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Abstract
In recent years, the fundamental quantity of the gravitational field has been extended from gravitational potential, gravitational
vector, and gravitational gradient tensor to gravitational curvature with its first measurement along the vertical direction in
laboratory conditions. Previous studies numerically identified the near-zone and polar-region problems for gravitational
curvature of a tesseroid, but these issues remain unresolved. In this contribution, we derive the new third-order central
and single-sided difference formulas with one, two, and three arguments using the finite difference method. To solve these
near-zone and polar-region problems, we apply a numerical approach combining the conditional split, finite difference, and
double exponential rule based on these newly derived third-order difference formulas when the computation point is located
below, inside, and outside the tesseroid. Numerical experiments with a spherical shell discretized into tesseroids reveal
that the accuracy of gravitational curvature is about 4–8 digits in double precision. Numerical results confirm that when
the computation point moves to the surface of the tesseroid, the relative and absolute errors of gravitational curvature do
not change much, i.e., the near-zone problem can be adequately solved using the numerical approach in this study. When
the latitude of the computation point increases, the relative and absolute errors of gravitational curvature do not increase,
which solves the polar-region problem with this stable numerical approach. The provided Fortran codes at https://github.com/
xiaoledeng/xtessgc-xqtessgc will help with potential applications for the gravitational field of different celestial bodies in
geodesy, geophysics, and planetary sciences.
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1 Introduction

Computing the planet’s gravitational field when the com-
putation point is located inside and outside the planet is
a fundamental topic in geodesy, geophysics, and planetary
sciences. Generally, the primary quantities of the gravita-
tional field involve gravitational potential and its gradients,
includingfirst-order gradient (i.e. gravitational (acceleration)
vector), second-order gradient (i.e. gravitational gradient ten-
sor), and third-order gradient (i.e., gravitational curvature,
where its physical meaning is the spatial change of the grav-
itational gradient tensor in different directions). In a more
general sense, they are all gradient tensors of the respective
order, e.g. zero, one, two, and three.

Following the same framework for formulas of grav-
itational potential, gravitational vector, and gravitational
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gradient tensor in Eqs. (1–3) of Fukushima (2018), the
expression for gravitational curvature as G(X) can be pre-
sented as:

G(X) = ∂3V (X)

∂X∂X∂X

= G
∫ ∫ ∫

ρ(x)
|x − X|7 ·

[
15(x − X) ⊗ (x − X) ⊗ (x − X)

− 3(x − X)|x − X|2εi jk
]
d3x (1)

εi jk =
⎧⎨
⎩
0 i �= j �= k
3 i = j = k
1 otherwise

(2)

where G is the gravitational constant. x and X are the posi-
tion vectors of the source mass element and computation (or
field) point, respectively. ρ(x) is the density of the source
mass element. εi jk is obtained from the summation of the
Kronecker delta three times with different indices i , j , and k
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of the position vector. Note that the integration domain can
be chosen as different layers for various celestial bodies (e.g.,
Earth, the Moon, and Mars).

The first measurement of gravitational curvature along
the vertical direction was performed with the atom interfer-
ometry sensors in laboratory conditions (Rosi et al. 2015).
With the development ofmeasurement technology, it is hoped
to measure gravitational curvature using ground, shipborne,
airborne, and satellite gravimetry in the future. In previous
studies, gravitational curvature can capture finer details in
edge detection and shallow structure recognition, allowing
for more precise analysis and interpretation of the topo-
graphic and sedimental effects (Deng and Shen 2019; Novák
et al. 2019). This study focuses on the numerical calculation
of gravitational curvature. Currently, there are two primary
numericalmethods to calculate gravitational curvature: one is
in the spectral domain, and the other is in the spatial domain.
In the spatial domain, the different primarymass bodies were
adopted to represent the source integration mass bodies for
the evaluation of gravitational curvature, e.g., the general vol-
umetric mass bodies (Šprlák and Novák 2015), a rectangular
prism (Nagy et al. 2000; Qiu et al. 2019), a sphere (Du and
Qiu 2019), a spherical shell, a spherical zonal band (Deng
and Sneeuw 2023), and a tesseroid (Deng and Shen 2018a, b,
2019; Deng 2023b; Deng and Sneeuw 2023). In the spectral
domain, the expressions of gravitational curvature were pre-
sented in the forms of spherical harmonics expansion (Šprlák
and Novák 2016, 2017; Šprlák et al. 2016; Ghobadi-Far et
al. 2016; Hamáčková et al. 2016; Pitoňák et al. 2018; 2020;
Romeshkani et al. 2019; 2021;Novák et al. 2017; 2019; 2021;
Šprlák and Pitoňák 2024a, b).

Among the numerical approaches for calculating gravi-
tational curvature of a tesseroid in the spatial domain, there
was the near-zone problem of gravitational curvature for the
Taylor series expansion (Deng and Shen 2018a, b), Gauss–
Legendre quadrature (Deng and Shen 2018b; Deng 2023b),
and the adaptive discretization stack-based Gauss–Legendre
quadrature (Deng and Shen 2019). Specifically, when the
computation point gets close to the surface of the tesseroid,
significant errors would be obtained for gravitational curva-
ture using these numerical approaches; see Fig. 4 of Deng
and Shen (2018a), Figs. 3, 5 of Deng and Shen (2018b), Fig.
5 of Deng and Shen (2019), and Fig. 4 of Deng (2023b). The
polar-region problem occurs when the computation point is
close to the polar region due to the change of the tesseroid’s
geometrical shape to the triangular spherical prism (Ouyang
et al. 2024). In other words, the calculation errors of the
tesseroid will increase when the computation point moves
close to the polar region; see Fig. 8 of Deng and Shen
(2018a), Fig. 6 of Deng and Shen (2018b), and Fig. 5
of Deng (2023b). In addition, the situation when the com-
putation point is located inside the tesseroid has yet to be
investigated for gravitational curvature. Although the near-

zone and polar-region problems for gravitational curvature
of the tesseroid were numerically identified (Deng and Shen
2018a, b, 2019; Deng 2023b), these issues remain unre-
solved. Different from previous studies, this paper focuses
on solving the near-zone and polar-region problems for grav-
itational curvature of a tesseroid. Moreover, this study will
study the situation of the computation point located inside
the tesseroid for gravitational curvature.

In the previous work, Fukushima (2018) presented a
numerical approach by combining the conditional split, finite
difference, and double exponential rule (Takahasi and Mori
1973, 1974; Fukushima 2017) to accurately calculate grav-
itational potential, gravitational vector, and gravitational
gradient tensor no matter where the computation point is
located inside, on the surface of, near the surface of, or
outside the tesseroid. Deng (2023a) corrected the Fortran
codes offered by Fukushima (2018) to compute two gravita-
tional vector components (g� and g�) and six gravitational
gradient tensor components (���, ���, ��H , ���, ��H ,
and �HH ). When applying the finite difference approach
for the evaluation of gravitational curvature of the tesseroid,
one of the theoretical challenges is to derive the third-order
finite difference formulas with different arguments. Because
there are three main types of third-order finite difference
formulas. For instance, the general third-order central and
single-sided finite difference formulas with one argument;
mixed third-order central and single-sided finite difference
formulas with two arguments; and mixed third-order central
and single-sided finite difference formulas with three argu-
ments. Different types have complicated forms, especially
for two and three arguments.

This study goes beyond the previous studies in that we
derive the new third-order central and single-sided finite dif-
ference formulas with one argument, two arguments, and
three arguments. Based on these newly derived formulas, we
have applied the finite difference approach to compute gravi-
tational curvature of a tesseroid in relation with gravitational
potential, gravitational vector, and gravitational gradient ten-
sor (Fukushima 2018; Deng 2023a). Numerical experiments
with the influences of the height and latitude of the com-
putation point are performed with different grid sizes of
the discretized tesseroids to reveal whether the near-zone
and polar-region problems are solved. The proposed numer-
ical approach for gravitational curvature of a tesseroid can
expand the scope of evaluating gravitational curvature of a
tesseroid, mainly when the computation point is located near
the surface of and inside the tesseroid, which will help to
investigate potential applications of gravitational curvature
for the topographic effects, crustal effects, and other layers
of the celestial bodies (e.g., Earth, the Moon, and Mars) in
geodesy, geophysics, and planetary sciences.

This paper is structured as follows: Section2 presents the
theoretical parts of this paper, in which the third-order central
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Table 1 Expressions for the first- and second-order central finite difference formulas, single-sided finite difference formulas, and their relative
errors from Eqs. (72–79) in Appendices C.1 and C.2 of Fukushima (2018)

Name Notation Expression

First-order central finite difference formula g0(t)
f (t + �t) − f (t − �t)

2�t

First-order single-sided finite difference formula g±(t)
− f (t ± 2�t) + 4 f (t ± �t) − 3 f (t)

±2�t

Second-order central finite difference formula h0(t)
f (t + �t) − 2 f (t) + f (t − �t)

(�t)2

Second-order single-sided finite difference formula h±(t)
− f (t ± 3�t) + 4 f (t ± 2�t) − 5 f (t ± �t) + 2 f (t)

(�t)2

Relative error of g0(t) δg0(t)
g0(t) − f (1)(t)

f (1)(t)
≈

(
f (3)(t)

6 f (1)(t)

)
(�t)2

Relative error of g±(t) δg±(t)
g±(t) − f (1)(t)

f (1)(t)
≈ −

(
f (3)(t)

3 f (1)(t)

)
(�t)2

Relative error of h0(t) δh0(t)
h0(t) − f (2)(t)

f (2)(t)
≈

(
f (4)(t)

12 f (2)(t)

)
(�t)2 ∗

Relative error of h±(t) δh±(t)
h±(t) − f (2)(t)

f (2)(t)
≈ −

(
11 f (4)(t)

12 f (2)(t)

)
(�t)2

*From Deng (2023a)

and single-sided finite difference formulas with one argu-
ment, two arguments, and three arguments are derived in
Sects. 2.1, 2.2, and 2.3, respectively. The numerical compu-
tation of gravitational curvature of a tesseroid is presented in
Sect. 2.4. Section3 performs the numerical experiments. The
setup of the numerical investigations is described in Sect. 3.1.
Section3.2 calculates the computation time of gravitational
potential, gravitational vector, gravitational gradient tensor,
and gravitational curvature. The influences of the height and
latitude of the computation point on gravitational curvature
are studied in Sects. 3.3 and 3.5, respectively. Sections3.4
and 3.6 investigate the grid size effects with the influences
of the height and latitude on gravitational curvature, respec-
tively. Finally, the conclusions and outlook are presented in
Sect. 4.

2 Theoretical aspects

2.1 General third-order central and single-sided
finite difference formulas with one argument

The first- and second-order central finite difference formu-
las, single-sided finite difference formulas, and their relative
errors were derived in Appendices C.1 and C.2 of Fukushima
(2018). To keep the derivation process in this section consis-
tent with that in Eqs. (72–79) in Appendices C.1 and C.2
of Fukushima (2018), the related expressions are presented
in Table 1. In this section, we will derive the third-order and
single-sided central finite difference formulas with one argu-
ment.

If a function f (t) is analytic in a interval [t−4�t, t+4�t],
the third-order central finite difference formula f (3)(t) can
be obtained by taking first-order derivative on the second-
order central finite difference formula h0(t) in Table 1 with
respect to t as:

f (3)(t) = ∂3 f (t)

∂t3
= ∂ f (2)(t)

∂t
≈ k0(t) = ∂h0(t)

∂t

= f (t+2�t)−2 f (t+�t)+2 f (t−�t)− f (t−2�t)

2(�t)3

(3)

where f (n) represents a general form of the nth-order deriva-
tive of the function f .

