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The Topology of the Flag Space of a Topological Projective Plane
with 2=-Spheres as Point Rowa

German Summary

Diese Arbeit beschiéftigt sich mit topologischen projektiven Ebemen
&7 i.a, unter der Voraussetzung, daB die Pumktreihen sur 2-Sphiire
homBomorph sind. Dabei bezeichnen X den Punktraum, Y den
Geradenraum und B< X x Y den Pahnenraum, der sus allen inzidenten
Punkt-Geraden-Paaren besteht, Das Hauptresultat der Arbeit ist

der folgende Sats:

SATZ: Sei ¥ = (B, X, Y) eine topologische projektive Ebene,
deren Punktreihen zur 2-Sphire homdomorph sind, Dann ist die
Einschréinkung p:E——>X der Projektion auf den ersten Faktor
tepologisch Hquivalent gu der entsprechenden Abbildung p c?
E—>X der komplexen projektiven Ebene f)c =(E, %X, Y).
Insbesondere sind E und (E sueinmsnder homSomorph.

Ebenso gilt die duale Aussage des Satzes., Als PFPolgerung ergibt
sich, da8 die Abbildungen des Schneidens und V¥erbindens

AT * T~AY)— X wnd  viX x INAX)—>Y

ebenfalls topologisch H#quivalent zu ihren klassischen Gegen-
atlicken sind,

Dieser Satz erginst Resultate tiber die Topologie projektiver
Ebenen, die Breitsprecher ersielt hat [Math, Z, 121, 157-174
(1971) und Geometriae Dedicata 1, 21-32 (1972)] . Wie dort
wird auch hier die Theorie der Faserbiindel als Hilfsmittel
fiir den Beweis herangezogen.
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Bei dem Beweis des Satzes wird p:E—> X als Projektion eines
lekaltrivialen Blindels angesehen., Sei L = g~ (F¥)SX eine
Punktreihe und sei D die abgeschlossene Eimheitskugel in
R4, Die Abbildung p wird hier als Zusammensetzung von der
Einschrinkung pL:EL——-)L ttber I und dem trivialen Blindel

D x E(x)—> D betrachtet, wobei E(x) = p~'(x) das Geradenbiischel
durch x€X bezeichnet, Dabel steller wir una vor, das

X = ILUgD aus L durch das Anheften einer 4~Zelle veraige
der Anheftungsabbildumg «:9 D—>1 entstanden ist. Bs wirq
eine "Bindelanheftungsebbildung®™ :3d D—>P(E;) eingefiinrt,
die Werte in dem Totalraum des bdesiiglich der HomSomorphismen-
gruppe H(B(x)) (= H(sz)) assosiierten Pringzipalbiindels an-
nimnt und die eine Abbildung "ilber IL" berzilglich o« und

dexr Projektion des Pringipalblindels ist, Es wird geszeigt, das
X  senkrecht homotop su seimem klassischen Gegenstiick X ¢
ist, wemn P(B;) und P(E, ) miteinander geeignet identifi-
glert sind,

Bei dem Vergleich des Orientierungsverhaltens der Fasern von

P wnd pe werden die Vorszeichen in den Relationen des Cohomo-
logierings H*(E) mit Hilfe der Theorie der Hopf-Invariante
untersucht, (Diese Umtersuchung wird allgemeiner f{ir Ebenen
gemacht, in der die Punktreihen zu S® (m = 2, 4 oder 8)
hombomorph sind, )

Als Nebenprodukt der Untersuchung wird ein Sats iiber stetige
Polarititen gewonnen: Ist QA:E—>E die auf dem Pahnenraum
induzierte Abbildung einer stetigen Polaritit einer topolo~
gischen projektiven Ebene, derem Punktreihen bhomfomorph su

g2 8ind, dann ist A orientierungstreu genau dann, wenn das
absolute Gebilde der Polaritdt ein Oval ist,
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The Topology of the Flag Space of a
Topological Projective Plane with
2-Spheres as Point Rows



§1. Insrodwotion

1,1. In this paper we shall prove that the sepology of
the flag space of a topological projective plane is the same
as that of the flag space of the complex projective plane
given she hypothesis that the point rows of the phno" e
homeomorphic to the Riemann sphere 82. The proef uses
results from the theory of fidber bundles and from the theory
of the Hopf invariant, It runs along lines of the proofs in
[ Breitaprecher, 1971 and 1972 J; indeed this work may be
considered as a continuatien of the investigations ssarted
in these papers,

1.2, Recall that a projeotive plame © 1is defined te
be a triple £ = (E, X, Y) of sets called the gset or

"incidence graph®™, the peiys set and she line sei respectively,
with E S XIxY such that the following axioms hold:

1) Every two distinct points have a unique jeining
line, i.e. for all x,,2,€X with x#zz there
exists a unique y€Y with both (x;,y) and (xz,y)
in E,

11) Bvery two distinct lines have a unique peint

of intersection, i.e. for all y,,y,€Y with Y4#7,
there exists a unique x€X with both (x,y;) and
(x,y,) in B,

¢ Such planes are termed 4-dimensional topological planes
in the literature, the 4 there referring to the dimension of
the point space.



i1i1) There are at least 3 points and 3 1lines,

ij.e ocard X2 3 and card Y =z 3.

Tet A(X) denote the diagonal {(x1,x2)€ I-X |x = xZ}
in IxXY and A (Y) the diagonal imn Yx Y, Axioms 1)
and i1) may be so formulated as to require the existence of

join and intersection maps.

(1.2.1) viXs I\ AX)— T (x1,x2)»——>x1vx2,
o AT IS A(D—> Xt (34,30 T A Ts

here XV Xy and Y4A T, denote the line joining x, and

x, and the point of intersection of y; and y, respeciively,

1;4. The most familiar examples of projective planes
are obtained by taking a 3-dimensional vector space over a
f£ield, letting X be the set of 1-dimensional vector sub-
spaces, letting Y be the set of 2-~dimensional subspaces
and letting E be described by the set-theoretic inclusion

E= [(U,V)EX~Y]| UcV].,

The case where the field is the complex numbers ¢ is
of particuler interest here., We shall denote this plane by
e = (€,X,Y).

BExamples of projective planes which are geometrically
different from those described above do exist, [Botton.
1972 and 197%] has made a systematic study of such so-called
*nondesarguesian® planes in the case where the collineation
group satisfies certain restrictive assumptions, the planes
are topological in the sense of 1,5 below, and the point



row” are homeomorphie to 32.

1,5. A topological projective plane is a projective
plane in which the point set and line set each carry a haus-
dorff topology which is not discrete, and in which the join
and intersection maps (1.2.1) are continuous provided that
their domains of definition are given the topology induced
from the product topology.

In this paper we shall deal almost exclusively with the
case in which the point rows are homeomorphic to the 2-sphere.
Certain of our results are also valid for the case where the
point rows are homeomorphic to m-spheres with = 2>2, It
can be shown that the only values of =m which can occur are
1, 2, 4 or 8 (mese [Breitsprecher, 1971, Xorollar 2.3.1] ).

The complex projective plane && with the usual topo-
logy is the prototype of those planes of primary interest.

A description of the topolegy of FE can be found in

[ Buchanan, Ovale und Kegelschnitte in der komplexen projectiven
lbone] « Throughout this paper we shall refer to the geometry
and the topology of ?t as being classical.

Ro restrictions will be imposed on the collineation groups,
as is done in the "Erlanger Programm”, typified, for example
by Batten's work, In this regard we have a more general situ-
ation than that of Betten; we cannot, however, classify planes

up to geometric isomorphism as he was able to do.

* Throughout this paper we shall distinguish between lines,

which are elements of Y, and point rows, which are subsets
of X of the form

El(y) = {xex| (x,y)c B},

thereby following the usage in [Breitnprecher, 19717] ; this
differs from the current practice of identifying these two concepts,
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1,6, Remark. In a topological plane the assumption that
the point rows are homeomorphic to S2 can be shown to be
squivalent to the assumption that the strong inductive topo-
logical dimension® of the point row is 2 and the point aspace
is locally compact. See [Salzmann, 1969 . Also compare

{ Breitsprecher, 1971] .

1,7. When dealing with projective planes, the following
maps are of interest:
1) ‘the inclusion 3'1(y)=—->x and its dual
B(x)—1T,
2) %he inclusion E<—Ix7Y,
3) the projection p:E— X:(x,y)—>x and its
dual q:B—Y:(x,y)—>y,
4) +the join and intersection maps v and ~ (1.2.1),
One may ask if the maps 1)-4) of one plane are topologically
equivalent to their counterparts in another plane,
(Two maps A—B and A'——B' are called topologically
equivalent when there exist homeomorphisms ALA' and
B—2+B' making the diagram
A——>B
s,
At—— B!

commutative. Zhis concept can be extended to arbitrarily large

* Por a definition of this concept mee, for example, [Nagata,
1965, P. 91 . In compact connected topological pwojwoiive
planes various topological concepts of dimension can be shown

%o coincide, because these spaces are separable and metrisable
(_Nagata, 1965' Pe 90, Th. Iv.1] and [Sal:mann, 1967' 708, T.10



diagrams of maps in the obvious way. Clearly, the topo-
logical equivalence of two maps implies that their domains
and ranges are homeomorphic.)

Note that the concept of topological geometric isomor-

phism may be stated as the topological equivalence bdetween
the diagrams

Y\ N

which involve the projections 1.7.(3) of the two planes
€ = (% X, Y} and ¢£' = (X', X', Y').

1,8. To summarise previous results on the question of
1.7 we state three kmown theorems involving topoleogical equiv-
alences involving the maps of 1.7.(1)-(4).

Yollowing [Breitsprecher, 1971] we shall give explicit
formulae for a proof of 1,8,2 below later in §4. Since the
other theorems here handle different topological situatsions
than that in whioch a point row is homeomorphiec to 82, we
refer the intereated reader to [Breitaprochor, 1971 and 1972]
and [puchanan, Zur Topologie der projektiven Ebenen {iber
reellen Diviaionlalgebren] for the proofs.

