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Abstract
Modeling the morphogenesis of epithelial tissues requires faithful simulation of cell-level dynamics, including changes 
in shape and neighborhood relations. Traditional two-dimensional models, such as cell-centered Voronoi tessellations, are 
limited in their ability to represent the curved three-dimensional geometry of epithelial layers found in biological systems. 
In this work, we introduce a formal three-dimensional modeling approach for epithelial structures based on the concept 
of backbone spreads, and we analyze its geometric properties. Building upon this framework, we propose an adapted 
Metropolis–Hastings algorithm to compute epithelial tissue configurations that minimize a given energy functional. We 
provide theoretical guarantees on the algorithm’s efficiency and demonstrate its practical effectiveness on the examples 
of tubular and spheroidal epithelia. Furthermore, we examine the diversity of cell shapes and connectivity patterns that 
arise in the simulations, and we analyze their frequency in relation to key model parameters. Notably, our simulations 
reveal novel cell configurations that, to our knowledge, have not been previously described in the literature. Our results 
highlight the ability of the backbone spread model to capture complex epithelial cell structures while also allowing for 
efficient simulation of dynamic reconfigurations.
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data becomes essential for simulating these processes and 
exploring the effects of various parameters.

Simple epithelial tissues typically consist of a single 
layer of cells, each of which is connected to both a basal and 
an apical surface. These tissues are commonly involved in 
processes such as absorption, filtration, and protection. Due 
to the absence of blood vessels in epithelial layers, trans-
port of substances relies on diffusion and intercellular junc-
tions, underscoring the importance of understanding cell 
shapes and their connectivity within the tissue. Modeling 
such monolayer cell structures in two dimensions is appeal-
ing, as it enables efficient and robust simulation of tissue 
dynamics. While two-dimensional approaches have indeed 
yielded valuable insights (e.g., [1]), they may not capture all 
relevant geometric and topological features. In particular, 
the work of Gómez-Gálvez et al.  [2] demonstrated that in 
curved epithelial layers, a previously uncharacterized cell 
shape can emerge, which has different set of cell neighbors 
on the basal and apical surface. This cell shape was named 
scutoid and it was shown to play an important role in the 
morphogenesis and stability of cell layers. In Fig. 1, a sche-
matic depiction of the emergence of scutoid on a curved 

Introduction

The spatial organization and structural arrangement of cells 
play a central role in the development and function of tis-
sues and organs in multicellular organisms. While advances 
in bioimaging have provided significant insight into cellular 
configurations and dynamics, the continuous observation 
of cell reorganization remains challenging and, in many 
cases, infeasible. As a result, constructing suitable computa-
tional models based on available biological and biophysical 
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epithelium is shown, Fig.  2 shows an actual scutoid as it 
appears in our simulation. As this cell shape cannot be cap-
tured in flat 2D models, a faithful epithelial tissue model 
needs to take into account the 3D structure of the cells as 
well as the curvature of the cell layer.

Epithelium Models

Two widely used frameworks for modeling cellular arrange-
ments are the vertex model and the cell-center model.

In the vertex model, individual cells are explicitly 
defined by the coordinates of their boundary vertices. In two 
dimensions, cells are typically represented as polygons [3], 
whereas in three dimensions, they are modeled as polyhe-
dra [4, 5]. This approach offers high geometric flexibility 
and can accommodate a broad range of cell shapes. How-
ever, this expressiveness comes at a cost: implementing bio-
logically realistic cell reconfigurations based on the vertex 
model requires complex algorithms and intricate parameter 
tuning, which results in demanding simulations.

In contrast, the cell-center model simplifies cell represen-
tation by assuming that the positions of cell centers alone 
suffice to determine the overall spatial organization. Cell 
shapes are then derived from a corresponding spatial tes-
sellation. Among the various tessellation strategies, Voronoi 
diagrams are particularly prominent due to their structural 
similarity to biological cell arrangements. A Voronoi tessel-
lation partitions space based on a set of input points, assign-
ing to each point the region consisting of all locations closer 
to it than to any other point. This method naturally extends 
to three dimensions and higher. Nevertheless, when applied 
in 3D, standard Voronoi diagrams may fail to conform to the 
geometry of epithelial monolayers—even when restricted 
to a volume bounded by the apical and basal surfaces, see 

Fig. 2  Scutoid cell from our simulation

 

Fig. 1  Illustration of scutoid cells. In a, the projections of the basal 
(left) and apical (right) surfaces of the cells involved in the scutoid for-
mation are shown. While the green and the yellow cell are neighbors 
on the basal surface, they are not neighbors on the apical surface. The 

same applies vice versa for the blue and the red cell. In b and c show 
their relation on the curved surfaces, and d depicts the 3D transition 
structure between the surfaces schematically
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Fig. 3 for an illustration of this issue. This severely limits 
their applicability to curved epithelial tissues.

A specialized approach for modeling tubular epithelial 
tissues was introduced by Gómez-Gálvez et al. [6]. In their 
framework, cell centers are assumed to lie on the apical sur-
face, and each is projected onto the basal surface to define 
a line segment connecting the two surfaces. This segment, 
referred to as the backbone of the cell, serves as the cen-
tral axis of its spatial extent. A three-dimensional Voronoi 
diagram constructed over these backbone segments yields a 
cellular decomposition that satisfies the desired monolayer 
structure. However, computing Voronoi diagrams for line 
segments in 3D is computationally demanding—even in 
two dimensions the problem is nontrivial (see e.g., [7]). In 
fact, in 3D the only known upper bound for the complexity 
of the Voronoi diagram of line segments is O(n3+ϵ) for any 
ϵ > 0 [8], which makes direct computation prohibitive for 
large n. To overcome this challenge, their method employs a 
subsampling strategy: discrete points along each backbone 
are projected into two dimensions, where standard 2D Vor-
onoi diagrams (which have linear complexity) are computed 
for each layer, see Fig. 4 for an illustration. These diagrams 
are then interpolated and combined to approximate full 
3D cell geometries. Despite the approximation, this model 

proved effective in capturing the emergence of complex cell 
shapes, including scutoids, and in providing quantitative 
insights into their formation.

In this work, we present a general, parameterized model 
for three-dimensional monolayer cell arrangements. Our 
approach builds upon the concept of cell backbones intro-
duced in [6], but imposes biologically meaningful constraints 
on their relative positioning. These constraints enable the 
derivation of structural properties of epithelial tissues prior 
to any simulation, a capability that is not supported by exist-
ing models. Moreover, the framework provides a formal 
basis for analyzing the computational complexity of algo-
rithms that simulate cell reconfiguration, thereby linking 
biological fidelity with algorithmic tractability.

Further Related Work

An alternative cell-center-based approach for modeling 
epithelial tissues was recently introduced by Mimura et al. 
[9]. Their method begins with a 2D point set, from which 
cell shapes are derived using a suitable triangulation. The 
corresponding 3D geometry of each cell is then extrapo-
lated from its 2D outline. To simulate tissue reconfigura-
tion processes such as invagination, the model incorporates 

Fig. 4  On the left, a tubular epithelium is depicted, for which between the apical and basal surface two layers (red and orange) are used for approxi-
mation. Each layer is projected in the plane for Voronoi tesselation, as shown on the right, which is then mapped back onto the 3D structure

 

Fig. 3  Cross section through a 
three-dimensional Voronoi diagram 
which is induced by a set of points 
and confined between the basal 
and apical layer. Many cells do 
not reach both surfaces and thus 
the resulting structure does not 
coincide with a simple monolayer 
epithelium
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deformations of the apical or basal surface. While these 
deformations affect the overall 3D structure, the framework 
does not support the emergence of complex cell geometries 
such as scutoids, which limits its applicability.

