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Abstract: This paper is concerned with the generalization of the finite element method via the use of non-polynomial en-
richment functions. Several methods employ this general approach, e.g. the extended finite element method
and the generalized finite element method. We review these approaches and interpret them in the more general
framework of the partition of unity method. Here we focus on fundamental construction principles, approximation
properties and stability of the respective numerical method. To this end, we consider meshbased and mesh-
free generalizations of the finite element method and the use of smooth, discontinuous, singular and numerical
enrichment functions.
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1. Introduction

The classical finite element method (FEM) is a well-established tool in scientific computing and widely used in manyareas of application, see e.g. [91, 92]. The success of the FEM can be attributed in part to the following key properties:The FEM employs a variational approach with piecewise polynomial shape functions and shows an improved geometryhandling compared e.g. with the finite difference method.These features render the FEM a very versatile numerical approach and it can be regarded as a general purposesolver e.g. for the discretization of partial differential equations (PDE). However, this flexibility comes at a price mesh-generation. The construction of good quality meshes is not an easy task and accounts for a large percentageof the total (computational and economical) cost of an FE simulation. Moreover, we must acknowledge the fact that(piecewise) polynomials are very much appropriate for the approximation of smooth functions but they are not tailored
∗ E-mail: marc.alexander.schweitzer@ipvs.uni-stuttgart.de
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Generalizations of the Finite Element Method

for the approximation of non-smooth functions. Here, local geometric mesh refinement must be employed. This may yieldan optimal asymptotic convergence behavior but can involve a large number of refinement steps and degrees of freedomto reach the required accuracy.This effect can only be avoided by abandoning the restriction to piecewise polynomial shape functions in the FEM;i.e., by the generalization of the FEM. Then, we can employ an algebraic refinement of the approximation space
V FE = span 〈φFE

i 〉Ni=1 which can provide a much more efficient approximation than geometric mesh refinement withrespect to the number of unknowns. However, the incorporation of non-polynomial shape functions in V FE must respectthe global regularity constraints, i.e. the inter-element continuity conditions. To this end, the partition of unity (PU)property
N∑
i=1 φ

FE
i ≡ 1

of e.g. the piecewise linear FE shape functions φFE
i is utilized. With the PU approach we attain an enriched approxi-mation space by

V FE
E = V FE + η

∑
λ∈Λ φ

FE
λ (1)

where η denotes a specific (solution- or problem-dependent) non-smooth enrichment function and Λ ⊂ {1, . . . , N}defines the subset of algebraically refined FE shape functions.1 This approach led to the introduction of the specialfinite elements of [4], the extended finite element method (XFEM) [8, 12, 57, 58], and the generalized finite elementmethod [1–3, 27, 28, 32, 64, 79, 81], see also [35] for an extensive collection of references on XFEM and GFEM. Notethat these methods are essentially identical and can all be casted in the more general framework of the partition ofunity method (PUM) [6, 55] where the approximation space is defined via
V PU = N∑

i=1 φiVi, with Vi = Ppi + Ei (2)
with Ppi = span 〈ψsi 〉 denoting the space of polynomials of degree p ≤ pi and Ei = span 〈ηti〉 a problem-dependent (local)enrichment space. Obviously, the choice of φi = φFE

i , Ppi = span 〈1〉 and Eλ = span 〈η〉 for λ ∈ Λ yields V PU = V FE
Eof (1).Thus, in this overview we treat a certain generalization of the FEM as a specific PUM and present the existing techniquesin this context. Therefore, we focus on the two main components of the construction of a PUM approximation space (2),the choice of the partition of unity functions φi and the selection of local approximation spaces Vi = Ppi + Ei, and theirimpact on the approximation and stability properties of the resulting scheme.

2. Generalizations of the Finite Element Method

It was already observed in the 1970s that the approximation properties of classical FEM are not tailored for the treatmentof problems with singular solutions. To overcome this issue, certain globally supported non-polynomial functions wereadded explicitly to the FE approximation space, e.g. in [13, 18, 34]. This approach is essentially based on a global singularfunction representation of the solution which is also the foundation of the methods proposed, e.g. in [15–17, 19, 20].The use of compactly supported non-polynomial shape functions to resolve local details of the solution was presentedin [4] for the treatment of second order PDE with rough coefficients. In particular, the use of products φFE
i ηi of piecewiselinear FE shape functions φFE

i with problem-dependent approximation functions ηi was proposed. From this approachoriginated the work on the partition of unity method (PUM) in [6, 55] which will be the framework employed in thispaper to generalize the FEM.
1 This approach is in the XFEM context often referred to as extrinsic (local) enrichment.
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2.1. Partition of unity approach

The abstract ingredients of a PUM are
• a partition of unity (PU) {φi : i = 1, . . . , N} with

φi ∈ Cr(RD) and patches ωi = supp◦φi,
• a collection of local approximation spaces

Vi = Vi(ωi) = span 〈θni 〉
defined on the patches ωi for i = 1, . . . , N.

With these two ingredients we define the PUM space
V PU = N∑

i=1 φiVi = span 〈φiθni 〉; (3)
i.e., the shape functions of a PUM space are simply defined as the products of the PU functions φi and the localapproximation functions θni . The PU functions provide the locality and global regularity of the product functions whereasthe functions θni equip V PU with its approximation power. Thus, we refer to the PU functions φi also as h-componentsand denote the local approximation functions θni also as (generalized) p-components of the PUM space V PU.
2.2. Fundamental approximation results

To study the approximation properties of the PUM space V PU we need to introduce some notation and specific assump-tions on the PU and the local approximation spaces due to [6].
Definition 2.1 (partition of unity).Let Ω ⊂ RD be an open set. Let {φi : i = 1, . . . , N} be a collection of Lipschitz functions φi : RD → R with

N∑
i=1 φi ≡ 1 on Ω, ‖φi‖L∞(Rd) ≤ C∞, ωi = supp (φi)◦, ‖∇φi‖L∞(Rd) ≤ C∇diamωi (4)

where each support ωi is a Lipschitz domain, C∞ and C∇ are two positive constants. The collection of functions
{φi : i = 1, . . . , N} is referred to as a partition of unity (PU) and the PU is said to be of degree k ∈ N0 if φi ∈ Ck (RD)for all i = 1, . . . , N. The sets ωi are called patches and their collection is referred to as a cover CΩ = {ωi : i = 1, . . . , N}of the domain Ω. Let us further introduce the covering index λCΩ : Ω→ N such that

λCΩ (x) = card {ωi ∈ CΩ : x ∈ ωi}.
A family of PUs is said to satisfy a finite covering property if

