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We consider a domain f2 in R" of the form R = R' x R' with bounded R' c W-'. In f2 we study the 
Dirichlet initial and boundary value problem for the equation atu+  [(-a: - . . . -a:)"'+, (-a:+l 
- * . * -aX)"]u = fe-'"I. We show that resonances can occur if 2m 3 1. In particular, the amphtude of u 
may increase like t' (a rational, 0 < a < 1) or like In t as t + 03. Furthermore, we prove that the limiting 
amplitude principle holds in the remaining cases. 

1. Introduction 

Let R be an unbounded domain in R" with 

R = R' x R', (1.1) 

where R' c R"-' is bounded. In the following we study the solution of the initial and 
boundary value problem 

~ ~ U + [ ( - A , ) ~ + ( - A ~ ) ~ J U  =fe-'"' in R x [0, a), (1.2) 

on a 0  x LO, 00), 

U(X, 0) = u0(x), a,u(x, 0) = u1 (x) in R, (1.4) 

with Ax:= a: + * . +a: and Ay := a:+ + . - +a:, n denotes the unit normal vector 
on aR. For the sake of simplicity, we assume that f, uo, ul~C;(R)  and aREC". If 
m = 1, then (1.2) coincides with the wave equation. We are mainly interested in the 
asymptotic behaviour of u(x, t )  as t + 00. 

The investigations in this paper are motivated by the results of Ramm and Werner6 
and Werner," who studied problem (1.2H1.4) in the case m =  1 for the domains 
SZ = R' x (0, 1) and R = R x R' with bounded R' c R"- l, respectively. These con- 
figurations allow the following resonances: if R = W x R' and if w2 is an eigenvalue of 
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the Dirichlet problem 

- A , V - A V = O  in R', V = O  on a f l  (1.5) 

u(x, t )  = t112e-'"'u(x) + O(1) as t -+ co (1 4 

u ( x ,  t )  = ht .e - iwrv(x)  + O(1) (1.7) 
In the case of the remaining frequencies u ( x ,  t )  is bounded as t -, co and satisfies the 
limiting amplitude principle 

(1.8) 

for the cross-section R', then 

with a suitable v ~ C ( 6 ) .  If R = R2 x (0, 1) and o = z j ( j  = 0, 1, . . . ), then 

as t -+ oc). 

u(x, t )  = U,(x)e-'"' + o(1) 

(-A,-A,)U,-02U,=f inR ,  U,=O onaR.  (1.9) 

as t -, 00, 

where U ,  denotes a solution of the boundary value problem 

The estimates (1.6H1.8) hold uniformly in every bounded subset of 6. If R = R' 
x (0, 1) with 12 3, then the limiting amplitude principle (1.8)-(1.9) holds for every 
frequency w 2 0, so that no resonances occur. Hence, in the special case m = 1, 
problem (1.2)-( 1.4) admits resonances only if 1 = 1 or 1 = 2 in (1.1). The resonances are 
of order t'" for 1 = 1 and of order In t for 1 = 2. 

In the following, we study (1.2)-(1.4) also for m > 1 and prove that resonances are 
not possible if I > 2m. If  I < 2m, resonances of order t" with rational af(0 ,  1) or order 
In t can occur for suitable frequencies. In particular, we obtain the following results: if 
1 > 2m, then for every given w 2 0 there exists a solution U ,  of the boundary value 
problem 

[( - Ax)"' + (-A,)"] U ,  - w2 U, = f in 0, 

(1.10) 

such that (1.8) holds uniformly in every bounded subset of fi (limiting amplitude 
principle). U ,  can be uniquely characterized by a suitable radiation condition, which 
can be considered as a generalization of a uniqueness condition introduced by 
Sveshnikov' in the case m = 1. Furthermore, (1.8) and (1.10) remain valid if 1 < 2m and 
if w2 does not coincide with one of the eigenvalues i., , A,, . . . of the Dirichlet problem 

( -A , ) "V-AV=O in R', 

(1.11) 

for the cross-section R'(n':= unit normal vector on aR'). However, if 1 < 2m and 
w2 = A j ,  then the following resonance phenomenon can be observed: if 1 is odd, then 
the estimate 

I + 2 s  
I - -  _ .  r n - ( I +  I ) / ?  

s = o  
u(x, t )  = 1 = E,t 2m e ' o r p y ) ( x )  + U(x)e-'"'+ o(1) as t + m  (1.12) 

holds; here U is a solution of (1.10), E, are suitable constants and 
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W 
P:'(x) = P?(x, y):= C v j k ( y )  f(x', Y ' )  ~ : . ~ ( Y ' ) I X - X ' I ~ ~ ~ ( X ' ,  Y'), (1.13) 

k =  1 b 
where x:= (xl, . . . ,xl) ,  y : =  ( x l +  . . . , x,) and Vjk(k  = 1, . . . KG)) denotes an 
orthonormal basis of the eigenspace Ej belonging to the eigenvalue l j  of (1.1 1). For 
even 1 (1.12) has to be replaced by 

I + 2 s  m - 1 - W  ,-- _ ,  

u(x, t) = C E,t 2n e Imrp:j)(x)+ E*Int.e-'"'p!,$,,,(x) 
s = o  

+ U(x)e-'O' + o(1) as t + 00. (1.14) 

Both estimates hold uniformly in every bounded subset of a. The precise values of Es 
and E* will be given in Section 6. 

