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Abstract
Random mistuning is widely known to lead to strong localization of vibrations in weakly-coupled, rotationally periodic
structures composed of a finite number of sectors, which is known as Anderson localization. In the case of forced vibrations,
this is typically associated with spatially confined large amplitude magnifications compared to the tuned system’s resonant
response. In addition to Anderson localization, strong localization effects can also occur in tuned but nonlinear rotationally
periodic structures. In this work, we investigate the interaction between Anderson localization and nonlinear localization in
a mistuned and harmonically forced cyclic chain of oscillators which incorporates internal strongly nonlinear devices for
vibration mitigation, called vibro-impact nonlinear energy sinks (VI-NESs). A VI-NES consists of a small mass that is placed
inside a cavity in each sector’s primary mass where it undergoes dissipative (inelastic) impacts with the cavity walls. The
tuned version of the studied system was recently shown to exhibit strong nonlinear localization effects due to Chimera-like
steady-state vibrations in which sustained 1:1 resonance captures between the VI-NESs and their host oscillators occur in
only a subset of all sectors. In the present work, we show both analytically and numerically that Anderson localization can
constructively interact with the system’s nonlinearly localized solutions by increasing both their amplitude and localization
level, as well as by creating solution branches in parameter regions where the nonlinearly localized solution would not exist in
the tuned configuration. Despite this strong interaction, the VI-NESs are still capable of effectively mitigating the vibrations
of the chain. The implications of the findings of this work for real rotationally periodic engineering systems with VI-NESs
are discussed.
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1 Introduction

Periodic (or phononic) structures consist of (nearly) identical
sectors (often called unit cells) that are coupled to each other
in the formof a chain or a lattice. They are typically known for
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their unique vibrational properties that can either be desired,
e. g., as in meta-materials [1, 2], or simply be a side-effect
of a structure’s inherent, rotationally symmetric design, e. g.,
as in satellite antennas [3] or bladed disks in turbomachinery
[4]. In (weakly non)linear but ideally periodic structures, i. e.,
structures with perfectly identical sectors, the modes take on
the special form of harmonic plane waves. A plane wave is
characterized as a state in which each sector undergoes the
same periodic oscillation that is simply shifted in phase, rel-
ative to the oscillation of the neighboring sectors. Thereby,
the eigenfrequencies of the plane wave modes and their
corresponding inter-sector phase shifts, which can equiva-
lently be expressed in terms of wavenumbers, are related
through the structure’s dispersion relation [2]. However, peri-
odic structures can also be prone to energy localization. In
the present work, we study the interaction between two dis-
tinct localizationmechanisms, namelyAnderson localization
and nonlinear localization, in a rotationally periodic (cyclic)
chain of oscillators, incorporating strongly nonlinear devices
called vibro-impact nonlinear energy sinks (VI-NESs). In the
following, we attempt to provide an overview of Anderson
and nonlinear localization, as well as the working principle
of VI-NESs and their use for vibration mitigation in non-
periodic and rotationally periodic structures.

1.1 Anderson localization

In ideally periodic structures, all sectors have identical local
eigenfrequencies. Throughout this work, we use the term “lo-
cal eigenfrequencies” to refer to the eigenfrequency(ies) of
isolated (uncoupled) sectors. Thismatching of local eigenfre-
quencies creates a 1:1(: ... :1) resonance condition among all
sectors and allows them to efficiently exchange energy across
the structure. In the presenceof small randomperturbations to
any of the sectors’ parameters, however, this resonance con-
dition is broken and energy can become trapped in space. We
refer to such random perturbations as mistuning (also called
disorder) and call localization due to mistuning Anderson
localization, after being first discovered by P. W. Anderson
[5]. From a modal perspective, mistuning makes the struc-
ture’s modes lose their plane wave character and causes them
to become spatially localized instead [6, 7]. Thereby, the
intensity of mode localization was found to be mainly gov-
erned by the ratio between the inter-sector coupling strength
and the mistuning level [8]. In the case of resonant forced
vibrations, Anderson localization is associated with large
amplitude magnifications compared to the resonant response
of the tuned system [9]. For weak but non-zero mistuning
levels (or mistuning intensities) there exists a “sweet spot”
at which the amplitude magnifications reach a maximum
[10]. As mistuning is almost inevitable in practice due to
effects like material imperfections or manufacturing toler-
ances, Anderson localization can be of high relevance in

engineering applications. A prominent example for the latter
is mistuning of bladed disks in turbomachinery [11–13].

If (strong) nonlinearities are present in a mistuned sys-
tem, its response was shown to de-localize compared to the
mistuned linear(ized) case [14]. The combined effect of mis-
tuning and nonlinearity inevitably receives great interest in
the design of mistuned bladed disks where various sources of
strong nonlinearities can be present, e. g., due to contact inter-
actions in mechanical joints [15–17]. In the study by Petrov
and Ewins [18], a mistuned bladed disk with under-platform
friction dampers and shroud contacts was considered. They
found that mistuning of the nonlinear parameters leads to
smaller localization effects than mistuning of the linear
parameters that directly influence the bladed disk’s linear
modes. Other studies from the field of turbomachinery found
that deliberately introducing nonlinearities, such as piezo-
electric shunt circuits [19] or ring friction dampers [20], has
the potential to significantly reduce the maximum mistuned
vibration levels compared to the linear mistuned response.
Yet it was also shown in [21], for the example of blade-casing
interactions, that nonlinear systems may experience higher
amplitude magnifications than linear systems, which is the
ratio between the mistuned maximum vibration level and the
tuned maximum vibration level. However, it should be noted
that the amplitude magnification in nonlinear systems does
not only depend on themistuning level but also on the forcing
level, i. e., the energy level of the forced vibration. This was
clearly demonstrated in [22] for a geometrically nonlinear
bladed disk, which exhibits an isolated frequency-amplitude
curve for low excitation levels that merges with the main
frequency-amplitude curve at large excitation levels. While
the reported amplitudemagnifications in [22] exceeded those
of the corresponding linear systems in the range of forc-
ing amplitudeswhere the isolated frequency-amplitude curve
exists, they were significantly lower after the isolated branch
fully merged with the main frequency-amplitude curve.

1.2 Nonlinear localization

In addition to Anderson localization, localization effects are
also known to occur in perfectly periodic (tuned) but non-
linear structures [23–26], which was first discovered by A.
J. Sievers and S. Takeno [27]. Intuitively, nonlinear local-
ization can be understood as a form of effective mistuning
introduced by the nonlinearity: as the nonlinear local eigen-
frequency of each sector is dependent on its energy level
[28], the sectors lose the internal 1:1 resonance condition
if the energy level differs among the sectors [29]. From the
perspective of nonlinear mode theory, nonlinear localization
[30] can be explained by the localization of the structure’s
modes. Here it was shown by Vakakis et al. [24, 30] that
the ratio between the inter-sector coupling strength and the
nonlinearity determines the intensity of localization in these
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modes. As the change of the sectors’ local eigenfrequencies
with their energy level is governed by how strong the non-
linearity is, the latter can be interpreted as being equivalent
to the mistuning level in the case of Anderson localization.

Takeno and Homma [31] showed that nonlinearly local-
ized solutions are robust in the presence of mistuning,
meaning that a nonlinearly localized solution of an initially
tuned system may still exist when mistuning is introduced.
Throughout the literature, however, most studies focus on
either Anderson localization or nonlinear localization, but to
date there is almost no detailed study concerning the poten-
tial interactions between both effects. To the best of the
authors’ knowledge, only King and Layne [32] studied the
nonlinear normal modes in a nonlinear rotationally periodic
system with mistuning. They found that non-localized and
weakly localized nonlinear modes cease to exist as the ratio
between the mistuning level and nonlinearity increases, thus
only leaving strongly localized modes. Hence, in contrast
to the aforementioned de-localizing effect of nonlinearities
on Anderson localization, one can also obtain an opposite
amplifying effect when Anderson and nonlinear localization
constructively interact with each other.

1.3 Nonlinear energy sinks

VI-NESs, as considered in the present work, belong to the
wider class of nonlinear energy sinks (NESs). NESs are pas-
sive nonlinear vibration absorbers that consist of a small
mass which is attached to a host structure in an essen-
tially (or nearly essentially) nonlinear, i. e., non-linearizable,
way. In a VI-NES, the essentially nonlinear coupling is real-
ized by freely placing the small mass in a cavity inside the
host structure, where it undergoes impacts with the cav-
ity walls (free-play nonlinearity). Other common coupling
nonlinearities employed in NESs include cubic springs [33,
34], rotational inertia coupling [35, 36], bi-stable elements
[37, 38], constraint motion on tracks [39, 40], and combi-
nations of those [41]. The essentially nonlinear coupling
allows NESs to engage into transient or sustained 1:1 (or
even 1:2, 2:1, etc.) resonance captures [42] with the host
structure at theoretically arbitrary frequencies. These reso-
nance captures open channels for targeted energy transfer
(TET) from the host structure into the NES [29] where the
energy is then localized and ultimately dissipated. Thereby,
NESs offer a significant advantage over classical linear tuned
mass dampers where TET is only possible in a very narrow
frequency band to which the tuned mass damper’s parame-
ters are tuned [43]. The effectiveness of NESs, however, is
typically limited by the energy level of the host structure, to
which tuned mass dampers are invariant. To overcome this
limitation of NESs, recent research has focused on hybrid
approaches by implementing an additional linear coupling
between the host structure and the NES that allow the latter

to function as a tuned mass damper at low energy levels and
a pure NES at high energy levels [44].

1.3.1 Working principle of VI-NESs in non-periodic
structures

The high efficacy ofVI-NESs for vibrationmitigation in non-
periodic structures was already shown for random excitation
[45, 46], impulsive/seismic excitation [47, 48], and harmoni-
cally forced vibrations [49, 50]. In the present work, we focus
on the latter. If the host structure is harmonically forced, two
dynamic regimes are known to occur, depending on the ratio
between the host structure’s amplitude at the location of the
VI-NESand the clearancebetween theVI-NESand the cavity
walls [51]. When this ratio is small, the dynamics of the VI-
NES can only engage into transient 1:1 resonance captures
with the host structure, and the latter undergoes a strongly
modulated response (SMR). For large ratios, on the other
hand, the dynamics of the VI-NES engage into a sustained
1:1 resonance capture with the host structure during which
the motions of the cavity walls and the VI-NES are synchro-
nized. It was concluded in [52] that TET during a sustained
1:1 resonance capture is maximized when two symmetric
impacts per period occur, for which a representative example
of the VI-NESs motion (red) between the cavity walls (blue)
is shown at the top in Fig. 1. Besides resonant TET from the
host structure to the VI-NES, it has also been shown that the
VI-NES can induce a strong and rapid redistribution (scatter-
ing) of energy within its host structure’s modal space, known
as inter-modal TET (IMTET) [29, 53]. In fact, VI-NESs
can be designed to solely rely on IMTET, thus, achieving a
strong vibration mitigation effect by exploiting the inherent
damping capacity of the host structure’s higher modes [50].
However, a possible limitation of intense IMTET might be
its influence of the internal stress level of the host structure,
which has been shown to increase in some cases in [46]. The
recent studybyGzal et al. [54] suggests another interpretation
of the working principle of VI-NESs from the perspective of
energy management; due to the VI-NES’s strong influence
on the host structure’s motion, it may effectively reduce the
input energy that enters into the host structure from the exter-
nal forcing.

1.3.2 Application of VI-NESs to tuned rotationally periodic
structures

The effects of VI-NESs in a tuned rotationally periodic struc-
ture under symmetric harmonic standing or traveling wave
forcingwere recently studied byWeidemann et al. [55]. They
considered a cyclic chain of oscillators in which each sector
consists of a single oscillator that is linearly coupled to the
ground and to its nearest neighboring sectors, and further
hosts a VI-NES. The system was shown to exhibit a globally
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Fig. 1 Motion of the VI-NES (red) between its bounding cavity walls
(blue) in a synchronized and a non-synchronized sector during the same
time interval of a representative locally synchronized response (LSR)

synchronized response (GSR) during which a sustained 1:1
resonance capture between the host oscillator and its VI-NES
occurs in every sector, and the global motion of the system
takes on the form of a harmonic plane wave with the same
wavenumber as that of the excitation. If the ratio between the
host oscillator’s amplitude and the clearance of theVI-NES is
too small to support these sustained 1:1 resonance captures,
each sector tends to exhibit a SMR. In this case, the VI-NESs
induce strong IMTET among the host structure’s modes that
possess different wavenumbers. Even though the response
is then no longer a plane wave, the system’s energy remains
evenly distributed among the sectors in the long-term average
sense.

In addition to GSRs, it was found in [55] that sustained
1:1 resonance captures between the host oscillators and their
VI-NESs can also occur in only a (proper) subset of sectors.
This is referred to as a locally synchronized response (LSR).
In the other non-synchronized sectors, theVI-NESs’motions
are irregular and impacts occur only rarely. A representative
example of the VI-NES’s motion between the cavity walls
in a synchronized and a non-synchronized sector is shown in
Fig. 1.We note that LSRsmay thus be interpreted as a type of
Chimera statewhich are known tooccur in systems consisting
of coupled identical oscillators [56, 57]. Even though there
exists no unified definition of a Chimera state, as pointed
out in the review by Haugland [58], the term is commonly
used to refer to a state in which some oscillators exhibit a
coherent or synchronized response, while the remaining ones
exhibit an incoherent or non-synchronized response. During
an LSR, the amplitudes (and thus the energy) can strongly

vary among all sectors, meaning that LSRs are nonlinearly
localized solutions of the system. It should be noted that the
largest amplitudes of LSRs reported in [55] were still found
to be lower than the host structure’s linear resonant response
where the masses of the VI-NESs are fixed in all sectors (no
mass deficiency). However, their amplitudes largely exceed
those of (non-localized) GSRs or SMRs if the inter-sector
coupling strength is weak and the excitation wavenumber is
low. Hence, it is clear that a deeper understanding of LSRs
is required for the robust design of VI-NESs as a means for
vibration mitigation of real rotationally periodic structures,
which are, to a certain extent, always mistuned.

