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Abstract

This dissertation addresses the numerical time integration of nonsmooth
mechanical systems with frictional contact and impacts. Due to the discon-
tinuous nature of their states, these systems are described using measure
differential inclusions, which can exhibit inherent stiffness. Therefore,
their mathematical formulation draws upon concepts from convex analysis,
specifically involving convex sets, normal cone inclusions, and their con-
nections to variational inequalities and (linear) complementarity problems.
Furthermore, assembling complex mechanical systems from simpler compo-
nents requires introducing the concept of perfect bilateral constraints. This
process of mathematical modeling typically involves combining flexible and
rigid bodies. Therefore, the measure differential inclusions described herein
are augmented by discrete impact laws to fully capture experimentally
observed physical phenomena.

Given the challenges posed by this modeling approach for numerical
time integration methods, this thesis introduces two novel families of im-
plicit Runge-Kutta methods tailored for mechanical systems with frictional
contact and impacts. Specifically, these are the nonsmooth projected stiffly
accurate Runge—Kutta methods and nonsmooth partitioned Runge—Kutta
methods. This extends the application of implicit Runge-Kutta meth-
ods, well-known for their proficiency in solving stiff differential algebraic
equations, to measure differential inclusions with mechanical structure.
The monograph provides a comprehensive introduction to implicit Runge—
Kutta methods for ordinary differential and differential algebraic equations,
emphasizing their key features through embedded examples.

The resulting time-discretized equations are given by nonlinear normal
cone inclusion problems. While normal cone inclusions elegantly describe
set-valued force laws, they are challenging for numerical solution methods.
Therefore, this thesis discusses Newton methods and fixed-point iterations
for solving such class of problems.



vi ABSTRACT

An exclusive collection of numerical experiments demonstrates the
outstanding capabilities of the proposed numerical time integration methods
to solve nonsmooth mechanical systems. It is showcased that the proposed
methods are at least on par with existing approaches and often outperform
them.



Zusammenfassung

Diese Dissertation behandelt die numerische Zeitintegration von nichtglat-
ten mechanischen Systemen mit Reibkontakt und Stéfen. Aufgrund der
unstetigen Natur ihrer Zustdnde werden diese Systeme mittels Mafidiffer-
entialinklusionen beschrieben, die eine intrinsische Steifigkeit aufweisen
konnen. Daher stiitzt sich ihre mathematische Formulierung auf Konzepte
der konvexen Analysis, insbesondere auf konvexe Mengen, Normalkegelin-
klusionen und wie diese in Verbindung zu variationellen Ungleichungen
und (linearen) Komplementarititsproblemen stehen. Dariiber hinaus er-
fordert das Zusammensetzen komplexer mechanischer Systeme aus ein-
facheren Komponenten die Einfithrung des Konzepts der perfekten bilat-
eralen Zwangsbedingungen. Dieser Prozess der mathematischen Model-
lierung umfasst typischerweise die Kombination von flexiblen und starren
Korpern. Daher werden die hier beschriebenen Mafidifferentialinklusio-
nen durch diskrete Stofigesetze ergénzt, um experimentell beobachtete
physikalische Phdnomene vollstdndig zu erfassen.

Angesichts der Herausforderungen, die dieser Modellierungsansatz fiir
numerische Zeitintegrationsverfahren darstellt, fithrt diese Dissertation zwei
neue Familien an impliziten Runge-Kutta Verfahren ein, die fiir mechanis-
che Systeme mit Reibkontakt und St68en mafigeschneidert sind. Konkret
handelt es sich um nichtglatte projizierte steif genaue Runge—Kutta Ver-
fahren und nichtglatte partitionierte Runge—Kutta Verfahren. Dies erweitert
die Anwendung der impliziten Runge—Kutta Verfahren, die bekannt fiir ihre
Effizienz bei der Losung steifer differential-algebraischer Gleichungen sind,
auf Mafldifferentialinklusionen mit mechanischer Struktur. Die Monogra-
phie bietet eine umfassende Einfiihrung in implizite Runge—Kutta Verfahren
fir gewohnliche Differentialgleichungen sowie differential-algebraische Gle-
ichungen und hebt dabei ihre wichtigsten Merkmale durch eingebettete
Beispiele hervor.

Die resultierenden zeitdiskretisierten Gleichungen sind durch nichtlin-
eare Normalkegelinklusionsprobleme gegeben. Obwohl Normalkegelinklu-
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sionen mengenwertige Kraftgesetze elegant beschreiben koénnen, stellen
sie eine Herausforderung fiir numerische Lésungsmethoden dar. Daher
diskutiert diese Dissertation Newton Verfahren und Fixpunktiterationen
zur Losung dieser Probleme.

Eine einzigartige Sammlung von numerischen Beispielen zeigt die her-
ausragenden Fahigkeiten der vorgestellten numerischen Zeitintegrationsver-
fahren zur Loésung von nichtglatten mechanischen Systemen. Es wird
gezeigt, dass die vorgeschlagenen Methoden mindestens auf dem Niveau
bestehender Ansétze sind und diese oft iibertreffen.



CHAPTER ].

Introduction

On cherche en effet des algorithmes per-
mettant de prendre en compte des chocs
éventuels, survenant a des instants a pri-
ori inconnus: des méthodes “multipas”
semblent a priori inadéquates (mais il
ne faudrait pas fermer la voie a toute
recherche dans ce sens).

—Jean Jacques Moreau

This dissertation is concerned with the numerical solution of mechanical
systems with frictional contact and impacts. As outlined by a self-contained
theory, such systems are elegantly described by possibly stiff measure
differential inclusions. To this day, the numerical solution of such systems
is a challenging task and is still subject of ongoing research. Thereto, this
thesis proposes two novel families of implicit Runge-Kutta methods for the
numerical time integration of possibly stiff measure differential inclusions
with mechanical structure. In order to circumvent problems with rank
deficient Jacobian matrices in semi-smooth Newton methods, arising from
redundant contacts of rigid body models, a simple fixed-point iteration
method is presented. Finally, selected benchmark examples validate the
proposed methods and show their superior performance compared with
existing methods.

1.1 Motivation and Research Question
Accurately modeling the dynamics of mechanical systems with frictional

contact is of paramount importance across numerous scientific disciplines.
Unlike classical smooth dynamical systems, these exhibit sudden changes
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Figure 1.1: Applications of nonsmooth mechanical systems. (a) Initial and
deformed configuration of rockfall protection nets [55], (b) Twisted rod
assembly and (c) snapshots of the tippetop toy [154].

in velocity due to impacts and frictional interactions. This necessitates
a specialized mathematical framework known as nonsmooth mechanics,
see e.g. [5, 30, 72, 113, 128]. The omnipresence of mechanical systems
with frictional contact in real world applications ranges from mechanical
engineering problems [75] to natural hazard research [117], see Figure 1.1
for some illustrations. Prominent examples are given by legged robots
navigating rough terrain [69] and physics engines required for reinforcement
learning [121] or as the core of modern game engines [50]. Therein, mostly
rigid bodies are interconnected by joints, springs and dash-pot dampers.
On the contrary, in the emerging field of soft robotics, the systems are
constructed from compliant materials. Hence, their mathematical modeling
as well as a subsequent numerical solution has to deal with the description
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of such compliant materials. Typically, finite element models are applied
for the spatial discretization of the soft matter [9], which introduces a
huge number of degrees of freedom, making this approach infeasible to be
solved within real-time environments [13]. Alternative formulations rely on
the application of reduced one-dimensional rod finite element models that
can adequately describe the compliant slender structures [23, 60, 152, 173].
This approach leads to possibly stiff differential equations and introduces
again rigidity due to the assumed incompressible cross-sections [25]. The
aforementioned stiffnesses pose demanding stability requirements on the
numerical time integration of such systems. Similar methods are recently
investigated for the simulation and control of legged robots [20, 153],
numerical description of waving processes [52, 53, 54|, the description of
fiber-reinforced materials [143, 165, 166] and the numerical simulation
of bio polymers [124, 131]. Another related and very recent research
field is interested in the development of new meta-materials that are
based on a pantographic microstructure [46, 87, 168] and involve frictional
contact interactions of highly slender structures. This small summary of
applications can be completed by more classical ones from mechanical
engineering. Typically, this involves the simulation of industrial products
like electropneumatic or percussion drilling machines [72], understanding
the phenomenon of curve squealing of railway wheels [75] and improving
the grasping and sensing of robots within manufacturing lines [120].
Since nonsmooth mechanical systems introduce some sort of unilat-
eral constraint, they can be seen as the natural extension of bilaterally
constrained mechanical systems [106]. The latter one can elegantly be
described by systems of differential algebraic equations (DAE’s). Conse-
quently, it is advisable to strive the extension of well-known numerical
time integration methods for differential algebraic equations to nonsmooth
mechanical systems. Charles William “Bill” Gear is widely accepted as the
first mathematician of modern time who turned his attention to the field of
differential algebraic equations [162]. In his renowned paper [66] he coined
the name differential algebraic equations. Ten years later, his academic
student Linda Petzold published the famous software DASSL — a differ-
ential/algebraic system solver [140] that successfully can solve differential
algebraic problems of the form F(t,x, &) = 0 with differentiation index
one and two. The code implements a variable step-size variable order fixed
leading coefficient [28] variant of backward differentiation formulas (BDF),
the most prominent representative of linear multi-step methods. Later, the
joint work of Ernst Hairer, Christian Lubich and Michel Roche published
the groundbreaking monograph on The Numerical Solution of Differential-
Algebraic Equations by Runge—Kutta Methods [83]. Besides the remarkable



4 CHAPTER 1. INTRODUCTION

theoretical content of this work, the authors published the new DAE code
RADAUS5 that uses a three-stage (5th-order) Radau ITA method for the
solution of stiff differential algebraic equations up to differentiation index
three. Driven by the natural rivalry between multi-step and single-step
methods of Runge—Kutta-type, the two codes DASSL and RADAUb5 were
the main driving force in the development of numerical methods for stiff
differential algebraic equations [162]. This rivalry is nicely reflected by the
often mentioned quote of Linda Petzold saying that BDF is so beautiful
that it is hard to imagine something else could be better [82]. Although both
multi-step and single-step methods are successfully applied to differential
algebraic equations, their extension to nonsmooth mechanical systems
involving frictional contact and impacts is a challenging task. As apparent
from the given quote at the beginning of this chapter, already Jean Jacques
Moreau [127] recognized that the application of multi-step methods to
nondifferentiable or nonsmooth systems introduces serious problems due to
the dependence of the methods on previously computed states. Moreover,
implicit Runge-Kutta methods have superior stability properties compared
to higher-order multi-step methods like BDF. Therefore, its application
to nonsmooth mechanical systems with frictional contact and impacts is
kept as an open task for future investigations and this thesis concentrates
on implicit Runge-Kutta methods. Specifically, the research question that
has to be answered within this thesis is as follows.

Research question: How can implicit Runge-Kutta methods be
extended to stiff measure differential inclusions with mechanical
structure?

1.2 Literature Review and Research Objectives

With the above stated research question in mind, this section reviews
existing time integration methods for nonsmooth mechanical systems, with
particular attention given to their features and drawbacks. By examining
these methods, mandatory design rules for developing nonsmooth time
integration methods for mechanical systems with frictional contact and
impacts can be distilled. These design rules will be stated as the research
objectives of this thesis and are subsequently implemented by the proposed
families of nonsmooth Runge-Kutta methods.

Time integration methods for nonsmooth mechanical systems are clas-
sically distinguished as either being event-driven (see the work of Pfeiffer
and Glocker [72, 141]) or event-capturing [5, 30, 112, 113, 128] methods.
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Since the former is mainly designed for systems with a small number of
events and cannot describe accumulation points, this thesis focuses on the
latter approach.

During the late 80s, the most famous time integration method for
nonsmooth mechanical system was proposed by Jean Jacques Moreau [127,
128]. The method is known as Moreau’s mid-point rule [74, 130], since it
performs an explicit mid-point rule for the position update and detects
contacts as active if the corresponding mid-point positions violate the
unilateral constraint conditions. Subsequently, the impulsive dynamics is
discretized by an implicit scheme that combines the unilateral constraint
conditions on velocity level with a possibly elastic impact law. Various
variants thereof have been developed subsequently, see e.g. [102, 103, 130],
which all have in common that the unilateral constraint conditions are
only enforced on velocity level. Although a position stabilization approach
in the sense of Gear-Gupta—Leimkuhler (GGL) [68] is proposed in [159],
closer inspection of the method reveals that the unilateral constraints
are considered to be active using the very same explicit prediction of
the mid-point positions as already proposed by Moreau. Hence, all the
resulting schemes suffer from unilateral constraint drift/contact penetration.
Eliminating such penetration problems is a desirable property of nonsmooth
time integration methods and will be stated as the first research objective
of this thesis.

Objective 1: Impenetrability — To develop numerical time integra-
tion methods that satisfy unilateral constraints on position level
thereby circumventing excessive penetration due to constraint drift.

Alternative methods that enforce the unilateral constraints on position
level are proposed by Stewart and Trinkle [167] or Paoli and Schatzman [138,
139]. The former method enforces the unilateral constraints on position level
and consequently does not suffer from penetration problems. However, it is
not capable of including an elastic impact law, which is a typical drawback
of physic simulators used in robotics and computer graphics [19, 59, 120].
Moreover, only faceted friction laws are incorporated, i.e., Coulomb’s
friction law is only included approximately. The method of Paoli and
Schatzman [138, 139] enforces a possibly elastic impact law on position
level over two consecutive time-steps. Although the authors in [138, 139]
have proven that this is a valid approach for a single frictionless contact, the
extension to multiple collisions leads to serious problems violating physics.
Due to the often made rigid body assumptions in mechanical models, an



6 CHAPTER 1. INTRODUCTION

elastic impact law has to be enforced in order to accurately describe the
observed physical phenomena. This brings us to the next objective.

Objective 2: Elastic impacts — To develop numerical time integra-
tion methods that simultaneously enforce unilateral constraints on
both position and velocity level, thereby incorporating (partially)
elastic impact laws.

Most time integration methods presented in literature assume that the
underlying mechanical systems are modeled in such a way that the time
derivative of the generalized coordinates coincides with the generalized
velocities. Although this is the case for most problems from particle and
continuum mechanics, typical flexible multibody dynamics formulations
use unit quaternions for the description of finite rotations [56, 86, 151, 155].
In doing so, the governing equations are no longer second-order measure
differential inclusions [22] but can be expressed as a system of first-order
differential inclusions.

A variant of Moreau’s mid-point rule that can deal with such a general-
ized kinematics and further enforces bilateral constraints on velocity level
can be found in [69, 108, 133, 175, 176]. Since this method suffers from
both unilateral and bilateral constraint drift it clearly does not respect
Objective 1 and won’t be considered subsequently, besides the usage
as reference method. Alternative methods that can cope with such an
extended kinematics are the nonsmooth RATTLE algorithm [29] and the
nonsmooth generalized-alpha method [41]. The latter method requires this
kinematic relation to be formulated on acceleration level, involving the
costly and cumbersome derivation and computation of additional deriva-
tives. Moreover, the bilateral and unilateral constraint conditions are
formulated on position, velocity and acceleration level, increasing the the-
oretical and numerical work even more dramatically. Since this thesis
aims to develop highly generalized time integration methods for simulating
nonsmooth mechanical systems with frictional contact and impacts, the
next research objective will address generalized kinematic relations.

Objective 3: Generalized kinematics — To develop numerical time
integration methods that cope with generalized kinematic differen-
tial equations and consistently discretize the resulting first-order
measure differential inclusions.

The popular time integration method of Stewart and Trinkle [167] as
well as different derivatives thereof, are commonly used in physic simulators.
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In order to end up with complementarity problems, the key ingredient
of their method is the polyhedral approximation of the desired Coulomb
friction law. Depending on the number of introduced facets, this gives
a better approximation to the isotropic Coulomb’s friction law but at
the same time increases the number of unknowns dramatically [118, 120].
Moreover, it introduces an approximation bias where frictional effects are
stronger in some directions than others [120]. Consequently, depending
on the resolution of the approximation, the method becomes increasingly
unsuited for large scale problems and motivates the next research objective.

Objective 4: Set-valued friction — To develop numerical time
integration methods that enforce set-valued spatial Coulomb friction
laws without introducing a polyhedral approximation.

Although Moreau’s mid-point rule has been continuously improved
since its development, see e.g. [102, 103, 130], the resulting methods are at
most convergent of order one, even on time intervals without collisions and
constant contact conditions (excluding stick-slip transitions). Consequently,
the total error decreases linearly with the applied step-size [5]. Using
such first-order methods, the numerical solution of nonsmooth mechanical
systems with frictional contact poses demanding restrictions on the step-
size choice in order to solve the underlying equations with satisfactory
accuracy. Up to now, there is no straightforward extension of higher-order
time integration methods to nonsmooth mechanical systems. Nonetheless,
a few attempts were already made. For frictionless contacts, applicability
of extrapolation methods are discussed in [171], while in [2] higher-order
event-capturing methods are designed by coupling implicit Runge—Kutta
methods with Moreau’s mid-point rule. A nonsmooth extension of the
classical generalized-alpha method, a sophisticated algorithm for solving
smooth structural dynamics problems, was presented in [44]. However, all
these higher-order methods have in common that the unilateral constraints
(including Newton-type impact laws) are formulated on velocity level only.
Hence, they do not obey Objective 1 and are therefore not considered
further.

A remedy to the above described problem is given by the simultaneous
enforcement of unilateral constraints at position and velocity levels as
proposed within the nonsmooth generalized-alpha method [31]. More
generally, the authors applied a stabilization of the constraint drift in the
sense of Gear-Gupta—Leimkuhler (GGL) [68], see also [3, 159]. Based on
these investigations, a variety of derivatives of the original nonsmooth
generalized-alpha method [44] were developed, e.g. [32, 47]. Specifically,
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in [41, 48, 65], these methods have been extended to cope with frictional
contact and a more general kinematic relation between generalized positions
and velocities. But theses methods either require the evaluation of the
constraint accelerations of both unilateral and bilateral constraints [41], use
a decoupled (simplified) solution of the resulting discrete equations [47], or
enforce friction on position level [65], which is at least a debatable physical
concept. The method of Capobianco et al. [41] requires an elaborated
active-set strategy for the solution of the arising nonlinear system of
equations. Moreover, cumbersome Jacobians of the constraints, as well as
the constraint velocities and accelerations are required that at the same
time increase the computational complexity significantly. The methods
proposed in [48, 65] simplify the underlying mechanics, which results in
first-order convergence during phases with persistent contact states [65].
Hence, these methods are not DAE-consistent, i.e., for persistent frictional
contact, which can be described by differential algebraic equations (DAE’s)
with constant index, these methods do not collapse to existing higher-order
DAE methods. As also concluded by the exhaustive review of [106], this is
a desirable property of nonsmooth time integration methods and thus will
be considered as the next research objective.

Objective 5: Higher-order DAE-consistency — To develop numerical
time integration methods that collapse into existing higher-order
methods for differential algebraic equations (DAE’s) in scenarios
with constant contact conditions that can alternatively be described
by DAE’s, without the need of acceleration level constraints.

As emphasized in Section 1.1, applications in structural mechanics, soft
robotics and game/physics engines require stable and robust numerical
time integration methods due to their reliance on stiff differential equa-
tions or stiff differential inclusions. Moreau’s mid-point rule and variants
thereof lead to serious step-size restrictions when applied to stiff problems.
Similarly, the proposed nonsmooth RATTLE algorithm [29] and the family
of nonsmooth Lobatto ITTA-ITIB methods [42] are not well-suited for such
problems. In the context of structural dynamics, the methods of New-
mark [132], Hilber, Hughes and Taylor [89], as well as the generalized-alpha
method [45] are omnipresent due to the ability of introducing user-defined
numerical dissipation. The resulting numerical methods are well-suited for
solving stiff differential equations, but have two major disadvantages. Their
extension to non-trivial kinematic differential equations is not straightfor-
ward and only very limited investigations are found in literature [33, 41].
Moreover, their application to differential algebraic equations requires
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the choice of very specific initial conditions [16] to prevent the methods
from introducing parasitic oscillations and order reduction problems. The
problem is even more serious if variable step-size implementations should
be considered. After each change of the step-size, the involved parame-
ters have to be adapted in order to guarantee the method’s second-order
convergence [33, 101].

Typical applications in nonsmooth mechanics often assume rigid bodies.
When numerous such bodies interact, it is common to encounter redun-
dant contacts. That means, the contact forces are non-unique, due to the
assumed rigidity. Similar problems occur in structural mechanics applica-
tions when rod finite elements are used. Therein, the cross-sections are
typically considered to be rigid, which in turn leads to redundant contacts.
Both above mentioned topics are summarized in the subsequent research
objective.

Objective 6: Stability and robustness — To develop stable numerical
time integration methods with optionally user-defined numerical
dissipation for stiff mechanical systems involving redundant con-
tacts.

As already mentioned in the previous section, sophisticated physic
engines are mandatory ingredients for a variety of different applications
and research fields. A high-level comparison between popular physic engines
like Bullet [50], MuJoCo [174], ODE [164], DART [109] and PhysX [134] is
given in [58]. The authors came to the results that none of the engines being
compared was uniformly better than all others. Depending on the specific
application each engine performs best on the type of system it was designed
and optimized for. This showcases the aid of a more low-level comparison of
the involved theories and methods. A comparison between possible contact
and friction modeling techniques, which are the key ingredients of every
physic simulator, is given in [92]. This formed the basis of the very recent
investigation of LeLidec et al. [118]. Therein, the authors claim that some
approzimations or algorithms commonly used in robotics can severely widen
the reality gap. Moreover, they may induce nonphysical artifacts, thus
widening the reality gap, leading to unrealistic behaviors when the simulator
1s later used for practical robotics applications. The authors clearly stress
the importance of a common basis of benchmark examples and low-level
tests in order to guarantee that proposed physic simulators or game engines
deliver physically correct results, which is summarized as the last objective
of this thesis.
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Objective 7: Validation — To provide a collection of selected
benchmark examples for nonsmooth mechanical systems that every
physics simulator or game engine should pass.

1.3 Outline and Main Contributions

The outline of this thesis is directly related to the previously stated Re-
search question. That is, two families of nonsmooth Runge-Kutta meth-
ods are proposed, which extend classically used methods for the solution
of possibly stiff differential algebraic equations to nonsmooth mechanical
systems with frictional contact and impacts. The novel methods address
all the stated research objectives, which are formulated as design rules that
every non-smooth time integration method should adhere to.

Thereto, the second chapter introduces all the required mathematical
preliminaries. This includes a short primer on convex cones given in
Section 2.1, presenting different scaling properties of convex sets and the
definition of the normal cone. Subsequently, some less-known scaling
properties of normal cone inclusions are given, solely using the definition of
the normal cone, making this investigation self-contained. In Section 2.3 the
relation between normal cone inclusions, variational inequalities and (linear)
complementarity problems is discussed. As it will turn out, this is a valuable
tool for investigating the (unique) solvability of the discussed nonsmooth
time integration methods. The chapter closes with miscellaneous topics
from linear algebra like the Kronecker product and the Schur complement,
which naturally appear during the description of the proposed families of
nonsmooth Runge-Kutta methods.

To establish the notation, Chapter 3 gives a concise introduction to the
theory of mechanical systems with frictional contact and impacts. This
starts with a short discussion on the necessity of nontrivial kinematic rela-
tions between positions and velocities. Subsequently, Section 3.2 introduces
the equality of measures that relates the change of velocities with the
applied forces acting on the system. The subsequent two sections intro-
duce bilateral constraints and unilateral contact, respectively. A variety
of different set-valued friction laws are discussed in Section 3.5. Although
different formulations are introduced, they can all be stated by nonlinear
normal cone inclusions. Thereby all formulations respect Objective 4
and do not introduce polyhedral approximations of the desired friction
laws. Besides contact and friction laws, the mechanical systems under
consideration have to cope with possibly elastic impact laws. This topic is
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addressed in Section 3.6. The chapter closes by a short discussion about
consistent initial conditions that are required for a correct initialization of
the numerical time integration methods proposed later herein.

The subsequent Chapter 4 introduces the first family of nonsmooth
Runge-Kutta method addressing Objectives 1-6. Specifically, the chapter
develops nonsmooth projected stiffly accurate Runge-Kutta methods. This
is based on an introductory section that discusses basic concepts of implicit
Runge-Kutta methods for the solution of nonlinear ordinary differential
equations. Already therein, the excellent stability properties of the proposed
methods are discussed. This is followed by Section 4.2, which discusses
the application of those methods to differential algebraic equations. At
the end of the section, the well-known pendulum problem is investigated,
which motivates the introduction of projected Runge-Kutta methods given
subsequently in Section 4.3. Hereafter, particular representatives of this
method are presented explicitly, including for instance the renowned family
of Radau ITA methods as well as a new composite method with user-
defined numerical dissipation, similar to the generalized-alpha method
already discussed before.

Contribution 1: This thesis contributes a novel implicit Runge—
Kutta method for differential algebraic equations, called TR-6(poo),
with optionally user-defined numerical dissipation, similar to the
popular generalized-alpha method from structural mechanics.

The section closes by showcasing the outstanding convergence results of
the Radau ITA methods and demonstrates the importance of the introduced
projection stage. In Section 4.5, the presented methods are naively extended
to nonsmooth mechanical systems. As it turns out, all higher-order methods
realize an arbitrary impact law, depending on the chosen initial conditions
and the applied step-size, making the proposed methods flawed. As shown
in the last Section 4.6, application of a nonsmooth projection stage entirely
removes this issue and enables the realization of any desired, possibly
elastic, impact law.

Contribution 2: It is the contribution of Chapter 4 that pro-
jected implicit Runge—Kutta methods are extended to nonsmooth
mechanical systems with frictional contact and impacts. Specific
representatives of this method address Objectives 1-6, making
them an excellent choice, especially in the presence of demanding
stability requirements.
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Based on these findings, Chapter 5 introduces the family of nonsmooth
partitioned Runge-Kutta methods. Those methods are classically applied
to Hamiltonian systems and are well-known for there excellent long-term
energy behavior. Consequently, those methods are by design unsuited for
very stiff problems, disrespecting Objective 6. Apart from this minor
drawback, these methods address Objectives 1-5, making them an ex-
cellent choice when only moderate stiffnesses are present. In analogy to
the previous chapter, basic properties of partitioned Runge-Kutta meth-
ods applied to nonlinear ordinary differential equation are discussed in
Section 5.1. This is followed by their extension to differential algebraic
equations. Since this naturally involves some sort of projection stage, the
subsequent Section 5.3 introduces nonsmooth partitioned Runge-Kutta
methods that realize a desired, possibly elastic, impact law. The final
section introduces prominent representatives of this family as the Lobatto
IITA-IIIB methods, together with a demonstration of their outstanding
convergence properties, when applied to differential algebraic equations.
Finally, it is shown that this family embeds a half-explicit method that
can be interpreted as a variant of Moreau’s celebrated mid-point rule.

Contribution 3: Introducing nonsmooth partitioned Runge-Kutta
methods for mechanical systems with frictional contact and impacts
is the specific contribution of Chapter 5. Different representatives of
this method address Objectives 1-5. Furthermore, an embedded
half-explicit first-order method can be identified as a variant of
Moreau’s mid-point rule.

During the development of Chapter 4 and 5 it will turn out that the
time integration of nonsmooth mechanical systems using both proposed
families of nonsmooth Runge-Kutta methods requires the solution of a
nonlinear system of equations that is subjected to a set of nonlinear normal
cone inclusions. In order to obtain an implementable numerical time
integration method, solution algorithms for this kind of problems have to
be developed. This is exactly the aim of Chapter 6. Thereto, Section 6.1
shows how normal cone inclusions can equivalently be stated as solutions
of implicit equations. This gives rise to Newton-type methods as discussed
subsequently in Section 6.2. Due to the often applied modeling assumption
of rigid bodies (or rigid cross-sections in structural mechanics), redundant
contacts are frequently encountered in nonsmooth mechanical systems.
These lead to rank deficient Jacobian matrices, which excludes the usage of
Jacobian-based methods discussed so far. In order to solve such scenarios,
Section 6.3 introduces the iterative projection method based on simple fixed-
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point iterations. The reformulation of normal cone inclusions as implicit
equations from Section 6.1 introduces an arbitrary positive parameter. The
specific choice of this parameter plays an important role for the convergence
of the proposed solution algorithms. Thereto, Section 6.4 concludes this
chapter by a simple but sufficient automatic parameter choice.

Contribution 4: Chapter 6 proposes two different solution algo-
rithms for nonlinear normal cone inclusion problems. The second
one overcomes problems of rank deficient Jacobians, making it
suitable for problems with redundant contacts, thereby addressing
Objective 6.

Finally, Chapter 7 applies the proposed nonsmooth Runge-Kutta meth-
ods to a variety of selected benchmark examples for nonsmooth mechanical
systems with frictional contact and impacts. Each example therein demon-
strates a specific physical problem or numerical challenge that the proposed
numerical methods should be able to cope with, thereby directly reflecting a
specific objective of this thesis. As it will turn out, the introduced methods
pass all the proposed benchmark examples with ease and even outplay
existing methods. Furthermore, for persistent frictional contact, which can
alternatively be described by differential algebraic equations (DAE’s), the
proposed nonsmooth Runge-Kutta methods collapse to a higher-order DAE
method, retaining their outstanding orders of convergence and at the same
time addressing Objective 5. Consequently, both families of nonsmooth
Runge-Kutta methods address all' the stated research objectives of this
thesis.

s )

Contribution 5: An exclusive collection of benchmark examples
for nonsmooth time integration methods is proposed in Chapter 7.
This collection forms a baseline for the validation and performance
comparison of different numerical methods as intended by Objec-
tive 7.

\. J

Concluding remarks are given in Chapter 8, which evaluate the proposed
numerical methods depending on the specific application. A comprehensive
flowchart gives a systematic approach to choose the most suitable method
for a given application. Finally, the thesis closes by giving an outlook on
future research in the field of nonsmooth time integration methods.

IThe nonsmooth partitioned Runge-Kutta methods are only suitable when moderate
stiffnesses are encountered, thereby partly disrespecting Objective 6.






