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Zusammenfassung

Quanten-Monte-Carlo (QMC)-Methoden sind wellenfunktionsbasierte An-
sätze, die auf Zufallsstichproben beruhen. Diese Methoden bieten eine zu-
verlässige Lösung für Mehrkörperprobleme und liefern einen Vergleichsmaßstab
(Benchmark), an den andere Methoden beurteilt werden können. Diese Ar-
beit beschäftigt sich mit der Entwicklung von QMC-Methoden zur Berechnung
von hochpräzisen elektronischen Molekülenergien. Der Fokus richtet sich auf
die Kombination von QMC-Verfahren, insbesondere Kontinuumsverfahren wie
Variational und Diffusion Quantum Monte Carlo (VMC und DMC) mit Full
Configuration Interaction Quantum Monte Carlo (FCIQMC). Das primäre Ziel
dieser Arbeit ist es zu zeigen, dass diese Methoden aufgrund ihrer Komplemen-
tarität kombiniert werden können, um die jeweiligen Schwächen der einzelnen
Methoden zu überwinden.

Einleitend wird eine Übersicht über die einzelnen QMC-Methoden auf der
Grundlage der Literatur dargestellt. Nachfolgend werden drei Methoden un-
tersucht, die für verschiedene Systemtypen anwendbar sind. Die erste Meth-
ode stellt eine neue Technik vor, mit der Gesamt- und Relativenergien sehr
präzise durch Extrapolation von VMC- und DMC-Energien unter Verwendung
von FCIQMC-generierten experimentellen Wellenfunktionen in Kombination
mit einem Jastrow-Faktor und einer optionalen Backflow-Transformation erhal-
ten werden können. Wir haben festgestellt, dass die VMC- und DMC-Energien
glatte Funktionen der Summe der quadrierten Koeffizienten der FCIQMC-Wel-
lenfunktion sind und, dass sich quadratische Extrapolationen der VMC- und
DMC-Energien innerhalb der Unschärfe der exakten Gesamtenergie schneiden.
Durch eine geeignete statistische Behandlung der quasi-zufälligen Fluktuationen
liefert die Extrapolated Intersection with Polynomials of Order Two (XSPOT)-
Methode Ergebnisse mit Benchmark-Qualität für die Gesamt- und Relativ-
energien verschiedener molekularer Systeme.

Auf Grundlage der Ergebnisse kombinierten wir die DMC-Methode und die
transcorrelated FCIQMC (TC-FCIQMC)-Methode mit einem finiten Extrap-
olationsrahmen, um die thermodynamische Grenze der exakten Korrelations-
energie des hochdichten spin-unpolarisierten gleichförmigen Elektronengases zu
berechnen. Die thermodynamische Grenze, die bei rs = 0,5 ermittelt wurde,
liegt innerhalb der Unschärfe der neuesten QMC-Korrelationsenergie aus der
Literatur.
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Im letzten Abschnitt unserer Arbeit stellen wir eine neue Methode vor,
die ein neues Extrapolationsschema verwendet, das die Energieverzerrung eli-
miniert, die aus der Initiator-Approximation in der FCIQMC-Methode resul-
tiert. Wir konnten ermitteln, dass die Extrapolation der FCIQMC-Energie lin-
ear in n

−1/3
w zur Infinite-Walker-Grenze Ergebnisse liefert, die hervorragend mit

dem Benchmark der Full-Configuration-Interaction (FCI)-Grenzwerte der semi-
stochastischen Heat-Bath-Configuration-Interaction (SHCI)-Methode überein-
stimmen. Die Methode wurde auf eine Reihe zweiatomiger Moleküle angewandt.
Die Ergebnisse erwiesen sich als präzise, wobei die mit FCIQMC ermittelten
FCI-Grenzwerte stets um 0,4 mHa oder weniger von den entsprechenden SHCI-
Grenzwerten abwichen. Auch die Untersuchung des komplexen Chromatoms
und seines Dimers war mit dieser Methode erfolgreich.
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Abstract

Quantum Monte Carlo (QMC) methods are wave-function-based approaches
based on random sampling that provide a very direct treatment of many-body
problems and serve as benchmarks against which other techniques may be com-
pared. This thesis is concerned with the development of QMC methods for
the calculation of highly-accurate electronic energies. In particular, it focusses
on combining QMC methods, namely continuum methods such as variational
and diffusion Monte Carlo (VMC and DMC) with full configuration interac-
tion quantum Monte Carlo (FCIQMC). The principal aim of this thesis is to
show that thanks to their complementary nature, these methods can be used in
combination to overcome specific weaknesses that each methodology has by it-
self.

The thesis begins with introductory chapters which describe the various
QMC methods as they are used in the literature. Following this, three differ-
ent methodologies are explored, which have applicabilities to different types of
systems. In the first method, we present a new technique to obtain very accu-
rate total and relative energies by extrapolating VMC and DMC energies, with
the help of FCIQMC-generated trial wave functions combined with a Jastrow
factor and an optional backflow transformation. We find that the VMC and
DMC energies are smooth functions of the sum of the squared coefficients in
the FCIQMC wave function, and that quadratic extrapolations of the VMC
and DMC energies intersect within uncertainty of the exact total energy. With
adequate statistical treatment of quasi-random fluctuations, the extrapolated
intersection with polynomials of order two (XSPOT) method is shown to yield
results in agreement with benchmark-quality total and relative energies for var-
ious molecular systems.

Following this, we combine the DMC and transcorrelated FCIQMC (TC-
FCIQMC) methods, along with a finite-size extrapolation framework to calcu-
late the thermodynamic limit of the exact correlation energy of the high-density
spin-unpolarized uniform electron gas. The thermodynamic limit obtained at
rs = 0.5 is within uncertainty of the most recent QMC correlation energy
from the literature.

In the final method, we introduce a new extrapolation scheme which elimi-
nates the energy bias stemming from the initiator approximation in the FCIQMC
method. We find that extrapolating the FCIQMC energy linearly in n

−1/3
w to
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the infinite-walker limit yields results in excellent agreement with the bench-
mark full configuration interaction (FCI) limits from the semistochastic heat-
bath configuration interaction (SHCI) method. The method is applied to a
series of diatomics and the results are accurate, with FCI limits obtained from
FCIQMC differing by 0.4 mHa or less from their SHCI counterparts through-
out. The more complex chromium atom and dimer are also successfully stud-
ied using this method.
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Ab initio or first principle methods are numerical approaches to solve the many-body
Schrödinger equation. They rely on established laws of nature and do not include empirical
or semi-empirical parameters. The development of accurate ab initio methods remains
a topical research subject of high interest. The three most popular families of ab initio
methods are density functional theory (DFT)6,7, quantum chemistry (QC)8,9, and quantum
Monte Carlo (QMC)10–14. All these approaches have different regimes of applicability and
different trade-offs between accuracy and computational complexity. QMC algorithms
need little memory and are almost embarrassingly parallel, which makes them ideally
suited to modern supercomputers. There exist numerically exact QMC methods to solve
the many-body problem for bosonic systems. For fermionic systems, there also exist very
good approximate, yet typically very accurate, QMC methods such as variational Monte
Carlo (VMC)10,14, fixed-node diffusion Monte Carlo (DMC)11,14, and full configuration
interaction quantum Monte Carlo (FCIQMC)12,13 methods.

The VMC method combines the variational principle with the Monte Carlo evaluation
of integrals in real space. The expectation values of operators such as the Hamiltonian are
calculated in VMC with an approximate many-body trial wave function, whose parameters
are optimized during the calculation. In general, there are no restrictions on the form
of the trial wave function. A Jastrow factor15,16 multiplied by a Slater determinant is
the most commonly used form of a trial wave function in QMC. To get higher levels of
accuracy however, a more sophisticated ansatz must be used. This is particularly the
case in intrinsically multi-reference problems. A Jastrow factor multiplied by a truncated
configuration interaction (CI) expansion is also a popular and systematically improvable
trial wave function. Such an ansatz combined with a backflow function17 constitutes the
most complex trial wave function used in this thesis.

The DMC method is a real-space projection technique in which higher accuracy is
achieved by evolving the wave function in imaginary time towards the lowest-energy so-
lution of the Schrödinger equation. The fixed-node approximation is used to maintain
fermionic antisymmetry so that the intricate nodal surface of the DMC wave function is
constrained to equal that of the approximate trial wave function optimized in VMC. This
results in a positive bias in the computed energy, known as the fixed-node error. The
VMC and DMC methods are categorized as continuum QMC (cQMC) methods; the DMC
energy is bounded from above by the VMC energy and from below by the exact energy.

Full configuration interaction (FCI) stands out as one of the most robust techniques
for addressing electronic correlations in many-body systems. However, substantial com-
putational cost and memory requirements associated with iterative diagonalization within
the Slater determinant space significantly constrains its practical implementation. The
FCIQMC method is a second-quantized projection technique that converges onto the FCI
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solution by randomly sampling Slater-determinant space. The FCIQMC method not only
requires significantly less memory than an FCI calculation, but unlike the iterative diago-
nalization procedure required in FCI, the FCIQMC algorithm is readily parallelizable and
can be run efficiently on thousands of computer cores. Integration in Slater-determinant
space also reduces the sign problem in fermionic systems18,19. This method is based on
simulating the population dynamics of a set of walkers, such that in the limit of large
walker numbers, the population effectively samples the exact fermionic ground-state wave
function. However, the required number of walkers is proportional to the size of the full
Hilbert space, making the method unfeasible for large systems. The initiator approxima-
tion13 substantially reduces this number by introducing a systematic bias, known as the
initiator error.

The synergistic strengths of cQMC and FCIQMC motivate us to develop methods
combining these approaches. As the first combined methodology, we present a novel ex-
trapolation scheme for the VMC and DMC results that yields very accurate total and
relative energies. The FCIQMC method is used to generate multi-determinant wave func-
tions, which are optimized in the presence of a Jastrow factor and an optional backflow
transformation in the VMC method. The optimized trial wave functions are then employed
in the DMC calculations. In the end, we find that the VMC and DMC energies are smooth
functions of the sum of the squared coefficients of the initial wave function, and that pair-
wise intersections of quadratic fits to the VMC and DMC energies lie within uncertainty
of the exact total energy. Using modest CI expansion sizes, the extrapolated intersection
with polynomials of order two (XSPOT) method is demonstrated to yield results aligned
with benchmark-quality total and relative energies.

The understanding of electronic correlations in real materials crucially involves the
study of the three-dimensional uniform electron gas (UEG)20, since its correlation energy
as a function of density is used in DFT calculations to describe the behavior of electrons.
In this thesis, we make use of the finite-size extrapolation framework proposed in Ref. 21
to estimate the thermodynamic limit of the exact correlation energy of the high-density
spin-unpolarized UEG. We treat the transcorrelated FCIQMC energy as exact and then we
calculate its thermodynamic limit with the help of the finite-size extrapolation of the fixed-
node DMC energy and fixed-node error. The obtained thermodynamic limit at rs = 0.5
lies within uncertainty of the most recent correlation energy from the literature.

To eliminate the initiator bias in FCIQMC calculations, we develop a new model for
the initiator approximation to extrapolate the energy bias. We find that extrapolating the
FCIQMC total energies calculated at different walker numbers nw linearly in n

−1/3
w to the

infinite-walker limit removes the initiator error and converges the energy to the FCI limit.
The application of this method to a series of dimers gives results in excellent agreement
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with FCI limits estimated with the semistochastic heat-bath CI (SHCI)22 method.

This thesis is structured as follows. Part II contains some of the basic concepts, tools
and theories relevant to this thesis. We introduce the electronic structure problem in some
detail. Starting from the many-body Schrödinger equation, the Born-Oppenheimer ap-
proximation, molecular orbitals, the antisymmetry principle, and second quantization are
then discussed. The electronic problem in periodic solids is explored by introducing the
Bravais lattice, the three-dimensional uniform electron gas, and twist averaging. Then,
we discuss the two most important quantum chemistry approaches employed in QMC cal-
culations, namely Hartree-Fock theory and configuration interaction. The QMC methods
including variational and diffusion Monte Carlo and full configuration interaction quantum
Monte Carlo are also detailed in the last section. Part III focuses on the new theoretical
developments and applications, where the three different methods are presented. In Part
IV, we conclude the thesis by summarizing the main contents and offering insights into
potential future directions.
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Part II

Theory





Chapter 1

The Electronic Structure Problem

This chapter introduces the basic concepts, definitions, and notations in quantum chem-
istry. Here we aim to formulate the problem of describing the motion of electrons in the field
of fixed nuclear point charges. Starting from the Born-Oppenheimer approximation, we
then discuss the molecular orbitals, the antisymmetry principle, and second quantization.
Some properties of periodic solids are then discussed in the final section8,9.

1.1 Atomic Units and Many-body Schrödinger Equa-

tion

The units we use throughout this thesis are called Hartree atomic units. Formally when
doing computer calculations, it is preferable to choose a system of units in which the
important physical quantities have numerical values of order of 1. If we leave factors of
6.63×10−34 and 1.6×10−19 floating around, we could run into overflow or underflow errors
or rounding-error problems. With an appropriate choice of units, the numerical values of ℏ,
e, me, and 4πε0 can all be made equal to 1. Consequently, the dimensionless Schrödinger
equation then looks simpler.

The length and the energy scales in atomic units are the Bohr radius,

1 Bohr radius = a0 =
4πε0ℏ2

mee2
, (1.1)
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and the Hartree,

1 Hartree = Ea =
ℏ2

mea20
=

e2

4πε0a0
=

me4

(4πε0ℏ)2
, (1.2)

respectively. Table 1.1 shows the important physical quantities and conversion factors X
between atomic units and SI units, such that the value of any quantity in SI units Q is
related to that in atomic units Q′ by Q = XQ′.

Physical quantity Conversion factor X Value of X (SI)

Length a0 5.2918× 10−11 m
Mass me 9.1095× 10−31 kg
Charge e 1.6022× 10−19 C
Energy Ea 4.3598× 10−18 J

Angular Momentum ℏ 1.0546× 10−34 J s

Table 1.1: Conversion of atomic units to SI units.

In this thesis, we aim to find approximate solutions to the non-relativistic time-independent
Schrödinger equation,

ĤΦ = EΦ, (1.3)

where Ĥ is the many-body Hamiltonian for a system of electrons and nuclei, and is defined
as

Ĥ = −
N∑
i=1

1

2
∇2

i −
M∑

A=1

1

2MA

∇2
A −

N∑
i=1

M∑
A=1

ZA

riA
+

N∑
i=1

N∑
j>i

1

rij
+

M∑
A=1

M∑
B>A

ZAZB

RAB

, (1.4)

whereMA is the ratio of the mass of the nucleus A to the mass of an electron and ZA is the
atomic number of the nucleus A. Electrons and nuclei are described by position vectors
ri and RA, respectively. rij = |rij| = |ri − rj| is the distance between the ith and jth
electron, riA = |ri − RA| is the distance between the ith electron and Ath nucleus, and
RAB = |RA−RB| is the distance between the Ath and Bth nucleus. The first term in the
formula is an operator for the kinetic energy of electrons; the second term is the kinetic
energy for nuclei; the third one is the attractive Coulomb potential between electrons
and nuclei, and the fourth and fifth terms are the repulsive Coulomb potentials between
electrons and between nuclei, respectively.
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1.2 The Born-Oppenheimer Approximation

In order to tackle the task of solving the Schrödinger equation, Equation 1.3, one typically
employs the following separation ansatz,

Φ(ri,RA) = ψ(ri)ϕ(RA), (1.5)

where the wave function is written as a product of the electronic ψ(ri) and nuclear ϕ(RA)
wave functions, and ri andRA are the set of electronic and nuclear coordinates, respectively.
Unfortunately, the fact that the electron-nucleus interaction term (the third term in 1.4)
depends on both electronic and nuclear coordinates prevents the exact separation of Ĥ into
electronic and nuclear parts. The Born-Oppenheimer approximation23,24 is the assumption
that the motion of electrons and nuclei in a molecule can be separated. Since the nuclei are
so much heavier than electrons, one can consider, to a good approximation, that electrons
move in the field of fixed nuclei. Then, in Equation 1.4 the nuclear kinetic energy term
(the second term) can be neglected, and one can also ignore the nuclear potential energy
term (the last term) as it is constant. The remaining terms in Equation 1.4 constitute the
so-called electronic Hamiltonian, which describes the motion of N electrons in the field of
M point charges,

Ĥelec = −
N∑
i=1

1

2
∇2

i −
N∑
i=1

M∑
A=1

ZA

riA
+

N∑
i=1

N∑
j>i

1

rij
, (1.6)

where the corresponding electronic Schrödinger equation is written as

Ĥelecψ(ri,RA) = Eelec(RA)ψ(ri,RA), (1.7)

in which the electronic wave function ψ(ri,RA) depends explicitly on the electronic co-
ordinates and parametrically on the nuclear coordinates, as does the electronic energy
Eelec(RA). Parametric dependence means that for different arrangements of the nuclei,
ψ is a different function of the electronic coordinates. Solving the electronic Schrödinger
equation produces a whole set of electronic wave functions {ψα(ri,RA)}, which for any
value of RA, can be considered to be orthonormal and complete. The total wave function
Φ(ri,RA) can then be expanded in terms of the electronic basis functions,

Φ(ri,RA) =
∑
α

ψα(ri,RA)ϕα(RA), (1.8)
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where the nuclear wave function ϕα(RA) describes the motion of the nuclei on the potential
energy surface associated with the electronic state α. The above expansion is then inserted
into Equation 1.3 to yield

Ĥ
∑
α′

ψα′(ri,RA)ϕα′(RA) = E
∑
α′′

ψα′′(ri,RA)ϕα′′(RA). (1.9)

After substituting Equations 1.4 and 1.6 into 1.9, one can multiply it by ψ∗α(ri,RA) from
left and then integrate over ri to yield

Eϕα(RA) =
∑
α′

〈
ψα(ri,RA)

∣∣∣Ĥelec +
M∑

A=1

M∑
B>A

ZAZB

RAB

∣∣∣ψα′(ri,RA)
〉
ϕα′(RA)

−
∑
α′

M∑
A=1

1

2MA

⟨ψα(ri,RA)|∇2
A|ψα′(ri,RA)⟩ϕα′(RA),

(1.10)

where the second term on the right-hand side can be expanded using the chain rule as

⟨ψα(ri,RA)|∇2
A|ψα′(ri,RA)⟩ϕα′(RA) = δαα′∇2

Aϕα′(RA)

+ 2⟨ψα(ri,RA)|∇A|ψα′(ri,RA)⟩ ·∇Aϕα′(RA)

+ ϕα′(RA)⟨ψα(ri,RA)|∇2
A|ψα′(ri,RA)⟩.

(1.11)

Substitution of Equation 1.11 into 1.10 results in a set of coupled equations for ϕα(RA),

Eϕα(RA) = E ′elec,α(RA)ϕα(RA)−
M∑

A=1

1

2MA

∇2
Aϕα(RA)

−
∑
α′

M∑
A=1

1

2MA

[
2Fαα′(RA) ·∇Aϕα′(RA) + ϕα′(RA)Gαα′(RA)

]
,

(1.12)

where

E ′elec,α(RA) = Eelec,α(RA) +
M∑

A=1

M∑
B>A

ZAZB

RAB

, (1.13)

are the potential energy surfaces that govern the nuclear motion. The additional coupling
terms
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Fαα′(RA) = ⟨ψα(ri,RA)|∇A|ψα′(ri,RA)⟩, (1.14)

Gαα′(RA) = ⟨ψα(ri,RA)|∇2
A|ψα′(ri,RA)⟩, (1.15)

are called the non-adiabatic interactions, which are responsible for transitions between po-
tential energy surfaces. These couplings are typically small. If they can be safely neglected,
and assuming that the wave function is real, one will end up with[

−
M∑

A=1

1

2MA

∇2
A + E ′elec,α(RA)

]
ϕα(RA) = Eϕα(RA), (1.16)

which describes for the motion of the nuclei on a given Born-Oppenheimer potential energy
surface obtained by solving the electronic Schrödinger equation. Also, E is called the
Born-Oppenheimer approximation to the total energy of Equation 1.3, which includes the
electronic, vibrational, rotational, and translational energy.

For the rest of this thesis, we just concentrate on the electronic problem (Equations
1.6 and 1.7). We thus drop the subscript “elec” and work with the electronic Schrödinger
equation.

1.3 Molecular Orbitals and Basis Sets

Molecular orbitals are defined as wave functions of individual, non-interacting electrons in
a molecule. Spatial orbital ψi(r) represents the spatial distribution of the non-interacting
electron, such that |ψi(r)|2dr is the probability of finding the electron in the small volume
of dr surrounding r. Spatial orbitals are usually assumed to form an orthonormal set,∫

ψ∗i (r)ψj(r) dr = δij. (1.17)

In practice, the set is not complete as this would require an infinite number of functions.
A finite set {ψi|i = 1, 2, 3, .., K} of K spatial orbitals will only cover a certain region of the
complete space; however, we can always have “exact” results within a finite set. Taking the
electron spin into account, we would need spin functions to describe up and down spins. A
complete set for describing the spin of electrons consists of two orthonormal functions α(ω)
and β(ω) for spin up (↑) and spin down (↓), respectively. A wave function of an electron
describing both its spatial distribution and its spin is called spin orbital χ(x), where x
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indicates both spatial and spin coordinates. Therefore, one can form two different spin
orbitals from any spatial orbitals as follows,

χ(x) =


ψ(r)α(ω)

or
ψ(r)β(ω)

. (1.18)

Then with a set of K orthonormal spatial orbitals one can construct 2K orthonormal spin
orbitals, ∫

χ∗i (x)χj(x) dx = δij. (1.19)

Spatial orbitals are also expressed as linear combinations of a set of functions, called
basis functions. A basis set is then defined as a set of spatial basis functions {ϕµ(r)|µ =
1, 2, . . . , K} used to represent electronic wave function. A set of K basis functions would
produce K spatial orbitals and 2K spin orbitals.

