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We consider a domain Q in R* of the form Q = R x Q' with bounded Q' = R*~’. In Q we study the
Dirichlet initial and boundary value problem for the equation d2u+[(—3Z— ---—3})"+ (-0},
— ++ =32y Ju =fe~'*'. We show that resonances can occur if 2m > I In particular, the amplitude of u
may increase like t* (a rational, 0 <« < 1) or like In ¢ as ¢t — co. Furthermore, we prove that the limiting
amplitude principle holds in the remaining cases.

1. Introduction

Let Q be an unbounded domain in R" with
Q=R'x Q' (1.1)

where ' « R" ! is bounded. In the following we study the solution of the initial and
boundary value problem

u+[(—A)"+(—A)"Ju=fe™*" inQ x [0, ), (1.2)
0 om-!

u=5-:.=...=w—_'l‘=o on 3Q x [0, ), (1.3)

u(x,0) = up(x), 0,u(x,0)=1u,(x) in Q, (1.4)

withA, ;=02 + --- +07and A,:= 0%, + - - - + 02, n denotes the unit normal vector
on 3Q. For the sake of simplicity, we assume that f, u,, u,€CZ (Q) and 8QeC™. If
m = 1, then (1.2) coincides with the wave equation. We are mainly interested in the
asymptotic behaviour of u(x, t) as t — 0.

The investigations in this paper are motivated by the results of Ramm and Werner®
and Werner,'? who studied problem (1.2)«1.4) in the case m =1 for the domains
Q=R'x(0,1) and Q=R x Q' with bounded Q' = R"™!, respectively. These con-
figurations allow the following resonances: if @ = R x Q' and if w? is an eigenvalue of
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the Dirichlet problem

—AV—-AV=0 in Q, V=0 on oY (1.5)
for the cross-section ', then
u(x, t) = tYV2e"'y(x)+0(1) as t— oo (1.6)

with a suitable veC(Q). f Q =R2x (0, 1) and @ = wj(j=0,1,...), then
u(x,t) = Int-e " *o(x)+ O(1) ast— . (1.7

In the case of the remaining frequencies u(x, t) is bounded as t — oo and satisfies the
limiting amplitude principle

u(x, 1) = Uy(x)e " +0o{l) ast— oo, (1.8)
where U, denotes a solution of the boundary value problem
(=A,—-A)U,-0*U,=f inQ, U,=0 ondQ (1.9)

The estimates (1.6)~(1.8) hold uniformly in every bounded subset of Q. If Q = R/
x (0, 1) with I 2 3, then the limiting amplitude principle (1.8)-(1.9) holds for every
frequency w 20, so that no resonances occur. Hence, in the special case m =1,
problem (1.2)-(1.4) admits resonances only if | = 1 or I = 2 in (1.1). The resonances are
of order ¢t*/2 for [ =1 and of order In ¢ for | = 2.

In the following, we study (1.2)-(1.4) also for m > 1 and prove that resonances are
not possible if I > 2m. If < 2m, resonances of order t* with rational a€(0, 1) or order
In ¢ can occur for suitable frequencies. In particular, we obtain the following results: if
[>2m, then for every given w = 0 there exists a solution U, of the boundary value
problem

[(=A)"+ (=AU, —?U,=f inQ,
U, oy,

Uy= == =0 on 80, (1.10)

such that (1.8) holds uniformly in every bounded subset of Q (limiting amplitude
principle). U,, can be uniquely characterized by a suitable radiation condition, which
can be considered as a generalization of a uniqueness condition introduced by
Sveshnikov’ in the case m = 1. Furthermore, (1.8) and (1.10) remain valid if I < 2m and
if w? does not coincide with one of the eigenvalues 4,, 4,, . . . of the Dirichlet problem

(=AY V=iV =0 in Q,
oV om-1y ,
V—-—g;l-;— —-an,T_l—O on Q) (111)

for the cross-section Q'(n’:= unit normal vector on 0Q’'). However, if | < 2m and
w?=A j» then the following resonance phenomenon can be observed: if [ is odd, then
the estimate

m=(l+1)2 s ) )
u(x,t) = Zo =E¢t me @pi(x)+ U(x)e" ' +o(l)ast—co  (1.12)

holds; here U is a solution of (1.10), E, are suitable constants and
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x(Jj)
pP(x) = pP(x, y):= k; ij(y)Lf (Y )WV (Y x—x'1#d(x', '), (1.13)

where x:=(x;,...,%;), y:=(x4,,...,%,) and Vy(k=1,...k(j)) denotes an
orthonormal basis of the eigenspace E; belonging to the eigenvalue 4; of (1.11). For
even / (1.12) has to be replaced by

m-1-y2 o ¥ . . :
u(x, t) = Zo E;t e pU(x) + E*Int-e” ' pid o (x)
+UX)e" @ +0(l)  ast—oo. (1.14)

Both estimates hold uniformly in every bounded subset of Q. The precise values of E,
and E* will be given in Section 6.

The analysis of this paper is based on the spectral theory for unbounded self-adjoint
operators. In Section 2, we extend the differential operator (— A,)” + (— A,)™ to a self-
adjoint operator A in the Hilbert space L,(Q) with respect to Dirichlet’s boundary
condition (1.3). Applying the functional calculus for unbounded self-adjoint operators,
we obtain a spectral integral representation for the solution u of (1.2)}{1.4). Sections 3
and 4 are deveoted to the study of the resolvent of 4 and the construction of the
spectral family {P,} of A. The explicit form of {P,} is used in Sections 5 and 6 to
obtain the above asymptotic for u(x, t) as t — co.

The results of this paper are contained in the author’s thesis,> to which we refer for a
more detailed presentation of some of the proofs.

2. The spectral integral representation of the solution

In order to extend the operator (—A,)" + (—A,)™ to a self-adjoint operator with
respect to the Dirichlet condition (1.3), we set
D(A):= { Uelfl,,,(Q) =AD" +(—4,)"]UeL,(Q)}, }

@.1)
AU:=[(=A)"+(—A)"JU for UeD(A);

here the differential operators (—A,)™ and (—A,)™ are interpreted in the sense of
distribution theory and H,,(Q) denotes the closure of CZ(Q) in the Sobolev space
H,,(Q) (compare, for example, Reference 8). We prove:

Lemma 2.1. The operator A defined by (2.1) is positive and self-adjoint in the Hilbert
space L,(€Q).

