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Abstract
The principal curvature (PC) of a freeform surface, as an important indicator of its 
fundamental features, is frequently used to guide their rationalization in the field of 
architectural geometry. The division of a surface using its PC lines into principal 
strips (PSs) is an innovative way to break down a freeform surface for construction. 
However, the application of PC networks in architectural design is hindered by the 
difficulty to generate them and flexibly control their density. This paper introduces 
a method for PS-based reconstruction of freeform surfaces with different umbilical 
conditions in the early stages of design. An agent-based modeling approach is 
developed to find the umbilics and increase the degree of control over the spacing 
of PC lines. This research can effectively expand the application range of PS-based 
surface reconstruction methods for freeform architectures.

Keywords  Principal strip · Geometry · Agent-based modeling · Freeform surface · 
Umbilics

Introduction

With the support of digital design and construction technology, architects have 
increasingly favored freeform surfaces since the end of the twentieth century (Carpo 
2012). Supporting structures, building skins, and decorations with freeform surfaces 
have held a common place in architectural practice. However, the realization of 
freeform surfaces in architecture has consistently posed a significant challenge 
(Eigensatz et  al. 2010). In practice, designers have developed a series of feasible 
methods for constructing freeform surfaces by weighing different factors such 
as material properties, geometry, structure, and costs. These methods involve 
discretizing or semi-discretizing the surface, enabling construction with repeatable 
molds or planar sheet materials (Schling and Wan 2022), thereby reducing 
production costs and installation difficulty. Common discretization methods include 
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fitting surfaces with triangular meshes or planar tessellation (Pottmann et al. 2007). 
Semi-discretization methods include contour slicing of surfaces (Kirschman and 
Jara-Almonte 1992) and fitting surfaces with developable strips (Pottmann 2013; 
Gavriil et al. 2019; Kahlert et al. 2011).

Encapsulating fundamental geometric features of surfaces, principal curvature 
(PC) lines offer distinct advantages in guiding the rationalization of freeform 
surfaces. PC lines constitute a network of conjugate and orthogonal curves that 
align with maximum and minimum normal curvature directions, which has been 
employed in architectural applications to partition freeform surfaces into quad 
meshes for paneling (Pottmann 2013; Schiftner et  al. 2013). PC-based surface 
approximation has the potential to enhance various aspects of architectural projects. 
The geodesic torsion of PC lines is always 0 (Oberbichler et al. 2023), which implies 
the existence of torsion-free support structures and nodes. When designing support 
beams for freeform surfaces, maintaining the alignment of the beams’ axes with 
the PC lines and ensuring that the rectangular cross section remains tangential or 
orthogonal to the surface can result in minimize torsion in the beams (Tang et al. 
2016). As a rule of thumb in engineering mechanics, ’higher stresses occur in higher 
curvature regions’ (Fischer-Cripps 2007), which means that the PC directions can 
also be used to guide structural reinforcement.

In the field of computer graphics, numerous studies already offered fully 
automatic methods for segmenting a surface into principal patches (Kälberer 
et  al. 2007; Bommes et  al. 2009; Evolute GmbH 2021). However, these studies 
often partition the surface into flat quads directly, with a low degree of control 
for designers over the outcome. This level of automation is excessive for certain 
scenarios in architectural applications, particularly in cases that rely on strip-based 
materials such as bending-active construction systems (Lienhard 2014). In this 
context, principal strip (PS), which is derived from semi-discretizing a surface with 
edge curves following the maximal curvature, provides an effective way to construct 
freeform surfaces. The concept of PS was put forward by Pottmann et  al. (2008) 
to semi-discretize a surface into developable strips, where the ’edge curves follow 
the principal curvature lines of maximal curvature and to place rulings along the 
directions of the smaller principal curvature.’ PS-based approximation managed to 
optimize a freeform surface into singly curved conical and circular panels using its 
PC line network. While Pottmann et al. (2008) ’restricted the models of the principal 
strip to circular and conical models, which are convenient for panelization’, 
Takezawa et al. (2016) extended the concept of PS by directly unfolding the double-
curved strips onto a plane without pre-optimizing them into flat panels. This method 
was used to fabricate freeform geometry by weaving two layers of PSs together, such 
as double curved CFRP shells whose fiber directions align along their PC (Takezawa 
et al. 2021).

