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I. INTRODUCTION

The structure of liquid crystal can take manifold forms. Liquid crystals [7] are liquids which are anisotropic, but
homogeneous in at least one direction. Consequently they have properties of liquids and of crystals. That is the
reason why they are called liquid crystals. They consist of non-spherical particles which are either calamitic (rod-
shaped) or discoid. Based on these properties liquid crystals are interesting for research and industrial implemen-
tation. Well know is the importance in display technology. Liquid crystals can change the direction of polarisation
of light, which goes throw them. A liquid crystal display (LCD) cell consists of two 90◦ twisted linear polarizing
filters. Between the polarizing filters are two transparent electrodes, which have 90◦ twisted orientation layers. The
liquid crystals arrange themselves along this orientation layers. Incident light is non-polarised. If this light hits a
cell, due to the polarizing filter the light becomes linear polarised. The liquid crystals are turning this polarisation by
90◦. Now the light can leave the cell through the second polarizing filter and consequently the cell is transparent. By
applying a voltage between the two electrodes, the orientation of the liquid crystals are changing. The orientation is
not any more caused by the orientation layers of the electrodes, but the electric field. In this arrangement the liquid
rystals cannot twist the polarisation by 90◦. Hence the light cannot pass the second polarizing filter and the cell is
opaque. Between transparent and opaque the light transmission of the call can be varied by the applied voltage.
The orientation of liquid crystals can be described by the director ~n, which is a unit vector. It is to be noted that ~n
and−~n are equivalent. Some arrangements for liquid crystals are shown in figure 1, but there are also several others.
The classification can be done with the dimension of the homogeneous directions in space.

(a) (b)

(c) (d)

FIG. 1: Different arrangements for calamitic liquid crystals: (a) shows an isotropic phase, (b) shows a nematic phase,
(c) shows a smectic-A phase and (d) shows a smectic-C phase. Also shown is the director ~n for the phases, where
there is a preferred orientation.

A system which is homogeneous in three dimension can be either isotropic or nematic. The difference between
them is the dimension of the isotropy: An isotropic behaviour in three dimension is called an isotropic phase, if it
is lower than three it is nematic. A nematic phase is characterised by a director. In an isotropic phase there is no
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preferred direction, that means in this case a director cannot be determined. A system which is homogeneous in two
dimension shows smectic phases. The smectic phases can be also classified by the dimension of the isotropy: An
isotropic behaviour in two dimensions is called smectic-A and for lower dimensions it is called smectic-C. Smectic-A
and smectic-C phases have a director, which is equal for each particle, like the nematic phase. In addition smectic
phases exhibit a layer structure. In each layer of a smectic-A or smectic-C phase the liquid crystals behave like a
two dimensional liquid. There are other smectic phases like smectic-B, where that is not the case. The difference
between smectic-A and smectic-C is the angle between the normal vector of the layer and the director. When they
are pointing in the same direction there is a smectic-A phase and if not, there is a smectic-C phase.
One possibility to create different structures of liquid crystal can be done by using the influence of a surface. Exper-
iments [1–4] show, that near a surface there is a specific structure, which is different form the structure in the bulk.
Near the surface the structure consists of liquid crystalline layers and far away there it is an isotropic fluid. The aim
of this thesis is to find a theoretical description which can create this structure through the use of density functional
theory.

II. DENSITY FUNCTIONAL THEORY

A. Formalism

In this chapter a formalism shall be derived to calculate the density of a fluid. That can be done by using methods
from statistical mechanics. We consider the Mermin functional M[P] [5]

M[P] = Tr (P (βHN − βµN + ln(P))) , (II.1)

where P is a probability density, Tr the trace, HN the Hamiltonian, µ is the chemical potential, N is the number of
particles and β = 1/ (kBT) with the Boltzmann constant kB and the temperature T. The aim is to minimise this
Mermin functional, which delivers the grand potential βΩ. That means that the probability density P has to be the
grand probability density P0 [5], which is defined as

P0 =
1
z

exp (−β (HN − µN)) , (II.2)

where z is the grand partition function. The grand partition function [5] is defined as

z = Tr exp (−β (HN − µN)) . (II.3)

For calculation of the Memin functional (II.1) and the grand partition function (II.3) the trace [5] is necessary, which
is given in the three dimensional case by

Tr =
∞

∑
N=0

1
h3N N!

∫
d~r1...d~rN

∫
d~p1...d~pN , (II.4)

where h is the Planck constant,~r1...~rN are the variables for the positions and ~p1...~pN are the variables for the momen-
tum of each particle. By insertion of the grand probability density P0 in the Mermin functional one obtains

M[P0] = βΩ. (II.5)

For every other probability density the Mermin functional is greater than the grand probability density. That means
the probability density has to be the grand probability density. The result of the minimisation of the Mermin func-
tional under the additional constraint of a given one-particle density is defined as the density functional βΩ[ρ]

βΩ[ρ] := min
P

M[P], (II.6)

with the one-particle density ρ. The concept of the density functional theory is to find that one-particle density which
minimises the density functional and describes the condition of equilibrium. The following conditions [5]

Tr (P0) = 1 (II.7)

Tr (ρ̃(~r)P0) = ρ(~r) (II.8)
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are necessary, where (II.7) describes the normalisation of the grand probability density and (II.8) describes the ex-
pectation value of the one-particle density observable ρ̃. This expectation value is given by the general definition [5]
for an arbitrary observable Ã

〈Ã〉 = Tr
(

ÃP0
)
=: A. (II.9)

The derivative of the density functional with respect to the density has to be zero, to find the equilibrium density.
The equation which has to be solved is called Euler–Lagrange equation

0 !
=

δβΩ
δρ(~r)

. (II.10)

The derivative is in general a functional derivative, because the density functional is a functional of the density. The
equation (II.10) is only solved for the equilibrium density. For any other density the functional derivative is not equal
to zero. After finding the equilibrium density, it can be inserted in the density functional. The outcome is the grand
potential which describes the equilibrium state.

B. Ideal gas

For non-interacting particles the exact expression of the density functional can be calculated analytically. The
Hamiltonian [5] for this system is

H =
N

∑
i=1

(
~p2

i
2m

+ V(~ri)

)
, (II.11)

where m is the mass of one particle and V(~ri) is the external potential. The first step is to minimise the Mermin func-
tional (II.1) with this Hamiltonian and the both additional conditions (II.7) and (II.8). The variation of the Mermin
functional becomes

δM[P0] = Tr

(
δP0

(
ln (P0) + 1 + β

N

∑
i=1

(
~p2

i
2m

+ V(~ri)− µ

)))
. (II.12)

The additional conditions cause a second equation, which can be determined as

δM[P0] = a Tr (δP0) +
∫

v
d3~r b(~r)Tr (ρ̃(~r)δP0) , (II.13)

where v is the system volume, a is the Lagrange multiplier for the equation (II.7) and b (~r) the Lagrange multiplier
for the equation (II.8). Both equations (II.12) and (II.13) have to be equal. This new equation can be solved for the
probability density

P0 = exp

(
a− 1 +

N

∑
i=1

(
b(~ri)− β

(
~p2

i
2m

+ V(~ri)− µ

)))
. (II.14)

This result can be put in the Mermin functional and delivers the result

M[P0] = a− 1 +
∫

v
d3r b(~r)ρ(~r). (II.15)

Now the Lagrange multipliers have to be determined. To that end the additional equations (II.7) and (II.8) have to
be solved, by inserting the result for the probability density (II.14) in (II.7) and (II.8). The results are

a = 1− 1
Λ3

∫
v

d3r exp (b(~r)− βV(~r) + βµ) , (II.16)

where Λ =
(
h2β/ (2mπ)

)1/2 is the thermal de Broglie wavelength [5] and

b(~r) = ln
(

ρ(~r)Λ3
)
+ βV(~r)− βµ. (II.17)

By inserting these results we get the minimised Mermin functional, which is equal to the density functional [5]

βΩideal[ρ] =
∫

v
d3r ρ(~r)

(
ln
(

ρ(~r)Λ3
)
− 1− βµ + βV(~r)

)
. (II.18)
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C. Approximation procedures

Generally the exact density functionals cannot be calculated, as it was made for the ideal gas II B. The deviation
βFex for the density functional from the ideal gas density functional Ωideal (II.18) is defined as

βFex = βΩ− βΩideal, (II.19)

where βΩ is the full density functional for a system with the internal potential U 6= 0. To determine this deviation
approximation procedures are necessary. One possibility is the local density approximation [5]

βFex
LDA =

∫
v

d3r ρ(~r)β f ex(ρ(~r)), (II.20)

where the deviation is described with a function β f ex(ρ(~r)) of the density. Using this approximation is an improve-
ment as there is now only a function of the density and no functional anymore. With the equations (II.18) and (II.19)
the full density functional takes the form

βΩ[ρ] =
∫

v
d3r ρ(~r)