1.4 Goal and structure of the present work

The goal of the present study is to assess how Anderson
localization due to mistuning interacts with LSRs, i. e., the
Chimera-like nonlinearly localized solutions of a rotation-
ally periodic structure that incorporates a distributed array
of VI-NESs. To this end, we consider a mistuned modifica-
tion of the minimal model of a rotationally periodic structure
in the form of a cyclic chain of oscillators with VI-NESs,
proposed by Weidemann et al. in [55]. It should be noted
that cyclic chains of oscillators, as considered to be the host
structure of the VI-NESs herein, are commonly used to qual-
itatively assess the effects of mistuning [6, 9] and nonlinear
localization [25, 59] in real rotationally periodic engineering
structures. Even though we focus on VI-NESs in particu-
lar, we expect the qualitative results obtained in the present
work to be (to some extent) generalizable to other types of
NESs applied to rotationally periodic structures, as we will
discuss in more detail at the end of this article. To the best
of the authors’ knowledge, the present work is the first to
explicitly consider the direct interaction between Anderson
and nonlinear localization in a forced system. We address
the aforementioned research question by applying and fur-
ther extending some of the findings presented in the study
on the tuned system [55]. To make the present article self
contained, we will summarize these findings where deemed
necessary.

The present article is organized as follows. The model of
the proposed system and the considered sources of mistun-
ing are introduced in Section 2. We then integrate mistuning
into the analytical model of LSRs developed in [55] in Sec-
tion 3 and utilize it to study the influence ofmistuning to each
sector’s local eigenfrequency and clearance in Section 4 and
Section 5, respectively. The article ends with a discussion of
the results and conclusions in Section 6.
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Fig. 2 Sketch of a single sector j and definition of the dimensionless
quantities

2 Problem setting

2.1 Description of themodel

We consider a mistuned modification of the dimensionless
model of a cyclic chain of oscillators that hosts a distributed
array of VI-NESs derived by Weidemann et al. [55]. The
cyclic chain has a total number of sectors, Ns, that are
indexed within j ∈ {1, ..., Ns}. A sketch of a single sector
j together with a definition of the dimensionless quantities
can be found in Fig. 2. Each sector contains a single oscilla-
tor whose displacement and velocity are denoted by q j and
u j , respectively. The oscillator is linear-elastically coupled
to the oscillators of its two nearest neighboring sectors by the
stiffness κc and to the ground by the stiffness 1 + δκg, j . We
consider δkg, j to be a relative mistuning with respect to the
nominal grounding stiffness of unity. Each oscillator further
hosts a VI-NES with small mass 0 < εa � 1. To ensure that
no mass deficiency is introduced between the system with
VI-NESs and the corresponding system with no VI-NESs,
obtained in the limit εa → 0, we assume that the sector
(VI-NES plus host oscillator) always has a total and con-
stant unit mass 1. The dimensionless mass of the VI-NES,
εa, thus directly determines the mass ratio between the VI-
NES and the entire sector. The coordinate of theVI-NES qa, j ,
with respective velocity ua, j , counts in the inertial reference
frame, and is zero when q j = 0 and the VI-NES is located
at the center of the cavity (dashed circle in Fig. 2).

In each sector, we model the contacts between the VI-
NES and the left and right cavity walls of its host oscillator
in the form of unilateral constraints in combination with the
generalized form of Newton’s impact law. This approach
allows for impulsive phases that cannot be accounted for
by ordinary differential equations, as these do not capture
instantaneous changes of the system’s velocities. In order to
treat the resulting non-smoothness in the system’s dynamics
in a mathematically rigorous way, we formulate the equa-
tions of motions (EOMs) as measure differential equations

(MDEs). This formalism of describing non-smooth systems
was first proposed by Moreau [60]. We refer the reader who
might not be familiar with the theory behind MDEs to the
book by Glocker [61]. The resulting MDEs that govern the
EOMs of the host oscillator and the VI-NES are read as:

(1 − εa)du j + (
q j

(
1 + δkg, j

)+ κc
(
2q j − q j−1 − q j+1

)

+
Ns∑

m=1

c jmum

)

dτ

+
(
d�L

j − d�R
j

)
= fexc, jdτ , (1)

εadua, j −
(
d�L

j − d�R
j

)

︸ ︷︷ ︸
=:d� j

= 0 . (2)

Herein, d� denotes the measure of the respective quantity
and τ denotes time. In Eq. (1), we further introduced the
general form of a viscous damping term with coefficients
c jm that is not explicitly shown in Fig. 2. The measures of
the contact percussions d�L,R

j = λ
L,R
N, j dτ + �

L,R
N, j dη, where

the superscripts L and R denote left and right cavity walls,
respectively, combine the smooth contact forces λ

L,R
N, j over

dτ and the impulsive contact reactions �
L,R
N, j over the atomic

measure dη. The latter is defined as the sum of Dirac mea-
sures at every impulsive time instant and can be interpreted
to act as a sequence of Dirac impulses. Further, all oscilla-
tors are subjected to an external harmonic forcing fexc, j (τ )

of standing/traveling wave form and an amplitude of unity:

fexc, j (τ ) = Re
{
eiθk0 ( j−1)eirτ

}
. (3)

Herein, i = √−1 is the imaginary unit, Re {�} refers to
the real part of the complex number, and r is the forcing
frequency. Moreover, θk0 = 2πk0/Ns describes the inter-
sector phase angle of the forcing with integer wavenumber
k0.

The smooth contact forces and the unilateral constraints
at the left and right cavity walls must fulfill the following
complementarity conditions known as Signorini’s law:

0 ≤ λLN, j ⊥ �L
N, j

(
q j , qa, j

) ≥ 0 ,

�L
N, j = �

(
1 + δ�, j

)− (
q j − qa, j

)
, (4)

0 ≤ λRN, j ⊥ �R
N, j

(
q j , qa, j

) ≥ 0 ,

�R
N, j = �

(
1 + δ�, j

)+ (
q j − qa, j

)
. (5)

Herein, �L
N, j and �R

N, j are the signed contact distances cor-
responding to the left and right cavity walls, respectively.
The VI-NES is in contact with the respective cavity wall
if either one of �

L,R
N, j is zero (closed contact). The orthogo-

nality symbol ⊥ in Eqs. (4) and (5) states that only then, a
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repelling contact force λ
L,R
N, j ≥ 0 can act to enforce the con-

dition �
L,R
N, j ≥ 0, i. e., to avoid interpenetration. Both �

L,R
N, j

depend on the size of the clearance �(1 + δ�, j ), which is
defined as the symmetric distance between the VI-NES and
each cavity wall when the VI-NES is located at the center of
the cavity, qa, j = q j . The clearance can be decomposed into
its nominal value �, which is the same in each sector, and the
sector-specific relative mistuning δ�, j . An impact occurs if
a contact is closed with non-zero relative velocity. As men-
tioned above, we treat these events with the generalized form
of Newton’s impact law. The latter gives a condition for the
impulsive contact reactions �

L,R
N, j that can be formulated in

terms of the following complementarity conditions:

0 ≤ �L
N, j ⊥ eN

(
ua, j − u j

)− + (
ua, j − u j

)+ ≥ 0 , (6)

0 ≤ �R
N, j ⊥ eN

(
u j − ua, j

)− + (
u j − ua, j

)+ ≥ 0 . (7)

These conditions depend on the relative pre- and post-impact
velocities, (�)− and (�)+, as well as the coefficient of
restitution eN. The impact is energy conserving (elastic) for
eN = 1 and dissipative (inelastic) for 0 ≤ eN < 1.

To achieve rotational periodicity of this system, we intro-
duce periodic boundary conditions, which couple the last
sector of the chain j = Ns to the first sector j = 1:

[ j−1]=
{
j−1 if j>1

Ns if j=1
, [ j+1]=

{
j+1 if j<Ns

1 if j=Ns
. (8)

The EOMs of all sectors can then be summarized in matrix
form as

Mdu + (Cu + (K + δK) q) dτ + d� = Re{F̂k0e
irτ }dτ ,(9)

Madua − d� = 0 . (10)

Herein, we gather the displacements of the oscillators and
the VI-NESs in the respective entries of the vectors q and qa
with corresponding velocities u and ua. The diagonal mass
matrices are given byM = (1−εa)I andMa = εaI, where I is
the Ns×Ns identitymatrix. The nominal stiffnessmatrixK is
of a circulant form [62]which is characteristic for rotationally
periodic systems:

K =

⎡

⎢
⎢⎢⎢⎢⎢
⎣

1 + 2κc −κc 0 . . . −κc
−κc 1 + 2κc −κc . . . 0

0 −κc 1 + 2κc
. . .

...
...

. . .
. . .

. . . −κc
−κc 0 . . . −κc 1 + 2κc

⎤

⎥
⎥⎥⎥⎥⎥
⎦

. (11)

The mistuning of the grounding stiffnesses is introduced by
the diagonal stiffness mistuning matrix δK = diag

{
δκg, j

}
,

the viscous damping coefficients c jm are the entries of the

viscous damping matrix C, and the entries of the com-
plex forcing amplitude vector F̂k0 are defined as F̂j,k0 =
eiθk0 ( j−1). Lastly, the vector of contact percussion measures
d� holds the combined measures of the contact percussions
at the left and right cavity cavity walls, d� j , as defined in
Eq. (2).

2.2 Linear dynamics of the host structure

The linear tuned configuration of the proposed systemwhere
themasses of theVI-NESs are fixed in all sectors, i. e., Eq. (9)
with an identity mass matrix,M = I, no mistuning, δK = 0,
and deactivated contacts, d� = 0, will serve as a reference
configuration throughout our study. In order to determine its
linear modal basis, we momentarily assume the system to
be conservative by further setting C = 0 and F̂k0 = 0. In
this case, the modes take on the form of discrete harmonic
standing or traveling waves [2]. Their integer wavenumbers l
lie within themodal wavenumber spectrumLwhich depends
on the number of sectors Ns and is given by

L =
{
l ∈ Z

∣
∣∣∣−

⌊
Ns − 1

2

⌋
≤ l ≤

⌊
Ns

2

⌋}
. (12)

Therein, l = 0 and l = Ns/2 describe standing waves, l <

0 indicate backward traveling waves, and 0 < l < Ns/2
indicate forward traveling waves. For each wavenumber, the
corresponding eigenfrequency rl can be obtained from the
dispersion relation [62]:

rl =
√

1 + 4κc sin2
(

θl

2

)
. (13)

Herein, θl = 2πl/Ns is the inter-sector phase angle. Since
Eq. (13) is symmetric around l = 0, all traveling wavemodes
with the same |l| also have the same eigenfrequency. This
makes these mode pairs degenerate, meaning that their cor-
responding mode shapes can be arbitrarily chosen to form an
orthogonal basis of generalized eigenvectors spanning their
corresponding two-dimensional eigenspaces.Without loss of
generality, we choose to define the mode shapes ϕl in the
form of complex harmonic waves. The entries of the mass-
normalized mode shape, ϕ j,l , of wavenumber l at sector j
and the corresponding modal transformation matrix �ref are
then read as:

ϕ j,l = eiθl ( j−1)

√
Ns

, (14)

�ref =
[
ϕ−

⌊
Ns−1
2

⌋ . . . ϕ−
⌊
Ns
2

⌋
]

. (15)

It should be noted that the mode shapes are mass-normalized
with respect to the identitymatrixM+Ma = I. This results in
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�ref being unitary, i. e., its inverse is given by the Hermitian
transpose �−1

ref = �H
ref . Assuming that the linear damping

matrix C is described by a modal damping of the tuned sys-
tem’s modes with fixed VI-NESs in all sectors, C is given
by:

C = �ref diag

{
2D−

⌊
Ns−1
2

⌋r−
⌊
Ns−1
2

⌋ , ... ,

2D⌊
Ns
2

⌋r⌊ Ns
2

⌋
}

�H
ref . (16)

Herein, Dl is the linear modal damping ratio of the mode
with wavenumber l.

Projecting the excitation vector F̂k0 onto the mode shape
ϕl of the mode with wavenumber l yields

ϕH
l F̂k0 =

{√
Ns if l = k0

0 if l 	= k0
. (17)

This shows that only one tuned systemmode is excited by the
forcing. Due to the aliasing effect, the host structure always
experiences an effective excitationwith awavenumberwithin
L, even if k0 would lie outside ofL.When further considering
the reciprocity of the system, one can see that it is sufficient to
study excitation wavenumbers within the symmetric positive
half of L, i. e., k0 ∈ {k ∈ L |k ≥ 0}. Under the assumption
of light modal damping, 0 < Dk0 � 1, the linear resonance
amplitude of each oscillator, q̂ref , is given by

q̂ref = 1

2Dk0r
2
k0

. (18)

The latter will serve as a reference for assessing the vibration
levels observed in the analysis presented herein.

2.3 Mistuning configurations

Throughout this work, we consider two distinct sources of
mistuning:

1. eigenfrequencymistuning (EM),which describes random
perturbations to the linear local eigenfrequency of each
sector, and

2. clearance mistuning (CM), which describes random per-
turbations to the size of the clearance in each sector,

While CM is directly introduced through the relative clear-
ancemistuning δ�, j , EM requires further explanation. There-
fore, we describe in the following how the latter is introduced
into the system and how the effects of mistuning are quanti-
fied.

2.3.1 Eigenfrequency mistuning

We motivate EM to directly describe a loss of the internal
1:1(: ... :1) resonance condition among all sectors of the host
structure. As described in Section 1.1, this inhibits energy
transfer across the chain and leads to Anderson localization.
According to the EOM of a linear conservative isolated sec-
tor, i. e., Eq. (1) with κc = 0, c jm = 0, d� j = 0, and
fexc, j = 0, the linear local eigenfrequency of each sector can

be determined as rloc, j =
√

1+δκg, j

1−εa
. We assume that δκg, j is

chosen in such a way that rloc, j has a relative frequency mis-
tuning of δr , j compared to the tuned local eigenfrequency,

i. e., rloc, j = (1+ δr , j )

√
1

1−εa
. By equating these definitions

of rloc, j , one can convert the relative local eigenfrequency
mistuning δr , j to a relative grounding stiffness mistuning
δκg, j :

(1 + δr , j )

√
1

1 − εa
=
√
1 + δκg, j

1 − εa
, (19)

⇔ δκg, j = 2δr , j + δ2r , j . (20)

Linearizing the relationship in Eq. (20) yields the approx-
imate relation δκg, j ≈ 2δr , j . For the small mistuning
considered in the present work, this shows that the mistun-
ing level of the grounding stiffnesses is approximately twice
as large as the mistuning level of the local eigenfrequencies.
Throughout our studies the exact relation in Eq. (20) was
used.