λCΩ (x) ≤ M ∈ N holds for all x ∈ Ω (5)
with M independent of N = cardCΩ.
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For PUM spaces (3) which employ a PU {φi} satisfying Definition 2.1 there hold the following error estimates due to [6].
Theorem 2.2.
Let Ω ⊂ RD be a Lipschitz domain. Let {φi} be a partition of unity according to Definition 2.1. Let a collection of local
approximation spaces Vi = span 〈θni 〉 ⊂ H1(ωi) be given. Let u ∈ H1(Ω) be the function to be approximated. Assume
that the local approximation spaces Vi have the following approximation properties: On each patch Ω∩ωi, the function
u can be approximated by a function ui ∈ Vi such that

‖u − ui‖L2(Ω∩ωi) ≤ ε̂i, ‖∇(u − ui)‖L2(Ω∩ωi) ≤ ε̃i (6)
hold for all i = 1, . . . , N. Then the function

uPU = N∑
i=1 φiui ∈ V

PU ⊂ H1(Ω)
satisfies the global estimates

∥∥u − uPU∥∥
L2(Ω) ≤ √MC∞

( N∑
i=1 ε̂

2
i

)1/2
,

∥∥∇(u − uPU)∥∥
L2(Ω) ≤ √2M( N∑

i=1
(

C∇diamωi
)2
ε̂2
i + C 2

∞ε̃2
i

)1/2
.

(7)

Note, however, that Theorem 2.2 is an abstract approximation result only and involves a specific choice of the approx-imation uPU. It does not state that this approximation is the best-approximation in V PU nor the uniqueness of therepresentation ∑N
i=1 φiui. In fact, the above assumptions are not sufficient to ensure the uniqueness of the representa-tion uPU = ∑N

i=1 φiui; i.e., the shape functions φiθni may be linearly dependent in the PUM with the assumptions ofTheorem 2.2. In the construction above all approximation power comes from the local approximation spaces Vi and thePU provides a smooth transition between the local approximations ui ∈ Vi only. The shape functions φiθni , however,may satisfy a higher order reproducing condition than just the local approximation functions θni , e.g. if the PU functions
φi are capable of resolving a polynomial of order p > 0 which is of course the case for φi = φFE

i , and the results ofTheorem 2.2 are not optimal in such cases.
3. Variants of the PUM

In this section we review the most prominent variants of the PUM, i.e. we present the most common choices of componentsemployed in the various methods. In particular, we discuss the use of meshbased and meshfree PU functions φi as wellas the use of local enrichment spaces Ei spanned by analytical or numerical functions in the definition of a PUM space
V PU = N∑

i=1 φiVi, with Vi = Ppi + Ei. (8)
First, we focus on the local enrichment spaces Ei = span 〈ηti〉 and thus the approximation properties of the resultingmethod. To this end, we rewrite (8) as

V PU = N∑
i=1 φiP

pi + N∑
i=1 φiEi = VORG + V ENR. (9)

Observe that Ei = 0 is a valid definition and thus enrichment may be employed everywhere in the domain or just locallywhere Ei 6= 0. In subsection 3.2 we are then concerned with the choice and construction of the PU functions φi and thusthe stability properties of the resulting shape functions φiθni .
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3.1. Enrichment functions

The abstract motivation for the introduction of local enrichment spaces Ei in (9) is to bring additional approximationcapabilities (collected in V ENR) to an existing method (or implementation) which originally employs the approximationspace VORG.
3.1.1. Smooth enrichment functions

Let us consider the case
VORG = N∑

i=1 φiP
pi = N∑

i=1 φ
FE
i span 〈1〉

with piecewise linear Lagrange FE functions φFE
i ; i.e., we want to improve the approximation power of a typical h-versionFE code by enrichment. Here, a first very natural choice (in one space dimension) is to use a polynomial enrichmentspace

V ENR = N∑
i=1 φiEi = N∑

i=1 φ
FE
i span 〈(x − xi)p〉p=1,...,pmax

i

to equip the code with higher order approximation properties without inflicting significant changes to its internal structure.Note also that due to the use of local enrichment spaces Ei = span 〈(x − xi)p〉p=1,...,pmax
i this procedure automaticallyadds the capability for p-adaptive computations to the code; i.e., pmax

i can be chosen for each node xi (each patch ωi)individually and independently. Thus, the PUM enrichment concept can be used as a simple strategy to extend anexisting h-adaptive FE implementation to obtain an hp-adaptive (generalized) FE code. Moreover, not only are the
pmax
i chosen on the patches ωi completely independent of each other, but we can also use different local basis functionse.g. by using different local coordinate systems on the patches ωi.For the approximation of problems with strongly anisotropic solutions, e.g. internal or boundary layers which are oftentreated by classical discretization techniques on graded or Shishkin meshes, this freedom can be exploited to improvethe approximation properties of the resulting scheme in an a-priori solution adapted fashion [26]. If the direction of themaximal variation of the solution is essentially known we can use this information on each patch locally to define anappropriate local coordinate system, e.g. (ξ(i), ζ(i)) on patch ωi where ξ(i) denotes the axis of maximal variation of thesolution on this patch and then define the local enrichment space e.g.

Ei = span 〈ξp(i)〉.
If more characteristics of the behavior of the solution are known, e.g. exponential growth, this information can easily beincorporated into the local approximation spaces e.g. via the selection of appropriate basis functions. Note that we canessentially use a known mesh grading function to select appropriate local approximation spaces.The two enrichment approaches introduced above are essentially aimed at problems (solutions with sharp gradients orweak singularities) which are usually treated by locally refined meshes and they can provide a similar quality in theapproximation based on a simple, e.g. uniform, mesh with less degrees of freedom than a classical method on graded orlocally refined meshes.This decoupling of approximation power and number of degrees of freedom is a core property of the PU approach andrenders a PUM especially suitable for problems with highly oscillatory solutions which usually require a very fine globalmesh resolution to resolve the characteristics of the solution and avoid so-called pollution. In these applications thelocal enrichment spaces Ei are necessary everywhere in the domain (e.g. for all patches ωi) to obtain an acceptableapproximation at all. For the high wave number Helmholtz equation, for instance, the use of generalized harmonicpolynomials or local spaces based on plane waves have been employed successfully [55, 80, 82].In summary, we can say that the use of smooth, e.g. polynomial enrichment functions in a PUM, is a valid and interestingchoice which can serve at least one of the following three purposes.
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• Extend an existing h-version code and equip it with the capability for (anisotropic) p-adaptive discretizations.
• Avoid mesh grading yet obtain a similar quality of approximation on a uniform mesh.
• Remove global refinement constraints (e.g. h depending on the wave number k).

