,A : D(HS)→ D(A ) is an exact equivalence.

We conclude that D(G) · Realcos
S,A : D(B)→ D(A ) is an exact equivalence.

5.2.5 Remark. If the w-cotilting object S in theorem 5.2.4.(b) is bounded, then the equiv-

alence is restrictable (see [PV18, definition 3.15]) since the functor Realcos
S,A induces an equiv-

alence between (T HS)b and (T S)b and the latter can be identified with Db(A ) since S is

bounded. ♦

5.2.6 Definition. We say that an abelian category A is projectively complete if

(a) it has products and coproducts,

(b) it has enough DG-projectives and if

(c) there exists a projective generator P in A such that P ID,A generates D(A ).
♦
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5.2.7 Example. The module category Mod-R, where R is a ring, is a projectively complete

abelian category. See example 1.9.50 for (b) and [Fra01, proposition 3.3] for (c). Moreover, it

is also injectively complete since it is left-complete Grothendieck. ♦

5.2.8 Theorem (derived Morita theorem for projectively complete abelian categories). Sup-

pose given projectively complete abelian categories A and B. The following two statements

are equivalent.

(a) There is an exact equivalence F : D(B)→ D(A ).

(b) There is a w-tilting object S in D(A ) and an equivalence G : B →HS .
♦

Proof. This is dual to theorem 5.2.4.

5.3 Silting and cosilting complexes

An overview of recent developments in silting theory can be found in [Ang18].

Suppose given a ring R. Let Proj-R denote the full subcategory of Mod-R whose objects are

the projective R-modules. Let Inj-R denote the full subcategory of Mod-R whose objects are

the injective R-modules.

We consider C(Proj-R) and C(Inj-R) as full subcategories of C(Mod-R) via

C(IncMod-R
Proj-R) : C(Proj-R)→ C(Mod-R) and C(IncMod-R

Inj-R ) : C(Inj-R)→ C(Mod-R).

5.3.1 Definition. Suppose given X ∈ Ob(Cb(Proj-R)). We say that that X is a silting

complex if it is a silting object in D(Mod-R). Cf. [AHMV16, proposition 4.2]. ♦

5.3.2 Definition. Suppose given X ∈ Ob(Cb(Inj-R)). We say that that X is a cosilting

complex if it is a cosilting object in D(Mod-R). Cf. [Ang18, proposition 6.8.(2)]. ♦

The following two theorems allow us to apply our results to silting and cosilting complexes.

5.3.3 Theorem. [AHMV16, theorem 4.6]

Suppose given a silting complex X ∈ Ob(Cb(Proj-R)). Then X is a bounded w-silting object

in D(Mod-R). ♦

5.3.4 Theorem. [MV18, theorem 3.13]

Suppose given a cosilting complex X ∈ Ob(Cb(Inj-R)). Then X is a bounded w-cosilting

object in D(Mod-R). ♦

5.3.5 Theorem (adjunction for silting complexes). Suppose given a silting complex

S ∈ Ob(Cb(Proj-R)). The silting realisation functor RealsS,Mod-R : D(HS) → D(Mod-R) is

right-adjoint to the silting resolution functor Ress
S,Mod-R : D(Mod-R)→ D(HS). The functors

(Ress
S,Mod-R · HHS

)|HS
and (ID,HS

· RealsS,Mod-R)|HS are isomorphic to 1HS
in HS(HS). ♦
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Proof. This is an application of theorem 5.1.22.(a).

5.3.6 Theorem (adjunction for cosilting complexes). Suppose given a cosilting complex

S ∈ Ob(Cb(Inj-R)). The cosilting realisation functor Realcos
S,Mod-R : D(HS) → D(Mod-R) is

left-adjoint to the cosilting resolution functor Rescos
S,Mod-R : D(Mod-R)→ D(HS). The functors

(Rescos
S,Mod-R · HHS

)|HS
and (ID,HS

· Realcos
S,Mod-R)|HS are isomorphic to 1HS

in HS(HS). ♦

Proof. This is an application of theorem 5.1.19.(a).

There is a correspondence between t-structures and torsion pairs in abelian categories known

as HRS-tilting, see e. g. [HRS96, chapter I, section 2] and [PSZ18, proposition 1]. We have the

following lemma.

5.3.7 Lemma. [Pol07, lemma 1.1.2]

Suppose given a strict triangulated category D . Suppose given t-structures T and U on D

such that T0c ⊆ U0c ⊆ T−1c . Then (Tb0,0c ∩U [1]
b0,0c , Tb0,0c ∩Ub0,0c) is a torsion pair in Tb0,0c and

(Tb0,0c ∩Ub0,0c , T [−1]
b0,0c ∩Ub0,0c) is a torsion pair in Ub0,0c . ♦

5.3.8 Theorem (silting theorem). Suppose given a silting complex S ∈ Ob(Cd1,0e(Proj-R)).

Let T denote the associated t-structure in D(Mod-R). We abbreviate H = Tb0,0c . Let U

denote the standard t-structure in D(Mod-R). Note that one may identify Ub0,0c with Mod-R

via ID,Mod-R . We have T0c ⊆ U0c ⊆ T−1c , cf. [AHMV16, lemma 4.5].

