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Abstract

For algebraic triangulated categories, we construct bounded realisation functors of t-structures
and resolution functors of bounded w-structures. Under suitable assumptions, we also con-
struct the corresponding unbounded versions of these functors. We show that our resolution
and realisation functors yield an adjunction between the algebraic triangulated category and
the derived category of the heart of the t-structure for adjacent t- and w-structures.

For silting and cosilting complexes, we obtain a connection between the derived categories of
the heart of the associated t-structure and the module category that generalises the connection
on the abelian level described by the silting and cosilting theorems for two-term complexes.
We also deduce a Morita theorem for derived categories of suitable abelian categories which

include left-complete Grothendieck categories.

Zusammenfassung

Wir konstruieren beschréankte Realisierungsfunktoren von t-Strukturen und Auflosungsfunk-
toren von beschrankten w-Strukturen fiir algebraische triangulierte Kategorien. Unter geeig-
neten Voraussetzungen konstruieren wir auch die zugehorigen unbeschréankten Varianten dieser
Funktoren. Wir zeigen, dass unsere Auflosungs- und Realisierungsfunktoren eine Adjunktion
zwischen der algebraischen triangulierten Kategorie und der derivierten Kategorie des Herzes
der t-Struktur liefern, wenn die t- und w-Strukturen benachbart sind.

Fiir Silting- und Kosiltingkomplexe erhalten wir eine Beziehung zwischen den derivierten Ka-
tegorien des Herzes der assoziierten t-Struktur und der Modulkategorie, die die Beziehung
auf der abelschen Ebene verallgemeinert, welche von den Silting- und Kosiltingtheoremen
fiir Komplexe mit nur zwei nichttrivialen Eintragen beschrieben wird. Wir leiten zudem ein
Moritatheorem fiir derivierte Kategorien von geeigneten abelschen Kategorien her, welche die

linksvollstandigen Grothendieckkategorien einschliefen.






Introduction

Motivation

To compare similar categories of quiver representations, J. Bernstein, I. M. Gel'fand and V. A.
Ponomarev [BGP73] introduced reflection functors and were able to prove Gabriel’s theorem

[Gab72] using them. For example, consider the following two quivers @ and R.

QQ:o<~—o0=<—o0 R:o<—o0o——o0

We refer to [ASS06, examples 4.10, 5.15.(a), 4.8.(a)] and [Kel07, example 2.10] for details on
our examples. For simplicity, we always work over the complex numbers C in this section.
The categories of quiver representations mod-C(@) and mod-CR are not equivalent since their

Auslander-Reiten quivers ARg and ARy are different:

N\ NN,
VA WAN N

ARQ :

But one can compare the two categories with reflection functors. It was realised by D. Happel
[Hap87] that the (bounded) derived categories D*(mod-C@Q) and D(mod-CR) are equivalent.
We obtain graphical evidence of this fact by looking at the following Auslander-Reiten quiver
of D?(mod-CQ) which is the repetition quiver of AR .

o/o\o/O\./.\./O\o/o\o/®\®/®\®/O\o
NSNSSNSNSS NS \®/ N, NS

The filled circles again form AR and we also find ARp as the subquiver formed by the circles
marked with an asterisk. From our point of view, the reason for this is that the category
mod-CR is the heart of a t-structure on the derived category D"(mod-CQ). Moreover, an
equivalence D (mod-CR) — D" (mod-CQ) is given by a (bounded) realisation functor of this

t-structure. In this way, such a realisation functor can be seen as a generalised version of a
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reflection functor.

In fact, D. Happel’s result works in the more general context of tilting modules. Consider the

following tame quiver S

O/O\O
N

S

and the direct sum 7" of the following four indecomposable representations of S.

C
N AN YAt AN
C 0 C C C C 0 C
N N NSNS

Then T is a tilting module such that its endomorphism algebra End(T") is representation-
finite. According to D. Happel, the derived categories DP(mod-CS) and D(mod-End(7)) are
equivalent. Again, a realisation functor of a t-structure provides such an equivalence. So we

obtain a derived equivalence between algebras of different representation type.

Realisation functors can also be used to obtain connections between algebraic geometry and
representation theory. Consider the category of coherent sheaves on the projective line coh-P!.

Its indecomposable objects and irreducible morphisms can be visualised in the following quiver.

AR - ) 1

The left part is formed by the line bundles and the right part by the skyscraper sheaves. The
Auslander-Reiten quiver of the derived category D" (coh-P1) is the repetition quiver of the one
above. It contains the following Auslander-Reiten quiver ARk as a subquiver, where K is the

. X\
KrODeCker quiver OUO.

. //Qﬂ O @ //\\//’
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The reason is once more that the category of quiver representations mod-CK is the heart of
a t-structure on DP(coh-P'). Again, an equivalence D" (mod-CK) — D"(coh-P') is given by a
realisation functor. One main goal of this thesis is the construction of realisation functors not

only for bounded derived categories but also for unbounded derived categories.

Overview

Triangulated categories arise in various branches of mathematics. They were introduced by
J.-L. Verdier to provide an appropriate framework for derived categories and derived func-
tors [Ver96, introduction 4]. For a suitable abelian category, its derived category is equivalent
to the stable category of a Frobenius category. Since most triangulated categories occurring
in algebra are of this form, they are called algebraic triangulated categories [Kel07, section 8].
In [BBD82], t-structures on triangulated categories were introduced. Each t-structure on a
triangulated category & has a heart 7 which is an abelian subcategory. Since every abelian
category is a full subcategory of its derived category D(s#), it is natural to ask how the two
inclusions J# — 2 and 5 — D() are related. So one would like to have a realisation
functor D(.#°) — & that prolongs the inclusion . — D() to provide an answer to this
question.

A. A Beilinson, J. Bernstein and P. Deligne [BBD82] constructed a bounded realisation functor
DP(#) — 2 under the assumption that & is a triangulated subcategory of a left-bounded
derived category of an abelian category with enough injectives. To axiomatise the proper-
ties of & that are needed to construct such a bounded realisation functor, A.A. Beilinson
introduced the concept of a filtered triangulated category in [Bei87, Appendix]. Assuming an
additional axiom, E.Cabezuelo Ferndndez and O.M. Schniirer [PV18, Appendix A] showed
that this functor is exact. Different approaches to bounded realisation functors for algebraic
triangulated categories can be found in [KV87], [Kel90] and to half-bounded versions for stable
infinity-categories in [Lurll, section 1.3.3].

Bounded realisation functors are useful in many applications including Koszul duality [AR13],
simple-minded collections [KY14], HRS-tilting [CHZ18], hereditary triangulated categories
[CR18] and Cohen-Macaulay modules [Hanl9]. L. Alonso Tarrio, A.Jeremias Lépez, M. J.
Souto Salorio [ATJLSS03, remark following theorem 6.6] and C. Psaroudakis, J. Vitéria [PV18,
section 5] remarked that an unbounded version would be desirable to simplify their arguments.
One result of this thesis is the construction of such a realisation functor D(.%°) — &2, where
7 is the heart of a non-degenerate t-structure on a suitable algebraic triangulated category,
e.g.on the derived category of a Grothendieck category.

In independent work, S. Virili [Virl8] uses derivators to extend bounded realisation functors to
unbounded derived categories and obtains similar results concerning (co)tilting equivalences
which we will discuss below. To achieve this, he uses homotopy (co)limits and t-structure
truncations, so he has to impose some conditions on the heart of the t-structure, namely that
it has enough injectives and that it is (Ab.4*)-k for some k € N [Virl8, pp. 53-54 and definition
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2.7]. While we also use (co)limits, our construction does not involve t-structure truncations
and we only have to assume that the t-structure is non-degenerate. In fact, it relies on the

decomposition of complexes with respect to the standard w-structure on K(72).

W-structures were independently introduced by M.V.Bondarko [Bonl0] (who called them
weight structures) and D.Pauksztello [Pau08] (who called them co-t-structures). Each w-
structure on a triangulated category has a core % (also called heart or co-heart) which is
an additive subcategory. Since every additive category is a full subcategory of its homotopy
category, it is again natural to ask how the two inclusions ¢ — % and ¢ — K(%) are related.
So one would like to have a functor 2 — K(%) that prolongs the inclusion ¢ — K(%) to
provide an answer to this question. M.V.Bondarko constructed a weight complex functor
7 — Kwp(¥), where K, (%) is a factor category of K(%) which might no longer be triangu-
lated. He showed that in some bounded cases, this functor lifts to a functor 2 — K(%’) which
he called strong weight complex functor. For filtered triangulated categories, he attributed
the arguments to A. A. Beilinson [Bon10, section 8.4]. However, O. M. Schniirer [Sch11] had to
impose the additional axiom mentioned above again to construct this lift for filtered triangu-
lated categories.

We use the term resolution functor for the desired functor 2 — K(%') since for the standard
w-structures on derived categories, it maps an object to its resolution.

An approach to resolution functors of bounded or compactly generated w-structures on stable
infinity-categories can be found in [Sos17].

It seems that in general w-structures allow the construction of functors out of the given trian-
gulated category, whereas t-structures can be used to map into the given triangulated category.
Therefore the direction of resolution functors 2 — K(%) is opposite to the direction of real-
isation functors D(#) — 2. The results of J. Lurie [Lurll, theorem 1.3.3.2] for t-structures
and V. Sosnilo [Sos17, proof of corollary 3.5] for w-structures provide further evidence of this
claim.

For algebraic triangulated categories, we construct resolution functors of arbitrary w-structures
under the assumption that the underlying Frobenius category has countable products and co-
products of bijectives. We study the interplay between resolution and realisation functors for
adjacent w- and t-structures and obtain an adjunction 2=——=D(#") under suitable hypothe-

Ses.

Tilting theory is a fundamental tool in representation theory. The starting point was the tilt-
ing theorem due to S. Brenner and M. C. R. Butler [BB80] which relates the module categories
of a ring R and of the endomorphism ring of a tilting module over R in terms of an equiva-
lence of torsion pairs. E.Cline, B. Parshall, L. Scott [CPS86] and D. Happel [Hap87] showed
that the involved functors induce an equivalence between the corresponding bounded derived
categories. J. Rickard introduced tilting complexes as a generalisation of tilting modules and
obtained a Morita theorem for derived categories of module categories in [Ric89]. As remarked
in [ATJLSS03, theorem 6.6 and the following remark|, bounded realisation functors can be

used to recover Rickard’s equivalence. C.Psaroudakis and J. Vitéria [PV18] systematically



11

used bounded realisation functors in tilting theory and obtained results on (co)tilting equiva-
lences, standard forms of derived equivalences and on recollements.

In this thesis, we pursue two lines of research in this area. On the one hand, we obtain
a Morita theorem for derived categories of suitable abelian categories which include left-
complete Grothendieck categories. To this end, we introduce the notion of w-cotilting objects
in triangulated categories and use our resolution and realisation functors. Moreover, we show
that resolution functors associated to w-cotilting objects in derived categories are usually full
and faithful, e.g. in the ones of Grothendieck categories.

On the other hand, we study silting and cosilting complexes in derived categories of module
categories. They are examples of w-silting resp. w-cosilting objects by [AHMV16, theorem
4.6] and [MV18, theorem 3.13] for which one can not expect that our functors yield equiv-
alences [PV18, proposition 5.1]. However, there are silting and cosilting theorems for two-
term complexes relating the involved abelian categories in terms of equivalences of torsion
pairs [BM17] [BZ16] [PoplTal.

For a cosilting complex S with associated heart 75 over a ring R, we show that the realisation
functor D(7#) — D(Mod-R) has a right-adjoint which is provided by the resolution functor.
This adjunction yields a cosilting theorem on the abelian level for two-term complexes. A

dual version for silting complexes is also true.

Results

Basic constructions

We introduce the concept of strict Frobenius categories for which the functorial Frobenius
categories of [Kiin07, definition A.5] are predecessors. The category of complexes C(.o7) with
entries in an additive category 7 is the archetypical example of a strict Frobenius category.
Following an idea of B. Keller [Kel94, section 4.3], we show that every algebraic triangulated
category is equivalent to the stable category of a strict Frobenius category. So all of our results

involving strict Frobenius categories can be applied to algebraic triangulated categories.

For a strict Frobenius category %, we introduce the diagram category FO(%) of filtered

objects, whose objects are diagrams of the following form, subject to exactness conditions.

Xo

S

The projection functor P, #: FO(.%) — .% maps the diagram above to X, . We also introduce
the category V(%) of V-diagrams, whose objects are diagrams of the following form, subject
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to exactness conditions.

0<—— Xppo/mr1 <+— Xpqoyp <+ Xpyop1 <+

0 <—— Xpp1yp < Xpp1/p—1 <+~

0<—|—Xk/k_1<—|—--~

0

We construct the filtered cokernel functor Zz: FO(#) — V(&) by choosing cokernels of
pure monomorphisms. For a strictly full additive subcategory . C .%#, where % is the
stable category of .%, we have the full subcategory Vo (%) C V(%) and the delta functor
Ay 7: Vo (F) — C(¥) which maps the diagram above to the complex

[—k—2] [—Fk—1] (]
o Xk+2/k+1 Xk+1/k Xk/k—l B

its differentials being given by connecting morphisms of triangles.

To construct our realisation and resolution functors, we study these functors P, 7 , 2 , Ay »

and the ones induced by them on various factor categories and subcategories.

The bounded case

Suppose given a full triangulated subcategory ¥ C .%.
For a bounded w-structure # on & with core €, we obtain an equivalence
P} 5 Q;(ﬁ) — 2 and choose a quasi-inverse Wy, ;: 7 — 2&;(5") The bounded

resolution functor Resl?/j: 9 — KP(%) is defined as the following composite.

b =b b

. Wy .z Q;(ﬁ) =¢,F Vb (3—;) =6,F Kb(%)

=7

Theorem A (4.3.40,4.3.43). Suppose given a strict Frobenius category %, a full triangulated
subcategory & C .% and a bounded w-structure # on & with core . The bounded resolution
functor Resb% 71 9 — KP(€) is w-exact and the functors Inc? - Resb%  and Iyv o from € to
KP(%) are isomorphic. O
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For a t-structure .7 on 2 with heart 52, we obtain equivalences

A, Y (F) = KO(A), =, 5 FO" () = Y (F)

and choose quasi-inverses
b . b b (g b gb (g b (g
Ryz: K (f%”)%z%(f), Ll_m]fng(f)égﬁ(c/)

We define the bounded realisation functor Real’ 5: D"(#) — 2 to be the unique exact

functor such that the following diagram is commutative.

Theorem B (4.4.25,4.4.28). Suppose given a strict Frobenius category %, a full triangulated
subcategory 2 C % and a t-structure .7 on & with heart . The bounded realisation
functor Real’ ;: D*(J#) — 2 is t-exact and the functors I, - Real’ 5 and Inc%, from J#

to & are isomorphic. O

For adjacent t- and w-structures, we obtain the following adjunction.

Theorem C (4.5.4). Suppose given a strict Frobenius category .# and a full triangulated
subcategory 2 C .Z. Suppose given a bounded w-structure # on & and a t-structure .7 on
2. Suppose that that Fjy = #} , i.e. that .7 is left-adjacent to #'. We denote the heart of
T by S = T, , the homology functor of 7 by H = Hg and the core of # by € = #j -

(a) The functor Reall}j is left-adjoint to Resgﬂj CKP(H|y) - L, .
The functors (Res;/y -K"(Hg) - LY - H5,) | and (Ipb e - Real'}y)\” from S to A

are isomorphic to 1, .

(b) Suppose that ¢ C 2.
Then the functors Resy, » , K"(H|%) and Res}, 5 - K"(H|) - L%, are full and faithful.

_ >
RESPW,@ Lb,
Realbg z

2 ’ Db ()
IDC%T IDb,ﬁ?/( [Hgf

H H o
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The unbounded case

Suppose that .% and .#°P have countable products of bijectives. For a w-structure # on
2 with core ¢, we obtain an equivalence Py, »: FO _(#) — & and choose a quasi-inverse
: 92 = FO  (F). The resolution functor Resy #:  — K(%') is defined as the following

composn;e.

Incgg(g) A
Wy o EQ,, (#) o 24,7 =67

FO,, (%) FO, (%) Y, ()

9

K(%)

Theorem D (4.3.41,4.3.44). Suppose given a strict Frobenius category .# such that .%# and
Z°P have countable products of bijectives. Suppose given a full triangulated subcategory
2 C Z and a w-structure # on 2 with core €. The resolution functor Resy #: 2 — K(%)

is w-exact and the functors IncZ - Resy # and Ik ¢ from % to K(%') are isomorphic. &

Suppose that .# has epilimits and monocolimits and that & is closed under countable products
in .Z. Suppose given a functor A: . % — Z that is left-adjoint to Inc% . For a non-degenerate

t-structure on .7 on Z with heart 77, we obtain equivalences

and choose quasi-inverses
Ry s K(H) = ¥ (7). Lim, »: ¥ ,(F) = FOY,(%).

We define the realisation functor Reals # #: D(#) — 2 to be the unique exact functor such

that the following diagram is commutative.

Theorem E (4.4.26,4.4.29). Suppose given a strict Frobenius category .# with epilimits and
monocolimits. Suppose given a full triangulated subcategory 2 C % that is closed under
countable products in .#. Suppose given a functor A: . % — & that is left-adjoint to Inc@ .
Suppose given a non-degenerate t-structure .7 on ¥ with heart 7. The realisation functor
Realy 7.7 D(J) — P is t-exact and the functors Ip_y - Realy 7 # and Inc?, from J# to 2

are isomorphic. O

For adjacent t- and w-structures, we obtain the following adjunction.

Theorem F (4.5.1). Suppose given a strict Frobenius category % with epilimits and mono-

colimits. Suppose given a full triangulated subcategory 2 C .Z that is closed under countable
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products in .%. Suppose given a functor A: . % — 2 that is left-adjoint to Inc‘;i . Suppose
given a t-structure .7 = (%, Jp) and a w-structure # = (#p, #5) on 2. Suppose that
 is non-degenerate and that J, = #} , i.e. that .7 is left-adjacent to #'. We abbreviate
H = Tpo , H=Hz and € = #j g .

(a) The functor Realy 7 # is left-adjoint to Resy & - K(H|¢) - L .
The functors (ReSy//’y -K(H|¢) - Ly - [H;f) |# and (Ip_y - Realy 7 7)| from # to A

are isomorphic to 1 .

(b) Suppose that there exists an n € Z such that #5 C 7, . Suppose that € C JZ.
Then the functors Resy # , K(H|¢) and Resy # - K(H|¢) - L are full and faithful.

9 Realy, 7 & D(%)
IHC%T Ip,» ( H e
H o &

Application to derived categories

Suppose given an abelian category &/ with countable products and countable coproducts.
Suppose that o7 has enough K-injectives. Then we have an equivalence K™ (& )—"=D(),
where K™ (.#7) is the full triangulated subcategory of K(.o7) whose objects are the K-injective
complexes. Now K(.&7) is the stable category of the strict Frobenius category C(<7) which has
epilimits and monocolimits and the inclusion K™ (&) — K(&/) has a left adjoint. So for a
w-structure # on D(.«7) with core €, we obtain a resolution functor Resi,/n{ - D() = K(F)
and for a non-degenerate t-structure .7 on D(«7) with heart J#, we get a realisation functor
Real}n{%: D(2) — D(<«/). We have the following version of theorem F.

Theorem G (4.6.2).

Suppose given an abelian category 7 with countable products and countable coproducts.
Suppose that .2/ has enough K-injectives. Suppose given a t-structure 7 = (%, 7)) and a
w-structure # = (#p, #5) on D(47). Suppose that .7 is non-degenerate and that Jjy = #f .
We abbreviate 7 = Jy , H=Hgs and € = #pq .

(a) The functor Reali;.jf?f is left-adjoint to Res;/njﬂ -K(H|¢) - Ly .
The functors (Res)’ , - K(H|¢) - Ly - Hy)| s and (Ip e - Reald )| from # to S are

isomorphic to 1,/ .

(b) Suppose that there exists an n € Z such that #5 C 7, . Suppose that ¢ C JZ.
Then the functors Resf/;{ » » K(H|¢) and Resi}{ - K(H|¢) - Ly are full and faithful.
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. K (%) %K(ﬁ”)
Sy ot Ly
/ Reali{;j’d \
D(e7) D()
Inc%d) T ID,%/( ln"%
H W 4 &

We introduce the notion of w-silting and w-cosilting objects in triangulated categories. They
are silting and cosilting objects in the sense of [PV18, definition 4.1] whose associated t-
structures have adjacent w-structures. For a w-cosilting object S with heart .75 and core %5
in a derived category D(47) as above, we say that Realg”;, = Real%;js’ﬂ: D(7%s) — D(<) is

the cosilting realisation functor and that Resg”;, = Res))s - K(Hslg,) Lo : D() — D(#%)

is the cosilting resolution functor.

Theorem H (5.1.19). Suppose given an abelian category <7 with products, coproducts and
enough K-injectives. Suppose given a w-cosilting object S in D(7).

(a) The cosilting realisation functor Realg”;, : D(J¢5) — D() is left-adjoint to the cosilting
resolution functor Resg”, : D(&/) — D(). Both functors are exact.

The functors (Resg, - Hiz )| and (Ip s - Real§, )" from s to % are isomorphic

to 1%&5 .

(b) Suppose that S is a w-cotilting object in D(«?). Then the cosilting resolution functor
Resg”, is full and faithful. If SIp s cogenerates D(s), then Resg, and Realg”, are

mutually quasi-inverse equivalences. o

The second part of the previous theorem H allows us to deduce the following Morita theorem

for derived categories of injectively complete abelian categories.

Theorem I (5.2.4). Suppose given injectively complete abelian categories &7 and %. The

following two statements are equivalent.
(a) There is an exact equivalence F': D(#) — D(<7).

(b) There is a w-cotilting object S in D(%7) and an equivalence G: & — 5% . &

Silting and cosilting complexes in derived categories of module categories are examples of
w-silting resp. w-cosilting objects by [AHMV16, theorem 4.6] and [MV18, theorem 3.13]. So

theorem H and its dual yield the following two results.

Theorem J (5.3.5). Suppose given a ring R and a silting complex S € Ob(C"(Proj-R)).
The silting realisation functor Realg yr,q.z: D(#5) — D(Mod-R) is right-adjoint to the silting
resolution functor Res§joq.z: D(Mod-R) — D(5). The functors (Res§joq.z - Hos )| and

(Ip, s - Real§yoq.5)| 7 from S5 to A% are isomorphic to 1 . O
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Theorem K (5.3.6). Suppose given a ring R and a cosilting complex S € Ob(C"(Inj-R)). The

cosilting realisation functor Realg},q p: D(#%) — D(Mod-R) is left-adjoint to the cosilting
resolution functor Resgy,q.p: D(Mod-R) — D(J5). The functors (Resg”, - Hg )|z and

(Ip - Rea g°;)|’f5 from % to ¢ are isomorphic to 1, . &

We conclude by stating our version of a silting theorem and our version of a cosilting theorem.

Theorem L (5.3.8). Suppose given a ring R and a silting complex S € Ob(C"%(Proj-R)).
Let .7 denote the associated t-structure in D(Mod-R). We abbreviate 5 = Jjyo . Let %
denote the standard t-structure in D(Mod-R). Note that one may identify %} with Mod-R
via Ip Moa-r - Let Y = 22N %L([)%J and X = N % - Then (Y, X) is a torsion pair in J#
and (X, Y1) is a torsion pair in % -

The functors (Res§yioq.p - He) e and (Ip e - Reall\oq.5)|” from # to 2 are isomorphic

to 1, . In particular, we have the following.

e The functors (Resgyjoq.r - Ha)|3 and (Ip sy - Real§y,q.5)|% are mutually quasi-inverse

equivalences.

s Yy s —1 yi=1l
e The functors (Xpmod-r - Resgnoar - Hor)lyy and (Ipe - Realgyoa g - Epnoar)y — are

mutually quasi-inverse equivalences.

S
Res% vod-r

D(Mod-R) D(#)
Real§ \joq-r
ID,Mod—RT Ip,se Hoe
Mod-R H %

Theorem M (5.3.9). Suppose given a ring R and a cosilting complex S € Ob(CP~1(Inj-R)).
Let % denote the associated t-structure in D(Mod-R). We abbreviate 5 = % . Let 7
denote the standard t-structure in D(Mod-R). Note that one may identify 7o with Mod-R
via Ipmod-r - Let Y = Fjpg N AW and X = oo N A . Then (Y, X) is a torsion pair in
T and (X, Y1) is a torsion pair in 2.
The functors (Resgyq.p - Ha)l e and (Ip e - Real§h,q.5)|” from S to A are isomorphic
to 1, . In particular, we have the following.

e The functors (Res§yjoa.r - H)|3 and (Ip e - Realgyq )% are mutually quasi-inverse

equivalences.
e The functors (ZB}MOd_R -Resgod-r - [H%a)g[il] and (Ip_z - Real§yoa.r ZD,MOd_R)gH] are

mutually quasi-inverse equivalences.
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D(Mod-R Res%?ilod_R D(#
( T ) Realcs‘(ji/lod—R ( )
ID,Mod—RT Ip,se He

Mod-R H o

Comparison with others’ results

A. A. Beilinson, J. Bernstein and P. Deligne introduced the concept of a t-structure with heart
¢ on a triangulated category & and gave the first construction of a bounded realisation
functor DP(J#) — 2 in [BBD82]. They assumed that 2 is a triangulated subcategory of
D (), where < is an abelian category with enough injectives. In particular, 2 is an algebraic
triangulated category and thus our theorem B contains their result as a special case. Later,
A. A.Beilinson [Bei87, Appendix| introduced filtered triangulated categories to axiomatise
the properties that are needed to construct such a bounded realisation functor adapting the
arguments from [BBD82]. However, it is not clear if an additional axiom is needed to show
that the functor is exact, cf. [PV18, Appendix A].

A different approach to bounded realisation functors for algebraic triangulated categories
is due to B. Keller and D. Vossieck [KV87]. They constructed the functor on the level of the
homotopy category under the same assumptions as we do in definition 4.1.20. The equivalence
that they used to map out of the homotopy category of the heart is studied in detail in the
recent preprint [CC19]. Our theorem B recovers the result of B. Keller and D. Vossieck on the

existence of bounded realisation functors.

C. Psaroudakis and J.Vitéria [PV18] use A.A.Beilinson’s approach to construct bounded
realisation functors via filtered triangulated categories. Their Morita theorem [PV18, theorem
A is a predecessor of our theorem I and its dual, theorem 5.2.8. They show that a restrictable
equivalence D(%) — D(«/), i.e. one that restricts to an equivalence D*(%) — DP(«7), gives
rise to a bounded tilting object, where &7 and Z are suitable abelian categories. Given such
a bounded tilting object, the associated bounded realisation functor yields an equivalence
D"(#) — DP(&7). But they can not show that in this case the bounded realisation functor can
be extended to an equivalence between the unbounded derived categories and they conjecture

that one can prove that using a different approach to realisation functors.

The main goal of S. Virili’s paper [Virl8] is to do just that using derivators. He works with
t-structures on triangulated categories at the base of a strong and stable derivator D. Exam-
ples of such triangulated categories include derived categories of Grothendieck categories. At
first, he constructs a morphism of prederivators real®: Dgg; — D which is the analogon of a
bounded realisation functor in the language of derivators. Our theorem B and his theorem
4.13 can be seen as essentially the same but in different settings. He then proceeds to extend

real® in two steps to a morphism of prederivators real: D, — D, the analogon of a realisation
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functor for derivators. To map out of the prederivator D ,» enhancing the derived category of
7, he relies on certain model approximations for chain complexes which are only available
if 7 has enough injectives and is (Ab.4*)-k for some £ € N or if the dual conditions are
satisfied, cf. [Virl8, proposition 2.8]. These approximations involve t-structure truncations
and thus it turns out that real is obtained from real® by taking homotopy limits and colim-
its of diagrams obtained by such truncations. While we also use limits and colimts in our
construction of realisation functors in the unbounded setting, the use of t-structure trunca-
tions seems considerably different to our approach, where the decomposition of a complex
with respect to the standard w-structure naturally extends the construction of the bounded
version. Apart from the different assumptions on the underlying triangulated categories, our
theorem E yields realisation functors for non-degenerate t-structures and S. Virili’s theorem
B yields morphisms of prederivators real: D, — D for t-structures whose heart has enough
injectives and is (Ab.4*)-k for some k € N. His theorem also includes conditions for real to
be full and faithful allowing him to prove that real is an equivalence for certain (co)tilting
t-structures. We have chosen a different path to obtain equivalences in that we also consider
w-structures and resolution functors. Let us now compare the resulting derived Morita theo-
rems ([Virl8, theorem E] and our theorem I and its dual) for unbounded derived categories.
A notable difference is that S. Virili only considers restrictable equivalences whereas we deal
with arbitrary exact equivalences of derived categories. While our results for w-tilting and
w-cotilting objects are dual to each other, he works with tilting objects in derived categories
of Grothendieck categories and with cotilting objects in derived categories of Grothendieck
categories that are (Ab.4*)-k for some k € N. Since the latter are left-complete Grothendieck
categories by [Virl8, proposition 5.10], our theorem I can be seen as a extension of S. Virili’s
Morita theorem to not necessarily restrictable equivalences in the cotilting case, cf. example
5.2.3. However, in the tilting case we work with abelian categories with enough projectives

and thus his result for arbitrary Grothendieck categories is more general than ours.

In [Becl8], H.Becker studies a realisation problem for algebraic triangulated categories of
special origin. For a cofibrantly generated and hereditary abelian model structure M over a
Grothendieck category <7, its homotopy category ho(M) is an algebraic triangulated category
and he constructs a functor real: D(«7) — ho(M) using a left stabilisation functor of a

butterfly of abelian model structures on C(.7).

Outline

We summarise the required preliminaries in chapter 1.

In chapter 2, we introduce the concept of strict Frobenius categories. We show that every alge-
braic triangulated category is equivalent to the stable category of a strict Frobenius category

in section 2.3.

We study the diagram categories that are involved in our constructions in chapter 3. In
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particular, this chapter deals with filtrations and cofiltrations, V-diagrams and filtered objects.

Chapter 4 contains all of our main constructions. The functors Ay 7 and Ez are defined
and studied in the sections 4.1 and 4.2. We construct resolution functors in section 4.3 and
realisation functors in section 4.4. The theorems for adjacent t- and w-structures are located

in section 4.5. The constructions are applied to derived categories in section 4.6.

The topic of chapter 5 is tilting and silting theory. We follow the treatment of [PV18, section 4].
Additionally, we introduce the notion of w-silting and w-cosilting objects in triangulated cat-
egories. Section 5.2 contains our Morita theorem for derived categories. We conclude by

applying our results to silting and cosilting complexes in section 5.3.
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Conventions

1. We denote the poset of integers by Z. We use symbols like Z>,, , Zo,, , Zpy, ) = [m, 1],

where m,n € Z, for subsets of Z with the obvious associated meaning.

2. We treat categories as algebraic objects. There is no need to distinguish between small
and large categories or between sets and classes in our constructions. In chapter 5,
we want to talk about ’all’ products/coproducts/modules, so we work inside a fixed

Grothendieck universe there.

3. The opposite (or dual) category of a category ¢ is denoted by €°P. Similarly, the
opposite functor of a functor F'is denoted by by F°P and the opposite of a transformation

« is denoted by a°P.

4. For a category €, we denote the set of objects in & by Ob(%’) and the set of morphisms
in ¢ by Mor(%). For X,Y € Ob(%), we write (X,Y) for the set of morphisms from
X toY in €. For X € Ob(%), we denote the identity morphism by 1x: X — X and
abbreviate 1 = 1y if unambiguous. If f € Mor(%) is an isomorphism, we denote its

inverse by f~1.

5. The composition of morphisms is written naturally: ( !, ¢ ) =( I9 ) =( 19 )

6. The composition of functors is written naturally: (—F> —G>) = (F—G>) = (F—G>)

7. Suppose given a functor F': € — &. The image of X € Ob(%) is denoted by X F. The
image of f € Mor(%) is denoted by fF.



10.

11.

12.

13.

14.

15.

21

If F'is an isomorphism of categories, we denote its inverse by F~!. If additionally

¢ = 9, we use the notation F* for the corresponding composites, where k € Z.
For a category @7, we denote the identity functor of o by 1, : & — <.

For a full subcategory & of a category %, we denote the inclusion functor from &7 to &
by Inc?,: o7 — €.

A strictly full subcategory is a full subcategory that is closed under isomorphisms.

Suppose given categories, functors and transformations as follows:
F
PV H
N~y T I
H
We denote the vertical composite of A and p by A- pu: FF'— H. For X € Ob(«), we

have X (A - p) = X\ - Xp.
We denote the horizontal composite of A and v by Axv: FH — GI. For X € Ob(«/),
we have X(Axv) = XAH - XGv = XFv- X\I.

We denote the identity transformation of F' by 1z . We sometimes abbreviate

Fxv=1pxv and similarly A\x H = Ax 1y .

Using this notation, we have Axv = (Ax H) - (Gxv) = (Fxv) - (AxI).

We have collected some facts about adjoint functors, equivalences and isomorphisms of

categories in section 1.6.

Suppose given a functor F': € — 2. Suppose given a full subcategory &/ of € and

a full subcategory # of 2 such that XF € Ob(#) for X € Ob(«/). There exists a
unique functor F|%: o/ — % such that F|% -Inc%, = Inc?, - F. If & = €, we also write
F|? =F|% . If 8= 2, we also write F|, = F|% .

Suppose given functors F,G: € — Z. Suppose given a full subcategory o7 of € and a
full subcategory # of & such that XF, XG € Ob(#) for X € Ob(</). Suppose given a
transformation A\: F' — G. There exists a unique transformation \|%: F|% — G|% such
that A|% x IncZ = Inc?, x \. If &7 = €, we also write \|Z = \|% . If B = 2, we also

write A, = A7 .

We call a commutative diagram of the following form a rectangle.
X Y
U %

A square is a rectangle that is both a pushout and a pullback.

—_—

R —
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16.

17.

18.

19.

Suppose given categories ¥ and <. The category of functors from % to 7 is denoted

by € (7). We have collected some facts about functor categories in section 1.4.

We may consider posets as categories. Suppose given a poset P. For a,b € P with a < b,
we denote the unique morphism from a to b in P by a+b. For a category o/, we have the
functor category P(<7) and use the following notation. For X € Ob(P (<)) and a € P,
we write X, = aX. For X € Ob(P(«)) and a-b in P, we write X, = (a-b)X. For
f € Mor(P(«)) and a € P, we write f, = af.

Similarly, we use the following notation in the functor category P°P(<7).

For X € Ob(P°?(«/)) and a € P, we write X, = aX. For X € Ob(P° (7)) and a»b in
P, we write Xj,, = (a2b)°?X. For f € Mor(P°?(«/)) and a € P, we write f, = af.

Shift functors in triangulated categories are usually denoted by variants of the letter 3.
For example, the shift functor in the derived category D(&7) of an abelian category o7 is
denoted by Lp . : D(«/) — D(&7) . We often use abbreviations like X[/ = X3 for such
a shift functor ¥ and, if ¥ is an isomorphism of categories, we also write X = X¥*
for k € Z.

In some diagram categories, we also use translation functors that are usually denoted
by variants of the letter T. For example, the translation functor in the category of V-
diagrams V(.%) in a strict Frobenius category .# is denoted by Ty #: V(.#) — V(%).

We often use abbreviations like Xy = X T* for such a translation functor and k € Z.

Suppose given an exact category «/ and an object X € Ob(&/). We say that X is
bijective in o7 if X is both projective and injective in 7. Cf. definition 1.3.4.



Chapter 1
Preliminaries

In this chapter, we collect basic and well-known results and present some common definitions

in our notation. We do not claim originality.

1.1 Miscellaneous

1.1.1 Lemma (pasting lemma). Suppose given a category %. Suppose given the following

commutative diagram in €.

Xz <. U
f g h
y bow oy

(a) Suppose that the left rectangle (a, f, g, b) is a pushout. The right rectangle (¢, g, h,d) is
a pushout if and only if the outer rectangle (a - ¢, f, h,b - d) is a pushout.

(b) Suppose that the right rectangle (c, g, h,d) is a pullback. The left rectangle (a, f, g, b) is

a pullback if and only if the outer rectangle (a - ¢, f,h,b - d) is a pullback.
<

Proof. Ad (a). Suppose that the right rectangle (c,g,h,d) is a pushout. Suppose given
Y—>T and U—->T in & such that f-s=a-c-t. Since the left rectangle (a, f,g,b) is a
pushout, there exists a unique morphism W—-=T in & such that b-u=sand g-u=rc-t.
Since the right rectangle (c, g, h,d) is a pushout, there exists a unique morphism V——T in
o/ such that d-v=wand h-v=t. Sob-d-v=>b-u=s.

Suppose given V—"=T such that b-d-w = s and h-w = t. We have d-w = u since b-d-w = s
and g-d-w=c-h-w=c-t. Thus w=v.

Conversely, suppose that the outer rectangle (a - ¢, f, h,b - d) is a pushout. Suppose given
W—->T and U——~T in & such that g-s =c-t. Wehave f-b-s=a-¢g-s=a-c-t. Since

the outer rectangle (a - ¢, f,h,b - d) is a pushout, there exists a unique morphism W—-=T
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in & such that b-d-u =b-s and h-u =t. We have d-u = ssince b-d-u = b- s,
g-d-u=c-h-u=c-t=g-s and since the left rectangle (a, f, g,b) is a pushout.

Suppose given V—"=T in &/ such that d-v =sand h-v=1t. Sob-d-v="b-sand h-v =t.

Thus v = w.

Ad (b). This is dual to (a). O

1.1.2 Lemma. Suppose given a category €. Suppose given the following pushouts in %

X—*>7 X Yz
A
Yy oW y Y

Suppose given morphisms X —*>X', Y—'>Y” and Z—2>Z' in € such that z - f' = f -y
and z-a’ = a-z. Then there exists a unique morphism W—"=W" in € such that y -0 =b-w

and z-¢ =g - w. %

Proof. Consider the morphisms YW and Z—2%W" in €. We have
f.y.b/:w.f/.b,:aj.a[’.g/:a.z.g/'
So the result follows from the pushout property. m

1.1.3 Lemma. Suppose given a category %. Suppose given the following pullbacks in .

X—*>7 X Yoz
f g f’l jg’
y oW y Y

Suppose given morphisms W—2>W', Y—Y>Y" and Z—2>7' in € such that y - ¥/ = b - w
and z-¢ = g-w. Then there exists a unique morphism X—"=X" in ¢ such that x- f' = f -y

andz-ad =a-z. &

Proof. This is dual to the previous lemma 1.1.2. O

1.1.4 Lemma (elementary properties of functors and transformations).

(a) Suppose given categories and functors as follows: .o L. n Y%

We have 1px1g = 1p¢g .

F
(b) Suppose given categories, functors and transformations as follows: o7 @ % . We have
G
1_;7{*)\:)\:)\*1?% and 1F>\:>\:>\1G .
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(c) Suppose given categories, functors and transformations as follows: .of
w
I
We have (A-p)-v=X-(u-v).
(d) Suppose given categories, functors and transformations as follows:

F H J
A N B W oD Wehave (Axp) xv = Ax (uxv).
G I K

(e) Suppose given categories, functors and transformations as follows:
F I
m m
G B J % . We have (Axv) - (ux&) = (A-p)*(v-§).
N T N T
H K o

o

Proof. Ad (a). Suppose given X € Ob(). We have X (1p*1g) = XFlg = XFG = Xlpg .
Ad (b). Suppose given X € Ob(&7). We have X (1,x\) = X1 A = XA = XAly = X(Ax1y)
and X(1p-A) = X1p XA =1lxr XA =X\=X\ 1yg =X\ Xlg=X(\-1g).

Ad (c). Suppose given X € Ob(«7). We have
X(A-p)-v)=XA-p) - Xv=X - Xpu-Xv=XA\-X(pu-v)=XA\(u-v)).

Ad (d). Suppose given X € Ob(«7). We have

X(A*p)rxv)=XAxp)J - XGlv =X HJ - XGuJ - XGlv = X \HJ - XG(pv)
= XA (u*xv)).

Ad (e). Suppose given X € Ob(«/). Note that we have XGv - XuJ = Xpul - X Hv. We have

X((A*v)- (&) =XAxv)  X(ur&) = XM - XGv-XvJ - XHE
= XA - Xpl-XHv-XHE=X(\-p) - XH(v-€)
= X((A-p)*(v- ). O

1.1.5 Lemma (composition of isomorphic functors). Suppose given categories and functors
as follows: ‘5%9#5 . Suppose that F'is isomorphic to H in €(Z) and that G is
isomorphic to [ in Z(&). Then FG is isomorphic to HI in €(&). O

Proof. Choose isotransformations F' A H and G—~I. Then FG"“HF is an isotrans-

formation as well. O

1.1.6 Lemma (restriction of isomorphic functors). Suppose given functors F,G: ¢ — 2 and
a full subcategory & C &. Suppose that F' and G are isomorphic in ¢ (). Suppose that
XF,XG € Ob(&) for X € Ob(%). Then the functors F|¥ and G| are isomorphic in € ()
as well. &
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Proof. Choose an isotransformation F—2~G. Then A\| : F|* — G| is an isotransformation

as well. O

1.1.7 Lemma. Suppose given functors .o/ L% and 7—1-9. Suppose given mutually
quasi-inverse equivalences €—-=2 and 9—%=%. If I - F is isomorphic to J in o/ (2), then
J - G is isomorphic to [ in &7 (%).

e
1
o %

Proof. By lemma 1.1.5, I = I -14 and I - F - G are isomorphic in 7 (%’). Again by lemma
1.1.5, I - F - G and J - G are isomorphic in &7 (%"). We conclude that J - G is isomorphic to [
in o7 (€). O

1.2 Additive categories

1.2.1 Definition. Suppose given an additive category /. We define the full subcategory
Z. of &/ by setting Ob(Z,) = {X € Ob(«): X is a zero object in &/} and call Z, the
subcategory of zero objects in o/ . We choose a zero object 0, € Ob(Z.).

For X, Y € Ob(«), »(X,Y) is an abelian group, written additively, and we denote the zero

morphism in ,(X,Y) by Oxy . We abbreviate 0 = Oy y if unambiguous.

For X~V in o and Z € Ob(«7), the maps (72, f): #(Z,X) = 4#(Z,Y): g g- f and
A 2): sV, Z) = 4(X,Z): g— [ g are group homomorphisms.

We say that a diagram X<—i_>D<_;—>Y in o7 is a direct sum of X and Y in & if i-s =1,

t-p=1andif s-i+p-t=1. In this case, we also say that the sequence XDV is
split short exact in o7, that i is a split monomorphism, that p is a split epimorphism and that

X and Y are summands of D in /.

(10) (01)
For X,Y € Ob(«), we choose a direct sum X—=X &Y==V in & and use the usual

(5) (1)

matrix notation for morphisms involving such direct sums. %

1.2.2 Definition. Suppose given an additive category /. For X|Y € Ob(&/), we write
2(X,Y)=0if (X,Y) has a single element and ., (X,Y’) # 0 otherwise.

Suppose given a full subcategory & and Y € Ob(«/). We write (%4,Y) =0if ,(X,Y) =0
for X € Ob(#) and ,(A,Y) # 0 otherwise. We write (Y, %) = 0 if (Y, X) = 0 for
X € Ob(&A) and »(A,Y) # 0 otherwise.

Suppose given full subcategories #,%4 C «/. We write ,(%,¢) = 0 if ,(X,Y) = 0 for
X € Ob(#A) and Y € Ob(¥). Otherwise, we write ,(%#,%€) # 0.
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For a full subcategory & C 7, we define the full subcategories &+ and ~% of & by setting

Ob(%*) ={Y € Ob(#): ,(#,Y) =0} and Ob(*%) = {Y € Ob(): (Y, %) = 0}.
o

1.2.3 Definition. Suppose given an additive category <. A full additive subcategory 9B of <
is a full subcategory # C o such that there exists a zero object Z € Ob(Z.)NOb(ZA) and such

that for X, Y € Ob(%), there exists a direct sum X<—Z_>D<_;—>Y in o with D € Ob(#4). &

1.2.4 Remark. Suppose given an additive category o7 and strictly full additive subcategories
B, C of. Then BN E is a strictly full additive subcategory of &7 as well. &

1.2.5 Remark. Suppose given additive categories o7, & and a functor F': &/ — A.

(a) Suppose that F'is an equivalence. Then F' is additive.

More generally, adjoints of additive functors are additive since they preserve (co)limits.

(b) Suppose that F' is additive. Suppose given a full additive subcategory € of &/ and a
full additive subcategory 2 of £ such that XF € Ob(2) for X € Ob(%). Then F|Z is
additive as well. o

1.2.6 Lemma. Suppose given an additive category /. Suppose given the following rectangle
in o .

X2,z
f g
y bW

(a) The rectangle is a pushout if and only if () is a cokernel of (a —f).
(b) The rectangle is a pullback if and only if (e —f) is a kernel of (7).

¢) The rectangle is a square if and only if ((a —f), (7)) is a kernel-cokernel-pair.
b ¢

Proof. Ad (a). Note that we have (e —f)-({)=a-g— f-b=0.

Suppose that the rectangle is a pushout.

Suppose given Z @ YﬁT in o/ such that (a—f)-(7) =0, i.e. such that a-s = f-¢. Since
the rectangle is a pushout, there exists a unique morphism W——T in & such that g-u = s
and b-u =t, i.e. such that () -u= (7).

Conversely, suppose that ({) is a cokernel of (a —f). Suppose given Z—>—=T and Yy —t>T
in &/ such that a-s= f-t, ie. such that (a—f)-(7) = 0. Since (}) is a cokernel of (a —f),
there exists a unique morphism W—=T in &/ such that ({)-u = (}), i.e. such that g-u = s
and b-u =t.

Ad (b). This is dual to (a).

Ad (c). This follows from (a) and (b). O
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1.2.7 Lemma. Suppose given an additive category 7. Suppose given the following pushout
in o .

D
f 9
P
(a) Suppose given a cokernel W—2+C of b. Then ¢ - d is a cokernel of a.

(b) Suppose given a cokernel Z—=C' of a. Then there exists a unique morphism w—4-C
in & such that g-d =cand b-d = 0. Moreover, d is a cokernel of b.

(c) If @ is an epimorphism, then b is an epimorphism. o

Proof. Ad (a). Consider the following commutative diagram in 7.

1T
|

I

The lower rectangle (b,0,d,0) is a pushout since d is a cokernel of b. By the pasting lemma

|

bW
d

— = C

1.1.1.(a), the outer rectangle (a,0, g - d,0) is a pushout as well. So g - d is a cokernel of a.

Ad (b). We have a - ¢ = 0. So there is a unique morphism W—%=C' in .« such that g-d = ¢
and b - d = 0 since the rectangle (a, f, g,b) is a pushout.

X—=7
g

Yy oW
\\i\
0 C

Consider the following commutative diagram in .o7.

~

[

X227

'

y bW
L .
0——>C

The outer rectangle (a, 0, g - d,0) is a pushout since g-d = ¢ is a cokernel of a. By the pasting

lemma 1.1.1.(a), the lower rectangle (b,0,d,0) is a pushout as well. Thus d is a cokernel of b.
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Ad (c). Suppose given W—-—>T in </ such that b-t = 0. We havea-g-t = f-b-t = 0.

Since a is an epimorphism, we have g -t = 0. Since (a, f,g,b) is a pushout, we conclude that
t=0. [

1.2.8 Lemma. Suppose given an additive category .o7. Suppose given the following pullback
in 7.

X,z
f g
y bW

(a) Suppose given a kernel C—=X of a. Then c- f is a kernel of b.

(b) Suppose given a kernel D—%-Y of b. Then there exists a unique morphism D—%>X

in .o/ such that ¢- f = d and ¢-a = 0. Moreover, c is a kernel of a.

(c) If b is a monomorphism, then a is a monomorphism.

&

Proof. This is dual to the previous lemma 1.2.7. [

1.2.9 Lemma. Suppose given an additive category /. Suppose given the following square
in of.

X—2-7
f g
y e w

(a) Suppose given K—*>X in o/ such that (k, f) is a kernel-cokernel-pair. Then (k - a, g)

is a kernel-cokernel-pair as well.

(b) Suppose given W—+C' in & such that (g, c) is a kernel-cokernel-pair. Then (f,b - ¢)

is a kernel-cokernel-pair as well.

¢

Proof. Consider the following commutative diagram in 7.

k a

— s X —

.

SR VAN I 7 74

Since (k, f) is a kernel-cokernel-pair, the left rectangle (k,0, f,0) is a square. By the pasting
lemma 1.1.1, the outer rectangle (k- a,0, g,0) is a square as well. Thus (k- a, g) is a kernel-

cokernel-pair.

Ad (b). This is dual to (a). O
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1.2.10 Lemma. Suppose given an additive category 7. Suppose given

X
1f
K-ty 2.7

in o such that k is a kernel of g. Then the following diagram is a pullback in o7
(%)
X6 K—Y
(o) 9
X Z O

Proof. We have (1)-g=(/2)=(})-f-g.
Suppose given T—>>Y and T—>X such that s-g =1t f-g. Thus (s —t- f)-g = 0. Since

k is a kernel of g, there exists a unique morphism 7—*=K in & such that u-k =s—1¢- f.

We have (tu)-(§)=tand (tu)-({)=t-fHu-k=t-f+s—t-f=s.

T s
w)
t
']
x-—19 .7

Given T(v—le@K with (vw) - (§) =t and (vw)(]) = s, we necessarily have v = ¢ and

w-k=s—v-f=s—1t-f. Thus u = w. We conclude that the rectangle ((ﬁ) ,(é),g,f-g)
is a pullback. O

1.2.11 Lemma (splitting of kernel-cokernel-pairs). Suppose given an additive category o/

and a kernel-cokernel-pair X Ly i

(a) Suppose given Y—"=X in & such that f-s = 1x . Then there exists a unique
morphism Z—-=Y in o such that 1y — s- f = ¢ -t. Moreover, we have ¢t - g = 1, .

Thus X—/>Y—2~Z isa split short exact sequence.

(b) Suppose given Z —'>Y¥ in & such that t-g = 1, . Then there exists a unique morphism
Y—+X in & such that 1y — g -t = s- f. Moreover, we have f-s = 1x . Thus

x Loy 2.y is a split short exact sequence. &

Proof. Ad (a). We have f-(1y —s-f) = f— f = 0. So there exists a unique morphism
Z—1>Y in .« such that 1y —s-f = g-t. Wealso havet-g = 1 since g-t-g = (ly —s-f)-g =g
and since ¢ is an epimorphism.

Ad (b). This is dual to (a). O
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Factor categories
We follow [Stel2, chapter 2].

1.2.12 Definition. Suppose given an additive category &/ and a subset J C Mor(«7). We
write »5(X,Y) = 4(X,Y)NT for X, Y € Ob(e). We say that J is an ideal in o/ if the

following two conditions hold.

(I1) Suppose given W L X9y .7 in o such that g € 3. Then we have f-g-h €7

as well.

(I2) For X,Y € Ob(%), »3(X,Y) is a subgroup of the abelian group (X,Y). o
1.2.13 Definition. Supppose given an additive category &/ and an ideal J in 7. We denote
the factor category of o/ modulo J by «7/J and the associated residue class functor by
Ry o — /I We have Ob(&//T) = Ob(«) and ,/5(X,Y) = 4(X,)Y)/s3(X,Y) for
X,Y € Ob(«). &/ /7 is an additive category and R, 5 is an additive functor.

For X—'+Y in o, we have X%, 5 = X and [R5 = f + (X, Y). o

1.2.14 Remark. Supppose given an additive category ./ and an ideal J in .&7. Suppose given
a full additive subcategory & C of. Let £ denote the full subcategory of <7 /3 defined by
Ob(#B) = Ob(A). Then A is a full additive subcategory of &7 /J. Moreover, J N Mor(Z) is
an ideal in Z and we have B = %/(J N Mor(%)). So A is a factor category itself. %

Proof. Since R, 5 is additive, it preserves zero objects and direct sums. Thus £ is a full
additive subcategory of < /7.

Suppose given W T.X—2-y-—".7 in & such that g € 3N Mor(#). Then we have
f+g-he TN Mor(A) as well.

Note that we have z35mor(2)(X,Y) = 2(X,Y)NTNMor(#) = »(X,Y)NT = 45(X,Y) for
X,Y € Ob(#) since 4 is a full subcategory of &7. Consequently, z snmor(2)(X,Y) = &3(X,Y)
is a subgroup of 4(X,Y) = ,(X,Y) for X, Y € Ob(4).

So 3N Mor(£) is in fact an ideal in Z. Moreover, we have Z = /(3 N Mor(#)) since
Ob(#) = Ob(A) = Ob(A/(I N Mor(A))), since

(X,Y) = 0p3(X)Y)=0(X)Y)/03(X)Y) = 2(X,Y)/z50000(2) (X, Y) = 2/00M0r() (X, Y)

IR

for X,Y € Ob(#) and since composites and identities are induced from the ones in . [

1.2.15 Lemma (universal property). [Stel2, theorem 21]
Supppose given an additive category o/ and an ideal J in 7.

(a) Suppose given an additive category # and an additive functor F': &/ — 9% such that
fF =0in A for f € 3. Then there exists a unique functor F: &/ /3 — % such that
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R 5 - F = F. Moreover, this functor F is additive.

X -~

L

)3

(b) Suppose given an additive category % and additive functors F,G: &/ — 2 such that
fF =0and fG=0in & for f € 3. Let F': &/ /T — % denote the unique functor
such that R, ;- F = F and let G: &/ /J — % denote the unique functor such that
R 3 -G = G. Suppose given a transformation A\: F' — G. Then there exists a unique
transformation A\: /Y — G such that R, 5% A = A.

¢

1.2.16 Lemma. Suppose given an additive category € and an ideal J in €. Suppose given
an additive category & and a full additive functor F': € — 2 such that for f € Mor(%), we
have f € Jif and only if fF'=01in 2. Let F': € /3 — 2 denote the unique functor such that
Rys-F=F.

¢ .9

| 7

/3

For X € Ob(2), suppose given an object XG € Ob(%) and an isomorphism X X XGF

in 9. For X—=Y in 9, there exists a unique morphism X G va in % /3 such that
f = X¢- fGE - (Ys)~!. This yields a functor G: 2 — % /J and an isotransformation

¢: 1y — GF. Moreover, I' and G are mutually quasi-inverse equivalences. &

Proof. Note that F is full and faithful since for f € Mor(%), we have fRy 5 = 0 if and only
if f € 3. Thus the result follows from lemma 1.6.5. O

1.2.17 Lemma. Suppose given an additive category ¢ and an ideal J in 4. Suppose given
an additive category & and an ideal J in . Suppose given a full and faithful additive functor
F: % — 2 such that for f € Mor(%¢), we have f € Jif and only if fFRy ;=0 1in /3. Let
F:€¢/3 — 2/J denote the unique functor such that Ry 5 - F = F - Ry .

¢ a 9

j%g,a LW@,s

/3 2/3

£

For X € Ob(2), suppose given an object XG € Ob(%’) and an isomorphism X ~— X XGF in
2. Lemma 1.6.5 yields the functor G: ¥4 — %, where for X ovin 9, XLy @ s the
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unique morphism in € such that f = X¢- fGF - (Y<)™!. The functors F' and G are mutually

quasi-inverse equivalences. Moreover, we obtain the isotransformation ¢: 19 — GF.
XRa 3

Now for X € Ob(2), X

the functor G: /3 — € /3, where for X1y in 9, XG Y G is the unique
morphism in 4/J such that fRy 5 = X<Raoy - fR;GF - (Y)'Ryy . The functors F
and G are mutually quasi-inverse equivalences. Moreover, we obtain the isotransformation
S:lgy — G- F with X¢ = X¢PRg 5 for X € Ob(Z). We have G - Ry 5 =Ry ;-G

XGF is an isomorphism in /3. So lemma 1.2.16 yields
MR 3G

¢ ¢ 9

jm%,j l‘ﬁ@,a

€3 2/3 %

G

Proof. Suppose given X v in 9. We have

XRoy  fGResF - (Yo) " Roy = XNy fGFRoy - (Y) "Ray
= (Xs- fGF - (Yo) "Ryy
= fRyy;.

Thus fGR¢ 5 = fRe;G. We conclude that G- Ry 53 =Ry ;- G. O

1.2.18 Lemma. Suppose given an additive category ¢ and ideals J,J in € such that 3 C 7.
Let &: /3 — € /7' denote the unique functor such that Ry 5- & = Re 5 . Suppose given an
additive category & and an ideal J in Z. Suppose given an additive functor F': € — Z such
that for f € J, we have fF =0 in Z and such that for f € J’, we have fF'Ry 5 =0in 2/J.
Let F': /3 — 2 denote the unique functor such that Reg ;- F = F. Let £: €/ — 2/J
denote the unique functor such that Ry y - F = F-Rgy . We have F- Ry 53=6-F.

F

¢ 9
[res g Jo
Rey| C/T 2/3
€)Y o
P’I’OOf. We have E'%@,Tj = 6£ since S)%(gg-ﬂ-i)%@,g = F-i)‘i% = S)%(g’j/ E = 9%%)75-6-}7. ]

1.2.19 Lemma. Suppose given an additive category % and ideals J,J in % such that J C 7.
Let &: ¢ /3 — €/J' denote the unique functor such that Ry 5 - S = Ry 5 . Suppose given
an additive category & and an ideal J in . Suppose given a full additive functor F': € — 2
such that for f € Mor(%), the following two statements hold.

e We have f € Jif and only if fFF =0 in 2.
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e We have f € 7' if and only if fFR4 5 =0 in 2/3.

Let F': € /3 — Z denote the unique functor such that Reg ;- F = F. Let E: €/7 — 2/3
denote the unique functor such that Rey 5y - F = F -Rgy . We have I'-Rgy = & - F by
lemma 1.2.18.

Cg F

7

9}\%”73/ (g/j @/3

o

</

For X € Ob(2), suppose given an object XG € Ob(%’) and an isomorphism X — X XGF in
2. Lemma 1.2.16 yields the functor G: 2 — € /3, where for X—ovin 9, XGﬁﬂ/G is
the unique morphism in ¢/J such that f = X¢ - fGF - (Y<)™!. The functors F and G are

mutually quasi-inverse equivalences.
XRg .3

Now for X € Ob(2), X
the functor G: /3 — € /3, where for Xy in 9, XG Y G is the unique
morphism in € /3" such that fRg 5 = XMy fRe;GE - (Y<) " 'R4 5 . The functors F and

G are mutually quasi-inverse equivalences. We have G- 6 =Ry 5 -G

XGF is an isomorphism in /3. So lemma 1.2.16 yields
Ra3G

¢/3<—FC 17

lm.@,s

Proof. Suppose given X—ovin 2. Using lemma 1.2.18, we obtain

XRgy - [GEE - (Y¢) 'Ryy = XRyy- fGERy ;- (Vo) 'Ro g
= (X¢- fGE - (Y¢) )Ray
= [Ray.

Thus fGS = fRy;G. We conclude that G- & =Ry ;-G

1.3 Exact categories
We use [Biih10] as basic reference for exact categories.

1.3.1 Definition. Suppose given an additive category 7. We define KCP(47) to be the full
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subcategory of Z 9 (/) defined by

Ob(KCP(#)) = {U € Ob(Zp9(47)): (Ups1 , Urs2) is a kernel-cokernel-pair in &/}

and call KCP(«) the category of kernel-cokernel-pairs in of. Objects U € Ob(KCP(&7)) are
usually denoted by U = (f,g) or U = (X—f>Y—g>Z), where X =Uy , Y =U, , Z =U,,
f=Uy and g = Uyys .

Suppose given a full subcategory & C KCP(«7).

We write &k = {f € Mor(«): There exists g € Mor(«/) such that (f,g) € Ob(&)} for the set

of kernels in kernel-cokernel-pairs in & and
&, = {g € Mor(/): There exists f € Mor(/) such that (f,g) € Ob(&)} for the set of coker-

nels in kernel-cokernel-pairs in &. &

1.3.2 Definition. Suppose given an additive category & and a strictly full subcategory
& C KCP(«) such that the following six conditions hold. Cf. definition 1.3.1.

(E1) For X € Ob(</), we have 1x € & .

(E2) For X € Ob(«), we have 1x € &, .
(E3) Suppose given XLy 2.7 in o such that f,g € & . Then we have f - g € & .
(E4) Suppose given XLy, 7 in o such that f,g € & . Then we have f-g € &, .

(E5) Suppose given X ——Y and X U in o such that i € & . Then there exists a
pushout

~
-
<

in & such that m € & .

(E6) Suppose given Y —>Z and W ~7 in o such that p € &, . Then there exists a
pullback

V=W

g f

y 27
in & such that e € &, .

We call the pair (&7, &) an exact category.
The objects of & are called pure short exact sequences in (<7, &). We usually write (f, g) or

X—Lov_2.7 for such a pure short exact sequence, cf. definition 1.3.1.
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A morphism f € & is called a pure monomorphism in (&7, &). In diagrams, we usually mark

pure monomorphisms with a dot: X Ly N ote that pure monomorphisms in (<7, &) are

in fact monomorphisms in .o/
A morphism f € &, is called a pure epimorphism in (&7,&). In diagrams, we usually mark

pure epimorphisms with a bar: X —L.¥ . Note that pure epimorphisms in (&7, &) are in fact
epimorphisms in 7.

We abbreviate & = (&7, &) if unambiguous. O

1.3.3 Definition. Suppose given exact categories (&7, &) and (4,.#). An additive functor

F:of — P is called eract with respect to & and .# if for every pure short exact sequence
X—sY-H%-Zin (o, &), the sequence XFPyr P 7p s pure short exact in (£, .%).
¢

1.3.4 Definition. Suppose given an exact category &/ and A € Ob(&7).

(a) We say that A is projective in 7 if for every diagram

A
f

X =Yy
in o7 such that p is a pure epimorphism, there exists A—>>X in & such that g-p = f.
(b) We say that A is injective in o7 if for every diagram
X —4-Y

f
A

in o7 such that i is a pure monomorphism, there exists Y —2=A in < such that i-g = f.

(c) We say that A is bijective in & if it is both injective and projective in 7.
<

1.3.5 Lemma. [Biih10, proposition 11.3]
Suppose given an exact category o and P € Ob(&7). The following statements are equivalent.

(a) P is projective in 7.

(b) For every pure epimorphism X——P in ., there exists P—“>X in & such that
u-p=1.

(c) For every pure short exact sequence X —4Y-H¥-7 in o, the sequence of abelian

groups M(P,X)ﬁ%(P, Y)@%(P, Z) is short exact.

¢
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1.3.6 Lemma. Suppose given an exact category o and I € Ob(«7). The following statements

are equivalent.
(a) I is injective in 7.

(b) For every pure monomorphism [ —4-X in , there exists X—“~I in & such that

2-u=1.

(c¢) For every pure short exact sequence X Y%7 in o, the sequence of abelian

groups (7, I)M@/(Y, I)MM(X, I) is short exact. o
Proof. This is dual to the previous lemma 1.3.5. O

1.3.7 Remark. [Biih10, corollary 11.7]

Suppose given an exact category o7 and a set J.

Suppose given projective objects P; in o7 for i € J and a coproduct (C, (¢;)ics) for (P;)ics in
/. Then C'is projective in &7 as well.

Suppose given injective objects I; in o/ for i € J and a product (P, (p;)ics) for (1;)ics in .
Then P is injective in 7 as well. &

1.3.8 Remark. [Biih10, corollary 11.6]
Suppose given an exact category 7. Summands of projective objects in .7 are projective in

o/ as well. Summands of injective objects in &7 are injective in o7 as well. &

1.3.9 Definition. Suppose given an exact category «/. We say that </ has enough projectives
if for X € Ob(.«7), there exists a pure epimorphism P—%=X in  such that P is projective in
/. We say that o7 has enough injectives if for X € Ob(&7), there exists a pure monomorphism
X—4>] in & such that I is injective in 7. &

1.3.10 Lemma. Suppose given an exact category /. Suppose given a pure short exact

sequence X —4>Y %57 and the following commutative diagrams in .o/

f lg h f g I
AL-p-1.C A—ls-pB-1.(C

Then there exists a unique morphism Z—==B in & such that g = ¢’ + p - u. Moreover, we
have h =h'+u-q. &

Proof. We havei-(g—¢')=f-7— f-7=0. Since p is a cokernel of i, there exists a unique
morphism Z—"=DB in & such that ¢ — ¢ = p-u, i.e. ¢ = ¢’ +p-u. Moreover, we have
p-h=g-q=¢ -q+p-u-q=p-(h'+u-q). Since p is a pure epimorphism (In particular, p
is an epimorphism, cf. definition 1.3.2.), we conclude that h = h' +u - q. n
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1.3.11 Lemma. Suppose given an exact category & and a pure short exact sequence
X4V -Zing

(a) Suppose that X is injective in /. Then the sequence X Ty 2z split short
exact. In particular, we may choose Z—sY—>X in o such that ¢ - g = 1z and
f S = 1X .

(b) Suppose that Z is projective in /. Then the sequence X Ty sy is split short

exact. In particular, we may choose Z——=Y—*>X in < such that t-¢g = 1, and

f S = 1X .
¢
Proof. Ad (a). This follows from lemmata 1.3.6 and 1.2.11.
Ad (b). This follows from lemmata 1.3.5 and 1.2.11. O

1.3.12 Lemma. Suppose given an exact category &/ and a pure short exact sequence
X—>Y-H>Z in o

(a) If X and Y are injective in 7, then Z is injective in o7 as well. If X and Z are injective

in o/, then Y is injective in &7 as well.

(b) If Y and Z are projective in <7, then X is projective in o/ as well. If X and Z are

projective in o7, then Y is projective in o7 as well. o
Proof. Ad (a). This follows from lemma 1.3.11.(a) and remarks 1.3.7, 1.3.8.
Ad (b). This follows from lemma 1.3.11.(b) and remarks 1.3.7, 1.3.8. O

1.3.13 Lemma. Suppose given an exact category /. Suppose given pure short exact se-
quences X Y- A0, Y—4-27—4-D and X—4-Z—1~F in /. There exists a unique

morphism C—E+F in o such that j-r =p-k. There exists a unique morphism F—>=D in

</ such that r - s = ¢q. Moreover, C—t~E—-Disa pure short exact sequence in 7.

Y}/C
X/.-,\Z - E
N

Proof. We have ¢-7-r = 0. Since p is a cokernel of 7, there exists a unique morphism C—t-E
in o/ such that j-r=p-k.

o
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We have 7 - j - ¢ = 0. Since r is a cokernel of i - j, there exists a unique morphism E—>=D in
</ such that r - s = q.

We have the following commutative diagram in .o7.

X +-vy-*t.0

R

X Y-z 1. .F

By [Biih10, (the dual of) proposition 2.12], the right rectangle (p, j, k, r) is a square. Thus k is
a pure monomorphism. Moreover, we have r-s = gand k-s = Osincep-k-s=7-r-s=7-¢ =0

and since p is a pure epimorphism. Thus s is a cokernel of k£ by lemma 1.2.7.(b). ]

1.3.14 Lemma. Suppose given an exact category /. Suppose given pure short exact se-
quences C' -y 1 Z, D i~ XY and E—%-X-2%F in o. There exists a unique

morphism D—E+~F in o such that k-h = i. There exists a unique morphism F—=C' in &/

such that s-j7 = h-p. Moreover, D—t-E S.Cisa pure short exact sequence in 7.
C
\
Y
XN
h
E . X e Z
A
D

Proof. This is dual to the previous lemma 1.3.13. O]

1.3.15 Lemma. [Biih10, corollary 3.6, exercise 3.7]

Suppose given an exact category &/ and a commutative diagram
XAy A

1,4

Z'//

p/l
X// Y// Z/I

in o/ such that (¢, p), (i,p), (", p"), (k,c) and (¢,d) are pure short exact sequences.
Then there exist unique morphisms Z'—=Z7 and Z—==Z" in & such that p’-m = £-p and

p-e=d-p’. Moreover, (m,e) is a pure short exact sequence. O
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1.3.16 Lemma. Suppose given an exact category &/ and a commutative diagram

.y p/
Xl—lce-yl—be-Z/

4

X +.y- Y.z

1! p
X// ? Y// Z/l

in o such that (¢, p), (i,p), (i",p"), (m,e) and (¢, d) are pure short exact sequences.
Then there exist unique morphisms X’——=X and X —%=X" in & such that k-i = i- ¢ and

c-i" =1i-d. Moreover, (k,c) is a pure short exact sequence. &

Proof. This is dual to the previous lemma 1.3.15. [

1.3.17 Lemma. [Biih10, corollary 3.6]

Suppose given an exact category &/ and a commutative diagram

.y p/
X, —Zo—> Y/ e — Z/

7T
1

1! p
X// ? Y// Z//

in o/ such that (¢, p'), (i,p), (", p"), (k,c) and (m,e) are pure short exact sequences and such
that ¢-d = 0. Then (¢,d) is a pure short exact sequence in o/ as well. O

1.3.18 Lemma. [Biih10, exercise 11.10]

Suppose given an exact category &/ with enough projectives. Suppose given a sequence
X—'>vY-2-7 in . Then (7,p) is a pure short exact sequence in 7 if and only if for
o (Pyi) J(PY) o (Pp) J(P.7) of

abelian groups is short exact. &

each projective object P in &7, the sequence . (P, X)

Proof. Suppose that (i,p) is a pure short exact sequence in /. By lemma 1.3.5, the se-

quence (P, X) = (P) s(PY) = (Pr) « (P, Z) of abelian groups is short exact for each

projective object P in 7.

o (Pyi) o (Pp)

Conversely, suppose that the sequence . (P, X) 7(PY) « (P, Z) of abelian

groups is short exact for each projective object P in <.

We want to show that 7 is a monomorphism. Suppose given T—->X in &7 such that ¢ -7 = 0.
Choose a pure epimorphism P—=T such that P is projective in «/. We have ¢ -¢-i = 0.
Since (P, 1) is injective, we have ¢ -t = 0. Thus ¢ = 0 since ¢ is a pure epimorphism. We

conclude that i is a monomorphism.
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We want to show that ¢ is a kernel of p. Suppose given T—1-Y in o such that t-p = 0.
Choose a pure short exact sequence K 4P 17T such that P is projective in /. We have
q-t-p=0. Since ,(P,i) is a kernel of ,(P,p), we may choose P—*=X in & such that
u-1=¢q-t. Wehave j-u=0since j-u-7=j-q-t =0 and since ¢ is a monomorphism. So
there exists a unique morphism 7—X in ./ such that ¢ -v = u. We have v - ¢ = ¢ since
q-v-i=u-1=q-tand since ¢ is a pure epimorphism. Since we already know that i is
monomorphic, we conclude that ¢ is a kernel of p.

It remains to show that p is a pure epimorphism. Choose a pure epimorphism P—=Z such
that P is projective in /. Since . (P, p) is surjective, we may choose P——Y in & such that
r-p = ¢q. Note that we have alredy shown that p has a kernel. By the dual of the obscure

axiom [Biih10, proposition 2.16], we conclude that p is a pure epimorphism. O

1.3.19 Lemma. [Biih10, corollary 3.2]

Suppose given an exact category 7.

Suppose given pure short exact sequences X —e=Y —4=Z7 and X’ ey R 7 in o

Suppose given the following commutative diagram in o7

X4y Y.z
R T

X Ay Bz

(a) If f and h are pure monomorphisms, then g is a pure monomorphism as well.
(b) If f and h are pure epimorphisms, then g is a pure epimorphism as well.

(c) If f and h are isomorphisms, then ¢ is an isomorphism as well.

Exact subcategories

1.3.20 Definition. Suppose given exact categories (<7, &) and (4, .%#) such that £ is a full
subcategory of o/. We say that (%, %) is an ezact subcategory of (o, &) if the inclusion
functor Inc%: % — of is exact with respect to .# and &. &

1.3.21 Lemma/Definition. Suppose given an exact category («7,&) and a full additive
subcategory # such that the following four conditions hold.

(RE1) Suppose given pure short exact sequences X —y-4tc , Y—4-7-1-D and
X—>Z—4+F in (o7, &) such that XY, Z,C, D € Ob(A).
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Then we have E € Ob(Z) as well.

7

(RE2) Suppose given pure short exact sequences D—e=X Yy, C L.v—1-7 and
E—4-X"% 7 in (o, &) such that X,Y, Z,C, D € Ob(A).
Then we have E € Ob(#) as well.

(RE3) Suppose given a pure short exact sequence X —y-H¥-Zin (&7, &) and the following
pushout in 7.

X_4-Y
1k
[ v

Suppose that X, Y, Z, U € Ob(#). Then we have V € Ob(Z) as well.

(RE4) Suppose given a pure short exact sequence X —4sY-tsZin (7, &) and the following
pullback in &7

V=W
9 f

Y 4= Z7
Suppose that X,Y, Z, W € Ob(Z). Then we have V' € Ob(#) as well.

We define the restricted exact structure of (o7, &) on A to be the full subcategory
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&|s C KCP(A) defined by

Ob(&|5) = {U|”: U € Ob(&) such that Uy, € Ob(%) for all k € Zj}.

The pair (A, &|x) is in fact an exact subcategory of (&7, &).
A sequence X ——=Y—2>7 in A is pure short exact in (&, &|) if and only if the sequence
X—tsy-—".7 is pure short exact in (o, 8). &

Proof. We abbreviate # = & |4 .

Note that .# is a strictly full subcategory of KCP(Z) since U,V € KCP(Z) are isomorphic
if and only if U - Inc% , V - Inc% are isomorphic in KCP().

Ad (E1). Suppose given X € Ob(Z#). We have 1x € . since Xi>X—O>OU@ is pure short
exact in (&, &).

Ad (E2). This is dual to (E1).

Ad (E3). This follows from (RE1).

Ad (E4). This follows from (RE2).

Ad (E5). This follows from (RE3).

Ad (E6). This follows from (RE4).

Note that the inclusion functor Inc” is exact by construction. ]

1.3.22 Remark. Suppose given exact categories (<7, &), (4, F) and an exact functor

F: of — . Suppose given given full additive subcategories ¥ C & and ¥ C % that
satisfy the conditions (RE1), (RE2), (RE3) and (RE4) of definition 1.3.21. Suppose that we
have XF € Ob(2) for X € Ob(%). Then the functor F|Z is exact with respect to &|¢ and

Py . o

1.3.23 Definition. Suppose given an exact category &/ and a full subcategory #. We say
that &# is extension-closed in o if Z, C % and if for every pure short exact sequence
X—>Y—2"+7 in o with X, Z € Ob(#), we have Y € Ob(£) as well. O

1.3.24 Remark. Suppose given an exact category o7 and extension-closed full subcategories
B C of and € C of/. Then ZNTE is an extension-closed full subcategory of &7 as well.

1.3.25 Lemma. Suppose given an exact category &/ and an extension-closed full subcategory
P C of. Then A is a strictly full additive subcategory of .7 and satisfies the conditions (RE1),
(RE2), (RE3) and (RE4) of definition 1.3.21. Consequently, (4, &|») is an exact subcategory
of (o,8). ¢

Proof. By definition, 4 contains the zero objects of o7. Since split short exact sequences are
pure short exact by [Biih10, lemma 2.7], £ is also closed under directs sums. Consequently,

A is a strictly full additive subcategory of 7.
Ad (RE1). This follows from lemma 1.3.13.
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Ad (RE2). This is dual to (RE1).

Ad (RE3). This follows from lemma 1.2.7.(b).

Ad (RE4). This is dual to (RE3). O

Frobenius categories

1.3.26 Definition. An exact category .# is called a Frobenius category if for each object
X € Ob(%), there exists a pure epimorphism B—+X and a pure monomorphism X —e=C'
such that B and C' are bijective in .%. &

1.3.27 Lemma/Definition. Suppose given a Frobenius category .%. Let Jz denote the set
of morphisms X ¥ in Z for which there exists X —*>B—">Y in . such that f=u-v
and such that B is bijective in .%. The set J# is an ideal in .%, cf. definition 1.2.12. We usually
denote the corresponding factor category by .# = .% /J# and the corresponding residue class
functor by Pz = Rz 3, F — F, cf. definition 1.2.13. The category .Z is called the stable
category of F and P is called the stabilisation functor of F. For f € Mor(%), we usually
abbreviate f = [Pz . &

f

Y—2+7 in Z with f € 3. We
want to show that a - f-b € J. We may choose X ——=B—"=Y in .% such that f = u-v and
such that B is bijective in .%. We havea- f-b=a-u-v-band thusa-f-b € J.

Suppose given X,Y € Ob(<7). We want to show that #(X,Y)NJ is a subgroup of #(X,Y).

Proof. We abbreviate J = J# . Suppose given W—+X

We have Oxy € J since Oxy = Ox, - 0p, vy and since 0z is bijective in .%.

Suppose given f,g € #(X,Y) ﬂ‘j We may choose X —*=B—"=Y in .# such that f =u-v
and such that B is bijective in .%. We may choose X ——=C—>=Y in .# such that g =r s
and such that C' is bijective in .#. Note that B @ C is bijective in .%# as well. We have
f—g=u-v—r-s=(uv-r)-(%)and thus f —g € J.

BoC [l

1.3.28 Lemma. Suppose given a Frobenius category .#% and X oy in2. Suppose given
a pure monomorphism X —4-C and a pure epimorphism B—+=Y in .% such that B and C

are bijective in .#. The following four statements are equivalent.
(a) We have f =0in &
(b) There exists C—=Y in .% such that f =i - g.

(¢) There exists C—>B in .Z such that f =i -h - p.
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(d) There exists X ——B in .# such that f =e¢-p. o
Proof. Ad (a)—(b). We may choose X ——=D—"=Y in .# such that f = u-v and such that
D is bijective in .#. Since D is injective in .%#, we may choose C—"=D in .# such that
t-a=u. Let g=a-v. Wehavei-g=i-a-v=u-v=f.