(
ln
(

ρ(~r)Λ3
)
− 1− βµ + βV(~r) + β f ex(ρ(~r))

)
. (II.21)

The local density approximation is expedient for large length scales only, because effects based on correlations cannot
be represented with the local density approximation. One way to determine the function f ex(ρ(~r)) is to use the
equation of state. Consider the example of a hard sphere fluid, whose particles cannot overlap. The pair interaction
potential U is

U(d) =

{
∞ for d ≤ σ

0 for d > σ,
(II.22)

where d is the distance between the centers of two spheres and σ is the diameter of the spheres. The packing fraction
η can be defined as

η = Vsphere ρ =
π

6
ρσ3, (II.23)

where Vsphere is the volume of a sphere, which can be calculated by

Vsphere =
π

6
σ3. (II.24)

A system with hard spheres can be approximately described with the Carnahan-Starling equation of state [6]. It is
given by

βp(ρ) = ρ
1 + η + η2 − η3

(1− η)3 , (II.25)

where p(ρ) is the pressure. With this equation of state the function β f ex(ρ) [6] can be determined as

β f ex(ρ) =
4η − 3η2

(1− η)2 . (II.26)

Another possible approximation is the random phase approximation [6]. It makes the assumption that the pair
distribution function g(~r,~r′) for each position of~r and~r′ is

g(~r,~r′) := 1. (II.27)

The pair distribution function describes the influence of one particle at the position~r on another particle at~r′. The
definition [6] is

g(~r,~r′) =
ρ(2)(~r,~r′)
ρ(~r)ρ(~r′)

, (II.28)

where ρ(2) is the two-particle density. For long distances the pair distribution function is always approximately equal
to unity. The meaning of that is, that particles which are far away from each other do not influence each other. The
correction term for the density functional in the random phase approximation is

βFex
RPA =

1
2

∫
v

d3~r
∫

v
d3~r′ βU(~r,~r′)ρ(~r)ρ(~r′), (II.29)

with the pairwise interaction potential βU(~r,~r′).
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III. DENSITY FUNCTIONAL THEORY OF SMECTICS

In this chapter the theory in chapter I and II shall be used to find a description of liquid crystals close to a surface.
Here the definition of a surface is the non-uniform partition of a system of a liquid crystal in contact with vacuum.
The procedure is to find a suitable density functional, to formulate the Euler-Lagrange equations and finally to
calculate the density and the grand potential for the equilibrium state.

A. Density functional ansatz

The density functional can be determined with the equation (II.19). The term for the ideal gas is shown in equation
(II.18). For the deviation βFex from the ideal gas term the local density approximation (II.20) for a hard sphere
reference system (II.26) and the random phase approximation (II.29) of an additional soft interaction U are used. The
result is the density functional

βΩ[ρ] = βΩideal[ρ] + βFex
LDA[ρ] + βFex

RPA[ρ]. (III.1)

It is to be noted that the expression (II.18) has to be modified, because of the fact that the particles form a liquid
crystal. The term (II.18) is the expression for isotropic particles. Liquid crystals have more degrees of freedom than
isotropic particles, because of their orientation properties which are explained in chapter I. We can define a unit
vector ~ω, |~ω| = 1, which describes the orientation of a single particle. In spherical coordinates this vector depends
on the two variables φ, ϑ:

~ω =

 sin(ϑ)cos(φ)
sin(ϑ)sin(φ)

cos(φ)

 . (III.2)

In summary a new vector ~x can be defined which includes the two angles and the three positions variables~r

~x = (~r, ~ω). (III.3)

The three dimensional integration about~r in (III.1) becomes a five dimensional integration about ~x

βΩ[ρ] =
∫

d5~x ρ(~x)
(

ln
(

ρ(~x)Λ3
)
− 1− βµ

)
+ βFex

LDA[ρ̄] +
1
2

∫
d5~x

∫
d5~x′ βU(~x, ~x′)ρ(~x)ρ(~x′). (III.4)

Integration over the orientation of the number density ρ(~x) leads to the total number density

ρ̄(~r) =
∫

d2~w ρ(~x). (III.5)

Then the excess free energy of the hard sphere reference system is

βFex
LDA[ρ̄] =

∫
d3~r ρ̄β f ex(ρ̄(~r)), (III.6)

where β f ex(ρ̄(~r)) is the Carnahan-Starling expression as defined in (II.26) with the local density being represented
by ρ̄(~r). This causes the introduction of the packing fraction η̄:

f ex(ρ̄) =
4η̄ − 3η̄2

(1− η̄)2

η̄ =
π

6
ρ̄σ3. (III.7)

Now the pairwise interaction potential βU(~x, ~x′) in (III.4) has to be discussed. The aim of the density functional
theory is, as explained in chapter II, to minimise the density functional. In the present work only liquid crystals
which form a smectic-A phase are to be considered. This phase is discussed in chapter I. Consequently a functional
form of the interaction potential U(~x, ~x′) has to be found which is getting smaller when there is a layer structure and
when there is a preference for a parallel orientation. A possible function is

βU(~x, ~x′) = Θ(R− |∆~r|)
(

a− b(~ω · ~ω′)2 + c

((
~ω · ∆~r
|∆~r|

)2
+

(
~ω′ · ∆~r
|∆~r|

)2
))

, (III.8)
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where Θ is the Heaviside step function, R, a, b and c are constants and ∆~r =~r−~r′. The constant R, which is always
greater than zero, describes an interaction range. This range in combination with the Heaviside step function causes,
that there are only short-range interactions. The term with the constant b > 0 describes the preference for parallel
orientation, because (~ω · ~ω′)2 is maximal for parallel orientation and the minus before this term leads to a trend
to minimise the interaction potential. Similarly the term with the constant c > 0 describes the preference of layer
formation.

B. Density parameters

This chapter is about finding parameters to describe the inhomogeneous density in a smectic-A phase. The entire
density can be defined as

ρ(~x) =
ρ̄?

4π
+ ∆ρ(~x), (III.9)

where ρ̄? is a constant and the complete position dependency is in ∆ρ(~x). The constant ρ̄? describes the isotropic den-
sity under reference conditions and ∆ρ(~x) is the anisotropic density caused by the smectic-A phase. The anisotropic
part can be specified with the Legendre polynomials P`

∆ρ(~x) =
∞

∑
`=0

∆ρ`(z)P`(cos(ϑ)), (III.10)

where z is the normal direction of the surface. The surface itself is in the x-y-plane. This arrangement has the ad-
vantage, that the density is independent of x and y. The Legendre polynomials are a system of orthogonal functions
on the interval [−1, 1]. Every function, which is defined in this interval, can be described by a series expansion in
Legendre polynomials, like (III.10). In this case the z direction is in the interval [−1, 1], because the z component of
~ω (III.2) is only cos(φ). For simplification it is enough not to take the complete sum, which simplifies (III.10) to

∆ρ(~x) ≈ v(z)P0(z) + w(z)P2(z), (III.11)

with the expansion coefficients v(z) and w(z). The coefficient v(z) describes the layer formation and w(z) the ori-
entation, that means the director. There is no P1, because of the symmetry of P1, which is a symmetry with respect
to a point. On the other hand, there is the director and the feature that −~n is equal to ~n. The definitions of the first
Legendre polynomials are

P0(z) = 1
P1(z) = z

P2(z) =
3z2

2
− 1

2
. (III.12)

Here it is possible to see why the choice, that the z coordinate is normal to the layer, is meaningful. By using the
definition of ~ω (III.2) and especially the term for the z component, the equation (III.11) becomes

∆ρ(~x) ≈ v(z) + w(z)
(

3
2
(cos(ϑ))2 − 1

2

)
. (III.13)



11

Now the expansion coefficients have to be calculated. This is done by means of the substitution α = cos(ϑ). With
equations (III.5) and (III.9) one obtains

v(z) =
1
2

∫ 1

−1
dα ∆ρ(~x)P0(α)

=
1
2

2π

2π

∫ 1

−1
dα ∆ρ(~x)

=
1

4π

∫
d2~ω ∆ρ(~x)

=
1

4π

∫
d2~ω

(
ρ(~x)− ρ̄?

4π

)
=

1
4π

(ρ̄(~r)− ρ̄?)

=
∆ρ̄(~r)

4π
, (III.14)

with ∆ρ̄(~r) := ρ̄(~r)− ρ̄?. The outcome of equation (III.14) is

∆ρ̄(~r) = 4πv(z). (III.15)

To calculate w(z) is the already mentioned feature necessary that the Legendre polynomials are orthogonal:∫
dα PiPj = 0. With equations (III.5), (III.9) and the trick to multiply with 1 = P0 results for w(z)

w(z) =
5
2

∫ 1

−1
dα ∆ρ(~x)P2(α)

=
5
2

2π

2π

∫ 1

−1
dα

(
ρ(~x)− ρ̄?