1.4 The Antisymmetry Principle, Slater Determinants

and Configuration State Functions

Here we discuss the wave function for a collection of electrons, i.e., the N -electron wave
function. So far we have seen that a spin orbital χ(x) can be considered as an appropriate
wave function for a single electron. The wave function of an N -electron system then
must be a function of x1,x2, . . . ,xN as Φ(x1,x2, . . . ,xN). The antisymmetry principle is a
general statement of the Pauli exclusion principle, and indicates that the many-fermionic
wave function must be antisymmetric with respect to the interchange of the coordinate x
of any two fermions. The exact wave function Φ in terms of this principle would then be
as follows,

Φ(x1, . . . ,xi, . . . ,xj, . . . ,xN) = −Φ(x1, . . . ,xj, . . . ,xi, . . . ,xN). (1.20)

Thus the N -electron wave function not only has to satisfy the Schrödinger equation, but
it also must be antisymmetric as in Equation 1.20. An antisymmetric N -electron wave
function based on the single-particle-orbital basis {χi} can be written in a determinant
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form as

Ψ(x1,x2, . . . ,xN) = (N !)−1/2

∣∣∣∣∣∣∣∣∣
χi(x1) χj(x1) . . . χk(x1)
χi(x2) χj(x2) . . . χk(x2)

...
...

. . .
...

χi(xN) χj(xN) . . . χk(xN)

∣∣∣∣∣∣∣∣∣ , (1.21)

which is called Slater determinant. The factor (N !)−1/2 serves as a normalization fac-
tor. The N -electron Slater determinant represents N electron occupying N spin orbital
(χi, χj, . . . , χk), without specifying which electron occupies which spin orbital (electrons
are indistinguishable). Each row of the determinant is labeled by an electron, and each col-
umn corresponds to a specific spin orbital. Interchanging any two rows of the determinant
leaves a negative sign, which is in agreement with the antisymmetry principle. Besides,
any two electrons occupying the same spin orbitals, any two equal rows, making the de-
terminant zero. The last statement is basically nothing but the familiar Pauli exclusion
principle, which states that no more than one electron can occupy a spin orbital. Moreover,
it can be proved that this single determinantal approximation to the wave function pro-
vides a correlated motion of parallel-spin electrons. This effect is referred to as exchange
correlation.

It is also convenient to use the short-hand notation

Ψ(x1,x2, . . . ,xN) = |χiχj . . . χk⟩, (1.22)

where the antisymmetry principle reads

| . . . χi . . . χj . . . ⟩ = −| . . . χj . . . χi . . . ⟩. (1.23)

Slater determinants formed from different orthonormal spin orbitals are orthonormal. Also,
Slater determinants are generally not eigenstates of the Ŝ2 operator, thus in general they
are not pure spin states. However, one can construct a basis of Ŝ2 eigenfunctions using
techniques such as the unitary group approach (UGA)25. In the the UGA framework,
the N -electron spin-adapted Hilbert space is spanned by the orthonormal Gel’fand-Tsetlin
(GT)26–28 basis. The constituent elements of this basis, denoted as configuration state
functions (CSFs), are constructed from a set of n orthonormal spatial orbitals and can be
described uniquely by a three-column table, known as Paldus tableau25,

[p] =


an bn cn
an−1 bn−1 cn−1
...

...
...

a1 b1 c1
0 0 0

 , (1.24)
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where the first column, ai, contains the number of doubly-occupied orbitals, the second
column, bi, contains the number of singly-occupied orbitals, and the last one, ci, contains
the number of empty orbitals. Therefore, ai, bi, and ci are restricted to be non-negative
integers, while satisfying the condition ai + bi + ci = i. Besides, if ∆xi = xi − xi−1
(x = a, b, c), then ∆ai and ∆ci are restricted to be 0 or 1, while ∆bi can be -1, 0, or 1,
with ∆ai+∆bi+∆ci = 1. All possible CSFs of a GT basis can also be encoded in a vector
named as the step vector d = (d1, d2, . . . , dn). Similar to the Paldus tableau, this vector
focuses on the occupancy and spin coupling of the individual orbitals, and its elements are
defined as

di = 3∆ai +∆bi, (1.25)

where di is allowed to take on four distinct values: an empty orbital is indicated by di = 0,
a singly-occupied orbital with ∆Si = 1/2 by di = 1 and with ∆Si = −1/2 by di = 2, and a
doubly-occupied orbital by di = 3.29 The compilation of all di values into the step vector d
format constitutes the most efficient way to represent a CSF, maintaining the same storage
requirement as a Slater determinant, utilizing 2 bits for each spatial orbital.

CSFs can be expressed explicitly in terms of Slater determinants,

|ΨCSF⟩ =
∑
I

cI |DI⟩, (1.26)

where |ΨCSF⟩ and |DI⟩ are CSF- and Slater determinant-based wave functions, respectively,
and cI are coefficients. Once the MS value, the eigenvalue of the spin component operator
ŜZ , has been selected, Slater determinants can be constructed by attaching (N/2+MS) α
(up) spins and (N/2 −MS) β (down) spins to the occupied orbitals in all possible ways,
ensuring that each doubly-occupied orbital has one occurrence associated with α spin and
the other with β spin, following the specified sequence. Also, the coefficient of each Slater
determinant in Equation 1.26 can be obtained as a product over spatial orbitals,

c =
n∏

i=1

fi, (1.27)

where the fi values are given by

fi = 1 if di = 0,

=
√

(ai + bi − γi)/bi if di = 1,

= (−1)bi+δi
√

(γi − ai + 1)/(bi + 2) if di = 2,

= (−1)bi if di = 3,

(1.28)
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where γi is the number of spin orbitals preceding orbital i in the Slater determinant which
have spin opposite to that of orbital i, and δi is l or 0 if orbital i has spin α or β, respec-
tively.29

The total number of CSFs corresponding to a configuration of n orbitals, N electrons,
and total spin S is determined using the Weyl-Paldus25,30 dimension formula,

NCSF =
2S + 1

n+ 1

(
n+ 1
N
2
− S

)(
n+ 1

n− N
2
− S

)
. (1.29)

The ratio between the total number of Slater determinants and CSFs for N = n, provided
that n and N are sufficiently large, can be estimated using Stirling’s formula as

NSD

NCSF

≈
√
πnn

2(2S + 1)
, (1.30)

which demonstrates an orbital-dependent reduction in the size of the Hilbert space for a
spin-adapted basis.

1.5 Second Quantization

The antisymmetry principle serves an a fundamental axiom in quantum mechanics, and is
satisfied by employing Slater determinants and linear combinations of such determinants
for wave functions. Second quantization is a formalism which satisfies the antisymmetry
principle without using Slater determinants, where the wave function’s antisymmetry prop-
erty is transferred onto the algebraic properties of certain operators. In order to construct
the formalism of second quantization, we first introduce the creation operator â†i , which
creates an electron in the spin orbital χi as follows,

â†i |χj . . . χk⟩ = |χiχj . . . χk⟩. (1.31)

The adjoint of the creation operator (i.e., (â†i )
†
= âi) is called the annihilation operator

and is defined by

âi|χiχj . . . χk⟩ = |χj . . . χk⟩, (1.32)

which annihilates or destroys an electron in spin orbital χi. All the properties of Slater de-
terminants can be found in the anticommutation relations between two creation operators,
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between two annihilation operators, and between a creation and an annihilation operator
as follows,

{â†i , â†j} = 0, {âi, âj} = 0, {âi, â†j} = δij, (1.33)

where the anticommutation relation is defined as {Â, B̂} = ÂB̂+ B̂Â. Slater determinants
can be represented within this formalism as

â†i â
†
j . . . â

†
k| ⟩ = |χiχj . . . χk⟩, (1.34)

where | ⟩ is called the vacuum state which represents a state of the system that contains
no electrons. In order to develop the entire theory of many-body systems without determi-
nants, one must express the many-body operators Ô1 and Ô2 (explained later in chapter
2 and Appendix A) in terms of creation and annihilation operators as

Ô1 =
∑
ij

[i|ĥ|j] â†i âj (1.35)

Ô2 =
1

2

∑
ijkl

[ik|jl] â†i â†j âlâk, (1.36)

where the summations run over the set of spin orbitals, and [i|ĥ|j] and [ik|jl] are called
one-body and two-body integrals, respectively (explained later in chapter 2). Note that
any result that can be obtained using the properties of determinants can also be proved
using only the algebra of creation and annihilation operators.

1.6 The Electronic Problem in Periodic Solids

So far we have investigated the electronic structure problem in molecular systems, where
the boundary condition only implies that the wave function must vanish at infinity. In
periodic systems, e.g., the uniform electron gas, simulation cells subjected to periodic
boundary conditions are often used to account for the periodic arrangement of atoms in
crystals. In order to accurately compare theoretical results with experimental findings, it
is necessary to extrapolate all calculated observables to the thermodynamic limit (TDL).
This involves simulating increasing numbers of particles and simulation-cell volumes, while
maintaining a constant ratio between them,

N →∞, V →∞, N

V
= Constant. (1.37)
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The ensuing subsections cover some fundamental aspects of the periodic systems’ struc-
ture, including an introduction to the three-dimensional uniform electron gas and to twist
averaging.

1.6.1 The Bravais Lattice

A crystal structure is formed by a set of atoms or groups of them which are periodically
distributed. The starting point for the formal description of crystals is to introduce a
mathematical abstraction called lattice, which is a periodic arrangement of points in space,
whose positions are given by the translation lattice vector,

T = n1a1 + n2a2 + n3a3 ni ∈ Z, (1.38)

where ai are called primitive lattice vectors or basis vectors. The translation lattice vector
can have any point in three-dimensional space as reference. The basis vectors ai define the
smallest volume of the lattice, called the primitive unit cell, that can be repeated in three
directions to construct the entire lattice. The Wigner-Seitz unit cell is a primitive unit cell
and refers to the volume of space surrounding a single point in the lattice that is closer to
that point than any other point in the lattice. The choice of primitive lattice vectors and
the primitive unit cell in a lattice is not unique, however all possible choices of primitive
unit cells have the same volume associated with exactly one lattice point. Finally, when
an atom or a set of atoms is added to every lattice point that lies inside the primitive unit
cell volume, the so-called basis is created, resulting in the crystal structure.

According to their point symmetry, lattices are classified into different systems, such
that all lattices that possess the same point symmetry belong to a particular lattice system.
In this sense, there are in total 4 possible lattice systems including 5 different lattices, the
so-called Bravais lattices, in two-dimensional space, and 7 possible lattice systems including
14 Bravais lattices in three-dimensional space. One can also define the reciprocal lattice
which has the same point symmetry as the crystal lattice (direct lattice) and plays an
important role in the description of the physical properties of crystalline materials. For a
crystal lattice with the translation vector T, the corresponding reciprocal lattice is defined
as

eiT·G = 1, ai · bj = 2πδij, (1.39)

where the basis vectors and translation vector of the reciprocal lattice are represented by
bj and G, respectively, and satisfy the following relation,

G = m1b1 +m2b2 +m3b3 mi ∈ Z. (1.40)
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Figure 1.1: (a) 2D square Bravais lattice and (b) corresponding reciprocal lattice, including
the first Brillouin zone (shaded in blue) and irreducible Brillouin zone (shaded in red).

The first Brillouin zone is the Wigner-Seitz unit cell constructed in the reciprocal lattice.
The irreducible Brillouin zone (IBZ) is also defined as the smallest space volume within the
Brillouin zone that completely describes the periodic structure of the lattice. Consequently,
in the presence of additional symmetry, the irreducible Brillouin zone is smaller than the
Brillouin zone. Figure 1.1 illustrates, as an example, a 2D square Bravais lattice and
corresponding reciprocal lattice with the first Brillouin zone and irreducible Brillouin zone.

1.6.2 Three Dimensional Uniform Electron Gas

The uniform electron gas (UEG) is a system consisting of electrons and a neutralizing
uniform background. This system is the simplest model for periodic solids and plays an
important role in the study of electronic correlations in real systems20. The Hamiltonian
of the UEG including N electrons in a cubic box of volume L3 is as follows,

Ĥ = −
N∑
i=1

1

2
∇2

i +
N∑
i=1

N∑
j>i

1

|ri − rj|
+ Ĥe−b + Ĥb−b, (1.41)

where the last two terms represent the electron-background and background-background
interactions, respectively. These two terms fail to converge in the thermodynamic limit
L → ∞; however, this divergence is cancelled by a term from the electron-electron part
of the Hamiltonian. In the end, the background interactions are cancelled and the Hamil-
tonian is dominated by the kinetic energy and Coulomb interaction of electrons. The
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second-quantized Hamiltonian of the UEG can be written as

Ĥ =
1

2

∑
k

k2â†kâk +
∑
p,q

∑
k ̸=0

4π

k2
â†p+kâ

†
q−kâqâp. (1.42)

In this form, k, p, and q refer to reciprocal-space vectors, while â†k and âk denote the
creation and annihilation operators for a single-electron state with a wave vector of k,
respectively. The UEG is characterized by its uniform number density n, defined via
rs = (4πn/3)−1/3, where rs is called the Wigner-Seitz radius and is defined as the radius
of a sphere that encloses, on the average, exactly one electron. It can be proved that
the kinetic energy term in the Hamiltonian scales as 1/rs

2, while the Coulomb interaction
scales as 1/rs

31. This scaling property enables us to clearly distinguish two different limiting
behaviors of the UEG system. In the high-density regime (small rs), which is also called
the weakly correlated regime, the kinetic energy of the electrons outweighs the potential
energy. This creates a fully delocalized system where the UEG behaves as a Fermi liquid.
By contrast, in the low-density regime (large rs), also called the strongly correlated regime,
the potential energy dominates over the kinetic energy. As a result, the electrons localize
onto lattice points and the system behaves as a classical assembly of charged particles. In
this case, the electrons form a crystalline structure that is commonly known as the Wigner
crystal32.

1.6.3 Twist Averaging

When one tries to simulate the Hamiltonian of an infinite system using a periodic supercell
(a group of unit cells) containing a finite number of electrons, finite-size errors become
apparent. The finite size of the supercell imposes restrictions on the minimum momenta of
the electrons in reciprocal space. These restrictions ultimately lead to strong fluctuations
in calculated properties such as the correlation energy. The resulting finite-size errors are
usually substantial and exhibit slow convergence as supercell size increases. A common
way to tackle such finite-size errors is to apply the twist averaging procedure33–35. Twist
averaging aims to reduce finite-size errors by shifting the k-point grid in the first Brillouin
zone by a small amount ks, and averaging across all possible offsets. The twist ks is defined
via θ = ks ·R, where R is a simulation cell lattice vector, and θ is a phase factor originating
from the generalized boundary conditions,

Ψ(r1, . . . , ri +R, . . . , rN) = eiθΨ(r1, . . . , ri, . . . , rN), (1.43)

which states that electrons are allowed to pick up a phase when they wrap around the pe-
riodic boundaries. Consequently, twist averaging makes use of twists as degrees of freedom
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of the boundary conditions to provide a smoother extrapolation to the thermodynamic
limit. The general form of twist averaging is as follows,

ATA =
1

ΩBZ

∫
BZ

A(ks) dks, (1.44)

where ΩBZ is the volume of the first Brillouin zone, and A is an expectation value that is
averaged over ks in the Brillouin zone.
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Chapter 2

Quantum Chemistry Approaches

This chapter contains a discussion on the most important quantum chemistry approaches to
electronic structure calculations, namely Hartree-Fock (HF) theory and the configuration
interaction (CI) method8,9. These two approaches make use of the definitions and principles
discussed in the previous chapter, and provide a foundation for the next chapter.

2.1 Hartree-Fock Theory

The Hartree-Fock approximation is central to the approximate methods employed to solve
the many-electron problem. Additionally, it is usually considered as the first step to-
ward more accurate methods, e.g., post-Hartree-Fock methods and quantum Monte Carlo
(QMC) methods. In the Hartree-Fock approximation, a single Slater determinant, which
is the simplest antisymmetric wave function, is used for the ground state of an N -electron
system.

|Ψ0⟩ = |χ1χ2 . . . χN⟩. (2.1)

Then the variational principle is used to minimize the ground-state energy,

E0 = ⟨Ψ0|Ĥ|Ψ0⟩, (2.2)

where Ĥ is the electronic Hamiltonian defined in Equation 1.6, and E0 is the ground-state
energy. Minimizing the ground state energy with respect to the choice of spin orbitals χi
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leads to an eigenvalue equation known as the Hartree-Fock equation, which determines the
optimal spin orbitals for the ground-state wave function in Equation 2.1.

f̂(i)χa(xi) = εaχa(xi), (2.3)

where f̂(i) is an effective one-body operator, known as the Fock operator, εa is the energy
of the ath orbital, and i labels the ith electron. The Fock operator consists of two other
one-body operators,

f̂(i) = ĥ(i) + υ̂HF(i), (2.4)

where ĥ(i), known as the core-Hamiltonian operator, for the ith electron describes the
kinetic energy and the potential energy in the field of the nuclei,

ĥ(i) = −1

2
∇2

i −
M∑

A=1

ZA

riA
. (2.5)

υ̂HF(i), known as the Hartree-Fock potential, is also the average potential experienced by
the ith electron due to the presence of other electrons, and is defined as

υ̂HF(i) =
N∑
b

Ĵb(i)− K̂b(i), (2.6)

where Ĵb(i) and K̂b(i) are called the Coulomb and exchange operators, respectively, and
are defined by

Ĵb(i)χa(xi) =

[∫
χ∗b(xj)r

−1
ij χb(xj) dxj

]
χa(xi), (2.7)

K̂b(i)χa(xi) =

[∫
χ∗b(xj)r

−1
ij χa(xj) dxj

]
χb(xi). (2.8)

The Coulomb operator Ĵb(i), as its name suggests, arises from the Coulomb interaction
between electrons, and represents the average local one-body Coulomb potential at xi from
an electron in χb. The exchange operator K̂b(i) arises because of the antisymmetric nature
of the determinantal wave function. It is defined by its effect when operating on a spin
orbital χa(xi) (Equation 2.8), and does not have a simple classical interpretation as the
Coulomb term.
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Note that the Hartree-Fock potential υ̂HF(i) for the ith electron depends on the spin
orbitals of other electrons, as seen in Equation 2.6, meaning that the Fock operator f̂(i)
depends on its eigenstates. This makes the Hartree-Fock equation non-linear; consequently,
its analytic solution is generally not possible. The self-consistent-field (SCF) method is
an approach used to solve the Hartree-Fock equation iteratively. Solving the Hartree-Fock
Equation 2.3 gives a set of orthonormal spin orbitals {χk} and associated orbital energies
{εk}. The N spin orbitals with the lowest energies are called occupied spin orbitals, and
are labeled as χa, χb, . . . . The remaining orbitals from the set {χk} are called unoccupied
or virtual spin orbitals, and are labeled as χr, χs, . . . . The Slater determinant formed from
the occupied spin orbitals is the Hartree-Fock wave function ΨHF, and is the best variational
solution to the ground state of a system in the single determinantal approximation. Using
Equation 2.2, the Hartree-Fock energy would be written as follows,

EHF = ⟨ΨHF|Ĥ|ΨHF⟩

=
〈
ΨHF

∣∣∣ N∑
i=1

ĥ(i) +
N∑
i=1

N∑
j>i

r−1ij

∣∣∣ΨHF

〉
=

N∑
a

∫
χ∗a(xi)ĥ(ri)χa(xi) dxi

+
1

2

N∑
a,b

∫
χ∗a(xi)χ

∗
b(xj)r

−1
ij (1− P̂ij)χa(xi)χb(xj) dxi dxj,

(2.9)

where P̂ij is called the permutation operator, which interchanges the coordinates of the
ith and jth electron. In the derivation of the above formula, we have used the Slater-
Condon rules36–38, which are reviewed in Appendix A. The resulting one-body and two-
body integrals can also be written in a short-hand notation known as chemists’ notation,

EHF =
N∑
a

[a|ĥ|a] + 1

2

N∑
a,b

[aa|bb]− [ab|ba]. (2.10)

All of our formulas so far have involved spin orbitals χi rather than spatial orbitals ψi.
However, in most computational tasks, the spin functions α and β are integrated out in
order to reduce the spin-orbital formulations, leaving a spatial-orbital formulation. For
an N -electron system containing an even number of electrons, where spatial parts of any
spin orbital are restricted to be the same for both α and β spins (i.e., {χi} = {ψiα, ψiβ}),
namely closed-shell restricted Slater determinant, the Hartree-Fock energy can be written
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using one- and two-body integrals over spatial orbitals,

EHF = 2

N/2∑
a

(a|ĥ|a) +
N/2∑
a,b

2(aa|bb)− (ab|ba) = 2

N/2∑
a

(a|ĥ|a) +
N/2∑
a,b

2Jab −Kab, (2.11)

where round brackets are used to indicate the use of spatial orbitals. Jab and Kab are called
the Coulomb integral and exchange integral, respectively, and are given by

Jab = (aa|bb) =
∫
|ψa(ri)|2r−1ij |ψb(rj)|2 dri drj, (2.12)

Kab = (ab|ba) =
∫
ψ∗a(ri)ψb(ri)r

−1
ij ψ

∗
b (rj)ψa(rj) dri drj. (2.13)

The Coulomb integral Jab is nothing but the classical Coulomb repulsion between electron
clouds |ψa(ri)|2 and |ψb(rj)|2. The exchange integral Kab is also the result of exchange
correlation and does not have any classical interpretation.

The Hartree-Fock equation is solved by considering a finite set of basis functions
{ϕµ(r)|µ = 1, 2, . . . , K} (see 1.3) in which the orbitals are expanded. The larger the
set of basis functions, the greater is the flexibility in the expansion of spin orbitals, and the
lower the Hartree-Fock energy. Thus, as the size of the basis set increases, EHF decreases
until a limit is reached, called the Hartree-Fock limit. Subsequently, any finite basis set
would lead to an energy somewhat larger than the Hartree-Fock limit. As an example,
we consider the ground state of a carbon dimer C2 at equilibrium geometry (C2: 2.3481
a0

39). We calculate the Hartree-Fock energy of C2 in Dunning basis sets40–42, cc-pCVnZ
(n=D, T, Q, 5, and 6), and then extrapolate it to the complete basis set (CBS) in order to
get the Hartree-Fock limit. Using a simple three-parameter fitting function of the cardinal
number n with an exponential form43, E(n) = E(CBS) + ce−βn, the CBS limit for the
HF energies (Figure 2.1) is obtained as -75.4069 Ha. The calculations are done using the
molpro code44,45.