Here the common effect is that the total number of degrees of freedom necessary to obtain a certain accuracy is reducedsubstantially.
3.1.2. Discontinuous enrichment functions

This effect is becoming even more pronounced when we consider the approximation of problems with internal interfacesdue to jumping coefficients of the PDE (e.g. material properties). In a standard FE discretization of an interface ortransmission problem it is assumed that the interface is aligned with the mesh lines; i.e., the coefficients are locallysmooth in each element (often assumed to be constant in each element). Obviously, this assumption yields a minimalmesh refinement to resolve the geometry of the interface and thus a minimal number of degrees of freedom in a classicalFE approximation. Moreover, if we consider an instationary process with a moving interface (e.g. free surface flow) meshrefinement and coarsening must be employed in every time-step which increases the computational work further. Thisissue was one of the central motives in the development of meshless or meshfree methods [10, 31, 55] and later on forthe XFEM.For the treatment of interface problems with a PUM we introduce the local enrichment spaces Ei which encode jumpsacross interfaces Γ that intersect the patches ωi in an arbitrary fashion.
Kinks

Let us first consider the treatment of so-called weak discontinuities or solutions with kinks; i.e., we consider theapproximation of functions u : Ω→ R with discontinuous first order derivatives ∇u. The prototypical situation is
u = abs f1, u = max (0, f2), or u = min (0, f3)

with a smooth function fi : Ω→ R which changes its sign in Ω. The roots f(x) = 0 describe the interface Γ = {x ∈ Ω :
f(x) = 0}. Assume that the interface Γ is closed and induces a disjoint decomposition of our domain Ω into Ω+ and Ω−.Moreover, let us assume that the smooth part VORG of our approximation space (9) can resolve linear functions. Then itis very natural to look for an enrichment space V ENR such that the enriched approximation space V PU (9) can resolvefunctions that are piecewise linear in Ω and linear in Ω+ and Ω−. To this end, consider a simple situation in two spacedimensions where the interface is given by Γ = {(x, y) : y = 0}. Thus, we are looking for an approximation space V PUsuch that y+, y− ∈ V PU, where

y+ = max (0, y) and y− = min (0, y).
This can easily be attained with the choice of

Ei = span 〈y+, y−〉 (10)
for all ωi with i = 1, . . . , n. However, on patches ωi with Γ ∩ ωi = ∅ we have either y = y+ or y = y− which canalready be represented in VORG without enrichment. Therefore it is sufficient to use (10) on patches ωi with Γ∩ωi 6= ∅.Now observe that y+ + y− = y ∈ Ei which can again be resolved by VORG. This obvious linear dependence can becircumvented easily via the choice

Ei = span 〈|y|〉
which seems to correspond to the choice of

Ei = span 〈| sdist ((x, y),Γ)|〉
8
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where sdist ((x, y),Γ) denotes the signed distance to Γ for an arbitrary interface.2 Note, however, that this is true forinterfaces Γ where the intersections Γ ∩ ωi 6= ∅ are line segments only.3 In general, when the intersections Γ ∩ ωi 6= ∅are curved (or piecewise linear), the signed distance ηΓ(x, y) = sdist ((x, y),Γ) cannot be represented in VORG and wemust use the two-dimensional enrichment spaces
Ei = span 〈max (0, ηΓ),min (0, ηΓ)〉 = span 〈ηΓ, |ηΓ|〉

to resolve the kink at the interface.Several extensions of this approach to higher order approximations are possible: If the PU functions φi already recoverpolynomials of higher order, e.g. when the φi are higher order Lagrange FE functions, then the resulting products
φiEi have an implicit higher order reproducing property.4 On the other hand, we can also construct enrichment spaces
Ei which explicitly reproduce higher order (piecewise) polynomials. To this end, we can simply define the enrichmentfunctions ηi ∈ Ei via

ηi(x, y) = ηΓ(x, y)p(x, y) + |ηΓ(x, y)|q(x, y)
where p and q denote higher order polynomials. Following the presentation above, the most natural choice, however,seems to view the signed distance to the interface as a generalized coordinate and to consider higher order powers ofthe distance for the enrichment, i.e. with l = 1, . . . , pi use

Ei = span 〈max (0, ηΓ)l,min (0, ηΓ)l〉
as local enrichment spaces.5
Jumps

Let us now consider the approximation of functions u with strong discontinuities across an interface Γ. Here, we allowfor u+ 6= u− with
u+(x) = lim

ε→0u(x + εn(x)), u−(x) = lim
ε→0u(x − εn(x)),

where n(x) denotes the oriented normal to Γ at x ∈ Γ. A very natural choice of appropriate enrichment functions is thedefinition
ηi(x, y) = signum ηΓ(x, y) · p(x, y)

with p ∈ Ppi which essentially models the piecewise constant gradients of the distance function |ηΓ(x, y)| via the Haarfunction signum. Note that these enrichment functions are already higher order since the definition above correspondsto the enriched local approximation spaces
Vi = Ppi + Ei = Ppi + signum ηΓ · Ppi .

2 This is often referred to as abs-enrichment in the XFEM where the signed distance to Γ is usually given by a level-set
function Φ.3 When finite elements are employed as PU, the intersection Γ∩E 6= ∅ with a single element E must be a line segment.
This is, for instance, the case when the signed distance is determined from a discrete level-set function Φ ∈ VORG on
the same mesh.4 This technique seems to be the most common approach employed in the XFEM to achieve higher order approximation
with discontinuous enrichment.5 An optimal construction for the local approximation spaces Vi = Ppi + Ei would be based on a coordinate system
that employs the normal to the interface (via the distance) to capture the kink and the (locally) tangential directions to
describe smooth components.
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In summary, the enrichment spaces Ei for the resolution of (weakly and strongly) discontinuous solutions are essentially
multiplicative extensions of the smooth polynomial part Ppi of the local approximation spaces Vi on a particular patch ωi.Moreover, the enrichment is truly local since it must be employed only on patches ωi that are intersected (completely)by the interface Γ to attain the optimal global convergence rate.Finally, let us remark that the presentation above focused on conforming treatments of kinks and jumps. For theapproximation of kinks, i.e. of transmission problems, there are also non-conforming PU-based methods [46, 53] whichalso provide optimal convergence. These schemes are similar in spirit to the non-conforming treatment of essentialboundary conditions discussed below.
3.1.3. Singular enrichment functions

For the approximation of singular solutions an additive enrichment is more appropriate since polynomials cannot accountfor the strong local variation in the solution or its gradient; i.e., the local approximation spaces are defined as
Vi = Ppi + Ei

with enrichment spaces Ei which are very different from (piecewise) polynomials. Let us consider the prototypical singularfunction
s(x) = ‖x − c‖α2 with α < 1

and its efficient numerical approximation by a PU method. Obviously, the function s cannot be approximated accuratelyby polynomials at the point x = c ∈ Ω̄ which we assume to be known.In a classical FEM geometric refinement of the patches ωi with c ∈ ωi must be employed to recover the optimalconvergence rate.6 In a PU method we replace the geometric refinement of such a patch with the appropriate enrichmentof its local approximation space; i.e., we employ
Vi = Ppi + Ei(s) (11)

on patches ωi with c ∈ ωi. For the selection of optimal enrichment spaces Ei(s) the characteristic singular behavior of smust also be known; i.e., α must be known. This essentially corresponds to a priori regularity results for the consideredPDE problem like the following lemma from [54] for the Poisson problem, see also [43, 44].
Lemma 3.1.
Let Ω ∈ R2 be a polygon with vertices cj and internal angles θj for j = 1, . . . , J. Define for each vertex cj the singularity
functions

sj,l(rj , βj ) =

rlπ/βj sin l πβj if l πβj

/∈ N,

rlπ/βj
(ln rj · sin l πβj + βj cos l πβj

)
if l πβj

∈ N,
(12)

where (rj , βj ) denote polar coordinates with respect to the origin cj such that the two linear segments of the boundary
∂Ω meeting at the vertex cj fall on the lines βj = 0 and βj = θj . Let f ∈ H−1+k (Ω) with k /∈ N and k > 0, then the
solution u of

−∆u = f in Ω, u = 0 on ∂Ω
can be written as

u = J∑
j=1
∑
l∈Nk

aj,lsj,l + u0 (13)
with Nk = {l ∈ N : lπ < kβj} for some coefficients aj,l ∈ R and u0 ∈ H1+k (Ω).