A majority of existing models are built upon Voronoi 
diagrams, which have been extensively studied in compu-
tational geometry. Prior work includes dynamic Voronoi 
diagrams where generator points move over time [10], 
three-dimensional Voronoi structures [11], and diagrams 
generated by more general geometric entities such as line 
segments, lines, balls, or polygons [12–16]. These general-
ized Voronoi structures play an essential role in our mod-
eling and simulation framework, and we will discuss their 
relevant properties in more detail in subsequent sections.

We also note that dynamic Voronoi models and Vor-
onoi based simulations have found application in diverse 
domains beyond tissue modeling—for example, in environ-
mental and fluid simulations that require continuous Vor-
onoi cell reconfigurations [17], geospatial applications [18], 
or routing in 3D terrains [19].

Contribution

We introduce a cell-center model for three-dimensional 
monolayer epithelial tissues, which we name the tight 
backbone spread model. This model extends the notion of 
backbone-based cell representations, proposed by Gomez 
and Galves [6], by introducing meaningful geometric con-
straints that are governed by a parameter ϕ. This parameter 
is correlated with the difference in cell volumes that occurs 
within the tissue, which is known to be small in real-world 
epithelia. Our model provides an a priori bound on the num-
ber of neighbors each cell can have, which was not possible 
in existing models. We thoroughly analyze the geometric 
properties of our model and also provide more refined neigh-
borhood size bounds for tubular and spheroidal epithelia.

Building on our model, we develop a novel simulation 
algorithm for energy minimization in the cell layer that is 
provably efficient under the constraints of the tight back-
bone spread. It is a modification of the well-known Metrop-
olis–Hastings algorithm, which searches for lower energy 
states based on proposing and accepting or rejecting small 
backbone movements. We show that in a cell layer adher-
ing to our model, many such backbone movements can be 
proposed simultaneously without impairing the fidelity of 
the algorithm. We prove running time bounds that depend 
on the number n of cells in the tissue as well as our model 
parameter ϕ. For small values of ϕ, which are expected to 
occur when simulating realistic epithelia, we obtain a sig-
nificant improvement in the theoretical running time over 
the basic version of the algorithm.

In addition to the theoretical analysis, we perform exten-
sive experimental evaluations demonstrating the practical 
applicability of our model and effectiveness of our algo-
rithms. Our simulation algorithm operates on 3D Voronoi 
diagrams directly, avoiding the need for intermediate 2D 
projections commonly used in earlier work. This leads to a 
more faithful and robust representation of both cell shapes 
and their neighborhood relations. We confirm that the sim-
ulated tissues indeed exhibit a small ϕ value and that our 
improved theoretical running times also translate into sub-
stantial speed-ups in practice. Furthermore, we carefully 
study the dynamic structure of the cells and the tissue as a 
whole when it converges towards a lower energy state. Our 
simulations confirm observations from previous work on 
tubular and spheroidal epithelia, in particular with respect 
to the emergence and frequency of scutoids. But our simu-
lations also reveal novel results, including neighborhood 
structures that were not described in any previous work.

This is an extended version of a conference paper pub-
lished in [20]. The conference version introduced the tight 
backbone spread model for tubular epithelia and presented 
the IS–MH algorithm. In this extended version, we make the 
following additional contributions: (1) generalization of the 
model to ellipsoidal epithelia (including spherical and sphe-
roidal cases), (2) corrected and generalized proofs of neigh-
bor bounds for curved surfaces, (3) extensive experimental 
validation on spheroidal geometries, and (4) the discovery 
of previously unreported ‘internal neighbor’ cell configura-
tions. These extensions required both nontrivial modifica-
tions to the theoretical analysis (particularly the proof of 
Theorem 1 for non-developable surfaces) and substantial 
additional experiments.

Backbone Spread Model

In this section, we introduce our three-dimensional model 
for epithelial tissues. A useful model must strike a balance 
between generality, to account for the diversity of cellular 
structures observed in epithelia, and specificity, to sup-
port meaningful analysis and simulation of structural and 
dynamic properties.

Our approach falls within the well-established family of 
cell-center-based Voronoi models, but departs from classical 
2D formulations by representing each cell in 3D via a line 
segment (a backbone) instead of a single point (as already 
suggested in [2]). This allows us to naturally encode the ver-
tical span between apical and basal surfaces, while main-
taining a monolayer cell structure as required by biological 
epithelial tissue. However, not every such 3D Voronoi dia-
gram resembles an epithelial tissue. Thus, we next propose 
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certain restrictions on the spread of these backbones, which 
make the model more precise and meaningful.

Tight Backbone Spreads

To model epithelial tissues realistically, two key structural 
constraints must be respected:

	● The tissue must form a monolayer, in which cells span 
between two smooth surfaces.

	● The distribution and spacing of cells should reflect bi-
ological plausibility, including bounded cell sizes and 
controlled variability.

Our goal is to formalize these properties using only the 
geometry of the cell backbones, thereby staying within the 
cell-center paradigm. Thus, we do not actually have access 
to the cell sizes directly but need to bound them by imposing 
constraints on the allowed backbone configurations. To this 
end, we introduce the notion of a Tight ϕ-Backbone Spread, 
which encodes both sparsity (backbones do not occur too 
closely) and coverage (all regions of the tissue are suffi-
ciently close to at least one backbone).

Definition 1  (Tight ϕ-Backbone Spread) Let D ⊆ R3 
denote a subdomain of 3D space, and let L ⊂ D be a finite 
collection of line segments, referred to as backbones. For a 
given parameter ϕ ≥ 1, we say that (D, L) forms a Tight ϕ
-Backbone Spread (TϕBS) if the following two conditions 
are satisfied, where d(·, ·) denotes the Euclidean distance 
within D: 

(1)	 Separation: For any two distinct backbones L, L′ ∈ L 
with L ̸= L′, we have d(L, L′) ≥ 1.

(2)	 Coverage: For every point x ∈ D, there exists a back-
bone L ∈ L such that d(x, L) ≤ ϕ.

This definition ensures that backbones are neither too 
densely packed nor too sparsely distributed, thereby model-
ing cell arrangements that are biologically realistic.

The constant 1 in the separation condition defines the 
intrinsic length scale of the model, i.e., a cell size scale, 
which is of order da = O(

√
Aa), where Aa is the average 

apical cell area. To be more precise, for a tubular epithelium, 
da scales as 

√
2πRaW/n, where Ra is the apical radius and 

W is the tube length; for an ellipsoidal epithelium, the scal-
ing is analogous with the appropriate surface area. The api-
cal surface is the region where cells are most tightly packed.

The parameter ϕ in Definition 1 modulates the allowed 
variability in cell sizes: smaller values of ϕ enforce more 
uniform cell sizes and distributions, while larger values 

permit greater heterogeneity. Although the model does 
not yet enforce a monolayer cell structure, we can already 
analyze how ϕ affects the combinatorial complexity of the 
resulting Voronoi diagram.

Lemma 1  Let (D, L) be a TϕBS. In the 3D Voronoi diagram 
V of L restricted to D, the Voronoi cell V(L) induced by 
a backbone L ∈ L has at most O(ϕ3 + ϕ2 · l) neighbors, 
where l = |L| denotes the length of L.

