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Sicher ist, dass nichts sicher ist. Selbst das nicht!

The only certain thing is that nothing is certain. Not even that!

Joachim Ringelnatz (1883-1934)
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Abstract

This thesis presents novel analysis and synthesis corfoepitsear control systems with paramet-
ric uncertainties. Different performance objectives sash, H.., H», and quadratic performance
are considered. In the analysis section, upper bounds of ffgain (or the/;-norm) of uncer-
tain systems are developed. These bounds exhibit diffelegriees of computational effort and
accuracy. In particular, a new direct approach for deteimgithe robust/.-gain is proposed.
The synthesis sections introduce an efficient formulatibf{Q and?, constraints in a general
linear multi-objective control framework. Moreover, a mbeontrol structure for the design of
parameter-varying controllers is developed. Using thiscstire, a scheme for the synthesis of
linear parameter-varying output-feedback controllerthav; control framework is presented for
the first time. In addition, it is shown how the control stuet is applicable to other norm-based
frameworks like quadratic performance control and in patér., control. The analysis and syn-
thesis conditions proposed in this thesis are expressedrnagutationally tractable optimization
problems, in particular in form of linear matrix inequadi, semi-definite programs, or iterations
thereof. Several detailed examples, including a flighti@dproblem with time-varying dynamics,
demonstrate the properties and the applicability of th@@sed methods.



Deutsche Zusammenfassung

Die Regelungstechnik und das Prinzip ddicRkopplung haben unseren Alltag in den letzten
Jahrzehnten zunehmend beeinflusst. Regelsysteme sinditag@zvesentliche Bestandteile einer
grol3en Zahl von technischen Errungenschaften. Diese ggnathaften wden ohne die enthalte-
nen Regelkreise entweder gar nicht oder nur eingéséthifunktionieren. Um nur einige Beispie-
le zu nennen, sei auf CD-Spieler, Digitalkameras, Mobiftele, Waschmaschinen, Automobile,
Flug- und Raumfahrzeuge, Werkzeugmaschinen, Roboter, sheenReaktoren, das Internet, so-
wie Solar-, Wind-, und Kernenergiekraftwerke verwieseglbSt der menschliche &per ist auf
eine urilberschaubare Anzahl von Regelkreisen angewiesen, um deauéterspiegel, die Pupil-
lenweitung, die Krpertemperatur, die Zellteilung und so weiter zu regaher

Regelungst, allgemein gesagt, diedfigkeit zur Beeinflussung ein&ystemsgd.h. beispielsweise
eines Geidts, eines Vorgangs oder eines Lebewesens), so dass esgastiinschter Weise vedit.
Bei der Regelung wird das Systemverhalten fortlaufend gegnesder beobachtet und mit dem
Sollverhalten verglichen. Regelsysteme stellen guegsteckte Technologie* dar, das heil3t, wir
erfahren nur ihren Nutzen und ihre Auswirkungen, ihre Wirgsweise bleibt aber meistens un-
sichtbar. Trotzdem ist die Welt, so wie wir sie heute kenridme Regelungstechnik nicht mehr
vorstellbar.

Grundlagen

Regelungs-Ingenieure bearbeiten in heutiger Zeit zunetimergaben mit hoher Komplexit.
Dabei spielt demodellbasierte Ansatzine grundlegende Rolléif das Versindnis und dir die
Auslegung von Regelsystemen. Im modellbasierten Ansathbeiben mathematische Formulie-
rungen die wesentlichen Funktionen undaRbmene eines Systems. Diese Formulierungen wer-
den dann benutzt, um Vorhersagen und Entscheidungen fentreder Regelstrategien zu ent-
werfen. Es ist allgemein anerkannt, dass detaillierte dystodelle @ir Simulationszwecke un-
erlasslich sind — also um das Systemverhalten am Computer zysarah und vorherzusagen,
ohne tatachlich Experimente durchzitiren. Doch unaliingig davon wie genau ein mathemati-
sches Modell die Wirklichkeit abbildet, wird es immer eineweichung zwischen dem Modell-
verhalten und dem taishlichen Systemverhalten geben. Diesen Unterschieddhe&st man als
Unsicherheit Oftmals sind Unsicherheiten im Modell auch beabsichtipdelle fur den Regler-
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entwurf sollten zwar die wesentlichen Funktionen unémidmene eines Systems widerspiegeln,
aber gleichzeitig so einfach wiedglich aufgebaut sein. In diesem Fall wird vom Regelungs-
Ingenieur bewusst eine nochaere Modell-Unsicherheit al§if Simulationszwecke in Kauf ge-
nommen. Trotz dieser Unsicherheit muss ein sinnvolles Regfeurfsverfahren Stabiit und
die angestrebten Regéligeigenschaften garantieren. Dié#tserlegungenithren zum Gebiet der
robusten RegelundgDort wird untersucht, wie man unsichere Systeme analysi&ann und in
welcher Weise Unsicherheiten beim Reglerentwurfibksichtigt werden é&nnen.

Robuste Strunterdr tckung

Das Fachgebiet der robusten Regelungstheorielihatié Klasse der linearen zeitinvarianten und
der linearen parametenrdderlichen (LPV) Systeme ein hohes Mal? an Reife erlange Gui-
fuhrungen in die robuste Regelung enthalten zum Beispiel dite T&kogestad and Postlethwai-
te (2005) und Sanchez-Pena and Sznaier (1998). Die MehdmahResultate auf diesem Ge-
biet befasst sich mit quadratischen oder damit verwandtegelgée- und Stabilitskriterien.
Bekannte Beispiele sind die Methode der kleinsten Quadiat&ignalnormenH,- und H.-
Systemnormen oder integral-quadratische Beésdkungen. Daraus hervorgegangene Methoden
wie die H.,-Regelung sind erfolgreich auf zahlreiche reale Problem#@emakademischen For-
schung und in der Industrie angewandt worden. Interpoetati des zugéiigen Systemverhaltens
in Form von Energie-, Dissipatidts- oder Frequenzbereichsbetrachtungen tragen zuk#ititat
der quadratischen Kriterien bei. In der Praxis ist es altevidghschenswert, Eigenschaften wie den
maximalen Regelfehler, datberschwingen, die maximalen Stebdyen oder andere Zeitbereichs-
eigenschaften einer Systemantwort direkt zu beeinflud3as ist mit quadratischen Aatzen
zwar prinzipiell mbglich, jedoch oft nur indirekt und mittels zahlreicherég@onsschritte.

Um sich mit den genannten Zeitbereichseigenschaften 8ysemantwort direkt zu befassen, ist
es naheliegend, die Regétg mittels del’.-Signalnorm

10lloc = sup max fu;(t)]

zu bestimmen. Diese Norm gibt die maximale Amplitude der Konenten); eines Signalvektors
v Uber der Zeit an. Um ein entsprechendesi®®mal @ir ein stabiles Syster@ zu erhalten, wird
oft die sogenanntdmplitudenverstrkungoder L .-Verstrkung

[Cllacinai=  sup 100l
0< [|wl] oo <00 [/ oo

verwendet. Diese Verdtkung beziffert den schlimmstiglichen Amplitudenwert des Systemaus-
gangsz = Gw, normalisiert mittels der maximalen Amplitude des Eingangund unter der
Annahme verschwindender Anfangsbedingungen. In anderenew die £..-Verstrkung be-
schreibt, wie gut ein System persistente (d.h. nicht vevsaende) Sirungen abschacht. Der
genannte Verarkungsbegriff wird in Abbildung 1(a) veranschaulicht. Mgpricht vonC.-ver-
starkungsbasierter 8tunterdiickung, wenn ein stabilisierender Regler gesucht wird, aeLd -
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Zmax — HZHOC Zmax — HZH:x:

p Z W Z W
IC G B — l& G - —
t t t t
L.
(a) (b)

Abbildung 1: L£.-Versérkung. (a) Falls der Eingangy des SystemsG den
schlimmstnglichen Eingang im Sinne defL.-Verstirkung darstellt, ist diel..-
Verstrkung||G||»—_ina gleich der maximalen Amplitude des entsprechenden Aussang
gnalsz dividiert durch die maximale Amplitude van. (b) WennG so durch einen Regler
K kompensiert wird, dass di€,.-Verst@arkung abnimmt, dann ist auch die maximale Am-
plitude vonz, bezogen auf den schlimmsglichen Eingangv (der ein anderer sein kann
als zuvor), kleiner als in (a) oder gleich.

Versfarkung des geschlossenen Kreises minimiert bzw. béskhrAls Beispiel set der Regel-
fehler, dessen Amplitude klein sein soll. Dieser Sachwversiin Abbildung 1(b) dargestellt. Es
kann gezeigt werden, dass dig,-Verstarkung fir lineare zeitinvariante Systeme gleich dir
Normder Impulsantwort des Systems ist. Deshalb wird der Begifbptimale Regelungifr das
Gebiet derl.-verstirkungsbasierten &tunterdiickung benutzt. AuRer zur @unterdiickung
kann diese Methode auclkirfviele andere Regelaufgaben verwendet werden, so zum Bleispi
zur Sollwertregelung, zur Solltrajektorienfolge, zur khmerung des Ressourcenverbrauchs oder
zum Filterentwurf. Die zugedirige Literatur betrachtet fast ausschlief3lich zeitddskiEntwurfs-
methoden, da in diesem Fatidbare und auf einem Rechner umsetzbare Entwurfsbedingunge
formuliert werden Bnnen. Die entsprechenderu@malie iir zeitdiskrete Signale werdefy, -

und ¢/;-Normen genannt. Dieselben Ideen sind auf Regelgetrachtungeriif unsichere Syste-
me Ubertragbar. Mit Hilfe der eingéahrten Normen ist es ddiberhinaus riaglich, Unsicherheiten
quantitativ zu beschreiben, das heif3t hinsichtlich ihres/EBusgangsverhaltens und ihrer maxi-
malen Versarkung. Wenn Regelungsziele anhand mehrerer Normbedieguthgfiniert werden,
oder wenn verschiedene Normen in einem Reglerentwurfsgmoblenutzt werden, spricht man
von Mehrziel-RegelungZusammengefasst ist das Forschungsgebiet degurderdiickung ein
wesentlicher Bestandteil der robusten Regelung.

Wahrend sich der Grol3teil der Béige auf dem Gebiet der robusten linearen Regelung#ni

und Hs-Regelung befasst, hat auch dasParadigma einige grundlegende und vielversprechen-
de Resultate hervorgebracht. In defLiteratur wird die Analyse und Synthese von Regelsyste-
men sowohl ohne als auch mit Unsicherheiten behandeltilierte Literaturiibersichten sind in
den einzelnen Kapiteln dieser Arbeit angegeben. Die bigbediigbaren Analyseverfahren sind
einfache Normberechnungen im nominellen Falhnend @r Modelle mit Unsicherheiten die
»Small-gain“-Theorie in Kombination mit Skalierungen vemdet wird. Die bisher vorliegenden
Entwurfsverfahren behandeln den nominellen Reglerentwuform von linearen Programmen.
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Die Literatur diskutiert darberhinaus den robusten Entwurf von linearen zeitinvéeimfReglern
bediglich strukturierter dynamischer Unsicherheiten mitfélNon Iterationeriiber lineare Pro-
gramme.

Zusammenfassend®t sich festhalten, daésRegeldgitebetrachtungen die Festlegung von Regel-
gutezielen im Zeitbereich sowie die Bexksichtigung von Robustheitseigenschaftendaginhen.
Obwohl einige grundlegende Resultate vorliegen, hat didlfaatur der/;-Regelung weniger
Aufmerksamkeit geschenkt als der Regelung mittels quadfain Gitekriterien.

Forschungsrichtungen dieser Arbeit

Motiviert durch die oben beschriebenen Fakten bagigjt sich diese Arbeifilberwiegend mit dem
Problembereich def;-optimalen Regelung. Das Ziel dieser Dissertation ist dignvieklung von
neuen und rechentechnisch effizienten Methodenlie Analyse und Regelung unsicherer Syste-
me. Insbesondere betrachten wir lineare dynamische Sgddenform

z(k+1)
y(k)

oder entsprechende zeitkontinuierliche Formulierun@abei bezeichnem die Zustinde,y die
Ausgange undu die Eingange des Systems. Die Modellkoeffizienteinken naglicherweise
nichtlinear von zeitvarianten Parameterabrangen. Solche Systeme spielen eine wichtige Rolle,
wenn sich physikalische Systemparameter durch variableeBsbedingungen oder durch Drift
andern oder wenn sich diese Parameter nicht exakt bestitassan. Es gibt hieiif eine Vielzahl
von Beispielen in nahezu allen Anwendungsgebieten wie inRadrotik, der Flugregelung, bei
CD-Spielern, bei Magnetlagern, und so weiter.

Wie im Folgenden aher erdutert wird, mangelt es auf dem Gebiet deiRegelung an Arizen

fur die obige Systemklasse. Auf der einen Seite ist kein mlégediltiges Resultat zur direkten
Analyse des robustef -Verstarkung eines LPV-Systems vorhanden. Ein derartiges Aealysk-
zeug ist erforderlich, um die @e eines Systems zu beurteilen. Andererseits ist dieafteiSyn-
these vorY;-optimalen Reglern @fitenteils ungéist. Insbesondere gibt es keine Vorgehensweise
zum Entwurf parametervanderlicher Regleriir LPV-Systeme im Rahmen dér-Regelung. Die-

se Arbeit stellt theoretische Beiige zu diesen offenen Fragen vor. Dabei wird besonderer Wert
darauf gelegt, die vorgeschlagenen Analyse- und Synthetbechen als rechentechnisdsbare,
moglichst konvexe Optimierungsprobleme zu formulieren.

Aus mehreren Gmden sind die vorgestellten Béige fir die/;-Regelungsmethodik wichtig. Zu-
nachst werden dadurch die theoretischen Grundlagen; eigstimalen Regelung erweitert. Damit
steht eine gil3ere Vielfalt an Analyse- und Synthesewerkzeugen zurigerig, so wie diesiir
Formulierungen mit quadratischer Regdély schon der Fall ist. Desweiteren wird die Anwend-
barkeit und die praktische Bedeutung defoptimalen Regelung vergRert. AuRerdem bilden
die Beitiage dieser Arbeit Bausteinérfeine allgemeine Methodik zur Mehrziel-Regelung. Da-
mit wird eine Regelungsmethodik nil{ .-, Hs-, sowie ¢;-Normbeschiinkungen sowohliir li-
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neare zeitinvariante als auctirfparameteraliingige Systeme eriglicht. Aus einem globalen

Blickwinkel gesehen stellen Fortschritte in diese Richtumgimen wichtigen Schritt dar, um das
Strunterdilickungs-Paradigma weithin anwendbar, theoretisch futhdie praxisrelevant zu ge-
stalten.

Gliederung und Forschungsbeitiége der Arbeit

Der folgendeUberblick erfutert die Gliederung der Dissertation und fasst die daigestellten
Beitrage kurz zusammen.

Kapitel 2 — Performance Analysis (Analyse der Regelgte) — stellt neue Methoden zur Analyse
der/.-Verstarkung von linearen Systemen mit zeit¥ederlichen, parametrischen Unsicherheiten
vor. Teile dieses Kapitels basieren auf Riebeal. (20060); Rieberet al. (2007).

e LOsung von unsicheren Systemen: Diéslng eines unsicheren Systems im Zeitbereich
wird in Form von linearen, fraktionalen Transformationdraakterisiert. Eine derartige
Charakterisierung eraglicht Robustheitsbetrachtungeir tinsichere Systemantworten.

e Star-Norm-Analyse: Es werden neue Matrizenungleichuraggmominellen und robusten
Regeldgite-Untersuchung basierend auf der sogenannten Star-Nergeleitet. Diese Un-
gleichungen erlauben die Bestimmung von oberen Schraiikeinef robusté . -Vers@rkung.

e Analyse der . -Vers@érkung: Es werden erstmals Methoden zur Berechnung vorevengt
weise genauen oberen Schrankéndie /. -Verstrkung (oder di¢;-Norm) von Systemen
mit zeitve@nderlichen oder zeitinvarianten Parameter-Unsichemheiorgeschlagen. Dies
schliel3t konzeptionell einellcke in der/;-Literatur.

Kapitel 3 — Synthesis of LTI Controllers (Entwurf von linearen zeitinvarianten Reglern) —
behandelt lineare Matrizenungleichungen zur Synthesdimearen, zeitinvarianten Reglern mit
Mehrziel- oder Robustheitsgarantien. Dieses Kapitel bbtedweise auf Rieber and Altgver
(2005); Riebeet al. (2006); Rieber and Allgwer (200&).

e Synthese von Mehrziel-Reglern: Eine neue und rechenteztheifiziente konvexe Formu-
lierung von’H .- und H,-Normbeschiinkungen iir eine allgemeine Mehrziel-Reglerent-
wurfsmethode wird eingéhrt. Die Formulierung hat rechentechnische Vorteile gaber
bekannten Andtzen. Die betrachtete Entwurfsmethodik beinhdltet-, H--, und/,;-Norm-
beschankungen sowie Zeitbereichsvorgaben.

e Robuster Reglerentwurf: Lineare Matrizenungleichunderden Entwurf von robusten, li-
nearen, zeitinvarianten Zustandskfuhrungen im zeitdiskreten Bereich werden hergeleitet.
Dieses Resultat e&gzt verwandte Methoden aus der Literatur.
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Kapitel 4 — Synthesis of LPV Controllers (Entwurf von linearen parameterabhangigen Reg-
lern) — betrachtet den Entwurf von robusten, linearen, paraeti@ngigen Reglern. Dabei wird
angenommen und ausgenutzt, dass die unsicheren Systemeparagemessen werderinen.
Teile dieses Kapitels basieren auf Rieber and @Wgr (2003); Riebeet al. (200%); Rieber and
Allgdwer (200®).

e Regelstruktur: Eine neue Struktuirfden Entwurf von LPV-Reglern wird entwickelt und
diskutiert. Die Struktur vermeidet die Eiitirung von zuatzlichen Unsicherheiten, wie dies
in der Literaturiblich ist. Zudem ist die Struktur unaéihgig von den angewandten Re-
gelgutekriterien.

e LPV-Synthese: Zum ersten Mal wird ein Verfahren zum Entwaah /;-optimalen LPV-
Ausgangdiickfuhrungen vorgestellt.

e LPV-Synthese: Die neue Regelstruktur wird im Zusammenhaihg;m H..- und quadrati-
schen Gitekriterien angewandt.

Kapitel 5 — Application Examples for LPV Controller Synthesis (Anwendungsbeispiele dir
den Entwurf von linearen parameterabh&ngigen Reglern)- prasentiert zwei Anwendungeinf
die vorgeschlagenen LPV-Entwurfsmethoden. Die Diskusder Beispiele basiert teilweise auf
Rieber and Allgwer (2003); Rieber and Altiver (200®). Zunachst wird ein einfaches Regel-
system herangezogen, um die Eigenschaften der neuen Rekgeistm Zusammenhang mit der
Minimierung der/,-Verstrkung zu veranschaulichen. Ein zweites Beispiel aus demdBeder
Flugregelung, speziell ein Nickwinkel-Regelungsproblaeigt eine konkrete Anwendung auf,
die in der Literatur schon mehrfach untersucht wurde. \éche mit anderen Entwurfsmethoden
werden hinsichtlich der Regalte, des gleictifrmigen Regelverhaltens und des rechentechnischen
Aufwandes durchgéhrt. Beide Beispiele liefern daberhinaus praktische Erkenntnisgeer die
Wahl der Optimierungskriterien und der Gewichtungsfumkéin innerhalb def;-Methodik.

Kapitel 6 — Conclusions (Schlussfolgerungen} enttélt eine Zusammenfassung der Arbeit, dis-
kutiert ihre Ergebnisse und gibt einen Ausblick aufghche zukinftige Entwicklungen der be-
handelten Themen.

Mehrere Anlkinge stellen zi@dzliche Materialien zusammen, um die Dissertation sonsigadig
lesbar wie ndglich zu halten.



XVI




Chapter 1
Introduction

Automatic control technology and the principle of feedbhake pervaded our everyday life more
and more during the last decades. In fact, control system&ssential components of a large
variety of technological achievements. These achievesngatild not be working as beneficially
or not at all without built-in regulators and control loo® name just a few examples, we refer to
CD players, digital cameras, mobile phones, washing mashaags, air- and spacecrafts, robots,
chemical reactors, the Internet, and solar, wind or nugewrer plants. Even our own bodies rely
on a vast amount of control loops to regulate the level of thkewgar, the opening of the eye pupil,
the body temperature, cell division, and so on.

Control is, generally speaking, the activity of influencingystem(i.e. for example a device, a
process, or a living organism) such that it behaves in ael@siay. In feedback control, the system
behavior is continuously measured or monitored, and coeapr the desired behavior. Control
constitutes a “hidden technology”, which means that we e&pee its benefits and effects, but it
is mostly invisible how it works. Yet the world as we know itisimaginable without control.

1.1 Background

As control engineers address increasingly complex taBksnodel-based approaghlays a fun-
damental role in understanding and designing control systeln this approach, mathematical
formulations describe the principal functions and phenwmef a system. These formulations
are then used to come up with predictions, decisions, anttaiastrategies for the system. It is
commonly agreed upon that detailed system models are rmegdss simulation purposes — that
is, for analyzing and predicting system behavior on a compwithout actually doing hardware
experiments. However, no matter how accurate a matherhatadel represents reality, there will
always be a difference between the model behavior and thevoell behavior of the considered
system. This difference is callathcertainty Often, uncertainties are introduced by intention:
models for controller design should include the essentiattions and phenomena of a system
while being as simply structured as possible. In this cags bigger model uncertainty than for
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simulation purposes is deliberately accepted by the cbatrgineer. Despite this uncertainty, a
useful control system design has to guarantee stabilitydasitted performance. These consid-
erations lead to the field abbust control It is investigated there how uncertain systems can be
analyzed, and how controllers can be designed such thahtetainty is taken into account.

Robust Disturbance Attenuation

The field of robust control theory has reached a high levelatimity for the classes of linear time-
invariant (LTI) and linear parameter-varying (LPV) systersood introductions and overviews on
robust control are given in Skogestad and Postlethwait85Pand in Sanchez-Pena and Sznaier
(1998), for example. The majority of the results in this areasiders quadratic-type performance
and stability criteria. Well-known examples are least sgs&, signal norms}, andH,, system
norms, and integral quadratic constraints. Related pedoom frameworks liké{,, control have
been successfully applied to many real-world problems bo#ttademia and industry. Interpreta-
tions of the corresponding system behavior in terms of eneligsipativity, or frequency-domain
properties contribute to the attractiveness of quadratier@. In practice, it may however be more
desirable to directly influence the maximum control errbe tesponse overshoot, the maximum
values of control inputs, or other time-domain propertiea system response. Such goals can be
achieved by quadratic-type approaches in principle, biginhodnly indirectly and with numerous
design iterations.

To address the mentioned time-domain properties of a sysisponse more directly, it is natural
to consider performance in terms of tBg, signal norm

0o = sup mas [u;(2)].
t 7

The L,.-norm measures the maximum amplitude of the componegra§a signal vectow over
time ¢t. To obtain a corresponding measure for a stable systewften the so-calledmplitude-
gainor L..-gain

[T

0<|jwl| oo <o0 |w]|oo

is used. This gain characterizes the worst-case amplitutthe system output = Gw normalized
by the maximum amplitude of the input under the assumption of zero initial conditions. In
other words, th& .-gain describes how well a system attenuates persistentloksices. The gain
notion is visualized in Figure 1.1(a). One speaksgf-gain based disturbance attenuation if a
stabilizing controller is sought such that tg -gain of the closed-loop system is minimized or
bounded. As a common situation, think obeing the control error, the amplitude of which is
supposed to be kept small. This is depicted in Figure 1.1{lban be shown that, for LTI systems,
the £..-gain is equal to theC;-norm of the system’s impulse response. Therefore the néipe
optimal control is used for the field d@f,.-gain based disturbance attenuation. Besides the rejection
of disturbances, many other control goals can be formulatesich a framework, for example
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Zmax = HZHOC Zmax — HZHOC
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Figure 1.1: £L.-gain. (a) Suppose that the inputof the systent is the worst-case input
in terms of thel .-gain. Then thel,-gain ||G||»_ina IS €qual to the maximum amplitude
of the corresponding output signaldivided by the maximum amplitude af. (b) If G

is compensated by a controlléf such that thel_.-gain decreases, then the maximum
amplitude ofz normalized by the worst-case input(which may be a different one than
before) is smaller than in (a) or equal.

setpoint control, following of reference commands, mirzation of resource consumption, or
filtering problems. The related literature treats almogy discrete-time design methods, since in
this case it is possible to formulate tractable synthesislitions that can be solved on a computer.
The corresponding measures for discrete-time signalsysidmas are denoted - and/;-norms,
respectively. The same ideas carry over to performancedsmasions for uncertain systems. With
help of the above norm descriptions, it is furthermore gaedio quantify uncertainties in terms
of their input/output behavior and their maximum gain. Ihtol goals are formulated in terms of
several norm constraints, or when different norms are usganwone control design problem, one
speaks ofmulti-objective contral In summary, the disturbance attenuation framework ctutet
an essential part of robust control.

While the vast amount of contributions in the field of robuse&r control is concerned witH
and’H, control, the/; paradigm has also seen a number of basic and promisinggediie/,
control literature treats analysis and synthesis for systboth with and without uncertainties.
Detailed literature overviews are given in the differenaters of this work. The available anal-
ysis results are straightforward norm computations in tminal case, whereas for models with
uncertainties, small-gain theory in combination with sugs is applied. The synthesis methods
proposed so far treat nominal control design in terms ofalin@ograms (LPs). The literature
moreover discusses robust design of LTI controllers wiipeet to structured dynamic uncertain-
ties using iterations over LPs.

Summarizing{; performance objectives allow to specify desired contrallgm the time-domain
and to address robustness issues. Although there have beemba&r of basic results, the literature
has paid less attention tg control than to quadratic-type performance frameworks.

Research Directions of this Work
Motivated by the above facts, this work is primarily conarwith the problem of;-optimal
control. Our main research direction is the developmentoesehand computationally tractable
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analysis and synthesis methods for uncertain systems.rlicydar, we consider LPV systems of
the form

z(k+1)
y(k)

or corresponding continuous-time formulations. Thergidenotes the stateg,the outputs, and

u the inputs of the system. The model coefficients may depenthwarvarying parameters,
possibly in a nonlinear fashion. Such systems play an impbrole when physical system param-
eters are subject to change due to varying operating condiand drift, or when these parameters
cannot be determined accurately in the first place. Thenme &andance of examples in almost all
application fields like robotics, aerial vehicles, CD plajenagnetic levitation, and so on.

As discussed in more detail later on, there is a lack of ampres for the above system class in
the ¢/, framework. On the one hand, there is no general result toyamdhe robust..-gain of an
LPV system directly. Yet such an analysis tool is essentiajuidging robust system performance
guantitatively. On the other hand, the efficient syntheki§-@ptimal controllers is a largely open
problem. In particular, there is no scheme for the desigrachimeter-varying controllers for LPV
systems in the framework @f control. This work provides theoretical contributionstiese open
guestions. Itis our particular focus to propose analysissymthesis methods as tractable, possibly
convex, optimization problems.

For various reasons, contributions in these directionsimportant within thel; performance
framework. First, the theoretical foundation@foptimal control is extended. Hence, a wider va-
riety of tractable analysis and synthesis tools is avalabhilarly to quadratic-type performance
formulations. Second, the applicability and practicaévahce of;-optimal control is augmented.
Moreover, our contributions are building blocks for a gehenulti-objective analysis and synthe-
sis framework. Thus a control methodology includifg,-, H»-, as well ag;-norm constraints for
both LTI and LPV systems is made possible. From a global pdiview, advances in these direc-
tions are important step towards rendering the disturbatteauation paradigm widely applicable,
theoretically sound, and practically relevant.

) T = 29
| o

1.2 Outline and Contributions of this Work

The following overview displays an outline of this thesisldmmiefly summarizes its contributions.

Chapter 2 — Performance Analysis— provides new tools to analyze thg-gain of linear systems
subject to time-varying parametric uncertainties. Pafthig chapter are based on Rielsdral.
(2006h); Rieberet al. (2007).

e Solutions of uncertain systems: The time-domain respohae oncertain system is charac-
terized in terms of linear fractional transformations. Isacharacterization enables robust-
ness analysis of uncertain system responses.
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e Star-norm based performance analysis: We derive new nma#gquality conditions for the
nominal and robust performance analysis of discrete-tigstems based on star-norms.
These inequalities allow to compute upper bounds on thestdhugain.

e /..-gain based performance analysis: We introduce methodsmpuete relatively tight up-
per bounds on thé, -gain (or/;-norm) of systems with time-varying or time-invariant para
metric uncertainties. This conceptually closes a gap iftle®ntrol literature.

Chapter 3 - Synthesis of LTI Controllers — addresses LMI conditions for the synthesis of multi-
objective or robust LTI controllers. This chapter is basadlp on Rieber and Allgwer (2005);
Rieberet al. (200&); Rieber and Allgwer (200&).

e Multi-objective controller synthesis: A new and efficieminwex formulation ofH ., andH,
constraints in a general multi-objective synthesis fraomis introduced. The formulation
has computational advantages over existing ones. The WarkencludesH.-, H--, and
¢1-norm constraints, as well as time-domain constraints.

e Robust controller synthesis: We derive LMI conditions totigsize robust LTI state-feed-
back controllers in discrete time. The result complemerathiods from the literature.

Chapter 4 — Synthesis of LPV Controllers— considers the problem of synthesizing robust LPV
controllers (or gain-scheduled controllers) for LPV syste In this context, measurability of the
uncertain system parameters is assumed and exploitec d?dhis chapter are based on Rieber
and Allgower (2003); Riebeet al. (2005); Rieber and Allgwer (200®).

e Control structure: A novel structure for LPV controller dgsis developed and discussed.
The structure avoids the introduction of additional uramettes as is commonly done in the
literature. Moreover, the structure is independent of fhi@iad performance framework.

e LPV synthesis: For the first time, a scheme to synthe&izgptimal LPV output-feedback
controllers is proposed.

e LPV synthesis: The novel control structure is applied in toatext of /;-optimal, H..-
optimal, and quadratic performance synthesis.

Chapter 5 — Application Examples for LPV Controller Synthesis — presents two applications
of the proposed LPV controller synthesis approaches. Témudsion of the examples is based in
part on Rieber and Allgwer (2003); Rieber and Altgver (200®). First, a simple control system
is used to demonstrate the properties of the proposed tasirtugture for/,.-gain minimization.

A second example from flight control, namely a pitch axistadiéé control problem, provides a
concrete application that is well-studied in the literatuComparisons in terms of performance,
uniform behavior, and computational effort are carriedwitih respect to other synthesis methods.
Both examples additionally give insight into the selectidmptimization criteria and weightings
in the/; framework.
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Chapter 6 — Conclusions— provides a summary of the thesis, discusses its achievwsnemd
gives an outlook on possible further developments of theicemed topics.

Several appendices contain additional material to makét#s as self-contained as possible.

1.3 Preliminaries and Notation

This section briefly introduces some preliminary definis@amd basic notation to enable a compact
and precise statement of problem formulations and redrékated definitions are found in Dahleh
and Diaz-Bobillo (1995); Zhoet al. (1996); Skogestad and Postlethwaite (2005).

General
| - | is the absolute value of a number, dnd| = vv"v denotes the Euclidean vector nor@n(S)
represents the convex hull of a set

Matrices

The symbolg and0 denote the identity and zero matrices of appropriate dimansgespectively.
To address components of matrices, we figeto denote the™ row of a matrix M/, M.; for
the /™ column, andM;; for the element with indexi, j). MT and M* denote transposition and
complex conjugate transposition 8f, respectively, and/~7 represents the transpose of the
inverse of M. A square matrix\/ is called symmetric it/ = M7T, and Hermitian ifA/ = M*.
M (M*) is a left-inverse (right-inverse) af/ with the propertyM ™M = I (MM* = I). A
Hermitian matrix is said to be negative (semi-)definite,ated byM < 0 (M < 0), if x*Mzx <

0 (z*Mz < 0) for all nonzeroz, which is equivalent to all eigenvalues 8f being less than
(less than or equal to) zero. Analogous definitions for pasisemi-)definiteness hold. The
notationM < N stands forM — N < 0, and[x]" M N < 0 is used to abbreviaty” M N < 0.

A
The notation[

B A B
represents| , diag(M;, M,) abbreviates the block-diagonal
) C] p [BT C] iag (M, M) g

M M .
! , andcol(M;, M,) represent Ml , Similarly for more than two arguments.

M2 2
Amax (M) (Amin(M)) is the largest (smallest) eigenvalue of a Hermitian mattix o, (M) :=

\/ Amax(M*M) denotes the maximum singular value of a matvix p(M) := max; |\;(M)| is
the spectral radius of a matriX. The kernel and the image of a matriX are denoted bjter(M)
andim (M), respectively.

form

Operators on Sequences and Functions

The truncation operatd?y acting on an infinite sequenee= {z(0), z(1), z(2), ...} is defined by
Pnx = {z(0),...,2(N),0,...}. The right shift operato§ is defined bySz := {0, 2(0), z(1),...}.
Convolution of two (possibly matrix-valued) sequences isaled byzx * y, given componentwise
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by (z * y)i;(k) = >, >, Tip(k — @)yp;(q). The Z-transform of a right-sided sequengeis
2(z) = Z(z)(2) == Yoy x(k)z7". The Laplace-transform of a right-sided functiefis i(s) =
(z)(s) == [;° (t)e~*'dt. The arguments ands are occasionally dropped for brevity.

D

Systems and Interconnections

An operator (or a map) representing a dynamic system is ddriayt a capital letter such &s If

(G acts on an objeab, the outcome is denoted hy= Gw. The impulse response corresponding
to an operato¢ is also denoted bgr (with a slight abuse of notation), whereas the correspandin
transfer function (if existing) is calle@. An operatorG is said to be causal (or properyf,G =
PGPy for all & > 0. An operatorG is said to be time-invariant G = GS. A state-space
realization of a transfer functio¥ is occasionally written as

Al B
C|D

Regular letters@, A, B, ...) are used for open-loop systems, whereas scriptdetietA, 5, ...)
are used for closed-loop systems with a controller condecte

The upper linear fractional transformation (LFT) of two m@sA and M with appropriate parti-
tioning is defined as

(2):=C(zI —A)'B+ D = G(z).

M

LFTs are a way of describing feedback interconnections petel in Figure 1.2 and are special
cases of the star product, see e.g. Zhbal. (1996, Section 10.4).

Maps are also used to represent interconnections of syskEmexample(z, G, stands for a series
connection of two systems represented by the ndiapandG,, G, + G, for a parallel connection,
andG, « Gy for an LFT interconnection, like it is common for transfenétions.

& &

(a) (b)
Figure 1.2:(a) Upper LFTA x M. (b) Lower LFT M x A.




Chapter 2
Performance Analysis

This chapter introduces a collection of tools to analyzebsity and /..-gain performance as
well as star-norm performance of linear systems subjectievarying parametric uncertainties.
These tools complement the established methods for dynacectainties, and provide trade-offs
between accuracy and computational complexity. The maintgesre

e Mmatrix inequality conditions for nominal and robust stasrm performance analysis of
discrete-time systems (Theorems 2.1 and 2.4),

e a maitrix inequality condition to estimate tig-norm of an impulse response tail (Corol-
lary 2.2),

e an LFT characterization of the response of an uncertainggyg.,emmas 2.5 and 2.11), and

e matrix inequality conditions for upper bounds on the-gain of linear systems with time-
invariant parametric uncertainty (Theorems 2.7, 2.8, 28d 2.10) or time-varying para-
metric uncertainty (Section 2.5.3).

2.1 Overview

Robust analysis problems are of central importance in cbtdroertify stability of an uncertain
control system and to quantify its performance. A gene@hiEwork for robustness analysis is
given by the problem of investigating the uncertain sysggm) depicted in Figure 2.1(afj(A)
consists of an LTI part and an uncertainty, connected to e#odr in an LFT fashion. In the
literature, theA-block is sometimes called a perturbation. The uncertairdy be real parametric,
LTI, linear time-varying (LTV), or nonlinear. During theda25 years, numerous methods have
been developed for the analysis of linear systems subjedifferent classes of uncertainties or
perturbations.