CHAPTER 2

Mathematical Preliminaries

Throughout this monograph, R denotes the real numbers, and R" is the
usual vector space of real n-tuples = (x1,...,z,) € R". Since R™ = R"*1,
it is convenient to embed real n-tuples into matrix calculus by denoting
them as column-tuples * € R™*1 = R". Let (¢)T denote the matrix
transpose, the tuple T € R'*" is called a row-tuple. Hence, the inner
product between two tuples z,y € R" can be written as Ty € R. For
x € R and y € R™, the outer product zy™ € R"*™ gives an n x m
matrix. Let 1,,«, and 0,x, respectively denote the n X n identity matrix
and the n x n zero matrix. Moreover, 1,, = (1,...,1) € R™*! denotes the
column-tuple containing only ones and 0,, = (0,...,0) € R**! is the zero
column-tuple. For any regular matrix A € R™*™, the inverse matrix is
denoted A~! € R"*". The p-norm is defined by ||z||, == (>, |z:[?)"/*
and includes the 1-norm ||x||y = |z1| +|z2| + - - - + |2x|, the Euclidean norm
|z|ls = (23 4+ 22 + --- + 22)'/2 that is subsequently abbreviated as |||
and the uniform norm ||| = max{|z1],|za|,..., |Tn|}-

Besides simple R™-tuples, the description of particles and their motion
requires the introduction of the Euclidean 3-space, denoted by E3, as an
abstract three-dimensional real inner- product space [12]. For two given
vectors @, be E3, the inner product i-beR gives a real number and the
cross product @ x becE? computes another element of E2. A basis for E? is
a linearly independent set of three vectors €,, €,, €, € E3. The basis is said
to be right-handed if €, - (€, x €,) > 0, i.e., their triple product is positive.
If their base vectors are mutually orthogonal and have unit length, the basis
is called orthonormal. In this monograph, only right-handed orthonormal
bases are considered. For a given basis K = (ﬂK 65 ,€X), the respective
components af*, i € {x,y,z} of a vector @ = af €l + o} €]l +alelf ¢ E?
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can be collected in the 3-tuple xa@ = (aX, af, a¥) € R3. Thus, a coordinate
representation ga € R? of the vector @ € E3 relates the Euclidean 3-space
with the real 3-tuples. Moreover, it is convenient to introduce the fixed

inertial basis I = (€1, €], €l), together with the origin O.

2.1 Convex Cones

A point p € R™ is a limit point of the set C C R"™ if there exists a
convergent sequence {xy} with limg_,o xx = p and x; € C for all k € N.
A set C C R"™ is closed when it contains all its limit points p. For a € R,
the scalar multiple of a set C' C R"™ is introduced as

aC ={azx|xeC}. (2.1)
A set C C R" is said to be convez if
l-a)x+ayeC (2.2)

for all z,y € C and 0 < o < 1. Hence, for two arbitrary points of the set,
their interconnecting line is contained in the set. A set K C R™ is a cone,
if for any x € K also

ar € K VYa>0. (2.3)

If condition (2.3) is also met for & = 0, the cone contains the origin.
Prominent examples for closed convex cones are the non-negative and
non-positive orthants, Rj* = {& € R"|z; > 0,i = 1,...,n} and R}~ =
{x € R"|z; < 0,i =1,...,n}, respectively. The unit ball B = {x €
R™|||z|] < 1} is a convex set but not a cone.

Given any matrix A € R™*"  the linear mapping A: R" — R™, & —
Az, defines the image of C' C R™ under A as

AC ={Az ¢ R™|x € C CR"} (2.4)

and contains all tuples Az with & € C. Similarly, the inverse image! of D
under A is defined as

A™'D:={x cR"|Az € D CR™} (2.5)

and contains all the tuples « that are mapped by A to the set D. Moreover,
it is convenient to define

ATD = {ATy cR"|y e D CR™} (2.6)

IThe notation A~1D here is not meant to imply that the inverse linear transforma-
tion, induced by A~ exists.
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and
ATTC = {ycR™| ATy c C CR"}. (2.7)

Proposition 2.1 (Rockafellar [149], Theorem 3.4). Let A: R™ — R™ be a
linear transformation. Then AC' is a convex set in R™ for every conver set
C CR"”, and A~'D is a convex set in R™ for every convex set D C R™.

Proof. Let ¢,y € C and 0 < a < 1. By convexity of C, it holds that
(1-a)x+ay € C. Using (2.4), it follows A[(1 — o)z + ay] € AC.
Therefore,

All-a)x+ay] = (1 — o)Az + aAy € AC, (2.8)

with Az, Ay € AC. Consequently, AC is a convex set.
Let Ax, Ay € D. By convexity of D it follows

(I1-a)Azx+aAy=A|(l—-a)x+ay|€D. (2.9)

By Definition 2.5, z,y € A~'D and (1 —a)x +ay € A~ D. Consequently,
A71D is convex. U

Definition 2.2. Let C' C R"™ be a closed, non-empty and convex set. The
normal cone of C' at & € C is defined as

Ne(z) ={y e R"|yT(z* —x) <0, Va*eC}, (2.10)
whereas No(x) =0 if & ¢ C and 0 denotes the empty set.

As the name indicates, the normal cone Ng(x) is a cone, i.e., for
y € Neo(z) also ay € Ne(z) for all @ > 0. Moreover, it can be shown that
the normal cone N¢ () is closed and convex, see Proposition 6.5 in [150].
Furthermore, it is easily confirmed that N¢(x) = {0, } if  is an interior
point of the set C. This is because, for such interior points, there exists a
ball centered at  contained in C' C R"™. Consequently, selecting =* from
this ball enables the production of any direction «* — & in equation (2.10),
leaving only y = 0,, to satisfy the inequality. A similar reasoning is found
in Section 1.1 of [62].

2.2 Properties of Normal Cone Inclusions

The normal cone possesses several lesser-known scaling properties, which
are presented here. These properties can be effectively demonstrated using
concepts from convex analysis, such as the subdifferential and the support
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function. However, to avoid introducing additional theoretical concepts,
these properties are established solely using the definition of the normal
cone provided in equation (2.10).

Proposition 2.3. Consider a closed, non-empty and convex set C C R™,
a fized y € R™ that does not depend on t, define C(a) = aC and let T C R.

If
(RS NC(a(t)) (.’B(t)) VieZTCR, (2.11)

where a(t) > 0Vt € Z, then it holds that

Y ENC(fIa(t)dt) </Ia:(t) dt> . (2.12)

Proof.? By definition of the normal cone, given in (2.10), it holds that
Vt € Z equation (2.11) can be written as

y'(z* —=z(t)) <0 Vz* € C(a(t))
(3 (2.13)
y (at)z” —z(t)) <0 Va*eC.

Integration of the latter inequality gives

/IyT(a(t)iz* —z(t))dt = y" K/Ia(t) dt) - /I:c(t) dt} <0 (2.14)

for all * € C. Alternatively, this can be stated as

y' (:c —/I:B(t) dt) <0 Va*eC (/Ia(t) dt) . (215)

Using the definition of the normal cone once more, this leads to equa-
tion (2.12). O

Proposition 2.4. For a closed, non-empty and conver set C C R", a
reqular matric A € R"*™ and the mapping A: R™ — R"™,  — Ax it holds
that

yeNc(x) = AlycNyic(A'x). (2.16)

2An alternative proof is given in Proposition 2 of Capobianco et al. [41].
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Proof. Let z = ATy. By injecting AA~! = 1,,,,, into the definition of
the normal cone (2.10) it can be seen that
Ne(z) ={y eR"|yT(z* —x) <0, Vz*ecC}
={yeR"|y"AA (" —x) <0, Vz*eC} (2.17)
={ATzeR"[2T(A " — A7 x) <0, Va*eC}.

With £* = Aw* and by definition (2.5), i.e., Aw* € C & w* € A~!(C it
follows

No(x)={A Tz eR" | 2T (w* — A7 '2) <0, Vw* e A0}
1

={ATzcR" |z Ny (A )}, (218)

Since z = ATy, this implies
yeNc(x) — ATyecNy (A ). (2.19)
O

2.3 Normal Cone Inclusions, Variational Inequalities
and Complementarity Problems

In this section, the relation between normal cone inclusions, variational
inequalities and (linear) complementarity problems is discussed. As it turns
out, their relationship is essential for discussing solvability and analyzing
specific problems. Depending on the chosen formulation, tailored solution
algorithms exist. Subsequently, only the solution of linear complementar-
ity problems is investigated, while the solution of normal cone inclusion
problems is addressed in Chapter 6.

Definition 2.5. For a given closed, non-empty and convex set C C R™
and a mapping f: C — R”, the normal cone inclusion problem, denoted
NIP (C, f), is to find a tuple x € C that satisfies

—f(z) e No(). (2.20)

Definition 2.6. For a given closed, non-empty and convex set C' C R"
and a mapping f: C — R", the variational inequality, denoted VI (C, f),
is to find a tuple € C' such that

(x* — )T f(x) >0 Vz*eC. (2.21)
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Clearly, the inequality (2.21) together with the definition of the normal
cone (2.10) reveals that solutions & € C' of the VI (C, f) solve the NIP (C, f)
and vise versa. This is summarized in the following corollary.

Corollary 2.7. For a given closed, non-empty and convezr set C C R"
and a mapping f: C — R™, a tuple ¢ € C solves the VI (C, f) if and only
if it solves the NIP (C, f), since

—f(x) e Ng(z) = {y e R" |y (z* —x) <0, Vz* € C}
) (2.22)
f@)T(x* —x)=(z* — )T f(x) >0 Vz*eC.

Proposition 2.8. Let g: R® — R be continuously differentiable and C' C

R™ be closed, non-empty and convex. Assume x is a solution of the
optimization problem

i ). 2.23

Jnin g(z7) (2.23)

Then, x is a solution of VI (C,Vg), where Vg denotes the gradient of g.

Proof. Let ¢(a) = g(x + a(x* — x)), for o € [0,1] and =* € C. Since
x € C solves the minimization problem (2.23), ¢(a) achieves its minimum
at a = 0 and it follows 0 < ¢'(0) = Vg(z)T(x* — ) for all z* € C, that
is, x is a solution of VI (C, Vg). O

Definition 2.9. A function g: R™ — R is said to be convex if
9((1 - a)z +ay) < (1 - a)g(z) +ag(y) (2.24)
for all z,y € R™ and « € [0, 1].

Proposition 2.10. Ifg: R® — R is continuously differentiable and convex,
then it holds that

g(x*) > g(x) + Vg(x)' (z* — ) Vz*,z cR". (2.25)

Proof. Let x,x* € R™ and define

h(a) =g((1 — a)x* + ax) — ((1 — &)g(z*) + ag(x)) , (2.26)

i.e., the error of the inequality (2.24). Consequently, h(a) < 0 for all

a € [0,1] and h(0) = h(1) = 0. Clearly, #/(0) < 0 and A'(1) > 0.
Straightforward evaluation of the second inequality shows

h'(1) = Vg(@)" (@ - 2*) + g(*) — g(z) 2 0, (2.27)

which concludes the proof. O



2.3. NORMAL CONE INCLUSIONS AND RELATED PROBLEMS 21

Proposition 2.11. If g is a continuously differentiable convex function
and x is a solution to VI (C,Vg), then @ is a solution to the optimization
problem (2.23).

Proof. Since x is a solution of VI (C, Vg), it follows from Definition 2.6
that Vg(z)T(x* — ) > 0 for all z* € C. And since g is assumed to be
convex, Proposition 2.10 implies

g(x*) —g(x) > Vg(x)T(z* —2) >0 Vz*eC. (2.28)

Consequently,  minimizes (2.23) since g(z*) > g(x) for allz* € C. O

Definition 2.12. Let C' C R™ be closed, non-empty and convex. There
exists a unique tuple & € C that is closest to z € R™ in the Euclidean norm,
see Theorem 1.5.5 of [62]. This closest tuple x is called the (Euclidean)
projection of z onto C' and denoted proxs(z). The mapping proxs: R” —
C, z — prox(z) is called the Euclidean projector onto C. By definition,
& = proxo(z) is the unique solution of the convex minimization problem

1
x = proxo(z) = argmin g(z*) with g(x*) = =(z* — 2)T(z* — 2).
z*eC 2
(2.29)

Definition 2.13. Let f: C' — R"™ and C C R" be closed, non-empty and
convex. The mapping F2**: R™ — R™ is called the natural map® and is
defined as

F5'(x) = & — proxg (z — f(x)) . (2.30)

Proposition 2.14 (Facchinei [62], Proposition 1.5.8). Let f: C — R™ and
C C R™ be closed, non-empty and convex. A tuple x solves the normal cone
inclusion problem (2.20) if and only if the natural map (2.30) vanishes,
i.e.,

—f(@) e Ne(z) <= F5'(x) == —proxg(z— f(x)) =0,. (2.31)

Proof. Let z = & — f(x) and assume FZ**(z) = 0,,. By Definition 2.12
this can equivalently be written as

T = proxy(z) = argmin g(x*) . (2.32)
z*eC

3Surprisingly, it is rather unclear who coined the name natural map. According
to Facchinei [62], the first occurrence of this name is due to Mangasarian [122], which
called (2.30) the natural residual or gradient projection map for the case of C = Rg+.
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Since g is convex with Vg(x) = & — z, Proposition 2.8 shows that (2.32)
implies VI (C,Vyg), i.e.,

(x* —x)"Vg(z) = (2" —z)T(x—2) >0 Vz*eC. (2.33)
Finally, substitution of z = & — f(x) shows that (2.33) is equivalent to
(" —z)"(z— (z— f(z) = (=" —2)" f(x) >0 Vz*eC, (2.34)

which is exactly the definition of VI (C, f) and due to Corollary 2.7 is
equivalent to NIP (C, f). Using Proposition 2.11 instead of 2.8 shows the
reverse direction and concludes the proof. O

Since N¢(x) is a cone, this further implies —pf(x) € No(z) <
F@'(z) = @ — proxg(z — pf(x)) = 0, for arbitrary p > 0. Together
with the cone property (2.3) this yields —f(z) € No(z) & Fg*t =
x — proxg(x — pf(x)) = 0,. This reformulation is of crucial impor-
tance, since the auxiliary parameter p > 0 can be utilized to manipulate
the convergence of numerical solution algorithms proposed in Chapter 6.

Definition 2.15. For a given closed and convex cone K C R" and a
mapping f: K — R", the complementarity problem, denoted CP (K, f),
is to find a tuple x € R™ that satisfies

xeK, f(x)e K* and z'f(z)=0. (2.35)
Therein, K* = {d € R" |vTd > 0, Vv € K} denotes the dual cone of K.

Proposition 2.16 (Facchinei [62], Proposition 1.1.3). Let K be a closed
cone in R™. A tuple & solves the variational inequality VI (K, f) if and
only if © solves the complementarity problem CP (K, f).

Proof. Assume @ solves the VI (K, f). Consequently, x € K. Since the
cone is assumed to be closed, it contains the origin 0,,. Choosing x* = 0,,
in (2.21) yields

T f(x) <0. (2.36)
Moreover, since K is a cone, also 2&¢ € K. The choice z* = 2z in (2.21)
implies

' f(x)>0. (2.37)
Combining both inequalities implies ™ f(x) = 0. Consequently, equa-
tion (2.21) implies f(z)Tx* > 0 for all z* € K, which is exactly f(z) € K*.
Therefore, x solves the CP (K, f). Conversely, if @ solves the CP (K, f),
it follows immediately that @ solves the VI (K, f). Specifically, f(x) €
K* & f(z)Tz* > 0 for all z* € K. Since T f(x) = 0 this implies
flx)e K* & (z* —x)T f(x) > 0 for all z* € K. O
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There exist many special cases of complementarity problems that are
frequently encountered. The most prominent example is the case where
K= RS”’, i.e., the non-negative orthant. Its dual cone K* = RS”’ is again
the non-negative orthant itself. In this case, the CP (R{", f) is called
nonlinear complementarity problem, denoted NCP (f). If, in addition, the
mapping f is affine, i.e., f(x) = Mz + ¢, with a given tuple ¢ € R"
and matrix M € R"*" the NCP (f) is called a linear complementarity
problem.

Definition 2.17. For a given tuple ¢ € R™ and matrix M € R™*"  the
linear complementarity problem, denoted as LCP (g, M), is to find a tuple
x € R" that satisfies

0,<xz, 0,<y and z'y=0, (2.38)

where y = M« + q and both inequalities are understood element-wise, i.e.,
0 < a;,y; foralli = 1,...,n. The orthogonality notationx L y < 2Ty =0
is commonly used to write (2.38) more concisely as

0, <z ly>0,. (2.39)

A tuple z that solves the LCP (g, M) also solves VI (Rj*, Mz + q).
According to Corollary 2.7 this is equivalent to —y € NR3+(w), where
y = Mz + q. Since z* € Rj" & —z* € R}, a tuple x € R} solves
VI (Rjt, Mz + q) if and only if —x € R}~ solves VI (R{~,—Mz — q).
Therefore, Corollary 2.7 finally reveals the equivalences

0,<xly>0, < -yeNpi(r) = yecNpu-(-=).
(2.40)
This identity will be useful to describe the non-penetration condition, also
known as Signorini’s law, by a normal cone inclusion or linear complemen-
tarity problem. Consequently, the reformulation of normal cone inclusions
as linear complementarity problems can be an interesting tool for the
solution of contact problems. Further, it can be used to investigate its
solvability. To establish the class of matrices M such that the LCP (g, M)
has a unique solution for all tuples g, the notion of P-matrices has to be
introduced. This is done in accordance with the monograph [49].

Definition 2.18. Let A € R™*™. For index sets a C {1,2,...,m} and
B8 C{1,2,...,n}, the submatrix A,p of A is the matrix whose entries lie
in the rows of A indexed by a and the columns indexed by 5. If a =
{1,...,m}, the submatrix A, is denoted A4g; similarly, if 5 = {1,...,n},
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the submatrix A,g is denoted Aqe. If m =n and a = 3, the submatrix
A, is called a principal submatriz of A; the determinant of A, is called
a principal minor of A.

Definition 2.19. A matrix M € R"*™ is said to be a P-matrix if all
its principal minors are positive. If all the principal minors of M are
nonnegative, M is said to be a Py-matrix.

Example 2.20. Let

o

The principal submatrices of M and M? are

(@08 7)) = {003}

respectively. Moreover, their corresponding principal minors are

5 1 1 1 1
—, = M) =~ - M?) = —}.
{12,4,det( ) 6} and {9,0, det(M*) 36}

Clearly, M belongs to the class of P-matrices, while M? is only Py since
one principal minor is exactly zero.

_ 1
12) and M2:MM:<

N[ ©]—
- |

&l

v

—
oo Slon
PN

Bleo Do

Proposition 2.21 (Cottle et al. [49], Theorem 3.3.7). A matriz M € R™*"
is a P-matriz if and only if the LCP (q, M) has a unique solution for all
tuples q € R™.

2.4 Miscellaneous Topics from Linear Algebra

Let A € R™*™ and B € RP*? then the Kronecker product A ® B is the
mp X ng block matrix

anB a12B . amB
ang a22B N aan

C=AQB-= . _ . . € RmPXna (2.41)
amlB amgB .o amnB

Using index notation, this reads ¢, —1)4v,q(s—1)4w = @rsbyw- The defini-
tion of Kronecker products can be extended to R™ tuples. Let @ € R™ and
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B € RP*4. Then, the Kronecker product a ® B is defined by interpreting
the tuple a as column-tuple A € R™*! ie., a® B = A ® B. Similarly,
the Kronecker product a™ @ B = AT ® B. For A € R™*" and b € RP the
identical definition is used where the tuple b is interpreted as column-tuple
B cRP*!, Hence, Ab=A® Band A®b"T = A BT.

A frequently encountered problem is to solve the linear system of
equations M z = w with block structure defined in terms of

M = <é g) . z= (‘;) and w = (:}‘) (2.42)

of appropriate dimensions. Assuming A to be regular, the first row can be
rearranged as

x=A"'(u— By), (2.43)
which eliminates x from the set of unknowns. Substituting this expression
into the second set of equations yields

(D-CA'B)y=v—-CA 'u. (2.44)
Therein, the matrix Sy = D — CA~'B is called the Schur complement of

the upper left block A in M. Consequently, the second equation can be
solved as

y=S8,"(v-CA 'u). (2.45)
Substituting this again into (2.43) yields
z=(A"'+A"'BS'CA  Yu—- A'BS'v. (2.46)

Consequently, the solution of the linear system M z = w can be written as
z=M'w (2.47)
with the inverse of the block matrix M given as
vl_ (A B _ (AT +AT'BS'CATY —AT'BS,Y)
C D -S;'cA™! S,
(2.48)
Similar steps as outlined above can be performed under the assumption

that B, C or D are regular. Specifically, for the case of a regular B, this
leads to

o (A BT _ ~S5'DB! S5
C D B~'+ B 'AS;'DB™' -B7'ASZ')
(2.49)

with the Schur complement Sp of the upper right block B in M given as
Sp=C—-DB 'A. (2.50)






CHAPTER 3

Mechanical Systems with
Frictional Contact and Impacts

It is possible that things of so little mo-
ment and so easy to set right can occupy
and perplex a ripe wit like yours, fit to
break through and crush far greater ob-
stacles?

—Miguel de Cervantes

This chapter introduces the reader to the theory of nonsmooth me-
chanical systems with frictional contact and impacts. Thereto, it starts
with a short note about kinematics. Subsequently, Section 3.2 introduces a
generalization of the classically used equations of motions, formulated as an
equality of measures. It links the change of velocity of the system with the
applied forces. Since the velocities are assumed to be special functions of
locally bounded variation [72, 129], they can be decomposed in an absolute
continuous part and a collection of step functions. This decomposition
reveals the decomposition of the motion in smooth and impulsive parts.
Subsequent to a unified description of bilateral constraints on position
and velocity level, Section 3.4 introduces normal contacts by means of a
set-valued relation, called Signorini’s law. These are complemented by
the statement of set-valued friction laws. Since the precise description of
physical processes requires the treatment of a variety of different friction
phenomena, Section 3.5 gives a comprehensive overview on different types
of friction models. Using appropriate scaling techniques, all of them can
be described by a similar set-valued relation. The description of frictional
contact is completed by the discussion of impacts. This requires that the
impact equation is satisfied together with appropriate impact laws. Finally,
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the chapter closes by discussing consistent initial conditions required for a
later numerical simulation.

3.1 Kinematics

Consider a finite-dimensional mechanical system whose state is described
by the generalized positions g(t) € R™ and by the generalized velocities
u(t) € R™, which are both functions of time ¢ € R. The relation between
positions and velocities is a consequence of the kinematics of the system
and is in general of the form

dg = q(t,q,u)dt, where q(t,q,u)= B(t,q)u+ B(t,q) (3.1)

denotes the kinematic differential equation with B(t,q) € R"*™ and
B(t,q) € R™. Therein, n, < ng, although often n, < ng, e.g., when

parametrizing finite rotations with unit quaternions and choosing angular
velocities as minimal velocities, see [56].

3.2 Equations of Motion

In addition to the applied forces, the mechanical system is subject to
bilateral and frictional unilateral constraints. Its dynamics is then described
by the equality of measures [5, 30, 113, 128]

M(t,q)du = h(t,q,u)dt + W (t, q) dm, + W, (t, q) dm,
+ Wi(t,q)dry + Wr(t,q)drp (3.2)
= h(t,q,u)dt + W(t,q)dr.

It links the change in velocity du to the forces acting on the system. Therein,
M (t,q) € R™*™ denotes the symmetric mass matrix, possibly depending
explicitly on time ¢ and on the generalized positions q. Let n, = ng +n, +
ny +np denote the total number of constraints. For O € {g,~, N, F'}, their
corresponding generalized force directions WH € R™*"0 and percussion
measures dwg € R"0 are gathered in W = (W, W, Wy Wg) € R~
and! dm = (dmg,dmy, drwn,dwr) € R, respectively. All forces which are
neither constraint nor contact forces, such as spring forces, dashpot forces
and gyroscopic terms, are assumed to be nonimpulsive and are contained
in h(t,q,u) € R™. Let A" (¢;) = lim, ¢, A(7) and A~ (¢;) = lim4¢, A(7)

IHerein, the following notation is used: For & € R?X! =2 R™ and y € R™*! = R™,
(w,y) = (:Z:T yT)T c Rn«l»mxl o Rn«l»m.
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respectively denote the right and left limits of A at ¢;. Following [128], the
percussion measures d7 combine the effects of nonimpulsive forces Ag
and impulsive forces A in the sense that

dmg = A\gdt + Z (7’!’5(@) -7 (tz)) dd;, = Agdt + Agdn, (3.3)

where dn denotes the atomic measure that can be interpreted as the sum
of Dirac point measures dd;, in accordance with

1t € [ta, ]
dn=>"do,, ds;, = P 3.4
R /[ta,tb] ; {0 ti & [ta, o] - (34)

Similarly, w™(¢;) = lim,;, u(7) and w™ (¢;) = lim4¢, u(7) respectively
denote the right and left limits of w at ¢;. The velocity measure du can be
decomposed in a absolutely continuous part & that exists almost everywhere
and U that takes the discontinuities of w into account. Specifically,

du=adt+) (u"(t;)—u (t))do, =udt+Udy,  (3.5)
where in the last equality (3.4) was applied.

3.3 Bilateral Constraints

The generalized percussion measures Wydm, and W, dm, in (3.2) contain
the perfect constraint forces of the bilateral position and velocity level
constraints

g(t,q) =0,, and ~(t,q,u) = W' (t,q)u+x,(t,q) =0, , (3.6)

respectively. Using the kinematic differential equation (3.1), the time
derivative of the bilateral constraints on position level is written as

itqw) = ta)a+ )
WO (Blautpta)+ Peg D

= W, (t, @) u+x4(t,q).

Hence, the generalized force directions for bilateral constraints on position
and velocity level are given by

T O0g dg T Oy
W' =_—=_—-B d W' =_—. .
f an y ] (3.8)
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Figure 3.1: Kinematics of the contact k consisting of the material contact
points P and @ on the bodies I and II, respectively.

3.4 Unilateral Contact

The not yet discussed generalized force measures of (3.2), i.e., Wydmy
+ Wrdnp, contain the percussion measures describing the frictional contact.
Their corresponding force laws can conveniently be described by normal
cone inclusions [5, 30, 74, 114]. Consider a pair of contact points on either
contacting body, which is simply referred to as contact k. Let

g?v(tv q) = ﬁ’(t’ q) ) ('FOQ (t> q) - 'FOP(tv q)) (3.9)

be the real-valued gap function? describing the signed distance between
the tangent planes of the pairs of contact points. An illustration thereof
is given in Figure 3.1. This contact distance is composed of the contact
normal 7i(t,q) € E® and the vectors Fop(t, q),Tog(t,q) € E3, addressing
the material points P and @, respectively. The impenetrability of contact k
is enforced by the perfect unilateral constraint g% > 0. The contact is open
if g’li, > 0, i.e., the contacting bodies are separated. Excluding distance
effects (e.g. magnetic or gravitational forces), the contact force A% = 0
is zero for an open contact. The contact is said to be closed if g]k\’, =0,
i.e., the bodies are touching. For gk < 0, the bodies are penetrating each
other. Assuming non-adhesive contacts implies a non-negative contact force
Ak > 0. A graphical illustration of this contact law, known as Signorini’s
law, is given in Figure 3.2. According to (2.40), it can equivalently be stated
as normal cone inclusion to the set Ry = {z € R|z < 0} of non-positive

2The evaluation of (3.9) is performed using as specific coordinate representation
of the involved vectors, e.g., g]k\,(t, q) = aT(t, q)(1Toq(t,q) — 1Top(t,q)), for the
inertial I-basis. However, the specific choice of the used basis dramatically influences the
complexity of the resulting equations and consequently the performance of numerical
implementations.
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gN

Figure 3.2: Graphical illustration of Signorini’s law gy € NRg (=An) &
gh(t.q) >0, Xk >0, gh(t,q) N\ =0.

real numbers or as inequality complementarity condition

g (t.q) GNRJ(*AIICV)
& (3.10)
gh(t,g) >0, X >0, gh(t,g) Ny =0.

Therein, the normal cone N¢ to the set C = R as defined in (2.10) is
used. It is convenient to define the set of active (closed or penetrated)
contacts as®

Alt,q)={k=1,...,ny]| gk(t,q) <0}, (3.11)

together with its complement A° = {1,...,nx} \ A4, which is called the

set of inactive (open) contacts. Let the gap functions of all contacts

k =1,...,ny be gathered into a tuple gn(t,q) € R™. In accordance

with (3.7) and by using the kinematic differential equation (3.1), the gap
velocity is defined as

anlta.w) = (g 4+ 9t
(3.1) ogn
dq

= Wi (t,@)u+xn(tq).

3For the later implementation of a numerical method, it is crucial to consider in (3.11)
not only closed contacts but also the potential occurrence of penetrated contacts arising
from drift problems or solutions that have not yet reached convergence.

——(t,q) (B(t,q)u +ﬂ(t,q)) + %( t.q) (3.12)
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Again, the generalized force directions arising in (3.2) are defined as

r_ 09y _ Ogn

In the following, all quantities are considered to be right-continuous, e.g.,
the velocity u(t) is equal to its right-limit
u(t) =ut(t) = liin u(7) . (3.14)
Tt

For active contacts k € A(t, q), this allows to state Signorini’s law (3.10) on
velocity level, see Section 7.2 and Section 10.4 of Glocker [72]. Specifically,

gjk\/'(tv q7u) S NR&(_AR/') lf k € A(t7 q) ) (3 15)

M =0 if k¢ Alt,q). '
According to Proposition 2.4 in [128], known as Moreau’s viability lemma,
equation (3.15) together with g% (¢9,q(tg)) > 0 implies the unilateral
constraint on position level

gN(tq(t) >0, Vi>to. (3.16)

Hence, it guarantees that the two contacting bodies do not penetrate each
other for all future time.

3.5 Set-valued Friction

Let vp € E? and v € E? describe the velocities of the material points P
and @, respectively. Moreover, the angular velocities of the bodies I and I1
are respectively denoted by € € E3 and €y € E3. The relative tangent
velocity of the contact k is defined by

k w) = -El(t>q) : (ﬁQ(t7Q>u) - ﬁp(t,q,u))
e = (G0 e eae)) 617

and is given by the projection of the relative velocity vg—vp € E* onto both
tangents t; € B3 and &, € E3, respectively, see Figure 3.1. Accordingly, the
relative angular velocity ﬁn — ﬁl € E3 can be projected onto the normal
7i € E? and on both tangents 1, ¢, € E3. This gives rise to the description
of two more friction phenomena. The first one is described by the so-called
relative pivoting velocity

’yllg(tv q, u) = ﬁ’(ta q) : (ﬁH (ta q, u) - ﬁl (tv q, U)) (318)
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and accounts for dissipation phenomenon in pure pivoting motions [155].
The kinematic quantity 7% is required for the formulation of Coulomb—
Contensou friction, a combined spatial Coulomb and pivoting friction,
see [112]. The second additional friction phenomenon depends on the
relative rolling velocity

k _ {l (ta q) . (ﬁH (ta q, u) - ﬁl(ta q, ’U,))
Vrlt ¢ u) = (52<t,q> (St qru) - ﬁmzq,u))) (3.19)

and can be used for a macroscopic model of dissipation in pure rolling
motions?, see [4, 111]. For the specific evaluation of 7, yp and g, the
same arguments concerning the choice of basis apply as in Section 3.4 for
the evaluation of the gap function.

For a contact k, the set-valued friction law can in many cases be
described by a normal cone inclusion

where v% gathers all relative friction velocities and CF denotes the set
of admissible (negative) friction forces, which possibly depends in the
corresponding normal force A%, Based on the specific choice of y% and Ck,
different friction models emerge. Typically used models are subsequently
discussed in detail.

Isotropic Coulomb Friction with Circular Force Reservoir

The most basic friction law that is typically used for the description of dry
friction between isotropic surfaces is called isotropic Coulomb friction [14].
Let v% = ~%, i.e., the friction velocity coincides with the relative tangent
velocity (3.17). Furthermore, ,u’% > 0 denotes the positive friction coefficient
of contact k. By that, spatial isotropic Coulomb friction is described by
the set of admissible friction forces

CE(AN) = Ba(upAR) (3.21)
where the R/ -ball of radius r is defined as

Bf(r):{weRf|r2 lz]|} - (3.22)

4In some cases rolling friction coincides with contour friction, a friction law that
describes the resisting moment against the movement of the immaterial contact point
over the rim of a disk, see [108, 111, 114].
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Figure 3.3: Spatial isotropic Coulomb friction vz € N, (uran)(—AT).