Proof  Let L′ ∈ L be a backbone such that the Voronoi cells 
V(L) and V (L′) share a common boundary. By definition of 
the Voronoi diagram, any such L′ must satisfy d(L, L′) ≤ 2ϕ

: each boundary point x of V(L) and V (L′) has L and L′ as 
its two closest backbones, and by the coverage property in 
Definition 1, no point in D may be farther than ϕ from its 
closest backbone. Thus, all Voronoi neighbors of V(L) corre-
spond to backbones intersecting the closed 2ϕ-tube around 
L. On the other hand, by the separation property in Defini-
tion 1, any pair of distinct backbones must be separated by 
a Euclidean distance of at least 1. Consequently, the open 1

2
-tubes around each backbone must be disjoint.

Now consider the volume of the extended tube of radius 
(2ϕ + 1

2 ) around L, which we denote by VT . This volume 
can be upper-bounded as:

VT = 4π

3
(
2ϕ + 1

2
)3 + π

(
2ϕ + 1

2
)2 · |L|.

This tube can accommodate only a limited number of non-
overlapping balls of radius 1

2 , one per neighboring back-
bone, implying:

#neighbors ≤ VT
1
6 π

= 8
(
2ϕ + 1

2
)3 + 6

(
2ϕ + 1

2
)2 · |L|.

Hence, the number of Voronoi neighbors of V(L) is bounded 
by O(ϕ3 + ϕ2 · |L|). □

In real epithelia, backbone lengths are typically short and 
relatively uniform. Under the biologically plausible assump-
tion that both ϕ and all backbone lengths |L| are bounded by 
constants, Lemma  1 implies that each cell in the Voronoi 
tessellation has only a constant number of neighbors. This is 
also highly desirable for efficient simulation, as the running 
time of many local cell-update algorithms depends directly 
on the size of the neighborhood.

General Epithelium Model

A general TϕBS with arbitrary subdomain D and unrestricted 
backbone set L does not necessarily capture the geometry 
of real epithelia. To better reflect biological plausibility and 
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derive sharper theoretical bounds, we now restrict both the 
domain and the placement of the line segments as follows.

Definition 2  (Epithelium TϕBS) A TϕBS is called an Epi-
thelium TϕBS if:

	● D is the union of all line segments connecting two 
smooth, non-intersecting 2D surfaces Sa (apical sur-
face) and Sb (basal surface), such that each segment lies 
fully between them,

	● every segment L ∈ L has one endpoint on Sa and the 
other on Sb.

Figure 5 shows an example of a valid Epithelium TϕBS. This 
structure ensures that the epithelium remains a monolayer 
and that the cell backbones retain biologically plausible ori-
entations. If we further constrain the types of surfaces Sa 
and Sb and restrict the orientation of backbones with respect 
to the surface normals, we can derive meaningful bounds on 
the maximum backbone length. Lemma 1 then yields con-
crete upper bounds on the number of Voronoi neighbors per 
cell, relevant for both analysis and simulation.

Special Types of Epithelia Models

Next, we consider some special types of epithelia which 
frequently occur in biological systems and which are also 
focused on in simulations [2].

One particularly important and well-studied special case 
of epithelia is the tubular epithelium, which form several 
types of glands and occur in organs such as the kidneys or 
the pancreas. They can be modeled as a special case of Tϕ

BS as follows.

Definition 3  (Tubular Epithelium TϕBS) An Epithelium Tϕ

BS is called tubular if:

	● the surfaces Sa and Sb are nested coaxial cylinders 
aligned along the x-axis, with Sa the inner cylinder of 

radius Ra (apical surface) and Sb the outer cylinder of 
radius Rb (basal surface), 1 ≤ Ra < Rb

	● all backbones in L are line segments whose supporting 
lines are orthogonal to the x-axis (and hence in normal 
direction of Sa).

Figure 6 shows a schematic depiction of a tubular epithe-
lium and Fig. 7 provides examples for the respective TϕBS.

Furthermore, we consider ellipsoidal epithelia as another 
special type of curved epithelia, which also subsume spheri-
cal and spheroidal epithelia. These naturally occur, for 
example, in the egg chamber and embryonal development 
processes.

Definition 4  (Ellipsoidal Epithelium TϕBS) An Epithelium 
TϕBS is called ellipsoidal if:

	● the surface Sa is a triaxial ellipsoid centered at the origin 
with semi-axes α, β, γ aligned along the coordinate axes 
given by the equation 

x2

α2 + y2

β2 + z2

γ2 = 1

L

Ra

Rb

Fig. 6  Schematic depiction of the surfaces and parameters of a tubular 
epithelium

 

Fig. 5  Example of an epithelium 
TϕBS from two different perspec-
tives. All backbones form connec-
tions between the two enclosing 
surfaces
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	● Sb is given in the same way as an ellipsoid with semi-
axes (α + δ), (β + δ), (γ + δ).

	● all backbones in L are line segments starting on Sa in 
normal direction until hitting Sb

For β = γ we have a spheroidal epithelium, and for 
α = β = γ we have a spherical epithelium.
Figure 8 illustrates the definition schematically and Fig. 9 
shows examples for the special cases of spheroidal and 
spherical backbone spreads.

In these specialized settings, the backbone lengths are 
no longer free parameters but are determined by the geom-
etry: for tubular epithelia, each backbone has length exactly 
Rb − Ra for ellipsoidal epithelia, the length is bounded by 
the thickness parameter δ.

The tubular and ellipsoidal geometry not only captures 
a biologically relevant class of epithelia, but their structure 
also allows us to prove additional properties of tissues adher-
ing to these definitions. In particular, the number of Voronoi 
neighbors of a cell can now be bounded more tightly than in 
the general case.

Theorem 1  In a Tubular or Ellipsoidal epithelium Tϕ

BS, each Voronoi cell has O((2ϕ + 1
2 )2 ) neighbors, if 

ϕ ≤ Ra, α, β, γ.

Proof  We begin by noting that for any pair of segments 
L, L′ ∈ L (regardless of whether they are neighbors), the 
minimum distance between them is attained between their 
endpoints on the apical surface Sa due to the convexity of 
Sa and the segments pointing in normal direction of the sur-
face Sa.

Now consider two segments L, L′ ∈ L such that the cor-
responding Voronoi cells V(L) and V (L′) are neighbors. Let 
x be a point on the common boundary between V(L) and 
V (L′). Since x has equal distance to L and L′ and is con-
tained in D, the coverage property from Definition 1 implies 
that d(x, L), d(x, L′) ≤ ϕ. Together with the fact that mini-
mum distance between L and L′ is attained between their 

Fig. 9  Examples of spheroidal backbone spreads

 

Fig. 8  Sa given by semi-axes α and β and γ, Sb given by semi-axes 
α + δ, β + δ and γ + δ

 

Fig. 7  Tubular backbone spread from different perspectives
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endpoints on the apical surface, we conclude via the triangle 
inequality:

d(L ∩ Sa, L′ ∩ Sa) = d(L, L′) ≤ d(L, x) + d(x, L′) ≤ 2ϕ.

Thus, all neighbors L′ must have their apical endpoints 
within a distance of 2ϕ on the apical surface from the apical 
endpoint of L. Due to the separation property according to 
Definition 1, we have that geodesic disks of radius 1

2  around 
the apical endpoints do not overlap on the apical surface.