The analysis of this paper is based on the spectral theory for unbounded self-adjoint 
operators. In Section 2, we extend the differential operator ( - Ax)" + ( - AY)" to a self- 
adjoint operator A in the Hilbert space L2(R) with respect to Dirichlet's boundary 
condition (1.3). Applying the functional calculus for unbounded self-adjoint operators, 
we obtain a spectral integral representation for the solution u of (1.2H1.4). Sections 3 
and 4 are deveoted to the study of the resolvent of A and the construction of the 
spectral family {PA 1 of A. The explicit form of { P A }  is used in Sections 5 and 6 to 
obtain the above asymptotic for u(x, t )  as t -+ 03. 

The results of this paper are contained in the author's t h e ~ i s , ~  to which we refer for a 
more detailed presentation of some of the proofs. 

2. The spectral integral representation of the solution 

In order to extend the operator (-Ax)" + ( - AY)" to a self-adjoint operator with 
respect to the Dirichlet condition (1.3), we set 

(2.1) 

here the differential oper?tors ( -  A,)" and (- AY)'" are interpreted in the sense of 
distribution theory and H,(R) denotes the closure of C;(R) in the Sobolev space 
H,(R) (compare, for example, Reference 8). We prove: 

Lemma 2.1. The operator A dejned by (2.1) is positive and self-adjoint in the Hilbert 
space L2(R). 

Proofi Consider the bilinear form 

1 D(A):= { UE~,(R):[(-A~)"+(-A~)"]UEL~(R)}, 
AU:= [(-Ax)"+(-A,)"]U for U E D ( A ) ;  

for U ,  Vek,(R) with 
1 
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where F(cp) denotes the application of the distribution F to the test function cp. 
Repeating this step m times, we obtain (A, U, cp)  = B(U,  q), and hence 

B(U, V) = (AU, V) for U, VcD(A), (2.3) 
since C;(R) is dense in D(A) .  This implies that A is symmetric and positive. 

for odd m 
Now we show that A is elliptic. Substituting x i  for a i  U and ai V in (2.2), we obtain 

and hence 

i = l  

By (2.2) this identity holds also for even m. Holder's inequality implies 

so that 

Thus A is uniformly strongly elliptic. In particular, GBrdings inequality 

B(U,U)Bc,IIUII~-c211U112 for V E ~ , ( Q )  (2.6) 
holds with suitable cI ,  c2 > 0. This implies by a familiar argument that A + c2 is a 
bijective linear mapping from D ( A )  onto L, (Q). Hence A is self-adjoint. This conclu- 
des the proof of Lemma 2.1. 

UEC~([O, a), L,(R)) such that 
We consider the following weak formulation of problem (1.2)-(1.4): find 

U"( t )  + A U ( t )  =fe+'" 

U(0)  = u g ,  V'(0) = u,; 

for t 2 0, 

here V'( t )  denotes the derivative of the mapping U: [0, 00) + L2(R) with respect to the 
L2 norm. By using (2.3) it can be shown that U is uniquely determined (compare the 
proof of Lemma 7.1 in Reference 9). Let {PA} be the (left continuous) spectral family of 
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A. Note that PA = 0 for 3, < 0, since A is positive. Set 

where $(A, t )  is the solution of the initial value problem 

(a: + A)+(& t) = e-'"' for t 2 0, $(A, 0) = &+(A, 0) = 0, (2.9) 
given by 

r 

The functional calculus for unbounded self-adjoint operators shows that U is a 
solution of (2.7). Since f, uo, u1 E C ~ ( R )  c D(A') for every r E N ,  it follows by the 
elliptic regularity theory that (1.2)-( 1.4) has a classical solution u(x, t) belonging to 
Cm(fi x [O, m)), which is related to U ( t )  by 

U(t)cp = In u(x, t)q(x)dx for every ~ D E C ; ( ~ )  (2.1 1) 

(compare, for example, the discussion in Reference 10 in a related situation). On the 
other hand, every solution u of (1.2H1.4) having the property 

u(.,t)EH,(R) for every t 2 0 (2.12) 

defines a solution u of (2.7) by (2.1 1). Thus we obtain: 

Lemma 2.2. Problem (1.2)-( 1.4) has one and only one solution u with the property (2.12); 
u is gioen by (2.8) and (2.10). 

3. The resolvent 

In order to estimate the asymptotic behaviour of the solution u given by (2.8) and 
(2.10), we have to study the behaviour of the resolvent R, = ( A  - z I ) - '  of A near the 
real axis. The computation of R,f for ZEC\[O, co) andfEC,"(R) leads to the classical 
problem 

[( - A,)" + ( - Ay)" - Z ]  U, = f in R, 

We construct a solution U, of (3.1) by setting 

(3.1) 

where f l jk (k  = 1,  . . . , ~ ( j ) )  denotes as in (1.13) an orthonormal basis of the eigenspace 
Ej for the eigenvalue Lj  of (1.11).  We assume that the eigenvalues are ordered 
increasingly: 0 < 1, < 1, < . . . . Note that V,kcC"(fi') by the elliptic regularitv 
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theory, since afl'EC". Using (-Ay)" = Aj  vjk, we obtain formally 
m  KC^) 

j = 1  k = l  
[( - 'XI" + (- Ay)m - z1 u z ( x )  = 1 1 [( -Ax)m + A j  - z] ujk(x;z) %k(y)- 

(3.3) 
The expansion theorem for the interior boundary value problem (1.1 1) yields 

These considerations suggest determining the coefficients in (3.2) such that 

[( -A, )"+Aj-Z]Ujk  =fit in Rr.  (3.6) 
In order to compute ujk, we extend (-A,)"' to a self-adjoint operator L(m) in L,(R') 
by setting 

D(L(m)):= { WEH,(R'):( -Ax)"' WEL~(R')},  
L(m) W:= (-A,)" W for WED(L(m)).  (3-7) 

Since L(m) is uniformly strongly elliptic, the elliptic regularity theory implies 
L(m) = L(1)". Hence, the uniquely determined solution u j k  of (3.6) belonging to 
D(L(m))  coincides with the solution of 

[L(1)" + A j - Z ] u j k  = & k .  

