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Abstract

Gaussian processes, often referred to as Kriging, are a popular regression technique. They are
a widely used alternative to neural networks in various applications, e.g., non-linear system
identification. Popular software packages in this domain, such as GPflow and GPyTorch, are based
on Python and rely on NumPy or TensorFlow to achieve good performance and portability. Although
the problem size continues to grow in the era of big data, the focus of development is primarily on
additional features and not on the improvement of parallelization and performance portability.

In this work, we address the aforementioned issues by developing a novel parallel library, GPPPy
(Gaussian Processes Parallel in Python). Written in C++, it leverages the asynchronous many-task
runtime system HPX, while providing the convenience of a Python API through pybind11. GPPPy
includes hyperparameter optimization and the computation of predictions with uncertainty, offering
both the marginal variance vector and, if desired, a full posterior covariance matrix computation,
hereby making it comparable to existing software packages.

We investigate the scaling performance of GPPPy on a dual-socket EPYC 7742 node and compare
it against the pure HPX implementation as well as against high-level reference implementations
that utilize GPflow and GPyTorch. Our results demonstrate that GPPPy’s performance is directly
influenced by the chosen tile size. In addition, we show that there is no runtime overhead when
using HPX with pybind11. Compared to GPflow and GPyTorch, our task-based implementation
GPPPy is up to 10.5 times faster in our strong scaling benchmarks for prediction with uncertainty
computations. Furthermore, GPPPy shows superior parallel efficiency to GPflow and GPyTorch.
Additionally, GPPPy, which only computes predictions with uncertainties, outperforms GPyTorch
used with LOVE by a factor of up to 2.8 when using 16 or more cores, despite the latter using an
algorithm with superior asymptotic complexity.
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1 Introduction

Gaussian processes (GPs), also known as kriging, are a robust and versatile regression technique
widely used in various fields [WR95], [RWO06]. From geostatistics, where GPs are used for
spatial data interpolation and prediction, to control theory and artificial intelligence, GPs provide
a flexible framework for modeling complex, non-linear relationships [Mac+98; WR95]. Being
fully probabilistic models, they can inherently estimate predictive uncertainty through posterior
variances, making them especially valuable in domains where understanding the confidence of
predictions is crucial [DFR15; DK17; SS17; WJ18].

Several popular software packages such as GPy [GPy12], GPflow [MvN+17], and GPyTorch
[GPB+18], have made GPs accessible to a broad audience. These packages typically rely on
Python implementations and aim to achieve satisfactory performance and portability through
well-established numerical libraries like NumPy [HMW+20], TensorFlow [MAP+15], and PyTorch
[PGM+19]. However, as the era of big data progresses, the size and complexity of the problems
addressed using GPs continue to grow. This trend emphasizes the need for more efficient and
scalable computational methods. Despite the increasing problem sizes, development efforts in
GP software packages often prioritize the addition of new features over performance-critical
optimizations. Enhancements such as parallelization and performance portability are frequently
outsourced to backend systems, which may not fully leverage the latest advancements in High
Performance Computing (HPC). As a result, there is a risk of sub-optimal resource utilization,
potentially limiting the scalability and efficiency of GP implementations.

A scientific GP application in control theory where the aforementioned limitation can become
a bottleneck is non-linear System identification (SI). Making predictions with a GP for unseen
data requires the inversion of a covariance matrix that scales with the size of the training data
set, a process that becomes computationally expensive in the context of Big Data! [LCOW19;
LOSC20].

To address these challenges, the goal of this work is to develop a novel parallel library named
Gaussian Processes Parallel in Python (GPPPy). This library is implemented in C++ and leverages
the High-Performance ParalleX (HPX) runtime system [KDL+20], a modern C++ library designed
for parallelism and concurrency. HPX facilitates task-based parallelism and provides a highly
efficient execution model, making it well-suited for implementing computationally intensive
algorithms. GPPPy aims to combine the high performance of C++ with the user-friendly interface
of Python, ensuring that users can easily integrate the library into their existing workflows. The
core components of GP regression within GPPPy will feature futurized, task-based parallelization,

n this context, Big Data mainly refers to data sets with an extremely large sample size N, making them expensive to
store and analyze.
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1 Introduction

which allows for dynamic scheduling and work stealing [BL99]. Additionally, the library will use a
Basic Linear Algebra Subprograms (BLAS) backend [BPP+02] to handle numerically intensive
operations, further enhancing its performance.

Our main contributions in this work include:

* A novel, fully asynchronous task-based GP library in Python that uses HPX and multiple
different tiled algorithms,

» A performance analysis of the tiled algorithms for different tile sizes on multi-core systems,

* A thorough performance comparison between GPPPy, pure HPX, and the reference imple-
mentations GPflow and GPyTorch in a node-level strong scaling test on a dual socket AMD
EPYC 7742 CPU.

The remainder of this report is organized as follows. Firstly, Chapter 2 reviews existing software
frameworks for GPs, HPC, and Python bindings. Secondly, Chapter 3 discusses the fundamental
concepts of GPs and the optimization techniques employed in GPPPy, providing a theoretical
foundation for the library’s implementation. In addition, the application of GPs for SI is outlined
in this section. Chapter 4 then describes the numerical tiled algorithms. Subsequently, Chapter
5 discusses the software components used in GPPPy, including HPX for parallelism, the Math
Kernel Library (MKL) [Int24] for numerical computations, and pybind11 [JRM17] for interfacing
C++ with Python. Chapter 6 deals with the project structure and the implementation details of
the reference libraries. Next, Chapter 7 presents the data used for benchmarking, describes the
experimental setup in detail, and analyzes the performance results obtained with GPPPy in depth.
This chapter also compares the obtained results against the reference implementations and includes
various scaling plots. Finally, Chapter 8 summarizes the key findings of this thesis, discusses the
implications of results, and outlines potential directions for future research and development.
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2 Related work

In this chapter, the related work is reviewed. First, Python libraries that implement GPs are discussed.
Next, HPC libraries are examined. Finally, methods for integrating C++ with Python through the
use of Python bindings are covered.

2.1 Gaussian processes in Python

In recent years, the modeling of GPs has seen a significant increase in popularity due to their wide
range of applications in machine learning and statistical modeling. The growing popularity has
been further fueled by the development of several Python libraries that are easily accessible to
end users due to their simple front-ends and extensive functionality. Among these, GPy [GPy12],
GPflow [MvN+17], and GPyTorch [GPB+18] are the most prominent, particularly due to their
comprehensive features and robust performance.

GPy, developed by the Sheffield machine learning group, is an established library offering a
straightforward interface for GP modeling. It leverages NumPy for computations, which internally
utilize multi-threaded linear algebra routines (BLAS [BPP+02] and LAPACK [ABB+99]) that are
implemented in libraries such as MKL or OpenBLAS [WZZY13; XQY12]. GPy is well-suited
for smaller-scale projects due to its simplicity and ease of use. However, for more complex and
large-scale applications, modern alternatives like GPflow and GPyTorch are more suitable.

GPflow is built on TensorFlow [MAP+15], while GPyTorch is built on PyTorch [PGM+19]. Both
leverage the powerful capabilities of their respective deep learning frameworks. Both TensorFlow
and PyTorch employ a tape based system for automatic differentiation which is crucial for the
optimization of machine learning algorithms such as GPs. Consequently, the tape based system not
only facilitates the efficient computation of gradients but also enhances the flexibility and scalability
of the models. Moreover, both GPflow and GPyTorch utilize MKL for various matrix and vector
computations on Intel CPUs. The integration of MKL significantly accelerates computational
performance by optimizing low-level operations. An additional benefit of using MKL together with
TensorFlow or PyTorch is the ability to control parallelization. Users can set the number of threads
employed by MKL, thereby managing the extent of parallel computation and optimizing the use of
available hardware resources. Should other CPUs be used, e.g., AMD CPUs, then Eigen [GJ+10]
or OpenBLAS are employed.

2.1.1 GPflow

GPflow is a powerful and flexible open-source library for GP models in Python and is leveraging
TensorFlow to provide scalable and efficient solutions for probabilistic machine learning. The
library offers a framework for constructing and fitting GP models. Furthermore, GPflow provides
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a high-level interface that abstracts much of the complexity involved in GP model formulation
and optimization. A key feature of GPflow is its comprehensive support for a variety of kernel
functions, which are fundamental components of GP models that define the similarity between data
points and play a crucial role in the model’s performance. GPflow includes commonly used kernels
such as the Radial Basis Function (RBF) and periodic kernels. Another significant advantage of
GPflow is its scalability. GPs typically have cubic time complexity with respect to the number
of data points, which can be prohibitive for large data sets. GPflow addresses this challenge by
implementing various approximation methods, such as sparse GPs and variational inference [Tit09],
which reduce computational costs while maintaining model accuracy. In addition, GPflow leverages
TensorFlow’s GPU support to significantly accelerate computations. Utilizing GPUs for matrix
operations and other intensive tasks allows GPflow to handle larger data sets and more complex
models with increased efficiency.

2.1.2 GPyTorch

GPyTorch is a modern and highly efficient library for GP modeling in PyTorch, which is designed
to make large-scale GPs accessible and scalable for a wide range of applications. By leveraging
the power and flexibility of PyTorch, GPyTorch provides a user-friendly and extensible framework
for researchers and practitioners working with probabilistic models. Similar to GPflow, GPyTorch
introduces a unique approach to kernel design and composition. Kernels in GPyTorch are modular
and can be easily combined, allowing users to construct complex covariance functions that better
capture the underlying structure of their data. The library includes a variety of pre-implemented
kernels, such as RBF and periodic kernels. A notable feature of GPyTorch is its deep integration
with PyTorch, facilitating seamless incorporation into larger machine learning workflows. This
integration enables users to leverage PyTorch’s automatic differentiation, GPU acceleration, and
dynamic computational graph capabilities, making model training and evaluation efficient and
straightforward.

2.2 High Performance Computing

Current state-of-the-art in leveraging parallelization for GP regression has been substantially
advanced by libraries like GPflow and GPyTorch. These libraries benefit from the underlying
frameworks, TensorFlow and PyTorch, which utilize system-optimized libraries such as MKL,
OpenBLAS, or Eigen. TensorFlow and PyTorch use these optimized libraries either by default or
when built from source. However, GPflow and GPyTorch often prioritize additional features, such
as approximation methods and sparse GPs, at the expense of integrating recent HPC advances. The
standard for enhancing computational performance is through message-based execution models,
specifically the Message Passing Interface (MPI) standard [GLS99] with implementations such
as OpenMPI [GFB+04]. A disadvantage of MPI-based solutions is that they rely on global
synchronization barriers. These barriers enforce synchronization at the end of each sub-task,
thereby potentially delaying downstream computations that could proceed with partial data [BL+15;
GKGKO3]. This can significantly impact performance in complex applications such as coupled
numerical simulations or SI in control theory [SL19]. Moreover, many MPI implementations focus
on specific research questions, often resulting in compatibility issues with other implementations
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[GFB+04] which is limiting their portability. Additionally, MPI is better suited for large problems
on a small number of machines, as it tends to scale poorly for fixed-size problems when the number
of cores increases [Gonl14].

Task-based parallel programming models offer a compelling alternative to traditional MPI-based
approaches for HPC to better exploit parallel efficiency and concurrency [Gonl4; SGCDI16].
For shared memory systems, language extensions like Intel Cilk Plus [Rob13] and libraries
such as Intel’s Threading Building Blocks [WPO08] are considered industry standards [TDH+18].
Similarly, Qthreads [WMTO0S8], a runtime system providing a library interface for lightweight
thread management, is also utilized for optimizing performance in high-concurrency scenarios.
For distributed memory systems, Chapel [CCZ07] and X10 [CGS+05] depict the most notable
examples for experimental programming languages. Additionally, HPX [KDL+20] stands out
as a C++ library that supports task-based parallelism. It can also run as back-end for Open
Multi-Processing (OpenMP) [Ope08] or Chapel. In this work, we will use HPX given its ability to
support application scalability and high parallel efficiency, alongside its alignment with modern
C++ standards and performance portability. Furthermore, HPX not only outperforms conventional
programming models but also facilitates the development of highly efficient and energy-conscious
parallel applications [KHA+14]. Additionally, HPX offers advanced scheduling mechanisms,
including work stealing [TDH+18]. HPX is an open-source, meritocratic community-driven project.
Moreover, HPX guarantees the portability of the performance across NVIDIA, AMD, and Intel
CPUs [DBK23].

A recent study [SP23] demonstrates the application of HPX in GP regression, specifically focusing
on accelerating the computation of the inverse of a large covariance matrix, which is a common
task within the GP framework. Generally, instead of computing this inverse directly, the Cholesky
decomposition of the covariance matrix is computed. In their work [SP23], the authors implemented
the tiled Cholesky decomposition by using tiled algorithms and a task-based asynchronous execution
model that leverages the task dependency graph in HPX. The performed experiments showed that
HPX exhibits superior performance and parallel efficiency compared to the MPI-based approach in
PETSc [BAA+24; BGMS97] for the given application. Building upon this foundational framework,
our work will introduce additional functionalities to develop the GPPPy library.

2.3 Python bindings

Initially, the main goal of HPC has been to improve computing performance, traditionally achieved
through the use of compiled languages such as C/C++. While this still remains the main goal, the
additional feature “multi-language support” is desired by many users to increase productivity and
convenience [LPH23]. Python [PGH11], [Oli07], a dynamic language, fulfills these requirements
without compromising the performance of computationally intensive kernels. The strategy is to
implement performance-relevant sections in a lower-level language such as C++ and access this
code through an extension module within the Python interpreter [KVL23; NTW22]. This approach
leverages Python’s extensibility with C-like languages, making it a preferred choice for HPC and
other performance-sensitive applications [GLMMOS5]. As a result, the integration of C++ libraries
into the Python environment via extension modules, also known as Python bindings, has become
increasingly popular.
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Several popular Python binding tools are available for integrating C++ libraries into Python, each
one with unique features and benefits. Simplified Wrapper and Interface Generator (SWIG) [Bea96]
is a powerful and versatile tool known for its ability to generate bindings for multiple languages,
including Python, from a single interface file. Although SWIG is highly capable, it can be complex
to set up and use compared to other options. BOOST.PYTHON [AGO3], part of the Boost C++
Libraries, provides a powerful and flexible way to create Python bindings. However, it requires a
deep understanding of both C++ and the Boost framework. pybind11 [JRM17] stands out for its
ease of use and lightweight design as a header-only library, allowing developers to write binding
code in C++ without learning an additional language. It exposes C++ types in Python and vice
versa, making it ideal for creating Python bindings of existing C++ code. pybind11 can be easily
installed using pip and it supports modern C++11/14/17/20 standards.

Phylanx [TWS+18], CxxExplorer [DB23], and PyCxxwrap! attempt to integrate HPX with Python
to leverage the power of high performance parallelism within Python applications. In all these
projects, the HPX runtime is managed through the submit_work() function, which initializes the
runtime by creating a manage_global_runtime object. The submit_work() function then registers the
current thread with HPX, executes the provided function as an HPX thread, waits for its completion,
and finally shuts down the HPX runtime. The manage_global_runtime object gets deleted at the
end of each call. However, this approach has some bottlenecks. First, each call to submit_work()
reinitializes the HPX runtime if the previous call is completed and cleaned up. This repeated
setup and teardown introduces unnecessary overhead. Second, the HPX runtime is not persistent
across multiple submit_work() calls, leading to unnecessary reinitialization and teardown, which
is inefficient for workloads that require frequent interactions with HPX. In our work, we adopt a
different approach by directly writing the hpx: :start() and hpx::stop() functions in a .cpp file,
which are then exposed to Python via pybind11. This enables users to combine the HPX runtime
with Python more seamlessly. In addition, the aforementioned approach provides users with better
control over the HPX runtime and the maintenance of a single, consistent HPX runtime. This not
only reduces overhead but also helps to avoid inconsistent states.

