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Zusammenfassung

Auf der Suche nach neuen Quantenmaterialien spielen in der letzten Zeit Halbme-
talle eine zunehmend wichtige Rolle. Im Gegensatz zu den Halbleitern, die Grundlage
der modernen Elektronik sind, wurde den Halbmetallen bis vor Kurzem wenig Auf-
merksamkeit geschenkt. Mit der Entdeckung topologischer Halbmetalle, zu denen
Dirac- und Weyl-Halbmetalle gerechnet werden, hat sich jedoch ein ergiebiges Feld
zur Suche nach topologisch nichttrivialen Eigenschaften aufgetan. Einzigartige to-
pologische Eigenschaften wie die chirale Anomalie wurden in Halbmetallen entdeckt
und untersucht. Neben den topologischen Eigenschaften spielen aber auch Korre-
lationseffekte eine wichtige Rolle. In Halbmetallen ist die Ladungstrigerdichte im
Vergleich zu normalen Metallen im Allgemeinen niedrig. Zu erwarten sind eine ge-
ringere Abschirmung der Coulomb-Wechselwirkung und starke Korrelationseffekte.
Viele interessante, korrelationsbedingte Phanomene werden fiir Halbmetalle vorher-
gesagt. Ein Beispiel ist der exzitonische Isolator. In dieser Doktorarbeit wurden zwei
ungewohnliche Halbmetalle mittels Rastertunnelmikroskopie (STM) untersucht. Es
wurde gezeigt, dass Korrelationseffekte die Eigenschaften der Quasiteilchen, Elektro-
nen und Loécher, verdndern und sogar zu einem neuen Grundzustand fithren konnen.

Topologische Halbmetalle, bei denen die symmetriegeschiitzte Kreuzung von
Béndern eine eindimensionale (1D) Line im reziproken Raum ausbilden, werden als
‘Dirac-Line-Node” (DLN) Materialien bezeichnet. Ein Prototyp fiir eine solche Ver-
bindung ist ZrSiS. Hier liegt der Dirac-Linienknoten nahe der Fermi-Flache wobei
die zugehorigen der Bander nicht gestortwerden von anderen trivialen Zusténden.
Deshalb ist ZrSiS eine ideale Verbindung, um DLN-Anregungen zu untersuchen.
Wiéhrend bisher die Einelektroneneigenschaften im Fokus standen, blieb noch zu
untersuchen, wie die Coulomb-Abstoung zwischen den Elektronen die Quasiteil-
cheneigenschaften beeinflusst.

In dieser Doktorarbeit wurde die Quasiteilchen-Lebensdauer der DLN-Anregungen

in ZrSiS bestimmt durch die Untersuchung des rdumlichen Abklingens der Quasit-
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eilchen-Interferenzmuster (QPI) an Streuzentren. Die Quasiteilchen-Lebensdauer
op1 im Hochenergiebereich (weniger als 40 meV) liegt bei ZrSiS nahe am Planck-
Grenzwert. Der Begriff Plancksche Dissipation wurde diskutiert im Zusammen-
hang mit einer linearen Temperaturabhéngigkeit des spezifischen Widerstands in
Nicht-Fermi-Fliissigkeiten sowie in normalen Fermi-Fliissigkeiten bei hohen Tem-
peraturen. Meine Ergebnisse unterscheiden sich jedoch von denen bei Nicht-Fermi-
Fliissigkeiten, da sie sich auf Quasiteilchen bei hohen Energien beziehen. Die Theo-
rie der Fermi-Fliissigkeiten wird damit nicht in Frage gestellt. Es kann auch kein
Zusammenhang mit normalen Fermi-Fliissigkeiten bei hohen Temperaturen gese-
hen werden. Meine Experimente wurden bei 4.3 K durchgefiihrt. Thermische Fluk-
tuation und Elektron-Phonon-Streuung sind hier stark unterdriickt. Ich fiihre das
beobachte Verhalten auf die wegen der niedrigen Ladungstrigerdichte verstirkte
Coulomb-Wechselwirkung und auf das nahezu perfekte \Nesting® der Bander am
Dirac-Linienknoten zuriick. Die Ergebnisse bieten eine Grundlage fiir die Untersu-

chung von Korrelationseffekten in Halbmetallen mit Dirac-Linienknoten.

