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ABSTRACT

Optical waveguides can support bound or leaky modes, depending
on their geometrical and optical parameters. These modes are elec-
tromagnetic waves that propagate along the waveguide with a distinct
transverse intensity profile and a propagation constant. Since bound
modes exhibit an exponentially decaying transverse intensity profile,
their propagation can easily be described within the standard theories.
However, in leaky modes, the energy transversely radiates away from
the waveguide, which results in to an exponentially growing transverse
intensity profile. This makes the application of the standard theoretical
formulations for the description of leaky modes questionable.

This thesis is dedicated to present a new theory of leaky modes propa-
gation in optical waveguide geometries. The theory is based on a power-
ful and rigorous method for open systems in electrodynamics, namely
the resonant-state expansion, together with an analytic mode normal-
ization. The general master equation of the theory allows a rigorous
description of both bound and leaky modes in waveguide geometries
within a single theoretical framework.

We apply our theory to the nonlinear pulse propagation in a widely
used types of waveguides in modern nonlinear optics, namely hollow-
core fibers, that are dominated by leaky modes. At the beginning, we
show that in the single-mode approximation, the master equation trans-
forms into the well-known nonlinear Schroedinger equation with a new
and general definition for the Kerr nonlinearity parameter. We find that
for leaky modes the Kerr nonlinearity parameter can be a complex quan-
tity with a negative imaginary part providing the nonlinear gain for the
overall attenuating pulses. This nonlinear gain results in a stronger
spectral broadening, which is demonstrated here on the example of a
liquid-filled capillary-type fibers.

Next, we extend our theory for parametric processes such as four-
wave mixing, which implies coupling between different modes and
wavelengths. In this case, our theory predicts a more efficient gener-
ation of the so-called Stokes and anti-Stokes side-bands with an earlier
onset than expected from the previous theory for bound modes. These
effects are demonstrated numerically for a gas-filled hollow-core an-
nulus fiber that supports leaky modes. Moreover, we demonstrate that

xiii



leaky modes yield modulation instability in hollow-core fibers, not only
in the anomalous but also in the normal dispersion regime. The modu-
lation instability can occur for all frequencies, which is a fundamental
difference to bound modes.

In addition, we investigate the change of the emission of a dipole cou-
pled to an optical fiber since such systems have important applications
in quantum light sources and sensors. In this case, our theory can be
straightforwardly applied to derive the electromagnetic fields that are
generated by the dipole in complex waveguide geometries, including
different types of hollow-core fibers.
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ZUSAMMENFASSUNG

Optische Wellenleiter konnen gebundene Moden oder Leckmoden un-
terstiitzen, abhédngig von ihren geometrischen und optischen Kenngro-
Ben. Diese Moden stellen elektromagnetische Wellen mit einem genau
umschriebenen transversalen Profil und einer Ausbreitungskonstante
dar, die entlang des Wellenleiters propagieren. Da gebundene Moden in
transversaler Richtung iiber ein exponentiell abklingendes Intensitéts-
profil verfiigen, kann ihre Ausbreitung auf einfache Art und Weise im
Rahmen der herkommlichen Theorien beschrieben werden. In Leck-
moden tritt jedoch in transversaler Richtung Energie aus dem Wellen-
leiter aus, was ein exponentiell anwachsendes transversales Intensitéts-
profil zur Folge hat. Dies macht die Anwendung der herkémmlichen
theoretischen Formulierungen fiir die Beschreibung von Leckmoden
problematisch.

Die vorliegende Arbeit hat sich zum Ziel gesetzt, eine neue Theorie
zur Ausbreitung von Leckmoden in optischen Wellenleitern vorzustel-
len. Die Theorie basiert auf einer leistungsstarken und konsequenten
Beschreibungsmethode fiir offene Systeme in der Elektrodynamik, und
zwar der Resonanzzustandsentwicklung, zusammen mit einer analyti-
schen Modennormierung. Die allgemeine Mastergleichung der Theo-
rie erlaubt eine konsequente Beschreibung sowohl von gebundenen
Moden als auch von Leckmoden in Wellenleitergeometrien in einem
einheitlichen theoretischen Rahmen.

Wir wenden unsere Theorie auf die nichtlineare Pulsausbreitung in
einem in der modernen nichtlinearen Optik vielgenutzten Typ von Wel-
lenleitern an, und zwar den Hohlkernfasern, welche dominiert werden
von Leckmoden. Anfangs zeigen wir, dass sich die Mastergleichung un-
ter der Einzelmodenniherung in die wohlbekannte nichtlineare Schré-
dingergleichung tiberfiihren lasst mit einer neuen und allgemeinen De-
finition des Kerr-Nichtlinearititsparameters. Fiir Leckmoden finden
wir heraus, dass der Kerr-Nichtlinearitdtsparameters eine komplexwer-
tige Grof3e sein kann, die {iber einen negativen Imaginirteil verfiigt, wel-
cher eine nichtlineare Verstarkung fiir die insgesamt geddmpften Pulse
bereitstellt. Diese nichtlineare Verstidrkung hat eine verstirkte spektrale
Verbeiterung zur Folge, was hier am Beispiel einer flissigkeitsgefiillten
Kapillarfaser gezeigt wird.

XV



Als nichstes erweitern wir unsere Theorie um parametrische Prozes-
se wie Vier-Wellen-Mischung, die eine Kopplung zwischen verschiede-
nen Moden und Wellenldangen beinhaltet. In diesem Fall sagt unsere
Theorie eine effizientere Erzeugung und ein fritheres Einsetzten der
sogenannten Stokes und Anti-Stokes Seitenbédnder voraus als es nach
der herkommlichen Theorie {iber gebundene Moden zu erwarten wire.
Diese Effekte werden numerisch fiir eine gasgefiillte Hohlkrenringfa-
ser gezeigt, welche Leckmoden unterstiitzt. Des Weiteren zeigen wir,
dass Leckmoden Modulationsinstabilitat in Hohlkernfasern erzeugen,
nicht nur im Bereich der anomalen Dispersion, sondern auch im Be-
reich der normalen Dispersion. Die Modulationsinstabilitdt kann bei
allen Frequenzen auftreten, was einen grundlegenden Unterschied zu
gebundenen Moden darstellt.

Zusitzlich untersuchen wir die Anderung der Emission eines Dipols,
der an eine optische Faser koppelt, da solche Systeme bedeutende An-
wendungen fiir Quantenlichtquellen und Sensoren haben. In diesem
Fall kann unsere Theorie auf einfache Art und Weise dazu verwendet
werden, die Felder des Dipols in komplexen Wellenleitergeometrien
einschliefSlich verschiedener Arten von Hohlkernfasern herzuleiten.

Xvi



INTRODUCTION

Nowadays, optical waveguides are a key elements of many modern de-
vices and systems which are used in different fields. The prime example
are communication systems based on optical fibers, which outperform
traditional electrical cabling systems in terms of their compactness and
high information rate. Apart from that, optical fibers have other impor-
tant applications in sensing, optical imaging, medicine, power trans-
mission, etc.

In most of these applications, common or relatively weak light sources
are used. Therefore, the response of a waveguide medium to the light
field is practically linear. However, propagation of a high power laser
beams or pulses in such waveguides leads to a nonlinear interaction
between the light and the medium. In this case, one can observe vari-
ous interesting nonlinear effects and objects such as self-focusing and
optical solitons [5, 6]. The origin of these effects is the nonlinear refrac-
tion, i.e., the power dependence of the refractive index, which is in turn
known as the Kerr effect [5, 7-10]:

n=n,+n,P, (1.1)

where n, and n, are the linear and the nonlinear refractive indices,
respectively, and P o |A[* is the power, which is proportional to the
field amplitude A.

In the simplest case, the dynamics of the optical wave is described by
the well-known nonlinear Schroedinger equation [s, 6, 10]:

2A [ oA

- —f—

0z 2 Ot2

+iy|A]A, (1.2)

where () is the second-order dispersion coefficient, y is the Kerr
nonlinearity parameter that inversely proportional to the optical con-
finement (i.e., mode area [5]). Note that in the one-dimensional case,
Eq. (1.2) is an exactly integrable model, which has been shown within
inverse scattering method [131, 12]. The solutions of this equation corre-
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spond to the well-known solitons [5]. The fundamental soliton has the
following general form [5, 10, 13]:

t+vz—t ; i i
Az, t) = A, sech(tis) eiksemiosttigs (1.3)
(o]

where t, = T,/n and w, = 8/ T, are the width and the frequency, respec-
tively, of the soliton with the initial phase ¢ located at the position ¢;.
Here, § and # are the real and the imaginary parts of the eigenvalue of
the so-called Zakharov-Shabat scattering problem [11]. The fundamen-
tal soliton’s amplitude A,, velocity v, and wave number k; are given by

3(2)|\1/2 3(2) 3(2)
pom BV B ey B
yT?2 T> 2T?

[}
In these equations, $(2) and y are assumed to be a negative and a real
number, respectively, and Ty, is the characteristic time defined by the
initial condition. Thus, all soliton parameters are defined by the real §
and the imaginary 7 parts of the eigenvalue of the scattering problem
and the waveguide’s linear and nonlinear characteristics. Another in-
teresting point here is that the width and the amplitude of the soliton
is inversely proportional to each other.

As one can see, within the nonlinear Schroedinger model, the lin-
ear and the nonlinear effects are characterized by a single 5(*) and a
y parameter, respectively. Accordingly, consistency between simula-
tion results based on this model and the experimental measurements
partially depends on if these parameters are accurately calculated. The
linear properties of optical waveguides can be measured or calculated
since there are a lot of experimental and numerical methods that pro-
vide accurate results. For conventional step-profile fibers, for which the
guiding mechanism of light is total internal refection and hence modes
are truly guided (bounded) [5, 14-16], the nonlinearity parameter y can
also be evaluated within the conventional and well-known approaches.

However, there are modern and advanced type of waveguides with
complex transverse geometry, namely hollow-core waveguides [5, 17].
For instance, a conventional step-profile fiber with inverted core and
cladding refractive indices can also be considered as simple hollow-core
fiber with step-profile refractive index. The scanning electron micro-
scope images of different hollow-core waveguides are shown in Fig. 1.1.
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Figure 1.1. Scanning electron microscope images of different types of hollow-
core waveguides: (a) Hollow-core photonic crystal fiber, (b) Kagorhe fiber,
(c) nano-scaled hollow-core fiber, (d) Bragg-grating fiber, (e) rectangular
hollow-core antiresonant reflecting optical waveguide. [Image adapted with
permission from Ref. [17]. Copyright Taylor and Francis Group.]

Nowadays, hollow-core photonic crystal fibers represent a novel class of
fibers that are widely used in the context of nonlinear photonics. They
offer a plethora of additional degrees of freedom to control the optical
properties compared to conventional fibers. For instance, the linear
dispersion properties of gas-filled hollow-core fibers can be controlled
through changing the gas temperature and the pressure, in addition to
modifying its geometrical parameters, which in fact allows to achieve
octave spanning supercontinua [see Fig. 1.2 (a)] [17, 18]. Moreover, gas
filled hollow-core photonic crystal fibers can substantially enhance an-
other import process, namely four-wave mixing [see Fig. 1.2 (b)] [19].
On the other hand, geometric resonances of hollow-core fibers can be
used for light generation [20]. Furthermore, using gases as a nonlinear
medium allows for applying high-power laser sources without damag-
ing the waveguide [21, 22]. Additionally, nonlinear effects in such fibers
can be enhanced by using different nonlinear liquids [23-26].

The standard formulations for the nonlinear pulse propagation in
step-profile fibers with bound modes are not capable of treating the
pulse propagation in hollow-core fibers accurately. The reason is the
following: As it is mentioned above, the conventional step-profile fibers
carry bound core modes with an exponential decay of the electromag-
netic fields in the homogeneous surrounding due to the total internal
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Figure 1.2. Nonlinear pulse propagation in hollow-core fibers: (a) Supercon-
tinuum generation in a Kagorhe photonic crystal fiber filled by argon. [Image
adapted with permission from Ref. [18]. Copyright Macmillan Publishers Lim-
ited.] (b) four-wave mixing in hollow-core fiber with air holes. [Image adapted
with permission from Refs. [19, 27]. Copyright The Optical Society.]

reflection. However, the total internal reflection is broken in case of
hollow-core fibers. Therefore, hollow-core fibers are dominated by an-
other class of modes, namely leaky modes [28]. Such modes loose en-
ergy due to the radiation perpendicular to the direction of propagation,
which corresponds to having an imaginary part of the corresponding
propagation constant. As a direct consequence, the electromagnetic
fields of leaky modes diverge with distance from the fiber center [A1-
As3]. Hence, the nonlinearity parameter y of leaky modes vanishes in
the framework of conventional approaches. Thus, the system would
exhibit no Kerr nonlinearity at all, which is unphysical.

Essentially, the main problem with leaky modes is the normalization.
In optical waveguides, the total electromagnetic field can be described
as a sum of the fields of different modes. Within such schemes, all
modes must be normalized and satisfy a certain orthogonality condi-
tion. Bound modes of step-profile fiber usually are normalized by an
integral of the absolute square value of the electric fields or the axial
component of the time-averaged Poynting vector over the entire cross
section of the fiber. However, these normalizations are not applicable
in the case of leaky modes, since they grow in transverse direction. Sev-
eral approaches have been suggested to bypass this issue, such as using
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a restricted area of normalization defined by radiation caustic [28] and
applying a complex coordinate transformation to regions outside the
spatial inhomogeneities [29, 30] for suppressing the divergence (equiva-
lent to perfectly matched layers [31]). Nevertheless, in most cases these
approaches are prone to failure or are not effective, since they include
several free parameters that need to be adapted to a specific geometry.

Here, one should mention that, there are an iterative approaches
for the nonlinearity parameter that do not require any normalization
and can be applied for both bound and leaky modes [32, 33]. However,
iterative methods purely rely on numerical calculations and hence can
be quite time consuming.

Thus, an accurate description of the nonlinear propagation of leaky
modes is not straightforward in contrast to bound modes. It has chal-
lenging problems concerning the mode normalization and characteri-
zation of the nonlinear properties. In this dissertation, we present solu-
tions to these challenges by a thorough study of leaky modes within our
new theory for nonlinear pulse propagation in waveguide geometries.

The dissertation is structured as follows: In Chapter 2, we start by
presenting the foundations of the resonant-state expansion, which is
the base of our new theory for the pulse propagation. After giving a
definition of resonant states/modes, we discuss the expansion of the
Green’s dyadic in the basis of resonant states and derive orthogonal-
ity and normalization conditions of these states from the reciprocity
theorem.

In Chapter 3, we derive a general master equation for the nonlinear
pulse propagation in waveguides. After this, we consider a single-mode
limit of the master equation that simplifies into the standard nonlinear
Schroedinger equation with a closed expression for the Kerr nonlinear-
ity parameter. In addition, we investigate the spectral broadening of
an initial pulse, i.e., supercontinuum generation within this model by
carrying out numerical simulations.

Chapter 4 focuses on a generalized theory of four-wave mixing. After
a detailed derivation of new coupled equations for four-wave mixing
from the master equation, at first, we review modulation instability of
the steady-state within the generalized theory. In the following section,
we apply our theory to a gas-filled annulus fiber and demonstrate nu-
merically that our theory predicts a more efficient power conversion
between waves in comparison with the conventional theory.

Single photon emitters coupled to optical fibers have important ap-
plications in quantum light sources and sensors. Therefore, in the last
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Chapter 5, we consider the linear propagation of leaky modes excited by
a point current source. At first, we derive the total electromagnetic field
of an oscillating dipole by using the Green’s dyadic and the reciprocity
principle. After this, we investigate the change of the spontaneous emis-
sion rate of a dipole in hollow-core fibers.

Finally, Chapter 6, concludes the main results of all studies presented
and provides a short outlook about the possible improvements and the
future development of the presented theory.



RESONANT STATES OF WAVEGUIDE GEOMETRIES

This chapter is partially based on the following publication [A1]:

S. Upendar, I. Allayarov, M. A. Schmidt, and T. Weiss: "Analytical
mode normalization and resonant state expansion for bound and leaky
modes in optical fibers — an efficient tool to model transverse disorder”,
Opt. Express, 26 22536-22546 (2018).

DOI 10.1364/0€e.26.022536

This chapter provides a brief introduction to the fundamental equations
of the light field propagation in optical waveguides. Therefore, at the
beginning, we consider Maxwell’s equations in the absence of sources
and define the eigensolutions/modes of the system as a resonant states.
Next, we show that the Greens’s dyadic, i.e., the solution of Maxwell’s
equations for a point current source, can be represented as a sum over
the resonant states. Since eigensolutions of a source-free system are
defined up to arbitrary factor, first of all, we discuss conventional ways
of normalization. After this, we derive our analytical normalization
scheme as well as the orthogonality condition for resonant states. In
addition, at the end of the chapter, we give an exact form of this nor-
malization scheme for a simple step-profile fiber geometry and use it
to normalize the fundamental bound and leaky modes of the fiber.

21 MAXWELL’S EQUATIONS AND RESONANT STATES

The following subsections briefly introduce Maxwell’s equations in time
and frequency domains, and the constitutive relations with the approach
in which the induced polarization is split into the linear and nonlinear
parts. Next, taking into account translational symmetry of the equa-
tions, we obtain the propagation equation and define resonant states of
waveguide geometries.


https://doi.org/10.1364/oe.26.022536

RESONANT STATES OF WAVEGUIDE GEOMETRIES

2.1.1  Maxwell’s equations in time domain

The propagation of optical fields in waveguides is described by the
macroscopic Maxwell’s equations. In the Gaussian unit system, these
equations have the form [34]

CE(rp) - L JB(r; t)
V xE(r5t) = v (2.12)
V xH(r;t) = 19D(r;t) + ﬂj(r;t), (2.1b)
c ot
V-D(r;t) = 47[ps(r; ) + pp(131)], (2.1¢)
V-B(r;t) =o. (21d)

Here, E and H are electric and magnetic field vectors, respectively, and
D and B denote the corresponding electric displacement (induction)
and magnetic induction. The sources of the electromagnetic field are
represented by the current density j and the free pf and bound py, con-
tributions of charge density.

The electric and magnetic inductions D and B are related with the
electric and magnetic fields E and H through the following constitutive
relations [34]:

D(r;t) = E(r;¢t) + 47P(13¢), (2.2a)

B(r;t) = H(r; t) + 4nM(r3 t), (2.2b)

where P and M are the polarization and the magnetization vectors, re-
spectively.

The most of optical waveguides are made of nonmagnetic materi-
als. Furthermore, at optical frequencies, the magnetization M can be
neglected, i.e., M ~ o. However, in order to keep our formulation as gen-
eral as possible, we assume that the magnetization M and the magnetic

field H are linearly connected as M = XY(Q)H via the first-order magnetic

susceptibility constant X,(ﬁ). In contrast, the polarization P is split into

the linear Py, = Xgl)E with the first-order electric susceptibility constant
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XS) and the nonlinear Py, parts. Thus, the constitutive relations can be
written in the form

D(r;t) = e(r)E(r; t) + 4nPnL(15 1), (2.32)

B(r;t) = u(r)H(r; t), (2.3b)
where e =1+ 47 XS‘) is the permittivity and y = 1+ 47 Xr(,i) is the perme-
ability. Additionally, for the sake of completeness, we keep the tensorial
form of € and u.

Using the constitutive relations, the curl part of Maxwell’s equations
are now given by

p(r) oH(r; 1)

V xE(r;t) = T (2.4a)
vV xH(r;t) = @LE(;; ) +
[i(er) » PO (2.4b)

2.1.2  Maxwell’s equations in frequency domain

When dealing with waveguide geometries, it is often convenient to work
in frequency domain rather than in time domain. Therefore, first of all,
let us introduce the following direct Fourier transform

f(r;w):ff(r,t)ei‘”tdt, (25)
and convolution
frg=— [ flo-o)g(w)da' (2:6)
am J

The corresponding inverse transformations are

Flrst) = —n [ frw)etda, (2.7)
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and
frg= [ fe-t)g(nar, (2.8)

respectively.
Thus, the frequency-domain representation of the curl Maxwell’s
equations can be written as

V x E(r; w) = ikop(r; w)H(r; w), (2.92)

V xH(r;w) = —ikoe(r; w)E(r; w)+

%[j(r; w) —iwPNL(B0) |, (2.9b)

where k, = w/c is the free space wave number. For the sake of simplicity,
we denote the fields with the same letters as in the case of time domain.
Whenever it is necessary to distinguish both, we will write the time or
frequency dependence explicitly.

After some algebra, Egs. (2.9a) and (2.9b) can be cast into a compact
operator form [35]:

e(r;w)k, —Vx E(r;0) Je(r;w)
= , (2.10)
—Vx p(rw)k, || iH(5; ) iJa(r;w)
=M(r;0) =F(r;w) =J(r;0)
where Jg = —4mi/c(j — iwPny) is the general electric current source,

and the magnetic current Jy = o is introduced artificially for symmetry
purposes.

