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Zusammenfassung

Gegenstand der Bruchmechanik ist die Beschreibung derdaténe, die bei der teilweisen
oder vollstandigen Trennung eines urspringlich ganzémpé&rs auftreten.

Physikalische Experimente und numerische Berechnunggeargalass in einen Korper sehr
hohe Spannungskonzentrationen in der Nahe von Risseretanftkonnen. Solche Span-
nungskonzentrationen beeinflussen die Festigkeit undriselaeier des Korpers. So konnen
sich zum Beispiel Mikrorisse bilden, wie das Beispiel vofdBi(a)zeigt, die sich bei weiterer
Belastung vereinigen und schliel3lich zum Versagen demggesaStruktur fuhren. Zahlre-
iche Festigkeitshypothesen der Bruchmechanik basieredesuSpannungsverteilungen im
Korper, weshalb eine genaue Kenntnis der Spannungen noigvst.

Bruchprozesse sind jedem aus Natur und Technik hinlamgkdkannt. Sehr beeindruckend
sind Risse und Briuiche naturlicher Materialien wie Gesteid Eis, vor allem wenn sie uns in
grof3en geologischen Formationen als Felseinstirzeschletspalten und Erdbeben begeg-
nen, siehe BildL(b).

Die in der Kontinuumsmechanik zur Beschreibung des meshhan Verhaltens von Festkor-
pern verwendeten GrofRen wie Spannungen und Verzerruimgeyedoch nicht immer unmit-
telbar fur die Beschreibung von Bruchvorgangen geeighes diesem Grund werden in der
Bruchmechanik zusatzliche Grof3en, wie zum Beispiel 8pagsintensitatsfaktoren oder En-
ergiefreisetzungsraten, eingefuhrt, welche den lokAlestand an der Rissspitze beziehungs-
weise das globale Verhalten des Risses bei der Ausbreitargkterisieren.

Zwei typische Probleme stehen im Vordergrund der Betraxghtier linearen Bruchmechanik:
a) der stationare (stehende) Riss unter einer dynamidgékstung und b) der instationare
(schnell laufende) Riss.



(a) Mikroriss im Gefluige (b) Makroriss (Spalte) im
von duktilem Gusseisen Frundelgletscher-Schweiz

Dieser Arbeit beschaftigt sich mit dem Punkt b), namlicibh dem dynamischen Risswachs-
tum. Es wird die Frage, wie weit sich ein Riss in einem Konpatier aul3erem Welleneinfluss
ausbreitet, diskutiert. Dabei hangt das FortschreitanRisses nicht nur von der Geometrie
und dem Material des Korpers ab, sondern auch von der Aduléerem Belastung.

Es soll unterstrichten werden, dass die Rissausbreituagnem beschrankten Gebiet betra-
chtet wird, was zu zusatzlichen Schwierigkeiten im Veayiezum Ublichen Model in der
gesamten Ebene fuhrt.

Hinsichtlich der Deformation eines Risses werden dreicleéeslene Rissoffnungsarten un-
terschieden (vgl. dazu Abbildury2): Modus | Modus Il und Modus lll. In dieser Arbeit
wird unterschieden zwischen deut-of-planeund dern-planeSituation fur die lineare Elas-
tizitat.

Im Falle linearer elastischer Materialien kann das Siagdihalten schwacher Losungen
und deren Ableitungen in der Nahe von Rissspitzen valllithdurch eine asymptotische
Entwicklung der Losung charakterisiert werden.

In der Nahe der Rissspitze in einem zweidimensionalen &diat die asymptotische En-
twicklung fuir ein Verschiebungsfeld = (ug,up,u3) " folgende Struktur (Polarkoordinaten
beziglich Rissspitze):

(ul) =112 G1(0)+Car? Go(w) + Ureg
1
Uz = C3I'2 g3(w) + Ureg:

Dabei sind die SinguIérexponentérEigenwerte eines zugehorigen Eigenwertproblems, die
Funktionengi (w), g2(w) undgs(w) verallgemeinerte Eigenfunktionen uiigeg, Ureg sind
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glattere Funktionen. Die Eigenfunktionen konnen fUresgne Geometrie und Materialpa-
rameter explizit berechnet werden und hangen nicht vonadé&eren Belastungen ab. Der
Einfluss der au3eren Lasten spiegelt sich in den verallgrien Spannungsintensitatsfak-
torenc; wider.

Ziel dieser Arbeit ist, das dynamische Risswachstum inmeihieear elastischen, isotropen,
homogenen zweidimensionalen Korper unter Einfluss eineliewnathematisch zu unter-
suchen. Die Grundgleichungen der linearen Elastodynaxakier-Lamé-Gleichungen) sind
hier zu verwenden:

Pl — (MAT+ (A + p) graddiv T)) = f (1)

wobeili(y,t) = U= (ug,up,u3) " das Verschiebungsfelg, die Massendichte) den Laplace
Operator,f die Volumenkrafte und , i die Lamé Konstanten beschreiben.

VE _ E
1+vii—2v) M7 23wy

Kommt es aufgrund aul3erer Belastung zu einem Rissfoitsamreinem a-priori rissbe-
hafteten Korper, so lafit sich das neue Rissproblem zurefasten Zeitpunkt als Trans-
formation (Bewegung) des urspringlichen Rissproblenns Zeitpunkt Null auffassen. Mit
Hilfe der Kontinuumsmechanik lassen sich aktuelle bruelvente Grof3en wie Verschiebun-
gen, Spannungen, Spannungsintensitatsfaktoren, etch @éine Ruck-Transformation auf
eine Referenz Konfiguration ausdriicken.

Im Falle eines isotropen linear elastischen Korpers lased die Spannungamals Asymp-
totiken der Form:

o =k (t,h, 1) 126, Y () + ki (t,h, 1) 126 P () + Oreg

1-—(3) 2)
Oug = ki (t,h,h) r™2Vij 7 (w) + reg. Term

darstellenr ist der Abstand zur Rissspitze unglist der Polarwinkel.
Dabei werder&Tj(k) bsw.\Tj(?’) aus den zwr = 3 gehdrenden Eigenfunktionen berechnet.
Nahert man sich im Modus | der Rissspitze—{ 0), so dominierten im Spannungsfeld
die singulare Terme, gewichtet durch den Spannungsiitéésfaktorenk (t) = k; (t,h,H),

K| (t) =k (t,h,h/) undk (t) =Ky (t,h,h/).

Es gibt eine ganze Reihe von Bruchkriterien, bei denen Spayen, Verzerrungen, die
auftretende Energie oder die Spannungsintensitatstakiur Charakterisierung der Materi-
albeanspruchung und des Versagens herangezogen weréaemolliam haufigsten verwen-
deten Kriterien sind da&riffith-Kriterium und daslrwin-Kriterium. Im Fall dynamischer
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Bruchvorgange muss die kinetische Energie in die Eneilgrebbei der Rissausbreitung ein-
bezogen werden. In dieser Arbeit betrachten wir ein vegaliginertes dynamisches Griffith-
Kriterium.
Das Bruchkriterium eines laufenden Risses hat deshalbati|a Funter geeigneten Voraus-
setzungen):

G(h,n) =T (h,K). 3)
Die rechte Seité (h,h’) reprasentiert die dynamische Bruchzahigkeit (engl.atyic tough-
ness) unds(h, h’) die dynamische Energiefreisetzungsrate.
In der Arbeit werden zwei Aspekte untersucht.
Der erste Aspekt bezieht sich auf ein zweidimensionalellBnoin dem angenommen wird,
dass nur Scherwellen (Mode 1), nichtebener Schubspagsrustand, auftreten und dass
sich der Riss geradlinig ausbreitet. Damit ist es moglioh der klassischen Wellengle-
ichung (Laplace-Operator) in der aktuellen Konfiguratiasaugehen. Durch Aufstellen der
Energiebilanz konnte eine gewohnliche Differentialgheing, “die Bewegungsgleichung”,
zur Bestimmung der Bewegung der Risssplide hergeleitet werden.
Die Kopplung der Wellengleichung mit der Bewegungsglerahist durch eine nichtlineare
Relation zwischer(t), der Geschwindigkeit der Rissspith&t) und den sogenannten dy-
namischen Spannungsintensitatsfakigr(t) = k;;, (t,h, ) dargestellt.

Der zweite Aspekt betrifft den ebenen Verzerrungszustangylane case”, auf den die obige
Methode Ubertragen wird. In diesem Fall treten zwei Ausbngsgeschwindigkeiten auf,
die der Longitudinalwellen und der Transversalwellen uaditer hinaus die dynamischen
Spannungsintensitatsfaktoririt) = k; (t, h,h") undk (t) =k, (t,h,h’) .

Wie in der Mechanik Uiblich, wurden ein elastodynamischea&@potentiakp und ein elas-
todynamisches Vektorpotentigy in (1) so eingefuihrt, dass

Uy = 019+ 023 — O3,

Uz = 02+ O3l — 01U,

Uz = 03¢+ d14k — d2un.
Es folgen die Helmholtzschen Wellengleichungen, die aufatktuellen Konfiguratiorf);
definiert sind.

Es ergeben sich zwei hyperbolische Differentialgleiclemignit der Ausbreitungsgeschwindig-
keitc; undcy:

(;b—c%DZ(p:OinQZ:LTJQt- (;[J—CgDZl[J:OinQZ:C—JQt,
t=0 t=0
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g A2 a2 B
p p
Darin beschreibt das Skalarpotentie¢ine Volumenanderung (Dilatation) und das Vektorpo-
tential Y, eine reine Gestaltanderung bei konstantem Volumen (Bisto). Entsprechend ist
c; die Ausbreitungsgeschwindigkeit der Dilatationswelleor(gitudinalwellen) und:; die
Ausbreitungsgeschwindigkeit der Distorsionswellen déigherwellen (Transversalwellen).
Neben den Transversal- und den Longitudinalwellen spdileRayleigh-Wellen oder Oberfla-
chenwellen eine wichtige Rolle bei dynamischen Rissproble Es handelt sich dabei um
Wellen, die sich entlang einer freien Oberflache ausbreited die ins Innere hinein schnell
abklingen. Die Ausbreitungsgeschwindigkaitergibt sich aus der Nullstelle der so genan-

nten Rayleigh-FunktioD,
D:=4a(t) ax(t) — (14 ax(t)?)?,

B h’(t)2
C% .

Das Rissspitzenfeld, d.h. die Spannungen und Deformatiemer Umgebung der Rissspitze

, az(t)z =1

sind von fundamentaler Bedeutung fur das dynamische Rsdvstum. Dieses Feld beschreibt
nicht direkt den Zustand in der Prozel3zone, bestimmt alveratds indirekt die Vorgange, die
in ihr ablaufen. Unter Prozel3zone, Bil¢c), versteht man die Region in der Umgebung der
Rissspitze, in welcher der mikroskopisch komplexe Prozef3Bindungslosung stattfindet
und die mit Mitteln der klassichen Kontinuumsmechanik biobhandelbar ist. Es wird die

0y €

A

5,

N
7

"v\r\“ -4
o

(c) Prozel3zone der mikromechanischen
Bruchvorgange an der Rissspitze

Energiebilanz in einem Korper mit Riss wahrend der Risbagitung untersucht. Unter Ver-
wendung eines verallgemeinert@miffithschen Bruchkriteriumg§3) wird auch diesem Fall
eine gewohnliche Differentialgleichung hergeleiteg diit der Wellengleichung gekoppelt
ist. Deren Losungen beschreiben das gesuchte Risswathstder Rissspitze.

Die Bewegungsgleichung der Rissspitze kann auch im “ingdldall explizit hergeleitet

Xiv
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werden.

Die Vorhersage des Ausbreitungsvorgangs von Risserrigidie bruchmechanische Fragestel-
lungen von Bedeutung. Die numerische Simulation bietel.hsung dieser Aufgaben her-
vorragende Moglichkeiten und hat sich zu einem unenthdtah Werkzeug entwickelt.

Die Losungen der gekoppelten Probleme werden mit HilfeRtegrammpaketes PDE2D 8.6
berechnet. Diese Software ist ein FORTRAN-Programm.

Es geht hierbei um zeitabhangige Probleme, die man beeAurfig in mehrere Zeitintervalle
mit unterschiedlichen Zeitschritten 16sen kann. Am Eretteg erfolgreichen PDE2D-Laufs
wird die Losung an den Knotenpunkten in einen ‘restari&fide2d.res geschrieben. Die
Moglichkeit von dump/restart erleichtert die Losunghilmearer Probleme. Es wird von
einem linearisierten Problem ausgegangen, dessen Ld&tantyvert fur ein neues, leicht
modifiziertes lineares Problem ist. Weiterhin ist mit dureptart der Aufruf von PDE2D in
einer Schleife moglich.

Die vom Benutzer erstellte Anfangstriangulierung des &islist regular.

Im Unterschied zu einer automatischen Vernetzung von Brggkurationen bzw. ausgewahl-
ten Teilbereichen, die mit herkommlichen Netzgeneratadolgt, spricht man von einer
adaptiven Vernetzung dann, wenn der Algorithmus auf deisBles FEM-Losung selbst eine
Anpassung der Diskretisierung an das behandelte Problemmwmt. Als Kriterium flr eine
lokale Verfeinerung oder Vergroberung der Vernetzungelelokale Fehlerschatzer. Bei der
adaptiven Triangulierung sind zwei oder mehr Laufe (nieeunterschiedlichen Anzahl von
Dreiecken in der Endtriangulierung) des Benutzerprogramitig. Beim ersten Lauf wer-
den durch Setzen von TRIDEN Informationen Uiber die Rechnuit einer gleichmaligen
Triangulierung auf dem Filpde2d.admespeichert. Diese dienen in den weiteren Laufen als
Basis fur die Netzerzeugung.

Auf sehr komfortable Weise wird das FEM-Netz in der UmgebdagRissspitzetth(t), 0)
verfeinert, da hier der lokale Fehler der numerischen hgsaufgrund der Spannungssingu-
laritat am hochsten ist. Fur die Vernetzung der Rissuiagg ist ein sehr feines FEM-Netz

erforderlich durch:
1.0

(y1—h)2+v3
Zur Berechnung unserer Rissprobleme werden isoparactegridemente vom Grad 3 gene-
riert. Dadurch kann man viele derartige Elemente sektoni@um die Rissspitze legen.
Fur Elemente vom Grad 3 wird die Anzahl der benutzten latignsknoten so gewahlt, dass
die globale Genauigkeit vod(h?*) firr diese Elemente gewahrleistet ist.
Es wird ein iteratives numerisches Verfahren zur Berecmen unbekannten Verschiebungs-
felds us = uz(y,t), undt = U(y,t) und vonh(t) aufgestellt. Daraus wird in Kapitél ein

TRIDEN(y1,Y2) =

XV



Algorithmus fur den Modus Il Fall hergeleitet und ein Fédsagramm fur den in-plane Fall
aufgestellt.

Die grofRte Hurde ist dabei die Berechnung der dynamis&@pannungsintensitatsfaktoren
wahrend des Risswachstums. Diese konnen aus den FEMhi&raagslosungen mit Hilfe
von Extraktionsformeln errechnet werden. Fir das Vegdmimgenfeld bieten sich die Werte
in den Knoten an. Hierbei treten folgende lokale Effekte auf

e sehr nahe an der Rissspitze konnen die finiten Elementeinggl&ritat nur ungenau
abbilden.

e Im mittleren Abstand ist die Gute der FEM-Losung ausreich
Das bedeutet:

e erstens: je feiner wir vernetzen, desto hoher wachsenghiariingen in der Nahe der
Rissspitze an,

e zweitens muss die Diskretisierung so fein sein, dass diggF@Ben im Nahfeld der
Rissspitze ausreichend genau berechnet werden. Dieg&id&etzung dafur, dass die
Spannungsintensitatsfaktoren qualitativ gut extraerden.

Die besten Erfahrungen mit dieser Auswertung gab es imimalge Fall: die Spannunginten-
sitatsfaktoren werden aus den FEM-Losungen des Vetsghgsfeldes zweier gegeniberlie-
gender Knoten auf den Rissspitze ermittelt, d.h(%¢i0) Knotenpunkt der Rissspitze, dann
werden die Verschiebungsfelder im Knotenpuiki_», 0) ausgewertet, um die Spannungsin-
tensitatsfaktoren zu berechnen.

Bemerkung: Im allgemeinen Fall einer gemischten Modus-Beansprucdesdrisses missen
die unterschiedlichen Komponenten des Verschiebungsdétdder Nahe der Rissspitze ents-
prechend ausgewertet werden.

Um aus der FEM- Analyse der Randwertaufgabe am bewegtenRiBSssspitzengeschwin-
dichkeith(t) ermitteln zu kdnnen, miissen Bruchkriterien herangezogerden. Nachdem
ein dynamischer Bruchvorgang gestartet ist, hangt deteveeMerlauf der Rissausbreitung
vom Energieangebot und dem Energieverbrauch ab.

Zur numerischen Auswertung realistischer nichtgleicRigér Rissspitzenge-
schwindigkeitertY(t), wird die dynamische Bruchzahigkeit im verallgemeinertiynami-
schen Griffith-Kriterium 8) nicht als konstant angesetzt, sondern als Funktiort Moe- h(t)
undh’ = H'(t).

Unsere numerische Resultate fiir die Rissspitzengesdigiieit stimmen mit dem Maximum
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der Scherwellengeschwindigkeit in der Richtung der Risbeeitung bis zu einer Geschwin-
digkeith'(t) < 0.65x% ¢, Uberein, wie in der Literatur zu finden ist: fur Modus Illdxt die
Scherwellengeschwindigkeit eine obere Grenze.

Ziele der Arbeit sind:

¢ Mathematische Modellierung und eine mathematische Herlgider Bewegungsglei-
chung der Rissspitze unter dem Einfluss einer Welle fur dggesnanten Falle “out-of
plane® und "in-plane” in endlichen Korpern.

e Herleitung von Singularitatsentwickungen fir die Védnebungs- und Spannungsfelder
in der Nahe der Rissspitze in einem elastischen Korper.

¢ Analyse der Interaktion einer Belastungwelle mit einenh $artpflanzenden Riss.

e Anwendung der bruchmechanischen Versagenskriterien ondépte auf rissbehaftete
Konstruktionen, um quantitative Aussagen zur BewegundRrilesspitze zu gewinnen.

e Entwicklung und Implementierung einer iterativen Methade Losung des nichtli-
nearen gekoppelten Gleichungsystems.

¢ Interpretation der numerischen Rechnungen.
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CHAPTER 1

Introduction

The object of fracture mechanics is to describe the behawioas body with crack under loa-
ding. Thereby a crack is a partial or complete macroscopparsgion of a body. Pre-existing
cracks are very common and virtually impossible to avoidcangé structures. An important
question is whether a pre-existing crack will grow for a giveading, Figurel.1 shows the
famous crack on the Liberty Bell, the crack was originallya@lne, and by the 1840s it was
a threat to the bell.

Cracks are also frequently formed during
manufacturing of the material or as the re-
sult of mechanical processes during manu-
facturing structural parts. Based on fracture
mechanics investigations the safety and reli-
ability of a body is estimated.

Modeling of fracture processes in structures
and its simulations are challenging problems
in mechanics as well as mathematics. Its un-

derstanding is important for the construction Figure 1.1: The Bell (with crack)
of structures and the development of new

materials.

Typically the mathematical model consists of an idealizedcdiption of the geometrical

configuration of the deformable body, an empirical relaglip between internal stress and
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1.1 Motivation

deformation, and a corresponding balance law of physidedpaith mechanical quantities.
Dynamic fracture mechanics is the subfield of fracture meicsaconcerned with fracture
phenomena in which inertia plays a role. Dynamic processascracked body fall into two
basic categories: dynamic crack propagation, and dynaraairhg of bodies with stationary
cracks. Often a mixture of these two kinds of processes appka example when dynamic
loading on a body which contains a stationary crack causeardic crack propagation, or
when dynamic crack propagation generates waves, whichraftection at an outer bound-
ary of the body, impact on the crack.

Because an additional dimension, the time, enters whergdmm a static to a correspond-
ing dynamic case, the mathematical models and the analhgsisfacourse, more difficult and
complex. From the experimental point of view, the time dejgte requires that many ac-
curate sequential measurements of quantities of interest be made in an extremely short
time period in a such that there is no interference with tloeg@ss being observed.

1.1 Motivation

In many cases, failure of engineering structures througgttdire can be fatal. Often disasters
occur because engineering structures contain cracksingusther during production or
during service (e.g. from fatigue).

In the beginning of the 1900’s the inte-
rest increased in the behaviour of steel, the
most used material at that time, after frac-
tures were detected in various types of struc-
tures including ships, examples are Olympic
(1911), Titanic (1912), several ships during
World War | (1914-1918) and World War 11,
see Fig.1.2

Figure 1.2: Schip failure-Callister 1997

The ICE accident of Eschede, the heaviest tragedy in Gerailatook place on June 3, 1998
on the track Hannover-Hamburg. It was caused by a singlguatrack in one wheel, which
when it finally failed, caused the train to derail, Figaré.
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(a) Cracks in sidewalk (b) Cracks in bone (c) Cracks in building

Figure 1.4: Cracks everyday

Experte halt Radsatzwellen fiir ungeeignet

Lots of things crack, some just a little pieCe 1ce-probleme: Bahn unter Druck
and Some a Wh0|e |Ot. One Can See Crackslstder Riss, der an einer ICE -Radachse entdeckt wurde,

wirklich als Einzelfall zu sehen? Ein angesehener
Bahn-Gutachter widerspricht der Bahn und warnt: Die

everyday, |n the SldeW8.| k, |n a bUIldIng, verwendeten Radsatzwellen entsprechen grundsitzlich nicht
) ) . . den Anforderungen.
in a window, or maybe in a bone, Figure
Vatroslav Grubisic weil, wovon er spricht:
1 .4. Der im Ruhestand lebende ProfessorF', wird als

"Réder-Papst" bezeichnet und war fiir das
Fraunhofer Institut Gutachter im Prozess um

In the field of biomedical engineering ... e ungick von sechede, seit
2006 beschéftigt sich Grubisic intensiv mit

we can quote as a typlcal problem the den beim ICE verwendeten Radsatzwellen.  “ " ° 0 T ®

Am Freitag (17.10.08) duBerte er sich kritisiert

breaklng Of a bone' Fracture IS an_ gegenilber dem WDR &uBerst kritisch zu den

verwendeten —Radsatzwellen: Deren Lebenslaufzeit sei auf
15 Millionen Kilometer in 30 Jahren ausgelegt. Doch schon jetzt, nach

other word for cracking or a Crack. It o von cta suche bie s Hillonen Kilomebern, gebe
is important to study how cracks be- ™™™

have because cracks can cause things t@
fail, something as small as a bone or
as large as a ship. If a large struc-
ture, such as a building or a ship,
cracks, this may lead to a catastrophic
failure which could affect many peo-
ple.

Figure 1.3: Eschede train disaster

For analyzing the crack-tip behaviour theo-
retically, a number of approaches have been derived €. [§], [17]. However, there are
many unsolved problems in dynamic fracture mechanics.

Computational challenges

Since cracks cannot be eliminated, procedures must beedetosquantify and predict the
behaviour of cracked structures under service conditidsitle materials, which can be
modeled as linear elastic materials, require the primeacharization and evaluation of the
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1.2 Purpose of the thesis

so-called stress intensity factors. The fundamental fetstof linear elastic fracture mecha-
nics is that the behaviour of cracks, i.e. whether or not tireyv and how fast they grow, is
determined solely by the value of this stress intensityoiacthe method for obtaining ana-
lytically as well as computationally stress intensity tactolutions to crack problems will be
described in later chapters.

In this thesis, we focus on efficient solution techniquegtiernumerical simulation of crack
propagation in 2D linear elastic formulations based ontEiBRlement Method.

The numerical solution procedure for the correspondinghdauy value problem with chan-
ging boundaries conditions shall be made as efficient aslpessThus, it is necessary to
obtain high accurate solutions, particularly at largereimsurrounding the crack tip, inclu-
ding the asymptotic behavior, where the fracture procesaresc Away from the crack tip,

the numerical solution does not require very high resofutla fact, one needs adaptivity of
the solution based on a posteriori error estimation togetifite effective capable solvers for
the discrete solution system at each step of crack promagati

1.2 Purpose of the thesis

The four building blocks of this thesis are: mathematicatleling, analysis, singular expan-
sions and numerical simulations. We shall focus on the dgweént of the following main
goals:

e Mathematical modeling and a rigorous mathematical deawadf the crack tip motion
under the influence of a wave for the out of- and in-plane cases

e Study of the interaction of stress waves with a propagatmgkcand analysis of the
displacement and stress fields of cracked elastic bodieswane subjected to external
loadings. Here we consider the anti-plane/in-plane shaaks in a finite body.

e Derivation of the displacement and stress fields of bodi¢ls eriacks near the crack
tip.

¢ Resolution of mathematical models consisting of two codiglguations: a 2D scalar
wave equation for the displacement fields in a cracked baliddmain and an ordinary
differential equation for the crack position for the outgdhne case and the in-plane
case respectively. Both cases are handled in a similar wayhée in-plane case, given
by the Navier Lamé equations is more complicated.
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e Presentation of an iterative method in order to solve thdimear coupled problems.

e Computation of a 2D dynamic crack propagation problem ferdaht of- and in-plane
cases.

So far, to the author’s knowledge, no such simulations forashyical crack propagation in
finite bodies have yet been done.

There are three basic modes of deformation for a cracked. biduyse modes are characte-
rized by the movements of the upper and lower crack facesmegpect to each other. We

study the mode lll, out of plane case, and the mode | and lpJame case, separately.

In the case of linear elastic materials, the singular behawf the displacement and stress
fields near corners, edges or points with changing mateaemeters can be completely
characterised by means of an asymptotic expansion of thé@ohear the crack tip.

The first step to compute local singularities is, as usuakaasform the problem into polar

coordinates with respect to a corner point or an interiosgqmoint S and use the fact that in
the neighbourhood of S the solution for the displacemerd tieldmits an expansion:

U=

CoiF 10 (w) + Ureg (1.1)

M3z

(r,w) are polar coordinates, centered at the singular point atrhek tip. Note that, we
consider only those opening angles, where no logarithmgecour.

The singular exponents € C are eigenvalues of a corresponding nonlinear eigenvalue pr
blem, and the functiong; are eigenfunctions. The dominant singularity is given by th
smallest positive real part of the eigenvalmein a strip. The constants,, are generalised
stress intensity factors near the singular point. They @obiained via postprocessing of
the discrete finite solutions by using the eigenpéirsg).

Uregis a regular function. The regularity of the solutidms determined by the singular ex-
ponenta; with the smallest positive real part. Thg depend on the geometry, the elasticity
parameters as well as on the boundary conditions. Additigreg, is influenced by the load.
Expansions like X.1) have a long tradition in continuum mechanics for lineasetamate-
rials. K. Wieghardt {3], studied the behaviour of stress fields near cracks withh#ie of
an expansion likel(.1). Later, H.M. Westergaard 5p], M.L. Williams [60] and G.R. Ir-
win [71] formulated new fracture criteria which are based on theasgntation.1) of the
displacement and stress fields. In his fundamental work, Kahdrat'ev B6] proved that
the structure of solutions of linear elliptic equationsmearner points is indeed completely
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characterised by an asymptotic expansion, e.g1dy.(

The general strategy here is to describe the displacembtt fiethe medium subject to both,
the boundary conditions as well as the externally appliegbst

For a single moving crack, the only energy sink existing mslgstem is located at the tip of
the crack. Thus, an equation of motion can be obtained foranmgarack if one possesses
detailed knowledge of the dissipative mechanisms in theycof the tip.

Unfortunately, the processes that lead to dissipationertiftis vicinity are far from simple.
Fracture, together with the complex dissipative processesrring in the vicinity of the tip,
occurs due to intense values of the stress field that occutmdéze tip.

This thesis deals with 2D problems and we restrict oursetvegraight cracks. In particular,
we assume that the following assumptions are satisfied:

1 The material is homogeneous and isotropic and plane stoaiditions hold.

2 The preexisting crack is part of a straight line and thelccan propagate along this
line, only.

1.3 Thesis outline

The thesis is organized as follows:

Chapter 2 focuses on the mechanical and mathematical backgroundsifaty and fracture
description on the basis of continuum mechanics. The tweedsional Lamé equations, a-
pply to the two cases of equilibrium of elastic bodies whiok @f considerable interest later
on, namely the cases pfane strainandplane stressare summarized. The Navier Lamé
equations are introduced and the basic physical propetesliscussed. The generalized
Griffith energy criterion is presented. This discussiongsyvimportant in connection with
the derivation of an equation of motion for a dynamic crapk ti

Chapter 3is devoted to the study of the behavior of two-dimensioresdit fields near static
cracks. The theory to which this chapter is devoted was dewhlrough previous years. We
have selected the material for this chapter in order to be tabpresent the main apparatus
of the dynamic theory related to Navier-Lamé and Laplaceraiors used in Chapteds5,

in a sufficiently detailed way. Furthermore, in order to maté and explain some numerical
aspects of the posteriori dynamic cases, we give short mategy and overview on nume-
rical computations of the eigenfunctions for the boundaty& problem for Lamé equations
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with conical points. The numerical results in this sectiogrevproduced by a Fortran pro-
gram solver and a PDE2D program (Appendix Both are designed to solve the more
h/(t)z
¢
1. This is an eigenvalue problem where the eigenvalue appemar-linearly. For the static
case,h'(t) = 0, which impliesax(t) = 1, the problem reduces t8.6). For the static state
the results from the Fortran and PDE2D programs can be cadpdth analytical one from

[23.

general problemA.8), whereh'(t) is not necessarily 0, henae(t) := /1— is not

We split the investigation on dynamic crack propagation the two fracture states.
Chapters 4-5 are devoted to the main results on dynamic crack propagditithese chap-
ters asymptotic formulas for displacement-, stress fieldslarived. The significance of these
computations particularly manifests itself later in dergyasymptotic formulas for solutions.
An important role play the coefficients in asymptotics oiugimins: the dynamic stress inten-
sity factors.

The goalis to investigate mathematically the behaviour of a lindaste, isotropic, ho-
mogeneous and finite body with a running crack under the infleef a wave. Here we
concentrate on bounded crack velocities. Reducing the-tlireensional wave model given
by Navier-Lamé equation system to a two-dimensional onegatean in-plane model for
plane elastic waves and an out-of-plane model for shearsyaeeording to Chaptex.

The main points are in both cases: the description of theviedaof the elastic fields near
the running crack tip and the derivation of the equations ofiom of the crack tip.

The method Analysis of the transformed problem.

A well-tried method in solid mechanics is to transform therent configuration (a noncylin-
drical space-time domain, space variahlgy») like in P. Destuynder and M. Jaoua, (1981),
Sur une interpétation matématique de l'inkgrale de Rice en #orie de la rupture fragile
For this purpose it will be assumed there is a family of magpin- K (X) = x+ h(t)6(x)
which maps the reference configuratiQg, (space variables;, X, cylindrical domain) into
the current configuratio®;. Additionally a further configuration (space variablgsz),
where the isotropic Laplacian appears, is considered. @ksgge to the different configura-
tions is described by corresponding coordinate transfboms.

Roughly speakingh(t) describes the motion of the crack tip. Performing the abdnamge
of variables we get elastic wave equations with time-depahdoefficients and lower order
terms inQq. Using functional analysis arguments the solvability af thransformed initial
boundary value problem is studied.

Derivation of the equation of motioistarting from the rate of the total energy in the current
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configuration we have to derive an equation of motion of cigzkthat means, a nonlinear
ordinary differential equation fdn(t). In order to calculate the rate of the contributing ener-
gies we transform again the integrals into the referencégumation and use the results of
the first item.

Most of the studies on the dynamic crack propagation fromvibe/point of the fracture
mechanics postulate the body is infinite in a thickness tloerdecause the mathematical
treatment is simple. However this postulate is not pertit@most practical cases. We report
here an analytical study on the dynamic crack propagatiarfimte configuration.

Chapterd begins with the simpler out-of-plane state.

Chapter5 is devoted to the most interesting fracture case in appdicgt i.e. the in-plane
state. A sizable portion of the material in this Chapter sedssed in 4].

For both cases the analytical solution is determined in itieity of a moving crack located
in an isotropic medium. As specially, we are concerned wWithvariation of stress intensity
factors and displacement fields near the crack tip. The @xtraof the dynamical stress in-
tensity factor from the current displacement field decontfmwsfor the out-of-plane state, is
given in Chapted.

In order to construct the asymptotics of the singular sohgifor in-plane fracture case in
Chaptels, the matching procedure will be used once more. In contodkEtprevious chapter
4, the method based on idead],[ [77] is not directly applicable transforming the space va-
riablesxy, xo, to space variables, z,, where the singular solution of the Navier-Lamé could
be obtained in easier way. This step is just a mathematichltdostart from an isotropic
Laplacian near the crack tip and to use the known singulaiiel

For getting these fields we introduce in Chag@ewxiliary potentialsp andy related to the
in-plane motion of the crack which are separable into Modgpkeing mode) and Mode |l
(inplane sliding mode) crack problems.

Once such asymptotic fields near the tip of a propagatindk@eedetermined, other impor-
tant quantities of relevance in dynamic fracture mechasigsh as dynamic stress intensity
factors and dynamic energy release rate can be determinated

In Chapter 6 we outline the crack tip energy flux in terms of the near tip haetcal fields
for the in-plane fracture case. First of all, an expressarcfack tip energy flux, is obtained
by application of Reynolds’s transport Theorem and therdmece theorem. The calcula-
tions thereby are long and technical but, we make them asigahas we can, computing the
expressions in the more mathematically convenient reéereonfiguration.

Here, the generalized fracture Griffith criterion and a galieed energy balance law are also
used:

A -

N(t)=D{t)+E({t)—A(t)+K(t)=0

8
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with the rate of the elastic enerds, the external energ, the rate of the kinetic energdy.

D = $D is then the rate of dissipative energy.

The expression derived for the crack tip energy flux holdsgeneral material response.
Then we restrict ourselves for the particular case the maoldacture (it is assumed that
ki (t,h,i) = 0), for which some expression for the fracture toughnessusd. Assuming
small-scale yielding, rate independent behaviour undenatumically increasing stress in-
tensity factors, it is possible also to write an equation ofion of the crack tip.

The corresponding expressions for the dynamic stresssitydactorsk (t, h, h’) andk (t,h, h’)
are extracted in the Chaptér The novelty is here that we use the solutions for the digplac
ment fieldu given in the different configurations for determining theess intensity factors
in terms of displacement field, instead of the stress fieldsaglun the mechanics literature.
That means, they are extracted by using a very precise kdgelef the solution at the crack
tip.

Chapter 7 deals with the numerical simulation of a linear elastic,térbody with a crack
influenced by a wave. Galerkin finite element method with@aametric triangular elements
of third degree is used for discretisation with respect tcemnd the Crank-Nicolson scheme
for the time discretisation is applied.

The goalis the development of numerical methods that provide fagtraliable evaluation
of the PDE input-output relationship.

Atfirst the two-dimensional antiplane situation is anatyaad simulated. Since we deal with
time dependent problems, we have to analyse some prepiragé¢ssks. The corresponding
initial displacement field and crack tip speed is computeating to:

Up = Uro + kit (0) N Su(X1,%2,0), ki (0) € R, uro € H?(Qo)
up = 6u(0) € H3(Qo), (1.2)

Su(X1, %o, t) = /m\/\/co&p-i— a3(t)sir? @ — cosy

defined here in the reference configuration.

with

Numerical results for the coupled problems from chapteferbetogheter with initial con-
ditions of the form {.2), i.e. initial conditions depending also on the values & #fress
intensity factors, are not explicitely known until now.

We deal with time-dependent problems, i.e. when the crack/es, we require that the mesh
evolves also and must conform to the crack geometry. As thekds part of the mesh, this
involves the update of the mesh, as well as the data struats@ciated with the crack geo-
metry. One must treat a moving-singularity-boundary-ggbunoblem.

9
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Since the solution exhibits a strong singularity at the kr#g, a strongly refined mesh is
required near the crack tip. This technique requires cenalile computing time because of
the nature of the iteration. Because of that, a parallelesatihich runs efficiently on multiple
processor machines, is used. Furthemore, the grids arederst near the crack tip(t),0).
That is realized by a user-defined FORTRAN expression, loaleds:

1.0

\/(yl—h>2+y§.

This controls the grading of the triangulation. Note thaiDEN is largest where the trian-
gulation is to be most dense, i.e at the crack(kifi),0).
Since the mathematical analysis of the full coupled noalimeoblem for the wave equations

TRIDEN(y1,Y2) =

with the equation of motion for the crack tip, described irater4 is not easy, we use an i-
terative approach starting from a given pre-crack positi@omputing the wave-displacement
and the dynamic stress intensity fackpr (t,h,H) at a certain timé = t;, the solution of an
ordinary differential equation is used to pass to the newetstept = tj, 1 and repeat the
procedure.

Using the equation of motion of the crack tip, the crack pgaten behaviour is given if
the fracture toughness is provided. In contrast to the mgse, constant quantity for the
fracture toughness, we compute here more realistic modehaget non-uniform crack tip
velocities.

These simulations are realized for different measuressistance of the material to extension
of a crack (fracture toughness). Finally, numerical sirtiates are presented, which show the
influence of changing boundary conditions and the givemgugation on the growth of the
advance of the crack.

Due to its great importance in dynamic fracture mechanies computation of the dynamic
stress intensity factor has attracted much attention frogmeers 14], [15], [83]. However,
we mention that to our knowledge the analytical model prepgdsere and the numerical si-
mulation of the crack tip motioh(t) and the corresponding nonuniform crack tip spe'ét)
are new.

The second part of this chapter is devoted to numericalnresat of the coupled problem for
the in-plane fracture case, which becomes even more caabgdic The same questions for
mesh generation, control on the grading of the triangutatieoving-singularity are set forth
in the in-plane case.

10
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Now the initial conditions for the initial position and velity of each point look like:

u1(y,to) = ki (h,h',to)

(14 ao(to)2) V2r \/cosz¢+al(to)zsin2¢+cos¢+
ubD co2 ¢ + ay(to)2sir? ¢

2.a11(to) a2 (to) \/cos2 ¢ + az(tg)2sir? ¢ + cosp
B (l—l— az(to)z) CO§¢ +012(to)23in2¢ ’

(1+ az(to)?) V2r
uD -

+

2o+ a1(tg)2sif ¢ —
Uz(Y; to) = ki (h, 1, to) Gl(t0>J\/CO ¢ + ai(to)?sin’ ¢ — cosp

cof ¢ + a(tg)2sir? ¢

2011 (o) \/co§ ¢ + ao(to)2sir? ¢ — cose
(1+ az(to)?) co2 ¢ + a(tg)2sir? ¢

and
du(y,to) = 0.

The strategy for solving this dynamic fracture problem®ishtain the dynamically admis-
sible displacement fields from the Navier Lamé governingagigns, subjected to the initial
and boundary conditions, and then use the energy rate lgadgpuation at the crack tip equa-
tion to determine the crack speed.

The chapter contains some conclusions. We also formulate semarks, which are related
to the problems discussed in this thesis.

The thesis closes with an appendix where we list some eabegsults and transformations
on the different configurations, which are needed for thefso

This method was motivated in the Literature by Freur], [13], [38], [45], [46], Gross,
[19], [17], Aliabadi, [30], Rosakis A.J. Ravichandran G.29].

11



CHAPTER 2

Fracture mechanics

2.1 Introduction

One of the most important, classical objectives of fractmechanics is to understand the
behavior of propagating of a pre-existing crack in a strreet@iven an initial crack inside a
structure, under which loading and environment conditwillsit propagate; and if it does,
which velocity at? To answer these questions, computdtioaeture mechanics uses the
theory of failure analysis of material and structures ciomtg cracks. Once the ingredients,
the fields of displacement, strain, stress and energy otthetsre, are obtained, it is possible
to extract the information of the behavior of the crack nunaly.

Because the process zone, which always appears in a smalh regar the crack tip and is
subjected to very high load, cannot be treated as a contipfraoiure problems cannot be
solved simply by calculating stress and strains in the bdidye significant process in the
process region is the nucleation and growth of micro-séjosas By micro-separations it is
meant a material separation on a micro-structural level.

On the other hand, knowledge of stress and strains in thécmmh outside the process zone
is essential for understanding the process of crack groBtith analytical and numerical
calculations play important roles. Due to the complexityhef real phenomena concerning
cracks, analytical methods require the description of th&ylgeometry, process zone and
continuum constitutive equations.

In this chapter we shall review some fundamental concephsiofure mechanics which we

12
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shall use later on. We shall review the fundamental equatidrinear elastic fracture me-
chanics, basic fracture mechanics concepts, and cracklyprediction theory.

2.1.1 Background of elasticity and mathematical preliminaies

Let a body occupy the domaid c R3.
The solid particle coincides with the point= (y1,Y2,y3) € Q. An elastic solid is described
by the following fields:

¢ the displacements(y) = (ui(y), u2(y),us(y));
e the strain tensog;j(y),i,j =1,2,3;
e the stress tensagj(y),i,j =1,2,3

at the pointy € Q.
To formulate a model of the solid body, one needsdbestitutive lawo = o(¢), the geo-
metrical equatiore = £(u) and equilibrium or motion equations.

Let f = (fq, fp, f3) be a given function describing an external force in the dorfaithestatic
equilibrium equationgre as follows:

—aij,i(y) = fily), =123,

00 - : .
wheregij j = 0—y” the repeated indices j mean the sum over j=1,2,3.

j
In the dynamical case all functions depend also on the timablat,t > 0, and we have the

motion equations
2

pwl—h(t,y)_o-”]: fl(t7y)7 |:17273

2.1.2 Continuum fracture mechanics

In this subsection we attempt to review briefly the backgtband underlying assumptions
to discuss the behaviour of a body in the framework of comtmdracture mechanics. There
are many textbooks on the subject from many different pahtsew.

According to J. Betten,J7], continuum mechanics for solids may be divided into threkel§:
elasticity, plasticity and creep mechanics. For elastiand plasticity it is assumed that the
material behaviour of the body depends only on the chroncdbgrder of the applied load-
ings but not on the particular velocity which means that teepsses anate independent

13
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In contrast to that, creep mechanics deals with materials aviate dependentbehaviour,
i.e., it depends on how fast the applied loadings changetimit.