In principle, two approaches are available to charactedbest stability and robust performance
of uncertain linear systems. First, there is the small-gased approach, where stability and per-
formance are investigated using scaled system norms. rBysteformance is usually immersed
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Figure 2.1: (@) The uncertain closed-loop syst&A) consists of an LTI parg and an
uncertainty blockA. (b) Setup for the robust stability problem.

into a stability notion, such that it is enough to developditians just for the internal stability of
the loop in Figure 2.1(b). Uncertainties with bound&d or /,-gain or bounded. .- or /..-gain
are particularly well-studied. There are tractable exaatdions for LTV or nonlinear uncertain-
ties, whereas only tractable upper bounds exist for LTI ttaggies in general. The well-known
time-invariant structured singular valyeis a concept for exactly characterizing robust stability
and robust performance. It can be related to scaled norms@mgtitutes the most prominent
robust performance characterization to date. Some impiocantributions forL,- or /,-stable
uncertainties are reported in Doyle and Stein (1981); D@/@82); Safonov (1982); Packard and
Doyle (1993); Megretski (1993); Shamma (1994). Resultsdgr or /..-stable perturbations
have been developed analogously, see Dahleh and Ohta (¥&8)nmash and Pearson (1991);
Khammash and Pearson (1993); Dahleh and Khammash (1993gand Diaz-Bobillo (1995).

The second main approach to robust analysis relies on Lyspstability and performance char-
acterizations via dissipation inequalities, Riccati eaquret, and LMIs. There, state-space repre-
sentations of uncertain systems play a major role in theldpr@ent of stability and performance
conditions. To address different types of uncertaintiésgnoadditional variables — called mul-
tipliers — with various complexity levels are introduced.ofdover, different types of Lyapunov
function candidates are considered, for example quadiedratic parameter-dependent, piece-
wise affine, polynomial, etc. The reader is pointed to thererices Boyeét al.(1994); Helmersson
(1995); Gahineet al. (1996); Oliveiraet al. (1999); Apkarian and Tuan (2000); Scherer (2000
Iwasaki and Shibata (2001); Chetial. (2005); Biswast al. (2005); Oliveira and Peres (2006)
for more information. During the last decade, a key queshias been the tractability of analy-
sis conditions, in particular the convexity of the condigo Since the development of so-called
interior-point algorithms (Alizadeh, 1991; Nesterov aneilNrovski, 1994), it is in principle pos-
sible to numerically solve convex optimization problemsd amparticular semi-definite programs
(SDPs) quite efficiently. SDP and LMI constraints play an amant role in formulating control-
related problems (Boyedt al., 1994; Vandenberghe and Boyd, 1996). Some robust analgsikge
that are used in this work are collected in Appendix B.8.

Although there have been a vast number of results on unoagtatem analysis, there are still many
open questions. This chapter focuses on some of these astigates conditions to compute the
(+-gain of systems with parametric uncertainties or uppendsuhereof. The results conceptually
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fill a gap in thel,.-gain analysis literature, since parametric uncertasrdare only treated there for
some special cases or using conservative upper bounds.eVebdment starts off in Section 2.2
with a brief review on nominal; performance analysis, to set the computational approactees
perspective. Moreover, new matrix inequality conditioasdetermine the star-norm of an LTI
system are derived. After defining the problem setup in metaidin Section 2.3, the previous
star-norm results are extended to the robust case in Sez#donThereby, upper bounds on the
robust/.-gain are attained. The problem of computing the roldustain is approached more
directly in Section 2.5, yielding new upper bounds with loanservatism. An example finally
indicates the differences between known and new methodkinaestigates trade-offs between
accuracy and computational effort. The reader is refewedippendix A for a brief introduction
to signal and operator norms. Parts of this chapter are masBieberet al. (2006); Rieberet al.
(2007).

2.2 Nominal Performance Analysis

This section recalls well-known results for performance analysis of discrete-time LTI systems
without uncertainties. Moreover, a novel matrix inequationdition for star-norm performance of
discrete-time LTI systems is introduced, which gives anengmund on the peak-induced norm
and on the/;-norm. Based on the star-norm condition, a new method to ctergpruupper bound
on the/;-norm of an impulse response tail is described. Finally,napk example shows the
application of the various norm computations.

2.2.1 ¢, Performance

First it is recalled how thé . -gain of a discrete-time LTI system, i.e. ifg performance, can
be determined. Suppose a systémf dimensionp; x ¢; without uncertainties has the impulse
respons& = {G(0),G(1),...}. From a state-space realization

_|A B &(k) 2.1)
C D || w(k) '

with ne = dim(&), the Markov parameters of the impulse response are compsted

D fork =0
k) —
G(k) { CAB  for k> 1.

E(k+1)
Zl(k)

Then the/-gain is obtained as thg-norm of g, i.e.

1G] := lgu;xZwa |<1rgl§x ZZ!% \+113§>; Z Z Gk (2.2)

Jj=1 k=0 j=1 k=0 Jj=1 k=N+1

J/

~~

N ,yTN

~
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due to the subadditive property of thexx-operator, wherg;; (k) are the components of the matrix
G(k). In this context,N is not an exponent of, but rather an index. It is obvious from (2.2) that
AN > 0and

V<Gl < AN + 0N

The value of||G||; is approximated by truncation d§||, ~ +" provided thaty”", which is the
¢1-norm of the truncated remainder (or tail), is sufficientipadl. To judge whether this is the
case, Dahleh and Diaz-Bobillo (1995, Chapter 4.4.3) deserfm®cedure to obtain upper bounds
on~"" based on Hankel-norm approximations. A different (and yorezbly less conservative)
method is proposed in the next section.

2.2.2 Star-Norm Performance

It is clear from (2.2) that one has to find the impulse respa@hsei.e. a solution of (2.1) — to
compute the-gain of a systeng. Since getting the solution may be computationally expensi
another possibility is to use cheaper upper bounds. To tliis@novel matrix inequality condition
is introduced to characterize the so-called star-norm andénto determine an upper bound on the
peak-induced norm. Related results for continuous-timegysare given in Abedat al. (1996),
Schereeet al. (1997). A similar result for discrete-time systems is afalé in Buet al. (1996).

Theorem 2.1 Consider the syster@ with realization (2.1) and;(0) = 0. Suppose there exist
p>0,0<X<1,andX = X7 satisfying

[ ATX A — AX Tx

ATXA ATXB <0, (2.3)
| BTXA  B'XB-pul
[ (A—1)X +CT D

( )X +C'C C . 2.4)
I DTC (w—~*I+D'D

Then

o ||21]|peak < fOr |wi|lpeax < 1, and moreover||G||peak—ind < 7

e |IG[l: <7vy/a1, and

e A has all its eigenvalues in the open unit disk.

Proof: See Appendix D.1. [ |

The valuey appearing in Theorem 2.1 is just an upper bound on the systagak-induced norm.
The smallest achievabtgis called the star-noriiG||. of G. Mathematically speaking,

1G]« == ig\lg(’)/ suchthat >0, 0< A <1, (2.3), (2.4) hold. (2.5)
A,
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HenceHg”peak—ind < ||gH* and

1611 < VallGllpear—ina < /@1l

Sincey? enters the inequalities affinely, a minimization-dfsubject to the inequality conditions
in Theorem 2.1 would be possible if the conditions were linedahe other unknowns. However,
the two conditions (2.3)—(2.4) do not constitute LMIs duegtoducts between and X. Sitill,
the global minimum ofy? is found by combining the minimization of()\)? for fixed A with a
line search oveb < \ < 1, which promises to be computationally tractable for reabbnsized
problems.

Remark 2.1 The inequality (2.4) is equivalently rewritten into

(1-MX 0 cr

0 (v»=w)I DT | >0 (2.6)
C D 1
by using the Schur Lemma (Lemma B.5) with respect to the I§88k-in (2.6). OJ

Computing an Upper Bound on the/;-Norm of an Impulse Response Tall

In Dahleh and Diaz-Bobillo (1995, Chapter 4.4.3), a Hankehmbased procedure is described to
compute an upper bound ofi? in (2.2), i.e. the/;-norm of the impulse response tail. Consider
the system (2.1). Suppose thatand Q, are the (discrete-time) reachability and observability

. . Al B . .
Gramians of the state-space reallzat{aﬁé—’p—] , respectively. In particulaf? and Q; are the

solutions of
APA" =P +BB" =0, ATQA-Q;+C[C.=0,

respectively. Then an upper boundgr" as given in Dahleh and Diaz-Bobillo (1995) is

T 1<Zi<p;y

vV < max 2/q1 Y G, (2.7)
=1

whereg;; = /N (Q.ANP(AT)N), and ), (M) is thel™ eigenvalue of the matrix/.

As an alternative, one can use Theorem 2.1 to compute an loped ony™". To this end,
observe that the impulse response @ik := {G(N + 1),G(N + 2), ...} belonging to (2.1) is the
impulse response of

[ & (k +1)
2 (k)

A ANHIB
| ¢ cAB

& (k)
e ] . (2.8)

Hencen™" = ||G.n||: is upper-bounded by using a star-norm computation on (2.8)lws.
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Corollary 2.2 Consider the system (2.1) wigti0) = 0. Suppose there exist> 0,0 < A < 1,
and X = X7 satisfying

[ ATXA - \X AT X AN 0

I (AN+1B)TXA (.ANHB)TX.ANHB —ul !

[ (A —1)X +C7C CTCANB 0
CAYB)TC  (n— (V)2 + (CAVB)TCANB

Themy™" < n™, /g1, and A has all its eigenvalues in the open unit disk.

Proof: Note that the two matrix inequalities in this lemma aothing else than (2.3)—(2.4) with,
B, C, D replaced by the system matrices in (2.8). Hence, the statefh€ = ||G, v[|1 < n™ /a1
follows directly from the second item in Theorem 2.1. Stiapibf A follows in the same way as
in the proof of Theorem 2.1. [ |

Since the value ofn™)? appears affinely in the inequalities of Corollary 2.2, it cannhinimized
subject to an SDP in combination with a line search averin a large number of numerical
examples, we found that using Corollary 2.2 has always bemndenservative than using the
upper bound from Dahleh and Diaz-Bobillo (1995). See Se@iar8 for an example.

Remark 2.2 There exists a simpler realization of the system havingaihag its impulse response
than (2.8), see Dahleh and Diaz-Bobillo (1995, Chapter 4.4Eowever, that realization is not
suited for the extension of Corollary 2.2 to the robust caseréfore we use realization (2.8) even
for the nominal case presented here. O

2.2.3 Example

The norm computations discussed so far are illustrated bynples academic example. The ex-
ample is also helpful in understanding the basic ideas us#ukei robust..-gain computation in
Section 2.5. Consider the stable discrete-time dynamiesyStwith realization (2.1), where

A 0.2 0.01 ,8:32,(7:21,2): 1—2’
—-0.1 —-0.01 3 1 2 3 -4 3

andnge = p; = ¢ = 2. One can think ofj as a closed-loop system with two disturbance inputs
and two performance outputs. Ap-norm computation using the expression for in (2.2) with
e.g.N = 10 or N = 1000 impulse response elements yields an almost perfect appabixin of
1G]l1 =~ N = 29.59580, which is used to compare the subsequent upper bound cotiopsta

Table 2.1 lists upper bounds on thenorm according td|G||; < " + ™. There,y" is com-
puted for different values oV to investigate different accuracy levels’" is upper-bounded
either by (2.7) from Dahleh and Diaz-Bobillo (1995) or by oppeoach from Corollary 2.2. It is
evident from comparing rows 2 and 3 or rows 4 and 5 of Table2at the upper bound on»"¥
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is more accurate for our approach in both ftie= 2 and N = 6 cases. The absolute difference
is marginal in this example, but the relative differenceigmgicant. In fact, the star-norm based
upper bounds are abott% smaller than the Hankel-norm based approximations. Thamthat
the same accuracy is achievable for truncation with smalleThe shown trend is confirmed in

a large number of other example systems, where the star-based approximation was always
considerably tighter than the Hankel-norm based one. Léwands are the values fof¥. More-
over, Table 2.1 shows the valyéy; ||G|., computed via Theorem 2.1, which defines a generally
conservative upper bound ¢ ||;.

Table 2.1:Nominal performance computations for the example system.

Norm computation Result "V Upper bound on/""
G111 29.59580 - -

Upper bound (2.2)N = 2, using (2.7) 30.11154 29.46000 0.65154

Upper bound (2.2)N = 2, using Lemma 2.2 29.87332 29.46000 0.41332

Upper bound (2.2)N = 6, using (2.7) 29.59654 29.59560 9.4400*

Upper bound (2.2)N = 6, using Lemma 2.2 29.59620 29.59560 5.9867*
Va9« 34.36 - -

2.3 Robust Performance Analysis: Problem Setup

Before addressing the robust performance analysis in gitaiConsidered system and uncertainty
classes are introduced. It is desired to analyze an uncadisirete-time plang(A), obtained
from the interconnection of a discrete-time LTI pgrand an uncertainty block as depicted in
Figure 2.1(a). It holds thag(A) = A x G. Assume that\ is a functionA : {0,1,2,...} — A,
where A C R%*P0 js some compact set with € A. HenceA can be interpreted as a time-
varying structured parametric uncertainty in general. tTage of time-invarianf\ = const. is
contained as a special case. Define moreover the sets of/éirgang, rate-bounded time-varying,
and time-invariant sequences respectively as

ATV = {A|A(l€) € A Vk’},
Agp = {AA(R) € A, JAj(k+ 1) — Ay (k)| < e Vi, j, kY
A= {AJAGR) € A, Ak + 1) = Ak) Yk}

To make the system formulation more concrete, we considéscaete-time LPV systeng(A)
with a state-space realization obtained from the intereofion betweey; andA such that

Ek+1) A By B ¢(k)
Zo<k') = CQ DOO DOl U)O<k) y (29)
Zl(k’) Cl Dl() Dll wl(k:)

wo(k) = A(K)zo(k), (2.10)
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with the statef(k) € R", outputsz;(k) € RP, and inputsw,;(k) € R%. The corresponding
closed-loop systergi(A) is

skt 1) | _ [ AAK) BuAk) lf(kf)] 2.11)
z1(k) Ci(A(K)) Du(AK)) | [ wi(k) |
where
] Doy Cy Do
ADE) BAE) | _ vl )1
Caw) Dutaw) | S0 BB (242

A+ B()(I — A(k‘)Doo)ilAU{?)Co B + Bo(I — A(k’)DO())ilA(kJ)DOl
C1 + Dio(I — A(k)Doo) P A(k)Co D1+ Dio(I — A(k)Doo) ' A(k)Dor |

The interconnection (2.9)—(2.10) is said to be well-poged+ A(k)Dy, is non-singular for all
A(k) € A.

From the LFT interconnection @ and A or from (2.12) it is clear thaG(A) may depend on
the uncertain real time-varying parametérsn a rational manner. Note that polynomial or affine
parameter dependence and polytopic uncertainty desogtwhich are extensively studied in the
literature, are included in this LFT description as specdales. A commonly encountered situation
is the case where the LPV systéif\) depends rationally on an uncertain parameter ve¢tor=
[01(K), ..vy Oy (K)]T With 6;(k) € [Ominyi, Omax.) fOr all k and fori = 1,...,ns. This situation can
be transformed into the structure of Figure 2.1(a) with die A(d(k)). Detailed descriptions
on how to perform such transformations are given for exanmkhouet al. (1996, Chapter 10);
Hecker and Varga (2004); Scherer and Weiland (2005, Se6t@n Some simple examples are
listed in Appendix B.7. Note that iy, Agg, andA-, no restrictions to diagonally structured
A or to squarel are assumed.

The problem to be considered in the remainder of this chapttire stability and performance
analysis of a given systeg(A). To this end, the following robust stability notion is defie&f.
Scherer (2000).

Definition 2.1 (Uniform exponential stability, discrete time)

Suppose that the interconnection (2.9)—(2.10) is well-go3éden the system (2.11) is said to be
uniformly exponentially stable if there exist constaiits « < 1, 3 > 0 such that||{(k)|| <
Bak=ko||E(ko)|| VE > ko > 0 for all considered uncertaintieA(-) and for every system trajectory
() with wy = 0. O

The notion of?; performance is extended to the robust case as defined next.

Definition 2.2 (Robust/; performance, discrete time)

Suppose that the interconnection (2.9)—(2.10) is well-pose€hen the system (2.11) is said to
have robust/; performance with performance levelif ||21]. < v|lwi||- for all considered
uncertaintiesA(-) and for every system trajectogy-) with £(0) = 0. O
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Robust peak-induced performance can be defined similarkyrdlbust star-norm cannot be defined
in such a compact manner, but is rather characterized bytbean of certain matrix inequalities,
cf. (2.5).

2.4 Robust Star-Norm Performance Analysis

In this section, the result for star-norm based nominalgrarnce analysis of discrete-time sys-
tems (Theorem 2.1) is generalized to systems with timeklgrgarametric uncertainty. The ob-
tained robust star-norm conditions yield an upper boundherrobust-gain of uncertain sys-
tems. To this end, a matrix inequality for analyzing the ilatar-norm performance of uncer-
tain systems is introduced. The approach is based on a obhst@punov function, uses static
full-block multipliers to deal with the uncertainties, aagplies a convex hull relaxation of the
parameter set to obtain a finite number of inequalities.

The following theorem gives two equivalent sufficient cdiwgtis for robust star-norm perfor-
mance.

Theorem 2.3 Consider the system (2.11) obtained from the interconnedt9)—(2.10) with
€(0) =0, A € Ary. The following two statements are equivalent:

(i) (2.9)—(2.10) is well-posed and there exist- 0,0 < A < 1, and X = X7 satisfying

[ —AX 00 0 I o

T 0 X1 0 A(A) Bi(A) | <0, (2.13)
00—l || o I
A—1)X 0 I 0

G 0  (u—9)I 0| 0o I | <0 vAeA @ (214)
0 0 I 7(A) Dy (A)

(i) There existy > 0,0 <A< 1, X = XT, P, = PI', and P, = P/ satisfying

Al fa s fa]y, [a] @ @][2].y vaca
I ST R || I I ST R,
Py Py
(2.15)
“AX 0:0 00 1[I 0 0]
0 X:0 0: 0 A By B
A0 0@ S0 [ |o T o0 |<o (2.16)
0 0:5 RB: 0 Co Do Dn
0 0:0 O0:-pl||lO O I
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A=DX 0 0 0 0 0 0
0 Q S 0 o|l|lo 1 o
[*]" 0 ST Ry: 0 0 Co Doo Do | <0. (2.17)
0 0 0 (=l 0|0 0 T
0 0 0: 0 I]]l¢ Dy Dy |

Moreover, if either (i) or (ii) holds, then

o [|21]|peax <y fOr [Jwillpeax < 1, and moreover||G(A)||peak_ind < forall A € Arvy,

o |G(A)||so—ina < vy/@ forall A € Ary, and

e (2.11) is uniformly exponentially stable with respectNae Ary.

Proof: See Appendix D.2. [ |

The theorem is an extension of Theorem 2.1 to systems of (2akt). The smallest achievable
7 is called the robust star-norifG ||, of G(-). Some comments about the result are in order.
Both conditions (i) and (ii) are sufficient for stability anénformance. The advantage of using
condition (i) lies in the fact that the rational parametepdndence of the inequalities (2.13)—
(2.14) is converted into conditions (2.15) with quadraizgmneter dependence. The price to be

Qi S
ST R;
The conditions of Theorem 2.3 contain the sen?i-infinite temsts (2.15), which are difficult to
check. To obtain a finite set of constraints, one possikgity apply Lemma B.12, provided that
A is defined as the convex hull of a number of generators. Asudtyéise semi-infinite constraints
(2.15) are converted into a finite number of inequalitieghatexpense of some conservatism in

general. This leads to a tractable version of Theorem 2 $=pted next.

paid is the introduction of new unknowit3 = ,i=1,2,in (2.16)—(2.17).

Theorem 2.4 Consider the system (2.11) obtained from the interconned{®9)—(2.10) with
£(0) =0, A € Ary, A = Co({Ay, ..., A, }). lfthere existy > 0,0 < A < 1, X = X7,
P, = Pl',and P, = P} satisfying

Q1 <0, Q2 <0, (2.18)
T T
A A A A
l Ql Sl l 0’ l QQ 52 [ Z O, l _ 17 ’TZA7
I ST R || I I ST Ry || I
h},—/ h}/—/
(2.19)
I 0 071 T =X 00 0. 071[I 0o 0]
A By B 0 X 0 0 0 A By B
0 I 0 0 0. Q S 0 o I 0 |<o (2.20)
Co Do Do 0 0:57 Ri: 0 Co Do Do
0 0 I | 0 00 0 —ul 0 0 I
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I 0 071 [O=DX 0 0 0 011 o o

0o I o | | 0 Qs S 0 ollo 1 o

Co Do Do 0 SI' Ryt 0 01| C Dw Dou | <0, (2.20)
0o o0 I | | 0o 0 0 (u—I 0|0 0 T

¢t Do Dn | | 0 0 0: 0 Il ¢a Dy Dy

then

o ||21]lpea <7y fOr [Jwi]|peax <1, and moreover||G(A)||peak—ina < forall A € Ary,
e |G(A)|loomina < vy/@1 forall A € Ary, and

e (2.11) is uniformly exponentially stable with respeciNee Ary.

Proof: In condition (ii) of Theorem 2.3, add the two consitai); < 0 and@, < 0. According
to Lemma B.12, these constraints together with (2.15) arevalgut to (2.18)—(2.19). Hence the
conditions (2.18)—(2.21) are sufficient for the result,Tdfeorem 2.3. [ |

This theorem thus gives an upper boundn the peak-induced norm 6f-), and the upper bound
computation is based on an SDP in combination with a lineckeaver\. To determinen, in

a particular application, suppose that thererayelifferent scalar parameteds, i = 1, ..., ns, in
the uncertainty structurd, with box constraints; € [dmin i, Omaxi|- Thenna = 2. Apart from
these box constraints, a large number of other descript@mnA is conceivable, and they lead to
different types of convex hull formulations.

Remark 2.3 Instead of using Lemma B.12 to create a finite set of conssraother relaxation
techniques with generally less conservatism may be apphietheorem 2.3. Possible alterna-
tives include the Polya relaxation and matrix-sum-of-gggaelaxations as described in Scherer
(2006), Scherer and Hol (2006). Since these techniques edgthea possibly larger computa-
tional burden, they are not considered in more detail hetes hoted however that the extension
of analysis results to controller synthesis conditiongwftequires the introduction of constraints
like (2.18), see Theorem 4.3. Hence the convex hull relaxatems to be a reasonable choice if
analysis results are to be extended to synthesis conditions O

Analysis Using Parameter-Dependent Lyapunov Functions

In Theorem 2.3 as well as in Theorems B.17, B.18, and B.19, tHgsam#s essentially based on
fixed quadratic Lyapunov function candidates of the féfi:(k)) = z(k)” Xz (k). However, one
can find examples of stable systems, where stability cammshbwn using such fixed Lyapunov
functions. To obtain less conservative conditions, thetst® the possibility of addressing the
analysis problems using parameter-dependent Lyapunatidumcandidates

V(a(k), Ak)) = z(k)" X (A(K))z(k),
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where the function\(k) is dependent on the components/efk) in some pre-defined fashion.
It is however unclear in general how to best choose the foncii(-). Stability and performance
conditions using such parameter-dependent Lyapunovibmcandidates can be transformed into
tractable analysis conditions.

It goes beyond the scope of this thesis to delve further im®tbpic, yet an extension of The-
orem 2.3 to the case of a parameter-dependent Lyapunovduariststated in Appendix C. The
interested reader is moreover referred to e.g. Gal@hat. (1996); Apkarian and Tuan (2000);
Iwasaki (2001); Wu and Dong (2006).

2.5 Robust/,-Gain Analysis

As briefly discussed in Section 2.1, the literature on rolfusgain analysis has mostly treated
dynamic uncertainties (Khammash and Pearson, 1991; DahkKhammash, 1993). Parametric
uncertainties have only been considered for the resteistygtem class of so-called rank-one prob-
lems (Dahleh and Diaz-Bobillo, 1995, Section 7.8). The méaistacle in the¢-gain framework

is to find the impulse response of (2.11) explicitly. In casty “quadratic” approaches using the
'H .- or star-norm do not require an explicit solution to be fountich significantly simplifies the
problem (as in Theorems 2.3 and B.19).

In this section, a computational approach for analyzing tieist stability and the robust,-gain

(or the robust; performance) of the uncertain discrete-time linear sygi2ihl) obtained from
the interconnection (2.9)—(2.10) is addressed directly.Wévide procedures tailored to the cases
of time-invariant or time-varying parametric uncertajnyith or without bounds on the rate of
variation.

The computation of upper bounds on the robiygberformance is split into two parts as in (2.2).
First, thel,.-gain of a truncated impulse response is determined by welagations for uncertain
matrix inequalities. In this context, compact expressitorsthe parameter dependence of the
system’s Markov parameters are derived. Second/thgain of the impulse response talil is
bounded from above by a star-norm condition. All computetiare based on robust SDP, and
provide a trade-off between computational burden and acgurHence, the general robust
performance analysis problem for linear systems with patdmuncertainties can be addressed
with relatively low conservatism for the first time.

Next, a special case of the stated problem is considereddar o present our approach without
too cluttered notation. Full generality is attained sulossdly in Sections 2.5.2 and 2.5.3.

2.5.1 SISO Plant and Time-Invariant Uncertainty

Suppose for now that (2.11) is a single-input/single-ou{lSO) system, i.ep; = ¢; = 1, and
that A(k) = A = const. SinceA is time-invariant, the response of (2.11) at time-stejp an
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inputw,; with £(0) = 0 is obtained by convolution as

KX
=

I
Mw
/LEEI
o

|

l>
§
Mw
E
§

~).

=0 =0

The dependence of the system’s Markov param&léksA) on A is compactly characterized by
the next statement. Definig,(A) := diag(A, ..., A) with k£ + 1 A-blocks.

Lemma 2.5
- Dy (A for k=0
Gk )= P8 s (2.22)
C1(A)A(AIB(A) for k>1
HA  HP
- B : 2.23
Hy,
where
H HP ] [ Do Do (2.28)
HY  HP | _,Dl()ipll ’ '
Doo C()B() COABO S CoAkilBo CoAkilBl ]
; 0 Dy CoB A
H,? | HkB l 00 0~20
gepr | T ' CoBo CoBy | k=12
ko k
| L T Do+ Do
| Dy CiBy CLABy - CLAF- 1801(31,4’? B, |
(2.25)

Proof: The proof is only sketched briefly. The expressio@Zpfollows by evaluating the equa-
tions of (2.11) at different time instances, and then regdigtinserting the equations into each
other. From (2.22), the LFT representation (2.23) is olatehizs follows. Just replace the parameter-
dependent matriced(A) etc. with the LFT (2.12). Using Lemma B.4(ii) repeatedly le&ml(2.23)
with the structures (2.24) and (2.25). [ |

Thus the robust; performance level is given by

7= Sup |G(A)emiua = sp G Hl—sup2| km—iupZm ) & Hy,

AGATI

which can be upper-bounded similarly to (2.2) by

N
7S sup Z (k, A)| + sup Z Gk, A)| (2.26)
k

AEAk N+1

- N ”
~~

"}’ ,y’I‘,N
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due to the subadditive property of thep-operator. In this contexty is not an exponent of, but
rather an index. The rationale behind this split computaigoas follows. We show in the sequel
that upper bounds on" are obtainable with relatively low conservatism as a cormimization
problem, although the computational demand may be larggh©ather hand, conservative upper
bounds om™" are derived. These bounds converge to zera\for> oo for uniformly exponen-
tially stable systems. Hence a trade-off between commnatdemand and accuracy is introduced
by the choice ofV. In general the larger the value &f, the higher the accuracy, but also the larger
the computational burden. It is detailed next how to compygiger bounds on” and~™" via
LMI relaxations.

Robust /;-Norm of a Finite Impulse Response
It is a standard procedure to resolve the absolute valueindmputation of/”V in (2.26) as

AN =infv (2.27)
N
s.t. Z’yk <, e > 0, (2.28)
k=0
— 7 < G(k,A) <y VA €A, (2.29)
k=0,1,...,N.

Since the problem (2.27)—(2.29) is in general rational emdhcertain parameters, it is difficult to
use this formulation to computg"’. However, the two scalar inequalities in (2.29) can be é@as
LMIs with a rational dependence ak. Thus it is possible to state a new condition for computing
~N, which is the first main result of this section.

Theorem 2.6 The interconnection (2.9)—(2.10) is well-posed and (2.28$if and only if there
existP¢ = (PY)T, PP = (PP)T satisfying (2.32)—(2.35) below. Moreover,

AN =infv (2.30)
N
s.t. nyk < v, Y > 0, (2.31)
k=0
— -— T - a a — — -
Vi(A) @ 5% VeA) | 0 VAeA (2.32)
L LSOt R T ] ’
1
- - T - b b - - -
Lul &) Qi S A S vaea (2.33)
ST R T | ’

N /

e

b
Pk
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I 0 @810 0 I 0
HY HP SHT R0 0 HY HP
HE HP (e B 0 i S Y (2.34)
0 1 00— 1 0 1
HS HP o o0: 3% of|HS HP
- S |
I 0 A N (R I 0
HY HP SHT REI O 0 HY HP
Y (S). R 00 N SECIA I (2.35)
0 1 0 0 -y -1 0 1
| HE HP | | 0 0 -3 0 S HP
k=0,1,..N.

Proof: To prove the first part, rewrite the inequalit®g:, A) < v, and—y, < G(k,A) in (2.29)
equivalently as
wF[‘% :

1 —yy =1 1
L <0, [*]T fylk 2
5 0 \I/k(A)*Hk —3 0 \I/k(A)

respectively. Using these LMI representations and theBloitk S-Procedure (Lemma B.11), the
conditionG(k, A) < 7, VA € A is equivalent to the existence &f satisfying (2.32) and (2.34)
(due to compactness ). Similarly, —v,, < G(k, A) VA € A is equivalent to the existence Bf
satisfying (2.33) and (2.35). Furthermore well-posedfesvs since the same type of LFT with
the inversg(l — ADyy) ! appears in (2.9)—(2.10) and (2.29). Concerning the secondsace
(2.29) can be equivalently replaced by (2.32)—(2.35) fbk ahe new condition for computing"
follows directly from (2.27)—(2.29). [ |

<0, (2.36
*Hk] (2.36)

Even though Theorem 2.6 gives an equivalent new conditioodmputingy”, it contains semi-
infinite constraints (2.32)—(2.33). By way of Lemma B.12, atémumber of constraints is ob-
tained as in Theorem 2.4. The next result states an optimzatoblem to compute an upper
bound oY with a finite number of LMIs, which is the second main resultho$ section.

Theorem 2.7 Suppose tha = Co({A,...,A,,}) and that there exisP® = (PY)T, P} =
(P))T satisfying (2.39)—(2.42) below. Then (2.9)—(2.10) is eled and (2.29) holds. Moreover,

N <Y,
where
AN =infv (2.37)
N
s.t. Z’yk <v, Vi > 0, (2.38)
k=0
va) ' @ se ][ wia
oo BT @ s fwa) o
I (Sp)* Ry 1
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T
(A b gb A
Qh <0, HE o el TR RN
I (ST R I
Pl
(2.40)
—_ _T_ :
I 0 @ Spi0 0 I 0
HECHP L SDT R 0 o0 HEoHE | 2.4
0 1 0 0 =% 3 0 1
| HY HP | o 01 0 HS HP
— T ‘
I 0 boshi 00 I 0
HA HP SHT RE 00 HA HP
L G e N kR <o, (2.42)
0 1 0 0 -y —3 0 1
| HS HP | | 0 0 -3 0 HS HP
k=0,1,..,N.

Proof: Add the constraint§¢ < 0, Q% < 0 to the conditions in Theorem 2.6. According to
Lemma B.12,Q% < 0, Q% < 0 together with (2.32)—(2.33) are equivalent to (2.39)-@.Be-
cause of the two additional constraints, we now have a sefffidondition for well-posedness and
(2.29) to hold. Likewisey™ < 4V, [

Theorem 2.7 thus gives an upper boundhdh and the upper bound computation is based on an
SDP. To determine, suppose that there ang different scalar parametefs i = 1, ..., ns, in the
uncertainty structuré\, with box constraints; € [0min,i; omax,i]- Th€Nna = 2.

The exact number of multipliers needed in this basic setufisisussed in Section 2.5.2 for the
multi-input/multi-output (MIMO) case. To reduce the congional burden, a number of restric-
tions on the muItipIierdD,j are possible. These are described in Section 2.5.4. For eotsron
other relaxation techniques to create finite sets of canssrasee Remark 2.3 in Section 2.4.

Robust /;-Norm of an Impulse Response Tail

After the treatment of the first part" of (2.26), it is described next how to obtain an upper bound
on the second pat™, i.e. the robust;-norm of the sequeng@. x (A) := {G(N +1,A),G(N +
2,A),...}. To this end, the impulse response taily(A) is determined, and an upper bound on its
/+-gain is computed using a star-norm estimate. Similarljpéodiscussion preceding Lemma 2.2,
first one has to find a state-space realization of a systenméngyiy (A) as its impulse response.
This is valid for

TBi(A)

[wﬂ) (AN
(A) Ci(A)ALA)NB(A)

& (k) )43
w, (k) ] | (243)
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Next express this state-space realization as the LFT

D00 : 7CO 7DO1
Ly” Ly LN

Arn(D) By (D)
Crn(A) Drn(A)

A(D)  AQ)NIBI(A)
Ci(A) Ci(A)AL)YB(A)

N . N J/
Ly
where (see (2.24)—(2.25) for abbreviations)
L}?[ =A, Lgoo = Hjéfﬂy Lgm = Hﬁﬂa
Lﬁl = ANHBh Lﬁo = [ By ABy --- AN+180 ] ) Lﬁlo = H]g+1’
T
{=q, 1 =lct ool LPVY .= b,

Now we are ready to state the following result on how to obsagtar-norm based upper bound on
the /..-gain of the mapu, — z,, i.e. ony"™,

Theorem 2.8 Consider the system (2.43) wigh(0) = 0, A € A = Co({Ay,...,A,, }). If there
existy > 0,0 < A< 1, X = XT, P, =PI, and P, = P} satisfying (2.45)—(2.48) below, then

e (2.9)—(2.10) is well-posed and (2.11) is uniformly expoiadigtstable with respect té\ €
ATI!

° "Gr,N(A)"peakfind < 77N forall A € ATI, and
o N < AN = pN, /g1, where

[ Q1 S 11 U1 (A) ]
st. Qp <0, [+]7 >0, [=1,..,na, (2.45)
ST R, I
i N I |
[ Q2 S 11 Ui () ]
Q2 <0, [*]T >0, l=1,..,na, (246)
ST R, I
Py
“2X 0:0 0°' 0 ] I 0 0
L0 Xxi0 00 Ly LY LY
KT 0 0@ S0 0 I 0 | <o, (2.47)
0 00S] R 0| LY L™ Ly
[ 0 00 0 -l 0 0 I
(A-px o0 0.0 A
0 Qs S, 0 0 0 I 0
I . 0 Sg Ry 0 0 | | L§ L™ Ly | <0
0 00 (u—(nM)HI 0 0 0 I
I 0 0 0 0 I || L LRw Lo |

(2.48)
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Proof: We give only a sketch of the proof. Applying Lemmas Bati2l B.11 to the inequalities
(2.45)—(2.48) implies well-posedness and

A NA)TXAN(A) = AX A NA)TXB,.N(A) ~ 0 (2.49)
Bn(ATX A, n(A)  Bun(A)TXB,n(A) — pl ’ '

L (A= DX +Con(A)TCon(A) Con(A)Dy n(A) 0 2.50)
Dy n(A)TCn(A) (= (™)HI + Dy N (A)TDy n(A) '

forall A € A similar to the proof of Theorem 2.3. These two inequalitieply |G, x (A) || peak—ind
< n™ for all A € A, compare to Lemma 2.2. Uniform exponential stability falboalong the
same lines as in the proof of Theorem 2.3. Finally, the uppand omy™" follows from

N = sup [Gen (A < v 51 [Grr (D) lpeneina < 7+ v/ = 77,
AEA AcA

The result states how the star-noffi of an uncertain impulse response tail and an upper bound
AN on~™N can be computed. Moreover a robust stability result foriRid included. Again)N

is an index rather than an exponent. The computaticii-0fis based on an SDP in combination
with a line search. The result is also valid for MIMO systemsl/ar time-varying parametric
uncertainties.