Der zweite Teil meiner Doktorarbeit hat Untersuchungen des exzitonischen Iso-
lators TayNiSes zum Thema. Ein exzitonischer Isolator ist eine ungewohnliche Pha-
se, deren Ursprung die Coulomb-Anziehung zwischen Elektronen und Léchern ist.
Es wird erwartet, dass sie vor allem bei Halbleitern mit schmaler Bandliicke und
bei Halbmetallen auftritt. Das in einer Schichtstruktur vorliegende Chalkogenid
Ta,NiSes ist zur Zeit einer der vielversprechendsten Kandidaten. In der Hochtem-
peraturphase ist die Verbindung ein Halbmetall (Halbleiter mit verschwindender
Bandliicke). Bei tieferen Temperaturen findet ein {ibergang zu einer Isolator-Phase
mit einer Bandliicke von 0.25 eV statt. Dabei dndert sich das Kristallsystem von
orthorhombisch zu monoklin, ohne dass eine iiberstruktur auftritt. Der strukturel-
le Phaseniibergang konnte ebenfalls zum 6ffnen einer Bandliicke fithren, weshalb
die Annahme eines exzotischen Ursprungs der Bandliicke von 0.25 eV immer noch
Gegenstand intensiver Diskussionen ist. Da die exzitonische Instabilitdt und die
Kopplung zwischen Elektronen und Gitter die gleiche rdumliche Symmetrie haben,

sollten sie gemeinsam auftreten und zusammenwirken. Deshalb ist es sehr wichtig
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herauszufinden, welche der moglichen Instabilitdten die Schliisselrolle und in wel-
chem Ausmaf spielt.

Im Rahmen dieser Doktorarbeit wurde ein drastischer Kollaps der 0.25 eV Band-
liicke festgestellt, wenn die STM-Spitze bis auf wenige Angstrom der Probenober-
fliche angendhert wurde. Die Entdeckung, dass die Bandliicke extrem fragil auf
kleinste Storung (Ladungstrigerdotierung) reagiert, liefert einen Beweis, dass der
Ursprung der 0.25 eV Bandliicke ein Vielteilcheneffekt ist und stiitzt damit das
Szenario eines exzitonischen Isolators. Dariiber hinaus sind auf Grund dieser Entde-
ckung neue Bauelemente denkbar, in denen eine gewaltige elektrische Reaktion durch
Manipulation der Bandliicke erzeugt wird. Im Gegensatz zu {ibliche Halbleiterbau-
elementen wiirden diese iiber die Bandliicke und nicht iiber die Ladungstréigerdichte
gesteuert.

Wegen der niedrigen Ladungstrigerdichte in Halbmetallen ist die Coulomb Wech-
selwirkung wenig abgeschirmt und wirkt sich erheblich auf die &nderung von Qua-
siteilcheneigenschaften aus. In dieser Doktorarbeit wurde gezeigt welch wichtige
Rolle sowohl die Coulomb-Abstoflung zwischen Elektronen als auch die Coulomb-
Anziehung zwischen Elektronen und Léchern in Halbmetallen spielen kann. Zieht
man noch die topologischen Eigenschaften der Bander in Betracht, so wird ein enor-
mes Potential sichtbar auf der Suche nach neuen Quantenmaterialien und bei der

Untersuchung des Wechselspiels zwischen Korrelationseffekten und topologischen

Effekten.



Abstract

Recently, semimetals play a more and more important role in searching for novel
quantum materials. Compared to semiconductors, which is the core of modern
electronics, semimetals have not received much attention until recently. With the
discovery of topological semimetals, such as Dirac and Weyl semimetals, semimetals
turn out to be a fertile playground to search for topologically non-trivial properties.
Unique topological properties are discovered and studied in semimetals, such as
the chiral anomaly. Besides the topological properties, semimetals are interesting
due to the correlation effects. In semimetals, the carrier density is usually low
compared to normal metals, and naturally, one would expect a weaker screening of
the Coulomb interaction and strong correlation effects. Many interesting phenomena
due to correlations are predicted to be realized in semimetals, for example, the
excitonic insulator. In this thesis, we performed a scanning tunneling microscopy
study on two exotic semimetals, and revealed how the correlation effects can modify
the properties of quasiparticle electrons and holes, and even result in a new ground
state.

Dirac line node (DLN) materials are topological semimetals wherein a set of
symmetry protected crossing points of bands forms a one-dimensional (1D) line in
reciprocal space. ZrSiS is a prototypical Dirac line node semimetal and its Fermi
surface lies close to the Dirac line node. It has very clean band composition, free
from other trivial bulk bands. This makes it an ideal compound to study the Dirac
line node excitations. While much attention and effort has been devoted to the single
electron properties, it remains to be studied how the Coulomb repulsion between
electrons can affect the quasiparticle properties.

