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Abstract

Flows in swirl tubes can represent a model of a �ow between rot ating tubes,
a Taylor-Couette �ow, a �ow in vortex tubes, or a �ow in intern al cooling
channels of turbine blades. Thus, this work focuses on detailed investiga-
tion of the �ow phenomena and �ow stability in swirl tubes. In general, a
swirl tube is a tube with one or more tangential inlets genera ting complex
3D swirling �ow. This leads to large tangential velocities n ear the wall and,
moreover, to enhanced turbulent mixing in the tube, which re sults in a pos-
itive in�uence on the convective heat transfer in the tube.
Firstly, a formulation of a condition to investigate stabil ity of a �ow is pro-
vided. This formulation re�ects the de�nition of the second law of thermody-
namics, i.e. the balance of entropy, and also the balance of the total enthalpy.
Due to this general approach based on the second law of thermodynamics,
the derived condition may serve as a criterion to investigat e processes in
general �ows, for which an incompressible �uid via the Cauch y stress tensor
is approximated. Moreover, the derived criterion can be mod i�ed also for a
compressible �ow or even for �ow of a non-Newtonian �uid.
Secondly, a swirl tube with tangential inlets at the upstrea m end of the tube
is investigated. In a detailed study, the �ow �elds for one sw irl number and
several mass �ow rates, i.e. Reynolds numbers, are obtainedexperimentally
and numerically. The investigated Reynolds numbers cover l aminar, interme-
diate, and also turbulent �ow regimes. Hence, the �ow �elds a re measured
via Particle Image Velocimetry. The numerical simulations are carried out
via the commercial code ANSYS CFX using the Baseline Explici t Algebraic
Reynolds Stress Model with the added Gamma Transition Model in case of
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the lowest investigated Reynolds number.
The analysis of �ow �elds shows an axial back�ow region in the tube centre
determining possible vortex breakdown. For the lowest Reyn olds number, an
axial back�ow region, in contrast to the higher Reynolds num bers, is observ-
able up to the middle of the tube length. So that, there is a reg ion where the
�ow is dominated by the axial velocity characterised by no vo rtex breakdown.
Moreover, similar behaviour is also observed for the interm ediate Reynolds
number near the tube outlet. Nevertheless, for swirl domina ted �ow, a possi-
ble vortex breakdown may be expected for a Rossby number lower than 0.65.
Here, the Rossby number is de�ned as the ratio between the axial velocity at
the position of the maximum tangential velocity and the maxi mum tangen-
tial velocity. Furthermore, a vortex breakdown can also be r epresented via
a comparison of the local axial Reynolds number with the loca l tangential
Reynolds number, which are based on the mean values of the velocities. It is
shown that a vortex breakdown may occur in regions where the r atio between
the local tangential Reynolds number and the local axial Rey nolds number
is greater than 1. So, in these regions, the swirl �ow becomes dominated by
the tangential velocity.
In addition, a connection between the derived stability cri terion and the vor-
tex breakdown is investigated. It is con�rmed that the redis tribution of �ow
�elds is due to the highest swirl strength dominant at the beg inning of the
tube. Moreover, it is shown that according to the derived sta bility criterion,
vortex breakdown is accompanied by processes causing �ow stabilisation.
In swirl dominated �ows, the tangential velocity may be char acterised as a
Rankine vortex consisting of a solid body vortex in the tube c entre and a
potential vortex in the outer region. According to the deriv ed stability cri-
terion, the solid body vortex is at the margin of stability me aning that even
a small disturbance or �uctuation may cause instability of t he �ow. On the
other hand, the potential vortex is stable according to the d erived stability
criterion. Due to these two points, the solid body vortex is t ransformed to a
potential vortex downstream towards the tube outlet. It is a lso shown that
an in�uence of the axial velocity on this transition is insig ni�cant and the
derived stability criterion is driven mainly by the tangent ial velocity. More-
over, the velocity transition is dominant in the �rst 20 % of t he tube length.
Due to this, the strong dissipative processes in this region would lead to
an enhanced heat transfer. Thus, in application of the swirl �ow in cool-
ing devices, usage of multiple tangential inlets along the t ube length would
lead to a more e�ective and homogeneous heat transfer over the entire tube
length.
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Kurzfassung

Eine Wirbelrohrströmung kann als Modell einer Strömung im R ohr mit
rotierenden Wellen, einer Taylor-Couette Strömung oder ei ner Strömung in
internen Kühlkanälen von Gasturbinenschaufeln dienen. Di e vorliegende Ar-
beit behandelt daher die auftretenden Strömungsphänomene und die Sta-
biltätsanalyse im Wirbelrohr. Ein Wirbelrohr ist im Allgem einen ein Rohr
mit einem oder mehreren tangentialen Einlässen, die eine komplexe drei-
dimensionale Drallströmung erzeugen. Durch diese Drallströmung ergeben
sich in Wandnähe hohe tangentiale Geschwindigkeiten und eine ausgeprägte
turbulente Mischung im Rohr, welche den konvektiven Wärmeü bergang im
Rohr erhöhen.
Im ersten Schritt wird die Formulierung eines Kriteriums fü r die Stabilitäts-
analyse der Strömungen entwickelt. Dieses Kriterium basiert auf den zweiten
Hauptsatz der Thermodynamik, ausgedrückt durch die Bilanz der Entropie,
und die Bilanz der Gesamtenthalpie. Durch diesen allgemeinen Ansatz di-
ent das hergeleitete Kriterium zur Untersuchung der Prozes se in allgemeinen
Strömungen, für welche ein inkompressibles Fluid mittels d es Cauchy Span-
nungstensors approximiert wird. Darüber hinaus kann das he rgeleitete Kri-
terium generell auch für kompressible Strömungen, oder sogar für Strömung-
en eines nichtnewtonschen Fluids, angepasst werden.
Im zweiten Schritt wird ein einfaches Wirbelrohr mit tangen tialen Einlässen
am Rohranfang untersucht. In detaillierten Untersuchunge n werden das Strö-
mungsfeld für eine Drallzahl und verschiedene Massenströme, bzw. Reynold-
szahlen, mittels experimenteller und numerischer Methoden bestimmt. Die
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Kurzfassung

untersuchten Reynoldszahlen umfassen laminare, transitionale und auch tur-
bulente Strömungen. Das Geschwindigkeitsfeld wird mittel s PIV (Particle
Image Velocimetry) gemessen. Die numerischen Simulationen werden mit-
tels des kommerziellen Codes ANSYS CFX unter Verwendung des Base-
line expliziten algebraischen Reynoldsspannungsmodellsmit hinzugefügtem
Gamma Transitionsmodell für die niedrigste untersuchte Re ynoldszahl durch-
geführt.
Die Strömungsfeldanalyse zeigt ein axiales Rückströmgebiet im Rohrkern,
welches einen Wirbelzusammenbruch als Folge haben kann. Für die niedrig-
ste Reynoldszahl tritt dieses axiale Rückströmgebiet, im G egensatz zu hö-
heren Reynoldszahlen, bis zur axialen Rohrmitte auf. Dieser Sachverhalt
zeigt deutlich, dass es eine Region gibt, welche von der Axialgeschwindigkeit
dominiert wird und daher kein Wirbelzusammenbruch zu erwar ten ist. Da-
rüber hinaus wird ein analoges Verhalten des Rückströmgebietes für die
transitionale Reynoldszahl in der Nähe des Rohrauslasses beobachtet. Je-
doch wird gezeigt, dass für dralldominierte Strömungen ein möglicher Wir-
belzusammenbruch für eine Rossbyzahl niedriger als 0,65 erwartet werden
kann. Diese Rossbyzahl ist de�niert als ein Verhältnis von A xialgeschwindig-
keit an der Position des Maximums der Umfangsgeschwindigkeit zu dem Max-
imum der Umfangsgeschwindigkeit. Darüber hinaus kann ein W irbelzusam-
menbruch mittels eines Vergleichs der lokalen Axial-Reynoldszahl mit der
lokalen Umfangs-Reynoldszahl dargestellt werden. Daher kann gezeigt wer-
den, dass es im Strömungsgebiet zu einem Wirbelzusammenbruch kommen
kann, wo das Verhältnis der lokalen Umfangs-Reynoldszahl zur lokalen Axial-
Reynoldszahl gröÿer als eins ist. In diesen Bereichen ist daher die Gesamt-
strömung durch die Umfangsgeschwindigkeit dominiert.
Zusätzlich wird ein Zusammenhang zwischen dem hergeleiteten Stabilitäts-
kriterium und einem Wirbelzusammenbruch untersucht. Es ka nn gezeigt
werden, dass am Anfang des Rohres die Umwandlung des Strömungsfeldes
aufgrund der höchsten Drallstärke am gröÿten ist. Das hergeleitete Stabilität-
skriterium zeigt, dass ein Wirbelzusammenbruch von strömu ngstabilisieren-
den Prozessen begleitet wird.
Bei dralldominierter Strömung kann die Umfangsgeschwindi gkeit als ein Ran-
kinewirbel, bestehend aus einem Starrkörperwirbel im Rohr kern und einem
Potenzialwirbel im Auÿenbereich, modelliert werden. Nach dem hergeleit-
eten Stabilitätskriterium ist die Stabilität des Starrkör perwirbels im Rand-
bereich entscheidend, da sogar eine kleine Störung oder Fluktuation zur In-
stabilität der Gesamtströmung führen kann. Hierbei wird ei ne Störung oder
Fluktuation durch dissipative Prozesse der Strömung nicht abgeschwächt. Im
Gegensatz dazu ist ein Potenzialwirbel nach dem hergeleiteten Stabilitäts-
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kriterium stabil. Aufgrund dieser beiden Ergebnisse wird d er Starrkörper-
wirbel in einen Potenzialwirbel stromabwärts zum Rohrausl ass umgewan-
delt. Es wird ferner gezeigt, dass ein Ein�uss der Axialgeschwindigkeit
auf diese Umwandlung vernachlässigbar ist und dass das hergeleitete Sta-
bilitätskriterium von der Umfangsgeschwindigkeit abhäng t. Darüber hin-
aus dominiert die Umwandlung der Geschwindigkeit in den ers ten 20 % der
Rohrlänge. Deswegen können die starken dissipativen Prozesse in dieser
Region zu einer verbesserten Wärmeübertragung führen. Bei einer Verwen-
dung der Wirbelströmung in Kühlapparaten würde somit der Ei nsatz von
mehrfachen tangentialen Einlässe längs der Rohrlänge zu einer e�ektiveren
und homogeneren Wärmeübertragung über die gesamte Rohrlänge beitra-
gen.
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CHAPTER1

Introduction

1.1 Motivation

Due to its complexity, the swirl �ow is taken as a vortex �ow mo del in the
fundamental research and is utilised and investigated in engineering appli-
cations as well, mainly in aircraft engines, gas turbines, and vortex tubes.
The complexity of the swirl is characterised by enhanced tur bulence and in
case of the bounded �ow, i.e. bounded by tube walls, by large t angential
velocities near the tube wall. Thus, the swirl �ow in the tube positively
a�ects the convective heat transfer compared to a non-swirl ing �ow. This
positive e�ect leads to application of the swirl �ow in turbo machinery for
blade cooling to protect turbine blades from extreme therma l loads. On the
other hand, complexity of the unbounded swirl �ow serves as a tool to clarify
formation and �ow description of hurricanes or tornadoes.
The in�uence of rotation on the �ow has been investigated for many years.
The investigation has shown that as the �uid rotates, i.e. th e swirl �ow is gen-
erated, di�erent �ow phenomena occur, e.g. vortex breakdow n, generation
and decay of vortices, �ow redistribution, �ow instabiliti es. Furthermore,
�ow phenomena may positively or negatively a�ect the �ow cha racteristics,
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1 Introduction

e.g. constant �uid stirring, convective heat transfer. Thu s, a great e�ort
is made in the experimental and theoretical investigation o f the swirl �ow
in order to �nd a suitable tool based on general physical (the rmodynamic)
relation supported by experimental and numerical techniqu es.
Unfortunately, there is no generally acceptable tool for ca pturing all of the
�ow phenomena occurring in the swirl �ow. Hence, this work ai ms to pro-
vide a general overview of commonly used tools to characterise swirl �ow.
Moreover, the main subject of this work is to extend presente d tools by a
novel approach utilising consequences of the second law of thermodynamics,
which helps to understand the �ow phenomena in swirl �ow, whi ch can also
lead to cooling optimisation of the turbine blades, aircraf t engines, and �ow
in vortex tubes.

1.2 Objectives

In this work, investigation of a swirl tube, representing a s impli�ed model of
the vortex tube or swirl tube utilised in turbine blades for i nternal cooling,
is performed. For this, experimental and numerical studies are conducted in
order to investigate the complex �ow �eld. Furthermore, the oretical investi-
gation of the second law of thermodynamics and derivation of its alternative
form represented by the fundamental thermodynamic inequal ity being used
as a stability criterion are shown. Moreover, an additional approach enabling
analysis of the vortex breakdown is presented.
The investigated simpli�ed vortex tube consists of two tang ential inlets at
the upstream end of the tube, see Fig. 1.1. So, the �ow in the tu be is
induced only tangentially. This simpli�ed geometry enable s to gain better
information about the �ow �eld of a swirl �ow in a tube.
Particle Image Velocimetry (PIV) is used to experimentally obtain the �ow

Fig. 1.1: Geometry of swirl tube with used coordinate system
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�elds. The experimentally obtained data serve also for vali dation of the con-
ducted numerical simulations allowing detailed analysis o f the complex �ow
�elds occurring in the swirl �ow. Then, the numerically and e xperimentally
obtained data are utilised for the investigation of the velo city redistribution
and the vortex breakdown phenomena. Moreover, these data are used for the
stability analysis using the derived fundamental thermody namic inequality,
which provides an additional information about the charact er of the swirl
�ow.

1.3 Procedure

The swirl tube is investigated for one swirl number S and di�erent Reynolds
numbers Re, whose de�nitions are given in Section 1.4. Furthermore, th e
inlet condition may also be characterised by the geometrical swirl number
SIG determined for particular inlet dimensions and number of th e tangential
inlets. Hence, the value of the geometrical swirl number is SIG = 5 :3. In
addition, the experimentally and numerically investigate d swirl �ow in the
tube is characterised by various Reynolds numbers covering laminar, inter-
mediate, and turbulent �ow regimes, which are represented b y Re = 1 ;000,
Re = 2 ;000, and Re = 5 ;000, respectively.
In the experimental work, the velocity �eld is obtained via t he PIV technique
with a 2D laser sheet. Thus, the �ow needs to be seeded with light scattering
particles, also denoted as tracer particles, which are illuminated by two laser
pulses in a short time period. The scattered light is then rec orded by a CCD
camera. The PIV recording is then divided in small interroga tion windows,
in which the velocity vector is determined from the particle s shift and the
time period between two pulses.
Moreover, the velocity �eld and the complex �ow structures i n swirl tubes are
numerically investigated via the commercial code ANSYS CFX by solving the
Reynolds-Averaged Navier-Stokes equations (RANS) in order to capture the
turbulent behaviour of the swirl �ow. Numerical simulation of the laminar-
like �ow regime is, further, extended by the Gamma Transitio n Model (GTM)
that is used to include the transition to turbulence via an eq uation for the
intermittency.
In the theoretical part, the derivation of the novel stabili ty criterion taking
into account the balance of the total enthalpy and the second law of thermo-
dynamics is given. The novel stability criterion utilises t he experimentally
and numerically obtained data to investigate the redistrib ution, i.e. dissi-
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pative and destabilising processes, of the swirl �ow toward s the tube outlet.
Firstly, the numerical and experimental data are approxima ted via a model
of an axisymmetrical helical vortex, which results in smoot h curves evenly
distributed over the radial coordinate with no undesirable sharp di�erences
between individual radial positions.
Additionally, the approximated experimental and numerica l data are then
analysed by means of the �ow analysis covering the decrease of the swirl
strength, de�ned by the swirl number, and the vortex breakdo wn phenom-
ena, characterised by the Rossby number. Vortex breakdown is also analysed
via the local axial and tangential Reynolds numbers, which a re functions of
the mean values of the respective velocities. De�nitions of these numbers
are given in Section 1.4. Furthermore, it is shown that the �o w analysis cov-
ering the stability investigation via the novel criterion b ased on the second
law of thermodynamics enables characterisation of the �ow r edistribution
downstream to the tube outlet. Finally, a connection betwee n the vortex
breakdown phenomena and the novel stability criterion is pr esented in order
to determine a dominant �ow character a�ecting the performa nce of the swirl
�ow.

1.4 Characteristic/Dimensionless Numbers

In general, a �ow, e.g. the �ow in a swirl tube, can be describe d via dimen-
sionless numbers. The dimensionless numbers allow a comparison of di�erent
experiments and numerical simulations and may be helpful fo r a transfer of
the results from laboratory conditions to the conditions re specting the tech-
nical application.

Reynolds Number

The Reynolds number is de�ned as the ratio of inertial forces to viscous
forces. For internal �ows, the Reynolds number is a function of the tube
diameter D , the axial bulk velocity Uz and the �uid kinematic viscosity � ,
hence

Re =
Uz D

�
=

4 _m
��D�

; (1.1)
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where � is the �uid density.
So, the Reynolds number allows the comparison of �ow conditi ons, i.e. exper-
imental and/or numerical, at the same mass �ow rate _m.

Local Axial Reynolds Number

The local axial Reynolds number takes into account mean valu es of the axial
velocity measured and/or computed at the de�ned axial posit ion of the tube.
It is expressed as

Rez =
uz D

�
: (1.2)

Here, uz is the mean value of the axial velocity, D represents the tube diam-
eter and � is the �uid kinematic viscosity.

Modi�ed Axial Reynolds number

The modi�ed axial Reynolds number is de�ned for the axial vel ocity at the
radial position corresponding to the maximum value of the ta ngential velocity
at the de�ned axial position of the tube. Thus, this de�nitio n is given by

Re�
z =

uz � r �

�
: (1.3)

Here, r � is the characteristic length scale corresponding to the position of
the maximum value of the tangential velocity, uz � is the axial velocity at the
position r � and � is the �uid kinematic viscosity.

Local Tangential Reynolds Number

The local tangential Reynolds number takes into account mea n values of
the tangential velocity at the de�ned axial position of the t ube and has the
following form

Re� =
u� D

�
: (1.4)

Here, u� is the mean value of the tangential velocity, D represents the tube
diameter and � is the �uid kinematic viscosity.
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Swirl Number

The swirl number characterises the swirl strength in a �ow an d is de�ned as
the ratio of an axial �ux of the angular momentum G� divided by the tube
radius R to an axial �ux of the axial momentum Gz [41]. Hence, this ratio
is written as

S =
G�

RGz
=

R

A

�u z u� r dA

R
R

A

�u z uz dA
=

RR

0

2��u z u� r 2dr

R
RR

0

2��u z uz r dr

: (1.5)

The swirl number decreases downstream as the tangential velocity decays
along the tube length. Moreover, the swirl number depends on the local
cross-section. So, the local value cannot be calculated in advance since the
velocity distribution is unknown.
Based on the inlet conditions and the swirl tube geometry, th e geometrical
swirl number is introduced in order to show a relation betwee n the di�er-
ent inlet geometries and the swirl tubes [16] and [66]. This quantity reads

SIG =
�R 2

�
R �

h
2

�

Rnwh
; (1.6)

where R is the tube radius, w is width of the inlet, h is height of the inlet
and n is number of the inlets.

Rossby number

The Rossby number is de�ned as the ratio of the axial velocity at the radial
position corresponding to the maximum value of the tangenti al velocity at the
de�ned axial position of the tube and the maximum value of the tangential ve-
locity. Thus, this dimensionless number is formulated as

Ro =
uz �


 r �
=

uz �

u� �
: (1.7)

Here, r � is the characteristic length scale corresponding to the position of
the maximum value of the tangential velocity, u� � is the maximum value of
the tangential velocity determining the value of r � , uz � is the axial velocity
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at the position r � and 
 characterises the rotation rate of the solid body
rotation.
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CHAPTER2

Swirl Flows

This chapter provides a short overview about swirl �ows. Ele mentary ex-
amples of the swirl �ow and its impact are introduced. Moreov er, an in-
troduction to �uid �ow phenomena and applications of swirl � ows are also
mentioned. Attention is also paid to the phenomena called vo rtex breakdown,
which might be observable in swirling �ows.

2.1 Swirling Kind of Flow

This section deals with the short overview of spiral �ows, al so denoted as
swirl �ows, representing vortex-like �ows. This kind of �ow is very general
and can be met in everyday life. For example mixing co�ee, whi ch represents
well known "Ka�eelö�el experiment" by Klein in 1910 [65], or by Betz in 1950
[15]. Their work is summarised in the book of Sa�man [110], wh ere Sa�man
stated that if a teaspoon is removed after moving in an ideall y incompress-
ible �uid, represented by co�ee, a non-zero circulation wil l be created in the
�uid region, where the teaspoon was moved. It must also be not iced that
circulation is not generated about closed contours lying entirely in the �uid
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2 Swirl Flows

[110].

Examples of naturally swirling �ows are tornadoes or hurric anes, named
also as cyclones or tropical cyclones depending on locality. Generally, a hur-
ricane is a huge vortex reaching even hundreds of kilometres in diameter,
which moves as a spiral around the centre. Moreover, the speed of hurri-
cane wind can exceed 33 m s� 1 , i.e. the so-called conventional magnitude
[95]. The most powerful hurricanes can reach a maximum wind velocity
up to 90 � 100 m s� 1 [95]. The hurricanes are characterised also by an
intensive precipitation, downpours and thunderstorms ind icating hurricane
landfall. The next property is a relatively warm centre comp aring to the
surrounding atmosphere. The warm core consists of a cylindrical zone with
diameter 20 � 50 km and a height up to 15 km with a temperature di�er-
ence of 10� 16 � C relatively to surroundings [95]. On the other hand, the
tornado is supposed to be an atmospheric vortex with similar structure as
the hurricane but the scale of the tornado is noticeably less. The diameter of
the centre of a tornado is usually tens or hundreds of meters with the higher
maximum speeds than in case of hurricanes [95].
Markowski and Richardson [83] discussed phenomena of a tornado with re-
spect to conditions determining if or not a tornado is formed . Moreover, they
introduced a term of the atmospheric convection as a relativ ely small upward
and downward movement of air that is given by an imbalance bet ween the
gravitational force and a force due to the vertical pressure gradient. These
two forces are usually close to balance. Furthermore, vertical accelerations
are small compared to horizontal accelerations, so that air moves horizontally
[83]. In case of cooler and denser or warmer and less dense pockets of air than
surroundings, the forces start to be out of the balance resulting in the buoy-
ancy force. Pockets of air are, in the fact, imaginary �uid el ements smaller
than characteristics length but su�ciently large to avoid m olecular nature
of �uids, and are named as air parcels [83]. According to this description,
authors introduced processes before a tornado formation as shown in Fig.
2.1. Thus, Fig. 2.1 a) shows highlighted orientation of the v orticity vector
(white arrows), sense of spin (yellow curved arrows), downdraft of air parcels
(blue line), and updraft of air parcels (red line). Firstly, in step 1, the hori-
zontal vorticity of air (wind) entering the updraft is tilte d, which results in
a large-scale rotation, the so-called midlevel mesocyclone. Secondly, in step
2, the buoyancy gradient generates horizontal vorticity, g iven by relatively
warm and cold air straddling downdraft air parcels. This gen erated horizon-
tal vorticity tildes then updraft by surrounding air (wind) as the straddled
downdraft air parcels descend. Fig. 2.1 b) shows enlarged white dashed box
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2.1 Swirling Kind of Flow

Fig. 2.1: Formation of a tornado [83]

from Fig. 2.1 a). It indicates that due to the balance of angul ar momentum,
vertical vorticity is ampli�ed as air moves towards the axis of rotation being,
at the same time, sucked upward by a "mesocyclone". Furthermore, Fig. 2.1
c) represents the case, in which the tornado formation process failed.
Yih [134] described a model comprising exact solutions for horizontal �ows
with a stagnant core around the axis of symmetry, which repre sents one of
the simplest models of a tornado-like �ow. The author stated that this kind
of �ow satis�es the Navier-Stokes equations and is, for simp li�cation, treated
as inviscid, which allows slip at the ground and a vortex sheet at the core
surface. The core is supposed to be of a lower density, i.e. concept of the
potential density, or of a higher entropy, i.e. compressibi lity is included. He
found out that at any elevation the swirl velocity is highest at the core bound-
ary and that the maximum velocity for the entire �ow occurs on the ground
near the boundary. The author also con�rmed investigations made by Fujita
[33], who observed thickening of the core with height and an increase of the
swirl velocity downward.
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Fig. 2.2: 2D maps showing swirling patterns, which can be developed after
8:5 h from initially passive tracers at time 0 :0 h [67]

Kossin et al. [67] introduced a simple 2D barotropic model in order to explain
the mechanism for the presence of various swirling patterns within low-level
cloud decks in hurricanes. This model supposes the barotropically unstable
�ow �eld representing the �ow in hurricanes and covers mixin g between core,
i.e. the eye of the hurricane, and the core boundary, i.e. the eyewall. Hence,
the barotropically unstable �ow leads to a breakdown of the e yewall and the
formation of mesovortices migrating from the eyewall into t he eye. Initially
passive tracers, representing cloud particles, are convoluted by the mesovor-
tices and form swirling patterns that are very similar to the swirling patterns
observed in the eye clouds, as shown in Fig. 2.2.
In a work related to tornado-like �ow, Keller [60] introduce d a model that
also includes e�ects of the buoyancy and the entrainment on simpli�ed vor-
tex �ow. He de�ned two kind of vortices that can appear in the t ornado-like
motion, as shown in Fig. 2.3. The A-type vortex, which passes its critical
�ow state at the maximum cross-section and the B-type vortex , which passes
its critical state at the minimum cross-section. The B-type vortex, which is
close to its critical state, has a similar behaviour as a gas � ow in a Laval
nozzle. Thus, supercritical and subcritical �ows, which in case of the gas
�ow are represented by supersonic and subsonic �ows, will reach the critical
�ow state, if the cross-section decreases in the �ow directi on and will depart
from the critical state, if the cross-section increases. The A-type vortex is
characterised by the opposite behaviour.
Kieu and Zhang [64] developed a non-linear model in order to capture rapid
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B-type vortex flow
dominated by buoyancy

supercritical flow
dominated by buoyancy

and entrainment

critical A-type
vortex flow

dominated by
entrainment

critical B-type
vortex flow

Fig. 2.3: Di�erent forms of tornadoes appearance [60]; the left side shows
the case when the critical cross-section close to the groundis fol-
lowed by a supercritical A-type vortex up to the top; the righ t side
shows the case of a B-type vortex �ow, which is characterised by
a tornado funnel

growth of tropical cyclones. This model revealed that the ro tational �ow in
the inner region, i.e. the core, grows double-exponentially and the pressure
drops in the central region occur at rates much faster than th e rotational
growth. Moreover, the rotational �ow seems to grow from the b ottom up-
wards with the fastest growth occurring at the lowest levels . The main result
following from the non-linear model is that growth rates of t he tropical cy-
clones depend on the vertical structure of the tangential �o w, where a faster
rate belongs to the lower-level rotation.
Refan et al. [105] analysed dataset of the velocity �elds of r eal tornadoes in
order to �nd a relation between laboratory simulations of to rnado-like vor-
tices and real tornadoes. They compared full-scale data with experimental
results of tornado-like vortices to determine velocity and length scale ratios
of numerical simulation. The simulations showed that there are two length
scales for a given volume of full-scale data. The �rst scale is based on the
core radius of a tornado and the second scale is based on the height corre-
sponding to the maximum velocity. Generally, the simulatio ns converged to
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2 Swirl Flows

one value, i.e. a scale, at a certain swirl number. Thus, the results of the
simulation serve for determination of the geometrical scal ing of experiments
that are mandatory for identi�cation of the swirl number of r eal tornadoes.
Refan and Hangan [104] also showed an importance of the suggested swirl
number by the convergence point to proper match the �ow patte rn of real
tornadoes. Moreover, they used a similar approach for characterisation of the
tornado-like vortex �ow in a testing wind chamber, which res ulted in qual-
itatively good agreement of the tornado-like vortices with the real tornadoes.