Remark 2.4 The conditions of Theorem 2.4 are obtained as a special ca$benrem 2.8 with
N =—1. 0

A Procedure for Robust¢; Performance Analysis

Next, some more properties of the proposed upper boytidsdy™ are explored. Subsequently,
a procedure on how to use these bounds to compute approsimeatf the robust..-gain of
(2.11) is described. The next theorem states (a)iNat a non-decreasing sequence, (b) that the
sequencé™ converges to zero, and (c) that + 7" is an upper bound on thg -gain-y.

Theorem 2.9 The following properties hold:
@ 3V >4 N,
(b) v"¥ -0 and "N — 0 for N — oo,
© v <Y +4"Y VN,
Proof: See Appendix D.3. [ |

It is suggested by Theorem 2.9 that an approximate computafithe/..-gain~ of (2.11) pro-
ceeds along the following lines. Choose a rather sivadind determiné” and4™" using The-
orems 2.7 and 2.8. §™" is below a desired accuracy level, usé + 7" as an upper bound on
the/.,-gain~ of (2.11), otherwise increaseg and redo the computations. Note that uniform expo-
nential stability is implied by < oo. This procedure and the properties stated in Theorem 2.9
are exemplified in Section 2.6.
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2.5.2 MIMO Plant and Time-Invariant Uncertainty

After having seen the procedure for SISO plants, it is shtfogward to extend the main results of
the last section (Theorems 2.7 and 2.8) to the MIMO case. &sgpow thap; > 1, ¢; > 1, and
A(k) = A = const. LetG,;(k, A) denote théi, j)™ element of the matrig (k, A). Hence instead
of the bounding inequality (2.26), we now have

v = sup max Zi@w k,A)|

AEA 1<i<p1

j=1 k=0

< sup max (k,A)| + sup max (k,A)] 2.51
AeA 1<i<p Zl % ’gl] ) Ac IA) 1<i<p1 Zl k;—l—l ‘gw ( )
h ,YN g h ,Y:,N

and the optimization (2.27)—(2.29) is replaced by

YN =infv (2.52)
Z%’jk <v, Yijr > 0, (2.53)

j=1 k=0
—Yiji < Gij(k, A) <y VA € A, (2.54)

’izl,...,pl, jzl,...7ql, kIO,l,...,N.

The essential difference to the SISO case is the larger nuailieequalities in (2.54). This just
increases the number of matrix inequalities and the numbeudtipliers, but does not introduce
structurally new elements. Hence a MIMO version of Theorefnc2n be stated.

Theorem 2.10 Suppose thaA = Co({Ay, ..., A,, }), and that there existy, = (P

b _
’ij‘) ' ‘Pijk -

(Pj;k) satisfying (2.57)—(2.60) below. Then (2.9)—(2.10) is weled and (2.54) holds. More-
over,
<AV,
where
AN =infy (2.55)
Yijk <V, Yijk > 0, (256)
7j=1 k=0
[ sa [ wi(a) |
<0, [T ik ik #(A) >0, I=1,...,na, (2.57)
SR B | 1]
i
sh [ wea) |
be<0, [T kaT ik K(A) >0, l=1,...,na, (2.58)
(Sz]k> Rzgk L I |
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e S 000 I 0
[%]7 (SZ’C)TRZRO ,,,,,, 011 A ?(H’J?)J <0 (2.59)
0 0 —vijr > 0 1 ’
0 0 L 0] | HD (HP)y
be Sty 00 I 0
%7 (Slbak)TRkaO ,,,,,,, 0 11 . Hi  (HP)y <0 (2.60)
0 0 —yijr —3 0 1 ’
L 0 0 _% (ch)l (HkD)zJ

0
i=1,..pi, j=1,..q1, k=0,1,.. N.

Proof: We only point out the differences to the case befoneesthe proof follows along the same
lines as the proofs of Theorems 2.6 and 2.7. In the MIMO caseinequalities (2.54) have to be
addressed by Lemmas B.11 and B.12 for all k£ instead of just fok. Note in this context that

. HY (HP),
ij k,A = \Ika *Hk i = A e .
Gulk, 8) = (1u(4) ) [ (HE )i (H )i ]

The derivation then follows analogously as for the condsi;m Theorem 2.7. [ |

Concerning the upper bourad? of the impulse response tail described in Theorem 2.8, nciape
properties or notations for SISO systems were exploitednceldéhe computation of™" can
be adopted without any changes also in the MIMO case. Lilewilse properties discussed in
Theorem 2.9 carry over to the MIMO case.

Some facts about computational complexity

It is important to know estimates about the computationahglexity of the analysis procedure
before addressing a specific problem and before making aelor N. We give the number

of free decision variables and the number of inequalitieslired in Theorems 2.7 and 2.8, for
simplicity under the assumptign = ¢,. To computey”, one needs

o 21q1 (N +3N? + BN +2)+go(3N° + N + 1)) +p1a (N+1) free scalar decision
variables(v;i, Py, P.) and

o p1gi(N +1)(5+ 2na) + py inequalities.
To find 3", one needs

o G2(AN?+16N+16)+qo(4N +8)+
Pg) and

:(n”+n)+2 free scalar decision variablés, "V, X, P,

e 6+ 2na inequalities.
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Thus the number of variables scales wiH overall. It is evident that the method requires a large
value of N and thus a large computational effort if the system’s impuésponse does not decay
to zero rapidly, for example if the absolute values of sonyemialues ofd are close to one.
This is a common problem of all-norm based analysis and synthesis approaches, and naener
work-around with low conservatism has been found so farr@ hee, however, certain relaxations
possible to decrease the number of multiplier varialbles F7,, Pi, P,, see Section 2.5.4.

2.5.3 MIMO Plant and Time-Varying Uncertainty

After having treated the case of time-invariant parametricertainty in the Sections 2.5.1 and
2.5.2, time-varying parametric uncertainties are disedsgext. Recall that for the computation of
the robust star-norm with constant Lyapunov function int®ec2.4, it did not matter if the un-
certainty was time-varying or time-invariant. For the rebfy, -gain computation suggested here,
differences in both the results and the computational cermylappear. Moreover the presentation
is split up in two separate parts for unrestricted uncetyaand for rate-bounded uncertainty.

Unrestricted Time-Varying Uncertainty
Suppose that the values of are allowed to change over time (i&. € Ary) and thatp; > 1,
¢1 > 1. The response of (2.11) at time stepo an inputw; with £(0) = 0 is

=" G(k, 1, A)wi (1)

=0

Similarly to Lemma 2.5, expressions for the Markov paramss§ék, [, A) are given next.

Lemma 2.11 Using the definitions of Lemma 2.5, it holds that

ot ):{ u(a0) (TS AAG)) BAw), 1<k 260
= diag(A(k), ..., A(1)) * [ Z’i—lfli—l] . (2.62)
Ak;r(A) k—l k-l

Proof: We only sketch the proof briefly. The special form (3.6f the Markov parameters
G(k,1,A) follows similarly to the time-invariant case by repeatedigerting the equations of
(2.11) into each other. The representation (2.62) in terfrenoLFT is obtained by replacing
the parameter-dependent matricééA(k)) etc. with the LFT (2.12), and repeatedly applying
Lemma B.4(ii). [ |

An expression for the robust -gain of (2.11) in the time-varying case is stated in the texima.

Lemma 2.12 The robust; performance of (2.11) is

v= sup [|G(A)]lcomina = 5P maXZZ]AkO ) % H)ijl. (2.63)

1<7,<p1
A€Ary j=1 k=0
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Proof: The expression for thfg,-gain of a time-varying system is well-known and can for egéam
be found in Khammash and Pearson (1991); Dahleh and DiaalB¢b995, Section 2.3). Its
extension to the robusgt -gain used here is

q1 k
sup  [|G(A)]|so—ina = sup sup max ZZ|Gij(k’l’A)’

AEATY AEATy k>0 1<i<p1 21 1=0

= sup sup max ZZ| (A (A) % Hg—)i4

AcAqy k>0 1Si<p1 i
The particular values of th& () are not significant, but only the fact that all components,0f A)
obeyA(i) € A for all i. Hence for examplé, ((A) andA, ;(A) have the same meaning in the

preceding formula. The evaluation of the supremum éwus leads to the simplified expression
(2.63). [ |

Hence the proposed split for computing upper bounds on thesté, -gain is

v < sup lglix E E |(Ago(A) * Hy)ij| + sup lglix E E |(Ago(A) x Hg)ijl -
1 T
A€ATy SEPLSTT =PU =Nt

J/ J/
-~~~ ~~

,YN ,Y’I‘,N

Compared to the time-invariant case (2.51) Wik, A) = diag(A, ..., A) x Hy, the time-varying
case has an uncertainty structuredift, 0, A) = diag(A(k), A(k — 1),...,A(0)) x Hy. The
only difference to developments in the time-invariant cessthe time-dependence of the, ;-
structures. It follows that Theorems 2.8 and 2.10 still himidthe time-varying case, provided
that the multiplier constraints therein are rewritten adewly. The details are described in the
following.

In the time-invariant case, the convex hull relaxation vearima B.12 means the replacement of
semi-infinite constraints by a finite number of constraimisoading to the scheme

\I/()(A) =A VAecA ~ \Ifo(Al) = Al, [=1,..,na

A 0 A0
U, (A) = VA € A U, (A) = — 1, ... na,
1(A) 0 A ~ 1(A) 0 A na

and so on, since th&-blocks are just repeated. In the time-varying case howéwereplacement
has to be done according to the pattern

A() 0( ) = A(O) VA € ATV ~ A070(A) = Alm lQ = 1, LA,
Al 0 . A, 0
A o(A) = VA e A A o(A) =
1,0( ) = 0 A(0) TV ~ 1,0( ) 0 A,
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since theA-blocks in the structuré\, o(A) satisfy A(k), ..., A(0) € A independently of each
other. Based on this observation, defiiygy(A) := diag(4,,, ..., A;,). The above considerations
are summarized as follows.

In Theorem 2.10, the conditions (2.57)—(2.58) are repldged

[ oo se 1 Auo(A) ]

?jk < 07 [*]T aZ]kT Zk k70( ) > 07 l() = 1, A, lk = 1, ey A,
L (Sljk) lek 1L I
[ Qe Sk || Are(d) ]

?jk < 07 [*]T (Sb:;T Rb]l;; ’I > 07 ZO = 17 N ; lk = 17 y A
L v wyr | L J

In Theorem 2.8, the conditions (2.45)—(2.46) are replaged b

Q1 S| [ Avpie(d) ]
Ql <0, [*]T ?71—‘ Rl N+1]70( ) > 0, lo = L...na, lN+1 =1,...,na,
1 1
[ Q2 So | [ Anpio(d) ]
QQ <0, [*]T gj% R2 N+lf70( ) >0, lo = Lona, lN+1 =1,...,na.
2 2

It is clear from this discussion that the time-varying nataf the parameters is taken into account
by imposing additional constraints on the multipliét$, , Pj;k Py, P, compared to the case with
time-invariant parameters. In general, the valf€sandy™" increase as a consequence, as should
be expected.

To complement the discussion on the number of parametguppsea as before that there arg
different scalar parameters in the uncertaintywith box constraints; € [dmin i, Omax]- Then the
number of constraints per multiplig?, is na(k) = ok+lns I = 0,..., N for computing".
Likewise the number of constraints per multipligris na (N +1) = 20¥+2)ns for computingy™.

Rate-Bounded Time-Varying Uncertainty

It is sketched briefly, how time-varying parameters with ta&ion the rate of variation as in the
setAgp are treated within our method. Suppose for simplicity that $calar parametek (i.e.

ns = 1) satisfiesA(k) € [—d,d] for all k. If no further constraints on the parameter trajectory
are imposed, still one hga\(k + 1) — A(k)| < 2d in discrete time, since the value &f can
change at most from-d to d (or vice versa) from one time-step to the next one. This igcatdd

in Figure 2.2(a), where the parameter value box inMi&)-A(k + 1)-space is not intersected
by the dashed lines indicating the rate bounds. Hengé)) = 2, na(1) = 4, na(2) = 8, ...,
na(k) = 2(+1ms etc. in this situation.

If a rate boundA(k + 1) — A(k)| < 2e with 0 < e < d is imposed, then the situation changes
to the one shown in Figure 2.2(b), where the two dashed libésred from the rate bound are
intersecting the parameter value box. It follows that0) = 2, na(1) = 6 now. The six generators
forming the convex hull fok = 1 are the six points indicated by the bullets in Figure 2.2@xing

to the three-dimensional (k)-A(k+1)-A(k+2)-space, it can be seen that(2) = 14, where the
14 generators lie on the edges of a cube. These consideyatiybe further generalized o> 3
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AA(k+1) A(k+1)4.7
e d ‘/,d
d_Ak) / d_.~"A(k)
—d ,/' ,/'_d /',
—d /,’ —cj e
(@) ’ (b)

Figure 2.2: For a scalar time-varying parameter witl{k) € [—d,d] and bounds on the
rate of variation (dashed), the possible parameter valuéiseiA(k)-A(k + 1)-space are
shown (grey box): (a) no rate bound; (b) with effective raterd.

and tons; > 1. Since the computational effort for time-varying parameteithout rate-bounds
is already significant, no more details on these generamtare presented here. Using sum-of-
squares relaxations (Scherer, 2006; Scherer and Hol, 2@@Spossible to avoid the complexity
stemming from the convex hull relaxation. The price to bedpaithe possibly high order of
polynomials in the relaxation, however.

Even though more inequalities than in the standard timgivgmparameter case have to be consid-
ered, the resulting performance is expected to be bettés.iFbecause only a part of the parameter
box in the non-rate-bounded case has to be taken into actmutbustness considerations. For
e = 0, the time-invariant case is recovered. Related resultssrctintext have been presented in
Dietz and Scherer (2004) for stability analysis and in Datd Scherer (2005) for robust-gain
analysis.

2.5.4 Reduction of Number of Multipliers

To reduce the computational burden of Theorems 2.7, 2.8,24tl there are certain different
ways of decreasing the number of involved multipliers. Saohaction introduces conservatism
in general. Some of these ways are briefly described nexte\te effects of the relaxations are
studied exemplarily in Section 2.6. The approaches arehfguydered by conservatism (least
conservative one first) and computational demand (higresadd first).

(a) Setr, = P};k for all 7, 7, k. This approach divides the number of multipliers by two. In
all our numerical examples, no increased conservatism é@as dbserved by imposing this

relaxation, although no general proof has been found so far.

(b) Re-use multipliers from previous time-steps. That is,

a a a a
i50 Qijl,l Sz'jO Sz'jl,l
a a a T a a a
a _ 150 SijO pa ( ijl,l) ij1,2 Sij1,2 Sz‘j1,3
tj0 a \T a ) yl a \T a T a a !
(Sij0> RijO (Sij(]) (Sij1,2) RijO Rijl,l

(S5)" (Sfis)” (Ria)" Rijio
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and so on fork > 1, the same for indek. This reduces the number of decision variables
from the order of\V? to the order ofV2.

(c) Like (b), but additionally setting the “off-diagonalldeks @, ;, R 1, Sf 1, Sij1 2 (@nd
likewise fork > 1 and for indexp) to zero.

(d) Like (c), but additionally settin®s;, , = Qf,o, {12 = Rfj0, Si51.3 = Sy (@nd likewise for

k > 1 and for index), i.e. usingP/;, repeatedly.

(e) Include weightings into the plant (2.9) such thetk)”A(k) < I Vk. Then setPy, =
P]k = diag(—1, I) for all 4, j, k, maybe even just for certain Alternatively, se){;, = —1I,
&, = 0foralli, j, k, and setRy;, = R forafixedR for all i, j, k, implying A(k)"A(k) <

R V k. Both choices actually allow for dynamic norm-bounded utaeties (Scherer and

Weiland, 2005, Section 6.5) and are expected to be overlyarwative.

ijk —

Other possibilities for multiplier restriction are coneaghle, see e.g. Scherer (2@)0Scherer and
Weiland (2005, Section 6.5); Wu and Dong (2006).

2.5.5 Lower Bounds

To judge the accuracy of the computed upper bounds, one wayaidditionally determine lower
bounds on thé,.-gain~. If lower and upper bounds are close to each other, it is coled thaty

is approximately equal to the best upper bound.

There exist several related possibilities to compute Idvaemds on the robugt,-gain~ of the
uncertain linear system (2.11). All of the methods cong&dédrere use a finite set of predefined
uncertainties. In the time-invariant case, this set is ilesd asA ., 11 := {A1, ..., A |A; € A},
whereas in the time-varying case, the sehis, v := {A4, ..., A |A; € Ay}

The simplest method to compute a lower boundyas to take one or more specific uncertainty
sequences, insert them into the system description (Z&fdj)pute its impulse response, and deter-
mine the corresponding-norms as described in Section 2.2.1. The maximum of theeerms is
the best approximation using such an approach. The unaegconsidered in this context could
be vertices of a parameter polytope or of the convex hullandomly generated parameter values
or sequences.

A more elaborate alternative is presented here, simildnéaltscussions in Calafiore and Campi
(2005); Scherer (2006). Instead of solving (2.52)—-(2.94)dl A € A1y, a lower bound on/”
and hence on is

N —infu (2.64)
q N
ZZ Yk <V, Yk > 0, (2.65)
: k=0
— Yiji < Gij(k, A) < vige VA € A1, (2.66)

izl,...,pl, jzl,...,ql, k’IO,l,...,N
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or respectively for alA\ € Ay, rv. Hence
<A<y VYN0

It has to be noted that the quality of lower bounds obtainethis way largely depends on the
numberr and the spread of the sample uncertainties, i.e. the largex better. The accuracy of
these lower bounds is studied in the example of Section 2.6.

2.6 Example

The various tools developed in this chapter are now exeraglifiith a simple academic, yet very
general example. The example system is an extension of gensyn Section 2.2.3 to the uncer-
tain case. Consider a MIMO systafiA) with two parameters; andd,. Its realization is of the
form (2.9)—(2.10) with

02 001: 01 02 3 2

; ; —0.1 —0.01: 03 —02: 3 1

./41 Bo . 81 """""""""" S R
LT TR T 02 —-03° 04 03 3 1 a(k) 0

Co Doo  Do1 | = : : , A(k) = )

DR 08 05:-06 01: 2 7 0 &y(k)

b0 T 2 11 201 =2

2 3. —1 4.—4 3

andé, (k) € [—0.1,0.5], d2(k) € [—0.3,0.6] for all k. Note the nonlinear dependence Arsince
A()Dyy # 0. Ais first treated as a time-invariant uncertainty. We have py = p1 = ¢ = ¢1 =
2 andna = 2% = 4 since

A€ A = Co({(-0.1,-0.3), (—0.1,0.6), (0.5, —0.3), (0.5, 0.6)}).

The hard- and software used for the following computatisréeiscribed in Appendix E. An upper
bound oy is computed by means of the robust star-norm of (2.11) agugptd Theorem 2.4 and
yieldsy < 94.65. The computation time (CPU time) 86 s. Note that this upper bound also
holds in the time-varying case. Another upper bound émobtained using small-gain arguments
for LTV uncertainties as described in Appendix B.8, Theore20BThe result i3y < 86.81, with

a computation time o2.4 s.

A better upper bound is computed by means of the relatiori}2.5he numerical values of"
and4"" are computed according to Theorems 2.10 and 2.8 for diffe¥enFrom the results in
Table 2.2 it can be seen th#t" decays to small values and is close to zeroNo« 5, indicating
thaty"V does not change much more for laye We thus have the less conservative upper bound
~v < 73.53, computed ir62 s for N = 5.

A lower bound ony is obtained by a standafd-norm computation at the “worst-case” vertex of
the parameter box¢,, d2) = (0.5,0.6), resulting iny > 66.00. Better lower bounds for different
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Table 2.2:Example. Robust; performance analysis for time-invariaft
N AN N N 44N CPU time [s]

0 28.33 58.18 86.51 3.6
1 69.06 8.123 77.18 4.7
2 7153 3.022 74.55 7.0
3 73.03 0.7857 73.82 12.3
4 7336 0.2292 73.59 28.2
5 73.47 0.05905 73.53 62.1

values of N are computed using (2.64)—(2.66) with= 500 random points spread uniformly in
the parameter space. The best lower bound is obtained>asr3.10 for N = 5, with a CPU
time of about48 min. Together with the upper bound$’, the lower boundgN are depicted in
Figure 2.3(a). The lower and upper bounds get quite clos&’fer 5, which suggests a very small
or vanishing relaxation gap. It is concluded that the trumust/..-gain~ of the example system
with respect to time-invariant parametric uncertaintiaséies73.10 < v < 73.53, which is a
significantly better estimate than the star-norm or smail+dpased ones.

Taking time-varyingA into account (see Section 2.5.3) is computationally mopeesgive due to
the increased number of multiplier constraints. The comuprt times are in the order of minutes
to some hours. The results are shown in Figure 2.3(b) togetile upper and lower bounds. A
range 0f69.41 < ~ < 78.10 is established. Interestingly, the lower bounds that ddpmen/V
are smaller than in the time-invariant case. This is panily th the large variety of allowed time-
varying parameter trajectories, which requires a largaesafr in the lower bound computation.
Also, the existence of a relaxation gap is possible. All gssed trends are generally confirmed in
other examples, both for time-invariant and for time-vagyparametric uncertainties.

To study the effect of multiplier reduction as described éti®n 2.5.4, the values” in the time-
invariant A case are computed and shown fér= 1 and N = 5 in Table 2.3. It is evident

Time—-invariant parameters Time-varying parameters

100 1001
o'r,
8O g 1 80F oG
- | O QR @ >
S e L e e S g R X ol
w60 w 60 .
2 2
a o Upper bound 3 o Upper bound
oM S - Lower bound || 2] . - Lower bound ||
401 - 401 -
: --- Star-norm --- Star-norm
% — Small-gain — Small-gain
‘‘‘‘‘ Worst vertex % == Worst vertex
20" : : ; ; ; 204 ; : ; ; ;
0 1 2 3 4 5 0 1 2 3 4 5
(a) N (b) N

Figure 2.3: Example. Analysis of the robugt -gain~ for (a) time-invariant and (b) time-
varying A. Different upper and lower bounds are shown.
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that only the reduction approaches (a) and (b) yield satisfa results. The approaches (c), (d),
and (e), where parts of the multiplier are set to zero, leddwer computation times, however
at the expense of introducing considerable conservatisther@xamples generally confirm that
reduction approach (a) does not introduce conservatism.

Table 2.3:Example. Effect of multiplier reduction ot -values with time-invariani\.

Approach N=1 N=5 CPUtimeforN =5][s]
No reduction 69.06 73.47 16.9

€)) 69.06 73.47 12.7

(b) 69.06 75.03 16.2

(c) 73.21 105.0 6.2

(d) 80.35 183.4 5.1

(e), only fork = N 92.85 115.1 10.6
(e),fork=0,...,N 106.1 274.2 15

2.7 Summary

This chapter introduces novel approaches to analyze isyadild performance of linear systems
with parametric uncertainties. The system’s state-spaateices may be rationally dependent on
time-invariant or time-varying parameters. First, uppauds on the robusgt, -gain are computed
based on the star-norm. As an auxiliary result, a novel mateiquality condition to determine the
star-norm of an LTI system is introduced. Although the stamn based approach is conservative,
it is useful for SISO systems, or to quickly get an estimatéefl..-gain of MIMO systems, or
to get an estimate of the peak-induced norm of a system. 8geomore direct approach using
¢1-norm computations of uncertain systems is introducedhikoend, the response of an uncertain
system is characterized in terms of an LFT. The resultingeuppunds on the robuét_-gain are
considerably less conservative than existing methodsyile possibly high computational price.
Accuracy and computational effort can be traded off by wasimeans. An example demonstrates
the properties and the applicability of the approaches.

In connection with the well-known analysis results for syss with dynamic uncertainties, there
is now a set of tools available for computing upper boundshenrbbust/,.-gain of uncertain
systems, tailored to the various uncertainty classes.
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Chapter 3
Synthesis of LTI Controllers

In this chapter, SDP formulations for the synthesis of LTHtaallers are established. After briefly
reviewing the background of nomingloptimal controller design, the synthesis of multi-ohijest
and robust LTI controllers is treated. The main results are

e a novel and computationally efficient formulation ¥, and H, constraints in a general
multi-objective controller synthesis framework (Sectichd), and

e an LMI condition to design robust state-feedback contrelfer discrete-time linear systems
with parametric uncertainties using a quadratic performarciterion (Theorem 3.5).

3.1 Overview

The design of LTI controllers that satisfy norm-based penfance objectives liké{.., Hs, or ¢,
performance criteria has been thoroughly studied in theditire for systems without uncertainties.
If an uncertain system is addressed, methodsHike or /;-optimal control are also applicable to
synthesize controllers with robust stability guarantegsrest unstructured dynamic uncertainties.
In the same way, multi-objective control approaches allowntlude the same type of robust
stability guarantees with additional nominal or robustmdrased performance specifications. It
is possible to solve these types of synthesis problems @gsingex conditions. Hence an efficient
controller design is possible in such a norm-based framlewotroductions and overviews on the
topics of H.., Ho, ¢1, and multi-objective control are given in Dahleh and Diazso (1995);
Zhouet al.(1996); Sanchez-Pena and Sznaier (1998); Skogestad athetRwaite (2005); Rieber
and Allgbwer (200&), for example.

If, on the other hand, there is more information on the udeties available, it is less conservative
to consider more involved robustness conditions. The sastus rue for the inclusion of robust
performance specifications. In these cases it is necessagjyton the concept of structured and
possibly mixed uncertainties. To come up with controllentbgsis procedures, often the existing
robust analysis conditions are extended. This leads to étiekwown methods of: synthesis using
D-K-iterations (Doyle, 1982; Doylet al, 1991; Packard and Doyle, 1993), LMI-based synthesis
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21 4— <— w1
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Figure 3.1: Control setups: generalized pla@tin loop with controllerK. (a)¢,-optimal
synthesis. (b) Multi-objective synthesis.

using static or dynamic multipliers (Helmersson, 1995;e8eh 2000; Kose and Scherer, 2006),
or synthesis with respect tQ.-bounded uncertainties (Dahleh and Khammash, 1993; Khamma
et al, 2001). Convex conditions are obtained for robust statdbfaek controllers, whereas it is
not known how to formulate the robust output-feedback sgsithexactly in a convex way.

This chapter contributes in two ways to the synthesis of Ldmtmllers. A new efficient for-
mulation of H,, and H, constraints in a general multi-objective control settisgoroposed in
Section 3.3. The formulation includés..-, H»-, and/;-norm constraints as well as time-domain
constraints. Comparisons to existing approaches show Yoeafale properties of the proposed
method in terms of complexity and computation times. Furtigge, in Section 3.4 a convex con-
dition for robust state-feedback controller synthesis mhistrete-time setting is derived to com-
plement existing continuous-time results. Before going itails, the synthesis d@f-optimal
LTI controllers is reviewed briefly in Section 3.2 as a foutiola for subsequent sections. This
chapter is based partly on Rieber and Aliger (2005); Riebeet al. (2006a); Rieber and Allgwer
(2006).

3.2 Review of?;-Optimal Controller Synthesis

We briefly review the synthesis d@f-optimal controllers for systems without uncertaintie$isT
is done to facilitate the understanding of the synthesisguares in Section 3.3 (multi-objective
controller synthesis) and in Section 4.5 (LPV controllentsesis).

The ¢, control problem was formulated in Barabanov and Granich@84); Vidyasagar (1986).
The ¢; control literature generally treats discrete-time praidesince only these lead to numeri-
cally tractable synthesis conditions. Suppose a finiteedsional discrete-time LTI plaidt with-
out uncertainties is given as in Figure 3.1(a) and has the-sfzce realization

x(k+1) A By B, z(k)
21 (k) = | Ci D Dy wy (k)
y(k) Cy Dy Dy u(k)

with statesr(k) € R™. A controller takes measurementS:) € R" and acts on the system by
means of the control inputs(k) € R™. Exogenous inputs; (k) € R? such as disturbances or
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reference commands enter the system externally, wher¢asten, (k) € RP* are used to quantify
the system performance.

Itis assumed thdt4, B,,) is stabilizable andA, C,) is detectable, which is necessary and sufficient
for the existence of a stabilizing LTI output-feedback colér K with realization

$K(k)
) ] , (3.1)

see e.g. Zhoet al. (1996, Section 12.1). Denote the closed-loop map frano z; asg.
Thestandard/, control problemis to find an internally stabilizing controller such that tiesed-
loop ¢; performancd|G||; is minimized. To convert this problem into a more tractalolerf, the
well-known Youla parameterization of all stabilizing cooiters and all stable closed-loop maps is
applied (Youleet al, 1976; Zhowet al., 1996, Chapter 12). Lemma B.13 in the appendix describes
a version of this parameterization in detail. Thus, all agigtically stable closed-loop transfer
matrices are written as

AK BK
OK DK

[ SL’K(k’ + 1)
u(k)

G(z) = H(z) = U(2)Q(2)V (2),
whereQ is a free stable parameter, aHd U, V are fixed and stable transfer matrices. The standard
¢, control problem can hence be stated alternatively as fintti@@ptimal value

v:= inf ||H-U=xQx*V]. (3.2)

Ty XMy

Qel]

and the optimal argumei,,; thereof. It turns out that this problem is infinite-dimemsbwith
infinitely many constraints. Moreover, the solution may eeén exist or may be non-unique.
Rigorous characterizations of the solution are given in Blalind Pearson (198); Dahleh and
Pearson (1983); Diaz-Bobillo and Dahleh (1993). Various approaches toes¢B.2) in a tractable
manner are presented in Staffans (1993); Dorea and Her8®)IElia and Dahleh (1998); Kham-
mash (2000); Casavola and Famularo (2003); Hetadd. (2006). We briefly recall the scaleg-
method of Khammash (2000) next.

A way to parameterize all stab{g parameters is by means of an infinite sequence

Q ={Q(0),Q(1),Q(2),...} correspondingto Q(z) = Q(0) + Q(1)zt + Q(2)z2 + - -
(3.3)

with Q (k) € R™>*"™ for all k. A tractable problem is obtained from (3.2) by additionathyposing
Q(k) = 0for k > N and||Q||; < o for some givenV and-, respectively. These restrictions
on the free parameter lead to thigboptimal problem

Yy = inf [[H-Ux*@QxV|: (3.4)

Qe

s.t. Q(k)=0 for k>N, Q111 < 0.
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It can be shown that a solution to (3.4) exists under mildéx assumptions. Moreovey,, >
vy = forall N >0, andyy — yasN — oo, if v exists (Khammash, 2000). This means that
7y is an upper bound ofp and converges monotonically tofrom above. Note thafQ||; < 7o
does not constrain the problemif, is chosen to be greater than or equal to &h@orm of the
optimal argument),,; (where one does not necessarily kngw in advance). If no solution to
(3.2) exists, then the constrain®)||; < v regularizes the problem insofar as undesired solutions
with large/;-norm of ) are excluded (Khammash, 2000). It has to be noted that thimaph may
result in controllers with high order due to generic choioéstable basis functions in the Youla
parameterization. Hence it may be necessary to do contmitker reduction steps afterwards.
This is a common problem for all analysis and synthesis methods.

Similarly, a relaxation of (3.2) is obtained by discardiraggree of the involved convolution con-
straints. In particular, one considers ggeroptimal problem

Yy = inf JH-U*Qx*Vl (3.5)
s.t. (H-UxQxV)(k)=0 for k>N, 19111 < 7o-

Again, a solution to this formulation can be shown to exighwine propertiegN <Yy S for

all N > 0andy, — yasN — oo if 7 exists (Khammash, 2000). Thusg, is a lower bound ory
and converges monotonically tofrom below.

Both (3.4) and (3.5) can be transformed into finite-dimersidis and hence allow a compu-
tationally efficient controller synthesis in principle (&immash, 2000). A controller satisfying a
prescribed performance toleran€e> 0 is obtained if for someV = N, the lower and upper
bounds are sufficiently close according|to,, — 1N0| < 4. Then a suboptimal controllei
achieving the objective valugy, is constructed from the corresponding Youla param@tesing
the formula (B.4).

It is summarized next why th@ framework is attractive for controller synthesis. Morebeleate
discussions can be found in Vidyasagar (1986); Dahleh aradrithash (1993); Dahleh and Diaz-
Bobillo (1995). First, the setup considers persistent distnces, i.e. disturbances with bounded
{«-norm, which can be useful if for example bounded-energjudisinces 4, signals) are not
suited to model a problem. Moreover, theframework allows to incorporate time-domain design
specifications like maximum amplitudes or maximum ratesasfation directly and intuitively.
Finally, the controller synthesis is done via LP problemiich allows efficient computation even
for larger-sized problems. Current drawbacks of th&amework are the often high order of the
resulting controllers, and the possibly large size of the.LRccounts on how thé, framework
can be used for practical applications are found in e.gliSai and Ridgely (1997); Tades al.
(1998); Malaterre and Khammash (2000); Riettaal. (2005); Stemmeeet al. (2005); Rieber and
Allgower (200®).

Some interesting properties 6f-optimal synthesis are that the optimal controller may be-no
unique, that the optimal controller may be dynamic even ensfate-feedback case, that nonlinear
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static state-feedback performs as well as linear dynanedifack, and that nonlinear controllers
may result in better performance than the optimal lineartrotler (Diaz-Bobillo and Dahleh,
1992; Dahleh and Shamma, 1992; Shamma, 1993; Blanchini arade$z1995; Stoorvogel, 1995;
Shamma, 1996). Relations to continuous-time controlledssampled-data implementations are
established in Dullerud and Francis (1992); Céttal. (1992); Blanchini and Sznaier (1994); Chen
and Francis (1995).

3.3 Efficient Multi-Objective Controller Synthesis

Norm-based control paradigms such7s.-, H,-, and ¢;-optimal control are suited to handle
control system performance requirements in a quantitd&ishion. Moreover, these paradigms
are able to deal with uncertain systems by means of robustoesiderations with respect to un-
structured perturbations. In particular the, control paradigm has received widespread attention
for practical applications in academia and industry lat&st the mentioned approaches differ in
the characterization of disturbances, of performance chmnahcertainties. If in a control problem
there is more than one type of disturbance, or more than qeedfyperformance criterion, or more
than one type of uncertainty description involved, thes desirable to consider a combination of
the mentioned norm-based approaches. The so-called ofjétctive control framework for linear
systems formalizes this idea by including different typesamtrol system requirements into one
optimization problem. These requirements are directlyasgal during the controller synthesis,
and hence do not have to be achieved by time-consumingiveetaning procedures. Altogether
the multi-objective framework is suited to handle quatitieacontrol performance requirements,
to trade-off conflicting design goals, and to include robass considerations.

Theoretical developments dH,, control have been initiated in Zames (1981) and have led to
different solution strategies as described in Francis T;9Boyle et al. (1989); Gahinet and Ap-
karian (1994); lwasaki and Skelton (1994); Schettaal. (1997); Masubuchet al. (1998); Oliveira

et al. (2002). The origins ot control go back to the classical linear quadratic regulptoblem
treated in the 1950s and 1960s, see e.g. Bryson and Ho (19a#gtH(1980); Zhowet al. (1996).
Modern solution approaches are presented in Delyéd. (1989); Schereet al. (1997); Masubuchi

et al. (1998); Oliveiraet al. (2002). Interest in the mixed-norm controller synthesistsd at the
end of the 1980s by considering,/H., constraints and has been extended with star-norm and
time-domain constraints (Bernstein and Haddad, 1989; Kimekar and Rotea, 1991; Rotstein
and Sideris, 1994; Scheretal, 1997; Masubuchet al, 1998; Bu and Sznaier, 2000; Ebihara and
Hagiwara, 2004). True multi-objective approaches withepttlly less conservatism have been
addressed soon after for different combinations of#he H..-, and/;-norms (Moulgaris, 1994;
Scherer, 1995; Chen and Wen, 1995; Salaplkd., 1997; Young and Dahleh, 1997; Sznaier and
Bu, 1998; Hindiet al, 1998; Salapakat al., 1999; Scherer, 20@) Scherer, 2004), leading to a
uniform and general formulation in @it al. (2001); Qiet al. (2004). The meaning of constraints
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in multi-objective control is for example discussed in S&sigd and Postlethwaite (2005); Rieber
and Allgower (2006).

