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CHAPTER 1

Introduction

This thesis is concerned with pattern formation in biological systems, in
particular those having the property that they concentrate at a boundary
point in a bounded smooth domain.

We study this problem within the framework of deterministic reaction-
diffusion systems. As a prototype system, which on the one hand captures
the essential biological behavior and on the other hand is not too complex
for a rigorous and explicit mathematical analysis, we consider the Gierer-
Meinhardt system (see [29]). After a suitable rescaling, this system can be

written as follows:

A =D, AA—A+2£  A>0 inQ,

H>
(GM) TH, = D,AH — H+ A?, H >0 inQ, (1.1)
g—f = %—Ij =0 on oS

The unknowns A = A(x,t) and H = H(z,t) represent the concentrations of
the biochemicals called activator and inhibitor, respectively, at a point z €
) C R? and at a time t > 0, respectively; the diffusion coefficients D,, Dy,
and the time relaxation constant 7 are positive constants (independent of
x € Qand t > 0) with D, << Dy, and 7 independent of D,, Dy; we also use
the notation D, = €2 and Dj, = D; A := Z?Zl % is the Laplace operator in
R?; Q is a smooth bounded domain in R?; v(z) is the outward unit normal
vector at x € 0f); % denotes the normal derivative at = € 9% (for simplicity
we will mostly drop the index ).

To understand how (1.1) arises as a model of a biochemical reaction in a
living organism note that there is an autocatalytic production of the activator

A via the %2 term. The inhibitor H is activated by A due to the term A? in

A2

the second equation, but H inhibits the production of the activator A as 4

5



6 1. INTRODUCTION

decreases for increasing H. This summarizes the reaction part of the system.
Adding the physical phenomenon of diffusion to the system we arrive at (1.1).

The classical Turing type linearized analysis shows that the homogeneous
steady states are unstable. In the present study we perform an analysis in
the neighborhood of certain inhomogeneous steady states and prove their
existence and (linearized) stability rigorously.

The system (1.1) was first introduced by A. Gierer and H. Meinhardt, sci-
entists at the Max-Planck Institute for Developmental Biology in Tiibingen,
to study the problem of formation of new heads for hydra, the orientation
of the head and the arms/legs in embryotic growth, and lately the beautiful
patterns on sea shells [49], [50]. It has been successfully used to predict
patterns and understand the mechanism of their formation. Typically, in
these examples the problem is posed in a two-dimensional domain (except in
the study of sea shells which is considered as a system on a one-dimensional
interval with the time axis corresponding to the direction of shell growth in

time). Actually, they study the more general system

9 — D,ANA— A+ 4

H1°

9 = DyAH — H + 4,

(GGM) {

p>1, ¢q>0 r>0s2>0,

Using the same mathematical methods but putting more effort into the nota-
tion one could generalize many of our results to this more general system. For
example, the existence result, Theorem 1.1, can be extended to the general-
ized system without any technical difficulty. For the stability result, Theorem
1.2, there should be some restrictions on (p, q,r, s). See [14], [57], [58], [75],
and [87] for related studies on nonlocal eigenvalue problems (NLEPs).

For simplicity and readability in this thesis we restrict our attention to
the simpler system (1.1).

To start the discussion of the mathematical behavior of (1.1), we first

recall Turing’s idea of a diffusion-driven instability [65]. Therefore, we first
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drop the diffusion terms and consider the kinetic system instead:

(1.2)

At - _A+ %27
THt = —H+A2

This system has a unique constant steady state A = 1,H = 1. For 0 <

T < 1 it is easy to see that the constant solution A = 1, H = 1 is (linearly)

Dq
Dy,

constant steady state A = 1, H = 1 becomes unstable. This example shows

stable as a steady state of (1.2). However, if in (1.1) is small, then the
that in the case of a system of partial differential equations diffusion may
lead to instability of homogeneous states contrary to the common knowledge
that diffusion is a smoothing and trivializing process. This intuition fails
since we deal with a system of partial differential equations rather than a
single equation. Therefore the maximum principle or energy methods are
not available for the analysis. This example also shows that the size of
the diffusion coefficients D, and D), is essential for the behavior of (1.1).

2 is small. Furthermore,

Throughout this thesis we will assume that D, = ¢
we will assume that Dj, ~ €', where the notation A ~ B means that
lim4 =C > 0.

In this thesis, we will show that there is a critical growth rate for the

inhibitor diffusivity D, given by
lir%Dhe = cgl, co > 0,

such that there exists a steady state for (1.1) whose shape is given by a
boundary spike the location of which is determined by the interaction of
boundary curvature and Green’s function effects.

Before stating the result in full detail, we first introduce some notation

for P € 092,

0
or(P)

Vaip) =

with % denoting the tangential derivative with respect to P at P € 0f).

We will sometimes drop the argument P if this can be done without causing

confusion. Let Gy(z, &) be the Green function which satisfies the following



8 1. INTRODUCTION

nonlocal linear boundary value problem for & € Q:

AGy(z, &) — ﬁ +0¢(z) =0 for zin Q,

aa{;jx,g) =0 for x on 092,
Then
1 1
H P — P P Q
O(Qv ) Og ‘Q P| O(Qv )7 7Q €

is the regular part of the Green function for which the limit Hy(P, P) =
limg_.p Hy(Q, P) exists.
For P € 99 the behavior of Go(Q, P) is different. We define
1
Ho(Q, P) = log Q- P|
and then the limit Hy(P, P) = limg_.pgea Ho(Q, P) exists.
Let w be the unique solution in H'(R?) of the problem

{Aw—w+w2:0, w >0 in R

Go(Q,P), QeQ,Peoq,

(1.4)
w(0) = maxyepz w(y), w(y) — 0as |y| — oo.

For existence and uniqueness of the solution of (1.4) we refer to [28] and

[43]. We also recall that w is radially symmetric and
w(y) ~ [y~ as Jy| — co. (1.5)

Finally, we introduce two negative constants v, and v, which are given

by

1 aw(yho) ’ 2
=—- —_— d 1.
=g [ (2520 stam < (16)
and
= [, Wy (1.7)
respectively.

Now our fist main result, which is on existence, may be stated as follows:

THEOREM 1.1. Let

lim Dpe =c;', ¢ > 0.
e—0
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For P € 0N), we define
F(P) = vh(P) + covaHy(P, P), (1.8)

where h denotes the curvature of 02 at P, Hy(P, P) denotes the regular
part of the Green function, and vy and vy were defined in (1.6) and (1.7),
respectively.

Suppose that Py is a nondegenerate critical point of F(P) along the bound-
ary, i.e. for P = Py,

Ve F(Fy) =0,

(Vo) F(Ro)) # 0.
Then, for e small enough, problem (GM) has a steady state (A, H.) with the

following properties:
(1) Ac(z) = E(w(==L2) + O(€)) uniformly for x € Q; P°— Py as € — 0,
(2) H (z) = £(1 4 O(€)) uniformly for x € Q,
where w was defined in (1.4) and
€

“ T T ) dy

40 (e_llog %) (1.9)

Next, we study the stability or instability of the boundary peak solutions
constructed in Theorem 1.1. To this end, we need to study the following

eigenvalue problem

, ¢e :<62A¢5_¢6+22’_2¢5_2§2w6>:)\ (¢e>
Ve : (%Awe — Pe + 2Ae¢6) Ve (1.10)

where (A, H,) is the solution constructed Theorem 1.1 and A\, € C, the set

of complex numbers.

We say that the steady state (A., H,) is linearly stable if the spectrum
(L) of L, lies in the left half plane {A € C : Re(\) < 0}. The steady
state (A, H,) is called linearly unstable if there exists an eigenvalue A, of
L. with Re(A¢) > 0. (From now on, we use the notations linearly stable and
linearly unstable as defined above.)

Our second main result, which is on stability, is stated as follows.
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THEOREM 1.2. Let Py be a nondegenerate critical point of F along the
boundary, i.e., Vp)F(FPy) = 0. Assume further that

(%) Py is a nondegenerate local mazimum point of F(P),

i.e., (Vrmy))?*F(Py) < 0. Then there exists a unique 7 > 0 such that for
T < 1 the steady state (A, H.) introduced in Theorem 1.1 is linearly stable,
while for T > 1 it is linearly unstable.

Moreover, if A\c — 0, then we have the following asymptotic behavior of

Ae:
Ae 9
2 - nO(vT(Po)) F(Po)> (1-11)
where
1
o > 0, (1.12)

N
ey () dy
the eigenfunction corresponding to \. satisfies
_ pe
o = EVT(Pe)w (3? ) + 0(1), (113)

€
and P — Py as e — 0.