4π
P0(α)

)
P2(α)

=
5

4π
2π
∫ 1

−1
dα ρ(~x)P2(α)

=
5

4π

∫ 1

−1
d2~ω ρ(~x)P2(α)

=
5

4π
ρ̄(~r)S(~r)

=
5

4π
(∆ρ̄ + ρ̄?) S(~r), (III.16)

where S(~r) is the nematic order parameter. Hence

S(~r) =
4π

5
w(z)

ρ̄? + 4πv(z)
. (III.17)

C. Ideal gas term approximation

The topic of this chapter is to find an approximation of the ideal gas term in equation (III.4) with the term for the
density from (III.9). The first step is to do the Taylor series expansion at ρ̄?/(4π)

ρ(~x)
(

ln
(

ρ(~x)Λ3
)
− 1− βµ

)
≈ ρ̄?

4π

(
ln
(

ρ̄?Λ3

4π

)
− 1− βµ

)
+ ∆ρ(~x)

(
ln
(

ρ̄?Λ3

4π

)
− βµ

)
+

∆ρ(~x)2

2 ρ̄?

4π

− ∆ρ(~x)3

6
(

ρ̄?

4π

)2 +
∆ρ(~x)4

12
(

ρ̄?

4π

)3 . (III.18)
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In the density functional (III.4) there is an integration over the orientation ~ω. That means, this integration operates
on the Taylor series expansion in (III.18). This equation is only dependent on the orientation in ∆ρ(~x). This term
exists with different exponents. Thus it is useful to calculate this integration in general for an arbitrary exponent.
This can be done by using the binomial theorem. The result is∫

d2~ω ∆ρ(~x)k = 2π
∫ 1

−1
dα (v(z) + w(z)P2(α))

k

= 2π
∫ 1

−1
dα

k

∑
j=0

(
k
j

)
v(z)j(w(z)P2(α))

k−j

= 2π
k

∑
j=0

(
k
j

)
v(z)jw(z)k−j

∫ 1

−1
dα P2(α)

k−j, (III.19)

with the binomial coefficient (
k
j

)
=

k!
j!(k− j)!

. (III.20)

Now the integral in (III.19)

Ik−j =
∫ 1

−1
dα P2(α)

k−j (III.21)

has to be determined. To calculate the integral over the orientation of the function (III.18) the following terms I0, I1,
I2, I3, and I4 are required:

I0 =
∫ 1

−1
dα P2(α)

0 =
∫ 1

−1
dα

(
3
2

α2 − 1
2

)0
= 2

I1 =
∫ 1

−1
dα P2(α)

1 =
∫ 1

−1
dα

(
3
2

α2 − 1
2

)1
= 0

I2 =
∫ 1

−1
dα P2(α)

2 =
∫ 1

−1
dα

(
3
2

α2 − 1
2

)2
=

2
5

I3 =
∫ 1

−1
dα P2(α)

3 =
∫ 1

−1
dα

(
3
2

α2 − 1
2

)3
=

4
35

I4 =
∫ 1

−1
dα P2(α)

4 =
∫ 1

−1
dα

(
3
2

α2 − 1
2

)4
=

6
35

(III.22)

D. Local density approximation

This chapter is about an approximation for the term of the local density approximation in the density functional
(III.4). This can be done with the Taylor series expansion of ρ̄β f ex(ρ̄(~r)) (III.6) with the density from (III.9). The result
is

ρ̄β f ex(ρ̄) = ρ̄?β f ex(ρ̄?) + 4π
(

β f ex(ρ̄?) + ρ̄?β f ex′(ρ̄?)
)

v

+ 8π2 (2β f ex′(ρ̄?) + ρ̄?β f ex′′(ρ̄?)
)

v2

+
32π3

3
(
3β f ex′′(ρ̄?) + ρ̄?β f ex′′′(ρ̄?)

)
v3

+
32π4

3
(
4β f ex′′′(ρ̄?) + ρ̄?β f ex′′′′(ρ̄?)

)
v4, (III.23)

where β f ex′(ρ̄?), β f ex′′(ρ̄?), β f ex′′′(ρ̄?) and β f ex′′′′(ρ̄?) are the derivatives of β f ex(ρ̄?). These functions can be found
using the Carnahan-Starling expression for hard spheres (III.7)

β f ex(ρ̄?) =
4η̄ − 3η̄2

(1− η̄)2 . (III.24)
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The derivations of (III.24) are

β f ex′(ρ̄) =
π

6
σ3 4− 2η̄

(1− η̄)3

β f ex′′(ρ̄) =
(π

6
σ3
)2 10− 4η̄

(1− η̄)4

β f ex′′′(ρ̄) =
(π

6
σ3
)3 36− 12η̄

(1− η̄)5

β f ex′′′′(ρ̄) =
(π

6
σ3
)4 168− 48η̄

(1− η̄)6 . (III.25)

E. Random phase approximation

In this chapter the random phase approximation term from the density functional (III.4) is calculated. One neces-
sary term is the dot product ~ω · ~ω′ with the definition of ~ω in (III.2). Consider the matrix

(wiwj) =

 sin(ϑ)2cos(φ)2 sin(ϑ)2sin(φ)cos(φ) sin(ϑ)cos(ϑ)cos(φ)
sin(ϑ)2sin(φ)cos(φ) sin(ϑ)2sin(φ)2 sin(ϑ)cos(ϑ)sin(φ)
sin(ϑ)cos(ϑ)cos(φ) sin(ϑ)cos(ϑ)sin(φ) cos(ϑ)2

 . (III.26)

In the density functional (III.4) there is an integration over the orientation of the matrix. The integration about the φ
component is

∫ 2π

0
dφ(wiwj) =

π sin(ϑ)2 0 0
0 π sin(ϑ)2 0
0 0 2π cos(ϑ)2

 . (III.27)

This result can be simplified with the same substitution α = cos(ϑ) as in chapter III B for the parameters v and w.
That leads to the equation ∫ 2π

0
dφ (wiwj) = π diag

(
1− α2, 1− α2, 2α2

)
, (III.28)

by the use of 1 = sin(ϑ)2 + cos(ϑ)2. In order to perform the ϑ integrations in the last term in (III.4) two types of term
occur. The first type is ∫ 1

−1
dα ρ(~x), (III.29)

with the definition of ρ(~x) from (III.9). It follows∫ 1

−1
dα ρ(~x) =

∫ 1

−1
dα

(
ρ̄?

4π
+ ∆ρ(~x)

)
= 2

ρ̄?

4π
+

1
2π

∫ 1

−1
d2~ω ∆ρ(~x)

=
ρ̄?

2π
+

1
2π

∫ 1

−1
d2~ω

(
ρ(~x)− ρ̄?

4π

)
=

ρ̄?

2π
+

1
2π

(ρ̄(~r)− ρ̄?)

=
ρ̄?

2π
+ 2v(z), (III.30)

with the definition of v(z) from the equation (III.14) and (III.15). The second type is∫ 1

−1
dα ρ(~x)α2. (III.31)
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The expression α2 can be expressed with the Legendre polynomials (III.12) and the already used substitution α =
cos(ϑ)

α2 =
2
3

P2(α) +
1
3

P0(α). (III.32)

Consequently with equation (III.9) for the density ρ(~x),

∫ 1

−1
dα ρ(~x)α2 =

∫ 1

−1
dα ρ(~x)

(
2
3

P2(α) +
1
3

P0(α)

)
=

2
3

∫ 1

−1
dα

(
ρ̄?

4π
+ ∆ρ(~x)

)(
3
2

α2 − 1
2

)
+

1
3

∫ 1

−1
dα

(
ρ̄?

4π
+ ∆ρ(~x)

)
P0(α). (III.33)

Now there can be inserted the relations between the different densities and the parameters v(z) and w(z), as shown
in chapter III B. This simplifies (III.33) to a result just depending on the constant ρ̄? and the density parameters v(z)
and w(z)

∫ 1

−1
dα ρ(~x)α2 =

ρ̄?

6π
+

2
3

v(z) +
4

15
w(z). (III.34)

The calculations in this chapter can be used to calculate the part

∫
d2~ω ρ(~x)(ωiωj) (III.35)

of the random phase approximation term in the density functional (III.4), which includes the interaction potential
(III.8). The choice of z being the normal direction to the surface, reduces the number of parameters ∆ρ(x) actually
depends on. This anisotropic part of the density just depends on the distance to the surface and α, but not on the
position in x or y direction or on the angle φ. This makes the integration in (III.35) easier. By the use of the equations
(III.9), (III.11), (III.12) and (III.28) one obtains

∫
d2~ω ρ(~x)(ωiωj) =

∫ 2π

0
dφ

∫ 1

−1
dα

(
ρ̄?

4π
+ ∆ρ(z, α)

)
(ωiωj)

=
∫ 1

−1
dα

(
ρ̄?

4π
+ ∆ρ(z, α)

) ∫ 2π

0
dφ (ωiωj)

=
∫ 1

−1
dα

(
ρ̄?