Note that since we measure distances within the domain 
according to Definition 1, the distance between two points 
on the apical surface is indeed the geodesic distance on 
that surface. Let us now consider a geodesic disk of radius 
2ϕ + 1

2  around L ∩ Sa in the apical surface. This disk must 
contain the disks of radius 1

2  centered at the apical endpoints 
of all neighboring backbones L′. For ϕ < Ra, α, β, γ, this 
disk (and the small disks of radius 1

2 ) do not self-overlap 
around the tube/ellipsoid.

Let us now distinguish between the tubular and the 
ellipsoidal setting. For the former we observe that a tube 
is locally isometric to the plane. Hence each such disk of 
radius 1

2  occupies area π · ( 1
2 )2 = π

4 , while the enclosing 
disk has area π · (2ϕ + 1

2 )2. Hence, the maximum number 
of such disjoint neighbor disks is bounded by

π
(
2ϕ + 1

2
)2

π
4

= 4 ·
(
2ϕ + 1

2
)2

.

For the ellipsoidal setting this argument has to be slightly 
modified since the area of a geodesic disk of radius r on 
the apical surface has actual surface area less than πr2. The 
surface area gets smaller with the semi axes α, β, γ; so we 
can lower bound the surface area of a disk of radius r on the 
ellipsoid by the surface area of a disk of radius r on a sphere 
of radius ρ = min(α, β, γ), which is 2πρ2(1 − cos r

ρ ). So a 
disk of radius 1/2 has area at least π

8  on the apical surface, 
which yields the following upper bound on the number of 
neighbors:

π
(
2ϕ + 1

2
)2

π
8

= 8 ·
(
2ϕ + 1

2
)2

.

This concludes the proof. □
In cell dynamics simulations, extended neighborhoods 

beyond direct neighbors are often relevant. We define a cell 
as an h-hop neighbor of another if there exists a path of at 
most h Voronoi cells connecting the two.

By applying the same geometric argument as in Theo-
rem 1, we can show that any h-hop neighbor must lie within 

a circle of radius 2hϕ around the apical endpoint of the cen-
tral backbone. This leads to the following corollary.

Corollary 1  In a Tubular or Ellipsoidal Epithelium TϕBS, 
each Voronoi cell has at most O(ϕ2 h2 ) h-hop neighbors.

This bound is significantly better than the naive bound 
of O((ϕ2)h) = O(ϕ2h), which would arise from assuming 
a branching factor of O(ϕ2) at each hop without accounting 
for spatial constraints.

Our proven bounds allow us to gain some insights into 
the epithelium structure even prior to any simulations. How-
ever, in the next section, we will show that the proven prop-
erties are indeed also helpful for designing and analyzing 
fast simulation algorithms.

Energy Minimization

Many intricate cell reconfiguration processes are studied 
using simulations, including proliferation  [21], epithelial–
mesenchymal transformations  [22], and other forms of 
cell-to-cell interaction [23]. To guide these processes, it is 
typically assumed that epithelial tissues evolve towards a 
low-energy state [24]. In the following, we present a frame-
work for simulating such energy minimization processes 
based on our proposed geometric model. Our focus lies on 
the design and analysis of efficient algorithms.

3D Energy Model

Various energy models have been proposed for simulating 
epithelial dynamics [3, 5, 6, 25–28]. The granularity and 
specific parameters of these models depend on the biologi-
cal system under study and the scientific question at hand. 
In our setting, an epithelium is represented as a 3D Voronoi 
diagram VD consisting of cells C1, . . . , Cn.

Our approach uses a hybrid model, which integrates an 
energy functional with a geometric method for constructing 
cell shapes via a Voronoi tessellation as described above. 
We define the energy of a cell Ci using the following energy 
functional (similar to [6, 29, 30]):

E(Ci) = K

2
(V − Vi)2 + Λ · Ai + Γ

2
P 2

i ,

where

	● Vi is the volume of cell Ci,
	● Ai is the lateral surface area of Ci (i.e., the surface not 

lying on the apical or basal surface),
	● Pi is the perimeter of the cell Ci on the apical surface,
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	● V := 1
n

∑n
j=1 Vj  is the average cell volume across the 

tissue,
	● K is a volume elasticity coefficient (penalizing deviation 

from the average volume),
	● Λ is a surface tension coefficient (encouraging compact 

shapes), and
	● Γ  is the cortical tension parameter (punishing large cell 

caps).

This energy functional comprises three terms. The first 
term represents the elastic energy penalizing cell volume 
deviations from a target V , with K proportional to the 
Young’s modulus. The second term accounts for the surface 
energy, where Λ quantifies the effective surface tension. The 
final term models the active tension generated by the acto-
myosin cortical ring. Due to the apico-basal polarization of 
epithelial cells, where cortical activity is predominantly api-
cal [31], this active contribution is restricted to the apical 
side of the cell. The specific values for the parameters K, 
Λ, and Γ depend on the biological context. While methods 
to estimate them have been proposed in 2D [32, 33], this 
framework reveals two distinct mechanical regimes: one 
dominated by cell-cell adhesion (fluid-like) and another 
by cortical tension (solid-like) [32, 34]. For this study, we 
select parameter values that produce the solid-like behavior 
characteristic of many epithelia (see “Minimizing Tissue 
Energy” section).

The total energy of the epithelial tissue is defined as the 
sum of individual cell energies:

E(V D) :=
n∑

i=1
E(Ci).

This function captures two essential principles observed 
in biological epithelia: (1) cells tend to maintain similar 
volumes, and (2) cells tend to minimize their surface area 
to reduce mechanical tension. See Fig. 10 for a schematic 
illustration of the effect of these forces on cellular configu-
rations. While the above energy model is relatively simple, 

our framework and the algorithmic methods presented in 
the following sections are compatible with more complex 
energy functions, provided that the total tissue energy can 
be expressed as a sum over the individual cell contributions.

To compute the energy of a given TϕBS, we first need 
to construct the 3D Voronoi diagram induced by the cell 
backbones. From this, we calculate for each cell its vol-
ume, its lateral surface area, and its perimeter on the api-
cal surface. In the general case, the 3D Voronoi diagram of 
n line segments can have a combinatorial complexity (i.e., 
the number of vertices, edges, and faces) in O(n3+ε) for 
any ε > 0  [35]. Unlike point-based Voronoi diagrams, the 
facets in a segment-based diagram cannot be expressed as 
intersections of half-spaces. Instead, they are described by 
arrangements of semi-algebraic surfaces, which makes the 
computation of areas and volumes both intricate and pro-
hibitively slow even for moderate values of n. In practice, 
the 3D Voronoi diagram of line segments is approximated 
by sampling each line segment at a fixed number of points, 
computing the Voronoi diagram of these sample points, and 
then merging all Voronoi cells originating from the same 
backbone into a single (super)cell. Figure 11 illustrates this 
idea in two dimensions.

The 3D Voronoi diagram of m points has combinatorial 
complexity O(m2), and its facets are convex planar sub-
sets  [36]. This makes volume and surface area computa-
tions tractable in O(m2) time. If each of the n backbones 
is sampled at s equidistant points, we get m = ns, resulting 
in a total complexity of O(n2s2) for computing the entire 
diagram. However, note that each (super)cell only interacts 
with a small number of neighbors. Let k be the maximum 
number of neighbors per cell. Our cell representation con-
sists of the Voronoi cells of the s samples of the respective 
cell. Each of these Voronoi cells has O(ks) facets with its 
neighbors and is in fact the intersection of O(ks) half spaces. 
Via the duality between half space intersection and convex 
hull computation, such a Voronoi cell can be computed in 
time O(ks log(ks)), e.g., [37]. Hence we can compute all 
facets/neighbors of a cell in time O(s2k log(ks)). Assum-
ing s ∈ O(1) is a constant independent of n, we arrive at a 

Fig. 10  Surface of an spherical 
instance with 1000 cells after 
random cell backbone generation 
(left) and after energy optimization 
(right)
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per-cell complexity of O(k log k) and an overall runtime of 
O(nk log k).