Research Question and Aims

When exploring the practical application of PS in architectural design, it becomes 
essential to seek a balance between automated generation and intervention 
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based on diverse design considerations from architects. A uniform distribution 
of PC lines is frequently preferred, which can be generated with the assistance of 
differential geometry (Joo et  al. 2014), or iterative algorithms supplemented by 
manual intervention (Takezawa et  al. 2016). In architectural design, an increased 
level of control and customization over the generation process of PSs is required 
to incorporate diverse design goals such as surface smoothness and raw material 
dimensions. The current design tools available to architects, taking parametric 
design platform Rhinoceros 3D (McNeel et  al. 2023a) and Grasshopper (McNeel 
et al. 2023b) as an example, only provide curvature line generation based on user-
defined points (Vestartas 2018; Greco 2019; Oberbichler 2021), which lack the 
capability to perform PC line network generation and density control.

In this context, this research aims to provide architects with a method for 
generating and regulating PSs in the early stages of design. The proposed method 
does not only facilitate architects’ understanding of freeform surfaces through 
topological skeleton analysis, but also offers a higher degree of control over the 
generated PSs, allowing for the incorporation of diverse design goals by introducing 
agent-based modeling (ABM) approach.

Methodology

An ABM approach is increasingly used to manage the complexity inherent in 
architectural design and construction processes (Stieler et al. 2022). An agent can 
simulate the behavior of a specific geometric element or building component under 
various constraints (Snooks 2022). ABM is well suited to deal with the complexity 
brought on by the comprehensive consideration of various factors, including but not 
limited to material properties, structural performance, and fabrication constraints 
by translating those diverse constraints into agent behaviors (Groenewolt et  al. 
2018). The environment of the agent system can be a freeform surface such as shell 
structures (Schwinn et al. 2014; Menges et al. 2022) and building facades (Gerber 
et al. 2017). ABM is also used to optimize surface performance by associating the 
structural or environmental features of a surface with agent behaviors (Chai et  al. 
2022).

In this study, ABM is employed to provide architects with an intuitive way of 
finding the singularities of freeform surfaces and regulating the layout of the PC 
lines by associating agent behaviors to the curvature of the surface. The customizable 
behavior definitions inherent in ABM systems, which can directly relate to diverse 
architectural considerations in terms of geometry, performance, or construction, 
enable further flexibility in PSs density control. The iterative nature inherent in 
ABM methods limits complete automation in the design process and tends to 
increase computation times. Nevertheless, this approach could enhance architects’ 
comprehension and control over the generation process of PSs by translating a 
variety of constraints into purely geometric behaviors of agents.
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Main Contributions and Limitations

The contributions of this paper can be summarized as follow:

•	 We develop an ABM-based approach to find the singularities of freeform 
surfaces and reconstruct surfaces with principal strips, which can be used for 
constructing freeform roofs, facades, and shell structures from planar sheet 
materials.

•	 Our approach introduces the topological skeleton of the surface by identifying 
singular points on the surface, making the generation process more intuitive.

•	 This approach not only enables the generation of an even distribution of PC 
Lines or PSs, but also allows for the integration of diverse customized design 
objectives, thereby enhancing design flexibility.

The method proposed in this study is specifically designed for generating PSs 
on freeform surfaces without planar regions. Although PC line network can also 
serve as guidance for paneling, it is important to note that this research does not 
aim to provide a quad mesh method.

Paper Structure

This paper is organized as follows: Sect.  1 gives an overview of the topic, 
questions, aims and methodology. Section  2 provides an explanation about 
the geometrical features of umbilics on freeform surfaces, which serve as the 
primary obstacles in designing uniformly distributed PSs. Section  3 introduces 
the research method and workflow. The software framework and the generation 
method of the PC lines are also described as the basis of the research. Section 4 
details the proposed ABM algorithm to control the distribution of PC lines on 
free-form surfaces. Section 5 introduces the possible application scenarios for this 
method in architectural design. The method is also extended to other principal 
trajectories, such as principal stress lines. The last section summarizes the value 
of the research achievements and proposes directions for future research.