4π
+ v(z) + w(z)

(
3
2

α2 − 1
2

))
π diag

(
1− α2, 1− α2, 2α2

)
= diag

(
ρ̄?

3
+

4π

3
v(z)− 4π

15
w(z),

ρ̄?

3
+

4π

3
v(z)− 4π

15
w(z),

ρ̄?

3
+

4π

3
v(z) +

8π

15
w(z)

)
. (III.36)
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By using the result (III.36) the integral over the orientation from the interaction potential (III.8) and the densities can
be determined, which is necessary for the density functional (III.4),

∫
d2~ω

∫
d2~ω′ βU(~x, ~x′)ρ(~x)ρ(~x′) = Θ(R− |∆~r|)

[
aρ̄(~r)ρ̄(~r′)

− b
∫

d2~ω ωiωjρ(~x)
∫

d2~ω′ ω′iω
′
j ρ(~x

′)

+ c
∆ri∆rj

|∆~r|2

(
ρ̄(~r′)

∫
d2~ω ωiωjρ(~x) + ρ̄(~r)

∫
d2~ω′ ω′iω

′
j ρ(~x

′)

) ]
= Θ(R− |∆~r|)

[
a (ρ̄? + 4πv(z))

(
ρ̄? + 4πv(z′)

)
− b
[

2
(

ρ̄?

3
+

4π

3
v(z)− 4π

15
w(z)

)(
ρ̄?

3
+

4π

3
v(z′)− 4π

15
w(z′)

)
+

(
ρ̄?

3
+

4π

3
v(z) +

8π

15
w(z)

)(
ρ̄?

3
+

4π

3
v(z′) +

8π

15
w(z′)

) ]
+

c
|∆~r|2

[ (
∆r2

x + ∆r2
y

) [ (
ρ̄? + 4πv(z′)

) ( ρ̄?

3
+

4π

3
v(z)− 4π

15
w(z)

)
+ (ρ̄? + 4πv(z))

(
ρ̄?

3
+

4π

3
v(z′)− 4π

15
w(z′)

) ]
+ ∆r2

z

[ (
ρ̄? + 4πv(z′)

) ( ρ̄?

3
+

4π

3
v(z) +

8π

15
w(z)

)
+ (ρ̄? + 4πv(z))

(
ρ̄?

3
+

4π

3
v(z′) +

8π

15
w(z′)

) ]]
= Θ(R− |∆~r|)

[
(ρ̄?)2

(
a− b

3
+

2c
3

)
+ ρ̄?4π(v(z) + v(z′))

(
a− b

3
+

2c
3

)
+ ρ̄?

4πc
15|∆~r|2

(
w(z) + w(z′)

)
(−∆r2

x − ∆r2
y + 2∆r2

z)

+ 16π2v(z)v(z′)
(

a− b
3
+

2c
3

)
− 32π2b

75
w(z)w(z′)

+
16π2c

15|∆~r|2 (v(z)w(z′) + v(z′)w(z))(−∆r2
x − ∆r2

y + 2∆r2
z)

]
. (III.37)

After the integration over the orientation, the integration over the position has to be done. The integration in the x
and y direction only leads to a constant value, because of the already mentioned symmetry. The relevant integration
is in the normal z direction to the surface. In the following an integration over d2∆~r⊥ means the integration over the
x and y. The integration over d2∆~r⊥ of the function (III.37) is

∫
d2∆~r⊥

∫
d2~ω

∫
d2~ω′βU(∆~r⊥, ∆rz, ~ω, ~ω′)ρ(~x)ρ(~x′)

= K(∆rz)
(
ā (ρ̄? + 4πv(z))

(
ρ̄? + 4πv(z′)

)
− b̄w(z)w(z′)

)
+ L(∆rz)c̄

(
(ρ̄? + 4πv(z))w(z′) + w(z)

(
ρ̄? + 4πv(z′)

))
, (III.38)



16

with the definitions

ā := a− b
3
+

2c
3

b̄ :=
32π2b

75
> 0

c̄ :=
4πc
15

> 0

K(∆rz) :=
∫

d2∆~r⊥ Θ(R2 − ∆~r2
⊥ − ∆r2

z)

L(∆rz) :=
∫

d2∆~r⊥ Θ(R2 − ∆~r2
⊥ − ∆r2

z)
−∆~r2

⊥ + 2∆r2
z

∆~r2
⊥ + ∆r2

z
. (III.39)

F. Density functional

After calculating the individual contributions to the density functional (III.4) in the chapters III B, III C, III D and
III E, in this chapter the results are put together to compute the density functional with the realized approximations.
The density functional becomes

βΩ[ρ] ≈ A
∫

dz βω(v(z), w(z), β∆µ)

+
A
2

∫
dz
∫

dz′
[

K(z− z′)
(
ā (ρ̄? + 4πv(z))

(
ρ̄? + 4πv(z′)

)
− b̄w(z)w(z′)

)
+ L(z− z′)c̄

(
(ρ̄? + 4πv(z))w(z′) + w(z)

(
ρ̄? + 4πv(z′)

)) ]
. (III.40)

The first line (III.40) is the term for the ideal gas and the local density approximation with the function βω and the
second and third line stem from the random phase approximation. The factor A is the result of the integration over
x and y and it describes the surface area. To simplify (III.40) we can use a new definition of the chemical potential.
The complete chemical potential βµ can be separated in a term βµ? which describes the state of coexistence and a
term β∆µ, which describes the deviation from coexistence. That means β∆µ = 0 is the condition for coexistence. In
addition an effective chemical potential βµ̄? can be defined, to reduce the amount of constants:

β∆µ = βµ− βµ?

βµ̄? = βµ? + ln
(

4πσ3

Λ3

)
. (III.41)

Using the definitions (III.41) the expression for the function βω in (III.40) is

βω(v, w, β∆µ) =
4

∑
i,j=0

i+j≤4

hijviwj − β∆µ(ρ̄? + 4πv(z)), (III.42)

where hij are coefficients, which have to be determined. The sum has the limit 4, because the highest exponent of v
and w in the Taylor series (III.23) for β f ex(ρ) and for the ideal gas term (III.18) is 4. To find the coefficients hij one
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simply has to collect the terms in these Taylor series with the same exponents for v and w. The result is

h00 = ρ̄?
(

ln(ρ̄?σ3)− 1− βµ̄? + β f ex(ρ̄?)
)

h10 = 4π
(

ln(ρ̄?σ3)− βµ̄? + β f ex(ρ̄?) + ρ̄?β f ex′(ρ̄?)
)

h01 = 0

h20 =
1
2
(4π)2

(
1
ρ̄?

+ 2β f ex′(ρ̄?) + ρ̄?β f ex′′(ρ̄?)

)
h11 = 0

h02 =
1
2
(4π)2 1

5ρ̄?

h30 =
1
6
(4π)3

(
− 1
(ρ̄?)2 + 3β f ex′′(ρ̄?) + ρ̄?β f ex′′′(ρ̄?)

)
h21 = 0

h12 = −1
6
(4π)3 3

5(ρ̄?)2

h03 = −1
6
(4π)3 2

35(ρ̄?)2

h40 =
1

24
(4π)4

(
2

(ρ̄?)3 + 4β f ex′′′(ρ̄?) + ρ̄?β f ex′′′′(ρ̄?)

)
h31 = 0

h22 =
1

24
(4π)4 12

5(ρ̄?)3

h13 =
1

24
(4π)4 16

35(ρ̄?)3

h04 =
1

24
(4π)4 6

35(ρ̄?)3 . (III.43)

G. Discretisation

A numerical calculation requires a discretisation of the z direction. One possibility is

zn = ∆z
(

n +
1
2

)
, (III.44)

where ∆z is the step size and n + 1/2 causes that zn is the value for z in the middle of the interval (n∆z, (n + 1)∆z).
This results for the density functional (III.40) in the expression

βΩ[ρ] ≈ A∆z ∑
n

βω(v(zn), w(zn), β∆µ)

+
A
2

∆z2 ∑
n,n′

[
K(zn − zn′)

(
ā (ρ̄? + 4πv(zn)) (ρ̄

? + 4πv(zn′))− b̄w(zn)w(zn′)
)

+ L(zn − zn′)c̄ ((ρ̄
? + 4πv(zn))w(zn′) + w(zn) (ρ̄

? + 4πv(zn′)))

]
. (III.45)

To simplify, the definitions

v̄n := σ3v(zn)

w̄n := σ3w(zn)

∆µ̄ := β∆µ

h̄ij := σ3(1−i−j)hij (III.46)
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are made. With these definitions (III.42) becomes

ω̄(v̄n, w̄n, ∆µ̄) := σ3βω(v(zn), w(zn), β∆µ)

=
4

∑
i,j=0

i+j≤4

h̄ijv̄i
nw̄j

n − ∆µ̄(ρ̄?σ3 + 4πv̄n). (III.47)