In this thesis, we investigated the quasiparticle lifetime for the Dirac line node
excitations in ZrSiS by studying the spatial decay of quasiparticle interference pat-
terns (QPI) from point scatterers. We discovered that the quasiparticle lifetime

op1 in the high energy range (below 40 meV) of ZrSiS lies near the Planckian
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limit. Planckian dissipation has been discussed in transport measurements, where T -
linear resistivity is observed in non-Fermi liquids or in the high temperature regime
for normal Fermi liquids. Our discovery is different from that in the non-Fermi
liquid systems, as our study pertains to quasiparticles at high energies, which does
not challenge the Fermi liquid theory in the low energy limit. Our discovery is
also different from the normal Fermi liquids in the high temperature regime, as our
experiment is done at 4.3 K, where thermal fluctuations and electron-phonon scat-
tering are strongly suppressed. We argue that this behavior reflects the enhanced
Coulomb interactions due to low carrier density and the nearly perfect nesting of
the Dirac line node bands. Our result provides a basis for the study of correlation

effects in Dirac line node semimetals.

In the second part of my thesis, we studied the excitonic insulator Ta,NiSes.
The excitonic insulator is an exotic phase originating from the Coulomb attraction
between electrons and holes, expected to arise in narrow-gap semiconductors and
semimetals. The layered chalcogenide Ta,NiSes has recently emerged as the most
convincing candidate of the excitonic insulator. Ta,NiSes has a semimetal ground
state (or zero-gap semiconductor) in its high temperature phase, but undergoes a
phase transition to an insulator phase with a gap of 0.25 eV. A structural transition
occurs concomitantly with the electronic phase transition from the orthorhombic
to the monoclinic phase without superlattice formation. As the structural phase
transition could also open the gap, the excitonic origin of its 0.25 eV gap is still
a subject of intense debate. Since the excitonic instability and the electron-lattice
coupling have the same spatial symmetry, they should appear simultaneously and
work cooperatively. Therefore, it is highly desirable to determine which kind of

instability plays the key role and to what extent.

In this thesis, we discovered a drastic collapse of the 0.25 eV charge gap simply
by approaching the sample surface with an STM tip by only a few angstroms. The
discovery that the gap is extremely fragile against a minute perturbation (carrier
doping this case) provides a proof of its many-body nature, thereby supporting the

excitonic scenario as the origin of the 0.25 eV gap. In addition, this discovery may
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form the basis of a novel device function, where giant electrical responses are realized
by manipulating the charge gap. Contrary to conventional semiconductor devices,
here we would control the charge gap instead of the carrier density.

Due to the low carrier density in semimetal, the Coulomb interaction is poorly
screened and plays an important role in modifying quasiparticle properties. In this
thesis, we showed that the correlation effects, both the Coulomb repulsion between
the electrons and the Coulomb attraction between electrons and holes, can play
an important role in semimetals. In combination with band topological properties,
semimetals show a huge potential in the search for novel quantum materials, and to

study the interplay between correlation effects and topological effects.



Chapter 1

Introduction

In the past century, with the development of quantum mechanics and its appli-
cation in condensed matter physics, great progress has been made to deepen our
understanding. Thanks to band theory, we get to know how to classify materials
into metals, semiconductors and insulators. The Landau Fermi liquid model helps
to understand why the single electron picture would even work in the condition
that the Coulomb interaction is not small at all. The Landau-Ginzburg theory for
phase transitions helps to understand various types of order and symmetry breaking

phases.

With the development of condensed matter physics, as we understand more of
nature, we also face more interesting mysteries that remain to be explored. New dis-
coveries have mainly come from two aspects in the past few decades: the topological
orders and the strong correlations of electrons. The topological order that underlies
the fractional quantum Hall effect goes beyond the scope of Landau-Ginzburg the-
ory. The development of topological insulators and topological semimetals shows the
novel properties of band topology that are not covered by conventional band theory.
Strong correlations break the single-particle picture and lots of new phases emerge
such as high T; superconductors and quantum spin liquids. Such novel phases of

matter are normally called ‘quantum materials’.

