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!'h. ~opol.ogy of the Plag Spac. of a ~opol.ogioa1 Proj.ctive Pl. ... 

with 2-Spherea as Point Rows 

Di.se Arbeit b.8eh~tlgt 8ieh mit topologi8ehen projektiTeD Ebe ••• 

~ i.a. unter der Vorau88etsung, dd die PuaktreiheD sur 2-SphIlre 

hoa6omorph 8ind. Dabel b •• eiehneD X deD Punktraus, Y den 

GeradenraWII lDld E ~ X )( Y de. PalmenraWII, der aU8 all.en iDzidente. 

Pttakt-GeradeD-PaareD be8teht. Daa Bauptre8ul.tat d.r Arbeit i8t 

der folgende Sats: 

Sl~ZI Sei ~ - (B, X, Y) .ine topologi8che projektive Ebene, 

dereD Punktr.1heD sur 2-Sphlre hom~omorph 8iDd. Daan lat dl. 

E1DachrKnkung p:B~X der ProjektioD auf deD era taD Jaktor 

tepologlsch AquivaleDt SU dar aDtepr.ohendeD ~bblldUDg p~: 

IE:--+~ der ltollpl.ex.D projelttlTeIl EbeDa fc - (IE', ~, y>. 
Iasb.8ondere 8iDd I uad ~ sue1aaador hOll6oaOrph. 

Ebenao gilt di. dual. ~U8saga des Sat.... ~a Polgarung ergibt 

.1oh, dd dia ~bbl1dlDlgeD da8 Sohn.ldo.8 und Yerbindens 

.beafa1l. topologlsoh lquivale.t su !hra. kl.aaelaeh.D GegeD­

atuelteD aiDd. 

Dieaar Sats .rglnst Ra8ul.tat. Uber dl. ~opologl. proj.lttiTar 

EbaDeD, die Breltapreeher .rslelt hat [Hath. Z. ~, 157-174 

(1971) und G.olletrlae Dedloata 1, 21-32 (1972)J. Vie dort 

wird auoh bier dl. !'haori. der Pa8arbUDd.l ala Bi1fBm1ttel 

fUr deD Bewels herangesogen. 
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Bel 4 .. Bevel. dea Satsea wird p:B ~ X alB Projektion e1nes 

lekaltrlTlalen BUndels angesehen. Sel L - B-1 (y)sX eine 

Panktre1he und aei D die abgeBohloBsene E1aheitskugel in 

IR4. Die Abbildung p wlrd hier als Zusasmeneetzung von der 

Einschrlnkung PL:Ey,~L Uber L Wld dem tr.1vlalen BUndel 

D)( E(x)- D betrachtet. wobel B(x) - p-1 (x) daa GeradenbUsehel 

durcil xE: X be.e1omet. Dabe1 stellea wir WlB vor. daB 

X • LV, D aus L durch das .1nhetten einer 4-Zelle veNtlg. 

dar I.nhd'tWlgaabbllduag 0(: d D - L eDtstandeD 1st. Ea vird 

eine wBUD.delanheftungaabblldungw 1. : a D~ P(Ey,) e1ngefUhrt. 

dle Werte In dem ~otalraum dea bezUgllch der Hom50morphlsaeD­

gruppe H(B(x» (~HCS2» aaaosilerten Pr1nzipalbUadels an­

B1amt 1IJ1d die eiDe Abblldag wtlber LW bezUgl1ch ~ und 

der Proj.ktlon dea PrinzlpalbUadela 1st. Ea vlrd geseigt. daB 

;( aeJlkr.cht ho.otop 8U sea •• klusischen GegeDetliclt X 4: 

let ..... mi P(~) und P(£:"a..) lIlite1Dander geeignet 1dent1f1-

siert slnd. 

Bel dea Vergleleh des OrleDtlerungeTerhalteDs der ~aaern VOD 

p WIld Pc werden dle Vorseiohan in den Relationen dea aohomo_ 

logieriDge H*"CE) at t Hllte der Theorle der Sopt-Invariante 

uaterauoht. CD1eae Uaterauohuag wird allge.eiDer tUr Ebenen 

geaacht. iD der dle Pml1ttreihen Z1l g8 (a - 2. 4 oder 8) 

homHoaorph aind.) 

Ala BebeDprodukt der Dntersuchung v1rd eiD Sats tiber etetige 

Polarltllten gewoWleD: lat ~:B~ B dle au! dem l'ahnenraUil 

1Dduz1erte !bbl1dung eiDer atetigeD Polar1tllt eiDer topolo­

giseheD projekt1ven Ebene. dareD Punk~re1hen homHomorph au 
2 

8 Bind. dann 1st A orleDtierungatreu gsnau danD, venn du 

absolute Gebild. dar Polaritlt ein OVal 1st. 
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~e topology ot the :nag Spaoe ot a 

topological Projective Plane with 

2-8pheres &s Point Rows 



1&1. III tiU. paper we .ha1l pron tha~ th. t.polon o~ 

tho flag .paoo of a topologioal pro~eotiT' plan. i. ~h. .... 

a. ~ha~ of the flag .pace of 'the ooaplox proj.ctiT. plan. 

giTen the lypoth •• i. that the point row. of the plan.· are 

hoa.o.orphio to th. U.aann .phor. 82• ne pro.f .. e. 

reAlt. froa the theo17 of fib.r bedle. and fro. tho theo17 

of tho Bopf in'YB1'ian~. It rea alo .. line. of tho proof. in 

[Bre1hprooher, 1971 and 1972 ); indeod thi. work aay b. 

oon.idered aa a oon~in~tion of the inTe'~1Sation •• tartod 

in tho.e paper •• 

1&1. Reoall that a pr03eotiTe pllDo ~ i. dofin.d to 

1 

be a triple ~. (E, X, Y) of .et. called the 11&5 .e~ .r 

-aoidnce graph-, the Pdlt .... and the line .,t re.pecUn17. 

with I ~ X x Y noh that the followlq axioaa hold: 

i) ET817 two di.~ino~ pointe haft a 1II11q11e ~e1ning 

l1Jlo, 1.e. for all x1';£ X wlth Z1~ thoro 

oxiet. a 1Dl1qu. yf. Y with bo~h (xl'Y) and (;,y) 

in I. 

11) EY'17 two di.t1Jlct 11Jl •• un & 1DIiq •• peint 

of inte •• cUon, 1 ••• for all Yl'Y2' Y with Yfj.Y2 

thero axi.t. a unique x f. X with both (x,y 1) and 

(x'Y2) in E. 

t Suh plano. are terud 4-dlaeuional. topologloal plan •• 
in the llterature, the 4 there ref.rrlq to tho dlaeuion of 
tile point .paoe. 



i11) !here are at leaet , pointe and , linee, 

i.e. oard X ~ , and card Y >- ,. 

Let 6(X) denote the diagonal «xl'~) £ X.X I x1- ~ ! 
in XxI and 6 (Y) the diagonal in y" Y. Axiome i) 

and ii) may be eo formul.ated ae to require the exietence of 

join and intereection !Bpe, 

v:X ... X' ~(X)---Y: (%1'~h--X1"'~' 

A:Y x Y .... A(Y)- I: (71.72)..-- 71" "2; 

here %1 v ~ and ;Y1";Y2 denote the line ~oin1ng x1 and 
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~ and the point of intereection of 71 and ;Y2 reepectivll;y. 

lai. !he aoet familiar exaaplee of pro~ective planes 

are obtained b;y taking a ,-dimeneional vector epace over a 

field, let~iDC I be the eet of 1-dimeneional vector SQb­

apaoea, letting Y be the aet of 2-dimeneional eQbapacea 

and lettiDC E be deacribed b;y the eet-theoretic inclueion 

E = { (U, V) ( X" Y I u ~ V I . 

!he caee where the field ie the complex nuabere a: 1e 

of particul.ar intereet here. We ehall denote thie plane b;y 

"c · (£, 'j( , II( ). 
BEaaplee of pr03ective planee which are geometrically 

difterent from tho.e de.cribed above do exi.t. 

1972 and 197~ hae made a ayatemaUc end;y of euch eo-called 

-nond.eargaeeiana planee in the caee where the collineation 

group eatisfie. certain restrictive aseumptions, the planee 

are topological in the aenee of 1.5 below, and the point 



1&2. A topological projective plane is a projective 

plane in which the point eet and line set each carry a hall.­

dor!! topology which is not di.crete. and in which the join 

and intersection map. (1.2.1) are continllolls provided that 

their domain. of de!inition are given the topology indllced 

trom the prodllct topology. 

In thi. paper we shall deal &Lao.t exclll.ive17 with the . 

O&8e in which the point rowa are hoaeomorphic to the 2-aphere. 

Certain of Ollr re.lllt. are al.o valid for the ca.e where the 

po1Dt row. are hOlleo.orphic to __ sphere. with m ~ 2. It 

can be .hown that the only vallie. of II which can OCCllr are 

1. 2. 4 or 8 (aee [Breit.precher. 1971. ~orollar 2.3.11 ). 

!he cOllplex projective plane f([: with the 1l81la1 topo­

logy i. the prototype of those plane. of pr1mar7 intere.t. 

A description of the topology of ; ct can be fOllDd in 

[ Bachanan. Ovale llDd ~gel.chn1tte in der komplexen projectiven 

Ebene). !hroltghOllt this paper we .hall refer to the geometry 

aDd the topology of t'{. a. being cla .. ical. 

Ho restrictions will be impo.ed on the collineation grOllPS. 

a. ia done in the -Erlanger Prograaa". typified. for example 

by Betten's work. In this regard we have a 1I0re general aitll­

ation than that of Betten; we cannot. however. olassify plane. 

liP to gOClletric isollorphis. a. he waa able to do. 

!hrollghollt this paper we .hall di.tinguish between line •• 
which are ele •• nb of Y. and point row.. which are .llbset. 
of X of the form 

:8-1(1). fx~ X I (X.1)E: E J • 
thereby folloving the llsage in [Bre1t.precher. 1971] ; th1. 
differ. froll the Cllrrent practice of identifying these two concept •• 
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1&2. Remark. In a topological plane the assumption that 

the po!Dt rows are homeomorphic to S2 oan be shown. to be 

equlTalent to the assumption that the strong inductiTe topo­

logical dimension" o~ the point row is 2 and the point apael 

is locally COllpaCt. See [Salzmann, 1969). Also compare 

[BreUspreoher, 1971]. 

1&I. When dealing with prO~.ctiTe planes, the ~ollow1ng 

mapa are o~ intereat: 

1) the includon E-1 (y)~X and ita dual 

E(x)~Y. 

2) the !Dcludon E~Xw.Y, 

,) thepro~ecUon p:E_X:(x,y)t---4X and ita 

dual q:E -Y: (x,Y)l---ooy, 

4) the jo!D and intersection maps .., and " (1.2.1). 

One II&:T aalc it the .. ps 1)-4) o~ one plane are topologica1l1 

equlTalent to their counterparts !D another plane. 

(!wo maps A-B and A'-B' are called 'topologicallY 

eg_traleJlt when there exist hOlleollorphi.lI. A - ~ A' and 

B -"!. B' aak1.ng the diagram 

commatatiTe. !hi. concept can be extended to arbitrarily large 

* lcr a definition of this concept 8ee, for example, Qiagata. 
1965. p. 9]. In compact connected topological ~~1T. 
planes TarioUi topological concepts o~ dimen.ion can be shown 
to coincide, because these space. are separable and metrizable 
llagda, 1965, p. 90, fh. IV.1] and [Salzmann, 1967, 7.8. 7.10 



4iagr8lll. of mapll in the obvioull way. Clearly, the topo­

logical equivalence of two maplI impliell that their do_in. 

and rangell are homeomorphic.) 

Hote that the concept of topological geo.etric illo.or­

phi.m may be IItated all the topological equivalence between 

the diagraaa 

and 

which inTolTe the projections 1.7.(') of the two planes 

(? - (:1, X, Y) and fl'. (:1', I', y.). 

5 

~. '0 lIu.aari.e previoull rellultll OD the quelltion of 

1.7 we IItate three known theoremll involving topological equiv­

alence. inTolTing the aapll of 1.7.(1)-(4). 