Remark. The condition (x) on the location Py arises in the study of
small (o(1)) eigenvalues. The continuous function F'(P) obviously attains its
global maximum at P € 95 for any smooth bounded domain  C R2. If this
global maximum point is also a nondegenerate critical point, then condition
(%) is satisfied for this global maximum point. We believe that for generic
domains this global maximum point Fy is nondegenerate.

The first term in F'(P) is related to the local geometry of 92 near P
and enters into the analysis through the first equation of (GM), whereas
the second term is related to the global geometry of 2 and enters into the
analysis through the second equation. Let us mention that to our knowledge
this result is the first of its kind for reaction-diffusion systems, where the
boundary curvature and the Green function interact in such an additive
way.

We are not aware of results of such a coupling phenomenon in the setting

of a single second-order elliptic partial differential equation. Thus it appears
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that this coupling behavior is typical for systems but does not arise for a
single equation.

This two-dimensional result is potentially important for applications in
mathematical biology, for which the Gierer-Meinhardt has been designed.

The key references for this thesis are [77], where to the best of our knowl-
edge Liapunov-Schmidt reduction was used for the first time to construct
boundary spikes for a nonlinear elliptic partial differential equation in higher
dimensions, and [82], where the existence and stability of (interior) multiple
spike solutions for the Gierer-Meinhardt system were established. We com-
bine those two approaches to construct steady states with a single boundary
spike and prove their (in)stability.

Now we comment on some related work.

Numerical studies by Meinhardt [49] and more recently by Holloway [36]
and Maini and Mclnerney [48] have revealed that when e is small and D is
finite, (GM) seems to have stable stationary solutions with the property that
the activator is localized around a finite number of points in 2. Moreover, as
€ — 0, the pattern exhibits a “point condensation phenomenon”. By this we
mean that the activator is localized in narrower and narrower regions of size
O(e) around these points and eventually shrinks to the set of points itself as
€ — 0. Furthermore, the maximum value of the activator and the inhibitor,
respectively, diverges to +o0.

Although it has been observed numerically that these patterns are stable,
until recently it has been an open problem to give a rigorous proof of these
facts. Namely, how can one rigorously construct these solutions? Where are
the spikes located? Are these solutions stable?

Recall that the stationary system for (GM) is the following system of

elliptic equations:

CFAA-A+4 =0, A>0 inQ,

DWAH—H+A2=0, H>0 inQ, (1.14)
g—f:%—szo on 0f).

There are a number of recent results for interior spikes solutions for this

system in the case  C R% In [80], for the strong-coupling case, i.c., Dj ~
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1, Wei and the author constructed single interior spike solutions to (1.14)
(without loss of generality, we assumed that D;, = 1). Then in [83] we
continued that study: After constructing interior K-spike solutions (for any
integer K > 1), we also proved that they are (linearly) stable for 7 = 0
provided that the limiting spike locations P° = (PP, ..., PY) constitute a

nondegenerate local maximum point of the following functional
K
F(P)=> Hi(P,FP)— Y  Gi(P,P), (1.15)
k=1 i,7=1,... . K i#j
where G (P, ) is the Green function of —A+1 under the Neumann boundary

condition, i.e., G satisfies

—AGl +G1 == (513 in Q,
% =0 on 0.

Here 0p is the Dirac delta distribution at a point P € €} and
Hl(l',P) = K1(|.CE — P|) — Gl(x,P),

where K is the fundamental solution of —A + 1 in R? with singularity at 0.
Therefore for any finite D ~ 1, the stability of interior K —spike solutions
does not depend on Dj but on the spike locations only.

For the weak-coupling case, i.e., D; — oo, Wei and the author proved in
[82] that, for e << 1, if a condition similar to (%) holds and if 7 is large or
K > 1, then there are stability thresholds

Di(€) > Dy(€) > Ds(€) > ... > Dg(e) > ...

such that

D (¢)
Dy,

if lim,_ > 1, the K-peaked solution is stable

and if lim,_,q Dg—lsé) < 1, the K-peaked solution is unstable.

Furthermore, we proved that

. [o] €2
1 1 - K.
20 2m D) 8 e

Note that Dg(€) is invariant under scaling of the domain (.
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For this case stability depends on the growth rate of the inhibitor diffu-
sivity and on the spike locations (which is related to the condition similar to
().

Very recently, Wei and the author [85] gave a bifurcation analysis, which
proves for the weak-coupling case that there are transitions from solutions
with K interior spikes of equal heights to solutions with K interior spikes,
where ki of them are low and ko are high (with k1 + ks = K'). We also show
that at most two different heights are possible. Concerning stability, we
prove that these solutions with two different heights can be stable within a

narrow range of parameters if a condition like (x) holds. To be more explicit,

existence is possible if € << 1, the limit lim,_, 27‘%]1 log @ exists, and
N  RYAiY]
24/ k1ky < 1 1 K. 1.1
12<61_r)%27TDh0g € 7 (1.16)
Stability is possible if € << 1, k1 > ko, and
(] ]
21/ kiks < lim log < K. (1.17)

e—0 2w Dy €

For all these results on (1.14) we assume that Q C R2. For Q C R, similar
results have been proved by Iron, Ward, and Wei [38], [67] (formal asymp-
totics), and by Wei and the author [86] (rigorous proofs). It is desirable to
understand how functionals like F (P) are related to the geometry of Q. For
the case of one interior spike in two dimensions there are very recent results
by Kolokolnikov and Ward [41].

Let me also mention the papers [18], [19], [20], [21], where existence and
stability results for steady states the system on the real line line have been
given by using a dynamical systems approach.

For the dynamics of an interior spike, I refer to [11].

Another issue of recent investigation of Wei and the author concerns the
existence and stability of cluster solutions for large reaction-diffusion systems
[81], [84]. A typical example is the hypercyclical reaction-diffusion system
which arises as a spatial model concerning the origin of life similar to the
one introduced by Eigen and Schuster [22] — [24], [25]. It arises in the mod-

eling of catalytic networks in the case that a number of RNA-like polymers
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(“components”) catalyse the replication of each other in a cyclic way. Exam-
ples in nature include the Krebs cycle for biosynthesis in the living cell and
the Bethe-Weizsiicker cycle for high-rate energy production in massive stars.
Eigen and Schuster argue that the hypercycle satisfies important criteria of
natural selection: 1. Selective stability of each component due to favorable
competition with error copies, 2. Cooperative behavior of the components in-
tegrated into the hypercycle, and 3. Favorable competition of the hypercycle
unit with other less efficient systems.

We show rigorously that this may lead to compartmentation (i.e., the
build-up of spatially small and essentially closed subsystems) due to sponta-
neous formation of clusters (or “spikes”).

Generally speaking, system (1.14) is quite difficult to study since it has
neither a variational structure nor a priori estimates. A way to get a hold
on (1.14), which is been very successful, is by examining its so-called shadow
system. Namely, we let D), — +oo first and assume that AH is bounded.
Then the second equation in (1.14) implies (at least formally) that H =

const. in . Then the second equation results in the integral relation

HI|Q| :/A?dx. (1.18)
Q
Substituting (1.18) into the first equation gives
2 A?
AA—A+——Q]=0, A in Q.
€ +fQA2d:EH 0,A>0 in

It is well-known (see [39], [56], [60], [70]) that the study of the shadow
system amounts to the study of the following single equation for p = 2:
{ EAu—u+uP =0, u>0 inQ,

(1.19)

%:0 on 0f).

Equation (1.19), which has a variational structure, has been studied by
numerous authors. It is known that equation (1.19) has both boundary spike
solutions and interior spike solutions. For boundary spike solutions, see [6],
[16], [31], [34], [44], [54], [55], [56], [70], [77], [79], and the references
therein. (When p = %,N > 3, boundary spike solutions of (1.19) have
been studied in [2], [3], [4], [33], [32], [52], etc.) For interior spike solutions,
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please see [5], [9], [35], [42], [71], [72], [78]. For the stability of spike
solutions, please see [37], [76] and [73]. For dynamics, I refer to [10].

The structure of this thesis is as follows. In Chapter 2, we provide some
preliminaries, namely some elementary results for two linear operators in half
space and the calculation of the height of the spike.

In Chapter 3, we rigorously prove the existence of boundary spike solu-
tions to (GM) for the critical growth rate. We proceed as follows: In Section
1, we construct a suitable approximation to the solutions and prove some
asymptotic expansions with rigorous error estimates for this expansion. In
Section 2, we use the Liapunov-Schmidt method to reduce the problem to a
finite-dimensional problem, where the variable is a point

P cA,
with
A={Pe€dQ: |P—-PF|<r}
for some small number > 0. (Recall that Py is a nondegenerate critical
point along the boundary of the function F'(P) which was defined in (1.8).)
In Section 3, we show that this finite-dimensional reduced problem actually
has a (unique) solution and finish the proof of Theorem 1.1.