Ad (b)—(c). This follows from the fact that C' is projective in .Z.

The remaining implications are trivial. O]

1.3.29 Remark. Suppose given a Frobenius category .#. An object X € Ob(.%) is projective

in .% if and only if it is injective in .. O

Proof Suppose given a projective object X € Ob(.%). Choose a pure epimorphism B—>X
Z such that B is bijective in .%. By lemma 1.3.11.(b), X is a summand of B and thus X

is injective in .%. Dually, injective objects in .% are also projective in .7 . L]

The stable category of a Frobenius category is triangulated, cf. [Hap88, chapter I, section 2].

We have the following lemma.

1.3.30 Lemma. [Hap88, lemma 1.2.8] [Kel96, example 8.1]

# and 4. Suppose given an exact functor F': . % — ¢

Suppose given Frobenius categories .#
such that X F' is bijective in ¢ for all bijectives X € Ob(.%). Then there exists a unique

functor F': .% — ¢ such that Pz - ' = F - Py . Moreover, this functor F is exact.

|

F
—_—

Y

A=)
Y
-

N
lw
IQ

<

<_
3
]

1.4 Functor categories

Suppose given a category % .

1.4.1 Definition. Suppose given a category /. We denote the category of functors from
€ to o/ by €(</). lts objects are the functors from 4 to &/ and its morphisms are the
transformations between such functors. For X € Ob(% (<)), the transformation 1x is the
identity morphism in ¢’(«/). For xtov 4z € (), the vertical composite f - g of the
transformations is the composite in €(.<7).

If o is an additive category, then % (<) is an additive category as well. In this case, for
f
X?Y in ¢ (<), thesum f+hin € () is given by A(f+h) = Af+Ah for A € Ob(%). <

1.4.2 Remark. Limits and colimits in functor categories are formed pointwise, provided that
the pointwise (co)limits exist, cf. [Bor94, proposition 2.15.1]. We will use this fact without

comment. &
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1.4.3 Lemma/Definition. Suppose given categories &/ and % and a functor F': &/ — A.
We define the functor €(F): € (/) — €(A) by setting X€(F) = XF for X € Ob(%(«))
and f€(F) = fx1p for f € Mor(¢(«/)). This in fact defines a functor.

If o7, % are additive categories and F' is an additive functor, then €' (F) is additive as well.

Proof. Suppose given X—=Y—2+7 in €(&/). We have 1x€(F) = Lx+1p = lyp = Lyg(r)
and (f - 9)€(F) = (f-g)x1p=(f-9)*(1r-1r) = (f*1p) - (g% 1r) = fC(F) - g€ (F).
Suppose that o7, A are additive categories and that F' is an additive functor.

Suppose given X:Z;Y in (/). Then we have (f + h)€(F) = f€(F) + h%'(F) since we

have

A((f+hWE(F)) = A((f +h) % 1p) = A(f + h)F = (Af + Ah)F = AfF + AhF
—A(fx1p) + A(h* 1) = A(fE(F) + h®(F))
for A € Ob(%). O

1.4.4 Lemma. Suppose given additive categories o/, 4 and an additive functor F': &/ — €.
Suppose given a category ¢ and X € Ob(%(«)).

(a) Suppose given A—*=B in € such that aX = 0. Then we have a(X€(F)) = 0 as well.

(b) Suppose given A € Ob(%) such that AX € Ob(Zy).
Then we have A(X%(F)) € Ob(Zy).

Proof. Ad (a). We have a(X€(F)) = aXF = 0F = 0 since F is additive.
Ad (b). We have A(X¥(F)) = AXF € Ob(Zgy) since F is additive. O

1.4.5 Lemma/Definition. Suppose given categories o/, %, functors F,G: &/ — A and a
transformation \: ' — G. We define the transformation ¢ (\): € (F) — € (G) by setting
XE(\) =1x %\ for X € Ob(€()).

This in fact defines a transformation. &

Proof. Suppose given XLy in % (o). We have

XECN) - fC€(G)=(1x*A)-(frxlg)=(Ix-f)xA-1g)=fxA=(f-1y)*(1p- )
=(fx1lp)-(ly x ) = fE€(F)-YE(N). O

1.4.6 Lemma.
(a) Suppose given a category /. We have €' (1) = ly(y) -

(b) Suppose given categories and functors as follows: o7 L. n%9.
We have € (F - G) =€ (F)-€(QG).
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(¢) Suppose given categories and functors as follows: & ——=2%. We have €(15) = Ly (ry -

F
A
(d) Suppose given categories, functors and transformations as follows: o7 —%—> # . We
m
H

have €(A - pu) = C(\) - € (u).

F H
(e) Suppose given categories, functors and transformations as follows: .o @@@9
G I

We have €(Ax ) = € (\) x € ().

(f) Suppose given a category <7, an additive category 4 and functors F,G: o/ — 2.
Suppose given transformations A, u: F' — G. We have €(\+ pu) = €(\) + € (u).

Proof. Ad (a). Suppose given f € Mor(¢'(«)). We have f€(1y) = f* 1y = f = flow) -
Ad (b). Suppose given f € Mor(¢'(«)). We have

f(E(F)-€(Q)) = fE€F)C(G)=(fx1p)C(G) = (fx1p)*x1lg=fx(lpx1lg) = fx1rc
— fEF-Q).

Ad (c). Suppose given X € Ob(¢'(7)). We have X€'(1r) = 1x * 1p = 1xp = Lxg(p) -
Ad (d). Suppose given X € Ob(%'(«7)). We have

X(EN)-C(p)=XECN) - XC(u) = (Ax*A) - (Ix*p) =(1x-1x)* (A-p) =1x * (A p)
=XC(\- ).

Ad (e). Suppose given X € Ob(%(7)). We have

X(EN) + € (1) = XCNEC(H) - XC(G)E (1) = ((1x x A)E(H)) - (XEC(G) % pn))
=((Ix*N)*H) - (XG*p)=Ax*AN)xpu=1xxAxp)=XECA*p).

Ad (f). Suppose given X € Ob(€(«)). We have X (€ (A + ) = X(€(\) + € (u)) since

AX(EN+1) = Allx x A+ 1)) = AX(A+ 1) = AXN+ AXp = A(lx x \) + A(Lx % )
= A(lx * A+ 1x * p) = A(XEC(N) + X (n) = AX(E(N) +E (1))

for A € Ob(%). O

Functor categories of exact categories

Suppose given a category ¢ and an exact category &/ = (o, &).
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1.4.7 Definition. We consider the functor category % (<) as an exact category equipped

with the pointwise exact structure, cf. [Biih10, example 13.11]. A sequence X ey r.z

in € (<) is pure short exact in €' (<) if and only if the sequence AX A Ay oAz s pure
short exact in &7 for A € Ob(%). O

1.4.8 Lemma. Suppose given a pure short exact sequence X Y-t Zin € (). Suppose

given A—"=DB in €.

(a) Suppose that aX and aZ are pure monomorphisms. Then @Y is a pure monomorphism

as well.

(b) Suppose that aX and aZ are pure epimorphisms. Then aY is a pure epimorphism as

well.
(c) Suppose that aX and aZ are isomorphisms. Then aY is an isomorphism as well.

(d) Suppose that AX, AZ € Ob(Z,/). Then we have AY € Ob(Z,,) as well.

¢
Proof. Ad (a,b,c). This follows from lemma 1.3.19.
Ad (d).
We have the pure short exact sequence AX A AY P AZ in of with AX ,AZ € Ob(Z.y).
Thus we have AY € Ob(Z,,) as well. O

1.4.9 Lemma. Suppose given a pure short exact sequence X —4sy-t2sZin € (). Suppose

given A—%~B—-C in 4.

(a) Suppose that (aX,bX) and (aY, bY") are pure short exact sequences in 7. Then (aZ,bZ7)

is a pure short exact sequence in o7 as well.

(b) Suppose that (aZ,bZ) and (aY, bY") are pure short exact sequences in 7. Then (a X, bX)

is a pure short exact sequence in .o/ as well. o

Proof. Ad (a). This follows from lemma 1.3.15.
Ad (b). This is dual to (a). O

1.4.10 Remark. Suppose given Z € Ob(Z¢()). Then we have AZ € Ob(Z,) for
A € Ob(%). Consequently, the following statements are also true.

(a) For A—*=B in ¢, the morphism aZ is an isomorphism. In particular, it is both a pure

monomorphism and a pure epimorphism.

(b) For A—%“>B—">(C in €, the pair (aZ,bZ) is a pure short exact sequence in <. o

1.4.11 Lemma. Suppose given X,Y € Ob(%(«/)) and a direct sum X<—i_>D<_;—>Y of X
and Y in €(«).
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(a) Suppose given A—*=B in ¢ such that aX and aY are pure monomorphisms. Then aD

is a pure monomorphism as well.

(b) Suppose given A—*=B in ¢ such that aX and aY are pure epimorphisms. Then aD

is a pure epimorphism as well.

(c) Suppose given A—"=B in % such that aX and aY are isomorphisms. Then aD is an

isomorphism as well.

(d) Suppose given A € Ob(%) such that AX, AY € Ob(Z,/). Then we have aD € Ob(Z,,)

as well.

(e) Suppose given A—2>B—t-C in ¥ such that (aX,bX) and (aY,bY’) are pure short

exact sequences in 7. Then (aD,bD) is a pure short exact sequence in o/ as well.

¢

Proof. Ad (a,b,c,d). This follows from lemma 1.4.8.
Ad (e). This follows from [Biih10, proposition 2.9]. ]

1.4.12 Lemma. Suppose given pure short exact sequences X —y-4c , y—4-7z-%-D
and X —>7Z—~FE in € ().

(a) Suppose given A—*=B in € such that aC,aD are pure monomorphisms. Then aF is

a pure monomorphism as well.

(b) Suppose given A—*=B in % such that aC,aD are pure epimorphisms. Then aF is a

pure epimorphism as well.

(c) Suppose given A—*=B in € such that aC,aD are isomorphisms. Then aF is an iso-

morphism as well.

(d) Suppose given A—%>B—L>(C in € such that (aX,bX) and (aZ,bZ) are pure short

exact sequences in 7. Then (aF,bE) is a pure short exact sequence in o7 as well.




50

Proof. Ad (a). This follows from lemmata 1.3.13 and 1.4.8.(a).

Ad (b). This follows from lemmata 1.3.13 and 1.4.8.(b).

Ad (c). This follows from lemmata 1.3.13 and 1.4.8.(c).

Ad (d). This follows from lemma 1.4.9.(a). O

1.4.13 Lemma. Suppose given pure short exact sequences D Xty ¢ Ly {.7
and E—¢>X-2%7 in €(o).

(a) Suppose given A—=B in % such that aC,aD are pure monomorphisms. Then aFE is

a pure monomorphism as well.

(b) Suppose given A—*=B in % such that aC,aD are pure epimorphisms. Then aF is a

pure epimorphism as well.

(c) Suppose given A—*=B in % such that aC,aD are isomorphisms. Then aF is an iso-

morphism as well.

(d) Suppose given A—%>B—>(C in € such that (aX,bX) and (aZ,bZ) are pure short

exact sequences in 7. Then (aF,bE) is a pure short exact sequence in o7 as well.

C
\
Y

XN

h
E . /X S Z
D ¢
Proof. This is dual to the previous lemma 1.4.13. O]

1.4.14 Lemma. Suppose given a pure short exact sequence X —s=Y —%>7 in € (o) and
the following pushout in €'(<7).

X_4-Y
It
U—%sVv

(a) Suppose given A—=B in ¢ such that aU, aZ are pure monomorphisms. Then aV is a

pure monomorphism as well.

(b) Suppose given A—*=B in ¢ such that aU,aZ are pure epimorphisms. Then aV is a

pure epimorphism as well.
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(c) Suppose given A—*=B in % such that aU,aZ are isomorphisms. Then aV is an iso-

morphism as well.

(d) Suppose given A—%>B—">C in € such that (aX,bX), (aY,bY) and (aU,bU) are pure

short exact sequences in 7. Then (aV,bV) is a pure short exact sequence in <7 as well.

¢

Proof. We may choose a cokernel V—-7 of m in € (&), cf. lemma 1.2.7.(b).
Ad (a). This follows from lemma 1.4.8.(a).
Ad (b). This follows from lemma 1.4.8.(b).
Ad (c). This follows from lemma 1.4.8.(c).
g

Ad (d). The sequence XH—o—QY &) U&n»—)ﬂ/ is pure short exact in €' (), cf. [Biih10, propo-

sition 2.12]. So the result follows from lemmata 1.4.11.(e) and 1.4.9.(a). O

1.4.15 Lemma. Suppose given a pure short exact sequence X —e=Y —%>Z7 in ¢ (<) and
the following pullback in € (7).

V—=W
g f

y Y.z

(a) Suppose given A—*=B in % such that aX,aW are pure monomorphisms. Then aV is

a pure monomorphism as well.

(b) Suppose given A—*=B in € such that aX,aW are pure epimorphisms. Then aV is a

pure epimorphism as well.

(c) Suppose given A—*=B in ¥ such that aX,aW are isomorphisms. Then aV is an

isomorphism as well.

(d) Suppose given A—%>B—>C" in € such that (aW,bW), (aY,bY) and (aZ,bZ) are pure
short exact sequences in 7. Then (aV,bV) is a pure short exact sequence in &7 as well.

¢

Proof. This is dual to the previous lemma 1.4.14. O]

1.4.16 Lemma. Suppose given an exact functor F': & — <.

(a) The functor €' (F) is exact as well, cf. definition 1.4.3.

(b) Suppose given X € Ob(%(«)) and A—>B—">C in € such that (aX,bX) is a pure
short exact sequence in 7. Then (a(X % (F)),b(XE (F))) is a pure short exact sequence

in & as well.
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(c) Suppose given X € Ob(%(«)) and A——B in ¢ such that aX is a pure monomor-

phism. Then a(X%'(F)) is a pure monomorphism as well.

(d) Suppose given X € Ob(%(«7)) and A—*=B in € such that aX is a pure epimorphism.
Then a(X%(F)) is a pure epimorphism as well. o

Proof. Ad (a). The functor €(F') is additive, cf. definition 1.4.3.

Suppose given a pure short exact sequence X ——=Y —%=7 in ¢ («7). For A € Ob(¥), the
sequence (A(i€(F)), A(p€(F))) = (A(i x 1p), A(p* 1)) = (AiF, ApF) is pure short exact
in .o since F is exact. Thus (i€ (F),p% (F)) is pure short exact in €(«7). We conclude that
E(F) is exact.

Ad (b). The sequence (a(XE(F)),b(XE(F))) = (aXF,bXF) is pure short exact in & since

F' is exact.
Ad (c¢). The morphism a(X% (F')) = aX F is a pure monomorphism since F' is exact.
Ad (d). The morphism (X% (F')) = aXF is a pure epimorphism since F' is exact. O

1.5 Triangulated categories

1.5.1 Definition. Suppose given an additive category o/ and a functor X: &/ — . Let
CTyx(«) denote the subcategory of Z 5 (/) defined by

Ob(CTs(e/)) = {T € Ob(Zipsy()): Ty = Tv%)
and
Mor(CTx (7)) = {f € Mor(Zp3(4)): f3 = foX}.

The objects of CTyx (/) are called candidate triangles and CTx (<) is called the category of
candiate triangles in o/ with respect to 3. Objects T' € Ob(CTy (7)) are usually denoted by
T=(f,g,h)orT = (X Ty 4.7 " XZ),WhereX:TO,Y:Tl,Z:Tg,f:TO,l,
g =T and h =Ty . &

1.5.2 Remark. We will also use candidate triangles to introduce pseudo-triangles in some
exact categories, cf. definitions 1.9.16, 2.2.8, 3.3.24 and 3.4.17. Sometimes they give rise to
triangles in a triangulated category, cf. definition 2.2.14. &

1.5.3 Definition. Suppose given an additive category o, an equivalence >: &/ — &/ and
a strictly full subcategory T C CTyx () such that the following four conditions hold. Cf.
definition 1.5.1.

(TR1) For X € Ob(), we have (X ——=X—=0,——>XX) € Ob(%).
For X—'~Y in </, there exists (X oy 2.7 h X3X) € Ob(%T).




(TR2) Suppose given (X—=Y—~7—"-X%)) € Ob(CTx ().
We have (X —>Y—2>7—"- X)) € Ob(T) if and only if
(Y—Loz— x5 "2 ys) € Ob(9).

(TR3) Suppose given (X—‘>Y =7 X%, (X' 2>y 2o 77 YL X5) € Ob(T).

Suppose given X—Lo X" and Y—2>Y" in o such that u - g=f-u.
Then there exists Z—">Z' in o such that v-h=g-v and w- X =h-w'.

(TR4) Suppose given (X —=Y >0 X%, (Y —L>7—1-D—2-VY),
(X—L-7—+~E—"-XY%)) € Ob(T). Then there exists

23

(C’ b E—fsD-*" C’E)EOb(‘f)suchthatp-k:j~r,r~S:q,k-w:u,

s-v =w - 1% and such that v - pX = x.

v
Y/ \ |

X

We call the tuple (o7, %, T) a triangulated category. The objects of ¥ are called triangles in

(o7, %, %). If ¥ is an isomorphism of categories, we say that (<7, X, T) is a strict triangulated

category. We abbreviate &/ = (&7, %, ¥) if unambiguous.

Suppose that &/ = (&, %, %) is a strict triangulated category. For X € Ob(&7) and k € Z,

we usually write X[l = X3 | For f € Mor(«/) and k € Z, we usually write f¥l = fxF
We remark that (TR3) follows from the other axioms by [May01, lemma 2.2].

For a full subcategory . C o and k € Z, we define the full subcategory .#¥ of &7 by setting

Ob(.7M) = {XH € Ob(): X € Ob(#)}.

For S € Ob(&) and k € Z, we define the full subcategories S+<t | Stk 1<k S and 18 of
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</ by setting

Ob(St<*) = {X € Ob(): (S, X =0 for ¢ € Z_;},
Ob(5+>F) = {X € Ob(&): (S, X =0 for £ € Z-}},

Ob(+<+S) = {X € Ob(): (X, 81) =0 for £ € Z}
and

Ob(*>+S) = {X € Ob(#): ,(X,S¥) =0 for £ € Z-,}.
%

1.5.4 Definition. Suppose given triangulated categories (¢, %, %), (Z,%', &) and an additive
functor F': € — 2. We say that F is ezact if there exists an isotransformation SF-2AsFyY
such that for (X oy 9.7 *h X3) € Ob(F), we have

(XFLy P2l 7P MEXA X PSY) € Ob(S). o

1.5.5 Definition. Suppose given a triangulated category (%,3, %), an abelian category <7
and an additive functor F': € — /. We say that F' is homological if for
(X—Loy—2- 7" X%)) € Ob(T), the sequence X FL>Y F2-7F is exact in /. ¢

1.5.6 Definition. Suppose given a strict triangulated category ¥ and m € Z. Suppose given
full subcategories ., C € for k € [0,m]. We recursively define the full subcategory . T(lf }5”;{

€0,m
of € as follows. If m < 0, let . X S ="2g . If m >0, let

€[0,m]

Ob ( X Yk) = {Y € Ob(%): There exists a triangle X Y A X in ¢

kel0,m]

such that X € Ob ( >k Yk> and Z € Ob(.%,)}.

kel0,m—1]

We call X }Yk a category of extensions in €.

kelo,m
In case m = 1, we also write %) *x . = b S Y .
ke[0,1]
Incasem:2,Wealsowrite%*ﬂl*ﬂgzkik]Yk. &
€[0,2

1.5.7 Definition. Suppose given a strict triangulated category ¢ and a,b € Z. Suppose

given full subcategories ., C € for k € [a,b]. We write X 7 = B &
k€la,b] ke[0,b—al

1.5.8 Definition. Suppose given a strict triangulated category € and a full additive subcat-
egory 9 C €. We say that & is a full triangulated subcategory of € if ¥ x 9 = & and if
XU X € Ob(2) for X € Ob(2). %
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1.5.9 Lemma. Suppose given a strict triangulated category €, m € Z and full subcat-
egories ., C ¥ for k € [0,m]. Suppose given Y € Ob( X Yk) Then we have

kel0,m]

Y[”eOb( >k y”) <
ke[0,m]

Proof. We proceed by induction on m. If m<0, then we have Yl € Ob(Z¢) since Y € Ob(Zg).
If m>0, we may choose a triangle X Y A X[ in € such that

X € Ob ( X yk) and Z € Ob(.%,,) . Rotation yields a triangle

kelo,m—1

XUyl 700 Xl in %. We have 210 € Ob(#) and X1 eOb( * y“)

ke[0,m—1]

by induction. We conclude that Y € Ob ( X 7 [1) O

ke[0,m]

1.5.10 Lemma. Suppose given a strict triangulated category %. Suppose given m,n € Z ,
full subcategories ., C % for k € [0, m] and full subcategories Z, C ¢ for ¢ € [0, n] such that

(%, X)) =0 for k € [0,m] and ¢ € [0,n]. Then we have X 7, X %g) =0. &

¢ \ k€[0,m] EE[O n

Proof. Suppose given ¢ € [0, n].

Using induction on m, we want to show that . (k Tk T s %g) = 0. If m < 0, this follows
€[0,m]

from K Yk = Z¢ . Suppose that m > 0 and suppose given Y € Ob( X Yk) We

kelo,m) kelo,m]

may choose a triangle X Y Z XM in ¢ such that X € Ob (k [* }(S”k) and
€l0,m—1

Z € Ob(.#,) . We have (S, %) = 0 and ( X . %g) = 0 by induction. Thus

ke[0,m—1]

¢« (Y, %) = 0. We conclude that ( X S, %g) = 0.

ke[0,m]

Using induction on n, we want to show that (g( >k Sk, >k 5?3) =0. If n < 0, this

keo,m] Lo

follows from , >[l0< Xy = 7y . Suppose that n > 0 and suppose given Y € Ob (z >|0< ]%’g)
€[0,n] €lo,n

We may choose a triangle X Y Z XM in € such that X € Ob ( S @g)

¢e[0,n—1]

andZeOb(,%n).Wehavegg( X Yk,ﬂ)zoand(< X 7, X %):Oby

ke[0,m] ¢ \ k€[0,m] @6[0 n—1]
induction. Thus ¢ ( X S s ) = 0. We conclude that ( X S s X %’4) =0. 0O
kel0,m] & \ k€[0,m)] ée[o n|

1.5.11 Definition. For a strict triangulated category € and a full triangulated subcategory
& C €, we denote the Verdier quotient of € by . by € /.7 and the associated quotient
functor (or localisation functor) by L4 »: € — € )., cf. [Kral0, section 4.6]. We have the

following universal property. &

1.5.12 Lemma (universal property). [KralO, proposition 4.6.2.(4)]
Suppose given a strict triangulated category % and a full triangulated subcategory . C €.
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Suppose given a triangulated category & and an exact functor F': € — 2 such that
XF € Ob(Zy) for X € Ob(.%). Then there exists a unique exact functor F': €. — & such
that &4 o - F = F.

¢ £ 9

S

1.6 Adjoint functors

1.6.1 Definition. Suppose given categories o/, % and functors F: o — #B, G: B — .
Suppose given transformations n: 1, — FG and ¢: GF — 15 . We say that the tuple
(F,G,n,e) is an adjunction if we have (n*1p) - (1pxe) =1p and (1g*n) - (e x 1g) = 1¢ .

In this case, we say that 7 is the unit and that ¢ is the counit of the adjunction. &

1.6.2 Definition. Suppose given categories ./, % and functors F: o — B, G: B — .
We say that F' is left-adjoint to G if there exists an adjunction (F,G,n,¢). In this case, we
also say that G is right-adjoint to F' and write ' 4G or G - F.

We say that F' and GG are mutually quasi-inverse equivalences if there exists an adjunction
(F,G,n,e) such that n and ¢ are isotransformations. In this case, we also say that F' and G

are equivalences.
We say that F' and G are mutually inverse isomorphisms of categories if there exists an
adjunction (F,G,n,¢) such that n = 1, , and € = 1, , i.e. such that FG = 1., and such that

GF = 14 . In this case, we also say that F' and G are isomorphisms of categories. &

1.6.3 Remark. Suppose given categories &/, % and functors F': &7 — B, G: B — o .

F is left-adjoint to G if and only if there exist bijective maps ®xy: 5(XF,Y) = (X, YG)
for X € Ob(«7) and Y € Ob(%) such that (gF - f - h)®xiy» = g- f®xy - hG for X'—L=X
in o and XF—.
Cf. [MacT71, section IV.1]. O

Y, Y "Y'’ in B. The maps Pxy are called natural bijections.

1.6.4 Remark. Suppose given categories o7, # and a functor F': &/ — . F is an equiva-
lence if and only if it is full, faithful and dense, cf. [Mac71, theorem IV.4.1]. A quasi-inverse of

such a full, faithful and dense functor can be constructed using the following lemma 1.6.5. <

1.6.5 Lemma. [MacT71, (proof of) theorem IV.4.1]
Suppose given categories ¢, 2 and a full and faithful functor F: € — 2. For X € Ob(2),

suppose given an object XG € Ob(%) and an isomorphism X XU XGF in 2. For X Ty
in &, there exists a unique morphism XGL% Y@ in € such that f=Xs-fGF - (Y¢) L
This yields a functor G: 2 — % and an isotransformation ¢: 15 — GF. Moreover, F' and G

are mutually quasi-inverse equivalences. &



a7

1.6.6 Lemma. [Bor94, proposition 3.4.1]
Suppose given an adjunction (F,G,n,¢).

(a) The functor F is full and faithful if and only if # is an isotransformation.

(b) The functor G is full and faithful if and only if € is an isotransformation.
¢
1.6.7 Lemma (composition of adjunctions). Suppose given categories and functors as follows:
d%%%}l_ﬂf If F'is left-adjoint to G and H is left-adjoint to I, then F' - H is left-

adjoint to I - G. More precisely, suppose given adjunctions (F,G,n,e) and (H, I, A, ). Then
(F-H,I-G,n-(1p*A*1g),(1; xe*1py) - p) is an adjunction as well. &

Proof. We have (nx1p)-(1pxe) =1, (1g*n)-(e*x1lg) =1g, (Ax1g)- (g *p) = 1y and
(1;%xA)-(ux17) = 17 . Note that we have Axe = (1gxe) - (Ax1ly) = (ex1lyg) - (lgx ) =ec*x A
We obtain

(- (Ap*xA*1g)) *1pp) - (lpg * (1 xe*1g) - pn))

= (- ApxAx1e)) x (Lpg - 1pn)) - ((Lpm - Lpm) > (L * €% 1p) - 1))

=Mxlpy) (lp*xAxlgry) - (lpgr*xex1y) - (1py * p)
=Mxlpg) - (Ipx(Axlgp)*1g) - (1p*x (lgr*xe)*x1y) - (1py * p)
= *1pu) - (Ipx (Axlep) - (lurx€)) * 1u) - (1pm * )
=Mx1lpg) - (IpxAxe*x1lg) - (lpg * p)
=Mxlpxlg*xly) (lpxexAx1lg)  (1pg * p)

FrAxly) - (1px 1y *p)

=(1
1 *1H
lrpy

and

(Lig*x(n-(1pxAx1g))) - (A *xe*x1g) - pn)) *156)
=(1g*xn) - (Ligr*xA*x1g) - (1 *xex1gig) - (p*156)
= (Liexn) - (Lrx ((Iep * A) - (e 1up)) * 1) - (w* 1ig)
=(lig*n) - (IyxexAx1lg) - (n* 1)
= (1 xA*x1g) - (u*15a)

1;

1/¢

*16‘

We conclude that (F'- H, I -G, n-(1p*xA*1g), (1; e x 1g) - 1) is an adjunction. O
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1.6.8 Lemma. Suppose given categories &/, & and . Suppose given functors F': &7 — A
and G: A — & such that F is left-adjoint to G. Then % (F) is left-adjoint to € (G), cf.
definition 1.4.3.

More precisely, suppose given an adjunction (F, G, n,¢). Then (¢ (F), ¢ (G), € (n), € (¢)) is an
adjunction as well. &
Proof. We have (nx 1) - (1px¢) = 1g and (1g*7n) - (¢ x 1g) = 1g . Using lemma 1.4.6, we
obtain the transformations lg(ﬂ)ﬂ%(F)%(G) and %(G)%(F)ﬁlg(gg) . Moreover, we

have

(€(n) * L)) - (Lgr) * € (€)) = (€(n) x € (1r)) - (€(1F) x € (c))
=CM*1p) - C(lpxe)=F((n*1p) - (lp*e))

=%C(1r) = 1y
and
(g x €(n) - (€() * Le) = (€(1e) x €(n)) - (€(e) x € (1c))
(1@*7]) (6*1@) :Cg((lg*TD . (E*lg))
=%(le) = 1v(c) -
We conclude that (¢'(F), € (G),%(n), € ()) is an adjunction. O

1.6.9 Lemma. Suppose given functors F': € — Z and G: ¥ — € such that F is left-adjoint
to G. Suppose given a full subcategory &7 of ¥ and a full subcategory % of ¥ such that
XF € Ob(%) for X € Ob(&/) and YG € Ob(&) for Y € Ob(%). Then F|%: o — B is
left-adjoint to G|%: B — o as well.

More precisely, suppose given an adjunction (F,G,n,¢). Then (F|%, G|%, n|%, ¢|%) is an

adjunction as well. O

Proof. We abbreviate F = F|% | G = G|% ;= n|% and € = ¢|% .
We have (n*1p) - (lp*xe) =1p and (1g*7n) - (e * 1g) = 1¢ .
We have (nx1p) - (1p x€) = 1 since
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We have (1gxn) - (e x 1g) = 1 since

le2 xe*1g))

B

Inc

- ].IHC% * 1G

4
= 1g *Incg, .

We conclude that (F,G,n,¢) is an adjunction. ]

1.6.10 Lemma. Suppose given categories ¥, ¥ and mutually quasi-inverse equivalences
F:¢4 - 2, G: 92 — %. Suppose given a full subcategory o7 of ¥ and a full subcate-
gory % of & such that XF € Ob(#) for X € Ob(«) and YG € Ob(«) for Y € Ob(A).
Then F|%: o — 2 and G|%: B — o are mutually quasi-inverse equivalences as well.

More precisely, suppose given an adjunction (F,G,n,¢) such that n and e are isotransforma-
tions. Then (F|% ., G|%, n|< , €|%) is an adjunction such that 7| and €|% are isotransforma-
tions as well.

In particular, if F and G are mutually inverse isomorphisms of categories, then F|%: o — %

and G|%: # — & are mutually inverse isomorphisms of categories as well. &

Proof. By lemma 1.6.9, (F|%, G|%, n|%, €|%) is an adjunction as well. Now 7| is an iso-
transformation since Xn|% = Xn is an isomorphism in & for X € Ob(&). Similarly, €|7 is

an isotransformation since Ye|% = Ye is an isomorphism in & for Y € Ob(%). O

1.6.11 Lemma. Suppose given additive categories &/ and 4. Suppose given an ideal J in
&/ and an ideal J in #. Suppose given an additive functor F': o/ — % such that fF € J for
f € 3. Suppose given an additive functor G: & — o such that fF € J for f € J.

Let F: /)3 — %/J denote the unique additive functor such that Ry 5 - F = F - Ryy .
Let G: A/ — 4/ /T denote the unique additive functor such that Ryzy -G = G- Ry .
Suppose that F' is left-adjoint to G. Then F is left-adjoint to G.

More precisely, suppose given an adjunction (F,G,n,e). Let n: 1,5 — FG denote the
unique transformation such that Ry 5xn=nxRy 5. Let : GF — 14/ denote the unique

transformation such that Rz 3+ =exMRyg; . Then (F,G,n,¢) is an adjunction as well.

Proof. We have (nx1p) - (1pxe) =1p and (1g*7n) - (e x1g) = 1g .
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We have (nx1g) - (1p xg) = 1 since

Roax((n*1p) (1pxe)) = (In,, - In,,) * (nx1p) - (1px€))

= 1F*19§%’3

:9:{%73*1E .

We have (1gxn) - (e  1g) = 1¢ since

—_
Q
%
—_
=2

R

Q
>

S
™
%
—_
=3

8

=)
>
—_
@

We conclude that (£, G, n,¢) is an adjunction. ]

1.6.12 Lemma. Suppose given additive categories ./ and 4. Suppose given an ideal J in
o/ and an ideal J in . Suppose given an additive functor F': &/ — % such that fF € J for
f € 3. Suppose given an additive functor G: % — & such that fF € J for f € J.

Let F: o//3 — %/J denote the unique additive functor such that Ry 5 - F = F - Ryy .
Let G: #B/3 — <7/ /T denote the unique additive functor such that Ry ;-G =G - Ry .
Suppose that F' and G are mutually quasi-inverse equivalences. Then F' and G are mutually

quasi-inverse equivalences as well.

More precisely, suppose given an adjunction (F,G,n,¢€) such that  and e are isotransforma-
tions. Let n: 1,/5 — F G denote the unique transformation such that R, 5« n=nxRyy .
Let e: G F — 14/3 denote the unique transformation such that Rgyxec =c+xNRazy .

Then (F, G, 7, ) is an adjunction such that n and ¢ are isotransformations as well.

In particular, if F' and G' are mutually inverse isomorphisms of categories, then F' and G are

mutually inverse isomorphisms of categories as well. &

Proof. By lemma 1.6.11, (F,G,n,¢) is an adjunction as well. Now 7 is an isotransforma-
tion since X1 = XnR, 5 is an isomorphism in &7 /J for X € Ob(&/). Similarly, ¢ is an
isotransformation since Ye = YeRy 5 is an isomorphism in #/J for Y € Ob(A). O
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1.6.13 Lemma. [Nee(Ol, lemma 5.3.6]
Suppose given triangulated categories ¥, Z and functors F': ¢ — 2, G: 9 — % such that
F is left-adjoint to G. Then F' is exact if and only if G is exact. &

1.6.14 Lemma. Suppose given a triangulated category ¢ and a full triangulated subcategory
& C €. Suppose given a triangulated category 2 and an exact functor F': ¥ — 2 such that
XF € Ob(Zy) for X € Ob(.¥). Let F: €/.# — 2 denote the unique exact functor such
that £4 & - F = F, cf. lemma 1.5.12. Suppose given a functor G: ¥ — € such that F' is
left-adjoint to G.

@ 2 2
2’”“5”] /
€.

(a) For Y € Ob(2), we have YG € Ob(7).
(b) If G is full and faithful, then G - £4 » is full and faithful as well.

(c¢) The functor Fis left-adjoint to G - £ & . o

Proof. Since F' 4 G, we may choose natural bijections ®xy: ¢(XF,Y) — «(X,YG) for
X € Ob(%) and Y € Ob(2).

Ad (a). Suppose given Y € Ob(Z2) and X € Ob(.Y).
We have (X F,Y) = 0since XF € Ob(Zgy) by assumption. Since ®x y is a bijection, we also
have «(X,YG) = 0. Thus YG € Ob(4).

Ad (b). This follows from (a) and [Kral0, lemma 4.8.1].

Ad (c). For X € Ob(%) and Y € Ob(2), let Uxy: (X, YG) = 4o (X, YGQ): f = fLs v .
This is a bijection by (a) and [Kral0, lemma 4.8.1]. Consider the bijections ®xy - Wxy for
X € Ob(%) and Y € Ob(2). It remains to show that they are natural.

We use a calculus of fraction as explained in [Kral0, sections 3 and 4.6]. Suppose given a left
fraction X'—2>X"<*—X in ¢ /.7, where X'—2=X" and X—>>X" are morphisms in €.
We write g/s for this left fraction. Suppose given Y—"2Y" in 9. We have

(g/sEF - f-h)@xyUxryr = (gF - (sF)™ - f - B)Oxr L5 0
=(g-((sF)™ - [)®xny - hG) L »
= 98,0 ((sF)" - [)Pxny Ly - hGs o
=g/s s8¢y ((sF) " [)®xny Ly s hGLs o
=g/s-(s-((sF)™" f)®xny)Les,» - hGL¢
=g/s-(sF-(sF)™" - [)®xy&¢ s hGLs o
=g/s  fOxyVUxy -hGLy o . O
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1.6.15 Lemma. Suppose given a category ¢ and a full subcategory /. Suppose given a
functor F': € — 2 such that the map Uxy: ¢(X,Y) — o(XF,YF): f — fF is bijective
for X € Ob(e/) and Y € Ob(%). Suppose given a functor G: 2 — & such that Inc?, - F is
left-adjoint to G. Then Inc? is left-adjoint to F - G.

F

—— 9

€
IHCET %

o &

Proof. Since Inc?, - F - G, we may choose natural bijections ®x. : o(XF,Z) — (X, ZG) for
X € Ob(«) and Z € Ob(Z). Consider the bijections Uxy - Pxyr: ¢(X,Y) = 4(X,YFG)
for X € Ob(«/) and Y € Ob(%). It remains to show that they are natural.

! Y, Y—Y" in €. We have

Suppose given X'—2>X in &7 and X

(g . f . h>\I[X’,Y’q)X’,Y’F = (g . f . h)Fq)X’,Y’F = (gF . fF . hF>®X’7Y’F
=g - fFOxyr -hFG=g- fUxyPxyr hFG. O

1.6.16 Lemma. Suppose given a category % and a full subcategory .&/. Suppose given
mutually quasi-inverse equivalences E: &/ — % and D: % — /. Suppose given functors
I'#B — 2 and H: 9 — A such that [ is left-adjoint to H. Suppose given a functor
F: % — 2 such that the map «(X,Y) = o(XE,YF): f — fF is bijective for X € Ob(/)
and Y € Ob(%). Suppose that Inc?, - F = E - I. Then D - Inc?, is left-adjoint to F - H.

¢——=9
Inch 1( )/H
E
of B
D &

Proof. We have E 4 D and I 4 H and thus E-T 4 H-D. So Inc% - F 4 H - D since
E-I = Inc% - F. By lemma 1.6.15, we have Inc®, 4 F - H- D. Since D 4 E, we obtain
D- Incz A F-H-D-FE. Now D and E are mutually quasi-inverse equivalences and thus D - FE
is isomorphic to 14 in %(#). We conclude that D -Inc? 4 F - H. O

1.6.17 Lemma. Suppose given a category ¢ and a full subcategory /. Suppose given
mutually quasi-inverse equivalences E: o/ — % and D: % — /. Suppose given functors
I1:# — % and H: ¥ — % such that H is left-adjoint to I. Suppose given a functor
F: % — 2 such that the map «(X,Y) = 4(XF,YF): f — fF is bijective for X € Ob(%)
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and Y € Ob(«7). Suppose that Inc?, - F = E - I. Then F - H is left-adjoint to D - Inc?, .

¢ ——9
Inc? 1( )/H
E
o B
D ¢
Proof. This is dual to the previous lemma 1.6.16. [

1.7 Wa-structures

We refer to [Bonl0, section 1] for details and proofs.

1.7.1 Definition. Suppose given a triangulated category %.
A pair # = (% ,V) of summand-closed full subcategories %, % C € is called a w-structure

(or weight structure) on € if the following three conditions hold.
(W2) vl C v

(W3) € =% V1 o

1.7.2 Lemma/Definition. Suppose given a strict triangulated category € and a w-structure
W = (%,V)on €. For k € Z, we write #f, = ™ and Wiy = v For k,¢ € Z, we write

Win = Wi N Wy . We also write #° = kyz Wiea -
RaS

We say that # is left-non-degenerate if (| Wy = Z¢ . We say that # is right-non-degenerate
keZ
if (\ Wi = Zs . We say that # is non-degenerate if it is left- and right-non-degenerate. We
kEZ

say that % is bounded if € = #®. The full additive subcategory W, of € is called the core

of the w-structure # .

Note that # |yv = (#p N>, #o N H#) is a w-structure on the full triangulated subcategory
#" of € by [Schll, lemma 4.5]. O

1.7.3 Lemma. Suppose given a strict triangulated category ¢ and a w-structure

W = Wp, Wy) on €.
(a) For k, ¢ € Z, we have 7/[,[51 = Wpeye and “fﬂkm = Wita -
(b) Suppose given k < £ in Z. We have «(#p, #y) = 0.
(¢) Suppose given k € Z. We have #j, = ~(Wiy1) and (W)t = Wir -

(d) Suppose given k € Z. The subcategory #}, is closed under coproducts in ¢ and the
subcategory #/ is closed under products in €.
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(e) Suppose given k < £ in Z. We have %, C W and #y C Wy .
(f) For k € Z, we have Wy, * Wy, = W, and Wi x Wiy = Wiy .
(g) For k € Z and X € Ob(%), we may choose a triangle Xp, X Xt 1 X%] in
¢ such that Xp, € Ob(#}) and Xjy1 € Ob(#itn)-

(h) Suppose given k € Z. Suppose given triangles Xp,_; Ly ‘g Xi X};Ll and

X2 X0 X g ——=XB) in € such that Xp_; € Ob(#f,_1), Xp € Ob(#4),

Xjq € Ob(#4) and Xy € Ob(#4117). Then there exist unique morphisms

ch_l—a>X[k and Xj —b>Xk+ﬂ in € such that jp_1 =a-ji and qx1 = q - b. o

1.7.4 Definition. Suppose given triangulated categories €, %, a functor F: ¥ — & and
w-structures # = (#p, #5) on € and ¥ = (¥, ¥5) on 2. We say that F' is w-ezact with
respect to # and ¥ if F is exact, XF € Ob(%;) for X € Ob(#4)) and if XF € Ob(7}) for
X € Ob(#p). ¢

1.7.5 Lemma/Definition. Suppose given triangulated categories €, Z and a w-structure
W = (%,V) on €. Suppose given an exact equivalence F': € — 2. We obtain a w-structure
WE = ("Y' on 2 by setting

Ob(%') ={Y € Ob(2): There exists X € Ob(% ) such that X F is isomorphic to Y in 2}
and

Ob(¥") = {Y € Ob(2): There exists X € Ob(¥') such that X F is isomorphic to Y in Z}.
¢

1.8 T-structures

We refer to [BBD82, section 1.3] [ATJLSS03, section 1] for details and proofs.

1.8.1 Definition. Suppose given a triangulated category €. A pair 7 = (%, V') of full
subcategories %, ¥ C € is called a t-structure (or truncation structure) on € if the following

three conditions hold.
(T1) w(%M,7)=0
(T2) M Ccu

(T3) € =My
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1.8.2 Lemma/Definition. Suppose given a strict triangulated category ¢ and a t-structure
T =(%,7)on%. For k € Z, we write Fjy = %™ and ), = ¥ . For k,( € Z, we write
Ty = TN Ty . We also write T° = |J Ty -

klEZ

We say that .7 is left-non-degenerate if (| Jjy = Z¢ . We say that 7 is right-non-degenerate
kEZ
if Ik ="7Z¢ . We say that 7 is non-degenerate if it is left- and right-non-degenerate. We
kEZ

say that 7 is bounded if € = T°.
We refer to [BBD82, proposition 1.3.3 and théoreme 1.3.6] for the following notions and results.
The subcategory )y is called the heart of the t-structure 7. The heart )y is an abelian

category. A sequence X oy g T, is short exact if and only if it can be completed

Ty 9.7 _xW iy,

to a triangle X

Suppose given k € Z.
We denote the truncation functors by Ty = T,‘j: € — T and Ty, = T‘LZ: ¢ — Ty . The

functor T, is right-adjoint to Incf% and the functor T\ is left-adjoint to Inc?tk .

We denote the homology functor by Hy: ¢ — J¢ . The homology functor is a homo-
logical functor. The restriction H y|%: Tp — ) is isomorphic to Toﬂz E@ in Jo(Jpo)-

Consequently, Hg|%: T — ), right-adjoint to IncggOJ , cf. lemma 1.6.9. &

1.8.3 Lemma. Suppose given a strict triangulated category 4 and a t-structure

T = (T, Tp) on €.
(a) For k,¢ € Z, we have (zg] = Tete and ZCJM = Tty -
(b) Suppose given k > ¢ in Z. We have (7, 7)) = 0.
(c) Suppose given k € Z. We have 44 = l(ﬂtk) and (C%HJ)L = T -

(d) Suppose given k € Z. The subcategory 7 is closed under coproducts in ¢ and the

subcategory .} is closed under products in %'

(e) We have (.7, 7]

0,0]7 L%’Q) =0 and (g(eg\:([)]f(])y L%o’oj) =0 for k € ZZI .

(f) Suppose given k > ¢ in Z. We have .7y C 7 and ) C J .
(g) For k € Z, we have Jj, * T, = T, and Ty * Ty = Ty .

h) For k € Z, we may choose a triangle X, X X XM in & such that
( y g +1 |

k+1]
Xk+1J € Ob(%‘i'lJ) and XU‘? € Ob(%]@)

(i) Suppose that 7 is non-degenerate. Suppose given X € Ob(%). We have X € Ob(Zy)

if and only if X["*H, € Ob(z%,oj) for k € Z.
%
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1.8.4 Definition. Suppose given triangulated categories €, %, a functor F: ¥ — & and
t-structures .7 = (Jy, Jp) on € and % = (%, %p) on 2. We say that F is t-exact with
respect to 7 and % if I is exact, XF € Ob(%) for X € Ob(%y) and if XF € Ob(%) for
X € Ob(J)). ¢

1.8.5 Lemma/Definition. Suppose given triangulated categories ¢, 2 and a t-structure
T = (%,V) on €. Suppose given an exact equivalence F': € — 2. We obtain a t-structure
TF =(Z'7") on 9 by setting

Ob(Z') = {Y € Ob(2): There exists X € Ob(% ) such that X F' is isomorphic to Y in 2}
and

Ob(?") = {Y € Ob(2): There exists X € Ob(¥') such that X F is isomorphic to Y in Z}.
¢

1.8.6 Definition. Suppose given a triangulated category %, a t-structure .7 = (%, Jjp) on
¢ and a w-structure # = (Wp, #5) on €.

(a) We say that .7 is left-adjacent to W if Fjg = #p . In this case, we also say that # is
right-adjacent to 7.

(b) We say that # is left-adjacent to 7 if #5 = J . In this case, we also say that .7 is
right-adjacent to W' . o

1.9 Complexes

The additive case

1.9.1 Definition. Suppose given an additive category «/. For X € Ob(Z°?(</)) and k € Z,

we write xp = X.x—1 , cf. convention 17. &

1.9.2 Definition. Suppose given an additive category /. The category of compleres with
entries in &7 is the full subcategory C(7) of Z°?(«7) defined by

Ob(C()) ={X € Ob(Z®()): xy, - x—1 = 0 for k € Z}.

Ty Tp—1

Xip1 —= X X1 Xpg—+""
We always equip C(«) with the pointwise split exact structure: A sequence X Ty 9.y
in C(&) is pure short exact in C(«/) if and only if XkLYkLZk is split short exact in

of for k € Z. Cf. [Biih10, lemma 9.1]. &
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1.9.3 Definition. Suppose given an exact category &/ and X € Ob(C(/)). We say that X
is acyclic in C(&7) if there exist pure short exact sequences Sk+1—i'“—>X k—pnk—>Sk in «/ such
that x, = py - ip_1 for k € Z. O
1.9.4 Definition. Suppose given an additive category </ and X € Ob(C(«7)). We say that
X is split acyclic in C(&7) if there exist direct sums Sk“‘i—i_)X’“;:iSk in &7 such that
Tp = P ip_1 for k € Z. &

1.9.5 Lemma. Suppose given an additive category ./ and a split acyclic complex
X € Ob(C(«)). Then X is a bijective object in C(). O

i t
Proof. Choose direct sums Sk+1<:_k_>ka<_L>Sk in .« such that x;, = p, - is_1 for k € Z.
k k

We want to show that X is injective in /. Suppose given a pure monomorphism X oy
in C(«7). For k € Z, we may choose Yk&Xk in .7 such that fy - hy = 1.

For ke Z,let g = hy - Sk - ip + Y - he—1 - Sp_1 - g -

Suppose given k € Z. We have

Gk T = hg - Sptp T + Yk M1 Sp—1 - Ty - Tpe
=hp - Sk ik Pr k=1 + Yk - Pe—1 - Sp—1 - Tk Dt k1
=Yk - i1+ Sp—1 - Tp—1

=Yk " Gk—1

and

o 9= fe-hi- Skt + fro Y 1 - Sp—1 -tk = Sk ik + Ti - fom1 - =1 - Sp—1 - Tk

= Sk lk + Pk lh—1 Sk—1 -l = Sk -tk + P te = 1.
Thus we have a morphism Y —2=X in C(&”) such that f-g = 1. We conclude that X is
injective in C(«7). Dually, X is also projective in C(&7). O

1.9.6 Lemma. Suppose glven an additive category 7. Suppose given X € Ob(C(&)) and
direct sums X, =——=B,=—= Xk 1ing/ fork € Z. Let by = SpTptp—1+ Pk th—1—PrTho1tp_1

for k € Z. This ylelds a b1Jectlve object B € Ob(C()). O
te—Tk-t t
Proof. For k € Z, we have the direct sums X - : - By, +k Xi_1 in o/. We have
§ Pk +Sk-Tk

(pk + Sk - k) - (ig—1 — Tp—1 - th—1) = Sk * T Tg—1 + Dk * l—1 — Pk * Tp—1 - tg—1 for k € Z.

Thus X is split acyclic. The result now follows from lemma 1.9.5. [

1.9.7 Lemma/Definition. Suppose given an additive category /. We define the functor
Beow: C(a) = C(&f) as follows. For X € Ob(C(#/)) and k € Z, let (XBe o) = X & X1
and (XBe o )kk-1 = (m’“ 0 ) . This object XBc . is often called the mapping cone of the

1 —xp_1
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identity 1y . For f € Mor(C(/)), let (fBc o)k ( 0 fi 1) This in fact defines an additive
functor. Note that XBc . is bijective in C(«7) for X € Ob(C(«7)) by lemma 1.9.6. We

abbreviate B = B¢ o if unambiguous. &

f
Proof. Suppose given X:h>>Y—g>Z in C(<7).
Note that for k € Z, we have

(XB)isb—1- (fB)i-

( 0 ) o fe—1 O _ [ kS 0

1 =z 0 frk—2) fe—1 —Tp—1-fr—2
Tr Yk 0 _(fx O _(yk 0 )
fe—1 —fe—1yk—1 )] = \ 0 fr—1 1 —yg—

= (fB)k: : (YB)k:»k—l .

We have 1)(B = 1XB since (1XB)I€ = (é (1)) = 1Xk@Xk71 = (1XB>k for k € Z.
We have (f - ¢g)B = fB- ¢gB since

(o= (7 ) = (5 00) - (%4") = UB-gB) for ke Z.
We have (f + h)B = fB + hB since

((F+mB = (P8 ot ) = (B2 )+ (8 02,) = (FB+hB) for k e Z. O

1.9.8 Lemma/Definition. Suppose given an additive category /. We define the shift
functors oo, 2,0 C(&/) — C(&) as follows. For X € Ob(C(&)) and k € Z, let
(XEZcw)k = X1, (XEg )k = Xir1, (XZow k-1 = =21 and (XX )kk—1 = —Thy1 -
For f € Mor(C(&)), let (fZcw)k = fe—1 and (fZ¢ )k = fre -

The functors X¢ s and L , are mutually inverse isomorphisms of categories. For k € Z and

X~y in C(«), we often write XM = XZF  and fM = fzt . &

Proof. We abbreviate £ = L¢ s and L~ = X, . Suppose given Xty 4z C().
We have 1xX = 1x5 since (1xX)r = 1x, , = (1xs5)x for k € Z.

We have (f - g)X = fZ-gZ since ((f-9)X)k = fro1- g1 = (fZ-gX)y for k € Z.

We have 1xX~ = 1ys- since (1xX7), = 1x,,, = (1xz- )i for k € Z.

We have (f-g)X~ = fX= - gX~ since ((f-9)Z g = fra1 - grr1 = (fZ7 - gZ7 )y for k € Z.
We have fXX~ = f since (fXX7) = fi for k € Z.

We have fL™X = f since (fZ~ L), = fi for k € Z. ]

1.9.9 Lemma/Definition. Suppose given an additive category </. We define the transfor-
mation tc o 1 lowy — Bew by setting (Xie o)k = (10) @ Xi = Xp® Xp—q for X € Ob(C(#))
and k € Z. We abbreviate ¢ = (¢ if unambiguous.

We define the transformation ¢ : Bo o — Xc,» by setting

(X7ew )k = (V) : Xe® X1 — Xy for X € Ob(C(&)) and k € Z. We abbreviate m = m¢ o

if unambiguous.

Note that for X € Ob(C(«)), the sequence (Xic o , X7 or) is pure short exact in C(«7).
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Proof. Suppose given X € Ob(C(«/)) and k € Z. We have

(Xec,o)k - (XBe,o)psh—1 = (10) - (F 71(,1,1) = (2 0) =z -(10)
= (X1ow))kk-1 - (Xtco)k—1

and

(XBeor-1 - (Xmow)e-r = (F ) - (1) = (o) = (9) - (—a-1)
= (X7e,o)k - (XZco)kok—1 -

Suppose given X—o¥V in C(«/) and k € Z. We have

(Xica - (FBeahe = (10)- (%10, ) = (50) = fi- (10)
= (flow))k - (Yic,w)n

and

(Bl (Vo= (1§ 40,) - (D)= (%) = (D) fin
= (X7 )k - (e, )k - O

1.9.10 Lemma/Definition. Suppose given an additive category 7. We define the isotrans-
formation ac v Lc,wBew — BowXc,w by setting
(XCYC“Q{)k = ((1)_01) t Xpo1 @ Xjmo — Xjo1 @ Xjo for X € Ob(C(ﬂ)) and k € Z. We

abbreviate o = ac . if unambiguous. &

Proof. Suppose given X € Ob(C(«/)) and k € Z. We have

(Xacs)r - (XBewZow )k = (5 21) - (ﬂ_'“fl xko,z) = (ﬂf*l —50(1172>

= (_gcf_l xk0,2) ’ ((1) 1) = (XZC,MBC,d)k»kq : (XOéc,gf)kq-

Suppose given X—ovV in C(«/) and k € Z. We have

| o

(fEc,oBew)k - Yacw)r = (fk6l ka_Q) (6%) = <fk51 _fz_z) =(52%)- <f’“(;1 fk0_2>
= (Xaca )k - (fBewZe,a )k - O

1.9.11 Lemma. Suppose given an additive category <.

We have (L¢ o * te,or) - Q0 = L0y * Loy aNd Loy * Oy = — O+ (T, * ZCoor)- &
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Proof. Suppose given X € Ob(C(«/)) and k € Z. We have

(X((Zew *tow) - aca))e = (XM Xa), = (10) - (§ %) = (10) = (X)),
= (X(to,w * Zow))k

and

(X (= - (Tew * Zew))e = (—Xa - (XT)M) == (3 2) - (9) = (9) = (xW7),
= (X(Zo,w *TC.or) )k - u

1.9.12 Lemma/Definition. Suppose given an additive category /. The exact category
C(«) is a Frobenius category. We denote its stable category by K(&7) = C() and call it
the homotopy category of of | cf. definition 1.3.27. &

Proof. Suppose given X € Ob(C(«7)). We have the pure epimorphism X FIBXEY X and
the pure monomorphism X —%~XB with X[=1B, XB bijective in .Z, cf. definitions 1.9.7 and
1.9.9. ]

1.9.13 Lemma. Suppose given an additive category o/ and X A C(47). The following

three statements are equivalent.
(a) We have f =0 in K(&).
(b) There exists XB—2=Y in C(</) such that X g = f.

(c¢) There exist morphisms Xk&YkH in o/ such that hy - ygi1 + xg - he1 = fr for k € Z.
%

Proof. Ad (a)<>(b). This follows from lemma 1.3.28.(a,b).
Ad (b)—(c). For k € Z, write gy = (n,",) : X ® Xju1 — Yy .
Suppose given k € Z. We have up = (X1¢)y, - (hZfl) = (Xv-g)r = fr and

(B) - = gren - e = (XB)rgn - g6 = ("7 0,) - () = (unaniny ) -

Thus hy, - yer1 + xp - b1 = fio -
Ad (c)—(b). For k € Z, let g, = ( i ) X ® Xt — Vi .

hi—1

Suppose given k € Z. We have
o — e L., Tp-fr—1 _ (% O 1) Z (xB .
I Yk = \hp_y ) Y =\ poi—aprhin ) = ( 1 71,9,1) he—o | = ( Jkok—1* Gr—1

and(XL)k-gk:(lo)-(hI{’il>:fk. O
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1.9.14 Definition. Suppose given an additive category 7. For n € Z, we define the full
subcategories C™(a7) and C™ (&7) of C(«7) by setting

Ob(CM(7)) = {X € Ob(C()): X}, € Ob(Z,) for k € Z-,}
and
Ob(C"(7)) = {X € Ob(C(#)): X}, € Ob(Z,) for k € Z_,}.

For m,n € Z, let CM" (o) = C™(7) N C" (7). &

1.9.15 Definition. Suppose given an additive category «/. Let C*(&/) = |J Clmrl (7).

m,n€”Z

Note that CP(&7) is an extension-closed subcategory of C(.e7), cf. definition 1.3.23.
We define the full subcategory K"(.7) of K(&7) by setting Ob(K"(.27)) = Ob(C"(«)). Note
that K”(&7) is a full additive subcategory of K(.7), cf. remark 1.2.14. O

1.9.16 Definition. Suppose given an additive category o7. A candidate triangle
Xty toz Pox0liy C(47) with respect to L¢ o is called a pseudo-triangle in C(<7)
if (i,p) is a pure short exact sequence in C(«7) and if there exists XB—=Z in C(«) such

that the following diagram is commutative in C(.%).

[
<

-~
—

We use the term pseudo-triangle since it will be a special case of definition 2.2.8 below. We

will also explain the reasons for using this term there.

Cf. also [Wei94, definition 10.1.3] and [Biih10, definition 9.2], where the term ’strict triangle’

is used to describe similar notions. &

1.9.17 Lemma. Suppose given an additive category 7. Suppose given a candidate triangle

x Loy iigz Poxgy C(«7). It is a pseudo- trlangle if and only if we may choose

Zk—>Yk and Xj_ 1L>Zk for £ € Z such that YV,=——= Zk Xk 1 1s a direct sum in
&/ and such that

2k = Sk Yk - -1 F Dk - fo—1 " Th—1 — Pk - Tho1 - k1

for k € Z. Cf. definition 1.9.16. O

i t
Proof. Suppose given Zkiﬂ/k and Xk_lLZk for k € Z such that YkaZk<_p—k>Xk_1
Sk k

is a direct sum in .« and such that

2k = Sk Yk~ k=1 + Dk - fo—1 " Th—1 — Pk - Th—1 - k1
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for k € Z.

Note that (i, px) is a split short exact sequence for k € Z. Thus (i,p) is a pure short exact
sequence in C(47).
We define XB—2—~7 by setting gp = (f’;k““) Xy ® Xy — Zy for k€ Z.

For k € Z, we have

. _ ( frie ) . _ fe Yk in—1 _ Th fo—1Tk—1 _ (xzr O | fr—1vik—1
9k Zk_( ty ) k= fe—rik—1—xp_1tk—1 )] — \ fe—1fk—1—Tp_1tk—1 )] ( 1 —xk—l) th—1

= (XB)ksk—1 " gr—1 -

It remains to show that the following diagram is commutative.

X % XB AT Xm
f L
) (S S S X[1

Indeed, we have (10) - g, = (10) - (f’;k““) = fr i and g - pr = (f“k) pr=(9) for k € Z.

Conversely, suppose given XB—2—Z in C(«) such that the following diagram is commutative.

X
|
Y

ertegk ( ) X, ® Xy 1 — L for kel.

2L XB X" X[l]

!

i

? X[1

Suppose given k € Z. We have f-i = (10)-gx = (10)-(}F) = uy, and (u’“) = g pk =(9).
So t-pr = 1. By lemma 1.2.11, we may choose Zk—>Yk in 7 such that Y,=——= Zk Xk 1
is a direct sum in <7

Suppose given k € Z. We have the following (pointwise) pushout in <.

X b9 X @ Xj

g =)= ()
Y, —
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We have 2 = s - Yk - tk—1+ Pk * fr—1"Tk—1 — Pk - Tp—1 - tp—1 since

Yk lk 1 U Sk Yk lk—1 U Sk Yk lh—1
(ﬂﬁk = (xk 0 ) SJre—1-tk—1 = T fe—1-0k—1
1 —Ik 1 k-1 1 —zp1 te—1 fe—1ik—1—Tgp_1tk—1

Uk Sk Yk lk—1 Tk Sk Yk Th—1

= SreYkik—1 = itk Sk Yrik—1
fe—1ik—1—Tp_1tk_1 te Pk fr—1Tk—1—tk Pk Th—1tk—1

i (SkYk-ik—1+tPk f—1ik—1—Pk T —1-Tp—1)
fk k (SkYrip—1+Pk fe—1"Tk—1—Pk Tk —1-Tp—1)

I
R
—

<5k Yk U—1 + Pk - fe1 - k-1 — Pk - Th1 - ti—1)

and since (;’Z) is a split epimorphism. O

1.9.18 Lemma. Suppose given an additive category /. Suppose given a pseudo-triangle
X—sX—4-B—t-XW in ().

(a) The object B is bijective in C().

(b) Suppose given XLy in C(«). Then f = 0 in K(&) if and only if there exists
B—Y>Y in C(«/) such that f =i - g. o

Proof. Ad (a). This follows from lemmata 1.9.17 and 1.9.6.
Ad (b). This follows from (a) and from the fact that i is a pure monomorphism. O

1.9.19 Lemma/Definition. Suppose given an additive category 7. We have

fZcsPBewry = 0 and fZgﬂfBCW) = 0in K(&) for f € Jow) - Let Zx o K(&) = K(&)
denote the unique additive functor such that Be(y) - Lk, = Lc,w - Pe(w) » cf. lemma 1.2.15.
Note that Lk . is an isornorphism of categories, cf. lemma 1.6.12.

Let Zyv ,, = Ik %\ ) : KP(«7) — KP(&7). Note that Iv . is an isomorphism of categories

as well, cf. lemma 1. 6 10. O

Proof. Suppose given X—ovin C(#) such that f € Jo(w) -
We want to show that fXc »PBow) =0 and that fXo PBow) =0in K(e7).

We may choose Xk&YkH in &7 such that hy - ygi1 + g - he—1 = fr for k € Z. So for k € Z,
we have —hk . (—yk+1) + (—l’k) . <_hk—1) = fk . Thus fZC’@/Bc(QQj) =0 and fZaM%C(,Q/) =0
in K(<). O

1.9.20 Definition. Suppose given an additive category o7
Suppose given T' € Ob(CTy, , (K(2))). We say that T' is a triangle in K() if there exists

a pseudo-triangle X oy 4oz Poxlliy C(«) such that T is isomorphic to

X—Ltoy—toz X in Ty, (K()).

We define the full subcategory Tk . of CTy, , (K(47)) by setting

Ob(Tk,) = {T € Ob(CTy, , (K(&))): T is a triangle in K(27)}.
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The tuple (K(<), Lk s, Tk r) is a strict triangulated category.
Similarly, we define the full subcategory T% o of CTx d(Kb(Q/ )) by setting

Ob(Tx ) ={T € Ob(CTZKbﬂ(Kb(sz))): T- Incﬁéi){) is a triangle in K(&7)}.

The tuple (K"(<7), Tio.s Sk.or) is a strict triangulated category as well.

We will give proofs in the more general context of strict Frobenius categories below, cf. exam-
ples 2.1.4 and 2.1.33 and lemma 2.2.14. &

1.9.21 Lemma/Definition. Suppose given additive categories o7, % and an additive functor
F: o — A. Let C(F) = ZOP(F)|gE?) , cf. definition 1.4.3 and lemma 1.4.4.(a). Note that
C(F) is an additive functor as well, cf. remark 1.2.5.(b).

We have fC(F)Bcz = 0 in K(X) for f € Jor) - Let K(F): K(o/) — K(#) denote the
unique additive functor such that B () - K(F) = C(F) - Be(x) , cf. lemma 1.2.15.

C(F)

C(o) — C(#)
‘430<g¢)j lmaB)
K() 2L K (%)
Let KP(F) = K(F)yﬁg)): K"(«/) — KP(2), cf. lemma 1.4.4.(b). Note that K"(F) is an
additive functor as well, cf. remark 1.2.5.(b). &

Proof. Suppose given X—ovin C(#) such that f € Jo() -

We want to show that fC(F)Bcs = 0 in K(£).

We may choose XkLYkH in .o/ such that hy - ygi1 + g - hg—1 = fr for k € Z.

We have hiF' -y F' + xp B - hj 1 F = (hg - Ypr1 + Tk - hg—1)F = fr ' = (fC(F))y, for k € Z.
Thus fC(F)Bcws) = 0 in K(45). O

1.9.22 Lemma. Suppose given additive categories ¢ and &. Suppose given a full and faithful
additive functor F': € — 2. Then K(F): K(%) — K(2) is full and faithful as well. &

Proof. Suppose given X,Y € Ob(K(%)) and XK(F)—f>YK(F) in C(2). Since F is full, we
may choose XkLYk in ¢ such that g, F' = f;, for k € Z. For k € Z, we have x1-gr_1 = g1 Yx
since (zy, - gr_1)F = 1 F - fr_1 = fr - yeF = (gr - yx)F' and since F' is faithful. So we obtain
a morphism X—2=Y in C(¥) with gK(F) = f since (gC(F))x = grF' = fi for k € Z. We
conclude that K(F) is full.

Suppose given XLV in C(%) such that fK(F) = 0. We may choose XkFﬂ>Yk+1F
in & such that hy - yp 1 F' + 21 F - hi_1 = fi F’ for k € Z. Since F' is full, we may choose
inﬂ/kﬂ in € such that g, F" = hy for k € Z. We have g - yp11 + T - gp_1 = fr since
(9% * Yko1 + 2 - gp—1)F = hy - yp1 F + . F - hy—1 = fi.F' and since F is faithful. We conclude
that K(F') is faithful. O
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1.9.23 Lemma. Suppose given additive categories ¥ and . Suppose given a full and faithful
additive functor F': € — 2. Then K"(F): K*(%) — K"(2) is full and faithful as well. ¢

Proof. This follows from lemma 1.9.22 since K*(F) = K(F )|EZEZ; . O

1.9.24 Lemma. Suppose given additive categories ¢ and Z.

Suppose given functors F: ¢ — 2 and G: 9 — % such that F is left-adjoint to G. Note
that F' and G are necessarily additive, cf. remark 1.2.5.(a). Then K(F): K(%¢) — K(2) is
left-adjoint to K(G): K(2) — K(%). O

Proof. This follows from lemmata 1.6.8, 1.6.9 and 1.6.11. ]

1.9.25 Lemma/Definition. Suppose given an additive category 7. We define the functor
leo: o — C() as follows. For X € Ob(«), let (Xlc )0 = X and (Xl¢ o) = 0 for
ke Z\ {0}. For f € Mor(«7), let (XIc.w)o = f.

This in fact defines an additive functor.

Let Ix o = low - Pow): & = K(), Iy = 1o,.y|?: o — C*() and

Igo .y = I |<): o — KP(o7). &

f
Proof. We abbreviate I = I¢ s . Suppose given X?Y—g>2 in . We have 1xI = 1xt

since (1x1)o =1x = (1x7)o . We have (f - g)l = fI-gl since ((f-g9)l)o=f-9g=(f1-gl)y .
We have (f +h)I = fI+ hl since ((f +h)l)o=f+h=(fI+hi) . O

1.9.26 Definition. Suppose given an additive category o7, n € Z and X € Ob(C(«7)). We
Xs#  Xs¥
define the pure short exact sequence X Sﬁ{ —nx—x S  in C() as follows.

For k € Z>n s let (Xgﬁf)k = Ogi s (XSZ{—&-I])’C = Xk s (ng+1'|)k+1*k = Tkt (X$f+1])k = 1Xk .
For k € Ze, , let (XSP)k = Xi , (X711 = o , (XS )k = 00, (X571 = 1x,, -

The objects X Sﬁ and X5, .y are sometimes called simple/hard/brutal/naive/stupid trunca-
tions of X.

Xsg e 0 0 X, — X, X,y ——
Xsﬁfl Ll Ll ll
X e Xn+2 M Xn+1 Tn+41 Xn In Xn_l Tn—1 A)(n_2 -
X‘s;ﬁuj 1 1 L L l
Tn+2
XSfL{-‘rH = X2 —> Xy 0 0 0 &

1.9.27 Definition. An additive category o is called idempotent complete if for every mor-
phism X—“=X in & with e-e = e, there exists a direct sum A<—:_>X #B in ./ such that

e = s 1. Cf. [Biih10, definition 6.1]. O

1.9.28 Example. An abelian category is idempotent complete by [Biih10, remark 6.2].
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1.9.29 Lemma. Suppose given an additive category &/, n € Z and Y € Ob(Cm («7)). Suppose
given X € Ob(C(«)) such that X is a summand of Y in K(7). Then there exists a complex
C € Ob(C" (7)) such that X is isomorphic to C' in K(27). If o7 is idempotent complete, then

Xs%
n]

X—>XS£—T is an isomorphism in K(.7). &

Proof. Since X is a summand of Y in K(</), we may choose X<—Z_>Y in C(«) such that
u-v=1in K(&). We have Xs*‘frf_1 = Xsﬁi_l cu-v =0 in K(&) since C(%)(Xgﬁ_l,Y) = 0.

So we may choose Xkﬂ>Xk+1 such that hy - xpy1 + a2 - hy = 1 for k € Z_,, , cf. lemma
1.9.13.

Lete=xz, -h,—1: X, > X, .

We have z,41-e=0,e- 2, =2, - (1 —xp 1 -hy2)=x,,e-e=€ -2, -hy 1 =20, hy1=c¢,
(1—e)-zp=2,—2,=0and (1 —¢)-e=e—e=0.

We define M € Ob(C" (7)) by setting My, = 0 for k € Zo, , M, = X,, for k € Z>, ,

Mpyok = € for k € 221 and Mpy2k—1 = 1—efor ke Z21 .

Note that if &7 is idempotent complete, then M is split acyclic and, consequently, we have
M € Ob(Zk(w)) in this case, cf. definitions 1.9.27, 1.9.4 and lemma 1.9.5.

We define C' € Ob(C"(.27)) by setting Cy, = 0y for k € Zo,, , Cp, = X,, , C, = X}, ® X,, for
k€ Zon , g1 = ("), Mupgorsr = (0250 O for k € Zsy and myyop, = (T3 0, for
keZs .

(5 %) ("5 .2) (")
[ —— n+3@Xn—>Xn+2@Xn_>Xn+l@Xn Xn 0

We obtain a pseudo-triangle M ! XS% M in C(«) by setting f, =e€, fr =0
for k€ Zw, , i, =1,i, = (10) for k € Z,, and p,, = (?) for k € Z,, , cf. lemma 1.9.17.

M Xn Xn : Xn Xn O
f 0 0 0 ‘
X Sﬁf X3 Xy —— e X — > X, 0
i® (10) (xn+3 0) (10) (10) !
0 —e $n6+1
C e — n+3@XnﬁXn+2@XnﬁX”+l®Xn( )Xn 0
Tn+2
) | U |
Al o X, — < .x,—“' X, 0 0

%

Note that M ! XS% Lo Loyl s a triangle in K(&). If o is idempotent complete,
then ¢ is an isomorphism in K(.27) since M € Ob(Zk()) in this case.
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So it suffices to show that Xsﬁ -1: X — C'is an isomorphism in K(<).

We define C—2>X in C(&) by setting g, = 1 — e and g, = (}) for k € Z-,, .

(w2 ()
0 —e 0 e-1 (Frt)
C T n+3®Xn - Xn+2@Xn - Xn—f—l@Xn Xn 0
: ) ) ) e |
X e — n+3 Int XTL+2 Int2 Xn+1 Intl XTL il anl

We want to show that 1 — X%f i-9g=01in K(«). Let a, = 0: X, — Xy for k € Z>,, and
ar = hy: X — Xkt for ke Z., .

For k € Z~,, , we have ak'$k+1—l—$k-ak_1:0:1—(X$ﬁ)k-ik-gk.

We havean-xn+1+xn~an_1:xn-hn_l:ezl—(Xﬁ{)k-ik-gk.

For k € Z_,, , we have ak~xk+1+xk~ak,1:hk~xk+1+xk~hk,1:1:1—(X$ﬁ)k-ik-gk.
We want to show that 1 —g- Xs7 i =0 in K(«/). Let by = (§ ) : Cp — Cpyy for

k€ Zonit s busr = (™)t Cogt = Crsa , by = (01) 1 Cyy = Cppq and by, = 0: Cp, — Chps
for k€ Z., . For k € Z>, , we have

bnt2kt1 * Cnt2kt2 T Cngokt1 - ook = (01%) +(39) = (§9) = (&%)
o

=1- gnyort1- (XSM )n+2k+1 Ut 2kt1 -

For k € Z-, , we have

bntok * Cnsokt1 + Cnyok - Dngor—1 = (§9) + (§.%) = (§9) — (§9)

=1~ guyor - (X7 Dok - dnsar

We have by - Cnys + Cpy2 - boy1 = (88)+(8196) = (é(l])_((l)(o]) = 1_9n+2'(X$ﬁ)n+2'in+2 )
T T e A R (gfffgl) + (8“7”;1) =9 =00 =1—gns1- (Xsyﬁ)n+1'in+1 and
bn-cnﬂ—l—cn-bn,l:e:1—gn-(X$ﬁ)n-z'n.

For k € Z_, , we have by, - ¢jy1 + ¢ b1 =0 = 1—gk-(X$ﬁ)k-ik )

We conclude that X Sfﬂ{ -i and g are mutually inverse isomorphisms in K(%). O

1.9.30 Lemma. Suppose given an additive category &/, n € Zand Y € Ob(Cm(ﬂ)). Suppose
given X € Ob(C(«)) such that X is a summand of Y in K(&7). Then there exists a complex
C € Ob(CM(&7)) such that X is isomorphic to C' in K(.&7). If o7 is idempotent complete, then

Xs&
XS/ —>X is an isomorphism in K(7). &
Proof. This is dual to the previous lemma 1.9.29. [

1.9.31 Lemma /Definition. Suppose given an additive category <. We obtain a w-structure
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W on K(&) as follows. For k € Z, let W,j{ be the full subcategory of K(.27) defined by

Ob(W,‘f) = {X € Ob(K(&)): There exists C' € Ob(CH(«7)) and an isomorphism
X—C in K(#)}

and let Wf,f be the full subcategory of K(&7) defined by

Ob(Wﬁf) = {X € Ob(K(#)): There exists C' € Ob(C*(«7)) and an isomorphism
X—C in K(«)}.

We call W9 the standard w-structure on K().
We obtain a w-structure W<:* on KP(.&7) as follows. For k € Z, let W}j{ * be the full subcat-

egory of K(#7) defined by
Ob(W,ﬁV’b) = {X € Ob(K"(«)): There exists C' € Ob(C¥ (7)) and an isomorphism
X——C in K(«)}

and let W‘Vf’b be the full subcategory of K”(.e7) defined by

Ob(Wﬁf'b) = {X € Ob(KP(«)): There exists C' € Ob(C* (7)) and an isomorphism
X——C in K(&)}.

We call WP the standard w-structure on K"(.7). Cf. [Schll, proposition 4.6]. O

The abelian case

We assume some familiarity with abelian categories and derived categories. We refer to [Wei94]

for an introduction to these notions and to [Ste75] for Grothendieck categories.

1.9.32 Definition. Suppose given an abelian category 7. Let Inj(«/) C o/ denote the full
subcategory of injective objects in 7. Let Proj(«/) C & denote the full subcategory of
projective objects in 7. &

1.9.33 Definition. Suppose given an abelian category 7. Let Ac(«/) C K(/) denote the
full subcategory of acyclic complexes in K(27). Let Ac’(#/) = Ac() N K" (o).

We say that a morphism X1y in K(7) is a quasi-isomorphism if there is a triangle

XLy 7~ XW in K(«) such that Z € Ob(Ac()).

We say that a morphism X LY in Kb(,ﬂzf ) is a quasi-isomorphism if there is a triangle
xtoy Z XM in KP(@7) such that Z € Ob(Ac"(#)).

The derived category of o7 is the Verdier quotient D(«/) = K(&/)/Ac(«7). We denote the
associated quotient functor by L. : K(«/) — D(«7). Let Ip oy = Ix o - L: & — D(&7). Let
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H. : D(«7) — o denote the homology functor that maps an object to its zeroth homology.

The bounded derived category of o7 is the Verdier quotient K"(.27)JAc’(<). We denote the
corresponding quotient functor by L, : K’(e7) — DP(«).

Let Ipv , = Iw , - LYt & — D°(). Let H2: D*(«&/) — & denote the bounded homology
functor that maps an object to its zeroth homology. &

1.9.34 Definition. Suppose given an abelian category </, n € Z and X € Ob(C(«/)). We
Xt Xt
define the sequence X T, ) XX F’qu in C(«) as follows.

Choose a cokernel Xnﬂmcn of x,,9 and let CnAXn denote the unique morphism in

&/ such that ¢,,1 - d, = z,.1 . Choose a kernel En+1f"—+1>Xn of z,, and let Xn+1ﬁ>En+1

denote the unique morphism in & such that e, - foy1 =xp1 . Fork € Zo, 11,
let (X—l]—f_,_u)k—l = Xp-1, (Xw;ﬁlj)k»kq =Ty, (waf)k =04, (X[t;ﬁu)kq =1x,_, .

Let (XTTfHJ)n =C,, (XTTfHJ)nHm = Cpyq and (X[t;‘fﬂj)n =d, .