Another known example of swirl �ow represents the Taylor �ow , or later
noted as the Taylor-Couette �ow, between rotating cylinder s [20, 119]. Prin-
ciples of the Taylor-Couette �ow were utilised in many pract ical applications
presented over the years including, e.g. liquid-liquid ext ractors [22], stratoro-
tational instability that is relevant in astrophysical and geophysical applica-
tions [35], �ltration devices [51], plant cell bioreactors [56], catalytic chemical
reactors [93], blood plasmaphoresis devices [93].
Taylor-Couette �ow is usually described as stationary circ ular �ow of an in-
compressible �uid between two concentric rotating cylinde rs [24], as show in
Fig. 2.4. Taylor used this assumption in his work to describe the cellular
motion of �uid that develops in rotation [119]. Before the wo rk of Taylor,

Outer
cylinder

h

Inner
cylinder

Taylor
vortices

Stratified
flow

2
R1

Fig. 2.4: Schematics of Taylor-Couette �ow with indicated �ow struct ures
[94]; in the scheme, h represents the period (size) of the Taylor
cells in the axial �ow direction
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Couette described a similar apparatus only with a rotating o uter cylinder
and found out similar structures like Taylor did later, but h e did not provide
any mathematical description of this problem, as mentioned in [12, 24].
Donelly [24] summarised the history and research of this kind of �ow from
the time of Isaac Newton, through George Gabriel Stokes, Claude Navier,
Max Margules, Reginald Arnulph Mallock, Maurice Marie Alfr ed Couette,
Geo�rey Ingram Taylor, Subrahmanyan Chandrasekhar and Don ald Coles.
From these listed researchers, Max Margules, Reginald Arnulph Mallock, and
Maurice Marie Alfred Couette were focusing on the construct ion of rotating
viscometers, when one cylinder was �xed and the other one was rotating.
The other listed researchers investigated �uid motion with respect to visuali-
sation of �ow structures (�ow patterns), stability and theo retical description
[24].
More recent investigations of �ow patterns, �ow visualisat ion, and investiga-
tion of �ow regimes followed work of mentioned scientists. A ndereck et al.
[5] studied the �ow between two concentric independently ro tating cylinders.
They found out many di�erent �ow states, as shown in Fig. 2.5, which are

Reo [-]

Rei

[-]

Fig. 2.5: Regimes of Taylor-Couette �ow [5]
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distinguishable due to symmetry under rotation, azimuthal and axial wave-
lengths, and rotation frequencies of azimuthal travelling waves. The authors
used a statement of Coles [21] that the Taylor-Couette �ow ca n be charac-
terised by the angular velocities of the cylinders or by the R eynolds number
of the rotating inner and outer cylinders, i.e. Rei = R i (Ro � R i )
 i =� and
Reo = Ro(Ro � R i )
 o=� . Also, the radius ratio of the inner cylinder radius
to the outer cylinder radius and the aspect ratio of the lengt h of the cylinders
to the gap between the cylinders characterises the Taylor-Couette �ow [5, 21,
24].
Lim et al. [76] communicated their observation of �ow patter ns appearing
in the Taylor-Couette �ow. They �xed the outer cylinder and l eft only the
inner cylinder rotating. They found out that if the accelera tion d Re=dt is
larger than a value of 2:2 s� 1 , a new �ow pattern will occur. This new �ow
pattern showed a similarity to the Taylor vortex �ow with a sh orter wave-
length, which is represented by the period h, i.e. the size, of the Taylor cells
in axial direction, as shown in Fig. 2.4. On the other hand, if the accelera-
tion is smaller than 2 :2 s� 1 , there will be a wavy �ow for the same range of
the investigated Reynolds numbers.
Akonur and Lueptow [1] conducted measurements of the velocity �eld of a
Couette �ow via the PIV method, where the inner cylinder was r otating and
the outer cylinder was �xed. This paper followed a previous w ork of Were-
ley and Lueptow [129], where the axial and radial velocities were measured.
Due to this, the complete velocity �eld could be evaluated. T hey found out
that motion transports azimuthal (tangential) momentum ra dially, while the
axial exchange of �uids between vortices in wavy �ow transpo rts azimuthal
(tangential) momentum axially [1]. These e�ects amplify wi th increasing
Reynolds numbers. Moreover, quite large shear stress near the walls of both
cylinders occurs. This shear stress decreases to almost zero in the middle of
the gap between the cylinders. Wereley and Lueptow [130] and later Lueptow
[82] studied experimentally, via PIV, a �ow in the gap betwee n the inner ro-
tating cylinder and the outer stationary cylinder exposed t o a pressure driven
axial �ow; this kind of �ow is schematically shown in Fig. 2.6 . The measure-
ments showed that the axial �ow was winding around vortices, which did
not �ll the annular gap and appeared displaced toward the inn er and outer
cylinders. Moreover, after subtraction of the axial �ow, th e resulting velocity
�eld looked like a velocity �eld not imposed to the axial �ow. An exception
was found for the vortices that translate axially and for the distortion of the
azimuthal (tangential) velocity that shifts axially by the axial �ow, as shown
in example Fig. 2.7 taken from [130].
They also concluded that the axial velocity of helical vorti ces is double of the
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a) b)

Fig. 2.6: Schematics of rotating �ow in a cylinder a) no axial �ow, b) wi th
axial �ow (helical structure) [2]

a)

b)

Fig. 2.7: Radial and axial velocity vectors with azimuthal velocity c ontours
for vortical �ow [130]; the upper line in each frame is the rot ating
inner cylinder; the lower line is the stationary outer cylin der; a)
velocity �eld including the axial velocity pro�le, b) veloc ity �eld
with the subtracted axial velocity pro�le
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angular frequency of the inner cylinder, which indicates a c oupling between
the axial translation of the vortices and the cylinder rotat ion. Due to this
coupling, Lueptow stated that the winding �ow might be a line ar superposi-
tion of annular laminar Poiseuille �ow and Taylor vortex �ow [82].
Guillerm et al. [40] studied numerically and experimentall y the Taylor-
Couette �ow regimes together with an in�uence of temperatur e. They con-
cluded that the combination of rotation and radial temperat ure gradient
causes occurrence of helicoidal vortices or modulated waves. Moreover, sta-
tionary axisymmetric vortices can be seen only for weak temp erature gra-
dients. They also underlined an increase in heat transfer with increasing
rotation due to the secondary vortices.

An in�uence of the swirl �ow, i.e. rotating �ow, on the axial � ow (and vice
versa), and on the convective heat transfer were investigated for decades [31].
Fénot et al. [31] also highlighted that for a superimposed �o w, i.e. for the
rotating or Taylor-Couette �ow with the superimposed axial �ow, the length
of the annulus has to be long enough to permit fully developed �ow. Gen-
erally, this superimposed �ow has four elementary regimes, as described by
Kaye and Elgar [59], for the case of axial �ow in an annulus wit h a rotating
inner cylinder:

ˆ laminar �ow,

ˆ laminar �ow with Taylor vortices,

ˆ turbulent �ow,

ˆ turbulent �ow with Taylor vortices.

These four regimes may be plotted as a function of the axial Reynolds number
in dependence on the Taylor number, i.e Rea (T a), which is shown in Fig. 2.8.
Thus, for this case, the axial Reynolds number is given as Rea = ua D h =� ,
the Taylor number can be expressed asT a = 
 2

1R1(D h =2)3=� 2 , where the
hydraulic diameter D h is the ratio of the cross-section to wetted perimeter,
i.e. D h = 4 Ap=Pm = 2( R2

2 � R2
1)=(R2 + R1) [31].

Becker and Kaye [11] focused on the �uid �ow problem in the nar row gap
between rotating devices, where the Taylor-Couette �ow wit h the axial �ow
seems to be a good approximation. They studied the in�uence of a heated
inner cylinder in three limiting cases, i.e. axial �ow with z ero rotation, rota-
tion of the inner cylinder with no axial �ow, general case com bining the axial
�ow and rotation of the inner cylinder, respectively, in ord er to determine
the in�uence of the individual kind of �ow. They found a good a greement
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Fig. 2.8: Regimes of �ow according to axial Reynolds number over Taylo r
number [31, 59]

with the theory for the cases of zero rotation and no axial �ow . They also
concluded that the general case could be capable to capture phenomena ap-
pearing in rotating devices. Nevertheless, it should be noted that their study
was quite unique and it would not be correct to generalize the ir results, as
also mentioned in [31].

P�tzer [99] and P�tzer and Beer [100] focused on the �ow in an a nnulus
of rotating tubes. They investigated experimentally and nu merically the in-
�uence of the rotating inner and outer tube on the axial turbu lent �ow and
on the heat transfer. They determined the velocity �eld and t emperature
distribution at the end of the test region assuming a fully de veloped �ow.
They found a positive in�uence on the heat transfer due to the rotation of
the inner tube. Counter-rotation of the outer tube had only s mall positive
in�uence on the heat transfer. On the other hand, co-rotatin g tubes caused
a decrease in heat transfer to its minimum in the case of the outer tube
rotating slightly faster than the inner tube. There was obse rved only negli-
gible in�uence on the heat transfer in the case of the �xed inn er tube and a
rotating outer tube for experimentally investigated radiu s ratio. They also
concluded that the numerical analysis revealed a non-negligible in�uence of
the inner rotating tube on the heat transfer for other radius ratios. Rothe
[109] followed the work by P�tzer and studied experimentall y and numeri-
cally the same problem as P�tzer. Rothe optimised the measur ement of the
velocity pro�les via hot-wire anemometry already used by P� tzer. He also
modi�ed and extended the model describing the �ow phenomena and heat
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transfer in the annulus of the rotating tubes with a superimp osed axial �ow.
The results of Rothe con�rmed the results and general conclu sion given by
P�tzer.
Reich et al. [107] investigated the e�ect of rotation on lami nar �ow in a
heated tube. They found out that free vortices occur due to th e heated
tube wall disappearing with increasing rotation rate of the tube. Moreover,
a perturbation analysis proved this disappearance. Weigand and Beer [127]
analysed the in�uence of the external insulation and tube ro tation on the heat
transfer and the �uid �owing inside a tube. They compared the ir results with
experimental data obtained by Reich and Beer [106]. They concluded that
laminarisation of the �ow due to the tube rotation was respon sible for the
decrease in heat transfer. Moreover, the thermal entrance length increased
with rotation rate of the tube. This phenomenon was analysed to be almost
independent of the thermal insulation, i.e. the boundary co ndition, of the
tube wall. Weigand and Beer focused in [128] on changes of the�ow patterns
of a �uid entered into an axially rotating tube. They stated t hat as the �uid
entered into an axially rotating tube, it received a tangent ial component of
velocity due to the rotating wall. It was also supposed that i f the axial �ow
in the tube was initially turbulent, a �ow relaminarisation would appear by
increasing rotation rate of the tube. They found an universa l velocity pro�le
for turbulent rotating tube taking into account a new rotati on parameter as
a function of the axial Reynolds number, rotational Reynold s number, and
rotation rate instead of only the rotation rate. This new rot ation parameter
is better for scaling experimental results, as they showed by comparison with
experimental data obtained by Reich and Beer [106].

The e�ect of the rotating �ow on the axial �ow and on the heat tr ansfer
can be directly used in practical applications, where the ma in interest is
taken on research of transport phenomena in swirl chambers and swirl tubes.
Hartnett and Eckert [44] provided a contemporary overview o f the swirl �ow
in a tube. They focused on the detailed measurement of the �ow �eld and
temperature in a vortex �ow that was generated at the nozzle c ross-section
and proceeded in one direction to the far end of the tube. The published data
were discussed with respect to an analytical description considering energy
separation phenomena.
Lately, Ligrani et al. [75] investigated �ow phenomena in sw irl chambers,
which models cooling passages located near the leading edgeof turbine blades,
as shown in Fig. 2.9. This �ow is generally characterised by t he signi�cant
axial and tangential velocity components. They made �ow vis ualisation for
di�erent Reynolds number, based on the total mass �ow rate th rough a
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Fig. 2.9: Swirl cooling con�guration proposed by Glezer et al. [37]

swirl chamber, surveying the mean velocity components, static pressure and
total pressure in order to understand speci�c mechanisms leading to local
enhancement of the surface heat transfer. Thus, they stated that the swirl
�ow could be very useful in di�erent engineering applicatio ns, including, e.g.
biomedical applications, heat exchangers, automobile engines. Hedlund et
al. [46] followed the work by Ligrani et al. [75] and made an ex perimental
investigation of the �ow phenomena and heat transfer in a swi rl chamber
representing the internal passage for cooling the leading edge of a turbine
blade. They analysed the circumferential (tangential) vel ocity component,
the circumferential (tangential) vorticity component, th e static and total
pressure, in order to obtain characteristics describing th e swirl �ow in the
chamber. Moreover, they measured the surface temperature along the swirl
chamber surface in order to resolve the spatial distributio n of the tempera-
ture. These two measurements gave a link between variations of the surface
temperature distribution and swirl �ow characteristics. H edlund and Ligrani
[45] analysed local �ow behaviour and heat transfer for high er Reynolds num-
bers on the same model geometry as Ligrani et al. [75] and Hedlund et al.
[46]. They again measured and evaluated the swirl characteristics and tem-
perature distribution as in the previous works. Here, they c oncluded that
the axial component of velocity and the surface temperature increased with
increasing Reynolds number. They also visualised the �ow by smoke injec-
tion and showed interacting Görtler vortex pairs. They conc luded that an
increasing Reynolds number reduced the size of the Görtler vortex pairs and
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the phenomenon became to be more unsteady.
Glezer et al. [36] focused on the internal swirling �ow and it s in�uence on
heat transfer. They used a test rig for simulating the rotati ng leading edge
internal passage of blades with heated walls and screw-shaped cooling swirl
resulted from �ow generated by tangential slots. The experi mental data were
obtained for a rotating number, which is directly proportio nal to the angular
velocity and the swirl tube diameter and inversely proporti onal to the mass-
averaged radial velocity in the swirl tube, i.e. Ro = 
 D=ur , ranging from
0 to 0.023 and a Reynolds number of 20,000, which is directly proportional
to the mass �ow _m and inversely proportional to the diameter of the swirl
tube D and dynamic viscosity � . They stated that Coriolis forces, appearing
during blades rotation, had a positive in�uence on the inter nal heat transfer
in case of the same direction of the forces with the tangential velocity com-
ponent. There was an opposite behaviour observed when the direction of the
Coriolis forces had an opposing direction to the swirl �ow.

The phenomenon of the swirl �ow and its in�uence on the heat tr ansfer was
investigated for usage in cooling devices, such as cooling equipment in, e.g.
CNC machines, refrigerators, electronic control cabinet, heating processes.
In industry, the cooling device utilising swirl �ow phenome na called the vor-
tex tube is used for separation of a cold air stream and a hot air stream
from compressed air [27]. This device is sometimes referredas the Ranque
vortex tube, Hilsch vortex tube or Ranque-Hilsch vortex tub e. Ranque [102]
focused on the swirling �ow in a tube and in 1933 discovered a phenomenon
of temperature separation in this �ow. Later, Hilsch [48, 49 ] followed his
work and conducted his research related to geometrical and operation pa-
rameters of the tube proposed by Ranque. From these reasons,the tube is
known as the Ranque-Hilsch vortex tube and is shown in Fig. 2.10. A vortex
tube comprises a tube, in which compressed gas is tangentially introduced
and which is then separated in a low and high total temperatur e �ow region.
Cold gas on the one side leaves the tube through an ori�ce plate, whereas
hot gas leaves the tube on the other side through a peripheral gap, in Fig.
2.10 regulated by a cone valve. This temperature phenomenon is called the
Ranque-Hilsch e�ect. The e�ect of the temperature separati on in a vortex
tube is known for many years but it is not fully understood yet .
Gutsol [42] in his work summarised up to date knowledges of the Ranque-
Hilsch e�ect and tried to propose some new ideas for future research. He
suggested, for the description of the Ranque-Hilsch e�ect, developing a the-
ory taking into account kinetics of microvolumes and kineti c energy exchange;
the actual distribution of microvolumes in the forward velo city depending on
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Fig. 2.10: Schematics of a vortex tube [27]

the initial conditions; the arrival of turbulent entities t o the central part of
the �ow from boundary layers; and the radial dependency of th e forward
velocity of the exhausted gas. He thought that it is possible to obtain a qual-
itatively dependency of the energy separation e�ciency on t he tube scale by
consideration of the kinetics of the microvolumes motion ac counting for the
viscosity and heat exchange, which a�ects separation rate and transforma-
tion of the kinetic energy into heat. Leontiev [74] summaris ed gasdynamic
methods of the temperature strati�cation. Among others, he also mentioned
the Ranque-Hilsch vortex tube and used several explanations of the temper-
ature separation.
Eiamsa-ard and Promvonge [27] o�ered a critical review of ex perimental and
computational research of the vortex tube. They divided exp erimental work
into the two important parameters, i.e. into the geometrica l characteristics
of the vortex tube, e.g. diameter and length of the hot/cold t ube, diameter
of the ori�ce, number of inlet nozzles, etc., and into the the rmo-physical
parameters of the vortex tube, e.g. inlet gas pressure, moisture of inlet gas,
type of gas, etc. The computational work was split into parts concerning
quantitative, theoretical, analytical, and numerical asp ects of the research.
They also provided several explanation of the temperature separation phe-
nomenon based on the mentioned experimental, analytical, and numerical
studies. One of the most used explanation of the Ranque-Hilsch phenomenon
was also mentioned by the authors. This explanation was stat ed by Kass-
ner and Knoernschild [58], who used the derived results of the laws of the
shear stress in circular �ow for case of the vortex tube. They postulated
that the initially free vortex (tangential velocity / 1=r) in the vortex tube
is changed by pressure distribution causing temperature distribution that
corresponds to an adiabatic expansion leading to a low temperature in the
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region of low pressure, i.e. near the axis of the vortex tube. Moreover, the
shear stresses cause changes of the �ow downstream from a free to a forced
vortex (tangential velocity / r ). These changes of the vortex structures be-
gin on the boundaries, at the axis and walls, respectively. Furthermore, these
changes cause a radially outward �ow of the kinetic energy. A dditionally, tur-
bulent transport occurring due to the strong pressure gradi ent results in a
temperature pro�le almost complying the adiabatic tempera ture pro�le that
corresponds to the pressure pro�le of the forced vortex. Tra nsport of energy
along this temperature gradient is responsible for even lower temperature in
the core [27, 34, 58, 74, 108].
Xue et al. [133] provided a critical summary of the temperatu re separation
phenomenon. Based on literature survey, they stated that th e temperature
separation in the vortex tube can be followed by two di�erent factors. The
�rst factor was stated as a temperature drop in a vortex tube g iven by com-
bination of e�ects of sudden expansion near the entrance, tr ansfer of energy
outward due to the internal friction and turbulence, second ary �ow struc-
tures and static temperature gradient. On the other hand, th e author stated
the second factor as a temperature rise resulting from compression at the
periphery, static temperature gradient, transfer of energ y due to the friction
between the turbulent layers, friction between air �ow and w all, and the sec-
ondary circulation.
Yilmaz et al. [135] conducted a review focusing on design parameters. They
summarised geometrical parameters (e.g. tube diameter, tube length, tube
geometry, type and number of nozzles, control valve on the side of the hot
end), mass �ow parameters (e.g. cold mass fraction, overall mass �ow rate),
inlet conditions (e.g. inlet pressure, inlet temperature) , gas properties (e.g.
content of moisture, isentropic exponent of gas), and other parameters (e.g.
tube material, tube roughness, molecular mass of gas). Furthermore, they
also provided the in�uence of the respective parameters on the vortex tube
performance.

2.2 Stability of Fluid Flows

Originally, stability of swirl �ows was investigated by Tay lor in his pioneering
work focusing on stability of the �ow between two rotating cy linders [119].
He presented huge theoretical analysis of the �ow with respect to small dis-
turbances, i.e. perturbation analysis, and showed that the well known Lord
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Fig. 2.11: Spiral form of instability observed by Taylor [119]

Rayleigh's condition of stability (
 2R2
2 > 
 1R2

1), which was developed for
inviscid �uid moving between two cylinders rotating in the s ame direction
[77], can predict the origin of vortex structures, nowadays known as Taylor
vortices. In Rayleigh's stability condition, 
 1 and R1 represent the angular
velocity and radius of the inner cylinder, whereas 
 2 and R2 represent the
angular velocity and radius of the outer cylinder, respecti vely. He also ob-
served that the spiral form of the instability appears if the gap between the
rotating cylinders compared to the cylinder radius is small . Furthermore, he
also noticed that one vortex was wider than the other. The wid er vortex
had the same component of vorticity in the direction of the ax is as that of
the steady motion, as shown in Fig. 2.11. On the contrary, for the cylinders
rotating in opposite direction, i.e. 
 2=
 1 < � 1, the vortices were so di�erent
in their size that one of them nearly disappeared.
Stability analysis made by Taylor [119] was followed by othe r scientists.
Chandrasekhar in his monograph [20] summarised known outcomes, made
re�nement and extension of the work by Taylor. He also used Ra yleigh's in-
viscid stability condition, which generally states that in absence of viscosity,
the necessary and su�cient condition of stability for a dist ribution of the
angular velocity 
( r ) is [20]

d
dr

�
r 2 


� 2
> 0: (2.1)
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In other words, the term ( r 2 
) is the angular momentum per unit mass,
thus, the condition of stability, Eq. (2.1), can be alternat ively interpreted as
a strati�cation of the angular momentum about an axis. So, th e strati�cation
of the angular momentum about an axis is stable, if it increas es monotonically
outward [20]. Chandrasekhar [20] also used the discriminant of stability �( r )
that may be written as

�( r ) =
1
r 3

d
dr

�
r 2 


� 2
=

2

r

d
dr

�
r 2 


�
> 0; (2.2)

which is an alternative form to the Rayleigh's inviscid stab ility condition,
Eq. (2.1). In addition, Chandrasekhar [20] solved theoreti cally the problem
of a �uid motion in a gap between rotating cylinders with an ax ial pressure
gradient. He analysed the stability of the �ow against small perturbations
and compared the results with experiments made by Donnelly and Fultz
[25]. He found out that the theoretical analysis supported t he experimental
results, which generally led to an outcome that the axial �ow shifted the �rst
appearance of the Taylor vortices. This analysis was made by other scientists
as well, e.g. Di Prima and Pridor [23] and references therein.
Ludwieg [79, 81] proposed a stability criterion applicable to a swirling �ow
in a narrow annulus. His stability criterion, Eq. (2.3), was given by a
generalisation of the Rayleigh's stability condition for c entrifugal stability
and was expressed by

(1 � h)
�
1 � h2

�
�

� 5
3

� h
�

g2 > 0; (2.3)

where

h =
r

u�

du�

dr
and g =

r
u�

duz

dr
: (2.4)

He applied this condition to helical �ows in an annulus and tr ied to extend
his theory to the vortex breakdown phenomena in spite of the s impli�ca-
tion made for the speci�c geometry and applied boundary cond itions [73,
80]. Nevertheless, Sarpkaya [112] stated that Ludwieg's criterion predicts
instability for many kinds of quasi-cylindrical �ows, but t his condition was
developed for a special case of a narrow annular gap, so its application to
other geometries was not recommended.
Howard and Gupta [52] also proposed a stability criterion ba sed on generalisa-
tion of the Rayleigh's stability condition, Eq. (2.5). This condition supposed
a �ow with the axial component of velocity exposed only to axi symmetric
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disturbances. They expressed the stability condition in th e following form

d
dr

�
ru �

� 2
�

1
4

r 3
� duz

dr

� 2

> 0: (2.5)

Leibovich and Stewartson [73] developed a more general criterion of stability
based on an analysis of an inviscid �ow, Eq. (2.6). Hence, they proposed
the following stability condition

u� d
dr

�
u�

r

� �
d
dr

�
u�

r

�
d
dr

�
ru �

�
+

� duz

dr

� 2
�

> 0: (2.6)

Althaus et al. [4] discussed this condition with respect to w ork by Breuer
[19], who applied this condition to a stable slender vortex a nd observed that
the condition predicted instability, but the vortex breakd own phenomenon
was not observed. So, Althaus et al. [4] explained this discrepancy by the
fact that due to the inviscid formulation of the condition th e viscous damp-
ing e�ects were not taken into account, which might capture t he discrepancy
found by Breuer [19].
Wang [124], and Wang and Rusak [125, 126] studied the stability of a �ow
with respect to small disturbances by the linear and non-lin ear stability the-
ory used for solving the eigenvalue problems. Their approach revealed the
energy separation phenomenon in a swirling �ow and the compl exity of a
swirling �ow. They stated that a swirling �ow comprising hig h density of
the kinetic energy is sensitive to the change of the �ow condi tions and tends
to lose the stability. Due to these reasons, the problem of a swirling �ow
must be de�ned precisely in order to be properly solved by mat hematical
analysis.
Dou et al. [26] developed the gradient theory method to analy se the stability
of a swirl �ow. They tested this method on the Taylor-Couette �ow between
two rotating cylinders and compared the results with the Ray leigh's stability
condition, and with experimental results by Taylor [119] an d Coles [21]. The
gradient theory assumed that the gradient of the total mecha nical energy in
the transverse direction of the main �ow and loss of the total mechanical en-
ergy by viscous friction in the streamwise direction are dom inant for both the
instability phenomena and the �ow transition for a given dis turbance, respec-
tively [26]. So, the �ow instability depends on ampli�catio n and damping
of the initial disturbance by the energy gradient and viscou s friction. They
found a very good agreement with experimental data and concluded that the
gradient theory method is generally applicable to problems of �ow stability.
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Biegger [16] used an alternative stability analysis based on the balance of
total enthalpy, which was preliminary tested in the work by B en Hmidene
[13]. This stability condition followed work by Marsik [84, 85] and supposed
a dominating swirling �ow of perfect gas, i.e. the axial and r adial velocity
components could be neglected, the temperature and pressure depend only
on the radial coordinate. Moreover, it was supposed that the re are small
radial di�erences in the temperature, i.e. � 6= f (T ), and that the pressure
gradient is given by the balance of momentum for the rotation al �ow, i.e.
(u� )2=r = (1 =� )(d p=dr ). Thus, the stability condition assuming a steady
isentropic �ow was determined as

1
2r 2

d
dr

�
ru �

� 2
+ cp

dT
dr

�

�
u�

� 2

r
= 0 : (2.7)

This condition has two parts, the �rst part corresponds to th e mechanical
stability representing the Rayleigh's stability conditio n, Eq. (2.8), and the
second part corresponds to the thermal stability condition , Eq. (2.9).