In Eq. (3), f (t ± 2�t) and f (t ± �t) can be expressed
by the Taylor series expansion as:

f (t ± 2�t) = f (t) ± 2�t f (1)(t) + 1

2
(±2)2(�t)2 f (2)(t)

+ 1

6
(±2)3(�t)3 f (3)(t) + 1

24
(±2)4(�t)4 f (4)(t)

+ 1

120
(±2)5(�t)5 f (5)(t) + O((�t)6) (4)

f (t ± �t) = f (t) ± �t f (1)(t) + 1

2
(±1)2(�t)2 f (2)(t)

+ 1

6
(±1)3(�t)3 f (3)(t) + 1

24
(±1)4(�t)4 f (4)(t)

+ 1

120
(±1)5(�t)5 f (5)(t) + O((�t)6) (5)

where O((�t)6) represents higher-order terms of the Tay-
lor series. If omitted in the series, this term represents the
approximation error.
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Substituting Eqs. (4–5) into Eq. (3), the relative error
δk0(t) of the third-order central finite difference formula is
obtained as:

δk0(t) ≡ k0(t) − f (3)(t)

f (3)(t)
≈

(
f (5)(t)

4 f (3)(t)

)
(�t)2 (6)

If a function f (t) is not analytic in an interval, f (t) will
have a discontinuity, a kink, or a singularity within this inter-
val; see Appendix C.1 of Fukushima (2018). When f (t) is
not analytic in the interval [t−4�t, t+4�t], the third-order
single-sided finite difference formula is denoted as:

f (3)(t) = ∂3 f (t)

∂t3
≈ k±(t)

= a f (t ± 4�t) + b f (t ± 3�t) + c f (t ± 2�t)

+ d f (t ± �t) + e f (t) (7)

In Eq. (7), f (t ± 4�t) and f (t ± 3�t) can be expressed
by the Taylor series expansion as:

f (t ± 4�t) = f (t) ± 4�t f (1)(t) + 1

2
(±4)2(�t)2 f (2)(t)

+ 1

6
(±4)3(�t)3 f (3)(t) + 1

24
(±4)4(�t)4 f (4)(t)

+ 1

120
(±4)5(�t)5 f (5)(t) + O((�t)6) (8)

f (t ± 3�t) = f (t) ± 3�t f (1)(t) + 1

2
(±3)2(�t)2 f (2)(t)

+ 1

6
(±3)3(�t)3 f (3)(t) + 1

24
(±3)4(�t)4 f (4)(t)

+ 1

120
(±3)5(�t)5 f (5)(t) + O((�t)6) (9)

Substituting Eqs. (4–5) and (8–9) into Eq. (7) yields:

k±(t) = (a + b + c + d + e) f (t)

± (4a + 3b + 2c + d)�t f (1)(t)

+ 1

2
(16a + 9b + 4c + d)(�t)2 f (2)(t)

± 1

6
(64a + 27b + 8c + d)(�t)3 f (3)(t)

+ 1

24
(256a + 81b + 16c + d)(�t)4 f (4)(t)

± 1

120
(1024a + 243b + 32c + d)(�t)5 f (5)(t)

+ O((�t)6) (10)

where k±(t) will be represented by the third- and fifth-order
derivatives, while other order (i.e., first-, second-, and fourth-
order) derivatives and f (t) will become zero. This helps to
obtain the detailed expressions for the a, b, c, d, and e.

Letting

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

a + b + c + d + e = 0

4a + 3b + 2c + d = 0

16a + 9b + 4c + d = 0

±1

6
(64a + 27b + 8c + d) = 1

(�t)3

256a + 81b + 16c + d = 0

(11)

yields:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a = −3

±2(�t)3

b = 7

±(�t)3

c = −12

±(�t)3

d = 9

±(�t)3

e = −5

±2(�t)3

(12)

Substituting Eq. (12) into Eq. (7), the third-order single-
sided finite difference formula is obtained as:

k±(t) = 1

±2(�t)3
[ − 3 f (t ± 4�t) + 14 f (t ± 3�t)

− 24 f (t ± 2�t) + 18 f (t ± �t) − 5 f (t)
]

(13)

where the sign ± depends on the analyticity of f (t). For
example, the positive sign (+) is chosen if f (t) is analytic in
the interval [t, t + 4�t] and the negative sign (−) is chosen
if f (t) is analytic in the interval [t − 4�t, t].

Substituting Eq. (12) into Eq. (10), the relative error
δk±(t) of the third-order single-sided finite difference for-
mula can be obtained as:

δk±(t) = k±(t) − f (3)(t)

f (3)(t)
≈ −

(
7 f (5)(t)

4 f (3)(t)

)
(�t)2 (14)

where the magnitude of Eq. (14) is 7 times larger than that
of Eq. (6).

2.2 Mixed third-order central and single-sided finite
difference formulas with two arguments

The function with two arguments is assumed to be f (u, v)

for simplicity. In this section, the ∂3 f /(∂u2 ∂v) is adopted,
and the below formulas can be applied by exchanging the
roles of u and v for the ∂3 f /(∂u ∂2v).

The mixed third-order partial derivatives are obtained by
mixing the second-order central finite difference formula
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h0(u) in Table 1 with respect to u and the first-order cen-
tral finite difference formula g0(v) in Table 1 with respect to
v as:

∂3 f

∂u2∂v
≈ 1

2(�u)2(�v)

[
f (u + �u, v + �v)

− f (u + �u, v − �v) − 2 f (u, v + �v)

+ 2 f (u, v − �v) + f (u − �u, v + �v)

− f (u − �u, v − �v)
]

(15)

In addition, if f (u, v) is analytic with respect to u but not
with respect to v, the mixed third-order partial derivatives
are approximated by mixing the second-order central finite
difference formula h0(u) in Table 1 with respect to u and
the first-order single-sided finite difference formula g±(v) in
Table 1 with respect to v as follows:

∂3 f

∂u2∂v
≈ εv

2(�u)2(�v)

[ − f (u + �u, v + 2εv�v)

+ 4 f (u + �u, v + εv�v) − 3 f (u + �u, v)

+ 2 f (u, v + 2εv�v) − 8 f (u, v + εv�v)

+ 6 f (u, v) − f (u − �u, v + 2εv�v)

+ 4 f (u − �u, v + εv�v) − 3 f (u − �u, v)
]
(16)

where εv = ±1 is the sign factor depending on the specific
situation, e.g. εv = 1 when f (t) is analytic in the interval
[t, t +�t] and εv = −1 when f (t) is analytic in the interval
[t − �t, t].

When f (u, v) is analytic with respect to v but not with
respect to u, the mixed third-order partial derivatives are
computed by mixing the second-order single-sided finite dif-
ference formula h±(u) in Table 1 with respect to u and the
first-order central finite difference formula g0(v) in Table 1
with respect to v as:

∂3 f

∂u2∂v
≈ 1

2(�u)2(�v)

[ − f (u + 3εu�u, v + �v)

+ f (u + 3εu�u, v − �v)

+ 4 f (u + 2εu�u, v + �v)

− 4 f (u + 2εu�u, v − �v)

− 5 f (u + εu�u, v + �v)

+ 5 f (u + εu�u, v − �v)

+ 2 f (u, v + �v) − 2 f (u, v − �v)
]

(17)

where εu = ±1 is the sign factor depending on the specific
situation, e.g., εu = 1 when f (t) is analytic in the interval
[t, t +�t] and εu = −1 when f (t) is analytic in the interval
[t − �t, t].

Finally, if f (u, v) is not analytic with respect to both u
and v, the mixed third-order partial derivatives are obtained
bymixing the second-order single-sided finite difference for-
mula h±(u) in Table 1 with respect to u and the first-order
single-sided finite difference formula g±(v) in Table 1 with
respect to v as:

∂3 f

∂u2∂v
≈ εv

2(�u)2(�v)

[
f (u+3εu�u, v+2εv�v)

− 4 f (u + 3εu�u, v + εv�v)

+ 3 f (u + 3εu�u, v)

− 4 f (u + 2εu�u, v + 2εv�v)

+ 16 f (u + 2εu�u, v + εv�v)

− 12 f (u + 2εu�u, v)

+ 5 f (u + εu�u, v + 2εv�v)

− 20 f (u + εu�u, v + εv�v)

+ 15 f (u + εu�u, v) − 2 f (u, v + 2εv�v)

+ 8 f (u, v + εv�v) − 6 f (u, v)
]

(18)

where εu = ±1 and εv = ±1 are the sign factors depending
on the specific situations described above.

2.3 Mixed third-order central and single-sided finite
difference formulas with three arguments

This section sets the function with three arguments as
f (u, v, w). Regarding the mixed third-order partial deriva-
tives with three arguments (i.e., ∂3 f /(∂u∂v∂w)), each
variable (i.e., u, v, and w) has two forms, i.e., the first-
order central finite difference formula (i.e., u0, v0, and w0)
and the first-order single-sided finite difference formula (i.e.,
u±, v±, and w±). Thus, there are 2 × 2 × 2 = 8 combina-
tions in total (i.e., {u0, v0, w0}, {u0, v0, w±}, {u0, v±, w0},
{u0, v±, w±}, {u±, v0, w0}, {u±, v0, w±}, {u±, v±, w0}, and
{u±, v±, w±}). Among these eight combinations, there are
four classifications:

(1) three variables with first-order central finite difference
formulas, i.e., {u0, v0, w0};

(2) two variableswith first-order central finite difference for-
mulas and one variablewith first-order single-sided finite
difference formula, i.e., {u0, v0, w±}, {u0, v±, w0}, and
{u±, v0, w0};

(3) one variable with first-order central finite difference for-
mula and twovariableswith first-order single-sidedfinite
difference formulas, i.e., {u0, v±, w±}, {u±, v0, w±},
and {u±, v±, w0};

(4) three variables with first-order single-sided finite differ-
ence formulas, i.e., {u±, v±, w±}.
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Herein, only one situation in the four classifications is
described for simplicity.

If f (u, v, w) is analytic with respect to u, v, and w (i.e.
{u0, v0, w0}), the mixed third-order partial derivatives are
obtained by repeatedly using the first-order central finite dif-
ference formulas (i.e., g0(u), g0(v), and g0(w)) in Table 1
three times as:

∂3 f

∂u∂v∂w
≈ 1

8(�u)(�v)(�w)

[

f (u + �u, v + �v,w + �w)

− f (u + �u, v + �v,w − �w)

− f (u + �u, v − �v,w + �w)

+ f (u + �u, v − �v,w − �w)

− f (u − �u, v + �v,w + �w)

+ f (u − �u, v + �v,w − �w)

+ f (u − �u, v − �v,w + �w)

− f (u − �u, v − �v,w − �w)
]

(19)

If f (u, v, w) is analyticwith respect tou andv but notwith
respect tow (i.e., {u0, v0, w±}), the mixed third-order partial
derivatives are presented by mixing the first-order central
finite difference formulas in Table 1 with respect to u and v

(i.e., g0(u) and g0(v)) twice and the first-order single-sided
finite difference formula in Table 1 with respect to w (i.e.,
g±(w)) as:

∂3 f

∂u∂v∂w
≈ εw

8(�u)(�v)(�w)

[

− f (u + �u, v + �v,w + 2εw�w)

+ 4 f (u + �u, v + �v,w + εw�w)

− 3 f (u + �u, v + �v,w)

+ f (u + �u, v − �v,w + 2εw�w)

− 4 f (u + �u, v − �v,w + εw�w)

+ 3 f (u + �u, v − �v,w)

+ f (u − �u, v + �v,w + 2εw�w)

− 4 f (u − �u, v + �v,w + εw�w)

+ 3 f (u − �u, v + �v,w)

− f (u − �u, v − �v,w + 2εw�w)

+ 4 f (u − �u, v − �v,w + εw�w)

− 3 f (u − �u, v − �v,w)
]

(20)

When f (u, v, w) is analytic with respect to u but not with
respect to v and w (i.e., {u0, v±, w±}), the mixed third-order
partial derivatives are computed by mixing the first-order
central finite difference formula in Table 1 with respect to u
(i.e., g0(u)) and the first-order single-sided finite difference
formulas in Table 1 with respect to v andw twice (i.e., g±(v)

and g±(w)) as:

∂3 f

∂u∂v∂w
≈ εvεw

8(�u)(�v)(�w)

[

f (u + �u, v + 2εv�v,w + 2εw�w)

− 4 f (u + �u, v + 2εv�v,w + εw�w)

+ 3 f (u + �u, v + 2εv�v,w)

− 4 f (u + �u, v + εv�v,w + 2εw�w)

+ 16 f (u + �u, v + εv�v,w + εw�w)

− 12 f (u + �u, v + εv�v,w)

+ 3 f (u + �u, v, w + 2εw�w)

− 12 f (u + �u, v, w + εw�w)

+ 9 f (u + �u, v, w)

− f (u − �u, v + 2εv�v,w + 2εw�w)

+ 4 f (u − �u, v + 2εv�v,w + εw�w)

− 3 f (u − �u, v + 2εv�v,w)

+ 4 f (u − �u, v + εv�v,w + 2εw�w)

− 16 f (u − �u, v + εv�v,w + εw�w)

+ 12 f (u − �u, v + εv�v,w)

− 3 f (u − �u, v, w + 2εw�w)

+ 12 f (u − �u, v, w + εw�w)

− 9 f (u − �u, v, w)
]

(21)

Finally, if f (u, v, w) is not analytic with respect to u,
v, and w (i.e., {u±, v±, w±}), the mixed third-order partial
derivatives are obtained by repeatedly using the first-order
single-sided finite difference formulas in Table 1 (i.e. g±(u),
g±(v), and g±(w)) three times as:

∂3 f

∂u∂v∂w
≈ εuεvεw

8(�u)(�v)(�w)

[

− f (u+2εu�u, v+2εv�v,w + 2εw�w)

+ 4 f (u + 2εu�u, v + 2εv�v,w + εw�w)

− 3 f (u + 2εu�u, v + 2εv�v,w)

+ 4 f (u + 2εu�u, v + εv�v,w + 2εw�w)

− 16 f (u + 2εu�u, v + εv�v,w + εw�w)

+ 12 f (u + 2εu�u, v + εv�v,w)

− 3 f (u + 2εu�u, v, w + 2εw�w)

+ 12 f (u + 2εu�u, v, w + εw�w)

− 9 f (u + 2εu�u, v, w)

+ 4 f (u + εu�u, v + 2εv�v,w + 2εw�w)

− 16 f (u + εu�u, v + 2εv�v,w + εw�w)

+ 12 f (u + εu�u, v + 2εv�v,w)

− 16 f (u + εu�u, v + εv�v,w + 2εw�w)

+ 64 f (u + εu�u, v + εv�v,w + εw�w)
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− 48 f (u + εu�u, v + εv�v,w)

+ 12 f (u + εu�u, v, w + 2εw�w)

− 48 f (u + εu�u, v, w + εw�w)

+ 36 f (u + εu�u, v, w)

− 3 f (u, v + 2εv�v,w + 2εw�w)

+ 12 f (u, v + 2εv�v,w + εw�w)

− 9 f (u, v + 2εv�v,w)

+ 12 f (u, v + εv�v,w + 2εw�w)

− 48 f (u, v + εv�v,w + εw�w)

+ 36 f (u, v + εv�v,w)

− 9 f (u, v, w + 2εw�w)

+ 36 f (u, v, w + εw�w) − 27 f (u, v, w)
]
(22)

The above sign factors εu = ±1, εv = ±1, and εw =
±1 in Eqs. (20–22) should be chosen based on the specific
situations.