In Chapter 4, we rigorously study the stability of solutions with one
boundary spike to (GM) for the critical growth rate, Dj, ~ ¢!, under the
assumption (*) of Theorem 1.2. In Section 1, we study the possible limits (or
accumulation points) of the large eigenvalues A, with A, — \g # 0 as e — 0.
We will show that A\ solves a nonlocal eigenvalue problem. In Section 2, we
study the small eigenvalues A\, with \, — 0 as ¢ — 0.

In Chapter 5, in five appendices, we provide some technial results. They
are separated from the main body of the text to improve readability. In
Appendix A, we give rigorous proofs for the two important asymptotic ex-
pansions, (3.13) and (3.17), which are related to the local geometry of OS2
near a given point P € 0. In Appendix B, we prove a trace inequality
and an elliptic regularity estimate, which have been used in Appendix A. In
Appendix C, we prove Proposition 3.3 and Proposition 3.4, which are the
key results for the Liapunov-Schmidt reduction method. In Appendix D,
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we prove Proposition 3.9, which gives an important error estimate for the
Liapunov-Schmidt reduction method. In Appendix E, we estimate a quan-
tity J, which is needed in (4.48) of Chapter 4, Section 2 for the computation
of the small eigenvalues.

In Chapter 6, we conclude this thesis with a brief discussion of the results
which have been obtained in this thesis and we mention some open problems.

Throughout this thesis C' will denote a generic constant which may change
from line to line.
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CHAPTER 2

Preliminaries

In this chapter we provide some preliminary results which will be impor-
tant for the rest of this thesis. We begin by considering two linear operators

in half space. Then we calculate the heights of the spikes.

1. Two linear operators in half space

In this section we introduce and study two linear operators in half space

which will be important for the further analysis.

Let
Lop = A — ¢+ 2wh, ¢ € HY(RY), (2.1)
where
Ri ={(y1,92) €R* : 31 > 0}
and
2 (2 2 (2 Ju 2
Hy(RY) = {u € H*(RY) : e =0on 8R+}.
Y2

As the operator Ly is self-adjoint, its kernel and co-kernel are given by

Co=Ky= span{a—w}.
oy

Then we define the orthogonal complements of kernel and co-kernel, respec-
tively:
Cy = orthogonal complement of Cj in L?(R%)
and
Kt = G0 B3 (R2),
By standard Fredholm theory the self-adjoint operator
Ly: Ky — Cy

is a one-to-one map.

17
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Furthermore, let m be the following L*-projection: my : L*(R%) — Cjy-.
Now we discuss a nonlocal, not self-adjoint operator which is related to
L(). Let

fRi wo dy

Wt HY(R) — LA(RY).

Then we have

LEMMA 2.1.
Ker(Ly) = Ker(Ly).

Proof. Since w is an even function in y; and g—; is an odd function in

11 we get
, wa—dy =0. (2.2)

This implies that Ker(Ly) C Ker(L;). For ¢ € Hy(R2)

fRQ we dy
Lig=(A—1+2 2———— =0
l¢ ( + UJ) (¢ fR2 w2 dy
is equivalent to
Jr2 wo dy
—2—+——w € Ker(Ly).
Oy e
Written explicitly, we get
Jrz wo dy
PRI Sl UL (2.3)

fR2 w? dy oy’
Multiplying (2.3) by w, integrating over R%, and using (2.2), we get
(1— 2)/ weé dy = 0.
RZ

Therefore [p: w¢ dy = 0 and (2.3) implies that ¢ € Ker(Lg). Thus Ker(L,) C
Ker(Lg). Lemma 2.1 is proved.
(]
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2. Calculating the heights of the spikes

The calculations in this section will guide us in the choice of suitable

approximate solutions. Let

{ A= E(w(E=L) +0(e)) in HX(Qep),

‘ (2.4)
H,.=&(1+0(e)) in H*(Q),

where w is the unique solution in H'(R?) of problem (1.4). We will determine

& in leading order. The precise choice of &, will be given in Section 3.1.

Throughout this paper, we always assume that P € A where
A={Pe€dQ: |P—-PF|<r}

with some small number r > 0 and that F, is a critical point of the function
F(P) along the boundary.

We shall frequently use the following technical lemma.

LEMMA 2.2. Let u be a solution of

Au—u+ f=0 1in, ?:0 on OS.
v
Suppose
@) < me =
for some o > 0. Then we have
1
[u(P)] < Cine*log =, (2.5)
and
- P
u(P) - u(x)] < Cone®log (M n 1) , (26)

where C7 > 0,Cy > 0 are generic constants (independent of ¢ > 0 and
n>0).

Proof. By the representation formula, we calculate

u(x) :/QG(x, 2)f(z)dz
and
u(P) = /Q G(P,2)f(2)dz = € / G(P, P + ey)ne—clvdy

QE,P
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< Cine*log %
Similarly, we can obtain (2.6).
O
Let 8> 0. For x € Q and £ € Q let Gg(x,&) be the Green function

_ 32 -0 i
{AGﬁ B2Gy+6c=0 inQ, o)

%:0 on 0f).

Recall that we have defined Go(z,€) in (1.3) as the unique solution in H*(Q)
of the problem
A%—ﬁ+@:0ma

fQ Go(lf,f) df =0,

i?f =0 on 05
Then we can derive a relation between Gz and Gy as follows: From (2.7) we
get
| Golw, € dz = 572
Set »
G, &) = 9] +Gp(x,§).
Then
A@—@@—ﬁ+@:omg
Jo Gz, §) dx =0, (2.8)
aa% =0 on 0S.

Equations (1.3) and (2.8) imply that
Gs(z,€) = Go(w, ) + O(B?) in the operator norm L*(Q) — H?*(Q).
Hence
Gp(x,§) = ﬁ—_2 + Go(z,€) + O(3?) in the operator norm L*(Q) — H?*(Q).
it (2.9)
Then, from the equation for H,
AH — 3°H + ?A* =0,
we get for P € 0€:

HA(P) = | Go(P.O)5*A%(€) d
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£~ P ’
- [ (g + G o) 2 (w (S5 w000
£~ P ’
-/ (\m + BG(P,E) +0(64)>£ (w ( : ) L0l >) de.

Thus, by choosing

66 = HE(P)7
we get
2 2 2 2 (§- P 3
(=€ / W) dy+ 8 [ Go(P.ew? (=) dg+0(e) |
] 2 € (2.10)
Inserting the expansion for Gy and the relation 5% = cge into (2.10) gives
2
— ) d
& =10 e (y) dy
1 1 - P
+Co€/Q ( log ——— g Hy(P, §)> w? (%) dé + O(€)
/ dy+—e3log / y) dy + O(e%).
~al (2.11)
Note that Hy € C%(Q x 99Q).
The leading terms in (2 10) give
1
&, \Q\ / y)dy + O (e log — ) (2.12)
This implies
2] ( 1 1)
e = +0O (e log— ). 2.13
T O 2y dy B (2.13)

In this section, we have calculated the height of the spike of the steady
state in leading order under the assumption that its shape is given a priori
by a boundary spike. In the next chapter, we will prove rigorously that these

one-peak steady states indeed do exist.






CHAPTER 3

Existence

In this chapter we prove the existence in the critical case

which is the threshold between the weak coupling case (see [82]) and the
shadow system case, where the system can be reduced to a single equation
(see [42], [73]).

1. Construction of the Approximate Solutions

In this section, we introduce functions which are good approximations to
boundary one-spike steady states.

Motivated by the results in Section 1, we rescale

N 1
A(y) - g_A(Ey + P)7 (TS QE,P7

H(z) = %H(a:), x € Q,

where £ in leading order is given by (1.9) and will be given exactly in (3.10)
below. (Recall that

€
€ fRi w?(y) dy

1
€ = +0 (e_l log —) )
€
Then A, H are solutions to (1.14) if and only if they solve the following
rescaled form of the stationary Gierer-Meinhardt system

.. A2
AyA—A—i—H:O, yEQQp,

AH — BPH+ 3% A*=0, zeq. (3.1)

23



24 3. EXISTENCE

For a function A € H'(Qp), let T[A?] be the unique solution in H'(Q)
of the problem

8T[/12] = 0 on 0.

AT[A?Y] — B?T[AY] + ?(&.A%) = 0 in Q,
(3.2)

Then T is a linear integral operator which can be represented as follows:

T#) = 5 [ Goton 6.4 (S0 ) de 33)

€

The system (3.1) is equivalent to the following equation in operator form:

) 0, H3(Qur) X HY(Q) - LHQup) x A(9),

~

2
S (A H)=A,A— A+ % © o H3(Qp) x Hy(9) — LA(Qep),
So(A H) = A H — BPH + 3°¢A% 1 HY(Qep) x HY(Q) — LA(Q).
Note that (3.4) is also equivalent to the single equation
S1(A, T[AY) =0, Ae H%(Qu.p). (3.5)

Throughout this thesis we will use these equivalent formatulions whichever
is most convenient.