Proof. Consider the bilinear form

(ATPU, AT V) + (A2 U, A2 V) (m even),
B(U, V)= { (VA D2y Am-D2y 4 (2.2)
(V, A= 172 § Am=112 ) (m odd),

for U, Ve H,(Q) with

n

!
V.U,V V)= Y 3,U.3, V), (VU V)= Y (3,U,8V)
i=1

i=l+1
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((,):= inner product in L,(Q)). Assume that UeD(A) and ¢ Cg (). Then
(AU, ) = ([(= A" + (= 4A,)"1U, @) = [(— A" U +(—A,)" U (9)

= 3 -8 V10 + 3 [d-APT V1)

i=l+1

where F(¢) denotes the application of the distribution F to the test function ¢.
Repeating this step m times, we obtain (4, U, ¢) = B(U, ¢), and hence

B(U,V)=(AU,V) for U, VeD(A), (23)

since C§ () is dense in D(A). This implies that A is symmetric and positive.
Now we show that A is elliptic. Substituting x; for 3, U and 9, V in (2.2), we obtain
for odd m

! (m=1)/2 ] (m-1)/2
sn= 3 (x( Sat) 7 x(51)7)
=1 i=1 i=1

n n ) (m=-1)/2 n 5 (m~1)/2
+ Y ix{ X X Y ,
j=i+1 i=i+1 f=I+1
and hence

B(x,x) = (i x? )M + ( 3 x?)m. (24)

i=1

By (2.2) this identity holds also for even m. Holder’s inequality implies
2 im/ 2 (m=1)/m
() (3
=1 i=t

B(x,x) > E;I:Tlxlz”' for xeR". 2.5

2
IZ a;-1
i=1

so that

Thus A is uniformly strongly elliptic. In particular, Gérdings inequality
B(U,U)2 ¢, |UIA—c, U2 for UeHn(Q) (2:6)

holds with suitable ¢;, ¢, > 0. This implies by a familiar argument that A + ¢, is a
bijective linear mapping from D(A4) onto L, (Q2). Hence A is self-adjoint. This conclu-
des the proof of Lemma 2.1.

We consider the following weak formulation of problem (1.2)-(1.4) find
UeC?([0, ), L,(RQ)) such that

U"(t)+ AU(t) = fe~ it fort =0,
U@0) = up, U'(0) = uy; 2N

here U’(t) denotes the derivative of the mapping U: [0, o) — L, () with respect to the
L, norm. By using (2.3) it can be shown that U is uniquely determined (compare the
proof of Lemma 7.1 in Reference 9). Let { P, } be the (left continuous) spectral family of
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A. Note that P, =0 for 1 €0, since A4 is positive. Set

U(t):= f mcos\/:ltd(Pluo)+ CsnV A )+ J * W, 0d(P.S), (28)
0 ﬁ 1)

0o

where (4, t) is the solution of the initial value problem

@ + YL t)=e™ fort>0,¢(1,0)=23,¥(10 =0, 2.9)
given by
/1—1w2 (e'im —cos\ /At + % sinﬁt) if A%l
Y(ht)=1 (2.10)
—l—(te“""—lsinwt) i A=w?
2w w

The functional calculus for unbounded self-adjoint operators shows that U is a
solution of (2.7). Since f, u,, u, €C3(Q) = D(A") for every reN, it follows by the
elliptic regularity theory that (1.2)~(1.4) has a classical solution u(x, t) belonging to
C>(Q x [0, c0)), which is related to U(t) by

Ut = J' u(x, t)p(x)dx for every e Cg(Q) (2.11)
Q
(compare, for example, the discussion in Reference 10 in a related situation). On the
other hand, every solution u of (1.2)+(1.4) having the property
u(.,t)eH,{Q) foreveryt 20 (2.12)
defines a solution u of (2.7) by (2.11). Thus we obtain:

Lemma 2.2. Problem (1.2)-(1.4) has one and only one solution u with the property (2.12);
u is given by (2.8) and (2.10).

3. The resolvent

In order to estimate the asymptotic behaviour of the solution u given by (2.8) and
(2.10), we have to study the behaviour of the resolvent R, = (4 — zI)~! of A near the
real axis. The computation of R, f for ze C\[0, c0) and fe CZ(£2) leads to the classical
problem

[(_Ax)m+(-Ay)m—z]Uz=f in Q’
U, "y,
c= T =5 =0 on 02 (3.1

We construct a solution U, of (3.1) by setting
x(j)

U.(x) = U.(x, y) = .Zl kZl wi (X 2) Vi (y) (3.2)
I
where V;,(k = 1, . . ., (j)) denotes as in (1.13) an orthonormal basis of the eigenspace
E; for the eigenvalue 4; of (1.11). We assume that the eigenvalues are ordered
increasingly: 0 <4, <1, < ... . Note that V,eC®(Q’) by the elliptic regularity
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theory, since 0Q'e C®. Using (~A,)" V = 4;V, we obtain formally
o x(j)

[(—A)"+(—A)"—z]U.(x) = ;1 k; [(= A"+ 4;~ zJuj(x;52) Vi ().
(3.3
The expansion theorem for the interior boundary value problem (1.11) yields
w  x()
NORTCEDWHWASLALY (34)
with
Sie(x) = J;,f (x, ») Vis(»)dy. (3.5)

These considerations suggest determining the coefficients in (3.2) such that
(=AD" + 4= z]uy, = fu in R. (3.6)
In order to compute u;,, we extend (— A, )™ to a self-adjoint operator L(m) in L, (R')
by setting
D(L(m)):= { WeH,,(R"):(—A,)" We L,(RY}, }

(3.7)
Lm)W:=(—A)"W  for WeD(L(m)).

Since L(m) is uniformly strongly elliptic, the elliptic regularity theory implies
L(m)= L(1)™. Hence, the uniquely determined solution u; of (3.6) belonging to
D{(L(m)) coincides with the solution of

[L(l)m + j’] - Z]ujk =./_;'k‘
Let {P{V} denote the spectral family of L(1). Then u;, is given by
o 1

= | T d(PV S

u.:
Ik JO ).."'-i-)v—-z

We set p, = |A; — z|!/meilargz—4)+2ms)/m(s = 0, . . ., m — 1) and obtain
o {m—l 1 } W mil 1
* Jo sZO mul (A — ) Pifw = 2, mup=t e

Here w, is the uniquely determined solution of (— A, — y,)w, = f;, in R’ belonging to
D(L(1)); w, has the explicit form

il}‘f - zla/zmeiav.(z;j) fj"(x,)

wy(x;z) = 1y T H&l)“x —-x'[llj— Z|”2mei¢'(z;j)/2)dx',
(3.8)
where o:= (1/2) — 1, H\Y denotes Hankel’s function,
HP () =J,0)+iN, ()  for{eC, (39)
and
()= SEEZ A AN o m—1) (3.10)

m
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for 0 <arg(z — 4;) < 2n. Thus we have
il,{j_zll;;l-l m-1

(x:z) = ip,(z:/)[{6/2)+ 1 —m]

i) = &

—f’lﬂ HM(|x — x'||A;— z]/?melodzi2)dx’, (3.11)
Rix—xF :
In order to proof the convergence of the Fourier series (3.2), we start from
L(m)uy + (4;— 2)uy = fu (3.12)
(compare (3.6) and (3.7)). It follows that
(L(m)“jk, ujk)R' + ('lj_ z) |l L Hzm = (fjks ujk)R' (3.13)

(¢, *)gt:= inner product in L,(R"), |- |g:= norm in L,(R")). Since L(m) is self-adjoint
and positive, we obtain