A body iselastig, if the deformation is reversible and vanishes immediaely rate indepen-
dently if the loadings are removed. In contrast to that tmeneains a permanent strain after
unloading in plastic bodies, where the process is irrelbrsi

We will discuss here the reduction of linear elasticity tamtdimensions. Some basic con-
cepts common to both static and dynamic cracks will be heseudsed.

We will perform an asymptotic analysis for a straight craelmthe crack tip.

The principal interest of analysis of dynamial crack pragtamn problems is to study how the
elastic fields surrounding the moving tip evolve in time. fidiere it is appropiated to express
the field equations, initial and boundary conditions witbprect to a coordinate system which
translates with the propagating crack and whose origirntéehéd to the moving tip.

We start with some useful definitions and the description deformation process of an
elastic body as depicted in Figuzel, which occupies the domai at the timet = 0.

Definition 1. The particles of a body can occupy various positions in arBetisional space.
The complete specification of the positions of the partiofesbody is called the configura-
tion of a body.

Definition 2. The configuration of a body at tlieference time (initial or undeformed state)
and thecurrent time (or deformed states the reference configuration denoted @y and
the current configuration denoted B, respectively.

To describe the two configurationspraaterial (Lagrangiancoordinate systerdenoted by,

and aspatial (Eulerian)coordinate systendenote byy, is introduced. For convenience, the
undeformed configuration of a material element is often ehass the reference configura-
tion, but, any other configuration may also be serve as tleeaete configuration, if needed.

Definition 3. A motion is a time-dependent family of configurations, enths
y=F(xt) =R(x),

see Figure2.1

The reference and the deformed configurations are disghgdiin the following way:

e Spatial/Euler view The variablesy = R(x) in the deformed configuration are called
Euler coordinates. They are part of the problem’s soluti@wiume and surface forces
which load the body are given in those coordinates.

14
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e Material/Lagrange view The so called Lagrange variabbesf the reference configu-
ration are given. Therefore it is desirable, to transformefuations of motion, which
are given in Euler coordinates, back to the reference conafigun which is achieved
by the Piola transformation.

Lagrange view means, that an observer follows each mategiat on its curve.

Figure 2.1: The reference configurati@y and the body after the time t, i.e. the current
configurationQ;

The evolution of a spatial field is basically described byRwsynolds transport theorem. In
case of a scalar field, like mass density, the Reynolds taah8peorem reads as follows:

Theorem 1. Reynolds transport theorem

Let ¢ : Qi — R be a smooth scalar field in the current configuration. Furthere, letu :
Q; — RY be the corresponding smooth spatial velocity anc@leﬂt — R be a volume source
of this field also in the current configuration. Then for amgeite (0, T) and any subdomain
Pt € Q¢ holds

d ~
a d:/ '+ div ud:/ dy.
dt/?trpy th(tp y(pu))dy 99
In fact, this relation holds for all subdomaifi} C Q; and we have almost everywhere
@ +divy (pU) = @.

Proof. The proof basically uses transformation of integrals. Fetaids see Gurtin, 99,
page 78. 0

Continuum mechanics for static problems is based on thessprenciple, named so after the
fundamental contributions by Euler [1757-1771] and Cay&Bg3-1827]. Cauchy’s theorem
guarantees the existence of a continuously differentiegisor field

Th :R(Qo) — R**3
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2.1 Introduction

which allows us to write the following boundary value prahlen the deformed configuration
—divTR(y) = fR(y), inQy,

TR(y)nT =g (y), onr™ caq;.

We now formulate the field equations in the reference conditgom. We use th@iola trans-
formation P; R3%3 — R3*3 defined by

PTR(y) =T(x) =T"(y)Cof(DR)
=T7(y)de(OR)[DR(X)] "

T(x) is called thdfirst Piola-Kirchhoff-stress tensor
D is the derivative operator. Here we denote the opefatas] =D .

T (‘93/1 Uz ayz Uz ays ul) !
Oo= (Du) = aY1u2 aYZUZ aY3u2
ayl ] ayz U3 ays U3

Since
—divT (x) = —detDR) div(TR(y)),

we get the following boundary value problem in the referecmafiguration:

—divT (X)
TIN(X)

f(x) := (deDR(x) fT(R(x), in Qo (2.1)
g(x) ;= (deDR(x))[|(DR(x) " 'nl|g7(R(X), onli.  (2.2)

Thesymmetric second Piola-Kirchhoff stress tensotlefined as

Z(x) = (deDR(x)(DR(X) T (Y)DR(X) ™" = (DR(X) T(x).

It satisfies the following boundary value problem in the refee configuration:

—dlv(DH(x)Z) = f(x), inQg (2.3)
R()Z(X)n(x) =g(x), only, (2.4)
R(x) =Fo(x), onlo=0Qo\l1. (2.5)

The constitutive equations near the reference configuratio
Fork =id, i.e. R(X) = xandD R (x) = | the stress in the reference configuration is given by:

Z() =T (y) =T(x).
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2.1 Introduction

Stress occur in the body if the distances between neighbuegdrial points change during
the deformation. A suitable measure for this change of degta is given by the Green-St.
Venant or Lagrangian strain tensor

Ean::%(Du+(ouﬂi+(DuﬂkDu0.

Definition 4. St. Venant-Kirchhoff materials
An isotropic and elastic material is a St. Venant-Kirchhodterial, if

Z(x) = AtrE(X)| + 2HE(X) (2.6)
whereA andu are the Lang constants.

Under the assumption of a small gradient of the displacefreddi one obtains the linearised
strain tensok (1) by cancelling the nonlinear ter(®u) " (Du) from E:

1

£(0) =

(Da+(DmT). 2.7)

Instead of the nonlinear strain tenddmwe consider the linearized strain tengoand as in
the linear elasticity theory we consider the linear stigsain relation, with the help of the
generalization of Hooke’s law,2B] (Robert Hooke 1635-1703):

n
oik(Y) = > Cikm(y) &im(y) = A&ii Sjk + 2UEjk

I,m=1
or
o(e) = A (tr(e))l +2ue. (2.8)

This form of Hooke’s law was first derived (1820s) by ClaudauisoMarie Henri Navier
(1785-1836). The Lamé constamtis known as the shear modulus or rigidity: it is a mea-
sure of the resistance against shear or torsion of the medibmshear modulus is large for
very stiff materials, but is small for media with low visctys{u = 0 for water or for liquid
metallic iron in the outer core). The other Lamé constantioes not have much (general)
physical meaning by itself, but defines important elastiapeeters in combination with the
shear modulusg.

The elasticity tensocjqm has the symmetry properties

Cjkim = Ckjim = Cjkml = Cml jk-

17



2.1 Introduction

Therefore, in case the case- 3 orn= 2 there are only 21 or 6 different entries, respectively,
the elasticites which define the symmetric positive defiijre— 1) x 3(n— 1) Sommerfeld
matrix, [28]

C1111 C1122 C1133 C1123 C1131 C1112
C2222 C2233 Cp223 C2231 C2212
é(y): . . C3333 C3323 C3331 C3312 forn—=3 (2.9)
C2323 C2331 C2312 ’
C3131 C3112
C1212

and
N C1111 C1122 Ci112
Clyy=| . a2 Cpi2| forn=2

C1212
For the isotropic material, the elasticities are exphoiiven by

C1111= C2222= C3333 =2U+A,
C2323=C3131= C1212 =H,
C1122=C1133= C2223 =A and

Cikm =0 for all remaining indices.

Hooke’s law reads then in vector form:

011 2L+ A A A 0O 0O €11
(o)) A 2u+A A 0O 0 O 0
O33| A A 2u+A 0 0 O €33
o | 0 0 0 g 0 0 2812
023 0 0 0 0 M 0 2823
013 0 0 0 0 O u 2&13

1-v v v 0 0 0 €11

v 1-v v 0 0 0 &0

E v v 1-v O 0 0 £33

= drva-av | o 0 0 L2 o 0 260 | (2.10)
o o o0 o0 & o 2e53
0 0 0 0 0 L2/ \2¢3

2
From .10 it is possible to writee in terms ofa by using the inverse matrix.

€11 1 —v —v 0 0 0 o1
€22 -v 1 —v 0 0 0 T
g3 | _1|-v —v 1 0 0 0 s
2¢20] E| 0O O 0 21+v) 0 0 o |- (2.11)
2873 0 0 0 0 A1+ V) 0 Ona
213 0 0 0 0 0 Zl+ V) 013



2.1 Introduction

Following [72], we introduce the matri% of differential operators generalizing the Nabla

operator:
oo 0 O
0 0 O
10 0 o5 _
§g= & 91 0 forn=3, (2.12)
0 Jd3 o
o3 0 0

whereas for n=2, delete the rows containdigand the last column.

Remark 1. For convenience, we rewritg in the form

n 17}
9= 2, %oy,

where, for each fixed4 1,---,n, §x = (9Imk)|:1,...73(n_1) is a constanB(n— 1) x n matrix
of the same form a8.

Therefore the following vector form fa holds:

o 0 O
0 & O y
. |0 o0 & !
£= & 3 0 (32) ) (2.13)
0 d3 o» 3
d3 0 o

We use now the constitutive relatio®.§) in the boundary value probler.@)-(2.4), and we
get along withi = | a non linear boundary problem.
The linearized boundary problem is obtained \da8( and reads:

—divo = f(x), in Qg (2.14)
o(xn(x) =g(x), on Ty, (2.15)
u=0, onTly. (2.16)

Lemma 1. For the displacement field, the linearized boundary value probleth14-(2.16

reads:
Find O = (ug,Up,uz) " such that:

—(UAU+ (A 4+ p)grad divt) = f(x), InQg (2.17)
on=g, onry, (2.18)
d=0. onlp. (2.19)
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2.1 Introduction

Proof. The proof is an elementary consequence2oi 4.

Adivu+2uoiug  pH(01up+daug)  p(01U3+ d3ug)
—diVO'(U) = —div [,l(ﬁ]_UZ-I—azul) Adivu+ 2udrup [1((92U3+(93U2)
[J(01U3 -+ dgul) [1(52U3 + 53U2) Adivu+ 2[.103U3

pAUL + (A + p)ordivi
= — | HAuz+ (A + p)o2divl
HAU3 + (A + ) dsdivd

= —LU= —(uAU+ (A + ) grad divd)

Remark 2. The differential operator L is the so-called Léroperator:
LU = pAt+ (A + p)grad divid = divo (2.20)
where
A=02=02+02+02, grad=(01,02,03)", divli= dius+ doUy+ d3uz = traces().
In matrix form the operator L can be written as:

HA+ (A +p)07 (A +)010, (A +H)0103 Uy
Li=| (A+u)d200 HA+A+)dZ (A +H)d203 Up
(A + 1)030: (A+U)0205  pb+(A+p)oz) \us

The differential equation system:
—LU = —[uAU+ (A + p)grad divl] = f (2.22)

is called theLamé or stationary Lang-Navier System for the displacement fiaidn 3D.

In terms of the Sommerfeld matr@ (2.9 and of§G (2.12, the Lamé operator2(20 also
takes the form

~_, ~

=§'g=6"Cé¢=g"Cgu= Z —9T 9k—U (2.22)

Lameé or stationary Lamé-Navier System for the displacement fieldi in 2D.
There are cases in which the theory naturally reduces to tmertsions, where most of the
analytical results have been obtained.
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2.1 Introduction

Also, mathematical investigations of crack problems myadidal with the 2D case, where the
singularities arise near the crack tigg6], [8€], [89], [81].

The equations of the plane theory of linearized elasticigy, the two-dimensional Lamé
equations, apply to two cases of equilibrium of elastic bedvhich are of considerable inte-
rest in practice, namely to the casepidine strainand to the case gflane stress

Definition 5. The plane stress formulation is defined through the corlitio
013 = 023 = 033 =0. (2.23)

Under the assumption of plane stress stat23) it follows from (2.11) that:

&11 1 —-v —v 0 0 0 011
10p) -v 1 —v 0 0 0 022
g3 | 1|l-v —v 1 0 0 0 0
2¢,| E| O 0O 0 21+4v) 0 0 O12
263 0O 0 O0 0 21+v) 0 0
2613 0O 0 O 0 0 214+v)) \ o

i.e. €13 = &3 = 0 and the componemgs can be computed from the solution of

v
£33 = —E(011+ 022).
It follows that theo-¢ relation reduces to:

&11 1 1 -—v 0 011
Ex | ==\ —V 1 0 022 | . (2.24)

2€12 E 0 0 Z(l—l— V) 012
The inversion of 2.24) leads to:

011 E 1 v 0 &11
Oy | = v 1 0 &o . (2.25)
(1—\/2) 1-v
012 00 5 2812
Then:
E E
011+ 022 = a-v? (L+v)enn+(1+v)exp) = a—v (e11+ €22)
£33 = —— (0114 O22) = — 2 (€114 £22)
33=—g(01+022) = 1= v) 11+ &22).

In the case of the plane stress staie, £2» andezs are dependent.
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2.1 Introduction

Remark 3. Furthermore it is assumed that stress and loadings depeng @md y», only.

i.e.0=0(y1,Yy2) ande = £(y1,y2) in the plane stress state:

v (E11+ &22) = €33 = €33(Y1,Y2) = % = % = constant with respect tozy
(1-v ’ dys = dys

Therefore gy = Uz(y1,Y2) Y3, along with 4 = us(y1,Y2), Up = Uz(Yy1,Y2).

Then
1

au Jau 0Uz dUz
02813(Y1,YZ):§< 3. 1)—y3 3 3_0.

- P == " = =
dyr  0ys 201 oy
And correspondingly

€23(y1,y2) =0= -—=0.
In a similar manner we define the plane strain state as follows

Definition 6. In the plane strain case it is assumed that:
€13=&3=£E33=0. (2.26)

Under the assumption of plane strain st&e6) it follows from (2.10 that:

011 2u +A A A 0O 0O &11
(o) A 2L+ A A 0O 0 O &2
O33| A A 2u+A 0 0 O 0
012 o 0 0 0 u 0 0 2&12
023 0 0 0 OuoO 0
013 0 0 0 0 Ou 0
1-v v v 0 0 0 £11
v 1-v v 0 0 0 £22
E v v 1-v 0 0 0 0
T (1+v)i-2v)| 0 0 0 & 0 0 | |2
0 0 o o L2 o 0
0 0 o 0 o0 0
it follows for isotropic materials thatr;3 = g>3 = 0 and
B Ev
033 = (T vy(1—av) Fut t €22)

In this case, ther-¢ relation is reduced to, (it holds for compressible matsrieg. v # %):

O | = 1% 1-v O &2
op) (IFVEA=2v) 1 4 0 2/ \2e,
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2.1 Introduction

With the inverse matrix it holds the corresponding relatmmnthe plane strain state

& l1-v —-v O o
e | = (12") v 1-v 0| [om]. (2.27)
2€12 0 0 2 012

(1+v)(1-2v)
E

It follows:

(1+v)
E

€11+ &2 = ((1—-2v)o11+ (1—2v)092) =

Ev
(1+v)(1-2v)

In the case of plane strain statg, 0»» and oz are dependent.

(011+ 022),

033 = (€114 &22) = Vv (011+ 022).

Remark 4. In plane strain state:

5U3 _
O=¢€333=— = uz=u ’
3= 5y, 3 = U3(Y1,Y2)
Also it holds
1/ 0dus 0U1) ou1(y1,Y2,Y3) ouz(y1,Y2) ~
O=¢&13=1 + = - = U =Y3 U1{¥1,¥2)-
13 2( oy oy, 2ys oy1 1=Y3U1(Y1,Y2)

In similar way

dUZ(YLYZ,YS) dljé ~
E3=0= =— =U=Yy3U Vo).
23 2y dy, 2=V 2(Y1,Y2)
i.e. the displacement is independent of thecgordinate and the 44acomponent of the dis-

placement vector vanishas= (yz U1 (y1,Y2), Y3 U2(Y1,Y2), Uz(Y1,Y2))-

From (2.20 can read off for the plane strain state:

HAUL + (A + p)ordivi

—divo(U) = — | pAup + (A + p)d-divt

pHAU3 + (A + ) dzdivl

pysDoln + (A + p)y3d1divoU

= — | pysloUz2+ (A + p)ysddivol | = —LU.
U AUz

The displacement in thg y,-plane, also independent gf, defines a two dimensional in-
plane problem. Since the anti-plane and the in-plane elpstblem are uncoupled, one can
consider the displacement fielichs

U1 = U1(y1,Y2), Uz = U2(y1,y2) and us = uz(y1,Y2).
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2.1 Introduction

Then @.2]) is:
UA+ (A +p)02  (A+p)did, O Uz fy
- (A + u)d201 HA+ (A +IJ)022 0 wl=|\"1f].
0 0 uhA/ \us f3
Two types of 2D problems can be derived from here:

e The in-plane case Lara equations:lt is described by:

AT ) (- ()

e The out-of plane Lang equation:It is described by:

9> 92
H( gzt 3 )=t
ayz  dys
It coincides with the Laplace equationfi = O.

Weak formulation

Given the linearized boundary value problenl(?), (2.18), (2.19 with f € [L?(Q)]?, the
force density to the bodQg andg e [HY/2(Iy)]2.

In order to be able to give the variational formulation osthroblem, let us introduce the set
of admissible displacement fields. We require that the desgghent field belongs to the space
W C [H1(Q)]2 which is defined by vanishing essential boundary condition

W= {ue HY(Q)]%u=00nlp}.

The equilibrium state of the solid defined by the problemregponds to the minimum of the
potential energy for the body is given by:

I(u,Q):%/QU(u):e(u)—/Qf-u— rlg~u, YueW:

The equilibrium problem reads: For given load (f, g) we seekW, which minimizes the

potential energy functional, i.e.:
VIQ\I;Vl(V,Q),

and it can be described by the variational equation:

/J(u):s(v):/ fove [ gov, Wew. (2.28)
Q 0 r

Thanks to the Korn inequality there exists a unique solutien\V to the problem2.28 for
mead g > 0.
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2.2 Basics of fracture mechanics

Figure 2.2: Three basic loading modes for cracked body.dngtases: Mode I, I, Out-of-
plane case: Mode Ill.

2.2 Basics of fracture mechanics

In this section, some formalisms are established usingegia®f continuum mechanics in
order to provide a framework for discussing both static ayradhic fracture mechanics.

2.2.1 Modes of Fracture

Three distinct modes of fracture may occur, depending ootileatation of the applied loads
with respect to the crack, as it is illustrated in Figar2 The crack-opening mode (MODE
I) occurs when the elastic body is loaded by tensile forcesggterpendicular to the crack
front surfaces.

Shear forces parallel to the crack flanks and perpendiculietcrack front result in fracture
by the sliding mode (MODE I])while shear forces parallel to the crack front give rise to
fracture bythe tearing mode (MODE IlI)

With a coordinate system on the crack front, the three modgslye specified as follows, see
Table @.1) (“horizontal” refers to the/; direction, “vertical” to they, direction).

A generic loading situation produced by some combinatiofoafes without any particular
symmetry is referred to arixed mode fracture

One experimental difficulty of Modes Il and Il is that the ckafaces are not pulled away
from one another. In two dimensional isotropic material®dd Il fracture cannot easily be
observed, since slowly propagating cracks spontaneousiytdhemselves so as to make the
Mode Il component of the loading vanish near the crack tipgeRdiode Il fracture, although
experimentally difficult to achieve, is sometimes used a®dahsystem for theoretical study
since, in this case, the equations of elasticity simplifmsiderably. Analytical solutions,
obtained in this mode, have provided insight to the fracpioeess.
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2.2 Basics of fracture mechanics

MODES Description

The crack-opening mode. Horizontal displacements are symmetric,
It is traditionally referred to as MODE |.| vertical ones anti-symmetric.
U1 (Y1, —Y2,Ys) = U1(Y1,Y2,Y3),

Uz(Y1, —Y2,¥3) = —U2(Y1,Y2,¥3).
uz = 0 (plane strain),
d2u3 = 0 (plane stress)

The shearing (or sliding) mode. Horizontal displacements are anfi-
symmetric,

It is traditionally referred to as MODE Il} vertical ones are symmetric.
u1(Y1, —Y2,¥3) = —U1(Y1,Y2,¥3),

Uz(Y1, —Y2,Y3) = U2(Y1,Y2,Y3).
uz = 0 (plane strain),
d2uz = 0 (plane stress)

The anti-plane shearing. The only non-vanishing displacement,
(or tearing, or sliding) mode uz is anti-symmetric,
It is traditionally referred to as MODE Il] uy = u, =0,

us(y1, —Y2,¥3) = —Us(Y1,Y2,¥3)
03U3 =0

Table 2.1: The symmetric modes
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2.2 Basics of fracture mechanics

2.2.2 Stress intensity factors

The most important parameters in 2D linear elastic fraatueehanics are the stress intensity
factors, which are associated directly or indirectly witacture criteria and crack propaga-
tion.

The dynamic stress intensity factors are written as a fanadf the time dependent crack
tip positionh(t) (reflecting the time evolving geometry), crack tip velodityt) (reflecting
dynamic effects) and time(mirroring the reflection of waves from geometrical bounelsyr
etc). As a result, we have thiat= k(t, h,h).

They are measures of the strength of the stress singulam@tygi@ck tip, and they are useful
from a mechanics perspective as they characterize thead&plent, stress and strain in the
near field around the crack tip.

Its calculation in finite solids under arbitrary loading ddions is difficult and is usually done
via numerical approximation. Typically this is performey using finite element methods,
boundary element method8(], or boundary collocation of crack-tip stress field expansi
Analytical extraction formulas for the dynamic stressisti¢y factor for the out-of-plane case
will be presented in chaptel, for the in-plane case in chaptérwhereas we extract stress
intensity factors from the finite element solutions quitelaately in chapter.

2.2.3 The time-dependent Navier Largd equations.

The complete formal development of fracture mechanics g etaborate. For static 2D
cracks, there is a formalism developed by N. Muskhelisl{g#i91-1976), ¢1] that allows
one to use conformal mapping for obtaining the stress fieldsral two-dimensional voids
in a solid. We will present a variant of this technique in thajgter5 that allows one to find
fields surrounding a moving crack.

Cracks are present essentially in almost of all structuegenmals. Elastic waves propagating
in a solid are modified by the presence of cracks.

Elastic waves are often modeled by the linear Navier-Lampéation system in a three-
dimensional space-domain:

ply — (UAT+ (A + p) graddivd)) = pf (2.29)

wherelt(y,t) = U = (ug,up,u3)" is the displacement field, 6p], [22], [57]. Herep the
mass-density), u the Lamé coefficients. Note that the paramepers, u in general are not
really constant; e.g. in seismology they are functions @lifpan r and vary significantly, in
particular with depthf (y,t) = f = (f1, f,, f3)T is the density of the volume forces.
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2.2 Basics of fracture mechanics

An alternative form for 2.29), is obtainable by using a well-known result in vector asay
i.e. the vector identity:
0%0=00-0—0x (0 xd).

Substituting this result fol%d in (2.29 gives:
(A +2u)0(0-t) —pOx (Oxd)+pf = p. (2.30)

In (2.30 the termd(0 - U) represents the dilatation ahdx (O x U) the rotation. The deriva-
tion of (2.29 is given in [BZ], where it is explained that the term involvidigrepresents the
stress that do work in expansion or compression, whereasitims inu represent the shear
stress.

To give a more general method of decomposing elastic watesongitudinal and transverse
waves, we write the vector form of Navier-Lamé equatiah29 under the assumption of
small displacement theory and homogeneous, isotropiaifiakastic material behaviour:

(3 —c3)O(0-t)+c3%h—tG=f (2.31)

wherecy, ¢, are the longitudinal or dilatational wave propagation e#loand the shear or
rotational wave propagation speed, respectively. Bothewspeeds for an isotropic elastic
material can be defined in terms of the mass-densignd the Lamé coefficientd, u as
follows:

g- AT J;Z“ ), (2.32)
_H
=& (2.33)

We see that they only depend on the properties of the matieraigh which they propagate.
Furthermore, for the isotropic case, the wave spegedsidc,; do not depend on the propaga-
tion direction.

Alternative expressions @f andc, in terms ofE, v are given by:

2 A+2w) p@p-E)  E(A-v) _2u(d-v)

! p P(BU—E) p(l+v)(1-2v) p(1-2u)’
2_H__E (2.34)
" p 2p(1+v) '
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2.2 Basics of fracture mechanics

p being the density, E angare the Young’s modulus and Poisson’s ratio, respectixednd
U are the Lamé constants.
The relationships among these elastic constants are:

H(3A +2u) Ev A E

Adp A:(1+v)(l—2v)’ V:2(A+u)’ “:2(1+v)'

Anoher useful relationship follows from recognizing thiag tatio of the two wave spee@gs
has a form depending only on Poisson’s ratio and it may beesspd as:

1 1
CL A+2u 2 [2-2v\?
Co u S \1-2v)/
Since we assumeQv < % we see that; > co. Nominal values of the propagation velocities
for several materials are given in Tab&2).

Propagation velocities for several materials

Material ¢ [T] x10°3 c2[2] x10°3
Aluminum 6.15 3.10
Gold 3.14 1.17
Lead 2.12 0.74
Magnesium 6.44 3.09
Silver 3.45 1.57
Steel 5.71 3.16
Tin 2.96 1.49
Zinc 3.86 2.56

Table 2.2: Propagation velocitiegs andc, for vaious materials.

In linear elasticity for isotropic material, the governiaguations are the dynamic Navier-
Lamé- equations. The following situations will be studydigtail in Chapterd, 5:
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2.3 Griffith and Irwin criteria

(u; = uy = 0 out-of- |

lane state f TN
p Ukt pAU =f
dsus = 0 plane — in a cracked domaif
- — , /|problem + initial and boundary conditions.
Pl — LU = pf in a cracked domaif, f - /
us =u, f3 = )
+ initial and boundary conditions. \
Ld = pAd+ (A + p)0(0- 1) P , )
‘ uz =0 in- utt—(%AUJF%D(DU)):f
plane state in a cracked domaif
f3=0 + initial and boundary conditions.

2.3 Griffith and Irwin criteria

For a given arbitrary crackg in a bodyQq it is in general unknown in advance which path
the crack tip will follow if the crack grows.

The Giriffith-criterion is a classical and commonly applieatture criterion to decide whether
or not the crack will propagate under given forces.

The Griffith criterion in the static case reads as followd], [31]:

The crack is stationary for the given forces, if the totalgudial energy of the actual con-
figuration is minimal compared to the total potential eneajyall admissible neighboring
configurations

Due to our assumption that the crack grows straight the satofissible configurations is
relativ small and determined through this condition.

Under suitable assumptions on the crack and the applieedptbis criterion in the static
case can be reformulated in terms of the energy release haté v8 related to the derivative
of the potential deformation energy with respect to thekctangth, see e.g.6p], [59

The total energy is the sum of the deformation energy andsdisve energy. The deforma-
tion energy consists of the stored energy and the work ofttexmal forces.

The total potential energyi (Q, u, F) of an elastic bod¥2 generated by the displacement field
u and the exterior loading = (f,h), is given by

M(Q,U,F) = leiast(Q,U) —W(Q,u,F) +D(Q).

Here,lejast(Q, u) denotes the stored elastic strain endegys(Q, u) = [ Welas(€(U))dxwith
the stored energy density. s Moreover,

W(Q,u,F):/ fudx+ [ huds
Q N
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2.3 Griffith and Irwin criteria

is the work of the exterior forces = (f,h) and
G(Qa u, F) = |elast(Qa U) _W(Q7 u, F)

denotes the potential deformation energy. The quabtQ) describes a dissipative energy
which in our case characterises the energy which is spemes&tecthe new crack surface. In
the simplest case it is assumed tB&f)) is proportional to the macroscopic crack surface.

The Griffith fracture criterion can be reformulated as folto

A crack in a domai is stationary for a given loading E (f,h), if the potential deforma-
tion energy, which would be released at a crack extensiolests than the energy which is
needed to create the new crack surface.

In other words, if ford > 0

G(Qo,Up, F) — G(Qs, U, F) < D(Qo) — D(Q) = 23y (2.35)

or in differential form,

; G(Qa,Ua,F) _G<QO7UO7F)
lim —
0—0 0

< 2y. (2.36)

whereup andug are the corresponding displacement fields, then the crastkti®nary.
Based on the definition, it is shown that the energy reledsecem be expressed via the Grif-
fith formula, and by the J -integral 1], [74].

Griffith’s work was ignored for over twenty years until a gpounder G.R. Irwin at the U.S.
Naval Research Laboratory took it up during World War Il.imand his colleagues deve-
loped a modified form of Griffith’s approach; they reformelaitit in terms of stress, rather
than energy.

The classical formulations of fracture criteria based anrtbtions of energy release rate and
critical stress intensity factor (SIF) deal with isolatedak tips and do not describe the inter-
action of cracks.

The Irwin criterion based on the comparision of the streg=nisity factork; with a critical
value, denoted b¥c (a material parameter). A crack will begin to extend whendtness
intensity factor has been increasing to a material speaficeyK,c. For values of the stress
intensity factor smaller than the critical value there isgrowth. That means the Irwin
criterion in its simplest form says that a crack will grow if:

K > K.
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2.3 Griffith and Irwin criteria

In the case in which the crack is dynamically extending tgfothe motion of the crack tip,
a generalized Griffith energy balance law is used. At anyaimstf timet the rate of the total
energy is given,

N(t)=D{t)+E({)—A(t)+K(t)=0

whereE denotes the rate of the elastic energy,

Athe external energy

A(t)z/pf~ﬂtdy+/pq~ﬂtds
Ot I'N
K the rate of the kinetic energy
- d r1 5
KO = 5. [ 5Py
Q
D= %D is then the rate of dissipative energy.

The assumption of a nominally linear elastic material respdeads to the concept of stress
intensity factor or energy release rate as a crack tip fieddastterizing parameter. In light of
experience with rapid crack advance in real materials itpvaposed in §] that the current
value of the stress intensity factor or energy release nat@gl dynamic crack growth can
be seen as representation of the resistance of the mategeddk advance. This material-
specific resistance measure is termed “dynamic fractuightoess”. The fracture toughness
is defined as a “generic term for measures of resistance ¢éngrh of a crack” 1. Itis an
empirical material property that is determined by condwgttests following standard fracture
toughness test procedures, which have been published ilopaldnd international standard
organizations.

These ideas provide a framework for the prediction of crabkaace in a body with known
fracture resistance subjected to specified loads, or foextction of fracture resistance
information from a laboratory experiment in which bothuitig force and crack motion are
measured or inferred,3].

It is known that there always exists a region (albeit smamthe crack tip (stationary or
growing) where the dynamic stress intensity factor characts the amplitude of the local
stress and controls the failure proces$§] |
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2.3 Griffith and Irwin criteria

On the other hand, the level of resistance to crack advaatéstexhibited by a material may
depend on the crack tip speed. It was reporté€],[[40], [49], [2]], etc. that the dynamic
fracture toughness depends on the crack tip spggdin a characteristic way. The most
significant feature of this dependence is that the fracturgliness is a monotone increasing
function with respect to the crack speldt).

In certain cases, namely small-scale yielding, rate indéeet behaviour under monotoni-
cally increasing stress intensity factoi92], [8], [5], [25], [85], the generalized Griffith
fracture criterion can be assumed:

G(h, i) = (h,1). (2.37)

I (h,h") denotes the crack growth resistance for a particular nztevhich is determined

D
under given environmental conditions by experiment8], \whereasG(h,h') = h'E:;
h'(t) # 0, denotes the dynamic energy release rate,@ftdl = D(t,h, i) is the rate of the

dissipative energy.

with
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CHAPTER 3

Linear elastostatics for cracked bodies

3.1 An eigenvalue problem in the vicinity of crack tip

This chapter is concerned with the study of the nature andwehof two-dimensional (2D)
elastic fields near the cracks. It is well known that stresgudarities can arise in a neigh-
borhood of the crack tip. The detailed knowledge of the dimgierms of the elastic fields
is of interest e.g., in crack mechanics. Moreover, in compomnal mechanics, the lack of
regularity near the crack tip demands modified discretimgprocedures.
As is well known from many classical works, (seB3], [64], [66], [86], [90]) in general
the weak solution of boundary value problems may show cesiaigular behavior near an-
gular conical points, e. g. crack tips.
The solution has there the form of a linear combination ofatersingular functions and a
regular part, where we understand as singular functiorsetianich have unbounded deriva-
tives near the conical points.
Writing the boundary value problems in polar coordinatesy) centered at the crack tip,
we get a parameter-depending boundary value problem.gésealuesy; (in general inC)
and the eigensolutiong aj;-) generate the singular terms of the elastic fields near the co-
nical points. They have the form (here written without thasgles where logarithmic terms
appear)
ai
a anir U(w) + Ureg:
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3.2 Singularities for the 2D Lamé Equations

By introducing the corresponding separation an8atzrg(w), the original problem can be
rewritten as a quadratic eigenvalue problem (8e@) for a.

3.2 Singularities for the 2D Lame Equations

This section is devoted to describe how regular are the wehitiens of boundary value
problems in the theory of plane linearized elasticity. Wasider the 2D elasticity problem
for an elastic body with a crack. The singular behavior inwttoenity of conical points can
be described with the help of asymptotic singular repregemts for the solution, which
essentially depend on the zeros of certain transcendemtetiéns. We use special ansatzes
and spherical coordinates to derive a generalized boumdgeynvalue problem. The resulting
eigenvalues and eigensolutions generate the singulas tanoh they will be computed with
PDE2D PR7]. The eigensolutions are described by analytical formuld regularity of the
corresponding weak solutions will be investigated.

We give the singular behavior of the weak solution near theaabd points, analogously to
[84] and similar to B9]. With these results, it is possible to ensure regularitytiie weak
solution. As classically, to get this regularity resultsiiffices to establish the existence of a
strip free of poles.

3.2.1 Formulation of the Problem

We consider a 2D elastic isotropic body occupying the dortawith an interior crack and
smooth boundarg Q. Let us denot@i(x) = (u1(x),ux(x))" the displacement field and lsya)
the associated linearized strain tenshi’ and the linearized stress tensn(t), is given by
Hooke’s law, @.9).

The regularity of the weak solution can be described by ameosition of the 2D solution
field V into a singular and a regular term:

V = Vsing+ Vreg.

The singular behavior of the linear elastic field occurs attth of a crack. Such singular
behavior can be described by means of asymptotic expansitimgespect to the distance to
the geometrical and structural singularities, séé).[

The main goal of this chapter is the derivation and companatf the singular terms. We use
ideas from Kozlov, Mazya and RossmanBd|[to determine the singular terms.
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3.3 Calculation of the Asymptotic Expansion

3.3 Calculation of the Asymptotic Expansion

We discuss in this section when singular terms ocurr neacabpoints and which structure
they have.

First, we localize the boundary value problems near a copmiat and consider so-called
model problems in an infinite cone. By using special ansathous and the transformation
in spherical coordinates we get a generalized eigenvali@gm. The singular termssidg
are generated by eigenpairs of a generalized eigenvalisepno

3.3.1 Localization and the model problem

The calculation of the asymptotic expansion describingl@leavior of the weak solution
u e W of the problem2.28:

/ o(u) : g(v) :/ f-v+ /[ gv, WeW
Q Q r
in the vicinity of the crack tip is a local problem, where

W= {ue [HY(Q)]%,u=00nlp}.

Therefore we localize our problem by multiplying the weakusion of the Lamé problem
u(x) with a cut-off functionn = n(|x|) = n(r) € C*(B¢(G;)), ni is defined on are—ball
B¢ (O;) around the conical poir®;, i € 1,...,N and such thafjj = 1 on BE/Z(Oi).

We assume to have N corner poi@sand moreover that the supportmgfcontains only one
of the corner points, namely;.

Insertingv; = nju into our problem, we get a new boundary value problem defineahi
infinite conekK;:

Ki == {(xy) € R?|x=ricosw,y=risina,0 <rj <o, —w,/2< @ < w,/2}

ri denotes; = |x— Oj|.
The solutionV; = n;U of the boundary value problem i can be decomposed into a homo-
geneous and a particular solution because of the linedrttyecoperator. So we get:

Vi = Vihom+vipart

The solutionV;, ,, can be splitt additively into a regular part and a singulat.p®e shall
calculate the singular part and we will note that the paldicsolution can be chosen regular
enough. Therefore it holds:

Vi = Viging + Vireg:
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3.3 Calculation of the Asymptotic Expansion

3.3.2 The generalized eigenvalue problem

In order to solve the homogeneous boundary value probletinéolcamé equations il§; we
write the operator in polar coordinates and introduce spalecoordinates. Finally, we use
separation of variables which leads to a generalized eajeayproblem. We omit the indexes
for simplifications.
For the displacemerfti, uy), the homogeneous Lamé equations have the form in polar coor
dinates rw, see AppendiA:

Auy — rizur — r% Ople + (1—2v) 14 (%d(r ur) + %%uw) =0

(3.1)

1

2 1
Aug, — r—zuw—I— > awUr + (1—2V)_1r—20w((9r(r Ur> +0wa> =0

r2
(ur) _ ( COSw smw) (ul). (3.2)
Ue —sinw cosw/ \up
Spherical basis

We introduce a spherical basislRf since the resulting generalized eigenvalue problems can

where

be solved elementarily. The spherical basis system is dkfipe

. [cosw & —sinw
&= {sinw)’ =\ cosw
wherew describes the polar angle.

The Cartesian displacement vectbcan be written asi = u;€; + U»& in the standard basis
{€1,&} and also asl = u;(r, w)& + uy(r, )€, in the spherical basigs , €,}, i.e.:

U\ [ cosw sinw) [ug
Uo/, \—sinw cosw) \up/"
Vice versa we get the Cartesian description of a sphericabvéy the transformation
up) [cosw —sinw Ur
u/ \sinw cosw Uy /)
The expressions for the components of the stress tensor are:

1

Owaw(U) = (A +24) F (Ol +Ur) +Adrur,
1

Orr (U) = (A +2u) Grur +A . (OwUew+Ur), (3.3)

1 1
Oro(U) = U (F OwUr + OrUgy — Fuw) .
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3.3 Calculation of the Asymptotic Expansion

The Cartesian vectors of the differential equation systed) are transformed into the spher-
ical ones. Singular solutions are sought by means of thesipaansatz:

ur(r,w) =r?g1(w),

3.4
Ug(r, ) = 1% go(w). (3.4)

Inserting B.4) into the equations3(1) and into 8.3), if r > 0 the radial dependance can be
canceled.

The singular solutions of the 2D Lamé equations with cqoesliing boundary conditions,
are given by the solutions of the following generalized ltany eigenvalue problem:

Find parametera for which eigensolutiongi, g, exist such that:

forall w e (—wn/2, wn/2):

1-2v. 0 o N 0 a—3+4v)\ (o) n
0 2—-2v )\, a+3—4v 0 g5

(3.5)
(2—2v)(a®—-1) 0 ANENAY
(O ater-n) () 0)
i.e. forw e (—wn/2, wn/2):
(1-2v)gi + (a - (3—4v))gz + (2—2v)(a® ~1)g1 = O, 3.6)

(2—2v)g5+ (a+(3—4v))gi+ (1—2v)(a®—1)g2 =0.
and the stress given in spherical basis by:

Oww(U) =" (A +2) g+ (A +2u+al)an)
O (U) =" T ((A+21)a+2) g1+ 0)) , (3.7)
Orop(U) = ur (g — (1-a)g).

3.3.3 Analytic solutions of the eigenvalue problem

In this subsection we solve the generalized eigenvaludgmlirst we calculate the funda-
mental system to the differential equations, after that aesaer the boundary conditions.
Then we will see the structure of the local solutions and fiinaé transfer the local solutions
into the Cartesian basis.

Fundamental system to the ordinary differential systemWe repeat the ordinary differen-
tial system inw with parameter and we need to distinguish between the cases:

. a#{0}

e 0=0
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3.3 Calculation of the Asymptotic Expansion

The casea # {0}.
From 3.6) we get:
(a—(3-4v))g
(1-2v)(a?—1)(a —(3—4v))g

—(1-2v)g{ - (2—2v)(a®— D)o
(1-2v)(2—2v) g+ (3.8)
[(2—2v)%(@®—1) - (a®— (3—4v)?)] gf

I
b=
I
b=

We can through differentiation and substitution get a lire@mogeneous ordinary differen-
tial equation 8.9) with constant complex coefficients fgi:

o2 o) (02— 1) — (g2 — (3— 4y)2
(2074 @=22) (@D~ (@~ E=av)2)] 2 120 g

@
9, (@)+ (1—2v)(2—2v) 1
(3.9)

with a simple calculation we get foB(9):
01" (@) +2(1+ a?) g (w) + (a2~ 1)?ga(w) = 0

From the theory of linear differential equations with camtcomplex coefficients (se€4]
p.29ff) is known that there are four independent solutiohgtvwe can get by the ansatz

g1(w) = eP®. (3.10)
The exponent$ are the roots of the characteristic polynomiall(l)
B*+2(1+a?)B%+(a?-1)2=0 (3.11)

We get:
Bio=+i(a+1)  PBssa=+i(a—1)

We have four solutions of typ&(10

eii(a+1)w eii(a—l)w

and with Euler’s formula we achieve four linearly indepemidgolutions forg; :

g1(w) = cod(a +1)w) of

g3(w) = cod(a —1)w) gi

sinj(a + 1) w]

/_\h/_\
RS

sin[(a — 1) w|

With these solutions fog; we get the corresponding solutions tpr.

So we obtain for # {0} the fundamental system fo{rg;) .
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3.3 Calculation of the Asymptotic Expansion

The general solution of the syste®.€) for a # 0 is a linear combination of the vectores
(3.12, (compare with §1]).

cog(a +1)w)] sin(a +1) o]
(—sin[(a+1)w]>’ (COS{(OI+1)@])’
(3—4v—a)cod(1-a)w] (3
(—(a+3—4v)sin[(1—a)a)] ’ <(O!

(3.12)

The casea = 0.
Fora = 0 we get for the characteristic polynomial two roots of nplitity two,

alzi azz—i.