Mechanical stability condition
1

2r 2

d
dr

�
ru �

� 2
� 0; (2.8)

Thermal stability condition cp
dT
dr

�

�
u�

� 2

r
� 0: (2.9)

Biegger [16] used this condition in his work and compared it w ith Eq. (2.3)
proposed by Ludwieg [79, 81], with Eq. (2.5) by Howard and Gup ta [52],
and with Eq. (2.6) by Leibovich and Stewartson [73]. He found out that the
stability conditions by Howard and Gupta, and by Leibovich a nd Stewart-
son gave very similar results indicating instability in the region near the wall.
He also stated that the Ludwieg's stability condition to spi ral disturbances
indicated instability in regions with the maximum tangenti al velocity. More-
over, Biegger [16] concluded that the stability condition b ased on the total
enthalpy has an advantage in considering temperature e�ect , which a�ects
the �nal radial distribution of the stability condition.
Another alternative approach of the stability analysis, i. e. based on thermo-
dynamics, is the main goal of this work and is developed and analysed in
Chapter 3.
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2.3 Vortex Breakdown

Vortex breakdown is, in literature, referred as an abrupt ch ange in the struc-
ture of the core of a swirling �ow, as stated by Sarpkaya [112] . This phe-
nomenon might be observed due to a �ow over a delta wing in�uen cing the
lift and stability of the wing and in an axisymmetric swirlin g �ow in a tube.
Vortex breakdown is usually characterised by a deformation and deceleration
of the vortex core, changes of velocity distribution (with � ow reversal), and
changes of pressure distribution in the swirling �ow. Thus, the occurrence of
vortex breakdown has a strong in�uence on the performance of the studied
system, such as turbines, trailing vortices behind a wing, cyclone separators,
vortex tubes, swirl chambers, etc.
The phenomenon of vortex breakdown was studied by researchers for decades
and, as mentioned by Lucca-Negro and O'Doherty in [78], ther e might be
an association of �ow instabilities to vortex breakdown. Fo r example, Chan-
drasekhar [20] interpreted the Rayleigh's stability condi tion for inviscid �ow
as a condition that the �ow is stable, if the angular momentum increases
monotonically outward. On the other hand, the swirl velocit y component in
tubes approaches zero values at the wall, but an inertial stability is present
for high Reynolds numbers. This could lead to the occurrence of Görtler vor-
tices con�ned to the wall region. Görtler [38, 39] investiga ted the stability
problem of the laminar boundary layer on slightly curved wal ls, where he
supposed vortices whose axes would be parallel to the direction of �uid. He
made an analytical stability analysis to small disturbance s and determined
conditions, at which these structures can appear. Schlicht ing in his mono-
graph [113] discussed the occurrence of Görtler vortices asa phenomenon
appearing in the transition between laminar and turbulent � ow at concave
walls. Saric [111] summarised and generalised contemporary known outcomes
in the �eld of stability and development of Görtler vortices . His work pro-
vides a nice overview of the Görtler vortices phenomena.
Thus, the stability criteria summarised in the previous, Se ction 2.2, can be
associated with vortex breakdown. The vortex breakdown phe nomena was
studied by many researches from point of view of experimental research, theo-
retical analysis, and numerical methods. This phenomenon was summarised
and reviewed for many times [3, 4, 43, 72, 112, 117]. One of themost recent
reviews of the vortex breakdown phenomena summarising the types of vortex
breakdown, stability criteria, and prediction of vortex br eakdown, was pro-
vided by Lucca-Negro and O'Doherty [78]. Some of the elementary outcomes
are presented in the following.
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Sarpkaya [112] in his study of a swirling �ow in a mildly diver ging cylindrical
tube visualised �ow structures with dye. He observed three t ypes of vortex
breakdown, i.e. 1) double-helix form, 2) spiral forms, and 3 ) axisymmetric
form. Faler and Leibovich [30] also made visualisations of the vortex break-
down phenomena occurring in a swirling �ow and they observed seven types
of vortex breakdown, as shown in Fig. 2.12. These seven typesof vortex
breakdown can be described as follows.

ˆ Type 0 - Axisymmetric closed (or bubble) vortex breakdown
This type of vortex breakdown is characterised by a stagnati on point
on the swirl axis, which is followed by an expansion to form an envelope
of a bubble recirculating �uid. One or two tails rotating wit h the �ow
are generated, Fig. 2.12 a).

ˆ Type 1 - Axisymmetric open vortex breakdown
This type of vortex breakdown has a non-smooth envelope and opened
tail of vortex breakdown, Fig. 2.12 b).

ˆ Type 2 - Spiral breakdown
The spiral type of vortex breakdown is characterised by deceleration
causing a stagnation. This stagnation is followed by sharp k ink into
corkscrew-shaped twist of the dye [78]. This shape persists for few
turns before it breaks up into turbulence, Fig. 2.12 c).

ˆ Type 3 - Modi�cation of spiral breakdown
The modi�ed spiral breakdown posses characteristics of typ e 2 and
type 4, Fig. 2.12 d). Furthermore, this type of vortex breakd own is
accompanied by reverse �ow [2].

ˆ Type 4 - Flattened bubble breakdown
Flattened bubble breakdown originates spontaneously or by increasing
swirling �ow from type 6. Moreover, this type of vortex break down is
usually wider than thicker, as shown in Fig. 2.12 e1) and e2) and does
not rotate.

ˆ Type 5 - Double helix breakdown
This type of vortex breakdown also originates from type 6 and is ac-
companied by deceleration and then expansion into curved tr iangular
sheet. Furthermore, each half of the expanded sheet is wrapped around
the other to form a double helix [78]. Evolution of this type s how Figs.
2.12 f1) - f4).
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Fig. 2.12: Types of vortex breakdown [2, 30]; a) type 0, b) type 1, c) type
2, d) type 3, e1) type 4 - side view, e2) type 4 - top view, f1) typ e
5 - at t = 0 min, f2) type 5 - at t = 5 min, f3) type 5 - at t = 10
min, f4) type 5 - at t = 15 min, g) type 6
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ˆ Type 6 - Filament disruption
Filament disruption characterises a stable and a �xed state of a �lament
moving near the axis. If the �lament moves away from the axis, the
�lament will obtain the spiralling sense of the �ow, Fig. 2.1 2 g).

Lucca-Negro and O'Doherty [78] stated that breakdowns of ty pes 3 - 6 are
not so often observed and occur at lower Reynolds numbers. At higher
Reynolds numbers, observable characteristics are usuallythe bubble and the
spiral breakdowns [72]. Novak and Sarpkaya [97] analysed vortex breakdown
at high Reynolds number and observed in very short exposure a conical
breakdown that consisted of two or more wrapped helical stru ctures with a
conical envelope rotating contrary to the �ow, as shown in Fi g. 2.13. This
type of vortex breakdown is sometimes called type C [2].

Fig. 2.13: Conical vortex breakdown [97]; a) vortex breakdown at low
Reynolds number, b) vortex breakdown at high Reynolds numbe r

Moreover, the here presented types of vortex breakdown assumed a bounded
�ow. Types of vortex breakdown in an unbounded �ow are summar ised in
monograph of Alekseenko et al. [2].
Regarding the types of vortex breakdown, there have been developed some
theories describing and explaining this phenomenon. Thus, there are three
basic theories that are associated with the vortex breakdown phenomenon
as stated by Escudier [29] or by Hall [43]

ˆ instability, i.e. axisymmetric disturbances, spiral dis turbances, non-
linear interactions,
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ˆ stagnation, i.e. separation analogy, quasi-cylindrical approximation
(failure of slender core),

ˆ wave phenomena, i.e. inertia waves, solitary waves, trans ition between
conjugate �ow states, shock or hydraulic jump analogy.

The instability criteria, which are used in this sense have b een presented in
Section 2.2. Here only two other theories are presented.
Vortex breakdown is generally accepted, if there is a �ow sta gnation at the
vortex axis. Hall [43] suggested that vortex breakdown is comparable to a
boundary layer separation. This approach assumes an in�uence of adverse
pressure on the �ow, which would cause the appearance of an internal do-
main of �ow reversal similar to a wake. Keller [61] stated tha t this approach
seems to be useful to study the �ow upstream of vortex breakdo wn waves,
but it is not expected to be useful for studying the internal s tructures of a
vortex breakdown.
Wave phenomena was independently used for analysis of an axisymmetric,
inviscid, and steady vortex by Squire [118] and Benjamin [14], as mentioned
in [78]. Both of them stated that there is a critical state, wh ich separates �ow
between the subcritical and supecritical state of the �ow. I n the subcritical
�ow, disturbances can propagate upstream and downstream, whereas in the
supercritical �ow, disturbances can propagate only downst ream, as stated in
[29, 62, 78]. Moreover, Hall [43] stated that their interpre tations were di�er-
ent. Thus, Squire took the breakdown as accumulation of upst ream travelling
disturbances in place of the critical state, whereas Benjamin understood the
breakdown as an abrupt change between two conjugate �ow stat es. Squire's
analogy corresponds to a shock wave problem, whereas Benjamin's analogy
corresponds to a hydraulic jump in a channel �ow.
Keller et al. [63] described the problem of transitions betw een the �ow states.
They used the original approach by Benjamin [14] and extended it. The new
developed approach was then applied to a hydraulic problem, in which the
�ow states of a channel �ow were analysed. This extended appr oach agreed
well with results obtained by Benjamin, who analysed the �ow states with
respect to Froude number relating �ow velocity, channel hei ght, water depth,
and gravitational acceleration, so that F1 = u1=(gh)1=2 , F2 = u2=(gD)1=2 ,
and F > F c is the condition for the supercritical �ow, and F < F c for the
subcritical �ow. They also analysed the �ow states of a �ow in an annulus,
where a condition dividing the �ow states to the supercritic al, critical, and
subcritical states was determined. Moreover, the �ow state s of a Rankine
vortex, i.e. vortex consisting of the vortex core rotating a s a solid body
surrounded by a potential vortex, were studied in their work . They again
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analysed states and states transition, i.e. di�erence betw een states, of the
�ow, which was assumed as inviscid and axisymmetric, see also [9]. By this
approach, the vortex breakdown region might be predicted, a s also shown in
the work by Biegger [16].
Biegger [16] also discussed an analytical estimation of a swirl number limit
determined by Kobiela [66]. This swirl number limit can pred ict the oc-
currence of an axial back�ow, which is supposed to be connected to vortex
breakdown in swirl tubes. They both stated that for the occur rence of back-
�ow, the minimum swirl number is S = 0 :928, assuming a parabolic axial
velocity pro�le.
Spall et al. [117] proposed a criterion in order to predict th e onset of vortex
breakdown. Their criterion was derived based on previous experimental, nu-
merical, and theoretical studies and followed the works by Squire [118] and
Benjamin [14]. The proposed critical condition was expressed by the Rossby
number as

Ro =
uz �

r � 

; (2.10)

Fig. 2.14: Rossby number dependency of wing-tip vortices [117]; variable W
represents the characteristic axial velocity (in the text d enoted
by uz � )
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where uz � , r � , and 
 represent the characteristic axial velocity, a chara c-
teristic length scale, and a characteristic rotation rate o f the vortex core,
respectively. Thus, r � de�nes the radial coordinate, where the swirl veloc-
ity reaches its maximum. This radial coordinate correspond s to the viscous
length scale for swirling �ows, as stated by Leibovich [72]. The characteristic
axial velocity uz � is the velocity at this radial position r � . Moreover, this ra-
dial coordinate determines a consistent velocity scale for uniform and radially
varying axial velocities, and also for swirl velocities giv en by r � 
 with the
rotation rate 
 representing an angular velocity of a solid b ody rotation. To
ensure consistency, Spall et al. [117] de�ned the Reynolds number in terms
of the viscous length scaler � and axial velocity uz � at the radial coordinate
r � . Results of Spall and of other investigations are shown in Fig. 2.14. It is
evident from the plot that the critical Rossby number, rough ly 0.65, appears
for a Reynolds number greater than 100. For a lower Reynolds number, the
Rossby number is lowered due to the dominant in�uence of the v iscosity.
The plot also shows the result of the theoretical analysis for the existence
of axisymmetric standing waves by Squire [118] that resulted in a critical
Rossby number of 0.57. Nevertheless, Spall et al. [117] alsoconcluded that
their criterion is, due to characteristic scales related to the vortex, applicable
to con�ned and uncon�ned vortical �ows.
For other possibilities how to understand and interpret vor tex breakdown,
the readers are referred to the review of Lucca-Negro and O'Doherty [78].
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CHAPTER3

Stability Condition

In this chapter, an introduction to the balancing of quantit ies is given. More-
over, de�nition of entropy is also included. At the end of thi s chapter, the
derivation of the thermodynamic stability condition with i ts application to
simpli�ed kinds of �ow, i.e. steady axial �ow, represented b y a laminar
and turbulent �ow, and a steady �ow in an annulus, represente d by a Cou-
ette �ow between rotating cylinders and a �ow in a rotating tu be is pro-
vided.

3.1 General Balance Law

In general, the balanced quantity is supposed to be in the fol lowing form

�( t) =

Z

V0 � �

� (X ;t )dV =

Z

V � �

� (x ;t )dV ; (3.1)

where � (X ;t ) and � (x ;t ) are successively a volumetric density of the balanced
quantity in the material description and a volumetric densi ty of the balanced
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3 Stability Condition

quantity in the actual description, respectively. These de nsities are given
as

� (X ;t ) = lim
� V0 ! 0

��( t )
� V0

; (3.2)

� (x ;t ) = lim
� V ! 0

��( t )
� V

: (3.3)

So, the general balance law for an arbitrary material point P at position X 2
V0 is obtained by reduction of a �nite volume � V0 containing the material
point P, i.e. via the limit � V0 ! 0. Due to this reduction, i.e. deformation
or generally thermodynamic process, the position of the mat erial point P is
changed to the position x = x (X ;t ). Note that, by a thermodynamic process,
the temperature of the material point P is also changed, i.e. T = T (X ;t ) =
T (X (x ;t );t ) = T (x ;t ).
Moreover, the time change of the balanced quantity �( t ) in an investigated
body, or system, may be caused only in two ways. The �rst is an i n�ow, or an
out�ow, of the balanced quantity �( t ) into, or out of, the investigated body
through its boundary. The second is a source, or a sink, of the balanced
quantity �( t ) inside the investigated body, or system. This fact can be
formulated by the fundamental balance relation

D�( t)
Dt

= _� = J (�) + P (�) ; (3.4)

i.e. by the so-called general balance law. Here,J (�) expresses a total �ux
of the quantity � through a body boundary, i.e. it can be expre ssed by a
surface integral

J (�) =

Z

A 0

J K (�)d AK =

Z

A

j k (�)d ak ; (3.5)

and P(�) expresses a production or destruction of the quantity � i n the
entire body per unit time, i.e. it can be expressed by a volumetric integral

P (�) =

Z

V0 � �

�(�)d V =

Z

V � �

� (�)d V ; (3.6)

where �(�) and � (�) are densities production of quantity in the material
and actual description.
Furthermore, the investigated body, or system, can also inc lude discontinuity
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3.2 De�nition of Entropy

surfaces � = �( X ;t ) in the material description and � = � (x ;t ) in the actual
description, respectively. As an example of a discontinuit y surface, a shock
wave can be mentioned. So, these discontinuities are, in general, the material
surfaces but they are called singular surfaces [28, 85, 110]. Thus, the �nal
form of the general balance law, after using the mean value theorem [28], at
point X is expressed by

_� �
@JK (�)

@XK
� �(�) = 0 ; for X 2 V0 � � ; (3.7)




 � (UK � V K ) � J K (�)




 NK = 0 ; for X 2 � : (3.8)

Here, k�k expresses a jump of the discontinuity, i.e. values di�erenc e, on the
discontinuity surface �. De�nition of this jump is




 AK




 = AK j �+ � AK j � � .

These equations represent successively the local balance law in a volume V0

and on the singular surface �, where NK is an outer normal to the surface
� and V K is a propagation velocity of the surface �.
The same method, i.e. reduction of the volume V , is applied in order to
determine a local balance law in the actual description

@�
@t

+
@(�u k )

@xk
�

@jk (�)
@xk

� � (�) = 0 ; for x 2 V � �; (3.9)



 � (uk � vk ) � j k (�)




 nk = 0 ; for x 2 �: (3.10)

The last mentioned equations are successively valid for the actual volume
V � � and for the singular surface � . The outer normal to this singular
surface is nk and its propagation velocity is vk .

3.2 De�nition of Entropy

Entropy is an extensive quantity, or also an extensive therm odynamic prop-
erty, and characterises the macroscopic state of systems and running pro-
cesses inside systems. Furthermore, entropy is de�ned by aninequality, the
so-called Clausius inequality d�Q=T � dS or _Q=T � _S [85]. If a physical
quantity is de�ned via an inequality, a dependency of a physi cal quantity
will not be exactly de�ned, which results in the possibility to obtain an in-
�nite number of de�nitions. Due to this, a general de�nition of the entropy
has not been found yet.

39



3 Stability Condition

A frequently used de�nition of entropy is the equilibrium en tropy

dS =
d�Qrev

T
; (3.11)

where Qrev denotes the fact that heat exchange hast to be part of a reversible
process. In addition, another possible de�nition of entrop y is expressed via
the local equilibrium entropy, also known as the Gibbs de�ni tion of entropy

Tds = d u + d w; or Td _s = d _u + d _w: (3.12)

The equilibrium entropy complies a condition of equality in the general Clau-
sius inequality, whereas the local equilibrium entropy may also be understood
as a de�nition of the mass density of entropy, or the speci�c e ntropy, in sys-
tems out of equilibrium [71].
Thus, the total entropy of a system is de�ned by the general ba lance law

S =

Z

V0 � �

� 0(X )s(X ;t )dV

=

Z

V � �

� (x ;t )s(x ;t )dV ;

(3.13)

where s is the speci�c entropy relative to the mass of a system or body.
It can be assumed that the Clausius inequality is valid for ea ch material
point. The material point exchanges a total amount of heat d� Q at temper-
ature T with its surroundings. Thus, the total amount of heat d� Q may be
divided into heat �ux density, i.e. QK or qk , and density of the absorbed
or emitted energy, i.e. ~Q or ~q. Then, generalisation of the Clausius inequal-
ity for the entire system, or body, has for the material descr iption the form

Z

V0 � �

� 0 _sdV � �

Z

A 0 � �

QK

T
dAK +

Z

V0 � �

~Q
T

dV ; (3.14)

and for the actual description becomes

_Z

V � �

�s dV � �

Z

A � �

qk

T
dak +

Z

V � �

~q
T

dV : (3.15)

Moreover, the total production of entropy must be de�ned in o rder to comply
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3.2 De�nition of Entropy

with the above mentioned inequalities. Then, the total prod uction of entropy
is de�ned by

P(S) =

Z

V0 � �

�( S)dV � 0

=

Z

V � �

� (S)dV � 0;

(3.16)

where

�( S) = � 0 _s +
@

@XK

�
QK

T

�
�

~Q
T

� 0; for X 2 V0 � � ; (3.17)

and

� (S) = � _s +
@

@xk

�
qk

T

�
�

~q
T

� 0; for x 2 V � �; (3.18)

are densities of the production of entropy in the material an d actual descrip-
tion, respectively. Eq. (3.17) and Eq. (3.18) represent a local form of the
second law of thermodynamics or a local form of the balance of entropy and
are called as the Clausius-Duhem inequalities [71, 85].
In general, the balance law of the total entropy is given by

_S � J (S) = P(S) � 0: (3.19)

Thus, the balance law of the total entropy has in the material description,
i.e. by Eq. (3.14) and Eq. (3.17), following form

Z

V0 � �

� 0 _sdV = �

Z

A 0 � �

QK

T
dAK +

Z

V0 � �

~Q
T

dV +

Z

V0 � �

�( S)dV : (3.20)

In the actual description, i.e. by Eq. (3.15) and Eq. (3.18), the balance law
of the total entropy can be expressed by

_Z

V � �

�s dV = �

Z

A � �

qk

T
dak +

Z

V � �

~q
T

dV +

Z

V � �

� (S)dV : (3.21)

Comparing Eq. (3.19) with Eq. (3.20) and Eq. (3.21), a �ux of t he entropy
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3 Stability Condition

into a body is determined as

J (S) = �

Z

A 0 � �

QK

T
dAK +

Z

V0 � �

~Q
T

dV

= �

Z

A � �

qk

T
dak +

Z

V � �

~q
T

dV :

(3.22)

Here, a negative sign expresses the �ux against the direction of the outer
normal to the body surface.
If an absorption or an emission of the radiation energy is neglected, the
density of the entropy �ux will be obtained in the following f orm

J K (S) = �
QK

T
;

j k (S) = �
qk

T
:

(3.23)

Moreover, it is also suitable to determine the local balance law for the balance
of entropy on the discontinuity surface [28, 85]. The balanc e of entropy for
the discontinuity surface has, according to Eq. (3.7) and Eq . (3.9), the
following form




 � 0s(UK � V K ) � J K (S)




 NK � 0; for X 2 � ; (3.24)




 �s (uk � vk ) � j k (S)




 nk � 0; for x 2 �: (3.25)

If the surface of discontinuity, e.g. a shock wave, passes through an environ-
ment, the entropy of that environment will increase or more p recisely will
not decrease.
Furthermore, the production of entropy may be understood as the most gen-
eral form of the second law of thermodynamics, which also expresses density
of the dissipated energy formulated via the so-called fundamental thermody-
namic inequality. Thus, in the material description, the fu ndamental ther-
modynamic inequality is given by

�� = T �( S)

= � 0T _s +
@QK

@XK
�

QK

T
@T

@XK
� ~Q � 0; for X 2 V0 � � :

(3.26)
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3.3 Thermodynamic Stability Condition (TSC)

Analogously, in the actual description, the fundamental th ermodynamic in-
equality is written as

�� = T � (S)

= �T _s +
@qk

@xk
�

qk

T
@T
@xk

� ~q � 0; for x 2 V � �:
(3.27)

3.3 Thermodynamic Stability Condition (TSC)

In order to analyse a �ow stability, it is convenient to use a d e�nition of
the fundamental thermodynamic inequality together with th e �rst law of
thermodynamics formulated via the total enthalpy. Neverth eless, because
�ow problems are usually solved in the actual description, d erivation of the
thermodynamic stability condition (TSC function) based on the fundamental
thermodynamic inequality is conducted only for the actual d escription of the
system, i.e. for x2 V � � . Moreover, the production of entropy term in the
fundamental thermodynamic inequality depends on the other quantities, as
shown by Eq. (3.18). However, the production of entropy can b e obtained
from the balance of the total enthalpy, which is the thermody namic potential
reaching its minimum in a local thermodynamic equilibrium, i.e. d2ht .
The total enthalpy, or the total speci�c enthalpy, is expres sed by

ht = u +
p
�

+
u2

2
+ �; (3.28)

where u, � , u, and � are successively the internal energy, density, velocity
vector, and a potential, respectively. Moreover, pressure p is given by the
elastic part of the Cauchy stress tensor

t ik = � p (�;T ) � ik + t ik
dis

�
�;d ik ;T;

@T
@xi

�
: (3.29)

Furthermore, the balance of the total enthalpy is given by

� _ht �
@p
@t

+
@qk

@xk
� t ik

dis
@ui
@xk

� ui
@tikdis

@xk
� ~q = 0 : (3.30)

Density of the absorbed or emitted energy, ~q, expressed from the balance of
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3 Stability Condition

the total enthalpy, Eq. (3.30), is inserted into the fundame ntal thermody-
namic inequality, Eq. (3.27). Then, Eq. (3.27) becomes

�� = �T _s+
@qk

@xk
�

qk

T
@T
@xk

� � _ht +
@p
@t

�
@qk

@xk
+ t ik

dis
@ui
@xk

+ ui
@tikdis

@xk
� 0; (3.31)

�� = �T _s � � _ht +
@p
@t

�
qk

T
@T
@xk

+ t ik
dis

@ui
@xk

+ ui
@tikdis

@xk
� 0; (3.32)

�� = �

�
T _s +

1
�

@p
@t

� _ht

�
�

qk

T
@T
@xk

+ t ik
dis

@ui
@xk

+ ui
@tikdis

@xk
� 0: (3.33)

It is noticeable that the total enthalpy depends only on the e ntropy and the
pressure. For steady isentropic processes, i.e.@p=@t;_s; and t ik

dis = 0, the
total enthalpy is expressed by

ht = u +
p
�

+
u2

2
+ � = constant ; (3.34)

meaning that the total energy of the material point during it s movement
along a trajectory xk = xk (X k ;t ) is constant. Furthermore, according to the
above noted conditions and expressions, the TSC function, Eq. (3.33), can
be rewritten as

�� = �

�
T �

� @ht
@s

�

p

�
_s + �

�
1
�

�

�
@ht
@p

�

s

�
@p
@t

�
qk

T
@T
@xk

+ t ik
dis

@ui
@xk

+ ui
@tikdis

@xk
� 0: (3.35)

This inequality shows a dependency of the temperature and density on the
total enthalpy, so that

T =
� @ht

@s

�

p
and

1
�

=

�
@ht
@p

�

s

: (3.36)

Assuming a �ow problem being in a thermodynamic equilibrium , then, Eq.
(3.33) becomes

�� = �� 0 = � 0

�
T0 _s0 +

1
� 0

@p0
@t

� _ht 0

�
= 0 : (3.37)
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3.3 Thermodynamic Stability Condition (TSC)

Nevertheless, a thermodynamic equilibrium deviates by an i n�uence of �uc-
tuations of the speci�c entropy and pressure out of equilibr ium, which re-
sults in the following occurrence of dissipative and destabilising processes

�� = �

�
T _s +

1
�

@p
@t

� _ht

�
+ � � 0; (3.38)

where

� = �
qk

T
@T
@xk

+ t ik
dis

@ui
@xk

+ ui
@tikdis

@xk
: (3.39)

As the entropy is a function of variables ht ; p and has extremes, i.e. maxima
and minima, �uctuations of the total enthalpy and pressure a round their
reference states are introduced

s = s0 + �s; p = p0 + �p: (3.40)

It is also convenient to expand the total enthalpy into a Tayl or series

ht (s;p) = ht 0(s0 ;p0) + d ht (�s; �p ) +
1
2

d2ht (�s; �p ) + : : : (3.41)

Then, the TSC function, Eq. (3.33), becomes

�� = �

"

T
�

_s0 + _�s
�

+
1
� 0

@
@t

(p0 + �p ) � _ht 0 � _dht �
_d2ht

2

#

�
qk

T
@T
@xk

+ t ik
dis

@ui
@xk

+ ui
@tikdis

@xk
� 0; (3.42)

where entropy, i.e. a thermodynamic equilibrium and a local thermodynamic
equilibrium, can be de�ned by the following relations

_ht 0 = T _s0 +
1
�

@p0
@t

; _dht = T _�s +
1
�

@�p
@t

: (3.43)

Thus, the reference state, i.e. equilibrium, may be de�ned b y

T
�

_s0 + _�s
�

+
1
� 0

@
@t

(p0 + �p ) � _ht � _dht = 0 : (3.44)

Then, the remaining term in the square brackets of Eq. (3.42) represents
the energy of �uctuations that should be attenuated by proce eding processes
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3 Stability Condition

in a system, i.e. by dissipative and destabilising processes in a �uid. These
processes act against induced �uctuations in order to keep a system in an
equilibrium and must satisfy

�
�
2

_d2ht + � � 0: (3.45)

Hence, the TSC function may be expressed as

�� = �
�
2

_d2ht �
qk

T
@T
@xk

+ t ik
dis

@ui
@xk

+ ui
@tikdis

@xk
� 0: (3.46)

Thus, the equality assigns a balance between the energy of �uctuations and

dissipative and destabilising processes, i.e.� = ( � 0=2) _d2ht . If the inequality
is satis�ed, dissipative and destabilising processes will attenuate �uctuations
and a system is stable in sense of the TSC function. Furthermore, a general
condition for a system with dominant convection processes states that a sys-

tem is stable, if d2ht � 0 and _d2ht � 0 [85]. Then, it may be stated that the
total enthalpy serves as the Lyapunov function of stability for a system with
dominant convection. So, if the TSC function, Eq. (3.33), is not satis�ed,
a convective instability may occur.
Hence, with respect to the above mentioned generalisation, the �nal expres-
sion for the TSC function is

� = �
qk

T
@T
@xk

+ t ik
dis

@ui
@xk

+ ui
@tikdis

@xk
� 0 for x 2 V; (3.47)

and represents dissipative processes, given by gradients of temperature and
velocity, and also destabilising processes, given by divergence of dissipative
part of the stress tensor.
In order to complete Eq. (3.47), the dissipative part of the s tress tensor
needs to be expressed. Assuming low Mach numbers of the �ow, the dis-
sipative part of the stress tensor is given via the Cauchy str ess tensor for
a Newtonian incompressible �uids using the strain rate tens or dik by [50]

t ik
dis = 2 �d ik = �

�
@ui

@xk
+

@uk

@xi

�
; (3.48)

dik =
1
2

�
@ui

@xk
+

@uk

@xi

�
: (3.49)

So, the inequality, Eq. (3.47) or Eq. (A.1), represents the s o-called local
TSC function. Moreover, the so-called global, or integral, TSC function,
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3.4 Application of the Thermodynamic Stability Condition

estimating whether an entire investigated system satis�es the TSC function,
is given by a volume integral of the local TSC function. Thus, the general
form of the global TSC function becomes

� =

Z

V

� dV : (3.50)

3.4 Application of the Thermodynamic Stability Condition

The previous sections showed the derivation of the local TSC function via
the balance of entropy and balance of total enthalpy. This se ction focuses
on the application of the local TSC function to simpli�ed gen eral �ow, i.e.
axial �ow in a straight rigid tube, Couette �ow between rotat ing cylinders,
and �ow in a rotating tube.