Re(4;— 2) Juy & < Re(fi, uiws
—Imz ||uy = Im( f, v )mes

and by the Cauchy-Schwarz inequality

Tuple < {2 fu g (3.14)
where
min l ! if Rez < 4
z< A,
[Tmz|’ Re(4; - 2) !
cj(z):= : (3.15)
if Rez> 2,
Tmz] if Rez > /;
The elliptic regularity theory and (3.12) imply D?uj e D(L(m)) and
L(m)Dpujk+().j—z)D”ujk =Dpf:’-k (3]6)
for every multi-index pe N}, since fjkeC3°(R’). Hence, the above considerations yield
lupll, g < D 1 f o (3.17)
for every se Ng (| ||, = norm in H (R')). Consider
j2 X))
m)= 3 3, uaxiz) Vall (3.18)
JI=n k=

with j,,j,€N, j, >j,. Let d;>0 and i;eN denote suitable constants. Sobolev’s
inequality implies

e (X)1? = [h.(x, )12 < d ls(x, M E o (3.19)

for every fixed xeR'. Since A3™'h,(x,.)e L,() for every seN, it follows from the
elliptic regularity theory that

857 ha(x, ma < da (1877 ho(x, )G + 1A R (x, )15 ).
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Using this inequality, we obtain by the same argument
A3 2o (3, M imar < dz 1857 2hy(x, ) F + A3 (1AL Ry (x, MG + I A R (x, )3 ).

Continuing in this way, we conclude that

" hz (x’ ) "%sm.ﬂ' < d3 ZO " A; hz(x’ ) "Izl'

s J2 %)
=dy 3 ¥ ¥ A lup(x;2))> (3.20)
r=0j=j1k=1

12»-__12'< ) <12r(l_1) 125 Zr}'JZS’

we have

Since

Jjz x{}) 2 2
Ihe (s Maomar < do Y. k}fl 225l (3 2)f2. (3.21)
J=jik=

Combining (3.21), (3.19), Sobolev’s inequality and (3.17), we obtain

A 2 < 4 Jj2 K(i)}}i2 i
h () <ds ¥ ¥ 272 up(x;2)|

J=hk=1
Jj2 x(j)

d6 Z z 2.2‘2 ”u‘lk(x Z)",: R'

jzjik=1
Jj2  x(j)

< dgc; (2)? z kzl 222 fi I3 res (3.22)
=i
since ¢;, (z) = ¢;(z) for j > j; . On the other hand, by applying Bessel’s inequality to the
Fourier expansion (3.4), we conclude that
N x()

2 Y AFEIDEfulx) < AT DS (x, )E

for every peN} and NeN(D2:= 2%, ...,0["). In particular, we have
x(j)

2 L A aliw< 3 IA7DEfIE < . (3.23)

Thus (3.18), (3.22) and (3.28) together with (3.15) imply that the Fourier series (3.2) of
U, converges uniformly with respect to xeQ and zeK, if K is an arbitrary compact
subset of C\[4,, o0). It follows in the same way that every termwise derivative of (3.2)
converges uniformly with respect to xeQ and zeK. Thus U, is a solution of the
differential equation in (3.1). Furthermore, we have

as o k() s o X(j)

Z Z [u_]k(x Z) k(yn Z Z jk(x z)a 1,ij(y)

=1k=1 1k=1

(3.24)

for every x =(x,y)e0Q and s=0,...,m—1, since n = (n,, n,) with n, =(0,...,0)
and n, = n’, and since each V), is an eigenfunction of (1.11). Hence U, is a solution of
3.1).
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The same argument as above yields that for peN}, geN§™!

IID£D;h,l|’=I U IDiD‘;hz(x,y)l’dy}dx
R LJo
< L, I D2h,(x, Iy o dx

Jj2  xU)
sd-,'L‘{ Y ¥ l}"‘lDﬁu,,(x;z)l’}dx

i=irk=1

2 xG) )
=d, ¥ Y A2"ID2up(.; 2) %

i=jhk=1
L8 2
<d,c; (2P ¥ Y A '”fjk"m,w
j=jlk=1
< d7cl (z)z " A;‘f"ﬁ,l’nl-

This shows that U,e H,(Q) for every seN. Furthermore, U, satisfies the boundary
conditions (3.24) for 0 < s < m—1. This implies U_eH,,(Q), and hence U,eD(A).
Since U, satisfies (3.1), we obtain U, = R, f. We collect these resuits in the following
lemma:

Lemma 3.1. Assume that fe C§(Q) and zeC\[4,, o). Then the Fourier coefficients u;,
of R, f are given by (3.11), (3.5) and (3.10), and the Fourier series (3.2) of R, f and its
termwise derivatives of arbitrary order converge uniformly with respect to xeQ and ze K
Jor every compact subset K of C\[41,, ).

4. The spectral family

In order to compute the spectral family { P, } of 4, we investigate the behaviour of
R.f as Imz—0. Consider the Fourier series (3.2) of R,f and set z = p + it with
p, teR. According to (3.12), the Fourier coefficients u; of R, .. f are solutions of

[L(m)+ A;— p—it]uu(.; p +11) = fi. 4.1)
Initially we assume 4; > p. In this case (4.1) has a uniquely determined solution also

for t=0, since L(m) is positive and self-adjoint. This solution u,(.; p) is given by
(3.10) and (3.11). We set

@® ()
S(x,p+it)= Y Y upl(x; p+it)Vu(y), 4.2)
j=up)+1k=1

where

max{seN:i; < ifp=4,,
l(p):= { p} ] p 1 (4'3)
0 if p<i,.
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From (3.15), (3.18) and (3.22) it follows that the series (4.2) converges uniformly with
respect to xeQ) and teR. It is our first aim to estimate the difference S(x; p + it)
— S(x; p). We conclude from (4.1) that

[L(m)+ A, — p]Lup(.; p +it) —uu (5 p)] = ituy(.; p+it).
The argument leading to (3.17) yields

. T .
(s p +it) —up(s Pl g < pa— lupls p +1T)

for every se N. Combining this with (3.17), we have
. 1
I u_,-k(.; p+it)— uj&('; P)HS,W < mﬂfju HS‘R,.
A consideration analogous to that before (3.22) shows that

© x{j)

Y X Al fulip

IDPS(x; p +i1) = DPS(x; p)1> S ¢ 73
(Al(p)+l —P) j=up)+1k=1

with suitable constants ¢ > 0 and r, se N (depending on peNg). This implies
D?S(x; p+it)— D?S(x; p) = O(1) as t1—0 (4.4)

for every pe N% uniformly with respect to xeQ.