2.1.3 Propagation equation
In waveguide geometries, the permittivity and the permeability tensors
€ and y, respectively, possess a translational symmetry in one spatial

direction, which we choose to be the z direction. Hence, it is convenient
to Fourier transform Maxwell’s equations along this direction using

f(rH,ﬂ;w) = 2171_[ f(r||,z;w)e_iﬁzdz, (2.11)

10
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where 1| denotes the spatial coordinates in the transverse x y plane, and
the hat implies that we are in Fourier space or simply in reciprocal f3
space. In order to transform back to real z space, we use

f(rH,z;w):ff(r“,/i;w)eiﬁzdﬁ. (2.12)

Note that hereinafter, we usually omit the limits (- oo, +00) of the inte-
gral in any Fourier transformation.

Thus, applying Eq. (2.11) to Egs. (2.9a) and (2.9b), we obtain the prop-
agation equation:

&(r; w)ko ~Vpx E(fn’ﬁi“’) jE(rH,ﬂ;w)
) R = . (213)
—Vpx p(rs w)ko | | iH(x), B5 ) iJu (1), B; w)

=M(r),50) =E(r,Bs0) =j(x),B50)

Here, V4 = [0/0x,9/dy, iB]" and T denotes the transpose operation.
For the sake of brevity, hereinafter we omit the w dependence in the
equations. However, when needed, the dependence on w will be men-
tioned explicitly.

Solving Eq. (2.13) in the absence of sources, i.e., in case of j = o,leads
to the eigenvalue problem

M(xy, B )E(x) Bin) = 0, (2.14)

that gives eigenvalues f3,, and eigenvectors F,, = 15(r||, Bm) of the sys-
tem, numbered by the index m. We restrict our considerations to so-
lutions that satisfy outgoing boundary conditions (also know as the
Sommerfeld’s radiation condition [36]):

eiump

f:m(r”) - —— for p— oo, (2.15)
p1/2

where p = |r| is the radial distance and x,, = (euk - B2)'/? is the
in-plane component of the wavenumber.

We define these eigensolutions as resonant states of the system [35, 37-
40]. In theory of optical waveguides the resonant states are usually
called the waveguide modes. In this terminology, F,, represents the
mode fields with the propagation constant f3,,. For a homogeneous

11
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medium with refractive index ny,, modes are either decaying exponen-
tially [evanescent modes, Re(f3,,) = 0, Im(3,,) > o] or they are prop-
agating outwards [radiating modes, 0 < 8, < npok,]. If we consider
a spatially modulated, i.e., structured region surrounded by homoge-
neous space (e.g., an optical fiber), the propagation constant f3,, is in
general a complex quantity. It can be real, if the refractive index of
the spatially modulated region is higher than surrounding medium. In
this case the total internal reflection takes place, the waveguide modes
are bound, and mode fields decay exponentially in the surrounding re-
gion. For instance, conventional step-profile optical fiber with n < 1,
where 1., and n are the core and the cladding refractive indices, re-
spectively, supports bound modes with the real propagation constant
defined in the range nak, < B < neoko [28, 41]. Otherwise, i.e., in
the case of ny > 1., the propagation constant satisfies Re(f8,,) > o,
Im(f,,) > o. Waveguide modes in this case are leaky and the outgoing
boundary conditions require that the field distributions of leaky modes
F,, with radiation to the far field grow with distance to the structured
region [28, 38].

Here, we note that due to the reciprocity theorem [42], for each eigen-
vector Fm with elgenvalue B> there is another "reciprocal conjugate”
eigenvector FR = F_,, with eigenvalue —f3,,. Here, R denotes the re-
ciprocal conjugation. Under the transformation 8,, = —fm, Eq. (2.14)
must be invariant. Hence, there are two possibilities that fulfil this con-
dition. Either

E, - +E, H, > -H,
E,—>+E,|,» |H,»>-H,|, for Bu—>—Pu (2.16)
E, - -E, H, - +H,

or
E, - -E, H, - +H,
E,~-E,|, |H,—»+H,|, for PBum—>—Pum. (2.17)
E, - +E, H, - -H,

In this thesis, we stick in the first convention. Note that for bound
modes, the reciprocal conjugation is equivalent to the complex conju-
gation.

12
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2.2 EXPANSION OF THE GREEN’S DYADIC

The Green’s function approach is a powerful and widely used concept
in electromagnetic field theory [43-45]. Therefore, in this section, we
introduce the concept of the dyadic Green function and derive its ex-
plicit spectral representation based on the resonant states of the optical
system. For the sake of completeness, we also define the Green’s dyadic
in the real space.

2.2.1  Green'’s dyadic in reciprocal space

The Green’s dyadic is typically defined as a solution of Eq. (2.13) for a
point source located at rl' | that satisfies the outgoing boundary condition

Eq. (2.15):
M(r”,ﬁ)éﬁ(r”, rl") = ]AIS(rH - rl'l), (2.18)

where [ is the 6 x 6 identity matrix. As shown in [35, 37-40, 46, 47], the
Greens dyadic Gg (x> rl’l) can be expanded into the basis of resonant
states. From a mathematical point of view, this follows from the Mittag-
Leffler theorem [48]. In this context, resonant states denote a finite
number of poles of the Green’s dyadic in the complex /5 plane:

R (x )
Gy(rp,r)) =
BT ; B—PBum
Here, R,, denotes the residue of G,; around f3,,. Sometimes in Eq. (2.19)
along with the poles, we have to take into account the so-called cut
contribution GE‘” of the Green’s dyadic. The cut has to be considered

GZ{”. (2.19)

if G/; is a multi-valued function with an infinite number of Riemann
sheets [38, 48, 49]. In this thesis, we neglect the cut contribution in the
Green’s dyadic, assuming that the poles are located far from the cut.
Now, let us find the exact form of the residue R,,. For that, we pro-
ceed in the same manner as usually for the resonant state expansion,
i.e., we assume a source term that vanishes at resonance [35, 37-39, 47]:

M(xy, B)E(xy, B) = J(xy, B)s (2.20)

with

§ (e, B) = T1(B - Bm) Em(xy), (2.21)

13
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where &, is some arbitrary function. In this case, the right hand side of
Eq. (2.20) vanishes at resonance, and it reduces to the eigenvalue prob-
lem Eq. (2.14). In principle, we can assume any functional dependence
on the right hand side with the order of O(8—f8,,,) for § — B,,. Further-
more, fm should be located in the regions of spatial inhomogeneities,
i.e., not in the homogeneous surrounding. In addition, we have to be
careful in the case of degenerate resonant states.
Thus, the solution of Eq. (2.20) can be written as

F(r), p) = f(A}/;(rH, 1)) j(r|'|, B)drx. (2.22)
Considering this solution in the limit § — f3,,, we get:

Fmr = lim F(xy,B) =
(x)) = Jim F(x, f)

ﬁlg}}m; fR ((my ) - & (x), Bdr =

Zamm’ / fiml(r”,rl'l) . (Afm(r|'|)dr|" =

f ﬁm(r”,rl") . 6m(r|'|)dr"‘, (2.23)
with

&(rll’ﬁ) = H (ﬁ - ﬂn) én(rl\)’ (2.24)

n+m

and 6,,(r|) = 6(r), ). Thus, taking into account the last expression,
we can assume the following form of the residue:

R,, (rH,r”)—— N, m(rH)@G (r”) (2.25)

Here, G,, is an unknown vector and ® denotes the outer product. By
rewriting Eq. (2.23) as

R . 1 R R
E,(r)) = Ey (r|)[ "IN / G (1)) - om(rlll)drﬂ:l, (2.26)
we can see that our assumption should fulfil the condition

_ﬁ / G (1)) - G (x )y = 1, (2.27)

14
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with N, being the normalization constant of the resonant states that
should be defined. The factor "-1/2" is introduced for the later conve-
nience.

In the following, first of all, we derive the unknown vector G,,. For
that we use reciprocity theorem. Let us consider two fields F(r|, ) and

F(r, —p) originating in a sources j(r|, 8) and j(r, -B), respectively,
and write the corresponding propagation equations:

M(x)), ) B(x)), B) = (x;). B). (2.282)
M(x), ~B) E(rj,=B) = J(x =p). (2.28b)
Multiplying Eq. (2.28a) with 15(1'”, -f) and Eq. (2.28b) with le(r”,ﬁ)

from the left hand side, respectively, and then subtracting the second
expression from the first one, we obtain:

E(r), ) - M(xy, B)E(xy, ) - B(xp, B) - Mi(xy, -B)E(x), -B) =

E(r),-B) - J(x), B) - B(xy, B) - § (), =B).- (2.29)
Using the following vector identity for two arbitrary vectors A and B

B-VsyxA-A-V_gxB=V-(AxB)+i(f-p")(AxB);, (2.30)

the left hand side (LHS) of Eq. (2.29) can be transformed for symmetric
permittivity and permeability tensors (¢ = e and u" = ) into

LHS = V- [E(xy, B) x F(x), ~B) ~ E(ry, ~B) x F(x), B) |, (231

with in-plane gradient V. The subscript z in Eq. (2.30) denotes the z
component of the vector.

Integration over spatial inhomogeneities in the r|| plane, this term

vanishes since F(rH, B)and 15(1'” , =) have the same outgoing boundary
conditions [see Eq. (2.15)]. Thus, integrating Eq. (2.29) over all spatial
inhomogeneities provides the reciprocity theorem:

[ [EG )30 B) = ECx B)-$Crp =) Jery = 0. (2.32)

15
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Next, replacing ?(rn ,f3) and IAJ(rH ,—f) in Eq. (2.32) with their definition
in terms of Green’s dyadic that is provided in Eq. (2.22), we obtain:

[[ G,/;(r||,1‘\'\)j(1‘|,|’—ﬁ) .j(rH,[)’)dr”drﬂ =

fféﬁ(ﬂbf\'\)j(fﬂ’ﬁ) J(xy, =B)drydr. (233)
This is valid for arbitrary sources, hence, it yields

a / AT /

Gg (1) = GZ4(xjpp 1) (2.34)

Hence, we can infer that this symmetry property of the Green’s dyadic
results in G, = F} | i.e.,

, E,(r)) ® F},(r))
N o_ _
Rn(mpory) = ———x. )

L Em(rH)®E§1(r|’|) iﬁm(r||)®1:151(rl’|)

2N N A N A (235)
" i (r)) ® B (x))  ~Ho (1)) @H;, (x))

Thus, the Green’s dyadic for a waveguide geometries in the reciprocal
B space is given by [A1, A2]

A , F(r)) ® BR (x])
S N

(2.36)

2.2.2  Green'’s dyadic in real space

In the previous subsection, we have derived the spectral representation
of the Green’s dyadic for waveguide geometries in the reciprocal 8 space.
It allows us to find the solution of Eq. (2.13) for an arbitrary source
using Eq. (2.22). Nevertheless, in most of the cases, we are interested
to find the solutions of Maxwell’s equations in real space. We can get
the solution F(r‘|, B) in real space by simply using the inverse Fourier
transform of Eq. (2.12):

F() = [[ 6(xy.x, B) (xf, B) e dp i, (237)

16
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Taking into account Eq. (2.11) and changing the order of integration, we
can write

F(r) = f[ /G(r” S ,B) P Z)dﬂ J(x")dr’

- f G(r.r')J(r') dr’. (2.38)

Here, we note that the expression in square brackets defines the in-
verse Fourier transform of the spectral representation of the Green’s
dyadic back to the z space. Thus,

G(r, 1) fG(rH,r” B)ef2) gg =

n(r) O F, Ey(r)) ® F (1)) (B2 5
Zf 2N (B—Bo) dp.  (2.39)

This integral can be evaluated by employing the Cauchy’s integral
formula [48]. As we can see in Fig. 2.1, there are two possible contours.
Here, we have to keep in mind that the Green’s dyadic contains pairs of

Im(B) 4

Figure 2.1. The poles and the contour of integration of the Green’s dyadic on
the complex S plane. The real axis line C; can be closed on the complex half
plane by C;, or Cy, depending on the observation position.

poles at 8 = £f3,, [35, 38]. When z — z’ > 0, we may close the contour
in the upper half plane (half circle C,, solid line). If z — 2z’ < o, the

17
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contour may be closed from below (half circle C,, dashed line). Thus,
we obtain [43, 48]:

Fo(r) @ FR(r]) ,
G(r, r,) = ; # e’ﬁm|z_z | (2.40)
Accordingly, the source field in real space is now given by

F,, x T
2”(\;1) fan(rH)J(r)e’ﬂ'”lz “lar'. (2.41)

F(r) = Z

Here, it should be noted the Green’s dyadic and the fields are defined at
a certain frequency.

2.3 POLES ON THE COMPLEX FREQUENCY PLANE

In the previous sections, we have expanded the Green’s dyadic at a fixed
frequency in the basis of resonant states that are defined on the complex
B plane. However, alternatively, we can define the resonant states on
the complex wave number (frequency) k = w/c plane. In this case, the
Green’s dyadic has poles at k = k,,, which are the wave numbers of the
resonant states of the system. Hence, it can be written as following [38,
39, 47, 50, 51]

’ E,(r) ® E,(r')
Gi(r, 1) ; Nyok (k= k) (2.42)
As it is already mentioned, in the first approach, we fix the frequency
and search resonant states on the complex f plane. This is a more nat-
ural choice for guiding geometries with propagating modes that are
typically characterized by propagation constant f3,, [28]. While the
second approach is more appropriate for open optical cavities, three-
dimensional resonators and periodic structures [39, 47, 50, 51]. The
latter description for guiding geometries would mean to fix real valued
B and search for the resonant states on the complex frequency plane.
This allows to consider global excitation of waveguide modes, e.g., in-
duced by incident plane wave from the side of the optical fiber.
Before deriving our new normalization scheme for the resonant states
of waveguide geometries, let us first discuss normalization schemes
used for the resonant states defined on the complex frequency plane.

18



2.3 POLES ON THE COMPLEX FREQUENCY PLANE

In most cases, the electric field E,, of the mode of a resonator is
normalized as [52]

Nm:fs(r)E;(r)dr. (2.43)
v

However, for an open resonators this volume integral diverges since the
fields of an open system grow exponentially outside of the system due to
their leakage. It can only be used for lossless systems or approximately
for low loss cases by artificially choosing a finite integration volume
[see Section 2.4.1]. In Refs. [53-56], it has been suggested the following
normalization scheme:

N, = lim f e()E2, (r)dr — —— 5{ E2 (r)dS, (2.44)
Voo J 2ik,, ;

where Sy is the surface that surrounds volume V. This normalization
scheme provides much more accurate results for leaky modes of an
open resonators in comparison to Eq. (2.43), because of the second
surface term that suppresses divergence of the first volume integral.
Despite that fact Eq. (2.44) works quite well in numerical simulations
for a finite volume V, in Ref. [50] authors showed that it can diverge
in the limit V' — oo and provided the correct mode normalization that
can be written as [35, 39, 50]:

Ny =V +Sp, (2.45)
with the volume term

Vi = [Em(r) - &(r)E, (r)dr, (2.46)

and the surface term

§ [Bn0) 2 9B

Sy

1
2k2,

m

aEgis(r) (r- V)Em(r)]ds. (2.47)

Here, ¢ is the permittivity tensor and d/ds denotes the normal deriva-
tive.
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In alternative to these analytical normalization schemes, one can ex-
tend real coordinates r into the complex plane through a certain coordi-
nate transformation that is essentially equivalent to absorbing boundary
conditions. Such approaches are widely used in numerical calculations.
For instance, a similar approach is introduced by authors in Ref. [31]
for a description of plasmonic nanoresonators. We will discuss the con-
cept of complex coordinate transformation a bit more in detail in the
next section within the normalization of the resonant states of guiding
geometries.

2.4 ANALYTIC MODE NORMALIZATION

In the previous sections, we have constructed the explicit form of the
Green’s dyadic that can be expressed as an expansion into the basis of
resonant states. As we have mentioned previously, these states are the
eigensolutions of Maxwell’s equations in the absence of sources. This
means that the electric E,, and the magnetic H,, field distributions of
the resonant states are defined up to an arbitrary scalar factor. However,
the Green’s dyadic must be uniquely defined. That is why we have intro-
duced the normalization constant N,, in Eq. (2.25) that is supposed to
provide a correct weight for these field distributions.

In the last section, we have reviewed normalization of the modes of
open resonators. In this section, we discuss different possibilities and
ways for normalization of the resonant states of waveguide geometries.
Hence, first of all, we review briefly the conventional normalization
schemes from the literature. After this, we derive our analytical and
rigorous normalization scheme for the resonant states.

2.4.1 Conventional normalization schemes

Traditionally, the normalization constant of the eigenstates of the ho-
mogeneous Maxwell’s equations Eq. (2.14) is defined as an integral of
the absolute square value of the electric fields

+o00
Nm:[|Em(f||)|2dr||, (2.48)
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or the axial component of the time-averaged Poynting vector S, ; =
cRe[(E,, x H},),]/87 over the entire transverse region of the optical
system [28]:

+o00
Nm:me,z(rH)dr”. (2.49)

These definitions work well for the eigenfunctions that decay in the
transverse region outside the optical system. According to the bound-
ary condition Eq. (2.15), the bound and evanescent modes of waveg-
uides fulfill this condition since their eigenvalues are real and purely
positive imaginary numbers, respectively. Here, we note that these nor-
malization schemes can be analytically calculated for simple step-profile
fibers [57].

However, the resonant states of an open electromagnetic systems di-
verge in the transverse region. For example, this is the case for leaky
modes of hollow-core waveguides. In this case, it is obvious that the
normalization schemes Eq. (2.48) and Eq. (2.49) are not applicable in
their current form, since N, = co. Nevertheless, they can be still used
under certain approximations. Here, as an example, we briefly con-
sider two of them. The first and more straightforward approximation
is based on the radiation caustic [28]. In order to explain the idea, let
us consider a simple step-profile hollow-core fiber with ng > 1. In
Fig. 2.2 (a), it is shown a schematic representation of the intensity distri-
bution of the fundamental leaky mode over the cross section of the fiber.
There, we can define a cylindrical surface with radius r,,4 (indicated by
white dashed line) that corresponds to the minimum of the intensity
distribution. This surface can be identified as the source of the leaky
mode radiation [see Fig. 2.2 (b)] and therefore, it is called the radiation
caustic [28].

Thus, in the region o0 < p < ry,4, the fields of a leaky mode behave
similar to the fields of a bound mode. Hence, the normalization con-
stant Eq. (2.49) in the case of a leaky mode can be approximated as

27T Trad

Nm”ffpsm,z(f’"/’)dpd(p- (2.50)

o o

A similar approximation can also be done for Eq. (2.48).
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[€)] Intensity distribution (9] [Intensity in radial direction

|E|2A

radiation
uoneipel

oV

Figure 2.2. Schematic illustration of the radiation caustic that defines the area
of integration in the normalization schemes Eq. (2.48) and Eq. (2.49). (a) The
intensity distribution of the fundamental leaky mode of a step-profile hollow-
core fiber with radius .. (b) The intensity distribution in radial direction. The
minimum of the intensity at 7,4 defines the so-called radiation caustic, i.e., the
origin of radiation.

Im(p) 4

r +e°R

rad

»

re M Re(p)

Figure 2.3. Schematic illustration of the contour of integration on the complex
p plane in the normalization scheme Eq. (2.52). [Image is based on Fig. 1 from
Ref. [30].]
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The radiation caustic radius is defined in surrounding region of the
fiber, i.e., rraq > 7. For low-order modes this radius is not sharply de-
fined. Therefore, it is necessary to analyze the fields of every mode ad-
ditionally. However, for high-order leaky modes (i.e., for the azimuthal
mode number m >> 1) it can be defined as following [28]:

m

= W%‘;ﬂl) (2.51)

T'rad

It is important to note that the normalization based on the radiation
caustic provides acceptable results only for bound and nearly bound
modes with a small attenuation coefficient, i.e., [Im(B,,)| < [Re(Bn)|-
Since the attenuation coefficient is Im(f3,,,) o A*/#3 for hollow-core
fibers [58], Eq. (2.50) can be used if the core radius of the fiber is much
bigger than the wavelength of interest, i.e., 7. > A.

In addition, based on the radiation caustic one can classify leaky
modes [28]. The physical mechanism of the energy leakage through
Trad is known as tunneling. Hence, the modes for which the radiation
caustic radius r < 1,9 < oo are called tunneling leaky modes [59-61].
The modes in the case r,,q = 7. are referred to as refracting leaky modes.
In this context, it is clear that if 7,4 = oo, there is no energy leakage
and the leaky mode becomes a bound mode.

In another approach, it is suggested to introduce a complex coordi-
nate system to regions outside the spatial inhomogeneities for suppress-
ing the divergence of leaky modes [29, 30]. As it can be seen in Fig. 2.3,
this can be done by simply deforming the contour of integration into the
complex p plane. The contour should be chosen in such a way that in
the limit R — oo and for a certain angle 0, the following normalization
scheme based on Eq. (2.49) [similarly Eq. (2.48)] converges:

N, = lim f (fdpsm,z(p,sb)dw [ #Snalp8)dp)ds. 52)
o o Lx

Essentially, this approach is equivalent to the well-known perfectly
matched layers (PML) that are widely used in different commercial tech-
nical simulation software packages such as Comsol Multiphysics [31,
50]. In comparison to the concept of the radiation caustic, the second
approach is mathematically exact. However, it can be tedious to imple-
ment and the standard orthogonality conditions are not valid in this
approach [28].
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2.4.2  Analytical normalization scheme

As we have seen in the previous subsection, the normalization of reso-
nant states is not straightforward within the conventional approaches.
It becomes especially problematic for the resonant states of hollow-core
waveguides. In order to solve this problem once and for all, in this sec-
tion, we derive an exact analytical form of the normalization scheme.