Surface Umbilics

While PC lines typically form a network of conjugate and orthogonal curves, the 
presence of umbilical points introduces variations in network topologies (Fig. 1). 
An umbilical point, also known as an umbilic, is a special kind of point on the 
surface at which the curvatures of the surface are equal in all directions. In other 
words, the surface is spherical at that point. At an umbilical point both principal 
curvatures are equal, and every tangent vector is a principal direction (Berry and 
Hannay 1977). As a result, the PC line network also appears differently around 
the umbilical point.
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There are three basic types of umbilics on surfaces: star, lemon, and monstar 
(Fig. 2) (Maekawa et al. 1996). The configurations of PC lines near umbilics can 
also be categorized into two basic types, trisector and wedge points, according 
to their underlying tensor fields. A trisector point correspond to a star umbilic, 
while a wedge point can be either lemon or monstar. The straight PC lines 
passing through a trisector point would appear as three branches starting from the 
trisector, as the bold lines shown in Fig. 2a. The straight PC lines passing through 
a wedge point could be either three (Fig. 2b) or one (Fig. 2c). Since the topology 
only changes at umbilics, the straight PC lines passing through umbilics, can be 
used to describe the topological structure of a surface (Delmarcelle and Hesselink 
1994). The detailed explanation of the straight lines and the tensor fields behind 
them can refer to Delmarcelle (1995).

The presence of umbilics poses a primary obstacle to the generation and 
control of PSs. PC lines passing through the umbilics no longer form a single 
continuous curve. At the same time, a notable directional variation is apparent 
in the PC lines in the vicinity of umbilical points. The topological differences 

Fig. 1   (1) three surfaces with different mean curvatures are used to visualize (2) PC line networks based 
on uniform seeding points. Simple changes in the surface shapes resulted in different umbilical features

Fig. 2   Three basic types of surface umbilics: star (a); lemon (b); and monstar (c). Image: based on 
Patrikalakis and Maekawa 2002
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arising from umbilics make it challenging to find a universal algorithm for 
generating PC line network.

Design Methods

Density control for orthogonal conjugate networks is easy to implement. PC lines 
passing through umbilics can be viewed as the topological skeleton, which could 
divide the surface into a series of regions in which the PC lines always form an 
orthogonal network. Therefore, an important step before PS-based surface 
reconstruction is to find the umbilics of the surface. The ABM-based regulation of 
the density of PC lines will be carried out inside the subdivided regions.

Workflow

The proposed PS-based surface reconstruction is carried out through two core 
steps, each with its own agent simulation, and described above in the introduction 
to umbilics. The first agent system finds the position of the umbilical points on the 
surface. The topological skeleton is derived from the umbilics to divide the surface 
into a series of regions. The second agent system draws and optimizes the layout 
of PC lines in the regions with another agent system according to the user-defined 
design goals. A curve in each region is selected as a seed curve, which will be 
used to generate a series of seed points and act as a moving rail for the seed points. 
The seed points, used as agents, move on the seed curve to generate and adjust the 
spacing of PC lines to achieve certain design goals.

Software and Framework

Geometric Modeling Platform

To better assist the architectural design process, Rhinoceros 3D and Grasshopper are 
used for calculations, geometric modeling, and visualization. The development of 
agent-based simulation is also programmed based on the RhinoCommon library of 
Rhino3D.

ABM Framework

The program design of ABM in this research is based on the ABxM framework 
developed by ICD, Stuttgart, which is an open-source platform for exploration with 
agent-based systems (Nguyen et al. 2022). ABxM includes an agent library called 
ABxM.Core.dll, and a Grasshopper plugin. The core content of the agent system 
in this research, including customized agents, agent systems and behaviors, is 
developed in Microsoft Visual Studio based on ABxM.Core.dll. The solver in the 
ABxM plug-in in Grasshopper is called to iteratively execute the behaviors of all 
agents in the agent systems.
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Drawing PC Lines

Accurately generated PC lines forms the basis of this study. Before calculating the 
PC lines, the ‘Smooth’ command of Rhino3D is used to smooth the surface while 
maintaining its boundaries. This avoids the excessive change in PC line density 
caused by sharp folds in the surface.