2.2 Configuration Interaction

Hartree-Fock theory is a single determinantal approximation, producing a set of 2K spin
orbitals and yielding the Hartree-Fock energy EHF (Equation 2.11) and Hartree-Fock wave
function ΨHF,

ΨHF = |χ1χ2 . . . χaχb . . . χN⟩. (2.14)
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Figure 2.1: CBS extrapolation of the Hartree-Fock energy of a carbon dimer C2 at equi-
librium geometry.

In general, one can construct different individual determinants from N electrons and 2K >
N spin orbitals. The number of different determinants would be equal to the combination
of N electrons from a set of 2K spin orbitals,(

2K

N

)
=

(2K)!

N !(2K −N)!
, (2.15)

where the Hartree-Fock determinant is just one of those. The other determinants can also
be classified with respect to the Hartree-Fock determinant. For example, a singly-excited
determinant |Ψr

a⟩ (Figure 2.2) would be the one in which an electron in occupied spin
orbital χa has been promoted to a virtual spin orbital χr. All

(
2K
N

)
determinants can

then be categorized as either the Hartree-Fock determinant or a singly-, doubly-, triply-
, . . . excited determinant. Although excited determinants are rarely considered as valid
excited states wave function of the system as they are far less accurate than the Hartree-
Fock determinant, they constitute an N -electron basis for describing the exact states of
the system.

Besides, there are some methods, known as post-Hartree-Fock methods, which attempt
to use more than one Slater determinant in the description of the wave function. Espe-
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Figure 2.2: A singly-excited determinant |Ψr
a⟩.

cially for electrons with antiparallel spins, these methods are typically more accurate than
Hartree-Fock theory, but they are more computationally expensive as well. Configuration
interaction is one of the most popular post-Hartree-Fock methods, which is based on the
fact that the exact wave function for the ground and excited states of an N -electron system
can be written as a linear combination of all possible Slater determinants constructed from
a complete set of spin orbitals,

|Φ⟩ = c0|Ψ0⟩+
∑
ra

cra|Ψr
a⟩+

∑
a<b
r<s

crsab|Ψrs
ab⟩+

∑
a<b<c
r<s<t

crstabc|Ψrst
abc⟩+ . . . , (2.16)

where on the right-hand side, the summations are over all unique singly-, doubly-, triply-
, . . . excited determinants, respectively. Given a complete set of spin orbitals {χi}, the
infinite set of N -electron determinants {|Ψi⟩} would form a complete set for the expansion
of any N -electron wave function. Then, one can obtain the exact ground and excited states
energies by diagonalizing the Hamiltonian matrix formed from the complete set {|Ψi⟩}. The
lowest eigenvalue of the Hamiltonian matrix E0 is the exact non-relativistic ground-state
energy of the system within the Born-Oppenheimer approximation. The difference between
this energy and the Hartree-Fock limit E0 is called the correlation energy, as the motion
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of electrons with opposite spins is not correlated within the Hartree-Fock theory.

Ecorr = E0 − E0. (2.17)

In practice, one cannot perform the above procedure as it is impossible to handle an infinite
basis set. However, we can work with a finite set of spin orbitals instead as the one-electron
basis set. The resulting N -electron basis set then will not be complete. Nevertheless, we
can always have exact solutions within the subspace spanned by the finite set of N -electron
basis functions. This procedure is called full configuration interaction (FCI). The number
of determinants in the FCI expansion even in small systems and small basis sets is so
large, thus in practice one must truncate the expansion and use a small fraction of

(
2K
N

)
determinants.
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Figure 2.3: Variation of CI energy of a carbon dimer C2 at equilibrium geometry using
the cc-pCVTZ basis with the number of determinants, including the estimated FCI energy
from an FCIQMC calculation.

Figure 2.3 shows the CI energies of a carbon dimer C2 at equilibrium geometry in cc-
pCVTZ basis set as a function of the number of determinants in the CI expansion. As
it can be seen, the CI energy decreases with increasing number of determinants, and it
will eventually converge to the FCI energy when all the

(
2K
N

)
determinants are included
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in the expansion. To estimate the FCI energy, we use the very accurate and very efficient
FCIQMC method12,13, as the direct FCI calculation would require a vast amount of storage.

2.2.1 Heat-Bath Configuration Interaction

The number of determinants in an FCI expansion scales combinatorially with the number
of electrons and orbitals, however many of these determinants do not contribute effectively
to retrieve the correlation energy, and hence are considered as deadwood configurations46.
Taking advantage of this fact to select only the important determinants introduces a wide
range of approaches, namely the selected configuration interaction (SCI) methods22,47–56.
Selected configuration interaction plus perturbation theory (SCI+PT) algorithms are a
subclass of these methods which improve upon the variational energy by employing the
multi-reference Epstein-Nesbet perturbation theory57,58. CIPSI (configuration interaction
by perturbation with multi-configurational zeroth-order wave function selected by iterative
process)47 is known as the first such techniques.

Heat-bath configuration interaction is a SCI+PT method which employs an algorithm
that greatly improves the efficiency of both the variational and perturbative steps55. This
method consists of two stages, namely a variational stage and a perturbative stage. During
the first stage, a variational wave function is constructed as a linear combination of a set
of determinants which are chosen iteratively. Then in the second stage, a second-order
energy correction is applied using the multi-reference Epstein-Nesbet perturbation theory.
To begin with, one needs to define the variational space V , where the Hamiltonian is diag-
onalized, returning the ground-state wave function and energy. The space of connections C
is also defined as a space of determinants which are connected to V but are not in V . The
algorithm starts with a variational space V consisting of an initial set of determinants, or
just the Hartree-Fock determinant. It then iterates as follows,

1. Calculate the lowest eigenvalue E0 with eigenvector |Ψ0⟩ =
∑

i ci|Di⟩ of the Hamil-
tonian in the variational space V .

2. Find all determinants {Da} in the space of connections C for which |Haici| > ϵ1 for
at least one determinant Di in the variational space V .

3. Add those determinants to the variational space V .

4. Repeat steps 1 through 4 until an iteration is reached in which the number of new
determinants is less than a threshold, for example, 1% of the number of determinants
already present in V .
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The above iteration requires the parameter ϵ1 as a threshold to add the new determi-
nants to the variational space. The Hamiltonian matrix element ⟨Da|Ĥ|Di⟩ is shortened as
Hai , and the indices i, j, . . . and a, b, . . . are used for determinants in the variational space
and space of connections, respectively. Then in the perturbative stage, a second-order
correction to the variational energy is computed as follows,

∆E2 ≈
∑
a

(
∑(ϵ2)

i Haici)
2

E0 −Haa

, (2.18)

where ϵ2 is called the perturbative threshold, and
∑(ϵ2)

i denotes a summation over those
variational determinants for which |Haici| > ϵ2. The HCI method makes use of the param-
eter ϵ2 to include only those terms in the above summation that contribute substantially.
The perturbative threshold ϵ2 is usually set much smaller than the variational threshold
ϵ1 as discarding small amplitude determinants can lead to large errors in the calculation
of dynamical correlation. Also, the smaller the perturbative threshold ϵ2, the more is the
number of determinants in the perturbative space, which can lead to a severe memory
bottleneck. To avoid this issue, one can use a stochastic or semistochastic version of the
perturbative correction22. In the stochastic version, the expectation value of the second-
order energy correction (Equation 2.18) is calculated stochastically. This is done by taking
Ns samples, each consisting of Nd determinants {Di} sampled from the variational space
V with the following probability,

pi =
|ci|∑
i |ci|

. (2.19)

Each sample contains Ndist
d distinct determinants Di, each with a repetition number wi,

such that

Ndist
d∑
i

wi = Nd. (2.20)

Using the above definitions and applying some simplifications, the second-order correction
can be estimated as follows,

∆E2 =
1

Nd(Nd − 1)

〈∑
a

1

E0 −Haa

Ndist
d (ϵ2)∑

i

wiciHai

pi

2

+

Ndist
d (ϵ2)∑

i

wi(Nd − 1)

pi
− w2

i

p2i

c2iH2
ai

〉.
(2.21)
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Reducing the stochastic error to a desired value requires large number of samples Ns to be
evaluated, making the stochastic method rather expensive for relatively large variational
spaces and large basis sets. The semistochastic method reduces the computational cost
by splitting the perturbative correction into two steps. During the first step, a second-
order energy correction ∆ED

2 [ϵ
d
2] is calculated deterministically using a relatively large

threshold ϵd2. The error originating from the use of large ϵd2 is then corrected stochastically
in the second step. This is achieved by calculating the difference between the second-order
corrections obtained from a small threshold ϵ2 and a large threshold ϵd2 as follows,

∆E2[ϵ2] = (∆ES
2 [ϵ2]−∆ES

2 [ϵ
d
2]) + ∆ED

2 [ϵ
d
2], (2.22)

where ∆ES
2 [ϵ2] and ∆ES

2 [ϵ
d
2] are the second-order energy corrections calculated stochasti-

cally using ϵ2 and ϵd2, respectively.
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Chapter 3

Quantum Monte Carlo Approaches

This chapter focuses on solving the Schrödinger equation using the Monte Carlo method59,
namely quantum Monte Carlo (QMC). The term “quantum Monte Carlo” covers sev-
eral different techniques based on random sampling, such as variational Monte Carlo
(VMC)10,14, diffusion Monte Carlo (DMC)11,14, and full configuration interaction quan-
tum Monte Carlo (FCIQMC)12,13. QMC calculations are expensive, which limits their
applicability at present; however, they are the most accurate methods known so far for
computing the energies of large assemblies of interacting quantum particles. The high
accuracy of QMC methods is essential in problems in which a precise description of the
underlying physics is required.

3.1 The Metropolis Algorithm

The Metropolis algorithm60 is a Markov chaini Monte Carlo (MCMC) method to obtain
a sequence of random samples from a probability distribution for which direct sampling
is difficult. The algorithm generates a sequence of sampling points Ri by moving a single
walker as follows,

1. Start the walker at a random position R.

iMarkov chain is a stochastic model describing a sequence of random variables with the important
feature that each element has memory of its immediate predecessor. A simple example for a Markov chain
is a random walk.
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2. Make a trial move to a new position R′ drawn from the probability density T (R′ ←
R).

3. Accept the trial move to R′ with probability A(R′ ← R) = Min
[
1, T (R←R′)P(R′)

T (R′←R)P(R)

]
.

4. Return to step 2.

If the trial move at step 3 is accepted, the point R′ becomes the next position of the
walker; otherwise, the walker remains at R. It can be readily verified that this algorithm
satisfies the detailed balance condition,

P(R)T (R′ ← R)A(R′ ← R) = P(R′)T (R← R′)A(R← R′). (3.1)

Hence P(R) is the equilibrium distribution of this Markov process. As long as the Markov
process is ergodic (i.e., it is possible to reach any point in configuration space in a finite
number of moves), it can be shown that the process will converge to this equilibrium
distribution.

3.2 Variational Monte Carlo

The variational Monte Carlo (VMC) method10,14 is based on a combination of the vari-
ational principle and the Monte Carlo evaluation of integrals. The energy is calculated
as the expectation value of the Hamiltonian with a real, properii many-body trial wave
function. In general, there are no restrictions on the form of the trial wave function. The
variational principle for the trial wave function ΨT states as

EV =

∫
Ψ∗T (R)ĤΨT (R) dR∫

Ψ2
T (R) dR

⩾ E0, (3.2)

where E0 is the exact ground-state energy, Ĥ is the many-body Hamiltonian, and R is
a 3N -dimensional vector of particle coordinates. To integrate EV using the Monte Carlo
method, an importance sampling transformation of which can be written as

EV =

∫
P(R)EL(R) dR, (3.3)

iiThe trial wave function ΨT must have the correct symmetry under particle exchange; Both ΨT and
∇ΨT must be continuous wherever the potential is finite; The integrals

∫
Ψ∗

TΨT dR and
∫
Ψ∗

T ĤΨT dR

must exist, and to keep the variance of the energy finite it is desirable that
∫
Ψ∗

T Ĥ
2ΨT dR exists.61
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where P(R) is an importance function, which is defined as

P(R) =
Ψ2

T (R)∫
Ψ2

T (R
′) dR′

, (3.4)

and EL(R) is called the local energy,

EL(R) =
ĤΨT (R)

ΨT (R)
, (3.5)

which can be evaluated at any R. Since the importance function P(R) satisfies the fol-
lowing equations,

P(R) ⩾ 0 (3.6)∫
P(R) dR = 1, (3.7)

it can be regarded as a probability distribution. Therefore, the value of EV may be obtained
by drawing an infinite set of random vectors from the probability distribution P(R) and
computing the sample average as follows,

EV = lim
M→∞

[
1

M

M∑
i=1

EL(Ri)

]
, (3.8)

where M denotes the number of sample vectors, or the number of configurations (also
called “walkers”). A Monte Carlo estimate of EV can also be obtained by averaging over
a large but finite number of vectors drawn from P(R),

EV ≈
1

M

M∑
i=1

EL(Ri), (3.9)

whereM configurations have been generated after equilibration. The Metropolis algorithm
(see 3.1) is used to sample the set of finite vectors {Ri|i = 1, 2, . . . ,M} from the probability
distribution P(R). The trial moves are usually sampled from a Gaussian centered on the
current position of the walker, and the variance of the Gaussian is chosen such that the
average acceptance ratio is roughly 50% or such that the diffusion constant of the random
walk is maximized61. Figure 3.1 illustrates the flow chart of the VMC algorithm.
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Figure 3.1: Flow chart of the VMC algorithm.

Moreover, the central limit theorem tells us that for large enough M , the variance of
EV is σ2

EL
/M , which is estimated as

σ2
EL

M
≈ 1

M(M − 1)

M∑
i=1

[
EL(Ri)−

1

M

M∑
j=1

EL(Rj)
]2
. (3.10)

Hence, ±σEL
/
√
M is as an estimate of the size of the error bar on EV . We use VMC

mostly for optimizing parameters in trial wave functions, and our main part of calculations
are done with more sophisticated diffusion Monte Carlo (DMC) method, which is discussed
in the next section.
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3.3 Diffusion Monte Carlo

Diffusion Monte Carlo (DMC)11,14 is a stochastic projector method which provides a practi-
cal way of evolving the wave function of a quantum system in imaginary time and obtaining,
ultimately, the ground- and excited-states energy iii of the system.

3.3.1 The Imaginary-time Schrödinger Equation

To begin with, consider the time-dependent Schrödinger equation,

ĤΦ(R, t) = i
∂Φ(R, t)

∂t
, (3.11)

where Φ(R, t) is the time-dependent wave function, and Ĥ is the electronic Hamiltonian
(see 1.6). The formal solution to this equation can be written using the eigenfunctions of
Ĥ,

Φ(R, t) =
∞∑
n=0

cnΦn(R) e−iEnt, (3.12)

where Φn(R) and En are the eigenfunctions and the eigenvalues of the time-independent
Schrödinger equation 1.3, respectively. The eigenfunctions Φn(R) are assumed to be or-
thonormal and real, ∫ ∞

−∞
Φn(R)Φm(R) dR = δnm. (3.13)

Using the orthonormality condition, the expansion coefficients in Equation 3.12 can be
written as

cn =

∫ ∞
−∞

Φn(R)Φ(R, 0) dR n = 0, 1, 2, . . . . (3.14)

The coefficients cn then describe the overlap of the initial state Φ(R, 0) with the eigenfunc-
tions Φn(R). Now, a methodological shift of energy scale can be performed,

(Ĥ − ET )Φ(R, t) = i
∂Φ(R, t)

∂t
, (3.15)

iiiThe fixed-node DMC (discussed later, see 3.3.2) is always variational for the ground state, ensuring the
convergence to the lowest energy state having an energy always greater than or equal to the exact ground-
state energy. By contrast, the existence of a variational principle for excited-states cannot in general be
guaranteed, and it depends on the symmetry of the trial wave function62.
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which leads to the solution

Φ(R, t) =
∞∑
n=0

cnΦn(R) e−i(En−ET )t. (3.16)

A transformation from real time to imaginary time (known as Wick rotation) is then
performed. Introducing a new variable τ = it as the imaginary time, the Schrödinger
equation is rewritten as

(Ĥ − ET )Φ(R, τ) = −
∂Φ(R, τ)

∂τ
. (3.17)

This is called the imaginary-time Schrödinger equation, which provides the fundamental
starting point of all projector quantum Monte Carlo methods. Equation 3.16 is then
rewritten as

Φ(R, τ) =
∞∑
n=0

cnΦn(R) e−(En−ET )τ . (3.18)

Now let us investigate the asymptotic behavior of Φ(R, τ) for τ →∞,

1. if ET > E0, limτ→∞Φ(R, τ) =∞, the wave function diverges exponentially fast.

2. if ET < E0, limτ→∞Φ(R, τ) = 0, the wave function vanishes exponentially fast.

3. if ET = E0, limτ→∞Φ(R, τ) = c0Φ0(R), the wave function converges to the ground
state exponentially fast.

In the case of ET = E0, Φ(R, τ) converges to the ground-state wave function Φ0(R)
regardless of the choice of the initial wave function Φ(R, 0), as long as there is a numerically
significant overlap between Φ(R, 0) and Φ0(R); in other words, as long as c0 is not too small.
The aspiration of all projector methods is to realize this long-time limit by performing a
stochastic integration of Equation 3.17. The Hamiltonian in Equation 3.17 is the sum of
kinetic and potential terms: Ĥ = −∑N

i=1(1/2)∇2
i + V (R). If we neglect the potential

term, Equation 3.17 reduces to a diffusion equation. If, on the other hand, we neglect the
kinetic term, 3.17 reduces to a rate equation. The Equation 3.17 may also be written in
the integral form,

Φ(R, t+ τ) =

∫
G(R← R′, τ)Φ(R′, t) dR′, (3.19)
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where t is the imaginary time variable and G(R ← R′, τ) is a Green’s function, that
is a solution of Equation 3.17 with initial condition G(R ← R′, 0) = δ(R − R′). The
exact Green’s function can be sampled using the Green’s function Monte Carlo method
(GFMC)63,64. The GFMC method is computationally expensive and one can instead ap-
proximate the Green’s function using the short-time approximation,

G(R← R′, τ) ≈ Gd(R← R′, τ)Gb(R← R′, τ), (3.20)

where

Gd(R← R′, τ) = (2πτ)−3N/2exp

[
− (R−R′)2

2τ

]
, (3.21)

is the diffusion Green’s function and

Gb(R← R′, τ) = exp
[
− τ

2
(V (R) + V (R′)− 2ET )

]
, (3.22)

is the branching term. Now using the short-time approximation, one can simulate the
imaginary-time evolution by taking a population of configurations {Ri} and subjecting
them to random moves drawn from Gd(R ← R′, τ) to simulate the diffusion process.
Then, one can use the branching or birth-death algorithm to simulate the rate process,
where Gb(R ← R′, τ) acts as a time-dependent renormalization factor, which determines
the number of walkers that survive to the next random move.

In DMC, the integration is done in the particle coordinate space, which is a sym-
metrized space, and then admits solutions with bosonic character (i.e., nodeless and sym-
metric wave functions). This issue is known as the “fermion sign problem” or “boson
catastrophe”, which stems from the antisymmetry property of many-electron wave func-
tions to electron exchange, that leads to wave functions having both positive and negative
amplitudes. However, this problem can be evaded to some extent by using the fixed-node
approximation65–67.

3.3.2 The Fixed-node Approximation

The basic idea to stochastically integrate Equation 3.17 in DMC is to consider the wave
function itself to be a probability density (of walkers distributed in the electron coordinate
space). This implies that the wave function must be a positive definite function. For a
single fermion, the ground-state wave function has no nodes and one can always fulfill the
requirement of overlap between Φ(R, 0) and Φ0(R) by choosing a positive definite Φ(R, 0)

39



centered in a region of space where Φ0(R) is sufficiently large. For two or more identical
fermions, the wave function must have both positive and negative regions, as should an
excited state of any system. Hence, the wave function cannot in general be considered as
a probability density.

Figure 3.2: A 2-dimensional slice through the 321-dimensional nodal surface of a 2-
dimensional Fermi gas containing 161 (polarized) fermions (reproduced with permission
from Springer Nature. © Plenum Publishing Corporation 19914). All 161 particle posi-
tions were sampled using VMC. The filled circle indicates the original position of the first
particle. The other 160 particles are fixed at positions indicated by the open circles. The
nodes of the wave function as a function of the position of the first particle are plotted.

The fixed-node approximation circumvents this difficulty by using an approximate nodal
surface. In a 3D system containing N electrons, the trial nodal surface is a (3N -1)-
dimensional surface on which the wave function is zero and across which it changes sign.
Figure 3.2 illustrates a 2D cross section of the nodal surface of a 2D Fermi gas containing
161 (polarized) fermions, where 160 fermions are fixed at a typical (random) position4.
The fixed-node approximation is equivalent to placing an infinite repulsive potential bar-
rier on the nodal surface of the trial wave function, which is sufficiently strong to force the
wave function to be zero on the nodal surface. Consequently, the Schrödinger equation is
solved within each pocket enclosed by the nodal surface. The fixed-node DMC method
then projects out, within each pocket, the lowest-energy nodeless wave function satisfy-
ing zero boundary conditions on the enclosing nodal surface. The implementation of the
fixed-node approximation algorithm is also straightforward. The only new ingredient to
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the DMC algorithm is that, after every DMC (walker) move the sign of the trial wave
function is checked and the walker is deleted if it has crossed the trial nodal surface. The
infinite repulsive potential barrier has no effect if the trial nodal surface is placed correctly,
otherwise the energy is always raised. Therefore, the fixed-node DMC may be regarded as
a variational method that gives exact results if the trial nodal surface is exact.