Several contributions have shown ways of formulating thdtirobjective control problem in a
convex manner as an SDP, which in principle can be solvedesfflg with widely available nu-
merical algorithms. Yet it is essential to restrict memosage and computation time by using
efficient formulations. In this context, critical issue® dne size of optimization constraints, the
number of involved variables, and the computation time. Rigé computational complexity is
mainly due to the possibly large controller order (becadséala parameterization), the number
of involved constraints, and multivariable formulations.

This section proposes a novel formulation fdr, andH, constraints in a multi-objective con-
trol setting using the Youla parameterization. Moreover, formulation is compared to existing
approaches in terms of computational complexity in a qtetnte way, showing its favorable prop-
erties for a selection of typical applications examples.thie end, resulting LMI sizes and free
variable sizes are analyzed, and computation times for sgpeally sized problems are evalu-
ated. The study reveals from both an analytical and a pedgigrspective, where the advantages
and drawbacks of the considered methods are.

3.3.1 Multi-Objective Control Formulation and Relaxations

First, a general formulation for multi-objective contegllsynthesis based on the Youla param-
eterization is reviewed. The presentation goes along ttes |of Qiet al. (2004). Consider a
finite-dimensional LTI plantG with state-space realization

21 (k) Ci D -+ D D wi (k)
y(k) i i Cy Dy -+ Dyn Dy, 1L u(k) i

and state-vectar(k) € R™, measurementg(k) € R™, control inputsu(k) € R™, performance
outputsz; (k) € RP:, and exogenous inputs;(k) € R%. It is assumed thgtA, B,) is stabilizable
and (A, C,) is detectable, which is a necessary and sufficient condftorihe existence of a
stabilizing LTI output-feedback controllél with realization (3.1). The control configuration is
depicted in Figure 3.1(b).

Applying the Youla parameterization of all stabilizing ¢allers (see Lemma B.13), all stable
closed-loop transfer functiorﬁj of the transfer channet; — z; are expressed as

~

Gii(Q)(2) = Hyy(2) — Ui(2)Q()V;(2) (3.6)

in terms of a common free paramet@r e RHZ>™ . Without loss of generality, assume that
the transfer matriceé@» have full column normal rank, and that tlﬁfg have full row normal rank.
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Assume furthermore that tHé andf/j have finite support, i.e. their components are polynomial
in z~1. The rank assumptions can be satisfied by removing redudairols or measurements
(Dahleh and Diaz-Bobillo, 1995, Section 6.2). If the tranffi@ctionsl; andf/j are rational i1,

the finite support assumption is achieved by absorbing therd@ators in)) (Khammash, 2000).
The free paramet&p is chosen in the form (compare (3.3))

=> Qk)z". (3.7)
k=0

With the above definitions and preliminaries in place, a gamaulti-objective control problem is
defined next. The formulation considers minimizing a lineambination of theH .-, H,-, and
¢1-norms of certain transfer channels, subject to norm caimttron the free parametérand on
specified transfer channels.

Problem 3.1 (Multi-objective control problem)

9 T3
Il —mfZazngm Wi+ Y allGu@lla+ Y llGii(@)ll
l=s1+1 l=s0+1

st [Gin( @) <v, l=r+1,..,5
G @2 < my I=r2+1, ..,
1Gii (@ lloe < W: I=13+1,...,83
9,(F) < (Gijy(Q) x M) (k) < gy(k) Yk, l=s3+1,..,54
Q111 < 7o =

Here,1 <r; <s; <1y < sy <r3<s3< s, are constants to enumerate the involved constraints.
oy, Y1, Yo are given constants, arg, g,, g, are given sequences. The indicesare {1,...,m},

71 € {1,...,n} to choose the considered transfer channels. It is assuraeth#éh bounds;, and

the sequenceg (k), g,(k) are chosen such that the associated constraints are &ea3é# Rieber
and Allgower (200@) for a discussion on the practical meaning of the varioustamts. For
comments on the additional regularizing constrgipf|; < ~¢, see Section 3.2.

To make the formulation of Problem 3.1 more concrete, twaispheases are given as examples.
The well-knownHs/H ., problem

' j 702 [|oe <
K stgb}ifl‘izing ||g11”2 s.t. ||922||00 =7

can be rewritten in the form of Problem 3.1. Another spe@alkcis for example

inf ||QA11H2 + 3HQA22Hoo st [|Gallh < m, |’Q12|’w < 2.
K stabilizing

Problem 3.1 is not directly tractable in general, since itdly many constraints (the convolution
constraints stemming from the system dynamics) and inkniteany degrees of freedom (the
parameters i), see (3.7)) are involved. However, tractable relaxati@ssilting in upper and
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lower bounds on: are derived in the literature, see Scherer (1995); Hatdil. (1998); Sznaier
and Bu (1998); Scherer (1999); Khammash (2000); SalapakBahigh (2000); Scherer (2080

Qi et al. (2004); Riebeet al. (2006) for a rather complete picture. These bounds can be made
arbitrarily close tqu, and thus a suitable controller can be computed. In paati¢bhe upper bound
relaxation is important for controller synthesis, since ¢ontroller to be implemented is computed
using this relaxation. Hence the following treatment f&susn the upper bound.

Upper Bound Approximation

The upper bound approximation considered ineQal. (2004) is based on the idea of truncating
the infinite number of variables (degrees of freedom) in(ghgarameter of Problem 3.1, see also
(3.7). The result is a suboptimal approximation to Probleinvidth guarantees for the existence
of solutions and with certain convergence properties. Ehitescribed next. Suppose that instead
of the infinite sequenc@ corresponding to (3.7), a truncated vers@h := Px(Q is considered.
Then a relaxation of Problem 3.1 is the following.

Problem 3.2 (Upper bound relaxation)

Ty —mfZOzl’n—i- Z o+ Z v

l=s1+1 l=s9+1
S. t. Hgml( )Hl S")/l, l: 1,...,51

19 @2 <y L=s141,..,5

19 (@Y )loo <7 T= 341,00,

9,(k) < (Gijy(QY) x hi) (k) < gy(k) Yk, 1=s3+1,...,54

QM I < o O

QY
QY

The following theorem states that the sequengeis non-increasing and converges tdrom
above.

Theorem 3.1 (Qi et al, 2004)
For Problem 3.2 it holds true thatiy, > iy, > ¢ forall N, and iy — p for N —oco. W

Hence the upper bound relaxation leads to a monotonicatiyerging upper bound approximation
of the general multi-objective control problem. As in thegt, case (Section 3.2), the controller
order may be high.

It is possible to cast thé and time-domain template constraints of Problem 3.2 intoitetdi-
mensional LP, see e.g. Dahleh and Diaz-Bobillo (1995); Khasim(2000). A formulation for
addressing thé&{., andH, constraints is proposed in Hinét al. (1998), and used in Qat al.
(2001); Qi (2002). An equivalent formulation with considbkly less computational complexity is
stated in Scherer (20@R Next, an alternative novel formulation regardiHg, andH, constraints
is introduced, and subsequently compared to the existipgoaphes in terms of computational
complexity.



44 SYNTHESIS OFLTI CONTROLLERS

3.3.2 Formulation of the’H,, and H, Constraints

To address the{, constraint, the Bounded Real Lemma version presented neppi®d.

Lemma 3.2 (Gahinet and Apkarian, 1994)
Consider a transfer functiog;;(z) = C;(zI — .A)~'B; + D;;. The following two statements are
equivalent.

(i) There existsY = X7 > 0 such that

ATXA-X  ATXB; (T

(2

Bf XA B XB;—~I D} | <0 (3.8)
CZ‘ Dz’j —’}/I
(ii) All eigenvalues of4 are inside the open unit circle arjpljijﬂoo <. [

Similarly, a matrix inequality characterization for &3 constraint is as follows.

Lemma 3.3 (Hindi et al, 1998)
Consider a transfer functio;;(z) = C;(zI — .A)~'B; + D;;. The following two statements are
equivalent.

(i) There existX = X7 > 0 and S such that

X o0
ATXA-X  ATXB; )
. . <0, 0 I DL |>0, trace(S)—~°<0.
B XA B XBj—1 J
Ci Dy S
(3.9)
(ii) All eigenvalues of4 are inside the open unit circle arjpljing <. [

When the closed-loop dynamic matrikis known to be stable (as in the constraints associated with
Problem 3.2), the conditioX > 0 is automatically satisfied by any feasibteand can be dropped
(Hindi et al,, 1998). To use these analysis LMIs directly for controliantbesis, a special form of
state-space descriptidid, B;, C;, D;;} is introduced for each closed-loop transfer funcl@bpas
described in the sequel. The crucial point of this desapis that onlyC; andD;; depend on the
unknown() parameter. It follows that the conditions (3.8) and (3.@)still LMIs in the unknowns
X, S, and the Youla parametéJ.

The idea of the proposed formulation is to look at the desonpof the closed loop as a transfer
matrix in the z-domain, where all unknowns are in the numerator. This feanmatrix is then
converted into a state-space description at once. The nuohiséates of the resulting realization
is relatively low since all denominators of the transfer mxatomponents are identical.
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As a first step, each component of thetap Youla paramete” = {Q(0),...,Q(N),0,...} in
(3.6) is rewritten into the transfer function

A 1
]y\;(z) = Z_N\(QW?(O)ZN + 4 Quy(N)), v=1,..n,, =1,..,n,.

J

-~

nQ,un(2)
The components aff;; € (4%, U, € (2™ andV; € ;" % are written as
: nHijex(2) : nu,igv(2) - v (2)
H;; = ——er e Ui)ev(2) = —=——, V; = —,
( J)ﬁ)\(’z) dU(Z)dv(Z) ( )5 (Z> dU(Z) ( J)TI)\<Z) dv(2>
E=1,...,p, A=1..q, v=1,..,n, n=1..n,,

whereny ;¢ iS a polynomial of degreen,, andny,; ¢, nv iy, dy, anddy are polynomials of
degreen,, obtained from the Youla parameterization in Lemma B.13.eNbat the denominators
do not depend on the indices, and that the denominatélgj{@fz) Is obtained from the denominators
of U;(z) andV;(z). Now the components of the closed-loop transfer mairpare given by

~ ~

(Gi)er(2) = (Hij = UiQVy)ea(2) = (Hij)ea(2) — ZyZu(Ui)su(Z)Qun(Z)(Vj)nA(z)

n=1 v=1
N ijen(z) 2 — Zl 21 N ev(2)0,oa (2)1Q.um (2)
n=1v=
— ) 3.10
dU<Z)dv(Z>ZN ( )

Note that all unknowns§),,, (k) are contained in the polynomials, ,.,,(z) and hence in the numer-
ators oféij, and that the dependence on these unknowns is affine. Moreth@mponents o@j
share the same denominator. To transform this transfelixmato a state-space description, the
following procedure is applied.

Observe that any proper rational transfer maﬁ*(x) can be written in the form

T(z) = % (M,2" + M,_12" "+ -+ 4 My) (3.11)
for somer, where thel/ are matrices that do not dependgmandd(z) = z"+d,_12" '+ - - +dy
with scalard, is the least common multiple of the denominators of the esitdf7'(z). Based
on this structure, a (not necessarily minimal) state-spaeaézation ofT(z) Is derived by the
following lemma, which extends a scheme for strictly propgstems given in Kailath (1980,
Section 6.1).

Lemma 3.4 Given a proper transfer matriT(z) with ¢ inputs, and matriced/, and scalarsd,
as in the factorization (3.11). Then

[ A T —d o] - —dyI |
) AlB 0 I 0 ... i
T(z) = - , 3.12
(2) ﬂj E (3.12)
0 o I 0 |o0
W'r—l WT_Q WO Mr
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whereW, := M, —d:M,,( =0,...,r—1. The identity matrices in (3.12) are of dimensipr q.

Proof: From (3.11) it follows that

. 1

T(Z> =M, + @ ((Mr—l - dr—lMT)ZT_l + 4 My — dOMr) .
The first termM, is the direct feed-through term in (3.12), whereas the zatibn of the second
term follows directly as in Kailath (1980, Section 6.1). Tlesult is easily verified by comparing

the difference equation corresponding to (3.12) with the corresponding to (3.11). [ |

By using Lemma 3.4 oﬁij(z) with the components (3.10), a state-space realization

Al B,
Ci Dij

is obtained. The crucial fact in this representation is thath .A and B; do not depend on the
unknownsQ(0), ..., Q(NN), and thatC; andD;; depend affinely on these unknowns. Hence, by
inserting (3.13) into the inequalities of Lemmas 3.2 and @a&table LMI conditions for controller
synthesis are obtained. Note tht) = dy(2)dy (2)z" is a polynomial of ordegn, + N. Thus
the number of states in (3.13) (8n, + N)q;. The process of obtaining (3.13) from the Youla
parameterization dj;’ij can be automated.

Gij(z) = (3.13)

3.3.3 Complexity Analysis

This section analyzes the three approaches of Hihel. (1998), of Scherer (20@), and of Sec-
tion 3.3.2 with respect to resulting LMI sizes and numberregfvariables. Furthermore a com-
parison of computation times is made for some typical probdéezes. Hereafter, the methods are
abbreviated as HHB98, S00, and R0O6 for Hietal. (1998), Scherer (20@), and our approach,
respectively. A summary of HHB98 and SO0 is provided in Riediel. (2006a).

Analysis of Problem Sizes

To estimate the computational burden, the number of unksdimnX) and the number of con-
straints are most important (Helmersson (1995, Sectiojy B8yd and Vandenberghe (2004,
Chapter 11)), but also the LMI size plays a significant rolee Sparsity of LMIs (as e.g. in S00)
is favorable, but not easily quantifiable. Likewise, we do cansider complexity of LMI solvers
here. To analyze the problem sizes resulting from the theseribed approaches, we use the
H.. condition (3.8) and the respective state-space realizi({®.12), as well as the corresponding
conditions for HHB98 and S00. THe, case follows similarly using (3.9) and is thus omitted.
Recall that the closed-loop transfer funct@rja of one’H, constraint hag, outputs andy; inputs,

K hasn,, outputs (control variables) and, inputs (measurements), hasn, states, an@)(k) =0

for k > N. Note that in the case of “widel’; (p; < n,) and/or “tall’ V; (n, > ¢;), inner-outer
factorizations oﬁi ande can be performed for each constraint such that p; andn, = ¢;.
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From this data, the number of states of the three state-spalizations are

e HHB98: 2n, + (2n, + Np;) - min{p;, n,} - min{n,, ¢;},

e S00: 2n, + N -min{p;, g, ny, Ny},

e RO6: (2n, + N) - g;.
Let this number of states be called, then the number of unknowns in thévariable of the LMI
condition isng(ng + 1)/2 for all three methods respectivelx (= X7). The LMI size, i.e. the
number of rows (or columns) of the LMI condition, can be ded\as

e HHB98: 2n, + (2n, + Np;) - min{p;, n, } - min{n,, ¢;} + p; + ¢;,

e S00: 4n, + 2N -min{p;, q;, ny, "} + pi + ¢;,

e RO6: (2n,+ N)-q; +pi+ ;.
To visualize and interpret the above-stated formulas, gpavison of the number of unknowns is
shown in Figure 3.2 for different problem sizes. EspecitdhyMIMO problems, SO0 uses the least

amount of unknowns, and the number of unknowns of ROG6 is indh®esorder. In contrast, the
variable in HHB98 becomes very large. A comparison of LMI sizedepicted in Figure 3.3. Itis

X 15000{ W HHBYS 14535 .
" B soo
;3?; ] RO6
§ 10000 G _1x1 1
© I 7626
[} 1
= K 1x1 or 2x2 615305
3 5000f :
2016
E 1953 15q8°6 2016
Pz
o120 a5 *° N
(a) nx=3, N=3 nx=3, N=50 nx=30, N=3 nx=30, N=50
x 10°
Bl HHBOS8 2.881e+06
x 3 : 1
@ 55l ] RO6 250986 ]
2 .
Qo
©
s 2rG.4x3 8
> ]
(]
215K 3x3 1
5
g 1f
o]
E o5l 12246 1
Z ] 14108 10,0 14196
0 - 1
(b) nx=3, N=3 nx=3, N=50 nx=30, N=3 nx=30, N=50

Figure 3.2: Comparison of the number of free scalar variableXifor one’H., constraint.
(a) SISO case; (b) MIMO case. Different problem sizes wittpeet toH,, channel di-
mension {im G;;), controller dimensiondim K), number of plant states,, and number
of tapsV in the Youla parameter are considered.
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Figure 3.3: Comparison of LMI size of on&{,, constraint, cf. Figure 3.2.

evident that the LMI size of HHB98 grows significantly for MIM@oblems, since a large number
of states in the closed-loop realization is built up. In cast, the LMI size stays manageable for
larger problems for both SO0 and R06, with advantages for R0O6.

In the case of multiple performance constraints, the almgationed inner-outer factorization may
not be or may only partly be possible. Still, RO6 is unaffedtgdhat and the numbers for each
constraint just add up. For HHB98 and SO0 howeyerndg; have to be replaced by ", p;
and Z;":l q;, respectively, in thenin-operations, which degrades the numbers relative to RO6.
One might imagine other special situations, in which the glexity numbers of the three methods
change more or less relative to each other. Yet the studyisnsittion gives an impression of
general tendencies.

Based on this analysis, it is clear that HHB98 has to be coresiidibie least efficient formulation.
S00 and RO6 are to be favored for all kinds of problem sizesebBeing on the application, either
S00 or RO6 is better suited. For SISO or low-dimensional MIMgtraints, which often appear
in practical applications, R06 appears to be more efficiefi0 [gas to be preferred for larger
MIMO constraints due to the relatively small number of unknes in X .

Comparison of Computation Time

CPU times are compared for the solution of simple SISO and Mh@ti-objectivel; /H,, prob-
lems. All results are obtained using the MATLAB LMI ToolboxGéhinetet al., 1995) with
hardware as described in Appendix E. With more efficient SBIRess, the computation times
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presented here may be improved. However, it is the pointisefdtudy to investigate the three
methods under the same conditions with widely availableeg@rpurpose software and evaluate
their performance relative to each other.

To be more precise, the same Youla parameterizations alie@ppall three methods. Exactly the
same formulation is used for tife parts of the considered problems. Moreover, exactly theesam
algorithm is used to set up the optimization problems forHiB98 and the R06 methods. The
only difference (which makes a huge difference in the re¥idtthe state-space realizationgbj.

We stress that, apart from slight numerical differences,séame controller orders and the same
performance are to be expected from all three methods thealhe

First, for the unstable plant

G(z) =
with two states, the optimization

K%%mJGKU+GKYﬂlsL (I 4+ GK) ™o < 2.4
is carried out withV = 3 and N = 20. The model is taken from Chen and Wen (1995). The
H.. constraint transfer function and are bothl x 1. All three methods achieve the upper bound
2.227 forN = 3 and forN = 20. Computation times in Figure 3.4(a) show the superiority R0
which is expected from the upper graph in Figure 3.3. SOCopers better than HHB98 since its
number of optimization variables is considerably smaller.
As a second example, the unstable plant

. 1
Ci(z) =
()= s o5 108

e 4]
with four states and two inputs is considered. Based on Figgthe optimization problem

i%f |lwa — z1|l1 st [[Jwr, wa] — [29, 23] |l0 < 2.8

is solved withV = 3 andN = 10. Hence, thé+{.. constraint transfer function arid are botH x 2.

All three methods achieve the upper bound 2.216o& 3, and with SO0/R06 the upper bound
2.181 is obtained foiv = 10. It is evident from the computation times shown in Figure(l3)4
that the HHB98 method is inferior to SO0 and RO6, which perfordecs of magnitude better in
the case ofV = 3. For a Youla parameter of higher ordéyY (= 10), SO0 and RO6 still solve this
problem in acceptable time.

These examples confirm the trends from the analysis in treedneg paragraph. In summary, RO6
appears to be best suited for SISO constraints and modes&et MIMO constraints. Using the
proposed method, further examples related to atomic forceostopy (AFM) and to fuel injection
are discussed in Kel3ler (2005).
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Figure 3.4: Comparison of CPU times for multi-objective/H., controller synthesis. (a)
SISO example. (b) MIMO example. In the cade = 10, the available memory was
exhausted for the HHB98 method before obtaining a solution.
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Figure 3.5: Control setup for the multi-objectivg /H., MIMO example.
3.4 Robust State-Feedback in Discrete Time

This section looks at the question of finding a fixed statelf@ek gain providing robust stabiliza-
tion or robust quadratic performance in face of parametnicentainties. Such a result is useful
to do state-feedback control, to derive a robust Youla patanzation, to design observer gains,
or whenever state-feedback gains are needed as intermeatigis of a controller synthesis pro-
cedure. Although it is not known how to obtain convex comfis for robust output-feedback,
there are convex robust state-feedback procedures deaitathe case of continuous-time sys-
tems, see for example Scherer (2B®Gcherer and Weiland (2005, Section 8.1). The derivation
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of the discrete-time result presented here is slightly nmorelved than the continuous-time coun-
terpart. Moreover, a discrete-time version has not beetighda so far to the best of the author’s
knowledge. First, the problem of robust quadratic perforogeis considered, before the result is
specialized to robust stabilization.

Robust Quadratic Performance
Consider an uncertain system obtained from the intercoiumect

Zo(k) = | Co Do Do Dy wogk; ) (3.14)
Zl(k) Ci Diyy Du Dy u(k)
wo(k) = A(k)zo(k). (3.15)

The meaning of the symbols is explained in Section 3.3.1. Sthecture of the state-feedback
controller K is taken to be

with F' € R™*"= Hence the closed-loop system is of the form (2.11) with

AR Bi(ARK)) Doy - Co+ DoF Doy
CLAR) Dr(AK) =A(k)x| By A+B,F B |. (3.16)

Do Cy+ DoF Dny

The interconnection is depicted in Figure 3.6. The goal f $kection is to find a constant state-
feedback gaint” achieving uniform exponential stability and robust quédrperformance with
respect td\ € Ary. The used performance notion is defined precisely next.

G(A
I A)
20 Wy
Z; G z w1
Yy u

"l K

Figure 3.6: The robust control problem is to find a controll&r for the uncertain plant
G(A) = A % G. In the state-feedback case it is assumedghatz.
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Definition 3.1 (Robust quadratic performance, discrete time)
Suppose that the interconnection (2.9)—(2.10) is well-go$ben the system (2.11) is said to have
robust quadratic performance with performance indgx= Pg if there exists am > 0 such that

= T wn(k) ] [ wnlk) =
2 [ (k) ] P”[ 4 (k) ] i

for all considered uncertaintieA(-) and for every system trajectogy-) with £(0) = 0. O

Remark 3.1 H., performance is a special case of quadratic performance gnsef the choice

—~2T . —~I 0 o .
P, = 0 (or equivalentlyP, = 1 ), which implies that thé,-gain of the
mapw; — z; is smaller thany. k O

The next theorem gives sufficient conditions on the exigaricsuch a state-feedback gdinand
provides a way for obtaining’ from the solution of a set of LMlIs.

Theorem 3.5 The following two statements are equivalent.

(i) The interconnection (3.14)—(3.15) is well-posed andatexistsX = X7 > 0 satisfying

T .
I 0 ~X 00 I 0
A(A)  By(A 0 0 A(A)  Bi(A
AR BB | ] 0 X0 0 AB) Bd) | o vaea
0 I 0:Q, S, 0 I
21(A) Dii(A) 0 : SZ R, 21(A) Dii(A)
(3.17)
(i) Thereexisty = Y7, M,Q = QT, R = RT > 0, S satisfying
11" o & I
- A <0 VAEeA, 3.18
I AT ST R AT | — ( )
[ BoQBY +Y + B,Q,BT BoQDYL — BoS + B,Q,DL,
* DQ()QD%E) - Doog - STD("% + R + DOlQngl
* *
* *
ByQD}, + B,Q,D}, — B,S, AY + BoM
D@Dy = S™Dfy + Du@Df; = DS, CoY + DM | _
D1oQDy + D11Q, DYy — D1uS, — SIDY, + R, C1Y + DisM ’
* Y
(3.19)
where| *7 Sjp = @ S with an appropriate partitioning.
e S;;F R,
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Moreover, if either (i) or (i) holds, then the state-feedkagain ¥ = MY ! provides uniform

. . . . S,
exponential stability and robust quadratic performancehvirtidex P, = g; Rp , R, >0,
P P
Q, <0, for (2.11) with respect téd\ € Ary.
Proof: See Appendix D.4 [ |

If P,is notinvertible, then a slight perturbation can be useda&enit non-singular without essen-
tially changing the performance index. The semi-infinitesteaint (3.18) can be converted into
a finite number of conditions with help of Lemma B.12. See theveosion of Theorem 2.3 into
Theorem 2.4 on how to proceed in this case. Altogether, theretie-time robust state-feedback
problem is thus formulated as a finite-dimensional SDP, Wwisefficiently solvable using widely
available algorithms.

Robust Stabilization

Theorem 3.5 is now specialized to the case of robust stabdiz. To this end, the performance
channels in (3.14) are discarded. The precise problemnsgauiels to find a fixed state-feedback
gain F' such that the system

E(k +1) = A(A(k))E(k) (3.20)

with

A(A(k)) == A(A(k)) + Bo(A(k))F = A(k) * Dy : Co + Dy F°

(3.21)

is uniformly exponentially stable with respectfoc Ary. In other words, find a state-feedback
gain for the stabilization of a system, where the plant masare rationally dependent on uncertain
parameters. The following theorem provides a solution ¢ostiated problem, and gives sufficient
convex conditions for the existence and the computatiohefiesired state-feedback gdin

Corollary 3.6 The following two statements are equivalent.

(i) The LFT in (3.21) is well-posed and there exi&ts= X7 > 0 satisfying

ANTXAA) - X <0  VAc€A. (3.22)

(i) There exist = Y7, M, Q = QT, R = RT > 0, S satisfying

r T ~ ~
I O S|[ -1
© 2 <0 VAcA, 3.23
I AT ST R AT — ( )
[ ByQBI +Y BoOQDL — B,S AY + BoM
* DowQDE — DpoS — STDE + R CoY + DM | > 0. (3.24)
* * Y
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Moreover, if either (i) or (ii) holds, then the state-feedkayain /' = MY ~! results in a matrix

A(A) according to (3.21) such that (3.20) is uniformly exporahtistable with respect td\ €
ATV-

Proof: The equivalence between (i) and (ii) and the compuriaif the state-feedback gain are
special cases of the robust quadratic performance restiheorem 3.5, see the proof there. In all
the inequalities, the rows and columns with system matgoesaining 1 in the index, or rows and
columns with elements cﬁ’p have to be canceled. Item (i) implies uniform exponent@bsity as
in the proof of Theorem 2.3. [ |

As before, the semi-infinite constraint (3.23) can be caekeinto a finite number of conditions
using the convex hull relaxation of Lemma B.12, see the ttamsfrom Theorem 2.3 to Theo-
rem 2.4,

3.5 Summary

This chapter considers the design of LTI controllers fortéirdimensional dynamic systems. A
novel and efficient formulation df(,, and’H, constraints in a general multi-objective control set-
ting is proposed. The formulation’s efficiency is analyzeithwespect to LMI size, number of
unknowns, and computation time for typical examples in cangon to existing approaches. The
results show that the proposed method is superior to Hihdi. (1998), comparable to Scherer
(200(), and particularly well-suited for reasonably sized pesh$. Moreover, a convex for-
mulation of discrete-time robust state-feedback synthesth a quadratic performance criterion
complements the existing LMI-based design methods. Thise$eedback result is beneficial e.g.
for the design of auxiliary state-feedback gains and olesegains, or for deriving a robust Youla
parameterization.
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Chapter 4
Synthesis of LPV Controllers

In this chapter, the problem of synthesizing robust LPV rdlets (or gain-scheduled controllers)
for LPV systems is treated. The main difference to robud ie@troller design is that measura-
bility of uncertain parameters is assumed and favorablyatgd. The main results are

e a novel control structure for LPV controller design, whichimglependent of the applied
performance criteria (Section 4.3),

e conditions for the realizability of LPV controllers obta&id with the proposed control struc-
ture (Definitions 4.1 to 4.5),

e a scheme fof;-optimal LPV output-feedback controller synthesis (®&c#i.5) with robust
stability and robust performance results (Theorems 4.1489% and

e matrix inequality conditions for synthesizing LPV conaod using the proposed control
structure with a quadratic performance criterion (Theorer,4£orollaries 4.4 and 4.5).

4.1 Overview

After considering the synthesis of LTI controllers in theeyious chapter, the attention is now
turned towards the synthesis of LPV controllers. The ideaHis kind of compensator is based
on the assumption that the system to be controlled has somevrying parameters (e.g. model
coefficients) that are measurable in real-time. Hence iafanal to use this parameter information
in the controller, such that larger operating regions aked or better performance is achieved.
To be more concrete, consider an LPV system

ok +1) AAR) Bi(AK)  BaAR) 1] k)
ak) | = | CAKR) Du(AKR) DuA®) | | w(k) |- @1
y(k) Co(A(K) Da(AK) Dan(AGR) | [ ulk)

On the one hand, this system class encompasses lineaedifeequations with parameter-depen-
ding coefficients, which can be obtained from differentigliation descriptions. Common exam-
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ples are flight dynamics depending on velocity and altitiRbckard and Balas, 1992), robotic sys-
tems with varying mass or mass distribution (Rieber, 2001b&iand Taylor, 2004), or compact

disc players (Dettori and Scherer, 2001). On the other haowljnear systems linearized around
specific trajectories can be cast into the LPV framework (RarghShamma, 2000; Khalil, 2002).

Even general input-affine nonlinear systems

z(k+1) = f(x(k)) + g(z(k))u, f:R*"—=R" ¢g:R"—R"

can be seen as LPV systems. To this end, they are rewritteikasl) = A(z(k))x(k)+B(xz(k))u
(which is possible iff (0) = 0) and treated as the LPV system

x(k+1)=A(6(k))z(k) + B(6(k))u,

introducing the “parameter vectod(k) := z(k). Finally, LPV systems arise in several control
frameworks, whenever the design includes tuning knobs espeters. An example is a@H.,
design with a weighting function used to influence the cleleeg bandwidthy,. Suppose that,,

is not fixed, but rather left as an unknown time-invariantypageter that can be manipulated by an
engineer during operation of the controller. Then an LP\Mgteproblem arises.

Early gain-scheduling approaches as described in Rugh aschi&a (2000) use a collection of
controllers designed for frozen values of the parametee averall control scheme switches be-
tween these locally valid controllers. However, in thiseeasually no guarantees for closed-loop
stability can be given, or the methods only work for constanglowly varying parameters. On
the other hand, fixed robust controllers developed from lsgaah criteria may be applied to LPV
systems, guaranteeing stability over the whole range @mpater variation. Yet with such an ap-
proach, there is considerable conservatism involved ireiggsince the measurement information
about current parameter values is discarded. This leadeetddsire for a controller taking into
account the parameter measurements in real-time, in avdgrange its dynamic behavior along
with the plant. Such controllers are called gain-schedaldd”V controllers.

Systematic gain-scheduled control of LPV systems with medde parameters has received wide
attention during the 1990s, especially in the frameworkHQf control. Overviews are given
in Rugh and Shamma (2000); Khalil (2002). Some exemplaryreatees are Packard (1994);
Apkarian and Gahinet (1995); Gahirgttal. (1995); Apkariaret al. (1995); Feroret al. (1996);
Apkarian and Adams (1998); Bennaetial. (1998); Scorletti and El Ghaoui (1998); Shamma and
Xiong (1999); Scherer (20@); Scherer (2004); Wu (2001); Wu and Dong (2006). The beauty
of these approaches is that they provide stability and padace guarantees of the overall gain-
scheduling scheme, even for large parameter variatios,ratieile improving performance over
robust controllers. Moreover, the parameters do not nebd tissumed as slowly varying. This is
in contrast to ad-hoc techniques like switching betweendmeparameter controllers.

This section discusses a novel control structure for LPMrotler design and its application i, -
and/,-gain based control. After Section 4.2 describes the prolketup, Section 4.3 introduces the
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Figure 4.1:(a) The LPV control problem is to find a parameter-dependentroller £ (A)
for the LPV plantG(A) = A % G. (b) The uncertain closed-loop syst&h\) is the LFT
of G(A) and K (A) and denoted bg(A) = G(A) x K(A) = Ax G+ K(A).

novel control structure. The control structure is indepariaf the particular performance frame-
work. The idea associated with this structure is to tramsfire LPV gain-scheduling problem
into a classical robust performance problem. A robust LTitodler solving this robust perfor-
mance problem is converted into an LPV controller for thgioal LPV gain-scheduling problem.
Conditions for the realizability of this LPV controller as lvas state-space formulas for the con-
troller are stated in Section 4.4. Subsequently we des¢rive the proposed gain-scheduling
approach is used in thig performance framework (Section 4.5) and in the quadratifopeance
framework (Section 4.6). The proposed method constititeditst scheme fof,-optimal LPV
output-feedback synthesis. In Chapter 5, it is described toazpply the proposed method to an
academic and to a more practical example. In doing so, thardages of the proposed control
structure are discussed, and the applicability;ebptimal control is tested. Parts of this chapter
are based on Rieber and Adigger (2003); Riebeet al. (200%); Rieber and Allgwer (200®).

4.2 Problem Setup

Consider the interconnection of an LTI systémand an uncertainty block as depicted in Fig-
ure 4.1(a). The symbols denote measuremgnt®ntrol inputsu, exogenous inputs;, and per-
formance outputs;. Specifications foA are described in Section 2.3. The LPV system obtained
from this interconnection is denotéf A) and given by the LFTZ(A) = AxG. Assume now that

a measurement or a reasonably good estimat®(6f is available in real-time for each time-step
k. To use the parameter measurement favorably for contralPahoutput-feedback controller

u=K(A)y

with a certain dependence on the measured parameter irtfomisa is desired. The situation is
depicted in Figure 4.1. The controlled uncertain systeneisoted byG(A), see Figure 4.1(b).
Particular realizations of the involved systems and of titerconnection are detailed later on.
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Let the vector-valued signals have the dimensipns- dim(z;) andg; = dim(w;), 7,5 = 0,1,
n, = dim(y), andn,, = dim(u). The described framework is embedded into a robust perfocma
problem as follows.

Problem 4.1 For the LPV plantG(A) = A x G, find an LPV output-feedback controlléf(A)
such that

(i) the closed loo(A) = A« G« K(A) is robustly stable with respect th € Ay (in some
sense to be specified more precisely later), and

(ii) the robust performance criterionsup sup H IS minimized. 0J
AcATy 0<||w|lp<oo Hie

In this work, the two casgs = oo andp = 2, i.e. thel; and theH,, problem, are treated in more
detail. To make the system formulation more concrete, Spaee realizations of the involved
systems are given next. We consider a realization of theatist¢ime LPV planty(A) as in (4.1),
obtained from the interconnection of the LTI systéhand the matrix-valued functiof such that

20(k) _ | G0 Do Do Do wo(k) 4.2)
21 (k) Cy D D Dio wi(k) |
y(k) Co Doy D Da u(k)
wo(k) = A(k)zo(k) (4.3)
with the statex(k) € R"=. Then the system matrices in (4.1) are given by
] ] Do Co Dy,
AAR))  Bi(AGR)) | e
MAR) BB | _ Ay | B, 4 B, |, i=12 =12 (4.4)
Ci(A(k)) Dii(A(k)) :
DiO . Cz Dij

A+ Bo(I — ADy)'AC, B, + Bo(I — ADyy) ' ADy,
Ci + DZQ(I — ADgo)ilACO Dij + DzO(I — ADoo)ilADOJ‘ ‘

The corresponding closed-loop systeng{g\) with realization (2.11).