Let (X—H—T_Z>n+1 = En_|_1 s (X—H—T_i)n+1»n = fn+1 and (X[I:Ii)n—’—l = €n+1 -

ForkeZ_, ,

let (Xﬂ—fﬂj)k =0y , (X-[I-ﬁj)kJrl = Xit1 , (X-I]—ﬁ)k+1»k = Tht1 , (X[tﬁj)kﬂ =1x,., -

The objects XT () and X Fﬁ are sometimes called canonical/soft/smart /intelligent trunca-
tions of X.

X—H—nMJrlJ oo ——> X0 M_ Xn+1 Cntl Cn 0 0
X[tiiul Ll jl jdn
X =X, M)Xn—&-l Tn+1 X, Tn X, Tn_1 Xy
X[tfjl l jenﬂ ll 1 1
XWE’{ ... 0 B Srnt1 X, T X, . Tre1 Xy .

1.9.35 Lemma/Definition. Suppose given an abelian category 7. We obtain a t-structure
T< on D(&) as follows. For k € Z, let 7;]‘2{ be the full subcategory of D(<7) defined by

Ob(’ﬁj‘{) = {X € Ob(D(«)): Xty is a quasi-isomorphism in K(7)}

and let TU;Z{ be the full subcategory of D(.7) defined by
Ob(ﬂf) = {X € Ob(D(«)): Xt is a quasi-isomorphism in K(7)}.

We call T the standard t-structure on D().
For k, ¢ € Z, 71,% is the full subcategory of D(&7) with

Ob(ﬁ;f@) = {X € Ob(D(#)): X is isomorphic to a complex Y € Ob(C* (7)) in D(«)}.

We obtain a t-structure 7" on D"(.«7) as follows. For k € Z, let Efi’b be the full subcategory
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of D"(#7) defined by

Ob('];f’b) = {X € Ob(D"(&)): Xty is a quasi-isomorphism in K"(<7)}

and let 7I,fi’b be the full subcategory of D"(e7) defined by
Ob(ﬁf’b) = {X € Ob(D"(&)): Xt} is a quasi-isomorphism in K"(<7)}.

We call T the standard t-structure on D"(<7).
For k, 0 € Z, Tuf,{e]b is the full subcategory of D"(.27) with

Ob(ﬂﬁb) = {X € Ob(DP(&)): X is isomorphic to a complex Y €Ob(C*4 (&) in D" ()}

Cf. [BBD82, example 1.3.2.(i)]. O

1.9.36 Definition. Suppose given an abelian category 7. A complex I € Ob(C()) is called
K-injective if k(ry(X, I) = 0 for every acyclic complex X € Ob(Ac(&)).

Let K™ (&) C K(&) denote the full subcategory of K-injective complexes in K(7). Note
that K™ (.7) is closed under products in K(/).

Cf. [Spa88, definition 1.1] [BN93, remark 2.13]. &

1.9.37 Definition. Suppose given an abelian category /. A complex P € Ob(C(&)) is
called K-projective if k(.)(P, X) = 0 for every acyclic complex X € Ob(Ac()).

Let KP™)(a7) C K(<7) denote the full subcategory of K-projective complexes in K(7). Note
that KP™(&7) is closed under coproducts in K(.&7). O

1.9.38 Lemma. [Sta, lemma 070I] [Mur06, proposition 51]
Suppose given an abelian category &/ and a complex I € Ob(C(«7)). The following three

statements are equivalent.
(a) The complex I is K-injective.

(b) For every complex X € Ob(C(4)), the map k() (X,I) = pw)(X,I): f+— fLy is an

isomorphism of abelian groups.

(¢) For every quasi-isomorphism X v K(g7), the map

k() ([, D) k)Y, I) = k(o) (X, I): g f - g is an isomorphism of abelian groups. o

1.9.39 Lemma. Suppose given an abelian category ./ and a complex P € Ob(C(«7)). The

following three statements are equivalent.

(a) The complex P is K-projective.

(b) For every complex X € Ob(C(4)), the map k() (P, X) = p) (P, X): [ +— fLy is an

isomorphism of abelian groups.


https://stacks.math.columbia.edu/tag/070I
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(c) For every quasi-isomorphism X v K(g7), the map

k() (P, ) k(o) (P, X) = k(w)(P,Y): g+ g- f is an isomorphism of abelian groups. o

1.9.40 Lemma. [Sta, lemma 090X]
Suppose given an abelian category &/ and a triangle X Y Z X in K(@). If

two out of the three objects X, Y , Z are K-injective, then the remaining one is K-injective
as well. &

1.9.41 Lemma. [Sta, lemma 070J] [Mur06, proposition 47]
Suppose given an abelian category </, n € Z and a complex X € Ob(C™(«)) such that
Xk € Ob(Inj(«?)) for k € Z. Then X is K-injective. O

1.9.42 Definition. We say that an abelian category o/ has enough K-injectives if for every
X € Ob(C(«)), there exists a K-injective complex I € Ob(C()) and a quasi-isomorphism
X——1 in K(&). O

1.9.43 Definition. We say that an abelian category &/ has enough K-projectives if for every
X € Ob(C(«)), there exists a K-projective complex P € Ob(C(.«/)) and a quasi-isomorphism
P——X in K(&). O

1.9.44 Definition. Suppose given an abelian category 7. A complex I € Ob(C(/)) is called
DG-injective if it is K-injective and if I € Ob(Inj(«/)) for k € Z. O

1.9.45 Definition. Suppose given an abelian category /. A complex P € Ob(C(&)) is
called DG-projective if it is K-projective and if P, € Ob(Proj(/)) for k € Z. &

1.9.46 Remark. Suppose given an abelian category &/ and a complex X € Ob(«/). By
definition, X is DG-projective if and only if it is K-projective and has projective entries. Not
every K-projective complex has projective entries since any zero object in K(.27') is K-projective

and so split acyclic complexes of the form - - - 0 Y sV 0 .-+ are always K-

projective. Also not every complex with projective entries is K-projective. For example,
let o/ = Mod-Z/4Z and consider the complex X = (-- 2574727 AT . +) with
projective (free) entries. It is acyclic and thus k(»)(X, X) = 0 if it were K-projective. But X
is not a zero object in K(/) which can be seen by tensoring with Z/2Z. Cf. [Spa88, p. 124]
and [Dol60, section 3.4].

Dually, X is DG-injective if and only if it is K-injective and has injective entries. Not every
K-injective complex has injective entries and not every complex with injective entries is K-

injective. &

1.9.47 Definition. We say that an abelian category .« has enough DG-injectives if for every
X € Ob(C(«)), there exists a DG-injective complex I € Ob(C(7)) and a quasi-isomorphism
X——1 in K(&). ¢

1.9.48 Example. A Grothendieck category has enough DG-injectives by [Ser03, theorem
3.13, lemma 3.7] [Sta, theorem 079P]. O


https://stacks.math.columbia.edu/tag/090X
https://stacks.math.columbia.edu/tag/070J
https://stacks.math.columbia.edu/tag/079P

82

1.9.49 Definition. We say that an abelian category o7 has enough DG-projectives if for
every X € Ob(C(«)), there exists a DG-projective complex P € Ob(C(&/)) and a quasi-
isomorphism P——X in K(). &

1.9.50 Example. The module category Mod-R, where R is a ring, has enough DG-injectives
and enough DG-projectives by [AF91, 1.6]. &

1.9.51 Lemma. Suppose given an abelian category </, n € Z and a DG-injective complex
I € Ob(C(«)). Then ISfi € Ob(CM(e7)) and Ig;ﬁﬂ € Ob(C"*!(.e7)) are DG-injective as
well. o

Proof. 1t suffices to show that I S"FZ and IS, ) are K-injective. Now ISy, is K-injective by

Is#  Is?
lemma 1.9.41. Since we have a triangle 57 — Iﬁlgﬁﬂ (IS in K(«7), 187,

is K-injective as well by lemma 1.9.40. O]

1.9.52 Lemma. Suppose given an abelian category 7. Suppose given a direct sum

X <—i_>D<_;—>Y in D(«7). Suppose given quasi-isomorphisms X LD Jand YK

in K(«7) such that I, J, K are K-injective. Then there exists a direct sum [=—=J<—=K in
S/ p/

K(). ¢

Proof. We will repeatedly use the properties 1.9.38.(b,c) of K-injective complexes. We abbre-
viate L = Ly : K(«/) — D(«). Note that we havei-s=1,t-p=1and s-i+p-t=11in
D(47). By lemma 1.9.38, there exists

e a unique morphism [——J in K(«7) such that (f-¢)L =1 gL.
e a unique morphism J——TI in K(«/) such that (g-s')L = s - fL.
e a unique morphism JYoK in K(.7) such that (¢-p')L =p- hL.
e a unique morphism K—2=J in K(«7) such that (h-t)L=1- gL.

It remains to show that ¢/ - s’ =1,¢-p'=1and s - +p' -t' =1 in K(&).

Using lemma 1.9.38, we have i’ - s’ = 1 since
(f-i-L=i-gL-sL=i-s-fL=fL=(f-1)L.
Using lemma 1.9.38, we have ' - p’ = 1 since
(h-t-p)L=t-gL-pL=t-p-hL=hL=(h-1)L.
Using lemma 1.9.38, we have ' - p’ = 1 since

(h-t-p)L=t-gL-pL=t-p-hL=hL=(h-1)L.



83

Using lemma 1.9.38, we have s’ -4 +p’ -t/ = 1 since

(g- (s +p -t)L=s-fL-i'L+p-hL-t'L=s-i-gL+p-t-gL=gL=(g-1)L.

X<—l_>D<_t—>Y
s p

T

tl

<~
>

1.9.53 Lemma /Definition.

Suppose given an abelian category ./ with enough DG-injectives. We define the standard
injective w-structure W™ = (Wg’inj, W(‘;{’mj) on D(«) as follows. For k € Z, W,’;T M s the
full subcategory of D(.2) with

Ob(Wg’inj) = {X € Ob(D(&)): There exists a DG-injective complex I € Ob(CH (7))
and a quasi-isomorphism X ——1 in K(&/)}

and WFZ’inj is the full subcategory of D(%7) with

Ob(W'fZ’inj) — {X € Ob(D(&)): There exists a DG-injective complex I € Ob(C*(.27))

and a quasi-isomorphism X ——=1 in K(/)}.
(a) For k,0 € Z, W‘(Ui’;]nj is the full subcategory of D(«7) with

Ob(WF,'Z’ﬂinj) = {X € Ob(D(&)): There exists a DG-injective complex I € Ob(C*4 (o))

and a quasi-isomorphism X ——=1 in K(/)}.

(b) We have Wy™ C 757 .

(c) We have Wg’inj =Ty, ie. T is left-adjacent to W™, Cf. definition 1.8.6.(a). o
Proof. We abbreviate W = W<ini,

We want to show that W is a w-structure on D(<7).

Suppose given Y € Ob(Wy) and X € Ob(D(«)) such that X is a summand of ¥ in D(«).

Choose quasi-isomorphisms X L7 and Y27 in K(47) such that I € Ob(C(«/)) and
J € Ob(CP(a7)) are DG-injective. Thus I is a summand of J in K(7) by lemma 1.9.52. By
lemma 1.9.30, [ is isomorphic to IS‘% € Ob(CP (7)) in K(7).

We conclude that X € Ob(Wy).

Suppose given Y € Ob(Wy) and X € Ob(D(«)) such that X is a summand of Y in D(%/).

Choose quasi-isomorphisms XLl and Y27 in K(47) such that I € Ob(C(«)) and
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J € Ob(CY(&)) are DG-injective. Thus [ is a summand of .J in K(&7) by lemma 1.9.52. By
lemma 1.9.29, [ is isomorphic to IS‘(‘]?{ € Ob(CY (7)) in K(&).

We conclude that X € Ob(Wy).

Ad (W1). Suppose given X € Ob(Wp) and Y € Ob(Wy). Choose quasi-isomorphisms
X7 and Y27 in K(&) such that I € Ob(CP(«)) and J € Ob(CY (7)) are DGC-
injective. We have p()(X,Y) = 0 since k() (I, J) = 0.

Ad (W2). Suppose given X € Ob(Wy). Choose a quasi-isomorphism X I K(2/) such

[

that I € Ob(CY()) is DG-injective. Then X0 s a quasi-isomorphism in K(.)
such that Il € Ob(CY (7)) € Ob(C%(.27)).

Ad (W3). Suppose given X € Ob(D(«7)). Choose a quasi-isomorphism XL olin K(«)

Sd Sd

such that I € Ob(C(«)) is DG-injective. We have a triangle 15 E 18§ (s
in K() with [S"Fg , I‘S‘f{ DG-injective by lemma 1.9.51. This yields a triangle

157 X 15y (157 in D(&).

We conclude that W is a w-structure on D(&7).

Ad (a). Suppose given X € Ob(Wjp q). Choose quasi-isomorphisms X o7 and X2~
in K(&7) such that I € Ob(CY(er)) and J € Ob(C*(&7)) are DG-injective. Since X is a
summand of X in D(&), J is a summand of I in K(<7) by lemma 1.9.52. By lemma 1.9.29,
J is isomorphic to JS)E’T € Ob(C™ (&) in K(&7).

Ad (b). Suppose given X € Ob(Wy). Choose a quasi-isomorphism XLl K(«7) such
that I € Ob(CY(«)) is DG-injective. We have I € Ob(’]?)f/) and thus X € Ob(76fi).

Ad (c). Suppose given X € Ob(Wp). Choose a quasi-isomorphism XL orin K(2/) such
that I € Ob(CP(e7)) is DC-injective. We have I € Ob(T") and thus X € Ob(Ty).

Conversely, suppose given X € Ob(TLSZV ). Tt suffices to show that X € Ob(+*Wy). Suppose

given Y € Ob(Wy). Choose a quasi-isomorphism YL oTin K(«7) such that I € Ob(C"(«7))
is DG-injective. We have p(w)(X,Y) = 0 since k() (XTg , 1) = 0. O

1.9.54 Lemma/Definition. Suppose given an abelian category .« with enough DG-projec-
tives. We define the standard projective w-structure YW :Prol = (WF(?)/ proj, Wéf )y on D(e7) as
follows. For k € Z, W,?'{ Prol js the full subcategory of D(.«7) with

Ob(Wf;l{’pmj) — {X € Ob(D(&)): There exists a DG-projective complex P € Ob(CH(.27))

and a quasi-isomorphism P——X in K(&)}
and W‘F,f’proj is the full subcategory of D(«7) with

Ob(Wﬁf’proj) — {X € Ob(D(«)): There exists a DG-projective complex P € Ob(C* (%))

and a quasi-isomorphism P——=X in K(&)}.
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(a) For k,l € Z, Wﬁﬁmj is the full subcategory of D(&) with

Ob(Wﬁz’aproj) — {X € Ob(D(«&)): There exists a DG-projective complex P € Ob(C*4(er))

and a quasi-isomorphism P——X in K(&)}.

(b) We have Wi P € T .

(c) We have Wéf’pmj =75, i.e. T is right-adjacent to WP*J. Cf. definition 1.8.6.(b).

¢

Proof. This is dual to the previous lemma 1.9.53 [

1.9.55 Lemma. Suppose given an abelian category &7, an acyclic complex X € Ob(Ac(%))
and m € Z. There exists a triangle T X U TW in K(<7) such that
T,U € Ob(Ac(e7)), T € Ob(C™ (7)), U € Ob(CM*(e7)) and such that the following two

statements hold.

o If X € Ob(C™(7)), where n € Z, then T € Ob(C™ (7)) as well.

o If X € Ob(C"()), where n € Z, then U € Ob(C" (7)) as well.

Proof. Choose an image Xm+1—]7—>M—2—>Xm of Tpq in .

Consider the pseudo-triangle T—"=X o047 in C() with

o I =Xy, tpy=xp1forkeZ., , T, =M, tp1=p, T =0y for k€ Z_,, ,
e hp,=1for k€ Z-,,, h, =1,

o Cp = X ® Xjm1 , Cog1 = (mkl“ _?ck) for k € Zoyi1 , Cp1 = Xop1 @ M, g =

(IW?—Q —Op)’ Cm+1 = (z"?rl) ) Ck; :Xk y Ck = T for k € ng ’

o ¢ = (V) fork € Z,, .

T Xy —222 o X —2 X, — P s M 0

h 1 1 1 b

X Xm+3 — Xm+2 S Xm+1 o Xy = Xy — -
Jje (10) Tm+3 0 (10) (10) 1 1

C e —> m+3@X§z+2l—_x>m)+(2n2+2@Xm+1 — Xm+1@M(E>)Xm e Xy —
(9) o] %) o
T Koo ——2*2 X0 i M 0 0
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Note that T € Ob(Ac(«?)) and T € Ob(C™ (&7)) by construction. If X € Ob(C"(47)), where
n € Z, then T € Ob(C™(27)) by construction as well.

We define U € C(&) by setting Uy, = 0y for k € Zoyyi1 , Upsr = M [ 4 =i, Uy = Xy

uk:xkforkezgm.

Note that U € Ob(Ac(«/)) and U € Ob(C™ (7)) by construction. If X € Ob(C" (),
where n € Z, then U € Ob(C" (7)) by construction as well.

It remains to show that C' and U are isomorphic in K(7).
We define C—L~U in C(&7) by setting fie1 = (1) and fr, =1 for k € Z,, .

(96m+3 0 ) (l‘m+2 0 ) =
L —Zmy2 L=p ( ";Jrl) T,
c T m+3@Xm+2 - Xm—l—Q@Xm—i—l - Xm-l—l@M Xm X1 — -
| | | o ]
U o 0 0 M— X, -2 X, | —

We define U—2~C in C(&) by setting gmi1 = (01) and g, = 1 for k € Zo, .

U ... 0 0 M— X, -2 X, ——
N T
C T m+3@Xm+2 - Xm+2@Xm+1 ﬁXm—‘rl@M Tt Xm z X1 —
(xm+3 0 ) (Im+2 0 ) ( mz‘+ ) "
1 —zm42 1 —-p

Note that we have g - f = 1y by construction. Thus it suffices to show that 1 — f-¢g = 0 in
K(«). Let hy = (34) : Cx = Ciyy for k € Z~,, and hy = 0: Cy — Cyyq for k € Z<,,, . For

k € Z+,,12 , we have

A=F9e=GED =08 (" 5) +(F ) (88) = hu - copr + - hiy .

(1 _f'g)m+2 = (é(l)) = (8(1)) ' (ﬂﬂml+3 —$7?1+2) + (zm1+2 _Op) : (85) = hm+2 'Cm+3+cm+2 'hm—i-l

(1_f'g)m+1 = ((1)701;) = (8[1)) (36m1+2 _Op) ‘l’(mn?rl)'o:h’m-i-l *Cm42 T Cmt1 hm
For k € Z<,, , we have (1 — f-g)x =0 = hy - 1+ C - hg—1 - O

1.9.56 Definition. Suppose given an abelian category <. An acyclic complex
X € Ob(Ac(#)) is called 2-acyclic if there exists k € Z such that X € Ob(CHFHA=1 (7)),
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We define the full subcategory Ac?(«/) of K(&7) by setting

Ob(Ac?*(#)) = {X € Ob(Ac(«)): X is 2-acyclic}.

Note that Ac?(#/) C Ac’(&7) C KP(«). O

1.9.57 Lemma. Suppose given an abelian category 7. Suppose given a triangulated category
2 and an exact functor F: K”(@/) — 2 such that XF € Ob(Zy) for X € Ob(Ac?(<7)). Then
we have X F € Ob(Zy) for X € Ob(Ac"(#)). O

Proof. Suppose given X € Ob(Ac”(#)).
We may choose m,n € Z such that X € Ob(C™"(er)). We use induction on m —n € Z.

If m—ne€Zg , wehave X € Ob(Zgv (). Thus XF' € Ob(Zg) since F is additive.
If m —n =2, we have XF € Ob(Z4) by assumption.

If m —n € Z.y , we may choose a triangle T’ X U T in K(&7) such that

T.U € Ob(Ac(#)), T € Ob(CM™™=2(g7)) and U € Ob(CM17(27)) by lemma 1.9.55. We
have TF € Ob(Zg) since T is 2-acyclic and UF € Ob(Zgy) by induction. We conclude that
XF € Ob(Zg) since F is exact. O

1.9.58 Lemma. Suppose given an abelian category /. Suppose given a triangulated category
2 and a non-degenerate t-structure 7 on Z. Suppose given an exact functor F': K(&) - &
such that

(a) XF € Ob(Zgy) for X € Ob(Ac?*()),

(b) XF € Ob(F,) for m € Z, X € Ob(CM™(e7)) and such that

(c) XF € Ob(F,) for m € Z, X € Ob(C™ ().
Then we have X F' € Ob(Zgy) for all X € Ob(Ac()). O
Proof. We want prove the following four statements.

(i) For X € Ob(Ac"(«7)), we have XF € Ob(Zy).

(ii) For m € Z and X € Ob(Ac(«?)) N Ob(C™ (7)), we have XF € Ob(Zs).

(iii) For m € Z and X € Ob(Ac(«7)) N Ob(C™ (7)), we have XF € Oh(Zy).

(iv) For X € Ob(Ac(«)), we have XF € Ob(Zy).

Ad (i). This follows from lemma 1.9.57 applied to the exact functor IHCEI(;S(ZZ)?/) F KM — 2.
Ad (ii). We abbreviate 7 = J . Suppose givenm € Z and X € Ob(Ac(«7))NOb(CM™ (7).

It suffices to show that X FI"*H, € Ob(Z) for k € Z since .7 is non-degenerate.

Suppose given k € Z. By lemma 1.9.55, we may choose a triangle T X U T in
K(«7) such that T,U € Ob(Ac()), T € Ob(C™* 2 (e7)) and U € Ob(C*1(&7)). We have
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TF"MH, € Ob(Z,) by (i) and UF""Hy € Ob(Z ) since UF € Ob(.7}_1) by assumption.
We conclude that X FI"FIH, € Ob(Z ) since F - ¥~% - H, is homological.

Ad (iii). This is dual to (ii).

Ad (iv). Suppose given X € Ob(Ac(«?)). We may choose a triangle T' X U T
in K(&) such that T, U € Ob(Ac(«7)), T € Ob(C™(27)) and U € Ob(CM™*!(&7)) by lemma
1.9.55. We have TF € Ob(Zy) by (iii) and UF € Ob(Zs) by (ii).

We conclude that X F' € Ob(Zy) since F' is exact. O




Chapter 2
Strict Frobenius categories

Some aspects of the general theory of triangulated categories are not satisfactory. Examples
include the non-functoriality of cones, homotopy limits and homotopy colimits. One way to
overcome these problems is to work with enhancements such as Frobenius categories [Hap88],
dg-categories [CS17], As-categories [Kel06], derivators [Grol3] or infinity-categories [Lurll].
We choose to work with Frobenius categories. Triangulated categories that have this kind
of enhancement are called algebraic. When working with diagrams as in chapter 3, it will
be advantageous to have functorial short exact sequences X X XB-Y- XY on the level of
the Frobenius category. To this end, we develop the theory of strict Frobenius categories for
which the functorial Frobenius categories of [Kiin07, definition A.5] are predecessors. Strict
Frobenius categories will provide the language for all of the constructions in the chapters 3
and 4.

Section 2.1 contains the basic definitions and we deduce elementary properties of strict Frobe-
nius categories: They are in fact Frobenius categories (proposition 2.1.27) and the functors B
and ¥ are exact (lemmata 2.1.31, 2.1.30).

We define and study connecting morphisms (’deltas’) in section 2.2. These are used to show
that the stable category of a strict Frobenius category is a strict triangulated category in
lemma 2.2.14.

In section 2.3, we show that every algebraic triangulated category is equivalent to the stable
category of a strict Frobenius category. Since every algebraic triangulated category is equiv-
alent to the stable category of a Frobenius category by definition, it suffices to show that the
stable category of a Frobenius category is equivalent to the stable category of a strict Frobenius
category. The idea behind the construction is due to B.Keller [Kel94, section 4.3] and was
also described in [Kiin07, lemma A.8], [Kra07, proof of theorem 7.5] and [CS17, proposition
3.1]. We briefly discuss that the construction can be extended to functors and transformations
in remark 2.3.10. However, the construction is not needed in our main example: The category
of complexes with entries in an additive category is already a strict Frobenius category. Here

the construction yields a category of double complexes.
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2.1 Definitions and elementary properties

2.1.1 Definition. Suppose given an additive category .o7.

A morphism X —.Y in o is called a pairable monomorphism if there exists Y ——2 in &/
such that (7, p) is a kernel-cokernel-pair.
A morphism Y257 in o is called a pairable epimorphism if there exists X —SY in o

such that (7, p) is a kernel-cokernel-pair. &

2.1.2 Definition. Suppose given an additive category %, an additive functor B: . % — %,
an isomorphism of categories ¥: % — %, transformations ¢: 1z — B, 7: B — X and an

isotransformation «: ¥B — BY such that the following four conditions hold.
(SF1) The pair (X, X) is a kernel-cokernel-pair in .# for X € Ob(.%).
(SF2) Suppose given x—Loving
(a) There exists a pushout

XX~ xB
f f!

y ——

in .# such that i is a pairable monomorphism.

(b) There exists a pullback

w b X
A
yy-ip 2" |y

in .% such that p is a pairable epimorphism.

(SF3) Suppose given X,Y,Z € Ob(#) and YB—f>XE, X—2~7B in .Z. Then there exist
YB—>XB and XB—Y~ZB in .Z such that f'- Xr = f and X.- ¢ = g.

(SF4) We have (X x¢)-a=1*xX and X +7m = —a - (7 x ).

We call such a tuple (Z,B, X, 1,7, a) a strict Frobenius category.
We abbreviate . = (%, B, %, ¢, 7, «) if unambiguous. O
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2.1.3 Remark. Every strict Frobenius category is a Frobenius category when equipped with
a suitable exact structure, cf. proposition 2.1.27 below. Moreover, the stable category of a

strict Frobenius category is a strict triangulated category, cf. lemma 2.2.14 below. &

2.1.4 Example. Suppose given an additive category /. (C(«),Bc o, Lc o, LCyos TC o7, QC,7 )
is a strict Frobenius category, cf. definitions 1.9.7, 1.9.8, 1.9.9, 1.9.10 and lemma 1.9.11.

Suppose given a strict Frobenius category % = (%#,B,X, ¢, m, a) for the remainder of this

section.

2.1.5 Remark. Note that (P, (Z7!B)P (X71)P (57 x7)P (X7 x1)P (Z2x —axX71)°P)

is a strict Frobenius category as well. This allows for reasoning by dualisation. &
2.1.6 Remark. For X € Ob(#), we have (XX)t- Xa = (X)X and —(XX)7m = Xa - (X1)E
by (SF4).

(X)) (X2

Xy X yeg AT v
IL lon l—l
Xy 82 xpn Y0 o

2.1.7 Lemma. Suppose given a pushout in .# as follows.

X XL XB
f/
y .7

-~

Then i is a pairable monomorphism in .%. &

Proof. Since pushouts are unique up to isomorphism, 7 is the composite of a pairable monomor-

phism and an isomorphism, cf. (SF2). ]

2.1.8 Lemma. Suppose given a pullback in .# as follows.

144 d X

f”l ft

yy-lg YEr y
Then p is a pairable epimorphism in .%. &
Proof. This is dual to the previous lemma 2.1.7. O

2.1.9 Lemma. Suppose given a commutative diagram in .% as follows.

X XL xp &£ x»

.

y ‘oz P_oXxy
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Suppose that ¢ is a kernel of p. Then the left rectangle (X, f, f’,4) is a square and (i, p) is a

kernel-cokernel-pair in .%. &

Proof. Consider the following commutative diagram in .%#.

XX~ xB

b

Y ——=7
0

~

| b
The lower rectangle (7,0, p,0) is a pullback since 7 is a kernel of p. The outer rectangle

(X¢,0, f'p,0) is a pullback since X is a kernel of f’-p = Xm. By the pasting lemma 1.1.1.(b),
the upper rectangle (X, f, f’, i) is a pullback as well. Thus (x: —f) is a kernel of (J;/) by

— XY

lemma 1.2.6.(b). By lemma 1.2.10, the following rectangle is a pullback in .Z.

(£)

XBoyY sz
o |
XB—X" . X%

Thus (J;/) is a pairable epimorphism by lemma 2.1.8. So (( Xv —f), (J;' )) is a kernel-cokernel-
pair. We conclude that (X, f, f’,4) is a square, cf. lemma 1.2.6.(c). Now p is a cokernel of ¢

by lemma 1.2.7.(b). Thus (7, p) is a kernel-cokernel-pair. O

2.1.10 Lemma. Suppose given a commutative diagram in .% as follows.

yy-! ¢ W b X

| o

yy-1 Y1, VY-1B YE-lx

Suppose that p is a cokernel of i. Then the right rectangle (p, f”, f, Y37 !7) is a square and

(,p) is a kernel-cokernel-pair. &

Proof. This is dual to the previous lemma 2.1.9. O]
2.1.11 Lemma. Suppose given a pushout in .% as follows.

X X4 XB
fl
Yy -~z

<~

(a) This pushout is a square.



(b) We may choose Z—>XY¥ in .7

cokernel-pair.

(¢) Suppose given Z—>XY in .Z

cokernel-pair. We may choose

such that the rectangle

is a square in .7 .

X

|

f

Y

}

—_

Proof. Ad (b). The morphism X is
a cokernel Z—2=XY of i such that

93
such that f'-p = X= and such that (i, p) is a kernel-

such that - p = X7 and such that (i, p) is a kernel-
Z—">¥YB in .Z such that i - h = Yo, f/-h = fB and

X XB X Xy

N

7 XX

-

YB Y

p

Y. Yr

¢

a cokernel of X¢ by (SF1). By lemma 1.2.7.(b), we get

f'+p = Xm. Since i is a pairable monomorphism by

lemma 2.1.7, the pair (i, p) is a kernel-cokernel-pair.

Ad (a). Using (b), lemma 2.1.9 yields that the pushout (X, f, f’,4) is a square.

Ad (c). We have X¢- fB = f - Y since ¢ is a transformation. By the pushout property, we
get Z—">VB such that i-h =Yeand f/ - h = fB.

X X~ XB

~

](‘/

Yy -~ 7

We have ({/) o fS =) fY =

\LﬁXYB

(fB(')Y”) = ({,]?) Y= ({/) -h - Y. Since (J:) is an

epimorphism by lemma 1.2.6.(a), we have p- f¥ = h- Y.

Consider the following commutative diagram in .%.

p

Z XX
T
Y. YB Y %>
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Since p is a cokernel of i, the right rectangle (p, h, f3,Y7) is a square by lemma 2.1.10. [

2.1.12 Lemma. Suppose given a pullback in .# as follows.

144 u X
fl lf
YE‘IB%Y

(a) This pullback is a square.

(b) We may choose YX '~V in .% such that i - f = YX~! and such that (i,p) is a

kernel-cokernel-pair.

(¢) Suppose given YS!~ =W in .Z such that i - f = YX 1, and such that (i,p) is a
kernel-cokernel-pair. We may choose X SIBL =W in .Z such that h p = XX,
h- f = fX7'B and such that the rectangle

is a square in .%#.

~
™
i
-
-
>
-
—_

—

-
“hy

-
~

yy-1 yy-1, Vy-1B Ys—1ix

~
<

Proof. This is dual to the previous lemma 2.1.11. O]

2.1.13 Definition. A morphism Y—1>7 in .Z is called a pure monomorphism in % if there

exists a pushout in .# as follows.

X XL XB
f/

~

y o

A morphism W—2+X in .Z is called a pure epimorphism in .Z if there exists a pullback in
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Z as follows.

W ! X
7| |+
yy-ig Y2ty o

2.1.14 Remark. Suppose given X € Ob(.%#). The morphism X is a pure monomorphism

and the morphism X is a pure epimorphism in .%. &
Proof. The following diagram is a pushout in .%#.

X XL XB

X X4 XB
Thus X is a pure monomorphism in .%.

The following diagram is a pullback in .%.

XB-2X" x%
1 1

XB-2X". xy

Thus X7 is a pure epimorphism in .%. O

2.1.15 Lemma.

(a) Pure monomorphisms are closed under isomorphisms.

More precisely, given a pure monomorphism ¥ —-=7 in .%# and a commutative diagram

itz

Y
|
W —=Q
in .# with g, h isomorphisms, then j is a pure monomorphism as well.
(b) Pure epimorphisms are closed under isomorphisms.
(c¢) Every pure monomorphism has a cokernel that is a pure epimorphism.

(d) Every pure epimorphism has a kernel that is a pure monomorphism.

(e) Suppose given a kernel-cokernel-pair (7, p) in .%. If i is a pure monomorphism, then p is

a pure epimorphism. If p is a pure epimorphism, then 7 is a pure monomorphism.
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Proof. Ad (a). Since i is a pure monomorphism, there is a pushout

X —

1T

Y—>

in .#. By the pasting lemma 1.1.1.(a), the diagram

X X4 XB

o e

W——Y

is a pushout as well. Thus j is a pure monomorphism.
Ad (b). This is dual to (a).

(c). This follows from lemma 2.1.11.(b,c).

d (d). This is dual to (c).

(e). If i is a pure monomorphism, then it has a cokernel that is a pure epimorphism by
(c). By (a), p is also a pure epimorphism.
If p is a pure epimorphism, then it has a kernel that is a pure monomorphism by (d). By (b),

1 is also a pure monomorphism. O

2.1.16 Definition. A kernel-cokernel-pair (i,p) in .% is called a pure short exact sequence in
& if i is a pure monomorphism and if p is a pure epimorphism, cf. definition 2.1.13. Let &%
denote the full subcategory of KCP(.%#) defined by

Ob(&%) = {(i,p) € Ob(KCP(.#)): (i,p) is a pure short exact sequence in .# }.

¢
2.1.17 Remark. Suppose given X € Ob(.%#). The kernel-cokernel-pair (X¢, X7) is a pure
short exact sequence in % . &
Proof. This follows from remark 2.1.14 and lemma 2.1.15.(e). O
2.1.18 Remark. &% is a strictly full subcategory of KCP(.%). &
Proof. This follows from lemma 2.1.15.(a,e). O

2.1.19 Lemma. Suppose given X € Ob(#). The identity morphism 1x is a pure monomor-
phism in .%. &

Proof. The following rectangle is a pushout since B is additive.

Ozt
y—g>OyB

o

[e=]

0

XX x
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Thus 1y is a pure monomorphism in .%#. m

2.1.20 Lemma. Suppose given X € Ob(.%#). The identity morphism 1y is a pure epimor-
phism in .%. %

Proof. This is dual to the previous lemma 2.1.19. O

2.1.21 Lemma. Suppose given a morphism Y —2+W and pure monomorphism Y—~Z in

% . There exists a pushout in .% as follows such that j is a pure monomorphism in .%#.

y o

Z
e
Q

WL~

s}

Moreover, this pushout is a square. &

Proof. Since i is a pure monomorphism, we may choose a pushout in .% as follows.

X XL XB
f/

~

Yy — -
By (SF2), we may choose a pushout in .# as follows such that j is a pure monomorphism.

X X4 XB
o)
Q

~

w1~

We have Xt-u = f-g-j. By the pushout property, we get Z—2+Q in .Z such that i-g=g-j
and f'- ¢ = u.
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Consider the following commutative diagram in .7 .

The lower rectangle (i,g,¢’,7) is a pushout by the pasting lemma 1.1.1.(a). Since j is a pure

monomorphism, we may choose Q—q>R in .# such that (j,q) is a kernel-cokernel-pair.

Consider the following commutative diagram in .%.

N

Yy —L

»

W -1~
0

The lower rectangle (7,0,¢,0) is a pullback since (j,q) is a kernel-cokernel-pair. By lemma

s}
Q @ Q

=y

—_

1.2.7.(a), ¢’ - q is a cokernel of i. So (i,¢' - ¢) is a kernel-cokernel-pair since i is a pure
monomorphism. Thus the outer rectangle (7,0,¢ - ¢,0) is a pullback. By the pasting lemma
1.1.1.(b), the upper rectangle (i, g, ¢, j) is a pullback as well. ]

2.1.22 Lemma. Suppose given a morphism W—2+Z and pure epimorphism Y —2+7 in .Z.

There exists a pullback in .% as follows such that ¢ is a pure epimorphism in .%.

P—-W

g 9

y Lt-7
Moreover, this pullback is a square. &
Proof. This is dual to the previous lemma 2.1.21. O]

2.1.23 Lemma. Suppose given W € Ob(.%), a morphism Y —2>WB and pure monomor-
phism Y —-+Z in .%. There exists Z——=WB in .Z such that i - ¢’ = g.
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Proof. Since i is a pure monomorphism, we may choose a pushout in .# as follows.

X X~ XB

1)
Yy -~ 7

We get XB——=WB in .% such that X¢-u= f-g by (SF3).

XX XB

| A

WB

By the pushout property, we get Z—2>WB such that i - ¢’ = g and f'- ¢’ = u.

[]

2.1.24 Lemma. Suppose given W € Ob(.%), a morphism WB—.>Z and pure epimorphism
Y—"+7 in Z. There exists WB-2~Y in .Z such that J-p=g.

WB
.
g
Proof. This is dual to the previous lemma 2.1.23. [

2.1.25 Lemma. The composite of two pure monomorphisms is a pure monomorphism.
More precisely, suppose given pure monomorphisms Y—+Z and Z—2+=W in .Z. Then the

composite i - j is a pure monomorphism in .# as well. &
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Proof. Since i is a pure monomorphism, we may choose a pushout in .# as follows.

X X~ XB
fl

<~

y .
By lemma 2.1.11.(b,c), we may choose a pullback

77— X%

e

YB YT vy

in .% such that (i,p) a kernel-cokernel-pair and such that i - h = Y.
By lemma 2.1.23, we may choose W—"=YB in .# such that j - ¢ = h.

By lemma 2.1.21, we may choose a square in .# as follows.

7w

I

X220

By lemma 1.2.9.(a), (i - j,w) is a kernel-cokernel-pair in .%. We have
jrc-Ym=h-Ynm =p- fX. By the pushout property, we get Q—k>YE in .%# such that
s-k=fYandw-k=c-Ym.

Ik

y YL yB Y vy

Moreover, w is a cokernel of i - j. Thus the right rectangle (w,c,k,Y ) is a pullback by
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lemma 2.1.10. We conclude that w is a pure epimorphism and, consequently, ¢ - 7 is a pure

monomorphism in .% by lemma 2.1.15.(e). O

2.1.26 Lemma. The composite of two pure epimorphisms is a pure epimorphism.
More precisely, suppose given pure epimorphisms Y257 and Z—2-W in .#. Then the

composite p - ¢ is a pure epimorphism in .% as well. &
Proof. This is dual to the previous lemma 2.1.25. ]

2.1.27 Proposition. The pair (.#, &%) is a Frobenius category, cf. definitions 1.3.2, 1.3.26,
2.1.2 and 2.1.16. ¢

Proof. The pair (#,&%) is an exact category by remark 2.1.18 and lemmata 2.1.19, 2.1.20,

2.1.25, 2.1.26, 2.1.21, 2.1.22.
(X2 YHrm

For X € Ob(.%), we have the pure epimorphism X>~'B
phism X5 XB with XY!'B, XB bijective in .# by remark 2.1.14 and lemmata 2.1.23,
2.1.24. O

X and the pure monomor-

2.1.28 Remark. Since .# is a Frobenius category by proposition 2.1.27, we have the ideal
J# € Mor (%), the stable category # = .% /B» and the residue class functor P: ¥ — Z.
For f € Mor(.#), we usually abbreviate i = fPs . Cf. definition 1.3.27 and lemma 1.3.28. <

2.1.29 Lemma. Suppose given an additive category &/ and an additive functor F': . % — &
such that XBF € Ob(Z.) for X € Ob(.# ) Then we have fF' =0 for f € Jz . Consequently,
there exists a unique additive functor F': . — & such that Pz -F = F, cf. lemma 1.2.15. <

Proof. Suppose given X—LoV in Z such that f €37 . By lemma 1.3.28, we may choose
XB—.>Y in.Z such that f = Xi-g. We have fF = X1F-gF = 0since XBF € Ob(Z). O

2.1.30 Lemma/Definition. The functor ¥: .% — .Z is exact.

For X € Ob(%), we have XBYB 7, XBE B € Ob(Zs).

Let ¥: .% — % denote the unique additive functor such that Pz - X = X - P4 , cf. lemma
2.1.29. Note that X is an isomorphism of categories, cf. lemma 1.6.12.

For X € Ob(.%), we often write X = X% = X3F for k € Z. For f € Mor(.%), we often
write f¥l = f¥* and i[k] :ﬂ:igk for k € Z. &

Proof. Suppose given a pure short exact sequence Y —s>Z—4=WW in .%. Then (1%, pX) is a
kernel-cokernel-pair in .% since Y is an isomorphism of categories. We may choose a pushout

in .# as follows since ¢ is a pure monomorphism in .%.

X XL XB
f/
Yy ‘.7

-~
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We have the the following commutative diagram in .%.

xn Xy

1L lXa
xy X2 xpy

s e

YE s 2Z%
By the pasting lemma 1.1.1.(a), the outer rectangle

vy X2 ep

fEL lXoof’E
yy 2=, 7%

is a pushout. Thus i3 is a pure monomorphism and, consequently, (i3, pX) is a pure short
exact sequence in % .

Suppose given X € Ob(F).

We have the isomorphisms XYB-—X% XBY and XBY 1 X2 XL X318 in 2,

Thus XBYB 7, XBE "B € Ob(Z2). O
2.1.31 Lemma. The functor B: .¥ — % is exact. &
Proof. This follows from lemmata 2.1.30 and 1.3.17. O]

2.1.32 Lemma/Definition. Suppose given a full subcategory ¢4 C .#. We say that ¢ is a
strict Frobenius subcategory of .F if it extension-closed in .# and if X! X[=1 € Ob(¥) for
X € Ob(9). In this case, (¢,B|7, %[5, 15, 7|5, a|F) is a strict Frobenius category as well and
¢ C Z is a full additive subcategory, cf. definition 1.3.23 and remark 1.2.14. &

Proof. Note that ¢ is a strictly full additive subcategory of ¢, B|Z is an additive functor, |3
is an isomorphism of categories and oz|§§ is an isotransformation, cf. lemmata 1.3.25, 1.6.10
and remark 1.2.5.(b).

Ad (SF1),(SF3). This follows directly from (SF1),(SF3) in .Z.
Ad (SF2). This follows from (RE3) and (RE4) of definition 1.3.21, cf. lemma 1.3.25.
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Ad (SF4). We have (3|7 x|F) - alg = ¢| x Z|7 since

g *tlg) - alg) * ez Linez)

Incg Inc

(B1g > elg) - alg) * Incg

(
(

Z|fﬂ‘kL|"*11nc ) (Oé|‘”*]'lnc )

Inc Inc

Inc Inc‘@) * ((Z * L) ’ a)

(

(

(Inez * X t) - (Ipeg * @)
=(

107 * (L% X)

11nc9“ * LK D

=)« [0+ 1

Inc

= (L’% * E\jg) * Incg )

We have S| x 7| = —alf - (7] « £|%) since

7 = (=alg - (7l *2[2)) * (isez  Linez)

Incg Inc

(—alg - (7|3 * [7)) * Inc

(=

((—afg * ez ) - (7[5 % 2IG * 11negz)
((Iineg * =) - (I * ™ * 3)

=1

Incg Inc
meg * (—a - (mx X))
= ez * 2Kk
= (Z[Z x 7|F) « Inc] . O

2.1.33 Example. Suppose given an additive category <.
The full subcategory C"(.e7) C C(?) is a strict Frobenius subcategory of C(), cf. example
2.1.4 and definition 1.9.15. Note that we have C"(«) = K"(&/) C K(). &

2.1.34 Lemma. Suppose given a strictly full subcategory & C KCP(.%) such that (%, &) is
an exact category. Suppose that (X¢, X7) € Ob(&’) and that XB is projective in (#, &)
X € Ob(.#). Then we have & = &% . &

for

Proof. Suppose given (Y—i>Z—p>W) € Ob(&%) . We may choose a pushout in .# as
follows, cf. definition 2.1.13.

X XL XB

o
Y —>7
We conclude that (i, p) € Ob(&) since (X¢, X7) € Ob(&).
Conversely, suppose given (Y—i>Z—p>W) € Ob(&) . Since WITUB is projective in (F, &),
we may choose WI"UB—.~Z7 in .Z such that g - p = Wz, Note that we have
Wiy g.p =W, . W7 = 0. Since i is a kernel of p, we may choose Wl Loy in g
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such that f-i =W, . g.

By [Biih10, proposition 2.12], the left rectangle (W=, £, g,4) is a pushout. We conclude that
(i,p) € Ob(&3) . O

2.1.35 Lemma. Suppose given pure short exact sequences X eyt z ,

X'—a>Y'~ 5~ 7" and the following commutative diagram in .%.

X—+-vy- Yoz
f jg lh
P’ ,

4
X’ —Zo—> Y/ e —

Suppose given XB—L~X"1"1B and ZB—"~Z"UB in Z such that f=Xu-f-X"Ur and
h=Zi-h-Z""x. Suppose that z(Z, X') = 0. Then there exists Y B—=Y""1B in .% such
that =Yg - Y r, f-¢FUB=4B-gand §-p"'B=pB-h.

X : Y ; Z
X9 Y. A
XB D YB rp 7B
7 3 2
Do) PRI B/ 51 S AL Eo)
X/t $y -1, {01,
b¢ : Y’ 5 Z o

Proof. We may choose YB——=XB such that iB-s = 1 and Z'"IB—=Y'"1B such that
v-p"UB =1 by lemma 1.3.11.

Leta=Ye-s-f-¢FUB- VU Y 5 Y andb=Ye-pB-h-v- Y5 vV 5 V.

We have

i-(g—a—b=f-i'=X,-iB-s-f-/TIB. Y Ur—i.p. Ze-hov YU
=fd =X, f- Xz i =0

So there exists a unique morphism Z—2>=Y" in .% such that p-¢=¢ —a — b.
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We have ¢ - p’ = 0 since

pqp=g-p—a-p—->b-p
:p'h—YL‘S'f‘Xl[il}T("'l’/'p/—YL‘pB‘il"U'p/[il]B'Z,[il}ﬂ'
—p-h—p-Zu-h-Z"7r =0

and since p is a pure epimorphism (In particular, p is an epimorphism, cf. definition 1.3.2.).
So there exists a unique morphism Z——=X' in .# such that ¢ = r-¢'. Since #(Z,X') =0,
we may choose ZB—% X'-1B in .% such that r = Z¢ - d - X'V,

Let j=s-f-¢FUB+pB-h-v+pB-d-/1B.
We have iB-g= f-i"UB, g- p"'B = pB - h and

Vi-g-YUr=a+b4+Ye-pB-d-i"VB.Y'Hr
—a+b+p-Zu-d- XTlr.
=a+b+p-r-i'=a+b+p-q
=a+b+g—a—b=yg. O

2.1.36 Corollary. Suppose given pure short exact sequences X eyt z ,

X'—a>Y'— 5+ 7" and the following commutative diagram in .%.

X 4+-vy- Y.z

ol b

X Ay B

Suppose given XB—>X/ and ZB—>Z’ in .% such that f = X¢- f and h = Zu-h. Suppose
that #(Z, X’) = 0. Then there exists YB—2~Y" in . such that g=Yui g, f-i =iB-§and
g-p =pB- h.

<
~

4]
N

XB U3 YB : 7B
il E li
Xy — 5 o

Proof. We may choose XB—~X"B and ZB—"~Z"B in .Z such that f=f X
and h = h- Z-1n. By the previous lemma 2.1.35, we may choose YB—2-Y"-UB in . such
that g=Y.-g- Y r, f-¢FUB=4B-jand §-p"'B=pB-h.
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Let g =g - y/I=-Ur. We have Y - G=Y.-§- v/l — g,

= f X = fPUB YU =B g Y Ur =iB-§  and
g .p/ — g . Yl[fl}ﬂ- .p/ — g .pl[fl}B . Z/[fl}ﬂ- :pB . ;l . Z’[fl]ﬂ- :pB . iL D

h»
~

2.1.37 Lemma. Suppose given a pure short exact sequence X V%7 and a pure

monomorphism V—e=Z in .%. Then we may choose a pullback

U—2.v

y %-7

<

and a morphism X —==U in .% such that (¢,q) is a pure short exact sequence, ¢ -k = i and

such that k is a pure monomorphism in .%. Moreover, the pullback is a square.

Suppose given a cokernel Z—+=C' of j in .#. Then (k,p-r) is a pure short exact sequence in
F. &

Proof. We may choose a pullback as follows since p is a pure epimorphism.

U—2.v

y Y-z

<

Moreover, this pullback is a square and ¢ is a pure epimorphism since p is a pure epimorphism.
By lemma 1.2.8.(b), we may choose X——=U in .% such that ¢ -k = i and such that ¢ is a
kernel of g. Thus (¢, q) is a pure short exact sequence.

Suppose given a cokernel Z—+=C' of j. So r is a pure epimorphism and, consequently, p-r is
a pure epimorphism as well. By lemma 1.2.9.(b), (k,p - r) is a pure short exact sequence. In

particular, k is a pure monomorphism in .. O]

2.1.38 Lemma. Suppose given a pure short exact sequence X —4-y-P~7 and pure epi-

morphism X —=U in .%. Then we may choose a pushout

X —=Y

Q

k
U=V
and a morphism V——W in .# such that (j,7) is a pure short exact sequence, k - r = p and

such that k is a pure epimorphism in .%. Moreover, the pushout is a square.

Suppose given a kernel T—%=X of g in Z#. Then (h-i,k) is a pure short exact sequence in
F. &
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Proof. This is dual to the previous lemma 2.1.37. [

2.1.39 Lemma. Suppose given a pure short exact sequence X —yY-HXoZ in 2. If two
out of the three objects X,Y, Z are bijective in .%, then the remaining third one is bijective

in % as well. &

Proof. This follows from lemma 1.3.12 and remark 1.3.29. O

2.1.40 Lemma. Suppose given a set [ and X; € Ob(.%) for £ € I. Suppose given a
COpI‘OdUCt (C, (Ck)ke[) for (Xk)ke[ in ﬁ. and a COpI‘OdUCt (D, (dk)ke]) for (XkB)ke[ in y
Then (C, (cx)rer) is a coproduct for (Xj)rer in Z. &

Proof. Since (C, (¢x)res) is a coproduct for (Xj)res in .%, we may choose C—-—=D in .Z such
that ¢ - i = Xyt - dy, for k € 1.

Suppose given morphisms XkLT in & for k € I. Since (C, (cx)ker) is a coproduct for
(Xk)ker in #, we may choose C—LoT in Z such that ¢ f=frinF fork e I. In
particular, we have ¢y - f = ¢, - f = fp in & for k € I. Suppose given C—2>T in .Z such
that ¢ -g = fuforke€l. Socp-(f—g9)=c - f—c 9= fr— fr =0in F. Thus we may
choose X;B—~T in .Z such that Xy -7, = ¢ - (f — g) for k € I. Since (D, (dp)ier) is a
coproduct for (X;B)ker in %, we may may choose D——T in % such that dj - r = ry for
kel Wehave f—g=i-rsincecg-i-r=Xpt-dp-7=Xpt-rp=cp-(f—g) for ke I. We
conclude that f =g in .#, cf. remark 1.3.7. m

2.1.41 Lemma. Suppose given a set [ and X; € Ob(.%) for £ € I. Suppose given a
product (P, (pg)ker) for (Xg)rer in % and a product (Q, (qx)ker) for (X,L_I]B)kg in .#. Then
(P, (pr)rer) is a product for (Xi)rer in Z. &

Proof. This is dual to the previous lemma 2.1.41. O]

2.2 Triangulated structure

Suppose given a strict Frobenius category # = (#,B, %, m, a).

2.2.1 Definition. For each pure short exact sequence X —4>Y-25>7 in .Z, we choose mor-
7(i,p)

g P .
phisms Y —2XB and Z—2 X1 in .Z as follows.

. e . L V(i.p)
Since XB is injective and 7 is a pure monomorphism in .#, we may choose Y —=>XB such

that -7 = X¢. We have 1-v(;,) - Xm = X¢v- X7 = 0. Since p is a cokernel of ¢, there exists

e
a unique morphism 72 X0 in F such that P 0(ip) = Viip) - XT.
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Note that the right rectangle is a square by lemma 2.1.10. Also note that p-d(,) = 0 in

F.

&

2.2.2 Remark. Suppose given a pure short exact sequence X —4-Y-%+7 in Z and the

following commutative diagram.

Then we have d = ;) in Z.

&

Proof. Lemma 1.3.10 yields a morphism Z—=XB in .# such that d = () + u- X7. So

C_i = 5(i,p) in if

2.2.3 Lemma. Suppose given X € Ob(.#). We have §(x, xr) = 1y in Z.

Proof. We have the following commutative diagram in ..

X %L xB-&m x

T

X %L xp-&m x

So the result follows from remark 2.2.2.

]

o

O

2.2.4 Lemma. Suppose given pure short exact sequences X —y-tez X A Ny

and the following commutative diagram in .%.

7

X—+-vy- Yoz

> Y
L)
b 'd i/ Yy’ 4 /

~

Then we have h - 8¢ ) = d(ip) - fWin &z

S(ip)

X +-vy Y.z X0
N
b'd il / p=’ 7! 6(i/’p,)X/[1]

Proof. We want to show that the following diagrams are commutative.

X4ty " .z X4

fl l9'7(z‘/,p’) lh'é(i/,p’) ft

X N x'B—XT . x X' XL X'B

Z

l‘s(im) S

X1l
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We have i-g-yupy=f 7 Yoy =f - Xrvand p-h-dppy=g-0 0@y =9 Varp)  X'm
We have i -7 - fB = X¢- fB = f-X'vand p- 6 p = Viip) - X7 il = Yip) - fB- X'm.
Now lemma 1.3.10 yields a morphism Z—>X'B such that h - 0,y = i p) - U 4w X'
Thus h - §¢r )y = O(ip) - fWin 7. O

2.2.5 Lemma. Suppose given a pure short exact sequence X —4-Y-—¥+7 in Z. Then we

have 8 iy = — 01, in Z. %

Proof. We want to show that the following diagram is commutative.

;1]

X v 2t o

[1] -1 1]
11 L%,m'xa L O

x X0 g XUr | yep)

We have 4! -')/E}m cXat = (i )M Xat = (X)W Xa=t = Xy, of. remark 2.1.6.

We have —pl!. (55}@ — —(p-bip)Y = —(yipy - Xm)U = 75}})) (=Xl = ,y([l%}p) CXa-txWg

By remark 2.2.2, we have d(;n) ) = —5([21.]@ in .%. O

2.2.6 Lemma. Suppose given pure short exact sequences X —4-Y-F~7 and

Xy Bz in 2 Z. Suppose given morphisms Z—"=2" and X X" in .Z such that
h -6y = Op) - W in Z. Then there exists Y—"=Y" in .% such that f -7 = i-g and
g-p=p-h

X ey Pz %

T

6i/p/
X! ey A g 2 x &

Proof. We may choose Z—*=X'B in .Z such that h - 8y — 6ip) - fU = a - X'm since we
have h - 8y = 6ip) - fin

We use the fact that the following rectangle is a pullback, cf. definition 2.2.1.

p/
Y —— 7'
V') j lé(i’,p’)

X'B A% x'
We have
(p a_l"}/zp fB) ‘T =D h - 5(i/,p’) _p'é(i,p) fm +’7(i,p) - X fm

=p-h- 8y — D Sy Mgy Sip) * il
=p-h- o
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So we may choose Y —2=Y” in .% such that g-p' =p-h and g - Vi) =P a+Yip) - [B.

We have f -4 =i g since
;! P — (.0 Y _ (.0 N_(. O _ i-p-h e
fi (mam) = (rx) = (xir8) = (ivepsm) = (z’~(p~a+m,p>~fB)> =9 ('m-/,pq)

and since ( ) is a monomorphism. O]

p
RICED
2.2.7 Lemma. Suppose given Z — 4, XU in .Z. Then there exists a pure short exact sequence

X—4~Y-—¥-7 in .Z such that dip) = d. &

Proof. Choose a pullback in .% as follows.

y 2 .7
cj ld
XB Xm x 0

Note that p is a pure epimorphism. By lemma 1.2.8.(b), we may choose X —'>Y in .Z such
that i - ¢ = X and such that 7 is a kernel of p. Thus (7, p) is a pure short exact sequence and

the following diagram is commutative.

X4yt o7z
1l Cl ld
X 2% xB A% x
So d(;,p) = d by remark 2.2.2. O
f

2.2.8 Definition. A candidate triangle X Y7L XW in Z with respect to X is
called a pseudo-triangle in % if (i,p) is a pure short exact sequence in .% and if there exists

XB—2+Z in .Z such that the following diagram is commutative in .Z.
X % XB AT X[”

Ik

Y Z

Note that in this case the left rectangle is a square, cf. lemma 2.1.9.

i

¥ X“

On the level of exact categories, these pseudo-triangles do not have the properties that triangles
in triangulated categories have. For example, rotation of a pseudo-triangle may not yield a
pseudo-triangle. Moreover, the term will also be used in similar contexts such as in definition
3.4.17. There the underlying exact category is not necessarily a Frobenius category, so the
pseudo-triangles do not give rise to triangles in a stable category. &
2.2.9 Lemma. Suppose given a pure short exact sequence X —4>Y-%+7 in Z#. Then

51l
A o) X—4-Y %57 is a pseudo-triangle in .Z. O
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Proof. We have the following commutative diagram in .%.

X iyt .z
1L V(i,p) L‘S(i,p)
X A4 xB &% xl

Lemma 2.1.12.(c) yields ZI"UB—=Y in .Z such that the following diagram is commutative
in 7.

A AN | - S A, S

i) |s |
X : Y ¥ Z O
2.2.10 Lemma. Suppose given a pseudo-triangle X ly_—i.7- 2. X0 in Z. We have
Sip) = W and 6, ) = f . &

Proof. We may choose XB—'~Z7 in .% such that X¢-g = f -4, g- p= X and such that

X X XB
f g

Y —¢ >

is a square in .Z, cf. definition 2.2.8. By lemma 2.1.11.(c), we may choose Z-"-VBin
such that g - h = fB, i-h =Y and such that h- Y7 =p- flll.

Y —+ 7 4= X1

[

y XL yB 4yl

So the result follows from remark 2.2.2. ]

2.2.11 Lemma. Suppose given X TV in Z. Then there exists a pseudo-triangle
Xty oz Poxtliy 7 o

Proof. Choose a pushout in .%# as follows.

X %% XB
f g

Y —+ >

By lemma 2.1.11.(b), we may choose Z—2=XI in .% such that ¢ - p = X7 and such that

f

(7,p) is a pure short exact sequence. Thus X Y472 xW g a pseudo-triangle in

F. O
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2.2.12 Lemma.
f

(a) Suppose given a pseudo-triangle X Y—4>7Z—%-XW in Z. Then there exists a
pure short exact sequence X —4>Y’—%+7 in .Z such that the candidate triangles
f i ' G0
Xfoytoz B xm and X Ly 2tz == X1 are isomorphic in

CTg(Z). Note that we have f = 55;% by lemma 2.2.7.

(b) Suppose given a pure short exact sequence X 4.v-%-7 in Z. Then there exists a

pseudo-triangle X Ty 4.7 2. X0l in # such that the candidate triangles

f i , P 1] J q G0 1] . ..
X Y Z XM and X Y Z X are isomorphic in

CTg(Z). Again, note that we have f = 65;; by lemma 2.2.7.

¢

Proof. Ad (a). We may choose XB—2+Z such that Xt-¢g= f -4, g-p = Xn and such that

X % XB
g

Y -7

~

is a square in %, cf. definition 2.2.8.

-9
We have the pure short exact sequence X %X B® Y—(?)—>Z in #, cf. [Biih10,

proposition 2.12]. Let Y/ = XB& Y, j = (X:f) and ¢ = (_ig). We have —d(q) = p in Z

since the following diagram is commutative in %, cf. remark 2.2.2.

(%)

X xBay il gz

| ) : |-+

The result now follows from the following commutative diagram in .# whose columns are

isomorphisms in .%.

-9
X f 7 —90,q
x =L xBay &) pp——— gl
| ) | I
X ! Y : z—L - xl
("G 1) (_gf;rq) )
Ad (b). We have the pure short exact sequence Y ——s—=XB @ Z—— =X in .Z, cf.

definition 2.2.1 and [Biih10, proposition 2.12].

(7(7}2) 7) <_§Z’Tq))

Moreover, X Ty XBp Z XM is a pseudo-triangle in .% since the fol-
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lowing diagram is commutative in % .

X X XB X X

i l(lo) (5 ) jl

Yy (YG.a) 1) XBe Z —0(j,q) X

0"

The result now follows from the following commutative diagram in .# whose columns are

isomorphisms in .%.

1l l1 l 01) Xn Ll
j (7G.a) 1) (*%',q)) |
X Y ———— XBop 7 — X[l O

2.2.13 Lemma. Suppose given pure short exact sequences X —y-tco , y—4-7-%-D
and X—4~7Z 1-Fin 7. By lemma 1.3.13, There exists a unique morphism C—t~Fin7Z
such that j-r = p-k and a unique morphism E—>=D in .# such that r - s = q. Moreover,
C—r~FE—2+D is a pure short exact sequence in .%.

We also have k - d¢i.jr) = 0aip) » Oijr) - Sl =g d(j,q) and O(jq) - P A = = O(k,s) in Z.

x ]
C
7 1
v 2
SN
X——2Z d B0 X
S A
5 P 5 at
(k9) N@
pl1]
o) v &
Proof. We have the following commutative diagrams in .#
X 4=y -t Xz . F Y 4-7-%-D
1 l] jk zl 1 Ls Pl jr 1
X 9.7 1. F y 4-7-%-D C-5.-F_—$-D
The result now follows from lemma 2.2.4. O]

2.2.14 Lemma/Definition. Suppose given 7' € Ob(CTg(%)). We say that T is a triangle
Ty 4oz 2 XU in & such that T is isomorphic

in .7 if there exists a pseudo-triangle X
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g

f
to X—=>Y 1oz L X0 in CTx(Z). We define the full subcategory ¥ of CTyx(F) by
setting

Ob(Tz) ={T € Ob(CTg(ZF)): T is a triangle in .Z}.

The tuple (#, X, T#) is in fact a strict triangulated category. &

Proof. Ad (TR1). This follows from lemmata 2.2.9, 2.2.3 and 2.2.11.

Ad (TR2). This follows from lemmata 2.2.12 and 2.2.9.

Ad (TR3). This follows from lemmata 2.2.6, 2.2.10

Ad (TR4). This follows from lemmata 2.2.12 and 2.2.13. O

2.3 Algebraic triangulated categories

Suppose given a Frobenius category .#. Let 4 denote the strictly full additive subcategory
of . whose objects are bijective in .%. We will define a strict Frobenius catgory #*¢ and an
exact functor I: %% — % that induces an equivalence [: %> — .%. We briefly discuss that

the construction can be extended to functors and transformations in remark 2.3.10.
2.3.1 Definition. We define the full subcategory % of C(#) by setting
Ob(#*) = {X € Ob(C(A)): XC(Inc,) is acyclic in C(.F)},
cf. definitions 1.9.3 and 1.9.21. O

2.3.2 Lemma. #* is a strict Frobenius subcategory of C(4), cf. definition 2.1.32. In par-

ticular, it is a strict Frobenius category itself. &

Proof. Note that we have Zc(z C % and that XU, X7 € Ob(%) for X € Ob(%*).
Suppose given a pure short exact sequence X —4y-H¥-Zin C(Z) such that

X,Z € Ob(#*°). Then Y is a mapping cone (see [Biih10, definition 9.2]) of 5&3 by lemmata
2.2.9 and 1.9.17. So Y € Ob(#*°) by [Nee90, lemma 1.1] [Bith10, lemma 10.3]. O

2.3.3 Lemma. Suppose given XLy in #*. We have J =0 in £ if and only if there

exist morphisms inﬂ/k“ in .# such that hy - ygi1 + 2 - A1 = fi for k € Z. &
Proof. This follows from lemma 1.9.13. O

2.3.4 Definition. Suppose given X € Ob(#*°). For k € Z, we choose pure short exact
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e x4
sequences X777 —e>X;—= X7 in Z such that x - T,.

1= T -
Th41 Tp
X1 X Xk-1
Xk+1 XE

Suppose given X v in @< For k €Z, let XEi’YE denote the unique morphism in .%#
such that xg - fr = fi - yz . Note that we also have f;-y, -, =z, -, - fr_1 for k € Z. &

2.3.5 Lemma/Definition. We define the functor I: #* — % by setting XI = Xj for
X € Ob(#*) and fI = fyfor f € Mor(#*°). This in fact defines an exact functor. The letter

I stands for image and in fact the object X1 = Xj belongs to the image XO—:EF—>X5—I;1>X,1
of zg for X € Ob(%*). O

Proof. Suppose given X%Y—g>2 in #*. We have 1xI = 1x; since x5 1x; = 1x, - 25 -
We have (f - g)I = fI-gl since xg- fI-gl = fo-yg-9I = fo-go-25=1(f"9)o- 25 - We have
(f+h)I = fI+hl since x5 (fI+hl) = ag fI+a5hl = fo-yothoys = (fotho)ys = (f+h)oys -
Suppose that (f,g) is a pure short exact sequence. Then Y is a mapping cone (see [Biith10,

definition 9.2]) of 55;]) by lemmata 2.2.9 and 1.9.17. So (fI,gl) = (f5, g5) is pure short exact
in .%# by [Biih10, remark 10.4]. O

2.3.6 Lemma.

(a) The functor I: %* — .F is dense.
(b) The functor I: #* — Z is full.

(c) Suppose given a bijective object X € Ob(%%¢). The object XI € Ob(.%) is bijective as

well.
¢
Proof. Ad (a). Suppose given Iy € Ob(.%).
For k € Z<, , we may recursively choose pure short exact sequences I Il Xp_1 Pt I 4
such that X, _; is bijective in .%.
For k € Z>, , we may recursively choose pure short exact sequences I "o X1 i I

such that X,_; is bijective in .%.

We obtain X € Ob(%*) by setting zy = py, - i1 for k € Z.

By [Biih10, lemma 8.4], the objects Iy and X I = Xj are isomorphic in .Z.

Ad (b). Suppose given X,Y € Ob(%*) and XaLYa in #.

For k € Z.y , we want to recursively construct XkLYk and XELYE in .% such that

xl’g.gk:fk—&—l'yiﬂandxg-fk:gk.yg.
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Suppose given k € Z . Suppose we have already constructed g, , f for £ € [k+1,—1]. Since
Y}, is injective in .%, we may choose X,—2>Y}, in .Z such that T gk = fre1-yp - We have
Tp gk Yy = fes1 Yy -y = 0. So we may choose XELYE in .# such that ;- fi = g - vz -

For k € Z~¢ , we want to recursively construct Xj—==Y} and Xzr7 T ﬂﬂ/ —7 in .% such that

gk'yE:xE'fk and fk+1'y;;:$;;’9k .

Suppose given k € Z~( . Suppose we have already constructed g, , fr41 for £ € [0,k —1]. Since
X, is projective in ., we may choose Xy—2>Y}, in .% such that gy - Yr = 23 - fr . We have
Tpgr Yy = T2 fr = 0. So we may choose X7 Mﬂ/ +7 in % such that fi 1-y; = 7795 -
We obtain a morphism X —25Y in %™ since we have

Gk Yk =Gk " Y5 Yoy = V5 Jr Yty = T Tpoy - Goo1 = T - g1 for k € Z.

Moreover, we have gI = fy since x5 - fo = go - Y5 - We conclude that I is full.

Ad (c). We have 1x = 0 in #*. So we may choose Xk&XkH in .# such that

hi - Yri1 + k- hpy_qy = 1 for k € Z by lemma 2.3.3.

Consider the morphism ¢t = +, - h_1: X5 = Xy in #. We have t - 25 = 1 since
t-ag-xy=x+-hy-zo=x - (l—2_1-hg)=z_

and since x -, is a pure monomorphism. So Xj is a summand of X; , cf. lemma 1.2.11.(b).

We conclude that X I = Xj is bijective in .%. ]

h
2.3.7 Lemma. Suppose given XLy in @ Suppose given X_;—=Y; in .% such that
To-h_1 Y = fo-yo . Then we have f =0 in . &

Proof. For k € Z>, , we want to recursively construct Xkﬂﬂfkﬂ in .% such that

P - Y1 + xp - h—1 = [

We have (fo—xo-h_1)-yo = 0. So we may choose X0—>Y in .% such that go-yy = fo—zo-h_1 .

Since X is projective in .%, we may choose X0—>Y1 in .% such that hg - y; = go . We have

ho-y1+xo-h1=ho-yr yYs+xo-h1=g0 Y+ xo-h1=fo.

Suppose given k € Z-q . Suppose we have already constructed h, for £ € [k — 1,0]. We have

(fe— 2k he—1) Y = Tp - fo1 — 2k (froo1 — Tp—1-hr—2) = 0. So we may choose inﬂ/m in

F such that gy -y; = fi — Tx - he—1 . Since X, is projective in %, we may choose XkAYkH
& such that hy - yz7 = gr . We have

P Y + @ Py = P Yigg Y Tk Mo = Gk Y T e = i

For k € Z_._, , we want to recursively construct Xkﬂ)YkH in .% such that

Prs1 - Ynro + Topr - hie = frg -

We have xo- (f-1 —h_1-%) = fo- Yo — fo-yo = 0. So we may choose X— 22 Y | in .Z such

that =y - 92 = f-1 — h_1 - yo . Since Y_; is injective in .#, we may choose X_ng_l in

F such that z+,-h_o = g_o . We have
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hoy-yo+x_1-ho=h_y-yo+ovg- v -ho=h_-yo+tar—g-g2=/f1.
Suppose given k € Z. 5 . Suppose we have already constructed h, for ¢ € [—1,k + 1].
We have 9 - (fk+1 — hpy - yk+2) = fr42 * Ys2 — (fk+2 — hpga - yk+3) “Ypy2 = 0. So we
may choose Xmiﬂ/k“ in .# such that x5 - gr = frs1 — his1 - Yeeo - Since Y
is injective in %, we may choose Xk&YkH in .# such that z; - hy = g, . We have
Piy1 - Yrso + T - P = hagr - Ynro + Tig7 - T he = Moyt - Ynao + T557 0 Gk = St -
By lemma 2.3.3, we have f =0 in 2% . m

2.3.8 Definition. Let [: %% — % denote the unique functor such that Pyac - [ =1 - P ,
cf. lemmata 2.3.5, 2.3.6.(c) and 1.3.30. Note that this functor [ is exact.

B = F
‘B@act Bz
B T &
2.3.9 Proposition. The functor I: #* — .Z is an exact equivalence. &

Proof. The functor [ is exact, dense and full, cf. definition 2.3.8 and lemma 2.3.6.(a,b). So it

remains to show that [ is faithful.

Suppose given X—Lov in @ such that fI=0. Thus we have fg= fI = fI=0in.Z. So

we may choose bijective objects I, P € Ob(.#), a morphism I—~P, a pure monomorphism
X5—0i—>1' and a pure epimorphism P—}?—>Y5 in .# such that fs=14-g-p.
Since I is injective in .#, we may choose X_;——1I in .# such that z + - a = i. Since P is

projective in .%, we may choose P—"-Y; in .% such that b - Yg = D-

Ty 1:1
XO —00—> X@ ——> X,1

Let h=a-g-b. We have

zo-h-yo=x5-22 -h-yg-ys=x5-22-a-g-b-yg-ys=x5-1-9-p-y=
=x5-forys=Jo Y-y =fovo.

Now lemma 2.3.7 yields that f =0 in . We conclude that I is faithful. O
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2.3.10 Remark (construction for functors and transformations). Suppose given another
Frobenius category %’ and an exact functor G: .% — %’ that sends bijective objects in
Z to bijective objects in .Z’. Let %’ denote the full subcategory of .%’ whosae objects are
bijective in .Z’. We obtain a functor G2¢: %> — %'* by setting G* = Z°®(G|%)|%u. , cf.
definition 1.9.21.

Suppose given another exact functor H: .# — %' that sends bijective objects in .# to bijective
objects in .#’ and a transformation ¢: G — H. We obtain a transformation ¢*: G* — H?°

by setting ¢* = Z(¢|%)| % . %



Chapter 3
Diagram categories

The previous constructions of (bounded) realisation functors in [BBD82] and [Bei87] used fil-
tered derived categories and the more general filtered triangulated categories. We will also use
filtrations in our constructions but in order to carry them out in the unbounded case, we have
to introduce four different kinds of categories that will be equivalent on bounded levels: the
category of filtrations F(.%), the category of cofiltrations CF(.%#), the category of V-diagrams
V(&) and the category of filtered objects FO(#) with entries in strict Frobenius category
% . This chapter deals with the definition of these categories, the study of their properties
and the functors between them and between various factor categories and subcategories. The
construction of resolution and realisation functors in the next chapter 4 will heavily rely on

the results presented in this chapter 3.

In the brief first section 3.1, we describe how to obtain an ideal in an additive category with
translation functor. This will be applied in the sections 3.3 and 3.4 to obtain the factor
categories V(.#) and FO(F).

Section 3.2 defines and studies the category of filtrations F(«/) and the category of cofiltra-
tions CF(«/) with entries in an exact category 7. The properties of limits, colimits and of
morphisms induced between them will be important for the sequel, as well as the new concept

of projective and injective families which are weak forms of (co)limits.

The first major result in section 3.3 is theorem 3.3.8, where we prove that the category of
V-diagrams V(.%) with entries in a strict Frobenius category .Z is a strict Frobenius cat-
egory itself. So we may form its stable category V(%) and have the stabilisation functor
PBvz): V(F) = Y(F). We proceed to introduce another factor category V(.#) with residue
class functor Qv 7: V(F) — V(F) by factoring out more morphisms, so there exists a nat-
ural functor &: V(#) — V(#). We discuss projection functors ¥, cr,7: V(F) — CF(F),
Yipz: V(F) = CF(F) and also how (co)limits can be used to obtain cofiltrations XW, cr 2
and filtrations XV¥_ p # from a V-diagram X.

In section 3.4, we introduce the category of filtered objects FO(#) with entries in a strict
Frobenius category .%. It is related to the categories in the previous sections via the projection
functors Py, z: FO(#) — #, Pepgz: FO(#) — CF(%#) and Py s: FO(%) — F(#). We
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define the factor category FO(.#) and also various subcategories whose objects consist of
(co)limits, projective families or injective families such as FOY (%), FOY (%), FOP™(.Z) or
FO™ (). Finally, we construct the embedding Ez: .# — FO(Z) of the strict Frobenius
category .# into the category of filtered objects.

3.1 Ideals in additive categories with translation

3.1.1 Lemma/Definition. Suppose given an additive category <7, a functor T: &/ — &7,
a transformation p: 1,, — T and a full additive subcategory % C /. Let J 1, % denote

the set of morphisms X .V in o for which there exists X —“>B—2>YT in o such that
BeOb(#A)and f-Yp=u-wv.

f

X —Y
T
B—=YT

The set J./ 1,2 is an ideal in &7, cf. definition 1.2.12. &

f

Proof. We abbreviate J = J. 1,2 . Suppose given W —+X Y—2+7 in o with feq.
We want to show that a - f-b € J. We may choose X—"=B—"=YT in & such that
BeOb(#)and f-Yp=u-v. Wehavea-f-b-Zp=a-f-Yp-bT =a-u-v-bT and thus
a-f-bey.

!

W% X y b .7
a~uL uj jYp ij
Bl.p_v.yr " gr

Suppose given X, Y € Ob(«/). We want to show that . (X,Y)NJ is a subgroup of ,(X,Y).
Choose a zero object Z € Ob(Z,) NOb(#). We have Oxy € Jsince Oxy -Yp=0xz-0zyr .

X2,y
0 Yp

7% vT

Suppose given f,g € ,(X,Y)NJ. We may choose X—=B—-=YT in & such that
B € Ob(%) and f-Yp=u-v. We may choose X——=C—>=YT in & such that C € Ob(%)
and g-Yp=r-s. We may choose a direct sum B @ C € Ob(A) of B and C in «/. We have
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(f=9)Yp=fYp—g-Yp=u-v—r-s=(u-r)- ({)and thus f —g €J.

x19 .y
(u —T)l . lYp
B@C&YT O

3.1.2 Lemma. Suppose given an additive category &7, an isomorphism 7": &/ — &/ with
inverse T-!: &/ — 4/, a transformation p: 1,, — T and a full additive subcategory % C <.
Suppose that we have px T = T x p and BT, BT~! € Ob(%) for B € Ob(%). Suppose given
XV in . We have [ € Jw 1z if and only if there exists XT!'—=B—+Y in &
such that B € Ob(#) and XT 'p- f=1r-s.

X715

XT-1p

S

-
»

X

~
<>

Proof. Note that we have px T 1 =T % Txpx T =T 1w pxTxT 1 =T"15p.
We abbreviate J = Jo 7,2 -

Suppose that f € J. We may choose X—=B—"=YT in & such that B € Ob(%) and
fYp=u-v. Wehave XT 'p- f=fT VYT lp=(f-Yp)T ' =(u-v)T ' =uT 0T

X712 g1

XT_lpl lle

X
Conversely, suppose given X7~ '—=B—"+Y in & such that B € Ob(%) and
XT 'p- f=r-s. We have

[ Yp=Xp-fT =(XpT ' - fTT YT =(XT 'p- /YT = (r-s)T =rT - sT.

X——Y

-

BT L. yT O
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3.2 Filtrations and cofiltrations

For exact categories

Suppose given an exact category 7.