The discussion of the Fourier coefficients u; with j<i(p) is based on their
representation (3.11). First we study the case 4; < p. According to the definition (3.10)
of ¢, we have

i . . .. 2ns
@s(p +10; )= hln; os(p+in ) =—-,
2n(s 4+ 1) 4.5)
[P . .. (s +
@s(p —10; j):=limoy(p +it;j) = ————.
t10 m
From this and (3.11) it follows that u;, (x; p + it) converges uniformly with respect to x
in every compact subset M of R’ as 7|0 and t 10, respectively. The limit functions
uz (x; p +10) and uy (x; p —i0) are given by (3.11) with ¢, defined by (4.5). In the same
way we conclude from (3.16) that D?u,(x; p + it) with arbitrary peN{, converges
uniformly in M to D”u,(x; p +10) and D u; (x; p —i0) as 7} 0 and 7 10, respectively.
Thus we obtain by (4.1)

(=A™ + 2;— pluslx; p £i0) = f(x) for xeR' and 4; < p. 4.6)
Now we study the case 4; = p. In this case we have

_ arg(it) +2ms _ (23 1o mgnt)z

4.7)

s m 2 /m

We use the series representations

LD =1 ¥ c, @3)
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= 1
ey aer (a-f-ieNo),

. 49)
2omlie § e 2; Cre* (aeNy)
s=0 s=

for |arg{| < =, where Iny = C, (the Euler-Mascheroni constant) and

S ) ;
2a+235|1—(o_+s+ 1)
C = (_.1)6+s+§
s 22:—as!r(s+ l _ 0')’
C”'— (—1)$+1 s 1 S+ul r (410)
s = 7{20+253f(0+8)! R S ¢
e X Mo—s— 1)
T ns!

/

(compare Reference 5). We insert these expansions into (3.11) and change the order of
integration and summation. This leads to terms of the form

il - ime fulx) .
; L 2 [6/2) + 1 ~m]e, J h(x — x'||t]1/2meie/2)dx’
w}k[h(C)] 4m(27[)” r=0 ¢ J;x lx - x' Ia ('X X ”‘CI ¢ )dx ’

where h({) = {39, h({) ={**7° and h({) = {>**°In{, respectively. Computing the
terms w, [(?*7°], we obtain

2540 llt’m ! 2s ! g+ 14+s—m)
wa[{¥* )= —— p f,k(x)!x x| dx’ Zoe o,
[
0 foreeNg, 5s=0,...,m—-c¢-2,

2im—a-1) N —_ —
=J4(2n),,jfl,‘(x)|x x/| dx’ forgeNy;, s=m—-o-1,

D, , 254 3
ITII—(0+5+1)/",JR'f,'k(x)lx—x|2 dx fOl'O'+EEN0; S=0,...,m-—a—§,
\ 4.11)
with
i einfo + 54+ 1 —m)(2 —signt)/2m
S dmQ@ay 1= emerivsomim @.12)

It follows in the same way that

0 if s=0,...,m—2,

. 25—0Y —
W]k[c ] 4(21[),\[ f_;k(x)lx le(m o~ l)dx if s=m—1. (413)
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Since

n(m_mgznr) ifv=o,

2 eiva(2 —signt)/2m
~ g V=L, =m-1),

m=—1 .
Z (p’e"¢' =
r=0

we obtain for ce N,

—W [Cz.wal C]— (27.[)04'1 I:J. f_,k(x)|x x|2sdx Z l___el(o‘+8+l m)e,

m-—1
J S (X)x =X PIn(|x — x|t [}2™)dx’ Y ei(6+s+l—m)¢':|

r=0
( ) ) o
_——,—ﬂ—“ f;u(X)Ix x'|#*dx’ if s=0,...,m—a~2,
felt~

=< ilnjt| 2m—signr)J‘ )
—_ 4 —_y (m—o—l)d ’
(2».(21:)”1 8m(2n) R.ff"(""" x| x

i
L +W.[ Se(x)x —x2m= = Dinjx — x’|dx’ if s=m—0o—-1.
Rl

4.14)
Note that ¢ = [/2 — 1. Inserting (4.8)+4.14) in (3.11) we obtain for odd !
. m-(1+1)/2 "2
“jk(x; j'l+lt) = Zo I;ll_mj‘ f]k(x )Ix X | sdx
Z(z—n—)m)——lf f_,,‘(x )Ix X lz"' ’dx
+0(Iz|*?™) as |1]-0, (4.15)
and for even
. . m-—1-(1/2) "2
ujk(x; /Lj'*‘l‘l') = ZO WJ‘ j;k(x )'x X l ’dx
Co 02 1o o)+ D signe) ) | S x— x [P’
()" njz| signt 'jk
(; )(11//22)". S () x = x| 'In|x — x'|dx’
+0(|t|V?*") as |t|-0, (4.16)

with

o 1 2 .signt . »
D (Slgn‘t):= '4—(27)(—”—2)__1'(Cm—(1/2)( ln 2gm >+ Cm r2) + C ) (4 17)
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(Co=C.=C;=C/"=0i 5 <0, C;”:= 0 if s> I/2). Both asymptotic formulae (4.15)
and (4.16) hold uniformly in every compact subset of R’. Hence, u % may be unbounded
as |t| — 0. But if I > 2m, then (4.15) and (4.16) imply

T'(/2—m) J' Ja(x)

! 4.1
1["24"("!—1)! Rnlx—x’l"z"'dx ( 8)

ujk(x; }'J + if) - ujk(x; lj) =
as t—=0.If [ <2m and
f fa(X)x—x'|>*dx’ =0 for xeR; s=0,...,[m-1/2] (4.19)
RI

([2]):= max {ie N:i < a}), then the limit uy (x; 4;) exists also according to (4.15) and
(4.16), and we have

r{/2—m)
224 (m — 1)1
(=1 1-W/2)
w222 _ /)1 (m—1)!

f(f,.(x’)lx—x’l’""dx’ if  is odd
R

uylx; A5)=

J Lux)x =X Hn|x —x'|dx’  if | is even.
Rl

(4.20)
Now we consider the condition (4.19). It is equivalent to
!
0= e |x|2‘f Lu(X)(—=2x-X'P|x'|*dx’ (4.21)
¢+B+y=sa!ﬁ!y! R‘

for xeR, s=0,...,[m—1/2]. By induction with respect to s we obtain

N ol
s+ =s£7;’z))rs.,[le’"‘(x’)(x'x,)plx,lzde'=0

for xeR!, s=0,...,[m—1/2]. Note that for peN},
[9§f J}u(x')(x'X')’lx’lz”dx'l
R =0

0 if |pl # B,
Y L,f;k(x’)x"’lx'l“dx’ if |pl = B,
since D(x-xY¥ = B ... «(B—|pl+ 1){x-x)B-1ptx'?, Therefore (4.19) implies
J-R'fj"(x')x'”lx’lz‘dx’ =0 for peN!, seN, with [p| +s<[m—-1/2]. (4.22)

By (4.21) also the inverse implication holds, so that (4.19) is equivalent to (4.22).
We summarize our results: the limit of R, . ;, fas 7 0 exists if and only if one of the
conditions