At this point it should be recalled that we defined the linear
viscous damping matrixC as a modal damping matrix of the
tuned host structure (see Eq. (16)). However, as EM alters
the grounding stiffnesses it also affects the host structure’s
modes and, consequently, the linear dampingmatrixC results
in non-proportional damping in the presence of EM. While
this may generally yield more complex dynamics due to the
linear coupling of the host structure’s modes, we found no
qualitative differences from the findings reported throughout
the study when considering modal damping of the mistuned
modes instead. This is because the VI-NESs dominate both
the energy dissipation and the energy transfer among the
modes, compared to the weak linear non-proportional damp-
ing considered in the presentwork (as defined in Section 2.5).

2.3.2 Probability distribution function for random
mistuning

For both EM and CM, we gather the respective mistuning
patterns, i. e., the spatial distributions of δr , j and δ�, j , in
the vectors δr = [

δr ,1 . . . δr ,Ns

]
and δ� = [

δ�,1 . . . δ�,Ns

]
,

respectively. We assume their probability density function
to be described by an uncorrelated multivariate normal dis-
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tribution, N (δ, σ ), with zero mean and uniform standard
deviation σ :

N (δ, σ ) =
Ns∏

j=1

1

σ
√
2π

e
− 1

2

(
δ j
σ

)2

. (21)

All random samples of the mistuning patterns δr and δ� are
generated with a Mersenne Twister algorithm [63]. The seed
of the algorithm is “randomly” chosen based on the current
time at the initialization. For each sample drawn, we addi-
tionally subtract themean value over all sectors to ensure that
the sector average of the mistuned parameters corresponds
to its nominal value, i. e., mean j

{
δ j
} = 0. With this we aim

to isolate mistuning effects from other effects that originate
from variations of the respective (mean) nominal parameter
value.

2.4 Numerical simulation and quantities of interest

All numerical simulations of the EOMs in Eqs. (9) and (10)
are performed with the symmetric version of Moreau’s time
stepping scheme [64]. Compared to event-driven techniques,
Moreau’s time stepping scheme is able to overcome accu-
mulation points, i. e., infinitely many events occurring in a
finite amount of time (which typically happen in the tran-
sition towards sustained contact between a VI-NES and a
cavity wall), and eliminates the need to determine every time
instant in which an event occurs. Event-driven schemes are
known to perform poorly in the presence of many (con-
secutive) events, which are expected for the cyclic chain
of oscillators where many impacting bodies are involved.
As suggested by a convergence study, the time step �τ is
chosen so that each excitation period is sampled with 1000
steps, i. e., �τ = 2π/(1000r). Based on the system’s simu-
lated response, we quantify the vibration level of each sector
in terms of its mean amplitude over time, q̂ j . The latter
is determined by averaging half of the oscillator’s peak-
to-peak displacement over all simulated excitation periods
during a steady-state response. As a scalar measure of the
system’s vibration level, we additionally introduce the max-
imum amplitude over all sectors, q̂max, as:

q̂max = max j
{
q̂ j
}

. (22)

To quantify the intensity of localization for a given spatial
amplitude distribution, we utilize the localization factor (LF)
as introduced in [65]. It is defined over the ratio between the
maximum amplitude q̂max and the root-mean-square (RMS)
amplitude over all sectors, as:

LF = 1√
Ns − 1

(
q̂max

RMS j
{
q̂ j
} − 1

)

. (23)

The LF takes on a value of 0 if the amplitudes q̂ j in all sectors
are identical and 1 if the entire energy is localized in a single
sector (in which case RMS j

{
q̂ j
} = q̂max/

√
Ns).

As ameans of determiningwhich sectors are synchronized
and which are not, based on the system’s numerically simu-
lated response, we count the number of significant impacts
per excitation period that occur in each sector, Nsipp, j . A
significant impact is herein defined as an impact during
which the motion of the respective VI-NES reverses. Due to
the sustained 1:1 resonance capture, a synchronized sector
will theoretically always exhibit Nsipp, j = 2, while a non-
synchronized sector will exhibit less significant impacts per
period, i. e., Nsipp, j < 2 (cf. Fig. 1). To account for potential
inaccuracies in the counting process, we set the boundary for
synchronized sectors to Nsipp, j ≥ 1.99 and (consequently)
for non-synchronized to Nsipp, j < 1.99.

2.5 Choice of system parameters

For our study, we adopt the nominal parameters from the
tuned system configuration that was studied by Weidemann
et al. [55]. In this case, the cyclic chain consists of Ns = 10
sectors. In linear rotationally periodic structures, the largest
resonant amplitude in the presence of mistuning is known to
increase with the number of sectors Ns [66]. Therefore, we
also expect the quantitative results on the localized vibration
levels and localization intensities presented in this work to
change when the number of sectors is varied, and empha-
size that a quantitative mistuning analysis must always be
performed for the specific system configuration at hand.
Nevertheless, we believe that the chosen configuration with
Ns = 10 sectors is well suited to identify the potential
interaction effects between Anderson localization and LSRs
qualitatively, as well as to provide a quantitative estimate for
systems with a similar number of sectors. The linear modal
damping is assumed to be uniform with a modal damping
ratio of Dl = 0.1%. This weak modal damping is represen-
tative for realistic engineering structures in the absence of
(other) mitigation devices [67]. We further consider a small
mass ratio of εa = 2% and treat impacts with a restitution
coefficient of eN = 0.8. Based on an analytical estimation of
the GSR’s resonant amplitude in the tuned system, a nominal
clearance of � = 0.33 · q̂ref (cf. Eq. (18)) was identified as
the VI-NESs’ optimal design point at which the highest reso-
nant amplitude reduction is achieved for the aforementioned
parameter values [55]. It should be noted that the existence of
an “optimal clearance” is a direct consequence of the normal-
ization adopted from [55] with a constant forcing amplitude
(cf. Eq. (3)). An alternative means of introducing dimension-
less variables would be to normalize the displacements by
the size of the clearance. The latter would yield an optimal
excitation level for the fixed clearance of unity. Therefore,
one can easily see that a variation of the clearance for a
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Table 1 Values of the nominal system parameters

Ns Dl εa eN � κc

10 0.1% 2% 0.8 0.33 · q̂ref 6 · 10−3

fixed forcing amplitude has the same qualitative effect as
the variation of the forcing amplitude for a fixed clearance.
When compared to numerical simulations, it was shown that
the aforementioned analytical estimation approximates the
clearance’s actual optimal design point for the system’s non-
localized solutions well [55], and its value will therefore be
adopted herein. We note that the selected value of the clear-
ance also seems to approximate the optimal design point of
the mistuned system well in a statistical sense, which we
tested for some representative examples of EM and CM in
AppendixA. Lastly, as already shown for the tuned version of
the system configuration considered herein [55], particularly
large amplitudes of the LSR are found for weak inter-sector
coupling strengths in the order of κc ∼ 10−3. Hence, a cor-
responding value of κc = 6 · 10−3 is chosen throughout
this work. We note that increasing the inter-sector coupling
strengthκc is known todiminishbothAnderson andnonlinear
localization. Hence, considering stronger coupling between
the sectors is not expected to reveal stronger localization
effects and is thus omitted in the present work. For a detailed
study on the influence of the inter-sector coupling strength on
the vibration level on LSRs in the tuned system, the reader is
referred to [55]. All of the aforementioned parameter values
are summarized in Table 1.

3 Analytical model of the locally
synchronized responses (LSRs)

As a basis for our analysis on the interaction between
mistuning and LSRs, we integrate EM and CM into the ana-
lytical single-term Harmonic Balance (HB, [68]) model of
LSRs derived in [55]. This allows us to study the LSR’s
parameter dependencies explicitly while also providing a
computationally efficient yet accurate estimation of the
frequency-amplitude curves and their stability. We note that
the following derivation closely follows that of the tuned sys-
tem’s LSRs shown in [55], with the only difference being the
addition of the mistuning terms. Nevertheless, we decided
to include the full derivation in the present work to clearly
demonstrate howEMandCMenter into themodel, and show
that no additional assumptions (beyond those already intro-
duced for the tuned system [55]) are required.

3.1 Single-term harmonic balance ansatz

LSRs are Chimera-like steady-state vibrations in which the
motions of some VI-NESs and their respective host oscilla-
tors are synchronized in only a subset of sectors. For small
mass ratios between theVI-NESs and their host oscillators, as
considered herein (cf. Table 1), it was shown in [51], as well
as in our previous study [55], that the steady-state motion
of the host oscillators can be well-approximated as being
harmonic. This allows us to express the displacements q,
velocities u, and velocity measures du of the host oscillators
in terms of a (single-term) truncated Fourier series:

q ≈ Re
{
Q̂eirτ

}
, u ≈ Re

{
ir Q̂eirτ

}
,

du ≈ Re
{
−r2 Q̂eirτ

}
dτ . (24)

Herein, Q ∈ C
Ns is the vector of complex harmonic

amplitudes of each oscillator, Q̂ j , which can be further
decomposed into a real amplitude q̂ j = |Q̂ j | and phase angle
γ j = arg{Q̂ j }, where arg{�} denotes the complex argument.
To obtain the sought vector of complex harmonic amplitudes
of the approximation, Q̂, the well-known HB method [68]
is applied as follows. The harmonic ansatz in Eq. (24) is
inserted into the EOMs of all host oscillators in Eq. (9). This
yields a residual vector, which is then required to vanish in
average per oscillation period, T = 2π/r , weighted by the
term e−irτ . This is equivalent to requiring that the fundamen-
tal Fourier coefficient of the residual vector is zero.With this,
one obtains a complex algebraic system of equations of the
form:

[
−r2M + irC + (K + δK)

]

︸ ︷︷ ︸
=:S(r)

Q̂+ �̂( Q̂, r ,S) = F̂k0 . (25)

The HBmethod can be interpreted as a Fourier-Galerkin pro-
jection.We refer to the vector �̂ as the vector of fundamental
Fourier coefficients of the contact percussions �. A deriva-
tion of its entries and a definition of the set S that �̂ depends
on are provided in the following.

3.2 Fourier coefficient of the contact percussions

When comparing the representative motion of a VI-NES in
a synchronized and a non-synchronized sector in Fig. 1, it
is evident that the corresponding Fourier coefficients of the
resulting contact percussion require a different treatment in
each of the two cases. This distinction is expressed in Eq. (25)
by the dependence of �̂ on the set S ⊂ {1, ..., Ns}, in which
we gather the indices of all synchronized sectors. For now, S
is not further specified and it suffices to say that the analytical
model may generally be used to analyze LSRs with different
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permutations of synchronized and non-synchronized sectors,
which theoretically also includes the special case of GSRs in
which S = {1, ..., Ns} [55].

3.2.1 Synchronized sectors

In each synchronized sector, j ∈ S, the VI-NES engages
into a sustained 1:1 resonance capture with its host oscillator.
Under the assumption of two symmetric impacts per period,
themotion of theVI-NES, qa, j , takes on the formof a triangle
wave [47, 51]. The latter is schematically shown in Fig. 3 (red
line) and can be expressed mathematically as:

qa, j =
{

2q̂a, j
π

arcsin
(
cos

(
rτ + γ j − � j

))
if j ∈ S

0 if j /∈ S .

(26)

Herein, q̂a, j is the real-valued amplitude of the triangle wave
motion and� j describes the relative phase angle between the
impact at the right cavity wall and the host oscillator’s largest
positive displacement (see Fig. 3). The case for the non-
synchronized sectors, j /∈ S, in Eq. (26) will be discussed
in Section 3.2.2. Given the assumptions for the motions of
the host oscillator q j and its VI-NES qa, j in Eqs. (24) and
(26), the Fourier coefficient of the contact percussion �̂ j

can now be determined by reconstructing the impulsive con-
tact reactions �

L,R
N, j from the impact law in Eqs. (6) and (7),

and projecting them onto the harmonic motion. For a more
detailed derivation of this step, the reader is referred to the
study on the tuned system [55]. In the present work, however,
we simply adopt the resulting expression for the fundamental
Fourier coefficient of the contact percussions:

�̂ j =
{

− 8εa q̂a, j r2

π2 ei(γ j−� j) if j ∈ S
0 if j /∈ S

. (27)

Herein, the triangle wave amplitude q̂a, j as well as the phase
angle � j appear as independent variables. However, it was
shown by Gendelman [47] that these are related to the har-
monic amplitude of the host oscillator q̂ j = |Q̂ j | on a slow
invariant manifold (SIM). The SIM consists of a coexisting
stable and unstable branch. In this work, we are only inter-
ested in solutions on the stable branch of the SIM, which can
be expressed as:

q̂a, j =
�(1 + δ�, j ) +

√
(1 + ρ2)q̂2j − (ρ�)2(1 + δ�, j )2

1 + ρ2 ,

q̂ j >
ρ�(1 + δ�, j )√

1 + ρ2
, (28)

� j = arccos

(
q̂a, j − �(1 + δ�, j )

q̂ j

)
, (29)

Fig. 3 Definition of the amplitudes and phase angles in a synchronized
sector. The blue lines indicate themotions of the cavity walls and the red
line shows the triangle wavemotion of the VI-NES. Illustration adopted
from [55]

where ρ = 2
π

1−eN
1+eN

is an auxiliary variable. With Eqs. (28)
and (29), the Fourier coefficient for the synchronized sec-
tors, j ∈ S, in Eq. (27) can be explicitly parameterized in
terms of the oscillator’s amplitude q̂ j = |Q̂ j |. The condi-
tion on the size of the amplitude q̂ j in Eq. (28) indicates a
fold bifurcation, below which the SIM ceases to exist [47].
The physical interpretation of this fold bifurcation is that not
enough energy is being supplied to the sector to maintain a
sustained 1:1 resonance capture between the host oscillator
and the VI-NES at lower amplitudes [51]. It should also be
noted that the stable branch of the SIM was shown to lose

its stability for amplitudes beyond q̂ j ≥ �(1+δ�, j )
√

π4ρ2+16
π2+4

[69]. This stability loss gives rise to a large variety of impact
sequences other than two symmetric impacts per period that
arise in the case of a symmetric triangle wave motion [70]. In
the presentwork, however, we neglect the SIM’s stability loss
at large amplitudes and also use the relations in Eqs. (28) and
(29) beyond this upper amplitude bound. Nevertheless, we
emphasize that, even beyond the stability loss, the resulting
oscillator amplitude(s) of analytical models relying on the
assumptions in Eqs. (24) and (26) have shown to agree well
with those determined from numerical simulations, which
have a variety of impact sequences (see e. g. [55, 71]).