4.3 A Novel Gain-Scheduling Structure

This section introduces the concepts and structures, oohwhir new LPV synthesis method is
based. The structural setup is independent of the specifit-based optimization approach used,
i.e. it does not matter if{.., ¢; or any other performance measures are applied. However, the
structure has been particularly developed for LPV contrdhe/; framework, since it possesses
some specific advantages there as discussed in Section 4.5.

Consider a parameter-dependent ptaf) = AxG, where the specifications of Section 4.2 hold.
Assume for the moment that the signal = Az, is measurable. This assumption is not valid in
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Figure 4.2:(a) The controller's parameter-dependence is realizeditir an LTI controller
K with access to the signaly. (b) The new LTI design plant is calle@,,,.

general and is relaxed in the next section. A special typeaddipeter dependence is achieved if
one feedsy, as an additional measurement to an LTI controller

Wo

u:[Kl Kz}[y]. (4.5)

The controller has access to the parameter information lnmef the signaly, as depicted in
Figure 4.2(a). The structure in Figure 4.2(a) is redrawmdsgure 4.2(b) to combine all elements
except for the uncertainty block and the controller blodk ithe augmented LTI plar,,,,. It is
easy to see that,,, is

Go G G
zg Goo GOI G02 W Goo Goi Goe
I 10 G G2 wy if G=| G Gu G |- (4.6)
Y GQO G21 G22 u G G G
. P 20 Ga1 Go

Hence the original LPV design problem of Figure 4.1 has besmsformed into a robust control
problem, where a fixed robust controll&r is sought for the plantr,,, in face of the uncertainty
A. Using this structure, only the original uncertainty blaklkappears in the problem setting. This
is in contrast tdH,., and quadratic performance approaches like in Packard {L8@4arian and
Gahinet (1995); Scorletti and El Ghaoui (1998); Schere0(@)) Scherer (2004); Wu and Dong
(2006), where either thA-block is duplicated or a newX ,-block is introduced, see Figure 4.3(a).
For this additionalA k-block, a dependence on the parameter informatiowould have to be
chosen or computed by some procedure, which often incréasesimber and size of the inequal-
ities involved in the problem’s solution compared to robesitroller synthesis. In the method
of Scherer (2000), which is related to quadratic and other LMI-based perfomoe criteria, the
additional A -block does not introduce additional complexity in the $yasis equations.
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> JAN > A
20 wo 20 Wo
21 o [ |: Ay :|
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Figure 4.3: (a) Alternative gain-scheduling structure often used mltterature. (b) Pro-
posed gain-scheduling structure with additional (dyndmiccertainty block),,.

Remark 4.1 The control structure in Figure 4.2(a) has first been introdd in Rieber and Aligwer
(2003) and further been investigated in Rielkérnl.(2005). The same control structure has been
discussed independently in Wu and Lu (2004), under theictger assumption that, is mea-
surable in general. There, the structure is used mainly westigate convex synthesis conditions
for robust controller design, but not in a gain-scheduliradpeme as proposed here. Moreover, it
is shown in Wu and Lu (2004) that introducing an additiong}-block for gain-scheduling does
not improve performance, ify is fed to the controllers. The controller construction described
in Section 4.4 below relaxes the somewhat artificial assummtnw. O

Remark 4.2 The commonly applied LPV control structure of Figure 4.3(s@s the more complex
augmented plant and uncertainty structures

2K 0 0 0 0 I WK
20 0 Goo G Gz O Wo
Arx 0
21 | =10 G Guu Giz 0 wr |, Aaug 0 A (4.7)
Y 0 Gy Ga1 Gag 0O u
| WK | i I 0 0 0 0 1 L ?x |
instead of (4.6) and\. O

Using the structure of Figure 4.2(b), Problem 4.1 can beit®mrin a more concrete way as
follows.

Problem 4.2 For the LPV plantA « G, find an LTI output-feedback controlléf such that

(i) the closed oo (A) = A x G, * K is robustly stable with respect th € Aty (in some
sense to be specified more precisely later), and

(i) the robust performance criterionsup sup H IS minimized. O
AEATY 0<||w1||p<oo P
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The optimal performance is denotedlt is easy to see that a controller obtained with the stmectu
in Figure 4.2(b) has the same or better performance thanwstaontroller that does not have
access to the parameter information. To this end, suppasére exists a fixed robust controller
u = K.y fOr the plantG(A) without access to the parameter informatiof) and suppose
that this controller achieves robust stability and a cerfgrformancey = ~,qhust- A controller

u = K col(y,wy) with K = [K; K, can always be chosen such thét = K, and Ky = 0.
ThenK achieves robust stability and a performance leve! ~,.,..:. However,K, Z 0 introduces
additional degrees of freedom. Henkeachievesy = v py < Yiobust IN gENETral.

The proposed setting of Figure 4.2(a) can be extended ira@stforward manner to also include
unknown bounded structured or unstructured dynamic uaicgies A, that are not subject to
measurement of any kind, allowing for robust gain-scheduliThe corresponding structure is
displayed in Figure 4.3(b).

4.4 Realization of the LPV Controller

So far the LTI controller” with inputsy andwy is considered as a robust controller for the plant
Gaue- It has been said before that the signglis not available as a measurement in general.
Moreover, the original goal was to find an LPV controlléfA) for the plantG/(A) as depicted in
Figure 4.1. To this end, it is shown next how and under whigidimons an LPV controllef (A)
with inputy can be constructed from the auxiliary LTI controll§r Assume in this section that a
controller K is given, achieving robust stability and a certain robustquenancey of the closed
loop in Figure 4.2(b).

It turns out that the realization ot (A) becomes particularly simple if the channel — z, of

G has a vanishing transfer m&p,; = 0. The general casg; # 0 is dealt with next, whereas
the reduction to the frequently arising casg, = 0 is presented afterwards. Furthermore it is
discussed, under which conditio6%; = 0 is valid and how the realization conditions far(A)
can be achieved or relaxed. Preliminary discussions orofie &re contained in Fritsch (2004).

4.4.1 General Case

The following definition states conditions for the existew an LPV controllers (A) constructed
from K andG,,s, and gives a formula for such a controller.

Definition 4.1 Consider Figure 4.2(b) with the augmented pléht,, (4.6), the uncertainty block
A, and a controllerk (4.5). Suppose that

1. G9; is a left-invertible map, and

2. I—A(éongéogKg) is an invertible map for al\ € Aty (for the abbreviations see below).
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Then an LPV controlle' (A) can be constructed according to

_ y 9 K ‘ K
K(A) = K + KbG(A)Gop = |- T T * A (4.8)
GGy + Gk | Goo + G2 K
with the abbreviations
éoo = Goo — G01G£1G207 éoz = G01G£1 + C~T'02K1>
N g - - -1
G02 = G02 — G()ngngQ, G(A) = <I — A(Goo + GQQKQ)) A |:|

See Appendix D.5 for a derivation of (4.8). If the conditianDefinition 4.1 are fulfilled, then
an LPV controllerK (A) can be obtained from the LTI controlléé. Some comments about the
definition are in order. First, itis visible that the contenls dependence oAl is rational in general.
This means that a certain nonlinear parameter dependetateisinto account, and hence a better
performance compared to, say, just affine dependence mashievad. On the other hand it has
to be noted that the left-invertibility of/5; is a somewhat restrictive condition. This condition
essentially amounts to demanding the reconstruction oéxternal disturbance, from y andw.
Moreover, it requires, > ¢;. By looking into the derivation of the controller realizatiabove
from a transfer-function perspective (Rielgal, 200%), it becomes clear that it is not advisable
to use the given formulas in the presence of unstable zeréslt()t). In this caseG‘Ql(z)T is an
unstable system, and the slightest numerical or modeliragewould introduce unstable modes
into the closed-loop system. Furthermore, the invertipitiondition (2.) is nothing more than
an extended well-posedness assumption on the closed3aapion 4.4.3 discusses relaxations to
circumvent or enforce the given conditions.

A state-space version of Definition 4.1 is presented nextda&enthe involved conditions and ex-
pressions more concrete, and to provide simple formulastt@ly implement the LPV controller.
To this end, consider the following state-space realinatiof the LPV controllers (A)

ek +1) | _ [ Ax(A(R) Br(Ak) ] [ &x®) (2.9)
u(k) Ck(A(k)) Dx(A(k)) y(k) |
of the auxiliary LTI controllerk’
ZL’K(]{?)
k+1 Ax Bg1 By
[xKin) M= ax e D | (4.10)
K K1 K2 wo(k>
and of the augmented design pl@hy,,
[ 2(k+1) ] [ A By B B | I
Zo(k) Co Doo Do Do :5((]3)
Zl(k) = | Ci Dy Du Dy Ok . (4.11)
y(k) Cy Dy Dy Doy wl(k)
Cw) | Lo o1 o0 o | LR
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Definition 4.2 Consider the augmented plait,,, (4.11) interconnected with an uncertainty block
A asin (4.3), and a controllek (4.10). Suppose that

1. D,; has full column rank, and

2. I — A(k)(Doy + Doz Dx) is non-singular for allA(k) € A (for the abbreviations see
below).

Then an LPV controllek’ (A) can be constructed according to (4.9), whége= col(x, ) and

I
Sy
3
I
>
=
e
=
_l’_
Sy
3
S
>
=
§z
2
Sy
@
_l’_
Sy
3
I
D
=
;&

with the abbreviations

A:=A—BDI 0, B := By + ByDy,
By := By — B, D}, Dy, By := By D}, + ByDy,
By := By — B, D}, Dy, Dz := D1 D}, + Doy Dy,
Coy := Co — Doy DI, Cs, D(AGK)) = (1~ Ak) (Do + DOQDKZ))_IA(k),
Doo = Dy — D01D;1D207 [702 = Dgy — D01D;1D22. 0

See Appendix D.5 for a derivation of the given formulas. bifinitions 4.1 and 4.2, realization
conditions and easily implementable state-space fornaflése LPV controllerk (A) are avail-
able. The state-space realization given in Definitions Atits a state-dimension that is equal to
the number of states of plus the number of states df;. The realization is hence minimal in the
sense that in general no further state reduction is possilale analytic way, provided that the re-
alizations ofG,,, and K are minimal. Further state reduction of the resulting LP¥itoaller may
be achieved in particular cases. Moreover, model redutgiolnniques that preserve closed-loop
stability and (approximately) also performance could bgliad on the resulting LPV controller.
However, due to the controller's parameter dependence,igha largely open problem and not
further pursued here.

4.4.2 Simple Case

If the transfer operato€y; of the channelv;, — 2z, in (4.6) is identically zero, the realization
of K(A) becomes much simpler than in the general case. Moreoverptiditions for existence
of K(A) become considerably less restrictive. This special casé gactical importance as
discussed at the end of the section. Analogous to Definidahand 4.2, the following statements
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give simpler conditions and realizations for the LPV coléroK (A). The first two definitions
treat the casé&/y; = 0, the third one treats the case if additionally = 0 in the state-space
version.

Definition 4.3 Consider Figure 4.2(b) with the augmented plaht,, (4.6), the uncertainty block
A, and a controllerk (4.5). Suppose that

1. G01 = O, and

2. I — A(Goo + Goo K3) is an invertible map for alA € Ary.

Then an LPV controlles' (A) can be constructed according to

_ . K, K
R(A) = (1 + KQG(A)Gm) K= - Lo 2 « A (4.12)
Goo K4 ; Goo + Goa Ko
with the abbreviation
G(A) := (I — A(Goo + GoaKa)) M A O

See Appendix D.5 for a derivation of (4.12). A state-spaasive of Definition 4.3 is stated next.

Definition 4.4 Consider the augmented pla@t,; (4.11) interconnected with an uncertainty block
A asin (4.3), and a controllef (4.10). Suppose that

1. Goy =0,i.e.Dyp =0, 2(0) = 0, and all modes of the systertk + 1) = Axz(k) + Byw: (k),
zo(k) = Cox(k) are unreachable or unobservable (or both), and

2. I — A(k)(Dgo + D2 D) is non-singular for allA(k) € A.

Then an LPV controlle’ (A) can be constructed according to (4.9), whéfe= col(x, ) and

with the abbreviations

B = By + By D, D(A(K)) == (I — A(k)(Doo + DoaDic2)) ™ A(k). 0

See Appendix D.5 for a derivation of the given formulas. lfgidnally C; = 0 holds in the
state-space version, Definition 4.4 can be even furtherldietbas shown next.
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Definition 4.5 Consider the augmented plaft,,, (4.11) interconnected with an uncertainty block
A asin (4.3), and a controllek (4.10). Suppose that

l. CO - O andD01 == 0,
2. I — A(k)(Doo + Do2 Do) is non-singular for allA(k) € A.

Then an LPV controllef (A) can be constructed according to (4.9), whéfe= x and

with the abbreviations as in Definition 4.4. O

See Appendix D.5 for a derivation of the given formulas. Digbins 4.3, 4.4, and 4.5 provide
realization conditions and easily implementable statesgormulas of the LPV controllek (A)
also for the simple casg,; = 0. Itis argued next, why this special case is of practical irtqotce.

When is the Simple Case Applicable?

This section discusses some situations that lead to= 0, i.e. the transfer map; — 2z in

(4.6) or in (4.2) vanishes. It turns out that one encountassdituation quite often, hence it is of

practical importance.

As a first observation, consider a standard control desigblem for a parameter-dependent sys-

tem. Usually one starts out with a model with control inputsnd measurement outputsuch as

in

z(k+1) [ (k) ]
y(k) u(k) |

Then the parameter-dependent model is factored into

A(A(k)  B(A(K))
C(A(k)) D(A(K))

20 (k?) == C() D(]O D02 wo(k) 5 (413)
y(k) 02 D20 D22 u(k;)

wo(k) = A(k)z(k).

Note thatB, and D,, are not present, henceg,; = 0 here. This does not change if exogenous
inputsw,; and performance outputs are introduced, as long as there is no direct influence from
wy onx (such as disturbances acting on the states or input distoelsa This last assumption is
often valid in practice, see also the examples in Chapter 5.

The propertyGy; = 0 is preserved if additionally the feedback error signal ieifdd by an in-
tegrator. Suppose that there is a reference commandnd that the controller now obtains the
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signalj = G (w1 — y) instead ofy, whereGiy(2) = 71/(z — 1) is a discrete-time integrator
with sampling interval. Thus the state-space representation (4.13) is augmented t

: xint(k>
Ting(k + 1) I —7Cy: —7Dyy 7I —TD9y ()

3 T

k41 0 A By 0 By ||V

celkED b0 A A 2o wek) (4.14)
ZO(k) 0 CO : DOO 0 D02
(k) I 0 0 0 o0 un(k)
| u(k)

Observe that the realization (4.14) still impli€g, = 0.

Secondly, one haB; = 0 whenever there are no disturbances acting on the stateslyliie. if
Bi(A) = 0in (4.1). If moreoverD;; (A(k)) and Dy (A(k)) are not parameter-dependent, i.e. no
parameter-dependence is introduced by the definition ddbpeance channels, then one can find
a realization (4.2)—(4.3) such tha%; = 0 and thus&y; = 0.

As a third instance, one ha&s, = 0 and Dy; = 0 and henceZy,; = 0 on the admittedly rare
occasion that only3,(A(k)), D12(A(k)), and Dy (A(k)) are (possibly) parameter-dependent. In
all these cases, the less restrictive realization comditeond simpler formulas of Section 4.4.2 can
be used.

4.4.3 Relaxation of the Realization Conditions

The realization conditions of Definitions 4.1 and 4.2 ardriets/e in general. If one cannot take
advantage of the cage,; = 0, there are yet a number of situations where these condit@ande
influenced or circumvented as described next.

First, there is the possibility to impose conditions on thesen plant description and on the con-
troller. Appropriate modeling can often leadfy, = 0 andDy; = 0. If one additionally imposes
Dg> = 0 (which may result in some performance loss or in shrinkinthefrobust stability mar-
gins), condition 2 is trivially satisfied. On the other haslight perturbations of controller and/or
plant matrices lead to non-singularity of the matrix in cibieth 2 without considerable perfor-
mance loss.

To achieve the full-column rank ab,;, some external disturbances may have to be left out of
the design model. Apart from that, one can also think of esiimy or observing the signal,
instead of reconstructing it completely.@fﬂ(z) has unstable zeros, a remedy may be found using
methods for stable inversion of non-minimum phase systé&hgrf and Paden, 1996; Geomgfe

al., 1999, for example).

As afinal special case, suppose that the signas available just like a measuremerih real-time.
This strong assumption holds when is estimated, or when no unknown external disturbances
are modeled inv;, but only measurable disturbances, reference commandbatiéte. Then the
signalw; can be fed to the controller directly in additiongo Hence, even in the case,; # 0,

a realization ofK'(A) is given by Definition 4.4, where the inpytis replaced by:ol(y, w:), and
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Bk (A(k)), Dk (A(k)) are replaced by

B(AG) — <B2+Bf)(A(k )DOQ) D1 By + BD(A(K)) Doy

)
Bri + BgaD(A(E))DoyDy1 BraD(A(K)) Doy
Dic(A(k)) = [ <I+DK2D(A(I<:))D02> Di1 DiaD(A(K)) Doy } .

This discussion concludes the section about realizatictheof.PV controllerk (A). Next, more
concrete versions of Problem 4.2 using the control stread@iFigure 4.2(b) are investigated.

4.5 Gain-Scheduling in thel; Performance Framework

Whereas there are powerful methods for LPV controller desighe H,, framework, there has
been little progress for LPV controller design with respiecthe /; framework. This is mainly
due to a lack of LMI conditions to tightly characterizg-stable systems and the corresponding
¢1-norm. There is however a state-feedback approach to p&eanagying control based on set-
valued analysis and viability theory in Shamma and Xion@®@@)9

The control structure developed in the previous sectionsig applied to the problem of;-
optimal LPV output-feedback control. A robust stabilitypf for the proposed LPV controllers is
given. The method presented here constitutes the firshiostaf gain-scheduled output-feedback
controller synthesis in thg framework.

Suppose that the parameter dependendé(af) is chosen as in Figure 4.2. Hence the problem is
reduced to finding an LTI controllk” instead of/(A). In doing so, only the original uncertainty
block A appears in the problem setting. The proposed approach imection with the special
control structure is particularly suited fdr, -gain based control, since in this framework only
robust performance methods using small-gain theory akiste is yet no LMI approach similar to
the H., framework. Additional complexity and increased compuatatimes would be the result
by considering a structure with additional¢-block as in Figure 4.3(a). Moreover, conservatism
would be introduced due to repeated components il\taedA i blocks. By applying the control
structure introduced in Figure 4.2, this increased conipi@nd conservatism are avoided.

For simplicity of the presentation, assurmian z; = dimw; = p;. This can be achieved by
introducing dummy inputs/outputs that have essentiallgffext on performance, whereas the case
dim z; # dim w; requires slightly more involved formulations. For the saie&son it is assumed
thatdim zo = dim wy = py. { Stability and robust,, stability of an input/output map are defined
next. For related definitions and more details, consult xangle Desoer and Vidyasagar (1975);
Khalil (2002); Dahleh and Diaz-Bobillo (1995); Khammash d&ehrson (1991).

Definition 4.6 (/. stability)
A mapg is said to be/,-stable if it is causal, map&., to ¢, and satisfielG||c—ina < 0. O
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The corresponding continuous-time property is calledstability. A definition for robust stability
of the interconnection in Figure 2.1(b) is recalled nexplging the norm-bounded uncertainty set

Ang = {A =diag(Ay, ..., Ap)|A; : 07 — (7 is causal LTV and A ||co—ina < 1} (4.15)

with Po = 2?:1 m;.

Definition 4.7 (Robust/, stability)

Suppose thatm and A in Figure 2.1(b) are/..-stable maps, and thah € Ayxg. Then the
interconnection in Figure 2.1(b) is said to be robustly-stable if (1 — MA)~! is /.. -stable for
all A e ANE. O

Now suppose that the uncertainty bladke Aty is viewed as an LTV operator fromf? to /£
belonging to the norm-bounded uncertainty set (4.15). FkkadiagonalA-blocks it holds that
A1y C Ayg, if corresponding scalings are incorporated into the planT his viewpoint on the
uncertainty leads to the following reformulation of Prahld.2.

Problem 4.3 For the LPV plantA x G, find an LTI output-feedback controlléf such that
(i) the closed loo(A) = A x Glaug * K is robustly/ . -stable with respect th € Ayg, and

(i) the /-gain sup ||G(A)]|so—ina iS Minimized. O
A€EANEB

Note that some conservatism is introduced by our method altiget view on the uncertaintsx

as being composed of LTV dynamic uncertainty blocks in thefsgg, even though the origi-
nal uncertainty is real-parametric. The main reason fongl@io is that so far, robust synthesis
within the ¢; framework is only tractable for time-varying dynamic urte@rties with a reasonable
computational effort.

4.5.1 Controller Synthesis viak-Q-Iterations

Approaches to solve such a robust performance problem aczided in Dahleh and Khammash
(1993); Dahleh and Diaz-Bobillo (1995); Khammasthal. (2001). These approaches are based
on the robust stability results of Theorems B.20 and B.21. Wlprdescribe the main steps of
the synthesis procedure. First, suppose that a virtual LiigdettaintyA,, : 21 — (21 A, causal
with ||A,||s—ina < 1, is connected to the performance channel betwgemndw, to convert the
robust performance problem into a robust stability prob{Bahleh and Khammash, 1993; Dahleh
and Diaz-Bobillo, 1995). This results in the augmented usagaty structureA = diag(A,, A).
The virtual uncertainty\, added to convert the robust performance problem into a tabaisility
problem has to be LTV even in the case where the plant unogrte real-parametric (Dahleh
and Diaz-Bobillo, 1995). Since no methods for consideringediuncertainties are available in
the ¢, framework, this fact alleviates the conservatism assediatith Axg somewhat. Second,
determine a Youla parameterization

®(Q)=H-UQV
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of the closed-loop ma@p = G,z x K = col(wy, wy) — col(zo, 21), see Lemma B.13. Third, find
(approximate) solution®, E, u, v of the optimization problem

I 0
0 ir

I

= inf inf inf ||[E77

Qeé?“ x(ny+pg) O<peR EeE

, (4.16)

] *QE

1

whereE = {F = const.| EA = AE VA € Ayg} is the set of appropriately structured con-
stant matrices commuting with (Dahleh and Diaz-Bobillo, 1995, Chapter 7), and the identity
matrices are dimensioned according to the partitioningtiky, z;). If an optimal value ofy < 1

is obtained, then robust stability and robust performanitk &an /,.-gain corresponding to the
minimal . is guaranteed. If no valuge < 1 can be found, then robust stability with respect to
the considered uncertainty sAlyg is not attainable. In contrast to the usual formulationshim t
literature (Dahleh and Khammash, 1993; Dahleh and DiaziBokB95; Khammaskt al., 2001),
the additional infimization oves is introduced to allow for a robugt,-gain . larger than 1 while
using the virtual uncertainty approach. Alternativelycan be fixed to a value smaller than the
optimal/.-gain (which one does not know beforehand in general), agwl find the tru¢.-gain
after the synthesis in an analysis step.

(Sub)optimal solutions to the infinite-dimensional nomex optimization problem (4.16) can be
obtained by three approaches in principal.

e Use E-Q-iterations (Dahleh and Khammash, 1993) similar to fhé( -iterations inu syn-
thesis. To this end, start with an initial guess for the maftiand for the real scalar (like
e.g.E = I, n = 1). Then repeat the following two steps until convergencectieved or
the performance is satisfactory.

(&) Compute an optima) from (4.16) for fixedE andy, which is a standard,;-optimal
synthesis problem, solvable by an LP as described in Segtin

(b) Choose some value for Insert the) from step (a) into (4.16) and compute an optimal
scalingE. This can be done by applying for example the Perron-Fraisetiieorem
as in Dahleh and Khammash (1993, Section 7.2); Dahleh angd-Boillo (1995,
Section 7.3.1), see also Appendix B.8, or by using a convearpaterization as in
Dahleh and Diaz-Bobillo (1995, Exercise 7.4). Using bisatinu, repeat this step
until £ andy are found such that thg-norm in (4.16) is minimal or smaller than 1.

As for D- K -iterations, this approach may result in local solutionly ¢ifi any).

e A globally optimal solution with pre-defined accuracy canati@ined using LP relaxations
on (4.16) in combination with a branch-and-bound proce@hammastet al, 2001). The
approach may demand a large computational effort howev&perience shows that the
algorithm often produces similar results Bg)-iterations in similar time.
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e A third method by Sokolov (2002) provides lower computailboomplexity than Kham-
mashet al. (2001), but is only suited for certain coprime factor repreations of the uncer-
tainty.

As described in Section 4.4, an LPV controll§(A) can be reconstructed fro@ and K .

4.5.2 Robust Stability and Robust Performance

Next, a result on robust stability and robust performande®tlosed loop in Figure 4.1(a) with the
controller (4.8) is given. It states that, under certainditbons, K (A) guarantees robust stability
of the closed loop ifK does so, and that the closed-loop mapgs— z; of the structures in
Figures 4.1(a) and 4.2(b) are equivalent.

Theorem 4.1 Consider the two control structures of Figures 4.1(a) andi) 2ith the controllers
(4.8) and (4.5), respectively. Suppose that- AG)~" is (. -stable for all A € Ayg, that
GOlG;GzO is /-stable, thatys; is left-invertible, and tha([ — A(GOO + Gong)) is {..-stable
forall A € Axg. Suppose moreover th@t,,, « K is stable and thaf( robustly stabilizeg\ G,

in the/,, sense with respect th € Ayg. Thenk (A) robustly stabilizes the original plank « G

in the/,, sense with respect th € Ayg, and

AxGxK(A) = AxGaye* K.
Proof: See Appendix D.6. [ |

It is concluded that robust stability is achieved KyA) constructed from a stabilizing auxiliary
controller K, and that the performance properties achievedsbgind K (A) are the same. The
condition on/ — AGyy is interpreted as a well-posedness assumption of our $pecitrol struc-
ture. Yet the conditions of Theorem 4.1 can be restrictiyeractice. For the simple casg;, = 0
discussed next, the corresponding conditions are muchdssictive. Hence the simple case will
be more relevant in actual applications of the proposedrabstructure. Thus a robust stability
and performance result corresponding to Theorem 4.1 iblestad for the simple case next.

Theorem 4.2 Consider the two control structures of Figures 4.1(a) andi) 2¢ith the controllers
(4.8) and (4.5), respectively. Suppose that the intercotmmebetweerd and A is well-posed, that
Gor = 0, and that(/ — A(Goo + G02K2))_1 is (..-stable for allA € Axg. Suppose moreover
that G, » K is stable and that robustly stabilizes\ x G, in the ¢, sense with respect to
A € Axg. ThenK (A) robustly stabilizes the original plank x G in the /., sense with respect to
A € Ayxg, and

AxGxK(A) = Ax Gy * K.

Proof: See Appendix D.6. [ |
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To summarize this section, it is noted again that our approaaverts the problem of synthesizing
an /;-optimal LPV controller into the problem of finding a robustoptimal LTI controller. To
this end, a robust performance problem has to be solved. &s$ieed robust LTI controller can be
computed with well-known robust synthesis methods forcstmed dynamic uncertainties. These
methods are the only tractable methods for robust syntledgisto this date. Other robustness
approaches that avoid the small-gain theory altogethecamently not available fof; control.
Hence it is concluded that the presented gain-schedulipgaph is not only the first one in tie
framework, but also the only feasible approach from a coatprtal point of view at the moment.

4.6 Gain-Scheduling in the Quadratic Performance Framework

The control structure proposed in Section 4.3 is now usdtanvell-known quadratic performance
framework, which include£,-gain based control (i.64., control) as a special case. The presen-
tation is based on state-space realizations of the invadystems, and follows an LMI approach
in the spirit of Scherer (20@). In particular, continuous-time systems are consideoedegasons

of comparability to published results.

The continuous-time formulations corresponding to thereie-time systems considered before
are introduced next, focusing only on the main differencesgiscrete time. The LPV system

G(A) is described by

(1) AA(L)  Bi(A®1)  Ba(A(t) x(t)
za(t) | =| Ci(A(t) Du(A(t) Dia(A(t)) wi(t) | (4.17)
y(t) Co(A(t)) Dar(A(t)) Daa(A(

obtained from the interconnection 6fandA as given by

i(t) A By, By B x(t)
20() | _ | Co Do Dor Doz wo(t) (4.18)
21 (t) Cy D D Dip wi(t) |
y(t) Co Doy Dy Doy u(t)
wo(t) = A(t)z0(t). (4.19)

It is assumed without loss of generality that, = 0 (see Appendix B.6)A is assumed to be a
functionA : [0,00) — A, andAry := {A|A(t) € A Vt} in this section. The interconnection of
the controlled syster§ = G x K with the uncertaintyA is described by

£(t) A By B £(t)
20 (t) = CQ DOO DOI Wo (t) 5 (420)
21 (t) Cl DlO Dll w1 (t)

wolt) = A(t)z0(1). (4.21)
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The corresponding uncertain closed-loop systgm ) is

[ £(t) ] _
Zl(t)

As stability notion, the following definition is used.

A(A(t))  Bi(A(t))
Ci(A(t)) Du(A(1)

[ £ ] @22

wl(t)

Definition 4.8 (Uniform exponential stability, continuous time)

Suppose that the interconnection (4.20)—(4.21) is weledosThen the system (4.22) is said to
be uniformly exponentially stable if there exist constamts- 0, 3 > 0 such that|[£(t)| <
Be~t=t)||&(tg)|| VE > to > 0 for all considered uncertaintied(-), and for every system tra-
jectory&(+) with wy = 0. O

A continuous-time definition of robust quadratic perforroais stated additionally.

Definition 4.9 (Robust quadratic performance, continuous time)
Suppose that the interconnection (4.20)—(4.21) is weledosThen the system (4.22) is said to
have robust quadratic performance with performance inHlgx- P! if there exists an > 0 such

that
/m[m@>
0 z1(t)

for all considered uncertaintieA(-) and for every system trajectogy-) with £(0) = 0. O

w1 (t)

21 (t

T
P

p

] dt < —¢ /Oo wy () w (t) dt

Now we are ready to describe the problem to be studied. Likberprevious section, the LPV

systemG/(A) with an LFT factorization inta and A as in Figure 4.1(a) is considered, with the
state-space realizations (4.17)—(4.19). Apply the cdstracture of Figure 4.2(b) to the problem.
This leads to the interconnection

[ i(t) ] [ A By, B B ;
20(t) Co Doy Dor Dy 5((2)
z1(t) | = | C1 Dig Du Dy ’ ; (4.23)
y(t) Cy Dy Dy O wl?
w@) ] o 1 o o LU0

of G, andA. Now an LTI output-feedback controlléf with realization

. i (1)
i (t) ] Ax Br1 Bk
[u ol A R0 (4.25)
) Pra D wo(t)

is sought according to the following problem.
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Problem 4.4 For the LPV plantA x G, find an LTI output-feedback controlléf such that

(i) the closed loopG(A) = A % Gy * K is uniformly exponentially stable with respect to
A€ ATV! and

(i) the closed loog;(A) achieves robust quadratic performance with indgx O

A special case of this setup is the rob#st, problem, see Remark 3.1. In the following sections,
the matrix inequality conditions arising from the speciahtol structure in Figure 4.2(a) are
derived and analyzed. We stress that other performances¥varks likeH,-, generalized,-, or
star-norm performance can be treated analogously. Seec8¢B@0M) for an overview.

Moreover we want to mention that robust stability and rolpestformance results as in Sec-
tion 4.5.2 can be derived for the case of robgsstability. Corresponding results are omitted
for brevity.

4.6.1 Controller Synthesis via Matrix Inequality Conditions

This section derives matrix inequality conditions for $yegizing LPV controllers using the con-
trol structure of Figure 4.2(a). First, conditions for thastence of such controllers are given.
In Section 4.6.2, a procedure on how to compute an actuataitamtfrom the solution of the in-
equalities is described. The setup under consideratiansiagc multipliers for characterizing the
involved parametric uncertainty as in the Full-Block S-Ryaure (Lemma B.11). The general case
is dealt with next, whereas restricted multipliers are ubsed afterwards. A corollary with convex
conditions for robust stability without robust performareoncludes the section.

The General Case
The following theorem states matrix inequality conditidasthe existence of a controller as de-
sired in Problem 4.4. Comments on how to solve these condiiom given subsequently.

Theorem 4.3 The following two statements are equivalent.

(i) There exist) = QT, R = RT, S, andv := [X,Y, K, Ly, Ly, M, Ny, Ny] with X = X7,
Y = Y7 satisfying

Y I
> 0, (4.26)
I X
(0o7:0 0.0 o[ 1 0 0 |
I0:0 0:0 0 A(v) Bylv) Bi(v)
00 S0 0 0 I 0
[+ @ 5 <0, (4.27)
0 0 ST R: 0 0 Co(U) Doo(U) D01<U)
00 0 0:Q S, 0 0 I
0 0.0 0:S" R, || Ci(v) Dy(v) Du(v)
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A S|l A
@ >0 VAeA, (4.28)
I ST R I
Q <0, (4.29)
where
A(v) | Bo(v) | Bi(v) |
Co(v) : Doo(v) | Don(v) | := (4.30)
Cl(U) Dlo(v) Dll(U)
AY A By, | B 0 B N
0 XA XBy: XB I 0 K Ly Ly | |
o A B C2ED20:D21
CoY Oo . Dog . D01 0 DQQ M N1 N2 0 0 : I 0
aYy O Dy Dy 0 Do j
(i) ThereexistX = X7,V =Y7,Q = QT, R= R”, S,andR = R satisfying
Y I
> 0, (4.31)
I X
T -~ : : 4 - -
I 0 0 X 0.0 0 I 0
A B X 0:0:0 0 A B
G Do | |0 0 R0 0 || Cy Dy V<0, (4.32)
0 I 0 0:0:Q, S, 0 I
|Gy D] L0 0.0 ST R |[C Dy
(AT ¢ cr1'Tovyio o 0 o][a" ¢ ]
I 0 0 Y 0:0 0:0 0 I 0 0
or | BE Dl Dl 0 0.Q S0 0 || B Dfy Dh|g_,
B A B 0 0.5 R:0 0 || 0 —-f 0 ’
BT DI DT, 000 0 :p :p BT DI DT,
0 0 -] [0 0:0 0:8 R || 0 0 ~—I|
(4.33)
11'[ o & I
R R <0 vVAeA, 4.34
AT [sT R || AT |~ (4.34)
R >0, (4.35)
R=(R-5TQ7'9)™, (4.36)

where®, ¥ are basis matrices ofker ([Bf D{, D1,)]), ker ([C> Da)), respectively,

| %]
p p p

Sp

P

-1
] is partitioned accordingly.
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Furthermore, if either (i) or (ii) holds, then there existscantroller (4.25) for the plant (4.23)
achieving uniform exponential stability and robust quédr@erformance with inde¥, = PpT =

[ g;ﬁ Zp , R, > 0, for the closed-loop system (4.22) with respecite Ay .
P P
Proof: See Appendix D.7. [ |

A finite set of conditions is obtained using for example thevax hull relaxation (Lemma B.12)
as seen in the transition from Theorem 2.3 to Theorem 2.4.

Remark 4.3 For the special case af,-gain based analysis, i.e. with

—*I 0 . —51 0
P, = b ], pp:pp—lzl 7 ],

p

0 I 0 I

a minimization ofy? > 0 can be carried out using the Schur complement of (4.33) witheet to
~2. In this case, (4.33) is equivalent to

0 Y 0 0:0][AT ¢ cf
Y 0:0 0:0 —7I 0 0 B,
#7700 Q S o||BI Dy DL |6 6| Dy
008 Rol|l o -1 o0 pn | |7 =
(000 070 0 —I
i | BI pi DY |e 2

Note that (4.28) and (4.34) impli > 0 andQ < 0, respectively, sincé € A by assumption.
The conditions (4.31)—(4.36) are not convex in the unknosresto the constraint (4.36). Yet one
can try to obtain solutions using one of the following prooexs.

e FindY, Q, R, S satisfying (4.33)—(4.35). This is a convex problem. Thempate R using
(4.36). Finally findX satisfying (4.31)—(4.32). If this last step is not feasibielax the
performance inde¥, and redo the procedure.

e A procedure similar td)- K -iterations as in: synthesis is conceivable. Details are described
in Scherer (2006).