For that, following other related works [A1, 35, 37, 38], let us consider
Eq. (2.28a) and Eq. (2.28b) in the form:

M(x, B)E(x, B) = (B = Bm)é (), B)s (2.53a)

M(r||,—ﬂm)ﬁ51(r||) =o. (2.53b)

We multiply Eq. (2.53a) with 151,}1, and Eq. (2.53b) with F from the left
side. Then, subtracting the second expression from the first one, we
obtain:

By (x)) - My, B)E(x, B) = B(xy, B) - Mi(x, =i ) B (1)) =
(B = Bm)Ep, (x)) - 6(x), B). (2.54)
Using the vector identity of Eq. (2.30), after some algebra, we obtain:

(91 + i(B=Bun)e. ] - [ECry, B)<FE ()~ () < Fi(xy B) | =
i(B—Bm)Ey (x)) - 6(xy, B)s (2.55)

where &, denotes the unit vector in the z direction. Dividing by 8 - 8.,
integrating over the spatial inhomogeneities in the limit 8 - f3,,,, and
taking into account Eq. (2.27), we get

v , - . \
ﬁlir?m ﬁl}a(l‘”, ﬁ) XHm(l‘”)—Em(rH)XH(l‘”, ﬁ):ldl‘”-i-
f[ﬁ(r“,ﬁ) xﬁl}n(r“)—ﬁi(r”) XI:I(I'H,IS):IZ dl'” =—2Nm. (2.56)

For evaluating the limit  — f3,,, we Taylor expand F(r|, ) around f3,,:

. - n "By,

] 3B , (2:57)

nzo

B
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2.4 ANALYTIC MODE NORMALIZATION

where F stands for E and H. Substituting Eq. (2.57) in Eq. (2.56) yields

oE(r oH(r
fVH [ E( b /3)‘ x AR m (1)) = Ex m (7)) % H(x), ﬁ)‘ ]dr+

/ iI:E(I‘H,/j) X I:Ii(ru) - Efn (I'H) X I:I(I‘H,/j)]z dl‘” =—2iNy,. (2.58)

The first term of Eq. (2.58) can be converted to a line integral by using
the divergence theorem. If we use more convenient cylindrical coordi-
nates, the curve of integration is a circle of radius R outside the region
of inhomogeneities. Furthermore, using the aforementioned relations
between FY and F,, [see Eq. (2.16)], we can rewrite Eq. (2.58) in more
compact form as [A1]

N, =S, +Ln, (2.59)

with the surface term
27
= f / p(Em)pHm,(ﬁ - Em,,ﬁﬁm)p) dpd¢, (2.60)
(o] o

and the line term

27 A A
BmR f [aEm,¢ . OEn,; ~
Ly = Hyppo + =2 o
T i, on F ox ™Y

o

0, ¢ . 0H, .
L “E. do. .6
ox o ox ’¢]/3m,R ¢ (2.61

Here, x = (n?, k% — $*)"/* and ngy, is the refractive index of the homo-
geneous surrounding. Note that the surface S,, and the line L,, terms
of normalization N,,, as well as the field distributions are written in
cylindrical coordinates. The second index in the fields stand for the
corresponding vector field component. Furthermore, the subscripts
B and R at the right rectangular bracket of Eq. (2.61) denote that the
integrand should be evaluated at these parameters.

The current form of the line term, i.e., Eq. (2.61) contains the deriva-
tives with respect to the untypical variable ». In order to convert them

25



RESONANT STATES OF WAVEGUIDE GEOMETRIES

into the usual spatial derivatives, first, we use the following relations
between the » and p derivatives of the axial components of the fields:

oF,.. _ BaEm,z
ox x op

OH,: p 0Hp,:
ox  x odp

(2.62a)

(2.62b)

Next, the in-plane components of the fields can be expressed by the

axial one as [28, 41]:

b _iBOEm: ikop OHy
P w2 9p np  0¢

>

g _iB OHpu:  ikot OEm,.
™ w2 9p wp 0
s ip 0w ikop 0Hp,.

¢ = n*p ¢ w  dp

) , kot 0, .
m,¢ = xp a¢ n? ap

Finally, we can write the following integral identity

fwgf;g:—fdwg‘;,

(2.63a)

(2.63b)

(2.63¢)

(2.63d)

(2.64)

where f and g stand for components of E,, and H,,, respectively. Thus,
taking into account all these relations and after some algebra and rear-
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2.4 ANALYTIC MODE NORMALIZATION

rangements, we can write the line term in more symmetrical form with
respect to the electric and the magnetic fields [A1]:

Lm:eﬂko+/3m/(émZaHm,z_HmzaEm,z)d¢+
2%, o 0¢ 7 0¢

27

kofmR> 0H, \> ~ 9 /10H,,
i ) e (50 )

5 gl o

In addition to the unique normalization scheme, the resonant states
of a certain waveguide geometry satisfy a certain orthogonality con-
dition. In order to derive this orthogonality relation, we consider the
following two equations:

I\Aﬂ(rll’ ﬁm)i?m(rl\) =0, (2.66a)

M(r”,—ﬂm)f:l;(r”) =o. (2.66b)

After repeating the steps that have been done to derive the normaliza-
tion, for 8, # f3.4, we obtain the orthogonality condition for resonant
states [see Section 5.1.2]:

[ [0+ 1B = Bue] - [Bary) < B3 ) -
El;(r”) x ﬁn(r”)]drﬂ = o. (2.67)

2.4.3 Example: Step-profile fiber

Here, as an example, we apply our analytical normalization scheme to
a simple step-profile fiber. For that, first of all, we have to find the exact
eigensolutions of Eq. (2.14) for

2
nZ, forp<r,

e(r)) = (2.68)

n forp>r,
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RESONANT STATES OF WAVEGUIDE GEOMETRIES

and u(r)) = 1. In this case, for the z component E,., of the field F,,,
we can make the following ansatz:

) F Ju(3x0p) ei™®  for p <re,
Fo.(x)) = (2.69)
[
Fcl H(l)(%cl im¢ f
o Hu' (xyp)e or p > e,

where J,, and H ,(ﬂl ) are Bessel and the first kind Hankel functions, respec-
tively, and F° = (ES°, H®) T and F¢! = (ES, HY)T are their amplitudes
in the core and cladding regions, respectively. By using the boundary
conditions that I:“m,z and PA'm,¢ must be continuous, including at p = r,
this yields eigenvalue problem [28, 41]:

co cl co
RS, o] -Rj, 0 ES
Nl el
o RS o —-——R¢ He°
) o (270)
co co =0 2.70
ﬁlyco _Xx¢o _ﬁm%m Ycl NdXm el Ecl ’ 4
k m m k o m o m o
co coMyy MoKy,
2 ,.Co co
X< _ﬁimyco _ Na*m Xcl ndﬁm%m Ycl Hcl
m k m 2 gcl T Kooyl M 0
co NneoXm NeoKcoMyy,
with
o _ pco(,co co
R, =R, (%m re) = ]m(%m re)s (2.71a)
1 _ pcl 1 1 1
R, = R}, (5,1c) = Hgn)(%,cﬂrc), (2.71b)
1
reg _ reg reg
X® = ;I:Rm—l - Rm+1:|’ (2.71C)
1
reg _ reg reg
Y, " = ;I:Rm—l + Rm+1]‘ (2.71d)

Here, k;cq = nyegko, and "reg" (region) stands for "co” (core) and "cl"
(cladding). The zeros of the determinant of the 4 x 4 matrix in Eq. (2.70)
correspond to the eigenvalues f3,, of the system.
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2.4 ANALYTIC MODE NORMALIZATION

After some algebra, we obtain the exact form of the amplitudes:

E;° = E,, (2.72a)
RCO
Ef)l R’c"l E,, (2.72b)
co
ﬁ YrcnoEgo _ ZTW{YCIECI
co _ Fm m
HO B kCU co _ ﬁ% cl ’ (2'72(:)
ka Ry
HY = 2S—m e, (2.72d)
kco Rcl

where E, is an arbitrary constant. Asitis shown in Egs. (2.63a) to (2.63d),
the F,, , and F,, 4 components of the mode field F,, can be expressed

by its Fm,z component [28, 41]. Thus, using these solutions, after some
simplifications, we obtain the following analytical expressions for the
surface S,,, and line L,, terms:

with

and

Sm = ncoS:: + ncls,c;) (2.73)
Ly, = nalLy, (2.74)
reg reg reg\? reg\? reg reg Fe
Sm :C1 [(Eo ) +(Ho )]( (P)‘ +Im+1(P)‘O )_
reg preg ryreg reg reg R
a5 )| I ) e
2 2 R
= () (r) | (o] ko] )+
cEsH (1] 1] ). G
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RESONANT STATES OF WAVEGUIDE GEOMETRIES

In these equations I,*(p) defines the integral of the squared Bessel
functions [62]:

150 = [ p[RiEGeste) ] dp -

(RG] - RS Gt REE G ). @)

Finally, the coefficients C;“® and C,°® are defined as

reg__fﬁmkwg
C°= 2 Oy (2.78a)
K,
res 7Pt Koy (2.78b)

2 2 (%7%’)2

In the case of TE and TM modes (m = o), C, ¢ and C,°® must be multi-
plied by factor of 2 since their fields do not depend on ¢. Furthermore,
one can note that Lf,i = —282. Hence, we can write

Ny = 1608 — 1a S5 (2.79)

Let us now consider the fundamental bound and leaky modes of
two geometries with a core radius r. = 0.3 ym at a wavelength of
Ao = 8oonm. In the first geometry, we assume that the fiber core is
made of bismuth oxide (Bi,O,) doped glass with refractive index of
neo = 2.05 [63] and air cladding with n = 1. The fiber with these
parameters carries bound modes and the panel (a) of Fig. 2.4 displays
the spatial distribution of the z-component of the real-valued Poynting
vector of the fundamental bound mode that propagates with the prop-
agation constant f3,, = 14.455 pm™"'. We can see that the fields of the
bound mode decay exponentially outside of the core and fully satisfy
the boundary condition Eq. (2.15).

Fig. 2.4 (b) shows the fundamental leaky mode (f,,, = 11.15+1.63i ym™")
of the second geometry, which is a step-profile hollow-core fiber. The
fiber has the same geometrical parameters as in the first one, but the
core is filled by carbon disulfide (CS,) with refractive index of n =
1.6 [64], while the cladding material is bismuth oxide (Bi,O,) doped
glass with refractive index of n, = 2.05. In contrast to the bound modes
that exist in the first geometry, the second geometry exhibit the leaky
modes with fields that grow in the exterior with distance from the core.
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Normalized Re(S,) Normalized Re(S,)
0 6 12
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Figure 2.4. Spatial distribution of the z-component of the real-valued Poynting
vector of the fundamental fiber modes at A, = 800 nm for two geometries with
core radius 7. = 0.3 ym (indicated by white dashed circle): (a) Bound mode
in a cylindrical step-index fiber with bismuth oxide (Bi,O;) doped glass core
with refractive index of n = 2.05 and air cladding with #n = 1, (b) leaky mode
in a Bi, O, capillary filled with carbon disulfide (CS,, n = 1.6). The effective
refractive index e = fm/ko of the corresponding fundamental modes are
nefr = 1.84 and nefr = 1.42 + 0.214, respectively. The mode fields are normalized
with respect to Eq. (2.59) and the corresponding normalization constants are
Ny = —0.645 and N, = 0.37 — 0.661i, respectively.

Panels (a) and (b) in Fig. 2.5 display the real and the imaginary parts
of the surface S,, and the line L,, terms of the normalization as well as
the total normalization constant N,, of the fundamental leaky mode
of the second geometry [see Fig. 2.4 (b)] as a function of the radius
of normalization r,. As we can see, the surface S,, and the line L,,
terms oscillate and diverge since the fields grow in the cladding region.
However, the total normalization constant N,, does not depend on the
radius of normalization. Similar pictures can be obtained for all other
higher-order hybrid HE,,,/JEH,,,, and transverse TE,,,/TM,, modes.

Let us now repeat the calculations for the fundamental bound mode
[see Fig. 2.4 (a)]. The results are shown in Fig. 2.6. As we can see, the
real part of the surface S,, and the line L, terms are already converged
at r, = 1.57, while their imaginary parts are zero. As in the previous
case, the sum of S,, and L,, remains constant for all r,, and gives the
normalization constant N,,. Furthermore, for bound modes the line
term vanishes at 7, — oo as expected.
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5
+ o
© >
s s
—_— ©
= £
& &

E

5
1 2 3 4 5 1 2 3 4 5
Radius of normalization r,/r. Radius of normalization r,/r.

Figure 2.5. The real (a) and imaginary (b) parts of the surface term S,, (red
solid line) and line term L,, (blue solid line) of the analytical normalization
Eq. (2.59) for the fundamental leaky mode shown in Fig. 2.4 (b) as a function of
the radius of normalization ;. The surface and line terms diverge due to the di-
vergent nature of the leaky mode fields, while their sum gives the normalization
constant N, = 0.37 — 0.66i (black dashed line).
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Figure 2.6. The real (a) and imaginary (b) parts of the surface term S, (red
dashed line) and line term L,, (blue solid line) of the analytical normalization
Eq. (2.59) for the fundamental bound mode shown in Fig. 2.4 (a) as a function
of the radius of normalization r,. The surface and line terms converge expo-
nentially and their sum gives the normalization constant N,, = —0.645 (black
dashed line).
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2.4 ANALYTIC MODE NORMALIZATION

Thus, we showed that our new normalization scheme can be applied
for both bound and leaky modes of waveguide geometries. Within
the new scheme, in order to calculate the exact normalization constant,
one can use the minimum area that includes all spatial inhomogeneities.
As we will see in the next chapters, this distinctive feature of the new
normalization scheme becomes important in the description of the
nonlinear pulse propagation.

In conclusion, in this chapter, we provided a brief introduction to
the resonant-state expansion. Following the previous works, we have
constructed the Green’s dyadic ab initio from the Maxwell’s equations
using eigensolutions of the waveguide that we define as the resonant
states. Furthermore, we have derived the correct normalization scheme
and the orthogonality condition for the resonant states. Additionally, as
an example, we have applied this normalization scheme for bound and
leaky modes of a step-profile fibers and obtained the exact analytical
form of the normalization.
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This chapter is based on the following publication [A2]:

I. Allayarov, S. Upendar, M. A. Schmidt, and T. Weiss: "Analytic mode
normalization for the Kerr nonlinearity parameter: Prediction of nonlin-
ear gain for leaky modes", Phys. Rev. Lett., 121 213905 (2018).

DOI 10.1103/physrevlett.121.213905

In this chapter, we use an expansion of Green’s dyadic with the analytic
mode normalization that has been obtained in the previous chapter to
derive a master equation for the nonlinear pulse propagation that allows
for a rigorous description of both bound and leaky modes in waveguide
geometries. After obtaining the master equation, we consider its par-
ticular case, namely in the single-mode approximation that simplifies
to the standard nonlinear Schroedinger equation. In the framework
of approximation, we discuss our new vectorial approach for the Kerr
nonlinearity parameter that has a nonvanishing imaginary part and
compare it with conventional formulations. At the end of the chapter,
we investigate the impact of the imaginary part of the Kerr nonlinearity
parameter on the pulse broadening within numerical simulations.

3.1 DERIVATION OF GENERAL MASTER EQUATION

In the previous chapter, we have derived an expansion of the Green’s
dyadic in terms of resonant states. This allows us to express the resulting
field F for an arbitrary source J in Eq. (2.13) as:

F(r”,ﬁ;w):[ Gﬁ(r”’rﬂ;w)j(rﬂ’ﬁ;w)drﬂ =

IA:m(r;w) LR (. T(+ !
S ) [ ) S e, )
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Next, we can make the ansatz that the field on the left hand side can be
expressed as a superposition of resonant states, i.e.,

E(r), s w) = Zﬁm(ﬂ,w)ﬁ?m(fu;w)’ (32)

where 4,, is the modal amplitude. By comparing the right hand side
of Eq. (3.1) with ansatz Eq. (3.2), and evaluating the result for each F,,
independently, we obtain:

i[B=PBm(w)]am(B, w) = 21,]\1];{2 fﬁi(rn;w)'j(r\\:ﬁ;w)dru- (3.3)

Applying the inverse Fourier transform of Eq. (2.12) to Eq. (3.3) yields

[ zﬁm(w)]am(z, 1/2fF (r);0)-J(x), zw)dry. (3.4)
For the system without external current source

_47zw z;w)
J(x), 2 w) = ) (3-5)

o

i.e, the nonlinear polarization becomes the main source, which yields

27T

[——1ﬁm(w)]am(z,w)— [e}f,,(ru;w)-PNL(r”,z;w)dr”, (3.6)

where X = ER /N/* is the normalized reciprocal conjugate electric
field.

Finally, after transformation from frequency to time domain using
Eq. (2.7), we obtain the general master equation for the nonlinear pulse
propagation:

dan(zt) _. . .
Tz Bty xan(zt)
)
_ %5 f eR (x5 £) * Pap (x5 £)dr). (37)

Here, * denotes convolutions in time domain. This equation is fully
vectorial and contains no approximation so far. The only limitation of
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Eq. (3.7) is that the expansion of the Green’s dyadic in terms of resonant
states is not straightforward in the external regions outside the spatial
inhomogeneities [47, 51, 65]. Thus, the nonlinear polarization should
be restricted to the region of spatial inhomogeneities, i.e., excluding the
homogeneous exterior.

3.2 NONLINEAR SCHROEDINGER EQUATION

The general master equation for the nonlinear pulse propagation in
waveguide geometries contains the nonlinear polarization as a source
in general form. In this section, we consider the nonlinear polariza-
tion within a certain approximations and obtain the corresponding
propagation equation, namely the well-known nonlinear Schroedinger
equation.

In general, the nonlinear polarization Pyy, can be expressed as a
power series in the electric field E as

Pri(rst) =y (t)  E(x; ) E(x; 1)+
¥ (t) « B(x;t)E(x; £ )E(r; 1)+
¥ (8) « E( O)E(s O)E(DE(m ) +.... (3.8)

In Eq. (3.8), the first term vanishes in most cases, since the second-order
electric susceptibility ng) = o for an isotropic medium such as liquids,
gases, and glasses [9]. Hence, we solely consider the third-order non-
linear term with X£3) as the dominating contribution in Pyy, [5]. While
the fourth- and other higher-order contributions can become relevant
in specific nonlinear polymers [e.g., polydiacetylene para-toluene sul-
fonate (PTS) [66]] and semiconductor-doped glasses at relatively high

pulse intensity [67, 68], their impact can be neglected in our case.
For further simplification, we firstly assume an instantaneous third-

order nonlinear response, i.e., ng ) () = x£3 )s (t - t'). The third-order

electric susceptibility XS ) is a fourth-rank tensor, due to the vectorial

nature of the fields, and its components depend on the class of the

crystal. The spatial symmetry of an isotropic medium restricts 3* = 81

(3)

elements of y, kD where (i, j, k, I = x, ¥, z), to 21 nonzero elements, of
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which only three are independent [9]. Hence, these nonzero elements
can be expressed as [9, 15]:

A = Ay 0578k1 + Xy 000 + Xy yu 0B (3.9)

and diagonal elements of the tensor are

Xg?i)iii = Xgigxyy + Xg?ogyxy + Xg,?yyx- (3.10)

Additionally, by using intrinsic permutation symmetry of the tensor
and taking into account the nonresonant electronic nature of the non-

linearity, we can write Xﬁ?,ZW = Xffﬁ yxy ® Xﬁ?,?yyx [9]. Finally, all these

approximations allow us to write the following:

(3)
Prr(rst) = %[ﬂa(r; O)[E* (15 1) + B* (1 t)EZ(r;t)]. (3.11)

For the electric fields in Eq. (3.11), we use the Fourier transform of
Eq. (3.2) from frequency to time domain. Considering pulses that are
centered around a frequency w, with a finite spectral width, and assum-
ing that e,,, depends only weakly on the frequency around w,, the fields
can be written as

E(r;t) = Y am(zt) * e (x5 1) + c.c.