During the fixed-node DMC simulation, the DMC walkers will eventually concentrate
in the nodal pockets of the lowest energy class.iv Within any such pocket υα, there is a
unique ground-state eigenfunction Φα

0 (R) with eigenvalue Eα
0 , which satisfies the following

equations,

ĤΦα
0 (R) = Eα

0Φ
α
0 (R) R ∈ υα (3.23)

Φα
0 (R) = 0 R /∈ υα. (3.24)

Moreover, it can be proved that, each of the eigenvalues Eα
0 is an upper bound to the exact

ground-state energy. This is called the fixed-node variational principle67,68.

3.3.3 Importance Sampling

The fixed-node DMC algorithm outlined in the previous section is extremely inefficient
and gives unsatisfactory results. The inefficiency problem can be tackled by carrying out
an importance-sampling transformation using a trial wave function ΨT (R)61,67,69. To this
end, one can multiply Equation 3.17 by ΨT (R) and then introduce the following function,

f(R, t) = ΨT (R)Φ(R, t), (3.25)

which always has the same sign if and only if the nodal surface of Φ(R, t) matches exactly
that of ΨT (R). Rearranging terms in Equation 3.17 yields

−∂f
∂t

= −1

2
∇2

Rf +∇R · [vDf ] + [EL − ET ]f, (3.26)

where vD is the 3-dimensional drift velocity defined as

vD(R) = ∇R ln |ΨT (R)| = Ψ−1T (R)∇RΨT (R), (3.27)

ivA pocket class refers to a group of pockets related together by the permutation symmetry. Furthermore,
the tiling theorem states that all the ground-state (lowest-energy) nodal pockets belong to the same
class4,61.
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and EL(R) = Ψ−1T (R)ĤΨT (R) is the local energy as defined in VMC. The three terms on
the right-hand side of Equation 3.26 correspond to diffusion, drift, and branching processes,
respectively. The corresponding integral equation of 3.26 is written as

f(R, t+ τ) =

∫
G(R← R′, τ)f(R′, t) dR′, (3.28)

and the short-time approximation to G(R ← R′, τ), as in 3.20, is written as G(R ←
R′, τ) ≈ Gd(R← R′, τ)Gb(R← R′, τ), where

Gd(R← R′, τ) = (2πτ)−3N/2exp

[
− (R−R′ − τvD(R

′))2

2τ

]
, (3.29)

Gb(R← R′, τ) = exp
[
− τ

2
(EL(R) + EL(R

′)− 2ET )
]
. (3.30)

The importance sampling transformation has several consequences. First, the density of
walkers increases in regions where |ΨT | is large and vice versa. This is due to the drift
velocity vD, which carries the walkers along in the direction of increasing |ΨT |, causing
more important parts of the wave function to be sampled. Second, the renormalization
factor 3.30 now contains the local energy, which is a much smoother function than the
potential energy; thus, the population of walkers is better controlled. Moreover, the im-
portance sampling is a great choice to satisfy the fixed-node constraint. Whenever a walker
approaches the nodal surface of the trial wave function, the drift velocity suddenly grows
and carries it away.

The short-time approximation makes the DMC results dependent on the time step.
To ensure the accuracy of the short-time approximation, one should use time steps τ as
small as possible. It is also common to linearly extrapolate the energy to the zero time-
step limit14,70. Figure 3.3 shows the linear extrapolation for a carbon dimer at equilibrium
geometry, in which fitting is carried out via a custom regression tool called polyfit71. This
is a toolbox which uses Monte Carlo resampling to perform and manipulate polynomial
fits to data with and without statistical uncertainties. Throughout this thesis, polyfit is
widely used for performing fits and extrapolations. Besides, all VMC and DMC calculations
are done using the casino code14,72 in this thesis.

The approximate Green’s functions in Equations 3.29 and 3.30 are reasonable approx-
imations in regions where ΨT is smooth and non-zero. This is not the case however in
regions close to the nodal surface, where quantities such as the drift velocity and the local
energy may diverge73. A good remedy is to consider a rejection step for the random moves
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Figure 3.3: Extrapolation of the DMC energy with respect to the time step for a carbon
dimer C2 at equilibrium geometry using a Slater-Jastrow trial wave function. The curve is
a linear fit of the data. The width of the line reflects the statistical uncertainty of the fit
values at each point.

drawn from Gd(R ← R′, τ). Given that, a trial move from R′ to R is accepted with
probability

A(R← R′) = min

[
1,
Gd(R

′ ← R, τ)Gb(R
′ ← R, τ)Ψ2

T (R)

Gd(R← R′, τ)Gb(R← R′, τ)Ψ2
T (R

′)

]

= min

[
1,
Gd(R

′ ← R, τ)Ψ2
T (R)

Gd(R← R′, τ)Ψ2
T (R

′)

]
.

(3.31)

Hence, the fixed-node DMC algorithm reduces to the VMC algorithm with trial moves
sampled from Gd(R ← R′, τ). The acceptance probability depends on the time step, and
tends to unity as the time step goes to zero. If the time step is large, too many moves
are rejected from the beginning and it will bias the sampling of f(R, t). Then, one should
choose the time step such that the acceptance ratio is ⩾ 99%. The importance-sampled
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DMC algorithm finally generates configurations asymptotically distributed according to

f(R,∞) = ΨT (R)Φ0(R), (3.32)

where Φ0(R) is the ground-state eigenfunction subjected to the fixed-node boundary con-
dition, and is defined as

Φ0(R) =
∑
α

cαΦ
α
0 (R), (3.33)

where cα is a non-negative constant proportional to the initial population of the nodal
packet υα (see 3.3.2). The fixed-node DMC energy can then be evaluated as

ED =
⟨Φ0|Ĥ|ΨT ⟩
⟨Φ0|ΨT ⟩

=

∫
f(R,∞)EL(R) dR∫

f(R,∞) dR
≈ 1

M

M∑
i=1

EL(Ri) = ⟨EL⟩, (3.34)

where ED is the DMC energy, M is the number of configurations (walkers), and ⟨EL⟩ is
the average local energy. The shift energy ET in Gb(R← R′, τ) is used to control the total
population of walkers, such that during the simulation it is occasionally adjusted so that
the overall number of walkers fluctuates around a desired mean value. Figure 3.4 illustrates
an example of the behavior of the reference energy, the total population, and the average
local energy. In the end, one can outline a basic version of the fixed-node DMC algorithm
as follows,

1. Generate a set of walkers. (usually the initial walkers are sampled from Ψ2
T (R) using

VMC.)

2. Choose a walker and propose a move from its old position R′ to a new position R
for a time step τ ,

R = R′ + χ+ τvD(R
′), (3.35)

where χ is a 3N -dimensional Gaussian random variable with a variance τ and zero
mean.

3. Accept the move with the probability given by Equation 3.31.

4. Calculate the local energy of the walker and other quantities of interest.
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Figure 3.4: DMC data for a Nitrogen dimer N2 at equilibrium geometry with a Jastrow-free
multi-determinant wave function. The upper panel shows the fluctuations in the population
of walkers for the branching process arising from simulations done via Equation 3.30. In
the lower panel, the black line shows the local energy averaged over the current population
of walkers, the red line shows the reference energy, and the green line is the best estimate
of the DMC energy. The initial walkers come from a previous VMC calculation, and the
energy decays from its initial VMC value to reach a plateau. The data before the plateau
correspond to the DMC equilibration phase.

5. Calculate the number of copies or the multiplicity (M) of the walker that will continue
in the evolution,

M = int
[
η +Gb(R← R′, τ)

]
, (3.36)

where η is a random number between 0 and 1.

6. If M ̸= 0, weight the local energy and other quantities of interest by M .

7. Repeat steps 2 through 7 until the times associated with different walkers have ad-
vanced the same.

8. Accumulate the local energy and other quantities of interest.
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9. Update the trial energy ET . A simple formula for adjusting ET is67

(ET )new =

[
(ET )old + ⟨EL⟩

]
2

. (3.37)

10. Renormalize the number of walkers to the initial set size by randomly eliminating or
copying from the existing set of walkers.

11. Repeat steps 2 through 11 until there is no systematic trend in the cumulative local
energy ⟨EL⟩ and other quantities of interest. At this point the equilibration phase
has been reached.

12. Repeat steps 2 through 12 until the statistical uncertainty in ⟨EL⟩ and other quan-
tities of interest has reached the desired level.

Figure 3.5 illustrates the flow chart of the fixed-node DMC algorithm.

3.4 Trial Wave Functions

Trial wave functions have a central role in both VMC and DMC, such that the statistical
efficiency and accuracy of the VMC and DMC calculations are controlled by them. The
accuracy of VMC results depends on the entire trial wave function, whereas the accuracy
in DMC depends only on the nodal surface of the trial wave function.

3.4.1 Slater-Jastrow Wave Functions

The Jastrow correlation factor is the primary way for including electron correlation beyond
the mean-field level in VMC, and this is achieved by making the wave function depend
explicitly on particle separations74. A pair of up- and down-spin determinants multiplied
by a Jastrow factor is the most commonly used trial wave function in QMC,

ΨSJ(R) = eJ(R)D(R↑)D(R↓), (3.38)

where eJ(R) is the Jastrow factor, and D(R↑) and D(R↓) are determinants of molecular
orbitals for up- and down-spin electrons, respectively. The molecular orbitals are often
obtained from density functional theory (DFT)6,7 or Hartree-Fock calculations. The Jas-
trow factor is symmetric under the interchange of electrons, and it is always positive, a
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Figure 3.5: Flow chart of the fixed-node DMC algorithm.
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Figure 3.6: Local energy of a Nitrogen dimer N2 at equilibrium geometry from the DMC
calculation of a multi-determinant trial wave function (a) with and (b) without a Jastrow
factor.

property which prevents the Jastrow factor from changing the nodal surface of the trial
wave function.

The potential energy diverges whenever an electron approaches a nucleus or another
electron; therefore, the exact many-electron wave function must have a cusp, such that the
local kinetic energy supplies an equal and opposite divergence. This non-smoothness in
the many-electron wave function can be locally resolved using the so-called Kato cusp con-
ditions75,76. Any necessary electron-nucleus cusps can be built into the molecular orbitals
obtained from the DFT or HF approximation, and electron-electron cusps can be built into
the Jastrow factor. The application of cusp conditions causes a reduction in both the av-
erage local energy and its variance. Figure 3.6 shows the local energies of a nitrogen dimer
N2 at equilibrium geometry obtained in two DMC calculations for a multi-determinant
trial wave function with and without a Jastrow factor. The trial wave function in Figure
3.6b does not include a Jastrow factor, so the Kato cusp conditions at the electron-electron
coalescence points are not satisfied. This manifests as very large positive spikes in the
local energy when two electrons are close together. Figure 3.6a shows the effect of adding
a Jastrow factor to the trial wave function, which removes the very large positive spikes
and lowers the average local energy. After adding a Jastrow factor, some small positive and
negative spikes still remain. These small spikes are due to the positive and negative diver-
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gences of the local kinetic energy when electrons approach the nodal surface. Throughout
this thesis, we use a Jastrow factor of the form eJ(R),15

J({ri}, {rA}) =
N∑
j>i

u(rij) +
M∑

A=1

N∑
i=1

χA(riA) +
M∑

A=1

N∑
j>i

fA(riA, rjA, rij), (3.39)

where u is a homogeneous and isotropic electron-electron function, χ is an isotropic electron-
nucleus function centered on the nuclei, and f is an isotropic electron-electron-nucleus
function, also centered on the nuclei. These functions are represented by power expan-
sions with optimizable parameters. N and M are the number of electrons and nuclei,
respectively. Electrons and nuclei are described by position vectors ri and rA, respectively.
rij = |rij| = |ri − rj| is the distance between ith and jth electron, riA = |ri − rA| is the
distance between ith electron and Ath nucleus, and rjA = |rj− rA| is the distance between
jth electron and Ath nucleus. The Jastrow factor of Equation 3.39 includes two-body (e-e
and e-N) and three-body (e-e-N) terms, while one can in general include higher-order terms
in the Jastrow factor, such as terms involving the distances between four or more particles.
The inclusion of higher order terms in the Jastrow factor reduces both the energy and its
variance16.

The Jastrow factor also breaks the spin symmetry of the trial wave function77, meaning
that if the determinantal part of a Slater-Jastrow wave function is an eigenfunction of Ŝ2

operator (such as configuration state functions), the inclusion of the Jastrow factor leads
to a trial wave function that is not an eigenfunction of Ŝ2.

3.4.2 Multi-Slater-Jastrow Wave Functions

Although the most commonly used form of a trial wave function in QMC is the Slater-
Jastrow form, retrieving a greater fraction of the correlation energy requires the use of more
sophisticated ansatz. This is especially the case in intrinsically multi-reference problems.
A natural extension of the Slater-Jastrow wave function is the multi-Slater-Jastrow wave
function,

ΨMD(R) = eJ(R)
∑
n

cnDn(R
↑)Dn(R

↓), (3.40)

where cn is the coefficient of the nth determinant pair. One advantage of this type of trial
wave function is that, any (ground and excited) state of the system can be represented
with a large enough number of determinants. Such wave function form however is only
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useful if it can be used with limited computational cost and memory. So they are not in
general suitable for large systems since the number of determinants required to retrieve a
given fraction of the correlation energy increases exponentially with the system size.

3.4.3 Backflow Wave Functions

The classical backflow effect is related to the flow of a fluid around a large impurity. For
example, consider a car moving with high speed. The air around the moving car is pushed
out of the way and it fills in behind the car. The quantum backflow effect can then be
regarded as the similar effect for quantum particles moving through a quantum fluid78,79.
This introduces a correlation, which can be mainly captured by the Jastrow factor. The
backflow transformation also captures another contribution of this correlation, while, in
contrast to the Jastrow factor, it alters the nodal surface of the trial wave function. The
backflow correlations are introduced by substituting a set of coordinates X in place of the
electron positions R in the Slater determinants17,

ΨBF(R) = eJ(R)D(X↑)D(X↓), (3.41)

where the new coordinate X for both up- and down-spin ith electron is given by

xi = ri + ξi(R), (3.42)

where ξi(R) is the backflow displacement of the ith electron, which depends on the con-
figuration of the whole system. For a system of N electrons and M nuclei, the backflow
displacement of the ith electron would be as follows,

ξi =
N∑
j ̸=i

ηijrij +
M∑

A=1

µiAriA +
N∑
j ̸=i

M∑
A=1

(ΦjA
i rij +ΘjA

i riA), (3.43)

where ηij = η(rij) is a function of electron-electron distance, µiA = µ(riA) is a func-

tion of electron-nucleus distance, and ΦjA
i = ΦA(riA, rjA, rij) and ΘjA

i = ΘA(riA, rjA, rij)
are electron-electron-nucleus terms to describe two-electron backflow displacements in the
presence of a nearby nucleus. These functions are parametrized by power expansions with
optimizable parameters. Furthermore, the use of backflow transformations usually makes
the computational cost of QMC calculations a factor of N more expensive. Also, one
can combine the multi-Slater-Jastrow wave function with backflow transformations to use
multi-Slater-Jastrow-backflow wave function as the trial wave function.
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3.5 Full Configuration Interaction Quantum Monte

Carlo

Full configuration interaction is among the most robust methods to treat the electron
correlations in many-electron systems; however, its application is greatly limited by the
demanding computational cost and memory requirements needed for the iterative diagonal-
izations in the Slater determinant space. On the other hand, accurate stochastic methods
such as the diffusion Monte Carlo or the Green’s function Monte Carlo suffer from the
fermion sign problem, which prevents exact numerical simulation of many-electron sys-
tems. Full configuration interaction quantum Monte Carlo (FCIQMC)12 is a stochastic
projector method which unifies QMC and FCI in a way which takes advantages of both
techniques. This method converges onto the FCI solution whilst requiring a fraction of
the memory of an FCI calculation using the same basis set. Besides, unlike the iterative
diagonalization procedure required in FCI, the FCIQMC algorithm is readily parallelizable
and can be run efficiently on thousands of cores.

The FCIQMCmethod like all projector methods, stochastically integrates the imaginary-
time Schrödinger equation (see 3.3.1). The integration, in contrast to DMC, is performed
in the Slater determinant basis, which is a pure antisymmetric space. Working in the Slater
determinant space does not evade the fermion sign problem, however it avoids solutions
with bosonic character. The FCI wave functions do not have strictly non-negative ampli-
tudes, instead they have a so-called sign structure, which is defined by the sign of the CI
coefficients. The fermion sign problem in the Slater determinant space stems from the fact
that it is impossible to have a correct sign structure for a given FCI wave function without
a knowledge of its true CI coefficients. Integration in the Slater determinant space should
not then be regarded as a remedy to the sign problem, but it can help to reduce the sign
problem in the fermionic systems18,19. Furthermore, the propagation step in the FCIQMC
is based on the population dynamics (i.e., birth and death of walkers), and in common with
DMC, walkers at each step define the instantaneous wave function. The key ingredient of
FCIQMC is the walker annihilation step, which can be interpreted as quantum mechanical
destructive interference. Each walker during the simulation carries a positive or negative
sign, such that due to the annihilation step, each pair of walkers having opposite signs and
occupying the same determinant are removed from the simulation.

To begin with, the imaginary-time Schrödinger equation is rewritten as

ĤΨ(τ) = −∂Ψ(τ)

∂τ
, (3.44)
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where Ψ(τ) at any imaginary time τ can be given by

Ψ(τ) =
∑
i

ci(τ)|Di⟩, (3.45)

where ci(τ) are time-dependent CI coefficients. Let us now define a new matrix K,

Kij = ⟨Di|K̂|Dj⟩ = ⟨Di|Ĥ|Dj⟩ − EHFδij, (3.46)

whose matrix elements are those of the Hamiltonian Ĥ, except for the diagonal elements
which are subtracted from the Hartree-Fock energy EHF. Consequently, the lowest energy
eigenvalue of K̂ would be EFCI

0 −EHF, which is the correlation energy Ecorr of the system.
Next, the following equations can be obtained by substituting Equations 3.45 and 3.46 into
3.44,

−dci
dτ

=
∑
j

(Kij − Sδij)cj

= (Kii − S)ci +
∑
j ̸=i

Kijcj,
(3.47)

where S is an arbitrary energy shift subtracted from the diagonal terms. If a vector C,
which is made up of the CI coefficients ci, satisfies the following equations∑

j

Kijcj = Sci, (3.48)

then according to Equations 3.47, dC/dτ = 0, making the vector C stationary. Based on
the above equations, the vector C is also an eigenstate of K̂ with eigenvalue S. Given that,
if the energy shift S equals the correlation energy Ecorr, the stationary state is then the
ground state of the Hamiltonian Ĥ. The instantaneous wave function is also represented
by the CI coefficients {ci}, and the ith CI coefficient is itself represented by a set of walkers
occupying the ith Slater determinant,

ci ∝
∑
α

sαδi,iα = Ni, (3.49)

where the sum is over all walkers, each carrying a sign sα = ±1 and occupying determinant
iα. Ni is then the signed sum of walkers on determinant i, which can be positive or nega-
tive. As mentioned before, FCIQMC makes use of the population dynamics to propagate
the walkers throughout the discrete Slater determinant space. It follows that the entire
space of (symmetry-related) determinants can eventually be reached starting from any one
determinant. The population dynamics algorithm is used to simulate the set of coupled
differential equations of 3.47 at each time step δτ as follows,
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1. Each walker α, located on the determinant Diα , selects a connected determinant Dj

with normalized probability pgen(j|iα), and spawns a progeny there with probability
ps(j|iα) = δτ |Kiαj|/pgen(j|iα). The connected determinant Dj is restricted to be
one of the single or double excitations of Diα (see Appendix A). The sign of the
spawned walker is also the same as the parent if Kiαj < 0, and opposite to the parent
otherwise.

2. Each parent walker attempts to die or clone itself with probability pd(iα) = δτ(Kiαiα−
S), such that it dies if pd > 0 with probability pd, and it is cloned if pd < 0 with
probability |pd|.

3. Each pair of walkers of opposite sign occupying the same determinant is removed
from the list of walkers.

A simulation based on the above algorithm converges to the FCI solution (i.e. FCI wave
function and energy). Besides, one can reduce the total number of walkers Nw required to
achieve convergence, and hence reduce the computational cost and memory requirement,
by using the initiator approximation13. This approximation defines a survival criterion
for the newly spawned walkers. The progeny of walkers spawned from a predefined set
of determinants (known as initiator determinants) are able to survive, while those from
non-initiator determinants can survive only if they are spawned onto determinants which
are already occupied. An exception to this rule is when two non-initiator determinants
spawn walkers of the same sign onto a third unoccupied determinant in one iteration. This
is considered as a sign-coherent event and the two newly spawned walkers can survive.
The initial set of initiators is defined according to a complete-active-space criterion (CAS)
which can be constructed from a subset of orbitals. However, the set of initiators during
the simulation is updated dynamically, such that any non-initiator determinant acquiring
a population of walkers which exceeds a user-defined value Ninit becomes an initiator, and
stays so as long as its occupation number remains above Ninit. The FCIQMC simulation
consists of two phases,

1. Fixed-shift mode: during this phase, the shift S is fixed at a constant value above
the correlation energy Ecorr. This results in an exponential growth of walkers, whose
rate depends on the shift value, the time step, and the correlation energy.

2. Fixed-Nw mode: when a desired number of walkers is reached, the shift S varies to
attempt to keep this number constant. Finally, the shift will fluctuate about the
correct correlation energy, when the walkers are distributed according to the FCI
ground-state wave function (for large enough Nw).
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To start an FCIQMC simulation, a small number of walkers is placed on the HF deter-
minant. Then, the population dynamics is used to grow and propagate the walkers during
the two phases (fixed-shift and fixed-Nw). The value of the shift eventually will give the
correlation energy of the system. Moreover, as FCIQMC is a projector method, one can
use the projected energy estimator to have another measure of the correlation energy.

