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Abstract

In this thesis, a simulation framework for powder bed fusion using molecular dynamics is

developed. The goal is to study the melting and solidification of an aluminum powder and to

create a framework that allows for further studies on arbitrary alloys and metals. Molecular

dynamics leads to an understanding of the melting and ablation process, resulting in an

understanding of different heat transfer mechanisms. The influence of a change in scanning

speed and laser power on the melting dynamics is accessible with the simulation framework.

Furthermore, the cooling of the sample leads to an explicit understanding of nucleation and

grain growth. Structural properties such as grain size and gas inclusions can be studied as

a function of laser parameters, powder composition and cooling rate. For the recrystallized

sample, mechanical properties are determined to investigate the influence of lattice structure

and gas inclusions. With these properties modeled at the atomistic scale, this work attempts

to link the methods from laser ablation simulations with the powder bed fusion process. The

results from molecular dynamics simulations are intended to complement results from larger

finite element simulations by providing numerous properties at the atomistic scale.
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�Y�D�Q�W �L�Q �F�R�P�P�H�U�F�L�D�O �D�S�S�O�L�F�D�W�L�R�Q�V�� �,�Q �W�K�L�V �F�R�Q�W�H�[�W�� �O�D�V�H�U���L�Q�G�X�F�H�G �$�0 �S�U�R�F�H�V�V�H�V �V�X�F�K �D�V �S�R�Z�G�H�U

�E�H�G �I�X�V�L�R�Q ���3�%�)�� �D�Q�G �V�H�O�H�F�W�L�Y�H �O�D�V�H�U �V�L�Q�W�H�U�L�Q�J ���6�/�6�� �D�U�H �E�H�F�R�P�L�Q�J �U�H�O�H�Y�D�Q�W �G�X�H �W�R �W�K�H �K�L�J�K

�G�H�Q�V�L�W�\ �R�I �P�D�W�H�U�L�D�O�V�� �L�Q�F�O�X�G�L�Q�J �S�R�O�\�P�H�U�V�� �P�H�W�D�O �D�O�O�R�\�V �D�Q�G �F�H�U�D�P�L�F�V�� �,�Q �S�D�U�W�L�F�X�O�D�U�� �3�%�) �F�D�Q

�S�U�R�Y�L�G�H �I�X�O�O�\ �G�H�Q�V�H �P�H�W�D�O �S�D�U�W�V �Z�L�W�K �H�[�F�H�O�O�H�Q�W �P�H�F�K�D�Q�L�F�D�O �S�U�R�S�H�U�W�L�H�V�� �,�Q �D�G�G�L�W�L�R�Q�� �3�%�) �S�U�R��

�Y�L�G�H�V �S�U�H�F�L�V�H �F�R�Q�W�U�R�O �R�Y�H�U �W�K�H �F�R�P�S�R�V�L�W�L�R�Q �R�I �W�K�H �P�D�Q�X�I�D�F�W�X�U�H�G �F�R�P�S�R�Q�H�Q�W �>���@�� �'�X�H �W�R �W�K�H

�R�Q�H���V�W�H�S �S�U�R�G�X�F�W�L�R�Q �S�U�R�F�H�V�V�� �3�%�) �L�V �V�X�L�W�D�E�O�H �I�R�U �S�U�R�W�R�W�\�S�L�Q�J�� �G�H�V�S�L�W�H �D �F�K�D�Q�J�H �L�Q �W�K�H �S�U�R��

�F�H�V�V�H�G �P�D�W�H�U�L�D�O �R�U �W�K�H �V�L�]�H �R�I �W�K�H �F�R�P�S�R�Q�H�Q�W�� �Q�R �W�R�R�O�L�Q�J �L�V �J�H�Q�H�U�D�O�O�\ �U�H�T�X�L�U�H�G �>���@��

�%�H�V�L�G�H�V �W�K�H �D�G�Y�D�Q�W�D�J�H�V�� �W�K�H�U�H �D�U�H �V�W�L�O�O �V�R�P�H �F�K�D�O�O�H�Q�J�H�V �D�Q�G �O�L�P�L�W�D�W�L�R�Q�V �W�R �E�H �I�D�F�H�G�� �'�H��

�V�S�L�W�H �W�K�H �K�L�J�K �F�R�V�W �R�I �H�T�X�L�S�P�H�Q�W �D�Q�G �L�Q�I�U�D�V�W�U�X�F�W�X�U�H �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �3�%�) �>���@�� �W�K�H �P�D�L�Q �F�K�D�O��

�O�H�Q�J�H �F�R�Q�V�L�V�W�V �R�I �T�X�D�O�L�W�\ �F�R�Q�W�U�R�O �D�Q�G �U�H�S�U�R�G�X�F�L�E�L�O�L�W�\ �>���@��

�7�R �R�S�W�L�P�L�]�H �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �G�H�V�L�J�Q �R�I �W�K�H �S�U�R�F�H�V�V �D�Q�G �D�G�G�U�H�V�V �W�K�H�V�H �F�K�D�O�O�H�Q�J�H�V�� �V�L�P��

�X�O�D�W�L�R�Q�V �R�I �W�K�H �S�U�R�F�H�V�V �F�D�Q �S�U�R�Y�L�G�H �L�Q�V�L�J�K�W �L�Q�W�R �V�S�H�F�L�I�L�F �H�[�S�H�U�L�P�H�Q�W�D�O �S�D�U�D�P�H�W�H�U�V�� �6�L�P�X�O�D��

�W�L�R�Q�V �K�D�Y�H �V�H�Y�H�U�D�O �D�G�Y�D�Q�W�D�J�H�V �R�Y�H�U �H�[�S�H�U�L�P�H�Q�W�D�O �W�H�V�W�L�Q�J �R�I �D �V�H�W �R�I �S�D�U�D�P�H�W�H�U�V�� �2�Q �W�K�H �R�Q�H

�K�D�Q�G�� �W�H�V�W�L�Q�J �D �V�H�W �R�I �S�D�U�D�P�H�W�H�U�V �L�Q �D �V�L�P�X�O�D�W�L�R�Q �U�H�G�X�F�H�V �P�D�W�H�U�L�D�O �Z�D�V�W�H �D�V �Z�H�O�O �D�V �W�K�H �F�R�V�W

�R�I �W�K�H �S�U�R�F�H�V�V �L�Q �J�H�Q�H�U�D�O�� �Z�K�L�O�H �R�Q �W�K�H �R�W�K�H�U �K�D�Q�G�� �W�K�H �L�W�H�U�D�W�L�R�Q �V�W�H�S �R�I �F�K�D�Q�J�L�Q�J �S�D�U�D�P�H�W�H�U�V

�L�Q �D �V�L�P�X�O�D�W�L�R�Q �L�V �V�K�R�U�W�H�U �D�Q�G �O�H�V�V �O�D�E�R�U���L�Q�W�H�Q�V�L�Y�H �F�R�P�S�D�U�H�G �W�R �F�K�D�Q�J�L�Q�J �D�Q �H�[�S�H�U�L�P�H�Q�W�D�O

�V�H�W�X�S �>���@�� �,�Q �D�G�G�L�W�L�R�Q �W�R �W�K�H �H�I�I�L�F�L�H�Q�F�\ �D�G�Y�D�Q�W�D�J�H�V�� �V�L�P�X�O�D�W�L�R�Q �D�O�V�R �S�U�R�Y�L�G�H�V �V�R�P�H �D�G�Y�D�Q��

��
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�W�D�J�H�V �L�Q �X�Q�G�H�U�V�W�D�Q�G�L�Q�J �W�K�H �S�U�R�F�H�V�V�� �:�K�L�O�H �D�Q �H�[�S�H�U�L�P�H�Q�W�D�O �V�H�W�X�S �S�U�R�Y�L�G�H�V �R�Q�O�\ �W�K�H �I�L�Q�D�O

�F�R�P�S�R�Q�H�Q�W�� �D �V�L�P�X�O�D�W�L�R�Q �D�O�O�R�Z�V �D �F�O�R�V�H�U �O�R�R�N �D�W �W�K�H �S�U�R�F�H�V�V �L�W�V�H�O�I�� �S�U�R�Y�L�G�L�Q�J �L�Q�I�R�U�P�D�W�L�R�Q �R�Q

�W�K�H �R�U�L�J�L�Q �R�I �W�K�H �F�R�P�S�R�Q�H�Q�W�¶�V �S�U�R�S�H�U�W�L�H�V�� �6�W�U�X�F�W�X�U�D�O �S�U�R�S�H�U�W�L�H�V �R�I �D �V�D�P�S�O�H �D�U�H �D�O�V�R �P�R�U�H

�D�F�F�H�V�V�L�E�O�H �L�Q �D �V�L�P�X�O�D�W�L�R�Q��

�,�Q �R�U�G�H�U �W�R �D�F�F�H�V�V �W�K�H �P�L�F�U�R�V�W�U�X�F�W�X�U�D�O �E�H�K�D�Y�L�R�U �R�I �W�K�H �I�D�E�U�L�F�D�W�H�G �V�D�P�S�O�H�� �W�K�H �V�L�P�X�O�D�W�L�R�Q�V

�D�U�H �S�H�U�I�R�U�P�H�G �X�V�L�Q�J �P�R�O�H�F�X�O�D�U �G�\�Q�D�P�L�F�V ���0�'���� �7�K�H �V�L�P�X�O�D�W�L�R�Q�V �D�U�H �S�H�U�I�R�U�P�H�G �X�V�L�Q�J �W�K�H

�,�7�$�3 �0�R�O�H�F�X�O�D�U �'�\�Q�D�P�L�F�V �S�U�R�J�U�D�P ���,�0�'���� �Z�K�L�F�K �D�O�O�R�Z�V �H�I�I�L�F�L�H�Q�W �F�R�P�S�X�W�D�W�L�R�Q �R�I �O�D�U�J�H���V�F�D�O�H

�V�L�P�X�O�D�W�L�R�Q�V �R�Q �D�Q �D�W�R�P�L�V�W�L�F �E�D�V�L�V �>���� �@�� �7�K�H �V�L�P�X�O�D�W�L�R�Q �R�I �3�%�) �L�V �E�D�V�H�G �R�Q �W�K�H �O�D�V�H�U �D�E�O�D�W�L�R�Q

�Z�R�U�N �R�I �'�R�P�L�Q�L�F �.�O�H�L�Q �>���� �@�� �$�W�R�P�L�V�W�L�F �V�L�P�X�O�D�W�L�R�Q �D�O�O�R�Z�V �W�K�H �R�E�V�H�U�Y�D�W�L�R�Q �R�I �V�W�U�X�F�W�X�U�D�O �S�U�R�S�H�U��

�W�L�H�V �R�Q �D�Q �D�W�R�P�L�V�W�L�F �E�D�V�L�V�� �,�W �D�O�V�R �U�H�T�X�L�U�H�V �I�H�Z�H�U �D�V�V�X�P�S�W�L�R�Q�V �D�E�R�X�W �W�K�H �V�D�P�S�O�H �W�K�D�Q �I�L�Q�L�W�H

�H�O�H�P�H�Q�W �P�R�G�H�O�L�Q�J ���)�(�0���� �7�K�H �O�L�P�L�W�D�W�L�R�Q�V �R�I �W�K�H �V�D�P�S�O�H �V�L�]�H �O�H�D�G �W�R �F�X�V�W�R�P�L�]�H�G �S�D�U�D�P�H�W�H�U�V