1 https://github.com/matrixbot123/pycxxwrap/tree/main
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3 Methods

This chapter discusses the fundamental concepts of GPs, including algorithms for computing
prediction uncertainty and optimizing GP model hyperparameters. In addition, it outlines the
application of GPs for SI.

3.1 Gaussian processes

GPs are a powerful and versatile framework for modeling complex, uncertain phenomena in various
domains, ranging from tasks in supervised machine learning, such as classification and regression
tasks, to engineering and the physical sciences [Gib98]. The main goal hereby is to find a non-linear
function f that returns a function value for given data. To obtain f, the framework is provided with a
feature matrix Z = [z, 22, ...,Z,] ", where each entry is a feature vector z; € RP and observations
y=1[yi,y2,...,ya]" and y; € R.

The stated goal can be achieved through direct inference in the function space. A GP can be thought
of as a generalization of the Gaussian distribution to infinite dimensions, where any finite collection
of random variables follows a joint Gaussian distribution [RW06]. The GP can be completely
defined through the mean m(z) and covariance function k(z,z") of a real process f(z):

m(z) =E[f(z)], (3.1)
k(z,z') =E[(f(z-m(z)) (f(z') - m(z))]. (3.2)

The resulting GP can be expressed as

f(@) ~ GP (m(2), k(z,7')) , (3.3)

where random variables represent the value of f(z) at any point z. For simplicity, the mean function
is assumed to be zero most of the time. However, this is not a requirement and the choice of the
mean function can significantly impact the behavior of GP because the mean function provides a
prior expectation about the underlying function f before any data is observed [Koc15].

As mentioned earlier, the GP model is a distribution over functions whose shapes and smoothness
are defined by the covariance function, also known as the kernel function, k(-,-). The kernel
function defines the covariance, or similarity, between pairs of random variables in the input space.
Selecting the right kernel function is crucial as it can strongly influence the generalization capability
of the model [Duv14]. In our work, we choose the squared exponential covariance function

| 2
cov (f(z), f(z;)) = k (2;,2j) =v - exp ~5.3 Z (zi,a — zj,d)z +8;07, (3.4)
d=1
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where D is the length of the feature vectors. If we postpone the introduction of the three parameters
1, v, 0%, and focus solely on the kernel function, then it is evident that if two points z; and z; are
considered similar by the kernel, then the respective function outputs are expected to be similar
too. The mentioned three additional parameters, also called hyperparameters, length-scale /,
vertical-scale v and noise variance o2, are crucial for the quality of the GP model. In contrast to the
hyperparameters of Neural Networks (NN), e.g., the learning rate or the number of hidden layers,
that are tuned using techniques such as grid or random search, the parameters in a GP model are
optimized directly within the code as part of the model fitting process using methods like maximum
likelihood estimation. ¢;; depicts the Kronecker delta which is one if and only if i = j and zero
otherwise. The noise variance is stemming from the fact that typically, realistic modeling situations
only output a noisy version of the underlying function value, y; = f(z;) + €. For the noise, the
assumption can be made that it is additive independent identically distributed Gaussian noise € with

variance 2.

Once the kernel function is selected the covariance matrix K € RV*¥ can be computed by evaluating
each combination of the given feature vectors with the kernel function. Following this, the joint
distribution of the training outputs y and the function values at the test inputs f (Z ) under the prior

|A\ ~ N

where K, , € RMXN s the cross covariance matrix constructed from feature vectors of observed
data Z € RV*P and unseen data Z € RM*P_ K, , € RM*M depicts the prior covariance matrix,
computed through the feature matrix Z of unseen data.

K Ky,

0,
Ky, K;;

) (3.5)

To make predictions, the conditional distribution of f (Z ) given the observations y is computed.
The posterior distribution is given by:

f(2)12,y,Z ~N (u3.25), (3.6)
where the mean of the distribution depicts the GP predictions for test inputs, expressed as
y=K; Ky 3.7)

Additionally, prediction uncertainty can be derived from the variance of the joint distribution. This
uncertainty is represented by the diagonal elements of the posterior covariance matrix X, which
provide the variances of the predictions at the test points. The posterior covariance matrix can be
computed via
-1
2,=K;7-K; ,K K, 5. (3.9)

Typically, due to the number of observed data N being way larger than the number of test points M,
the main bottleneck of the prediction (Equation (3.7)) and prediction uncertainty (Equation (3.8))
is the calculation of the inverse of the covariance matrix K. This computation generally has a
complexity of O(N?3), where N is the number of data points. However, directly inverting the
covariance matrix K is not advisable. Instead, a more numerically stable and efficient method is to
perform Cholesky decomposition to compute the Cholesky factor L of the factorized covariance
matrix K = LLT. This is possible because the constructed covariance matrix is symmetric and
positive definite. The biggest advantage of this approach is that once the Cholesky factor L is
computed, it can be reused for the calculation of the predictions and prediction uncertainties. An
in-depth discussion of the prediction uncertainty computation is provided in Section 3.2.
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3.2 Prediction uncertainty

Next, the marginal likelihood is introduced as it is a crucial component when discussing GPs,
particularly in the context of model selection and hyperparameter optimization [Koc19]. However,
the Log marginal likelihood (LML) is numerically more stable. In both cases, the goal is to
maximize the log £ of the training data y|Z ~ N (0, K):

1 | N
log £ (z, Y, 0'2) = —3 log (IK|) = 3¥7K 'y = 7 log (21).. (3.9)

Due to the precomputed Cholesky factor L, Equation (3.9) can be computed more efficiently:
1< 1 N
2 2
log £ (z, v.or ) =-3 Z log (Ll.i) ~3B7B -5 log (2m), (3.10)
where B € RY is the solution of 8 = L™'y. In practice, we minimize the negative LML

1 1 N
¢ (l, v, 0'2) =—log L (l, v, 0'2) =3 log (|K]) + EyTK_ly + ) log (27), (3.11)

in order to optimize the hyperparameters. Hyperparameter optimization is discussed in Section 3.3.

Last but not least, we provide a pseudocode in Algorithm 3.1 for the implementation of GP
regression [Wan23]. In this work, we build upon previous framework [SP23] that implemented the

Algorithm 3.1 Gaussian process regression (without optimization)

Require: Z: Training input
Require: y: Targets
Require: Z: Test input
Require: k: Kernel function
Require: [l Y, 0'2] : Hyperparameters
1: L = cholesky(K)
Solve LB =y
Solve LTa = B
y=K 2.2 {Predictive mean (Equation (3.7))}
Solve Lv =K, ,
X, =K, ;- viv {Predictive variance (Equation (3.8))}
log L(1,v,0?)=-¥NlogLiy — 187 — Y log2n {LML (Equation (3.10))}
return § (Predictions), X, (Variance), log £(1,v,?) (LML)

AN AN

tiled Cholesky decomposition [DKL+16]. The next two sections will talk about the computation
of prediction uncertainty, hyperparameter optimization, and how they are incorporated into the
existing fully asynchronous task-based framework.

3.2 Prediction uncertainty

The prediction uncertainty is a key feature in GPs that distinguishes them from many other regression
techniques. The obtained uncertainty is quantified by the predictive variance, which provides a
measure of the confidence in the model’s predictions at any given point. This is particularly useful
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in fields such as robotics and finance, where understanding the reliability of predictions can guide
decision-making under uncertainty. As a side note, the predictive variance is influenced by the
distance from observed data points and the underlying noise in the data, typically increasing as we
move further from known data points. Furthermore, the prediction uncertainty depends solely on
the input values Z and 7 [Wan23].

The equation to compute the prediction uncertainty (Equation (3.8)) was introduced in the previous
section. In the following, we talk about the intermediate steps of the calculation process and
two possible ways to compute the uncertainty prediction. Algorithm 3.2 depicts the pseudo
implementation steps of the first variant. Per default, line 3 only computes diagonal elements

Algorithm 3.2 Prediction uncertainty (Variant 1)

Require: K%ifl; : Diagonal of prior covariance matrix

Require: K 2.7 (K . 5): (Transpose) Cross covariance matrix

Require: L: Cholesky factor
1: Solve LV =K, , {Compute in-place forward substitution}
2: Vdiae = diag(VTV) {Compute only diagonal terms of the product}
3: dziag = ;as — ydiag {Predictive uncertainty (Equation (3.8))}
4: return Variance: Var(¥) (:: Zdziag)

of the posterior covariance matrix. The computation of the full posterior covariance matrix is
outlined in Algorithm 3.4. However, most of the time the full posterior covariance is not required.
Hence, it is not computed as the former is much faster. The complexities of the calculation in
Algorithm 3.2 are O(MN?) for a forward substitution (line 1), O(MN) to compute diagonal
elements of a matrix-by-matrix product using a dot product (line 2) and O(M) to perform the
subtraction of diagonal elements (line 3). Thus, the dominating term is the forward substitution in
line 1.

The alternative approach to calculate the prediction uncertainty is based on the observation that
K, K ~1is present in Equation (3.7), that computed predictions, and Equation (3.8), that computes
prediction uncertainty. Thus, a different sequence of steps can be performed as outlined in
Algorithm 3.3, to only compute K, ,K ~! once. Lines 1 — 3 need to be computed only once and

Algorithm 3.3 Prediction uncertainty (Variant 2)

Require: K;ag : Diagonal of prior covariance matrix
Require: K Z z (K7 ). (Transpose) Cross covariance matrix
Require: L: Cholesky factor

1: AZ’ZLLT = KZ,Z

2: Solve BZ’ZLT =K, , {Set B = AL; Compute B via forward substitution}
3: Solve A 272L=B, 4 {Compute A via backward substitution}
4: Cdiag = diag(AZ’ zKz.2) {Compute only diagonal terms of the product}
5: Var(y) = K;‘aZ% — cdiag {Predictive uncertainty (Equation (3.8))}
6: return Variance: Var(¥)
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can be reused for predictions. Similar to Algorithm 3.2 only the diagonal values of the posterior
covariance matrix are computed. The complexity of Algorithm 3.3 is dominated by the forward and
backward substitutions in lines 2 — 3 that are 2 X O(MN?).

Comparing the complexity of both approaches against each other and additionally considering
the time complexity of the prediction, we can observe that the first option involves 1 x O(MN?),
2xX O(N?),2x O(MN), and 1 x O(M). In comparison, the second option accounts 2 x O(MN?),
2XO(MN), and 1 x O(M). Since the dominant term O (M N?) occurs (only) once in Algorithm 3.2,
it is computationally less expensive. Therefore, it is more advantageous to use Algorithm 3.2 when
computing the prediction uncertainty for big data sets.

Should the full posterior covariance matrix X, be calculated, then the calculation steps must be
changed slightly. Algorithm 3.4 depicts the pseudo implementation of the calculation of the full
covariance matrix. For clarity, the computations in lines 2 and 3 are separated, but in practice one

Algorithm 3.4 Full posterior covariance matrix

Require: K, ,: Prior covariance matrix

Require: K, ; (K ;): (Transpose) Cross covariance matrix

Require: L: Cholesky factor
1: Solve LV =K, , {Compute in-place forward substitution }
22 W=VTV { Compute matrix-by-matrix product}
3 X ::](Z,Z -W
4: return Posterior covariance matrix: X,

combines these two into a single computation that uses the gemm()! function, which computes a
matrix-matrix product with general matrices. The complexities of the calculation in Algorithm 3.4
are O(MN?) for a forward substitution (line 1), O(M?N) to compute matrix-by-matrix product
(line 2), and O(M?) to perform the subtraction of matrices (line 3). Thus, the dominating term is
the forward substitution in line 1 because usually N > M.

3.3 Hyperparameter optimization

Kernel functions range from well-established options such as RBF to customized designs tailored
to specific needs based on model requirements such as smoothness and differentiability [Duv14].
Therefore, the optimization of hyperparameters in kernel-based methods plays a very important role,
as the hyperparameters have a direct impact on the quality of the GP model. In the following, a short
illustration of how the hyperparameters influence the model and the benefits of their adjustment are
discussed. Afterward, algorithms are introduced for optimizing the hyperparameters to improve the
quality of the GP model.

As an illustration example, we take the hyperparameters of the squared exponential kernel
(Equation (3.4)). Namely the length-scale /, vertical-scale (also known as signal variance) v, and
noise variance o2. By varying the length-scale we demonstrate how the change can influence the

1https://www.intel.com/content/www/us/en/docs/onemkl/developer—reference—dpcpp/2024—2/gemm.html#ONEMKL—
BLAS-GEMM
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Figure 3.1: Varying length-scale for the same training data (x). (a) Mean function (blue line) and
95% confidence region (light blue area) obtained from a GP model with hyperparameters
(I,v,0?) =(1,1,0.1). Subfigure (b) and (c) again show the 95% confidence region,
but for different hyperparameter values (3, 1,0.7) and (0.3, 1.2, 0.005) respectively.

performance of the GP model. Figure 3.1 depicts three different scenarios. All of them show the
same training data marked by (x), but different mean functions (blue line) and confidence regions
(light blue area). For Figure 3.1a the mean function and confidence region were generated from
a GP model with the squared exponential kernel with (1,v,o?) = (1,1,0.1). As emphasized in
Section 3.3, the confidence interval gets larger for test values that are further away from the training
points (x). Recalling Equation (3.8) for predictive variance (uncertainty), it can be verified that
when the test input is far from the training data, the elements of the cross covariance matrix are
small because the kernel function typically decreases with distance. This makes K, ,K ey z.2

small, and thus Zdziag approaches K qiag, which is the vertical-scale v. The prior standard deviation

2,2
/v represents our initial belief about the variability of the function. When data is sparse or absent,
the prediction uncertainty reflects this initial belief, manifesting as larger error bars.

In contrast, if the length-scale is set to a larger value, e.g., 3 (as shown in Figure 3.1b), and the other
two parameters are set after optimization. Then the resulting mean function is smoother. The larger
length-scale implies that the correlation between function values at different points decays more
slowly, leading to smoother variations over the input space. Despite the smooth mean function,
the noise variance of 0.7 indicates that there is still a considerable amount of noise even in the
observations.

28
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Figure 3.1c depicts predictions from a process where / = 0.3. The vertical-scale and noise variance
were optimized as in the previous case, resulting in o> = 0.005. In this case, the noise parameter is
reduced due to the greater flexibility of the GP with a smaller length-scale. This can be observed
for the two data points at x = —2 and x = —1 in all three figures. For Figure 3.1a these are not
completely fitted by the mean function, suggesting that the model views these variations as noise
rather than sharp changes in the underlying function. On the other hand, Figure 3.1c displays a
much more fluctuating mean function closely fitting the data points. The confidence intervals are
narrow near the data but grow rapidly as we move away from them, indicating high uncertainty in
regions without data.