~ollow1ng [Breitllprecher, 1971J we llhall give explicit 

foraulae for a proof of 1.6.2 below later in §4. Since the 

other theore.s here handle different topological situations 

than that in which a point row ill homeomorphic tc 82 , we 

refer the interellted reader to [Breitllprecher, 1971 and 1972J 

and lBuchanan, Zur ~opologie der projektiTen Ebenen Uber 

reellen DiTillion.algebren] for the proof •• 

1.6.1. tHEOREM: Let ~ - (E, X, Y) be a topological 

projective plane which hall a point row LO homeo.orphic 

to 81 • Let r R • (IE , ~ , Y) denote the plane over 

the real field rR and let IL 0 be a point row of l'K 

1) the includon L~X ill topologically equiT­

alent to itll counterpart L..o'----+ X for any point 
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row L of f • 
2 ) the cUagrams 

E 

r~ ~X 
X ... Y prX 

ad 

are 'topologically eqaivaleDt. ad 

}) 'the dual atate.eDte of (1) and (2) hold. 

a particular. we have hOllleolllorph1.III~ __ ~~~~ X"' 5' • 

Y -~and E;;;~. 

1.8.2. !BEOREK: Let f'. (E. X. Y) be a topological 

pro~ective plane, which haa a point row LQ hoaeolllorphic 

to S2. Let ~ 0: • ( IE ~ ~, Y) deDote the clau1cal 

plane over the cOlllplex DlDIberB C. !heD 

1) 'the inclu10D L"--X 18 topologically equiv­

aleDt to 11;s clauical counterpart L 0 ~ " fer 

any point row L in It. and 

2) the dual atate.eDt of (1) hold •• 

a particular. we have hOllleo.orphis.. L ~~. X iii% 

and Y;; Y. 

1.8.3. !BEOREK: Let ('. (E. X. Y) be a topological 

pro~ect1ve plane which can be coord1Dat1sed by a Dot 

DecesBaril,. aaBoc1aUn real divi~1oDal~ebra _~~ 

1B known that d1lll« D. 1. 2. 4 or 8. heDce eDe point 

row La 1. homeolllorphio to a 1-, 2-. 4- or 8-sphere.) 

!!leD 

1) the inclus10D L~X 18 topolog1oally eqaiv­

alent to the oounhrpart L Q"--- '" belonging 1;0 



the real. complex. qQatern10n or octaTe plane for 

any point row L of e proTided 1L0 and 100 
baTe "he same dillension. and 

2) the dual statement of (1) hold •• 

7 

~. !here is a relationship between the pro~ection 

p:E----+X of 1.7.(3) and the intersection map /'. :Y- T .... ~(T) 

-X of 1.7.(4) and duall" between the pro~ection q:E---..T 

and the ~oin map v :X" X, A(X)~T. a. pointed out b" 

l Bre1tBprecher. 1971] • 

• quare of p:E---+X in the sense of [Steenrod. 1951. p. 49. 

Sec. 10.4J • that i. E Xx E. {(x'''1 '''2) I (x'''1) and (x'''2) ~ E ( 

and p(x'''1'''2)· (x'''1). Let ~(E) - t(x.,..,.) I (x,,,)€" E5 

denote the image of the natural cross-section (x.")~(x.,,.,.). 

Define a up 

,J:TxT' ~(T)~E>(XE' ~(E) 

In a topological plane ,J i. a ho.eomorphiam. and we baTe 

a co ... tatiTe diagraa: 

< 
TIC Y .... A(Y) -v 

• 
1 

~ X " 
Suppose we baTe two topological planes ~ • (E, X, Y) 

and ,9' - (E', X'. yl) in which the projection. p:E ~X 

and p':E'--+X' are topologicall,. equiTalent, aa,. with homeo­

morphisms 
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We define a homeomorphi .. 

j:EX E .... 2"(E)--40l E'>( E' '~(E') 

(x,11'12) I ~ ( Hx), Fy,47 (X,11)' FY'"Y(X,12» 

v v 
which cover. ~ :X-X' witil respeot to po pi and p' 0 p'j. 

nen -J ,-1. f~"J aT x Y .... 6(Y) -Y' J( Y' .... ~Y' ):(11 ,12)­

(FY"''(x,11)' Fr1 (x,12» i. a ho.eomorphi •• which COTer. 

S; hence ,J ,-1. r ,,8 and ! togetiler coabine to ,in a 

topolo,ioal eqaivalence between the 1nterseotion aap.. We 

baTe prond 

1.9.1. PROPOSI!IOlfl U paE-4'oX III1d p':E'---+X' are 

tepologioall:y eqaivalent, then .0 are the inter.ection 

aaps ",:Y )( Y .... A(Y) -X and A' :Y' '" Y' , Ll.(y.) -- X'. 0 

~: !his FoPosition i. valid ~or arbitrar,r tepo­

lqioal plane •• 
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§2. Statement o~ Resalts 

!be Jlain resul t o~ this paper is 

2.1. MAIB !HEOREM: I~ ~ - (E, X, Y) i8 a topological 

projective plane with a point row homeomorph to the 2-sphere, 

then each o~ the projection maps 

p:E-+X 

is topological11 equivalent to their corre8pondinc clas­

.ioal counterpart. 

and 

in the complex projective plane ~ cC. - (IE , ~ , y). 
In partiovl.ar, the nag space B or (' i. homeomorphic 

to the cla.dcal cOUllterpart t£ or (-l <L • 

Using Propo.ition 1.9.1 we have 

2.2. COROLLARY: Ir & saUsrie. the hn>otheees o~ the 

main theorem, then the join and inter.ection maps 

" :X < I ' A(X)~Y and " :Y "Y ... ~(Y) -J: 

o~ f are topologically equivalent to their classical 

counterparts. 
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As a by-prodact we also obtain a topological condition 

which is necessary and sufficient that a continuous polari~ 

of f of the main theorelll is an oval polarity. !he defini­

tion of the concepts involved and a precise formulation of 

the r •• Qlt will be deferred ~til 9.23 and 9.24. 



§3. Homeomorphism Groups 

~. GiTen a locally compact* topological space A, 

we giTe the homeomorphiSlll group H(A) the g-topoloQ ill 

which. neighborhood basis of the identity map consists ot 
sets ot the tora 

B(O,U) .. ~hE'H(A) I h(C)5:US, 

where a runs through the closed sets and U runs through 

the aeighborhoods ot a in A aad such that either a or 

the compleme.t ot U is co.pact. It A is co.pact, the 

g-topology coincides with the k-topology also called the 

co.pact-ope. tepology. Ia the noncompact case H(A) with 

11 

the g-topology is topologically isomorphic to the stabiliser 

ef the point at in!1Dity 1D the greup of homeomorphisms of the 

oRe-point compactification of A with the k-topology. 

~. !he following properties et the g-topology are 

e.sily seen to carry OTer from the k-topology (see for example 

lDugundji, p. 261, !h. 3.11) or they were preved ill [uens,fll. 4]. 

3.2.1. PROPOSITION: 1) It a.oA, then the evaluation 

_p r. a:H(A) ---4 A:hl---4h(a) is continuous. 

* !hroughout this paper wcompactness W and wlocal compactness­
subsume the hausdorff separation axiom. 



2) (Exponential Correspondence) U , 1. any 

topologlcal apace, then a map ,;:'1---7 H(.1) 1a con­

tinuo .. U and on1y if the anoeiated map i:!f A.t ~.1: 

(t,a) I---'> [If (t)](a) 1a continuoWl. 

3) If .1 i. locally conneoted, then H(.1) la a 

topological group. In particular, the compo.ition of 

homeomorphi.ma and the inversion of homeomorphlsms are 

continllou •• 

12 

la,l. [Arena. fh. 8] haa also given a criteria with 

which one may eonellide that a .paee .1 admitting a transitlve 

ho.eoaorph1811 group G with point atabilizer GO of a ~ .1 

ia homeomorphio to the quotlent space GIGO. '10 form~.te 

thi. let t :G_.1:g.--g(a) denote the eTaluation map at a. 

!hen Aren.'s oriteriv.a require. that tor every open neighbor­

hood U ~ G ot id.1 we .. at haTe that &(U) is open in .t. 

Ve wan. .0 apply thi. to the oa.. where .1 ia a topological 

aanifold and G 1a H(.1) or the oennechd compon.nt ot id.1. 

3.4. LEMMA.: Let .1 be a connected topological IIAZ11fold. 

neD gl Ten any a E.1 tltara enats Sl!' aziU,1In.r1l.y sll&ll 

closed neiChborhood D of a s.oh that the subgroup 

aot. transitively on the interior ini D; here a+(.1} 

denotes the connected component of id.1 in the homeo­

morphia. group H(.1). 

Proof: Chooae D ao that w. lI&y identify it with the 

elosed v.n1t ball in n-apace. Given an .aE int D it sv.tUcea 

to bmonairate a homeomorphl .. tf:D-~D wUh 11')D. idJD 



and 'f(O) - ao aDd IlUch thd IdD ~ ~ rel 1D. De~ille 

~. bT 

y (a) - a + (1-\al laO. 

f aap. the ra)". between 0 and a boundar)" point al I a I 
proportionatel)" onto the r&)" tro. aO to ./Ial. GiTen a 

path .v trom 0 1;0 aO' a ho.otop)" '/'t o~ the de81red 

vp. i. giTen bT r.placing 80 with ~ (t) in ~oraul.a (3.4.1). a 

3.5. COROLLARY: U j, i. a connected topological lI8lli­

rold, th.n the conneot.d oo.pon.nt o~ Idj, in H(j,) 

act. tran.itlTel)". 

3.6. PROPOSI~IOB: Let j, be a conn.cted topological 

aanirold. Let g+. g+(j,) be th. conn.cted co.ponent 

or Id, ill H(j,), and let ~ be the point .tabl1l •• r 

or~. !hen there en.t. a ho.eo.orphi.. 7 :g+ 1110 - j, 

n.ch that the dlagraa 

c .... t •• ; her. f denotes the eTalwation aap ~(h) - h(a) 

at the poillt a. 

l!:22l' W. apply Arena'. criteria. Let U b. an open 

neighborhood or idj, ill H+; we au.t .how that e(U) is 

open in j,. Let x E du). fhen there enata an hoE U 

with ho(a) - x. !he .et V • ho1.·U i. al.o an open neigh­

borhood or the identit)". Hence there exist cloaed aet. 

Cl' •••• C. and C~ ••••• C~ with.a)" x¢. VCi but x~ Cj 
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fer all 1 ~ 3 ~. u4 cerrespoadiq opea Jle1ghborhood. V1'···' va' 

V1' ••• 'V~ ~ereefwlth 01 (01) or tVl (CVi'> coapactwltll 

V 2 ihE:H+ I h(C1)£W1 and h(CI)~VI' 

1 ~ 1 S II, 1 ~ j ~ Jl ~ • 

Let D !: M be a closed neighborhood, chosen a. in Lelllll& 

3.4 111loh that It l1ell in the open Bet n Vj 1\ (M" VOl)· 

!hell int D ~ £(v); beoaWlII glven any • Eo D, there exillt. 

an h '" r- mapping a to. and haT1D.g M- D all it. II1lpport; 

henoe by the definition of D and (3.6.1) we have ht V. 

Con.eqllently 

ho(int D) S ho ~(V) a ~(ho'V) - E(U) 

ill an open set about x in ~(U). 0 

laZ. In the case of the II-llphere the hOlleOllorphi .. 

group H(sa) ba. at leallt two coaneoted compoJlent.. !Ae 

.et of orleatatloa-pro.erviDg aap. 18 the co .. ected coape­

aeat s+(sa) of the ideatity wheR aa1 er 2. 

By Proposition 3.6 we have sa .. U+(sII)fU+(1R m). 

~. !he following theorem ia an ellllentlal ingredlent 

in the proof of our maiD theorell: 

3.8.1. !HEOREM [Ineller): 1) !he rotation group SO(3) 

i. a def01'll&tion retract of r-(S2). 

2) !he rotation group SO(2) i. a deformation 

retract of s+( iR. 2). 

!he proof, which we shall not give here, make. ulle of 

a fact in contora&! aapping theory. A proof of the theorem 

UII1Dg the theory of covering llpace. hall recently been given 
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llr1berg 1 . 
Ro~e tha~ ~he natural topo10g1es on SO(3) and SO(2), 

as with aD7 co.pac~ Lie group, cOinoide w1~h the top010g1 •• 

ina-ced by the g-~opology or a+ (s2) and g+ ( R 2 ) ( ... 

[Arena, !h. 9] ). 