A PC line is drawn iteratively finding approximate directions starting from a seed 
point. First, the two principal curvatures and principal directions at the current seed 
point are obtained. Then the Fourth Order-Runge Kutta method (also known as RK4 
method) is used to deduce the next seed point at the given step size to the current 
one. A PC line is formed by sequentially connecting all sample points. As can be 
seen in Fig. 3-1 and -2, for every sample point not on the edge of the surface, the PC 
line is the result of joining two lines starting from this point towards the principal 
direction and the opposite direction.

There are two important aspects of this algorithm (Fig. 3): first is the situation 
at the edge where the distance from the last seed point to the edge is smaller than 
the given step size. In this case, the intersection point of the PC line with the edge 
is adopted (point P in Fig.  3-3). Second is the case when the PC line appears as 
a closed loop. Since the calculation algorithm is an iterative approximation, it 
is almost impossible to close the curve. The strategy adopted here is to calculate 
the distance between the new seed point and the starting point at the end of each 
iteration and close the curve directly if the distance is less than a given tolerance 
(in this case, the given step size). A smooth closed loop can be achieved with a 
relatively small step size.

ABM‑Based PC Lines Layout

Two agent systems have been developed, each corresponding to one of the two steps 
of the ABM-based PC lines layout optimization method. They are (1) the umbilic 
agent system and (2) the strip agent system. The umbilic agent system is used to 
find umbilical points on the surface, while the strip agent system is used to regulate 
the width of the resulting PSs. In order to clearly show the logic of the agent-based 
algorithm, a simple free-form surface with one trisector point is taken as an example 
in this section (Fig. 1-b).

Umbilic Agent System

The key to finding umbilics with ABM is to convert the unique features of umbilics 
into goals that can be gradually approached by agents. Assuming that the curvatures 
at a seed point on the surface are Cmax and Cmin respectively, and then the absolute 
value of the difference between Cmax and Cmin is ΔC. Since the two principal 
curvatures are equal at the umbilical point, ΔC at an umbilic is 0. Therefore, the 
problem of finding umbilics can be transformed into a minimization problem: find 
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the minimum ΔC, ΔCmin, as a function of the PC values at point (U, V) in the 
surface’s parameter domain. Assume Cmax and Cmin are both functions of U and V 
value.

Agent Definition

Umbilic agents are instantiated as random points on the environment surface and 
take their coordinates in the surface’s parameter domain (U, V) as their position 
attribute. The agents will move in the parameter space of the surface towards 
umbilics. For each iteration, the agent will get a moving vector Vm that is a fixed 
ratio k of the product of the unit vector v in one of the principal directions and the 
step size s, weighted by ΔC at the agent’s UV.

The distance an agent moves at each iteration of the agent simulation therefore 
decreases proportionally as it approaches an umbilic.

Each agent also has a Boolean attribute ’isFinished’ that is used to determine 
whether an umbilic has been found. The ’isFinished’ attribute is false by default. 
Once the length of Vm is less than a preset tolerance, the agent is considered to 
have reached an umbilic. ’isFinished’ is then set to true, and the agent will not be 
calculated in the next iteration.

Agent Behavior

To intuitively observe the curvature of the surface and the movement of the agents, 
a 3D contour map is established with x and y values matching the environment 
surface, but with ΔC as the Z-axis parameter. The environment surface and the 
contour map can be overlapped in plan to obtain an intuitive view of the relationship 
between the point position and ΔC (Fig. 4). It should be noted that the points on 
the contour map with the lowest z value, especially those approaching z = 0, are the 
approximate locations of the umbilics.

The umbilic agent’s behavior finds v , the agent’s movement vector. Assuming 
we are at a point where PCs are different, the objective is to find which direction 
the agent should move in order to reduce the difference between PCs. As the 
surface environment’s curvature and PC directions are known, the agent can 

(1)Cmax = f1(U,V)

(2)Cmin = f2(U,V)

(3)ΔC = |
|Cmax − Cmin

|
|

(4)ΔCmin = min
0.0≤U,V≤1.0

|
|f1(U,V) − f2(U,V)||

(5)Vm = kΔCsv
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test and compare the resultant ΔC of a small step in each of the four principal 
directions. The direction v is the one in which the behavior measures the greatest 
reduction in ΔC (Fig. 5).