3.2.1 Definition. We consider the functor category Z(</) as an exact category equipped
with the pointwise exact structure, cf. convention 17 and definition 1.4.7.
For X € Ob(Z(</)) and k € Z, we write x = Xjppt1 -

We define the full subcategories F(&7) and CF (/) of Z(/) by setting

Ob(F(&)) = {X € Ob(Z(</)): z} is a pure monomorphism in & for k € Z}
and

Ob(CF(«)) = {X € Ob(Z(«7)): x} is a pure epimorphism in & for k € Z}.
We may think of objects X € Ob(F(«/)) as diagrams of the following form.

Th41 Tk T—1
— Xppo<=o— X< Xp=—Xj_1 <=

We call such an object X € Ob(F()) a filtration in o/ and F(<) the category of filtrations
in .«/. We may think of objects X € Ob(CF(«/)) as diagrams of the following form.

Tl+1 T Tk—1
Xippo=+—Xpp1 =+—Xp=—+— Xy =+ -+

We call such an object X € Ob(CF(«)) a cofiltration in o/ and CF(</) the category of
cofiltrations in of . The full subcategories F (/) and CF(7) are extension-closed in Z(/), cf.
definition 1.3.23, lemma 1.4.8 and remark 1.4.10.

We equip F(«) and CF (/) with the restricted exact structures of the pointwise exact struc-
ture on Z(«7), cf. definition 1.3.21 and 1.3.25.

A sequence X Ly zm F(47) is a pure short exact sequence if and only if

inﬂ/k&Zk is a pure short exact sequence in &7 for k € Z.

A sequence X Ty 4z CF(«7) is a pure short exact sequence if and only if

XkLYkﬂZk is a pure short exact sequence in .7 for k € Z. &

3.2.2 Definition. Suppose given m € Z. We define the full subcategories CF[m(d ) and
CF"l(o7) of CF(</) by setting

Ob(CF™(7)) = {X € Ob(CF(«)): X) € Ob(Z,) for k € Z-,,}
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and
Ob(CF™ (7)) = {X € Ob(CF(&)): x, is an isomorphism in .« for k € Z,,}.

The full subcategories CF™(7) and CF™ (&) are extension-closed in CF(.o7), cf. definition
1.3.23, lemma 1.4.8 and remark 1.4.10.

We equip CF™(27) and CF™ () with the restricted exact structures of the pointwise exact
structure on CF (), cf. definition 1.3.21 and 1.3.25. O

3.2.3 Definition. Suppose given m € Z. We define the full subcategories F™ (&7) and F™ (.27
of F(&7) by setting

Ob(F™ (7)) = {X € Ob(F(«)): X € Ob(Zy) for k € Z.,,}
and
Ob(F™ (7)) = {X € Ob(F(&/)): ) is an isomorphism in & for k € Zx,, }.

The full subcategories F™ (.e7) and F™(.7) are extension-closed in F (&), cf. definition 1.3.23,
lemma 1.4.8 and remark 1.4.10.

We equip F™ (o) and F™ (&) with the restricted exact structures of the pointwise exact
structure on F(.«7), cf. definition 1.3.21 and 1.3.25. &

3.2.4 Definition. Suppose given m,n € Z. Let CF™" (&) = CF™ (o) N CF" (<) and let
Fmol (o) = FM (o) N F (o). &

3.2.5 Definition. Let CF"(«7) = |J CF™" (o) and let F*(&7) = |J FM™(w). &

m,neZ m,ne”Z

3.2.6 Definition. For X € Ob(CF(«)) and k € Z, we choose kernels X];—QE.’LX,{ of zy .

f
For X—/ >V in CF(«) and k € Z, let X,;—';>Y,; denote the unique morphism in < such
that f; - y; = 27 - fr . Note that for a pure short exact sequence Xx4dv {4 Zin CF(«),

fs .
the sequence Xé_k>Yéi>ng is pure short exact in &7 for k € Z by lemma 1.3.16. &

3.2.7 Definition. For X € Ob(F(«)) and k € Z, we choose cokernels Xk—xoLXE of w1 .
For X—~Y in F(o7) and k € Z, let XELYE denote the unique morphism in & such that
x5 - fz = fr - yp - Note that for a pure short exact sequence Xx4v4-Zin F(<7), the

sequence XEiYgﬂZE is pure short exact in o7 for k € Z by lemma 1.3.15. &

3.2.8 Definition. Suppose given m € Z. We define the functor I, : CF(/) — CF™(o7) as
follows.
Suppose given X € Ob(CF(7)). For k € Z<,, , let (XTp,)r = Xj and (XTjn) -1k = Tt -
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For k € Z>m , let ()(F(mh€ =04 .
Suppose given f € Mor(CF(&)). For k € Z<,, , let (fTjn)e = fr -

This in fact defines an exact functor. &

Proof. We abbreviate I' = I, . Suppose given X%Y—Q>Z in CF(<7).

We have 1xI" = 1 xp since (1xI')y = 1x, = (1xp); for k € Z-,, .

We have (f - ¢g)I' = fT"- gI" since since ((f - ¢)D)x = fi - g = (fT - gI')y for k € Z<,, .

We have (f + h)I' = fT' + Al since since ((f + h)D) = fx + by = (fT' + hD);, for k € Z<,, .
If (f,g) is a pure short exact sequence in CF (<), then (f, gx) is a pure short exact sequence
in o for k € Z. Consequently, (fT', gI") is a pure short exact sequence in CFfm(,Qf ). n

3.2.9 Definition. Suppose given X € Ob(CF()). We define the cofiltration
X[l] € Ob(CF(bQ{)) by setting (Xm)k = Xk+1 and (Xm)]ﬁ]prl = Tk+1 for k € Z. <>

3.2.10 Definition. Suppose given X € Ob(CF(«)). Suppose given morphisms A——> X,
in & for k € Z. We say that the pair (A, (ax)rez) is a compatible family for X if we have
Qp_1 - Tp_1 = ai for k € 7. &

3.2.11 Definition. Suppose given X € Ob(F(<7)). Suppose given morphisms X;—=A in
o/ for k € Z. We say that the pair (A, (ax)rez) is a compatible family for X if we have
Tp_1-ar = ai_; for k € Z. &

3.2.12 Definition. Suppose given X € Ob(CF(</)). A compatible family (A, (ax)rez) for X
is called a limit for X if for every compatible family (B, (fx)rez) for X, there exists a unique
morphism B—"+=A in « such that u - a; = f; for k € Z. O

3.2.13 Definition. Suppose given X € Ob(F(/)). A compatible family (A, (ax)rez) for X is
called an colimit for X if for every compatible family (B, (fx)rez) for X, there exists a unique
morphism A—"=B in & such that aj - u = f;, for k € Z. &

3.2.14 Lemma (cofinality of limits). Suppose given X € Ob(CF(«)).

(a) Suppose given a limit (A, (ax)rez) for X. Suppose given m € Z and T— X, in o
such that t;_; - 2y =t for k € Z-,, . Then there exists a unique morphism T—5A
in o/ such that t - ay =ty for k € Z<,, .

(b) Suppose given m € Z and A—- X, such that ap_; - 11 = ay, for k € Z<p .
Suppose that for T&>Xk in & with ty_y-2x_1 =t for k € Z<,, , there exists a unique
morphism T—->A in o such that ¢ - a; = t;, for k € Zop, .
Let by = ay, for k € Z<,,, and by, = a,, - Xypop for k € Z~,,, . Then (A, (bg)kez) is a limit

for X.
&

Proof. Ad (a). Let ug =ty for k € Z<,,, and let uy = t,,, - Xppor, for k € Z,, .
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For k € Z<,, , we have uy_1 - Tj—1 = tp—1 - Tp—1 =t = Uy, .
For k € Z~,, , we have ug_1 - Tp_1 =t - Xoske1 - Xp—1ok = b+ Xopok = Uy -
Since (A, (ax)rez) is a limit for X, there exists a unique morphism 7—=A in ./ such that
t-ap =uy for k € Z.
In particular, we have t - ap, = v =t;, for k € Z<,,, .
Suppose given T—>>A in & such that s-a, = t; = u, for k € Z<,, . Then we also have
S Qp =28 Xk = tm - Xons = uy, for k € Z~,, . Thus s =t.
Ad (b). For k € Z<,, , we have by - X1 = Qj—1 - Tp—1 = ap, = by, .
For k € Z~,, , we have by_1 - Tp—1 = G+ Xopsko1 * Xb—1ok = U * Xk = bp .
Suppose given Ti>Xk in o/ such that t,_; - x4,_1 = t; for k € Z. By assumption, there
exists a unique morphism 7T—->A in o such that ¢ - ay = t;, for k € Z,, . The result now

follows since we also have t - by =1t - a,, - Xppok = tin - Xonok = g for k € Z,, . O

3.2.15 Lemma. Suppose given X € Ob(CF (<)) and m € Z.

(a) Suppose given a limit (A, (ax)gez) for X. Let ar = a: A — X for k € Z-,, and
ar=0: A — 0y for k € Zs,,, . Then (A, (ar)rez) is a limit for XT5,, .

(b) Suppose given a limit (A, (Gx)rez) for XTI}, . Let ap = ax: A = X, for k € Z<,,, and

ag = Ay + Xopop, for k € Zi~,, . Then (A, (ag)kez) is a limit for X. o

Proof. This follows from lemma 3.2.14. O

3.2.16 Remark. Suppose given an isomorphism X—Lovin CF(«) and a limit (A, (ax)kez)
for X. Then (A, (ax - fx)kez) is a limit for Y. &

Proof. We write g = f~1: Y — X.
Suppose given TL>Y/1c in .o/ such that t; - y, =t for k € Z.

For k € Z, we have t - g - ¥ = g1 - gry1 Since

T Gk T fror1 =tk Gk - T Uk =tk - Uk = g1 = tht1 - Gt1 - S

and since fi, is an isomorphism. Since (A, (ag)rez) is a limit for X, there exists a unique
morphism T—->A in o such that ¢ - ay = t;, - g for k € Z.

For k € Z, we have t - ay - fr =tp - gr - fr = ti -

Suppose given T—=A in .o/ such that u - ay - fi, = t;, for k € Z.

We have u-ap =u-ayp - fr- g =t - g for k € Z. Thus u = t. O

3.2.17 Lemma. Suppose given m € Z and X € Ob(CF(&)). Suppose given a compatible
family (A, (ax)rez) for X such that a; is an isomorphism in o7 for k € Z<,,, . Then (A, (ax)rez)
is a limit for X. &
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Proof. Note we have the isomorphisms Xy, = a,;l - @y, for k € Z<,, since

ak-Xkém-a;f:&m-a;ll zlzak-agl-am-a,}l
and since a; and a,, are isomorphisms.
We use lemma 3.2.14.(b). Suppose given Ti>Xk in o with ty_1 - 21 =ty for k € Z<,, .

71'am =ty = tk'Xk»m

Lett =t,,-a,' . Fork € Z<,, , we have t-aj, = t; since t-aj, Xgom = tm-a,,

and since X}, is an isomorphism.

Suppose given T—>>A in &/ such that s-ay = t;, for k € Z<,, .

1

Then s =t since s - a,, =t =ty - a,, - a, =1t - a, and since a,, is an isomorphism. O

3.2.18 Lemma. Suppose given m € Z and X € Ob(CF"(.o7)). Let aj, = Xy, for k € Zsp,
and a; = (ka)_l for k € Z.,, . Then (X, , (ar)rez) is a limit for X. &

Proof. For k € Z>,, , we have ay, - T, = Xk * Xiskt1 = Xooskt1 = Qg1 -

For k € Z_,, , we have ay, - xx = ap41 since

ar - Tk Xprtom = (Xiom) ™"+ Xkt 1 * Xittom = 1 = (Xpr1om) ™+ Xirtom = @1 - Xpg15m and
since X}y 1,m is an isomorphism. The result now follows from lemma 3.2.17. O

3.2.19 Lemma. Suppose given m € Z and X € Ob(F™(e7)). Let ay = Xy for k € Ziy,
and a; = (X,mk)_1 for k € Z~,, . Then (X, (ax)rez) is a colimit for X. &

Proof. This is dual to the previous lemma 3.2.18. O]

3.2.20 Lemma. Suppose given X € Ob(CF(/)).

(a) Suppose given a compatible family (A, (ay)gez) for X.
Then (A, (ag+1)rez) is a compatible family for Xp; .

(b) Suppose given a compatible family (A, (ax41)rez) for Xy .

Then (A, (ax)rez) is a compatible family for X.
<

Proof. Suppose given morphisms A——>X,, in < for k € Z. For k € Z, we have ay, - T, = aj41
if and only ay, - (X[l])k—hk = apy for k € Z. O

3.2.21 Lemma. Suppose given X € Ob(CF(«)).
(a) Suppose given a limit (A, (ax)rez) for X. Then (A, (art+1)rez) is a limit for Xp; .

. .. : ' 7 '
(b) Suppose given a limit (A (ak+1)kez) for X[l} Then (A (ak-)kez) is a limit fOl" X

Proof. This follows from lemma 3.2.20. [
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3.2.22 Lemma/Definition. Suppose given X ovin CF(«7). Suppose given a compatible
family (A, (ax)kez) for X and a limit (B, (bx)rez) for Y. There exists a unique morphism
f1 (B.(bi)eez) . A s B in of such that ay - fe = f1 (B(bwkez) p for k € Z.

(A (ar)kez) A(ak)kez)

We abbreviate f] = f1 1 Bbirez) . 4 p if unambiguous. &

(A,(ar)kez)

Proof. For k € Z, we have ag- fi-yr = T+ fro1 = Qgr1- frr1 .- Since (B, (b )rez) is a limit for
Y, there exists a unique morphism f1 (B, (Zi)iz) A — Bin & such that ay- fr = f1 Eiégi%ig% by,

for k € Z. [l

3.2.23 Lemma/Definition. Suppose given X v in F(47). Suppose given a colimit
(A, (ag)kez) for X and a compatible family (B (bk)kez) for Y. There exists a unique morphism
P E2) A — Bin o such that ay - f1\5 0" = fi by for k € Z .

(A (ar)kez) * ak)kez
We abbreviate f| = f1 (A EZZ%ZZ) A — B if unambiguous. &
Proof. This is dual to the previous lemma 3.2.22. [

f
3.2.24 Lemma. Suppose given X:h>>Y—g>Z in CF(7).

(a) Suppose given a limit (A, (ax)rez) for X. We have 1x] =14 .

(b) Suppose given a compatible family (A, (ax)rez) for X. Suppose given a limit (B, (bg)rez)
for Y and a limit (C, (cx)rez) for Z. We have (f - g)] = f1-¢].

(c) Suppose given a compatible family (A, (ay)rez) for X and a limit (B, (b )rez) for Y. We
have (f + h)1 = f1+ h].

(d) Suppose given a compatible family (A, (ax)kez) for X and a limit (B, (by)rez) for Y. If
f=0in CF(&), then f| =0in <.

¢
Proof. Ad (a). For k € Z, we have ay, - 14 = ar, = (1x)g - ay, .
d (b). For k € Z, we have ay, - f1- 91 = fx bk - g1 = fi-gp - cx = (f - 9)i - e -
d (c¢). For k € Z, we have
ag - (f1+h)=ar- fl+ap-hl = fr bp + by by = (fro +hi) - bp = (f +R)g - b .
Ad (d). For k € Z, we have a; - 0 =0 = fi - by, . O

3.2.25 Remark. Suppose given X1y in CF(«7). Suppose given a limit (A, (ax)rez) for
X and a limit (B, (by)kez) for Y. If f is an isomorphism in CF (<), then f1 is an isomorphism
in o ¢

Proof. This follows from lemma 3.2.24.(a,b). O

3.2.26 Remark. Suppose given X € Ob(CF(<7)) and a limit (A, (ax)kez) for X.
If X €0Ob (Zcp(ﬂ)), then A € Ob(ZQ/) &
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Proof. This follows from lemma 3.2.18 and remark 3.2.25. [

3.2.27 Lemma. Suppose given X1V in CF(«) and n € Z. Suppose given a limit
(A, (ax)rez) for X. Let ap = ax: A — Xy for k € Z<,, and @y = 0: A — 0y for k € Z-,, .
Then (A, (Gr)rez) is a limit for XT}, by lemma 3.2.15. Suppose given a limit (B, (bg)rez) for
Y. Let by = by: B — Y}, for k € Ze,, and b, = 0: B — 0, for k € Zs,, . Then (B, (by)rez) is
a limit for Y'I7, by lemma 3.2.15. We have f1 = fI},]. &

Proof. For k € Z-,, , we have @y - fr =0= f1- b .
For k € Z, , we have ay - fx = ai - fx = f1-bx = f1-b . Thus f] = fT},1. O

3.2.28 Lemma/Definition. Suppose given an object P € Ob(«).

We define the cofiltration P € Ob(CFm(szf)) by setting P, = 0 for k € Z-, and Pj, = P,
D1 = lforkeZ<.

We obtain a limit (P, (p)rez) for P by setting p, = 1 for k € Z<g , cf. lemma 3.2.18.

For a cofiltration X € Ob(CF°(«7)) and a limit (A, (ax)rez) for X, we have the following

isomorphism of abelian groups.

Agféak)kEZ): CF(«) (Fa X) — %(P, A) g — g1 El‘iv(ak)kez)

(Pr)kez)

cf. definition 3.2.22.

For a morphism X —'~Y in CF(&), a limit (A, (ay)sez) for X and a limit (B, (b)sez) for
Y, we have ALK -/ (P, 1) = apgon(P, f) - ARRR<2)

A (ak)kez)

cr() (P, X) - o (P, A)
CF(M)(Pvf)l o (P,f1)
A(Bﬂ(bk)kez)
— PY
cr()(P,Y) (P, B) o

Proof. Suppose given X € Ob(CFP(.7)) and a limit (A, (ax)rez) for X.

For g,h € CFW)(F,X), we have

(g + WAL ) = (g 4+ h) = g + b1 = gALE™*<?) 1 hAEK ™) by lemma 3.2.24.(c).
Suppose given g, h € cr() (P, X) such that gAE;?Qa’“)’“GZ) = hAg;ak)keZ), ie. gl = hl.

For k€ Z<y , we have hy =1-hy=hl-ar =g -ar=1-gx = gr . Thus g = h.

Suppose given h € (P, A). Let gy = h - ay, for k € Z<g .

We have g1 - xp—1 = h-ax_1 - 241 = h-ar = g = 1-g; for k € Z<y, . So we obtain a
morphism g € cp(v) (P, X) with h = gA%‘éak)’“eZ) =g] since h-ap=1-gy for k€ Z<, .

We conclude that A%((a’“)’“d) is an isomorphism of abelian groups.

Suppose given a morphism XV in CF(«), a limit (A, (ar)rez) for X and a limit
(B, (bk)rez) for Y.
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Suppose given g € cp(w) (P, X). We have

gARK" o (P 1) = g1+ F1 = (95)1 = goren (P, AR
by lemma 3.2.24.(b). O

3.2.29 Lemma. Suppose given a projective object P € Ob(<?). Then P is projective in
CFP (). %

Proof. Suppose given a pure epimorphism X L. P CF[O(% ). Since fp is a pure epimor-
phism and P is projective in o7, we may choose P—2+X, in & such that gy - fo = 1. For
k € Z-o , we may recursively choose P—>X, in <7 such that g - zx = gj1 . So we obtain
a morphism P—2=X in CF(O(% ). We have g - f = 1 since gy - fo = 1 and since we have
I fe=0gx -1 =09k 2k fre1 = gks1 - fra1 = 1 for k € Zy by induction. We conclude that
P is projective in CFP (7). O

3.2.30 Lemma (exactness of limits). Suppose that ./ has enough projectives. Suppose given
a pure short exact sequence Xx4-v4-zi CF(«7). Suppose given a limit (A, (ax)rez) for

X, alimit (B, (bg)rez) for Y and a limit (C, (¢x)rez) for Z. Then the sequence Al pd o
is pure short exact in o7, cf. definition 3.2.22.

Cf. [Kel90, section 5. &

Proof. Let ay = ap: A — Xyfork € Zgand ay =0: A — 0y for k € Z . Then (A, (ax)rez)
is a limit for XTI} by lemma 3.2.15.

Let by = by: B — Y, for k € Z<g and b, = 0: B — 0, for k € Z-o . Then (B, (by)rez) is a
limit for YTy by lemma 3.2.15.

Let ¢y =cp: C — Zy for k € Z<g and ¢, = 0: C' — Oy for k € Z-y . Then (C, (¢x)rez) is a
limit for ZI} by lemma 3.2.15.

Note that we have f1 = fTp] and g = gI'v] by lemma 3.2.27.
Suppose given a projective object P € Ob(«).

T Iy
Since the sequence XTIy L YT Ny I'p is pure short exact in CF(«7), lemma 3.2.29 yields

(P.fTp) B P
CF (/) 0 cr() (P, YT) cr() (P, ZTp) of

— Pl
the short exact sequence CF(LQ{)(P,X I‘[O) cm—d)(n—w
abelian groups. Lemma 3.2.28 yields the following commutative diagram of abelian groups

whose columns are isomorphisms.

) oF(a)(P.fTp) oF(a)(P.gT)

cr) (P, XTp cr) (P, YT) cr) (P, ZTp)

(A, (ag) ) (B, (bg) ) (C,(ek)kez)
AP,XF’)?O hez l AP,YFI{:) hez L lAP,ZF’% hez
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a (P.f1) «(Pygl)

Thus (P, A)

«(P,C) is a short exact sequence of abelian groups

as well. So the sequence AL B I o s pure short exact in .« by lemma 1.3.18. O

3.2.31 Lemma/Definition. Suppose given n € Z and X € Ob(</) for k € Z<,, . We obtain
a cofiltration D = D(x,),.,_ € Ob(CF(&)) recursively as follows. Let Dy, = 0y for k € Z,, .
Let Dn = Xn . For k € Z<n s let Dk = Dk+1 @Xk and dk = ((1)) : Dk:-i—l @Xk — Dk+1 .

(a) Suppose given a product (P, (pi)rez.,) for (Xi)rez., in .
We obtain a limit (P, (ay)gez) for D recursively as follows.
Let a, =p, . For k € Z.,, , let aj, = (w+17x) : P — Dyy1 & X, .

(b) Suppose given a limit (A, (ar)rez) for D.  We obtain a product (A, (pr)rez.,) for
(Xk)rez., in & by setting p, = a, and p, = ay. - (9) for k € Z,, .

ar ()
A——=Djp1 & X —= X,

Proof. We write t, =1: D, > D, and t;, = (9) : Dp 1 ® Xy = Xy for k€ Z,, .

Ad (a). Note that we have ay, - t, = py for k € Z<,, . Also note that we have ay, - dy, = ag,; for
k € Z by construction. )

Suppose given Ti>D/y€ such that fy_y -dy_1 = fi for k € Z-,, .

Let gx = fr-tp: T — Xifor k € Z<,, . Sowe have fr, = (fis1 9 ) : T — Dp1@ X fork € Z,, .
Since (P, (pr)kez., ) is a product for (Xi)rez., in 27, there exists a unique morphism T7—2-p
in o7 such that g - py, = g for k € Z,, .

We have g - a, = g pp = gn = [ and, inductively, g - ar, = g - (%+1 76 ) = (far1 9 ) = f, for
keZ., .

Suppose given T—"~P in o such that h - ap = f for k € Z<,, .

We have h-py =h-ay -ty = fr - tp = gr for k € Z<,, . Thus h =g.

Ad (b). Note that we have py = ay, -ty for k € Z,, .

Suppose given T—%>X, for k € Z., . Let f, =g, and fr = (fix1 90 ) : T — Dyy1 & X, for
k € Z., . Note that fi -ty = g for k € Z-,, by construction. We have fj - dp = fr4+1 for
k € Z_, and thus there exists a unique morphism 7T’ Lo A in o such that fa. = fp for
ke€Z<,. Wehave f-py=f-ar- -ty = fr -ty =g for k € Z-,, .

Supppose given T—"~P in o such that h -pr =g for k € Z,, .

We have h-a, = h-p, =g, = fn . Suppose given k € Z_,, . \Xfehaveh-ak-tk:h-pk:gk
and, inductively, h-ay -dp = h - a1 = fry1 - Thus h-ap = fi .

We conclude that h = f. m

3.2.32 Lemma. Suppose given X € Ob(CF(«/)) such that zj is a split epimorphism for
k € Z. Suppose given n € Z and kernels Rj—4>X;, of zj, for k € Z_., . We write R, = X, .



131

(a) In CF(&/), the cofiltration XTF, is isomorphic to the cofiltration D = D(g,),.,_ con-
structed in definition 3.2.31. )

(b) Suppose given a product (P, (pr)rez.,) for (Ri)rez., in &7. Then there exist morphisms

P> X, for k € Z such that (P, (a)rez) is a limit for X. o

Proof. Ad (a). For k € Z,, , we want to recursively construct isomorphisms DkLXk such
that dp—1 - fo = fe—1 - Tr—1 -

Let f, = 1. Suppose given k € Z., . Suppose that we have already constructed f, for
(e lk+1,n].

Since xy is a split epimorphism, we may choose Xk+1l>Xk in & such that s, -z, = 1, cf.
lemma 1.2.11.

Let fr = (/2% ) : Dy @ Ry — X, -

We have fi - x; = (fkgl) =dg- frprand (01) - fr=1-1%: R — Xy, .

Ry, SR Dyt1 ® Ry, (—(IJ)'L Dyt
] B e
Ry, 2. Xk G Xkt1
By lemma 1.3.19.(c), fx is an isomorphism.
So we obtain an isomorphism D—'-Xx I', in CF(&).
Ad (b). This follows from (a), lemmata 3.2.31.(a), 3.2.15.(b) and remark 3.2.16. O

3.2.33 Lemma. Suppose that @/ has countable products of projectives. Suppose given a
cofiltration X € Ob(CF (7)) such that Xy is projective in o/ for k € Z. Then there exists a
limit (P, (ax)rez) for X such that P is a countable product of projectives in 7. &

Proof. This follows from lemma 3.2.32. [

3.2.34 Lemma. Suppose that ./ has countable coproducts of injectives. Suppose given a
filtration X € Ob(F (7)) such that X} is injective in o for k € Z. Then there exists a colimit
(1, (ag)kez) for X such that I is a countable coproduct of injectives in 7. &

Proof. This is dual to the previous lemma 3.2.33. O]

3.2.35 Lemma. Suppose that &/ has enough projectives. Suppose given X € Ob(CF(&))
and a limit (A, (ax)rez) for X. Suppose given n € Z and a product (P, (pi)rez.,) for
(Xk)rezo, - Then there exists a pure short exact sequence A—4=P—4>P in o, where ¢

is the unique morphism in & such that q - p, = pr — pr—1 - xp—1 for k € Z,, . &

Proof. We use the cofiltration D = D(x,),.,_ € Ob(CF(&/)) constructed in definition 3.2.31.
We write e¢,, = 1: D,, — D,, and ¢, = (0_1) : Xk = Dpo1 @ Xy for k£ € Z,, . We write
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t,=1:D, =D, and ty = (9) : Dyy1 ® Xy — Xj, for k € Z_,, . Note that e; is a kernel of dj

and that we have ey - t, = 1 for k € Z<,, . We obtain a limit (P, (by)rez) for D recursively as
in definition 3.2.31.(a) by setting b, = p, and by = (bx+1 px ) for k € Z_,, . Note that we have
by -ty = pr fOl"k?EZSn .

For k € Z<, , we want to recursively construct morphisms XkLDk , DkADk and
Dj—">Dj1 in o such that zx—1 - fr = fr1 - dier , der - g = goor - die s fr- i = ep
hi - di = gr , hi -t =t , b1+ gk—1 -ty = P& — Dr—1 - Tx—1 and such that (fx, gx) is a pure
short exact sequence in 7.

Let f, =1, h, =1and g, = 0. Note that we have f,-h, =1=¢,, h,-d, =0=g,,
hy - t, =1 = e, and that (f,, g,) is a pure short exact sequence in ..

Suppose given k € Z_,, . Suppose we have already constructed f, , hy and g for £ € [k+ 1, n].
Let fk = (wk'fkﬂ 1) : Xk — Dk+1 ©® Xk y Jk = ( i1 > . Dk+1 @Xk — Dk+1 and

T €41

hy, = < Pt 0) i D1 @ Xy = D1 @ X

—Tp-ept1 1

We have fkdk :«Tk'fk-i-l ;gk'dk_H — ( hit1-drt1 > — (gkgl) :dk'gk—H , fkhk = (01) =€,

—Zgept1-drt1
h-dy = <_£€’?§;+1> = g hite = (9) = tp and be- ge-trgr = (berr on ) - (51 ) = proyr —pr-
Moreover, we have ;- fy = (021 ) = x;-¢; and e, - gp = —Tx-€x41 . S0 we obtain the following

commutative diagram in 7.

Xkt1 = Xk B X;
Jret1 t fkj ixk

D1 dik Dy, . Xk
9k+1$ gk\j ixk

Dpys — i Dy —— X

Since fi-gr = Tk €py1 — Tk - err1 = 0, the sequence (fi, gr) is pure short exact in &7 by lemma
1.3.17.

So we obtain a pure short exact sequence X F[n—{—>D—’f—>D[1] in CF(</).

Let ar, = ap: A — Xy for k € Z<,, and a;, =0: A — 0y for k € Z~,, . Then (A, (ax)kez) is a
limit for XTI}, by lemma 3.2.15. Moreover, (P, (by+1)rez) is a limit for Dy by lemma 3.2.21.
Let i = f1: A — P and ¢ = ¢g]: P — P. The sequence (i,q) is pure short exact in o/ by
lemma 3.2.30.

Moreover, we have q - pr = q - by, - tx = bp—1 - gx—1 -tk = Dk — Pk—1 - T—1 for k € Z-,, . O

3.2.36 Lemma. Suppose that o7 has enough injectives. Suppose given X € Ob(F(«/)) and a
colimit (A, (ax)rez) for X. Suppose given n € Z and a coproduct (C, (¢k)rez,,) for (Xi)rez.,, -
Then there exists a pure short exact sequence C—s>C—%>A4 in &, where i is the unique

morphism in 7 such that ¢, - @ = ¢, — 2y - cp41 for k € Z,, . &

Proof. This is dual to the previous lemma 3.2.35. [
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3.2.37 Definition. Suppose given m € Z. A morphism X—=Y in CF(4) is called an

m~-pure monomorphism if Xj ik Yy Yom1 Y,.11 is a pure short exact sequence in <7 for
k€ Zicmi - ¢
3.2.38 Definition. Suppose given m € Z. A morphism Y257 in F(47) is called an
m-pure epimorphism if Y,,_; Ytk Vi—2-7, is a pure short exact sequence in & for
k€ Zsm_ . ¢

3.2.39 Lemma. Suppose given m € Z and an m-pure monomorphism X—'>Y in CF ().
(a) We have X € Ob(CF™(7)).
(b) The morphism ¢ is a pure monomorphism in CF(.<7).

(c) Suppose given a limit (B, (bx)kez) for Y and a pure short exact sequence

bm . . . . .
A—%>B"%Y,, .1 in &. For k € Z, there exists a unique morphism A2 X, in of

such that ay - ix = u - by . Moreover, (A, (ax)kez) is a limit for X.

(d) Suppose that o/ has enough projectives. Suppose given a limit (A, (ax)rez) for X and a

limit (B, (bx)gez) for Y. Then ALBM‘Ym_A'_l is a pure short exact sequence in 7,
cf. definition 3.2.22. o

Proof. Ad (a). We have X,,11 € Ob(Z,) since XmHil"oLYm—}»Ym is pure short exact in
A .

Ad (b). We define Z € Ob(CF(«)) and Y —~Z in CF (&) as follows.
For k € Z§m+1 , let Z, = Ym+1 , 21 = 1 and Pk = Yk»m-‘,—l . For k € Z>m+1 et Z,, =Y, ,

Zk—1 = Yp—1 and pp = 1.

O+ 0~ 0 — X~ X, 2R X

NN

Ym+2 Ym+1 Ym Ym—1 Ym—2
ce e <—— Ym+3 <+ Ym+2 f Ym+1 1 Ym f Y, -1 f Y,

N

"‘<—'—Ym+3§7n'+—2Ym+2 Y 1 Y1 1 Y 1 Y

S

.
-

~

=
-
-t

<

3
-t

~!

3

|

o

3

o
B S

>-<

;

s

3

s

N

ym=+1
Note that (i,p) is a pure short exact sequence in CF(&7). In particular, i is a pure monomor-
phism in CF (7).

Ad (c). For k € Z-,, , we have X}, € Ob(Z,) by (a) and u - by = u - byi1 - Yins1sx = 0. Thus
ap = 0: A — X}, is the unique morphism such that ay - i, = u - by, .

For k € Z-,, , we have w by - Yism+1 = w- b1 = 0. Since 1, is a kernel of Yy,,41 , there exists
a unique morphism A—- X, in o such that ay - i, = u - by, .

Suppose given morphisms Ti>Xk in o/ such that fi - xy = frr1 for k € Z. Consider the
morphisms 225V, for k € Z. We have f - ix - yp = fr - @n - insr = frss - ipss for k € Z.
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Since (B, (bg)kez) is a limit for Y, there exists a unique morphism T—>=B in ./ such that
g-by = fr -1 for k € Z. In particular, we have g - b, 11 = fint1 - tme1 = 0. Since u is a kernel
of b1 , we get T—"+A in o such that h-u = g. So for k € Z, we have h - ay = f; since
h-ag-ix="h-u-by =g-bp = fi i and since i, is a pure monomorphism (In particular, i is
a monomorphism, cf. definition 1.3.2.).

Suppose given T—=A in &7 such that e-a;, = f; for k € Z. We have e-u-b, = e-ay iy = fi i
for k € Z. Thus e-u = g = h - u. We conclude that e = h since u is a pure monomorphism.
Ad (d). We consider the pure short exact sequence X —~Y —4Z in CF(«/) from (b). Note
that we get a limit (Y41, (ck)kez) for Z with ¢, =1 for k € Z<,,,41 , cf. lemma 3.2.18.
Moreover, we have p| = b1 since b1 - ¢ = b1 = g+ Yismt1 = b - pi for k € Z<jp i1 .

The result now follows from lemma 3.2.30. O
3.2.40 Lemma. Suppose given m € Z and an m-pure epimorphism Y ——=Z7 in F(a).

(a) The morphism p is a pure epimorphism in F(<7).

(b) We have Z € Ob(F™(«7)).

(c) Suppose given a colimit (B, (bg)rez) for Y and a pure short exact sequence
b — v . . . . c .
Y,,_1—s—=B—4~C in /. For k € Z, there exists a unique morphism Z,——=C' in o/

such that py - cx = by - v . Moreover, (C, (¢x)rez) is a colimit for Z.

(d) Suppose that o/ has enough injectives. Suppose given a colimit (C, (¢x)rez) for Z and

a colimit (B, (bx)rez) for Y. Then Ym,lgBLC is a pure short exact sequence in
o/, cf. definition 3.2.23. &
Proof. This is dual to the previous lemma 3.2.39. O]

3.2.41 Lemma. Suppose that o/ has enough projectives. Suppose given a pure short ex-
act sequence X —e=Y—4=7 in CF(«). Suppose given a limit (A, (ax)rez) for X, a limit
(B, (b )kez) for Y and a limit (C, (cx)kez) for Z. Suppose given a pure short exact se-
quence A4-D1-C in o. Suppose given a compatible family (D, (dy)gez) for Y such
that j - dp = ay - ix and q - cx = dy - pg for k € Z. Then (D, (di)rez) is a limit for Y. &

Proof. Let D—"=DB be the unique morphism in & such that w - b, = dj, for k € Z. We want

to show that the following diagram is commutative in o7

A—ss-D 1o

C
Il
A—4.pB A, ¢

—_

For k € Z, we have j -u-b, = j-dy, = ay - i = 1] - by . Since (B, (bg)rez) is a limit for Y, we
obtain j-u =1]. For k € Z, we have u-pl - cx = u-bg - pr = dp - pr = q - ¢ . Since (C, (¢ )rez)

is a limit for Z, we obtain u - p] = q.
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Now w is an isomorphism by lemma 1.3.19.(c). We conclude that (D, (dg)kez) is a limit for
Y. [

We introduce a weak form of limits for cofiltrations and a weak form of colimits for filtrations.

3.2.42 Definition. Suppose given X € Ob(CF(7)). A compatible family (A, (ag)kez) for X
is called a projective family for X if for every compatible family (P, (fx)rez) for X such that
P is projective in .27, there exists P——=A in .o/ such that u - a, = f;, for k € Z. &

3.2.43 Definition. Suppose given X € Ob(F(«7)). A compatible family (A, (ay)kgez) for X
is called an injective family for X if for every compatible family (I, (fx)kez) for X such that
I is injective in 7, there exists A——=1I in &/ such that a; - u = f} for k € Z. &

3.2.44 Remark. Suppose given X € Ob(CF()). If (A, (ag)kez) is a limit for X, then it is
a projective family for X. &

3.2.45 Remark. Suppose given X € Ob(F(«7)). If (A, (ax)kez) is a colimit for X, then it is

an injective family for X. &

3.2.46 Lemma (cofinality of projective families). Suppose given X € Ob(CF(7)).

(a) Suppose given a projective family (A, (ax)rez) for X.
Suppose given m € Z and P X r in &7 such that P is projective in o/ and such that
tp—1-xp_1 =ty for k € Z<,, . Then there exists P—t~ A in o such that t - a; = t;, for
kel .

(b) Suppose given m € Z and A—"% X, such that ay_1 - 2p_1 = ai for k € Z<,, . Suppose
that for Pl>X;C in .o/ with P projective in & and ty_1 - x5 =t for k € Z<,, , there
exists T—-=A in < such that ¢ - aj, = t;, for k € Z.,, . Let by = ay, for k € Z-,, and
b = G - Xppor for k € Z~,,, . Then (A, (b)rez) is a projective family for X.

Cf. lemma 3.2.14. &

Proof. Ad (a). Let uy =t for k € Z<,, and let uy = t,, - Xypoi, for k € Z,, .

For k € Z<,, , we have ug_y - 1 = tp—1 - Tpm1 =t = Uy, .

For k € Z~,, , we have ug_1 - xp_1 =ty - Xowsk—1 - Xp—15k = b+ Xppok = Up .

Since (A, (ax)rez) is a projective family for X, there exists P—t~ A in o such that t-a, = uy
for k € Z. In particular, we have ¢ - ay = u, =t for k € Z-,, .

Ad (b). For k € Z<,, , we have by_q - X1 = a_1 - Tp—1 = a = by, .

For k € Z~,, , we have by_1 - 1 = Gy - Xipsk—1 * Xp—156 = Um * KXok = bie .

Suppose given Pia)(;C in @7 such that P is projective in o/ and such that tx_1 - xp_1 =1,
for k € Z. By assumption, there exists a morphism P—-=A in & such that ¢ - aj, = t;, for

k € Z<,, . The result now follows since we also have t - by, =1 - @y, - Xysk = i - Xpnok = ¢, for
keZ,, . n
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3.2.47 Lemma. Suppose given a pure short exact sequence X —4y-—HY-Z in CF(«).
Suppose given a projective family (A, (ax)rez) for X, a compatible family (B, (by)gez) for
Y and a projective family (C,(cx)rez) for Z. Suppose given a pure short exact sequence
A—4i>B—4-C in o such that ay -ix = j by and by - pp = q - ¢, for k € Z. Then (B, (bg)rez)

is a projective family for Y as well. &

Proof. Suppose given pi)yk in .o/ such that P is projective and such that fr_1-yr_1 = fr
for k € ZSO .

Consider the morphisms PM>Z;~C for k € Z<y .

We have fy 1 pr-1 261 = foo1 Ye—1 Dk = fr - pr for k € Z<o . Since (C, (ck)rez) is a
projective family for Z, we may choose P——C' in & such that fy, - pp = u- ¢y for k € Z< .

Since P is projective in &7, we may choose P——B in & such that v - ¢ = u.

For k € Z( , we want to construct Pi>Xk in .o/ recursively such that g,_; - xx_1 = g and
such that v - by + gx - ix = fr -

We have (fo —v-by)-po= fo-Po—v-q-co= fo-po—u-co=0. So there exists a unique
morphism PLXO in .o/ such that fo —v-byg=go-iop. Thus v-by+ go- 10 = fo .
Suppose given k € Z_y . Suppose we have already constructed g, for ¢ € [k + 1,0].

. . P h .
Since P is projective in o7, we may choose P—>X, in & such that hy -z = gpy1 . We have
(fe —v-bx —h i) - Yp = fer1 — U bpyr — i Th - Gey1 = Gyt - Thg1 — Grgr * tegr = 0.

So there exists a unique morphism Piﬂ/,-C in @/ such that ry-y; = fo —v-bp —hy -1, . We

have 7 - p; = 0 since
T Dy 2 =Tk Yo Pk = (fe—v-bp—hp-ip) pr=u-cx—v-q-cp=0

and since z; is a pure monomorphism.

So there exists a unique morphism P—*>X ; in o/ such that s; - iy =7y .

fr—vbr—hy-ig Yk
P Yi——=Yin

Let gx = hg + s, - x;, . We have gy - v = g1 and
Vbt gkt =0 b+l i sk iy yp =0 b+ By ig 1y = i

Since (A, (ag)kez) is a projective family for X, we may choose P—A in &/ such that

w-ap = g for k € Z<y . Consider the morphism P B in of. For k e Z<, , we have
(wtw-j)-by=v-bp+w-ap- i =v b+ g - ix = fr . We conclude that (B, (bg)kez) is a



137
projective family for Y. O]

3.2.48 Lemma. Suppose given X € Ob(CF()).

(a) Suppose given a projective family (A, (ax)rez) for X. Then (A, (axs1)rez) is a projective

family for Xy .

(b) Suppose given a projective family (A, (ap41)rez) for X . Then (A, (ax)rez) is a pro-

jective family for X.

¢
Proof. This follows from lemma 3.2.20. O

3.2.49 Definition. We say that @ has epilimits if there exists a limit for every cofiltration
X € Ob(CF(&)). We say that o7 has monocolimits if there exists a colimit for every filtration
X € Ob(F(«)). O

3.2.50 Lemma. Suppose given an additive category Z with countable products. Then C(%)
has epilimits. %

Proof. The pointwise limits exist by lemma 3.2.32. They yield a complex by lemma 3.2.24.(d).
[

3.2.51 Lemma. Suppose given an additive category & with countable coproducts. Then
C(Z) has monocolimits. &

Proof. This is dual to the previous lemma 3.2.50. [

For strict Frobenius categories
Suppose given a strict Frobenius category .# = (#,B, %, 1,1, a).

3.2.52 Definition. Suppose given an exact functor G: % — 7.
Let F(G) = Z(G)|£g; F(%) — F(%) , cf. definition 1.4.3 and lemma 1.4.16.(c). The functor
F(G) is exact by lemma 1.4.16.(a) and remark 1.3.22.

We often abbreviate B = F(B) and ¥ = F(X). O

3.2.53 Definition. Suppose given an exact functor G: % — 7.
Let CF(G) = Z(G) gggg CF(Z) — CF(&Z) , cf. definition 1.4.3 and lemma 1.4.16.(d). The
functor CF(G) is exact by lemma 1.4.16.(a) and remark 1.3.22.

We often abbreviate B = CF(B) and ¥ = CF(X). &

3.2.54 Definition. Suppose given a full subcategory . C .%. We say that . is closed under
epilimits if for each X € Ob(CF (%)) with X}, € Ob(.¥) for k € Z and each limit (A, (ax)kez)
for X, we have A € Ob(.¥). &
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3.2.55 Lemma. Suppose given ¢ € Z, X € Ob(CF(.%)) and a limit (A, (ax)kez) for X. Then
(Al (agf])kez) is a limit for X, &

Proof. This follows from the fact that ¥: .# — % is an isomorphism of categories. O

3.2.56 Lemma. Suppose given ¢ € Z, X € Ob(CF(.%)) and a projective family (A, (ax)rez)
for X. Then (A, (ag])kez) is a projective family for X, &

Proof. This follows from the fact that ¥,37!: . — .% are mutually inverse exact isomor-

phisms of categories. []

3.3 V-diagrams
Suppose given a strict Frobenius category .# = (#,B, %, (, 1, a).

3.3.1 Definition. Let V := {(k,0) € Z x Z: k < (}. We write ¢/k := (k,() for (k,{) € V.
We define a partial order on V by setting j/i < ¢/k if i <k and j < /¢ for j/i,{/k € V.
We consider the functor category V(%) as an exact category equipped with the pointwise

exact structure, cf. convention 17 and definition 1.4.7.

For X € Ob(V(#)) and j <k <l in Z, we write 2y ¢/; = Xi/jses; and xe/jn = Xejjoryie -

3.3.2 Definition. An object X € Ob(V(%)) is called a V-diagram (or nabla-diagram) if
(Thye/; 5 Tossk) is a pure short exact sequence in .# for j < k < £ in Z. We may think of such

an object as a diagram of the following form.

3 3 3
0~ Xt < X < Ny <~
’ Tit1,k4+2/k ¢ LTit1,k+2/k—1 ¢
0 ’ Xk+1/kMXk+l/k—1<—'—"‘

3 Tk,k+1/k—1 ¢
0 f Xk/kfl - ...
1

0

We use the letter V because its shape is reminiscent of the shape of the diagram. Let V(%)
denote the full subcategory of V(%) defined by

Ob(V(F)) ={X € Ob(V(F)): X is a V-diagram}.
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We call V(%) the category of V-diagrams in F. V(%) is a full additive subcategory of V(.%)
that satifies the conditions (RE1), (RE2) (RE3) and (RE4) of definition 1.3.21 by remark 1.4.10
and lemmata 1.4.11, 1.4.12, 1.4.13, 1.4.14, 1.4.15. We equip V(&) with the restricted exact

structure &y o of the pointwise exact structure on V(#). A sequence X Ly 4z

f
V(%) is a pure short exact sequence if and only if Xg/k&-}/g/kﬂ'Zg/k is a pure short

exact sequence in .% for {/k € V. O

3.3.3 Definition. Suppose given an exact functor F': % — Z.
Let V(F) = V(F )|§g V(ZF) — V(F) , cf. definition 1.4.3 and lemma 1.4.16.(b). The
functor V(F) is exact by lemma 1.4.16.(a) and remark 1.3.22.

Suppose given exact functors F,G: % — % and a transformation \: F' — G.

Let V(\) = VAo 5 : V(F) = V(G) , cf. definition 1.4.5.

We often abbreviate B = V(B), ¥ = V(X), ¢ = V(¢), # = V(7) and a = V(a). We also
write Ly # = V(X). ¢

3.3.4 Lemma. Suppose given X € Ob(V(.%)). Then we have X € Ob(V (%)) if and only if

the following four conditions hold.

(N1) We have Xj /i, € Ob(Zz), i.e. Xy is a zero object for k € Z.

(N2) The rectangle

To4+1/k,k+1

Xot1/k41 Xey1/k
xe,e+1/k+1T Tfe,e-u/k
Lo/k,k+1
Xo/kt1 Xo/k

is a square for k < £ in Z.
(N3) The morphism x¢41/x is a pure monomorphism for k& < ¢ in Z.

(N4) The morphism 241/ k41 is a pure epimorphism for k < ¢ in Z.

¢

Proof. Suppose that X € Ob(V(.%)). Suppose given k € Z. We have the pure short exact
sequence (Zjk/k , Tr/kk) in F. Thus lx,,, = 0. We conclude that Xy, € Ob(Zz).
Note that the following rectangle is a square since (T jt1/k-1, Tr+1/k—1,k) i @ pure short exact

sequence in %

Tht1/k—1,k

Xk—f—l/k Xk+1/k—1
] Tzk,lﬂ—l/k—l
Xk Xk /k—1
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. . Te0+1/k To41/k,L
Suppose given k < £ in Z. We have the pure short exact sequences X/, —+—=Xy 1 /,—+=X¢11/¢

xr X
R Xg+1/k£—+1/’7’ki>Xg+1/k+1 in .%. It remains to show that the following

and Xjpi1/x

rectangle is a square.

To41/k,k+1
Xet1/k41 Xev1/k
fﬁe,e+1/k+1] T$l,£+l/k
Lo/k,k+1
Xo/k+1 Xk

If / = k + 1, then this follows from the discussion above. Suppose that ¢ > k 4+ 1. We have

Lo 0+1/k+1 Lo4+1/k+1,0
Xop1/py1—F—=Xp410 and

the pure short exact sequences Xy 1

Th41,4/k Lo/l k41

Xosk : Xo/k1 in F. The result now follows by applying the pasting

Xev1/k
lemma 1.1.1.(a,b) to the following diagram.

Lo41/k41,0 Lo41/k,k+1
Xey1/e Xor1/k+1 Xey1/k
T $£,£+1/k+1T Txé,2+1/k
Te/k k41
Xese Xkt Xosk
T ]karl,é/k
Xkt1/k+1 Xkt1/k

Conversely, suppose that the conditions (N1), (N2), (N3) and (N4) hold.
By induction, zy ¢/, is a pure monomorphism and x,/; is a pure epimorphism for j < k < £ in
Z. Also by induction, the pasting lemma 1.1.1.(a,b) yields that all rectangles of the following

form, where j/i < /¢/k in V, are squares.

Te/ik

Xk X
ﬂw/kT T%/z/z‘
i/,

Xjjp ~—"— X

In particular, we have the following square for j < k < ¢ in Z with X}/, € Ob(Zz).

Te/j.k

Xk X/
T
X/ X/
We conclude that (:Uu/j , a:g/j,k) is a pure short exact sequence in .7 . ]

3.3.5 Lemma. Suppose given the following squares in .# for j+1 < £ in Z, where the vertical

morphisms are pure monomorphisms and the horizontal morphisms are pure epimorphisms,
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as indicated.

Lo+1/5,5+1
. - .
Xev1/541 Xey1/5

W,4+1/j+1? }wﬂ,f-&-l/j

Le/j,54+1
Xefj1<—+F—— Xy;

T k+1/k—1 LTrt1/k—1,k . . o
Suppose that Xj ;1 Xig1/k—1——+—=Xj11/% is a pure short exact sequence in .7

for k € Z. Then there exists an object Y € Ob(V(%#)) such that

Yesjgr1 = Tejjjrr a0d Yper1/j41 = Toeg1/j41
for j +1 < ¢ in Z. In particular, we have Y;,; = X,/; for j < £ in Z. &

Proof. This is an application of the previous lemma 3.3.4. O]

3.3.6 Definition. An object X € Ob(V(%#)) is called pointwise bijective if X,/ is a bijec-
tive object in .# for {/k € V. Let By » denote the full subcategory of V(.%) defined by
Ob(By 7) = {X € Ob(V(.F)): X is pointwise bijective}. O
3.3.7 Lemma. Suppose given a pointwise bijective object X € Ob(By #). Then X is bijective
in V(). ¢

Proof. We want to show that X is injective in V(.%). Suppose given Y —=X and a pure

monomorphism Y —">7 in V(.#). We want to construct Z—'>X in V(.%) recursively.

y —2 7
gl/

h
X

For k € Z, we may choose hy/, = 0: Z /i — Xg/k -

R o
For k € Z, we may choose Zk/k_li;Xk/k_l such that my/x—1 * hrjp—1 = gr/x—1 since X1

is injective in .Z.

M /k—1
Yk/kfl = Zk/kfl

Ik /k—1
hysk—1

Xk/k-1

So we have My hg/k = Ju/k for f, keZ with0</—k<1.
Moreover, we have zy/p g1+ hejper =0 = hyyi - oy g1 and ze—1g/p - he = 0 = hy_1 /1 - To—10/
for 0,k € Z with € —k = 1.

B
Suppose given k, ¢ € Z with { —k > 1. Suppose we have constructed Zj/i;g jpifori,j €z

with 0 S ] — 4 < £ — k such that mj/l . hj/l = gj/l s such that Zj/i,iJrl . hj/iJrl = h]/l . ajj/i,iJrl
and such that Zij-1,4/i " h]/z = hj—l/i " Ti-1,/i for 0 < j—i< (— k.
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Since Xy/41 is projective in %, we may choose Xg/k+1—t>Xg/k such that ¢ - zg/ 41 = 1, cf.

lemma 1.3.11. Let a = ZZ/k,k—i—l : h[/k+1 -t Zg/k — Xg/k . We have a - xé/k,k-H = Zé/k,k-i—l . he/k.H .

Z/k

Z(Z/k,k+1~|;

Zo/ky1

hZ/k+1L
Lo/l k41

Xojpy1 <=—+—— Xy
We have

(he—1/k - To—1,0/k — Ze—1,0/k * @) * Te/k fr1
= o1k - To-1/k k1 Te-10/k+1 — Zo—10/k " 2k k41" ekt
= 201 k1 Moo kt1 " Too1,0/k1 — 20—1/kk+1 " 20—1,0/k+1 * No/ks1
= 20 1 k41 " 20-1,0/k41 " De/kat — Zo—1/k k1 Ze—1,0/k41 " Pk

=0.

. . . . . b .
Since xj41,¢/k is a kernel of xy)y 41 , there exists a unique morphism Z;,_; /p——=Xo 11 in F
such that b xp 106 = hoe1/k  Te—10/k — 20-1,/k * G-

We may choose Zg/k—C>Xk+1/k with 2,1 ¢/; - ¢ = b since X1y, is injective in 7.

Ze—1,0/k

Zy_1/k Z
h l \ l
L1/ Tl-1,0/k—R0—-1,0/k"Q c
Xoppr =z X o Xit1/k

We have

Ye—r,e/k - (Gesk — Mg - @ — My - € Tig1,0/k)
=G0-1/k " To—14/k — My—1/k * 20—14/k @ — My_1/k * 20—1,/k * C* Tk414/k
=00-1/k " Tp—10/k — My—1/k " Z0—10/k @ — My_1/k * b- Tr41,0/k
= Go-1/k " To—1,0/k — My—1/k " Z0—1,/k * @ — My—_1/k * (hz—l/k “Tg—1,0/k — Z0-14/k " a)
= Go—1/k " Te—1,0/k — Mu—1/k * No—1/k " Te—1,0/k
= (Ge—1/k — Mo—1k - hu—1/k) - To—1,0/k
=0.

Since Yy k-1 is a cokernel of y,_; o/x , there exists a unique morphism }/g/g_lLXg/k in .%

such that ye/xe—1-d = goyp — My - a — My - ¢ Tgren -
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We have

Ye/ki—1 - d- To/k k+1
= (gZ/k — My @ — My - C- $k+1,z/k) C Ty k+1
= Ye/kk4+1 " Ge/k+1 — TM/k * 24 /b k41 ° hé/k—i—l — My - C- 0
= Yo/kkt1  Je/kr1 — Yokl " Me/kr1 - iy
= Yo/kds1 * (Ge/ker — Mafigr - Pajigr)
=0.

Since y/k,¢—1 is a pure epimorphism, we conclude that d- ¢/ 41 = 0. Since x441 ¢/ is a kernel

of x¢/k k41 , there exists a unique morphism Yg/g,l—e>Xk+1/k in % such that e - 241, = d.

We may choose Zg/g_l—f>Xk+1/k with my/e_1 - f = e since Xy, is injective in Z.

Ye—1,0/k Yo kt—1 My/0—1

=y . Yo = Yoot Zyje—1
gz/kmg/k-amg/k-c-wk+1,z/kl / le /
Xejri1 To/k ki1 Xk R Xkt1/k

Let hyp = a+c- Tpp1ok + 2okt - Togresn -

We have

My/k hz/k =My @+ My - € Tit1,0/k + Mejk * 2a/ke—1 /- Th+1,0/k
=Mk @+ Mek+ € Thyte/k + Yesko—1 - Mujo—1* [ Thit,o/k
=My - @+ My - C* Tit1,e/k T Ye/kp—1 " € Thtl0/k
=My @+ Me - C Tpy1o/k + Yese—1 - d
=My @+ My € Tit1,0/k + Goje — My - @ — Mgk~ €+ Tt 1 0/k

= 9v/k ,

P Tojpps1 = @ Toppprr + € Thprem * Tojkgort T 20/k0-1° f * Tha1,0/k * Teyprn

= Zo/k k1 Py

and

Z0—-1,0/k * h@/k = Ze-10/k - @+ Ze—14/k * C Th1,/k + 20—1,0/k * Z0/k -1 I Tht1,6/k
= Zo_1/k @+ b Tppr ok
= Zy—14/k " @+ he—l/k cTp-14/k — Re-14/k " @

= he_1/k - To—10/k -
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T : T N/x
/1 Z/k+1 Zi/k

9e/k+1
Zy_1/k
Xe/kt1 ‘ Xo/k
he_1/k
Xo 1)k
We conclude that X is injective in V(.#). Dually, it is also projective in V(.%). O

3.3.8 Theorem. The tuple (V(Z),B, X, ¢, 7, a) is a strict Frobenius category. Moreover,
we have é"vp(y) = &v.7 , cf. definitions 3.3.2 and 2.1.16. O

Proof. The functor B = V(B) is additive, cf. definition 1.4.3 and remark 1.2.5.(b). The functor

3 = V(X)) is an isomorphism of categories with inverse V(X7!) since we have

(V(2) - V(S™) * Incgt 7 = (V(2) - V(S™) * (I - 1 vi)
V(F) V(F)
= (V(2) % L, v) - (V(Z ™) * 1InCV(9))
V(ZF) V(F)
= (L,ve * V() - (1, v * V(ET)
V(ZF) V(ZF)
= (I, - L) * (V(E) - V(ET))
V(F) V(ZF)
=1, v * (V(Z-57)
V(F)

= Inc\vl((?) *V(lz)

_ V(F)
= Incv(y) * 1\/(_9)

F
= 1V(9‘) * Incgiy))
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and

(V(S™Y) - V(2) * Incg 7] = (V(S71) - V(D)) * (e2) * Tineti)
= (V(Z )% L, v) - (V(Z) % 1InCV(9))
V(ZF) V(F)
= (1Incv<f}) * V(X)) - (1InCV(F}) * V(X))
V(ZF) V(F)
= (1InCV(9) -1 v ) * (V(ZTH - V(D))

V(F) NCq ()

=1_ vz *(V(Z1-%)

Incv(gz)

= Inc\v/(ég *V(lz)

F
= IDC\VIEgg * 1\/(_9)
F
= lv(y) * Incgig)) s
cf. lemma 1.4.6.(a,b).
The transformation o = V(«) is an isotransformation since XV (a) = XV(«) is an isomor-

phism in V(.#) for X € Ob(V(F)), cf. lemma 1.4.6.(c,d).
Ad (SF4). We have (X xt) - a = ¢t x X since

(Bxe) - @) xIneg(Z) = (V(Z) * V(1) - V(@) * (005 - L,ovez))
= ((V(E) * V(L) * 1Inc\vl((‘§))) : (V(Oé) * 1 g((?)))
= (L) * V() £ V(1) - (e * V(@)
= (11ncg<(~;>) ey ) * (VE) V() - V(a))

mel(Z) * V((Exe) - a))
= In V() *V(L* Z)
v ()

= Ly * V(1) x V(2),
=V VE Ly

v
= (L% X) xInc ((‘;))
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cf. lemma 1.4.6.(d,e). We have ¥ 7w = —a - (7 * X)) since

(—a- (mx X)) * Inc\vf(”i) (=V(a) - (V(m) * V(X)) * (1, v - 1 v(f;))

(F) Incg () Cv(#)
= (=V(a) * 1, viz) - ((V(m) * V(Z)x 1, viz))
NCq () 1y ()

= (1In vz * V(—a)
V(F)

) (Lppeyez * V() % V(2))
= (Lo - lpve) x (V(—a) - (V(m) * V(X))

a-

)

V(F) ey (7)
= Lyn * V(ca (14 5)
=1, %‘{Q*V(Z”
_ V(?*V(Z)*V( ),
= V() *V(m) 1, vz

ey (7)

A%
= (X %)~ Inc ((‘;))

cf. lemma 1.4.6.(d,e,f).

Ad (SF1),(SF2),(SF3).

Note that for X € Ob(V(&#)), (X¢, X) is a pure short exact sequence in (V(.%), &y #) since
(Xe)er (X)) = (Xeynt, Xejpm) is a pure short exact sequence in .# for £/k € V. Also
note that for X € Ob(V(.%)), the object XB is bijective in (V(.#), &y #) by lemma 3.3.7.
This yields (SF1),(SF2) and (SF3). Moreover, we have é"v(y) = &v,7 by lemma 2.1.34. O

3.3.9 Definition. By theorem 3.3.8, V(%) = (V(.%),B,X,t, 7, «) is a strict Frobenius
category. We denote its stable category by V(F) = V(.%), cf. definition 1.3.27. Note that
PBvz): V(F) = V(F) denotes the stabilisation functor of V(7). O

3.3.10 Remark. Suppose given X~V in V(F). Then we have f = 0 in V(&) if and
only if there exists XB——=Y in V(%) such that X¢-g = f, cf. lemma 1.3.28. &

3.3.11 Lemma/Definition. We define the translation functors Ty 7, T 5: V(F) = V(Z)
as follows. For X € Ob(V(#)) and j/i < {/k in V, let

(XTv, 7)ok = Xex1/km1 ) (XTS 2)en = X1,

(XTV,y)j/z‘»e/k; = Xj+1/i+1»€+1/k:+1 and (XTeyy)j/i%/k: = Xj—l/z’—l»é—l/k—l .

For f € Mor(V(%)) and ¢/k € V, let (fTv,#)ek = fes1/k+1 and (fTE,gz)e/k = fo—1/k—1 -
The functors Ty # and Tg 5 are mutually inverse isomorphisms of categories.

For k € Z and X——~Y in V(ﬁ), we often write Xy = XTkvj and fi = fT’%“gz : &

Proof. We abbreviate T = Ty # and T~ =T » . Suppose given Xty zi V(F).
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We have 1)(T = 1XT since (1xT)g/k = 1X€+1/k+1 = (1XT)£/k for f/lf e V.

We have (fg)T = fT - gT since ((f9)T)ex = frr1/kt1 - Ger1/he1 = (fT - 9Ty for £/k € V.
We have 1xT™ = 1yp- since (1xT7 )y, = Iy, oy = (Ixp-)esw for £/k € V.

We have (fg)T™ = fT7 - gT" since ((f9)T ey = fe—1jp-1 - Ge—1/k—1 = (fT7 - gT7)g, for
l/k e V.

We have fTT™ = f since (fTT7 )y = for for £/k € V.

We have fT7T = f since (fT"T)ex = foyr for £/k € V.

3.3.12 Remark. Suppose given k,/ € Z. We have L¢, - Tzvyy = Tevj DLIPE

Proof. Suppose given X—1ov in V(#). We have fZ’%M@TZVﬁ = fTEVjZij, since

k
(le%,yTev,y)j/i = f][-ié/i—i-ﬂ = (fTEv,yZI%,gz)j/i

for j/i € V. O

3.3.13 Lemma/Definition. We define the transformation py #: ly(z) = Tv,# by setting
(Xpv,.2)ek = Xejkser1/k+1 for X € Ob(V(F)) and £/k € V. This in fact defines a transfor-

mation. We sometimes abbreviate p = py_# . &

Proof. We abbreviate p = py # and T = Ty # . Suppose given X—Lovin V(ZF).
We have Xp - fT = f-Yp since

(Xp - D)ok = Xejpotsr/is1 - frrrymer = fogn - Yoppoearyorr = (f - Y 0)esi

for ¢/k € V. O

3.3.14 Lemma. We have Ty #z *x pv,z = pv,.z * Tv.# .

Proof. We abbreviate T' =Ty # and p = py,# . We have T xp = px T since
(X(T* p))g/k = Xg+1/k+1»£+2/k+2 = (X(p*T))g/k for X € Ob(V(ﬁ)) and g/k e V. ]

3.3.15 Definition. The set Jy(#)

abbreviate Jv,7 = Jv(#)

Tv.7.0v.5,By 5 15 an ideal in V(F), cf. definition 3.1.1. We
. Let V(&) = V(F)/Jv,# denote the corresponding
factor category and let Qv z: V(%) — V(%) denote the correspoding residue class functor,

of. definition 1.2.13. For X~V in V(F), we write f = f + v(#),0¢ 5 (X,Y). &

Iy, 7.0v,2,8v,7

3.3.16 Remark. Suppose given X Jyin V(.%). The following statements are equivalent,
cf. lemmata 3.1.2, 3.3.14, definition 1.3.27 and remark 3.3.10.

(a) We have f =0 in V(F).
(b) We have X[_yjpv,# - f = 0in V(F).

(c¢) There exists X[_l]B—g>Y in V(%) such that X_ypv.# - f = Xyt -g.
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3.3.17 Definition. Suppose given a full subcategory . C .. We define the full subcategory
Vo (F) of V(F) by setting

Ob(Vy (7)) = {X € Ob(V(F)): X, )] | € Ob(.7) for k € Z}.

We define the full subcategory V (%) of V(%) by setting Ob(V (%)) = Ob(Vy(F)). We

define the full subcategory V _(F) of V(.F) by setting Ob(V (F#)) = Ob(Vy(F)). O

v,
3.3.18 Definition. Suppose given a full subcategory . C .Z. Let

Y (F
PByv(z),s = ‘Bw%ﬁj&fi Vo (F) = N y(F)

and let

(g)

Cf. definitions 3.3.9 and 3.3.15. &

3.3.19 Lemma. Suppose given a strictly full additive subcategory . C .%. Then Vg (F) is
a strictly full additive subcategory of V(%) as well. O

Proof. Note that zero objects, direct sums and isomorphisms in V(%) are formed pointwise, cf.
remark 1.4.2. The result now follows from the fact that the residue class functor B z: % — %
is additive. O

3.3.20 Remark. Suppose given a full subcategory . C . and X € Ob(Vy(#)). For ( € Z,

we have Xy € Ob(S). For k¢ € Z with k < ¢, we have X,/ € Ob < [:ku] ym), o
]E + b

Proof. For { € Z, we have X1 € Ob(.#1) since X(E/_ﬂl € Ob(Y).
Suppose given k, ¢ € Z with k < (.
For ¢ = k, we have X,/ = X;/y € Ob(Zz) C Ob(Zg) = Ob < X y[ﬂ).

jElk+1,0]
Now suppose that & < ¢. We proceed by induction on ¢ — k € Z>; .
For { — k = 1, we have X,/ = X/ € Ob(#1) C Ob ( * ﬂﬂ).
JjE[k+1,¢]
Suppose that £ — k > 1. We obtain a triangle

To—1,6/k To/k,b—1
Lk~ A1

(1]
X1k

Xe—1/k

in Z, cf. lemma 2.2.9 and definition 2.2.14. Since by induction X1, € Ob ( X y[ﬂ>

jelk+1,6—1]

and Xy € Ob(.7), we have Xy € Ob ( % y[ﬂ).

JEk+1,4]
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3.3.21 Lemma. Suppose given full subcategories 2, Z C .Z such that z(2" %) = 0 for
k € Z-o . Suppose given X € Ob(Vy(.Z)) and Y € Ob(Vy(%)). For i,j,k, ¢ € Z with
i <j<k<{ wehave #( X, Yj) =0. &

Proof. Suppose given i, j, k., { € Z with i < 7 < k < (.
By remark 3.3.20, we have X/, € Ob ( > QW> and Yj;; € Ob ( * %[nl). So the
S

melk+1,0) nefi+1,4]
result follows from lemma 1.5.10.

3.3.22 Lemma. Suppose given full subcategories 2, % C .Z such that #(2" %) = 0 for
k € Z-o . Suppose given X € Ob(Vg(.#)) and Y € Ob(Vx(#)). For i,j,k { € Z with
i <j<k<{ wehave z(X,Y)) =0. &

J

Proof. Suppose given i, j, k, ¢ € Z with 1 < 57 < k < /L.
By remark 3.3.20, we have X, € Ob( X Q[m]) and Yj,; € Ob( X ,9?["}). So

melk+1,(] né€li+1,7]

neli+1,5] neli+2,5+1]
from lemma 1.5.10. O

Yl e Ob( * %[nﬂl) = Ob( [ * 92[“1) by lemma 1.5.9. Thus the result follows
S

3.3.23 Remark. Suppose given a full subcategory . C .# and X € Ob(Vy(%)). Then we
have X[[i]l] € Ob(Vy (7)) as well. O

Proof. For k € Z, we have (X[l]

=k x[] —K] _ -kt
[_1})]“/]‘3—1 - <Xk—1/k—2)[ k] - Xk—l/k—2 € Ob(y) D

3.3.24 Definition. A candidate triangle X Ly i,z 7 X[[i]l] in V(%) with respect to

EV7Q-T§L@~ is called a pseudo-triangle in V() if (i, p) is a pure short exact sequence in V(%)

and if there exists X|_;)B—"=Z7 in V(%) such that the following diagram is commutative in
V(F).

Xi_q1L Xi_qm

=

Pl
Z ——= Xy

h<

Note that in this case the left rectangle is a square, cf. lemma 2.1.9. &

3.3.25 Lemma. Suppose given Xy in V(Z). Then there exists a pseudo-triangle
xLoy oz toxM i V(7). o

Proof. Choose a pushout in V(.%) as follows.
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By lemma 2.1.11.(b), we may choose Z—p>X[[i]1} in # such that g-p = X;_;jm and such that
f

(,p) is a pure short exact sequence. Thus X ) X[m 1 is a pseudo-triangle in
V(F). O

3.3.26 Lemma. Suppose given a pseudo-triangle X Ty_d.77% X[[i]l] in V(%) and a
morphism X[ yB—2=Z7 in V(%) such that the following diagram is commutative.
X[ 1]L

Xy 2Ry BTyl
[—1] (—1] [—1]

!

Y j X[[” .

p.

For k € Z, we may choose Zk/k_lLYk/k_l and X,El_]l/k_zLYk/k_l in .% such that

U /k—1 e
Xk:—l/k—27T . tk = Ok/k—1 and such that Ykz/k—l o Zk/k—l e I[cl—]l/k—2

sum in % . S

is a direct

Proof. Suppose given k € Z.
We have (X[_110)k/k—1 = 0 and thus Xy /5ot - gr/k—1 = (X0 - f)e/k—1 - tkk—1 = 0.

So we may choose X,El_]l/k_zLZk/k_l in .% such that Xj_i/4_om - tp = gr/p—1 -

We have ty - prjp—1 = 1 since Xy 1/ o -ty - Prjk—1 = Grjk—1* Ph/k—1 = Xg—1/k—27 and since
Xk—1/k—2™ is a pure epimorphism.

The result now follows from lemma 1.2.11. O

3.3.27 Corollary. Suppose given a strictly full additive subcategory . C .%. Suppose given

oy 4.7 % X[[i}l] in V() with X,Y € Ob(Vy(#)). Then we

have Z, X[[i]l] € Ob(Vy (7)) as well. O

a pseudo-triangle X

Proof. We have X[[i]l} € Ob(Vy(F)), cf. remark 3.3.23.

I /k— t
For k € Z, lemma 3.3.26 yields a direct sum Y}/, A Zi k-1 - X,[ﬂl/k_Q in .7.
Sk Pk/k—1
i[fk] [—k]
k k - k+1

So Yk,[/k]1 Z,[c/k] 1 — X[ /k] , is a direct sum in .Z.

sk Pr/k—1
Thus Zk/k . € Ob(”). We conclude that Z € Ob(Vy(F)). O

3.3.28 Lemma. Suppose given a pseudo-triangle X ——>X—4>B—¥ X[[i] in V(%). Sup-

pose given X v in V(%). The following three statements are equivalent.
(a) We have f = 0.

(b) There exists B—">Y in V(%) such that f =i - h.
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(¢) There exists B—">Y in V(%) such that f=i-h
¢

Proof. We may choose X[,l]B—g>Z in V(%) such that the following diagram is a square,
cf. definition 3.3.24.

X[ 1]L
XH} ——=X-1B

lg

B

o)
X
Ad (a) = (b). Suppose that f = 0. So we may choose X[_yB——Y in V(&) such that
X_yp - [ = X[yt - e by remark 3.3.16. Since the diagram above is a pushout, we may choose
B—"~Y such that i-h = f.
Ad (b) — (c). This is trivial.
Ad (c) — (a). Suppose given B—">Y in V(%) such that f =i - h.
Then X|_yp-f=X_yp-i-h=X_yt-g-h. So X_yp- f_: 0. We conclude that f = 0 by
remark 3.3.16. O

3.3.29 Definition. Suppose given k € Z. We define the full subcategories V*(.%) and
VH(F) of V(F) by setting

Ob(VH*(F)) = {X € Ob(V(F)): Xyyi—1 € Ob(Z) for £ € Zoy}

and

Ob(VM(F)) = {X € Ob(V(F)): Xyji—1 € Ob(Z5) for £ € Zy.}.
We define the full subcategories V*(.7 ) VH(F) of V(.F) by setting
Ob(Y*(.#)) = Ob(VF#(.Z)) and Ob(V" (.7 )) Ob(VH (.

F
AYA ).
We define the full subcategories V%(ﬁ) nd V ](ﬁ) of V(%) by setting
Ob(Y¥ (7)) = Ob(V*(F)) and Ob(VH (7)) = Ob(VH(F)).

Suppose given a strictly full additive subcategory . C .Z.
N

Let VE(F) = VFZ) N Vy(F) and VA(F) = VH(F) NV, (F).
Let VE(#) = Y(Z) N Y, (F) and Y'L(F) = VI(F) NV, (F).
Let V¥ (F) = Y"(F)N Y (F) and ¥ (F) = Y(F) NV (F). &

3.3.30 Definition. Suppose given k, ¢ € Z. Let V#(F) = VF(F)n VI (.F),
V(7)) = YH(F) N Y1(F) and YHI(F) = YH(F) N ¥
Suppose given a strictly full additive subcategory . C .%.
Let V() = VR(F) 0 Vo (£), V51(F) = YMI(F) NV, (F) and

Vi (F) =Y MUF)NY(F). 6
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3.3.31 Definition. Let V*(#) = (J VF(%), V"(Z)= U V(%) and
k(EZ k(E2

v'(#)= U ¥"(ZF).

keez ™
Suppose given a strictly full additive subcategory . C .Z.

Let VY(F) = VX(Z)NVy(F), Vo (F) =V (F) NV, (F) and
V() =Y"(F)NY (F) ¢

bz
3.3.32 Definition. Let Qv 7 = Qv,y\%bg:;;: VH(ZF) — Zb(ﬁ). O

3.3.33 Remark. Suppose given n € Z.
(a) Suppose given X € Ob(V™(F)). Then X,/ € Ob(Zz) for £/k € V with ¢ < n.

(b) Suppose given X € Ob(V™(.F)). Then X,/ € Ob(Zgz) for £/k € V with k > n — 1. o

Proof. Ad (a). We use induction on ¢ — k € Z>( with £ < n.
If £ — k=0, then X,/ = X,/ € Ob(Zz).

If { — k=1 with £ <n, then X/, = Xy/y—1 € Ob(Zz).
Suppose that £ — k > 1 with ¢ < n.

Consider the pure short exact sequence X,_; T Xo/k Xy¢/e—1 in #. We have

Xyji-1 € Ob(Z#) and, by induction, X/, € Ob(Z#). We conclude that X,/ € Ob(Zz).
Ad (b). We use induction on ¢ — k € Z>( with k > n — 1.

If ¢ — k=0, then Xy, = X/, € Ob(Z2).

If ¢ — k=1 with k > n — 1, then X/ = Xp41/x € Ob(Z2).

Te/k,L—1

Suppose that £ — k > 1 with k > n — 1.

x
Consider the pure short exact sequence Xy 1/ e Xk Xo/kt1 in F. We have

Xi+1/k € Ob(Z#) and, by induction, Xy/,41 € Ob(Z4). We conclude that X/, € Ob(Zz). O

Lok, k+1

3.3.34 Remark. Suppose given n € Z.

(a) Suppose given X € Ob(VM(.F)). Then w1/ is an isomorphism in .Z for (/k € V
with ¢ > n.

(b) Suppose given X € Ob(V"(.#)). Then z/x_1y is an isomorphism in .F for {/k € V
with £ < n.
¢

Proof. Ad (a). Suppose given ¢/k € V with £ > n. The sequence (2 ¢11/k, Tet1/k,) is pure
short exact in % with z11/k¢ = 0 since X170 € Ob(Z#). We conclude that 241/ is an
isomorphism in ..

Ad (b). Suppose given ¢/k € V with k < n. The sequence (2 ¢/k—1, Z¢/k—14) is pure short
exact in . with xpex—1 = 0 since Xy—1 € Ob(Zz). We conclude that zy/;_1, is an

isomorphism in .%. m
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3.3.35 Lemma. Suppose given m € Z and a pure short exact sequence X 4 y-H¥-Zin
V(ZF).

(a) If X, Z € Ob(VM™(F)), then Y € Ob(V™(.F)) as well.

(b) If X,Z € Ob(V™(F)), then Y € Ob(V™(F)) as well. o

Proof. This follows from lemma 1.4.8.(d). O

3.3.36 Lemma. Suppose given a pure short exact sequence X —e=Y—4+7 in V(%) such
that X, Z € Ob(VP(F)). Then we have Y € Ob(VP(.%)) as well. O

Proof. This follows from lemma 3.3.35. O]

3.3.37 Corollary. VP(.Z) is an extension-closed subcategory of V(.%), cf. definition 1.3.23,
remark 1.4.10 and lemma 3.3.36. In particular, it is a strictly full additive subcategory of
V(Z). So V() is a full additive subcategory of V(%) and V"(#) is a full additive
subcategory of V(.%), cf. remark 1.2.14.

Suppose given a strictly full additive subcategory . C .%. Then V(%) is a strictly full
additive subcategory of V() as well by lemma 3.3.19. Consequently, V5 (%) is a strictly
full additive subcategory of V(.#), cf. remark 1.2.4. Thus V (%), V>, (%) are full additive
subcategories of V(F) and V _(.7), Z;(ff) are full additive subcategories of V(#), cf.
remark 1.2.14. &

3.3.38 Definition. Suppose given X € Ob(V(#)). We write

— . — . (1]
fyX»j»k‘j - fy(xk,é/jvxe/j,k) : Xﬁ/] - Xk/]B and 5X,j,k,£ - 6($k,é/j71'€/j,k) : Xe/k — Xk/j

for < k </ in Z. Cf. definition 2.2.1.