It should be noted that the expressions for the mixed
third-order partial derivatives of other different situations
{u0, v±, w0} (or {u±, v0, w0}) and {u±, v0, w±} (or {u±,

v±, w0}) can be obtained based on those of the {u±, v0, w0}
and {u0, v±, w±} in Eqs. (20) and (21), respectively.

2.4 Computation of gravitational curvature of a
tesseroid

Based on these newly derived third-order central and single-
sided finite difference formulas with one, two, and three
arguments in Sects. 2.1–2.3, this section presents the details
to calculate gravitational curvature of a tesseroid. Regard-
ing gravitational curvature of a tesseroid, their expressions
were derived from spherical integral kernels in Deng and
Shen (2018a) and Cartesian integral kernels in Deng and
Shen (2018b), respectively. Different from Deng and Shen
(2018a, b), this study obtains third-order partial derivatives of
gravitational potential from the third-order central and single-
sided finite difference formulas with one, two, and three
arguments in the form of the Taylor series expansion. Specif-
ically, different conditional switches of the above-mentioned
third-order difference formulas in Sects. 2.1–2.3 are used for
the numerical differentiation of gravitational curvature.

The third-order partial derivatives of gravitational poten-
tial (V ) are derived with the polynomials of the Taylor series
expansion. The functions in the Taylor series expansion con-
tain the combination of gravitational potential, where its
numerical integration for a tesseroid is provided in Sect. 2.1
of Fukushima (2018). The ten defining components of the
third-order partial derivatives can be divided into three cate-
gories:

(1) the diagonal components, i.e., (∂3V /∂�3)�,H , (∂3V /

∂�3)�,H , and (∂3V /∂H3)�,�;
(2) the non-diagonal components with two different vari-

ables among three spatial variables �, �, and H ,
i.e., [∂3V /(∂�2∂�)]H , [∂3V /(∂�2∂H)]�, [∂3V /(∂�

∂�2)]H , [∂3V /(∂�2∂H)]�, [∂3V /(∂�∂H2)]�, and
[∂3V /(∂�∂H2)]�;

(3) the non-diagonal components with three different spatial
variables �, �, and H , i.e., ∂3V /(∂�∂�∂H).

Three sample expressions for the components of gravita-
tional curvature in these three categories are presented in the
form of the Taylor series expansion as follows:

(
∂3V

∂H3

)
�,�

= 1

2(�3H)3

[
V (�,�, H + 2�3H)

− 2V (�,�, H + �3H)

+ 2V (�,�, H − �3H)

− V (�,�, H − 2�3H)
]

− (�3H)2

4

(
∂5V

∂H5

)
− · · · (23)

(
∂3V

∂�∂H2

)
�

= 1

2(�3�)(�3H)2

[

V (� + �3�,�, H + �3H)

− V (� − �3�,�, H + �3H)

− 2V (� + �3�,�, H)

+ 2V (� − �3�,�, H)

+ V (� + �3�,�, H − �3H)

− V (� − �3�,�, H − �3H)
]

− (�3�)2

6

(
∂5V

∂�3∂H2

)

− (�3H)2

12

(
∂5V

∂�∂H4

)
− · · · (24)

(
∂3V

∂�∂�∂H

)
= 1

8(�3�)(�3�)(�3H)[
V (� + �3�,� + �3�, H + �3H)

− V (� + �3�,� + �3�, H − �3H)

− V (� + �3�,� − �3�, H + �3H)

+ V (� + �3�,� − �3�, H − �3H)

− V (� − �3�,� + �3�, H + �3H)

+ V (� − �3�,� + �3�, H − �3H)

+ V (� − �3�,� − �3�, H + �3H)

− V (� − �3�,� − �3�, H − �3H)
]

− (�3�)2

6

(
∂5V

∂�3∂�∂H

)
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− (�3�)2

6

(
∂5V

∂�∂�3∂H

)

− (�3H)2

6

(
∂5V

∂�∂�∂H3

)
− · · · (25)

where (�,�, H) are the geocentric latitude, longitude, and
height measured from the reference spherical surface along
the surface normal of the computation point in the spherical
Gauss normal coordinates (Fukushima 2018). Note that the
higher-order terms (i.e., larger than or equal to fifth-order
terms) are truncated for evaluating the third-order partial
derivatives in the numerical calculation. If one wants to
improve the accuracy of the third-order partial derivatives,
fifth-order and higher-order terms in Taylor series expansion
should be considered. Based on these new third-order finite
difference formulas in Sects. 2.1–2.3, the detailed expres-
sions for the third-order partial derivatives under different
situations with the latitude, longitude, and height in different
intervals are listed in Appendix A.

Previous test argument displacements were �1�, �1�,
�1H for gravitational vector and�2�,�2�,�2H for grav-
itational gradient tensor in Eqs. (17) and (27) of Fukushima
(2018). This study defines the new test argument displace-
ments�3�,�3�, and�3H for gravitational curvature with
respect to the spherical latitude �, longitude �, and height
H as:

�3� = �3H

R
, �3� = �3H

R cos�
, �3H = L δ3 (26)

R = R0 + H (27)
L = max(
0, 
) (28)


0 = 1

2

√
(�H)2 + R2

C

[
(��)2 + (cos�C)2(��)2

]
(29)


 =
√
R2+R2

C−2 R RC
[
sin� sin�C+ cos� cos�C cos(�−�C)

]
(30)

�� = �N − �S, �� = �E − �W, �H = HT − HB (31)

RC = R0 + HT + HB

2
, �C = �N + �S

2
,�C = �E + �W

2
(32)

where the parameters R, L , and 
0 are the same as those in
Eqs. (18–23) of Fukushima (2018). R is the geocentric dis-
tance of the computation point with respect to the center of
the reference sphere, whose radius is R0. L is a scale factor of
the maximum between 
0 (i.e., one-half of the nominal linear
size of the tesseroid) and 
 (i.e., the distance between the com-
putation point and the geometrical center of the tesseroid).
��, ��, and �H are the grid sizes of the tesseroid with
respect to the spherical latitudinal, longitudinal, and height
directions. The pairs of �N and �S, �E and �W, HT and
HB are the different latitudinal intervals, longitudinal inter-
vals, and height intervals of the tesseroid with respect to the
pairs of North and South, East and West, Top and Bottom
endpoints, respectively. RC, �C, and �C are the geocentric

distance, spherical latitude, and longitude of the geometrical
center of the tesseroid, respectively.

Previous relative test displacements for gravitational vec-
tor and gravitational gradient tensor were δ1 = 3

√
δ and

δ2 = 4
√

δ in Eq. (34) of Fukushima (2018). This study
presents the new relative test displacement δ3 in Eq. (26)
for gravitational curvature as:

δ3 = 5
√

δ (33)

where δ is the relative error tolerance in integrating gravita-
tional potential (Fukushima 2018). If δ = 10−33 is selected
for the quadruple precision environment of gravitational
potential (i.e., 33 digits for gravitational potential, 22 digits
for gravitational vector, and 16.5 digits for gravitational gra-
dient tensor (Fukushima 2018)), the accuracy of gravitational
curvature is expected to be 13.2 digits, which is calculated
by:

∣∣ log10(δ23)
∣∣ = ∣∣ log10( 5√

δ2)
∣∣ = 13.2 (34)

If δ = 10−16 is selected for the double precision environ-
ment of gravitational potential (i.e., 16 digits for gravitational
potential, 10.67 digits for gravitational vector, and 8 digits for
gravitational gradient tensor (Fukushima 2018)), the accu-
racy of gravitational curvature is expected to be 6.4 digits
based on Eq. (34).

The expressions for gravitational curvature (Gαβγ with
α, β, γ = �, �, H ) composed of the first-, second-, and
third-order partial derivatives can be referred to in Table 4
of Casotto and Fantino (2009). The first- and second-order
partial derivatives can be constructed from gravitational vec-
tor (g�, g�, and gH , see Eq. (24) of Fukushima (2018)) and
gravitational gradient tensor (���, ���, ��H , ���, ��H ,
and �HH , see Eqs. (28–33) of Fukushima (2018); Eqs. (3–4)
of Deng (2023a)), where the expressions for these first- and
second-order partial derivatives can be referred to in Tables
2–3 of Casotto and Fantino (2009).

Based on Eqs. (24), (28–33) of Fukushima (2018), Eqs.
(3–4) of Deng (2023a), and Tables 2–4 of Casotto and
Fantino (2009), the final formulas of gravitational curvature
are expressed in the forms of the third-order partial deriva-
tives, gravitational vector, and gravitational gradient tensor
as:

G��� = 1

R3

[(
∂3V

∂�3

)

�,H

+ R (g� + 3R ��H )

]
(35)

G��� = 1

R3 cos�

[(
∂3V

∂�2∂�

)

H

]

+ 1

R2

[
g� + R ��H + 2R tan� ���

]
(36)

G��H = 1

R2

[(
∂3V

∂�2∂H

)

�

+ gH + R �HH − 2R ���

]
(37)
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G��H = 1

R2

[
1

cos�

(
∂3V

∂�∂�∂H

)
− 2R ���

+ tan� (g� + R ��H )

]
(38)

G��� =
(

∂3V
∂�∂�2

)
H

− R g�

R3 cos2 �
+ 1

R2

[
g� + R ��H

− tan� (gH − 2R ��� + R ���) + 2 tan2 � g�

]
(39)

G��� =
R cos� g� +

(
∂3V
∂�3

)
�,H

R3 cos3 �
+ 3 (��H − tan� ���)

R
(40)

G��H = 1

R2

[
gH+R�HH−2R ��� + 1

cos2 �

(
∂3V

∂�2∂H

)

�

− tan�(g� + R ��H )

]
(41)

GHH� = 1

R

[(
∂3V

∂�∂H2

)

�

− 2 ��H

]
(42)

GHH� = 1

R

[
1

cos�

(
∂3V

∂�∂H2

)

�

− 2 ��H

]
(43)

GHHH =
(

∂3V

∂H3

)

�,�

(44)

where the validation of the correctness of Eqs. (35–37) and
(39–44) is provided in Appendix B.

In Eqs. (35–44), the third-order partial derivatives can
be calculated based on detailed expressions for the third-
order partial derivatives using different conditional switches
in Appendix A. The values of gravitational potential (V ),
gravitational vector (g�, g�, and gH ), and gravitational
gradient tensor (���, ���, ��H , ���, ��H , and �HH )
are obtained using the revised Fortran codes (xtess.f90
and xqtess.f90 at https://github.com/xiaoledeng/xtess-
xqtess) in double and quadruple precision (Deng 2023a),
where the original Fortran codes were from Fukushima
(2018).

In this study, Appendix C provides the Fortran codes
xtessgc.f90 and xqtessgc.f90 at https://github.
com/xiaoledeng/xtessgc-xqtessgc to calculate gravitational
curvature of a tesseroid, where the main Fortran subroutines
and functions are also shown.