Because of the discretisation (III.44) L(∆rz) and K(∆rz) (III.39) are also changing to

K̄∆n :=
(

∆z
σ

)3

∑
m∈Z2

Θ

((
R
∆z

)2
− ∆n2 −m2

)

L̄∆n :=
(

∆z
σ

)3

∑
m∈Z2

Θ

((
R
∆z

)2
− ∆n2 −m2

)
−m2 + 2∆n2

m2 + ∆n2 . (III.48)

The equation (III.48) causes problems for the case mx = my = ∆n = 0, which leads to an undetermined expression
of the type 0/0. To avoid this the definition

−m2 + 2∆n2

m2 + ∆n2 := 0 for mx = my = ∆n = 0 (III.49)

is used. The function K̄∆n and L̄∆n(III.48) have the following properties

K̄∆n = K̄−∆n

L̄∆n = L̄−∆n

∑
n′

L̄n−n′ = 0. (III.50)

As a summary of this chapter we can find an expression for the discrete density functional. The equation (III.45) is
equal to

βΩ[ρ] =
A∆z
σ3

[
∑
n

ω̄(v̄n, w̄n, ∆µ̄)

+
1
2 ∑

n,n′

[
K̄n−n′

(
ā
(

ρ̄?σ3 + 4πv̄n

) (
ρ̄?σ3 + 4πv̄n′

)
− b̄w̄nw̄n′

)
+ L̄n−n′ c̄ (4πv̄nw̄n′ + 4πw̄nv̄n′)

]]
=:

A∆z
σ3 Ω?[v̄, w̄], (III.51)

where Ω?[v̄, w̄] is the density functional for describing the structure of liquid crystals close to a surface. The final
expression of the density functional to be used in the following is

Ω?[v̄, w̄] = ∑
n

ω̄(v̄n, w̄n, ∆µ̄)

+
1
2 ∑

n,n′

[
K̄n−n′

(
ā
(

ρ̄?σ3 + 4πv̄n

) (
ρ̄?σ3 + 4πv̄n′

)
− b̄w̄nw̄n′

)
+ L̄n−n′ c̄ (4πv̄nw̄n′ + 4πw̄nv̄n′)

]
. (III.52)

H. Euler-Lagrange equations

In the last chapter the density functional Ω?[v̄, w̄] (III.52) was determined which will be minimised in this chapter.
That can be done with the Euler-Langrange equations, which are defined in (II.10). The density functional depends
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on the two profiles v̄ and w̄, so there are also two Euler-Lagrange equations. To determine them it is necessary to
determine the derivative of Ω?[v̄, w̄] with respect to v̄n and w̄n and set the result equal to zero:

0 !
=

∂Ω?

∂v̄n
=

∂ω̄

∂v̄n
(v̄n, w̄n, ∆µ̄) + 4π ∑

n′

[
K̄n−n′ ā(ρ̄

?σ3 + 4πv̄n′) + L̄n−n′ c̄w̄n′

]
0 !
=

∂Ω?

∂w̄n
=

∂ω̄

∂w̄n
(v̄n, w̄n, ∆µ̄) + ∑

n′

[
− K̄n−n′ b̄w̄n′ + 4πL̄n−n′ c̄v̄n′

]
. (III.53)

Some possible solutions of (III.53) are shown in figure 2. In the case of an isotropic phase, there is a constant effect to
the density of v̄(z) and no influence of w̄(z). The parameter w̄(z) describes the orientation, that means if w̄(z) = 0 the
orientation of the liquid crystals is arbitrary. The parameter v̄(z) causes a change of the density which is everywhere
equal. In a nematic phase both parameters are unequal to zero, but constant. The parameter v̄(z) generate the same
change like in an isotropic phase. The orientation is fixed to one value, so there can be a director found to describe
the orientation for all liquid crystals. In the third case, the smectic-A- phase, there are periodic functions of the
position z. That denotes a periodic change of the density and of the orientation. These properties are compatible to
the properties of the different phases as explained in chapter I and shown in figure 1.

0
z

0

v
w

(a)

0
z

0

v
w

(b)

0
z

0

v
w

(c)

FIG. 2: Possible solutions of (III.53): (a) is an isotropic phase, (b) is a nematic phase and (c) is a smectic-A phase. The
parameters v̄ and w̄ are the expansion coefficients for the density. The parameter v̄ describes layer formation and w̄

describes whether a preferred orientation of the liquid crystals (mesophase) exists.

Before calculating the Euler-Lagrange equations for the general case, the special case of a coexistence between an
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isotropic and a smectic-A phase will be analysed in order to fix the parameters a, b and c in equation (III.8). This case
is necessary, because in the present work the surface structure of an isotropic phase close to the phase transition into
a smectic-A phase is studied. For this example it is assumed, that v̄n = w̄n = 0. The packing fraction for the isotropic
phase is

η̄? =
π

6
ρ̄?σ3, (III.54)

by using (III.9). For this special case the equations (III.53) become

0 !
=

∂Ω?

∂v̄n
=

∂ω̄

∂v̄n
(0, 0, 0) + 4π ∑

n′
K̄n−n′ āρ̄?σ3

= h̄10 + 4π ∑
n′

K̄n′ āρ̄?σ3

= 4π

(
ln(ρ̄?σ3)− βµ̄? + β f ex(ρ̄?) + ρ̄?β f ex′(ρ̄?) + ∑

n′
K̄n′ āρ̄?σ3

)
, (III.55)

for the derivative with respect to v̄n and

0 !
=

∂Ω?

∂w̄n
=

∂ω̄

∂w̄n
(0, 0, 0) + ∑

n′
L̄n−n′ c̄ρ̄?σ3

= 0, (III.56)

for the derivative with respect to w̄n with the h̄ij coefficients (III.43). The equation (III.56) does not contain infor-
mation to determine the parameters ā, b̄ and c̄. The first term, the derivative of ω̄, is equal to zero, because h̄i1 = 0
(III.43). The second term, the sum over n′ is equal to zero, because of (III.50). The only information on the parameters
is in (III.55)

0 = h̄10 + 4π ∑
n′

K̄n′ āρ̄?σ3

⇔ βµ̄? = ln(ρ̄?σ3)− βµ̄? + β f ex(ρ̄?) + ρ̄?β f ex′(ρ̄?) + ∑
n′

K̄n′ āρ̄?σ3, (III.57)

which is a relation between βµ̄? and ā. The next step is to find the Euler-Lagrange equations for the general case for
the coexistence, so without the restriction that v̄ and w̄ are equal to zero. With the density functional Ω?[v̄, w̄] (III.52)
one obtains

0 !
=

∂Ω?

∂v̄n

= h̄10 +
4

∑
i,j=0

2≤i+j≤4

ih̄ijv̄i−1
n w̄j

n + 4π ∑
n′

K̄n−n′ āρ̄?σ3

+ 16π2 ā ∑
n′

K̄n−n′ v̄n′ + 4πc̄ ∑
n′

L̄n−n′ w̄n′

=
4

∑
i,j=0

2≤i+j≤4

ih̄ijv̄i−1
n w̄j

n + 16π2 ā ∑
n′

K̄n−n′ v̄n′ + 4πc̄ ∑
n′

L̄n−n′ w̄n′ , (III.58)

by using (III.57) and

0 !
=

∂Ω?

∂w̄n

=
4

∑
i,j=0

2≤i+j≤4

jh̄ijv̄i
nw̄j−1

n − b̄ ∑
n′

K̄n−n′ w̄n′ − 4πc̄L̄n−n′ v̄n′ . (III.59)
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As explained in chapter II, given solutions v̄ and w̄ of the Euler-Lagrange equations, one obtains the grand potential
of the system. First the special case ∆ρ(x) = 0 is considered, which means that v̄ and w̄ are equal to zero. That causes
the simple form for βω̄

βω̄(0, 0, 0) = h00. (III.60)

Due to this equation the grand potential is

Ω?
I,∆µ̄=0 = ∑

n

(
h̄00 +

1
2

ā(ρ̄?σ3)2 ∑
n′

K̄n−n′

)
, (III.61)

by using the equation for Ω? (III.52). Furthermore for arbitrary solutions v̄ and w̄ of (III.58) and (III.59) one finds

Ω?
∆µ̄=0 = ∑

n

[
h̄00 + h̄10v̄n +

4

∑
i,j=0

2≤i+j≤4

h̄ijv̄i
nw̄j

n +
1
2

ā(ρ̄?σ3)2 ∑
n′

K̄n−n′

+ 4πāρ̄?σ3 ∑
n′

K̄n−n′ v̄n + 8π2 ā ∑
n′

K̄n−n′ v̄nv̄n′

− 1
2

b̄ ∑
n′

K̄n−n′ w̄nw̄n′ + 2πc̄ ∑
n′

L̄n−n′ (v̄nw̄n′ + w̄nv̄n′)

]

= Ω?
I,∆µ̄=0 + ∑

n

[ 4

∑
i,j=0

2≤i+j≤4

h̄ijv̄i
nw̄j

n

+
1
2

v̄n

(
16π2 ā ∑

n′
K̄n−n′ v̄n′ + 4πc̄ ∑

n′
L̄n−n′ w̄n′

)

+
1
2

w̄n

(
−b̄ ∑

n′
K̄n−n′ w̄n′ + 4πc̄ ∑

n′
L̄n−n′ v̄n′

)]

= Ω?
I,∆µ̄=0 + ∑

n

4

∑
i,j=0

3≤i+j≤4

h̄ij

(
1− i + j

2

)
v̄i

nw̄j
n, (III.62)

by using the equations (III.57), (III.58), (III.59) and (III.61). In the case of coexistence between an isotropic phase and
a smectic-A phase

Ω?
I,∆µ̄=0 = Ω?