[BaTe~ haa recen~ly proTed that U+(S2) ia homeomor­

phio to a direct prod.ct.r SO(3) and the R11bert space 12 

or tnr1D1~e real aquare summable sequencea. 

lDeaer'a ~.ore. has ~. rollowing 

; 
3.8.2. COROLLARY: Let G be ~he atabi1i.er or 0 in 

a+(~2) with ~e ind.ced topology, and 1e~ So be a 

poin~ or 1i\2, foJ. !hen ~e naJ:HUon aap £:ct-+IR 2 , ~'* 
,~g(so) at So 1s a ho.o~opy equiTalence. 

~: Le~ "2'a be ~e tranalation SI---'o. + a (a,sE IR. 2). 

aad let ~ be the traDalation group. !hen ~x G 1. ho.eoaor­

phic to U+(If\ 2) Tia ('ta , h).- t'aQh. !hua the inclusion 

G~ a+(~ 2) 111 & ho.otopy equiTalencel by lDue-'. the ore. 

the inclusion SO(2)~G 1. too. In the OOJllllUtat1Te diagraa 

SO(2 V'----" G 

£1 t t £ 

S1 ~ IR.,2, fO! 

fl and the horiBontal inolusions are ho.ohpy equTalence., 

thus E.. alao. 0 

~. !he rollow1ng proposition will be used la~er to 

.how that t. :a+(gIi) ~ gII:h ~h(a) 18 a 100&11y triTial 

lnmdle ( .. e §4). .l local tn"ou-.ecUop of a+(tR..) in a+(S·) 

i. a runct10n r aappiDg a neighborhood W in~o a+(S-) such 
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thd fC.) •• for each .~W (compare [Steenrod, 1951, 

p.30, Sec. 7.4J ). 

3.9.1. PROPOSlfION: s+(~.) adarta a local croaa­

aectioD iD s+(sa). 

l£22!: (Collpare the forll1l1ae iD laullemoller, p. 86, 

Sec. 9.1].) Set w. sa, 1-a~ where -a deDotes the anti­

podal poiDt of a. DefiDe f:V_ s+(sa) b:r letting f(s) 

be the rotation along the Wliq.e gred circle jo1D1Dg & and 

s and fixing their orthogonal compleaeat; f ia given by the 

f oranala 

where (.\.) denotes the euclidean scalar product. f ia 

contiDuou, aiDee (s.a)r-- ~(s)J (a) ie contiDuo.e. 0 



§4. Locally !riTial Bundles 

iLl. We •• sd Bom. basic cOBeeptB and the ore.. troa the 

theer.r e~ ~iber buadle •• 
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Oe .. lder a quadnple ~ - (~. B. 'i'. 1') where ~. B .. d 

l' are topelogical BpaCes ud lJ.' 18 & map tJ' :~-4 B. We ea.ll. 

~ the tttal space, B the bal! .Ploe. 'P the projeetioB 

.. d l' the ~iber. ne quadruple t; 1e called & looally 

triTial buadle whe. 

1 ) ~er all b € B we haTe 't' -1 (b) ~ P, and 

2) there exi.t. .. ope. cOTer vt, e~ B haTing the 

~ellew1ag prope1't7: ~or eaoh U E V[, there exists & 

homeomorphism tf U:U lC 1'~ 'l'-1 (U) lIuch that 

'P ,~U(u, ~) - u ~or all (u,~) E UK P. 

ne map tf U b (2) ill called a coord-bate ~uaot1tn, .. d the 

element. o~ ~ are called coerd-i.ate neighborhoods. 

!al.. Let U ud T be coord1u.te neighborhoodB o~ £, 
aBd oonsider the restriotion ot the composition f u1 • lfT: 

(U f\ T) x. 1'~ (U 1'\ T) x. l' ot the coordinate tlmCtiOB.. Thi. 

map detena1lles a tUlU,. et homeoaorphi81lls (U, T:U" T _H(lP) 

den.ed b,. cp u1• '-P T(u, t) • (u, [1 u. v(u)] (t» with 1llnrBe 

'i U!T • "'( T,U; the up iU,T is called a ceord1ll&te traDlI­

formation. In the case where l' ill locally compact the co­

ord1aate tr&Dstormation is cont1lluoull by "exponential oorros­

pondence", Bince the associated II&p (U1" U2 ) x 1'~ P is 
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pr~oi'U1~~V which is continuous. 

In §5 ~~. we shall be interested in the caee where ~ ~ S2 

and the coordinate ~ctions talce values in a+(S2). 

i&l. [Steenrod, 1951, p.7, Sec. 2.3J basis his book 

on the concept or a "coordinate bundle", which presupposes an 

e~~ective topological trans~ormation group G acting on the 

~iber ~. U we assume ~ to be locally compact and locally 

connected. and i~ we talce G to be the homeollorphism group 

o~ ~ (or ~or ~olds like Sm the connected component o~ 

the identity), then the concept o~ a locally trivial bundle 

coincides with that or a coordinate bundle in Steenrod's book. 

!he concept o~ a "riber bundle" can be roughly defined 

.. an equivalence class o~ coordinate bundles b:r allowing 

all possible "compatible" coordinate neighborhoods and co­

ordinate ~ctions. (Compare [Steenrod, 1951. p.9, 5ec.2.4 J .) 

!a.!. Suppose .1.1- B and .1.2- R' are maps. We call 

a map .1.1 ---+ .1.2 making the diagram 

cOlllll1ltative a map OTer B. .I. homotopy 9:J.1 l( I ~J.2 is 

called a Tertical homotopy it ~or STar,. t'- lo, 1] the map 

"::'t:J.1- J.2:a- 8(a,t) is a map onr B. .I. map 0( :.1.1-.1.2 
over B sllch that there exists a map 0(' :.1.2--,,-.1.1 such that 

d J C\' and 0( '. 01.. are both vertically homotopic to the iden­

tity maps is called a fiber homotopy egllivalence. 

!a2. Suppose 6'3 - (f,:If., 0/, F) and 5)' - (f', B', 0/', :r) 



are 10cal11 tri Tial lnmdle. haT1.JIg the .8IIe fiber ~. !heD 

a bUDdle ... p i. a pair of II&pS (j, 1.) II&ld.JIg the diagraa 

'~f' 
'I' ~ ! 'P' 
B~B' 
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&lid nch that 'the restriction 1 b _ ~ I: ,+,-1 (b)---+- yJ ,-1 ( ::\ (b» 

to the fiber over evel'1 point b E:B is a hOllleomorphi.lII. If 

., ie 10call7 CClllpaCt and 10cal11 connected, and we 'talr:e B(l") 

to be the group of the fiber, then 'the ooncept of a bundle 

equivalence defined here coincide. with 'the cne in ~teeDrod, 

1951, p. 9, Sec. 2.5} for ooordinate lnmdle., where the re­

.triotione ?b are required to be 1J1duced by an operation 

of aD ele.ent of the gr_up. !he condition there that the ho.eo­

aorphi81118 of the fibers T&l'1 conUnv.ov.s11 with b ~ B is ob­

taiBed br -exponential oorrespondenoe-. 

Uader 'the re.trictions on ., ,i Ten aboTe, 1.f '). is 

a ho.eolllorphi .. , theD j i. al.o [Steenrod, 1951, p. 10, 

Sec. 2.7J. When B. B' and A 1& the idanU ty, then 

we oall ~, which is then a map over B, a bundl, eq!1T&­

!!!In. If B. B' and ? i. an arbitr&l'1 hOllleomorphis., 

we oall the pair ( j;, ).) a weak bundle eq1l1valepoe. This 

..... s the ... , a. stat1.Jlg that \jJ and 1/" are topolo,icall1 

equivalent. 

L.!. Let ~ - (f, B, 4', r) be a 10cal11 triTial blm-

dle wi'th a locally compact and 10cal11 couneo'ted fiber F 

ad ccordinate transformationll 0 U, v:U 1\ V -- B(~) for each 

pair of coordinate neighborhoodll U, VE: 1.t. Consider a rela­

ticn on the disjoint union UU~tt. UXB(r) defined for pair. 
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u, YEa by (u, h) '" (v, }U, y(u) ~ h) for ut:: U, v<: Y 

and u. v. !he quotient space o~ this union modUlo this 

rslation defines a space P(f). !here al80 eXists a map 

P(.p ) :P(f) ~ B induced by the pro3ection. onto the first 

~actors. !he quadraple p( ~ ) = (p(!), B, p( 'fJ ), HCl» can 

easU,. be shown to be a locally trivial bundle [Steenrod, 

1951, p. 36, Sec. 8.1 and p. 14, Sec. 3.2J; it is called 

the priDcipal bundle as.oclated with 83 • 
!he coordinate neighborhoods of p(63) are again elements 

of -U, and there exist coordinate !unctions 

p( fu):U J< H(:r) ~ [pC 4')1 -1 (U) 

lad_ced by theincllle10n U"'H(:r)~UUG:-a UXB(Jr). 

In §6 ff. we shall .ake use of the following interpreta­

tion of the total space: 

(4.6.1 ) P(f). {h::r-?! h i. a homeomorphism onto 

soae '1'-1 (b), b { B J ' 
this being given the g-topology. (Compare [SteenrOd, 

1951, p. 39, Seo. 8.9] ). 

If we fix an f £.:r we obtain an evalllation map 

t - [f:P(!)- !:h~ h(f) al.o called a IOpziDcipal map· 

(coapare lSt8enrod, 1951, p. 31, Sec. 8.10]). !hemap t-

is a map over B. 

!£I. We shall be applying these concepts to the situation 

where f> is a looally trivial bundle whose fiber is s2 

aad wlth g+(S2) in place of B(S2). 

4.7.1. PROPOSIUOli: !he llSual evaluation map l.:g+(gDI) 

--. sa is a locally trivial bundle, indeed a coordinate 
- - ------

---------
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Proof: ~s followa fro. the fact that tfA. H+(gIl)/H+(i~ 111) 

(Prop. 3.6 and 3.7), and H+(KlII) has a local croas-section 

in U+(gIl), and !r01ll the -blDldle atructure theore.- [Steen­

rod, 1951, p. 31, Cor. in Sec. 7.{]. 0 

4.7.2. PROPOS IfIOll: Let 0. (1', B, it', tfA) be a 

100&11y trivial blUldle with fiber glII and with coordinate 

:t'cmotiOJUI (u taking val'll.s in H(gIl) or ~aking valus 

only in the orientation-preserving grO'llP a+(tfA). Le_ 
s+ E glII. I'ora peT) wi th H(gIl) or U+(glII). !hen the 

evaluaUon aap t. ~ S :p(1')~ l' is a 10c&11y trivial 
+ 

blDldle, adeed a coordinate blDldle with grO'llP H(IR 111) or a+CIi\1II). 

~: Ve have a natural map H(tfA)/ ~ 1 ~ __ H(gIl)/H(rR 1II) 

ucl an analogous _p in ~he orientaUo. preserving caee, which 

cerrespond to the 1l81lal evaluation. !he [. of the propo­

sition is the -.. taral map- of [steenrod, 1951, p.45, Seo. 9.6J 

by [Steenrod, 1951, p. 46, !h. in Sec. 9.6J this is a locally 

trivial blUldle with fiber H(R1II) or a+(<i\1II), referred to 

there as a -blUldle of blDldles". a 

~. Given a looally trivial blUldle 6')'. (1", B', 't", 1') 

and a up (~:B -B', there exists a blDldle 6. (1', B, 't', 1') 

and a blDldle map (f, ,6) u in the diagr811 

(4.8.1) 

(compare [Steenrod, 1951, PP. 47-49, Sec. 101). !he total 



spaoe ~ maT be detined aa tollows 

the map /~ I~--~' is given b7 (b, t' )1.--"'. ~e 

lnmdle 53 is oalled the induo.d bIDdle; we .hall de nob 
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i" b7 ;.3"6.~ I. ~e induced bIDdle ot a ooordinate lnmdl. ia 

characteri.ed up to lnmdle eqJival.noe b7 the exi.tence ot 

the bandle aap .. in 4.8.1 [Steenrod, 1951, p.48, Seo. 10.~J • 

In the cue where ;1:11 ~1I' is an inolusion, we call 

,'6" B the restrictiop at (3' to 11 and wrib 63 'I B. 