3 Numerical investigations

3.1 Setup of the numerical experiments

The numerical setup of the experiments is described as fol-
lows. The basic numerical strategy applies the analytical
values of gravitational curvature of a spherical shell as ref-
erences to the calculated values of the discretized tesseroids.
The analytical expressions of nonzero gravitational curva-
ture components of a homogenous spherical shell when

the computation point is located below (H < HB), inside
(HB < H < HT ), and above (HT < H ) the spherical shell
are presented as:

G��H ,analytical = G��H ,analytical

=
⎧⎨
⎩
0, (H < HB)

−4πGρR3
B/R4, (HB < H < HT )

3GM/R4, (HT < H)

(45)

GHHH ,analytical =
⎧⎨
⎩
0, (H < HB)

8πGρR3
B/R4, (HB < H < HT )

−6GM/R4, (HT < H)

(46)

where M is the mass of the homogenous spherical shell.
M = 4πρ

3

(
R2
T + RT RB + R2

B

)
�H with RT = R0 + HT ,

RB = R0 + HB , R = R0 + H , and �H = HT − HB ,
which are fromEqs. (49–50) of Fukushima (2018).When the
computation points are on the inner and outer boundary of the
spherical shell, they are slightly shifted inside the spherical
shell; see also Sect. 3.1 of Fukushima (2018) and Sect. 4
of Deng (2023a). Three nonzero components of gravitational
curvature satisfy Laplace’s equation:

G��H ,analytical + G��H ,analytical + GHHH ,analytical = 0

(47)

no matter whether the computation point is located below,
inside, or above the spherical shell.

In the following sections, the relative errors in log10
scale are computed for three nonzero gravitational curva-
ture components (i.e., δG��H , δG��H , and δGHHH ; see
Eq. (11) of Deng (2023a)) and the absolute errors in log10
scale are calculated for other seven gravitational curva-
ture components (i.e., δG���, δG���, δG��H , δG���,
δG���, δGHH�, and δGHH�).When the computation point
is located below the spherical shell (i.e., H < HB), the abso-
lute errors are also computed for these gravitational curvature
components G��H , G��H , and GHHH .

To reveal the internal relation among gravitational cur-
vature components, Laplace’s equation parameters in log10
scale of gravitational curvature components are applied as:

δL1 = log10
(∣∣G��� + G��� + GHH�

∣∣) (48)

δL2 = log10
(∣∣G��� + G��� + GHH�

∣∣) (49)

δL3 = log10
(∣∣G��H + G��H + GHHH

∣∣) (50)

where the values of the δL1, δL2, and δL3 are theoretically
equal to zero, and their numerical values reflect the levels of
the internal numerical precision.

The numerical values in the following experiments are
listed in Table 2. The bottom and top heights of the
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Table 2 Numerical values in the following experiments

Parameter Notation Magnitude Unit

Newtonian gravitational
constant multiplied by the
density

Gρ 1 s−2

Radius of the reference
sphere

R0 6380 km

Bottom height of the
spherical shell

HB −40 km

Top height of the spherical
shell

HT 10 km

tesseroids are the same as those of the spherical shell. The
selected numerical values are the same as those in Sect. 3.1
of Fukushima (2018) and Sect. 4 of Deng (2023a). When
calculating the numerical values in the following experi-
ments, the values of all gravitational curvature components
of the tesseroid and spherical shell should be divided by
GρR2

0 . Because the termGρR2
0 with the unit m

3 kg−1 s−2×
kg m−3 × m2 = m2 s−2 is omitted when calculating grav-
itational curvature of the tesseroid using the Fortran codes
xtessgc.f90 and xqtessgc.f90 in Appendix C. The
unit for the calculated values of gravitational curvature com-
ponents of the tesseroid and spherical shell is m−3. In other
words, the unit of the absolute errors and Laplace’s equation
parameters in Eqs. (48–50) is m−3.

3.2 Investigation on the computation time of
gravitational potential, gravitational vector,
gravitational gradient tensor , and gravitational
curvature

The computation efficiency of gravitational curvature com-
ponents is an essential factor that must be considered when
applying gravitational curvature components for large-scale
and high-resolution practical applications. The computation
time of gravitational curvature is investigated in this sec-
tion to demonstrate its computation efficiency. According to
Eqs. (35–44), the gravitational curvature is evaluated using
the numerical results of gravitational potential, gravitational
vector, and gravitational gradient tensor. In other words, the
outputs of gravitational potential, gravitational vector, and
gravitational gradient tensor of the tesseroid are the inputs
of gravitational curvature; see also Fig. 9 of Appendix C.
To demonstrate the overall numerical efficiency, we also
include the computation time of gravitational potential, grav-
itational vector, and gravitational gradient tensor. Regarding
the numerical strategy, a spherical shell is discretized into the
tesseroids using different grid sizes.

The basic information about the spherical shell is shown
in Table 2. The spherical latitude, longitude, and height of

the single computation point are � = 0◦, � = 180◦, and
H = 100 km, respectively. The grid size of the discretized
tesseroids is chosen from 30◦ ×30◦ to 5′ ×5′ in the spherical
latitudinal and longitudinal directions as �� × ��. The
evaluation is performed on a desktop computer with an Intel
CPU i5-10400 at 2.9 GHz, 32GBRAM, and 1 TBSSD using
single-threaded operation. The unit of computation time is
second.

The numerical values of the computation time of grav-
itational potential, gravitational vector, gravitational gradi-
ent tensor , and gravitational curvature of the discretized
tesseroids with different grid sizes in double precision are
listed in Table 3. Generally, Table 3 shows that the compu-
tation time gets larger with finer grid sizes of the tesseroid.
Regarding the grid size of 5′ × 5′ with 9 331 200 tesseroids
for a single computation point, the total computation time of
gravitational potential, gravitational vector, gravitational gra-
dient tensor, and gravitational curvature is about 535 083.33
/ (3600× 24) ≈ 6.2 days, in which the computation times of
gravitational potential, gravitational vector, gravitational gra-
dient tensor, and gravitational curvature are approximately
6 607.64 / 3600 ≈ 1.8 hours, 39 642.18 / 3600 ≈ 11.0
hours, 118 931.84 / (3600× 24) ≈ 1.4 days, and 369 901.67
/ (3600 × 24) ≈ 4.3 days, respectively.

The average value of the total computation time of gravi-
tational potential, gravitational vector, gravitational gradient
tensor , and gravitational curvature is 0.06 s for a single com-
putation point with each single tesseroid, where the average
computation time of gravitational gradient tensor and gravi-
tational curvature is 0.01 s and 0.04 swith the ratios of 1/6 and
2/3. Regarding the internal comparison of the computation
time, the average values of the computation time of gravita-
tional vector (GV), gravitational gradient tensor (GGT), and
gravitational curvature (GC) divided by the computation time
of gravitational potential (GP) are 6.29 for the GV/GP, 19.20
for the GGT/GP, and 59.15 for the GC/GP, respectively.

When selecting the grid size of the tesseroid in the specific
calculation, these values of the computation time in Table 3
can be used as the basic parameters by multiplying the num-
bers of the computation points and the tesseroids to obtain
the total computation time of gravitational potential, gravita-
tional vector, gravitational gradient tensor, and gravitational
curvature.

3.3 The influence of the height on gravitational
curvature

Regarding the previous studies on gravitational curvature of
the tesseroid using different numerical approaches (Deng
and Shen 2018a, b, 2019), there exists the near-zone prob-
lem that has significant errors when the computation point
approaches the surface of the spherical shell with the dis-
cretized tesseroids. In this section, the numerical techniques
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presented in Sect. 2.4 including conditional split, infinite
difference, and double exponential rule are applied to eval-
uate gravitational curvature with the influence of the height
of the computation point. To study the general case of the
tesseroid, the situations of the computation point located
inside and below the tesseroid are also included. Specifically,
the relative errors, absolute errors, and Laplace’s equation
parameters of gravitational curvature in Eqs. (48–50) are
investigated with the influence of the height of the computa-
tion point.

The numerical values of the spherical shell are presented
in Table 2. The grid size of the discretized tesseroids is 30◦ ×
30◦. The spherical latitude and longitude of the computation
point are the same as those in Sect. 3.2 as � = 0◦ and � =
180◦. The height of the computation point is H ∈ [−100 km,
−40 km) & (−40 km, 10km) & (10km, 100km] with an
interval of 1km. Note that the bottom and top boundaries of
the spherical shell are not evaluated for the relative errors of
gravitational curvature. Because these values of gravitational
curvature of the spherical shell cannot be calculated based on
Eqs. (45–46) unless the limit values are taken.

The absolute and relative errors in log10 scale of gravita-
tional curvature components δG��H , δG��H , and δGHHH

are visualized in Fig. 1a. The absolute errors in log10
scale of other gravitational curvature components (δG���,
δG���, δG��H , δG���, δG���, δGHH�, and δGHH�)
and Laplace’s equation parameters (δL1, δL2, and δL3) are
shown in Fig. 1b. Note that the unit of the absolute errors and
Laplace’s equation parameters is m−3.

In Fig. 1a, the relative errors in log10 scale of gravitational
curvature component δGHHH around the bottom and top
boundaries (i.e. HB = −40 km and HT = 10 km) of the
spherical shell are about 2 at H = −38 km, 2 at H = 8 km,
and 4 at H = 12 km. The absolute error in log10 scale of
the δGHHH is about −8 at H = −42 km. These values
are the large errors, which belong to the numerical outliers.
Except for these outliers, the ranges of the absolute errors in
log10 scale of gravitational curvature components δG��H ,
δG��H , and δGHHH are about [−19, −16] in the height of
[−100 km, −40 km) and the relative errors in log10 scale are
about [−8,−4] in the heights of (−40 km, 10km) and (10km,
100km]. Thus, the numerical values of the relative errors
of gravitational curvature components δG��H , δG��H , and
δGHHH can provide the proper numerical precision.

In Fig. 1b, the absolute errors in log10 scale are mostly in
the range of [−28, −16] for other gravitational curvature
components (δG���, δG���, δG��H , δG���, δG���,
δGHH�, and δGHH�) and Laplace’s equation parameters
(δL1, δL2, and δL3). Regarding the absolute errors in Fig. 1a
and b, they are less than or equal to 10−16,which is the chosen
double precision environment in this study. In other words,
the calculated absolute errors satisfy the chosen double pre-
cision.

Fig. 1 aVisualization of the absolute errors in [−100 km,−40 km) and
relative errors in (−40 km, +10 km) and (+10 km, +100 km] in log10
scale of the δG��H with blue circle points, δG��H with red star points,
and δGHHH with green square points with the influence of the height
H from −100 km to +100 km with an interval of 1 km; b the absolute
errors in log10 scale of the δG��� with blue circle points, δG��� with
red star points, δG��H with purple pentagon points, δG��� with green
inverted triangle points, δG��� with yellowsquare points, δGHH� with
cyan diamond points, δGHH� with magenta hexagon points, δL1 with
brown octagon points, δL2 with orange cross points, and δL3 with black
triangle points. The bottom and top boundaries of the spherical shell are
at HB = −40 km and HT = +10 km denoted by two solid vertical
lines. The grid size of the discretized tesseroids is 30◦ × 30◦

In Fig. 1, the near-zone transitions between the spheri-
cal shell and its inner or outer space are interesting. The
smaller height interval of 0.02 km is adopted for the near-
zone as the height within [+9 km, +10 km) and (+10 km,
+11 km]. The numerical results are presented in Fig. 2. The
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Fig. 2 a Visualization of the relative errors in log10 scale of gravita-
tional curvature with the influence of the height H in [+9 km,+10 km)
and (+10 km, +11 km] with an interval of 0.02 km; b the absolute
errors in log10 scale of gravitational curvature and Laplace’s equation
parameters. Other parameters are the same as in Fig. 1

relative errors of gravitational curvature in Fig. 2a are in the
range of [−9,−4]. The absolute errors and Laplace’s equa-
tion parameters of gravitational curvature in Fig. 2b are about
within [−25,−15]. Numerical results reveal that the near-
zone problem for gravitational curvature of the tesseroid can
be solved using the proposed approach in this study.

The numerical results in Figs. 1 and 2 reveal that the calcu-
lated values of gravitational curvature are enough to provide
the proper precision for the tesseroid in practical applications
based on their relative and absolute errors with respect to the
reference values of the spherical shell.

3.4 Grid size effect for the influence of the height on
gravitational curvature

In the previous study, Deng and Shen (2019) studied the
effects of the number of discretized tesseroids on the evalua-
tion of gravitational curvature using the distance-size ratio
values. Generally, the accuracy of gravitational curvature
becomes better with the increased number of discretized
tesseroids (i.e., finer grid sizes), which is called the grid
size refinement effect. In addition, the corresponding com-
putation time will increase. In this study, we investigate the
effects of the grid size on the near-zone problem and whether
the calculated values of gravitational curvature near the bot-
tom and top boundaries of the spherical shell would varywith
different grid sizes.

This section is an extension of Sect. 3.3, i.e. the numerical
settings are the same as those in Sect. 3.3. The only difference
lies in the grid size of the discretized tesseroids. The chosen
grid sizes in this section are 20◦ × 20◦, 10◦ × 10◦, 5◦ × 5◦,
and 1◦ × 1◦, which are finer than 30◦ × 30◦ in Sect. 3.3.