For an open and smooth subset U of R?, we define the projection of a
function W € H?(U) onto

PyW € Hy(U) == {u € H*(U) : (985

by PuW =W — QuW, where QpyW satisfies

=0 forallx E@Q}

AQUW - QUW =0 in U, (3 6)
—8%I{IW = %—VX on OU. .
We further introduce the notations
we,p(P + €z) = Po_,w(z), 2 € Qe p, (3.7)

and
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where w was defined in (1.4). By the maximum principle, w, p(z) > 0 for
A Qgp.
Our ansatz for (A, H) is

A(2) = Acp(2) = wep(z), 2z €Qep (3.9)
H(x) = Hop(z) = Tlw? p)(z), 7 €9 |
and we choose £, such that
H. p(P) = T[w? ;)(P) = L. (3.10)

(Recall that by definition Tw? p](P) = 8%, J;, Gs(P, §)w? » () dg is lin-
ear in &..)

We will use the standard inner products
<u,v >= / uv dzx,
Q

Jul[§ =< u,u >,

2
lullt = Tlullg + > | Daulls,

i=1
2 2
2 2
and [[ull3 = [[ullg + >_ | Diull§ + D [1Dijulls.
i=1 ij=1
In this thesis, we will frequently rescale the domain, and the norm will also

have rescaled forms:

< U,V >pe= (—:_2/ uv dz,
Q

lullg.e =€ < u,u>,

2
[ull?, = € (nun% Loy HDiun%) |

=1

2 2
and  [full3, =€ (HUHS +e ) [ Daullg +€* D2 HDZ-]-UH3> :

i=1 i,j=1

We note that (3.6) implies that ¢.(z) := we(z) — w, p(z) satisfies
Az@e — Pe = 0 in Qe,Pa

dpe  Owe
ov  Ov

We introduce a diffeomorphism which straightens the boundary in a

on 02 p. (3.11)

neighborhood of P € 0. By a rotation of the coordinate system, we
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may assume that the normal to 0Q at P is (0,1). Let B'(6) = (—6,0).
Fix P = (P, P,) € 0. Then we can find 6; > 0 and a smooth function
p = B'(01) — R such that for some neighborhood N of P

(1) p(0) =0, p'(0) =0,
(2) QNN ={(x1,22) € N : 29 — P > p(x1 — P)}
and 02NN = {(z1,22) € N : 9 — Py = p(x; — P1)}.

Now we define a mapping X = T'(z) = (T1(z), Tz(z)) for x € B(P, ;) by
Tl(x):xl—Pl, Tg(%):xQ—Pg—p(.Tl—Pl).

We also define a mapping T, which is a rescaling of T":

T.(x) = (Toa(a), Toole) = <T()
and we denote
Y= TE(JJ).

We can calculate that DT'(P) = I, the identity mapping. Thus 7" has an
inverse mapping r = T~ (X)) for X € B(d3) C T(B(P,4;)), where § is some
positive constant. Let T71(B(d2)) N Q = Qp. Then we have defined a local
diffeomorphism T : Qp — B(d2) such that

(1) T(0)=0, DT(0) =1,
(2) T(p) =R2 N B(S) and T(0Q N Qp) = IRZ N B(6).

Later in the paper, if we want to specify the location of the diffeomorphism,
we will sometimes use the notations p”, Tp or T. p. And we will drop the
letter P if this can be done without causing confusion.

Note that the curvature h(P) of 9Q at P satisfies h(P) = (p¥')"(0). Since

we assume that 00 is smooth, Taylor expansion gives us

o (@) = 5 (")) + ()" (0)* + Olal)

for a € R small.
Let Qp be the neighborhood of P introduced above, and let M and N
also be neighborhoods of P satisfying M CcC N C Qp. Then we define a
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cut-off function x(x) : R* — [0, 1] such that

(1) x € G5,
(2) x(z)=1for x € M, (3.12)
(2) x(z)=0forzeQ\N.

Recalling the notation y = T,(z) from above, we have proved in [77] that

(@) = (ev1 () + s () + s (1)) x(@) + 0 p(),

(3.13)
where v; is the unique solution in H*(R2) of
Av—v=0 in R?,
T (3.14)
{ g =—552p"(0)y;  on IR,
vy is the unique solution in H*(R%) of
2'01 v 3
év —v— 2p”g())ylaglay2 - p”(O)g—y2 =0 in R%,
v v 2
v3 is the unique solution in H*(R%) of
Av—v=0 in R
Y w ’ (3.16)
{ s =—5500"(0)y;  onIRY,

and
0
e pllae < C.
Note that vy, v9 are even functions in y; and vz is an odd function

in y1, ie. vy, v2) = vi(—y1,v2), v2(y1,¥2) = va(—y1,92), v3(y1,92) =
—03(_111,92)-
Moreover, it follows from the maximum principle that

w1 (y)], [v2(y)]s [a(y)| < Ce ™! for some 0 < p < 1.

These symmetry properties will be essential for the analysis of the Liapunov-

Schmidt reduction in Section 3 and the reduced problem in Section 4, respec-

tively.
We next analyze alg;’&(f ). By our choice of the coordinate system, we
may assume that
0 0 0
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O .
Then 55 he p(z) satisfies
{ EAv—v=0 in €2,

v _ 9 9 z—P
5 = an VW ( ) on 02,

€

Furthermore, [77] tells us that

o o)

) = wily)x(a) + ews (o),

(3.17)
where w; is the unique solution in H'(R3) of
Av—v=0 in R%,
{—<——> 7(0) on O )

and
||w§,PH2,e <C.
It follows from the maximum principle that |w;(y)| < Cexp(—p|y|) for some
0 < p < 1 and wy is an odd function in yy, i.e., wy(y1,y2) = —w1(—Yy1, y2)-
We include the proofs of (3.13) and (3.17) in Appendix A.
We conclude this section with some computations and estimates for S1(Ac p, He p),
which will be essential for the rest of this thesis.

We begin with a technical lemma:

LEMMA 3.1. For xz € Qp, we have

ower o 100 el = ol o
97 (P) (z) = o +x(z) [ e P (0)y7ys
O 2 — )| +en (o), (3.19)

where ||r||2,. < C. Furthermore, for x € Qp,

wep(a) = wy) - ex(0) L Ot + O(ee M)

(3.20)

Remark. Lemma 3.1 immediately implies

(we,p(2))* = w(y) — 26X($)w(y)Mp”(O)yfy2 + O(2e .

1yl (3.21)
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Proof of Lemma 3.1. First, we compute

29

[z — PP = |T(@)* _ €45 — (ey2 + plar — P1))?

2l = Iyl = e(le — Pl +|T(z)]) e(lz = P| +[T(x)])

_26y2,0(:171 - Pl) - 02(331 - Pl)
(lyl + [z])

By (3.22),
aiwe = %( 7, —Pl)ag}y(;y))
:_%320?51) i\y\w (|y||;|2 w'(lyl) (12l = [y + " (0), 3181;(3)
12000 ) ),
/0 2 )+ Ofee )

This implies

8w6,p
1) =

1 dw(y) lylw"(lyl) —w'(lyl) ,
o P = "y, +X(x)[ 20y P P0)
(O 8;“;? —wi(y)| + erele)

and (3.19) is proved. Similarly, using (3.13), we derive

(wepl(@))? = w(y) - 2ex<az>w<y>w'@‘y“p"(my%yz

+0O(2e=CM)
and (3.20) is proved.

This concludes the proof of Lemma 3.1.
(Il

(3.22)

+ O(ee kil

3

Y192
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We substitute our ansatz into the rescaled Gierer-Meinhardt system and
calculate by (3.13)

2,
Si(Acp, Hep) = A Acp — Acp +
HE,P
w?p w?
=—w; + s — s (Hep(2) — Hep(P)) + O(€?)