Recently, the exotic semimetals play an important role in the study of “quan-

tum materials”, as it is closely related to the two fascinating aspects in modern
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Chapter 1. Introduction

condensed matter physics, the topological band properties and the electron corre-
lation effects. The discovery of Dirac semimetals and Weyl semimetals [1] raised
interest in investigating topological properties in semimetals. The exotic properties,
such as chiral anomaly [2] in Weyl semimetals, reflect the topological properties of
the exotic quasiparticles. The low carrier density in semimetals naturally reduce the
screening of Coulomb interactions and correlation effects play a more important role
in semimetals. One example would be the excitonic insulator, which derives from
the effective Coulomb attraction between electrons and holes and it is expected in
semimetals with small band overlap. In the following parts, we will briefly introduce

the two aspects and their relationship with the semimetals.

1.1 Semimetals and topology

Band theory simply classified materials into metals (including semimetals) and in-
sulators (including semiconductors). Recent progress has brought the concept of
topological order, based on the non-trivial topology of the electron wave functions,
and expanded the simple classification of materials based on band theory. One of
the prominent examples is the discovery of the topological insulators [3—6]. Different
from the conventional band insulator, it has topologically protected surface states at
the boundary, determined by the non-trivial bulk band topology [7-9]. Not only for
topological insulators, nowadays the semimetals play a more and more important
role marked by the recent discovery and study of the topological semimetals [1,10].
In this section, we will briefly introduce the topological properties of the electronic
states and their relationship with the semimetals. We will follow a historical point of
view and start the introduction of topology in condensed matter physics from the in-
teger quantum Hall effect, to the topological insulators and finally to the topological

semimetals.



Chapter 1. Introduction

1.1.1 Integer quantum Hall effect

In order to understand the topological property of materials, we would like to begin
with the introduction to the integer quantum Hall effect (IQHE), as the theoretical
idea of the topological insulator is inspired by the IQHE and it helps to understand
some key concepts in this field, such as the Berry phase. The Hall effect was discov-
ered by Edwin Hall in 1879 [11]. He discovered that in a conductor, as the current
flows perpendicular to the applied external magnetic field, a voltage (Hall voltage)
perpendicular to both the current flow direction and the magnetic field direction
will be generated. The Hall effect can be explained by the balance between the
generated electric field due to charge accumulation and the Lorentz force due to the
applied magnetic field. The IQHE was discovered by Klaus von Klitzing in 1980 [12].
The IQHE is a quantized version of the Hall effect, as the Hall conductance show
quantized values, in two dimensional electron systems in low temperatures and un-
der strong magnetic fields. It is quite astonishing to observe such a quantization in
the Hall conductance with unanticipated precision independent of the microscopic
details, considering the fact that impurities such as lattice defects exist naturally in
real samples. This striking phenomena can be ascribed to the topological properties

of the system.

With the application of the external magnetic field, the electrons in a two dimen-
sional quantum well fall into quantized circular orbits called Landau levels. When
N Landau levels are fully filled, the Fermi level falls in between two Landau levels
and the bulk is an insulator set by the energy gaps between Landau levels, and the
Hall conductance has a perfectly quantized value », = N %, where e and h are the
elementary charge and the Planck constant. Thouless, Kohmoto, Nightingale, and

den Nijs discovered that the quantized Hall conductance is related to a topological

non-trivial invariant, now called TKNN number, named after those authors [13].

We would like to introduce the explanation given by Thouless et:al: [13] and ex-
plain some basics about related important concepts such as Berry phase and Chern
number. When the quantum system changes adiabatically with external parameters

and makes a loop in the parameter space, one would naively expect the eigenstate to
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Chapter 1. Introduction

change back to itself and gain an time-dependent kinetic phase. In fact, the eigen-
state will gain an additional phase, which is the Berry phase [14]. The Berry phase is
dependent on the loop in the parameter space, similar to that the Aharonov-Bohm
phase, which is dependent on the real space loop, and therefore, it is also called a
geometric phase. In analogy to the Aharonov—-Bohm phase, one can define the Berry
connection or Berry vector potential, which is similar to the magnetic vector poten-
tial A, and the Berry flux/curvature, which is similar to the magnetic flux. Similarly,
the Berry vector potential is gauge dependent. However, the Berry curvature and
the Berry phase defined on a closed loop are gauge independent and have physical
influence. The difference between these two is that the Aharonov—Bohm phase is
defined in real space while the Berry phase is normally defined in parameter space.

In condensed matter physics, the K-space in the Brillouin zone is such a parameter

Qu @u  Qu @u_
@kx Oky @Ky Okx

is the Bloch wave function. A detailed derivation can be found in the Ref. [15,16].

space where the Berry curvature can be defined as Qyy, = i ] where u

The physical influence of the Berry curvature is shown in the following semiclassical

equations of motion.

dF @ (k) dk
- e & 2(K) (1.1)
dk dr

In comparison with the conventional semiclassical equations of motion, they have

dk
dt

an additional term which is the anomalous velocity: (k). Considering a two
dimensional insulator with a weak perturbation electric field E which can be treated
semiclassically, the anomalous velocity contribution becomes fE = ©(K) and the Hall
conductance is % RBZ %Qkx;kdeK.