3.2.2 Non-synchronized sectors

Strictly speaking, the Chimera-like character of the LSR
with irregular and non-periodic impacts of the VI-NESs in
the non-synchronized sectors is not amenable to our HB
ansatz, which (per definition) requires periodicity. However,
we already showed for the tuned system [55] that LSRs can be
well approximated in an idealized form, when assuming that
the VI-NESs do not come into contact with the cavity walls
in all non-synchronized sectors, j /∈ S. This is achieved
by placing them at rest at the center of their cavity, which
yields the trivial solution for their motion, qa, j = 0 (see
Eq. (26)). Clearly, if no impacts occur, the resulting Fourier
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coefficients of the contact percussions, �̂ j , are also given
by the trivial solution (see Eq. (27)). An alternative way of
motivating a trivial solution for �̂ j in the non-synchronized
sectors is to consider that the irregular impacts occur at “ran-
dom” phases, relative to the motion of their host oscillators.
Hence, the resulting contact reactions are expected to approx-
imately average to zero when projected onto the fundamental
harmonic. Independent of the interpretation, this simplifica-
tion is only valid if the amplitudes of the host oscillators are
smaller than the size of the clearance �(1+ δ�, j ) in all non-
synchronized sectors, i. e., q̂ j < �(1 + δ�, j )∀ j /∈ S. We
call this condition the kinematic constraint of the assump-
tion, as the VI-NESs in sectors that violate this constraint
would inevitably engage into either transient or sustained 1:1
resonance captures with their host oscillators. When moti-
vating our assumption of a trivial Fourier coefficient from an
“idealized LSR” with a trivial motion of the VI-NESs in the
non-synchronized sectors, the kinematic constraint can also
be viewed as a grazing bifurcation [72]. This is because the
idealized state would cease to exist as the cavity walls begin
to graze the VI-NES at qa, j = 0 if q̂ j = �(1 + δ�, j ).

3.2.3 Comment on additional coupling between the cavity
and the VI-NES

In the present work, we assume that each VI-NES is solely
coupled to its host oscillator via the unilateral constraints
at the cavity walls. This modeling choice is reflected in the
derivation of the fundamental Fourier coefficients �̂ j for
both the synchronized and the non-synchronized sectors in
Eq. (27). In real applications, however, effects like dry fric-
tion between theVI-NESand the cavity, or viscous forces due
to a fluid-filled cavity, may introduce an additional coupling
mechanism between eachVI-NES and its host oscillator. Dry
friction is known to neither significantly impede nor signif-
icantly improve the performance of a VI-NES (in the case
of a non-periodic host structure; synchronized regime) [73].
Hence, the strongest influence of additional coupling mech-
anisms is expected to occur in the non-synchronized sectors,
and on theway these are treated analyticallywhen attempting
to idealize the Chimera-like character of the LSR. If the addi-
tional coupling effects are strong, it may bemore appropriate
to assume that the VI-NESs are stuck to their host oscilla-
tors in all synchronized sectors, j /∈ S, rather than being
at rest at qa, j = 0. In this case, the masses of the sticking
VI-NESs may simply be added to the corresponding diago-
nal entries of the system’s mass matrix, M, on the left-hand
side of Eq. (25). This can be interpreted as a deterministic
form of (small) mass mistuning, which is expected to yield
similar effects as those we will later report for EM (which is
introduced through the grounding stiffness) in Section 4. In
addition to the modeling of the idealized LSR, the previously
introduced kinematic constraint would no longer apply in its

current form, and would need to be adjusted to the specific
coupling mechanism at hand, e. g., a VI-NES can no longer
stick after the maximum static friction force is exceeded. We
note that this may allow for an LSR to exist across a much
larger region of excitation frequencies and amplitudes than
what is reported in both our present and previous studies
[55]. In the practically relevant case of dry friction between
the VI-NES and the cavity, however, we expect ball-shaped
VI-NESs to start rolling rather than sliding or sticking [50].
This is expected to yield negligible added mass effects.

3.3 Stability analysis

To determine the local asymptotic stability of an LSR,we can
exploit the fact that solutions for the complex amplitudes, Q̂,
of theHB system in Eq. (25) can be interpreted as fixed points
of the slow flow equations derived with Manevitch’s com-
plexification averaging (CX-A) technique [74]. Hence, the
local asymptotic stability can be determined via lineariza-
tion of the slow flow equations close to their fixed points,
which is described in more detail in Appendix B. A limita-
tion of this approach is that it is consequentially limited to
the underlying idealization of the LSR in which no impacts
occur in the non-synchronized sectors. However, in view of
the Chimera-like character of “true” LSRs, which exhibit
irregular impacts in the non-synchronized sectors, the prac-
tical meaning of local asymptotic stability alone is limited.
In other words, local asymptotic stability can be understood
as a necessary but not a sufficient property that an LSR
needs to possess to be of “practical relevance”. To address
the effect of impacts in the non-synchronized sectors on the
LSR’s stability, we adopted the analysis for (what we herein
define as) practical stability from [55], which is based on
numerical time-step integration. To this end, we initialized
the host oscillators of all sectors, and the VI-NESs in the
synchronized sectors on the analytical solution according to
Eqs. (24) and (26). In the non-synchronized sectors, how-
ever, we initially placed all VI-NESs close to the left cavity
wall, qa, j (0) = q j (0) − �(1 + δ�, j ), with zero relative
velocities, ua, j (0) = u j (0). This caused impacts in all non-
synchronized sectors shortly after the simulation started. If an
LSR is practically stable, the resultingmotion of theVI-NESs
in the non-synchronized sectors simply becomes irregular,
as shown in the representative example at the bottom of
Fig. 1, while the synchronized sectors remain synchronized.
If an LSR is practically unstable, however, the impacts in
the non-synchronized sectors either cause some initially non-
synchronized sectors to become synchronized, or cause some
initially synchronized sector to lose their synchronization.
We tested these qualitative criteria by simulating for 1300
excitation periods and counting the average number of sig-
nificant impacts per period in each sector, Nsipp, j , over the last
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300 excitation periods of each simulation (cf. Section 2.4).
An LSR was deemed practically stable if

1. the initially synchronized sector remains synchronized,
i. e., Nsipp, j ≥ 1.99∀ j ∈ S, and

2. all initially non-synchronized sectors remain non-
synchronized, i. e., Nsipp, j < 1.99∀ j /∈ S,

and practically unstable if at least one of the above crite-
ria was not fulfilled. Increasing the simulation time for the
practical stability analysis procedure was found not to alter
the results presented herein. It should be emphasized that
we focus on practical stability as our primary stability mea-
sure and only utilize the local asymptotic stability analysis
to identify potential solutions that could be practically stable
[55]. Lastly, we note that additional coupling mechanisms
between the VI-NESs and their host oscillators (e.g. dry or
viscous friction), as discussed in Section 3.2.3, can poten-
tially prevent impacts in the non-synchronized sectors, or at
least diminish their intensity. In that case, no strongdifference
between local asymptotic and (our definition of) practical sta-
bility is expected.

3.4 Condensation to a single synchronized sector

In our previous study on the tuned system [55], we showed
that the system’s steady-state dynamics can settle to many
different LSRs, each with a unique permutation of synchro-
nized and non-synchronized sectors, i. e., a different set S,
depending on the initial conditions. Hence, for a given tuned
ormistuned realization of the system,manyLSRswith differ-
ent sets S may possibly coexist. An attempt to estimate how
many LSRs may possibly coexist in a given mistuned real-
ization of the system is provided inAppendix C. To show that
the analytical model can be used to analyze LSRs with arbi-
trary permutations of synchronized and non-synchronized
sectors, we did not specify a particular set of synchronized
sectors S thus far. However, we note that a detailed analy-
sis of all possible LSRs, i. e., LSRs with all possible sets S,
would be infeasible, even if only a single mistuned realiza-
tion of the system would be considered. For this reason, we
will focus on the extreme case of a single synchronized sec-
tor instead. In the tuned system, this has been shown to lead
to strong nonlinear localization and provided close approx-
imations of the maximally-achievable nonlinearly-localized
amplitude when compared to other LSRs with multiple syn-
chronized sectors [55]. We assume that this applies to the
mistuned system as well, and leave an investigation of find-
ing the permutation of synchronized and non-synchronized
sectors that yields the highest amplitudes for future work. In
the case of a single synchronized sector, the set S becomes
a singleton S = {s}, where s ∈ {1, ..., Ns} is the index of
the synchronized sector. If the system is tuned and therefore

possesses ideal cyclic symmetry, the corresponding LSRs’
behavior, in terms of their amplitudes and stability, is iden-
tical for all possible (single) synchronized sectors s [55]. In
each mistuned realization of the system, however, the cyclic
symmetry is broken, and the LSRs’ behavior must generally
be expected to depend on the specific synchronized sector s.
Hence, the index of the synchronized sector s is not further
specified in the following derivation.

At this point it should be recalled that we assumed a trivial
Fourier coefficient of the contact percussions for all non-
synchronized sectors, i. e., �̂ j 	=s = 0 (cf. Eq. (27)). This
means that the complex algebraic system of equations in
Eq. (25), which governs the unknown amplitudes of the host
oscillators, Q̂, is only nonlinear in terms of the amplitude
of the synchronized sector Q̂s . The unknown amplitudes of
the non-synchronized sectors Q̂ j 	=s are simply linearly cou-
pled to Q̂s via the dynamic stiffness matrix S (see definition
in Eq. (25)). Hence, by left-multiplying Eq. (25) with the
dynamic compliance matrix H = S−1, we obtain a decou-
pled, scalar complex algebraic equation that only depends
on the amplitude of the synchronized sector Q̂s . This step is
analytically exact and known as the Condensation Method
[68]. The resulting decoupled equation is read as:

q̂se
iγs − Hss

8εaq̂a,sr2

π2 ei(γs−�s ) = Q̂lin
s . (30)

Herein, the complex amplitude Q̂s was additionally
decomposed into its real amplitude q̂s and complex phase γs
by using the relation Q̂s = q̂seiγs . Moreover, Hss refers to
the s-th diagonal entry of the dynamic compliancematrix,H,
and Q̂lin

s is the complex amplitude of the respective oscillator
in the linear case with removed VI-NESs (mass deficiency).
The latter is given by the s-th entry of the vector of linear

complex amplitudes of all oscillators Q̂
lin = H F̂k0 . Recall

that theVI-NES’s trianglewave amplitude q̂a,s , and the phase
shift�s in Eq. (30) explicitly depend on the real amplitude of
the synchronized sector q̂s through Eqs. (28) and (29). While
Eq. (30) could already be solved numerically for q̂s and γs ,
we proceed to follow the approach presented in [55] of deriv-
ing a Frequency Response Surface (FRS) for the LSR. We
believe that this enables a better interpretation of the param-
eter dependencies. We introduce our definition of the FRS in
the following Section 3.5.

3.5 Frequency response surface

In order to derive the FRS, we first introduce the real,
clearance-normalized oscillator and VI-NES amplitudes, ξ

and ϑ , as:

ξ = q̂s
�(1 + δ�,s)

, ϑ = q̂a,s
�(1 + δ�,s)

. (31)
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When substituting these new variables into the condensed
Eq. (30), we can factor out the clearance �(1 + δ�,s) on
the left-hand side and divide both sides by the remaining
term. After further taking the absolute value to eliminate the
complex phase shift eiγs , Eq. (30) can be reformulated to:

�(1 + δ�,s) =
∣
∣∣∣∣

Q̂lin
s

ξs − Hss
8εaϑr2

π2 e−i�s

∣
∣∣∣∣
. (32)

Thereby, the clearance-normalized VI-NES amplitude ϑ and
the phase angle �s only depend on ξ . This can be shown by
substituting the clearance-normalized amplitudes, ξ and ϑ ,
into the expressionof the stable branchof theSIM inEqs. (28)
and (29), which eliminates the dependence on the clearance
�(1 + δ�,s):

ϑ = 1 +√
(1 + ρ2)ξ2 − ρ2

1 + ρ2 , ξ >
ρ

√
1 + ρ2

, (33)

�s = arccos

(
ϑ − 1

ξ

)
. (34)

Recall that ρ = 2
π

1−eN
1+eN

is a constant auxiliary variable.
We call the expression in Eq. (32) the FRS of the LSR
with a single synchronized sector, as it maps each com-
bination of the clearance-normalized amplitude ξ and the
excitation frequency r to a unique value of the clearance
�(1 + δ�,s). This means that the level-curves of Eq. (32),
for �(1 + δ�,s) = const., determine the curves of constant
system parameters but varying amplitude and excitation fre-
quency, i. e., they directly govern the frequency-amplitude
curves1. At this point, one can already see an important dif-
ference between EM and CM. Since EM is introduced via
the stiffness mistuning matrix δK, it directly influences the
host structure’s dynamic compliance matrix H = S−1 (cf.
Eq. (25)) and, thus, the diagonal entry Hss and the linear
complex amplitude Q̂lin

s on the right-hand side of Eq. (32).
This means that EMdirectly alters the shape of the FRS. CM,
on the other hand, only changes the value of the clearance
on the left-hand side of Eq. (32) at which the level curve,
�(1 + δ�,s) = const., that governs where the frequency-
amplitude curve is evaluated.We also note that the kinematic
constraint, as introduced in Section 3.2.2, cannot be directly
enforced in the expression of the FRS in Eq. (32). Hence,
solutions on the FRS that violate the kinematic constraint
must be filtered out a posteriori. To this end, the amplitudes
of the non-synchronized sectors, Q̂ j 	=s , must be computed
in a subsequent expansion.