T,/ T/ k
Xk/j o Xg/j ! XZ/k
1 VX 5,k Léx,j,k,l
Xp/jt X/ [1]
Xkyj k/iB Xk/j
Note that x4/, ;- 6x ke =0 in Z. &

3.3.39 Remark. Suppose given X € Ob(V(F)) and j, k,¢ € Z with j < k < {. We have

5X[71]7j7k7£ = 5(3316—1,171/]'—1:xé—l/j—l,kfl) = 5X7j—17/f—17f—1 : ¢

3.3.40 Lemma. Suppose given X € Ob(V(.#)) and j,k,¢ € Z with j < k < {. We have

— _gul :
5X[1],j,k,( — _6X,j,k,€ m g <>

_ _ sl _ sl
Proof. By lemma 2.2.5, we have 0y 1, = 6(55}61,]@/3-@21/]]-,;6) = 5(xk,£/jvxe/j,k) = —Ox ks - O
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3.3.41 Corollary. Suppose given X € Ob(V(#)) and j,k, (¢ € Z with j < k < {. We have

_ (1] .
5Xm gkl _5X,j—1,k—1,e—1 in 7. &

-1

Proof. Using remark 3.3.39 and lemma 3.3.40, we obtain

_ _ _sh T
5X[[£]1]7j7k7g = Oxllj 1 k101 = —Oxj 1p-10-1 0L 0

3.3.42 Lemma. Suppose given X € Ob(V(%)). Suppose given k,¢ € Z such that k < {.

Then we have @y p/p—1 - Ox p—2k-1, = OX k—2h—1k - &

Li—1,k/k—2 T /k—2,k—1
Xijp—o——>Xp /11

Proof. Consider the pure short exact sequences Xj_i/,_o

Tk—1,0/k—2 Te/k—2,k—1

and Xj_q1/p—2 . Xojk—2 : X¢/k—1 and the following commutative diagram in 7.
Th—1,k/k—2 Tk /k—2,k—1
Xh—1/k—2 KXijp—o —+—= Xp /i1
1l lmk,e/k—2 l%,e/ka
Tk—1,0/k—2 Te/k—2,k—1
Xi—1/k—2 Xpjp—o ——— X1

By lemma 224, we have Tri/k—1" 5X,k—2,k—1,€ = 6X,k—2,k—1,k .

Tp—1,k/k—2 T/ k—2,k—1 OX k—2,k—1k < [1]
Xh—1/k—2 KXijp—o —+—= X1 Xyl k-2
1\ ‘mk,z/k—2 ‘mlc,é/k—l Ll
Th_1,0/k—2 Tp/k—2,k—1 OX k—2,k—1,6 +,[1]
Xi—1/k—2 Xojp—g ——+— Xyt Xil1/k2 0

3.3.43 Lemma. Suppose given X € Ob(V(F)). Suppose given j, k € Z such that j < k —2.

(1] —
Then we have dx jx—14 - Ty jh2 = OX k—2k1k - %

Ti—1,k/k—2 Tl /k—2,k—1
KXijp—o—+—Xp/p—1

Proof. Consider the pure short exact sequences Xj_i/;_o

LTp—1,0/k—2 Te/k—2,k—1

and Xj_1/4—2 . Xo/k—2 : Xy¢/k—1 and the following commutative diagram in .7.
Th—1,k/j Tk/j,k—1
Xk—1/j . Xi/j i Xk /-1
xkl/j,k2l Lmk/j,kz Ll
Th—1,k/k—2 Th/k—2,k—1

Xijp—o —+—= Xp/h1

By lemma 2.2.4, we have 0x y—2k—1% = Oxjk—1k - m}il/j ko -

Tk—1,k/j Th/jk—1 0x,j,k—1,k [1]
Xi-1/) X/ Xie/k—1 kal/]
Tp 1 To s (1]
k—1/5,k—2 k/jk—2 1 The1/§,k—2
Th—1,k/k—2 Tk /k—2,k—1 0x k—2,k—1k ~ [1]
kal/k72 - Xk/k72 = Agfk-1 > Xk—l/k—2 ]

3.3.44 Lemma. Suppose given £/j € V with j < /.
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(a) Suppose that {+j < 0 and write k = —j. Then ¢/j = ¢/—k with k > 0 and —k < £ < k.

(b) Suppose that £+ j =0 and write k = ¢. Then ¢/j = k/—k with k > 0.
(¢) Suppose that ¢+ j =1 and write k = ¢ — 1. Then ¢/j = k + 1/—k with k£ > 0.

(d) Suppose that £+j > 1 and write k = ¢. Then {/j = k/j with k > 1 and —k+1 < j < k.

¢
Proof. Ad (a). We have 2-j < /+ j <0 and thus k = —j > 0.
Moreover, we have —k =) < { < —j =k.
Ad (b). We have 2-¢ > ¢+ j =0 and thus k = ¢ > 0.
Ad (c). Wehave 2- ¢ >/{+j=1and thus k=¢—1>0.
Ad (d). We have 2-¢ > ¢+ j > 1 and thus k = ¢ > 1.
Moreover, we have —k+1=—(+1<j </l =k. [
3.3.45 Lemma. Suppose given X,Y € Ob(V(%)). Suppose given Xy, _j fu/o Yi/—i and

fet1/—k

Xk+1/—k Yk+1/—k in .% such that

fk/fk “Ykk+1/—k = Thk41/—k ° karl/fk and karl/fkfl CYk+1/—k—1,-k = Tk4+1/—k—1,—k * fk+1/fk

for k € ZZO .

Let fi/i = 0: Xy — Yy, denote the unique morphism from Xj , to Yy, in .# for k € Z.

. . . Ty
(a) For k € Zs, , there exist unique morphisms Xj/; L

Yy ;, where j € Z with

—k+1<j <k, and Xg/_ku}/g/_k, where ¢ € Z with —k < { < k, that satisfy the

following equations.

Jr)—ht1 " Uk/—kt15 = Thj—kt1 * Jr/j
fkfl/j “Yk—1k/; = Th—1,k/j * fk/j
Je/=k " Yer/—k = Tokj—k = fr/—k

fé/fk ‘Yo —k,—k+1 = Tp)—k,—k+1 fé/karl

f .
(b) Note that, using (a), we have a morphism Xg/je—“>}/g/j in .# for every ¢/j € V, cf.

lemma 3.3.44. So we obtain a morphism X—Lovin V().
%

Proof. Ad (a). For k = 0, there is nothing to show. Suppose given k € Z~q .
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Suppose given j € Z with —k + 1 < j < k. We have the following pushouts in ..

Th/—k+1,j Yk/—k+1,5

Xy ————"— X/ _r1 Yiy; Yi/ ki1
wkl,k/]} ,kal,k/kJrl yk1,k/g$ ,}ykl,k/kal
Tl—1/—k+1,j Ye—1/—k+1,5
kal/j Xk*l/*k‘i’l kal/j Yk*l/*k“i’l

We want to apply lemma 1.1.2.

We have fi_1/—p41* Ye—1k/—kt1 = Tho1k/—k+1 * fr/—kt1 -

If j=Fk—1, then fy_1/ pi1 Ur—1/-kt15 = 0= Th1/pr1j fro-1/j -
If j=—k+2 then fo_1/ ki1 Ye1/—k+1j = Th1/—kt+15 * fro-1/j -

If —k+2<j<k—1,then we have fy_1/_pi2 " Yr—1/—k+2) = Th—1/—k+2, - fr—1/; Dy induction
and thus

fkfl/karl "Yk—1/—k+1,j = fkfl/karl “Yk—1/—k+1,—k+2 " Yk—1/—k+2,j
= Tk—1/—k+1,—k+2 " fk71/7k+2 *Yk—1/—k+2,j
= Tk—1/—k+1,—-k+2 " Th—1/—k+2,j ° fk—l/j

= Tk—1/—k+1,j " fk—l/j .

frsi
By lemma 1.1.2, there exists a unique morphism Xk/jk—/J>Yk /; such that
fk/—k+1 “Yk)—k+1,5 = Th/—k+1,5 ° fk/j and fk_l/j *Yk-1,k/j = Th-1k/5 " fk/j .

Suppose given ¢ € Z with —k < ¢ < k. We have the following pullbacks in .%.

L/ —k,—k+1 Yk/—k,—k+1
Xpjoppr<=——— Xp/p Yijhpn<=———Yi/ -
xé,k/kJrl,} *xl,k/k yl,k/kJrl* }yé,k/k
Te)—k,—k+1 Ye/—k,—k+1
Xf/*k“i’l ~t— Xé/fk Yé/karl <~ Yf/fk

We want to apply lemma 1.1.3.

We have fk/fk “Yk)—k,—k+1 = Tk/—k,—k+1 * fk/karl .

If ¢ = —k+1, then fo/ pi1-Yor/—k+1 =0 = Tog)—kt1 - fr/—kt1 -
If 6 =Fk—1, then fr/ pi1 - Yor/—rt1 = Tog/—rr1 * Sro/—rt1 -

If —k+1</{<k~—1,then we have fy/_py1-Yok—1/—k+1 = Tok—1/—k+1 " fr—1/—k+1 by induction
and thus

Jo/—k+1 Yok/—kt1 = Joj—k41 - Yok—1/—k+1 " Yh—1,k/—k+1
= Tph—1/—kt1 " Sh—1)—kt1 " Yk—1k/—k+1
= Tok—1/—k+1 " Th—1k/—k+1 " fk/karl

= Tok/—k+1 " fk/—k—l—l .
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. . . fe/-
By lemma 1.1.3, there exists a unique morphism Xg/_kﬂﬂ/g/_k such that

fé/—k “Yok/—k = Tik/—k flc/—k and fé/—k “Yo)—k,—k+1 = Tp/—k —k+1 " fe/—k;+1 .

Ad (b). It suffices to show that fo/; - yeyjjr1 = Tesjjar- forjr and fooryYe-resj = Tev/5- foy
for £/j € V with ¢ > j.

We make use of lemma 3.3.44.

e Suppose given ¢/—k € V with £ > 0 and —k < ¢ < k.
We have fo) k- Yo/—k,—k+1 = Toj—k—kt1 " Jo/—kt1 -

We have fo_1/—k Ye—1,/—k = To—1,0/—k * fo/—k since

Jo—1/—k *Yo—1,0)=k " Yok )=k = fo—1/—k * Yo—1,k/—k
= Typ-1,k/—k " fk/fk
= Typ-14/—k " Tok/—k " fk/—lc

=To-14/—k " fe/—k “Yok/—k

where either £ —1 = —k or —k < {—1 < k, and since ¥/ is a pure monomorphism.

e Suppose given k/—k € V with k& > 0.

We have fk/fk *Yk)—k,—k+1 = Tk/—k,—k+1 " fk/karl .

We have fi_1/—k * Yr—1k/~k = Tho1,k/—k * fr/—k » Where —k <k —1 <k,
e Suppose given k + 1/—k € V with k£ > 0.

We have fiy1/-k * Yes1/—k,—k+1 = Thi1/—k,—k+1 * fo+1/—k4+1 , Where either k = 0 or
—k<—-k+1<k+1withk+1>0.

We have fk/—k CYkk+1/—k = Tkk+1/—k * fk+1/—k .
e Suppose given k/j € V with k> 1 and —k+ 1< j < k.

We have fr/; - Yrjjs1 = Tr/jje1 - fe/ie since

Thj—kt1 " Sh/i Uk/iger = Jr/—ka1  Uk/—k 1 * Yk/jj+1
= fr/—kt1 " Yr/—kt 1441
= Tk/—k+1,5+1 " fk/j—H

= Tk/—k+1,j " Tk/jj+1" sz/j—H )

where either j+1 =k or —k+1 < j+1 < k, and since xj/_j1 ; is a pure epimorphism.

We have fk;—l/j “Yk-1k)j = Th=1,k/j " fk;/j . 0

fre/—k

3.3.46 Corollary. Suppose given X,Y € Ob(V(.#)). Suppose given Xy,

fet1/-k fev2/k+1 fok/—k—1
Yiv1/ k5 Xero/rst Yivomer and X_p/py

ik,

Xit1/—k Y /-1 in
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F for k € Z> such that the following diagrams are commutative.

Tk k+1/—k—1 Tht1/—k—1,—k

X _g/—k—1 X1 /b1 —— Xpp1/1
fk/le lkarl/kl lfkﬂ/k
Y okt iR Yit1/—rk—1 s Yig1 -k
Xi/—k R Xv1/—k B L Xer1/k
fk/kl/ lkarl/k lfkﬂ/k
Yk/_k Yk, k+1/—k Yk+1/_k Yk4+1/—k,k Yk+1/k

Then there exists a unique morphism X—-=Y in V(%) such that

Gkj—k = frj=k s Gev1/—k = Jot1/—k > o2k = fovoerr and g /g1 = fop/—p—1
for k& S ZZO . <>

Proof. For k € Z, let fy, = 0: Xy — Yy, denote the unique morphism from Xjp to Yy i
in .#. Suppose given k € Z> .
Note that f_j/_j_; is the unique morphism in .% such that

Jokjmb—1 Yb)b1,k =0 =T g/ g1k [ok/—k

and f_p/—k—1 " Ykht1/—k—1 = Tk 1/—k—1 * fhr1/—h—1 -

Also note that fiio/k11 is the unique morphism in .# such that
Jrt k41 Yot hd2/k+1 = 0= Tpp pro/mt1 - froro/pm

and frio/—k—1 " Yk+2/—k—1k+1 = Tht2/—k—1,k+1 " Jht2/k+1 -

So the result follows from lemma 3.3.45. OJ

3.3.47 Lemma. Suppose given pure short exact sequences
T _kt1,k/—k

X—k+1/—k * Xk/—k = Xk/—k+1 and Xk/—k
for k € Z>, . Then there exists an object Y € Ob(V(.%)) such that

Tk/—k,—k+1 LT k+1/—k LTpt1/—k,k
X ——X
+1/—k k+1/k

Y—k+1,k/—k = T—k4+1,k/—k > Yk/—k,—k+1 = Th/—k,—k+1 5 Ykk+1/—k = Thk+1/—k > Yk+1/—kk = Thk4+1/—k,k

for k € Z21 . In particular, we have Yfk+1/fk = X,kJrl/,k 5 Yk/fk = Xk/fk 5

Yi/—kr1 = Xpj—rt1 and Yiy1p = Xy for k € Z>y . &

Proof. Using recursion on k € Z>; and (descending) recursion on ¢ € [—k + 2,k — 1], we

T_ky1,0/—k
Xo/—k

construct objects Xy _, € Ob(#) and morphisms X_;, 1/
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Lo b+1/—k Lo/ —k,—k+1

Xk

Xevij—k » Xoj—ie X¢/—p+1 in ¥ such that

T _kt1,6/—k Lo/ —k,—k+1

o X ji1/—k Xo/—k Xy¢/—p+41 is a pure short exact sequence in .7,
® Ty 1/_k is a pure monomorphism,
® U _ky1,0/—k  Top4+1/—k = T—k4+1,041/—k and

e such that the following diagram is a square in .%.

To41/—k,—k+1

Xor1/—kt1 Xoy1/—k
xe,z+1/—k+1T Tffz,/z+1/—k
Lo/ —k,—k+1
Xe/—ps1 Xo/—k

Suppose given k € Z>y and ¢ € [k + 2,k — 1]. Note that (_gi1,041/—k s Tet1/—k,—k+1) IS
pure short exact sequence and that x 1/ 441 is a pure monomorphism, either by assumption

or by recursion.

By lemma 2.1.37, we may choose a pullback

To41)—k,—k+1
Xeyr)orpr<=——— Xoy1/ 4

1fzz,z-s-1/—1c+1} Tre,e-u/—k
Lo/ —k,—k+1
Xe/—rkt1 Xo/—k
. T kt1,6/—k .
and a morphism X_j 1/ Xy/— in F such that
T_kt1,6/—k Lo/ —k,—k+1 .
X _jt1/—k Xo/—k X¢/—r+1 18 a pure short exact sequence,

Tkt 1,6/—k " T041/—k = T—g41,04+1/—k and such that xeyq/_ is a pure monomorphism. Moreover,
the pushout is a square.

Using recursion on k € Z>; and (ascending) recursion on j € [—k + 1,k — 1], we construct

Thk+1/j Th+1/j—1,5

objects Xjy1/; € Ob(#) and morphisms X/,

LTr+1/5,k

Xir1/j > Xpg1/j—1 Xkv1/i

Xit1/j X1/ in F such that

Th,k+1/j Th+1/35,k

o Xy Xit1/j Xk41/k 1s a pure short exact sequence in F,
® Tj41/j-1,; iS a pure epimorphism,
® Tki1/j—1,5  Tk+1/4,k = Tht1/j—1k and

e such that the following diagram is a square in .%.

Th+1/j—1,5
Xk+1/j Xk+1/j—1
xk,k+1/jT ka,kﬂ/jl
Tk/j—15
Xk Xk/j-1
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Suppose given k € Z>q and j € [-k + 1,k — 1]. Note that (g pi1/j-1, Tri1/j-1,4) IS a pure
short exact sequence and that zj,;_;; is a pure epimorphism, either by assumption or by

recursion.

By lemma 2.1.38, we may choose a pushout

Tht1/j-1,5

Xit1/j Xit1/j-1
mk,lﬂ»l/jT }mk,kﬂ/jl
Tk/j—1,j
Xk Xi/j—1
d h X Tk+1/5,k X . o h h
and a morphism Ayq/; k+1/k 10 # such that
Tl k+1/4 Tk+1/4,k .
X/j ’ Xit1/5 ’ Xk+1/k 1s a pure short exact sequence,

Tht1/j—1,5 " Tht1/jk = Th1/j—1,, and such that xq,;_;; is a pure epimorphism. Moreover, the

pushout is a square.

Suppose given i, ¢ € Z with ¢ + 1 < £. We show that we now have the following square in .%.

To41/4,i+1
Xeprjivr=—+—— Xoq1yi

W,e+1/i+1} /}wé,brl/i

Xﬁ/i-i-l(ﬂ’LXZ/i
If £ +1 <0, write k = —i. Sol < —i =k. We have k € Z>; since 2-¢ < {+1i < 0. We have
—k+1<{sincei+1</{ Thus (/i =/{/—k with k € Z>, and ¢ € [k + 2,k — 1]. So the
square was constructed in the first recursion.
Ifl+i>0 writek=/¢and j=i+1. Soj=i+1<l=kandj>i>—0=—k We
have k € Z>y since 2-k =0+{¢>{(+i+1>1. Thus (/i =k/j— 1 with k € Z>; and

j € [-k+ 1,k —1]. So the square was constructed in the second recursion.

We show that we now have a pure short exact sequence
Liit+1/i—1 Tit1/i—1,i

Xifie1 Xip1)ir—+—=Xi41); fori € Z.
For ¢ = 0, we have the given pure short exact sequence XO/_le'l/lel/_fl/fl’oX1/0
For i <0, write k =1—i € Z+y and ¢ = —k + 2 € [k + 2,k — 1]. We have the pure short

T_kt1,0/—k Tg)—k,—k+1 .
Xo/—py——+—>Xy/_g11 from the first recursion.

exact sequence X_j 1/

For i > 0, write k =i € Z>y and j =k — 1 € [k + 1,k — 1]. We have the pure short exact

Th,k+1/j Th+1/7,k .
Xiq1/j—+—>Xpy1k from the second recursion.

sequence Xy /;

Thus lemma 3.3.5 yields an object Y € Ob(V(.%#)) such that

Ye/ii+1 = Tgfii+1 and Yo 041/i+1 = Tl 4+1/i+1

for i4+1 < £in Z. In particular, we have Yy/; = Xy/; fori < £inZ and yp/—p —k+1 = Th/—k,—kt1 »

Ykt 1/—k = Thpt1/—k for k € Zi>y .
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It remains to show that

Ykt h/—k = Tkt k/—k AN Ypp1/—kk = Tho1/—kk

for k€ Z>, .

For k =1, we have yo1/-1 = To,1/-1 . Suppose given k € Z-; . We use induction to show that
Yokt b)—k = Topy1,0/—k for £ € [k + 2, k]:

For ¢ = —k + 2, we have y_iy1 _pi2/—k = T—pi1,—kt2/—k - For £ € [k + 2,k — 1], we have
Yokt 1,041/—k = Y=k41,0/—k " Yo b+1/—k = T—k414/—k * Tl l+1/—k = T—k+14+1/—k -

We conclude that y_i114/—x = 2_gq1,6/—k for k € Z>, .

Suppose given k € Z>; . We use induction to show that yii1/jr = Try1/5k for J € [—k, k—1].
For j =k — 1, we have Yxr1/k-14 = Tra1/h—1k -

For j € [—/H'L k_l]a we have Yk+1/j—1k = Yk+1/—1,5 " Yk+1/jk = Tht1/5-1,5"Th+1/5,k = Th+1/j—1,k -
We conclude that yp1/_pr = Tpqr1/—px for k € Zsy . O
3.3.48 Definition. Suppose given X € Ob(V(F)). For ¢ < k in Z, we write X, = 0% .
Moreover, for £ < k, j < k and £ < m in Z, we write @y = 0: Xy — X and
o = 00 Xgpj — Xogp

Suppose given Xy in V(Z). We write fy, = 0: Xy — Yy for £ < k in Z. &

3.3.49 Lemma/Definition. Suppose given ¢ € Z.
We define the projection functor W cp z: V(F#) — CF(%#) as follows. For X € Ob(V(%))
and k € Z, let (XWcr.2)r = Xojp—1 and (XWoor 2 )koht1 = Te/k—1k -

For X—>Y in V(.F) and k € Z, let (f¥cr.#)e = fojet -

This in fact defines an exact functor. &

Proof. Note that for X € Ob(V(#)) and k € Z, x/,_1 is a pure epimorphism in .%. Thus
X\y&cp’y € Ob(CF(gZ)) for X € Ob(V(g))

For X—'~Y in V(F) and k € Z, we have

(fYocr,2)k - YYocr, 2 )ikt = fo—1 - To—16 = Yesk—14 - fo/i

= (XVYoor .7 )kt - (fYecr.2)ktt -

f
Suppose given X?Y—9>Z in V(%). For k € Z, we have

(Ix¥Yecr2)k = (Ax)en-1 = 1x,,_, = (Ixw, cp 5 )k 5

((f-9)¥Wecr,2z)e = (f - 9eje—1 = fryr—1- Geje—1 = ([Yeocr,.2)i - (9¥ecr,2)k
= (fYecr,z - 9Vicr,2 )k
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and

(f+h)Wecr.2)k = (f +h)ek—1 = foe—1 + hoppo1 = (fYocr,2)k + (WYocr,2)k
= (fYocr.7 + hYocr. o)k -

Suppose given a pure short exact sequence (,p) in V(). So for k € Z, (ig/k—1, Pejp—1) is a
pure short exact sequence in .%. We conclude that (1¥,cr 7, p¥ecr.#) is a pure short exact
sequence in CF(.7). O

3.3.50 Lemma/Definition. Suppose given k € Z.
We define the projection functor Wy r o#: V(F) — F(.%) as follows. For X € Ob(V(.#)) and
(e Z, let (XVYyp7)e= Xop—1 and (XWip 2)mer1 = Toori/k-1 -

For X—Y in V(.F) and € € Z, let (fWor.5) = fojet -

This in fact defines an exact functor. &

Proof. This is dual to the previous lemma 3.3.49. O

3.3.51 Lemma. Suppose given ¢ € Z and X € Ob(V(F)).
(a) We have XW,cp.» € Ob(CF(.%)).

(b) Suppose given m € Z<, . If X € Ob(V™ (%)), then XV, cp.# € Ob(CE™ (F)). o

Proof. Ad (a). We have (XW,cp.#)r = Xip—1 € Ob(Zg) for k € Z-, , cf. definition 3.3.48.

Ad (b). For k € Z,, , we have (XW/ cp, 7 )kskt1 = /-1 » which is an isomorphism in .# by
remark 3.3.34.(b). O

3.3.52 Corollary. Suppose given X € Ob(V"(%)).

(a) For £ € Z, we have XW¥, cr 7 € Ob(CF"(.%)).

(b) For k € Z, we have XY, r > € Ob(F"(%)).

Proof. Choose a,b € Z such that X € Ob(V¥(%)).
Ad (a). Suppose given £ € Z. We have XW, . » € Ob(CFF(.%)) by lemma 3.3.51.(a).
If b < £, then XW,cp.» € Ob(CFY (%)) by lemma 3.3.51.(b).

Ifb > ¢, then X¥,cp o € Ob(CFa (F)) since for k € Z; , we have (XVY.cr,7 ) kskt1 = Te/—1.k »
which is an isomorphism in .# by remark 3.3.34.(b).

Ad (b). This is dual to (a). O

3.3.53 Lemma/Definition. Suppose given ¢ < m in Z. We define the transformation
Yomcr,z: Yoor,7z = Ymcr,z by setting (X mcr,2)k = Tom/p—1 for X € Ob(V(F)) and
k € Z. Moreover, X\, cr.# is an ¢-pure monomorphism in CF(.%) for X € Ob(V(%)). &
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Proof. For X € Ob(V(.#)) and k € Z, we have

(lef,m,CF,fé‘)k : (X\ym,CF,ﬁ)k»kJrl = Tom/k—1 " Tm/k—1,k = To/k—1,k * Tlm/k

= (XVYicr,7)kskt1 - (XWomcr,z )kt -

For X— ~Y in V(%) and k € Z, we have

(XWrm,cr,2)k - (fYmcr.2)k = Tomh—1* fmsk—1 = fo/p—1* Tom/k—1
= (fYeocr,2)k - (YUrmcr,2)k -

Moreover, for X € Ob(V(.%)), XUy mcr.# is an (-pure monomorphism in CF(.%#) since for

k € Z<yyr , the sequence ((XWpmcr7 )k, (XWimcra)kset1) = (Tem/n—1, Tm/p—1,¢) is pure
short exact in .%. O

3.3.54 Lemma/Definition. Suppose given j < k in Z. We define the transformation
1|)j7k7p,yi lyj7p7y — lyk7p7y by setting (Xﬂ)j’k,p’y)e = Tp/j—1k-1 for X € Ob(V(f)) and ¢ € Z.
Moreover, X1 ;¢ # is a k-pure epimorphism in F(.%#) for X € Ob(V(#)). O

Proof. This is dual to the previous lemma 3.3.53. O

3.3.55 Lemma. Suppose given 7 < k < {in Z.

(a) We have Wy cr,7 = ly, p 5 -

(b) We have V;cr.7z = $jkcr,7 - Vrecr,z -

¢
Proof. Ad (a). Suppose given X € Ob(V (%)) and i € Z.
We have (Ve ocr.7)i = Togsin = 1x,,_, -
Ad (b). Suppose given X € Ob(V(#)) and ¢ € Z.
We have (X pcr,7)i - (XWUrecr,.2)i = Tjkjio1 - Thesi-1 = Tjjior = (XWjecr,2)i - O

3.3.56 Remark. Suppose given n € Z.

(a) Suppose given X € Ob(V"(.F)). Then X ;1 cr.# is an isomorphism in CF(.%) for
tels, .

(b) Suppose given X € Ob(V"(F)). Then Xy 41 p.# is an isomorphism in F(F) for

¢

Proof. Ad (a). Suppose given { € Z,, .

For k € Z, (X p41,07,7 )k = To41/k—1 i an isomorphism, cf. remark 3.3.34.(a).

Ad (b). This is dual to (a). O
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3.3.57 Lemma. Suppose given X € Ob(V(.%)).
For ¢ € Z, suppose given a limit (Xy/— , (T4/—cck—1)kez) for XW,cp # , cf. definition 3.3.49.

(a) We obtain a filtration XW_ r # € Ob(F(.#)) as follows.
For ¢ € Z,let (XVY_oop.2)e = Xi)—oo -
For k < 0 in Z, let (XVY_wp,2)kt = XWUprcrzl: Xpjmoo = Xi/—oo , cf. definitions
3.3.53, 3.2.22 and lemma 3.2.30.

L)oo,k

(b) For k </ in Z, the morphism X;/_.,——=Xy/; is a cokernel of (XW_or )k -
For j/i < //kin V, we have /oo Xj/ises = (XY oo p,2)jst - To/—co ke -

XV ook, F,F

(c) Suppose given k € Z. We obtain a morphism XY_ r &

XW]C’F’J&Z in F(ﬁ) by
setting (X _oo k,r,7)¢ = To/—ocok—1 for £ € Z.
Moreover, X\ ook r.# is a k-pure epimorphism in F(.%).

(d) Suppose given n € Z. If X € Ob(V(#)), then XV_o p 5 € Ob(FM(F)).
(e) Suppose given n € Z. If X € Ob(V"(F)), then XV¥_ p 5 € Ob(F"(F)).

(f) If X € Ob(VP(F)), then XV_ r » € Ob(F*(F)). o

Proof. Ad (a). For £ € Z, we have (XY_or.#)ex = XWUrocr,z] = Ixv,cp sl = lx, .. by
lemmata 3.3.55.(a) and 3.2.24.(a). For j < k < {in Z, we have

(X\yfoo,F,ﬂ‘)j»k : (lefoo,F”?)k»E = lej,k,CF,ﬂ1 ’ Xll)k,Z,CF,fé"1 = Xll)j,é,CF,ﬂ"1 = (qufoo,F,,?)jaf

by lemmata 3.3.55.(b) and 3.2.24.(b).

Te)—oo,k

Ad (b). For k < ¢ in Z, the morphism X,/ ..——=Xy/, is a cokernel of (XW¥_op #)r by
lemma 3.2.39.(d).

Suppose given j/i < £/k in V. We have

Tj)—o0i * Xjjist/k = Tj/—ocoi * Tjfik " Tje/k = Tjj—ocok " Tje/k = Tjj—ook * (XWje0F,7)k+1

= XUjrcr,21  To/moop = (XYoo 5, 2) ot * To/—oorks -
Ad (c). For ¢ € Z, we have

(le—oo,k,F,ﬁ)z : (X‘yk,F,ﬁ)z»ul =Tp)—c0k—1 " Tlp+1/k—1 = Tf/—co,k—1 " (Xll)e,ul,CF,f)k
= XUy 1,0r,71 * Tog1/—cok—1
= (X\yfoo,F,37>£M+1 : (Xll)foo,lc,F,ﬁ")Z+1 .

Moreover, X\_ 1.7 is a k-pure epimorphism in F(.#) since for ¢ € Z>;_; , the sequence
((X\y_oo’l:"g‘)k_bg, (X’ll)_oQk’F’g‘)g) is pure short exact by (b).
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Ad (d). Suppose that X € Ob(V"(#)). For £ € Z>, , (XY_wor.7)estr1 = XUpri10r.7] is
an isomorphism by remarks 3.3.56.(a) and 3.2.25.
Ad (e). Suppose that X € Ob(V"(.%)). Suppose given ¢ € Z_, . For k € Z, we have
(XY cr,2)r = Xek—1 € Ob(Zz), cf. remark 3.3.33.(a). Thus X;/_o € Ob(Zz) by remark
3.2.26.

Ad (f). This follows from (d) and (e). O

3.3.58 Lemma. Suppose given X € Ob(V(.%)).
For k € Z, suppose given a colimit (Xoo k-1, (Zr,00/k-1)rez) for XWyr 7 , cf. definition 3.3.50.

(a) We obtain a cofiltration XW¥ cr .o € Ob(CF(.%)) as follows.
For k € Z, let (XW¥o cr,2)k = Xoojk—1 -
For k < ¢ in Z, let (XW¥scr7)ie = XUper sl Xoop—1 — Xooje—1 , cf.  defini-
tions 3.3.54 and 3.2.23.

XV, c0,CF, 7

(b) Suppose given ¢ € Z. We obtain a morphism XV, cp # XYoo cr,z in CF(%)

by setting (X oo,cr,7 )k = To,00/k—1 for k € Z.

Moreover, X cr.# is an ¢-pure monomorphism in F(.7).
(¢) Suppose given n € Z. If X € Ob(VP(.F)), then XW¥,, cr.» € Ob(CF"(.F)).
(d) Suppose given n € Z. If X € Ob(V" (%)), then XW, cr.#z € Ob(CF" (F)).

(e) If X € Ob(VP(F)), then XW¥, cr.#z € Ob(CF"(.F)). &

Proof. This is dual to the previous lemma 3.3.57.(a,c,d,e,f). n

3.3.59 Lemma. Suppose given X € Ob(V(.%)).

For ¢ € Z, suppose given a limit (Xy/— o, (To/—cok—1)kez) for XWocp 2 .

Lemma 3.3.57 yields the filtration X¥_, p » € Ob(F(.#)) and k-pure epimorphisms
XV g st EZ yy o in F(F) for k € Z.

For k € Z, suppose given a colimit (Xoo/x—1, (Tr,00/k—1)eez) for XWpp 7 .

Lemma 3.3.58 yields the cofiltration XW,, cr.# € Ob(CF(.#)) and ¢-pure monomorphisms

XYW cr,z7 XV crz in CF(Z) for { € Z.

XUy, 00,CF, 7

(a) Suppose given a colimit (C, (cx)rez) for XW¥_o p o . For k € Z, the sequence
c XYoo ; . . e
Xk/—oo O Yooodiin 7| Xoo/k is pure short exact in %, cf. definition 3.2.23.

(b) Suppose given a limit (A, (ag)kez) for XW cr.# . For k € Z, the sequence
Xk/—oo

XUk, co0,cF, &1

A Xoo/k is pure short exact in %, cf. definition 3.2.22.

(¢) Suppose given a colimit (C, (¢x)rez) for XW_ r 7 and a limit (A, (ag)kez) for XYoo cr,7 -
There exists a unique morphism C—A in .% such that ¢, u-ap; = T4/ ook Tt,00/k fOT
k,l € Z. Moreover, u is an isomorphism, (C, (XW_oo k.r,21)kez) is a limit for XW cp 2
and (A, (XWgcocr,z1)kez) is a colimit for XW_p & . o
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Proof. Ad (a).

This follows from lemma 3.2.40.(d) since X _ o k+1r.7 is a (k+1)-pure epimorphism for k € Z.
Ad (b).

This follows from lemma 3.2.39.(d) since X\ oo 5 # is a k-pure monomorphism for k € Z.
Ad (c).

Suppose given ¢ € Z.

Consider the morphisms y/— ook * To,00/k: Xt/—c —+ Xoosk for k € Z. We have

Tp)—oco,k " Tio0/k * (X‘yoo,CF,gz)kH»kJrz = Tp)—oco,k " Tl/kk+1 " Vloo/k+1 = Ll/—co,k+1 " Lloo/k+1 -
Since (A, (ax)rez) is a limit for XW cr.# , there exists a unique morphism Xg/_ooL'A in
F such that ty - ap41 = Tp/—ook - Tiooyk for k € Z.

Now consider the morphisms Xg/_ooimél for £ € Z. We have (XVY_oop.2)r—150 - te = o1

since

(X oo p, )10 - te - g1 = (XY oo 0,2 ) 1—150 - Tt/—c0k * Ti00/k
= Tp-1/—c0k " Te—14/k * Lloo/k = T4—1/—oc0,k * Ll—1,00/k

=ty—1 - Qg1

for k € Z and since (A, (ax)rez) is a limit for XV cp 2 -

Since (C, (¢¢)sez) is a colimit for XW_ . # , there exists a unique morphism C—=A in #
such that cp-u =ty for £ € Z. So ;- u- app1 =t Qg1 = Tpj—oo ks * To,ooyk for k0 € Z.
Suppose given C——A in .# such that ¢/ - v - app1 = To/—o ks - Tpooyi for k, 0 € Z.

For ¢ € Z, we have the morphisms Xg/_ooi>A and Xg/_ooﬂmél in % with

o~ Qhg1 = Tpj—oo e " Thoo/k = Co - V- Agyq for k € Z. Since (A, (ax)rez) is a limit for XV cp 7 |
we have ty =c¢,-v for ¢ € Z.

Now ¢ v =1, =¢;-u for ¢ € Z and thus v = u.

We want to show that the following diagram is commutative in .%.

XV_o,1,7,2]
XO/—oo . C } Xoo/()
IL “ ll
XVo,00,cF,.7 1
XO/foo ¢ A - Xoo/O

We have ¢o - u = Xgo,cr,z] since co - - ary1 = To/—ook - Lo,00/k = XWo,00,cF,7 ] - Ak for
k € Z and since (A, (ax)kez) is a limit for XV, cp o .

We have u-a; = XW_oo 17,21 since ¢ U - a1 = Tp/—00 * Too/o = €t - XV_oo 17,71 for £ € Z
and since (C, (¢¢)eez) is a colimit for XW_ o r # .
Now u is an isomorphism by lemma 1.3.19.(c).

So (C, (u - ag)kez) is a limit for XW cp # and (A, (¢/ - w)eez) is a colimit for XV_ p & .
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Suppose given k € Z. We have u - a, = X\p_ 7 2] since
Co-U- A = Tp)—c0,k—1 " Tloo/k—1 = Cp - Xd)foo,k,F,ﬂﬂ

for ¢ € Z and since (C, (¢¢)eez) is a colimit for XW_ .7 .

Suppose given £ € Z. We have ¢y - u = Xy o cr,#] since

Co U A1 = Tp/)—ook " Thoo/k = X Wi oo,0F, 7]+ Qg1

for k € Z and since (A, (ax)rez) is a limit for XWo cp # - O

3.4 Filtered objects

Suppose given a strict Frobenius category # = (#,B, %, 1, 1, a).

3.4.1 Definition. Let Q = Z U Zjyg UZ = (Z x {1}) U (Zpg x {2}) U(Z x {3}). We write
|k = (k,1) € Q and k| = (k,3) € Q for k € Z. We also write w = (0,2) € Q.

We define a partial order on € as follows. Suppose given k, (¢ € Z.
e We have |k < |¢ if and only if £ < ¢ in Z.
e We have k| < /| if and only if £ < ¢ in Z.
e We have |k < w.
e We have w < k.

e We have |k < /|.

We consider the functor category €2(.%) as an exact category equipped with the pointwise

exact structure, cf. convention 17 and definition 1.4.7.
For X € Ob(Q)(F)) and k € Z, we write 2, = Xjpsjos1 > T = Xkpht1] 5 2y, = Xjpw and
xL]:| = Xw»k| . <>

3.4.2 Definition. An object X € Ob(2(.#)) is called a filtered object if the following three

conditions hold.

(FO1) The pair (zf; , @3, ) is a pure short exact sequence for k € Z.
(FO2) The morphism x|, is a pure monomorphism for k € Z.
(FO3) The morphism xy is a pure epimorphism for k € Z.

Let FO(.%) denote the full subcategory of Q(.#) defined by

Ob(FO(#)) = {X € Ob(Q2(F)): X is a filtered object}.
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We call FO(.%) the category of filtered objects in F.

Xo
$:+1\ xﬁ
:1::" :c“'jCJrl
...@|_Xk+1|+z|erk|@§_... ...H_X‘k_"_léx‘olc—X'k@o—-..

FO(7) is a full additive subcategory of 2(.#) that satifies the conditions (RE1), (RE2)
(RE3) and (RE4) of definition 1.3.21 by remark 1.4.10 and lemmata 1.4.11, 1.4.12, 1.4.13,
1.4.14, 1.4.15,

We equip FO(.%) with the restricted exact structure of the pointwise exact structure on
Q(F). A sequence X Ly Y.z FO(.%) is a pure short exact sequence if and only if

XaAY;LZa is a pure short exact sequence in .# for a € €. &

3.4.3 Lemma. Suppose given X,Y € Ob(FO(%)).

(a) Suppose given a morphism X oy in FO(#). The morphism XWLYW satisfies
xﬁ-fw-y;+l| =0 for k € Z.

(b) Suppose given a morphism X,—2>Y, in .Z such that T 9 Ygaq =0 for k € Z. Then
there exists a unique morphism X ¥y in FO(.#) such that f, =g.
b . . . .
For k € Z, X|ki>Y]k is the unique morphism in .% such that f} - yTZ = xﬁ - g and

f . . . .
Xk|—k‘>Yk| is the unique morphism in .# such that Ty =9 Yi| -

(¢) Suppose given f,g: X — Y in FO(%) such that f, = g, in %#. Then f = g in FO(.%).
¢

Proof. Ad (a). For k € Z, we have Ty Jo Yiin = T Ty Se =0

Ad (b). Let f, = g. Suppose given k € Z. Since Y 1s a kernel of v}’ ) there exists a unique

. Tk . .
morphism X|,——Y};, in .# such that fj, -y‘“z = xﬁ -g. We also have f, - yjx = 2 - flr41 since
w — w w J— w — w 1 w 3

S Vi = T Y = T 9 = T Ty - 9 = T Sl Yy and since g, is a pure
monomorphism.

. . . . . fr| .
Since 337;" is a cokernel of xT,’gfl , there exists a unique morphism Xj——=Y} in .# such that

W — w — 3
Ty “Jy =g Yi| - We also have fy| - yx = @k + fr41) since

W — W — w — w — w 3 w3
T - fkl Ykl = 9 Yk Ykl = 9 Y1) T Trg) fk:+1| = Ty - Tl - fk+1| and since Ty 18 a pure
epimorphism.

Ad (c). This follows from (a) and (b). O

3.4.4 Lemma/Definition. We define the projection functor P, »#: FO(.%#) — . by setting
XP, 7 =X, for X € Ob(FO(#)) and fP, »# = f, for f € Mor(FO(.#)). This in fact defines

an exact functor. &



169

f
Proof. We abbreviate P = P, # . Suppose given X :h>>Y—g>Z in FO(%).

We have 1xP = (1x), =1x, =1xp, (f-9)P=(f-9)w = fo - 9o = fP - gP and
(f +h)P = (f +h)w = fo+ ho = fP + hP.
If (f,g) is a pure short exact sequence in FO(.%), then (fP,gP) = (f,, g.) is a pure short

exact sequence in .%. |

3.4.5 Lemma/Definition. We define the projection functor Pop #: FO(%#) — CF(.%) as
follows. For X € Ob(FO(%#)) and k € Z, let (XPcp,#)r = X and (XPcr, #)psks1 = @5 - For
f € Mor(FO(%)) and k € Z, let (fPcr.#)r = fi - This in fact defines an exact functor. ¢

f
Proof. We abbreviate P = Pcp # . Suppose given X:h>>Y—g>Z in FO(.7).

We have 1XP = <1X)w = ]'Xw = 1XP since (1XP)k = (1X)k| = 1Xk\ = (1XP)k| for k € Z.
We have (f - g)P = fP - gP since

(f- 9P =(f-Dry = fr - g1 = (fP)r - (gP)x = (fP - 9P
for k € Z.
We have (f + h)P = fP + hP since
(f+R)P) = (f+h)w = fo + hiy = (fP)i + (hP), = (fP + hP);

for k € Z.

Suppose that (f, g) is a pure short exact sequence in FO(%). Then ((fP)x, (9P)r) = (fu|» 9x|)
is a pure short exact sequence in % for k € Z. We conclude that (fP,gP) is a pure short
exact sequence in CF(.%). O

3.4.6 Lemma/Definition. We define the projection functor Pr #: FO(#) — F(.%) as fol-
lows. For X € Ob(FO(gz)) and k € Z, let (XPF,EZ)IC = X‘k and (XPF,fz)k»k—i-l = l‘|k . For
f € Mor(FO(%#)) and k € Z, let (fPp #)r = fir - This in fact defines an exact functor. ¢

Proof. This is dual to the previous lemma 3.4.5 O]

3.4.7 Lemma/Definition. We define the translation functors
Tro,7 , Tpo,7: FO(F) — FO(F) as follows. For X € Ob(FO(F)) and k € Z, let

o (XTro,7)w = Xo , (XTro,2) ik = Xjkt1 » (XTro,2)k = Xey1)

(XTro,7) ik = Xjpt1sw » (XTr0,2)wsk| = Xewskt1] 5

(XTro,2) ki1 = Xppgtofir2 » (XTr0,2)kpht1] = Xt 1pht2| »

(XTro.7)w = Xu , (XTyo 2k = Xpp—1 5 (XTpg 2k = Xi-1y

(XTro.2) ik = Xjp—100 » (XTro 2)wk| = Xewsko1]
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o (XTro 7)okt = Xip—1sk » (XTro 2)kpbr1) = Xbo1ok] -

For f € Mor(FO(%)) and k € Z, let

o (fTro,7)w = fuo , (fTro,2)ik = fie+1 > (fTro,2)k = frt1)

o (fTro.z2)e = fu, (Troz)ik = fik—1 s (fTro.2)k = fr—1) -

The functors Tro,# and Tgq 5 are mutually inverse isomorphisms of categories.

For k € Z and X—_~Y in FO(Z), we often write Xy = XTfo » and fig = fTio» . <

Proof. We abbreviate T = Tro 7 and T~ = Ty > . We will use lemma 3.4.3.(c).
Suppose given XLy 7 FO(Z).
We have 1xT = 1XT since (1XT)w = 1Xw = <1XT)UJ .

We have (fg)T = fT - gT since ((f9)T)w = fu - 9o = (ST - gT)u .
We have 1xT™ = 1yp- since (1xT7), =1x, = (1xp-)w -

We have (fg)T™ = fT™ - gT" since ((f9)T ) = fo 9o = (fT™ - 9T )w
We have fTT™ = f since (fTT7), = f, . We have fT™T = f since (fT"T), = f. - ]

3.4.8 Lemma/Definition. We define the transformation pro 7 : Iro(#z) — Tro,#z by setting
(XpFO,ﬁ)w = 1Xw s (XpF()’y)‘k = Tk and (XpFO,f)k\ = T for X € Ob(FO(ﬂ)) and k£ € Z.

This in fact defines a transformation. We sometimes abbreviate p = pro 2 . &

Proof. We abbreviate p = pro # and T = Tro # . We will use lemma 3.4.3.(c).
Suppose given X—ovin FO(Z). We have Xp - fT = f-Yp since
(Xp‘fT)w:1Xw.fW:fW:fw.]‘Yw:(f.Yp)UJ' D

3.4.9 Definition. Suppose given an exact functor F': . — Z#.

Let FO(F) = Q(F)|p0(7): FO(Z) — FO(F) , cf. definition 1.4.3 and lemma 1.4.16.(b.c.d).
The functor FO(F') is exact by lemma 1.4.16.(a) and remark 1.3.22.

Suppose given exact functors F,G: % — % and a transformation \: F — G.

Let FO(A) = Q()|po( 7 : FO(F) = FO(G) , cf. definition 1.4.5.

We often abbreviate B = FO(B), ¥ = FO(X), ¢ = FO(¢), m = FO(7) and a = FO(«r). We
also write Lpo # = FO(X). &

3.4.10 Lemma. Suppose given an exact functor F': . % — .%.
We have FO(F) - Tro,7 = Tro,# - FO(F) and FO(F) - T » = T 5 - FO(F). &

Proof. Suppose given X~V in FO(Z). We have

(JFO(F)Tro,7)w = (JFO(F))w = fulF = (fTro,7)uF = (fTro,zFO(F))., .
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Thus fFO(F)TFQ,y = fTFO”ngO(F) by lemma 3.4.3. So FO(F) : TFO732 = TFO7£Z : FO(F)

We also have

FO(F) - Tgo.5 = Tro.# - Tro,7 - FO(F) - Tgg » = Trg 5 - FO(F) - Tro,7 - Tro »
= Tpo.7 - FO(F). O

3.4.11 Lemma. We have Tpo’y * PrO,# = Pro,# * TFO,g(? . <>

Proof. We abbreviate T = Tro_# and p = pro.# . We will use lemma 3.4.3.(c). We have
Txp=pxTsince (X(Txp)), =1x, = (X(p*xT)), for X € Ob(FO(F)). O

3.4.12 Definition. An object X € Ob(FO(.%)) is called pointwise bijective if X, , X}, and
X}, are bijective objects in % for k € Z. Let Bpo,z denote the full subcategory of FO(.%)
defined by Ob(Bro #) = {X € Ob(FO(#)): X is pointwise bijective}. &

3.4.13 Definition. The set Jro(#)

We abbreviate Jro,#7 = Jro(#)

is an ideal in FO(.%), cf. definition 3.1.1.
Let FO(.#) = FO(%)/Jro,# denote the
corresponding factor category and let Qro 7: FO(#) — FO(Z) denote the correspoding

,Tro,#,pF0,7,BF0, 7

7TFO,979FO,97%FO,,? *

residue class functor, cf. definition 1.2.13.
For X—/~V in FO(%), we write f = f + ro(#).9r0.5 (X, Y). O

3.4.14 Remark. Suppose given X—ovV in FO(%).
We have f = 0 if and only if there exists X j—=B—=Y in FO(Z) such that
Xi_ypro,7 - f = u- g and such that B € Ob(Bro, #), cf. lemmata 3.1.2 and 3.4.11. &

3.4.15 Lemma. Suppose given X~V in FO(.7) such that f = 0 in FO(%). Then we
have f, = 0 in Z. &

Proof. We may choose X[,l]“—>B—g>Y in FO(#) such that X|_y)pro,7 - f = u-g and such
that B € Ob(Bro,#), cf. remark 3.4.14. Thus f, = u, - g, . We conclude that f, = 0 in .Z,
cf. lemma 1.3.28. O

3.4.16 Definition. Let P, »: FO(.#) — % denote the unique functor such that
Qro,7 - P, 7 =Pu,z Pz, cf. lemma 3.4.15.

FO(F)—2% . 7
DFO,?j l‘ﬁy
Bw,?
FO() 7

o

3.4.17 Definition. A candidate triangle X Ly i.z7.7" X[[i]l] in FO(.%) with respect

to Lro.7 - Trg # is called a pseudo-triangle in FO(.Z) if (i,p) is a pure short exact sequence
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in FO(.#) and if there exists X[,l]B—g>Z in FO(.#) such that the following diagram is
commutative in FO(.%).

Xi_qqt Xi_qm
—e= X B X
X[l]PFO,fé?'f‘ g ll

X[-1)

i Pyl
Yy 74 x, o
3.4.18 Lemma. Suppose given X v FO(.Z). Then there exists a pseudo-triangle
XLy ez 2o xM in FO(2). o

-1

Proof. Choose a pushout in FO(%) as follows.

Xyl X, B

[~1] 1]

X[-1)pro, 2 -f lg
Yy —4+ 7

By lemma 1.2.7.(b), we may choose Z—p>X[[i]1] in .% such that g -p = X[_yy7 and such that

(,p) is a pure short exact sequence. Thus X Ty 4.77% X[[i]l] is a pseudo-triangle in
FO(%). m

3.4.19 Lemma.

(a) We have Zpo7 - Ty 5 - Puz = Pus - .

(b) Suppose given a pseudo-triangle X oy 4.7 % X[[i]l] in FO(.#). Then

wa,.? iPw,? pr,L@

XPw,(?'f YPw,eé’Z
cf. definitions 3.4.17 and 2.2.8.

X [[i]l]ij is a pseudo-triangle in .#,

ZPw,ﬁ“

&

Proof. Ad (a). For X—=Y in FO(Z), we have f', P,z = (f), = £ = (fP..5)" .
Ad (b). Note that we have XP, 7 = X, , YP, 5 =Y, , ZPy 5 = Z, , X[ P> = X[V,
fPu.7 = fu, 1Pu# =1, and pP, z =D, .

We may choose X [_1}B—Q>Z in FO(.#) such that the following diagram is commutative in
FO(%).

Xi_qt Xi_qmw
X [-1] X(_yB (-1] X[[ﬂ]

X[_HPFo,y'fl ‘9 ll

i Pyl
Y z—2=x,
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So we get the following commutative diagram in .%.

X, 24 x,B A% x U

I F

Y, —% 7, s xU!

fo

We conclude that X, Y, ' Z, B XL” is a pseudo-triangle in .%#. O

3.4.20 Definition. Suppose given k € Z. We define the full subcategories FOV“(E ) and
FOM (%) of FO(.%) by setting

Ob(FO¥(7)) = {X € Oh(FO(F)): Xy € Ob(Zz) for £ € Z;}

and
Ob(FO®(#)) = {X € Ob(FO(F)): X|; € Ob(Zz) for { € Z_}.

We define the full subcategories Q%( F) an :O (#) of FO(F) by setting

Ob(EQ™(#)) = Ob(FO¥(F)) and Ob(EQY (7)) = OB(FO (7)) o

3.4.21 Definition. Suppose given k, ¢ € Z. Let FO®(#) = FO* (%) n FOI(%) and

FOM(7) = FO"(#) N EQ (7). o

3.4.22 Definition. Let FO*(#) = |J FO®(#) and FO*(#) = |J FO™(%). &
k(€Z - klcZ ™

3.4.23 Definition. Let Qpo» » = Qro 9|Fob ; : FO*(#) — FO"(#). &

3.4.24 Lemma. Suppose given X € Ob(FO(.#)) and m € Z. The following three statements

are equivalent.
(a) We have X € Ob(FO™(.%)).
(b) We have XPy » € Ob(F™(.%)).

(c) We have XPcp » € Ob(CF™(.%)). o

Proof. Suppose given ¢ € Z-.,, . Consider the pure short exact sequence X |g_1—‘f;-Xw—0LX 1l
#. We have Xy € Ob(Z#) is and only if )y = Tje—1 - xf; is an isomorphism in . So the
statements (a), (b) and (c) are equivalent. O

3.4.25 Lemma. Suppose given X € Ob(FO(#)) and m € Z. The following three statements

are equivalent.

(a) We have X € Ob(FO™(.%)).
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(b) We have XPg » € Ob(F™ (.%)).

(c) We have XPcp.z € Ob(CF™ (.%)). o

Proof. This is dual to lemma 3.4.24. O

3.4.26 Corollary. Suppose given X € Ob(FO(.#)). The following three statements are

equivalent.
(a) We have X € Ob(FO(.%)).
(b) We have XPg » € Ob(F>(%)).

(c) We have XPcp » € Ob(CF"(.%)).

¢

Proof. This follows from the previous lemmata 3.4.24 and 3.4.25. m
3.4.27 Remark. Suppose given m,n € Z and X € Ob(FO(.%)).

(a) If X € Ob(FO™ (%)), then X, € Ob(FO™™"(F)).

(b) If X € Ob(FO™(F)), then X},) € Ob(FO™ " (F)). o
Proof. Ad (a). Suppose given £ € Z~,,_,, .
We have (Xp,)g = Xppg € Ob(Z ) since X € Ob(FO™(.%)).
Ad (b). This is dual to (a). O

3.4.28 Lemma. Suppose given m € Z and a pure short exact sequence X 4 y-H¥-Zin
FO(.%).

(a) If X, Z € Ob(FOM™ (%)), then Y € Ob(FOM™ (%)) as well.

(b) If X, Z € Ob(FO™ (.F)), then Y € Ob(FO™ (%)) as well. o

Proof. This follows from lemma 1.4.8.(d). O

3.4.29 Lemma. Suppose given X € Ob(FO"(.#)). We have Xpj, X[_1] € Ob(FO"(.%)) as
well. o

Proof. This follows from remark 3.4.27. O]

3.4.30 Lemma. Suppose given X € Ob(FO"(.#)). We have X[ XI=1I ¢ Ob(FO(.%)) as
well. &

Proof. This follows from lemma 1.4.4.(b). O
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3.4.31 Lemma. Suppose given a pure short exact sequence X Y-t Zin FO(.%) such
that X, Z € Ob(FO"(.%)). Then we have Y € Ob(FO"(.%)) as well. &

Proof. This follows from lemma 3.4.28. O]

3.4.32 Corollary. FO"(.%) is an extension-closed subcategory of FO(.%), cf. definition 1.3.23,
remark 1.4.10 and lemma 3.4.31. In particular, it is a strictly full additive subcategory of
FO(.7). So Qb(ﬁ) is a full additive subcategory of FO(%#), cf. remark 1.2.14. &

i

3.4.33 Lemma. Suppose given a pseudo-triangle X Ly i.7.% X[[i]l] in FO(#) such
)

that X,Y € Ob(FO"(.#)). Then we have Z, X[[i}l] € Ob(FO"(.%)) as well. &

Proof. This follows from lemmata 3.4.29, 3.4.30 and 3.4.31. O]

3.4.34 Definition. We define the full subcategories FO'™(.%) and FO“"™ (%) of FO(.%) by
setting

Ob(FO™(F)) = {X € Ob(FO(F)): (X.,, (z})rez) is a limit for XPcr #}
and
Ob(FO“'™ (7)) = {X € Ob(FO(F)): (X, (#i})rez) is a colimit for XPp 5}.
Let FOV(.#) = FO'™ (%) N FO“I™ (%),

We define the full subcategories th(ﬂ ), Qc‘ﬂim(ﬁ ) and Qv(ﬁ ) of FO(.7) by setting
Ob(EO"™(F)) = Ob(FO™ (%)), Ob(FO*"™(F)) = Ob(FO“™(.#)) and

OB(EQY (F)) = Ob(FO¥ (#)). o
‘s EOY (%) V(g v

3.4.35 Definition. Let Qpov 5 = QFO,P]‘%v(ﬁ)i FOY(#) — FO" (7). O

3.4.36 Remark. Suppose given m € Z and X € Ob(FO™ (.#)). Then X € Ob(FO'™(.%)).

¢

Proof. This follows from lemma 3.2.17. [

3.4.37 Remark. Suppose given m € Z and X € Ob(FO™(.Z)). Then X € Ob(FO®™(%)).

Proof. This is dual to the previous remark 3.4.36. O

3.4.38 Remark. We have FO?(#) C FO'™(%) and FOP(#) C FO“"™ (%), cf. remarks
3.4.36 and 3.4.37. &

3.4.39 Lemma. Suppose given X € Ob(FO"™(.%)). We have X};), X|_1) € Ob(FO"™ (%)) as
well. &
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Proof. This follows from lemma 3.2.21. [
3.4.40 Lemma. Suppose given X € Ob(FO®™(.7)). We have Xy}, X[_1] € Ob(FO®'™ (%))
as well. &
Proof. This is dual to the previous lemma 3.4.39. [

3.4.41 Lemma. Suppose given X € Ob(FOY(F)). We have Xy}, X[_i] € Ob(FOY (%)) as

well. &
Proof. This follows from lemmata 3.4.39 and 3.4.40. [
3.4.42 Lemma. Suppose given X € Ob(FO'™(.%)). We have X[, X[=1 € Ob(FO"™ (%)) as
well. &
Proof. This follows from lemma 3.2.55. [
3.4.43 Lemma. Suppose given X € Ob(FO®™(.%)). We have X[, X[-1] € Ob(FO®™!™ (%))
as well. &
Proof. This is dual to the previous lemma 3.4.42. O]

3.4.44 Lemma. Suppose given X € Ob(FOV(.%)). We have X[/, X711 ¢ Ob(FOV (%)) as
well. &

Proof. This follows from lemmata 3.4.42 and 3.4.43. O]

3.4.45 Lemma. Suppose given a pure short exact sequence X 4yt Zin FO(Z) such
that X, Z € Ob(FO"™(.%)).
If there exists a limit for YPcp # , then we have Y € Ob(FO™ (%)) as well. &

Proof. This follows from lemma 3.2.41. [

3.4.46 Lemma. Suppose given a pure short exact sequence X Y-t Zin FO(.%) such
that X, Z € Ob(FO“™ (%)),
If there exists a colimit for YPg # , then we have Y € Ob(FO“"™ (%)) as well. &

Proof. This is dual to the previous lemma 3.4.45. O]

3.4.47 Lemma. Suppose given a pure short exact sequence X —4y-H-Zin FO(.%) such
that X, Z € Ob(FOY(.%)). If there exists a limit for YPcp # and a colimit for YPg » , then
we have Y € Ob(FOY (%)) as well. O

Proof. This follows from lemmata 3.4.45 and 3.4.46. O]

3.4.48 Corollary. Suppose that .% has epilimits and monocolimits. FOV(,@ ) is an extension-
closed subcategory of FO(.%), cf. definition 1.3.23, remark 1.4.10 and lemma 3.4.47. In par-
ticular, it is a full additive subcategory of FO(.%). So Qv(ﬂ ) is a full additive subcategory
of FO(%#), cf. remark 1.2.14. O
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3.4.49 Lemma. Suppose that .# has epilimits and monocolimits. Suppose given a pseudo-

triangle X Ly .72 X[[1 ;) in FO(.#) such that X,Y € Ob(FOY(.#)). Then we have
z, XY, € Ob(FOY(F)) as well &
Proof. This follows from lemmata 3.4.41, 3.4.44 and 3.4.47. m

3.4.50 Lemma. Suppose that .# has countable products of bijectives.
Suppose given X € Ob(FO'™(.%)). Then we have XB € Ob(FO'™ (%)) as well. &

Proof. Consider the pure short exact sequence X —%>XB-—">X[ in FO(Z#). We have
XM ¢ Ob(FO™(.%)) by lemma 3.4.42. Moreover, there exists a limit for X BPcr .z by
lemma 3.2.33. Thus XB € Ob(FO"™ (%)) by lemma 3.4.45. O

3.4.51 Lemma. Suppose that % has countable coproducts of bijectives. Suppose given
X € Ob(FO®™(Z)). Then we have XB € Ob(FO“™(.%)) as well. &

Proof. This is dual to the previous lemma 3.4.50. [

3.4.52 Lemma. Suppose given X € Ob(FO“"™(.#)) and Y € Ob(FO(.%)). Suppose given

a morphism X PF7(6;—f>YPF,:gz in F(#). Then there exists a unique morphism X .Y in

Y,
FO(%) such that gPr # = f. Moreover, we have g, = f1 EX (Ey‘k);fzz cf. definition 3.2.23. <
k
Proof. Consider the morphism f1 yk)fkeezz)) X, —Y, . For k €Z, we have
k
(wa(yﬁc)kGZ)

xﬁ.f1(Xw,(rﬁ)kez) yk+1\ fr - y|k: yk+1\ 0.

(Yo (yf3 ) kez)

Now lemma 3.4.3.(b) yields the morphism X —2>V such that g, = f] . . Moreover,
(Xoo(@(3 )rez)
YW7 “
we have gPp # = f since for k € Z, we have fj - y‘oz = ijf - f1 EX (EJI’;);CE:Z)) and, consequently,
Wy k

fk:g|k .

Suppose given X ——Y in FO(.#) such that ePr # = f. For k € Z, we have

w w w w (Yo, (yl3 ) kez) (Yo, (yl7 ) kez)
T ew = ey = fro i = 2l - f (Xw:(m‘%c)kez) . Thus e, = f1x, ‘Tk)kez We conclude that

e = g by lemma 3.4.3.(c). O

3.4.53 Definition. We define the full subcategories FOP™ (%) and FO™ (.#) of FO(.%) by
setting

Ob(FOP™(.Z)) = {X € Ob(FO(%)): (X,,, (2§ )rez) is a projective family for XPcr #}
and
Ob(FO™(F)) = {X € Ob(FO(F)): (X,,, (2} )rez) is an injective family for XPp 5 }.

Cf. definitions 3.2.42 and 3.2.43.
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We define the full subcategories FOP"(.%) and FO™ (%) of FO(.F) by setting
Ob(EOP™(.#)) = Ob(FOP™(.#)) and Ob(FO™(.#)) = Ob(FO™ (.%7)). %

3.4.54 Remark. Suppose given X € Ob(FO"™(.%)). Then X € Ob(FOP™(.%)), cf. remark
3.2.44. o

3.4.55 Remark. Suppose given X € Ob(FO®"™(.%)). Then X € Ob(FO™ (%)), cf. remark

3.2.45. %
3.4.56 Remark. Suppose given X € Ob(FO"(.%)). Then we have X € Ob(FO™(.%)) and
X € Ob(FOP™(.F)), cf. remarks 3.4.38, 3.4.54 and 3.4.55. O
3.4.57 Lemma. Suppose given X € Ob(FOP™I(.%)).

Then we have X[ X711 € Ob(FOP™I(%)) as well. &
Proof. This follows from lemma 3.2.56. O]
3.4.58 Lemma. Suppose given X € Ob(FO™(.%)).

Then we have X1, X[=1 ¢ Ob(FO™(.%)) as well. &
Proof. This is dual to the previous lemma 3.4.54. O

3.4.59 Lemma. Suppose given X € Ob(FOP™I(.%)).

Then we have Xpj, X[_1) € Ob(FOP™(.%)) as well. O
Proof. This follows from lemma 3.2.48. O]
3.4.60 Lemma. Suppose given X € Ob(FO™ (.%)).

Then we have Xpij, X|_1] € Ob(FO™ (%)) as well. &
Proof. This is dual to the previous lemma 3.4.59. O

3.4.61 Lemma. Suppose given a pure short exact sequence X —4>Y-H¥-Zin FO(Z) such
that X, Z € Ob(FOP™(.#)). Then we have Y € Ob(FOP™(.F)) as well. &

Proof. This follows from lemma 3.2.47. O

3.4.62 Corollary. FOP™(.Z) is an extension-closed subcategory of FO(.%), cf. definition
1.3.23, remark 1.4.10 and lemma 3.4.61. In particular, it is a strictly full additive subcategory
of FO(#). So FOP™(.%) is a full additive subcategory of FO(.%), cf. remark 1.2.14. &

3.4.63 Lemma. Suppose given a pure short exact sequence X —4y-H¥-Zin FO(.%) such
that X, Z € Ob(FO™(.%)). Then we have Y € Ob(FO™ (%)) as well. &

Proof. This is dual to lemma 3.4.61. m

3.4.64 Corollary. FO™ (%) is an extension-closed subcategory of FO(%), cf. definition
1.3.23, remark 1.4.10 and lemma 3.4.63. In particular, it is a strictly full additive subcat-
egory of FO(Z). So FO™(.#) is a full additive subcategory of FO(F), cf. remark 1.2.14. {
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3.4.65 Lemma/Definition. We define the functor Ez: .% — FO(%) as follows.
For X € Ob(.#), we define XEz € Ob(FO(.%)) by setting

e (XEz), =X,

o (XEz)jp = (XEgz)4 =X for k€ Z>,

¢ (XEz)p=(XEg)p =0z for k€ Z,

o (XEz)jkw = (XE2)psjkpt1 = (XEz)ws) = (XEz) sy = 1 for k € Z .
For f € Mor(%), we define fEz € Mor(FO(%)) by setting

hd (fEﬂ>w:f,
o (fEz)jk = (fEz)w = f for k € Zx, .

This in fact defines an additive functor. We call E# the embedding functor of .%. Note that
XEz € Ob(FO™ (%)) for X € Ob(.%) by construction. &

f
Proof. We abbreviate E = Ez . We will use lemma 3.4.3.(c). Suppose given X:h>>Y—g>Z
in .#. We have 1xE = 1xg since (1xE), = 1x = (1xg).

We have (f - g)E = fE - gE since ((f - 9)E)w = f -9 = (fE-gE),
We have (f + h)E = fE + hE since ((f + h)E), = f +h = (fE+ hE), . O

3.4.66 Lemma. Suppose given XL in Z such that S =0in Z#. Then we have ng =0
in FO(#). ¢

Proof. Choose XB—2—=Y in .Z such that X¢-g = f. Note that (XEz)_yB), = XB and
that (YEz), =Y. For k € Z, we have

(XE2)-1B)jiw - 9 - YE2)wsit1] = (XEz)jp—15wB - ¢ - (YE#)wskq1y = 0. So lemma 3.4.3.(b)
yields a morphism (X Etga)[_l}B—h>YEg1: in FO(#) with h, = g. We have

(XEz)—yp- fEz)w =f=X1-9=((XEz)-1t-h). . So (XEz)_1p- fEz = (XEz)1¢t-h
by lemma 3.4.3.(c). We conclude that fE_g =0 in FO(%). O

3.4.67 Definition. Let E;: % — FO(%) denote the unique functor such that
PBs -Ez =Ez-Qpo.z , cf. lemma 3.4.66.

B jQFO F
3.4.68 Lemma. We have E; P, > =17 . &

Proof. Suppose given f € Mor(#). We have fE;P, » = fEz P, 7 = (fEz)., = f. O
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Chapter 4
Resolution and realisation functors

We refer to the introduction for generalities on resolution and realisation functors. The
main ingredients for our construction of resolution and realisation are the projection functor
P, z: FO(#) — # from the previous chapter 3, the delta functor Ay z: Vo (F) — C(¥)
and the filtered cokernel functor Ez: FO(%#) — V(7).

In the first section 4.1, we define the delta functor and show that it induces functors
Ay z: Vo (F) = C(F) and éy,y: V _(#) = K(¥) on factor categories. For a heart
of a t-structure 5 C .7, proposition 4.1.11 yields that A, > and A .5 are equivalences.
We proceed to define quasi-inverses Rz # and R, 5 of these equivalences. Proposition 4.1.24
contains the first of three adjunctions that will be composed to obtain our adjunction for

adjacent t- and w-structures.

The filtered cokernel functor =4 is defined in section 4.2 by choosing cokernels of pure
monomorphisms. To study its properties, we compare different choices of such cokernels.
We obtain several functors induced by the filtered cokernel functor on factor categories and
subcategories. Under suitable assumptions, we obtain equivalences Z%: FOV(#) — V(%)
and 2% Qv(ﬁ ) = V(F). We define the limit functors Limz and Lim ; as quasi-inverses of
these equivalences. Proposition 4.2.60 contains the second of the three adjunctions mentioned

above.

We construct resolution functors in section 4.3. To this end, we show that there is an equiva-
lence Py 5: FO (F) — Z (proposition 4.3.32) and choose the weight equivalence Wy to
be a quasi-inverse of it. This functor will be the first factor in the definition of the resolution
functor as a composite. After studying the properties of resolution functors, we define a mod-
ified version of the weight equivalence under special assumptions and finally obtain the third
of the adjunctions mentioned above in proposition 4.3.52.

In section 4.4, we define a preliminary version of the realisation functor on the level of the

homotopy category: Real? 7 K() — Z. We study its properties and finally define the

realisation functor to be the one induced on the derived category.

Section 4.5 contains our main theorems 4.5.1 and 4.5.3 for adjacent t- and w-structures which

show how our resolution and realisation functors yield adjunctions.
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We conclude this chapter by applying the results to derived categories in section 4.6.

4.1 From V-diagrams to complexes: the functor
Ay)g‘: Vy(g) — C(y>

Suppose given a strict Frobenius category # = (%#,B, X, 1,7, a).

4.1.1 Lemma/Definition. Suppose given a strictly full additive subcategory . C .Z.

We define the functor Ay z: Vy(F) — C(¥) as follows. For X € Ob(Vy (%)) and k € Z,
let

(XA 7 =X, and  (XAy 2 )iio1 =0y g o 14 -

cf. definition 3.3.38. For f € Mor(Vy (%)) and k € Z, let (fAy 7))k = fi,, -

This in fact defines an additive functor, cf. lemma 3.3.19. We call Ay & the delta functor of

< with respect to .. Note that it is obtained by choosing connecting morphisms of triangles
(*deltas’). O

Proof. We abbreviate A = Ay & .

Suppose given X € Ob(Vy (%)) and k € Z. We have (XA); = X,[J,f]_l € Ob(.Y), cf. defini-
tion 3.3.17. By lemma 3.3.43, we have

—k—1 —k
(XA)kH»k: ) (XA)k»k—l = 5&(,k—1],k,k+1 ) 6&(,k}72,k71,k

_ s[—k-1] [—k] [—k]
= 0}_9 ki1 Tk k—2k—1" OX k-2.k—1k

_ gl [—&]

okt (Th/k—2k—1° OXk—2k1k)

=0.

Cf. definition 3.3.38. Thus XA € Ob(C(.¥)).

Suppose given Xy in Vo (ZF) and k € Z.

Ti—1,k/k—2 Tk /k—2,k—1
X /h—o——+—>X}/r—1 and

Consider the pure short exact sequences Xj_;/x_o

Yk— 1,/ Yk /k—2,k— . . . .
Yio1/k—2 bt e Yi/i—2 il Yy k-1 and the following commutative diagram in 7.

Th—1,k/k—2 Tl /k—2,k—1
X koo —+— X1
jfk/k-—2 Lfk-/k—l

Yk/k—2,k—1
Yk/k72 S E—— Yk/kfl

Xk—1/k—2
fk:—l/k—Ql/

Ye—1,k/k—2

Yii/k—2
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By lemma 2.2.4, we have

—k k+1 _
(XA)k»kfl : (fA>kfl = 6;(,k]—2,k—1,k ]£ 1J/rk} 2 (5Xk 2,k—1,k ° fk 1/k— 2)[ ]
[=k] | §=A]

= (fk/kfl '5Y,k—2,k:—1,k) H = fk/k 1° Yk72,k71,k
= (fA)k - (YA)ksp—1-
Ty _ T OX k—92. k—
Xi—1/k—2 e Xie/k— g — L2 Xpjpog — 22" MXI[:] 1/k—2
Se—1/k—2 ‘f}c/k—Q ‘fk/k—l l/fkl/kg
_ _ OV k—92. k—
kal/kfz Ye—1,k/k—2 Yk/k ) Yk/k—2,k—1 Yk/k ) Y, k—2,k—1,k X;El/]kfl
So fA € cY) (XA,YA)
f
Suppose given X?Y—9>Z in Vg (7).
For k € Z, we have (1XA)I~: = <1X)E;/]]z},1 = 1[);kk/]k L 1X[ k] (1XA)k . So 1)(A = 1XA .

k/k—1

For k € Z, we have ((f - 9)A)k = ()i 0y = fimy Gjeiy = (FA - (92
So (f-g9)A=fA-gA.

For k € Z, we have ((f + B)A) = (f+h)p 5, = fiul, +hiply, = (fA) + (hA) . So
(f + WA = fA + hA.
We conclude that A = Ay z: Vy(F) — C(¥) is an additive functor. O

4.1.2 Remark. Suppose given strictly full additive subcategories #Z,.¥ C .% with #Z C ..

We have Ay » - C(Inc,) = Incgg((ﬁ) Ay 7.

Ay z

Vo (F) C(~)
Iggﬁ Tam%
Vo T) —227 (@) o

4.1.3 Proposition. Suppose given a strictly full additive subcategory . C ..

Vo (F)

ANovsg=ANgz-X .
Vy(?) S F S F C,7

(a) We have (Zy 7 - Tg'5)

(b) Suppose given a pseudo-triangle X oy 4.7 % X[[i]l] in V(%) with
X,Y € Ob(Vy(%)). Then
XAy 7 2.7 YAy 7 s ZAy 7 e X[[i]uAy,y

is a pseudo-triangle in C(.%).
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Proof. We abbreviate A = Ay & .

Ad (a). Suppose given f € Mor(Vy(#)). We want to show that f[[i}A = (fA)M,
For k € Z, we have (") A)e = (£, )70 = AT, = (FA)kor = ((FA)W); .

We conclude that (Zv,yTe}_@) zjgi Ny g=0Ay7 2o .

Ad (b). We abbreviate X' = X[[i}l] :

Choose a morphism X B—=Z in V(%) such that the following diagram is commutative.

X X-um
X[_l] —— X[_l]B —+— X

P

Y —+—= 74> X
For k € 7Z, we may choose Zk/k,lLYk/k,l and X,Elll/k72i>Yk/k,1 in % such that
Ie/k—1 t

Xk—l/k—27r . tk = Gk/k—1 and such that Y}g/k—l o Zk:/k:—l ‘X,[:_]l/k_2 is a direct

Pk/k—1
sum in % by lemma 3.3.26.

[~k _
Yk k—1 [kl

[—4] [—k+1]
So Yk/kfl = Zk/kfl = kal/k72

k Pr/k—1

is a direct sum in . for k € Z, cf. corol-

lary 3.3.27. Note that, for k € Z, we have (X'A), = (XA)x_; and
(X'A) g1 = 5;?}:—2,1@—1,1@ = —5;Zf§]7k_27k_1 = —(XA)g_1:k_2 , cf. corollary 3.3.41.

Also note that, for k € Z, we have (iA), = ng_/liil and (pA)y = pgc_/z}fl :

We want to apply lemma 1.9.17.

Suppose given k € Z.

Let d, = s - Oy —2k—1,k - Z.Ll}_l/k_g + Pr/k-1 - f;£1_]1/k_2 : Z'Ll]_l/k_g + Prk—1 X/ k2 h—1k - tE]_l :

k K [k [—k+1 —k k1] [kt —k —k —k+1
So dl[c V= 3&; ]'51[/,k]—2,k—1,k 'Zl[c—l/k]—2+p£c/k]—1' k[:—l/k}—Q'ZL—l/k}—Q—i_pEc/k}—l ‘5&/,1]#2,1671,1@ 'tL—l .
It remains to show that 5[2_7:]727,6717,6 = dL_k}, i.e. that dzp—or—1k = di .

We have the following commutative diagrams in %, cf. definition 3.3.38.

Ye—1,k/k—2 Yk/k—2,k—1
Yic1/k—2 Yi/k—2 Yi/k—1
1l lw,k—z,k—l,k lé}’,kzkl,k
Yk—l/lc—QL Yk—l/k—27r [1]
Yk—l/k—Q Yk—l/k—2B > Yk:—l/k:—2

[1} [1] k—1/k—3,k—2 [1]

Xk—2/k—3 X 1/k—3 Xk—l/k 2
11 l’}’X’,k—Q,k—l,k léxl,kz,kuc
[1] l[qllz/kfsb [1] 1[9112/19737r [2]

XiZo/k—3 Xy Zo/k—3B Xio/k—3



We have the following (pointwise) pushouts in ..