6 Actually adaptive refinement must be employed in the vicinity of the singular point c.
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The key to the selection of appropriate enrichment spaces Ei is the representation (13) of the solution u.7 If we restrict(13) to a particular patch ωi and assume that the smooth part u0 of the solution u can be approximated sufficiently wellby the polynomial part Ppi of (11), we can define the enrichment space
Ei = span 〈sj,l〉

to obtain a locally optimal approximation in Vi; i.e., the rate of convergence is given by min (pi, k). This, however, is notsufficient to obtain optimal convergence on Ω since the singularity functions sj,l are global functions and may dominatethe behavior of the solution in an area larger than ωi. Thus, the enrichment for singular solutions must be non-local torecover the optimal convergence rate globally; i.e., we must enrich patches ωi with a finite distance to the singular points
cj not only those patches with cj ∈ ωi. This is sometimes referred to as geometric enrichment whereas the enrichmentof patches ωi with cj ∈ ωi only is denoted as topological enrichment [7, 49, 70, 74, 75]. In practice, only the singularityfunction sj,1, i.e. the dominant singularity, is used as an enrichment function.Expansions of the solution u similar to (13) exist e.g. for mixed Dirichlet–Neumann boundary conditions or fracturemechanics problems in two space dimensions. In crack simulations with PU type methods a very common choice[8, 11, 12, 27, 28, 32, 57, 62] of the respective singular enrichment space is

Etip = span〈√r cos β2 ,√r sin β2 ,√r sinβ sin β2 ,√r sinβ cos β2
〉
.

3.1.4. Numerical enrichment functions

Even if an expansion such as (13) with explicitly given singularity functions (12) is not known, e.g. if the singularityexponents of sj,l are not known analytically, we can still pursue our enrichment approach. However, we now have toprecompute appropriate numerical enrichment spaces Ei on patches ωi via auxiliary problems defined on subsets Ωi ⊂ Ωwhich satisfy ωi ⊆ Ωi.Observe that the use of numerical enrichment functions may yield better results than the use of analytical enrichmentfunctions. Recall that the main ingredient in the design of enrichment functions for the approximation of discontinuoussolutions across a closed interface Γ was the signed distance function ηΓ(x) = sdist (x,Γ). If the interface Γ is sufficientlysmooth, ηΓ captures the relevant solution behavior rather well. However, if the interface Γ is not smooth, e.g. if Γ isgiven by a polygon, this is no longer the case. Then, we essentially encounter a similar situation as in Lemma 3.1and the singular behavior of the solution at the vertices of the polygon is not resolved by the enrichment function
ηΓ(x) = sdist (x,Γ). One approach to deal with this issue is to use the enrichment by ηΓ only on patches ωi where theintersections γi = Γ ∩ ωi are smooth and to use the respective singularity functions (12) on patches ωi which contain avertex of Γ. This approach, however, may lead to a rather large number of enrichment functions and also requires thatthe patches resolve the interface in the following sense: A patch ωi may contain at most one of the vertices of Γ. Thisessentially means that we need to employ local geometric refinement of the patches which intersect the interface toobtain a valid enrichment scheme. This obviously yields a substantial conflict with the main idea of replacing geometricrefinement by the selection of appropriate local approximation spaces and may furthermore be challenging to realize ina global approximation on Ω.To overcome these issues numerical enrichment functions or handbook functions can be employed. These numericalenrichment functions are simply solutions of certain local problems which are approximated e.g. by the approach aboveor adaptive FEM. These local problems can either be defined a priori [83, 84] or a posteriori [29, 48] which is then referredto as global-local enrichment. In the a priori approach the constructed local problems are usually not as much tailoredto the concrete global problem at hand, e.g. the local problems may employ (several) reference boundary conditions.Thus, the computed local solutions may be useful as enrichment functions in other simulations and are therefore storedpermanently in a handbook. The global-local enrichment functions on the other hand may be more adapted to theconsidered problem and thus can provide a better approximation.
7 This is also the foundation of the global enrichment approaches and methods proposed in [15–17, 19, 20].
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3.1.5. Summary

The approximation properties of polynomials are well-suited for the numerical treatment of smooth solutions. For theapproximation of discontinuous or singular functions piecewise polynomials with adaptive geometric refinement can beused. The geometric refinement, however, leads to an increase in the number of unknowns and storage demands whichmay be prohibitive. These issues can be avoided to a large extent via the use of problem-dependent non-polynomiallocal enrichment functions which can resolve those components of the solution u which cannot be approximated well bypolynomials, i.e. the local enrichment functions should provide good approximation for the function u − ΠPpiu whereΠPpi denotes a projector onto the space of polynomials of degree ≤ pi on a particular patch ωi.Besides the enrichment with smooth or polynomial functions to obtain a higher order method from a first order imple-mentation, there are essentially two types of enrichment spaces: multiplicative and additive enrichments. Multiplicativeenrichments essentially change the local polynomial approximation spaces Vi = Ppi to a piecewise polynomial approx-imation space Vi = Ppi + ηMPpi where ηM denotes a (weakly or strongly) discontinuous function. Thus, multiplicativeenrichments are higher order and local by design, i.e. are defined on patches ωi which intersect the respective interface.Additive enrichments on the other hand are truly non-polynomial and usually deal with singular solution behavior.Therefore, additive enrichments must be employed in a non-local fashion to account for the domain of influence of thespecific singularity function used for the enrichment.Areas of application for the discussed enrichment spaces are for instance: transmission and interface problems, shearbands, cracks [8, 57], cohesive cracks [52], dislocations [36, 89], free surface flow [21, 22, 45], polycrystals and grainboundaries [76, 78], thin fiber composites [65, 66]. See [9, 35, 47] for further references.Recall that the main goal of an enriched PU approximation is that we obtain a better approximation with less degreesof freedom. Thus, the PUM offers a convenient approach to construct coarse approximation spaces (small number ofunknowns) which can, however, resolve fine details (large variations or oscillations with the support of a single basisfunction, i.e. a patch ωi). This renders the approach very promising for the construction of multiscale methods [5, 33] andthe design of robust multilevel solvers [40, 73]. In some sense we can view the algebraic refinement of an approximationspace by problem-dependent enrichment functions as a continuum version of operator-dependent multigrid or algebraicmultigrid methods [85]. This interpretation, however, assumes that the linear systems arising from a PUM discretizationare well-conditioned, an issue that is related to the particular choice of basis functions. So far we were only concernedwith the abstract approximation properties of the respective PUM space and ignored the potential impact the enrichmentsmay have on the stability of the resulting PUM and its shape functions. However it is obvious that in the non-localadditive enrichment case we will encounter stability problems.
3.2. Partition of unity functions