I>2m, 4.23)
I<2m and p # 4, for every jeN, (4.24)
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I<2m, p= A, and (4.22) holds for k=1,2, .. ., k(j) (4.25)

is valid. In this case R, , ;. f converges also as t10. The limits have the Fourier series
expansions

p) x(j) © x(j)
Rpiiof(x) = Z Z “jk(XQP +i0) ij(.V) + Z z “jk(x§ p) ij()’), (4.26)
iTlk=1 j=wp)+1k=1

where u;, is given by (3.11) and (3.10) if 4; > p, (3.11) and (4.5) if 4; < p and (4.18) or
(4.20) if ;= p, respectively. The series (4.26) converges uniformly with respect to
x=(x,y) in every compact subset M of Q. In the same way we obtain
DPR, ;. f(X)>D?R, ,;0f(x) as 1|0 and DR, ,; f(x)—D?R,_;of(x) as t10 uni-
formly with respect to xe M (pe Ng). Together with (3.1) this yields that R, ., f and
R, - ;o f are solutions of the boundary value problem

[(=A)"+(=4A)"—plw=f inQ,
ow ~6"'"w

W= —= =

3 e = Iy

=0 on 0Q. 4.27)

We conclude these considerations by deriving a condition that characterizes R, , ;o f
uniquely among the solutions of (4.27). Let we C2™(2) be an arbitrary solution of
(4.27) and set wj, (x):= fq w(x, ) V;(y)dy. The boundary condition in (4.27) implies
that w(x, .)e H,, (')A H,,, (') for every x e R". The expansion theorem for the interior
boundary value problem (1.11) yields

o *(j)

w *{)
w(x,.) = z Wi (x) Vi, (—A))"w(x,.) = ‘Zl kzl 2w (X) V.
s

Ve
On the other hand, we have
w  K(J)
(A" wlx.)= 3 3 wh(x) Vi
IS

with wh(x) = [o (—A,)"w(x, y) V;(y)dy = (= A,)"wy(x). Inserting this and the
Fourier expansion (3.4) of finto (4.27), we obtain

[( b Ax)m + ;['J - p] ij =.f_}k in Rl (4.28)

forj=1,2,...and k=1,2,... x(j). The Fourier coefficients u; of R,,;,f can be
uniquely characterized in the following way: if 4; > p, then u;, is uniquely determined
by (4.28) and the property u; € D(L(m)), since L(m) is self-adjoint and positive. If
4; < p, it can be shown that u;, is the only solution of (4.28) satisfying

. 1
Aiujk(x;p+10) = 0(}77_—1"'5) as r= |X|"’ Qo,
4.29
a 4 1/2m s . : ! ( )
67—1|1j—p| Asup(x; p+i0) =0 RV as r=|x|—-ow0

for 5=0,...,m—1. Formula (4.29) can be considered as a generalization of
Sommerfeld’s radiation condition. If 4; = p and (4.22) holds, then u; may be un-
bounded as | x| — co. It will be shown in Reference 4 that u, is the only solution of
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(4.28) with
J. uy(x; p)dS, = o(R'"!)  as R— oo for every xoeR'. (4.30)
{x=x0l =R

Hence, R, ;o f is uniquely determined by (4.27) and the properties of its Fourier
coefficients u;, collected above. Thus we have proved:

Lemma 4.1. Assume that fe C§ (2) and peR. The resolvent R, , ;. f of the operator A
converges as t |0 if and only if one of the conditions (4.23)—~(4.25) holds. The limit
Sunction R, o [ is the uniquely determined solution of (4.27) with the property that the
Fourier coefficients uy belong to D(L(m)) if A; > p and satisfy the condition (4.29) for
s=0,...,m—=1if4;<p or (430) if A; = p, respectively.

Our next aim is to construct of the spectral family {P,} of A. First we summarize
some properties of R, f obtained above:

(i) We have
Rysie/ (X) =R, f(X) > Rysiof(X)—R,_of(x) ast]0  (431)

uniformly with respect to (x, p)e M x K, where M and K are arbitrary compact
subsets of Q and R\{4;:jeN}, respectively.
(i) From (3.11), (3.9), (4.8) and (4.9) we obtain
up(x; z) = O<M> asz—4;

IZ - Z.j]l =(1/2m)
and by (4.2) and (4.4)
Iniz—4;
R.f(x) = Ref (x) = 0( FE T
uniformly in every compact subset M of Q.

We conclude from (i) and (ii) by the same argument used in the verification of
formula (2.36) in Reference 12 that

) as z—4; 4.32)

1 i
(P)(x) = T L [Ry+iof(x) = R,_i0f(x)]dp (4.33)

and that P; is continuous with respect to A. In particular, A has no eigenvalues.

In order to compute the integrand of (4.33), its convenient to set
x(J)

ud(x; 2):= k‘_:l w5 (x) Vi (¥,

i (4.34)
SOx; 2) = kzl Su(x) Vi(y).
Relation (4.26) implies
Up)
Rysiof(X) =R, ;o f(x) = ﬁ [u9(x; p +10) — u?(x; p — i0)]. (4.35)
=1

Since
@,+1(p+10;j) = 9,(p—i0;j)  forr=0,...,m-2,



712 P. Lesky Jr.

(compare (4.5)), it follows from the representation (3.11) of u;, that
u?(x; p +i0) ~ u(x; p —i0)

_ilp =l O, y)
T 4mQn)Y  Jplx=X)°

~ T HO (=[x~ x'[|p = 4;]/2)} dx

(HP (1= X |1p - y[112m

if 4; < p. Using
Jo(=0)=€7"J,(0),  N(~{)=e""""N,({)+ 2icos(om)J,({)
(compare Reference 5), we obtain
ilp— A% -1 [ fO(x, )
2m(2n)° RIx—x°
xJ,(]x—x'||p— A;|Y*)dx’ (4.36)
for ;< p. Thus the spectral family of A is given by the improper integral

L) = A1 [ 10, )
= ’ —x|lp— 4,2y ax L.
Plf(x) J‘o {j:l 2m(27t)a+1 - |x_xllﬂ Ja(lx X ”p jl ) X dp
4.37)

This formula shows that P, = 0 for 4 < 4,. Furthermore, it can be shown in the same
way as in Reference 12, page 186, that the spectrum o(A) of A consists of the interval
[A,,00) If A#4,,4,,...,then we have by (4.37)

ud(x; p +1i0) — uP(x; p —i0) =

dpP, f(x 1 A . (X', , ,

4.38)

If I € 2m or, equivalently, 6 + 1 < m, then P, f is not differentiable at 1 = 1, (keN).
Inserting (4.8) into (4.38), we obtain

g(x)+ O(]1A = 4,]) as A14,,
dPlf(x)_ 1 m-o-1] C, ®f s g
) meert 5 Il—l,,|""'“+=)/"'L,f (< Y)lx = x| dx
+ gu(x) + O(|1 1 — 4,]'™) as Al 4,
4.39)
uniformly in every compact subset M of Q, where
_r K . f ( ,9)
0O) = G &, = Bt | e X =X = 4y ).