For each rootr, of multiplicity two we know according to (5], Theorem 2.2, p.31) thafk®
and we“® both are solutions of the differential equation. So we aehfeur independent

solutions:
gi(w) = cogw] g5 (w) = sin(w]

g7(w) = weogw) 01(w) = wsinw].
With the other differential equation of our systef@) we get the following fundamental

system:

< wCOY W] ) < wsinw] ) (3.13)
1 . , 1 .
3= codw] — wsin[w] ~3" v sinjw] + wcodw]

The general solution of the parameter dependent systendofaoy differential equations
(3.6) is given by the following algebraic system for the consga&qt- - - , Ca:

4 (k)
u
u= au(a, ), uM= < Ek)> . (3.14)
k=1 Ug

Note that the components 8.2 u§1),ug),u§3),u§j) are even functions of the variabte
and the componentéﬂ&, uﬁz),ug),uw are odd functions.

The characteristic determinants
Inserting the solutions3(12) into the different boundary conditions we obtain a systdm o
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3.3 Calculation of the Asymptotic Expansion

four homogeneous linear equations for the free coefficientp=1,---,4. More precisely
we get:

A(a) =0 (3.15)

where the 4< 4-matrix A(a) depends on the chosen boundary conditions. There exist non-
trivial solutions, if:
detA(a) =0. (3.16)

Possible parameters are determined by the eigenvalue conditi8rig).
The condition 8.16) yields a characteristic equation whose zeros are the lsingygponents
of the singular expansion of u.

Dirichlet Problem
u= (Ur) =0 ondK\{0},
Uw

is to satisfy the boundary conditions in terms pfamd y,:

Ur (I, —ao/2) = rgi(—an/2) = 0,= ga(—wn/2) =0,

Ug(r, —n/2) =19 g2(—an/2) = 0= g2(—wn/2) = 0, (3.17)
Ur (1, an/2) = r g1(wo/2) = 0,= ga1(wn/2) =0,
U (T, ao/2) =1 go(wn/2) = 0= gz2(wn/2) = 0.

Theorem 2. Every eigenvalue of the Lamoperator with Dirichlet boundary conditions
(3.17) is a solution of one of the following equations:

Fora #0
(3—4v)5fn[aoub] — Gan[Oub] =0, (3.18)
(3—4v)sinjawy] + asinfap] =0,
and fora =0
(3—4v)a—sinia] =0, 3.19)
(3—4v)wy +sinwy] = 0.

Proof. For a # 0:

From 3.12 and @.17) follows that the homogeneous system of linear equatioads,ewe
have calledA := 3 —4v
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3.3 Calculation of the Asymptotic Expansion

cod(1+a)wp/2) sin[(1+ a)wp/2) (A—a])cog(1—a)wp/2] (A—a)sin(1—a)wy/2] c1 0
—sin[(1+a)wp/2] coq(l+a)wp/2] —(A+a)sin(l—a)w/2] (A+a)cog(l—a)wp/2] C2 0
cod(1+a)w/2] —sin(1+a)wy/2] (A—a)cod(l—a)wp/2] —(A—a)sin(l—a)wy/2] cs| |0
sin[(1+ a)wp/2) cod(1+a)wp/2) (A+a)sin(1—a)wy/2] (A+a)cod(1—a)wo/2] Ca 0

The determinant of the system is solved by Wolfram Matherad&iO®, Fig. 3.1

File Edit Insert Format Cell Graphics Evaluation Palettes Window Help
Intati= netl{{cns[(hc)%],sixu[(ha)%], (A—Q]Bﬂs[[l—ﬁ) ;] (A-a) Sin[(l—c);]},
{—Si.n[(l+a) ;],Cus[(1+n) ;].-(}na)si.n[(l-a)‘—;]. (R +a) Gus[(l—u);]}.
{Gus[(1+ a) ‘—2’] —Si.n[(1+ a) ;] (A-a) [:us[(l—u) :;] —(h-a) Si.n[(l—u) ;]}
{5m[[1+c);].nns[(1+a]%], (A+c)sm[(17¢:)§], (A+a) Gns[(l—ﬁ)%]}}]
Fullsi_wplify[4}\2[:ns[%w[1+a]]2Sin[%w(l—a)]z—402nns[%w(1+a]]25m[%w[1—c)]2— )
Si\zcus[%wtl—u)]Gus[%w(1+a)]Si.n[%w(l—n)]sin[%w(l+a)]—

ancus[%w (l—u)] Gus[%w 1+ (x)] Si.n[%w (1—n)]5i.n[%w(1+ a)] .

4}\2&15[%‘1 (l-u)r Si.n[%w(l+ u)]z-4«2[::-3[%‘:(l-ujlzsin[%w(ha)]zl ]
|- 2 (A* -a® + & Gos[2w] - A% Cos[2v al) ]
[ [«12]

Figure 3.1: Wolfram Mathematica 6@® for the Dirichlet Problem

From trigonometrical formulas we get:
A2 — a? + a?cogd2wg] — A?cog2woa] = 2A%(1—coS(awp)) — 2a2(1— cog(wp)).
Nontrivial solutions exist if the determinants of the syssevanish,

((3—4v)sinjawp| — asinja]) =0,
((3—4v)sinfaw] + a sinfax]) = 0.
For a =0, figure3.2
cogwo/2] sinwo /2] (wo/2) cogwo/2] (w/2)sinjw/2) [*] 0
—sinwp/2] cogwp/2]  —(wo/2)sinwp/2] —1/Acogwo/2]  (wo/2) cogwo/2] — 1/Asin[wy/2)] | |O
cogwo/2]  —sinwp/2] —(wo/2) cogwp /2] (wo/2) sinjwo /2] | |o
sin(wo/2] cogwo/2]  —(wo/2)sinwp/2] —1/Acoswo/2] —(wo/2)coswo/2] +1/Asinwg/2]/ \cCa 0

We write —1-+2A%W3 + cog 2wp) = 2A2W2 4 (cos’ (Wp) — 1) — sir?(wp) and the results follow.
]

Remark 5. Let us now consider the exceptional valme= 0. There are nontrivial solutions
if and only if the corresponding determinants vanish. i.e

((3—4v)wy Fsinfun]) =0

and vanish for = 0 only. Thereforexr = 0 is no eigenvalue in the Dirichlet/Dirichlet case
because the determinants do not vanish fo0al w < 2m.
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File Edit Insert Format cCell Graphics Ewvaluation Palettes Window Help

s vl {{son| 3| sin[ 3. (3) oon[3]- (3) s3]}
{in[3]- eosl 5] - (5) sinl5] -5 eosl 51 (3) eosl 3] - & smml 51}
{31 -sinl ] - (3) eonl 3] (3)m [51)
{sinlz]- eos5]- -(5) sinl3] - eosl 5] ~(3) eosl 3] - smml 511
4cos[2]® sin[Z]*

In[17]:= FllllsimplifY[WZ Cus[%]‘ B -

sl

~1+28% v +Cos[2w] ]
2a”

s 2wt Cus[;]z sm[;l2 .

Qut[17]=

g
an

1|

Figure 3.2: Wolfram Mathematica 6@® for the Dirichlet Probleno = 0.

Neumann Problem

Now we study the eigenvalues and eigenfunctions for thed_system with Neumann bound-
ary condition given by - n = 0 on the crack faces:

Oww=0rw=0, for w=—wp/2andv= wy/2.

i.e. forwe {—wn/2, wn/2} hoIds,(A = 12_“\2/‘}):

(1-v)1
1% r

1 1
(F awUr + der - FU(D) - O (320)

(0@Uw+ Ur> + 0]'Ur - O7

Theorem 3. Every eigenvalue of the Lansystem with Neumann boundary conditidh2@)
is a solution of one of the following equations:

For a #0:
sin[a ao] + a sinfay] = 0, (3.21)
sinja ap| — a sinfap] = 0. |
Andfor a =0
2 o afdu(v—1)+A(a+4(v-1)) _
a“upA (3—4v) o] =0 (3.22)
ataph + L2 AL D i) -0


Chapter2/Chapter2Figs/EPS/DiriDiri0.eps
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Proof. For a #0.
Putting @.4) into the Lamé system we get the system given B)( while the boundary
conditions take the forn(7)

(A +2u) g+ (A +2u+aA)g1) |o——ap /2,002 = O,
(gll —(1-a) 92) |w:—w0/27w0/2 =0.

Inserting the general solution3.( 2 of system 8.6) into the boundary condition8(20), we
obtain the following algebraic system for the coefficietis - - , Ca:
)

—2uacos(1+a)wy/2| 2uasin[(1+a)wy/2] 2ua(l+a)cosi(l—a)ap/2] —2pa(l+a)sin[(l-a)ap/2 | | c3

—2upacos{(l+a)ap/2]  —2uasin[(l14+a)w/2] 2pa(l+a)cos(l—a)wp/2] 2ua(l+a)sin[(1-a)wy/2] cy
—2asin[(1+a)wy/2) 2acos|{(1+a)ap/2] —2a(a—1)sin[(1-a)wp/2] 2a(a —1)cos|(1—a)wp/2] | _
—-a

2asin[(1+ a)ap/2] 2acos|{(1+a)ap/2] 2a(a —1)sin[(1-a)wy/2] 2a(a —1)cos|(1—a)wp/2] Cy

With help of Mathematica 6.0 it holds, Figuge3

File Edit Insert Format Cell Graphics Evaluation Palettes Window Help

11— l]at[{{72_un[)ns[(1+a] ;] 72;rn5ix|[(1+ a) ;] 2ua(lsa) Ens[(lfn) ;] 2pa(lva) Sinltlfﬂ) ;]}
{2asin]tea ;] 2atos|(L+ a) g] “2a(a-1) sin[(1-q) %] Za(a-1) Cos[(1-a) ;]}
{—Z_tlal:os[(l+o] ;] Zuasi.nl(h a) ;] 2pa(l+a) cns[(l—a] ;] -2pail+a) Sin[(l—a) ;]}

{2asin[1s e 1;] 2atos[(L+ ) ;] 2 (a-1) sin|(1-a) ;] Za(a-1) Cos [ (1-a) %]}}]

In[20%:= m1si,w1ify[s4a‘;f Eus[%w 1+ n)]asin[%w (1—11]]2 _6dd gt Eus[%w -+ n]]asin[%w (14;)]2 -
1200“1(2 Bos[%w (1—0)] Dos[%w (1+ a)]sin[%w(l—a)]si.n[%w (1+a)] -
128 o ot Eus[%w (1—a)] Eus[%w 1+ a)]Sin[%w(l—a)]Si.n[%w (1+a)] +

6iat it Cns[%v (1_a)]25in[%v (1+a)]2—64a5 P Gns[%w(l—al]gsm[%v (1+a)]2]

outzoi= 32a’ 1 (1-o’ +a” Cos(2w) ~Cos [2wal) j

ol D]

Figure 3.3: Wolfram Mathematica 6@® for the Neumann Problem

32a2p0a? (1— a?+ a?cog2wp) — cos2woa)) = 3202ua?(2sirf(awg) — 2a2sin(wp)).

Therefore, nontrivial solutions exist if the determinahtlee system vanishs, so we get the
eigenvalue conditions.

For a =0, Figure3.4

O

Remark 6. The equations3.21) coincide with 8.18 for v = % Therefore, the spectra cor-
responding to the Dirichlet and the Neumann problems haverakcommon properties.

In contrast to the Dirichlet problem, the spectrum geneddtg the Neumann problem con-
tains the numbeo = 0. i.e. a = Ois eigenvalue for ald < wp < 27T

44


Chapter2/Chapter2Figs/EPS/NeuNeu.eps

3.3 Calculation of the Asymptotic Expansion

File Edit Insert Format Cell Graphics Evaluation Palettes Window Help

= ne|{{ o] 3], aasiol 7] v s F - B s 7). a3 sn 3] SHE e ]
4y -4y
: X 4(1-v)- 4(1-v)-a .
{—asw[%].auuslgl.—a[;] Sm[;]— (3_:“0[}05[;], a[;]nns[;]+ [J_ZV]RSLH[;]},
dp-v) dp(l-v
[‘;—hr\; Sm[;]. Aa[;]Sm[;L :;_4:) Ens[‘—;]}.

, CpFy v - 4y -a_
(o snl ]« sl ] -a ) sl 5 |- oo [ - g el ] - sl 1M

{Aaﬂos[;], —kaSm[;], -de [;] Ens[;] +

o (WAt (3-4v)* - (164 (-1+v)% + A7 (~4+ @+ dv)?) Sin[w]?)

(3-4v)* 1 @

[ []+]

Figure 3.4: Wolfram Mathematica 6@® for the Neumann Problem = 0.

The common rootg # 0 of (3.21) exist only in the casesy = mand wy = 27T
The casewy = 21T corresponds to our interest in fracture mechanics and theer +X,
k=1,--- are the eigenvalues.

Neumann-Dirichlet Conditions
Let us here also give the characteristic equation in the icastiich we have homogeneous
Neumann conditions on the crack and homogeneous Diricbfetitons ford.

Theorem 4. Every eigenvalue of the Larsystem with Neumann/Dirichlet boundary condi-
tions is a solution of one of the following equations:

For a #0.
2
(A +2u) g2 AtH) Sir? an = 0.

SIT(@w) ~ 5 vam H A aw

(3.23)

Proof. For a # 0, Figure3.5.

We use trigonometrical formulas to simplify this result,«€ 3 — 4v):
—4ua?(14 A% —2a? 4 2a? cog2wo] 4 2Acog2woa]) .
Also we use the following relations between the Lamé caefiits A , 4 and Poisson’s ratio

V=5 N the plane strain state, (compare D&f.

Adtp 1 (A+2u)? 41-v)?
A+3u  3—4v A+u)(A+3u)  (3—4v)
. . ~ 2UA
whereas in the case of plane stress, (see Bef is to be replaced b} = Ao
The resulting characteristic equation for this case folow O
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1 2 1 2 1 2 1 B
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1 1 1 e 1 21 B
32&““:\15[51‘7[lfullEns[iv(1¢ay]Sm[iu[lfa]]sm[iulltu]]—llazucns[Ev(lfuy] Sm[aulltay] .
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snuzuuusléuu,uy] Sm[Ev(1¢u]] ,unzaz;u:nslauu,u)] sin[Eu(ha;] B

lﬁu‘ul:ns[%u [lfullz5m[%u(l¢u]]2—du2usin[%ull—ullzsm[%u[laa|]2,

#ncusim[Fo -] sm[he @] -an @ usin v a-w] smtvaea]

ourzai= —4d u (1+8” -2a” +2d Gos(2w] +2ACos [2wal) 3

[ <[>

Figure 3.5: Wolfram Mathematica 6@® for the Dirichlet/Neumann Problem.

Remark 7. If we haveNeumann-Dirichlet boundary conditiorthe determinant for the ex-
ceptional valuen = 0 is equal to
A+2u\?
a2 (| —==
: ()\ + 3H)
anda = 0is no eigenvalue.
The equations3;18), (3.21) and (.23 as well the corresponding singular functions were
derived in 5] and [84]. They were also studied in7f].
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3.3.4 Regularity of solutions to the Lang Equations.

We characterize the regularity of the singular terms of thgimal boundary value problems
in the domairQ starting from a weak solutiona [H(Q)]2.

The eigenvaluea are called singularity exponents, since they enter theuandunctions as
a power ofr and they are the roots of the transcendental equation®dtHere are formulas
for the coefficientg, j, which are called stress intensity factors.

Theorem 5. If w < 2rrthen the equations3(18 have no zeros in the strip Re) € (0,1/2].

Proof. We proceed as in the proof of {§], Theorem 2.2.)
Let us now study the roots of:

sinfaw| =

1 :
3-av) asinwl.

Writing a = & +i1{, with ¢, { € R and taking the real part and imaginary part of this equation,

we obtain the system:
sin[€ w| coshH{ w] = K& sin[w),

cogé w]sin{ w| = K sinjw],

with K =

1
0,1].
For a fixed{ € R, we consider the two functions:
fi:R—R: & sinéw|coshHlw),
f,rR—-R: & KEsinw].

For O0< w < 2mitis easily verified that:

f1(0) = f(0) =0,  f, @) > £ @)

. . . . T . 1 - :
Sincefy is concave in the mterva{lo, Z)] (notice thaté < Z)) we obtain in this case for all

é € (O,%]:
() > 26h, (%) S 2, (g) — f(8).

Therefore sif w]cost{ w]| = K& sin[w] has no solution in the intervdl € (0,1/2] if w <
2m,

An analogous argument shows the same results f¢or gih= — a sinjw]. O

1
(3—4v)

a7



3.4 Computation of the singular exponents

Theorem 6 ( [3]). If w < 2m then the equation3(21) has no zeros in the strip Re) <
(0,1/2].

Theorem 7([3]). If w < rrthen the equatior3(23) has no zeros in the strip Ree) € (0,1/2]
and if w < 2mthen this equation has no zeros in the strig &®ee (0,1/4].

Lemma 2. If for Q the interior anglew at the crack tip oD Q fulfill w < 2mrfor the Dirichlet-
Dirichlet and Neumann-Neumann conditions aid< 77 for the Neumann-Dirichlet condi-
tions. Then a solution & W of .29 with data data f iflL2(Q)]2 and ge [HY?('y)]2
satisfies:

ue[H3(Q))%,  for somee > 0.

Proof. It follows as in the proof of (16], Theorem 2.3). 0

3.4 Computation of the singular exponents

In section3.3 we have discussed the structure of the singular terms. New;ompute the
eigenvalues and point out the dependence of the exponene@pex angle. The eigenvalues
a are given by the correspondent eigenvalue condition fan eacndary value problem.
The problem is simulated computationally by using the safePDE2D 27]. The code is
written in AppendixB.

The problem 8.6) is a linear differential equation system where the eigkrva appears
in a nonlinear form and it does not fit into the standard PDERJ@re/alue problem format,
therefore a different approach will be taken.

Although we want to solve a series of steady-state probléons;onvenience we consider
our problem as time dependent, where the time variable d tsseepresent the eigenvalue
parameten.

Some "random” nonhomogeneous terms will be added to eafdrelitial equation and the
problem will be solved for various values afin a range(do, a1), with:

a=ap+ (ap—dp), i=1,--- NSTEPS

[
NSTEPS'
NSTEPS the number of time steps.
The distribution of zeros is considered with = 0 < Rea <4 = a; and NSTEPS= 200.

A collocation finite element method is used to solve the mobWith cubic Hermite basis
functions on the subintervals defined by the grid pointsid{@),xgrid(2); - - , xgrid(NXGRID).
The number of xgrid lines, NXGRID, was taken here equal todi50 the number of points
of the uniform grid, xgrid(l)z% and xgrid(NXGRID)%b for different values otuw.
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3.4 Computation of the singular exponents

3.4.1 Distribution of the eigenvalues

DIRICHLET PROBLEM

We shall compute at first the roots of the transcedental ensa3.19).

The knowledge of the eigenvalues and associated eigemséstdecisive for the description
of the behavior of the solution u 02(28) in the vicinity of a crack tip.

The eigenvalues for Dirichlet-Dirichlet boundary condliits satisfy:

(3—4v)sinfawy| — asinjap] =0,
(3—4v)sinjawy] + asinfap] = 0,

with the Dirichlet boundary conditions given for the nuncatiaspects i = i%, as in
[89 itis made. i.e.
Ur(an/2) = Up(+wn/2) = 0. (3.24)

To find the numerical solution of3(6) with boundary conditions3(24), we develop a tech-
nique like the one described ir2q.

We save the norm of the solution &.6) with boundary condition3.24) and later plot this
norm as function otr. Whena is close to an eigenvalue, the corresponding solution will b
very large, compare witi3(30).

With this search criterion we can obtain the eigenvalueslated on the eigenfunctions are
compute, see Tablg.1 where only some values are shown as an example, and the corre-
sponding Figur&.6(b)for ay = 211

Spectral problems for wy = mand wy = 271

We apply this general theory to special geometries correspmthe case of opening angles
it (half-space) and 22 (crack). For understanding conical point singularitié® tase of a
crack is the most important one. Here the singular exporeethalf-integers.

Let o be a solution of the equatioB.(L§. Then every solution has the form39:
for an eigenvalue satisfying the equal{®— 4v) sinja ap] — a sinjap] = 0, we get the eigen-
vector:

<ur> —ciu® 4 cau®
Uw

=[(3—4v)cogacy] —acosu] (—sin[(1+ ) —(3—4v+a)sin[(1— a)]

(3.25)

cos[(1+ a)w] ) (1) ( (3—4v—a)cos(1— a)w]
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3.4 Computation of the singular exponents

If a satisfies the equality8 — 4v) sinja wp] + a sinfap] = 0, then, in a similar way, we obtain
the eigenvector:

<u#) —cou®@ 4 cqu®?
Uz,

(3.26)
sin[(1+ a)w] (3—4v—a)sin[(1—-a)w
=[(3—4v)cosawy| + aco + (-1
( cogaca] S]] <cos[(1+ a)w) (=1) (3—4v+a)cos(l—a)w]
ar =g
s
&n w M
) _
° 0.0000 0.800C 1.6000 2.4000 32000  4.0000 N 0.0000 0.5000 1.6000 2.4000 3.2000 40000
Figenvalue Eigenvalue
(a) Eingenvalues foty = . (b) Eingenvalues fooy = 271

Figure 3.6: Eigenvalues generated by the Dirichlet probhath v = 0.45. Compare with
numerical search criterion shown in talBld for wy = 271.

We compute now the eigenvectors corresponding to the eadigew for the case = 0.45 and
wp = 1. They are showed in plot8(7(a), (3.7(b), (3.7(c), (3.7(d).

In similar way for ay = 21 in plots (3.8(a), (3.8(b)), (3.8(c), (3.8(d), (3.8(e), (3.8(f)),
(3.8(9), (3.8(h).
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Figure 3.7: Eigenvectors fam = 1.
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3.4 Computation of the singular exponents

Table 3.1: Search criterion of the eigenvalues and computaf the corresponding eigen-

functions with Dirichlet conditions given oftwy/2 anday = 2711

52

a sol. norm a sol.norm

0.01 21.686 0.51 396.34

0.02 21.705 0.52 194.23

0.03 21.736 0.53 126.85

0.47 143.32 0.97 121.12

0.48 210.66 0.98 179.49

0.49 412.86 0.99 354.37

0.5 334920000 1 106400000

a =0.5 | iseigenvalue a=1 is eigenvalue

o gl g2 o g1 g2
-3.14159| 0 0 -3.14159| 0 0
-3.07813| 0.01525 0.01239 -3.07813| 0.06356 0.00433
-3.01466| 0.03304 0.02306 -3.01466| 0.12716 0.00058
-2.95119| 0.05319 0.03177 -2.95119| 0.18978 -0.01119
-2.88773| 0.07548 0.0383 -2.88773| 0.2504 -0.03079
-2.82426| 0.09968 0.04243 -2.82426| 0.30805 -0.05791
-2.76079| 0.3618 -0.09211
2.82426 | 0.03324 0.07795 -2.69733| 0.4108 -0.13284
2.88773 | 0.03264 0.06121

2.95119 | 0.02895 0.04473

3.01466 | 0.02223 0.02884

3.07813 | 0.01254 0.01384

3.14159 | O 0
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Figure 3.8: Eigenvectors for Dirichlet Problessg = 2irandv = 0.45
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3.4 Computation of the singular exponents

NEUMANN PROBLEM

We consider nowd.21). Analogous to the case of the Dirichlet problem, for an eigéue
satisfying the equality sioap] — o sinfap] = 0, the eigenvectors are89):

<ur> :Czu(z) + C4u(4)
Ug
(3.27)

B sin[(1+ a)w] (3—4v—a)sin[(1-a)w)
= (cogacy] - arcodey]) <cos[(1+ a)w]) +@) ((3—4v+ a)cos|(1— a)w]) '

If a satisfies the equality Siawy] + a sinfap] = O, then, in a similar way, we obtain the
eigenvector:

u+

") =ciu® + cau®
u+

w

(3.28)
= (coga wyp] + a codan)) <

cos(1+ a)w] ) L) ( (3—4v—a)cog(1—a)w] )
—sin[(1+ a)w] —(3—4v+a)sin[(l-a)w]/

The conditiono - n = 0 on the crack faces (traction free) implies values of eigkrasa =

K k=1,2,---, see Figure.6(b)

The eigenvaluer = 3 for wy = 217 (crack) plays an important role in fracture mechanics,
[67].

(5—8v)cogZ)—co (5—8v)sin(¥) — 3si
( (7—8v)sin(4 )+sm<§‘*’>) ((7—8v)cos< o) _ 3cog3w>) (3-29)

The square root singularit;z for the displacement corresponds to an unbounded stress wit
singularityr*%. k = 3—4v (plane strain):

(2k —1) cos[%’] —CoSs gw (2K—1)sin[%)} —3sin gw
—(2K+1)sin[%)} +sin gw , (2k +1) cos[%)} —3cos gw

After trigonometrical formulas, the cartesian solutions given by:

3
u) (cosw —sinw (ZK*]-)COS[%)} *COS{E‘U B 2KCOS[9} —2003[9] cofw]| - cos[9
(u2> - (sinw cosw ) (—(ZK—&-l)Sin[%)} +sinF’w a 2Ksin[§} —25in[§} cogw) = 2K~ cosa) sin[?

2

}*33"1 gw L, (K+2)sm[
}—3cosgw RS 2)003[

54

and also

(Ul> _ (cosw —sinw> (2Kfl)sin[
Uz sinw  cosw (2% +1) Cos[

[

|-

ISIESNIES
TR NIES

o) (o

INTESNIES

| ((x+2) + cogle)
| (=2~ cogw)) )
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3.4 Computation of the singular exponents

Their linear combination

cosg) sing) K +2)+cosw
o 21 s (o022 cose
d=Kyr (Kcos{a)])( (%} + Kor cos[%} (k- 2)—cosa) +Ureg

sin [5
satisfies the boundary value problem in a domain with pongudarity.

The coefficient¥; andK5 are the stress intensity factors. They express the injeokthe
singular functions. In particular they can vanish and ttensblutioru is regular. The coeffi-
cients are functions of the external forces, the elastienafparameters and on the geometry
of the domain and they can be calculated via so-called caaftilormulae.

The regularity results and coefficient formulae can be apph different fields, namely sen-
sitivity analysis for linear elastic fields, and derivatioihformulas in fracture mechanics for
a nonlinear elastic model.

Now we compute the eigenvectors corresponding to the eaaes for the case = 0.3 and

wp = 211. They verify
sin[a ayp] — a sinfap] =0

sinfawy| + a sinfap] =0
with the Neumann boundary conditions given for the numédspects as

an|i% =0,

asin B9 itis made.

The eigenvectors are showed in ploss9(a), (3.9(b), (3.9(c), (3.9(d), (3.9(e), (3.9(f)),
(3.9(9), (3.9(h).

3.4.2 Extraction of eigenvalues from the discrete solution

A simple method to check the computed eigenvalues is, taeinem from a finite element
solution. Here, we use again the fact, that in the neighbmdlon a crack tip, the field can

be represented agr, w) = r9g(w), wherer andw are again polar coordinates. Then, for a
fixed anglewy holds:

|U(ro,ap)|  rgld(a)l a
U(3.w)l ()" g(wo)]
B T(ro, )|
o =log, <|a<%°, wo)l) (3:30)



3.4 Computation of the singular exponents

g_1(omega), g_2(omega) g_1(omega), g_2(omega) g_1(omega), g_2(omega)

g_1(omega), g_2(omega)

Figure 3.9: Eigenvectors for Neumann Problem with= 2rrandv = 0.3.
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3.4 Computation of the singular exponents

To computea by (3.30 from the numerical solution, there are two possibilities:
1. Insert interpolated values of the numerical soluti()@, ayp) into (3.30),
2. Calculatex from a fine and a coarse grid.

In the follow we show a part of the FORTRAN CODE used to get tigemvalues and the
corresponding eigenfunctions. Note that the code can hgtedi#o different boundary con-
ditions, by changin@(i, j) andb(i,y),i,j=1,---,4.

H(t)

2
This CODE is written with a velocity functiona(t) = {/1— <C—) as parameter, (here
2

ay(t) = 1, static case). But we want to remark that this code can leeualsd for solving the
dynamic anisotropic Lamé equations given in Definitlonumerically, written in spherical
coordinates, fol'(t) # 0. The anisotropic Lamé equations in spherical coordgate given
in Appendix A.8).
3k 3k >k 3k 3k 3k ok 3k 3k 3k 5k >k 3k 3k 3k %k 3k 3k 3k >k >k 3k 3k 3k 3k >k >k 3k 3k 3k 3k 5k 3k 3k 3k 3k 3k 3k %k 3k 3k 3k 3k >k >k 5k 3k 3k 3k >k >k >k 3k 3k 3k 3k %k %k %k >k 3k 3k 3k %k >k %k >k 3k 3k k
INPUT to DBVSUP
3k 2k ok >k 3k 2k ok >k 3k 3k %k ok 3k 5k 3k ok >k ok 3k 5k >k >k 3k 3k 2k ok ok >k 3k %k %k %k >k >k 3k 3k %k %k >k >k >k 3k 3k ok >k >k >k >k 3k ok ok >k >k >k 5k %k %k %k %k >k >k %k %k %k %k %k >k %k %k k
NXPTS = number of output points.

NIC = number of boundary conditions at XINITIAL.

B(NROWB,NCOMP) = boundary condition matrix at XFINAL.
Must be contained in (NFC,NCOMP) sub-matrix.

NROWB = actual row dimension of B in calling program,

C

C

C

C

C

C

C

C

C

C

C

C

C NROWB must be .GE. NFC.

c

C ALPHA(NIC+NEQIVP) = boundary conditions at XINITIAL.

[ If NEQIVP .GT. O (see below), the boundary
¢ conditions at XINITIAL for the initial value
C equations must be stored starting in
C position (NIC + 1) of ALPHA.

C

¢ NIC = number of boundary conditions at XINITIAL.

C

C BETA(NFC) = boundary conditions at XFINAL.

C

¢ NFC = number of boundary conditions at XFINAL.

C

C IGOFX =0 -- The inhomogeneous term G(X) is identically zero.
C =1 -- The inhomogeneous term G(X) is not identically zero.
C (if IGOFX=1, then Subroutine DGVEC (or DUVEC) must be
C supplied) .

c

¢ IFLAG = a status parameter used principally for output.

C

C WORK(NDW) = floating point array used for internal storage.
C
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3.4 Computation of the singular exponents

o OO0

NDW = actual dimension of work array allocated by user.
An estimate for NDW can be computed from the following
NDW = 130 + NCOMP*x2 * (6 + NXPTS/2 + expected number of
orthonormalizations/8)

IWORK(NDIW) = integer array used for internal storage.

NDIW = actual dimension of IWORK array allocated by user.
An estimate for NDIW can be computed from the following
NDIW = 68 + NCOMP * (1 + expected number of
orthonormalizations)

NEQIVP = number of auxiliary initial value equations being added

to the boundary value problem.

implicit double precision (a-h,o0-z)

parameter (NXPTS=100,NDW=10000,NDIW=10000)
dimension G(4,NXPTS),xpts(NXPTS),a(2,4),alpha(2),
& b(2,4) ,beta(2) ,work (NDW) , iwork (NDIW)

common /parm2/ ralpha, alpha2

alpha2 = 1.0
pi = 4.0*atan(1.d0)
al = 2xpi

open (11,file=’adr.val’)

output points

do 10 i=1,NXPTS
xpts(i) = -al/2 + (i-1)#*al/(NXPTS-1)

10 continue

do 15 i=1,15

iwork(i) = 0

15 continue
g1=0, g2=0 at left end point (-al/2)

a(1,1) =1
a(1,2)
a(1,3) =
a(1,4)
alpha(1)
a(2,1)
a(2,2)
a(2,3) =
a(2,4)
alpha(2)

[ ]
o O o

[
]
o

|
o O +» O

0

C gl1=0, g2=0 at right end point (+al/2)

b(1,1)
b(1,2) =
b(1,3)
b(1,4)
beta(l) = 0
b(2,1)
b(2,2)
b(2,3) =
b(2,4)
beta(2) =0

1

[}
o O o

I
O O +» O

C DBVSUP input parameters

IGOFX = 1
NEQIVP = 0O

58



3.4 Computation of the singular exponents

NROWY
NCOMP
NROWA
NIC =
NROWB
NFC = 2

RE = 1.d-6
AE = 0.0

C solve with different values of ralpha, when solution is large,

N
CIITNENN

]
N

C ralpha is an eigenvalue
do 100 j=1,400
ralpha = 0.01%j
call dbvsup(G,NROWY,NCOMP,xpts,NXPTS,a,NROWA,alpha,NIC,
& b,NROWB,beta,NFC,IGOFX,RE,AE, IFLAG,work,NDW, iwork,NDIW,NEQIVP)
if (IFLAG.NE.O) print *, ’> IFLAG = ’,IFLAG
anorm = 0
do 20 i=1,NXPTS
anorm = max(anorm,abs(G(1,i)),abs(G(2,1)))
20 continue
write(11,7) ralpha,anorm
7 format (° lambda = ’,F12.5,’ sol. norm = ’,E15.5)
C when norm large print resulting (normalized) gi(phi),g2(phi)
if (anorm.gt.1000.0) then
write (11,8) ralpha
8 format (/,’ lambda = ’,F12.5,/,5x,’Phi’,10x,°G1’,10X,’G2’,/)
do 30 i=1,NXPTS
gl G(1,i)/anorm
g2 = G(2,i)/anorm
write(11,9) xpts(i),gl,g2
9 format (3F12.5)
30 continue

endif

100 continue
stop
end

subroutine dfmat(phi,g,gp)
implicit double precision (a-h,0-z)
dimension g(4),gp(4)
common /parm2/ ralpha,alpha2
rnu = 0.3
A =1 + 1/alpha2*x2
B = 1 - 1/alpha2*%*2
C = 1./(1-2%rnu)*alpha2+**2
F11 = A/2. - B/2.*cos(2*phi)
F22 = A/2. - B/2.*cos(2xphi) + C
D11 = (1-ralpha)*B*sin(2*phi)
D12 = Cx(ralpha-1) - A + B*cos(2*phi)
D21 = C*(1+ralpha) + A - Bxcos(2*phi)
D22 = (1-ralpha)*B*sin(2*phi)
E11 = (A/2.+C)*(ralpha**2-1) + B/2.*(ralpha-1)**2*cos(2+*phi)
E12 = -Bx(1-ralpha)*sin(2*phi)
E21 = Bx(1-ralpha)*sin(2*phi)
E22 = A/2.x(ralphax*2-1) + B/2.*(ralpha-1)**2x*cos(2*phi)
c gl =g3
gp(1) = g(3)
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3.4 Computation of the singular exponents

c g2’ =gl
gp(2) = g(4)
c g3’ =gl = ...
gp(3) = -(D11xg(3) + D12%g(4) + Ellxg(1l) + E12%g(2))/F11
cgd’ =g2 = ...
gp(4) = -(D21*g(3) + D22xg(4) + E21xg(1) + E22xg(2))/F22
return
end

subroutine dgvec(phi,f)
implicit double precision (a-h,o0-z)
dimension f(4)

c '"random" non-homogeneous terms

f(1) =0

£(2) =0

£(3) = exp(phi)
£(4) = exp(-phi)
return

end

subroutine duivp(x,u,up)

implicit double precision (a-h,o-z)
return

end

subroutine duvec(x,u,g)
implicit double precision (a-h,0-z)
return

end

SUBROUTINE DBVSUP (Y, NROWY, NCOMP, XPTS, NXPTS, A, NROWA, ALPHA,
+ NIC, B, NROWB, BETA, NFC, IGOFX, RE, AE, IFLAG, WORK, NDW,
+ IWORK, NDIW, NEQIVP)

Cx**BEGIN PROLOGUE DBVSUP

C*x*xPURPOSE Solve a linear two-point boundary value problem using

¢ superposition coupled with an orthonormalization procedure

¢ and a variable-step integration scheme.
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3.5 Singularities of the Laplace operator

3.5 Singularities of the Laplace operator

Because their applications in later chapters, we also needyt a few words about the sin-
gular functions generated for the Laplace operator. Thegdé only on the geometry of the
region and boundary conditions of the problem in the neighihaod of the crack.

As we shown in Appendip by using the relationsA(.2), the two-dimensional Laplace op-
erator has the representation in circular polar coordi@te):

AU =114 (ra,U)+r2932U (3.31)
We will seek solutions of Laplace’s equation associate@181j which have the form

U(r,w) =rg(w). (3.32)

3.5.1 The Dirichlet problem.

That means, our problem reads

—AU =0, (3.33)
U(r,—m) =U(r,m) =0. (3.34)

Since the Laplace operator has the representaB8@i)(in polar coordinates, we get the
following Dirichlet problem for the functiow:

, —N<wWw<T (3.35)
(3.36)

d? . . . .
The operatopw — a? associated to3(35) is defined on the set of the functions equal to

zero at the ends of the interviat 1T, 7).
The function 8.32) is a solution of the problen8(33) if and only if a is an eigenvalue of the
2

d . : . . .
operator—w — a? andg is an eigenfunction corresponding to this eigenvalue.

It is easy to show that the eigenvalues are here the num(ber%, k=1,2,--- and

g(w) = cos<k7w)
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3.5 Singularities of the Laplace operator

are the eigenfunctions corresponding to the eigenvaiyes
The solutions for the Dirichlet Laplace problem has the form

k
Uk(r, @) = Gcr 2 cos<7w) . k=12, (3.37)
U(r,w)= clr% cos(%)) +Car cos(w) +03r% 005(370)) +--,
= clr% cos(%)) +UR(r, w). (3.38)

whereUR(r, w) is the regular part and it belongs\té?4.

3.5.2 The Neumann problem.
Next we consider the problem

—AU =0, (3.39)
du du
—(r,—T[) = %(ﬂ T[) =0. (340)

As above, we seek solutions of the forh32). This leads to the problem

—d'(w)—a’g(w) =0, —M<w<T (3.41)
dgd(-m=d(m=0. (3.42)

d? : . . . .
Now the operator—w — a? associated to3(41) is defined on the set of the functions with

derivatives equal to zero at the ends of the intefvat, 11).
It can be easily verified that the eigenvalues are the nuraper 'i‘,k =0,1,2,--- and the
corresponding eigenfunctions are

g(w) =sin <k7w) .

The eigenfunctions associated to the eigenvaiyle- O constitute a particular case. The set
of eigenfunctions corresponding to the eigenvatyge= O consists of the constant functions.
The general solutions for the Neumann Laplace problem leafotin

. [k
Uk(r,w) = ckri?( sm(%o) , k=212, (3.43)
: : . (3
U(r,w) = clr% sm(g) +Cor S|n(a))+c3r% sin 2w +een
2 2
1. (W
=C1r2 S|n<§> +UR(r, w). (3.44)
whereUg(r, w) is the regular part and it is W24,
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3.5 Singularities of the Laplace operator

3.5.3 The mixed problem.

Now we are interesed in solutions of the boundary value prabl

—AU =0, (3.45)
du

U(r,—m) =0, %(r, m =0. (3.46)

This problem is connected with the parameter-dependingdeny value problem

~—

, —NM<wW<T (3.47)
: (3.48)

—g'(w

— a?g(w)
g(-m =0, d(m

0
0

The espectrum of the Laplace operator corresponding tortitdgm @.47)-(3.48 consists
of the eigenvalueay = %, k=0,1,2,--- and the corresponding eigenfunctions are

2k+1 . (2k+1
g(w) = cos( 220 + (—1ksin[ o w).
4 4
The solutions for the Neumann Laplace problem has the form

2k+1 . (2k+1
Uk(r,a)):cer1+l (cos( Iw)+(—1)k5|n(T+w)) k=0,1,2,---.

Remark 8. If we suppose to have a two-dimensional domain containingekanodeled as
a straight segment, then the domain is non-smooth and this\strong singularities for the
solution along the crack. It is important to know that theragyotic expansion of the solution
contains neither oscillatory terms (i.e. non real exposgnbr logarithmic terms.

Here(r, w) are polar coordinates centered at the crack tip. The clads#sult of the isotropic
elasticity theory, which serves as a base of fracture meicsaand explicit calculations for
isotropic materials prove that the singularity exponents Iaalf-integer%, %, e
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CHAPTER 4

Dynamic Fracture near the crack tip: The out-of-plane case.

4.1 The mode lll fracture case

Here, we investigate the simpler out-of-plane statd, dee Table.1

It is known that there always exists a region (albeit smamthe crack tip (stationary or
growing) where the dynamic stress intensity fadtgr characterizes the amplitude of the
local stress and controls the failure proces$;].[ On the other hand, the level of resistance
to crack advance that is exhibited by a material may depenti@wgrack tip speed. It was
reported B9], [40], [49], [2]], etc. that the dynamic fracture toughness depends on the
crack tip speedl (t) in a characteristic way. The most significant feature ofdejsendence is
that the fracture toughness is a monotone increasing fumetith respect to the crack speed
H(t).

It is essential that we can describe the singular behavibtiveodisplacement field near the
running crack tip and compute the coefficient in front of teading dynamic crack singula-
rity, the stress intensity factdq (t,h,h’). We get a decomposition efinto a regular term
ur and a singular one (analogously t&62], [64], [86], [80)]):

u(y,t) =ur(y,t) + ki (t,h,h") n (y)Su(yr—h(t),y2) (4.1)

with

Sv(yr—hyyz,t) =/ 20{21(t) \/\/(Rcos15l — h)z—i—az2 (t)R2sir? 9 — (Rcosd —h).  (4.2)
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4.2 The mathematical model

Here,(R,9) are the current running polar coordinates. We assume that

H (t>2
G
Most of the studies on the anti-plane shear crack postuiatghe body is infinite in a thick-
ness direction because the mathematical treatment iseinkfiwever this postulate is not
pertinent to most practical cases of shearing process. fdetrbere an analytical study on

the anti-plane shear crack in a finite configuration. From nowve deal with finite bodies.
The mathematical analysis will be done distinguishing leetavthe current configuration
(space variableys,y», noncylindrical domain), a reference configuration (spe&eables
X1,X%2, cylindrical domain) and a further configuration (spaceialdesz;,z), where the
isotropic Laplacian appears. The passage to the diffe@mfigurations will be described
by the corresponding coordinate transformations. We esipédhat this allows us to start
from an energy balance equation in the current configuratmtransform it into the refe-
rence configuration, to treat the crack singularities ttaere finally to obtain formulaq.1),

[4].

az(t)=1— >8> 0. (4.3)

4.2 The mathematical model

The goal is, to describe the time dependent process of aicelas/e within the time interval
[0,T]. We consider the noncylindrical domaic R? of the form

T
Q: U Qt7
t=0

whereQ; = Q\ a;, see Figuret.L The domainQg with the pre-crackoy is the reference
domain, whereas the domaifds form a family of current configurations, see FidL

In linear elasticity for isotropic materials, the govempiaquations are the dynamic Navier
Lamé equations 29,
Py — (UAT+ (A + p) graddivd)) = f, in Q.