%y am(zt)en(r)) +cc.

iwol 4 ¢ c., (3.12)

=eo(r;t)e”
where e, (1)) = e, (r);w,), and e, (r; t) is the envelope for the domi-
nant plane wave with frequency w,.
Thus, the propagation equation becomes

aamai(zz;t) i () * am(z5t)-
1 8 *
- Z a[(xmmmian(z;t)ap(z;t)aq(z;l‘)], (3.13)
n.p.q
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with the overlap integral

Amnpq =/nz(ru){2[e51(ru)'eq(ru)][en(rn)'e;(ru)]+

[el,f1 (r)) - e;(r”)] [e,,(rH) ~eq (x| )]}dr”. (3.14)

Here, n, = 2nxg?,2xxx /4 is the nonlinear refractive index. In the single-
mode approximation, we can transform Eq. (3.13) into the standard
nonlinear Schroedinger equation. For that, firstly, we separate f3,, into
real and imaginary parts f,, and &, respectively. Expanding them into
Taylor series around w, yields

] ORI
Bim(w) = Pu(w)+id,(w) =~ Z (;"!H;"!)(w—wo)”) (3.15)

nzo

where
-
O % X (3.162)
.
aln = O m (3.16b)
W™ |y,

are the nth-order dispersion and loss coefficients, respectively. How-

ever, here, we only keep up to the second-order dispersion and assume

a constant modal loss with &, (@) ~ &, (w,) = &\®). Hence, by intro-

ducing
. . 3(0)
Am (Z; t) = Ap (Z; t) e_leH—lﬁm Z) (317)
we obtain the well-known nonlinear Schoedinger equation [5]

oA (zT) 1 0 2
2 iy (1- — o )JAw(5 D) An(z7)-
U (e = LGP HCES
i@ Am(z7)

2 ot?

where Y, = ko®mmmm is the Kerr nonlinearity parameter and 7 =

dﬁ,f)Am(z; 7), (3.18)

t- ﬁg,i ) zis the so-called retarded time. Here, we would like to emphasize
that Eq. (3.18) is obtained in a rigorous way without any slowly-varying
approximation and more general due to the analytic mode normaliza-
tion in contrast to conventional formulations.
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3.3 THE KERR NONLINEARITY PARAMETER

The definition of the Kerr nonlinearity parameter y that we have ob-
tained in the previous section within the single-mode approximation
is general and fully vectorial. It can be readily applied to both bound
[see Fig. 2.4 (a)] and leaky [see Fig. 2.4 (b)] modes due to the analytic
mode normalization. In the case of leaky modes, the analytic mode
normalization Eq. (2.59) provides the correct weight to the fields, thus,
y are complex quantities, in agreement with previous findings within
the iterative [32, 33] and the perturbative approaches [16]. Particularly,
our approach for the Kerr nonlinearity parameter y is similar to that
derived in Ref. [16]. However, authors in Ref. [16] use the standard
normalization scheme based on the axial component of the Poynting
vector [see Section 2.4.1] leading to an incorrect value of y for leaky
modes. In contrast, our approach with the correct mode normalization
ensures a straightforward and efficient implementation in numerical
calculations [A1].

Here, we discuss this new definition of the Kerr nonlinearity param-
eter y in more details and compare it with previous perturbative ap-
proaches. First of all, let us briefly review the conventional approaches
of the Kerr nonlinearity parameter that are widely used in the literature.
Depending on the underlying approximation, we can divide these ap-
proaches in scalar and vectorial ones. The standard scalar approach is
based on a weakly-guiding approximation and given by Agrawal [5]:

n,k

Y Agrawal = m) (3~19)

A
eff
with the effective mode area
+o00 2
o [ J |Em,||(fu)|2dfu]
rawa —00
ACE < . (3.20)

+o00o
J By () J#dr

Here, E,;, || = (Ep,x> Em,y) denotes the transverse components of the
electric field of the corresponding mode. The numerator in Eq. (3.20)
is basically the squared scalar normalization constant introduced in
Section 2.4.1 [see Eq. (2.48)]. The current definition of the Kerr nonlin-
earity parameter y can be slightly improved by using the z-component
of the real-valued Poynting vector S,, , instead of the transverse mode
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fields E|| in the effective mode area [see Eq. (3.20)]. This has been sug-
gested by Foster et al. [14]. Thus, we can write Foster’s definition of the
Kerr nonlinearity parameter as

nyk,
YFoster = AFoster (3.21)
eff

where

+o00o 2
[] Sw(fu)drn]
Afgster - — . (3.22)

J [Sm,=(x))]2dry

—o00

In this case, the numerator in Eq. (3.22) is the squared normalization
constant based on the axial component of the Poynting vector intro-
duced in Section 2.4.1 [see Eq. (2.49)].

Essentially, these definitions are scalar approaches since they do not
take into account the axial component of the fields. The vectorial defi-
nition of the Kerr nonlinearity parameter y is obtained from Afshar et
al. [15]:

[ o)) 2B ()¢ + B3 ()
Y Afshar = ko_O<7 oo . (3.23)

3[_{0 Sm,z(ru)clr”]2

In a similar fashion to the Foster’s definition, this vectorial approach
can be written as:
ko
YAfshar = AFoster® (3.24)
eff
with a redefined nonlinear refractive index averaged over spatial inho-
mogeneities and weighted with respect to the fields [15]:

+ 00

S (o) ma ) [ 20 () # + [E3, (1) 2 [y

fl, = . (3.25)
3f Sm.z(x)]>dr

This vectorial definition provides more accurate results compared
to the scalar approaches. However, it becomes less accurate or fails
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completely in case of leaky modes. The reason is that the mode fields
are still normalized with respect to the axial component of the time-
averaged Poynting vector S, over the entire cross section of the fiber. As
we have discussed in Section 2.4.1, this normalization scheme diverges
in the case of leaky modes, and hence, results in an unphysical value
for the Kerr nonlinearity parameter. As we have shown in the example
of the fundamental bound [see Fig. 2.6] and leaky [see Fig. 2.5] modes
of the step-profile fiber, the analytical mode normalization Eq. (2.59)
based on resonant state expansion does not depend on the area/radius
of integration.

For the sake of completeness and convenience, we rewrite our ap-
proach for y based on the resonant-state expansion in a similar form
as previous scalar and vectorial approaches:

Amin

YrsE =ko f nz(ru){2[e§(r|\)'em(r||)] [em(f\|)'e;(ru)]+

o

[el;(rH ) -e;(r”)] [em (r))-em(r) )]}dr”, (3.26)

where A, denotes the minimum that includes all spatial inhomo-
geneities, i.e., the same area is used in the analytical normalization.

The effective mode area within our formulation of the Kerr nonlin-
earity parameter can be defined as follows:

AN - { I {Flesnentep]fentep-ei ]

o

[e}fn (r))-en (rH)] [em(rH)-em (r”)]}dr} . (3.27)

In this definition the effective mode area is in general a complex quan-
tity. Note that the electric fields e,, in Eq. (3.26) and Eq. (3.27) are
already normalized according to Eq. (2.59).

As it has been mentioned at the beginning of Chapter 2, all equations
in this dissertation are given in Gaussian units, consistent with our pub-
lications[A1-A3]. However, one can straightforwardly reformulate the
equations in SI units by using the following changes: The permittivity
€ and permeability 4 have to be replaced by the relative ones, and one
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3.3 THE KERR NONLINEARITY PARAMETER

needs to substitute the magnetic field H with Z,H®, where Z, is the
vacuum impedance, while the electric field E simply becomes E>!. Next,
for the conversion of the third-order electric susceptibility from Gaus-
sian to SI units we can use X£3) =47/ (3 x 104)2[)(23)]5I [69]. In order
to allow for an easier comparison with experimental results, we present
our simulation results in the following sections and chapters in SI units.
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Figure 3.1. Comparison of different perturbative approaches for calculating the
Kerr nonlinearity parameter y of different modes of a cylindrical step-index
fiber with bismuth oxide (Bi,O;) doped glass core with refractive index of n =
2.05 in air with #n = 1at A, = 800 nm: y of the first transverse electric (TE,,)
(a), the transverse magnetic (TMo,) (b), and the fundamental (HE,,) (c) bound
modes as a function of core radius r. for a radius of normalization r, = s57;
(c) dependence of y of the fundamental bound mode on r,, for r. = 0.15 ym,
indicated by the arrow in (c).

Let us now compare our approach for the calculation of the Kerr non-
linearity parameter y with other perturbative formulations in case of
bound modes. Since bound modes exhibit a real propagation constant,
reciprocal conjugation can be replaced by usual complex conjugation,
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MASTER EQUATION FOR PULSE PROPAGATION

ie, El,}1 = E; . Hence, one can show that our y has exactly the same
form as in the vectorial approach Eq. (3.23) described in Refs. [15, 16,
57], whereas the scalar approaches of Refs. [5, 14] are approximately
valid. Panels (a) and (b) in Fig. 3.1 display the Kerr nonlinearity pa-
rameter y of the first transverse electric (TE,, ) and transverse magnetic
(TM,,) bound modes of a cylindrical step-profile fiber with bismuth
oxide Bi, O, doped glass [#, = 3.2 x 107" m*> W] core surrounded
by air [#, = 5.7 x 102> m* W] as a function of core radius r, respec-
tively. The results have been obtained by the weakly guiding approx-
imation [Agrawal, red line, Eq. (3.19)], its slightly improved version
suggested in [Foster, black dashed line, Eq. (3.21)], the fully vectorial
approach [Afshar, blue crosses, Eq. (3.23)], and our approach based
on the resonant-state expansion [RSE, green square dots, Eq. (3.26)].
It can be seen that our approach provides exactly the same results as
the fully vectorial one. In contrast, both scalar approaches (Agrawal,
Foster) deviate significantly for small core radii since they do not take
into account the inhomogeneity of the waveguide structure i.e., 7(r) )
and n, (1)) completely as well as the vectorial nature of electromagnetic
fields [15]. However, in this case, these scalar approaches give the same
results, which is due to the absence of the longitudinal component of
the fields of TE (E,, , = 0) and TM (H,,, = 0) modes [28]. Indeed,
Eq. (3.22) can be written as [15]

+ 00 2
{ S Bl + By VuEm,z]dfn}
Foster

—00

eff T  Teo . . (3.28)
/ [ﬁm|Em,n|2 +iEy - V\\Em)z] dr

—o00

As we can see, in the case of transverse modes it simplifies to Eq. (3.20).
In Fig. 3.1 (c), we show the same calculations for the fundamental (HE,,)
bound mode of the step-profile fiber. In this case, both fully vectorial
approaches (RSE and Afshar) provide the same result again as expected
while the scalar approaches are still less accurate in subwavelength
regime, i.e, 27 < A,. One can note that for large core radii (27, > A,),
all approaches provide similar results since the fields are almost con-
centrated in the core region and the in-plane components of the fields
become dominating.

The advantage of our approach compared to the fully vectorial one is
that in numerical calculations, we can restrict the area of normalization
to the regions of spatial inhomogeneities, which is in the present waveg-
uide geometry the fiber core. This can be seen in Fig. 3.1 (d), where y

44



3.3 THE KERR NONLINEARITY PARAMETER

is displayed as a function of the radius of normalization r,, for a fixed
core radius of 7. = 1.5 ym. While previous approaches [s, 14, 15] require
some finite radius r, of roughly 37, in order to exhibit a deviation of less
than 5% of their exact value of normalization for r,, - oo, our approach
is independent of the radius of normalization for all r, > r., as expected
from Eq. (2.59) and shown in Fig. 2.6. This fact makes numerical cal-
culations more efficient, especially for complex fiber geometries such
as photonic crystal fibers [70] and situations with extended evanescent
fields.
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Figure 3.2. Comparison of different approaches for calculating y of the funda-
mental (HE,,) leaky mode in a bismuth oxide Bi, O, glass capillary filled with
carbon disulfide CS, with n = 1.6 at A, = 800 nm. The real (a) and the imagi-
nary part (c) of y as a function of core radius r. for a radius of normalization
n = 7c. Their dependence on radius of normalization r, for . = 1.5 ym which
is indicated by the arrow in (c) is shown in panels (b) and (d), respectively.

Let us address leaky modes, for which most existing approaches can-
not be used in a straightforward manner. As a rather simple example
for leaky modes, we consider a Bi,O; capillary fiber that has been used
in different experiments [63, 71]. In our case, the capillary is filled with
carbon disulfide CS, [n, = 2.7 x 107® m* W™'] [64, 72-74], which we
assume here to be the only nonlinear material, since its nonlinear re-
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fractive index is much higher than Bi, O, doped glass. The dependence
of the real and imaginary parts of the Kerr nonlinearity parameter y
on core radius r. is shown in Fig. 3.2 (a) and (b), respectively. In the
strong guidance or subwavelength regime (2r. < A,), the scalar and
the fully vectorial approach begin to deviate from our value for the real
part of y [Fig. 3.2 (a)]. As in the case of the bound modes, for large
core radii (2r. > A,), the deviation between the different approaches
becomes smaller. Here, we have used r, = r. as an optimum radius of
normalization for each core radius, which corresponds to the minimum
deviation between the real parts of y of conventional formulations to
our approach. Essentially, this optimal normalization radius is the posi-
tion of the radiation caustic 7,4, i.€., ¥'n = rraq [28]. The normalization
scheme based on the radiation caustic is discussed in Section 2.4.1.

The dependence of the real and imaginary parts of the Kerr nonlinear-
ity parameter y for the fundamental leaky mode on the normalization
radius r,, is shown in Fig. 3.2 (b) and Fig. 3.2 (d), respectively, for a fixed
core radius of . = 1.5 ym. As we can see, our approach yields the same
y for all radii of normalization, while the other approaches result in
y = o for r, - oo due to incorrect normalization of the mode.

It is also interesting to consider the Kerr nonlinearity y of the trans-
verse electric (TE) and the transverse magnetic (TM) leaky modes of
the capillary fiber since the mode with the lowest attenuation constant
is not always the fundamental (HE,;) one. This becomes important
in designing a high-power pulse compression systems based on the
hollow-core fibers [21, 75, 76]. Indeed, as it has been shown in Ref. [58],
the real B, and the imaginary &,, parts of the propagation constant f3,,
[zeros of the determinant of the 4 x 4 matrix in Eq. (2.70)] in case of
HmTc > 1 can be approximated as

ﬁmn=koP-i(um")j, (3:29)

kore
and
W for TE,, modes(m = o),
G = Upn | Mr for TM,,, modes(m = o), (3.30)
G | (2 - )
;(n??—t)llh for HE,,,/JEH,,, modes(m # o),
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Figure 3.3. Comparison of different approaches for calculating y of the first
transverse electric TE, (a), (b) and TM,, (c), (d) leaky modes in a silicon (Si)
capillary with refractive index of n = 3.45 filled with nitrobenzene CsH;NO,
with n = 1.52 at A, = 800 nm. The real (a), (c) and the imaginary parts (b), (d)
of y of the leaky modes as a function of core radius r., respectively.

where u,,, is the mth root of the Bessel function J,_,(x) and n, =
el /fco. From Eq. (3.30), we find that the mode with the lowest modal
loss is the first transverse electric TE,, leaky mode if #n, > 2.02 [58]. In
order to fulfil this condition, we consider a capillary made of silicon
(Si) with the linear and nonlinear refractive indices of n = 3.45 and
[n, =2.6x107** m*> W] [77] and filled with nitrobenzene (CsH;NO,)
with 1., = 1.52 and [n, = 6.9 x 107*® m* W] [72, 73, 78]. The, panels
(a) and (b) in Fig. 3.3 display the real and the imaginary parts of y
of TE,, and TM,, leaky modes as a function of the core radius . of
the capillary, respectively. As we can see, for a smaller core radius, in
our approach the Kerr nonlinearity parameter y of TE,, leaky mode is
much larger than y of TM,,. In the opposite direction, i.e., for 2r. > A,
the deviation between them becomes smaller as well as the deviation
between different approaches. However, the imaginary part of y of TE,,
leaky mode tends to zero much faster than the imaginary part of y of
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TM,,. This can be useful to design a waveguide with certain nonlinear
properties.

As we have shown in Figs. 3.2 and 3.3, for sufficiently large capil-
lary radii relative to the wavelength, the deviation between the con-
ventional perturbative approaches and our definition for y becomes
smaller. This can be correlated to the fact that the attenuation constant
of modes of capillary fibers with radii much larger than the wavelength
is @, o< A2/r? [see Eq. (3.30)] [58]. On the other hand, according to
panels (b) and (d) of Fig. 3.2, the deviation between different approaches
depends on the radius of normalization. However, it was only for one
fixed core radius [indicated by black arrow in Fig. 3.2 (¢)]. In order to
show it for a wide range of the core radii, we have repeated those calcu-
lations and then found a difference between two vectorial approaches.
In Fig. 3.4, we display the minimum deviation of the real part of y
(red solid line) and its absolute value (blue dashed line) between the
approach by Afshar [see Eq. (3.23)] and our definition [see Eq. (3.26)]
as a function of core radius r.. As we can see, the minimum relative
difference is quite big for the subwavelength region, although decreases
rapidly over the core radius. Evidently, the imaginary part of ygrsg is
the main reason for the significant deviation for larger core radii.
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Figure 3.4. Minimum relative differences between the vectorial yafsn.r and our
yrse (blue dashed line) as well as Re(yrse ) (red solid line) as a function of the
core radius for the Bi,O; doped glass capillary filled with carbon disulfide CS,
at A, = 800 nm.
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3.4 NONLINEAR GAIN AND LOSS

As we have seen in the previous section, in contrast to bound modes
and the other pertubative approaches that we have considered, our defi-
nition for the Kerr nonlinearity parameter yrgg [see Eq. (3.26)] provides
a nonvanishing imaginary part in case of leaky modes. In this section,
we discuss this imaginary part of y and give a physical explanation.

As a matter of fact, it is already known from previous works [16, 32,
33] that the Kerr nonlinearity parameter can have an imaginary part. In
these works authors have predicted the Kerr nonlinearity parameter y
with a positive imaginary part that corresponds to the additional non-
linear loss in addition to the modal loss dff ). Indeed, if we approximate
Eq. (3.18) as

A, (z; T _

78(2 ) ~ —[cx,(,f) +Im(y)P]Aw(z7), (3.31)
that has a solution

Ap(z7) = 187 IPlz (3-32)

where P = |A,,(z; 7)|" is the initial pulse power. It is clear that in case
of Im(y) > o the field envelope A, decays in a shorter propagation dis-
tance than only with the modal loss. However, we find that, depending
on the fiber parameters, Im(y) can change its sign [A2]. In order to
demonstrate this numerically, we consider the fundamental leaky mode
in a capillary fiber of radius r. = 0.3 ym with a bismuth oxide Bi, O,
doped glass cladding (n = 2.05) and a varying refractive index in the
core at a wavelength of 1, = 800 nm. As we can see in Fig. 3.5 (c) the
imaginary part of yrsg can change sign. Interestingly, it occurs around
the refractive index of the core medium at n ~ 1.9 that is close to the
minimum of the effective refractive index n.¢. It should be noted that
such a behavior can be expected from iterative approaches for the cal-
culation of the Kerr nonlinearity parameter y [32, 33], which should
yield a sign change of the imaginary part exactly at the minimum of the
iteratively derived linear attenuation, while the homogeneous change of
the refractive index in the core can be understood as a simplistic binary
version of the first iteration.

The imaginary part of the Kerr nonlinearity parameter with a neg-
ative sign corresponds to the nonlinear gain. From the mathematical
point of view, this can be easily seen from Eq. (3.32) by reversing the sign
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Figure 3.5. Numerical results of the fundamental leaky mode in a capillary
fiber of radius r. = 0.3 ym with a Bi,O; cladding (n = 2.05) and a varying
refractive index in the core at a wavelength of A, = 800 nm: (a) effective re-
fractive index (ne), (b) real and (c) imaginary parts of the Kerr nonlinearity
parameter y. Red solid and black dashed lines have been calculated using the
scalar approximations of Agrawal [Eq. (3.19)] [5] and Foster [Eq. (3.21)] [14],
respectively, whereas blue crosses have been obtained by the vectorial approach
of Afshar [Eq. (3.23)] [15]. The green squares have been calculated by our ap-
proach [Eq. (3.26)] [Az2], which yields a nonvanishing imaginary part of y. It
can be seen in (c) that this imaginary part can change sign, i.e., can exhibit
nonlinear loss and even nonlinear gain. The latter can be explained by a self-
focusing of the nonlinear pulse [see Fig. 3.6], which reduces the pulse intensity
at the interface to the cladding, which in turn decreases the amount of light that
is transversely transmitted into the cladding and is radiating to the far field.
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3.4 NONLINEAR GAIN AND LOSS

of Im(y). In this case constant modal loss &) is decreased by Im(y)P.
Here, it seems that for high enough initial pulse power P nonlinear gain

can dominate over the constant modal loss écf,f ) 50 that Im(y)P > a2,
It means, that the field envelope A,, grows exponentially. This con-
tradicts to the energy conservation law. Indeed, for pulses with such
power, it is necessary to take into account higher order loss terms and
probably other nonlinear effects such as filamentation and ionization
of the medium [79].

“Normal” “Enhanced” “Reduced”

self-focusing self-focusing self-focusing

Im(7)=0 Im(7)<0 Im(7)>0
A A A
An=n,P, An=[n+Im(7)/k,]P, An=[n,-Im(7)/k,]P,
Njaa 1 N s, — Neag —‘ ‘7
Incident light Incident light Incident light

Figure 3.6. A physical interpretation of the nonlinear gain and loss. The inter-
pretation is based on self-focusing that arises due to the optical Kerr effect. (a)
"Normal" self-focusing corresponding to Im(y) = o is chosen as a reference.
(b) The negative imaginary part of y enhances (with respect to the reference)
the self-focusing in the core region and reduces the intensity near the core/-
cladding interface. This decreases the energy dissipation through the cladding
that can be considered as a nonlinear gain. (c) The positive imaginary part of y
makes the self-focusing weaker (with respect to the reference) that increases the
energy dissipation through the cladding and can be considered as a nonlinear
loss.