�L�Q �W�K�H �0�' �V�L�P�X�O�D�W�L�R�Q �W�R �P�R�G�H�O �W�K�H �S�U�R�F�H�V�V �D�Q�G �R�E�W�D�L�Q �D�S�S�O�L�F�D�E�O�H �U�H�V�X�O�W�V �I�R�U �)�(�0 �V�L�P�X�O�D�W�L�R�Q�V

�D�Q�G �H�[�S�H�U�L�P�H�Q�W�D�O �D�S�S�O�L�F�D�W�L�R�Q�V��
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�%�D�F�N�J�U�R�X�Q�G

�7�K�L�V �F�K�D�S�W�H�U �G�H�D�O�V �Z�L�W�K �W�K�H �E�D�F�N�J�U�R�X�Q�G �R�I �W�K�H �X�Q�G�H�U�O�\�L�Q�J �P�D�Q�X�I�D�F�W�X�U�L�Q�J �S�U�R�F�H�V�V�� �W�K�H

�L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �W�K�H �V�L�P�X�O�D�W�L�R�Q �D�Q�G �W�K�H �S�K�\�V�L�F�D�O �E�D�F�N�J�U�R�X�Q�G��

�:�K�L�O�H �W�K�H�U�H �D�U�H �V�H�Y�H�U�D�O �$�0 �S�U�R�F�H�V�V�H�V �E�H�V�L�G�H�V �3�%�)�� �D�Q �R�Y�H�U�Y�L�H�Z �R�I �W�K�H �F�X�U�U�H�Q�W�O�\ �P�R�V�W

�U�H�O�H�Y�D�Q�W �$�0 �S�U�R�F�H�V�V�H�V �L�V �J�L�Y�H�Q �L�Q �V�H�F�W�L�R�Q�������� �7�K�H �V�S�H�F�L�I�L�F �3�%�) �S�U�R�F�H�V�V �L�V �H�[�S�O�D�L�Q�H�G �L�Q

�V�H�F�W�L�R�Q������������ �I�R�O�O�R�Z�H�G �E�\ �D �G�L�V�F�X�V�V�L�R�Q �R�I �W�K�H �S�U�R�F�H�V�V �S�U�R�S�H�U�W�L�H�V �R�I �W�K�H �O�D�V�H�U ���V�H�F�W�L�R�Q��������������

�W�K�H �S�R�Z�G�H�U ���V�H�F�W�L�R�Q�������������� �D�Q�G �W�K�H �U�H�V�X�O�W�L�Q�J �V�D�P�S�O�H ���V�H�F�W�L�R�Q��������������

�,�Q �V�H�F�W�L�R�Q�������� �W�K�H �I�U�D�P�H�Z�R�U�N �R�I �0�' �V�L�P�X�O�D�W�L�R�Q�V �D�Q�G �W�K�H �S�K�\�V�L�F�D�O �E�D�F�N�J�U�R�X�Q�G �D�U�H �R�X�W�O�L�Q�H�G��

�)�X�U�W�K�H�U�� �W�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �W�K�H �0�' �V�L�P�X�O�D�W�L�R�Q �D�V �Z�H�O�O �D�V �V�R�P�H �R�S�W�L�P�L�]�D�W�L�R�Q �P�H�W�K�R�G�V �D�U�H

�P�H�Q�W�L�R�Q�H�G�� �6�L�Q�F�H �W�K�H �O�D�V�H�U���S�R�Z�G�H�U �L�Q�W�H�U�D�F�W�L�R�Q �S�O�D�\�V �D �F�U�X�F�L�D�O �U�R�O�H �L�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q�� �W�K�H

�L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �W�K�H �L�Q�W�H�U�D�F�W�L�R�Q �L�V �G�H�V�F�U�L�E�H�G �L�Q �V�H�F�W�L�R�Q��������

�,�Q �R�U�G�H�U �W�R �L�Q�W�H�U�S�U�H�W �W�K�H �V�L�P�X�O�D�W�L�R�Q�V �D�Q�G �L�Q �S�D�U�W�L�F�X�O�D�U �W�R �R�E�W�D�L�Q �S�U�R�S�H�U�W�L�H�V �W�K�D�W �F�D�Q �R�Q�O�\ �E�H

�R�E�V�H�U�Y�H�G �L�Q �0�' �V�L�P�X�O�D�W�L�R�Q�V�� �V�L�P�X�O�D�W�L�R�Q �D�Q�G �D�Q�D�O�\�V�L�V �W�R�R�O�V �D�U�H �G�H�V�F�U�L�E�H�G �L�Q �V�H�F�W�L�R�Q��������

������ �$�G�G�L�W�L�Y�H �0�D�Q�X�I�D�F�W�X�U�L�Q�J

�7�K�H�U�H �D�U�H �Y�D�U�L�R�X�V �D�G�Y�D�Q�W�D�J�H�V �W�R �$�0 �S�U�R�F�H�V�V�H�V �D�V �S�R�L�Q�W�H�G �R�X�W �L�Q �F�K�D�S�W�H�U���� �W�K�H�U�H �D�U�H

�V�H�Y�H�U�D�O �$�0 �S�U�R�F�H�V�V�H�V �Z�L�W�K �G�L�I�I�H�U�H�Q�W �D�S�S�O�L�F�D�W�L�R�Q�V�� �7�K�H �R�O�G�H�V�W �$�0 �W�H�F�K�Q�L�T�X�H �L�V �V�W�H�U�H�R�O�L�W�K�R�J�U�D��

�S�K�\�� �L�Q �Z�K�L�F�K �D �O�L�T�X�L�G �S�R�O�\�P�H�U �U�H�V�L�Q �L�V �V�H�O�H�F�W�L�Y�H�O�\ �F�X�U�H�G �E�\ �D�Q �X�O�W�U�D�Y�L�R�O�H�W �O�D�V�H�U�� �7�K�L�V �S�U�R�F�H�V�V

�S�U�R�G�X�F�H�V �G�H�W�D�L�O�H�G �S�D�U�W�V �Z�L�W�K �V�P�R�R�W�K �V�X�U�I�D�F�H�V�� �E�X�W �L�V �V�H�Y�H�U�H�O�\ �O�L�P�L�W�H�G �E�\ �W�K�H �P�D�W�H�U�L�D�O �E�H�L�Q�J

�P�D�Q�X�I�D�F�W�X�U�H�G �>���� �@�� �9�H�U�\ �V�L�P�L�O�D�U �W�R �W�K�L�V �S�U�R�F�H�V�V �L�V �P�D�W�H�U�L�D�O �M�H�W�W�L�Q�J�� �Z�K�H�U�H �G�U�R�S�O�H�W�V �R�I �P�D�W�H��

�U�L�D�O �D�U�H �G�H�S�R�V�L�W�H�G �R�Q�W�R �W�K�H �X�Q�G�H�U�O�\�L�Q�J �V�D�P�S�O�H �D�Q�G �F�X�U�H�G �Z�L�W�K �8�9 �O�L�J�K�W�� �7�K�L�V �W�H�F�K�Q�L�T�X�H �K�D�V

�W�K�H �D�G�Y�D�Q�W�D�J�H �R�I �E�X�L�O�G�L�Q�J �P�X�O�W�L���P�D�W�H�U�L�D�O �S�D�U�W�V �>���� �@�� �)�X�V�H�G �'�H�S�R�V�L�W�L�R�Q �0�R�G�H�O�L�Q�J �L�V �W�K�H �P�R�V�W

�Z�L�G�H�O�\ �X�V�H�G �P�D�Q�X�I�D�F�W�X�U�L�Q�J �W�H�F�K�Q�L�T�X�H �I�R�U �K�R�P�H �X�V�H�� �$ �K�H�D�W�H�G �I�L�O�D�P�H�Q�W �L�V �H�[�W�U�X�G�H�G �W�K�U�R�X�J�K �D

�Q�R�]�]�O�H �W�K�D�W �G�L�V�W�U�L�E�X�W�H�V �W�K�H �I�L�O�D�P�H�Q�W �R�Y�H�U �W�K�H �S�U�H�Y�L�R�X�V �O�D�\�H�U�� �7�K�H �I�L�O�D�P�H�Q�W �K�D�U�G�H�Q�V �G�X�H �W�R �F�R�R�O��

�L�Q�J �>���� �@�� �7�K�H �E�L�Q�G�H�U �M�H�W�W�L�Q�J �S�U�R�F�H�V�V �L�V �V�L�P�L�O�D�U �W�R �W�K�H �3�%�) �S�U�R�F�H�V�V �G�H�V�F�U�L�E�H�G �E�H�O�R�Z �I�L�J�����������D����

�7�K�H �G�L�I�I�H�U�H�Q�F�H �L�V �W�K�D�W �W�K�H �S�R�Z�G�H�U �L�V �E�R�Q�G�H�G �W�R�J�H�W�K�H�U �E�\ �V�S�U�H�D�G�L�Q�J �D �E�L�Q�G�H�U �R�Q�W�R �W�K�H �W�R�S �O�D�\�H�U

�R�I �S�R�Z�G�H�U �>���� �@��

��



�� �&�+�$�3�7�(�5 ���� �%�$�&�.�*�5�2�8�1�'

���D�� ���E��

�)�L�J�X�U�H �������� �$ �J�H�Q�H�U�D�O �3�%�) �S�U�R�F�H�V�V �L�V �,�O�O�X�V�W�U�D�W�H�G �L�Q ���D�� �>���� �@�� �7�K�H �P�H�O�W�L�Q�J �E�H�K�D�Y�L�R�U �R�I �W�K�H
�S�R�Z�G�H�U �L�Q�G�X�F�H�G �E�\ �W�K�H �O�D�V�H�U �E�H�D�P �L�V �V�K�R�Z�Q �L�Q ���E�� �>���� �@��

���������� �3�R�Z�G�H�U �%�H�G �)�X�V�L�R�Q ���3�%�)�� �0�D�Q�X�I�D�F�W�X�U�L�Q�J �3�U�R�F�H�V�V

�7�K�L�V �Z�R�U�N �G�H�D�O�V �Z�L�W�K �W�K�H �3�%�) �S�U�R�F�H�V�V�� �Z�H �Z�L�O�O �K�D�Y�H �D �F�O�R�V�H�U �O�R�R�N �L�Q�W�R �W�K�H �S�U�R�F�H�G�X�U�H �D�V

�Z�H�O�O �D�V �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �U�H�D�O�L�]�D�W�L�R�Q �D�Q�G �W�K�H �F�X�U�U�H�Q�W �D�S�S�O�L�F�D�W�L�R�Q�V��

�7�K�H �O�D�\�H�U���E�\���O�D�\�H�U �I�D�E�U�L�F�D�W�L�R�Q �S�U�R�F�H�V�V �R�I �3�%�) �L�V �V�K�R�Z�Q �L�Q �I�L�J�����������D���� �)�R�U �H�D�F�K �O�D�\�H�U�� �P�H�W�D�O

�S�R�Z�G�H�U �L�V �G�H�S�R�V�L�W�H�G �I�U�R�P �W�K�H �S�R�Z�G�H�U �G�H�O�L�Y�H�U�\ �V�\�V�W�H�P �R�Q�W�R �W�K�H �S�U�H���S�U�L�Q�W�H�G �V�D�P�S�O�H �X�V�L�Q�J�� �I�R�U