The selection of local approximation spaces Vi in a PUM is on an abstract level straightforward: Among all spaces Viwith fixed dimension dimVi, choose Vi such that the local error bounds ε̂i and ε̃i of (6) in Theorem 2.2 are minimal. Theselection criteria for the PU functions φi with suppφi = ωi are more vague. Theorem 2.2 allows for the use of any PUwhose first derivatives are bounded by diamω−1
i to obtain the global bounds (7). Thus, the assumptions and resultsof Theorem 2.2 give much freedom in the particular choice of the PU and the selection of the PU functions φi can forinstance be guided by the following criteria.

1. The PU should provide higher order reproduction to further improve the global approximation properties.
2. The functions φi should be easy to implement or there should be an efficient implementation available.
3. The construction of the PU functions φi should be independent of a mesh.
4. The implementation of a PU with arbitrary regularity should be simple.
5. The functions φi should be chosen so that the product functions φiθni which span the global PUM space V PU (3)provide a stable basis of V PU.
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Criteria 1 and 2 suggest the use of classical Lagrange FE shape functions as the PU functions φi which is the choicemade in XFEM and GFEM approaches. Criteria 3 and 4 imply the use of meshfree methods for the construction of thePU [24, 30, 38, 39, 51]. And criterion 5 seems to favor the use of a flat-top PU [40, 63, 67, 68].
3.2.1. Finite element functions as PU

Considering the fact that we are interested in a generalization of the FEM, the most natural choice of PU functions
φi probably is the use of classical FE shape functions φFE

i . However, the theoretical results of subsection 2.2 do notyield the expected error bounds for arbitrary local approximation spaces Vi and can yield linearly dependent productfunctions φiθni . Moreover, the point of view taken in subsection 2.2 is completely different than in the classical FE. Theanalysis of the PUM is based on patches ωi = suppφi whereas the classical FE theory considers elements E ⊂ Ω suchthat for all i = 1, . . . , N the restrictions φFE
i �E are polynomials.Let us consider the following simple one-dimensional situation: Let Ω = (0, 1) be the unit interval and define
φ0(x) = 1− x and φ1(x) = x

as the respective linear FE shape functions. Furthermore, we define the local approximation spaces
V0 = span 〈1, x〉, V1 = span 〈1, x〉.

Obviously, the choice of components satisfies the assumptions above, however, the resulting PUM shape functions arelinearly dependent. Observe that the PU functions φ0 and φ1 are linear polynomials as are all local approximationfunctions θni . Hence, the four product functions φiθni are the quadratic polynomials
(1− x), x (1− x), x, x2.

Yet, there exist only three linearly independent quadratic polynomials on the interval Ω so that the four shape functionsof our PUM space V PU = φ0V0 + φ1V1 must be linearly dependent. On the other hand, the space V PU = P2 obviouslyhas better reproduction properties than the local spaces Vi = P1 so that better global error bounds than those ofTheorem 2.2 can be attained. Thus, there is a benefit of using FE shape functions as the PU: higher order convergence.This, however, comes at the price that the product functions may be linearly dependent if we use polynomial localapproximation spaces or ill-conditioned in general.Another issue that is often referred to in the XFEM literature is the notion of blending elements which we shortly discussin the following. Consider the PUM approximation space
V PU = N∑

i=1 φiP
pi + N∑

i=1 φiEi = VORG + V ENR

and let us assume that Ppi = span 〈1〉 and φi = φFE
i . Then we have

V PU = V FE + N∑
i=1 φ

FE
i Ei

where Ei is an arbitrary local enrichment space and may satisfy Ei 6= 0 for some nodes only, i.e.
V PU = V FE +∑

i∈Λ φ
FE
i Ei
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with Λ ⊂ {1, . . . , N}. For simplicity let these enrichment spaces be one-dimensional and be generated by a singleglobal enrichment function η, i.e. any function vPU ∈ V PU can be written as
vPU(x) = N∑

i=1 ṽiφ
FE
i (x) +∑

i∈Λ ẽiφ
FE
i (x)η�ωi(x)

with coefficients ṽi and ẽi. Then it is obvious that the function η cannot be exactly represented globally on Ω by afunction vPU ∈ V PU. Moreover, η cannot be recovered in V PU on the enriched subdomain
ΩE = ⋃

i∈Λωi, since 1 6≡∑
i∈Λ φ

FE
i on ΩE .

Only on the smaller subdomain
ΩF = {x ∈ ΩE : 1 ≡∑

i∈Λ φ
FE
i

}
can η be represented exactly in V PU. All elements in ΩE \ΩF are called blending elements. The question is if this issuehas an adverse effect on the global approximation properties. To answer this question, let us consider two cases: Firsta singular enrichment function η as in 3.1.3 and then a piecewise polynomial enrichment function as in 3.1.2.Recall that a singular enrichment function is employed for the approximation of a singular solution u. Thus, here weassume that an expansion of the solution as in (13) is known a priori. Due to the rather local character of a singularity,however, we can generalize such a decomposition in such a fashion that

u = J∑
j=1
∑
l∈Nk

aj,lχjsj,l + ũ0

with a cut-off function χi that satisfies χi ≡ 1 in a vicinity of the vertex ci and χi ≡ 0 in a vicinity of all other vertices
cj and a regular function ũ0. Thus, the enriched approximation space V PU must not be able to represent sj,l exactlybut only χjsj,l in its support which is obviously attainable by the enrichment space ∑i∈Λ φFE

i Ei only. Thus, the overallconvergence rate is determined by the approximation properties of V FE with respect to the regular part ũ0. Therefore,blending elements have no impact on the approximation properties in the case of singular enrichment functions.When we use the kink enrichment we are essentially interested in the construction of an approximation space V PU thatcan represent piecewise polynomials that are globally continuous and may have a jumping derivative across a prescribedinterface Γ that decomposes the domain Ω into two disjoint subdomains Ω− and Ω+. For the sake of simplicity let usconsider linear polynomials only. The line of argument in the PUM given above is that the local approximation spaces
Vi determine the reproduction order and the PU functions merely merge the local approximations together. Thus, ifwe assume that the local approximation spaces Vi on patches ωi = suppφFE