Each agent draws a polyline trail on the environment surface with all the 
positions it has passed (Fig. 6). This agent trajectory shows that the agent finally 
stops at the bottom of the valley, with a gradually decreasing amplitude of 
motion. After that, the ’isFinished’ attribute of the agent will switch to true. 
Although higher accuracy can be achieved, the points that are eventually found 
by the agent simulation are still only approximations of the real umbilics.

Once an agent ’isFinished’, two things need to be identified. First, it needs 
to be judged whether the agent has reached a real umbilic. It is possible for the 
agent to find a local optimum, rather than an umbilic point, depending on the 
location of the starting point. Since the ΔC value of an umbilical point is zero, 
it can be judged whether an ’isFinished’ agent is close to the global optimal 
solution by comparing the ΔC value to zero. Second, if the agent finds a true 
umbilic, then whether it’s a trisector point and wedge point needs to be judged. 
The number of intersection points of the two PC lines passing through the agent 
can be used to distinguish the type of umbilic point: if the agent is close to a 
wedge point, there will be two intersections of the PC lines, and if it is close to a 
trisector point, there will only be one intersection (Fig. 7). The umbilical points 
filtered out will be used to prepare the environment required by the strip agent 
system. 

When working in Grasshopper, designers have the flexibility to either generate 
seeds randomly for the umbilic agents, or manually specify the seed’s location 
on the surface through an interactive process by looking at the contour map of 
ΔC. The presence of the contour map serves to visually present the approximate 
locations of all umbilics to the designer, ensuring that the agents do not miss any 
of the umbilics.

Fig. 4   3D contour map of ΔC (scaled from [0.000214, 0.08763] to [0, 60])
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Strip Agent System

Preparation of the Environment 

As mentioned above, the PC lines that pass through the umbilical points divide the 
surface into a series of regions in which there are only orthogonal PC line networks. 
The strip agent system adjusts the layout of the PC lines within these regions. 

Fig. 6   Movement trajectory of umbilic agents

Fig. 7   Assuming p is an absolute umbilic point, and p’ is a found umbilic point: (a) If p is of the trisector 
type, the curvature lines passing through p’ will have only one intersection point; (b) If p’ is of the wedge 
type, the curvature lines passing through p’ will have two intersection points
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Here, it is only necessary to divide the surface using the skeleton derived from the 
trisector points. Even if there are wedge points within the divided regions, they can 
be addressed through the design of strip agent behavior, which will be discussed 
later.

Ideally, the straight PC lines passing through a trisector point would appear as 
three branches starting from the trisector (Fig. 8-1). However, because the umbilic 
agent system only produces approximate points, the PC line drawing algorithm can 
only draw one continuous line, that is to say, two of the multiple branches at a time 
(Fig.  8-2). Thus, it is necessary to draw the third branch separately. The strategy 
here is to move the umbilic point within a very small distance until a third PC line 
can be drawn starting from it towards the third direction. Then the third branch can 
be obtained by pulling the starting point of the third line back to the umbilic point 
(Fig. 8).

For the case surface in this section, three curves in each of the maximum and 
minimum principal directions are drawn with the above method, forming the 
topological skeleton of the surface. The layout of PC lines in two directions can 
be considered and adjusted separately (Fig. 9). Taking the maximum PC direction 
as an example, three curves in the maximum direction divide the surface into three 
regions (Fig.  9-1a), while the three curves in the minimum direction (Fig.  9-2a) 
serve as the seed curve for strip agent (Fig. 9b). Figure 9-1c shows the results of 
using the maximum curve as the seed curve for the strip agent, whereas Fig. 9-2c 
shows the results from the minimum curve. Only one seed curve is needed in each 
region. In fact, the seed curve doesn’t have to be a PC curve; Any curve on the 
surface that can sequentially string together PC lines in opposite direction can serve 
as the seed curve. Another thing to note is that the endpoints of the seed curve need 
to be slightly offset from the region’s boundary, as it can be challenging to generate 
a continuous PC line right at the edges.