Xk—2/k-3t Xk—1/k-3t

Xk—2/k-3 Xi—2/k—3B Xk—1/k-3 Xi—1/k-3B
OL jgk—l/k—2 Xkl/kS»k/kQ'fk/k2l lgk/k—2
Th—1/k—2 i /k—2
Iy Zr—1/k—2 Yijk—o Zrjk—2
We have

Xe—1/k—3sk/k—2 " Jr/k—2 " Vyk—2k—1k * th—1/k—2B
= Je-1/k-3  Ye1/k-3sk/k—2 " Wk—2k—1k " tk—1/k—2B
= fkfl/kf?) *Yk—1/k—3k—2 " Yk—1,k/k—2 * VY ,k—2,k—1,k Z-kfl/k72B
= fro—1/k—3 " Yk—1/k—3k—2 * Yi—1/k—2L * th—1/k—2B
= fro—1/k—3 " Yio1/k—3L " Yk—1/k—3k—2B - tk—1/5—2B

= Xp_1/k-3t" fe—1/k—3B - Yr—1/p—3 k2B - ip_1/x—2B

= Xj—1/k—3t * (frm1/k-3B - Yn—1/4—3,4—2B  th—1/5—2B + Xp_1/5—37 - Yx7 k2 k16 * te—1B).

By the universal property of the pushout, there exists a unique morphism

Zk/k72i>Zk71/k72B in .7 such that iy/k—2 - cr = Yyp—2k-1,k * ir—1/k—2B and

Gifk—2 * Ck = fr—1/k—3B  Yh—1/p—3k—2B - th—1/p—2B + Xp_1/p—37T - Yx7 h—2, k-1, - tr—1B.

Xk—1/k—3t
kal/ka kal/k73B
Xk—l/k—3»k/k—2'fk/k—2l jgk/kz Fe—1/k—3BYk_1/k—3,k—2Bik_1/5_2B
ik /k—2 +Xk—1/6—3T VX! k-2 k1,1 th—1B
Yie/k—2 Lk k-2
\
Zr—1/k—2B

VY k—2,k—1,k"k—1/k—2B

By remark 2.2.2, it suffices to show that the following diagram is commutative.

Zk—1,k/k—2 Zk/k—2,k—1
Ly fp—g ——F——> Lp/p-1

Zk—1/k—2

1 Ck ldk

Zp_1/k—2t Zy_1)g—2™ (1]
Zpjp—2 ——> Lp_1/p—2B ———F+— k—1/k—2

185
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We have Zk/k—?,k—l : dk = CL - Zk_l/k_gﬂ' since

Ly T, Yk/k—2,k—1"k/k—1"0k
9k /k—2 [k=2k~ T—1/k—3,k—2B"Gk/k—1-dk

] 5 v, il
Yk /k—2,k—1"0Y k=2, b1,k Ty po_ 2) _ Yk—2,k—1,k Yk—1/k—2T" " /o

Tp—1/k-3,k—2BXp_1/k—2mlp-dp k]il/k,&k,z'tk'dk

( kal/kfiiﬂ"x[l
’YYk 2,k—1,ktk—1/k—2BZp_1/k 2™

(Xk 1/k— 37””;@]1/1@ 3,k— 2fk 1/k—2" Ee]l/k o Xk—1/8— 3”x£c1]1/k 3 k20X k—2,k— 1kt£c1]1>

( VY, k—2,k—1,k"k—1/k—2BZk 12 " >

1

Tp_1/k—3k—2B fr—1/k—2B k1 k2B Zp 1k om+ Xy 1k 3T VX! 0 1kX;[€]2/k 3Tt

VY k—2,k—1,kk—1/k—2B-Zp_1/p—2™
Je—1/k—3BYk—1/k-3 k2B ix—1/k—2BZk_1 /5 om+Xp 1/k3TVx! k_2 g—1 K tk—1BZp_1/p 2T

Zk/k 2 i A

w2\ - . . . ks \ - . .
gk//k 2) is a pure epimorphism (In particular, ( / ) is an epimorphism, cf.

and since s

definition 1.3.2.)
We will use that x,_2x—1/k—3 - Tp—1/k—3k—2 = 0 and thus zy_sp_1/k—3B - Tp_1/p_3,—2B = 0.
We have 2j,_1 p/k—2 - Ck = Zp_1/k—2L Since

lp—1/k—2

. S Yk—1,k/k—2"tk/k—2"Ch
Ik—1/k—2 k=1k/k=2" Ck Tp—2,k—1/k—3B gk k—2Ck

Yk—1,k/k—2"VY,k—2,k—1,k"Ik—1/k—2B
T2, k—1/k—3B fe_1/k—3BYr_1 k3 k2B ix_1/p— 2B+ 2k 1/k3B-Xp 1k 3T Vx/ g2 k—1ktk—1B

Yi 1/k—2tip_1/k—2B
xk—2,k71/k73B'xk71/k73,k72B'fkf1/k72B"ka1/k72B+Xk—2/k737r'xgc],27k,1/k,3"YX’,k—2,k—1,k'tk*1B

Xk—2/k— 37er[c]2/k 3

_ | k—1/k—2 a2t N _ (ipoaie—2 ) |
_<9k—1/k—2'Zk—l/k—2L =\ Gr-1/k-2 Zk—l/k—QL

L tk—lB

ik—1/k—2 Zk—1/k—2t _ Uh—1/k—2"Zk—1/k—2t
T\ Xp—op3mlp—1Zp_1/K-2t

. ie1/k-2 ) . .
and since ( o /kfz) is a pure epimorphism. O

4.1.4 Lemma. Suppose given a strictly full additive subcategory . C .% and

X,Y € Ob(Vy(F)) such that . (Xg/k,Y[ )=0fori,j,k,le€Z withi <j<k</{.

Suppose given XAy7y—>YAy’g in C(). Then there exists X"y in Vo (F) such
that hAy/’g; =4d. <>

Proof. We abbreviate A = Ay z . Let fy = 0: Xy — Yy for k € Z.

Tr/k—1 [—]

For k € Z, choose Xj/y—1—Yi/k—1 in & such that g, = fk/k . - Note that we have

k k k+1
f[/k]l g/k]2k Lk = k'(YA)k»k—l = (XA)k»k—l “Ok—1 = 5Xk 2,k—1k " 1£ 171:]2

and thus fr/k—1 - dyp—2k—1,6 = OX k—2k—1k - f,El,]l/k,Q for k € Z.

. . . f
Using recursion on k € Z>; , we construct morphisms Xj,_j il —Y}/—1 and
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Srt1/—k

Xk+1/—k ch+1/—k in .% such that

_ (1]
Ji1/=k - Ov—k—1—k k1 = OX—k—1,—kh+1 - g/ gy

and such that the following diagrams are commutative.

X kv1/-k s Xi/—k RS Xk/—kt1
fk+1/kl jfk/k Lfk/k+l
Yopi1/-k " L Yi/ ok e, Yi/ k1
Xk/_k Th,k+1/—k Xk+1/—k m Xk+1/k
fk/kl/ lfk+1/k lfkﬂ/k
Yk/fk Yk, k+1/—k Yk+1/7k Yk+1/—k,k Yk+1/k

Suppose given k € Z>; . We have fr/_pi1°0y—k—k+1k = OX,—k—k+1,k ° f[j,]cﬂ/fl€ for k =1

since fi/0 - Oy,—1,0,1 = 0x,-1,0,1 - fé}]_l and for £ > 1 by recursion.

. . . . .
By lemma 2.2.6, we may choose Xk/,kM;Yk/,k in .# such that the following diagram is
commutative.
T k41,k/—k Tk/—k,—k+1
X—k—l—l/—k‘ ch/—k -t Xk/—k—H
f—k+1/—kl jfk/—k Lfk/—k-&-l
Y—k+1,k/—k Yk/—k,—k+1
Yo pi1/-k Yiyoh——————=Yi/ k1

Now foti/k - Ov,—k k1 = OX —kkht1 - fk[;l/]_k since we have, using lemma 3.3.43 and recursion
for k > 1,

(1] _ _ (1]
Jr1/k - 0kt Yp) g1 = Soti/h - OVk—Lkk+1 = Oxh—Ldr1 * Spjp1

— (1] (1]
= 5X,—k,k,k+1 ’ "L‘k/—ch—l : fk;/k_l

1 (1] 1]
= 0X k1" ‘rgc/]—k,—k-i—l Ty hath-1 Thjk—1

_s 0] P I R i1
= OX,—kkkt1 " Tp/ 1 " Jh/—kt1 " Yh/—k41,k—1

_ no 1]
= 0x, kb k1 T/ Yok k1" Yk ka1 h1

1 1
= 0X,—kkht1 - i/]_k : y;[g/]_k,k_l

and since z(Xpi1/k Yk[l_}l/_k) =0.

Tret1/—k

By lemma 2.2.6, we may choose Xj 1/ Yit1/—x in F such that the following dia-
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gram is commutative.

T k+1/—k Tp41/—k,k
Xk/—k Xk ———X
- +1/—k k+1/k
fk/—kt lflc-&-l/—k jfk-fl/k
Yk, k+1/—k Yk+1/—k,k
Yi/—k Yivi/-k ——+—— Y

1 . .
NOoW fri1/—k - Ov,—k—1,—k b1 = OX,—h—1,—k k1 ° f[_}g/_k_l since we have, using lemma 3.3.42,

Tt o1 /—k * Sht1/—k " OVi—h— 1=k kb1 = Tl k/—k * Thht1/—k * Shtr1/—k * OY,—k—1,—k k+1

=T k41,k/—k " fk/fk “Yk k1)K 5Y,—k—1,—k,k:+1

= ffk+1/fk “Y—-k+1k/)—k " Ykk+1/—k 5Y,—k—1,—k,k+1

= f—k+1/—k Ykl 41—k 5Y,—k—1,—k,k+1

= fokt1/=k " OV—k—1,—k,—k+1

= 0X,—k—1,—k,—k+1 - f[_1]}€/_k_1

_ (1]
= T k41,k+1/—k " 5X,—k—1,—k,k+1 : f—k/—k—l

and since 7 (Xpi1/—k41, Y_[lll/_kq) =0.
NOte that we alSO have fO/O . y071/0 — O — xO,l/O . fl/o and fl/O . yl/o,[) = fl/O = xl/0,0 . fl/o .

So corollary 3.3.46 yields a morphism X"y in Vo (F) with hyje—1 = fijp—1 for k € Z.
Thus (hA), = hgf/i]_l = f,g;:]_l = gr . We conclude that hA = g. H

4.1.5 Lemma. Suppose given a strictly full additive subcategory . C % and full subcate-
gories 2, % C . such that z(2W %) = 0 for k € Z~, . Suppose given X € Ob(Vy(.F)) and
Y € Ob(V4(.%)). For each XAy »—2>Y A, 7 in C(), there exists Xy in Vo (F)
such that fAy z =g. &

Proof. Suppose given XAy}gz—g>YArngz in C(¥).
Fori,j,k,0 € Z with ¢ < j <k < {, we have (X, Y;[/lj) = 0 by lemma 3.3.22. So the result
follows from the previous lemma 4.1.4. O

4.1.6 Lemma. Suppose given a strictly full additive subcategory . C % and X v in
Vo (F) such that z(Xe, Y,) = 0 for i,j,k, ¢ € Z with i < j < k < {. Suppose that
fAy 7 =0in C(). Then f =0in V,(F). &

Proof. We abbreviate A = Ay 7 . Let gy, = 0: X3, B — Yy, for k € Z.
For k € Z, we have f1£7151—1 = (fA)r = 0 and thus fyx—1 = 0 in #. So we may choose

Ik /k—1

Xk/k—lB Y;c/k—l in .% such that Xk:/k—1L “Gk/k—1 = fk/k—l for k € Z.

Ik/—k

Using recursion on k € Z>; , we construct morphisms Xj,_;B Yy and



Ik+1/—k

Xit1/-B

Yit1/—-k in F such that

Xi/=kt * Grj=k = Jr/—k » Xt1/=kl " Gh1/=k = Jre1/—k

and such that the following diagrams are commutative.

T_i1,k/—kB Th/—k,—k+1B
ka+1/ka Xk/ka —t— Xk/karlB
9k+1/kl/ jgk/k lgk/kJrl
Ykt l,k/—k Yk/—k,—k+1
Yopi1/-k Yi) -k Yi/ k11
Tk kt+1/—kDB Tpi1/—k,kB
Xi/—1B Xig1/— kB ——+—— Xj111B
gk/—kl lgk-',-l/—k lgk+1/k
Yk, k+1/—k Yk+1/—k,k
Yk/—k Yk—i—l/—k S Yk—i—l/k

Suppose given k € Z>, . We have the following commutative diagram in .%.

T_pt1,k/—k Th) b, —k+1
X _jt1/—k Xijop —— Xp/—pt1
fk+1/kl jfk/k Lfk/k+l
Yekt1,k/—k Yk/—k,—k+1
Yo py1/-k Yok —————— Yk

We have f_ji1/-r = X_ g1/t - g—p+1/—k and, using recursion for k& > 1,
Je/—k+1 = Xgj—ks1t - Grj—k11 - Moreover, we have z(Xg/—g41, Yort1/-k) = 0.

Ik/—k

By corollary 2.1.36, we may choose Xj,_;B Yy i in .# such that

Xi/=kt - Gkj—k = fr/—k and such that the following diagram is commutative.

T_i1,k/—kDB Ti/—k,—k+1B
Xy 4B B

jgk/k
Y—k+1,k/—k Yk /—k,—k+1
Y iy ———Yyy o —+——Y 1

X kt1/-xB

9k+1/lcl/ lgk/kﬂ

We have the following commutative diagram in .%.

Tl k4 1/—k Thy1/—kk
Xk/ & X} —r X
- +1/—k k+1/k
fk/kl lkarl/k jkarl/k
Yk, k+1/—k Yk4+1/—k,k
Yy —k Yig1/op ——+——Yeq1/k

We have fk/—k = Xy/—kl* grj—x and fk:-l—l/k: = Xgr1/kl * Ght1/k -
Moreover, we have z(Xyj1/k, Yi/—r) = 0.

Ik+1/—k

By corollary 2.1.36, we may choose Xj1,_,B Yit1/—x in F such that

189
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Xkt1/—kl * Git1/—k = fr+1/—x and such that the following diagram is commutative.

T k+1/—kB Thy1/—k,xB
Xk/ka XkJrl/ka S E—— XkJrl/kB
gk/kj lngrl/k lngrl/k
Yk, k+1/—k Yk+1/—k,k
Yy —k Yijr/op ———F——— Y1

Note that we also have go/0 - 40,10 = 0 = x0,1/0B - 9170 and g1/0 - Y1700 = 9170 = T1/00B - 910 -
So corollary 3.3.46 yields a morphism XB—~Y in Vo (F) with hyjp—1 = fijp—1 for k € Z,
Piej—k = Grj—r and 1)k = Gry1/—k for k € Z; .

Again by corollary 3.3.46, we have X¢-h = f since Xy p_10-hy/m—1 = Xpp—1t- Grjp—1 = fr/p—1
for k€ Z, Xy/—it - by = Xpj—it - Goj—r = fr/—r and

Xev1/—nt - heyry—k = Xiyr/—wt - Grev1/—k = Jrrr/—k for k € Z>; . We conclude that f = 0 in
V(7). u

4.1.7 Lemma. Suppose given a strictly full additive subcategory . C .% and full subcate-
gories 2, % C .% such that z(2F %) =0 for k € Z., . Suppose given Xty in Vo (F)
with X € Ob(Vg(#)) and Y € Ob(Vz(#)). Suppose that fA s 7 =0in C(). Then f =0
in V. (%). O

Proof. For i,j,k, ¢ € Z with ¢ < j < k </, we have #(Xy, Yj/) = 0 by lemma 3.3.21. So

the result follows from the previous lemma 4.1.6. O

4.1.8 Lemma. Suppose given a strictly full additive subcategory 7 C .% such that
7(AM ) =0 for k € Z~y . Then the functor Ay 7: Vye(F) — C(S) is strictly dense.
¢

Proof. We abbreviate A = A 4 5 .
Note that ?( X piml XK %ﬂ[”]) =0fori<j<k</lin Z, cf. lemma 1.5.10.

me(k,] " nelig)

Suppose given Z € Ob(C(5)). We have to construct Y € Ob(V,, (%)) such that YA = Z.
Let Xije1 = 21 € Ob(sW) for k € Z.

Using recursion on k € Z>; , we construct pure short exact sequences
T ft1,k/—k

X kt1/-k * Xi/—k ’ Xijokt1 5 Xpj—k

T/ —k,—k+1 Tk kt1/—k Tht1)/—k,k
X ————X and
+1/—k k+1/k

abbreviate 5—k,—k+1,k - 6(x—k+1,k/*kvl’k/fk,7k+l) ) 6—’%’%’“4‘1 = 5($k,k+1/—kvwk+1/—k,k) such that

Xj/_1 € Ob ( >k %m) ., Xpi1 1, €0D ( * %m) 7

J€[—k+1,k] JE[—k+1,k+1]

(1] [—k+1] _ (k+2] = ¢[1] _
O kitk “okrr =00 Zpo 0 pppr =0,
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0_101 = zgl], 0_112- w[ll/]fl 0= z£2] and such that, for k € Z~ , we have

. S _ [—k+2] 5 o1 o1 _ k1]
T k42,k—1/—k+1 " Th-1,k/—k+1 " O—k,—k+1,k = k12 > —kkk+1 " T g ka1 Tk k1 k=1 = Pkl -

L0,1/-1 T1/-1,0

We may choose a pure short exact sequence Xo/_1—+=X;,_1——=Xj )y in & such that
d_101 = zgl] by lemma 2.2.7. Note that X;,_; € Ob(JZ * ,%”m) since Xo/—1 € Ob(J€) and
Xij € Ob(#1). We have 5[__11’2)’1 “z20 =212 = 0.

Since zg} : 5[_1}170,1 = z£2] : ZF] = 0, we may choose X2/1—6>X1[]>}71 in .% such that
o B Al _ o o« B au L2 8 8 :
B-xy,_ 19 = % - Note that 23" - f) = 0 since z5" - S -2y | = 23" - 2% 0 and since

Z(Xg/g, X([)Q/]_l) == 0

By lemma 2.2.7, we may choose a pure short exact sequence Xl/_lxia/—;ng/_fining/l in &

such that 6_; 15 = 3. Note that Xy, € Ob (S % M x #]) since X141 € Ob (2 x #1) and
Xy € Ob(%m). We have §_; 12 - x[ll/]_LO =0 x[ll}—1,o = z;] and zz[,)g] . 5[1]171,2 = zgg] @ = 0.

Suppose given k € Z>; and the recursively constructed pure short exact sequences

X_k_i_l/_kx,kﬂ,k/—k Xk/_k wk/ikl,ikJrle/—k-‘,—l ’ Xk/_k Lh,k+1/—k Xk+1/—km‘xk+l/k such
that
Xijx € Ob( > %W), Xip1/-1 € Ob( > %[ﬂ) and
JE[—k+1,k] FE[—k+1,k+1]
-1 —k+1 k+2] [l

5£k,£k+l,k : Z£k+1] =0, I[€+2] ) 5£L,k,k+1 =0.
Since 5[:,:}7,{“’,6 . z[:klfll] = 0, we may choose Xk/—k—€>X[_1]]§/_k_1 in .% such that
T pyp1h/—k €= z[__kkfll]. Note that ﬂ-z[__kk] = 0 since 75[—_1@11 k/k gl-1l ~z[__kk] = z[__klil-z[__kk] =0
and since z(X,[Ji]kH , X[f;%l/fkd) =0.
Since E(X,[;ll]/k, X[_l;e/_k_l) = 0, we may choose Xk+1/_k—'§>X[_1]]€/_k_1 in .% such that
T pr1/—k - € = €. Note that £-Y - z[:kk] = 0 since xk_klil/fk el z[:kk] = g1 z[:kk] =0

and since Z(X,[;ll]/k ,X[_l}c_l/_k_g) =0.

By lemma 2.2.7, we may choose a pure short exact sequence
T—k,k+1/—k—1 Tht1/—k—1,—k

X _kj—k—1 Xpv1)—h—1——+—>Xp 1/ such that 0 1 i1 = £
Note that Xy 1,1 € Ob ( | >}|€<k ; %U]) since X_p/_p-1 € Ob(1-") and
e[~k k+

jel—k+1,k+1]

o ~ __[—k+1)
Tgt1,k/—k " Thk+1/—k 57k71,7k,k+1 = Lkt1,k/—k " Thkt+l/—k "€ = Tkt1k/—k € = Z_pi1 -
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Since z,[ﬁr;] . 5[_11: kxr1 = 0, we may choose Xk+2/k+1L>X;£;1il/ ) such that
1 k+2 k43 . k+3 k+3) k43
C'ILL/ kk = /[c+2] Note that ZI[H—B] - (MM = 0 since Z[ ] (M k+1/ bk 1[<:+3} : /[H—Q] =0

and since 7 (Xpi3/k+2 Xl[f/]fk) =0.

Since y(Xk+2/k+1, X[,L/ o ) = 0, we may choose Xk+2/k+1—>Xk+1/ 1 in % such that

¢ xgrl/ k-1, = G- Note that Z[Hg] Cm = 0 since 21[;123] -CH- Eﬂrl/*kfl,fk = Zl[clf;] Q =0

and since z(Xk;+3/k+2, X[_;].C/_k_ﬂ = 0.

By lemma 2.2.7, we may choose a pure short exact sequence

LTi+1,k+2/—k— Tht2/—k—1,k+1
Xet1/-k—1 Xk+2/ p—1——+—>Xpto/k1 in F such that 6_p_1 jq1642 =

=<
Note that X 9/ -1 € Ob < X j‘f[j]> since Xj11/—k—1 € Ob < Xl > and since

JE[—k,k+2] jel—k,k+1]
Xito/ka1 € Ob(AFH) We have Zi[j:%g} '5[—1L—1,k+1,k+2 = z,gf;’] (M =0and

(1] (1] 1Y 1] (k+2]
5—k—1,k+1,k+2'xk+1/71¢71 —k " Tht1/—k k =G Th1/mbmt—k " Tht1/—kg = 6 xk+1/ kk T Pk+2 -

Now lemma 3.3.47 yields an object Y € Ob(V(#)) such that

Ykt1,k/—k = Tkt1,k/—k» Yk/—k,~k+1 = Tk/—k,—k+1 5 Ykkt1/—k = Thk+1/—k» Ykd+1/—kk = Thtl/—kk

for k € Z>, . In particular, we have Y_; 1/ = X_ 411/, Yiymp = Xp/—i ,
Yi/—kv1 = Xpy—ra1 and Yiy1p = Xy for k € Z>y .

So Yk/k]l X,E?,’:]_l = 7y € Ob(H) for k € Z. We conclude that Y € Ob(V,+(.%)) and that

(YA)k =7 for k € Z.

It remains to show that dy 2,10 = zy] for ¢ € Z.

For ¢ =1, we have dy,_101 = 0_101 = zgl].

For ¢ = 2, we have, using lemma 3.3.43, dy,012 = dy,—1,12 - ygl/}flyo =0_112" x[ll/}fl’o = zgz].

For ¢ > 2, let k=/¢—1> 1. We have, using lemma 3.3.43,

5 -5 -5 (1] (1]
VA=20=10 = OVk—Lkk+1 = OV—kkkt1 " Yp/ g ki1 " Yr/—kt1h-1

_ (1] (1] _ k4] [l
= Ok ket Ty o1 Th/geg 11 = Zhal = 20

For ¢ < 1,let k= —(+ 2 > 1. We have, using lemma 3.3.42,

OV,0—2,0-1,0 = OY,—k,—k+1,—k+2 = Y—kt2,k—1/—k+1 * Yh—1k/—k+1 * OY,—k—k+1,k

_ k42 e
= Tp42,k—1/—k+1 " Th—1k/—k+1 * 57k,7k+1,k =Z kg2 T X - []

4.1.9 Lemma. Suppose given a strictly full additive subcategory . C .%. Suppose given
xLoyin V() such that f =0in V(&). Then fAy 7 =0 in C(¥). &

Proof. We abbreviate A = Ay 5 . We may choose XB—=Y in V(.%) such that f = X¢-g,
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cf. remark 3.3.10. For k € Z, we have fi/p—1 = Xp/k-1t - grjr—1 - Thus (fA), = ,g/:] , =0in

Z. We conclude that fA =0 in C(.¥). O

4.1.10 Definition. Suppose given a strictly full additive subcategory . C Z. Let
Ay z: Vo (F) — C() denote the unique additive functor such that Py (z) » Ay z=Ay 2

cf. lemma 4.1.9.

Ay 7z

Vo (F)

‘Bwf«'),yl
Ay 7

Vo (F) %

C(L7)

4.1.11 Proposition. Suppose given a strictly full additive subcategory s C .% such that
7AW, A) =0 for k € Z.o . Then the functor A, : V. (F) — C(H) is an equivalence.

Moreover, it is strictly dense. &

Proof. The functor A ,, » is full, faithful and strictly dense by lemmata 4.1.5, 4.1.7, 4.1.8 and

thus it is an equivalence. O

4.1.12 Remark. Suppose given strictly full additive subcategories Z,.¥ C % with #Z C ..

We have Ay 5 - C(Ince%,) Incgy((j AR

Y, (F) 2 ()
Incggég;T a TC(Incﬂ)
V() : C(Z)

Cf. remark 4.1.2. &

4.1.13 Lemma. Suppose given a strictly full additive subcategory . C .. Suppose given
X1y in V(%) such that f =0in V(F). Then fAy 7z =0 in K(-*). &

Proof. We abbreviate A = Ay z . Choose a pseudo-triangle X L.x—4-p-1t X[[ill} in
V(F), cf. lemma 3.3.25. Note that B € Ob(V#(.%)), cf. corollary 3.3.27. By lemma 3.3.28,
we may choose B—">Y in V(%) such that f =i h.

By proposition 4.1.3.(b), XA—=XA &, BA-L X[I] JA is a pseudo-triangle in C(&). We
have fA = (i- h)A =iA-hA. Thus fA =0in K(Y) by lemma 1.9.18.(b). O

4.1.14 Lemma. Suppose given strictly full additive subcategories . C .% and 2 C .% such
that 2 C .#. Suppose given a full subcategory Z C . such that #( 2 %) = 0for k € Z~, .

Suppose given XLy in Vo (F) with X € Ob(Vg(F)) and Y € Ob(V4(.%)). Suppose
that fAy 7 =0in K(&). Then f =0 in zy(ﬁ) &

Proof. We abbreviate A = Ay & .
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Choose a pseudo-triangle X —>X—4~pB—¥ X[[i]l} in V(F), cf. lemma 3.3.25. Note that
B € Ob(Vg(.%)), cf. corollary 3.3.27. By proposition 4.1.3.(b) and remark 4.1.2,

XA XA pA-TE X[[i]uA is a pseudo-triangle in C(.#’). By lemma 1.9.18.(b), we
may choose BA—2=Y A in C(.#) such that fA =iA-g. By lemma 4.1.5, we may choose
B—"-V in V(%) such that hA = g. We have (f —i-h)A = fA—iA-g=0. Thus f =i -h
by lemma 4.1.7. We conclude that f =0in V_ (%) by lemma 3.3.28. - O

4.1.15 Definition. Suppose given a strictly full additive subcategory . C . %

Let A _:V () — K() denote the unique additive functor such that

Qv 7.7 ‘A, =As5 Po) ; of lemma 4.1.13. Let &: Vi (F) = zy,(ﬁ) denote the

unique functor such that Py (z) » - G = Qv 7.+ . We have & éyy =Ay 7 P, cf
lemma 1.2.18.

v, 7,7 V(%)

@

V() &

4.1.16 Remark. Suppose glven strictly full additive subcategories Z,. C % with Z C ..

(F)
We have éjy K(Inc})) = Inc*y(J) éyy :

A/ff
Y, (%)

wa)T

Inc
,J(g)

Y, (F) —"—=K(%)

Cf. remarks 4.1.2 and 4.1.12. &
4.1.17 Lemma. Suppose given k € Z and an strictly full additive subcategory .%¥ C ..
(a) For X € Ob(VE(ff)), we have XA, 5 € Ob(CF(.2)).
(b) For X € Ob(VH(.%)), we have XA, 5 € Ob(CH (7).
Proof. Ad (a). Suppose given X € Ob(Vﬁ(ﬁ)).

For { € Z-, , we have (XAy z); = Xé/_ﬁl € Ob(Z#) C Ob(Z.,»). We conclude that
XAy 7 € Ob(CF()).
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Ad (b). Suppose given X € Ob(V;( F)).
For { € Z.j, , we have (XAy z); = Xe[/e L € Ob(Z5) C Ob(Z,). We conclude that
XAy 5 € Ob(CH (7). O
4.1.18 Definition. Suppose given a strictly full additive subcategory . C .#. Note that
for X € Ob(VY(F)), we have XA, 7 € Ob(C"(#)) by lemma 4.1.17. We use the following

notation for the corresponding restricted functors. Let

cP 5,,
A 5 = Drslo () VUF) 5 CF), Ay = A, 5100 7)) VU(F) = C()
and
Kb
égpg—Ayg‘vb F) Vb ( )_>Kb('5ﬁ)
Note that all three functors are additive, cf. remark 1.2.5.(b) and corollary 3.3.37. &

The following definition will make it easier to handle bounded or half-bounded complexes.

4.1.19 Definition. Suppose given an strictly full additive subcategory 5 C .%. Suppose
given X € Ob(C(2)).

We define an object X° € Ob(C(4¢)) and an isomorphism X255 X0 in C(A2) as follows.
Let Tx ={k €Z: X}, € Ob(Z,)}.

Let Xp =X, forkeZ\Tx and X, =0g for k€ Tx . Let ) = a for k,k—1€Z\ Tx .
Let 23 =0for ke Yxork—1¢€ Tx . Let (Xq)p =1for k € Z\ Tx and (X¢), = 0 for
keTx. %

4.1.20 Definition. Suppose given a strictly full additive subcategory 5 C .# such that
z(H (k] ,H) = 0 for k € Zsy . We want to construct quasi-inverses Re%oj and R, » of
the functors A, z: V ,(F) — C(H) and é%g vV (F) = K(H) following the steps
of lemma 1.2.19. These quasi-inverses will play a key role in our construction of realisation
functors. The letter R is the first in the word Realisation and such a functor will be the first
factor in the definition of a realisation functor, cf. definition 4.4.2. Let &: V () — V¥ ( F)

denote the unique functor such that Py (z) » - & = Qv 7 7 .

Vo (F) Sz C(1)

Av, 7,
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The functor A, # is full by lemma 4.1.5. For f € Mor(V,,(.%)), the following two statements
hold.

e We have f =0 if and only if fA, 7z =0 by lemmata 4.1.9 and 4.1.7.

e We have f =0 if and only if fA 7 =0 by lemmata 4.1.13 and 4.1.14.
We will use definition 4.1.19. The functor A & is strictly dense by lemma 4.1.8. So for
X € Ob(C(s7)), we may choose XRp 7z € Ob(Vy(F)) such that XRyp 2An 7 = X°.
Moreover, we have the isomorphism X e X,
Lemma 1.2.16 yields the functor Ry #: C(¢) — V (%), where for XLy in C(s2),

fRe,
XRypp—Z

f=X¢ fRwsD 5 (Y)~'. The functors A, » and Ry 5 are mutually quasi-inverse

YR, r.# is the unique morphism in V(%) such that

equivalences.

Lemma 1.2.16 yields the functor R 5: K(#°) — V (F), where for XLV in C(22),
IR

XRopg— s YRr,# is the unique morphism in V ( 7 ) such that

5‘

S =X iﬂ%géﬁj - (Y)~t. The functors A
equivalences. We have Rz 7 - & = Bowr) - Ry s -

and R, » are mutually quasi-inverse

Vo (F) 27 ()

LG L‘BC(%)
Ry &

Y (F) K ()

Note that the functors Rz # and R, 5 are additive, cf. remark 1.2.5.(a) and corollary 3.3.37.
&

4.1.21 Lemma. Suppose given k € Z and a strictly full additive subcategory 2 C .% such
that » (1, #) =0 for { € Zy .

(a) For X € Ob(Ck(#)), we have XR 5 € Ob(V;’;(ﬂ))

(b) For X € Ob(CM(#)), we have XR».» € Ob(Vh (F)). o
Proof. Ad (a). Suppose given X € Ob(C*(2)). For ¢ € Z-}, , we have

(XRor#)g 0oy = (XRopsB7)e = (X°) = 05

and thus (XRz,#)ee—1 € Ob(Zz). We conclude that XR o € Ob(VJP;(?)).
Ad (b). Suppose given X € Ob(CH(#)). For £ € Z_}, , we have

(XRor2)geiy = (XRop s 7)e = (X°)y =05

and thus (XRz,#)ee-1 € Ob(Z#). We conclude that XR x5 € Ob(Vi(ﬁ)) O
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4.1.22 Definition. Suppose given a strictly full additive subcategory 2 C .# such that
# (AW H) =0 for k € Zsg . Note that for X € Ob(C"(J#)), we have

XRp.7 € Ob(VY(F)) by lemma 4.1.21. We use the following notation for the corresponding

restricted functors. Let

Vo (F)
Ryf Ryf ‘Cb /f (%) — vyf( ) and Rff/ Rﬁ” ﬁ‘Kb () Kb(%) — Z;(y)
Note that both functors are additive, cf. remark 1.2.5.(b) and corollary 3.3.37. %

4.1.23 Remark. Suppose given an strictly full additive subcategory # C % such that
(AW ) =0 for k € Zsy .
The functors Rgﬁ # and ég?o # are mutually quasi-inverse equivalences by lemma 1.6.10.

The functors Bgﬁ # and él;f » are mutually quasi-inverse equivalences by lemma 1.6.10.

4.1.24 Proposition. Suppose given strictly full additive subcategories 7#,.% C .% such that
A C . and such that z(A#F . 7)=0for k € Z- .

Suppose given a functor H: . — J that is right-adjoint to the inclusion functor Incfi,) .
Then R, 5 - Incz (% is left-adjoint to A , - K(H). O

Proof. We have the mutually quasi-inverse equivalences A S5 1V (F) = K(H) and
Ryz: K(H) =N (F), cf. definition 4.1.20. Since Incy, 4 H, we have K(Inc,) 4 K(H)
by lemma 1.9.24. The map v _(7) (X)Y) = ko XAy 2, YAy 2): [ — féy’ﬁ is bijective
for X € Ob(Vy(#)) and Y € Ob(Vy (%)) by lemmata 4.1.5 and 4.1.14.

We have A e K(Inc,) = Ince” A cf. remark 4.1.16. So the result follows from

V(7 =r70
lemma 1.6.16.

—
Inc ((%;)T A, LI;(IncL‘;,) ( )K(H)
vV, (F) K(A2)
Roy,.7 O

4.1.25 Proposition. Suppose given strictly full additive subcategories ¢, . C .% such that
A C . and such that z(H#F . 7) =0 for k € Z~ .
Suppose given a functor H: . — ¢ that is right-adjoint to the inclusion functor Incff .

F
Then Egﬁy In c%i”(( f)) is left-adjoint to é;y -KP(H). &

Proof. This follows from proposition 4.1.24 and lemma 1.6.9. Cf. definitions 4.1.18 and 4.1.22.
O
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4.2 From filtered objects to V-diagrams: the functor

Suppose given a strict Frobenius category .# = (#,B, %, (, 1, a).

4.2.1 Definition. For each pure monomorphism X —+=Y in .%, we choose a cokernel
Y —-C,, of m in .Z. &

4.2.2 Definition. Suppose given X € Ob(FO(.7)) and {/k € V. We write X,/ = Cx,,,, and

Xjep = CX e - So X‘g—‘iﬁXg/k is a cokernel of X, . By the circumference lemma 1.3.13,

there exists a unique morphism Xg/kﬂXH” in % such that X/ - Xow = | xk+1l

Moreover, it is a kernel of Xy .41 -

Xk
XV
Xoyk|
Xje
X
¥ ¥
|k k+1]|
Xk . Xu ’ X1
I‘Z}\ /){H»uu
Xoqq|

Suppose given X1y in FO(Z) and {/k € V. Let fy/, denote the unique morphism in .7
such that f‘g . YIZ/k = X‘g/k : fg/k .

X
|k |Z/k

We want to construct a functor Zz: FO(.#) — V(%) such that, for ¢/k € V, we have
(XZ2)ek = Xoi for X € Ob(FO(F)) and (fE2)ek = for for f € Mor(FO(F)). To study

its properties, it is useful to compare different choices of cokernels first.

4.2.3 Lemma/Definition. Suppose given X € Ob(FO(.%#)) and cokernels X|e—ceo/—k>C’g/k of
Xjpope for £/k € V in #. We obtain an object XO(,, ), ey € Ob(V(F)) as follows.

Let (XO Coi, for £/k € V. For j/i < l/kinV, let (XO

(c /m n/mg\/)g/k - (c /m n/mEV)‘]/'ﬁé/k‘ b
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the unique morphism in .% such that ¢;; - (X@(cn/m)n/mev)j/iaf/k = X|juje * Co/k -

Xjislg

C'/i
X —Cyyi

X‘i
X’H|k\t tXU»M L (Xe(cn/m>n/'m€\/)j/i»2/k
Xksle Co/k

Xy —o= Xjo ——=Cyp, o

Proof. We abbreviate X© = X0, . For {/k € V, we have (XO),/ij/i = lc,,, since
Cj/i * 10],/1. = 1X\é - ¢jsi = Xjps) - ¢/ and since ¢;/; is a pure epimorphism.

For h/g < j/i <{/kin V, we have (XO)n/gs5/i - (XO)j/ise/k = (XO)p/goty1 since

n/m n/mev

Chg (XO)nygsisi - (XO)jjisese = Xinolj - g+ (XO)jrinesne = Xinolj - Xpjole - e = Xinofe - Con
= Cn/g " (X@)h/g%/k

and since ¢4 is a pure epimorphism. So X© € Ob(V(%)).

X® k/j‘)z/j @)Z/jﬁé/k

(X
Suppose given j < k < £ in Z. The sequence Cy/; Ceyj Cyi is pure short

exact by the circumference lemma 1.3.13.

Clyj

e
(XO)kyjst/
\<€:€

Xjjsle

X p Cyy;

(h\ /g@)l/jﬁ/k

Co/k

We conclude that X© € Ob(V(.%)). O

4.2.4 Lemma. Suppose given X € Ob(FO(.%)) and cokernels X|g—ce|/—k>Cg/k of X for

¢/k € Vin Z. Note that X|z+1£'/k;l>02+1/k+1 are cokernels of (XTro,7)ksle = Xjkt1sfe41

for f/k € Vin #. We have XTpovy@(an/mH)n/mev = XG(Cn/m)n/mEVTvvy . &

Proof. For ¢/k € V, we have
(XTFov=g6(cn+l/m+1)n/m€V)Z/k‘ = Cf+1/k+1 = (X@(Cn/m)n/mev)€+1/k+1 = (XG(Cn/m)n/mEVTV%’&Z)Z/k :

For j/i < £/k in V, we have (XTro 7O, 1 m)nmev)ifist/k = (XOenm)nmev Lv.7 )i jist/k
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since

= Cj11/it1  (XO(en ) jmev )j+1/i4 15641k 41

= Cj+1/i+1 (X@(cn/m)n/mevTvﬁ)j/i%/k

and since ¢j41/;41 is a pure epimorphism. O

4.2.5 Lemma. Suppose given a pointwise bijective object X € Ob(FO(%)) and cokernels

X‘g—ZO/L-Cg/]C of Xy for £/k € Vin #. Then X© is bijective in V(%). &

(Cn/m)n/me\/

Proof. The objects (XO,
So XO

¢/ = Cy1, are bijective in % for /k € V by lemma, 2.1.39.
n/m n/mEV) / /
is bijective in V(%) by lemma 3.3.7. O

n/m n/mev

4.2.6 Lemma/Definition. Suppose given X oy in FO( F). Suppose given cokernels

Co/k

Xji——=Cyi, of Xjpsje for £/k € V in .F and cokernels Yg—|—>Dg/k of Yy for £/k € V in F
(dn/m)n/mEV
(Cn m)n m
We obtain a morphism X© (Co o) fme [rmon/mey YOu (A jm)njmey S follows. For {/k € V,
let ( f9 O/ m)"/ mev) be the unique morphism in .%# such that
n/m n/mev f/k
. ( n/m)n/mEV . .
Ce/k (fe(cn/m)n/me\/)e/k. o flé d@/k )
X ks c
X =% X —5 Oy
n/m/’n/meV
fkl lfe l(f (Cn/m)”/m:">e/k
Yiks)e dosg
|k —* /A DZ/k O
Proof. We abbreviate X0 = X©O, (Cnfm)n/mey YO =YOq (A fon ) and f0 = fQ ://:)://;”: .

Suppose given j/i < {/k in V. We have (XO); ik - (f0) e = (f9),/: - (Y@)]/ﬁg/k since

Cizi (XO)j ik (f) ey = Xigope - i - ([ ey = Xijoje - flo - dese = fj - Yijope - deja
= fli - disi - (YO)j sty = cji - (F0) 70 - (Y'O)jsinasi

and since ¢;/; is a pure epimorphism. O

4.2.7 Lemma. Suppose given X—Lovin FO(.%). Suppose given cokernels X‘gi{lgCg/k of
Xjpsje for £/k € V in .F and cokernels Yg—|—>Dg/k of Yy for £/k € V in .7

We have fTyo.» éf::j//::;))://::j - fegc://;”))://:eeﬁw  cf. lemma 4.2.4. o
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Proof. For {/k € V, we have (fTFoﬁ,@@(d"“/’"“)”/mev>e/ = <f9(d"/m)"/mEVTv,y>£/ since
k k

(Cn+1/m+1)n/m€\/ (Cn/m)n/mev

(dnt1/m+1)n/mev

Cf+1/k‘+1 ’ (fTFov‘¢9(0n+1/m+l)n/m€V)E/k - f‘f+1 ’ df+1/k‘+1

n/m)n/mEV>
n/m)n/mGV E—i—l/k‘—i—l

(d
(c
=c . fe( n/m)n/mEVT
= Co41/k+1 ( V,F# 0k

Cn/m)n/mEV

= Ce4+1/k+1 - <f9

and since ¢y /441 is a pure epimorphism. O

4.2.8 Lemma. Suppose given X € Ob(FO(.%)).

(Cnt1/ms1)n/mev
0 Cn/m)n/meV X@(Cn/m)n/me\/ pv:ﬂ ° O

We have Xpro, 2

(Cn/m)n/mEV

Proof. For (/k € V, we have <XpFO /6( "*”mﬂ)”/me")lz/k = (X@(Cn/m)n/mev pvy)e/k since

(Cnt1/m+1)n/mev .
Co/k (XpFO»’@e(cn/m)n/mev o Tyo * Cop1/kt1

= Cy/k - (X@ (Cn/m) n/mev)e/k»z+1/k+l

= Cy/k - (X@ (Cnym) n/mgvpvy)f/k

and since ¢y, is a pure epimorphism. O]

/
4.2.9 Lemma. Suppose given X:h;Y—g>Z in FO(.7).

c d
Suppose given cokernels X|gJ»/—k>Cg/k of Xjgye for £/k € V in F | cokernels Y|g—£|/i>Dg/k of
Yoo for £/k € V in % and cokernels Z‘g—|—>Eg/k of Zjyy for £/k € Vin &

Y

(a) We have 1x6, (en/mn/mev lxe,

Cn/m)n/me\/ n/m)n/me\/

( ) (fg) n/m n/mev. _ — f n/m n/mev . e(en/m)n/mev

1
(Cn/m n/mev Cn/m n/mev (dn/m)n/me\/ a d

(C) (f+h)6(d"/m)n/m€V :fe(dn/m)n/meV_'_he(dn/m)n/mev

(CTL/’"L)’VL/’VV‘LEV (CTL/’"L)’VL/’VV‘LEV (Cn/m)n/'me\/ ’

d) If (f, g) is a pure short exact sequence in FO(.%), then gldnimlnimev o g(en/mln/mevy 5o
( g g

(Cn/m)n/me\/ ’ (dn/m)n/me\/
a pure short exact sequence in V(.7).

&

Proof. We abbreviate ¢ = (¢p/m)n/mev » d = (dn/m)n/mev and e = (en/m)n/mev -

Ad (a). Suppose given £/k € V. We have (1x0%)¢/x = (1xe,.)e/k since

o - (Ix00) ey = 1x,, - Cosp = o = cuyr - Loy, = cyr - (1xe.) ok

and since ¢, is a pure epimorphism.
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Ad (b). Suppose given ¢/k € V. We have ((f9)0%)e/r = (f02 - g85) ¢k since

o (F9)0) ek = (f9) e~ o = fie~ Gie - € = fre - depre - (90) e/ = copre - (F0D)en - (905) e/
=Co/k (f92’ : gefz)e/k

and since ¢, is a pure epimorphism.

Ad (c). Suppose given (/k € V. We have ((f + h)0%),/, = (02 + h6%)y, since

co ((F+ )0 = (f +h)e - dopr = fio - depe + Py - depre = o - (FOD)epr + copn - (hOD) o)1,
= Cg/k . (f@f -+ hgg)g/k

and since ¢y is a pure epimorphism.

Ad (d). Suppose given {/k € V. By assumption, (fix, gjx) and (fi¢, gi¢) are pure short exact
sequences in .%. By lemma 1.3.15, ((f0%)¢/x, (905)/k) is a pure short exact sequence in .Z as

well.

X c
|k>|e 0/k
X\k: _._)X\Z —t Cf/k:

fkt if@ l(ﬂ’?)e/k
d
Y, Y, —45

Ik ¢ —+>=Dyp,

9kJ[ igé’ l(gei)e/k
Zksie €o/k

Z|]C . Z|g f Eg/k

Yiks|e

We conclude that (f6¢, g6%) is a pure short exact sequence in V(%). O

4.2.10 Definition. Suppose given X € Ob(FO(%)). For ¢/k € V, we have the chosen

X
cokernels X‘g—‘fﬁ;Xg/k of Xjise , where X/, = CX‘MZ and X/, = CX e cf. definition 4.2.2.
We write XC = (X|£/k)z/kev . Note that XTFQ;ZC = (X|g+1/k+1)g/k€\/ . &

4.2.11 Definition. We define the functor Zz: FO(F) — V(%) as follows.

For X € Ob(FO(Z)), let XE5 = XOxc . For X—L=Y in FO(F), let fZ5 = 645 .

This in fact defines a functor by lemma 4.2.9.(a,b). Moreover, it is exact by lemma 4.2.9.(c,d).
Note that (XZz)e = Xei for X € Ob(FO(F#)) and (/k € V.

Also note that (fZ7)x = fir for f € Mor(FO(#)) and ¢/k € V.

For X € Ob(FO(%#)) and j/i < {/k in V, we have X|;/; - (XEy)j/M/k = Xjsje - Xjejie -

Cf. definitions 4.2.3, 4.2.6 and 4.2.10. We also call Z# the filtered cokernel functor of % . The

letter = was chosen to be reminiscent of the rows of cofiltrations one gets by taking cokernels

to obtain a diagram as in definition 3.3.2. &

4.2.12 Definition. Suppose given a full subcategory . C .%. We define the full subcategory
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FO.#(.7) of FO(#) by setting

Ob(FO»(F)) = {X € Ob(FO(F)): X, ), € Ob(.7) for k € Z}.

We define the full subcategory FO (.#) of FO(F) by setting Ob(EQ  (F)) = Ob(FO»(F)).
¢

4.2.13 Remark. Suppose given a full subcategory . C .Z and X € Ob(FO(.%)).
We have (XZ2)k/k—1 = Xpjp—1 for k € Z. Thus we have X € Ob(FO» (%)) if and only if
XZ7 € Ob(Vy(F)). Cf. definitions 3.3.17 and 4.2.12. O

4.2.14 Remark. Suppose given a strictly full additive subcategory . C .Z. Then FO o (%)
is a strictly full additive subcategory of FO(.%) as well, cf. remark 4.2.13 and lemma 3.3.19.
Thus FO () is a full additive subcategory of FO(F), cf. remark 1.2.14. &

4.2.15 Definition. Suppose given a full subcategory . C %
Let 299 =E25 ]VLS” /) FOy( #) — Vo (F), cf. remark 4.2.13. O

4.2.16 Definition. Suppose given a full subcategory . C .Z.
Let FOY%(F) = FO(F) NFO"(F), EQ" () = FO _(F) N EQ"(F),

FOY(F) = FO,(F)NFOY(F), EOY(F) = FO _(F) NEOQY (%),

FOUM™(.Z) = FO,(F) N FO'™ (%) N FO™ (%) and

FQ™™(F) = FO_(#) N EQ™ () NFO"(F). o

4.2.17 Remark. Suppose given a strictly full additive subcategory . C .Z. Then FO"(.%)
and FO o (%) are strictly full additive subcategories of FO(.%), cf. remark 4.2.14 and corollary
3.4.32. Consequently, FO" (%) is a strictly full additive subcategory of FO(.%) as well, cf.
remark 1.2.4. Thus Qby(ff) is a full additive subcategory of FO(%), cf. remark 1.2.14. <

4.2.18 Remark. Suppose that .#

full additive subcategory .# C .Z. Then FO(.#) and FOY (%) are strictly full additive
subcategories of FO(.%), cf. remark 4.2.14 and lemma 3.4.48. Consequently, FOY,(.%) is a
strictly full additive subcategory of FO(.%) as well, cf. remark 1.2.4. Thus 2;(9’ ) is a full
additive subcategory of FO(.%), cf. remark 1.2.14. O

has epilimits and monocolimits. Suppose given a strictly

4.2.19 Definition. Suppose given a full subcategory .7 C #. Let Py, v 7 = Py, #|ro..(7)

_ b _ b B
P,.»7 =Puzlro ) Pl sz =Puzlror,#)  Plss =P, ?‘FOb (Z)

v . \v4 o lim,inj
Piv7 =Puzlroy#) » Poss = Bw,f\g;(ﬁ) Pouvz=Puz |Fohm inj( gy and
lim,inj
P ,1nJ — P 5~| lim.ing <>
P, vz =L, zlpotimmiz) -
7y =

4.2.20 Remark. Suppose given a strictly full additive subcategory . C .#. Then P 7.7 18
an additive functor, cf. remarks 1.2.5.(b) and 4.2.17.

Suppose that .# has epilimits and monocolimits. Then EZ’ .7 1s an additive functor, cf.
remarks 1.2.5.(b) and 4.2.18. &
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4.2.21 Lemma. We have 2z - Ty 2 = Tro.7 - 22 , Z7 - Tvg—Tg(l)’_@-Ey
and 1z, x pv 7 = pro.# * 1z, %

Proof. Suppose given X1y in FO(%). We have

—_ Yesw)e/kev (Yeq1/m41)e/kev YTro,#C
E5Tv.7 = f0xeTy 7 = Tys=fT =fT
f25Tv.7 = [0xcTv.7 = [0x,,)0 ey 1.7 = FTR0.20x, L e jpey = TTFO70xm0 0

= fTrosEs

by lemma 4.2.7. We conclude that Zz - Ty 7 = Tro 7 - 27 .

(11

)

—_ —1 -1 - —1 -1 - -1 —1
We have =z - Ty 5 = Tro 7 - Tro.7 - 27 - Ty 5 = Tro s - =7 - Tvs - Ty s = Tro »

Suppose given X € Ob(FO(.%)). We have

(X\e41/k+1)e/keV

X(lz, *pv,7) = XZ70v,57 = XOxcpv,7 = XO(X,,1) /1y PV.7 = XPFo,yH(XWk)é/kEV

XTro,#C

= Xpro,70xc = Xpro,727 = X(pro,z * 1=,,)

by lemma 4.2.8. O

4.2.22 Lemma. Suppose given an exact functor F': . % — .%.
We have the functors FO(F): FO(.#) — FO(.#) and V(F): V(%) — V(%) and abbreviate
F = FO(F), cf. definitions 3.4.9 and 3.3.3. Note that for X € Ob(FO(.#)) and {/k € V, we

Xie/eF

have the cokernel X F'————X/, I of (XF )y = Xjioe F.
For X € Ob(FO(%)), we have XE7V(F) = XFO(x,, ,.F)

n/mev *

For X—~Y in FO(#), we have fE5V(F) = fFg {0y o

(Xin/mF)n/mev

Proof. Suppose given X € Ob(FO(.%)). For ¢/k € V, we have

(XEFV(E))er = (XEz)ynF = XopF = (XFO(X,, P smev) 1 -

For j/i < /{/kin V, we have (XZ2V(F));/ise/k = (XF@(X|n/mF)n/m€V) since

jlit/k

XjjiF - (XEZV(F))jjisee = Xyl - (XE2) i F = (Xjji - (XE2)j/0ey0) F
= (Xjjole - Xjee) F' = Xpjoie - Xy’

and since X|; ;I is a pure epimorphism. We conclude that XZ 7V (F) = XF@(X‘n/mF)

n/mev *

Suppose given X—ovV in FO(%). For {/k € V, we have
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(FE#V(F))gi = (FFO ™ e

since
X\n/m )n/mEV)Z/k

X F - (2 (E)) ey = X - (fE#)ewF = (Xjegre - (fE)ee)E = (flo - Yieyn) F
= fill' - YiyuF = (fF)o - Yoo

X|n/mF)n/m€V)£/k

and since X,/ F" is a pure epimorphism

We conclude that fE7V(F) = fF9 YinfmE)njmev O

X\n/m )n/mEV

4.2.23 Lemma/Definition. Suppose given an exact functor F': . % — .Z.

We obtain an isotransformation &p oz : FO(F) - E2 — Z4 - V(F) as follows.

For X € Ob(FO(F)), let X&r5 = Lyromfypaime”’ "< : XFO(F)Z5 — XZ5V(F).
Cf. lemma 4.2.22. &

Proof. We sometimes abbreviate F' = FO(F'). We will use lemmata 4.2.22 and 4.2.9.(b).

Suppose given X—o¥V in FO(#). We have

Xérz - fEFV(F) = 1XF9X1|7‘é nimev, fFQEX'ln//m ))n//mz, = fFeXFé iy

— [FOYES 1y oY — fFO(F)Z5 - YEps

XFO(F)z# =7V(F)
fFO(F)Egl legV(F)
Y¢§

YFO(F)2y ——Z > YE;V(F)

XTL mF n/m . .
Note that X &z = 1xro( F)Hg(F[O/( F)é /meVand 1 XFO(F)Q();FIS/f}?n/meV are mutually inverse iso-
morphisms by lemma 4.2.9.(a,b). O
4.2.24 Remark. Note that &, 7 = 1z,: ZE2 — 2z since X&, 7 = 1X9))§§8(F;C = lx=,
for X € Ob(FO(.%)) by lemma 4.2.9.(a). O

4.2.25 Lemma. Suppose given an exact functor F': .% — .%. We have
1Tpo’g*£F,ﬁ:‘(—vF,£z*1Tv,g:FO(F) TFO E %EQV(F)TV,Q
and

oy *&pz =Epz x 1ot FO(F) - Troz Bz = 27 -V(F)-Tg!,

cf. lemmata 3.4.10 and 4.2.21. &
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Proof. Suppose given X € Ob(FO(.%#)). We will use lemmata 3.4.10 and 4.2.7. We have

. . (Xjnt1/me1F)n/mev
X(lrpo s * Enz) = XTro,7Er.5 = 1xTro,5F0(F) I x1r, SFO(F)C

0(X|n+l/m+1F)n/mEV

(Xint1/m+1F)n/mev
= 1xFr0(P)Tro,5 OxFO(F)Tro ¢ = LxFor) Tro,.20 xrory, o

XFO(F)|n+1/m+l)n/m€V

= Ixro F)G(XFO( )|n/m§:/mevTV79 = 1XFO(F)9XFO(F)C Ty,

= X&rsTvs = X(&rz * 1y ).

We conclude that 17y, , x &Erg = Ep g * 1I1g 5 -

Suppose given X € Ob(FO(.%#)). We have

—1 -1 —1 —1 —1
X<1T;5 L iF,,@) = XTpo 78r7 = XTpo 7E8r5Tv 51y 7 = XTpg 2 Tro,78r7 Ty 2

= Xeps Ty = X(Err* 1o ).

We conclude that 1TE(1) S x &rg = Epg * 1T§13 . O

4.2.26 Lemma.

Suppose given exact functors F,G: % — % and a transformation ¢: F — G. We have the
transformations FO(p): FO(F) — FO(G) and V(¢): V(F) — V(G), cf. definitions 3.4.9 and
3.3.3. For X € Ob(FO(.F)), we have XZ5V(ip) = XFO(p)fy "/ ")V . o

X|n/m )n/mEV

Proof. Suppose given X € Ob(FO(.%)).

For (/k € V, we have (XZ2V(9))i/r = (XFO(QD)Q(X'”/"LG)"/’"EV

in

XiF - (XZE2V () ek = XjnE - (XE2) e = X F - Xoppe = Xjop - XjopnG

(Xn mG)n m
= (XFO(9))je - XjonG = XjepF - (XFO()0 """ ")

and since X,/ F" is a pure epimorphism.
— XTL TrLG)"L m
We conclude that X=7V(¢) = XFO(p )H(X“ ;m )n;mg : O

4.2.27 Lemma.
Suppose given exact functors F,G: . % — % and a transformation ¢: F© — G. We have
Erz - (125 xV(p)) = (FO(p) ¥ 1=, ) - &7 -

FO(F) Z5 — 2% =, . V(F)
FO(<p)*1ggl Llag *V(¢)
FO(G) -2z 7 E7 - V(G)

We also have &' - (FO(¢) x 1z,) = (1=, * V(p)) - &35 - %
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Proof. We will use lemmata 4.2.26 and 4.2.9.(b). For X € Ob(FO(%)), we have

— 'X’VL m n/m XTL m n/m
X(Erz (12, xV(p)) = X&p 5 - XM‘V(%O) = lxro F)egar‘o/ é MY XFO(p )9<X\In;m ))njmg
Xin mG)n m XFO(G)C (Xin/mGn/m
= XFO(SO) / meV = XFO(SD)HXFO((F; 1XFO(G)0XF‘O/(G) fmey

= XFO(p)2s - X7 = X((FO(p) x 12;) - &a,7)-

We conclude that &p 2 - (1=, * V(@) = (FO(p) * 1z, ) - &q.7 -

We also have

Ery - (FO(p) x1z,) = &gy - (FO(p) % 1=, ) -

4.2.28 Proposition.

(a) We have the isotransformation

. -1 = = -1
1T}:(1),3 * EZ,EZ = E,E’y * 1T§1g : Zpoyzgz . TFO,,? o > og Zv7g . TV,,? s cf. lemma 4.2.25.

inY’?X[[”]

(b) Suppose given a pseudo-triangle X in FO(.#). Then

X=p L% yE, B2 gm, (X2

is a pseudo-triangle in V(.%), cf. definitions 3.3.24 and 3.4.17.

Proof. Ad (b). We use abbreviations as in the sections 3.3 and 3.4. For example, we write
B=V(B): V(%) - V(%) and B =FO(B): FO(%) — FO(%).

Note that (iZ%, p=# - X|_1)&x,#) is a pure short exact sequence since (iZz, p=7) is a pure
short exact sequence and since X|_j)&x # is an isomorphism, cf. definitions 4.2.11 and 4.2.23.

We may choose X [_1]B—g>Z in FO(.%) such that the following diagram is commutative.

X SR x, BT x
[-1] (1] [—1]
X[1]P'f\ lg ll
y —4& gz xMl

(-1

We will use lemmata 4.2.21, 4.2.27 and remark 4.2.24.
Consider the morphism X{_y&g's - 927 (XEz)yB = X[_yZ5B — ZEZ5 in V(F). We



and
Xiuégls - 927 P2z - Xz = X9égls - (9 D)Es - X iz
= X&' - XymEs - X_pjés.»
= XpEsm - Xiyls s - Xonbe s
= (XE_@)[,HTF.
— (XEg) -1t — (XEg)[-ym -\
(X‘:gz)[,l] (X:,gz)[,l]B —_—t (X:g){_}l]
(XEg)—yrfEz X[_l]ig’lg-gag Ll
i= =g X[-1&s, _
= Z 72y — I (X)),
=) i2g 2z X_1)és, — ) . .
We conclude that XZ & =7 S, 7=, i (X:y)ﬁ]u is a pseudo-triangle in
V(F). O

4.2.29 Lemma. Suppose given an strictly full additive subcategory . C .%. Suppose given a

pseudo-triangle X Ly 4.77% X[i] in FO(.%) such that X,Y € Ob(FO«#(.%)). Then
[-1]

we have Z, X[[i]l] € Ob(FO#(.7)) as well. &

Proof. This follows from remark 4.2.13, proposition 4.2.28.(a,b), lemma 3.3.19 and corollary
3.3.27. O

4.2.30 Lemma. Suppose given X1y in FO(7) such that f = 0 in FO(%). Then we
have fE7 = 0 in V(%) as well. &

Proof. We may choose a pointwise bijective object B € Ob(FO(.%#)) and morphisms
X[_l};-B;Y in FO(?) such that X[_l]p - f=r-s.

Using lemma 4.2.21, we obtain

(XE2)_yp- fE2 = XZzp - [E2 = X|_)p27 - fE7 = (X|_yp- [)E2z = (r-5)=2

Since moreover B= 4 is bijective in V(%) by lemma 4.2.5, we conclude that f=Zz = 0 in

V(F). O
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4.2.31 Definition. Let Z5: FO(.#) — V(%) denote the unique additive functor such that
Qro.7 24 =2z - Qv,7 , cf. lemma 4.2.30.

QFO,?L

FO(7)

1]

Y(%) o

4.2.32 Deﬁmtlon Suppose given a full subcategory . C .Z.
Let 2, 57 = uy]FO ( :FO _(F) =V _(F), cf. remark 4.2.13 and definition 4.2.15.
If .7 is a strictly full addltlve subcategory of ., then 2, 5 is additive, cf. remarks 1.2.5.(a),

4.2.14 and corollary 3.3.37. &

4.2.33 Lemma.
(a) Suppose given m € Z and X € Ob(FO™(.%)). Then we have XZ5 € Ob(V™(.%)).

(b) Suppose given m € Z and X € Ob(FO™ (.#)). Then we have XZ5 € Ob(V™ (.%)).
(¢) Suppose given X € Ob(FO"(.%)). Then we have XZ5 € Ob(VP(.%)).
Cf. definitions 3.3.29 and 3.4.20. &

Proof. Ad (a). Suppose given { € Z-,, .

Xo/0o
We have the pure short exact sequence X/ " Xy Xoyq) in Z.

We have Xy, X;11) € Ob(Zz) since X € Ob(FO™(F)). So (XZ7) i1 = Xeje1 € Ob(Z2).
We conclude that X=Z5 € Ob(VM(.%)).

Ad (b). Suppose given ¢ € Z,, .

J?g‘

X|e/le—1

We have the pure short exact sequence X |g_1x|e- X Xoj—1 in F.
We have X|g,X|g,1 < Ob(Zg) since X € Ob(FOm-‘ (ﬁ)) So (XEg)g/g,l = Xg/g,1 € Ob(Zg)
We conclude that X=Zz € Ob(V™(%)).

I

5

Ad (c). This follows from (a) and (b). O
4.2.34 Definition. Let =¥ = E,@ylfoﬁjj FO(.#) — V°(.Z) and let

z = ug\FOb FOb( F) — z (.#). Cf. lemma 4.2.33.(c). &
4.2.35 Definition. Let =% = =7 |p FOY () - : FOY(F) — V(%) and let

EY = Ezlpov(s): FOV(F) — Y(F). Cf. definition 3.4.34. &
4.2.36 Definition. Let " = 25 |poun(z): FO'™(F) = V(F) and let

(1]

Y

= |Follm(J Ohm( F) — NV (F). Cf. definition 3.4.34. &

4.2.37 Definition. Suppose given X € Ob(FO(.%)).
We write Xg/k =0z, X|g/k =0: X|g — X@/k and Xg/k‘ =0: Xg/k — XkJrl‘ for ¢ < k in Z.
Note that X/, = (XZ2)e for £ <k in Z. Cf. definition 3.3.48.
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Also note that, for ¢ < k, we have xTz : xf+1| = Xjsjk - x‘ﬁf . x‘,;jﬂ‘ =0= Xk Xem -

Suppose given X ——~Y in FO(#). We write fi, = 0: Xy — Yy for £ < k in Z. Note that
for = (fE#)yx for £ < k in Z. o

4.2.38 Lemma/Definition. Suppose given ¢ € Z. We define the transformation

Xecr,7: 2z -Yocr,z — Por gz as follows, cf. definitions 3.3.49 and 3.4.5. For X € Ob(FO(%))
and k € Z, let (XXe,cr,2)k = Xejk—1): Xejp—1 — Xp| , cf. definitions 4.2.2 and 4.2.37.
Moreover, Xxscr.# is an ¢-pure monomorphism in CF(%) for X € Ob(FO(%)). &

Proof. Suppose given X € Ob(FO(.%)) and k € Z.
We have (Xxocr,2)k - (XPop,2) i1 = (XE2Yecr,2)koht1 - (XXecr,7 )it since, for k < £,

we have

Xiesr—1 - (XXe.or,7 )k - (XPor,#)koke1 = Xjogr—1 - Xegp—1) - Ty = Ty - Ty - Ty = ) - Ty
= Xk - Xosr) = Xjggr—1 - (XZ2)o/n—150/k - Xegnl

= Xjjp-1 - (XE2Yocr, 7)okt - (XXecr,7 ) ki1

and since Xs/;—1 is a pure epimorphism in .%.

Suppose given X—f>Y in FO(%) We have XXZ,CF,EZ . fPCF’g; = fE(gz\yg’CFﬂoz . YXZ,CF,EZ

since, for k € Z, we have

Xiesr—1 - (XXecr,7 )k - (fPor,2)k = Xjyn—1 - Xopp—) - foy = @0 25, - foy = 20+ fuo - Ui
= fie vy ve = fio - Yieye—1 - Yore—1) = Xjogr—1 - fop—1 - Yoyr—
= Xi—1- (fE22Y¥0cr,2)k - (YXe,0F,2)k

and since X|;/x—1 is a pure epimorphism in 7.

Suppose given X € Ob(FO(.#)). The morphism XX, cr,# is an f-pure monomorphism in
CF (%) since ((XX&CF,y)k, (XPcpy)k,gH) = (Xg/k,” , kagﬂ‘) is a pure short exact se-
quence for k € Zi<py; . O

4.2.39 Lemma. Suppose given ¢ € Z. We have (1=, * Wy ei1.0r.2) - Xe+1,07,7 = Xo.cF,7 » cf.
definition 3.3.53. &

PTOOf. Suppose given X € Ob(FO(?)) We have XEgzll)g,g_;,_LCF’y . XXK—&—LCF,&[ = XX&CF’J@T

since, for k € Z<y41

X1 - (XEzVper1,0r,7 )k - (XXev1,07,2)k = Xjgzi—1 - (XE2)ejp—1o01/8-1 - Xeg1/p-1|
=X X\Z+1/k71 : X€+1/k71|
—_ w w w w
= .T|g . 'T‘Z—l—l . :Bk| = .Tlé . .Tk,‘

= Xyh—1 - Xojp—1) = Xje/p—1 - (XXe,CF,gz)k
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and since X|;/x—; is a pure epimorphism. O

4.2.40 Lemma. Suppose given X € Ob(FO™ (%)) and ¢ € Z. Then (Xj¢, (Xje/k—1)rez) is a
limit for X=2Y¥ycr.7 . &

Proof. We want to apply lemma 3.2.39.(c). The morphism Xx,cr.7: X=Z22Y¥Yocr,s = XPcor o
is an (-pure monomorphism in CF(.%), cf. definition 4.2.38. We have the limit (X., , (2} )kez)
for XPcp 7, cf. definition 3.4.34. Note that (J}TZ, x;jrl‘) is a pure short exact sequence. For
k € Z, we have Xp/p—1 - (XXecr,2)e = Xjesk—1 - Xojp—1] = Ty - Ty

We conclude that (X¢, (X|/k—1)kez) is a limit for XZEzY,cp 7 . O

4.2.41 Lemma. Suppose given X € Ob(FO“"™ (%)) and k € Z. Then (X s (Xegk—1))eez) is
a colimit for X=zY¥,r 7 . &

Proof. This is dual to the previous lemma 4.2.40. O

4.2.42 Lemma. Suppose given X~V in FO(Z) with Y € Ob(FO"™(%)). For { € Z, we

have fj, = fEf\y&CF»Mgw(()%l;klkzz) cf. lemma 4.2.40 and definition 3.2.22. O

Proof. Suppose given k,¢ € Z. We have fio-Yo/k—1 = Xjesk—1- fop—1 = Xjepp—1-(f22¥Yecr.2)k -
]

4.2.43 Lemma. Suppose given X € Ob(FO®'™ (%)), Y € Ob(FO"™ (%)) and
XZ;~L-VEs in V(.%). There exists a unique morphism X —">Y in FO(.%) such that

9= Ye:(Yiey—1)kez)
9=z = [. For { € Z, we have gfy_(fq)lf Cl; /1(XIZ:(XIZ/k—1)kEZ) '
y‘k keZ

Moreover, we have g, = gPg ﬂ( (@8 )eez) - &
Proof. We verify that we obtain a morphism XPF7y—h>-YPF’y in F(#) by setting

Yie
he = fYocr.71 EXV(()%I;;?};ZZ for ¢ € Z.

For ¢ € Z, we have hy - yjp = )¢ - hyy1 since

(YieA(Yieu1)kez) _
he - yie - Yiegr); = fYecr A&fb(;lfl/;k_ljiezz) Yiesi - YE#)ejse41/4
=Xy - forj - YEz)yjper1/; = Xiggy - (XE2) ey - ferry
Ye+1,(Yet1/k-1)kez)

= e Xjewrss - ferrs = 2 S¥e10r. 7100, Ky oren)  Yi41/

=T hyyy - Y\z+1/j

fOI‘j < Zgg and since (Yv‘g_;,_l, (}/v‘g_;,_l/k_l)kez) is a limit for XEE"“WKJA,CF,E‘“ .

Lemma 3.4.52 yields a unique morphism X—2+Y in FO(.%) such that gPp # = h. Moreover,
h P 1(Yw (y|k)k6Z)

WeRAVE Ju = JUFZ | (Xu, (a8 rez) -

For ¢/j € V, we have (9=%)./; = fe/; since

| Ve
Xiesj - (9E#)es5 = Xiggi - 9015 = 910 - Yieyy = f¥ecr 71 (xlz,&,ﬁ'jkljzz Yiesj = Xiegi - fos
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and since X|,/; is a pure epimorphism. Thus g=# = f.

Suppose given X —=Y in FO(.%) such that eZ# = f.

Y 1
By lemma 4.2.42, we have e, = wa’CF’J1E)(|\ZZ(()‘(Z\/ZI;k ?;lfezz hy for ¢ € Z. So ePp .z = h. We
conclude that e = g¢. O

4.2.44 Corollary. The restrictions 2% = = » |§Ogg : FO?(#) — VP(Z) and

E% = Zzlrov(s): FOY(F) — V() are full and falthful cf. remark 3.4.38. &

4.2.45 Lemma. Suppose given XLy in FO(.Z) such that X € Ob(FO“'™ (%)) ,
X_yB € Ob(FO®"™(Z)) and such that Y € Ob(FO"™(F)). If fE2# = 0 in V(F), then
f=0in FO(F). O

Proof. Suppose that fEz = 0in V(.#). We may choose (XEg)[,l]B—gﬂ/Ey in V(%) such
that (XEg)[_l]p . ng = (XEg)[_l]L - g, cf. remarks 3.3.16 and 3.3.10.
Note that (XEﬂ‘)[_l}B = X[_I]EFB by lemma 4.2.21.

Xi—1éB,79

Consider the morphism X|_;1B=Z» Y=z in V(Z), cf. definition 4.2.23. By lemma
4.2.43, we may choose X[_l]B—h>Y in FO(#) such that hZ7 = X_y1&p.# - g.
We show that X|_yp - f = X[_yjt - h using lemmata 4.2.21, 4.2.27, 4.2.43 and remark 4.2.24:

(Xicyp - )27 = (XEz2)ye - f22 = X-1j€i,9 - (XE2) iyt - 9= X|_t22 - X_ép,7 - ¢

We conclude that f =0 in FO(%), cf. remark 3.4.14. O

4.2.46 Corollary. Suppose given X1y in FOP(Z). If f2 =0 in V(F), then f =0 in
FO(F), cf. lemma 3.4.29 and remark 3.4.38. B &

4.2.47 Corollary. Suppose that % has countable coproducts of bijectives. Suppose given
X~V in FO(Z) such that X € Ob(FO®™(.#)) and such that Y € Ob(FO'™(Z)). If
fE27 =01in V(F), then f = 0in FO(F). &

Proof. We have X;_;jB € Ob(FO“"™ (%)) by lemmata 3.4.40 and 3.4.51. So the result follows
from lemma 4.2.45. ]

4.2.48 Definition. Suppose given X € Ob(VP(.#)). We obtain XLim% € Ob(FO"(.%)) as
follows. We will use lemmata 3.2.18 and 3.2.19 repeatedly.

For ¢ € Z, we choose a limit (X;/_oo , (%¢)—cop—1)kez) for XWcp 7 , cf. corollary 3.3.52.(a).
Lemma 3.3.57 yields the filtration XW__ ¢ # € Ob(F*(#)) and morphisms

XY _or.7 ez XY pz in F(F) for k € Z, cf. lemma 3.3.57.(f).

For k € Z, we choose a colimit (Xo/k—1, (T¢,00/k—1)eez) for XWip 2 , cf. corollary 3.3.52.(b).
Lemma 3.3.58 yields the cofiltration XW,, cr.# € Ob(CF"(F)), cf. lemma 3.3.58.(e).
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Choose a colimit (Xoo/—oo s (Tr,00/—c0)tcz) for XY_oor 7 € Ob(F"(F)).
We define XLim" € Ob(FO"(.%)) by setting

e XLim%Pps=XVY p7,

e XLimPcr s = XV cr.z

o (XLim%), = Xoo/oo

o (XLim%)jpaw = Thoo/—oo for k € Z and

o (XLim% ) = XV _copr ] for k € Z.

Note that, for k € Z, we have 2y oo /—oo = (XYoo b, 2 )kskt1 * Thil,00/—00 and
XV_oopr7l - (XYoo oF, 2 )kskt1 = XV_oo k10,21 by lemma 3.3.59.(c). Moreover, for k € Z,

Lk 00/ —o0 XIJ;’*OO,]WFI,F,?W

the sequence X},
3.3.59.(a).

Xoo/—o0 Xoo/k is pure short exact in .# by lemma

XLim"2,C b —b
7 : XLim>%Z=" in
(@) —oo,k)e/kev X = F=F

V(%), cf. lemmata 3.3.57.(b) and 4.2.9.(a,b). &

Additionally, we obtain the isomorphism X 6% = 1y, 0

4.2.49 Definition. Suppose that .% has epilimits and monocolimits.
Suppose given X € Ob(V(.#)). We obtain XLimz € Ob(FOV (%)) as follows.

For X € Ob(V’(.#)), we choose XLimz = XLim" € Ob(FO"(.%)), cf. definition 4.2.48.
Now suppose that X ¢ Ob(VP"(%)).

For ¢ € Z, we choose a limit (X;/_oo, (©¢/—ocop—1)kez) for XWocr 7 .

Lemma 3.3.57 yields the filtration XW_, ¢ # € Ob(F(#)) and morphisms

XY p 5 ==t Z 3y o in B(F) for k € Z.

For k € Z, we choose a colimit (Xo/k—1, (Z4,00/k—1)ecz) for XWipp # .
Lemma 3.3.58 yields the cofiltration XW, cp # € Ob(CF(.%)).

Choose a colimit (Xoo/—o0 s (4,00/—c0)tcz) for XW_op 7 € Ob(F(5)).
We define XLimgz € Ob(FO(.%)) by setting

o XLimgPps=XY_rz,

e XLimgzPcep gz = XV or,7 ,

o (XLimg), = Xeo/—oo

o (XLimgz)jkw = Thoo/—oo for k € Z and

° (XLiIny)w»k‘ = Xll)_oo7k7F7ng1 for k € Z.

Note that, for k € Z, we have Zj oo/ —o0 = (XY _oo.F,# )kskt1 * Thi1,00/—00 and
Xll)—oo,k,F,ﬁ1 . (XWOO’CF,y)]ﬁk_H = le—oo,k—i—l,F,ﬁﬂ by lemma 3359(0) MOI‘GOVGI‘, for k € Z,
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XV _oo,kt1,F, 71

Lk 00/ —oc0

the sequence Xj/_o
3.3.59.(a).

Also note that we have XLimz € Ob(FOY (%)) by lemma 3.3.59.(c).

Xoo/—o0 Xoo/k is pure short exact in .# by lemma

XbimzC . X 4 XLimzZ in
(%) —oo,k)e/kev

V(.Z), ct. lemmata 3.3.57.(b) and 4.2.9.(a,b). O

Additionally, we obtain the isomorphism X0z = 1xpim,0

4.2.50 Definition. We want to construct qua81 inverses Lim" and Lim% of the functors
By = V) FO"(Z) — VP(Z) and 2% = HM@]V ) : FO"(F) — Y(Z) following

=7 = “”"Fob(/ FOb(7) "
the steps of lemma 1.2.17. Cf. definition 4.2.34. We call these quasi-inverses bounded limit

functors since the are obtained by taking limits and colimits.

FOM(.F) —~— V' (F)
DFob,gt Lgvb,g
=b
FO'(F) —="— Y"(7)

The functor =% is full and faithful by corollary 4.2.44. For f € Mor(FO"(.#)), we have f =0
if and only if f=% = 0 by lemma 4.2.30 and corollary 4.2.46.

For X € Ob(V"(.%)), definition 4.2.48 yields the object XLim"% € Ob(FO"(.#)) and the

isomorphism Xo%: X — XLim%Z" .