Given IU17 oro.a-aection crt : B' - ~, in (3 , , there 

exi.ta an induoed croBB-aection q-:l1-+~:b~(b, cr' .. ,t6(b» 

with :;- 'J,!.S - i1" IT" • 

!&2. We shall ne.d the toll owing important theorema on 

ho.otopie. and lnmdlea: 

4.9.1. !HBOREM: Let 6'. (!!', B', 1jJ',:r) be a co­

ordinate bIDdle, where B' i. normal, 100al17 compact 

and such that IU17 covering ot B' by open .eta i. re­

ducible to a cOIDtable covering (or, more general17, 

where B' i. paracompact). Let Po' f1:B -B' 

be hoaotopic ups. ~en the induced bIDdle. ;d~ 63' 
aJld 1~143' are bIDdle eqJivalent. In particular, it 

(4, 1:& - 11' 1s null. homotopic, then ~ It' (, i. bundle 

eqJivalent to the trivial bIDdle. 

:lor ths rather long proot aee [Steenrod, 1951, p. 5', 

Sec. 11.51 or in the .ore general torm [Huee.oller, p. 51 

Chap. 4 in particular ~. 9.9l. 
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4.9.2. fBBOREK: Let 9;'.(~',B', f',P) bea 

coord1Date bundle (or, more generally, a locally tr1T1al 

bwnd1e), where the baae apace B' 1. noraal, 10cal17 

oompact and auch that any cOTering of B' by open aet. 

i. reducible to a countable cOTering (or, more generally, 

where B' i. paracompact); let ...90:B-!' be & map, 

and let e:B" I--B' be & homotopy of 4J'~,.90 - "'(0. 

~en there ia a homotopy 8:B" I -+ T' of "';:0 COTer­

ing e, that i. 4.1 '. e·G. 
Por a proof .ee [Steenrod, 1951, p. 54, Sec. 11.71 aDd 

lSpanier, p. 96, 2.7.14] • 
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§5. ConTlpUon. 

2&1. It will be nece •• &r,y to introduce a traae ot ref­

erence in the projective planes we ahall study although we 

.hall not need coordinates. !he notation we use is indicated 

in the following figure: 

!he point rows belonging to the axes s and w and to the 

line at infinity will be denoted by the oorre.ponding oap-

1 tal. letter. 

L _ E-1(1), S _ E-1(.), 

MoreoYer, we Bhall denote the pencil through the origin b7 

M _ E-1 (0). 

!he corresponding .ab.paces of the classical plane 

S~ • (IE", ~, Y) are denoted analogous17 in .pecial rOIlaD 



hl. !he s1lllbol """'(~:Y1---4Y2) denotes the pro~ee­

'UTlt7 
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r.(~:Y1~Y2):E-1 (1'1 )_E-1 (Y2):X- (xv ~)AY2; 

this up ls defiDed for ~E-1(Y1)UB-1(Y2). J'or 1'1 - 1'2 

the pro~ect1Tlt7 rr(~:Y1 ~ 1'2) ls the ldentity aap of 

B-1 (Y1)(-E-1 (1'2». 

Daally 1r(YO:x1~~) denot .. the pro~eetiTit7 E(x1) 

~B(x2):Y-(Y"YO) v~, where Yo¢E(X1 )UE(x2). 

2ala!. PROPOS1!ION ( [IoUwe., La .... 2.2bJ): r. plan .. 

where the poiDt rows are hoaeo.orphic to sa (. - 2, 4 

or 8) the group of projeetlTities of a poiDt row onto it­

self (or of a liD. pencil onto itself) ls path oonneoted. 

i/(Xn :yn-yO) • 7T(lLb._1 :Yn-1--"" Y.)~ ..... 71(X1 :1'0 -1'1) 

be a projectlTlt7 of B-1 (yO)· !he unlon of the poiDt rovs 

U E-1 (1'1) does not separate X siDee dla U E-1 (1'1) - • 

by the .... the ore.· [Iagata, 1965, p. 19, !h. 11.11 &ad 

dill X - 211. Hence ve aay fiDd paths I.J i : I ~ X vl th 

h1 i (O) - Xl' ""i(1) - x1 and IJ(iDt I) ~ X ... U B-1 (1'1). 

Ve tho haTe a path 

Io.J ':1 ~G:t ~ 71'(,,; net) :1'1---1'0)' ••• • 7T(~ 1 (t):yo --1'1) 

where G denotes the group of projeetlTltles of E-1 (yO). 

!hen ~'(1) ls a eoapositlon of pro~eetlTltles al1 kaTiDg the 

.aae center x1 ; thls i. the identlty. 0 
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5.2.2. Definition: Two oriented point rows or two ori­

ented line pencils are said to be oriented coherently i~ any 

(hence every) pro~ectivity between them preserves the orienta­

tions. An oriented point row E(yO) and an oriented line 

pencil E(xO) are said to be oriented coherently if either 

(1) (xa, YO)~ E and the map Ji(xa)-:l(yo):y-y~yo pre­

serves orientation. or (2) E(xa) is oriented coherently with 

a pencil :I(xo) such that (XO. YO)~B and (1) applies to 

B(XO) and B-1 (YO). .lJlalogously nbspaces fxJXE(xa) and 

:1-1 (yo) x fyo~ of E are said to be oriented coherently ~ 
the respective pro~ections are orientation-preserving. 

5.2.3. Important Convention: Ob~ects (point rows, line 

pencils, etc.) will always be oriente~ coherently. (Compare 

also 6.8 below.) 
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§6. Breitsprecher'a !he ore. 

§al. !he aaterial o~ thi •• ection ia due to [Breit­

.precher, 1971). We ahall reproduce a proo~ o~ Breitsprecher'. 

the.re. (!heor .. 1.8.2 below) ~or two re&8ona: (1) the point 

of view i. essential to proof in the later sections, and (2) 

a detail in the proof (Prop. 6.10.1 below) w111 be sign1~icaDt 

in the proo~ o~ our .. in the ore. 2.1. 

~. PROPOSlfIOlf: lD eJQ' topological plane (' .(:s. X, t) 

the projections p::S~ l: and q:B---+ r are projec­

tiOD. of 10cal11 trivial bundles. 

~: Since q:B~r i. dual te psE---+X it .~~ice. 

to prove the theorem ~or the latter projection. 

Chooae tilre. di.tinct lines 11' 12' 1, aDd a poia_ zo 
not 111B& OIl 8lI1' o~ the •• !hen fl:' E-1(1i) \ i • 1,2"r 

are coordinate neighborhoods, and there eXist coordinate ~ction. 

§.al. !he restriction. o~ p and q to the subseta L <; X 

u4 I! £. t wi th the notatiOD all in §5 pla1 a IIpecial role in 
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what follows. 

Let Ez. = f (x, y)£. E I (x, l)€: E{ be the space of flags 

over L, and let ~. {(x, y) £E I (0, y)€:E} be the space 

of flags over M. Ve shal.l th1nJc of E(III_) as be1Dg the 

standard fiber of the bundle ~.. (Ez., L, ~, E(III t'Q », and 

th1Dk of V (_E-1 (w» as be1Dg the standard :tiber of 0 I = 
(~, M, ~I, V). 

§&!. Consider the case where the point rows and line pen­

cil~ are hOllleolllorphic to 82 • 

Ve identify V with ~ in the classical plane, such that 

o and Il1o corre.pond to their clas.ical counterparts; ~her­

aore, we identity M with M nch that II and w correspond 

to their clallaical counterparts. !he bundles 6· (Ez., L, 1.jI, E(a,J) 

Gc • (IE Il..' IL, ~IG:' 1£ (a.,.,», ~, II: (~, M, '1", V) and 

.-11 _ (1£ iN\ .111 'fA I all have the "8811e" base 
l)"lc 1M" 't'ct' I/'V 

llpace and fiber when M and L are identified via 'y'-" y Al. 

(It ..,. be necessary to change the identificaticns above 

in the exigencies of the proof of 6.5 below in order to obtain 

a certain orientatioa behaTier. !he properties regard1Dg 0, 

III, S and w will be retained in any calle. However, the re­

quireaent that ob3ects be coherently oriented is dropped for 

the lIIoaent. Considerations of coherent orientation will be 

dealt with in detail later in the paragraph.) 

§&2. !HEOREM [Breitsprecher,1971, p.1711 !he bundlell 

~, S\., 53', S3c. are all weakly equivalent. 

Proof: Ve ahow thill for £), and ~~. ,Let UO -

M" ~.~ and U"" - M " {w1 • !hen Uo and U"" are coor-

d1nate neighborhoods, and we have coordinate function. 



'fo:UOX W ~ ~,-1 (Uo ) 

(1', x)~ (r(a OcS :W-7)(X), 7) 

and 

fOCI :U", x W -4 'P ,-1 (U",,) 

(7, xh-~ (7r(IIIo:S-+7)(X), 1'). 

(W. identU;r W with S 'b1' the pr03.CtiTit;r 1T(e:s - w) 

with • as in th. tipre ot §5.) 

Let B b. the space ot hOlleolllorphisaa trOll W to S. 

!h.n the coordinate transtormation is giT.n b7 

(6.5.4) 
l:UoI'IU",,- B 

71 , i(-o:1'----+-.)o7i(alO:w~7). 

Bote that 1(7)(0) .. 0 and l' (7) (-0) • IIjtl tor all 

,.E II .. { s,w~ .0 that ( talc.s on Tal.e. in the nb.paoe 

B' • fh£ B I h(O) • 0 and h(IIo)· a ...,1 • 
B.r 1D •• er'. !heorell (fheor .. ,.8.1) B' i. hoaotopy 

.quiTalent to the gro.p ot rotation. and r.f1.otion. 0(2). 
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Sinc. II... f .,w1 i. oonn.cted, r takes on Talus onl7 in 

one coapon.nt ot B'. W. 11&7 &aBUile that 0 takes on 

Talu. ill the ..... cOliponent BO.~ &a it. olusical cout.r­

part t~ b7 reid.ntU;r~ W with ¥J b7 tir.t ref1.ctiDg, 

it nece •• &r1', nch that 0 and a llO rell&1n tued. 

How the eTaluation map (" • £ Xc :BO -+- S .... lO,a..} at the 

point Xo t w ... (0,1IIe} i. a homotop:r .quiTalence b7 Oorollar:r 

3.8.2. !he composition [." 1:11 .... {.,wI - S .... {O,atQ( 

i. a homeomorphi .. with an inTerse giTen b7 

(x£:S .... ~0,a6Ql ). 



filus t ~ t 
1 and "1<.. 

and i have degree ±1. We.ay &88U11le that 

have the same degree (i.e. are homotopic) by 
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reidentifying M and ~ by first reflecting if necessary 

such that s and w are 1eft fixed. Let r: (M ... f s,w ~ »)( I 

~ a6 denote a homotopy i G: ~ (. 

Introduoe an M aD absolute Tallie I. I as :tor point. 

011 the Riemann sphere such that Iwl .. 0 and 1.1 z 00. 

Define'the map l :;---1£"" by 

{
foe (1'. x) 

"'fo(Y' x) -
I tf 00 L (y, ,. (y, 

for o::! IYI ~ 1, 

11'1-1 Hx» 

for ~ Iyl ~2J 

xE: W, 

for 2~ 11'1 ~ DOJ 

X'''- S. 

(file reader checks easUy that is weU-defined.) !rile 

-p 7 covers cur id811t1fiClP.1.1on_ of M with M; hence 

is the total spaee map of the weale bwndle equivalence be­

tween ~ I and &>~. fJ 

6.6. Proof of fileorem 1.8.2: !he bundle equivalence 

7 of (6.5.2) mlPIJ ~e netion o-:M- ;:y- (0, y) onto 

its clall8ical couterpart, because the ho.otopy r in th1. 

formUla takes its values in a group preserving O. 

!he apace formed by ident1f7ing the 1aage of r to a 

point in liI is the point space I. ~e budle equivalence 

1aduces a ho.eOlllorphilllll '7' :I ~ X which cariell the point 

row W to W. a 
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§&I. Resarka. (1) In the proof ot 6.5 abOTe we baTe 

poa.iblY reidentified W with ~ in order tor r and 

(~ to take Taluea in the deaired component ot the homeo­

morphism spaces; we baTe also pos.ibly reidentified M and 

IN! ao that tho degree ot f and (c are the aaae. 

(2) Suppose that the .upports ot IL and /Iv'l are real 

line.; then the collineation induced by coaplex cOD~ugation 

:ladues a weak bundle .elt-equ1.Talenoe ot ~~. which al.o 

preserve. the ~es ot both the sectionB y......- (0, y) and 

y~(Yl\l, y). 