E(τ) =
⟨D0|Ĥ|Ψ(τ)⟩
⟨D0|Ψ(τ)⟩

= EHF +
∑
i ̸=0

⟨Di|Ĥ|D0⟩
ci(τ)

c0(τ)
= EHF +

∑
i ̸=0

⟨Di|Ĥ|D0⟩
Ni(τ)

N0(τ)
,

(3.50)

where D0 is the HF determinant and Ni(τ) is the time-dependent number of walkers on
determinant Di defined by Equation 3.49. Note that this summation runs over all single
and double excitations, as those are the only determinants connected to D0. In the long-
time limit, the projected energy E(τ) eventually converges onto the FCI ground-state
energy as the ratio Ni/N0 tends to ci/c0 of the FCI wave function. Figure 3.7 illustrates an
FCIQMC simulation for a carbon dimer C2 at equilibrium geometry in a cc-pCVDZ basis
set. One can readily differentiate the two different phases in the plots. Also as shown, in
the long-time limit, the projected energy matches the energy shift, introducing a measure
for the correlation energy. In this thesis, all FCIQMC calculations are done using the neci
code12,80, which is developed and maintained by the Alavi group.

As an example, we perform FCIQMC calculations for the carbon dimer in Dunning
basis sets, cc-pCVnZ (n=D, T, Q), and then extrapolate the correlation energy to the
complete-basis-set (CBS) limit using the following fitting function21.

Ecorr(M) = Ecorr(∞) + aM−1 + bM−2, (3.51)

where M is the basis-set size, and Ecorr(∞), a, and b are fit parameters. The CBS extrap-
olation, as shown in Figure 3.8, returns a total energy of -75.9278(12) Ha. The obtained
energy slightly differs from the exact ground-state energy of -75.9265 Ha5. This error
mainly comes from the initiator approximation, namely the initiator error, which can be
reduced by using larger number of walkers. We will introduce a new extrapolation scheme
to get the infinite-walker limits in chapter 6.

3.5.1 The Transcorrelated FCIQMC

Electronic correlation can be categorized broadly into static and dynamic correlation. In
conventional descriptions of the many-body wave function, both types of correlation are
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Figure 3.7: The upper plot shows the walker growth for a carbon dimer C2 at equilibrium
geometry in a cc-pCVDZ basis set in the fixed-shift mode (S = 0). After reaching a target
population of 107 walkers, the shift, in the lower plot, starts to vary to keep the number
of walkers constant. The projected energy is also shown in the lower plot. The shift value
which stabilizes the walker growth is in agreement with the projected energy.

typically treated using a linear expansion of Slater determinants. While this configuration
approach proves effective for handling static correlation in a natural and efficient manner,
it falls short in efficiently addressing dynamic correlation, often leading to slow convergence
towards the complete basis limit. The primary challenge arises from the singular nature
of the Coulomb potential, which at particle coalescence points introduces non-smoothness
(cusps) into the many-body wave function. These irregularities cannot be adequately
approximated using orbital product expansions, which are inefficient at describing dynamic
correlation. As stated in 3.4.1, the non-smooth behavior of the many-body wave function
can be locally resolved using the Kato cusp conditions. One way of incorporating the cusp
conditions is to use the Jastrow ansatz as follows,

Ψ = eJΦ, (3.52)

where J is a symmetric correlation factor and Φ is an antisymmetric function, which can
be a single Slater determinant or a linear combination of them. Given that J effectively
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Figure 3.8: Finite-basis-set error in the FCIQMC calculations for the correlation energy of
a carbon dimer C2 at equilibrium geometry as a function of the inverse basis-set size M−1.
The data correspond to calculations in Dunning basis sets, cc-pCVnZ (n=D, T, Q). The
line width indicates the statistical uncertainty in the fit.

handles the majority of the non-analytic aspects, Φ is likely to exhibit a rather smooth
behavior, allowing for accurate representations with smaller basis sets. To handle such
an ansatz efficiently, Boys and Handy81–89 proposed a relatively straightforward approach
known as the transcorrelated (TC) method. This method involves utilizing a similarity
transformation, e−JĤeJ , to eliminate the exponential Jastrow factor from the equations
involved. Due to the non-Hermitian nature of the resulting effective Hamiltonian, the
energy is not prevented from going below the exact value. The absence of a variational
bound has been regarded as a big concern, significantly limiting the widespread adoption
of the TC method for an extended period of time. The method was later successfully
combined with quantum chemistry methods, such as perturbation theory and the linearized
coupled cluster method90–92. Incorporating the TC method into QMC approaches, such
as VMC93,94 and FCIQMC95–98 revived interest in the approach for the study of strongly
correlated systems.

Substituting the Jastrow ansatz of Equation 3.52 into the Schrödinger equation, ĤΨ =
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EΨ, gives the similarity-transformed Schrödinger equation as

ĤTCΦ = EΦ, (3.53)

where the transcorrelated Hamiltonian is

ĤTC = e−JĤeJ , (3.54)

and Φ is the right-eigenvector of ĤTC. By employing the Baker-Campbell-Hausdorff ex-
pansion, the TC Hamiltonian can be precisely evaluated, and for correlation factors that
only depend on electronic positions, the truncation of this expansion occurs exactly at the
second order,

ĤTC = e−JĤeJ = Ĥ + [Ĥ, J ] +
1

2
[[Ĥ, J ], J ]. (3.55)

As previously stated, the FCIQMC method relies on Monte Carlo simulations that dynam-
ically evolve the many-body wave function with imaginary time,

Ψ(τ) = e−τ(Ĥ−E0)Ψ(τ = 0), (3.56)

which, as all projector methods, leads to the ground-state wave function in the long-time
limit Ψ0 = Ψ(τ →∞). On the other hand, the time evolution of the wave function for the
Jastrow ansatz is expressed as

Ψ(τ) = eJΦ(τ), (3.57)

which can be substituted into Equation 3.56 to yield

Φ(τ) = e−Je−τ(Ĥ−E0)eJΦ(τ = 0)

= lim
M→∞

e−J
[
1− τ(Ĥ − E0)

M

]M
eJΦ(τ = 0)

= lim
M→∞

[
e−J
[
1− τ(Ĥ − E0)

M

]
eJ

]M
Φ(τ = 0)

= lim
M→∞

[
1− τ(ĤTC − E0)

M

]M
Φ(τ = 0)

= e−τ(ĤTC−E0)Φ(τ = 0).

(3.58)
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The correspondence between Equations 3.56 and 3.58 demonstrates that the FCIQMC
method can handle properly the non-Hermiticity arising from these types of similarity
transformations95. Therefore, the FCIQMC method can be directly applied to the TC
Hamiltonian ĤTC, offering significant enhancements in basis-set convergence96 and in com-
pactness of CI expansions, for example in the case of strongly correlated two-dimensional
Hubbard models97. The only technical modification required in comparison with a non-
TC FCIQMC implementation lies in handling non-Hermitian operators, which results in
non-symmetric matrix elements.

For a symmetric correlation factor over electron pairs,

J =
∑
i<j

u(ri, rj), (3.59)

where u(ri, rj) = u(rj, ri), the explicit form of ĤTC including additional two- and three-
body terms is

ĤTC = Ĥ −
∑
i

(
1

2
∇2

iJ + (∇iJ) ·∇i +
1

2
(∇iJ)

2

)
= Ĥ −

∑
i<j

K̂(ri, rj)−
∑
i<j<k

L̂(ri, rj, rk),
(3.60)

where

K̂(ri, rj) =
1

2

[
∇2

iu(ri, rj) +∇2
ju(ri, rj) + |∇iu(ri, rj)|2 + |∇ju(rj, ri)|2

]
+∇iu(ri, rj) ·∇i +∇ju(ri, rj) ·∇j,

L̂(ri, rj, rk) = ∇iu(ri, rj) ·∇iu(ri, rk) +∇ju(rj, ri) ·∇ju(rj, rk)

+∇ku(rk, ri) ·∇ku(rk, rj).

(3.61)

With this first-quantized Hamiltonian at hand, it becomes possible to formulate a second-
quantized Hamiltonian for a given set of orthonormal spatial orbitals {ψ1, . . . , ψnorb

}, with
corresponding fermionic spin-1

2
creation (annihilation) operators â†pσ (âpσ),

ĤTC =
∑
pqσ

hpq â
†
pσâqσ +

1

2

∑
pqrs

(V pq
rs −Kpq

rs )
∑
στ

â†pσâ
†
qτ âsτ ârσ

− 1

6

∑
pqrstu

Lpqr
stu

∑
στλ

â†pσâ
†
qτ â
†
rλâuλâtτ âsσ,

(3.62)
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where hpq = −1
2
⟨ψp|ĥ|ψq⟩ and V pq

rs = ⟨ψpψq|r−112 |ψrψs⟩ are the one- and two-body integrals

of the original Hamiltonian, and Kpq
rs = ⟨ψpψq|K̂|ψrψs⟩ and Lpqr

stu = ⟨ψpψqψr|L̂|ψsψtψu⟩
are the corresponding terms arising from the similarity transformation96. As an exam-
ple, we calculate the total energy of an unpolarized 14-electron gas at rs = 0.5 with 1020
spin orbital basis functions. The calculations are done for different number of walkers
nw, using the FCIQMC method and the TC-FCIQMC method containing up to two-body
operators (refer to Equations 3.60 and 3.61). As shown in Figure 3.9, the TC-FCIQMC
technique efficiently captures a larger portion of the correlation energy. Consequently,
the transcorrelated method elevates the effective level of theory of the underlying corre-
lation approach, serving as a significant incentive to develop this methodology with the
ultimate goal of investigating strongly correlated ab initio systems. To this end, a novel ap-
proach has been recently developed to optimize highly flexible Jastrow factors customized
for individual systems for use in the transcorrelated method98. This technique offers ex-
tensions both within the domain of TC-FCIQMC and in other approaches, such as TC
coupled-cluster theory99–102, TC density matrix renormalization group103,104, TC selected-
CI approaches105,106, and also for reducing the resources required in a quantum computing
setting107,108.
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Figure 3.9: Total energy of an unpolarized 14-electron gas at rs = 0.5 obtained with
FCIQMC and TC-FCIQMC methods as a function of the number of walkers.
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Part III

Results and Applications





Chapter 4

Accurate Energies from Intersecting
Extrapolations of Continuum
Quantum Monte Carlo Data

We present an extrapolation method that yields very accurate total and relative energies
from variational and diffusion quantum Monte Carlo (VMC and DMC) results. For a trial
wave function consisting of a small configuration interaction (CI) wave function obtained
from full CI quantum Monte Carlo and reoptimized in the presence of a Jastrow factor and
an optional backflow transformation, we find that the VMC and DMC energies are smooth
functions of the sum of the squared coefficients of the initial CI wave function, and that
quadratic extrapolations of the VMC and DMC energies intersect within uncertainty of
the exact total energy. With adequate statistical treatment of quasi-random fluctuations,
the extrapolated intersection with polynomials of order two (xspot) method is shown to
yield results in agreement with benchmark-quality total and relative energies for the C2,
N2, H2O, and CO2 molecules, as well as for the C2 molecule in its first electronic singlet
excited state, using only small CI expansion sizes.i

4.1 Introduction

Quantum Monte Carlo (QMC) methods are a broad family of stochastic wave-function-
based techniques that accurately approximate the solution of the Schrödinger equation of

iThis chapter is based on Ref. 109, written in collaboration with Ali Alavi and Pablo López Ŕıos.
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an electronic system. The variational quantum Monte Carlo (VMC) method10,14 obtains
expectation values corresponding to an analytic trial wave function ΨT(R) in real space
and provides a framework for optimizing wave function parameters,110,111 such as those in
the multideterminant-Jastrow-backflow form,

ΨT(R) = eJ(R)

M∑
I

cIDI [X(R)], (4.1)

where DI(R) are M Slater determinants, eJ(R) is a Jastrow correlation factor,15,16 and
X(R) are backflow-transformed electronic coordinates.17 Diffusion quantum Monte Carlo
(DMC)11,14 is a real-space projection method which recovers the lowest-energy solution
Φ(R) of the Schrödinger equation compatible with the fixed-node condition that Φ(R)ΨT(R)
be nonnegative everywhere. We refer to VMC and DMC collectively as continuum QMC
(cQMC) methods.

In the configuration interaction (CI) ansatz the solution of the Schrödinger equation in
a given orbital basis is expressed as

|Ψ⟩ =
∑
I

cI |DI⟩, (4.2)

where {|DI⟩} are all possible Slater determinants that can be constructed in the orbital
basis. Equation 4.2 is exact in the limit of an infinite expansion using a complete (infinite)
orbital basis, but in practical methods finite expansions and bases are used. Full CI
quantum Monte Carlo (FCIQMC)12,13 is a second-quantized projection technique in which
random walkers sample the discrete Hilbert space defined by {|DI⟩} in order to determine
approximate values of the CI coefficients {cI}.

The computational cost of cQMC calculations scales polynomially with system size N ,
typically as N2–N4, and the quality of the resulting energies depends on the accuracy of
the trial wave function for VMC, and on the accurate location of its nodes for DMC. The
cQMC methods excel at describing explicit dynamic and long-ranged correlations, but the
error incurred by the fixed-node approximation is often significant. By contrast, FCIQMC
is formally an exponentially-scaling method which trivially captures static correlations,
but requires a very large number of walkers to provide a good description of dynamic
correlations. The complementary nature of the strengths of cQMC and FCIQMC makes
combining these methods highly desirable. Several ways of combining cQMC and FCIQMC
have been presented in the literature, such as using DMC to assist in the extrapolation
to the thermodynamic limit of FCIQMC energies of the electron gas,21 or using VMC-
optimized Jastrow factors in FCIQMC with the transcorrelated method.96,98 Here we focus
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on the use of selected CI wave functions generated with FCIQMC to construct multi-
determinantal trial wave functions for cQMC calculations.

Multideterminant expansions have been used in cQMC calculations for decades. In the
case of atomic and molecular systems, various successful applications have been reported
so far, including ground-state energy calculations,112–117 excitation energies,118–121 and ge-
ometry optimizations.120,122 The use of truncated CI expansions in cQMC presents the
problem that no reliable criteria exist to truncate wave functions for different systems in a
consistent manner, resulting in energy differences of questionable accuracy. One possible
approach is to use extremely large multi-determinantal wave functions,117–125 under the ex-
pectation that the fixed-node error in the total energies will become smaller than the target
error. While algorithmic developments have vastly reduced the computational cost associ-
ated with the use of multi-determinantal wave functions in cQMC,123,126–129 this remains an
expensive choice. Using trial wave functions without a Jastrow factor reduces the nominal
computational burden118,119,125 at the cost of losing the accurate, compact description of
dynamic correlation afforded by fully-optimized trial wave functions. By including explicit
correlations, we are able to explore the use of relatively small multi-determinantal wave
functions to perform an extrapolation of the cQMC total energy to the full-CI, complete
orbital-basis limit. We test our method on a variety of molecular systems, obtaining total
and relative energies within uncertainty of benchmark-quality results from the literature.

The rest of this chapter is structured as follows. In Section 4.2, we present the method-
ological details of our extrapolation method, which we illustrate with calculations of the
carbon dimer and the water molecule. We then apply our method to several atomic and
molecular systems, and we report the results in Section 4.3.

4.2 Methodology

Let Mgen be the number of determinants occupied at a given point in an equilibrated
FCIQMC calculation, representing the CI wave function

|ΨMgen⟩ =
Mgen∑
I=1

cI |DI⟩, (4.3)

where cI is obtained as the sum of the signed weights of the walkers occupying the Ith
determinant. The values of the first few coefficients {cI}I≪Mgen converge relatively quickly
in FCIQMC calculations and can be expected to be reasonably close to their full CI (FCI)
values. This makes FCIQMC an ideal method for quickly generating good-quality selected
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CI wave functions of moderate sizes – studying the suitability of other CI solvers for this
purpose is beyond the scope of this work. Let us consider the wave function obtained by
truncating Equation 4.3 to size M ≪ Mgen. The sum of the squares of the coefficients of
the resulting wave function relative to that at size Mgen is

w2 =

∑M
I=1 c

2
I∑Mgen

I=1 c2I
, (4.4)

which goes to 1 asM →Mgen. This CI wave function of sizeM can be combined with a Jas-
trow factor, and optionally with a backflow transformation, to produce a multideterminant-
Jastrow(-backflow) trial wave function for cQMC, as per Equation 4.1. The wave function
parameters can be optimized in the context of VMC, producing an optimized trial wave
function with which we compute VMC and DMC energies. Repeating this procedure by
truncating the original CI wave function to different sizes produces a set of VMC and DMC
energies that can be plotted as a function of w.

Plots of this kind, albeit using other CI solvers, can be found in the literature; see
Figure 3 of Ref. 111 or Figure 4 of Ref. 127, for example. The present work is in fact
inspired by the observation that the VMC and DMC curves in these plots appear to be
smooth and would seem to be about to intersect just off the right-hand side of the graph.
In Figure 4.1, we plot the VMC and DMC energies we obtain for the ground state of
the all-electron C2 molecule, see Table 4.1, using Hartree-Fock orbitals expanded in the
cc-pCVTZ basis set,40,41 along with quadratic fits to the data of the form

E(w) = a+ bw + cw2, (4.5)

where a, b, and c are fit parameters. In this simple example, the fits to the VMC and DMC
data intersect at w = 1.031, corresponding to a total energy of −75.9287 Ha, not far off
the exact non-relativistic total energy estimate of −75.9265 Ha given in Ref. 5. We refer
to this way of estimating the total energy of a system as the extrapolated intersection with
polynomials of order two (xspot) method.

In what follows we develop the methodology to enable the application of the xspot
method in practice, and we demonstrate the different aspects of the approach using as
test systems the C, N, and O atoms, the ground-state C2, N2, H2O, and CO2 molecules,
and the C2 molecule in its lowest-lying singlet electronic excited state B1∆g. All of these
systems are simulated as all-electron, both in the sense that no effective-core potentials
are used and that excitations from “core” orbitals are allowed in the CI wave function. In
Table 4.1, we detail the electronic states and geometries we have used for these systems.
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Figure 4.1: VMC and DMC total ground-state energy of the carbon dimer using multi-
determinant-Jastrow trial wave functions as a function of w, using Hartree-Fock orbitals
expanded in the cc-pCVTZ basis set. Quadratic fits to the data are extended beyond
w = 1 to show their intersection, which is in good agreement with the estimated exact
non-relativistic total energy of the system.5

4.2.1 Theoretical Justification

The extrapolation shown in Figure 4.1 might seem simplistic from a quantum chemical
perspective, given that all calculations involved have been performed with the same, finite
orbital basis, so one would expect an orbital-basis dependent result which should itself be
extrapolated to the complete-basis limit. For instance, the FCIQMC energy tends to the
basis-set dependent FCI limit as the number of walkers tends to infinity, and this must
in turn be extrapolated to the basis-set limit in order to obtain the exact energy of the
system.

The xspot extrapolation method can be easily justified in the hypothetical case of using
an infinite, “complete” orbital basis. The FCIQMC energy with this “complete” orbital
basis would tend to the exact total energy of the system E0 in the infinite walker-number
limit, and the sum of the squared CI coefficients would also tend to that of the exact
wave function, w0. The exact wave function has no dynamic correlation left to recover,
so the Jastrow factor and backflow displacement in the cQMC trial wave function would
optimize to zero, and the VMC and DMC energies would both coincide with E0. At finite
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System Geometry1,5 State

C 3P
N 4S
O 3P
C2 rCC = 1.2425 Å 1Σ+

g

C2
∗ rCC = 1.2425 Å B1∆g

H2O
rOH = 0.9572 Å 1A1∠HOH = 104.5◦

N2 rNN = 1.0977 Å 1Σ+
g

CO2
rCO = 1.1600 Å 1Σ+

g∠OCO = 180◦

Table 4.1: Atoms and molecules considered in this work, along with their electronic states
and geometries.

expansion sizes, w < w0, the VMC and DMC methods yield variational energies satisfying
EVMC ≥ EDMC ≥ E0, which, assuming these to be smooth functions of w, validates the
xspot method with a “complete” orbital basis.

We note that in a truncated CI wave function, the infinite, “complete” orbital basis is
effectively a finite orbital basis, since a finite number of determinants can only contain a
finite number of distinct orbitals. Conversely, a sufficiently small selected CI wave function
with a finite orbital basis is indistinguishable from a CI wave function of the same size with
the “complete” orbital basis – assuming the finite basis contains the first few orbitals in the
“complete” orbital basis. In the context of this simplified picture, CI wave functions that
use all the orbitals in a finite basis can be regarded to be “exhausting” the basis, which
occurs at values of w above an onset wexh.. The cQMC energies obtained for w > wexh. can
be expected to hit a plateau and tend to an orbital-basis dependent limit with increasing
w. In practice, orbital bases such as natural orbitals can be constructed so as to compactly
describe the system with fewer orbitals, which has the side effect of triggering the plateauing
effects of exhaustion before having used all the orbitals in the basis. We discuss this aspect
further in Section 4.2.3.

Finite-orbital-basis FCIQMC and cQMC calculations performed at w < wexh. behave
as if one were using the “complete” orbital basis. Therefore it is legitimate to expect that
the extrapolation of quadratic fits to these VMC and DMC data intersect at w = w0 and
E = E0, provided that the VMC and DMC energies are smooth functions of w representable
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by a second-order polynomial below wexh.. This can be expected to be true in practice for
multi-determinantal wave functions with w above a certain threshold wh.o. below which
higher-order polynomials would be needed.

Note that the initial FCIQMC wave function withMgen determinants is not required to
be below the exhaustion limit since it simply serves to construct selected CI wave functions
of size M ≪ Mgen, which are required to be below the exhaustion limit, and to define the
arbitrary point at which w = 1 in the plots; w = 1 has no special significance in this
method. Table 4.2 shows the degree of orbital-basis exhaustion exhibited by CI wave
functions of the same size using Hartree-Fock orbitals expanded in four different basis sets
in the cc-pVxZ and cc-pCVxZ families40,41 for the all-electron carbon dimer.

Basis set Exhaustion

cc-pVDZ 28/28 = 100%
cc-pCVDZ 32/36 = 89%
cc-pVTZ 38/60 = 82%
cc-pCVTZ 40/86 = 47%

Table 4.2: Fraction of spatial orbitals in the Hartree-Fock orbital basis expanded in each
of four basis sets that appear in the first 300 configuration state functions of the full CI
wave function for the ground state of the carbon dimer.