Lemma 1.6.5 yields the functor Lim%: VP(#) — FO(.%), where for XLV in VP (F),
im®

XLim— 1%

f = Xob% - lemyu b - (Yo%)™!. The functors Z% and leg are mutually quasi-inverse

equivalences. Moreover, we obtain the isotransformation o%: Lyvz) — lef b

YLim% is the unique morphism in FO"(.%) such that

Lemma 1.2.16 yields the functor Lim" : zb(ﬁ) — Qb(ﬁ), where for X—'~V in VP (F),

f Lim?,

XLim% YLim} is the unique morphism in FO"(.#) such that
f= Xob - lemfuJ (Vo)

The functors J} and leg; are mutually quasi-inverse equivalences. Moreover, we obtain the

isotransformation 0% : lgn(z) — Lim%Z" with Xo¥% = Xob for X € Ob(V"(F)). We have

Lim} - Qpop 7 = Qyv,7 - Li Lim?; .

: b
Lim g

FOY(.7) VP (F)
QFobgL Lgvb,ﬁ
FO"(#) < v () o

4.2.51 Definition. Suppose that .%# has epilimits and monocolimits. We want to construct
quasi-inverses Limz and Limg of the functors Z% = ZEz|pov s FOY(Z) — V(Z) and
ZYy = Ezlrov(s): Qv(ﬁ) — V(7) following the steps of lemma 1.2.17. Cf. definition

4.2.35. We call these quasi-inverses limit functors since the are obtained by taking limits and
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colimits.
FOY (%) —2 V(7
FOY(F) ———¥(7)

The functor Z% is full and faithful by corollary 4.2.44. For f € Mor(FOY(.%)), we have f =0
if and only if f=2 = 0 by lemma 4.2.30 and corollary 4.2.47.

For X € Ob(V(%)), definition 4.2.49 yields the object XLimz € Ob(FOVY(.#)) and the
isomorphism Xoz: X — XLim

Lemma 1.6.5 yields the functor Lims: V(%) — FOV (%), where for X1oy in V(F),
XLim# flinz YLimy is the unique morphism in FOV(.#) such that

f = Xoz- fLimzZEY - (Yoz)~!'. The functors =% and Limg are mutually quasi-inverse

equivalences. Moreover, we obtain the isotransformation 0z : ly(#) — Lim z= Y.

Lemma 1.2.16 yields the functor Limgz: V(%) — QV(
fLim g

where for X—>Y in V(Z%),

7),
XLim g YLimg is the unique morphism in FOV(f ) such that
f=Xos- lemyuf-(YcU) L

The functors Z% and Lim , are mutually quasi-inverse equivalences. Moreover, we obtain the

isotransformation 05 : ly(#) — Lim ;2% with X0, = X0z for X € Ob(V(F)). We have

ley . onv?gz — Qv,y . leﬂ‘ .

FOV(Z) <102 v(F)
DFOV,ﬂl v, 7
EQY(7) <" — Y(7)
b(g
Note that we have Lim ]g?;;)) Lim" and leg|FO (/)) = Lim"; by construction. &

4.2.52 Remark. Suppose given X € Ob(V"(%)).

(a) Suppose given n € Z. If X € Ob(V*(.#)), then XLim"% € Ob(FO™(.%)), cf. definition
4.2.48, lemma 3.3.57.(d) and lemma 3.4.24.

(b) Suppose given n € Z. If X € Ob(V" (%)), then XLim"% € Ob(FO" (%)), cf. definition
4.2.48, lemma 3.3.57.(e) and lemma 3.4.25. o

4.2.53 Remark. Suppose that .# has epilimits and monocolimits.
Suppose given X € Ob(V(.%)).

(a) Suppose given n € Z. If X € Ob(V*(.#)), then XLimz € Ob(FO™(.%)), cf. definition
4.2.49, lemma 3.3.57.(d) and lemma 3.4.24.
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(b) Suppose given n € Z. If X € Ob(V" (%)), then XLimyz € Ob(FO" (%)), cf. definition

4.2.49, lemma 3.3.57.(¢) and lemma 3.4.25.
&

4.2.54 Lemma. Suppose given a strictly full additive subcategory . C .%. Suppose given
X € Ob(VY%(Z)). Then XLim"% € Ob(FOY(%)). &

Proof. We have XLim%Z"% € Ob(VY% (%)) by lemma 3.3.19. Thus XLim?% € Ob(FO (%))
by remark 4.2.13. [

4.2.55 Lemma. Suppose that .# has epilimits and monocolimits.
Suppose given a strictly full additive subcategory . C .Z. Suppose given X € Ob(Vy(F)).
Then XLimgz € Ob(FO 4 (.7)). &

Proof. We have XLim#ZY% € Ob(Vy (%)) by lemma 3.3.19. Thus XLimz € Ob(FO .4 (%))

by remark 4.2.13. O
4.2.56 Definition. Suppose given a strictly full additive sulgcategory S CF
- —b 1V ( _ v (F)
Let =% , =% Fg;) 5 FOL(F) = V5(F), 25 » =E% w5 (5 L FQ" (7 ) — vb b (F) and
FOY b b - b : 7b (7) b b
Lim®, y=Lim'; 294 7): V%, (#) — FOU (#), Lim), =Limy /o7 s ¥°, (%) — FO'(#),
L — I

cf. remark 4.2.13 and lemma 4.2.54.

The functors Eb/ and Lim]} are mutually quasi-inverse equivalences, cf. lemma 1.6.10.
The functors = y and Lim" Lim}, » are mutually quasi-inverse equivalences, cf. lemma 1.6.10.
Note that the functors =% |, leyj, : gbyj, and Ll_myj, are additive, cf. remarks 1.2.5.(a),
4.2.17 and corollary 3.3.37. &

4.2.57 Definition. Suppose that .% has epilimits and monocolimits.

Suppose given a strictly full additive subcategory . C .%.

Ve (F) —V (

Letuygz—u/!mv ) FOL(F) = Vo (F )~yy-~y|Fov  EOV(F) = ¥, (F) and

V(F
Lim s=Lims 07 S Vir(F) = FOY(F), Lim,, , _lefyio(;)).gy(y)%QZ(%,

cf. remark 4.2.13 and lemma 4.2.55.

The functors ZY, ; and Lim . # are mutually quasi-inverse equivalences, cf. lemma 1.6.10.

The functors ZY, 7 and Lim , 5 are mutually quasi-inverse equivalences, cf. lemma 1.6.10.

#(F) . — . . :
Moreover, 0, 7 = Gf\v 7y ) = Limg 5 ~Z # 1s an isotransformation. Note that we

FOb, (F) FO" (7)
71V, (7) v, («7)
Also note that the functors ZY, , | Lim} P72 yg and Lim; # are additive, cf. remarks

1.2.5.(a), 4.2.18 and corollary 3.3.37. &

have Lim o 7| = LimY » and Lim, |, = LimY 5 , cf. definition 4.2.51.

4.2.58 Lemma/Definition. Suppose that .# has epilimits and monocolimits. Consider the

functors Lim g - Incigirzg): V(F) — FO'"™(Z) and Z: FO'™(.#) — V(F), cf. definition
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lim/ g7 .
4.2.36. We have the isotranformation 0z : ly(z) — Limg - g = Limg - Incigv(%) : E};m

=lim

FO™(7) —=Z V(ZF)

Inc FOhm(g)
‘rov () Lim o

FOY(.7)

Folim(’?)
' FOY (%)
For X € Ob(FO"™ (%)), let Xt5: XEzLimz — X be the unique morphism in FO(.%) such

that Xt2=24 = XugzO'a X=2zLimz=7 - X=4 |, cf. lemma 4.2.43.

Fohm( Z)  =lim : . . . . i ™ (g
Moreover, (leg‘ - Incy, FOV(7) * ~F 1+ OF TJ) is an adjunction, i.e. Lim & - IncFOV(?) is left-

We obtain a tranformation Tz : Z2 - Lim# - Inc — lpoim () as follows.

adjoint to =% with unit 0 and counit T .

For X € Ob(FO"™ (%)) and ¢ € Z, the morphism (X75)j is an isomorphism in .%. &
Proof. Suppose given X L yvin FO'"™(.#). We have

(Xt7 )27 = X1555 - f27 = XE50,' - f27 = [EsLimsEs - YEz0,

= ngLingy . YTyEy = (nyLimy . YTy)Ey.

Thus Xtz - f = fEzLim4 - Y12 by lemma 4.2.43.
Suppose given X € Ob(FO"™(.#)). We have XZ 705 - XT7Z5 = X250 X=z0, = 1x=

Suppose given X € Ob(V(.#)). We have (XozLimgz - XLimzTs)=7 = lxLim, =2 since

X (XO'o;leo\ Xlegz’fa*)Eo* = X(Y(gz XO‘&*LI a‘E, . XLim(gZTthE:gz
:XO'g; XLIH’l EJ‘O‘@ Xlegz:Eg;(T;zl
= XG,? 1Xleg z — XG? 1XL1mg\—ff

and since X oz is an isomorphism. Thus XozLimg - XLimsTs = 1xrim, by lemma 4.2.43.

lim
We conclude that (Limg - Incigv(g) , Bl 07, 1) is an adjunction.

Suppose given X € Ob(FO"™ (%)) and ¢ € Z. By lemma 4.2.43, we have
_ ve= 1 (X16,(X1e/k—1)kez)
(XT’C}W - X“gdﬁ WZ’CF"QW((XEyLimy)w,((XEyLimy)\z/kq)kez) )
Note that X Eg;O‘;;l\yg cr.# is an isomorphism in CF(.%),
(XEzLimgz), (XEzLimeg)e/k—1)kez) is a limit for X=zLim#Z 7Y, cp » and that

Xg, ng 1)keZ is a limit for X_yq’gcpﬁ‘ cf. lemma 4.2.40.
\ ¢/

Thus (X7z)) is an isomorphism in %, cf. lemma 3.2.24.(a,b). O
4.2.59 Definition. Suppose given a full subcategory . C Z#.

L \v4
Let 5;};“ =Zz |F()llffu)]J ) Ohm (7Y v ( F), cf. definition 4.2.32. O

4.2.60 Proposition. Suppose that .# has epilimits and monocolimits. Suppose given a
strictly full additive subcategory . C .%. Consider the functors
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Fohm inj (f/\)

Li_my’( InCFOV( ) . 27(9) — Qtl;n,inj (ﬁ) and r—~11m;nj Ohm inj (ﬁ) N Z

lemmata 4.2.58, 1.6.9 and 1.6.11, we obtain the adjunction

Folun 1nJ( /) I
. Y —lim,inj
(Ll—my,J InCFOV 7 =77 897, yz J)

with X7, 7 = X1z for X € Ob(FOZ™™(F)) and X0, 5 = Xoz for X € Ob(Vy(F)).

—=lim,inj

=97

lim,inj / g~
Ol ()

Incggymj(g)
FO Y, (#) Lim o o

v
FO,(#)

Y, (F)

4.2.61 Lemma. Suppose given a strictly full additive subcategory . C .%

FOY, (7)

a) We have E |7~ P>, . =1Incs , cf. definitions 3.4.65 and 3.4.67.
FNS T w, S F 5

FO", (7)

b) The functors E - BY Ab 5 and Igs o are isomorphic in S (KP(S)).
9 Kb,

(c) Suppose that y(y[ 7)Y =0for k€ Zs, .

b
The functors E #%) and I -RY 7 - Lim", , are isomorphic in y(&‘;(ﬁ))

(d) Suppose that z(Sk 7)) =0for k € Z>; .

The functors Igv o -Ebyj . leby,g -ngy and Inc?; are isomorphic in .(.%).

Proof. Ad (a). By lemma 3.4.68, we have

FO" () FO" (7)

b z
Ezl7 Pl osz=Ez[ 7 =1gz|y =Incy.

_w,ff|gf;(3t) = (Ey wa)

FO PP

b
S F éyg :

Ad (b). We want to construct an isotransformation Iy /—>E

Suppose given X € Ob(.¥).

We have XE;E% ;A" = XEzZ7A5 7 € Ob(CPY(.#)) by lemmata 4.2.33 and 4.1.17.
7)o/~

Note that (XEyuyAy79) = (XE

|[1]

. We have the pure short exact sequence

XEg)(_1s XEz)0/_ . .
Oy( 25 ‘OX( 9:)‘0/ . (XEz)oj—1 in F. Thus (XEz)j0)-1: X = (XEz)o -1 is an isomor-

phism in .%.

We obtain the isomorphism XIKb’yﬂ>XEg‘Eg‘Ay7y in C*(.) by setting
(Xp)o = (XEgz)joj—1 . Let XA = Xp in K*(7).

f
Suppose given X——Y in .. We have XA-iEyg};wé; 7=/ Ixp o Y Asince XA =Xy,
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YA=Yu, fEsE} 54, ;= [EsE505.5 , [l » = flcv » and since

(Xp- fEzE209 7)o = (XEz)o/-1- (fEz)oj-1 = (fEz)j0- YEz)po/-1 = f - (Y)o
= (ilcb,y Yo

Xy —2—= XESEY A"

kb o jngEy,gAf;y
b
YIKb’y YE(“;_‘yyé/J
A FOY () . .
We conclude that Tyo ,——Ez | -= y 7 A 7 is an isotransformation.

Ad (c). The functors Z" X éb 7 and R 7 Lim" .7 are mutually quasi-inverse equivalences.

So the result follows from (b) and lemma 1.1.7.

b
e P a2
FO  (7) _ ()
Fob () RY 5 Lim%,
52 Ixp o
Ad (d). This follows from (c), (a) and lemma 1.1.5. O

4.3 Resolution functors

We have collected some facts about w-structures in section 1.7 which we will use now.

Suppose given a strict Frobenius category .# = (.%,B, %, 1,7, ). Suppose given a full trian-

gulated subcategory 2 C .Z. Suppose given a w-structure # = (#p, #5) on 2.

4.3.1 Remark. Suppose given X € Ob(Z2) and k € Z.
There is a triangle Y Z X YW in .Z such that Y € Ob(#};) and Z € Ob(#},).

¢

Proof. We may choose a triangle Z X y [ ZW in Z such that Z € Ob(#%,) and
Y € Ob(#.11). Rotation of the triangle yields the result. O

4.3.2 Definition. We define the full subcategory FOy (%) of FOP™ (%) by setting
Ob(FOy(F)) = {X € Ob(FOP™(.F)): X} € Ob(#4) for k € Z}.
We define the full subcategory FOyy (%) of FO™ (%) by setting

Ob(FOy (F)) = {X € Ob(FO™(F)): X € Ob(#}) for k € Z}.
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Cf. definition 3.4.53. Let FOy/( ) FOW‘( ) N FOW/( )

We define the full subcategories FO ( 7), EW( F) and FO_(F) of FO(F) by setting
OB(EQ, (%)) = Ob(FO(F)), OB(EQ,, (F)) = Ob(FO () and

Ob(FQ., () = Ob(FO (7))

Let FOY, () = FO*(#) NFOy (#), EQ) (F) = EQ"(F) NFO_ (F),

FOY() = FOU(#) NFO, (7) and FOI(F) — FO™(#) M EO, (7). o

4.3.3 Definition. Suppose given m,n € Z.

Let FO) (F) = FO™ (Z) NFO(F), FO (F) = FO(F) NFOy (),
FOI (%) = FO™ (%) N FO, (F), FOJ(F) = FO" (Z) NFO, (F) and
FOL(F) = FOM(F) N FOy (7).

4.3.4 Remark. Suppose given X € Ob(FOy (.#)). Then we have X, € Ob(2).
Proof. The pure short exact sequence X ‘0—10—>X —|1|—>X1‘ in .# yields a triangle

X X, Xy XB} in .Z. Since Xy, Xy € Ob(Z), we have X,, € Ob(2) as well.
]

4.3.5 Remark. We will use definition 4.2.2. Suppose given X € Ob(FO(.%)) and k € Z.
(a) If X e Ob(FOym(ﬁ)), then Xk/k—l S Ob(%)

(C) If X e Ob(FOy/(ﬂ)), then Xk:/k:—l S Ob(%]ﬁ]ﬂ)

Proof. The pure short exact sequences Xj,_ 1—‘5—1>X ka k/k—1 and
\ | /

X
Xk/k 1mb(k‘—0—>Xk+1| in % y1€1d trlangles X‘k 1ﬁX|k—>Xk/k 1ﬁX‘[k]

. and
Xk — Xy —= X —= X1, in Z.

Ad (a). If X € Ob(FOy((.F)), then Xy, X,[;ll]‘ € Ob(#4) and thus Xy/x_1 € Ob(#x).
Ad (b). If X € Ob(FOpy(#)), then X}, X |k . € Ob(#4;) and thus X ,—1 € Ob(#,).

Ad (c). This follows from (a) and (b). O

4.3.6 Corollary. We have FOy(F) C FOy (F), FOy (F) C FOy, (F) and
FOy () CFOyy o (F), cf. definition 4.2.12.

4.3.7 Lemma. Suppose given X € Ob(FOy, (F)). For (/k € V, we have X,/ € Ob(#}). <

Proof. We have X/, € Ob ( b S 7/[([]ﬂ> =0Ob ( b S 7/[]) by remark 3.3.20.
jEMk+1,4] elk+1,4

Thus Xg/k S Ob(%g) ]

4.3.8 Lemma. Suppose given m € Z and X € Ob(FO ( #)). Then we have X, € Ob(#})
for £ € Z. %
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Proof. For { € Zy, , we have X|; € Ob(Zz) and thus X}, € Ob(#}).
Suppose given ¢ € Zs,, . We have X;/,,_1 € Ob(#}) by lemma 4.3.7.
X|g Xé/mfl in 4. The

morphism Xj;/,—1 is an isomorphism in .%# since Xj,—1 € Ob(Zz). We conclude that
X‘g c Ob(%’g) since Xg/m_l c Ob(%’g) ]

Xim—1se X|Zl/m71

Consider the pure short exact sequence Xj,_;

4.3.9 Lemma. Suppose given m € Z and X € Ob(FO% (#)). Then we have X, € Ob(#})

for ¢ € Z. ¢
Proof. This is dual to the previous lemma 4.3.8. O
4.3.10 Lemma. We have FO]OWMW (F) = FOY(#) and @E”ro 0]( F) = wa(ﬁ) &

Proof. Note that we have Ob(FO), (%)) = Ob(g;(ﬂ))

Suppose given X € Ob(FO}, (F)).

Thus X € Ob(FO"(F)) and X € Ob(FOy, (.F)) C Ob(FOy, , (:F)) by corollary 4.3.6. We
conclude that X € Ob(FOW[0 o (F)).

Conversely, suppose given X € Ob(FO! o, 0]( F)).
We may choose m,n € Z such that X € Ob(FOEZ n} (:#)). By lemmata 4.3.8, 4.3.9 and remark
3.4.56, we have X € Ob(FO!"™ (.Z)). We conclude that X € Ob(FOY, (7). O

4.3.11 Lemma. Suppose given X € Ob(FOy (#)). Then X[[i]l} € Ob(FOy (%)) as well. &

Proof. We have X[[i]l} € Ob(FOP™(.#)) by lemmata 3.4.57 and 3.4.59.
We have X'l € Ob(FO™(.Z)) by lemmata 3.4.58 and 3.4.60.

For k € Z, we have (X)) = X1, € Ob(#4) and (X)) = X}/, € Ob(#4). 0

4.3.12 Lemma. Suppose given a pure short exact sequence X —4>Y-H4-Zin FO(Z) such
that X, Z € Ob(FOy» (.%#)). Then we have Y € Ob(FOy (%)) as well. O

Proof. We have Y € Ob(FOP™ (%)) by lemma 3.4.61. We have Y € Ob(FO™ (%)) by

lemma 3.4.63. Suppose given k € Z. The pure short exact sequences X|k—z|ok—>Y‘k—p‘|k—>Z|k and

Xk|—lﬁ'—>Yk|—pok‘—>Zk‘ in # yield triangles X Yk 2, X‘[l] and
Xy Yil Zy| X[I] in #. We have Y|, € Ob(#},) since X, Z, € Ob(#}). We
have Y € Ob(#})) since Xk‘ , Zi € Ob(#y). O

4.3.13 Corollary. FOy (%) is an extension-closed subcategory of FO(.%), cf. definition
1.3.23, remark 1.4.10 and lemma 4.3.12. In particular, it is a strictly full additive subcat-
egory of FO(.Z). Moreover, FOY, (%) is an extension-closed subcategory of FO(.%) as well,
cf. remark 1.3.24. Thus FO (%) and Q;(ﬁ) are full additive subcategories of FO(.%), cf.
remark 1.2.14. &
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4.3.14 Lemma. Suppose given a pseudo-triangle X ly_4.77% X[[i]l] in FO(%) such
that X, ¥ € Ob(FOy (F)). Then we have Z, X'}, € Ob(FO, (%)) as well, o

Proof. This follows from lemmata 4.3.11 and 4.3.12. ]

4.3.15 Lemma. Suppose given X € Ob(FOy (%)), Y € Ob(FOy(#)) and Xo—L-Y, in
.Z. Then there exists X —=Y in FO(.%) such that go = fin Z. &

Proof. In two steps, we want to construct Xw—“>Yw[7HB in .# such that

iy, - (f—p- ch_l]ﬂ) “Yipq) = 0, Le. such that afy - f -y, = afy - p- VAR Yiy for k€ Z.

First step.

A ) .
For k € Z<, , we want to construct X‘OB—k>Yk| in .# recursively such that A\ - yx—1 = \x
and such that ij{fl - f- y,ﬁ = Xjp—1s0 - XjoL * Ap -

Since #(X|o, Y1) = 0, we may choose X‘OBA>Y1‘ in # such that - f - y3; = Xjov - A1 -
Suppose given k € Z.q . Suppose that we have already constructed A, for ¢ € [k + 1, 1].

Since X(B is projective in .%#, we may choose X|0BCL>Y;€| in .% such that (i - yr = Aey1 -
We have

(xTZ_1 - f ?JZ;U| - X|k71»|0 : X|0L : Ck:) “Yk| = Tik—1 $ﬂ; -f- yz;” — T|g—1" X\k»\o : X\ob  Akt1
= L|k—1" (ZBTZ; - f- ?JZJ+1| — Xjksjo - Xjot - A1) = 0.

Since moreover z(X,_1,Yy/k—1) = 0 by remark 4.3.5.(a), we may choose X‘OBﬂYk/k_l in
% such that

Xik—1s0 * Xjot - M * Yisr—1) = @lp_1 - - Yy — X150 - Xjot - G -

@51 F Y = Xj—1510-X|0t-Ck Y|
Xig—1 K~ Yipq
X|k—1»0'X|0L} ?Yk/k—ll
X,oB L Y,
[0 k/k—1

Let Ay = Gk + M - Yiyp—1) - We have i, - yp = Apq1 and

Xip—100 * Xjot * Ae = Xjp—150 - Xjot = G + Xjg—1500 - Xjot * Mk * Ye/n—1
= Xjk-150 - Xjot - G + 21 [ Yp) — Xje—1500 - Xjot * Gk
=y [k
Since Y € Ob(FOP™ (%)) and since X|oB is projective in .%, we may choose X‘OB—)‘>YW in
& such that \ - yz’l =\, forkeZs .

Since X|oB is projective in .#, we may choose X|0B—§>Y$_1]B in . such that ¥ Y, Vr = \.
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Second step.

For k € Z> , we want to construct X|ki>Yw[71]B in . recursively such that zy - p1 = i

such that iy, - f- Ysr) = M vy Vi, and such that py = Xo¢ - 9.
We have uo'YwPl}ﬂ'~ny| :X|0L-?9-YJ7H7T-@/L1”| = Xjor - A yf) = Xjot - Ay :xT{]-f-nyl )
Suppose given k € Z-( . Suppose that we have already constructed p, for £ € [0,k — 1].

Since Yfl]B is injective in .%, we may choose X‘k&Yw[*”B in .% such that z;_1- By = pp—1 -
We have

e (@ i — B Y widn) = iy o vk — e YT g
= (2 y - oy — prer - YT ) g = 0.

Since moreover z(Xy k-1, Yi41)) = 0 by remark 4.3.5.(b), we may choose
Xk/k_lLYJ_”B in % such that

Xik/k—1" Vg - YWPHW : Z/z+1| = 5U|°2 f 3/7:+1| — B - Yw[fl}ﬂ : 3/7:+1| .

T|g—1 2 Py =B Yo Ty
Xjp—1 ——= X Y
Xk/k—IJ[ %Ytg_l]”'y:ﬂ\
Vi —1
Xk/k—1 v B

Let pp = By + Xjg/k—1 - v - We have zjp_1 - p, = pp—1 and

g Yy = B - Y m oy + ey v Y5 U gy
= B - Yw[_l]ﬂ Yt O S Yk — Be Yi_l]ﬂ Yl

W w
_x|k'f'yk+1\'

Since X € Ob(FO™(.#)) and since YI™IB is injective in .Z, we may choose X,—->Y} B
in .% such that Ty, = Lk for k € Z>g .
For k € Z>( , we have Ty, vy Yirer| = M - vy g Yit1 = T f- Yer| -

For k € Z., , we have

Tl - o Y Yierr] = Xjpofo - o - - Yyl Y1) = Xjslo o - Yt Vi)
= Xigogo - Xjot -9 - VIUm -y = Xieogo - Xjot - A - 9y

J— . w w
= Xwsjo - Xjot = Abs1 = g, [ Yy -

By lemma 3.4.3.(b), we may choose X —=Y in FO(.%) with g,, = f—,u-YuE_l]ﬂ. We conclude
that g, = f in Z. ]



224

4.3.16 Lemma. Suppose given X € Ob(FOy (F#)), Y € Ob(FOy(#)) and X,B— Y, in
Z such that 2y, - Xt f - ygyq) = 0 for k € Z. Then there exists X[E]—£>Yw in .% such that
ah B (f = Xom- &) -y, = 0for k € Z. &

Proof. For k € Z, we have X‘ku:vﬁch-ngl = a:T;c‘XwL-f-y,fH‘ = 0, which we use frequently.
First step.

%]B&YM in .% recursively such that e,_; - yp_1 = €k
w w 1 1

and such that :c|k72B - f- Y = X2 - X‘[k]_QL . X|[k]—2»\OB “Ep .

We have Xjot - 2B f-y;)| = Xjot- 2}yB- f-yﬁ -y11 = 0. Since E(Xm

o
XUB—-y in 7 such that 2B - f -y = Xom - X[i -2, |

For k € Z<, , we want to construct X,

Y5) = 0, we may choose

Xot =y B-f-y5)
Xjp—> X B————2 -V,
X
'0 $[1] Xio' %
Xjy —=Xx|'B

Suppose given k € Z_, . Suppose that we have constructed ¢, for ¢ € [k + 1, 2].

Since X|%]B is projective in .%, we may choose XB]BAYH in .# such that B - yp = €pq1 -
We have

Xipoat - (25 5B - -y = Xjpmar - Xyt - XL 0B+ Br) = Xeoat -2 5B+ f -y vy — 0

—2

=0
and

w w 1 1
(:L‘|k—2B ' f ’ yk| - X\k—27r : X‘[]C]_QL : X‘[],C]_Q,‘OB ’ Bk) Yk
= 2paB 2t (B f oy — Xpoom X e B X B
= 2paB 2l B f oy — wpeeB e X - XG0 X B

= 2B (B f oy — X Xy XL 0B k) = 0.
Since moreover g(X&}_Q, Yi/k—1) = 0 by remark 4.3.5.(a), we may choose X|%]Bi>yk/k—l in
F such that
B £~ X X[ X0 B = Xocam - XL X{L B Ay Ve

lk— [k—25]0
X oL 29 Befy® — XX _ox B.g.
|k—2 |k—2 k| |k |[k—2 |k—25|0 Yk|
Xig—2 —== X|;—2B \ Yit
Xk_27r$ fyk/k—l
(1] (1]
X v X B
[1] [k—2""|k—24]0 [1] Ak
X\k72 X|0 B Yi/k-1
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Let ex = B + Ap - Yiyr—1) - We have €y, - yp| = €x41 and

(1] (1]
Xip—om - X" ot X3 o, 0B - ek

= Xjp—aT - X|[;L2L : X\[k]fzﬂoB B+ Xjp—am - X\[;L2L X|[l? 2»\0B " Ak Yi/k-

=B [y

Since Y € Ob(FOP™(.#)) and since XB]B is projective in .%, we may choose Xl[O]B—>Y

in .% such that ¢ - Yi) = €k for ke Z<, .

Since X‘%]B is projective in .%, we may choose X|[ IB—-v["UB in .Z such that JE v =e.
Second step.

For k € Z>( , we want to construct X|[ ] Y[ B in .7 Z recursively such that 9, = x{k} D1,
such that z7;B - f- Yiya) = X - Iy - Y, . Yiyo and such that Vo = B]L L.

We have

Xjom - g - Y, w Ur. y2|—X|07r X‘[O]L - Y[ }W-y;j:X|07r-X‘%]L-5-y§U|:X|07r-X‘[O]L €9

=y [y

Suppose given k € Z~( . Suppose that we have constructed 9, for £ € [0, k — 1].
Since X5 Bis injective in .#, we may choose X|[;]ﬂ>Yu[,_l]B in .%# such that xl[k] P = Vg1 .
We have

ot B (2B f - yan = X - o YT -y )

1 ]

—fuc B-f- ?/k+1| Y1) — X|p—17T - Tip—1 Pk~ Y[ ]W'y;:-&-l\'yk+1\

= (1B [y — Xpam - I -YL‘E_ I yg ) Yty = 0.
So we may choose Xk/k_lBLYkm in .% such that
XigpeaB e = 2iiB - f - yidyo) — Xpm i - Y- i)
We have X /,_q¢ - m, = 0 since

Xieshr - Xighort -0 = Xt - X1 B = Xie - (@B - f - yito) = Xy - 0p - Y7 40)
= Xt - 2B f vy Y —0=0.

and since X|;/,_1 is a pure epimorphism. Since moreover z(X ,Ll/]k_l, Yit2)) = 0 by remark
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4.3.5.(b), we may choose X,E}/}k_lﬁ}/[ UB in .Z such that X1 - G - Yo v Yial = Mk -

$‘k,1B xlkB.f‘yk+2‘7X‘k7T'SOk.YW T Ykt2]|
Xjp—1B—— X|;B Yito
X B
[k/k—1 J[ /
Xk /-1t 1]
Xk/k 1—°—>Xk/k 1B Yo mypo
Xk/k—ﬂ%
(1] Ck (1]
Xk/kf1 Y, 'B

Let ¥ = i + XWk 1 - Gk - We have :c LU = U1 and

X - O - Y- gty = X - @i - Y- g 4+ X1 B - Xipoam - G- Y ity
= Xy - pn - VI g o) 4+ Xjynaa B - i
= X pp - YT yg) + 2B [ yie — X op - YTy
= SUT;CB f yZJH\ .
Since X1 € Ob(FO™ (.%)) by lemma 3.4.58 and since Y1 ™UB is injective in .Z, we may choose
XMW y["UB in .# such that (] W I =9y for k € Zsy . Let =1 - vl }71'.

For k € Z>, , we have

X - (ITl}cfl)m € y;su+1| = Xjp7 - (x(\‘l)cfﬁ[l] - Yw[il]ﬁ : y;su+1|
= Xjpam Vg1 Y Yiy1)

= 2B f v
For k € Z_, , we have
X|k‘—17r . (xlﬁc—l)[l] . f . y;;—f—ll — X|k‘—]_7T X|[k} 1»|0 ( T‘E))[l] . ’(9 . YJ_I]W N y(]:—l—l‘

1
= Xjp—17 - X|[k} 150 Vo - Y[ . yk+1\

1 1 — w
= Xjp17 - X|[k] 150 X|[0}L'N'Yu£ ]W'ykﬂ\

1 1 w
= Xjp—17 - X|[k} 1t X|[k] 1»|0B "€ Ykt
= Xjp17 - X|[11—1L : X|[11]—1»|0B "Ekt1

=B Sy
We conclude that
xl\‘;sle (f = Xum-§) - y?cu+1| = 5’5(\7@71]3 f yloej+1\ — X7 - (13|°}271>[1] & ylL:Jrl\ =0

for k € Z. O
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4.3.17 Corollary. Suppose given X € Ob(FOpy(#)), Y € Ob(FOy(%#)) and X—5Y in
FO(Z). If g, = 0 in Z, then g = 0 in FO(.%). &

Proof. Suppose that g, = 0 in .#. We may choose XwB—f>Yw in % such that X - f =g, .
By lemma 3.4.3.(a), we have Ty Xot - [ Yoy = @5 9o - Yy = 0 for k € Z. The previous
lemma 4.3.16 yields x ]—>Y in .% such that B (f —Xom-§)- Yigr =0 for k € Z.

Thus we obtain a morphism X[_l]B—>Y in FO(%) such that h, = f — X, -, cf. lemma
3.4.3.(b). So Xyt-hy, = Xyt f = g, in F and thus X[_y¢-h = X[_yp - g by lemma 3.4.3.(c).
We conclude that g = 0 in FO(.%), cf. remark 3.4.14. O

4.3.18 Lemma. Suppose given X € Ob(FOy (%)) and m € Z.

(a) If X € Ob(FO™(.F)), then we have X,, € Ob(#4,,).

(b) If X € Ob(FO™(F)), then we have X,, € Ob(#},). o

Proof. Ad (a ) Suppose that X € Ob(FO™(.#)). We have the pure short exact sequence

w
m+1|

Xim —o—>X w—=X 1) with X411 € Ob(Z#). So X,, € Ob(#4,) since X, € Ob(#}n).
Ad (b). This is dual to (a). O

4.3.19 Corollary. Suppose given X € Ob(FOY,(.%)). Then we have X,, € Ob(#"). O

4.3.20 Remark. Suppose given m € Z and X € Ob(#j ).
We have (XEgz)m € Ob(FOLT;’”ﬂ (7)) and ((XEz)i—m)), = X, cf. definition 3.4.65 and
remark 3.4.27. &

4.3.21 Lemma. Suppose given m,n € Z and X € Ob(#},.) -
There exists W € Ob(FO;Wﬂ (#)) such that W,, is isomorphic to X in #. O

Proof. If m < n, then X € Ob(Zy) and we may choose W = Opo(#) -

Suppose that m > n. We will use induction on m —n € Zs .

If m = n, then we may choose W = (XE#)[_m by remark 4.3.20.

If m > n, we may choose a triangle Y L.z X YW in Z such that Y € Ob(#,_1)
and Z € Ob(#},-1), cf. remark 4.3.1.

Since X7, Z € Ob(#f-1) , we have Y € Ob(#};—1,m-1). So we may choose

U e Ob(FOfZL_l’m_ﬂ (#)) and U,——Y in % such that a is an isomorphism in .Z.

Since Y, X € Ob(#3) , we have Z € Ob(#},—-1,7) - By induction, we may choose

Ve Ob(FO(J*l"ﬂ (#)) and V,—2>Z in .Z such that b is an isomorphism in .Z.
af®)!

Consider the morphism U, V., in .Z. By lemma 4.3.15, we may choose U——=V in

FO(.%) such that g, =a- f-(b)”"
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Choose a pseudo-triangle U—=V —e=T X4 U[E]I] in FO(#) such that

w, U[[i]” € Ob(FOy (%)), cf. lemmata 3.4.18 and 4.3.14.
Note that W € Ob(F Oﬁn n]( F)), cf. remark 3.4.27 and lemma 3.4.28.

By lemma 3.4.19.(b), U, LN v % W, -2 Ul s a pseudo-triangle in .%.
9w tw Pw [ ]

So U,——=V,——=W,——=U," is a triangle in .Z, cf. definition 2.2.14. We have G b=a- i
U, =V, =W, —== U}
a lb la[”
i 1
Y Z X Yl
Since a and b are isomorphisms in .%, we conclude that W, is isomorphic to X in .Z. O

4.3.22 Corollary. Suppose given X € Ob(#?) . There exists W € Ob(FO},(.%)) such that
W,, is isomorphic to X in #P. O

Proof. We may choose m,n € Z such that X € Ob(#},,)) . So the result follows from the

previous lemma 4.3.21. O

4.3.23 Remark. Suppose that .# has countable coproducts of bijectives.
Suppose given X € Ob(F(.%)).

(a) There exists a colimit (A, (ag)rez) for XB such that A is bijective in .%.

(b) Suppose given a colimit (C, (cx)gez) for XB. Then C' is bijective in .# and ¢ is a pure
%

monomorphism for k € Z.

Proof. Ad (a). This follows from lemma 3.2.34 and from the fact that coproducts of bijectives

are bijective as well.

Ad (b). By (a), there exists a colimit (A, (ax)gez) for XB such that A is bijective in .#. So

C' is bijective in . as well, since it is isomorphic to A in .%#
Suppose given m € Z. We want to show that ¢,,_; is a pure monomorphism in .%#.

We obtain a filtration Z € Ob(F(.#)) and a morphism X——Z in F(.#) as follows. Let
Zy, =0z and p, =0for k € Z.,,_y . For k € Z>,,_1 , choose cokernels X270 of X 1ok -
So for k € Z>,,—1 , the circumference lemma 1.3.13 yields pure monomorphisms Zk—zﬁ—>Zk+1

such that px - 2x = Tk - Pro1 -

/
”V -

Xk+1 > Zk+1

2k

'm 1sk+1
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Note that p is an m-pure epimorphism. Consequently, X B-2. 7B is an m~-pure monomor-
phism as well. By (a), we may choose a colimit (D, (dj)kez) for ZB. By lemma 3.2.40.(d),

Cm—1

B . .
Xm_1—>C’p—W>D is a pure short exact sequence in .%. O

4.3.24 Lemma. Suppose given X € Ob(F(.%)), a compatible family (A, (ax)rez) for X and
a colimit (C, (cx)rez) for XB.

(a) <A ® C, ((ar Xiver) )kez> is an injective family for X.

(b) Suppose that .% has countable coproducts of bijectives.
So ¢ is a pure monomorphism for k € Z, cf. remark 4.3.23.(b). Consequently, Xyt - ¢y
is also a pure monomorphism for k € Z. We obtain Y € Ob(FO™(.%)) as follows.
Let YPr s =X,Y,=A®C and Y = (ar Xipeer ) for k € Z. Choose pushouts in .Z for
k € Z as follows.

ag
Xpy—A
XkL-Ck hk+1

M1
O Yy

Let yj = (;ﬁ‘k’“) for k € Z. For k € Z, lemma 1.3.13 yields the pure epimorphism

y .
Yk‘_'.lYH” in .# such that Ye Ykl = Yy -

Xk
Tp_1 \({Xw%)
()
Xk_l (ag—1 Xp—1t-cp—1 )A eC : Yk\
(::/k-&-l) Yk|
k+1 Yk:-i-l\ o

Proof. Ad (a) For k € Z, we have x - (ak+1 Xk+1L'Ck+l> = (ak th'l’kB'CkH) = (ak Xpt-ck )
Suppose given ka—k>I in .% such that I is injective and such that xy- fx11 = fi for k € Z> .

For k € Z>( , we want to construct XkBLI in .% recursively such that ;B - gri1 = g&
and such that Xyo- g1 = fi .

Since [ is injective in .%, we may choose XoB—2=T in .# such that Xt - go = fo .

Suppose given k € Z( . Suppose we have already constructed g, for £ € [0,k — 1].

We may choose XkBLXk,lB in .% such that z;,_1B - s, =1, cf. lemma 1.3.11.

We have zy_1 - (fr — Xkt Sk gr—1) = fr—1—Xp—1t-Tk—1B-Sk-gr—1 = fr—1—Xk—1t-gx—1 = 0. Since
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. h .
I is injective in .%, we may choose XEB—'“>[ in .# such that xz- Xzt-hy = fir — Xpt- 55 gr—1 -

X, 1-Tk:1 X, Je=Xktskgr—1 I
wk} Thk
XEL
X; X:B

Let gr = Sk - gk—1 + 2B - hy, . We have x;,_1B - g5, = gx—1 and
Xit g = Xyt~ 8g - g1 + 25 - Xgt - by = Xpt - 8- g1 + fro — Xt - 81 - g1 = [ -

Since (C, (cx)rez) is a colimit for XB, we may choose C—=1 in .% such that ¢ - u = g, for
ke ZZO .

()

Consider the morphism A ® C—=1 in Z#.

For k € Z>o , we have (ax Xpeer ) - (9) = Xyt - e - u= Xgt - gp = fr -

We conclude that (A ® C, ((ar Xyver) )keZ> is an injective family for X.

Ad (b). We have Y € Ob(FO™ (%)) by (a). O

4.3.25 Lemma. Suppose that % has countable coproducts of bijectives. Suppose given
m € Z and X € Ob(#,;). There exists Y € Ob(FOZj (%)) such that Y, is isomorphic to X
in . %

dk+1

Proof. For k € Z>,, , choose triangles X(kj;k>X:>X,’€+ﬂ —>X},1] in .Z such that

Xp € Ob(#4,) and Xjyq € Ob(#441). Moreover, for k € Z,, , choose X[kiX(kH in F
such that oy, - jri1 = jr in F, cf. lemma 1.7.3.(f).

Jk Tk+1
X(k —— X —>Xk+ﬂ
N
Jht1 Qk+2
k+l == A — = A9
T =
For k € Z>,, , we want to construct ka—on;kaH , kaich and kaj—k>X in %

recursively such that kaﬂ € Ob(# 1), Ik = zlt/ﬁC Jes1 s B gk = j_k and such that j; is an
isomorphism in .%.

Let Xfm = Xpm € Ob(#4) , B = 1 and Jm = Jm . We have B - Jm = Jm -

Suppose given k € Z>,, . Suppose that we have constructed X fe . Je » Be for £ € [m, k] and x’w
for ¢ € [m, k — 1].

Let ka+1 = X[k+1 D kaB € Ob(%k+1) N Bk’-l—l = ((1)) : X[kJrl D kaB — X[k+1 and

x’pg = (Brop Xpe) ka — Xppy1 @ kaB . Note that [y, is an isomorphism in .%.

Since ji — By - T Jht1 = J& — Br - jr = 0, we may choose X&BﬂX in .# such that
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gk = B xpe - Jr1 = Xt - Uyt -

Il —Br T - Jrt1

X, X
kabi /
XB

Let jriq = (fj;fl) P X1 @ kaB — X. We have :U’p~C kw1 = B - Tk Jrt +kae CUks1 = Jk
and S Jin = (M3) = () = Jenr -

Let Z € Ob(F(.%)) denote the filtration with Z, = 04 for k € Z_,, and Z; = X’n€ 2 = x’[k
for k € Z>,, . Choose a colimit (C, (cx)kez) for ZB € Ob(F(.#)). Note that C is bijective in
Z . Cf. remark 4.3.23.

Using lemma 4.3.24.(b), we obtain Y € Ob(FO™ (%)) as follows. Let YPp z = Z,Y, = X&C
and yj; = (v Xpeer ) for k € Z. Choose pushouts in .# for k € Z as follows.

X Ik _x

[k
X’[kb-ckt Lhk-’_l
M1

C— Yk+1\

Let yy = (jnhkk ) for k € Z. For k € Z, lemma 1.3.13 yields the pure epimorphism Yk|—y|i>Yk+1|
in .# such that yg| -y = i, - Wehave Y € Ob(FO™ (7)) since YPp » = Z € Ob(F™ (%))
by construction, cf. lemma 3.4.25. Thus Y € Ob(FO™ (%)) C Ob(FOP™ (%)), cf. remark
3.4.36 and lemma 3.4.54. Note that Y, = X @ C is isomorphic to X in .% since C' is bijective
in #. Also note that Y, € Ob(#},) for k € Z by construction. It remains to show that
Yit1) € Ob(#q)) for k € Z.

Y iy
Suppose given k € Z_,, . Consider the pure short exact sequence Y‘k—‘ok—>Yw—kn+—”>Yk+1‘ in .%.

We have Y, = Z;, = 07 . Thus Yy € Ob(#1q)) since Y, = X ®C € Ob(#},;) € Ob(#j417).

Y Yy
Suppose given k € Z>,, . Note that the pure short exact sequence Y|k—|-k—>Yw—k0+—1|>Yk+1| in &%

w w
Yk Yk+1

yields a triangle Y,——Y,, Y1 Y in 7, cf. lemma 2.2.9 and definition 2.2.14.
| +1] |k
We have gty - (§) = (3 Xpoer) - (§) = ju = Bi - Jn -

(jk X L'Ck) Yy
Xll—k AP TR X EB C i Yk+1| _>X|/7£1]
A O] EL
7 k41
X = X Xy —= X

Since both @ and [ are isomorphisms in Z, we conclude that Y4 is isomorphic to Xjq
in Z#. Thus Yj41] € Ob(#i1q)- O
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4.3.26 Lemma. Suppose that % has countable products of bijectives. Suppose given m € Z
and X € Ob(#4,). There exists Y € Ob(FOL?(ﬁ)) such that Y, is isomorphic to X in 2.

Proof. This is dual to the previous lemma 4.3.25. [

4.3.27 Lemma. Suppose that .# and .#°P have countable products of bijectives.
Suppose given X € Ob(Z). There exists W € Ob(FOy (.#)) such that W, is isomorphic to
X in 9. %

Proof. We may choose a triangle Y ! Z X Y in . such that Y € Ob(#4) and
Z € Ob(#p), cf. remark 4.3.1.

By lemma 4.3.25, we may choose U € FOy (%) and U,——Y in % such that a is an
isomorphism in .%. By lemma 4.3.26, we may choose V € FOy (Z) and V,—>~Z in .Z such
that b is an isomorphism in .%.

af-(b)~!

Consider the morphism U, V., in .Z. By lemma 4.3.15, we may choose U—2=V in

FO(%) such that g, =a- f - (b)™"

Choose a pseudo-triangle U—=V —s=T X U[[i]l] in FO(.%) such that

W, U, € Ob(FO, (7)), cf. lemmata 3.4.18 and 4.3.14.

By lemma 3.4.19.(b), U, LN v % W, 2 Ul s a pseudo-triangle in .%.

9w tw

So U,——=V,——W, = Uw is a triangle in %, cf. definition 2.2.14. We have go-b=a-f.
Uw&v @WM&UE]
T

f
Y X Yl

Since a and b are isomorphisms in .%, we conclude that W, is isomorphic to X in .Z. O

4.3.28 Definition. Let P, , =P, ’FOb P : FO ,(F) — WP, cf. corollary 4.3.19. &

4.3.29 Remark. Note that FO? (F) = @‘;ﬂ( w( Z) by lemma 4.3.10.

0,0

We have PP Pl v, 3;|Wb =P}, » , cf. definition 4.2.19. &

4.3.30 Definition. Let P, > = Ew)@h?:() 7 EO  (F) = P, cf. remark 4.3.4. %

4.3.31 Proposition. The functor P}, VT FOb ,(F) = #P is an equivalence. %

Proof. The functor is full, faithful and dense by lemma 4.3.15 and corollaries 4.3.17, 4.3.22. [

4.3.32 Proposition. Suppose that .# and .#°P have countable products of bijectives. The
functor Py 5: FO  (F) — Z is an equivalence. &

Proof.
The functor is full, faithful and dense by lemma 4.3.15, corollary 4.3.17 and lemma 4.3.27. [
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4.3.33 Definition. We want to construct a quasi-inverse WbW of Pb FOb ( F)— WP
using lemma 1.6.5. We call Wl,}g the bounded weight equivalence of 7/ Wlth respect to Z.
The functor Bl;,/, # 1s full and faithful, cf. proposition 4.3.31.

For X € Ob(#"), we may choose an object XW,, 7 € Ob(g;(ﬁ" )) and an isomorphism
Xvl) - X — XW%LQPW 7 in Z by corollary 4.3.22.

Lemma 1.6.5 yields the functor Wy, z: #> — Q;(ﬁ), where for X—~Y in WP,

b
Wy o

XWy 5
f=XvY 5 fWy 2P} »- (YUY, )~ The functors P}, ; and W), , are mutually quasi-

YWV? 2 1s the unique morphism in Q;(ﬁ ) such that

inverse equivalences. Moreover, we obtain the isotransformation vl}% 71 lyv — W;/’ygf/’/’g
Note that the functors E;//, 7 and W;% 7 are additive, cf. remark 1.2.5.(a) and corollary 4.3.13.

¢

4.3.34 Definition. Suppose that .# and .%°P have countable products of bijectives. We want
to construct a quasi-inverse Wy # of the functor P, »: FO (#) — 2 using lemma 1.6.5.
We call Wy, # the weight equivalence of #* with respect to #. The functor P, 5 is full and
faithful, cf. proposition 4.3.32.

Suppose given X € Ob(2).

If X € Ob(#"), we may choose XWy 7 = XW,), ; € Ob(EQ,, (#)) and the isomorphism
Xvy 7 = XU’EV&‘: X — XWy zP, 7 in Z, cf. definition 4.3.33.

If X ¢ Ob(#"), we may choose an object XWy 5 € Ob(FQ, (7)) and an isomorphism
Xvy 7: X — XWy 2Py 7 in Z by lemma 4.3.27.

Lemma 1.6.5 yields the functor Wy #: 2 — FO (%), where for X~V in 2,
Wy &

XWy & YWy 7 is the unique morphism in FO 7//(? ) such that
f=Xvy s fWy 2Py 5- (Yvy #)~'. The functors P, 7 and Wy z are mutually quasi-
inverse equivalences. Moreover, we obtain the isotransformation vy #z: 15 — Wy zPy » .

FO,, ()

Note that we have Incib Wy 7 = W;}’ 7 In CFOb by construction. Also note that the
functors Py, » and Wy # are additive, cf. remark 1.2.5.( ) and corollary 4.3.13. 92

4.3.35 Definition. We abbreviate ¥ = #}g . Note that 2;(40}) = @b (:#) by lemma
4.3.10. The composite

Res) » =W, z 20 ;- A _:#" - K(%)

is called the bounded resolution functor of # with respect to .%#. Cf. definitions 4.3.33, 4.2.56
and 4.1.18.

b —=b AP

W.
wr—"7 - FO" (F)

¢

4.3.36 Definition. Suppose that .% and .#°P have countable products of bijectives. We
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abbreviate € = #}q . The composite

RO (F) o |
ReSy/’y = Wyy“gz : Incg;i(y) = écg},@‘ 9 — K(%)

is called the resolution functor of # with respect to .%. Cf. definitions 4.3.34, 4.2.32, 4.1.15
and corollary 4.3.6.

FO_ (&F)

Inc = A
Wy o EO,, (#) o S, F Sv. 7
7 EO, (7) FO. () V. (7) K(@)
¢
4.3.37 Remark. Suppose that .# and .%#°P have countable products of bijectives. We abbre-
viate € = #pq . We have Inc?/b -Resy 7 = Res}) Z IDCE,(:?;) . &
Proof. We have
FO_(#)
Inc?/b ‘Resy 7 = Incib Wy 7 - In(:@j(j) ‘Egg é{ >
b FO, (# FO_(#)
FO_(%) _
_ V. (F)
=Wy 5 Egs - Inegl 50 A, 5
—_ K(¥¢
=Wys Bt By 5 Inch((;)
K(¥¢

= Res;;,g . IncKt(, ((Z,))
Cf. definitions 4.3.34, 4.2.56 and 4.1.18. O
4.3.38 Lemma. We abbreviate ¢ = #}q -
The bounded resolution functor Res}, ;: #® — K"(¥) is exact. &

Proof. We will use lemma 3.4.19 and propositions 4.1.3, 4.2.28. We abbreviate W = W,t;y ,

= _ —=b — _ —b _ b _ b __ pb _.,b _
E=Egs 2=E¢z. =03, 7é_écg’ga P=Py sz, v=vy) ;and E=&x 5 .

We will use that P is full and faithful, cf. proposition 4.3.31.

Note that Resl;% # 1s additive since it is a composite of additive functors, cf. definitions 4.3.33,
4.2.56 and 4.1.18.

First step.

We want to construct an isotransformation 2!% . Resf},j—)‘>Reis7 7 LKkbyg -

Suppose given X € Ob(#?).

Note that we have XEl:ZEReSbW7§ = XMWEA and XRQS%7yZKb7% = (XWEA)M. Also note
that (XW)F_]I]E = (XWP)U cf. lemma 3.4.19.(a). Since P is full, we may choose
X“]W&(XW)F_]H in Q;(ﬁ) such that XpP = XMv=!. (Xv)l. Note that Xy is an
isomorphism in Q;(ﬁ ) since XMv=! (Xv)M are isomorphisms in # and since P is full
and faithful.
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Let XA = XpuEA - XWi_pEA: XPWEA — (XWEA)!. Note that X\ is an isomorphism
in KP(%) since Xy is an isomorphism in Q;(ﬁ ) and since XW_& is an isomorphism in
b
Vel Z).
Suppose given X v in .
Choose XW—2>YW in FO(.%) such that g = fW. We have Xy - gEl] = W . Y since

(Xp- gl P = XWo=t - (xv)l - (gP) = X (Xv - WP = Xyt (- yo)l

= XMy-t. p00. (YU)[” = fiwp . ylly=t. (Yv)“] — (f[I]W Y )P

and since P is faithful.

We have

A (fWEQ)Y = XpZA - XWgEA - (gEA)Y = XuEA - XW_EA - (93) A

= (Xp2- XWiy- ()4 = (Xpu2- g 2 YWipE)A
= (Xp2- g 2)A - YW A = (Xp-g"))ZA - YW g A
— (fMw Y_/L)%d/W[ y&EA f[”W%_-YM%'YW[—uEé
= fIWEZA - YA
XWWEA X2 (XWEA)W
fwza l(fWEA)[”

YHIWEA 2> (YWEA)W

b A . . .
We conclude that |7/, - Res), ;—2>Res), ;- Zyn . is an isotransformation.

Second step.
Suppose given a triangle X —=Y —+>7—"- X in #®. We want to show that

uResl;ﬂyg vReis’g wResB, XA

YRes), » ZResy, z ’ (XResy, ) )

vWEA WEA- XA
ZWHA

<XRes';’/j

~ (xwza YWEA (rwza)t)
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is a triangle in K"(%).
Choose XW—_~YW in FO(Z) such that f = uW.
f

Choose a pseudo-triangle X W YW—d>A—7% XWEH in FO(.%#) such that
A, XWEH € Ob(FOY, (%)), cf. lemmata 3.4.18, 3.4.33 and 4.3.14.

wa,g iPw,g Pw,g

By lemma 3.4.19.(b), XWPW79—>YWPL{,7§—o—>APw,yp—0—>XWF_]1]ij is a pseudo-trian-

/P iP pP
gle in .#. Consequently, XWP——YWP——=AP——=X WEHB is a triangle in #".
We have Xv - fP = Xv-uWP = u-Yv. Since Xv and Yv are isomorphisms in #P, we may

choose an isomorphism Z—2+=AP in #°" such that v-a = Yv - iPanda-pP=w- (Xv)l,

X—* y—v .z v . xi

Xv\ ‘Yv ‘a l(Xv)[l]
fP iP gP

XWP—=>YWP — AP — XW! P

Since P is full, we may choose ZW—">A4 in QZ(%’) such that bP = Zv~! - a. Note that b

1 a are isomorphisms in #" and since P is full and

is an isomorphism in Q;(? ) since Zv~
faithful. We have vW-b = i since (0W-b)P = vWP-Zvt-a =Yv ' v-a =Yv " Yv-iP =iP
and since P is faithful. We have b-p = wW - Xu since

b-pP=2v"a-pP=2v" w- (Xv)ll = wWP - Xp~!. (Xv)l] = (wW - Xp)P and

since P is faithful.

wW-Xpu

(1]

P T

XW—=-YW——>A—— xW!,

By propositions 4.2.28.(b) and 4.1.3.(b),
= = _ = XW_qE)A
XWEA LA ywEA 2L gzp PEVEY

XWEF_]”A is a pseudo-triangle in C(%). Con-
fEA iZA PEAXW_3j§A
sequently, XWEA——YWEA——A=ZA

[1]

(XWEA)M is a triangle in

bEA
KP(%). Note that ZWZA—AEA is an isomorphism in KP(%) since b is an isomorphism
in FO? (7). We have uWEA = fEA, vWEA - bEA = (vW - b)ZA = i ZA and

WWEA - X\ = wWEA - XpuEA - XW(jEA = (W - Xp)ZA - XW( EA

= (bg)% XW[_uﬁé = b=A g% . XW[—l]Eé-
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uWEA vWEA wWEA-X
XWEA — YWZA — ZWEA ———— (XWEZA)Y
1l ll bEA ll
JEA iEA PEAXW_ )t A
XWEA—=— - YWEA — - 4ZA (XW=A)
We conclude that
b uResl;,,yg b vRes';yyg wRes‘?ﬂ,yg XA b o
<XResa,,/j YResy, 5 ZResy, z (XResy ) )
oWEA ZA-XA
= (xwza YWEZA ZWEA-————~(XWEA)!)
is a triangle in K*(%). O

4.3.39 Lemma. Suppose that . and .%#°P have countable products of bijectives. We abbre-
viate € = #j,q - The resolution functor Resy z: 2 — K(%¥) is exact. &

Proof. We will use lemma 3.4.19 and propositions 4.1.3, 4.2.28. We abbreviate W = Wy & |
E:*—'%’/ 7‘—‘:‘—‘(@”737 ) A:A%o,ﬁ 7é:é%’y 7B:EW7,‘} , V=Vy 7 and Ev:EvZ,ﬁ
We will use that P is full and faithful, cf. proposition 4.3.32.

Note that Resy  # is additive since it is a composite of additive functors, cf. definition 4.3.34,
corollary 4.3.13, remark 4.2.14 and definitions 4.2.32, 4.1.15.

First step.

We want to construct an isotransformation Z@ -Resy, L,o,r—’\>ResW7 T LKE -

Suppose given X € Ob(2).

Note that we have XX|ZResy 7 = X“]W% and XResy 7ixs = (XW%)[”. Also note
that (XW)“] P = (XWP)!, cf. lemma 3.4.19.(a). Since P is full, we may choose

Xl (XW)F] in FO  (.7) such that XuP = XWu=1 . (Xv)!. Note that Xy is an

isomorphism in FO () since XMv~!, (Xv)M are isomorphisms in & and since P is full and
faithful.
Let XA = XpZA - XW_jEA: XHWEA — (XWZA)M. Note that X\ is an isomorphism
in K(¢) since Xy is an isomorphism in FO (%) and since XW_y)& is an isomorphism in
V(7).

Suppose given X JvYin 9.
Choose XW—2>YW in FO(%) such that g= fW. We have Xy - gEI] = fIW - Y since

(X g[[ﬂl])g = XMyt (X)) (g = XBo~! - (Xv - pWP)H = Xy~ (- vl

= Xyt Ul (yv)lh = fliwp . ylly =t (yu)l = (fOW . Yy )P
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and since P is faithful.

XWw 2 (xw)l

1
f“]W‘ lg[[ ]11

Y (1]
YW —— (YW)

We have

A+ (FWEL)Y = XuEA - XW1EA - (GEA)Y = XpEA - XWyEA - (6)]

Xp

I[1]

>

(XpE- XWpk - (92))A = (XpE - g 2 YW _y)8)
( El}g) YW A = (Xp- 9[[1]1]) A- YW EA

(FUW - YA - YW g A = fIWEA - ViEA - YW A

Xp

I[1]
Na)
[]>=

UWEA - YA

X[l]\;v%ﬂ> (XWZA)O
f[l]WEAL j(fwm)[l]
Y[”W%& (YWzA)l

A . . .
We conclude that Z@ -Resy #—Resy 7 - Lk ¢ is an isotransformation.

Second step.

Suppose given a triangle X ——=Y —2>7—"- Xl in 9. We want to show that

uResy o vReswy & wResy - XA

YResy # ZResy 7 ’ (XResy 7)M )

uWEA vWEA WEA- XA

YWEZA ZWEA—

<XR€S¢/,§;

— (xwza

(XWZA A)[”>

is a triangle in K(%).

Choose XW—L~YW in FO(%#) such that f = uW.
f

YW—>A-2 XWEH in FO(.%#) such that
A, XW | € Ob(FOy (F)), cf. lemmata 3.4.18 and 4.3.14.

fw.? Zw.? pProw, 7

By lemma 3.4.19.(b) XWP,, ;—2YWP,, 5 —+Z> AP, y—»XW[l]l]Pw # is a pseudo-trian-

Choose a pseudo-triangle XW

/P
gle in .%. Consequently, X WP—>YWP—>AP—>X W U P is a triangle in Z.
We have Xv - fP = Xv-uWP = u-Yv. Since Xv and Yv are isomorphisms in 2, we may
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choose an isomorphism Z—%=AP in 2 such that v-a = Yv -iPanda-pP=w- (Xv)l,

X—* y—** .z v o Xxi

Xv\ ‘Yv ‘a l(Xv)[l]
fP iP pP

XWP =>YWP-—>AP - xWH p

(1=

Since P is full, we may choose ZW—">4 in FO,, (#) such that bP = Zv~'.a. Note that b

is an isomorphism in FO (%) since Zv!

, a are isomorphisms in & and since P is full and
faithful. We have vW-b = i since (VW -b)P = vWP-Zv "o =Yv 'v-a = Yv ' -YviP =iP
and since P is faithful. We have b-p = wW - Xu since

b-pP=2v"'a-pP=2v" w- (Xv)ll = wWP - Xlp~1. (Xv)l] = (wW - Xp)P and

since P is faithful.

wW-Xp

(1]

P T

1
XWioy

b
=
}.<
=
o

By propositions 4.2.28.(b) and 4.1.3.(b),
= = _ = XWi_116)A
XWEALEA yweA-EA gz PEAWENE

X WEF_]HA is a pseudo-triangle in C(%’). Con-
fEA iZA PELXW1Ea
sequently, XWEA——YWEA——AZA

(XWZA)M is a triangle in K(%).

bEA -
Note that ZWEA—AEA is an isomorphism in K(%’) since b is an isomorphism in FO_ (F).
We have uWZA = fZA, vWZA - bZA = (vW - b)ZA = i ZA and

WWEA - X\ = wWEA - XpuEA - XW( EA = (W - Xp)ZA - XW( EA

= (b p)ZA - XW_ LA =bZA - pEA - XWEA.

XWEA ——YWZA —— ZWEA —— (XWzA)l

1L ll bEA Ll

JEA iZA PEAXW_ia
XWEA ———YWZA ———— AZA- (XWzA)M
We conclude that
(XRGSW’JOZ uhesw. YRGSWj ohesw ZRGSW”gz whesw.7 X (XRGSW”Q)[H)
uWEZA vWEA wWEA-X A
= (XWEA———YWEA———~ZWEA——(XWEA)")

is a triangle in K(%). O
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4.3.40 Lemma. We abbreviate ¢ = #}q . The bounded resolution functor
Resy 7: #P° — KP(%) is w-exact with respect to # |,» and W*P. O

Proof. The bounded resolution functor ReSb% 7 1s exact by lemma 4.3.38.
Suppose given X € Ob(#j N #"). So we may choose m € Z such that X € Ob(#f).

By lemma 4.3.21, we may choose Y € Ob(FOQm] (:#)) such that YE,}/j, is isomorphic to X
in #". So XW;jE;/j and YEI;’/@ are isomorphic in #.

Since P}, 5 is full and faithful, XW,), ; and Y are isomorphic in Qbﬁ(? ).

Consequently, X Res}},/j =X W«}}’{QE%, yé}z, » and YE% gé;  are isomorphic in K" (%).

By lemma 4.2.33.(a), we have YZ , = YE5 € Ob(Vg(ﬁ)).

By lemma 4.1.17.(a), we have YE%,yé%j = YE5A¢.5 € Ob(CP(%)).

We conclude that XReslj,/j = XW}}/“QE%,J@%& € Ob(Wg’b).

Suppose given X € Ob(#5 N #"). So we may choose m € Z such that X € Ob(#f,,q).

By lemma 4.3.21, we may choose Y € Ob(FOLZl’01 (.#)) such that YPY,  is isomorphic to X
in #*. So XWy, >P}, > and YP}, ; are isomorphic in #°.

Since E?,/’ 7 is full and faithful, X W% # and Y are isomorphic in Q;(ﬁ ).

Consequently, XRes), ; = XW,, ;E0 ﬂé;,ﬂ and Y yé;? are isomorphic in K*(%).

By lemma 4.2.33.(a), we have Yg%j =YZEz € Ob(Vg(ﬁ)).

By lemma 4.1.17.(a), we have Yg%jé%y = YE57Ay > € Ob(CY(F)).

We conclude that XResy, » = XW,, ;Z0 ;A" € Ob(WEﬂg’b). O

=%,

4.3.41 Lemma. Suppose that .% and .#°P have countable products of bijectives. We abbre-
viate € = #j,5 . The resolution functor Resy z: 2 — K(%€) is w-exact with respect to #
and W?. O

Proof. The resolution functor Resy  # is exact by lemma 4.3.39.

Suppose given X € Ob(#}). By lemma 4.3.26, we may choose Y € Ob(FOQ(ﬁ)) such that
YP, & is isomorphic to X in . So XWy #P, 5 and YP,, 5 are isomorphic in Z.
Since Py, 5 is full and faithful, XWy 7z and Y are isomorphic in FO W(ﬁ ).

Consequently, XResy 7 = XWy 7=, 5 > and YZ, A are isomorphic in K(%).

By lemma 4.2.33.(a), we have YZ, = YZ7 € Ob(Vg(ff)).

By lemma 4.1.17.(a), we have Y§g7yé<g7y = YZ5A¢.5 € Ob(CP(%)).

We conclude that XResy # = waygfyé%y € Ob(WFg).

Suppose given X € Ob(#(). By lemma 4.3.25, we may choose Y € Ob(FOE,)J/(f)) such that
YP, & is isomorphic to X in . So XWy #P, 5 and YP,, 5 are isomorphic in Z.

Since Py, z is full and faithful, XWy # and Y are isomorphic in FO W(gf ).

Consequently, XResy 7 = XWy #E4 zA_ _ and YE4 zA_  are isomorphic in K(%').

By lemma 4.2.33.(b), we have YZ, > = YE5 € Ob(Vo(F)).
By lemma 4.1.17.(b), we have YE¢ 78, ;=YEslq 5 € Ob(CY(%)).
We conclude that XResy 7 = XWy 72, zA € Ob(WS{). O

F=¢.F
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Ob 74
4.3.42 Lemma. We abbreviate € = #jyq . The functors Inc) ’ W;7 and E %W(J) are
isomorphic in ‘5(2;(&7 ))- o
Proof. Note that PP ¢¢|’”b =P}, > , cf. remark 4.3.29.
b 7 P
We have E » w7 ‘P, ;=E, 57‘5(/) Pb’%ﬂwb = Inc%wb = Inc%ﬂb by lemma 4.2.61.(a).
The result now follows from lemma 1.1.7 since Ebwy and W;)@ are mutually quasi-inverse
equivalences.
PY 5
FO" (F) %
Fob, (%T v.F
79|<g
Cg Inczgb ]

4.3.43 Lemma. We abbreviate 4 = #jg . The functors Inc) v Resb% 7 and Igo o, are

isomorphic in € (K"(%)). &
Proof. We have Inc?@fb : Resbwj = Inc;/;/b . W,l;/y 'E%,ga é;?z

Since Inc?gb -W;; 7 and E, Qﬁ”(% are isomorphic in %(Q;(ﬁ )) by lemma 4.3.42, the
functors Incl, é) ‘Res), 7 and E Ob ¥ .g - A _ are isomorphic in € (K”(%)) by lemma
1.1.5. The result now follows from lemma 4.2.61. (b) O

4.3.44 Lemma. Suppose that . and .#°P have countable products of bijectives. We abbre-
viate € = #jq . The functors IncZ - Resy » and Ik are isomorphic in €' (K(%)). &
K(%)

Kb(cf) ’
= Ik ¢ are isomorphic by lemmata

b b
Proof. We have Incg ‘Resy 7 = IncZ -Incib ‘Resy 7 = Incfg -Res}% z-Inc cf. remark

4.3.37. So the functors IncZ - Resy 7 and IR Incﬁl()@)

4.3.43 and 1.1.5. [l

4.3.45 Lemma. Suppose that .# has countable products. Suppose that %} is closed under
countable products in .%. Then #} is closed under epilimits for £ € Z, cf. definition 3.2.54. <

Proof. Suppose given ¢ € Z, X € Ob(CF(ﬁ)) with X, € Ob(#}) for k € Z and a limit
(A, (ax)rez) for X. Note that (A (ak @)kez) is a limit for X% by lemma 3.2.55. Choose a
product (P, (px)rez.,) for (X,E_Z])kezw in .#. We have P € Ob(#}) since # is closed under

countable products in .%, cf. lemma 2.1.41. Lemma 3.2.35 yields a pure short exact sequence
AFI4 > p—%-P in .Z, which in turn yields a triangle Pl Al P P in 7.
So A7 € Ob(#}) since P, P € Ob(#)). We conclude that A € Ob(#4) . O

4.3.46 Lemma. Suppose that .# has epilimits and countable coproducts of bijectives. Sup-
pose that # is left-non-degenerate and that #J, is closed under countable products in .Z.
Suppose given V' € Ob(2). There exists Y € Ob(FOY"(.%)) such that Y,, is isomorphic to V/
in 9. &
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Proof. By lemma 4.3.27, we may choose X € Ob(FOy (%)) such that X, is isomorphic to V' in
2. Choose a limit (A, (ax)kez) for XPep # . For ¢ € Z, choose alimit (Xy/—o , (T4/—c0k—1)kez)
for XZ27¥,cr,# . Note that # is closed under epilimits for ¢ € Z by lemma 4.3.45. So
X¢/—oo € Ob(#}) for £ € Z by lemma 4.3.7.

Using lemma 3.3.57.(a), we obtain a filtration I € Ob(F(.%#)) as follows. For ¢ € Z, let
Fy=Xy—no . For k< 0in Z, let Fyy = XZPpocrs] Xi/moo = Xo/ooo -

Suppose given ¢ € Z. We abbreviate x; = XX cr,# . Note that y, is an ¢-pure monomor-
phism in CF(%), cf. definition 4.2.38. So lemma 3.2.39.(d) yields a pure short exact sequence

X¢] Qg1
Fg—°—>A—|—>Xg+1‘ .

Note that (A, (x¢])eez) is a compatible family for ' by lemmata 4.2.39 and 3.2.24.(b).

Let u = 1XPCF,?1E?(f?(Ii‘,;§:2z) . Choose a triangle Z X, —=A ZWin Z.

Suppose given k € Z. Note that u - a, = Ty for k € Z. The pure short exact sequences

Xp/oo— AL Xy and X jp—eos X5 Xy in F yield triangles
a zy |
Xpyjmoo—r AT XX and X=X, ==Xy —= X} in Z.
Xk:/—oo
A
S
/ k+1]

The dual of (TR4) yields a triangle X ,[Ji]oo Z Xk Xi/—oo in Z.

Thus Z € Ob(#};) since X", X} € Ob(#4,).

So we obtain Z € Ob(#},) for all k € Z. Since # is left-non-degenerate, we have Z € Ob(Zy).
We conclude that A is isomorphic to X, and thus to V' in 2.

Choose a colimit (C, (cx)kez) for FB.

Using lemma 4.3.24, we obtain Y € Ob(FO™ (%)) as follows.

Let YPp s =F,Y,=A®C and Y = (xk! Freer ) for k € Z. Since C'is bijective in %, Y, is
isomorphic to A and thus to V in &. Choose pushouts in .# for k € Z as follows.

We may choose cokernels Yk+1|MXk+1l of 1341 such that hyy - pri1 = axyy for k € Z by
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lemma 1.2.7.(b). Note that since C' is bijective in %, the objects X} and Y} are isomorphic
n % for k € Z. Thus Yy € Ob(#}) for k € Z.

Let Y = (2:’“ ) for k € Z. For k € Z, lemma 1.3.13 yields the pure epimorphism Yk|—ylfl—>Yk+1|
in % such that Yil Ykl = Yipa) -

Let N € Ob(CF(.%)) denote the cofiltration with N, = C' and ny = 1¢ for k € Z.

Suppose given k € Z.

—hi41

We have (%) -y = Yr Ykl = Yy = ( it >, L.e. ig - Yp| = tpy1 and hy - yp = hpgr

We have py - x| = Yx| - Pr+1 since
(—‘hk) pp ey = (T ) = (Tawn) = (*.hk+1'pk+1) _ (—'hk> o
123 | 0 0 k+1'Pk+1 1k yk| DPk+1

and since (22’“) is a pure epimorphism.

Thus the pure short exact sequences C—Zf»Yk‘—p{;XM , where k € Z, yield the pure short

exact sequence N—i>YPCF7gz—p>XPCF7g in CF(.%).

—1
Consider the pure short exact sequence C AGBC'( )A in .#. For k € Z, we have
(o )-yk| =1 = 1o -1 and Yi) ok = ( i’;f“pi’“) =(¢)=(3")ar. ThusY ¢ Ob(FO'™ (%))
by lemma 3.2.41.

We conclude that Y € Ob(FOY®(.%)). O
4.3.47 Definition. Let P, =P, » #|poim () - %

4.3.48 Proposition. Suppose that .# has epilimits and countable coproducts of bijectives.
Suppose that % is left-non-degenerate and that #J is closed under countable products in Z.
The functor BI}}“ ; Ohm( F) — Z is an equivalence. &

Proof.
The functor is full, faithful and dense by lemma 4.3.15, corollary 4.3.17 and lemma 4.3.46. [

4.3.49 Definition. Suppose that .# has epilimits and countable coproducts of bijectives.
Suppose that % is left-non-degenerate and that #f is closed under countable products in .%.
We want to construct a quasi-inverse of the functor th FOhm( F) — 2 using lemma 1.6.5.
The functor th is full and faithful, cf. proposition 4.3.48.

For X € Ob(Z), we may choose an object XW;}mg € Ob(:()lyzn(ﬁ)) and an isomorphism
Xvuls: X — XWy" P2 in Z by lemma 4.3.46.

Lemma 1.6.5 yields the functor Wy";: 2 — Ql;ﬂm(ﬁ ), where for X L yin 2,

W llm
XWy" —>YW1W‘m '> is the unique morphism in FOhm( ) such that

f= thm fWhmfPly% - (Yvy"z)~". The functors Ellnigz and W, y .7 are mutually quasi-

inverse equivalences. Moreover, we obtain the isotransformation v} : 15 — Whmpth 92
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4.3.50 Lemma. Suppose that .# has epilimits and countable coproducts of bijectives Sup-

pose that # is left-non-degenerate and that #f, is closed under countable products in .#. The
O &"
functors Wy IncFOf{fn((i and Wy 7 are isomorphic in Z(FO  (F)). O

Proof. Note that Whm and El;}ng are mutually quasi-inverse equivalences. Also note that

Wy # and Py 5 are mutually quasi-inverse equivalences.

We have Eth =1 CFOhm((J)) Py z, cf. definition 4.3.47. So the functors E;“g; - Wy # and
Inc%&((;)) are isomorphic in th( )(FO (F)) by lemma 1.1.7.

Py z

FO (%) 9
Wy 7
Inc FOV//(LQ) T /
FOhm(.@)
lim/ o Elim
FO M (F) i
(F)

FO
By lemma 1.1.5, the functors Whm th - Wy # and Whm - In c%[f’{ﬂ (7 are isomorphic in

2(EQ,, (F)). Since the functors 15 and Whm P,l.lmg, are 1somorphlc in 2(2), the functors
Wy 7 = 15-Wy # and Whm thg Wy # are isomorphic in @(FO (%)) by lemma 1.1.5. We

(F)

conclude that the functors Wy z and Whm -In c%{f{ﬂ () Are isomorphic in Z(FO  (F)). O

4.3.51 Lemma. Suppose that # has countable products. Suppose that #J is closed under
countable products in .#. Then we have FOllm (7)) C QI o (F). &

Proof. Suppose given X € Ob(FOllm ™(F)) and ¢ € Z. We have to show that X}, € Ob(#/).

By lemma 4.3.7, we have X, € Ob(%g) for k € Z<, . Note that X,/ = 0z € Ob(#}) for
k € Z-,. By lemma 4.2.40, (X‘g, (X\Z/k—l)kGZ) is a limit for XEPQW&CF”C}“ . Thus X‘g S Ob(%g}
by lemma 4.3.45. O

4.3.52 Proposition. Suppose that .# has epilimits and countable coproducts of bijectives.
Suppose that # is left-non- degenerate and that % is closed under countable products in .Z.

Suppose given a functor A: .# — 2 such that A is left-adjoint to Ine9 .

FOLin(7)

Then Bgn%” - A is left-adjoint to W)™ - Incth LR %

Proof. Note that the functors Whm and th are mutually quasi-inverse equivalences. Also

note that we have FOhnrrl m(F) C FO ,(F) by lemma 4.3.51.
O

The map Folim,inj(y)(X Y)— y(Xth Y PII Y f s fPIIN s bijective for
7o

—w W[O T —w 7//"0 —w W"
X e Ob(FOhm "(F)) and Y € Ob(EQ"(.F)) by lemma 4.3.15 and corollary 4.3.17.

Fohm inj (y)

lim,inj hm
We have InCFohm( ) Bw%) =P,z |Fohm(J) Py Incj )
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So the result follows from lemma 1.6.17.

lim,inj
7w,“//(0,.?

lim,inj
EQ™%(7) z
Ql“;;};omj ) IncZ A
Incmlim(g> plim 2
=W W\ F
- Wlin:g u
4.3.53 Lemma. Suppose given X € Ob(FOI},/(0 (#)). Then we have X, € Ob(2). &

Proof. Choose ¢,m € Z such that X € Ob(FO®™ (7).
By lemma 4.3.8, we have X, € Ob(#}) C Ob(Z). Consider the pure short exact sequence

X‘g—o‘e—>Xw—£ﬂ>Xg+1‘ in #. We have X1 € Ob(Zz) since X € Ob(FOV(ﬁ)) and thus X,

is isomorphic to X, in .. We conclude that X, € Ob(2). O
4.3.54 Proposition. Suppose that # is bounded, i.e. that #" = 2.