Let ( P i ' ) }  denote the spectral family of L(1). Then Ujk is given by 
Pa, 1 

Here w, is the uniquely determined solution of ( -A, - ps) w, = f i k  in R' belonging to 
D(L(1)); w, has the explicit form 

where a:= (f/2) - 1, Hi" denotes Hankel's function, 

Hbl)(C) = .lo(() + iN,(C) for CEC, (3.9) 

and 

arg(z - Aj) + ~ R S  

m (s = 0,. . . , m -  1) cp,(z; j )  := (3.10) 



Resonance Phenomena in Cylindrical Waveguides 703 

for 0 < arg(z - Aj) < 27r. Thus we have 

(3.1 1)  

In order to proof the convergence of the Fourier series (3.2), we start from 

L(m)ujk + (1j-z)Ujk = f i k  (3.12) 

(compare (3.6) and (3.7)). It follows that 

(L(m)Ujkr ujk)!#+(Aj-Z) I Iu jk  = ( f i , ,  u j k h '  (3.13) 

((*, . )RI  := inner product in Lz (R'), 11 11 W I  := norm in L, (R')). Since L(m) is self-adjoint 
and positive, we obtain 

Re(ij - z) 11 u jk  ll$ ,< Re(&, 7 ujk)w', 

-Irnz IIujk Il&= Im(fi,, ujk)R1, 

and by the Cauchy-Schwarz inequality 

(3.14) 

if Rez < l j ,  
IImzl' Re(Rj - z )  

cj(z):= 
if Rez 2 lj. 

(3.15) 

c 

The elliptic regularity theory and (3.12) imply DPup€D(L(m)) and 

L(m)DPujk + (Rj-Z)DPUjk = Dp&k (3.16) 

for every multi-index PE Nh, sincehkEC2 (R'). Hence, the above considerations yield 

11 u j k  11,-@ G cj(z) 11 hk ll,v,R1 (3.17) 

for every S E  No( 11. l IsaR~:= norm in HJR')). Consider 

h, (x ) :=  f y) uik(x;z) Vjk(J7), 
j=jn k = l  

(3.18) 

with j ,  ,jz€N, j, > j, . Let dj > 0 and ij€N denote suitable constants. Sobolev's 
inequality implies 

(3.19) 

for every fixed XER'. Since A;-lh,(x,  . ) E L ~ ( R ' )  for every SEN, it follows from the 
elliptic regularity theory that 

Ih:(x)IZ = Ih:(X,Y)l2 G d ,  lth;(x, .)ll;t.w 

/IAhSy-lhz(x,.)ll:m.n. G d ~ ( l l A ~ - l h : ( x ~ * ) l l &  + l lA;hz(~,*) l l&)* 
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Since 

we have 

Combining (3.21), (3.19), Sobolev's inequality and (3.17), we obtain 

(3.20) 

(3.21) 

(3.22) 

since cjl (2) 2 c j ( z )  for j  > j ,  . On the other hand, by applying Bessel's inequality to the 
Fourier expansion (3.4), we conclude that 

for every PE Nb and NEN (I)::= ayl, . . . , ap). In particular, we have 
m K(j) c c A?jZi211fjlrIlt,R1< IIA:D!flii< 03. (3.23) 

Thus (3.18), (3.22) and (3.28) together with (3.15) imply that the Fourier series (3.2) of 
U ,  converges uniformly with respect to x ~ f i  and Z E K ,  if K is an arbitrary compact 
subset of @\[A, , 00). It follows in the same way that every termwise derivative of (3.2) 
converges uniformly with respect to x ~ f i  and Z E K .  Thus U ,  is a solution of the 
differential equation in (3.1). Furthermore, we have 

j = l k = l  IP si3 

(3.24) 

for every x = (x, y ) d R  and s = 0, . . . , m - 1, since n = (nx,  n,) with n, = (0, . . . ,0) 
and ny = n', and since each c k  is an eigenfunction of (1.1 1). Hence U, is a solution of 
(3.1). ' 
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The same argument as above yields that for p~Nb,  q E N $ - '  

This shows that U,EH,(R) for every SEN. Furthemiore, U, satisfies the boundary 
conditions (3.24) for 0 Q s Q m- 1. This implies U,~fi,,,(a), and hence U,ED(A).  
Since U, satisfies (3.1), we obtain U, = R,f: We collect these results in the following 
lemma 

Lemma 3.1. Assume that feCz(f2) and ZEQ=\[A,, a). Then the Fourier coeficients u , ~  
of R, f are given by (3.1 I), (3.5) and (3.10), and the Fourier series (3.2) of R, f and its 
termwise derivatives of arbitrary order converge uniformly with respect to x ~ f i  and Z E  K 
for every compact subset K of C\[A,, 00). 