3.4.1 Steady Axial Flow

An isothermal incompressible �uid with constant viscosity and a steady 1D
�ow along the z-axis in a rigid tube, i.e. the velocity vector has the follow ing
form u = ( ur ; u� ; uz ) = (0 ; 0; uz (r )), is considered, as schematically shown
in Fig. 3.1.

Fig. 3.1: Schematics of 1D �ow in the rigid tube
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3 Stability Condition

The local TSC function has for this type of �ow and for the cyli ndrical
coordinates the following form

� = �u z

�
@2uz

@r2
+

1
r

@uz

@r

�
+ �

� @uz

@r

� 2

=
�
r

@
@r

�
ru z @uz

@r

�
� 0:

(3.51)

Derivation of Eq. (3.51) is shown in Appendix A.

3.4.1.1 Laminar Flow

A laminar �uid �ow in channels or tubes is characterised by a p arabolic ve-
locity pro�le, i.e. the so-called Poiseuille �ow [50]. In cy lindrical coordinates,
this velocity pro�le can be expressed by

uz = u (r ) = K

�
1 �

� r
R

� 2
�

= Kf (r ); (3.52)

where K is a constant characterising a maximum value of the velocity . This
expression, Eq. (3.52), is inserted into the local TSC funct ion, Eq. (3.51).
After simple algebra, see Appendix B, the �rst interesting r esult is obtained

� = 4 K 2 �

�
2

r 2

R4
�

1
R2

�
� 0: (3.53)

Thus, as shown in Fig. 3.2, the local TSC function, Eq. (3.51) , is for the
velocity pro�le, Eq. (3.52), satis�ed in the region, where r > � R=

p
2, see

Appendix B. This means that the laminar �ow in a tube is stable in this
region. On the other hand, in the region where the radial coor dinate is
r < � R=

p
2, the laminar �ow in a tube is in an unstable region. The radia l

coordinate r = � R=
p

2 represents a margin of the local stability.
In addition, in order to obtain the so-called global TSC func tion, Eq. (3.50),
the volume integration of the local TSC function is necessary, see Appendix
B. If the positive values of the local TSC function prevails, the global TSC
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Fig. 3.2: Velocity pro�le of a laminar �ow in a tube and corresponding s hape
of the local TSC function

function will be positive as well. Hence, the global TSC func tion of the
laminar �ow in the rigid tube is

� =

Z

V

4K 2 �

�
2

r 2

R4
�

1
R2

�
dV = 0 : (3.54)

So, the laminar �ow in a tube is according to the global TSC fun ction
at the margin of stability, i.e. a small disturbance may dest abilise the
�ow.

3.4.1.2 Turbulent Flow

A turbulent �uid �ow, in case of the �ow in the boundary layer, can be
approximated via the 1/7 power law [113]. Unfortunately, th is approximation
leads to the inaccurate shear stress at the channel or tube wall. Nevertheless,
due to this approximation, it is possible to express this �ow , e.g. a boundary
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Fig. 3.3: Velocity pro�le of a turbulent �ow given by the power law in a
tube and corresponding shape of the local TSC function

layer near a tube wall, by

uz = u (r ) = K (R � r )1=7 = Kf (r ); (3.55)

where K is a constant characterising a maximum value of the velocity .
Unfortunately, this approximation of a turbulent �ow in a tu be leads to
a discontinuity near the tube axis, but it still provides a qu alitative �ow
characteristic. Hence, the approximated velocity, Eq. (3. 55), is inserted into
the local TSC function, Eq. (3.51). After simple algebra, se e Appendix C,
the following result is obtained

� = K 2 �

�
�

1

7r (R � r )5=7
�

5

49 (R � r )12=7

�
� 0: (3.56)

Thus, the local TSC function for the turbulent �ow reaches fo r r 2 (0; R)
always negative values,as shown in Fig. 3.3. Here, the localTSC function is
shown without region near the tube axis, where a discontinui ty of the used
power law velocity pro�le for a turbulent �ow in a tube, which results in
more negative values of the local TSC function, causes a results distortion.
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Furthermore, the global TSC function is again given by the vo lume integral,
Eq. (3.50), by

� =

Z

V

K 2 �

�
�

1

7r (R � r )5=7
�

5

49 (R � r )12=7

�
dV � 0: (3.57)

Hence, the turbulent �ow in the boundary layer is according t o the global
TSC function unstable, i.e. a small disturbance shall not at tenuate.

3.4.2 Steady Flow in an Annulus

This subsection focuses on the Couette �ow between two rotat ing cylin-
ders and the �ow in rotating tubes. So, an isothermal incompr essible �uid
with a constant viscosity and a steady velocity in axial and t angential di-
rection is assumed. Components of the velocity vector are a function of
the radial coordinate r , i.e. the velocity vector has the following form
u = ( ur ; u� ; uz ) = (0 ; u� (r ); uz (r )).
The local TSC function is for the tangential and the axial com ponents of the
velocity, see Appendix A and Eq. (A.1), given by
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Determination of a shape of the local TSC function is the main task. More-
over, in case of the Couette �ow between rotating cylinders, the obtained
results are compared with results of the Rayleigh's stabili ty condition.
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3 Stability Condition

3.4.2.1 Couette Flow between Two Rotating Cylinders

The local TSC function has for the Couette �ow between two rot ating cylin-
ders, characterised by the tangential component of the velocity vector u� =
u� (r ), the following form

� = �
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� 0: (3.59)

The tangential component of the velocity is assumed by u� = u� (r ) = r 
( r ),
i.e. a �uid rotates as a solid body with the angular velocity d epending on
the position r . Thus, this expression of the tangential velocity is insert ed
into Eq. (3.59), which results in
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For comparison, the results of the inviscid Rayleigh's theo ry for the same ve-
locity pro�le, i.e. u� = u� (r ) = r 
( r ), based on the discriminant of stability,
published by Chandrasekhar [20], are also given here

�( r ) =
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r 3

d
dr

�
ru �

� 2
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r 3

d
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�
r 4 [
( r )]2

	

= 4 [
( r )]2 + 2 r 
( r )
d
( r )

dr
> 0: (3.61)

Derivation of inequalities, Eq. (3.60) and Eq. (3.61), and f urther calculations
are given in Appendix D.
On the �rst view, the Rayleigh's inviscid theory contradict s the local TSC
function in the following simpli�ed case of the solid body vo rtex formulated
as u� = r 
, i.e. for 
( r ) = 
 = constant. For this case, the local TSC
function complies the inequality (3.60) only partly, i.e. � = 0, but the
Rayleigh's condition (3.61) is satis�ed, i.e. �( r ) > 0. This discrepancy
can be caused by the fact that in evaluation of the local TSC fu nction are,
moreover, re�ected mutual relations between the velocity g radients and the
dissipative stress tensor of �uid motion in contrast to the i nviscid Rayleigh's
condition.
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R 1

R
2

� 1

� 2

Fig. 3.4: Flow between two rotating cylinders

Furthermore, the general Couette �ow between two rotating c ylinders, Fig.
3.4, is given by the expression [20]
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B
r 2

; (3.62)
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For the angular velocity Eq. (3.62), the discriminant of sta bility, Eq. (3.61),
or eventually Eq. (D.4), becomes
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which is, then, by use of Eq. (3.63) rewritten as
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r 2
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From the inequality Eq. (3.65) it follows that the Rayleigh' s condition will be
satis�ed only, if the discriminant of stability is larger th an zero, i.e. �( r ) > 0.
Because of� C < 1; 1 � � 2

C > 0 and, moreover, assuming� C > 1; 1 � � C < 0
meaning that the parentheses showing a dependency on the radial coordinate
is less than zero, the relation between � C and � C must comply the following
inequality

1 �
� C

� 2
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< 0 ! � 2
C � � C < 0 ! � C > � 2

C ! 
 2 > 
 1 � 2
C ; (3.66)

which is a well known result for the Couette �ow between two ro tating cylin-
ders underlined by Chandrasekhar [20].
Also, the local TSC function Eq. (3.60) is solved for the angu lar velocity
given by Eq. (3.62). So, the local TSC function Eq. (3.60) wil l be satis�ed,
if the following relation is valid
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Thus, one obtains
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Then, relations in Eq. (3.63) are inserted into the inequali ty Eq. (3.68), see
Appendix D, and the following conclusions are found
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where ~r = r=R 2 . This inequality, Eq. (3.69), is valid, if 1 � � 2
C 6= 0 ! � C 6=
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3.4 Application of the Thermodynamic Stability Condition

� 1, which is always satis�ed, because of the de�nition of � C by Eq. (3.63).
Nevertheless, there is one condition, for which the local TSC function reaches
zero values meaning that the Couette �ow between two rotatin g cylinders
is at the margin of stability, i.e. � = 0 for � C = 0 or 
 2 = 
 1 . The same
condition, i.e. � C = 0 or 
 2 = 
 1 , is valid for the global TSC function, as
shown in the following analysis, see Appendix D,
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Hence, the global TSC function is always positive because� C < 1, Eq. (3.72).
Nevertheless, there is again only one condition, for which the inequality is
zero, i.e. for � C = 0 or 
 2 = 
 1 , as already mentioned above.
Comparison of the obtained theoretical results with well kn own experiments
made by Taylor shows an qualitative agreement between experimental and
theoretical results, Fig. 3.5; experimental data and radii of cylinders, i.e.

-200 -100 0 100 200
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­ 2 [rad s¡ 1 ]

­ 1

[rad s¡ 1 ]

data by Taylor

­ 1 = ­ 2 for ¼ = 0

­ 1 = ­ 2=´C
2

Fig. 3.5: Onset of coherent structures, i.e. instability, for �ow bet ween two
rotating cylinders
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3 Stability Condition

R1 = 0 :03550 m; R2 = 0 :04035 m; � C = 0 :8798, are taken from [26, 119].
Moreover, the line 
 1 = 
 2=� 2

C follows the results from the Rayleigh's invis-
cid theory and predicts the onset of coherent structures for the Couette �ow
between two rotating cylinders.

3.4.2.2 Axial Flow in an Annulus between Rotating Tubes

Now, the TSC function, Eq. (3.58), is applied to the �ow in rot ating tubes,
which represents an example of the axial and Couette �ow betw een two
rotating cylinders. In order to show an in�uence of rotation on the stability
of the axial �ow in the gap bounded by the cylinders, i.e. �ow i n the rotating
tube, the works by P�tzer [99] and Rothe [109] are utilised. F urthermore,
the rotation of the inner and outer cylinder (tube) is charac terised by the
so-called rotation numbers N1 and N2 as follows

N1 = u�
1 =Uz ; N2 = u�

2 =Uz : (3.73)

P�tzer [99] focused on the problem of an axial turbulent �ow w ith inner
and/or outer rotating cylinder, or tube, whose geometrical parameters were
R1 = 0 :0770 m; R2 = 0 :0898 m; � C = 0 :8575, and length 1.56 m. He gener-
ally studied an in�uence of rotation on the heat transfer and found out that
the inner rotating cylinder has more pronounced positive in �uence.
Thus, the data obtained by P�tzer are taken as a test case for t he use of the
local TSC function. In order to obtain dimensionless values , the local TSC
function is, in the following analysis, normalised by the dy namic viscosity � ,
the hydraulic diameter of the rotating tube D h = 2( R2 � R1), and the axial
bulk velocity Uz , i.e. the plotted values are given as �̂ = �D 2

h =(Uz 2
� ).

Firstly, the case with an outer rotating cylinder, which is r epresented by the
data plotted in Fig. 3.6, is investigated. Thus, an in�uence of the outer
rotating cylinder on the local TSC function shows Fig. 3.7, w hich is due to
the strong in�uence of the tube walls on the stability plotte d without wall
regions. In the wall regions, there is a high energy dissipation due to the
velocity gradient that causes high positive values of the lo cal TSC function
leading to unclearness and distortion of results.
Hence, the local TSC function concerning only the tangentia l velocity compo-
nents, Eq. (3.59), is drawn in the left graph of Fig. 3.7 and is characterised
by positive values of the local TSC function in the centre of t he gap. On
the other hand, the local TSC function concerning the axial a nd tangential
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Fig. 3.6: Axial and tangential velocities by P�tzer [99]; Re = 10 ;000, � C =
0:8575, outer rotating cylinder
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Fig. 3.7: Local TSC function determined from data by P�tzer [99]; Re =
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velocity components, Eq. (3.58), the right graph of Fig. 3.7 , is characterised
by positive values across the entire gap.
Secondly, the case, when the inner cylinder rotates, represented by the data
shown in Fig. 3.8, is looked at. Thus, an in�uence of the inner rotating
cylinder on the local TSC function shows Fig. 3.9, which is ag ain due to the
strong in�uence of the tube walls on the stability also plott ed without wall
regions.
The local TSC function concerning only the tangential veloc ity, Eq. (3.59),
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Fig. 3.8: Axial and tangential velocities by P�tzer [99]; Re = 10 ;000, � C =
0:8575, inner rotating cylinder
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is shown in the left graph of Fig. 3.9 and is again characterised by positive
values of the local TSC function in the centre of the gap. More over, near
the rotating tube the local TSC function approaches more pos itive values,
which is a consequence of the here increasing dissipative processes. It is
also evident that near the non-rotating tube the local TSC fu nction reaches
negative values, which may indicate destabilising e�ects i n this region. On
the other hand, the local TSC function concerning the axial a nd tangential
velocity components, Eq. (3.58), shown in the right graph of Fig. 3.9, is
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3.4 Application of the Thermodynamic Stability Condition

characterised again by positive values across the entire gap like in the case
shown in Fig. 3.7.
Similar work dealing with an in�uence of rotation on the turb ulent axial �ow
was also done by Rothe [109]. His work follows and con�rms the general out-
comes of the work by P�tzer and also provides more detailed measured �ow
�eld for the use of the local TSC function. Moreover, Rothe in vestigated the
�ow phenomena in a rotating tube on the same apparatus as P�tz er, i.e. the
same geometrical and �ow parameters can be utilised.
So, as in the case of the data by P�tzer, the interest is �rstly taken on the
case, when the outer cylinder rotates, which is represented by the data plot-
ted in Fig. 3.10. Thus, an in�uence of the outer rotating cyli nder on the
local TSC function with omitted wall region shows Fig. 3.11.
The left graph of Fig. 3.11 concerns only the tangential velo city, Eq. (3.59),
and is characterised by positive values of the TSC function i n the centre of
the gap and near to the outer rotating tube. There is also a small region with
negative values of the local TSC function indicating destab ilising e�ects near
to the inner non-rotating tube. This result is in contradict ion to results of
the data of P�tzer shown in Fig. 3.7. This contradiction may b e caused by
P�tzer due to not smoothly measured trend of the tangential v elocity in case
of an outer rotating tube. Assuming both components of the ve locity, i.e.
the axial and tangential velocity components, the local TSC function, Eq.
(3.58), is characterised by the positive values over the entire gap reaching
higher values near the walls, which is mainly given by the str ong dissipation
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Fig. 3.10: Axial and tangential velocities by Rothe [109]; Re = 10 ;000, � C =
0:8575, outer rotating cylinder
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Fig. 3.11: Local TSC function determined from data by Rothe [109]; Re =
10;000, � C = 0 :8575, ^� = �D 2
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� ), outer rotating cylinder

due to the axial velocity gradient near the wall region, show n in the right
graph of Fig. 3.11.
Now, the focus is set on the case of an inner rotating cylinder, represented
by the data shown in Fig. 3.12. Hence, an in�uence of the inner rotating
cylinder on the local TSC function, again with omitted wall r egion, shows
Fig. 3.13.
The left graph of Fig. 3.13 covering only an in�uence of the ta ngential veloc-
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Fig. 3.12: Axial and tangential velocities by Rothe [109]; Re = 10 ;000, � C =
0:8575, inner rotating cylinder
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ity, Eq. (3.59), is characterised by positive values of the l ocal TSC function
in the centre of the gap and near to the inner rotating tube. Th ere is also a
small region with negative values of the local TSC function i ndicating desta-
bilising e�ects near to the outer non-rotating tube. So, the general trend
of the local TSC function for the data by Rothe qualitatively agrees with
the trend of the local TSC function for the data by P�tzer, see Fig. 3.9.
Moreover, for both components of the velocity, i.e. the axia l and tangen-
tial velocity, the local TSC function, Eq. (3.58), is charac terised by positive
values over the entire gap and reaches higher values near thewalls that is
caused mainly by the strong dissipation due to the axial velo city gradient in
the wall region, which is visible in the right graph of Fig. 3. 13.
Furthermore, the elementary stability analysis of the data by P�tzer and by
Rothe may also be interpreted as the in�uence of rotation on l aminarisation
of a turbulent axial �ow. Nishibori et al. [96] related the la minarisation to
the tube rotation and found out that the laminarisation is do minant near
the rotating tube wall due to strong dissipative processes. This outcome
con�rms the elementary stability analysis of the tangentia l velocity, i.e. the
dissipative processes are dominant near the rotating tube, or wall, see left
graphs of Fig. 3.9, Fig. 3.11 and Fig 3.13.
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CHAPTER4

Experimental Methods

This chapter summarises the experimental methods that are m andatory to
adjust and visualise the �ow �eld. Control of the mass �ow is o btained by a
laminar �ow element. The velocity �eld is measured via Parti cle Image Ve-
locimetry. At the end of this chapter, the possible measurem ent uncertainties
are mentioned and discussed.

4.1 Experimental Apparatus

The experiments to obtain the �ow �eld, i.e. the axial and tan gential velocity
pro�les, are carried out on the model swirl tube at the ITLR, a s shown
in a CAD plot in Fig. 4.1. The test rig consists of an open loop a nd is
driven by a central vacuum pump, which is not shown in the �gur e. The
laminar �ow element (1) is the place, where the air enters and the mass
�ow rate is determined. The inlet plenum (2) is followed by th e plenum (3),
where the air is tranquillized and seeded with tracers for th e Particle Image
Velocimetry (PIV) measurement, and by the swirl generator ( 4) consisting
of two tangential ducts, by which the air enters the swirl tub e (5). The air
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Fig. 4.1: Experimental apparatus (CAD) [16]; 1 - laminar �ow element, 2
- inlet plenum, 3 - seeding chamber, 4 - swirl generator, 5 - swirl
tube, 6 - outlet tube (changeable section), 7 - outlet plenum

leaves the swirl tube (5) through an outlet tube (6) into an ou tlet plenum
(7), which is connected to the vacuum pump.

4.2 Mass Flow Measurement

In order to determine the mass �ow rate, a laminar �ow element LFE
50MC02-02-F by TetraTec Instruments located in the measuri ng section is
used. This element includes a segment with some long thin tubes, in which
the Reynolds number is small enough to suppose laminar �ow. T hus, depen-
dency of the mass �ow rate on the pressure drop over the thin tu bes is linear.
Moreover, the temperature, humidity, and ambient pressure are also moni-
tored to specify the viscosity that is necessary for determi nation of the mass
�ow rate and volume �ow rate. The maximum uncertainty of the l aminar
�ow element for the volume �ow rate measurement was guarante ed as 1 %
by the manufacturer.
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4.3 Particle Image Velocimetry

Basic principles of the Particle Image Velocimetry (PIV), s hown in Fig. 4.2,
are discussed in a practical guide written by Ra�el et al. [10 1] and also in
works by Biegger [16] and Kobiela [66]. PIV is an optical tech nique used
for �ow measurement and visualisation to get instantaneous velocity �elds.
This technique uses light scattering particles, or so-called tracer particles,
which are illuminated by a laser light sheet with two pulses i n a short time
interval � t . The scattered light is recorded on a sequence of frames by a
CCD camera.

Fig. 4.2: Schematics of PIV principle [70]

The displacement of the particle images between the individ ual light pulses
is given by evaluation of the PIV recordings. For evaluation , the PIV record-
ings are divided in small interrogation windows. For each wi ndow, the local
displacement vector can be calculated from the shift of the p article between
two frames in a sequence by using the cross-correlation method. Moreover,
it is assumed a homogeneous movement of all particles between the two illu-
minations. So, the velocity vector projected into the plane of the light sheet,
i.e. two component velocity vector, is given by the time peri od between two
pulses, i.e. illumination, � t and the magni�cation at imaging [101].
For the conducted measurements, a PIV system from LaVision w ith the soft-
ware DaVis 6.2 is utilised. As light scattering particles, t he oil diethylhexyl
sebacate transformed to oil droplets via the Atomizer Aeros ol Generator
ATM 210 from Topas is used. The generated droplets comply the elemen-
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tary demands given by Ra�el et al. [101], i.e. to be large enough to ensure
su�cient light scattering and on the other hand, to be small e nough for
a proper tracking. The laser light sheet was generated by a double pulse
Nd:YAG laser with a wavelength of 532 nm. The laser frequency was kept
at the �xed value of 8 Hz. As in the work by Kobiela [66], it is as sumed 5
pixels as the optimal displacement of the oil droplets betwe en framed images.
Thus, the time interval between the frames is set to � t = 20 � 100 � s respect-
ing the investigated Reynolds number, i.e. mass �ow rate or � ow velocity,
respectively. Moreover, to ensure a su�cient number of oil d roplets in the
laser light sheet, the thickness of the laser light sheet is kept at values of 2
to 3 mm. So, the values of the measured velocities result from the spatial
averaging over the thickness of the laser light sheet. The used CCD camera
is a Flowmaster 3S by LaVision (double frame rate 4 Hz, resolution 1280 x
1024).
The axial velocity is obtained via a con�guration, where the laser light sheet
intersected the glass tube in the tube axis. The CCD camera takes the double
frames from the side of the glass tube. On the other hand, for the tangential
velocity, the laser light sheet intersects the glass tube from the side at the
desired position. The CCD camera took the double frames through a plexi-
glass wall in the outlet plenum. For each measured point 200 double frames
are obtained.

4.4 Measurement Uncertainty

Measurement of the individual velocity component by using t he PIV method
causes uncertainties of instantaneous measured values, assummarised e.g. in
[114, 115]. In the study of Sciacchitano and Wieneke [115], an uncertainty
propagation related to the PIV method is discussed. The auth ors stated
that the uncertainty of the instantaneous velocity compone nts propagates
into derived quantities of interests. So, quanti�cation of the uncertainty of
derived quantities depends on these considerations

ˆ uncertainties of the velocity components propagate to unc ertainties of
the derived quantities;

ˆ correlations of the velocity components, e.g. in time, in s pace or inter-
component correlations, have an in�uence on uncertainties of the de-
rived quantities;
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ˆ in�uence of the statistical quantities on statistical con vergence due to
additional uncertainty caused by the �nite number of sample s.

The following description of the measurement uncertaintie s respects these
considerations and, moreover, refers to the work by Mo�at [9 1], which takes
into account the root-sum-square method and a con�dence level of 95 %.
Mo�at [91] assumed that a measured value ŷ is a general function of measured
variables, i.e.

ŷ = f (x1 ;x2 ;:::;x M ) : (4.1)

A variation, �x i , in quantity x i would lead to a variation � ŷi in a measured
value ŷ. This fact is expressed as

� ŷi =
@f
@xi

�x i : (4.2)

Then, the relative variation can be formulated by

� ŷi

ŷ
=

1
ŷ

@f
@xi

�x i =
x i

ŷ
@f
@xi

�x i

x i
: (4.3)

The relative uncertainty relating to all variables is then o btained by

� ŷ
ŷ

= �

vu
u
t

MX

i =1

�
x i

ŷ
@f
@xi

�x i

x i

� 2

: (4.4)

The production variance of the tube diameter is � 1:0 %. The mass �ow rate
measurement by the calibrated laminar �ow element LFE 50MC0 2-02-F has
an uncertainty � 1:0 %, which is guaranteed by manufacturer. According
to Eq. (4.4), these uncertainties result in an uncertainty o n of the Reynolds
numbers of � 1:4 %. Moreover, according to the rules of the uncertainty
propagation, mentioned by many authors in literature, e.g. [91, 114, 115],
and by Eq. (4.4), the mean velocity corresponding to the Reyn olds number
has an uncertainty � 2:2 %.
According to the con�dence level of 95 %, the uncertainties o f the mea-
sured mean axial velocity by PIV are determined as � 8:0 � 11:0 %, assum-
ing that true values of the velocity are based on the mass �ow r ate. So,
this uncertainty is determined via a formula taking into acc ount the abso-
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lute error of a measured value, or value of interest, from a tr ue value using

� =

vu
u
t 1

M � 1

MX

i =1

�
uz � Uz

� 2
: (4.5)

Here, M represents the number of samples, i.e. set of observations,Uz

is taken as a true value of the axial mean velocity determined from the
measured mass �ow rate, and uz is the mean axial velocity determined via
the PIV method. Moreover, in order to ensure the chosen con�d ence level,
it is convenient to report 2 � values. Mo�at [91] also stated that for multiple
sample analysis, this values have to be related to the deviation of the mean
of the sample by

�̂ = t̂
�

p
M

: (4.6)

Here, �̂ represents the uncertainty of the mean axial velocity obtai ned via
PIV method and t̂ is the Student's multiplier for M samples. For the data
published in this work, the Student's multiplier is t̂ = 2 :086, which is taken
for a set of observations, i.e. measured positions,M = 20 [132]. The �nal
uncertainty value is then determined as the calculated valu e of �̂ relative to
the true value of Uz .
Typical values and measurement uncertainties for relevant parameters are
summarised in Tab. 4.1.