Therefore, optimizing the GP model hyperparameters is crucial to ensure the model appropriately
balances smoothness and flexibility. A balanced GP accurately captures the underlying structure
of the data. To optimize the hyperparameters, we minimize the negative marginal likelihood
(Equation (3.11)) by taking the negative gradient of ¢ (1, v, 0'2) with respect to each hyperparameter
and then updating them using, e.g., the gradient descent algorithm. Assuming 6 is a vector of
hyperparameters then the gradient w.r.t. parameter 6; is

=5 l(0) == Tog (31X 0) (3.12)
_ 3 [Llog (IK|) + 3y K~y + J log(2n)] (3.13)
00;
_ %Hlogéll(l) N %yT% (3.14)
_ %—a(tr(l(;’ggi(m)) - %yT (K‘lg—gl(_l) y (3.15)
_ % {tr (K‘lg—g) —yTK_lg—fiK_ly} (3.16)
_ % {tr [xl%ﬂ tr [yTK‘lg—é(iK‘ly]} (3.17)
-1 {tr [Klg_ﬂ e [K_lnyK_lg—g]} (3.18)
- lu [(K‘l KK oK (3.19)

The derivation for Equation (3.13) results in three possible gradient computation approaches:

L i [(K‘l - K lyyTk™1) g—g]

2. jtr [K‘l (I-yy"K™") g—g

[S——

1 -10K 1 -10K -1

First of all, it should be noted that all three approaches require the inverse of the covariance
matrix K~!. While the inverse is not computed directly but through the Cholesky factorization
and subsequent forward and backward substitution, the computation is still rather expensive, as it
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scales with O (N?3). Thus, this term can become a computational bottleneck when the data size gets
large. For the implementation, we use the third equation, as it has the lowest summed up complexity.
While all of them are quite similar the last expression has terms that scale with 1 x O(N?) and
1 x O(N) instead of 2 x O(N?). Additionally, another O (N?) operation is saved when computing
the inverse of K~!, as this term also occurs in the loss function (Equation (3.10)). Since K~ is
needed for the computation of the gradient, it is not beneficial to compute L~y first and later the
backward substitution, but rather to reuse the computed inverse.

The gradient g—gf needs to be computed for each hyperparameter separately. For the three parameters
in the squared exponential kernel, we obtain

ok 9 {f(ﬁ) - exp [_Tl(l)z Soe (zia - Zj,d)z] +0ijf (5'2)}

952 | 9572 ’ (320
af (72
=iy 7, (3.21)
9K 9 {f(ﬁ) - exp [_Tl(lﬂ S0 (zia - Zj,d)z] + 5ijf(5'2)}
Tl = EF R 3.22)
D
3 2 Of()
= exp l WU ; %id = 2y ‘ s (3.23)
oK 9 {f(ﬁ) - eXp [—W S0 (zia - Zj,d)z] + 5ijf(5'2)}
oK _ - A : (3.24)
ol ol
2t v
== ( WD ;(Zl,d 2j,d) )
I TR S e 71 ()
exp[ WL 2. (zi,a — 2j,a) ] PYR (3.25)

Where f(-) depicts a transform function, which maps the parameter from the unconstrained space
R to the constrained space Ro. The necessity of moving between spaces arises because most
optimizers, e.g., Adam [KB17] operate in an unconstrained space. After the hyperparameters are
updated, a reverse transform function is applied to map them back to the constrained space. There
exist different functions that fulfill the requirement to map between unconstrained and constrained
values. For instance, the libraries, GPflow [MvN+17] and GPyTorch [GPB+18], use the Softplus
function

f (%) = softplus(¥) = log(1 + exp(X)) (3.26)

where log depicts the natural logarithm and X the unconstrained parameter value. The output of the
Softplus function is always positive, as required by all parameters of the squared exponential kernel.
Extra care needs to be taken when transforming the noise variance value because it can have values
that are close to zero. To ensure the covariance matrix remains numerically stable during Cholesky
decomposition, the diagonal needs to be perturbed. Therefore, a shift is added after applying the
Softplus function

f(X) = softplus(X) = log(1 + exp(X)) + v, (3.27)
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where v is an offset, here le-6. Aside from f(-), the gradients also require the derivative of the
Softplus function. The derivative is given by the Sigmoid function

1
f/(i) = Slngld(f) = Tp(—f)’ (328)

which is bounded between 0 and 1. The shift is canceled out as it is a constant value.

Looking at Equation (3.23) and Equation (3.25), it is evident that all of them contain the term
(%) (see Equation (3.29) ). Thus this term is computed once and then reused for the subsequent
computations and for the covariance matrix K. The resulting equations for the gradients and
covariance matrix simplify to

D
(*) = |: 5. f(lz dz: Zi,d —%j, d ], (3.29)

K(z2)) = £(7) - exp(x) +8i; - f (572) (3.30)
55 P (%) af(v), (3.31)
0K _ 2-f() é‘f(l)
FTARTD) (%) - exp (%) - (3.32)
oK af (5%
s =0y (3.33)

In the next subsection, the algorithm to update the hyperparameters using gradient descent is
presented, including step-by-step instructions and the mathematical expressions needed for the
implementation.

3.3.1 Gradient Descent

Gradient descent is an optimization algorithm commonly used in machine learning [ADG+16;
WYZ21; Zhal9] to minimize a loss function (Equation (3.10)). The main idea behind gradient
descent is to iteratively adjust the hyperparameters of a model to find the values that minimize the
loss function, here the negative log likelihood. In our case, the parameters of the squared exponential
kernel and the noise variance are optimized. The gradients are computed using Equation (3.16).
Note that for the second part of the equation instead of computing the matrix-by-matrix products
directly, we first compute the vector-by-matrix multiplication. This way, the complexity of the
second part becomes O(N?). In the trace term, only the diagonal terms of the product need to be
computed. The hyperparameter update in a gradient descent step is performed as follows

9L(9)

0; =0; - 30,
13

(3.34)

where 77 is the step size and %g?) the gradient of the loss function with respect to ;. One step of the
gradient descent algorithm including the computation of the loss, gradient w.r.t. the hyperparameters,
and the update step is outlined in Algorithm 3.5.
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Algorithm 3.5 Single step of gradient descent algorithm

Require: Z: Training input

Require: y: Targets

Require: 77: Step size

Require: k: Kernel function

Require: [l Y, 0'2] : Hyperparameters
1: Compute lower triangle part of K

2: Compute gradients g—l‘f and %—Il{

3: Compute Cholesky decomposition of K {Obtain Cholesky factor L}
4: Compute K -1 {Solve LLTK~! = I via forward and backward substitution}
s: Compute 8 = K~ ly {Matrix-by-vector multiplication }
6: Compute negative log likelihood loss

 Calculate %va log(L%i)
« Calculate 3y" B
* Add normalization constant % log(2)
7: Compute 0€(6)/06;
1. Compute trace of K~ g—gi {Part 1 of Equation (3.16)}

2. Compute ﬂTg—gi B {Part 2 of Equation (3.16)}

8: Update hyperparameter: 6; = 6; — 1 - %(9?)

3.3.2 Adam

Using simple gradient descent is not advisable. Especially for non-convex functions, the algorithm
may get stuck in a local minima. Thus the solution may be suboptimal. To prevent this, we use Adam
[KB17], which is one of the most commonly used optimization algorithms today. The algorithm is
a first-order gradient-based optimization of a stochastic objective function. Additionally, Adam
is straightforward to implement, computationally efficient, and has small memory requirements.
We opted for this algorithm because the reference libraries use this algorithm, thus ensuring a fair
comparison between the runtimes of the different libraries. There are four hyperparameters for the
Adam algorithm. Namely, the step size 1, exponential decay rates for the moment estimates 8; and
2, and the term € added to the denominator to improve numerical stability. Using Adam changes line
8 in Algorithm 3.5. The update of one hyperparameter 6; using Adam is depicted in Algorithm 3.6.
For Adam hyperparameters, we used the following default values: 8; = 0.9, 6, = 0.999, n = 0.1,
and € = 1078,

3.4 System identification

GPs serve as a popular alternative to NN in control theory [PDC+14], specifically for identifying
and modeling non-linear systems [BS15]. The primary objective in using GPs for SI is to accurately
predict the behavior of a system when it is exposed to new, previously unseen control inputs.
This prediction is based on analyzing a provided set of input and output time sequences, which
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Algorithm 3.6 Adam [KB17] for a single optimization step, as replacement of simple gradient
descent in step 8 of Algorithm 3.5. Before the optimization loop is entered, the 1% and 2"! moment,
and the time step need to be initialized to 0. 8} and 85 denote B and j; to the power of 7.

Require: %g?): Gradient of the loss function (Equation (3.16))

Require: 7: Step size

Require: ¢: Time step

Require: 6; € {l, v, 0'2}: Hyperparameter

Require: 31,8 € [0, 1): Exponential decay rates for the moment estimates
Require: m;_;: 1% moment

Require: w;_;: 2 moment

Lmy —Br-m_1+(1-B1) -8 {Update biased first moment estimate }
2w —Br-wi 1+ (1 =) gt2 {Update biased second raw moment estimate }
3 =n-4J1-B5/(1-8) {Compute step size at time step ¢}
4: 0; — 0,1 —ny -my /(AW +€) {Update parameter}

encapsulate the system’s past behavior. To achieve this, feature vectors are constructed with so-called
regressors. These regressors play a crucial role as they include lagged system states, which are
essentially previous states of the system recorded at various time intervals. By incorporating these
historical states, GPs can effectively capture the dynamic characteristics of the system [Koc05]. For
demonstration purposes, a non-linear finite impulse response model [Sér19] is used. This model
only requires the input time sequences as regressors. Consequently, the feature vectors take the form
z; = (u;—p, ..., U;), where u; represents the control inputs and D is the number of regressors.

To illustrate this approach, consider a non-linear system of coupled mass-spring dampers, as depicted
in Figure 3.2. Non-linearity is introduced into the system through non-linear force profiles in the

Figure 3.2: Non-linear mass spring damper system as introduced in [RWM20].

springs between the masses. The control input u is the force applied to the initial mass, while the
observations y consist of the position of the last mass. For our experiments, we used the data from
[RWM?20], which consists of N = 10° training and M = 5000 test samples. To enhance the stability
of the Cholesky decomposition, the input data is scaled to a consistent range (normalization), and
the output data is transformed to have zero mean and unit variance (standardization).

GPs offer several advantages in this context. Firstly, they provide a probabilistic framework, meaning
they not only predict the system’s output but also give a measure of uncertainty about the prediction.
This is particularly useful in control theory, where understanding the confidence in predictions can
help in making more informed decisions. Additionally, GPs are non-parametric models [Mur13],
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which means they do not assume a specific functional form for the relationship between inputs and
outputs. This flexibility allows them to model complex, non-linear systems more precisely than
some traditional parametric models [IMR24]. By leveraging lagged system states as regressors
within feature vectors, GPs can be effectively employed for SI in control theory, enabling the
prediction of system behavior for new control inputs and handling the non-linear dynamics of the
system.
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In our task-based implementation, parallel algorithms need to be deployed to fully exploit the
benefits of parallelism and concurrency. Parallel algorithms are designed to take advantage of
multiple cores in a computing environment to solve problems more efficiently. These algorithms
work on a tiled version of the present problem. This means that before computations, e.g., the
Cholesky factorization, are performed, the required components, e.g., the covariance matrix, need
to be divided into tiles. In general, the computational effort for all involved computations of the GP
model for N training and M test samples mainly consists of the following operations, which may
occur more than once

* Matrix assembly, e.g., for the covariance, in O (N?)

 Compute Cholesky factor L in O(N?)

* Matrix-by-vector multiplication § = K, ;@ in O(MN)

* Forward and backward substitution for matrices LX = K, 5 in O(MN 2)

* Matrix-by-matrix multiplication W = VTV in O(M?N)

+ Computation of diagonal elements of a matrix-by-matrix multiplication diag(K~! %) in

O(N?)

The four major functions, such as assembly, Cholesky decomposition, optimization, and prediction
with uncertainty, of the GP model employ all of the mentioned operations. Nevertheless, each of
them has its own nuances regarding implementation and parallelism. Assembly in parallel is quite
simple because there are no data dependencies since only read operations are performed on the
feature vectors. The only dependency is the intermediate step where the distance (Equation (3.29)
on page 31) is computed and then reused by the covariance matrix and cross covariance matrix. Still,
many of the computations can be computed efficiently in parallel. Since the covariance matrix K is
symmetric, only the lower triangular tiles are assembled. For the transposed cross covariance matrix,
the tiles of the cross covariance matrix are reused to avoid duplicate computations. A Cholesky
decomposition using the tiled Cholesky algorithm was implemented and rigorously discussed in
[SP23]. In addition, the previous work also implemented the forward and backward substitution for
the matrix-by-vector multiplication and the prediction without uncertainty.

In the following two sections, additional tiled algorithms for the computation of prediction uncertainty
and optimization are discussed. A tile in the r-th row and c-th column of some arbitrary matrix K is
denoted as K.
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4.1 Tiled triangular solve for matrices

The computation of K~!, needed for the gradient computation in Equation (3.16) on page 29, using
the computed Cholesky factor L, can be done by solving LLTK~! = 1. I € RV*N depicts the
identity matrix. First, a forward substitution LX = I with the intermediate matrix X € RV*V is
performed. Then X is used as the right-hand side for the backward substitution LK~ = X. The
forward substitution of LX = [ is basically an independent triangular vector solve for each column
of I, the same logic holds for the backward substitution. Nevertheless, it is more efficient, also
memory-wise, to use a triangular matrix solve. The tiled version of the forward and backward
substitution algorithms require two BLAS operations [BLKDO07; DDHD90]:

* Triangular matrix solve (TRSM):

Lcc . Xcr = lcr, (41)

* General matrix-matrix multiplication (GEMM):

Imr = Imr - me : Icr- (42)

Algorithm 4.1 depicts the pseudo-code for the forward substitution. For the backward substitution,
the operations need to be executed on different tiles, as depicted in Algorithm 4.2. Both algorithms
work in-place to save storage. The right-hand side, here the identity matrix I, which becomes the
inverse of K after executing the two algorithms, consists of 7' 1%, tiles. The BLAS operations TRSM
and GEMM each have a complexity of O(tile_dim?), where tile_dim denotes the dimension of a
tile T .

Algorithm 4.1 In-place tiled forward substi- Algorithm 4.2 In-place tiled backward substi-

tution for matrices tution for matrices
Require: /: Right hand side Require: /: Right hand side
Require: L: Cholesky factor Require: L”: Transposed Cholesky factor
1: forr =0to Ty — 1do 1: forr =0toTy — 1do
2: forc=0toTy —1do 2: forc=Tny —1to0do
3 I, = TRSM(L.¢, I.;) 3 I, = TRSM(L/,, L)
4: form=c+1toTy —1do 4: form=c—-1to0do
5 Iy = GEMM(Lyc, Lers Inr) 5: Ly = GEMM(LZm’ Ier, Iony)
6 end for 6 end for
7 end for 7 end for
8: end for 8: end for

4.2 Tiled vector-vector dot product for diagonal elements

Terms, like trace(K -1 g—gi) (Algorithm 3.5 on page 32, line 7.1) and VTV (Algorithm 3.4 on page 27,

line 2), require only the computation of diagonal elements and not the complete matrix-by-matrix
product. Thus, only the dot product of the respective rows and columns needs to be computed. For
the dot product, we use the BLAS dot function for vectors [LHKK79]:
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* Vector-vector dot product (DOT) for the j-th column of V,,,,:

N
(/1= Vamlis i1 Vamli: /1. (4.3)
i=1

Algorithm 4.3 depicts the pseudo-code for the in-place tiled vector-vector dot product. To save
memory and avoid computing the transpose of V, only the matrix V is used as input. This does not
affect the calculation as instead of calculating the dot product between the row of V' and the column
of V, we can directly calculate the dot product of each column of V with itself. Matrix V consists of
Tn X Ty tiles and vector d of Ty, tiles. For the case Tys # Tn, Algorithm 4.3 still works because
we first perform the computations for the first column of the matrix V, i.e., for m = 1 we consider
the tiles V11, Va1, . . ., Va1, and store the results in d;. Then we do the same for m =2 to m = T),.

Since DOT takes the flattened matrix tile V;,,,, as input, which is stored in a row-major format,
an additional stride parameter must be passed to cblas_ddot that is called by DOT. In this case,
the function call for the j-th column of V,,, looks as follows after setting the input parameters:
cblas_ddot(N, &V,um[j], M, &Vum[j], M). Where N is the number of elements in the column,
&V,um[j] is the pointer to the start of the j-th column in the flattened matrix, and M is the distance
between the elements of the column in the flattened matrix. This function is executed for each
column j of the flattened matrix tile V.