∆µ̄=0, (III.63)

has to be fulfilled thus (III.62) gives a condition for coexistence, which is

∑
n

4

∑
i,j=0

3≤i+j≤4

h̄ij

(
1− i + j

2

)
v̄i

nw̄j
n = 0. (III.64)

For the numerical calculation, which is explained in chapter IV, the derivative of (III.64) with respect to ā is required:

∂

∂ā

(
Ω?

∆µ̄=0 −Ω?
I,∆µ̄=0

)
= 8π2 ∑

n,n′
K̄n−n′ v̄nv̄n′ (III.65)

The Euler-Lagrange equations in the most general case, that means arbitrary v̄n and w̄n and ∆µ̄ 6= 0, are calculated
as derivatives of Ω? (III.52) with respect to v̄n and w̄n:

0 !
=

∂Ω?

∂v̄n
= −4π∆µ̄ +

4

∑
i,j=0

2≤i+j≤4

ih̄ijv̄i−1
n w̄j

n + 16π2 ā ∑
n′

K̄n−n′ v̄n′ + 4πc̄ ∑
n′

L̄n−n′ w̄n′ (III.66)

0 !
=

∂Ω?

∂w̄n
=

4

∑
i,j=0

2≤i+j≤4

jh̄ijv̄i
nw̄j−1

n − b̄ ∑
n′

K̄n−n′ w̄n′ + 4πc̄ ∑
n′

L̄n−n′ v̄n′ . (III.67)
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The equations (III.66) and (III.67) have to be solved to determine the density, that means v̄n and w̄n, as explained in
chapter II. This is done numerically and explained in the next chapter IV.

IV. NUMERICAL CALCULATION

In this section the numerical solutions of the Euler-Lagrange equations (III.66) and (III.67) will be discussed. There
are in total three different programs, two for the bulk and one for the surface. In the first bulk program one can
insert all parameters ∆µ̄?, ā, b̄ and c̄ and the results are the profiles of v̄(z) and w̄(z). In the other bulk program
one can insert the parameters except for ā. By using this program one can calculate ā, v(z) and w(z) for the state of
coexistence between a smectic-A phase and an isotropic phase. The surface program is necessary to determine the
profile close to the surface.

A. Bulk

First, the program is considered, in which all parameters are arbitrary. For the calculation it is necessary to insert
some parameters for the system, the discretisation and the numerics. The necessary system parameters are the
number of grid points N (III.44), that means the size of the system, the packing fraction η, the chemical potential
µ, the departure of the chemical potential from coexistence ∆µ̄ and the parameters ā, b̄ and c̄. The discretisation
parameters are the step size ∆z (III.44) and the range R/∆z (III.48). These parameters are always chosen the same,
µ=0, ∆z = 0.1 and R/∆z = 10. For the numerics a step size for the minimisation of the Euler-Lagrange equations
and the maximal number of iterations are necessary. The step size for solving the Euler-Lagrange- equations for the
bulk has to be ≤ 10−6. At the beginning it is required to create some initial conditions for v̄(z) and w̄(z). Depending
of the requested phase, their periodic initial condition (smectic-A) or constant initial conditions (isotropic, nematic)
can be used. After that the isotropic density ρ̄? can be calculated by using (II.23) and σ = 1, which fixes the functions
β f ex(ρ̄) (III.24), their derivatives (III.25), h̄ij (III.43) and (III.46). The next step is to calculate L̄n−n′ and K̄n−n′ (III.48)
for which the boundary conditions must be taken into account. In this case it is useful to take periodic boundary
conditions. The principle behind it is, that if it is necessary to know the value of a profile at a position outside of
the system, it is possible to enter the system from the opposite side and take the values from there. With the help of
these calculated parameters the minimisation to determine v̄(z) and w̄(z) can be started. First of all the right-hand
sides of both Euler-Lagrange equations (III.66) and (III.67) for the initial conditions have to be calculated. Then new
values for v̄(z) and w̄(z) can be calculated by using

v̄new
n = v̄n − step · ELE1(n)

w̄new
n = w̄n − step · ELE2(n), (IV.1)

where step is the step size and ELE1 and ELE2 are the values of the right-hand sides of Euler-Lagrange equation
(III.66) and (III.67), respectively. This calculation has to be done iteratively until the maximal number of calculations
is reached. The last step is to calculate the grand potential Ω? (III.52). The results, that means all the parameters
which are inserted at the beginning and all the calculated values like v̄(z) and w̄(z) or Ω?, are output in a text file.
The second bulk program, to determine the state of coexistence, is based on the first one. The procedure is to fix the
parameters b̄ and c̄ arbitrarily and to determine ā such that the result fulfils the condition for coexistence (III.64). In
comparison to the first program more parameters have to be inserted. Instead of a fixed value for ā an initial value
is given. The explained procedure to solve both Euler-Lagrange equations is augmented by an exit condition, for
the case that the equations are solved sufficiently precisely before the maximal number of iterations is reached. To
determine the coexistence the grand potential Ω? has to be calculated for the isotropic and the smectic-A phase. The
smectic-A phase calculation is similar to the calculation in the first program. The isotropic phase can be calculated
with (III.61). After calculating both grand potentials have to be compared. One additional parameter to insert is the
accuracy, that means the tolerance of the grand potential difference. When the accuracy is greater than the grand
potential difference, the program will stop and output a text file with the results. If that is not the case, the derivative
of the difference between the grand potentials (III.65) has to be calculated. Now there is another parameter which
has to be inserted, namely a step size stepa to calculate a new value of ā

ānew = ā− stepa

(
Ω?

smectic−A −Ω?
isotropic

) 1
8π2 ∑n,n′ K̄n−n′ v̄nv̄n′

. (IV.2)

This procedure is repeated until the grand potentials are equals, with the chosen accuracy and the determined ā.
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B. Surface

The program to determine the profiles for v̄(z) and w̄(z) close to the surface is based on the first bulk program. The
chief difference is the boundary conditions. Close to the surface it does not make any sense to use periodic boundary
conditions. The initial conditions for v̄(z) and w̄(z) are chosen equal for all n, because in the bulk there should be an
isotropic phase and only close to the surface a structure similar to a smectic-A phase can occur. That ensures, that
there is only a smectic-A-like film because of the surface. To achieve that, the parameters ā, b̄ and c̄ have to be chosen
accordingly to the second bulk program, because only then there is a coexistence between the two phases. Now the
boundary conditions have to be selected according. To the left of the surface w̄(z), the parameter for the orientation
has to be equal to zero and the value of v̄(z) is

v̄(z < 0) = − ρ̄?

4π
, (IV.3)

because the total density has to be equal to zero there . The equation results from the (III.9) and (III.11). The next
step is to determine the boundary conditions in the bulk which are given by the values for v̄(z) and w̄(z) in the bulk
for an isotropic phase. The step size for solving the Euler-Lagrange equations for the bulk has to be ≤ 10−4.

V. BULK

In this chapter the possible structures will be discussed which result from the calculation in chapter III. First of
all the second bulk program will be used to determine ā, v̄(z) and w̄(z) for coexisting phases. In the following the
packing fraction is set η = 0.2. It is observed that coexistences can be found between a smectic-A phase and an
isotropic phase or between a nematic phase and an isotropic phase. Figure 3 displays the parameter combinations
(b̄, c̄) leading to isotropic/ smectic-A ("S") and isotropic/ nematic ("N") coexistence.
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FIG. 3: Parameters b̄ and c̄ for coexistence between a smectic-A phase ("S") or a nematic phase ("N") with an isotropic
phase. b̄ describes the preference for parallel orientation and c̄ the preference for layer formation.