1 We determine the level curves by sampling the FRS on a finely
resolved grid spanned by ξ and r , and interpolating the level curve
between these points. We found that this approach is computationally
cheap and delivers accurate results if the grid is fine enough.

3.6 Expansion of the non-synchronized sectors

Along the level curves of the FRS in Eq. (32), the amplitude
of the synchronized sector’s oscillator is given in terms of its
clearance-normalized value ξ . To obtain the complex ampli-
tudes of all (synchronized and non-synchronized) sectors,
Q̂ j , we first compute the clearance-normalized amplitude of
the VI-NES, ϑ , and the phase angle �s for every known
value of ξ by using Eqs. (33) and (34). Since the clearance
�(1+δ�,s) is also known and constant along the level curve,
the real amplitudes of the synchronized sector’s oscillator,
q̂s , and its VI-NES, q̂a,s , can be obtained by un-normalizing
ξ andϑ according to Eq. (31). Further, it suffices to implicitly
compute the complex phase γs in its exponential form eiγs

by factoring out the latter on the left-hand side of Eq. (30)
and dividing by the remaining expression:

eiγs = Q̂lin
s

q̂s − Hss
8εa q̂a,sr2

π2 e−i�s

. (35)

Lastly, we use the remaining decoupled equations from the
condensation step, i. e., the left-multiplication of Eq. (25)
with the dynamic compliance matrixH = S−1, to determine
all complex amplitudes Q̂ j based on the known quantities:

Q̂ j = Q̂lin
j + Hjs

8εaq̂a,sr2

π2 ei(γs−�s ) , j = 1, ..., Ns . (36)

Herein, Hjs is the scalar partition of the dynamic compliance
matrixH that governs the dynamic compliance of sector j to
a harmonic force acting on the synchronized sector s. Note
that Eq. (36) also applies to the amplitude of the synchronized
sector Q̂s .

4 Eigenfrequencymistuning

Wefirst consider the case of EM and assume all clearances to
be perfectly tuned, i. e., δ� = 0. Since EM alters the shape of
the FRS itself, as discussed in Section 3.5, we first study its
influence on the FRS based on a representative realization of
themistuning pattern, δr , in Section 4.1. A statistical analysis
with a focus on practically stable solutions is then provided
in Section 4.2.

4.1 Influence on the FRS

The FRS of the tuned system, in the case of excitation
wavenumber k0 = 1, is shown at the top in Fig. 4, where
the solid black lines depict representative level curves for
different clearances �, i. e., frequency-amplitude curves in
terms of the clearance-normalized amplitude ξ . As already
reported in [55], the FRS possesses multiple local maxima
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that each host isolated frequency-amplitude curves (open or
closed depending on the value of the clearance �) with cor-
responding resonances. Throughout the rest of this work,
we use the terms resonance to refer to a local amplitude
maximum of the frequency-amplitude curves and resonance
frequency to refer to the respective excitation frequency r .
The value of the clearance � at a local maximum of the FRS
indicates a fold bifurcation of the corresponding isolated
frequency-amplitude curve that contracts to a single point
and ultimately ceases to exist as the clearance � is further
increased. For a more detailed discussion on the behavior of
the FRS in the tuned system, the interested reader is referred
to [55].

We now aim to analyze how EM alters the FRS qualita-
tively and how these changes evolve as themistuning level σr
is varied. To this end, we generated a representative realiza-
tion of a mistuning pattern δ∗

r , shown in Table 3 in Appendix
D, with a spatial mistuning intensity of unity. More specifi-
cally, δ∗

r is normalized to possess a corrected sample standard
deviation, taken over all sectors, of 1. The actual mistuning
pattern δr , that is introduced to the system can nowbe defined
as δr = σrδ

∗
r .We emphasize thatwe onlymomentarily adjust

the spatial mistuning intensity in a deterministic manner as
a means of investigating the effect of the mistuning level
without changing the mistuning pattern δ∗

r qualitatively. The
synchronized sector is set to s = 1. As EM is introduced
to the system, the shape of the FRS changes drastically.
For the smallest mistuning level of σr = 1%, depicted in
Fig. 4, the isolated frequency-amplitude curves are strongly
distorted compared to the tuned case. Moreover, the values
of the clearance � at the local maxima is strongly affected,
meaning that the LSR might exist over a wider (or smaller)
range of clearances� thanwhat is predicted by the FRSof the
tuned system. When the mistuning level σr increases, new
local maxima/isolated frequency-amplitude curves emerge
in the vicinity of the existing local maxima (see σr = 2% in
Fig. 4). These new branches then start to detach and become
well-separated from one another as the mistuning level is
further increased (see σr = 4% in Fig. 4). It thus appears
that increasing the mistuning level σr has a similar qualita-
tive effect as increasing the inter-sector coupling strength in
the tuned system [55]. There, it was also observed that the
FRS’s local maxima split up and separate as the system’s
linear eigenfrequencies separate (cf. Eq. (13)), until the FRS
possesses as many local maxima as linear eigenfrequencies
(approximately Ns/2 in the tuned system). Due tomode split-
ting, i. e., the loss of degeneracy of the pairs of traveling wave
modes with the same absolute wavenumber |l| [6], the num-
ber of distinct linear eigenfrequencies in the systemwith EM,
and thus the number of local maxima of the FRS, is equal
to the number of sectors Ns. An important implication of
these strong interaction effects is that the existence or non-
existence of an LSR in a certain parameter range of the tuned

system does not imply the existence or non-existence of an
LSR in the same (nominal) parameter range of a mistuned
realization of the system. It should be emphasized that this
statement also holds for the relation between two different
mistuned realizations of the system. Even though the LSRs
always appear in the frequency region close to r = 1, it is
practically impossible to predict the exact frequency range at
which the LSR exists, unless the specific mistuning pattern
δr is known.

4.2 Influence on practical stability

To address the influence of EM on the LSRs’ practical stabil-
ity, i. e., the property of an LSR to survive occasional impacts
in the non-synchronized sectors (cf. Section 3.3), we now
generate multiple realizations of mistuning patterns, δr , via
Monte-Carlo Simulations (MCSs). The number of MCSs is
denoted by NMCS. Note that the mistuning patterns are taken
directly as described in Section 2.3.2 and are not addition-
ally adjusted to exhibit a certain spatial standard deviation
as in the previous Section 4.1. As already discussed during
the derivation of the analytical model, each specific synchro-
nized sector s ∈ {1, ..., Ns} results in a unique qualitative
and quantitative behavior of its corresponding LRSs. More-
over, LSRs with different single synchronized sectors s, may
coexist in a given mistuned realization of the system (cf.
Section 3.4). From a vibration mitigation perspective, how-
ever, themost relevant case for the single synchronized sector
s is the one that that results in the largest practically sta-
ble amplitude, i. e., maxs,r

{
q̂max

}
. To find this “worst case

synchronized sector” s for each mistuning pattern, δr , we
first extract the frequency-amplitude curves of the LSRs of
all possible synchronized sectors s ∈ {1, ..., Ns} from their
FRSs, and analyze their practical stability. Throughout the
rest of this work, we only present results on the LSRs with
the synchronized sector s that yields the largest practically
stable amplitude, maxs,r

{
q̂max

}
. In our previous paper on

the tuned system [55], we further showed that practically
stable LSRs only exist in the frequency range below the low-
est possible resonance frequency of the LSRs [55]. The latter
refers to the resonance frequency of the frequency-amplitude
curve that is formed by the lowest-frequency local maximum
of the FRS. Consequently, if the clearance of the synchro-
nized sector is larger than this local maximum, no practically
stable LSRs are expected. As demonstrated in Appendix E,
this also appears to apply in the presence of EM and, hence,
we exclusively analyze this frequency region in the follow-
ing analysis. Thereby, we focus on excitation wavenumbers
k0 = 0, k0 = 2, and k0 = 5 as representative cases in which:

• the tuned system exhibits practically stable LSRs (k0 =
0),
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Fig. 4 Representative evolution of the frequency response surface
(FRS) for a locally synchronized response with fixed synchronized sec-
tor s and qualitative mistuning pattern δ∗

r , but varying mistuning levels

σr . The frequency axes for the twohighestmistuning levelswas adjusted
compared to the lowest mistuning levels

• theLSRs’ frequency-amplitude curve around their lowest
possible resonance frequency exists in the tuned system,
but does not exhibit any practically stable solutions (k0 =
2), and

• the LSRs’ frequency-amplitude curve around the their
lowest possible resonance frequency does not exist in the
tuned system (k0 = 5).

We begin by identifying how EM may qualitatively interact
with practically stable LSRs, and then analyze the depen-

dence of the identified interaction effects on the mistuning
level σr .

4.2.1 Qualitative analysis

For our qualitative analysis on the possible interactions
between LSRs and practically stable LSRs, we momentarily
fix the mistuning level at σr = 1%. Since EM strongly alters
the shape of the FRS, it also drastically affects where the low-
est possible resonance frequency of the LSR is found. This is
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clearly visible for the case of a standing wave excitation with
wavenumber k0 = 0, for which the numerically determined
practically stable amplitudes q̂max based on NMCS = 1000
MCSs are shown by the gray point cloud in Fig. 5a. Each
marker depicts the numerically determined amplitude during
the last 300 excitation periods of the simulation performed
in the practical stability analysis (see Section 3.3), while
the color scale from white to black indicates an increasing
LF (cf. Eq. (23)). For reference, the solid and dashed-dotted
orange lines in the background indicate the linear frequency-
amplitude curves of the tuned system with fixed or removed
VI-NESs, respectively. Moreover, the blue line indicates the
maximum amplitude q̂max of the tuned system’s LSR, which
coincides with the amplitude of its synchronized sector, i. e.,
q̂max = q̂s , in all examples in Fig. 5. Regions, in which the
blue line is replacedby a red-dotted line, violate the kinematic
constraint and, hence, are regarded as non-physical/non-
realizable. The stability of the solutions in the tuned system is
indicated by the respective markers: practically stable solu-
tions are indicated by green stars, locally asymptotically
stable but practically unstable solutions are indicated by blue
dots, and unstable solutions are indicated by red dots. For
additional stability analyses of entire frequency-amplitude
curves in the mistuned system, the reader is referred to
Appendix F. Interestingly, the depicted highest-amplitude
LSRs mostly appear at excitation frequencies r lower than
for the LSR in the tuned system. Thereby, one can observe a
correlation between how far the frequency-amplitude curve
is shifted to lower excitation frequencies r , and how high the
resulting largest practically stable amplitudes q̂max and LFs
become. We note that the frequency-amplitude curves can
generally also shift to higher frequencies when considering
LSRs with other single synchronized sectors s that exhibit
lower maximum practically stable amplitudes.

In addition to affecting the location of the frequency-
amplitude curves, EM can also have a stabilizing effect. At
this point, it should be recalled that the tuned system does
not exhibit practically stable LSRs for excitation wavenum-
bers k0 = 2 and k0 = 5 in the considered configuration
of nominal parameters [55]. When introducing EM, how-
ever, we could always find at least one synchronized sector,
s ∈ {1, ..., Ns}, that yields practically stable LSRs for exci-
tation wavenumber k0 = 2, as shown in Fig. 5b. Moreover,
in 3.9% of the conducted MCSs at excitation wavenumber
k0 = 5, EM was capable of pushing the lowest-frequency
local maximum of the FRS past the considered size of the
clearance �, and even allowed for practically stable solu-
tions on these newly-created frequency-amplitude curves
(see Fig. 5c). It should be noted that the number of MCSs
had to be increased to NMCS = 5000 to obtain sufficiently
converged results for excitation wavenumber k0 = 5. These
findings further emphasize that one cannot rely on a qual-
itative assessment of whether practically stable LSRs exist

Fig. 5 Locally synchronized response (LSR) with a single synchro-
nized sector for the tuned (T) and mistuned (MT) system under EM for
the fixed mistuning level of σr = 1% and excitation wavenumbers (a)
k0 = 0, (b) k0 = 2, and (c) k0 = 5

or not, that is solely based on the tuned system, even if the
nominal parameter values are the same. The strong construc-
tive interactions between EM and LSRs can be explained
when considering that EM already leads to an intrinsic local-
ization of the host structure’s linear modes. This means that
the degree of localization of an LSR does not solely rely on
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the locally acting, strong impact nonlinearity in the synchro-
nized sector s, as it otherwise would in the tuned system.
As pointed out in previous works [24–26], the well-known
amplitude/energy-dependence of eigenfrequencies of non-
linear systems introduces an effective mistuning in nonlinear
cyclic systems (even in the absence of structural mistuning),
if the latter’s sectors oscillate at vastly different amplitudes.
The effective mistuning of the system considered in the
present work is a superposition of the random structural mis-
tuning of the sectors’ local eigenfrequencies, δr , and the
effective change of the synchronized sector’s local eigen-
frequency due to the locally acting impact nonlinearity; this
superposition is always stronger than the effective mistun-
ing of LSRs in the tuned system. Recall that we use the
term “local eigenfrequency” to refer to the eigenfrequency
of an isolated (uncoupled) sector. In summary, the presented
results suggest that EM can create and/or practically stabi-
lize LSRs, while also increasing the largest practically stable
amplitudes and localization intensities (as quantified by the
LF). The dependence of these interaction effects on the mis-
tuning level σr is analyzed in the following.