1,8.1. THEOREM: Iet ¢ = (B, X, Y) be a topological
projective plane which has a point row Lo homeomorphic

to s'. ILet f}i = (E , %X » Y:)_.donoto the plane over
the real field IR , and let [~° be a point row of 4 .
Then

1) the inclusion L<“—IX is topologically equiv-

alent to its counterpart l.d——*ﬁ( for any point
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row L of Y,

2) +the diagrams

f\p’ X and [E \’PX

— 7
XY x X=Y" Py

are topologically eguivalent, and

3) the dual statements of (1) and (2) hold.
In particular, we have homeomorphisms L & iL,, X X,
Y Y eand ET E.

1.8.2, THEOREM: let © = (E, X, Y) be a topological
projective plane, which has a pqint row LQ homeomorphic
to 2, ILet €, = (E » %, Y) denote the classical
plane over the complex n;bera C. Then -
1) the inclusion L <X 1is topologically equiv-
alent to its classical counterpart Lof——»x feor

any point row L in 6), and

2) the dual statement of (1) holds.
In particular, we have homeomorphisms I = Lg, X &X
and Y & Y, o

1.8.3., THEOREM: Let § = (E, I, Y) be a topological

projective plane which can be coordinatised by a not

necessarily associative real division algebra D. (It

is known that dinR D=1, 2, 4 or 8, hence ene point
row L, 1s homeomorphic to a 1-, 2-, 4= or 8-sphere,)
Then

1) the inclusion L<—X 1is topologically equiv-
alent to the counterpart L°<——-—X belonging %o




the real, complex, quaternion or octave plane for

any point row L of § provided Ly, and Iy

have the same dimension, and

2) +he dual stsatement of (1) holds,

1,9. There is a relationship between the projection
P:BE—>X of 1.7.(3) and the intersection map A :Yx Y ~ A(Y)
—+X of 1,7.(4) and Adually between the projection q:B—>Y
and the join map v :XxIXI~ A(X)—>Y, as pointed out by
[ Breitsprecher, 1971] . ILet P:E %y E—>E denote the
sguare of p:E——X in the sense of [Steenrod, 1951, p. 49,
Sec. 10.4] , that is Exy E = {(x,y5,¥,) | (x,y;) and (x,7,)€B{
and  B(x,¥,,7,) = (x,3,). Iet 3(B) = {(x,7,7)| (x,y)€ B
denote the image of the natural cross-section (x,y)— (x,y,7).
Define a map

HIxTS AY)—>Exy EN Z(E)
(’1’3'2) —_ ()’1’\y2' Yy 12)-

In a sopological plane 4 s a homeomorphism, and we have

a commutative diagram:

<
YxY ~ A(Y) ——Z—> B xg E~ 3(E)

| 5|

X «— P . E

Supposs we have two sopological planes 5 = (E, X, Y)
and & = (B', X', Y') in which the projections p:E—>X

and p':E'—> X' are topologically egquivalent, say with homeo-
morphisms



We define a homeomorphism

Y:BxE~ Z(B) —— EB'x B' ~Z (B')
(x,74s¥p) —— ( 3(x)y pryey (x,74), prpe7(x,3,))

which covers (:X—>X' with respect to p .,;1 and p'e ‘f,nl.
mhen 3o [ TN AT =TT S AT (yy,7,) —
(prro7(x.y1). ryy (x,7,)) 1is a homeomorphisa which covers
§: hence ot fo.J and § together combine to give a
4opological equivalence between the intersection maps, We
have proved

1.9.1. PROPOSITION: If ptE-—>X and p':E'— X' are

tepologically equivalent, then so are the intersection

maps Y xY S~ A(Y) —X and A" Y'xT' N A(Y') —X'.(]

Remark: This proposition is valid for arbitrary tepo-
legical planes.



§2. Statement of Results

The main result of this paper is

2.1, MAIF THEOREM: If € = (E, X, Y) is a topalogical
projective plene with a point row home_omorph to the 2-sphere,

then each of the projection maps

p:E—IX and q:E —Y

is topologically equivalent %0 their corresponding clas-
sical counterparts

pc=E—>X and quE—>Y

in the complex projective plane fc = (E ,%X,Y).

In particular, the flag space B of (7 is homeomorphic

to the classical counterpart & of £ .

Using Proposition 1.9.1 we have

2.2. COROLLARY: If (& psatisfies the hypotheses of the
main theorem, then the join and intersection maps

viIcXI~ AQX)—>Y and AYXY ~ A(X) —X

of & are topologically equivalent to their classical

counterparts,
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As a bdy-product we also obtain a topological condition
which is necessary and sufficient that a continuous polarity
of £ of the main theorem is an oval polarity. The defini-
tion of the concepts involved and a precise formulation of

4he resul® will be deferred until 9.23 and 9.24.
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§3. Homeomorphism Groups

3.1, Given 2 locally compact* topological space A,
we give the homeomorphism group H(A) the g-topelogy in
which a neighborhood basis of the identity map consists of

sets of the form
¥(c,U) = {heEB(M) | n(c)su{ ,

where C runs through the closed sets and U rums through
the meighborhoods of C in A and such that either C or
the complemeat of U is compact, If A is compact, the
g-topology coincides with the k-topology also called the
compact-open tepology. Im the noncompact case H(A) with

the g-topology is topologically isomorphic to the stabiliger
of the point at infinity in the greup of homeomorphisms of the
one-point compactification of A with the k-topology.

322, The following properties eof the g-topology are
easily seen to carry over from the k-topology (see for example
( Dugundaji, p. 261, Tr. 3.1 ) or they were preved in [Arens,Th. 4]

3.2.1. PROPOSITION: 1) If a€A, then the evaluation

map z.:H(A)—>A:ht———»h(a) is contimuous,

*

Throughout this paper "compactness®™ and "local compactness®
subsume the hausdorff separation axiom.
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2) (Expomential Correspondence) If 2 is any
topological space, then a map (:T— H(A) 1is con~-

tinuous if and only if the assoclated map ff:!‘x A —>A:
(t,a)—> [¢(t)](a) is continmous.
3) If A is locally connected, then H(A) 1z a

topological group. In particular, the composition of

homeomorphisms and the inversion of homeomorphisms are

continuous,

3,3, [Arens, Th. 8] has also given a criterium with
which one may conclude that a space A admitting a transitive
homeomorphism group G with point stabllizer Go of ack
is homeomorphic to the quotient space G/G,. To formulate
this let £:G—> A:gi—g(a) denote the evaluation map at a,
Then Arens'’s criterium requires that for every open neighbhor-
hood USG of id, we must have that £(U) 1s open in 4,
We want to apply this to the case where A is a topological
manifold and G is H(A) or tshe connected component of 1dA.

3.4, LEMMA: Let A be a connected topological manifold,
Then given any a€i thers extsts ar arhidrarily asmall

closed neighborhood D of a such that the subgroup

fheE"(a) ) h|(A~int D) = 1a,] (A~1int D)]

acts transitively on the interior int D; here H'(4)

denotes the connected component of i.dA in the homeo-

morphism group H(A),

Proof: OChoose D so that we may identify it with the
closed unit ball in n-space. Given an aoe int D it suffices
to demonstrate a homeomorphism «f:D—* D with ‘fl D = idgn
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and 1{(0) = 8, and such that idn B L{ rel 3D, Define
4 dy
(3.4.1) Y(a) = a + (1=la})a,.

p maps the rays between O and a boundary point a/|a|
proportionately onto the ray from s, +o a/lal. Given a

path ~ <from O te 8 & homotopy Lf’,‘ of the desired

type is given by replacing a; with «(t) in formula (3.4.1).0

3.5. COROLLARY: If A 4s a connected topological mani~-

fold, then the connected component of 1d, in H(A)
acts transitively.

3,6, PROPOSITION: Let A be a connected topological
manifold, Iet H' = H'(A) be the connected component

of 1d, im E(A), and let HJ be the point stabiliser
of a. Then there exists a homeomorphism J:B"/no——b.t
such that the diagram

v

Z
B /By > A

commutes; here Z denotes the evaluation map z(h) = h(a)
at the point a.

Proof: We apply Arens's criterium, Let U be an open
neighborhood of 44, in HY; we must show that &(U) is
open in A. Let x € ((U), Then there exists an hy€ U
with h,(a) = x, Yhe set V = h51-’0 is also an open neigh-
borhood of the identity, Hence there exist closed sets

Cqs0e0,Cy and Ci,...,C; with say x¢Uci but xecs
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for all 1< 3j<n and cerresponding cpen neighborhoods v1,...,v_,

Wi,eeo Wi thereet with C, (C}) er (¥ ((¥]) compact wita

1
(3.6.1) v2 {ner*| n(c,)cw, and h(6})EV],

1z1=m, 1<j=mn}.

Let D<M be a closed neighborhood, chosen as in Lemma
3.4 such that 1% lies in the open set /\¥Wj A (M~UGC).
®hen int Dc£(V); because given any s<D, there exists
an hcH' mapping a %o = and having M~ D as its support;
hence by the definition of D and (3.6.1) we have heV,
Consequently

ho(:l.nt D) € h, (V) = g(ho-V) = &£(U)
is an open set about x in (U). O

3,7. In the case of the m-sphere the homeomorphism
group H(S®) has at least two comnected components, ZThe
set of oriemtation-preserving maps is the comnected compe-

ment HY(S™) of the identity when m=1 er 2,
By Proposition 3.6 we have S™ = HY(s®)/E*'(R™).

3,8. The following theorem is an essential ingredient
in the proof of our main theorem:

3.8.,1, THEOREM ({Kneser]: 1) The rotation group S0(3)
is a deformation retract of H*(Sz).

2) fThe rotation group S0(2) is a deformation
retract of E'(R2).

The proof, which we shall not give here, makes use of
a fact in conformal mapping theory, A proof of the theorem
using the theory of covering spaces has recently been given
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| Priverg] .

Note that the natural topologies on SO(3) and S0(2),
as with any compact Lie group, coincide with the topologies
induced by the g-topology of H"'(Sz) and H"’(Rz) (see
[Arens, T, 9] ).

(Haver] has recently proved that H*(s?) 1is homeomor-
phic %0 a direct product ef S0(3) and the Hilbert apace 12
of infinite real square summable sequences.