�H�[�D�P�S�O�H�� �D �U�R�O�O�H�U�� �7�K�H�U�H�I�R�U�H�� �W�K�H �V�D�P�S�O�H �L�V �W�K�H �S�U�H�Y�L�R�X�V�O�\ �S�U�L�Q�W�H�G �V�D�P�S�O�H �L�V �O�R�Z�H�U�H�G �D�I�W�H�U

�H�D�F�K �P�H�O�W�L�Q�J �S�U�R�F�H�V�V�� �$�I�W�H�U �W�K�H �Q�H�Z �S�R�Z�G�H�U �K�D�V �E�H�H�Q �G�L�V�W�U�L�E�X�W�H�G �R�Q �W�K�H �V�D�P�S�O�H�� �D �Q�H�Z �O�D�\�H�U

�L�V �P�H�O�W�H�G �R�Q�W�R �W�K�H �D�O�U�H�D�G�\ �S�U�L�Q�W�H�G �F�R�P�S�R�Q�H�Q�W�� �7�K�H �P�H�O�W�L�Q�J �S�U�R�F�H�V�V �L�V �L�Q�L�W�L�D�W�H�G �E�\ �D �O�D�V�H�U��

�Z�K�L�O�H �D �V�F�D�Q�Q�H�U �P�R�Y�H�V �W�K�H �O�D�V�H�U �V�S�R�W �D�F�F�R�U�G�L�Q�J �W�R �W�K�H �G�H�V�L�U�H�G �V�W�U�X�F�W�X�U�H �R�I �W�K�H �F�R�P�S�R�Q�H�Q�W��

�7�\�S�L�F�D�O�O�\�� �W�K�H �P�H�O�W�L�Q�J �S�U�R�F�H�V�V �W�D�N�H�V �S�O�D�F�H �L�Q �D �F�K�D�P�E�H�U �I�L�O�O�H�G �Z�L�W�K �D �S�U�R�W�H�F�W�L�Y�H �J�D�V �V�X�F�K �D�V

�D�U�J�R�Q �R�U �D�Q�R�W�K�H�U �Q�R�Y�H�O �J�D�V �W�R �S�U�H�Y�H�Q�W �W�K�H �P�H�W�D�O �S�R�Z�G�H�U �I�U�R�P �R�[�L�G�L�]�L�Q�J �G�X�U�L�Q�J �P�H�O�W�L�Q�J��

�$ �V�F�K�H�P�D�W�L�F �R�I �W�K�H �S�R�Z�G�H�U �P�H�O�W�L�Q�J �S�U�R�F�H�V�V �L�V �V�K�R�Z�Q �L�Q �I�L�J�����������E���� �7�K�H �J�R�D�O �R�I �W�K�H �P�H�O�W�L�Q�J

�S�U�R�F�H�V�V �L�V �W�R �P�H�O�W �W�K�H �H�Q�W�L�U�H �S�R�Z�G�H�U �O�D�\�H�U �D�W �W�K�H �W�R�S�� �D�V �Z�H�O�O �D�V �S�D�U�W�V �R�I �W�K�H �S�U�H�Y�L�R�X�V�O�\ �S�U�L�Q�W�H�G

�O�D�\�H�U �X�Q�G�H�U�Q�H�D�W�K�� �7�K�H �H�Q�H�U�J�\ �L�Q�G�X�F�H�G �E�\ �W�K�H �O�D�V�H�U �L�V �G�L�V�W�U�L�E�X�W�H�G �W�K�U�R�X�J�K �W�K�H �V�D�P�S�O�H �E�\

�W�K�H�U�P�D�O �F�R�Q�G�X�F�W�L�R�Q�� �S�D�U�W�L�F�O�H �F�R�Q�Y�H�F�W�L�R�Q�� �D�Q�G �O�D�V�H�U �U�D�G�L�D�W�L�R�Q�� �'�H�S�H�Q�G�L�Q�J �R�Q �W�K�H �K�H�D�W �W�U�D�Q�V�I�H�U

�P�H�F�K�D�Q�L�V�P �F�D�X�V�H�G �E�\ �W�K�H �O�D�V�H�U �D�Q�G �W�K�H �S�R�Z�G�H�U �S�U�R�S�H�U�W�L�H�V�� �W�K�H �P�H�O�W�L�Q�J �E�H�K�D�Y�L�R�U �D�V �Z�H�O�O �D�V

�W�K�H �O�D�V�H�U �U�H�I�O�H�F�W�L�R�Q �G�L�I�I�H�U�V �>���� �@��

�7�K�H �V�D�P�H �S�U�R�F�H�V�V �L�V �X�V�H�G �I�R�U �6�/�6�� �,�Q �W�K�L�V �S�U�R�F�H�V�V�� �W�K�H �S�R�Z�G�H�U �L�V �K�H�D�W�H�G �W�R �D �W�H�P�S�H�U�D��

�W�X�U�H �M�X�V�W �E�H�O�R�Z �W�K�H �P�H�O�W�L�Q�J �S�R�L�Q�W�� �Z�K�L�F�K �F�D�X�V�H�V �V�L�Q�W�H�U�L�Q�J �R�Q�W�R �W�K�H �S�U�H�Y�L�R�X�V �O�D�\�H�U�� �7�K�H �6�/�6

�P�D�Q�X�I�D�F�W�X�U�L�Q�J �S�U�R�F�H�V�V�� �L�Q �F�R�Q�W�U�D�V�W �W�R �3�%�)�� �J�H�Q�H�U�D�O�O�\ �U�H�T�X�L�U�H�V �G�L�I�I�H�U�H�Q�W �S�U�R�F�H�V�V�H�V �D�V �D �F�R�Q��

�V�H�T�X�H�Q�F�H �R�I �W�K�H �L�Q�H�Y�L�W�D�E�O�H �S�R�U�R�V�L�W�\ �D�Q�G �W�K�H �Q�H�H�G �I�R�U �V�L�Q�W�H�U�H�G �V�X�S�S�R�U�W �V�W�U�X�F�W�X�U�H�V �>���� �@�� �7�K�H

�V�L�P�X�O�D�W�L�R�Q �R�I �6�/�6 �L�V �D�O�V�R �Q�R�W �D�S�S�O�L�F�D�E�O�H �W�R �W�K�H �Q�D�Q�R�V�F�D�O�H�� �'�X�H �W�R �W�K�H �V�X�U�I�D�F�H �W�R �Y�R�O�X�P�H

�U�D�W�L�R�� �W�K�H �V�L�Q�W�H�U�L�Q�J �S�U�R�F�H�V�V �W�D�N�H�V �S�O�D�F�H �D�W �U�R�R�P �W�H�P�S�H�U�D�W�X�U�H�� �)�X�U�W�K�H�U �L�Q�Y�H�V�W�L�J�D�W�L�R�Q�V �R�Q �W�K�H

�Q�D�Q�R�V�F�D�O�H �D�U�H �S�U�H�S�D�U�H�G �L�Q �>���� �@ �X�V�L�Q�J �D �Q�L�R�E�L�X�P���]�L�U�F�R�Q�L�X�P �D�O�O�R�\ �S�R�Z�G�H�U�� �Z�K�L�O�H �W�K�H �R�Y�H�U�D�O�O

�G�\�Q�D�P�L�F�V �F�D�Q �E�H �F�R�P�S�D�U�H�G �W�R �W�K�H �D�O�X�P�L�Q�X�P �Q�D�Q�R�V�S�K�H�U�H�V��
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���������� �/�D�V�H�U �3�U�R�S�H�U�W�L�H�V

�7�R �X�Q�G�H�U�V�W�D�Q�G �W�K�H �P�H�O�W�L�Q�J �S�U�R�F�H�V�V �L�Q �G�H�W�D�L�O�� �W�K�H �L�Q�W�H�U�D�F�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �O�D�V�H�U �D�Q�G �W�K�H

�P�H�W�D�O �S�R�Z�G�H�U �S�O�D�\�V �D �F�U�X�F�L�D�O �U�R�O�H�� �7�K�H �L�Q�W�H�U�D�F�W�L�R�Q �D�W �W�K�H �D�W�R�P�L�F �D�Q�G �V�X�E�D�W�R�P�L�F �V�F�D�O�H �L�V

�G�L�V�F�X�V�V�H�G �L�Q �V�H�F�W�L�R�Q������������ �,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �P�D�F�U�R�V�F�R�S�L�F �D�Q�G �H�[�S�H�U�L�P�H�Q�W�D�O �O�D�V�H�U �S�U�R�S�H�U�W�L�H�V

�D�Q�G �W�K�H�L�U �L�Q�I�O�X�H�Q�F�H �R�Q �W�K�H �P�H�O�W�L�Q�J �S�U�R�F�H�V�V �D�U�H �P�H�Q�W�L�R�Q�H�G �>���� �@��

�7�K�H �F�D�U�E�R�Q �G�L�R�[�L�G�H �O�D�V�H�U ���&�22�� �D�Q�G �W�K�H �1�G���<�$�* �O�D�V�H�U �D�U�H �F�R�P�P�R�Q�O�\ �X�V�H�G �L�Q �W�K�H �3�%�)

�S�U�R�F�H�V�V �G�X�H �W�R �W�K�H�L�U �K�L�J�K �S�R�Z�H�U �R�X�W�S�X�W�� �7�K�H �O�D�V�H�U �H�Q�H�U�J�\ �L�V �G�L�V�W�U�L�E�X�W�H�G �L�Q �D �*�D�X�V�V�L�D�Q �V�K�D�S�H��

�Z�K�L�O�H �W�K�H �S�H�Q�H�W�U�D�W�L�R�Q �F�D�Q �E�H �G�R�Q�H �E�\ �S�X�O�V�H�G �L�Q�W�H�U�D�F�W�L�R�Q �R�U �F�R�Q�W�L�Q�X�R�X�V �P�H�O�W�L�Q�J �>���� �@�� �,�Q �W�K�H

�H�[�S�H�U�L�P�H�Q�W�� �O�D�V�H�U �E�H�D�P�V �R�I �W�K�H �V�L�]�H �G�R�Z�Q �W�R �O�H�V�V �W�K�H�Q25�m �D�U�H �U�H�D�O�L�]�D�E�O�H �>���� �@�� �7�K�H �O�D�V�H�U

�S�R�Z�H�U �L�V �L�Q �W�K�H �U�D�Q�J�H �R�I50�: �X�S �W�R �W�K�H �R�U�G�H�U �R�I �N�:�� �G�H�S�H�Q�G�L�Q�J �R�Q �W�K�H �V�F�D�Q�Q�L�Q�J �V�S�H�H�G �L�Q

�W�K�H �R�U�G�H�U �R�I �P�P/ �V �D�Q�G �W�K�H �E�H�D�P �V�L�]�H �>���� �@�� �7�K�H �V�F�D�O�L�Q�J �R�I �O�D�V�H�U �S�D�U�D�P�H�W�H�U�V �L�V �G�L�V�F�X�V�V�H�G �L�Q

�V�H�F�W�L�R�Q������������

�0�H�O�W�L�Q�J �G�\�Q�D�P�L�F�V �G�H�S�H�Q�G �P�R�V�W�O�\ �R�Q �W�K�H �O�D�V�H�U �S�R�Z�H�U �D�Q�G �W�K�H �D�V�V�R�F�L�D�W�H�G �V�F�D�Q �V�S�H�H�G�� �$