4.2.2 Influence of the mistuning level on the stabilization of
LSRs

To quantify how likely it is that EM creates and/or practically
stabilizes LSRs, we estimated the probability that practically
stable LSRs exist for a given mistuning level σr . To this end,
we counted the number of random realizations of mistuning
patterns δr for which we found practically stable LSRs in at
least one synchronized sector s ∈ {1, .., Ns} and divided it
by the total number of MCSs, NMCS. The dependence of this
probability on the mistuning level is shown in Fig. 6. In the
case of excitation wavenumber k0 = 0, where the tuned sys-
tem already exhibits practically stable LSRs, the probability
remains at 100% for all considered mistuning levels σr . This
means that EM did not lead to a destructive interaction with
LSRs. Instead, the stabilizing effect of EM only increases
as the mistuning level σr grows, which is shown by the
increasing probability for excitation wavenumbers k0 = 2
and k0 = 5. For both of these excitation wavenumbers, k0,
the probability that practically stable LSRs exists reaches
nearly 100% for the strongest considered mistuning level
of σr = 4%. This increase of the probability occurs faster,
i. e., already for smaller mistuning levels σr , for excitation
wavenumber k0 = 2 than for k0 = 5. This is because the
latter requires EM to not only alter the shape of the FRS
strong enough to create a frequency-amplitude curve for the
given clearance of � = 0.33 · q̂ref but to also practically
stabilize the LSRs. For excitation wavenumber k0 = 2, on
the other hand, only a practical stabilization of an already
existing frequency amplitude curve is required. It should be
emphasized that the probabilities shown in Fig. 6 do not dif-

Fig. 6 Probability that a practically stable LSR exists for at least one
single synchronized sector s ∈ {1, ..., Ns}, depending on the EM mis-
tuning level σr

ferentiate between the creation of new frequency-amplitude
curves or the stabilization of already existing LSRs. In view
of the results presented above it may appear beneficial to
choose much larger nominal clearances � than considered in
the present work. This is because onewould avoid practically
stableLSRs entirely, even for the lowest excitationwavenum-
bers k0, if the clearance is larger than the local maximum of
the FRS that forms the frequency-amplitude curves around
the lowest possible resonance frequency (which are known to
host practically stable LSRs). However, this would alsomean
that the nominal clearance may be significantly larger than at
its optimal design point (as chosen in the present work; see
Appendix A). An interesting direction for future work would
be to analyze whether this trade-off would be beneficial for
the resulting vibration levels that may then be dominated by
solutions without intrinsic nonlinear localization, i. e., GSRs
or SMRs, or other LSRs with multiple synchronized sectors.

4.2.3 Influence of the mistuning level on the maximum
amplitudes

In view of the strong stabilizing effect of EM on LSRs, the
imminent question arises of how high the LSRs’ amplitudes
become. However, before addressing this directly, we first
briefly discuss the well-studied influence of the mistuning
level σr on the resonant amplitudes in the linear system with
fixed VI-NESs (no mass deficiency). This aims to serve as
a reference for the results presented on LSRs. As a scalar
statistical measure of the linear resonant amplitudes, we
determined their empirical 95%-quantiles, denoted by q̂ lin95 ,
for various mistuning levels σr , based on NMCS = 10000
MCSs each. The results are shown in Fig. 7, where each color
indicates a different excitation wavenumber k0. All depicted
curves follow the same trend reported throughout the litera-
ture [9, 10, 13], namely that q̂ lin95 increases with the mistuning
level σr until it reaches amaximum and then decreases again.
Depending on the excitation wavenumber k0, the highest
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Fig. 7 Empirical 95%-quantiles of the largest linear resonant ampli-
tude, q̂ lin95 , depending on the EM mistuning level σr

Table 2 Largest practically stable amplitude and LF of the LSR with a
single synchronized sector in the tuned system for the nominal param-
eters in Table 1. For excitation wavenumbers k0 ≥ 2, no practically
stable LSRs exist

maxr
{
q̂max

}
/q̂ref maxr {LF}

k0 = 0 0.197 0.708

k0 = 1 0.131 0.617

amplitudes q̂ lin95 are reached for mistuning levels between
0.2% ≤ σr ≤ 0.4%.

In the case of LSRs, we determined the largest ampli-
tude that is reached for a random realization of the mistuning
pattern δr as the largest practically stable amplitude over
all excitation frequencies r and synchronized sectors s, i. e.,
maxr ,s

{
q̂max

}
. We gathered the largest practically stable

amplitudes, and their corresponding LFs of the LSRs in the
tuned system in Table 2. Different to the mistuned resonant
amplitudes of the linear system q̂ lin95 shown in Fig. 7, the
highest practically stable amplitudes of LSRs, only increase
and no maximum is reached within the considered range of
mistuning levels σr . This is shown by the shaded regions in
Fig. 8a, c, and e, which indicate the range in which the largest
practically stable amplitude was within 90% of all MCSs
where a practically stable LSR was found, for excitation
wavenumbers k0 = 0, k0 = 2, and k0 = 5, respectively. The
regions are bounded by the empirical 5%-quantiles (lower
dashed lines) and 95%-quantiles (upper dashed lines) of the
largest practically stable amplitude. These bounds indicate
amplitudes that are either likely to be exceed (5%-quantile)
or likely not to be exceed (95%-quantile). As an additional
measure of the likely or “average” largest practically stable
amplitude, its empirical 50%-quantile/median is depicted
by the the solid lines. For excitation wavenumber k0 = 0,
the largest practically stable amplitudes are always likely
to be higher than in the tuned system (cf. Table 2 and hor-

izontal black line in Fig. 8a). The latter always remains
below the empirical 5%-quantile, and is thus likely to be
exceeded, even for the smallest considered mistuning level
of σr = 0.125%. At the upper limit of mistuning levels,
σr = 4%, the largest practically stable amplitude of the
mistuned system’s LSRs actually exceeded its correspond-
ing value from the tuned case by a factor between 1.3 and
1.9 in 90% of all MCSs. We note that we did not consider
mistuning levels stronger than σr > 4% as these would
largely exceed realisticmistuning levels in engineering struc-
tures [75–77]. Moreover, we believe that these mistuning
levels would be too high to still be viewed as mistuning in
the sense of “perturbations” to the symmetry of the tuned
system2. The largest practically stable amplitudes for exci-
tation wavenumbers k0 = 2 and k0 = 5 in Fig. 8c and
e exhibit the same qualitative dependence on the mistun-
ing level σr as for k0 = 0. However, the likely ranges of
practically stable amplitudes at the same mistuning levels σr
become lower as the excitation wavenumber k0 increases.
Nevertheless, if the mistuning level σr is high, the largest
practically stable amplitudes for k0 = 2 and k0 = 5 may
still be larger than those observed in the tuned system at the
lowest excitation wavenumbers k0 = 0 and k0 = 1. We
note that the amplitude ranges and quantiles for excitation
wavenumber k0 = 5 in Fig. 8e are only shown for mistun-
ing levels σr ≥ 1% since we did not observe practically
stable LSRs for weaker mistuning, as already indicated by
the zero probability in Fig. 6. Even though EM can signif-
icantly increase the maximum-achievable practically stable
amplitudes compared to the tuned system’s LSRs, it should
be emphasized that they always remain substantially lower
than the linear resonant amplitude of the tuned system, q̂ref
(fixed VI-NESs in all sectors). The latter serves as a normal-
izing constant for all amplitudes depicted in Fig. 8a, c, and
e. This strong amplitude reduction effect is even more pro-
nounced, when comparing the largest vibration levels of the
LSRs in Fig. 8a, c, and e, to the empirical 95%-quantile of the
mistuned system’s linear resonant amplitudes, q̂ lin95 in Fig. 7,
which are even higher than in the tuned case. More specifi-
cally, while the linear mistuned resonant amplitudes q̂ lin95 can
grow between 40%-60% higher than the resonant amplitude
in tuned case q̂ref , the largest practically stable amplitudes of
the LSRs are always likely to remain more than 60% lower

2 For mistuning levels stronger than σr > 4%, the grounding stiffness
of some oscillators may become very small (cf. Eq. (20)). In combi-
nation with the weak inter-sector coupling strength of κc = 6 · 10−3

considered in the present work, the overall effective stiffness of these
oscillators (against the ground and their neighboring sectors) is weak.
This allows them to reach unrealistic, extremely large amplitudes, and
would even cause the linear mistuned resonant amplitudes q̂ lin95 (see
Fig. 7) to increase again. Moreover, the mode shape of realistic struc-
tures changes significantly for strong mistuning [13]. In this case, our
minimal model of a cyclic chain with a single oscillator per sector does
not seem to be an appropriate simplification anymore.
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than q̂ref . Hence, a substantial vibration mitigation effect of
the VI-NESs is maintained despite the strong localization.

4.2.4 Influence of the mistuning level on the localization
intensity

To quantify the intensity of localization, we computed the
LFs of the LSRs with the highest practically stable ampli-
tudes. Similar to what we observed for the amplitudes, the
corresponding LFs also increase with the mistuning level σr ,

as shown by the shaded regions in Fig. 8b, d, and f. The lat-
ter indicate the range in which the LFs were in 90% of all
MCSs where practically stable LSRs were found, for excita-
tion wavenumbers k0 = 0, k0 = 2, and k0 = 5, respectively.
We note that this monotonic increase of the LFs arises, since
the localization intensity of host structure’s linear modes
becomes higher when the mistuning level σr is increased
[6]. However, there are two important differences between
the localization intensity of the host structure’s linear modes
and LSRs. First, the LFs of LSRs already reach high val-

Fig. 8 Largest practically stable amplitudes maxr ,s
{
q̂max

}
(left) and

the corresponding LFs (right), depending on the EM mistuning level
σr , for excitation wavenumbers (a,b) k0 = 0, (c,d) k0 = 2, and (e,f)
k0 = 5. The solid lines indicate the empirical 50%-quantile and the

shaded region shows the range between the 5%-quantile (lower dashed
line) and 95%-quantile (upper dashed line) in which the corresponding
amplitudes or LFs were in 90% of all MCSs where practically stable
LSRs were found
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ues in the limiting case of a tuned system (cf. Table 2).
The LFs of the host structure’s linear modes, on the other
hand, would always start at LF = 0 in the tuned case, where
all mode shapes are of the standing/traveling wave form in
Eq. (14). The second difference is that the increase of the
localization intensity in the case of LSRs correlates with an
increasing practically stable amplitude, whereas the resonant
amplitudes of linear systems start to decrease again for large
mistuning levels σr (cf. Fig. 7). For the highest considered
mistuning level of σr = 4%, the LFs of LSRs reach likely
values of around LF ≈ 0.9 ... 1, as indicated by the 50%-
quantiles (solid lines) in Fig. 8b, d, and f, independent of
the excitation wavenumber k0. This implies that the largest
practically stable amplitudes (that are also observed for high
mistuning levels σr ) occur when the energy is almost entirely
confined in the single synchronized sector. From a practi-
cal perspective, this is undesired as it may locally accelerate
damage mechanisms related to material fatigue. Hence, if
one aims to minimize strong localization due to the interac-
tion between LSRs and EM, the mistuning level σr should be
as low as possible. In other words, the host structure should
be “as tuned as possible”. For high excitation wavenumbers
k0, this might even rule out the existence of practically sta-
ble LSRs entirely (see Fig. 6). We also emphasize that the
benefit obtained by reducing the mistuning level σr in the
case of LSRs may contradict its effect on mistuning in linear
systems, where lowering the mistuning level σr can result in
increasing resonant amplitudes [10], due to the appearance
of the maximum shown in Fig. 7.

5 Clearancemistuning

We now investigate the case of CM for which we consider
all local eigenfrequencies to be tuned, i. e., δr = 0. This
implies that the effectivemistuningof the structure nowsolely
depends on the effective change of the synchronized sector’s
local eigenfrequency due to its locally acting, strong impact
nonlinearity, instead of being additionally superimposedwith
δr . Nevertheless, CM still affects the effective mistuning of
the structure as the nonlinearity in the synchronized sector,
and thus the effective change of its eigenfrequency, depends
on its clearance �(1 + δ�,s). Due to the rare occurrence of
impacts in the non-synchronized sectors, their local eigen-
frequencies remain mostly unaffected.

5.1 Identification of possible effects on LSRs

As already seen in the derivation of the FRS in Section 3, CM
does not influence the shape of the FRS itself but only the size
of the clearance at which the frequency-amplitude curve is
evaluated. Thereby, the value of the clearance only depends
on the clearance mistuning in the synchronized sector itself,

i. e., δ�,s (see Eq. (32)), and not on the clearance mistuning
in the non-synchronized sectors δ�, j 	=s . For the mistuning
levels considered in the present work, 0 < σ� ≤ 4%, this
only results in a minimal shift of the level curve along the
FRS compared to the tuned case. This causes the isolated
frequency-amplitude curves to contract(expand) if the mis-
tuned clearance is larger(smaller), i. e., δ�,s > 0(δ�,s < 0),
than its nominal value. To illustrate this, a representative
example of the FRS for excitation wavenumber k0 = 1 is
shown in Fig. 9a, where the solid black line indicates the
frequency-amplitude curve at the considered nominal clear-
ance (see Table 1), and the dashed black lines show those of
a CM of δ�,s = ±1% in the synchronized sector. We note
that the FRS in Fig. 9a is equivalent to that of the tuned case
depicted in Fig. 4. When compared to the strong influence
of EM on the shape of the FRS at the same mistuning level
(see Fig. 4 for σr = 1%), the influence of CM appears to
be almost negligible. This becomes even more pronounced
in the particular case of the highest excitation wavenumber
k0 = 5. Here, EM was able to push the local maximum of
the FRS that forms the frequency-amplitude curve around
the LSRs’ lowest resonance frequency past the size of the
nominal clearance, which allowed for the formation of prac-
tically stable LSRs. In order to obtain a similar effect due to
CM, the mistuning in the synchronized sector, δ�,s , would
need to be strong enough to shift the value of the clearance
into the range where this local maximum exists. In our sys-
tem, this means that CM would need to reduce the size of
the clearance from its nominal value of � = 0.33 · q̂ref to a
value smaller than �(1 + δ�,s) < 0.265 · q̂ref in at least one
sector. This requires a relative mistuning of δ�,s < −0.196.
However, even for the highest considered mistuning level of
σ� = 4%, the probability for this to occur is around 5 ·10−7,
which is negligibly small.