Kneser's theorem has the following

3.8,2, COROLLARY: Let G ©be the stabllizer of O mi
E'(IR2) with the induced topology, and let i, be a

point of RZ2~{0]. Then the evaluation map £:6—>R2\ {0}
p——»g(:o) at s, 1z a homotopy equivalence.

Pzoof: Let 2, be the translatien si—>s +a (a,86R?),
and let 7T be the translation group. Then ZTx G 4is homeomor-
phic to H+(IR2) via (ta' h)— %q°he  Thus the inclusion
G—r H"'(:R 2) is & homotopy equivalence; by Knesex's theorem
the inclusion S0(2)——>G 4is too, In the commutative diagram

s0(2)———> ¢
a|l z

sle— R2- fo]

£| and the horizontal inclusions are homotopy equivalences,
thus £ also, [}

329. The following proposition will be used later to
show that ¢:HY(S®) —S®:h——h(a) 48 a locally trivial
bundle (see §4). A local vross-sectjon of H'(R™) in H*(S®)
1s a function f mapping a neighborhood ¥ into H'(S®) such
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that £(3) = 5 for each sEW (compare ({Steenrod, 1951,
P30, Sec. 7.‘] )o

3,9,1., PROPOSITION: HY'(RR®) admits a local cross-
section in H'(S™).

Proof: (Compare the formulae in ([Husemoller, p. 86,
Sec. 9.1}.) Set W = 8‘\2-31 where -8 denotes the anti-
podal point of a. Define f£:W—s H*(S®) by letting £(s)
be the rotation along the unique great circle joining a and
£ and fixing their orthogonal complement; f is given by the
formula

E(s)] (s) =8 - 3 J"' (a+s) + 2(al 8)s,

where (+|-) denotes the euclidean scalar product. f is

continuous, since (s,s8)—> &(:)—J (s) 4is continuous, M)
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§4. Lecally Privial Bundles

4,1. Ve meed some basic concepis and theorems from the
theery of fiber bumdles,
Cemsider a quadruple B = (?, B, {, P) where 2, B and
P are topelogical spaces and Y is a map Y:T—3B, Ve call
T the tetal space, B the bape space, { the projection
and 7 the fiber. The guadruple & 1s called a logally
irivial dumdle when
1) fer all bBEB we have \P"(b) =PF, amd
2) there exists an open cover U}, ef B harving the
fellewing property: for each U€ll there exists a
homeomorphism l{’u:tlx P LP“ (U) such that
q;u-?u(u, f) =u for all (u, £) € UxP,
The map "PU in (2) is called a goordimate fumctien, amd the
elements of Ul are called coerdimnate neighborhoods,

4,2, Let U and V be coordinate neighborhoods of B ’
and consider the restriction of the composition \fﬁ‘ ° ‘-Fv:
(NV)XP—>(UAV)X P of the coordinate functions. This
map determines a family ef homeomorphisms I'U y:Un ¥ —>H(F)
dofnod by (PU Pylu, £) = (u, [_Y v(u)] (£)) with inverse

gy =Vyys themp ¥y y 1s called a geordinate trans-
formation. In the case where P 1is locally compact the co-
ordinate transformation is continuous by "exponential corres-

pondence”, since the associated map (U1r\ Uz)x P—>P is
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Frpe Y 51"&{'7 which is continuous,
In §5 £f. we shall be interested in the case where P = S°
and the coordinate functions take values in H"'(Sz).

4,3, | Steemrod, 1951, p.7, Sec. 2.3] basis his book
on the concept of a "coordinate bundle", which presupposes an
effective topological transformation group G acting on the
fiber F. If we assume F to be locally compact and locally
connected, and if we take G to be the homeomorphism group
of P (or for manifolds like S® the conmected component of
the identity), then the concept of a locally trivial bundle
coincides with that of a coordinate bundle in Steenrod's book.

The concept of a "fiber bundle" can be roughly defined
as an equivalence class of coordinate bundles by allowing
all possible ™compatible™ coordinate neighborhoods and co-
ordinate functions. (Compare [ Steenrod, 1951, p.9, Sec.2.4.)

4,4, Suppose A;,—=3B and A,~—— E are maps., We call
a map A1-——>Az making the diagram

LA

N

commutative a map over B, A homotopy ©:d,xI —>4, 1is
called a yersical homotopy if for every t< [0, 1] +the map
@t:A1~——-»A2:a'———» Pla,t) 18 a map over B, A map « Ay —> A,
over B such that there exists a map < ':i,—4, such that
2o ' and '« are both vertically homotopic to the iden~

tity maps is called a fiber homotopy equivalence.

4,5. Suppose & = (T, B, ¥, F) and 9' = (7', B!, y', P)
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are locally trivial bundles having the same fiber P. Then
a bundle map is a pair of maps (5, 2 ) making the diagram

22—

vl Y
B—— B!

and such that the restriction ib = 1 |2 ‘{J" (b)—»t.l}"‘( A(v))
to the fiber over every point bHEB is a homeomorphism, If
¥ 1is loecally compact and locally connected, and we take H{F)
to be the group of the fiber, then the concept of a bundle
equivalence defined here coincides with the one in [_Steonrod,
1951, p. 9, Sec. 2.5] for coordinate bundles, where the re-
strictions -ib are required to be induced by an operation
of an element of the greup, The condition there that the homeo-
morphisms of the fibers vary continuously with B <€B 4is ob-
tained by "exponential correspondence®,

Under the restrictions on P given above, if 2 is
s homeomorphism, then 1 is also [Steenrod, 1951, p. 10,
Sec, 2,7] . When B =B' and [ 4is the identity, then
we call i s which is then a map over B, a bund Y-
lence., If B =3B' and A 1s an arbitrary homeomorphisa,
we call the pair (i, A') a weak bundle squivalepce, This
means the same as stating that ' and Y' are topologically
equivalent,

4,6, Lot © = (T, B, y, ¥) be a locally trivial bun-
dle with a locally compact and locally connected fidber P
and coordinate transformations ZU’V:UAV—>H()) for each
pair of coordinate neighborhoods U,VE N, Consider a rela-
tion on the disjoint union UUE a UxH(P) defined for pairs
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U, VEYL by (uw, h) ~ (v, ]U'v(u)c h) for uwéwl, veV
and wu = v, The quotient space of this union modulo this
relation defines a space P(T). There also exists a map
P(Y):P(?) —>B induced by the projections onto the first
factors. The quadruple P(%) = (P(?), B, P({), H(F)) ecan
easily be shown to be a locally trivial bundle [Stoenrod,
1951, p. 36, Sec. 8.1 and p., 14, Sec, 3.2]; it is called
the principal bundle associated with & .

The coordinate neighborhoods of P( ) are again elements
of 1!, and there exist coordinate functions

P( f):0x B(F) — [R(¥)] (D)

induced by the inclusion UxH(F)—>\U , ., U xH(P),
In §6 £f. we shall make use of the following interpreta-
tion of the total space:

(4.6.1) P(T) = {h:r—> 7 | h is a homeomorphism onto
some u.y'1(b), b(B] ,

this being given the g-topology. (Compare [Steonrod,
1951, p. 39, Sec. 8,97 ).

If we fix an fEPFP we obtain an evaluation map
& = Zrzr(r)—>!:hr—» h(f) also called a “principal map”
(compare [Steenrod, 1951, p. 31, Sec. 8,10]). The map &

is a map over B,

4,7. Ve shall be applying these concepts to the situation
where ﬁ is a locally trivial dbundle whose fiber is S2
and with H'(s?) 1n place of H(S?).

4.T.1. PROPOSITION: The usual evaluation map ¢ :HY(S™)
—> " 1sa locally trivia} bundle_,_i;zdied a coordinate
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bundle with group HY(RD),

Proof: This follows from the fact that S® = E'(s®)/E*(R™)
(Prop. 3.6 and 3.7), and H'(R™) has a local cross-section
in H*(s®), and from the "bundle structure theorem” [Steen-
rod, 1951, p. 31, Cor. im Sec. 7.4] . O

4.7.2, PROPOSITION: Let O = (?, B, ¥, S®) be a

locally triviel bundle with fiber S® and with coordinate
functions ¥ taking values in H(S®) or saking values

only in the orientation-preserving group H'(S®). Les

5,€8% Yorm P(T) with H(S") or EH'(S"). Then the
evaluation map & =% .r(r)——>: is a loeally trivial
bundle, indeed a coordlnato bundle with group H(R ~) or HY(K™).

Proof: We have a natural map E(S®)/ {1§ — H(S®)/R(R™®)
and an analogous map in the orientation preserving case, which
cerrespond to the usual evaluation., %The £ of the propo-
sition is the "matural map" of {Steemrod, 1951, p.45, Sec. 9.6] ;
by [Steenrod, 1951, p. 46, Th. in Sec. 9.6] this is a locally
trivial bundle with fiber H(R™) or H'(R™), referred to
there as a "bundle of bundlea". O

4,8, Oiven a locally trivial bundle @' = (2', B', y', F)
and a map 5:B—B', there exists a bundle B =(2 B, 4, P
and a bundle map (ﬂ'. 4) as in the dlagram

¥’

25

We<e—n

H
(4.8.1) "L
3—7—’

(conpare [SteenrOd' 1951, pp. 47-49, Sec. 10] ). The total
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space T may be defined as follows
T= §(b, t)EBx2 | (D) =t ;

the map $i1T—~%' 1s given by (b, t')—~4'. The
bundle {5 1s called the jpduced bundle; we shall denote
it by /f&%' « The induced bundle of a coordinate bundle is
characterised up to bundle equivalence by the existence of
the bundle map as in 4,8.1 [Steenrod, 1951, p.48, Sec. 10.3] .
In the case where /5 tB—>B' 4is an inclusion, we call
4"[3 the restriction of (' to B and write @'|B.
Given any cross-section ':B'—>?* in @(G', there
exists an induced cress-section ¢:B—>T:b—> (b, a-'./ﬂ(b))
with "4 = Aoc.

4,9. We shall need the following important theorems on
homotopies and bundles:

4.9.1. THEOREM: Let £' = (7', B', @', F) be a co-
ordinate bundle, where B' is normal, locally compact
and such that any covering of B' by open sets is re~
ducible to a countable covering (or, more gemerally,
where B' is paracompact). Let /S, f4:B—>B'

be homotopic maps. Then the induced bundles /5, §'
and A73' are bundle equivalent, In particular, if
A 1B—>B' is null homotopic, then /4*6 is bundle

equivalent to the trivial bundle.