Consequently, the friction law reads

’Yé:’(ta q, u) € NBQ(/,L’;/\’I“\,)(_)‘I%) : (323)

Using the definition of the normal cone (2.10), it can be verified that this
describes isotropic Coulomb friction. Therefore two different cases have
to be considered (for simplicity, the index k and the arguments of v are
suppressed):

(i) The friction force Ay is in the interior of the set of admissible forces

Bo(urAn), i.e., [|Ar]| < prAn. Since for this case the normal cone
reads N, (uran)(—Ar) = {02}, this implies stick, i.e.,

Y1 € NB,(uran) (A1) = {02} & y7 = 0. (3.24)

(ii) The friction force Ar is on the boundary of the set of admissible

forces Ba(urAn), i-e., ||Ar|| = prAn. In this case, the normal cone
is given by the outward normal ray to the disk, which starts at the
origin and points in the direction —Ar, i.e.,

NBy(uran) (=AT) = {=aAr /|| Ar|| | > 0}

- {73)\T/(,LLT)\N) |a >0} (3.25)
N MT)\N{_AT} for a>0.

For a = 0, this results again in stick with yp = 02. For o > 0, the
inclusion (3.23) can be recast to yr/a = —Ar/(urAn) = —=Ar/||Ar|.
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Since v and Ar are colinear, but pointing in opposite directions,
this implies « = |7 ||, leading to the force law for slip, i.e.,

Ar = "“‘”Nu%n' (3.26)

A graphical illustration of spatial isotropic Coulomb friction is given in
Figure 3.3.

Anisotropic Coulomb Friction with Elliptical Force
Reservoir

Besides the description of idealized processes, typically used for academic
examples, isotopic Coulomb friction is not sufficient to correctly describe the
experimentally observed friction phenomena [14]. Manufacturing processes
or material properties introduce anisotropic friction conditions. In order to
describe such phenomena correctly, anisotropic Coulomb friction has to be
considered. Similar to the isotropic case, we set 'y]} = 7% but the set of
admissible friction forces is chosen differently. For a* = (a},ak) € R? with
a¥ € (0,1], the set of admissible friction forces is given by

Cr(OK) = B (s a®) (3.27)

where the R/-ellipsoid is defined as

25 <Z>2+ <Zj>2+...+ <Z;‘)2} . (3.28)

A graphical illustration of spatial anisotropic Coulomb friction is given
in Figure 3.4 (a). As it will turn out in Chapter 6, such an ellipsoidal
set of admissible friction forces is unsuitable for an efficient numerical
implementation, since the projection onto the ellipsoidal set has no closed
form solution. Moreover, efficient calculation of this projection is crucial for
the numerical implementation of solution algorithms [62]. Computing the
projection on a three dimensional ellipse F5 requires the computationally
expensive solution of a 4*"-order polynomial, see e.g. [59, 171]. As proposed
in [126], a reformulation of the friction law can be used that results in a
ball-like set of admissible friction forces, similar to the isotropic case. See
also the investigations in [177]. By introducing the linear mappings

E¢(r;a) = {:c Y

AP R? 5 R?, x— AFz, with A" = diag(a®), (3.29)
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Figure 3.4: (a) Ellipsoidal set of admissible friction forces for spa-
tial anisotropic Coulomb friction yr € Ng, (.- /\le;j;ak)(—AT). (b) Ball-
like set of transformed admissible friction forces with friction law
AT’)/T S NBQ(HAN)(_A_lAT)-

the set (3.28) can be transformed to Ba(p% %) via inverse scaling with
(AR)71 de., Bo(uk k) = (AF) LBy (ki Ak 5 @), see Section 2.1. Conse-
quently, Proposition 2.4 reveals the equivalence

7?(157 q, u) € NEQ(;LI,}',)\’X,;G’V)(_A]%)
| (3.30)
(Ak)TPY’;C“(tv q, u’) € A[(Ak)*lEg(;L’q‘L)\’R,;ak)( - (Ak)ilAT) .
By choosing friction velocities and forces in accordance with
~h(t,q,u) = (AF)T4k(t, q,u) and Ak = (AF)7IAE (3.31)
together with the set of admissible friction forces
CF(AK) = (A%) ' By (up Ay @®) = Ba(upAR) (3.32)
spatial anisotropic Coulomb friction with elliptical force reservoir can again
be stated as normal cone inclusion to the ball-like set (3.22). It should be
noted that the friction forces A% are related to the true tangent friction

forces AX. via A%, = A*A% and can be determined a posteriori to a numerical
simulation.
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Figure 3.5: (a) Graphical illustration of an z-y table. (b) Anisotropic
Coulomb friction with rectangular force reservoir.

Anisotropic Coulomb Friction with Rectangular Force
Reservoir

A much simpler description of anisotropic Coulomb friction is obtained
by assuming a rectangular force reservoir. Again, the relative friction
velocity is chosen as vk = v%. For a* = (a¥,a}) € R? with ¥ € (0,1] and
pk > 0, the set of admissible friction forces is given by the rectangular
force reservoir

Cr(XN) = {XF € R? [ IN5 | < afupR [N | < a5up AR

~ Bu(ahub ) x By (b ). .
with A% = AX. Such a force reservoir is visualized in Figure 3.5 (b) and
results in a friction law where stick and slip along the two tangent directions
are independent of each other. A physical model exhibiting such a behavior
is the frictional z-y table shown in Figure 3.5 (a). Each of the two slide
bearings, with friction coefficient a;pur and asur, respectively, can move
independently of the other, see [177]. Clearly, such a behavior is only a
crude approximation of the elliptical anisotropic Coulomb friction model
presented before. A higher resolution can be obtained by introducing a
polyhedral approximation of the (anisotropic) set of admissible friction
forces (3.27). Several authors have applied this approach, see e.g. [11, 107,
167]. Depending on the chosen time-discretization method, the resulting
equations end up with an (non-)linear complementarity problem. This has
different appealing properties, but independent of the number of chosen
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facets, Coulomb friction with elliptical/circular force reservoir is only
modeled approximately and isotropy is lost. Hence, this approach will not
be investigated further here.

Pivoting and Rolling Friction

Many physical processes require the description of even more elaborated
friction phenomena [14, 108, 111, 155]. A commonly used extension in-
corporates the effects of pivoting and rolling friction, see [4, 59, 111, 112,
114, 155, 177]. Thereto, force laws related to the relative pivoting veloc-
ity 71]’”3 and two relative rolling velocities '71’%, already introduced in (3.18)
and (3.19), have to be formulated. Since these force laws are assumed to be
decoupled, three independent normal cone inclusions can be stated. They
are given as

Yt @ u) € N, (ukak ) (—AP) (3.34)
and
71]% (taq?’u’) € NBl(“’}%i/\lfv)(_)\]}%i) (335)

with i = 1,2. Therein, u%, ulf%l,,ulfzz > 0 denote the coefficients of friction
for pivoting and both rolling frictions, respectively. Typically chosen values
for pp and ug,, pr, are discussed in [51, 88, 161] by means of analytical
models or performed experiments. Clearly, the introduced force laws
share their dependence on the normal force A%, that uniformly scales the
respective force reservoirs.

Coulomb—Contensou Friction

Sometimes the isolated description of pivoting friction is not sufficient
to adequately describe the experimentally observed friction phenomena.
Especially, this is the case for friction induced inversion phenomena [14,
108, 154, 155]. Their description requires a coupling of sliding and pivoting
friction, the so-called Coulomb—Contensou friction [112]. As it is pointed
out in [126], a fairly good approximation to this is given in terms of an
ellipsoidal force reservoir. Thereto, for a® € R3, with af € (0,1], the set of
admissible friction forces is given by

CE(K) = Bs(ph My a®). (3.36)

Often, the value of a¥ is related to a radius of assumed circular contact area

RF via af = %TFRk, see [29, 41, 126, 155]. For isotropic sliding friction

a¥ = ak = 1. The corresponding force law augments the relative contact
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tangent velocity v4 from (3.17) by a relative pivoting velocity 75, see (3.18).
Moreover, it appends the frictional torque A% to A%. Once again, the set of
admissible friction force (3.36) is an ellipsoid. As in the case of anisotropic
Coulomb friction with elliptical force reservoir, introducing the mapping

AP R 5 R3, x— Az, with A = diag(a®), (3.37)

allows to reformulate the force law as normal cone inclusion to the ball-like
set of admissible friction forces (3.22), with

ORIV U ) PV VU Gy RS

vp(t g, u)
and
Cr(AN) = (A5) T B3 (up Ay @®) = Bs(upAR) .- (3.39)
As already discussed, the true frictional forces can be computed a posteriori
via (AR, Ab) = AFA,

Unified Description of Frictional Contact

In conclusion, the various friction formulations introduced above can be for-
mulated (approximated) using ellipsoidal force reservoirs and subsequently
be reformulated as normal cone inclusions to ball-like sets of admissible
friction forces. Consequently, a subsequent numerical treatment only inves-
tigates such force laws. It is therefore assumed for each contact k that the
force laws describing the frictional contact have the form

PF(t,q,u) € KFN), k=1,...,nn, (3.40)
with .
;?N( q)
k ’YFl (ta q,u )
Y (t,q,u) = : (3.41)
VE,, (t.q,u)
and

IEN) = Nz (=AR) X N ) (=) X xNow ok (=N, ), (3.42)
k

where C'llfﬂfk (A\%) = Bu,, (45 AK.). Therein, for every contact k, Signorini’s

law (3.10) is combined with f* set-valued friction laws as outlined above.
To keep the subsequent investigations simple, it is assumed that f* =1
for k =1,...,ny, ie., every contact only includes a single friction law.
Thereby, cumbersome multi indices are omitted and the notation is kept
clean. Besides the cumbersome bookkeeping such an extension is trivial.
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3.6 Impact Equation and Impact Laws

The equality of measures (3.2) can be integrated over the singleton {¢},
leading to the impact equation [72, 73, 114, 142]

M(t,q) (um —u”) =Wi(t,qA, (3.43)

where the abbreviation A = 77 —7~ is introduced in accordance with (3.3).
Clearly, the already stated contact and friction laws defining A have to be
complemented by corresponding impact laws, relating the impulsive change
of velocity u™ —u~ with the impulsive constraint forces A. Therefore, each
contact k is equipped with a restitution coefficient 0 < e’f\, < 1. For active
contacts, i.e., k € A(t, q), the classical Newtonian impact law [142] assumes
the post impact velocity to be given by ¢ (¢, q,u®) = —ek; ¢% (¢, q,u™).
By introducing the kinematic quantity [73, 114, 142]

et g, u,ut) = gh(t,q,ul) + ek ah(t.gu™), (3.44)

a generalized Newton-type impact law [73, 114, 142] can equivalently be
stated as normal cone inclusion to the set R, or as inequality complemen-
tarity condition, i.e.,

gf\/(tv q, uia qu) € N]RE (_A$CV)
i) (3.45)

&t qum,ut) >0, AL >0, &t qu,ut)Ak =0.

For a strictly positive impulsive force A’fv > 0, this imposes the classical
Newtonian impact law §fv(t,q7u_,u+) = 0. Moreover, it encompasses
superfluous contact for which A’fv =0 and 55‘\} > 0. The second case occurs
if a closed contact does not at all participate in the impact (A’f\, = 0),
and could therefore be removed from the system, without changing the
post-impact results, see [74].
Similar to the normal direction (3.44), the kinematic quantity

) )+ eyt g u”) (3.46)

eht,qu,ut) = yh(t, qu

can be introduced, together with a tangential restitution coefficient 0 <
ek < 1, see [73]. This allows to combine the friction law (3.20) with
a Newton-type impact law in tangential direction by the normal cone
inclusion

€§‘(t7qvu’77u+) GNCQ(AfV)(iAIIc’) : (347)
More details about the introduced contact model and impact laws can be
found in [72, 73, 74, 114, 142, 178].
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3.7 Consistent Initial Conditions

In the following the determination of so-called consistent initial conditions
is discussed. Assume a given initial time ¢, initial position gy = q(to) and
initial velocity ug = u™ (o). The following presentation is restricted to the
case where qp and ug are already feasible, i.e., they satisfy the bilateral
constraint conditions g(to,qo) = 0., and ¥(to, qo, uo) = 0, . Moreover,
the positions have to satisfy the unilateral constraint conditions gZ’i, (to,qo) >
Oforallk=1,2,...,n. Let Ag = A(to, qo) = {k =1,...,nn ‘ g% (to, qo) <
0} denote the set of initially active contacts on position level. Feasible
velocities ug have to satisfy the unilateral constraint conditions on velocity
level, i.e., g% (to, qo,uo) > 0 for all k € Ap.

The initial time derivative of the generalized positions are obtained by
simple evaluation of

4o = q(to, qo, uo) - (3.48)

Further, the goal of this section is to compute the initial accelerations
uo = u(tp) as well as bilateral and unilateral constraint forces (Lagrange
multipliers) Ag := A(¢o) that are consistent, i.e., satisfy the equations of
motion on acceleration level. Hence, the bilateral constraint conditions
0., = §(t,q,u,u) = W, (t,q)Tu + ¢,(t, q,u) and 0., =9t qu,u) =
W, (t,q) i + ¢, (t,q,u) have to be enforced on acceleration level. The
unilateral constraint conditions require more involved considerations, which
are outlined subsequently. More information can be found in Section 10.4
and 10.5 of Glocker [72].

Let B(t,q,u) = {k € A(t,q) | ¢%(t,q,u) < 0} denote the set of active
contacts on velocity level. Hence, contacts that are initially active on
velocity level® are collected in By = B(to, qo,up). For those contacts
k € By, Signorini’s law has to be enforced on acceleration level [72, 141],
ie.,

Q'?v(thQOvuofdo) S N}RQ‘ (_>‘IJ€V,O) ’ (349)

which relates the initial accelerations g with the initial contact forces
An,o. For all other contacts k ¢ By, the initial contact forces are zero.
Following Section 5.1 of [141], the set of frictional contacts that are
possibly sticking in the initial configuration® is Cy = C(to, qo, uo) with
C(t,q,u) = {k € A(t,q,u)| [|vF(t,q,u)|| = 0}. For those contacts

5Due to possible round-off errors, it may be beneficial to also consider contacts as
active on velocity level, i.e, k € By, if k € Ag and |g§“\,(t, g, u)| <ek 1l

6Again, it may be computationally beneficial to also consider contacts as possibly
sicking, i.e., k € Cp, using the modified set C(¢t,q,u) ={k=1,...,nyn | H’yf(t, q,u)| <
e 1}.
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k € Cy, the set-valued friction law has to be enforced on acceleration level.
Specifically,

A1 (t0, qo, o, o) € NC;(A’;V’O)(fkl;‘,O) (3.50)

relates the initial accelerations o with the initial friction forces Apo. For
those contacts that are active on position and velocity level, i.e., k € By
but have a non-vanishing friction velocity with ||v% (o, go, uo)| > 0, i.e.,
k & Cp, the set-valued friction force has to be enforced on velocity level.
Since this monograph is restricted on set-valued friction forces that can be
expressed by ball-like force reservoirs (3.22), the initial friction forces Ap o
can be computed as

Vo
)‘F,o =K )‘N7O % ) (3-51)
||’7F,0H
where v} o = ¥5(to, o, wo) was used. Similar to the normal direction, for

all contacts k & By, the initial friction forces are zero.

Let g = ('llo, )\g,Oa )\%0) € RMutnetny and Yo = ()\]\7707 )\F,O) €
R~ +nr denote the tuples of unknowns. For the sake of compactness
it is subsequently written My = M (to, qo) and hg = h(to, go, uo), a no-
tational abbreviation that is analogously applied for all other appearing
functions. The consistent initial conditions are given by solving the zeros
of the linear system

My W0 W g
T
<P0($0,y0) = _VV;;TO Ongxng Ongxnw Ag,O
-W ,0 Onfy Xng OnA, XNy >\'y,O

7 (3.52)
ho + Wy 0An,0 + WroAFo
- Cg,O )
C’y,O
such that for k = 1,... ny the following conditions are satisfied:

% (to, qo, wos o) € N]RO’(_/\]]CV,O) if k€ Bo, (3.53)
)\ﬂ“\,’o =0 otherwise, '
A (to, qo, uo, o) € New 0)(—)\]1310) k€ By AllvEoll =0,
Ao = —H" Ao uzg’Zu k€ By Al[vgoll >0, (3.53b)
)\’}’O =Onp, otherwise .

Hence, consistent initial conditions are obtained by solving the linear system
#0(T0,Yo) = On, 4n,+n. subject to the normal cone inclusions

F(xg) € K¥(yo), k=1,...,ny, (3.54)
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where the left hand side of the inclusion is given by

F (z0) = (gzkv(thO,umfl/O)) . (3.55)

A (to, go, wo, Bo)

Moreover, the set can be decomposed as

’Ck(yo) = ’C]zcv(yo) X Kl;’(yﬂ)a (3.56)
with
Ny (=K if k € By,
Kk (o) = { R ],Z’O) ' 0 (3.57)
Nioy(=Ai o) otherwise,
and
Now ok ) (=AE) if k€ Bo Allvgoll =0,
k
K];?(yo) = N{Oan} <’\IIC~“,0 - Mk/\]fv,o |3§Z|) if k € By A ”'71?0” >0,
N{Oan }(_)‘]1310) otherwise .
(3.58)

Therein, it is used that for x,y € R™ it holds that y € J\/{On}(a:) =R" &
x = 0, and y € R". Consequently, the normal cone inclusion encoding
x = 0, is only used for a unified description of the inclusions (3.53a)
and (3.53b). A detailed discussion of how such class of problems can be
solved is given in Chapter 6.






CHAPTER 4

Nonsmooth Projected Stiffly
Accurate Runge—Kutta Methods

Und bist du nicht willig, so brauch ich
Gewalt.

—Johann Wolfgang von Goethe,
Der Erlkénig

In this chapter the concept of nonsmooth projected stiffly accurate
Runge-Kutta methods is introduced. To keep the presentation self-contained
and didactic, the first section introduces basic concepts and notation of
Runge—Kutta methods applied to nonlinear ordinary differential equa-
tions. Based on that, it is outlined how these methods can be applied to
differential algebraic equations with possible differentiation index 2. It
will turn out that an order reduction takes place that can be alleviated
by a subsequent velocity projection. The resulting methods are called
projected Runge—Kutta methods. Subsequently, their extension to nons-
mooth mechanical systems is investigated. The naive extension to measure
differential inclusions with mechanical structure is shown to be flawed.
Moreover, it turns out that it is of crucial importance to add again a
nonsmooth equivalent to the velocity projection applied for differential
algebraic equations. Such a projection can be interpreted as the discrete
counterpart of the impact equation together with corresponding impact
laws. In the nonsmooth setting, the velocity projection is mandatory to
force the velocities to satisfy the possible set-valued constraint equations
on velocity level®.

ISince the unprojected method does not respect this requirement, the quote below
the title can be interpreted by the need of a certain degree of insistence to make the
method obey the underlying physics.



46 CHAPTER 4. NONSMOOTH PROJECTED RUNGE-KUTTA METHODS

4.1 Stiffly Accurate Runge—Kutta Methods

To introduce the basic properties of implicit Runge-Kutta methods when
applied to ordinary differential equations, this section focuses on mechanical
systems of the form M (t,q)t = h(t,q,u), i.e., systems without bilateral
or unilateral constraints, as presented in Chapter 3. Consequently, the
kinematic relation (3.1) and the equality of measures (3.2) can be recast as

@(t) = f(t,z(t)) with x(to) = zo € R™. (4.1)

Therein, = (g, u) € R™ denotes the tuple of unknowns with m = n, +n,
and the function f is given as

1.0 = (e hia) @

Implicit Runge-Kutta methods are well established methods for the solution
of possibly stiff differential equations of the form (4.1), see [82].
Let h € R denote the step-size of the method. Assume a step from
t — tn+1 = t, + h that computes an approximation @, 11 =~ x(t,41) =
) + ft"“ &(t)dt. According to [82, 84], application of an s-stage
Runge Kutta method to (4.1) reads

—wn+hz @i f(ta+eih, X)), i=1,8 (4.3a)
Tyl = mn+hzi:1 i tn—‘rcih,Xi). (43b)

The coeflicients a;j, b; and c¢; entirely characterize the specific method and
are discussed later in this section. Let the coeflicients a;; be collected in the
matrix A € R**%. By denoting 7; = t,, + ¢;h and introducing the solution
tuple X = (Xy,...,Xs) € R*™ each step of the proposed Runge-Kutta
method requires the solution of the s-m nonlinear equations? ¢(X) = 04.,,,,
where

.f(Tla (erlr & lmxm)X)
P(X) = X — (L& @)~ h(AD L) ; (@)
F(7s, (e;r ® Limxm)X)

2Tt is noteworthy to mention that in the case of a non-constant mass matrix M (t, q)
that depends on the generalized coordinates g, the solution of the time discretized
system (4.4) can be significantly simplified (differentiation of M (t,q)~! with respect
to q is not required), by application of Runge—Kutta methods to implicit differential
equations as originally proposed by Ascher and Petzold [17] and outlined in great detail
in Section 5.3.5 of Fabien [61]. The same argument applies for all subsequent extensions
of this method.
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Therein, the Kronecker product ® was used as defined in (2.41), 1, =
(1,...,1) € R® denotes the tuple containing only ones and e; = (0,...,0,1,
0,...,0) € R?® is the tuple with all components being zero, except the
1th, which is one. When the nonlinear system (4.4) is solved successfully,
the future state @, is computed by (4.3b) using the already computed
evaluations of the function f. With the notation from above and F(X) =
(f(r1,X1),..., f(7s, X)) € R*™, this reads

Tpt1 = Tp + h(bT & 1m><m)F(X) . (45)

Since this method solves for the state variables X, it is subsequently called
the state formulation.

An alternative formulation of implicit Runge-Kutta methods was al-
ready proposed in the early works of John Butcher [34] and later in [17,
27, 84]. It is given by

Xi:f<tn+cih,mn+hzsi lainj) L i=1,...,5  (4.6a)
i

Tpt+1 = Ty, —+ h Zj:l bzXz y (46b)

where the stage values can be identified as X; = x, + hZ;:l ainj.
Introducing another solution tuple X = (X1,..., X,) € R®™, the states
can be computed via X = (1, ® ®,) + h(A ® 1m><m)X. Consequently,
each Runge-Kutta step requires the solution of s - m nonlinear equations

.f(Tla x, + h(a;r & lmxm)X)
F(7ss@n + h(a @ Lnxm) X)

where the tuple a; € R denotes the ith row of A. Since this second
method solves for the state derivatives X it is subsequently called the
derivative formulation. Similar to (4.5), the future state is computed as

Tpi1 = Ty + h(bT ® lmxm)X. (4.8)

Both approaches only differ in the choice of the primary unknowns. The
former method solves for the stage variables X;, while the latter chooses
the stage derivatives X; as the unknown quantities. As it will turn out
later, the second approach fits better to the discretization of nonsmooth
mechanical systems and is subsequently applied. Typically, the arising
system of s-m nonlinear algebraic equations is solved by simplified Newton
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iterations, where a single evaluation of the Jacobian matrix % is used as
approximation for all stages ¢ = 1,...,s. Moreover, the special structure

of the nonlinear systems (4.4) and (4.7) can be exploited to considerably
reduce the required numerical work at the price of dealing with complex
linear systems, see e.g. [24, 37, 61, 81].

Definition 4.1. A Runge-Kutta method (4.3) or (4.6) has order p if for
sufficiently smooth problems (4.1),

|lx(ty +h) — xpi1| < KWPTH, KcR, (4.9)

i.e., if the Taylor series of the exact solution (¢, + h) coincides up to (and
including) the term AP with @x,,+1. The constant K depends on bounds of
the vector field f, on its Lipschitz constant and on the total integration
domain, but is independent on the step size h. Using the big O notation a
pth-order accurate method is notated as

@ty + 1) = @asa]| = OB (4.10)

An s-stage implicit Runge-Kutta method is commonly defined in terms
of a so-called Butcher tableau

&1 a11 a12 cee a1,s—1 a1s
C2 a2 22 cee a2.s—1 a2s
clA 2 P :
= . (411)
T
b Cs—1 | As—1,1 QAs—1,2 ... (As—1s5-1 0As—1s

Cs Gs,1 Gs,2 R Us,s—1 Qs s

b1 by . bs_1 bs

originating from John Butcher [35]. In the tableau (4.11), the tuple ¢ € R®
contains the nodes of the underlying quadrature formula. For the implicit
methods discussed in this monograph they satisfy

S
c; = ijl a;; for i=1,...,s, (4.12)

which is imposed by the condition C(1) introduced below. The correspond-
ing quadrature weights are determined by the quadrature conditions

S

} : q—1 _
biCZ- = -

=1

1
for ¢=1,...,p, B(p)
q
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which ensure that the quadrature formula with weights b; and nodes ¢; is
of order p on the interval [0, 1], see [82]. The coefficients a;; are determined
by the requirement that the obtained numerical solution coincides with the
true solution up to and including an order p of powers of the step-size h.
It turns out, that these requirements are closely related to the so-called
simplifying assumptions B(p),

S
Zaijc‘;-_lz for i=1,...,s and ¢q=1,...,7n C(n)
j=1

as well as

S
Zbicgflaij = %J(l —cj) for j=1,...,s and ¢=1,...,¢, D(()
i=1

see [34, 38, 82, 84]. Therein, C(n) ensures that the internal stages X; —
xz(1;) = O(h"1), i.e., the quadrature formula with weights a;1, ..., a;s
and nodes ¢; is of order 7 on the interval [0, ¢;], see Lemma 7.5 in [84].
A Runge-Kutta method satisfying B(p) and C(n) is said to be of stage
order min(p,n). The stage order is an important property of Runge-Kutta
methods for the solution of stiff differential equations and differential
algebraic equations, since their classical convergence order possibly drops
to the stage order for such class of systems [82].

The presented simplifying assumptions are important to construct
higher-order implicit Runge-Kutta methods and can be summarized by
the following theorem.

Theorem 4.2 (Butcher [34], Theorem 7).3 If B(p), C(n) and D(¢) are
satisfied with p < 2n+2 and p < (+n+ 1, then the Runge—Kutta method
is of order p.

Definition 4.3. Application of a Runge-Kutta method (4.3) or (4.6) to
the Dahlquist test equation & = Az results in

Tny1 = R(2)z, with z=h\. (4.13)
Therein, R(z) denotes the stability function of the method and the set
S={zeC||R(z)| <1} (4.14)

is called its stability domain.

3See also Hairer et al. [84], Theorem 7.4.



50 CHAPTER 4. NONSMOOTH PROJECTED RUNGE-KUTTA METHODS

Proposition 4.4. The stability function R(z) of the s-stage implicit Runge—
Kutta methods (4.3) or (4.6) is given by

R(z) = 14 2b™ (1555 — 2A) 1. (4.15)

Proof. For f(t,r) = Az, the equations (4.4) and (4.7) are linear in X and
X, respectively. Solving for these quantities and inserting X into (4.5)
and X into (4.8), respectively leads to (4.15). O

As shown in [82], the stability function (4.15) may alternatively be
written as
P(z)  det(lyxs —2A+ z1,b")
Q(2) B det(lsxs — 2A)

Consequently, for implicit Runge—Kutta methods, the stability function
becomes a rational function with numerator P(z) and denominator Q(z)
of degree < s. The exact solution z(t) = x(to)e**~%) of the Dahlquist
test equation is stable for A € C~ = {z € C|Rez < 0}. For a numerical
method it is a desirable property to preserve this stability. Hence, the
method is called A-stable if its stability domain satisfies C~ C S. It can be
shown that a Runge-Kutta method is A-stable if and only if |R(iy)| < 1
for all real y and if aditionally R(z) is analytic for Rez < 0, see [82]. The
second condition is satisfied if R(z) has only poles with Re z > 0, i.e., the
zeros of (Q(z) have nonnegative real parts.

If in addition, lim, ,. R(z) = 0, the method is called L-stable [57, 82].
This property is of crucial importance for the solution of stiff differential
equations, singularly perturbed problems and differential algebraic equa-
tions, since L-stable methods quickly damp out the transient response of
stiff components of the differential equation, see [61, 85].

R(z) = (4.16)

Definition 4.5 (Prothero and Robinson [145]). A Runge-Kutta method
satisfying

asj=b; for j=1,...,s <= Ale,=b (4.17)
is called stiffly accurate.

It can be readily verified that for stiffly accurate Runge—Kutta methods
it holds that x,1; = X, i.e., the future state x, 1 coincides with the
last stage Xs. As noted by Ehle [57], this is very beneficial for solving
stiff differential equations, since for methods with invertible coefficient
matrix A, the internal stages are very close to the exact solution, i.e.,
Y. =~ y(t, + ¢;h), but the numerical approximation y,+1 = y, + Zle b;Y;
may be far away [81].
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Proposition 4.6. A stiffly accurate s-stage implicit Runge—Kutta method
with reqular coefficient matrix A satisfies lim R(z) = 0. This makes an
Z—>00

A-stable method L-stable.
Proof. By (4.15) and (4.17),

lim R(z) = lim (1+bT(§1SXS —a)! 15)

zZ— 00 Z— 00

(4.18)
=1-b"A M1, =1-el1,=1-1=0.

O

Definition 4.7 (Butcher [36]).* Let the nonlinear system (4.1) satisfy the
contractivity condition

(ft, )= ft,y) (x—y) <0 Va,y. (4.19)

Then, a Runge-Kutta method applied to this system is called B-stable, if
for two numerical solutions @, +1,y,+1 and an arbitrary step-size h > 0
this condition implies

Hwn+1 - yn+1|| S ||wn - ynH Vwrn Yn - (420)
That is, the distance between two numerical solutions is nonincreasing for

increasing n.

Since B-stability is a generalization of A-stability, the former one implies
the latter. To see this, the definition from above is applied to £ = Az, with
A=a+ib e C and z = z1 + ixzg € C. This can equivalently be written as

(2)=C ) o)

Now for a < 0 this implies (f(z) — f(y)) (x —y) = a|lz — y|*> < 0.
Consequently, the contractivity assumption (4.19) is met. With y, =0 it
follows that y,+1 = R(Ah)y, = 0. Due to the assumption of B-stability
also (4.20) is met. Consequently, |z,41] = |[R(AR)||2n| < |2,| holds, which
implies that |[R(Ah)| < 1.

Proposition 4.8 (Hairer and Wanner [82], Theorem 12.4). If the coeffi-
cients of a Runge—Kutta method (4.3) or (4.6) satisfy

(i) non-negative weights, i.e., b; >0 fori=1,...,s
(i1) the matriz Q is non-negative definite, with q;; = b;a;; + bjaj; — bib;,
then the method is B-stable.