The absolute and relative errors in log10 scale of gravita-
tional curvature components δG��H , δG��H , and δGHHH

using different grid sizes are shown in Fig. 3. The absolute
errors in log10 scale of other gravitational curvature compo-
nents and Laplace’s equation parameters are shown in Fig. 4
with different grid sizes. To quantify the numerical results of
the effects of the grid size, the statistical values, including the
minimum (Min), maximum (Max), andmean values (Mean),
are listed in Table 4 for the relative errors in log10 scale,
Table 5 for the absolute errors in log10 scale, and Table 6 for
Laplace’s equation parameters in log10 scale, respectively.
The statistical values of the grid size 30◦ × 30◦ in Fig. 1 are
also included.

In Fig. 3a, it can be clearly seen that the relative errors in
log10 scale of the δGHHH are about 3 at H = −39 km, 3 at
H = 9 km, and 5 at H = 11 km and the absolute error in
log10 scale of the δGHHH is about−7 at H = −41 km for the
grid size 20◦ ×20◦ in Fig. 3a, which belong to the numerical
outliers. Whereas at other heights based on Tables 4 and 5,
the relative and absolute errors in log10 scale of the δGHHH

are in the range of about [−9, −4] and [−19, −16], which
are at the acceptable precision levels as −6.4 and −16 based
on Eq. (34) of this study. For the δGHHH in Figs. 3b–d, there
are no numerical outliers for the relative and absolute errors.
Moreover, the numerical outliers are not found for the relative
and absolute errors in log10 scale of the δG��H and δG��H

in Fig. 3a–d.
The absolute errors and Laplace’s equation parameters in

Fig. 4 are approximately smaller than or equal to 10−16 with
different grid sizes, indicating that these errors are round-off
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Fig. 3 Visualization of the
absolute and relative errors in
log10 scale of gravitational
curvature components (δG��H ,
δG��H , and δGHHH ) by grid
sizes of a 20◦ × 20◦, b
10◦ × 10◦, c 5◦ × 5◦, and d
1◦ × 1◦. Other parameters are
the same as in Fig. 1a

Fig. 4 Visualization of the
absolute errors in log10 scale of
gravitational curvature
components (δG���, δG���,
δG��H , δG���, δG���,
δGHH�, and δGHH�) and
Laplace’s equation parameters
(δL1, δL2, and δL3) by grid
sizes of a 20◦ × 20◦, b
10◦ × 10◦, c 5◦ × 5◦, and d
1◦ × 1◦. Other parameters are
the same as in Fig. 1b
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Table 4 Statistical values of the relative errors in log10 scale in Figs. 1a
and 3 removing the outliers near the boundaries of the spherical shell,
where the Min, Max, and Mean are the values of the minimum, maxi-
mum, and mean

Grid size Quantity Min Max Mean

30◦ × 30◦ in Fig. 1a δG��H −8.2 −4.0 −5.9

δG��H −8.1 −3.9 −6.0

δGHHH −7.4 −4.1 −5.9

20◦ × 20◦ in Fig. 3a δG��H −8.3 −4.3 −6.0

δG��H −8.2 −4.2 −5.9

δGHHH −9.0 −3.9 −5.8

10◦ × 10◦ in Fig. 3b δG��H −7.7 −3.3 −5.0

δG��H −7.1 −3.6 −5.1

δGHHH −7.6 −3.6 −5.3

5◦ × 5◦ in Fig. 3c δG��H −7.4 −3.0 −4.6

δG��H −6.8 −3.3 −4.7

δGHHH −8.0 −3.3 −4.9

1◦ × 1◦ in Fig. 3d δG��H −6.5 −2.5 −3.8

δG��H −5.9 −2.6 −3.8

δGHHH −6.7 −2.7 −4.0

The values are truncated to one decimal place

errors of the computer and they satisfy the chosen double
precision 10−16.

Based on the numerical values in Tables 4 and 6, with the
finer grid size, the mean values of the relative errors in log10
scale of the δG��H and δGHHH and the absolute errors
in log10 scale of the δL3 increase. For instance, the mean
values of the relative errors in log10 scale of the δG��H

are approximately −6.0 for the 30◦ × 30◦, −5.9 for the
20◦ × 20◦, −5.1 for the 10◦ × 10◦, −4.7 for the 5◦ × 5◦,
and −3.8 for the 1◦ × 1◦, respectively. The mean values of
the absolute errors in log10 scale of the δL3 are about −16.8
for the 30◦ × 30◦, −16.7 for the 20◦ × 20◦, −16.0 for the
10◦ × 10◦, −15.5 for the 5◦ × 5◦, and −14.6 for the 1◦ × 1◦,
respectively. This may be the reason that the superposition
error effect is greater than the grid size refinement effect.
Specifically, each single tesseroid has a small error caused by
the applied numerical techniques, e.g., the truncated Taylor
series expansion and double exponential rule. Thus, the sum
of each single tesseroid has more significant errors than each
single tesseroid. When the number of discretized tesseroids
increases, the errors also increase. This superposition error
effect due to the applied numerical approach will be investi-
gated carefully in future studies.

In short, all relative and absolute errors in Figs. 1, 2, 3,
and 4donot change significantly or can bewithin suitable and
acceptable ranges when the computation point goes from far
to near zone of the spherical shell or discretized tesseroids.
Thus, the near-zone problem for gravitational curvature of

Table 5 Statistical values of the absolute errors in log10 scale in Figs. 1b
and 4 removing the outliers near the boundaries of the spherical shell

Grid size Quantity Min Max Mean

30◦ × 30◦ in Fig. 1b δG��H −19.0 −16.0 −17.4

δG��H −18.6 −16.5 −17.5

δGHHH −19.0 −16.1 −17.2

δG��� −27.1 −20.2 −24.2

δG��� −20.6 −17.5 −18.2

δG��H −27.8 −20.6 −24.9

δG��� −21.8 −18.2 −19.4

δG��� −20.0 −17.6 −18.2

δGHH� −22.3 −18.2 −19.6

δGHH� −23.0 −17.4 −18.2

20◦ × 20◦ in Fig. 4a δG��H −19.7 −15.9 −17.5

δG��H −18.3 −15.8 −17.2

δGHHH −18.7 −15.6 −17.0

δG��� −30.3 −22.4 −27.5

δG��� −21.2 −18.0 −19.2

δG��H −31.1 −22.5 −28.6

δG��� −22.0 −18.6 −19.8

δG��� −21.0 −17.6 −18.9

δGHH� −22.1 −18.6 −19.8

δGHH� −21.3 −18.0 −19.3

10◦ × 10◦ in Fig. 4b δG��H −18.3 −15.6 −16.5

δG��H −19.4 −15.6 −16.5

δGHHH −18.1 −15.3 −16.5

δG��� −27.1 −20.3 −23.7

δG��� −19.9 −16.4 −17.1

δG��H −27.8 −21.6 −24.6

δG��� −21.5 −17.1 −18.7

δG��� −19.4 −16.5 −17.2

δGHH� −21.9 −17.1 −18.6

δGHH� −19.3 −16.5 −17.1

5◦ × 5◦ in Fig. 4c δG��H −17.4 −14.9 −16.0

δG��H −17.9 −15.3 −16.1

δGHHH −17.9 −14.9 −15.9

δG��� −28.0 −21.4 −23.5

δG��� −19.9 −16.5 −17.7

δG��H −28.2 −22.1 −24.4

δG��� −20.9 −16.5 −18.1

δG��� −20.6 −16.1 −17.4

δGHH� −20.5 −16.5 −18.3

δGHH� −20.1 −16.5 −17.6

1◦ × 1◦ in Fig. 4d δG��H −16.1 −14.4 −15.2

δG��H −16.2 −14.5 −15.1

δGHHH −17.6 −14.3 −15.2

δG��� −24.8 −20.1 −22.0

δG��� −17.8 −14.5 −15.5

δG��H −25.6 −20.4 −22.7
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Table 5 continued

Grid size Quantity Min Max Mean

δG��� −19.4 −15.4 −16.7

δG��� −17.7 −14.7 −15.6

δGHH� −19.4 −15.4 −16.9

δGHH� −18.0 −14.6 −15.5

Other parameters are the same as those in Table 4

Table 6 Statistical values of the Laplace’s equation parameters in log10
scale in Figs. 1b and 4 removing the outliers near the boundaries of the
spherical shell

Grid size Quantity Min Max Mean

30◦ × 30◦ in Fig. 1b δL1 −21.6 −18.1 −19.2

δL2 −20.5 −17.0 −17.8

δL3 −18.6 −14.8 −16.8

20◦ × 20◦ in Fig. 4a δL1 −21.5 −18.4 −19.6

δL2 −23.9 −17.5 −18.6

δL3 −18.5 −15.3 −16.7

10◦ × 10◦ in Fig. 4b δL1 −21.4 −17.0 −18.5

δL2 −18.9 −16.0 −16.7

δL3 −19.2 −14.8 −16.0

5◦ × 5◦ in Fig. 4c δL1 −20.7 −16.3 −17.9

δL2 −20.3 −16.0 −17.0

δL3 −17.7 −14.6 −15.5

1◦ × 1◦ in Fig. 4d δL1 −18.8 −15.2 −16.6

δL2 −17.6 −14.2 −15.1

δL3 −16.6 −13.7 −14.7

Other parameters are the same as those in Table 4

the tesseroid could be adequately solved using the proposed
numerical approach in Sect. 2.4.

3.5 The influence of the latitude on gravitational
curvature

Previous studies revealed that the geometry of the tesseroid
affected the relative errors of gravitational curvature at the
satellite height, i.e., the relative errors increased especially
near the polar region (Deng and Shen 2018a, b). In this sec-
tion, we apply the numerical approach presented in Sect. 2.4
to investigate whether the evaluation of gravitational curva-
ture varies with the geometry of the tesseroid near the polar
region, i.e., polar-region problem. Specifically, the influence
of the latitude of the computation point on gravitational cur-
vature is performed using the spherical shell discretized into
tesseroids. In addition, the polar-singularity problem, i.e.,
there are numerical outliers at the polar points, is investigated
with the numerical approach in Sect. 2.4. The relative errors
of gravitational potential (δV ), gravitational vector (δgH ),
and gravitational gradient tensor (δ���, δ���, and δ�HH )

are included as comparisons to those of gravitational cur-
vature. The calculation of the relative errors of gravitational
potential, gravitational vector, and gravitational gradient ten-
sor components can be referred to in Sect. 3.1 of Fukushima
(2018) and Sect. 4 of Deng (2023a).

Similarly, the numerical values of the spherical shell are
listed in Table 2. Due to the spherical symmetry of the north-
ern and southern hemispheres of the spherical shell, the
spherical latitude of the computation point is � ∈ [0◦, 90◦]
with an interval of 1◦. The spherical longitude of the com-
putation point is � = 0◦. The height of the computation
point is H = 260km, which was usually adopted as the
GOCE (Gravity Field and Steady-State Ocean Circulation
Explorer, Rummel et al. (2011)) satellite height. This height
is the same as that in Deng and Shen (2018a), Deng and Shen
(2018b), and Deng (2023b). The grid size of the discretized
tesseroids is 30◦ × 30◦.

The relative errors in log10 scale of gravitational poten-
tial (δV ), gravitational vector (δgH ), gravitational gradient
tensor (δ���, δ���, and δ�HH ), and gravitational curva-
ture (δG��H , δG��H , and δGHHH ) with the influence of
the latitude are illustrated in Fig. 5a. In addition, the absolute
errors (δG���, δG���, δG��H , δG���, δG���, δGHH�,
and δGHH�) and Laplace’s equation parameters (δL1, δL2,
and δL3) in log10 scale of gravitational curvature are shown
in Fig. 5b.

In Fig. 5a, it can be clearly found that there are twonumeri-
cal outliers for gravitational gradient tensor component δ���

and gravitational curvature component δG��H at the lati-
tude � = 90◦. In detail, the relative errors in log10 scale are
about 5 for the δ��� and 8 for the δG��H at the polar point
� = 90◦. Similarly, at the latitude � = 90◦ in Fig. 5b,
the numerical outliers exist for these gravitational curva-
ture components (i.e., δG���, δG��H , δG���, δG���,
and δGHH�) and Laplace’s equation parameters (i.e. δL1,
δL2, and δL3). The absolute errors in log10 scale are approx-
imately 8 for the δG���, δG���; 3 for the δG��H ; 9 for
the δG���, δL1;−13 for the δGHH�; 2 for the δL2; and−4
for the δL3, respectively.