We study at first the simpler model for the out-of plane sttaf means we assume that
u; = Uz = 0,uz = uanddzuz = 0, see TableZ.1). Then the systen?(29 reduces to a scalar
wave equation

Ut — CoAU = T, (4.4)
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4.2 The mathematical model

wheref = %, c% = %. C = \/% is the speed of the shear waves which is quite large ( for
steelc, ~ 3200[T] or for glassc, ~ 3300[T], for more examples see Talfle?).

We will study an initial-boundary value problem for the waaguation 4.4) in the cracked

a
domainQ = | Qt, see Figd.1
t=0

t o
kyz "ROy=0
\%1 0o Qo T=TpUly

Figure 4.1: Noncylindrical domai@

Findu = u(y,t) such that
d2u—cshu=finQ:=uUl ,Q, )
c30hu =0 ony_yaxt,
cZdhu=qonZy :=Inx (0,T), (4.5)

u=0on3p:=Ipx (O,T),
u(0) = up, Au(0) = uy in Qo,

wherelpUTy =T andfpnNly = 0. On My, d.,u = Ou-n means the outward normal
derivative while ong; it means the normal derivative in one fixed normal directithere-
fore d,u = 0 on i means that the normal derivative from above and from belabath
zero).

The domaing with the pre-cracloy is the reference domain, whereas the domg&inrm

a family of current configurations. We assume, that the motibQq to Q; is given by a
family of mappings

y=R(X) =x+h(t) 6(x), x€Qo, Yyel (4.6)
This is a standard assumption, see e®l],[[63], [9], [87]. The mappindr is an element

of C*(Qq), suppd € U(0), h(0) = 0, R(dp) = ai.
Here,

000 =n(n)( g ). @)
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4.2 The mathematical model

wheren = n(r) is a smooth cut-off function such that= 1 in a neighborhood of the crack
tip {(0,0)} and as usual = |x— 0| = || is the distance to the crack t{{®}.
We assume thd is a diffeomorphism fronf)g onto Q; and moreover that

det0R, = det(| +h(6) > Do >0 for (x,t) € Qo x [0,T] (4.8)

for some positive constafly independent ox andt, where

(06 38
H6 = < 06 0.0 )

is the Jacobian matrix of. If we choose polar coordinatés, ¢), then the Jacobian de-
terminant can be written as défy = 1+ h(t)d16; = 1+ h(t)n’(r)cos¢. Thus, we have to
guarantee thdi(t) is small enough. Fix cut-off function with C = max|n’(r)| we assume

1

o) <. (4.9)

which is realistic for small. Moreover,f is a diffeomorphism and maps the cragkto o,
see e.g 63], [54].

The following mathematical difficulty occurs: probled.9) is given in a noncylindrical do-
mainQ. To our knowledge there are no existence, uniqueness aalhritg results available.
Therefore we transforn¥(5) by (4.6) to the cylindrical domaif)g x (0, T) setting:

(R(x),t) =:v(xt), (4.10)
(R(

Lemma 3. ( [4]) The change of variablesi(6) leads to the following transformed problem
in the reference configuratiofy :

Vit +Ao(t) v+ A1) v+ B(t) v = f in Qo x (0, T), (4.11)
c3(0R)”'Ov-(OR)" "n=00nadp x (0,T), (4.12)

c30.v =G onzy, (4.13)

v=0o0n2Zp, (4.14)

V(X,0) = ug(X) in Qo, (4.15)

Vt(x,0) = uy(X) +h'(0) 8- (OR)™ " Ov(x,0) = vi(x) in Qo, (4.16)
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4.2 The mathematical model

where

Ag(t)v=— del(céﬁ) div(del(DFt)(DFt)_l(DFt)‘TDV)

+h26-(0R)~"0(8- (0R)~"Dv),
Ai(tiv=h20.-(0OR)""(06)T(OR)” "Ov
—h"6-(0R)" "Dy,
Bty =—2n 6-(0R)™ ' Ow.

Note that near the crack tip, wherp= 1, the operatotdy(t) reduces to the anisotropic
Laplacian
Ao(t) = —C5(a3(t) 0F +3),

wherea3(t) = 1— h/étz)z.
2

Lemma 4. The anisotropic Laplaciamiy(t) in the reference domain is strongly elliptic with
respect to the spatial variables if:

cz—h(t)2>0. (4.17)
i.e. if the crack tip velocities are bounded.

(4.17) is satisfied if it holds:

N©*_ >
dag>0:1- 2 >a5>0,vte (0,T). (4.18)
2

This assumption means that the crack velocity is not allowdx faster than the wave speed,
what is practically true. Ravi-Chandar and Knauss (1984]) ‘{all materials exhibit a limi-
ting crack speed which is on the order of one half of the sheaevgpeed or less”

In order to get the isotropic Laplacian we transform the spamrdinates = (xg, x2) of Qg

into
71 = qu(X.t),

2 =X,

(4.19)

wherez; = %%t) near the crack tip. For details comparg7]|

Lemma 5. The space-depending principal part in the plane space éeia , z» is strongly
elliptic with respect to the spatial variables if ft) is uniformly bounded.
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4.2 The mathematical model

This last transformation has the following advantages:
e Wwe get an isotropic Laplacian (elliptic operator),

e we can apply the semigroup theory to the transformed idalndary value problem
to get existence and solvability results,

e description of crack singularities in z-coordinates esifiy:
w(z) = Wr(2) + kit S\ (2),

WR € HZ(ETO) regular part ofv, nj cut-off function @ = 1 in neighborhood ofi(0) and
0 outside)ki;; € R, so-called stress intensity factor afg Neumann singular function
related to the Laplace operatoraicoordinates namely, se8.44) in chapter3:

3\1(21,22> = \/I’_Z sin%.
The inverse transformations from tkeoordinates to the-coordinates (reference configura-
tion) and finally to the/-coordinates (current configuration) lead the followingui

Fix t > 0 andv = v(x,t)
X = {veH?(Qo) : 30w =G§onTNyU 0gp,v=00nTp} ®spafnSu}

with the singular function

a (%ZM”) - \/Z(t) \/\/ cog ¢+ a(t) sin’ g —cosp (4.20)

defined in the reference configuration.

It follows the main Theorem of this chapter:

Theorem 8. H1 Assume that{.18 and (@.9) are satisfied and’Ht) is uniformly bounded.

H2
(rN X [O7T]>7

feLip([0,T]; LAQ)), GeHz?
x,0) —(0) 8- (OR)~ T Ov(x,0) € L%(Q)

Up =V(x,0) € Xo, U= aV(
then there exists a unique solution
veC([0,T]; %) N CY[0,T]; HY(Q)) N C4([0,T]; L3(Q))
of problem 4.11),---,(4.16) in the reference configuratiag x [0, T], with dv(X,0) = v1(X).

Moreover if

H3
Uo = Uro + kit (0) ) Sn(X1,%2,0), ki (0) € R, Uro € H2(Qo)
u1 € H3(Qo),
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4.2 The mathematical model

then the solution u admits the following decomposition antegular part and a singular one
in the current configuration:

U(y,t) = UR(y7t) + k||| (tv h7h/)r’(y)8\l(yl - h<t)7y27t)7 (421)

where the regular partgiis in C([0, T]; H2(Q;)), Su(y1 — h(t), Yo, 1) is given by 4.2) and the
stress intensity factork(t,h(t),(t)) belongs to C[0, T]).

Furthermore,

Nl

H2(Mny % [0,T]) = {ue HY?(I x (0,T)) : supp uc Ty x (0,T)},

Hé(Qo) = {U S Hl(Qo> :u=0 on FD}.

Proof. The theorem is proved in7[/]. In order to prove it, concepts from the perturbation
theory of T. Kato BZ] are used. The succesive change of unknown yields a unigoegst
solution u of @.5) for appropiated data. O

Note that we have used the standard notakiérfor Sobolev spaces ar@ for spaces of
continously differentiable functions.

In what follows we need explicitly the singular functi&g in the current configuration. We
denote both expressions By and write the arguments to mark the regions where we are.

Lemma 6. The singular function4.20 in the reference configuration reads in the current
configuration

SN(yr—hyo,t) =4/ Zaj(t) \/\/(Rcos151 —h)?+ a3 (t)R2sir? 9 — (Rcosd —h)  (4.22)

Here, (R, 3) are the current polar coordinates with respect to the crapk'i(t),0).

Proof. Let bex; = rcosg, Xo = rsing, r = |/x2+x3. We consider they, y»)-coordinates
in that region where the cut-off functiop= 1:

<y1> _ (chsﬁ) _ (xl—i—h) _ (r cosso-i— h) ' (4.23)
Y2 Rsind X2 rsing
Let us remark thaR= R(t),d = J(t),h=h(t). It follows

rcosp = Rcos? —h, rsing =Rsing. (4.24)

Inserting @.24) into Sy(x1,X2,t) given by @.20 we get the relation4.22). O
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4.3 Energy in dynamic fracture

4.3 Energy in dynamic fracture

Now we will derive the equation of motion for the running drdip (7.1) in a mathematically
rigorous way.
To this aim we start with the energy balance law in the curcenfiguration;:

D(t) = —E (1) +A(t) - K (t). (4.25)

Definition 7. If u = u(y,t) is a solution of problem4.5), then
E(t) = Ea/czmyu(t,)’ﬂ dy (4.26)
Q

is the rate of the elastic energy;

A(t):/fut dy—i—/qutds (4.27)

denotes the external energy and
- d r1
Kt)=— [ Z(w)? 4.2
)= Q/ > (w)dy (4.28)
t

is the rate of the kinetic energy.
D is the dissipative energy and it characterises the energichvis spent for irreversible
processes.

Remark 9. In our case the irreversible process is the breaking of bottusnucleation and
growth of voids and micro-cracks in the process zone neacthek tip and the formation
of a new macroscopic crack surface, Figur2. In the simplest case the dissipative energy
is considered in dependence on the fracture toughness andagey propertiesD = %D is
then the rate of dissipative energy.

The calculation of the expressiorE (t) + A(t) — K (t) will be done by partial integration,
the use of the Gauss divergence theorem and the ReynoldpdraiiTheorenl). Since the

displacement fieldi = u(y,t) develops crack singularities at the running crack tip we tak
family of annular domain€? cutting out the running crack(t), see Figd.3, and consider
then the limit ford — 0.
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4.3 Energy in dynamic fracture

Figure 4.2: The process zone

4.3.1 The energy balance in the annular domain

Let QP = Qt\M—t‘S be, where{M?} 5 is a family of small neighborhoods of the running crack
tip in the current configuration such that lfmoM?Z = {(h(t),0)}. We denote byC? the
boundary curves d¥1?. We consider the energy flux ®?:

D3 (t) = —E (t) + AB (t) — K3 (t), (4.29)

where the energies are defined analogously g, - -,(4.29 as integrals o®}.

0 a.

. Ju
We remark that we use the notatiagps=

ot ot

Figure 4.3: A family of annular domains cutting out the rurcrackh (t).

Lemma 7. The following identity holds:

~ ' : 1 : ay(t) Ju
S(t)—EO (t)—KO (t) = — = 2 2 2y ZY\J _ e
Ro(0) -0 - Ko ()= [ o | (& Eiu?) 50 ay- [ & St s,
(4.30)
where yt) = y(x,t) = Rk (X) = X+ h(t) 6 (x) and the scalar field u solves the initial boundary
value problem4.5).
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4.3 Energy in dynamic fracture

Proof. We start with the wave equation
dPu—c3Au=f in O (4.31)

and consider the restrictiaf of uto Q2. We remark thati® is smooth enough i? in order
to apply partial integration and the formula of Gauss. Mulitation of @.31) with ,u® and
integration or? yield

/ (dt2u5 Au® —c3 AU® 6tu5> dy=
QP

10 ( 5\, 2.5 5
L () a4 atn- 0o

Therefore,
Foz (3 () -5 (7))o=

I I (4.32)
5 2 5 2 5
/ngdtu dy+/aQtextcz an o:u dsy+/C[502 an ou° ds;.

From the Reynolds transport theorem it follows with3? (here we seti® = uin Qf):

E5(t) + KO(t) = O 1

2 21012
di2 Jop [(dtu) +¢5|0ul| } d

1 J 2,0 500 1 - 2, 2102\ 9Y
=3 Jop [0t (¢u) +0tcz|Du| ] dy+2/9t5d'v[((atu> +c5|0u| ) it dy

Jau
:/Qtéfatudy+/quatuds,+/qéc§%atud§,+

+%/5div [ (0tu)2+C§|Du|2) ‘9—3’} d
Qt

:AAé(t)jL}/ div [((dtu) +c3 |0yl ) } dy+/ 02 dtu ds

2 ot

which is @.30. O
Remark 10. The family of smooth neighborhoods(bft),0), {MZ}, in the current configu-
ration is chosen in such a way that their imagés * (Mté)}(; are circles B; with radiusd
around the crack tig (0,0)} in the reference configuration.

4.3.2 The limit procedured — 0

We calculate the limit fo® — 0 of the right hand side o#(30 transforming both integrals
to the reference domag = Qo\Bs.
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4.3 Energy in dynamic fracture

Lemma 8. For the right hand side of4.30 holds:

|im{_%/9t5divy[( & |Ouf?) a( )} dy} + lim {~ / 2 auds)

o—0
T (as — 5 TT
= H(t) ki (t,h,K) ¢ %Z (2 >+h'( t) ki (t.h,h) ¢ Z — (4.33)
= WO K (101 S 7.
Proof. We start with the integral
9= [, (<u€+c§mu|2> —aym) dy
(4.34)

_ 1 ay(t)
=3 /6 ny- (U2 +c3|0u)?) =~ o ds,.

We transform the boundary integracl.34) to the boundary of the reference configuration

0Q3. We recall that
X1 n(x)
= h(t
y <X2>+ ()( 0 )

wheren is a cut-off function with support in a neighborhood of thaalk tip{(0,0) }. After
some elementary calculations, se€/][ we get

1 hnow 2
0 _ 1 /
7 = "3 Ny, (dtv 1+h0117) h(t) n ds+

1 C% 2 2
—= Ny, | ——=——= ( (01v)° + (—01vhdon + dov(1+ho h(t)nds:.
3 |05 Xl<(1+hdln)2 <( 1V)“ + (—01vhdan + v ( 1’7))) (t)nds

Note thatn vanishes orﬁQg"t and that the first componeng, = n; of the normal vector
vanishes on the craa;. Therefore, we have

1 Wnow ., ,

Il_yToll _(lslino_é/asénl ([dtv— 1+h61r[] )N ) dsc
CZ

lim—= [ nm|——2— ((61v)?+ (—dvhdon + dov(1+hdin))?) | W (t)ndsc

lim 20851((1+h0m)2(<1> (~0uvhgon + 0oy (1-+houn))®) | W (t)nds

We assume thal is so small that) = 1 onBjs. Furthermore, we use the asymptotic expansion
of vondBs:
V(X7t> =VR (Xat) + k||| (t7 h7 h/) S\l(X17X27t> - VR+VS7 (435)

whereSy is given by theoren®, namely

Su(x1,%,1) = /20{;_(t) \/\/co§¢ + aay(t)?sir? § — cosp ZaimvS
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4.3 Energy in dynamic fracture

Due to the fact that the limit value of the integrals on expi@ss ofvg vanishes, we get the
simplified relation:

1= élino—— h’ 5/ nl ﬁtVS W 01VS) + n102 ((91?2 + (92?2)}

Sincen; = —cogp it follows

= lim (1) & / cos (a9s— N a19s)% + Gcosp (01\7§+02\72)} (4.36)

The singular functiorsy behaves with respect tbas follows:
SN~ 0%, GSu~OE, ASu~O P, Sy~ i

It follows from (4.36)

1= lim (1) K3, (t,h, 1) 6/oncosrp [(h’(t)2+c§) (alsu>2+c§(azsu)2} do

(4.37)
T
:C%ymoh/( ) kg (t,h,N) &3 5/0 COSQU[(Z—OQ(UZ) (515\1)2+((925N)2} do
Since
2[0S oy L0Su g T L [1 s ol
(01N) _{dr 0sQp 90 sing = 20 2vscoscp dgosm(p .38
o [0S o 1o  1F 1 L o ow 1° |
(02N)” = { ar sin P+ F o0 cosp = St SVsSIng + 30 cosp
we have

lim & [ cosp|(2— a3(1)) (150 + (22507 do

:i/n }vz(l—az)cos?(p—i—}vzcosm-i— ovs 2(02—1)co§(p +
203 )0 |4 2 43 a0 2

—i—i/n (2—a2) AL 2coscp—|—(or‘2— )co§(psm(pv0 do.
20, 2\ dp 2 Sdp
Furthermore, we easily check that
n . OVs
J= /0 cos @ singvs 5 do
m , . 0Vs
= —/ {—2 COSP Sir? ¢ Vs —+ COS @ Vs + COS @ Sing d—go} vsdo
0
s
:/ (2 cosp (1 - cog @) V2 —cos’ gv3) —
0
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4.3 Energy in dynamic fracture

or equivalently

J= /On (cosrpvg—gcosg(pvg) do.

2
The expressions of and of <g—\(/;) read:

(Vs)? = \/CO§ @+ a2(t) sirf ¢ — cosp = even part- cosg,

OVs 2_ 1 . ‘ ,
<‘9—‘P> ~ 4(cog @+ ad(t)sirf @) WCOSZ@MZ(US'”Z“’((“Z“) —1)cosp+1)
1 az(t) -1
+ ZCOS(P <1+ co§(p+022(t)5|r12(p>
_ 1 az(t)—1
~ even partr 7 cosp <1+ cof ¢+ a3(t)sir? (p) '

(4.39)

, , T ,
Both terms consist of a even and an odd part with respegtamd the odd parts contribute
to the integral; only.
Inserting these expressions inth37) and taking the limit ford — 0, we get

o= () kG () g T 2+ 2()

4 ax(t)
Here we have used that
/" cog @  de=n 1 |
0 coR@+a3(t)site 1+ ap(t)
T cot @ T 14205(t)
/o coR @+ a3(t)sirt e =2 (14 a(t))?

Now, we consider the second integral 4133

ou
o_
19 = /qSC% 5, duds,
We transform it to the reference configuration. Since

ﬂzgu.ny:(m:t)TDV.iT
ony " (OR) Ty

du=agv—ho-(0OR) " Oy
andd is so small thatp = 1 onB; it follows that

|5:—c2/ Ov- % (Gv— W) d 4.40
2 2355)( |nX|(dt 1)3( ( )
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4.3 Energy in dynamic fracture

Sinceny = — <095<P> , we get from ¢.40
sing
I, = (Isiinolzé = (Isiinocg 6/055 (Owv cosp+ dov sing) (dv—h' 61v) de. (4.41)

As before we splity = v + Vs, compare 4.35, and repeat the arguments for the behaviour
of the terms/r andvs with respect tad. Furthermore, we use the formulas9).
Then @.41) can be written as:

c2h (1)K, (t,h,h) (T /1 OVs . 1 ovs .
o =— / =VsCOSP — —SIn@ —VsCOSP — ——SIN@ | Cosp+
0 0] 29

ax(t) 2 2
+ }v sin +%co sing ; d
5 Vs (0 20 S ¢, aQ
2n/ 2 /
(D) s 2 Vs COSQ —d(p sing > Vs do.

(4.42)

Since

(Vs)? = \/co§ @+ a3(t) sir® @ — cosy,
2(t) -1 '
di (Vs)? = 2 Vs % = (a5(t) —1) cosp sing +sing,
¢ ¢ \/co§g0+ a3(t)sirfe

it follows that
(a2(t) — 1) cosg sirf @ N Sine @
2\/co§ @+ a3(t) sirf @ 2

ov

30 Vs Sing =

. : s : :
Again, only the odd terms with respect&ocontrlbute to the integrak(42. Therefore,

1 1 sirf @
-5 coszrp—é > )d(p

NS

=

S

~—+

N—

2%

SN— |
\'i—l-

=

=

N—r
o\:‘
7 N

and the relation4.33 follows. O

Remark 11. Lemmata/ and8 yield

lim (-E'é(t) +AS(t) — K*‘(t)) = (lsigﬁob“(t) = G ' (t) ki (t,h,1) 77:
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4.3 Energy in dynamic fracture

From the other side the energy flux @, namely—E(t) + A(t) — K(t), is well defined, at
least in the distribution sense (compare Theo&nmWe conclude that

A

CE() + AL —K(t) = éiino(—E"S(t) FAS(t) — K5(t)>

=D(t) = G H'(t) ki (t,h.h)

N

4.3.3 Extraction of stress intensity factor for the out-ofplane case

In this subsection we derive some expressions from the aceallyesults, which are neces-
sary for the numerical computations, (chapigr In particular, we prepare the numerical
extraction of the dynamical stress intensity factqrg(t, h,h') at timet from the current dis-
placement field decompositioA.@1).

Theorem 9. Under the assumptions H1-H3 of theor&ni.e., the solution (y,t) of (4.5) can
be decomposed as

u(y;t) = ur(y,t) + ki (t,h, )N (y)Su(yzr — h(t), y2,t)

where & is given by 4.22). Then the stress intensity factqy kt, h,h’) at time t can be found
for R(t) —h(t) > 0 as the limit

: 2
lim
R(t)—h(t)—0 /(1)

(R() —h(t))g—;|,9_0: Kt (t,h, ). (4.43)

Proof. Since u can be represented as

u(y,t) = ur(y;t) + ki (t.h,h)n \/202 \/\/ )2+ a3 (t)y3—(yi—h)

we calculat |g —o in avicinity of the crack tip wherg = 1. We get there

0U duR \/E
_ ki (t,h, b 2 4.44
|50 |3 o+kin (t, )Zm (4.44)
Here we have used the fact, compate39), that
SN SN 1 OJvs a,

2 770" 3 190" agar 39 90" 2k

Furthermore, we have= R— h on they;-axis assuming > h. Multiplying (4.44) by 2R

\F
and using the fact that the derivative of the regular %@i‘;rtbehaves in a vicinity of the crack
tip asymptotically as/R— h the assertion4.43 follows. O
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4.3 Energy in dynamic fracture

In books on crack mechanics,7]] [8], [17], one can find the following formula for the
dynamic energy release rate fo(t) # O:

D<t) _ iKIZII (t7h7 h/)

= 4.45
ORETI (449
whereu is the Lamé coefficientay(t) = , /1— @ and Ky (t,h,h’) represents the stress
2
intensity factor.
Then one finds:
m 1 K3 (t,hh)
k2 hh) = =_— 1)
c5 ki (t,h, )4 20 o)
2 /
kﬁ|<t,h,h/)zg . Klll(t,h,h)?
T U C% az(t)
/
ki (hH) = |2 L KGR 1) (4.46)
TTU C2 \/ao(t)
Indeed, the singular functionsing in the z-coordinates, is here written as:
Wsing = kit (L0, 1) /T2 sinZ = kin (6 ) Su(z.), (4.47)
whereas
. _K|||(t,h,h/)\/§ @ na
5|ng— az(t) “ T \/r_z S|n 2 = K||| (t,h,h) S\](Z,t) (448)

isusedin 7], [8], [17], in order to get formula4.45).

4.3.4 Equation of motion for the running crack tip

In the dynamic fracture problem, the wave propagation cesiph energy balance law, which
contains the energy release rate due to the crack growth.\idoneed to impose a fracture
criterion along with the governing field equations and theahboundary conditions to de-
scribe the crack tip propagation.
It is known, [B], [5], [92], [25], [85], that in certain cases, namely small-scale yielding,
rate independent behaviour under monotonically incrggsiress intensity factor, it can be
assumed that the dynamic energy release rate is controledrbg crack growth resistance,
denoted by (h,h'), i.e.:

G(h,n) =T (h,K). (4.49)
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4.3 Energy in dynamic fracture

The empirical functior (h,h’) for a particular material is determined under given environ
mental conditions by experiments3] |

The functionG(h, ) is given by ‘

D(t)

b (t)

with I (t) # 0, and denotes the dynamic energy release rateDgtid= D(t, h,I) is the rate
of the dissipative energy.

G(h, 1) =

Assuming that4.49 holds, i.e. that the dynamic energy release &g h') can be expressed
by the experimentally determined fracture toughrig$sh’), we use the ordinary differential
equation

F(h1) = K2, (t,h,H) 3 ’ZT: G(h,h) (4.50)

as fracture criterion.

Remark 12. The quasistatic case;(t) = 0, therefore Iit) = 0, is included in 4.50).
Moreover, the equatiord(50 in combination with the initial boundary value problem toe
wave equation, will be used for the computation of the mdtidhof the running crack tip,
see chapter.

Inserting @.46) into (4.50 we get:

1 K (t,h )
2u at)
which is the relation in the books e.g7][[ 8], [ 17].

F(hh)= = G(h,H),

Finally, the complete formulation for the dynamic couplediem in mode Il reads:
d2u—c3Au= fin Q:=Ul,Q, )

_ T

20 = 0 onU_o0h aNp [TV =K (Lh ) B,
c30hu=qonZy =y x (0,T),

u=0onXp:=Tpx(0,T), h

u(0) = up, du(0) = uy in Qo,

(0) =0, ki (0,h, ) =k (0).

Uo = Uro + Kint (0, ho, ) N Su(Y1,Y2,0), Uro € H?(Qo), ki (0) € R,

SN(Y1,Y2,0) ,/20[2 \/\/ Rocosdg — h(0))? + a2 (0) R3sin? 99 — (Rocosdy — h(0)),
3u(0) = ug € HA(

koM = lim  —2 /RO —h)

R()~h(t)—0 | /a5 (t) 2y, 70
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CHAPTER b

Dynamic Fracture near the crack tip: The in-plane case.

5.1 The in-plane case

In this chapter, local singularity results for the displaeat and stress fields of Navier Lamé
problem in cracked domains are formulated and proved. The reaults of this chapter are
presented in TheoredB and Theoreni4.

It is natural to try the problem of the interaction of elastiaves in elastic solids with cracks,
in the in-plane state, also. The anti-plane shear crackestud Chaptet is an important
problem in fracture mechanics and from a mathematical padimtew, it has been easier to
deal with. For the convenience of the reader we repeat tbeaet ideas applied in Chapter
4, although the theoretical treatment for the in-plane stataore complicated and distinct
crack velocities occur here. As before the analytical sigdyonsidered in a very thin finite
body, i.e. we consider a membrane. To our knowledge, in teeture infinite bodies are
mostly considered.

The phenomenon of crack-wave interaction is of importanahé exploitation of new and
profitable energy resources. Of particular significancegaghermal heat exploitation, oil-
shale research and surface and underground mining opesat{one of hte interest of get-
ting knowledge of crack-wave interaction is that one mayrmjze fragmentation and con-
sequently reduce the cost of mining operation. Rock foromatifound at quarry sites and
oil-shale sites form stacks of layered rock with beddingipkaand joint are present. Upon
detonation of an explosive, the wave pattern generateg@réal media is extremely compli-
cated, and running cracks interact with incident and reftketiastic-wave systems.
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5.1 The in-plane case

Depending on the nature of the wave, the crack may accelaratiecelerate during the inter-
action phase.

Both wave propagation and fracture play a major role in ro@chanics and mining engi-
neering. Although a large number of scientific results dei#h whe study of either wave
propagation and/or crack propagation, relatively few dbations study the dynamic inter-
action between elastic waves and cracks.

The present work endeavours to determine the analyticalisolin the vicinity of a moving
crack located in an isotropic medium. The crack is assuméxd texcited by the normally
incident plane wave. In particular, we are concerned wighviiriation of stress intensity fac-
tors and displacement fields near the crack tip and we hawdajed a mathematical model
for understanding the process of crack growth, assumirighbkarack lies in the interior and
it propagates straight along the horizontal axis.

An objective of dynamic fracture mechanics is to predict mhetion of a crack tip under
given conditions of loading and geometrical configuratibmorder to establish an equation
of motion for the positior(t) of the crack tip, also here the criteriof.49 is employed, for
a given crack growth resistan€éh,h’) for a given material. We use for the crack growth
resistance the same notation as before, but we understsiedpression is different from the
one in the out-of plane state. Again this criterion is theursgment that the rate of energy
near the tip of a crack is equal to a specific fracture resigtan

With the dynamic stress intensity factor available for nomiform crack grow, the dynamic
energy release ratg(t, h) is also available. Then, if the criteriod.49 is assumed to hold as
discussed in Chaptdr then an equation of motion for the crack tip is obtained.

In the particular Mode | fracture casi(t, h,h’) = 0), the following expression for the crack
growth resistanc€ (h,h’), [93], [8], [59], is valid:

/ 2

r(h,H) = (1— n (t)) LY 1h0p2 (5.1)
Cr E

wherecg denotes the Rayleigh wave speedindE are the elastic constantg,= k (t,h,H)

the stress intensity factor refers to mode |, more detadsisble5.1

Remark 13. The effects of loading and geometry are included,if, k,0), which denotes
the stress intensity factor for the mode | that would havalted from the applied loading if
the crack tip had always been at its instantaneous posigpnasented by & h(t).

The dynamic fracture resistan€éh, ') is an empirical relation and cannot be determined
from continuum mechanics theory and is also difficult to bemeined by experiments.
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5.2 Problem setting

Assuming that4.49 is valid, the particular problem for a pure mode | crack @ggtion
reads:
Findh = h(t) such that the ordinary differential equation holds:

r(h,H) = <1— h;(:) (1_E"2> k(t,h,02=G(h,K), h(0)=0. (5.2)

G(h,h’) is derived in chapteB, on the basis of an overall energy rate balance.

5.2 Problem setting

The propagation of cracks by the influence of elastic wavesbeaconsidered as a moving
boundary value problem. Recall that we model the elastiecctire by the Navier Lamé
problem @.31) in the domain Q:

.
(f-3)0(0-0)+gu-i=1f, inQ=J,
t=0

with corresponding boundary Neumann and Dirichlet condgidefined on
F=TpuUln, MpNin=0.
The general Neumann boundary conditions definefpn (0, T) has the form:
on = prescribed function (5.3)
They can be written:
Ouy i <dui ou;

J N .
—n+ — 4+ —— ] ny = prescribed function onln x (0,T), 5.4
JYk ayj 5yi) =P 4 N (0.T) G4

or in terms of displacements,

A

A (divi)n+2u d,u+ p i x curlt = prescribed function only x (0, T). (5.5)

We assumeiz = 0 and f3 = 0. In vector notation, the boundary-value problem for Navie
Lamé equation with prescribed function on the boundargsake form, 18]:

. T
(A+p)0(0-U)+p0%t+pf=ply INQ ::tL_JOQt,

T
A (divl)n+2puopti+puixcurli=0 on{ o,

=0 (5.6)
A(divi)n+2udhi+punxcurli=pg onZy:=Iyx(0,T),

u(t,y)=0 onXp:=Ipx(0,T),
U(O,y) = I-TO7 dU(O, y) = in Qo.
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5.2 Problem setting

Here we denotélu:

ay]_U]_ ayZU]_ T
o= (oo’ (%UZ Oy, U2

The homogeneous equatian(divi) n+ 2 dyti4+ pu i x curld =0, on LTJ og; means that the

crack faces are free from stress. e

The mathematical analysis is done as before distinguishétgeen the current configura-
tion; noncylindrical domain; and the reference domainjnzyical one. We remenber that
Qo with a pre-crack represents the reference domain, whddeas Q\ o; represents the

family of current configurations.

Let us denote as before the space variapieg in the current plane section §f andxy, x2
the space variables in the plane section of the referencaidom

The anisotropic Lamé operator to the problén®) in the reference configuration is given by
Definition 9.

We map the Navier-Lamé equatioria31) from the current configuration to the reference
one near the crack tip, where the singularities occur.

Lemma 9. The change of variablegl (6) along with the assumptiond () --- (4.9 leads to

the following transformed Navier-La&problem near the crack tip in the reference configu-
ration Qq:

O — N (O0) " —2(N) (Dyav) " + (W) (Dx (DXV)T) _@mv-(@-Qo@ov=f (57)
Proof. We transform 2.31) by (4.6) to the cylindrical domair2g x (0, T) by setting:
U()’,t) = U(H(X),t) = (Ul(Ft(X>,t),U2(Ft(X),t>) = v_g)(?t) = (Vl(X,t),VZ(X,t)), (5 8)
fyt) = FRM0,1) = (1(R(9,1), F2(R(%),1) = F(x,t) = (fa(x1), fa(x.)).

The derivatives are transformed foe Qgq, y € Q;:

0)(1 Vl (9)(2 Vl
0X1 V2 aXz V2

_ Xmyl aXzyl aylul ayzul !
dxl)’Z anyZ ayl u2 ay2 uz

= (DyxR) " (Dy0) "

— (OR) (0,0,

OV = (DyV) " = <
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Therefore we get, with help of the Piola transformatid@®] [

Oyt = (OxR(%) " OxY, (5.9)
div(Dyl) = Ayl = divy (0y0) |

= Wlﬁ(x))divx [(derFt) (Oxv) " (OR) T (DH)*] , (5.10)

U =av-h(t) (O (OR)~' 6 (5.11)

0%t =X —h' (0 (OR) ™" 6+ (W)* (0" (OR)~ " (06) " (OR)™" 6+
—2(1) (D) (OR) T 0+ (W) (0 [0 (R) 6] (OR) T

(5.12)
hO-v
(050 = gopngy |07 5x(0-9) - ( deﬂfﬁ i OO,
(5.13)

Finally, we consider the transformatio#.§) near the crack tip, wheng = 1, and the result
follows. [

(5.7) without second-mixed derivatives, in space-time can btemr.
02+ ApV
whereA, is the principal part and contributes to the singular sotuti
. > [ Avy (22 012V1 + 01 05Vo N2 012V1
Apv —C ( ) (Cl CZ) (dZZVZ—I— aldzvl + (h ) 012V2
d 022 V1 2 012 V1 + 01 0oVo
= (- h") (a ) % (dzv ) (=) gv, + arovy

_m?) Kﬁl vl) 1 (022v1) B (c2—c3) <c912v1 +01 dzvz)] (5.14)

vy 05v2)  Za2(t) \05Va+ 010V

In (5.14) was used3 a2(t) = c3 — h’z(t).

5.2.1 Ellipticity of the operator

Let us consider an generplx p matrix differential operatoA, such thatA = (Ajk).
The element# have the orders orfljc < |+ mcand ordAjy = 0, if Ij +me < 0, wherel;

p
andmy are integers andy (Ij+m;) =2q, g€ N.
=1
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5.2 Problem setting

Definition 8. Ellipticity of A in the sense of Douglis-Nirenberg.
Let be a(y, &) the matrix consisting of the principal symbols gk A

a k(€)=Y ayeE
la|=Tj+mk

A'is elliptic in the sense of Douglis-Nirenberg On if

det(ao(y, ) £0, Vye Q,VE € R™{0}. (5.15)

Definition 9. The anisotropic Larf operator in the reference domain.
The anisotropic Lam operator in the reference domaily € R? can be written as:

e C5A+ (] — ¢5)07 — I (1)?07 (¢}~ c3)0102 <V1>. (5.16)
(6} —5)0102 GA+(ct—c3)o3 ~h(t)%of) \V2

Then the anisotropic Laénequations in the reference domalg € R? are given by:

ApV = (‘ f}> : (5.17)
_f2

Theorem 10. The anisotropic Lam operatorAp (5.16) is strongly elliptic in the sense of
Douglis-Nirenberg if
(Z-H23)>0 and (c5—h?)>0. (5.18)

2
Proof. The elements ofl;, have the order 2 ang (Ij+m;j) = 4= 2q.
=1
The matrixap(y, §) reads
(i-W2ef+c8y (-
(G-)&ak  (G-N?)EE+cEd

We have then fofcf —h'?) > 0 and(c; —h'?) > 0,

ao(y,E):ao(E):<

det(ap(€)) = [(F— N ?)&F + 5E5] [(5— N ?)EF +CTEF] — (f — C5)%87¢E5
G- (G-N?)& +cG&+

(2 — N 2)ct+(c3— W 2)c5] 262 — (B — CB)2E 22

N3 (G—N2)E+ i8]+ -2k —W2c5+2¢i 5] 675

2
<0102522+ \/C%—h’z\/cg—hh? Ef) +

#8268 [ (G —17) + (G —1?) — 20102/~ /F 12
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5.2 Problem setting

The factor in brackets wit§2&2 has the form

(a—b)2>0
witha:=c;\/cZ—h2 andb=cp/cZ— 2.
Therefore, defag(€)) # 0, V& € R?\{0}. O

We note tha(cf —h'?) > 0= (¢ —h?) > 0 because; > c;.
Theorem 11. The operatord (5.16) is positive definite iff.18) is satisfied.

Proof. We write the systenB(17) in the following form:

Gk AVk(X) = — 1 (5.19)
Ci2ikd Ak (X) = — T2 (5.20)

where the Einstein summation convention is used.
The tensoC = (Cijlk)ijlkzl , of fourth order reads for the anisotropic Lamé operaiot §):

ci111= (5 —h'?)

C1122=C2112= (C% - C%)

C2121= C%

Cro12= (5 —'?)
)

C1221=Cp211=

2
C2202=C;1
Cijik =0 for all remaining indices.

i.e.
-3
(C%—h’z) 0 ( 12 2)
C= 0 (2 +c3—h'2) 0
(5 —¢5)
1 5 2 0 C%
Note thatci“k = Cikij-
The positive definiteness is given by the condition
Gijik &ij ik > c&f, ik = & (5.21)
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Therefore the quadratic form reads:

(c1111&11 811+ C1122811 &20 + 2112621 &12+ C2121621 €21 + C1212612 €10+
+ C1221812 621 + +C2211822 11 + 2220822 €22) =
(E—N2)EZ + (2 —CB) E1n&an+ (] — C) o1 E10+ C5 &4 + (GG — N 2) €L+ CfES=q(8)

(5.22)
We estimateg.22),
A(&) = (¢ — M%) &+ CL &5+ (¢ — &) Suadea + (CE+ 5 —W'?) &
From the Young’s inequality, we get for eveng > 0
1
(F—c5) &0 > —4—8(0% — ) & —£(c — 5) &5,
Hence,
1 1
q(¢) > (F—h?— 4—£C%+ 4—803) Eh+ (F—eci+665) &+ (T + 5 —N?) &R,
If (5.18) is satisfied, for = % the following relations hold:
1 1 1 1
(ci— h2— 4—€c§+ 4—£c§) = (1— 4_5) (2 —h?)+ 4—8(c§— h?) >0,
(B—ec?+ec3)=(1—€)B+ec3>0,
(cf+c—h'?) >0
Therefore
(&) > c(&f+ &5+ D).
]

Now the following mathematical problem occurs: in compamisvith Chapted the method
based on ideas4], [77] is not directly applicable transforming the space vaeals, o,
to space variables , zo, where the singular solution of the Navier-Lan231) could be ob-
tained in easier way. We remark that this step is just a madhieat tool to start from an
isotropic Laplacian near the crack tip and to use the knowgudar fields.

Typically, one tries to decompose the general Navier-Lagugtion into separate equations
that relate to longitudinal waves (P-waves) and transVerazes (S-waves) propagation, Fig
5.1 Some features of both sorts of waves in 3D, are summarizéalhle5.1

ve>0:ab> —La?—eb?
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WAVES Description

Longitudinal waves They are faster than transversal waves and
thus arrive first.
The particles oscillate in the direction of
spreading of the wave.
They are also called compressional
waves.

Transversal waves| The particles oscillate in the direction per-
pendicular to the spreading direction.
Shear waves - they do not propagate
through solids.

Rayleigh waves They are surface waves.
Their amplitude diminishes with the
depth.

They have large amplitudes.

Table 5.1: Longitudinal, transversal and Rayleigh 3D waves

Remark 14. A variety of terminology exists for the two wave-types. fatianal waves are
also called irrotational or primary (P) waves. The rotatinwaves are also called equi-
voluminal, distortional, and secondary (S) waves.

The P and S wave designations have arisen in seismology.r @gective designations
frequently used are longitudinal and shear waves.

The existence of Rayleigh surface waves, also called sukfaves, was first theoretically
demostrated by the English scientist, Lord Rayleigh, in51&8ayleigh surface waves are of
special importance in seismology, acoustic, geophysidsetectronics applications.

5.2.2 Helmholtz decomposition

A more elegant and mathematical way to see that solutionseofvve equation are in fact
P and S-waves is by realizing that any vector field can be septed by a combination of
the gradient of some scalar potential and the curl of a vexitential. This decomposition is
known asHelmholtz's Theorerand the potentials are often referredsmholtz Potentials
The basic idea of Helmholtz decomposition is to separateda@led terms of longitudinal
and shear waves. (Hermann Ludwig Ferdinand von Helmhd2111894).
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[~Wavelength»| Focus

(c) Secondary wave | — (@)

Figure 5.1: Elastic waves-Body Waves

We should note that several of these potentials have be@oged. Some of the most useful
are those developed by Lam&4], Papkovich, 8] and Neuber 33].

Theorem 12. Let U be a solution of the Navier-Larequation 2.29).
Pl — (AT (A 4 p) grad(div)) = pf.
Then there exists a scalar and a vector potentiand (¢ such that:
U=0p+0xy, O-P=0. (5.23)

Also there exist a scalar functidnand vector functior8, such that the density vector of the
volume forces (y,t) = f = (fy, f,, f3)T can be decomposed as:

f=0f+0xB, O-B=0, (5.24)
Proof. For details see @3], pp.52-53). O

Remark 15. The condition - = 0 provides the necessary additional condition to deter-
mine uniquely the three componentgidfom the components gfand {.

Lemma 10. Assume that Theore® holds. Then the Navier-Lagmequation 2.29 can be
decomposed into two scalar elastic wave equations.