For the rather long proof see [Stoenrod, 1951, p. 53,
Sec. 11.5] or in the more general form [Husemoller, p. 51
Chap. 4 in particular Th. 9.9] .
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4.9.2, THEOREM: Let ' = (7', B', ', F) be a
coordinate bundle (or, more generally, a locally trivial

bundle), where the base space B' is normal, locally

compact and such that any covering of B' by open sets

is reducible to a countable covering (or, more generally,

where B' is paracompact); let »3‘0:3-—»!' be a map,
and let B:BxI—>B' be a homotopy of ' ,50 = Age

Then there is a homotopy &:Bx I—>m' of S, cover-
ing €, that is w'né = 0.

For a proof see |[Steenrod, 1951, p. 54, Sec. 11.7] and
(spanter, p. 96, 2.7.14] .
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§5. Conventions

5:1. It will be necessary to introduce a frame of ref-
erence in the projective planes we shall study although we
shall not need coordinates. The notation we use is indicated
in the following figure:

N

The point rows belonging to the axes 8 and w and to the
line at infinity will be denoted by the corresponding cap-
ital letters

L=£%), sar%s), wa=ErtWw.
Moreover, we shall denote the pencil through the origin by

-1
x = B (0).
The corresponding sudbspaces of the classical plane
5} = (£, X, YY) are denoted analogously in special roman
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letters (L = E~1 (1), &= E-1(s) and so forth.

5,2+ The symbol -rr(xozy1-—)y2) denotes the projec-
tivity

7(x5: ¥y —>¥5) % o (rq )—2" (yp):x—=(xv xp)AY,s

this map is defined for 43’1 (y1)uB'1 (12). Yor y; =Y,
the projectivity rr(xozy1-—>y2) is the identity map of
) =23,

Dually v(yozx1——,x2) denotes the projectivity E(x,)
—>EB(x,):y—> (¥ £¥,) vX,, where yott E(x1)ux(x2).

5,2,1. PROPOSITION ( CI.chn, Temma 2.2b] ): Ia planes
where the point rows are homeomorphic to ™ (a= 2, 4

or 8) the group of projectivities of a peint row onto it-

self (or of a line pencil onto itself) is path connected,

Froof: Iet
T(%:In—) yo) . '17(5_1 :yn_.' e yn)a oo ,71(11 :yo _’11 )

be a projectivity of B! (yo). The union of the point rows
U3-1(71) does not separate X since duU!’1(yi) =
by the "sum theoren" [Wagata, 1965, p. 19, Th, II.1] ama
din I = 2, Hence we may f£ind paths UL:I——>I with
Wg(0) = xg, wy(1) =x, amd w(int I) € X~ UE (7).
We then have a path

[SILED SN 23 —‘W(Un(t)=y1 ——»’o)ao-o «77(‘\)1(t)370 ——*’1)

where G denotes the group of projectivities of g™ (yo).
Then w‘(1) 18 a composition of projectivities all having the
same center X4 this is the identity. O
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5.2.2, Definition: Two oriented point rows or two ori-
ented line pencils are said to be oriented coherently if any
(hence every) projectivity between them preserves the orienta-
tions., An oriented point row B(yo) and an oriented line
pencil B(xo) are said to be oriented coherently if either
(1) (xgs ¥9)¢ E and the map E(xy) —E(y,):y—>y~ 7y, Pre-
serves orientation, or (2) E(x;) is oriented coherently with
a pencil XE(xj) such that (x§, yo)¢ E and (1) applies to
B(x(',) anda E-1 (yo). Analogously subspaces fx&xx(xo) and
! (yg) x fyoi of E are said to be oriented coherently if
the respective projections are orientation-preserving.

5.2.3, Important Conventjon: Objects (point rows, line
pencils, etc.) will always be oriented coherently. (Compare
also 6.8 below,)



27

§6. Breitsprecher's Theorem

651. The material of this section is due to [Breit-
sprecher, 1971] . We shall reproduce a proof of Breitsprecher's
theorem (Theorem 1,8.2 below) for two reasons: (1) the point
of view is easential to proof in the later sections, and (2)

a detail in the proof (Prop. 6.10.1 below) will be significant
in the proof of our main theorem 2.1,

6,2. PROPOSITION: In any topological plane Kg =(B, X, Y)

the projections p:E—>IXI and q:E-—Y are projec-
tions of locally trivial bundles,

Proof: Since q:E—>Y is dual te p:E-——>X it suffices
to prove the theorem for the latter projection,
Choose three distinct lines Y40 Jo0 T3 and a point x,
not lying on eny of them. Then {X~E"'(y,)| 1 =1,2,3]
are coordinate neighborhoods, and there exist coordinate functions

Py (X~ B (3 ) x B(xg)— 7 (X~ B (3, )
(x,y) + > (xy (yay)vz)e A

6:3. The restrictions of p and q to the subsets ILcX
and MCY with the notation as in §5 play a special role in



28

what follows,

Let E; = §(x, y)€E | (x, 1)€B{ be the space of flags
over L, and let By = {(x, y)EE | (0, y)EE} be the space
of flags over M., We shall think of E(m_,,) as being the
standard fiber of the bundle £ = (B, &, ¥, E(m,,)), and
think of W (=sE”?(w)) as being the standard fiber of (' =

(B M, 4", V).

6,4. Consider the case where the point rows and line pen-
cils are homeomorphic to 82.

We identify W with W in the classical plane, such that
0O and oy correspond to their classical counterparts; further-
more, we identify M with M such that s and w correspond
to their classical counterparts, The bundles @@= (EL, L, ¢, E(m)))
Be= (B2 L, Yo, E (@), 8 = (By, M, y', W) amd
g = (E . ™, \Vé, WA/ ) al11 have the "same" base
space and fiber when M end L are identified via .y —+-y Al.

(It may be necessary to change the identifications above
in the exigencies of the proof of 6,5 below in order to obsain
a certain orientationr behavier, The properties regarding O,
m, 8 and w will be retained in any case., However, the re-
quirement that objects be coherently oriented is dropped for
the moment., Considerations of coherent orientation will be
dealt with in detail later in the paragraph,)

6,5. THEOREM [Breitsprecher,1971, p.173] : The bundles
2 Sgﬁ . &, Q(‘: are all weakly equivalent,

Proof: We show this for 3 ' and 9,"_ o Iet Uy =
M~ {sl ana U, , =M~{w{. Then U, and U, are coor-

dinate neighborhoods, and we have coordinate functions
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gfaozuox ¥— \{J"’ (9y)

(yo )—— (7 (m swv—>¥)(x), ¥)
and

Prg Uy x W —> priw,)
¥y T)—> (7 (myis —>y)(x), ¥).

(We identify W with S by the projectivity w(e:s —>w)
with e as in the figure of §5.)

Let H De the space of homeomorphisms from W to S,
Then the coordinate tramsformation is given by

1:0yA U ;— &

(6.5.1)
Y > T (my:y —>8)oT(m  swv—>y),

Note that ¥(y)(0) =0 and ¥(y) (my) = m,, for all
YEN ~ {s,v‘i so that ¥ takes on values in the subspace
B' = {neH | n(0) = 0 and n(my) =m ..

By Kneser's Theorem (Theorem 3,8,1) H' is homotopy
equivalent to the group of rotations and reflections 0(2),
Since M- {'l,v} is connected, 7~ takes on values only in
one component of H?, We may assume that ¥ takes on
values in the same component HJ as its classical counter-
part 1‘: by reidentifying W with W by first reflecting,
if necessary, such that 0 and m,, remain fixed,

Now the evaluation map € = Exozﬂ",——)-s ~ {o,m,} at the
point x°€ W (O,nol is a homotopy equivalence by Corollary
3.8.2, The composition £ o7 :M~ {s,wj—> 8 N {0,m,,1

is a homeomorphism with an inverse given by

x> ((zvmg)a(xyvm,)) v O (xes~ {o,m ] ).
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Thus .Y and X have degree 1, We may assume that
I and 1(_ have the same degree (i.e, are homotopic) by
reidentifying M and ™M Dby first reflecting if necessary
such that s and w are left fixed, ILet [ ':(M ~{s,w})Xx1I
__’H; denote a homotopy Ya; 27,

Introduce an X an absolute value |.| as for points
on the Riemann sphere such that |w| = 0 ard |s| = oo,

Define' the map Z t By —> ‘EM by

Lf’oc(y, x) for 0< |y| 1,
( ) )-
T B G P i)
for ¥ |y|j=2,
xev,

(-64502)
1? LP.O(I, x') = ‘f)oo c(y, x') for 2¢ |y| < w0,
x'c 8.

(The reader checks easily that 7 is well-defined.,) The

nap 7 covers our idemtification.of M with pM; hence

is the total spase map of the weak bundle equivalence be-
[} U

tween ' and @' .0

6,6, Proof of Theorem 1,8,2: ZThe bundle equivalence

y of (6.5.2) mapr the section o :M—> Ey:y—> (0, y) onto
its classical counterpart, because the homotopy [ in this
formula takes its values in a group preserving O.

The space formed by identifying the image of ¢ to a
point in By 4s the point space X. The dbundle equivalence
induces a homeomorphism 7 *:X—> X which caries the point
row ¥ to w,.0O
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6,7, Remarks. (1) In the proof of 6.5 above we have
possibly reidentified W with W in order for I and
)/ﬁ to take values in the desired component of the homeo-~
morphism spaces; we have also possibly reidentified M and
™M 8o that the degree of ’f and YC are the sanme,

(2) Suppose that the supports of L and M are real
lines; then the collineation induced by complex conjugation
indwces a weak bundle self-equivalence of &:L , Wwhich alse
preserves the images of both the sections y+— (0, y) and
y— (yAl, ¥).