The physical mechanism of the nonlinear gain and loss can be ex-
plained by a self-focusing [A2]. First of all, following Ref. [15], let us
introduce the effective nonlinear refractive index 71, = n, — Im(y)/k,
that depends on the waveguide geometry and field distributions. Now,
imagine the case in which the imaginary part of the Kerr nonlinearity
parameter is Im(y) = o. Due to the optical Kerr effect (An = 71, P), the
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actual refractive index at the center of the step-profile hollow-core fiber
is higher than the near sides [see Fig. 3.6 (a)]. Therefore, the local total
internal reflection takes place and as a direct consequence self-focusing
of a light occurs. Let us call it the "normal” self-focusing case. Now, let
the imaginary part of the Kerr nonlinearity parameter be Im(y) < o. In
this case, the refractive index increment An is larger than the "normal"
self-focusing case. This leads to a stronger local light confinement in the
core region that reduces the intensity at the core/cladding interface [see
Fig. 3.6 (b)], which in turn decreases the energy dissipation through
the cladding. We can consider this reduction in energy dissipation as a
nonlinear gain. In case of Im(y) > o, the effective nonlinear refractive
index 71, is decreased [see Fig. 3.6 (c)]. Accordingly, the central reduc-
tion in the refractive index lets more light escape the core. Hence, this
in turn can be interpreted as nonlinear loss.

3.5 THE NONLINEAR GAIN AND PULSE PROPAGATION

In the previous sections, we have obtained the nonlinear Schroedinger
equation [see Eq. (3.18)] with the new definition the Kerr nonlinearity
parameter [see Eq. (3.26)] that can be applied to bound and leaky modes.
Furthermore, we found that the Kerr nonlinearity parameter can have a
negative imaginary part for leaky modes. This negative imaginary part
of the Kerr nonlinearity parameter can be considered as a nonlinear
gain. As a next step, we study the impact of this nonlinear gain on the
pulse propagation.

For our numerical simulations, as a simple example, we consider
the Bi, O, (n = 2.05) capillary fiber with a radius of r. = 10 ym filled
with CS, (n = 1.6). The numerical solution of Eq. (3.18) is calculated
using the well-known split-step Fourier method [5]. Here, we use an
enhanced version of the method that the nonlinear part of Eq. (3.18) is
integrated by a fourth-order Runge-Kutta method [80-82]. The initial
pulse used in our simulations has

Ap(z=0;7) = P> sech(i), (3.33)
T,
field profile with peak power P, = 15 kW and full width at half-maximum
Trwam = 1.763T, = 140 fs. Since the initial pulse width is quite narrow,
in Eq. (3.18), we consider the dispersion terms up to f(+).

The panels (c) and (d) of Fig. 3.7 display the spectral and temporal
evolution of the fundamental leaky mode of the capillary fiber, respec-
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Figure 3.7. Numerical simulation showing the nonlinear pulse propagation
inside a CS, -filled Bi, O, doped glass capillary (rc = 10 ym) with yrsg = (141.7-
1.9i) km™'W™ [panels (a) and (b)] and yagshar = 141.5 km™ "W ™" [panels (c) and
(d)]. The input hyperbolic secant shape pulse at A, = 800 nm has P, = 15 kW
peak power and the full width at half-maximum of Tewrm = 140 fs. Calculated
dispersion parameters of the fiber are §*) = —0.82 ps’km™, &) = 1.05 x
1073 ps’km™, B = —1.78 x 107° ps*km ™", with an attenuation coefficient of

a® = 60.15m™".
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Figure 3.8. Comparison of the numerical simulation showed in Fig. 3.7 for the
nonlinear pulse propagation in the capillary fiber at the propagation distance
z = 5cm.
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tively, obtained by solving Eq. (3.18) with pagar = 141.5 km™ "W, The
results in Fig. 3.7 (a) and Fig. 3.7 (b) have been obtained for ygrsg =
(141.7 —1.9i) km™"W ™" based on our approach. In the latter case [see
Fig. 3.7 (a)], we can clearly see an increasing spectral broadening (also
known as supercontinuum generation [82, 83]) compared to the fully
vectorial approach [Fig. 3.7 (c)] that is accompanied by a narrowing in
the corresponding temporal evolutions [Fig. 3.7 (b) and Fig. 3.7 (d)].

This can be seen more clearly in Fig. 3.8 that shows the compari-
son of simulation results (spectral and temporal evolutions) for two
approaches at the propagation distance of z = 5 cm. In our case, the full
width at half maximum (FWHM) is roughly 2 times shorter than the
case of the full vectorial approach. Here, the pulse asymmetry of shape
is caused by the phenomenon of self-steepening [5]. This means that
the negative imaginary part of the Kerr nonlinearity parameter leads
to pulse compression, which in turn gives rise to spectral broadening.
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Figure 3.9. Numerical simulation showing the nonlinear pulse propagation
inside a CS,-filled Bi,O; doped glass capillary (r. = 1 gm) with yrse = (14.37 —
1.81i) m~ "W~ [panels (a) and (b)] and yagshar = 12.65 m~ W™ [panels (c) and
(d)]. The input hyperbolic secant shape pulse at A, = 800 nm has P, = 15 kW
peak power and the full width at half-maximum of Tewrm = 140 fs. Calculated
dispersion parameters of the fiber are ) = —60.18 ps’km ™, B = 5.87 x
1072 ps’km ™", B = —5.22 x 1075 ps*km ™, with an attenuation coefficient of
al® =s9.11mm™.
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As we have discussed in the previous section, the imaginary part
of the Kerr nonlinearity parameter ygsg acts as a nonlinear gain. This
means that the initial pulse in simulations with yrsg should decay slower
than with real y afshar, which has been demonstrated in the above numer-
ical simulations. Let us repeat the simulations for a smaller core radius
that has an even higher imaginary part of the yggg [see Fig. 3.2 (¢)]. For
that, we consider the same fiber with r. = 1 ym. In this case, for the
fundamental leaky mode, we obtain yrsg = (14.37 —1.81i) m~"W™" and
YPafshar = 12.65 m~ W', As we can see in Fig. 3.9, in both cases, the
results are quite similar with the initial pulse decaying rapidly because
of the extremely high modal loss. It indicates that the fiber losses still
dominate and the energy conservation is not violated despite that yrsg
is now several orders higher than the previous case.
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Figure 3.10. Numerical simulation showing the nonlinear pulse propagation
inside a CS, -filled Bi,O; doped glass capillary (r. = 70 pm) with yrsg = (2.28 -
5.43x10 i) km™'W™ [panels (a) and (b)] and yagshar = 2.28 km™ "W ™" [panels
(c) and (d)]. The input hyperbolic secant shape pulse at A, = 800 nm has
P, =15 kW peak power and the full width at half-maximum of Trwum = 140 fs.
Calculated dispersion parameters of the fiber are ) = —1.68 x 107> ps*km ™,
B(3) =2.28x10° ps’km™, ﬂ(“) = —3.55 x 10~ ps*km ™, with an attenuation
coefficient of @® = 0.17 m™".

For the completeness, consider the opposite case, i.e., the capillary
with radius of 7. = 70 ym. In this case, the simulation results are shown
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in Fig. 3.10 and the corresponding Kerr nonlinearity parameters are
yrsE = (2.28 —5.43 x1073i) km ™ "W [panels (c) and (d)] and pagshar =
2.28 km "W [panels (a) and (b)]. Since in both cases the real part of y
is the same and the imaginary part of ygrsg is too small in comparison to
the real part, there is almost no difference between the top and bottom
panels.

Thus, we have presented here a new rigorous formulation for sim-
ulating nonlinear pulse propagation in waveguides and optical fibers
based on the resonant-state expansion with analytic mode normaliza-
tion. Most importantly, we find that, in the case of leaky modes, the
Kerr nonlinearity parameter has an imaginary part that provides ei-
ther nonlinear loss or nonlinear gain for overall attenuating pulses. We
demonstrated here on the example of liquid-filled capillary-type fibers
that this imaginary part can significantly influence the spectral and
temporal evolution of an ultrashort pulse.

56



GENERALIZED THEORY OF FOUR-WAVE MIXING

This chapter is based on the following publication [A3]:

I. Allayarov, S. Upendar, M. A. Schmidt, and T. Weiss: "Theory of four-
wave mixing for bound and leaky modes”, Phys. Rev. A, 101 043806
(2020).

DOI 10.1103/physreva.101.043806

In the previous chapter, we have derived a master equation for the non-
linear pulse propagation that allows for a rigorous description of both
bound and leaky modes in waveguide geometries. There, we showed
that in the single-mode approximation, it simplifies to the standard
nonlinear Schroedinger equation for bound and leaky modes. This
approximation is widely used for description of supercontinuum gen-
eration. However, in order to describe a parametric processes such as
four-wave mixing, the single-mode approximation has to be extended
by taking into account the coupling between different modes at a certain
wavelength or coupling of modes with different wavelengths.

Four-wave mixing is one of the interesting nonlinear phenomena that
occurs in optical fibers due to the third-order nonlinear polarization [5].
It has been studied extensively over the last several decades [84-89].
Traditionally, four-wave mixing is used to generate waves at certain
frequencies or amplify a pre-existing weak signal [90, 91]. However,
it is a highly undesired effect for applications such as in optical fiber
communications where it leads to interchannel crosstalk [92, 93]. At the
same time, four-wave mixing is one of the main nonlinear mechanisms
for supercontinuum generation in optical fibers in combination with
self-phase and cross-phase modulations [5].

From the quantum physics point of view, the process of four-wave
mixing relates to the annihilation of two incident (pump) photons at dif-
ferent frequencies and the simultaneous creation of two photons at new
frequencies, while the laws of conservation of energy and momentum
have to be fulfilled [see lower left inset of Fig. 4.1 (a)]. Historically, the
photons at new frequencies are either called Stokes (at lower frequency)
or anti-Stokes (at higher frequency) photons. In this context, the pro-
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cess of annihilation of two photons at the same frequency is known as
degenerate four-wave mixing. In optical fibers, four-wave mixing origi-
nates from the Kerr-type nonlinearity. Efficient four-wave mixing can
only occur if there is no phase mismatch between pump, Stokes, and
anti-Stokes waves. Therefore, observation and realization of four-wave
mixing at desired frequencies requires dispersion-engineered waveg-
uides with specific parameters.

In this chapter, we present a comprehensive theory of four-wave mix-
ing in waveguide geometries, providing a rigorous description of the
dynamics of both bound as well as leaky modes within a single theoret-
ical framework. For that, we extend our new theory of the nonlinear
pulse propagation to four-wave mixing, requiring to consider the cou-
pling of excitations of several frequencies inside a single fiber. We show
that for bound modes, our theory agrees with the scalar and vectorial
theories reported in literature [5, 15]. In the case of leaky modes, it
results in a modified nonlinear pulse propagation, predicting a more
efficient generation of Stokes and anti-Stokes bands than expected from
the previous theory for bound modes. Furthermore, we show that the
modulation instability can occur for all frequencies in both anomalous
and normal dispersion regions.

In order to demonstrate these effects numerically, as a generic exam-
ple of a hollow-core fiber geometry, we consider a gas-filled hollow-core
annulus fiber geometry consisting of a single glass ring embedded in
an otherwise low index medium [geometry depicted in the upper right
inset of Fig. 4.1(a)]. As we can see in Fig. 4.1 (b) and (c), it supports
core leaky modes. Moreover, as shown in Ref. [96], this fiber geometry
allows an accurate resemblance of the dispersion parameter of various
kinds of hollow-core fibers and in particular, antiresonant fibers, mak-
ing it a useful model system to study nonlinear pulse propagation in
dissipative waveguide geometries.

41 BOUND-MODE THEORY

Four-wave mixing in conventional silica fibers that carry bound modes,
usually is described within a scalar theory [5]. In this approach, the
electric field of the involved waves in four-wave mixing is assumed to
be

i _(O)z
Ej(r,t) = Aj(z t)Ej(r)) e 7. (4.1)
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gas-filled

annulus fiber l

excited state

nti—stokes

Figure 4.1. (a) Cross section and schematics of an annulus fiber made from
silica (Si0O,) and filled by xenon (Xe) in nitrogen (N) surrounding. The low
left inset shows energy-level diagram for four-wave mixing occurring due to
the annihilation of two photons at frequencies w, and w, with creation of two
new photons at frequencies w, and w,. (b) Spatial distribution of the axial
component of the real-valued Poynting vector of the fundamental leaky mode
of the annulus waveguide geometry shown in (a). Outside the core region, a
logarithmic scale is used for the distance to the fiber core. The white dashed
line in (c) indicates the inner radius of the fiber. The refractive indices of silica
and gases are taken from Refs. [94, 95]. The inner and outer radii of the annulus
waveguide are R, = 30 ym and R, = 30.476 um, respectively. The fundamental
leaky mode of the fiber is calculated at the wavelength of A = 470 nm.
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GENERALIZED THEORY OF FOUR-WAVE MIXING

Here, as before, A jand E j,|| are the amplitude and the transverse part
of the jth field of the mode with the propagation constant f3 ©)Hence,
in the scalar theory, the dynamics of A} is determined by the following
four coupled equations [5]:

dA, ARG
=i(y,|A,[F+2 LlAG L2052, AT e’ <)Z, (4.2a)
dz (Y |A,[* ZY J|A]|2)A Vizsa AL A3 A, A
j*1
dA, Ao
—i(pa AP 2 S pai AP ) Ast2ipan, AT AL ALY (4.2b)
dz y Y2l V213441, A3,
j*2
dA NIC
= ) AP )AL +2iy,,,,ATAAe™ )Z, (4.2¢)
: ()’3|A3| Zy3]|AJ| )As V3an A AL A A
dz i”s
dA IO
— =1 +2 il +21 12 1Ase . 4.2
dz4 i yalAyl® YailA I ) A +2iy,, A§A A inf (4.2d)

j#4

Here, A, and A, are the first and the second pump wave amplitude, re-
spectively, while A, and A, are the Stokes and the anti-Stokes wave am-
plitude, respectively. The wave-vector mismatch A(°) between these
waves is given by

AR = B 4 B _ ) _ g, (43)

The nonlinearity parameters y; = yj;;; [same as Eq. (3.19)], yj1 = yjiji»
and yjj, is defined as

+ 00
{o(EJBIIEI)HEPJIE%H)drH

Yilpq = nzkj_ N-NleNq > (4.4)
j

with the normalization constant

+ 00 1/2

In Egs. (4.2a) to (4.2d), yj, yj1, and ;1,4 quantify the self-phase modu-
lation, the cross-phase modulation, and four-wave mixing, respectively.
As we can note, Eq. (4.4) is the nondegenerate form of Eq. (3.19) from
the previous chapter. It means, that the self-phase modulation and the
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4.1 BOUND-MODE THEORY

cross-phase modulation are particular cases of the more general process
of four-wave mixing with different orders of degeneracy.

Egs. (4.2a) to (4.2d) are valid for so-called quasi-continuous wave
regime (nanosecond pulses) in which the group-velocity dispersion
can be neglected [5]. In the ultrafast regime, i.e, for a picosecond pulses
the left hand side of Egs. (4.2a) to (4.2d) should be replaced with

7(2) = (0)

0A; B 02A; &

)k LS j j

— + i —A.. .6
ot Ty e o M (4.6)

dA; 0A; -
20 2 +ﬁ(}
dz 0z J

In principle, based on the full vectorial model for the nonlinear pulse
propagation derived in Ref. [15], we can obtain a more accurate, vec-
torial form of the coupled amplitude equations for four-wave mixing.
Indeed, considering the coupling of excitations of four frequencies, one
can get a similar coupled equations as in case of the scalar theory. The
difference between the scalar and the vectorial formulations are in the
nonlinearity parameters. In the latter case, they are given by y; = kja;;;;
[sameas Eq. (3.23)], yj1 = kj(@jiji+ajjun), and yjipg = kj(@jipg + &jgpr)
with the overlap integral of the form

ocjlpq:]mﬂzn2 Z(E; 'Eq)(El E;) , (E; 'E;)(El .Eq) dry,

+ (4.7)
3N;NIN,N, 3N;N;N,N,

—00

where the normalization constant N; of the mode fields is [see also
Section 2.4.1]

+o0 1/
Nj:( / sj,zdr”) . (4.8)

These scalar and vectorial approaches for four-wave mixing are valid
only for bound modes due to the absence of a rigorous normalization
[see also Chapter 3]. In the next sections, based on the master nonlinear
pulse propagation equation with the correct mode normalization, we
provide a general theory for four-wave mixing. We will consider the
vectorial formulation, hereinafter referred to as bound-mode theory, as
a reference to our theory of four-wave mixing.
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4.2 GENERAL COUPLED AMPLITUDE EQUATIONS

In the Chapter 3, we have shown that the evolution of the modal am-
plitude a,, (z; t) can be described by the following general master equa-
tion [A2]:

a”’”ai(zz;t) =ifu(t) * am(zst)-

27 0

Ta[ fn(r”;t)*PNL(r;t)drH. (4.9)

For further convenience, we consider its frequency domain form:

Mjw) =iBn(w)am(z0)+

27T W

fei(r”;w)~PNL(rH,z;w)drH. (4.10)

Several assumptions are introduced in the following to simplify this
master equation. First, we restrict the analysis to the fundamental leaky
core mode, which allows us to omit the mode index m in Eq. (4.10).
Hence, the electric field E(r; w) can be written as

E,(r;w)
N/

E(r;0) =) am(zw) ~ a(z ) e(r;w). (4.11)
m

The latter approximation is the discrimination of the fundamental mode

from higher-order modes. Indeed, for sufficiently long fibers only the

fundamental mode can propagate since it usually has the lowest attenu-

ation constant [21, 58].

Next, we assume that optical pulses propagating in a fiber are narrow-
band and centered around carrier frequencies w; (j =1,2,3,...). Thus,
the electric field E(r; w) can be approximated as a superposition of the
electric fields at these dominant carrier frequencies:

E(r;0)~ ) aj(zw)e(r);w;). (4.12)
j

Note that in Eq. (4.12) and following, the frequency dependence of
the transverse spatial distribution of the electric field is assumed to be
negligible (i.e., all fields are the same), i.e., e(r|; @) ~ e(r); w;), and
a;(z; w) is spectrally separated for the different dominant frequencies.
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Thus, Eq. (4.10) after these approximation takes the following form:
daj(z;w
% =ip(w)aj(zw)+

27T W

f eR(r”;w)-PNL(rH,z;w)drH. (4.13)

Note that the nonlinear part of Eq. (4.13) is not changed so far. Let us
at the beginning finish with the linear part of the equation. Hence, we
make the typical approximation by expanding S(w) into a Taylor series
around wj:

nzo

_ ORI
B(w) = B(w) + ia(w) » z(;lw;!)(w—wm, (414)

where

g _ "B

B =50 n (4.15)
and

(ny O0"a

a]( ) - o (4.16)

are the nth-order dispersion and loss coefficients at w;, respectively.
Additionally, we use that for narrowband pulses with a carrier frequency
j, the modal amplitude a; can be split into slowly and rapidly varying
parts as

aj(z;t) = Aj(zt) eiBJ(’O)Z_iwft, (417)
that has the following frequency domain form:

a;j(zw) EAj(z;w—wj)eiBJ('O)z. (4.18)
Thus, taking into account Eq. (4.14) and Eq. (4.18), we obtain the follow-
ing equation for the slowly varying part (envelope) A (z; w — w;):
0Aj(z;w-wj)

52 =Di(0-w)A;(z0-wj)+

2w _ ;3@
— e ’ﬁf ZfeR(r“;a))-PNL(l‘”,Z;(A))dI'H, (4-19)

9
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where the dispersion operator D j is defined as

[ B &

e ((u—a)j)”+1 ” ——(w- w]):| (4.20)

Di(w-w;) =3’

nzo

Let us now address the nonlinear part of Eq. (4.19). As before, we

assume that e (r|; w) ~ e (r; w;) = e;{(rH ), which allows us to avoid

convolutions when transforming to the time domain. Furthermore, as

in the case of the linear part of Eq. (4.19), we consider only the dominant

frequencies. Thus, by carrying out the Fourier transform of Eq. (4.19)
according to

+ 0o
Aj(zt) = L [Aj(z;w - wj)e_i(‘”_“’f)tdw, (4.21)
a7
we obtain:
E)Aj(z; t) N i a
5, =Dilig;)JAian-

. IO |
27 iwjt=if) Z—fel-{(rH)-PNL(rH,z;t)drH. (4.22)
c ot ]

Next, we assume the nonlinear polarization Py, of the form Eq. (3.11)
with the total electric field

4 IO
E(rst)~ Y Aj(zt)ej(r) e * v e, (4.23)
j=1

Taking into account Eq. (3.11) and Eq. (4.23), we can rewrite Eq. (4.22)
as

0Aj(z:t) o ( 0

P DR (R A LICON e

ot

where
A R Ly aiwt—=iBz
Ii(z:t) = amk; € (rH) “Pi(r 25 t)e i dry. (4.25)

For the sake of convenience, we split the integral I; into two parts as

=30 Tiipg = 2 I:I](l;)»q + I](l?-[zq:l (4.26)
Lp.g Lp.q
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with
IJ(II)NI = y](ll)"iA Apdq e'frat, (427)
J(llzq V;izqulApAzei¢'P’qj, (4.28)
and
W _ g [ ny(eRe)(e, e, )dr (4.29)
Yitpg = Ki 2\€ - € ) €p - €q)ax, 4-29
y]lpq =k; fznl(e ep € )dl'” (4.30)

Here, the general phase difference ¢ ; ,, is defined as

Gilpg = Aﬁ;i;qz—Awﬂ,Mt, (4.31)
with
7(0)  _ [(p(0) | 7(0) a(0) | (o)
ABj1 pg = (ﬁjo B )_( b By ) (4.32)
and
Awjipg = (wj+ wp) = (0p + wg). (4.33)

The complete expression for I; includes a large number of terms
involving the products of three amplitudes. Nevertheless, we can dis-
tinguish the terms responsible for self-phase modulation, cross-phase
modulation, and four-wave mixing. For instance, in the case that g =
p =1 = j, we obtain the following term for self-phase modulation:

seM _ (1) (2) 2
fj IJJJJ Iy = yilAil*Aj (4.34)
where y; = = yj(]l])] + ym] [same as Eq. (3.26)]. Similarly, the sum over the

index pairs (p=j,q=1),(p=1,q=j),and (p =g =1,1 = j) provides
terms for the cross-phase modulation:

XPM _ (1) (1) (2) (2) 2
L = L+ Ly + T + 1 = ZZVMAI\ Aj. (435)
#j
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where

Vil =ij/an[(e?'ez*)(ej'ez)+(e?'ez)(ej'37)

I#j

+(ef - e))lef . (4.36)

By collecting the terms for which g # p # I # j, we obtain the four-wave
mixing contribution to Eq. (4.25):

FWM _ () () () | () _ * inge) =
Bipg = Titpg * Ligp + Ljtpg * Ljtgp = VitpaAr ApAqe 1m0, (4:37)

where

ipa =Ky [ 2m[(e i) (ep-er) + (€] ) (e ¢f)
+ (e? -ep)(eq- e?)]dr”. (4.38)

Note that in Eq. (4.37) and Eq. (4.38), we permuted the second and the
fourth indices of I iz)c 4 and ygzb)c ;- Furthermore, the particular case, in
whichg# p#1=jor(q=p=#I#j),isknown as three-wave mixing
or degenerate four-wave mixing.