i which do not intersect the interface Γcan reproduce linear polynomials, i.e. Vi = P1, and that the Vi on patches ωi ∩ Γ 6= ∅ can reproduce piecewise linearfunctions, for instance, by the choice of
Vi = P1 + span 〈max (0, ηΓ),min (0, ηΓ)〉,

we have exact reproduction in V PU. With a finite element PU, however, reproducing conditions are not inferred on thepatch level but on the element level. Thus enrichment functions must also be viewed as element shape functions viatheir restriction to elements. Consequently we would like to enrich those elements which intersect the interface Γ only.The PUM framework, however, requires that we enrich patches. To this end, we simply extend the element enrichmentfunctions by zero to the neighboring elements (the blending elements) to obtain a patch-based enrichment function.This, however, conflicts with the global continuity constraints. To fix this issue, we change the element enrichment
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functions in such a fashion that they vanish at element boundaries to obtain a valid global approximation space.8 Yet,the required characteristics of the enrichment functions, i.e. piecewise linearity with respect to the interface Γ, mustbe preserved. Thus, blending elements are really just a technical difficulty arising due to the fact that we mix FEMapproximation properties with PUM approximation properties. However, the approximation properties of FE shapefunctions are derived from element properties under the constraint of global continuity whereas the global PUM spaceinherits its approximation properties from independent local spaces defined on patches.In summary, the use of a PU build from FE shape functions is in principle possible and can provide a better convergencethan indicated by Theorem 2.2 but leads to several technical challenges. The most essential drawback of a finite elementPU is that it somewhat destroys the local character of the PUM. Recall that it is not sufficient to have linear independenceof the local basis functions θni of Vi to infer that the product functions φFE
i θni are globally linearly independent. Thus theselection of a well-conditioned basis for the enriched global approximation space cannot be based on local properties.This issue becomes even more pronounced when non-local enrichment must be employed.Recall that for the approximation of a singular solution a simple topological enrichment is not sufficient to attain theoptimal convergence rate. Thus geometric enrichment is usually employed, i.e. all patches ωi in a certain neighborhoodof the singular point c of the solution are enriched. Obviously this procedure yields a rather large number of enrichmentfunctions ηti which are usually given as restrictions of global functions ηt on the computational domain Ω, comparewith (12). Therefore, the restrictions ηti = ηt�ωi of the enrichment functions ηt to a particular patch ωi are not scaledwith respect to the local supports ωi and may be ill-conditioned or even linearly dependent on ωi, even if the enrichmentfunctions ηt are well-conditioned on a global scale. Furthermore, the coupling between the spaces Ppi and Ei on thepatch ωi must be considered since

Vi(ωi) = Ppi (ωi) + Ei(ωi)is not a direct splitting. The system of functions 〈θmi 〉 = 〈ψsi , ηti〉 degenerates from a basis of Vi to a generating systemif the restricted enrichment functions ηti = ηt�ωi can be represented (well-approximated) by polynomials ψsi ∈ Ppi on thepatch ωi.The elimination of these linear dependencies (the ill-conditioning) and the selection of a well-conditioned basis for thespace V PU is of great practical relevance and one of the main challenges in an enriched PUM computation. Probablythe most general approach to solve this issue is via the imposition of an additional condition on the PU functions, theflat-top property.9
3.2.2. Flat-top PU

Definition 3.2 (flat-top property).Let {φi} be a partition of unity satisfying (4). Let us define the sub-patches ωFT,i ⊂ ωi such that φi�ωFT,i ≡ 1. Then, thePU is said to have the flat-top property, if there exists a constant CFT such that for all patches ωi
µ(ωi) ≤ CFT µ(ωFT,i ∩Ω) (14)

where µ(A) denotes the Lebesgue measure of A ⊂ Rd. Note that C∞ = 1 holds for a PU with the flat-top property.
8 Note that also a non-vanishing constant extension of the element enrichment functions is sufficient.9 A rather simple approach to this issue in the case of singular enrichment functions can be summarized as follows.
For simplicity let us assume that the local enrichment spaces Ei are one-dimensional and given by a single global
enrichment function η, i.e. any local approximation function vi ∈ Vi can be written as

vi(x) = di∑
s=1 ṽ

s
i ψsi (x) + ẽiη�ωi (x)

with coefficients ṽi and ẽi and di = dimPpi . Recall that the enrichment function essentially serves the purpose to capture
the leading term in an expansion like (13). Thus if the employed enrichment function η satisfies η = Csj,1 for some
constant C it is sufficient to set all local coefficients ẽi to the same value and determine this single coefficient on a patch
ωi with cj ∈ ωi [49, 86, 88]. This approach can either be interpreted as imposing constraints on the local approximation
spaces or as a clustering of the associated PU functions and is also referred to as flat-top enrichment [35].
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This property is sufficient to ensure that the product functions φiθmi are linearly independent, provided that the employedlocal approximation functions θmi are linearly independent with respect to ωFT,i = {x ∈ ωi : φi(x) = 1}.10 Hence, weobtain global stability of the product functions φiθmi from the local stability of the approximation functions θmi on ωiaccording to the following lemma.
Lemma 3.3 (stability).
Let the local spaces Vi for i = 1, . . . , N and their respective basis functions θmi for m = 1, . . . , di = dimVi satisfy

κ−11,i µ(ωFT,i ∩Ω) di∑
m=1(umi )2 ≤ ‖ui‖2L2(ωFT,i∩Ω), ‖ui‖2L2(ωi∩Ω) ≤ κ2,i µ(ωi) di∑

m=1(umi )2 (15)
for any ui = ∑di

m=1 umi θmi ∈ Vi. Moreover, let µ(ωi) � hd and assume that the PU has the flat-top property. Then the
product functions φiθmi are a basis for the global PUM space V PU and there holds

K−11
( N∑

i=1
di∑
m=1(umi )2)1/2

≤ h−d/2‖uPU‖L2(Ω) ≤ K2
( N∑

i=1
di∑
m=1(umi )2)1/2

where uPU = ∑N
i=1 φiui ∈ V PU with

K1 = min
i=1,...,N κ1,i and K2 = √M max

i=1,...,N κ2,i.

Proof. With the help of (4) and (5) we easily obtain the upper bound
∥∥uPU∥∥2

L2(Ω) = ∫Ω
( N∑

i=1 φi(x)ui(x)
)2
dx ≤ MC 2

∞

N∑
i=1 ‖ui‖

2
L2(ωi∩Ω).

For the respective lower bound we utilize the flat-top property (14). Obviously, there holds
∥∥uPU∥∥2

L2(Ω) ≥
N∑
j=1
∫
ωFT,j∩Ω

( N∑
i=1 φi(x)ui(x)

)2
dx.

Observe that a flat-top PU has a particular Kronecker property
φi�ωFT,j = δij

which yields the estimate ∥∥uPU∥∥2
L2 ≥

N∑
j=1
∫
ωFT,ju

2
j (x)dx = N∑

j=1 ‖uj‖
2
L2(ωFT,i∩Ω).