6,8, Orientation Consjderations: Choose fixed oriemta-
tions of M and M, By the convention 5.2.3 these determine

coherent orientations of L and (. Now select a weak bundle
equivalence -;(: o'—> £i which maps the images of the sec-
tiens y+—(0, y) and y+—— (yAl, y) onto themselves as
in the proof of 6,6 and such that the identification of M
with ™ preserves orientatitms: this is always possible by
composing 7 with a weak self-equivalence like the one in
Remark 6.7.(2) if necessary. Purthermore, select a weak bua-
dle equivalence T:(B-—; ﬁc' which maps the images of the sec-
tions x+— (x, Ovx) and x+— (x, 1) onto themselves and

such that | preserves the orientatitns of I and L.
We call the pair (’Z + | ) coherent bundle maps.

6.8.1, PROPOSITION: The bundle map > preserves the

(
orientations of the fibders W and VW ; dually the map

L preserves the orientations of the fiders E(n,’) and
Em,).

The proof, which involves an analysis of the signs in the
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cohomology ring of E wusing the Hopf invariant, will be
deferred to 9.22,

6:9. Assume we are given a weak bundle equivalence
7 R'— 3&_ as in Theorem 6.5. Then we may transfer the
projective line bundle structure of 6"' to Q' with
the usual sero and infinite sections, We also transfer an
absolute value on the fibers.

The standard imbedding of 2D (sS°) as boundary of
the unit ball D in the affine plane of e ¢ ocan be trans-
ferred to  via 7. Furthermore, we may describe an in-
clusion map

¢1D —> X (=By/{ (0, ¥)| yeE(0)))
(6.9.1) f 0 for s =0
ol l sl » ¢ (s/1s]) otherwise,

L (s/18]) Dbeing the standard imbedding of the boundary.
A characteristic map «:D—>X <for the large cell of
X ocan be defined by

(6.902) =< (') = {L(') for Ill < 1/2

g(isl)-¢ (s/1%5]) tor |sl>1/2

where g: [1/2, 1] — [1/2, c0)]  1is a monotonically in-
creasing homeomorphism, for example

ﬁﬁl for 1/2<is|l<1

g(isl) =
oo for |Isi =1,

The attaching map o :J D—>L 1s simply the restrictionm
of ® to 2D,
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6,10, Ve also introduce an absclute value on » and
via the identification also on M, Let r€ (0,00 ) and con-
sider the space 2, = {ze?D | |« ¢ (8)] = ©}, which
is homeomorphic to six 81. We have two maps

o and /((_ :!r—»w ~ {0, llog

g (c(s)vm,)Aw,

where the join and the intersection are to be interpreted in
{) and fc respectively.

Cautign: The bundle map 7’EH—’Em1 does not in
general respect V and A,

The detail in the proof of Breitsprecher's theorem, which
we mentioned at the beginning of this section, is

6.10.1, PROPOSITION: 4« and 4 . are homotopic.
7 7

Proof: The space T = fze 9D | o0 >|«xoc(s)l> of is
homeomorphic to slx g?x (0, «) by [Steenrod, 1951, p.53,
Th, 11.4—] s where the last parameter is given by 8 (——-

|xec(s)! . The imbedding T,<—>T ocan be deformed to
take values in S'x s'x {r'l with r' arbitrarily small.,

I claim that for small r' the maps /4- and /1 C
coincide, In fact, s> (zvm,)avw is part of the coor-
dinate function in the neighborhood where ('(s) £ m .
Yor sufficiently small rt, Tr' is close enough to W 80
that » respects this coordinate function as shown by
formula 6.5.2. O
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§7. Zhe Bundle Attaching Map

Ll. Let & = (B, X, p, B(x;)) denote the bundle
of Prop., 6.2, and let &:D—>X be the characteristic
map of the large cell of X described in 6.9.,2. The induced
map X*(B) is trivial since D is oontractible. The
total space E of E can be thought of as a wnion of
this trivial bundle over D with the restriction O = 8II.
The trivial portion over 3D dis identified in such a manner
that the fiber over s € 9D gets mapped homeomorphically
onto the fiber over «(x), where o:JD~>L 4is the attach~
ing map of the cell. Interpreting the total space of the
principal bundle as the space of homeomorphisms of the trivial
fiber onto the fibers of (@ as in (4.6.1) we obtain a map
X:3D—> P(E;), which we call the bundje attaching map.
The map X is over IL; it is continuous by “exponential
correspondence”,

Conversely, given any bundle attaching map X over
L we shall show that we may construct a bundle over X with
total space (stz) uxEL. fhe map X resembles the char-
acteristic map in the theory of fiber bundles over spheres,
which is essentially described by a coordinate transformation
like ¥ in 6.5.1 (compare [ Steenrod, 1951, p.97]).

The following theorem deals with bundle attaching maps
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in a general setting,

7:2. THEOREM: Let & = (?, B, ¥, ?) be any local-
ly trivial bundle over a base space B, which is nor-

mal, locally compact and such that any covering of B

by open seta is reducible to a countable covering (or

more generally where B is paracompact). Suppose the

fiber F is locally compact and locally comnected.

Let P(&) = (B(?), B, P({Y), H(P)) be the associated
principal bundle with respect to the homeomorphism group
H(P) of P. Suppose B' = B U, D is obtained from

B by attaching an n-cell with attaching map «:9D-—B,
a) Given a map (:2D—>P(?) over B, there exists

a locally trivial bundle (3F = (P! (= T U(‘ ﬂ)(nxr)),

B' (= BUD), y', F) extending 8.

b) If two such bundle attaching maps 7(0, ’,(1: 3D-—P(T)
are vertiocally homotopic, then the corresponding dundles

are equivalent,

Proof: Using the "theory of selection” one can show
that B' 4s paracompact [Hagata, 1968, p. 332] .

a) Clearly, @' 4s locally trivial when restricted to
int D.

Suppose U 18 a coordinate neighborhood of DbPEB with
the coordinate functiom

(7.2.1) ¢ y:Ux 2 — ¢ (),
Set

(7.2.2) U' = 0v {scD~{o]| «(s/isi)e U]
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and extend (; to a coordinate funotion

(7.2.3) 50 x ¥ — i)
(s, 2)—> (s, ¥ s/ 1817 Py(x (s/121), 1))

with inverse
(s, 2)—> (s, projy E‘;{(x (s/181)(2))

over (1nt D)n ut,
b) Suppose H: Yo = ¥t DX I —>P(T) is a vertical
homotopy over B.

Construct a new dbundle with base B’'X I:
@" = ((DxIxF) Ug(2xI), B'x 1, y», ).

Clearly, #" 18 locally trivial over (int D) xI, Let
S€B and U, U', qu, ({JU. be as in 7.2,1-3 above, Define
a coordinate function

Purx 770 x IxP—s =N (U1x 1)
(s, %, B( (s/151),8) pylx(s/181),1}
it (8,t,£) € int D X IX2
(Pyls, £, t)
it (s, t, £)E BX I XP

(s, t, £)+H—>

with inverse

(5, % 2) —> (5, t, Prodp ¥ E(X (s/151),4)(£))
for (3,t,2)C int DXIxP

(%) ———> (pro3gfy'(®), ¢, pro3 ¢35 (®)
for DEB,.
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The induced bundles from the inclusions B'—> B! x I:
b'—> (b*,0) and b'—~(b',1) are precisely 60 and
S’», formed by X, and X, as in part (a). By Theorem
4,9.1 they are equivalent, O

In what follows we shall set up an explicit formula
for Y in the case of the bundle g and the large cell
of X, A8 before we impose an absclu$e value on the points
of L euch that [m;l =0 and Im, =1, This induces
an absolute value on M via x\— Ov X,

In addition, we impose a projective line structure on the
fibers of Ell as in 6.9, and we impose an absolute value on
elements of these fibers, which for convenience of the formulae
we take to be Just the opposite as in 6.9, mamely (X|,, =
x/ |x| ild‘ Hence for the mew absolute value we have |0/
(=1(0,y)]) = co amd {x|(=|(x,0Vx)|)= 0 for all x€L. We
think of X~ {0} (= B {(0,¥)] ycM]) as being a vector
bundle over M.

- The construction in the proof of the next theorem was
gleaned from the proof of the first covering homotopy theorem

(see [Steenrcd, 1951, p. 50, Sec. 11.3] ).

2.3. THEOREN: A covering map for &% 418 %2 :DX B"(O)—»B

/ (0, y) for s =0
(T (8), mw(s: ¢(x)—> L (s))
*7(1:0 — . (2))(y))
for 8 #0 ana |%x(z/lzf)l <1
(7.3.1) (s, y) = (= (2), wlw: §(8)—> ()
oW (s:t (2) —{(2))
<7(1:0 —> ¢(2))(y))
( for s#£0 and |»(z/jzi)l = 1



ja(s)l < 1

2 (s)

«(s)

A\

2 (8,¥)
< (=)

lo(s)l =1

Pigure 7.3.2
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where the auxiliary poiat

I(s) = gllee(a/tz1)1)&(2) + (1-g(1x(2/121)1))e(s)
is a linear combination of « (z) and ((s) using the
scalar function g: [1,00]——>£0, 1]7

-t + 2 for 1<%<2
t) =
&(*) 0 for 2<t<oco,

Proof: Clearly & makes the diagram

D XE(0) ———> E
25 l
D) ————> X
comzutative, Moreover, for fixed = the composition of
projectivities in the formula (7.3.1) for < is certainly
a homeomorphism of E(0) onto E(< (s)). Thus we need only
show that X is continuous.
a) Continuity at 0. Por \x(z)is1/2 we have

t(s) = ¥(s); hence T has the following formula for
this region

(0, y) for s=0
(¢ (8), 7(1:0 —>c(%))(y))
% (s, ¥) = for s 40, Isiz1/2, |x(2/|8])|<1
(¢(8), 7(1:0— c(5))(7))
for z £0, |2l <1/2, |«x(2/1%))iz1

b) Continuity at s with [*(z/1g1)l = 1, Here I(z) =
X (s) 8o that 7 (w: {(8)—> <(2)) = 1d; hence the second
and third alternatives in the formula (7.3.1) for & coincide,

¢) Continuity at s with l«(z/lz})l =&, For z' in
the neighborhood ;z' ! Ix(z'/ig"1)1>2]{ of fz |ix(z/12)) =]
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but with '+%(z'/ig*l)| £ «. we have

{(s') = ((s'). Formula 7.3.1 for
comes

g(e(z*/tg*i)!) = O hence
2% 4in this region be-

("p !)'——* (= (5')1 v(w: ¢ (5') — Z(g?))e1d
oTi (1:0 —>(z'))(¥)).