4See also Hairer and Wanner [82], Definition 12.2.
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4.2 Bilaterally Constrained Systems

Returning back to constrained mechanical systems, it is now of interest to
solve the system of differential algebraic equations given by

q = f(t q,u) (4.22a)
k(t,q,u) +1(t, q)7 (4.22b)
0, = ~glt.a) (4.22¢)
=7(t,q,u), (4.22d)
with the functions
f(t,q,u) = B(t,q)u + B(t,q) (4.23a)
k(t,q,u) = M(t,q)"'h(t,q,u) (4.23b)
U(t,q) = M(t,q)"'W(t,q) (4.23¢)

and W (t,q) = (W,(t,q) W,(t,q)) € R™*"s+" . Assuming f, g and v
to be sufficiently differentiable and that

99 OF
9q Ou 1 € Rty Xng+ny (424)
Oy
ou
is invertible in a vicinity of the exact solution, equation (4.22) defines a
system of semi-explicit differential algebraic equations in Hessenberg form
of index 1 or 2, see [28, 67]. Additionally, the first equation is linear in the
velocities u and the second one linear in the Lagrange multipliers 7v. Such
systems described by (4.22) can efficiently be treated by stiffly accurate
implicit Runge-Kutta methods, see [80, 83, 98]. Its application reads

An+1 =qn + hz;l biQ;i , Upi1 = Up +h Zs bU; (4.25a)

Qi=au+h),  _ a;Q;, =, +h Z LU (4:25b)

Tyl = T + thil b II; =m,+h Z azj i, (4.25¢)
such that each state i = 1,..., s satisfies

Q .f(Tza Qza 1,) (426&)

Ui = k(7:,Qi, Us) + Ui, Q)TL (4.26b)

Ong g(7i, Qz) (4.26¢)

0., =(7i,Qi, U;) . (4.26d)
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Let Q = (Q1,...,Q,) € R, U = (Uy,...,U,) € R and Il =
(HDJ, . ,ILIELS) € R*"0 where O € {g,7}. The internal stages can be
computed via @ = (1 ® g,) + h(A ® lnqan)Q and U = (1, @ u,) +
A @ 1,,%n,)U. With X = (Q,U,II,,IL,) € R¥(atnutnatns) each
Runge-Kutta step requires the solution of the system of nonlinear equations
‘P(X) - Os(nu—&-nq+ng+n7)a where

px)= YU~ K(Qél(g)_ Ly (4.27)
rQ.,u)
Therein, the abbreviations
f(m,Q1,Ux) k(m1,Q1,Un)
FQ,U) = : ,  K(@QU)= :
f(TstsaUs) k(Tststs) (428)
l(m1,Q1)
L(Q) = :
U(7s,Qs)
and
g(11, Q1) (71, Q1,Ur)
¢Q= : |. T@QU-= ; (4.29)
9(7s,Qs) ’Y(TsaQs,Us)

were used. When the system is solved successfully, the future positions,
velocities and integrated Lagrange multipliers are computed as

dn+1 = 4qn + h(bT ® 1an"(1)Qa Unp+1 = Un + h(bT 0 17I'u anu)Ua

TO,p+1 = TO,n T h(bT ® Lng ><nD)HD .
(4.30)
For stiffly accurate methods their values are already given by g,+1 = Qs5,
Up+1 = U, and TOn+1 = HD,s-

Example 4.9 (Pendulum). Consider a Cartesian pendulum of mass m =
1.25 and length L = 1 as depicted in Figure 4.1. The pendulum is subjected
to gravitational forces with acceleration g = 10. A spring with stiffness
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1073
T

1, |

S t

Figure 4.1: Sketch of the pendulum system (left) and simulated time
evolution of the constraints g (—), ¢ (—) for the two-stage Radau
ITA method and g (---) for the projected two-stage Radau ITA method
introduced in Section 4.3 (right).

¢ =1 is attached to the mass that is relaxed for (x,y) = (2L,2L). The
system is described by the equations

T = Uy
Y= Uy
miy, = ¢(2L — x) + 2z, (4.31)

mi, = c(2L — y) + 2y7ry — mg
0= 2% +42— 12,

where the last line denotes the constraint equation ¢ = z? + y? — L2
Its time derivative reads ¢ = 2zu, + 2yu,. Starting at rest with x = L
and y = 0, for ¢ € [0,2.5], the system is integrated by the application
of a two-stage Radau ITA method that will be introduced in Section 4.4.
The evolution of the constraint equation g and its time derivative ¢ are
depicted in Figure 4.1. Clearly, the constraint equation g is satisfied up to
machine precision, but the constraint derivative g shows oscillations with
an amplitude around 1073,

4.3 Projected Runge-Kutta Methods

To eliminate the undesired oscillations of the constraint derivatives observed
in Example 4.9, the numerical solution can additionally be projected on the
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velocity constraints g, see [82]. The obtained methods, originally proposed
in 1991 by Ascher and Petzold [17], are called projected Runge-Kutta
methods. In the same year, the short communication of Lubich [119] showed
that for methods with invertible coefficient matrix A such a projection
can be interpreted as another Runge-Kutta method, where the original
Butcher tableau

c| A

" (4.32)

is appended by an additional stage. This leads to the extended Butcher
tableau®

c A O,
= 14+e|b" ¢ with €—0. (4.33)
‘ b ¢

For the considered constrained mechanical systems, the last stage of this
extended method reads

Qo1 = qni1 + hef(tng1 +eh, Qur1, Usyn) (4.34a)

Usi1 = upy1 + hek(tprr +eh, Qsi1,Ust1) (4.34b)
+ hel(tni1 +eh, Quy1)

0n, = g(tnt1 +€h, Qst1,Ustn) (4.34c)

0n, = Y(tns1 +eh, Quy1,Usy1). (4.34d)

Note, the velocity constraints « are included to the projection stage again,
in order to guarantee that they are also satisfied by the projected velocities
U,1. Inspecting (4.34) reveals that this is exactly the result of an implicit
Euler step with step-size he starting form (t,41, @nt1, Unt1). Let 6,41 =
Hs+1 — TTp4+1 = h6H3+1 and 6un+1 = Us+1 — Up+1- For ¢ — 0 this last
stage results in Q41 = @n41, i.e., the positions are unaffected by the
projection. The velocities uiﬂ = Usy1 = Upy1 + 0y are determined

51t is important to remark that for methods with singular coefficient matrix A, the
velocity projection has to be performed using (4.35) instead of considering the extended
Butcher tableau from (4.33). This can be explained by the fact that all these methods
share a first explicit stage. Consequently, the value of the first stage corresponds to the
value of the last stage of the previous step. Due to the projection, this value would get
distorted, destroying the order of convergence of the used method.
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by solving the velocity projection

6Unt1 = Utnt1, Gni1)0mn g1 (4.35a)
0n, = g(tn+1,Gn+1; Unt1 + 0Unt1) (4.35b)

= V‘/_;;T(tn—&-la Gni1)(Ung1 + 6Upg) + Xg(tn+1, dn+1)
0n, = Y(tn+1,Gnr1; Unt1 + 0Unt1) (4.35¢)

= WYT(tn—‘rla @nt1)(Unt1 + 0Un+1) + Xy (Ent1, Gny1) -

Consequently, the velocities u;{ 11 = Upy1 + 0uyy satisfy all bilateral con-
straint conditions on velocity level. The next step of the method is started
by setting u,, = ufl 1 1- The resulting decoupled velocity projection stage
requires very low additional numerical work since by assumption g and ~
are both linear in the velocities . Hence, the projection stage is performed
by solving a single additional linear system of equations, with already
computed evaluations U(t,11, @ni1), Wy(tnt1,@ni1) and W (11, qny1)
from the last stage of the classical stiffly accurate Runge—Kutta method.

Example 4.10 (Pendulum continued). As depicted in Figure 4.1, adding
the aforementioned projection stage to the two-stage Radau ITA method,
the constraint velocities ¢ are as well satisfied up to machine precision. For
the pendulum example, the specific projection stage is given by
5um,n+1 = 2xn+157rg,n+l
5uy7n+1 = 2yn+15ﬂ'g,n+1 (436)
0= 2$n+l(uw,n+l + 6uw,n+l) + 2yn+1 (uy,n+1 + 6uy,n+1) ;

which can be recast to the form

1 0 _2xn+1 5ua;,n+1
0 1 —2Yny1 || 0y nt1
—2x, —2yn 0 0Tg.m
+1 Yn+1 g,n+1 (4.37)
0
= 0

2xn+luz,n+l + 2yn+1uy,n+1

4.4 Butcher Tableaus of Selected Methods

In order to complete the description of the above introduced Runge-Kutta
methods, the yet unknown Butcher tableaus have to be specified. Therefore,
this section introduces a selection of well-established Butcher tableaus,
together with their most important properties. Moreover, a novel composite
method with optionally user-defined numerical dissipation is presented.
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4—/6 88—7v6 296—169v6  —2+3v6

10 360 1800 225
111 446 | 296+169v6 88476 —2-3V6
10 1800 360 225
1 1 16—6 164+/6 1
36 36 9
16—6 16+v6 1
36 36 9

Table 4.1: Butcher tableaus for single-stage (backward Euler), two-stage
and three-stage Radau ITA methods.

Radau ITA

As shown in [84, 97, 98], the family of Radau ITA methods is well suited
for the solution of stiff index 2 and index 3 differential algebraic equations.
Hence, it can be expected that these methods are an appropriate choice for
the solution of problems of structural mechanics involving frictional contact
and impacts. According to [83], Radau ITA methods are uniquely defined by
the simplifying assumptions B(2s—1), C(s), D(s—1), together with ¢, = 1.
The methods are A-stable and stiffly accurate with invertible coefficient
matrix A, hence they are L-stable. Moreover, it can be shown that they
are also B-stable, see [36] and Definition 4.7. According to [81, 82], for an
s-stage method, the corresponding nodes c; are given by the roots of the
polynomial

ds_l s—1 s
fle) = JoT (c (c—1) ) . (4.38)
The coefficients a;; are obtained by solving for each stage i = 1,...,s the

linear system obtained by the simplifying assumptions C(s). Specifically,

S Ck
Zaij6§71:?’, k=1,...,s. (4.39)
j=1

Since the Raudau ITA methods are stiffly accurate Runge-Kutta methods,
their weights are given by

bi:asi, i:1,...,8. (440)

For the orders 1 (backward Euler), 3 and 5, their corresponding Butcher-
tableaus are shown in Table 4.1. Since the numerical effort seems to be
unreasonable and exceeds the benefits of higher-order integration methods,
this investigation is restricted on methods with s < 3.
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1 1 1
1 01§ 35 &
2 I
1 2|6 12 12
2
111 2 1
1 6 3 6
2 12 1
6 3 6

Table 4.2: Butcher tableaus for two- and three-stage Lobatto IIIC methods.

Lobatto ITIC

Another family of stiffly accurate Runge-Kutta methods are called Lobatto
ITIC methods. Although their order is lower compared to the family of
Radau ITA methods, they are successfully applied to differential algebraic
equations with higher-index, see [84, 98]. Lobatto ITIC methods are uniquely
defined by the simplifying assumptions B(2s — 2), C(s — 1), D(s — 1) as
well as ¢; = 0 and ¢y = 1. The methods are A-stable and stiffly accurate
with invertible coefficient matrix A, hence they are L-stable. Moreover, it
is shown in [100] that they are also B-stable. Following [82, 100], for an
s-stage method, the corresponding nodes c; are given by the roots of the
polynomial

s—2
fle) = ;63_2 (c*He—1)""1). (4.41)

Following [148], the weights b; are determined by B(s), i.e., by solving the
linear system

g1 1
E bicd ' == for g=1,...,s. (4.42)
: q

i=1

An explicit formula for the nodes is given in [100]. The coefficients a;; are
obtained by setting a;; =b; fori =1,...,sand as;j =b; for j =1,...,s.
The remaining (s — 1)? coefficients a;; for i =1,...,s —land j =2,...,s
are defined by C(s — 1). For each stage i = 1,...,s — 1 the linear system,
obtained by the simplifying assumptions

: k-1 ¢
Zaijcj =, k=151, (4.43)
Jj=1
is solved for a;; with j = 2,...,s. For the orders 2 and 4, their correspond-

ing Butcher-tableaus are shown in Table 4.2. The Butcher tableau’s for
order 6 and 8 are reported in [100].
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B B 0 0
af a 0 148 1-8 0
111 2 3 B
o« || _88°-165+1 66°-208+5 3
4 4
l-a «a _ 68°—165+1 68°—20845 3
1 1

Table 4.3: Butcher tableaus for the second- and third-order SDIRK method
of Alexander [8]. For the two-stage method, v = 1 — v/2/2 ~ 0.29289322 is
the smaller root of the polynomial a? — 2a + %, since the larger one would
result in ¢; > 1. For the three-stage method 5 ~ 0.43586652 is chosen as
the root of the polynomial 3% — 332 + %ﬁ — % that lies in (%, %)

Single Diagonally Implicit

Diagonally implicit Runge-Kutta (DIRK) methods are characterized by a
lower triangular coefficient matrix A. Consequently, all s stages of these
methods are decoupled and can be solved independently. If in addition
the diagonal elements of A are identical, these methods are called single
diagonally implicit Runge-Kutta (SDIRK) methods and share the same
Jacobian matrix required for the applied (simplified) Newton iterations.
Consequently, computational performance is expected to increase since a
sequence of s nonlinear systems can be solved instead of a huge nonlin-
ear system containing all the implicit equations of the s coupled systems.
L-stable and stiffly accurate SDIRK methods are investigated by Alexan-
der [8]. The corresponding Butcher tableaus for the second- and third-order
method are shown in Table 4.3.

Both methods are A-stable and stiffly accurate with invertible coefficient
matrix A. Hence, they are also L-stable. Alternative SDIRK methods with
embedded lower-order methods for error estimation are discussed in [43].
As pointed out by Skvortsov [163], the solution of index 2 and index
3 differential algebraic equations requires the chosen method to satisfy
additional conditions. Hence, the methods proposed by Alexander [8]
suffer from order reduction problems when applied to differential-algebraic
equations. For index 3 problems, a second-order four-stage method is
presented in [163]. Although the method is diagonally implicit with a
single diagonal element, its computational complexity predominates due
to the high number of stages required for relatively poor second-order
convergence.

A natural idea is to extend SDIRK methods to almost SDIRK methods
in the sense that an additional first explicit stage is allowed. For stiffly
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0 0 0 0

c| A vl d d 0
pT =1 w w d
bT w w d
l1-w 3w+l 4

3 3 3

Table 4.4: Butcher tableau with embedded third-order formula of the
TR-BDF2 method [93]. Therein, v =2 — /2, d = v/2 and w = v/2/4.

accurate methods, this is obtained without an extra function evaluation.
Such methods are called stiffly accurate explicit single diagonally implicit
Runge-Kutta (ESDIRK) methods. A well-established ESDIRK method
is called TR-BDF2 and was originally proposed by Bank et al. [18]. It
combines a step of an implicit trapezoidal rule with a second-order back-
ward difference step (BDF2), both with possibly different step-sizes. Hence,
in contrast to the classical BDF2 method, no history of previously com-
puted states is required. Hosea and Shampine [93] have shown that for
specific choices of the step-sizes, an ESDIRK method is obtained. The
corresponding Butcher tableau is depicted in Table 4.4. The method can be
shown to be A-; L- and strongly S-stable, see [18, 93], making it well suited
for the integration of stiff differential and differential algebraic equations.
Moreover, there is an embedded third-order method, defined in terms of
13, which can be used for efficient error estimation, required for adaptive
step-size implementations.

Besides the TR-BDF2, Hosea and Shampine [93] presented a full family
of ESDIRK methods starting from a generic three-stage stiffly accurate
ESDIRK Butcher tableau

0/ 0 0 0

c| A co | asr by 0
ST = e b by by (4.44)

bT by by bs

by by by
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Now the coefficients are restricted by the second-order conditions B(2)
together with consistency C(1). Specifically, it is required that

by +ba+b3=1 (445&)
1

baco 4 bzcy = 5 (445b)

a1 + b3z = co (4.450)

by +by +bs=c3. (445(21)

Four additional restrictions are obtained by the requirement that b =
(131, 62, 133) yields an embedded third-order method. Since there are eight
equations for nine unknown, introducing bz = g leads to a one parameter
family, defined in terms of the Butcher tableau

0 0 0 0
6 6
| A 0 5 5 0
727 p—
bt = 1| ==L 18 ¢ (4.46)
pT 30—6%-1 1-0 0
26 260 2
360—1 1 236
60 60(1—0) 6(1—0)

According to (4.15) this implies a Runge-Kutta method with stability
function

R(z) =1+ 2bT (1445 — zA) 711,
(0 — 40 +2)2% +4(1 — 0)z + 4 (4.47)
(2 —02)2

and lim, o0 R(2) = £=4+42 The method is L-stable for 6 — 46 +2 =0
and hence, § = 2 £ /2. Since 2 + /2 > 1, this choice would lead to
¢ = 6 > 1. Consequently, the authors have chosen § = 2 — /2 < 1,
which finally leads to the TR-BDF2 method. The choice 6 = % results in a
method that corresponds to a double step of the implicit trapezoidal rule,

they called TRX2. It is defined by the Butcher tableau

(4.48)

0
1
1
1
1
1
1

NIV e
Bl s O O
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Since this choice leads to lim,_,o, R(z) = ‘92_5# =1, the TRX2 method
is not L-stable.

Composite Trapezoidal-Generalized-alpha

In the year 2000, Jansen et al. [96] proposed a generalized-alpha method
for the integration of the filtered Navier—Stokes equation. This method
is capable to deal with arbitrary first-order differential equations. Since
the mechanical systems under consideration typically exhibit a non-trivial
kinematic equation (3.1), making them first-order differential equations,
the extension of Jansen’s method to nonsmooth mechanical systems is de-
sirable. Applied to the first-order differential equation (4.1), the mentioned
generalized-alpha method reads

Epi1 = f(tns1, Tnir) (4.49)
amEn + (1 — am)®nt1 = @mYn + (1 — @m)Ynt1 (4.49Db)
Tpt1 = Tn + h((l —7)Yn + ’Y?/n+1) ) (4.49¢)

see [33]. Therein, y # & denotes an auxiliary derivative. The simple
initialization yo = @ results in spurious oscillations, especially when the
method is applied to differential algebraic equations. Advanced initializa-
tion methods are required to reduce such undesired effects, see [16]. Even
worse, when an adaptive step-size should be used, after each change of the
step-size, the auxiliary variables have to be modified in order to ensure
second-order convergence, see [33, 101].

Composite Method with User-defined Damping

To address these challenges, a new and yet unpublished composite method,
similar to TR-BDF2 method, is developed subsequently. This novel ap-
proach, like the previously discussed generalized-alpha method, allows
for user-defined damping. Assume two steps of the generalized-alpha
method (4.49), the first one with ¢, — t,4s = ¢, + Bh and another one
with t,48 — tpe1 = t, + h, i.e., with step-size (1 — 8)h. The auxiliary
derivatives y can be eliminated by combining both steps, resulting in the
multi-step formulation

Z di Tpir =h Z e f(tntk Tntk) s (4.50)

ke{0,8,1} ke{0,8,1}
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with the coefficients

do=—1—=PB)am, eo=p(1—-p)(1—7)ay
ds = o — B, ep =Bl =B)(1 =) —ap) +vyay] (4.51)
di =61 — am), e1 =061 -5)v1 —ay).

With g = % and using a step size h = 2h, this is exactly the formulation
derived in [15, 33]. The free parameters 7, ay and a,y, are chosen such that
second-order accuracy and user-defined numerical dissipation is obtained.
As outlined in [33], this choice results in

P 3pc — 1

=_f g, =re - 4.52
=l a (4.52)

1
==+t ar—0y, « = .

2
Therein, user-defined numerical dissipation is controlled by ps, € [0,1). An
undamped method is characterized by p. = 1, whereas p,, = 0 means
asymptotic annihilation of the high-frequency response [15, 45]. Combining
the implicit trapezoidal step

h
Lnt+pB — Tn = 65 (f(tnv xn) + f(tnts, wn-&-ﬂ)) (4.53)
with (4.51) and by verifying dy + dg = d1, simple algebraic manipulations
reveal that the composite method can be written as Runge-Kutta method,
defined in terms of the Butcher tableau

0 0 0 0
B B

[65) 5 5 0
2 2 (4.54)

2eq—dgf3 2eg—dgf3 e1

2d, 2a1 dy

2607d/;ﬁ Qeﬂfdgﬁ el

2d1 2d1 dl

The values for ¢ and c3 are determined by requiring consistency C(1),
ie., ¢ = 2?21 ai; for 7 = 2,3. In order to obtain an ESDIRK method
the coefficients have to satisfy Sd; = 2e;. Additionally, the second-order
conditions (4.45a) and (4.45b) have to be satisfied. And finally, the damping
at infinity property requires lim,_, oo R(2) = poo-

Clearly, it requires tedious computations to satisfy all these stated
conditions. Even more, it is completely unnecessary since a Butcher
tableau with similar structure, given in (4.46), was already introduced
by Hosea and Shampine [93]. As already discussed before, it encodes a

Runge—Kutta method with lim,_, . R(z) = 92_‘;#. Hence, in the spirit
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of the generalized-alpha method, a second-order accurate Runge-Kutta
method with user-defined damping at infinity is obtained by the constraint

62 — 46 4 2 24 /2(1+ poo)

02 =poc = 0= =, for ps €10,1).

(4.55)
Using the same arguments as for the TR-BDF2 method, the smaller value
of 0 in (4.55) is preferred since it results in co < 1. For po = 0, this leads
to the TR-BDF2 method with # = 2 — /2. Moreover, the TRX2 method
is recovered for 6 = %, which leads to po, = 1. For all other values of
Poo € (0,1), user-defined numerical dissipation is obtained which leads to
a generalized-alpha type Runge—-Kutta method. The resulting method is
subsequently called TR-0(p~) method, with 6(p,) defined by (4.55) for
oo €[0,1) and 6 = L for po = 1.

Another family of similar composite methods is presented in [180].
Therein, the idea of composite trapezoidal methods is continued for com-
posite implicit mid-point rules. The combination of an implicit mid-point
rule with a second-order BDF method leads to a composite method they
called IM-BDF2. In contrast to the TR-BDF2 method [18, 93], the IM-
BDF2 has no first explicit stage. Although this reduces the memory
requirements of the resulting method this comes at the price that no em-
bedded third-order formula can be constructed, see [93]. Apart from that,
Ying et al. [180] developed higher-order composite BDF methods. Since
this section already introduced a huge number of Runge-Kutta methods,
the composite methods of [180] are not further investigated but might be
interesting candidates for future research.

Stability Functions and Convergence

To close this section, the stability functions of the presented methods
should be investigated. Therefore, their numerical values are visualized in
Figure 4.2. As already proven in Proposition 4.6, all presented methods
with invertible coefficient matrix A are L-stable, i.e., lim,_,. R(z) = 0.
This is also the case for the TR-BDF2 method, which coincides to the
TR-0(poo) method with po, = 0. For different values of po, the desired
property lim, o R(z) = ps can be observed that describes user-defined
numerical dissipation of high frequencies.

Example 4.11 (Pendulum continued). In what follows the convergence of
the proposed implicit Runge-Kutta methods is investigated when applied
to the pendulum example from before. Thereto, the system is integrated
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TTTTTT T T TTTIT T T TTTTTT T T TTTTT T T TTTIT T T TTTTTT T
I - | Radau ITA(1)
--- Radau ITA(2)
0.75 |+ N Radau ITA(3)
o~ —_— Lobatto IIIC(2)
2 0.5 - Lobatto IIIC(3)
g —— TR-BDF2=TR-6(0)
o — TR-6(0.25)
0.25 |- 1--- TR-6(0.50)
> e TR-0(0.75)
Ol T - TRXe=TR-A(L)

10-* 10 10t 10> 10* 10*

Y

Figure 4.2: Visualized stability functions of the presented stiffly accurate
Runge-Kutta methods.

with different step-sizes h € {5.12- 1072, 2.56 - 1072, 1.28 - 1072, 6.4 -
1073, 3.2-1073, 1.6 - 1073, 8- 10~} and the convergence behavior of the
solutions with respect to an accurate numerical solution computed with
href = 2.1074 is studied. For n = 1,2,..., N let z,,z!* € R" be the
time evolution of a quantity (e.g. € = q or ¢ = u) computed with the
step-sizes h and h™f, respectively. Moreover, assume that x, and z'*f
approximate the values of x at the times t,, = nh. The time evolution
of the error between the simulated and the reference solution is therefore

e® = x, — x'f and the overall simulation error is computed as

N N ng
le®lh =h> " lenlh=hY > lem*l, (4.56)
n=1

n=1k=1

where " is the kth component of the tuple eZ.

For the evaluation of each time-step, a nonlinear system of equations
has to be solved. Therefore, a Newton—-Raphson method was applied with
relative and absolute tolerances of 10714, see (6.17) for details. Moreover,
the time-span of the integration was restricted to ¢ € [0,0.2048]. The
convergence behavior of the discussed Runge-Kutta methods is visualized
in Figure 4.3. The slope of the straight lines indicate the global order of
convergence. The outstanding convergence rates of the Radau ITA methods
are in line with the theoretically obtained convergence results given by [98].
For methods with s > 2 these are given by

qn —q(t,) = 0> and u, —ult,) = O(h%), (4.57)



66 CHAPTER 4. NONSMOOTH PROJECTED RUNGE-KUTTA METHODS
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Figure 4.3: Convergence results of the unprojected (left) and projected
(right) implicit Runge-Kutta methods applied to the pendulum problem.
The legend coincides with the one used in Figure 4.2.

i.e., the convergence order of the velocity components drops to the stage
order s (order reduction). By application of the velocity projection intro-
duced in Section 4.3, the same order of convergence is obtained for the
positions g and velocities wu, i.e.,

wl —u(t,) = O(h* ). (4.58)

Again, this was already theoretically predicted by Jay [98] and demonstrates
the importance of the velocity projection for differential algebraic equations.
Besides that, the numerical solution satisfies the constraint equations as
well as their time derivative up to machine precision.
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4.5 Naive Extension to Nonsmooth Mechanical
Systems

The extension of the presented stiffly accurate Runge-Kutta methods to
nonsmooth mechanical systems requires the quadrature of the measures dg,
du and d7 that are encountered in the measure differential equations (3.1)
and (3.2). Hence, it is now of interest to solve the system of measure
differential inclusions given by

dg = f(t,q,u)dt (4.59a)
du = k(t,q,uw)dt + 1(t, q)dm, (4.59b)
with
ft,q,u) = B(t,q)u+ B(t,q) (4.60a)
k(t,q,u) = M(t,q) ‘h(t,q,u) (4.60b)
I(t,q) = M(t,q)"'W(t,q) (4.60c¢)

and W (t,q) = (W,(t,q) W,(t,q) Wi(t,q) Wr(t,q)). Furthermore,
the system (4.59) is subjected to bilateral and unilateral constraint con-
ditions that are incorporated below. Application of an s-stage implicit
Runge-Kutta method on (4.59) reads

dQ; = hf(1:,Q;,U;), dU; = hk(1;,Q;, U;) (4.61a)
+U(7i, Qi)dIT;

Qi=qn+ ijl a;;dQ; , U = u, + ijl a;;dU;,  (4.61b)

II, ==, + ijl a;;dII;  (4.61c)

o1 =qn + Zzl b:idQi, Up+1 = Up + Z=1 b;dU;,  (4.61d)

S
Tp+1 = Ty + Zi:l bldl-.[l . (4616)
Instead of applying a classical quadrature, e.g.,
s —_— s —
Uit = Un + hzj:i b;dU; and w41 = m, + hzjzi b;dIL;, (4.62)
a version of the quadrature with rescaled measures in the discrete setting is

chosen, as obviously dU; = h a\(jl and analogously for the discrete measures
dQ and dII. This scaling with the time-step is important in order to avoid
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unbounded growth of discrete constraint and contact forces for A — 0. Let
t+h s s -
Am(t;h) = w(t+h) —7(t) = / dm &> bidIL = b bidI; . (4.63)
t i=1 i=1

In fact, if ¢t is a discontinuity point, then Aw(¢;0) # 0 is finite. It is
clear that in the limit A — 0, the right-hand side of (4.63) can only be
finite if Eﬁi — oo for some ¢, which is numerically unfavorable. The
unknowns dII; can exactly represent this finite value and show no such bad
behavior, see [42] for a similar discussion. Hence, the approximation (4.61)
is preferred, as it does not have this issue.

As in the bilaterally constrained case, the internal stages are required
to satisfy the bilateral position and velocity constraints

9(75,Qi) =0,, and ~(7;,Q;,U;) = 0y, (4.64)

for i = 1,...,s. The last open question is, how to enforce the discrete
equivalents to the unilateral constraint conditions for contact and friction.
A possible solution is that each stage is forced to satisfy an integrated
version of Signorini’s law, cf. [41, 42]. With J; = (t,, 73] = (tn, t, +¢;h], for
every contact k =1,...,ny and for every stage ¢ = 1,..., s it is enforced
that®
9% (i, Qi) € NRJ (= f]i dry) ~ N]RO_ (_Aﬂlfv,i) ) (4.66)
where Proposition 2.3 was used (see Proposition 2 of Capobianco et al. [41]),
together with the abbreviation ATy ; = TIx ; — X, = 57—, aidIIy ; ~
J; dmh;. For the discretization of the set-valued friction laws a similar path
is taken. For every contact k =1,...,ny and for every stage i =1,...,s
the integrated friction law
Vg(TZaQ’Lle) ENC’“(I dﬂ'k)(_ fJi dﬂ-f«")
FUJ,; 97N
i . (4.67)
~ NC’;(AH?‘W)( - AHF,i)

is enforced. Therein, the abbreviation AH’fmi = H’f,i — 7k, », Was introduced
with AH’RZ = Zj‘:l aijdH’I%J ~ fJ’i dﬂ?