Algorithm 4.3 Tiled vector-vector dot product for diagonal of matrix-matrix product

Require: V: E.g., Algorithm 3.2 on page 26, step 1
Require: d: Empty vector for diagonal elements

1: form=0to Ty — 1 do

2: forn=0toTy — 1do

3: d,, = DOT (V.. d0)
4: end for
5: end for
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In this chapter, we present the three main software tools that we use. These are the C++ standard
library for concurrency and parallelism HPX [KDL+20], MKL [Int24], and pybind11 [JRM17].
HPX supports application scalability and high parallel efficiency, while pybind11 facilitates seamless
integration between C++ and Python. Optimized algebraic routines, enhancing the computational
capabilities of our framework, are offered by MKL.

5.1 HPX

HPX [KDL+20], a C++ standard library developed by the STE||AR Group and initially released
in 2008, addresses concurrency and parallelism in software development, with a predominant
focus on scientific computing. The HPX API adheres to the C++11/14/17/20 ISO standards and
follows the programming guidelines of the Boost C++ libraries. HPX ensures portability across
NVIDIA, AMD, and Intel CPUs [DBK?23]. In addition, HPX facilitates the execution of local and
remote operations, enabling it to run on distributed systems [KHA+14]. Communication between
distant nodes is managed via active messages [Wal82], referred to as “parcels” in HPX [KHA+14],
making communication independent of the communication platform, e.g., MPI. This flexibility
allows HPX to utilize other portable communication platforms like LCI [YKS23]. Using parcels
to encapsulate remote calls and to improve the overlap between communication and computation
leads to a reduction in communication costs [DBK24]. Additionally, HPX implements different
schedulers, such as work stealing [BL99], to reduce overheads, like synchronization. In work
stealing, tasks are distributed among multiple worker threads, each maintaining its own queue of
tasks. As each worker processes tasks from its queue, a worker that exhausts its tasks becomes idle.
To achieve load balancing, the idle worker then steals tasks from the queues of other workers that
still have pending tasks [TDH+18].

A standout feature of HPX is its ability to enable the writing of fully asynchronous code, capable of
utilizing hundreds of millions of lightweight threads. This is achieved through HPX futures, which
allow developers to write fully asynchronous code without global synchronization barriers, unlike
message-based execution models like MPI. HPX also simplifies managing concurrency through
its dataflow and future-based synchronization mechanisms, helping developers to handle complex
parallel and distributed computing tasks. For runtime measurement, the APEX library [HPC+15]
can be installed alongside HPX to time and count annotated function calls.

In our implementation, we mainly utilize the following three HPX components: hpx: : shared_future(),
hpx: :async(), and hpx: :dataflow(). The hpx: :shared_future() is a synchronization primitive in
HPX, similar to std: : shared_future() in the C++ Standard Library. Unlike hpx: : future(), which
can only be moved or accessed by a single thread and whose data becomes inaccessible once the
future has returned [BKK+19], hpx: : shared_future() allows multiple threads to access the result
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concurrently. The HPX runtime manages the lifetime of the shared future and ensures that the
return value remains available for each dependent task. To retrieve the result of the asynchronous
operation, the get() method can be called multiple times by different threads. If the future is
not ready yet, the get() method will block the execution of the calling thread until the result is
available.

Building on the capabilities of hpx: : shared_future(), the hpx: :async() function is a core component
of HPX that facilitates asynchronous task execution. It enables functions to be executed in parallel,
enabling developers to exploit concurrency. The function hpx::async() creates a task that
encapsulates the function and its arguments. This task is then submitted to an executor, which then
queues it for execution, schedules it, and assigns it to a thread from its pool. After execution, the
function returns a future holding the result of the function call.

Complementing hpx: : shared_future() and hpx: :async(), the hpx: :dataflow() construct in HPX
provides a powerful abstraction for expressing dependencies between asynchronous operations. It
chains asynchronous tasks together, ensuring they are executed in the correct order based on their
dependencies. Similar to hpx: :async(), hpx: :dataflow() returns a future holding the result of the
function call. In addition, hpx: :dataflow() does not start the thread until all futures, passed as
arguments to the function, are ready. This can delay the operation. In cases where no exceptions are
thrown during the calculation of the futures that are passed to the function, hpx: :unwrapping can be
called [KDL+20]. This function calls .get() to replace each hpx: : future object in the argument
list with its future result type before passing it to the function run by hpx: :dataflow [DBK24].

5.2 MKL

MKL [Int24] is a highly optimized library offering a comprehensive set of linear algebra routines for
maximum performance on modern Intel architecture. Being part of Intel oneAPI, MKL is designed
for scientific computing, engineering, financial analytics, and machine learning applications. MKL’s
standout feature is its extensive collection of highly optimized routines, e.g., for linear algebra
and vector math, which leverage multi-threading, vectorization, and cache optimization. This
allows for significant performance gains without manual code optimization. Furthermore, MKL
provides fast and accurate routines for solving, e.g., linear equations and matrix factorizations. In
addition, MKL enhances usability through integration with popular development environments
and tools. It supports C, C++, Fortran, and Python, and is compatible with major compilers,
allowing easy integration into existing codebases. MKL achieves parallelization through the use
of OpenMP, which allows calculations to be distributed across multiple CPU cores. By default,
MKL is threaded, e.g., it automatically parallelizes tasks unless otherwise specified. This threading
behavior is controlled by environment variables such as OMP_NUM_THREADS, which controls the number
of OpenMP threads for all programs, and MKL_NUM_THREADS, which specifically sets the number of
threads for MKL routines. Additionally, MKL utilizes Single Instruction, Multiple Data (SIMD),
found in modern CPUs, so that a single operation can be executed simultaneously on multiple data
points [DYB23].

PyTorch offers various linear algebra routines, such as the Cholesky decomposition, which can be
called via the corresponding high-level Python function, e.g., torch.linalg.cholesky(). These
functions then call the corresponding C++ functions via Python bindings, which can be found in the
Aten library. Aten is a PyTorch tensor library, “on top of which almost all other Python and C++
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interfaces in PyTorch are built”.! The called C++ functions perform all necessary input validations
and then call optimized routines from libraries like MKL for the numerical calculations.> The
results from these MKL calls are then passed back to the C++ layer and finally back to the Python
environment. Similarly, when using TensorFlow with MKL linked, high-level Python functions
like tf.linalg.matmul serve as a user interface for linear algebra operations. These functions call
into a generated bindings module gen_linalg_ops.py, which manages input types and shapes. The
bindings then invoke corresponding C++ implementations found in TensorFlow’s core, where the
actual logic for the operations is defined. If MKL support is enabled, the C++ implementation calls
optimized MKL functions to perform the computation efficiently.> The results of these MKL calls
are returned to the C++ layer, which then passes them back through the bindings module to the
Python environment. Similar to MKL, parallelism and threading can be controlled in PyTorch and
TensorFlow through the use of OpenMP. Therefore, the environment variables OMP_NUM_THREADS
and MKL_NUM_THREADS can be set in both libraries as well. In our work, we use sequential MKL and
parallelize the calculations with HPX.

5.3 pybind11

pybind11 [JRM17] is a lightweight and versatile library that enables seamless integration between
C++ and Python, allowing developers to expose C++ code to Python and vice versa. It is particularly
useful for high performance projects, leveraging C++’s strengths while maintaining Python’s ease
of use and flexibility. Being fully compatible with modern C++ standards, pybind11 supports
C++11/14/17/20, allowing the use of advanced C++ features in bindings.

The design of pybind11 aims to minimize overhead, while preserving the performance of C++ code
when called from Python, making it ideal for numerical simulations and real-time data processing.
It offers a straightforward syntax for binding C++ code to Python, allowing developers to wrap
C++ classes and functions with minimal boilerplate. In addition, pybind11 provides automatic
conversion between C++ and Python data types, which simplifies data exchange between the two
languages.

However, pybind11 requires explicit instantiation of the templates to be exposed to Python, as
Python does not support C++ templates. Therefore, each specific version of an instantiated function
template must be defined separately with concrete types.* For example, template <type T> T
add(T a, T b); must be bound explicitly to the types that will be used in Python, such as int or
double. If the wrong C++ type is provided when calling templated functions from Python, pybind11
will throw an error, preventing runtime issues. The library also supports function overloading via
py: :overload_cast, which only requires the specification of parameter types.’ Last but not least,
pybind11 integrates easily with existing build systems and works seamlessly with popular tools like
CMake and setuptools, enabling smooth integration into existing C++ and Python projects.

1https://pytorch.org/cppdocs/#aten

2https://github.com/pytorch/pytorch/blob/main/aten/src/ATen/native/mkl

3https://githubAcom/tensorflow/tensorflow/tree/master/tensorﬂow/core/kernels/mkl

4https://pybind11.readthedocs.io/en/stable/advanced/functions.html#binding—Functions—with—template—
parameters

5https://pybindﬂ.readthedocs.io/en/stable/classes.html#overloaded—methods
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6 Concepts and implementation

This chapter consists of two parts. First, an introduction to the GPPPy project structure and
implementation' is provided. We will discuss the integration of the implemented C++ code
into Python using pybind11 (Section 5.3 on page 41), with special attention given to how the
HPX runtime can be seamlessly started from within the Python runtime. Second, we present
the implementation of the benchmark framework as depicted in Figure 6.1 for each of the three
libraries, namely, GPflow, GPyTorch, and GPPPy. The main components of the framework include
data loading, model initialization, optimization, and prediction with uncertainty. For the C++ and
Python versions of the GPPPy library, the implementation of the framework code can be found in
Appendix A.3 on page 84. The aim of this benchmark framework is to ensure that all three libraries
provide the same functionality. This consistency and comparability between the three libraries is
crucial for the later experiments in Chapter 7.

Figure 6.1: Benchmark framework

Benchmark Framework

O
fab]
Data processing lE
o =]
Model initialization |giad 3
- )
o) 3
Optimization 2 ®
- 'l - -U
Predictionwith  |f g
Uncertainty I

1 https://github.com/MHelmann/GPPPy_hpx/tree/grad_option_3/hpx_py11
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6 Concepts and implementation

6.1 GPPPy project

As mentioned in Chapter 5, a pybind11 project can be set up with either CMake or setuptools.
We decided to use CMake because it allows us to build a C++ project that works independently
of pybind11. The Python library can be then generated by wrapping the written C++ code. An
additional benefit is that parts of CMakeLists. txt can be reused for the setup of the pybind11 project.
The complete structure of our pybind11 project, called Gaussian Processes Parallel in Python

(GPPPy), is depicted in Figure 6.2.

GPPPy project %

example.py

# CMakeLists.txt ‘

# CMakeLists.txt ‘

gpppy_c.cpp

gp_function.cpp ‘

{ gaussian_process ‘

{ uncertainty.hpp ‘

{ gp_headers %{ gpppy_c.hpp ‘

{ mkl_adapter.hpp ‘

gp_func.hpp

{ gp_func_grad.hpp ‘

Figure 6.2: GPPPy project structure

The GPPPy project is organized into several key components.

At the top level, the project

includes directories for C++ and pybind11 code, along with configuration and example files such as

CMakeLists.txt and example.py.
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6.1.1 Source code

The C++ directory in Figure 6.2 contains two main subdirectories: include and src. The include
subdirectory contains the file gaussian_process and the subdirectory gp_headers. The former
is a guard file to prevent multiple inclusions of the same header file in the compilation process.
While the latter houses various header files, like gp_func_grad. hpp, gp_func.hpp, mkl_adapter.hpp,
gpppy_c.hpp, tiled_algo.hpp, and uncertainty.hpp. The src subdirectory includes implementation
files such as gp_function.cpp, gpppy_c.cpp, and utils.cpp. Additionally, a CMakeLists.txt file is
present in the C++ directory for build configuration.

The program is designed in an object-orientated manner. gpppy_c. hpp contains the class definition
of the GP object, which has some attributes, such as kernel parameters, number of training tiles,
size of a training tile, training input and output, and a vector of bools for trainable parameters of
the kernel. Furthermore, it possesses the predict with uncertainty function, optimize function, and
compute loss function. Those functions are wrappers for functions that use the HPX syntax to run
in the HPX runtime. Before providing an example of such a function and how it is executed, we
first describe how the HPX runtime can be started and stopped without using the standard approach
of explicitly implementing hpx_main(). For the explicit initialization of the HPX runtime, the
hpx_init.hpp header is typically included. This approach allows the runtime to be started via an
explicit main-thread function such as hpx_main(), which is defined at the global scope. Within
this function, all HPX API functions like futures, async, or parallel algorithms can be utilized. In
contrast, our approach allows the combination of HPX with other runtimes, which aligns with our
final goal of being able to start and stop the HPX runtime from the Python environment. To initialize
the HPX runtime, the function start_hpx_runtime() needs to be called before any HPX related
computations are executed. Once all HPX functions have finished their execution the function
stop_hpx_runtime() is called. Internally, this executes hpx: : finalize() to terminate the runtime.
This function, called from one locality, notifies all connected localities to finish execution and
returns only after all have exited, signaling that the runtime should stop. The finalize function must
be called from the HPX runtime, meaning it needs to be scheduled using hpx: : post() when called
from a non-HPX thread. Following hpx: : finalize(), the hpx: :stop() function should be the last
HPX function called on every locality, blocking and waiting for the locality to finish before returning
to the caller. Note, this function is used only if the runtime was started with hpx: :start().

Sometimes, only a small part of the computations are executed in the HPX runtime. In such
scenarios, it is beneficial to pause the HPX runtime until the next relevant computation, and then
resume it. HPX offers two functions for this: hpx: :suspend() and hpx: :resume(). These functions
can only be used when running HPX on a single locality. hpx: : suspend() is a blocking call that
waits for all currently scheduled tasks to complete before putting the thread pool OS threads to
sleep. “This function can only be called when the runtime is running, or already suspended in
which case this function will do nothing”. hpx: : resume() reactivates the sleeping threads, making
them ready to process new tasks. “This function can only be called when the runtime suspended, or
already running in which case this function will do nothing”.?