This is a significant improvement over the naive O(n2 s2) 
bound, especially in sparse neighborhoods. For tubular and 
ellipsoidal TϕBS, Theorem  1 guarantees that k ∈ O(ϕ2)
, yielding a total computation time of O(nϕ2 log ϕ) for 
energy evaluation.

To efficiently identify neighboring cells during energy 
evaluation and move processing, one can choose from a 
wide range of spatial index for the backbones, for example, 
a 3D grid-based spatial hashing scheme where each back-
bone is associated with the grid cells its axis passes through. 
Given that the maximum neighbor distance is bounded by 
O(ϕ), the grid cell size is set to ϕ, ensuring that all potential 
neighbors can be found by examining only a constant num-
ber of adjacent grid cells. This allows neighbor queries in 
expected O(1) time per backbone after an initial O(n) grid 
construction. For tubular and ellipsoidal geometries, one 
can additionally exploit the fact that neighbor relationships 
are primarily determined by apical endpoint proximity; a 2D 
spatial index (e.g., a KD-tree) on the apical surface suffices, 
reducing dimensionality and improving constant factors.

Metropolis–Hastings Algorithm

The Metropolis–Hastings (MH) algorithm is widely used in 
cell tissue simulations, particularly for energy minimization 

[38–40]. It offers a stochastic, iterative approach to search-
ing for lower-energy states. The algorithm begins with an 
initial configuration, which can be obtained, for instance, 
by placing cell backbones or centers randomly. Let the cor-
responding tissue energy be denoted by E0.

At each iteration, a random move is proposed: a single 
backbone is selected, and its position is perturbed on the api-
cal layer, keeping its normal direction to the apical surface. 
The new configuration induces a modified Voronoi diagram, 
and the updated energy E′ is computed. The energy differ-
ence is defined as ∆E := E′ − E0. If ∆E < 0, the move 
reduces the tissue energy and is therefore always accepted. 
To escape local minima, however, the algorithm may also 
accept energy-increasing moves with probability

p := min
(
1, e−β∆E

)
,

where β = 1
kBT , with kB  denoting the Boltzmann constant 

and T representing a temperature parameter. The tempera-
ture controls the likelihood of accepting such "bad" moves. 
Over time, T can be decreased, following the principles of 
simulated annealing, to favor convergence towards a global 
minimum.

Typically, the MH algorithm is executed in steps, where 
one move is proposed per backbone in each step. The run-
ning time of a single step is dominated by the cost of evaluat-
ing the tissue energy for each proposed move. As discussed 
in the previous subsection, this evaluation has a complexity 
of O(nk log k), where k is an upper bound on the number of 
neighbors per cell.

Since a separate energy evaluation is required for each 
of the n proposed moves in a step, the overall running time 
per step becomes O(n2k log k)—a significant computa-
tional burden. This is particularly wasteful because moving 
a single backbone typically only affects a small local region 
of the tissue.

A natural remedy is to employ a dynamic Voronoi dia-
gram data structure that supports local updates. However, 
such structures are complex and require numerically robust 
operations, especially in three dimensions. In the next sub-
section, we describe how to substantially reduce the per-
step runtime without relying on dynamic data structures, 
while still ensuring correct energy updates.

Move-Independent Set Sampling

To improve the running time of a MH step, we propose 
and assess multiple backbone moves simultaneously. For a 
given set of proposed moves, a single Voronoi diagram is 
computed based on all proposals. Instead of comparing the 
global tissue energy before and after all moves, we com-
pute for each proposed move the local energy change with 

Fig. 11  Schematic illustration of backbone sampling and Voronoi cell 
computation in 2D. The cells belonging to samples of a single back-
bone are then combined into a supercell which approximates the Vor-
onoi cell of the line segment. Note that we insert buffer nodes at the 
beginning and end of each line segment to avoid border effects (in 
particular, infinite Voronoi cells)
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respect to its surrounding cells, which suffices for determin-
ing the acceptance probability.

A key requirement for this approach is that no cell must 
be influenced by more than one proposed move at a time—
otherwise, interactions between moves would distort the 
energy evaluation. This leads to two central questions: 

1.	 How many cells can a single move affect?
2.	 How can we efficiently identify a subset of moves that do 

not interfere with each other?

If backbones could move arbitrarily far, a single move might 
affect the entire tissue. However, biologically plausible tis-
sue evolution assumes gradual deformation. We thus restrict 
each backbone move to remain within its current cell. In 
our TϕBS model, this limits the move distance to at most 
d = ϕ (since every point in a Voronoi cell is within distance 
ϕ of its backbone by the coverage property). For tubular and 
ellipsoidal epithelia, this distance bound is evaluated on the 
apical layer.

Any cell whose backbone lies within a radius of 
r := d + 2ϕ = 3ϕ may be affected by such a move. Conse-
quently, we define two cells to be move-independent if the 
distance between their backbones exceeds 2r = 6ϕ. Based 
on this, we devise the following algorithm to perform one 
MH step: 

1.	 Partitioning. Partition the cells C1, . . . , Cn into sets 
S1, . . . , St such that all cells in each set are pairwise 
move-independent.

2.	 Set Processing. For each set Si:

	● Compute the local energy EL(C) for each cell 
C ∈ Si.

	● Propose a backbone move for each C ∈ Si.
	● Recompute the Voronoi diagram induced by all pro-

posed moves.
	● Compute the updated local energy E′

L(C) for each 
C ∈ Si, and accept or reject the move based on 
∆EL = E′

L(C) − EL(C).
	● Recompute the Voronoi diagram incorporating only 

the accepted moves.

To ensure correctness, we require that

E(V D) − E′(V D) = EL(Ci) − E′
L(Ci)

for each individual move, where E(VD) and E′(V D) are the 
global energies before and after the move, respectively. That 
is, the change in global energy due to a move must be fully 
captured by the corresponding local energy computation.

Since only cells within radius r = 3ϕ may be affected 
by a move, we evaluate EL(Ci) as the total energy over all 
cells whose backbones lie within this region. The number of 
such cells is in O(ϕ2) by Theorem 1, so each local energy 
computation requires O(ϕ2 log ϕ) time. Repeating this for 
all n cells results in a total cost of O(nϕ2 log ϕ) per move-
independent set.

Recomputing the Voronoi diagram twice (once with all 
proposed moves and once with only accepted moves) also 
takes O(nϕ2 log ϕ) time per set, as discussed in “3D Energy 
Model” section. Hence, the total running time per MH step 
is O(tnϕ2 log ϕ), where t is the number of move-indepen-
dent sets from the partitioning step.