~. Orientatiop Considerations: Choose tixed orienta-

tionB ot M and M. BY the cODTention 5.2.' the.e detera1ne 

ooherent erientationa ot L and t. low aelect a weak bundle 

equ1.Talence 1': e, t ----+ ~~ which aapB the Usgea ot the aeo­

tiena y~(O, y) and y~ (Yl\ 1, y) onto the .. elTe. a. 

in the proof of 6.6 and such that the identification ot M 

with ~ preaerve. orientati~sl thia ia alwayB pOBBible by 

coapoa1ng ? with a weak aelt-equ1.va1ence like the one in 

Reaark 6.7.(2) it neceBaary. lUrthermore, Belect a weak bun­

dle equ1.Talence 1:() ~ !3" which mapB the Usges ot the sec­

tiona x~ (x, Ov x) and x~ (x, 1) onto th .... iTea and 

nch that I preserves the orientatioJUI of L and IL. 

We call the pair (7' 1 ) coherent bundle maps. 

6.8.1. PROPOSItION: !he bundle map ~ preserves the 
( 

orientationB ot the tibera W and '*"; dually the II&p 

I preservell the orientationa of the tiberB :B( • ..,) and 

1£ (a'l(). 

!he proot, which involTes an analysis ot the signs in the 



cohomology ril1g of E uail1g the Hbpf inTariant. will be 

deferred to 9.22. 

~. .l88ume we are gi'Yen a weale bundle equi'Yalence 

'2 

~ : 8'~ SCt. a8 in !heorem 6.5. !hen we II&Y tran8fer the 

projecUn line bundle 8tructure of 43;. to ~' with 

the u8wal .ero and infinite 8ection8. We al80 tran8fer an 

ab80lute Talue on the fibers. 

!he 8tandard iIIbeddil1g of aD (-S') as boundary of 

the unit ball D in the aftine plane of () c- can be tran8-

ferred tc (l 'Yia l'urtherllore, we 1I&;y de8cribe an in-

cluion llap 

c. sD ~ X {-~/f (0. ;y) I ;YE:E(O)S) 

rOtor _. 0 
.\--- 1 1.1' t. (./1.1) otherwi8e, 

L (a/'a') beil1g the 8tandard lIIbed41ng of the boundary • 

.l characteri8tic IlaP c;t:D -X for the large oell ot 
X can be defined b;y 

0( (.). {da
) 

g( ,., )'L (a/,lIn 
for ,.1 ~ 1/2 
for ,., ~ 1/2 

where g: [1/2, 1] --.. ~/2, co] 18 a .onotoDicall;y in-

creasil1g h-.o.orphia. for example 

. 1 

{ 
4~la, 

g(I.')- ~ 
for 1/2 ~ ,.,< 1 

tor ,., - 1. 

~e attaching up d: 'J D ~L i8 8111pl;y the re8tr1ctiu 

of Ol to d D. 



6.10. Ve also introduce an absolute Talue on W\ and 

Tia the identification also on M. Let rf: (0, OQ) and con-

aider the space !r" f z E: d D Io<.·t (a)1 .. r}, which 

is homeomorphic to S1x 51. Ve haTe two maps 

,4<. and ;l£. :!rr- V .... fo, 1Io~ 
I 

z ~ (t- (a)v m.., )I\W, 

where the join and the intersection are to be interpreted ill 

(> and f c reapectinl,.. 

CautipJl: !rhe blmdle aap I :~--£0I1 d088 not in 

general respect 1/ and A. 

!he detail in the proof of Brei hprecher' s the ore. , which 

we mentioned at the beginning of this section, is 

6.10.1. PROP05I'rIOll: )I. and fI (' are homotopic. 
I , 

~: !rhe apace !r- {ac!' ()D I "" >lo(~qa)l> olia 

hOlleomorpbic to 51)( 51 )( (o,~) bj [Steenrod, 1951, p.53, 

!h. 11.41 ' where the last paralleter is giTen by • ~ 
Ioc. ., (a) I • !he iabedding ~ "--+!r can be deformed to 

with r' arbitraril,. small. 

I clailll that for 0&11 r' the aaps,/t and /' (' 

coillcide. lJl fact, a f->. (z" II co) ~ w ia part of the coor­

dbate fuJlction in the Jlaighborhood where 4" (a) ~ m"",. 

70r sufficientl,. aaall r', !r' is clos8 enough to V so 

that 7 respects this coordinate functicn aa shown b,. 

fornl.a 6.5.2. 0 



§7. !he Bundle Attaching Map 

L.!. Let &> • (E~ X, p, ~(Xo» denote the bundle 

of Prop. 6.2, and let c;:; :D~:I be the characteristic 

'4 

aap of the large cell of :I described in 6.9.2. !he induced 

aap 02- (e> ) is triTial since D is contractible. !he 

total space E of 63 can be thought of aa a 1IJlion of 

this triTial bundle oYer D with the restriction (3 • 61 L. 

!he triTial portion oYer d D is identified in such a .a.nner 

that the fiber oYer • 6 ';) D gets aapped hOlleollorphical.l7 

onto ~e fiber oYer 0<. (.), where ol : d D --'" L is the aUach­

ing I118.p of the oell. hterpreting the total space of the 

principal bundle as the space of hOlleOlllorphiaaa of the triTial 

tiber onto the fibers of 43 .. in (4.6.1) we obtain a map 

X : d D -- P(~), which we call the bundle attaching map. 

!he map X is oYer L; it i8 continuoD by -exponential 

oorrespondenoew• 

ConTerse17, giTen any bundle attaching map it OTer 

L we shall shew that we .., construct a bundle OTer :I with 

total space (D x 52) \.:?C~. !he map X resellbles the char­

acter1st1c aap in the theory of f1ber bundles OTer spheres, 

which i& es&ent1al.l7 described by a ccordinate transformation 

11ke 1 in 6.5.1 (ccapare [Steenrod, 1951, p.97j ). 

!he following theorell deals with bundle attaching maps 



'5 

in a general setting. 

lal. !HEOREM: Let ~, .. Cf, B, 4', 7) be aD7 local-

17 triTial bundle over a base space B, which is nor­

.al, locally compact and such that aD7 covering of B 
------.-

by open sets i8 reducible to a countable cOTering (or 

more general17 where B i8 paracompact). Suppose the 

fiber 7 i. locally compact and locally conneoted. 

Let p( ~) .. (P(f), B, p( If' ), H(7» be the .. sociated 

principal bundle with respeot to the homeomorphism group 

H(7) of 7. Suppose B'. B V~D is obtained from 

B by attaching an n-cell with attaching map oc. : d D -B. 

a) GiTenaup -X:dD~PC~) over 11, thereexists 

a looally triTial bundle 6'. CT' c· f V(""X)(D}(7», 

]I' c. Bvo(D), 0/', 7) enendiBg £3. 

b) If two such bundle attaching maps 'Xo' ';(1: ~ D -P(f) 

are Tertically homotopio, then the correspondiag bundle. 

are equivalent. 

lE22!: Using the atheor,y of selectiona one can show 

that B' i8 paracompaCt [Hagata, 1968, p. 3321 • 

a) Clear17, 0' is locally tridal when restricted to 

int D. 

Suppo.e U i. a ooordiDate neighborhood of bE B wi th 

the ooordinate function 

Set 

U' • UV fs~D ... foll o(.(s/Isl)( U\ 



and extead ~U to a ooordinate !Unction 

(7.2.3) 'fbIU'l( Y ___ \jJ.-1(U·) 

(s, fh-~ (s, ~(o(s/lsl »-1l.(U(cX (s/lzl), f» 

vith UTerse 

O'Yer (ut D) n U·. 

b) Suppose Hz Xo :: J(1 z OlD l{ I --'!>ope!) il!l a Tertioal 

hOllotoP7 o .... r B. 

COJll!ltruct a a.v blDlcUe vi th bas. :II?)C I z 

m.uly, 13· il!l locally triTial ..... r (int D) )( I. Let 

sG:B ad U, U', 'fu' lPu. be as in 7.2.1-' aboT •• »efa. 
a ooordinate tKnction 

vi th inTer •• 

LfU'lC I:U' x I x 1'_ 1SJ·-1 (U')( I) 

(s, t, f)~ 
{

(s, t, R(o< (s/lsl ),t)-1'fu(o{(s/lsO,tJ 

it (s,t,t) ~ int D )( IJ(~ 

('fu(s, f), t) 

it (s, t, t)€ Bx I ><Y 

(s, t, f) ~ (s, t, pro~J'fU1R(o('(s!lsl),t)(f» 
tor (s,t,t) c;: at DX I lC.Y 

(b,t) 1-1-_ (prO~utfu1(b), t, pro~J''fu1(b» 
tor b£ B. 



!he induced bWl.dlu hOIl the incluaious B t -+ B' J( I: 

b't--:. (b',O) and b'~(b',1) are precisely Cio and 

9> 1 formed by X 0 and 11 &8 in part (a). B7 Theorem 

4.9.1 they are equivalent. 0 

In what follows we shall set up an explicit formula 

for X in the case of the bWl.dle ~ and the large cell 
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of X. AB before we impoBe an abBolut. value ou the polats 

of L lIuch that 1110 I .. 0 and 1m on l • 1. !hill inducell 

an abllolute Talue on M via x \-0. 0 v x. 

In addition, we impose a projective line IItructure OD the 

fibers of ~ aB in 6.9, and we impoBe an abllolute value OD 

eleaeDtll of these fibers, which for convenience of the formulae 

be just the oppollite aB in 6.9, llaIIely IXlnew· 

Hence for the Dew abllolute value we have 101 
we take to 

x/IXI~ld' 
(-I(o,y)1 ) • 

thillll: of X"'" 

00 and \xl (-I(x,O \Ix)! ). 0 for all x €oL. We 

fo~ (. ~ ..... {(O,Y)I YEM!) as be1ag a vector 

buadl.e over M. 

fhe coustruction in the proof of the next theorea wae 

gleaned from the proof of the firllt covering hoaotopy theorem 

(llee [Steenrod, 1951, p. 50, Sec. 11.,1 ). 

Ll. tBEOllD: A cnering map for ;;C iB ~ :Dx :B-1 (0) --:B 

I (0, y) for a • 0 

( 
(i[ (.), "ft(e: da)~ ez(.» 

• ,,(1:0 -- ,(.»(:r» 
for • I- 0 and 1'X(z/lzl~'5 

(7.,.1 ) -;z (a, ,.) 1 (;;C (z), ii(W: f(a)---. ;(.» 
•• (11:' (.)-Hz» 

l 
';;(1:0 -d.»(1» 

for .1- 0 and 1>(z/lzl)1 ~ 
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• 

~(.,;r) 

v 

I ,(.)1 ~ 1 

v 

:rigure 7.3.2 
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where the auxilIary pout 

~(.) = g(lel.(z/!zl)I)01(z) + (1-g(,~(z/lzl>l»t{.) 
ill a 11llear coab1Dation of -;z (10) and , (.) Ulling the 

IIcalar tunction g: [1 ,00] ~ to, 1J 

get) -
-t + 2 

o 
for 1 ~ t ~ 2 

for 2 "'- t ~ cXJ • 

Proof: Clearly 0( makell the diagraa 

D XE(O) > E 

~DJ t 
D , X 

oommutative. Moreover, for fixed • the compollition of 

pro~eotivitiell 1ll the torllUla (7.3.1) tor ?< 18 certa1llly 

a hoaeoaorphin of E(O) onto E( .. (.». fhull we need oDl,. 

IIhow that ~ ill cont1lluoull. 

a) Continuity at O. Por I 0( (z)1 '!i 1 /2 we haTe 

t (.) • 0('(.); hence 'if hall the following forwul.a for 

thill region 

(0,,.) for s. 0 

( t. (z), nl:O __ l (.»(,.» 
for .;'0, '.1-!.1/2,1C«z/lzl)I'$1 

( t (.), v(1:0 __ L (.»(,.» 
for z;. 0, Is' ~ 1/2, lo:(.(Z/IZI )i~ 1 

b) Continuity at • with lOt (z/tzl)1 = 1. Here ~(z). 

~ (.) 110 that ,,(w: ~(.) ----+ -:(.» • id; hence the lIecond 

and third alternatives in the formula (7.3.1) tor ~ co1llclde. 

c) Continuity at • with 1.>((z/lzi)1 = Al. For z· in 

the neighborhood ~z'! :«(z'/:z'I)I~ 21 ot flO ItOl.(Z/IZI)I= o.Jl 
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but with ''''(z'/la,,)1 ,,'<. we have g(!.c(z'/Iz'!)')" 0 hence 

\(z')" l.(s'). :roraula7.3.1for ~ inthieregionbe-

oOlle. 