Proof. Substituting .23 and 6.24) in (2.29 gives:

p<D¢+DXLTI> — (U2 (O@+Dx @)+ (A +w)00- (Dp+0 x ) :p(Df+Dx§)

These regroup to
O[pd— (A +2u)0%@+ pf] + 0 (piﬁ—uDZLIH—pg) —0. (5.25)
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We have used ing(25) that:
0-O¢= 0%, 0?(0¢) = 0(0%p) and the fact thalfl- O x =0
The equationq.25 will be satisfied if each bracketed term vanishes, thusgivi

(A +2u) 0%+ pf = po, (5.26)

and
ud?P +pB=pi. (5.27)
O

If the body forces are zero, we hafve- 0 andB = 0 and the equation$(26) and 6.27) give
the scalar and vector wave equations and they contain tlogitresc; andcp, (2.32 and
(2.33 respectively.

1.
2 _—
Pp— 1§ (5.29)
-0 .

The significance of the Helmholtz resolutionbecomes even more apparent at this stage,
(5.28 and 6.29. The scalar potential is seen to be associated with theaddaal part, and
the vector potential is associated with the rotational.p&dlumetric waves, involving no
rotation, propagates with velocity while rotational waves, involving no volume changes,
propagate with velocitgy.

There are two distinct wave speeds,andc,, and we may anticipate that the general solu-
tions of 2.29 will include both types of waves,3f].

A complete representation of the solutidof the wave equation was obtained by means of
the Helmholtz additive decomposition of the displacemeatar into the gradient of a scalar
field @ and the curl of a divergence vector figld

Uy = 0190+ d2i3 — d3b,

Uz = 0200+ 03y, — 0133, (5.30)

Uz = 03¢+ d14k — O2un.
The relation $.30) is called the Lamé representation of the displacemertovand it will be
used extensively in this chapter.
For the particular cas@ = ui(y1,Y2), U2 = Uz(Y1,Y2), andus = 0, (5.30 is reduced to:

U, = 5140‘1‘52‘!/7 }

(5.31)
Up = 00— 01 1.
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with 3 := .

Remark 16. The existence of P and S-waves was first demonstrated by SiemisPoisson
(1781-1840) in 1828. He also showed that P and S-type waegddiact, the only solutions
of the wave equations for an unbounded medium, so Bhad)(provides the complete solution
for the displacement in an elastic, isotropic and homogesemedium. If the medium is
not unbounded, for instance a half-space with perhaps sdragéfigation, there are more
solutions to the general equation of motions. Those solgtave the surface (Rayleigh and
Love) waves, Figs.2

Figure 5.2: Elastic waves-Surface Waves

If (5.31) are substituted intd(8), i.e. it is considered the particular case= u(y1,Y2), Uz =
uz(y1,Y2), andus = 0, then the components of stress in terms of the displacepudentials

are
N

_ 2 _
C

2
Ooz=ll (2—;) (2@ —207p— 205,y | , (5.32)

012= [2 050+ 5P — 012w] :

Vs

Lemma 11. The components of the stress field can be expressed by thecdisient poten-
tials as:

1— o (t)2 6y§ 1—aq(t)? dys  dyi0y>
_ 201(1)° — aa(t)°—1\ 0%  [1—ax(t)?\ 0% R
o2z H { ( 1 ay(t)? o "\ 1-a12) a3 Zayiay, )0 { O3

0’9 Py azw}

—ul2
a2k { 0y10y2  9yZ 02
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21— az(t)z
Proof. We used %.32) and the relationt = — =7 ]
5 a C% 1- al(t)z

Due to the general Neumann conditién3)
o = prescribed function

applied now on the crack faces, whetés the unit normal vector of crack faces, i.8.=

(fl) , the traction free condition on the crack faces implies that

022(y1, 0,1) = 012(y1,0,t) =0, ona, (5.34)

or, in terms of the displacement potentials op

202—a2-1\ 0% (1-a2\ d’p _ 0%y
022ly,=0=H { ( 1-a? ay? 1z az) dys  dyi0y» 20 =0,

0’p 0%y ajznp
—0=U<2 — —0=0.
T1zlyo=0 ”{ dy10y> " oy; 9y } o0

(5.35)
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5.2.3 The wave equations for potentials in a 2D cracked domiai

As we have seerb(23, the displacement field can be generated by the potential fietgls
andy, and they satisfy uncoupled scalar wave equatidn@3(and 6.29 respectively.

We will describe the crack singularities in the neighborthobthe crack tip for the problem
(5.6) following the ideas for Mode 11l in chaptet. But now we must introduce two different
Z coordinate systems.

Let us start with the dilatational displacement potergiassuming that no body forces occur.
We seek solutiong = ¢(y,t) for the wave equatiorb(36) in the cracked domain,

. _ T
9-cPp=0inQ:= U Q. (5.36)
The distortional displacement potentig) (for plane strain), is the solution d6.(37),
T
¢ —c30%P =0 inQ::tL_JOQt, (5.37)

Suppose that the coordinates, xp) in Qg are introduced with its origin at the moving crack
tip and oriented with th&;-axis aligned with the direction of the crack growth.
Mathematically speaking, we fix thg-axis of coordinates tangent to the pre-cragkori-
ented in the direction of the growing crack. The displacetrpetentials can then be viewed
as functions of the position in the moving coordinate syst&he transformed functions are
denoted byd andW, that means

P(y,t) = @(R(X),1) := P(x,1), (5.38)
Yy,t) = Y(R(X),1) := P(x1). (5.39)

Lemma 12. [4]

The change of variablegl(6) leads to the following transformed problems in the refesen
configurationQg for the corresponding transformed dilatational and distonal displace-
ment potentials:

Oy + AP (1) 0+ AP (1) d+BO (1) B =0in Qo x (0, T). (5.40)
The shear wave potentigl(x,t) satisfies the same equation withinstead of g.

W+ AP O W+ AP (1) W+ B@(t) W =0in Qo x (0, T). (5.41)
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where
2
AVt = - det(CéFt) div (det R )(OR)Y(0R) " Do)
+H29.(OR)" 'O (9 : (Dﬁ)*TDcD) ,
AP e =n26.(0R)T(06)"(OR) 0@
—h’ 6. (0R)” "0,
BO M) =—2h 6-(0R)™ " Od.
and
2
APty = det(céﬁ) div (det TR)(OR)~4(0R) ™ OW)

+h?6-(0R)""0(0- (OR) " DW),
APWw=n26.(0R) T (06)T(OR) 'OV
—h" 6. (0R)”"OVY,
BAt)W, =—2h 6. (0R)” 'OV,

The ellipticity ofAél) (t) andAéz) (t) is guaranteed, that mearis 18 should hold.
The conditions%.18 are now:

D ez 1 (O )2
3 >0 an(t)? =1~ 2<y0) > 0,%te (0,T), (5.42)
1
H(t))? 2
3y§2)>o:a2(t>2:1—($) 2<y(()2)) >0,Yte (0,T). (5.43)
2

The assumption$(42 and 6.43 lead toh (t) < ¢; andh(t) < ¢, which is reasonable, since
it is known for non-bounded configurations that, the limieeg of a mode | and Il crack is
cr the Rayleigh wave speed, see Tabléand 6.107). Thereforen'(t) < cr.

Without loss of generality we assume that the unit ci{6, 1) is included insideQg and
that the set
W:={xeQo|n(x) =1}

containsB(0, 1) (otherwise we only have to rescale the dom@gp).
(5.40 is reduced ofW to:

02q>< _h’2) 9%0 h 9d H 020 1 9%d

—— )=z
x5 cq

— ~Z _=o. 5.44
x5 2 0xq ¢z Ox 0t 2 ot? ( )
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And the shear wave potentid, (5.41), satisfies the same equation withreplaced bycy:

2 /2 2 1/ / 2 2
(3LIJ(1 h) oY h ow h o<Wy 1(9LIJ:O. (5.45)

B O I I LR AL Rl il
@ \"TZ) mE dox ‘ot & o

Note that, for the special casestbady-staterack growthh” =0 and%—‘f = 0, the equations
(5.44) and 6.45 reduce to Laplace’s equation in the coordinatgsr1 Xo andxy, azXo, res-
pectively.

The operatorsﬁtél) andAéz) are reduced on the s@{ to:

Ay =~ (an()202+33), (5.46)

AY = 3 (az(t)207 +03) (5.47)
where ’ , y ,
ai(t)2=1— (g) L aat)2=1— (g) .

In order to get an isotropic Laplacian fdr andW¥ and to derive an asymptotic expansion
for the stress components ias- ,/x% —i—x% — 0, the space coordinat@s= (x1,x2) € Qg are
transformed into appropia#®= (z,2,) coordinates for each problem.

This means that two different changes of variables

2V =x, 2 = ay(t) xe, (5.48)
27 =%, 27 = oa(t) e, (5.49)

would transform the operatortél) andAéZ) onW into the Laplace operator, respectively. But
these changes of variables are global and they trandilgymto a time-dependent domain.
We handle the wave equatioris40 and 6.41) similar to [7/7] and reference therein. That
means we should have to make a change of variables near tletgraand modify it far
away, but the new changes of variables are performed diffém@m the one in 7).

Y =xi, AP =pB(xt)=dD(xt)x, foro, (5.50)
22 =xq, 22 =p@(xt)=d?d(xt)x, fory. (5.51)
Here we set
dD(xt) = ag(t)k(X) + (1— k() ", (5.52)
d@ (x,t) = an(t)k(X) + (1— k(%)) 2. (5.53)
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andk is a cut-off function defined by
1, if x| < 2,
K(X) =< (F-1)22r+1)(2x| —1), ifi<|x <1,
0, if |x| > 1.

For any fixedxy, t, bothp® (xg,-,t) andp® (xg, -, t) are strictly increasing, becaugeg(t) >
(1) (2)

Yo anda(t) > V02 , and hence both are injective. Therefobe5() and 6.51) induce two
diffeomorphisms for any fixed t, betweé€hy andﬁgl) andﬁéz), respectively

Mg — O, Qg = {(XL ¥ %2)| (x1, %) € Qo},

5% 09— 0, 0 = {(XL V%) (x1, %) € Qo}-

Also the pre-crackoy is transformed bys{” and6? into @ of O and? of O,
respectively

Gy = {(le V%) (0, %) € Uo},
= {0a,%67%) | (x1,%) € 0o }.
They are also straight in a neighborhood 0f0).

Let us note that neithe? nor 3., i = 1,2 depend on't.

We set now:

o
=

—~

N
B

\;—F

SN—

I

P(x,t), foro, (5.54)
wi? (722 1) ;= W(x 1), fory. (5.55)
The general singular functions @andW (without explicit boundary conditions) are induced

by the crack tip. They are determined by the principal par{® @0 and £.41). We perform
the transformations$(54) and 6.55 on'W.

Lemma 13. The equations5.44 and (.45 read in the space variables'zi = 1,2, as
follows:

2 02w 22w h owd W 32w® 1 92w
o St p) T @ T 2Ry @ o O
d(z )2 2(z, )2 ¢ 9z Cloz /ot ©1 ot
inQY,  (5.56)
=0

02w@  92w@ )\ ow® _K 92w@ 1 92w®

—a(t)? 2 + 5 -5 —2 M - .
0227 0@P2) G odP “Bolla & ot

inQY.  (5.57)
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The corresponding asymptotic expansions near the cradatigbe obtained from those of
the Laplacian. . .
ol = IWY | ot

042 a2
The main results of this chapter are presented in thed@&mwhere the singular representa-
tion of the solutions of Navier Lamé problems on cracked dms is described. As a first
application of the obtained results, we improve singwatieoreml14 which describes the
behaviour of the displacement and stress fields for the Kaamé equations near the crack
tip. Furthermore the singularity results of this chapter @ssential for chapté;, where we
study the energy related to this problem, which is concewigdgeneralized Griffith fracture
criterion for elastic materials.

i=1,2. (5.58)

Fixt > 0 andv = V(X t)
X = {V € [H?(Qo)]?: o (V) n = prescribed function ofiy U 0p,V=0o0nlp} @ spafS} & spafS\}

in a neighborhood of the crack tip= h(t), whereS} and §; are the singular functions
defined in the reference configuration:

(14 a(t)?) 1 N \/co2 ¢ + ay(t)2sir? ¢ + cosp ~ 201(t) aa(t) \J \/co§¢+ag(t)23in2¢+cos¢}

S(xt) = pubD co? ¢ +ay(t)2sirf ¢ (1+ az(t)?) co2 ¢ + az(t)2sir ¢
(1+aa(t)?) 13 . cog ¢ + ay(t)2sin® ¢ — cosp 2a1(t) cof ¢ + az(t)2sin? ¢ — cosd
Kb —a® cof ¢ + ay (t)2sir’ ¢ * 1+ az(t)?) co2 ¢ + a1 (t)2sir? ¢
and
as(t)r cog ¢ + ay (t)2sin® ¢ — cosg ) co2 ¢ + ay(t)2sir? ¢ — cosp
%(X t)_ B ub |:2\j Co§¢+al(t)25ir\2¢ _(l+a2(t> ) CO§¢+02(t>25in2¢

r? [Zal(t)az(t)J 09 + il SI7d - cot (l+az(t)2)$ °°§¢+az<t>zsin2¢+cos¢} '

) co2 ¢ + oy (t)2sin ¢ co ¢ + az(t)2sirf @

with D := 4ay(t) ax(t) — (14 az(t)?)? andaj(t) = /1 (h/é_t))z.

The following existence result is a consequence and genatiah of the theorers.

Theorem 13. (Existencg
H1 Let h satisfy4.9) and 6.18), whereas f(t) is uniformly bounded.

H2 Let

f chosen such that the componefits Lip([0,T]; L2(Q)),
the given prescribed function dmy U gy is chosen fror{rh:l%(rN x [0, T])]?,
the initial datatiy = V(X,0) € Xo, U = G(V,0) € [L2(Q)]?,
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then there exists a solutiahsuch that
Vi €C([0, T]; %) N CY([0,T]; H3(Qo)) N C*([0, T]; L3(Qo)), i = 1,2

of the formulated problem in the reference configuratignx [0, T].

Moreover if

H3
Uo(X) = Vry(X) + ki (0,h, ) S (%, 0) + ki (0,h, )% (X, 0),
k (0,h,h") and k; (O,h,h') € R,
VR, € [H3(Qo)]%, U1 € [H5(Q0)1%.
Then there exists a solutianof the problem§.6) in the current configuration and admits the
decomposition into a regular part and a singular one:

U(V?U = UR(V?U + k| (t7 h? h/)S]\-I(y7t) + k|| (tv h? h/)%(yvt% (559)

where the singular terms are defined by:

ub (Reosd —h)? + a2 (t)R2sin® 9 (1+a2(t)?) (Reosd — h)2 + a2 (t)R2sin? 9
1+ a()?) @ \/(Rcosﬁ7h)2+alz(t)stinzz9—(Rc0&9—h) 204(t) \/(Rcosﬁ—h)2+a§(t)R25irl219—(Rcos&—h)
D ! (Rcosd —h)Z + a2 (t)R2si? 9 I+ a(t)?)

(1+a()?) N \/(Rcosﬁ —h)2+af (RSP + (Rcosd —h) 2y (t) ay(t) J \/(Rcosﬁ —h)2+ a2 (H)R2sir 8 + (Rcosd — h)}
SO (5.60)
; ]

(Reos? —h)2 + a2 (t)R2sir? 9

uD (Reosd —h)% + a2(t)R2sir? 9 (Reosd —h)? + a2 (t)R2sir? 9
1 \/(Rcosﬁ—h)2+af(t)R25in219+(Rcosﬂ7h) ) \/(Rcosﬂ—h)2+azz(t)stin23+(Rc0&97h)
D [Zam)azm\j (Roosd —h)? + a()Resi? 9 - (e

) [% \/(Rcosﬁ —h)2 + a2(t)R2sir? 9 — (Reosd — h) - <1+az<t)2)\j \/(Rcosa —h)2 + aZ(t)R2sir? 9 — (Rcosd — h)}
K@= } (5.61)

(Reosd —h)2 + a2 (t)R2sir? 9

Ur such that{ug); is in C([0, T];H?(Qt)),i = 1,2, ki (t,h,h’) and k; (t,h, i) are the dynamic
stress intensity factors and they are ig[Q; T]).
Also

H5 (2.8) holds
then the representatio® (59 may be rewritten for the componemtg(U) of the stress vector:
i (6.9) = 01} (U, Y) + ki (0 1) |1 (0 (Sh); + @ (Sh), ) + 8,4 0- S +
(0 1) [k (0 (), +a (K)) + 800K
= Gij (UR7V> +k (t7 h? h/) Gij (S{hy> + ki (t7 h7 hl) Oij (%7?) (562)

with o (Ur) € H(Q;) for almost all t> 0.
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Proof of theorem 13

The proof of theorem 3is long and technical. The arguments for fracture mechamicede
lll'in [ 77] and reference therein, are also transferred to our case.

We want to derive the singular formulas for the solutibm (5.59 and for g in (5.62.
Therefore we shall need the auxiliar problems for the wavemg@lsg andy, or ® andW¥,
orwM andw? respectively, according the configuration where we are.

Initial conditions for the wave potentials do not occur asitlly but for data as in the statement
of the theorem and by the succesive change of unknéwal)( (5.39, (5.39, (5.54 and
(5.59), it should be realized that they belong to the space wheewrere extracted at= 0
Consequently they satisfy the assumptions of the existdremem given in 7).

There exits solutions related to the Laplace operaaf&s(in thez)-coordinatesi, = 1,2 in
the slitdomain of the form

wi (20 t) =5V (@V,1),i = 1,2,

Using the change of unknowb.64) and 6.559),

§\11 Xl’ 1 7 7t)7

2) 2
§\1 X17d X27 )7

d(x,t) are defined by%.52), (5.53.
As 3<\1 (x1,dV (x,t)x2,t), i = 1,2 are regular far from the crack tip, the above expressiams ar
equivalent to:

(-D(X,t) - CDSing(Xla al(t>X27t)7
qJ(X?t) = LIJSing(le aZ(t>X27t)7
PsingandWsing € H*(Qo).
From (6.39), (5.39 follow that

@(Y.t) = Gsing(y1 — h(t), ax(t)y2,1),
Yy,t) = wSing(Y1 —h(t), ax(t)yz,1).

The solutionv of the boundary value problem in the slitdomain can be decs®g in a
homogeneous and a particular solution. So we get

\7 = Vhom+ Vpart.

The solutiornv,5; can be split additively into a regular part and a singulat (pas].
Note that the particular solution can be chosen regulargmou
In the following we describe how to connect the local solusig given in the slitdomain
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with the global solutions if2. We callV the global solutions, d.hi = nV, with n a cut-off
function defined around the crack tip,
V=nV+(@1-n)V,
V=vV+(1-n)V,
V = Vsingt Vreg+ (1 — nv,
= vsing+\7reg~

< <

These decompositions and the changes of unknévdgi{and 6.8) yield the first conclusion.
Which also implies thai(-,t) belongs to[C([0,T]; X)]2. Note that: the set of initial condi-
tions is expected to coming frorb.G34).

The rest of the proof is split into several lemmata: We prdaeehe following way:

e In Lemmal4is described the relationship between the singular fieldisthe scalar
singularities of the potentialg and (.

e Lemmal5 provides the singularity results for the wave potentialhancorresponding
scaled coordinate plane. And also it states the singulastyits for the wave potentials
in the current configuration.

e in Lemmal6 some previous computations for the first and second spaoetiles of
the singular functions related to the Laplace operator sesgmted.

e In Lemmal7we prove that there exists a solution to the dynamic probtarthe stress
field a($<\")), which near the crack tip, has the representation give®82). Here it is
written in the spaces variab#!), Z2).

¢ In Lemmal8further singularity results for the stress field in the refere domain are
presented.

¢ Finally, the remaining singularity results for the disgatent fieldu are shown in
Lemmalo.

Lemma 14. The singular terms defined in Theor&®in the current configuration are related
with the singular termsging, Ysingand Pging ¥singand ill), Sf\lz) through the succesive
change of unknown$(31), (5.398, (5.39, (5.54) and (.55.
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Proof. We expressiging by &sing Ysing@nd®Psing ¥sing andsill), Sﬂlz).
The following results follows:

9%ing 9%¥sing 9%Psing I¥ sing _ 05& 05&2
(Usingr = —5 — + = +
Y1 dy2 X1 7)) 021 022 (5.63)
(Usir)p = 0‘Psing_ OWsing aq’sing_ ow sing _ 05(N1 Sf\lz .
sing2= 5., oy1 | ox ox1 azg” ol
Furthermore
N Pging + oW
011(Usjng) = 2K <5iz¢sing +0122Wsing> +A 0 (02¢§:3 —&‘*S:Z) :
i i
12(Using) = K (2afzq>5ing +08Wsing — afwsing) , (5.64)
01®ging + 92%¥sin
O2a(sing) = 21 (®sing ~ 0 Wsing ) +A O <0z¢sin3 —01Wsin§] '
fori=1,11. (5.63 and 6.64) follow from the chain rule. O

Lemma 15. Let S<N1) and %2) the generakingular functions related to the Laplace operators.
Under the succesive transformatioss38), (5.54) for ¢ and 6.39, (5.55 for ¢, the singular
functions for 6.36), (5.37) are:

3 3 3 (3

%1)(2(11)729) _ Aél) (t)r, cos<é ¢Z(1>) + Bél) (t)r2, sin <§ ¢Z(1>) , (5.65)
3 /3 3 3

5(1\‘2)(2&2)72&2)> _ AéZ) (t) r22(2> sin <§ ¢Z(2>) + B(()Z) () r22<z) cos(é ¢Z(2>) , (5.66)

whereas in the reference domain:

1

(1) 3
S,<\|1)(x,t):Ao\;té)r? [Cos¢\/\/co§¢+alzsin2¢+cos¢—alsin¢\/\/co§¢+afsin2¢—cos¢ +

D g
N BO\%r lcoscp\/\/co§¢+alsm2¢Cos¢+alsln¢\/\/co§¢+als|n2¢+cos¢|

(2 |
S (xt) = %tz)r? [cos¢\/\/co§¢! + azsin’ ¢ — cosp + agsin¢\/\/co§¢ +azsirt ¢ +cosp | +

4 2 [Cos¢\/\/co§¢ + aZsin® ¢ + cosp — azsin¢\/\/co§¢ +azsit ¢ cos¢| .

Proof. Let (r ), ¢,)) be the polar coordinates with center at the crack tip, hean@,one
axis directed along the crack so thatr < ¢,i < 1. The general solutions of the Laplace
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problem associated t& (68 have the form, see also sectidrb:

w® (20,1) = AP (1) r% cos(aa bym) +BGY (1) 1% sin (a1 dm) .

(2) (5(2) (2) (1) r B2 o (2) 11y ¢ (5.67)
W (z at>:Ao (t)rz(2)5|n(QZ¢z(2))+Bo (t)rZ(Z)COS(QZd’Z(Z))-

ingeneralg e R,i =1,2.
Because of the presence of cracks, it is well-known that ithgugarity exponents are half-

3

integersy, 3,---. We expect to have?; (dqu = dz = 3) for the displacement potentiél and
1
Y corresponding to an unbounded strés88 with singularityrz(if.

Then there holdsy(65 and 6£.66).
In what follows we need explicitly the singular function metcurrent configuration.
3 .
The singular terms?, cos(3 ¢,4)) givenin 6.65 and 6.66) in thez)-configurationj = 1,2,
read in the current configuration

1 . .
— +/(Rcosd —h)*+ R2sir? 9
vk ) <

(Rcosd — h)\/\/(Rcosél —h)?+ ai(t)2R2sir? 9 + (Rcosd —h)+

—ai(t)Rsind \/\/(Rcosﬁ — )%+ aj(t)2R2sir? 9 — (Rcosd — h) (5.68)

3 .
whereas the singular term$ sin(3 ¢, ) given in 6.65 and 6.66) in thez"-configuration,
i = 1,2, read in the current configuration

1 5 .
—~_+/(Rcosd —h)? + R2sir? 9 x
V2 Vi )

(Rcosd — h)\/\/(Rcos15l —h)?+ ai(t)2R2sir? 9 — (Rcosd —h)+

+ a;(t) Rsind \/\/(Rcosﬁ —h)?+ ai(t)2R2sir? 9 + (Rcosd — h) (5.69)

Here,(R,J) are the current polar coordinates with respect to the ciadkl(t),0).
We consider%.50 and 6.51) in that region where the cut-off function= 1.

YV =x;, ZV=m(t)x, ford, Z2P=x, 27 =at)x,, forw.
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Let bex; = rcosp, X =rsing, r = /X2 +x3, then:

cos ) = ﬁ _X cosp
z 0] F200) \/COSZ(I) +a; (t)zsinztp
Q _ait)x ai(t)sing

sin ¢z(i) = — = =

£ F20) \/co§¢ + a;i(t)2sir? ¢
rZ(i) =TI \/CO§¢ =+ qj (t)25|nz¢

3 3
The singular termsZ; cos(3 ¢, andr’; sin(3 ¢,) in polar coordinates with respect to
x-components read (we have used known trigonometricalitas):

14 [r cos¢\/\/co§¢ + aj(t)2sir? ¢ + cosp +

V2

—ai(t)rsin¢\/\/co§¢—|—ai(t)zsin2¢—cosd)‘, (5.70)
and

1 cos¢\/\/co§¢ + aj(t)2sir? ¢ — cosp +

\/é i

+ai(t)rsin¢\/\/co§¢+ai(t)zsin2¢+cos¢‘. (5.71)

respectively, with:

<y1> _ (chsﬁ) <X1+h> _ (r cos_d) —|—h> ' (5.72)
Y2 Rsind X2 rsing
Let us remark thaR = R(t),3 = 3 (t),h=h(t). It follows

rcosp = Rcosd —h, rsing =Rsing. (5.73)
Inserting 6.73 into (5.70 and 6.71) we get the relationH.68 and 6.69. O

The foregoing analysis of near-tip fields shows that thetgwnia for the wave potentials can
be decomposed into two parts, one of them is given by the hemegus solution which
satisfies the Laplace equation in the corresponding scalediimate plane and the other one
is the regular part.

The time enters the solutiob.65 and 6.66) through the coefficients:

AY (1), AP (),BY (1), BY(t).
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We will see that the set of these singular functions is ricbugih in order to realize5(35.
We shall need some previous computations in order to getaixpkpressions forg.60),
(5.61) and 6.62. They involve first and second derivatives of the singularctions.

3

Lemma 16. The derivatives with respect t6'zand 2% of the singular terms¥, cos(3 ¢, )

given in 6.65 and (6.66), respectively, are:

o r2 cos<g¢z(.)) = g rfl<i> cos(%) : (5.74)
aizg)rzg<I> cos(g(pz(i)) = g rZ%(i) sin (%) , (5.75)
a(:§i2>)z 5 Cos(gd’z“)) - gd%”r;l( ' COS(% ¢Z<”) - g " COS(%) B
d(j;))zri” cos(% ¢z<i>) = g aizg)rflm sin <% ¢z<i>) = Zrz_m% cos(%) , (5.77)

dz(li?;zg) rzgo cos(% ¢z<i>) = g,;%i)rz%(” sin (% ¢z<i>) = gﬁizg)rz%m cos(% ¢z<i>)
_ _Zrz_@% sm(%) , (5.78)

and for the singular termszgg@ sin(% ¢z<i>) given in 6.65 and 6.66),
a%(li)rzg(i) sin(g ¢z<i>) = g rZ%(i) sin(%), (5.79)
aizg)rzgm sin <g ¢z<i>) = g rflm cos<¢§i)> , (5.80)
d(j(liz))z Z%(,) sin (g ¢z<i>) = g f(li)rzzl(,) sin (% ¢z<i>) = —Z r;m% sin (‘p;(i)) 7 (5.81)
dz(li?;zg) z%(i) sin <g ¢z<i>) = gd%g)rii) cos(% ¢z(i)) = gaizg)rz%<i> sin <% ¢z<i>)

= Zrz(i)% cos(d);m) . (5.83)

Proof. We use the trigonometrical formulas for cosine and sine @&t and difference of

two angles and the following relations:
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0 w—a—wco —}0—wsin

(3w—0—sin +}a—wco
20 =559 rog -

O

The motion field induced by a propagating crack produce agytiggsingularities. The local
asymptotic analysis gives solutions which hold exclugifel points close to the crack tip.
There exists a solution to the dynamic global problem fordtress field, which near the
crack tip, has the representation given 6y6Q).

Lemma 17. The functions representing the angular variation of stressiponents for any
value of instantaneous crack tip speédt () are given in the spaces variableé’z 22 by:

b b2
011(z<1)7z<2))3ing:u{(1—022+20112)Aél)(t) jcos( 20 )+20{28<)() f)cos( 22 )}+

2

+u{(1—022+20{l(t)2)8(()1)(t) jfsm("bg )+202A0 Or 22)sm(¢§ )} (5.84)
022(2(1),z<2))singu{(1+azz)Aél)(t) jfcos(‘pg )+2azsg>() )cos<¢§ >}+

u{(1+a§) 0 jfsm<¢§ )+2a2A0 Or ?sm<¢§2>}, (5.85)
012(2Y 2 )ging =~ {201 AP ) Fsin (P20 ) + 1+ aBP 0 dsin( P2 ) |+

—u{Zal B (t)r 3cos(¢§ >+(1+0122) Ag@(t)r#%cos(‘pf))}. (5.86)

Proof. This lemma can be established by lemniatand15and elementary calculation from
Lemmalé.

We have also computed the quantities in the following way:

1-0a2— (202 —a3—-1)a? _ (- a?)(1+a?) —a3(1—a?)+a?(1—a?)

(1-a?) (1-af)
=1+20?— a3,
20—y —1-0f(l-a) —(-ap)-ap(l-ai) _ ., oo
(1—a?) (1-af)
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Lemma 18. Under the assumptions of singularity of lemfri& the following expressions, in
the reference space with respect to the polar coorditigig), hold:

\/co§¢ + ay(t)2sir? ¢ + cosp
co2 ¢ + ay(t)2sir’ ¢ *

on(r,9) Z%{ (1— aa(t)? + 201 (t)?) A (t)\l

+20(t)BY (t)$

\/co§¢ + ao(t)2sir? ¢ + cosp
co2 ¢ + ay(t)2sirt ¢ }Jr

\/co§ ¢ + ay(t)2sir? ¢ — cosp

* co@ ¢ + ay(t)2sir ¢

{ (1—aa(t)?+2a1(t)?) B (1) J

N=
S

(5.87)

@ \/co§¢+a2(t)zsin2¢fcos¢
202() Ag (t)\l co@ ¢ + ay(t)2sir? ¢ ’

\/co§ ¢ + ay(t)2sir? ¢ + cosp
co2 ¢ + ay(t)2sir’ ¢ *

O2(r, §) = %{ (1+ az(t)?) Aé”(t)J

@ \/co§¢ + az(t)2sir? ¢ + cosp
+202(1) By (t)\l co2 ¢ + ap(t)2si’ ¢ *

u s | \/c0R 9+ an(t)?si? g — cosp
{(HGZ(U)B‘J (tJ oo+ aa(tysifp

@) \J \/co§¢ + az(t)2sir ¢ — cosp },

co2 ¢ + ap(t)2si’ ¢ (5.88)

__ (1) \/°°32¢ +ai(t)?sin’ ¢ — cosp
o1, 9) = {Zal(t)Ao (t)$ 029 a (02SIPP -

\/co§ ¢ + ao(t)2sir? ¢ — cosp
co2 ¢ + ay(t)2sir’ ¢ }Jr

i (g (T e o
{ZGl(t)B (t)\l CO§¢,+al(t)ZSin2¢ "

2 \J \/CO§¢+02(I)ZSin2¢ + cosp } 5.59)

co2 ¢ + ay(t)2sir? ¢

Proof. The transformations of5(84),---, (5.86) in the reference space with respect to the
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polar coordinateér, ¢ ) are now straightforward:

) 1 cosp
cos (i) =2 |1+ ,
2 2 \/co§¢ + a(t)2sirf ¢
wo(te) i o ) em
2/ 2\ \Joogg +ait)2sin?
Fi=r \/CO§¢ + @i (t)2sirf ¢.
L]

Lemma 19. Under the assumptions of singularity given before for tinesstfield, then there
exists a singular solution for the displacement fieid the reference configuration given by:

(1+ax(t)?) 1

N 1/co2 ¢ + ay(t)2sir? ¢ + cosd 2a1(t) aa(t) \j \/co§¢+az(t)zsin2¢+cosﬂ

S]\_‘(X t) _ /JD C082¢+(11(t)2$in2¢ - (1+ Gz(t)z) C032¢+02(t)25in2¢
: (1+aa(t)?) rs ¢ cof ¢ + a(t)2sirn? ¢ — cosd 201(t) co2 ¢ + a(t)2sin? ¢ — cosg
T a 01( C0§¢+01(t)2sin2¢ + (l+ az(t)z) C0§¢+Gz(t)2sin2¢
(5.91)
and
ay(t)r2 co2 ¢ + a(t)2sir? ¢ — cosd L o2 co2 ¢ + a(t)2sin? ¢ — cosp
S(xt) = WD co ¢ + ay(t)2sir? ¢ —(1+az2(t)9) cof ¢ + az(t)2sir? ¢ 592

1
2

r
b {2a1(t)az(t)\j 0% ¢ + ar(t2SiP P

co2 ¢ + ay(t)2sirt ¢

\/co2 ¢ + ay(t)2sir? ¢ + cosp (1+az(t)2)$ 1/coL ¢ + az(t)2sir ¢ +cos¢} .

: 2\2 ()2

with D:=4ay(t) ax(t) — (1+ az(t)9)<andai(t) = 1/ 1— ~ |-
i

Proof. The boundary condition$(34) on the crack faces should be satisfied, i.e. the traction

free condition on the cracks faces implies that:

O12(r, 1) =0, O(r,£m) =0 (5.93)

We get with the specification of the free-traction @na homogeneous system of the type

A(t) X =0,
more precisely we get:
0 20ma(t) (1+ay(t)?) 0 AP ()
2a(t) O 0 (+a®? | |AYW® | _
0 205 (t) (1+02(t)2) 0 Bgl)(t) =0. (5.94)
201(t) O 0 1+ax(t)d)/ \BP (1)
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The rows ofA(t) form a linearly dependent set. For Aﬁl) (t),Aéz) (1), B(()l) (1), Béz) (t),

detA(t) = 0.

Therefore the system has always nontrivial solutioBs94 reduces to two linear equations
with four unknowns:

2a,)AP (1) + (1+ ad)BL (1) = 0 (5.95)
20, ()AL (1) + (14 a2)B2 (1) =0 (5.96)

Here, we have four unknown while we only have two independelations in 6.95 and
(5.96. We can expreséél) (t),Aéz) (t) by Béz) (1), Bél) (t) respectively.

Then, after the traction free condition on the cracks faée87, (5.88 and 6.89 can be
rewritten as (it is assumdd(t) # ¢y, Cy):

3 2gir?
Ull(r’(p):L{(‘(1—0122+20112)(1+022)\l /COF9 + au(t)?sirP g+ cosp

NeT coZ ¢ + ay (t)2sin? ¢
\/co§¢ + aa(t)2sin? ¢ +cosp \ B (1)
+4alaz(t)$ CO§¢+02(t)23in2¢ ) ZGl(t)}

I ) ) \/co§¢+a1(t)zsin2¢fcos¢
+ﬁ{<(l—az+zal(t) )\l CO§¢+al(t)25inz¢

, \/co§¢+0!z() Sin? ¢ — cosp
(1+az)\l co2 ¢ 1 aaZsiTd o (t) ; (5.97)
" co§¢ + ay(t)2sir? ¢ + cosp
O22(1, ) = ~or cof ¢ + a1 (t)2sin’ ¢ "
. co§¢+az 2sir? ¢ + cosg (t)
At cog ¢ + ay(t)?sir’ ¢ Zal(t) "
_ L{ <(1+ aj) J \/C°§¢ + al(t)ZSi”Z_‘p —cosp +
NeT, co@ ¢ + a(t)2sir? ¢
, \/co§¢+az(t)25in2¢*cos¢ (1)
_(1+02)$ cof ¢ + ap(t)?sir’ ¢ o0 oo
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2 i —
Ulz(r’¢):_L{<_(l+022)\l \/co§¢+al(t) sir ¢ Cos¢+

NeTs cof ¢ + ay(t)2sir ¢

e )
s,

v ) e

The free-traction requiremert.34) on the crack is already satisfied.
In terms of the time-dependent unknows the singular digphent field reads:

\/co§¢+al(t)23in2¢ + cosp
<(S\I(r,¢))1>ﬁ< A (1) az(t)B(()z)(t)> co2 ¢ + ai(t)2sir $ )
(Su(r.9))2 a®Bt) AP \/c02 6 + az(t)2sir? g + cosp
coZ ¢ + a(t)2sin’ ¢
\/co§¢+a1(t)zsin2¢fcos¢
r( -8) —az<t>Aéz><t>) c0F + ar(t)siP g
1 2
RCLSORE U \/c020 + ao(2si? ¢ —cosp
co ¢ + ay(t)2sir? ¢
CArage 0 0820 %O%Mﬂt)zslnz?“ow
- 2a,(t) © 0 co2 ¢ + a(t)2sir? ¢ N
- (1) (1+a2(t)?) L -~
a®BP (1) R A \/C0% ¢+ atz(t)2sir? ¢ + cosp
co@ ¢ + ay(t)2sir? ¢
1 ) \/co§¢+al(t)23in2¢—cos¢
e B 5086 1 o (12si7 9
(1+a2(t)?) _2) ) -
> By (t) By (t) \/co§¢+az(t) sir? ¢ — cosp
coZ ¢ + a(t)2sin’ ¢
(5.100)

Note that we have actually find how the eigenfunctions lo&k.liThey include the eigen-
functions for the both modes, | and II.
We exclude the situation where the crack propagates witlRthgeigh wave speed of the
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elastic material. That means, we exclude the nontrivialtsmh of:
D:=4ay(t) as(t) — (1+az(t)?)2=0. (5.101)

The equationg.10J) is called theRayleigh wave equatioi he velocitycr at which Rayleigh
waves propagate over an isotropic and elastic surface isdhtivial root of the equation
(5.10]. For some other details we refer the readesta19 and Figures.3.

The situatiortY(t) = 0 is included in the continuity conditions.
Bgl) (t) and Béz) (t) are real functions of time t.

Now we can set

B(t)=0, BP() =20l (5.102)
ubD
we obtain
@rad)?[ | JooRdtaut)2siPhrcosh  4ara, | \/co$d+an(t)2si? b+ cosp
022(r ) = — D V2r cog ¢ + ay(t)?sir’ ¢ B (1+a3)® cog ¢ + ap(t)?sin’ ¢ .
(5.103)
205 (1+ad) \/co§¢+al(t)23in2¢—cos¢ \/co§¢+ag(t)25in2¢ — cosp
012 9) = —5 7= cog¢+ay(t)2sifp COF ¢ + aaa(t)2 i’ ¢ '
(5.104)

They verify thatoyo(r, +71) = 0 andoz(r, £11) = 0.

Then we seek the corresponding singular displacement belithé given election.1029. It
has the form:

uD co ¢ + a1 (t)2sirt ¢ (1+ a2(t)?) coP ¢ + ay(t)2sir? ¢

S ct) (1+ a2(t)?) V2r N \/co ¢ + a(t)?sir? ¢ + cosp 201 (t) az(t) $ \/co§¢+az(t)25in2¢+cos¢}
1= - ;

(l+a2(t)2)\@{ a(t)$ co ¢ + ay (t)2sin® ¢ — cosg 2a1(t) $ co§¢+ag(t)25in2¢—cos¢}
— | -

Sx)2 = D) cof ¢ + ay(t)2sir ¢ (1+az(t)?) co? ¢ + a(t)?sinf ¢
We set now gt
a
BP(t)=0, BM(t)= —%. (5.105)
u
We obtain
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5.2 Problem setting

9) 20, (1+a2) {\l \/co§¢+a1(t)zsin2¢fcos¢ $ \/co§¢+a2(t)zsin2¢cos¢}
O22(1, = — .

DV2r co2 ¢ + ay(t)2sir’ ¢ co2 ¢ + ao(t)2sir? ¢
(5.106)
ol ) = 1 sty \/co§¢ +al(t)23in2-¢ +cosp _(+ad \/CO§¢+02(I)ZSin2-¢ +cosp |
D v2r co2 ¢ + ay(t)2sir’ ¢ co@ ¢ + ay(t)2sir? ¢
(5.107)

with the corresponding singular displacement field accaydd G.105:

$ \/co2 ¢ + ai(t)2sir? ¢ —cosp (1+02(t)2)$ 1/C0§¢+02(t)23in2¢()08¢:|

co2 ¢ + ay (t)2sit ¢ 2 co2 ¢ + ay(t)2sin’ ¢

1/co2 ¢ + a1 (t)2sir? ¢ +cosp 1/coL ¢ + az(t)2sir? ¢ +cosp
—(1+a2(t)?) }

co2 ¢ + ay (t)2sirt ¢ co2 ¢ + ay(t)2sirt ¢

1
2

§,(x7t)1 _ 2 az(tg r

1

Six )2 = L—D

2a1(t) C!z(t) \j

The symmetry’s properties, (see taBl&), imply that the singular term$(91) correspond to
a crack opening mode, i.e. mode I, aBd9?) to a crack shearing mode, i.e. mode Il. [

Now, we can write the complete expression for the singulactions in Theoreni 3 for the
displacement and stress fields in the different configunation a neighborhood of the crack
tip h=h(t).

Theorem 14. Given the local transformation$ (48 and (.49 and let(r,u, ¢,),i = 1,2
be the polar coordinates with center at the crack tip, h&rand one axis directed along the
crack so that-1m < ¢ < 1. Let assumptions H1-H3 of Theorer@hold. Then the solution
of (5.6) admits the decomposition into a regular part and a singuae:

W(Z,t) = Wr(Z,t) +k (t,h,h)SL(Z 1) + ki (t,h, WS (Z 1). (5.108)

The singular terms are given by:

3 o0\  201(t)ax(t) 1 9,42
e 7] ) Ty o(F)
@) =—7Z"1/2 ; (5.109)
Hb | —a (t)r% sin(f22) 4+ 290 __ 3 (g
1 2 2 (1+ az(t)z) 22

2 3 oain(%0\ 3 ain (%2
%(‘2’ = (1—|—C¥2(t)2)(12(t) g (1+ az(t)?) e Sln< 2 ) e Sln( > ) 6110
e pubD Tl 20m(t) 9,0 S

AT w0 rzlil)cos( 5 >_a2(t)r§2> cos( 5 )
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5.2 Problem setting

k =k (t,h,h") and k; =k (t,h,H) are the dynamic stress intensity factors.
The regular termig is such that each compone(it)r € C([0, T]; H(Qo)), i = 1,2.