60ne might be tempt to enforce the discrete version of Signorini’s law using the
discrete percussion measures dH?v i 1€

9N (73, Qi) € Ny (—dII} ). (4.65)

As it will turn out in Example 4.12, this choice leads to non-uniqueness of the contact
forces, even for the simple example of a one-dimensional bouncing ball and in the absence
of friction.
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Let dQ = (dQy,...,dQs) € R*" dU = (dUy,...,dU;) € R and
dIIg = (dIIgy, ..., dIo ) € R*"0, where O € {g,v, N, F'}. The internal
stages can be computed via Q = (1s ® q,) + (A @ 15,,xn,)dQ, U =
(Ls®@up)+(A®1,,xp,)dU and g = (1, @ 70 ) + (A ® 1y xng A0,
With dz = (dQ, dU, dI1,, dI1,) € R¥(atmutngtn) dy = (dy,dIIx) €
Rs(v+nr) and dIT = (dI,,dIL,,dIy, dIIp) € Ré(Motnatna+nr) - each
Runge—Kutta step requires the solution of the system of nonlinear equations
p(dz,dy) = Os(n,+n,4n,+n,), Where

dQ — hF(Q,U)
o(de.dy) = | U~ hK(%,(lé)) — L(Q)dII (4.68)
rQ.u)

The definitions for F', K, L, G and T used therein are already given
in (4.28) and (4.29). The nonlinear equation (4.68) is subjected to the
normal cone inclusions

Prdx) e KFAdy), k=1,....ny, i=1,...,s, (4.69)
where . (.2
Eda) = VT 4.70
and

K () = N (i) % Nowaps, ) (~dpf). (A7)

o
From the quadrature of the percussion measures dmy and dmg, it can be
deduced that

A=A® (1’“”” O”NX"F) , (4.72)

OTLFXTLN 1np><np

which leads to dp = Ady. A detailed discussion of how such a class of
problems can be solved is given in Chapter 6.
Finally, the future positions and velocities are computed as

Gnt+1 = gn+ (bT @1y, an)dQ y Ungl = Up + (bT @ 1n,xn,)dU , (4.73)
while the percussion increments are obtained by
A']TD’n+1 =TMOpt1 — T0On = (bT & lnDXnD)dHD . (4.74)

Since this investigation is restricted on stiffly accurate Runge-Kutta meth-
ods, dnt+1 = Qs, Un+1 = U, and A7"'|:I,s = AHD,7:,+1 = 1_[El,s — TTQO,n are
already available from the last internal stage.
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Example 4.12 (One-dimensional Bouncing Ball). Consider the simple
example of a one-dimensional bouncing ball of mass m subjected to gravity
with acceleration g. Its height is described by the coordinate y and its
velocity is denoted by u. The system can be described by

dy = udt

(4.75)
mdu = —mgdt +dny

and is subjected to frictionless contact with gy = y. Application of an
s-stage stiffly accurate Runge-Kutta method as described in (4.61) results
in the discrete system

dY = h (up1ls + AdU) (4.76a)
dU = —hgl, + LdIly (4.76b)

Y € N (—ALy,) x - x Ny (—Allys)
T (4.76¢)

0<Y LAy >0,
with
Y=y, +AdY, U=u,l,+AdU and Ally = AdIly. (4.77)

Substituting (4.76b) into (4.76a), using dITy = A~TAIly from (4.77) and
introducing w :=Y and z := AIly reveals that the system can be recast
as linear complementarity problem (LCP) of the form

w=Mz+q, 0<wlz>0, (4.78)

with L
M = EA and ¢ =y,ls +hAu,1l; — hgAl,]. (4.79)

According to Proposition 2.21, the LCP (g, M) defined by (4.78) and (4.79)
possesses a unique solution if M is a P-matrix. Since % > 0, this requires
that the coefficient matrix A of the underlying Runge-Kutta method is a
P-matrix. It can be shown, that for all presented Runge-Kutta methods
with invertible coefficient matrix A this condition is satisfied. For the
one- and two-stage Radau IIA methods from Section 4.4 this leads to the
matrices
S5 _ 1
Ar=(1) and A= (2 ") (4.80)
1 1
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Obviously, A; is a P-matrix since it solely contains a single positive real
number. As outlined in Example 2.20, A, is again a P-matrix and hence,
both methods possess a unique solution of the LCP (g, M'). Besides the
methods with invertible coefficient matrices, Section 4.4 also introduced
methods with a first explicit stage. For those methods the values wy and z;
are already known from the previous time-step and satisfy 0 < wy 1 23 > 0.
Hence, it is sufficient to solve the reduced LCP (q, M)

w=Mz+q, 0<wlz>0, (4.81)
defined in terms of
Wo 22 Q2 + a2121
w3 z3 q3 + asi1z
w = . , z=| .1, q= . (4.82)
Ws Zs qs + as121
and
a2 a3 e a2g
__  h h | @32 as3 as
M—"a, -1 ’ (4.83)
m m
as2 As3 ... 0Ogg

Therein, the submatrix A, is defined by the set a = {2,3,...,s}. For
the presented implicit Runge-Kutta methods with explicit first stage, the
submatrix A, is again a P-matrix. And since % > 0, the reduced LCP

(g, M) possesses again a unique solution.

As previously noted, enforcing g% (7, Q;) € NRE (fdﬂﬂc\,ﬂ-) is not ad-
visable. Performing the very same steps as outlined before would lead to
z =dIl and M = %AQ. As shown in Example 2.20, choosing A form
the two-stage Radau ITA method would result in A% not being a P-matrix.
Consequently, M is not a P-matrix and the contact problem described by
the LCP (g, M) from (4.78) does not possess a unique solution for this
method, even for such a simple example and in the absence of friction.

Without loss of generality let m =1, g = 1 and u,, = —1. Subsequently,
two consecutive time-steps from ¢, — t,41 and t,41 — t,42 are inves-
tigated, depending on the initial position y, and the step-size h for the
single- and two-stage Radau ITA method.

Single-stage Radau ITA (backward Euler) Since s = 1, for each
time-step 2° = 2 possible solutions of the underlying LCP have to be
investigated. They will subsequently be labeled by
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e case 1: z; > 0and w1 =0

e case 2: z; =0and w; >0

Since for this investigation two consecutive time-steps are of interest, the
labels are combined, e.g., case 1.2 denotes that in the first time-step
tn — tpy1 case 1 is chosen, while in the second time-step t,+1 — tn42
case 2 is applied. This results in a totality of (2°)? = 4 possible solutions,
depending on the chosen values of y,, and h. Evaluating (4.79) for the
given initial conditions and the single-stage Radau ITA method (backward
Euler) results in

M=h and q=y,—h—h%. (4.84)

All possible solutions can be computed by setting either z; = 0 or w; =0
in the LCP (4.78) and solving for the remaining unknown. Subsequently,
the feasibility of the solution can be investigated. For the first time-step
this gives

o case 1: Feasible for 0 < v, < h + h? with

Yn
h b

Yn

Zhyg=14+h— wh, =0, Ungr = =5 (4.85)

« case 2: Feasible for y,, > h + h? with
Zhi1 =0, wh =y, —h—h*, u,p1=-h-1, (4.86)
but no contact occurs since w},; > 0.

Since the second case does not result in contact, the subsequent investigation
is restricted on the first case only. Application of a similar procedure
subsequent to case 1 with

g=nh (y"h“ + Uny1 — h) (4.87)

results in two feasible combined cases:

e case 1.1: Feasible for h,y, > 0 with

Yn

A 3 Wp42 = 0, Up+1 = 0. (488)

Zn42 = h +

« case 1.2: Infeasible since 0 < y,, < —h? with

Zn+42 = 0, Wp42 = —h* — Yn, Unt1 = 7% . (489)
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Figure 4.4: Feasible initial conditions for the one-dimensional bouncing
ball example solved by two consecutive single-stage Radau ITA steps.

Its clear from this investigation that either no contact occurs (case 2) or
the only feasible combined case 1.1 is obtained, see Figure 4.4. Further it is
remarkable that according to (4.88), the single-stage Radau ITA (backward
Euler) method performs an inelastic impact law over two consecutive time-
steps. This is in line with the investigations of Paoli and Schatzman [138,
139], which investigated the enforcement of impact laws on position level
over two consecutive time-steps.

Two-stage Radau ITA Since s = 2, for each time-step 22 = 4 possi-
ble solutions of the underlying LCP have to be investigated. They will
subsequently be labeled by

e case 1: 21 > 0,20 >0, wy =0and wy =0
e case 2: 21 > 0,20 =0, w; =0 and wy >0
e case 3: 21 =0, 20 >0, w; >0 and we =0
e case 4: 21 =0, 20 =0, w; >0 and we > 0

Similar to the investigation above, two consecutive time-steps are performed.
Therefore, the labels are combined, e.g., case 1.4 denotes that in the first
time-step t,, — t,4+1 case 1 is chosen, while in the second time-step t,1 —
tnio case 4 is applied. This results in a totality of (2%)2 = 16 possible
solutions, depending on the chosen values of y,, and h. Evaluating (4.79)
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for the given initial conditions and the two-stage Radau ITA method results
in

1 Yn Uy, h
7+

5 Un _ h

M=hn['? 2] and q=h L (4.90)
3 h
i Gotun =3

Ll

All possible solutions can be computed by eliminating the known values
from the LCP (4.78) and solving for the remaining unknowns. Subsequently,
the feasibility of the solution can be investigated. For the first time-step
this gives

e case 1: Feasible for 0 <y, < % + % with

2yn h ]

e case 2: Infeasible since 0 > 7%2 — % > yn with

) —36yn+2h>+12h ) 0
p— 5 J—
Zp41 = 16h s Whir = ayagoniqon ) - (4.92)
5

e case 3: Feasible for %2 + % <yn < %2 + h with

3 0 3 12y, —6h—2h%
Fnt1 = (41+2h?4y) S ( 0 > - (493)
h

e case 4: Feasible for y,, > %2 + h with

. 0 . 18y,, —h%2—6h
Zn41 = <0) y  Wpiq = Qyn_th?_Qh ) (494)
2

but no contact occurs, since for feasible initial heights y,, > %2 +h
the second component of w; | is nonnegative.

Since case 2 is infeasible and case 4 does not result in a contact, the subse-
quent investigation is restricted on the cases 1 and 3. Moreover, according
to the feasibility of case 4, an upper bound for the initial conditions that
still results in contact is characterized by

+h. (4.95)

h2
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75
Application of a similar procedure subsequent to cases 1 and 3 with

Yn+1 + Un+41
q=nh ( .

h
3 3
Yn+1 h
Tho TUnt1 T3
results in six feasible combined cases:

(4.96)
e case 1.1: Feasible for 0 < y,, < % with
h%—6y, 0
Zn4+2 = hZEgyn ) Wnp+42 = (0> . (497)
R

s case 1.3: Feasible for %2 <y, < min(h;, %2 + %) with

0 12y,, —2h>
Zn42 = 2h2_8yn 3 Wp42 =
R

; ) . (4.98)

e case 1.4: Feasible for max(h;, %2 +8) <y, < % + & with

0 12y, —h>
Zn42 = <0> y  Wpy2 = 18 .

e case 3.1: Feasible for %2 + % <yn < h; + h with

12yn,—9h—2h2 0
zZ = 3h w. —
n+2 4y, —3h ) n+2
h

0) . (4.100)

(4.99)

o case 3.3: Feasible for max(

h? 3h h2 h h? 3h _ :
T+ ) Syn < %+ 5 with
0 4h?+18h—24y,
Zn+2 = | 16y,—12h—2K% | » Wn42 =
R

8 ) . (4.101)
e case 3.4: Feasible for %2 + % <yn < % + % with

0 5h24+18h—24y,,
Zn+2 = (0) 5 Wp42 = .

h2+61hsfSyn (4.102)
2
All these cases are summarized in Figure 4.5, where a normalized initial

height y,,/y}: is depicted in order to visually remove the domain where no
contact happens in the first time-step.
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I
1 [ |
0.8 |- case 3.1 .
* 2 0.6 [ |
=
3
= 04+ 3. 3 |
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Figure 4.5: Feasible initial conditions for the one-dimensional bouncing
ball example that result in contact, solved by two consecutive two-stage
Radau ITA steps.

For the specific choice h = 3, Figure 4.6 shows the positions y,,+2 and
velocities wu, 12 after two consecutive time-steps of the proposed method for
different initial conditions that result in contact within the first time-step.
It can be observed that only for the cases 1.1 and 3.1 (y,, € [0, 2]U[52, 2]),
the method performs an inelastic impact (y,+2 = tunto = 0) over two
consecutive time-steps. For the cases 1.3 and 3.3 (y, € [3, 3] U3, 29]) the
ball stays on the ground with y,42 = 0 but its velocity u,+2 is negative,
clearly violating physics. Moreover, this violates Proposition 2.2 of [128],
i.e., for closed or penetrated contacts the post impact velocity has to be
non-negative. More dramatically, for the cases 1.4 and 3.4 (y, € [§, &]),
the ball departs from the ground with different velocities. Consequently,
an arbitrary elastic impact law is realized, depending on the chosen initial
height y,,. For specific initial heights v, chosen from the respective cases,
the numerically obtained values are depicted in Figure 4.7, together with the
corresponding collocation polynomial of the two-stage Radau ITA method,
ie., y(tn +7h) = lo(T)yn + l1(7)Y1 + l2(7)Y2 with I; being the Lagrange
basis functions for nodes ¢ = 0 and ¢; from (4.1) for ¢ > 0. Once more, the
observation can be made that the proposed method realizes an arbitrary

impact law depending on the chosen initial height.

Clearly, the naive extension of higher-order implicit Runge-Kutta meth-
ods to nonsmooth mechanical systems is flawed, justifying the name of this
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Figure 4.6: Evolution of positions and velocities after two consecutive
time-steps of the two-stage Radau ITA method with h = 3, different initial
heights ¥, and contact in the first time-step. Positions y,o are drawn by
(—) and velocities up42 by (---).

4 |

th  tpt+crh tnt1l tpe1 +cih tnio

Figure 4.7: Time evolution of position and velocity of two consecutive time-
steps of the two-stage Radau ITA method with different initial conditions
and h = 3. Grid points and internal stages are depicted by bullets and
crosses, respectively. Solid lines show the collocation polynomial. The
colored lines coincide with the regions of Figure 4.5 and 4.6.
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section. The investigated two-stage method does not perform an inelastic
impact law as it is the case for the simple single-stage method. Moreover,
it is not possible to realize an intended elastic impact law. Both results
are not very surprising, since an explicit impact law was never added to
the discrete system. To close this ambiguity, the next section introduces
projected Runge-Kutta methods for nonsmooth mechanical systems. Those
methods are capable to enforce a desired impact law and entirely remove
the discussed ambiguities.

4.6 Nonsmooth Projected Runge-Kutta Methods

The aforementioned ambiguities can be eliminated by application of a
nonsmooth projected stiffly accurate Runge-Kutta method with extended
Butcher tableau already introduced in (4.33). Performing the very same
steps as in the bilaterally constrained case (4.35), for € — 0, the additionally
introduced last stage results in the velocity projection

0ty = Utnt1, @ni1)0mn 11 (4.103a)
Ong = g(tn+17 qn+1, Un41 + 5un+1) (4103b)
0n, = Y(tnt1, @ni1; Ung1 + 0Upy1) - (4.103c)

As in the bilaterally constrained case, the positions g, 11 = Qny1 are
not affected by this projection. The final velocities and percussions are
given by uZH = Up41 + U1 and 71':{+1 = 41 + 07,41, respectively.
Investigating the resulting quadrature formula reveals a decomposition of
the velocity measures quadrature as

ul, =u, + lim / du = u, + / du + / du
e—0

(tn,tny1+eh] (tnstny1) {tnt1}

(4.104)
S
~ Uy + Z bldUl + 5un+1 = Un+1 + 5un+1 .
i=1
Since the percussions are integrated using the same quadrature formula,

a similar decomposition as already seen for the velocities is obtained.
Specifically,

71'2_“ =T, + ilﬂ% / dm =m, + / dm + dm

(tn tnt+1+eh] (tnstn+1) {tn+1} (4105)

~ T, + szdﬂl + (57'l'n+1 = Tpt+1 + (57'l'n+1 .

i=1
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The obtained decompositions beautifully encode that the additional stage
of the nonsmooth projected stiffly accurate Runge-Kutta method can
be interpreted as the missing term of the measure decompositions (3.3)
and (3.5) that accounts for impulsive changes of the velocities u and
percussions 7. Moreover, these impulsive changes are condensed onto the
singleton {t,+1}. The key idea is now to augment this velocity projection
by unilateral constraint conditions on velocity level and incorporate impact
laws for normal and tangent directions over one time-step I, = (tn, tnt1]-

In what follows, it is assumed that if the contact k is active at the
end of the time-step, i.e., k € Apt1 = A(tni1,qn+1), then it has been
active during the whole time-step I, = (tn,tnt1] = lime—o Js41, with
Jo+1 = (tn, s + €] = (tn, tn + (cs + €)h]. Since all the presented methods
share ¢, = 1 this coincides with Js11 = (5, tne1 + €h]. Furthermore, it is
assumed that 55“\, is constant on I, and corresponds to

f]lif,nJrl = gf\r (tne1s Gnat,s u7+L+1) + eIIC\[ g]k{[(tnv qn, uf{) ) (4.106)

which is regarded as a discrete approximation of (3.44) over one time-step,
see [29, 42, 74]. The position and velocity of the system is continuous
between velocity jumps, implying g'jiﬁ' = gj’i,‘ = ¢k, for almost all t. Hence,
in such cases it holds that

(1+eX)in = o8 +ein = E&x (4.107)

and Signorini’s law can be written on velocity level (3.15) using £ 5“\, instead of
g'j“v. Using all these preliminary assumptions, together with Proposition 2.3,
allows to combine Signorini’s law on velocity level (3.15) and the Newton-
type impact law in normal direction (3.45) as (see [41])

5]’%7”4_1 ENRJ(_ f[n dW’ICV) if k GAnJrlv (4 108)
Ozflndwfv if ke Aniq.
Substitution of [, drk ~ Y7 bidIlk, = Y05 bydITk,, + onk, ., =
Aﬂ?vtl“ = ﬂf\;rn“ - 7r1k\,7n = AW?{MH + 67} 1 results in the discrete
impact law. A discussion of how this is done in detail as well as an
interpretation of the integrated contact law can be found in Section 6
of [41].

For the discretization of the set-valued friction laws a similar path is
taken. Using the same assumptions as above, the friction law (3.20) can be
combined with the Newton-type impact law in tangential direction (3.47)
as

€hnir €Noyf an (i, 07F). (1.109)
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where (3.46) is discretized as
slli",n-&-l = 7F(tn+17 qn+1, U’:L_Jrl) + 6];7 ’Yf?‘ (tna dn, UI) (4110)

and the approximation [, dmj ~ St bdIly, = S5 bydIIh +omk, )
Akt Kkt koo k k :
=ATE ) =T — Ty = ATp g + 07,4 IS used.

Let © = (6pt1,0Tgnt1, 07y nt1) € R4 and y = (0mynt1s
O pnt1) € R* T The proposed nonsmooth projection stage is given
by solving the linear system ¢ (x,y) = 0y, +n,+n,, Where

MnJrl _%,n+1 _Wy,n+1 6“n+1

(P(m’ y) = _‘/V;,I?‘H*l Ongxny O”gxn’v 67l'g7n+1
_WY’,I‘n+1 O”vxny O”'VX"'Y 571-77n+1 (4 111)
WN,n+167TN,n+1 + %,n+157rF,7L+1
- 9(tnt1, a1, Wnt1) )
Y(tnt1, @nt1, Unt1)
subject to the normal cone inclusions
P (x) e KF(y) for ke Ay, (4.112)
Therein, the left-hand side of the inclusion reads
k €N nt1
vi@ = (g (4.113)
Fn+1
and the set is given by
k k k
KE(y) = N (—ATR 1) X Ncg(mmﬂ)(fmrﬂ“) : (4.114)

Moreover, the percussion differences Aﬂjk\,fnﬂ = Aﬂﬁ“v’nﬂ + 6#5“\[’““ and
Aﬂ'?ﬁlﬂ = Aﬂ'?nH + (571'}?!““ are used.

Putting it all together, the naive approach introduced in Section 4.5
can be combined with the above discussed velocity projection resulting in
the overall nonsmooth projected stiffly accurate Runge-Kutta method that
is summarized in Figure 4.8.

Example 4.13 (One-dimensional Bouncing Ball continued). Using the non-
smooth projected stiffly accurate Runge—Kutta methods introduced above,
the example of the one-dimensional bouncing can be solved without any
issues, see Figure 7.1. Furthermore, in Section 7.1, the rotating bouncing
ball is investigated in more detail, continuing this simple investigation.
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Nonsmooth projected stiffly accurate Runge—Kutta

Stage 1: Solve the nonlinear system

dQ; = hf(7:;,Q:,U;),  dU; = hk(r;,Q;, U;) + U(7i, Q;)dIL;,
Ong :g(TiaQi>v On,y :7(Ti7Qi7Ui)7

fori =1,...,s, where 7; = t,, + cih, Qi = @ + >_;_, 0;;dQ; and
U, =u, + 2;21 a;;dUj}, subject to the normal cone inclusions

< Tiy, &i
(’ngé\;ga Qi?l)ﬁ)) € Ny (=diy.s) X Neg aug, ) (—dpk)

for k =1,2,...,ny and i = 1,...,s, together with du = Ady,
dy = (dIly,dIIr) and

A:A® (]-nNXnN OnNan) .

O’I’LFX’I’LN ]-TLFX’I’LF

Set g1 = Qs and w11 = Us.
Stage 2: Solve the linear system

M,rw —Wynt1r —W, 0Up 1
_%;n+1 0"9 XTng O”g X7y 57Tg,n+1
_W‘/,n-i-l O"W XTng Onw R, 571-77”"'1

WN 410N 1 + We 10T F g1
= g(tﬂ+17qn+17un+1) 3
Y(tnt1; @na1, Unt1)

subject to the normal cone inclusions

61’% +1 k4 i
< ?n-&-l € Np- (—ATR41) X NC?(AWEZH)(_ATFR”H)
7" y

for k € Apyi. With wl, = wnpq1 + 6upyr and Amf, =
>i_; bydIL; + 67,41, the involved kinematic quantities are given by
§§7n+1 S g];{/'(tn+17 qn+1, ur-tJrl) + eﬁc\f g?\f(tn’ qn, u:) and sg,n—i-l =
7F(tn+1a dn+1, u:+1) + 6'1“: 'YJI!C:‘(tnv dn, u;‘;)

.

J

Figure 4.8: Summary of nonsmooth projected stiffly accurate Runge-Kutta
methods.






CHAPTER 5

Nonsmooth Partitioned
Runge—Kutta Methods

The Eminent Professor asked us what
method of integration we had tried.
“Runge—Kutta,” we replied. “Runge—
Kutta! Runge-Kutta!” he exclaimed,
banging his head. “That’s all you physi-
cists know!”
— William Henry Press,
Saul Arno Teukolsky

As outlined in the previous chapter, the extension of higher-order Runge—
Kutta methods to nonsmooth mechanical systems requires the introduction
of an additional velocity projection stage in order to ensure that the desired
impact laws are satisfied within each time-step. Such a projection stage
was motivated by projected Runge-Kutta methods for differential algebraic
equations. Another approach that ensures that constraint conditions are
satisfied on position and velocity level are so-called partitioned Runge—
Kutta methods. Classically, these methods are used for the simulation
of Hamiltonian systems, due to their excellent long-term energy behavior.
The extension of these methods to nonsmooth mechanical systems will
be investigated in this chapter.! For mechanical systems with trivial
kinematic differential equation ¢ = w, a similar method is already proposed
in [42], based on an early draft of the nonsmooth RATTLE algorithm [29].
As it will turn out, the latter is a special case of the two-stage Lobatto
TITA-TIIB method, which is proposed herein along with other prominent

ITo keep this chapter self-consistent and only based on a minimal number of required
concepts, some argument from the proceeding chapter are recapitulated here.
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examples belonging to the class of partitioned Runge-Kutta methods. Their
numerically observed order of convergence applied to differential algebraic
equations will be investigated within the already introduced pendulum
example at the end of the chapter.

5.1 Partitioned Differential Equations

To introduce the basic properties of partitioned Runge-Kutta methods
when applied to ordinary differential equations, this section focuses on
mechanical systems of the form M (¢, q)u = h(t, g, u), i.e., systems without
bilateral or unilateral constraints, as presented in Chapter 3. Consequently,
the kinematic relation (3.1) and the equality of measures (3.2) can be recast
as

q = f(t7qau) ) f(ta q7u) = B(tv q)“ =+ ﬁ(t7q) (51&)
=k(t,q,u), k(t,q,u)=M(t,q) ‘h(t,q,u). (5.1b)

The idea of partitioned Runge—Kutta methods is to integrate both equations
using two different Runge—Kutta methods, i.e., treat the g-variables with
the first method (a;j,b;,¢;) and the wu-variables by the second method
(Gij, bi, ¢i), see Section I1.16 in [84]. Such methods were originally proposed
for the solution of differential equations that can be split into stiff and
nonstiff parts [77, 91]. The authors applied an explicit method to the
nonstiff part and an implicit method to the stiff part of a system of
differential equations. Moreover, it is commonly assumed that ¢; = ¢&;, which
can be shown to be a necessary condition for second-order convergence,
see [84].

Let 7, = t,, + hc;, application of a partitioned Runge-Kutta method
o (5.1) reads

Q; = f(1,Qi,U;), Ui =k(7:,Q:,U;), (5.2a)
Q. =q,+ th:l aiij , = U, + hz a” 5.2b)
Gnt1 =Gn + hZi:l biQi , Upt1 = Up + hzi:1 Ui (5.2¢)

Introducing the solution tuples Q@ = (Q1,...,Qs) € R and U =

(Uy,...,U,) € R*™, the internal stages can be computed via Q =
1: ® qn) + h(A® 1nqan)Q and U = (1, ® up) + h(A @ 1,,, %0, )U.
Consequently, each Runge-Kutta step requires the solution of s(ng + n.,)
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nonlinear equations?
Onin, =@ U) = (§ R @D (53)
where
f(m,Q1,Uy) k(r1,Q1,Uy)
F(Q7 U) = and K(Qa U) = .
f(TsastUs) k(Tsstst)
(5.4)

Finally, when the above system is solved successfully, the future positions
and velocities can be computed a posteriori as

Qn+1 =qn + h(bT 02y 1nq><nq)Q (55&)
Uny1 = Un + (DT ® Ly, w0, )U . (5.5b)

5.2 Bilaterally Constrained Systems

As different works suggest, see e.g., [85] and [99], partitioned Runge-Kutta
methods show very beneficial properties for the solution of constrained
(Hamiltonian) systems. Hence, the ODE system defined in (5.1) is extended
as

q = f(tv q, 'LL) (56&)
u=k(t,q,u)+ Ut q)7, (5.6b)

where
U(t,q) = M(t,q)"'W(t,q) and W(t,q) = (W(t.q) W, q))(~ |
5.7

Further, the system (5.6) is now subjected to the bilateral constraint
conditions (3.6), i.e.,
g(ta Q) = Ong (58&)

21t is noteworthy to mention that in the case of a non-constant mass matrix M (t, q)
that depends on the generalized coordinates g, the solution of the time discretized
system (5.2) can be significantly simplified (differentiation of M (t,q)~! with respect
to g is not required), by application of Runge—Kutta methods to implicit differential
equations as originally proposed by Ascher and Petzold [17] and outlined in great detail
in Section 5.3.5 of Fabien [61]. The same argument applies for all subsequent extensions
of this method.



86 CHAPTER 5. NONSMOOTH PARTITIONED RUNGE-KUTTA

The corresponding partitioned Runge-Kutta method reads

Qi = f(7,Qi, Uy, U; = k(7:,Q;,Uy) (5.9a)
+ (7, Qi)

Qi ZQn+th:1 aiija —'U,"—th al] 59b)

Gnt1=Gn +h Zi:l biQi , Upy1 = Up + hzizl biU;,  (5.9¢)

T = +hY B, (594)

where the Lagrange multipliers of the individual stages II; = (I, ;, IL, ;)
are defined by the constraint equations

(TiaQi): n, for i=1,....s (5.10a)
(Tz7Qza ’L) = for i= 1, ..., 8. (510b)

Jay [99] and Hairer et al. [85] were interested in symplectic methods for
constrained Hamiltonian systems. Although the mechanical systems from
Chapter 3 are not assumed to be Hamiltonian, the presented analysis is
beneficial for general constrained mechanical systems. Hence, the investi-
gations on symplectic partitioned Runge-Kutta methods are subsequently
extended to general constrained mechanical systems. For Hamiltonian
systems a symplectic partitioned Runge-Kutta method is obtained by
restricting the given Butcher tableaus by the subsequent theorem.

Theorem 5.1 (Suris [172] and Sanz-Serna [157]).3 If the Butcher tableaus

(aij, bi, Ci) and ((?L,’j, BZ‘, él) satisfy

=b; for i=1,...,s (5.11a)
0

b
b; for i,j=1,...,s, (5.11b)

bi&ij + l;jaji —b;
then the method (5.3) is symplectic.

Therein, equation (5.11a) indicates that both quadrature formulas share
the same weights. Since second- and higher-order convergence requires
¢; = &, both quadrature formulas coincide. Moreover, the positions q are
assumed to be integrated by a stiffly accurate Runge—Kutta method, i.e.,

asj:bj for j=1,...,8, (512)

3See also Hairer et al. [84], Theorem 16.10.



5.2. BILATERALLY CONSTRAINED SYSTEMS 87

which implies gn,+1 = Qs, see Definition 4.5. By condition B(1) this
further implies )_7_, b; = 1. Due to the consistency condition C(1), i.e.,
ci = Zj‘=1 aij, also 7y = t, + h = t,41. Consequently, the bilateral con-
straint conditions g(t,11,¢gn+1) are automatically satisfied by the method.
Assuming nonzero b;, condition (5.11a) and (5.11b), together with (5.12)
further imply

Gis=0 for i=1,...,s. (5.13)

Thus, the velocities U, no longer depend on the Lagrange multipliers IT.
Since these multipliers are involved in the computation of w1 the idea is
to determine Il by additionally enforcing the constraint conditions

g(tn+17 qn+1, unJrl) = Ong and 'Y(thrh anrlaunJrl) = On,y 5 (514)

see [10, 99, 110]. In order to obtain a solvable system, the authors in [85, 99]
additionally impose the condition

a;; =0 for j=1,...,s, (5.15)

so that Q1 = g, and with ¢; = 25:1 a1; = 0 also 7y = t,,. Assuming
consistent initial conditions this implies (5.10a) to be automatically satisfied
for the first stage, i.e., g(11,Q1) = g(tn,qn) = Op,. Hence, only the
remaining constraints

9(7,Qi) =0,, for i=2,...s (5.16)

are enforced. Although there might be different possibilities how to deal
with the bilateral constraints on velocity level (5.10b), the analogous
procedure is chosen. Specifically,

’Y(Ti,Q%Ui):OnW for 1=2,...,8 (517)
is enforced.* By (5.11b) and assuming nonzero b;, condition (5.15) further

implies
&1‘1:()1 for iZl,...,S. (518)

4This step requires some special attention. For i = 2, ..., s, the constraint equations
g(7i, Q;) and v (73, Qs, U;) are enforced by the Lagrange multipliers IT;_;. Consequently,
an index shift is present between the constraint equations and the corresponding Lagrange
multipliers. Keeping this in mind is of crucial importance for the subsequent extension
of the proposed method to nonsmooth mechanical system and will be investigated in
Example 5.2.
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In conclusion the above discussed requirements result in Butcher tableaus
of the form

c1 =0 0 0 e 0 0
C2 a21 22 cee az.s—1 a2s
c| A
— = (5.19)
b Cs—1 as—11 As—1,2 ... 0(Gs—15-1 GAs—-1s
Cg = 1 b1 b2 e bsfl bs
by ba . bs_1 b
and
Cc1 = 0 bl &12 ‘e &173_1
C2 by a2 ... G2
= . (5.20)
b Co—1 | b1 Gs—12 ... Gs—15-1 O
Cg = 1 bl &32 ce as’5,1 0
by b . bs_1 bs
Introducing two novel solution tuples I, = (I,,,..., Hgé) € R*"

and IL, = (TL, 1, ... ,.ILI%S)_E R*" that are gathered in II = (I1,,IL,) €
R*(o+t7%) and with X = (Q, U, II) € R¥(Matnutnstna) each time-step of
the presented partitioned Runge—Kutta methods requires the solution of

the system of nonlinear equations ¢(X) = Os(ny+ng+ng+n,), Where

. Q-FQU)
X)) =Y~ K(Qé(%)* Lo (5.21)
rQ.,u)
Therein, the abbreviations
F(m,Q1,Uh) k(r1,Q1,Un)
F(QU)= : ,  K@QU)= :
F (75, Qs Us) k(7s, Q5. Us) (5.22)
I(m1,Q1)
L(Q) = :

U7, Qy)
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and
g(m2,Q2) ¥(72,Q2,Us)
G(Q) = 5 ., T(Q.U)= f
Q(TS,QS) ’Y(TSstaUs)
9(tns1, Gnr1, Unyr) Y(tnt1s Qg Unt1)
(5.23)
were used.