4. The spectral family 

In order to compute the spectral family { P A  ) of A, we investigate the behaviour of 
R,f as Imz+O. Consider the Fourier series (3.2) of R, f and set z = p + i t  with 
p, Z E R. According to (3.12), the Fourier coefficients ujk of R, + irf are solutions of 

[Urn) + Aj - p - ir) ujk(.; p + ir) =fit. (4.1 ) 

Initially we assume A j  > p. In this case (4.1) has a uniquely determined solution also 
for t = 0, since L(m) is positive and self-adjoint. This solution ujk(.; p )  is given by 
(3.10) and (3.1 1). We set 

where 

max(sEN:&Gpp) i fp>L1,  
if p < A l .  

1(p):= (4.3) 
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From (3.15), (3.18) and (3.22) it follows that the series (4.2) converges uniformly with 
respect to X E ~  and ~ E R .  It is our first aim to estimate the difference S(x; p +is) 
- S(x; p). We conclude from (4.1) that 

[L(m) + 1,- pl  [ujk(.; p + ir) - ujk(.; p ) ]  = irujk(.; p +ir). 

The argument leading to (3.17) yields 

for every SEN. Combining this with (3.17), we have 

A consideration analogous to that before (3.22) shows that 

with suitable constants c > 0 and r, SE N (depending on PEN",. This implies 

DpS(x;  p + i7) - DpS(x; p )  = O(T) 

for every PEN: uniformly with respect to X E ~ .  

representation (3.1 1). First we study the case 
of cps we have 

as T + 0 (4.4) 

The discussion of the Fourier coefficients u j k  with j < i ( p )  is based on their 
< p. According to the definition (3.10) 

. 
2xs 

q S ( p  + iO;j):= limcp,(p + i r ; j )  = -, 
T I 0  m 

274s + 1) 
m 

q S ( p  - iO;j):= lim q S ( p  + is ; j )  = 

(4.5) 

From this and (3.1 1) it follows that ujk(x; p + iT)  converges uniformly with respect to x 
in every compact subset M of R' as sJ.0 and ~70, respectively. The limit functions 
ujk(x; p + io) and ujk(x; p - io) are given by (3.1 1) with cps defined by (4.5). In the same 
way we conclude from (3.16) that DPUp(X; p + is) with arbitrary PEN: converges 
uniformly in M to DPujk(x; p + i0) and Dpujk(x; p - i0) as 710 and ~70, respectively. 
Thus we obtain by (4.1) 

[( - A,.)"' + l j  - p ]  ujk(x; p k 10) =fi,(x) for XER'  and L j  < p. (4.6) 

Now we study the case L j  = p. In this case we have 

arg(ir) + 2as 
cps= 

We use the series representations 
Q) 

J,(O = C" 1 csr2s. 
s = o  

(4.7) 

(4.8) 
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for larg(1 < x, where In y = C, (the Euler-Mascheroni constant) and 

(4.10) 

J 2u-s(6 - s - l)!  c:”:= - 
as! 

(compare Reference 5). We insert these expansions into (3.1 1 )  and change the order of 
integration and summation. This leads to terms of the form 

where h ( [ )  = [ Z s + a ,  h ( [ )  = C2,-‘‘ and h(5)  = [2s+“ln(, respectively. Computing the 
terms w j k  [ CZs +‘], we obtain 

foraeN,;  s = O ,  . . . ,  m-G-2 ,  

D S  1 3 
s = O , .  . . , m - a - - ,  2 1 l T l l ~ ~ u + ~ + l ~ , ~ ~ ~ , f i ~ ( x ’ ) ~ x - x ‘ ~ 2 s d ~ ’  fo ra+-ENo;  2 

L 

with 
i eix(u+s+ 1 -m)(Z-agnr)/Zm 

Ds:= __.__. 2m(2ny 1 - eiZn(u+ I + s - m ) / m  . 

It follows in the same way that 
r 

(4.1 1 )  

(4.12) 
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Since 
r 

n ( m - F )  i f v = o ,  

- 1 - ei2vn/m 
2~eivn(2 - S i g a t ) / h  

i f v =  -1,. . . , - ( m -  I), 1 m -  1 

r = O  
c cp,eivcp* = 

L 

we obtain for GE No 

1 + ~ R l / , ( x ’ ) ~ x - x ’ ~ 2 s l n ( ~ x - x ’ ~ ~ ~ ~ 1 ~ 2 m ) d x ’  m - 1  1 e$‘+s+l-mbcp. 

r = O  

if s = O ,  ..., m - a - 2 ,  

and for even 1 

with 
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(C, = C: = C: = C;' := 0 if s < 0, Cr := 0 if s > l/2). Both asymptotic formulae (4.15) 
and (4.16) hold uniformly in every compact subset of W'. Hence, ufi may be unbounded 
as I T  I -, 0. But if 1 > 2m, then (4.15) and (4.16) imply 

as T-0. If I < 2m and 
f 

f x ( ~ ' ) ~ ~ - x ' ~ z r d x ' = O  forxEW'; s = O , . .  .,[m-1/2] J Rl 

(4.18) 

(4.19) 

([a] := max { i E N : i Q a}) ,  then the limit Ujk (x; Aj) exists also according to (4.15) and 
(4.16), and we have 

f 

(4.20) 
Now we consider the condition (4.19). It is equivalent to 

(4.2 1 ) 

for x E R', s = 0, . . . , [m - 1/21. By induction with respect to s we obtain 

for X E  R', s = 0, . . . , [m - 1/21. Note that for P E  Nh 

[of: jRIf. (X') (X * X')B 1 X' i2YdX' 

since D!(x*x')@ = 8. . . . .(@- {p i+  l)(x-x')@-fPfxfp. Therefore (4.19) implies 
P 

fJk(x')x'PIx'IZsdx' = 0 for PE NL, SE No with IpI + s < [m - 1/21. (4.22) 
JR1 

By (4.21) also the inverse implication holds, so that (4.19) is equivalent to (4.22). 