Hep(P)  (Hep(P))

= —2Wepe + weQ,P - weQ,P(He,P(x) — H.p(P)) + 0(62)
(3.23)

in L2(Q€7p).
Using Lemma 3.1 and equation (3.22), we calculate for

=T y) =P+ ez, |ey| < da:

€

Hop(P+ €)= Hop(P) = coe [ [Go(P +e2,€) = Gal(P.€)J6A2 pilg
= coct. [ [GolP+€2,€) = GalP.E)|u? p€
= k. [ [Go(P +e2.) = Go( P, u?ds + O(e'ly))

1
= 006356/ — log |y| w2(y)dy
RZ T S

10Hy(P, P
—0064&5% 1/]R+
Remark. Note that, by the symmetry of H(P,Q),
OHy(P.Q)|  10H(P,P)
or(P) |p_y 2 O7(P)
Substituting (3.24) and (3.13) into (3.23), and keeping in mind that the

terms v; and vy in (3.13) are radially symmetric in y, whereas vs is odd in

w?(y) dy + O(°¢|2]). (3.24)

y1, we have the following key estimate

LEMMA 3.2. Forx =T, '(y) = P + ez, |ey| < § we have

S1(Aep, Hep) = Si1 + Si, (3.25)
where Lon P P
Sia(y) = —coe*éex ol w?(y)y [ w?
2 8 R%

— 2¢w(y)vs(y) + O (P~ M) | (3.26)



2. THE LIAPUNOV-SCHMIDT REDUCTION METHOD 31

Si2(y) = ew?(y) R(lyl) — 2ew(y)vi(y) + O(e?e W) (3.27)
For S15(y), the term R(|y|) is radially symmetric in y with R(|y|) = O(log(1+

ly|)) and the error term is also radially symmetric in y.
Furthermore, ||S1(Ac.p, He p)|lo = O(€).

The above estimates will be important in the following sections, where

(3.4) is solved exactly.

2. The Liapunov-Schmidt Reduction Method

In this section we study the linearized operator defined by

~ A
Le,p = DSE ( &P ) 3
HE,P

Lep: H3(Qp) x HE(Q) — L*(Qep) x LA(Q).
We will introduce the suitable functional-analytical framework, which is

provided by the Liapunov-Schmidt reduction method.

First, we introduce the non-selfadjoint and non-local linear operator

Jo.p Acredz

Lf¢ = Np— ¢ + 2A67PH;},¢ -2 YER Alp - H%(Qp) — L*(Qep),
fQE,p e,p A%

which will turn out to be the limit of (the first line of) the operators 1367 p as
e — 0.

We introduce an approximation to the kernel and the co-kernel of f)e, P,
respectively. Their most important properties will be given in the Proposi-
tions 3.6 and 3.7. They are defined as follows:

K.p = C.p:=span {EaaTUEGPP) } ,
where % is the tangential derivative at P. Their orthogonal complements
are defined as follows:

Cj, p = L*-orthogonal complement of C. p,
KGJ:P - CGJ,_P N HZ%T(QG,P)'
Finally, we define the following projection operator:

7AT€7P . Lz(QE,p) — CEJ:P
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If we restrict the domain of L€ to K jp and project the range into C’ip

we get the operator
Le,P = 7c‘—G,P oL°: KeJ,_P - CeJ,_P

The most important property of L. p will be that it is a well-posed oper-
ator in the sense given in Proposition 3.5. We remark that since w, p(y) =
w(y)(1+ O(€)) in H*(Q p), for small € the self-adjoint linear operator

lep:=Tepo(A—1+4+2w.p): Kip — C’ip

is a one-to-one map with uniformly bounded inverse. This result follows from
the following two lemmas, which are Propositions 3.1 and 3.2 of [77]. We
include the proofs of these two propositions in Appendix C.

These are the key results for applying Liapunov-Schmidt reduction. This
method has been taylored to construct concentrated solutions for of the
Schrédinger equation in RY for N > 1 [27], [62], [63]. To our knowledge it
has first been used in [77] for boundary spikes in semilinear partial differential
equations in bounded multi-dimensional domains. Further results can be

found for example in [78] and [34].

PROPOSITION 3.3. There exist positive constants €\ such that for all
e€ (0,9

1le.p®ll 2202 p) = M@l 2202 p) (3.28)

for all ® € K'p.

PROPOSITION 3.4. There exists a positive constant € such that for all
e € (0,€) and P € A the map

.ok i
ZG,P . KE,P Oap
18 surjective.

The strategy of proof in this section is to generalize that result first to the
projection L, p = 7. p o L€ of the non-local operator L€ (see Proposition 3.5)

and then to the projection of the linearized operator of the system 1367 p (see
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Proposition 3.6). We remark that this is the first result where the Liapunov-
Schmidt reduction method is applied to construct boundary spike solutions
for systems of partial differential equations.

The following proposition is the key estimate in applying the Liapunov-

Schmidt reduction method.

PROPOSITION 3.5. For € sufficiently small, the map L.p one-to-one.
Moreover, for € sufficiently small, the inverse of L.p exists and its norm

1s bounded uniformly with respect to €.

Proof. We first show that there exist constants C' > 0, € > 0 such that

[Le.polloc = Clloll2e (3.29)

for all e € (0,€), P € A, ¢ € K.
Suppose that (3.29) is false. Then there exist sequences {e;}, {P*}, and
{¢r} with e, — 0, P € A, ¢, € Ket,Pk such that

||L6k,Pk¢k’||0,Ek - 07 (330)
[6ll2.e, = 1, k=1,2,.... (3.31)

Written more explicitly, we have the following situation

Ae fQ€ Ae ,Pk¢k dz
Ay¢k—¢k+2H’“Pk ¢k—2f - ];12 p A2 pe = fr,
ek, Pk Q, pk " e, P < (3.32)
where
|7, (fi)llo,e, — O
O € K prs [ 0kllae, = 1. (3.33)

We now show that this is impossible. Set A, = A, pr, Qi = €2, p.
Note that

H,, pr =1+40(1) in L>(Q),
(A, — 14+ 2A) A, = A7 +0(1) in L* ().
Thus we have from (3.32)

Jo, Axor dz

A, —1+2A -2
(B 244) <¢k ka A% dz

Ak> = fr +o(1) in L*(Qy).
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Since

0A
Ak AkEkW dz = 0(1)

in H?({Y,) and since the operator [, pr is a one-to-one map with uniformly
bounded inverse with respect to € from K jk pk tO Cjk pr (see the Propositions
3.3 and 3.4) we have

Jo, Axor dz
ka A2 dz

Multiplying (3.34) by Ay and integrating over €, implies that
Qi

and thus since the second term on the Lh.s. (3.34) is o(1) in H*(Q) we

conclude

br — 2 Ay, = o(1) in H?*(y). (3.34)

[@xl]2.6, = o(1).
This is a contradiction.

Therefore (3.29) holds and L. p is an injective map. Next we show that
L. p is also surjective. To this end, we just need to show that the conjugate
of L. p (denoted by L7 ) is an injective operator from K p to Cop.

Suppose not. Then there exist sequences {e}, {P*}, and {¢y} with
e, — 0, PP €A, ¢ c K;’Pk such that

||L:k,Pk¢k||0,Ek € Oek,Pka (335)
||¢k||275k =1, k=1,2,.... (3.36)
Explicitly, we have

fﬂekypk Ai¢k dZ
Ja " A2 dz

Ay¢k — o + 2AkHe_k,1Pk¢k —2 A € Celwpk.

(3.37)
Multiplying (3.37) by A, and integrating over €, pr, we obtain arguing

in the same way as before that

/ A2pdz = o(1).

ek,Pk

Hence the non-local term in (3.37) vanishes and ¢y, satisfies

Ay — o + 2AkHE_k71Pk¢k +o(l)eCep, ¢€ Kip
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which implies that ||¢x| m2 = 0(1) as the operator [, p is injective. This
€k

k)
is a contradiction !
Therefore L , is injective and L. p is surjective.

O

We now deal with the linearized operator of system (3.1), namely the
operator I:E, p utilizing the results on L. p.

Again, [:ap is not uniformly invertible in €, which is now due to the

approximate kernel

Kep:i=Kep®{0} C H3(Qep) X Hy(9).
and the approximate cokernel

Cep = Cep ® {0} C L*(Q p) x L*().
We also define
Kep = K_p® Hy(Q) C HY(Qep) x HY(Q),

Clp = Clp ® L*(Q) C L*(Qcp) x L*(Q).
Let mep : L*(Qep) x L*(2) — Cp denote the L?-orthogonal projection.
(Here the second component of the projection is the identity map.) Our goal
in this section is to show that for € small enough the equation

A, o,
Te,p © Se o * o =0
He,P + \Ile,P

P, :
has the unique solution X, p = £ () in KCLp.
Ve p(z) ’

As a preparation in the following two propositions we show the invert-

ibility of the corresponding linearized operator
£E,P = Te,p © f/e,Pv ICj:P - CEJ:P

PROPOSITION 3.6. There exist positive constants €, \ such that for all
e € (0,€) and for all ¥ € Ktp

[ Le.pE L2 pyxr2@) = ME 200 p)xm2(0)- (3.38)



36 3. EXISTENCE

PROPOSITION 3.7. There exists a positive constant € such that for all

€ € (0,€) the map L. p is surjective.

Note that Proposition 3.6 implies that £, p is injective.
Proof of Proposition 3.6. This proposition follows from Proposition 3.5.