While it is already clear that CM alone does not lead
to strong interactions with LSRs like EM, it still slightly
extends the range of practically stable amplitudes, if the
LSRs’ frequency-amplitude curve around their lowest res-
onance already exists in the tuned system. This is shown by
the gray point cloud in Fig. 9 which, analogous to Fig. 5,
depicts the practically stable LSRs with the synchronized
sector s that results in the largest practically stable ampli-
tude based on NMCS = 1000 MCSs. In this example, the
excitation wavenumber was k0 = 1 and we used a mistun-
ing level of σ� = 1%. For reference, the corresponding
frequency-amplitude curve of the tuned system’s LSR is
shown in blue, along with its practically stable range that
is indicated by green stars. Even though LSRs reach slightly
higher practically stable amplitudes in the presence of CM,
the localization intensity, as measured by the LF, remains
close to that of the tuned system’s LSRs (cf. Table 2). This
can be attributed to the absence of an intrinsic localization
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Fig. 9 (a) Frequency response surface (FRS) of the locally synchro-
nized response (LSR) with a single synchronized sector for excitation
wavenumber k0 = 1 in the system under CM. The chosen value of the

nominal clearance� = 0.33·q̂ref is indicated by the solid black line. (b)
shows the practical stability analysis for a mistuning level of σ� = 1%

Fig. 10 Probability that a practically stable LSR exists for at least one
single synchronized sector s ∈ {1, ..., Ns}, depending on the CM mis-
tuning level σ�

of the host structure’s linear modes, which are unaffected by
CM.

5.2 Influence of themistuning level

In the case of excitation wavenumber k0 = 0, where practi-
cally stable LSRs exist in the tuned system, they also always

exist in the presence of CM. This is shown by the 100%
probability that a practically stable LSR exists for at least
one synchronized sector s ∈ {1, ..., Ns} at various mistun-
ing levels σ� in Fig. 10, which was estimated based on
NMCSs = 1000 random realizations of mistuning patterns
δ� . Hence, CM does not lead to destructive interactions with
LSRs. Instead, if the mistuning level σ� is high enough, it
can also have a constructive, stabilizing effect if the LSRs’
frequency-amplitude curve around the lowest possible reso-
nance already exists in the tuned case but does not exhibit
practically stable solutions. This can be observed for excita-
tion wavenumber k0 = 2 in Fig. 10, which shows that the
probability that a practically stable LSRs exists increases
up to 80% for the highest considered mistuning level of
σ� = 4%. Based on the previous discussion on how unlikely
it is that CM creates the necessary frequency-amplitude
curves for excitation wavenumber k0 = 5, it is evident why
the probability for the existence of practically stable LSRs
remains at 0%, even as the number of MCSs was increased
to NMCS = 5000. The maximum practically stable ampli-
tudes maxr ,s

{
q̂max

}
as well as their corresponding LFs do
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Fig. 11 Largest practically stable amplitudes maxr ,s
{
q̂max

}
(left) and

the corresponding LFs (right), depending on the CM mistuning level
σ� , for excitation wavenumbers (a,b) k0 = 0 and (c,d) k0 = 2. The
solid lines indicate the empirical 50%-quantile and the colored region

shows the range between the 5%-quantile (lower dashed line) and 95%-
quantile (upper dashed line) in which the corresponding amplitude or
LF was within 90% of all MCSs where a practically stable LSR was
found

not exhibit a strong dependence on the mistuning level σ� .
This is indicated by the ranges in which these measures were
within 90% of all MCSs where practically stable LSRs were
found (shaded regions), that are depicted in Fig. 11a and b
for excitation wavenumber k0 = 0, and in Fig. 11c and d for
k0 = 2. For excitation wavenumber k0 = 0, even the upper
bounds of these ranges, i. e., the empirical 95%-quantiles of
thesemeasures, are only slightly higher than in the tuned case
(horizontal black line). This alsomeans that the largest practi-
cally stable amplitudes remain significantly below the linear
resonant amplitude of the tuned system q̂ref . The sameapplies
to the practically stabilized LSRs for excitation wavenumber
k0 = 2. We note that the “noisy” appearance of the likely
ranges of amplitudes and LFs for excitation wavenumber
k0 = 2 is caused by the very few random realizations of the
mistuning pattern δ� that even led to practically stable LSRs
(cf. Fig. 10).

Given the almost negligible effect of CM compared to
that of EM, an analysis of their combined effect is omitted in
the present work. Here, we simply expect a superposition of

the reported effects from EM and CM. In particular, we only
expect slightly higher amplitudes and LFs compared to those
reached for pure EM (see Fig. 8). Nevertheless, it should
emphasized that no typical mistuning levels for CM σ� are
known from real-world applications. Hence, it could gen-
erally be possible that realistic mistuning levels of CM will
reachmuch higher values than those considered in the present
work; these could also exceed typical mistuning intensities
of EM σr that commonly fall within the low single-digit per-
cent range [75–77].While this does not change the qualitative
interaction effects/mechanisms with LSRs that we reported
herein, one should keep in mind that CM may not always be
negligible compared to EM.

6 Conclusions

In the present work, we studied the interaction between
Anderson localization due to mistuning and nonlinear local-
ization in the form of Chimera-like locally synchronized
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Fig. 12 Resonant amplitude reduction for various clearances � for the inter-sector coupling strength κc = 6 · 10−3. The dashed black line shows
the analytically estimated clearance with the strongest amplitude reduction, derived in [55]

responses (LSRs) in a harmonically forced cyclic chain of
oscillators, incorporating a distributed array ofVI-NESs. The
system’s nominal parameters were chosen based on the study
of the optimal design of the tuned system by Weidemann et
al. [55], and mistuning was introduced in the form of ran-
dom perturbations to the sectors’ local (uncoupled) linear
eigenfrequencies (EM) or the VI-NESs’ clearances (CM).

6.1 Possible interaction effects

We found that even small levels of EM lead to strong
changes of the LSR’s frequency response surface (FRS).
Consequently, EM can create new and/or shift existing
frequency-amplitude curves across awide range of excitation
frequencies. This makes it practically impossible to estimate
their location a priori, i. e., without knowing the specificmis-
tuning realization of the system. Moreover, it is important to
note that EM can lead to the formation of practically stable
LSRs in parameter ranges where LSRs would not exist in
the tuned system. In the study on the tuned system [55] it
was concluded that LSRs can be ignored in the design pro-
cess of VI-NESs if the excitation wavenumber is moderate to
high. This is because the tuned system only exhibits practi-
cally stable LSRs for the lowest few excitation wavenumbers
[55]. In the presence of EM, however, practically stable

LSRs can appear in the entire range of possible excitation
wavenumbers. This implies that LSRs should, in fact, always
be considered when designing VI-NESs for an application in
a real rotationally periodic structure. CM generally shows
much weaker interaction effects with LSRs as it only affects
the clearance at which the frequency-amplitude curve is eval-
uated from the FRS, but does not alter the shape of the FRS
itself. More specifically, at moderate levels of CM it can be
expected that the isolated frequency-amplitude curve only
slightly expands or contracts compared to the configuration
with nominal clearances. It should also be emphasized that
both EMandCMdid not yield destructive interaction effects,
meaning that they did neither lead to the complete disappear-
ance of LSRs, nor did they lower the maximum amplitude
or localization level compared to the tuned system. Instead,
the constructive interaction effects only increased in the con-
sidered range of mistuning levels. When intending to apply
VI-NESs to real rotationally periodic systemsone should thus
aim to reduce any formofmistuning asmuch as possible. This
especially applies to parameters that directly influence the
linearmodes of the host structure, given the almost negligible
effects of CM compared to EM. The latter can be attributed
to the different ways that CM and EM affect the structure’s
effective mistuning. While EM is an independent mechanism
that directly changes all sectors’ local eigenfrequencies, CM
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only indirectly affects the local eigenfrequencies of the syn-
chronized sectors by changing the intensity of their local
impact nonlinearity.

6.2 Implications for vibrationmitigation

Despite the potentially strong interactions between non-
linearly localized LSRs and Anderson localization due to
mistuning, the highest amplitudes we observed were still
lower than the corresponding linear resonant amplitude of the
tuned system.Thus, it can be concluded that theVI-NESs still
have a high potential for resonant vibrationmitigation in rota-
tionally periodic engineering structures. It should be noted
that the effects of EM and CM on the (resonant) vibration
level of other solutions, in particular globally synchronized
responses (GSRs) and strongly modulated responses (SMRs,
see Section 1.3.2) [55], were not directly considered and
would be an interesting step for future work. However, we
note that the highest amplitudes of LSRs reported through-
out the present work are always higher than those observed
in the brief study on the VI-NESs’ optimal design point,
presented in Appendix A, where we attempted to estimate
the host structure’s maximum vibration level without a par-
ticular focus on LSRs. It should also be kept in mind that
the results presented in the present work are based on a mini-
mal model of a rotationally periodic structure with VI-NESs.
Since only a single oscillator per sector was considered,
inter-modal targeted energy transfer (IMTET) among dif-
ferent mode families was completely suppressed but will be
addressed in future work.

6.3 Transfer to other types of NESs

As already mentioned at the beginning of this article, we
believe that our resultsmay also extend to other types ofNESs
applied to rotationally periodic structures. This is because the
resonance capture of the NESs’ dynamics onto a slow invari-
ant manifold (SIM) in a subset of sectors, or maybe onto
distinct branches of a SIM in different sectors as for com-
mon “S-shaped” SIMs (see cubic NES in [33]), seems to be
a nonlinear localization mechanism that is generally possi-
ble for all types of NESs [29]. Hence, nonlinearly localized
responses and their interaction withmistuning should always
be accounted for when applying NESs to rotationally peri-
odic systems. Lastly, it should be noted that only the loss of
(our definition of) practical stability prevents the LSR (in our
system with VI-NESs) to reach detrimental localized ampli-
tude levels, especially in the presence of mistuning. As this
stability-loss mechanism is unique to the VI-NES, it remains
an open question if and to what extent similar mechanisms
exist for other types of NESs applied to rotationally periodic
structures. A direct investigation of our hypotheses regarding

the generalization of our findings to other types of NESs is
left for future work.

Appendix A Robustness of the optimal
clearance

To show the robustness of the approximate optimal clear-
ance of the tuned system, i. e., � = 0.33 · q̂ref , we considered
the representative examples of either pure EM or pure CM
at a mistuning level of σr = 1% or σ� = 1%, respec-
tively, and various nominal clearances �. At each considered
nominal clearance �, we generated multiple random realiza-
tions of mistuning patterns, δr or δ� , based on Monte-Carlo
simulations (MCSs). For each generated mistuning pattern,
we then performed the sine-frequency-stepping procedure
that was originally proposed in [50] to estimate the resonant
amplitude of an isolated structure with VI-NES, and that was
applied to the tuned version of the considered system in [55].
We applied the procedure as described in the following steps.

1. Specify the initial conditions by generating a uniformly
distributed random displacement of all oscillators, i. e.,
q j (0) ∈ q̂ref

[−10−4 , 10−4
]
, placing all VI-NESs close

to the left cavitywall,qa, j (0) = q j (0)−0.99·�(1+δ�, j ),
and initializing all coordinates at rest u j (0) = ua, j (0) =
0.

2. Determine the excitation frequencies with the largest
maximum amplitude q̂max in the linear cases with fixed
and removed VI-NESs, rfix and rrem, respectively.

3. Numerically simulate the system’s transient response

with a length of Ntr =
⌈
r ln(1000)
2πr0D0

⌉
excitation periods

for the initial excitation frequency of r = 0.98 · rfix.
4. After reaching a steady state, simulate a sine-frequency

stepping at 50 equidistantly-spaced excitation frequen-
cies in the interval r ∈ [0.98 · rfix , 1.03 · rrem] with
300 excitation periods for each frequency. Since the fre-
quency steps are small, introducing an additional wait
time for transients after each step was found to have no
effect on the extracted amplitude measures and is thus
not implemented.

5. Extract the largest maximum amplitude over all excita-
tion frequencies maxr

{
q̂max

}
.

The random initial displacement in step 1 is adopted accord-
ing to the implementation for the tuned system in [55].
Therein, it was necessary to break any potential symmetry in
the initial conditions to avoid simulating practically unsta-
ble symmetric SMRs that would otherwise occur due to an
orthogonality between the measure of contact percussions
d� (cf. Eq. (10)) and certain mode shapes. To stay consistent
with the estimation procedure between the tuned and mis-
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tuned configurations, we break the initial symmetry for the
mistuned system as well. The length of the transient response
in step 3 is estimated from linear theory as the time after
which the linear homogeneous solution of the tuned system’s
fundamental mode (wavenumber l = 0) with fixed VI-NESs
would have decayed by 99.9%. It should be noted that it
cannot be controlled from what type of response, i. e., GSR,
SMR, or LSR (see Section 1.3.2), the maximum amplitude
in step 5 is extracted. In fact, we believe that this procedure
is well-suited to provide an overview over the attainable mis-
tuned vibration levels, without putting a special emphasis on
LSRs. As a scalar statistical measure of the vibration level
for each nominal clearance �, we determine the empirical
95%-quantile of the highest amplitude maxr

{
q̂max

}
found

during the sine-frequency-stepping over all MCSs, which we
denote by q̂95. The resulting amplitudes q̂95 for various sizes
of the clearances � are shown by the red lines in Fig. 12 for
either pure EM or CM in the cases of excitation wavenum-
bers k0 = 0 (standing wave excitation) or k0 = 3 (traveling
wave excitation). For reference, the (deterministic) ampli-
tudes of the tuned system are shown in blue and the dashed
vertical line depicts the analytically estimated optimum at
� = 0.33 · q̂ref . Based on a statistical convergence study,
NMCS = 6500 and NMCS = 5000 MCSs were performed
to determine the empirical 95%-quantiles q̂95 for k0 = 0
and k0 = 3, respectively. In all considered cases, the cho-
sen nominal clearance of � = 0.33 · q̂ref delivers a good
approximation of the clearance with the strongest amplitude
reduction, even in the mistuned case.