Let Y = H ∩U [1]
b0,0c and X = H ∩Ub0,0c . By lemma 5.3.7, (Y ,X ) is a torsion pair in H and

(X ,Y [−1]) is a torsion pair in Ub0,0c .

The functors (Ress
S,Mod-R ·HH )|H and (ID,H ·RealsS,Mod-R)|H are isomorphic to 1H in H (H )

by theorem 5.3.5. In particular, we have the following.

• The functors (Ress
S,Mod-R · HH )|XX and (ID,H · RealsS,Mod-R)|XX are mutually quasi-inverse

equivalences.

• The functors (ΣD,Mod-R ·Ress
S,Mod-R ·HH )|YY [−1] and (ID,H ·RealsS,Mod-R ·Σ−1

D,Mod-R)|Y [−1]

Y are

mutually quasi-inverse equivalences.

D(Mod-R)
Ress

S,Mod-R // D(H )
RealsS,Mod-R

oo

HH




Mod-R

ID,Mod-R

OO

H

ID,H

JJ

♦

5.3.9 Theorem (cosilting theorem). Suppose given a cosilting complex S ∈ Ob(Cd0, -1e(Inj-R)).

Let U denote the associated t-structure in D(Mod-R). We abbreviate H = Ub0,0c . Let T

denote the standard t-structure in D(Mod-R). Note that one may identify Tb0,0c with Mod-R

via ID,Mod-R . We have T0c ⊆ U0c ⊆ T−1c , cf. [Pop17b, theorem 2.12 and proposition 2.16].
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Let Y = Tb0,0c ∩H [1] and X = Tb0,0c ∩H . By lemma 5.3.7, (Y ,X ) is a torsion pair in Tb0,0c

and (X ,Y [−1]) is a torsion pair in H .

The functors (Rescos
S,Mod-R ·HH )|H and (ID,H ·Realcos

S,Mod-R)|H are isomorphic to 1H in H (H )

by theorem 5.3.6. In particular, we have the following.

• The functors (Rescos
S,Mod-R · HH )|XX and (ID,H · Realcos

S,Mod-R)|XX are mutually quasi-inverse

equivalences.

• The functors (Σ−1
D,Mod-R ·Rescos

S,Mod-R ·HH )|Y [−1]

Y and (ID,H ·Realcos
S,Mod-R ·ΣD,Mod-R)|YY [−1] are

mutually quasi-inverse equivalences.

D(Mod-R)
Rescos

S,Mod-R // D(H )
Realcos

S,Mod-R

oo

HH




Mod-R

ID,Mod-R

OO

H

ID,H

JJ

♦
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∗
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1.5.11 55
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1.8.2 65
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1.8.2 65
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1.9.2 66
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1.9.7 67
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tal pure short exact sequences (XιC,A , XπC,A )

in the strict Frobenius category C(A ).

1.9.9 68

K(A ) The homotopy category of an additive category

A .

1.9.12 70

IC,A : A C(A ),

IK,A : A K(A )

The canonical inclusion functors of an additive

category A .

1.9.25 75

XSA
dn , XSA

n+1e The simple/hard/brutal/naive/stupid trunca-

tions of a complex X.

1.9.26 75

WA The standard w-structure on the homotopy

category K(A ) of an additive category A .

1.9.31 77

Ac(A ) The full subcategory of acyclic complexes in the

homotopy category K(A ) of an abelian cate-

gory A .

1.9.33 78

D(A ) The derived category of an abelian category A . 1.9.33 78

LA : K(A ) D(A ) The quotient functor associated to the Verdier

quotient D(A ) = K(A )//Ac(A ).

1.9.33 78

ID,A : A → D(A ) The canonical inclusion functor of an abelian

category A .

1.9.33 78
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HA : D(A )→ A The zeroth homology functor of an abelian cat-

egory A .

1.9.33 78

XTA
n+1c , XTA

bn The canonical/soft/smart/intelligent trunca-

tions of a complex X.

1.9.34 79

T A The standard t-structure on the derived cate-

gory D(A ) of an abelian category A .

1.9.35 79

WA ,inj The standard injective w-structure on the de-

rived category D(A ) of an abelian category A

with enough DG-injectives.

1.9.53 83

WA ,proj The standard projective w-structure on the de-

rived category D(A ) of an abelian category A

with enough DG-projectives.

1.9.54 84

Bac The category of acyclic complexes with entries

in the subcategory of bijective objects of a

Frobenius category F .

2.3.1 114

I : Bac → F The image functor of a Frobenius category F . 2.3.5 115

F(A ) The category of filtrations in an exact category

A .

3.2.1 122

CF(A ) The category of cofiltrations in an exact cate-

gory A .

3.2.1 122

f� : A→ B The induced morphism between a compatible

family A and a limit B of a morphism f in a

category of cofiltrations.

3.2.22 127

f� : A→ B The induced morphism between a colimit A

and a compatible family B of a morphism f

in a category of filtrations.