Tab. 4.1: Values of experimental parameters and the measurement uncer-
tainties

parameter unit typical value measurement uncertainty
D [m] 0.05 � 1.0 %
_m [kg s� 1 ] 0.0007 � 0.0035 � 1.0 %

Re [-] 1,000 � 5,000 � 1.4 %
Uz [m s� 1 ] 0.3 � 1.5 � 2.2 %
uz [m s� 1 ] 0.3 � 1.5 � 8.0 � 11.0 %
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CHAPTER5

Numerical Methods

Recently, technical and scienti�c problems are more often i nvestigated nu-
merically via the solution of the related Partial Di�erenti al Equations (PDE)
with computational methods. Usage of the PDE to a speci�c tec hnical prob-
lem, i.e. structural or �uid mechanics, determines their nu merical solution,
i.e. Finite Element Method (FEM) or Finite Volume Method (FV M), respec-
tively. In order to solve problems in �uid mechanics, turbul ence and heat
transfer, the Computational Fluid Dynamics (CFD) based on t he FVM is
usually employed. CFD may be used to study complex technical and scien-
ti�c problems in order to assist the experimental research o r to substitute
the experimental research in cases, where experiments are too di�cult or too
expensive. At this time, CFD is commonly used in industrial a nd as well as
scienti�c applications.
So, this chapter introduces the numerical methods used in th is work. Firstly,
the governing equations are brie�y shown. The following sec tion o�ers a de-
scription of the Reynold-Averaged Navier-Stokes (RANS) eq uations together
with turbulence models available in the commercial code ANS YS CFX, which
is for its acceptable accuracy, rate of converge, and computational cost com-
monly used in industry in order to solve complex �uid �ow prob lems. At the
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5 Numerical Methods

end of this chapter, the numerical methods in the commercial code ANSYS
CFX including the setup of the numerical solution and possib le numerical
errors are described.

5.1 Governing Equations

This section deals with the transport equations used for num erical model-
ing in order to obtain �ow structures of the swirl �ow in the tu be. The
transport equations are derived for a control volume and describe the tem-
poral change of mass and momentum in a Cartesian coordinate system, i.e.
i = ( x;y;z ) [17]. Thus, in the following subsections, the equations describ-
ing the balance of mass and balance of momentum for compressible and
incompressible �uid in one of the usual form are shown [50]. Furthermore,
the Navier-Stokes equations for an incompressible Newtonian �ow are also
introduced.

5.1.1 Balance of Mass

In general, the balance of mass of a compressible �uid, describing material
derivative of the �uid density, can be expressed by

@�
@t

+
@(�u i )

@xi
= 0 ; (5.1)

which for the steady case changes into

@(�u i )
@xi

= 0 : (5.2)

Assuming steady �ow and an incompressible �uid, i.e. substa ntial change of
the density is negligible, the balance of mass becomes

@ui
@xi

= 0 : (5.3)
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5.1.2 Balance of Momentum

The balance of momentum of an compressible Newtonian �uid ca n be written
in the following form

�

�
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@t

+ uj
@ui
@xj

�
= �f i �

@p
@xi

+
@

@xj

�
�

�
@ui
@xj

+
@uj
@xi

��

�
@

@xi

h2
3

�
� @uk

@xk

�i
: (5.4)

Assuming an incompressible Newtonian �uid, the balance of m omentum be-
comes

�

�
@ui
@t

+ uj
@ui
@xj

�
= �f i �

@p
@xi

+ �
@2ui

@x2j
: (5.5)

In case of an incompressible turbulent �ow of a Newtonian �ui d, the continu-
ity and the Navier-Stokes equations, i.e. the balance of mass, Eq. (5.3), and
the balance of momentum, Eq. (5.5), need to be averaged in order to capture
random �uctuations of �uid properties [131]. Averaging of t he equations is
usually performed by the Reynolds averaging taking into acc ount instanta-
neous values of �uid properties consisting of a mean value and a �uctuating
part, i.e. ui + u0

i ; p+ p0. After the averaging procedure, the following equations
for the incompressible Newtonian �uid are obtained [131]

@ui
@xi

=0 ; (5.6)
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+ uj
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@xj

�
= �f i �
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@xi

+
@

@xj

�
�

�
@ui
@xj

+
@uj
@xi

�
� � u0

i u
0
j

�
: (5.7)

Here, Eq. (5.7) is usually referred as Reynolds-Averaged Navier-Stokes equa-
tions (RANS) [131], where the term

� ij = � � u0
i u

0
j (5.8)

is the Reynolds stress tensor. The Reynolds stress tensor issymmetric and
has six independent variables. Thus, the Reynolds averaging results in six
new unknown quantities, which must be determined.
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5.2 Turbulence Modeling

In order to properly model the velocity �elds, a suitable tur bulence model
approximating the turbulent character of a �ow is needed. In industry, the
most often used turbulence models are two equation models, like e.g. the
k � � model. In this work, as a turbulence model in order to capture the com-
plex �ow structure, the Baseline Explicit Algebraic Reynol ds Stress Model
is used. This model represents an acceptable compromise between accuracy,
rate of converge and computational costs. Nevertheless, Vogler [121] com-
pared the RANS turbulence models, used by Kobiela [66], and a Detached
Eddy Simulation (DES), used by Biegger [16], with experimen tal results and
discussed the accuracy of the used models in predicting the complex �ow
structures of swirl �ow. Thus, Vogler results may be interpr eted as that the
DES approach is more accurate. However, turbulence models still provide a
very good compromise between accuracy and computational costs.
Moreover, in case of the low Reynolds number, application of the Gamma
Transition Model (GTM), dealing with the modeling of transi tion to turbu-
lence by solving an equation for the intermittency, is suita ble, therefore this
model is also presented.

5.2.1 Baseline Explicit Algebraic Reynolds Stress Model

This subsection focuses on the turbulence model, which is used in the entire
work in order to obtain the Reynolds stresses. Thus, the turb ulence stresses
are approximated by the Baseline Explicit Algebraic Reynol ds Stress Model
(BSLEARSM), already available in ANSYS CFX.
Firstly, equations for the Baseline turbulence model (BSL) are shown. This
turbulence model utilises two of the most common used two equations tur-
bulence models, i.e. thek � � turbulence model by Menter [89] and the k � !
turbulence model by Wilcox [131]. In the BSL turbulence mode l, the k � �
turbulence model and the k � ! turbulence model are both reformulated via
a speci�c dissipation rate, i.e. ! -formulation, proposed by Menter in [89].
This formulation re�ects the sensitivity of the Wilcox mode l to free-stream
conditions, which Menter stated in his earlier work [88].
Thus, in the original k � ! model proposed by Wilcox [131], the transport
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equation for the turbulent kinetic energy has the following form

@(�k )
@t

+
@(uj �k )

@xj
= Pk � � 0�k! +

@
@xj

� �
� +

� t

� k 1

� @!
@xj

�
; (5.9)

whereas the transport equation for the turbulent frequency , i.e. the speci�c
dissipation rate, is given by
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In addition, in the transformed k � � turbulence model proposed by Menter
[89], the transport equation of the turbulent kinetic energ y remains the same,
but the constant � k is adapted. Thus, the equation may be written as
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; (5.11)

whereas the transport equation for the turbulent frequency is formulated
by
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: (5.12)

Finally, the BSL turbulence model, i.e. the transport equat ions for the tur-
bulent kinetic energy and speci�c dissipation rate, is intr oduced by
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The coe�cients used in the BSL turbulence model ( cBSL ) are a linear com-
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bination of the corresponding coe�cients of the original mo dels, i.e. the
Wilcox model ( c1) and the transformed k � � model (c2), and are given by

cBSL = F1c1 + (1 � F1) c2 : (5.15)

Here, the coe�cients of the Wilcox model are as follows

� 0 = 0 :09; � 1 =
5
9

; � 1 = 0 :075; � k 1 = 2 ; � ! 1 = 2 ; (5.16)

whereas the coe�cients of the transformed k � � model have the following
values

� 0 = 0 :09; � 2 = 0 :44; � 2 = 0 :0828; � k 2 = 1 ; � ! 2 =
1

0:856
: (5.17)

So, both models utilise the same coe�cient � 0. Finally, the weighting func-
tion F1 in Eq. (5.15) is given by

F1 = tanh
�
arg4

�
(5.18)

for

arg = min

�
max

� p
k

� 0!y 2
;
500�
y2 !

�
;

4�k
CD k! � ! 2y2

�
; (5.19)

where y and � represent a distance to the nearest wall and the kinematic
viscosity, respectively. The parameter CD k! is given as

CD k! = max

�
2�

� ! 2 !
@k
@xj

@!
@xj

; 1 � 10� 10

�
: (5.20)

Moreover, the following limiting condition of the turbulen ce production term
assures that the turbulent kinetic energy reaches only physical values

Pk = min ( Pk ;Clim �� ) ; (5.21)

where Clim = 10 for ! -based models.
In order to capture �ows with streamline curvature, system r otation, or sec-
ondary �ows, the above described turbulence model is extended by the Ex-
plicit Algebraic Reynolds Stress Model (EARSM) to formulat e the Baseline
Explicit Algebraic Reynolds Stress Model (BSLEARSM). For t his case, i.e.
coupling of the BSL and EARSM models, Hellsten in [47] proposed the re-
calibrated coe�cients of the BSL model and the mixing functi on F1 . So, the
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new coe�cients of the Wilcox model used in the BSL model are as follows

� 0 = 0 :09; � 1 = 0 :518; � 1 = 0 :0747; � k 1 =
1

1:1
; � ! 1 =

1
0:53

; (5.22)

whereas the new coe�cients of the transformed k � � model used in the BSL
model are recalibrated only slightly

� 0 = 0 :09; � 2 = 0 :4404; � 2 = 0 :0828; � k 2 = 1 ; � ! 2 =
1

0:856
: (5.23)

Thus, these coe�cients have been used for the BSL model coupled with the
EARSM model in ANSYS CFX [6]. The BSLEARSM turbulence model
provides a nonlinear relation between the Reynolds stresses, the mean strain
rate and the rotation rate tensors. A lot of �ow phenomena are included
in this model with no need to solve transport equations, because of higher
order terms in the Reynolds stresses.
The implementation used in ANSYS CFX is based on the EARSM mod el of
Wallin and Johansson [122]. Nevertheless, the implementation respects the
formulation given by Hellsten [47]. Hence, the Reynolds str esses are modeled
by the anisotropy tensor as

� ij = � � u0
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0
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�
; (5.24)

where the anisotropy tensor aij is expressed by the following relation
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In the anisotropy tensor, S�
ij and 
 �

ij represent the dimensionless strain rate
and rotation rate tensors and are given by

S�
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Here, � represents a time scale that is given by

� = max

�
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� � !
;C�

r
�

� � k!

�
; where C� = 6 :0 and � � = 0 :09: (5.28)

Moreover, the � - coe�cients and the parameter Q are de�ned by
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The other terms and coe�cients appearing in the anisotropy t ensor are de-
�ned as
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In a 3D case, an equation solving the function N is of the sixth order,
so there is no explicit solution. On the other hand, in 2D case, the func-
tion N can be solved from a cubic equation and has the following solutions
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Here, the parameters are given as follows
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where A0
3 represents the term, which models the ignored di�usion of th e

anisotropy [47]. Furthermore, Hellsten [47] modeled the eddy viscosity in
the original model by

� t = C� k�; C � = �
1
2

(� 1 + II 
 � 6) : (5.36)

In addition, Hellsten also proposed that the parameter N for the 2D case
may be used also in the 3D case, which is utilised for the implementation
in ANSYS CFX [6, 47]. Nevertheless, due to problems with the s imulation
stability in ANSYS CFX, the turbulent viscosity in the model is computed
by the standard formulation, i.e. � t = k=! , where � t = � t =� [6].
In order to include the in�uence of streamline curvature e�e cts, the dimen-
sionless rotation rate tensor, Eq. (5.27), is extended to capture curvature
e�ects according to the work by Hellsten [47], Spalart and Sh ur [116] and
Wallin and Johansson [123]. Thus, the BSLEARSM turbulence m odel is
modi�ed by the following expression


 �
ij =

1
2

�

�
@ui
@xj

�
@uj
@xi

�
� Cscale

�
A0

�
� � ijk

S�
pl S

0
lq � pqk

2II S

�
; (5.37)

where
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ij
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� imn S�
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in

�
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Here, � ijk is the Levi-Civita symbol that can reach the value 0 if two or m ore
indices in f ijk g are equal, value 1 if the indices f ijk g form an even permuta-
tion, and value -1 if the indices f ijk g form an odd permutation. Moreover,
the coe�cient A0 is -0.4 and 
 rot

m represents components of the rotation
vector of the coordinate system [6]. Finally, the coe�cient Cscale is a free
parameter to change and has a default value 1.0 [6].
In order to avoid numerical noise produced by the second velocity deriva-
tives, i.e. given by the term D S�

ij =Dt, two sets of Reynolds stresses with the
EARSM turbulence model are computed [6]. Firstly, the Reyno lds stresses
without curvature correction are used to solve the momentum equations. Sec-
ondly, the Reynolds stresses with curvature correction are used to solve the
equations for k and ! . Thus, the in�uence of curvature on the turbulence pro-
duction is captured, but this in�uence is not directly a�ect ing the momentum
equations. This fact may cause some loss in accuracy.
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5.2.2 Gamma Transition Model

The Gamma Transition Model (GTM) deals with the modeling of t he tran-
sition from laminar to turbulent �ow by solving the equation for the inter-
mittency 
 . This model includes an empirical correlation, which cover s a
standard bypass transition and �ows in low free-stream turb ulence [69, 90].
This transition model can be used together with the BSL turbu lence models
and is utilised in this work for modeling the �ow structures o f the swirl �ow
in case of the lowest Reynolds number.
The transport equation for the intermittency, based on the w ork by Langtry
and Menter [69] and Menter et al. [90], is already available i n ANSYS CFX
[6] and has the following form
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The sources of the transition are de�ned by
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where S is the magnitude of the strain rate tensor Sij , so that
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The length of the transition region is controlled by an empir ical correlation
F length . Moreover, the source of destruction, i.e. relaminarisati on, is gov-
erned by the following source terms
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where analogically 
 is the magnitude of the rotation rate te nsor 
 ij , so that
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The onset of the transition is then controlled by the onset fu nctions as follows

Fonset 1 =
Re�

2:193Re�c
; (5.44)
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Fonset 3 = max
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Here, Re�c is the critical Reynolds number characterising the Reynold s num-
ber, where the intermittency increases in the boundary laye r. This occurs
upstream of the transition Reynolds number Re�t . The di�erence between
both Reynolds numbers must be gained from an empirical correlation [69,
90]. Moreover, both correlations, i.e. F length and Re�c , depend on ~Re�t ,
thus

F length = f
�

~Re�t

�
; Re�c = f

�
~Re�t

�
: (5.50)

Furthermore, the coe�cients used in Eq. (5.39) are

c
 1 = 0 :03; c
 2 = 50; c
 3 = 0 :5; � 
 = 1 :0: (5.51)

For the sake of completeness, also a modi�cation for separation-induced tran-
sition should be mentioned. The leading edge of thin airfoil s and gas turbine
blades are examples, where this transition might occur and might have a
negative impact on the �ow [55, 68]. Thus, this modi�cation i s described by
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F�t ; (5.52)
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; (5.53)


 ef f = max ( 
; 
 sep ) : (5.54)

The main di�erence caused by this modi�cation is a constant c ontrolling the
relation between Re� and Re�c , i.e. in Eq. (5.44). The constant is changed
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from 2.193 to 3.235. Moreover, the boundary condition for 
 is zero normal
�ux at the wall, but the boundary condition for an inlet 
 is equal to 1
[69]. In addition, the yet unknown parameter F�t in Eq. (5.52) is a blending
function de�ned as follows
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for ce2 = 50. The other parameters in Eq. (5.55) are
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Fwake = exp
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�!y 2

�
; (5.57)

where U is the magnitude of the velocity, i.e. U =
p

u2
x + u2

y + u2
z =p

u2 + v2 + w2 in the Cartesian coordinate system.

5.3 Numerical Setup

Here, the numerical solution methods used in the commercial code ANSYS
CFX, which is commonly used in industrial CFD simulations, a re presented.
Time and spatial discretisations are introduced. Also, the possible discreti-
sation and numerical errors are discussed.

5.3.1 Numerical Solution

Numerical solution of the PDEs describing �ow problems is do ne via an
approximation of the PDEs by a system of algebraic equations. Fluid dy-
namics generally uses the �nite volume method (FVM) as a disc retisation
method utilising the integral form of the governing equatio ns [17]. Then, a
computational domain will be subdivided into a �nite number of small con-
trol volumes (CV), over which the governing equations are in tegrated. The
computational node is in the CV centre, so variables at the no de surface are
interpolated between values in the CV centres. This results in an algebraic
equation for the each CV. Hence, solution of all discrete points forms the

80



5.3 Numerical Setup

overall solution. Moreover, FVM ensures, by its constructi on, the conserva-
tion of mass and momentum in each CV as well as in the entire computation
domain.
The geometrical domain is discretely represented by the numerical grid where
variables are computed. Accuracy of the FVM is strongly a�ec ted by the
mesh resolution [17]. Thus, the mesh should su�ciently reso lve the geomet-
ric domain in order to avoid discretisation errors. The grid quality may be
determined in terms of aspect ratio, determinant, and skewn ess that are im-
plemented in ANSYS ICEM CFD [7]. The aspect ratio is de�ned by the size
of the minimum element edge divided by the size of the maximum element
edge, where the obtained values are scaled indicating value0 for an element
with zero volume and a value 1 for the perfectly regular element. The deter-
minant or more precisely the relative determinant is the rat io of the smallest
determinant of the Jacobian matrix divided by the largest de terminant of
the Jacobian matrix characterising a perfectly regular ele ment by a value
of 1 and strongly degenerate elements by a value of 0. Construction of the
Jacobian matrix of the element, or cell, is described in Bath e's monograph
[10]. The skewness is computed as the normalised maximum deviation from
an ideal angle at the face corners for surface elements, or the normalised
maximum deviation from an ideal angle between the face normals for vol-
ume elements, de�ning the regular element by a value of 0 and degenerate
element by a value of 1.
For transient numerical simulations of the investigated pr oblem, ANSYS
CFX Release 12.1 is utilised. ANSYS CFX uses a coupled solverthat solves
the equations for velocity and pressure, i.e. the hydrodynamic equations,
as a single system. In this approach, a fully implicit discre tisation of the
equations at any time step is used. In the steady state case, a time step
serves as acceleration parameter in order to approach a steady state solution.
Due to this, the number of iterations for a convergence to steady state is
reduced, and in case of a time dependent problem, a solution for each time
step is calculated. Generally, the solution itself consist s of two operations
[6]. Firstly, the non-linear equations are linearised and a ssembled into a
solution matrix. Secondly, the obtained linear equations a re solved via an
algebraic multigrid method. The solution method used in ANS YS CFX is a
multigrid accelerated Incomplete Lower Upper (ILU) factor isation, which is
an iterative solver enabling to obtain an exact solution of t he equations dur-
ing several iterations [17]. However, the performance of the ILU decreases
with increasing number of computational elements and also with the occur-
rence of elements with a high aspect ratio. Nevertheless, multigrid methods
are a powerful acceleration technique enabling a solution of the linearised
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equations on a series of virtual coarser meshes [17]. An algebraic multigrid
applies a virtual coarse mesh and sums equations of the �ne mesh to form the
equations of the applied virtual coarse mesh. A reduced system representing
a coarse level is then solved in order to obtain a correction to approach an
accurate solution at the �ne level [6, 17].
In ANSYS CFX, the chosen time discretisation is expressed by a second or-
der backward Euler scheme using three time levels of variable ' , thus

@(�' )
@t

�
(�' )n +1 =2 � (�' )n � 1=2

� t
; (5.58)

where
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�
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(�' )n +1 =2 = ( �' ) t +� t +
1
2
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�
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After substitution of these values into Eq. (5.58) the resul ting discretisation
is obtained
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i

: (5.60)

This scheme represents a robust, implicit and time conservative discretisation.
Furthermore, the stability of convection dominated proble ms is ensured by
the Courant-Friedrichs-Lewy (CFL) number meaning that the time step � t
should be equal or smaller than the time, which is required to transport
information by velocity u across the spatial discretisation � x, e.g. grid cell
[17]. Thus, the CFL number is expressed as

CFL =
u� t
� x

< 1: (5.61)

Convective and viscous �uxes are approximated with high acc uracy meaning
that the software uses the second order upwind di�erencing scheme with
a blending function to the �rst order upwind di�erencing sch eme, if it is
necessary for the �ux in order to converge. So, the scheme implemented in
ANSYS CFX handles integration point values in terms of nodal values and
can be written as follows

' ip = ' up + � r ' � � r ; (5.62)
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where the used variables are values at the integration point ' ip located at
the centre of each segment surface within an element, a valueat the upwind
node ' up , and a vector from the upwind node to the integration point r ,
respectively. The high resolution schemes follow the work by Barth and
Jespersen [8]. Thus, the scheme utilises a nonlinear prescription for a blend
parameter � at each node that is computed to be close to the value of 1.
The �ux is then determined by the values of � and r ' from the upwind
node. Barth and Jespersen [8] proposed a methodology based on the �rst
computing ' min and ' max at each node using a pattern involving all adjacent
nodes including the node itself. Then, Eq. (5.62) is solved at each integration
point for � in order to be sure that values ' min and ' max are not undershot
and overshot, respectively. The nodal value of � is taken as a minimum
value of values for all integration points surrounding the n ode and has to be,
furthermore, less than 1 [6].

5.3.2 Numerical Errors

Numerical techniques of discretised equations compute, in general, only an
approximate solution that may di�er from an exact solution. Thus, numer-
ical technique introduces errors into the solution [32]. A n ice summary of
numerical errors can also be found in the work by Biegger [16], which can be
rewritten as follows.
Numerical errors can be caused by the used physical/mathematical model,
represented by the governing/transport equations, and its exact solution de-
scribing the real �ow problem. These errors can be introduce d by the simpli-
�ed geometrical domain representing the real �ow problem, u sed boundary
conditions, and also by the choice of the turbulence model. In order to de-
termine them, comparison of the obtained solution with an ex act solution,
and/or with accurate experimental data, and/or with result s of a more ac-
curate model should be carried out. In this work, the conduct ed numerical
simulations of the swirl tube are compared with own experime ntal results.
The other errors can be introduced by a discretisation of the used model
meaning a di�erence between a solution of the algebraic system of discre-
tised equations and an exact solution of the conservation/g overning equa-
tions. These error can be reduced by mesh re�nement and/or by the time
step re�nement. Furthermore, the accuracy is a function of t he order of the
discretisation method. In this work, the swirl tube simulat ions are performed
on the mesh that followed the results made by Kobiela in [66]. The obtained
results are compared with experiments in order to conclude t hat the mesh is
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�ne enough to capture the velocity �eld with su�cient accura cy. Moreover,
the chosen discretisation schemes are second order accurate in time and space
ensuring a good accuracy.
The next error can be represented by the di�erence between an exact solution
of the algebraic system of discretised solution and its exact solution. This
error is controlled by the measure of convergence. This measure determines
the local imbalance of a conserved variable in the each CV, thus, each CV
will have a residual value for each solved equation [6]. Generally, the lower
residual value means a more numerically accurate solution.
The numerical details related to the simulations carried ou t in this work are
introduced and summarised in Section 6.2.
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CHAPTER6

Results

This chapter shows the obtained results of the investigated �ow in the swirl
tube with two tangential inlet jets at the upstream end of the tube. Thus,
the investigated �ow is characterised by the following para meters, i.e. by the
investigated Reynolds numbers covering laminar, intermed iate and turbulent
�ow regimes, i.e. Re = 1 ;000, Re = 2 ;000, and Re = 5 ;000, and by the
constant geometrical swirl number SIG = 5 :3.
Firstly, a detailed description of the experimental and num erical setup are
provided. Secondly, results of the �ow �eld are discussed. T hirdly, analysis
of �ow in terms of the swirl number and vortex breakdown are in troduced.
Finally, the application of the local and global TSC functio n on the �ow �eld
is shown and discussed.
In the entire work, the numerically obtained velocity pro�l es are extended
by the pro�le near the tangential inlet jets, position z=D = -1 in the �gures,
where the measurement is impossible. These pro�les are presented for a
better understanding of the redistribution of the velocity �eld from the tube
inlets to the tube outlet.

85



6 Results

6.1 Experimental Details

The coordinate system and schematics of the geometry is shown in Fig. 6.1.
The swirl tube is on the side of the inlets closed. Thus, the �u id enters the
tube by two tangential rectangular inlets. The inner diamet er of the tube is
D = 50 mm, the dimensionless length of the tube is L=D = 20. The tan-
gential inlets have a dimensionless width w=D = 0.67 and a dimensionless
height h=D = 0.1. So, the geometrical swirl number is SIG = 5.3. The axial
velocity pro�les are measured in the tube axis over the entir e length. On
the other hand, the tangential velocity pro�les are measure d at the positions
z=D = 0 � 19, which are 1D apart from each other.

�

Fig. 6.1: Schematics of the swirl tube geometry

The range of the examined Reynolds numbers with the corresponding ax-
ial bulk velocities are shown in Tab. 6.1. Moreover, the angu lar velocity
taken from the experimentally obtained tangential velocit y pro�le near the
tangential inlets, where the tangential velocity pro�le co rresponds to a solid
body rotation, is also given in Tab. 6.1. The axial bulk veloc ity and angular
velocity will be used as parameters to plot the results in dim ensionless form.

Tab. 6.1: Examined Reynolds numbers and corresponding axial bulk veloc-
ity, mass �ow rate and angular velocity of solid body rotatio n

Re [-] Uz [m s� 1 ] _m [kg s� 1 ] 
 [s � 1 ]
1,000 0.3 0.0007 100
2,000 0.6 0.0014 200
5,000 1.5 0.0035 500
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6.2 Numerical Details

The domain for the numerical simulations approximates clos e as possible the
swirl tube depicted in Fig. 6.1. The tube diameter and dimens ionless length
are D = 50 mm and L=D = 20. The swirl generator consists of two inlet
sections with the height of h=D = 0.1 and the width of w=D = 0.67. In order
to correctly model the swirl generator, the total width of th e swirl generator
is enlarged by 0:8D . So, the total length of the domain is 21 :47D .
The performed simulations correspond to the conducted measurements. So
that, three cases, characterised by the constant geometrical swirl number
SIG = 5.3 and three Reynolds numbers Re = 1 ;000, 2,000, and 5,000, are
simulated. The wall boundary condition is set to a no-slip co ndition. Other
details of these simulations respecting the di�erent Reyno lds numbers are
listed in Tab. 6.2.