conditions 
We summarize our results: the limit of R, + i f fas  7 10 exists if and only if one of the 

1 > 2m, (4.23) 

1 < 2m and p # Aj for every j~ N, (4.24) 
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I<  2m, p = ,Ij and (4.22) holds for k = 1,2, . . . , ~ ( j )  (4.25) 

is valid. In this case R,  + Jconverges also as T 0. The limits have the Fourier series 
expansions 

0) K ( j )  

j = l k = l  
Rp*iOf(x)  = 1 u j k ( x ; p  k jo) q k ( Y )  + f. 3 u j k ( x ;  p )  hk(Y), (4.26) 

j =  t(p)+ 1 k =  1 

where u j k  is given by (3.1 1)  and (3.10) if Aj > p, (3.1 1) and (4.5) if < p and (4.18) or 
(4.20) if I., = p, respectively. The series (4.26) converges uniformly with respect to 
x=(x ,y)  in every compact subset M of fi. In the same way we obtain 
D P R , + i , f ( x ) - D p R , + i o f ( ~ )  as r l 0  and D P R , + i l f ( x ) - D p R , - i o f ( x )  as T ~ O  uni- 
formly with respect to X E  M ( p c  N:). Together with (3.1) this yields that R,+,,fand 
R, - iof are solutions of the boundary value problem 

C ( - A , ) m + ( - A y ) m - p ] w  =f in R, 

(4.27) 

We conclude these considerations by deriving a condition that characterizes R, + i o f  
uniquely among the solutions of (4.27). Let w ~ C ' ~ ( f i )  be an arbitrary solution of 
(4.27) and set wjk(x):= jn. w ( x ,  y) Vjk(y)dy. The boundary condition in (4.27) implies 
that w(x ,  . ) ~ f i , ( Q ' )  n H,,(R') for every XE 88'. The expansion theorem for the interior 
boundary value problem (1.1 1) yields 

On the other hand, we have 

with wi*,(x) = jn.( - A x ) m ~ ( ~ ,  y) q,(y)dy = ( -A, )"wjk(x) .  Inserting this and the 
Fourier expansion (3.4) off into (4.27), we obtain 

[ ( - A , ) " + L j - p ] W j k = f j k  in R' (4.28) 

for j = 1,2, . . . and k = 1,2, . . . ~ ( j ) .  The Fourier coefficients ujk of Rp+iOfcan be 
uniquely characterized in the following way: if I., > p ,  then ujk  is uniquely determined 
by (4.28) and the property ujkED(L(m)) ,  since L(m) is self-adjoint and positive. If 
A, -= p, it can be shown that u j k  is the only solution of (4.28) satisfying 

(4.29) 
A : u j k ( x ;  p + io) = as r = I x ~ - - , o o ,  

( & - i l A j - p I 1 / ' m  

for s = 0, . . . , m  - 1. Formula (4.29) can be considered as a generalization of 
Sommerfeld's radiation condition. If I., = p and (4.22) holds, then ujk may be un- 
bounded as 1x1 --, 00. It  will be shown in Reference 4 that ujk is the only solution of 
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(4.28) with 

ujk(x; p)dS, = o ( R ' - ' )  as R co for every X,E[W'. (4.30) 

Hence, R p + i o  f is uniquely determined by (4.27) and the properties of its Fourier 
coefficients ujk collected above. Thus we have proved: 

Lemma 4.1. Assume that f e C $ ( Q )  and PER.  The resolvent R p + i r  f of the operator A 
concerges as T 10 if and only if one of the conditions (4.23)-(4.25) holds. The limit 
function R p + i o  f is the uniquely determined solution of (4.27) with the property that the 
Fourier coeficients ujk belong to D(L(m))  i f R j  > p and satisfy the condition (4.29) for 
s = 0, . . . , rn - 1 if l j  < p or (4.30) if R j  = p, respectioely. 

Our next aim is to construct of the spectral family { P A  ) of A. First we summarize 
some properties of R ,  f obtained above: 

(i) We have 

I I x - x o l ' R  

R p +  itf (x) - R p  - i t f  (x) + R p +  i o f ( x )  - Rp-iof  (x) as T l o  (4.31) 

uniformly with respect to (x, p ) ~  M x K, where M and K are arbitrary compact 
subsets of fi and R \ { R j : j E N ) ,  respectively. 

(ii) From (3.1 I), (3.9), (4.8) and (4.9) we obtain 

and by (4.2) and (4.4) 

(4.32) 

uniformly in every compact subset M of d. 
We conclude from (i) and (ii) by the same argument used in the verification of 

formula (2.36) in Reference 12 that 

(4.33) 

and that Pi is continuous with respect to R. In particular, A has no eigenvalues. 