Based on these numbers, we use the cc-pCVTZ basis in this work to ensure we have
enough leeway to increase the multi-determinant wave function size before hitting the
exhaustion limit; this is further discussed in Section 4.3. In our calculations we choose
CI wave function sizes so that the points are more or less evenly spaced in the w axis,
and we make sure that different points correspond to wave functions containing a different
number of distinct spatial orbitals so as to capture the effect of simultaneously growing
the CI expansion and the orbital basis.

4.2.2 Obtaining Statistically Meaningful Results

In practice, cQMC energies do not exactly follow smooth curves, but it is reasonable to
assume that a smooth underlying trend E(w) exists, and that the cQMC energy Ei deviates
from it by a quasi-random amount qi. Considering also the statistical uncertainty ∆Ei,
the ith point in a set of cQMC energies can then be modelled as

Ei = E(wi) + qi + ζi∆Ei, (4.6)
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where ζi is a random number drawn from the standard normal distribution. In order to
make this generic model for the quasi-random fluctuations useful in practice, we make
the approximation that qi = ξiα, where ξi is a random number drawn from the standard
normal distribution and α is a constant amplitude independent of w. Figure 4.2 illustrates
our model of cQMC energy data as a function of w.
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Figure 4.2: Illustration of the expected behavior of cQMC energies as a function of w.
The cQMC energies (circles and squares) deviate from the underlying smooth trend (lines)
by a quasi-random amount (of amplitude represented by the width of the shaded area
around the lines). The smooth trend can be represented by a quadratic function, E(w)
(dashed line), for wh.o. < w < wexh. (shaded middle region), while for w < wh.o. higher-
order contributions become important, and for w > wexh. orbital-basis exhaustion sets in.
At the value of w0 corresponding to the exact wave function the quadratic function gives
the exact energy, E0 = E(w0).

We estimate the value of α by performing a preliminary least-squares fit to the bare
data, Ẽ(w), and evaluating

α2 = max

(
0,

〈[
Ei − Ẽ(wi)

]2〉
−
〈
(∆Ei)

2〉) , (4.7)

i.e., we obtain α as the root-mean-square deviation of the data from the fit value not
accounted for by statistical uncertainty alone. For this procedure to produce a meaningful
result, the number of data points in each curve must be significantly greater than the
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number of parameters in the quadratic fit function. We use at least 7 data points for all
fits reported here.

In order to account for the statistical uncertainty and quasi-random fluctuations in the
xspot method, we use a Monte Carlo resampling technique in which we generate 100000
instances of the VMC and DMC datasets in which a random amount proportional to√
α2 +∆Ei

2 is added to the original energy values. We then perform fits to the data and
find the intersection point for each such instance, and obtain the final result by averaging
over instances. Figure 4.3 illustrates this process.
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Figure 4.3: Illustration of the Monte Carlo resampling scheme used to compute statistics
on the intersection between two curves. For each curve, having obtained an estimate of
α (width of the shaded region) from the original energy data (not shown), we create a
synthetic instance of the dataset by shifting the original points by a random amount pro-

portional to
√
α2 +∆Ei

2 (squares of same color saturation), perform a quadratic fit (line),
and find the intersection between both fits (circled diamond). This process is repeated
over the random instances (three shown in the illustration), from which statistics on the
intersection are obtained.

This procedure provides meaningful uncertainties on the intersection energies which
account for both the cQMC statistical uncertainty and quasi-random deviations from the
smooth trend. We demonstrate the full statistical procedure of the xspot method on
multideterminant-Jastrow data for the carbon dimer in Figure 4.4. Notice that the distri-
bution of intersection points shown in the inset of Figure 4.4 has a tail extending towards
low E and large w. We find these tails to become more problematic the more parallel the
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two intersecting curves are, eventually preventing the evaluation of an intersection point
at all. It is therefore important to try to use curves which are as perpendicular as possible.
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Figure 4.4: VMC and DMC energies of the ground-state C2 molecule as a function of w,
as shown in Figure 4.1, using the full statistical treatment of the xspot method. The
translucent areas represent the uncertainty in the values of the fit at each point. Also
shown is the estimated exact non-relativistic energy5 as a dotted line with a shaded area
of ±1 kcal/mol around it, and the intersection point between the curves. The inset shows
the statistical distribution of intersection points as a color map with overlayed contour
curves.

In Figure 4.5, we include additional VMC and DMC data using an inhomogeneous
backflow transformation (“bVMC” and “bDMC”) for the carbon dimer. We also list the
intersections between pairs of curves in Table 4.3, all of which are within uncertainty of
each other. The VMC and backflow DMC curves provide the best-resolved results, which
is to be expected since these curves intersect at the widest angle among all pairs of curves,
as can be seen in Figure 4.5. By contrast, the DMC and bVMC curves incur a small but
non-zero fraction of “missed” intersections, i.e., random instances of the data whose fits
fail to intersect at w > 1, which signals the presence of heavy tails in the intersection
distribution, resulting in a large uncertainty on the intersection energy.

For the four curves in Figure 4.5, the estimated amplitude of the quasi-random fluctua-
tions ranges from α = 0.17 to 0.41 mHa. In this work, we converge the cQMC calculations
so that the uncertainties satisfy ⟨(∆Ei)

2⟩ < α2, i.e., so that quasi-random fluctuations rep-
resent the main contribution to the uncertainty on the fits and intersections. The statistical
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Figure 4.5: VMC and DMC energies of the ground-state C2 molecule as a function of w,
without (“VMC” and “DMC”) and with (“bVMC” and “bDMC”) a backflow transforma-
tion. The translucent areas represent the uncertainty in the values of the fit at each point.
Also shown is the estimated exact non-relativistic energy5 as a dotted line with a shaded
area of ±1 kcal/mol around it, and the intersection points between each of the six possible
pairs of curves; error bars on these are only shown in the inset for clarity.

Curves w0 E0 (a.u.) Miss (%)

VMC-DMC 1.031(3) −75.9288± 0.0014 0.00
VMC-bVMC 1.028(5) −75.9271± 0.0025 0.00
VMC-bDMC 1.027(2) −75.9260± 0.0008 0.00
DMC-bVMC 1.05(2) −75.9333± 0.0074 2.75
DMC-bDMC 1.015(6) −75.9242± 0.0012 0.00
bVMC-bDMC 1.025(5) −75.9258± 0.0012 0.00

Table 4.3: Location of all six pairwise intersections of the VMC, DMC, bVMC, and bDMC
curves shown in Figure 4.5 for the C2 molecule. “Missed intersections” refer to random
instances of the curves that do not intersect at w > 1 in the Monte Carlo resampling
procedure.

uncertainties on the cQMC energies can thus be neglected for all practical purposes.
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4.2.3 Choice of Orbital Basis

The choice of orbitals plays a crucial role in the behavior of the cQMC energies as a
function of w, modifying the point wexh. at which the effects of exhaustion start to become
noticeable. In Figure 4.6, we demonstrate this for the H2O molecule by comparing the
cQMC energies obtained using Hartree-Fock orbitals expanded in the cc-pCVTZ basis set
and natural orbitals expanded in the same basis set constructed so as to diagonalize the
one-body density matrix in coupled cluster singles and doubles (CCSD).
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Figure 4.6: VMC and DMC energies of the H2O molecule as a function of w, both using
Hartree-Fock orbitals (left) and CCSD natural orbitals (right) expanded in the cc-pCVTZ
basis set. In both cases the same numbers of CSFs are used. The translucent areas
represent the uncertainty in the values of the fit at each point. Also shown is the estimated
exact non-relativistic energy1 as a dotted line with a shaded area of ±1 kcal/mol around
it, and the intersection point between the VMC and DMC curves in the left panel. The
cQMC energies obtained with natural orbitals plateau with w, preventing the quadratic
extrapolations from reaching the exact energy.

While the CCSD natural orbitals produce lower cQMC energies and larger values of w
at fixed expansion sizes, the cQMC energies we obtain using Hartree-Fock orbitals follow
the quadratic trend throughout the whole w range considered, while those obtained with
natural orbitals plateau very early on, preventing their meaningful extrapolation.

4.3 Results and Discussion

In our calculations, we use Hartree-Fock orbitals expanded in the cc-pCVTZ Gaussian
basis set40,41 obtained using molpro.44,45 We perform a small-scale FCIQMC calculation
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using the neci package12,80 with configuration state functions (CSFs) instead of Slater
determinants as walker sites,130 which reduces the number of FCIQMC walkers required
to accurately represent the wave function; note that the use of CSFs is not a requirement
of the xspot method. The FCIQMC population is grown to 106 walkers and equilibrated,
and the coefficients {cI}Mgen

I=1 of the Mgen = 10 000 most-occupied CSFs are recorded from
a population snapshot. From this information, we build CI expansions with the M CSFs
whose coefficients are the largest in magnitude, where M ≤ 1500≪Mgen.

The CSF coefficients are reoptimized in the presence of a Jastrow factor of the Drummond-
Towler-Needs form,15,16 and of an optional inhomogeneous backflow transformation in-
cluding electron-electron, electron-nucleus and electron-electron-nucleus terms.17 Note that
even though CSFs are used, the presence of the Jastrow factor and of the backflow transfor-
mation prevents the cQMC trial wave function from formally being an exact spin state.77

We optimize our wave function parameters using linear least-squares energy minimiza-
tion110,111 with 106 statistically independent VMC-generated electronic configurations, a
number large enough that the optimized cQMC energy can be assumed to lie reasonably
close to its variational minimum; note that any remaining optimization error is absorbed
into the quasi-random error q. The resulting trial wave function is then used to run two
DMC calculations with time steps 0.001 and 0.004 a.u. and target populations of 2048 and
512 configurations, respectively, except for bDMC runs on CO2 at 500 and 1000 CSFs for
which we use 65536 and 16384 configurations. These energies are then linearly extrapo-
lated to the zero time-step, infinite-population limit.14,70 We use the casino package14,72

to run the cQMC calculations, and use multi-determinant compression128 to reduce the
computational expense of evaluating the trial wave function.

We test the xspot method on all the eight systems under consideration to assess the
different aspects discussed in Section 4.2 and to determine the broader applicability of the
method. The cQMC energies and fits we obtain for the eight systems are shown in Figure
4.7. Also, the fraction of orbitals used, a proxy for the degree of orbital-basis exhaustion,
is plotted for each of the systems in Figure 4.8.

We do not use all of the orbitals in the basis in any of our calculations, and the curves
in Figure 4.7 do not seem to exhibit symptoms of orbital-basis exhaustion, except for
the bVMC curves. We hypothesize that the backflow transformation makes some of the
information contained in the orbitals redundant, which effectively reduces the value of wexh.

with respect to the non-backflow data. Judging by the quality of the intersections, this
issue affects bVMC more than it does bDMC, which would imply that this redundancy
does not involve the location of the nodes of the trial wave function to the same degree as
its values away from the nodes. This is in any case an empirical explanation; we do not
use the bVMC data to obtain our final results.
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In Table 4.4, we compare the total energies obtained from applying the xspot method
to VMC and bDMC energy data with benchmark-quality estimates of their exact nonrel-
ativistic values from the literature, along with our best backflow DMC result and prior
cQMC results for reference. The corresponding relative energies are tabulated in Table
4.5.

System Prior cQMC Our best bDMC xspot Benchmark

C −37.84438(5) a −37.8442(0) −37.8439 ± 0.0003 −37.8450 b

N −54.58829(7) a −54.5881(0) −54.5897 ± 0.0014 −54.5893 b

O −75.06591(8) a −75.0647(1) −75.0664 ± 0.0004 −75.0674 b

H2O −76.4389(1) d −76.4336(1) −76.4410 ± 0.0013 −76.4389 c

C2 −75.9229(6) a −75.9172(1) −75.9260 ± 0.0008 −75.9265 b

C2
∗ −75.8374(1) −75.8455 ± 0.0011 −75.8465 e,b

N2 −109.5372(3) a −109.5344(1) −109.5394 ± 0.0018 −109.5425 c

CO2 −188.5837(2) −188.5983 ± 0.0043 −188.6015 c

aRef. 116; bRef. 5; cRef. 1; dRef. 131; eRefs. 132–134.

Table 4.4: Total energies in Ha, obtained with the xspot method using the VMC and
bDMC data for the various atoms and molecules considered in this work, along with results
from prior multi-determinant cQMC studies, our best individual bDMC energy for each
system, and benchmark-quality non-relativistic total energies from the literature.

xspot Benchmark

H2O → 2H + O 374.6 ± 1.4 371.4 b

C2 → 2C 238.3 ± 0.9 236.5 a

C2 → C2
∗ 80.6 ± 1.3 80.0 c

N2 → 2N 360.1 ± 2.3 363.9 b

CO2 → C + 2O 621.6 ± 4.3 621.7 b

aRef. 5; bRef. 1; cRefs. 132–134.

Table 4.5: Atomization and excitation energies in mHa of the various molecules considered
in this work corresponding to the total energies in Table 4.4 obtained from the xspot
method, along with benchmark-quality non-relativistic relative energies from the literature.

For the excited-state C2
∗, we instead compare the vertical excitation energy with that

calculated with internally-contracted multi-reference coupled cluster theory (ic-MRCC);132–134
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we compute the total energy of C2
∗ shown in Table 4.4 by adding the ic-MRCC excitation

energy to the estimated ground-state energy of C2 from Ref. 5. All of the total energies
reported in Table 4.4 are within statistical uncertainty of their corresponding benchmark
values. An important observation is that our individual cQMC energies are not lower than
those from prior cQMC calculations, implying that we incur a lower computational cost,
but our xspot results are in general closer to the benchmarks than cQMC results from
prior studies. Our xspot energies are on average 1.1 standard error above the benchmark,
with a root-mean-square deviation of 1.9 standard errors. These results are compatible
with the xspot method being exact when the method’s assumptions are satisfied. The
relative energies are likewise in agreement with the benchmark values.

We find that the magnitude α of the quasi-random fluctuations of the cQMC energies
is of up to 0.7 mHa. These fluctuations are particularly visible in the VMC data for N,
O, and H2O in Figure 4.7, for example. The magnitude of the quasi-random fluctuations
does not seem to increase too rapidly with system size, but their effect on the extrapolated
energy becomes more pronounced the further the cQMC data are from the intersection.
This increasing uncertainty on the xspot total energies, reaching 4 mHa for the CO2

molecule, hints at a limitation of the xspot method. The cQMC energies and values of
w obtained using modest-sized multi-determinant expansions with a fixed basis set move
away from the intersection point with increasing system size, which in turn amplifies the
effects of quasi-random noise on the uncertainty of the xspot energy. One would have to
use bigger basis sets and larger multi-determinantal expansions to get data closer to the
intersection in order to reduce this uncertainty, increasing the computational cost of the
method.
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Figure 4.7: VMC and DMC energies of the atoms and molecules considered in this work
as a function of w, without (“VMC” and “DMC”) and with (“bVMC” and “bDMC”) a
backflow transformation. The translucent areas represent the uncertainty in the values of
the fit at each point. Also shown in each plot is the relevant benchmark energy (see details
in text and Table 4.4) as a dotted line with a shaded area of ±1 kcal/mol around it, and
the intersection point between the VMC and bDMC curves.
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considered in this work.
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Chapter 5

Correlation Energy of the
High-density Spin-unpolarized
Electron Gas at the Thermodynamic
Limit

We employ methodology recently proposed by Ruggeri et al.21 that combines the DMC
and FCIQMC methods, along with a finite-size extrapolation framework, to calculate the
thermodynamic limit of the exact correlation energy of uniform electron gases, which
we apply to the high-density spin-unpolarized case. Using the accurate transcorrelated
FCIQMC (TC-FCIQMC) method, the thermodynamic limit is obtained as -77.74(54) mHa
at rs = 0.5, which is within uncertainty of the recently reported correlation energy from
the literature. The fixed-node error is also extrapolated and found to exceed 4 mHa.i

5.1 Introduction

The three-dimensional uniform electron gas (UEG) plays a crucial role in the understanding
of the nature of electronic correlations in real materials20. The correlation energy of the
3D UEG as a function of its density is a fundamental element in the description of the
behavior of electrons in real systems by density functional theory (DFT)6,7.

iThis chapter is based on a collaborative work with Pablo López Ŕıos and Ali Alavi.
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Although it appears simple at first glance, the intricate correlations arising from the
long-range nature of the Coulomb interaction necessitate the use of many-body wave-
function-based methods, such as quantum Monte Carlo (QMC) techniques11,17,21,95,135–141,
for an accurate characterization of the UEG. The release-node DMC simulations of Ceper-
ley and Alder (CA)11 provided important data connecting the high- and low-density
regimes of the correlation energy. Their data enabled the development of parametriza-
tions of the correlation energy over a wide density range which are frequently used in DFT
calculations. Prominent parameterizations that make use of Ceperley and Alder’s results
were carried out by Vosko, Wilk, and Nusair (VWN80)142, Perdew and Zunger (PZ81)143,
and Perdew and Wang (PW92)144. The PW92 parametrization, the most popular func-
tional form in DFT calculations, includes five parameters, two of which are determined
from analytic high-density constraints and three by fitting to the CA data. Later, a “den-
sity parameter interpolation” (DPI)145 parametrization was introduced that is constructed
by imposing four high-density and three low-density constraints on a seven-parameter func-
tional form.

In the present work, we provide new QMC data for the correlation energy of the high-
density spin-unpolarized three-dimensional UEG. We use a combination of the transcorre-
lated full configuration interaction quantum Monte Carlo (TC-FCIQMC) and fixed-node
diffusion Monte Carlo (DMC) methods to compute the correlation energy of the spin-
unpolarized three-dimensional UEG at rs = 0.5. We employ a recently proposed extrapo-
lation method which is found to be much more accurate than previous approaches21. By
extrapolating the fixed-node energy and the fixed-node error to the thermodynamic limit,
we obtain the correlation energy at rs = 0.5, which is within uncertainty of the QMC
correlation energy recently reported at this density138.

The variational Monte Carlo (VMC)10,14 and fixed-node DMC11,14 methods have been
extensively used to study the UEG17,21,137–141. In the VMC method, parameters in an
approximate trial wave function are optimized according to the variational principle with
energy expectation values computed by Monte Carlo integration in real space. In the DMC
method, the imaginary-time Schrödinger equation is used to evolve a statistical ensemble
of electronic configurations in real space towards the ground state. The antisymmetry
principle is satisfied using the fixed-node approximation in which the intricate nodal surface
of the wave function is constrained to equal that of an approximate trial wave function
optimized in VMC. This incurs a positive bias in the calculated energy, referred to as the
fixed-node error.

The FCIQMC12,13 method is a second-quantized projection technique which has also
been used for the accurate study of the UEG21,95,135,136. The FCIQMC method explicitly
operates in the basis of Slater determinants where random walkers sample the discrete
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Hilbert space. The TC-FCIQMC method95 is the incorporation of transcorrelation into
the FCIQMC method. The transcorrelated (TC) method is based on a similarity trans-
formation of the Hamiltonian, offering substantial improvements in basis-set convergence
and in the effective level of theory of the underlying correlation method95–106.

The remaining sections of this chapter are organized as follows. In the next section,
we describe the theoretical details and the extrapolation technique, which is based on
the methodological section of Ref. 21. Then, we present our calculations on the spin-
unpolarized UEG systems and we discuss the results in Section 5.3.

5.2 Methodology

The second-quantized Hamiltonian of an infinite UEG is written as

Ĥ =
1

2

∑
k

k2â†kâk +
∑
p,q

∑
k ̸=0

4π

k2
â†p+kâ

†
q−kâqâp, (5.1)

where k, p, and q refer to reciprocal-space vectors, and â†k and âk denote the creation
and annihilation operators for a single-electron state with a wave vector of k, respectively.
The UEG is characterized by its uniform number density n, defined via rs = (4πn/3)−1/3.
The kinetic energy term is diagonal, and the interaction term only establishes connections
between states with equal total momentum kT =

∑
j GµIj

, where G is the reciprocal
lattice vector and µIj is the index of the jth wave vector occupied in the Ith determinant
(I = 1 corresponds to the HF determinant). The Hilbert space of the UEG then consists
of disjoint subspaces corresponding to different amounts of kT, and the ground state is
the solution to the Schrödinger equation within the subspace where the total energy is
minimized.

5.2.1 Twist Averaging and Brillouin Zone Division

The finite-size error in the energy of the UEG comprises a smoothly varying contribution
with the number of electrons N and a quasi-random component that needs to be removed
for a clear extrapolation of the smooth part21. Twist averaging33–35 is a technique which
significantly diminishes quasi-random fluctuations by averaging over wave-vector offsets ks

in the Brillouin zone. Changes in the twist ks result in discrete variations for the total
momentum of the ground-state wave function kT =

∑
j Gµ1j

, dividing the Brillouin zone

into Z regions associated with different amounts of kT
21.
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If for a fixed kT the reciprocal lattice is shifted by ks, according to the Equation
5.1, a constant is added to the diagonal kinetic energy term, and the interaction term is
left unchanged as it only depends on differences between reciprocal lattice vectors. The
correlation energy thus only relies on the total momentum kT, which varies discretely with
ks. Therefore, the twist-averaged correlation energy can be written as

ETA
corr =

1

ΩBZ

∫
BZ

Ecorr(ks) dks

=
∑
z

Ωz

ΩBZ

Ecorr(k
z
s ),

(5.2)

where ΩBZ and Ωz are the volume of the Brillouin zone and the volume of the zth region
of the Brillouin zone, respectively, and kz

s is an arbitrary twist shift in the zth region.
This method requires dividing the Brillouin zone and calculating parameters associated
with each of the Z regions within the Brillouin zone. The division can be performed by
minimizing the energy of the non-interacting UEG system33.