�J�H�Q�H�U�D�O �R�Y�H�U�Y�L�H�Z �R�I �W�K�H �U�H�O�D�W�L�R�Q�V�K�L�S �E�H�W�Z�H�H�Q �O�D�V�H�U �S�R�Z�H�U �D�Q�G �O�D�V�H�U �V�F�D�Q �V�S�H�H�G �L�V �V�K�R�Z�Q �L�Q

�I�L�J���������� �+�L�J�K �O�D�V�H�U �S�R�Z�H�U�V �D�Q�G �O�R�Z �O�D�V�H�U �V�S�H�H�G�V �U�H�V�X�O�W �L�Q �U�D�S�L�G �Y�D�S�R�U�L�]�D�W�L�R�Q �R�I �W�K�H �V�R�O�L�G�� �:�K�L�O�H

�W�K�H �J�D�V �H�[�S�D�Q�G�V �U�D�S�L�G�O�\�� �O�L�T�X�L�G �S�R�U�W�L�R�Q�V �R�I �W�K�H �P�H�W�D�O �D�U�H �G�L�V�S�O�D�F�H�G�� �W�K�L�V �F�R�Q�Y�H�F�W�L�Y�H �E�H�K�D�Y�L�R�U

�O�H�D�G�V �W�R �N�H�\�K�R�O�H �I�R�U�P�D�W�L�R�Q�� �Z�K�L�F�K �F�D�X�V�H�V �X�Q�Z�D�Q�W�H�G �S�R�U�R�V�L�W�\ �L�Q �W�K�H �V�D�P�S�O�H�� �/�R�Z �O�D�V�H�U �S�R�Z�H�U

�D�Q�G �I�D�V�W �V�F�D�Q �V�S�H�H�G�V �O�H�D�G �W�R �D �O�D�F�N���R�I���I�X�V�L�R�Q �U�H�J�L�P�H�� �V�L�P�S�O�\ �G�X�H �W�R �D�Q �L�Q�V�X�I�I�L�F�L�H�Q�W �D�P�R�X�Q�W

�R�I �H�Q�H�U�J�\ �D�E�V�R�U�E�H�G �E�\ �W�K�H �V�D�P�S�O�H �>���� �@�� �$�W �K�L�J�K �O�D�V�H�U �S�R�Z�H�U �F�R�P�E�L�Q�H�G �Z�L�W�K �O�R�Z �V�F�D�Q �V�S�H�H�G��

�W�K�H �5�D�\�O�H�L�J�K �L�Q�V�W�D�E�L�O�L�W�\ �S�O�D�\�V �D �F�U�L�W�L�F�D�O �U�R�O�H �L�Q �W�K�H �P�H�O�W�L�Q�J �S�U�R�F�H�V�V �G�X�H �W�R �W�K�H �O�D�U�J�H �N�H�\�K�R�O�H

�G�H�S�W�K�� �,�I �W�K�H �O�H�Q�J�W�K �R�I �W�K�H �N�H�\�K�R�O�H �L�V �P�X�F�K �O�D�U�J�H�U �W�K�D�Q �L�W�V �G�L�D�P�H�W�H�U�� �W�K�H �5�D�\�O�H�L�J�K �L�Q�V�W�D�E�L�O�L�W�\ �Z�L�O�O
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�R�I �F�R�P�S�X�W�D�W�L�R�Q�D�O �U�H�V�R�X�U�F�H�V �F�R�P�S�D�U�H�G �W�R �W�K�H �V�L�]�H �R�I �W�K�H �F�R�P�S�R�Q�H�Q�W�� �)�(�0 �K�D�V �P�D�Q�\ �O�L�P�L�W�D��

�W�L�R�Q�V�� �)�(�0 �V�L�P�X�O�D�W�L�R�Q�V �S�U�R�Y�L�G�H �O�L�W�W�O�H �L�Q�I�R�U�P�D�W�L�R�Q �D�E�R�X�W �W�K�H �P�H�O�W�L�Q�J �S�U�R�F�H�V�V �L�W�V�H�O�I�� �3�K�\�V�L�F�D�O

�S�U�R�S�H�U�W�L�H�V �V�X�F�K �D�V �O�D�W�W�L�F�H �V�W�U�X�F�W�X�U�H �D�Q�G �F�U�D�F�N �R�U �G�U�R�S�O�H�W �I�R�U�P�D�W�L�R�Q �D�U�H �M�X�V�W �F�R�Q�V�H�T�X�H�Q�F�H�V �R�I

�D�V�V�X�P�S�W�L�R�Q�V �P�D�G�H �H�[�W�H�U�Q�D�O�O�\ �W�R �W�K�H �V�L�P�X�O�D�W�L�R�Q�� �,�Q �R�U�G�H�U �W�R �J�D�L�Q �D �G�H�H�S�H�U �L�Q�V�L�J�K�W �L�Q�W�R �W�K�H �3�%�)

�S�U�R�F�H�V�V �L�W�V�H�O�I �D�Q�G �W�R �R�E�V�H�U�Y�H �P�L�F�U�R�V�F�R�S�L�F �H�Q�H�U�J�\ �D�Q�G �V�W�U�X�F�W�X�U�H �S�U�R�S�H�U�W�L�H�V�� �0�' �V�L�P�X�O�D�W�L�R�Q�V

�D�U�H �X�V�H�G �L�Q �W�K�L�V �Z�R�U�N��

�,�Q �0�' �V�L�P�X�O�D�W�L�R�Q�V�� �W�K�H �W�U�D�M�H�F�W�R�U�\ �R�I �H�D�F�K �D�W�R�P �L�V �F�D�O�F�X�O�D�W�H�G �V�H�S�D�U�D�W�H�O�\ �E�\ �V�R�O�Y�L�Q�J �1�H�Z��

�W�R�Q�¶�V �H�T�X�D�W�L�R�Q�V�� �7�K�H �F�K�D�Q�J�H �L�Q �P�R�P�H�Q�W�X�P �R�I �D�W�R�Pi �L�V �W�K�X�V �J�L�Y�H�Q �E�\

�G�Si

�Gt
= �)i (f �[g) �Z�L�W�K

�G�[i

�Gt
=

1
mi

�Si : ����������

�7�K�H �I�R�U�F�H�)i (f �[g) �G�H�V�F�U�L�E�H�V �W�K�H �L�Q�W�H�U�D�F�W�L�R�Q �I�R�U�F�H �W�K�D�W �D�O�O �R�W�K�H�U �D�W�R�P�V �L�Q �W�K�H �V�\�V�W�H�P �H�[�H�U�W �R�Q

�D�W�R�Pi �� �:�K�L�O�H �W�K�H �I�R�U�F�H�)i (f �[g) �F�D�Q �G�H�S�H�Q�G �R�Q �D�O�O �L�Q�L�W�L�D�O �D�W�R�P �S�R�V�L�W�L�R�Q�V�� �Z�H �J�H�W �D �V�\�V�W�H�P

�R�I �F�R�X�S�O�H�G �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V �Z�K�R�V�H �G�L�P�H�Q�V�L�R�Q �L�V �J�L�Y�H�Q �E�\ �W�K�H �Q�X�P�E�H�U �R�I �S�D�U�W�L�F�O�H�V �L�Q �W�K�H

�V�\�V�W�H�P�� �:�K�L�O�H �W�K�H�U�H �L�V �Q�R �F�O�R�V�H�G���I�R�U�P �V�R�O�X�W�L�R�Q �I�R�U �F�R�X�S�O�H�G �1�H�Z�W�R�Q �H�T�X�D�W�L�R�Q�V �I�R�U �W�K�U�H�H �R�U

�P�R�U�H �S�D�U�W�L�F�O�H�V�� �R�Q�H �P�X�V�W �D�S�S�U�R�[�L�P�D�W�H �W�K�H �1�H�Z�W�R�Q �H�T�X�D�W�L�R�Q�V ���������� �Q�X�P�H�U�L�F�D�O�O�\�� �7�K�H�U�H�I�R�U�H��

�Z�H �V�L�P�S�O�\ �F�R�P�S�X�W�H �W�K�H �D�W�R�P�L�F �S�R�V�L�W�L�R�Q�Vf �[g �L�Q �G�L�V�F�U�H�W�H �L�Q�W�H�U�Y�D�O�V� t �0�' �� �,�Q �D�Q �0�' �V�W�H�S�� �W�K�H

�V�W�D�W�H �R�I �W�K�H �V�\�V�W�H�P �D�W �W�L�P�Ht + � t �0�' �L�V �F�D�O�F�X�O�D�W�H�G �I�U�R�P �W�K�H �V�W�D�W�H �R�I �W�K�H �V�\�V�W�H�P �D�W �W�L�P�Ht�� �$�Q

�H�[�D�P�S�O�H �R�I �D�Q �0�' �V�W�H�S �I�R�U �W�Z�R �D�W�W�U�D�F�W�L�Q�J �S�D�U�W�L�F�O�H�V �L�V �V�K�R�Z�Q �L�Q �I�L�J���������� �7�K�H�U�H �D�U�H �W�Z�R �D�W�R�P�V

�D�W �W�K�H �F�R�R�U�G�L�Q�D�W�H�V�[1 �D�Q�G�[2 �Z�L�W�K �W�K�H �Y�H�O�R�F�L�W�L�H�V�Y1 �D�Q�G�Y2 �D�W �W�K�H �W�L�P�Ht �D�Q�G �W�K�H�\ �H�[�H�U�W �W�K�H

�I�R�U�F�H�)ij (f �[g �G�H�S�H�Q�G�L�Q�J �R�Q �W�K�H�L�U �D�Q�L�P�L�V�W�L�F �L�Q�W�H�U�D�F�W�L�R�Q�� �$ �Q�X�P�H�U�L�F�D�O �L�Q�W�H�J�U�D�W�L�R�Q �F�D�O�F�X�O�D�W�H�V �W�K�H

�Q�H�Z �F�R�R�U�G�L�Q�D�W�H�V�[0
1 �D�Q�G�[0

2 �Z�L�W�K �W�K�H �Q�H�Z �Y�H�O�R�F�L�W�L�H�V�Y0
1 �D�Q�G�Y0

2 �D�W �W�L�P�Ht + � t �0�' �� �7�K�L�V �V�W�H�S �L�V

�U�H�S�H�D�W�H�G �E�\ �Q�R�Z �D�S�S�O�\�L�Q�J�)0
ij (f �[0g) �W�R �W�K�H �V�\�V�W�H�P�� �7�K�H �U�H�V�X�O�W�V �D�Q�G �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �H�I�I�R�U�W �R�I

�W�K�H �0�' �V�L�P�X�O�D�W�L�R�Q �G�R �Q�R�W �R�Q�O�\ �G�H�S�H�Q�G �R�Q �W�K�H �F�K�R�V�H�Q �W�L�P�H �V�W�H�S� t �0�' �� �7�K�H �F�K�R�V�H�Q �Q�X�P�H�U�L�F�D�O

�L�Q�W�H�J�U�D�W�R�U �D�V �Z�H�O�O �D�V �W�K�H �F�D�O�F�X�O�D�W�L�R�Q �R�I �W�K�H �I�R�U�F�H�)i (f �[g) �S�O�D�\ �D �F�U�X�F�L�D�O �U�R�O�H �L�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q��

�[1 �[2�)�L�M

�Y1
�Y2

� t �0�'

�[0
1 �[0

2�)0
�L�M

�Y0
1

�Y0
2

�)�L�J�X�U�H �������� �(�[�D�P�S�O�H �I�R�U �D�Q �0�' �V�W�H�S �R�I �W�Z�R �D�W�W�U�D�F�W�L�R�Q �D�W�R�P�V��
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���������� �,�Q�W�H�J�U�D�W�R�U�V

�7�K�H �V�W�H�S �R�I �Q�X�P�H�U�L�F�D�O �L�Q�W�H�J�U�D�W�L�R�Q �L�Q �D�Q �0�' �V�L�P�X�O�D�W�L�R�Q �L�V �W�R �F�D�O�F�X�O�D�W�H �W�K�H �W�U�D�M�H�F�W�R�U�\ �R�I

�D �S�D�U�W�L�F�O�H �U�H�V�S�R�Q�V�L�E�O�H �I�R�U �W�K�H �W�K�H�U�P�R�G�\�Q�D�P�L�F �H�Q�V�H�P�E�O�H �Z�L�W�K �Z�K�L�F�K �W�K�H �V�\�V�W�H�P �V�K�R�X�O�G �E�H

�P�R�G�H�O�H�G��

�7�K�H�0�L�F�U�R�F�D�Q�R�Q�L�F�D�O �(�Q�V�H�P�E�O�H�G�H�V�F�U�L�E�H�V �D �V�\�V�W�H�P �Z�L�W�K�R�X�W �L�Q�W�H�U�D�F�W�L�R�Q �Z�L�W�K �D�Q �H�[�W�H�U�Q�D�O

�K�H�D�W �E�D�W�K�� �&�R�Q�V�H�T�X�H�Q�W�O�\�� �W�K�H �L�Q�W�H�J�U�D�W�R�U �P�X�V�W �F�R�Q�V�H�U�Y�H �H�Q�H�U�J�\ �D�Q�G �S�U�R�G�X�F�H �W�L�P�H �U�H�Y�H�U�V�D�O

�W�U�D�M�H�F�W�R�U�L�H�V�� �,�Q�W�H�J�U�D�W�R�U�V �W�K�D�W �S�H�U�I�R�U�P �F�D�Q�R�Q�L�F�D�O �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q�V �D�U�H �F�D�O�O�H�G �V�\�P�S�O�H�F�W�L�F�� �,�Q �R�X�U

�V�L�P�X�O�D�W�L�R�Q�� �Z�H �X�V�H �W�K�H �O�H�D�S�I�U�R�J �D�O�J�R�U�L�W�K�P �>���� �@�� �Z�K�L�F�K �S�H�U�I�R�U�P�V �D �V�H�F�R�Q�G �R�U�G�H�U �Q�X�P�H�U�L�F�D�O

�L�Q�W�H�J�U�D�W�L�R�Q�� �7�K�H �F�R�R�U�G�L�Q�D�W�H�[i (t + �t �0�' ) �D�Q�G �W�K�H �Y�H�O�R�F�L�W�\�Yi (t + �t �0�' ) �G�H�S�H�Q�G �R�Q �W�K�H �L�Q�L�W�L�D�O

�F�R�R�U�G�L�Q�D�W�H�[i (t) �D�Q�G �W�K�H �Y�H�O�R�F�L�W�\�Yi (t) �D�V �Z�H�O�O �D�V �W�K�H �I�R�U�F�H�)i (f �[g(t) �L�V �J�L�Y�H�Q �E�\

�[i (t + � t �0�' ) = �[i (t) + � t �0�' �Yi (t) +
� t2

�0�'

2mi
�)i (f �[g(t))

�Yi (t + � t �0�' ) = �Yi (t) +
� t �0�'

2
(�)i (f �[g(t) + �)i (f �[g(t + � t �0�' )) :

����������

�7�K�H �Z�H�L�J�K�W�L�Q�J �I�D�F�W�R�U�V �L�Q ���������� �F�D�Q �E�H �G�H�W�H�U�P�L�Q�H�G �E�\ �7�D�\�O�R�U �H�[�S�D�Q�V�L�R�Q�� �7�K�H �K�L�J�K�H�V�W �R�U�G�H�U

�G�H�U�L�Y�D�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �O�H�D�S�I�U�R�J �D�O�J�R�U�L�W�K�P �D�Q�G �W�K�H �H�[�D�F�W �7�D�\�O�R�U �H�[�S�U�H�V�V�L�R�Q �L�V �L�Q �W�K�H �R�U�G�H�U �R�I

O(� t4
�0�' )�� �7�K�H �V�L�P�S�O�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �V�W�H�S �P�D�N�H�V �W�K�H �O�H�D�S�I�U�R�J �D�O�J�R�U�L�W�K�P �P�X�F�K �P�R�U�H �H�I�I�L�F�L�H�Q�W

�W�K�D�Q �W�K�L�U�G �R�U �I�R�X�U�W�K �R�U�G�H�U �L�Q�W�H�J�U�D�W�R�U�V�� �&�R�P�E�L�Q�H�G �Z�L�W�K �W�K�H �U�R�E�X�V�W �V�W�D�E�L�O�L�W�\ �I�R�U �O�R�Q�J���W�H�U�P �V�L�P��

�X�O�D�W�L�R�Q�V�� �W�K�H �O�H�D�S�I�U�R�J �D�O�J�R�U�L�W�K�P �L�V �W�K�H �S�U�H�I�H�U�U�H�G �D�O�J�R�U�L�W�K�P �I�R�U �P�L�F�U�R�F�D�Q�R�Q�L�F�D�O �V�L�P�X�O�D�W�L�R�Q�V �L�Q

�W�K�H �W�K�U�H�H���G�L�P�H�Q�V�L�R�Q�D�O �K�L�J�K�O�\ �Q�R�Q���H�T�X�L�O�L�E�U�L�X�P �S�U�R�E�O�H�P �Z�H �I�D�F�H��

�7�R �D�U�W�L�I�L�F�L�D�O�O�\ �K�H�D�W �R�U �F�R�R�O �W�K�H �V�\�V�W�H�P�� �R�Q�H �P�X�V�W �F�R�Q�W�U�R�O �W�K�H �W�H�P�S�H�U�D�W�X�U�H �R�I �W�K�H �V�\�V�W�H�P

�G�X�U�L�Q�J �W�K�H �Q�X�P�H�U�L�F�D�O �L�Q�W�H�J�U�D�W�L�R�Q �V�W�H�S�� �,�Q �V�X�F�K �D�&�D�Q�R�Q�L�F�D�O �(�Q�V�H�P�E�O�H�� �D �K�H�D�W �H�[�F�K�D�Q�J�H

�W�D�N�H�V �S�O�D�F�H �E�H�W�Z�H�H�Q �W�K�H �V�\�V�W�H�P �D�Q�G �D�Q �H�[�W�H�U�Q�D�O �K�H�D�W �E�D�W�K�� �,�Q �W�K�L�V �Z�R�U�N�� �Z�H �X�V�H �W�K�H �1�R�V�p��

�+�R�R�Y�H�U ���1�+�� �W�K�H�U�P�R�V�W�D�W �>���� �@�� �7�K�H �1�+ �W�K�H�U�P�R�V�W�D�W �D�G�G�V �D�Q �H�[�W�U�D �G�H�J�U�H�H �R�I �I�U�H�H�G�R�Ps �W�R �W�K�H

�+�D�P�L�O�W�R�Q�L�D�Q �R�I �W�K�H �V�\�V�W�H�P�� �7�K�H �+�D�P�L�O�W�R�Q�L�D�Q �W�K�H�Q �Z�U�L�W�H�V

H(f �[g; f �Sg; ps; s) =
X

i

�S2
i

2mi s2
+ U (f �[g) +

p2
s

2Q
+ gk�%T �O�Q(s) �Z�L�W�K

�)i (f �[g) = � r �[i U (f �[g) ;

����������
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�Z�K�H�U�Hg �L�V �W�K�H �Q�X�P�E�H�U �R�I �L�Q�G�H�S�H�Q�G�H�Q�W �P�R�P�H�Q�W�X�P �G�H�J�U�H�H�V �R�I �I�U�H�H�G�R�P �L�Q �W�K�H �V�\�V�W�H�P�� �7�K�H

�Y�L�U�W�X�D�O �S�D�U�W�L�F�O�H �L�Q�W�H�U�D�F�W�L�Q�J �Z�L�W�K �W�K�H �V�\�V�W�H�P �L�V �U�H�S�U�H�V�H�Q�W�H�G �E�\ �W�K�H �P�R�P�H�Q�W�X�Pps�� �W�K�H �F�R�R�U�G�L�Q�D�W�H

s�� �W�K�H �P�D�V�VQ �D�Q�G �W�K�H �W�H�P�S�H�U�D�W�X�U�HT�� �7�K�H �I�R�U�P ���������� �U�H�V�X�O�W�V �L�Q �W�K�H �H�T�X�D�W�L�R�Q�V �R�I �P�R�W�L�R�Q

�G�[i

�Gt
= �

�Si

mi s2
; ����������

�G�Si

�Gt
= �)i (f �[g); ����������

�Gs
�Gt

=
ps

Q
�D�Q�G ����������

�Gps

�Gt
=

1
s

 
X

i

�S2
i

mi s2
� gk�%T
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�7�K�H �L�Q�W�H�J�U�D�W�L�R�Q �F�D�Q �Q�R�Z �E�H �G�R�Q�H �X�V�L�Q�J �W�K�H �O�H�D�S�I�U�R�J �D�O�J�R�U�L�W�K�P ������������ �,�Q �I�D�F�W�� �W�K�H �1�+ �W�K�H�U�P�R�V�W�D�W

�G�H�V�F�U�L�E�H�V �D �P�L�F�U�R�F�D�Q�R�Q�L�F�D�O �V�\�V�W�H�P �Z�L�W�K �D�Q �H�[�W�H�Q�G�H�G �G�H�J�U�H�H �R�I �I�U�H�H�G�R�P�� �Z�K�L�F�K �O�H�D�G�V �W�R

�V�L�P�L�O�D�U �S�U�R�S�H�U�W�L�H�V �F�R�P�S�D�U�H�G �W�R �W�K�H �P�L�F�U�R�F�D�Q�R�Q�L�F�D�O �H�Q�V�H�P�E�O�H��

���������� �,�Q�W�H�U�D�F�W�L�R�Q �3�R�W�H�Q�W�L�D�O�V

�7�K�H �F�D�O�F�X�O�D�W�H�G �I�R�U�F�H�)i (f �[g) �D�F�W�L�Q�J �R�Q �W�K�H �D�W�R�P�V �L�Q�F�O�X�G�H�V �D�O�O �D�W�R�P�L�V�W�L�F �L�Q�W�H�U�D�F�W�L�R�Q�V �L�Q�W�U�R��

�G�X�F�H�G �L�Q�W�R �W�K�H �V�L�P�X�O�D�W�L�R�Q�� �7�K�H �F�K�R�L�F�H �R�I �W�K�H �X�Q�G�H�U�O�\�L�Q�J �S�R�W�H�Q�W�L�D�OU (f �[g) �L�V �F�U�X�F�L�D�O �I�R�U �W�K�H