The expression 7 (B:...) 18 surpressed. [J

7:4. COROLLARY: A bundle attaching map X for the

bundle { with respect to the large cell of X is given
by 7:3D—>P(Ep)

7(8: ¢ (8)—> x(g)) o 7w (1:0—> ¢(2))
for |(®)| <1
T(w: {(2) —> «(2))> 7(8: ( (8) —> £ (2))
oM (1:0 —> «(2))

(7.4.1) ﬂ'.(z) =

for jx(z)l > 1

where

3(s) = g(i«(s)]) <(s) + (1-g(l=(z)I) ¢ (8) with
g(t) = —t42 for t€(1,2] or =0 for t¢[2,00d. O
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§8. Proof of the Main Theorem

8,1. Recall the evaluation map or principal map
£ = é':l’(EL)-—» BL:h»—)h'(a), which is the projection of
a coordinate bundle over L (Prop. 4.7.2). Identify @
vith §. and @' with §. by a coherent pair of
bundle maps as in 6,8, The former induces a bundle equivalence
between the principal bundles P(8) and P(8.). Under
these circumstances we may assume that the bundle attaching
maps X and 7(( both take values inP(BL).

8.1.1, THEOREM: The composition £ X :JD—>Bp
is homotopic vertically over L to its classical coun~

terpart Z%L .

Proof: (1) Conmsider first ¢.X(2) (=X (s, 8))
for 5€ 2D with Ix(g)l<1., The line (second) component
of & v}((z) is given by

T (e: ¢ (8)—> < (g))o 7(1:0 —> ¢ (2))(s)

Now w(1:0 — c(2))(8) = (8A1)v ¢(3) = m,, v ¢ (2), which
is the line parallel to s through ((g) in the affine
plane,
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T(1:0— ¢ (2))(s)

AN
Y

Pigure 8,1.1.(1)

Furthermore,

7(8: ((8)—> 2(s))(m,, vV ¢(8)) = (8 A(m V ¢(2)))v <(£)
=m,V %(s)

= ],

Thus over the region {s€ 9 Dl lx(s) < 1] the map
coincides with 3D —-E;:z —=(x(z), 1).

(2) Conmsider now £ .7/(s) for s€£9D with Ix(z)Ix1,
The line (second) component is given by the formula

T(w: £(8)—s> ot (2))> 7w (8: ¢ (8)—>Z(2))e T (130 —= ¢(s5))(8)
= ((m,, vV §(3))Aw) v (z),

Pigure 8,1.1.(2)
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fhe image of the region Jzé 2D |x(2)l2 1{ under
« 1lies entirely in a coordinate neighborhood U, < L. The
coordimate function . :U X E(m,,)—> g (U,,):i(x,y)—>
(yAw)v x maps flags of the form (x,1) onto themselves,

The composition 4{1;1 . z:X is given by
gl 5. x(8) = (x(8), m, v £(s)).

Lot J =prgy ydo'otox:{sean| |x(2) 2 —>E@,,)
denote the projection onto the second component, and let ./ c
be its classical analogue,

(3) On the boundary fzc 9D| I(s) = 1{(¥ s'x s
of the region fze D] Ix(z)| 1] (& 0%« s') the map
takes on 1 as its value, Moreover, these are the only
points doing so, because for z with Ix(z)> 1 the point
{(s) 4s affine.

Moreover, the only points in {169 p| Ix (=) =1]
taking on the value s wunder A are those s¢ 9D with
i(s)e s,

Let 4:{sc 9p| Ix(s) =2] —> E(m )~ {s,1{ :
£ —>{(8)vm, be the restriction of .}, which agrees with
g—>(z)vm,, since 3(z) = ((z) for |a(z)l > 2,

By Prop. 6.10,1 and because the pair of bundle equiva-
lences are coherent, there exists a homotopy Qz/u Fulg o
Comsider® the map n,: J( {sc 2D |x(s)2 2} x I} —s

E(m, )~ {1’ defined by

*  %he definition of the homotopy A that follows will
be familiar to readers who know the Hopf comstruction. Com-
pare 9.17 below,
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J' S(8) for t=0
Ag(s,t) = ~g(8)  for t =1
(s, t) for |x(s)| = 2.

Since E(m,) ~ {1} 1s contractivle, A, has an exten-

slon A :§8€9D o 2|« (2)lz 2{x I —> E(m,) ~ {1¢ .
Analogously consider A':B [ Isé DDl 22 |«(s)l> 1} » I]

—E(n, )~ {s] defined by

(A? () for t =0

i ]

Aylss 4) = ’VL(’) for t =1
©(s, t) for I«x(s) =2
1 for I«(s)] = 1;

this has an extension A w to a homotopy, which because
.A.'(s, t) =1 for |x(s)] =1 is rel fse 9D Ix(s) =1 ] R
The homotopies j_\' and ]\' combine to give

A:d '=n9c: {8€ 9D 0 2|x(s)l = 1§—,l(-m)
rel {se =51 |« (s)] = 1} .

Finally we uwse A to define a homotopy
SN EXF e Yo 1 IDXI—By
1 it I<(s) £ 1
Ds, t) = {L{Jm(o((s), Als, t)) 1if j(g) > 1.

Clearly -2 4is vertical over L, [J

8.2.2. LEMMA: X:DD—>P(EL) is homotopic vertically
over L, to amap X' such that [ex' - {‘X(_‘

Proof: Lift a homotopy -2: £ X ® E‘XC starting with
X3 9D —>P(Ey) to a homotopy A:x = X':2D —P(B;) (see
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T, 4.9.2). Since ) is vertical over L, SL is also. 0O

Bs3. Proof of the Main Theorem 2,1, We need only show
that 7(' of the preceding lemma 1is homotopic vertically
over L to ), ; we show, in fact, vertically over BL‘

Let K :D’-—> 3D be a relative homeomorphism mapping
3D° onto a sy with c(sg)eVW. Define a map

Az (D x I)—> Epils, £)—> 5. xx(5).
This map extends trivially to

AP x T —>Epi(s, $)—> £o-%(s).

Both )\ amd ~\ are null homotopic. By Theorem 4.9.1 we
may assume that the induced coordinate bundles 'XP'((B) and
ATP(PR) are trivial, where P'(§) = ((B,), Bp £, K"(Rz));
this means that the total space of Y(P'(( ) can bde regarded
as being O[D>x I| x H*(R?) and that o A'P'(®) as being
Dox Ix H"'(@z). Denote by 3 and A the maps covering
N amd A,
Let I — ¢ -1 (no, 1) be a path in the fiber over
(my, 1) between X (3,) and X (8;). Define

S [0« I]—> p(2})
" Xk () for t=0
(s, t) = { X k(s)  for t =1
w (%) for O<t<i,

80 that we have a coxmutative disgram
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The map .+ gives rise to a cross-section : 9 [DO¢ I]
——> 2[0%x 1] ¥ #*(R2) as indicated in the diagram above.
Simce 17'3(}1*(122)) = T5(50(2)) = 0 (compare Ineser's Theorem
3.1.1(11)), this extends to a map J :D°x I —>D>x I«HY(R?),
The composition A7 factors to give a homotopy
E:9px I—vP(BL), since for every t<1I the set
A:Z(2D3«x {83 ) consists of the single point 4 (t).
6 1is by comstruction a homotopy between X' and Xeo
vertical over BE; hence also over L, a
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§9. ZThe Cohomology Ring of the Flag Space

9:1. In this section we analyze the signs in the relations
which define the cohomology ring of the flag space of a topo-
logical plane where the point rows are homeomorphic to 82.
st or SB. A8 a by-product we obtain a result on contimuous
polarities of such planes where the point rows are homeomor-
phic to Sz. We also give the proof of Prop. 6.8.1.

The cohomology ring of the flag space has been determined
by [Breitsprecher, 1971] 3+ the main result of this section
supplements the following theorem of that paper:

9.2, THEOREM |Breitsprecher, 1971, Sats 2.3): ILet
69 = (E, X,.Y) be a topological projective plane with

a point row homeomorphic to S (m =2, 4 or 8),
Then the intergral cohomology rings of X, Y and E

are given by

BE*(X) = Z[§1/(%3)
B¥(T) = Z0y]/(C 3)
H*(E) = Z/H,?]/J.
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where both f and 7 have degree_ m, and where the
ideal .. is generated by 3'3, 73, 52% + lzs’ and 32 + {7 + 720
The projections p:E-—X and g:E-—>Y induce homo~-
morphisms p“ :H™ (X)—— HE*(E) and q*:H* (Y)—>H™ (E)
corresponding to the natural ring inclusions < L] —
Z [Svy] and ZIyl——> 2 ff,y_] modulo

the con"eaponding ideals, The 1nc1usion1 1:2-1 (y)—1X
induces an isomorphism 1* :B'(I)--%f’ﬁ"(k'1 (y)), and the
inclusion J:B(x)—>Y induces an isomorphism

3° :BMY) — BY((2(x)).

9,3. Suppose a point row e (yo) and a line pencil
B(xo) are coherently oriented as in 5.,2,2, Via the homomor-
phisms p* £~ ana q* #~1 we may single out preferred
generaters [ and 7 of HX(E). By the remarks of §5,
in particular, by Prop. 5.2.1 £ and 7 are independent
of the choice of point and line used in their definition.
Reversing both the orientation of E(xo) anda E7 (yo) gives
another coherently oriented line pencil and point row; this
reverses both signs giving new generators -¢ and -7 .
Thus preferred generators ;,/ are uniquely determined up
to a common sign.

The main result of this section is

9,4, THEOREM: Let & = (E, X, Y) be a topological
projective plane which has a point row homeomorphic ¥s

s®* (m=2,4 or8). Suppose 5,y are preferred
generators of HY (E), Then E™(E) = _'7/[5',1] 1 /4
where -4 is the ideal generated by )

23, )/3. §2-.§7 +72 &and ‘;'29/ - 7237-
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The minus sign in the last two expressions is just the
opposite of that given in Breitsprecher's description of the
cohomology ring (Th. 9.3).