Appendix B Local asymptotic stability
analysis

To determine the local asymptotic stability of the LSRs, we
interpret solutions of the HB system in Eq. (25) as fixed
points of the slow flow equations derived with Manevitch’s
complexification averaging (CX-A) technique [74]:

2irM
d Q̂
dτ

= F̂k0 − �̂( Q̂, r ,S) − S(r) Q̂ . (B.1)

Herein, the complex amplitudes Q̂ are defined in a wider
sense as the slow amplitude and phase modulation of a fast
harmonic oscillation: Q̂ = Q̂(τ ). For the local asymptotic
stability analysis, the systemof complex ordinary differential
equations in Eq. (B.1) is first transformed into a system of
real ordinary differential equations that governs the dynamics
of the real amplitudes q̂ j and phases γ j . To this end, we
first write out Eq. (B.1) component-wise and substitute the

relations Q̂ j = q̂ jeiγ j and
dQ̂ j
dτ =

(
dq̂ j
dτ + iq̂ j

dγ j
dτ

)
eiγ j to

arrive at:

i

α

(
dq̂ j

dτ
+ iq̂ j

dγ j

dτ

)
eiγ j

=

⎧
⎪⎪⎨

⎪⎪⎩

F̂k0, j + 8εar2q̂a, j
π2q̂ j

ei(γ j−� j )

−∑Ns
m=1 S jmq̂meiγm if j ∈ S

F̂k0, j −∑Ns
m=1 S jmq̂meiγm if j /∈ S

. (B.2)

Herein, we also introduced the additional auxiliary vari-
able α = 1

2(1−εa)r
. To split Eq. (B.2) into its real and

imaginary part, we apply the kinematic relations of the VI-
NES and its host oscillator derived in [71]:

e−i� j = q̂a, j − �(1 + δ�, j )

q̂ j︸ ︷︷ ︸
=cos(� j )

−i ρ
q̂a, j
q̂ j︸ ︷︷ ︸

=sin(� j )

. (B.3)

Recall that ρ = 2
π

1−eN
1+eN

is also a constant auxiliary variable.

Multiplying Eq. (B.2) with αe−iγ j , and splitting it into its
real and imaginary parts, yields the slow flow equations of
the real amplitudes, q̂ j , and phases, γ j , which are shown in
Eqs. (B.4) and (B.5).

dq̂ j
dτ

= α

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

sin(θk0 ( j−1)

− γ j ) −
8εar2ρq̂2a, j

π2q̂ j
−rC j j q̂ j−

Ns∑

m=1
m 	= j

((K jm + δK jm ) sin(γm − γ j )

+ rC jm cos(γm − γ j ))q̂m

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

if j ∈ S

sin(θk0 ( j − 1) − γ j ) − rC j j q̂ j−
Ns∑

m=1
m 	= j

((K jm + δK jm ) sin(γm − γ j )

+ rC jm cos(γm − γ j ))q̂m

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

if j /∈ S

(B.4)

dγ j

dτ
= α

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− cos(θk0 ( j − 1) − γ j )

q̂ j

− 8εar2q̂a, j (q̂a, j − �(1 + δ�, j ))

π2q̂2j
+

[−r2(1 − εa) + K j j + δK j j ]+
Ns∑

m=1
m 	= j

((K jm + δK jm ) cos(γm − γ j )

− rC jm sin(γm − γ j ))
q̂m
q̂ j

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

if j ∈ S

− cos(θk0 ( j − 1) − γ j )

q̂ j

+ [−r2(1 − εa) + K j j + δK j j ]+
Ns∑

m=1
m 	= j

((K jm + δK jm ) cos(γm − γ j )

− rC jm sin(γm − γ j ))
q̂m
q̂ j

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

if j /∈ S

(B.5)
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To determine the local asymptotic stability of the fixed
points of Eq. (B.1), i. e., the solutions of Eq. (25), we now
linearize the real ordinary differential equations in Eqs. (B.4)
and (B.5) around these fixed points. The fixed point is locally
asymptotically stable if all eigenvalues of the resulting lin-
earization matrix J lie in the left half of the complex plane.
The linearization matrix J of the system of ordinary differen-
tial equations governed by Eqs. (B.4) and Eq. (B.5) is defined
as:

J =
⎡

⎣
∂
dq̂
dτ

∂ q̂
∂
dγ
dτ

∂ q̂
∂
dq̂
dτ

∂γ

∂
dγ
dτ

∂γ

⎤

⎦ . (B.6)

Herein, the amplitudes q̂ j and phases γ j are gathered in the
vectors q̂ and γ , respectively. The corresponding derivatives
are determined component-wise for each sub-matrix of J in
Eqs. (B.7)-(B.10).

∂
dq̂ j
dτ

∂q̂p
= α

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

8εar2ρq̂2a, j
π2q̂2j

− 16εar2ρq̂a, j
π2q̂ j

∂q̂a, j
∂q̂ j

− rC j j

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

if p = j ∈ S

−rC j j
}

if p = j /∈ S
−((K jp + δK jp) sin(γp − γ j )

+rC jp cos(γp − γ j ))

}

if p 	= j

(B.7)

∂
dq̂ j
dτ

∂γp
= α

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− cos(θk0 ( j − 1) − γ j )

+
Ns∑

m=1
m 	= j

((K jm + δK jm) cos(γm − γ j )

− rC jm sin(γm − γ j ))q̂m

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

if p = j

[(K jp + δK jp) cos(γp − γ j )

− rC jp sin(γp − γ j )]q̂p

}

if p 	= j

(B.8)

∂
dγ j
dτ

∂γp
= α

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− sin(θk0 ( j − 1) − γ j )

q̂ j
+

Ns∑

m=1
m 	= j

((K jm + δK jm) sin(γm − γ j )

+ rC jm cos(γm − γ j )] q̂m
q̂ j

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

if p = j

− (
(K jp + δK jp) sin(γp − γ j )

+rC jp cos(γp − γ j )
) q̂p
q̂ j

⎫
⎪⎬

⎪⎭
if p 	= j

(B.9)

∂
dγ j
dτ

∂q̂p
= α

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cos(θk0 ( j − 1) − γ j )

q̂2j

+ 16εar2q̂a, j (q̂a, j − �(1 + δ�, j ))

π2q̂3j
−

8εar2(2q̂a, j − �(1 + δ�, j ))

π2q̂2j

∂q̂a, j
∂q̂ j

−
Ns∑

m=1
m 	= j

((K jm + δK jm) cos(γm − γ j )

− rC jm sin(γm − γ j ))
q̂m
q̂2j

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

if p = j ∈ S

Ns∑

m=1
m 	= j

((K jm + δK jm) cos(γm − γ j )

− rC jm sin(γm − γ j ))
q̂m
q̂2j

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

if p = j /∈ S

(
(K jp + δK jp) cos(γp − γ j )

−rC jp sin(γp − γ j )
) 1

q̂ j

⎫
⎬

⎭
if p 	= j

(B.10)

Note that q̂a, j is related to q̂ j through Eq. (28). Morevoer,
Eqs. (B.7) and (B.10) utilize the derivative of the stable
branch of the SIM:

∂ q̂a, j
∂q̂ j

= q̂ j√
(1 + ρ2)q̂2j − (ρ�)2(1 + δ�, j )2

,

q̂ j >
ρ�(1 + δ�, j )√

1 + ρ2
. (B.11)

Appendix C Number of possibly coexisting
LSRs

For each specific random realization of mistuning patterns,
δr and δ� , multiple LSRs may possibly coexist. In other
words, depending on the initial conditions of the EOMs in
Eqs. (9) and (10), it may be possible to reach various differ-
ent steady-stateswith different permutations of synchronized
and non-synchronized sectors. To quantify the number of
possibly coexisting LSRs, NLSR, we exploit that we can
uniquely characterize an LSR by its set of synchronized sec-
torsS. Hence, to count the number of LSRs thatmay possibly
coexist, we can count how many unique sets S exist for a
given number of sectors Ns. To this end, we consider that
each sector j can either be included in S or not, i. e., it can
either be synchronized or not. This reduces the problem of
counting the number of possibly coexisting LSRs to a sim-
ple permutation problem (two possible states for each sector)
with the solution:

NLSR = 2Ns − 2 . (C.1)
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The subtractionof twoexcludes the special caseswhere either
all sectors are synchronized, i. e., S = {1, ..., Ns} (GSR),
or where no sector is synchronized, i. e., S = ∅. We note
that this way of counting the number of possibly coexisting
LSRs, NLSR, does not account for the coexistence of solu-
tions with the same set of synchronized sectors S, e. g., due
to isolated or overhanging branches. Moreover, it should be
emphasized that the expression in Eq. (C.1) only counts the
number of possibly coexisting LSRs which may be higher
than the number of kinematically admissible and (practi-
cally) stable coexisting LSRs. In fact, it was already shown
in [55] that LSRs only exist in a finite range of clearances
�. Counting the number of (actually) coexisting LSRs for
a given realization of the system would require one to sys-
tematically analyze all NLSR possibly coexisting LSRs first,
e. g., by means of the analytical model presented herein.

The number of possibly coexisting LSRs, NLSR, in the
mistuned system given in Eq. (C.1), differs from the expres-
sion we derived for the tuned system in our previous study
[55]. In the latter, we regarded all LSRs whose sets of syn-
chronized sectors S were circularly shifted versions of one
another as the same solution3, given that the tuned system
possesses ideal cyclic symmetry. A circular shift can be
achieved by adding the same but arbitrary integer number to
all indices of the synchronized sectors contained in S, under
consideration of the periodic boundary conditions in Eq. (8).
This has the same effect as redefining the arbitrary choice
of which of the tuned system’s identical sectors is the “first”
sector j = 1. Under these considerations, the number of pos-
sibly coexistingLSRs in the tuned systemwas given in [55] as
the solution to the Necklace Counting permutation problem,

NLSR =
(

1
Ns

∑Ns
n=1 2

gcd(n,Ns)
)

− 2, where gcd(�,�) is the

greatest common divisor. For a derivation of this expression,
we refer the interested reader to a combinatorics textbook
[78]. It is obvious that the choice of the mistuned system’s
first sector j = 1 matters in this context as all sectors are
slightly different (mistuned). Hence, even LSRs with circu-
larly shifted sets of synchronized sectors S are counted as
separate solutions in Eq. (C.1), and the number of possibly
coexisting unique LSRs in the mistuned system is larger than
in the tuned system. This is a first indication of the drastic
increase in complexity one has to expect when accounting for
mistuning in the design of a cyclic structure with VI-NESs.
In the case of Ns = 10 sectors (cf. Table 1), the tuned system
posses NLSR = 106 possibly coexisting unique LSRs [55],
whereas the mistuned system possesses NLSR = 1022 possi-

3 Strictly speaking, LSRs whose sets of synchronized sectors S are
circularly shifted versions of one another are still coexisting solutions of
the tuned system’s EOMs. However, their qualitative dynamic behavior
in terms of their stability and potential bifurcations, as well as their
quantitative behavior in terms of their vibration levels is, in fact, the
same.

bly coexisting unique LSRs for each realization of mistuning
patterns δr and δ� .

Appendix D Representative mistuning
pattern used in Fig. 4

Table 3 Normalized representative eigenfrequency mistuning pattern
δ∗
r with a spatial corrected sample standard deviation of unity. All values
are rounded to the sixth decimal place

δ∗
r ,1 0.984382 δ∗

r ,6 0.852898

δ∗
r ,2 −0.410474 δ∗

r ,7 0.574996

δ∗
r ,3 −0.735182 δ∗

r ,8 0.231832

δ∗
r ,4 1.478324 δ∗

r ,9 −1.719885

δ∗
r ,5 −0.256372 δ∗

r ,10 −1.000519

Appendix E Frequency region with
practically stable solutions

In the following, we demonstrate that practically stable solu-
tions only occur below the lowest resonance of the LSR,
based on a representative example for excitation wavenub-
mer k0 = 1 and a mistuning level of σr = 1%. To this end,
wemomentarily fix the (nominal) clearance at a smaller value
of � = 0.08 · q̂ref where the LSR covers a larger frequency
range and the qualitative differences are more clearly visible.
The resulting frequency-amplitude curve for the synchro-
nized sector, q̂s , is shown in Fig. 13 by the dashed gray line.
As a reference, the solid and dashed-dotted orange line in the
background indicate the linear frequency-amplitude curves
of the tuned system with fixed or removed VI-NESs, respec-
tively. The blue line indicates the maximum amplitude, q̂max,
and transitions to a red-dotted line when the kinematic con-
straint is violated. As already reported for the tuned system
in [55], the maximum amplitude q̂max does not necessarily
coincide with the amplitude in the synchronized sector q̂s .
This was already observed for the majority of the range of
excitation frequencies r past the lowest resonance of the LSR
in the tuned system [55] and mostly (but not necessarily)
coincides with a violation of the kinematic constraint. The
stability of the solutions is indicated by their respectivemark-
ers: practically stable solutions are indicated by green stars,
locally asymptotically stable but practically unstable solu-
tions are indicated by blue dots, and unstable solutions are
indicated by red dots. For all practically stable solutions, the
markers depict the numerically determined amplitude during
the last 300 excitation periods of the simulation performed
in the practical stability analysis (see Section 3.3). One can
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Fig. 13 Representative
numerical stability analysis of
the analytically determined
frequency-amplitude branches
of an LSR with synchronization
in a single sector of a system
configuration with EM

Fig. 14 Examples of the frequency-amplitude curves and their stability of the locally synchronized response (LSR) with a single synchronized
sector in the case of eigenfrequency mistuning (EM). The inter-sector coupling strength is set to κc = 6 · 10−3 and the excitation wavenumber is
k0 = 1
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clearly see that practically stable solutions only appear below
the lowest resonance of the LSR. It should be noted that
all solutions past the lowest nonlinear resonance violate the
kinematic constraint in the example shown in Fig. 13. Never-
theless, we could also not observe practically stable LSRs for
other mistuning realizations that did not lead to a violation
of the kinematic constraint in this frequency region.

Appendix F A collection of art

In the case of EM, the frequency-amplitude curves of theLSR
take on very “strange” shapes. Nevertheless, our analytical
study of the FRS and the slow flow equations allows us to
efficiently compute their shape and stability. We collected a
few representative examples in Fig. 14.
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