In order to compute the integrand of (4.33), its convenient to set 

Relation (4.26) implies 

R p + i o f ( x )  - R p - i o  f (x) = !f [u( j ) (x ;  p + i0) - u ( j ) ( x ; p  - iO)]. 
j =  1 

Since 
cp,+ ( p  + i0; j )  = cp,(p - i0; j) 

q 0 ( p  + i0; j) = 0, 

for r = 0, . . . , m - 2, 

cpm- ( p  - i0; j )  = 272 

(4.34) 

(4.35) 
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(compare (4.5)), it follows from the representation (3.1 1) of u j k  that 

u(j)(x; p + io) - u(fi(x; p - io) 

- eiunHbl)( - Ix - x'I Ip - 1jj11'2m))dx' 

if 1, c p. Using 

J,( - C )  = eiU"J,(C), 
(compare Reference 5), we obtain 

Nu( -[) = e-iu"N,(C) + 2icos(an)~,(~) 

x J,( I x - X' I I p - 1 j l  1'2"') dx' (4.36) 

for 1, < p. Thus the spectral family of A is given by the improper integral 

(4.37) 

This formula shows that Pa = 0 for 1 Q rll. Furthermore, it can be shown in the same 
way as in Reference 12, page 186, that the spectrum a(A) of A consists of the interval 
[A,, GO). If 1 # A l ,  &, . . . ,then we have by (4.37) 

(4.38) 

If 1 < 2m or, equivalently, u + 1 Q m, then PL f is not differentiable at rl = 1, (keM).  
Inserting (4.8) into (4.38), we obtain 

as At&, 

+ g k ( x )  + o(lA - A k l l / z m )  

uniformly in every compact subset M of where 

as 

(4.39) 

If 1 > 2m, then PA f is continuously differentiable with respect to 1~ R. We collect our 
results in the following lemma: 

Lemma 4.2. 
(i) The spectral family Pa of A is continuous on R and vanishes for 1 < A,; PA f is 

given by (4.37) if fe Cz (a). 
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(ii) The operator A has no eigenualues. The spectrum a ( A )  of A consists of the 

(iii) The derivative (d/dA)(P,f(x)) is given by (4.38). I t  is continuous on 88 i f 1  > 2m. 
interval [A , ,  co). 

1 < 2m, then P,f, in general, is not differentiable with respect to A at I z  = Ak(k E N). 

5. The principle of limiting amplitude 

We want to investigate the asymptotic behaviour of 

as t + 00. Since P, = 0 for I < I,, u coincides with the uniquely determined solution of 
(1.2H1.4) satisfying (2.12). We use the following lemma: 

Lemma 5.1. Let M be an arbitrary compact subset off2 and s the smallest integer with 
2(s + 1) > 4 2 .  Assume that gECg(i2). Then there exists a constant c > 0 such that 

.I[ {+)d(Pd](X)l <cII(P@-~m)A’gII SUP I d41  (5.2) 
a < l < p  

(with P ,  := I )  for eoery X E  M, every interval (a, 8)  with A ,  < a -= 8 ,< co and every 
bounded cp E C(a, 8). 

The proof of Lemma5.1 can be obtained by a modification of the proof of 
Lemma 3.1 in Reference 12. 

Assume that gEC,”(R) and that cp is bounded and continuous in (a,B) with 
Al < a < /? < a. Lemma 5.1 implies 

[ s.” d A ) d ( P d ] ( x )  = 1; cp(A)d(P,g(x)). (5.3) 

Since { P , }  is continuous for AER and continuously differentiable with respect to 
I E R \ { A , , A ~ ,  . . . }, it follows from (4.39) that 

Consider the first integral in (5.1), 

Cosf i td(P,u , (x) ) .  (5.5) 

In the remaining part of this section we consider a fixed compact subset M of fi and a 
fixed E > 0. According to Lemma 5.1, there exists an a > 0 such that 

I, (x, t )  = I:, cosfitd(P,u,(x)) + w1 (x, t), 

where 1 w1 (x, t)l < E for X E  M and t 2 0. The interval [ A l ,  a] contains only a finite 
number of eigenvaiues A,,  . . . 2, of (1.1 1). We set U6:= niEi(Aj- 6, Aj + 6 ) n  [ A , ,  a]. 
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cosdtd(P,u,(x)) 111, 
Since {PA} is continuous, Lemma 5.1 implies 

c E for XEM, 

for sufficiently small 6 > 0. Note that the functions (d/dl)(P,u,) and (d2/dA2)(P,u0) 
are continuous and bounded for k[L,, a]\U, and XEM. Integrating by parts, we 
obtain 

uniformly with respect to XEM. This, together with (5.4) and (5.6), yields I, (x, t) 
= o( 1) as t + 00 uniformly in M. 

The following lemma can be shown by analogous estimates: 

Lemma 5.2. Let M be a compact subset of fi and assume that gEC$ (0). Then we have 
for eoery interval (a, /?) with 1, < u c /? < 00 and every bounded cp~C(cr, /?) 

ast+0O, (5.7) 

uniformly with respect to XEM. 

We apply Lemma 5.2 to (5.1). Since 
- 

e-i*t-e-iJLt isin f i t  - 
J % f i  + 0) 

+ ( A t )  = A - w 2  

(compare (2.10), we obtain 1; 1 -;:;-"" (5.9) 
u(x, t) = e-'O' d(P,f(x))+o(l) as t + a  

uniformly in M. For 6 > 0 we set 

(5.10) 

(5.1 1) 

(5.12) 

We denote by Wi(ie N) terms that will be shown later to be of order o(1) as t + co. By 
(5.9H5. 12) we have 

as t +co ,  (5.13) u(x,t)= e - ' W 1 [ 1 2 ( x , t ; 6 ) + 1 3 ( x ; 6 ) +  wl(x,t ;6)]+o(l)  

uniformly with respect to X E M  and 6 > 0. 
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Consider l 3  and note that 
r m  1 

by the functional calculus for self-adjoint operators. Since 

for II - w2 1 > 6, we obtain by Lemma 5.1 

(5.14) 

(5.15) 

In the following we suppose that one of the conditions (4.23H4.25) holds with p = w2. 