The energy (per electron) of the non-interacting electron gas is equal to the HF kinetic
energy, and can be written as

ENI(ks,kT) = K1(ks,kT)

=
1

2N

N∑
j=1

(Gµ1j
+ ks)

2

=
1

2N

N∑
j=1

(|Gµ1j
|2 + |ks|2 + 2Gµ1j

· ks)

= ENI(0,kT) +
1

2
|ks|2 +

1

N
kT · ks,

(5.3)

where µ1j is the index of the jth wave vector occupied in the HF determinant. The energy
of this system at fixed kT forms a paraboloid centered around ks = − 1

N
kT. The total

momentum kT changes discretely at the intersection of two such paraboloids, such that if
we label the total momenta of two adjacent regions as kz1

T and kz2
T , the intersections gives

1

N
(kz1

T − kz2
T ) · ks = ENI(0,k

z2
T )− ENI(0,k

z1
T ). (5.4)

This represents the equation of a plane. Hence, the regions of constant total momentum
within the Brillouin zone (the irreducible Brullouin zone (IBZ) is used in practice) are
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convex polyhedra. This equation Characterizes a Bragg plane, and the intersections of
inter-region and/or IBZ planes give the region vertices.

For a given shift ks, identifying the N reciprocal lattice vectors with the smallest
|Gi+ks| provides the indices of the occupied orbitals {µ1j}, subsequently determining kT.
However, there is not a unique set of occupied orbitals at points located on inter-region
planes, and multiple total momenta result in the same kinetic energy. Then, the allowed
values of the total momentum at a vertex can be determined by considering all possible
occupations. Each pair of planes intersect along a line corresponding to a polyhedral edge,
indicating an adjoining vertex. Consequently, it is feasible to identify the vertices of all
polyhedral regions in the IBZ by progressively transitioning between neighboring vertices
along the region edges. The exact volume and center of the IBZ regions can be further
obtained using the divergence theorem21. After performing the exact division, we run
TC-FCIQMC and DMC calculations at each of the IBZ regions.

The requirement to enumerate all possible occupations of partially-filled shells poses a
computational bottleneck in the exact division algorithm, limiting its practical application
to cases with N ≲ 10021. For larger UEG systems, we sample the Brillouin zone randomly
in order to calculate the twist-averaged DMC correlation energy.

5.2.2 Basis-set Extrapolation of TC-FCIQMC Energies

In the high-density regime, where the UEG behaves as a Fermi liquid, plane waves with
the smallest wave vectors are regarded as good choices for the basis sets . These finite basis
sets can be extrapolated to the complete-basis-set (CBS) limit9. Given that, we make use
of the following fitting function21 to extrapolate the TC-FCIQMC correlation energies at
each of the IBZ regions z.

Ez
corr(M) = Ez

corr(∞) + azM
−1 + bzM

−2, (5.5)

where M is the basis-set size, and Ez
corr(∞), az, and bz are fit parameters. Since the

basis-set error is roughly independent of z 21, we perform extrapolation by setting the
parameters az = a and bz = b across all Z regions. Figure 5.1, as an example, illustrates
the finite basis-set error in the TC-FCIQMC correlation energy as a function of M−1 for
the unpolarized 38-UEG at rs = 0.5. Furthermore, when the extrapolation is done, we
perform twist averaging via Equation 5.2.
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Figure 5.1: Finite basis-set error in the TC-FCIQMC correlation energy as a function of
inverse basis-set size M−1 for the unpolarized 38-UEG at rs = 0.5. The data correspond
to calculations at multiple basis-set sizes in each of the IBZ regions. The translucent areas
represent the uncertainty in the values of the fit at each point.

5.2.3 Finite-size Extrapolation Framework for Fixed-node DMC

Apart from twist averaging, other sources of finite-size errors in DMC energies need to be
accounted for. Two significant components stem from the HF exchange and total DMC
energies. The leading-order contribution to the finite-size error in the HF exchange energy

is equal to hN−2/3, where h = −3ϵ1
3√2

16π
r−1s for the unpolarized UEG and ϵ1 = 5.674594959

for a simple cubic simulation cell21,35. Besides, the leading-order contribution to the finite-
size error in the total DMC energy equals tN−1, where t = −

√
3
2
r
−3/2
s for the unpolarized

UEG34. It is found21 that the smooth part of the finite-size error can be represented as a
polynomial in N−1/3, and as the beyond-leading-order contributions to the finite-size error
in the HF kinetic and exchange energies are proportional to N−4/3, the DMC correlation
energy can be extrapolated as21,35

EFN
corr(N) + hN−2/3 − tN−1 = c0 + c1N

−4/3 + c2N
−5/3 + c3N

−2 + . . . , (5.6)

where {cn} are density-dependent parameters. This equation is used to estimate the ther-
modynamic limit of the fixed-node DMC correlation energy. Moreover, it is shown146 that
the contribution of the backflow functions17 to the finite-size error in the UEG energy is
at the order of N−1. Also, one can consider that the fixed-node error exhibits a similar
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asymptotic behavior as the backflow contribution to the energy21, aligning with the ob-
served approximate proportionality between these two quantities114,139. With expecting
that the fixed-node error exhibits a weaker variation with N compared to the fixed-node
energy, we can model it using a lower-order expression as21

εFN(N) = f0 + f1N
−1 + f2N

−4/3 + . . . , (5.7)

where εFN is the fixed-node error and {fn} are density-dependent parameters.

5.3 Results and Discussion

We simulate finite systems consisting of N electrons, with an equal number of spin-up
and spin-down electrons, in a simple cubic simulation cell of side L = (N/n)1/3 at fixed
homogeneous densities. In the VMC calculations, we use the Slater-Jastrow15,16 form of
the trial wave function. We optimize the Jastrow factor parameters by minimizing the
VMC energy110,111 and minimizing the mean absolute deviation of local energies from the
median147. The optimized Jastrow factor is used to run two DMC calculations with time
steps of 0.01r2s and 0.04r2s a.u. and target populations of 2048 and 512 configurations,
respectively. The obtained energies are then linearly extrapolated to the zero time-step
limit14,70. The VMC and DMC calculations are performed using the casino14,72 package,
and we report energies per electron.

To twist average DMC correlation energies, at system sizes 14 ≤ N ≤ 66 we perform
region-based twist averaging by running DMC calculations in each of the IBZ regions, while
for 114 ≤ N ≤ 778 we perform Monte-Carlo twist averaging using 32 random values of
ks. Table 5.1 tabulates the obtained twist-averaged DMC correlation energies at rs = 0.5,
1.0, and 2.0 with corresponding thermodynamic limits, which are estimated via Equation
5.6 by setting h and t to their analytic values and considering c0, c1, c2, and c3 as fit
parameters. In Figure 5.2, we plot EFN

corr(N)+ hN−2/3− tN−1 at rs = 0.5, 1.0, and 2.0 as a
function of N−1, along with corresponding extrapolation fits to the thermodynamic limits.
These extrapolations numerically validate that there are no additional contributions to the
Equation 5.6 at the order of N−1 or slower21.

Our transcorrelated FCIQMC calculations are performed with up to two-body terms
(refer to Equations 3.60 and 3.61), using RPA approximations to treat the three-body
terms95. We also make use of the initiator approximation13, which allows a substantial
reduction in the number of walkers nw required for the convergence of the TC-FCIQMC
energy. However, this advantage introduces a systematic bias, known as the initiator
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EFN
corr

N rs = 0.5 rs = 1.0 rs = 2.0

14 −32.451(4) −29.750(5)
30 −40.905(5) −36.585(7)
38 −43.904(3) −38.860(4) −32.278(4)
54 −47.637(3) −41.642(3)
66 −50.018(2) −43.364(2) −35.265(2)
114 −54.700(86) −46.613(34) −37.307(15)
162 −57.382(29) −48.330(19) −38.366(11)
186 −58.540(21) −49.065(21)
246 −60.419(34) −50.304(9) −39.515(4)
294 −61.462(28) −50.977(19) −39.881(11)
406 −63.326(14) −52.096(12) −40.532(4)
502 −64.438(16) −52.719(22)
610 −65.332(13) −53.292(4)
778 −66.409(10) −53.914(7)

∞ −73.681(18) −57.913(11) −43.693(16)

Table 5.1: Twist-averaged DMC correlation energies of the unpolarized UEG at rs = 0.5,
1.0, and 2.0 and their respective thermodynamic limits, in mHa.
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Figure 5.2: Finite-size corrected fixed-node correlation energies of the unpolarized UEG
at rs = 0.5, 1.0, and 2.0 as a function of N−1. Horizontal dashed lines are shown at the
thermodynamic limits for each density. The uncertainty in the fitted curves is smaller than
the line width.

error, which can be minimized by increasing the walker population, and in practice, we
increase the walker population until changes in the energy become negligible. The walker
convergence study suggests nw = 2 × 107, 4 × 107, 5.2 × 108, and 5.2 × 108 walkers as
suitable number of walkers to overcome the initiator error for the 14-, 30-, 38-, and 54-
UEG systems at rs = 0.5, respectively. We perform the TC-FCIQMC calculations using
the neci package12,80.

We estimate the exact correlation energy by twist averaging the TC-FCIQMC correla-
tion energies as explained in Section 5.2, at system sizes N = 14, 30, 38, and 54 at rs = 0.5.
Then, we calculate the fixed-node errors as the difference between the twist-averaged fixed-
node DMC and the twist-averaged TC-FCIQMC correlation energies. The thermodynamic
limit of the fixed-node error is also obtained using Equation 5.7 by treating f0, f1, and f2
as fit parameters. In Figure 5.3, we plot the fixed-node error as a function of N−1, along
with the resulting fit curve. The fixed-node errors can be seen to exhibit non-monotonic
behavior as a function of inverse system size, failing to be a well-behaved, smooth function
as found in Ref. 21. We believe that obtaining more converged TC-FCIQMC correlation
energies using our newly proposed walker number extrapolation technique in the next chap-
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Figure 5.3: Fixed-node error for the unpolarized UEG at rs = 0.5 as a function of N−1.
The linewidth represents the statistical uncertainty in the fit.

ter, might resolve this non-monotonic behavior, and reduce the statistical uncertainty of
the thermodynamic limit.

Table 5.2 shows the obtained exact correlation energies and fixed-node errors at rs = 0.5
with corresponding thermodynamic limits. We also compare our result at rs = 0.5 with
existing parametrizations and the most accurate DMC studies from the literature. As
illustrated in Table 5.3, the correlation energy computed in this study, despite having a
relatively large error bar, falls within the uncertainty range of the most recent correlation
energy138.
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N Ecorr εFN

14 −34.67(18) 2.22(18)
30 −43.84(16) 2.94(16)
38 −47.69(8) 3.78(8)
54 −51.24(8) 3.60(8)

∞ −77.74(54) 4.06(54)

Table 5.2: Twist-averaged TC-FCIQMC (“exact”) correlation energies and fixed-node er-
rors for the unpolarized UEG at rs = 0.5 for different system sizes and corresponding
thermodynamic limits, in mHa.

This work VWN80142 PZ81143 PW92144 DPI145 DMC137 DMC138

Ecorr −77.74(54) −77.06 −76.03 −76.62 −77.45 −73.35 −78.06(7)

Table 5.3: Correlation energy of the unpolarized UEG at rs = 0.5 obtained in this work,
along with results from the VWN80, PZ81, PW92, and DPI parametrizations, and prior
DMC studies, in mHa.
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Chapter 6

Walker Number Extrapolation of
FCIQMC Energies

A novel extrapolation scheme is introduced to eliminate the initiator error in the full config-
uration interaction quantum Monte Carlo (FCIQMC) method. We find that extrapolating

the FCIQMC energy linearly in n
−1/3
w to n

−1/3
w → 0 removes the energy bias caused by the

initiator approximation and converges the energy to the full configuration interaction (FCI)
limit. We then apply this extrapolation technique to a series of first-row dimers including
C2, CN, N2, and O2 in the Dunning basis sets cc-pVnZ (n=D, T, Q, and 5), which yields
results in excellent agreement with FCI limits estimated from the semistochastic heat-bath
CI (SHCI) method. This method is also applied to investigate the more complex chromium
atom and dimer in the cc-pVnZ-DK (n=D, T, and Q) basis sets.i

6.1 Introduction

The full configuration interaction quantum Monte Carlo (FCIQMC) algorithm12 is a pro-
jective QMC method formulated to tackle the electronic Schrödinger equation within a
given basis set. This method relies on the population dynamics of a set of walkers with
positive and negative weights, and its master equation is obtained by interpreting the
imaginary-time Schrödinger equation as a first-order kinetic equation. In the large-walker-

iThis chapter is based on Refs. 98 and 148. The methodological work was done by Pablo López Ŕıos
and Ali Alavi.
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number limit, the population dynamics effectively samples the exact fermionic ground-state
wave function.

While the FCIQMC algorithm in its full form has the capability to converge to the
exact ground state, achieving this convergence necessitates a minimum number of walkers
to ensure stable dynamics and to get the wave function’s sign structure to emerge18. This
requisite minimum varies based on the specific system under examination and constitutes
a fraction of the full Hilbert space size, yet it still scales proportionally, making the method
unfeasible for larger systems.

The initiator approximation (i-FCIQMC)13 addresses this limitation by introducing a
systematically improvable bias. In the initiator approximation, the walker dynamics are
constrained, allowing only those walkers associated with determinants possessing sufficient
population (referred to as initiators) to spawn new walkers onto unoccupied determinants.
Spawns from non-initiators to unoccupied determinants are rejected. These constrained
dynamics serve to prevent potential noise propagation and contamination of the wave
function by non-initiators, ensuring stability in simulations regardless of the number of
walkers. Consequently, i-FCIQMC becomes capable of handling significantly larger systems
than the original FCIQMC algorithm. However, this advantage comes with a trade-off in
the form of a systematic bias in the computed energy known as the initiator bias. This
bias can be minimized to an arbitrary extent by increasing the number of walkers, and the
algorithm is specifically designed to approach the FCI result in the infinite-walker limit.
In practical terms, achieving convergence with respect to the walker number is feasible for
systems containing up to about 20 electrons, well before memory requirements make the
method impractical. As the system size expands, convergence with walker number slows
down, reaching a point where it becomes practically impossible to converge to the exact
FCI limit.149

To ameliorate the initiator bias, several methods have been proposed so far. Ten-no150

argues that most of the initiator error arises from a deficiency in proper scaling with system
size that can be greatly mitigated by a size-consistency correction via stochastic coupled-
electron pair approximations. The adaptive shift method149,151 reduces the initiator bias
at a much lower number of walkers by giving each non-initiator determinant its own local
shift, which is a proportionately scaled value of the overall global shift. Another technique
to reduce the initiator error would be the use of the second-order152 or the third-order153

Epstein–Nesbet perturbative correction to the initiator approximation.

To eliminate the initiator error, we present a new extrapolation method in which the
FCIQMC total energy calculated at different walker numbers is extrapolated linearly in
n
−1/3
w to the infinite-walker limit. The application of this technique to a series of first-row

94



diatomics yields results matching those from the SHCI method22. The Cr atom and dimer
are investigated, with results in agreement with previous studies. To this end, we first
present the theoretical details of our method in Section 6.2. We then apply our method to
the molecular systems, and we report and discuss the results in Section 6.3.

6.2 Methodology

The solution to the Schrödinger equation of an electronic system, Ĥ|Φ⟩ = E|Φ⟩, can be
expressed as a full configuration interaction wave function,

|Φ⟩ =
nFCI∑
i=0

Ci|i⟩, (6.1)

where {|i⟩} are the set of nFCI+1 possible Slater determinants that can be constructed for
the system in a given one-electron orbital basis, and {Ci} are coefficients. To keep things
simple, we shall assume the Hamiltonian to be Hermitian, Ĥ = Ĥ†, and that the reference
energy is zero, ⟨0|Ĥ|0⟩ = 0, throughout this chapter. The FCIQMC method stochastically
samples the space of Slater determinants by assigning a signed number of walkers Ni to
each determinant |i⟩, and subjecting Ni to stochastic imaginary-time evolution according
to the master equation

−dNi

dt
= (Hii − S)Ni +

∑
j ̸=i

HjiNj, (6.2)

where Hji = ⟨j|Ĥ|i⟩ and S is a shift parameter. In the infinite-walker limit, the walker
numbers converge to Ni ∝ Ci, the shift S tends to E, and the master equation trivially
reduces to the time-independent Schrödinger equation,

0 = (Hii − E)Ci +
∑
j ̸=i

HjiCj. (6.3)

The initiator approximation modifies the dynamics imposed by the master equation to
allow stabilizing calculations at a finite target number of walkers N , converging onto a
truncated configuration interaction (CI) wave function containing ndet determinants,

|Φ̃⟩ =
ndet∑
i=0

C̃i|i⟩, (6.4)

and producing a measure of the energy of the system Ẽ(N) which converges to E as
N →∞. The purpose of the this work is to find the leading-order behavior of the initiator
bias Ẽ(N)− E with N in the limit N →∞.
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6.2.1 Modeling the Initiator Approximation

The initiator approximation is implemented by categorizing determinants as “initiators”
when their population |Ni| exceeds a predefined number of walkers Ninit (typically about
3), and preventing non-initiators from spawning onto unpopulated determinants, i.e., those
with Ni = 0. Walker populations vary during the run, and the initiator approximation
is applied dynamically as walkers move back and forth between the unpopulated non-
initiator, populated non-initiator, and initiator categories according to their instantaneous
populations. The dynamic character of the initiator approximation prevents a straight-
forward algebraic analysis of the initiator bias; however, one can nonetheless construct a

modified “initiator Hamiltonian” ˆ̃H that approximates its effects. We shall refer to ˆ̃H− Ĥ
as the “initiator perturbation”.

Let us assume knowledge of the exact eigenvector {Ci}, with determinants sorted so
that |Ci| ≤ |Cj| if i > j, and let C =

∑
i |Ci| be the L1 norm of the coefficients. Prior to

performing an FCIQMC calculation with N walkers, one could then classify determinants
as initiators if |Ci| > NinitC/N , as populated non-initiators if C/N ≤ |Ci| ≤ NinitC/N ,
and as unpopulated non-initiators if |Ci| < NpopC/N , where Npop = 1/2 would be a
reasonable value. This classification defines three shells of determinants: shell 1 contains
all n1 initiator determinants, shell 2 contains all n2 populated non-initiators, and shell
3 contains all n3 unpopulated non-initiators, adding up to n1 + n2 + n3 = nFCI. The
(symmetric) Hamiltonian matrix is consequently partitioned into nine blocks, and the
Schrödinger equation is formulated as follows, A T U

T T B V
UT V T Z

 c
d
g

 = E

 c
d
g

 , (6.5)

where c, d, and g are vectors of the determinant coefficients in shells 1, 2, and 3, respec-
tively, and the Hamiltonian matrix elements are

Aji =⟨1j|Ĥ|1i⟩
Bji =⟨2j|Ĥ|2i⟩
Zji =⟨3j|Ĥ|3i⟩

,


Tji =⟨1j|Ĥ|2i⟩
Uji =⟨1j|Ĥ|3i⟩
Vji =⟨2j|Ĥ|3i⟩

, (6.6)

where |1i⟩, |2i⟩, and |3i⟩ refer to the ith determinant in shells 1, 2, and 3, respectively. The
dynamics enforced by the rules of the initiator approximation can be obtained by setting
non-diagonal Hamiltonian matrix elements to zero between non-initiators and unpopulated
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non-initiators, provided the determinant populations are set to their average values rounded
to integers, Ni = ⌊NCi/C⌉. This amounts to defining the initiator Hamiltonian as

ˆ̃H =

 A T U
T T B 0

UT 0 Z̃

 , (6.7)

where Z̃ is a diagonal matrix given by Z̃ij = Zijδij. Note that in real FCIQMC calculations,
populations instantaneously differ from their average values, enabling “unpopulated” de-
terminants to become momentarily occupied, and the initiator approximation allows these
to spawn back onto occupied non-initiators. The initiator Hamiltonian H̃ does not capture
this process, but as we will show later this does not affect our analysis.

The application of the unmodified FCIQMC master equation 6.2 to the initiator Hamil-
tonian can be expected to yield the initiator FCIQMC wave function and energy, and the
effect of the initiator approximation can then be studied by comparing the solution of the
Schrödinger equation with the initiator Hamiltonian, A T U

T T B 0

UT 0 Z̃

 c̃

d̃
g̃

 = Ẽ

 c̃

d̃
g̃

 , (6.8)

with that of the Equation 6.5.

6.2.2 Scalar Measure of the Magnitude of the Initiator Pertur-
bation

Characterizing the behavior of the initiator bias reduces to expressing Ẽ−E as a function
of the initiator perturbation, or more usefully, as a function of a scalar measure of its
magnitude. Such a measure can be obtained by defining a suitable auxiliary system.
Consider replacing all non-initiator determinants in the Hilbert space with a single site,
|3⟩, and requiring that the Schrödinger equation for the resulting system yield the same
eigenvalue as for the full system,(

A t
tT b

)(
c
d

)
= E

(
c
d

)
, (6.9)

where t is a vector of size n1, b and d are scalars, and A, c, and E are defined to be the
same as in Equation 6.5. Noting that d is not uniquely defined, we introduce an ansatz
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that conveniently preserves the L1 norm of the coefficients,

d =

n2∑
i=1

|di|+
n3∑
i=1

|gi|. (6.10)

Equating terms in Equations 6.5 and 6.9 yields for the matrix elements

b =
1

d2

(
n2∑

i,j=1

Bijdidj + 2

n2∑
i=1

n3∑
j=1

Vjidigj +

n3∑
i,j=1

Zijgigj + E

[
d2 −

n2∑
i=1

d2i −
n3∑
i=1

g2i

])
,

(6.11)
and

ti =
1

d

(
n2∑
j=1

Tjidj +

n3∑
j=1

Ujigj

)
. (6.12)

Analogously, the auxiliary system for the initiator Hamiltonian satisfies the equation(
A t̃

t̃T b̃

)(
c̃

d̃

)
= Ẽ

(
c̃

d̃

)
, (6.13)

with

d̃ =

n2∑
i=1

|d̃i|+
n3∑
i=1

|g̃i|, (6.14)

where

b̃ =
1

d̃2

(
n2∑

i,j=1

Bij d̃id̃j +

n3∑
i=1

Ziig̃
2
i + Ẽ

[
d̃2 −

n2∑
i=1

d̃2i −
n3∑
i=1

g̃2i

])
, (6.15)

and

t̃i =
1

d̃

(
n2∑
j=1

Tjid̃j +

n3∑
j=1

Ujig̃j

)
. (6.16)

Disregarding differences in eigenvector components, it is clear from Equations 6.11 and
6.15 that b̃ ≈ b+∆, where

∆ =
−1
d2

(
2

n2∑
i=1

n3∑
j=1

Vjidigj +

n3∑
i=1

n3∑
j ̸=i

Zijgigj

)
. (6.17)

As defined, ∆ captures the direct effect of the initiator perturbation on the Hamiltonian
of the auxiliary system, and can be used as a suitable scalar measure of the magnitude of
the initiator perturbation in the full system.
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Dependence of Ẽ on ∆

Adding a small perturbation to a Hamiltonian causes first-order changes in its eigenvector
and eigenvalue, so replacing b with b +∆ in the Hamiltonian of Equation 6.9 would shift
the energy by an amount proportional to ∆. The resulting Hamiltonian does not coincide
with that in Equation 6.13, because the definition of b and b̃ in the construction of the
auxiliary systems involve the eigenvectors of the full systems, which differ; however, all
definitions allow first-order expansions and the eigenvalue remains first-order in ∆, i.e.,
(Ẽ − E) ∝ ∆ at small ∆.