It is easy to recognize in figure 3 that only for small parameters it is possible to get a smectic-A/ isotropic coex-
istence. For larger b̄ and c̄ there is only coexistence between a nematic and an isotropic phase. For b̄ and c̄ shown
in figure 3 the values of ā calculated with the second bulk program turn out to be in the range −10 ≤ ā ≤ 10. The
analysis of the surface structure in chapter VI has been done for η = 0.2, b̄ = 10 and c̄ = 20. For these values the
coexisting smectic-A and isotropic phases are shown in figure 4. The smectic-A phase shows the expected periodic
structure for the profiles v̄(z) and w̄(z). In the isotropic phase v̄(z) ≈ 10−90 and w̄(z) ≈ −10−107 are constant. These
values are so small, that they can be treated as equal to zero. The results for both phases are in agreement with the
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general properties of these phases which are explained in chapter I and the expected profiles for v̄(z) and w̄(z) which
are shown in figure 2. In figure 4 (a) can be seen, that there a 6 layers. Together with the fixed size 10 R of the system,
the layer distance is (10/6) R. This determination is not caused by a physical reason, but the periodic boundary
conditions. It is possible, that a different layer distance has a smaller grand potential. In the next chapter VI a new
chemical potential will therefore be calculated, which causes coexistence for the parameters ā, b̄ and c̄ which are here
determined.
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FIG. 4: Coexistence between a smectic-A (a) and an isotropic (b) phase for η = 0.2, b̄ = 10 and c̄ = 20. The
parameters v̄ and w̄ are the expansion coefficients for the density. The profile v̄ describes layer formation and w̄
describes orientational ordering of the liquid crystal.

In order to analyse the profiles for different sets of parameters ā, b̄ and c̄, figure 5 shows four different nematic
phases. It is clearly visible that v̄(z) and w̄(z) are constant. These profiles are compatible with the properties of
a nematic phase, as discussed in chapter I and the expected profiles, as shown in figure 2. In the comparison of
the different nematic phases it can be observed, that for rising b̄ the values for v̄(z) and w̄(z) are increasing. With
growing c̄ there is not much difference between the different nematic phases and sometimes the results are equal, no
matter whether c̄ = 20 or c̄ = 60 for the same b̄.
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FIG. 5: Different nematic phases for η = 0.2 and different values for b̄ and c̄: (a) b̄ = 5 and c̄ = 30, (b) b̄ = 20 and
c̄ = 30, (c) b̄ = 30 and c̄ = 30 and (d) b̄ = 60 and c̄ = 30. The parameters v̄ and w̄ are the expansion coefficients for
the density. The parameter v̄ describes layer formation and w̄ describes a preferred orientation of the liquid crystal.

So far results for packing fraction η = 0.2 of the isotropic phase at coexistence are discussed. It turns out that
the portion of figure 3 showing isotropic/ smectic-A coexistence increases upon increasing the packing fraction η of
the isotropic phase coexistence . The structures of the smectic-A, nematic and isotropic phases are similar for both
packing fractions η = 0.2 and η = 0.4 and the parameters ā are in the same order of magnitude. Examples of a
smectic-A phase and a nematic phase are shown in figure 6.



26

0 2 4 6 8 10
z/R

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

v
w

(a)

0 2 4 6 8 10
z/R

0.10

0.05

0.00

0.05

0.10

0.15

v
w

(b)

FIG. 6: A nematic phase b̄ = 15 and c̄ = 40 and a smectic-A phases b̄ = 5 and c̄ = 20 for η = 0.4. The parameters v̄
and w̄ are the expansion coefficients for the density and the nematic order parameter, respectively. The parameter v̄
describes layer formation and w̄ describes orientational order of the liquid crystal.

Another aspect is the parameter ∆µ̄ and the resulting phase diagram 7. For ∆µ̄ > 0 the preferred phase is isotropic
and for ∆µ̄ < 0 it is smectic-A. The reason for the preference is the grand potential which is different for a smectic-A
and an isotropic phase, if there is no coexistence.

FIG. 7: Phase diagram for the departure of the chemical potential ∆µ̄ from isotropic/smectic-A coexistence with the
phases smectic-A SA and isotropic I .

VI. SURFACE STRUCTURE

In this chapter the surface structure will be discussed for a set parameters ā, b̄ and c̄ which allow for isotropic/
smectic-A coexistence in the bulk. These parameters have to be insert in the surface program. The oversaturation
parameter ∆µ̄ must be varied to induce different surface profiles for v̄ and w̄ for the same set of parameters ā, b̄ and
c̄. As in the present work isotropic bulk phases are considered ∆µ̄ ≥ 0 is used in the following, like shown in figure
7. Another point is to prove, that far away from the surface there is always an isotropic phase and never any other
structure. In figure 8 the surface structure is shown for ∆µ̄ = 3.39913. It is easy to recognise that close to the surface,
which is in this kind of plot always at n = 0, there is a film of a smectic-A-like structure. Far away from the surface,
that means for large n, an isotropic bulk phase is present. It is easy to see, that after the system has decayed into the
isotropic phase, there is no change for v̄ and w̄ any more. That shows, that the surface program is working correctly.
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FIG. 8: Surface structure in terms of v̄ and w̄ for η = 0.2, ∆µ̄ = 3.39913, b̄ = 10 and c̄ = 20. The parameters v̄
and w̄ are the expansion coefficients for the density. The parameter v̄ describes layer formation and w̄ describes
orientational order of the liquid crystal.

A. Surface structure

In this section surface structures for fixed values, η = 0.2, b̄ = 10 and c̄ = 20, are studied as function of the
chemical potential difference ∆µ̄ from coexistence. Figures 9 and 10 show the profiles for v̄ and w̄ for different values
of ∆µ̄ starting with ∆µ̄ = 10 in figure 9 (a) and decreasing to ∆µ̄ = 3.399105 in figure 10 (c). It is clearly seen, that
for decreasing ∆µ̄ the smectic-A-like film close to the surface is growing. For large ∆µ̄ there are only a few maxima
and the amplitudes of v̄ and w̄ are decreasing exponentially. From a certain value of ∆µ̄ on, there is not only the
exponential behaviour. In the figure 9 (f) a surface structure is shown, where the envelope of the w̄-profile has a part,
where there is no exponential behaviour. This effect is increased in figure 10, where the envelope is constant for a
large range of n. Consequently upon going from the surface at n = 0 towards the bulk n → ∞ there is a film with
layers from a smectic-A phase, then there is an exponential decreasing of the amplitudes and then the profiles v̄ and
w̄ are constant, which corresponds to an isotropic phase. Now it has to be analysed, how the exponential decreasing
and the film thickness is dependent to ∆µ̄. The analysis is done for w̄, that means for the parameter which describes
the orientation.
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FIG. 9: Surface structures for the parameters η = 0.2, b̄ = 10 and c̄ = 20 for different values of ∆µ̄: (a) ∆µ̄ = 10, (b)
∆µ̄ = 7, (c) ∆µ̄ = 4, (d) ∆µ̄ = 3.5, (e) ∆µ̄ = 3.41 and (f) ∆µ̄ = 3.3999. The parameters v̄ and w̄ are the expansion
coefficients for the density. The parameter v̄ describes layer formation and w̄ describes orientational order of the
liquid crystal.
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FIG. 10: Surface structures for the parameters η = 0.2, b̄ = 10 and c̄ = 20 for different values of ∆µ̄: (a) ∆µ̄ = 3.39915,
(b) ∆µ̄ = 3.39914 and (c) ∆µ̄ = 3.399105. The parameters v̄ and w̄ are the expansion coefficients for the density. The
parameter v̄ describes layer formation and w̄ describes orientational order of the liquid crystal.

B. Correction of the chemical potential

In chapter V it was mentioned, that the choice of the size of the system in the bulk causes problems. This kind of
problems do not exist near a surface, because of the different boundary conditions. Here the layer distance is not
constrained, consequently here the results are for a smectic-A/ isotropic coexistence. To be able to use the parameters
ā, b̄, c̄ and ∆µ̄ which results from the bulk calculation, the chemical potential difference has to be corrected. The
film thickness VI D diverges for a ∆µ̄ 6= 0. The value where it diverges, ∆µ̄SI = 3.3984, must be used to correct
the chemical potential difference. The resulting chemical potential describes coexistence. Consequently the phase
diagram 7 has to be modified. The true phase transition is not at ∆µ̄ = 0, but it is at ∆µ̄SI = 3.3984.

C. Asymptotic decay length

It this section the exponential decay of w̄ will be analysed, as explained in chapter VI A. To that end the function

f = a exp
(
− z

ξ

)
(VI.1)
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is fit to the maxima of the profile w̄ , where ξ is the decay length. Before that one has to select the part of the profile,
where there is this exponential decreasing. The fit values for ξ as function of ∆µ̄ are shown in figure 11. Due to the
double logarithmic scale all points are approximately on a straight line. That means that there is the behaviour

ξ

R
∼ (∆µ̄− ∆µ̄SI)

−ν, (VI.2)

with the exponent ν. This exponent can be determined by fitting this function to the numerical data. This function
is shown in figure 11. The determined exponent is ν = 0.255(4). This result is surprising. The expectation had been,
that ξ = ξb, with the bulk correlation length ξb VI.3.
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FIG. 11: Asymptotic decay length ξ of the profile w̄, for the part with an exponential decay, as function of ∆µ̄− ∆µ̄SI.
The system parameters are η = 0.2, b̄ = 10 and c̄ = 20.