To bound t, we apply Brooks’ Theorem [41], which states 
that any graph with maximum degree k can be colored 
using at most k + 1 colors. Thus, we model the partition-
ing problem as a graph coloring problem: create a graph 
with one node per cell, and add an edge between any two 
nodes whose corresponding cell backbones lie within dis-
tance 2r = 6ϕ. In our tubular and ellipsoidal TϕBS model, 
the maximum degree in this graph is k ∈ O(ϕ2), so the 
number of required colors—and hence the number of move-
independent sets—is t ∈ O(ϕ2). This coloring can be com-
puted in O(nk) time. In total, the running time of an MH 
step becomes O(nϕ4 log ϕ) in the tubular and ellipsoidal 
TϕBS  model, which is essentially linear in n assuming 
ϕ ∈ O(1) and a significant improvement over the naive MH 
implementation with runtime O(n2ϕ2 log ϕ).

In a more general TϕBS  model with bounded back-
bone length l ∈ O(1), we have k ∈ O(ϕ3) neighbors per 
cell by virtue of Lemma 1, and thus the runtime per step 
using our improved algorithm becomes O(nϕ6 log ϕ), 
which is still better than the corresponding naive runtime of 
O(n2ϕ3 log ϕ) for ϕ ∈ O(1).

Simulation and Evaluation

To study whether our proposed TϕBS model, in particular 
the tubular and the spheroidal case, is faithful and to mea-
sure the performance of the independent-set based Metrop-
olis–Hastings algorithm for simulating epithelia which 
converge towards a low energy state, we implemented the 
proposed algorithms in C++. Experiments were conducted 
on a Intel(R) Core(TM) i5-8250U CPU@1.60GHz with 4 
cores and 32 GB of RAM. In all experiments, parallelization 
is enabled. Our implementation is CPU-only; no GPU was 
used, and parallelization was done via OpenMP.
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Backbone Generator

To run simulations, we first need to implement instance gen-
erators for backbone spreads that obey the restrictions for 
tubular or spheroidal geometries as described in Definitions 
3 and 4.

For tubular TϕBS, the generator takes the following 
input parameters:

	● W, the length of the tube,
	● Ra, the apical radius,
	● Rb, the basal radius with Rb > Ra, and
	● n, the number of backbones.

The respective cylinders of radius Ra and Rb are centered at 
the x-axis and reach from 0 to W.

For ellipsoidal TϕBS, the following parameters are spec-
ified for instance generation:

	● α, β, γ, the semi-axes of the inner ellipsoidal surface,
	● δ, the height of the epithelium, that is, the outer surface 

has semi-axes α + δ, β + δ, γ + δ, and
	● n, the number of backbones.

For both, tubular and ellipsoidal instances, a backbone is 
generated by selecting a random point on the inner surface 
as the start point of the segment, computing the normal 
through that point with respect to the surface and inferring 
its intersection point with the outer surface to determine the 
segment endpoint, see Fig. 12 for some examples.

We emphasize that ϕ is not provided as an input to the 
generator; instead, an initial value emerges from the random 
distribution of backbones. This value typically decreases 

during the optimization process as the tissue relaxes into a 
more regular configuration.

Voronoi Diagram Computation

Given the set of backbones, the next step is to compute the 
3D Voronoi cell structure induced by the respective line seg-
ments. As outlined in “3D Energy Model” section, three-
dimensional Voronoi diagrams on line segments have high 
complexity in terms of cell surfaces but also with regard to 
computation time. Therefore, we sample the backbone seg-
ments and compute a 3D Voronoi diagram on the resulting 
point set, which is much faster and also more robust. The 3D 
Voronoi cells for all samples of a backbone are then merged 
into one large cell to obtain an approximate representation 

Fig. 13  Cell with curved boundaries

 

Fig. 12  Generated backbones for a tubular (left), spherical (center), spheroidal (right) instance. For better visualization, only the ‘upper’ half of 
spikes is depicted
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of the Voronoi cell of the respective line segment. We set 
the sampling number to s = 50. Due to this high number 
per backbone, curved cell boundaries (if the actual Voronoi 
diagram of line segments was computed) are well approxi-
mated, see Fig. 13.

In the implementation, we compute the 3D Voronoi 
diagram via its dual, the Delaunay triangulation. A robust 
implementation of 3D Delaunay triangulations is provided 
in the Computational Geometry Algorithms Library [42]. 

We also use the dual representation to retrieve the proper-
ties that are relevant for determining the energy of the tissue 
(that is, the volume, the area, and the perimeter of all cells). 
For visualization purposes, we, however, use the Voronoi 
representation, see for example Fig. 14, where in the bot-
tom we see a Scutoid configuration created by 4 cells in the 
ellipsoidal model on the top.

In Fig.  15 we see an example of a cross section of an 
ellipsoidal model.

Fig. 15  Cross section of a ellipsoi-
dal model. Left: opaque apical and 
basal surfaces; Right: transparent 
apical, opaque basal surface

 

Fig. 14  Top: Ellipsoidal model 
with cells represented as Voronoi 
cells (transparent apical and basal 
surfaces); Bottom: 4 cells which 
form a Scutoid configuration in the 
model on the top
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Minimizing Tissue Energy

Next, we want to compare the performance of the original 
MH variant and our independent set based variant (called 
IS–MH from now on) on generated instances. In the imple-
mentation, we set the necessary parameters as follows: For 
the energy formula, we set K = 1, Λ = 0.4 and Γ = 0.1. 
This configuration is inspired by prior studies of cell-center 
based models [2, 43–45] but we adapted them to work well 
in our setup, where the average cell volume is not normal-
ized. Our parameter choices ensure that all three important 
cell attributes (volume, area, perimeter) have a significant 
impact on the cell energy. For backbone movements, we use 
an upper bound of perturbation on the apical layer of

0.25
√

A/π ≈ 0.14A
1/2

where A denotes the average apical cell area. The backbone 
remains normal to the apical surface throughout the move; 
thus, the basal endpoint is determined uniquely by inter-
secting the normal ray from the new apical endpoint with 
the basal surface. For tubular epithelia, the normal direc-
tion is radial (orthogonal to the cylinder axis); for ellipsoi-
dal epithelia, it is the outward normal to the apical ellipsoid 
surface. We cap the movement (especially for smaller than 
average cells) such that the backbone intersection with the 
apical layer is ensured to still reside within the original cell. 
The temperature T is set to 2.

For tubular backbone spreads, if not specified other-
wise, we set W = 100, Rb = 10, n = 1000, and vary the 
inner radius Ra to study the influence of the so called sur-
face ratio Rb/Ra on the cell structure. For the ellipsoidal 
backbone spreads, we use the following default values: 
β = γ = 20 (that is, we have a spheroidal backbone spread) 

and n = 1000, and we vary α and δ to obtain different epi-
thelium shapes and thicknesses. We emphasize that we do 
not use rejection sampling. We do not enforce the pairwise 
backbone distance restriction in section (1) of definition 
1, nor restrict the generator to produce cell configurations 
with any guarantee regarding the cell volumes (neither from 
below or above). Instead, we want to investigate whether 
and how fast the cells reconfigure to a state that resembles 
real epithilia.

In our implementation, instead of working with an actual 
estimate for ϕ we determine move independence via the 
2-hop neighborhood of cells, that is, we only move back-
bones simultaneously for which their cells have at least two 
other cells between them. Note that this corresponds to the 
move independence threshold of 6ϕ as derived before for 
configurations that are actual TϕBS. So we do not need to 
explicitly estimate ϕ to determine move independence in 
particular at the beginning when the conditions for a real Tϕ

BS are not met. As the simulation progresses and the tissue 
relaxes, the system converges to a TϕBS.