In Fig. 5a, except for the abnormal values at the latitude
90◦, the relative errors of gravitational potential, gravita-
tional vector, gravitational gradient tensor, and gravitational
curvature do not increase with the increased latitude. These
relative errors show the irregular discrete distribution. Thus,
the polar-region problem for gravitational curvature of the
tesseroid can be solved using the numerical approach in this
study. Specifically, the relative errors in log10 scale are in
the range of about [−16, −15] for gravitational potential
(δV ), [−13, −10] for gravitational vector (δgH ), [−9, −6]
for gravitational gradient tensor (δ���, δ���, and δ�HH ),
and [−8, −4] for gravitational curvature (δG��H , δG��H ,
and δGHHH ), respectively.
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Fig. 5 a Illustration of the relative errors in log10 scale of the δV with
blue circle points, δgH with red star points, δ��� with purple pentagon
points, δ��� with green inverted triangle points, δ�HH with yellow
square triangle points, G��H with cyan diamond points, δG��H with
magenta hexagon points, and δGHHH with black triangle points with
the influence of the latitude of the computation point from 0◦ to 90◦
with an interval of 1◦ at the satellite height of 260km; b the absolute
errors in log10 scale of gravitational curvature components (δG���,
δG���, δG��H , δG���, δG���, δGHH�, and δGHH�) and their
Laplace’s equation parameters (δL1, δL2, and δL3). Other parameters
are the same as in Fig. 1b

From Fig. 5b, it can be seen that these absolute errors
and Laplace’s equation parameters do not increase with the
increased latitude. Apart from the numerical outliers at the
polar point, the absolute errors in log10 scale of gravitational
curvature components and Laplace’s equation parameters are
almost in the range of about [−21,−16], which indicates the
satisfied double precision 10−16.

Fig. 6 a Illustration of the relative errors in log10 scale of the δV , δgH ,
δ���, δ���, δ�HH , G��H , δG��H , and δGHHH with the influence
of the latitude of the computation point from 89◦ to 90◦ with an interval
of 0.01◦ at the satellite height of 260km; b the absolute errors in log10
scale of gravitational curvature components (δG���, δG���, δG��H ,
δG���, δG���, δGHH�, and δGHH�) and their Laplace’s equation
parameters (δL1, δL2, and δL3). Other parameters are the same as in
Fig. 5

In Fig. 5, the instability of calculating the affected gra-
dients near the polar singular point would be interesting.
The range of the computation point’s latitude is [89◦, 90◦]
with the smaller latitude interval of 0.01◦. The numeri-
cal results are presented in Fig. 6. In Fig. 6, the increased
relative errors are found for the δ��� and δG��H from
89.9◦ to 90◦ due to the existed polar-singularity problems
for these two components, where the same situations occur
for these gravitational curvature components (i.e., δG���,
δG��H , δG���, δG���, and δGHH�) and Laplace’s equa-
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tion parameters (i.e., δL1, δL2, and δL3). Whereas the
relative errors for other components of gravitational poten-
tial, gravitational vector, gravitational gradient tensor, and
gravitational curvatures do not increase from 89◦ to 90◦.

The abovenumerical results show that the polar-singularity
problem exists for the relative errors of gravitational curva-
ture component δG��H , the absolute errors of gravitational
curvature (δG���, δG��H , δG���, δG���, and δGHH�),
and Laplace’s equation parameters (δL1, δL2, and δL3) due
to the numerical outliers of these parameters at the polar
point� = 90◦. The reason for these outliers lies in the cos�

in the denominator of the expressions of these components,
e.g., Eqs. (36), (38–41), and (43), and Laplace’s equation
parameters are composed of these components.

3.6 Grid size effect for the influence of the latitude
on gravitational curvature

Similar to Sect. 3.4 based on Sect. 3.3, this section inves-
tigates the grid size effect for the influence of the latitude
on gravitational curvature based on Sect. 3.5. Specifically,
the relative errors, absolute errors, and Laplace’s equation
parameters are calculated with different grid sizes based
on the spherical shell discretized into tesseroids. The polar-
region problem and polar-singularity problem are tested for
gravitational curvature at the polar points with different grid
sizes. In addition, the relative errors of gravitational poten-
tial, gravitational vector, and gravitational gradient tensor
are included in comparisons with those of gravitational cur-
vature.

Analogously, the grid size is extended from 30◦ × 30◦ to
20◦ × 20◦, 10◦ × 10◦, 5◦ × 5◦, and 1◦ × 1◦. Other numerical
parameters in this section are the same as those in Sect. 3.5.

Figure 7 illustrates the relative errors in log10 scale of
gravitational potential (δV ), gravitational vector (δgH ), grav-
itational gradient tensor (δ���, δ���, and δ�HH ), and
gravitational curvature (δG��H , δG��H , and δGHHH ) with
the influence of the latitude using the grid sizes 20◦ × 20◦,
10◦ × 10◦, 5◦ × 5◦, and 1◦ × 1◦. Similarly, Fig. 8 shows the
absolute errors (δG���, δG���, δG��H , δG���, δG���,
δGHH�, and δGHH�) and Laplace’s equation parameters
(δL1, δL2, and δL3) in log10 scale of gravitational curvature
with the different grid sizes.

In Fig. 7, there are two numerical outliers of gravitational
gradient tensor component δ��� and gravitational curva-
ture component δG��H at the latitude � = 90◦ for different
grid sizes 20◦ × 20◦, 10◦ × 10◦, 5◦ × 5◦, and 1◦ × 1◦ in
Fig. 7a–d, respectively. These abnormal relative errors in
log10 scale of the δ��� and δG��H using different grid
sizes are approximately 4 and 8 for 20◦ × 20◦ in Fig. 7a; 5
and 8 for 10◦ × 10◦ in Fig. 7b; 5 and 6 for 5◦ × 5◦ in Fig. 7c;
and 5 and 8 for 1◦ × 1◦ in Fig. 7d. In Fig. 8, the numerical
outliers of the absolute errors in log10 scale for gravitational

curvature components and Laplace’s equation parameters at
the latitude � = 90◦ using different grid sizes are listed in
Table 7. Regarding the different grid sizes, there still exist
the polar-singularity problems for the relative errors of grav-
itational curvature (δG��H ), absolute errors of gravitational
curvature (δG���, δG��H , δG���, δG���, and δGHH�),
and Laplace’s equation parameters (δL1, δL2, and δL3).

Apart from the numerical outliers in Figs. 5, 6, 7 and 8,
the statistical values of the relative errors in log10 scale in
Figs. 5a and 7 and absolute errors in log10 scale in Figs. 5b
and 8 are listed in Tables 8 and 9, respectively.

Based on Fig. 7 and Table 8, the ranges of the relative
errors in log10 scale for gravitational potential (δV ), gravi-
tational vector (δgH ), gravitational gradient tensor (δ���,
δ���, and δ�HH ), and gravitational curvature (δG��H ,
δG��H , and δGHHH ) are almost at the similar level for dif-
ferent grid sizes by not considering the numerical outliers
at the latitude � = 90◦. Similarly, removing the numerical
outliers and based on Fig. 8 and Table 9, the ranges of the
absolute errors in log10 scale of gravitational curvature com-
ponents and Laplace’s equation parameters are about [−20,
−16].

When the latitude increases in Figs. 5, 6, 7, and 8, all
relative and absolute errors of gravitational curvature do not
change significantly and they arewithin certain ranges. These
numerical results with different grid sizes reveal that the
geometry of the discretized tesseroids does not affect the
evaluation of gravitational curvature with the influence of
the latitude by using the numerical techniques of the condi-
tional split, finite difference, and double exponential rule in
this study. Thus, the polar-region problem for gravitational
curvature of the tesseroid can be properly solved using the
proposed numerical approach in this study.

From Tables 8 and 9, it is interesting to find that the mean
values of the relative errors in log10 scale of gravitational
potential (δV ), gravitational gradient tensor (δ���, δ���,
and δ�HH ), and gravitational curvature (δG��H , δG��H ,
and δGHHH ), absolute errors in log10 scale of gravitational
curvature (δG���, δG���, δG��H , δG���, δGHH�, and
δGHH�), and Laplace’s equation parameters (δL1, δL2, and
δL3) increase with the finer grid sizes from 30◦ × 30◦ to
1◦ × 1◦, excepting for the δgH and δG���. For example,
the mean values of the relative errors in log10 scale of the
δGHHH are about −5.3, −5.2, −5.1, −4.8, and −4.7 for
the grid sizes 30◦ × 30◦, 20◦ × 20◦, 10◦ × 10◦, 5◦ × 5◦,
and 1◦ ×1◦, respectively. This demonstrates the existence of
the superposition error effect mentioned in Sect. 3.6 using
the different grid sizes at the satellite height. Moreover, the
superposition error effect of the tesseroid is larger than the
grid size refinement effect for evaluating gravitational curva-
ture of the tesseroid at the satellite height using the presented
numerical approach in Sect. 2.4.
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Fig. 7 Illustration of the relative
errors in log10 scale of
gravitational potential (δV ),
gravitational vector (δgH ),
gravitational gradient tensor
(δ���, δ���, and δ�HH ), and
gravitational curvature (δG��H ,
δG��H , and δGHHH ) by grid
sizes of a 20◦ × 20◦, b
10◦ × 10◦, c 5◦ × 5◦, and d
1◦ × 1◦. Other parameters are
the same as in Fig. 5a

Fig. 8 Illustration of the
absolute errors in log10 scale of
gravitational curvature (δG���,
δG���, δG��H , δG���,
δG���, δGHH�, and δGHH�)
and their Laplace’s equation
parameters (δL1, δL2, and δL3)
by grid sizes of a 20◦ × 20◦, b
10◦ × 10◦, c 5◦ × 5◦, and d
1◦ × 1◦. Other parameters are
the same as in Fig. 5b
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Table 7 Numerical outliers of
the absolute errors in log10 scale
for gravitational curvature
components (δG���, δG��H ,
δG���, δG���, and δGHH�)
and Laplace’s equation
parameters (δL1, δL2, and δL3)
at the latitude � = 90◦ in Fig. 8

Grid size δG���, δG��� δG��H δG���, δL1 δGHH� δL2 δL3

20◦ × 20◦ in Fig. 8a 8 3 8 −13 1 −4

10◦ × 10◦ in Fig. 8b 9 3 9 −13 1 −4

5◦ × 5◦ in Fig. 8c 7 3 8 −13 0 −6

1◦ × 1◦ in Fig. 8d 7 2 9 −13 −1 −4

Other parameters are the same as in Table 4

4 Conclusions and outlook

In this contribution, we derive new third-order central and
single-sided finite formulas with one, two, and three argu-
ments. Based on these newly derived formulas, we present
a numerical approach to calculate gravitational curvature of
a tesseroid, which includes the techniques of the conditional
split, finite difference, and double exponential rule.

In the numerical experiments, we adopt the classical
benchmark of a spherical shell discretized into tesseroids
to validate the effectiveness of the proposed numerical
approach. This study considers different situations of the
computation point located below, inside, and above the spher-
ical shell. In detail, the analytical solutions for gravitational
curvature of a spherical shell serve as references for the dis-
cretized tesseroids.

The computation time of gravitational potential, gravita-
tional vector, gravitational gradient tensor, and gravitational
curvature with different grid sizes from 30◦ × 30◦ to 5′ × 5′
in double precision is investigated for a single computation
point. Regarding the situation of a single computation point
with each single tesseroid, the ratio of the average computa-
tion time for gravitational curvature is about 2/3 with respect
to the mean value of the total computation time for gravi-
tational quantities (e.g., gravitational potential, gravitational
vector, gravitational gradient tensor, and gravitational cur-
vature), where the ratio of the average computation time of
gravitational gradient tensor is about 1/6.

The influence of the height of the computation point on
gravitational curvature is studied using the relative errors,
absolute errors, and Laplace’s equation parameters in log10
scale with different grid sizes 30◦ × 30◦, 20◦ × 20◦, 10◦ ×
10◦, 5◦ × 5◦, and 1◦ × 1◦ when the computation point is
located below, inside, and above the spherical shell or the
discretized tesseroids.With the height increasing frombelow,
inside, and above the spherical shell using different grid sizes,
the relative errors, absolute errors, and Laplace’s equation
parameters of gravitational curvature do not show significant
variations (c.f. the rapid drop zone in Fig. 5 of Deng and Shen
(2018b)). These numerical results reveal that the near-zone
problem for gravitational curvature of the tesseroid could be
solved using the proposed numerical approach in this study.

Analogously, the influence of the latitude of the computa-
tion point on gravitational curvature is investigated with the

same grid sizes at the satellite height of 260km. Numerical
results confirm that the polar-singularity problems exist not
only for the relative errors of gravitational curvature com-
ponent δG��H but also for the absolute errors (δG���,
δG��H , δG���, δG���, and δGHH�) and Laplace’s equa-
tion parameters (δL1, δL2, and δL3) of gravitational curva-
ture at the polar point � = 90◦ with different grid sizes. The
reason for the polar-singularity problem lies in the cos� =
0 in the denominator of the gravitational curvature expres-
sions when � = 90◦ at the polar point. The combination
of Cartesian integral kernels (Deng and Shen 2018b; Deng
andSneeuw2023) and the numerical techniques of the condi-
tional split, finite difference, and double exponential rule will
be investigated for gravitational curvature in a future study,
hoping to take advantage of avoiding the polar-singularity
problem with Cartesian integral kernels and providing the
proper numerical accuracy with the numerical approach pro-
posed in this study.