Moreover from the decompositioh.( 08 for the displacement field follows that there exists
a solution for the stress field and admits the decomposition:

O-'J(W72> - O]j(WR,2> +ki (tvh,h/) O]J(S{I(Zt» + ki (t7h7 hl) G'J(%(Zt»

It is also assumed that the crack does not propagate with tydeiyh wave speed of the
elastic material, then the singular expressions of thesstigomponents around the moving
crack tip for any value of instantaneous crack tip speeg h'(t) are given by:

ou(S(Zt) = ﬁ [(1— af+2af) (1+as)r 2 cos( ¢2(1) ) Aay azr 2 cos< ¢§2 > ] . (5.111)

02(SN(Zt) = —ﬁ (1+ad)? r o cos( ¢§ ) dayazr ) cos( ¢§2 ) ] , (5.112)
1 1 2 b, 3 (0

012({(Z1)) = 750 20, (14 a3) Z<12 sm( > ) M2 Sln( > ) 1 ) (5.113)

Whereas for the mode Il singular field are given by:

all(s,ﬁ(zt))z—ﬁzaz (1—af+2a) r gsm<¢2“>)—(1+a22)rz<2%sin(¢iz"“)], (5.114)

Gzz(ﬁ(z,t)):ﬁﬂlz (1+a3) jfsln((p; ) (22)S|n(¢2<2))], (5.115)
o1(F(21)) = \/_n l4ala2rz(12cos(¢z2<1)) (1+a2) Z<22cos(¢'22<2))]. (5.116)

D =4ay(t) ax(t) — (14 az(t)?)2. The regular terno(Wr, 2) € [H1(Q)]?, for almost all t> 0.

V1 Rcosd X1 +h rcosg +h
(yz) (Rsm&) ( X2 ) ( rsing )

with R=R(t),9 = J(t),h=h(t). It follows

Let us remark that

rcosp = Rcosd —h, rsing = Rsing. (5.117)
Inserting 6.117 into (5.91) and 6£.92) we get the singular terms in the current configuration.

Remark 17. The present expressions for singular stress and displacefredds coincide
with those obtained by 7[3], [20], etc. (in [17], only the expressions for mode | are
given). However, to our knowledge, the solutions presemi¢le literature for stress and
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5.2 Problem setting

displacements have been given only in the variable spaceémuw coming back to the ex-
plicit specifications formulated in the current configucatj where the whole mathematical
fracture problem is defined.

It should be observed that by simple calculation the termslyjmamic stress and displace-
ment fields given in Theoreid indeed reduce to the equivalent well-known results for-equi
librium crack tip fields in the same material, at least for giegular term, as the crack speed
becomes incrementally small, i.€.-h 0. Some care is required in the calculation because
both, the term D in the denominator of each expression ant e&the quantities in numer-
ator vanish as h— 0.

When elastic waves are propagated and transmitted durigg lelasting or an earthquake
phenomenon, they are diffracted at an obstacle or geom@iseontinuity and often give rise
to a high elevation of local stress. These stress conceotrebecome extremely severe when
the static or moving discontinuity is a crack.

The input waves are diffracted and scattered about the ngostiack tip. Regardless of the
type of incident waves, whether P- or S-waves, diffractmmscsts of both P- and S-waves.
Hence, the resulting stress field is composed of the strédfithe incident wave and the
diffracted P- and S-waves.

For a mathematical description of a propagation of a cracisitnost important to reveal the
general laws governing the distribution of the stress in@nity of the crack tip. We shall
make a mathematical idealization for the stress distrilnutht the crack tip. It is clear that
no real material can actually support such a stress disttidou

One of the cornerstone concepts of linear elastic fractueemanics is the role of the stress
intensity factor as a crack tip field characterizing paraeret[71] observed that the elastic
stress field near the crack tip has a now familiar forn3QJ, [ 8], [67].

The so-called Rayleigh wave equation is givend$@1). The velocity g at which Rayleigh
waves propagate over an isotropic and elastic surface Sasis

2 2 2\ 2
4\/1_ <%) \/1_<%) _<2_ <%) ) —0 (5.118)
C1 C2 Co
The polynomial form of the above equation is

56—8£4+8(3—2§—2) 52—16(1—6—2) -0
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2 ¢ (1-2 :
whereé = z—j and¢ = E—T, then% = C—% = ﬁ (here we used the relatio.(34)).

It is also possible to write the Rayleigh wave equation infdtewing way:

()02 (o530 () 520)

This equation can be solved numerically for any given igntranaterial forC—R. It has 6

2
roots, two of them are real, i.ex; = a, = 1 corresponding to h= 0 and . The other four
. C
are complex. Fof < v < 0.5t follows that0.65 < c_R <1.
2

Matlab Code for the Rayleigh equation.
The Rayleigh velocity has the valug= 0.9c,, see B6]

Here is a MATLAB code, Figurg.3, that calculates the Rayleigh velocity from the roots of
the above

%Rayleigh-wave characteristic equation for isotropic nmets
%
%polycrystalline aluminum

den= 2695;
cll1=111€10;
c44 = 2.5el10;

Cl = sqrt(c11/den);

Ct = sqrt(c44/den);

g=2x(1—(Ct/Ch)?);

P=[1 —88xg+8 — 8x(g|; %define the characteristic equation

vel = roots(P); % solve

fori=1:1:3

if (imag(vel(i)) == 0)

velocity= Ct = sqrt(vel(i))%pick the real root, and calculate the velocity
end

end

The values for polycrystalline aluminum indicate that tteyRigh wave velocity is:
velocity =
2.849%+03.
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B Editor - /afs/.mathe/home/ians1/adriana/Desktop/rayleigh aluminum.m
Eile Edit Tewt Go (Cell Taools Debug Desktop  Window Help
OEH| $RB9 8T A bS8 R R E B S|
(B[ -0 x| #[11 | [o
1 ¥Rayleigh-wave characteristic eguation for isotrogic materials
z i3
3 % polycrystalline aluminum
e den=2695;
5 - c11 = fi1.1e10;
6 = c44 = 2.5el0;
T Cl=sgrt{cllsden);
8- Ct=sgrt{cddsden);
9 - g=2*{1-(Ct/C1)AZ);
10 - P=[1 -8 8*g+3 -8%g]l; ¥define the characteristic eguation
1= wel = rootsiP); % solve
12 - [Elfori=1:1:3
13 - f(inag{vel(11)==0)
14 - welocity = Ct*sgrr(vel(i)) %pick the real root, and calculate the velocity
15:= end
16 - Lend

Figure 5.3: Rayleigh-wave characteristic equation fotrggmc materials:polycrystalline alu-
minum
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CHAPTER 6

Energy calculations for the in-plane case

6.1 Introduction

In the last section we have dealt with the mechanics of saitids containing stationary or
propagating cracks, from a mathematical point of view, whethe effects of inertia are ac-
counted for. In such cases, a knowledge of time-dependegulisir stress and displacement
fields near the crack tip was essential in understandingribeeps and nature of fracture.
For getting these fields we have introduced auxiliary paaésy andy related to the inplane
motion of the crack which are separable into Mode | (openingl@) and Mode Il (inplane
sliding mode) crack problems.

Once such singular fields near the tip of a propagating creeklietermined, other important
guantities of relevance in dynamic fracture mechanics) siscdynamic stress intensity fac-
tors and dynamic energy release rates can be determined.

In this section we outline the crack tip energy flux in termshaf near tip mechanical fields
for the in-plane fracture case.

The importance of the variation of energy measures in thsigtaionary crack growth pro-
cesses was recognized by Griffith and by Irwin in the piomgediscussions of brittle frac-
ture, as outlined in sectidh 3. As a first application of the obtained results in chaptabout
generalized Griffith criterion, we improve here energy Leata?0 and 21 for the in-plane
fracture case.

We consider now the case in which the crack is dynamicallgreihg through the motion of
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6.1 Introduction

the crack tip. Here, generalized Griffith energy balanceitai@ use. At any instant of time
the rate of the total energy of the problefe) is given by,

M(t) =D(t) +E(t) —A(t) +K(t)

with the rate of the elastic enerdy; the external energi and the rate of the kinetic energy
K defined as§.2), (6.3), (6.4) for each solutioni = d(y,t) of the problem §.6), respectively.
D= %D is then the rate of dissipative energy. The arguments inose4t3.1, where similar
results are proved for linear fracture mechanics in modé&d#ve to be transferred to our case.
This offers a new perspective of the dynamic crack growtliem in elastic materials.

An energy balance law holds if
M(t)=0

that means,q.1) holds:
D(t) = —E(t) +A(t) —K(t). (6.1)

First, an expression for crack tip energy flux, defined in tloeeanmathematically convenient
reference configuration, is obtained by application of Régsis transport Theorethand the
divergence theorem. The derived expression for the craaktergy flux is valid for general
material response. Then for the particular case for modectdre for which some expression
for the fracture toughness is given, (séetd). Assuming small-scale yielding, rate indepen-
dent behaviour under monotonically increasing stressasitygfactors, an equation of motion
of the crack tip is written.

We define the energies:

Definition 10. If u = u(y,t) is a solution of problem&.6), then

: 1d
E(t) = éa/a(fj)  £(0)dy 6.2)
Q
is the rate of the elastic energy;
At)= [pf-tdy+ [pd-nds (6.3)
Ot I'N
denotes the external energy and
- d r1 °
K(t)—ag/émm dy (6.4
t
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is the rate of the kinetic energy.

D is the dissipative energy and it characterises the energichvis spent for irreversible
processes. There may be a complex process zone at the qraskhiere the material is
plastically deformed, voids may be nucleated, there mayheenccal reactions. All these
processes involve dissipation of energy.

Let beQ? = Qt\M—{S, where{M?} 5 is a family of small neighborhoods of the running crack
tip in the actual configuration such that

lim M? = {(n(1),0)}.

We denote byC? the boundary curves dil?, see Figs.1. Here M are so chosen, that
F~1(M?) = BS are circles in the reference configuration.

We consider the energy flux R2:
D3 (t) = —E3 () + A3 (1) —K3 (t), (6.5)

where the energies are defined analogously

to (6.1, (6.2, ---,(6.4 as integrals on

QP. Figure 6.1: A family of annular domains cut-
ting out the running crack((t).

Lemma 20. The following identity holds:

AS(t) —ES(t) — KO(t) = —% | div [(p G2+ o(@) : s(U)) %’} dy

_/CF (A +w)(0-Qn+p(Oo)n) -4 dg

5 o | (P12 0 @) | st

208

_/CF (()\ +“)(D.U)n+u(DU)n> -Guds. (6.6)

where yt) = y(x,t) = R (x) = x+h(t) 8 (x) and the displacement field solves the initial
boundary value problenb(6).

Proof. We start with the Navier Lamé equation
pli—(A+p)0(0-0) —uDPd=pf in O (6.7)
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6.1 Introduction

and consider the restrictian? of u to Q2. We remark that® is smooth enough i®¢ in
order to apply partial integration and the formula of Gauss.

Multiplication of (6.7) with g;u® and integration 0®? yield

/95 (i - a0 — (A +p)0(0-0°) - 4T° — 0% - AP ) dy = /Qépl?-ét 0o dy.
t t

We have:

10
/Qa (é = (PIG?2) + (A + ) (0-0%) - (0 40°) + p (O°) (DatrP)) dy-+
_ ad\n. 30° 3\n. A0 _ -
/cm{‘_m{fxtuqﬁucmc (()\ +u)(0-d°%)n-6u° + p(0u®)n- & ) ds /Q{Spf o ° dy.

Therefore,

/95% <% (P|m6|2> +(A+p) % (D‘U(S)Z'Hl% (DU‘S)Z) dy—
/Qtap]?‘ o dy 000 =0QfUCoUCHUC (O\ +u)(0- Ué)n.g_u(DU‘S)n) -6 ds) =
/Q{SPF-dt al dy+/er q*.athS dsy+/rD (()\ +U)(D'Ué)n+u(DU5)n> ~5IU‘5 ds+
+/q6 ((A +u)(0- U‘S)n+u(mu5)n> .t ds,.

We note that:

/rD (A +p)(0-@)n+p(0e°)n) - 4° ds, = 0

becausei(t,y) =0 onlp thereforedtU5|rD =0 and also

/C+ (A + (@ @)+ p(00)n) - 40° ds = —/C (A +m)(0- @)+ p(08)n) - 40° dsy.

It follows:

= (P18OP+ 0 (@) : e(@) ) dy=
(6.8)

/

a5 ot
>+/ (O + (- P)n+ p(Ow®)n) -4 ds,

120
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From Reynolds’ transport theorem we get (here weiSet U in QP):

ES(t) +KO(t) = 1o /Q(S (p |G|+ o(U) : £(T)) dy
11 0

T 20t
1 :
=5 Q{SE dy+§/9t5d|v

_ AO . .
_A (t)Jr/qs (A +w)(0-On+p(O0)n) - g0 d+

#3 f0v] (P16 + 0@ @) 2] ay

_ AO . .
_A (t)+/q5 (O + (@ On-+ p(Co)n) - 40 ds+

<p|m|2+o<a> : e<a>) ‘;—f] dy

[(pif&lz) +o(t) : g(d)

#3 [0 | (o1 + 0@ :e@) ] nyas,

Here we have used(9). It follows (6.6).

6.1.1 The limit procedured — 0

We calculate the limit fod — 0 of the right hand side o6(6) transforming both integrals to
the reference domaiﬂg = Qp\Bs in space coordinatg and then in th& space, where the
calculations and computations are easier.

Lemma 21. For the right hand side ofg.6) there holds:

o 2

+(|5iin0{—/ths ((/\ +u>(D-U>n+u(DU>n) -0l ds} (6.9)

() [(1-a2t)?) (au(t) KB(thK) + ax(t) K3(t,h )
- 2u 404 (t) az(t) — (1+ az(t)2)?

Proof. We start with the integral

im (=3 o0 | (P12 o £®) 5| a5

|f:_% Qtadiv{(p|ﬂt|2+o(ti):e(U))%} dy
- _% s [(p|ﬂt|2+a(ti) ; s(U))%} -ny ds, (6.10)
— 3 [ | (Pl (007 002) | s
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We transform the boundary integrd.{0 to the boundary of the reference configuration

0Q3. We recall that
X1 n(x
= h(t

wheren is a cut-off function with support in a neighborhood of thadx tip{(0,0)}.
After some calculations, we get

2 1+h(t) oin 0

H A
_ g) /an l(deﬂ(jxa_:tld(li)))z (O-V)%+pu ((Dxﬁ(i))_l)z(ﬂx )2} <’7(()X>> ny ds..

Note thatn vanishes orﬁQf‘S"t and that the first componen, = n; of the normal vector
vanishes on the craakoi. Therefore, we have

FRLIC [ plas- Mt n o (n <x>> ndst

h'(t) W(t)naw
I = lim 19 = lim ——~ Vo —2 7= d
1=limiy = lim —— /aBaplﬁt 13 h() dml N Ny dsc+

: h(t) 2 2
+lim =T /dBé (A1) (092 +p (D92 | 1 ds
Therefore
'(t)n oV ]
I1 - = o(V): eV n; ds..
=T [ e v ST o o0 | nnsds,
. . Ny cos¢
whereny are the components of the unit outward normal,ne= =1 0 .
no sin

Now we transform the boundary integral to one with respettécspace variabl2
We recall that

Furthermore, we us&(108, i.e.:

W(Zt) =Wr(Zt) + ki (t,h, hl>3{|(_2',t> + ki (t, h, h/>SzN(Zt) = WR + Ws,
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whereS}(Z,t) andS(Z t) are given by Theorer4, i.e.:

¢Z<1>) _2o(t)ao(t) 4 (¢Z<2>)

1
r2, cos r
1+ a(t)?) [2 20 ( 27) 7 (1+ay(t)?) 2 2

Sz = 2 |
uD s i . o0 20 (t) 1 b

e s (%) + i gy e S (F)

2 2 sin(P2) 2 gin( 2

—————-r2 sin{ 5= ) —r2, sin( 5=

%(zt)fw 2 (1+az(t)?) 2 ( 2 ) 22) ( 7 )
1) = ubD m 200(t) % ¢ ) 1 3 "
(1+az(t)?) 2 COS( 2 )_a (t)rﬁ COS( 2 )

It is worthwhile to study the limits of the integrals &s— O due to the fact that the limit value
of the integrals on expressions @k vanishes and the singular functiog$ and S behave
with respect ta) as follows:

S,~08%, 48 ~0d2, hS\~5 2, AHY\~O I, i=12

Thus the limit of this integral is seen to exist if one consst#B; to be a circle of radius.
We assume thal is small enough thay = 1 onBg, then we get the following relation:
h/(t) H T T / —~12 “ —
lh=——- (Islmo S/ [p|aWs—hoWs|"+ o(Ws): £(Ws)] ny ds
— -

Therefore,

, W(t) [m _ PO
lp = lim 19 = — ®) [P (t)?|Ws]2 + o(Ws) : £(Ws)] ny ds

o—0 2 —_n
= hlét) _7; p N (t)? |01Ws|* + o(Ws) : €(Ws)] cosp d¢
=H(t) [ [oN(0)? |0 + o(s) : £(s)] cosp df

Now, we consider the second integral 6f9)
15 — _/cgs (A +m)(O0 -G+ p(D)n) -ad ds,
= [0ty -auds

We transform it to the reference configuration and consddsw small that) = 1 onBg, then

it follows
19 = —/ O(V) % (&7~ Wyy) ds. (6.11)



6.1 Introduction

As before, we transform it into space variabfeshere we splitv, as
W= WR + V/\-/\S7

and repeat the arguments for the behaviour of the teigsndws with respect ta.
Then 6.11) can be written as:

— fim | _h’/ O(We)n- A ads,, 6.12
P} lim 13 - (Ws)n- 01Wsds, (6.12)

agij nj is the surface traction.
, n co
Slnce< 1) =— < ‘S¢> , we get from 6.12)
Ny sing

2= 1m12= 1) [ (011 cos + aiz sing) - asg. (6.13)

The necessary calculations for integrations can be sumethas follows.
For the given expressions fv]’rsingthe first derivatives are obtained as:

(17)cos(¢z<l)) 204(t) ao(t) () ZQ)COS( <)

2 (1+az(t)?) 2
S = M (6.14)
ubvam ay(t) jf sm((pzél))fizal() ré sin(¢z(2))
(1+a(t)?) 27 2
B 2 -1 b -3 . (9,0
o A oatlan) [ T ety () rradan(E) (6.15)
1N = IJD\/ZT 20 (1) -3 COS(¢Z<1)) _ 1 r,% COS(%) ) .
T ant?) 0 N7 ) " # 2
and moreover
“do(0m 204(t) ap(t)? 42)
L (1t oat)?) at)risin(5") - 1+ aa(1)?) Zzsm( )
oS = =42 ) , (6.16)
HD\/ET —a ('[) %COS(¢Z<1) ) + 201( ) ( ) -2 COS(¢Z<2))
M ST T (T agty) 40 2
2 al( ) ¢ 1) -3 ¢,
S = (1+ azx(t)D)ap(t) | (1+aa(t )2) G 2 COS( ) - az(t)rjz) COS(T) 617
N uDvan P ©10

7r7?sin( z )) r 1S|n(¢2<2))
1+ ap(t)?) 20 2 A2) 2
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We make also the following transformations:

hoe L o2 (P _ L \/CO§¢+0!1 2sir? ¢ + cosp
ST O ( )E co2 ¢ + ay(t)2sin’ ¢

(even part- odd par}

rz< 1) 2

(even part- odd par}

1 (¢z<2>)i \/co§¢+az 2sir? ¢ + cos
B cof ¢ + aa(t)2si’ ¢

co2 ¢ + ay(t)2sir ¢

(even part- odd parj

he i — sir? (¢5” ) _t (\/CO§¢ + oa(t)?sin - COS¢> (even part- odd parj

1 \/co§¢+az 2sir? ¢ — cos
co2 ¢ + aa(t)2si’ ¢

! cos(w) cos(¢z(2)) _1 = X
0 T2 2 2 2r \/co§¢+al t)2sir? ¢ \/co§¢+ag(t)2sin2¢

<\/co§¢+al sm2¢+cos¢)< cog ¢ + ay(t) sm2¢+cos¢>

co ¢ + ay(t)2sir’ ¢ cof ¢ + az(t)2sir ¢

! ¢, !
o= V20 T42) < > n( 2) co§¢+al Sln2¢\/co§¢+az()s'”2¢x

(\/co§¢+al sm2¢—cos¢)( cog ¢ + ax(t) sm2¢—cos¢)

co ¢ + ay(t)2sir’ ¢ co2 ¢ + ay(t)2sir’ ¢

t) sing
co§¢ + ai(t)2sirt ¢)

)l
A0 T2 2

1 \/\/co§¢ + ay(t)2sir? ¢ + cosg \/\/co§¢ + ap(t)2sir? ¢ — cosd

o (co2 ¢ +ay(t)2sin? ¢) (cof ¢ + ap(t)?sinf ¢) = o evenpart
hg 1= jll) — sin (¢22<1)) cos(¢§2))
1 \/\/co§¢ + al(t)ZSinqu —cosp \/\/co§¢ 4 az(t)zsinqu + cosp
= — even part

“2r (cof ¢ + ai(t)2sir’ ¢) (cog ¢ + ar(t)?sin’ ¢) 2r

fi 92\ o (922) _ 1 ax(t) sing
hio:= " COS( 2 ) S|n< 2 > 2r (co§¢+az(t)zsin2¢).
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Here we have used:

/j;hl(mp) cosp rdg = —./j;hg(nd)) cosprdg = all(t) /jrh7(r,¢) sing rdg = 71+Zl(t)7
[ ra(r.¢) cospras —— [ nu(r.4) cosprds - %(t)/j;hlo(ﬂd’) Sinf 14 =
/j;hs(mp) cosp rd¢ = —./;he(mp) cosp rd¢ = /j;hg(nqﬁ) sing rdg = /jrhg(r,d)) sing rdg = \/(1+a1(t)7; —

T
[ hi(r.9) cosprdg =0, j =78, 10,
-

T
/ hi(r,¢) sing rdg =0, j=1,2,- .- ,6.
-

After long and technical calculations we get:

()

'”'2:(1*“22)2;17@2

<(1+ a2)?(1+ ay) +4a100(1+ ay) ) (a1k?+ azkd)

_mT _mT
1+ oq(t) 1+a(t)

=(1—aj) (t) (—(1+ a2)? +4oaz) (ks (t,h,1)2 4 gk (t,h,1)?)

We have used the expressions ogiven by Theorenmi 4.
We have writtenf—lh’2 = éh’z =(1-a3).
2
Since all the integrals which contain the prodlagt, h, i)k, (t,h,h’) vanish, 6.9) does not
incluye mixed terms itk (t, h,h") andk, (t,h,h’). O

Remark 18. Lemmata20and?21yield

(ISiLnO(—E5(t) FAS(t) — K5(t)> - (ISiLnOIj5(t). (6.18)

On the other hand the energy flux@, namely—E(t) +A(t) — K(t), is well defined, at least
in the distribution sense.

Lemma 22. Let assumptions H1-H3 of Theorelfi hold. Then the dynamic energy release
rate is well defined which means that the limit ;118 exists and is finite. The dynamic
energy release rate for the initial-boundary problebng) is given by:

(1—az(t)?) (ax(t) KE(t,hN) + az(t) K3(t, h, h’))]
4au(t) ap(t) — (1+ax(1)?)? |

o= L [

=3 (6.19)

Proof.

A

CE(t) +At) —K(t) = lim (_E'6<t)+/§6<t) —K5(t)>

0—0
_ @ (1—az(t)?) (oa(t) KE(t,h, ) + aa(t) kg(t,h,h’))]

=D(t) o

4ay(t) a(t) — (1+az(t)?)?
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D(t)
. b (t)
instantaneous energy fliXt). O

The dynamic energy release r&éh,h') = , with h'(t) # 0 is obtaining by refering the

It should be noted that proceeding to the limit && h— 0in relation (6.19, we arrive at the
familiar static energy release rate formula (plane strain)

_ 2
G= 12u" 8412 =1 = [+,

In fact it is so because:

(-et?) W(1)?/S

4(11(11) ag(t)—(1+az(t)2) h/(t) 2 h/(t) 2 h/(t) 2
4%‘ (") Vl‘ (") (2 (%)

go P
Wicg) = (1—V> as H(t) — 0.
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6.1.2 Extraction of the dynamical stress intensity factorsn the in-plane
case

Our next target is to derive some expressions for the stnémsgity factors from the analytical

results. For that we formulate the following auxiliary lemm

Lemma 23. If we denote

(V§)%:= \/co§¢ +aZsir’ ¢ +cosp

and

(Vg)?:= \/cosz¢ + aZsir? ¢ — cosg

then the derivatives are given by:

ovg 2_ 1 2 i 2
( ¢ ) " 4(co2 ¢ + ay(t)2sirP 9) [\/°°§¢ +agsin’ ¢ ((ax(t)*—1)cos'¢ +1) |+
cosg ay(t)?—1
4 [l+co§¢+afsin2¢]’
_ cosp ay(t)*—1
= even part- 4 1+co§¢+afsin2¢]’ (6.20)
Ovs 2_ 1 2 i 2
( ¢ ) ~ 4(co2 ¢ + ay(t)2si? ) [\/‘3032"’ +afsi g ((oa(t)* ~1)cos'd +1) | +
cos¢ a ()2 -1
2 [1+co§¢+alzsin2¢]’
_ ﬂ Gl(t)z—l
= even partr- 2 1+co§¢+afsin2¢]’ (6.21)
Proof. If we consider
(Vg)? et
ovg)s _ Ovg Odvg  d¢
o S99 a9 2vg
Then
—cos sing + az(t)?sing cosp _sing i
ovg \ 2 \/co§¢+afsin2¢
() - P
2
1 ((al(t)z— 1) cosg sing —sin¢\/co§¢ +alzsin2¢)
~ 4(co2 ¢ + ay(t)2sirP ¢) (V)2
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With some calculations the results follows.
Note that the terms consist of a even and an odd part with cepé. O

The novelty of the present chapter is that we use the strolugi@as for the displacement
field U given in the different configurations, Theoreif3and14, for determining the stress
intensity factors in terms of displacement fieRl42), (6.23, instead of the stress field as
usual in the literature.

Theorem 15. Under the assumptions of Theorémh
Then the dynamic stress intensity factars (t,h,h’) and k; =k, (t,h,h’) at time t in the
current configuration for R) — h(t) > 0 are given as the following limits:

im pD/2m(R(t) —h(t)) du(yt)
R)-ht)—0 1+ az(t)2—2a1(t)az(t) dys

| uD V2ZTRO-hM) dw(yt), /
R(t)ﬂr%ao 2a1(t) oa(t) — (1+ ax(t)?)  dy; ly,=0 = ki1 (t,h, '), (6.23)

ly,=0 = ki (t,h, ) (6.22)

with D = 4a;(t) as(t) — (1+ as(t)?)2.

Proof. Sincel can be represented #coordinate spaces according 5109 as
W(Z,t) = Wr(Z 1) +ki (t,h, WS (2 1) + ki (t,h, 1)K (Z1).

We denote

We get there, comparé.(4):

OS)1 (Ltat)?) (1 (b 2m®axAt) 3 (9
o4V ubv2m (rZ“)COS( 2 )_ r COS( 2 ))

(1+02(t)2) 22
—M( 1 J \/co§¢—i—al(t)zsinch-|-cos¢Jr

~ uDV2nr V2 cof ¢ + ay(t)2sir ¢
2t )Gz(t)i \/co§¢+az( )2sir? ¢ + cosg
(1+02(t)2) /2 cof ¢ + ax(t)2sir? ¢
1+012 1 X1+01(t) SHX 2magt) 1|+
B IJDV \/_ X%—i—a (t)2x3 (1+a2(t)?) v2 \/ X2+ 02(1)2 X3 .
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1 2
We calculate@| @ .. Note thata(SN)l| W_o=0,
o4V '%'=0 oY %=
1 1
5(51%)1‘ . 0(3{1)1|X - 0(3{1)1‘ ,
02(11) z'=0"  gx; " dyr Y (6.24)
_ 1t ap(t)?—2ai(t) az(t) '
I,l D\/2—m|X2:O
\/ﬁ|x2:0“D

Multipling (6.24) by o022 10 a3 and next using the fact that the derivative of the
regular partd;(w1)r behaves in a vicinity of the crack tip asymptotically @&, the result
follows for the stress intensity factor for the mode | in teé&rence configuration.

Similarly we can do withdy (W,)|,,—o to getk; (t,h, I).

Furthermore, we use the results from lem28and we have = R—h on they;-axis assuming
R > h. Using the fact that the derivative of the regular part belkam a vicinity of the crack
tip asymptotically as/R— h the assertion in the current configuration follows. O

The expressions for the stress intensity factors in theeaticonfiguration.22), (6.23 are
also very useful for numerical purposes, see Cliap.

6.1.3 Equation of motion for the running crack tip

A differential equation for crack tip motion is obtained loyposing a fracture criterion along
with the governing field equations and the initial-boundeopditions. We assume to be in
the situation that4.49 holds:

G(h,n) =T (h,K).

and then we can equalize the crack growth resistaiflogh’) for a particular material and the
dynamic energy fluxa(h,H). This is the natural extension of the Griffith approach.

The formulation of the dynamic fracture problem given Byg is then coupled with an en-
ergy balance law assuming that49 holds, i.e. that the dynamic energy release Gite i),
(6.19 can be expressed by the experimentally determined ftbughnesE (h,h), we use
the ordinary differential equation

1 [ (1—a(t)?) (ax(t) KE(t,h b)) + ao(t) K5(t,h, 1))

r(h,h)= 2 A0y () oalt) — (1+az(t)2)2 (6.25)
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as fracture criterion.

In a particular case of an opening mode crakk € kj;; = 0) the crack growth resistance
r(h,k), [93, [8], [55] is given by 6.1):

i = (1-"0) Y (t.h.07

CR E

wherecg denotes the Rayleigh wave spee@dndE are the Poisson and modulus of elasticity.
k (t,h,0) denotes the stress intensity factor for the mode | that wbale resulted from the
applied loading if the crack tip had always been at its insta@ous position represented by
h=h(t).

In light of (6.29), the crack tip equation of motion for mode | can be rewri@sr.26):

Find h = h(t) as the solution of the ordinary differential equation:

n_ N@©)Y (1-v?) _ ()2 au(t) KE(t, h, H) / _
F(hH) = (1— - ) = ki (t,h,0)2 = 20 5 = G(h,h), h(0)=0.
(6.26)

with D = 40y (t) aa(t) — (1+ aa(t)?)”.

I =T (h,i) depends on crack spebdand possibly on the crack tip positibn The ordinary

differential equation foh(t), (6.26), is a first-order equation, i.e., it does not involve second

and higher derivatives df(t).

The complete formulation for the dynamic coupled problemirieplane fracture case reads:
(A -+ 0)0(0-8) + pO% = pl inQ::tQOszt,

T
A(divl)n+2udati+pufixcurli=0 on{ o,
t=0

A(divl)yn+2udhti+punxcurli=pg onZy:=Inx(0,T),
U(t,y)y=0 onXp:=lpx(0,T),

U(OY) = Up, atu(OY) =u; in Q.

AND
1 [ (1-02(t)?) (aaO(LAN) + aa(LAI))

2u Aay(t) az(t) — (1+ az(t)?)>

r(hh)=

h(0) = 0, k (0,h, ) = ki (0), ki (0,h, 1Y) = ki, (0).
to(X) = VR, (%) + ki (0,1, W) 2S¢ (%, 0) + kit (0,h, W ) oS (%, 0),

ktht)= Im HPV2IRO—NO) dulyb)

RO-ht)—~0 1+ ap(t)2—2 al( Jao(t)  dyr |y2:o,

D \/2r(R(t) —h(t)) du(yt)
ki (t,h, lim N
i (th,) = R)-h)—0 201(t) 02(t) — (1+ o2(t)2)  dys ly,=0
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CHAPTER [/

Numerical results

In this chapter we shall show the numerical results of theehptbblem examples that we
introduced in Chapteréand6.

Numerical simulation plays a crucial role in engineering anience. Many systems or com-
ponents behavior are mathematically modeled by a set aapdifferential equations (PDE)
and related boundary conditions, followed with a discretenfof the mathematical problem
and a solution given by numerical methods. However, the mathimportant quantity of in-
terestis not the full field variable, but rather certain autithat describe the characteristics of
a system. Typical outputs are energies, forces, tempemtfluxes or critical stress/strains.
These outputs are controlled by certain system parametensputs, that describe the con-
figuration of the system or component, such as geometryeptiep, loads or environment
settings. The relevant system behavior is thus describeshlayplicit input-output relation-
ship, or a mathematical description of the physical problem

In the field of Fracture Mechanics, many practical applaairequire the computation of the
stress intensity factors. Because of its importance, sirgensity factor values are usually
computed and stored in many handbooks, mostly in tabulageaghical form. In general,
the calculation of the stress intensity factor requireskin@vledge of the solution field of a
PDE, and usually, cannot be determined analytically, thumerical procedures have to be
used. The goal of this chapter is the development of numariethods that provide fast and
reliable evaluation of the PDE input-output relationshipparticular, the evaluation of the
stress intensity factor from a linear elasticity fractureaimanic model.
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7.1 Dynamical crack propagation for Mode Il

We now define our scenario. We consider the evolution of &adraa finite configuration on
the time interval [0, T].

More precisely, we assume that the 2D solid contains exaotfinite, straight pre-craai,
which may expand in a straight line along the horizontal gxisStarting from a crack with
lengthl, the crack tip position at timeis given byh = h(t). Besides this unknown quantity
h the displacement field = u(y1, y»,t) is the unknown solution of the wave equation in the
cracked domain. The unknowhsandu are coupled, through a system of an initial-boundary
value problem for the wave equatioh) and an initial value problem for an ordinary differ-
ential equationq.1) derived from an energy balance law. Assuming tHad49 is valid, the
latter problem reads:

Findh = h(t) such that, 4]:

r (1) =K (1., 0B = G(h ), h(0)=0. (7.1)

The constant; is the shear wave speddq (t,h,h’) the dynamic stress intensity factor, which
responds instantaneously to a change in crack propagatlonity h'(t) and it includes the
effects of loading and geometry.

The mathematical analysis of the full coupled nonlineabjm @.5) with (7.1) seems to be
difficult and an iterative approach starting from a given-grack position is then considered.
Computing the wave-displacement and the dynamic streessity factorky (t,h,h’) at a
certain time = t; we use the solution of the ordinary differential equatiéri)to pass to the
next time step =t 1 and repeat the procedure.

Remark 19. We have no need for the assumptidr9) during the numerical computations,
since at every time step, when the crack grows, the probleesiarted with the new region
and a new triangulation in the current configuration.

7.1.1 Basic concepts and remarks on the implementation

We discuss some basic concepts of the numerical simulatemely the software compo-
nents and environments which are used in the following.

We present simulations in two space dimensions only. Fdrrdsson we deal with meshes
consisting of triangles using the software package PDEZD |

PDE2D approximates the solution using a linear combinaifgriecewise polynomial basis
functions, where the unknown coefficients are functionsroét A Galerkin finite element
method with respect to the space variables is here usedhwésalts in a system of ordinary
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7.1 Dynamical crack propagation for Mode Il

time dependent differential equations for the unknown foceht functions; this differential

equation system is solved using a finite difference method.

First of all we introduce the decomposition of the domaim iatfinite number of simplices.
The properties assumed for the triangulation are taken élassical textbooks.

For a general region, an initial triangulation is constegcivhich generally consists of only
as many triangles as needed to define the region and to stigsfgllowing rules (triangles

adjacent to a curved boundary may be considered to have ovedoedge):

1. The end points of each arc are included as vertices inidrggtrlation.

2. No vertex of any triangle may touch another in a point wigatot a vertex of the other
triangle.

3. No triangle may have all three vertices on the boundary.

The last task of the simulation process is the visualizatibthe computed data. PDE2D
generates its own graphics, in PostScript format, and as@mtes a MATLAB program
which can be used to create further plots.

Finally, we apply GNUPIot in order to visualise scalar valdata like the components of
the displacement field, dynamic stress intensity factorearetgy. GNUPIot is free software,
which can be downloaded fron29).

7.1.2 General setting of the simulations

The following simulations are performed in a situation whaisquare with side length ofi2
with an interior crack on the right side is considered]. [The boundary loads are described
later for the individual examples. An initial triangulatios shown in FigZ.1(a) the final
triangulation with 4000 elements in Figl(b)and the corresponding zoom of the cracked
zone in Fig7.1(c)

We focus on the numerical simulation of the coupled problér) @nd (7.1). The material
parameters used in the following computations and theréifiepre-conditions on the equa-
tion of motion are presented here.

To predict the crack path= h(t) by numerical calculation, one has to calculate the displace
ment field at the points around the crack tip, from which theesponding dynamic stress
intensity factor is subsequently extracted. One then tepk& process incrementally.
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7.1 Dynamical crack propagation for Mode Il

7.1.3 lterative solution strategy

The strategy for solving dynamic fracture problems is taobthe dynamically admissible
displacement fields from the governing equatidrb) subjected to the boundary and initial
conditions and then to use the energy rate balance equatitnaf the crack tip equation
to determine the crack speed. In other words, the followiaegative procedure to solve the
nonlinear coupled problem is proposed here:

1. Fixtp > 0 and a time step, and set_; = 0, and assumh(t) = hy(t) is known for
i<t <to.

2. Solve the initial boundary value problerh %) for the wave equation fdr 1 <t <tpin
the cracked domain with the given straight crack-gath

3. Extract the corresponding dynamical stress intensityofek (to, ho, hy) by the for-
mula @.43.

4. Insertk; (to, ho, hp) into (7.1), use an experimentally chosen formula fah, h') and
solve the resulting ordinary differential equation fgt) with the initial datumh(tp) =
ho(to). Denote the solution bl (t),t € (tg,to+ T).

5. Goto step 2 and replatg(t),t_1,to respectively by (t),to,to+ 7.

The computational domain consists of a cracked, finite, lgameous, isotropic and linearly
elastic solid, which is described by the squRreith vertices (-1,-1),(1,-1),(1,1) and (-1,1)
and an interior craclay, from (h(tg),0) to (1,0) along they,-axis. The cracks, interacts
with an incident transient elastic wave, whose front is as=iito be planar. The interaction
between the incident wave and the crack forms an initial dannvalue problem, which is
described by equationg.f). Its solution is performed numerically by using the softava
PDE2D to describe the local behaviour of the displacemeldisfigear the crack tip(t).

The material properties of the square plate are assumedItalal

elastic modulu€ = 68.9GPa, Poisson’s ratiovv = 0.3, mass densitp = 2.77(10)3Kg/m?,

Lamé parameten = 2.7(10)1°N /m? and shear wave speeg = = 3093n/s,

2p(1+v)
[735].

Typical finite element analysis in dynamic fracture mecbsamiroblems for crack propaga-
tion involves as a first step, the construction of a mesh qp@t for the crack geometry.
Moreover, when the crack evolves, we require that the meslvewy also and must conform
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7.1 Dynamical crack propagation for Mode Il

to the crack geometry. As the crack is part of the mesh, thiswes the update of the mesh,
as well as the data structure associated with the crack gepn@ne must treat a moving-
singularity-boundary-value-problem.

Therefore the dump/restart option from PDE2P6][has been used. This option in PDE2D is
useful for this problem because it makes it easy to stop aes@iue of the time, adjust the
mesh or even the boundary appropriately, and restart. Title gre generated automatically
and moved with the solution, by putting a “DO loop” around thain program to vary the
initial and final time values each pass, and requesting artegith a graded mesh.

The initial conditions have been read from the restart filthg¢ane and then PDE2D dumps
the final solution at the end of each run back into the restart f26]. 4000 elements of
degree 3 have been used for the final triangulation and thle gre most dense near the crack
tip. The corresponding spatial discretization erradi$*), whereh is the maximum triangle
diameter. The number of unknowns is 36596.

The time incremenfit has been chosen & = 0.00003 s. The time discretization used is
the Crank-Nicolson scheme2€].

The iterative numerical technique proposed here was uséeé imumerical simulation to find
the unknowngu, h). This technique requires considerable computing time umxaf the
nature of the iteration. Because of that, the MPI-basedlpalmnd solver implemented in
PDE2D 7] was used. This is a parallel solver which runs efficientlynaurtiple processor
machines, in our cases 6 processors were used, with thexrdestiibuted over the available
processors. The CPU time required for these computatiotis@yprocessors is: real time =
178m 6s with the mesh refinement at the crack tip.

7.1.4 Order reduction for the time-dependent problem.

There are no body force$,= 0, and the problen¥(5) is broken into two first order equations
[26] before it can be solved by PDE2D27]. The form of the 2D time-dependent system
solved by PDE2D %7] is:

oU oV  0A; 0B

Cii% o 4 Cpps o =21 751

5T "2 0T T oy oy, * 7.2)
2AT9T TN 8T T oy | ays
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where all coefficients can be functionsyafy,, T,U,V and the derivatives of U and V.
We set the following functions in7(2):

Cnn=1, C2=0; F1=-V; A;=0; B1=0

Co1=0; Cpp=1; F2=0; Ay=c3+Uy;; Br=c3xUys

and the order reduction of(5) results.

7.1.5 Simulation of dynamic stress intensity factor

As we pointed out, the crack propagation is simulated by strimg the whole spatial domain
each time increment so that the mesh is always highly refiead the crack-tip.

The computation of stress intensity factors must be cdyefidne since the evolution of the
crack depends on that. Numerical calculationskigr(t, h,h’) have been carried out in the
following way:

o Aregular Ny, + 1) by (Ny, + 1) rectangular output mesh is used for the discretization
of the square configuration, consisting of the points:
Vi tis (Ve — Y1) o (Yos—Y2,) . _
1+ ix——"5 Yo, + ] x ———""% | wherei =0,...,Ny, andj =0,...,Ny, and
Ny, Ny,
Y, =—1,Y5 = h(t), Yo, = —1 andYy, = 1.

e The functlonm\/(R— ho(to))a—;z is output at all mesh points.

e To estimate the limit in formulad(43 we simply use the value of this function at the
last output mesh point in front of the crack tipg{ — 1, %).