In fact, suppose that (3.38) is false. Then there exist sequences {ez}, {P*},

and {3;} with ¢, — 0, P* € A, 3, = jzk((y)) € ICelk pr such that
k(T ’
Hﬁek,szkHLz(ﬂ oxr2@) — 0, (3.39)
€, P
HEkHH?(Q%Pk)tz(Q) =1, k=1,2,.... (3.40)

Namely, we have the following situation

Ay — O+ 2Aq peH_ pid — A% prH_ 2oty = fi,

(3.41)

e, (fe)ll 2o, ) = 0, (3.42)

Ay — Bethy, + 2878, Ae, oSk = Bi g, (3.43)
19kl L20) — O,

or € K- pr, (3.44)

H¢k”%{2(n%ypk) + 1l = 1. (3.45)

(Note that 57 = cey.)

We now show that this will give a contradiction. Set Ay = A, pr, ) =
Qek,Pka Sk’ = gek-

We first note that by (3.43) we have by a straightforward application of

the Green function as in Section 2.2 that

— 1
g = @/ka dr = 2§k/ﬂAk¢k dx (3.46)
and
1 — il () < 1k — Vel i20) < CB;- (3.47)
Thus

IAR (¥ — i)l p2py — 0 (3.48)
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as k — 00. Recalling the definition of & in (1.9), (3.46) gives

— _ o JoAxprdr
Uy = 2= —5—— +o(1).
Jo A2 dz
By (3.47) we also get
H¢k — 27‘[Q Ak?k d — 0.
fQ Ak dx Lo ()
Thus by (3.41) we have
L., pedr =o0(1) in L*(Q), ¢ € K pr. (3.49)

By Proposition 3.6, we conclude ||¢x| m2q,) = o(1). Hence by (3.46) and
(3.47) we have ||| g2(Q) = o(1).

This contradicts the assumption (3.45) and the proof of Proposition 3.6
is completed.

O
Proof of Proposition 3.7. We need to show that the conjugate operator
of L. p (denoted by L? p) is injective from KZp to CLp if € is small enough.
Suppose not. Then there exist sequences {e}, {P*}, {¢r}, and {1} with
e — 0, P* € A such that ¢ € K_ o, ¥ € H{(Q) and (using the same

simplified notation as in the proof of Proposition 3.6)

Aydi — O + 2450k + 28,87 Axths € Clp, Yy € U, (3.50)
A by — By — Aigr, = 0, (3.51)
Pkl 202) + Bl Ul Fra() = 1. (3.52)
Similar as in the proof of Proposition 3.6, (3.51) implies that
ka Az% dz

&b = —(1+ o(1)) T

Substituting this result into (3.50) we obtain
Le, prér +0(1) € Cep, on € Kj;,pk-

By Proposition 3.5, ||¢x||r2(e,) = o(1) and by (3.51) also ¢y a2y = o(1).
This is a contradiction with (3.52).
O
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Now we are in a position to solve the equation

A€P+¢
€ € ' =0. 3.53
mPOS(HE,P—Hﬂ) (3.53)

Since L. p is invertible (call the inverse £_ ) we can rewrite (1.14) as follows:

Ae,P

£ = —(Lohomr)(S. ( 0

)) - (ﬁ;llg o We,p)NQp(E) = M€7P(E),
(3.54)

where

o AG,P + ¢ B AG,P o Ae,P ¢
NE’P(E> B SE ( HE,P_}_w ) SE ( HE,P ) SG ( HE,P ) |: ¢

and the operator M, p is defined by (3.54) for ¥ = (¢,v) € H¥(Qep) X

H%(Q). We are going to show that the operator M, p is a contraction on

Bs={¥ ¢ HJQV(QG,P) X HJ%T(Q) : ||EHH2(Qe,p)XH2(Q) <4}

if § is small enough. We have by the estimate (3.23) and Propositions 3.6
and 3.7

| Me.p(E) || 5200 pyxE2(0) < A (HWE,P o Ne.p(X) |20 pyxr2(@)

AGP
€ Se 7
Te, P o ( HE’P )

<A 'C(c(0)0 + e),

+

L2(Q€7p)><L2(Q))

where A > 0 is independent of ¢ > 0 and 6 > 0. Furthermore, it holds that

c(0) — 0 as § — 0. Similarly we show

IMep(2) = Me.p(S) |2 )iz < A7 'e(O)1E = Xl m2, pyxiro)

where ¢(0) — 0 as § — 0 uniformly in € if € is small enough . If we choose
0 and e small enough, then M, p is a contraction on B, s. The existence of
a fixed point ¥, p now follows from the Contraction Mapping Principle and
Y.p is a solution of (3.54).

We have thus proved
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PROPOSITION 3.8. There exist € > 0 such that for every pair €, P with
0 < e <¢€andP € A there exists a unique (®.p, V. p) € ICEL,P satisfying

Aop+ @,
S, PEOP ) ceand
He,P + \Ile,P

[(Pe.p, ‘I’e,P)||H2(Q€,p)xH2(Q) < Ce. (3.55)

We need another statement about the asymptotic behavior of the function
®, p as € — 0, which gives an asymptotic expansion in € with a rigorous error

estimate and is stated as follows.

PROPOSITION 3.9. We have

O p(r) = €(Po(y)x(2)) + €0 p(2), (3.56)
where
ngi,PHZE <C
and ®q is the unique solution in Ky of
Jr2 WPy dy
A(DQ — (DQ + qu)o — 2&721112 — 2’LUU1
fRi w?dy
+R(Jyhw* =0 in R,
0P
— =9 on OR%F,
ya

where R(|y|) was introduced in Lemma 3.2.

Note that @, is a radially symmetric function, i.e., ®o(y) = Po(|y|) for
y € B(d2). Recall that the uniqueness of @, follows from Lemma 2.1. A
proof of Proposition 3.9 will be given in Appendix D.

3. The Reduced Problem

In this section we solve the reduced problem and prove our main existence
theorem.

By Proposition 3.8 there exists a unique solution (@, p, 1. p) € lCéP such

that
AE ¢E €
g | AerTer ) _ [P ) oo
HE,P + \IIE,P 0 7
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Our goal in this section is to find P € A such that

AG ¢6
O B
He,P + \IIG,P

A ®
Se e, P + e, P —0.
HE,P + \IIE,P
For P € A, let

WG(P) = _A Sl(Ae,P + (De,Pa HGP + VU, P)
e, P

This implies that

ow, p
or(P)
Then W,(P) is a map which is continuous in P and our problem is reduced
to finding a zero of W,(P).

We calculate

dz.

€

au}eP
Si(Aep + Pep, Hop+ Ve d
/Qe,p 1(Aep + P p P+ P)a (P) z
(Ae P+ (I)e P)2 awe P
= . d,.p) — (A, D, ’ : — d
/EP [ P+ 7P) ( 7P+ 7P) + H€7P+\IJE,P aT(P) z

(Ae p+ (I)e P)2 awe P
= ¢ d,.p) — (A, D, ’ : —
-, G l o @ap) = Aer + Qer) T TGP ar(p)
2
+/ e P+ (I)e P) N (AE,P + (I)e,P) awe,P dz
Qe,p €P+\II€P HE,P(P)+lIl6,P(P) aT(P)
= Il + 127

where [; and I, are defined by the last equation. Furthermore, we calculate

(Ae P+ (I)e P)2 awe P
[:/ A(A p+®, p) — (A, p+ O, ’ ’ L
! Qe,Pl (Acp+ ep) = (Aep + Lp) + 1+ _p(P) | or(P) "
Ow,
= [ A+ @) — e+ @ep) + (e Bp) ol

or(P)

1 2 awe,P
* (1 + U p(P) 1) /Qé,P (wep + @) or(P) dz

ow ow ow
o 2 e, P P e, P
- /QG,P(“’E’P ) Gy L, 1 o7(P) ~ 97(P)

1 2 awe,P
* (1 + U p(P) 1) /szé,P (wep + Dep) or(P) dz

ow A(w,)?
= 2 e,P 0w )"
— ‘/Q&P (wgP + (De,P) aT(P) + /f)e’p[ aT(P) ](wgp + (DE,P) dZ

](wap + (I)E,p) dZ
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1 2 aweP
N Y P
* (1+@E,P(P) ) ., (Wer T Qap) 5orpy dz
by (3.7). Using the identity

or(P)

—/EP

_ / 0w€p )wap 4 a'w@p w ]dZ
eP

(—Awe p + we p)|we pdz

/ (we)Qwe,p dz
0
or(P)

or(p)
o au}e,P a'we,P
- o) ey el
au}e,P

— ( AweP+weP) dZ

or(P)

_/ awep
Q. p E@T

adding and subtracting further terms, and after some re-ordering, we get
8we P

I:/ B p) — (w.p)? — 2w, pd. p)| e g
1 o [(w,P-i- ,P) (w,P) We, p ’P)]ar(P) Z

e, P
ow, ow,
+/ 2[ el 2 |®c.pdz
Qe,P
1

YePorPy ~ or(P)