(z', ,.)~ (;;t (.'), r(w: t(.') __ ;(z'».id 

."(1:0 __ t(z' »(,.». 

!he expre.sion ~(e: ••• ) is surpressed. 0 

1.a!. COROLLARY: A bundle attaching aap X for the 

bundle ~ with respect to the large cell of X is giTen 

by 1: ~ D~P(Er.) 

;r (z) • 

1/(.: t (z)_ 0( (z»" 7T(1:0~ (.ez» 

for 100(z)1 ~ 1 

If(W: J (z) ~ oo:.(z»" 17""(s: ( (z) __ ~ (z» 

071"(1:0 _ .(z» 

for Io<.(z)\ ~ 1 

where 3 (s) • g( 1.«.)1) "'-(.) + (1-g(I()(.(z)l) t (a) with 

get) • -t+2 for t E (1,2] or .. 0 o 
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§8. Proof of the Main !heorem 

!!ale Recall the evaluation map or principal map 

E = Ls:P(Ex,)-40Ex,:h~h'(s), which 1e the projection of 

a coordiDate bund1e over L (Prop. 4.7.2). Identi:ty C3 
with 63c cd 6 I with t!,~ by & coherent pair of 

bund1e maps aa in 6.8. !he former induces a bundle equivalence 

between the principal bundles P(~) and p(-Bc1:..). Under 

these circumstances we may asaume that the bundle attaching 

ups X and x:. (: both take Talu .. in P(Ex,). 

mEORE!!: !he cOlllposition E -x.: J D ~Ex, 

ia homotopic vertically over L to its claeaical coun-

terpart Ec;:(c:.. • 

Proof: (1) COJl8ider firat f J:( (.) ( .. ~ (s, a» 

for sf: dD with 10«.)1~1. !he line (aecond) co_ponent 

of £ ·X(z) 1a given by 

11 (a: t (.)~ .. (z». U-(l:O __ t{z) )(a) 

low T(l:O - d.»(a) (a,,,l) v d.) • IIIl>O v t. (z), which 

i8 the line parallel to a through /, (z) in the affine 

plane. 



l'urthel'llore, 

a 

1T(l:O_ ~ (,,»(a) 
l (.) 

- ... --1--1-1-- w 
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';T (8: '(S)--4> ;'(.»(a..," q.» _ (8 A(a v,(,,»)v .;l(a) 

_ a
PO 

v' ;:(.) 

• 1. 

!hue over the region f sE" d DI 

ooincidea with ::)D--Er,:z-(<x(z), 1). 

(2) Consider now E c;('(s) for .€: C>D with 10( (,,)I~ 1. 

!he line (aecond) coaponent i8 giTen by the foraula 

IT(w: f(.)- 0«,,». ,.,. (8: '(")-3("»· 1f(1:0 - «.»(1) 

- «a"" V ~(.»" w) " o£.(,,) • 

• 

---4----~~--~~------- w 

\ 
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!he 1.IIIage o~ the region ~ II E ~ D 1 I~ (11)1 ~ 1 sunder 

0( 11ell entirely in a coordinate neighborhood U.,., ~ L. !he 

coord1u.te ~ction {V):U
ikl

)< E( • ...,) ~ oj,J-1 (U <V): (x,y) f------'> 

(y" w)" x JlaPS ~lags of the form (x,l) onto thelllselveli. 

!he compod t10n {::}. ~ 'X is given by 

tf ;1.[ 0 X(S) = (.l( (II), II"" v ~(S». 

Let --J = prE(_",,)~ qe:;1,·z0;X: [Be dDI 10(.(11)1 ~ 1I~E(.",,) 
de.ote the projection onto the second component, and let ,N"c-

be itll clall1l1cal analogue. 

en On the boundary 

of the region ~ zE <J DI 
~ZE a DI 1000(z)1 '"' 11 (~ 51,.. S1) 

1«(z)1 ~ 1~ (;' D2)( 51) the lIap 

takes on 1 all itll value. Moreover, these are the only 

points doing so, because for z with 1 ()( (z)1 > 1 the point 

J(s) 111 aUine. 

Moreover, the only point!! in 

takiDg on the value II under r.5 are thoBe S t; ;:) D wi th 

£(z)~ S. 

Let )1-: [zE: dDI lo«z)I.2~ ~ B( .... ) " 111,1~ : 

z t----\o~(II)"II,'<l be the restriction o~ ~, which agre ... with 

zl-?,(zhm"<) since J(z) = dz) for 1~(z)1 ~ 2. 

By Prop. 6.10.1 and beoause the pair of bundle equiva­

lencell are coherent, there exista a hOllotopy e:,t{ ~ I(~ • 
Conllider" the JlaP 1\11: ;;> [fsf :>DI 1a«s)l~ 21 x IJ-­

E(_.) - \11, defined by 

• !he de~ini tion o~ the hOllotopy .li. that follo .. will 
be familiar to readers who know the Hop! construction. COII­
pare 9.17 below. 
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J ~ (a) ~or t - 0 

1 ~4:.(a) ~or t· 1 

l Q (s. t) ~or 10( (a)1 • 2. 

Since E(m «) .... \ l.~ i8 cODtractibl.e. A8 has all exteD-

sion As: ~aE ')DI 00 ~lo(s)l~ 21><' I ~E(a,<»" ~l.~ • 

!Dal.ogousl.y cODsider Av: '0 [ f a ~ J DI 2 ~ I .... (a)1 ~ 11 )i 11 
--Bea po)" f.j derined by 

(
,J(a) ~or t.o 
~~(s) ~or t. 1 

l fHa. t) ~or lof(a)l· 2 

1 ~or l-da)l. 1; 

thi8 has all extensiOD 7\. v to a hoaotopy. which becaue 

Av(a. t) • l. ~or 100(a)\ - 1 i8 re1 faE d DI 1~(s)I _1]. 
!he hoaotopie8 ~8 alld Av combine to gin 

1\:.J ::;}j c: fat; d D I 0.. ~ 10( (a)1 ~ 1 ~ -- B(a 0(1 ) 

ra1 fa E ;;I DI It>( (a)1 - 11 • 

J'1JLal.1y ve ue A to de~1Jle & ho.otopy 

... 1.: ~..,x -;;: i··Xct. :0DXI-Ex, 

{

1 U 100(a)1 ~ 1 

n.(a. t) - f",,(oc.(a), A(s, t» it 10«&)1 ~ 1. 

Cl.ear1y ..... "1. i8 .,.ertical o.,.er L. 0 

8.2.2. LEMM1: X. : ~ D --:> P(~) is homotopic vertically 

o.,.er L, to & IlaP X.' such that £. X'· E eX (.. • 

Proo~: Lift & homotopy ~2: t· X ~ £ • X ( starting vi th 

X: J D ~peEr.) to a homotopy 1l:,X. :; ~':;) D - p(~) {see 
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th. 4.9.2). SiDce _'1. is Tertioal over L. li is also. (l 

§al. Proof of the MaiD !he ore. 2.1. We need only Bhow 

thd X ' of the precedillg lellllla is homotopic Tertically 

OTer L to X~; we Bhow. iD fact. vertioally over ~. 

Let k. :D' __ d D be a relative homeomorphism I18ppillg 

oD' onto a .0 with d.O)E W. Define a map 

!his map extends trivially to 

Both A aad .I\.. are nul homotopic. By !heorem 4.9.1 we 

u.y &8suae that the iDduced coordinate bundle. 'XP'«3) and 

J\.'"p,(~) ara tl:ivial. where P'(~). (P(~), ~, E., ~(~2»; 

~h11 .eau that tlse total spaoe ot ,P' (6 ) oan be regarded 

&I being JLD'x I} x r-(~h and that of A"p'(6) as being 

D'" h r-( IK 2 ). Denote by). and A the III&pB covering 

A &JLd ,/\.. 

Let IN:I ~ £: -1 (mo, 1) be a path in the fiber OTer 

(110' 1) between X (.0) and X 4: (.0)' Denne 

~,~ [D'II IJ~P(Er.) 

{

' X' dll) 

,J (., t) - Xc' K(.) 

h.) (t) 

10 nat we have a co..utative d1agraa 

for t - 0 

for t. 1 

tor 0" t "-1, 
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'flle map v' giTU rise to a croBB-Bection ;;: 'J L D' ~ 11 
~ d [D'( I] " gt"(iK. 2) ... indicated in the diagram above. 

S1Jloe ..... ,(gt"(,R2». iI,(SO{2». 0 (compare heBer'. !heorem 

,.1.1(11», thi. extend. to & 118.p Z:D'x I ~D')(. I~ gt"(IR 2). 

!he comp08ition j\oZ factors to giTe a hoaotop,r 

61 : a D')(. 1 - P(Ey,) t aince for every t £ I the set: 

ii. .1. (J D' x f t~ ) couiats of the single point tJ (t). 

9 iB by construction a homotop,r between 'X ' and XL' 
Tertical OTer Ey, hence also OTer L. a 
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§9. !he Cohomology RiDS of the Plag Space 

2&1. In this seotion we analyse the signs in the relation. 

whioh define the oohomology r1Dg o:r the nag apace o:r a topo­

logioal plaae where the point rows are homeomorphio to S2, 

As a by-product we obtain a re.ult on contiauous 

polarities o:r suoh pl ... a where the point rowe are homeomor-

phic to 82• We alao give the proof of Prop. 6.8.1. 

!he oohomology ring of the nag epaee has been deteratned 

b.r [Breitspreoher, 1971J; the main result of this section 

.. pple.ente the following theorem of that paper: 

9.2. !HBOREM [Breitspreoher. 1971, Sats 2.,J: Let 

~ = (E, X,_Y) be a topological projeotive plane with 

a point row homeomorphic to sa ( •• 2, 4 or 8). 

!hen the intergral cohomology ringe of X, Y aad B 

are given by 

s"*" (X) • -ztUJ/( s ') 
S*(y) • ZLC,J/(, '> 
S 'C (E) .. zt n,,1 /.!. 
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where both { and 7 have degree m, and where the 

E(XO) 

=3 ., L2- - 2- 2 2 
ideal. J- i8 generated by 3", Ii ' ~ 7 + t t and ~ + ~t + r . 
The projectionll p:E -X and q:E~Y induce homo­

morphillms p":B '" (X)---...B -jt (E) and q;<':B'" (y)~ H" (E) 

correepon4iw.g to the natural ring inclusions ;y L ~ J ---'>' 

7L [l, 7J and 7Lf7J ---7 £ [S,z) aodulo 

the corresponding idealll. !he inclusion i:E-1 (1') ~ X 

inducee an isomorphin ill- :um(X)~If'(E-1(1'»' and the 

inclusion j :E(x) ~ Y induces an isomorphism 

j 4- :lfi(y) ~ Hfl{(B(x». 

2&l. Suppose a point row E-1 (1'O) and a line pencil 

are ooherently oriented &II in 5.2.2. Via the homomor-

phi.... p ~ i!'-1 and q'" 1"-1 we may single out Eeterred 

senerailers t and p ot B~(E). B:r the remarks ot §5, 

in partioular, b:r Prop. 5.2.1 ~ and ? are independent 

ot the choice ot point and line used in their detinition. 

ReTersing both the orientation ot E(Xo) and 1-1(1'0) gives 

another coherently oriented line pencil and point row; this 

reTerses both signe giving new generators - ~ and -7. 
!hus preterred generators 

to a oommon eign. 

~ 1 are uniquely determined up 

!he main result ot this section 1s 

~. !BEOREM: Let 5J. (E, X, Y) be a topological 

projeotive plane which has a point row homeomorphic *_ 
g1A (a. 2, 4 or 8). Suppose ~, II are preterred 

generators ot B-¥ (E). !hen B*(I) • .Y G'l J 1-1-
where -1_ is the ideal generated b:r 

~ ., ., z2 ? 
t, , 'I ' ::> - .j, 7 



49 

fhe lliDus sign in the last two e%preaa1ons is jllst the 

opposite ot that given 1D Breitsprecher's description ot the 

cohomology rillg (!h. 9.3). 

2£2. Batore provillg 9.4 a prel1m1Dar7 di.caa8ion i8 nec-

e.s&rJ. 

!hen 

fhe space EL - p-1(L) has a cell decomposition 

1 2 EL .. eO v e. U e. V e2m• 

tor q. 0, 2m 

tor q - m 

otherwille. 