5.3 Extension to Nonsmooth Mechanical Systems

The extension of the presented method to nonsmooth mechanical systems
requires the quadrature of the measures dq, du and d7r that are encountered
in the measure differential equations (3.1) and (3.2). Hence, it is now of
interest to solve the system of measure differential inclusions given by

dg = f(t,q,u)dt (5.24a)
du = k(t,q,w)dt +I(t, q)dw, (5.24b)
with
f(t.q;u) = B(t,q)u+ B(t, q) (5.25a)
k(t,q,u) = M(t,q) *h(t,q,u) (5.25b)
Ut.q) = M(t,q)"'W(t,q) (5.25¢)

and W (t,q) = (W,(t,q) W,(t,q) Wix(t,q) Wie(t,q)). Moreover, the
system defined by (5.24) and (5.25) is subjected to bilateral and unilateral
constraint conditions that are incorporated below. Adopting the procedure
introduced in Section 5.2, this results in the nonsmooth partitioned Runge—
Kutta method

dQ; = hf(1:,Q;,U;), dU; = hk(7;, Q;, U;) (5.26a)
+U(7i, Qi)dIT;

Qi=qn+ ijl a;;dQ; . U = u, + Z‘;:l a;dU; ,  (5.26b)

IL =, + ijl ai;dII; | (5.26¢)

Gn+1 = qn + Z::1 b:idQ; , Upy1 = Uy + Z;l b, dU;,  (5.26d)

Topr =T+ 3 bidll. (5.26)
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Similar to the nonsmooth projected stiffly accurate Runge-Kutta methods
from the chapter before, the application of a classical quadrature is replaced
by a version of the quadrature with rescaled measures in the discrete setting,
see (4.62) and (4.63) and the corresponding discussion.

As in the bilaterally case, the internal stages are required to satisfy the
bilateral constraints (5.16) and (5.17), while the final stage is forced to
satisfy (5.14). Specifically,

9(75,Qi) =0,, for i=2,...s (5.27a)
¥(1:,Q:,U;) =0, for i=2 ... s (5.27b)

~

as well as

g(tn+17Qn+17 un+1) = Ong and 7(tn+17 dn+1, unJrl) = Ona, . (528)

The last open question is, how to enforce the discrete equivalents to the
unilateral constraint condition for contact and friction. In analogy to the
bilateral constraints and as proposed by Capobianco et al. [42], all but the
first internal stage are forced to satisfy a discrete version of Signorini’s law.
Specifically, for every contact £ = 1,...,ny and for every stage i = 2,...,s
it is required that?®

95 (71, Qi) € NR; (*dﬂﬂc\f,@‘—ﬂ : (5.30)

Therein, an index shift is present between the evaluation of the contact
distances gf“v and the descrete percussion measures dHlfV, as already observed
in the case of bilateral constraints before. A similar index shift is present
in the methods proposed in [42] and will be investigated in Example 5.2.
Up to now, the percussions 7y 41 are unspecified. Thereto, using
the same arguments from Chapter 4 and in analogy with the bilateral
constraints, additionally the time derivative of the unilateral constraints will
be enforced. Moreover, a possibly elastic impact law will be incorporated.
In what follows, it is assumed that if the contact k is active at the end
of the time-step, i.e., k € A,11 = A(tn+1,qn+1), then it has been active

5In analogy to the previous chapter, one might be tempt to enforce the discrete
version of Signorini’s law using the percussion differences AH'}V i1y e

g% (m,Q) € NRJ (—AIR,; ). (5.29)
As demonstrated in Section 7.7, this choice leads to an order reduction in the subsequently

proposed family of Lobatto IIIA-IIIB methods and is therefore not recommended. The
same applies to the discrete friction laws proposed below.



5.3. EXTENSION TO NONSMOOTH MECHANICAL SYSTEMS 91

during the whole time-step I, = (tn,tn+1]. Furthermore, it is assumed
that €% is constant on I,, and corresponds to

N 1 = 98 (tnst, @1, Ungr) + b G (tns oy ) (5.31)

which is regarded as a discrete approximation of (3.44) over one time-step,
see [29, 41, 42, 74]. The position and velocity of the system is continuous
between velocity jumps, implying gﬁf = g]’“( = g'?v for almost all ¢t. Hence,
in such cases it holds that

(1+eX)gn = dn" +ehin =&n (5.32)

and Signorini’s law can be written on velocity level (3.15) using £%; instead of
g%:. Using all these preliminary assumptions together with Proposition 2.3,
allows to combine Signorini’s law on velocity level (3.15) and the Newton-
type impact law in normal direction (3.45) as (see [41])

ERrmi1 € Ne= (= [, dnk) if ke A, (5.33)
Ozflndﬂfv if k¢ Apgq.
Substitution of [, daf ~ Y7_ bidlly, = Axg 11 = Thoi1 — Tm
results in the discrete force law. A discussion of how this is done in detail
as well as an interpretation of the integrated contact law can be found in
Section 6 of [41].

For the discretization of the set-valued friction laws a similar path is
taken. Using the same assumptions as above, the friction law (3.20) can be
combined with the Newton-type impact law in tangential direction (3.47)
as

€t € Nc;g(fln ant) (= Jr, A7k, (5.34)
where (3.46) is discretized as
€§,n+1 = Yr(tnt1, Qnt1, Unt1) + 6]1? ’Yf:(tn, qn, Up) (5.35)

and the approximation [, dmj ~ 307, bidll}, = A7,y = 7,0 —

ﬁlgﬂyn is used. Moreover, for every contact k = 1,...,ny and for every stage
i=2,...,s the discrete friction law
(73, Qi, Us) € Nc’;;(dn’;vyifl)( —dI}, ) (5.36)

is enforced, which is in line with the bilateral constraints (5.17) and the
method proposed in [42].
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Let dQ = (dQ,...,dQs) € R dU = (dUy,...,dU,) € R
and dIlg = (dIIg;,...,dIIg,) € R*"0 denote the tuples of unknowns,
which are gathered in dz = (dQ,dU,dII,,dIL,) € R*(Matnutnstns) and
dy = (dlIy,dIIp) € Rs(nv+nr) A single time-step t, — t,41 of the
presented method is given by solving the system of nonlinear equations
p(dz,dy) = Os(n, +n,+n,+n, ), Where

dQ - hF(Q,U)
o(de.dy) — | U~ hK(%(l(JQ))— L(Q)m | (5.37)
rQ,U)

where the definitions for F, K, L, G and T are already given in (5.22)
and (5.23). The nonlinear equation (5.37) is subjected to the normal cone
inclusions

PFdx) e KM(Ady), k=1,...,n,, i=1,...,s, (5.38)

where

k k(r O,
wg(dx)sz,;{::i) and wf(dm):(vgé\;g”(’g?gi)) (5.3)

fori=1,...,s — 1. Moreover,

KE(dp) = N (—dp ) X Nog s, ) (—dpk;) and dp = Ady. (5.40)

o
From the quadrature of the percussion measures dmy, dmp defined in (5.26),

due to the special structure of the coefficient matrix A, given in (5.20),
and using the inclusions (5.30), (5.33), (5.36) and (5.34), it can be deduced

that
1s—l><s—1 Os—l ]-n xn On Xn
A:< )@(N N NATE ) 5.41
bE bs OnFXnN ]-nFXnF ( )
where 8 = {1,2,...,5 — 1}. When alternatively, the inclusion (5.29) is
enforced, together with a similarly integrated friction law, this leads to

A: (ABB 05—1) ® <17LN><7LN Oannp> ) (542)

bE bs OTLFXTLN 17’LF><TLF

A detailed discussion of how the nonlinear equation (5.37) subject to the
normal cone inclusions (5.38) can be solved is given in Chapter 6.
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Example 5.2 (One-dimensional Bouncing Ball revisited). Subsequently,
the one-dimensional bouncing ball Example 4.12; already discussed in
the previous chapter, is revisited. Application of an s-stage nonsmooth
partitioned Runge-Kutta method as described in (5.26) and enforcing the
unilateral constraint conditions (5.30) and (5.33) results in the discrete
system

dYy =h (unls + AdU) (5.43a)
dU = —hgl, + LdIly (5.43b)
Y, € NRE (—dIIn 1) (5.43c)
Y; € NRJ (—dIn s—1) (5.43d)
n S N - *A n f Y‘; S 0
ENntr € Np- (ZATN 1) i (5.43¢)
0=A7TNRpt+1 otherwise .
Therein, {n,pt1 = Unt1 + enuy and the quadratures are given by
Y =y,l,+ AdY and U =u,l,+ AdU (5.44)
as well as
Upy1 = b dU and Amn,i = b dIy. (5.45)
Introducing the two tuples
Y2 dHN,l
w — : . 2= : — <ls—é;8—1 02—1) dIT  (5.46)
Ye dHN,s—l B s
gN,nJrl A’/TN,nJrl A

and by assuming Y; = 0, the normal cone inclusions (5.43c)—(5.43¢) can
be written as the inequality complementarity

0<wlz>0. (5.47)

Let a = {2,3,...,s} and use dIT = A~ ' 2. Substituting (5.43b) into (5.43a)
and the result into (5.46) reveals

Yn
Yn S

ENUn
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with
Yn
. Aao 1 —1
q= : + hu, T |14 —hgBl, and M = —BA . (549)
Yn 05 m
ENUnp

Due to the special structure of the Butcher tableaus (5.19) and (5.20), the
matrix B can be written as

_ Aao A Os_1xs _ hAoonﬁ 051
B () ar (%) - (e %),
Consequently, with Y; = 0, equation (5.43) can equivalently be stated as
linear complementarity problem
LCP (¢, M) +<— w=Mz+gq, 0<wlz>0. (5.51)

As shown in (2.48), the inverse of A can be computed using block Gaussian
elimination yielding

-1
— 1 —1xs—1 Os—l lsflxsfl 0571
Al = ( ° ) = ( ) : 5.52
bl R )
Finally, the matrix M, required for the LCP (g, M), can be computed as
_ 1 -1 _ 1 hAavoﬁ 051
M = mBA = ( o, 1 . (5.53)

Investigation of the structure of M gives more inside into the problem. On
the one hand, this reveals that the last stage can be computed independently
from the previous stages ¢ = 1,...,s — 1. This is similar to the velocity
projection introduced for the nonsmooth projected stiffly accurate Runge—
Kutta methods from the previous chapter. On the other hand, it enables
an investigation of the (unique) solvability of the linear complementarity
problem. According to Proposition 2.21, the LCP (g, M) possesses a
unique solution if M is a P-matrix. From Definition (2.19) it is clear that
it is sufficient to investigate if the upper-left block of M given by

— )
M="A,A, 54
—AasAep (5.54)

is itself a P-matrix. It can be demonstrated by numerical evaluations
that this is the case for all subsequently proposed combinations of Butcher
tableaus and is independent of the nonnegative factor % > 0.
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The proposed nonsmooth partitioned Runge-Kutta methods enforce
the unilateral constraint conditions (5.30) and (5.36) with a yet unmoti-
vated index shift between the kinematic quantities and the scaled discrete
percussion measures. Repeating the derivations above without this index
shift, i.e., enforcing Y; € N]Rg (—dIly,;) for i = 2,...,s, would result in the
matrices

_ 1T 1
A:(051 151X51> and A1:<1 by Oa b1 >7 (5.55)

T
bl ba s—1xs—1 0371

where (2.49) was applied for computing the inverse. For this case, numerical
evaluations reveal that M is no longer a P-matrix for the specific methods
that will be introduced below. Consequently, the numerical solution of the
LCP (g, M) does not possess a unique solution for this simple problem,
leading to an ill-posed integration method.

Using the alternative discrete contact law proposed in (5.29), involving
integrated percussion differences, results in the matrices

_ Aﬁﬁ 051 _ Aaﬁ 051
A= ( bg b, ) and A= ( bg b, . (5.56)

for the shifted and non-shifted case, respectively. Performing similar steps
as outlined above leads to another LCP (g, M). Numerical evaluations
show that for s > 3, the non-shifted method does not possess a unique
solution since the corresponding matrix M is not a P-matrix. For the
two-stage method, both variants lead to a matrix M that belongs to the
class of P-matrices and hence results in a uniquely solvable LCP (g, M).

To conclude this section, the overall nonsmooth partitioned Runge—
Kutta method, used in the subsequent numerical experiments, is summa-
rized in Figure 5.1.

5.4 Butcher Tableaus of Selected Methods

In order to complete the description of the above introduced nonsmooth
partitioned Runge-Kutta methods, the yet unknown Butcher tableaus
have to be specified. Therefore, this section introduces a selection of
well-established Butcher tableaus, together with their most important
properties.



96 CHAPTER 5. NONSMOOTH PARTITIONED RUNGE-KUTTA

Nonsmooth partitioned Runge—Kutta

Solve the nonlinear system

dQ; = hf(7:i,Q:, Uy)
dU; = hk(1;, Qi,U;) + (7, Q;)dIT;

fori=1,2,...,s, where 7; = t,, +c;h, Q; = qn + Z;Zl a;;dQ; and
U; = uy + 5, 4;;dU;. For i =2,...,s, the system is subject to
the bilateral and unilateral constraints
g(Tini) :Onga ’Y(THQ%UZ) :Onﬂ, for i:27"'78
k
gn (76, Qi) _arrk. _arrk
(’va(ﬁ'y Q.. U) € N}Rg( dHN,z—l) X NCI’fﬂ(dl'IfV’i_l)( dHF,z—l) )

where k£ = 1,...,ny. Further, with g,11 = Qs, Upr1 = u, +
i, b;dU; and Am,yq =Y, b;dIL;, it has to be enforced that

9(tn+1, Gnt1, Unt1) = 0ny . Y(Ent1, Gng1, Unt1) = Op,

6?\7 n+1 k k
(gllg‘m+1 € N]Ra (_AWN,'I’L—i—l) X NC?(Aﬂg’nJrl)(_AﬂF,n-&-l) ’

for k€ Apyq.

Figure 5.1: Summary of nonsmooth partitioned Runge-Kutta methods.

Lobatto ITTA-IIIB

A prominent example, satisfying all the aforementioned requirements, is the
pair of Lobatto IIIA and ITIB methods, respectively used for the tableaus
(@ij, b, c;) and (@, bi, ¢;). Both methods share their quadrature points
and weights, i.e., ¢; = & and b; = b;. According to [84], for an s-stage
method, the nodes are given by the roots of the polynomial

d572
= dcs—2

f(o) (" He—1)71). (5.57)
The corresponding weights b; are determined by the simplifying assump-
tions B(2s — 2). The remaining coefficients for Lobatto IIIA can be
computed from solving s linear systems defined by C(s). Since the method
is stiffly accurate it follows b; = as;. The coefficients for Lobatto IIIB
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1 1
0/0 0 0 . I
105 1 _1 2 111 1
2124 3 24 1 2|6 3
12 1 2 105
115 5 & 1 llg ¢ 0
12 1 2 102 1
6 3 6 6 3 6

Table 5.1: Butcher tableaus for two- and three-stage Lobatto IITA (a) and
Lobatto IIIB (b) methods.

can be computed from solving s linear systems defined by D(s). Specific
Butcher tableaus for both methods and s = 2,3 are given in Table 5.1.
The tableaus for s = 4,5 can be found in [100].

Example 5.3 (Pendulum continued). The investigations from Example 4.9
are continued with the proposed partitioned Runge-Kutta methods. In
contrast to the unprojected Runge-Kutta methods, proposed in the previous
chapter, these methods enforce the constraint equations on position and
velocity level up to machine precision. Hence, no additional velocity
projection is required since this is already incorporated into the method.

Since the proposed Lobatto IITA-IIIB methods can be applied with an
arbitrary number of stages s, it is interesting to continue the convergence
analysis from Example 4.11 with those methods. Their convergence behav-
ior is visualized in Figure 5.2. The slope of the straight lines indicate the
order of convergence. The outstanding convergence rates of the Lobatto
IITA-TIIB methods are in line with the theoretically obtained convergence
results given in [99]. For methods with s > 2 the global errors satisfy

qn — q(t,) = O(h*7?) and wu, —u(t,) = O(h*7?). (5.58)

Hence, no order reduction takes place for constrained mechanical systems,
making these methods well-suited for such class of problems under the
assumption that the system is not too stiff, see [99]. As investigated later
in Section 7.5, violating this assumption will results in serious step-size
restrictions. Specifically, in order to get a stable discrete system, the
step-size has to be chosen relatively small, compared to the stiffly accurate
Runge-Kutta methods presented in Chapter 4.
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Figure 5.2: Convergence results of the partitioned implicit Runge-Kutta
methods with Lobatto ITIA-ITIB tableaus and stages s = 2, 3,4 applied to
the pendulum problem.

Nonsmooth RATTLE

The two-stage Lobatto ITTA-IITB method presented above deserves special
attention. Besides a scaling factor of %, applied to the Lagrange multipliers
in the discrete contact and friction laws, this method exactly coincides
with the nonsmooth RATTLE algorithm presented in [29]. Moreover, it is
the simplest partitioned method that simultaneously enforces bilateral as
well as unilateral constraints on position and velocity level and allows to
incorporates an elastic impact law. Inspecting the two-stage tableaus in
Table 5.1 reveals 7y = t,,, m =t, + h = tpy1, Q1 = @, and Uy = Uy =:
Uy, 41/2. Substituting the other quantities from the Butcher tableaus results
in two discrete systems. The first one is given by

U p1/2 = Un + 5K (s @ns Ung1)2) + 3L, gn)dTT (5.59a)
dni1 = Gn + & (F(tn, @ns Ung1/2) + Fltns1s Gugt, Uni1s2))  (5.59b)
0, = 9g(tnt1,qn+1) (5.59¢)
0n, = Y(tnt1, Qny1s Unt1/2) (5.59d)
% (tns1, Qna1) € Ne- (—dik ), k=1,....ny (5.59%)
Vi (tnt 1 1 Ung1ja) € Nokamy, ) (—dg) . k=1,...,nx (5.59f)
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and enables the evaluation of the set of active contacts A,11 = A(tn+1, Gnr1)-
Subsequently, a second (velocity) stage solves the system

Unt1 = Upi1/2 + 2k(bnt1, @ngt, Uns1/2) + 2(Ent1, @ngr)dII - (5.60a)

Ong = g(tn+1a dn+1, uﬂ+1) (560b)
Onw =Y(tn+1, Gnt1, Unt1) (5.60¢)
N1 € Nes (—ATR g1) ik € A (5.60d)
0= Aﬂ']k\,m_,’_l if k ¢ Anp1
k k i
EFnt1 € NC?(AWQ”H)(_AﬂF’"“) it k€A (5.60e)
0= Aﬂ-?‘,rﬂrl if k ¢ An-i-l y

where A, = %dHl + %dHQ. It is noteworthy to mention that the
presented nonsmooth RATTLE algorithm is decomposed into two inde-
pendent stages, which reduced the computational costs of the algorithm
significantly. First, solve (5.59) and subsequently (5.60), which consists of
a linear system subject to normal cone inclusions, very much related to the
velocity projection of Section 4.6.

Shifted Moreau

Besides the presented Lobatto IITA-IIIB methods, other possible Butcher
tableaus can be applied to the presented nonsmooth partitioned Runge—
Kutta methods. Thereto, the requirement of a stiffly accurate first method is
dropped. This implies that the bilateral and unilateral constraint conditions
are not satisfied on position level. Moreover, in the case of an explicit
method, the active constraints k € A,41 are determined by an explicit
prediction. The most simple choice is given by using twice the explicit
Euler method, defined in terms of the tableau

(5.61)

Since this Butcher tableau consists of a single explicit stage, the resulting
method performs an explicit prediction of the positions and the set of
active contacts, i.e.,

qn+1 =qn + h.f(tnv qn, un) and An+1 = A(tn+17 Qn+1) y (562)
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respectively. The velocities and Lagrange multipliers are subsequently
computed in accordance with

Upi1 = Uy + hk(tn, @n, wn) + Uty, @n) AT, i1 (5.63a)
O’ng =g(tns1, Gny1, Uny1) (5.63b)
O7w - V(tn+la dn+1, u’n+1) (563C)

X1 € NR;(—M%,M) if k€ Ania (5.63d)
0~ Ark,, g A

Ehni1 € NC?(AM’%@H)(_AW?”H) i€ dnp (5.63¢)
0= Aﬂ'%’n+1 if k ¢ An+1 .

Astonishingly, the resulting method exactly coincides with the shifted
Moreau scheme presented in [40]. A closer inspection of the method (5.63)
reveals that the classically used Moreau’s mid-point rule can easily be
recovered by the subsequent arguments. Let g, denote the positions
of the mid-points of the classical Moreau scheme. Starting the time
integration with the positions qo = q(to) — 2 f (o, q(to), u(to)) results
exactly in Moreaus mid-point rule, where the numerically obtained values
of @, coincide with g, /2 of Moreau’s mid-point rule, cf. [74, 130]. The
true positions at the grid points, denoted gq;;, can be computed a posteriori
to a numerical simulation via q} = g, + %f(tn, qn, un)



CHAPTER 6

Solving Nonlinear Normal
Cone Inclusions

This chapter discusses how to solve a system of nonlinear equations subject
to a set of different nonlinear normal cone inclusion with respect to closed
nonempty and convex sets. Such problems commonly emerge from the
time discretization of mechanical systems subject to bilateral and unilateral
constraints as presented in the previous chapters. First of all, the equiva-
lence relation between normal cone inclusions and the natural map, already
introduced in Proposition 2.14, is revisited in Section 6.1. Based on this
reformulation, a semi-smooth Newton method is presented subsequently. In
order to cope with redundant contacts, Section 6.3 introduces an iterative
method for solving the nonlinear normal cone inclusion problem. Since
the performance and convergence of the presented algorithms crucially
depend on the choice of arbitrary positive parameters, the final section
briefly discusses a possible estimation of these parameters.

6.1 Proximal Point Equation and Natural Map

Let € € R™ and y € R™ denote the tuples of unknowns. Further,
@: R™ x R® — R™ denotes a nonlinear function for which the gradi-
ent Op/0x(x,y) € R™*™ is assumed to be regular. Moreover, the matrix
A € R™*™ is assumed to be regular. This chapter discusses different
methods for solving

o(x,y) =0, subject to *(x) e K¥(Ay). (6.1)
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Therein, the function ¥* can be decomposed as

k
k _ ¢N($)>
x) = . 6.2
vhe) = () 62)
Let y = (yN,--- Y% Yk, ..., y%) € R™ and consequently p = Ay =
(Whs s R B, - - ., pil) € R™. This investigation is restricted to sets of
the form
]Ck(p') :NRa(iulfV) XNBfk(rku’jV)(iullg)a (63)

i.e., Cartesian products of the normal cone to the non-positive real numbers
R, and the normal cone to the R/ "-ball B (r¥pk) with radius r¥pk;. As
shown in Chapter 3, such a setup can describe a huge class of mechanical
systems with frictional contact. The set (6.3) is restricted to a single
R/" _ball normal cone of radius r* pk;. Tts extension to a variety of such
sets is straightforward but requires the introduction of multiple different
indices. To keep the subsequent investigations concise and in order to
improve readability this is not included herein, as already discussed at the
end of Section 3.5.

Although normal cone inclusions are valuable tools for describing phys-
ical force and impact laws, they are rather unsuitable to use within a
numerical method. Consequently, this section deals with the reformulation
of normal cone inclusions as implicit equations. This enables different
solution strategies known from literature. From Proposition (2.14) it is
known that normal cone inclusions can be equivalently stated as implicit
functions using the natural map. Consequently, the normal cone inclusions
P¥(x) € KF(u) from (6.1) are equivalent to finding the zeros of the implicit
equations

Fifi(z, p) = ply + proxy (oo (@) — i) =0 (6.4a)
Flgi;c(ma IJ‘) = ’J’];‘ + prOXBf;C (T'kufv) (p];"‘p.llf_’(x) - IJ’];‘) = OflC ) (64b)

where pk;, p% > 0 denote arbitrary positive real parameters that will
be specified in Section 6.4. Appending the nonlinear equations (6.4) to
@(x,y) = 0, gives rise to Newton-type solution procedures. Besides that,
rearrangement of (6.4) can be utilized to obtain a fixed-point iteration
scheme. Both strategies are discussed in the subsequent sections. It should
be noted that more elaborated solution strategies exists. For instance,
a reformulation of the frictional contact problem as second-order cone
complementarity problem gives rise to novel interior point algorithms,
see [7]. Moreover, variants of nonlinear Gauss—Seidel methods [135] are
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promising alternatives to a simple semi-smooth Newton method. Since
these methods are topics of current research they are considered to be out
of scope of this thesis and will not be investigated further.

6.2 Semi-smooth Newton Method

As already indicated above, using the natural maps introduced in (6.4)
reveals that solving (6.1) is equivalent to finding the zero of the nonlinear
system of equations

p(z,y)
Pyt Ay)
e = | mpe ) | = (800 ) 6

Fpo(z, Ay)

where z = (z, y) € R™"™. Since the proximal point equation contained in
the natural maps (6.4) is semi-smooth, the composed system (6.5) can be
solved efficiently by application of a semi-smooth Newton method [62]. Let
zp € R™T" be a given initial guess that satisfies (6.1). The semi-smooth
Newton method computes

Zit1 = 2; + Az, with H;Az; = —F(Zi), (66)

where H; is an element of the generalized Jacobian at z;, see e.g. [6, 146]
for more details. The update (6.6) is performed until a given convergence
criterion is reached. Typically, ||[F(zi+1)|l2 < € or ||F(2it+1)||co < €, where
€ < 1 denotes some user-defined tolerance. In the latter case, each
individual equation contained in F' is solved with a precision of at least €.
This approach should be preferred if very accurate results are required.
More sophisticated error measures are obtained by introducing the
concept of relative and absolute tolerances, typically denoted rtol and atol,
respectively. Thereto, the Newton iteration is accepted as converged if

F(zit1)
(m + n)(atol + rtol|F (zo)|

(6.7)

is satisfied, cf. [104, 105]. Therein, the division and absolute value function
have to be understood element-wise. Such combinations of relative and
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absolute errors are commonly used in numerical methods for ordinary
differential equations or differential algebraic equations, see for instance [28,
82, 84, 140].

From an algorithmic viewpoint it is essential to replace (6.4) by slight
reformulations. Assume p%1x(x) — % € Ry, hence, the proximal point is
the identity mapping and the zero of Fi?j(x, Ay) = Pk (x) solves the
normal cone inclusion (6.4a). Depending on the chosen value of pk; this
results in a disturbed residual. Let ¢ < 1 denote a required tolerance of the
semi-smooth Newton method. For small values of p%; the method seems to
be converged since ||p% vy ()| < &, although |[¢yn ()| > € indicates the
contrary. Similarly, for large values of p%;, the criterion ||pvn(z)| < e
might never be reached and Newton’s method seems not to converge
although ||¥n(x)|| < e is already met. The identical arguments apply
for (6.4b). Consequently, the usage of the implicit equations

" Yy (x) if dfy e Ry,
F(e,p) = ,]f( ) AR (6.8a)
KN if ay € Ry
FP(z, p) = vr(®) . ek € Brltuy), (6.8b)
e Wi il ek if @k & By (rtuk),

is beneficial and entirely resolves this issue. Therein, the abbreviations
ak = pkun(x) — b and a = phapr(x) — pk were used. The usage
of (6.8a) and (6.8b) is known as primal-dual active set strategy. It is
shown by Hintermueller et al. [90] that this can again be interpreted as
a semi-smooth Newton method. The extension to frictional contacts is
given in [95]. For the case af. ¢ B (rFuk,) there exist further useful
reformulations, entirely eliminating the parameter p% from the modified
natural map (6.8b). The interested reader is referred to [6, 39, 41] for details
of such reformulations. The basic structure of the proposed semi-smooth

Newton method is summarized in Algorithm 1.

Noteworthy performance improvements can be obtained by application
of a block LU-decomposition, naturally leading to the Schur complement of
the matrix H;, see [21, 76] and the corresponding discussion in Section 2.4.
Let g € R™, yo € R™ be a given initial guess that satisfies (6.5). The
semi-smooth Newton method (6.6) computes the updates

Tit1 ZL; A:BZ AQIZ)
(yHl) <y> <Ayi) <Ayi (1) (6.9)
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Algorithm 1: Semi-smooth Newton method

Input: zg € R, 0 < rtol, atol < 1,
NEWTON_MAXITER € N
s = (m+n)(atol + rtol|F(zy)|) # scaling for error measure
1=0
while ||F(z;)/s]l2 > 1 do
Zitl = 2 — H(Zi)ilF(Zi)

t=1+1
if i > NEWTON_MAXITER then
return z; # Newton not convergence
end
end
return z; # Newton converged

Subsequently, it is assumed that H; takes the form

H: — <Hma:($uy1) H:cy(xiayi)>
‘ Hyw(a:iayi) Hyy(wiayi) ’

with Hgg (@, y;) being regular. Hence, the first line of (6.9) can be solved
for

(6.10)

This can be substituted into the second line of (6.9) and after minor
refactoring results in the linear system

SiAyi = bi (6'12)
with
Si = Hyy(zi,yi) — Hya(Ti, Yi) Hox(2i, yi) " Hay (i, y5) (6.13)
b, = Hyz (i, yi) How (T, yi) (i ys) — ™ (24, 95) '

where the matrix S; is denoted Schur complement of the block H, of
H,;. At a first sight (6.13) looks quiet involved, compared to the simple
Newton update proposed in (6.6). Therefore, it requires a more in-depth
discussion. On the one hand the LU-decomposition of H,, can be reused
for multiple iterations (or even multiple time-steps), resulting in an inexact
Newton method, which only requires rather cheap forward and backward
substitutions of triangular matrices. Moreover, the gradient Hgy(x;, y;)
can be kept constant until a new LU-decomposition of Hyq(x;,y;) is
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requested. Both strategies together significantly speed up the numerical
method. Since F™2t is semi-smooth, the corresponding generalized gradients
H,,; and Hy, have to be updated within each iteration.