2https ://hpx-docs.stellar-group.org/latest/html/libs/full/init_runtime/api/hpx_suspend.html#
_CPPVv4N3hpx7suspendER10error_code

3h'c‘cps ://hpx-docs.stellar-group.org/latest/html/libs/full/init_runtime/api/hpx_suspend.html#
_CPPv4N3hpx6resumeER10error_code
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6 Concepts and implementation

Listing 6.1 Functions to start, resume, suspend, and stop HPX runtime

// Initialize HPX, don't run hpx_main
void start_hpx_runtime(int argc, char #*xargv)

{
hpx::start(nullptr, argc, argv);

// Resume HPX runtime
void resume_hpx_runtime()

{

hpx: :resume();

// Wait for all tasks to finish, and suspend the HPX runtime
void suspend_hpx_runtime()

{
hpx: :suspend();

// hpx::finalize has to be called from the HPX runtime before hpx::stop
void stop_hpx_runtime()

{
hpx: :post([10)
{ hpx::finalize(); });
hpx: :stop();

}

Listing 6.2 Optimize function

std: :vector<double> GP::optimize(const gpppy_hyper::Hyperparameters &hyperparams)
{

std::vector<double> losses;

hpx: :threads: :run_as_hpx_thread([this, &losses, &hyperparams]()

{
losses = optimize_hpx(_training_input, _training_output, _n_tile_size,
_n_tiles, lengthscale, vertical_lengthscale, noise_variance,
n_regressors, hyperparams, trainable_params).get();

B

return losses;

Once the runtime is started, functions such as predict() or optimize() can be executed. Listing 6.2
depicts an example implementation of such a function, here the optimize() function. In short,
the goal of optimize() is to nudge the parameters in a direction that minimizes the negative log
likelihood (Equation (3.11) on page 25). The primary focus here is on the function body, in particular
on hpx: : threads: : run_as_hpx_thread(). By utilizing this function call, the optimize_hpx() function
gets scheduled on the HPX runtime. Note that run_as_hpx_thread() blocks until completion.
optimize_hpx() executes the complete Algorithm 3.5 on page 32 and Algorithm 3.6 on page 33,
which are implemented with the HPX syntax.
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The reason why run_as_hpx_thread() needs to be called instead of directly calling hpx: :async()
is the following: After calling hpx: :start(), the main thread is not automatically an HPX thread.
Thus, hpx: :run_as_hpx_thread() ensures that the function runs as an HPX thread, maintaining
the necessary runtime context and blocking until the function completes. This ensures proper
synchronization and execution order. When working with the HPX library, it’s crucial to follow
specific patterns for initializing, executing tasks, and finalizing the HPX runtime. Adhering to these
patterns ensures the HPX runtime system functions correctly and efficiently. For detailed options
and examples, please refer to the HPX documentation.*

The file gp_func. hpp contains declarations for functions using HPX syntax, such as optimize_hpx ()
and predict_hpx(), which are called from gpppy_c.cpp. These functions implement the complete
logic described in Chapter 3, including the assembly of various tiled covariance matrices, Cholesky
decomposition, triangular system solutions, and loss computation. Depending on the intermediate
steps of these operations, they are either outsourced to corresponding files like gp_func_grad. hpp or
executed using the tiled algorithms in tiled_algo.hpp. The file gp_func_grad.hpp declares functions
related to hyperparameter optimization as discussed in Section 3.3 on page 27. mkl_adapter.hpp file
provides an interface for integrating MKL functions into the project. In addition, tiled_algo.hpp
contains declarations for tiled algorithms that enable efficient computation for large matrices.
For the computation of prediction uncertainty in GPs, uncertainty.hpp defines the relevant
functions. Finally, utils.hpp declares various utility functions used throughout the project, such
as compute_train_tile_size(), compute_test_tiles(), load_data(), start_hpx_runtime(), and
stop_hpx_runtime().

To build the gaussian_process project as a standalone C++ executable, use CMake version 3.16
or higher and set the C++ standard to 17. Additionally, link the program against HPX version
1.9.1 and MKL version 2024.1 packages. Include the directories for HPX and MKL headers, and
specify the source files located in the src directory. Define the header files to be installed from the
include/gp_headers directory. Then, create a shared library named gaussian_process using the
specified source files and link it with the HPX and MKL libraries. Finally, install the built library
and header files. Listing A.3 in Appendix A.3 on page 84 provides a complete working example in
C++, which is also used for the experiments.

6.1.2 Binding

The bindings directory in Figure 6.2 contains source files such as main.cpp, gppp_py.cpp, and
utils_py.cpp, which enable the integration of C++ code with Python using pybind11. The purpose
of the main.cpp file is to create a Python module named gaussian_process using the pybind11
library as depicted in Listing 6.3. This module serves as an interface for Python to interact with the
C++ code. The PYBIND11_MODULE macro (line 11) defines the module and initializes it with functions
and classes defined in the C++ code. Specifically, the functions init_gpppy() and init_utils() are
called, which register the components of the GP library into the Python module. This functionality
is facilitated through the header file pybind11.h which is the core header of pybind11. It includes
the primary functionality needed to create bindings, e.g., the definition of modules, classes, and
functions as well as the management of the interaction between Python and C++.

4https ://hpx-docs.stellar-group.org/latest/html/manual/starting_the_hpx_runtime.html
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Listing 6.3 Python binding for GPPPy using pybind11

// Include the pybind11 header
#include <pybind11/pybind11.h> // PYBIND11_MODULE

// Create a namespace alias for pybind11
namespace py = pybindi11;

// Forward declarations of binding functions
void init_gpppy(py::module &);

void init_utils(py::module &);

// Define the module named "gaussian_process” and its initialization function
PYBIND11_MODULE (gaussian_process, m)

{
// Set the module documentation string
m.doc() = "Gaussian Process library”;
// Initialize the submodules
init_gpppy(m);
init_utils(m);

}

The gpppy_py . cpp file contains the bindings for the GP C++ class and hyperparameters struct.
Listing 6.4 provides an excerpt that highlights the main binding code. The first step is to import
the necessary headers from the C++ codebase that contain the functionality such as classes and
functions, which should be exposed to Python later. Second, pybind11 relevant headers are imported
that include utilities for automatically converting between C++ Standard Template Library (STL)
types like std: : vector<T>, and their corresponding Python types. That way the user can easily pass
complex data structures between C++ and Python without writing custom conversion code. Next,
the function init_gpppy() is created to initialize the Python module. This function gets forward
declared in main.cpp. Within this function, the GP class from the C++ library is exposed to Python
by defining its constructor and methods using pybind11’s .def () and .def_readwrite() functions.
py::init() is a convenience function that takes the types of a constructor’s parameters as template
arguments and wraps the corresponding constructor. The arguments for the constructor are specified
using py: :arg(). Default parameters can be set as well, e.g., see lines 15 — 23 in Listing 6.4. The
.def_readwrite() function is used to expose public member variables of a C++ class to Python.
Moreover, these variables can be accessed and modified directly from the Python side, providing a
way to read and write the values of these variables. All in all, this allows Python users to instantiate
the GP class, access and modify its attributes like parameters of the kernel function, retrieve data,
and call methods such as optimize().

The utils_py.cpp file provides functions such as print(), start_hpx_wrapper(), and stop_hpx().
Listing 6.5 depicts an excerpt of this file with the focus on print(), start_hpx_wrapper(),
and stop_hpx(). The GPPPy print() function is designed to print the whole or a part of a
std: :vector<double> with user-defined start and end indices and a separator. In contrast, the Python
print() function is a general function that can print various objects, e.g., doubles or lists with an
optional separator and end parameter. Future work can therefore focus on generalizing the GPPPy
print() function or exploring ways to use the original Python function as a wrapper.
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Listing 6.4 GP class binding of GPPPy using pybind11

#include "../cpp_code/include/gp_headers/gpppy_c.hpp”
#include "../cpp_code/include/gp_headers/gp_functions.hpp”
#include <pybind11/stl.h>

#include <pybind11/pybind11.h>

namespace py = pybindi11;

void init_gpppy(py: :module &m)
{

py::class_<gpppy: :GP>(m, "GP")
.def(py::init<std::vector<double>, std::vector<double>, int, int, double,
double, double, int, std::vector<bool>>(),
py::arg("input_data"),

py::arg("output_data"),

py::arg("n_tiles"),

py::arg("n_tile_size"),

py::arg("lengthscale”) = 1.0,

py::arg("v_lengthscale”) = 1.0,

py::arg("noise_var") = 0.1,

py::arg("n_reg") = 100,

py::arg("trainable”) = std::vector<bool>{true, true, true})
.def_readwrite("lengthscale”, &gpppy::GP::lengthscale)
.def("get_input_data”, &gpppy::GP::get_training_input)
.def("optimize"”, &gpppy::GP::optimize, py::arg("hyperparams”))

In Section 6.1.1, the mechanism behind the start and stop of the HPX runtime was introduced in
a pure C++ environment. Now, we will present how this can be realized from within a Python
environment. Technically, the steps needed to start the HPX runtime are similar. The only addition is
the wrapper function. This function takes a vector of strings representing command-line arguments
and an integer indicating the number of cores. It appends the argument specifying the number of
threads to the argument vector, converts the vector of strings to an array of C-style strings, and then
starts the HPX runtime with these arguments. This enables the HPX system to be configured and
launched with the desired number of OS threads. To stop the HPX runtime, we define a binding
in line 32 (Listing 6.5) that exposes the stop_hpx_runtime() function from the utils namespace
to Python. This allows Python code to call the stop_hpx() function, which in turn will execute
the stop_hpx_runtime() function in the underlying C++ code, enabling the termination of the
HPX runtime from Python. For the functions resume_hpx_runtime () and suspend_hpx_runtime(),
similar bindings as for stop_hpx_runtime() are implemented. These three functions do not require
additional wrappers as they do not have input parameters.

To generate an executable that can be imported into Python, the gaussian_process project with
Python language bindings needs to be built. The build requires CMake version 3.16 or higher, C++17,
and pybind11 version 2.10.3. If not found, then the pybind11 package will be fetched and built from
source. Furthermore, the project depends on HPX and MKL packages, which must also be available.
Include the directories for HPX, MKL, and the project headers from cpp_code/include/gp_headers.
Also, include the directories for Python-related headers in python_code. Then, create a Python
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Listing 6.5 Utils binding for GPPPy using pybind11

#include "../cpp_code/include/gp_headers/utils_c.hpp”

void start_hpx_wrapper(std::vector<std::string> args, std::size_t n_cores)

{
// Add the --hpx:threads argument to the args vector
args.push_back("--hpx:threads=" + std::to_string(n_cores));
// Convert std::vector<std::string> to char* array
std::vector<char x> argv;
for (auto &arg : args)
argv.push_back(&arg[0]);
argv.push_back(nullptr);
int argc = args.size();
utils::start_hpx_runtime(argc, argv.data());
}
void init_utils(py::module &m)
{
. // Other functions such as compute_train_tile_size(), etc.
m.def ("print”, &utils::print,
py::arg("vec"),
py::arg("start") = 0,
py::arg(”"end”) = -1,
py::arg("separator”) = " ", "Print elements of a vector with optional
start, end, and separator parameters”);
// Using the wrapper function
m.def ("start_hpx", &start_hpx_wrapper, py::arg(”args”), py::arg(”"n_cores”));
m.def ("resume_hpx", &utils::resume_hpx_runtime);
m.def ("suspend_hpx", &utils::suspend_hpx_runtime);
m.def ("stop_hpx", &utils::stop_hpx_runtime);
3

module named gaussian_process using pybind11, linking it with HPX and MKL libraries. Finally,
install the built Python module. Listing A.4 in Appendix A.3 on page 84 provides a complete
working example of GPPPy, which is also used for the experiments.

6.2 Reference implementations

In the following, the reference implementations for GPflow and GPyTorch, that are used for the
experiments, are presented. First, the data loading procedure is discussed that is similar in both
cases. Second, the respective implementations and some additional remarks are provided for the

two libraries.
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6.2.1 Data loading

Data loading differs between GPPPy and the reference libraries, GPflow and GPyTorch. While
GPPPy only loads the data into a vector and computes the feature matrix needed for, e.g., the
covariance matrix, on the fly, GPflow and GPyTorch need the whole feature matrix Z as input
for the model initialization step. The data loading procedure and feature matrix generation for
the reference libraries, presented in Appendix A.2 on page 84, involves two functions. The first
function generate_feature_matrix() creates a feature matrix by padding the original input array
with zeros on the left for (n_regressors—1) positions and then rolls the array to create a window of
size n_regressors. The second function load_data() reads training and testing input and output
data from specified file paths, truncates them to the desired sizes, and generates feature matrices for
both the training and testing input data sets using the generate_feature_matrix() function. Finally,
it reshapes the output data into column vectors and returns the feature matrices and target values
for both training and testing data sets. The current implementation loads both training and test
data simultaneously, which means that if new test data needs to be loaded, the training data will
also be reloaded. This approach is not very efficient if executed more than once. However, in our
experiments, we load the data only once, so this implementation suffices. The procedure can be
easily modified to load the training and test data separately.

6.2.2 GPflow framework

This section presents the remaining components required for the GPflow reference implementation,
as they differ in their implementation between the libraries.

Model initialization Listing 6.6 depicts model initialization in GPflow.> The init_GPflow_model
function sets up a GP regression model using GPflow, with customizable parameters for the kernel
vertical-scale (k_v), kernel length-scale (k_lscale), and noise variance (noise_var). This function
takes as inputs the feature matrix X and the target vector Y (line 1) and constructs a GP regression
model with a squared exponential covariance function (lines 15 — 19). The initialized model is then
ready for training or making predictions. During model initialization, no computations like the
inversion of K are performed.

Optimization Hyperparameter optimization is important so that the GP model accurately captures
the underlying structure of the data (Section 3.3 on page 27). The Python code in Listing 6.7
defines a function optimize_model() designed to perform hyperparameter optimization of a GPflow
model. The function takes in a GPflow model and the number of optimization steps as arguments.
It utilizes the Adam optimizer, configured with specific hyperparameters such as learning rate, beta
values, and epsilon (lines 12 — 13). The optimization process is encapsulated in a TensorFlow
function, which ensures efficient execution by compiling the operations into a static computation
graph. Within each optimization step, a gradient tape is used to compute the loss of the model,
which is then differentiated to obtain gradients with respect to the model’s trainable variables (lines
17 — 22). These gradients are subsequently applied to update the model parameters (line 24). The

5https ://gpflow.github.io/GPflow/2.9.0/notebooks/getting_started/basic_usage.html
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Listing 6.6 Model initialization in GPflow

def init_GPflow_model(X, Y, k_var=1.0, k_lscale=1.0, noise_var=0.1):

nun

Initialize a Gaussian process regression model using GPflow.

Args:

X (numpy.ndarray): The input data matrix.

Y (numpy.ndarray): The target data vector.

k_v (float): Vertical-scale parameter of the kernel. Defaults to 1.0.
k_lscale (float): Length-scale parameter of the kernel. Defaults to 1.0.
noise_var (float): Noise variance parameter. Defaults to 0.1.

Returns:

gpflow.models.GPR: Initialize Gaussian process regression model.

model = gpflow.models.GPR((X, Y),
kernel=gpflow.kernels.SquaredExponential(
variance=k_v, lengthscales=k_lscale, ),
noise_variance=noise_var,

)

return model

optimization step is iteratively executed for the specified number of iterations to minimize the
model’s loss, thus improving the model’s performance. Future work can extend this by adding the
epsilon criterion to allow early stopping.

Prediction with Uncertainty After the parameters are optimized, the model can be used to make
predictions with uncertainties. For GPflow this can be done using predict_with_var in Listing 6.8.
The function accepts two arguments: a trained GPflow model and a set of test input data in the form
of a NumPy array (line 1). Within the function, the model’s predict_f method is called with the
test input data, yielding the mean (f_pred) and variance (f_var) of the latent function values for the
test data (line 13). These predictions, encapsulating both the expected values and the associated
uncertainties, are then returned as NumPy arrays. If the full posterior covariance matrix is to be
calculated, then the parameter full_cov in model.predict_f() must be set to True.

Parallelization To achieve optimal performance and efficiency for TensorFlow on CPUs, it
is essential to configure the number of threads used for parallelization. TensorFlow provides
the set_intra_op_parallelism_threads(config["N_CORES"]) function to set the number of intra-
operation threads for parallelism, which determines the number of threads employed for operations
that can be parallelized within a single operation, such as matrix multiplication. Additionally,
the set_inter_op_parallelism_threads(config[”"N_CORES"]) function configures the number of
inter-operation parallelism threads, dictating how many threads are used to parallelize multiple
operations across the computation graph. By specifying the config[”"N_CORES"] variable, we can
optimize computational efficiency by tailoring the number of cores used to the available hardware.
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Listing 6.7 Hyperparameter optimization in GPflow

def optimize_model(model, opt_iter):

nun

Optimize the parameters of the given GPflow model.