There are, however, relaxations to convert the conditidr31(—(4.36) into convex ones as de-
scribed next. How to construct a controller (4.25) from tbkisons of (4.31)—(4.36) or of (4.26)—
(4.29) is detailed in Section 4.6.2.

A Convex Relaxation Using Constrained Multipliers

Q

ST

S .
i ] can be constrained by

In Theorem 4.3, the multiplier® = gT

S] andP =
R

settingS = S = 0, possibly leading to worse achievable performance. Yehis tase, the
following result with convex conditions can be stated.
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Corollary 4.4 Suppose there exist = X7,V = Y7, Q = Q7, andR = R satisfying (4.31),
(4.33), (4.34) withS = 0, and

r, r?
b2 <o, (4.37)
I's —R
where
ATX + XA XB S 0 1
Fl = \I/T + ! + [*}T Qp p \IJ’
BI'X 0 Sy R, ¢y Dn

=[G Do v,

©, ¥ are basis matrices ofker ([B] Dg, D1,]), ker ([Cy D,1]), respectively, anc{ gg[’i J; =
- g S p

g; Rp is partitioned accordingly. Then there exists a contro(25) for the plant (4.23)
L ¥p

achieving uniform exponential stability and robust quadr@erformance with inde¥, = PpT =
QP Sp

| S B |

Proof: It just needs to be shown that the existence of a solgatisfying (4.31), (4.33), (4.34),

(4.37) with S = 0 implies the existence of a solution satisfying (4.31)-€4.3To this end, it is

shown that (4.37) is equivalent to (4.32), (4.38),> 0, S = 0. With S = 0, (4.36) reduces to

R~!' = R. Rewriting (4.32) as

, R, > 0, for the closed-loop system (4.22) with respecite Ay .

0 X0 0 I 0
X 0:0 0 T
I R EEEEE e P CP R T I PP L \P+\IJT[CO Dm] R[CO D01]‘11<0

and using the Schur Lemma (Lemma B.5) with respecktd = R > 0 shows that (4.32) is
equivalent to (4.37) then. Hence a solution of the conddtiorthis result has the desired property.
|

Remark 4.4 Corollary 4.4 is a more general version of Theorem 1 in Wu and2004), with an
alternative proof. The result in Wu and Lu (2004) states dtlewing: It is an LMI problem (and
hence convex) to verify the existence of a roliugt-optimal controller that not only has access
to the measurement but also to the signab, as in Figure 4.2(a), if the multipliers are restricted
to be block-diagonal. Our result extends the theorem in Wililain (2004) insofar, as the more
general quadratic performance is considered instead{qf performance. Moreover, from our
result a structural relation to other performance critesach as robusk;- or robust star-norm or
to discrete-time conditions is visible. Hence, the resait be generalized in the spirit of Scherer
(200). O
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A Convex Relaxation For Systems withCy = 0, Dg; =0

For completeness, a specialization of Theorem 4.3 to systeith C, = 0, Dg; = 0 is made.
As in Corollary 4.4, convex synthesis conditions result iis harticular case. See the end of
Section 4.4.2 for comments on this restriction of the systkss.

Corollary 4.5 Suppose there exiaf = X7, Y = Y7, Q = QT, R = R”, andS satisfying (4.31),
(4.33), (4.34), (4.35), and

T .
I 0 0 X 0 0 I 0
A B X 0:0 0 A B
A0 P £t R AR I EEnierees Llw<o, (4.38)
0 I 0 0:Q, S, 0 I
C1 Dy 0 0:8' R, | |[C1 Dn

where© and ¥ are basis matrices ofker ([BI DZ, Dy]) andker ([C> Da]), respectively,

2 S S _ iy . .
and Qp P = @ S is partitioned accordingly. Then there exists a controller
Sy R, Sy R,
(4.25) for the plant (4.23) witly, = 0, Dg; = 0 achieving uniform exponential stability and
. s S
robust quadratic performance with indé} = P/ = @ 5 , R, > 0, for the closed-loop
S R,

system (4.22) with respectto € Ay .

Proof: It just has to be shown that (4.38) is equivalent t82%. (4.36),Cy = 0, Dy; = 0. If
Co = 0, Dg; = 01in (4.32), then all terms related # vanish, leading to (4.38). The condition
(4.36) is dropped sinc& does not appear anymore. This leads to the conditions @&slstat W

Convex Conditions for the Robust Stability Case

Interestingly, from Theorem 4.3 one can obtain inequaliyditions that result in a convex prob-

lem if just uniform exponential stability is considered Rout robust quadratic performance. The
next corollary states these conditions. The proof contaiwsy of finding solutions to the condi-

tions using a convex problem. The result is helpful to eaggya stabilizing LPV output-feedback

controller.

Corollary 4.6 Suppose there exist = X7,V = Y7, Q = Q", R = R”, S, andR = R”
satisfying

Y I
>0, (4.39)
I X
! |
I 0 X:0 I
A | X 0:0 A | W<, (4.40)
Co 0 0:'R Co
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AT O 0 vio o][ar ¢

-1 0 Y 0:0 0 1 0
or |..........| | R I 0 >0, (4.41)

BY DI, 0 0:Q S Bl DE

0 I 0 0:587 R 0 I

r1'To 3 I

N o Tl <o VA € A, 4.42
AT ST R AT | — (4.42)
R >0, (4.43)
R=(R-S"Q7'5)™, (4.44)

where©, U are basis matrices ofker ([Bf D)), ker (C3), respectively. Then there exists a
controller (4.25) for the plant (4.23) achieving uniformpexential stability of the closed-loop
system (4.22) with respect td € A1y . Moreover, finding solutions to the given conditions is a
convex problem.

Proof: The conditions in this corollary are just the sameh&sdnes in Theorem 4.3(ii) after
discarding all rows and columns associated with the peroce channely; — 2z;. Hence a
sufficient condition for the existence of a controller gudeing uniform exponential stability of
(4.22) is established. How to obtain the solution in form afomvex problem is described next.
First, findY, Q, R, S satisfying (4.41)—(4.43). Then compulefrom (4.44). Now observe that
(4.40) is equivalent to

UT(ATX + XA+ CjRCy) ¥ < 0.

By the Projection Lemma (Lemma B.9), the last inequality hifldsd only if there existd such
that

ATX + XA+ CTYRCy+ LCy + (LCy)T <0

(setU = I andV = C, in the Projection Lemma). By settinf = X L for someX > 0, this
condition holds if and only if there exisfs such that

(A+ LCy)"X + X(A+ LCy) + CIRCy < 0. (4.45)

Now fix L such thatA + LC; is stable (i.e. has all its eigenvalues in the left half p)aménich

is always possible since the nominal system has to satiafy th C,) is detectable. Finally find
an X satisfying (4.45) and (4.39). This is always possible siAce LC, was rendered stable,
and (4.45) is a Lyapunov inequality. Hen&ejust has to be large enough in terms of its smallest
eigenvalue. Then all conditions of the theorem are satifiyeasing only convex conditions. B

As pointed out in the proof, it is possible to solve the segfyimon-convex conditions (4.39)—

(4.44) using a procedure that only involves LMIs. Unfortighg so far no way has been found to
similarly convexify the conditions in Theorem 4.3, whicltlndes robust performance specifica-
tions.
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4.6.2 Controller Construction

In Theorems 4.3 to 4.6, only the question of the existenceawindroller with desirable properties
has been addressed. To complement these results, a pr@dedtonstruct a controller (4.25)
from the solution variable$X, Y, Q, R, S, R} or from v is reviewed and made explicit. The
procedure is an extension of schemes presented in Gahid&karian (1994); Gahinet (1996)
and basically follows from arguments in Scherer and Weil@3@5, Section 4.5.3). The procedure
can be obtained by tracing the steps in the proof of Theor8mackwards.

After obtaining solutionsX, Y, Q, R, S, R satisfying the inequalities (4.31)—(4.36), first compute

~ 7-1

S ) S . L .
¢ = Q - . Second, find¥, L;, M, N; satisfying (4.27). To this end, one has
ST R ST R
to find a solutionZ satisfying a matrix inequality of the type
T
I II; Il I
WEZW,y + Wy T 11, WEZWy + Wy
II

A possibility to rewrite such a quadratic matrix inequalityo an LMl in Z is provided by the next
lemma.

Lemma 4.7 Supposeﬁ3 > 0, I1;, Iy, X, W, Wy, W5 are constant matrices. Then there exigts

such that
T

I
W ZW, + W

m, I,
7 ST

1

II; >0 and .
WTZW, + W

<0  (4.46)

if and only if there existg such that

STWEZW, + W) —1I1;! ‘ '
Proof: The result is a direct consequence of applying Lemrbadd(4.46) withv = Z. [ |
Using this lemma, (4.27) is hence equivalent to (4.47) with
0 0 O I 0 0 R 0 00
Hl = 0 Q 0 ) H2 = 0S5 0 ) 1:[3 — 0 R ) Y= I 0 )
00 Q 00 S, P 0 I
A B B
i WIZWy + Wy = C((U)) DO((U>) Dl((v))
= M N, N, ) 1 2 3= oV 00\V 01\v

Ci(v) Dy(v) Di(v)

With these relationsk’, L;, M, N; can be computed from the LMI (4.47). In a third step, find
non-singulai/, V' satisfying

XY +U0vT =1.
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The choices/ = I, U =1 — XY,orV = —Y,U = X — YL, or similar constructions are
possible, among others. Fourth, compAte, By, Ck, Dk; from

1<
which is obtained by solving (D.34) fot; etc. This is always possible since the inverses exist due

to the conditions onX, Y, U, V. Finally, from (4.25), a continuous-time LPV controll&i(A) is
realized as described in Section 4.4.

Ak Brk1 Br
Cx Dr1 Do

U XB,
0 I

XAY 0 0
0 0 0

-1
vl 0 0
— ) Y I 0

0 0 I

K Ly L,
M Ny N,

The procedures described in Theorem 4.3, Corollary 4.4, laadéction are exemplified in Chap-
ter 5.

4.7 Summary

This chapter treats the synthesis of LPV output-feedbackrotbers for LPV systems, where un-
certain parameters are assumed to be measurable. The pardefgendence of the plant may be
affine, polynomial or rational, with possibly unboundedgraeter variation rates. A novel control
structure for realizing the dependence of the controllethenmeasured parameters is introduced
and investigated. The structure reduces the LPV synthesidgm to a standard LTI robust per-
formance problem. The difference to existing approachkewgever that no additional uncertainty
blocks are introduced. Moreover, no heuristic choices falding of the parameter space are nec-
essary. The control structure is applied to LPV outpute@tt synthesis in thé and quadratic
performance settings. The novel structure has particulearstages for,-optimal LPV control
design, since only the uncertainty block of the plant is ined.
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Chapter 5

Application Examples for LPV Controller
Synthesis

This application chapter presents several synthesis elesnywhere LPV controllers are designed
for LPV plants. First, a simple control system is used to destrate the properties of the control
structure proposed in Chapter 4 fdr,-gain minimization. The second example is related to a
flight control problem studied in a large number of LPV systh@ublications. It is therefore well-
suited to test ouf..-gain and quadratic performance synthesis methods andrtgece the results

to alternative approaches. In both examples, simulatiowliss are conducted. Comparisons in
terms of performance, uniform behavior, and computatiefédrt are carried out with respect
to existing approaches. The examples of this chapter arecbaspart on Rieber and Allgver
(2003); Rieber and Allgwer (200®).

5.1 A Simple Example

An academic example is presented first. It is kept simple @ed to verify the properties and the
applicability of the proposed LPV control structure in cention with the/; optimality framework.

Plant and Problem Description
Consider the discrete-time LPV system resulting from thergdnnection

pk) =050 0
S R I E S R U B B
alk) = o oro| | W]
(k) R R u(k)
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with py = 1.2, p; = 0.12, andA(k) € [—1, 1] for all k. It can be verified that this plant is unstable
for certain constant or varying parameter values, suchgag(@:) = 1.32 for all k. Suppose that a
measurement gf (or of A respectively) is available at each time-step.

Now a stabilizing controller is sought such that persistriput disturbances; are rejected and
small control error amplitudes are achieved. More spedlfidae /,.-gain of the mapuv; — z; is

to be minimized by means of an appropriate controller.

Controller Synthesis

First, an integrato6’,,; (z) = 1/(z — 1) is attached to the measurement outpta achieve asymp-
totic rejection of steps or step-like disturbances. SectmplantGG (including G;,;) is obtained

as
(11 0 0010
z(k+1) 0 po —05:1:0:0 z(k)
Cozlk) 003 01 00 1] | wlk)
ok || 0 pm 0 0 0 0| | wi(k)
k) || 00 1 0 0010/ ulk)
10 0 0 0 0]

with wo(k) = A(k)zo(k). It can be shown that,, = 0, thus the simple LPV controller realization
of Section 4.4.2 is applicable. For this plant, three cdlgre are designed. All synthesis schemes
are implemented in MATLAB, using toolboxes and hardware asdeed in Appendix E.
On the one hand, a robust LTI output-feedback contralles K,y iS designed to guarantee
(., stability of the closed loop and to achieve a small roldysgain. The Youla parameterization
is chosen such that two closed-loop poles each are locatedlan.02, 0.03. The Youla param-
eter( is taken to be a finite-impulse response (FIR) filter with= 15 taps, see (3.3). Using
E-Q-iterations (Section 4.5), which consist of the scalgdpproach and Perron eigenvector com-
putations, a robust controller is computed with a rolfusgain of ;. = 1.16 and optimal scales
0.13 0

Eopt = 0 099 | The computation time i8.4 s for two iterations.

On the other hand, a robust LPV output-feedback contraller K (A)y is designed using the

novel control structure of Figure 4.2. To obtain the auxrylieontrolleru = K col(y, wy), the same

synthesis steps and design specifications as for the robosbter are applied, i.e. no different

tuning is carried out for the two controller& achieves a robugt,-gain of 1,,. = 0.306, which
0.025 0

0 1.0
The computation time i8.8 s for two iterations. From the auxiliary controlléf, the LPV con-

troller K(A) is obtained as described in Section 4.4.2. Note that thediffgrence between the
controllersK .. and K is the additional inputy, for K.

Finally, for comparison purposes, a robust LPV output-beett controllen: = Ki,.q(A)y is de-
signed using the traditional LPV structure in Figure 4.3(@h Ax = A. The same synthesis

is about74% better than for the robust controller. The optimal scatedg,,; =
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steps and design specifications as before are carried oubbust?,.-gain of ., = 0.46 is
0.040 0.081 0
achieved, with optimal scales,,; = 0 0.11 0 . The computation time i288 s

0 0 2718
for three iterations. This relatively large computatiandistems from the fact that the computation

of E-scales has to be done via an optimization problem rathertt@aPerron eigenvector calcu-

lations due to the repeated uncertainty bldkk Even if the other two controllers are computed
via the same optimization methods, their computation tisnemaller since the involved overall

uncertainty block is smaller.

While the synthesis of LPV controlle,.q(A) using the traditional LPV structure requires the
most computational effort, there is essentially no diffeebetween computation times .
and K (A). The order of the auxiliary LTI controllers is, + N = 18 for all three methods, and
for the final controllers it isl9 for K,.p.t and f(trad(A), and22 for K(A). In all three cases,
the dynamics matrix is sparse in the sense that more&h#nof the entries are zero. No model
reduction steps are invoked here, since the comparisoneketihe three control approaches is
the main point of this study. Note however that the ordef,ofontrollers can often be reduced
considerably with little or no performance degradationiasuksed in Khammash (2000); Rieber
et al. (2009); Rieber and Allgwer (2006).

Results

The robust controller and the two LPV controllers are coratliwith the integrato€;,; and con-
nected to the original plant. Table 5.1 displays the roldusain 1, oOf the three resulting
closed-loop systems as computed in the synthesis steptidwatlly, the/,-gain for three frozen
parameter values are shown. Theg-gains for frozen parameter values are lower bounds of the
system’s robust,.-gain. All these numbers indicate that the two LPV contrslleave a signif-
icantly better overall robust performance than the robastroller, and that the controllgi (A)
resulting from our novel control structure clearly has tlesttperformance (i.e. the lowest ampli-
tudes). Moreover, for our proposed controll€fA), the performance is quite uniform over the
range of different parameter values, whereas the perfarenahanges significantly more for the
other two controllers.

Table 5.1:Example 1. Closed-loop performance for the three considevattollers. The
numbers indicate the robuéf,-gain p,,;, and thel,.-gain for the nominal and the two
extreme parameter values.

Controller popt  IG(A==D)|li [[GA=0)]li [IG(A=D)]
Robust controllets, ..t 1.16 0.37 0.27 0.62
Traditional LPV cont.K.q(A) 0.459 0.31 0.26 0.41

Novel LPV controllerk (A) 0.306 0.29 0.26 0.30
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Figure 5.1: Example 1. Closed-loop responsgsandu with the three controllers for three
fixed parameter values. The input is a unit step disturbance.

Next, discrete-time simulations are carried out using MABLSimulink. The LPV systems
G(A), K(A), and K;.q(A) are implemented as S-functions, scheduled on the parameter
spectivelyp. Simulation results in response to a unit step disturbander different fixed values
of the parametes are shown in Figure 5.1. The trends from thegain computations of Table 5.1
are confirmed: the LPV controller resulting from our new aggwh has superior performance and
produces a much more uniform behavior than the robust déertiand than the traditional LPV
controller.

A second set of simulations is depicted in Figure 5.2. Theezldoop is simulated in response
to a sine disturbance witty, (k) = 0.9sin(0.3k) for 0 < k& < 30. This time, a discontinuously
varying parameter as in Figure 5.3 is applied. All three culgrs are stabilizing the system, but
with a considerably better performance for the novel LPVtaaler. Moreover, the control action
u of the novel LPV controller has a lower amplitude comparethéother controllers, and is thus
applied with more efficiency.

Interestingly, the three controllers also have differetiust stability margins for frozen parameter
values. The designs guarantee stability fore [—1,1]. The robust controllef,,.s; produces

a stable response for constant or slowly-varyihge [—4.7,1.6], the traditional LPV controller
Kiraa(A) for A € [-8.2,4.0], and the novel LPV controlleK’(A) for A € [—6.2,4.2]. This
indicates that the two LPV controllers have a consideradnlgdr stability margin. The traditional
LPV controller has the largest stability margin. Yet in thdifficult” region of positive A (i.e.
frozenA-values, for which the system is unstable), the novel LP\fradlier stabilizes for slightly
larger values.
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Figure 5.2: Example 1. Closed-loop responsgsandu with the three controllers for a
varying parameter as depicted in Figure 5.3. The inguis a sine disturbance.
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Figure 5.3:Example 1. Parameterapplied in the simulations of Figure 5.2.

5.2 A Flight Control Problem

The second example describes the application of the prddd?¥ synthesis methods to a flight
control problem. We consider the reduced model of the pitxis-dynamics of a missile with
two measurable aerodynamical parameters. The model @narhereof are used as a standard
example in the gain-scheduling literature. In contrash&first example, the emphasis is put more
on approaches to the control problem and qualitative restdther than numerical performance
comparisons.

First, different LFT models are derived from the originahtiauous-time LPV model. It is dis-
cussed how models with different complexity can be obtgirsedl how the dimensions of the
uncertainty block are kept small. Then different contmodlesign approaches using the novel LPV
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Figure 5.4: Example 2. The missile pitch dynamics include the fin deftecti and the
angle of attacky, which is the angle between the longitudinal body axis aedlih speed
vectoruv.

control structure are tested on the pitch-axis model. Ardisetime/; design discusses several
time-domain performance criteria and gives insight intotoa structure selection. A continuous-
time H,, design allows comparisons with established methods aridtié previously treated
setup. Simulation studies of the LPV controllers in loophatthe original continuous-time LPV
plant demonstrate the controller performance and verdyajbplicability and the properties of the
gain-scheduling scheme. Preliminaries to the study ingbesion are discussed in Fritsch (2004);
Kotman (2006).

5.2.1 Parameter-Varying Models

Continuous-Time LPV Model

The considered example is borrowed from Gahetetl. (1995, Chapter 7) and concerns controller
design for the pitch-axis behavior of a missile. The model Emplified version of a standard
model in the gain-scheduling literature, see for examplek&al and Balas (1992); Apkariaet

al. (1995); Bennanket al. (1998). We restrict ourselves to the simplified model to em@ate
on the key issues and properties in LPV controller syntheSle original pitch-axis dynamics
are nonlinear and highly dependent on the angle of attaekspleed, and the altitude. These
dependencies are captured in the parameters injectechmtystem. The simplified LPV model
is given in continuous time as

ol [ -2z.t) 1]]a
B L _Ma<t) 0 L ﬁ
1 [-10 ]
B - “, (5.2)
3 0 1][8)
where the symbols denote the angle of attackhe pitch rate3, the fin deflectionj;, and the
vertical acceleration,. Figure 5.4 visualizes these symbols. All variables arenatized. The
time-varying aerodynamical coefficients are restrictedt) € [0.5,4] andM,(t) € [0, 106] for

all timest and are measurable in real-time. The time unit is seconbsthar variables are taken
dimensionless.

5, (5.1)
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Continuous-Time LFT Model
From (5.1)—(5.2), an LFT factorization is performed as dbscl in Appendix B.7. It is easy to
see that the model

_ [ 9295 1 10 0
z(t) = | 53 ] x(t) + [ 01 ] wo(t) + ) ds(t), (5.3)
175 0
2(t) = BN ] x(t), (5.4)
wo(t) = diag(Za(t), Ma(t)) 20(t) (5.5)
A(t)

with Z,(t) € [-1,1] andM,(t) € [-1, 1] is equivalent to (5.1). The model (5.2)—(5.5) is used in
the following for continuous-time LPV controller design.

Discrete-Time LFT Model, Method |

Since the/; gain-scheduling approach of Section 4.5 is a discrete-tymthesis procedure, dis-
crete-time equivalents of (5.1)—(5.2) are consideredtaadilly. Let (A4(p), Ba(p), Cy, Dy) de-
note a corresponding zero-order hold (ZOH) equivalent gk, 1997; Frankliret al, 1998,
Section 4.3) of (5.1)—(5.2). BotH,(p) and B,(p) depend nonlinearly on the parameter vector
p = [Za, M,)T. The sampling time- = 0.01 s is chosen as a compromise between incorporation
of essential dynamical effects and restriction of the siz#he controller synthesis optimization
problem in the sequel. Two approximate procedures on howttmthe factorization (4.2)—(4.3)
from (A4(p), Ba(p), Ca, D4) without performance channels are described next.

In method I, the ZOH equivalent’s nonlinear parameter ddpane is approximated by an affine
one, and then the factorization into (4.2)—(4.3) is peredmsing standard methods as in Zlebu
al. (1996, Chapter 10); Hecker and Varga (2004); Scherer andaWé{[2005, Section 6.2) or in
Appendix B.7.

To this end, letZ,, andM,, represent,, and M,,, with their ranges projected onto the rarige, 1]
each. Approximationsl,; andB,; of A; and B, are found such that the elementsAf; and B,;

are affine functions of the two parametéfsand/,, that is

A A B
(kb +1) = daran Aaraz (k) + Bar 1 5, (k) (5.6)
Agror Adroe Bar 2
~ - N———
Ad] Bd[

with

AdI,H(Zay Ma) =a110 + a11,1Za + G11,2Ma7

and analogously for the other elementsiiy and B,;. The coefficients:;;; are chosen such that
the absolute error sum over the parameter ranges is minonabCh matrix element. Mathemati-
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cally speaking,

[N

{aijo, aij1, aijo} = arg inf Z |Adl,ij(2a,m7 Ma,n) — Adij(Zams Man)|, 1=1,2 5=12,

where the continuous rangesaf andZ, are gridded into 10 equi-distantly spaced intervals each,
thatisZ,,, = 0.5+ (m —1)(4 — 0.5)/10 andZ,, ., = —1 + (m — 1)2/10, m = 1,...,11, anal-
ogously forM, ,, and M, ,,. The elements of3;;; are chosen correspondingly using coefficients
b;;. Numerical values od;;;, b;; are

airo = 0.97532, apy = —1.7082-107%,  a;p = —2.6086 - 1077,
120 = 9.8797-107%,  app; = —8.6124-107°,  aj99 = —8.7210-107F,
a0 = —0.52315, as 1 =0, az1 2 = —0.52315,

ag,0 = 0.99737, o1 = 1.47768 - 1077, gpp = —2.6285 - 1077,
bro = 4.9606 - 1077, b =—2.9236-107", bro = —2.6056 - 10,
by = 9.9913 - 1072, by = —2.1741-107, byo = —9.1438 - 1075,

The resulting absolute error sum is belowO0Ss for each element, confirming that an affine approx-
imation is of good accuracy. After obtaining the describiid@approximation, a linear fractional
representation of (5.6) is performed using

wo(k) = diag (Za(k), Za(k), Ma(k), Ma(k)) 20(F), (57)
Alk)
leading to
[ 1010 b
pk+1)= | "0 2O gy 4 wolk) + | M0 | 6;(k)  (5.8)
| @210 @220 0101 b2,0
a111 Q121 bl,l
b
wlk) = | U aik) + | 2| 6(k). (5.9)
11,2 Q122 b1,2
_a21,2 @222 b2,2

Note that al x 4 A-block is necessary to obtain the factorization, whexg(k)| < 1 for all k.

Discrete-Time LFT Model, Method Il
As it is visible from method I, the factorization (5.7)—(b.8 found after assuming a specific
(affine) structure of the matrix elements, and then perfogtine factorization, which determines
the size of the\-block. In method Il, the issue is addressed the other waydo8uch a procedure
has not been reported in the literature to the best of our ledye. In particular, thé\-block is
chosen to have & x 2 diagonal structure withA,; (k)| < 1 for all k£, such that

wo(k) = Eiiag (Za(k), Ma(k))Jzo(k). (5.10)

g

A(k)
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Second, all degrees of freedom in (4.2) are allowed to beeptethat is

[ ] [ b
ek+1) =] ™ M)+ b iz wolk)+ | | 6s(k), (5.11)
i a21 A2 ba1  bay i i bas
[ di dio | [ d
o) = M e+ | Lk + | TP ] (k). (5.12)
i Co1 C22 day  dao i i das

This is equivalent to allowing a rational parameter depandeof the system matrices, which is
well suited to represent the original nonlinear dependeeegen though just @ x 2 A-block is
used. Now (5.10)—(5.12) is combined analytically into

Barra

w(k+1) = o7 (k),

A A
Harr dII,12 ] o(k) +

Aarror Adarrae Barr 2

with Agr7:; and Byr;; being rationally dependent df,, M,,, anda,,, etc. Since most free coeffi-
cientsa,,, ... appear in all system matrix elements, the coefficietitopation cannot be carried
out for each matrix element separately as in method I. Idstéee optimization of method 1 is
extended to

{apq7 bpq7 Cpq> dpq} = arg inf Z ‘Adll,ij(za,n’u Ma,n) - Ad,ij(Za,ma Ma,n)l

apq,bpq:Cpgdpg .~
l7j7m7n

+ Z |Bd11,i(Zo¢,m7 Ma,n) - Bd,i(Za,Trw Ma,n)’a
and done in one shot, again with the same gridding as in methdaimerical values ofi,,, b,,,
Cpq» dpq Are

ap = 0.97537, a2 = 0.0098705, ag = —0.52374, ag = 0.99737,
by, = —0.035139, bis = 0.0035962, by = 0.0094172, by = 0.80450,

bis = 4.9600 - 107, by = 0.0099913, e = 0.47831, 12 = 0.0024022,

o1 = —0.65097, o = —0.0031942,  dy; = —0.011354, dys = —0.011571

da; = 0.011908, day = 0.0023395, diz = 8.0977-107%  dyy = —1.0789-1077.

The resulting absolute error sumi®18 and slightly larger than the combined error sum in method
I. Thus, by proceeding as in method Il, a similarly accuratelet as in method I is obtained, but
with a much smallef-block. Either model from method | or Il can now be used as gan@pmate
discrete-time representation of (5.1)—(5.2).

5.2.2 Controller Design and Simulation Results

Two types of controllers are designed for the missile cdngroblem. First,/;-optimal LPV
controllers based on Section 4.5 are obtained using theetiistme LFT model Il (5.10)—(5.12),
whereasH ,.-optimal LPV controllers are synthesized by means of Sectié using the continu-
ous-time LFT model (5.1)—(5.5). It is the overall designigbat the closed-loop step response of
a, reaches a value dfin less thar0.5 s with a smooth settling behavior.
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Figure 5.5: Example 2. Setup fof; synthesis.

¢1-Optimal Controller Synthesis
The ¢,-optimal controller design for the discrete-time plantuléag from method Il is described
next. The design for method | works analogously and is thusteda
Consider the setup sketched in Figure 5.5, which is the sanmeGahinetet al. (1995) except for
the weighting functions. This is due to the fact that objexgiin/; design are fundamentally dif-
ferent from the ones ift{., design.Gp represents the system equations (5.11)—(5.12) augmented
by the measurement equation (5.2). The signails a reference command for the vertical accel-
erationa,. An integrator with transfer functiotr;(z) = 7/(z — 1) is included to provide zero
steady-state error. Moreover a low-pass input filig(z) = 0.7/(z — 0.3) is included. It turns out
that a slightly better suppression of parameter variatftects is achieved with help of this filter.
When choosing the control errar, — a, as performance output, a very fast and uniform com-
mand tracking is obtained, however at the price of unacbgptarge control amplitudes. Instead,
we takez; = W.,d;,, that is the control input weighted by the constant d&in Note thaty com-
bines the feedback signals fed&q andu is the output of. Based on Figure 5.5, the augmented
plant (4.6) is derived in a straightforward manner as the mpug, w,u) — col(zo, 21, y, Wp)-
It turns out thatGy; = 0, hence the simple case for reconstructing the LPV contrdlle\) is
applicable. The optimization problem is of the form

flopt = inf inf ||[ET'®(Q)E|; (5.13)

EcE Qeg%x‘l

with an additional regularizing constraifp®||; < n, where the closed-loop mappingadsl(zo, z1)

= O col(wp, wy), andE := {diag(E:, E»2, 1)|E, E» € R}. For this problem, a suboptimal Youla
parameter) is computed using’-Q-iterations as described in Section 4.5. Thearameter is
taken to be an FIR filter withv = 20 taps. Furthermord}, = 0.012 andn = 10”. From@, an
LTI controller K and an LPV controllers (A) are constructed as described in Lemma B.13 and
Section 4.4.2.K(A) is of order30, with a sparse matrix structure. Order reduction usuakyle
to ¢, controllers with considerably lower order (Khammash, 2000t is not further considered
here. The controller achieves= 7.67, and robust stability is implied bjw, — 2||; = 0.26 < 1.
The controller performance is illustrated by means of satioh results. Therein, the discrete-time
LPV controller running at a sampling time of= 0.01 s is connected to the original continuous-
time plant. The parameters are measured at the beginningcbf sampling interval, just as the
feedback measurements, and assumed constant until thearapting. Hence, a sampled-data
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Figure 5.6: Example 2. Two exemplary time-varying parameter trajeesor

implementation is simulated, providing a test for the pcattapplicability of the controller. Sim-
ulations are carried out for the fixed parametefs, M,,) € {(2.25,53), (0.5,0), (4,0), (0.5, 106),
(4,106)}, i.e. the nominal case and the four extreme cases. Two tangng parameter trajecto-
ries as displayed in Figure 5.6 are also considered. Thdaimoi results in Figure 5.7 depict these
seven different cases. The step responses @op row) can hardly be distinguished, indicating
the uniform behavior resulting from the gain-scheduledtiasier. Yet it is seen that the control
action (bottom row) appears to change its values quite ofinlarge gradients. To alleviate this
“hectic” behavior, the optimization (5.13) is augmentedadyound on the control action variation
rate, that is (with a slight abuse of notation)

Fixed parameters Varying parameters
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Figure 5.7: Example 2. Simulation results of the LPA&{ controller without condition
(5.14). Step responses of (top row) and corresponding control actiop (bottom row)
are shown for five fixed parameters (left) and two time-vagyparameters (right). The fin
deflection is divided by 20 to conform with the images of thell.Tdolbox manual.
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Figure 5.8: Example 2. Simulation results of the LRY controller with condition (5.14),
cf. Figure 5.7.

< Uqg, (5.14)

wherez; = ®,;w;. Hereuy = 150 is chosen, furthermore the performance weight is changed to
W, = 0.005. Now 1 = 4.30 is achieved, and robust stability is implied [, — 2|1 = 0.17 <

1. Interestingly, even though the bound (5.14) is imposeg @l the nominal parameter case, it
favorably affects the control action for all parametersseen in Figure 5.8. The maximum control
signal amplitude has increased, but the control actiongémmore gradually and smoothly, which
is better suited in a real application. The uniform behawiod the almost complete absence of
overshoot sets these results apart from virtually all ottesigns in the literature (Apkariast
al., 1995; Gahineet al,, 1995; Bennanet al,, 1998), see also tHE ., design below.

Finally note that thé; results are obtained using almost no tuning or design iter&(apart from
playing around a little with one constant gain), which is troeg contrast to classical design
methods or tdH,, methods. The results forax 4 A-block model from method | are similar.
However, robust stability is not as easily obtained (due karger number of uncertainty blocks
and their repeated structure), and computation times greshi

'H..-Optimal Controller Synthesis

To set the obtained results into perspective, &isg-optimal LPV controllers are designed for
this example. This is done by applying the LMI framework ot 4.6. Now the continuous-
time LFT model (5.2)—(5.5) is used, and a design accordintpéocexample in Chapter 7 of the
MATLAB LMI Toolbox manual (Gahinett al., 1995) is carried out.
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The control objectives are represented by a weighted nmeeaditivity minimization according to

) Wi(I +GpK)™!
~v:=  inf ,
K stabilizing || Wy K (I + GpK)‘l
where the weights
2.01 9.678s% + 0.0269s2
Wils) = —=——— Wol(s) =
1(8) = S5 020r (%) = 312061075 + 1.136 - 107 + 1,066 - 1010

from Gahinetet al. (1995) are applied. Figure 5.9 shows the correspondingaatheme, which

is straightforwardly transformed into (4.18).

Based on the described setup, several existence conditiobhBY H ., controllers are tested. Note
that H,, conditions are a special case of quadratic performanceRegerk 3.1. The results in
Table 5.2 indicate that our approaches achieve betternpeafoce than the method implemented in
the LMI Toolbox, and the same performance as the LPV apprima@cherer, 20068), which uses

a structure with additionah x-block according to Figure 4.3(a). Due to numerical ill-dd@gmoning

of the optimal controller, a suboptimal controller achieyty = 0.169 obtained from the convex
conditions of Corollary 4.4 is used for the simulations in #eguel. The corresponding LPV
controller K (A) is obtained as described in Section 4.6.2.

The simulation results for the LP¥,, controller in Figure 5.10 show a behavior which is com-
parable to the results obtained in the literature. Thiseeoy is expected from the achievefd -
norm. The results do not change significantly when unifornseap to+5% is added to the
parameter measurement fed to the controller, as depictedyure 5.11. Such a test is important
for practical purposes. To complement the simulationsctiroller obtained in Gahineit al.
(1995) is simulated in Figure 5.12, which confirms the abde¢ements about existing control
methods. The control action has smaller amplitudes, butdingergence behavior is worse than

Iwo
Y | L 20
\\ ——-—_
w1 I -

% Gp
e g

—»Wl - 21 *WQ 29

Figure 5.9:Example 2. Setup fok,, synthesis.

Table 5.2:Example 2. OptimaH , performancey for LPV controller synthesis.