In general, Eq. (4.25) contains many other phase terms responsible
for phenomena such as frequency tripling (v, = w; + w; + w,) or
other frequency conversion processes (e.g., wq = 2w; + w,). Here, we
neglect such contributions, since from the quantum-mechanical point
of view, the probability of these processes is rather low [5]. Additionally,
we neglect the time derivative term on the right hand side of Eq. (4.24)
that accounts for the dispersion of the nonlinearity, leading to nonlinear
effects such as self-steepening and optical shock formation, which only
become important for femtosecond pulses [5]. Therefore, we keep only
all dominant terms that are responsible for processes such as self-phase
modulation, cross-phase modulation, and four-wave mixing. Under
these assumptions, Eq. (4.24) applied to each field at frequencies w;
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(j = 1—4) leads to the following set of four coupled amplitude equations:

0A, . . . * iag

2= (Dt NDA + iy, AT A A e AR (4-392)
0A, . N ) . YO

> - (Dy+ N,)A, +iya, ATAA e AT (4.39b)
0A A . , . iAg©®

2= (D + N)A +iysndididse AP, (4.39¢)
JA A . . " _iAg®

87; = (D, + NA, +iynAlAAe P72 (4.39d)

with the nonlinear operator
Ny = i(y Al + Y yalail), (4.40)
1%]

and the linear phase-mismatch
AB(O) = A/ggi,)zl = Aﬁ_g:,)lz = _A/;l(;,z;g = _ABI(Z)M' (4.41)

Thus, the system of Egs. (4.39a) to (4.39d) describes four-wave mix-
ing for bound and leaky modes. The efficiency of four-wave mixing
depends on the wave-vector mismatch AB(°) and becomes maximum
when it vanishes, i.e., Aﬁ_(o) =o.

It should be noted that Egs. (4.39a) to (4.39d) look similar to the
scalar and vectorial formulations [see Section 4.1] [5, 15]. However, the
main difference is in the nonlinearity parameters. While in Egs. (4.39a)
to (4.39d), the reciprocal conjugation is the identical operation to the
complex conjugation for bound modes, it yields different results for
leaky modes. Therefore, all nonlinearity coefficients in Egs. (4.39a)
to (4.39d) deviate from those of the conventional bound-mode theory
when considering leaky modes. Particularly, as we have shown in Chap-
ter 3, they exhibit a non-vanishing imaginary part that is either positive,
corresponding to nonlinear loss [16, 32, 33], or negative acting as non-
linear gain for overall attenuating fields [A2]. In the next sections, we
numerically analyze the impact of our new formulation on four-wave
mixing of leaky modes by comparing it with results that are based on
applying the bound-mode theory to leaky modes. In order to do that,
we basically ignore any issues with the normalization of bound modes
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GENERALIZED THEORY OF FOUR-WAVE MIXING

using the conventional theory and assume that the real part of the non-
linearity coeflicients has been calculated correctly, while we neglect its
imaginary part.

4.3 MODULATION INSTABILITY IN HOLLOW-CORE FIBERS

In general, the system of Egs. (4.39a) to (4.39d) describes narrowband
pulses that are spectrally separated. However, for small frequency spac-
ings (< 1 THz), it is more convenient to use a single nonlinear Schroe-
dinger equation with a certain initial condition [5]. In that case, an
interaction between the nonlinear and dispersive effects can lead to
the generation of new frequencies from noise, which is also known as
modulation instability [5]. Typically, the nonlinearity parameter y is
assumed to be a real quantity in the stability analysis of the modulations.
However, as mentioned in the introduction, the nonlinearity parameter
y has a negative imaginary part for hollow-core fibers supporting leaky
modes that can act as a nonlinear gain, partially diminishing the impact
of modal attenuation during propagation [A2]. Hence, we observe here
an interplay between nonlinear gain and modal loss besides self-phase
modulation and group velocity dispersion. In this section, we derive
steady-state solutions in this regime and analyze their stability against
small perturbations.

In the following, for the sake of simplicity, we consider the standard
nonlinear Schroedinger equation with a complex nonlinearity parame-
ter and linear loss:

0A B A

j— -

0z 2 012

Here, y, (> o self-focusing, < o self-defocusing) and y; (> o nonlinear
loss, < o nonlinear gain) are the real and imaginary parts of the nonlin-
earity parameter y, respectively. Below, we consider the self-focusing
case.

Considering Eq. (4.42) as a dynamical system, yields the following
steady-state solution [O1, 97]:

+(yr +ip)|APA+ia(D A =o. (4.42)

A=A, el (4.43)
where
5((0) 1/2
Ao=| - o (4.44)
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This basically means that we require a suitable balance between linear
attenuation and nonlinear gain.

In order to investigate modulation instability, we add a small pertur-
bation to the steady-state solution [5]:

A=[A, +a(z1)] elrrlel’z — A 4 g eivrlolz, (4.45)

where a(z, ) is the small perturbation.
Substituting Eq. (4.45) in Eq. (4.42) and linearizing a(z, 7), we obtain
after some algebra:

da [;(2) 0*a

! 0z 2 0712

+ (yr + iy)|Ao]*(a+a™) = 0. (4.46)
A general solution of Eq. (4.46) can be written as
a(z,7) = u(z) " +v*(z) e, (4.47)

where 1 and v are the coefficients determined by solving Eq. (4.46), and
Q is the frequency of the modulation.

By introducing b = u+v and ¢ = u—v and by inserting Eq. (4.47) into
Eq. (4.46), we obtain the following system of homogeneous equations:

B
b —29;|Ao|? iZ—o2 b
- = 2 . (4.48)

0z B>
c i QO +2iy,|A.|? o c
2

M

Searching for the eigenvalues I' of the matrix M, we obtain a character-
istic equation of the form

2 2 ﬁ_(Z) 2 B(Z) 2 2
reaplaorr s Eo0r (o0t vaplaf) o, (o)
which has solutions

Fi = - y,‘|A0|2:!:

[(%IAOIZ)Z - (B(Z) Q)Z(QZ +sgn(B®) Qi)]l/z, (4.50)

2

69



GENERALIZED THEORY OF FOUR-WAVE MIXING

where sgn((*)) = +1 depends on the sign of () and

or = el (450
This yields

b(z) = b, e +b_e, (4.52)

c(z) = cy e+ el (4.53)

where b, and c, depend on the initial conditions of the perturbation
a. Note that I can be related to a wavenumber K of the perturbation
as I = iK. In fact, perturbations can grow exponentially along the
fiber in the regime with y; < o, since the first line on the right-hand
side of Eq. (4.50) always yields a nonvanishing positive real part for
any real (). Interestingly, this does not depend on the sign of 3*) - in
contrast to the modulation instability described in the literature, which
occurs only in the anomalous dispersion regime (3(*) < o) at certain
frequencies [5].

Furthermore, we also note that the first line on the right-hand side
of Eq. (4.50) does not depend on the frequency. This already indicates
that the modulation instability can occur at any wavelength. For fur-
ther analysis of the results, we introduce the gain spectrum defined as
g(Q) = 2Re(I'). As we can deduce from Eq. (4.50), the gain is mini-
mal if the expression under the square root is negative. This minimal or
"background" gain is given by gmin = —2y:|Ao|* = 2&(*) for frequencies

Q with
2 :l 2 [ +(yi)2:|1/2_:|: ( )
L=Loq 1t 4.54

where Q. and Q_ correspond to the normal and the anomalous disper-
sion, respectively.

As we can see in Fig. 4.2, inside the frequency window Q* < Q3,
the gain spectrum can always exceed gmin. It has two maxima at Q =
+Q/2'/* in the anomalous dispersion regime (red dashed line) while
in the case of normal dispersion (green solid line) g(Q) is maximum
at Q =o.

Here, we note that the steady-state solution of Eq. (4.42) and accord-
ingly the dispersion relation Eq. (4.50) are determined uniquely by the
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Figure 4.2. Gain spectra of modulation instability at a pump wavelength of
A = 470 nm for the annulus fiber with y = (8.47 x107° — 4.58 x107%i) m "W,
a=o0.24m",and [?] = 6.84 x 107> ps’km . The red dashed line indicates
the gain spectrum of modulation instability calculated in the anomalous dis-
persion regime with sgn($(*)) = —1, while the solid green line is obtained for
sgn(B®)) = 1, corresponding to the normal dispersion regime. Note that in
both cases, there is a nonzero gain for all frequencies.

fiber parameters. Waves with such properties are sometimes called
autowaves [98]. Particularly, localized waves in gain-loss-balanced non-
linear systems are referred to as autosolitons or dissipative solitons [99].

4.4 OPTICAL SYSTEM AND SIMULATION DETAILS

In this section, we provide geometrical and optical parameters of a test
system as well as details of the numerical simulations of the coupled
nonlinear pulse propagation equations. At first, we discuss optical prop-
erties of the chosen waveguide geometry such as the linear dispersion
and the nonlinear characteristics. Furthermore, we estimate the posi-
tion of the Stokes and the anti-Stokes bands that are required in further
numerical simulations. In the second subsection, we mostly concen-
trate on the parameters of the numerical simulations by considering
e.g., the time-frequency discretization, and the choice of longitudinal
computation steps.
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4.4.1  The optical system parameters

As example of an optical system for our numerical investigation, we
consider an annulus fiber made from silica (SiO,) and filled by xenon
(Xe) with a nitrogen (N) surrounding [see Fig. 4.1 (a)]. The inner and
outer radii of the annulus are R, = 30 ym and R, = 30.476 pym, respec-
tively. The optical parameters of this waveguide such as the linear and
nonlinear refractive indices are taken from Refs. [94, 95, 100, 101]. Here,
we assume that the pressure inside (Xe) and outside (N) the fiber are
1 bar and 4 bar, respectively. Thus, with these geometrical and optical
parameters of the annulus fiber, we are able to design a dispersion curve
such that it yields a strong impact of our theory.

The modal properties of the fiber are found by solving Maxwell’s
equations. Following the procedures described in the literature [28, 41],
we can derive an eigenvalue equation for the propagation constant .
Panels (a) and (b) in Fig. 4.3 display the real and imaginary parts of
the effective refractive index neg = f3/k of the fundamental leaky mode
of the fiber as a function of wavelength. Since the silica layer can be
considered as a Fabry-Perot-type resonator, it has resonances at the
wavelengths [102]

2 N 2 2 2
A= Lﬁ[”smz(l) - nXe(A)] > (4.55)

where m = 1,2, ... with the modal loss [e< Im (7., )] having their max-
ima at these resonances. In the wavelength range, considered in Fig. 4.3,
we can see the second (m = 2) resonance at A = 507 nm.

Next, we use the solutions of the eigenvalue problem to calculate
the nonlinear parameters. For instance, panels (c) and (d) in Fig. 4.3
display the real and imaginary parts of the nonlinearity parameter y of
the fundamental leaky mode of the fiber as a function of wavelength.
In these panels, the red solid line indicates the results obtained by us-
ing the resonant-state expansion, while the blue dots are based on the
results of bound-mode theory. Details about the difference between
resonant-state expansion and bound-mode theory can be found at the
end of Section 4.2. We note that in both cases the contribution of the

surrounding gas, i.e., nitrogen, to the nonlinear parameters is neglected,

since XE?S)iOZ > XS))(E > XSIEI [101]. Furthermore, we can consider the

smallest region with spatial inhomogeneities, i.e., R = R, as the radius
of normalization in Eq. (2.59). In the case of bound-mode theory, fiber
modes are normalized with respect to the axial component of the time-
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Figure 4.3. Spectral distributions of the various relevant parameters. (a) Real
and (b) imaginary parts of the effective refractive index of the fundamental
leaky mode of the annulus fiber shown in Fig. 4.1. Comparisons of results
obtained by the resonant-state expansion and the bound-mode theory for the
real and imaginary parts of the nonlinearity parameter of the fundamental leaky
mode of the same fiber are given in panels (c) and (d), respectively. (e) Phase
mismatch for degenerate four-wave mixing at a pump wavelength of 470 nm
and an initial power of 3.1 MW (green solid line) and 3.2 MW (red dashed
line), respectively. The central arrow indicates the position of pump (P) wave,
while the side arrows indicate the estimated positions of the Stokes (S) and
the anti-Stokes (AS) bands that occur at the wavelength with vanishing phase
mismatch. (f) Second-order dispersion coefficient. All three waves are in the
normal dispersion region. The gray vertical dashed lines in all panels indicate
the spectral positions of the Stokes and the anti-Stokes waves.
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averaged Poynting vector with a radius of normalization of R = oo.
However, infinite radius of normalization applied to leaky modes yields
a vanishing value for the nonlinearity parameter y, since the fields of
leaky modes diverge [see Fig. 4.1 (b)]. Therefore, we choose the radius
of normalization such that the deviation of the real part of y between
the resonant-state expansion and the bound-mode theory is minimized.
As we can see in Fig. 4.3 (c), the real part of the nonlinearity parame-
ter y is similar in both approaches. However, the bound-mode theory
solely provides a purely real y.

The estimated positions of the Stokes and anti-Stokes waves for par-
ticular pump wave parameters (wavelength and power) are defined by
the phase-matching condition. In order to have the most efficient side-
band generation, it is necessary to compensate the linear wave-vector
mismatch AB(°) between the pump and side bands with the nonlinear
phase shifts caused by self-phase and cross-phase modulations. For the
sake of simplicity we consider degenerate four-wave mixing, for which
w, = w,. In this case, we can write the phase-matching condition as
follows [5]:

5(4)

—Q;‘) +2y,P, ~o. (4.56)
12

af - (p0z+

Here, Qs = w, - w; = w, — w, is the frequency shift with respect to
the pump frequency w,, f*) and B(4) are the dispersion parameters at
w,, and y, is the real part of the nonlinearity parameter y at the pump
frequency.

In order to exclude a strong impact of modulation instability and
consider rather typical four-wave mixing, we choose the pump wave
parameters such that all the pump wave and Stokes side-bands are in
the normal dispersion regime. In this case, the phase-matching condi-
tion can be satisfied if/J_’(“) < 0. For example, as shown in Fig. 4.3 (d),
for the pump wave with an initial power of P, = 3.1 MW and a wave-
length of A, = 470 nm, at which B(l) = 6.84 x 102 ps*km ™, B(“) =
-1.14x107° ps*km ™", and y, = 8.47x10"° m~*"W ™, the phase mismatch
vanishes at a wavelengths of A, = 540.6 nm (Stokes) and 1, = 415.8 nm
(anti-Stokes). In Fig. 4.3 (e), we see that all three (i.e., the pump, Stokes,
and anti-Stokes) waves are in the normal dispersion region. The posi-
tions of the side bands can be easily tuned by varying the pump wave
parameters.
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4.4.2  Nonlinearity parameters

The system of Egs. (4.39a) to (4.39d) include the nonlinearity param-
eters y;; and y;;,, in addition to the Kerr nonlinearity parameter y;.
The latter is shown in panels (c) and (d) of Fig. 4.3. In this section, we
discuss the nonlinearity parameters y;; and y;,, that quantifies cross-
phase modulation and four-wave mixing, respectively. Furthermore,
we provide the complete table of nonlinear parameters of the optical
system.

In the bound mode theory [see Eq. (4.7)], the nonlinearity param-
eters y;;, as we can see in the bottom of Tables 4.1 and 4.3, are real
numbers. The same parameters that are calculated by using our for-
mulation [see Eq. (4.36)] are complex numbers [top part of Tables 4.1
and 4.3].

The most interesting, as we can see in Tables 4.2 and 4.4, nondegener-
ate nonlinearity parameters y;;,, are in general complex numbers not
only in our theory but also in the bound mode theory. Furthermore, in
our approach, the imaginary part of y;;,, is negative for all cases that
are considered here. However, it can have an opposite sign in the bound
mode theory. Thus, we can conclude that no matter which method is
used, nondegenerated nonlinearity parameter y;;,, is in general com-
plex number for both bound and leaky modes.

4.4.3  Simulation details

So far, we have drawn our attention to determine the parameters of
the fiber that enter Egs. (4.39a) to (4.39d), while in the following, we
discuss the details of the numerical simulations. As an initial condition
for the amplitude of the pump pulse, we consider a hyperbolic secant
profile

A(z=o0,t) = p? sech(Ti), (4.57)
with the initial width T;, = 100 ps. For such a relatively long pulse, we
can neglect higher order nonlinear effects such as self-steepening and
Raman scattering [s]. Still, these nonlinear effects could be considered
in our model. However, as we have mentioned in Section 4.2, they
become significant only for pico- or even femtosecond pulses. Further-
more, in this case, the higher-order Taylor expansion terms in Eq. (4.14)
are generally negligible [5]. Hence, the real (1) and the imaginary
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APPROACH  PUMP STOKES ANTI-STOKES
Vil I A, =470nm Ay =540.6nm A, = 415.8nm
RSE 1 8.472x107°% 1.449 X 107° 1.904 X 107°
—4.581x107% —-1.536 10 %i  —2.191 x 10" %i
2 1.694x10° 1.449 X 10™° 1.904 X 10~ °
—9.162x107% —1.536 X10 %0  —2.191 X 10 %i
3 1.667x107° 7.129 x 10™° 1.873 x107°
-8.795x107% —7.384x10°i —2.103x10 i
4 1.684x107° 1.440 X 10> 9.461 x 107 °
-9.025x107% —1.514X10° %  —1.079 x 107 %]
BMT 1 8.465x107° 1.447 X 107° 1.903 X 1073
2 1.693x107° 1.447 X 10°° 1.903 X 10 >
1.665 x 10> 7.118 x 107° 1.871x107°
4 1.683x107° 1.439 X 107 ° 9.460 x 107°

Table 4.1. The partially degenerate nonlinearity parameters y;; [in m™W™']
calculated within the bound mode (BMT) and our (RSE) theories at the pump
and side-bands spectral positions. The spectral positions (wavelengths) of the
side-bands correspond to the initial pulse power of P, = 3.1 MW.