We begin by evaluating the performance of our proposed 
IS–MH simulation algorithm in comparison to the classical 
MH algorithm, focusing on running time. Table  1 reports 
the average per-step runtime for both methods across vari-
ous tubular configurations. In each step, one move is pro-
posed and assessed for every backbone, totaling n proposals 
per step. All results are averaged over 10 runs.

We observe that the IS–MH algorithm consistently 
outperforms the classical MH approach in terms of run-
time—achieving speed-ups of over an order of magnitude. 
Notably, the performance gap increases with larger values 
of n. This is due to the fact that the classical MH algorithm 
must reconstruct the entire Voronoi diagram separately for 
each backbone, whereas IS–MH processes multiple move-
independent cells in parallel, significantly reducing redun-
dant computations.

In all settings, IS–MH exhibits at most linear runtime 
growth with respect to  n, in agreement with our theoreti-
cal analysis under the TϕBS model, which predicts a per-
step runtime of O(nϕ4 log ϕ) which reduces to O(n) for 
ϕ ∈ O(1). While the initial value of  ϕ was often rela-
tively high in the randomly generated tissues (which are 
not expected to resemble realistic epithelia), it typically 
decreased rapidly during the simulation and stabilized in the 
range between  1 and  5. Thus, initial steps os IS–MH are 
rather slow but later steps are processed faster and faster. 
By contrast, the classical MH algorithm shows the expected 
quadratic scaling behavior. For instance, when doubling the 
number of cells from 500 to 1000, the runtime nearly qua-
druples. At 1000 cells, MH requires roughly half an hour 
per step, whereas IS–MH completes the same task in under 
a minute. Table 1 also reports the number of rounds IS–MH 

Table 1  Per-step running times (in seconds) for the MH and IS–MH 
algorithms on simulated tubular epithelia, for various values of Ra 
and n
Ra Rb n Time (MH) 

[s]
Time (IS–
MH) [s]

#Rounds 
(IS–MH)

1 10 500 306.8 26.9 24
1000 1165.2 53.6 22
2000 5358.8 128.6 24

5 10 500 413.4 28.2 17
1000 1444.4 49.1 17
2000 4560.6 82.1 18

For IS–MH, we also report the number of rounds per step, which cor-
responds to the number of independent sets and thus the number of 
Voronoi diagram computations. For MH, a Voronoi diagram recom-
putation is required for each of the n backbones. The units in all our 

simulations are referred to a unit length da = O

(√
Aa

)
 such that 

the conditions stated in Definition 1 are satisfied. In epithelia typical 
values of da are O

(
101

)
µm
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requires per step, corresponding to the number of move-
independent sets. Clearly, for IS–MH this number is signifi-
cantly smaller than n, and again the number of rounds per 
step decreases over the course of the algorithm. This aligns 
well with our theoretical analysis and explains the signifi-
cant reduction in running time compared to MH. We further 
note that configurations with Ra = 5 result in fewer rounds 
compared to Ra = 1. This behavior can be attributed to the 
reduced interaction range in the former: shorter backbones 
in the Ra = 5 setting imply fewer neighboring cells within 
the move-dependent distance threshold, thus also yielding 
larger move-independent sets.

For spheroidal epithelia, we varied α from 5 to 80 and the 
tissue thickness δ from 1 to 5. In all these configurations, we 
also obtained a significant speed-up with IS–MH over MH. 
For example, for α = 10 and δ = 2 and n = 1000 cells, 
IS–MH took 70.9 s per step with an average of 13 rounds, 
while MH requires 2728.5 s per step. Thus, IS–MH is about 
a factor of 40 faster. Compared to simulations of tubular epi-
thelia, simulations on spheroidal epithelia are a bit slower 
because the perturbation and computation of the new back-
bone positions is slightly more involved. But overall, we get 
per step running times of at most a few minutes for both epi-
thelia types when using IS–MH. We also verified that MH 
and IS–MH converge to comparable energy levels after the 
same number of steps on both epithelia types and that the 
outputs of MH and IS–MH are visually indistinguishable. 
Based on these findings, we conclude that IS–MH is clearly 
preferable, offering substantial speed-ups without sacrific-
ing simulation quality. Therefore, we exclusively use IS–
MH in all subsequent experiments presented in this paper.

Next, we evaluate whether our 3D Voronoi-based imple-
mentation of the IS–MH algorithm produces epithelial 

tissues with low energy and the desired structural proper-
ties. Figure  16 depicts the evolution of the tissue energy 
over 100 simulation steps, which in total take roughly 2200 
rounds (where in each round an independent cell set is pro-
cessed), on tubular epithelia for Ra = 1. We observe a rapid 
decrease in energy during the initial rounds, followed by a 
gradual convergence towards lower energy levels. Figure 17 
confirms that the algorithm also achieves its goal of generat-
ing cells with approximately equal volume on the example 
of a tubular epithelium. The distribution of cell volumes 
over time shows a clear trend toward uniformity. Devia-
tions from the target volume are primarily observed near the 
boundaries of the tubular domain, i.e., where the x-coordi-
nates are close to 0 or W. In these regions, limited degrees 
of freedom make it more difficult for cells to escape local 
minima during the optimization process. Nevertheless, the 
minimum and maximum cell volume after step 100 of the 
simulation are 21.51 and 43.66 and thus almost within a fac-
tor of 2 of each other, while in the beginning the minimum 
volume was 2.18 and the maximum 139.79, which are more 
than a factor of 60 apart. The development of the lateral cell 
areas over time follows a very similar trend, see Fig. 18. For 
the perimeter, the values also even out over time, but as they 
already start with a much smaller range (minimum 1.25 and 
maximum 6.59 after step 1), the effect is less pronounced 
(minimum 1.91 and maximum 5.55 after step 100). We note 
that other tissue configurations can easily be achieved by 
varying the formula that measures the energy per cell. For 
spheroidal epithelia, we obtain very similar results. The 
main difference is that volumes, areas and perimeters are 
even more unequal and distributed over larger ranges in 
the initial configuration where backbone start points were 
placed randomly on the apical surface. This is due to the 
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Fig. 16  Development of the tissue 
energy of a tubular epithelium 
(n = 1000, Ra = 1, Rb = 10) 
over the course of the simulation
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higher and more diverse curvature of the tissue. Figure 19 
illustrates the changes in volume distribution over time for a 
spheroidal epithelium with n = 1000, α = 10, β = γ = 20 
and δ = 2. Here, after the first step, the volumes range from 
0.28 to 26.41, and a large number of cells are either very 
small or very big, but after step 100 the volume range is 
reduced to 5.17 to 10.05 and the majority of cells have 
almost equal volume, see, e.g., Figs. 19 and 20.

Cell Shapes and Connectivity

We now turn to the structural analysis of the energy-mini-
mized epithelial tissues (after conducting 100 steps), focus-
ing on cell connectivity and shape characteristics. We begin 
by examining the 3D neighborhood relationships among 

cells. In [46], the so-called Flintstones’ law was introduced 
for tubular epithelia, asserting that the average number of 
3D neighbors of a cell in a monolayer epithelium increases 
with the surface ratio Rb/Ra, following a logistic growth 
pattern (see also [6]). Our simulations confirm this relation-
ship, as illustrated in Fig. 21, where the average number of 
neighbors is plotted for surface ratios ranging from 1.11 to 
1000. For realistic surface ratios, the average number of 
neighbors is between 6 and 8 and the maximum between 11 
and 16. But even for extreme surface ratios such as 1000, 
the average number of neighbors remains below 12 and the 
maximum number only reaches 21. The minimum always 
fluctuated between 3 and 4.