(4.40)

If I > 2m, then P, fis continuously differentiable with respect to AeR. We collect our
results in the following lemma:

Lemma 4.2,
() The spectral family P, of A is continuous on R and vanishes for A < A; P, f is
given by (4.37) if feCF ().
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(ii) The operator A has no eigenvalues. The spectrum o(A) of A consists of the
interval [ 4,, o0).

(iii) The derivative (d/d1)(P, f(x)) is given by (4.38). It is continuouson R if | > 2m. If
1< 2m, then P, f, in general, is not differentiable with respect to A at A = A, (ke N).

5. The principle of limiting amplitude

We want to investigate the asymptotic behaviour of

o ® 3 l
u(x, 1) = [ j o8 ltd(Pluo)](x) + [ f } s":/‘;‘d(&ul)](x)

+[ f Vi, z)duaf)](x) 5.1)

as t — o0. Since P, = Ofor 4 < 4,, u coincides with the uniquely determined solution of
(1.2)-(1.4) satisfying (2.12). We use the following lemma:

Lemma 5.1. Let M be an arbitrary compact subset of Q and s the smallest integer with
2(s + 1) > n/2. Assume that ge Cg (). Then there exists a constant ¢ > 0 such that
<cl(Pg—P)A%gll sup |o(d)| (5.2)

(]
{[J' ¢(/1)d(Pag)](X)
a a<d<fB

(with P, :=I) for every xe M, every interval (a, B) with 1, <o < f < oo and every
bounded ¢eC(a, B).

The proof of Lemma 5.1 can be obtained by a modification of the proof of
Lemma 3.1 in Reference 12.

Assume that geCy(Q) and that ¢ is bounded and continuous in (2, f) with
Ay €a < f < oo. Lemma 5.1 implies

s (
[ j w(l)d(Pzg)](X)= J @(1)d(P;g(x)). (5.3)

Since {P;} is continuous for 1€ R and continuously differentiable with respect to
AeR\{4,,4,, ...}, it follows from (4.39) that

B (] d(P
f @(A)d(P,g(x)) = I ¢(A)Lﬁ@d& (54)

a

Consider the first integral in (5.1),

I(x,t)= f cos ./ Atd(P,uy(x)). (5.5)
Ay

In the remaining part of this section we consider a fixed compact subset M of Qanda

fixed ¢ > 0. According to Lemma 5.1, there exists an a > 0 such that

I,(x,t)= r cosﬁtd(P;uo(x)) +w,(x, 1),

i

where |w,(x, t)] < ¢ for xeM and t > 0. The interval [ 4,, a] contains only a finite
number of eigenvalues 4,, . . . 4,0f (1.11). We set Uy:= (5. (4;— 8, 4;+ 8)n[4,, d]).
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Since { P, } is continuous, Lemma 5.1 implies

<g for xe M, (5.6)

'[ cos/Atd(P;uqy(x))
U,

for sufficiently small 6 > 0. Note that the functions (d/dA)(P,u,) and (d2/dA?)(P,u,)
are continuous and bounded for Ae[4,,a]\U; and xe M. Integrating by parts, we
obtain

J cos szx—»dl=0<l) ast— oo
(4,8 1\U, di t

uniformly with respect to xe M. This, together with (5.4) and (5.6), yields I, (x, t)
= 0(1) as t = oo uniformly in M,
The following lemma can be shown by analogous estimates:

Lemma 5.2. Let M be a compact subset of Q and assume that ge C®(Q). Then we have
Jor every interval (a, B) with 4, < o < B < oo and every bounded @€ C(a, )

J‘ﬂ <p()~)cos\/1td(P,1g(x)) = o(1) ast— oo, (5.7

fﬂ @(4)sin/Atd(P,g(x)) = o(1) as t— oo, (5.8)

uniformly with respect to xe M.
We apply Lemma 5.2 to (5.1). Since
v t)_e"“‘"~e—i\/;' isin\/2t
' A—o? VA4 +w)

(compare (2.10), we obtain

. © | _e-i(y/i-wk
u(x, t) = e"‘““f —————d(P, f(x)) + 0(1) ast— oo (5.9)
" A—w

uniformly in M. For § > 0 we set

W45 | _ e—i(/A-w)

Iy(x, 0):= Jl»m; g dPS(x)), (5.10)
1
I3(x; 6);.[14_«,2»5 T oz (P (x)), (5.11)
——i(\/;‘.—w)z
W(x, 1 6):= — f (P (), (5.12)
A~-w?zd —w

We denote by W;(ie N) terms that will be shown later to be of order o(1) as t — 0. By
(5.9)+5.12) we have

u(x, t) = e [I,(x, ;) + I;(x; 8) + W,(x, 1;6)] + o(1) as t— o0, (5.13)

uniformly with respect to xeM and § > 0.
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Consider I; and note that
@ 1
L T2 Z i AP (X)) = Ry i fX), (5.14)

by the functional calculus for self-adjoint operators. Since
l 1 1

i Il
2 2 <2
A—w* A—w*—it

Tl Ai-wi—it] 8

for |4 — w?| > J, we obtain by Lemma 5.1

Wi+ 6 1
I;(x; 5)=]im|:sz+i,f(x)—J —-—.Td(PAf(x))]. (5.15)

Tlo wz_,;i—wz—l
In the following we suppose that one of the conditions (4.23)4.25) holds with p = w?.
Then R, , ;o f(x):=1lim R: ;. f(x) exists. Furthermore, (4.38) and (4.39) imply that in

z}0
this case lim (d/d1)(P,f(x)) exists and that
- w?
d(P, f(x)) | d(P,f(x)) — (15 — 2 1/2m 2
’ 17 [ 37 s = 0(|A—w*]*™m) asi-w
uniformly in M. Since
w?+8 1
limf ———di=in, (5.16)
010 wios A— W —it
we conclude from (5.15) that
P
12068) = Ry o 0 —in] L] s .17
1= w?

where w,(x; ) — 0 as 4 | 0 uniformly in M.
Now we turn to the discussion of I,. As above we obtain

W+ 1 _ =ity 10l [ d(P, f(x))
i

where w;(x,£;6)—0 as 60 uniformly in M x [0, c0). It suffices to compute the
integral in (5.18) for w? > 1,, since [(d/dA) (P, f(x)], -, = 0 for w? < 4,. We sup-

pose that 0 <6 < 2, and set p:= /4, é:= y— w. Then
wl+é | — —i(\/}.-—w)l \/(u)z-HS) ] —e—ilu—o)
f e Y = 2f e T Ldu
g W= o)pt o)

I,(x, t;5)=j ] di+wi(x,6), (5.18)
A= w?

w2 -6 ).—wz

wz_é 2—(1)2

Jw?+8) | —eilp—wh \/(wz+6)—-w 1 — e-iét
[ ’

\/(wl—é) (#+w) \/(wz—(i)—(u é

d¢ + we(t;0),

,J'\/(w’+5)‘wsinét
=i
¢

V-8 -w
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where
V@ +8) | — g—ilu—o) Vi +6)-e | — cosét
wal(t; &) = hra) dp+ —F d¢é.
Jwiogy WHTO Jw?-d)-o