Args:
model (gpflow.models.GPModel): The GPflow model whose parameters needs to be optimized.
opt_iter (int): Number of optimization steps

Returns:

None

opt = tf.keras.optimizers.Adam(learning_rate=0.1, beta_1=0.9,
beta_2=0.999, epsilon=1e-08)

@tf.function
def optimization_step():
with tf.GradientTape() as tape:
# Compute the loss inside the tape context
loss = model.training_loss()
# Compute the gradients of the loss with respect to the model's
# trainable variables
gradients = tape.gradient(loss, model.trainable_variables)
# Apply the gradients to update the model's trainable variables
opt.apply_gradients(zip(gradients, model.trainable_variables))

# Run the optimization step
for i in range(opt_iter):

optimization_step()

return None

Listing 6.8 Prediction with uncertainty in GPflow

def predict_with_var(model, X_test):

nwn

Predict latent function values for the given test data.

Args:
model (gpflow.models.GPModel): The trained GPflow model.
X_test (numpy.ndarray): The test input data.

Returns:
f_pred (numpy.ndarray): Mean of latent function values for test data.
f_var (numpy.ndarray): Variance of latent function values for test data.

nun

f_pred, f_var = model.predict_f(X_test)

return f_pred, f_var
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Similarly, the MKL_NUM_THREADS environment variable sets the number of threads for MKL to use for
parallel processing. OpenMP is used to enhance parallel computation tasks, with the OMP_NUM_THREADS
environment variable specifying the number of threads used for OpenMP computations.® Addition-
ally, CPU affinity settings, managed by OMP_PLACES=threads and OMP_PROC_BIND=close, determine
how workloads are distributed across CPU cores. Furthermore, TensorFlow uses Intel oneAPI
Deep Neural Network Library (oneDNN) on the CPU, leveraging OpenMP settings as environment
variables to enhance performance for processes such as backpropagation. For versions above 2.9,
oneDNN is the default library.

6.2.3 GPyTorch framework

In the following, similar to Section 6.2.2, the remaining components of the GPyTorch reference
implementation are presented below.

Model initialization In GPyTorch, model initialization differs from GPflow. The code in List-
ing 6.9 illustrates the initialization and definition of the GP model for regression using GPyTorch.’
The class ExactGPModel inherits from gpytorch.models.ExactGP and is designed to handle exact
inference in GP regression tasks (line 1). The constructor __init__() initializes the model with
training inputs X, training targets Y, and a specified likelihood function (lines 10 — 11). Within
the constructor the mean function is set to a constant mean, gpytorch.means.ConstantMean(), and
the covariance function is defined using a scaled RBF kernel, aka a squared exponential kernel,
gpytorch.kernels.ScaleKernel(gpytorch.kernels.RBFKernel()) (lines 12 — 13). The hyperparame-
ters of the covariance module are initialized to default values, with the base kernel’s length-scale set
to 1.0 and the output scale also set to 1.0 (lines 15 —16). These hyperparameters can be subsequently
optimized during the training process to better fit the data. The forward() method implements the for-
ward pass through the model, computing the mean and covariance of the input data X (lines 29 — 30).
It returns a multivariate normal distribution gpytorch.distributions.MultivariateNormal() pa-
rameterized by the mean and covariance functions, representing the GP posterior over the outputs
corresponding to the inputs X.

Optimization The training procedure for the GP regression model using the GPyTorch library in
Python is encompassed in the train() function. Inputs to the function are the GP model, likelihood,
training input data X, training target data Y, and an optional parameter training_iter specifying
the number of training iterations (line 1). The function begins by setting the model and likelihood
to training mode (lines 15 — 16). Like in the other libraries, the Adam optimizer is used to update
the model parameters, including those of the Gaussian Likelihood (line 19). The loss function used
is the LML, which is negated since the goal is to minimize the loss (line 22). In each iteration,
the gradients from the previous step are first set to zero, after which the model generates output
predictions from the input data X, and then the LML is calculated based on the model output and
the target data Y (lines 26 — 30). Next, the computed loss is backpropagated to compute gradients
for all parameters, which are then updated by the optimizer (lines 32 — 34).

6https ://www.intel.com/content/www/us/en/developer/articles/guide/guide-to-tensorflow-runtime-
optimizations-for-cpu.html
7https ://docs.gpytorch.ai/en/v1.6.0/examples/@1_Exact_GPs/Simple_GP_Regression.html
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Listing 6.9 Model initialization in GPyTorch

class ExactGPModel (gpytorch.models.ExactGP):

nun

This class defines the exact Gaussian Process model for regression.

Args:
X (torch.Tensor): The training input data.
Y (torch.Tensor): The training target data.
likelihood: The likelihood function for the model.
def __init__(self, X, Y, likelihood):
super (ExactGPModel, self).__init__(X, Y, likelihood)
self.mean_mod = gpytorch.means.ConstantMean()
self.covar_mod = gpytorch.kernels.ScaleKernel(gpytorch.kernels.RBFKernel())

self.covar_mod.base_kernel.lengthscale = 1.0
self.covar_mod.outputscale = 1.0

def forward(self, X):

nun

Forward pass through the model.

Args:
X (torch.Tensor): Input data.

Returns:

gpytorch.distributions.MultivariateNormal: Multivariate normal
distribution over the output.

mean_x = self.mean_module(X)

covar_x = self.covar_module(X)

return gpytorch.distributions.MultivariateNormal(mean_x, covar_x)

Prediction with Uncertainty Predictions with uncertainty can be made by calling the function
predict_with_var(). The function accepts a trained GP model, a Gaussian likelihood, and test input
data as its parameters (line 1). By setting both the model and likelihood to evaluation mode, the
latent function of model computes the mean (f_mean) and variance (f_var) at the test points (lines
14 — 20). These predictions are generated within a ‘“no-gradient” context in which the gradient
computations are deactivated. This reduces the memory consumption for these computations.

One limitation of GPyTorch is that while the variance can be accessed directly, the implementation
first computes the full posterior covariance matrix and then extracts the diagonal elements. The
full posterior covariance matrix is also stored. One possible reason for this design is the LanczOs
Variance Estimates (LOVE) algorithm [PGWW 18], which calculates the posterior covariance matrix
much faster than the classical method. However, LOVE does not compute the posterior covariance
matrix using the closed form (Equation (3.8) on page 24) but through rapid approximation of the
predictive covariance matrix, with the computed variances accurate to within four decimals. As a
result, efficient calculation of only the diagonal of the posterior covariance matrix was probably not
a priority. This also implies that if LOVE is not used, uncertainty can only be obtained by fully
computing the posterior covariance matrix.
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Listing 6.10 Hyperparameter optimization in GPyTorch

def train(model, likelihood, X_train, Y_train, training_iter=10):

nun

Optimize the hyperparameters of the Gaussian process regression model.

Args:

model (gpytorch.models.ExactGP): The Gaussian process regression model.
likelihood (gpytorch.likelihoods.GaussianLikelihood): The likelihood function.
X (torch.Tensor): The training input data.

Y (torch.Tensor): The training target data.

training_iter (int, optional): Number of training iterations.

Returns:

None

model.train()
likelihood. train()

# Use adam optimizer; model.paremeters() include GaussianLikelihood parameters
optimizer = torch.optim.Adam(model.parameters(), lr=0.1)

# "Loss” for GPs - the log marginal likelihood
Iml = gpytorch.mlls.ExactMarginallLoglikelihood(likelihood, model)

for i in range(training_iter):
# Clear gradients from previous iteration
optimizer.zero_grad()
# Output from model
output = model(X)
# Calc loss and backprop gradients
loss = -(lml(output, Y))
# Compute dloss/dtheta_i for every parameter theta_i which has requires_grad=True
loss.backward()
# Update the value of theta_i using the gradient theta_i.grad
optimizer.step()

return None

Parallelization The number of threads in PyTorch needs to be set according to available hardware
to facilitate a thorough performance and efficiency comparison on CPUs. This can be done using
the set_num_threads(config["N_CORES"]) function in PyTorch, which specifies the number of
threads that PyTorch will utilize for parallel operations. By setting the config[ "N_CORES"] variable,
we can control the number of threads employed by PyTorch to perform operations that benefit
from parallelization, such as matrix multiplications. In addition to setting the number of threads
for general parallel operations, PyTorch offers the set_num_interop_threads(config[”N_CORES"])
function. This function configures the number of threads used for inter-operation parallelism,
managing how many threads are allocated for the parallel execution of multiple operations.
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Listing 6.11 Prediction with uncertainty in GPyTorch

def predict_with_var(model, likelihood, X_test):

nun

Predict the mean and variance of latent function values.

Args:

model (gpytorch.models.ExactGP): The trained Gaussian process regression model.
likelihood (gpytorch.likelihoods.GaussianLikelihood): The likelihood function.
X_test (torch.Tensor): The test input data.

Returns:

- f_mean (torch.Tensor): Mean of latent function values.

- f_var (torch.Tensor): Variance of latent function values.
model.eval()

likelihood.eval()

with torch.no_grad():
f_pred = model(X_test)
f_mean = f_pred.mean
f_var = f_pred.variance

return f_mean, f_var

OpenMP enhances performance for parallel computation tasks. The OMP_NUM_THREADS variable
sets the number of threads for OpenMP computations.® CPU affinity settings, controlled by
OMP_PLACES=threads and OMP_PROC_BIND=close, dictate workload distribution across cores, affecting
communication overhead and cache efficiency. Similarly, the MKL_NUM_THREADS environment
variable® sets the number of threads for MKL to use for parallel processing.

However, it is important to note that according to the PyTorch documentation set_num_threads
always takes precedence over environment variables for intra-op parallelism settings.’. Among the
environment variables, the variable MKL_NUM_THREADS takes precedence over OMP_NUM_THREADS.?

8https://pytorch.org/tutorials/recipes/recipes/tuning_guide.html#intel—openmp—runtime—[ibrary—libiomp
9https://pytorch.org/docs/stable/notes/cpu_threading_torchscript_inference.html
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7 Results

In this chapter, we evaluate the performance and efficiency of GPPPy compared to the reference
implementations on CPUs, using the benchmark framework introduced in Chapter 6. Section 7.1
describes the experimental environment. Next, Section 7.2 presents the evaluation of the results.
The latter first describes the measured components. Then, the influence of different tile sizes on
the performance for different numbers of cores is discussed. This is followed by the strong scaling
results for GPPPy, HPX, GPflow, and GPyTorch. For a clearer distinction between the C++ and
Python versions of GPPPy, the C++ version of GPPPy is referred to as HPX. After that we address
parallel efficiency. Finally, GPPPy is compared against GPyTorch used with LOVE.

7.1 Experimental environment

Table 7.1 depicts the system information, providing a detailed overview of the hardware and software
configurations used in our experiments. This includes the specifications of the CPU, RAM, and
operating system as well as all relevant software tools, such as GCC.

The GPPPy, GPyTorch, and GPflow implementation are done using C++ and Python. All the
programming languages, libraries, and frameworks used in this thesis are open source and can be
used for free. The details of these components are listed below:

* Programming Language: Python (V 3.8.10)
 Libraries: NumPy (V 1.24.3), GPyTorch (V 1.12), GPflow (V 2.9.2)
* Deep Learning Framework: PyTorch (V 2.3.1), TensorFlow (V 2.10.1)

CPU 2x AMD EPYC 7742
Cores 2 x 64
Base clock rate 2.25 GHz
L3 cache size 512 MB
RAM 2 TB DDR4
Operating system Ubuntu 20.04.6 LTS
Compiler GCC 9.4.0, optimization level 3
Project build tool CMake 3.18.2
Runtime system HPX 1.9.1
Math Kernel Library oneMKL 2024.1
Resource management system | Simple Linux Utility for Resource Management (SLURM) [YJGO03]

Table 7.1: System information
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7.2 Results evaluation

This section covers the evaluation findings. Figure 6.1 on page 43 depicts the framework that we
use to evaluate our implementation against the reference libraries. Four different components are
measured for the evaluation. First comes the data processing step, described in Section 6.2.1 on
page 51 for GPflow and GPyTorch. Solely for GPPPy the data is loaded from a file. Second, the
model initialization is measured. Then, the time taken to perform hyperparameter optimization is
measured. After that the time to compute predictions with uncertainty is measured. Since GPyTorch
computes only the full posterior covariance matrix (Algorithm 3.4 on page 27), we will proceed in
the same way for all libraries to ensure a meaningful comparison. Finally, the total runtime for each
framework is provided. However, in a real scenario, the total time is not particularly significant, as
optimization may require several iterations and is therefore performed offline. Predictions, on the
other hand, need to be accessed quickly and are faster to compute, which is why they are calculated
online. In addition, predictions are usually computed multiple times for different test data sets.

We first investigate the performance of HPX for a different number of cores and number of tiles.
Then, strong scaling experiments for optimization, prediction with uncertainty, and total runtime
are presented and the corresponding findings are discussed. Afterward, we examine the parallel
efficiency of the strong scaling benchmark for prediction with uncertainty. In the last section, we
talk about the comparison of GPPPy, which only computes the prediction with uncertainty, and
GPyTorch used with LOVE. All runtimes in this section are averaged over 10 runs. Error bars
indicate the 95% confidence intervals.

7.2.1 Tile scaling

In the following, tile scaling experiments for optimization and prediction with uncertainty of the
task-based implementation (HPX) for different numbers of cores are presented. In both experiments,
the problem size is N = 20000 training samples and M = 5000 test samples, with all computations
performed in double precision for the following system specifications as depicted in Table 7.1.

Tile scaling for optimization Figure 7.1 depicts the optimization runtime on a logarithmic scale
(y-axis) of the task-based implementation (HPX) for different tile sizes (x-axis) with varying core
counts: 16, 32, 64, and 128. For tile sizes T < 4, all core configurations exhibit similar runtime
behaviors, with no significant advantage for higher core counts. For T > 8, the runtime for 16
cores starts to increase until 7 < 500. The lowest runtime is achieved for 64 cores and 25 tiles per
dimension. For 128 cores, a similar result is achieved; however, the runtime increases abruptly for
T > 25. The runtime for 32 cores behaves similarly to that of 64 cores, although it is slightly higher
for T = [25,50]. Then for T < 100 the runtime for 32 cores is similar to the one for 64 cores.

The deterioration of runtime for 16 cores for 7 > 25 is due to the scheduling effort exceeding the
computational advantages. Additionally, task queuing delay becomes a factor, as more tiles than
cores result in some tasks having to wait until a core becomes available. This queuing delay adds to
the total optimization runtime. The lowest runtime for 64 cores and 25 tiles per dimension indicates
an optimal balance between computation and scheduling. The abrupt increase in runtime for 128
cores after 7 = 25 can be attributed to scheduling overhead.
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Figure 7.1: Tile scaling comparison for optimization of task-based implementation (HPX) for a
different number of cores. Workload size is N = 20000 training and M = 5000 test
samples. All computations are performed in double precision. Hardware is a dual
socket AMD EPYC 7742 with 128 cores.

Tile scaling for prediction with uncertainty Figure 7.2 depicts the prediction with uncertainty
runtime on a logarithmic scale (y-axis) of the task-based implementation (HPX) for different
tile sizes (x-axis) with varying core counts: 16, 32, 64, and 128. For tile sizes T < 8§, all core
configurations exhibit similar runtime behaviors, with no significant advantage for higher core
counts. For T = 25, the runtime for 16 cores no longer decreases. From here on, it starts to
increase until 7 < 500. The lowest runtime is achieved for 64 cores and 25 tiles per dimension.
For 128 cores, the runtime is slightly higher; however, the runtime increases abruptly for 7 > 25.
The runtime for 32 cores behaves similarly to that of 64 cores, although it is slightly higher for
T = [25,50,100].