2 awe,P
+ (HTGP(P) — 1) /QEP (we,p + (I)G,p) aT(P) dz
awe,P
+/ (wep)? = ()l 5 =

= L,+hLy+ L.+ J
We now calculate these three terms separately. We will see that J€ is the
leading term and the other two terms are of higher order. It will be essential
to use the expansions given in (3.13), (3.17), (3.56) and the symmetries
associated with these.
We first calculate Iy, by using (3.56):

Owe p ow,
]17{)—/96’P2 [wE7PaT(P) wEaT(P)‘| @E,pdz

Owe p ow,
= 6‘/Q€’P [2wE,PW 2U)€ 87-(]3)1 q)OX dz
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awe P awe
+62/ QW pa—re — 2We = | Pt pdz
up l P or(pP) or(P)| ¥
= el pa+ €Ly

Note that

5 Owe p ow,
wE €
T or(P) ar(P)
8we P
= [2W. p — 2w, :
2wer = 2ud 5 )
ow, p ow,
2w, — 3.57
ru 5~ oot 397
and therefore by (3.13) and (3.17)
ow, .
Lo = € /Qép [21)3 97 (P) + 2w€w2,P] Doy dz + O(e?)
= O(e)
using symmetry. By Proposition 3.9 we have
[ letelraz<c
QE,P ’
Hence, we conclude that
[ = O(1)
and
‘Ilyb‘ = 0(62).
Next we estimate [ 4:
ow P
LJ<C / 292 , 2l g
Il <€ J, 2 ¥ergrip)
= 2/ E[D2x? + 2ePox ! p] Ouwe dz + O(€%)
op e or(P)
= 0(é?)
since @ is even in y;. Since U, p(P) = O(€), in the same way it follows that
]170 == 0(62).
Finally, we compute the main term J€.
8w P
Je = / . 2 . 2 ) d
Qe,P[(w 7P) (’LU ) ]aT(P) z

au}e,P 2 a'we,P

— /QQP 2w (we p — we)aT(P) dz + /Qéyp(wgp — W) 97 (P) dz
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w'(|y
= _G/RQ <2w(|y|) — 2ex |(y‘| Dp”@)?ﬁ?ﬁ) (vix + €(vax + v3X) + €90 p)

+

( Low o [\y\w"uyw —w'(Jyl)

€ ayl 2|?/|3

dw(y) ()

P (0)yys + o (0)y 5 twily
Y2

0
+e’w§7P(a:)) dy — E/RQ (v2x?) <6:}I> dy + O(€?)
+

Ow,
— —6/2 2w U3 v (€?)

o

= — 2 +
e/ wvg m dy O(€?).
We now use (compare (3.16))

{ A’Ug—UgZO inRi,

Ovs _ _ Qw1 s 2 2
dy2 ~ O 3P (O>y1 on 81R—i—

and have

2 —_— d
/ U}U3 i Y

ow  Ow
= A—— — |usd
R: < oy ayl) 3
by (1.4). We further calculate

ow
2wuz—d
R o Iy Y

Ovs Ow O*w )
- 1

ow
Avs —v3)d — T
/R ) 83/1( v3 — v3) dy + oz ( 9 O U3 9010

1 1 dw(y,0)\° ,
== <—7(y1 )> " (0)yrdy,

3/R\y1  Oni
(by (3.16) and since 85225’;1 =0 for y, = 0)
_ le///(())
P
0 Oh(P)
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where v is given by (1.6). (Recall that

1 ow(yy,0 ?
n=-3 R(%) yidyy <0

and h(P) is the curvature of 9 at P.) In summary, we get
Oh(P)

W + O(E), (358)

Il = €l

where 14 was defined in (1.6).

For I, we have

_ (AG,P + (DE,P)2 B au}e,P
B o e~ Harl P
€, P + (De P) . awe,P 2
/ép i (Ver = Ver(P)) 5o da 4+ O()
= 1271 + 1272.
Then
ow, p(2)
o 2 N e,P 2
B = | (o + PG Hor(P +2) — HoplP) G d 4 0(@)
Now, by (3.24),
Owe
I, = /Q wzp(z)(He’p(P +ez) — HQP(P))S}T%}D()Z) dz + O(é%)
10H,(P, P)
— cné? 0 )
= e’ 9r(P) /RQ ()ylaldy/ y) dy + O(e%)
co 5. OHy(P, P)
_ Y 557 dy y)dy + O(e
Similar to the calculations for I5;, we can estimate I5o:
Owe p(z)
_ 2 _ P\ )
b= | | WEp()(Uep(P o+ e2) = Wop(P) 5 dx o+ ole)
= (\I/E,p(P +ez) — W, p(P))dz+ o(e).
/ %r 3 ‘97 (3.60)

Now we recall that, for |ey| < s, U, p satisfies

A\IJEP_/quJEP—i_Q/B 5A6P®6P+/6 gq)eP_
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Similar computations as those leading to (3.24) show that

U, p(P +e2) — U p(P)

= | (G(P +e2.6) = Go(PO)5%.

a0 () ()
= o(e|VrpyH(P, P)| |y|) + eRu(lyl), (3.61)

where R;(|y|) is a radially symmetric function.
Substituting (3.61) into (3.60), we obtain that

b = ole) = oleVom H(P P))3 [, w'(y)dy [, w*(y) dy

: R
= o(e).
In summary, we get
OH(P,P)
or(P)

where 15 is given by (1.7). We now combine I; and I5. This gives

WE(P) = VT(p)(Vlh(P) + COVQHO(P, P)) + 0(1) = VT(p)F(P) + 0(1).
(3.63)

Suppose that, at P = Py, we have V,(pW(Fy) = 0, det((V(p))*W(Fp) # 0.

Then, since W, is continuous and, for ¢ small enough, maps balls B(Fy, d)

[2 = Cp€l/y

+ o(e), (3.62)

into balls of the same kind with possibly a larger §, the standard Brouwer’s
fixed point theorem shows that for € << 1 there exists a P¢ € A such that
W.(P¢) =0 and P — F.

Thus we have proved the following proposition.

PROPOSITION 3.10. For e sufficiently small there exist points P¢ € A
such that W.(P¢) =0 and P. — F.

Finally, we prove Theorem 1.1.
Proof of Theorem 1.1. By Proposition 3.10, there exist P¢ € A such that
P¢ — Py and W,(P¢) = 0. In other words, we have Sy (A, pe + P pe, He pe +
U, pe) = 0 and therefore also S.(Ape, Hepe) = 0. Let Ac = & (Acpe +
P pe), He = {(He pe + ¥, pe). Since A, pe(y) ~ w(y) for y € Q. p it follows
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by solving the second equation of (1.14) that H. = 1+ O(e) > 0. By the
maximum principle it follows that A, > 0: First, there has to be A. > 0
since otherwise there has to be a local minimum point y,,;,, € €2 such that
Ac(Ymin) < 0 which gives a contradiction by considering the first equation of
(1.14) at Ymin. The more difficult case of a minimum point y,,;, € Q such
that Ac(Ymin) = 0 also leads to a contradiction since this can only be the
case if A.(y) =0 for all y in a neighborhood of ¥,

Similar as in the proof of Theorem 1.2 of [54], we conclude P¢ € A, and
there is only one such P*.

Therefore (A, H.) satisfies all the claims, and the proof of Theorem 1.1
is completed.

([



CHAPTER 4
Stability

We consider the stability of (A, H.) constructed in Theorem 1.1.
Linearizing the system (GM) around the equilibrium states (A, Hc) we

obtain the following eigenvalue problem

Ay¢e - Cbe + 2}41_2¢e - fl_éwe = >\e¢e>

(4.1)
%A@DE — e + 2Ace = TAY,.
Here D = %, Ae 18 some complex number, and
¢ € HY(Qe, P), e € HY(Q). (4.2)

Let
A =¢'Ac=Acpe+ @epe Ho=¢ ' Ho=Heope + U pe. (4.3)
Then (4.1) becomes
By — b+ 286, — G5ib = Ao,
A — e + 26 A = TAA.

(4.4)

1. The Large Eigenvalues

In this section, we study the large eigenvalues, i.e., we assume that |A.| >
¢ > 0 for € small. Furthermore, without loss of generality, we may assume
that

(1+ﬂc<%. (4.5)

If Re(Ae) < —c¢, we are done. (Then A, is a stable large eigenvalue.)
We first prove that there exists C' > 0 such that

| < C. (4.6)

47
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We multiply the first equation in (4.4) by @, and integrate. Without loss of

generality, let us assume that

||¢e||§{2(QE,PE) + ||¢e||§{2(9) =L

Then we have

1 1 A
—VEQ—— E2 9l E2
. {2' 6 = 5lodP + 27710
, A
A @] —gnge dz = 0. (4.7)

By the second equation in (4.4), we have

[Vl L=y < Cll9ll 20 pe)-
Substituting this into (4.7) gives
IA]O(1) +O(1) = 0.