�U�H�V�X�O�W �R�I �W�K�H �V�L�P�X�O�D�W�L�R�Q �D�V �Z�H�O�O �D�V �I�R�U �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �H�I�I�L�F�L�H�Q�F�\�� �7�K�H �F�K�R�L�F�H �R�I �W�K�H �L�Q�W�H�U�D�F��

�W�L�R�Q �S�R�W�H�Q�W�L�D�O �G�H�S�H�Q�G�V �P�R�V�W�O�\ �R�Q �W�K�H �W�\�S�H �R�I �L�Q�W�H�U�D�F�W�L�R�Q �W�K�D�W �G�R�P�L�Q�D�W�H�V �L�Q �D �J�L�Y�H�Q �P�D�W�H�U�L�D�O��

�)�R�U �L�R�Q�L�F �F�R�P�S�R�X�Q�G�V�� �O�R�Q�J���U�D�Q�J�H �L�Q�W�H�U�D�F�W�L�R�Q�V �R�I �W�K�H �R�U�G�H�U �R�I �V�H�Y�H�U�D�O �O�D�W�W�L�F�H �F�R�Q�V�W�D�Q�W�V �D�U�H

�U�H�O�H�Y�D�Q�W�� �)�R�U �P�H�W�D�O�V �R�U �P�H�W�D�O �F�R�P�S�R�X�Q�G�V�� �V�K�R�U�W �U�D�Q�J�H �L�Q�W�H�U�D�F�W�L�R�Q�V �G�R�P�L�Q�D�W�H �G�X�H �W�R �W�K�H �D�E��

�V�H�Q�F�H �R�I �H�O�H�F�W�U�R�V�W�D�W�L�F �L�Q�W�H�U�D�F�W�L�R�Q�V �E�H�W�Z�H�H�Q �W�K�H �D�W�R�P�L�F �Q�X�F�O�H�L�� �,�Q �R�X�U �F�D�V�H�� �W�K�H �V�K�R�U�W���U�D�Q�J�H

�L�Q�W�H�U�D�F�W�L�R�Q �L�V �P�R�G�H�O�H�G �X�V�L�Q�J �W�K�H�(�P�E�H�G�G�H�G �$�W�R�P �0�R�G�H�O ���(�$�0���� �,�Q�V�L�G�H �W�K�H �P�H�W�D�O�� �W�K�H �L�Q�W�H�U��

�D�F�W�L�R�Q �L�V �J�R�Y�H�U�Q�H�G �E�\ �W�K�H �S�D�L�U �L�Q�W�H�U�D�F�W�L�R�Q �Z�L�W�K �W�K�H �Q�H�D�U�H�V�W �Q�H�L�J�K�E�R�U�V �D�V �Z�H�O�O �D�V �W�K�H �L�Q�W�H�U�D�F�W�L�R�Q

�Z�L�W�K �W�K�H �H�O�H�F�W�U�R�Q �J�D�V�� �H�V�S�H�F�L�D�O�O�\ �W�K�H �F�K�D�U�J�H �G�H�Q�V�L�W�\ �L�Q�V�L�G�H �W�K�H �P�H�W�D�O�� �$�Q �H�[�H�P�S�O�D�U�\ �Y�L�V�X�D�O�L�]�D��

�W�L�R�Q �R�I �W�K�H �S�D�L�U �L�Q�W�H�U�D�F�W�L�R�Q �S�R�W�H�Q�W�L�D�O� (r ) �D�V �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �G�L�V�W�D�Q�F�Hr �E�H�W�Z�H�H�Q �W�Z�R �D�W�R�P�V��

�W�K�H �H�O�H�F�W�U�R�Q �G�H�Q�V�L�W�\ �G�L�V�W�U�L�E�X�W�L�R�Q� (r ) �Q�H�D�U �D�Q �D�W�R�P�� �D�Q�G �W�K�H �H�P�E�H�G�G�L�Q�J �H�Q�H�U�J�\E �H�P�E(� ) �D�V �D

�I�X�Q�F�W�L�R�Q �R�I �W�K�H �O�R�F�D�O �H�O�H�F�W�U�R�Q �G�H�Q�V�L�W�\ �L�V �J�L�Y�H�Q �L�Q �I�L�J���������� �7�K�H �D�G�Y�D�Q�W�D�J�H �R�I �W�K�H �(�$�0 �S�R�W�H�Q�W�L�D�O�V

�L�V �W�K�D�W� (r ) �D�Q�GE �H�P�E(� ) �I�D�O�O �W�R �]�H�U�R �I�D�V�W �H�Q�R�X�J�K �W�R �Q�H�J�O�H�F�W �W�K�H �L�Q�W�H�U�D�F�W�L�R�Q �E�H�W�Z�H�H�Q �D�W�R�P�V �R�I

�G�L�V�W�D�Q�F�Hr > r �F�� �Z�K�L�O�H �W�K�H �F�X�W�R�I�I �U�D�G�L�X�Vr �F�O�L�H�V �E�H�W�Z�H�H�Q �W�K�H �R�Q�H �D�Q�G �W�K�H �W�Z�R �O�D�W�W�L�F�H �F�R�Q�V�W�D�Q�W�V��

�,�Q �W�K�H �I�X�U�W�K�H�U �V�L�P�X�O�D�W�L�R�Q�V �W�K�H �(�$�0 �S�R�W�H�Q�W�L�D�O�V �I�U�R�P �=�R�S�H �D�Q�G �0�L�V�K�L�Q �>���� �@ �D�U�H �X�V�H�G �I�R�U �W�K�H

�L�Q�W�H�U�D�W�R�P�L�F �D�O�X�P�L�Q�X�P �L�Q�W�H�U�D�F�W�L�R�Q��

�7�R �D�Y�R�L�G �F�K�H�F�N�L�Q�J �D�O�O �D�W�R�P�V �L�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q �I�R�U �S�R�V�V�L�E�O�H �L�Q�W�H�U�D�F�W�L�R�Q�� �F�O�X�V�W�H�U �W�K�H �V�L�P��

�X�O�D�W�L�R�Q �E�R�[ �L�Q�W�R�0�' �&�H�O�O�V�Z�L�W�K �W�K�H �H�G�J�H �Z�L�G�W�K �R�I �W�K�H �F�X�W�R�I�I �U�D�G�L�X�Vr �F�� �V�K�R�Z�Q �L�Q �I�L�J�����������D����

�$�O�O �S�R�V�V�L�E�O�H �L�Q�W�H�U�D�F�W�L�Q�J �D�W�R�P�V �P�X�V�W �Q�R�Z �E�H �L�Q�V�L�G�H �W�K�H ���� �Q�H�L�J�K�E�R�U�L�Q�J �F�H�O�O�V �I�R�U �����G�L�P�H�Q�V�L�R�Q�D�O

�V�L�P�X�O�D�W�L�R�Q�V�� �$ �Y�L�V�X�D�O�L�]�D�W�L�R�Q �R�I �W�K�H �L�Q�W�H�U�D�F�W�L�Q�J �D�W�R�P�V �L�Q �W�Z�R �G�L�P�H�Q�V�L�R�Q�V �L�V �V�K�R�Z�Q �L�Q �I�L�J�����������E����
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���F�� �3�D�L�U �,�Q�W�H�U�D�F�W�L�R�Q

�)�L�J�X�U�H �������� �$�Q �H�[�H�P�S�O�D�U�\ �S�U�R�J�U�H�V�V�L�R�Q �R�I �W�K�H �H�P�E�H�G�G�L�Q�J �H�Q�H�U�J�\ �I�X�Q�F�W�L�R�Q ���D���� �W�K�H �H�O�H�F�W�U�R�Q
�G�H�Q�V�L�W�\ ���E�� �D�Q�G �W�K�H �S�D�L�U �L�Q�W�H�U�D�F�W�L�R�Q �H�Q�H�U�J�\ ���F����

���������� �(�I�I�L�F�L�H�Q�F�\ �2�S�W�L�P�L�]�D�W�L�R�Q�V �D�Q�G �3�D�U�D�O�O�H�O�L�]�D�W�L�R�Q

�'�X�H �W�R �W�K�H �V�L�]�H �R�I �W�K�H �V�L�P�X�O�D�W�L�R�Q�V�� �L�W �L�V �Q�H�F�H�V�V�D�U�\ �W�R �U�X�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q �L�Q �S�D�U�D�O�O�H�O �R�Q �P�X�O�W�L��

�S�O�H �&�3�8�V�� �7�K�H�U�H�I�R�U�H�� �W�K�H �V�L�P�X�O�D�W�L�R�Q �E�R�[ �L�V �G�L�Y�L�G�H�G �L�Q�W�R �F�X�E�R�L�G�V �F�R�Q�V�L�V�W�L�Q�J �R�I �D �����G�L�P�H�Q�V�L�R�Q�D�O

�D�U�U�D�\ �R�I �0�' �F�H�O�O�V�� �V�H�H �I�L�J�����������D���� �7�K�H �0�3�, �F�R�P�P�X�Q�L�F�D�W�L�R�Q �L�V �X�V�H�G �I�R�U �W�K�H �L�Q�W�H�U�D�F�W�L�R�Q �E�H�W�Z�H�H�Q

�W�K�H �E�R�X�Q�G�D�U�\ �F�H�O�O�V �>���� �@�� �(�D�F�K �&�3�8 �L�V �W�U�H�D�W�H�G �D�V �D �V�H�S�D�U�D�W�H �0�3�, �W�K�U�H�D�W��

�)�R�U �D �P�R�O�H�F�X�O�D�U �G�\�Q�D�P�L�F�V �V�L�P�X�O�D�W�L�R�Q �Z�L�W�K �V�\�V�W�H�P���Z�L�G�H �L�Q�W�H�U�D�W�R�P�L�F �L�Q�W�H�U�D�F�W�L�R�Q�� �W�K�H �F�R�P��

�S�X�W�D�W�L�R�Q�D�O �W�L�P�H �V�F�D�O�H �L�V �R�I �W�K�H �R�U�G�H�U �R�IO(n2) �I�R�U �D �V�\�V�W�H�P �R�In �D�W�R�P�V�� �7�K�H �X�V�H �R�I �W�K�H �F�X�W�R�I�I

�U�D�G�L�X�V �U�H�G�X�F�H�V �W�K�H �F�R�P�S�X�W�D�W�L�R�Q �W�L�P�H �E�\ �Q�H�J�O�H�F�W�L�Q�J �W�K�H �L�Q�W�H�U�D�F�W�L�R�Q �R�I �D�W�R�P�V �R�X�W�V�L�G�H �W�K�H ����

�Q�H�L�J�K�E�R�U�L�Q�J �0�' �F�H�O�O�V�� �7�K�H �V�L�P�X�O�D�W�L�R�Q �W�L�P�H �R�I �W�K�H �V�\�V�W�H�P �L�Q �W�K�L�V �F�D�V�H �V�F�D�O�H�V �Z�L�W�KO(k � n)��

�Z�K�H�U�H �W�K�H �H�[�S�H�F�W�H�G �Q�H�L�J�K�E�R�U�Vk �D�U�H �L�Q �W�K�H �V�D�P�H �0�' �F�H�O�O �D�Q�G �W�K�H �V�X�U�U�R�X�Q�G�L�Q�J �0�' �F�H�O�O�V�� �7�K�H