!he problem ot lIignll in 9.4 can be resolved in It. In taot, 

let k:Ex.~E be the inclusion. !hen t* :1fI(E) ~ IfI(Et) 
i. a bi3eotion. and k·:B2a(E)--+~(Ex.) i. a sur3ection. 

If J and { are preterred generators ot H ~ (E). the cup 

pred.ct k ~ (l ) v k >I «() TaDishea. and we have 

(9.5.1) [k"(~)vk""(~)]±[k"U)Vk1l-(~)J -0, 

the choice ot sign depeadillg on the .igns in a correct de.crip­

Uoa et the relation. in the ideal J.. • 

.ia§.. Let X a eO v e. v e2m be the cell complex obtained 

tro. Ex. ~ identitying the two .-oel1. with one another via 

eome orientation-preserving homeomorphiem. (We shall alwayll 

asauae the celll1 are oriented coherently all in 5.2.3.) We 

are only interested in the cohomclogy ot X, and the homotoP1 

type ot r.: doe II not depend OD the particular choice ot iden­

t1ty1ng homeomorphism. !he cohomology i. 



) 7t tor q lIZ 0, m, 2m 

( 0 otherwise. 
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We denote the quotient map by g:EL---+X. Then there exists 

a generator \ ot aID(X) which gets mapped onto 

le II- ( ~ ) + le10 (.,) E lfI(~) by the universal coetiicient 

theore.. B.r equation (9.5.1) we have 

g * <r v 1 ) • le * [( ~ + '( ) v (~ + , )1 

[ 

le .. ( ~ ) v le II- (?) it + hold! 

• in 9.5.1 

'Lle .... (n LI le k (? )1 
it - holds in 9.5.1 

2&1. In what tollows we shall malee uss ot the Bopt in­

variant B. BumerouB detinitions and generalisations ot 11 

oan be tound in the literature, ad we shall tind it conTenient 

to use one due to [Bilton]; his generalised Bopt invariant 

is a hOIlOIlOrphiBII B: "'r(sD) ---"'II" r(s2n-1) tor r ~ 4n-4. 

We are particularly interested in the cases 11: 11211_1 (gII)-4 

-.r 211-1 (s2m-1) (:::: ZC) with •• 2, 4 or 8; here B coin­

cides with the original invariant introduced by [Bopt J . 
Since we shall not need to worle with the actual detiniticn 

--two tormulae suttice tor our purposes-- we reter the inter­

ested reader to (Bilton, Sec. 3, pp. 471 ttJ and [BOPt} 

tor details (ct. also r-Steenrod, 1951, p. 119, Sec. 21.6J.) 

A comparison ot Tarious generalisations and interpretations 

ot the Hopt inTariant fro. an axioaatic point ot Tiew can be 

tcnmd ia [BOardaan and steer] • 

~. We shall also need to worle with seTeral ho.otopy 

operatio •• , namely the Whitehead product, the join and the 
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Ropt construction. We shall recall detinitions as ve aeed 

the.. A good introduction to homotopy operations is [G. W. 

Whiteh'ad. pp. 201-209. S.c. 3J together vith the important 

correctioJls ot ~. H. C. Whitehead. 1953]. 

~. !he cohomology interpretation ot the Hopt inTariant 

first introduced by !Eteenrod. 194V statea{that the coefti­

cie.t on the right-hand side ot equation (9.6.1) is up to a 

.ip the Hopt invariant H( t)f 1/211_1 (S2m-1)(~ Z.) ot the 

aUaching map t of the 2DI-cell in X. (Se. [lloardaaa 

and steer. Sec. 5. pp. 198 ft. in particular pp. 202-204"] ~. 
C.-pare al.o @panier. p.500. !h. 9.5.3J; the Hopt inTari .. t 

2 there. hoveTer, is not d.tiaed tor elementl at TIj(S), which 

11 the cale m. 2.) 

!heorem 9.4 can be retormulated al tallows: 

9.9.1. PROPOSI!IOIf: It i :52m-1~ gfA (m. 2. 4. or 

8) duot .. the attaching map ot the 2m-o.ll at X. the. 

IHe t)1 • 3. 

!h. pro at will be broken up into a series at 1..... .nd-

1Dg vith 9.21. 

2&12. We use the tormula tor the characteristic map at 

the 2a-cell in EL vhich is giTen in [Breitsprecher. 1971. 

pp. 167-1~ except that ve shall work with the last instead 

of the tirst coordiJlate as is customary in the article. oa 

11" [HiltoJl1 detines H .... Ell where B denotes the .us­
peDS ion homomorphism. In our caseB 

E. rr: (s2m-1) ~ 11. (52m) • 2m-1 " 2m 
i8 an iBomorphiBm. The inTariant Holt- inetead at H i. actually 
referred to in [Boardman and Steer] • 
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we shall be quoting. Conllequently we have inclusions 1\ p 

in IKP+1 via (x1 ••••• xp)~(x1' •••• xp,0) instead ot 
(x1'''.'~)~ (O,x1' •••• xp ) all in [Breitsprecher. 1971J. 

In addition, we orient L and E(a "" ). as a1va,.s co­

herently; this induces orientations ot the m-cells e~. 

} (x. y)t; E I ,. - 11 and e~ = f(x. ,.)E E I x = m'M( ot 

~. Also we shall orient the pair (nM. 82m- 1) and the m-sphere 

sa with north and south pole z+. (0 ••••• 0.1) and z_. 

(0 •••• ,0.-1); the latter orientation induces an orientation 

o:t (~. 8.-1) with ~. i v (' 8'IIJ. I last coordinate ot T is soj. 
(When applying the ore .. on hO'IIJ.otop,- operations. our conTen-

tions are such that we may ide.tit,. ~ with riM Tia the or­

tAogo.a1 pr03ection onto IR'IIJ..) 

We sha1l a1110 require that the hO'IIJ.eomorphism 

which ill required to map .~ onto II, and the relative 

hO'IIJ.eomorphi811 

which is required to map 0 onto w. both preserve orientations 

!he map :t: ga~ Sm having the properties 

i) t(D!). s+ where n: is the olosure ot 8m ... BE. 
ii) tl(~, ga-1) is a relative hoaeo'IIJ.orphiam onto 

(S'IIJ.. s+), and 

i11) tlB with B - tv,," 8m I last coordinate ot v 

is ~ -1/2J is the identity map. 

als. preserves the orientation ot sa. 



Breitsprecher tirst describes a characteristic aap tor 

the 2II-cell ot I. Jl&IIIely 

• ~ I • rJA x rJA ----"" I 12.· -

5' 

f
t.f(U) A lJ1(v) tor (u.v)c rJA)( B 

'f2.(U. v) _ « 'f (u) A 'IJ (v» 1/ 0) A 4J (f(v» 

tor (u.v)f: rJA )I. (rJA, int B). 

He then d.scrib.s a characteristic map fcr the 2m-cell of EL • 
.... 17 

f ~: rJA)( ~ ---)- Ex. 
(9.10.1 ) 

(u. v) ~ (if 2.(11., v), 'P(t(v»). 

!h. attaching aap of the 2III-cell i. then 

2 v e •• 

2&11. Betore we tormlllate the .ext Ie.... recall the • 

detinition of the !hitehead product [!. H. C. Whiteh.ad, 1941J • 

Given two maps h1:(DP, Sp-1)~(A, -0) and h2:(Dq, sq-1) 

~ (A, .0) the Whit.h.ad prod.ct llh1l, Lh211 € IT" p+q-1 (A,-o)ot 

the hoao1iopy cla ... s Lh.;k IIp(A;ao) and lh21~ IT""q(A,-o) 

il r.presented by a aap 

fb, Whitehead product is bilinear [J. H. C. Whit.head, 1941]. 

9.12. LEKK1: !he homctopy clasl ot the attaching map 

of .~ regarded all an element et "211-1 (.! v e;, (. ,I» 

is a IIUI 
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where 

cc : -;) (rJI )( ~) -4 e! t.J e! 

u' E: s11-1 0< (U', v) - (.~, 1) ~or 

~(u, v') - (~~(u, vt), 1) for v' ~ S--1 

/> : "3 (rJA X ~) ---+ e! v e! 

(~ (u', v) - (11.." 'I' f(v» 

~ (u, v') • (11"", 1) 

ad with up, vQ6 s11-1 ~1xed 

for u' Eo S--1 

for v'G: s11-1 

-<': (rJI, s11-1 ) ~ (e! u e!, ( • .., .1» 
~'(u) • 0\.(u,v6) (to (tf~(u, V6),l» 

;': (~, gIl-1) -7 (e! 0.) e!. (a ,1» 
/-,'(v) .. I' (ue. v) • (aDO' tpr(v». 

Proof: !his 18 a direot application of Stateaent 3.5 ~t. 

ill [G. W. lfhitehead, p. 202J. a. 

[fi] • O. 

ll22!1 ni8 is because I;A1 is the lfhitehead product of 

4>" f 1D! --- B( • ..., ) -4> e! v e! with the constant up. 0 

~. fo get a conorete description o~ the cOllplex X 

let \18 identify e! (. L 1. ~11) with • via (:z:.1)~:z: v' 0 

and identify e! (. (a"J X B(. ",,» with M with the help ot 

80.e projectivity " :tro. B(a~) to M which maps 1 onto 

• via (.~, y)1----\- T(y). Let & m denote the ho.otoP7 

olas. of an orientation-pre.erving relative homeollorphi .. 

(rfi', S--1)~(M •• ). 



!hI up. «' and f!>' "then takl the fom 

0(' (11) .... (<P (TO) :110- 0)( f (.» 
,1' (T) a i\ C f (f(T» 

Sillci t(' and ~' are orientation-preslrTing relatin 

ho.eoaorphia.e~. (um, sm-i ) onto (M, e), WI haTI 

~. Rlcall the deftRition of the J21a. GiTen two 

epac.. A and If' their join .1* B ie obtained froa 
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A x B: x Di b,. identif,.ing each 81lbeet of the fom ;a;)C. B ~ (i? 

with a EO A and laoh eubeet of the fora .1)(. ib} >< l-11 

with 1tE~ c.inall&ppinge h1:A--+-A' and h2:B--B', 

the up A ~ B)( D1_ A' '" B-1 x Di :(a, b, th--~(h1(a), h2(b), t) 

iJldUOIB a aap hi'" h2:.l,,"B--.l'~ B'~ ne 30in operatiea re­

.peot. homotopy cIa.... [hi*" h2, • [hi) oIIr- llliJ ; aen-

ITlr it i. bilinear. !here exia. hoalOllorphi ... betw,ea 

sfv.- sq and Sp+q+1 and the relation I p ~ Lq • t p+q+i. 

(lor detail ••• e [G. W. Whitehead, p. 202 ff.] ; alae [Bar2att 

odHlltOll].) 

9.16. LIIDI1: B( [[ ()(. 'J , [~'1 ] ) • 2 L 2a_1• 

~: !hia follow. froa the foraula in [Hilton, p. 475, 

!h. '.91, whioh atat .. "that for &J17 cc. EO ir P-1(sD-1), 

t;EUq_1(sB-1 ) with p+q£4a-, WI han B([E(o<),E(,..;)]> 

• 2(~*;;) for n eTeD~hlre E denotee thl euapenaion hcao­

aorph1811. 

!ia.11. Before we anal,.., 0( in Lelllll& 9.12, r,oall tlll 



de~inition o~ the Hopt construction (compare [J. H. C. 

Whitehead, 1953, p. 10J). Ginn h:Sp- 1 X sq-1--?sr-1 

the ~ ot h is the pair ot homotopy classes o~ the map. 

SP-1---+ sr-1 :u~ h(u, vo) and sq-1 __ sr-1:~ h(u
O

' v) 
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respectively, where VOE Sq-1 and UOE: sP-1 are ti:l:ed. fhe 

map 

g: a (DP x Dq)~Sr 

(u, v' )f--- (h(u/I ul , v'), 1-lul) 

tor (u, v') E nP )( sq-1 

(u' , vh---~ (h(u', vII vi), IVI-1) 

tor (u', v) E SP-1 X Dq 

1s said to be obtained by the Hopt construction trom h, and 

[gj depends only on the homotopy class [h]. 

!he ~ollowing is essentially the remark atter the de~iai­

tion ot the Hopt construction in [G. W. Whitehead, p.208l. 