APPROACH PUMP STOKES ANTI-STOKES
YVilpq A, = 470nm Ay =540.6nm A, = 415.8nm
RSE 1.675 X 107> 1.456 x 10°° 1.894 x107°
-9.265x10° % —8.605x107%i —1.119 X 10" %]
BMT 1.674 X 10°° 1.455 X 10~° 1.892 x 107°
~1.648 x 1078  1.433 x107%i ~1.572 x 10~ %

Table 4.2. The nondegenerate nonlinearity parameters y;,q [in m™W™'] cal-
culated within the bound mode (BMT) and our (RSE) theories at the pump
and side-bands spectral positions. The spectral positions (wavelengths) of the
side-bands correspond to the initial pulse power of P, = 3.1 MW.
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APPROACH PUMP STOKES ANTI-STOKES
Vil I A, =470nm Ay =541.1nm A, = 415.5nm
RSE 1 8.472x1076 1.448 x 1075 1.905 X 1075
—4.581%x107% —1.497x10° % —2.187x107%i
2 1.694%x107° 1.448 x 107° 1.905 X 10>
-9.162x107% —1.497x10° % —2.187 x 107 %}
3 1.667x1075 7.125 X 106 1.874 X 1075
-8.798 x107%i —7.200x10%i —2.101%x10 7}
4 1.684x107° 1.439 X 10° 9.468 x 107°
-9.025x10°% —-1.476x10° % —1.077x107%i
BMT 1 8.465x10°6 1.446 X 1073 1.904 X 1075
2 1.693x107° 1.446 X 107° 1.904 X 10>
1.665 x 10> 7.118 x 10° 1.873 X 107
4 1.683x107° 1.438 x 107° 9.467 X 107°

Table 4.3. The partially degenerate nonlinearity parameters y;; [in m™ W™']
calculated within the bound mode (BMT) and our (RSE) theories at the pump
and side-bands spectral positions. The spectral positions (wavelengths) of the
side-bands correspond to the initial pulse power of P, = 3.2 MW.

APPROACH PUMP STOKES ANTI-STOKES
Vilpq A, = 470nm A; =541.1nm A, = 415.5nm
RSE 1.675 X 107> 1.455 X 102 1.895 x 107>
—1.145 %1021 —8.405x10°°i —1.095 X 10" %j
BMT 1.674 X 10°° 1.454 X 10~° 1.894 x 107°

8

-1.522 X 10" °%

1.322 X 10~ %

-1.622 x 10 8j

Table 4.4. The nondegenerate nonlinearity parameters y;;,, [in m™"W™'] cal-
culated within the bound mode (BMT) and our (RSE) theories at the pump
and side-bands spectral positions. The spectral positions (wavelengths) of the
side-bands correspond to the initial pulse power of P, = 3.2 MW.
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(1) parts of the propagation constant 3(1) around the corresponding
waves are approximated by Taylor series expansions up to §(+) and &(*)
as the fourth and second order, respectively. As we can see in Fig. 4.4,

Exact
O O O Taylor

Im(B) (m")

Re(B) (um’)

400 500 600 400 500 600
Wavelength (nm) Wavelength (nm)

Figure 4.4. The Taylor series expansion of (a) the real (1) and (b) the imag-
inary a () parts of the propagation constant (1) of the fundamental leaky
mode of the annulus fiber [see Fig. 4.1] around the pump, the Stokes, and the
anti-Stokes positions. They are approximated by truncating the corresponding
series at ﬁ_(“) and a@® as the fourth and second order, respectively. The spec-
tral positions of the pump (P, green colour), the Stokes (S, red colour), and
the anti-Stokes (AS, blue colour) waves are A, = 470 nm, A; = 540.6 nm, and
A, = 415.8 nm, respectively, that correspond to the initial power of P, = 3.1 MW.

the fourth order approximation for the real part of S(1), i.e., for the

dispersion yields near identical results to the exact curve. Moreover, the

expansion around each wavelength can accurately cover the entire wave-
length window. However, the imaginary part of (1) that corresponds

to the modal loss can reproduce the exact curve in a smaller wavelength

range. Unfortunately, due to the exponential dependence of the loss on

wavelength, adding other higher-order terms of the expansion is not so

efficient. Nevertheless, the approximation can be used since the pump,
the Stokes, and the anti-Stokes waves are widely separated and narrow-
band. Moreover, in the literature, mostly, the modal losses are assumed
to be the same (constant) for all wavelengths [5]. Furthermore, in the nu-
merical simulations, we assume that the pump, Stokes, and anti-Stokes
wavelengths have the same group velocities vg = 1/ (). Indeed, as one
can see in Fig. 4.5, they have nearly the same group velocities and the
relative difference of v, between them is less than Av,/v, <107°.
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Figure 4.5. Spectral distribution of the group velocity v, = 1/ @) (respect to
the speed of light ¢) of the fundamental leaky mode of the annulus fiber shown
in Fig. 4.1. The gray vertical dashed lines indicate the spectral positions of
the pump (P), the Stokes (S) and the anti-Stokes (AS) waves at A, = 470 nm,
A; = 540.6nm, and 1, = 415.8 nm, respectively. The side bands positions
correspond to the initial power of P, = 3.1 MW.

The initial amplitudes for the Stokes A, and anti-Stokes A, waves are
given by

t ,
A (z=0,t) = P;,/j sech(T) eFitht (4.58)

o

where P, , << P, and the "-" sign is for A;. We choose P, , such thata
seed for the Stokes and anti-Stokes waves at the corresponding frequen-
cies is at the level of the spectral background (noise) of the pump field
[see Fig. 4.6].

o 0 =

= = A

= -10 = —A,

= S - A,

< -20 = -20

B S 30

= -30 A g } i
-5 0 5 -100-50 0 50 100

Time t (ns) Frequency Q/2m (THz)

Figure 4.6. Initial profile of the pump Eq. (4.57), the Stokes, and the anti-Stokes
amplitudes Eq. (4.58) in (a) time and (b) frequency domain for P, = 3.1 MW,
Q, = 522.9 THz, T, = 100 ps,and P, = P, = 10 > W.
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The numerical solution of Eqgs. (4.39a) to (4.39d) is carried out by
using an improved version of the well-known split-step-Fourier method
[see Section 3.5] [5, 80, 81]. In our numerical simulations, we use N =
2% points to discretize a time window of Tsyan = 100 Tpwpm. These
parameters provide the wavelength window of Aspan = ¢N/Tspan ~
320 — 770 nm according to the sampling theorem, which entirely covers
the spectral range of our interest. The longitudinal step size used in
numerical simulations is Az = 40 ym.

4.5 RESULTS AND DISCUSSION

In this section, we investigate the pulse dynamics for two cases. In the
first case, we consider the so-called continuous-wave regime that allows
to consider only the nonlinear part of Egs. (4.39a) to (4.39d), while in
the second case, we solve the full system of equations including the
dispersion and nonlinear effects.

4.51 Quasicontinuous-wave regime

Let us start our analysis by considering the simplified case, i.e., namely
continuous-wave or quasicontinuous-wave regime. This regime sup-
poses the propagation of pulses with relatively wide width that is around
T, ~ 1 ns. Hence, dispersion effects can be neglected and we solve equa-
tions Egs. (4.39a) to (4.39d) without dispersion operator D . In our
simulations, we consider the pump pulse at wavelength A, = 470nm
with power of P, = 3.1 MW and P, = 3.2 MW. Asan initial power for the
side bands, we use P, = P, =107 W and the wave-vector mismatch is
assumed to be AB = —2y,P,.

The simulation results are displayed in Fig. 4.7. It shows the total
power of the pump (P,), Stokes (P,) and anti-Stokes (P,) waves normal-
ized to the initial power of the pump wave as a function of propagation
distance z. The red solid lines indicate the power calculated by using
our formulation (RSE) while the blue dashed lines express the results
based on the bound-mode theory (BMT). In the left column [panels
(a), (c) and (e)], we display the results for the initial pump power of
P, = 3.1 MW. As we can see, the efficient generation of the Stokes and
the anti-Stokes bands occurs roughly after propagating along z = 8o cm
length of the fiber. Subsequently, we observe a continuous exchange
of power between the pump and the side-bands. The period of the ex-
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Figure 4.7. Four-wave mixing in the quasicontinuous-wave regime. Normal-
ized pump [panels (a) and (b)], the Stokes [panels (c) and (d)] and the anti-
Stokes [panels (e) and (f)] power as a function of propagation distance obtained
by using our theory based on the resonant-state expansion (red solid line) and
the bound-mode theory (blue dashed line) for initial pump powers of 3.1 MW
(left column) and 3.2 MW (right column).

change, i.e., distance between two consequent maxima, is not constant.
During the propagation, it becomes shorter differently for different the-
ories. Furthermore, in our case, the Stokes and anti-Stokes bands oc-
cur a bit (roughly 4 cm) earlier than in the bound-mode theory. Due
to these facts, there is a shift between the curves that correspond to
different theories. For instance, they become nearly out of "phase” at
Z = 1.44 m, i.e., the Stokes and anti-Stokes bands have a local maximum
power in our theory, while they have a local minimum power in the
bound-mode theory. Additionally, we can note that in our formulation,
the Stokes and anti-Stokes bands exhibit a higher maximum power. For
instance, in our case the maximum efficiency of the Stokes and the anti-
Stokes bands generation is 14.9 % and 19.4 %, respectively, while it is
12.3 % and 16.8 %, respectively, in the bound-mode theory. However,
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it reduces at long distances, which is due to the pump depletion and
modal losses.

We obtain very similar results for the initial pump power of P, =
3.2 MW (the right column of Fig. 4.7). Increasing the initial pump
power leads to generation of Stokes and anti-Stokes bands with a higher
power. Furthermore, the side-band generation arises a bit earlier in
both formulations. For example, for P, = 3.2 MW, it is roughly 2 cm
shorter than the previous case.

4.5.2  Ultrafast regime

Let us now simulate Eqs. (4.39a) to (4.39d) in the ultrafast regime that
requires the inclusion of dispersion effects. In this case, we start our
analysis of the pulse dynamics by investigating the total power spectral
density S(1). Panel (a) in Fig. 4.8 depicts S(A) dynamics based on
our formulation for the initial pump power of P, = 3.1 MW, while the
results in panel (b) are based on the bound-mode theory. Note that
the final equations become similar for both cases. The main difference
is in the definition of the nonlinearity parameters. In the first case,
the nonlinearity parameter y has a negative imaginary part in contrast
to the latter [see Fig. 4.3 (d)]. In addition, reciprocal conjugation is
replaced by complex conjugation in the bound-mode theory. More
details about the difference between two models can be found at the end
of Section 4.2. By comparing panels (a) and (b) of Fig. 4.8, we clearly see
that our formulation yields substantially more pronounced side bands.
This is a substantial effect, considering that Im(y)/Re(y) is rather small.
Due to the higher modal loss at the Stokes position (A, = 540.6 nm)
compared to the anti-Stokes one (A, = 415.8 nm), the power spectral
density of the Stokes wave is rather small [see Fig. 4.3 (b)]. Please note
that we use a broken power axis to show the side bands clearly.

Let us now repeat our simulations for a higher initial pump power of
P, = 3.2 MW for the same pump wavelength. In this case, the positions
of the side bands are slightly shifted according to the phase-matching
condition [see Fig. 4.3 (¢)]. However, they are still in the normal disper-
sion regime and all other parameters are close to those of the previous
case. As we can see in panels (c) and (d) of Fig. 4.8, the Stokes and
anti-Stokes bands are generated with a higher power spectral density.
Specifically, the increment in S(A) is larger for the bound-mode the-
ory [e.g., compare the anti-Stokes band in panels (b) and (d)] than in
our formulation based on the resonant-state expansion [e.g., compare
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Figure 4.8. Four-wave mixing in the ultrafast regime. Spatial-spectral evo-
lution of the total power-spectral-density S(1) obtained by using our theory
based on the resonant-state expansion and the bound-mode theory for an ini-
tial pump power of 3.1 MW [panels (a) and (b)] and 3.2 MW [panels (c) and
(d)], respectively.

the anti-Stokes band in panels (a) and (c)]. The reason for the latter is
that the impact of the nonlinear gain contribution [i.e., terms propor-
tional to Im(y)|A,|*] to the side-band generation is decreasing due to
the strong pump power (P, o< |A,|*) depletion when using the resonant-
state expansion. Moreover, the spectral broadening of the pump and
side bands and their interaction generates various new frequencies, giv-
ing rise to supercontinuum generation at larger propagation distances.
Therefore, in Fig. 4.8, we have truncated the nonlinear pulse dynamics
around z = 2.1m.

Now, let us consider the efficiency of the side-band generation. For
that, we calculate the total power of each waves by integrating the cor-
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Figure 4.9. Four-wave mixing in the ultrafast regime. Normalized pump [pan-
els (a) and (b)], the Stokes [panels (c) and (d)] and the anti-Stokes [panels (e)
and (f)] power as a function of propagation distance obtained by using our the-
ory based on the resonant-state expansion (red solid line) and the bound-mode
theory (blue dashed line) for initial pump powers of 3.1 MW (left column) and
3.2 MW (right column).

responding total power spectral density S(1) over wavelength for each
step of propagation. In Fig. 4.9, we plot the total power of the pump
(P,), Stokes (P;) and anti-Stokes (P,) waves normalized to the initial
total power of the pump wave as a function of propagation distance
z. 'The red solid lines indicate the power calculated by using our for-
mulation, while the blue dashed lines express the results based on the
bound-mode theory. In the left column [panels (a), (c) and (e)], we
display the results for the initial pump power of P, = 3.1 MW. First, we
clearly recognize that in our formulation, the Stokes and anti-Stokes
bands exhibit at least two times more maximum power. Second, the
most interesting point is that in our case, the Stokes and anti-Stokes
bands occur roughly 50 cm earlier than in the bound-mode theory. An
efficient power transfer from the pump to the side bands is observed
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around z = 1.5 m, where the pump power sharply starts to decrease.
Furthermore, we can see an oscillatory behavior of their total power
over distance, which is clearly pronounced in the case of the Stokes
band and relates an exchange of power between the two excitations.

The situation for the initial pump power of P, = 3.2 MW (the right
column) is very similar to the previous case. As a main difference, we
note the following: Increasing the initial pump power leads to a gen-
eration of Stokes and anti-Stokes bands with higher power within the
phase-matching condition. Besides, the onset of the side-band genera-
tion arises earlier in both formulations. For example, for P, = 3.2 MW,
the onset is roughly 20 cm earlier than in the previous case. Finally, the
side bands decay at long distances, which might be due to the pump
depletion and modal losses.

In conclusion, we have presented here a new and general theoretical
formulation for a rigorous description of four-wave mixing in waveg-
uide geometries. The formulation is based on the so-called resonant-
state expansion with analytic mode normalization, which allows to con-
sider both bound and leaky modes within a single framework. For a
proof-of-concept analysis and as an example system, we have applied
our theory to a gas-filled hollow-core annulus fiber. The numerical
results reveal that our new formulation predicts a more efficient gener-
ation of the Stokes and anti-Stokes bands with an earlier onset for the
leaky mode system in comparison with the bound-mode theory. Our
findings originate from an accurate description of the nonlinear prop-
erties and in particular of the nonlinearity parameter of the considered
waveguide.
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DIPOLE EMISSION IN HOLLOW-CORE FIBERS

In nano-optics, dipole emitters coupled to optical resonators and waveg-
uides have important applications in different areas such as spectroscopy
[103, 104], sensing [105], plasmonics [106, 107], single-photon sources
[108, 109], and nanolasers [110]. In these applications, wide tuning capa-
bilities of hollow-core fibers can be useful for enhancing the emission
power of the dipole. For instance, the holes of the fiber can be filled with
different chemical and biological materials, which makes hollow-core
fibers a great platform for sensing applications. Therefore, in this chap-
ter, we apply the resonant-state expansion to model the dipole emission
in hollow-core fibers. At first, we derive the total electromagnetic fields
of an oscillating dipole in a waveguide by using the Green’s dyadic and
the reciprocity principle. After this, we investigate the change of the
spontaneous emission rate of a dipole in hollow-core fibers.

It is placing an emitter in an optical resonator or waveguide that
leads to a change of its spontaneous emission rate due to an interaction
with the electromagnetic resonances of the optical system. This phe-
nomenon is known as the Purcell effect [111]. It is characterized by the
self-titled factor that is defined as the ratio of the spontaneous emission
rate of a dipole in an electromagnetic environment to the free space one
and can be approximated as [111]:

6mc*Q,,

BEEPTTEE
Mur @3 Vin

Fp = (5.1)
Here, Q,, is the quality factor of the resonator mode, V,, is the mode
volume and ng,, is the refractive index of the material surrounding the
dipole that oscillates with frequency w. In Eq. (5.1), the mode volume
V,» can be written as [50, 52]

ée(r)Ein(r)dr
Vm = [po - Em(rd)]z > (5-2)

where p, and ry are the position and the polarization vector of the
dipole, respectively. The integral in the numerator of Eq. (5.2) is the
normalization constant of the electric field E of the mode. As we have
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discussed in Section 2.3, this normalization diverges in the case of the
open resonators because of the energy leakage. Thus, the mode volume
and hence the Purcell factor are not correctly defined for open systems.
However, the authors in Ref. [50] have solved this issue and presented
an exact analytic theory of the Purcell effect that can be applied for open
three-dimensional (3D) resonators. Using the Green’s dyadic G (r, ")
Eq. (2.42) and the correct mode normalization constant N, Eq. (2.46),
the Purcell factor in the weak coupling can be written as [50]

37'rc ZI ‘E,u(rq)]?

N wm(wm w)’ (5:3)

m
where w,, are the eigenfrequencies of the modes.

The change of the dipole emission in conventional step-profile optical
fibers, i.e., in two-dimensional (2D) systems (i.e., 3D systems transla-
tional invariant in one direction) with bound modes has been modelled
within different approximations in literature [28, 112-114], as well as the
fluorescence of isotropic and homogeneously distributed emitters in
microstructured fibers in the single mode approximation [115-117]. It
has been theoretically and experimentally shown that the spontaneous
emission rate and the radiation pattern of emitters change near an in-
terface between two different materials [113, 114, 118, 119].

To the best of our knowledge, the modelling of the dipole emission
in hollow-core optical fibers with leaky modes is missing so far. In
the following sections, we try to tackle this issue within our theory.
For that, first of all, we derive the fields generated by an oscillating
point dipole by using the Green’s dyadic of Section 2.2.2 for waveguide
geometries. Next, we show that the fields can be obtained directly from
the reciprocity principle.

51 DIPOLE FIELDS IN FIBERS

The Purcell factor can also be defined as the ratio of the power P radiated
by a dipole in the resonator to the power P, = w*|p,|*/(3¢?) radiated
in an homogeneous medium, i.e., Fp = P/P, [120]. Therefore, in this
section, we derive the total electromagnetic field of a dipole located in
optical waveguides including hollow-core fibers. As we have shown in
Chapter 2, the fields generated by an arbitrary source in a waveguide
can be obtained by using the Green’s dyadic that is decomposed into
the waveguide’s resonant states. Hence, in the following subsection, we
derive the electromagnetic fields of a dipole based on this approach.
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5.1.1  Dipole fields from the Green’s dyadic

The Green’s dyadic in real space is given by [see Section 2.2.2]

F,(r;0) ® F}, (r"l; w)

elPnle==l, .
N (5-4)

G(r,r'sw) =)’

Based on this, we can calculate the field F generated by an arbitrary
source J in the waveguide as

F, (r;w ) /
F(rw)=), (7“) f Fp (rf5 0) J(r5 w)e P lar . (s.5)
o 2Ny,
In Eq. (5.5), as a source we consider an oscillating point dipole with

dipole moment p, and frequency w,, located at r, = (xo, ¥o,2,). The
corresponding electric current density of the dipole is:

Je(r;t) = —% j(r) e ieot, (5.6)

where j(r) =j, 8(r - r,), and j, = po w,. The transformation into the
frequency domain provides

8% |
Je(r;w) :—T]O 8(r—r1,)0(w—w,y). (5.7)
Thus, the field F generated by this point source can be written as
F(r0) =) aw(z 0)F (1) 0), (5.8)
where a,, is the mode amplitude given by
4772 . i z—z
an(2,0) = =2 B (xos 3o @) Jo | €7 E 5 00 - o). (59)
cN,,
Finally, the Fourier transformation into the time-domain provides:

4T W,
F(r;t) =-
(1) ; N

[Elfn(xo,yo; W) ~po]

iBmlz—2o| e—iwot

X Fm(rH;a)O) (& (5-10)

Note that here F stands for the electric E and the magnetic H fields.
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5.1.2  Dipole fields from the reciprocity principle

In this section, the reciprocity principle is used to derive the electro-

magnetic fields of sources in optical waveguides including hollow-core

fibers that are dominated by leaky modes. Note that this derivation is

an alternative to the previous one, which is based on the Green’s dyadic.
Let us start by considering the following equations:

M(r||,ﬁ;w)15(r||,ﬁ;w) = j(r”,ﬁ;w), (5.11)

M(r”,—ﬁm;w)f’lfn(r”;w) =o. (5.12)

First, we multiply Eq. (5.11) with 1551 and Eq. (5.12) with F from the left
side and then subtract the second expression from the first one. By
using Eq. (2.30), the resulting expression can be simplified to the form

[Vu+i(ﬁ - ﬁm)éz] : [E(rH,ﬁ;w) < BR (1) 0)—

Ei(ru;w) x ﬁ(r||,ﬁ;w)] = i]:llfn(rn;w) -fE(r”,ﬁ;w), (5.13)

where &, denotes the unit vector in the z direction.