Agent Definition

The strip agents are initialized with a series of seed points on the seed curve. Each 
agent only moves in the parameter domain of its seed curve and has a position 
attribute ’ta’, which represents its parameter value within the curve’s parameter 
domain. Strip agents have a Boolean attribute ’isFixed’. ’isFixed’ is set to true 
for agents located at the endpoints of the seed curve to keep their positions fixed 
throughout the simulation. Agents that share the same seed curve are ’neighbors’. 
’DirectNeighbors’ are points that are directly adjacent to each other.

A PC line runs through the seed point of each strip agent. These PC lines 
divide the regions into a series of PSs. An agent and its two direct neighbors 
together define two PSs. The differences between the target features of its 
two PSs determine the agent’s behaviors in the parameter domain of its seed 
curve. As with umbilic agents, the Boolean attribute ’isFinished’ can be set to 
true to remove them from the agent simulation. Once the sum of all agents’s 
movement is less than a preset tolerance, the simulation has converged and 
ends. In Grasshopper, designers can freely set the initial positions for the strip 
agents. This can be achieved either through the uniform subdivision of a seed 
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curve (as shown in Fig. 10) or by manually/randomly selecting points along the 
seed curve. Indeed, at this stage, PC line networks with varied densities can be 
generated by evenly dividing the seed curve with different spacings (Fig. 11). It 
worths noting that evenly spaced agents do not produce evenly spaced PC lines. 
Further optimization of agent distribution is required to generate evenly spaced 
PC lines.

For complex free-form surfaces on which wedge points exist among the 
regions, there will be a situation where the PC line that passes through an agent 
has additional intersection points with the seed curve other than the one at ta. 
In this case, the movement of this agent is jointly determined by the two sets of 
PSs adjacent to the two intersection points (Fig. 12). To simplify the simulation 
process, a compromise strategy is to artificially select a curvature line near the 
wedge point and treat it as a boundary. The seed curve ceased at the assumed 
boundary to avoid interference caused by additional intersections.

Fig. 9   Preparation of the environment for strip agents in both (1) maximum and (2) minimum directions

Fig. 10   The setup of the strip agent
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Agent Behavior

The behaviors of the strip agent are closely related to a preset goal. The agent 
system allows the designer to define the goal of the PC line layout for different 
considerations. In this section, we will take the goal of keeping the average spacing 
between the PC lines consistent as an example. That would keep the average width 
of each PS the same. Each agent achieves this goal through the combined action of 
three behaviors:

•	 Spacing behavior: average the spacing of PC lines directly by moving the agents. 
The average widths of its two adjacent PSs are first calculated through sampling 
on strips (Fig. 13a). The difference between the average width is ΔD. To average 
the spacing, the agent will move in a direction that decreases ΔD with a step size 
Δt (Fig. 13b). Supposing that the agent’s motion in the parameter domain of its 
seed curve is Tm, Tm is constant proportional (k) to the product of Δt and ΔD:

•	 Add-agent behavior: When the width of a PS is greater than a set threshold (for 
example, twice the target width), a new agent is added in the middle (in the 
parameter domain of the seed curve) of the two adjacent agents of the PS. This 
behavior avoids excessive average widths (that, for example, exceed the limit of 
the available sheet material.)

•	 Remove-agent behavior: When executing the behavior of agent A, if the distance 
between A and one of its direct neighbor agents B is less than the threshold 
(such as half of the target average spacing), agent B will be removed in the next 
iteration. This remove-agent behavior could avoid an overly dense layout of PC 
lines. Together with the add-agent behavior, it could keep the average width of 
the PS within a desirable range.

Implementation: PC Lines Layout with Different Goals

ABM allows different aspects that influence the layout of the curvature lines to be 
integrated, such as geometric features, structural performance, material properties, 
and fabrication constraints.