The assertion then follows from (15).
10 A more general condition that ensures the linear independence is given in [23]. This condition, however, does not
give rise to a simple constructition process which is essential for an easy and efficient implementation.
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Thus, we must be concerned with the construction of appropriate local basis functions θmi only. The global basisfunctions φiθni are then automatically L2-stable. In the case Vi = Ppi the conditions (15) follow from the stability of thepolynomials π ∈ Vi on ωFT,i since
‖π‖L2(ωi) ≤ C‖π‖L2(ωFT,i)holds with an absolute constant depending on the polynomial degree pi and CFT of (14) due to the Hölder inequalityand the estimates [25]

‖π‖L∞(ωi) ≤ C
( diamωidiamωFT,i

)pi
‖π‖L∞(ωFT,i), ‖π‖L∞(ωFT,i) ≤ µ(ωFT,i)−1/2‖π‖L2(ωFT,i),

so that K1 and K2 are dependent on the maximal polynomial degree only. In the general case, when Ei 6= 0, the conditions(15) are explicitly enforced via a local preconditioning/projection approach [70, 74], i.e. this construction yields a directsplitting of the local approximation spaces Vi with respective stable local basis functions
Vi(ωi) = span 〈θmi 〉 = Ppi (ωi) + Ei(ωi) = Ppi (ωi)⊕Di(ωi).

Thus, a stable basis for the global PUM space
V PU = N∑

i=1 φiP
pi ⊕

N∑
i=1 φiDi

can readily be obtained for arbitrary enrichment spaces with a flat-top PU.To attain this highly desirable property in practice, we must construct such a flat-top PU. In one-dimension space this istrivial and many constructions, e.g. by piecewise polynomials, are available. In multiple dimensions the one-dimensionaltechniques can of course be tensorized, e.g. [63], but this severely limits the applicable geometric refinement schemesfor the patches ωi. A more general approach is the use of a mesh and the respective dual-mesh to define the patches ωiand flat-top sub-patches ωFT,i on which the PU functions are then defined as piecewise polynomials [67]. Besides thesemeshbased approaches there is also a meshfree construction of a flat-top PU [38, 39] which allows for rather arbitrarygeometric refinement of the patches and avoids the issue of mesh generation.
Meshfree PUThe fundamental construction principle employed in [39, 40, 68] for the construction of the PU {φi} is a d-binary tree.Based on the given point data P = {xi : i = 1, . . . , N̂}, we sub-divide a bounding-box CΩ ⊃ Ω of the domain Ω untileach cell

Ci = d∏
l=1 (cli − hli, cli + hli)

associated with a leaf of the tree contains at most a single point xi ∈ P. We obtain an overlapping cover CΩ = {ωi}from this tree by defining the cover patches ωi as
ωi = d∏

l=1 (cli − αhli, cli + αhli), α > 1.
Note that we define a cover patch ωi for leaf-cells Ci that contain a point xi ∈ P as well as for empty cells that do notcontain any point from P.To obtain a PU on a cover CΩ with N = cardCΩ we define a weight function Wi : Ω → R with suppWi = ωi for eachcover patch ωi by

Wi(x) = {W ◦ Ti(x) if x ∈ ωi,0 else,
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with the affine transforms Ti : ωi → [−1, 1]d and W : [−1, 1]d → R the reference d-linear B-spline. By simple averagingof these weight functions we obtain the Shepard functions [77]
φi(x) = Wi(x)

Si(x) with Si(x) = N∑
l=1 Wl(x). (16)

The functions (16) define an admissible PU and with the choice of α < 1 + 2−L−1, where L denotes the irregularity ofthe employed d-binary tree, this PU has the flat-top property [71].
3.3. Implementation

The main difference in the efficient implementation of the PUM and classical FEM is in the assembly of the stiffnessmatrix. The enrichment functions ηti ∈ Ei on a particular patch ωi are discontinuous or singular functions and therespective entries of the stiffness matrix can usually not be computed analytically. Thus, numerical integration must, ingeneral, be employed in the PUM. Unfortunately, a detailed numerical analysis about the effect of numerical integrationin the PUM is missing, i.e. an a priori error bound on the consistency error introduced by numerical integration inthe spirit of Strang’s Lemmata for the FEM is yet not available for the PUM. Thus, the PUM literature concernedwith the implementation of the method, e.g. [14, 87] for FE-based PUM and [68, 69] for meshfree PUM, focuses on theconstruction of integration schemes that yield sufficient accuracy in practice with an acceptable operation count. Recallalso that the elementary geometric entity in PUM is a patch ωi = suppφi and that these patches overlap (each otherand the computational domain) in a rather arbitrary fashion. Thus, the decomposition of the computational domain intodisjoint elements which we have in FEM is, in general, not (directly) available in PUM.
3.3.1. Enrichment functions

Let us shortly review the approaches [14, 35, 87] employed for the numerical integration of discontinuous and singularenrichment functions. For the sake of simplicity let us assume that the PU is given by FE shape functions and thus amesh which decomposes the computational domain into disjoint elements is available. Then, we must be concerned withthe integration of a discontinuous or singular function on a single element only where the location of the discontinuityor singularity is known a priori. If the integrand is discontinuous at the considered element, a straightforward approachis to employ e.g. a constrained mesh generation scheme locally on this element to resolve the discontinuity explicitlyand to use a standard numerical integration rule on the cells of this local mesh. If the integrand is singular we canemploy a local mesh generator that uses e.g. a gradient based adaptive refinement near the singularity together withstandard numerical integration rules or singularity adapted rules, see also [59, 60]. These procedures can of course becoupled with an adaptive (integration) error control. Yet, the crucial point is that there is, in general, no reliable a prioribound on the required integration accuracy which would yield a valid stopping criterion for this adaptation process.
3.3.2. Partition of unity

If the PU is not constructed on a mesh but e.g. via the meshfree approach (16) we only have the overlapping patches ωiavailable. Numerical integration of the weak form based on these patches is in essence comparable to a node orientedassembly of FE stiffness matrix and thus leads to an overhead in the number of evaluations of the shape functions φiθni .Moreover, the PU functions φi are, in general, not smooth, e.g. ∇φi is discontinuous within the patch ωi if a linearspline is used as a weight function in (16). Thus, the patches ωi must be decomposed into disjoint cells which respectthe discontinuities of the PU functions φi [68, 69]. Note that this construction and the selection of integration rules onthe resulting cells must at least preserve the fundamental analytical properties of the PU, i.e.
N∑
i=1 φi = 1 =⇒ N∑

i=1 ∇φi = 0,
in the assembly of the stiffness matrix.
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3.3.3. Essential boundary conditions