Dependence of ∆ on N

It is convenient at this point to revert to referring to the unpartitioned Hamiltonian matrix
elements, Hij, and rearranging the definition of ∆ of Equation 6.17 into

∆ =
−2
d2

nFCI∑
i=npop+1

i−1∑
j=ninit+1

HijCiCj, (6.18)

where npop = n1 + n2 and ninit = n1 are the smallest integers that satisfy |Cnpop+1|N/C <
Npop and |Cninit+1|N/C < Ninit, respectively. For convenience we replace these defini-
tions with the approximate |Cnpop | ≈ NpopC/N and |Cninit

| ≈ NinitC/N . To make further
progress, we need to make assumptions on the behavior of |Ci| at large i and of HijCiCj at
large i and j. Empirically, determinant coefficients are found to follow a power law with
determinant index i at large i, |Ci| ∝ i−α (α > 0). Note that this makes npop and ninit

proportional to N1/α.

Non-diagonal Hamiltonian matrix elements can be expected to connect only determi-
nants which are in each other’s “neighborhood”, e.g., the Hamiltonian matrix element
between a pair of determinants more than a double excitation apart in a molecular system
is zero. Therefore, the sum

∑i−1
j=ninit+1HijCiCj can be expected to be dominated by terms

where i and j are close in value, so we approximate it by

i−1∑
j=ninit+1

HijCiCj ≈ −hiC2
i . (6.19)

Additionally we assume the neighboring-site transition strength hi to be independent of i,
hi ≡ h, and we arrive at

∆ ≈ 2h

d2

nFCI∑
i=npop+1

C2
i ∝

nFCI∑
i=npop+1

i−2α. (6.20)
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The sum in Equation 6.20 can be put in terms of generalized Harmonic numbers H
(γ)
n =∑n

i=1 i
−γ as

∆ ∝ H(2α)
nFCI
−H(2α)

npop
. (6.21)

Generalized harmonic numbers asymptotically verify

H(γ)
n ≈ H(γ)

∞ −
n−(γ−1)

γ − 1
+O(n−γ), (6.22)

where H
(γ)
∞ is a constant, and since nFCI is extremely large we approximate H

(γ)
nFCI ≈ H

(γ)
∞ .

Then we have
∆ ∝ n−(2α−1)pop , (6.23)

and taking into account that npop ∝ N1/α gives

∆ ∝ N−β, (6.24)

where β = 2 − 1/α. The initiator bias therefore goes as (Ẽ − E) ∝ N−β at large walker
number N . The relationship between the exponent in the power law for determinant
coefficients α and that governing the initiator bias β has certain interesting implications:
(i) determinant coefficients must decay sufficiently fast, with α > 1/2, for the initiator
bias to follow a valid power law with β > 0; (ii) the initiator bias converges slowly, with
β < 1, if α < 1; (iii) the initiator bias converges with β = 1 if α = 1; (iv) the initiator bias
converges fast, with β > 1, if α > 1; and (v) β tends to its limit value of 2 as α→∞.

Current evidence points at β ≈ 1/3 rather generally, implying that determinant coeffi-
cients should asymptotically follow a power law with exponent α = 3/5 = 0.6. In Figure
6.1, we show the initiator bias as a function of N−1/3 for basis sets of the cc-pVnZ family40

ranging from double- to quintuple-zeta.

6.3 Results and Discussion

We apply our extrapolation method to the ground state of C2, CN, N2, and O2 molecules in
their equilibrium geometry1 (Table 6.1) by performing all-electron FCIQMC calculations
using Hartree-Fock orbitals expanded in the cc-pVnZ Gaussian basis sets. The orbitals are
generated using the pyscf package154, and the FCIQMC calculations are performed with
the neci package12,80.

In order to obtain benchmark energies to compare FCIQMC results against, we perform
semistochastic heat-bath CI calculations using the dice code22,55. For the SHCI method, it
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Figure 6.1: Estimated initiator error in the FCIQMC energies as a function of n
−1/3
w for

the CN molecule. The hollow points are not used in the extrapolations. The translucent
areas represent the uncertainty in the values of the fit at each point.

State req (Å)

C2
1Σ+

g 1.2425
CN 2Σ+ 1.1718
N2

1Σ+
g 1.0977

O2
3Σ−g 1.2075

Table 6.1: Electronic ground states and equilibrium bond lengths used for the first-row
dimers considered in this work, following Ref. 1.

has been shown that one can obtain accurate estimates of total energies in the FCI limit by
linear extrapolation of SHCI energies to the limit in which the second-order perturbation-
theory (PT) correction E2 is zero155,156. The calculations are done with variational spaces
of sizes such that |E2| is not much larger than about 10 mHa155,156; we only exceed this
threshold for the cc-pV5Z calculations due to memory constraints.

The FCIQMC calculations are performed using between nw = 106 and 2× 108 walkers.
The results are reported in Table 6.2. The extrapolated energies are in excellent alignment,
with FCI limits obtained from FCIQMC differing by 0.4 mHa or less from their SHCI
counterparts throughout. Figure 6.2 illustrates this comparison for the CN molecule in
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Basis set C2 CN N2 O2

S
H
C
I

cc-pVDZ −75.7320 −92.4970 −109.2809 −149.9915
cc-pVTZ −75.8094 −92.5952 −109.4015 −150.1556
cc-pVQZ −75.8577 −92.6516 −109.4655 −150.2366
cc-pV5Z −75.8751 −92.6718 −109.4884 −150.2659

F
C
IQ

M
C cc-pVDZ −75.7320 −92.4970 −109.2809 −149.9915

cc-pVTZ −75.8094 −92.5954 −109.4014 −150.1554
cc-pVQZ −75.8578 −92.6517 −109.4653 −150.2362
cc-pV5Z −75.8752 −92.6717 −109.4881 −150.2655

Table 6.2: Total energies of relevant dimers in the FCI limit in Ha, obtained by extrapo-
lation of SHCI energies to the zero second-order PT correction limit and by extrapolation
of FCIQMC energies to the infinite-walker limit.

the cc-pVnZ (n=D, T, Q, and 5) basis sets. Note that in these extrapolations, we do not
include results at nw < 107 walkers, which we deem to lie outside of the asymptotic regime.

To further test our method, we consider the ground state of the chromium atom (7S)
as well as the ground state of the highly challenging chromium dimer (1Σ+

g ) in its equilib-

rium geometry (req = 1.68 Å157). We perform frozen-core FCIQMC calculations with the
unfrozen 3sp states, using the Hartree-Fock orbitals expanded in the cc-pVnZ-DK (n=D,
T, and Q) basis sets158 generated with the molpro package44,45. Relativistic effects are
included using the X2C Hamiltonian159 for the Cr2 dimer, and using the Douglas-Kroll-
Hess160,161 and X2C Hamiltonians for the Cr atom.

In Figure 6.3, we plot the FCIQMC energy (with the X2C Hamiltonian) relative to its

corresponding FCI limit, i.e., the initiator error, as a function of n
−1/3
w for the Cr atom and

dimer for each of the basis sets considered. The extrapolations are done using the walker
population ranges from nw = 6 × 107 to 7.2 × 108 and from nw = 6 × 107 to 4.3 × 109

walkers for the Cr atom and dimer, respectively.

Our extrapolated total and relative (atomization) energies are tabulated in Table 6.3,
along with highly-accurate results from the literature. Our total energies for the Cr
atom with the Douglas-Kroll-Hess Hamiltonian are in excellent agreement with the large-
population FCIQMC results obtained using natural orbitals. The total energies go down
with increasing basis-set size, but surprisingly the atomization energy obtained with the
DZ basis is larger than those obtained using the TZ and QZ basis sets. This is likely due to
a larger basis-set superposition error (BSSE) in the DZ basis compared to the TZ and QZ
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Figure 6.2: Extrapolation to the FCI limit of SHCI energies with respect to the second-
order PT correction E2 (left), and of FCIQMC energies with respect to n

−1/3
w (right) for

the CN molecule. The grayed-out points are not used in the FCIQMC extrapolations. The
width of the line reflects the statistical uncertainty within the fit.

bases. This bias can be eliminated using the counterpoise (CP) method. Also, the level of
convergence of the extrapolated energy for the Cr2 dimer up to nw = 4.3×109 walkers is un-
satisfactory. The four-billion-walker run is a very expensive calculation for the Cr2 dimer;
however, to achieve a higher level of convergence, one needs to run larger-walker-number
calculations, particularly in the QZ basis.
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Figure 6.3: Estimated initiator error in the FCIQMC energies as a function of n
−1/3
w for

the chromium atom and dimer with the X2C relativistic Hamiltonian. The empty symbols
denote points not used in the extrapolations. The line width represents the statistical
uncertainty on the fit values at each point.
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Basis set Cr Cr2 Atomization

S
H
C
I
a cc-pVDZ-DK 0.05724

cc-pVTZ-DK 0.04812

cc-pVQZ-DK 0.05530

F
C
IQ

M
C

b cc-pVDZ-DK −1049.925266(1) −2099.90240(1) 0.05187(1)

cc-pVTZ-DK −1050.081559(4) −2100.20299(6) 0.03987(6)

cc-pVQZ-DK −1050.144276(11) −2100.34178(6) 0.05323(6)

T
h
is

w
or
k

b cc-pVDZ-DK −1049.925313(2)
cc-pVTZ-DK −1050.081926(9)
cc-pVQZ-DK −1050.144769(16)

T
h
is

w
or
k

a cc-pVDZ-DK −1049.932568(2) −2099.91956(27) 0.05442(27)

cc-pVTZ-DK −1050.089181(10) −2100.21844(80) 0.04008(80)

cc-pVQZ-DK −1050.152122(17) −2100.34766(78) 0.04342(78)

aWith the X2C relativistic Hamiltonian.
bWith the Douglas-Kroll-Hess relativistic Hamiltonian.

Table 6.3: Total energies of the chromium atom and dimer, and atomization energies
of the chromium dimer, in Ha. Results labeled “SHCI” are from Ref. 2, those labeled
“FCIQMC” are large-population FCIQMC results obtained using natural orbitals from
Ref. 3, and those labeled “This work” are FCIQMC energies obtained with Hartree-Fock
orbitals extrapolated to the infinite-walker limit.
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Part IV

Summary and Outlook





In this thesis, our main focus was on the combination of orbital and real space quan-
tum Monte Carlo methods. In the first chapter, the electronic structure problem was
formulated, where we introduced some basic concepts and definitions in quantum chem-
istry. Starting from the many-body Schrödinger equation, we then discussed a general
statement of the Born-Oppenheimer approximation, molecular orbitals, the antisymmetry
principle, and second quantization. Some fundamental aspects of periodic solids including
the Bravais lattice and twist averaging along with an introduction to the three-dimensional
uniform electron gas were also discussed. In the next two chapters, we made a review on
the two main groups of ab initio methods, namely quantum chemistry and quantum Monte
Carlo. Hartree-Fock theory and the configuration interaction method were introduced as
the most important quantum chemistry approaches to the calculation of the electronic
structure. Following this, an in-depth review was provided for various QMC methods, in-
cluding VMC, DMC, and FCIQMC. Moreover, the transcorrelated FCIQMC method was
explored.

After introducing the theory, we first presented an empirical extrapolation method for
continuum QMC energies as a function of the sum of the squared coefficients in the initial
selected CI wave function from which the trial wave function is constructed. This approach
is made possible by the smoothness of the energies as a function of the CI expansion size,
and we presented a simple statistical procedure to handle the quasi-random non-smoothness
in the data, which we showed to work very well in practice. We found that HF orbitals
expanded in standard basis sets provide the type of gradual convergence required for the
XSPOT method to work well. The results from the tests we conducted are compatible
with the XSPOT method being capable of obtaining exact total energies, with the caveat
that trial wave function complexity must increase with system size in order to control the
uncertainty on the results. The application of this method to a wider variety of systems
and attempting to scale the method with system size with controlled uncertainties will be
interesting topics for future studies.

Afterwards, we extrapolated the fixed-node DMC correlation energy and fixed-node
error of the high-density spin-unpolarized uniform electron gas to the thermodynamic limit,
and used this in combination with TC-FCIQMC results applying the method proposed
in Ref. 21 to estimate the thermodynamic limit of the exact correlation energy at rs =
0.5, which is found to lie within statistical uncertainty of the QMC correlation energy
recently reported at this density. However, the fixed-node errors were found to behave non-
monotonically as a function of the system size N , leading to a relatively large statistical
uncertainty for the extrapolated thermodynamic limit. Given that, future efforts can be
focused on obtaining more accurate TC-FCIQMC correlation energies using our newly
proposed walker number extrapolation technique.
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In the last chapter, we developed a new model to treat the energy bias coming from
the initiator approximation in the FCIQMC method. We found that extrapolating the
FCIQMC energy linearly in n

−1/3
w to n

−1/3
w → 0 eliminates the initiator error and converges

the energy to the full configuration interaction limit. This type of extrapolation can be
formally justified by defining an “initiator perturbation” and modelling the initiator bias
as a scalar measure of its magnitude. The application of this extrapolation scheme to a
series of dimers yielded results in excellent agreement with the benchmark FCI limits from
the semistochastic heat-bath CI method. In the future, we will investigate extending the
formal justification to provide the value of the exponent of the power law (−1/3) instead
of its general form.
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Appendix A

The Slater-Condon Rules

The electronic Hamiltonian 1.6 is the sum of one- and two-body operators,

Ĥ = Ô1 + Ô2 =
N∑
i=1

ĥ(i) +
N∑
i=1

N∑
j>i

r−1ij . (25)

Given two determinants |Di⟩ and |Dj⟩, the Hamiltonian matrix element between these two
determinants is as follows,

⟨Di|Ĥ|Dj⟩ = ⟨Di|Ô1|Dj⟩+ ⟨Di|Ô2|Dj⟩, (26)

where the first and the second terms yield one- and two-body integrals, respectively. The
two determinants are said to be coupled if and only if ⟨Di|Ĥ|Dj⟩ ≠ 0. Because of the one-
and two-body nature of the electronic Hamiltonian, every two determinants which differ
by more than two (orthonormal) spin orbitals are then uncoupled. Thus matrix elements
are just computed for determinants which are single or double excitations of each other.
Such matrix elements are computed using the Slater-Condon rules36–38. When the two
determinants are the same, the diagonal matrix elements, using the chemists’ notation for
one- and two-body integrals over spin orbitals, are given by

⟨Di|Ĥ|Di⟩ =
N∑
a

[a|ĥ|a] +
N∑
a

N∑
b>a

[aa|bb]− [ab|ba]. (27)

In the case of single excitations, let |Dj⟩ = âtrâp|Di⟩, then

⟨Di|Ĥ|Dj⟩ = [p|ĥ|r] +
N∑
a

[pr|aa]− [pa|ar]. (28)
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Also for double excitations, let |Dj⟩ = âtrâ
t
sâqâp|Di⟩, then the matrix elements would be

⟨Di|Ĥ|Dj⟩ = [pr|qs]− [ps|qr]. (29)

The transcorrelated (TC) method (see 3.5.1) modifies the electronic Hamiltonian by re-
quiring three-body terms (refer to Equations 3.60 and 3.61), which are handled separately
from the above rules98,102.
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[153] B. Ladóczki, M. Uejima, and S. L. Ten-no, Third-order Epstein–Nesbet perturba-
tive correction to the initiator approximation of configuration space quantum Monte
Carlo, J. Chem. Phys. 153, 114112 (2020).

[154] Q. Sun, X. Zhang, S. Banerjee, P. Bao, M. Barbry, N. S. Blunt, N. A. Bogdanov,
G. H. Booth, J. Chen, Z.-H. Cui, J. J. Eriksen, Y. Gao, S. Guo, J. Hermann, M. R.
Hermes, K. Koh, P. Koval, S. Lehtola, Z. Li, J. Liu, N. Mardirossian, J. D. McClain,
M. Motta, B. Mussard, H. Q. Pham, A. Pulkin, W. Purwanto, P. J. Robinson, E.
Ronca, E. R. Sayfutyarova, M. Scheurer, H. F. Schurkus, J. E. T. Smith, C. Sun,

125

https://doi.org/10.1103/PhysRevB.45.13244
http://dx.doi.org/10.1103/PhysRevB.81.085123
http://dx.doi.org/10.1103/PhysRevB.81.085123
https://doi.org/10.1103/PhysRevB.94.035126
https://doi.org/10.1063/1.1455618
https://doi.org/10.1063/1.5134006
https://doi.org/10.1063/1.5134006
https://doi.org/10.1063/1.5003222
https://doi.org/10.1063/5.0032617
https://doi.org/10.1063/5.0032617
https://doi.org/10.1063/1.5037923
https://doi.org/10.1063/1.5037923
https://doi.org/10.1063/5.0022101


S.-N. Sun, S. Upadhyay, L. K. Wagner, X. Wang, A. White, J. D. Whitfield, M. J.
Williamson, S. Wouters, J. Yang, J. M. Yu, T. Zhu, T. C. Berkelbach, S. Sharma,
A. Yu. Sokolov, and G. K.-L. Chan, Recent developments in the PYSCF program
package, J. Chem. Phys. 153, 024109 (2020).

[155] J. E. T. Smith, B. Mussard, A. A. Holmes, and S. Sharma, Cheap and near exact
CASSCF with large active spaces, J. Chem. Theory Comput. 13, 5468 (2017).

[156] A. A. Holmes, C. J. Umrigar, and S. Sharma, Excited states using semistochastic
heat-bath configuration interaction, J. Chem. Phys. 147, 164111 (2017).

[157] S. M. Casey and D. G. Leopold, Negative ion photoelectron spectroscopy of chromium
dimer, J. Phys. Chem. 97, 816 (1993).

[158] N. B. Balabanov and K. A. Peterson, Systematically convergent basis sets for transi-
tion metals. I. All-electron correlation consistent basis sets for the 3d elements Sc–Zn,
J. Chem. Phys. 123, 064107 (2005).

[159] W. Kutzelnigg and W. Liu, Quasirelativistic theory equivalent to fully relativistic
theory, J. Chem. Phys. 123, 241102 (2005).

[160] M. Douglas and N. M. Kroll, Quantum electrodynamical corrections to the fine struc-
ture of helium, Ann. Phys. 82, 89 (1974).

[161] B. A. Hess, Relativistic electronic-structure calculations employing a two-component
no-pair formalism with external-field projection operators, Phys. Rev. A 33, 3742
(1986).

126

https://doi.org/10.1063/5.0006074
https://doi.org/10.1021/acs.jctc.7b00900
https://doi.org/10.1063/1.4998614
https://doi.org/10.1021/j100106a005
https://doi.org/10.1063/1.1998907
https://doi.org/10.1063/1.2137315
https://doi.org/10.1016/0003-4916(74)90333-9
https://doi.org/10.1103/PhysRevA.33.3742
https://doi.org/10.1103/PhysRevA.33.3742

	List of Tables
	List of Figures
	I   Introduction
	II   Theory
	The Electronic Structure Problem
	Atomic Units and Many-body Schrödinger Equation
	The Born-Oppenheimer Approximation
	Molecular Orbitals and Basis Sets
	The Antisymmetry Principle, Slater Determinants and Configuration State Functions
	Second Quantization
	The Electronic Problem in Periodic Solids
	The Bravais Lattice
	Three Dimensional Uniform Electron Gas
	Twist Averaging


	Quantum Chemistry Approaches
	Hartree-Fock Theory
	Configuration Interaction
	Heat-Bath Configuration Interaction


	Quantum Monte Carlo Approaches
	The Metropolis Algorithm
	Variational Monte Carlo
	Diffusion Monte Carlo
	The Imaginary-time Schrödinger Equation
	The Fixed-node Approximation
	Importance Sampling

	Trial Wave Functions
	Slater-Jastrow Wave Functions
	Multi-Slater-Jastrow Wave Functions
	Backflow Wave Functions

	Full Configuration Interaction Quantum Monte Carlo
	The Transcorrelated FCIQMC


	III   Results and Applications
	Accurate Energies from Intersecting Extrapolations of Continuum Quantum Monte Carlo Data
	Introduction
	Methodology
	Theoretical Justification
	Obtaining Statistically Meaningful Results
	Choice of Orbital Basis

	Results and Discussion

	Correlation Energy of the High-density Spin-unpolarized Electron Gas at the Thermodynamic Limit
	Introduction
	Methodology
	Twist Averaging and Brillouin Zone Division
	Basis-set Extrapolation of TC-FCIQMC Energies
	Finite-size Extrapolation Framework for Fixed-node DMC

	Results and Discussion

	Walker Number Extrapolation of FCIQMC Energies
	Introduction
	Methodology
	Modeling the Initiator Approximation
	Scalar Measure of the Magnitude of the Initiator Perturbation

	Results and Discussion

	IV   Summary and Outlook
	Appendix A.  The Slater-Condon Rules
	References