In this study, two goals are selected to test the agent-based simulation. The 
first goal is to keep the width of PSs consistent, as described above. The second 
goal is to make the width of the PSs smaller where the curvature of the surface is 
larger, while larger where the curvature is smaller. This is achieved by adding the 
local curvature factor of the surface into the width adjustment process. In the case 
of uniform curvature, the curvature difference of two PC lines is positively related 
to their spacing. Thus, taking the spacing weighted by the curvature difference as 
the goal parameter could relate the width of the strip to local curvature. The agent 
moves iteratively to equalize the parameter value. The add and remove behaviors are 
also used to keep the parameter value within a certain range.

(6)Tm = kΔtΔD
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The two case surfaces—one is the case surface we use to showcase the 
agent systems, another is the freeform surface with two trisector points and 
one wedge, as shown in Fig. 12—are first used to demonstrate the effect of the 
implementation. As can be seen from the figures, the results of the average 
spacing appear more balanced, whereas curvature-weighted layout results align 
better with the curvature distribution. (Figs. 14, 15).

More generally, the proposed method is tested on a larger variety of surfaces. 
Figure  16a shows a freeform surface with on umbilic point. Most areas of this 
surface present very low curvatures while the top middle part show high ones. 
There is no need for topological skeleton drawing for this kind of surfaces 
without umbilics. The seed curve can be chosen from the PC lines in an opposite 
direction. In Fig. 16b, a surface with compound umbilics is tested. A trisector and 
four wedges have been found on the surface, and their interactions have led to 
the formation of a complex topological skeleton. Closed PC lines have appeared 
on the surface, including two branches originating from the trisector. The results 
of both evenly spaced and curvature-weighted layouts indicate that the method 
proposed in this study can achieve favorable outcomes in both cases. It should be 
noted that surfaces with planar regions are not considered in this research because 
planar regions don’t have curvature, which would pose certain challenges to the 
streamline integration algorithms.

Fig. 14   Agent-based method implemented on the case surface with one: (1) surface skeleton; (2) layout 
with mean strip width; (3) curvature-weighted layout

Fig. 15   Agent-based method implemented on two freeform case surfaces: (1) surface skeleton layout; (2) 
layout with mean strip width; (3) curvature-weighted layout
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Discussion

To facilitate the construction of the surface, it is a common idea to optimize each 
PS into a developable surface and then unfold it (Figs. 17, 18). Flattened PSs can 
be cut directly from sheet materials such as plywood panels, aluminum boards, etc. 
Assembling the PSs together along the shared edges will automatically form the 
designed freeform surface. The assembly process is informed by the strip geometry 
with no molds required. Since PSs-surface is a ‘semi-discrete surface,’ which can 
be viewed as a limit condition of quad meshes (Pottmann et al. 2008), the method 

Fig. 16   Agent-based method implemented on two freeform case surfaces: (1) surface skeleton layout; (2) 
PS layout with mean strip width; (3) curvature-weighted layout

Fig. 17   Unfolding of the case surface: (1) surface with both sets of PC lines; (2) maximum PSs; (3) 
minimum PSs
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proposed can also facilitate the partitioning of freeform surfaces into panels using 
PC lines in both directions. The advantages of penalization using principal curvature 
lines have been validated in projects such as the Eiffel Tower Pavilions (Schiftner 
et al. 2013). It is worth noting that the mesh generated by the intersection of PC lines 
is not a strictly quad mesh, especially when considering the presence of triangular 
faces along the edges. While PC line network can serve as a guide for quad meshing, 
creating an effective quad meshing algorithm requires thoughtful incorporation of 
factors like quad size, boundary conditions, and adaptive subdivision (Chen et  al. 
2019).

Compared to fabricating surfaces based on other types of curves, such as 
orthogonal curve networks that do not consider surface features, and geodesic curves 
that describe the shortest path between two points on a surface, PSs can better adapt 
to the shape of surfaces as they inherently describe local curvature properties of 
surfaces. The fabricated results can exhibit better surface continuity and also hold 
potential advantages for constructing developable curved support structures. Despite 
this, geodesic curves offer advantages in the construction of gridshell structures 
using straight planks (Oberbichler et al. 2023).