6.3 The Iterative Projection Method

In order to compute the update Az; appearing in the semi-smooth Newton
update (6.6) the matrix H; is required to be regular. Similarly, the update
of Ay; in (6.12) requires S; to be regular. For applications involving multi-
ple contacts, typically present in rigid body simulations like granular media
and robotics, this assumption cannot be made in general. Often redundant
contacts have to be solved due to rigid body contact interactions [71, 179].
A key concept for the solution of such a class of systems is to solve (6.1) by
methods that do not require such a regularity assumption. The most simple
method of this type is based on fixed-point iterations. The basic structure
of such an iterative procedure is given in the following. For given initial
guesses g € R™ and yy € R", fulfilling (o, yo) = O, the resulting
algorithm incrementally computes

w; = Ay; (6.14a)

proxg- (ph ¥ (i) = iiv,;)

ProXg— (P];ﬂ/’%(mi) - M]JDV,i)

=: —prox(x;, W;
prOXBfl(Tl,u}\,,i)(p}?’l’b}?(mi) - l‘}?z) prox(@s, )

Hit1 = —

pI"OXpr (TP/J,’J)\]J) (p%wg'(wl) - I'I’II):',Z')
(6.14b)

Yir1 = A piy and find 2,4 such that @(xi1,¥i11) = 0,, (6.14c)

until either ||&;41 — ;|| < € or [|yi+1 —¥il| < e. Although both convergence
criteria are valid choices they require further discussion. Assume a problem
with non-unique contact forces. There might be the possibility that the
iteration method ends up in a cyclic jump between different Lagrange
multipliers contained in y, although the values of & are already converged.
This motivates the usage of the first convergence criteria. Moreover,
the tuple & might also contain Lagrange multipliers related to bilateral
constraints. When such a described cycling behavior occurs, the possibility
arises that also the bilateral Lagrange multipliers show such a cycling.
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Hence, they also have to be excluded from the convergence criteria in order
to improve the stability of the resulting method.

Similar to the discussion of the previous section and as detailed in
Section II.4 of [84], an even more sophisticated convergence criterion
is obtained by introducing absolute and relative tolerances, commonly
denoted atol and rtol, respectively. Consequently, the fixed-point iteration
is accepted as converged if

<1. (6.15)

Lit1 — Ly
m(atol + rtol max(|@t1], |24]))

2

Therein, the division, absolute value and maximum function have to be
understood element-wise.

The basic fixed-point iteration method presented in (6.14) will now be
outlined with more care. First of all, the nonlinear equation (6.14c) has to
be solved. This is typically done using a Newton—Raphson method. The
iteration is given by

:cfjfll =axf + Az z),, =z (6.16a)
Hf+1Amfj-r11 = *<P(m?+17yv:+1) ) Hik+1 = vm‘;a(mf+17yi+1) , (6.16Db)

where (6.16b) is solved by LU-decomposition and forward/backward substi-
tution. The iteration is continued until a given prescribed tolerance ¢ < 1,
ie., ||Lp(:c,lfj11, Yi+1)|| < € is satisfied. Again, this can be improved by using
the convergence criteria

<1, (6.17)
2

‘P(wf-tf’ Yit1)
m(atol + rtol|p(x?, |, yit1)])

respecting different magnitudes of the quantities collected in ¢(x,y). For
typical problems, a huge number of fixed-point iterations (6.14b) is required.
Hence, solving the nonlinear system (6.14c) via (6.16) gets the bottleneck
of the proposed algorithm. It is natural to consider the application of an
inexact Newton method. That is, keeping the Jacobian H ik-i-l = Vipp(xi, Yi)
constant during the fixed-point iterations. Moreover, a considerable amount
of computation resources can be saved by reusing the Jacobian for various
time-steps until a maximal number of Newton steps is exceeded or no
convergence is obtained. The basic structure of the proposed iterative
projection method is summarized in Algorithm 2.
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Algorithm 2: Fixed-point iteration with inexact Newton
Input: g € R™, yp € R", 0 < rtolp,atolp, rtoly, atoly < 1,
FIXEDPOINT MAXITER, NEWTON_MAXITER € N
H = V,p(xo,yo) # compute and store LU-decomposition
for i =0,...,FIXEDPOINT_MAXITER — 1 do
Yiy1 = —A 'prox(z;, Ay;)
sy = m(atoly + rtoly|p(x;,y;)|) # scaling Newton method
k=0
xi'chl =T
while [[¢(z}, 1, ¥i+1)/sn[l2 > 1 do
if k> NEWTON_MAXITER then
‘ return x;1, Yit1 # Newton not converged
end
# solve with forward/backward substitution and
# stored LU-decomposition of H

it =af, - H 'o(xh 1, yin)

k=k+1
end
Tit1 = CBfH # Newton converged
sp = m(atolp + rtolp max(|z1], |zi])) # scaling

# fixed-point
if ||(xziy1 —xi)/sFp|2 <1 then
‘ return 1, y;+1 # fixed-point iteration converged
end

end
return x; 1, y;+1  # fixed-point iteration not converged

6.4 Choice of Proximal Point Parameters

The convergence and solvability properties of the aforementioned solution
strategies crucially depend on the choice of the proximal point parameters
phs-- P and ph, ..., ph. Different choices can be found in literature,
e.g., [6, 125, 160, 169, 171]. A simple and at the same time very efficient
choice is obtained by computing the parameters depending on the current
value of the generalized force directions Wy, Wy and the mass matrix
M. In order to save computational resources, a lazy evaluation of these
quantities, let’s say once every time-step, is essential. Since the involved
quantities are already computed for all the presented methods, no additional
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function evaluations are required. For the normal contacts the proximal
point parameters are estimated by!

v = ﬁ with Gyy = Wy M~ 'Wy (6.18)

and « € (0,2). Typically, a smaller value « slows down the convergence
but results in a convergent scheme if otherwise the method tends to diverge.
For the friction forces a similar estimation is performed. For &k =1,2,...,p,
the parameters are chosen in accordance with

o

. k- k )
min (Gfpys - GFF,fkfk)

where Ghp = (W) "TM1Wr.

P =

(6.19)
To further reduce the computational costs of this estimation, the evaluation
of (6.18) and (6.19) can be performed in a vectorized manner using a single
LU-decomposition of the mass matrix M.

A more sophisticated estimation strategy is mentioned in Section 2.5.5
of Moller [125]. Therein, the sensitivity of ¢ is taken into account, mak-
ing the estimation aware of the underlying numerical method. Since for
the simple estimation strategy outlined above no convergence issues are
encountered within the numerical examples of the next chapter, a more
involved estimation strategy is out of the scope of this thesis.

INumerical experiments have shown that for unilateral constraints on position level
it is beneficial to scale the estimated proximal point parameters p?v by the inverse
step-size +. This observation is in line with the investigations of Macklin et al. [120]
and can alternatively be justified by an analysis of the involved units.






CHAPTER 7

Application on Selected
Benchmark Examples

This chapter introduces a collection of selected benchmark examples for
nonsmooth mechanical systems with frictional contact and impacts. Each
example therein investigates a specific class of systems that represents a
typical real world problem. In order to keep the visualizations feasible,
only the solution curves of a few integration methods are shown subse-
quently. When appropriate, at least one method of both presented families
of nonsmooth Runge-Kutta methods is investigated. Specifically, most ex-
amples are investigated with the nonsmooth two-stage Radau IIA method
as representative of the family of nonsmooth projected stiffly accurate
Runge—Kutta methods proposed in Chapter 4 and the two-stage Lobatto
IITA-IIIB method! from the family of nonsmooth partitioned Runge-Kutta
methods of Chapter 5. Besides these two methods, Moreau’s mid-point
rule [74, 130] is often chosen as reference. Sometimes additional other meth-
ods are investigated depending on the type of system and the demonstrated
physical/numerical problem under consideration.

Unless stated otherwise, all subsequent examples are simulated by
application of the iterative projection method presented in Section 6.3
and share the same tolerances. Specifically, the fixed-point iterations as
well as the involved inexact Newton method use the relative and absolute
tolerances rtol = atol = 10~%. Moreover, the simple estimation for the
proximal point parameters presented in Section 6.4 is used together with
a possible scaling defined in terms of « € (0,2). Since the used geometry

IThis method is subsequently abbreviated as RATTLE, although it does not exactly
coincide with the nonsmooth RATTLE algorithm, presented in [29].
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T case 1

Figure 7.1: Sketch of the bouncing ball system (left) and simulated time
evolution of the contact distance gy for case 1, solved with the one-stage
(—) and two-stage (----) nonsmooth Radau ITA method (right).

and material properties involved in the subsequent examples are chosen
rather arbitrarily, no units are appended to the individual values. Every
valid unit system could be chosen and the numerical results remain valid.

7.1 Rotating Bouncing Ball

This example continues the investigations of the one-dimensional bounc-
ing ball, already introduced in Example 4.12; 4.13 and 5.2. Thereto, it
follows [41, 71] and investigates the motion of a homogeneous sphere of
radius R = 0.1 and mass m = 1 subjected to gravitational forces with
gravitational acceleration g = 10, falling on a horizontal plane, as depicted
in Figure 7.1. The sphere is constrained to move in the é’i—é’é—plane. Hence,
it can be described by the generalized positions ¢ = (x, y, ). The tuple
1Tos = (z, y, 0) addresses the center of mass S with respect to the inertial
basis I. Moreover, the balls orientation is described by the absolute angle
¢ with respect to the €l-axis. The generalized velocities u = (ug, uy, uy)
are chosen to correspond to ¢ whenever the time derivative of the gener-
alized positions exists. Consequently, the ingredients for the equality of
measures (3.2) are given in terms of

M = diag(m, m, ©g) and h = (0, —mg, 0), (7.1)

with Og = %mRQ. For the description of planar Coulomb friction in line
with (3.21), the contact distance and relative tangent velocity are given by

gy =y—R and 1 =us + Rug, (7.2)
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Figure 7.2: Simulated normal and friction contact percussion differences
Ary and Anp for case 2 (w = 50) and case 3 (w = 10) solved with the
one-stage (—) and two-stage (----) nonsmooth Radau ITA method.

together with friction coefficient uzr = 0.2 and restitution coefficient in
tangent direction, ep = 0. A number of different cases will be considered
for the restitution coefficient in normal direction, en.

Specifically, three different cases are considered to extend the inves-
tigations from Example 4.12 and 4.13. Again, the one- and two-stage
nonsmooth Radau ITA methods are applied. All cases share the same ini-
tial configuration given by to =0, q(to) = (0, 1, 0) and u(ty) = (0, 0, w),
such that the ball has an initial rotational velocity w. The simulations are
performed using a constant step-size h = 1072.

case 1: Starting from rest (w = 0) and assuming elastic impacts with
ey = 0.5, the well-known bouncing ball motion exhibiting the Zeno phe-
nomenon is obtained. The simulation results shown in Figure 7.1 confirm
that the nonsmooth projected stiffly accurate Runge-Kutta methods, pre-
sented in Section 4.6, can overcome accumulation points and enforce a
desired elastic impact law. Even for the applied moderate time-step no
penetration is obtained, since this is prohibited by the methods. Clearly,
the first-order method (s = 1) dissipates energy during the free flight mo-
tion compared to the third-order method (s = 2). For s > 3, the solutions
cannot be distinguished anymore since during the free flight, the results
are already exactly calculated up to machine precision.

The subsequent two cases are used to test the behavior of the proposed
methods with respect to friction forces. For both cases, inelastic impacts
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are enforced with ey = 0 implying that once the contact closes it remains
closed, i.e., the post impact velocity is u; = 0, which allows a validation of
friction. Since the ball is constantly accelerated by gravity, the dynamics

of the ball induced by (7.1) reveals that the frictional impact occurs at
t1 = v/2(y(to) — R)/g. The corresponding pre-impact velocity is given
by u,; = —/2g(y(to) — R). It follows from the impact equation (3.43)

that the impulsive normal contact force is Ay = m+/2g(y(tg) — R) =~
4.2426. Furthermore, after the impact the non-impulsive normal contact

force compensates the gravitational force and therefore takes the value
Ay = mg = 10. Consequently, the percussion difference takes the value
Ann = hAny + Ay = 4.3426. Depending on the value of w, two additional
cases arise.

case 2: For a high initial rotational velocity (w = 50) sliding occurs after
the impact. This implies that the friction forces attain the maximally
allowed values Ap = pAy =~ 0.8485 and A\p = ply = 2, leading to
the percussion difference Amr = hAr + Ar =~ 0.8685. After undergoing
a period of sliding contact, the ball slows down enough to enter into a
slip-stick transition. At this point, the ball begins to move in a pure
rolling motion, which is described by the kinematic condition vy = 0.
Since the rolling motion is described by constant velocities, no net friction
forces occur, implying Ar = 0. Hence, at the slip-stick transition the non-
impulsive friction force instantly jumps to zero. Figure 7.2 illustrates that
the presented nonsmooth projected stiffly accurate Runge-Kutta methods
perfectly replicates the behavior described above.

case 3: In the third scenario, a rotational velocity of w = 10 is se-
lected, which is small enough to cause the ball to stick upon impact,
exhibiting a pure rolling motion. Again, this behavior is described by
zero friction forces, i.e., Ap = 0 for all times. The pre-impact veloci-
ties are given by u, = 0 and u, = w. The contact sticks immediately
after the impact, ie., 77 = 0 & uf = —Ruf. Using this relation,
the impact equations in horizontal direction and angular rotation can
be combined yielding uz = wOg /(05 + mR?). Consequently, the im-
pulsive friction force as well as the percussion differences are given by
Ar = Anp = —mRu} = —mRwOs/(0s + mR?) = —2mRw ~ —0.2857.
As illustrated in Figure 7.2, the numerical solutions perfectly align with
the results of [41] and reproduce the behavior described above.
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In [29] and [42], similar investigations are performed by application of
the nonsmooth RATTLE algorithm and the family of Lobatto IITA-IIIB
methods, respectively. For Hamiltonian systems with a trivial kinematic
differential equation, the family of nonsmooth partitioned Runge—Kutta
methods, presented in Chapter 5, coincide with the method of [42]. Fur-
thermore, the nonsmooth RATTLE algorithm is a special method of this
family with slightly different definitions of the involved Lagrange multipliers.
Consequently, this demonstrates that these class of methods are well-suited
for the solution of nonsmooth mechanical systems with frictional contact.
Moreover, these methods can overcome accumulation points and exactly
describe the desired frictional force and impact laws.

7.2 Rolling Ball on Plane with Analytical Solution

In what follows, the previously introduced rotating bouncing ball example
will be extended by rolling friction. Hence, this section analyzes a combi-
nation of set-valued rolling and Coulomb friction. Thereto, it is assumed
that the ball lies on the ground, i.e., y = R and § = §j = 0. Consequently,
the dynamic equilibrium yields Ay = mg > 0. The description of sliding
and rolling friction requires the relative tangent and spinning velocities

yr = Uy + Ru, and g = u,, (7.3)

respectively. The motion of the rolling ball can be distinguished by two
different phases. The first one is characterized by a combined rolling
and sliding motion, while in the second one, the relative tangent velocity
vanishes and a pure rolling motion is exhibited.

phase 1: For v7 = u, + Ru, > 0 & u, > —Ru,, the ball is sliding.
Together with u, < 0, the friction forces are given by

/\T = —,UT/\N and )\R = ,LLR)\N . (7.4)

Consequently, the motion of the ball is determined by the equations of
motion

5 ) D))

which leads to the constant velocities u, = vo — prgt and u, = wo + (1Lr —
Rpur)mgt/Og. The time t1, when pure rolling is attained can be computed
from the condition for vanishing relative tangent velocity yr = 0:

| vo + Rwy
L(t1) = —Ru,(t = 1= ’
Uy (t1) up(t1) "7 prg + R(ur — Rur)mg/Os

(7.6)
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phase 2: At t = t1, the relative tangent velocity vanishes, i.e., y7 = 0.
Consequently, stick can be described by the condition

Jr=0 <= U, =—Ri,. (7.7)
Together with the first line of (7.5) this leads to the force law
Ar = —mRi,. (7.8)

Using this result in the second row of (7.5) reveals that the motion in the
second phase is uniquely defined by the equation

(05 + mR?) i, = Ag = prmyg. (7.9)
The ball comes to rest when the angular velocity vanishes, i.e.,

_ Og +mR?

U<p(t2) =0 e to =1 P

Ug(t1) . (7.10)
Since pure rolling is enforced during the second phase, the horizontal
velocity is characterized by u, = —Ru,. The entire course of the ball’s
piecewise quadratic motion is determined by simple integration and can be
summarized as

(ur+Rpur)mg __,
. MR —ta,g for0<t <ty
U, (t) = { s v ot <t et (7.11a)
Botmiz - Qo1 oriy =t <ty
) —UTg = Qg0 for0<t<ty
Uy (t) = R_unmg ¢ (7.11b)
— W—.aw,l orty <t <ty
t for0<t<t
u(t) = B0t orvstsh (7.11c)
aw,l(t7t1)+ulp(t1) for tl St<t2
2.0t for0<t<t
g (t) = § A0t 00 orst<i (7.11d)
ax,l(t — tl) + ux(tl) for t;1 <t <to
1 2
500p.0t° + wot + o for0 <t <ty
p(t)=¢2"% ) (7.11e)
§a%1(t—t1) —|—u¢(t1)(t—t1)—|—<p(t1) for t <t<ty
1 2
Sagz.0t t for0<t<t
a(t) = § 200l H ol o ESEST 7y
5%71(75—751) +U$(t1)(t—t1)—|—$(t1) for t1 <t < ts.

Most of the parameters coincide with the previous example, i.e., m =1,
R = 0.1 and g = 10. The initial positions and velocities are given by
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Figure 7.3: Time evolution of positions and velocities of the rolling ball on
plane example. The analytical solution (—), given in (7.11), is compared
with the shifted Moreau method (o) and Moreau’s midpoint rule (x). The
recovered positions of the shifted Moreau method are depicted as (+).

to =0, z(to) = 0, y(to) = R, ¢(to) =0, &(to) =1,y =0, 4(ty) = —1.
The tangential and rolling friction coefficient are given by pur = 0.1 and
pr = 0.005, respectively. Figure 7.3 compares the analytical solution of
the problem, outlined above, with the values obtained with the shifted
Moreau method and Moreau’s mid-point rule [74]. Both methods succeed
to solve the problem with a large step-size h = 107'. As expected, the
solution of the velocities coincides for both methods, see (5.63a), but the
positions differ. Clearly, the computed positions of Moreau’s mid-point rule
are superior compared to the ones obtained by the shifted Moreau method.
Application of the shifted initial positions together with a post-processing
step, outlined below (5.63), recovers the same order of accuracy, as depicted
in Figure 7.3.

7.3 Ball in Hollow Sphere and Penetration Problems

As depicted in Figure 7.4, the subsequent example investigates the dynamics
of a solid ball of mass m = 1 and radius R = 0.1 inside a hollow sphere of
radius Ry = 1. Due to the curved contact geometry classical nonsmooth
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Figure 7.4: Sketch of the ball in hollow sphere (left). Trajectories of the
ball’s center of mass ;7os = (z, y, 0) (right).

time integration methods, stated on velocity level only, suffer from unilateral
drift or contact penetration problems. Therefore, the presented nonsmooth
Runge-Kutta methods that enforce Signorini’s law on position level are
assumed to show better numerical results prohibiting penetration.

For simplicity, the investigation is again restricted to the planar case
and the dynamics of the previous examples are still valid. Consequently,
the ingredients for the equality of measures (3.2) coincide with those of
Section 7.1 and 7.2. The normal contact between the ball and the hollow
sphere is described by the gap function

gn = Ry — R—||7sp||, (7.12)

together with ey = 0. Using i = (ng, ny, 0) to denote the inertial
components of the inward normal % = Fsp/||Fsp|| of the sphere, the
inertial components of the tangent can be defined as ;¢ = (ny, —ng, 0).
Consequently, the relative tangent velocity is given by

yr = 104 1t + Ruy,, (7.13)

where the inertial components of the velocity of S are ;¥g = (ug, uy, 0).
The friction coefficient is chosen as pur = 0.1 and inelastic tangential
impacts are incorporated with restitution coefficient ex = 0.

At ty = 0, the ball starts at rest from the initial position q(tg) =
(—0.8, 0.1, 0). Using a step-size h = 2 - 1072, numerical simulations are
performed with Moreau’s mid-point rule [74, 126], the two-stage Lobatto
ITTA-IIIB method (RATTLE) and the two-stage Radau ITA method. In
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Figure 7.5: Sketch of the block on belt system (left). Decomposition of the
friction law with Stribeck effect (right). Therein, A\p = Ao + Aro (—)
with Az g = —psAn Sign(yr) (—) and Ar 1 = (ps — pa)An 5 arctan(eyr)
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Figure 7.4, the trajectory of the center of mass ;¥os = (z, y, 0) is
visualized. Clearly, the penetration problem of Moreau’s mid-point rule is
visible, illustrating the importance of the position level constraints. For both
alternative methods no such penetration is visible, clearly demonstrating
their superiority.

7.4 Block on Belt System and Stribeck Curve

The block-on-belt system is a well known archetype for systems showing
stick-slip motion. The system has been studied extensively in the literature,
e.g. [64, 113, 114, 115, 147], and typically involves a Stribeck-type friction
law. Consequently, this example demonstrates how such a behavior can be
included into the presented nonsmooth mechanical systems of Chapter 3
and how the proposed nonsmooth time integration methods can deal with it.
Such a friction law can simply be incorporated by decomposing the friction
force into two parts, i.e., Ax = Apo+Ar,1, see Figure 7.5 and [114]. Therein,
Ar,0 = —psAn Sign(yr) describes classical set-valued Coulomb friction, i.e.,
Y1 € NB, (uoan)(—A1,0). A possible Stribeck effect is taken into account
by the second part A1 = (us — pta) An 5 arctan(eyr), lowering the friction
force depending on the relative tangent velocity yr and the relation between
a static and dynamic friction coeflicient ps and pg, respectively. Clearly,
the second term is smooth and can be added to the smooth part of the
mechanical system gathered in h(t, g, u).
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Figure 7.6: Time evolution of the position x (—), velocity v (—) and
friction force Amp (——) (left). Phase portrait (right).

Let a mass with m = 1 slide on a belt that runs with constant velocity
up = 0.2. The position of the mass is described by the coordinate x,
while its velocity is denoted u and satisfies & = u, see Figure 7.5. The
mass is connected to a linear spring with stiffness ¢ = 1 that is relaxed
for £ = 0. The system is subjected to gravity with acceleration g = 10.
Hence, a constant normal contact force Ay = mg = 10 is obtained. The
Stribeck-type friction law introduced above is characterized by ps = 0.5,
ta = 0.3 and € = 3. The relative contact velocity is given by v = u — up.
Consequently, the system is described by

T=1u
mit = —cx + Ao + (s — pa) AN 5 arctan(eyr) (7.14)
V7 € N, (uoaw) (—A10) -

Using the two-stage nonsmooth Lobatto IITA-IIIB method (RATTLE),
the system is computed for ¢ € [0,15] with the initial conditions z¢y =
2(tg) = 0.2, ug = u(ty) = 0.2 and a step-size h = 10~2. The numerically
obtained results are depicted in Figure 7.6. Clearly, a periodic motion
is obtained after a short transition phase. Moreover, the phase portrait
shows a nonsmooth transition from slip to stick, which is in line with the
investigations of [113, 115].
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Figure 7.7: Sketch of the elastic pendulum system (left). Time evolution
of the velocities u = (uz, u,) of the point mass (right).

7.5 Stiff Elastic Pendulum with Impacts

In what follows, a simple elastic but stiff Cartesian pendulum is investigated,
which serves as a model problem for complex structural mechanics problems
involving contacts. As depicted in Figure 7.7, the system consists of a
point mass with mass m = 1 and a spring with high stiffness ¢ = 10®%. The
point mass is addressed by the Cartesian coordinates ¢ = (z, y) and is
subjected to gravitational forces with ¢ = 10. The spring is considered
relaxed for ||g|| = L = 1. Whenever the time derivative of the generalized
positions exists, they coincide with the generalized velocities u = (uy, uy),
i.e., ¢ = u. The ingredients for the equality of measures (3.2) are given in
terms of

M:(%* i) and h:( 0 )—cq(||q||—L). (7.15)

—mg gl

The description of unilateral contact with the vertical wall, located at
x = 0, is described by the contact distance

gN =%, (7.16)

together with a restitution coefficient ey = 0.5.

Although the nonsmooth partitioned Runge-Kutta methods of Chap-
ter 5 are well-suited for the already presented examples, serious step-size
restrictions are encountered when stiff problems have to be solved. In
order to prevent the numerical method to diverge, a step-size h = 1074 is
required for the two-stage Lobatto IITA-IIIB method (RATTLE). The same
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Figure 7.8: Sketch of the slider-crank mechanism.

small step-size is required if Moreau’s mid-point rule should be applied. As
the name suggests, the nonsmooth projected stiffly accurate Runge-Kutta
methods from Chapter 4 do not lead to such restrictions. For the present
problem, the two-stage Radau ITA method could successfully solve the
problem with a step-size h = 5 - 1072, which ultimately leads to 15 times
faster solution in terms of runtime when compared with Moreau’s mid-point
rule. Similarly, the TR-0(p~ ) method with po, = 0.9 can solve the problem
with such a large time-step, although only very limited numerical damping
is introduced by the method. The TR-0(ps) method solved the problem
10 times faster compared to Moreau’s mid-point rule. As depicted in Fig-
ure 7.7, the numerical solutions between both class of methods can merely
be distinguished, although their respective step-sizes differ by a factor of
500. Since the TR-6(poo) method introduces less numerical dissipation
compared to the Radau ITA method, its solution is closer to the one found
by RATTLE. In conclusion, it can be stated that in the presence of stiff
springs, typically met in structural mechanics problems, the nonsmooth
projected stiffly accurate Runge-Kutta methods are superior compared
to the nonsmooth partitioned methods and should therefore be preferred.
This is in line with the investigations of [99] for stiff systems described by
differential algebraic equations.

7.6 Slider-Crank Mechanism

Inspired by the investigations of [63], this example examines a slider-crank
mechanism subjected to both unilateral and bilateral constraints?. Hence,

2A similar problem, called the roller-crank mechanism, exhibits a much simpler
contact geometry and is investigated in [123] and [156].
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this example demonstrates the ability of the proposed nonsmooth Runge—
Kutta methods to handle impulsive changes of bilateral constraint forces
as well as a variety of high frequency contact patterns. The mechanism
is described by three independent rigid bodies with masses mi, ms, ms
and inertia ©g,, Og,, ©g, with respect to their centers of mass 51, Sa,
S3. Each body is subjected to gravitational forces. In accordance with the
notation introduced for the rotating bouncing ball example in Section 7.1,
the generalized positions g = (1, y1, ©1, T2, Y2, P2, T3, Y3, ¥3) and gen-
eralized velocities ¢ = © = (Ug,, Uy;s Upy, Uy, Uyss Upy, Uz, Uys, Upg)
are introduced. The tuples ;7os, = (zi, i, 0), ¢ = 1,2,3, address the
center of masses S; with respect to the inertial basis I and ¢;, i = 1,2, 3,
describe the bodies orientations with respect to the €Z-axis. Consequently,
the ingredients for the equality of measures (3.2) are given in terms of

M = diag(my, mq, 0s,, ma, ma, bs,, ms, ms, 0s,) (7.17)

and

h = (Oa —m1g, Oa 07 —mag, Oa 07 —masg, O) (718)

The individual rigid bodies are interconnected by the bilateral constraints
xrp — COS ©1 xr1 + %COS(p1 To — %COS Y2
g1 = . y 92 = . - .
Y1 — 5 SN Y1+ % SN 1 Yo — %2 Sin o
To + %2 COS P9 T3
gs = lo .t - .
Yo + F sin g Y3
(7.19)

Each vertex of the slider is subjected to frictional contact, described by
the contact distances

oS ol

d :
9Ny =5 (y3 — asin 3 + bcos p3)
d :
N2 =5 (y3 + asin 3 + bcos 3)
2 (7.20)
gNs =5+ (y3 — asin p3 — bcos s)
d :
INs =5 + (y3 + asin @z — bcos p3)
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Table 7.1: Geometry and inertia properties of the slider-crank mechanism.

ll lQ a — 2b d g
0.153 0.306 0.05 0.052 9.81
Os, Os, Oss mip=my M3
74-107° 59-107% 2.7-107% 0.038 0.076

and the relative tangent velocities

VI, = Ugy + Uy (asin o3 — bcos 3
Ty = Uzz — Upy (a sin @3 + bcos ¥3
Y1y = Ugy + Uy, (asin s + bcos 3

)
; (7.21)
)

VT, = Ugy — Ugg (@ sin s — beos ps),

together with ey = 0.4, ep = 0 and pupr = 0.01. Constraint derivatives and
generalized force directions for both unilateral and bilateral constraints
are obtained by differentiating (7.19) to (7.21) with respect to time ¢ and
generalized velocities u, respectively.

The geometry and inertia properties of the mechanism are listed in
Table 7.1. The initial conditions are chosen as tg = 0, qo = q(tg) =
(0.0765, 0, 0, 0.306, 0, 0, 0.459, 0, 0.017) and ug = u(ty) = (0, 11.475,
150, 0, 11.475, =75, 0, 0, 0). In order to get high-resolution results, the
simulation is performed using a constant step-size h = 10~%, although a
ten times larger value could solve the problem without any convergence
issues. The estimated proximal point parameters are modified with o = 0.5
in order to guarantee convergence.

Since in [29] and [42], the system was already computed with the nons-
mooth RATTLE algorithm and the family of Lobatto ITTA-ITIB methods,
it is subsequently investigated with the two-stage Radau ITA method as a
representative of the family of nonsmooth projected stiffly accurate Runge—
Kutta methods. Exemplary simulation results are depicted in Figure 7.9.
Since the simulation started with a small perturbation of the sliders ori-
entation (@3 &~ 1°), it is apparent from Figure 7.9(a), that the slider’s
orientation is stabilized after a small time lapse (¢t ~ 0.01). Afterwards,
Y3 = Uy, ~ 0 and the sliders center of mass moves according to Fig-
ure 7.9(b) without any rotation. The time evolution of the velocities u,
and u,, is shown in Figure 7.9(c). Neglecting dissipation, they show a
periodic solution. An exemplary phase portrait of (¢2,u,,) is given in
Figure 7.9(d). Moreover, Figure 7.9(e) and (f) show the evolution of two
exemplary contact distances and their time derivatives. As enforced by
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Figure 7.9: Exemplary results of the slider-crank mechanism solved with
the nonsmooth two-stage Radau ITA method.
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the method, no penetration is present and whenever a contact is closed,
the corresponding contact velocity satisfies a generalized Newton’s impact
law. The results depicted in Figure 7.9 are in line with those obtained
by [29] and [42] using the nonsmooth RATTLE algorithm and the family of
Lobatto ITTA-IIIB methods. Due to the huge number of impact events, this
example is only weakly influenced by the numerical integration method.
Consequently, besides the numerical methods that do not enforce the posi-
tion level constraints, all other presented methods are expected to be good
choices for this type of problems. For Moreau’s mid-point rule and the
shifted Moreau method, drift in the bilateral constraints as well as contact
penetration can be expected, depending on the chosen step-size.