Thus the point where the dynamic stress intensity is evadliat(Ny, = Ny, = 60):
(ht) +1) Ny, 1
-1 -1 , —1+ =(h(t)——==x*(h(t)+1),0).
This is the output mesh point closest to, and in front of tlaektip. The finite element mesh
is refined locally in such a way as to ensure that there areadviangles between this point
and the crack tip, so that reasonable accuracy can be egddtas point.

The values 01‘5—;2 at the mesh points, from which the dynamic stress intenaityofs are

subsequently extracted, are computed by PDE2D using eXBeredtiation of its piecewise
polynomial approximation ta.
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7.1.6 The fracture toughness

Using the equation of motion of the crack tip.{), the crack propagation behaviour is given
if the fracture toughness is provided. The fracture toughhe=I'(t,h,F) is a material pa-
rameter which can only be obtained through experimentakmeanents ¢], [39], and it
represents the resistance of the material to the advanbe afack. It is determined for var-
ious purposes, among others, characterization of a mitemeracterization of a production
process, for example, welding; assessment of the sevdréycrack in a structural compo-
nent. No matter what application is intended for the fraetimughness value, it is an em-
pirical material property that is determined by test withngtard rules, 1]. Unfortunately,
the fracture process depends on numerous parameters, lyiveaterial, test temperature,
loading rate, environment, as well as constraint conditidhe specimen or component. The
latter in turn depends on size and geometry of the specimstmatural component and the
proximity of the applied force, to name only the most impottactors, {0].

The time history of the dynamic stress intensity factor watamed for different situations
andh(t) was calculated using the generalised equation of motienfdimula ¢.1) which
includes the situation where the crack propagates withuroform speed.

r(hH) =K (LM, h(0)=0.

The quantity appearing on the left-hand side of the equation of motiol) (s the fracture
toughness. On the right-hand side appears the dynamis stitesisity factork (t,h,H),
which is entirely determined through an analysis of the lodauy/initial value problem, see

(4.43.

Dynamic crack propagation is devoted to the study of solidié® containing cracks that
propagate under loading conditions. A number of analyscduitions for crack propagation
problems exist. However, these solutions are limited tg#rtoading conditions, unbounded
domains, constant speed or semi-infinite crack, [67].

Some empirical or experimental expressions for the fractoughness are found in the li-
terature and are used mostly for the case of semi-infinitekarman unbounded media or
constant speed:

e I'(h,h) =Constant [38], [11]. The results show that the crack propagates with con-
stant speed and the model is not realistic.
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7.1 Dynamical crack propagation for Mode Il

e (hH)=Tgln (vvjz’(t)) [21]. Empirical expression from experiments performed
L —

at University of TokyoI o,V are material constants

Ju(&,0.t
e I(hh) = fge(t)_ﬂe(t)z T|ayerL dé + h'(t) foyf 2 Tjayer(y) dy, [10]. For a co-

hesive zone modeE = x — x¢(t), xe=leading edgexe=trailing edge = the physical
crack tip, Tjayer layer behaviour.

It is supposed that the fracture toughness is not a uniqueifumof the crack velocity
W (t). It can also depend on the acceleration behaviour of thécia&c, at the same
crack velocity. The toughness at the deceleration st@didédt < 0) is greater than the
toughness at the acceleration stadjg (dt > 0). This difference is expressed by using
two materials constantg, andvy, (v, >w,), [42, [21]:

VL
r In(il), dh'/dt > 0,
[(h,h') = ° v, — (1) /

VL,
<V7L2 — h’(t)) , dh/dt < 0.

MoIn
Apart from experimental studies, numerical methods araytah alternative for the inves-
tigation of cracks propagating in finite bodies under genleading conditions. For the
numerical simulations, we assume thalepends monotonically on the crack spéedwe
tried two formulas for the fracture toughness. One was:
1—ap(t)
ax(t)

with a»(t) defined as in4.3), and3 = 36 MPa/m%. For more details abo&, see e.g. 79].
The other was the empirical expression for fracture tougbipeoposed in 1],

Fa(h,h)=p (7.3)

Fo(h 1) = oI (\/L—Villjl’(t)) , (7.4)

here the material parameters &= 75 MPa/m% andv,_ /c, =0.3.

We have no experimental justification fog(h,h'), as we do folr »(h,h’). This formula was
chosen because it produces qualitatively reasonablesesuparticular, when:
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7.2 Setting

e kj; =0, thenh/(t) = 0 and when
e k7, is large, therlY (t) approachess;.

From (7.1) and (7.3) we get:

1-ay 2 ,
— =k h. h
pa i (th, )(

SN

m
T
Simple calculations lead to:

2
W(t) = cz\/ 1- (ﬁ) (7.5)

¢

whereT MP(t,h, ) = k3, (t,h, )

Using the second experimentally justified fracture touglsriermula 7.4), we get from {.1):

2
In <V|_—V7||:1/(t)) = (%) gkﬁl (t7h7 h/) =q k|2II (tvh,h/)

T :
2 andc% andp have the same order of magnitude.

2

. c5\ 1T T

with q = F_2 1 Note that(c%z) and[l g are of the same order.
0

Simple calculations lead to:

N (t) = vi (1-exp(—qkj (t,h,1))). (7.6)

Results of experimental investigationd,7], [8], [38], [5], [39], show that for a dynamically

growing crack in specific materials, the fracture toughmkggends on the crack tip velocity
in a very strong way. For most materials, the fracture toeghkns an increasing function of
the crack velocity (cf. Fig.7.2). The data shown in Fig7.2include values of the crack tip
speed presented in Subsectibg. 1

7.2 Setting

Two examples for the dynamical propagation of a mode Il knawder the action of shear
waves will be analysed. The first example is related to comsiaposed loading concentrated
on the top and bottom of the configuration. The second exatrga¢s the action of a crack
face loading that appears behind its moving tip. For botimgtes, we take into account the
functionsl1(h,K), (7.3) andl2(h, i), (7.4).
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Dynamic Fracture Toughness Gamma_1(h,h")=(1-Alfa)/Alfa Dynamic Fracture Toughness Gamma_2(h,h")=Ln[v_L/(v_L-h'(t))]
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Figure 7.2: The dynamic fracture toughness versus norethtizack tip speed

7.2.1 The crack tip propagation with constant load

The out-of-plane displacement= u(yi,y»,t) is obtained by the above 2D finite element
analysis for the elastic wave equation under the above tiondj namely the problem is
formulated as the following initial-boundary value prafle find a solutionu(y,t) which

satisfies:
dPu—c3Au=0 inQ=Uu_,Q,

cZdu=0 ong,
c3dhu=q onlyx(0,T), (7.7)
u(y,to) = kin (to) Sn(y1 —h,y2,to)  in Q,
du(y,tg) =0 inQy,,
In the first example we deal with the coupled problefnv) and (7.1) with a constant load
= +c3+10* on the top and bottom, and with= 0 on the rest of the boundary (see Fig).

7.2.1.1 Displacement field

We consider the elastic displacement fielg1,y»,t) along lines parallel to the crack line
but in the immediate vicinity of the crack zone, eyg.= 0.1 andy, = —0.1. It is obtained
numerically in the elastic plate, which is assumed to contaie single crack in its interior,
i.e. hp =0.9. A Galerkin method with graded mesh with respect to the grgwerack is
applied for solving 7.7). Figure7.4 shows the elastic displacement fields;,y»,t), for
given symmetrigy, values and for a timevery close to the crack initiation, e.g= 3% 107>

s, produced by the interaction of the crack and the incidawvew

It is to be remembered that the pre-crack in the configuratitimlength Q1m (hg = 0.9m) is
situated at the mid-plane of the square and on the right &ide/(3). The out-of-plane dis-
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Figure 7.4: Distribution of the displacement field§y,t) along lines parallel to the crack
surface for the cracked elastic plate, with constant lgaé=(0.1,y, = —0.1, -1 <y; < 1).

143


Chapter6/Chapter6Figs/EPS/ex13d.eps
Chapter6/Chapter6Figs/EPS/u_oben_sug_granv_6y2.eps
Chapter6/Chapter6Figs/EPS/u_unten_sug_granv_6y2.eps

7.2 Setting

placemenu(y,t) is obtained by finite element analysis with the PDE2D sofeagmogram.
The displacement field is anti-symmetric with respect tazumtal axis, i.e.u has the prop-
erty thatu(y1, —y2,t) = —u(y1,y2,t). A finite spike at the time close to the crack initiation
is observed, in Fig.4. Results for different instants of tinte < t, < ts... after the crack
initiationt =ty can be also analysed as shown in Figti® The results show that even for
a point which is relatively close to the crack zone or for tiwvery close to crack initiation
time the diffracted stress waves radiate from the craclatigh propagate into the body. The
crack started to grow at some later time. It should be rendaitkat the Figure3.4and7.5

y2=0.1 u(y, t)[m] u(ty;,0.1)
0.25 . .
u(ty,y,,0.1)
u(t;,y,,0.1) r
0.2 u(ts,¥7,0.1) e y
= o015 y
= P
= 0.1 o
0.05 [ ... R
o
-1 -0.75 -0.5 -0.25 O 0.25 0.5 0.75 1
y1[m]
y2 = —0.1 u(y, t)[m] u(t,y,,-0.1)
o
-0.05 Y e
= "
= -0.1 -
= %
= -0.15 N\
= b
-0.2 u(ty,y4,-0.1) X
u(ty,y;,-0.1) \
u(t>,y7,-0.1) =
-0.25 ( 2:Y1 )

-1 -0.75 -0.5 -0.25 (o] 0.25 0.5 0.75 1

Figure 7.5: Distribution of the dynamic displacement fieddisng lines parallel to the crack
surfacey, =0.1,y, = —0.1, —1 < y; < h(t)) as wave propagates with constant load.

are to be read from right to left.

7.2.1.2 Dynamical stress intensity factor

The dynamic stress intensity factor characterizes thestreld in the vicinity of the crack
and controls the crack growth4T], therefore our attention is focused on the time-dependent
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7.2 Setting

stress intensity factor. In the present approgtit, h,lY) it is extracted from the displace-
ment field decomposition.
The influence of the waves on the stress intensity factoregafil the crack tip is described
in the following. We calculate the leading stress intenfaigtor k;; (t,h,h) in (7.7) using
formula @.43:

wlm \/CYZT(t) (R~ Pofto) 13- = i (.o ).
According to this formula to extract the values of stressnsity factor, positive and nega-
tive results fork (t,h,h’) are admissible because positive and negative result%goare
allowed. The change from positive to negative values an#l bacur as the position of both
sides of the crack is changing with the time from up to downalee of the influence of
the shear wave. This implies that the crack face alters aisng direction during the crack
growth and that induces therefore positive or negativeeshfky (t,h,h’) with respect to
theyyy, coordinate system.

An initial value ofkj (to, ho, hy) = 1 was assigned with the numerical intent that the initial
data foru(y,tp) in (7.7) and the unknowm’ solved by 7.5 be well-defined. The variation
of the estimated dynamic stress intensity factor normdlgeh respect to their static values
versus time is plotted in Figurg6, where an initial crack tip positiong = 0.9mis supposed.

k||| (t)/km (to) Normalized dynamic stress intensity factor k
2.5
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Figure 7.6: The normalized dynamic stress intensity fabistory at the running crack-tip
under stress wave loading conditions for initial crack tr@lm.

The interaction of elastic waves within the crack tip zonevptes an appropiate mechanism
for the growth of the fracture. This interaction betweenghear wave with the growing crack
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Table 7.1: Data for the time, the stress intensity factortaedcrack tip position in Fig7.7

T ki (t,h,h) for F1(h,i) h(t) for F1(h,h") K (t) for M1(h,h)
t1 = 2.70E-04 0.2206 0.6656 685.81

to, = 3.60E-04 -0.2370 0.6336 196.71

t3 = 5.40E-04 -0.6793 0.4948 1073.00

t4 = 7.20E-04 -1.0678 0.1046 1799.67

ts = 8.40E-04 -0.8358 0.0047 1387.72

ts = 1.11E-03 -0.2655 -0.3085 565.16

t7 = 1.26E-03 0.1498 -0.3603 206.89

tg = 1.41E-03 0.2703 -0.4174 382.96

to = 1.44E-03 0.4179 -0.4335 534.09

influences the behaviour of the displacement fields on thekdifas and generates differents
tracks. The stress pulse causes a temporary decrease imetbe intensity factor, which is
illustrated in Fig.7.6. The values ok (t,h,h’) calculated using?.3) agree quite well with
the ones by usingr(4).

The differences reflect the coupling of the different endsglance equations usirig (h,h’)
andrl z(h, k) with the wave equation.

From (4.43, it is noted that the stress intensity factor significamypends on the values of
g—;z. The stress intensity factér (t,h,h) changes sign from positive to negative and again
to positive, thereby indicating that the crack faces aleirttearing direction during crack
growth as interact with the 2D linear elastic shear wave.s€ratered tearing directions of
the crack faces are rendered visible in HgZ, where the corresponding tracks running along
the crack surfaces are represented throughithg1,y-) solutions of {.7) along the horizon-
tal axis fromy; = —1toy; = h(t;), i = 1,..,9, with y, andt fixed each time. The values of
considered timesand the corresponding valueslgfi (t,h,h’) for the profile of the surface
perturbations are listed in Tablel

The stress intensity factéy; (t, h,h') from the initial values isk; (to, ho, hy) = 1. Finally the
approximate values d (t,h,h) were calculated via4(43 after computindh(t) via (7.5)
and (7.6). In Table7.2the approximations of this initial value using increasingnber of
triangles N in the mesh are shown when one consifigfh, h'). Also the relative error is
here computed.
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Figure 7.7: Distribution of the dynamic displacement fieddisng lines parallel to the crack
surfacey, =0.1,y, = —0.1, —1 < y; < h(t)) as wave propagates with constant load.

Table 7.2: Relative error of initial data for the stress msigy factor

N computedk (to) for 1  relative error
40 0.6545 3.4546E-01
96 0.8101 1.8991E-01
192 0.9829 1.7068E-02
500 1.0494 4.9498E-02
1000 0.8368 1.6316E-01
1500 1.0311 3.1045E-02
2500 0.9342 6.5731E-02
3000 1.0325 3.2541E-02
4000 0.9932 6.7412E-03
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Figure 7.8: Relative error for the calculated value&gf(t,h,h') with I';.

The plane wave, mathematically defined 7, loads the crack and causes dynamic ini-
tiation and propagation of the crack-fift). By solving now the equation of motior7.{)
with the afore extracted dynamic stress intensity fakfe(t, h, '), the instantaneous time-
dependent crack-tip spe&lt) can be determined (see iterative procedure).

7.2.1.3 Crack tip speed and crack tip position

For non-constant crack tip velocity, analytical or numalrsolutions of dynamic crack prop-
agation problems on the anti-plane shear crack from thepoaw of the fracture mechanics
have only been found for simple configurations such as that ggmi-infinite crack in an
unbounded body. However, most practical cases are modefedte domains with different
boundary conditions. Here we present discussions of tleetsfbf wave interactions on the
dynamic stress-intensity factors numerically for finiterdons.

Figure 7.9 shows the numerical predictions in which we have used thatexuof motion
(7.2) to simulate the crack non-uniform velocit(t), (7.5 and (7.6) for the considered pre-
crack and function§1(h,h’), (7.3 andlz(h,H), (7.4).

The crack tip speed fdr1(h,h’) corresponding to constant loading described in subsection
7.2.1behaves similar to the one for time-depending loading, rilesd in subsectio.2.2
but it is smaller in magnitude.

The non-uniform velocity motion of the crack tip for bdth(h, i) andl2(h, k) (7.3), (7.4)
during which the crack is influenced by incoming waves, stiadm an equilibrium state and
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Figure 7.9: Numerical crack-tip speed for initial crackdémQ.1m.

changes more or less abruptly in comparison to the propagaficrack tip subject to crack
face loading.

If the crack grows, the stress intensity factor immediatakes on the value associated with
this velocity field. The relation betwedq, (t,h,h’) andh/(t) is observed in Figures.6 and
7.9, whenky (t,h,h') — 0 thenh'(t) — 0 and wherk?, (t,h, i) grows,h'(t) grows, too.
Figure 7.9 implies the presence of a limiting velocity for crack proptign in a short time
interval. In the first case foF;(h,l) it is concluded thaty,,, ~ 0.56c, whereas in the
second one fof »(h,h'), hr ., ~ 0.38c,. It seems that because of these maximum of the
observed crack tip speed valug§), the coefficient$ in (7.5) andlg in (7.6), play the role
of stabilisation parameters.

In Figure7.10 the profile of the crack-tip position is plotted.

h(t)[m] o posit
Crack tip position h(t)
1 T T T T T T T
0.9 - h()-Gamma_1 - —
0.8 Haw ERTCts e h(t)-Gamma_2 = -
0.7 G =
0.6 e o Hefiey
o5 - N G L T
- S
0.3 g
— 0.2 g
E o1
— o
E -01 g
-0.2 g
*
03 e £
-0.5 - ™
89 e
-0.8
-0.9
-1

O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
t[s][1en{-4}]

Figure 7.10: Numerical crack-tip position for initial ckalength 01m.
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7.2.1.4 Effects of triangulation

In this subsection we examine how sensitive are the resultsrespect to different trian-
gulations. By changing the position of vertex 8 and 10 in Figl(a)we get a new initial
triangulation Fig.7.11(a) a new final triangulation with 4000 elements Figl1(b)and the
corresponding zoom of the cracked zone Fidl1(c) Usage of a second triangulation does
not significantly affect the computational results. Thdigbof the FEM model by using
PDE2D J7] to solve the dynamic problem was also checked by compamngpatational
results for the stress intensity factor and the crack tigdpsee Fig7.12

7.2.2 Time-dependent crack face loads

In this section we carry out numerical simulations of thepted problem with a pair of
opposed concentrated time-dependent forces on the craielcas. To check the ability of
the equation{.1) to describe dynamic crack development, a rectangular kawifh a cut
simulating a crack is loaded by applying an intense load ¢écctiack faces. The problem is
solved numerically in the same manner as the one for the @oinistad and it is formulated
as the following initial-boundary value problem: find a g@ua u(y,t) which satisfies

dPu—czhu=0 inQ=uUlQ,

C30hU = ki (to) Ay, Sn(y1—h,y2,t0)  onat,

cZohu=0 onlyx(0,T), (7.8)
u(y,to) = kin (to) Su(ya —h,yo,t0)  in Qy,

du(y,to) =0 inQy,

Numerical calculations have been carried out for a crackpdire configuration of side-
length 2 m. The configuration contains a pre-crack of lengtm@and the crack is assumed

to grow straight along the horizontal axis to the left dudi®gtress distributions on the crack
lips. On{(y1,Y2) : h(t) <y1 < 1y2 =0} ={(y1,Y2) € 6} atime-dependent load is applied
which induces a Mode llI-loading on the configuration. Thedas thus applied on the newly
created crack surface of. On the rest of the boundary we impose homogeneous Neumann
boundary conditions.

7.2.2.1 Displacement field

The faces of the crack are subjected to applied, equal buisiigrconcentrated normal forces
which tend to separate the crack faces. For the problem at, iaa full field analytical
solution for the elastodynamic field surrounding the cr@gkvas obtained by formulad(1).
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Figure 7.12: Computational results for different configimas

Also, the corresponding dynamic Neumann singular funstiarthe actual configuration are
given by formula 4.2). The elastic displacement fieldys,y»,t) is considered along lines
parallel to the crack line but in the immediate vicinity oetbrack zone, e.gy> = 0.1 and

y» = —0.1. It is numerically obtained in the elastic plate, which $s@med to contain one
single crack in its interior, i.ehg = 0.9m. A Galerkin method with graded mesh with respect
to the growing crack is applied for solving.g).

The interaction of the crack and the incident wave is showRigure 7.13 for the elastic
displacement fieldi(ys, y2,t), for given symmetrig/, values and for a time very close to
the crack initiation time, e.gt = 3% 10°° s. It is to be remembered that the pre-crack in the
configuration with length @m (hg = 0.9m) is situated at the mid-plane of the square and on
the right side. The out-of-plane displacemery,t) is obtained by finite element analysis
with the PDE2D software program. The displacement field isgmmetric with respect to
horizontal axis, i.eu has the property that(y;, —y»,t) = —u(y1,Y2,t).

In Figure7.14results are shown for different instants of time< t, < ts... after the crack
initiation timet = to.

7.2.2.2 Dynamical stress intensity factor

We notice that the dynamical stress intensity fa&gr= kj; (t,h,h’) plays a key rule in the
above problem{.8), since the coupling of the wave with the motion of the cracéipressed
by nonlinear relations between the motia(h), its velocityh'(t), the dynamic stress intensity
factorky (t) = ki (t,h,h’) and the fracture toughneBg(h,h’) given by (7.3). The dynamic
stress intensity factor characterizes the stress fielddrvitinity of the crack, and controls
the crack growth. Herdy (t,h,h’) belongs to 7.8) and is extracted by formul& 43
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Figure 7.13: Distribution of the displacement fieldly,t) along lines parallel to the crack
surface for the cracked elastic playg € 0.1,y = —0.1, -1 <y; < 1).
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Figure 7.14: Distribution of the dynamic displacement seddbng lines parallel to the crack
surfacey, =0.1,y, = —0.1, —1 < y; < 1) as the wave propagates.
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Also here an initial value ok (to,ho,hj) = 1 is used, so that the initial data fary,to)

in (7.8) and (7.5 are well-defined. In Figur&.15the normalized estimated dynamic stress
intensity factor versus time is plotted, with an initial ckatip position supposed to g =
0.9mfor different functiond 1(h,t) (7.3) andl2(h, h') (7.4).

ki (t) /K (to)

Normalized dynamic stress intensity factor k

2.5 T T T T T T T T T T T
2.25 k(t,h,h)-Gamma_1(h,h’) = -
2 k(t,h,h’)-Gamma_2(h,h’ = -
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h(®[m]
Figure 7.15: The normalized dynamic stress intensity facistory at the running crack-tip
under stress wave loading conditions for initial crack tr@lm.

From Fig. 7.15it observed that the stress intensity factor pattern shawihis particular
load is quite similar to that of the previously analysed c&$g. 7.6, thus indicating that the
stress waves are interacting similary in both cases.

The interaction of the stress wave with the cracked squanégroation gives rise to a dy-
namic stress intensity factor. Once the wave reaches tlk-t@ ki (t,h,h) decreaces
rapidly to a minimum and it increases thereafter until a peakached asincreases further.
Subsequent wave interactions lead to an oscillatidqaft, h,h') as Figure7.15reveals. The
dynamic of the stress intensity factor depends on manyrgcsoch as the loading rate and
other loading conditions, the material characteristios,geometrical configuration.

The stress intensity factdq, (t,h,h’) from the initial values isk (to,ho,hy) = 1 and the
approximate values were calculated 4. In Table7.3the approximations of this initial
value using increasing number of triangles N in the meshlaoe/s. Also the relative error
is here computed.

The plane wave, mathematically defined 8], loads the crack and causes dynamic ini-
tiation and propagation of the crack-fiyit). By solving now the equation of motior7 Q)
with the afore-extracted dynamic stress intensity fake(t, h, '), the instantaneous time-
dependent crack-tip spe&dt) (7.5 and (7.6) can be determined (see iterative procedure).
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Table 7.3: Relative error of initial data for the stress msigy factor

N computedk (to) relative error
40 0.6233 3.7665E-01
96 0.8153 1.8468E-01
192 1.0216 2.1625E-02
500 1.0418 4.1806E-02
1000 0.8164 1.8360E-01
1500 1.0442 4.4205E-02
2500 0.9194 8.0555E-02
3000 1.0246 2.4603E-02
4000 1.0119 1.1902E-02

relative error for k_{ll1} for Gamma_2
0.4

0.35 |
03 |
0.25 |
0.2
0.15
o1t | |
0.05

relative error

relative error

500 1000 1500 2000 2500 3000 3500 4000
Number of triangles

Figure 7.16: Relative error for the calculated valuek eft, h,h’) with 5.
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The iterative solution of these two coupled problems presithe solution of the problem of
dynamic crack propagation in a 2D-elastic body under Motie#d.

7.2.2.3 Crack tip speed and crack tip position

Figure7.17shows the numerical predictions in which we have used thatexuof motion
(7.2), to simulate the crack non-uniform velociti(t) (7.5 and (7.6) for the considered pre-
crack.

A general belief seems to prevail that crack propagatioooreés cannot exceed elastic wave
velocities in a material. There are two important reason#iig: first, classical crack propa-
gation theories are very definite in predicting an uppertlfor crack velocity which is never
greater than some wave velocity (for a review see refered€®), and secondly, despite an
extensive body of crack velocity data, a measurement exugedlde speed of the pertinent
wave has not been reported.

From an experimental point of view, Ravi-Chandar and Kngli884) 1] studied dynamic
fracture propagation. Based on their observations, thaqmanr speed of a Mode-Ill crack
in homogeneous material is aboul0.6 x Cy

When the wave hits the crack, the crack begins to grow withunaform speed, 13]. At
the instant of crack initiation, the crack first jumps fromtginary {Y(t) = 0) to a velocity
about 052 c; for [1(h, 1), after that the crack-tip speed decreases and increasesaagh
approaches the maximum observed value.680 c,. Whereas fof 2(h,h) hy,.~ 0.38c;.

H (t)[S]
S
Crack tip speed h’(t)
3000 h(-Gamma_1 — = ]
2750 h'()-Gamma_2 = .
2500
2250
2000 i
£ 1750 pox S s
= 1500 |- > s
= 1250 |- -
1000 i L & * *
; ' S ] \ il
750 A ™ * =& H = *’x* N K
500 ki o N L ;= & % N x™ = (;.(?‘E
250 - ;*DD SEnho - =g 32; e
fe) ; i m af

0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
tsl[1e™{-4}]

Figure 7.17: Numerical crack-tip speed for initial crackdéh Q1m and forl;(h,h’) and
r2(h7 hl)

We conclude that at least qualitatively this numerical datian fits with the experimental
investigations.
Once the crack-tip speed histdri(t) is known, the time historf(t) of the crack-tip position
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can be also obtained by integrating the crack-tip speedi@rdy applying the equation of
motion (7.1), which is coupled with the wave equation®), we have been able to determine
the time history of the non-uniform crack-tip speed and ttael-tip position.

In Figure7.18 the profile of the crack-tip position is plotted.

Crack tip position h(t)

"h(t)-Gamma_1 —x ]
h(t)-Gamma_2 =

1
¥
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o
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, 0000600006 000000000
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*

01 23 456 7 8 9 101112 13 14 15 16 17 18
t[s][1e-4]]

Figure 7.18: Numerical crack-tip position for initial h &ok length 0Lm).

7.2.2.4 Energetic investigations

We carry out an energetic investigation for the elastic miedwith a single crack. It was
found above that in formulating the theory of crack propegethe problem of energy dissi-
pation must be examined.

The analysis in this problem for a configuration containing@ving crack can be defined
by local and global approaches. The local approach corsstlersingular elastic displace-
ment field in the vicinity of the crack-tip, sed.l). The singularity associated with this
field is characterised by a parameter called the stresssityefactorky (t,h,h’), see 4.43.
On the other hand, the global approach is concerned withata¢ énergy balance in the
body and describes the crack growth in terms of the energgaselrat€s, and the fact that
D(t) = G(h,W)H (t) =T (h,)H(t), see 4.25.

The problem of the energy dissipation in the process of cpaokagation has been com-
pletely settled by the corresponding energy definitich&6), (4.27) and @.28, as well as
the energy balance law 25.

An annular domain cutting out the running crackhip) is considered as before, see Hg3
and the kinetic and elastic energies of the system are dedliby direct computation of the
integral @.29, (4.26) using the solution of displacemembf (7.8) and it is shown in Figure
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Figure 7.19: Sum of Kinetic and Elastic energies vs. timdliercracked-specimen.

The subsequent decrease in FigorEafter the maximum peak seems to indicate the reflex-

ion of waves from the boundaries.

The Figure7.20shows a surface plot for the cracked region, whose boundasydefined by
the problem 7.9).

T=1.B00000E-03
SURFACE PLOT

7.3459

u*(10**-1)

-7.3459 |

Figure 7.20: Surface Plot
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The secuence of figure$.@1), (7.22), (7.23, (7.249), (7.25 and (7.26) shown the interaction

of the stress wave with the cracked finite domain. The effetdt®@applied loading and the
reflections of waves is also very important. The waves pldi Wie boundaries of the body
also, i.e. our assumption made fofi9agrees with these observations, the reflexion of waves
from the boundaries is present.

Moreover one notes the alterations of the tearing direstadrihe crack surface with respect
to the other one during the crack growth. That evidencestihage from positive to negative
values for the calculated stress intensity factor.

T=23e-05 T=9e-05

Figure 7.21: Interaction of elastic waves with a crack inititerval [3e— 05, 2.1e— 04 for
out-of-plane case.
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Figure 7.22: Interaction of elastic waves with a crack initfterval[2.7e— 04, 5.1e— 04] for
out-of-plane case.
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Figure 7.23: Interaction of elastic waves with a crack initfterval[5.7e— 04, 8.1e— 04] for
out-of-plane case.

162


Chapter6/Chapter6Figs/EPS/*-19.eps
Chapter6/Chapter6Figs/EPS/*-20.eps
Chapter6/Chapter6Figs/EPS/*-21.eps
Chapter6/Chapter6Figs/EPS/*-23.eps
Chapter6/Chapter6Figs/EPS/*-25.eps
Chapter6/Chapter6Figs/EPS/*-27.eps

7.2 Setting

T = 0.00087

T = 0.0003

0.00s

-0.005

-0.01

Figure 7.24: Interaction of elastic waves with a crack inititerval [8.7e — 04, 1.11e— 04]
for out-of-plane case.
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Figure 7.25: Interaction of elastic waves with a crack inittierval[1.17e — 04, 1.29e— 03]

for out-of-plane case.
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T=000132 T =0.00135

0mg .

Figure 7.26: Interaction of elastic waves with a crack inittierval [1.32e — 03, 1.35e— 03]
for out-of-plane case.

7.3 Dynamical crack propagation for an in-plane state

In the previous sections we realised different successfaiarical approximation methods
for the coupled system problem.p)-(7.1). Now we try a more difficult coupled problem,
namely, 6.6)-(6.26).

The unknowng andu are coupled, through a system of an initial-boundary vahablpm
for (5.6) and an initial value problem for an ordinary differentigleation 6.26) derived from
an energy balance law. Assuming th&at9 is valid, it follows:

=G(hK) (7.9)

F(hH) = 1 (1—az(t)?) (oa(t) k2(t,h,0) + aa(t) K7 (t,h,h))
’ 2u 4ay(t) oo(t) — (1+ ao(t)2)?

In a particular case of an opening mode crakk £ kj;; = 0) the crack growth resistance

r(h,h), [8], [55], [93]is given by 6.1):

/ 2
r(h) = (1— hc(;)) (1 E" )k (t,h,0)2.

wherecr denotes the Rayleigh wave speedandE are the elastic constantk.(t, h,0) de-
notes the stress intensity factor for the mode | that woulehasulted from the applied
loading if the crack tip had always been at its instantan@osgion represented by= h(t).

Therefore the latter problem reads:

Find h = h(t) such that:

H(t)\ (1—v?) _H()? ax(t) KE(t,h ) ,
- CR) = k|(t,h,0)2_2“C% E = G(h,h).

r(h,K) = (1
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7.3 Dynamical crack propagation for an in-plane state

with D = 4ay(t) aa(t) — (1+ az(t)?).

Wherek (t, h, 0) is the stress intensity factor for a quasi-static crackeptbsitiorh. k; (t, h, 0)
depends only on the applied loading and specimen geometiyclaaracterizes entirely the
stress field in the vicinity of the crack tip. This equatiorsdébes quantitatively the experi-
mental results for dynamic brittle fracture at slow cracloeéies.

H(t)? aa(t) cics
D 2(ct - ¢5)
This coincides with the energy release rate in the statie,¢ence the static Griffith criterion.

Note that

= (1-v)c, ash'(t) — 0.

As far as we known, there are no general, reliable, efficiadtaccurate methods for the nu-
merical solution of models where the elastic waves intesgttt cracks under dynamic loads.
Techniques and results of our investigations devoted taahéion of dynamic crack propa-
gation problems for an out-of-plane state are used herecerthin adaptation for the solution
of dynamic crack propagation problems in the in-planeestat

7.3.1 Order reduction for the time-dependent problem.

The time-dependent probler.6) in two dimensions models the displacemdfyt) of an
elastic membrane with an interior straight crack.

Lemma 24. If there are no body forced, = 0 then the system of second-order partial diffe-
rential equations:
(A4 w)0(0-0) +uD%i=pld inQy,

can be broken into the following four first order equation;][ before it can be solved by
PDE2D [27:

6u1
ot bu
dDu 0 J
* = ——[udug + (A + 1) (G1ug + 2up)] + 5 — [ Bou]
ot oy dy2 (7.10)
@ — Du .
at 2
dDu, d d
Frah d—yl[lldluz] + d—yz[udzuz + (A + ) (01u1 + G2up)]
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Proof. The form of the 2D time-dependent system solved by PDE2[] i:

Cur dd +Crzx al:ﬁ)tljl +Crax ad Crax d[ﬁ)tuz a 3'311 * 3521 BE

Cor % G2 agtljl +Czs (90Utz Cax 05:2 - Z?f " 2522 - (7.11)
N T L
Cay* ddul +Cygo % a[a)tul +Cy3* 6du2 +Cyq% (9Ea)tlJz = (;Cf + gi: —F4

where all coefficients can be functionsyafy»,t, us, up and the derivatives af; andus,.

We set the following functions in7¢11):
Ci1=1; Ci2=0; Ci3=0; Ciu=0; Fp=-Du;; A=0; B1=0
Ca1=0; Cp=p; Cp3=0; Cpu=0;, FKR=0;
Ap = 01U + (A + ) * (01U + Oolp); B = * douy
C31=0; C32=0; Cz3=1;, C34=0;, F3=-Duy; A3=0; Bz3=0
Ca1=0; Cypo=0; Cy3=0; Cuu=p; F4=0;
A4 = UO1Up; Bg= UxOoUp+ (A + ) * (O1U1 + Oolp)

and the order reduction? (10 results. O

Since the Lamé Navier equation is second order in time, tha&lmitial position and velocity
of each portion of the membrane must be specified, so thalindginditions are:

ul(y, O) = k| (h,h’,O) (

1+ ay(0)2) v2r \/co§¢+al(0)zsin2¢+cos¢
uD co2 ¢ + a1(0)2sir? ¢ *

2a11(0) a(0) \/cosz¢ + a5 (0)2sir? ¢ + cosp
1+ a2(002) co2 ¢ + a»(0)2sir? ¢ ’

1+ a2(0)%) v2r
ub

26 d
uz(y,0) = k|(h,h’70) ( al(o)J \/CO§¢+01(0) Sin‘ ¢ COS¢+

cog ¢ + a1(0)2sir? ¢

2a1(0) \/co§¢+az(0)25in2¢—cos¢
(1+a2(0)?) co2 ¢ + az(0)2sirf ¢
(7.12)

and
au(y,0) =0. (7.13)
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From (7.12 can be seen that the valueskpth,h';t) andh'(t) at points near the crack tip
affect the solution a by the timet. It can be seen also that, as claimed earlier, if the coupled
solutions betweek; (h,h';t) andh'(t) are badly behaved, the solution may be also.

On the boundary, the displacement vector is specified. Thadary conditions that model
the latter situation are obtained by balancing the integindlexternal forces on the boundary.
The homogeneous Dirichlet condition and homogeneousthioomegeneous boundary condi-
tions are shown in Figuré.27.

Numerical simulations were carried out with 860 uniform mesh of 4000 elements. A
FORTRAN expression for

1.0
(y1—h)2+y3

TRIDE N(y]_,yg) =

controls the grading of the triangulation. TRIDEN is large®ere the triangulation is to be
most dense, i.e at the crack tip(t),0).

The computational domain consists of a cracked, finite, lggneous, isotropic and linearly
elastic solid, which is described by the square with vestie#,-1),(1,-1),(1,1) and (-1,1) and
an interior crackay, from (h(tp),0) to (1,0) along they;-axis. The crack paths are shown in
Figures7.27.

1.2500

_ INITIAL TRIANGULATION

0.7500

FINAL TRIANGULATION

A /
X7
A
A%

L7

\

Ay
/

/\
Y,
\x

7

Yo, (10%-1)
‘.vi
/\/

S0.255  0.255
'

NV,

O
< >R
TR

Q

—0.7500

A

2,
9

N
A

YA

A S
A
N

’\
AN
AN

T T T T 1 N
-1.2375 =0.7625 =-0.2875 0.1875 0.6625 1.1375 A

LV' _

4

X7

v.1 0.775

Figure 7.27: Initial/final triangulation.
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7.3 Dynamical crack propagation for an in-plane state

The boundary conditions are:

d(y,t)=0, aty;=-1 (zerodisplacement atthe wall)
on = prescribed function aty, = —landy, =1
(7.14)
on=0, atthe crack

on=0, aty;=1

where

E[(l_“)d)/1ul+ud)/2u2] _ E[dY2ul+aY1u2] E[(l_u)d)/2u2+ud)/1ul]

e I TR T (L+m)(1-2p)

The material properties are:

A=31209, v=0.34 u=147e09, the dilatational wave speed = 19705%91,

the shear wave speegd= 1130m the Rayleigh wave speeg = 1017m

seq sed
The time discretization is done by the Crank-Nicolson mdthithe Galerkin method is used
for the 2D space problem.

The strategy for solving dynamic fracture problems is taobthe dynamically admissible
displacement fields from the governing equatiéri() subjected to the initial and boundary
conditions, 7.12), (7.13, (7.14 and then to use the energy rate balance equa@id®)(at
the crack tip equation to determine the crack speed. In etbeds, an iterative procedure to
solve the nonlinear coupled problem is proposed by the floartdn Figure 7.28.

7.3.2 Crack propagation at constant speed in a finite body.

In order to evaluate the procedui®eZ8), we want to get a first approach to describe the crack
propagation in finite bodies under loading conditions. Fapdicity the crack is assumed to
be propagating at a specified velocity and also that only thdenh takes here place.
Uniformly distribuited tractions of magnitude 10B&are applied on the top and the bottom
of the computational domain, i.e at the two sides paralelhéocrack:y, = —1 andy, = 1.

The plate dimensions are®x 2.0, and the crack, with an initial position ip(t), 0), with

ho = 0.1 propagates with a constant velodityt) = 500m/s (W (t) < cg). It is known that in
Mode Il fracture, the allowed velocities are sub-Rayleigtt) < cgr, as well as intersonic

c; < h'(t) < cy. In other words, the Rayleigh wave velocity is an upper liofitMode |
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Set geometrical and input material properties data of thblpm

Apply load and boundary conditions

Solve IBVP for wave equation in cracked domain with givemigfint crack pating [

Extractk (t,h,h’) from discrete FEM solution]

Computeh'(t) using fracture criterion (secant method: roof ¢h,h) — G(h,h") = 0)

Terror

No
@W

Yes

Find h(t) using the dynamic fracture criterion

Remeshing is accomplished to the new crack tip position

Interpolate previous mesh nodal data for finding correspundata of present mesh

conﬁnu§

Figure 7.28: Flow-chart of the FEM algorithm of the problem
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and Il crack tip velocities in the subsonic or sub-Rayleiggion, i.e.h(t) < cg. This was
originally shown by Barenblatt and Cherepanov (196@)] pnd Broberg (1960) 44] for
Mode | and by Craggs (1960)9{] for Mode | and II. Note that, theoretically, the crack can
reach velocities arbitrarily close to the Rayleigh waveogéles, but not propagate with this
velocity.

The crack tip advances from right to left. Since the specimdimite, we stopped the simu-
lation before the propagating crack tip reaches the anetkteem of the domain. The body
is loaded by a tensile stress perpendicular to the crack félse problems were run over a
time corresponding to:

to = (IPROB— 1) « DTO, tr = IPROBx DTO,

with IPROB= 1, ..., NPROB In this way we can solve several similar problems in the same
run, i.e. we set NPROB equal to the number of problems we wagsblve. Then NPROB
loops through the main program will be done, and we can makptbblem parameters vary
with IPROB. Here NPROB = 25 and DT0=0.00003. The translatioime crack tip for each
time step can take any value and is not related to the assuiswdtization.

The Figures.29 7.30, 7.3, 7.32 7.33show the first componeht; of the displacement field

as a crack moves at constant velocity.

The two types of waves, the longitudinal waves and the transs¥ ones, see Tabfel are
independent in the interior of the solid. At boundaries hsas the faces of cracks, the two
types of waves interact.

The wave reaches the crack at abibut6.9e~%s, Figure7.32 The input waves are diffracted
and scattered about the moving crack tip. When elastic wavegropagated, they are
diffracted at an obstacle or geometric discontinuity angrofive rise to a high elevation
of local stress. These stress concentrations become eljyreevere when the moving dis-
continuity is a crack.

The intensity factor is extracted from the FEM solutions bing 6.22). k (t, h, k) is normal-
ized with its initial value in order to obtain non-dimensabisolution of the stress intensity
factors. FigureZ.34shows the value of normalizégi(t, h,h). It shows increasing the patho-
logical oscillatory behaviour fdk (t,h,h’) as the initial crack length increases.

k (t,h,h) value moves from positive to negative with the increase efdtack length. The
values for thak (t,h,h’) < 0 would imply that the crack faces overlap. It also implieatth
the stress ahead of the crack are compressive and squasTgaiar.
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7.3 Dynamical crack propagation for an in-plane state

T=3e-05 x10° T=6e-05 % 10°

T=9e-05 x10° T=0.00012 x 10°

T=0.00015 x10° T=0.00018 x10°

Figure 7.29: FEM solutions for5(6). The first componerit); for the displacement field is
here shown fot = 3e—05,---,1.8e— 04.
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7.3 Dynamical crack propagation for an in-plane state

T=0.00021 x10° T=0.00024 x10°

T =0.00027 x10° T=0.0003 x10°

T=0.00033 x10° T=0.00036 x10°

Figure 7.30: FEM solutions for5(6). The first componerit); for the displacement field is
here shown fot =2.1e—04,---,3.6e— 04.
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7.3 Dynamical crack propagation for an in-plane state

T=0.00039 x10° T=0.00042 X 10°
35 35
3 3
25 25
2 2
15 15
1 1
0.5 0.5
0 0
~05 -05
1 -1
-15
T =0.00045 x10° T=0.00048 x10°
4
4
8 3
2 2
1 1
0 0
= -1
T =0.00051 x10° T =0.00054 x10°
4
3
2
1
0

Figure 7.31: FEM solutions for5(6). The first componerit); for the displacement field is
here shown fot = 3.9e—04,---,5.4e—04.
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7.3 Dynamical crack propagation for an in-plane state

T =0.00057

T=0.0006 x10°

T =0.00063 T =0.00066 x10°

T =0.00069 x10° T=0.00072

Figure 7.32: FEM solutions for5(6). The first componerit); for the displacement field is
here shown fot =5.7e—04,--- ,7.2e— 04.
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7.3 Dynamical crack propagation for an in-plane state

T =0.00075

Figure 7.33: FEM solutions for5(6). The first componerit); for the displacement field is
here shown fot = 7.5e— 04..
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Figure 7.34k (t,h,h’) for crack propagating with constant speed.
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7.4 Conclusions

Crack tip position h(t)

h(®) [m]

, 0000000 6S 000000000
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ts][1e™]

Figure 7.35: Crack evolution= h(t) for crack propagating with constant speed.