Numerical experiments show that with the increased lat-
itude, the ranges of the relative errors, absolute errors, and
Laplace’s equation parameters are almost at similar levels
for different grid sizes. In other words, the geometry of the
discretized tesseroids does not affect the evaluation of grav-
itational curvature by using the numerical techniques of the
conditional split, finite difference, and double exponential
rule in this study. Thus, the polar-region problem for grav-
itational curvature of the tesseroid can be properly solved
because all relative and absolute errors smoothly changewith
the increased latitude from the equator to the north pole.

In the numerical experiments with different grid sizes on
the influence of the height and latitude on gravitational curva-
ture, with the finer grid size, the mean values of the relative
errors, absolute errors, and Laplace’s equation parameters
in log10 scale of some components of gravitational curva-
ture become larger. Generally, when the grid size gets finer
(i.e., the number of discretized tesseroids becomes large),
the accuracy of the evaluation of gravitational curvature is
better (Deng and Shen 2019), denoted by the grid size refine-
ment effect. In the numerical investigations of this study,
the opposite numerical results are obtained, which indi-
cate the existence of the superposition error effect, because
the relative test displacement δ3 in Eq. (33) is set for a
single tesseroid. With the finer grid sizes (i.e., more dis-
cretized tesseroids are obtained), the sum of the errors of the
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Table 8 Statistical values of the relative errors in log10 scale in Figs. 5a
and 7 by removing the outliers at the latitude � = 90◦

Grid size Quantity Min Max Mean

30◦ × 30◦ in Fig. 5a δV −16.0 −14.8 −15.4

δgH −12.6 −10.3 −10.9

δ��� −8.9 −6.4 −7.3

δ��� −9.4 −5.9 −7.3

δ�HH −9.4 −6.6 −7.4

δG��H −6.7 −4.0 −5.4

δG��H −7.6 −4.8 −5.8

δGHHH −7.3 −3.8 −5.3

20◦ × 20◦ in Fig. 7a δV −16.0 −14.8 −15.3

δgH −13.0 −10.3 −11.0

δ��� −8.5 −6.4 −7.2

δ��� −9.3 −5.9 −7.2

δ�HH −8.8 −6.4 −7.2

δG��H −6.6 −4.3 −5.3

δG��H −7.8 −4.4 −5.4

δGHHH −7.3 −4.1 −5.2

10◦ × 10◦ in Fig. 7b δV −16.0 −14.5 −15.2

δgH −12.3 −10.4 −11.0

δ��� −8.8 −6.4 −7.0

δ��� −8.0 −5.8 −6.9

δ�HH −8.5 −6.1 −7.0

δG��H −7.0 −4.1 −5.0

δG��H −6.5 −4.2 −4.9

δGHHH −8.2 −4.2 −5.1

5◦ × 5◦ in Fig. 7c δV −16.0 −14.0 −14.9

δgH −13.3 −10.3 −11.0

δ��� −8.4 −6.0 −6.8

δ��� −8.8 −5.6 −6.7

δ�HH −8.0 −6.2 −6.7

δG��H −6.4 −3.8 −4.6

δG��H −5.8 −3.4 −4.4

δGHHH −7.1 −4.1 −4.8

1◦ × 1◦ in Fig. 7d δV −16.0 −13.2 −14.3

δgH −12.4 −10.3 −11.1

δ��� −8.7 −5.9 −6.6

δ��� −8.4 −5.6 −6.5

δ�HH −7.7 −6.1 −6.6

δG��H −7.0 −3.4 −4.3

δG��H −5.6 −3.2 −4.2

δGHHH −6.7 −3.7 −4.7

Other parameters are the same as in Table 4

discretized tesseroids gets larger. In other words, the super-
position error effect is larger than the grid size refinement
effect. It is speculated that the accuracy of the numerical eval-
uation of gravitational curvature of the tesseroid in this study

Table 9 Statistical values of the absolute errors and Laplace’s equation
parameters in log10 scale in Figs. 5b and 8 by removing the outliers at
the latitude � = 90◦

Grid size Quantity Min Max Mean

30◦ × 30◦ in Fig. 5a δG��� −27.0 −15.7 −17.6

δG��� −19.5 −16.9 −18.2

δG��H −29.6 −18.0 −19.1

δG��� −19.4 −15.1 −17.7

δG��� −20.1 −16.8 −17.7

δGHH� −19.6 −16.2 −17.5

δGHH� −19.8 −16.9 −18.1

δL1 −20.1 −15.1 −17.2

δL2 −19.1 −16.4 −17.6

δL3 −18.9 −15.7 −17.0

20◦ × 20◦ in Fig. 8a δG��� −28.4 −16.1 −17.3

δG��� −19.5 −16.3 −17.7

δG��H −28.9 −16.9 −18.6

δG��� −19.9 −15.0 −17.5

δG��� −19.0 −16.5 −17.3

δGHH� −18.9 −16.2 −17.4

δGHH� −19.4 −16.8 −17.8

δL1 −19.0 −15.0 −17.0

δL2 −18.6 −16.2 −17.1

δL3 −19.0 −15.9 −16.9

10◦ × 10◦ in Fig. 8b δG��� −26.6 −16.2 −17.0

δG��� −18.7 −15.8 −17.1

δG��H −23.5 −16.6 −17.9

δG��� −21.7 −14.9 −17.0

δG��� −18.6 −15.9 −16.6

δGHH� −19.6 −16.3 −17.1

δGHH� −18.4 −15.8 −17.0

δL1 −18.9 −14.9 −16.6

δL2 −17.7 −15.4 −16.4

δL3 −18.5 −15.7 −16.6

5◦ × 5◦ in Fig. 8c δG��� −26.5 −15.9 −16.7

δG��� −19.2 −15.5 −16.7

δG��H −27.5 −15.8 −17.4

δG��� −19.3 −14.9 −16.6

δG��� −18.0 −15.1 −16.2

δGHH� −19.2 −15.8 −16.6

δGHH� −18.2 −15.7 −16.6

δL1 −19.1 −14.9 −16.2

δL2 −17.4 −15.1 −16.0

δL3 −19.7 −15.3 −16.1

1◦ × 1◦ in Fig. 8d δG��� −21.6 −15.8 −16.6

δG��� −19.4 −15.2 −16.4

δG��H −22.2 −15.8 −17.0

δG��� −18.8 −14.9 −16.4

δG��� −19.2 −15.0 −16.3

δGHH� −18.6 −15.7 −16.5
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Table 9 continued

Grid size Quantity Min Max Mean

δGHH� −18.6 −15.3 −16.3

δL1 −18.2 −14.9 −16.0

δL2 −18.8 −14.8 −15.9

δL3 −18.2 −15.0 −16.0

Other parameters are the same as those in Table 4

is due to the interaction of the superposition error effect and
the grid size refinement effect. A future study on this aspect
will be investigated to reveal the interaction of two effects
on the accuracy of evaluating gravitational quantities of the
tesseroid.

The third-order central and single-sided finite difference
formulas can be extended to the higher-order central and
single-sided finite difference formulas based on Sects. 2.1–
2.3. In addition, the numerical approach presented inSect. 2.4
can be applied for evaluating higher-order gravitational
potential gradients (Deng and Ran 2021). Regarding the
numerical approach presented in this study, the constant to
variable density with respect to the spherical latitudinal, lon-
gitudinal, and height directions of gravitational curvaturewill
be studied based on Sect. 2.4 of Fukushima (2018). Although
this study uses the homogeneous spherical shell as a bench-
mark to test the accuracy of the numerical approximations
in Sect. 2, there still need complex mass bodies with analyt-
ical solutions for gravitational quantities to allow for more
complex testing of the accuracy of the numerical approach
(e.g., a spherical shell with arbitrary-order polynomial den-
sity in Deng (2023b)) and specific applications will need to
be performed to reveal the actual accuracy of the numerical
approach in practical scenarios.

Finally, the numerical approach to accurately calculate
gravitational curvature of a tesseroid in this study can per-
form practical applications of gravitational curvature for the
topographic effects, crustal effects, and other layers of arbi-
trary celestial bodies in geodesy, geophysics, and planetary
sciences.

Appendix A Detailed expressions for the
third-order partial derivatives in forms of
numerical differentiation

Regarding the diagonal components of the third-order partial
derivatives, the conditional switch of the (∂3V /∂H3)�,� can
be obtained by:

(1) if �S ≤ � ≤ �N and �W ≤ � ≤ �E and either
HB < H < HB + �3H or HT < H < HT + �3H ,
based on Eq. (13) by adopting t = H with the positive

sign, it yields:

(
∂3V

∂H3

)
�,�

≈ 1

2(�3H)3

[ − 3V (�,�, H + 4�3H)

+ 14V (�,�, H + 3�3H)

− 24V (�,�, H + 2�3H)

+ 18V (�,�, H + �3H)

− 5V (�,�, H)
]

(A1)

(2) else if �S ≤ � ≤ �N and �W ≤ � ≤ �E and either
HB − �3H < H < HB or HT − �3H < H < HT,
based on Eq. (13) by adopting t = H with the negative
sign, it yields:

(
∂3V

∂H3

)
�,�

≈ 1

2(�3H)3

[
3V (�,�, H − 4�3H)

− 14V (�,�, H − 3�3H)

+ 24V (�,�, H − 2�3H)

− 18V (�,�, H − �3H)

+ 5V (�,�, H)
]

(A2)

(3) else, based on Eq. (3) by adopting t = H , it yields:

(
∂3V

∂H3

)
�,�

≈ 1

2 (�3H)3

[
V (�,�, H + 2�3H)

− 2V (�,�, H + �3H)

+ 2V (�,�, H − �3H)

− V (�,�, H − 2�3H)
]

(A3)

The other two diagonal components of the third-order par-
tial derivatives (i.e., (∂3V /∂�3)�,H and (∂3V /∂�3)�,H )
can be analogously calculated by exchanging the roles
between the H and � or � based on three situations of the
(∂3V /∂H3)�,� in Eqs. (A1–A3).

Regarding the non-diagonal components with two vari-
ables of the third-order partial derivatives, the different
conditional switches of the [∂3V /(∂�∂H2)]� can be cal-
culated by:

(1) if �S ≤ � ≤ �N and either �W < � < �W + �3�

or �E < � < �E + �3� and either HB < H <

HB + �3H or HT < H < HT + �3H , then based
on Eq. (18) by adopting u = H and v = � with two
corresponding sign factors of +1 and +1, it yields:

(
∂3V

∂�∂H2

)
�

≈ 1

2(�3�)(�3H)2

[

V (�,� + 2�3�, H + 3�3H)

− 4V (�,� + �3�, H + 3�3H)
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+ 3V (�,�, H + 3�3H)

− 4V (�,� + 2�3�, H + 2�3H)

+ 16V (�,� + �3�, H + 2�3H)

− 12V (�,�, H + 2�3H)

+ 5V (�,� + 2�3�, H + �3H)

− 20V (�,� + �3�, H + �3H)

+ 15V (�,�, H + �3H)

− 2V (�,� + 2�3�, H)

+ 8V (�,� + �3�, H)

− 6V (�,�, H)
]

(A4)

(2) else if �S ≤ � ≤ �N and either �W − �3� < � <

�W or �E − �3� < � < �E and either HB < H <

HB + �3H or HT < H < HT + �3H , then based
on Eq. (18) by adopting u = H and v = � with two
corresponding sign factors of +1 and −1, it yields:

(
∂3V

∂�∂H2

)
�

≈ −1

2(�3�)(�3H)2

[

V (�,� − 2�3�, H + 3�3H)

− 4V (�,� − �3�, H + 3�3H)

+ 3V (�,�, H + 3�3H)

− 4V (�,� − 2�3�, H + 2�3H)

+ 16V (�,� − �3�, H + 2�3H)

− 12V (�,�, H + 2�3H)

+ 5V (�,� − 2�3�, H + �3H)

− 20V (�,� − �3�, H + �3H)

+ 15V (�,�, H + �3H)

− 2V (�,� − 2�3�, H)

+ 8V (�,� − �3�, H)

− 6V (�,�, H)
]

(A5)

(3) else if �S ≤ � ≤ �N and either �W < � <

�W + �3� or �E < � < �E + �3� and either
HB −�3H < H < HB or HT −�3H < H < HT, then
based on Eq. (18) by adopting u = H and v = � with
two corresponding sign factors of −1 and +1, it yields:

(
∂3V

∂�∂H2

)
�

≈ 1

2(�3�)(�3H)2

[

V (�,� + 2�3�, H − 3�3H)

− 4V (�,� + �3�, H − 3�3H)

+ 3V (�,�, H − 3�3H)

− 4V (�,� + 2�3�, H − 2�3H)

+ 16V (�,� + �3�, H − 2�3H)

− 12V (�,�, H − 2�3H)