9,5. Bafore proving 9.4 a preliminary discussion is nec-

essary.
The space Ep = p'1 (L) has a cell decomposition

EL =e5V e;u oiu LP
Then
4 for q =0, 2m
Hq(EI‘) = 22  tor q=m
b4 otherwise.

The problem of signs in 9.4 can be resolved in EL' In faot,
let k:B“—E be the inclusion, Then ?:Hm(E)—»Bm(Bz)

is & bijection, and k*:BZ'(E)—bna‘(BL) is a surjection.

Ift { and 7 are preferred generators of H* (E), the cup

preduct k*(y)uk"(y) vanishes, and we have
(9.5.1) e (5rvx ()] £ k*(5)vx®(y)] =0,

the choice of sign deperding on the signs in a correct descrip-
tion of the relations in the ideal J~.

9,6, Iet K = g v e Y ey be the cell complex obtained
from B, by identifying the two m-cells with one another via
some orientation-preserving homeomorphism, (We shall always
assume the cells are oriented coherently as in 5.2,3,) Ve
are only interested in the cohomology of X, and the homotopy
type of X does not depend on the particular choice of iden-
%ifying homeomorphism., The cohomology is
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fZ for ¢ = 0, m, 2m

B4(K) =
z 0 otherwise.

We denote the guotient map by g:EL—>X. Then there exists
a generator I of H‘(K) which gets mapped onto

XK“({) +x™( 7) c E‘(EL) by the universal coefficient
theorem, By equation (9.5.1) we have

8% (r v T =x*[($47)0v ({+7)]
k*(g)uk*(7) if + holds
(9.6.1) - in 9.5.1
3[x"(2)v k()]
if - holds in 9,5.1

9,7. In what follows we shall make use of the Hopf in-
variant H, HNumerous definitions and generalizations of H
ocan be found in the literature, amd we shall find it convenient
to use one due to [Hnton]: his generalized Hopf invariant
is a homomorphism H: wr(sn)——-.-“—r(szn"’1) for r < 4n-4.

We are particularly interested in the cases H: TZm_1(s‘)—->
wrzl_1(s"""‘) (Z) withm=2,4 or 8; here H ocoin-
cides with the original invariant introduced by [—Hopf] .

Since we shall not nmeed to work with the actual definition
--two formulae suffice for our purposes— we refer the inter-
ested reader to [Hilton, Sec. 3, pp. 471 ££.) and [Hopf)
for details (Cf. also [_-Steenrod, 1951, p. 119, Sec. 21.6].)
A comparison of various generalizaztions and interpretations
of the Hopf invariant from an axiomatic point of view can be
fownd in [Boardman and Steer] .

9,8, Ve shall also need to work with several homotopy
operations, namely the Whitehead product, the join and the



51

Hopt construction, We shall recall definitions as we need
them. A good introduction to homotopy operations is [G. w,
¥hitehead, pp. 201-209, Sec. 3] together with the important
corrections of EI. H. C. Whitehead, 1953 ] .

9,9. The cohomology interpretation of the Hopf invariant
first introduced by ([Steenrod, 1949] statu@th;t the coeffi-
cient on the right-hand side of equation (9.6.1) is up to a
sign the Hopf invariant H(J)E Ty (s 1) (¥ Z) of the
attaching map ¥ of the 2m-cell in K. (See [:loardln
and Steer, Sec. 5, pp. 198 £f, in partiocular pp. 202-204—_];'-.
Compare also ESpanier, P.500, Th, 9.5.3_—]; the Hopf invariamt
there, however, is not defimed for elements of ‘53(82), which
is the case n = 2,)

Theorem 9.4 can be reformulated as follows:

9.9.1, PROPOSITION: If ¥:8221_,s® (m a2, 4, or
8) denotes the attaching map of the 2m-cell of K, thea
IB(Y N = 3,

The proof will be broken up into a series of lexmas end-
ing with 9.21.

9,10, We use the formula for the characteristic map of
the 2m-cell in EL which is8 given in [meitsprechor, 1971,
PP, 167-168] except that we shall work with the last instead
of the first coordinate as is customary in the articles ox

* [Hilton] defines HE”™ = EH where E denotes the sus-

pension homomorphism, In our cases
B: Wy (82— W, (87

is an isomorphism. The invariant H* instead of H is actually
referred to in [Boardman and Steer] .



52

we shall be quoting, Consequently we have inclusions ;Qp
in RP* via (x,,...,xp)l-—y(x1,...,xp,0) instead of
(11,....5)1——» (0,11,...,xp) as in [Breitaprecher, 1971] .

In addition, we orient L and E(m,), as always co-
herently; this induces orientations of the m-cells e;n =
$(x, ¥)€E| y =1} end egm = {(x, y)¢B | x = m,,{ of
By. Also we shall orient the pair ", SZm—1) and the m-sphere
S® with north and south pole z, = (0y00050,1) and z_ =
(Oyeses0,=1); the latter orientation induces an orientation
oz (0%, s ') with D a jves™ | last coordinate of v is <0},
(Vhen applying theorems on homotopy operations, our conven-
tions are such that we may idemtify DE with D® via the or-
thogonal projection onto iRT,)

We shall also require that the homeomorphism

P:(s?, 5,)—> (B(m ), 1),

which 18 required to map =_ onto s, and the relative

homeomorphism
¢: (0%, 81— (2(my), 1),

which is required to map O onto w, both preserve orientations
The map 2:S®—» S® having the properties

1) f(D:) = 5, Where D: is the closure of S"~ &%,

11) £l (2%, s21) 13 a relative homeomorphism onto
(s®, =,), and

111) £|B with B = {v&S® | last coordinate of v

18 < -1/2] is the identity map,

alse preserves the orientation of s®,
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Breitsprecher first descridbes a characteristic map for
the 2m-cell of X, namely

PagiDt x 2 —— 1
(u) A Y(v) ftor (u,v)cD®x B

P5als ¥) = {((F @ A PNV 0) A Wig(m)
for (u,v)cD® x (™. int B),

He then describes a characteristic map for the 2m-cell of EL,
namely

1,
J ol % D2 —> B

(9.10.1)
(u, v)—— (@ 3,(u, v), Y(£(¥))).

The attaching map of the 2m-cell is then
Gaal 3@ X PR x ) —s ol v &L,

9,11, Before we formulate the next lemma, recall the .
definition of the Whitehead product [J. H. C, Whitehead, 1941] .
Given two maps h1:(Dp, Sp'1)—>(A, a;) and hzz(Dq, si-1)

—> (4, ay) the Wnitehead predwct [ [ny) , (h)1¢€ Ty, q(Aiaglet
the homotepy classes I_h;]e Tp(A;l.o) and [hz_lc Trq(A,go) ‘
is represented by a map

g2 x 9)— 1
hy(u) for v cg1-1
g(u, v) = 1
hz(v) for .uegsSP ',

The Vhitehead product is bilinear [J. H, C, Whitehead, 1941].

9.12, LEMMA: The homotopy class of the attaching map

of °;n regarded as an element of W, (el v 02. (= ,1))

is a sum
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LAY+ A1 + [ [« (7]

whers

x:2 (D" x I?) —> e;uei
(', v) = (W, 1) for u'e s®1

2(u, v') = (3508, ¥1), 1) for viest

B3 (00X ) —> ol U ed
MA@, v) = (m,y, Y 2(v)) for u'e so-1

Ala, v') = (m,., 1) for vic s~

and with wuy, vies™! rizea

«':(0%, 1) — s (o] U €2, (m,,,1))
'(u) = «(u,78) (= (f].(a, v§),1))

AR, (o) L 62, 1))
pv) = f(ug, v) = (me, Pr(¥)).

Proof: This is a direct application of Statement 3,5 ff,
in (6. V. Wnitehead, p. 202). O

9,13, IEMMA: [4]) =o0,

Proof: This is because (4] is the Whitehead product of

th:tzD:——\- Emo ) — o:u °£ with the constant map, 1

9,14. To get a conorete description of the complex K
let us 1dentify ol (= L4{1]) with M via (x,1)—>zv O
and identify oi (= (lc\j X E(m,)) with M with the help of
some projectivity 7« from E(m, ) to M which maps 1 onto
s via (m,, Y—>T(y). Tet < denote the homotopy
class of an orientation-preserving relative homeomorphism

(8, s* 1) (,9).
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The maps o' and A' <then take the form

«"(1) = 7 (P(vy)img—s 0)(f (u))
Av) = ey (2(v))

Since y' and ﬂ' are orientation-preserving relative
homeomorphisms from (D°, s®1) onto (M, 8), we have

(9.14.1) La3s 14] = Lo tale

9,15, Recall the definition of the join. Given two
spaces A and B their join Ax B is obtained from
Ax B X D1 by identifying each subset of the form 5313 x B x {1?
with a € A and each subset of the form 4 X fbi x 1-11
with d<B, Given nmappings hytA—-4' and h,:B-—B',
the map A< B x pl—s A x Bt x D1z(a.. b, t)»—»(h1(n), hz(b), t)
induces a map hy* h,:A%B—>A'x B', The join operatien re-
spects homotopy classes [h1* byl = [h{j * U‘z) ; more-
over i1t is bilinear, ZThere exist homeomorphisas betweon
x5l and SP**! ang the relatten (ox (g% o
(For details ses [G. W. Whitehead, p. 202 ££.] ; also [Barratt
and Hilton] .)

9.16. Imon: E[[ '], [A1])=2¢,, 4.

Proof: This follows from the formula in [Hilton. p. 475,
™, 3.9], which states that for any « € rrp_1(s""),
A€ Tgq(s1) with pra £ 4n-3 we have E([E(=), E(;3)])
= 2(olx /a ) for n even—-here E denotes the suspension homo-

morphisa,

9,17. Before we analyse o in Lemma 9,12, recall the
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definition of the Hopf construction (compare [J. H, C,
Whitehead, 1953, p. 10 ). Given h:sP~'x s3-'__, 71

the type of h is the pair of homotopy classes of the maps
P15 s u—s h(u, vy) and sa-l_, g™,y h(uy, v)
respectively, where Y ¢ s9"1 ana u € 8?1 gre fized, The

map

g: 2 (pP x pl) —»sT
(u, v*')—(a(u/iul, v'), 1=lul)
tor (u, v')e¢ P x s3-1
(u'y, v)—(a(u', v/ivl), 1vi-1)
for (u', v) € sP-1 x p?

is said to be obtained by the Hopf construction from h, and
[g) depends only on the homotopy class [h] .