Next, we examine the nature of cell–cell relationships 
in more detail. The discovery of scutoids [2] revealed that, 

 20

 40

 60

 80

 100

 120

 140

 0  100  200  300  400  500  600  700  800  900  1000

la
te

ra
l a

re
a

cell

after step 1
after step 5

after step 50
after step 100

Fig. 18  Tubular epithelium cells 
(n = 1000, Ra = 1, Rb = 10
) sorted by area after different num-
bers of steps in the simulation

 

 0

 20

 40

 60

 80

 100

 120

 140

 0  100  200  300  400  500  600  700  800  900  1000

vo
lu

m
e

cell

after step 1
after step 5

after step 50
after step 100

Fig. 17  Tubular epithelium cells 
(n = 1000, Ra = 1, Rb = 10
) sorted by volume after different 
numbers of steps in the simulation

 



SN Computer Science

Page 17 of 22    653 SN Computer Science           (2026) 7:653 

 0

 5

 10

 15

 20

 25

 0  200  400  600  800  1000

#
ne

ig
hb

or
s

surface ratio Ra/Rb

average
max

Fig. 21  Confirmation of Flint-
stones’ law on our simulated tubu-
lar epithelia with n = 1000 cells: 
The average number of neighbors 
per cell starts around 6 for small 
surface ratios Rb/Ra and then 
grows moderately with increasing 
surface ratio following a logistic 
function. The maximum number 
of neighbors mimics this behavior 
with a slightly larger initial value 
of around 11

 

Fig. 20  Basal surface of a cell arrangement before (left) and after (right) several simulation steps
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even in monolayer tubular epithelia with straight backbones, 
a cell may have distinct neighbors on its apical and basal 
surfaces. A cell is classified as a scutoid if at least one of its 
faces contains a vertex located between the apical and basal 
surfaces, indicating a change in neighbor relations along the 
apicobasal axis (see Fig. 23 (left) for an illustration). Prior 
work [2] showed that the prevalence of scutoids increases 
with the surface ratio. Our experimental results are con-
sistent with this observation. Furthermore, we extend the 
analysis by quantifying the number of such transition points 
per cell, as shown in Fig. 22. We observe a similar logistic 

trend in the average number of transition points per cell as 
seen for the average number of neighbors in Fig. 21, albeit 
with smaller initial and final values. Notably, these numbers 
are surprisingly high, indicating that the cellular connectiv-
ity structure remains quite complex even in these relatively 
simple tissue models. Figure 23 (right) illustrates an exam-
ple of a scutoid exhibiting multiple transition points.

For spheroidal epithelia, Table 2 shows the average and 
maximum number of neighbors per cell as well as the aver-
age and maximum number of scutoid transition points per 
cell with parameters β = γ = 20 and varying α and δ. Quite 

Table 2  Neighborhood statistics for cells in spheroidal epithelia with β = γ = 20
#neighbors # scutoid transition points

α δ = 1 δ = 5 δ = 1 δ = 5
avg max avg max avg max avg max

5 6.10 9 6.81 15 0.25 3 1.62 12
10 6.00 9 6.38 10 0.06 1 0.80 6
20 5.98 9 5.99 9 0.00 0 0.00 0
40 6.01 9 6.30 10 0.07 2 0.64 4
80 6.03 9 6.49 11 0.13 2 1.01 6
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unsurprisingly, for α = 20, that is, a spherical epithelium, 
no scutoids emerge. On a sphere, where the curvature is 
uniform, the neighborhood structure cannot change between 
the apical and basal surface, since when the apical endpoint 
moves, the basal endpoint moves accordingly maintain-
ing normal direction of the backbones. But the smaller or 
the larger α is compared to β, the more difference in cur-
vature is realized and the average and maximum number 
of neighborhood transition events increases, respectively. 
The total number of neighbors per cell is almost unaffected 
by the choice of α. However, if the thickness of the tissue 
increases (that is, δ gets larger), we observe that the num-
ber of neighbors as well as the number of scutoid transition 
points increases. This is in line with tubular epithelia, where 
the same effect occurs if Ra and Rb differ substantially.

These results on the neighborhood structure of tubular 
and spheroidal epithelia are in line with previous research 
and postulated laws. This confirms the validity of our 
model and 3D implementation. However, our investiga-
tion of neighborhood types also yields novel and surprising 
insights. It is known that 3D epithelial cells exhibit the fol-
lowing types of neighbors, depending on whether the cells 
are in contact at specific surfaces: 

1.	 Neighbors present on both the apical and basal surfaces.
2.	 Neighbors present on the apical surface but not on the 

basal surface.
3.	 Neighbors present on the basal surface but not on the 

apical surface.

By definition, a non-scutoid cell can only have neighbors of 
the first type. However, our analysis revealed that scutoids 
may have not only these three types of neighbors but also 

internal neighbors—cells that share a common interface 
with the given cell at some point between the apical and 
basal surfaces, without contact on either surface. Figure 24 
presents the distribution of these different neighbor types for 
tubular epithelia.

We observe an interesting trend with respect to the sur-
face ratio. For small surface ratios, nearly all neighbors are 
present on both the apical and basal surfaces, consistent with 
the known scarcity of scutoids in such tissues. However, as 
the surface ratio increases, the proportion of neighbors on 
both surfaces decreases sharply and is surpassed by neigh-
bors present only on the apical or only on the basal surface. 
The average numbers of only-apical and only-basal neigh-
bors are almost identical and grow similarly with increasing 
surface ratio. Notably, the number of internal neighbors also 
rises. For a surface ratio of 10, already 65% of cells have 
at least one internal neighbor. Figure 25 illustrates the 3D 
configuration of two cells classified as internal neighbors, 
both for tubular as well as spheroidal epithelia.

We also confirm the existence of these internal neighbors 
in spheroidal epithelia. While for α = 20, there are no inter-
nal neighbors, because the apical and basal neighbors are 
equivalent in this special case. But for α < 20 and α > 20 
we see that there are indeed cells which have even multiple 
such internal neighbors. The average and max both increase 
with α being further apart from β and also with the thick-
ness of the tissue (Fig. 26).

Although the average number of internal neighbors per 
cell remains small in both studied epithelia types, it was pre-
viously unclear whether the such neighbor types are even 
possible. Therefore, their natural emergence in our simula-
tions is a remarkable observation.
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Conclusion

We have proposed a novel 3D cell-center model for mono-
layer epithelia that incorporates geometric constraints gov-
erned by a parameter ϕ, which is anticipated to be small 
in real tissues. We proved that, in tubular and spheroidal 
epithelia, the maximum neighborhood size of a cell can be 
upper bounded as a function of ϕ. This result enabled us to 
develop a new variant of the Metropolis–Hastings algorithm 
for tissue energy minimization, which is provably efficient 
for small ϕ. Our experimental evaluation demonstrates that 
the tissues quickly assume small ϕ values and thus our novel 
variant outperforms the classical Metropolis–Hastings algo-
rithm in terms of running time. Our simulations revealed 

interesting neighborhood structures and investigated the fre-
quency of complex cell shapes.

In future work, the model should be further extended 
to capture other relevant aspects of biological simulations, 
including cell growth and division as well as transformations 
of the shape of the whole epithelium (for example, invagina-
tion or other types of deformation). It would be interesting 
to see which role scutoids play in dynamic reconfiguration 
processes and how well our improved Metropolis–Hastings 
algorithm can be applied to such scenarios.
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