�H�[�S�H�F�W�H�G �Q�H�L�J�K�E�R�U�Vk �D�U�H �U�H�O�D�W�H�G �W�R �W�K�H �F�X�W�R�I�I �U�D�G�L�X�Vr �F�� �V�L�Q�F�H �I�R�U �D �V�L�P�X�O�D�W�L�R�Q �Z�L�W�K �X�Q�L�I�R�U�P�O�\

�G�L�V�W�U�L�E�X�W�H�G �D�W�R�P�V �W�K�H �H�[�S�H�F�W�H�G �Q�H�L�J�K�E�R�U�Vk �E�H�K�D�Y�H �O�L�Q�H�D�U�O�\ �Z�L�W�K �W�K�H �F�X�W�R�I�I �U�D�G�L�X�V��

�7�K�H �L�P�E�D�O�D�Q�F�H �L�Q �D�W�R�P �G�H�Q�V�L�W�\ �Z�L�W�K�L�Q �W�K�H �V�D�P�S�O�H �O�H�D�G�V �W�R �G�L�I�I�H�U�H�Q�W �F�R�P�S�X�W�D�W�L�R�Q�D�O �O�R�D�G�V �I�R�U

�G�L�I�I�H�U�H�Q�W �&�3�8�V�� �7�K�L�V �G�L�I�I�H�U�H�Q�F�H �L�Q �W�K�H �F�R�S�X�O�D�W�L�R�Q �W�L�P�H �S�H�U �W�L�P�H �V�W�H�S �I�R�U �G�L�I�I�H�U�H�Q�W �&�3�8�V �O�H�D�G�V

�W�R �Z�D�L�W�L�Q�J �W�L�P�H�V �I�R�U �&�3�8�V �Z�L�W�K �O�R�Z�H�U �Z�R�U�N�O�R�D�G�V�� �U�H�V�X�O�W�L�Q�J �L�Q �D �G�H�F�U�H�D�V�H �L�Q �W�K�H �H�I�I�L�F�L�H�Q�F�\ �R�I �W�K�H

�V�L�P�X�O�D�W�L�R�Q�� �7�R �E�D�O�D�Q�F�H �W�K�H �O�R�D�G �R�Q �W�K�H �&�3�8�V �Z�L�W�K�L�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q�� �W�K�H �E�R�X�Q�G�D�U�L�H�V �R�I �W�K�H �D�U�H�D

�F�R�Y�H�U�H�G �E�\ �D �&�3�8 �D�U�H �V�K�L�I�W�H�G �G�H�S�H�Q�G�L�Q�J �R�Q �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �D�W�R�P�V �Z�L�W�K�L�Q �W�K�H �V�D�P�S�O�H�� �7�K�H

�X�V�H �R�I �O�R�D�G �E�D�O�D�Q�F�L�Q�J �E�H�F�R�P�H�V �P�R�U�H �U�H�O�H�Y�D�Q�W �I�R�U �V�L�P�X�O�D�W�L�R�Q�V �R�Q �D �V�L�Q�J�O�H �V�S�K�H�U�H �F�R�P�S�D�U�H�G

�W�R �W�K�H �V�L�P�X�O�D�W�L�R�Q �R�I �D �S�R�Z�G�H�U �>���� �@�� �G�X�H �W�R �W�K�H �K�L�J�K�H�U �L�P�E�D�O�D�Q�F�H �L�Q �S�D�U�W�L�F�O�H �G�H�Q�V�L�W�\�� �,�Q �W�K�L�V

�F�D�V�H�� �O�R�D�G �E�D�O�D�Q�F�L�Q�J �L�V �S�H�U�I�R�U�P�H�G �E�H�I�R�U�H �W�K�H �V�W�D�U�W �R�I �H�T�X�L�O�L�E�U�D�W�L�R�Q �R�I �W�K�H �V�D�P�S�O�H�� �D�V �Z�H�O�O �D�V

�L�P�P�H�G�L�D�W�H�O�\ �D�I�W�H�U �W�K�H �O�D�V�H�U �S�H�Q�H�W�U�D�W�L�R�Q��

�7�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �H�I�I�R�U�W �L�V �I�X�U�W�K�H�U �U�H�G�X�F�H�G �E�\ �F�K�D�Q�J�L�Q�J �W�K�H �D�S�S�U�R�S�U�L�D�W�H �W�L�P�H �V�W�H�S �I�R�U

�G�L�I�I�H�U�H�Q�W �S�D�U�W�V �R�I �W�K�H �V�L�P�X�O�D�W�L�R�Q�� �G�H�S�H�Q�G�L�Q�J �R�Q �W�K�H �G�\�Q�D�P�L�F�V �Z�L�W�K�L�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q�� �'�X�U�L�Q�J

�W�K�H �K�H�D�W�L�Q�J �R�I �W�K�H �V�D�P�S�O�H �W�R �U�R�R�P �W�H�P�S�H�U�D�W�X�U�H �D�Q�G �W�K�H �H�T�X�L�O�L�E�U�D�W�L�R�Q �R�I �W�K�H �V�D�P�S�O�H �E�H�I�R�U�H �W�K�H
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2� 2 ����������
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�D�U�H �H�[�W�U�D�F�W�H�G �I�U�R�P �W�K�H �V�L�P�X�O�D�W�L�R�Q�� �7�K�H�U�H�I�R�U�H�� �Q�R�W �R�Q�O�\ �W�K�H �H�Q�H�U�J�\E �/�D�V�H�U�D�S�S�O�L�H�G �W�R �W�K�H �V�D�P�S�O�H

�Y�L�D �W�K�H �H�Q�H�U�J�\ �U�H�V�H�D�O�L�Q�J �R�I �W�K�H �D�W�R�P�V �L�V �W�U�D�F�N�H�G�� �E�X�W �D�O�V�R �W�K�H �H�Q�H�U�J�\ �R�I �W�K�H �D�W�R�P�V �O�H�D�Y�L�Q�J �W�K�H

�V�L�P�X�O�D�W�L�R�Q �E�R�[ �D�W �W�K�H �W�R�S �L�V �F�D�O�F�X�O�D�W�H�G �D�Q�G �D�G�G�H�G��

�6�L�Q�F�H �W�K�H �V�L�P�X�O�D�W�L�R�Q �E�R�[ �L�V �S�H�U�L�R�G�L�F �L�Q �W�K�H �[���G�L�U�H�F�W�L�R�Q �D�Q�G �L�Q �W�K�H �\���G�L�U�H�F�W�L�R�Q �G�X�U�L�Q�J �O�D�V�H�U

�S�H�Q�H�W�U�D�W�L�R�Q�� �D�O�X�P�L�Q�X�P �D�W�R�P�V �W�K�D�W �F�U�R�V�V �W�K�H �E�R�X�Q�G�D�U�L�H�V �R�I �W�K�H �V�L�P�X�O�D�W�L�R�Q �F�H�O�O �L�Q �W�K�H �]���G�L�U�H�F�W�L�R�Q

�D�U�H �U�H�P�R�Y�H�G �I�U�R�P �W�K�H �V�L�P�X�O�D�W�L�R�Q �D�O�R�Q�J �Z�L�W�K �W�K�H�L�U �N�L�Q�H�W�L�F �H�Q�H�U�J�\�� �7�K�H�V�H �U�H�P�R�Y�H�G �H�Q�H�U�J�L�H�V

E �G�L�V�V�D�U�H �V�X�P�P�H�G �W�R �R�E�W�D�L�Q �D�Q �H�I�I�H�F�W�L�Y�H �H�Q�H�U�J�\��

E �H�I�I= E �O�D�V�H�U� E �G�L�V�V: ������������

�,�Q �D�G�G�L�W�L�R�Q �W�R �W�K�H �H�Q�H�U�J�\ �D�S�S�O�L�H�G �W�R �W�K�H �V�D�P�S�O�H �D�Q�G �W�K�H �H�Q�H�U�J�\ �O�H�D�Y�L�Q�J �W�K�H �V�L�P�X�O�D�W�L�R�Q

�E�R�[�� �W�K�H �W�H�P�S�H�U�D�W�X�U�H �R�I �W�K�H �H�Q�W�L�U�H �V�D�P�S�O�H �D�Q�G �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �R�I �H�D�F�K �D�W�R�P �Z�L�W�K�L�Q �W�K�H

�V�L�P�X�O�D�W�L�R�Q �F�D�Q �E�H �F�D�O�F�X�O�D�W�H�G �Z�L�W�K�L�Q �W�K�H �0�' �V�L�P�X�O�D�W�L�R�Q�� �$�G�G�L�W�L�R�Q�D�O�O�\�� �W�K�H �S�R�W�H�Q�W�L�D�O �H�Q�H�U�J�\

�Z�L�W�K�L�Q �W�K�H �V�D�P�S�O�H �F�D�Q �E�H �F�D�O�F�X�O�D�W�H�G��



�&�K�D�S�W�H�U ��

�6�L�P�X�O�D�W�L�R�Q �6�H�W�X�S �D�Q�G �3�D�U�D�P�H�W�U�L�]�D�W�L�R�Q

�,�Q �W�K�L�V �F�K�D�S�W�H�U�� �W�K�H �Y�D�O�L�G�D�W�L�R�Q �R�I �W�K�H �D�S�S�O�L�H�G �H�Q�H�U�J�\ �E�\ �W�K�H �O�D�V�H�U �P�R�G�X�O�H ���V�H�F�W�L�R�Q������������ �W�K�H

�V�L�]�H �O�L�P�L�W�D�W�L�R�Q�V �L�Q �U�H�O�D�W�L�R�Q �W�R �I�L�Q�L�W�H �V�L�]�H �H�I�I�H�F�W�V ���V�H�F�W�L�R�Q������������ �L�V �P�H�Q�W�L�R�Q�H�G �E�D�V�H�G �R�Q �V�L�Q�J�O�H

�V�S�K�H�U�H �V�L�P�X�O�D�W�L�R�Q�V�� �6�R�P�H �V�S�H�F�L�I�L�F �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �O�L�N�H �W�K�H �U�H�P�R�Y�L�Q�J �R�I �D�W�R�P�V ���V�H�F�W�L�R�Q��������

�W�K�H �J�D�V �G�H�Q�V�L�W�\ ���V�H�F�W�L�R�Q������ �D�Q�G �W�K�H �V�S�H�F�L�I�L�F �J�U�D�Y�L�W�\ �Z�L�W�K�L�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q ���V�H�F�W�L�R�Q�������� �D�U�H

�H�[�S�O�D�L�Q�H�G�� �$�O�V�R �W�K�H �F�U�H�D�W�L�R�Q �R�I �W�K�H �S�R�Z�G�H�U �V�D�P�S�O�H ���V�H�F�W�L�R�Q������������ �D�Q�G �W�K�H �F�D�O�L�E�U�D�W�L�R�Q �D�V �Z�H�O�O

�D�V �W�K�H �K�H�D�W�L�Q�J �W�R �U�R�R�P �W�H�P�S�H�U�D�W�X�U�H �L�V �H�[�S�O�D�L�Q�H�G ���V�H�F�W�L�R�Q���������� �7�K�H �P�R�G�H�O�L�Q�J �R�I �W�K�H �V�W�U�H�V�V