Tab. 6.2: Numerically simulated Reynolds numbers, inlet velocities and out-
let boundary condition for SIG = 5.3

Re [-] Uinlet [m s� 1 ] _m [kg s� 1 ]
1,000 1.74 0.0007
2,000 3.48 0.0014
5,000 8.69 0.0035

The swirl tube geometry is meshed for the three Reynolds numbers, respect-
ing the mesh description by Kobiela [66], via hexahedral O-grids with a total
mesh size of 1.1 million cells. The mesh of the swirl tube is schematically
shown in Fig. 6.2, where a cross-section of the swirl tube mesh with a detail
view of the wall resolution is seen. The wall mesh is chosen inorder to provide
a dimensionless wall distance ofy+

1 � 1 for the �rst cell near the wall. The
time step is adjusted in order to comply a limit of the Courant -Friedrichs-
Lewy (CFL) number of CFL � 1, which may ensure stability of the solution.
CFL number is a function of the local �ow velocity u, the iteration time step
� t and a grid size � x, and is given by Eq. (5.61). The numerical simulations
are run for 3� tdomain in order to ensure that the entire domain has been
calculated and that the simulations have already converged. Here, the time
domain is � tdomain = L=Uz .
The numerical simulations are conducted for a turbulent �ow , i.e. the Base-
line Explicit Algebraic Reynolds Stress Model (BSLEARSM) i s employed.
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x

y

z

Fig. 6.2: Hexahedral mesh of the tube with a detail view of the wall reso lu-
tion

In case of the lowest Reynolds number Re = 1 ;000, the Gamma Transition
Model (GTM) is used in order to model the transition to turbul ence with
a default value of the transition Reynolds number ~Re�t = 260, Eq. (5.56),
and with the low turbulence intensity, i.e. a value of 1 %, and eddy viscosity
ratio, i.e. a value of 1. The usage of the GTM in case of the Reynolds num-
ber Re = 2 ;000 was also tested, but no positive feedback was observed, so
the GTM model is not utilised in this case. Hence, in cases of the Reynolds
numbers Re = 2 ;000 and Re = 5 ;000, the turbulence is set to a medium
turbulence intensity and eddy viscosity ratio, i.e. values of 5 % and 10, and
to a high turbulence intensity and eddy viscosity ratio, i.e . values of 10 %
and 100, respectively.

6.3 Approximation of the Results

The velocity �eld given by the measurements and the numerica l simulations
are analysed with respect to the thermodynamic stability co ndition, i.e. the
local and global TSC function, swirl number, and vortex brea kdown. Accord-
ing to this analysis, smooth functions evenly distributed a long the radial co-
ordinate are desired. Thus, the obtained �ow �eld is approxi mated, i.e �tted,
in order to get smooth curves. A suitable model, which is able to be used for
the swirl �ow in the tube, is developed for an axisymmetrical helical vortex
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[2, 3]. In this work, the published model is modi�ed in order t o capture the
wall region of the swirl tube, so that the �nal form of the mode l used for the
data interpretation is

u� =
�

2�r

�
1 � exp

�
�

r 2

r 2
c

�� �
1 �

1
exp [k (R � r )]

�
; (6.1)

uz = u0 �
�

2�l

�
1 � exp

�
�

r 2

r 2
c

�� �
1 �

1
exp [k (R � r )]

�
: (6.2)

In these approximations, � is the circulation, r c is the vortex core size, l is
the pitch of the helical symmetry, and u0 is the velocity at the vortex axis.
These parameters are obtained via the Toolbox EzyFit in Matl ab [92]. The
accuracy of the approximation is determined by the correlat ion coe�cient,
i.e. Rf it , as follows

Rf it =

vu
u
u
u
t

P

i

�
uvc

f it; i � uvc
� 2

P

i

(uvc
i � uvc )2 ; (6.3)

where the numerator and denominator represent the regression sum of squa-
res and the total sum of squares, respectively. Furthermore, the superscript
vc represents the superscripts z and � ; uvc

f it and uvc are values obtained
by �tting, and by experimental and/or numerical method at th e position
r ; and uvc is the mean value of the data obtained experimentally and/or
numerically.
Thus, Rf it for the experimentally evaluated axial and tangential velo city
components, i.e. Rf it (uz ) and Rf it (u� ), obtains values that are given in
Tab. 6.3.

Tab. 6.3: Rf it values for approximated velocities obtained experimental ly

Re [-] Rf it (uz ) Rf it (u� )
1,000 0.714 � 0.997 0.855 � 0.992
2,000 0.882 � 0.995 0.964 � 0.994
5,000 0.880 � 0.993 0.965 � 0.994

Analogously, Rf it values for the numerically obtained axial and tangential
velocity components, i.e. Rf it (uz ) and Rf it (u� ), are summarised in Tab. 6.4.
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Tab. 6.4: Rf it values for approximated velocities obtained numerically

Re [-] Rf it (uz ) Rf it (u� )
1,000 0.976 � 0.999 0.964 � 0.998
2,000 0.982 � 0.999 0.981 � 0.998
5,000 0.949 � 0.996 0.963 � 0.996

The lowest Rf it values, given in Tab. 6.3 and Tab. 6.4, take place near
the tangential inlets, where the �uid rotates as a solid body . Furthermore,
according to the Rf it values, it can be assumed that the obtained data are
interpreted correctly and that the �tted smooth functions m ay be used in
the stability and vortex breakdown analysis.

6.4 Velocity Field

This section deals with the velocity �eld obtained experime ntally and nu-
merically. Here, for the investigated Reynolds numbers, th e axial and tan-
gential velocity pro�les normalised by the axial bulk veloc ity Uz are shown.
Moreover, redistributions in the dimensionless axial and t angential velocity
pro�les are also presented.

6.4.1 Axial Velocity Distribution

The dimensionless axial velocity distribution in the swirl tube with the con-
stant geometrical swirl number and for the investigated Rey nolds numbers
are shown in Figs. 6.3 - 6.5, in which solid lines represent the experimental
data (experiment) and dashed lines represent the numerically obtained veloc-
ity pro�les (numerics). The dimensionless axial velocity p ro�les are shown
at 20 axial positions z=D, as already mentioned in Section 6.1 and depicted
in Fig. 6.1. Moreover, contour plots of the dimensionless axial velocity �elds
are given in Appendix E.1. From the contour plots of the veloc ity, it can be
stated that the �ow is symmetric over the tube axis.
The axial velocity reaches its maximum near the wall region a nd has an
axial back�ow in the tube centre, which has a connection to a v ortex break-
down. The redistribution of the axial velocities in the oute r regions shows
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Fig. 6.3: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless axial velocity pro�les; Re = 1 ;000, SIG = 5 :3
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Fig. 6.4: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless axial velocity pro�les; Re = 2 ;000, SIG = 5 :3

a decrease of the magnitude due to wall friction. The case of Re = 1 ;000
is characterised by a decrease of the axial back�ow towards the tube outlet
due the lack of swirl strength in the second half of the tube le ngth. A similar
behaviour is observed for Re = 2 ;000 as well, but the swirl �ow is strong
enough to keep the axial back�ow almost over the entire tube l ength. Only
in case of Re = 5 ;000, an axial back�ow is observable over the entire tube
length. Thus, the dimensionless axial velocities as well asthe axial back�ow
slightly increase with increasing Reynolds numbers.
Furthermore, the numerical data show a good agreement with t he experimen-
tal data, but there are di�erences occurring in the tube cent re. This slight
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Fig. 6.5: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless axial velocity pro�les; Re = 5 ;000, SIG = 5 :3

deviation might be caused by the use of the turbulence model, especially the
BSLEARSM, see also in Section 5.2.

6.4.2 Tangential Velocity Distribution

The dimensionless tangential velocity distribution in the swirl tube with the
constant geometrical swirl number and for the investigated Reynolds num-
bers are plotted in Figs. 6.6 - 6.8. Here, again solid lines represent the
experimental data (experiment) and dashed lines represent the numerically
obtained velocity pro�les (numerics). Moreover, contour p lots of the dimen-
sionless tangential velocity �elds at the positions z=D = 1, 4, 7, 10, 13, 16
are given in Appendix E.1.
The tangential velocity component is the largest velocity c omponent and is
approximately twice as large as the axial velocity for the in vestigated swirl
number. The magnitude of the tangential velocities, so the a ngular momen-
tum, decreases considerably towards the tube outlet. This decrease is mainly
caused by the viscous and turbulent dissipation and, furthe rmore, the maxi-
mum of the tangential velocity shifts to the tube centre. Mor eover, the shape
of the tangential velocity pro�les can be approximate by a Ra nkine vortex
consisting of a solid body vortex ( u� = 
 r ) and a potential vortex ( u� = � =r)
as stated in [86]. Thus, the tangential velocities are described by the angular
velocity 
, the circulation � and the vortex radius r . Furthermore, there is a
threshold in the vortex radius ( r = r c) that splits the Rankine vortex into a

92



6.4 Velocity Field

0 5 10 15 20
0

0.5

1
uÁ=Uz [¡ ] 0 6

z=D [¡ ]

r=R

[¡ ]

experiment numerics

Fig. 6.6: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless tangential velocity pro�les; Re = 1 ;000, SIG =
5:3
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Fig. 6.7: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless tangential velocity pro�les; Re = 2 ;000, SIG =
5:3

solid body vortex in the tube centre region ( r < r c), and a potential vortex
in the outer region and partly in the near wall region ( r > r c). Near the
tangential inlets, up to z=D � 2 � 3, the solid body vortex is dominant. As
the �ow approaches the tube outlet, the solid body vortex shr inks in size and
the magnitude of the tangential velocity decreases, but the angular velocity

 increases with the higher velocity gradient near the tube c entre. Moreover,
near the tube outlet, the redistribution of the tangential v elocity results in
a con�ned Rankine-like vortex, where the potential vortex m ay dominate.
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Fig. 6.8: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless tangential velocity pro�les; Re = 5 ;000, SIG =
5:3

In case of Re = 1 ;000, the redistribution of the tangential velocity causes a
signi�cant decrease in its values, as shown in Fig. 6.6, and the �ow is domi-
nated by the axial velocity component. The similar behaviou r is observed for
Re = 2 ;000, where near the tube outlet, the tangential and axial vel ocities
reach similar values and it is di�cult to determine which com ponent of the
velocity is dominant. On the contrary, for Re = 5 ;000, the �ow is dominated
by the tangential velocity.
Also for the tangential velocity, the numerical data show a g ood agreement
with the experimental data. Nevertheless, the tangential v elocity is pre-
dicted by the numerical simulations more precisely compared to the axial
velocity. From this point of view, the usage of the turbulenc e model can
be understood as a good compromise between accuracy and computational
cost.

6.5 Vortex Structure

Vortex structures in a swirl �ow may be spatially represente d via an iso-
surface of the Q - criterion [16, 53, 57, 66, 120]. The Q - criterion depends
generally on rotation. Furthermore, in order to spatially v isualise vortex
structures, the shear stress, i.e. the shear strain rate, also a�ected by rotation,
needs to be removed. Thus, the square of the symmetric part of the velocity
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gradient ( Sij ) is subtracted from the square of the antisymmetric part of t he
velocity gradient (
 ij ), i.e.

Q =
1
2

�

 2

ij � S2
ij

�
; (6.4)
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The antisymmetric part of the velocity gradient consists of the elements lying
in the orthogonal planes to the axial direction. Hence, in or der to properly
visualise the vortex structures, the dominant rotation of t he �uid around the
tube axis is neglected, i.e. 
 r� = 
 �r = 0.
The Q - criterion is applied and solved only for the numerically so lved cases
in order to show its connection to the velocity �eld. Hence, t he vortex
structures in the swirl tube consist of a double-helix vorte x, whose highest
intensity takes place near the tangential inlets, i.e. in th e region with the
highest velocities as shown in Fig. 6.9. Thus, the intensity of the double-helix
decreases towards the tube outlet. Furthermore, in case of the Reynolds num-
ber Re = 1 ;000, Fig. 6.9 a), the double-helix breaks inside the tube and does
not reach the tube outlet as in the cases ofRe = 2 ;000 andRe = 5 ;000 shown
in Fig. 6.9 b), c). These outcomes also correspond to the redistribution of
the velocity �elds discussed in Section 6.4.

c)

a)

b)

Fig. 6.9: Vortex structures in the swirl tube; a) Re = 1 ;000, b) Re = 2 ;000,
and c) Re = 5 ;000; SIG = 5 :3; red and blue colours represent
positive and negative radial velocities
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6.6 Flow Analysis

The following �ow analysis shows the decay of the swirl numbe r over the tube
length. In fact, the swirl number represents the swirl stren gth of the �uid,
and in�uences the axial back�ow in the tube centre and vortex structures
in the tube. An analytical derivation of the limiting swirl n umber Slimit =
0.928, for which axial back�ow may occur, has been given by Ko biela in [66]
and later by Biegger in [16]. However, both assume that the ax ial velocity
is characterised by a parabolic pro�le, which is not the case of the swirl �ow
in the tube. Nevertheless, their obtained value is taken as an informative
parameter analysing the swirl number. Furthermore, Biegge r, in his work
[16], numerically analysed cases with swirl numbers S = 5.3, S = 1, and S
= 0.5. He showed that for lower swirl numbers, changes of the local swirl
number towards the tube outlet are not so signi�cant as in the case of the
highest swirl number, where the �ow is swirl dominated by the tangential
velocity.
The character of the �ow domination, i.e. the swirl strength , is also related
to the vortex breakdown phenomenon and the occurrence of axial back�ow.
Moreover, the main types of the vortex breakdown phenomena and common
theories are mentioned in Section 2.3. Nevertheless, the presented study
is characterised by an axisymmetric vortex breakdown with t he occurrence
of axial back�ow for the �ow of a su�cient swirl strength. Thi s type of
breakdown consists of a transition from a supercritical to a subcritical �ow
state, which is accompanied by spreading the �ow upstream, w here the �ow
transfers information about downstream conditions. Moreo ver, in order to
predict vortex breakdown, a condition based on the Rossby number proposed
by Spall et al. [117] and a decrease of the local tangential Reynolds numbers
over the tube length are examined.

6.6.1 Swirl Number

Local values of the swirl number for the investigated Reynol ds numbers and
the constant geometrical swirl number are plotted in Fig. 6. 10 and Fig. 6.11.
The swirl number is de�ned as the ratio of the axial �ux of the a ngular mo-
mentum divided by the tube radius to the axial �ux of the axial momentum,
as already mentioned in Section 1.4.
The local swirl numbers slightly oscillate for both, the exp erimentally and
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Fig. 6.10: Local swirl numbers determined from the experimental resul ts;
SIG = 5 :3
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Fig. 6.11: Local swirl numbers determined from the numerical results;
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numerically obtained values, respectively. Nevertheless, the decreasing char-
acter of the swirl number over the tube length is obvious. For all investigated
Reynolds numbers, the geometrical swirl number (SIG ) near the tangential
inlets is higher than the local swirl number ( S). This di�erence is caused by
the assumption that for the idealised geometrical swirl num ber, the tangen-
tial velocity transforms completely into the axial velocit y. Hence, the highest
losses of the swirl number occur near the tangential inlets, where part of the
tangential in�ow is converted to the axial velocity.
Thus, the local swirl numbers decrease towards the tube outlet. In case of
Re = 1 ;000, the swirl strength of the �ow decreases under the limiti ng swirl
number, i.e. S < 0:928, and the axial �ow becomes dominant in the sec-
ond half of the tube length. For Re = 2 ;000, values of the swirl strength
approaches the limiting value of the swirl number, i.e. S � 0.928, near the
tube outlet. So, the �ow is tangential, or swirl, dominated o ver half of the
tube length, where S � 0:928, and the axial back�ow occurs. The axial
back�ow also occurs in case of Re = 5 ;000, in which the local values are
greater or very close to the limiting swirl number and the axi al back�ow
may be observable over the entire tube length.

6.6.2 Vortex Breakdown

Spall et al. [117] proposed a criterion based on the Rossby number that may
be used in order to predict the onset of vortex breakdown. Local values of
the Rossby number are computed by the ratio of the axial veloc ity to the
tangential velocity Ro = uz � =(r � 
). Spall et al. de�ned r � as the radial
position where the swirl velocity reaches its maximum, r � 
 as the swirl ve-
locity where 
 is the angular velocity of the solid body rotat ion, and uz � is
the axial velocity at the position r � . These scales, i.e.uz � and r � , are also
used for determination of the Reynolds numbers Re�

z . Furthermore, the work
by Spall et al. [117] also provides the determination of the critical Rossby
number for vortex breakdown of 0.65, as already mentioned in Section 2.3
and shown in Fig. 2.14. If the Rossby number is lower than this value, the
tangential velocity is dominant and vortex breakdown may oc cur.
The local Rossby numbers over the modi�ed axial Reynolds num bers for the
investigated Reynolds number are plotted in Fig. 6.12 repre senting values
determined from the experimental data and in Fig. 6.13 repre senting values
determined from the numerical data. Moreover, the black str aight line in the
�gures depicts the limiting value of the Rossby number of 0.6 5. Hence, all
points lying above the limiting Rossby number indicate no vo rtex breakdown.
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Fig. 6.12: Local Rossby numbers over modi�ed axial Reynolds number de-
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On the other hand, all points below the limiting Rossby numbe r indicate pos-
sible vortex breakdown.
From Fig. 6.12 and Fig. 6.13, it is obvious that for the highes t Reynolds
number, i.e. Re = 5 ;000, vortex breakdown occurs over the entire tube
length. In case of Re = 2 ;000, analysis of vortex breakdown obtained from
the numerical results slightly di�ers from the analysis obt ained from the ex-
perimental results. Whereas the analysis of the experimental results shows
an occurrence of vortex breakdown over the entire tube length, the analy-
sis of the numerical results predicts no vortex breakdown for some points.
Thus, it can be concluded that the disagreement between analysis of the ex-
perimental and numerical results can be assigned to slight inaccuracy of the
numerical method for simulating the axial velocity, as ment ioned in Section
6.4.1. Hence, as the axial back�ow is reduced, i.e. the �ow lo ses its swirl
strength, the Rossby number increases and �ow approaches the onset of vor-
tex breakdown, i.e. the limiting Rossby number. This fact is also observable
in Fig. 6.4 (Section 6.4.1), where the axial back�ow decreases towards tube
outlet. The similar behaviour is observed in case of Re = 1 ;000, where ac-
cording to the local Rossby number, vortex breakdown may occur in the �rst
half of the tube length where the swirl �ow is strong enough.
Nevertheless, vortex breakdown can also be predicted by change of the mean
axial velocity uz and the mean tangential velocity u� over the tube length
[98]. In order to study changes of the mean velocities, two di�erent Reynolds
numbers are considered, the local axial Reynolds numberRez and the local
tangential Reynolds number Re� , respectively. In contrast to the Rossby
number, these Reynolds numbers are used in order to study the e�ect of
the mean velocities. The decreasing trends of the calculated local tangential
Reynolds numbers and almost constant trend of the local axia l Reynolds
numbers at the di�erent axial positions z=D are obvious from Fig. 6.14 to
Fig. 6.19. Here, solid lines represent the local axial Reynolds number and
dotted lines represent the local tangential Reynolds number. Furthermore,
bullets and squares represent the experimental results and the numerical
results, respectively. The local axial and tangential Reyn olds numbers are
determined for all investigated Reynolds numbers.
The case ofRe = 1 ;000 is shown in Fig. 6.14 and Fig. 6.15, where the local
tangential Reynolds number, Re� , is higher than the local axial Reynolds
number, Rez , in the region near the tangential inlets. This indicates th at in
this region, vortex breakdown may occur, which corresponds to the predic-
tion based on the Rossby number shown in Fig. 6.12 and Fig. 6.13. As the
�uid approaches the tube outlet, the �ow becomes axial domin ated without
the axial back�ow indicating no vortex breakdown. This fact is represented
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Fig. 6.14: Local axial Reynolds number and local tangential Reynolds n um-
ber determined from experimental results; Re = 1 ;000, SIG = 5 :3
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Fig. 6.15: Local axial Reynolds number and local tangential Reynolds n um-
ber determined from numerical results; Re = 1 ;000, SIG = 5 :3

by an intersection of the local tangential and the local axia l Reynolds num-
bers followed by a drop of the local tangential Reynolds numb er below the
local axial Reynolds number.
With an increase in Reynolds number to Re = 2 ;000, the �ow state near
the inlet regions remains unchanged. The local tangential Reynolds number,
Re� , is higher than the local axial Reynolds number, Rez , indicating occur-
rence of vortex breakdown. Towards the tube outlet, the loca l tangential
Reynolds number, Re� , approaches, but it does not intersect, the local axial
Reynolds number, Rez . This means that near the tube outlet, the �ow state
approaches the onset of vortex breakdown as indicated by the Rossby num-
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Fig. 6.16: Local axial Reynolds number and local tangential Reynolds n um-
ber determined from experimental results; Re = 2 ;000, SIG = 5 :3
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Fig. 6.17: Local axial Reynolds number and local tangential Reynolds n um-
ber determined from numerical results; Re = 2 ;000, SIG = 5 :3

ber in Fig. 6.12 and Fig. 6.13.
For the highest Reynolds number, Re = 5 ;000, the widest gap between the
local tangential Reynolds number, Re� , and the local axial Reynolds num-
ber, Rez , near the tangential inlets is obvious. Vortex breakdown in this case
takes place over the entire tube length, because the local tangential and local
axial Reynolds numbers do not intersect. This also agrees with the analysis
based on the Rossby number in Fig. 6.12 and Fig. 6.13.
Thus, this analysis shows that the case of Re = 2 ;000 is close to the onset
of vortex breakdown in the region near the tube outlet. Where as in the case
Re = 1 ;000, in the second half of the tube, no vortex breakdown is predicted.
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Fig. 6.18: Local axial Reynolds number and local tangential Reynolds n um-
ber determined from experimental results; Re = 5 ;000, SIG = 5 :3
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Fig. 6.19: Local axial Reynolds number and local tangential Reynolds n um-
ber determined from numerical results; Re = 5 ;000, SIG = 5 :3

Vortex breakdown occurs in the entire tube only for Re = 5 ;000. These
results are in accordance with the estimation proposed by Squire [118], who
stated that the �ow is subcritical, if the maximum swirl velo city is higher
than the axial velocity. Hence, the vortex breakdown phenom ena may be pre-
dicted by usage of the following �ow characteristics: by the Rossby number
based on the maximum velocity values and by the local tangent ial and local
axial Reynolds number using the mean velocity values.
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6.7 Stability

Stability of the vortex �ow has been studied by many authors i ncluding
Lord Rayleigh [77], Chandrasekhar [20], Howard and Gupta [52], Ludwieg
[80, 81], Leibovich and Stewartson [73], as already mentioned in Section 2.2.
Outcomes of these works, i.e. the derived stability criteri a, are summarised
and applied to the swirl �ow in a tube by Ben Hmidene [13] and Bi egger
[16]. Furthermore, Ben Hmidene and Biegger introduced, in t heir works, the
stability concept based on the minimum of the total enthalpy , which is a
consequence of the stability concept arising from thermodynamics.
The stability concept based on thermodynamics was introduc ed in Sections
3.1 - 3.3 and follows the work of Marsik [84, 85]. Furthermore , the pre-
liminary outcomes of this thermodynamic concept can be foun d in works
by Marsik et al. [86, 87]. Hence, the derived stability concept based on
thermodynamics, in Appendix A transformed into cylindrica l coordinates, is
used in the following section in order to analyse stability o f the swirl �ow in
tubes.

6.7.1 Local Values of the Thermodynamic Stability Conditio n

The thermodynamic stability condition, i.e. the local TSC f unction Eq.
(3.47), respectively Eq. (A.1), assuming only axial and tan gential velocity
components has the form
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This expression can be rearranged to
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Fig. 6.20: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with omi tted
in�uence of the wall for the axial velocity; Re = 1 ;000, SIG = 5 :3

The obtained results are presented in dimensionless form, so that the local
TSC function is expressed in the plots as �= (
 2 � ), where the angular velocity

 is taken from Tab. 6.1 in Section 6.1.
In this section, the shape of the local TSC function is shown w ithout the
in�uence of the tube wall in order to show more clearly change s of the func-
tion along the radial coordinate at a given axial position z=D. The results
including the in�uence of the tube wall can be found in Append ix E.2.