Then R,z + iof(x) := lim Rwz + i T f ( ~ )  exists. Furthermore, (4.38) and (4.39) imply that in 

this case lim (d/dl)(P,f(x)) exists and that 
A-w’ 

110 

uniformly in M. Since 

dA = in, 
lim s”’+6 1 
r lo  w z - b A - 0 7 . - i ~  

we conclude from (5.15) that 

(5.16) 

(5.17) 

where w2 (x; 6) -, 0 as 6 10 uniformly in M. 
Now we turn to the discussion of 12 .  As above we obtain 

where w3 (x, t; 6 )  -, 0 as 6 10 uniformly in M x [0, a). It suffices to compute the 
integral in (5.18) for w2 2 A , ,  since [(d/dl)(P,f(x))],=,~ = 0 for w2 < R,. We sup- 
pose that 0 < 6 < and set p:= JA, 5:= p - o. Then 

- 
w z + 6  1 -e-i(JA-w)t JJ(z 1 - e- i(p - m ) ~  

w ) ( p  + w) pdp 
J(0’ - 6) (p - 

dA = 2 
1 - w 2  

- - 
J(w’ + 6) 1 - e-t(p - W ) I  J(Iu’ + 6) --Q I - e-itr 

d5 (P + w) J(w’ - 6) - (U 5 
- 

J(w’ + 6 ) - w  sin 5c 
5 J(w’ - a) - w 

-d5 + w,(t; 6), = i s  - 
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This implies w4(t; 6) -P 0 as 6 10 uniformly in [O, CO). Setting 5 := tt, we obtain 

with 

and hence 

(5.21) 

We conclude from (5.13), (5.17), (5.18) and (5.21) that 

4 %  t )  = dof RW2 + iof(x) + W,  (x, t; 6) + w5 (x, t; 6) + o( 1) as t + co (5.22) 
uniformly with respect to XEM, where 

and w5(x, t; 6) 0 as 610 uniformly with respect to (x, t ) ~  M x [0, CO). In particular, 
there exists a 6 ,  > 0 with Iw,(x, t;6,)1 < E for XEM and t 2 0. From (5.20), (5.12) and 
Lemma 5.2 we obtain W3(x, t ;6 , )  = o(1) as t -+ 00 uniformly in M .  Altogether we 
have 

(5.23) 
uniformly in every bounded subset of fi. This shows that the principle of limiting 
amplitude (1.8) holds if one of the conditions (4.23H4.25) is satisfied. 

u(x, t )  = e-’”‘R,, + iof(x) + o(1) as t -+ co 

6. Resonances 

In this section we investigate the solution u under the assumptions I < 2m and 
w2 = Ak. As above, we denote by M a fixed compact subset of fi 

We start our considerations from the asymptotic relation (5.13). First we consider 
the integral l 2  introduced in (5.10). Together with (5.4), (4.39), (4.40) and G = 1/2 - 1, 
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we obtain 

where 

I + 2 s  = 1 -- 
m 2m ’ 

a+l+s ps:= 1 - 

and w6(x,  t; 6) 0 as 6 10 uniformly in M x [o, 00). Using (5.21), we conclude that 

+ i w , ( t ; 6 ) g k ( X ) +  w , ( x ,  t ; @ ,  

where w7 ( x ,  t; 6 )  4 0 as 6 10 uniformly in M x [0, a). 
Consider I ; .  The substitution p:= f i  yields 

with hs(p):= p/ (p  + Note that 

for p~ [o, o/p ] .  This implies 

where wg ( t ;  6; 8) + 0 as 6 10 uniformly with respect to t 2 0 and pc [O, 1 - 1/2m 3. 
Setting t := ( p  - o)t, we obtain 
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Assume that 0 -= /3 < 1 - 1/2m. By (6.6) we have 

as an integration by parts shows. 
Now let p = 0. In this case (6.6) can be rewritten as 

(t;  6; 0) (6.9) 
L 

(C, := the Euler-Mascheroni constant; compare (3.67) in Reference I I ) .  
We insert (6.7) and (6.9) in (6.4) and use the abbreviations . 

with fl, = I - ( I  + 2s)/2m and C, defined by (4.10). Then we obtain for odd I 
m - ( l +  1)/2 

s = o  
12(x, t ; 6 )  = 1 ~,t”ppl~’(x)+ iny,(x) 

P?’ ( X 1 CS 
1 m - ( l +  1)/2 c 2 m ( 2 W  s = o  ( 2 w ) ” / l s [ f i Z  + S) - 

- 

+ w, (x ,  t ; 6 )  + WS(X,  t ;6 ) ,  (6.1 I )  
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and for even 1 

where 

and w,(x, t ;  6) -+ 0 as 6 10 uniformly in M x [0, a). 

from (4.39) that 
Now we turn to the discussion of I,, using the respresentation (5.15). We conclude 

where 
f W Z + b  1 

and wlo(x; 6; T )  .+ 0 as 6 10 uniformly with respect to x E M and T 2 0. 
Consider J ; .  Setting p := ( I .  - w2) /? ,  we obtain in the case 8 > 0 

1 1 
= - C * ( P ) - -  + O(T) 