FOb ()
Then P}, 7|7 is left-adjoint to Wy, - Inc@;:ﬂ “(’ ) - %

Proof. Note that the functors W}, . and E;'/, » are mutually quasi-inverse equivalences. Also
note that we have FOb ( 7) C FO ,(F) by lemma 4.3.8.

Consider the functor P #7: FOb ( F) — 2, cf. lemma 4.3.53.

T w W[
The map por () (X,Y) — 2(XPP P, Q,YPb Yo ) [ fEBW 7 s bijective for
=
X € Ob(mb (ﬁ)) and Y € Ob(FOb (.#)) by lemma 4.3.15 and corollary 4.3.17.
FOb (/)

_pb 7 _
We have IncFOb ) Bw//[oy‘ =

1z =Py
_wﬁ FOb (F) /%

So the result follows from lemma 1.6.17.

4.4 Realisation functors

We have collected some facts about t-structures in section 1.8 which we will use now.
Suppose given a strict Frobenius category . = (&, B, 3, ¢, m, ). Suppose given a full triangu-
lated subcategory 2 C .%. Suppose given a t-structure .7 = (%, Jjp) on Z. We abbreviate
I = Ty -
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4.4.1 Definition. Let Realg’]} =R 5 -Lim% 5 - P} , »: KP(H#) = Z | cf. definitions
4.1.22, 4.2.56 and 4.2.19.

b

b Ebﬂf? b Limb, 5 b L
Kb(#) — 2 () L EOY (F) 2 7

4.4.2 Definition. Suppose that .% has epilimits and monocolimits.
Let Real’s ; =R, 5-Lim, Py, »: K(J) — Z | cf. definitions 4.1.20, 4.2.57 and 4.2.19.

R,z Lim ,p o v Pl vz
K(A) V. (F) FO’ (7) Z
¢
4.4.3 Remark Suppose that .# has epilimits and monocolimits.
Kb
We have Inc RealK = Real; 7 . &
Proof. We have
Inch ) Real Inciﬁ@) ‘Rz Limy, 5 Efﬂg
Vo (F) L.
= ng,ﬁ‘ : Incgif (7) Ll—mﬁ”? EZ%&@
. FOY, (7)
=Rl 5 - Lim} 5 - Incii ) " Lu,zlp0Y (7)
= gf,y legf,,ez P, #lror (F)
= Bf,y legf,y EB T
Kb
= Real;
Cf. definitions 4.1.22, 4.2.57 and 4.2.19. O
4.4.4 Lemma. The functors Iys , - Realg’]} and Incfo; are isomorphic in 7 (%). O
Proof. This follows from lemma 4.2.61.(d). O
4.4.5 Lemma. Suppose that .# has epilimits and monocolimits. The functors Ik y - RealI}’gz
and Incf:& are isomorphic in 7 (%). &
Proof. Note that I IncK((ﬁ)ﬂ) IK s and Inch(%ﬂ Realyy = Realg’]} , cf. remark 4.4.3.
So Ik - Reals 7.7 = lxo p Inch ) - Real’; = Igv Realg’i} . Thus the result follows
from lemma 4.4.4. O
4.4.6 Lemma. The functor RealK b KP () — Z s exact. &

Proof. We will use lemma 3.4.19 and propositions 4.1.3, 4.2.28.
We abbreviate R = Rl;m , Lim = LimY% , ,E=2%, E2=2%,.A =A%,

We will use that

I[1]
|

It ||
Il
|l
o
g
Il
"U
fR=y
N
‘k%
las]
|
g
R o
X
9
a
|
)
X
9
)
=
o
ipal
|
ipal
™
)
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Note that Realg’}}; is additive since it is a composite of additive functors, cf. definitions 4.1.22,
4.2.56 and remark 4.2.20.
First step.
We want to construct an isotransformation o . - Real?’%#Real?} DI
Suppose given X € Ob(K”(J#)).
Note that we have XLy ,Realy”; = XIIRLim P and

XReal’y"; = (XR Lim P)l!) = (XR Lim) ", P, cf. lemma 3.4.19.(a).

Since Z - A is full, we may choose X“]I_{Li_m&(XI_{Li_m)F_]l] in 2}(?) such that
Xu% — X[llﬂgflé . X[llg‘1 .£[1] ) (Xﬂgé)[l] -XELi_m[,I]F:l é

Note that Xy is an isomorphism in Q;(ﬁ) since XR 07 'A, X, XU (XRo

and XRLim;_y gt A are isomorphisms in K"(#) and since Z - A is full and faithful.

é)[”

Let X\ = XpP: XWRLimP — (XRLimP)!. Note that X\ is an isomorphism in .Z since
X is an isomorphism in Q}(ﬁ ).

Suppose given X—-¥ in K" ().
Choose XRLim—2=YR Lim in FO(Z) such that g = fR Lim.

We have Xy - 9@1} = fUR Lim - Y since

= f[”ELi Eé' YUR oA - Y .ﬁ[ll . (yﬂgé)[ll -YP_{Li_m[_Hfjlé
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and since = - A is full and faithful.

We have

XWRLim P - (XR Lim P)!Y
flllRLimPl l(fRLirnP)[”

YR Lim P 2~ (YR Lim P)1!

Kb A K : : :
We conclude that 2y 5 - Real; z——Real 9’1} - ¥ is an isotransformation.

Second step.
Suppose given a triangle X —%=Y —Y>7—"~ X1 in K"(#). We want to show that

K,b K,b
uRealgyg vRealyﬂ,

(XReal’s", Y Real’s"; ZReals,

uR Lim P vR Lim P wR Lim P- X A

ZR Lim P“* 2 (XR Lim P )

YR Lim P

=<XEMQB

is a triangle in .%.
Choose XELi_m—f>YELi_rn in FO(.#) such that f = uR Lim.

Choose a pseudo-triangle XELi_m—f>YELi_m—i—>A—If—>XELi_mF_]” in FO(&) such that
A, Xf_{Li_mF_]l} € Ob(FO"% (F)), cf. lemmata 3.4.33 and 4.2.29. By propositions 4.2.28.(b) and

(pE-XRLim(_,)£)A

4.1.3.(b), XRLim=A A YR Lim=A-E4 A=A
angle in C(.2). Consequently,
fEA

XR Li_mEF_]l] A is a pseudo-tri-

i=a _ PEAXRLm iA

XRLimEZA=—-YRLmMmEA—AZEA——>(XRLimEA)Y is a triangle in
K"(J#). We have

X¢-XRoA-fEA=Xc - XRoA-uRLImEA = X¢- (XRo-uRLimE)A

Since X¢-XR o A and Y¢-YR 0 A are isomorphisms in Kb(,%” ), we may choose an isomorphism
Z—=AZA in KP(J#) such that v-a =Y¢-YRoA - iZ A and
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X “ Y - Z & XM
X¢XRoA Y¢YRoA a (Xs-XRoA)l
im= = = im= A\
XRLim=Z A jZa YRLim= A R A=ZA (XRLi :é)

pEAXRLIm 54 T
Since Z - A is full, we may choose ZR Lim—’~A in FOb o,(F) such that
bZA = Zﬂg’lé-Zg -a. Note that b is an 1somorphlsm in FO ( F ) since ZR o~ 1A 2

a are isomorphisms in K"(.%#’) and since Z - A is full and fa1thful.

I[1]

We have vR Lim - b = i since

EA-ZRo'A-Z¢ ' a
1

= (WRLmZ-ZRo A -Zs™'-a=(YRo™ - vR)A- Z¢ ' - a
=YRo 'A-Y¢ ' v-a=YRo 'A-Y¢!' - Y-YROA-iEA
=YRo 'A - YRoA -iZA=iZA

and since = - A is faithful. We have b - p = wR Lim - X'y since

= (wRLmZ- XMRo ™A XM x gl (XRoA)M- XRLim &' A
:wELi_mgé-Xm}_{g_lé-X[”g*l &[1} (XRo é)[ll XRle 1]5 é
=wRLIMEZA - XpuZA
= (wRLim - Xp)ZA
and since = - A is faithful.
XRLim"™*“* YR Lim " ZR Lim "> YR Lim!"
1\ \1 lb Ll
. L . P (1]
XRLim —— YR Lim A XRle 1]

By lemma 3.4.19.(b), XR LimP—""~VR LimP—¥~AP-%~XR Lim", P is a psendo-triangle
pP

fe iP
# . Consequently, XR Lim P——YR Lim P—>AP—>(XR Lim P)!! is a triangle in &
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Note that ZR Lim P—>AP is an isomorphism in .# since b is an isomorphism in FO NF).

We have uRLimP = fP, vRLim P - bP = (vR Lim - b))P = i P and

RLImP —— RLImP —— RLImP —— RLimP
XRLimP YRLimP ZRLimP XRLim P)!!
1 ll bP 1
fre iP pP
HLim 7 — Lo Lim 7 - — Lo Lim
XRLimP YRLimP A (XR Lim P)M
We conclude that
uReal’s:P vReal’sP wRealSP . X\
(XReally, —7=Y Really, —"~ZReals"; ZT - (XReal'y")! )
— (¥R Lim P—"***%-YR Lim P-"***E- 7R Lim P****="2(XR Lim P)1"
is a triangle in .%. ]

4.4.7 Lemma. Suppose that .# has epilimits and monocolimits.
The functor Real? 7 K(J) — Z is exact. &

Proof. We will use lemma 3.4.19 and propositions 4.1.3, 4.2.28. We abbreviate R = R, # ,
Lim = Ll—myi”? , & = E,Y/f,ﬁ , & = E,ﬁvﬁﬂ , A= A%’,ﬂ ) é = éij P = Pw;ﬁ/ )
P= Ezjﬁgz O =00 and & = &y 5

We will use that Z-A QV (F) = K(H) is full and faithful, cf. definitions 4.1.20 and 4.2.57.
Note that Real’; 7.7 1s additive since it is a composite of additive functors, cf. definitions 4.1.20,

4.2.57 and remark 4.2.20.

First step.

We want to construct an isotransformation Xy s - Real? y—A>Real§7 PP
Suppose given X € Ob(K(77)).

Note that we have XL ,Real, ; = XIRLim P and

XRealI}_@g = (XRLimP)V = (XRle)[ y P, cf. lemma 3.4.19.(a).

Since Z - A is full, we may choose X“]RLim—>(XR Lim)[ I in FOY (7 So(F) such that
XpEA = XWRo A - XM Xl (XRo A)Y - XR Lim,_ ]a A

Note that Xy is an isomorphism in Q;(ﬁ) since XR 07 'A, X[l]g XU (x RoA)M
and XRLim;_y &1 A are isomorphisms in K() and since Z - A is full and faithful.

Let X\ = XpP: XMRLimP — (XRLimP)!". Note that X\ is an isomorphism in .Z since

X is an isomorphism in Q;(ﬁ" ).

Suppose given X—ovin K(72).



Choose XRLim—2=YRLim in FO(%) such that g = fR Lim.
We have Xy - gﬁ]” = fIR Lim - Y since

Y. (YRoA)W . YRLim &' A

XWR Lim "~ (XR Lim)"
IR Lim jg[[l_]l]
Yu .

We have

XWR Lim P 2~ (XR Lim P)
l(fRLirnP)[”
YR Lim P 2~ (YR Lim P)1!

f“]RLimPl

A : . .
We conclude that Xk s - Realf}, g—>Real§ # - 2 1s an isotransformation.

251
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Second step.
Suppose given a triangle X —“=Y —’>7—"> Xl in K(#). We want to show that

uRealI;’g vRealf}’y wReal@ XA

YReal’; ZReal’; ’ (XRealg’y) (1 )

uR Lim P . vRLim P wRLim P- X\

YR Lim P ZR Lim "2 (XRLi mB)[1]>

<X Realgj(g

=<XEMmB

is a triangle in 7.
Choose XR Lim—'~VR Lim in FO(#) such that f = uR Lim.

Choose a pseudo-triangle X RL1m—>YRL1m—-—>A—|—>XR L1rn 7y in FO(F) such that

A, XP_{Ll_m[lju € Ob(FOY, (%)), cf. lemmata 3.4.49 and 4.2.29. By propositions 4.2.28.(b) and
(pE-XR Lim_j£)A

4.1.3.(b), XRLimEA =2 YR Lim=A -S4 A=A

angle in C(). Consequently,
fEA iZA P;é'XﬂLii[,l]Eé
XRle_A—>YRL1m_A s ———

K(s#). We have

XR leu A is a pseudo-tri-

(XRLimZA) is a triangle in

X “ Y v Z = X0
X¢XRoA Y¢YRoA a (X¢-XRoA)l
= P = = = 1
XRLmZA ——-—VRLmEA ————AZA (XRLimEA)M

EA-XRLim;_1EA EE—

Since = - A is full, we may choose ZRLim—2>A in 2;(@) such that
bEA = Zﬂg_lé~é’1 -a. Note that b is an isomorphism in Q;(ﬁz) since ZRo A, Zs
a are isomorphisms in K(#’) and since Z - A is full and faithful.

We have vR Lim - b = i since

(vRLim-b)ZA = vRLmEA - bZA =vRLMEA - ZRo 'A-Z¢ ' - a
= (vR Li E-Zf_{c_r_l)é-Zg_l-a (Y}_{g—l-vf_{)é-g—l a
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and since = - A is faithful. We have b - p = wR Lim - X'y since

= wP_{Li_mgé X[l]Eg’lé - x [ &[1} (Xﬂgé)m XR le[_”Eilé
= wRLIMEA - XuEA
= (wRLim- Xp)ZA
and since = - é is faithful.
XR Lim "2 VR Lim "2 7R Lim -2 ¥R Lim!,
1J \1 ‘b L1
L i L (1]
XRLim —— YR Lim A XR Lim

_1]

By lemma 3.4.19.(b), XEM_mPgYBM_mP—&AP—p&XBM_mE”P is a pseudo-triangle
fP iP pP
in .%. Consequently, XR Lim P-——=YR Lim P-——>AP——(XR Lim P)!! is a triangle in

)

Z.
. bP . . . . . . . . .
Note that ZR Lim P——= AP is an isomorphism in .% since b is an isomorphism in 2; )

We have uRLimP = fP, vRLim P - bP = (vRLim - b)P = i P and

(F

wRLIMP - XA = wRLimP - XuP = (wRLim - X)P = (b-p)P = 0P - pP.

XRLimP YR Lim P ————— ZR Lim P ————> (XR Lim P)!
1 ll bP 1
fre iP pP
XRLimP—=——YRLimP —— A - (XR Lim P)!
We conclude that
uReal’ vReal wReal XA
(XRea1§ "7 Y Reals j—— "> ZReal’s 77 (XReal§ )l )

is a triangle in Z. O
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4.4.8 Lemma. Suppose given n € Z and X € Ob(FOz, (F)).

For ¢/k € V, we have Xy, € Ob(T4k41))- &
Proof. We have X, € Ob( % ZU)=ob( %k 7..)b k 3.3.20.

roof. We have X,/ € (je[k+1,€] ] oy +3] y remar
Thus Xg/k € Ob(%+k+u) UJ

4.4.9 Lemma. Suppose given X € Ob(FO 4 (%#)). For £/k € V, we have X/, € Ob(Tp j41)-
¢

Proof. We have X/, € Ob ( X %”[j]) = 0Ob < X Lﬂj,ﬂ) by remark 3.3.20.
jelk+1,0 jElk+1,0]

Thus Xg/k < Ob(%&]pru). ]

4.4.10 Lemma. Suppose givenn € Z and X € Ob(FOZL(?)) Then we have X, € Ob(Fj)
for ¢ € Z. ¢

Proof. For { € Z.,, , we have X|; € Ob(Zz) and thus X}, € Ob(J.).

Suppose given ¢ € Z>, . We have Xy/,,_1 € Ob(J};,) by lemma 4.4.9.

Xine X0/ )
Consider the pure short exact sequence Xj,_; atada X [t X¢/n—1 in Z. The mor-

phism Xy, is an isomorphism in .% since X,_; € Ob(Z#). We conclude that

X‘g € Ob(%&m) since Xg/n,1 € Ob(%g’nj) ]

4.4.11 Lemma. Suppose given m,n € Z and X € Ob(FO"" (7).

Then we have X,, € Ob(Fjmn)- &
z x:"n+1|

Proof. Consider the pure short exact sequence X ‘mi>Xw—>Xm+1| in .#. The morphism
i, is an isomorphism in .7 since X, 1) € Ob(Zz). We conclude that X,, € Ob(F}y, ) since
Xim € Ob(F,) by lemma 4.4.10. O

4.4.12 Lemma. Suppose given X € Ob(CP(J#)).

(a) Suppose given m € Z and suppose that X € Ob(C™ (7).
We have XReal;", € Ob(Z,).

(b) Suppose given m € Z and suppose that X € Ob(C™(2)).
We have X Realg’f@ € Ob(Fjm).

(c) We have XReal’"; € Ob(F). o

Proof. Ad (a). We may choose ¢ € Z such that X € Ob(C*™(#)). By lemma 4.1.21 and
remark 4.2.52, we have XR ,, zLim , » € Ob(FO eml (g ).
Thus XReal_I_f;fg = XESiji_mgﬁﬁBB’%j € Ob(Jm) € Ob(T,,) by lemma 4.4.11.

Ad (b). This is dual to (a).
Ad (c). This follows from (a) and (b). O
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4.4.13 Lemma. Suppose given U € Ob(Ac*(2#)). We have UReal?fg € Ob(Zg).
Cf. definition 1.9.56. ¢

Proof. We may choose n € Z such that U € Ob(C[”H’"_H (). Write X = Uﬁl Y = Ul

and choose X—_~Y in .7 such that f= un+1 .

Choose a pseudo-triangle X Ly iz Poxlling 7, cf. lemma 2.2.11.

A Un+1

f
Note that X ——=Y ——7 X[l} is a triangle in .#. Since U,,,;——U, U, is a short

exact sequence in 7, it can be completed to a triangle U, U, —U, g U [1J]rl in
Z. Since we have u, 1 = f ="l we may choose an isomorphism Z-"—%>U, . in .Z such

that i - a = u,, .

fl=nl i-nl
X[nl =, yl-nl = 7[-n] X [=n+1]
!
Un+1 il Un i Un—l U?'[L]il

By lemma 2.1.37, we may choose a pullback in .% as follows.

Q—F+H

y 1

Zl-g 20

Moreover, we may choose a kernel Z[_l]—?—>Q of ¢ in .# such that h-j = ZI7U, and
(~1l.
ZFIB—Z5 P X1 ig a cokernel of ;.

We define V' € Ob(FO™17~11(.7)) by setting
o V,=27H1B |
. V|k:Z[_1]B,v|k:1,vﬁzlforkEZZnH,
. MH:Q,v‘n:j,vi’;:j,Mn_lzZ[_” ,v|n_1:h,v‘°j1_1:Z[_1]L,
o Vp=0zforkecZ,
o Vi = Z-1B | vy =1, vy = lforkeZ.,,
o V=2, v = AR vm =z Vg = X Up| =P, U:Jr” = 77 . p and

o V;ﬂ\ =0g fOTk€Z2n+2 .

Note that VP, # =V, = ZI7UB € Ob(Zy).

We choose cokernels W@ﬂCg/k of Vigyye for £/k € V in .F as follows. Let c,_1/n—2 = 15011,

Cn+l/n—1 = Z[_l]ﬂ- y Cn/n—1 =4 , Cn/n—2 = ]-Q y Cntl/n = Z[_l]ﬂ— P and Cn+l/n—2 = 1Z[—1]B .
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We abbreviate C' = (¢/)¢/kev - The object VO¢ is isomorphic to VEz in V(F), cf. definitions
4.2.3, 4.2.11 and lemma 4.2.9.(a,b). Thus VOcA ¢ & is isomorphic to VEzA » 2 in C(H).

By lemmata 4.2.33 and 4.1.17, we have VEzA 4 » € Ob(CP =1 (%)) and thus
VOcA 7 € Ob(CMm1 (7)),
We have

(V@C)n—l/n—2»n+l/n—2 =Cp—1/n—2" (V@C)n—l/n—2»n+l/n—2 = ‘/|n—1»|n+1 “Cptl/n—2 = h ]
=771,

and (V@C)n+1/n—2m+1/n—1 = Cn+1/n—-2" (V@c)n+1/n—2m+1/n—1 = Cp41/n—1 = Z= g,

We have (VO¢)n/n—1sn+1/n—1 = @ since
q- (VGC)n/n71m+1/n71 = Cp/n—1" (V@C)n/nfbn%»l/nfl = Uln * Cp41/n—1 = ] : Z[il}ﬂ =q-1

and since ¢ is a pure epimorphism.

We have (VO¢)nt1/n—1snt1/n = P since
Z57 - (VGC)"'H/n—lm‘H/n = Cnt1/n—1" (V@C)n+1/n—1m+1/n = Cpyl/n = ARr P

and since Z=Ur is a pure epimorphism.

Using lemmata 2.2.10, 2.2.3 and 3.3.42, we obtain

—n—1 —n—1 -n
(V@CA,%",,?%H-IWL - 6%/907,,3_1’,1’”_‘_1 = (5([1.71)) ] = f[ J

and

(V@CA%V?%?m—l = (ﬂ/_@n}c,n—ln—l,n = (V@C)n/n—bn-ﬁ-l/N—l[_n] ’ 6597110,71—2,n—1,n+1

_ [=n] . gl-nl [—n
= l[ ]. 5(2[71]%2[71]”) _[ ]

Thus we get an isomorphism V@CA:yf,g&—b)U in QMttn=Tl () by setting b, =1,b, =1
and b,_; = a.

_ and E_]jf # are mutually quasi-inverse equivalences,

. —b b b
Since =, 7 and Lim j, 5 as well as é%pj

we get that V and U 3%7 ng_mgfg are isomorphic in &;(ff ). We conclude that

URealg’i} = URY, ;Lim", P’ ,, > € Ob(Zy) since VP, ,, » = V,, € Ob(Zg). O
4.4.14 Lemma. Suppose given X € Ob(Ac"(#)). We have XReal?’Z; € Ob(Zgy). O
Proof. This follows from lemmata 4.4.6, 4.4.13 and 1.9.57. O]

4.4.15 Lemma. Suppose that .# has countable products and that Z is closed under countable
products in .#. Then .7 is closed under epilimits for ¢ € Z, cf. definition 3.2.54. &
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Proof. Suppose given ¢ € Z, X € Ob(CF(#)) with X}, € Ob(J)) for k € Z and a limit
(A, (ag)rez) for X. Choose a product (P, (pi)rez.,) for (Xi)rez, in #. We have P € Ob(.7)
since P € Ob(2) by assumption and since 7} is closed under products in &, cf. lemma 2.1.41.

Lemma 3.2.35 yields a pure short exact sequence A—4>P—1+P in .Z, which in turn yields
a triangle P~ A P P in . Z. So A € Ob(J) since PI=U, P € Ob(.7). O

4.4.16 Lemma. Suppose that .%# has countable products and that 2 is closed under countable
products in .Z. Suppose given X € Ob(FO'2(.F)). For ( € Z, we have X|, € Ob(F). O

Proof. This follows from lemmata 4.2.40, 4.4.9 and 4.4.15. [

4.4.17 Remark. Suppose given a functor A: F# — 2.

(a) If A is left-adjoint to Inc% , then the functors Inc’%- A and 14 are isomorphic in Z(2).

(b) If A is right-adjoint to Ine% , then the functors Inc%-A and 14 are isomorphic in Z2(92).
¢

Proof. This follows from the fact that the inclusion functor Inc?% is full and faithful, cf. lemma
1.6.6. O

4.4.18 Lemma. Suppose that .%# has countable coproducts. Suppose given a functor
A: F — 2 that is left-adjoint to Inc§ ,n€Zand X € Ob(F O}Oi]‘m( 7)).
For k € Z, we have XA € Ob(Z,14). O

Proof. Suppose given k € Z. By lemma 4.2.41, (Xj, (X¢/k—1|)eez) is a colimit for X=zWp 5 # .
Moreover, we have (XZ7V¥yp #)e = Xop—1 € Ob(T1y), cf. lemma 4.4.8. Choose a coprod-

uct (C, (cx)rezs,) for (Xg/k_1>g€z>0 in .. Lemma 3.2.36 yields a pure short exact sequence

C—o—>C—0—>Xk‘ in %, which in turn yields a triangle C' C X CWin Z. Since
A is left-adjoint to Inc@, we obtain a triangle C'A CA XA CAM in Z and
(CA, (ckA)rezs,) is a coproduct for (Xyp-14)eez., in &, cf. lemma 2.1.40. Note that, for
¢ € Z, we have Xy,_1A € Ob(F14) since Xyp_1 € Ob(F4h), cf. remark 4.4.17. Thus
CA € Ob(J,4) since 15 is closed under coproducts in 2.

We conclude that XA € Ob(Z,.x) since CA, CAM € Ob(F,45). O

4.4.19 Lemma. Suppose that .# has epilimits and monocolimits. Suppose that & is closed
under countable products in .%. Suppose given a functor A: . # — & that is left-adjoint to

Incgj .
(a) Suppose given m € Z and X € Ob(C™(#)). We have XRealI}ﬁA € Ob(T).

(b) Suppose given m € Z and X € Ob(C™(#)). We have XRealI}ﬁA € Ob(In).
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Proof. Ad (a). We abbreviate Y = XR, zLim, ; . By lemma 4.1.21.(b) and remark

4.2.53.(b), we have Y € Ob(FOm] (:#)). Consider the pure short exact sequence
Yimn—1 Yom|

Yimo1—=Y, —0—>Ym‘ in .#. We have Y},,_1 € Ob(Zy) since Y € Ob(FO™ (.#)). Thus Yo
is an isomorphism in .%. By lemma 4.4.18, we have X,, ;A € Ob(7,). We conclude that
XRealy ;A =Y, A € Ob(Fy).

Ad (b). We abbreviate Y = XR , zLim , 5 . By lemma 4.1.21.(a) and remark 4.2.53.(a), we
have Y € Ob(FO™(.%)). Consider the pure short exact sequence

y\m m+l\

Yim—e=Y, —»—>Ym+1‘ in #. We have Yy, 11| € Ob(Zz) since Y € Ob(FO™(.#)). Thus Yim
is an isomorphism in .#. By lemma 4.4.16, we have Y}, € Ob(Z},). So Y, € Ob(F},,). We
conclude that XReal’ ;A =Y, A € Ob(J},), cf. remark 4.4.17. O

4.4.20 Lemma. Suppose that ? has epilimits and monocolimits. Suppose that & is closed
under countable coproducts in .%. Suppose given a functor A: .% — 2 that is right-adjoint

to Incg .

(a) Suppose given m € Z and X € Ob(C™ (#)). We have XRealy ;A € Ob(Zy).

(b) Suppose given m € Z and X € Ob(C™(#)). We have XRealy ;A € Ob(T,). o

Proof. This is dual to the previous lemma 4.4.19. [

4.4.21 Lemma. Suppose that .# has epilimits and monocolimits. Suppose that & is closed
under countable products in .# and that .7 is non-degenerate. Suppose given a functor
A F — 2 that is left-adjoint to Inc% . Suppose given X € Ob(Ac()). We have
XReal’; ;A € Ob(Zy). o

Proof. This follows from lemmata 4.4.7, 4.4.13, 4.4.19 and 1.9.58. Cf. remark 4.4.3. Also note

that A is exact since it is left-adjoint to the exact functor Inc”g . n

4.4.22 Lemma. Suppose that .# has epilimits and monocolimits. Suppose that & is closed
under countable coproducts in .%. Suppose given a functor A: .% — 2 that is right-adjoint
to Incg . Suppose given X € Ob(Ac()). We have XRealI;’gA € Ob(Zg). O

Proof. This is dual to the previous lemma 4.4.21. m

4.4.23 Definition. We define Realbg, #: DP(J#) — 2 to be the unique exact functor such
that LY, - Real’, » = Real";|7, cf. lemmata 4.4.6, 4.4.11, 4.4.12.(c), 4.4.14 and 1.5.12. We

call Real’ 7.7 the bounded realisation functor of 7 with respect to 7
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4.4.24 Definition. Suppose that .# has epilimits and monocolimits. Suppose given a functor

A: F — 9. Suppose that one of the following two statements is true.

(a) Z is closed under countable products in .Z and A is left-adjoint to Inc% .

(b) 2 is closed under countable coproducts in .% and A is right-adjoint to Inc_@ :

We define Realy 7 7: D(J) — 2 to be the unique exact functor such that
L -Realy 7,2 = Realg,y - A, cf. lemmata 4.4.7, 4.4.21, 4.4.22 and 1.5.12. We call Realy 7 #

the realisation functor of 7 with respect to A and .#

&

4.4.25 Proposition. The bounded realisation functor Realby’y: DP(J#) — P is t-exact with
respect to 7" and 7. %

Proof. Note that Real} # 1s exact by construction.
Now the result follows from lemma 4.4.12.(a,b). O

4.4.26 Proposition. Suppose that .# has epilimits and monocolimits. Suppose that & is

closed under countable products in .#. Suppose given a functor A: .% — 2 that is left-adjoint
to Incg .
The realisation functor Reala 7 #: D(5) — 2 is t-exact with respect to 7 and 7. &

Proof. Note that Realy 7 # is exact by construction.

Now the result follows from lemma 4.4.19. OJ

4.4.27 Proposition. Suppose that .%# has epilimits and monocolimits. Suppose that & is
closed under countable coproducts in .. Suppose given a functor A: .# — & that is right-
adjoint to Inc% .

The realisation functor Realy 7 #: D(J) — 2 is t-exact with respect to T and 7. &

Proof. This is dual to the previous proposition 4.4.26. O

4.4.28 Proposition. The functors I , - Real]}y and Inc?, are isomorphic in J#(2). <

Proof. We have Ipb , - Realf}ﬂ = Ixo - Lb, . Realf}y(, IR - Real’y b¢|9 So the result
follows from lemmata 4.4.4 and 1.1.6. []

4.4.29 Proposition. Suppose that .# has epilimits and monocolimits. Suppose that & is
closed under countable products in .%. Suppose given a functor A: .# — 2 that is left-adjoint

to In(@ . The functors Ip_y - Real 7 7 and Inc?, are isomorphic in /#(2). &
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Proof. We have Ip - Realy 7 7 = Ik » - Lw - Reals 7 7 = Ix - Rea@,ﬂ - A
The functors Inc%, and Inc?, - Inc% A= Inc% - A are isomorphic in J(2) by remark 4.4.17

and lemma 1.1.5. Now the result follows from lemmata 4.4.5 and 1.1.5. O

4.4.30 Proposition. Suppose that .%# has epilimits and monocolimits. Suppose that & is

closed under countable coproducts in .%. Suppose given a functor A: . % — 2 that is right-
adjoint to Incgj . The functors Ip_y - Realy 7 # and Inc%, are 1somorph1(: in (). &
Proof. This is dual to the previous proposition 4.4.29. O

4.4.31 Remark. It is not known if realisation functors are unique or universal in some way,
cf. [Ric89, section 7] and [Ric91, corollary 3.5]. The problem has its roots in the non-uniqueness
of the induced morphism in the axiom (TR3), cf. [Nee91, section 5. O

4.5 Adjacent w- and t-structures

We have collected some facts about w- and t-structures in sections 1.7 and 1.8 which we will
use now.

Suppose given a strict Frobenius category . = (&, B, 3, ¢, m, ). Suppose given a full triangu-
lated subcategory 2 C .. Suppose given a t-structure .7 = (%, J)p) on Z. Suppose given
a w-structure # = (#p, #5) on 2. We abbreviate 7 = J , H=Hz and € = #} .

4.5.1 Theorem (adjunction for adjacent structures). Suppose that .# has epilimits and
monocolimits. Suppose that & is closed under countable products in .%#. Suppose given a
functor A: . — 2 that is left-adjoint to Inc9 Suppose that .7 is non-degenerate and that
o =Wp , ie. that F is left-adjacent to #'.

(a) The functor Realy 7 & is left-adjoint to Resy & - K(H|¢) - L
The functors (ReSy/y -K(Hl¢) - Ly - [ij) |# and (Ip_» - Realy 7 #)|” are isomorphic
to 1 in JE(I).

(b) Suppose given n € Z such that o C Ty -
Then the functor Wy & IncFO ((?) Eg71 2 — NV _(F) is full and faithful. Moreover,

it is right-adjoint to Limg 5 - BZ,%’,? A.

(c) Suppose given n € Z such that #4 C 7, . Suppose that € C 7.
Then the functors Resy # , K(H|¢) and Resy # - K(H|¢) - L are full and faithful.

K(#) — = K()

Resy 7 K
RealA’gﬂg

7 D(2)

IHC%T ID%/( )/[HM

H ¢
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Proof. We abbreviate . = Jy = #} . Note that . is closed under countable products in
Z since 7 is closed under countable products in % and since . = 9y . Note that % is

left-non-degenerate since .7 is non-degenerate. Also note that H| is right-adjoint to Inc7, .

v (L
By proposition 4.1.24, R, 5 - Inc;y((;)) is left-adjoint to A , - K(H|»).
’ =\ —

o

Folim,inj Z . ..
Proposition 4.2.60 yields the adjunction (Lim T Inczi ({6;)( ) : 21;27’;” Oy 7, Ty, ) with

X1, 7 = X1z for X € Ob(FOU"™(F)). We abbreviate 7 =T and 7 = T, 5 .

. .. . lim,inj Z
aps lim,inj . s lim @y’ (Z)
By proposition 4.3.52, P> - A is left-adjoint to Wy, - Inc&;i;n(y)
whm g Q};}]’mj(g) N
#.7 Ppolim () . gl A, 5 KHly)
9 FOUMN(F) (F) K(s2)
plim,inj 4 — Folim,inj(g):ry Y (F)
—w ST Lim Inc—< Ry zIncg” (&
Ll o g Q;(L@) , Y o (F)
We want to prove the following six statements.
v (3—;) FOlim,inj (/(r) ...
: K . _ . ~. T3 . = _plim,inj
(i) We have Realy »-A=R » Inczﬂ(ﬂ) Lim, 5 Incm;(y) P A

(ii) We have A

vV _(#)
A, , K(Hlg) = Ineg” )&, - K(H|).

=77
7) v,(%) y FOU™™ (%) _fiming

. .= . = im 7 . =lim,inj
(iii) The functors Wy & InCFoW((@) Sz Incz%(g) and W,z - Inc; Sy 7 are

FOlim(.7)
isomorphic in Z(V _(F)).

' FO_ (%) I FOBM™(Z)  _lim,inj\ | ¥ (%)
r . e = im = . elimyingy | Yo
(iv) The functors Wy IDCQW (7) * S¢,7 and (Wy's Incgl;;(ﬁ) Sy )| are

isomorphic in Z(V_(F)).

Folim,inj (@) I L.
= —lm,inj . )
woin(s)  Zr éy,y K(H|») are

(v) The functors Resy s - K(H|y) and Wlwlmg - Inc
isomorphic in 2(K(77)).

FO'Imini(.7) . plim.inj

(vi) We have (Lim, 5 - Inc@;(% Poos: A) ‘ch(ﬁ)

1 v
=Limy - Pjy 5 - A

Ad (i). We have

Realy 7 A=Ry 5 Limy 7 P 47 A=Ry 5 ‘U_my’?j?;f) ‘P, slroy (5) - A
=Ry .z ‘Li_myﬁ(f:;)j(y) 'Ew,ﬁ|2?;hinj(y) .\
~Rop s Limslg7 ) neged 7RI
=Ry z- Inc%;(iz)) : Iﬂ_m@|1;i%;y)) ’ Incigg(’:)(% ’ Biir,nsj,n%é‘ - A
=Ry, s- Incéz(é?) -Lim 5 - Inci(o)ijﬂ:;)(y) . _Etrlyv}f} A
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Ad (ii). We have

cf. remark 4.1.16.

Ad (iii).
O g
The functors Whrn Inc%ff’fn((;)) and Wy 7 are isomorphic in Z(FO (7)) by lemma 4.3.50.
0
Thus the functors Wy z - Il’lCF (( /)) Ey Inc%y ((;)) and
0 0 7
VVhm - Inc Eo{j; (( y’)) . Incizw((;)) Eg.7 Inc%c: ((;)) are isomorphic by lemma 1.1.5. We have
Wyls - Inc Foﬁz“(ﬁ) Inpo ) (7) - Ses Incvy(ff =Wy f|Fohm( #)

im 7011111 ,inj (Lg) _ Z (f)
}/ : InCFoizn( ) . E@ |Loy;im,inj (g‘)
im Ohm ) (F) —lim,in,
S AR

Ad (iv). This follows from (iii) and lemmata 3.3.19, 1.1.6.

Ad (v). By (ii), we have

Resy 5 - K(H|¢) = W ICfﬁf(ﬁ)-: A K(Hg)
FO (9) - vV, (7)
=Wy s - Inciw(g;) e InCiZ(ﬂ) 'éy,ﬁ - K(H|.»).
So the result follows from (iii) and lemma 1.1.5.
Ad (vi). We have
. Qlim,inj (9) lim,in' l (y) . Fohm mj(y) Lim in
(Ll_my,y : Incgg(% 'Bw,y,j@ : A) ‘ v () Incl:(y) -Lim g o IDCFOV (F) Bw,sﬂ,J? A
Fov (%)
= le?‘v () _w,y|g;(ﬁ>) A
Ov (F)

—ley\v ( 7) _w,y|Q;(y)'A

= Limy 5 - Py 7 - A

Ad (a). Composing the three adjunctions from above, we get that

PAC O FO'™™(F)  lim,in . .
Ry .z IncV 7 ) -Lim 5 - Inc%V ) BL y} A is left-adjoint to
Fohm inj (9)

Wy - Inc Ol;ﬂ(y) ~§ljﬁ?}nj éyy -K(H|»), cf. lemma 1.6.7. Using (i) and (v), we get that
Realgj-A is left-adjoint Resy & - K( @) L

by lemma 1.6.14.(c).

#). So Realy 7 # is left-adjoint to Resy s -K(

Suppose given X € Ob(7)y). For Y € Ob(T ), we have a bijection between
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2(YRealy 7 7, X) and py)(Y, XResy zK(H|¢)L,»). Since Realy 7 7 is t-exact by proposi-
tion 4.4.26, we have 4 (Y Reals 7 #,X) = 0 and thus p ) (Y, XResy s K(H|s)Ly) = 0.

We conclude that XResy zK(H|)L,» € Ob(TLO ).

T
So Rea,lAyfq“g\igf is left-adjoint to (Resy # - K(H|y) - L,f)‘yi]) , cf. lemma 1.6.9.
o
Note that ID’%»|TL0% is left-adjoint to [Hj{{l|7-|-gi” :
So (ID,;f . Rea1A7y7y) |yLO is left-adjoint to (Res%g -K(H|¢) - Ly - [ij) }% , cf. lemma 1.6.7.

The functors Ip_ - Realy 7, » and Inc?, are isomorphic in #(2) by proposition 4.4.29. In
particular, the functors (Ip_» - Reala 7 #)|”” and 1, are isomorphic in () .

Since (I, - Reals 7 #)|” is left-adjoint to (Resy 7 - K(H|¢) - Ly - Hy )| by lemma 1.6.9,
we also obtain that the functors (Res%{,@ -K(H|¢) - L - H f)| » and 1, are isomorphic in

H(H).

im.in im Fohm mJ(/) . Fohm inj (g)
Ad (b). We abbreviate F' = P! 5’,} A, G=Wy"; Inc*ohy,;(y) U=Limgy, » InC@g(@

—lim,inj

and V =2 o F

Since F' is left-adjoint to G , we may choose a counit GF —251, of the adjunction. Note that
A is an isotransformation since G is full and faithful, cf. lemma 1.6.6.

Consider the composite of the first two adjunctions from above: U - F' is left-adjoint to G - V
with counit (1 %7 * 1p) - A, cf. lemma 1.6.7.

For X € Ob(2), we have XGV € Ob(V_(F)), cf. (iv).

So lemma 1.6.9 yields that (F-U)|g_(#) is left-adjoint to (V-G) Y(7) with counit (1gxTx15)-A.
Note that (U - F)‘Z(g(gz) = Lim, 5 -PY, - A by (vi) and that the functors (G - V)| and
Wy 7 - Inc%‘i((’?) - Z¢ 7 are isomorphic by (iv).

So it remains to show that (1g * 7 * 1p) - A is an isotransformation, cf. lemma 1.6.6. Since A
is an isotransformation, it suffices to show that 15 x 7 x 1 is an isotransformation.

Suppose given D € Ob(2). We abbreviate Y = DG, X = YEzLimg and f = Y7. So we
have X—~Y in FO(.F) with D(1g 7 1p) = DGTF = Y7 P . 4 — f, A,

Note that Y € Ob(FOY*(.#)) and that X € Ob(FOY (%)), cf. lemma 4.2.55. Since ¥ C T
by assumption, we also have ¢ C .7, and thus X € Ob(FOZnJ (F)).

fuA
Choose a triangle X, A——=Y_A Z X, A in 9.
Suppose given k € Z.
The morphism f, is an isomorphism in %, cf. definition 4.2.58. Note that f|k Y = T fo

. Fieyp yk+1| Ty
in .%. The pure short exact sequences Xj . Y, Yjyq) and X ‘k—o—>X ——= X1
W ‘fw W
\ \
in .7 yield triangles X e Y, Yit1 X|[k] and X|k;k>Xw—>Xk+1‘—>X|[;]
ot A fu A
< which in turn yield triangles X A— Y, A Yk+1|A—>X|kA[1] and

zty A
XjpA—X, A Xk+1|A—>X|kA[1] in & since A is exact.
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Now (TR4) yields a triangle Xk+1|A—>Yk+1|A—>Z—>Xk+1‘A[1] in 2.

Xpy1A
X, A
z“ZA/’ fud
XA T ATA Vi A

\/

Note that we have Y; 1A € Ob(#}41) € Ob(F4k+1)), cf. remark 4.4.17.
We have XHHA,XHHAM € Ob(J4k+41)) by lemma 4.4.18. Thus Z € Ob(.7,4141)) as well.

So we have Z € Ob(.7,,) for all m € Z. Since .7 is non-degenerate, we have Z € Ob(Zg).

Thus fwA is an isomorphism in 2. We conclude that 15 x 7 % 1 is an isotransformation.

FO()

Ad (c). The functor Wy » IncFO T -E¢.# is full and faithful by (b) and the functor A

7) =%,
full and faithful since € C S, cf. definition 4.1.20. So Resy 7 = Wy - Incio ((/,)) Bz é(gy

is full and faithful. Note that H|y is isomorphic to Incy/ in €' (%) since € C . Thus K(H|)
is full and faithful, cf. lemma 1.9.22. Now lemma 1.6.14.(b) yields that Resy - K(H|¢) - L
is full and faithful as well. O

4.5.2 Remark. One may call w-structures with the properties of theorem 4.5.1.(b) complete.

¢
4.5.3 Theorem (adjunction for adjacent structures). Suppose that .# has epilimits and
monocolimits. Suppose that 2 is closed under countable coproducts in .%. Suppose given a

functor A: # — 2 that is right-adjoint to Inc§ . Suppose that .7 is non-degenerate and
that 7 = #4 , i.e. that . is right-adjacent to #'.

(a) The functor Realy 7 & is right-adjoint to Resy # - K(Hl|y) - Ly
The functors (ReSy/’gz -K(H|¢) - Ly - [H,%o) |» and (Ip_» - Reals 7 #)|” are isomorphic
to 1y in J€(IC).

(b) Suppose given n € Z such that #p C 77, .
7
Then the functor Wy 5 Incig (( 7)) Eg71 2 — NV (F) is full and faithful. Moreover,

it is left-adjoint to Lim., 5 - Ewcfy A.

(c) Suppose given n € Z such that #p C .}, . Suppose that € C J7.
Then the functors Resy # , K(H|¢) and Resy & - K(H|¢) - L are full and faithful.
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K(¢) —) k()
) Realy, 7, & D(%)
InC%T Ip 32”( Hoe
H H ¢
Proof. This is dual to theorem 4.5.1. O

4.5.4 Theorem (bounded adjunction for adjacent structures). Suppose that #  is bounded
and that J, = # , i.e. that 7 is left-adjacent to 7.

(a) The functor Real}}yy is left-adjoint to Resy, ;- K"(H|y) - LY, .
The functors (Res}, 5 - K"(Hl¢) - L% - H%)|» and (Ipb e - Real}yﬂ” are isomorphic
to 1Jf in %(%)

(b) Suppose that € C 7.
Then the functors Resy, » , K"(H|%) and Res}, 5 - K"(H|) - L%, are full and faithful.

e

b
ResW’ P L%
Real‘?q”g

9 D ()
IHC%T IDby‘% /( Hgf
H A &

Proof. We abbreviate ./ = )y = #} . Note that H| is right-adjoint to Incﬁ )

F
By proposition 4.1.25, E}’ -In CZS"( :

o (%) is left-adjoint to é;y -KP(H|»).

The functors 3} # and Limy 2 are mutually quasi-inverse equivalences, cf. definition 4.2.56.

F b (g
By proposition 4.3.54, P, y 7|7 is left-adjoint to WW 7 +1n c%by ((;)) since # is bounded.
WP, 4 Inc (ga) b b
W, Fob (#) E% & A, K (Hl»)
9 Oby(ﬁ) Z;(?) K*(2)
P o7 T Lim?, 5 o R IHCZI}(?)
I, F ng(g)
Ad (a). Composing the three adjunctions from above, we get that
v (F 9 . . FO" (7) _
ng’g-lncvi((;) -Limbyyy-ﬁg,y,gzw is left-adjoint to W%y IncFOl;‘j((;) 22 5 Al;f-Kb(HW),



266
cf. lemma 1.6.7. We have

Rb I fl‘;ﬁ(ﬂ) Li b Pb 9 _ Rb L Q;(ﬁ) P 9
Doy 7 nclgf(g) LU o g P oz’ = T 1m9]vb (%) '—w,ﬂygby(g?)
FOP (F) g
_ pb b |=uw» 9
Rov.7 leﬁ’vb (F) 'Ew,ﬂygb ()
_ - b b 2
= (R%’,,zt Lim}, 5 —wjf7)|
_ Kb 12
= Real ;. 7|
and
FOP (7) vh (F)
b FO°, —b b b _ wrb —b AV b b
Wy # - IHCQEW@;) "2y F é v K°(H|y) =Wy 5 -Z5 5 - Incg%(g) éyﬂ‘ -K(H|.»)

cf. lemma 4.3.10, remark 4.1.16 and definition 4.1.18.
So Realg’?bﬂ@ is left-adjoint Res}, 5 - K"(Hl).
By lemma 1.6.14.(c), Realbgj is left-adjoint to Res}, 5 - K"(Hl¢) - LY,
Suppose given X € Ob(7)). ForY € Ob(Tl]%p’b), we have a bijection between @(YReaI%j , X)
and po (e (Y, X Res), ;K"(H|¢)LY,). Since Real%j is t-exact by proposition 4.4.25, we have
#(YReal; 5, X) =0 and thus b, (Y, XRes), -K"(H|)L%) = 0.
We conclude that XRes}), K"(H|4)L", € Ob(ﬁgf’b).
b 7 b b N
So Real ﬁ?f’b is left-adjoint to (Resy 5 - KP(H|y) - L) 9\:; , cf. lemma 1.6.9.

J€,b
Note that IDb7jf|TLO is left-adjoint to [I—IBATLgf,b :

So (Ips e - Real%j) “% is left-adjoint to (Resy, - K’(Hlg) - LY - H,) cf. lemma 1.6.7.

T
The functors Ipp 4 - Real’ ; and Inc), are isomorphic in (%) by proposition 4.4.28. In
1

particular, the functors (Ipp . - Real%’ #)|”" and 1, are isomorphic in J# () .

Since (Ipb 4 - Reall}y)ryf is left-adjoint to (Resk’%y -K"(Hl¢) - LY, - H5,)
we also obtain that the functors (Resy, - - K’(H|y) - L}, - H%,)
Ad (b).

The functor WZ # is full and faithful, cf. definition 4.3.33. The functor E%, # is full and
faithful, cf. definition 4.2.56. The functor é;g is full and faithful since € C 57, cf. remark
4.1.23. So Res];‘/j = W/];g : 5%7 P é;ﬁ is full and faithful. Note that H|y is isomorphic
to Incf in € () since € C . Thus K"(H|y) is full and faithful, cf. lemma 1.9.23. Now
lemma 1.6.14.(b) yields that Res;’/’y -KP(H|y) - LY, is full and faithful as well. O

o by lemma 1.6.9,

w» and 1, are isomorphic in

4.5.5 Theorem (bounded adjunction for adjacent structures). Suppose that #  is bounded
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and that J = #4 , i.e. that .7 is right-adjacent to #'.

(a) The functor Realbg,gz is right-adjoint to Res}, » - K’(H|) - LY,
The functors (Reslf},/ﬂ -K"(H|¢) - LY - H%) | and (Ipb e - Real%jﬂf are isomorphic
to 1%1’ in %(%)

(b) Suppose that € C 7.
Then the functors Res), 5 , K’(H|¢) and Reslﬁ,/j -KP(H|y) - L5, are full and faithful.

K" (Hl|«)

K" (%) K" (7)

RESPW,@ Lb,
Realbg,g

9 DP(A)
IDC%T IDb’E%/( )/[Hgf
H H &
Proof. This is dual to the previous theorem 4.5.4. O]

4.6 Application to derived categories

4.6.1 Definition. Suppose given an abelian category o/ with countable products and count-
able coproducts. Suppose that </ has enough K-injectives.

We abbreviate 1" = IncEi(f(L{) Ly KM(o) — D(mf) .By [Kral0, p.erosition 4.9.1], 1™
is an exact equivalence and we choose a quasi-inverse R): D(&/) — K" (&/). Moreover, we

choose a functor AL’}jz K(a7) — K™ () that is left-adjoint to Inciff(? )
o
IncK'(g-{)
. Kinj (o)
K™ (o7 K(o) L D(.ef)

inj

Agf
R

Note that C(<7) is a strict Frobenius category with epilimits and monocolimits, cf. lemmata

3.2.50 and 3.2.51. Also note that K™ () is closed under countable products in K(.<7).

(a) Suppose given a w-structure # on D(7). Since R™ is an exact equivalence, we obtain
a w-structure #R™ on Kinj(ﬂZ ) We abbr'e.viate € = Wig and €' = (W R )pg . Note
that the restricted functors [R;I;Jﬁ? and L]¢, are mutually quasi-inverse equivalences.

Consequently, K([Ri;”%') and K(I]_E;J@/) are mutually quasi-inverse equivalences as well.
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We define the injective resolution functor of # over o/ to be the composite
Res/iwnj,ﬂ =R, Resy gini (a7 ° K(Ly[%): D(#/) = K(%).

. -
%l c(er) k(L)

K(¢")

[Rinj

D() < KM (o)

K(%)

(b) Suppose given a non-degenerate t-structure .7 on D(.¢7). Since R™ is an exact equiva-
lence, we obtain a non-degenerate t-structure .7R™ on K™ (&),
We abbreviate 5 = oo and ' = (T IRZ}j)LO’OJ . Note that the restricted functors
IRZ?\?;’ and l]_i;}j 7, are mutually quasi-inverse equivalences. Consequently, D(Rz}ﬂ %&')
and D(I]_Lr}j|§,) are mutually quasi-inverse equivalences as well.
We define the injective realisation functor of 7 over &/ to be the composite

Real}nj% =D(RJI%) - Realyini sgini () ° L): D(#) = D(«).

D Rinj‘ﬁi"/ Real irnj7 inj7 o inj
D() (=1%) D(") — TN imi( gy Dy(e7)
¢
RY K(R71%)
Using the equivalences D(&/)—=K" (&) , K(%) K(%¢") and
Lo k(117
b (®%")
D(s7) ( ] D(s") from above, we obtain the following version of theorem 4.5.1.
(L1

4.6.2 Theorem (adjunction for adjacent structures on derived categories). Suppose given
an abelian category &/ with countable products and countable coproducts. Suppose that
4/ has enough K-injectives. Suppose given a t-structure J = (%, 7)) and a w-structure
W = (Wp, #5) on D(&/). We abbreviate 5 = J) , H=Hz and € = #pq . Suppose that
 is non-degenerate and that Jjy = # , i.e. that .7 is left-adjacent to #'.

(a) The functor Real}njﬂ is left-adjoint to Resi,/njﬂ -K(Hl|g) - Ly .
The functors (Resi,/njd K(H|#) - Ly - Hy) | and (Ip e - Reali{;jﬂﬂ%) are isomorphic to
1Cyg in %(«%ﬂ)

(b) Suppose given n € Z such that #5 C 7, . Suppose that ¢ C JZ.
Then the functors Resy? , , K(H|¢) and Res’ , - K(Hl|y) - Ly are full and faithful.
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. K (%) &)K(%ﬂ)
Sy ot Ly
/ Reali{;j’d \
D(e7) D()
Inc%d) T ID,%/( ln"%
H W 4 &

As usual, we also have the following dual versions of definition 4.6.1 and theorem 4.6.2.

4.6.3 Definition. Suppose given an abelian category .7 with countable products and count-

able coproducts. Suppose that .7 has enough K-projectives.

We abbreviate 17 = Incif,ffj)( oy " L KProl (42% ) = D(«). The functor 1% is an exact
equivalence and we choose a quasi-inverse RY,*: D(«/) — KP™ (7). Moreover, we choose a
functor A”%: K(o7/) — K" (/) that is right-adjoint to Incig‘zj)( o)
L5
IncK(de).(
. KPrOj (o)
KProl(o7) K() Lot D(.o)

proj
Am’
proj
[Rgf

Note that C(7) is a strict Frobenius category with epilimits and monocolimits, cf. lemmata
3.2.50 and 3.2.51. Also note that K*/(<7) is closed under countable coproducts in K(.7).

(a) Suppose given a w-structure # on D(.«7). Since R”%* is an exact equivalence, we obtain a
w-structure # R%% on KP™I(.e7). We abbreviate € = #{yq and €’ = (# R%*) g . Note
that the restricted functors R”%*|Z" and 1.”%*|¢, are mutually quasi-inverse equivalences.
Consequently, K([Rg;oj Z?) and K(l]_f;oj ¢,) are mutually quasi-inverse equivalences as
well. We define the projective resolution functor of # over &/ to be the composite

ResE}}f’i{ =Ry Resmeg;oi,cw) : K(”—E;Oj@) : D(o) — K(%).

Reswnez;ojp(d) K(I]_Z;Oj g,)

KPJ(7) K(%")

proj
Rey

D(o)

K(%)

(b) Suppose given a non-degenerate t-structure .7 on D(7). Since IRE;Oj is an exact equiv-
alence, we obtain a non-degenerate t-structure ZR”%* on KP™i(a7).
We abbreviate 7 = oo and ' = (T [Ri;oj)pq . Note that the restricted functors
[Rg;oj |72 and I]_E,foj |7, are mutually quasi-inverse equivalences. Consequently, D(IRfo’;oj \ jf’)
and D(I]_E;Oj@g,) are mutually quasi-inverse equivalences as well.

We define the projective realisation functor of  over &/ to be the composite
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Real’7"), = D(R| %) - Realyproi sgor o,y - L™ 2 D(I) — D().

()

j|oe! Real j j
D([RI;OJIj? ) aPTOl 7 RPIOT ¢ (or)

D(2) KPl(.o/ )

D(#")

4.6.4 Theorem (adjunction for adjacent structures on derived categories). Suppose given an
abelian category 7 with countable products and countable coproducts. Suppose that <7 has
enough K-projectives. Suppose given a t-structure 7 = (.7, 7)) on D(&/) and a w-structure
W = (W, #5) on D(/). We abbreviate 5 = g , H=Hgz and € = #pq -
= W , i.e. that 7 is right-adjacent to 7.

Suppose that
7 is non-degenerate and that .7

(a) The functor Real’;"), is right-adjoint to ResperJ
The functors (Res%ﬁij :

K(H|) - L
K(H|¢) - L - [Hﬂo)],y; and (Ip s - RealplroJ )7 are isomorphic to

(b) Suppose given n € Z such that #; C I},

Then the functors Res},”, ,

. Suppose that € C 7.
K(H|¢) and Resg/r?i{ :

K(H|¢) - Ly are full and faithful.

. . K((g) K(H‘%) K(%)
W K
Real?:o
D(/) - D(A)
Incgéfzﬂ ID,%( He
I I



Chapter 5
Tilting and silting theory

We follow the treatment of [PV18, section 4]. In particular, we define silting and cosilting ob-
jects in triangulated categories using t-structures. The t-structure associated to a (co)silting
object S will be denoted by .7°, its heart by J#% and the corresponding homology functor
by Hg . Additionally, we introduce the concept of w-(co)silting objects for (co)silting ob-
jects whose t-structures have adjacent w-structures. The w-structure associated to such a
w-(co)silting object will be denoted by #° and its core by € .

We define (co)silting resolution and realisation functors associated to w-(co)silting objects in
suitable derived categories (definitions 5.1.17, 5.1.20) and use the results from the previous
chapter 4 to show that they are adjoint to each other (theorems 5.1.19, 5.1.22).

Section 5.2 contains our derived Morita theorems 5.2.4 and 5.2.8 for injectively (resp. projec-

tively) complete abelian categories.

We apply our adjunctions to silting and cosilting complexes in derived categories of module
categories in the last section 5.3 and deduce a silting theorem as well as a cosilting theorem
(theorems 5.3.8, 5.3.9).

In this chapter, we work inside a fixed Grothendieck universe 4 that contains the integers,
cf. [SGAT2, exposé I] [Sch72, sections 3.2, 3.3]. All categories are assumed to be i-categories.
All products and coproducts are assumed to be small with respect to 4. Note that the derived
category of an abelian {U-category 7 with enough K-injectives or enough K-projectives is again

a i-category since it is equivalent to a subcategory of K(.27).
5.1 Woa-silting and w-cosilting objects

5.1.1 Definition. Suppose given an additive category < and an object X € Ob(&).

(a) Let Coprod, (X) denote the full subcategory of &7 whose objects are summands of a

coproduct of copies of X.

(b) Let Prod,(X) denote the full subcategory of o/ whose objects are summands of a
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product of copies of X.

5.1.2 Definition. [PV18, definition 4.1]
Suppose given a strict triangulated category 2 and an object S € Ob(2).

(a) We say that S is a silting object in 2 if S € Ob(S+>°) and if (St>0, §1<0) is a t-
structure on 2. In this case, we write 7% = (S+>0 §+<0) and say that 79 is the

t-structure associated to S. We also write Hg = H5s and 75 = 9@@ :

(b) We say that S is a cosilting object in 2 if S € Ob(+>0S) and if (1<0S,+>09) is a t-
structure on 2. In this case, we write 7° = (+<08,1>05) and say that 79 is the

t-structure associated to S. We also write Hg = H5s and 75 = 9@5@ .

(c) We say that S is a tilting object in & if it is a silting object in & such that
Coprody(S) C s .

(d) We say that S is a cotilting object in 2 if it is a cosilting object in & such that
Prody(S) C 7% .
¢
This notion of silting and tilting objects is designed to be used in unbounded derived categories.
We refer to [PV18, example 4.2] for a comparison with existing notions in the literature and
to [AI12], where the authors work in the bounded setting in the first part of the paper and then
turn to the unbounded setting in section 4. The following proposition shows that silting and
tilting objects in derived categories of Grothendieck categories admit a perhaps more familiar

description.

5.1.3 Proposition. [PV18, proposition 4.13] Suppose given a Grothendieck category 7 and
an object S € Ob(D(&7)). Then S is a silting object in D(.¢7) if and only if the following three

conditions hold.
(a) We have p(q (S, S =0 for k € Z+ .
(b) Given X € Ob(D(«)) with p(u)(S, X*) = 0 for k € Z, then we have X € Ob(Zp.)).
(c) S*>0 is closed under coproducts in D().

Note that, by definition, such a silting object S € Ob(D(«)) is a tilting object in D(&7) if
and only if p() (S5, CoprodD(ﬂ)(S)[’“}) =0forkeZy. O

5.1.4 Definition. Suppose given an abelian category <7 and an object G € Ob(%7).

(a) We say that G is a projective generator in 7 if G is projective in &7 and if we have
#(G,Y) #0 for all Y € Ob(«/) with Y ¢ Ob(Z).

(b) We say that G is an injective cogenerator in <7 if G is injective in o/ and if we have
«(Y,G) #0for all Y € Ob(«/) with Y ¢ Ob(Z.). &
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5.1.5 Example. [PV18, lemma 4.10 and remark 4.11]

Suppose given an abelian category .o7.

(a) Suppose given a projective generator P in .&/. Then Plp  is a tilting object in D(.7)

and the associated t-structure is the standard one.

(b) Suppose given an injective cogenerator @) in /. Then Qlp  is a cotilting object in

D(«7) and the associated t-structure is the standard one. o
5.1.6 Proposition. [PV18, proposition 4.3]

Suppose given a strict triangulated category 2 and a silting object S in 2. Then 79 is a

non-degenerate t-structure on 2 and SHg is a projective generator in J¢5 . &

5.1.7 Proposition. [PV18, proposition 4.3]
Suppose given a strict triangulated category 2 and a cosilting object S in 2. Then .77 is a

non-degenerate t-structure on ¥ and SHg is an injective cogenerator in J¢5 . &

5.1.8 Definition. Suppose given a strict triangulated category 2 and an object S € Ob(2).

(a) Wesay that S is a w-silting object in 2 if it is a silting object in & such that (i(glf), ﬂof)
is a w-structure on 2. In this case, we write #° = (L(%f), %JS) and say that #° is

the w-structure associated to S. We also write €s = %g(ﬂ'

(b) We say that S is a w-cosilting object in & if it is a cosilting object in & such that
(,?Lég, (,?L*_gl)i) is a w-structure on 2. In this case, we write #° = (9@9, (,Zfl)L) and

say that #° is the w-structure associated to S. We also write €5 = 7/[5901‘

(c¢) Suppose given n € Z. We say that S is an n-w-silting object in 2 if it is a w-silting
object in Z such that WK‘? - 95 .

(d) Suppose given n € Z. We say that S is an n-w-cosilting object in & if it is a w-cosilting
object in 2 such that V/Of C ;ZLJS .

(e) We say that S is a w-tilting object in 7 if there exists n € Z such that S is an n-w-silting
object in & and if €5 C % .

(f) We say that S is a w-cotilting object in & if there exists n € Z such that S is an
n-w-cosilting object in & and if €5 C % . o
5.1.9 Lemma. Suppose given a strict triangulated category & and a w-silting object S in Z.
Suppose that 2 has coproducts. Then we have €5 = Coprod,(.5).
So if S is a w-tilting object in & then it is a tilting object in 2. &

Proof. Note that we have € = %S 07/(65 = ‘70JS ﬁL(ZJS) = StonL((S+>0)). So the result
follows from [PV18, lemma 4.5.(ii).(a)]. O
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5.1.10 Lemma. Suppose given a strict triangulated category & and a w-cosilting object S
in . Suppose that & has products. Then we have €5 = Prod4(S).
So if S is a w-cotilting object in & then it is a cotilting object in Z. &

Proof. This is dual to lemma 5.1.9. m

5.1.11 Definition. Suppose given an abelian category .7 and an object S € Ob(D(&7)).

(a) Suppose that S is a silting object in D(<7). We say that S is bounded if there exist
n,m € Z such that T,,”‘jf C %S C 7;]‘2{

(b) Suppose that S is a cosilting object in D(.2/). We say that S is bounded if there exist
n,m € Z such that ’71;‘;‘? - fu*f C 715

Cf. [PV18, lemma 4.14 and definition 4.15]. &

5.1.12 Lemma. Suppose given an abelian category &/ with enough DG-projectives and a
bounded w-silting object S in D(&7). Then there exists n € Z such that S is a n-w-silting
object in D(«7). &

Proof. Note that we have Wﬁf’proj C 71;57 for k € Z, cf. definition 1.9.54.
Since S is bounded, we may choose m,n € Z such that 7;1“]7 C ﬂof C 7;]‘?{. So we obtain
WS = 1) € HTy) = W™ €Tl = (T € (T ) = 3

m—n -

[]

5.1.13 Corollary. Suppose given an abelian category .o/ with coproducts and enough DG-
projectives. Suppose given a bounded w-silting object S in D(.27). Then S is a w-tilting object
in D(&7) if and only if it is a tilting object in D(%7). Cf. lemmata 5.1.9 and 5.1.12. &

5.1.14 Lemma. Suppose given an abelian category &/ with enough DG-injectives and a
bounded w-cosilting object S in D(<7). Then there exists n € Z such that S is a n-w-cosilting
object in D(&7). &

Proof. This is dual to lemma 5.1.12. O]

5.1.15 Corollary. Suppose given an abelian category o/ with products and enough DG-
injectives. Suppose given a bounded w-cosilting object S in D(%7). Then S is a w-cotilting
object in D(&7) if and only if it is a cotilting object in D(«/). Cf. lemmata 5.1.10 and
5.1.14. &

5.1.16 Example. Suppose given an abelian category 7.

(a) Suppose that 7 has enough DG-projectives. Suppose given a projective generator P in
of. Then Plp . is a bounded w-tilting object in D(%7) and the associated t-structure

is the standard one.
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(b) Suppose that o7 has enough DG-injectives. Suppose given an injective cogenerator @) in
</ . Then Qlp . is a bounded w-cotilting object in D(¢7) and the associated t-structure

is the standard one.

Cf. example 5.1.5 and definitions 1.9.53, 1.9.54. &

5.1.17 Definition. Suppose given an abelian category &/ with products, coproducts and
enough K-injectives. Suppose given a w-cosilting object S in D(<). We write

Realy™, = Real’ys : D(5%%) — D(&)

and say that Realg”;, is the cosilting realisation functor associated to S. We also write

Res§, = Res)ls , - K(Hslgg) - L : D() = D(#5%)

and say that Resg”, is the cosilting resolution functor associated to S.

Cf. definition 4.6.1 and proposition 5.1.7. &

5.1.18 Definition. Suppose given a triangulated category &. A full triangulated subcategory
< C 2 is called a colocalising subcategory of & if it is closed under products in 2. We say
that an object X € Ob(Z) cogenerates 7 if 7 is the smallest colocalising subcategory of &
that contains X.

When 2 has products, then this definition coincides with the one in [Neell, 0. Introduction].
%

5.1.19 Theorem (adjunction for w-cosilting objects). Suppose given an abelian category o
with products, coproducts and enough K-injectives. Suppose given a w-cosilting object S in
D(<).

(a) The cosilting realisation functor Realg”;, is left-adjoint to the cosilting resolution functor
Resgs, . The functors (Resg”, - Hag )| and (Ip g - Real§s,)| s are isomorphic to 1

in A5 (H5).

(b) Suppose that S is a w-cotilting object in D(«?). Then the cosilting resolution functor
Resg”, is full and faithful. If SIp s cogenerates D(s), then Resg, and Realg”, are

mutually quasi-inverse equivalences.

¢

Proof. Ad (a). This follows from theorem 4.6.2.(a).
Ad (b). The functor Resg’, is full and faithful by theorem 4.6.2.(b).

COs

Suppose that Slp s cogenerates D(%). The essential image of Resg”, is a triangulated

COs

subcategory of D(#5) that is closed under products since Resg’, has a left-adjoint. Moreover,

SResg, = SReS;;jS“Q{K(HS%gS)LfS is isomorphic to SIp s in D(%) by lemma 4.3.44 and

since S € Ob(%s) C Ob(J5). Thus D(%) is the essential image of Resg, . O
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5.1.20 Definition. Suppose given an abelian category ./ with products, coproducts and
enough K-projectives. Suppose given a w-silting object S in D(«7). We write

Realy ,, = Realr;gj’%: D(#%) — D(«)
and say that Realg , is the silting realisation functor associated to S. We also write

Resy,, = Resty? - K(Hsleg) - L : D(o) = D(H5)

and say that Resy ,, is the silting resolution functor associated to S.
Cf. definition 4.6.3 and proposition 5.1.6. &

5.1.21 Definition. Suppose given a triangulated category Z. A full triangulated subcategory
< C 2 is called a localising subcategory of & if it is closed under coproducts in 2. We say
that an object X € Ob(2) generates 2 if 2 is the smallest localising subcategory of 2 that
contains X. O

5.1.22 Theorem (adjunction for w-silting objects). Suppose given an abelian category .o/

with products, coproducts and enough K-projectives. Suppose given a w-silting object S in

D().

(a) The silting realisation functor Realg ,, is right-adjoint to the silting resolution functor
Resy,, . The functors (Resy , - Hg )| and (Ip g - Realg ,,)|”5 are isomorphic to 1

in A5(Hs).

(b) Suppose that S is a w-tilting object in D(.27). Then the silting resolution functor Resj ,,
is full and faithful. If STp s generates D(%), then Resy ,, and Realg ,, are mutually
¢

quasi-inverse equivalences.

Proof. This is dual to theorem 5.1.19. O]

5.2 Morita theory for derived categories

Classical Morita theory [Morb8] tells us when two categories of modules Mod-R and Mod-S are
equivalent. A necessary and sufficient condition is that there exists a progenerator in Mod-R
such that its endomorphism ring is isomorphic to S. For derived categories of module cate-
gories, the corresponding theory is due to [Ric89] and [Kel94]. Here the existence of a tilting
complex theorem is necessary and sufficient for two derived categories of module categories to
be equivalent. We are now able to generalise this to derived categories of projectively complete
abelian categories via w-tilting objects in theorem 5.2.8 and, dually, to derived categories of

injectively complete abelian categories via w-cotilting objects in theorem 5.2.4.

5.2.1 Definition. We say that an abelian category &7 is injectively complete if
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(a) it has products and coproducts,
(b) it has enough DG-injectives and if

(c) there exists an injective cogenerator @) in o/ such that QIp , cogenerates D(<7). o
5.2.2 Remark. Suppose given an injectively complete abelian category o/ and an injective
cogenerator R in .o/. Then Rlp ., cogenerates D(<7). O

Proof. We may choose an injective cogenerator ) in o7 such that QIp ., cogenerates D(7).
So we have Prod(R) = Prod(Q). The result now follows from the fact that Ip ., preserves

products of injectives. ]

5.2.3 Example. We say that a Grothendieck category &7 is left-complete if D(7) is left-
complete in the sense of [PV18, definition 6.2]. Left-complete Grothendieck categories are
injectively complete. See example 1.9.48 for (b) and [PV18, (proof of) lemma 6.6.(ii)] for

(c). Y

5.2.4 Theorem (derived Morita theorem for injectively complete abelian categories). Suppose
given injectively complete abelian categories &/ and 4. The following two statements are

equivalent.

(a) There is an exact equivalence F': D(#) — D(<7).

(b) There is a w-cotilting object S in D(&7) and an equivalence G: B — 5% . o
Proof. Ad (a)—(b). Choose an injective cogenerator @) in #. Then Qlp 5 is a w-cotilting
object in D(#) and the associated t-structure is the standard one, cf. example 5.1.16. Conse-
quently, S = QIp »F is a w-cotilting object in D(.«7) and there is an equivalence G: & — % .
Ad (b)—(a). Note that SIp x, cogenerates D(7%), cf. proposition 5.1.7 and remark 5.2.2. By
theorem 5.1.19.(b), Real”,: D(%) — D(&7) is an exact equivalence.

We conclude that D(G) - Realg”;,: D(#) — D(&/) is an exact equivalence. O

5.2.5 Remark. If the w-cotilting object S in theorem 5.2.4.(b) is bounded, then the equiv-
alence is restrictable (see [PV18, definition 3.15]) since the functor Realg”;, induces an equiv-
alence between (77%)P and (.7%)P and the latter can be identified with D(.e?) since S is
bounded. ¢

5.2.6 Definition. We say that an abelian category o7 is projectively complete if
(a) it has products and coproducts,
(b) it has enough DG-projectives and if

(c) there exists a projective generator P in o/ such that Plp ., generates D(<7).
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5.2.7 Example. The module category Mod-R, where R is a ring, is a projectively complete
abelian category. See example 1.9.50 for (b) and [Fra01, proposition 3.3] for (c). Moreover, it

is also injectively complete since it is left-complete Grothendieck. &

5.2.8 Theorem (derived Morita theorem for projectively complete abelian categories). Sup-
pose given projectively complete abelian categories &/ and Z. The following two statements

are equivalent.

(a) There is an exact equivalence F': D(#) — D().

(b) There is a w-tilting object S in D(«) and an equivalence G: & — % .

Proof. This is dual to theorem 5.2.4. O]

5.3 Silting and cosilting complexes

An overview of recent developments in silting theory can be found in [Angl8].

Suppose given a ring R. Let Proj-R denote the full subcategory of Mod-R whose objects are
the projective R-modules. Let Inj-R denote the full subcategory of Mod-R whose objects are

the injective R-modules.

We consider C(Proj-R) and C(Inj-R) as full subcategories of C(Mod-R) via
C(Incpi i) : C(Proj-R) — C(Mod-R) and C(Incpy0%:™): C(Inj-R) — C(Mod-R).

5.3.1 Definition. Suppose given X € Ob(C(Proj-R)). We say that that X is a silting
complex if it is a silting object in D(Mod-R). Cf. [AHMV16, proposition 4.2]. O

5.3.2 Definition. Suppose given X € Ob(C’(Inj-R)). We say that that X is a cosilting
complez if it is a cosilting object in D(Mod-R). Cf. [Angl8, proposition 6.8.(2)]. &

The following two theorems allow us to apply our results to silting and cosilting complexes.

5.3.3 Theorem. [AHMV16, theorem 4.6]
Suppose given a silting complex X € Ob(C"(Proj-R)). Then X is a bounded w-silting object
in D(Mod-R). &

5.3.4 Theorem. [MV18, theorem 3.13]
Suppose given a cosilting complex X € Ob(C"(Inj-R)). Then X is a bounded w-cosilting
object in D(Mod-R). O

5.3.5 Theorem (adjunction for silting complexes). Suppose given a silting complex
S € Ob(C"(Proj-R)). The silting realisation functor Realg \oq.r: D(H#s) — D(Mod-R) is
right-adjoint to the silting resolution functor Resjyjoq.p: D(Mod-R) — D(#). The functors

(ReSSS,Mod-R M)

s and (Ip g - Real\,q.5)| " are isomorphic to 1, in #%5(45). &
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Proof. This is an application of theorem 5.1.22.(a). O

5.3.6 Theorem (adjunction for cosilting complexes). Suppose given a cosilting complex
S € Ob(CP(Inj-R)). The cosilting realisation functor Realg}joq.r: D(#5) — D(Mod-R) is
left-adjoint to the cosilting resolution functor Resgyoq.z: D(Mod-R) — D(J5). The functors

(Res$od-r - How)| oz and (Ip e, - Realgyq )| are isomorphic to 14 in % (5). &
Proof. This is an application of theorem 5.1.19.(a). O

There is a correspondence between t-structures and torsion pairs in abelian categories known
as HRS-tilting, see e. g. [HRS96, chapter I, section 2] and [PSZ18, proposition 1]. We have the

following lemma.

5.3.7 Lemma. [Pol07, lemma 1.1.2]

Suppose given a strict triangulated category 2. Suppose given t-structures .7 and % on ¥

such that J C %y € 7_y . Then (Jpg N %L(% » Jo,0 N U, ) s a torsion pair in Fjy o and
—1 . . .

(Fo0 Ny ﬂépj] N o)) is a torsion pair in %o - O

5.3.8 Theorem (silting theorem). Suppose given a silting complex S € Ob(CM (Proj-R)).
Let .7 denote the associated t-structure in D(Mod-R). We abbreviate ¢ = Jyo . Let %
denote the standard t-structure in D(Mod-R). Note that one may identify %o with Mod-R
via Ip moa-r - We have J C %y C T4 , cf. [AHMV16, lemma 4.5].

Let Y =N %L&%J and X = N U, - By lemma 5.3.7, (Y, X) is a torsion pair in J# and
(X, Y1) is a torsion pair in %oy -

The functors (Res§ yjoq.p - Hor)|# and (Ip_y - Real§y,q.5)|” are isomorphic to 1, in #(¢)

by theorem 5.3.5. In particular, we have the following.

e The functors (Resgjoa.r - Ho)|3 and (Ip e - Real§yq )% are mutually quasi-inverse

equivalences.

1 [-1]
e The functors (Ip vod-r - Res§ vjod.r - [H,;f)g[,l] and (Ip - Real§ \iod.r ° ZDMOd_R)]% are

mutually quasi-inverse equivalences.

Resg Mod-r
D(Mod-R) D(H)
RealsS,Mod-R
ID,Mod—RT ID,%”( )/[H%
Mod-R H o

5.3.9 Theorem (cosilting theorem). Suppose given a cosilting complex S € Ob(C™ ! (Inj-R)).
Let % denote the associated t-structure in D(Mod-R). We abbreviate 5 = % . Let 7
denote the standard t-structure in D(Mod-R). Note that one may identify 7o with Mod-R
via Ipvoa-r - We have F C %y C 7y , cf. [Popl7h, theorem 2.12 and proposition 2.16].
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Let Y = o9 N AN and X = oo NI . By lemma 5.3.7, (Y, X) is a torsion pair in Fj
and (X, Y71} is a torsion pair in JZ.

The functors (Res§yoq.g - Hor)| e and (Ip - Real§y,q.5)|” are isomorphic to 1, in #(¢)
by theorem 5.3.6. In particular, we have the following.

e The functors (Res§yjoar - H)|3 and (Ip e - Realgyq )3 are mutually quasi-inverse

equivalences.

— [—1] S
e The functors (£} 0r" Res§ N od-r * [H)f)|¥ and (Ip - Real§yoq.r - ZD,Mod—R)|§[_1] are

mutually quasi-inverse equivalences.

ReSCOS
S, Mod-R
D(Mod-R) D(
Real 3} 0.
ID,Mod—RT ID,%(

Mod-R H &
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