6.7.1.1 Axial Velocity

Values of the local TSC function computed for the axial veloc ity component
are plotted in Figs. 6.20 - 6.22. Thus, the TSC function is, re specting the
second part of Eq. (6.7), expressed by
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The shape of the local TSC function shows slightly negative values in the
tube centre corresponding to the axial back�ow in this regio n. In cases of
Re = 1 ;000 and Re = 2 ;000, these negative values near the tube outlet
change to positive and zero values, respectively. This behaviour respects the
redistribution of the axial velocity in the tube, where in ca se of Re = 1 ;000,
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the �ow becomes axial dominated in this region and in the case of Re = 2 ;000,
the �ow is neither axial nor swirl dominated.
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Fig. 6.21: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with omi tted
in�uence of the wall for the axial velocity; Re = 2 ;000, SIG = 5 :3

As the �uid approaches the wall, the local TSC function takes negative values
due the destabilisation term in the TSC function, i.e. the se cond derivative
of the velocity. This negative values region shifts towards the tube centre
downstream to the tube outlet. Consequently, positive valu es of the local
TSC function also appear. Moreover, near the tube wall, the v iscous damp-
ing becomes to be dominant and the local TSC function gains positive values
as shown in Appendix E.2.1. Hence, there are some regions, inwhich the
�ow in the axial direction may be locally unstable due to loca l e�ects of
the velocity �eld redistribution. These locally unstable r egions are then at-
tenuated and redistributed due to the stabilising and desta bilising processes
along the radial coordinate.
In all cases, there is a region in the tube, where the determined values of
the local TSC function from the experimental and numerical r esults di�er.
This may be induced by the discrepancies in shapes of the axial velocities
obtained experimentally and numerically, as shown in Secti on 6.4.1. So,
these discrepancies are observable at the following positions z=D � 4 � 8
for Re = 1 ;000, z=D � 10 � 11 for Re = 2 ;000, and z=D � 13 � 17 for
Re = 5 ;000.
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Fig. 6.22: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with omi tted
in�uence of the wall for the axial velocity; Re = 5 ;000, SIG = 5 :3

6.7.1.2 Tangential Velocity

The values of the local TSC function computed for the tangent ial velocity
component are depicted in Figs. 6.23 - 6.25. In this case, the local TSC
function is given by the �rst part of Eq. (6.7)
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As already mentioned in Section 6.4.2, the tangential velocity pro�les can
be approximated by a Rankine vortex consisting of a solid bod y vortex
(u� = 
 r ) and a potential vortex ( u� = � =r). If a �uid rotates as a solid
body, the TSC function takes zero value, i.e. � (u� ) = 0. So, the �uid �ow
is at the margin of stability and a disturbance may not be atte nuated by
dissipative processes. Whereas, if a �uid rotates as a potential vortex, the
TSC function takes a positive value, i.e. � (u� ) = � (4� 2=r4). Thus, the �uid
�ow is stable and dissipative processes may damp out a disturbance. Never-
theless, this short analysis is valid for an ideal case of an unbounded �ow.
For the tangential velocity, the shape of the local TSC funct ion reaches zero
values in the tube centre. The size of the region with zero values decreases
towards the tube outlet due the velocity �eld redistributio n, which corre-
sponds to a suppression of the solid body rotation of the �ow. As the solid
body rotation decreases the destabilising e�ects become dominant, which is
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Fig. 6.23: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with omi t-
ted in�uence of the wall for the tangential velocity; Re = 1 ;000,
SIG = 5 :3

characterised by the negative values of the local TSC function. The negative
values region decreases towards the tube outlet in cases ofRe = 1 ;000 and
Re = 2 ;000, where the �ow becomes axial dominated and neither axial nor
swirl dominated, respectively. In case of Re = 5 ;000, i.e. swirl dominated
�ow, the negative values region increases its magnitude towards the tube
outlet. Near the tube wall, the dissipative e�ects, i.e. vis cous damping, play
a crucial role and the local TSC function gains positive valu es as shown in
Appendix E.2.2.
It is also obvious that towards the tube outlet, there is anot her region with
positive values of the TSC function. This region is weakest f or Re = 1 ;000
and is noticeable from the position z=D = 5. Near the tube outlet, where the
axial �ow is dominant, this region almost diminishes. In cas e of Re = 2 ;000,
where the �ow is neither axial nor swirl dominated, this regi on becomes more
noticeable. It starts at the position z=D = 7, but also near the tube outlet
this region is very small. For the swirl dominated �ow, i.e. Re = 5 ;000, this
region begins at the position z=D = 8 and is clearly observable. Thus, its
evolution may be detectable.
According to theses observations and analogy to the Rankine vortex, it can
be concluded that for the swirl �ow in a tube, regions with pot ential-like
vortex, characterised by the positive values of the local TS C function, are
observable. Due to this fact, it is assumed that the �ow is bei ng stabilised.
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Fig. 6.24: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with omi t-
ted in�uence of the wall for the tangential velocity; Re = 2 ;000,
SIG = 5 :3
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Fig. 6.25: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with omi t-
ted in�uence of the wall for the tangential velocity; Re = 5 ;000,
SIG = 5 :3

6.7.1.3 Axial and Tangential Velocities

The values of the local TSC function for both assumed velocit ies, i.e. the
axial and tangential velocity components, are computed by E q. (6.7) and
are shown in Figs. 6.26 - 6.28.
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In case of Re = 1 ;000, the local TSC function re�ects the domination of the
solid body like velocity pro�le and the axial back�ow near th e tangential
inlets, i.e. it takes nearly zero values that change to negative values as the
�uid approaches the tube wall. For the positions z=D = 2 � 12, the local
TSC function starts from negative values in the region of the tube centre and
then, due to the velocity redistribution representing dest abilising and dissi-
pative processes, reaches zero or slightly positive valuesfollowed again by a
decrease to negative values as the �uid approaches the tube wall. For the
remaining tube length, the local TSC function oscillates ar ound zero values.
Furthermore, regions of negative values due to the velocity redistribution
near the tube centre and in the region of r=R � 0:5� 0:8 are also observable.
For the cases of Re = 2 ;000 and Re = 5 ;000, the local TSC functions also
respect the solid body like velocity pro�le near the tangent ial inlets, the ax-
ial back�ow over almost the entire tube length for Re = 2 ;000 and the axial
back�ow over the entire tube length for Re = 5 ;000, respectively. More-
over, the local TSC function reaches approximately zero values changing to
negative values as the �uid departs from the tube centre to th e tube wall.
From the positions z=D = 2 in case of Re = 2 ;000 and z=D = 3 in case of
Re = 5 ;000 to the tube outlet, the local TSC function begins with neg ative
values in the tube centre region and then due to the velocity r edistribution,
i.e. destabilising and dissipative processes, obtains more negative values fol-
lowed by an increase to less negative or slightly positive values.
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Fig. 6.26: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with omi t-
ted in�uence of the wall for the axial and tangential velocit ies;
Re = 1 ;000, SIG = 5 :3

110



6.7 Stability

0 5 10 15 20
0

0.3

0.6

0.9
¼(uz ;uÁ)=(­ 2¹ ) [¡ ] -3 0 3

z=D [¡ ]

r=R

[¡ ]

experiment numerics

Fig. 6.27: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with omi t-
ted in�uence of the wall for the axial and tangential velocit ies;
Re = 2 ;000, SIG = 5 :3
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Fig. 6.28: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with omi t-
ted in�uence of the wall for the axial and tangential velocit ies;
Re = 5 ;000, SIG = 5 :3

Furthermore, in all cases, as the �uid approaches the tube wa ll, the local TSC
function again decreases up to a point, where dissipative processes become to
be dominant and the local TSC function reaches positive valu es. This conclu-
sion is supported by supplementary results that include the in�uence of the
wall region and that are summarised in Appendix E.2.3.
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6.7.2 Global Values of the Thermodynamic Stability Conditi on

The values of the global thermodynamic stability condition , i.e. the global
TSC function, are given by the volume integral Eq. (3.50) int roduced in
Section 3.3. In order to obtain the values of the global TSC fu nction in
dimensionless form, the volume integral is normalised by th e inner volume
of the tube Vt and is expressed as
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In the volume integral, the angular velocity 
 is taken from T ab. 6.1 in
Section 6.1. Moreover, the expression for the global TSC function can be
simpli�ed, after some algebra, to
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Here, moreover, the axial coordinate in the integral d z varies between 0 to 1
mm and represents the thickness of the slice with a radius r changing from
0 to R, for which a value of the global TSC function at a position z=D is
calculated.
In this section, the values of the global TSC function are shown without
the in�uence of the tube wall. The results including the in�u ence of the
tube wall are given in Appendix E.3. The in�uence of the tube w all, i.e.
integration over the radial coordinate from 0 to R, results in positive values
of the global TSC function, which imply a stable character of the �ow from
the thermodynamic point of view. On the other hand, due to the velocity
redistribution in the tube, there are processes in the �ow th at the global TSC
function should cover and clarify. Due to this hypothesis, t he values of the
global TSC function are computed by Eq. (6.11) at a position z=D without
an in�uence of the tube wall in order to show their developmen t towards
the tube outlet. Thus, these values are integrated over the r adial coordinate
from 0 to 0:9R.

6.7.2.1 Axial Velocity

The values of the global TSC function computed for the axial v elocity com-
ponent are plotted in Figs. 6.29 - 6.31. Thus, the global TSC f unction is
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obtained by Eq. (6.11), where � is given by Eq. (6.8).
The trend of the global TSC function values are not smooth and oscillate
for all investigated Reynolds numbers. Moreover, in case of the axial ve-
locity analysis, there are discrepancies in the values determined from the
experimental and numerical data near the tangential inlets , where the axial
back�ow takes place. From the position z=D � 4 in cases ofRe = 1 ;000 and
Re = 2 ;000, the global TSC function shows an increasing trend from more
negative values to less negative values towards the tube outlet that implies
stabilisation of the axial �ow. In these cases, the �ow near t he tube outlet,
for Re = 1 ;000, is axial dominated and, for Re = 2 ;000, is neither axial nor
swirl dominated.
In case of Re = 5 ;000, a trend of the global TSC function is di�cult to de-
terminate. However, from the position z=D � 10, the global TSC function
shows also an increasing trend to less negative values as the�uid approaches
the tube outlet indicating a stabilisation of the axial �ow.
Hence, this analysis shows that as the axial �ow becomes stronger towards
the tube outlet, i.e. the axial back�ow decreases, the globa l TSC function is
approaching less negative values. On the other hand, the global values of the
TSC function with in�uence of the tube wall are characterise d by positive
values that decrease towards the tube outlet as shown in Appendix E.3.1. In
case ofRe = 5 ;000, furthermore, the global TSC function is accompanied
with oscillations in the computed values.
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Fig. 6.29: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the global TSC function with omitted
in�uence of the wall for the axial velocity; Re = 1 ;000, SIG = 5 :3
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Fig. 6.30: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the global TSC function with omitted
in�uence of the wall for the axial velocity; Re = 2 ;000, SIG = 5 :3
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Fig. 6.31: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the global TSC function with omitted
in�uence of the wall for the axial velocity; Re = 5 ;000, SIG = 5 :3

6.7.2.2 Tangential Velocity

In Figs. 6.32 - 6.34, the values of the global TSC function determined for the
tangential velocity component are presented. Thus, the glo bal TSC function
is obtained by Eq. (6.11), where � is given by Eq. (6.9).
The trend of the global TSC function values is relatively smo oth for all
investigated Reynolds numbers. Near the tangential inlets , the values of the
global TSC function, determined from the experimental and n umerical data,
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di�er for Re = 2 ;000 and Re = 5 ;000. On the other hand, the global TSC
function for Re = 1 ;000 is characterised by a good agreement between values
computed from experimental and numerical data. Moreover, a n increase in
the global TSC function from more negative values to less negative values
towards the tube outlet is obvious. A similar trend is also ob served for
Re = 2 ;000 and Re = 5 ;000, where the global TSC function determined from
the experimental and numerical data matches at the position s z=D � 3 and
z=D � 7, respectively.
From this analysis, it can be summarised that as the tangenti al velocity
near the tangential inlets, where �uid rotates as a solid bod y, moves to the
tube outlet, the solid body shape of the tangential velocity changes to a more
stable shape. In case ofRe = 1 ;000, it is evident that the values of the global
TSC function near the tube outlet are almost constant with no observable
trend. This is due to the fact that near the tube outlet, the �o w becomes
axial dominated.
Moreover, the values of the global TSC function with the in�u ence of the
tube wall are characterised by positive values near the tangential inlets that
then decrease and reach the trend with no signi�cant changes towards the
tube outlet, as shown in Appendix E.3.2.
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Fig. 6.32: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the global TSC function with omit-
ted in�uence of the wall for the tangential velocity; Re = 1 ;000,
SIG = 5 :3
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Fig. 6.33: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the global TSC function with omit-
ted in�uence of the wall for the tangential velocity; Re = 2 ;000,
SIG = 5 :3
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Fig. 6.34: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the global TSC function with omit-
ted in�uence of the wall for the tangential velocity; Re = 5 ;000,
SIG = 5 :3

6.7.2.3 Axial and Tangential Velocities

The values of the global TSC function computed for the axial a nd tangential
velocity components are depicted in Figs. 6.35 - 6.37. In this case, the global
TSC function is obtained by Eq. (6.11), where � is given by Eq. (6.7).
The trend of the global TSC function relates the trend of the g lobal TSC
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function determined for the tangential velocity. This is gi ven by the one or-
der higher values of the global TSC function for the tangenti al velocity than
for the axial velocity.
The values of the global TSC function show a good agreement between ex-
perimentally and numerically obtained data, but near the ta ngential inlets,
the values of the global TSC function di�er. The global TSC fu nctions de-
termined from the numerical and experimental data match at t he position
z=D � 3 for Re = 1 ;000 and Re = 2 ;000, and z=D � 7 for Re = 5 ;000,
respectively.
The global TSC function shows an increasing trend towards la rger values for
growing z=D indicating that an initial form of the velocity �eld redistr ibutes,
from a thermodynamic point of view, to a more stable form. It i s also ob-
servable that a redistribution, due to dissipative and dest abilising processes,
of the velocity �eld is more dominant in the �rst third of the t ube length,
i.e. at the positions z=D � 0 � 6. At these positions, the �ow loses approx-
imately one half of its swirl strength, as shown in Fig. 6.10 a nd Fig. 6.11.
Moreover, this loss of the swirl strength may result in a stro ng �uid mixing
in this region, which may also a�ect the heat transfer to its l ocal maximum
performance, as also deduced in the work by Biegger [16] and Kobiela [66].
Nevertheless, the global values of the TSC function with in� uence of the
tube wall show the positive values decreasing towards the tube outlet. The
global TSC functions for all investigated Reynolds numbers are accompanied
by an oscillation. This is due to the fact that contrary to the cases with omit-
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Fig. 6.35: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the global TSC function with omit-
ted in�uence of the wall for the axial and tangential velocit ies;
Re = 1 ;000, SIG = 5 :3
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Fig. 6.36: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the global TSC function with omit-
ted in�uence of the wall for the axial and tangential velocit ies;
Re = 2 ;000, SIG = 5 :3
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Fig. 6.37: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the global TSC function with omit-
ted in�uence of the wall for the axial and tangential velocit ies;
Re = 5 ;000, SIG = 5 :3

ted walls, the global TSC function for the tangential veloci ty is smaller by
�ve orders of magnitude for Re = 1 ;000 and four orders of magnitude for
Re = 2 ;000 and Re = 5 ;000. Thus, the global TSC function for the axial and
tangential velocity components re�ects the global TSC func tion determined
for the axial velocity, as shown in Appendix E.3.3.
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6.7.3 Stability and Vortex Breakdown

Vortex breakdown can be predicted by using the condition bas ed on the
Rossby number proposed by Spall et al. [117], which is already shown in Sec-
tion 6.6.2. Thus, the Rossby number is computed by the ratio o f the axial
velocity to the tangential velocity Ro = uz � =(r � 
). Here, r � is the radial po-
sition where the swirl velocity reaches its maximum, r � 
 is the swirl velocity,
where 
 is taken as the angular velocity of the solid body rota tion, and uz �

is the axial velocity at the position r � . The onset of vortex breakdown is pro-
posed to be given by the critical Rossby number value of 0.65, below which
vortex breakdown may occur and above which there is no vortex breakdown,
as mentioned in Section 2.3.
So, the values of the global TSC function with omitted in�uen ce of the tube
wall determined for the axial and tangential velocity compo nents, Eq. (6.7)
and Eq. (6.11), are plotted over the local values of the Rossby number.
These plots are shown in Fig. 6.38 representing values determined from the
experimental data and in Fig. 6.39 representing values determined from the
numerical data. Furthermore, the black straight line in the �gures depicts
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Fig. 6.38: Global TSC function with omitted in�uence of the wall for the
axial and tangential velocity component over the local Ross by
number determined from experimental results; SIG = 5 :3
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Fig. 6.39: Global TSC function with omitted in�uence of the wall for the
axial and tangential velocity component over the local Ross by
number determined from numerical results; SIG = 5 :3

the limiting value of the Rossby number of 0.65.
The results given in Section 6.6.2 are supported by Fig. 6.38 and Fig. 6.39,
so vortex breakdown occurs over the entire tube length for Re = 5 ;000. For
Re = 2 ;000, there are di�erent values determined from the experime ntal and
numerical data. The analysis of the experimentally obtaine d data shows the
occurrence of vortex breakdown over the entire tube length, whereas the
analysis of the numerically obtained data predicts no vorte x breakdown in
the region near tube outlet. This disagreement may be assigned to a slight
inaccuracy of the numerically computed axial velocity and d ue to the dif-
ference in the values of the global TSC function near the tangential inlets,
as mentioned in Section 6.4.1 and Section 6.7.2, respectively. In case of
Re = 1 ;000, vortex breakdown is predicted in the tube region where t he �ow
is swirl dominated and the axial back�ow is assumed. Near the tube outlet,
no vortex breakdown is assumed.
The values of the global TSC function determined for the axia l and tan-
gential velocity components decrease towards the tube outlet. Thus, for all
investigated Reynolds numbers, as the �uid moves to the tube outlet, the
global TSC function approaches less negative values and the�ow is stabilised
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from a thermodynamic point of view. The local Rossby number i ncreases
in the region near the tube outlet for Re = 1 ;000, where the �ow is axial
dominated. In case of Re = 2 ;000, the local Rossby number also increases in
the region near the tube outlet, but this increase is not so si gni�cant as in
the case ofRe = 1 ;000. This is due to the fact that in this case the �ow is
neither axial nor swirl dominated, so that the Rossby number s are very close
to the limiting value in this region. For swirl dominated �ow , Re = 5 ;000,
the local Rossby number decreases in the region near the tubeoutlet. This
decrease might correspond to a decrease in swirl strength asthe �uid moves
towards the tube outlet.
Thus, the global TSC function together with the Rossby numbe r provide
information about the vortex breakdown prediction in conne ction to the re-
distribution of the velocity �eld inside the tube. This conn ection shows that
vortex breakdown is accompanied by processes causing a stabilisation of the
�ow from a thermodynamic point of view.
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CHAPTER7

Conclusions and Outlook

The present work investigated the �ow phenomena and �ow stab ility of a
swirl �ow in a tube. A swirl �ow in a tube, or a swirl tube, is cha racterised
by one or more tangential inlet jets, or nozzles, due to which a complex
swirling �ow is generated. Typical for swirling �ows are lar ge velocities near
the tube wall and high turbulence in the tube a�ecting mixing , heat transfer,
and stability. Thus, a swirl tube can be used as a cooling technique for gas
turbine blades. Nevertheless, this work is focused mainly on the development
of a suitable stability criterion, based on thermodynamics , being applicable
to general �ow problems in order to capture and quantify proc esses taking
place in the swirl �ow in a tube.
Firstly, a theoretical background in order to derive a stabi lity criterion based
on thermodynamics is provided. Thus, general rules for balancing of quan-
tities, the thermodynamic property entropy, balance of the total enthalpy,
general thermodynamic inequality, and �nally, thermodyna mic stability con-
dition, i.e. the TSC function, are introduced. Then, the app lication of the
TSC function to simpli�ed �ow problems, i.e. to axial �ow in a tube, to a
Couette �ow between rotating cylinders, and to the �ow probl em in rotating
tubes, is also included. The analysis of these simpli�ed �ow problems shows
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that the derived stability criterion is applicable in order to investigate a �ow
stability from a thermodynamic point of view.
Then, a swirl tube with two tangential inlets at the upstream end of the tube
is investigated. In an extensive examination, the �ow �eld f or a constant
swirl number ( SIG = 5 :3) and several mass �ow rates, i.e. the Reynolds
numbers, covering laminar-like ( Re = 1 ;000), intermediate ( Re = 2 ;000),
and turbulent ( Re = 5 ;000) �ow regimes, is studied experimentally and also
numerically. Hence, the �ow �eld is experimentally obtaine d via Particle
Image Velocimetry (PIV). Then, numerical simulations are c onducted for an
isothermal turbulent �ow via the commercial code ANSYS CFX. In order to
model the turbulence, the Baseline Explicit Algebraic Reyn olds Stress Model
(BSLEARSM) model is employed, which is extended for the lami nar case by
the Gamma Transition Model (GTM) in order to capture the tran sition to
turbulence. The obtained results are utilised in order to an alyse swirling �ow
in terms of the vortex breakdown phenomenon and stability fr om a thermo-
dynamic point of view. Moreover, the swirl �ow is assumed to b e dominated
by the tangential velocity, which may be approximated by a Ra nkine vortex
with a solid body vortex in the tube centre and a potential vor tex in the
outer region. The preliminary stability analysis of the unb ounded Rankine
vortex indicates that the solid body vortex being at the marg in of stability
is redistributed to the more stable potential vortex. This r esult supports the
assumption that the �ow is being stabilised.
Thus, the followed analysis of the velocity �eld shows that t he swirl �ow in
the tube is dominated by the tangential velocity. However, i n the laminar-
like �ow regime, Re = 1 ;000, the �ow is, in the second half of the tube
length, dominated by the axial velocity. Similarly, in case of the intermedi-
ate �ow regime, Re = 2 ;000, the �ow is, near the tube outlet, neither axial
nor swirl dominated. In the turbulent �ow regime, Re = 5 ;000, the swirl �ow
is dominated by the tangential velocity over the entire tube length. However,
the domination of the tangential velocity, generally, decr eases downstream
from the tangential inlets, as con�rmed by the investigatio n via the swirl
number. The decrease of the swirl number con�rms an analytic al result by
Biegger [16] and by Kobiela [66], who have estimated the limiting swirl num-
ber S = 0 :928 as the limit, for which a back�ow near the tube centre migh t
appear. The axial back�ow is, thus, represented by the axial velocity �owing
upstream. Moreover, it is shown that for swirl �ows, a vortex breakdown
is observable for the Rossby number lower than the limiting R ossby number
0.65, as proposed by Spall et al. [117], which is given as the ratio of the
axial velocity at the radial position of the maximum tangent ial velocity and
the maximum tangential velocity. For comparison, the chang e of the local
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axial and local tangential Reynolds numbers, based on the mean values of
the axial and tangential velocity components, shows that vo rtex breakdown
is expected when the �ow is swirl dominated, and if an axial ba ck�ow occurs.
Hence, in case of an axial dominated �ow, no vortex breakdown is expected.
The further analysis of the investigated swirl �ow is relate d to the stability
criterion based on thermodynamics. In general, the results con�rm an as-
sumption that the swirl �ow rotates dominantly as a solid bod y near the
tangential inlets and is, then, redistributed downstream t o a potential-like
vortex, which is energetically more suitable. According to the stability cri-
terion based on thermodynamics, a solid body vortex is at the margin of
stability, whereas a potential vortex is stable. Thus, the s wirl �ow is being
stabilised. Furthermore, local values of the stability cri terion show stabilis-
ing and destabilising processes in the swirl �ow a�ecting it s redistribution
and stability. In order to cover stabilising, i.e. dissipat ive, and destabilis-
ing processes, the stability criterion is, individually, d etermined for a case
with omitted in�uence of the tube wall and for a case with incl uded in�u-
ence of the tube wall, where dissipative processes are dominant. Thus, in
case with omitted in�uence of the tube wall, the redistribut ion of the swirl
�ow re�ects changes of the velocity �eld and also implicitly covers vortex
breakdown that might be followed by destabilising processes resulting in a
local non-compliance of the stability criterion. These des tabilising processes
are found for all investigated �ow regimes. For the laminar- like �ow regime,
Re = 1 ;000, these destabilising processes are attenuated downstream to the
tube outlet, where the �ow becomes to be axial dominated. In c ase of the
intermediate �ow regime, Re = 2 ;000, destabilising processes are slightly at-
tenuated but are still observable, because this �ow regime i s neither axial nor
swirl dominated. The turbulent �ow regime, Re = 5 ;000, is characterised by
an occurrence of destabilising processes over the entire tube length. This
fact con�rms that the turbulent �ow regime is swirl dominate d and vortex
breakdown is detectable over the entire tube length.
In order to characterise the swirl �ow, integral values of th e stability crite-
rion are also determined. The �rst results, including also a n in�uence of
the tube wall, show a stable character of the swirl �ow over th e entire tube
length. This is due to the fact that there is a huge dissipatio n in the tube
wall region resulting in positive integral values. On the ot her hand, the anal-
ysis of the swirl �ow with omitted in�uence of the wall region , re�ects more
precisely the redistribution of the velocity �eld accompan ied by stabilising
and destabilising processes. For all �ow regimes, integral values of the sta-
bility criterion reaches negative values that change downstream towards the
tube outlet to less negative values. This also con�rms the ou tcome that the
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swirl �ow is being stabilised. Moreover, in regions of the tu be where these
changes prevail, i.e. approximately the �rst �fth of the tub e length, stabil-
ising and destabilising processes are dominant resulting in �uid mixing and,
thus, energy transformation. It could be expected that in th is region the heat
transfer in�uenced by the swirl �ow would reach its maximum p erformance,
which is supported by results of Biegger [16] and Kobiela [66]. Thus, the
swirl tube with several tangential inlets along the tube len gth would lead to
a more homogeneous heat transfer, as also investigated by Biegger [16] and
by Rao et al. [103].
A connection between the derived stability criterion and vo rtex breakdown
with regard to the Rossby number and integral values of the de rived stability
criterion is also investigated. The performed analysis results in the con�rma-
tion of the vortex breakdown analysis. Furthermore, for all investigated �ow
regimes, the integral values of the derived stability crite rion approach less
negative values downstream to the tube outlet. The local Rossby number
increases in the region near the tube outlet for the laminar- like �ow regime,
Re = 1 ;000, where the �ow is axial dominated. The intermediate �ow r egime,
Re = 2 ;000, is also characterised by the increased local Rossby number near
the tube outlet. This increase is not so signi�cant as for the laminar-like
�ow regime, mainly due to the fact that in this case the �ow is n either ax-
ial nor swirl dominated. Hence, the local Rossby numbers are very close
to the limiting value of 0.65 in this region. For the turbulen t �ow regime,
Re = 5 ;000, the local Rossby number decreases near the tube outlet,which
might be connected to a decrease of the swirl strength downstream to the
tube outlet. Thus, this analysis con�rms that vortex breakd own is accompa-
nied by processes causing a stabilisation of the �ow from a thermodynamic
point of view.
Thus, this work presented an application of a thermodynamic stability con-
cept to a swirl �ow in a tube. However, the presented stabilit y concept is
applicable to any kind of �ows satisfying the condition of in compressibility,
i.e. �ow at low Mach numbers, of a Newtonian �uid, e.g. a �ow in a tube,
a �ow over a wing or blade including also heat transfer. In the future, this
approach to investigate �ow stability, based on a thermodyn amic approach,
could also be extended to compressible �ows and to �ows of non-Newtonian
�uids. This requires a modi�cation of the TSC function for th ese kind of
applications. The �nal aim of all these studies could be to sh ow if and where
the here investigated concept can be used and where it gives similar results
to classical stability concepts and also where the TSC concept could provide
a broader scope than classical stability concepts.
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APPENDIX A

Thermodynamic Stability Condition in Cylindrical Coordinates

In this Appendix, the transformation of the thermodynamic i nequality, i.e.
the local TSC function, from a Cartesian coordinate system, Eq. (3.47), into
a cylindrical coordinate system is presented. Moreover, the presented trans-
formation follows the monograph of Borisenko and Tarapov in translation by
Silverman [18] and the monograph of Itskov [54].
Thus, relation between the Cartesian ( x1 = x; x 2 = y; x3 = z) and cylin-
drical ( � 1 = r; � 2 = �; � 3 = z) coordinate system, Fig. A.1, is given
by

x = r cos�; y = r sin �; z = z:
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A Thermodynamic Stability Condition in Cylindrical Coordi nates

Fig. A.1: Relations between the Cartesian and cylindrical coordinat e sys-
tem

A.1 Covariant and Contravariant Basis

The covariant basis can be basically described as

gr =
@xj
@r

ej =

"
cos�
sin �

0

#

; jgr j =
q

(cos� )2 + (sin � )2 = 1 ;

g� =
@xj
@�

ej =

"
� r sin �
r cos�

0

#

; jg� j =
q

� (r sin � )2 + ( r cos� )2 = r;

gz =
@xj
@z

ej =

"
0
0
1

#

; jgz j =
p

12 = 1 :

The normalised covariant basis is given from the non-normal ised covariant
basis by the following simple recalculations

g �r =
gr

jgr j
=

"
cos�
sin �

0

#

;
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g �� =
g�

jg� j
=

"
� sin �
cos�

0

#

;

g �z =
gz

jgz j
=

"
0
0
1

#

:

On the other hand, the contravariant basis can be basically p rescribed by

g i = gij gj ;

where gij is the metric tensor for the contravariant basis and is given by the
following expression

gij =
cof (gij )
det jgij j

:

Here, cof (gij ) denotes a sub-determinant to an element gij . Moreover, it is
possible to calculate the metric tensor for the covariant ba sis and its deter-
minant by

gij = gi � gj =

"
1 0 0
0 r 2 0
0 0 1

#

; det jgij j = r 2 :

Thus, components of the metric tensor for the contravariant basis can be
determined as follows

grr =
r 2 � 1

r 2
= 1 ; gr� = grz = 0 ;

g�� =
1 � 1

r 2
=

1
r 2

; g�r = g�z = 0 ;

gzz =
1 � r 2

r 2
= 1 ; gzr = gz� = 0 ;

gij =

"
1 0 0
0 r � 2 0
0 0 1

#

; det jgij j =
1
r 2

:
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The contravariant basis is then given by

gr = grr gr =

"
cos�
sin �

0

#

; jgr j =
q

(cos� )2 + (sin � )2 = 1

g� = g�� g� = r � 2

"
� r sin �
r cos�

0

#

=

"
� r � 1 sin �
r � 1 cos�

0

#

;

jg� j =
q

(� r � 1 sin � )2 + ( r � 1 cos� )2 = r � 1

gz = gzz gz =

"
0
0
1

#

; jgz j =
p

12 = 1 :

The normalised contravariant basis is obtained as well as the normalised
covariant basis by the following simple recalculations

g �r =
gr

jgr j
=

"
cos�
sin �

0

#

;

g
�� =

g�

jg� j
=

"
� sin �
cos�

0

#

;

g �z =
gz

jgz j
=

"
0
0
1

#

:

A.2 Relations between Coordinates

According to the covariant and contravariant basis, it is po ssible to express
the components of the velocity vector u by

u = ui gi = ui gi

jgi j
= u

�i g�i ;

u = ui g i = ui
g i

jg i j
= u�i g

�i :
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A.3 Covariant Derivative

The components of the velocity vector with overlined indice s represent the
so-called physical components and correspond to the normalised basis. Fur-
thermore, due to their correct dimensions (units), these co mponents of the
velocity vector are used for further calculations. Thus, th e following expres-
sions are, then, obvious

u �r = ur ; u �r = u �r ; u �r = ur ;

u
�� = ru � ; u

�� = u �� ; u �� = r � 1u� ;

u �z = uz ; u �z = u �z ; u �z = uz :

A.3 Covariant Derivative

The covariant derivatives of the covariant and contravaria nt components of
vectors and the second order tensors in the cylindrical coordinates can be
expressed as follows

ˆ covariant derivative of the contravariant vector compone nts

ui
�
�

j
=

@ui

@�j
+ uj � i

kj ;

ˆ covariant derivative of the contravariant second order te nsor compo-
nents

A ij
�
�
k

=
@Aij

@�k
+ A lj � i

lk + A il � j
lk ;

ˆ covariant derivative of the covariant vector components

ui j j =
@ui
@�j

� uk � k
ij ;

ˆ covariant derivative of the covariant second order tensor components

A ij jk =
@Aij

@�k
� A lj � l

ik � A il � l
jk :

In these relations � k
ij , and analogous, represent the Christo�el's symbol of

the second kind, [54].
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A.4 Christo�el Symbols

A.4.1 Christo�el Symbol of the First Kind

The Christo�el symbol of the �rst kind is given by

[ij;k ] =
1
2

�
@gki

@�j
+

@gkj

@�i
�

@gij
@�k

�
:

So, in the cylindrical coordinates, it can be expressed as

[��;r ] =
1
2

�
@gr�
@�

+
@gr�
@�

�
@g��
@r

�
=

1
2

�
0 + 0 �

@r2

@r

�

=
1
2

(� 2 � r ) = � r;

[r�;� ] =
1
2

�
@g�r
@�

+
@g��
@r

�
@gr�
@�

�
=

1
2

�
0 +

@r2

@r
� 0

�

=
1
2

(2 � r ) = r;

[�r;� ] =
1
2

�
@g��
@r

+
@g�r
@�

�
@g�r
@�

�
=

1
2

�
@r2

@r
+ 0 � 0

�

=
1
2

(2 � r ) = r;

[rr;� ] =
1
2

�
@g�r
@r

+
@g�r
@r

�
@grr
@�

�
= 0 :

Moreover, the cylindrical coordinates are orthogonal coor dinates, thus, sym-
metry [ r�;� ] = [ �r;� ] can be applied. For all other combinations of indices
i; j; k , which are not shown here, the Christo�el's symbols of the �r st kind
are zero.