+ 5V (�,� + 2�3�, H − �3H)

− 20V (�,� + �3�, H − �3H)

+ 15V (�,�, H − �3H)

− 2V (�,� + 2�3�, H)

+ 8V (�,� + �3�, H)

− 6V (�,�, H)
]

(A6)

(4) else if �S ≤ � ≤ �N and either �W − �3� <

� < �W or �E − �3� < � < �E and either
HB −�3H < H < HB or HT −�3H < H < HT, then
based on Eq. (18) by adopting u = H and v = � with
two corresponding sign factors of −1 and −1, it yields:

(
∂3V

∂�∂H2

)
�

≈ −1

2(�3�)(�3H)2

[

V (�,� − 2�3�, H − 3�3H)

− 4V (�,� − �3�, H − 3�3H)

+ 3V (�,�, H − 3�3H)

− 4V (�,� − 2�3�, H − 2�3H)

+ 16V (�,� − �3�, H − 2�3H)

− 12V (�,�, H − 2�3H)

+ 5V (�,� − 2�3�, H − �3H)

− 20V (�,� − �3�, H − �3H)

+ 15V (�,�, H − �3H)

− 2V (�,� − 2�3�, H)

+ 8V (�,� − �3�, H)

− 6V (�,�, H)
]

(A7)

(5) else if �S ≤ � ≤ �N and either � < �W − �3� or
�W +�3� < � < �E −�3� or �E +�3� < � and
either HB < H < HB+�3H or HT < H < HT+�3H ,
then based on Eq. (17) by adopting u = H and v = �

with the positive sign for u = H , it yields:

(
∂3V

∂�∂H2

)
�

≈ 1

2(�3�)(�3H)2

[

− V (�,� + �3�, H + 3�3H)

+ V (�,� − �3�, H + 3�3H)

+ 4V (�,� + �3�, H + 2�3H)

− 4V (�,� − �3�, H + 2�3H)

− 5V (�,� + �3�, H + �3H)

+ 5V (�,� − �3�, H + �3H)

+ 2V (�,� + �3�, H)

− 2V (�,� − �3�, H)
]

(A8)

(6) else if �S ≤ � ≤ �N and either � < �W − �3� or
�W +�3� < � < �E −�3� or �E +�3� < � and
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either HB−�3H < H < HB or HT−�3H < H < HT,
then based on Eq. (17) by adopting u = H and v = �

with the negative sign for u = H , it yields:

(
∂3V

∂�∂H2

)
�

≈ 1

2(�3�)(�3H)2

[

− V (�,� + �3�, H − 3�3H)

+ V (�,� − �3�, H − 3�3H)

+ 4V (�,� + �3�, H − 2�3H)

− 4V (�,� − �3�, H − 2�3H)

− 5V (�,� + �3�, H − �3H)

+ 5V (�,� − �3�, H − �3H)

+ 2V (�,� + �3�, H)

− 2V (�,� − �3�, H)
]

(A9)

(7) else if �S ≤ � ≤ �N and either �W < � < �W +
�3� or �E < � < �E + �3� and either H < HB −
�3H or HB+�3H < H < HT−�3H or HT+�3H <

H , then based onEq. (16) by adopting u = H and v = �

with the positive sign for v = �, it yields:

(
∂3V

∂�∂H2

)
�

≈ 1

2(�3�)(�3H)2

[

− V (�,� + 2�3�, H + �3H)

+ 4V (�,� + �3�, H + �3H)

− 3V (�,�, H + �3H)

+ 2V (�,� + 2�3�, H)

− 8V (�,� + �3�, H)

+ 6V (�,�, H)

− V (�,� + 2�3�, H − �3H)

+ 4V (�,� + �3�, H − �3H)

− 3V (�,�, H − �3H)
]

(A10)

(8) else if �S ≤ � ≤ �N and either �W − �3� < � <

�W or �E − �3� < � < �E and either H < HB −
�3H or HB+�3H < H < HT−�3H or HT+�3H <

H , then based onEq. (16) by adopting u = H and v = �

with the negative sign for v = �, it yields:

(
∂3V

∂�∂H2

)
�

≈ −1

2(�3�)(�3H)2

[

− V (�,� − 2�3�, H + �3H)

+ 4V (�,� − �3�, H + �3H)

− 3V (�,�, H + �3H)

+ 2V (�,� − 2�3�, H)

− 8V (�,� − �3�, H)

+ 6V (�,�, H)

− V (�,� − 2�3�, H − �3H)

+ 4V (�,� − �3�, H − �3H)

− 3V (�,�, H − �3H)
]

(A11)

(9) else, based on Eq. (15) by adopting u = H and v = �,
it yields:

(
∂3V

∂�∂H2

)
�

≈ 1

2(�3�)(�3H)2

[

V (�,� + �3�, H + �3H)

− V (�,� − �3�, H + �3H)

− 2V (�,� + �3�, H)

+ 2V (�,� − �3�, H)

+ V (�,� + �3�, H − �3H)

− V (�,� − �3�, H − �3H)
]
(A12)

The other five non-diagonal components with two vari-
ables of the third-order partial derivatives (i.e., [∂3V /(∂�2

∂�)]H , [∂3V /(∂�2∂H)]�, [∂3V /(∂�∂�2)]H , [∂3V /

(∂�2∂H)]�, and [∂3V /(∂�∂H2)]�) can similarly be
obtained by exchanging the roles among the �, �, and H
based on nine situations of the [∂3V /(∂�∂H2)]� in Eqs.
(A4–A12).

Regarding the non-diagonal components with three vari-
ables of the third-order partial derivatives, different twenty-
seven conditional switches of the ∂3V /(∂�∂�∂H) can be
obtained by applying the positive and negative signs in Eqs.
(19–22) based on three situations of the (∂3V /∂H3)�,� in
Eqs. (A1–A3) and nine situations of the [∂3V /(∂�∂H2)]� in
Eqs. (A4–A12). Specifically, there are one conditional switch
for Eq. (19), six (i.e., 3×2 = 6) conditional switches for Eq.
(20), twelve (i.e., 3 × 2 × 2 = 12) conditional switches for
Eq. (21), and eight (i.e., 2× 2× 2 = 8) conditional switches
for Eq. (22).

To make related expressions more clear, the expressions
for other third-order partial derivatives ( (∂3V /∂�3)�,H ,
(∂3V /∂�3)�,H , [∂3V /(∂�2∂�)]H , [∂3V /(∂�2∂H)]�,
[∂3V /(∂�∂�2)]H , [∂3V /(∂�2∂H)]�, [∂3V /(∂�∂H2)]�,
and ∂3V /(∂�∂�∂H)) are presented in the Expressions-for-
other-third-order-partial-derivatives.pdf at https://github.co
m/xiaoledeng/xtessgc-xqtessgc.

Appendix B Validation of the derived expres-
sions forgravitational curvatureofa tesseroid

The nine expressions for gravitational curvature components
in Eqs. (35–37) and (39–44) can be validated using Laplace’s
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equation as:

G��� + G��� + GHH� = 0 (B13)

G��� + G��� + GHH� = 0 (B14)

G��H + G��H + GHHH = 0 (B15)

If three sums in Eqs. (B13–B15) are all equal to zero after
substituting nine expressions in Eqs. (35–37) and (39–44),
the correctness of nine gravitational curvature expressions
can be confirmed.

The main step is substituting the expressions for the
third-order partial derivatives, gravitational vector, and gravi-
tational gradient tensor of a tesseroid in spherical coordinates
into Eqs. (35–37) and (39–44). The expressions for gravita-
tional vector and gravitational gradient tensor are presented
in Eqs. (24) and (28–33) of Fukushima (2018) (see also
Eqs. (3–4) of Deng (2023a)). The first-, second-, and third-
order derivatives of gravitational potential can be obtained by
taking the partial derivatives of gravitational potential with
respect to the spherical coordinates (�,�, H) of the compu-
tation point. The Newton integral for gravitational potential
(V ) of a tesseroid in spherical coordinates was presented as:

V = Gρ

∫ �N

�S

∫ �E

�W

∫ R2

R1

R′2 cos�′
l

dR′d�′d�′ (B16)

l =
√
R2+R′2−2RR′[sin� sin�′+ cos� cos�′ cos(�−�′)]

(B17)

R = R0 + H , R′ = R0 + H ′ (B18)

R1 = R0 + HB, R2 = R0 + HT (B19)

where ρ is the density of the tesseroid. [�W,�E], [�S,�N],
and [HB, HT] (or [R1, R2]) are the boundaries of the tesseroid
along the directions of the longitude, latitude, and height
(or geocentric distance). (�,�, H) and (�′,�′, H ′) are the
spherical Gauss normal coordinates with latitudes, longi-
tudes, and heights of the computation and integration points.
l is the distance between the computation and integration
points. R and R′ are the geocentric distances of the compu-
tation and integration points.

To reveal the detailed process, the Mathematica code
(Appendix1.nb) is provided at https://github.com/xiaoledeng/
xtessgc-xqtessgc. After running all codes in Appendix1.nb,
three sums in Eqs. (B13–B15) are all equal to zero, which
confirms the correctness of nine gravitational curvature
expressions in Eqs. (35–37) and (39–44). G��H in Eq. (38)
is not analytically validated because it is not involved in
Laplace’s equation for gravitational curvature in Eqs. (B13–
B15).

Appendix C: Computer codes

Based on the Fortran codesxtess.f90 andxqtess.f90
to calculate gravitational potential, gravitational vector, and
gravitational gradient tensor of a tesseroid (Fukushima 2018;
Deng 2023a) at https://github.com/xiaoledeng/xtess-xqtess,
the Fortran codes xtessgc.f90 and xqtessgc.f90 to
calculate gravitational curvature of a tesseroid are presented
at https://github.com/xiaoledeng/xtessgc-xqtessgc.

Under the same computer hardware (i.e., Intel i5-10400
CPU at 2.9 GHz using the single-threaded operation) and
numerical settings in Sect. 4 of Deng (2023a), the total com-
putation time of the xtessgc.f90 and xqtessgc.f90
to compute gravitational potential, gravitational vector, grav-
itational gradient tensor, and gravitational curvature is
approximately 11.750 / 40 ≈ 0.294 s and 167.150 s pre-
computation point with a single tesseroid in double and
quadruple precision, respectively.

When calculating gravitational curvature of a tesseroid in
practical applicationswithxtessgc.f90 andxqtessgc.
f90, one should additionally multiply the term GρR2

0 with
the numerical results of gravitational curvature to acquire
the unit m−1 s−2 for gravitational curvature, in which the
units of the G, ρ, and R0 are m3 kg−1 s−2, kg m−3, and m,
respectively.

Herein, the main Fortran subroutines and functions to
calculate gravitational potential, gravitational vector, grav-
itational gradient tensor, and gravitational curvature (G���,
G���, G��H , G��H , G���, G���, G��H , GHH�,
GHH�, and GHHH ) of a tesseroid in quadruple precision
are illustrated in Fig. 9.
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Fig. 9 Illustration of the main Fortran subroutines (i.e. qtess, qgtess,
qggtess, qgggtess, qqde, and qqde1) and functions (i.e., qvtess, qst-
ess, qvkern, and qlog1p) to calculate gravitational potential (qvtess),
gravitational vector (qgtess), gravitational gradient tensor (qggtess),
and gravitational curvature (qgggtess) of a tesseroid in quadruple pre-
cision. The subroutines and functions in the dashed box are from
xqtess.f90 (Fukushima 2018; Deng 2023a). The subroutine qgggt-
ess to calculate gravitational curvature is from Sect. 2.4 in this study.
qtess is the main subroutine to calculate gravitational potential, gravita-
tional vector, gravitational gradient tensor, and gravitational curvature
of a tesseroid. qvtess is the function to integrate gravitational potential
as V (�,�, H) = ∫ ξN

ξS
Q(ξ)dξ with ξS = �S − � and ξN = �N − �

using the conditional split quadrature of the latitude line integration

from Eq. (1) in Electronic Supplementary Materials of Fukushima
(2018). qstess is the function to calculate Q(ξ) = ∫ ηE

ηW
P(η)dη with

ηW = �W−� and ηE = �E−� using the conditional split quadrature
of the longitude line integration from Eq. (2) in Electronic Supplemen-
tary Materials of Fukushima (2018). qvkern is the function to evaluate
the kernel function P(η) in cancelation-free form with the unit Gρ = 1
from Eq. (13) and Appendix A of Fukushima (2018). qqde1 is the
complete copy subroutine of the qqde to integrate s = ∫ b

a f (x)dx
using the double exponential rule (Takahasi andMori 1973, 1974;Mori
1985; Fukushima 2017, 2018) with the relative error tolerance δ0 from
Appendix B of Fukushima (2018). qlog1p is the function to calculate
the ln(1 + x) function using the minimax approximation with a type
(13, 13) rational function based on Appendix D of Fukushima (2017)
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