In the following, we will show that the Hall conductance, which involves the
integration of the Berry curvature over the 2D Brillouin zone, must be an integer
multiple of 2 . The Brillouin zone is effectively a 2D torus which can be cut to
a rectangular with periodic boundary conditions. As is shown in Fig. 1.1, the

loop integral which circulates the whole Brillouin zone is A-B, B-C, C-D, D-A and

7



Chapter 1. Introduction

therefore, the integration of the Berry flux over the Brillouin zone is equal to the
sum of the Berry vector potential, R Apgldag + Agcdsc +R Acpdcp —|—R Apadpa.
Due to the periodicity, the vector potential R Acpdcp is equivalent to R Agalga,
(which is Aasdag), the vector potential Agclgc is equivalent to  Aap, (
which is Apalpa). Therefore, the integration has to be effectively equal to zero
as a phase term, which is integer multiples of 2 . Integration of the Berry curvature
divided by 2 is the Chern number. Therefore, we get the relationship between the
Hall conductance and the Chern number, which explains the quantization of the

Hall conductance. For a multi-band system, the calculation of the Hall conductance

needs to count the contribution from all filled bands. The sum of the Chern number

from all filled bands is the TKNN invariant.

ﬁy

A B

> x

Figure 1.1: 2D Brillouin zone as a 2D torus (left) which can be cut into a rectan-
gular with periodic boundary condition (right). A, B, C, D points in the 2D torus

is the same point due to the periodic conditions.

The quantization of the Hall conductance is a topological property that does
not depend on the complex microscopic details. Therefore, the quantization of the
Hall conductance is robust against small deviations that do not close the band gap.
The above conclusion is derived for the 2D non-interacting electron picture. With
many-body interactions, theoretical work shows that the conclusion still holds as
long as the gap remains open [17]. It is also inspiring that the Hall signal can come

from the Berry curvature, which is an intrinsic property of the band structure. The
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Chapter 1. Introduction

anomalous velocity term is also used in the discussion of the anomalous Hall effect

as the intrinsic origin [18].

Interestingly or surprisingly, we have not introduced the magnetic field explic-
itly. For the same reason, we only proved the quantization of the Hall conductance
without giving explicit values. Following the idea from the TKNN paper [13], the
magnetic field is treated in a different way via introducing the magnetic unit cell
and magnetic Brillouin zone. This is well defined when the magnetic flux in one
unit cell is a rational multiple of the flux quantum, ® = g@o where p and q are in-
tegers. With external magnetic field, the additional Aharonov—Bohm phase breaks
the translation symmetry. When the flux through one unit cell is integer multiples
of the flux quantum, the translation symmetry is restored. When the condition
d = %CDO is satisfied, it is possible to redefine the unit cell, which is q times the
lattice unit cell and this is the magnetic unit cell, as the translation symmetry is
restored in the new unit cell. The Brillouin zone will then shrink by a factor of q and
one band will split into q different bands. The advantage is that this reduces the
problem into the solved one and the rest is to count the Chern numbers in the filled
bands. The result is found to be the solution of the famous Diophantine equation,
r = s,q + t.p, where r bands out of q are fully filled and Sy, t, are integers. Then
the quantum Hall conductance is t, times the conductance quantum. The solution

can be plotted as the beautiful Hofstadter butterfly [19].

The quantum Hall device is a bulk insulator while it has perfect conducting
quantum wires around its edges. Such chiral edge states can be naievely understood
in a classical manner. As is shown in Fig. 1.2, in the bulk, the electrons fall into
circular orbitals while it is somehow blocked at the edge of the device. The electrons
bounce at the edge and form a chiral edge state. Quantum mechanically, edge states
emerge at the edge as the Landau level energy rises sharply at the edges due to the
edge potential [16], schematically shown in Fig. 1.2, where the blue balls represent
the center of the Landau level. The quantum Hall state is robust against deformation
of the band details and it can be changed only when the bulk gap is closed and

reopened. The properties of the edge state is determined by the bulk band topology
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Figure 1.2: Classical schematic explanation for the edge state(left). Modification
of the Landau levels at the edge and the emergence of the chiral edge state(right).
Based on Ref. [16].

and the protected edge state can be understood as a marker for the topology of the
bulk band. This is the bulk-boundary correspondence. The robustness and bulk-
boundary correspondence are the key features for the topological properties and the

quantum Hall device can be viewed as a primitive example of a topological insulator.