The implementation of essential boundary conditions in the PUM is in general somewhat more involved than in the FEM.First of all the conditions imposed on the PU functions (4) are essentially independent of the computational domain.That is the patches ωi do not have to align with the domain boundaries. Moreover, the local approximation spaces Vimust only provide the approximation properties (6), they do not need to satisfy essential boundary conditions explicitly.If the PU is composed of FE shape functions, we may assume that the underlying mesh is a discrete realization ofthe computational domain such that the implementation of essential boundary conditions is very much similar to theclassical FEM. Only in the case when enrichment functions are employed near the boundary of the domain some specialtreatment is required. This, however, is usually just a minor technical issue that can be dealt with easily.11
The conforming treatment of essential boundary conditions in a general PUM requires the use of local approximationspaces Vi that satisfy the boundary conditions explicitly. In general, this requirement may be hard to realize a priorisince the PUM makes no assumption on how the computational domain and its boundary are given. However, in [72]an a posteriori construction is presented for flat-top PUs. This general algebraic approach constructs a direct splitting
Vi = Vi,I ⊕ Vi,B of the local approximation spaces Vi on patches ωi ∩ ∂Ω 6= ∅ into a space Vi,I that satisfies vanishingboundary conditions and Vi,B which must be used for the approximation of non-homogeneous boundary conditions only.There are a number of non-conforming approaches to the implementation of essential boundary conditions which havebeen suggested in the context of the PUM and meshfree methods in general [3], e.g. penalty methods, Lagrangemultipliers, collocation techniques, or Nitsche’s method. The most natural approach seems to be Nitsche’s method [61]which was originally proposed for unfitted FEM and is often employed, e.g. in Mortar methods and for the treatment ofinterface problems.To quickly review this approach, let us consider the linear elastic model problem

− div σ (u) = f in Ω ⊂ Rd,
σ (u) · n = gN on ΓN ⊂ ∂Ω,(σ (u) · n) · t = 0 on ΓD = ∂Ω \ ΓN ,
u · n = gD,n on ΓD = ∂Ω \ ΓN .

(17)

Testing the PDE with an arbitrary function v ∈ H1(Ω), we obtain
−
∫

Ω div σ (u) · v dx = ∫Ω σ (u) : ε(v) dx − ∫
∂Ωσ (u)n · v ds = ∫Ω fv dx

via integration by parts due to the symmetry of σ (u). Decomposing the boundary ∂Ω into the Neumann ΓN and Dirichletparts ΓD = ∂Ω \ ΓN , we can bring the Neumann boundary conditions of (17) to the right-hand side. On the left-handside only the consistency term on the Dirichlet boundary ΓD remains.
∫

Ω σ (u) : ε(v) dx − ∫ΓDσ (u)n · v ds = ∫Ω fv dx + ∫ΓNgNv ds.

On ΓD we have essential boundary conditions in normal direction but vanishing natural boundary conditions in tangentialdirection. Therefore, we split the integrand of the consistency term on the left-hand side into its normal and tangentialparts: ∫
ΓDσ (u)n · v ds = ∫ΓD

((n · σ (u)n)n+ (t · σ (u)n)t) · v ds
11 If the PU, however, is given by FE shape functions that arise from an unfitted FEM non-conforming approaches to
the implementation of essential boundary conditions must be employed.
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which yields ∫
Ω σ (u) : ε(v) dx − ∫ΓD(n · σ (u)n)n · v ds = ∫Ω fv dx + ∫ΓNgNv dsdue to (σ (u) · n) · t = 0 on ΓD . Now we are in a position to symmetrize the bilinear form consistently using the availableDirichlet boundary values u · n = gD,n only and obtain

∫
Ω σ (u) : ε(v) dx − ∫ΓD

((n · σ (u)n)n · v + (n · σ (v)n)n · u) ds = ∫Ω fv dx + ∫ΓNgNv ds −
∫

ΓDgD,n(n · σ (v)n) ds.
Finally, we introduce a symmetric regularization term which again may only involve available boundary information toattain the weak formulation

aβ(u, v) = 〈lβ , v〉 for all v ∈ V PU (18)
with the symmetric bilinear form

aβ(u, v) = ∫Ω σ (u) : ε(v) dx − ∫ΓD(n · σ (u)n)n · v ds − ∫ΓD(n · σ (v)n)n · u ds + β
∫

ΓD(u · n)(v · n) ds
and the corresponding linear form

〈lβ , v〉 = ∫Ω fv dx + ∫ΓNgNv ds −
∫

ΓDgD,n(n · σ (v)n) ds + β
∫

ΓDgD,nv · n ds.

There is a unique solution uPU ∈ V PU of (18) if the regularization parameter β is chosen large enough; i.e., theregularization parameter β = βVPU is dependent on the discretization space V PU. This solution uPU satisfies optimalerror bounds if the space V PU admits the inverse estimate
‖(n · σ (v)n)‖2L2(ΓD ) ≤ C 2

VPU‖v‖2E = C 2
VPU
∫

Ω σ (v) : ε(v) dx (19)
for all v ∈ V PU with a constant CVPU depending on the cover CΩ and the employed local bases 〈θmi 〉 only. If (19) holdsand CVPU is known explicitly, the regularization parameter βVPU can be chosen as βVPU > 2C 2

VPU to obtain a symmetricpositive definite linear system [61]. Hence, the main task associated with the use of Nitsche’s approach in the PUMcontext is the efficient and automatic computation of the constant CVPU [41, 42, 68].
3.3.4. Conditioning and solution techniques

As was discussed in subsection 3.2, the selection of an appropriate stable basis for general PUM approximation spaces isnot straightforward and thus the arising linear systems can be severely ill-conditioned. This ill-conditioning is observedwhen the PU is given by FE shape functions, e.g. linear hat functions. However, only a few papers deal with thequestion of stability and efficient solution techniques for the PUM with a FE PU, e.g. [2, 50, 56, 90]. Thus, there is nooptimal linear solver such as classical multigrid for the FEM available in this context. Recently the stable GFEM wasproposed in [2] which aims at removing the ill-conditioning by changing the local enrichment spaces in a similar spiritas was done in [74]. Also the flat-top enrichment strategy [49, 86, 88] essentially changes the enrichment space, yet ina more global sense, to reduce the ill-conditioning.For a PUM with a flat-top PU, however, we can construct stable basis functions for arbitrary enrichments and there isa multilevel solver [37, 40, 73, 74] that shows optimal convergence independent of the enrichment functions in practice.The optimality of this approach was shown in [23] for polynomial enrichment spaces.
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4. Concluding remarks

The PUM is a general framework that allows for an easy integration of application-specific (a priori) information in theapproximation space. Its mathematical foundation is solid and elegant yet its realization poses some technical challenges.If a classical h-version FE implementation serves as the basis of this framework (GFEM and XFEM), special attentionmust be paid to stability, ill-conditioning and the enrichment functions should be built in an element-wise fashion.If the PUM is based on a flat-top PU, the implementation must essentially be built from scratch. The elegance andextendability of the framework renders the approach very interesting from a mathematical as well as an application pointof view.
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