Note that (1 —cos £t)/¢ is an odd function with respect to ¢, Therefore we have
l V@ +8)-0 1 — cos &t V@ +8)-w 1 _cosét

\/(w’—é)—m ¢ w—\/(w’—é) é

= o) R

This implies w,(t; 6)— 0 as 4 | 0 uniformly in [0, o). Setting {:= &t, we obtain

dé‘ = dé‘

V{w?+8)~wgin &t [V(0* +8) -]t g}
s";{ dé = f i 0L ¢ = n+ W, (5:0) (5.19)
V(@ =8)-w [V(w?—8) -t {
with
© i [V(e?~8) -0t g
W, (5 6):= —f ﬂd{—f ? sind gr, (5.20)
[V(w? +8)~w)t 4 — o ¢
and hence
w48 | — e—ily/A- o)
f —T_w—z——di =im + w,(t;6) + i W,(t;9). (5.21)
w?-6

We conclude from (5.13), (5.17), (5.18) and (5.21) that
u(x,t) =e-wrR ,  of(X)+ Wi(x, t;0) + ws(x, £;8) + o(1) as t— o (5.22)
uniformly with respect to xe M, where

W(x,1,6):= e‘*“"( W, (x,8) + w:(:;a)[d————“’ gg("”] )
)l = w?

and ws(x, t;8) - 0 as § | 0 uniformly with respect to (x, t)e M x [0, o0). In particular,
there exists a 6, > 0 with |ws(x, t;05)] <& for xeM and ¢t 2 0. From (5.20), (5.12) and
Lemma 5.2 we obtain W,(x, t;85) = o(1) as t - oo uniformly in M. Altogether we
have

u(x,t) =e 'R 0f(X)+0(1) ast— oo (5.23)

uniformly in every bounded subset of Q. This shows that the principle of limiting
amplitude (1.8) holds if one of the conditions (4.23)+4.25) is satisfied.

6. Resonances

In this section we investigate the solution u under the assumptions | < 2m and
w? = A,. As above, we denote by M a fixed compact subset of Q.

We start our considerations from the asymptotic relation (5.13). First we consider
the integral I, introduced in (5.10). Together with (5.4), (4.39), (440)and ¢ = /2 -1,
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we obtain
L6 =S €18 (55)PO(X)
2 A,y &y - 2m(27[)l/2 < p
w+d | — —1(\/), w)t
+J‘ *e——dlgk(x)+w6(x,t 0), (6.1)
wie$§ A
where
ﬂs:= 1 —ﬂ‘i: 1 _I+zs’
m 2m

@438 ] — e~il/A-on

P (x):= f SO, y)Ix —x'1Fdx’ (6.3)
and wg(x, ;6) =0 as 6 | 0 uniformly in M x [0, c0). Using (5.21), we conclude that
Im—12) ® .

L(x, ;8) = 5 (2 o Z CI3,(50)p (x) + ingi(x)
+ iW,(;0)gi(x) + w,(x, £;6), (6.4)

where w,(x, t;0) ~ 0 as 6} 0 uniformly in M x [0, c0).
Consider I§. The substitution y:= /4 yields

\/(w +68) | —e—i(u~o)
F(o)=2 J' =) F hg()dp,

with hg(p):= u/(p + w)! *£. Note that

dh
[hg () — hg(@)| < | — ol d—;(w)l

for ye[w, w/B]. This implies

du+wg(t; 6; B), (6.5)

1 V0 +58) | — e—ilu-w)
13t0) = J °

Qu)f (n—w)*?

where wg(t;0; ) -0 as )0 uniformly with respect to ¢ > 0 and Bel0,1—1/2m].
Setting £ := (u — w)t, we obtain

— 35 4¢ + we(5:6; ). (6.6)

P [\/(w +8—wlt | —e~i¢
I3(5;6) = f ¢

Qo) N
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Assume that 0 < <1 —1/2m. By {6.6) we have

L ®]—git ® d¢
Ix(t’é)_(Zwy[fo gt d{_—J‘[\/(w’ﬂ“’)""]'El_ﬂﬁ

@ e—i{
+‘[ ?ﬁd{]+w3(t;5;ﬂ)
[\/(w2+6)—w]l

_ 1 [ neibn/2 o 1 ]
QY| BT(B)sin(Bn) B[, /(w? + ) — ]}

+wg(8;0; B) + W, (1,6, B), (6.7)
with
tﬁ @ e— ié
W.(t;6; )= —f 7 d¢
* (Zw)ﬁ [\/(a)z +3) —wlt fl g

(compare the integrals (11c) and (12b} in Reference 1). Note that
1

2
QY[ (@ +06)—w] P’

as an integration by parts shows.
Now let f = 0. In this case (6.6) can be rewritten as

[0} wlt 11 _a—i&
I15(6,6) = .[[‘/( T ]d‘f Lo e - J——dé

1

[Wa(t;6;P) < (6.8)

+J ——dc+w8(t 6;0)
[\/(wz+6)—w]!

=Int +In[/(0? + &) —w] + C, +12+w8(160)+W(t50) (6.9)

(C.:= the Euler-Mascheroni constant; compare (3.67) in Reference 11).
We insert (6.7) and (6.9) in (6.4) and use the abbreviations

E e Cs weifn/2 _0 I}
ST 2m(2n)? Qw)P B, T(B,)sin(B,7) <S_ ,...,[m—§:|>,

1

(6.10)
E* =
with B, =1 — (I + 25)/2m and C, defined by (4.10). Then we obtain for odd |
m—(l+1
I(x, t;6) = Z E 1P p® (x) + im g, (x)

1 1+1)2 C,
- 2mQ2n)”? Zo QY B[S (w? + ) — w]
+ wo(x, ;) + Ws(x, 1, 6), 6.11)

PUx)
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and for even !

m-1-~12 .
Lx,t8)= ) Ei*pP(x)+E*Int-pl. w2)(X) + i g (x)
s=0

m—1-12 Cs

-1 3 PP (x)
2mQ2nf? & Q) B[S +0) — w0

C, - g in
QW;;’)’ {m [V(@+8)-w]+C, + 7}ps,':)_(,,z,(x)

+ W9(x9 t;é) + WS (x’ t; 6)9

+
(6.12)

where

1 IMZMC Wa(t;8; B )p® (x) + i W, (t;0) g, (x) (6.13)

Ws(x, t;0):= ) TR

and wy(x, t;6)— 0 as 4 | 0 uniformly in M x [0, o).
Now we turn to the discussion of I, using the respresentation (5.15). We conclude

from (4.39) that

'+ 1 dP, f(x) 1 m=12)
- A= * (8:7)p®
J ST AL O Imm &, CIRGORNX)
w?+ 4 1 4 s
+L}3_6m giu(X) + wyo(x; 65 7),
where 6.14
w?+ 6 1 d 615)
* . — ]
i o= Lz (-0’ =it)(l- o)
and w,4(x;d;7)— 0 as § | 0 uniformly with respect to xeM and 1> 0
Consider J}. Setting p:= (1 — w?)/1, we obtain in the case f>0
1 [? dp
JX(6;1 —_
A f (-
1 ©  du © 1 i }
= —— — d .
ALl i [ e o
1
=5 CHA) - ﬂé,,+0(r) as 70, (6.16)
with
0 d;l Jw dﬂ 'J'uo d[l
C* = - = — + 1] -
) J'o (r—iu? o (W + 1! o (W2 + )b
6.17)

n
*§<sin Brj2  sin(B+ 1)1:/2)
(compare the integral 42 on page 70 in Reference 1). In the case f = 0 we have
(6.18)