The deterioration of runtime for 16 cores for 7 > 25 is due to the scheduling effort exceeding the
computational advantages. Additionally, task queuing delay becomes a factor, as more tiles than
cores result in some tasks having to wait until a core becomes available. This queuing delay adds
to the total prediction with uncertainty runtime. The lowest runtime for 64 cores and 25 tiles per
dimension indicates an optimal balance between computation and scheduling. The abrupt increase
in runtime for 128 cores after 7 = 25 can be attributed to scheduling overhead.

Overall, using 25 tiles per dimension provides the best runtime performance for optimization and
prediction with uncertainty for almost all cores. Therefore, the number of tiles per dimension is set
to 25 for all subsequent experiments.
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Figure 7.2: Tile scaling comparison for prediction with uncertainty of the task-based implementation
(HPX) for a different number of cores. Workload size is N = 20000 training and
M = 5000 test samples. All computations are performed in double precision. Hardware
is a dual socket AMD EPYC 7742 with 128 cores.

7.2.2 Strong scaling comparison

Optimization runtime Figure 7.3 depicts a strong scaling benchmark for the optimization step of
the GPPPy, HPX, GPflow, and GPyTorch implementations. The y-axis shows the runtime on a
logarithmic scale and x-axis the different number of cores. The problem size is N = 10000 training
samples and M = 5000 test samples, with all computations performed in double precision for the
following system specifications as depicted in Table 7.1. GPflow has the highest runtime for all cores.
Next, both GPPPy and HPX demonstrate a similar strong scaling trend, with a consistent reduction
in runtime up to 64 cores. After this point, their runtimes increase for 128 cores. Furthermore, we
observe no runtime overhead between HPX and GPPPy, whereby the latter uses pybind11 to expose
HPX to Python (Section 6.1.2 on page 47). The dashed gray line represents the ideal scaling for
GPPPy and HPX. The best optimization runtime across all cores is achieved by GPyTorch. This
implementation shows a speedup of factor 10.5 on 128 cores for this problem size. While GPPPy
optimization runtime is slower than that of GPyTorch, it achieves a significant speedup of factor
19.5 on 64 cores.

Firstly, none of the implementations achieve ideal linear scaling, which is expected due to factors
such as communication overhead. Secondly, we expected the optimization performance of GPflow
to be comparable to that of GPyTorch. However, the difference between the two is clearly visible.
Unfortunately, we were not able to determine the exact reason for GPflow’s inferior performance.
Upon closer inspection of the GPflow code, we observed that GPflow relies solely on TensorFlow
functions that internally build the computation graph for backpropagation. In contrast, GPyTorch
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Figure 7.3: Strong scaling optimization runtime comparison between the GPPPy, HPX, GPflow,
and GPyTorch implementations on a dual socket AMD EPYC 7742 with 128 cores.
For GPPPy and HPX the tile size was set to 25 x 25 for a workload size of N = 10000
training and M = 5000 test samples. All implementations use double precision.

uses wrapper functions! for PyTorch operations, which include the corresponding forward and
backward definitions utilized during the forward pass of the model and backpropagation in the
optimization step. This additional customization in GPyTorch might contribute to its superior
performance and scalability. The lower performance of GPPPy and HPX is related to the calculation
of the gradients, which uses the closed-form solution (Equation (3.16) on page 29). This contrasts
GPyTorch’s approach where PyTorch accumulates gradients through backpropagation.?

The performance scaling of GPPPy and HPX on up to 128 cores is constrained due to the
communication overhead, which is related to the hardware design of the two AMD EPYC 7742
CPUs with 64 cores each. Each CPU consists of eight compute dies, with eight cores each. Two
adjacent dies, forming a group of 16 cores, share a single NUMA (Non-Uniform Memory Access)
domain that manages memory access for these cores. This results in four NUMA domains per CPU.
Communication within the 16 cores of a single NUMA domain is efficient due to the proximity
of the memory, facilitating good scaling. However, if the communication goes beyond 16 cores,
i.e., between two NUMA domains, latency is introduced due to, e.g., additional data routing, thus
reducing efficiency. The overhead becomes even more apparent when communication between the
two CPUs is required, as this is done over PCle, using AMD Infinity Fabric. This communication
usually has a higher latency compared to intra-CPU communication, which further degrades

1 https://github.com/cornellius-gp/linear_operator
2h'c'cps ://pytorch.org/tutorials/beginner/introyt/autogradyt_tutorial.html#advanced-topic-more-autograd-
detail-and-the-high-level-api
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performance. Although the system technically has eight NUMA domains, only a single artificial
domain combining all eight is currently used, resulting in suboptimal communication. To improve
performance, explicit communication between NUMA domains can be implemented, exploiting the
inherent locality within the architecture.

The absence of runtime overhead can be attributed to several factors. First, zero-copy interoperability
between C++ and Python is supported by pybind11. This allows direct access and manipulation of
the same underlying data structures and thus significantly reduces the overhead typically associated
with data transfer and conversion. Second, since pybind11 is a lightweight and highly efficient
library, it generates minimal overhead for calls between C++ and Python.

Prediction with uncertainty runtime Figure 7.4 depicts a strong scaling benchmark for the
prediction with uncertainty step of the GPPPy, HPX, GPflow, and GPyTorch implementations. The
y-axis shows the runtime on a logarithmic scale and x-axis the different number of cores. The
problem size is N = 10000 training samples and M = 5000 test samples, with all computations
performed in double precision for the following system specifications as depicted in Table 7.1. The
results show that there is again no runtime overhead between HPX and GPPPy, whereby the latter
uses pybind11 to expose HPX to Python (Section 6.1.2 on page 47). Furthermore, GPPPy and HPX
demonstrate significant scaling efficiency with decreasing runtime as the number of cores increases,
closely following the ideal scaling line represented by the dashed grey line. Both GPPPy and HPX
start with runtimes of around 54 seconds on one core. As the number of cores increases, they reach
approximately 2.7 seconds for 32 and 64 cores, achieving a speedup of factor 20.2. However, the
runtime increases again to about 4 seconds for 128 cores. In contrast, GPflow exhibits less efficient
scaling. Beyond 4 cores, no significant runtime decrease is observable. GPflow begins with a
runtime of about 60 seconds at one core and reduces to around 43 seconds at 128 cores, resulting in
a speedup factor of 1.4. The highest runtime is observed for GPyTorch at one core, averaging 510
seconds. The runtime decreases continuously and overtakes GPflow when the number of cores
is greater than 16. For 128 cores, GPyTorch reaches about 18 seconds with a speedup factor of
28.3. Furthermore, we observe that GPPPy and HPX achieve a speedup of up to 10.5 times over
GPyTorch and GPflow.

The poor scaling of GPflow can be attributed to its implementation® and TensorFlow. The
implementation first solves LV = K, 5 (line 1 in Algorithm 3.2 on page 26). Subsequently, the
matrix-by-matrix product VTV is computed using tf. linalg.matmul(), which is then subtracted from
the prior covariance matrix K », resulting in the full covariance matrix. The computation of the
predictions employs V and performs the backward substitution tf.linalg.triangular_solve(LT,
V, lower=False), where the result is subsequently multiplied with the training output vector y.
The bottleneck of this implementation arises from the additional computation of the backward
substitution for LTX = V, which scales with O(MN?). In contrast, a more efficient approach
involves first computing the forward and backward substitution for L and y that scale with O (N?).
Followed by the cross covariance matrix-by-vector product that scales with O(MN), thereby
bypassing the additional O(MN?) term. Consequently, GPflow’s approach results in a higher
runtime for large data sets. For 8 cores or less, the runtime plateaus because not all TensorFlow

3https ://github.com/GPflow/GPflow/blob/master/gpflow/conditionals/util.py#L128
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Figure 7.4: Strong scaling prediction with uncertainty runtime comparison between the GPPPy,
HPX, GPflow, and GPyTorch implementations on a dual socket AMD EPYC 7742 with
128 cores. For GPPPy and HPX the tile size was set to 25 X 25 for a workload size
of N = 10000 training and M = 5000 test samples. All implementations use double
precision.

functions support parallel computation, despite TensorFlow’s parallel processing capabilities.* For
example, tf.linalg.cholesky() and tf.linalg.triangular_solve() are not parallelized, whereas
tf.linalg.matmul() is. This observation is supported by the runtime curve in Figure 7.4, where the
runtime decreases until the step with tf.linalg.matmul() is executed very efficiently so that the
sequential Cholesky decomposition and the triangular solution dominate the runtime.

While GPyTorch shows better scaling than GPflow, its runtime is higher until the number of
cores equals 16. GPyTorch achieves better scaling because functions such as torch.cholesky(),
torch.linalg.solve_triangular(), and torch.addmm() can be parallelized. Higher runtime can be
traced back to GPyTorch’s computation of the prediction uncertainty” and predictions.® First, it solves
KV = K, ;, depending on the setting either through Cholesky decomposition followed by subsequent
forward and backward substitution or via a direct solve. Then, torch.addmm(K, 5, K, 7, V) is called
to compute the full covariance matrix. Compared to GPPPy, HPX, and GPflow, this implementation
does not reuse the result of the forward substitution (line 1 in Algorithm 3.4 on page 27) and
therefore includes an additional term (backward substitution) that scales with O (M N?). Moreover,

4https://www.intel.com/content/www/us/en/developer/articles/guide/guide—to—tensorflow—runtime—
optimizations-for-cpu.html

5https://github.com/cornelLius-gp/gpytorch/blob/develop/gpytorch/models/exact_prediction_strategies.py#
L382

6https://github.com/cornellius—gp/gpytorch/blob/develop/gpytorch/models/exact_prediction_strategies.py#
L325
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none of the computed terms are reused for the predictions because GPyTorch does not employ
torch.addmv() for prediction computation, which requires converting large matrices to dense
forms. While this approach may be more memory efficient, especially for large-scale problems,
it also means that the intermediate results cannot be reused in the same way as they could be
if torch.addmv() was employed. This can lead to additional computational overhead due to the
repeated matrix-vector multiplications, impacting the overall runtime efficiency despite the better
scaling characteristics of GPyTorch. HPX and GPPPy both follow the ideal scaling line, indicating
efficient parallelization and load balancing.

The reason for the constrained performance scaling of GPPPy and HPX on up to 128 cores and the
reason for the absence of a runtime overhead between GPPPy and HPX, are both identical to those
given in the experiment for the optimization (Section 7.2.2).

Total runtime Figure 7.5 depicts a strong scaling benchmark for the total runtime of the GPPPy,
HPX, GPflow, and GPyTorch implementation. The y-axis shows the runtime on a logarithmic scale
and x-axis the different number of cores. The problem size is N = 10000 training samples and
M = 5000 test samples, with all computations performed in double precision for the following
system specifications as depicted in Table 7.1. The total runtime is made up of all the steps
depicted in Figure 6.1 on page 43. GPPPy and HPX have lower total runtimes across all cores
compared to GPflow and GPyTorch. In addition, we observe no runtime overhead between HPX
and GPPPy, whereby the latter uses pybind11 to expose HPX to Python (Section 6.1.2 on page 47).
Both implementations scale well up to 64 cores with a speedup factor of 18.6, after that their
runtime increases for 128 cores. In contrast, GPflow and GPyTorch show relatively higher runtimes.
GPflow’s runtime decreases only marginally with increasing cores, suggesting limited parallelization
benefits. These observations mirror what we observed for the optimization and predictions with
uncertainty runtime benchmarks, as these two are the dominant parts. In addition, we run a
simulation for HPX with one core, where all of the settings remain the same, except that the number
of tiles is set to one. The observed runtime is higher than the simulation for one core with 25 tiles.

Whether the simulation for one core with 25 tiles is faster than with one tile depends on the data
size. With one tile, the entire covariance matrix K is calculated, which significantly impacts the
assembly time. For a data size of N = 10000, this takes twice as long as the simulation with 25 tiles,
where only the lower part of K is assembled. However, the runtimes for Cholesky decomposition
and forward and backward substitution increase for 25 tiles due to added overhead. This difference
is even more pronounced with 100 tiles. Thus, if the data size becomes significantly larger, to the
point where the time for the Cholesky decomposition and related processes outweighs the assembly
time, the simulation with one tile (sequential) becomes more efficient than with multiple tiles. This
is because the overhead for simulations with multiple tiles on one core eventually increases with a
very large amount of data.

The reason for the constrained performance scaling of GPPPy and HPX on up to 128 cores and the
reason for the absence of a runtime overhead between GPPPy and HPX, are both identical to those
given in the experiment for the optimization (Section 7.2.2).

For higher data size we expect the total runtime of GPPPy and HPX to be higher than the one of
GPyTorch because of the less efficient optimization. This will most likely revert to the current
behavior once backpropagation as in PyTorch is implemented.
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Figure 7.5: Strong scaling total runtime comparison between the GPPPy, HPX, GPflow, and
GPyTorch implementations on a dual socket AMD EPYC 7742 with 128 cores. For
GPPPy and HPX the tile size was set to 25 X 25 for a workload size of N = 10000
training and M = 5000 test samples. All implementations use double precision.

7.2.3 Parallel efficiency

Figure 7.6 depicts the parallel efficiency of the strong scaling benchmark in Figure 7.4 for the GPPPy,
HPX, GPflow, and GPyTorch implementation. The y-axis shows the parallel efficiency in % and
x-axis the different number of cores. The dashed gray line depict the ideal parallel efficiency. The
parallel efficiency of GPPPy and HPX implementations is higher than that of GPyTorch and GPflow.
In addition, it is nearly optimal for up to two cores. HPX and GPPPy maintain a high efficiency of
over 80% up to 8 cores, while GPflow’s efficiency declines sharply after one core, dropping below
20% at 8 cores. For GPPPy, HPX, and GPyTorch the efficiency drops significantly from 8 to 128
cores. Furthermore, only after 64 cores does GPyTorch have better parallel efficiency, before that it
maintains relatively high efficiency but is still lower than HPX and GPPPy up to 64 cores. The drop
in GPflow’s efficiency can be attributed to the limited parallelization capabilities. The decrease in
parallel efficiency of GPPPy and HPX can be attributed to the constrained performance scaling on
up to 128 cores due to the communication overhead, which is related to the hardware design of
the two AMD EPYC 7742 CPUs with 64 cores each. The complete reasoning is provided in the
experiment for the optimization (Section 7.2.2).
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Figure 7.6: Parallel efficiency of the strong scaling benchmark in Figure 7.4 for the prediction with
uncertainty step of GPPPy, HPX, GPflow, and GPyTorch in double precision.

7.2.4 Additional finding

Figure 7.7 depicts a strong scaling benchmark for the prediction with uncertainty step of the GPPPy,
which only computes predictions with uncertainties, and GPyTorch used with LOVE. The y-axis
shows the runtime on a logarithmic scale and x-axis the different number of cores. The problem
size is N = 20000 training samples and M = 5000 test samples, with all computations performed in
double precision for the following system specifications as depicted in Table 7.1. The results show
that GPPPy demonstrates significant performance scaling as the number of cores increases, closely
following the ideal scaling line represented by the dashed grey line. GPPPy starts with runtimes of
around 198 seconds on one core. As the number of cores increases, it reaches approximately 8.5
seconds for 64 cores, achieving a speedup of factor 22.5. However, the runtime increases to about
13 seconds for 128 cores. GPyTorch used with LOVE has a lower runtime than GPPPy when the
number of cores is less than 16. After that GPPPy has a lower runtime. Overall GPyTorch used with
LOVE achieves a speedup of factor 1.4. Furthermore, we observe that GPPPy achieves a speedup of
up to 2.8 times over GPyTorch used with LOVE, which has a better asymptotic complexity, when
using 16 or more cores.