A.4.2 Christo�el Symbol of the Second Kind

The Christo�el symbol of the second kind is given by

� m
il =

1
2

gkm

�
@glk
@�i

+
@gik
@�l

�
@gli
@�k

�
= [ il;k ] gkm :
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So, in the cylindrical coordinates, it can be expressed as

� �
r� = [ r�;� ] g�� = r

1
r 2

=
1
r

;

� �
�r = [ �r;� ] g�� = r

1
r 2

=
1
r

;

� r
�� = [ ��;r ] grr = � r:

For the Christo�el symbol of the second kind, symmetry can be applied as
well, i.e. � �

�r = � �
r� . Here, also for all other combinations of indices i; j; k ,

the Christo�el symbols of the second kind are zero.

A.5 Covariant and Contravariant Components of the
Velocity Vector

The derivatives of the velocity components in the cylindric al coordinates are
determined via the Christofell's symbols, [54], as introdu ced in Section A.4.
For the contravariant velocity components in the non-norma lised basis, the
covariant derivatives are given by

ur jr =
@ur

@r
+ ur � r

rr + u� � r
�r + uz � r

zr =
@ur

@r
;

ur j � =
@ur

@�
+ ur � r

r� + u� � r
�� + uz � r

z� =
@ur

@�
� ru � ;

ur jz =
@ur

@z
+ ur � r

rz + u� � r
�z + uz � r

zz =
@ur

@z
;

u�
�
�

r
=

@u�

@r
+ ur � �

rr + u� � �
�r + uz � �

zr =
@u�

@r
+

u�

r
;

u�
�
�
�

=
@u�

@�
+ ur � �

r� + u� � �
�� + uz � �

z� =
@u�

@�
+

ur

r
;

u�
�
�

z
=

@u�

@z
+ ur � �

rz + u� � �
�z + uz � �

zz =
@u�

@z
;

uz jr =
@uz

@r
+ ur � z

rr + u� � z
�r + uz � z

zr =
@uz

@r
;

uz j � =
@uz

@�
+ ur � z

r� + u� � z
�� + uz � z

z� =
@uz

@�
;
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uz jz =
@uz

@z
+ ur � z

rz + u� � z
�z + uz � z

zz =
@uz

@z
:

Whereas for the covariant velocity components in the non-no rmalised basis,
the covariant derivatives are expressed as

ur j r =
@ur
@r

� ur � r
rr � u� � �

rr � uz � z
rr =

@ur
@r

;

ur j � =
@ur
@�

� ur � r
r� � u� � �

r� � uz � z
r� =

@ur
@�

�
u�

r
;

ur jz =
@ur
@z

� ur � r
rz � u� � �

rz � uz � z
rz =

@ur
@z

;

u� j r =
@u�
@r

� ur � r
�r � u� � �

�r � uz � z
�r =

@u�
@r

�
u�

r
;

u� j � =
@u�
@�

� ur � r
�� � u� � �

�� � uz � z
�� =

@u�
@�

+ ru r ;

u� jz =
@u�
@z

� ur � r
�z � u� � �

�z � uz � z
�z =

@u�
@z

;

uz j r =
@uz
@r

� ur � r
zr � u� � �

zr � uz � z
zr =

@uz
@r

;

uz j � =
@uz
@�

� ur � r
z� � u� � �

z� � uz � z
z� =

@uz
@�

;

uz jz =
@uz
@z

� ur � r
zz � u� � �

zz � uz � z
zz =

@uz
@z

:

The derivatives of the contravariant velocity components w ith respect to the
normalised basis are given by

u
�i
�
�
�

j
= ui j j jgi jj g j jg�i 
 g

�j = u
�i j�j g�i 
 g

�j ;

and, on the other hand, the derivatives of the covariant velo city components
with respect to the normalised basis are formulated by

u�i j j = ui j j jg i jj g j jg
�i 
 g

�j = u�i j�j g
�i 
 g

�j :

Then, the covariant derivatives of the contravariant veloc ity components are
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expressed as follows

u �r
�
�

�r
=

@ur

@r
jgr jj gr j =

@u�r

@r
;

u �r
�
�

��
=

�
@ur

@�
� ru �

�
jgr jj g� j =

�
@u�r

@�
� u

��

�
1
r

=
1
r

@u�r

@�
�

u
��

r
;

u �r
�
�

�z
=

@ur

@z
jgr jj gz j =

@u�r

@z
;

u
��
�
�
�

�r
=

�
@u�

@r
+

u�

r

�
jg� jj gr j =

�
@
@r

�
u

��

r

�
+

u
��

r 2

�
r

=

�
1
r

@u
��

@r
�

u
��

r 2
+

u
��

r 2

�
r =

@u
��

@r
;

u
��
�
�
�

��
=

�
@u�

@�
+

ur

r

�
jg� jj g� j =

�
@

@�

�
u

��

r

�
+

u �r

r

�
r

1
r

=
1
r

@u
��

@�
+

u �r

r
;

u
��
�
�
�

�z
=

@u�

@z
jg� jj gz j =

�
@
@z

�
u

��

r

��
r =

�
1
r

@u
��

@z

�
r =

@u
��

@z
;

u �z
�
�

�r
=

@uz

@r
jgz jj gr j =

@u�z

@r
;

u �z
�
�

��
=

@uz

@�
jgz jj g� j =

1
r

@u�z

@�
;

u �z
�
�

�z
=

@uz

@z
jgz jj gz j =

@u�z

@z
:

In addition, the covariant derivatives of the covariant vel ocity components
are written as follows

u �r j �r =
@ur
@r

jgr jj gr j =
@u�r
@r

;

u �r j �� =

�
@ur
@�

�
u�

r

�
jgr jj g� j =

�
@u�r
@�

� u ��

�
1
r

=
1
r

@u�r
@�

�
u ��

r
;

u �r j �z =
@ur
@z

jgr jj gz j =
@u�r
@z

;
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u ��

�
�

�r
=

� @u�
@r

�
u�

r

�
jg� jj gr j =

h @
@r

�
ru ��

�
� u ��

i 1
r

=

�
r

@u��
@r

+ u �� � u ��

�
1
r

=
@u��
@r

;

u ��

�
�

��
=

�
@u�
@�

+ ru r

�
jg� jj g� j =

�
@

@�

�
ru ��

�
+ ru �r

�
1
r 2

=
1
r

@u��
@�

+
u �r

r
;

u ��

�
�

�z
=

@u�
@z

jg� jj gz j =
h @

@z

�
ru ��

� i 1
r

=

�
r

@u��
@z

�
1
r

=
@u��
@z

;

u �z j �r =
@uz
@r

jgz jj gr j =
@u�z
@r

;

u �z j �� =
@uz
@�

jgz jj g� j =
1
r

@u�z
@�

;

u �z j �z =
@uz
@z

jgz jj gz j =
@u�z
@z

:

Thus, the covariant derivatives of the covariant and contra variant velocity
components con�rm the relation between the velocity compon ents in the
non-normalised and normalised basis introduced in Section A.2.

A.6 Divergence of the Second Order Tensor

In this work, only low Mach number �ows are considered, hence , as a con-
stitutive, i.e. material, model of the �uid the Cauchy stres s tensor for the
Newtonian incompressible �uid [50] is chosen. The Cauchy st ress tensor for
the incompressible �uid and for the physical components is d e�ned by

t
�i �j = � p�

�i �j + t
�i �j
dis :

In order to determine the local TSC function, only the dissip ative part of
the Cauchy stress tensor is utilised. Thus, the dissipative part of the Cauchy
stress tensor in the normalised basis, i.e. in the physical components, is for-
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mulated as

t
�i �j
dis =

1
2

�

�
u

�i
�
�
�
�j

+ u
�j
�
�
�
�i

�
= �d

�i �j
�
= �d �i �j

�
;

where d
�i �j is the strain rate tensor, which is the symmetric second order

tensor, as well as the Cauchy stress tensor, for the incompressible �uid.
The strain rate tensor, in the cylindrical coordinates, may be written as
follows

d�r �r =
1
2

�
u �r

�
�

�r
+ u �r

�
�

�r

�
=

@u�r

@r
;

d�r �� =
1
2

�
u �r

�
�

��
+ u

��
�
�
�

�r

�
=

1
2

�
1
r

@u�r

@�
+

@u
��

@r
�

u
��

r

�
;

d�r �z =
1
2

�
u �r

�
�

�z
+ u �z

�
�

�r

�
=

1
2

�
@u�r

@z
+

@u�z

@r

�
;

d
�� �r =

1
2

�
u

��
�
�
�

�r
+ u �r

�
�

��

�
=

1
2

�
1
r

@u�r

@�
+

@u
��

@r
�

u
��

r

�
;

d
�� �� =

1
2

�
u

��
�
�
�

��
+ u

��
�
�
�

��

�
=

1
r

@u
��

@�
+

u �r

r
;

d
�� �z =

1
2

�
u

��
�
�
�

�z
+ u �z

�
�

��

�
=

1
2

�
@u

��

@z
+

1
r

@u�z

@�

�
;

d�z �r =
1
2

�
u �z

�
�

�r
+ u �r

�
�

�z

�
=

1
2

�
@u�z

@r
+

@u�r

@z

�
;

d�z �� =
1
2

�
u �z

�
�

��
+ u

��
�
�
�

�z

�
=

1
2

�
1
r

@u�z

@�
+

@u
��

@z

�
;

d�z �z =
1
2

�
u �z

�
�

�z
+ u �z

�
�

�z

�
=

@u�z

@z
:

Then, the strain rate tensor is simple rewritten into the mat rix form as
follows

d
�i �j =

2

4
d�r �r d�r �� d�r �z

d
�� �r d

�� �� d
�� �z

d�z �r d�z �� d�z �z

3

5 :
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For the local TSC function in cylindrical coordinates, it is important to
express the divergence of the strain rate tensor [54]. The divergence of the
strain rate tensor in the non-normalised basis is expressedby the relation for
the covariant derivative of the second order tensor, as shown in Section A.3.
In the case of the divergence of the second order tensor, the indices j and k
are equal, i.e. j = k, thus

r � A = A ij
�
�

j
=

@Aij

@�j
+ A lj � i

lj + A il � j
lj :

Also, the divergence of the second order tensor with respectto the normalised
basis can be formulated by

A
�i �j

�
�
�

j
= A

�i �j
�
�
�
�j

jgi jg�i :

Moreover, the physical components of the second order tensor follow the
expression

A
�i �j = A ij p

gii gjj g�i 
 g�j ; A �i �j = A ij

p
gii gjj g

�i 
 g
�j :

In addition, in cylindrical coordinates, i.e. orthogonal c urvilinear coordi-
nates, the components of the strain rate tensor in the physical components
are given by

d�r �r = drr ; d�r �r = d�r �r ; d�r �r = drr ;

d�r �� = rd r� ; d�r �� = d�r �� ; d�r �� = r � 1dr� ;

d�r �z = drz ; d�r �z = d�r �z ; d�r �z = drz ;

d
�� �r = rd �r ; d

�� �r = d �� �r ; d �� �r = r � 1d�r ;

d
�� �� = r 2d�� ; d

�� �� = d �� �� ; d �� �� = r � 2d�� ;

d
�� �z = rd �z ; d

�� �z = d �� �z ; d �� �z = d�z ;

d�z �r = dzr ; d�z �r = d�z �r ; d�z �r = dzr ;

d�z �� = rd z� ; d�z �� = d�z �� ; d�z �� = r � 1dz� ;

d�z �z = dzz ; d�z �z = d�z �z ; d�z �z = dzz :
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Hence, the divergence of the strain rate tensor in the non-normalised base is
expresses as

drr j r =
@drr

@r
+ drr � r

rr + d�r � r
�r + dzr � r

zr + drr � r
rr + dr� � r

�r + drz � r
zr

=
@drr

@r
;

dr�
�
�

�
=

@dr�

@�
+ dr� � r

r� + d�� � r
�� + dz� � r

z� + drr � �
r� + dr� � �

�� + drz � �
z�

=
@dr�

@�
� rd �� +

drr

r
;

drz jz =
@drz

@z
+ drz � r

rz + d�z � r
�z + dzz � r
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According to the expressions of the strain rate tensor for th e physical com-
ponents, the divergence of the second-order tensor, i.e. the divergence of the
strain rate tensor in the normalised basis, is given by
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Then, with respect to the symmetry of the strain rate tensor, i.e. d�i �j =
d�j �i ; i 6= j = r; �; z , the divergence of the strain rate tensor is rewritten into
the following matrix form
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Assuming an incompressible �uid, i.e. r � u = 0, the divergence of the strain
rate tensor becomes
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A.7 Covariant Derivative of a Constant

In the local TSC function, Eq. (3.47), expression for the gra dient of a scalar
in cylindrical coordinates is also necessary to introduce. Thus, the gradient
of a scalar is for cylindrical coordinates, generally for curvilinear orthogonal
coordinates, expressed as

r c =
@c
@�j

jg j jg
�j :

Now, it is possible to transform the dissipative term contai ning the heat
�ux from Cartesian coordinates into cylindrical coordinat es [54]. Hence, the
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dissipative term containing the heat �ux in Cartesian coord inates is given by
[50]
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:

Firstly, the physical components of the gradient of tempera ture in cylindrical
coordinates are introduced as follows

T j �r =
@T
@r

jgr jg �r =
@T
@r

;

T j �� =
@T
@�

jg� jg
�� =

@T
@�

1
r

=
@T
r@�

;

T j �z =
@T
@z

jgz jg �z =
@T
@z

;

and rewritten into vector form

r T =

�
@T
@r

;
@T
r@�

;
@T
@z

�
:

Then, the heat �ux becomes

q�r = � �
@T
@r

; q
�� = � �

1
r

@T
@�

; q�z = � �
@T
@z

:

Hence, the dissipative term related to the gradient of tempe rature is there-
after given by [50]
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A.8 Thermodynamic Stability Condition in the Cylindrical
Coordinates

Finally, the local TSC function, i.e. the thermodynamic sta bility condition,
in Cartesian coordinates, Eq. (3.47), may be written as foll ows
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T
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For curvilinear orthogonal physical coordinates, i.e. cyl indrical coordinates,
the local TSC function becomes
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Here, the Cauchy stress tensor for an incompressible �uid and the equality
between the physical components in the covariant and contravariant bases are
utilised, i.e. u�i = u�i , as discussed in Section A.2. Moreover, in the main text
of the presented work, all subscripts and superscripts representing physical
components are, for simplicity and lucidity, written witho ut overline.
Thus, according to the expressions for the covariant derivatives, divergence,
and gradient in cylindrical coordinates, the local TSC func tion, has for the
physical components the following form
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APPENDIX B

Thermodynamic Stability Condition for Laminar Flow

In this Appendix, the calculation of the local and global TSC functions for
a steady laminar �ow in a circular rigid tube is shown.
Thus, into the local TSC function, Eq. (3.51), Eq. (3.52) is i nserted for the
axial velocity characterising a 1D simpli�ed model of the st eady laminar �ow
in a tube. Then, the local TSC function becomes
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The laminar �ow in a tube is stable from a thermodynamic point of view, if
the following conditions are satis�ed
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Moreover, in order to obtain an integral information charac terising the �ow,
the global value of the TSC function for the laminar �ow in a tu be needs to
be determined. Thus, the global TSC function is given by
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Here, dV = r d� dr dz; dr 2 (0; R); d� 2 (0; 2p); dz 2 (0; L ).
From the global TSC function, it follows that the steady lami nar �ow in a
tube with radius R and length L is from a thermodynamic point of view at
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the margin of stability, i.e. a possible disturbance or �uct uation may initiate
an unstable character of the �ow.
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APPENDIX C

Thermodynamic Stability Condition for Turbulent Flow

In this Appendix, the calculation of the local and global TSC functions for
a turbulent �ow in a circular rigid tube is presented.
Thus, into the local TSC function, Eq. (3.51), Eq. (3.55) is i nserted for the
axial velocity characterising a 1D simpli�ed model of the tu rbulent �ow in a
tube. Then, the local TSC function becomes
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The turbulent �ow in a tube is from a thermodynamic point of vi ew unstable
in the entire region given by the coordinate r .
Moreover, in order to obtain an integral information charac terising the �ow,
the global value of the TSC function for the turbulent �ow in a tube should
be calculated. Thus, the global TSC function is given by
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Here, dV = r d� dr dz; dr 2 (0; R); d� 2 (0; 2p); dz 2 (0; L ).
So, from the global TSC function, it follows that the turbule nt �ow in a tube
with radius R and length L is from a thermodynamic point of view unstable,
i.e. a possible disturbance or �uctuation is not supposed to be attenuated.
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APPENDIX D

Thermodynamic Stability Condition for Couette Flow between
Rotating Cylinders

In this Appendix, the calculation of the local and global TSC functions of a
Couette �ow between two rotating cylinders is shown.
Thus, for the tangential velocity, the following general ex pression u� (r ) =
r 
( r ), which characterises a Couette �ow between two rotating cy linders,
is inserted into the local TSC function, Eq. (3.59). Then, th e local TSC
function becomes
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Cylinders
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By insertion of the relations given by Eq. (3.62) and Eq. (3.6 3) into this
inequality, Eq. (D.1), the following expression is obtaine d
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Moreover, in order to obtain an integral information charac terising the Cou-
ette �ow between rotating cylinders, the global value of the TSC function
shall be calculated. Thus, the global TSC function is given b y
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Here, dV = r d� dr dz; dr 2 (R1 ; R2); d� 2 (0; 2p) and dz 2 (0; L ).
In addition, for comparison, the focus is also taken on the Rayleigh's invis-
cid theory and its application to the investigated problem. The Rayleigh's
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stability condition is given by the discriminant of stabili ty, Eq. (3.61), which
is, hence, given by

�( r ) =
1
r 3

d
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�
ru �

� 2
> 0:

Then, the general expression for the tangential velocity u� (r ) = r 
( r ) is
inserted into the discriminant of stability and the followi ng expression is ob-
tained
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Moreover, assuming the relations given by Eq. (3.62) and Eq. (3.63), then
Eq. (D.4) becomes
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APPENDIX E

Supplementary Results

For the sake of completeness, the dimensionless experimental and numerical
results represented by the contour plots of the obtained velocities are pre-
sented. In addition, the dimensionless values of the local and global TSC
functions with included in�uence of the tube wall determine d from the ex-
perimental and numerical results are also given.
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E Supplementary Results

E.1 Contour Plots of the Velocity Field

Fig. E.1: Axial and tangential velocities at the selected position de termined
from experimental results; Re = 1 ;000, SIG = 5 :3
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E.1 Contour Plots of the Velocity Field

Fig. E.2: Axial and tangential velocities at the selected position de termined
from numerical results; Re = 1 ;000, SIG = 5 :3
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E Supplementary Results

Fig. E.3: Axial and tangential velocities at the selected position de termined
from experimental results; Re = 2 ;000, SIG = 5 :3
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E.1 Contour Plots of the Velocity Field

Fig. E.4: Axial and tangential velocities at the selected position de termined
from numerical results; Re = 2 ;000, SIG = 5 :3
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E Supplementary Results

Fig. E.5: Axial and tangential velocities at the selected position de termined
from experimental results; Re = 5 ;000, SIG = 5 :3
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E.1 Contour Plots of the Velocity Field

Fig. E.6: Axial and tangential velocities at the selected position de termined
from numerical results; Re = 5 ;000, SIG = 5 :3
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E Supplementary Results

E.2 Local Values of the Thermodynamic Stability Condition

E.2.1 Axial Velocity
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Fig. E.7: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with inc luded
in�uence of the wall for the axial velocity; Re = 1 ;000, SIG = 5 :3
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Fig. E.8: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with inc luded
in�uence of the wall for the axial velocity; Re = 2 ;000, SIG = 5 :3
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E.2 Local Values of the Thermodynamic Stability Condition
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Fig. E.9: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with inc luded
in�uence of the wall for the axial velocity; Re = 5 ;000, SIG = 5 :3

E.2.2 Tangential Velocity
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Fig. E.10: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with inc luded
in�uence of the wall for the tangential velocity; Re = 1 ;000,
SIG = 5 :3
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Fig. E.11: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with inc luded
in�uence of the wall for the tangential velocity; Re = 2 ;000,
SIG = 5 :3
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Fig. E.12: Comparison of experimental (experiment) and numerical (nu mer-
ics) dimensionless values of the local TSC function with inc luded
in�uence of the wall for the tangential velocity; Re = 5 ;000,
SIG = 5 :3
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E.2 Local Values of the Thermodynamic Stability Condition

E.2.3 Axial and Tangential Velocities
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Fig. E.13: Comparison of experimental (experiment) and numerical (nu -
merics) dimensionless values of the local TSC function with in-
cluded in�uence of the wall for the axial and tangential velo cities;
Re = 1 ;000, SIG = 5 :3
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Fig. E.14: Comparison of experimental (experiment) and numerical (nu -
merics) dimensionless values of the local TSC function with in-
cluded in�uence of the wall for the axial and tangential velo cities;
Re = 2 ;000, SIG = 5 :3
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Fig. E.15: Comparison of experimental (experiment) and numerical (nu -
merics) dimensionless values of the local TSC function with in-
cluded in�uence of the wall for the axial and tangential velo cities;
Re = 5 ;000, SIG = 5 :3

E.3 Global Values of the Thermodynamic Stability Condition

E.3.1 Axial Velocity
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Fig. E.16: Comparison of experimental (experiment) and numerical (nu -
merics) dimensionless values of the global TSC function with
included in�uence of the wall for the axial velocity; Re = 1 ;000,
SIG = 5 :3
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E.3 Global Values of the Thermodynamic Stability Condition
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Fig. E.17: Comparison of experimental (experiment) and numerical (nu -
merics) dimensionless values of the global TSC function with
included in�uence of the wall for the axial velocity; Re = 2 ;000,
SIG = 5 :3
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Fig. E.18: Comparison of experimental (experiment) and numerical (nu -
merics) dimensionless values of the global TSC function with
included in�uence of the wall for the axial velocity; Re = 5 ;000,
SIG = 5 :3
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E Supplementary Results

E.3.2 Tangential Velocity
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Fig. E.19: Comparison of experimental (experiment) and numerical (nu -
merics) dimensionless values of the global TSC function with
included in�uence of the wall for the tangential velocity; Re =
1;000, SIG = 5 :3
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Fig. E.20: Comparison of experimental (experiment) and numerical (nu -
merics) dimensionless values of the global TSC function with
included in�uence of the wall for the tangential velocity; Re =
2;000, SIG = 5 :3
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E.3 Global Values of the Thermodynamic Stability Condition
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Fig. E.21: Comparison of experimental (experiment) and numerical (nu -
merics) dimensionless values of the global TSC function with
included in�uence of the wall for the tangential velocity; Re =
5;000, SIG = 5 :3

E.3.3 Axial and Tangential Velocities
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Fig. E.22: Comparison of experimental (experiment) and numerical (nu -
merics) dimensionless values of the global TSC function with
included in�uence of the wall for the axial and tangential ve loci-
ties; Re = 1 ;000, SIG = 5 :3
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Fig. E.23: Comparison of experimental (experiment) and numerical (nu -
merics) dimensionless values of the global TSC function with
included in�uence of the wall for the axial and tangential ve loci-
ties; Re = 2 ;000, SIG = 5 :3
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Fig. E.24: Comparison of experimental (experiment) and numerical (nu -
merics) dimensionless values of the global TSC function with
included in�uence of the wall for the axial and tangential ve loci-
ties; Re = 5 ;000, SIG = 5 :3
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