Compared with previous studies (Pottmann et al. 2008; Joo et al. 2014; Takezawa 
et  al. 2016), the approach proposed in this study is more suitable for architects 
for three main reasons: first, by considering umbilics and their corresponding 
topological skeletons, architects can obtain clear and intuitive understanding of the 
surface; second, with ABM, architects are allowed to incorporate diverse design 
considerations in the generation process; third, the method follows a geometric 
approach that aligns better with the way architects think. It is carried out in Rhino3D 
and Grasshopper, which is widely utilized by architects for parametric design 

Fig. 18   Unfolding of the case surface with two trisector points and one wedge: (1) surface with both sets 
of PC lines; (2) maximum PSs; (3) minimum PSs
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exploration. In this way PS-based surface reconstruction can be more conveniently 
integrated into the exploration of various freeform architectural geometries including 
shells, skins, and roofs, endowing buildings with unique aesthetic characteristics 
(Fig. 19).

The main limitations of the proposed method in this study can be summarized as 
follows: first, this approach is not an automated algorithm, rather, it is a process that 
requires manual intervention and behavior definition by architects. Consequently, 
architects need to have a fundamental understanding of both surface characteristics 
and ABM method. Second, ABM itself, being based on iterative algorithms, often 
demands a longer computation time. The computation time could be influenced by 
factors such as the number of agents, step size and termination conditions of the 
model. Taking the simple case surface as an example (Fig. 1b), let the dimensions 
of the surface boundary be 60 cm × 80 cm. The algorithm is executed on a PC with 
a 13th Gen Intel(R) Core(TM) i9-13900H 2.60 GHz CPU and a 64-bit Windows 11 
operating system. For the Umbilic Agent system with an initial step size of 0.5 cm, 
the model can converge in approximately 29  s, reaching the umbilic point (where 
the absolute difference between the two directions of PC is less than 0.000005 cm). 
For Strip Agents, let all the PC lines drawn with a step size of 0.5 cm, agents are 
initialized with a spacing of 6 cm, initial step size of the agents is set as 0.05 cm, 
the spacing calculation involves 15 sampling points. If convergence is considered 
achieved when the movement amplitude of all agents is less than 0.005 cm, it would 
take approximately 48 s to converge. Adjusting the stop threshold to 0.001 cm would 
increase the required time to around 4 min and 35 s.

It is worth noting that this study can also be adapted to other types of curves, 
like principal stress lines. Principal stress lines, which are widely used in the field 
of structural design, have similar properties to PC lines. Therefore, the layout 
of principal stress lines can also be optimized with a similar method as has been 
demonstrated on PC lines, albeit with different goals. A simple slab, with uniformly 
distributed loads and supported by four corners, is tested for the even distribution 
of stress lines. Grasshopper plugin Karamba (Preisinger 2013) is employed for 
structural analysis. The algorithm for drawing PC lines is rewritten to draw principal 
stress lines. The algorithm is mainly necessary to adapt to mesh geometry, and the 
associated principal stress values and directions obtained from structural simulation. 
Two trisector points could be identified on the slab. After the slab is divided by 

Fig. 19   The application of the PS-based surface subdivision method in a freeform façade
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stress lines passing through the trisectors, the adjusted ABM algorithm is used to 
optimize the layout of stress lines. The results show that the method also works 
well for this case (Fig. 20). The application of this method to more complex surface 
structures and boundary conditions requires special research.

Conclusion

This study presents an ABM method for principal stress (PS) modeling tailored for 
freeform surfaces in architectural design. By incorporating umbilical points within 
the agent system, the method can accommodate surfaces with varying umbilical 
conditions. The ABM algorithm further enables the customization of curvature lines 
to align with user-defined objectives.

This study embodies a construction-oriented methodology aimed at aiding 
architects in the formal exploration of freeform buildings and structural systems 
during the early design phase. The application of Principal Stress (PS) in 
architectural contexts such as freeform facades and roofs offers improved surface 
approximations compared to other common approaches. Furthermore, the research 
method exhibits the potential for extension to other curve families, such as principal 
stress lines. Future plans involve implementing this method in the practical 
construction of double-curved shell structures.
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