3.2.23 127

V The underlying poset of ∇-diagrams. 3.3.1 138

∇(F ) The category of ∇-diagrams in a strict Frobe-

nius category F .

3.3.2 138

Ψ`,CF,F :

∇(F )→ CF(F )

The projection to the `-th cofiltration of a ∇-

diagram in a strict Frobenius category F .

3.3.49 161

Ψk,F,F :

∇(F )→ F(F )

The projection to the k-th filtration of a ∇-

diagram in a strict Frobenius category F .

3.3.50 162

Ω The underlying poset of filtered objects. 3.4.1 167

FO(F ) The category of filtered objects in a strict

Frobenius category F .

3.4.2 167

Pω,F :

FO(F )→ F

The projection to the object with index ω of

a filtered object in a strict Frobenius category

F .

3.4.4 168
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PCF,F :

FO(F )→ CF(F )

The projection to the cofiltration of a filtered

object in a strict Frobenius category F .

3.4.5 169

PF,F :

FO(F )→ F(F )

The projection to the filtration of a filtered ob-

ject in a strict Frobenius category F .

3.4.6 169

Pω,F :

FO(F )→ F

The functor induced by Pω,F on factor cate-

gories.

3.4.16 171

EF :

F → FO(F )

The embedding functor of a strict Frobenius

category F .

3.4.65 179

EF :

F → FO(F )

The functor induced by the embedding functor

on factor categories.

3.4.67 179

∆S ,F :

∇S (F )→ C(S )

The delta functor of a stricly full additive sub-

category S with respect to a strict Frobenius

category F .

4.1.1 182

∆S ,F :

∇S (F )→ C(S )

The functor induced by the delta functor on a

factor category.

4.1.10 193

∆
S ,F

:

∇
S

(F )→ K(S )

The functor induced by the delta functor on

factor categories.

4.1.15 194

RH ,F :

C(H )→ ∇H (F )

A quasi-inverse of the functor ∆H ,F . 4.1.20 195

RH ,F :

K(H )→ ∇
H

(F )

A quasi-inverse of the functor ∆
H ,F

. 4.1.20 195

ΞF :

FO(F )→ ∇(F )

The filtered cokernel functor of a strict Frobe-

nius category F .

4.2.11 202

ΞF :

FO(F )→ ∇(F )

The functor induced by the filtered cokernel

functor on factor categories.

4.2.31 209

LimF :

∇(F ) FO∇(F )

The limit functor obtained as a quasi-inverse of

Ξ∇F .

4.2.51 214

LimF :

∇(F ) FO∇(F )

The limit functor obtained as a quasi-inverse of

Ξ∇F .

4.2.51 214

WW ,F :

D → FO
W

(F )

The weight equivalence of a weight structure

W with respect to a strict Frobenius category

F .

4.3.34 233

ResW ,F :

D → K(C )

The resolution functor of a w-structure W with

respect to a strict Frobenius category F .

4.3.36 233

RealKT ,F :

K(H )→ F

The preliminary version of the realisation func-

tor on the level of the homotopy category.

4.4.2 246

RealA,T ,F :

D(H )→ D

The realisation functor of a t-structure T with

respect to a functor A and a strict Frobenius

category F .

4.4.24 259
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Resinj
W ,A :

D(A )→ K(C )

The injective resolution functor of a w-

structure W with core C over an abelian cate-

gory A .

4.6.1 267

Realinj
T ,A :

D(H )→ D(A )

The injective realisation functor of a non-

degenerate t-structure T with heart H over

an abelian category A .

4.6.1 267

Resproj
W ,A :

D(A )→ K(C )

The projective resolution functor of a w-

structure W with core C over an abelian cate-

gory A .

4.6.3 269

Realproj
T ,A :

D(H )→ D(A )

The projective realisation functor of a non-

degenerate t-structure T with heart H over

an abelian category A .

4.6.3 269

CoprodA (X) The full subcategory of an additive category A

whose objects are summands of a coproduct of

copies of an object X ∈ Ob(A ).

5.1.1 271

ProdA (X) The full subcategory of an additive category

A whose objects are summands of a product

of copies of an object X ∈ Ob(A ).

5.1.1 271

T S The t-structure associated to a (co)silting ob-

ject S.

5.1.2 272

HS The heart of the t-structure associated to a

(co)silting object S.

5.1.2 272

HS The homology functor of the t-structure asso-

ciated to a (co)silting object S.

5.1.2 272

W S The w-structure associated to a w-(co)silting

object S.

5.1.8 273

CS The core of the w-structure associated to a w-

(co)silting object S.

5.1.8 273

Realcos
S,A :

D(HS)→ D(A )

The cosilting realisation functor associated to

a w-cosilting object S in a derived category

D(A ).

5.1.17 275

Rescos
S,A :

D(A )→ D(HS)

The cosilting resolution functor associated to

a w-cosilting object S in a derived category

D(A ).

5.1.17 275

RealsS,A :

D(HS)→ D(A )

The silting realisation functor associated to a

w-silting object S in a derived category D(A ).

5.1.20 275

Ress
S,A :

D(A )→ D(HS)

The silting resolution functor associated to a

w-silting object S in a derived category D(A ).
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