Approach 0

LMI Toolbox, Chapter 7 0.205
Scherer (2000) 0.157
Theorem 4.3 0.157

Corollary 4.4 6 = 0) 0.157
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in Figure 5.10. Specific comparisons to theresults are not in order, sinée and’H,, designs
pursue different objectives. But as a general impressioa thatt the/; controller shows favorable
properties in terms of overshoot, maximum control signgblonde, and uniformity with respect
to parameter changes.
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Figure 5.10: Example 2. Simulation results of the LPX,, controller using the novel
control structure, cf. Figure 5.7.
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Figure 5.11: Example 2. Simulation results of the LPX,, controller using the novel
control structure, with additional parameter noise, cfjure 5.7.
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Figure 5.12: Example 2. Simulation results of the LPN,, controller as computed in the
LMI Toolbox demo, cf. Figure 5.7.

5.3 Summary

This chapter presents two examples for LPV controller desithe first example shows the fa-
vorable properties of our novel control structure infasetting. The second example applies the
control structure to a standard flight control example batthe /; and theH., framework. It

is visible that the proposed control structure tends to peeduniform behavior for different pa-
rameter values, i.e. the different step responses are a3y to each other. Moreover, the settling
behavior of the step response indicates good performarspecially in¢,-optimal LPV controller
design, the avoidance of introducing additional uncetyaitocks provides low conservatism and
small computation times. This means that — compared to dagivnal LPV controller structure —
a better performance is achieved while the complexity ofi&gn process is smaller.
Furthermore, it is discussed in this chapter how discriete-tmodels with low complexity can be
obtained, how control setup and weights may be selectéd @ontrol, and how favorable time-
domain properties can be achieved. Based on the simulasoiftseit is concluded that the LPV
¢, controller may serve as a benchmark of what could be achievibe flight control example.
Further experience with -optimal control has been gained in another applicatiomepsrted in
Rieberet al. (200%); Stemmeret al. (2005). There, ar;-optimal controller has been designed
for the position and vibration control of piezo scannerstonac force microscopy (AFM). The
feedforward/feedback controller has been experimentafiied on an industrial microscope. The
imaging accuracy and speed are comparable to results ebtaiith 7., controllers (Schitteet
al., 2004). However, thé, controller design featured simple performance weightifogsstant
gains) and an almost complete absence of tuning. Praatsighits obtained from such simulation
and experimental studies are very important, since ortlg kxperience with applications éf-
optimal control exists at this point in time.



96

Chapter 6
Conclusions

Summary

Norm-based disturbance attenuation is one of the most gmgicontrol paradigms at present.
Methods likeH ., and/, control are applicable to a wide range of system classesamtdot prob-
lems. Most importantly, these methods allow to include dgtetive design goals and robustness
considerations into the controller synthesis. Wlilg -optimal control and other quadratic-type
frameworks are well-developed and still a focus of furthensiderations(;-optimal control had
reached an intermediate level of maturity. Indeed, avhladsults include nominal analysis and
design, as well as robustness considerations for systethsdynamic uncertainties. To extend
the theoretic foundation and the applicability/foptimal control, this thesis presents novel and
computationally tractable conditions for the control otartain systems.

On the analysis side, an LFT characterization of uncertgatesn responses is derived, which
makes the response generally accessible to robustnegsiandatrix inequality conditions for
star-norm based performance analysis of discrete-timemsgsare developed, both for systems
with and without parametric uncertainties. Although thesaditions establish upper bounds on
the robust..-gain, a direct approach for determining this gain is preglosioreover. The direct
approach allows to compute relatively tight upper bounds, teades off accuracy and computa-
tional effort. It is tailored to the cases of time-invariatiine-varying, or rate-bounded parametric
uncertainties.

Synthesis of LTI and LPV controllers is addressed in varivags. A novel convex formulation of
'H.. andH constraints for linear multi-objective controller synsieeis proposed. The formulation
shows its efficiency compared to existing methods. The-$és@back literature is complemented
with a discrete-time version of LMI conditions for robustiLdontroller synthesis with quadratic
performance guarantees in face of parametric uncertainfile get a new perspective on gain-
scheduling problems, a novel structure is created thateztgithe LPV controller synthesis into an
LTI robust synthesis problem without introducing addiabaincertainty blocks. The new struc-
ture is exploited for; and quadratic performance synthesis, and leads to theditgias of LPV
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output-feedback controller design in theframework. Finally, several examples discuss the prop-
erties and the applicability of the proposed approachss,ialcomparison to existing methods.
Together with well-known results frofH .- andH,-optimal control, our developments are build-
ing blocks for a general multi-objective framework to addr&TI and LPV systems. Hence our
work broadens the scope of the disturbance attenuatiorefvank, and is an important step to-
wards making it a widely applicable, theoretically soundj practically relevant control paradigm.

Outlook

To conclude this thesis, some ideas about open questiorfsitame challenges are suggested. We
start with particular ideas related to our contributions,a;n with suggestions on the topic &f
control, and finish with a more global perspective.

First, the presentefl -gain analysis approach of Section 2.5 can be beneficiall@aat two ways
for further developments. Using the proposed LFT time-damesponse characterization, the
method may be extended in a straightforward manner to otgonmance objectives, in which
the impulse response or the solution of the system is indotireectly. In this context, one can
think of new approaches to robust model predictive or rewgdtiorizon control, where usually a
solution of the system is computed and optimized over a florezon. Moreover, new dire¢t, -
gain based procedures for LPV controller synthesis or itdiltes design are conceivable, however
at a considerable computational price.

Second, further conditions may be included into the mujeotive framework of Section 3.3,
although it already covers a great variety of possible agegagpls. One can think of pole placement
constraints, star-norm constraints, etc. Another pdgsils to investigate general formulations
without using the Youla parameterization along the lineSdferer (2004).

Third, the control structure proposed in Section 4.3 maydpi@d not only to the; and quadratic
performance frameworks, but also to rob@sf-, generalizedH,-, and star-norm performance
setups. See Scherer (2@)@or a general discussion. Extending these ideas, LPV cbatrsyn-
thesis in a multi-objective framework is conceivable, eitising common (constant or parameter-
depending) Lyapunov functions, or scaled-norm approalbhssd on small-gain conditions.
More generally speaking, thie framework still has potential for improvement in terms ofiet
system classes. One can think of extending the availabldtsee differential-algebraic systems.
Preliminary steps have been taken by the author in conmewiibh Huck (2005). A framework for
the design of .-gain-optimal nonlinear controllers for linear systemadsiressed in e.g. Blanchini
and Sznaier (1995); Shamma (1996), but warrants more deingestigations towards output
feedback. /..-gain based control of nonlinear systems is discussed inefigdo and Guarong
(1989); Poolla and Shamma (1995); Lu (1998); Fialho and @eor(1999); Huang and James
(2003), for example. Good bases for a general treatment ifn@@r systems in this direction
are input-to-state stability (ISS) (Sontag, 2006) and iitgltheory (Aubin, 1991). Yet further
steps need to be taken, in particular towards computatibaetability. On a different level are
methods to synthesize optimal controllers with a given mmaxn order, or with a pre-defined
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structure. Such approaches can be interesting for praegogdications, see e.g. Blanchini and
Sznaier (2000); Qet al. (2004); Tantari®t al. (2006) and references therein.

An important topic related té, control is the field of model reduction. To reduce the ordea of
given/;-optimal controller while (approximately) keeping thestal-loop performance is essential
for practical applications with little computational resoes. This reduction can take place at
different points in the design process. So the Youla paramsduld be reduced, or the final
controller obtained from the Youla parameter. Also a laygglen problem is the field of stability-
and performance-preserving order-reduction of LPV cdiatre

Furthermore, the application 6f control to practical examples is encouraged. Simulatiodies
and experiments using controllers should indicate how to find meaningful contrelups and
performance weightings for control design.

From a more global point of view, there is still considerabiak to be done in the field of nu-
merical algorithms for optimal control. Although there a@umber of general purpose solvers
available, algorithms specialized to a certain controbfgm at hand may help in finding solu-
tions reliably and reducing computation times significanfin important topic in this context is
the conditioning of numerical solutions, which influendas sensitivity of achieved properties on
slight perturbations of the solution, see e.g. Keel and Bkhtryya (1997).

Together with the results in this thesis, solutions to theewaésed problems will further open up
new application fields to the norm-based disturbance adtemuparadigm.
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Appendix A

Signal and Operator Norms

The problems treated in this thesis are not only concerntdtthe stability of control systems, but
also with their performance. To quantify the achieved oiirddsperformance, norms for signals
and system operators are used. These norms are defined dashexpn this appendix. See
for example Zhotet al. (1996); Skogestad and Postlethwaite (2005); Khalil (200&hleh and
Diaz-Bobillo (1995); Scherer and Weiland (2005) for moremfation.

Signal Norms
To measure the “size” of a signal, three norms are defined e .-norm

1Vlloo := sup max fv;(k)]

measures the maximum amplitude of a sequenee{v(k)}5°, with v(k) = [v1(k), ..., v, (k)]T €
R™. Thel,-norm is defined on the spaég, the Banach space of right-sided bounded real vector
sequences of dimensioen An alternative norm ot is the peak-norm

||U||peak = Sllip U(]{?)TU(]{?)

Fordim(v) = n it holds that||v]|. < ||v]lpeax < v72l|v]|oo (Khalil, 2002, Appendix A). On the
other hand, thé;-norm

[v]l2 = J > v(k)To(k)

k=0

measures the energy of a signal. It is defined on the Hilbextesfl; of right-sided square
summable real vector sequences of dimensiorContinuous-time versions of the given defini-
tions follow analogously as

||| := esssup max vi(t)],  ||vllpeak = esssup /ou(t)Tov(t), ||lvl|2 = \// v(t)Tv(t)dt.
t 1<i<n t 0
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Operator Norms
As for signals, there are notions to measure the “size” adlalstoperator. To this end, we consider
the /,-induced norm (of,-gain)

|Gwllp
|Gllp—ina == sup
P 0<||wl|p<oco Hpr
ofamapG : £, — (. G is said to be/,-stable (or just stable) if it is causal afd||, _ina < oo.
The/,-gain indicates the worst-case amplification of the inpum terms of the/,-norm.
It can be shown that fop = oo, the /.-gain ||G||.—ina Of Stable LTI systems is equal to the

f1-norm o
1G]l = 1212};22 |G (k)]

j=1 k=0
of the operator’'s impulse responée € (7"*", see e.g. Zhowet al. (1996, Section 4.5). The
space/ " is the Banach space of right-sided absolutely summable ratixisequences of di-
mensionm x n. For the peak-induced norfi7||pcax—ina, @n equality relation to another norm
is not available. Howevet|G || cak—ina &N be bounded from above by the so-called star-norm,
see Section 2.2.2. Moreover it holds th%HGHpeak_md < ||Glloomina < v/n||Gllpeak—ina fOr
dim(G) = m x n (Khalil, 2002, Appendix A). Hence the peak-induced normuesl to serve as
an upper bound on th& -induced norm.
In the case op = 2, it can be shown that th&-gain ||G||»_i.q Of stable LTI systems is equal to

the H,.-norm

||CA;||Oo ‘= SUD Omax (G(ejg))

0<6<27

defined onHZ2*", see e.g. Zhoet al. (1996, Section 4.3). The spag¢€*" is the Hardy space
of complex matrix functiong?(z) essentially bounded on the unit circle and bounded and ana-
lytic outside the unit disc. In the case of finite-dimensiddid systems, it is enough to consider
RHZ*", which is the space of proper and real-rational stable n transfer matrices.
Another system measure (not directly related tgains) is theH,-norm

. 1 [ . .
1G]z == —/ Trace(G(eJG)*G(ej9)> de
21 Jo

defined orRHZ*".
Continuous-time versions of the considered operator norens a

n

IGll = a3 [ 1Gyy0.

Jj=1

|Gl = SUP Timax (é(w)) :

weR

. 1 [ A 27 -
|G|z == \/2—/ Trace(G(]w)*G(jw)> dw.
T J o0
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It is common in the literature to denote control methodsteeldo/,- or £5-gain performance as
H.. control methods, even for LPV or for nonlinear systems. liofes from the definition of
the /5-gain thatH,, control methods may be interpreted as being concerned héthvbrst-case
energy-gain of a system. Methods related {ogain performance are likewise often denoted
control methods in the literature. These methods deal Wetworst-case amplitude-gain of a sys-
tem, or more generally with time-domain properties of systeitputs. The reader is referred to a
number of references that discuss properties and usefuthes,, -, and¢; control approaches,
for example to Desoer and Vidyasagar (1975); Zames (198iyleland Stein (1981); Dahleh and
Khammash (1993); Dahleh and Diaz-Bobillo (1995); SanchezalRand Sznaier (1998); Skogestad
and Postlethwaite (2005); Rieber and Alger (2006).
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Appendix B

Auxiliary Results

This appendix collects results from the literature conicgymatrices, LFTs, matrix inequalities,
and parameterizations of stabilizing controllers thataed throughout this thesis. Moreover,
some results on robust stability and performance analysisegalled as a foundation for develop-
ments in this thesis. All matrices are supposed to be apiatefy dimensioned, and all LFTs are
supposed to be well-defined. Sometimes the given refereareasot the original references, but
rather recent publications with nice presentations or {3t00

B.1 Matrices

The following three lemmas state well-known results formoas.

Lemma B.1 (Matrix inverses, see Zhaet al. (1996, Section 2.3); Horn and Johnson (1985, Sec-
tion 0.7.3); Skogestad and Postlethwaite (2005, Sectiop 3.2
The following statements hold:

(i) Supposed and D are both non-singular. Then
(A-BD'C)'=A"1"+ A'B(D-CA'B)'CA™.

(i) SupposeV/ and A (or D respectively) are both non-singular, and Iét.= D — CA~'B (or
W :=A— BD™C). Then

A Bl  [At+ABYVICATT —AT'BV!
c D| —v-loat! vl
N———— -
M
(- W —~W-BD! )
| -DCwt D4 DlCWTIBD T |

(i) Suppose thal — AB is non-singular. Then
A(I —BA)™' = (I - AB)'A. [
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Lemma B.2 (Schur Complement, see Zhetal. (1996, Section 2.3))
Supposel (or D respectively) is non-singular. Then

A B| I oA 0 I A'B

C D __CA* I 0 D—CA'B 0 I
(_'J BD' || A-BD'C 0 1o, =
o I 0 D D' 1|7

Lemma B.3 (Left/right inverse, see Zhat al.(1996, Section 2.9))

SupposelM is a complex matrix with full column-rank. Then a left inverde)M is given by
MT = (M*M)~*M*. Likewise a right inverse of a full row-rank matrix/ is given byM* =
M*(MM*)~1, [

Moreover, the obvious identities

T T

1% X 0 % W Y 0 w
VIXV +WTYW = =
W 0 Y 44 1% 0 X Vv
are often used.
B.2 Linear Fractional Transformations
Some rules for operations on LFTs are summarized in theviollp lemma.
Lemma B.4 (LFT rules, see Zhoat al.(1996, Section 10.1))
The following statements hold:
() The sum of two LFTs is again an LFT, in particular
| | A 0 B
A B Ay B Ay 0 :
Mg | 2B 2B & o o4 B
Cy Dy 51 Dy 0 Ay | | Prriereseeee
' ' Cl CQ Dl + D2

Analogous formulas hold for left and right inverses of an LFT
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(iv) An upper LFT can be expressed as a lower LFT and vice vergsrticular

B.3 Matrix Inequalities

The well-knownSchur Lemmastated next is applied to rewrite or linearize matrix indijies.
Details on how to handle non-strict inequalities are givea.g. Boydet al. (1994).

Lemma B.5 (Schur Lemma, see Horn and Johnson (1985, Section 7.7); &ogid(1994, Sec-
tion 2.1))
LetQ = QT, R = RT. Then

Q S
<0
ST R
&  R<0 and Q- SR'ST<o0
& Q<0 and R-STQ'S<o. [ |

The following result is useful for linearizing matrix inegjities with a certain structure, and is a
direct consequence of the Schur Lemma.

Lemma B.6 (Scherer and Weiland, 2005, Section 4.2)
Supposes, U, V are constant, and)(v) = Q(v)T, R(v) = R(v)T, W(v) are affine inv. Then
there exists such that

R(v) >0 and [ v ] [Q(U) Sﬁ v
W(v) ST UR(w)™'UT W(v)

VIQV4+VTSWH+WTSTV+WTUR-IUTW

<0

if and only if there exists such that

VIQu)V + VISW (v) + W(v)TSTV W (v)TU

< 0. [ |
UTW (v) —R(v)

The Dualization Lemmaresented next gives another possibility of rewriting matrequalities.
It can be used to transform bilinear inequalities into LMIs.

Lemma B.7 (Dualization Lemma, see Scherer and Weiland (2005, Seétt)h

SupposeP? = PT = @ is non-singular with? > 0, and letP = P71 = 9 _
ST ST R
with Q@ < 0. Then
T
I T T 5 T
P <0 & W P W >0 [ |
w W —1I —I
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The following three lemmas provide the possibility to elnaie variables from matrix inequalities.
The first one is the well-knowRinsler Lemmawhereas the second and third result —-Ringjection
Lemmaand theElimination Lemma- provide generalizations thereof.

Lemma B.8 (Finsler Lemma, see Oliveira and Skelton (2001))
Letx € R", P = PT € R™" V € R™" such thatrank(V') < n, andV* be a basis matrix of
ker(V), i.e.im(V+) = ker(V). Then the following statements are equivalent:
(i) 2TPxr <0 VV2 =0,z #0.
iy (vHTpPvi<o.
(iii) There existsu € R such that P — uVTV < 0.

(iv) There existsZ € R"™™ suchthat P+ ZV + VT ZT < 0. [ |

Lemma B.9 (Projection Lemma, see Gahinet and Apkarian (1994))
Suppose” = PT, and letU+, V* be basis matrices dfer(U), ker(V), i.e.im(U+) = ker(U),
im(V1) = ker(V). Then the following statements are equivalent:

(i) There existsZ suchthat P+ UTZV + VT ZTU < 0.

(i) Uz =0 or Va=0 imply 27Px <0 or z=0.

(i) (UHTPU*+ <0 and (VHTPVE <O. u

Lemma B.10 (Elimination Lemma, see Scherer (2@0RAppendix A.2); Scherer and Weiland
(2005, Section 4.5))
Q

ST

SupposeP? = PT =

g
- S U

S . : . ~
R ] is non-singular with? > 0, and letP = P71 = [

with Q < 0. LetU™*, V- be basis matrices dfer(U), ker(V), i.e.im(U*) = ker(U), im(V
ker(V'). Then there exist& such that

I ! I
<0
Urzv +w Utzv +w
if and only if
1 1 wTt - | wT
(vHt P Vt<0 and (UM P U+ > 0. u
%4 w —1I —I
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B.4 Uncertain Matrix Inequalities

The following version of tha~ull-Block S-Proceduras useful for rewriting matrix inequalities
with a rational dependence on uncertain parameters bydutiog multipliers.

Lemma B.11 (Full-Block S-Procedure, see Scherer (200wasaki and Shibata (2001); Scherer
(2006)) |

A B : .
Suppose?, = R, > 0,Q, = Q;, Sp, H = g —;——D— ] are given, andA is some set of complex

matrices. Ther\ x H is well-posed and

I I
@ S <0 VAeA (B.1)
AxH Sy, R, AxH
if there exists) = Q*, R = R*, S satisfying
Al A
© 5 >0 VAeA (B.2)
I S* R
and
I 0 Q S 0 0 I 0
A B S* R0 0 A B
————————————————————— SESCERETSTRTY I ERERRRRET B | X (B.3)
0 I 0 0:Q, S, 0 I
C D 0 0:8 R,||C D
If moreoverA is compact, then equivalence holds. [ |

Remark B.1 In the preceding lemma, (B.1) and (B.3) may be replaced by

(AxH)'P,(AxH)<0 VAeA

and
I 0 Q S 0[1 o0
A B S* R: 0 A B | <0,
C D 0 0:F C D
respectively, wher¢), = P (Wu and Dong, 2006). O

Finally we give a result for converting a semi-infinite coastt like (B.2) into a finite set of
constraints by introducing a possibly conservative raiara The lemma states that it is enough
to check the considered uncertain matrix inequality for aefinumber ofA values instead of for
all A € A, if the set of multipliers is restricted by imposiig < 0.
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Lemma B.12 (Scherer, 2000)
Suppose thaA = Co({Ay, ..., A, }). Then

*

A A
Q<0 and @ 5 >0 VAeA
I ST R\ T
‘Al s a
& <0 and >0, [=1,..,na. [ |
@ I st Rl 1|7 na

B.5 Youla Parameterization

This section describes the Youla parameterization of abliszing finite-dimensional LTI output-
feedback controllers and all stable closed-loop mapspvatlg Zhouet al. (1996, Chapter 12);
Sanchez-Pena and Sznaier (1998, Chapter 3). This pararagitarihas been developed in Kucera
(1972) and Youlat al. (1976), and is also known as the YBJK parameterization o€ parame-
terization. We give a discrete-time description, but th@medormulas hold in continuous time as
well.

Lemma B.13 Let a systendr with state-space realization

Zl(k> == Cl D11 D12 wl(k)
y(k’) CQ D21 D22 U(kﬁ)

be given, and lef’ and L be such thatd + By, F' and A + LC, are asymptotically stable. Then all
internally stabilizing finite-dimensional LTI output-té#ack controllers, = Ky are given by

K(z) = J(2)x Q(2), (B.4)
with Q € RHo., det(I + DyyQ(c0)) # 0, and

A+ ByF + LCy + LDy F \ —L By+ LDy,
J(z) = F 0 I
—(Cqy + Dy F) I — Doy

Furthermore, all internally stable closed-loop maps= Gw; are given by

where

[ A4+ ByF  —ByF B

H(z) = 0 A+ LCy | By + LDy |,
| Ci 4+ DoFF =D F ‘ Dy,

. A+ ByF | —B
i Ci + Dy F ‘ —Dy

A+ LC, \ B, + LDy,
C2 ‘ D21

L V)=
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B.6 Loop-Shifting

The procedure of loop-shifting allows to eliminate the direeedthrough term of a plant model for
controller design. See for example Sanchez-Pena and $£h8@&8, Section 3.4.2); Zhoet al.
(1996, Section 12.3.4, Section 17.2) for details. The sanadlas as for the discrete-time case
hold in continuous time as well. Consider a pléhtvith realization

21 (k) = | Ci D Dy wy (k)
’y(k) CQ D21 D22 U(k)

Suppose now that one has designed a contréller

for the plant&
21 (k) = | C1 D Dy wi(k) |
g(k) CQ D21 0 u(k)

which is sometimes more convenient than designing a cdéetriar . 1t can be shown that the
controller X that yields the same closed-loop map— z; for G asK does forG is given by the
transfer matrixi (z) = (I + K (z)Dy) 'K (z) or in state-space form as

(k)

y(k) |

u(k)
whereV = (I + EKDQQ)—l. To understand the construction, note thais obtained from by
the transformatioy = y — Dyou. The result is obtained by plugging in this transformaticto ia
realization ofu = K¢ and solving foru.

Ag — BgDypVCx By — BgDayxV Dy
Vi V Dy

B.7 Examples of Linear Fractional Representations

This section exemplifies possible representations of LP¥esys in linear fractional form. More
complicated LPV systems can be treated similarly as thesplsiexamples. Further details can
be found in Zhowet al. (1996, Chapter 10); Scherer and Weiland (2005, Chapter 6 ketlend
Varga (2004). Consider the LPV system

01 1:0:0
:C(k—;l) 777777 (k:)()()l x(kk?
calk) = ] ] k)
y(k) | | SRR u(k)
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with stater(k) € R2. In the following, all coefficientg; € R. For the affine parameter dependence
p(k) = po + p10(k), an LFT representation is given by

[ 0.1 1:0:0:0
z(k+1) Lo x(k)
EPSR7A N I IS A N k)
L = o 0000 || O we(k) = 0(k) z0(k)
alk) | [ it (k) —~
—————— o ~1 0:0:1:0 e Alk)
Y | -1 00 10]b"
For the polynomial parameter dependept®) = po + p1d(k) + p2d(k)?, an LFT representation is
[ —01 1:0 0:0:0]
kD) || e 001 00001\ w(k)
k 0:0 1:0:0 k o(k 0
LA e 000100 ) e O 0
21 (k) ngOOOO wy (k) 0 o(k)
(k) 7L 0000100 | ulk RO
| -1 0.0 010 |
For the rational parameter dependep(e) = gfggg:g =15+ % 6(k) € (—1,3), apossible
representation is
(=01 1:0:0:0]
z(k+1) Lo x(k)
oot ( ’kl) 15 0\1\0\1 """ (k)’
LA — 1 9 0400 || wo(k) = 0(k) zo(k)
z1(k) BRI wy (k)
—————— o ~1 0:0:1:0 e Alk)
Y 1 o010 t"

B.8 Stability and Performance Analysis

Some selected results for stability and performance aisadys briefly reviewed next.

Nominal Star-Norm Performance in Continuous Time
A sufficient matrix inequality condition for star-norm perfnance of a continuous-time LTI sys-
tem is given by the following result.

Theorem B.14 (Schereret al.(1997); Scherer and Weiland (2005, Section 3.3))
Consider the systedd with realization
A B x(t)
wy (t)

(%)

andz(0) = 0. Suppose that there exjgt> 0, A > 0, and X satisfying

(B.5)

r AX 0 cr
A'X +XA+)2X XB -
T <0, 0 (y—wlI D > 0.
BTX _ul
C D ~I
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Then||z || peax < 7 fOr ||w1||peax < 1, aNd||G||pear—ina < 7. Moreover,A has all its eigenvalues in
the open left half-plane. [ |

The smallest achievable valyesatisfying the conditions of Theorem B.14 is called the ataim
of the systentG.

Nominal Quadratic Performance in Continuous Time
Quadratic performance is described in Definition 3.1 ander.¢he robust case. The correspond-
ing nominal notion is recalled next for completeness.

Definition B.1 (Quadratic performance, continuous time)
The system (B.5) is said to have quadratic performance wittopeance index?, = P/ if there
exists are > 0 such that

/ wi(t) b, wilt) | g < —¢ / wy () we (t)dt
=0 | z1(%) 2 (1) t=0
for every system trajectory(-) with z(0) = 0. O

The following result states a necessary and sufficient L\idittion for quadratic performance of
a continuous-time LTI system.

Theorem B.15 (Scherer and Weiland, 2005)

The system (B.5) has quadratic performance with respect efagmance index’, with R, > 0,
and all eigenvalues ofi are inside the open left half-plane, if and only if there exi¥ > 0
satisfying

T .
I 0 0 X 0 0 I 0
A B X 0:0 0 A B
——————————————————————————————————————————— < 0. [
0 I 0 0:Q, S, 0 I
C D 0 0:8" R, ||C D

Nominal Quadratic Performance in Discrete Time
The discrete-time notion corresponding to Definition B.leisalled next.

Definition B.2 (Quadratic performance, discrete time)
The system (2.1) is said to have quadratic performance witopeance index’, = PpT if there
exists are > 0 such that

> wl(k‘)
Z [ Zl(k)

k=0

T

for every system trajectory(-) with 2(0) = 0. O
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The following result states a necessary and sufficient Liditoon for quadratic performance of
a discrete-time LTI system.

Theorem B.16 The system (2.1) has quadratic performance with respect &rf@afnance index
P, with R, > 0, and all eigenvalues ofl are inside the open unit disk, if and only if there exists
X > 0 satisfying

T
I 0 -X 0:0 0 I 0
A B 0 0 0 A B
"""""""""""" e < 0. [ |
0 I 0:Q, S, | |0 I
C D 0:S" R, ||C D

Note that this is a straightforward analogon to the corredpa continuous-time condition, in-

.| 0 X . . o
sofar as the x 2 block matrix X 0 ] of the continuous-time condition is replaced by the

| =X 0 . : -
2 x 2 block matrix . This is a standard replacement to adapt certain contintimes

conditions to the discrete-time setting (Scherer and Wdil2005, Section 4.7).

Uniform Exponential Stability in Continuous Time
The next theorem gives sufficient conditions for robustistgbn terms of uniform exponential
stability of continuous-time systems, see Definition 4.8.

Theorem B.17 (Scherer, 2000)
The uncertain system (4.22), obtained from the intercotmme¢4.20)—(4.21), is uniformly expo-
nentially stable with respect th € Ay if any one of the following equivalent statements holds.

() (4.20)—(4.21) is well-posed and there existsXan> 0 satisfying

T
_ _ I 0 X 1
AATX + XAN) = | _ <0 VAeA.
AN | | x o] A
(i) There existX > 0andQ@ = QT, R = RT, S satisfying
PNE s1[a
@ >0 VA€EA,
1 ST R 1
7 o0l [ox 0 0o][1 o
X 3
A B || X 0i0 o || A B | _, .
0 I 0 0:Q S 0 I
Co Do 0 0:ST R||C Do
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Uniform Exponential Stability in Discrete Time
Similarly, a robust stability condition of discrete-timgssems is stated.

Theorem B.18 The uncertain system (2.11), obtained from the intercamme¢2.9)—(2.10), is
uniformly exponentially stable with respectfo € Aty if any one of the following equivalent
statements holds.

() (2.9)—(2.10) is well-posed and there exists&n> 0 satisfying

T
) _ I ~X 0 I
AL XAA) - X = | i} <0 VAeA.
A(A) 0 X || AA)
(i) There existX > 0andQ@ = QT, R = R”, S satisfying
Al s1[a
¢ >0 VA € A,
|1 ST R I
10 -x 0.0 o[ o
A B 0 X 0 0 A By —0
0 I 0 0:Q S 0 I
| Co Do 0 0:5" R||C D

Proof: We only give a sketch of the proof. The equivalence)air(d (ii) follows by the Full-Block
S-Procedure (Lemma B.11) similarly to the proof of Theoreg 2Iniform exponential stability
is obtained using an “integrating” factor, also as in theopiad Theorem 2.3. [ |

Robust Quadratic Performance in Continuous Time
An equivalent set of sufficient conditions for robust quaidrgperformance of continuous-time
systems is described next.

Theorem B.19 (Scherer, 2000)
The following two statements are equivalent:

() (4.20)—(4.21) is well posed and there existsXan> 0 satisfying

T

I 0 0 X0 0 I 0

AL BiA) | X 00 0 AR BA) | o yaeca
0 I 0 0:Q, S, 0 I

2H(A) Dy (A) 0 05 R, 21(A) Dy (A)
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(i) There existX > 0andQ@ = QT, R = R”, S satisfying

- T -
A S A
@ >0 VAeA, (B.7)
I ST R I
- -T . . - - -
I 0 0 0 X:0 0:0 0 I 0 0
A By, B X 0:0 0:0 0 A B, B
0 I 0 0 0° S0 0 0 I 0
:Q : <0. (B.8)
CO DOO D()l 0 0 : ST R 0 0 Co Doo DOl
0 0 I 0 0:0 0:Q, S, 0o 0 I
| C Dy D | [0 0:0 0:8 R, | |C Dy Dy

Moreover, if either (i) or (ii) holds, then (4.22), obtainé@m the interconnection (4.20)—(4.21),
is uniformly exponentially stable and has robust quadragcformance with performance index

S. .
P, = [ gjﬁ Rp ] with respect ta\ € Ary. [ |
P P

In Scherer (2000), a collection of similar continuous-time formulations imbust, perfor-
mance, robust generalizéd, performance, and robust star-norm performance in contistione
is given. A corresponding discrete-time condition of rabgsadratic performance is given by

- 1 0 X . -X 0
substituting the x 2 block matrix with
X 0 0 X

Robust Stability and /,.-Gain Performance with respect to/..-Bounded Uncertainties
Necessary and sufficient conditions for robust stabilitydisicrete-time systems with respect to
structured nonlinear or LTV dynamic uncertainties with bded/..-gain are derived in Kham-
mash and Pearson (1991); Khammash and Pearson (1993) hzadddhammash (1993), apply-
ing Definition 4.7. The setup is depicted in Figure 2.1(b).e Tiext theorem summarizes these
results for the particular case of SISO uncertainty blook&.i Define the uncertainty class as

Anpr:={A=diag(A,...,A,) | A; : €5, — €}, causal nonlinear or LTV aniA; [|oc—ina < 1} .

[Muillr -+ [[Miglh
For the mapM € 7", defineM := : :
[Moallr - [[Manlls

Theorem B.20 (Dahleh and Khammash (1993); Dahleh and Diaz-Bobillo (1998position
7.3.1))

Consider a map\ € ¢7*" and uncertainties\ € Ayg;. The system in Figure 2.1(b) possesses
robust/,, stability if and only if any one of the following equivalenndlitions holds.

(i) p(M) < 1.
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(i) = < Mz andz > 0implyz = 0, where the inequalities are to be interpreted component-
wise.

(i) infpeg ||[ET'ME||; < 1, whereE := {diag(E1, ..., E,) |0 < E; € R}. u

Note that the above conditions include both nonlinear and dynamic uncertainties. The result
can be generalized to MIMO uncertainty blocksas follows. Define the uncertainty class as

Anpz:={A=diag(Aq, ..., An) | A; : {2 — ¢7 causal nonlinear or LTV anfilA; ||oo—ina < 1}

Mll e Mln
with m = 7"  m,. Partition the mapM € ("™ asM = : : , Where
My o M,
M;; € €"*™ . Let the setA be an index set for all possible collections of rows from toe r
blocks[M;; ... M;,], and for each\ = [\, ..., \,] € A, define

[(Maa:lle = [[(Man)a: Il
M)\ = )
H(Mnl))\n:“l T ”(MW»”))\n:Hl
where(M,;)»,. is the \!" row of the block matrix\ ;.

Theorem B.21 (Dahleh and Diaz-Bobillo, 1995, Theorem 7.3.3)

Consider a map\M € (7™, uncertaintiesA € Ayg,, and an index seb as described above.
The system in Figure 2.1(b) possesses robysstability if and only if any one of the following
equivalent conditions holds.

(i) p(M,) <1 forall AeA.
(i) |I[EsM1 ... E;My)|li < E; forsome 0 < E; € R, foralli=1,...,n.

(i) infpeg||E'ME|; < 1, whereE := {diag(E11,,, ..., E,I,,) |0 < E; € R}, and,,, is
the identity matrix of dimensiom;. [ |

For the case of LTI uncertainties, the conditions are onffigent. Yet if one restricts the uncer-
tainty class to SISO LTI blocks, the well-known structuredysilar value condition frony analysis
is exact, see for example Packard and Doyle (1993); DahlélD#axz-Bobillo (1995, Chapter 7);
Zhouet al. (1996, Chapter 11). For MIMO LTI blocks, just an upper bound ba obtained from
the i, condition. Parametric uncertainties are just addressethérestrictive class of rank-one
problems, that is the case wheké can be reduced to the dimensionk 1 or 1 x n (Dahleh and
Diaz-Bobillo, 1995).

Finally, the robust; performance analysis problem can be converted into a rehalstity problem
by connecting a virtual uncertainty block to the performamtannel as shown in Khammash
and Pearson (1991); Dahleh and Khammash (1993). A concesgiew of conditions related to
different classes of,.- and/,-bounded uncertainties is given in Dahleh and Khammash3)199
Dahleh and Diaz-Bobillo (1995, Chapter 7) together with rdee@mn computational complexity.
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Appendix C

Performance Analysis Using
Parameter-Dependent Lyapunov Functions

This appendix states an extension of Theorem 2.3 to the ¢aspavameter-dependent Lyapunov
function. A certain form of parameter-dependent Lyapunmction candidates is described by

V(x(k), A(k)) = x(k)" X (A(k))x(k), (C.1)

where

X(AKK) = (A(k)* Y)Y (A(k)xY) >0, Y = : (C.2)

and the function\ (k) is chosen to be dependent on the entrie& @f) in some pre-defined fashion.
The dimensions of\ (k) and of A (k) may be different. See below for some examples. Denote the
uncertainty set for\ corresponding ta\ by A.

The following theorem states two equivalent sufficient gbads for robust star-norm performance
of discrete-time linear systems with time-varying parainaincertainties. The proof is omitted
for brevity.