9.17.1. LEMMA: Let pr:sr, {s+,.J _ Sr-1 denote 

the homotopy equivalence given by the orthogonal projec­

tion onto IZr '- f 01 tollowed by the radial projec­

tion onto sr-1. It g': J (nP >< Dq) ---? Sr has the pro~ 

ertie. that g'(nP x. Sq-1) f' Sr,rs_{ and that 

g' (Sp-1 x. Dq) f Sr, {.+'I, and it we let h I denote 

pr "g' I (Sp-1 '" SIt-1) :sP-1 ". Sq-1_ sr-l. then g' 

is hODo~opic to the map obtained by the Hopt constructioa 

trOIll h'. ----

~: Let g denote the map obtained by the Hopt oon­

struction trOIll h'; let 8:SP-1)( sq-1", 1----'> Sr, ~z+, z_; 
be a hOlllotopy betweea g' I (Sp-1 x Sq-1) and h'. fhen the 
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(u, v', 1) 1-1 --+, g(u, v') 

(u',v', 10)1 ~e(u',v',t) 

(u, v', 0), . g' (u, v') 

c)(Sp-1 x JTi! 7.. I) _ :r .... {s+ ~ 

(u' , v, 1) I---l- g(u, v') 

(u' , v', t)~ 9(u',v', 10) 

(u' , v, O)~ g' (u, v') 

have extenaions to all or nP)< Sq-1>< I and SP-1 x Dq)l. I 

staoe the17 range. are contractible, and the extensions c~ 

'btae to give the desired hOllotoPJ'. a 

~. In what tollows we shall identiry sa with M 

in such a manner that orientation is preserved and such that 

s+ cerresponds to w and s_ corresponds to s. 

9.18.1. LEMMA: ~ i8 ho.otopio to a map which can be 

obtained 'by the Hopr con.truction trom a aap 

,It: ga-1 X a--1 ~ Sll-1 • 

PrO!t: Consider the homeomorphi •• 

h:IF J< 1P _ IF >< rP 
(\1', v) 1-+ (u', 2'9') ror (u',v)c: sa-1)( B 

(\1', ih--- «3/2 - lil)u', i/lil) 

tor (\1', i) f: gm-1)( rP .... 1Dt B 

(u, v' h---+ (l!/2, v·) ror (u, v') ~ nil x sa-1• 
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h 111 homotopic to the identity. and h(Sm-1..( B) .. gm-1 x r!'-. 

I claim 0/... h has the properties in the hypothesis of the 

preceding lemma 9.17.1. 

&ad e; with K and K 

"'. h(r!'- I( gm-1) ~ K ' \s1 

Because ot our identitioations 

with gm-1. we must show that 

and ",. h(Sm-1 x r!'-) ~ K ' ,w ~ • 

However. the reader easily verities using the tormula tor ~ 

in 9.12 and tor <f ~m in 9.10.1 that (0{ 0 h)-1 (w) = ~ O~ x gm-1 

and (0<" h)-1 (s).. 8IR- 1 
'!I; :B. Thus we aay take / to be 

pr. 61.. ' hi 8m- 1 x gm-1. 

.2.a.1.!l. LEMMA: )(. has iii ther type ( L m-1' - L IR-1 ) 

or type (- t m-l" /.. m-1 }. 

l!:2.2!: :Fixing u' then 

is the restriotion ot an orientation-preserving homeomorphism 

trom gm to M. :Fixing"T' then 

u' ~ 1T(~ (v' ):1110~ O)<f (u'/2) 

is the restriotion ot an orientation-preserving relative homeo­

morphism (rI'. gm-1)_(K, s). Henoe the type ot j'- in-

volves only ± (, .-1. 

How E(mCQ) JDaY be related to E(IIIo) by sOIRe projeo­

tivity 71(y:m..,--IIIo) torso.e yl:K with IIIo.IRwfE-1(y). 

By tracing the values ot the speoial lines s and 1 under 

the various projectivities as in the diagram 

B(IR.>.,) ~ ., 1 

J 
K :) s, w w, s E K 
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WI Sl. that the projectivity iT('f(.'/2):II"",--+O} and the 

COllposition 1i(t'(v'}:1I0~O)Oil(Y:II!><>~O) reverse the .. 

values. Since we are dea1ing with the restrictions onto 

M' {w, s~, these IlUSt behave oPPositely with respect to 

orientation. Q 

~. ~: We have no interest in deciding which 

of the two a1ternatives in Lemma 9.19 actuaLly holda except 

perhapa for the aake of cOllpleteneas. !he 8ituation is analysed 

below with thl identifications u8ed here. 

Reviewing these identificationa we have three orienta~ion­

preaerYing hOlleollorphis .. 

(gil, s+, ._)~(:I(.p()' l,a)f2..(M, w, a) ~(S-, s+, 11_). 

(1 was used in the description of X and consequently in the 

d .. cription of the Whitehead product [lc< 'J , l,..1 'J) -
[ L.., L.1 ;see 9.14. 72 was used in the interpretatien 

of the Hopf construction; 8ee 9.18. !herefore the map 

pro 72 ' (1" lJ'1 g11-1 onto sm-1 is orientation-preserYing, 

ad /- has type (- lll_l' '.-1)' 

~. LEMMA: B(l .. ) = " 211-1. 

lI22t: '!hi8 i8 a direct result froll Sec. 6 ot [.T. B. C. 

Whitehead, 1953J where it is proTed that if an arbitrary ele­

lIent i £ iT P+q-1 (Sr) h obtained by the Bopf construction 

froll a aap SP-1 .. Sq-1_ gr-1 of type 0( ~ 1T p-1 (Sr-1), 

fo E: IT" q-1 (Sr-1 ), then H("(} - - 1( ~ f1. In our ca8e we 

have type (- l 11-1' l. 1I-1)' and the two lI1nua 8igna cancel. 

Caution: [J. H. C. Whitehead J correct8 the erroneoua 

aip in the corresponding theorell8 of (Bilton. 1'h.3.5] and 
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[G. W. Whitehead, !h. 5.1J. 

Le.aas 9.12, 9.13 9.16 aDd 9.21 oombine to give a proof 

of Prop. 9.9.1. 

~. Proof 2f Proposition 6.8.1. It is apparent !rom 

theorem 9.2 in [Breitsprecher, 1971, Sat. 2.31 that 

k ~ ( () ad k it' (7) fom a dual buis with respeot to the 

ho.oloD cluses 8

" 

8 2E:: Ba(Bz,) d.terJl1Ded b,. the two oells 

B~ and e! when the,. are given the appropriate orientation 

in &D7 topological projeotive plane with point row homeomorphio 

110 sa • 
.&rr buDdle equivalenoe r: 13 ~ "c whioh ups the seo­

tion x~(x, 1) onto its oounterpart, also maps bcth 2-oe11 • 

• ~ and e~ in li:, homecmcrph!oal17 onto their counterpart. 

in .; IL.' Sence t~ sS2(Ex,)- ~(IF IL) mape the homology 

oluses ." 8 2 onto their oounterparts up to a .ign, and 

r~ :S2(,; II.. )---+ S2(Bz.) maps the dul basi. onto their coun­

terparts up to a sign. Since for preferred generators J, 7 
the relation k* ({)" k~(S) • k4(S' ) v lc (r) holds.1D 

both s1I-(1E~) aDd S*"CBz,) WB 8e. that k"({), lc (,) 

~ S2( IE L) IIlWIt be upped onto their ocunterparts b7 llr, 
and these are unique up to a ~ sign. a 



2.all. Recall that a polari tx ).. (" l' .:\ 2) o~ a 

pro~ect1Te plane P - (E. X. Y) i8 a pair of map. 

",IX~ Y and J,2:Y-X auch that 

i) for all x€ X and yE Y U {X,y)E E 

then (A 2(y). A, (X»€ E. &Dd 

11) ~2' A, - 1dx and ),,").2 - idy. 

!he sets o~ absolute ROiDts and lines are de~iDed .. 

J.b6Z ';t - (x~ Z I 
AbBy ). - {Y€. Y I 

(x, ~ 1 (x» EO ~ I 
(';\ 2 (,.). ,.) E.. E \ • 
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ad we haTe Absy;l. _ A., CAbaX ).) &Dd Ab.X ~ - ;\ 2 (..tll-r ..:l). 
Ve are .1nter88ted bl 8.1T.1D8 a criteri1Dl as to wen "~·x "-

11 &Jl !!!l. "hat i8 a set t/ 8uch that 

1) eTer,. line aeet. & in at JIloa" two poin1i •• U~ 
11) ~or eTer,. point x E 8 'there enata a \1Jllqlle 

liDe ,. 81Ioh that ,. .eets t} onl,. in x. 

! polar1ty with th1s proper1;J' 18 ca1l.ed an oTal. polar1tI;. III 

~ C aonhermi tic polar! t1e. are OTal and herm! tlan ones are 

net. 

lew A determines a self .... P 



?.,:E-+ E:(x, ,.)~ (A 2 (,.), '),1 (x», 

which ill an involution. If r is a topological plane 

with E homeomorphic to the !lag space t:[" of {' ci , 
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then E is an orientable compact 6-dimensional manifold; the 

Two generators of H6(E) ~ ~), called the fundamental 

cl&ssell, correspond to the two possible orientations of 

E (aee for example [Spanier, p.304, 6.3.9J). A homeo­

morphism preserves orientation if and onl,. if it preserves 

the oorresponding fundamental olass. which means it mua~ 

induce the identity on H6(E). 

!he geometric and topologioal properties of a continuous 

polarity of a topological pro3ective plane are related. 

2.al!. fHEOREM: Let {! = (E, :I, Y) be a topological 

pr03ective plane such that a point row is homeomorphic 

to S2. Suppose :>.. (A. l' J. 2) is a continuous polar-

1 ty. !hea It is oval it and only it the induced up 

i\3:E~E:(x, ")'--""'(/\2(")' ),1(x» preserves orienta­

tion. 

Note: III [ Buchanan-HIihl-L8wenJ it is shown that closed 

OTals, hence al.o ccmt1Jluoull eTal' polarl Ues can only exist 

in finite-dimensional locall,. compact pr03ectiTe planes pro­

Tided that the point rows are homeomorphic to 81 er 82• 

Proof: We use a criterium given in (4.3e2) of [Buchanan­

HHhl-LDwen]. It y is any line which is not absolute, define 

),.:E-1 (,.)_ E-1 (y) 

X~A1(x)A". 



6., 
!he aboTe-mentioned criterium states that A i. oTal ~ and 

only ~ Ay is orientation-preserTing ~or &aT hence all non­

absolute 7. 

Consider the map induced by ).., on the cehOllology o~ 

E. I~ J ud "1 E a2 (E) are pre~erred generators as in 

!h. 9.4, then by restricting A; ( ~) and A;- (, ) to tile 

8llb.pacelll B-1 (y) " ~ yJ and f A2(Y)~ x E( A 2(y» we see that 
'\ lI- 'I?} • ,,~ up to a sign A interchanges ~ and l Since 1'\ 

preserYes the cup produot structure, we haTe 

or and 

~cause of the relations describing the cohoaclogy ring giTCa 

1a !h. 9.4, J2~ (- 3?2) generates a6(E). !his aeans that 

the tuadaaental class i. preserTed ~ and only ~ the first 

aUernatiTe o~ 9.24.1 holds. If we denete by ;I' :1-1 (y) ~ 

E( il. 2 (y» tile re.triotion o~ ? l' then tile diagraa 

"\~ 

a2(E) ")oa2(E) 

1 .. t 
a2 (B( ). 2(y» ~ &2(1-1 (y» 

cc ... tes. the horisontal maps being giT" by restriotion. 

!hen our tileorem is proved, because ). y i8 the composition 

or A' with tile orientation-pre8erTing aap % ~ %" y. 0 
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School (Gr...ar School) ill Bew York City und da­
ran!folgend die Greer School (High School) in Hope 
Yarm, Hew York. .In! Grund eineB priTaten Stipen­
diuma wurde ea m1r era6glicht in den folgenden 
drei Jahren die UniTerait~t Delaware su beauchene 
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ich halbtags ala wlssenschaftllcher Hiltsassis­
tent bel der Redaktion der -Matheaatlschen Zelt­
schr1!t-. Das Dlplom babe lch 1m Juli 1977 ab­
gelegt. Seit Oktober 1977 arbeite ich an einer 
Dlssertatlon -!he !opologr of the llag Space of 
a !opcloglcal ProjectiTe Plane with 2-Spherea aa 
Point Rows- am Mathematischen Instltut der Unl­
Tersit&t Erlangen-IUrnberg. Junl 1978 babe lch 
Dr. Irene Buchanan geb. Bollig aua Malach bel 
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