J(6:7) = Ind —Int +%‘+o(1) as )0,
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Together with (5.16) we obtain from (6.14)

w? + 8 1 _ 1 m—(l+1)/2 C*(B.) 1 "
jw’-& A— wz —it d(P).f(x)) = zm(zn)lll <o Cs< Tﬂ‘ ﬂsép‘>p, (X)

+ing, (X) + wio(X, £6) + o(1) ast}0 (6.19)

if ! is odd, and

s moii L (CHB) L
f 61:“*;—“(Paf( )= (2 IRy ;o Cs( > ,;5,:.) )
Ca- '

+ing,(x) + wyo(x;0;7) + o(1) as 10

if | is even.

(6.20)

Now we investigate the first term in (5.15). By Lemma 3.1 and (4.34) we have

Ry i f(x)= Y P (x;0% +i1).
i=1
The discussion in Sections 3 and 4 yields

Z u(x; w2 +i1) = }: uP(x;0*+i0)+o(1)  as 70,
i3k i3k

uniformly in M. From (4.15), (4.16) and (6.3) we obtain

1+1
u¥(x; w? +it) = V¥ (x) + Z C,,D pPE(x)+0(z**™)  as 10
for odd {, and
u®(x; 2 + it) = v (x) — D'(1) pY_ 12 (X) — 2—1(2—75:—’)-%—/)2»1n1-p§,’,"_(,,2,(x)
m=-1-(1/2) C D
+ Y SEpP(x)+0(x'*) ast|0
for even I, where
[ T(l/2)—m)
24" (m - 1)!
x J‘ FE, Y| x— x> dx’ if 1 is odd,
Rl

W (x):= <
(_ 1)m+ 1-(/2)

2722271 (m —(172)) (m — 1!

X J FE(x, Y)x—x'1*"'n|x — x'|dx’ if ] is even.
Rl

(6.21)

6.22)

(6.23)

(6.24)

(6.25)
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We set
[ £ wex +i0)+ 090 for 0dd |
J#k
V0= | (omst 1€, - 2] - D (1) ) AL 626
+ ¥ w0 +i0)+ () for even L
L5

Note that [(—A,)™ + (— A,)" 1% 4/2)(X) — ©* P /2, (x) = 0 by (6.3) and (4.34) and
that therefore
[(=A)"+(-A)"1V,—0?V,=f inQ
v, iy,
Vo=%m — " "1

Now we assume that [ is odd. Recall that §,=1—(I+ 25s)/2m and o =(I/2) - 1.
Note that by (4.12) and (6.17)

_C,C*B,) _ I+1
C,D, = 3m(@n)” (s =0,1,...,m 3

if > 0. Therefore (5.15), (6.19) and (6.21)6.26) yield

on Q. (6.27)

I3(x;6) =V, LS 6w i 5,0
3(x;0) = A’O-FW ’;o p.% P (x) —ingy(x) — wyo(x;;0).
(6.28)

Combining this with (6.11), we obtain

m-{+1)/2
Lx,0)+1;(x8) = Y  EtPpP(x)+ V,(x)
s=0

m=—(l+1)/2 1

L Imoan

(g7~ ' )
B8  QwpB.[ /(@ +8)—w)—wl/)"
+wyy (X, 56)+ We(x, 5;5), (6.29)

where w,, (X, t;6)— 0 as 4 | 0 uniformly in M x [0, c0). Note that

1im[L_ 1 ] _1, Cof-[/(@*+d) + o)
510 14 QwY B[/ (w? +8) —w]? B 510 QRuw)s*
= . [J(@*+d)+w)f!

1
TTReP @St 0)

=0
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for 0 < f< 1. Hence, for any given ¢ > 0 there exists a §, > 0 such that
1 m=(l+1)/2 1 1
172 5< i )Pg‘)(x)
2mQ2n)" 5o B0 Quw) B[/ (0? +84) — 0]

and |w,,(x, d,)| <e¢ for xeM. We insert (6.29) into (5.13). Note that by (5.12),
Lemma 5.2, (6.13), (5.20) and (6.8)

Wi(x, ;0,)+ W, (x,1,6,) = o(1) ast—oo -

<e¢

uniformly with respect to xe M. Thus we obtain

m-—(+1)/2
u(x,ty= Y  Ee i@ hpl(x)+e iV (x)+0() ast-—oo (6.30)
s=0

uniformly with respect to xe M if [ is odd.
Now we assume that [ is even. As above we conclude from (5.15), (6.20) and
(6.21)H6.26)

Co- .
1506.8) = Va(x) + 355 S5 (In20 = Copi 1z (%) — in gy (x)
1 m-1-(/2) C

—_ _85 _ pb)
+ 2m(2n)”2 & ﬁsép‘ps (X)

Cn- in
- mﬁ’)—%(lné + —2—)1’5?— w2y (X) — wyo(x;6;0) (6.31)

and with (6.12)
I,(x, £ 6) + I3(x;9)

m-1-(1/2)
= Zo E tP p® (x}+ E*Int«p¥. 5, (x) + V()
C,_
+ W;:')f/’z {In20 + In[/(0? + 6) — @] —Ind} p¥._ 1/5)(x)
+ WIZ(X, £ 6) + WS(xs t;6)9 (632)

where w,,(x, t;6) =0 as § | 0 uniformly with respect to xe M and ¢ > 0. Since

lim {In[/(w?+ ) —w] —Iné} = —In2w.

510
we obtain together with (5.13)

m=1-(/2) ) .
u(x, t) = Zo E;e ' P pM(x) + E*e ™! Int« p%_ ;,5)(x)
&

+e @Y (x)+ o(1) ast+ co (6.33)
uniformly in M. Thus we have proved:
Theorem 6.1. Let u be the uniquely determined solution of (1.2)1.4) satisfying (2.12)

and assume that f,u;, u,e C3(Q),0QeC® and Q = Q' x R'. The principle of limiting
amplitude ((1.8) and (1.10)) holds if and only if one of the conditions (4.23)4.25) is
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satisfied. The limit amplitude U , coincides with the limit R : , ;o f of the resolvent of the
operator A introduced in (2.1) and is uniquely characterized by the conditions stated in
Lemma 4.1.

In all other cases resonances of order t* (0 <a < 1) or Int occur. The asymptotic

behaviour of u in the resonance case is given by (6.30) if | is odd and by (6.33) if | is even
(with B, =1—(l + 25)/2m).
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