Next, we make the ansatz that the fields E and H can be expressed as
a superposition of resonant states E, and H,,, respectively, and assume
that the source term J vanishes at the resonances:

E(r||,ﬁ;w) =3 &n(ﬁ;w)fin(r”;w), (5.14)
H(r, fsw) = > dn(Bs ) Hy (1) @), (5.15)
Je(r), B w) = H(ﬁ—ﬁn)én(l‘”;w)- (5.16)

Here, d, is the amplitude of the resonant state and £ is an arbitrary
function. Hereinafter, for the sake of brevity, we omit the r| and w
dependencies in the equations. Substituting Eqs. (5.14) to (5.16) into
Eq. (5.13) and integrating over the spatial inhomogeneities, we obtain:

> f a0+ 1(B-B)e |- (B x S, — BR < 11, )dr =

i(ﬂ—ﬁm)/fifi' [T(B-Bn)&dr. (5.17)

n+m
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In the limit 8 — B, (8, # Bm), Eq. (5.17) yields the following orthogo-
nality relation for the resonant states:

: Vi A f TR _BR U _
/;hl? f Z an[ B-F) ez]o(En xH, -EN an)dr” = 0. (5.18)
In the limit § — f3,,, the integral on the right hand side of Eq. (5.17) is
defined as the normalization coefficient N,, [see also Section 2.4] [A1].
Hence, we can combine the orthogonality and normalization condi-
tions as following:

. Vi 1 fa AR AR A
lim [ [ ez]~ E,xH, -E, xH,|dr) = —2N;,6my.
P L ( Jar)

(5.19)
Now, let us define the mode amplitudes d,, (). The assumption that

j (B) — o, and, accordingly, F(ﬁ) — F,, in the limit B — B results in
&m(ﬁ) - dm(ﬁm) =1,1e,

am(ﬁm)=—7[AR [1(Bm—Bn)ondr=1. (5.20)

n+m

Introducing an analytical continuation d,, () of d,,(f,) in the com-
plex f3 plane around the 3 = f3,,, point, we can write

A

am

[T(B-Bu)6ndry. (5.21)

n#+

Using Eq. (5.16), the right hand side of Eq. (5.21) can be written as

dl‘” (5-22)

Now, we can Fourier transform back into the z space:

EI; jE ifz
a(2) :_ff meﬁ drydp. (523)

Representing Jg in Eq. (5.23) as

1 —ifz
-~ f Jp e Pedz, (5.24)
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we obtain:

iB(z-z")
an(2) =~ ff BR Jp————dzZ'ddr] =
o " TN (B - Bm) I

_ f ER - Jgefrlelar. (5.25)
2iNy,

Note that the Fourier transform in Eq. (5.25) is evaluated in the same
manner as in the case of the Green’s dyadic [see Section 2.2.2]. Finally,
multiplying Eq. (5.25) with F,, and summing over m, we obtain an
expression the total field, which is the same as Eq. (5.5):

Fm(l' ;w) / ’ iBmlz—z"| 7.0
F(r;w) :Zﬁfﬁ(r“;w)](r;w)eﬁm' ldr'. (5.26)

In Eq. (5.26), we have replaced EY, and Jg with FX and J, respectively.
This does not change the final results since Jy = o in J.

5.2 PURCELL FACTOR

The change of the dipole emission rate y in an optical fiber relative to the
free space one y,, i.e., the Purcell factor Fp [111] can be defined as [120]

Fp =+, (5.27)

where
2
_ 215 k3[po
o— — 7 .
3h
Here, ngy, is the refractive index of surrounding homogeneous medium.

The decay rate of a dipole in fiber can be expressed in terms of the
Green’s dyadic as [50, 120]

(5.28)

mko|pol®
y= _%{n‘ﬂ ~Im[G(l‘, I; a))] . np}, (5.29)

where n,, is a unit vector in the direction of p,,.
Thus, substituting Eq. (5.4) into Eq. (5.29), we obtain

Fp = 37 ZRe[(nP . em)(np . el,i)], (5.30)

nsur ké m

withe,, =E,,/N, ;,{ * being the normalized electric field of the fiber mode.
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5.3 DIPOLE EMISSION IN HOLLOW-CORE FIBERS

In this section, we apply our approach to a dipole located in two differ-
ent hollow-core optical fibers. The first geometry is a simple capillary
fiber made of silica and filled with water. The second geometry is the
so-called hollow-core wagon-wheel fiber [63, 116] that has three noncir-
cular holes and one of them is filled with water. The schematic of the
fibers as well as their geometrical and optical parameters are shown in
panels (a) and (b) of Fig. 5.1. Additionally, panels (c) and (d) in Fig. 5.1
display the fundamental leaky modes of the fibers at the wavelength
Ao =590 nm.

&
[
rC
. /\ \rl Air
L, >
Hzo Hzo
___________ SiOZ“___,,,.-' ~.. S0, .

Normalized Re(S,) x 10° Normalized Re(S,)

12.5 25

-7 0 7 -1 0 1
X (um) x (um)

Figure 5.1. Schematic of the modelling hollow-core (a) step-profile and (b)
wagon wheel fibers as well as their fundamental HE,, leaky modes [panels (c)
and (d), respectively] at A, = 590 nm. The geometrical and optical parameters
of the fibers are the following: . = 7 ym, r, = 0.85 ym, r, = 1.5 ym, g = 0.1 ym.
The refractive index of air, H,O and SiO, are n = 1, n = 1.33 and n = 1.46,
respectively.
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Here, one can note that the electromagnetic fields of the fundamental
mode of the second geometry is highly confined and exhibits very high
nonlinear properties [63]. Furthermore, one should note that these
hollow-core fibers exhibit an infinite number of leaky modes [41, 58].

Let us now consider the hollow-core step-profile fiber that is shown
in Fig. 5.1 (a). We assume that at the center of the fiber, we have an
electric dipole that oscillates along the horizontal direction (i.e., in the
direction of the x-axis) at the wavelength 1, = 590 nm. Due to the
symmetry of the system, among all transverse TE,,/TM,, and hybrid
HE,,.,/EH ,,, modes, only the hybrid HE,,/EH,,, modes with azimuthal
number m = 1 can be excited. Here, we consider the first N = 2500
modes (among which 1248 and 1252 are EH,,, and HE,, modes, re-
spectively, see Fig. 5.4) that are sorted in ascending order according
to the imaginary part of their propagation constant, i.e., their modal
loss. Panel (a) in Fig. 5.2 shows the Purcell factor of each excited mode.
As we can see, the modes with low loss are exited quite efficiently, while
the Purcell factor of the higher order modes has an oscillatory behavior
around zero. With increasing mode order, the amplitude of this oscil-
lation diverges. At first glance, it seems that the oscillation becomes
harmonic for the higher-order modes and hence, that when evaluating
the sum over all contributions, the negative and positive Purcell factors
of individual modes cancel each other. However, if we plot the conver-
gence of the Purcell factor over the number of modes, which is shown
in Fig. 5.2 (b), one can see that due to this oscillation the Purcell factor
obtained with this method is not defined uniquely. For comparison, a
full wave COMSOL Multiphysics simulations was performed, which
provides a Purcell factor of Fp = 1.12 [green dashed line in Fig. 5.2 (b)].

Let us now take a look at the emission patterns. It is known that a
dipole radiates perpendicularly to its oscillation direction [34]. Hence,
since in our case, the dipole is oriented in the horizontal direction, we
expect it to radiate vertically. The bottom panels (c) and (d) in Fig. 5.2
display the electric field of the dipole approximated by using N = 60 and
N = 400 modes, respectively. In the first case (N = 60), as we can see,
the radiation pattern shows the expected qualitative behavior. However,
in the second case (N = 400), for which the Purcell factor from our
approach and the full wave simulations are identical [see Fig. 5.2 (b)],
the dipole does not radiates in vertical direction.

Pair of panels [(e), (f)] and [(g), (h)] in Fig. 5.2 depict the electric
field of the dipole approximated by N = 60 and N = 400 modes, in the
xy and yz planes, respectively. As we can see in panels (e) and (f), the
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Figure 5.2. The Purcell factor of an horizontally oriented dipole (oscillating
at A, = 590 nm) located at the center of the hollow-core step-profile fiber
that is shown in Fig. 5.1 (a). Panel (a) displays the individual Purcell factor
of each mode (HE,,/EH,,) while panel (b) shows the total Purcell factor as
a function of the number of modes, i.e., the convergence. The green dashed
line corresponds to the Purcell factor obtained from a full wave COMSOL
Multiphysics simulation. The bottom panels (c) and (d) display the electric
field of the dipole (at z = 0) approximated by N = 60 and N = 400 modes of
the fiber, respectively. The corresponding points are indicated by black arrows
in panel (b). Pair of panels [(e), (f)] and [(g), (h)] display the electric field of
the dipole shown in panels (c) and (d) in the xz (at y = 0) and yz (at x = o)
planes, respectively. White dashed lines indicate the core-cladding interface.
Note that in this system, only HE,,,/EH,, modes are excited.
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emission patterns in the xz and yz planes are different since the dipole
radiates in the y direction. By comparing them with the emission pat-
terns in the xy and yz planes for N = 400 [(g), (h)] modes, we see
that they are almost identical. It is due to the fact that the higher-order
modes have very high modal losses. For example, the propagation con-
stant of HE,,, and EH,;, modes (1 = 30) are § = (0.554 + 6.519i) ym™
and f3 = (0.355 + 9.690i) um™, respectively. Hence, the fields of these
and the following higher-order modes decrease more than 1000 times
in a few nanometers of propagation along the z direction. Additionally,
in Fig. 5.2 (e-h), we can clearly see the refraction of dipole radiation
at the core-cladding interfaces (white dashed lines) into the cladding
region.

As it is known from the literature, we can distinguish two types of
hybrid modes, i.e., HE,,,, and EH,,, modes [28, 41]. For these modes
all six components of the electromagnetic fields are nonzero and the
main difference between them is the following: In HE,,, modes, the
longitudinal component of the electric field E, dominates over the lon-
gitudinal component of the magnetic field H,, while in EH,,, modes,
this is vice versa. Therefore, in order to analyze the above issue, let us
first consider the excited hybrid HE,, and EH,,, modes individually.

Panels (a) and (b) in Fig. 5.3 display the Purcell factor of the n-th
mode in the set of hybrid HE,,, modes and the convergence of the Pur-
cell factor over the number of modes, respectively. As we can see, the
amplitude of the oscillation is quite small and decreases with increas-
ing n. However, the same analysis for EH,,, modes shows an oppo-
site behavior, i.e., the amplitude of the oscillation becomes bigger for
the higher-order modes. Thus, we see that the Purcell factor of HE,,
modes calculated by using Eq. (5.30) converges, but slowly, while for
EH,,, modes our approach provides relatively good results if only the
lower-order modes are considered.

Let us continue our analysis by considering the positions of the hy-
brid HE,, and EH,,, modes in the complex effective refractive index
nett = fB/ko plane. As we know, they correspond to the poles of the
Green’s dyadic Eq. (2.36). In Fig. 5.4, the red crosses and the blue filled
circles denote the HE,,, and EH,,, modes, respectively. The first quad-
rant (positive real and imaginary values) contains the poles with 7.,
while the third one (negative real and imaginary values) contains the
poles with —n.¢r that exist due to the reciprocity [see also Fig. 2.1]. As we
can see, the lower-order modes are located near the real axis, while the
higher-order modes are close to the imaginary axis. Interestingly, the
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Figure 5.3. The Purcell factor of the horizontally oriented dipole (oscillating
at A, = 590 nm) located at the center of the hollow-core step-profile fiber that
is shown in Fig. 5.1 (a). Panels (a) and (c) display the individual Purcell factor
of each HE,, and EH,, mode, respectively, while panels (b) and (d) display
the total Purcell factor as a function of the number of HE,, and EH,,, modes,
respectively.

higher-order hybrid HE,,, modes slowly move away from the imaginary
axis with increasing mode number.

In contrast to 3D systems, the Green’s dyadic Eq. (2.36) of 2D systems
has a cut in the complex n.¢ plane along the negative imaginary half
axis [38, 39]. In Fig. 5.4, the position of the cut is indicated by the green
solid line. This cut contribution occurs due to the first kind of Hankel
function, which describes the mode fields in the exterior and it is not
uniquely defined [62]. The latter can be easily identified by consider-
ing the boundary condition Eq. (2.15), which essentially describes the
asymptotic behavior of the electromagnetic fields at p — co. As we can
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Figure 5.4. Poles of the Green’s dyadic in the complex ne = f3/ko plane that
correspond to the HE,, and EH,, modes of the hollow-core step-profile fiber
shown in Fig. 5.1 (a). The higher-order EH,, modes are located very close to
the cut of the Green’s dyadic, while the HE,, modes move away from the cut.

see in Eq. (2.15), it has a square-root in the denominator that has a cut in
the complex plane. The presence of these cut contributions explains the
issues related the divergence of the Purcell factor for the higher-order
modes.

The cut contribution can be neglected if the poles and accordingly
the waveguide modes are far from the cut. Therefore, we have obtained
self-consistent results for the Purcell factor in case of HE,, as well as
lower-order EH,,, modes of hollow-core step-profile fiber that are far
from the cut [see Fig. 5.4]. However, when the poles are close to the cut
as in case of the higher-order EH,, modes, the cut contribution in the
Green’s dyadic Eq. (2.19) has to be taken into account.

For the sake of completeness, let us briefly consider the second, so-
called wagon-wheel fiber geometry. In contrast to the previous geome-
try, the symmetry of the system is broken due to the water-filled hole. In
this case, we use COMSOL Multiphysics for calculating the fiber modes.
In our COMSOL simulations, domain radius and the perfectly matched
layer (PML) thickness are 12 pum and 2 pm, respectively. For meshing,
we have used the free triangular mesh with a minimum element size of
A/(8n), where A and n are the wavelength of interest and the refractive
index of the medium, respectively. Furthermore, in COMSOL, it is hard
to select only those modes that are excited by the dipole. Therefore, we
consider only the first N = 150 modes with the lowest loss.
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Figure 5.5. The Purcell factor of a horizontally oriented dipole (oscillating
at A, = 590 nm) located at the center of the hollow-core wagon wheel fiber
that is shown in Fig. 5.1 (b). Panel (a) displays the Purcell factor obtained
with our modal approach (blue line) as a function of the number of modes.
The green dashed line corresponds to the Purcell factor obtained from full-
wave simulations. Panel (b) displays the electric field of the dipole (at z = 0)
approximated by N = 150 modes of the fiber. The bottom panels (c) and (d)
display the electric field of the dipole shown in panel (c), in the xz (at y = o)
and yz (at x = o) planes, respectively. Note that in this case, we have used the
first N = 150 modes with the lowest modal loss.

The simulation results are shown in Fig. 5.5. In panel (a), the blue
line displays the resulting Purcell factor as a function of the number
of modes. For comparison, the green dashed line indicates the Pur-
cell factor that was obtained by full wave calculations (performed with
COMSOL Multiphysics as well). As we can see, the Purcell factor of the
modal approach convergences quite slowly. Furthermore, not all modes
are excited, which is why dependence in Fig. 5.5 (a) is not so smooth.
The electric field of the dipole in the xy plane (at z = 0) approximated
by N = 150 modes is shown in panel (b). Due to the asymmetry of
the system, radiation occurs only in one direction. Finally, the radia-
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tion patterns in the xz (at y = o) and yz planes (at x = o) are shown
in Fig. 5.5 (¢) and Fig. 5.5 (d), respectively. As we can see, the radia-
tion is mostly confined in a small core region, i.e., between three holes.
However, it partially refracts into the water-filled hole.

In this chapter, we have provided a model for the description of
dipole emission in open waveguide systems. Our model is based on
the resonant-state expansion with the correct mode normalization. We
have derived the electromagnetic fields of a dipole in two different ways,
namely by using the Green’s dyadic and by relying on the reciprocity
principle, as well as established an expression for the Purcell factor. Note
that in our model, we have assumed that the so-called cut contribution
in the Green’s dyadic is negligible.

Based on this approach, we have calculated the change of the spon-
taneous emission rate of a dipole in two different kinds of hollow-core
waveguide geometries. Our simulations show that for an accurate de-
scription it is necessary to take into account a relatively high number
of excited waveguide modes. It turns out that in this case, some of the
modes are close to the cut of the Green’s dyadic and hence the cut con-
tribution has to be considered in order to obtain accurate results. This
will be a subject of future investigations.
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In conclusion, we have presented here a new theory for simulating the
linear and nonlinear propagation of both bound and leaky mode in
waveguides, including the more advanced and complex hollow-core
fibers. The approach is based on a powerful and rigorous method,
namely the resonant-state expansion, with an analytic mode normaliza-
tion. The latter allows to apply the approach straightforwardly to differ-
ent waveguide geometries and to restrict the computational domain to
regions of spatial inhomogeneities giving substantial improvements in
numerical simulations.

We have built our theory ab initio from the Maxwell’s equations.
Based on the concept of the Green’s dyadic that can be represented as
a sum over the correctly normalized eigensolutions of the system, we
have derived a master equation. By considering the nonlinear polar-
ization as the general source in this equation, we have obtained the
nonlinear pulse propagation equation. This rigorous approach does not
include any slowly varying amplitude approximation in contrast to the
standard formulations and can be readily applied to both bound and
leaky modes.

In the single-mode approximation, the master equation simplifies to
the well-known nonlinear Schroedinger equation that includes a new
definition for the Kerr nonlinearity parameter. Applying this equation
for the description of the nonlinear pulse propagation in hollow-core
fibers that are governed by leaky modes has revealed that the Kerr non-
linearity parameter has an imaginary part. While this was expected
from previous works, we have found that, depending on the fiber pa-
rameters, the imaginary part can change its sign. If it is positive, it
corresponds to nonlinear loss, while a negative imaginary part acts as
a nonlinear gain for the overall attenuating pulses. The mechanism of
the nonlinear gain can be explained by a self-focusing that reduces the
pulse intensity at the interface of core and surrounding, which in turn
decreases the energy dissipation through to exterior. Our numerical
simulations for the pulse propagation in a capillary fibers demonstrate
that it can have significant influence on the spectral and temporal evo-
lution of an ultrashort pulse.
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Our theory is neither restricted to simple waveguide geometries nor
to the single-mode approximation, within which usually the spectral
broadening of the initial pulse, also known as supercontinuum genera-
tion, is investigated. It can be easily applied to more complex waveguide
geometries such as Kagore fibers, and it can be extended to other non-
linear processes such as four-wave mixing.

In order to demonstrate this, we have used our theory to derive a rig-
orous description of four-wave mixing in waveguide geometries, which
allows consideration of both bound and leaky modes within a single
framework. For a proof-of-concept analysis and as an example system,
we have applied our theory to a relatively complex gas-filled hollow-
core annulus fiber. The numerical simulations reveal that our theory
predicts a more efficient generation of the Stokes and anti-Stokes bands
for the leaky mode system in comparison with the bound-mode the-
ory. Another interesting point is that in our theory, the side-bands
were found to occur roughly 50 cm earlier than predicted by the bound-
mode theory. These findings originate from an accurate description of
the nonlinear properties and, in particular, of the nonlinearity parame-
ter of the considered waveguide.

Our theoretical and numerical investigations have demonstrated that
leaky modes provide modulation instability in both the anomalous and
normal dispersion regions. Furthermore, there is always a minimal
nonzero background gain for the entire spectral range. It means that
the modulation instability can occur for all frequencies. This is can
be considered as one of a fundamental differences of leaky modes to
bound modes.

Within our theory, it is possible to describe a waveguide mode that is
excited by arbitrary external or internal sources. Such dipole-fiber sys-
tems have important applications in fiber based sensors, non-classical
light sources for quantum information and other devices. Consequently,
we have applied our model to describe the emission of point sources
in hollow-core waveguides and investigated the change of the sponta-
neous emission rate. Our simulations show that the model can properly
describe the spontaneous emission of the dipole if the excited waveg-
uide modes are far enough from the cut of the Green’s dyadic. However,
in most of the cases, for an accurate description, it is necessary to take
into account a relatively high number of modes. In this case, the cut
contribution has to be taken into account within the scope of the theory.

We are quite sure that our theory is not restricted to the cases con-
sidered here. It has unrevealed potentials and can include other effects
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that we have neglected so far due to choice of the initial conditions. For
example, it can further be extended to consider nonlinear dispersion
effects by solving the master equation in the frequency domain. Addi-
tionally, it will be interesting to extend the theory for PT-symmetric
systems since in most of the cases, they have an intrinsic gain and loss.
Since leaky modes play a crucial role in a large number of fiber geome-
tries, we think that our theory opens new routes for tailoring the linear
and nonlinear pulse propagation in these waveguides. The comparison
of the standard theory with our theory reveals that the conventional the-
ory is inappropriate for capturing all phenomena that arise during the
propagation of leaky modes. Therefore, we believe that our theory can
accurately describe and perform numerical modelling of experimen-
tally observed features not only qualitatively but also quantitatively.
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