1.1.2 Topological insulator

As we introduced before, the quantum Hall effect has its intrinsic origin, the topo-
logical properties of the Bloch bands. Naturally, we would wonder if the external
magnetic field is a necessary condition for the realization of the quantum Hall state.
One of the earliest models comes from Haldane’s work [20]. Haldane started with
a honeycomb graphene model and applied a periodic local magnetic flux which has
zero net magnetic flux in total within one unit cell and realized the quantum Hall
effect. Haldane’s model shows that the quantum Hall effect does not require exter-
nal magnetic field as a necessary condition and a certain ordering of the magnetic
flux can also do the job.

If we try to go one step further and realize a quantum Hall state without any
magnetic field involved, we would be faced with the symmetry constraint. The

quantum Hall state breaks time reversal symmetry, e.g. the chiral edge state. With
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Figure 1.3: Edge states for a quantum Hall state(left) and a quantum spin Hall

state(right).

the time reversal symmetry, it is not possible to realize the quantum Hall state, but
it is possible to realize a quantum spin Hall state, i.e. electrons with opposite spins
have opposite chiral edge states, which would not break the time reversal symme-
try, schematically shown in Fig. 1.3. The first theoretically proposed model for
the quantum spin Hall state is the Kane-Mele model [21]. The Kane-mele model
can be viewed as a double of the Haldane model, with the electrons with different
spins showing chiral and anti-chiral quantum Hall states. In this simple model,
the electron spin is a good quantum number and it is possible to discuss spin-up
and spin-down electrons separately. A further important progress made by these
authors is that, in a more realistic model that allows different spin species mixed
with each other, the topological properties are still preserved and protected by the
time-reversal symmetry [22]. They introduced a Z2 topological invariant to dis-
tinguish the topological trivial and non-trivial states, the latter of which are now
called topological insulators. Bernevig, Hughes and Zhang predicted that a 2D topo-
logical insulator state can be realized in (Hg,Cd)Te quantum wells [3] and it was
experimentally observed in Molenkamp group in 2007 [4].

The 2D topological insulators are non-magnetic insulators in the bulk, and they
have perfectly conducting edges, similar to the quantum Hall state. The edge state
has different chirality for different spins and back scattering is forbidden by time
reversal symmetry. These topologically protected edge states are robust and topo-
logical, in the sense that if time reversal symmetry is preserved, the edge state cannot

be removed without closing the gap in the bulk. The 2D topological insulator be-
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Figure 1.4: Z2 quantum spin Hall state. Two pairs of such edge states would no

longer be topologically protected as back-scattering can open the gap.

longs to a different topological class compared with the quantum Hall effect. For
topological insulators, if a second pair of conducting edge state exist, the condition
for back-scattering protection would be broken and they are no longer topologically
protected, as is shown in Fig. 1.4. Therefore, its topological class is Z2 (conventional
insulator/ topological insulator), different from the QHE which is Z (n=1,2,3...).

The above discussed topological insulators are the 2D cases. Those concepts
can be extended to 3D cases. The definition of topological invariant in 3D cases is
similar to its 2D cases but more complicated. Instead of going to the complicated
mathematical details, one natural way to understand 3D TT is to check the adiabatic
connectivity of the Hamiltonian to a topological trivial state. As we introduced in
the 2D topological insulators, topological properties are robust and a topological
trivial state cannot evolve adiabatically to a non-trivial state without bulk gap
closure. One natural trivial state is the atomic limit, where the atoms are separated
such that no hopping is possible. Therefore, if an insulating state can be smoothly
connected with the atomic limit without gap closure, it is a trivial state, otherwise,
it is a topological insulator, shown in Fig. 1.5. The usual strategy to achieve a
topological insulator is to introduce band inversion and open the gap via spin-orbit
coupling to generate a band structure that is topologically different from the atomic
limit, as is shown in Fig. 1.5 lower panel [23].

The 3D topological insulator has many similar but different properties compared
to the 2D cases. The 3D topological insulator also has topologically protected surface
states. Instead of the chiral 1D edge states, the surface state of the 3D topological
insulator is a 2D surface state forming a Dirac cone, schematically shown in Fig.

1.6. Similarly, the surface state is protected by the time reversal symmetry and it
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