D. Film thickness

The profiles in the figures 9 and 10 show different film thicknesses for the smectic-A film. In this section it will be
analysed how the film thickness L depends on ∆µ̄. The definition of L is based on the envelope, that means on the
maxima ω̄max

surface of w̄. To that end the maximum value of w̄ in the flat part of the film with the largest film thickness,
10 (c), is used. This value is w̄max = 0.0113. The position when the envelope has reached half of the value of w̄max is
used as a definition for the film thickness. Due to the discretisation the value of has to be determined by using linear
interpolation. An example for this determination of the film thickness is shown in figure 12.
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FIG. 12: Film thickness for ∆µ̄=3.39914, where the green function describe the film thickness. The parameter w̄
describes orientational order of the liquid crystal.

The film thickness L/R as a function of ∆µ̄ is shown in figure 13. The film thickness depends on the chemical
potential by

L(∆µ̄) ≈ −ξb ln(∆µ̄− ∆µ̄SI), (VI.3)

where ξb is the bulk correlation length. Based on this logarithmic behaviour a semi logarithmic scale in figure 13
is used. The result is that the values of the film thickness are on one line for sufficiently small values of ∆µ̄ −
∆µ̄SI. Consequently the calculated film thicknesses are compatible with the prediction of the theory (VI.3). The bulk
correlation length can be determined by fitting this function to the numerical data. This function is shown in figure
13. The determined bulk correlation length is ξb/R = 1.843(3).
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FIG. 13: Film thickness L as a function of ∆µ̄.
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E. Layer distance

The layer distance λ of a smectic-A structure is the distance between two maxima in the profiles of v̄ and w̄. The
accuracy is given by the accuracy of the discretisation III G which serves as the unit of length. In the bulk phases
considered here one finds six layers in a numerical box of N = 100 grid points, that means λbulk = (10/6) R,
as shown in figures 4 (a) and 6 (b). This layer distance λbulk is independent of ā, b̄, c̄, η and ∆µ̄. However, this
independence has to be considered as an artifact of the present treatment, where the numerical box has a given size
N into which only whole layers can fit due to the periodic boundaries. When the surface structure is considered, this
constraint does not apply so that the layer distance λsurface indeed depends on ā, b̄, c̄, η and, to a very weak extent,
on ∆µ̄. The system, which has been analysed in this chapter, η = 0.2, b̄ = 10 and c̄ = 20, has the layer distance
λsurface = 1.6864 R. The system η = 0.2, b̄ = 15 and c̄ = 20 has the layer distance λsurface = 1.7607 R and η = 0.2,
b̄ = 5 and c̄ = 20 has the layer distance λsurface = 1.6296 R. Another feature of the surface structure which has to be
analysed, is the positions of the maxima. In the bulk the positions of the maxima of v̄ and of w̄ are always at the same
position. Close to the surface maxima in the density v̄ can be however located at different positions than maxima
of w̄. Examples for surface structures with the same positions of the maxima of v̄ and w̄ are shown in figure 10. An
example for a surface structure with different positions of the maxima of v̄ and w̄ is shown in figure 14.
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FIG. 14: Surface profiles of v̄ and w̄ for η = 0.2, b̄ = 15, c̄ = 20 and ∆µ̄ = 3.9. The parameters v̄ and w̄ are the
expansion coefficients for the density. The parameter v̄ describes layer formation and w̄ describes orientational order
of the liquid crystal.
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VII. SUMMARY

In this thesis a model to describe the surface structure of liquid crystals was studied using density functional
theory. It was shown that close to a surface there is a different structure than in the bulk, even when the structures can
be described by the same density functional. With this functional smectic-A, nematic and isotropic phases in the bulk
can be specified. In addition conditions can be found, where there is a coexistence between an isotropic phase and a
smectic-A respectively nematic phase, for a fixed size of the system. This coexistence is necessary, because if a surface
is considered films of metastable structure can form close to coexistence. Near the surface the structure is dependent
on the deviation of the chemical potential from coexistence. At the surface there is a smectic-A-like film and far away
from the surface the structure is isotropic. The size of the smectic-A-like film is dependent on the chemical potential.
Far away from coexistence there is only one layer of liquid crystal. This film thickness is increasing slowly, when the
deviation of the chemical potential from coexistence is decreasing. At a certain value the increasing starts to be very
fast. The increase can be specified by logarithmic growth law involving the supersaturation and a bulk correlation
length. Another analysed aspect is the transition between the smectic-A-like film and the isotropic structure near
the surface. In this area the density has an exponential decay, which can be described by a decay length, which
is dependent on the deviation of the chemical potential from coexistence. For large deviation the increase of the
asymptotic decay length is slowly and for a lower value of the chemical potential it starts to increase rapidly. Also
analysed is the layer distance in the smectic-A-like films and the smectic-A phases in the bulk. When the surface
is considered the layer distance is dependent on the preference for layer structure and parallel orientation of the
liquid crystal and, to a weak extent, dependent on the chemical potential. The layer distance in the bulk seems to be
independent on these parameters, that is however quite likely merely based on the numerical calculations. It must
be expected, that also in the bulk the layer distance depends on this parameters.

VIII. ZUSAMMENFASSUNG

In dieser Arbeit wurde ein Model für die Beschreibung der Oberflächenstruktur von Flüssigkristallen mittels
Dichtefunktionaltheorie untersucht. Gezeigt werden konnte, dass sich die Oberflächenstruktur von der im bulk
unterscheidet, sogar wenn das selbe Dichtefunktional verwendet wird. Mit diesem Funktional können smectische-
A, nematische und isotrope Phasen bestimmt werden. Zusätzlich können Bedingungen für koexistierende Phasen,
isotrop mit smektisch-A oder nematisch, gefunden werden. Diese Koexistenz ist notwendig, wenn eine Oberflächen
betrachtet wird und Filme von metastabilen Strukturen nahe Koexistenze gebildet werden können. Die Struktur
an einer Oberfläche ist abhängig von der Abweichung des chemischen Potentials von Koexistenz. An der Ober-
fläche bildet sich ein smektischer Film und für große Entfernungen, also im bulk, gibt es eine isotrope Struktur. Die
Filmdicke ist abhängig vom chemischen Potential. Für große Abweichungen von der Koexistenz gibt es nur eine
Schicht von Flüssigkristallen. Bei der Annäherung an die Koexistenz nimmt der Film erst langsam zu. Ab einem
bestimmten Wert ändert sich dies und die Zunahme wird sehr groß. Diese Zunahme kann durch eine bulk Korre-
lationslänge beschrieben werden. Ein weiterer untersuchter Aspekt ist der Übergang zwischen dem smektischen
Film und der isotropen bulk Struktur. In diesem Bereich hat die Dichte einen exponentiellen Abfall, welche durch
eine Abklinglänge, die von der Abweichung des chemischen Potentials von Koexistenz abhängig ist, beschrieben
werden kann. Für große Abweichungen ändert sie sich fast nichts. Ab einem bestimmtem Wert ändert sich dies zu
einem steilem Anstieg der Abklinglänge. Untersucht wurde auch die Schichtdicke der smektischen Filme an der
Oberfläche und im bulk. Wenn die Oberfläche betrachtet wird, ist die Schichtdicke abhängig von der Bevorzugung
für Schichtbildung und paralleler Anordnung der Flüssigkristalle und gering abhängig vom chemischen Potential.
Im bulk sieht es so aus, als sei die Schichtdicke unabhängig von diesen Parametern, was vermutlich aber nur an
der verwendeten numerischen Berechnung liegt. Angenommen werden muss, dass auch im bulk ohne diese Ein-
schränkung die Schichticke von diesen Parametern abhängt.

IX. OUTLOOK

The analysis in this thesis was done for one set of parameters. That means for a fixed packing fraction of the
isotropic phase at coexistence and fixed parameters b̄ and c̄, which determines the preference for parallel orientation
and a layer structure of the liquid crystal. Therefore one could analyse what changes, when these parameters are
modified. For the bulk phase for different packing fractions the parameters b̄ and c̄ for coexistence between an
isotropic phase and a smectic-A phase respectively a nematic phase could be determined. The surface analysis in
this thesis could be repeated for another set of parameters, that means packing fraction and the parameters b̄ and c̄.
This includes the determination of the thickness of a smectic-A-like film near a surface, the exponential decay of the
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density at the transition between a smectic-A-like film and an isotropic structure and the layer distance. Due to the
numerical calculation the bulk layer thickness is fixed to one value. It can be assumed that there is a layer thickness
with a lower grand potential, if the size of the system is not default. Further studies could analyse the layer thickness
in the bulk, which has the minimal grand potential.
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