�W�H�V�W�V �R�Q �W�K�H �F�U�\�V�W�D�O�O�L�]�H�G �V�D�P�S�O�H�V �L�V �G�L�V�F�X�V�V�H�G �L�Q �V�H�F�W�L�R�Q��������

������ �6�L�Q�J�O�H �6�S�K�H�U�H �6�L�P�X�O�D�W�L�R�Q�V

���������� �/�D�V�H�U �0�R�G�X�O�H �(�Q�H�U�J�\ �9�D�O�L�G�D�W�L�R�Q

�6�L�Q�J�O�H �V�S�K�H�U�H �V�L�P�X�O�D�W�L�R�Q�V �D�U�H �X�V�H�G �W�R �Y�D�O�L�G�D�W�H �W�K�H �H�Q�H�U�J�\ �D�S�S�O�L�H�G �W�R �W�K�H �V�D�P�S�O�H �E�\ �W�K�H

�O�D�V�H�U �P�R�G�X�O�H�� �7�K�H �L�Q�W�H�U�D�F�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �O�D�V�H�U �D�Q�G �W�K�H �P�H�W�D�O �V�D�P�S�O�H �L�V �P�R�G�H�O�H�G �D�V �G�H��

�V�F�U�L�E�H�G �L�Q �V�H�F�W�L�R�Q�������� �,�Q �W�K�L�V �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�� �W�K�H �H�Q�H�U�J�\ �D�S�S�O�L�H�G �W�R �W�K�H �V�D�P�S�O�H �L�V �W�U�D�F�N�H�G �D�V

�W�K�H �O�D�V�H�U �S�H�Q�H�W�U�D�W�H�V �W�K�H �V�D�P�S�O�H�� �7�K�H �O�D�V�H�U �H�Q�H�U�J�\ �D�S�S�O�L�H�G �W�R �W�K�H �V�D�P�S�O�H �L�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q

�F�D�Q �E�H �F�R�P�S�D�U�H�G �W�R �W�K�H �D�Q�D�O�\�W�L�F�D�O �U�H�V�X�O�W�� �7�K�H �V�L�P�X�O�D�W�L�R�Q �L�V �S�H�U�I�R�U�P�H�G �R�Q �D �V�S�K�H�U�H �Z�L�W�K �U�D��

�G�L�X�V500�c �D�Q�G �O�D�V�H�U �S�R�Z�H�U2500�H�9/ ���� �����I�V�� �O�D�V�H�U �)�:�+�0250�c �D�Q�G �O�D�V�H�U �Y�H�O�R�F�L�W�\10:18�I�V�� �7�R

�V�K�R�Z �W�K�H �G�H�Q�V�L�W�\ �G�H�S�H�Q�G�H�Q�W �D�E�V�R�U�S�W�L�R�Q�� �D�Q �H�[�W�U�D �V�P�D�O�O �S�H�Q�H�W�U�D�W�L�R�Q �G�H�S�W�K �R�I1�c �L�V �F�K�R�V�H�Q��

�7�K�H �V�L�P�X�O�D�W�L�R�Q �D�G�G�V �X�S �W�K�H �W�R�W�D�O �H�Q�H�U�J�\ �I�R�U �R�Q�H �W�L�P�H �V�W�H�S�� �Z�K�L�F�K �D�O�O�R�Z�V �W�K�H �F�D�O�F�X�O�D�W�L�R�Q �R�I

�W�K�H �D�F�W�X�D�O �O�D�V�H�U �S�R�Z�H�U �D�G�G�H�G �W�R �W�K�H �V�D�P�S�O�H�� �7�K�H �D�W�R�P�L�F �V�K�D�S�H �D�V �Z�H�O�O �D�V �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q

�R�I �D�O�X�P�L�Q�X�P �D�W�R�P�V �L�Q �W�K�H �[���G�L�U�H�F�W�L�R�Q �L�V �V�K�R�Z�Q �L�Q �I�L�J���������� �$�V �W�K�H �O�D�V�H�U �S�D�V�V�H�V �W�K�H �V�D�P�S�O�H��

�W�K�H �X�S�S�H�U �O�D�\�H�U�V �R�I �W�K�H �D�O�X�P�L�Q�X�P �V�S�K�H�U�H �H�Y�D�S�R�U�D�W�H �G�X�H �W�R �W�K�H �V�K�R�U�W �S�H�Q�H�W�U�D�W�L�R�Q �G�H�S�W�K�� �$�I�W�H�U

�W�K�H �O�D�V�H�U �S�D�V�V�H�V �W�K�H �V�D�P�S�O�H�� �V�R�P�H �Y�D�S�R�U�L�]�H�G �D�O�X�P�L�Q�X�P �V�X�U�U�R�X�Q�G�V �W�K�H �V�S�K�H�U�H �D�V �W�K�H �X�S�S�H�U

�O�D�\�H�U�V �R�I �W�K�H �V�S�K�H�U�H �P�H�O�W��

�)�R�U �W�K�H �D�Q�D�O�\�W�L�F�D�O �U�H�V�X�O�W�� �W�K�H �D�S�S�O�L�H�G �H�Q�H�U�J�\ �H�T�� ������������ �L�V �L�Q�W�H�J�U�D�W�H�G �R�Y�H�U �W�K�H �Y�R�O�X�P�H �R�I

�W�K�H �V�S�K�H�U�H�� �7�K�H �S�R�V�L�W�L�R�Qx0 �L�V �U�H�S�O�D�F�H�G �E�\vt �D�Q�G �E�\ �L�Q�W�H�J�U�D�W�L�R�Q �R�Y�H�U �W�K�H �Y�R�O�X�P�H �W�K�H �D�F�W�X�D�O

�O�D�V�H�U �S�R�Z�H�U �F�D�Q �E�H �G�H�W�H�U�P�L�Q�H�G�� �7�K�H �V�R�O�X�W�L�R�Q�V �R�I �W�K�H �L�Q�W�H�J�U�D�OP�W�K�D�V �Z�H�O�O �D�V �W�K�H �S�R�Z�H�U �G�X�U�L�Q�J

�W�K�H �V�L�P�X�O�D�W�L�R�QP�V�L�P�D�U�H �V�K�R�Z�Q �L�Q �I�L�J�������� �I�R�U �W�Z�R �G�L�I�I�H�U�H�Q�W �O�D�V�H�U �H�Q�H�U�J�L�H�V�� �7�K�H �U�H�V�X�O�W�V �R�I �W�K�H

����
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�L�Q�W�H�J�U�D�O �D�U�H �F�D�O�F�X�O�D�W�H�G �Q�X�P�H�U�L�F�D�O�O�\ �X�V�L�Q�J �W�K�H �3�\�W�K�R�Q �S�D�F�N�D�J�H �6�F�L�3�\ �>���� �@��

�)�R�U �W�K�H �O�D�V�H�U �S�R�Z�H�U �R�IP = 80 �H�9/10:18�I�V�� �W�K�H �U�H�V�X�O�W�V �I�U�R�P �W�K�H �L�Q�W�H�J�U�D�O �D�Q�G �W�K�H �S�R�Z�H�U

�L�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q �V�K�R�Z �J�R�R�G �D�J�U�H�H�P�H�Q�W�� �V�H�H �I�L�J�����������E���� �$�W �W�K�L�V �V�P�D�O�O �S�R�Z�H�U�� �W�K�H �V�D�P�S�O�H

�K�D�V �E�H�H�Q �K�H�D�W�H�G�� �E�X�W �W�K�H�U�H �L�V �Q�R �H�Y�D�S�R�U�D�W�L�R�Q �R�U �G�H�I�R�U�P�D�W�L�R�Q �R�I �W�K�H �V�S�K�H�U�H�� �7�K�H �G�L�I�I�H�U�H�Q�F�H

�E�H�W�Z�H�H�Q �W�K�H �Z�L�G�W�K �R�I �W�K�H �D�E�V�R�U�S�W�L�R�Q �S�U�R�I�L�O�H �D�Q�G �W�K�H �P�D�[�L�P�X�P �S�R�Z�H�U �L�V �G�X�H �W�R �W�K�H �D�E�V�R�U�S�W�L�R�Q

�S�H�U �0�' �F�H�O�O�� �7�K�H �I�L�Q�L�W�H �V�L�]�H �R�I �D�Q �0�' �F�H�O�O �O�H�D�G�V �W�R �D �G�H�Y�L�D�W�L�R�Q �I�U�R�P �W�K�H �F�R�Q�W�L�Q�X�R�X�V �D�E�V�R�U�S�W�L�R�Q

�D�V�V�X�P�H�G �L�Q �W�K�H �L�Q�W�H�J�U�D�O��

�7�K�H �V�L�P�X�O�D�W�L�R�Q �D�W �D �O�D�V�H�U �S�R�Z�H�U �R�IP = 1280�H�9/10:18�I�V �O�H�D�G�V �W�R �D �O�D�U�J�H�U �G�H�Y�L�D�W�L�R�Q �I�U�R�P

�W�K�H �S�R�Z�H�U �F�D�O�F�X�O�D�W�H�G �L�Q �W�K�H �L�Q�W�H�J�U�D�O�� �7�K�H �U�H�D�V�R�Q �I�R�U �W�K�H �G�L�I�I�H�U�H�Q�F�H �L�Q �V�K�D�S�H �L�V �W�K�H �G�H�I�R�U�P�D�W�L�R�Q

�R�I �W�K�H �V�S�K�H�U�H �D�Q�G �W�K�H �L�Q�W�H�U�D�F�W�L�R�Q �Z�L�W�K �W�K�H �Y�D�S�R�U�L�]�H�G �D�O�X�P�L�Q�X�P�� �7�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �D�O�X�P�L�Q�X�P

�D�W�R�P�V �L�Q �I�L�J�������� �V�K�R�Z�V �W�K�H �D�P�R�X�Q�W �R�I �Y�D�S�R�U�L�]�H�G �D�O�X�P�L�Q�X�P �H�Y�H�Q�O�\ �G�L�V�W�U�L�E�X�W�H�G �L�Q �W�K�H �]���G�L�U�H�F�W�L�R�Q

�Z�L�W�K�L�Q �W�K�H �V�D�P�S�O�H�� �:�K�H�Q �W�K�H �O�D�V�H�U �U�H�D�F�K�H�V �W�K�H �S�D�U�W �R�I �W�K�H �V�D�P�S�O�H �W�R �W�K�H �U�L�J�K�W �R�I �W�K�H �V�S�K�H�U�H��

�Y�D�S�R�U�L�]�H�G �D�O�X�P�L�Q�X�P �K�D�V �D�O�U�H�D�G�\ �H�Q�W�H�U�H�G �W�K�L�V �S�D�U�W �R�I �W�K�H �V�L�P�X�O�D�W�L�R�Q �E�R�[�� �7�K�L�V �O�H�D�G�V �W�R �D

�V�K�R�X�O�G�H�U �L�Q �W�K�H �D�E�V�R�U�S�W�L�R�Q �S�U�R�I�L�O�H �L�Q �I�L�J�����������E����

�,�Q �J�H�Q�H�U�D�O�� �W�K�H �S�R�Z�H�U �L�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q �L�V �L�Q �J�R�R�G �D�J�U�H�H�P�H�Q�W �Z�L�W�K �W�K�H �V�R�O�X�W�L�R�Q �R�I �W�K�H
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