The reason for the constrained performance scaling of GPPPy on up to 128 cores is identical to the
one given in the experiment for the optimization (Section 7.2.2). The runtime of GPyTorch used
with LOVE is influenced by the parameter max_root_decomposition_size. This parameter controls
the size of the low-rank decomposition used for variance estimations.” Smaller values result in
faster computations but with lower accuracy of variance estimates. Although we were not able to

7https://docs.gpytorch.ai/en/latest/settings.html#gpytorch.settings.fast_pred_var
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Figure 7.7: Strong scaling prediction with uncertainty runtime comparison between the GPPPy,
HPX, and GPyTorch used with LOVE implementations on a dual socket AMD EPYC
7742 with 128 cores. For GPPPy and HPX the tile size was set to 25 X 25 for a workload
size of N = 20000 training and M = 5000 test samples. All implementations use
double precision.

identify the exact component of the LOVE method, responsible for the constrained performance
scaling, we analyzed the functions, e.g., torch.matmul (), which are used to compute the result of
the Equation (3.8) on page 24 by using the precomputed approximation. We were able to verify that
all these functions can be parallelized, as evidenced by the observed decrease in runtime.
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8 Conclusion and outlook

In this work, we introduce a novel GP library for Python named GPPPy. We extend an existing
task-based asynchronous GP prediction model by incorporating prediction uncertainty computation
and hyperparameter optimization. Additionally, we present a new approach for integrating HPX into
Python with pybind11. This allows easy control of the start and termination of the HPX runtime
from within the Python environment. To further simplify the combination of HPX with Python,
we expose the HPX suspend and resume functions, which either put the OS threads of the thread
pool to sleep or wake them up to accept new work. This enables the user to optimize resource
management and seamlessly improve the performance of Python applications. Our benchmarks
show that there is no runtime overhead when using HPX with pybind11. This ensures that the
high-level flexibility offered by using Python does not come at the expense of performance, making
the integration highly suitable for practical use.

For our hardware, we determine the optimum number of tiles per dimension on CPUs to be 25.
However, it remains uncertain whether this result can be generalized to larger problem sizes. We
benchmark our tiled HPX implementation and GPPPy against two reference implementations based
on GPflow and GPyTorch that use OpenMP for CPU parallelization. Although the optimization
performance of GPPPy is not as good as that of GPyTorch, our library demonstrates significant
advantages in terms of prediction performance. In particular, on 64 cores our approach achieves
up to 10.5 times faster prediction compared to existing packages. Additionally, GPPPy achieves
better parallel efficiency on single-node systems for predictions. Thus, GPPPy can compete with
established software tools relying on OpenMP in this non-distributed GP application.

Our in-depth investigation reveals that existing solutions like GPflow do not scale effectively due
to the absence of parallelization in TensorFlow operations such as Cholesky decomposition and
triangular solve, despite the ability to utilize parallelization for other operations such as the matrix
product of tensors. Furthermore, we show that the GPyTorch implementation of the closed-form
calculation of predictions with uncertainties includes steps that scale worse than those in GPPPy.
This can be explained by the fact that intermediate results are not properly reused for subsequent
calculations. In addition, we demonstrate that GPPPy, which only computes predictions with
uncertainties, outperforms GPyTorch used with LOVE by a factor of up to 2.8 when using 16 or
more cores, despite the latter using an algorithm with superior asymptotic complexity. In conclusion,
this highlights the potential for substantial performance improvements in online prediction through
our approach, especially in environments with high computational resources.

As the next step, we plan to implement a backpropagation algorithm, similar to those in PyTorch and
TensorFlow, to investigate its scaling when used within our task-based asynchronous implementation.
Currently, only double precision is supported, we plan to extend our framework to work with
single precision as well. We also plan to enable GPU support via HPX’s CUDA executors and
cuBLAS. Additionally, the implementation can be adjusted to support distributed computing
environments, allowing GPPPy to scale across multiple nodes and clusters. Furthermore, the GPPPy
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implementation will be extended to include more kernel functions, e.g., Matérn kernels, additional
optimization algorithms, and support for sparse GPs. Finally, we plan to implement automatic tile
size selection. One possible approach is to run simulations for different tile sizes and hardware
configurations and then store the results in a file. When new simulations need to be performed, the
program only needs to look up the appropriate tile size.
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A Supplementary materials

A.1 Schur complement of a Cholesky factorization

The computation of prediction uncertainty can alternatively be accomplished using the Schur
complement of the Cholesky factorization, rather than following the approach depicted in Section 3.2.
First step is to construct the covariance matrix K, prior covariance matrix K, », and trans- and
cross-covariance matrices K 7.2 and K 2.7 Then, these matrices are utilized to construct the matrix

K Kz,

A= .
Ky, K;;

(A.1)

For the subsequent computations to be valid, A must be a symmetric positive definite matrix. Upon
verification of A’s positive definiteness, its Cholesky decomposition can be performed, yielding

A [LU 0 ] [LIT] LZT]] _ [L“LlT] Ly L], (A2)
Ly Ly 0 L;z LZILTI L21L;1 +L22L;—2

We aim to demonstrate that § = L, L,,, where S represents the Schur complement of K, given

by S =K, ,-K,; ;K -k 7.2+ This equivalence is crucial as it underpins the computation of
prediction variance, ensuring the same result is obtained through this alternative method. Since we
know that K = Ly L], is invertible because K is symmetric positive definite, it follows that

K '=(LnL{) = @)Lyl (A3)

Using the result from A.3, we can show that

S=K;,-K;,K'K, (A4)

= Loy Ly, + LooLy — Loy LT (LT) 'Ly} L11 L3, (A.5)
=

= LplL], (A.6)

Now, we observe that the computation of the prediction uncertainty is reduced to a simple matrix-
by-matrix multiplication, where we only need to compute the diagonal terms of the product. For the
predictions, we can continue to use L1 so that no additional steps are necessary compared to the
usual calculation of the predictions.

However, there are some bottlenecks associated with this approach. The first is that the Cholesky
decomposition scales with O(N?). This means that if our test input is large, the Cholesky
decomposition becomes computationally more expensive. Second, if we need to make predictions
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for a different set of test data, we would need to recalculate the Cholesky decomposition for A.
However, this is not efficient, so in this case we can simply fall back to the approach described in
Section 3.2 on page 25 and reuse L;;. Investigating this is left to future work.

A.2 Data loading procedure for GPyTorch and GPflow

Listing A.1 Generate feature matrix

def generate_feature_matrix(x_original, n_regressors):

Generate feature matrix by padding the original input array with zeros

from the left for (n_regressors - 1) positions, and rolling over the input

array where the window size equals n_regressors.

X =[]

x_padded = np.pad(x_original, pad_width=(n_regressors - 1, @), mode="constant”,
constant_values=(0))

for _ in range(len(x_original)):
X.append(x_padded[:n_regressors])
x_padded = np.roll(x_padded, -1)

return np.array(X)

Listing A.2 Data loading procedure for GPyTorch and GPflow

def load_data(train_in_path, train_out_path, test_in_path, size_train: int,
size_test: int, n_regressors: int,):

nun

Load data and generate feature matrix for Gaussian process regression.
x_train_in = np.loadtxt(train_in_path, dtype="d")[:size_train]
x_test_in = np.loadtxt(test_in_path, dtype="d")[:size_test]

X_train = generate_feature_matrix(x_train_in, n_regressors).astype("d")
X_test = generate_feature_matrix(x_test_in, n_regressors).astype(”d")
Y_train = np.loadtxt(train_out_path, dtype="d")[:size_train, Nonel]
Y_test = np.loadtxt(test_out_path, dtype="d")[:size_test, None]

return X_train, Y_train, X_test, Y_test

A.3 Example implementation for GPPPy

Listing A.3 provides a complete working example in C++, which also represents the framework
for the experiments. The provided C++ code sets up and runs a GP for regression analysis. The
configuration section (lines 8 — 13) initializes the number of training and testing data samples,
optimization iterations, number of cores for parallel processing, number of tiles, and regressors that
depict the number of lagged variables in the feature vector. It also defines file paths for training and
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testing data (lines 16 — 18). Command-line arguments are modified to specify the number of threads
for the HPX runtime, which is used for parallel execution (lines 21 — 28). Once the initialization is
done, tile sizes for training and prediction are computed (lines 31 — 332), the hyperparameters are
set (lines 36), and the training and testing data is loaded (lines 38 — 40). The next step is to initialize
a GP model with training data and previously specified parameters (lines 45 — 48). Then, HPX
runtime is started to manage parallel tasks (line 50), after which the GP model’s hyperparameters
are optimized (line 52). Afterward, predictions with uncertainty are made for the test data using the
optimized parameters (lines 54 — 55). To compute the full posterior covariance matrix, the function
predict_with_full_cov() should be called. Finally, the HPX runtime is stopped before exiting the
program (line 57).

Similar to the C++ example of GPPPy, Listing A.4 provides an example of the Python version that
is also used for the experiments. The provided Python code sets up and performs a GP regression
using the GPPPy library. The main function loads the configuration file and then calls gpppy_run().
The configuration section initializes the necessary parameters such as the number of training
and testing data samples (N_TRAIN, N_TEST), the number of optimization iterations (OPT_ITER), the
number of CPU cores for parallel processing (N_CORES), and the number of training tiles (N_TILES)
(lines 14 — 18). Once the initialization is complete, the tile sizes for training and prediction are
computed (lines 20 — 21). Next, file paths for the training and testing data are defined and loaded
from the specified file paths (lines 24 — 26). Afterward, the hyperparameters for the optimization
using Adam are set (line 29 — 30). A GP model is then initialized with the training data and the
previously specified parameters (lines 33 — 34). To manage parallel tasks such as training the
model and making predictions, the HPX runtime needs to be started (line 37). The GP model’s
hyperparameters are optimized (line 40). Predictions with uncertainty are made for the test data
using the trained GP model (lines 43 — 44). To calculate the full posterior covariance matrix, the
function predict_with_full_cov() should be called. Finally, the HPX runtime is stopped before
exiting the function (line 47).
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Listing A.3 Example for GPPPy in C++

#include <gaussian_process>

1

2

3 int main(int argc, char *argv[])

4 {

5 111111111111111171117

6 /////// configuration

7 int n_train = 10000; // Number of training samples

8 int n_test = 5000; // Number of testing samples

9 const int OPT_ITER = 1; // Number of optimization iterations

10 const std::size_t N_CORES = 4; // Number of cores for parallel processing
11 const int n_tiles = 25; // Number of tiles

12 const int n_reg = 100; // Number of regressors for each lagged variable
13

14 // File paths for training and testing data

15 std::string train_path = "../data/training/training_input.txt";

16 std::string out_path = "../data/training/training_output.txt”;

17 std::string test_path = "../data/test/test_input.txt";

18

19 // Create new argc and argv to include the --hpx:threads argument

20 std::vector<std::string> args(argv, argv + argc);

21 args.push_back("--hpx:threads=" + std::to_string(N_CORES));

22 // Convert the arguments to charx array

23 std: :vector<char *> cstr_args;

24 for (auto &arg : args){cstr_args.push_back(const_cast<char*>(arg.c_str()));}
25 // Update argc and argv with the new arguments

26 int new_argc = static_cast<int>(cstr_args.size());

27 char x*new_argv = cstr_args.data();

28

29 // Compute tile sizes and number of prediction tiles

30 int tile_size = utils::compute_train_tile_size(n_train, n_tiles);

31 auto result = utils::compute_test_tiles(n_test, n_tiles, tile_size);
32

33 111111111111111111117

34 ///// hyperparams

35 gpppy_hyper: :Hyperparameters hpar = {0.1, 0.9, 0.999, 1e-8, OPT_ITER};
36 ////// data loading

37 gpppy: :GP_data training_input(train_path, n_train);

38 gpppy: :GP_data training_output(out_path, n_train);

39 gpppy: :GP_data test_input(test_path, n_test);

40

41 /117111111171111111117

42 /1111 GP

43 // Specify which hyperparameters are trainable

44 std: :vector<bool> trainable = {true, true, true};

45 // Initialize the GP model with training data and parameters

46 gpppy: :GP gp(training_input.data, training_output.data, n_tiles,

47 tile_size, 1.0, 1.0, 0.1, n_reg, trainable);

48 // Initialize HPX runtime with the new arguments, don't run hpx_main
49 utils::start_hpx_runtime(new_argc, new_argv);

50 // Optimize the hyperparameters

51 std: :vector<double> losses = gp.optimize(hpar);

52 // Make predictions with uncertainty for the test data

53 std: :vector<std: :vector<double>> sum = gp.predict_with_uncertainty(
54 test_input.data, result.first, result.second);

55 // Stop the HPX runtime

56 utils::stop_hpx_runtime();

57

58 // Exit the program

59 return 0;

60 }
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Listing A.4 Example for GPPPy in Python

import gaussian_process as gpppy
from config import get_config

def gpppy_run(config):

if

nwn

Run Gaussian Process regression using the GPPPy library.

Parameters:
config (dict): Configuration dictionary containing various parameters.

nun

# Number of training data points.

n_train = config["N_TRAIN"]

# Number of CPU cores to use.

cores = config["N_CORES"]

# Compute the training tile size based on the number of training points and tiles.

n_tile_size = gpppy.compute_train_tile_size(n_train, config["N_TILES"])

# Compute the number and size of test tiles based on the total number of test points and tiles.
m_tiles, m_tile_size = gpppy.compute_test_tiles(config["N_TEST"],

config["N_TILES"], n_tile_size)

# Load training and test data from specified files.

train_in = gpppy.GP_data(config["train_in_file"], n_train)
train_out = gpppy.GP_data(config["train_out_file"], n_train)
test_in = gpppy.GP_data(config["test_in_file"], config["N_TEST"])

# Initialize hyperparameters for the GP with given learning rate and optimization iterations.
hpar = gpppy.Hyperparameters(learning_rate=0.1, opt_iter=config["OPT_ITER"],
m_T=[0, @, @], v_T=[0, @, 01)

# Create the Gaussian Process object with training data and configuration.
gp = gpppy.GP(train_in.data, train_out.data, config["”N_TILES"], n_tile_size,
trainable=[True, True, Truel)

# Initialize the HPX runtime environment but do not start it yet.
gpppy . start_hpx(sys.argv, cores)

# Perform optimization on the Gaussian Process to adjust hyperparameters.
losses = gp.optimize(hpar)

# Make predictions with uncertainty using the test data.
predictions, variance = gp.predict_with_uncertainty(test_in.data,
m_tiles, m_tile_size)

# Stop the HPX runtime environment.
gpppy . stop_hpx()

" n,

_name__ == "__main_

# Load configuration from a file or other source.

config = get_config()

# Run the gpppy process with the specified configuration.
gpppy_run(config)

87






Declaration

I hereby declare that the work presented in this thesis is entirely
my own and that I did not use any other sources and references
than the listed ones. I have marked all direct or indirect statements
from other sources contained therein as quotations. Neither this
work nor significant parts of it were part of another examination
procedure. I have not published this work in whole or in part
before. The electronic copy is consistent with all submitted copies.

place, date, signature



	1 Introduction
	2 Related work
	2.1 Gaussian processes in Python
	2.2 High Performance Computing
	2.3 Python bindings

	3 Methods
	3.1 Gaussian processes
	3.2 Prediction uncertainty
	3.3 Hyperparameter optimization
	3.4 System identification

	4 Parallel algorithms
	4.1 Tiled triangular solve for matrices
	4.2 Tiled vector-vector dot product for diagonal elements

	5 Software framework
	5.1 HPX
	5.2 MKL
	5.3 pybind11

	6 Concepts and implementation
	6.1 GPPPy project
	6.2 Reference implementations

	7 Results
	7.1 Experimental environment
	7.2 Results evaluation

	8 Conclusion and outlook
	Bibliography
	A Supplementary materials
	A.1 Schur complement of a Cholesky factorization
	A.2 Data loading procedure for GPyTorch and GPflow
	A.3 Example implementation for GPPPy