7.7 Point Mass on Slope and Nonsmooth Convergence

Consider a point mass (mass m = 1, gravitational acceleration g = 10)
falling and sliding on a slope described by the exponential function. The
position of the mass is described by the Cartesian coordinates ¢ = (z, y)
with corresponding velocities u = (ug, uy). The curve f: R — R2?, defining
the slope, and its first derivative are given by

f(z) = (=, exp(-2)), f'(z) = (1, —exp(—2)), (7.22)

as shown in Figure 7.10. The relative tangent velocity yr used to describe
set-valued Coulomb friction between the point mass and the slope is
computed using the tangent £, i.e.,
T . f'(@)
yr =t(z) " u with t(z) ol (7.23)
Using the outward pointing normal n of the slope, the normal contact
distance is

gy =n(@) (g — f(z)) with n(z)= G’ 01> ta).  (7.24)

Inelastic impacts are assumed with ey = er = 0 and the friction coefficient
is given as ur = 0.3. Depending on the chosen initial conditions, two cases
are investigated, see Figure 7.10.

case 1: The point mass starts from rest and lies on the slope, i.e., it
starts with a closed contact. With tq = 0, the initial conditions are chosen
as q(tg) = £(0) = (0, 1) and u(tp) = (0, 0). For this setup and the chosen
friction coefficient, the point mass slides downhill and comes to rest at
t ~ 2.1 due to friction.
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Figure 7.10: Sketch of the initial conditions for the point mass (falling and)
sliding on a slope.

case 2: The point mass starts at rest with q(to) = (0, 1.5), i.e., it starts
from a resting position situated above the slope. Hence, the point mass
will fall down and eventually come into contact with the slope, where an
inelastic impact occurs. Subsequently, the point mass starts sliding on the
slope until coming to rest.

The trajectories for both cases are depicted in Figure 7.11 and were
computed using the presented nonsmooth two-stage Radau ITA method
with a constant step-size h = 1072, It can be seen that in case 1 the velocity
of the point mass is continuous, whereas in case 2 there is a velocity jump
at t ~ 0.3 due to the impact. Between ¢ = 2 and ¢t = 2.5, the motions of
both cases show a kink in the velocity. At that time instant, the velocity
is not differentiable. This behavior is the result of a slip-stick transition,
which causes the acceleration to jump.

In analogy to Example 4.11 and 5.3, this section investigates the con-
vergence of the presented numerical methods numerically. For that, the
cases 1 and 2 are simulated with different step sizes h € {8-107%, 1.6 -
1073, 3.2-1073, 6.4-1073, 1.28-1072, 2.56-1072, 5.12-1072, 1.024-1071}
and the convergence behavior of the solutions with respect to an accurate
numerical solution computed with A™f = 2-107* is studied. Thereto, the
simulation error defined in (4.56) is utilized again. In order to guarantee
very tight tolerances, the semi-smooth Newton method proposed in Sec-
tion 6.2 is applied to solve each individual stage of the proposed nonsmooth
time integration methods. Thereto, the relative and absolute tolerances
rtol = atol = 10~1* were used.
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Figure 7.11: Time evolution of positions, velocities and percussion dif-
ferences for the point mass on slope example solved with the presented
nonsmooth two-stage Radau ITA method.

The convergence behavior of the discussed nonsmooth projected and
partitioned Runge-Kutta methods is visualized in Figure 7.12. In both
cases, the time-span ¢t € [0,0.8192] is analyzed only, i.e., the slip-stick
transition is excluded from the convergence study. With this choice, the
motion in case 1 is smooth and corresponds to the motion of a point mass,
which moves along the slope and is subjected to sliding friction described
by a single-valued force law.

For case 1, the outstanding convergence rates 2s — 1 of the Radau
ITA methods known from bilaterally constrained systems [98] are observed
in Figure 7.12. This is no surprise, as for case 1, the contact is always
closed and the discrete contact and friction laws are consistent with the
discretization of bilateral constraints, i.e., the contact and friction laws
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Figure 7.12: Convergence of selected nonsmooth projected and partitioned
Runge-Kutta methods applied to the point mass on slope problem.
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reduce to the discretization of bilateral constraints. This showcases the
importance of discretizing the normal contact laws as well as the friction
laws consistently with the bilateral constraints. Otherwise, the good
convergence behavior could be lost.

The very same observations can be made for the nonsmooth partitioned
Runge-Kutta methods. For s > 2, the nonsmooth Lobatto ITIA-ITIB
methods indicate a rate of convergence of 2s—2 as known from literature [99,
158], which is in line with the findings of [42]. When the discrete contact and
friction laws of the proposed nonsmooth partitioned Runge-Kutta methods
are enforced using the integrated percussion differences Ally ;, AIlg; with
i=1,...,5— 1 instead of the scaled discrete percussion measures dIly ;
and dIIg;, the Lobatto IIIA-IIIB methods show an order reduction, see
Figure 7.12. Consequently, the presented nonsmooth partitioned Runge—
Kutta methods should be preferred compared to an alternative formulation
using the integrated percussion differences.

For case 2, Figure 7.12 shows a convergence behavior that is not
monotonous and appears to be of first-order. This convergence behav-
ior is in line with the results for other event-capturing schemes [31, 65, 170].
As all event-capturing schemes, the presented methods smear the impact
law over a whole time interval and use the velocity at the beginning and
the end of the time-step as pre- and post-impact velocities, respectively. It
is clear that this kind of discretization becomes exact for h — 0. Hence, as
observed, the presented methods are convergent. The apparent first-order
convergence might be explained by the fact that the just mentioned smear-
ing of the impact law resolves the exact impact time only to the order of
the time-step h.

7.8 Painlevé Rod and the Frictional Catastrophe

It is well known that an episode of smooth motion with persistent frictional
contact may end with a velocity jump without any collision occurring [128]
and is therefore called frictional catastrophe. The most prominent example
that exhibits such a behavior is called the Painlevé paradox, dedicated
to Paul Painlevé [137]. Following the investigations of [70, 71, 116] this
problem will be utilized to investigate how the proposed numerical methods
can cope with the above described phenomenon.

Consider a rigid homogeneous slender rod of mass m = 1, length 2/
and rotational inertia ©g = %le, where [ = 1. As shown in Figure 7.13,
the rod moves in the é’i—é’é—plane and is under the influence of gravity
with gravitational acceleration g = 10. Describing the orientation of the
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Figure 7.13: Sketch of the Painlevé rod system (left) and time evolution of
the percussion difference Any (right).

rod by the absolute angle ¢ with respect to the €.-axis, the minimal

coordinates ¢ = (z, y, ¢) are chosen, where the center of mass S of the rod
is addressed by ;7os = (z, y, 0). Using the natural velocity coordinates
u corresponding to ¢ almost everywhere, the mass matrix and the force
tuple of the system have the form (7.1). The frictional contact of the rod’s
tip with the ground is described in terms of

gy =y+lising and v =wuy —uy,lsing. (7.25)

The friction coefficient is set to ur = 5/3 and ey = erp = 0 is used
to model inelastic impact. With the initial conditions ¢ty = 0, g(tg) =
(0, Isin(wo), o) and u(tg) = (v, 0, 0), the rod’s tip is initially in contact
with an initial inclination of 3 = —31°. Moreover, it slides with initial hor-
izontal velocity v = 30. As analyzed in [71], this sliding motion eventually
results in detaching of the contact. This detaching comes with a finite time
blowup of the accelerations and nonimpulsive contact forces, which is seen
as an impact. The blowup of the accelerations leads to vertical asymptotes
in the velocities, which constitute problems for some integration methods.
However, since the asymptote is just an isolated singularity, event-capturing
schemes with constant time-step might overcome these blowups, as they
do not try to fully resolve it.

The system is simulated with a time-step h = 5-1073 and the estimated
proximal point parameters are scaled by a = 0.5. For both, fixed-point
iterations and Newton iterations, relative and absolute tolerances of 108
are used. The simulation result in Figure 7.13 shows that the presented two-
stage nonsmooth Radau ITA method as well as the two-stage nonsmooth
Lobatto IITA-IIB (RATTLE) method can indeed deal with the Painlevé
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paradox. Moreover, the methods are compared with Moreau’s mid-point
rule [74, 126]. As indicated by the first magnification in Figure 7.13, after
a short period of sliding, Moreau’s mid-point rule performs an artificial
impact. This can be explained by the fact that the method numerically
allows unilateral constraint drift. Since such a drift is prohibited by the
proposed nonsmooth Runge—Kutta methods, they do not show such a
nonphysical behavior. More dramatically, the second magnifications makes
apparent that Moreau’s mid-point rule performs a sequence of impacts until
the rod takes off the ground. In contrast to that, the nonsmooth projected
and partitioned Runge-Kutta methods exactly resolve the asymptotic
behavior of the normal contact force and result in a smooth transition
of the contact percussion until a certain limit is taken that leads to the
take-off.

7.9 Ball in Corner and Redundant Contacts

The following example demonstrates the capability of the proposed solution
algorithms from the previous chapter to cope with redundant contacts.
Thereto, the very simple example of a ball coming into contact with two
inclined planes, proposed in [39, 41], is considered. As already discussed,
the semi-smooth Newton method, proposed in Section 6.2, is not able to
solve such a problem due to the singularity of the involved generalized
gradient. As an alternative, Section 6.3 introduced the iterative projection
method based on simple fixed-point iterations. Consequently, only the
regular part of the system is solved by a (simplified) Newton method which
leads to an algorithm suited to deal with redundant contacts.

Consider once again the planar dynamics of the ball described in
Section 7.1. The two contact planes are assume to be inclined by the
angles a = 45° and [ = 45°, respectively, as depicted in Figure 7.14. The
resulting contact distances are gathered in

_ [(—zsina+ycosa— R
gN = ( xsinﬁ—i—ycosﬁ—R) ' (7.26)

Friction is described by the relative tangent velocities
VT,1 = Ug COS A+ Uy SIN A +TUy ,  YT,2 = Uy COS f— Uy sin B+1uy, , (7.27)

together with the friction coefficients pu} = p2 = 0.3. The first plane
realizes an elastic impact with restitution coefficient e}, = 0.5, while the
second one performs inelastic impacts with €3, = 0. Tangential impacts
are assumed to be inelastic with el = e% = 0. Starting at rest with to = 0
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Figure 7.14: Sketch of the ball in corner system (left) and simulated time
evolution of the gaps (right).

and q(to) = (—0.5, 1, 0), the ball will eventually come to rest with both
contacts closed. Using a constant step-size h = 1072, the simulation is
performed using the relative and absolute tolerances 10~% for both fixed-
point and Newton’s method. The estimated proximal point parameters
are scaled by a = 0.5. As depicted in Figure 7.14, both families of the
proposed nonsmooth time integration methods, together with the simple
fixed-point iteration method, can solve the problem. Consequently, the
proposed solution method is capable to deal with redundant contacts. As
indicated by the magnification in Figure 7.14, the solution obtained by
Moreau’s mid-point rule [74, 126] shows contact penetration, which is
prohibited by both alternative methods.

7.10 The Tippedisk

The tippedisk - a tippetop without rotational symmetry is an important
mechanical-mathematical archetype for friction-induced instability phe-
nomena [154, 155]. Furthermore, it serves as an excellent benchmark
example for the validation of nonsmooth time integration methods in the
presence of highly dynamic finite rotations. Essentially, the tippedisk is
an eccentric disk of mass m = 0.435, whose center of gravity S does not
coincide with the geometric center G of the disk, see Figure 7.15. One
way to construct such a tippedisk is to take a homogeneous disk of radius
r = 4.5-1072 and remove mass at the distance b = 2 - 1072 from the
geometric center by drilling a hole of radius @ = 1.5 - 1072, The eccen-
tricity e then follows as e = ba?/(r? — a?). Consequently, this choice of
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Figure 7.15: Sketch of the Tippedisk system.

parameters results in the inertia matrix in the body-fixed K-basis given
by kOg = diag(2.49 - 1074, 2.2972 - 104, 4.7072 - 10~%). If the disk is
placed on a flat support, like a table, and in the presence of gravity with
acceleration g = 9.81, it is quite obvious that there are two stationary
spinning solutions, where the gravitational force and the normal contact
force balance each other. Namely, a solution where the center of gravity S
is vertically below the geometric center G and one where S is vertically
above G. The former one is subsequently referred as non-inverted solution,
while the latter one is called inverted solution. If the non-inverted tippedisk
is spun fast around an in-plane axis, the center of gravity rises until the
disk reaches an inverted configuration. This process is called the inversion
phenomenon. However, due to dissipation, the spinning velocity decreases
slowly over time.

The position of the disk is described by the components ;7og € R3 of the
position vector of S with respect to the inertial basis I. To characterize the
orientation of the disk, the body-fixed K-basis is introduced such that €X is
the normal with respect to the face of the disk. The transformation matrix
Arg = (re¥ Ié'ff 1€X) is parametrized using a unit quaternion p € R*.
Hence, the configuration of the disk is described by q = (;70s, p) € R".
The generalized velocities u = (;¥s, x@rx) € R® are composed of the
representations of the velocity ©s € E? of the center of gravity S and
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the angular velocity &rx € E3 of the K-basis with respect to the I and
K-basis, respectively. As introduced in Section 3.1, this choice leads to
a mechanical system with the generalized kinematic equation (3.1). The
relevant quantities B, 3, M, and h, describing such a parametrized rigid
body under the influence of gravity, are given in model 4 of [155].
The contact distance between the disk and the flat support is described
by
gN = TocC - éi = (Tos + Tsc) - ég . (7.28)

Following [155], a grinding G-basis can be introduced as

2G _ 2K 3G el xef ~G _ G 3G (7.29)
e, =€, x — =T ~an €y T €: X €y, .
€l x e
from which follows ¥sc = —e€X — r&¥, see Figure 7.15. As discussed

in [155], simple set-valued Coulomb friction is not sufficient to describe the
experimentally observed inversion phenomenon. Hence, an approximation
of set-valued Coulomb—Contensou friction is taken into account with p = 0.3
and by using the set transformations introduced in [126] with the radius
of assumed circular contact area R = 1073 and a = (1,1, 1—367TR). Thereto,
the contact velocities

ve=| wc-el |, (7.30)

are used, where o = Us + Wy X Fsc denotes the velocity of the contact
point. A closer look at the contact velocities (7.30) reveals that the first
two components correspond to the relative tangent velocities and capture
the effects of set-valued isotropic Coulomb friction. Moreover, the third
component is a representative radial contact velocity, which accounts for
drilling friction.

The initial conditions are taken as tg = 0, ;Fos(to) = (0, 0, r —e),
p(to) = (0.5, 0.5, 0.5, —0.5), KCEIK((J;O) = (—60, 0, 1) and ]’65’(750) =
[Ark (p(to)) k D1k (to)] X 1Tos(to). The subsequent simulations are per-
formed using a constant step-size h = 1073, For comparison, the system
is also solved with Moreau’s mid-point rule [74, 126] and the nonsmooth
generalized-alpha method of [41]. Since the former one is a first-order
method that does not prevent contact penetration, a very small step-size
of h = 107° has to be chosen in order to accurately represent the observed
inversion phenomenon. For the second-order method of [41] a constant
step-size h = 1073 together with p, = 0.9 is applied. The same step size
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Figure 7.16: Simulation results of the tippedisk: Simulated time evolu-
tion of the &l-component of the center of gravity (left) and inclination
angle 6 corresponding to the last Euler angle with sequence “zxz” (right).
(—): Moreau’s mid-point rule [126], (----): Nonsmooth generalized-alpha
method [41], (---): RATTLE and (---): two-stage Radau IIA.

is chosen for both the two-stage Lobatto IITA-ITIB method (RATTLE) and
the two-stage Radau ITA method, which represent the families of nonsmooth
Runge-Kutta methods presented herein. Although the implementation of
these methods is less optimized compared to Moreau’s midpoint rule and
partially relies on finite difference approximations of the involved Jacobians,
they solve the problem 12 and 9 times faster, respectively.

It is apparent from Figure 7.16 that the simulation results obtained by
the presented time integration methods are in line with the results obtained
with the method of [126], although the applied step-size is a hundred
times larger. This shows that the presented methods are well suited
for mechanical systems with spatial friction as well as for systems with a
generalized kinematic differential equation (3.1). Since a significantly larger
step-size could be used, the number of required operations was reduced,
resulting in substantial cost savings for the overall computation. Moreover,
the results are in line with those computed with the method presented
in [41]. Hence, for persistent frictional contact, the higher-order convergence
of the presented methods as well as the absence of penetration is of crucial
importance for the efficient solution of highly dynamical problems like the
tippedisk.
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Figure 7.17: Sketch of the tetrahedron system.

7.11 Anisotropic Friction of Tetrahedron on Plane

This final example investigates once more redundant? frictional contacts,
deals with anisotropic friction and requires again a non-trivial kinematic dif-
ferential equation as introduced in (3.1). Moreover, it will be demonstrated
that anisotropic Coulomb friction with elliptical force reservoir cannot
adequately be approximated by a rectangular force reservoir. This can be
explained by the fact that the rectangular for reservoir can be interpreted
as the most simple polyhedral approximation proposed in [167]. Such an
approximation is way to simple to adequately describe the elliptical force
reservoir and introduces an approximation bias where frictional effects are
stronger in some directions than others [120]. Even in the case of isotropic
friction coefficients the friction forces are overestimated since the admissible
force reservoir is not a circle but a square. Even worse, the rectangular
force reservoir introduces wrong frictional force directions. Similar results
are reported in [94] within a slightly different experiment.

Let the tetrahedron in Figure 7.17 be defined by the edges a =1 and
an isotropic density p = 1. Consequently, it has the mass m = pe3y/2/12
and the inertia matrix x®g = 13><362/20 with respect to the body-fixed
K-basis. Once more, such a rigid body can be described by the identical
components B, B, M, and h, already used for the previous example.
The description of frictional contact is more involved since all four corner

3When all three corners of some tetrahedron surface come into and remain in contact
with the floor, the system reduces to a planar problem with three independent position
degrees. During stick, six frictional contact forces have to be determined, clearly leading
to redundant constraints.
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points of the tetrahedron can come into contact with the flat ground.

Let hp = @e and hp = ge be given as depicted in Figure 7.17. It is
convenient to introduce the body-fixed tuple

KTQs = (7.31)

,u‘_?w‘g o

addressing the center of gravity S with respect to the point (). For
k=1,...,4, the relative distance of the corner points P, with respect to
Q@ are described by the tuples

F5 0 0
K'FQPLQ = 0 , K'FQPg = hD and K'FQP4 = hTD . (732)
0 0 hp

As in the previous example, the position of the tetrahedron is addressed
by the components ;7ogs € R3 of the position vector of S with respect to
the inertial basis I. Hence, the absolute positions of the corner points can
conveniently be addressed by

FOPk =Tos + ’Fspk with ’Fspk = 'I?ka — 'FQS . (733)

Recognizing the contact normal % = €, the contact distances can be
computed by
gN =17 Top, - (7.34)

Computing the velocity of the corner points
ﬁpk = Vg + I X'Fspk, (735)

the relative tangent velocities are obtained in a similar manner. Specifically,
with the tangents t; = €. and t; = é'é they read

k t '17P,€>
=3 7 ) 7.36
YT <t2 U, ( )

Frictional contact is assumed between the corners of the tetrahedron
and the floor. Depending on the chosen friction model, two different cases
emerge. Both cases are computed with the same initial conditions given by
to =0, q(to) = (0, 0, 5, 1, 0, 0, 0) and u(tg) = vo(cos o, sina, 0, 0, 0, 0),
where v9 = 4 and « = . That is, the tetrahedron starts above the
ground with a constant initial velocity vy in the direction defined by
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Figure 7.18: Simulation results of the tetrahedron example solved by the
nonsmooth two-stage Radau ITA method.

the angle a. The contacts are assumed to be inelastic with restitution
coefficients ek, = e% = 0. For all contacts the same friction coefficients
,u% = 0.15 and M% = 0.3 are used. Consequently, the elliptical force
reservoir can be transformed to a ball-like set as discussed in Section 3.5
by introducing p% = 0.3 and a* = (3, 1), which leads to A* = diag(aF)
and v = (A*)Tyk. For the first case, classically set-valued anisotropic
Coulomb friction with elliptical force reservoir is used, as described by (3.31)
and (3.32). This is in a second case compared to the introduced rectangular
force reservoir, see around (3.33).

The resulting systems are computed using the nonsmooth two-stage
Radau ITA method with a constant step-size h = 10~2. The numerically
obtained projected trajectories as well as the resultant percussion differences
e Ak and YOp_, Azk . with i = 1,2, are depicted in Figure 7.18.
After a short period of free flight, the tetrahedron comes into contact
with all three corner points k = 1,2,3 of the bottom plane at ¢t =~ 0.26.
Subsequently, a sliding motion is performed until stick. Obviously, the
obtained trajectories differ, depending on the used friction model. The
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friction model with rectangular force reservoir overestimates the friction
forces, although the normal forces of both models coincide. This can be
explained by the fact that in contrast to the friction model with elliptical
force reservoir its force reservoir is given by a rectangle. This rectangle
is the bounding box of the desired ellipse, hence the distance from the
boundary to the origin is overestimated in most cases. Consequently, the
absolute value of the friction forces as well as the corresponding generalized
forces differ. This can be seen in Figure 7.18 and explains the observed
differences.



CHAPTER 8

Conclusions and Outlook

This monograph gives an in-depth discussion on the numerical time integra-
tion of mechanical systems with frictional contact and impacts. Specifically,
implicit Runge-Kutta methods, known for their excellent capabilities in
solving differential algebraic equations, are extended to measure differential
inclusions with mechanical structure. Two families of nonsmooth implicit
Runge—Kutta methods are introduced:

e nonsmooth projected stiffly accurate Runge-Kutta methods

¢ nonsmooth partitioned Runge—Kutta methods

The subsequent section summarizes the properties of the proposed nons-
mooth Runge-Kutta methods and gives recommendations for the choice of
method depending on the specific application. Finally, the chapter closes
by giving an outlook on future research topics in the field of numerical
methods for nonsmooth mechanical systems.

8.1 Summary and Recommendations

As its name suggests, nonsmooth projected stiffly accurate Runge—Kutta
methods are particularly effective for solving stiff measure differential inclu-
sions. As the investigations of Chapter 4 have shown, the unique solvability
of the resulting discrete equations require the enforcement of the unilateral
constraint conditions using integrated percussion differences instead of the
discrete percussion measures itself. Moreover, it was shown that solely
enforcing the non-penetration conditions is not sufficient for higher-order
methods. The resulting methods realize an arbitrary (possibly nonphysical)
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impact law, depending on the applied step-size and the chosen initial condi-
tions. In order to circumvent this ambiguity, a subsequent projection stage
ensures that the desired impact laws are additionally satisfied over a time-
step, even in the case of an inelastic impact. Different representatives of this
family are introduced throughout this monograph that can be distinguished
by their order of convergence and their possibility to add user-defined nu-
merical dissipation. Due to their outstanding convergence rates, combined
with excellent numerical damping characteristics, the proposed nonsmooth
Radau ITA methods are a good starting point when no further information
of the system under consideration is available. It was demonstrated by
the numerical experiments of Section 7.7 that their superior convergence
order, observed when the methods are applied to differential algebraic
equations, are inherited to the case of nonsmooth mechanical systems with
constant contact states. Moreover, it was demonstrated in Section 7.5
that the method is an excellent choice when stiff measure differential in-
clusions have to be integrated. Alternatively, if user-defined numerical
dissipation is of crucial importance, the proposed TR-0(ps,) method should
be considered since it is second-order accurate and shares similar damping
properties as the generalized-alpha method, well-known for the solution
of structural mechanics problems, but can be applied to problems with
generalized kinematic relations. In conclusion, Chapter 4 has shown that
the family of nonsmooth projected stiffly accurate Runge-Kutta methods
merits recognition for effectively addressing all outlined research objectives
of this thesis. Therefore, they are an excellent choice for general-purpose
numerical time integration methods tailored for nonsmooth mechanical
systems with frictional contact and impacts. In addition, the merit of this
chapter is the presentation of a novel ESDIRK method, called TR-0(po ),
which allows for optional user-defined numerical dissipation.

The specific merit of Chapter 5 lies in the generalization of the recently
proposed Lobatto-type variational integrators [42] to nonsmooth partitioned
Runge—Kutta methods. Thereby, enabling the time integration of nonsmooth
mechanical systems that exhibit a generalized kinematic relation. The
family of partitioned Runge-Kutta methods originates from the solution
of constrained symplectic mechanical systems with Hamiltonian structure
and is well-known for their excellent long-term energy behavior, required
for the solution of molecular dynamics simulations or the prediction of
orbit motions of the outer solar system [85]. All in common, these meth-
ods share some sort of structure preservation that naturally contradicts
strong stability requirements. Hence, they should not be considered when
stiff differential equations or stiff measure differential inclusions are en-
countered [80, 99]. The most prominent representatives of this family are



8.1. SUMMARY AND RECOMMENDATIONS 143

the Lobatto IITA-ITIB methods. When applied to bilaterally constrained
mechanical systems, they simultaneously enforce the constraint conditions
on position and velocity level [99]. This turned out to be an important
property when the methods are extended to measure differential inclusions
with mechanical structure. Specifically, this allows to simultaneously en-
force the non-penetration conditions as well as desired, possibly inelastic,
impact laws. Thereby, contact penetration and bilateral constraint drift
is naturally prohibited by these methods. The unique solvability of the
resulting discrete equations requires the introduction of an index shift
between the kinematic quantities and the Lagrange multipliers involved
in the unilateral constraint conditions. Furthermore, and in contrast to
the methods proposed in Chapter 4, an order reduction can be observed
when the integrated percussion differences are used to enforce the unilateral
constraints. If the discrete percussion measures are chosen instead, this
problem is completely eliminated. Once more, it was demonstrated by
numerical experiments that their superior convergence orders, observed
when the methods are applied to differential algebraic equations, are inher-
ited to the case of nonsmooth mechanical systems with constant contact
states. Consequently, this family of methods addresses all outlined research
objectives of this thesis, with the exception of Objective 6, due to the
limited stability properties. Finally, it was shown that a variant of the
recently proposed nonsmooth RATTLE algorithm [29] and a variant of
Moreau’s mid-point rule [40] are naturally embedded into this family of
methods, indicating that these methods are natural extensions of the very
early nonsmooth time integration methods.

Selecting an appropriate numerical time integration method is a complex
and critical task in computational simulations. To aid in this process,
Figure 8.1 presents a comprehensive decision tree in the form of a flowchart.
This flowchart is derived from the detailed recommendations and guidelines
discussed so far, offering a systematic approach to choose the most suitable
method for a given problem.

The application of the proposed families of nonsmooth Runge-Kutta
methods requires the solution of a system of nonlinear equations subject to
normal cone inclusions. For this purpose, two different solution algorithms
are presented in Chapter 6, completing the proposed time integration meth-
ods. Since both algorithms involve a set of arbitrary positive parameters,
the chapter concludes with a simple but sufficient method to estimate these
parameters.

Besides the introduction of these two families of nonsmooth Runge—
Kutta methods together with appropriate solution algorithms, Chapter 2
and 3 of this monographs give a concise and self-contained introduction to
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Figure 8.1: Decision tree for choosing an appropriate nonsmooth time
integration method.

the mathematical theory of nonsmooth mechanical systems with frictional
contact and impacts. Therein, the most commonly encountered friction
phenomena are presented, which can be described in a unified way by
nonlinear normal cone inclusions. Hence, no polyhedral approximation of
the desired friction laws is considered.

This thesis is completed by an in-depth presentation of eleven selected
benchmark examples that validate the most important properties of the
proposed methods. Moreover, they meet the needs for a common baseline
to the validate and compare the performance of the proposed methods with
future time integration methods for such class of systems. It can finally
be concluded that for all presented examples, the proposed nonsmooth
Runge-Kutta methods are at least on par or even superior compared with
existing nonsmooth time integration methods, thereby taking into account
the formulated research objectives.
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8.2 Future Works

Within this monograph it was demonstrated how two prominent families
of implicit Runge—Kutta methods can be extended to integrate measure
differential inclusions with mechanical structure. Besides these fully implicit
Runge-Kutta methods, also half-explicit methods are frequently used
for the integration of moderately stiff differential algebraic equations of
differentiation index two and three [26, 136]. Preliminary investigations
on the application of the index two methods to mechanical systems with
frictional contact can be found in [112]. Future research should continue
these investigations and evaluate if the proposed methodology of Chapter 4
can be applied to the half-explicit methods designed for the integration of
differential algebraic equations of index three proposed in [136].

In the preparation for this monograph, preliminary investigations were
made for the extension of linear multi-step methods like BDF to measure
differential inclusions with mechanical structure. As already discussed in
the introduction, this causes serious problems since the history of positions
and velocities is required in order to compute a new time-step. Therefore,
a similar approach as outlined for the nonsmooth projected stiffly accurate
Runge—Kutta methods from Chapter 4 is not applicable, since the history
will not be aware of the change of velocities that is enforced by a discrete
version of the impact equation (4.111). A possible remedy for this issue
might be the enforcement of the bilateral and unilateral constraints on
acceleration level, as proposed in [41]. Thereby splitting the motion of
the system into smooth and nonsmooth parts. The former one will be
discretized using a linear multi-step method like BDF and the latter by
an implicit Euler method, including a possibly inelastic impact law. Since
this approach contradicts to Objective 5 it is not considered herein, but
definitely deserve further investigations.

Within this thesis, the proposed nonsmooth Runge-Kutta methods are
applied with constant step-sizes h. In the context of differential equations,
Runge-Kutta methods are so popular and successfully applied to a variety of
different applications precisely due to their very good suitability for adaptive
time-step implementations. The gains of such a procedure are concisely
described by [144]: A good ODE integrator should exert some adaptive
control over its own progress, making frequent changes in its stepsize h.
Usually the purpose of this adaptive stepsize control is to achieve some
predetermined accuracy in the solution with minimum computational effort.
Many small steps should tiptoe through treacherous terrain, while a few great
strides should speed through smooth uninteresting countryside. The resulting
gains in efficiency are not mere tens of percents or factors of 2; they can
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sometimes be factors of 10, 100, or more. As the excerpt of [144] indicates,
such an adaptive step-size implementation is mandatory to leverage the
usability of nonsmooth time integration methods for large scale industrial
applications. Since classically, such adaptive implementations are based on
monitoring the local truncation error of the numerical methods, a similar
quantity has to be found for measure differential inclusions, which is closely
related to the subsequent discussion. A first approach in this direction
is already presented in [1, 2], where Runge-Kutta methods are combined
with Moreau’s mid-point rule. Preliminary investigations conducted during
the preparation of this monograph indicate that monitoring the error of
the (s — 1)th-order collocation polynomial for the positions appears to be a
promising approach. Specifically, the error estimate for the step ¢, — t,+h
is given by err, = g, —q(t,). Here, the collocation polynomial is defined as
q(tn+9h) =327, 1;(9)Q;, expressed in terms of the Lagrange polynomials
I;(9) for the nodes ¢, ¢a,...,cs and the stage positions Q;. A similar
strategy was proposed by Guglielmi and Hairer [78, 79], in the context of
stiff delay differential equations, differential algebraic delay equations and
neutral problems with discontinuous solution using Radau IIA methods.
Pursuing the path of finding a suitable step-size control mechanism is
considered essential for leveraging the potential of the proposed numerical
methods to meet industrial standards.

As the numerical experiments of Section 7.7 indicate, the proposed
nonsmooth Runge-Kutta methods show the expected orders of convergence
when applied to frictional contact problems with constant contact state
that can alternatively be described by differential algebraic equations.
During motions where the contact state changes, the convergence drops
to a nonmonotone order of one. Although this is not a very satisfactory
observation, such higher-order methods seem to outperform classical first-
order methods as observed in Section 7.10, when applied to the Tippedisk
example. Future investigations have to find rigorous mathematical proofs
for the observed orders of convergence and should include explanations
to the observed superiority of higher-order methods applied to measure
differential inclusions with mechanical structure.
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