Theorem C.1 Consider the system (2.11), obtained from the interconoec®.9)—(2.10), with
£(0) =0, A € Ary. The following two statements are equivalent:

(i) (2.9)—(2.10) is well-posed and there exist- 0, 0 < A < 1, andY, = Y,! satisfying for all
Ae A A ATEA

—AX(A) 0 0 I 0
[]7 0 XA 0 A(A) Bi(A) | <0,
”””” 0o 0 -ul]| 0O I
[ (A —1)X(A) 0 0
KT 0 (u—I 0| 0 I | <0
I 0 0 Ci(A) Du(A)
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(i) There existy > 0,0 < XA < 1, Y, = Y[, Y, and P, = P! satisfying for allA € A, A,

At e A
[A* 0 0 ]
0 A0 A0
grQuis ]l o o al o HT[%& L
ST Ry I 0 0 ST R, I 0
| o I o P 0 I
0 0 T |
[0 Y; Y, 0 0
Y 0 YA YiB, YiB
A, 000 000 1|1 o 0 o0 0
0 Yy:0:0: 0 I 0 0 0
KT 0 0 Q151 ;;; 0 0o 0 I 0 | <o,
0 0 'ST'R 0 || Yi 0 YoA YaB, YaBBi
00 oo-u[ 0Y, Y5 0 0
O CO DOO DOl
0 o 0o o0 I |
Y; i 0 0 ]
A=—1)Y, 0 0 0]l 71 0o o o
”””” 0 QS 0 o0l]lo o I o
T 0o ST Ryt 0 ol|lv va 0 o0 |<o0
”””” 0 0:0 (u=9)I 0] ] 0 C Dy Dy
0 0:0: 0 I/lo o o 1
0 Cl DIO Dll

Moreover, if either (i) or (ii) holds, then

o ||21]lpeak < v fOr [Jwi]lpeax < 1, and moreover ||G(A)||peak—ina <7 forall A € Aqy,

e (2.11) is uniformly exponentially stable with respeciNee Ary. [ |

Rate bounds can be included in this result by adding the céistri A — A),;; < d;; according
to the definition of the sefArg. This is in contrast to Theorem 2.3, where no difference betw
the setsAry and Arg can be made. See Section 2.5.3 and Figure 2.2 for more detariste
bounds. A pure stability condition can be obtained by ddicey rows and columns related to the
performance channel, — z;. Conditions for checking robust quadratic performance htained
by analogously extending Theorem B.19 or its discrete-timenter-part.

Examples of Parameter-Dependent Lyapunov Functions
For the special form (C.1)—(C.2) of parameter-dependent luyayp function candidates, we give



PERFORMANCEANALYSIS USING PARAMETER-DEPENDENTLYAPUNOV FUNCTIONS 117

some exemplary choices for the parameter dependen€¢dik)), see also Wu and Dong (2006).
The case of constant is contained as a special case in all examples. More effifbentula-
tions with smallerA-blocks may be possible in a particular application. Theedelence ork
is dropped. An example for affine parameter dependence igdbke of two scalar parameters
A = diag(dq,09) is

X(A) = My + 61 (M + MlT) + 9o (Mo +M2T)

for _ -

510 0 0 M 1
A:[ ! ]7 Yv(): 0 0 M2 :YE)T> Y = s

I
0 81

2 MT MT M, 0

0

where thel; are free variables. The size of thé is the same as the size &f(A). Similar to the
affine parameter dependence above, a quadratic dependeiitained as

X(A) = My + 6, (My + M) 4 8y (My + MT) 4 8165( Mg 4+ ML) + 62 My + 63 Moy,

for _ S

0 0:1

My, My M, 0 0:1

. ol 0 T .
A= 0 I | Yo=| Mjy My M, | =Yy, Y=1|1 0:0
i My My M 0 1:0

|0 01 |

The 3rd-order polynomial dependence
X(A) = My + 6,(M;y + M) + 62(My + MT) + 63 (My + MT)

for one scalar parametéy = 4, is achieved by using - -

01 0:0

00 1:0

0 0 0 M |

s 0 0 0 0 o0 u 00 0:1
A=| 0 &I 0|, Y= =Y, vy=|100:0
0 0 0 M |

0 0 61 o 01 00

00 17:0

|00 0:17 |

A certain rational dependence as given in
X(A) = My + MIS,(I—6,Y) ™ 4+ 6,(1 —0,Y1) "My + 60(1 — 6,Y1) T Mydy (I — 6,Y7) 7!
for one scalar parametéy = ¢, is achieved by using ‘
My M not
2 1 : Yy — I :
MI M,

A:51[7 }/0:

for some fixedy;.
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Appendix D

Proofs

D.1 Proof of Theorem 2.1

Multiplying (2.3) by col(£(k), wy (k)T andcol(&(k), w1 (k)) from left and right, respectively, and
using the system equations (2.1) leads to

E(k +1)TXE(k +1) = M (k)T XE(R) < pwn (k) wn (k) VE, (D.1)
which implies

ERTXER) < TH k. (D.2)

This can be seen as follows. Defifgk) = &(k)T XE(k) and W (k) := AN FFLV (k). After
multiplying (D.1) with A=* > 0, we havelV (k + 1) — W (k) < A= pw, (k) w; (k) Vk. Using this
relation together witk€(0) = 0, W(0) = 0, andw, (k)Tw,(k) < 1 Vk, we have fromiV (k) —
W(0) = S (W(l+1) = W (D)) thatW (k) < u >~ A" Vk. Hence, using < A < 1, it holds
thatV (k) = MW (k) < 3070 M1t = 3000 N < £ Vk, which is (D.2).

Furthermore, by continuity there exists ar- 0 such that from (2.4) we have

(A—1X +C"C Cc’'D 00| _,
DTC (n—~)I+D'D 0 e |~

Multiplying this inequality bycol(¢(k), w: (k)T andcol(¢(k), w, (k)) from left and right, respec-
tively, and applying the system equations (2.1) as welbg%)"w, (k) < 1 Vk leads to

(k) 21 (k) < (1= NER)XER) + (12 —p) —e V. (D.3)

(D.3) together with (D.2) implies; (k)72 (k) < v* — ¢ < ~* for somee > 0 for all k. Hence,
1G | peak—ina < /72 — € < 7, which proves the first part of the result. The upper boligf <
v+/q follows right away from||G |1 < \/q1||G||peak—ind-

Stability of A can be seen as follows. The (1,1)-element of (2.4) togetiiterw— 1 < 0 implies
A-1)X < (A=1)X +C*C < 0 and thusX > 0. From (2.3) it hence follows thad” X A — X <
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ATXA—- X +(1-M)X = ATXA - AX < 0. By virtue of the quadratic Lyapunov function
U(E(k)) = &(k)T XE(k) > 0with variationU (£(k+1))—U (&(k)) = (k)T (ATX A-X)E(k) < 0,
we have thatd is Schur stable, i.e. all eigenvalues.fare in the open unit disk. This concludes
the proof.

D.2 Proof of Theorem 2.3

The proof demonstrates the application of the Full-Blockr8cBdure (Lemma B.11) and follows
along similar lines as the arguments in Scherer (BpBcherer and Weiland (2005, Section 6.6).
First, we show the equivalence between (i) and (ii). The uadity (2.13) can be rewritten as

; 0
-\ X 0 :0
T ; I
[*] 0 —pul:0 || ¢ 5e T <0 VAeA
"""""""""""" 00 - Lo 01
0 0 X Ak |
' Bo ./4 Bl

by using (2.12) and some row and column permutations. Aaegrtb Lemma B.11, this in-
equality and well-posedness of the involved LFT are eqaiatio the existence of a multipliét;
satisfying (2.16) and the first condition in (2.15). To thigleecall thatA is compact. The exact
form of (2.16) is obtained after some row and column pernmnatagain. Analogously, (2.14) is
equivalent to (2.17) and the second part of (2.15). Thusn@) (ii) are equivalent.

It remains to show that (i) implies the three statements eetid of the theorem. First, observe
that (2.13) and (2.14) are equivalent to

AQ)TXAQL) -AX AQXB() ] (D.4)

Bi(A)TXAA)  Bi(A)TXB(A) — ul ’ '
(A= DX +C(A)TC(A) CL(A)T Dy (A) <0 vAeA (D5
i Du(A)Ci(A) (1 =) +Du(A) " Dii(A)

By using basically the same arguments as in the proof of Thearé, it follows thatz, (k) 2, (k)

< ~?for all wy (k)Tw, (k) < 1, for all A(k) € A, and for allk. Also [|G(A)]|peak—ina < 7~ Thus
the first item of the theorem holds. The upper boliFdA)||—ma < 7,/a1 follows right away
from |G(A) oe-ina < ValIGA) lpeai-ina-

Uniform exponential stability is shown next. Similar preafith slightly different arguments are
available e.g. in Scherer (2080Theorem 10.1) and Wu and Dong (2006, Theorem 5). Define
V(k) = £k)TXE(k) andW (k) = 6751V (k). From the (1,1)-element of (D.5) we have that
X > 0sinceX — 1 < 0. From the (1,1)-element of (D.4) it follows that(A)" X A(A) — X <
AA)TXAA) — X +(1-N)X = AA)TXA(A) — \X < 0forall A € A. By continuity and
compactness A it follows that there exist8 < ¢ < 1 such thatd(A)T X A(A)— X +eX < 0for

all A € A. Multiplying with £(k)” andé (k) from left and right leads t& (k+1)—V (k) +eV (k) =
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V(k+1)—6V(k) <Oforallk > 0with0 < 6 :=1—¢ < 1, whereA(-) is any admissible
uncertainty sequence and-) is an arbitrary unforced system trajectory. Multiplyingthvihe
“integrating factor’§—* results inW(k + 1) — W(k) < 0 for all k > 0. With the identity
W(k) — Wi(ky) = f;,jo(W(k + 1) — W(k)) for somek, such thatt > k, > 0, we have
that W (k) < W(ko) and thusV (k) < V(ko)é** for all k > k, > 0. Due to the relation

Amin (X)ER)TE(R) < V (k) < Amax(X)E(K)TE(K) (Khalil, 2002, Chapter 4), it follows with the
norm|v|| = VT that

o V(E) _ V(SR Anan(X)
1€(R)]° < Amin(X) < Amin (X)) = Amin (X))

5 RN E(ko)||* VK > ko >0

and hence

)\max(X> k—ko
< g L > ko >
le®ll < (/3225 (V8) el vk = ko 20,
which proves uniform exponential stability of (2.11) aatiog to Definition 2.1 with explicit ex-
pressions for andg. [ |

D.3 Proof of Theorem 2.9

(a) All constraints used in the computationidf are also present in the computatioryéft!, thus
4N+1 cannot be smaller thait".

(b) If the matrix inequalities for computing¥ are feasible, it is inferred that there exists> 0
such thatA(A)TXA(A) — X < 0 VA € A (as in the proof of Theorem 2.1). Factorizing
X = YTY with some square and non-singuldry it follows from the previous inequality that
[YAA)Y | < 1VA € A (]| - || is the spectral matrix norm). Since the LFT is well-posed,
it follows by continuity and compactness that there existaesr < 1 with [|[Y A(A)Y 7| < v
VA € A. Therefore

MM =Y YVAQ)Y DY < YY" vAeA

and, using the geometric series,

N

o B o0 B B v
DA< Y IIY H* = 1y Iy =, vAeA.
k=N k=N

Thus we have ;2 L A(A)*|| — 0 for N — oo uniformly for A € A, and

Z CLA)AL) By (A)] < [[CL (A By (A HZ:IIJ4 ‘Il =0

k=N+1

for N — oc.
It is sketched now how to show*" — 0. Suppose again that the LMIs for computiitj are
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feasible for someX. Now consider (2.49)—(2.50) for sondé¢ > N instead ofN, somey instead
of n", fixed \, and fixedX > 0. Taking Schur complements (Lemma B.5) leads to

Bl (X = XA, (AL XAy — AX) AL X) By — pul <0, (D.6)
_ —1
_ 1-NMX CT 0 _
(nQ—mz_DZM([o f}[( ; ) o [IDDT,MM, (D.7)
r,M

where the dependence a@n has been dropped for brevity. Observe that, andC, ,; do not
depend onM/. MoreoverB, ,; andD,.,, converge to zero fol/ — oo (as.A(A)M does). For
arbitrarily smallp > 0, one can choos#/, and a smal}l: such that (D.6)—(D.7) are satisfied for all
M > M. This showsy"" = /gi7" — 0 for N — oc.

(c) Because of N < 4N andy"N < 47N, we have thaty < N + "N < AN 437N, |

D.4 Proof of Theorem 3.5

We first show the equivalence between (i) and (ii). To this, etderve that the chain of equiva-
lences

I o 1'[-x 0.0 o0 I 0
xso, | AR B&) 0 X0 0 11AR) B | _g
0 I 0 0:Q, Sy 0 I
2L(A) Diy(A) 0 0:S R, 2L(A) Dy (A)
if and only if
X >0,
~X 0 ot o« . | @ S 0 I
+ [+ X T XAA) XBi(A) |+ _ _ <0
[ oo | PRI XAQ) XBi(A) |+ o 1| | aw pun)
if and only if (by Schur Lemma, Lemma B.5)
-X 0 ANTX
~ S 0 I 0
v 0 BAX |+ 25 r || ea) po@ay o <°
XAA) XB(A) —X P ' H

holds. Together with the identity

- X 0 AANTX -X 0 0 0
0 0 B(ATX | =" 0 -X X 0 o I,
XAA) XBi(A) —X 0 X 0 A(A) Bi(A) 0
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we have that (3.17) is equivalent to

~X 0 0:0 0 I 0 0
0 —X X:0 0 0 0 I
HEL0 X 0.0 0 1AL Bi(A) 0] <0 VAEA
0 0 0 .Q S 0 I 0
| 0 0 0:S8"' R, | [C(A) Du(A) 0

Using (3.16) and the Full-Block S-Procedure (Lemma B.11)Jdkecondition is equivalent to

T
A si|a
© >0 VAeA, (D.8)
I ST R || I
(-X 0 0.0 0:0 O07[ I 0 0 0 ]
0 -X X:0 0:0 0 0 0 I 0
0 X 0:0 0:0 0 A+ByF B, 0 B
“T 0o 0 0:Q S 0 0 0 0o 0 I |<0 (D9
0 0 0:87 R:0 0 Co+ DoaF Doy 0 Dy
0 0 0.0 0:Q, S, 0 I 0 0
L 0 0 0.0 0:ST R, | [Ci+DF Dy 0 Dy |
(D.9) is equivalent to
—X 0 (A+BF)TX 0 Q S0 0 0 0 0 I
0 BT X 0 ST R:0 0||Co+DpF Dy 0 D
* ! T SR B s of Poar Do D L ol g
* % -X X By 0 0:Qp Sp 0 I 0 0
£ % x 0 0 0:S' R,|[Ci+DiF D 0 Dy

DefineY := Xt andM := FX~!. Multiplying the last inequality with the symmetric matrix
diag(X 1, I, X~ TI) from left and right leads to

—Y 0 (AY +B,M)T 0 Q 5.0 0 0 0 0 I
0 BT 0 ST R0 0||CY+DuyM Dy 0 D
* 1 T IR I of T Dol L o O L o )
Xk -Y By 0 0:Qp S 0 I 0 0
* * * 0 0 0 Sg Rp 01Y+D12M D11 0 D10
which, after some row/column permutations, is equivalent t
-y 0 0 o000 0] I 0 0 0 ]
0 =Y 0 I:00 0 0 I 0 0
0 0 Q 0:0S 0 0 0 I 0
"] 0 0 0 Q0 0 S, 0 0 0 I |<0. (D.10)
0O I 0 0:00 0 AY+B,M 0 B, B
0 0 ST 0.0 R 0 CoY +DoyM 0 Doy Doy
L 0 0 0 ST0 0 R, | | CWY+DM 0 Dyy Dy |
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Applying the Dualization Lemma (Lemma B.7), (D.8), (D.1)dak > 0 are equivalent to (3.18),
Q <0, and

Y1 0 0 0 0 0 0][(AY + ByM)" (CoY 4 DooM)T (C1Y + DyoM)"]
0 0 0 0 I 0 0 0 0 0
0 0 Q 0 0 S 0 BT DL, DT
< 0 0 0 @ 0 0 S, BT DT, DT >0,
0o I 0 0 Y 0 0 —1I 0 0
o0 0ST 0 0 R O 0 —1 0
L 0 0 0 ST 0 0 RJ| 0 0 ~I |
where
lgzs:czs‘ Qo 5 _:[stp—l
ST R ST R | SI''R, | | ST R,

Using the zero row in the outer factor, the second row andweolof the inner factor are eliminated.
Applying the Schur Lemma (Lemma B.5) with respect to the elgme’” ~! of the inner factor
and carrying out the matrix multiplications finally leadq819). Hence the equivalence between
(i) and (ii) is shown. Since all steps can be traced backwatdsgainF = MY ! satisfies
(3.17). Uniform exponential stability follows from (i) usy the same arguments as in the proof of
Theorem 2.3, whereas robust quadratic performance follmws Theorem B.19. This concludes
the proof.

D.5 Derivation of Formulas in Defs. 4.1, 4.2, 4.3, 4.4, and 4.5

The controller formulas of the mentioned definitions arawveéelin this section.

Definition 4.1

The equations associated with plaiyt,,, uncertaintyA, and auxiliary controllers’, which are
involved in reconstructing the LPV controlléi(A) from K, are stated here explicitly for reference
in the derivation:

2o = Goowoy + Gorwi + Goou, (D.11)
21 = Growy + Griwy + Grau, (D.12)
y = Gawy + Garw; + Gaau, (D.13)
wy = Az, (D.14)
u = Ky + Kswy. (D.15)

Suppose that’s; is a left-invertible map. From (D.13) it hence follows that

w1 = G;l (y — G20w0 — GQQU). (D16)
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Next use (D.14) and successively insert (D.11), (D.16)18pto obtain

Wy = AZO
= A(Goowo + G01w1 + GOQU)

A((\C;OO - GOnglGQQ)wo + GmGEly + (Gog - GglGEIGQQJ)U)
C::;O G:';2
= A<(§01G$1 + éong)y + (Goo + GOQKZ)w(])-

According to assumption 2, — A(GOO + GogKg) Is an invertible map. Then the last equation can
be solved fony, to yield

~ ~ -1 o
Wy = <I — A(GOQ + G()QKQ)) A Gogy. (D17)

ca)
Finally insert (D.17) into (D.15) to obtain
= (Kl -+ KQé(A)éOQ) Yy,
which is an expression for the controll&i{ A). The LFT factorization follows by inspection. This

completes the derivation of the given formula.

Definition 4.2
The state-space version follows along similar lines, bightly more involved. The equations
(4.11), (4.10), (4.3) are stated here explicitly for refexein the derivation:

xz(k + 1) = Az(k) + Bowo(k) + Bywi (k) + Bou(k), (D.18)
20(k) = Cox(k) + Doowo (k) + Doywi (k) + Dogu(k), (D.19)
z1(k) = Ciz(k) + Dipwo(k) + Dyywi (k) + Digu(k), (D.20)

y(k) = Coz (k) + Daogwo(k) + Doywy (k) + Dagu(k), (D.21)
wo(k) = A(k)zo(k), (D.22)

v (k+1) = Agzi (k) + Briy(k) + Brawo(k), (D.23)
u(k) = Cxrr(k) + Dx1y(k) + Diawo (k). (D.24)

In the following, the argument is dropped for brevity. Suppose thaf > ¢, and thatD,; has
full column rank. This implies thab,; is left-invertible (see Lemma B.3). From (D.21) it hence
follows that

wy = Dgl(y — Cyx — Daygwo — Daur). (D.25)
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Next use (D.22) and successively insert (D.19), (D.25)24pto obtain
Wy = AZO
= A(C@I + Dgowo + D01w1 + DOQU)
= A((C@ — DonglC%)x -+ (poo — DOnglDQ(l)wo + D01D$1y + (DOQ — DOngngg)u>

éO DOO D02
= A(é@?ﬂ + DOQCKxK + (me;l + D02DK1)3/ + (Doo + DozDKz)’LUo)-

According to assumption 2, — A(Dy + Dy D) is non-singular for alA(k) € A. Then the
last equation can be solved fay, to yield

. - -1 N . .
wo = (I — A(Dyo + Dosz)) A (Cox + DoeCr g + Dozy) . (D.26)

N J/
g

D(a)

Next use (D.18) and successively insert (D.25), (D.24)2@Dpto obtain

2(k+1) = (A — B D},Cy)x + (By — By D}, Dag)wy + By DSy + (By — By DS, Dys)u
M_/ ~ Vv ~ Vv

A Bo By
= Az + BoCrax + (B1D}, + BaDict)y + (Bo + BQDKg)UJO
By B

- ([1 + ED(A)GU) x4 (Bg + éb(A)ﬁ02> Cxx + (2?2 + BD(A)b02> y.
Insert (D.26) into (D.23) to get
2ic(k +1) = BraD(A)Cor + (Axc + BiaD(A) DoeCic ) e + (Brcr + BiaD(8) Doz ) .
Finally insert (D.26) into (D.24) to obtain
u=DiD(A)Cox + (1 + DiaD(8) D) Crcie + (Dir + DiaD(A) Dz .

These expressions are the ones in Definition 4.2.

Definition 4.3
UsingGo; = 0, (D.17) reduces to

wo = (I — A(Gop + G K2)) ™ A Gop K1y, (D.27)

N

G(A)
provided that the inverse exists. Inserting (D.27) intal@®).yields

The LFT factorization follows by inspection. This completbe derivation of the given formula.
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Definition 4.4
The state-space version is shown néxg; = 0 implies Dy; = 0, hence (D.26) reduces to
Wo = \(I — A(Doo + DOQDKQ))_l A/(C()JJ + DOQCKI‘K + DQQDK1y> > (D28)
D(a)

provided that the inverse exists. Inserting (D.28) inta2d) .yields
u = DKQD(A)C()ZE + ([ + DKQ.D(A)DOQ) CKZL‘K + (] + DKQD(A)DOQ> DKly

Note that this equation is dependent oronly via the matrixCy. It follows that we can drop
the termB;w; in (D.18), sinceGy; = 0 (together withz(0) = 0) means that all modes @,
are unreachable or unobservable or both. Hence from (Dvll&re (D.24), (D.28) are inserted
subsequently, one has

x(k+1) = Az + Bowgy + Bau
= Az + ByCkry + Bo Dy + (Bo + By Dgey)wo
\*/
B
Finally insert (D.28) into (D.23) to obtain
2 (k + 1) = BraD(A)Cor + (AK + BK2D(A)DOQCK) Tr + (BKI + BK2D(A)D02DK1> Y.

This completes the derivation.

Definition 4.5
If additionally Cy = 0, the dependence onvanishes and one has the state-space realization in
Definition 4.5.

D.6 Proof of Theorems 4.1 and 4.2

First, the proof of Theorem 4.1 is given. The proof of Theoe&hfollows by simplifications.

Proof of Theorem 4.1
For the closed-loop system of Figure 4.2(b) (with controh it holds that

Goo + Gell(K1Ga + K3)  Gop + Gooll K1 Gy

Gang x K =
Gho + G1oll(K1Gay + Ka)  Gi1 + GiollK Gy

(D.29)

and
Ax Gagx K =Gy + GpllKGoy + (GIO + Grl(K Gy + K2))'
-1
<[ — A (Goo + Gooll(K1Goo + KQ))) A(Gm + G02HK1021)7
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wherell = (I — K,Gy)~!. Since the interconnection of Figure 4.2(b) is assumed tmbeastly
(-stable, it follows that7,,, » K is causal and has a boundéd-norm, see Definition 4.7. All
involved mappings and uncertainties are causal and lianeover it follows that 7 — AM;) ™!
with

M1 = Goo + GogH(Kngo + Kg)

from the upper left block in (D.29) ié, -stable for allA € Ayg and thus also for al\ € Ay
On the other hand, for the closed-loop system of Figure %(&(h controller K (A)) it holds that

(0 000 I]
0 Goo: Gor: Gz O
- Aol |0 99%,,,91,%,,,9? ,,,,,, K, K,
AxGxK(A) = x| 0 Gio: GGz 0 |* PoA N ~
0 A SRR R R Go1Gy + Goa KKy Goo + Goa Ko
b\f—/ 0 G20 : G21 : G22 0 ~
A 7 0 :0:0 0] K
G
and
[ K3GpllKy + Ky Ks(I 4 GoollK)Goy  Ks(I + GaollK)Goy
GxK = GoollK, Goo + Gooll K1 Gy Go1 + Goll K Gy
| G2llK, Gio + GiolIK 1 Gog G+ GllK Gy
[ Goo + GllKy; —a  GellK1Gay + o Gop + GellK; G,
= GollK, Goo + GolIK Gy Gor + Gopll K Gy | (D.30)
| G2llK, Gio+ GlIK Gy Gy + Gioll K1 Gy
where
K, K, . i
=K, a = Gg1G5Gay.
[K3 K4] 01V 21920

Sincea andG,,; x K are causal and have boundgg-norm, the same holds true for+ K. The
extended uncertainti is ¢..-stable just ag\. To prove robust,.-stability of the interconnection
of Figure 4.1(a), it remains to show thdt— AMQ)‘l is /-stable for allA € Axg, Where

Go() + GOQHKQ — GOQHKlGQO + o

M2 =
GoollK, Goo + GolIK Gy

from the upper lef2 x 2 block in (D.30). To this end, note that
(1 0
0 1

[ T = A(Goo + Goall(K1Gap + K3)) T — A(Goo + GoollK, —a) | [0 1
I — A(Goo + GooIl(K1Gao + Ko)) —AGpllK, I -1

A 0
0 A

Goo + GOQHKQ — GOQHKlGQO +«
Goll Ky Goo + GolIK1Go

JLalls

/
~
1
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[T o] 1= A(Go + Goall(Ki G + Ko)) 0
11 0 —(I - AGy)
i -1
I (1= A(Goo+ Goall(KiGao + K3)) ) (I = A(Goo + GooTl, =) | [0 1
0 I I -1\’
using Lemma B.2 for the last equality. Finally,
(I-AM,) ™" (D.31)
- —1
[ (1= AGw + Goll(KiGa + K2)) ) (1= A(Goo + Gl — ) | |
10| o I
M -1
(1 = A(Goo + GoaTl(K: Gao + K3)) ) 0 [0 I]
0 —([ — Aéoo)_l I —I

is a causal mapping with boundéd-norm, sincgl — AM;)~" and(I — AGy,) " arel,.-stable
for all A € Axg. Hence, robust.,.-stability of (I — AMQ)*l is concluded.

Equality of the closed-loop magsx G, * K andA x G K (A) is shown next. The construction
of K(A) as in Definition 4.1 amounts to just re-arranging the stmectf Figure 4.2(b) into the
one in Figure 4.1(a). An algebraic proof follows. From (D,30e have

AxGxK(A) =A+G+rK

- Gll + G12HK1G21 + G12HK2 GlO + G12HK1G20 :| : (D32)
-1
I — A(Goo + GQQHKQ - Oé) _A(GOQHKlGQ(] + Oé)
—AGOQHKQ I - A(GOO + GOQHK]_GQO)
T

A(Go1 + Gpoll K 1Gay).

-1
. , " | A B I At
The inverse of” exists, see condition (D.31) above. Us{gA D [ / ] = , the
equalities
-1
I I 1 I I
r-! =|T 0
I I 0 I —I I
T
r -1
. 0 1 A(Goo + GOQH K1G20 + Kg ) Goo + GOQHKQ - Oé) I
_[ —[_ A(GOD + GOQH K1G20 -+ KQ ) —AGOQHKQ 1

r [] -<I — A(Gop + Goal1(J G + KQ)))_ ]
0



D.7 PROOF OFTHEOREM4.3 129

-1

_ [; ] (1 — A(Goo + GoalI(K1 G + f@)))
hold. Substituting the last expression into (D.32), itdals that
AxGxK(A)=AxGoye* K,

which proves the equivalence of the closed-loop maps. Tdrislades the proof of Theorem 4.1.

Proof of Theorem 4.2
In difference to Theorem 4.1, with the assumptions of Theo4e2 we now have

Goo + Goll K, Go2ll K1 Gy

MQ =
GoollK, Goo + Gooll K1 G
and
(I-AM) ™"
- -1
[ ] (1 AGw + Goll(KiGa + K2)) ) (1= A(Goo + GoallE)) |
I I 0 0 I
i —1
(1= A(Goo + GoalI(K1Gp + K3)) ) 0 [ 0 I ]
i 0 —(I — AGoo)_l I -1

Thus (I — AM,)~! is a causal mapping with boundég-norm, and robust..-stability is con-
cluded. Equality of the closed-loop maps follows in the savag as before, where simplifications
due toGy; = 0 are applicable. This concludes the proof of Theorem 4.2.

D.7 Proof of Theorem 4.3

The proof is divided into two parts. First, it is shown thati(nplies the existence of a controller
guaranteeing uniform exponential stability and robustdgatc performance. Second, the equiv-
alence between (i) and (ii) is shown. The proof uses idean fBchereret al. (1997); Scherer
(200M); Scherer and Weiland (2005). The derivation of the robwstreesis inequalities is based
on the analysis inequalities for robust quadratic perferteaapplying a congruence transforma-
tion of the involved inequalities, a nonlinear transforimatof the controller parameters, and the
Elimination Lemma. The special control structure of thelgbean is exploited to this end.

To address the first part of the proof, observe that the iaterection of the augmented plant (4.23)
and the controller (4.25) is given by (4.20), where

A 0 By B [o B

e ey 00 0.0 0] |I 0|[Ax Bii B -
Co:Poo Do\ = | o Dol lew Do Doyl €2 00 P2 P
Ci Do Dn SEINE 5””070”5””0717 S s 0: 7 :0
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Then the closed-loop system is the interconnection of j4a2@d (4.21), or (4.22). As stated in
Theorem B.19, sufficient conditions for uniform exponenstbility and robust quadratic per-
formance of (4.22) are the existence®f> 0 and(@, R, S satisfying (B.7) and (B.8). (B.7) is
included as condition (4.28). (B.8) can be rewritten as

7 0o o ' for oo 0 o][ 1 o o]

XA XB, XB I 0:0 0:0 0 XA XB, XB

o I 0 00 Q S 0 0 A
Co Dw Da 008" R0 0 Co Dw Da

0 o0 I | | 000 0:Q S, || o o 1

| ¢ Dy Du | [00:0 08" R || & D Dy |

which contains products of unknowas, @, S, R, Ak, Bkj, Ck, Dkj. To partly resolve these
bilinear terms, a nonlinear transformation is invoked di®Wes, similarly to Schereet al. (1997);
Masubuchiet al. (1998); Scherer and Weiland (2005, Section 4.2). Use thanpaterizations
(partitioned accordingly toA)

X U 1 Y V Y I I 0
= ; X = 5 y: y = 3
Ul X, VT Y, vl 0 X U
K Ly L XAY 0 0 U XB A B B vi oo
1 2 _ 2 K K1 K2 CQY ] O ,(D34)
M N; N 0 0 0 0 I Cx Drg1 Dgo
0 0 I
which imply
T T T Y ]
Xy+uvi=1, JYx=2z X =)YXy= ;x|
AW Bolv) Biv) ] [ YIXAY YTXBy YTXB
Co(v)  Doo(v) : Don(v) | =| €Y + Doo - Do
Cl(U) Dlo(U Dn(U) C1y DlO Dn

with (4.30). Note that the expressions fdfv) etc. are affine in the new variables

Two congruence transformations are carried out next. jglyltt’ > 0 by ) from the right and by
VT from the left. Likewise, multiply (D.33) byliag(), I, I) from the right and by its transpose
from the left. The transformed inequalities are (4.26) ah@7). Since all steps can be traced
backwards (all transformations are invertible), the @xise of a solution for conditions (4.26)—
(4.28) is sufficient for the existence of a controller (4.26hieving uniform exponential stability
and robust quadratic performance for the correspondingedioop system (4.22). The extra
condition (4.29) is used in the second part of the proof. Thiscludes the first part of the proof.
In the second part of the proof, we show equivalence betwgend (ii). The inequality (4.27) still
contains products of the unknowns, R, S. After permuting rows and columns of (4.27), the ex-
pression (4.30) is directly inserted there. Now the EliioraLemma (Lemma B.10) is applied as
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follows. Let©® = col(O1, ©,,03), U = col(¥y, ¥,) be basis matrices ékr ([B; Di, D)),

| _ _ 0 I 0 0
ker ([Co  Dq]), respectively. Thenol(O4, 0, ©,, O3) is a basis oker <[BZT 0 DI, Dﬂ] )

I 0.0 : 0
andcol(0, ¥y, 0, ¥y) isabasisoker | |0 Cy: Dy : Doy | |- By using the Elimination Lemma,
0 0: 1 0

(4.27) is rewritten into two new conditions. These are sifigal by eliminating zero rows and
columns, which leads to (4.32)—(4.33). Then the existerick 0L, Lo, M, N;, N, satisfying
(4.27) is equivalent to (4.32)—(4.33) plus the couplingdiban (4.36). Note tha€) andS do not
appear any more due to the special structure of the abovécegtfollowing from the structure of
the plantG,,,. Finally, by the Dualization Lemma (Lemma B.7), (4.28)—@).2and (4.34)—(4.35)
are equivalent. This shows equivalence between (i) andiridl) concludes the second part of the
proof.
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Appendix E

MATLAB Function Collection

This appendix lists a collection of MATLAB functions, whigvere developed by the author in con-
nection with this thesis. These functions treat analystssymthesis problems for multi-objective
and robust control system design. The functions use thelatdrMATLAB toolboxes Control
System Toolbox, Robust Control Toolbox, LMI Toolbox, and @p#ation Toolbox (see the
World Wide Web atwwv. mat hwor ks. com), as well as the freely available toolboxes YALMIP
(Lofberg, 2004) and SeDuMi (Sturm, 1999).

The numerical results in this thesis were obtained using M¥8 6.5.1 (R13) on a Personal
Computer with a 3 GHz Intel Xeon processor and 2 GB RAM, running server network under
the operating system Linux 2.4.

Analysis
e /1-norm computation for a FD LTI discrete-time system (uppet Bower bounds with arbi-
trary accuracy). See Section 2.2.1 for details.

e Star-norm computation for a FD LTI discrete-time systenpgrboound with arbitrary accu-
racy). See Section 2.2.2.

e /1-norm computation for the tail of a discrete-time impulsep@nse (upper bound). See
Section 2.2.2.

e /1-norm computation for a FD discrete-time linear system WiN dynamic uncertainties
(exact up to numerical accuracy for non-repeated uncéiga)n See Section B.8.

e Star-norm computation for a FD discrete-time linear systath parametric TV uncertain-
ties (upper bound). See Section 2.4.

e (;-norm computation for a FD discrete-time linear system \wehametric Tl or TV uncer-
tainties (upper and lower bounds). See Section 2.5.

e (;-norm computation for a FD LTI discrete-time descriptorteys (upper bound with arbi-
trary accuracy).
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Synthesis

Youla parameterization for stabilizable and detectabld FDsystems (continuous and dis-
crete time). See Section B.5.

Youla parameterization for stabilizable and detectablesiFems with TI parametric uncer-
tainties (continuous and discrete time). See Sections RiBah

¢1-optimal LTI output-feedback controller synthesis for FDI discrete-time systems based
on the scaledy method (Khammash, 2000). Lower and upper bounds on therpaafee
are computed. See Section 3.2.

Multi-objective LTI output-feedback controller synthegor FD LTI discrete-time systems,
includingH .-, H.-, ¢1-norm constraints and time-domain template constraingvdr and
upper bounds on the performance are computed. See Se@ion 3.

Robust/;-optimal LTI output-feedback controller synthesis for Ribelar discrete-time sys-
tems with structured LTV or nonlinear uncertainties baseddranch-and-bound method
(Khammastet al,, 2001). See Sections B.8 and 4.5.

Robust/;-optimal LTI output-feedback controller synthesis for Ribelar discrete-time sys-
tems with structured LTV or nonlinear uncertainties based-e()-iterations (Dahleh and
Khammash, 1993; Dahleh and Diaz-Bobillo, 1995). See Sext#08 and 4.5.

Robust/;-optimal LPV output-feedback controller synthesis for kizhr discrete-time sys-
tems with measurable structured TV parameters. See Secion

Robust LPV output-feedback controller synthesis for FDdmneontinuous-time systems
with measurable structured TV parameters with respect tmdmtic performance criterion.
See Section 4.6.

Simple/;-optimal controller synthesis for FD LTI discrete-time deptor systems.
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