?It 8Sfl  
as rJ0,  

with 

1 =- ~ ”( 2 sinBn/2 + sin@+ l)a/2 

(6.14) 

(6.15) 

(6.16) 

(6.17) 

(compare the integral 42 on page 70 in Reference 1). In the case 8 = 0 we have 

in 
2 J,*(6;?) = In6 - In? + - + o(1) as ‘5 10. (6.18) 
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Together with (5.16) we obtain from (6.14) 

+iag,.(x) + wl0(x, t;d) + o(1) as 710 (6.19) 

if 1 is odd, and 

(6.20) 

if 1 is even. 
Now we investigate the first term in (5.15). By Lemma 3.1 and (4.34) we have 

m 

j =  1 
Rm2 + i T f ( ~ )  = 1 dn(x; o2 + it) .  (6.21) 

The discussion in Sections 3 and 4 yields 
m f u(j)(x;02 + ir) = 1 dJ)(x;02 + i0) + o(1) as 710, (6.22) 

j= 1 j=  1 
j + k  j #  k 

uniformly in M. From (4.15), (4.16) and (6.3) we obtain 

m - U +  1)/2 CsDs ( k )  
dk)(x;u2 +is) = dk)(x)+ 1 ,p.pg ( x ) + O ( ~ l / ~ ~ )  as 710 (6.23) 

s = o  

for odd l, and 

C m  - (112) 
dk)(x;02+ir)  = dk)(x)- D'(l)p$L(l/2)(x)- 2m(2n)'l2 lnr. P!i?-(1/2)(X) 

for even 1, where 

dk' (x) := 
if 1 is odd, 

(6.25) (- 1)m + 1 -(W 

( m  - (1/2))!(m - l)! =I12 22" - 1 

x 5~,~k(x ' ,y ) lx -x '12m- ' ln lx -x~ldx '  if I is even. 
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We set 

for odd 1 

(6.26) 

Note that [(-A,)" + (- A,,)"] P!,?-(~/~)(X) - ~ ~ p $ ) _ ( ~ / ~ ) ( x )  = 0 by (6.3) and (4.34) and 
that therefore 

[(-A,)" +(-A,)"] V , - 0 2  V, =f in Q 

on an. (6.27) 

Now we assume that 1 is odd. Recall that 8, = 1 - ( I  + 2s)/2m and c = (1/2) - 1. 
Note that by (4.12) and (6.17) 

s = O , l ,  . . . ,  m - -  
2 

CsDs = 

if T > 0. Therefore (5.15), (6.19) and (6.21H6.26) yield 

(6.28) 

Combining this with (6.1 l), we obtain 

m-(1+1)/2 

s = O  
12(x,t;6)+Z3(x;6) = c E,t"p:k)(x)+ V,(X) 

+ w11 (x, t; 6) + WS(X, t; 61, (6.29) 

where w 1  (x, t; 6) + 0 as 6 10 uniformly in M x [0, a). Note that 

1 
= -1im (207  - [ J (  + 0 3 8  

(207 6' 
1 

=O 
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for 0 < B c 1.  Hence, for any given E > 0 there exists a 6, > 0 such that 

and Iwll(x, t;6,)1 c E for XEM.  We insert (6.29) into (5.13). Note that by (5.12), 
Lemma 5.2, (6.13), (5.20) and (6.8) 

Ws(x ,  t;6,) + W ,  (x, t;6,) = o(1) 

uniformly with respect to x E M. Thus we obtain 

as t -, 03 . 

m - ( l + 1 ) / 2  

r = o  
u(x, t) = c E,e-io'tfl=pjk)(x) + e-'"' v,(x) + o(1) 

uniformly with respect to x E M if 1 is odd. 

(6.21H6.26) 
Now we assume that 1 is even. As above we conclude from 

c* - (V2) 

2m ( 2n)'I2 

1 2 P : Y X )  + 2m(2n)1/2 s = o  /I,~vS 

1 3 ( x ; 6 )  = V,(x)+ Ce)Plnk)-(1/2)(X) -ingk(x) 

1 m -  1 -(I121 C 

and with (6.12) 

as t - ,  co (6.30) 

(5.19, (6.20) and 

(6.31) 

+ W,,(X, t ;6)+ W5(x, t;@, (6.32) 

where w,,(x, t; 6) -, 0 as 6 10 uniformly with respect to X E  M and t 0. Since 

lim { l n [ J ~ - w ] - l n d }  = -1n2w. 
610 

we obtain together with (5.13) 
m - 1 - (1/2) 

s = o  
u(x, t )  = 1 ESe-'"'ta*pSk'(x) + E*e-'"'Int.p~'_(l12,(x) 

VJX) + o(1) as 2 + co (6.33) +,-iwf 

uniformly in M. Thus we have proved: 

Theorem 6.1. Let u be the uniquely determined solution of (1.2H1.4) satisfying (2.12) 
and assume that f, ti,, u2 E C$ (a), aR E C" and R = R' x R'. The principle of limiting 
amplitude ((1.8) and (1.10)) holds if and only if one of the conditions (4.23H4.25) is 
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satisfied. The limit amplitude U, coincides with the limit R02 + io f of the resolvent of the 
operator A introduced in (2.1) and is uniquely characterized by  the conditions stated in 
Lemma 4.1. 

In all other cases resonances of order t” (0 < a < 1) or lnt occur. The asymptotic 
behaviour of u in the resonance case is given by (6.30) i f t  is odd and by (6.33) if1 is even 
(with /?, = 1 - ( I  + 2s)/2m). 
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