The evolution of the crack is shown in Figure3s

Performing such a crack propagation simulation even throuigh constant speed is costly
since the domain on which the elasticity equations have tmh&d, changes in each iteration
step thus requiring (at least local) remeshing. Additignalince the solution exhibits a
strong singularity at the crack tip, a strongly refined mesiequired near the crack tip.
This technique requires considerable computing time ksatithe nature of the iteration.
Because of that, the MPI-based parallel band solver impiésaen PDE2D 27] was used.
This is a parallel solver which runs efficiently on multiplepessor machines, in our cases
8 processors were used, with the matrix distributed oveattadlable processors. The CPU
time required for these computations with 8 processors ahdab iterations is: real time =
159m 49.16s with the mesh refinement at the crack tip.

7.4 Conclusions

In this thesis, it is assumed that the crack always propagdteg a straight line and it does
so even under the influence of a wave.

At first Mode Il crack propagating in a finite domain is dissad and simulated.

A rigorous mathematical derivation of the crack tip motiordar the influence of a wave is
given in Sectiord.2, which is a completion of the work irV[/]. The expression for the total
energy of the system is obtained. Assuming that a globabgrezuilibrium concept is valid,
the equations of motion of the crack tip.{) is deduced, which governs the propagation of

177


Chapter6/Chapter6Figs/EPS/ht.eps

7.4 Conclusions

the crack. This equatior? (1) is solved with two velocity-dependent resistanEegh, h') and
2(h,H) (fracture toughnesses).

Numerical approximation methods for this coupled probleedeveloped in Section.1.1
We focus on the development of stable methods, as Crank$dicdor the time discretiza-
tion, Galerkin methodslfZ], [26]. An iterative procedure is derived for the coupled prohlem
The set of coupled equations.7) or (7.8) and (7.1) is solved by the program PDE2D, a
commercially-available finite element code (www.pde2thfoThe mesh of the calculation
must be particularly dense near the crack tip. A final tridagon of 4000 quadratic triangles
is used. The analysis shows that -as expected- the cougbtepr for the crack propagation
with the interaction of a wave reproduces the charactesisif material behaviour, such as
the stress intensity factor, the crack tip speed and thé&¢iaposition.

The problems solved numerically in sectiohg-7.2 for the out-of-plane case are exceptio-
nally difficult for at least three reasons.

At first one has to calculate the stress intensity factot3 with reasonable accuracy, given a
numerical solution to an out-of-plane wave PDE. The contmnaf (4.43 represents a chal-
lenge even for the steady-state problem, because \g)lfgilie in theory infinite at the crack tip
(R(t) = h(t)) for the numerical solution it is always finite, thus the prot /(R(t) — h(t))g—;'2
numerically goes to O &(t) = h(t) and one needs to look at valuesRit) close enough to
h(t) but not too close. One has to examinate the problem at smakvafR(t) whereas

the grading of the triangulation is controlled to make sheré were still many triangles be-
tween the examined values and the crack tip. Additionatititme-depending functioa(t)

in (4.43 changes with the values of the crack tip speét), which must therefore be known
with reasonable accuracy.

Second and even more difficult problem: given an estimatkestress intensity factor from
(4.43), calculaten'(t) from (7.2). This assumes the fracture toughness is known as a function
of the crack tip speed. The first numerical experiments wereedising the formula for the
fracture toughness given by.@), which when solved fol(t) results in 7.5). The formula
(7.3) was used because of the lack of a better, more experimgjuatified formula for the
fracture toughness but it produces monotonically increagalues of the crack tip velocities

to a limit of ¢, [1]. Later on a second formula for the fracture toughness id (&d). This
formula come from experiments published by University okyl@ researchers and it gives
us the formula 7.6) when solved foY(t). Besides the fact that this second formula is a
published experimental relationship, it also has anotbeaatage over the first formula: as
can be seen in Figuré2 (or verified directly from7.5-7.6) for the first formula the derivative

of W with respect to the stress intensity factor is infinitd'gt) = 0, which means when the
crack speed is nearly 0, a very small increase in stresssitydaads to a very large increase
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7.4 Conclusions

in ', which is probably the source of some inestability in thaultss The second formula
from University of Tokyo does not suffer from this stabilpyoblem.

A third difficulty is that one must treat a moving-singulgroblem. Although PDE2D does
not directly handle moving boundary problems, this wasstattorily resolved by moving
the crack in small increments, after each small increasedokclength, the solution was
dumped and re-interpolated into the new problem with the Ibemndary (longer crack).

The influence of the geometry and of the length of the pretexigg crack on the configu-
ration could also be considered, for more details 3&k [

The equation of motion of the crack tip under the influence wfaae was simulated here
for given initial data, loading and other parameters. Tineugation results and data can be
used in the future in order to compute the crack tip propagdiehaviour in other situations.
In particular, the simulation can be done for other matetegghendent fracture resistances
r=r(hHh).

So far, to the authors’ knowledge, no such simulations fackipropagation have been done.
Although the obtained solutions are not high accuratejqaatly at larges times, given the
difficulty of the problem, the obtaining results are evenlga@vely correct and a major
achievement.

In section7.3 an overview is given of how one could extend the out-of-plalg@rithms to
solve the in-plane state problem, with a similarly-complutariable crack velocity. For this
even more complicate problem it is presented a first stepaa@wby solving an in-plane
wave problem with a crack whose velocityft) is constant and given, and the stress intensity
factor is computed as function of time in this case.
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APPENDIX A

Appendix A

A.1 Useful equalities and transformations

Operators in polar coordinates:
The operators can be written in polar coordinates as follows

92 10 1 92

O= s+t 32—
or2 ror  r?2iw?
dup 1o du o0 duy L 1 coen dU
racki - coswZt —sinwgl sinwgt + 1 cosw L
cosw?2 —Lsinw?%2 sinw%2 4+ 1 cosw 2

.
(A.1)

) | ,
cosw  sinw 9
(—smw cosoo) (Fl_> G

d
Jw

W (B0 g U g du 0w 1 Ou
d|v<u (rw)_cosooﬁr rSInw0w+Slnwdr+rcosw0w

_ (cosw sinw) [ Z Uy
~ \—sinw cosw/ |19 U/’
rdw
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A.1 Useful equalities and transformations

The following relations hold:

sing

9, = singd, +Ts¢a¢,

02 25in¢ cosp  2singcosp 9* sty 9  sig 92

01 = COSp oy — ——0s,

al—COSZ(I) 2 dd) r (9r6¢ r E_F r2 d¢27

22 sm2¢ 62 _ 2sing cosp J | 2sing cosp 92 0052¢£+ cos¢ 02

2= r2 o r ord¢ r or r2 9¢2
(A.2)

The known trigonometrical formulas

b0 b0

cos@ ¢Z<1)> COS(,1) COS——— >~ sing ) sm%, (A.3)
sin (g ¢Z<2)) —sing.z, ¢22(2> o Si ¢22(2> : (A.4)
§¢ 1+cos¢ \/co§¢+afsin2¢+cos¢, A5)

2 2\/co§¢+alzsin2¢
7 b _ 1—cospy \/co§ ¢ -+ aZsir’ ¢ — cosp | A6

2 2 2\/co§¢+als|n2¢

The anisotropic Lamé equations

(e~ e)0f N (1)%0p (6; —5)0102 vi) _ (0
( (C% C%)‘?laZ C%A—i—(cz )0 h/( )2@%) <V2) = <0) ) (A.7)

a
can be written in spherical coordinates witk- ( ) = (ragl(¢)>:
Vo rgz(¢)

A/2—B/2cog2¢) 0 oy (1—A)Bsin(2¢) C(A —1)—A+Bcog2¢)\ (9,
0 A/2-B/2co$2¢)+C) \g4 ) T \C(1+A)+A—Boog26) (1— A)Bsin(2¢) o) "

(A/2+C)(A2—1)+B/2(A — 1)2cos(29) —B(1—A)sin(2¢) @) (o 8
B(1—A)sin(2¢) A/2(A2—1)+B/2(A —1)2cos2¢) ) \g2) ~ \0)’ '

1 1 c2—c2 1
withA=1+——_- B=1-——— andC=-1 2 — .
Tt 0 (t)? Zaz(t)? (- 2v)aa(t)?
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APPENDIX B

Appendix B

B.1 Fortran Code

Distribution of the eigenvalue solved by PDE2D Program.

C skskok ok ok o ok ok ok sk sk ok ok ok o ok ok sk sk sk sk ok ok ok

C * PDE2D 9.2 MAIN PROGRAM *

C skkskskok ok ofok ok sk sksk ok ok o kok sk sk sk sk ok ok ok ok

C *x*% 1D PROBLEM SOLVED (COLLOCATION METHOD) s**x

CHHHH R R R
C Is double precision mode to be used? Double precision is recommended #
C on 32-bit computers. #

CHH#HHHHHH AR H R R R R R R R
implicit double precision (a-h,o0-z)
parameter (neqnmx= 99)
CHH#HHHHHHH R R H R R R R R R R R
C NXGRID = number of X-grid lines #
CHHBHHHHHHHBHHHHHHHRH R H B HHH R B R R R R R R
PARAMETER (NXGRID = 100)
CHHHHHHHHHHBH R BB H B H R R R R R
C How many differential equations (NEQN) are there in your problem? #
CHH#HHHHHH AR A H R R R R R R R
PARAMETER (NEQN = 2)
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B.1 Fortran Code

C DIMENSIONS OF WORK ARRAYS

C SET TO 1 FOR AUTOMATIC ALLOCATION
PARAMETER (IRWK8Z= 1)
PARAMETER (IIWK8Z= 1)

PARAMETER (NXP8Z=1001,KDEG8Z=1)
CHHHHHFHHHHBHHHHHHHRHHHHHH A FHH R R R R R R R

C The solution is saved on a uniform grid of NX+1 points #
C XA + I*(XB-XA)/NX #
C I=0,...,NX. Enter a value for NX (suggested value = 50). #

CHHt 4
PARAMETER (NX = 50)
CHHt## S H S R R S S S S S S 4

C The solution will be saved (for possible postprocessing) at the NSAVE+1 #
C time points #
C TO + Kx(TF-TO)/NSAVE #
C K=0,...,NSAVE. Enter a value for NSAVE. #
C #
C If a user-specified constant time step is used, NSTEPS must be an #
C integer multiple of NSAVE. #

CHHHHHHHHAH M H AR H B HHH RS R R R R R
PARAMETER (NSAVE = 200)
common/parm8z/ pi,al ,rnu ,alpha2
dimension xgrid(nxgrid),xout8z(0:nx),xcross(100),tout8z(0:nsave),u
&out8z(0:nx,2*neqn,0:nsave) ,uout (0:nx,2,neqn,0:nsave) ,xres8z(nxp8z)
& ,ures8z(neqn,nxp8z)
equivalence (uout,uout8z)
allocatable iwrk8z(:),rwrk8z(:)
C dimension iwrk8z(iiwk8z),rwrk8z(irwk8z)
character*40 title
logical linear,crankn,noupdt,nodist,fillin,evcmpx,adapt,plot,lsqfi
&t,fdiff,econ8z,ncon8z,restrt,gridid
common/dtdp14/ sint8z(20),bint8z(20),s1im8z(20) ,b1im8z(20)
common/dtdpl5/ evlr8z,ev0r,evli8z,ev0i,evcmpx
common/dtdpl6/ p8z,evr8z(50),evi8z(50)
common/dtdp19/ toler(neqnmx) ,adapt
common/dtdp30/ econ8z,ncon8z
common/dtdp42/ nxa8z,kd8z
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B.1 Fortran Code

common/dtdp43/ work8z(nxp8z+3)

common/dtdp45/ perdc(neqnmx)

common/dtdp46/ eps8z,cgtl8z,npmx8z,itype
common/dtdp62/ amin8z(2*neqnmx) ,amax8z (2*neqnmx)
pi = 4.0%atan(1.d0)

nxa8z = nxp8z

kd8z = kdeg8z

CHH##HFHHHH AR H R R H R R R R R R

NPROB = 1
do 78755 iprob=1,nprob

CHHBHHHHHHHBHHHHHHHBHHHHHH AR H R R R R R R R

Q QO QO 0 o000

You may now define global parameters, which may be referenced in any
of the "FORTRAN expressions" you input throughout the rest of this
interactive session. You will be prompted alternately for parameter

names and their values; enter a blank name when you are finished.

Parameter names are valid FORTRAN variable names, starting in
column 1. Thus each name consists of 1 to 6 alphanumeric characters,
the first of which must be a letter. If the first letter is in the

range I-N, the parameter must be an integer.

Parameter values are either FORTRAN constants or FORTRAN expressions
involving only constants and global parameters defined on earlier

lines. They may also be functions of the problem number IPROB, if

you are solving several similar problems in one run (NPROB > 1). Note
that you are defining global CONSTANTS, not functions; e.g., parameter

values may not reference any of the independent or dependent variables

of your problem.

H OH O H O H OH OH OHF O H H OH OH OH OH OH OH OH O H H

+++++++++++++++ THE "FINE PRINT" (CAN USUALLY BE IGNORED) ++++++++++++++#

add them to COMMON block /PARM8Z/ everywhere this block appears, if

they are to be "global" parameters.

+
+
+
+
+ The variable PI is already included as a global parameter, with an
+

accurate value 3.14159...

If you define other parameters here later, using an editor, you must +#

+#
+#
+#
+#
+#

++++++++++++++++++++++++++ END OF "FINE PRINT" +++++++++++++++++++++++++4
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B.1 Fortran Code

CHHHHHHHHHHBHHHHHHHBHHHHHH B FHH R R R R R R R

al =
& pi
rnu =
& 0.45
alpha2 =
& 1.0
CHHHBHIHHH R R R R R R R R R R R R
A collocation finite element method is used, with cubic Hermite
basis functions on the subintervals defined by the grid points:
XGRID(1) ,XGRID(2),...,XGRID(NXGRID)

You will first be prompted for NXGRID, the number of X-grid points,
then for XGRID(1),...,XGRID(NXGRID). Any points defaulted will be

uniformly spaced between the points you define; the first and last
points cannot be defaulted. The interval over which the PDE system
is to be solved is then:
XGRID(1) < X < XGRID(NXGRID)
CHHHBHIHHHHH R R R R R R R R R R R R R
call dtdpwx(xgrid,nxgrid,0)
C XGRID DEFINED
XGRID(1) =
& -al/2.
XGRID(NXGRID) =
& al/2.
call dtdpwx(xgrid,nxgrid,1)
C *x%kkckkTIME-DEPENDENT PROBLEM

Q QO QO Q  Q  a a
H O H O H OH OH OH O HF H H

itype = 2
CHHHGHHHHAH R HAHHEH B HHH RS R H R R R R R S R
C Enter the initial time value (TO) and the final time value (TF), for #
C this time-dependent problem. TO defaults to O. #
CHHHHHHHH AR R R R
TO = 0.0
TO =
& 0O
TF =
& 4.0
CHHHHHHHHAH R H AR H R H AR R R R R R
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B.1 Fortran Code

C Is this a linear problem? ("linear" means all differential equations #

C and all boundary conditions are linear) #

CHIHHHHHHHHHHHEEEEE S R R R R R
LINEAR = .TRUE.

CHIHHHHHHHHHHHEHEEE AR R R

Do you want the time step to be chosen adaptively? If you answer #
’yes’, you will then be prompted to enter a value for TOLER(1), the #
local relative time discretization error tolerance. The default is #

TOLER(1)=0.01. If you answer ’no’, a user-specified constant time step #
will be used. We suggest that you answer ’yes’ and default TOLER(1) #

(although for certain linear problems, a constant time step may be much #

Q QO Q  Q Q Q

more efficient). #
CHHHHHHHH AR H AR R R R R R
ADAPT = .FALSE.
TOLER(1) = 0.01
NOUPDT = .FALSE.
CHHHHHHHH AR H AR R R

C The time stepsize will be constant, DT = (TF-TO)/NSTEPS. Enter a #
C value for NSTEPS, the number of time steps. #
C +++++++++++++++ THE "FINE PRINT" (CAN USUALLY BE IGNORED) ++++++++++++++#
C + If you later turn on adaptive step control, the time stepsize will be+#
C + chosen adaptively, between an upper limit of DTMAX = (TF-TO)/NSTEPS +#
C + and a lower limit of 0.0001xDTMAX. +#
C +H+++++ 4+ END OF "FINE PRINT" +++++++++++++++++++++++++#
CHHHBHIHHHH R R R R R R R R R R R R R R

NSTEPS =

& 200

dt = (tf-t0)/max(nsteps,1)

CHAHHHIHHHH R
If you don’t want to read the FINE PRINT, enter ’no’. #
#

+++++++++++++++ THE "FINE PRINT" (CAN USUALLY BE IGNORED) ++++++++++++++#
+ Is the Crank-Nicolson scheme to be used to discretize time? If you +#
+ answer ’no’, a backward Euler scheme will be used. +i#
+#

Q QO QO  Q Q Q Q@

+
+ If a user-specified constant time step is chosen, the second order  +#
+

Crank Nicolson method is recommended only for problems with very +#
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B.1 Fortran Code

well-behaved solutions, and the first order backward Euler scheme +#
should be used for more difficult problems. In particular, do not  +#
use the Crank Nicolson method if the left hand side of any PDE is +#

zero, for example, if a mixed elliptic/parabolic problem is solved. +#

+
+
+
+
+
+ If adaptive time step control is chosen, however, an extrapolation  +#
+ is done between the l-step and 2-step answers which makes the Euler +#
+ method second order, and the Crank-Nicolson method strongly stable. +#
+ Thus in this case, both methods have second order accuracy, and both +#
+

are strongly stable. +#

Q QO QO Qo a

++++++++++++++++++++++++++ END OF "FINE PRINT" +++++++++++++++++++++++++#
CHIHHHHHHHHHHHEHEE S R R R R
CRANKN = .FALSE.
FDIFF = .FALSE.
O S

C You may calculate one or more integrals (over the entire region) of #
C some functions of the solution and its derivatives. How many integrals #
C (NINT), if any, do you want to calculate? #
C #
C +++++++++++++++ THE "FINE PRINT" (CAN USUALLY BE IGNORED) ++++++++++++++#
C + In the FORTRAN program created by the preprocessor, the computed +#
C + values of the integrals will be returned in the vector SINT8Z. If  +#
C + several iterations or time steps are done, only the last computed +#
C + values are saved in SINT8Z (all values are printed). +#
C + +#
C + A limiting value, SLIM8Z(I), for the I-th integral can be set +#
C + below in the main program. The computations will then stop +#
C + gracefully whenever SINT8Z(I) > SLIM8Z(I), for any I=1...NINT. +#
C +H+++++ 4+ END OF "FINE PRINT" +++++++++++++++++++++++++#
CHHHBHIHHHHH R R R R R R R R R R R R R
NINT = 1
CHA#HHIHHHHH R R R
C You may calculate one or more boundary integrals (over the entire #
C boundary) of some functions of the solution and its derivatives. How #
C many boundary integrals (NBINT), if any, do you want to calculate? #
CHHARHHIHHHHH R R R
NBINT = 0
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CHHHHHHHHHHBHHHHHHHBHHHHHH B FHH R R R R R R R

C If you don’t want to read the FINE PRINT, enter ’no’. #
C #
C +++++++++++++++ THE "FINE PRINT" (CAN USUALLY BE IGNORED) ++++++++++++++#
C + Normally, interpolation is done to approximate the initial values +#
C + using cubic Hermites. Since some derivatives must be interpolated, +#
C + if the initial values are not smooth (ie, have large or infinite +#
C + derivatives), the resulting cubic interpolants may have undesired +#
C + noise or large spikes. Do you want to compute a least squares +#
C + approximation to the initial values, rather than an interpolant? +#
C + The least squares fit is generally much smoother, but requires one  +#
C + extra linear system solution. +#
C ++++++++++++++++++++++++++ END OF "FINE PRINT" +++++++++++++++++++++++++#
CHHAHHHIHHHH R
LSQFIT = .FALSE.
RESTRT = .FALSE.
C GRIDID = .FALSE. IF FINITE ELEMENT GRID CHANGES BETWEEN DUMP, RESTART
GRIDID = .TRUE.
CHARHHIHHHH R R
C If you do not have periodic boundary conditions, enter IPERDC=0. #
C #
C Enter IPERDC=1 for periodic conditions at X = XGRID(1),XGRID(NXGRID) #
CHHAHHHIHHHH R R R
IPERDC = 0
CHHHBHIHHHH R R R R R R R R R R
C The solution is saved on a uniform grid of NX+1 points, covering the #
C interval (XA,XB). Enter values for XA,XB. These variables are usually #
C defaulted. #
C The defaults are XA = XGRID(1), XB = XGRID(NXGRID) #

CHtt S S A
C defaults for xa,xb

xa = xgrid(1)
xb = xgrid(nxgrid)
C DEFINE XA,XB HERE:

call dtdpxl(nx,xa,xb,hx8z,xout8z,npts8z)
C *xxxxx*allocate workspace

call dtdplq(nxgrid,neqn,ii8z,ir8z)
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if (iiwk8z.gt.1) ii8z = iiwk8z
if (irwk8z.gt.1) ir8z

allocate (iwrk8z(ii8z) ,rwrk8z(ir8z))

irwk8z

C *xxkkkkkDRAW GRID POINTS?
PLOT = .FALSE.
C *xkxk*%xcall pde solver

call dtdplx(xgrid, nxgrid, neqn, nint, nbint, xout8z, uout, tout8z
&, iperdc, plot, lsqfit, fdiff, npts8z, t0, dt, nsteps, nout, nsave
&, crankn, noupdt, itype, linear, rwrk8z, ir8z, iwrk8z, 1i8z, restr
&t, gridid)
deallocate (iwrk8z,rwrk8z)
xxxxxxxread from restart file to array ures8z
call dtdpri(1l,xres8z,nxp8z,ures8z,neqn)
*xkkkkkyrite array ures8z back to restart file

call dtdprl(2,xres8z,nxp8z,ures8z,neqn)

Q Q Q Q Q@

*kkkkkcall user-written postprocessor
call postpr(tout8z,nsave,xout8z,nx,uout,neqn)
C *xkkkokkLINE PLOTS
CHHHBHIHHHHH R R
Enter a value for IVAR, to select the variable to be plotted or
printed:
IVAR = 1 means Gl (possibly as modified by UPRINT,..)
2 Glx
3 G2
4 G2x
CHHHBHIHHHHH R R R R R R R R R R R R
IVAR = 2
C T IS VARIABLE
ics8z = 2
CHHHBHIHHHHHH R R R R R R R R R R R

C
C
C
C
C
C

H O H O H O H H OH=

C One-dimensional plots of the output variable as a function of T
C will be made, at the output grid points X closest to

C XCROSS(I), I=1,...,NXVALS
C
C

H O H O H O H OH

Enter values for NXVALS, XCROSS(1),...,XCROSS(NXVALS),
CH#t#
NXVALS = 1
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XCROSS(1) =
& O

alow = amin8z(ivar)
ahigh = amax8z(ivar)
CH##HHHHHHAHHHAHHHAHHHAFHHEHH RS HHASH B A HH ARG H B H RS HHH S H RS H RS RS S H S RS

C Specify the range (UMIN,UMAX) for the dependent variable axis. UMIN #
C and UMAX are often defaulted. #
C #
C +++++++++++++++ THE "FINE PRINT" (CAN USUALLY BE IGNORED) ++++++++++++++#
C + By default, each plot will be scaled to just fit in the plot area. +#
C + For a common scaling, you may want to set UMIN=ALOW, UMAX=AHIGH. +#
C + ALOW and AHIGH are the minimum and maximum values over all output +#
C + points and over all saved time steps or iterations. +#
C +H+++++ 4+ END OF "FINE PRINT" +++++++++++++++++++++++++#
CHHHBHIHHHH R R R R R R R R R R R R

UMIN = 0.0

UMAX = 0.0
CHHHBHIHHHH R R R R
C Enter a title, WITHOUT quotation marks. A maximum of 40 characters #
C are allowed. The default is no title. #
CHHHBHIHHHH R R R R R R R R R R R R

TITLE =’ ’

TITLE = ’Eigenvalue ?

is8z =0

do 78756 ixv8z=1,nxvals
call dtdpzx(xcross(ixv8z),xa,xb,nx,ix8z)
call dtdpzp(ics8z,ivar,tout8z,nsave,xout8z,nx,uout8z,neqn,title,um
&in,umax,ix8z,is8z)
78756 continue

C sskxkxxLINE PLOTS
IVAR = 1

C X IS VARIABLE
ics8z =1
ISET1 =0
ISET2 = NSAVE
ISINC = 1

190



B.1 Fortran Code

ISET1
& 50

ISET2
& 200

ISINC
& 50

alow = amin8z(ivar)
ahigh = amax8z(ivar)
CH##HHHHHHAHHHAFHH A HAFHHEHH RS HHASHHHHH A S H B RS HHH SRR R R RS R

C Specify the range (UMIN,UMAX) for the dependent variable axis. UMIN #
C and UMAX are often defaulted. #
C #
C +++++++++++++++ THE "FINE PRINT" (CAN USUALLY BE IGNORED) ++++++++++++++#
C + By default, each plot will be scaled to just fit in the plot area. +#
C + For a common scaling, you may want to set UMIN=ALOW, UMAX=AHIGH. +#
C + ALOW and AHIGH are the minimum and maximum values over all output +#
C + points and over all saved time steps or iterations. +#
C +H++++++ 4+ END OF "FINE PRINT" +++++++++++++++++++++++++#
CHARHHIHHHH R R R

UMIN = 0.0

UMAX = 0.0
CHHAHHHIHHHHH R
C Enter a title, WITHOUT quotation marks. A maximum of 40 characters #
C are allowed. The default is no title. #
CHHHBHIHHHH R R R R R R R R R R R R

TITLE = ’G1 ’

call dtdprx(tout8z,nsave,isetl,iset2,isinc)

do 78757 is8z=isetl,iset2,isinc

call dtdpzp(ics8z,ivar,tout8z,nsave,xout8z,nx,uout8z,neqn,title,um
&in,umax,ix8z,1s8z)

78757 continue

C *xxkkokkLINE PLOTS

CHHHBHIHHHHH R R R R R R R R R R R R
C Enter a value for IVAR, to select the variable to be plotted or #
C printed: #
C IVAR = 1 means G1 (possibly as modified by UPRINT,..) #
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C 2 Glx #
C 3 G2 #
C 4 G2x #
CHH#FHHHH R R S
IVAR = 3
C X IS VARIABLE
ics8z =1
ISET1 = 0
ISET2 = NSAVE
ISINC =1
ISET1 =
& 50
ISET2 =
& 200
ISINC =
& 50
C

alow = amin8z(ivar)
ahigh = amax8z(ivar)
CH##HHHHHHAHHHAHHH A HAFHHEHH RS HHASH A H RS H B RS HHH SRR R S S RS

C Specify the range (UMIN,UMAX) for the dependent variable axis. UMIN #
C and UMAX are often defaulted. #
CHHHHHIHHHH R
UMIN = 0.0
UMAX = 0.0
CHHHBHIHHHH R R R R R R R R R R R R R
C Enter a title, WITHOUT quotation marks. A maximum of 40 characters #
C are allowed. The default is no title. #
CHHHHHIHHHH R R R
TITLE = ’G2 ’

call dtdprx(tout8z,nsave,isetl,iset2,isinc)
do 78758 is8z=isetl,iset2,isinc
call dtdpzp(ics8z,ivar,tout8z,nsave,xout8z,nx,uout8z,neqn,title,um
&in,umax,ix8z,1s8z)
78758 continue
78755 continue
call endgks
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stop

end

subroutine pdes8z(yd8z,i8z, j8z,kint8z,x,t,uudz)
implicit double precision (a-h,o-z)
parameter (neqnmx= 99)
un8z(1,I),un8z(2,I),... hold the (rarely used) values
of UI,UIx,... from the previous iteration or time step
common /dtdp4x/un8z(3,neqnmx)
common /dtdpll/normx

double precision normx,uu8z(3,neqnmx)

common/parm8z/ pi,al ,rnu ,alpha2
Gl = uu8z(1, 1)
Gix = uu8z(2, 1)

Glxx= uu8z(3, 1)
G2 = uu8z(1, 2)
G2x = uu8z(2, 2)
G2xx= uu8z(3, 2)
if (i8z.eq.0) then
yd8z = 0.0

CHH##HFHHH AR R H R B H R R R R R R

C
C
C
C
C
C
C
C
C

Enter FORTRAN expressions for the functions whose integrals are to be

calculated and printed. They may be functions of

X,G1,G1x,G1xx,G2,G2x,G2xx and (if applicable) T

#
#
#
#
#

+++++++++++++++ THE "FINE PRINT" (CAN USUALLY BE IGNORED) ++++++++++++++4

+ If you only want to integrate a function over part of the interval,

+ define that function to be zero on the rest of the interval.

+#
+#

+t+ttttttttttttttt++++++++ END OF "FINE PRINT" +++++++ttttttttttttt++++++4

CHH#HHHHHH AR R H R R R R R R R

C

INTEGRAL DEFINED
if (kint8z.eq. 1) yd8z =
& abs(G1)+abs(G2)

CHH#HHHHHH AR A H R R H R R R R R R R

C
C

Enter FORTRAN expressions for the functions whose "integrals" (sum

over two boundary points) are to be calculated and printed. They may
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C be functions of #
C #
C X,G1,G1x,G1xx,G2,G2x,G2xx and (if applicable) T #
C #
C The unit outward normal, NORMx (=1 at right endpoint, -1 at left), #
C may also be referenced. #
C #
C +++++++++++++++ THE "FINE PRINT" (CAN USUALLY BE IGNORED) ++++++++++++++#
C + If you only want to "integrate" a function over one boundary point, +#
C + define that function to be zero at the other point. +#
C +H+++++ 4+ END OF "FINE PRINT" +++++++++++++++++++++++++#
CHHHB R R R R R R R R R R R R R R
C BND. INTEGRAL1 DEFINED
C if (kint8z.eq.-1) yd8z =
C & [DEFAULT SELECTED, DEFINITION COMMENTED OUT]

else

CHH##HHHHH AR H R R R R R R R

C Now enter FORTRAN expressions to define the PDE coefficients, which #
C may be functions of #
C #
C X,T,G1,G1x,Glxx,G2,G2x,G2xx #
C #
C Recall that the PDEs have the form #
C #
C C11%d(G1)/dT + C12*d(G2)/dT = F1 #
C C21%d(G1)/dT + C22%d(G2)/dT = F2 #
C #
CHH#HHIHHHH R R R

phi = x

rlambda = t

A =1 + 1/alpha2%x2

B = 1 - 1/alpha2#*%2

C = 1./(1-2*rnu)*alpha2**2

F11 = A/2. - B/2.%cos(2%phi)

F22 = A/2. - B/2.*cos(2%phi) + C

D11 = (1-rlambda)*B*sin(2%phi)

D12 = C*(rlambda-1) - A + B*cos(2*phi)
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D21 = C*(1+rlambda) + A - B*cos(2*phi)
D22 = (1-rlambda)*B*sin(2%phi)
E11 = (A/2.+C)*(rlambda**2-1) + B/2.*(rlambda-1)**2*cos(2*phi)
E12 = -Bx(l-rlambda)*sin(2*phi)
E21 = Bx(l-rlambda)*sin(2*phi)
E22 = A/2.x(rlambda*x*2-1) + B/2.*(rlambda-1)**2*cos(2*phi)
if (j8z.eq.0) then
yd8z = 0.0
C C(1,1) DEFINED
if (i8z.eq. -101) yd8z =
& O
C C(1,2) DEFINED
if (i8z.eq. -102) yd8z =
& O
C F1 DEFINED
if (i8z.eq. 1) yd8z =
& F11xGlxx + D11*Glx + D12*G2x + E11%Gl + E12*G2 - exp(x)
C C(2,1) DEFINED
if (i8z.eq. -201) yd8z =
& O
C C(2,2) DEFINED
if (i8z.eq. -202) ydSz =
& O
C F2 DEFINED
if (i8z.eq. 2) yd8z =
& F22xG2xx + D21*Glx + D22*G2x + E21%Gl + E22*G2 - exp(-x)
else
endif
endif
return
end

function u8z(i8z,x,t0)
implicit double precision (a-h,o0-z)
common/parm8z/ pi,al ,rnu ,alpha2
u8z = 0.0
CH##HHHHHHAHHHAHHH A HAHHHEHH RS HHAFH B HH A H B HH S HHH S H SRR R RS RS
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C
C

Now the initial values must be defined using FORTRAN expressions.

#

They may be functions of X, and may also reference the initial time TO. #

CHH##HHHHH AR H R R R R R R R

C

G10 DEFINED
if (i8z.eq. 1) u8z

& O

G20 DEFINED

if (i8z.eq. 2) u8z

& O

return

end

subroutine gb8z(gd8z,ifac8z,i8z, j8z,x,t,uu8z)
implicit double precision (a-h,o0-z)
parameter (neqnmx= 99)
dimension uu8z(3,neqnmx)
un8z(1,I),un8z(2,I),... hold the (rarely used) values
of UI,UIx,... from the previous iteration or time step
common /dtdp4x/ un8z(3,neqnmx)

double precision none

common/parm8z/ pi,al ,rnu ,alpha2
none = dtdplx(2)
Gl = uu8z(1, 1)
Glx = uwu8z(2, 1)
G2 = uu8z(1, 2)
G2x = uu8z(2, 2)

if (j8z.eq.0) gd8z = 0.0

CHHHHHFHHHHBHHHHHHHBHHHHHH A FHH RS R R R R R R

Q QO O 0 Q Q Q Q@

Enter FORTRAN expressions to define the boundary condition functions,

which may be functions of

X,G1,G1x,G2,G2x and (if applicable) T

Recall that the boundary conditions have the form

G1
G2
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C #
C Enter NONE to indicate "no" boundary condition. #
CHH#FHHHHH R
if (ifac8z.eq. 1) then
CHH#FHHHH R R S
C First define the boundary conditions at the point X = XGRID(1). #
CHHHHHHHHHHBHHHHHHHRHHHHHH A HHH R R R R R R R
if (j8z.eq.0) then

C G1 DEFINED
if (i8z.eq. 1) gd8z =
& G1
C G2 DEFINED
if (i8z.eq. 2) gd8z =
& G2
else
endif
endif

if (ifac8z.eq. 2) then
CHARHHIHHHH R R
C Now define the boundary conditions at the point X = XGRID(NXGRID). #
CHHHBHIHHHH R R R R R R R R R R R R
if (j8z.eq.0) then

C G1 DEFINED
if (i8z.eq. 1) gd8z =
& G1
C G2 DEFINED
if (i8z.eq. 2) gd8z =
& G2
else
endif
endif
return
end

subroutine pmod8z(x,t,uu8z,uprint,uxprnt)
implicit double precision (a-h,o0-z)

dimension uu8z(3,*) ,uprint (*) ,uxprnt (*)
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common/dtdp14/sint (20) ,bint (20),s1im8z(20) ,b1im8z(20)
common/parm8z/ pi,al ,rnu ,alpha2

Gl = uu8z(1, 1)

Glx = uu8z(2, 1)

Glxx= uu8z(3, 1)

G2 = uu8z(1, 2)

G2x = uu8z(2, 2)

G2xx= uu8z(3, 2)

CHIHFHHHH A H AR R R

C + Normally, PDE2D saves the values of G1,G1x,G2,G2x at the output +#
C + points. If different variables are to be saved (for later printing +#
C + or plotting) the following functions can be used to re-define the +#
C + output variables: +i#
C + define UPRINT(1) to replace Gl +#
C + UXPRNT (1) Gix +#
C + UPRINT(2) G2 +#
C + UXPRNT (2) G2x +#
C + Each function may be a function of +#
C + +#
C + X,G1,G1x,G1xx,G2,G2x,G2xx and (if applicable) T +#
C + +#
C + Each may also be a function of the integral estimates SINT(1),..., +#
C + BINT(1), ... +#
C + +#
C + The default for each variable is no change, for example, UPRINT(1) +#
C + defaults to Gl1. Enter FORTRAN expressions for each of the +#
C + following functions (or default). +#
CHARHHIHHHH R R R
C DEFINE UPRINT (%) ,UXPRNT(*) HERE:

UXPRNT(1) = 0O
if (sint(1).ge.0.001) then
UXPRNT (1) = log(sint (1))
endif
return
end
C dummy routines

subroutine xy8z(i8z,iarc8z,s,x,y,s0,sf)
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Q Q Q  Q @

implicit double precision (a-h,o0-z)
return

end

subroutine dis8z(x,y,ktri,triden,shape)
implicit double precision (a-h,o-z)
return

end

function fb8z(i8z,iarc8z,ktri,s,x,y,t)
implicit double precision (a-h,o0-z)
fb8z = 0

return

end

function axis8z(i8z,x,y,z,ical8z)
implicit double precision (a-h,o0-z)
axis8z = 0

return

end

subroutine tran8z(itrans,x,y,z)
implicit double precision (a-h,o0-z)
return

end

subroutine postpr(tout,nsave,xout,nx,uout,neqn)
implicit double precision (a-h,o0-z)
dimension xout(0:nx),tout(0:nsave)
dimension uout(0:nx,2,neqn,0:nsave)
common/parm8z/ pi,al ,rnu ,alpha2
common /dtdp27/ itask,npes,icomm
common /dtdp46/ eps8z,cgtl8z,npmx8z,itype
data lun,lud/0,47/
if (itask.gt.0) return
UOUT(I,IDER,IEQ,L) = U-sub-IEQ, if IDER=1
Ux-sub-IEQ, if IDER=2

(possibly as modified by UPRINT,..)

at the point XOUT(I)

at time/iteration TOUT(L).

*kxxkxx ADD POSTPROCESSING CODE HERE:
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78753

78754

78755

78756
78757
78758
78759
78760

IN THE EXAMPLE BELOW, MATLAB PLOTFILES pde2d.m,
pde2d.rdm CREATED (REMOVE C! COMMENTS TO ACTIVATE)

if (lun.eq.0) then
lun = 46
open (lun,file=’pde2d.m’)
open (lud,file=’pde2d.rdm’)
endif
do 78753 1=0,nsave
if (tout(l) .ne.dtdplx(2)) nsaveO = 1
continue
write (lud,78754) nsaveO
write (lud,78754) neqn
write (lud,78754) nx
format (i8)
do 78755 i=0,nx
write (lud,78760) xout(i)
continue
do 78759 1=0,nsave0
write (lud,78760) tout(l)
do 78758 ieq=1,neqn
do 78757 ider=1,2
do 78756 i=0,nx
write (lud,78760) uout(i,ider,ieq,l)
continue
continue
continue
continue
format (el16.8)
write (lun,*) ’% Read solution from pde2d.rdm’
write (lun,*) ’fid = fopen(’’pde2d.rdm’’);’
write (lun,*) ’NSAVE = fscanf(fid,’’%g’’,1);’
write (lun,*) ’NEQN = fscanf(fid,’’%g’’,1);’
write (lun,*) ’NX = fscanf(fid,’’%g’’,1);’
if (itype.eq.2) then
write (lun,*) ’LO

0;’
else
write (lun,*) ’LO = 1;°
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&

endif
write
write
write
write
write
write
write
write
write
write
write

write

(lun, *)
(1lun, *)
(1lun, *)
(1lun, *)
(lun, *)
(lun, *)
(1lun, *)
(1lun, *)
(lun, *)
(lun, *)
(1lun, *)
(1lun, *)

’T = zeros(NSAVE+1,1);”

’X = zeros(NX+1,1);’

U = zeros(NX+1,NSAVE+1,2,NEQN) ;’
’for i=0:NX’

’ X(i+1) = fscanf(fid,’’%g’’,1);’
’end’

’for 1=0:NSAVE’

"T(1+1) = fscanf(fid,’’%g’’,1);’
’for ieq=1:NEQN’

’for ider=1:2’

’for i=0:NX’

’ U(i+1,1+1,ider,ieq) = fscanf(fid,’’%g’’,1);’

write
write
write
write
write
write
write
write
write
write
write
write
write
write
write
write
write
write
write
write
return

end

(lun, *)
(1lun, *)
(1lun, *)
(1lun, *)
(lun, *)
(lun, *)
(1lun, *)
(1lun, *)
(lun, *)
(lun, *)
(1lun, *)
(1lun, *)
(lun, *)
(lun, *)
(lun, *)
(1lun, *)
(1lun, *)
(lun, *)
(lun, *)
(1lun, *)

’end’
’end’
’end’

’end’

min(X(:));’

max (X(:));’

>% Plots of each variable’

’for IEQ=1:NEQN’

>IDER = 13’
min(min(U(:,LO0+1:NSAVE+1,IDER,IEQ)));’
’umax = max(max(U(:,LO0+1:NSAVE+1,IDER,IEQ)));’
’for L=LO:NSAVE’

’ figure’

g plot(X,U(:,L+1,IDER,IEQ))’

) axis([xmin xmax umin umax])’

’ xlabel(’’X’°)°

) ylabel ([’’U’’ ,num2str (IEQ)])’

) title([’’ T = ’’ ,num2str(T(L+1))])’

’end’

’xmin

’xmax

’umin

’end’
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