Phe following is essentially the remark after the defimi-
tion of the Hopf comstruction in f_G. ¥. Whitehead, p.208 ].

9.,17.1., LEMMA: Let pr:ST s {zé,zl——» sT=1  aenote

the homotopy equivalence given by the orthogonal projec-
tion onte RF¥~ {0] followed by the radial projec-

tion onto s=1, 1t g':D(®® x D?)— ST has the prop-
erties that g'(DP x 83"1) € s™\(s_{ and that

g'(Sp'1 x p1) ¢ Sr\fs_,}, and 1f we let h' denote
prog' | (sP~1 x s37V):5P~1 x 59°1_s g™ T then g

is homotopic to the map obtained dy the Hopf construction

from h'.

Proof: lLet g denote the map obtained by the Hopf con-
struction from h'; let ©@:5P ! x sTVx 1—5sTN g, 5}
be a homotopy betweemn g' | (sP~' x 82°7) and n'. Then the
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3(Px 81X 1) — ST\ {=_1
(u, v', 1) —-r glu, V')
(n" v'. t)'f————) Q(n'. "' t)
(u, v*, 0)}— g'(u, v*)
and

(P I s 1) — 8 ~ {5,
(u'y v, 1) —— g(u, v*)
(u’y v'y, t)—> L (u', v, t)

(u*'y v, 0)— g'(u, v*)

have extensions to all of DP x Sq'1>< I and sP1x pixI

simce their ranges are contractible, and the extensions coem~

bine to give the desired homotopy. Ul

9,18, In what follows we shall identify S® with M
in such a manner that orientation is preserved and such that

8, ocerresponds to w and =_ corresponds to s,

9.18,1., LEMMA: o is homotopic to a map which can be
obtained by the Hopf construction from a map
Y s-1 x S1-1 sn-1.

Proef: Consider the homeomorphisa

h:D®x D® —, D% x DT
(u'y v)+—3(ut, 2v) for (u',v)c s®=1x 3
(u', ¥)—> ((3/2 - 7', ¥/1%])
for (u',¥)c 8™ 'x P® < int B
(a, v)e— (/2, ¥v') for (u, v')eD®xs™1,
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b is homotopic to the identity, and h(s®! « B) = s%1 .« DB,

I claim o« h has the properties in the hypothesis of the
preceding lemma 9,.,17.1. Because of our identifications e;
and es with M and M with 8”'1, we must show that
«-h(D® x %) S M (8] amd «.n(S®Vx DP) < Moiwi.
However, the reader easily verifies using the formula for o«
in 9,12 and for ¢). 1in 9.10.1 that (xoh)™'(w) = {0} x §77
and (%« h)"'(s) = s® ' x B, Thus we may take A to be

pre«  nls®1 x gB-1,

9,19, LEMMA: 4 has either type (Lg;‘I’—Lm-1)

or type (=¢p 49 Cp q)e

Proof: Pixing u' then
v i (¢ (u'/2):m ,—> 0) Y (¥')

is the restriction of an orientation-preserving homeomorphism

from S® to M. Pixing -v' then
u'— T (Y (v*)img—> 0)¢ (u'/2)

is the restriction of an orientation-preserving relative homeo-
morphism (D%, Sn'1)——>(H, s8). Hence the type of o in-
volves only +¢ . 4e
Now E(m, ) may be related to E(mo) by some projece
tivity 7(y:m,—> m;) for some ycM with zo,m,, 3'1(1).
By tracing the values of the special lines s and 1 under

the various projectivities as in the diagram

Em,)) > 1 +— 78— w, 1 ¢ E(no)

M 3 8, w w, 8 € M
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we see that the projectivity Tr(\-f)(t'/Z):lnm—->0) and the
composition T ( *{J(v'):mo—-yo) °(y:im,—> 0) reverse these
values, Since we are dealing with the restrictions onto

M {\'. li » these must behave oppositely with respect to
orientation, Qd

9,20, Remark: VWe have no interest in deciding which
of the two alternatives in Lemma 9.19 actually holds except
perhaps for the sake of completeness. The situation is analysed
below with the identifications used here,

Reviewing these identifications we have three orientation-
Ireserving homeomorphisms

(sl’ L) ’_)—L(l(-m)’ 11')#"("9 w, 8) P’(s-t S, ’_)-

’I 4 Wwas used in the description of K and consequently in the
description of the Whitehead product [ (&3, (8] =

(o n .] isee 9.14. 7, was used in the interpretatien
of the Hopf construction; see 9.18. Therefore the map

Pl“72' 71” $1s2=1 onto sB! ia orientation-preserving,

and + has type (= laegs Lnaq)-

221, LEMMA: H()) = ¢, ..

Proof: This is a direct result from Sec. 6 of [J. H. C.
Whitehead, 1953] where it is proved that if an arbitrary ele-
ment & C'-TM_1 (S¥) 1s obtained by the Hopf conatruction
from a map SP 1. 8171 sT1 of type «cC W1 (s*-1y,

P €T|‘q_1(sr"1), then H(Y) = ~x%4 . In our case we
have type (~¢, 44 ¢ p 4), and the two minus signs cancel.

Caution: [J. H. C. mtehead] corrects the erroneocus
8ign in the corresponding theorems of [Hilton. Th.3.5] and



(6. W. Whitehead, Th, 5.1].
Lemmas 9,12, 9.13 9,16 and 9,21 combine to give a proof

of Prop. 9.9.1.

9,22. Proof of Proposition 6,8:,1. It is apparent from

Theoren 9.2 in (Breitsprecher, 1971, Sats 2.3] that

x*({) ama x *(7 ) form & dual basis with respect to the

homology classes s, 8,E %(BI.) determined by the two cells
1 and 02 when they are given the appropriate orientation

e
a n
in any topologiocal projective plane with peint row homeomorphic

to s™,

Any bundle equivalence ]’z B——»@c which maps the sec-
tion x+——>(x, 1) onto its counterpart, also maps both 2-cells
-; and og in EL homeomorphically onto their counterparis
in €, . Hence fa :HZ(BL)-—»HZ(EL ) maps the homology
olasses 54y S5 onto their counterparts up to a sign, and
T¥ :Ha(E,L )— Bz(ln) maps the dual basis onto their coun=-
terparts up to a sign., 8ince for preferred generators K¢ ,7
the relation k*({)vk*({)=k¥*(¢)v Kk (7) holds im
both H"'(tE“_) and K”(BI‘) we see that x*({), k (7)
¢ BY(E L) must be mapped onto their counterparts by }‘* ’
and these are unique up to a gommon sign, [
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9,23, Recall that a polarity A = (1,, 4,) ofa
rrojective plane f a (B, X, Y) 1is a pair of maps
')\131—9! and 12:I—>I such that

i) for all x€X and yeY if (x,y)¢ E

then (2 ,(y), Ay(x))€E, and

11) 2,02, = 1dy and A A, = 14y,

The sets of absolute points and lines are defined as

absy 1 = {xex | (x, A (x))€ Bf
iy X = {yex | (3,0, Ye i,

axd we have Absy A = 21(Absx A) and Absy A = A (Absy A
We are interested in giving a criterium as 4o when Absy A
18 an gva], that is a set O such that
1) every line meets O in at most two points, amd
11) for every point x€& & there exists & unique
line y such that y meets O only in X.
A polarity with this property is called sn oval olarity. ™
?c nonhermitian polarities are oval and hermitian ones are
net,

Hew 7 determines a self-map
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2333—) E:(x’ y)’-—) ( ;\Z(Y)’ }1(1)),

which is an involution. If () is a topological plane
with E homeomorphic to the flag space L of 57¢ ’
then E 1is an orientable compact 6-dimensional manifold; the
two generators of H((E) (% Z), called the fundamental
classes, correspond to the two possible orientations of
E (see for example |[Spanier, p.304, 6.3.9] )¢ A homeo-
morphism preserves orientation if and only if it preserves
the ocorresponding fundamental class, which means it must
induce the identity on H6(E).

The geometric and topological properties of a continuous
polarity of a topological projective plane are related.

9,24, THEOREM: Let @7 = (B, X, Y) be a topological
projective plane such that a point row is homeomorphic
to s2. Suppose D = ()., ),) is a continuous polar-
ity. Then 2 is oval if and only if the induced map
?\3:B—> B:(x, y)f—s(Az(y), 2A4(x)) preserves orienta-
tion,

Note: In [Buchanan-Hihl-Lbwen] 1t is shown that closed
ovals, hence also continuous eval polarities can only exist
in finite-dimensional locally compact projective planes pro-
vided that the point rows are homeomorphic to S1 or Sa.

Proof: We use a criterium given in (4.3e2) of [Buchanan-
HKhl-I.Bven] o If y 1is any line which is not absolute, define

Ay @) — ()

x — A (x)A 7.
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The above-mentioned criterium states that A 1is oval if and
enly if Ay is orientation-preserving for amy hence all non-
absolute 7y,

Consider the map induced by A; on the cehomology of
E. Ir f and ’}7 (4 HZ(B) are preferred generators as in
Th, 9.4, then by restricting )\; (Z) and );’(7 ) to the
subspaces E-1(y) X {y] ana [nz(y)Zx E(A,(y)) we see that
up to a sign )\* interchanges . and ?. Simce X"
preserves the ocup product structure, we have

(9:24.1) s m emd 7 or {4 -y amd 7 -

Because of the relations describing the cohomology ring givem
in Th, 9.4, Sz'pl (= % 2) generates EHS(E). This means that
the fundamental class is preserved if and only if the first
alternative of 9,24.1 holds, If we denete by )':B" (r) —
B(Rz(y)) the restriction of ','\1. then the diagram

L 3
H2(E) . S H2(E)

| )

1%
B2 (B( A ,(¥)) 2 B2 (71 (7))

commutes, the horisontal maps being givem by restrioction,

Then our theorem is proved, because Z\y is the composition

of )' with the orientation-preserving map x+— x4y, U
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