Therefore (4.6) is proved.

Therefore, we may assume that Re(\.) > —c and, because of (4.6), there
is a subsequence ¢ — 0 such that A, — Xy # 0. We shall derive the limiting
eigenvalue problem which is a NLEP.

We introduce the following notation:

B = B\ 1+ TA, (4.8)

where in y/1 4+ 7). we take the principal part of the square root. (This means
that the real part of /1 + 7). is positive, which is possible since by (4.5) we
have ¢ < 1 and therefore Re (1+7A) > 1.)

We cut off ¢, as follows: Introduce

Pen(r) = Oe()x(2),

where y(z) was introduced in (3.12).
From (4.4), Re(A.) > —c, the exponential decay of w (see (1.5)), and by
(3.13), (3.17), it follows that

Acpe = peqwe+o0(1)  in HA(Q pe). (4.9)
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Then, by a standard procedure (see [30], Section 7.12), we extend ¢, ; to

a function defined on R? such that

[Perllzzme) < Clideallm @ po-

Since ||¢el|n2(o, ) = 1, |e1llm2(0, ) < C. By taking a subsequence of €, we
may also assume that ¢.; — ¢ as € — 0 in H'(R?) for some ¢; € H'(R?).
We have by (4.4)

- [ 27660, 004 (S Jodoae )
At x = P¢, we calculate
0P =25 [ G, (P06 () (@) a6 (14 o)

— o [ (P + a9+ 00)) 6 (S5 ) b de1-+o0)
~2 [ (s + PGP+ 00 )
ARG

- (e e (5

+26 2002 [ (5 Pe) <§>d§)<1+0< ). ()

x — P¢

) €21(6) de (10(1))

Considering the leading order term in (4.11), we get
Epﬁzz— / (1 dz. 4.12
We substitute (4.12) into (4.4) and get

A¢e,1 — Qe + 20O 1 — W / Whe 1 dr = 6¢671 (1 + 0(1)).

After letting € — 0 and using (1.9) this gives the nonlocal eigenvalue problem
(NLEP)

2 fRi wey dy 9
= . 4.1
(1+7ho) Jpz w2dy Mot (4.13)

Apr — ¢1 + 2wy —

Now we recall the following well-known result:
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LEMMA 4.1. The eigenvalue problem
Lop = po, ¢ € HY(RY), (4.14)
admits the following set of eigenvalues
>0, =0, pu3<0,... (4.15)

Without loss of generality, the eigenfunction ®y corresponding to jy is posi-

tive and radially symmetric.

Proof. This lemma follows from Theorem 2.1 of [45] and Lemma C of

[55]. O
Next, we consider the following eigenvalue problem:
Jrz wo dy
Lo = Ap— ¢+ 206 — 7w’ = \o, ¢ € HY(RY),

Jeg w* dy (4.16)

where
v = _HE w>0,7>0.
147X ’ T

This will be the key to studying the large eigenvalues of the Gierer-
Meinhardt system.

The result is as follows:

THEOREM 4.2. Let v = 1+iAo where ;1 > 0,7 > 0 and L be defined in
(4.16).

(1) Suppose that p > 1. Then there exists a unique 7 = 71 > 0 such
that for T < 7, (4.16) admits a positive eigenvalue, and for T > 11, all
eigenvalues of problem (4.16) satisfy Re(\) < 0. At 7 = 11, L has a Hopf
bifurcation.

(2) Suppose that u < 1. Then L admits a positive eigenvalue.

Proof of Theorem 4.2.

Theorem 4.2 will be proved by the following two lemmas.
LEMMA 4.3. If p < 1, then L has a positive eigenvalue Ao > 0.

Proof. First, we may assume that ¢ is a radially symmetric function,
namely, ¢ € HZ(R2) = {u € H*(R%) : u = u(ly])}. Let Lo be given
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by (2.1). Then, by Lemma 2.1, Ly is invertible in H?(R%). Let us denote its

inverse by Ly'. On the other hand, by Lemma 4.1, L, has a unique positive

eigenvalue. We denote this eigenvalue by p1. Let us assume that Ao # p;.
Then ) is an eigenvalue of (4.16) if and only if it satisfies the following

algebraic equation:

/Ri widy =5 +um0 /RiK(LO = o) 'w?)w] dy. (4.17)

Equation (4.17) can be simplified to

p(ho) = (11— 1) — TAo) /]R Wt dy + o /R (Lo — 2o) w)u] dy = 0.

+ (4.18)
Note that p(0) = (u—1) fRi w? dy < 0. On the other hand, since Ay — p; and
Ao < p1, we have fRi((LO — o) 'w)w dy — +oo and hence py(Ng) — +o0.
By continuity, there exists a A\g € (0, p11) such that p(Ag) = 0. Such a positive
Ao is an eigenvalue of L.

(Il

Next we consider the case y > 1. By Theorem 1.4 of [73], for 7 = 0 (and
by continuity, for 7 small), all eigenvalues lie on the left half plane. By [14],
for 7 large, there exist unstable eigenvalues.

Note that the eigenvalues will not cross through zero: in fact, if \g = 0,

then we have I o
2w Y
Lop — MLUF =0
fRi w? dy

Jr2 wo dy
Lo ¢—M+72dw =0
fRiw Y

and hence by Lemma 2.1

which implies that

fRi we dy
— p—————w € K.
fRi w? dy
This is impossible since ¢ and w are radially symmetric and ¢ # cw for all
ceR.
Thus there must be a point 71 at which L has a Hopf bifurcation, i.e., L
has a purely imaginary eigenvalue o = v/—1a;. To prove Theorem 4.2 (1),

all we need to show is that 71 is unique. That is
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LEMMA 4.4. Let o > 1. Then there exists a unique 71 > 0 such that L
has a Hopf bifurcation.

Proof. Let \y = vV—1a;j be an eigenvalue of L. Without loss of generality,
we may assume that oy > 0. (Note that —y/—1a; is also an eigenvalue of
L.) Let ¢g = (Lo — v/ —1ay) 'w?. Then (4.16) becomes
Jrz whody 14 7/~Tay
fRi w? dy M ‘
Let ¢g = ¢ + /—1¢}. Then from (4.19), we obtain the two equations
Joz wogidy 1

(4.19)

= — 4.20
Joz w?dy (4.20)
I
fRi wey dy _ TOq' (4.21)
Jrz w? dy I
Note that (4.20) is independent of 7.
Let us now compute fRi welt dy. Observe that (¢fF, ¢f) satisfies
Lo = w* — asof, Loy = oy
So ¢ff = a;'Lop) and
oh = ar(L3 + o) 'w?, ol = Lo(LE + o?) 1w’ (4.22)
Substituting (4.22) into (4.20) and (4.21), we obtain
Joz lwLo(L§ + of) 'w?]dy 1 193
Jez w? dy o (4.23)
2 2\-1, 2
Jr2 [w(Lg + a7) " w?] dy T (4.24)
Jrz w?dy I
fRQ wL()(L(Q)-i-Oc%)_le dy
Let h(ay) = —=* Tty . Then integration by parts gives h(ay) =
r2 W
+
fR2 w2(L3+a2) w2 dy , fR2 w?(L2+a2)2w? dy
= fmi T Note that h (ay) = —2a;—+ fRindy < 0. So
since




1. THE LARGE EIGENVALUES 53

h(ar) — 0 as af — oo, and since p > 1, there exists a unique a; > 0 such
that (4.23) holds. Substituting this unique «; into (4.24), we obtain a unique
T=m1 > 0.

Lemma 4.4 is thus proved.

(Il

Theorem 4.2 now follows from Lemma 4.3 and Lemma 4.4.

O

By Theorem 4.2, problem (4.13) is stable if 7 < 7y, which implies that
the large eigenvalues of (4.4) are stable.

If 7 > 74, by Theorem 4.2, problem (4.13) has an eigenvalue A\g such that
Re (Ag) > ag > 0 for some ag. We now claim that problem (4.4) also admits
an eigenvalue A\ with Ac = A\g + o(1), which implies that problem (4.4) is
unstable. To this end, we follow the argument given in Section 2 of [14],

where the following eigenvalue problem was studied:

r—1
2 . p—1p qr fgue hdz p_ .
eAh —h+pulh — =l T U= Ach in €,

h =0 on 0%, (4.25)

where u, is a solution of the single equation

e Aue — ue +uP =01in Q,
ue > 0in Q, u. = 0 on 0.

N+42 - . _ T
Here1<p<N—J_r21fN23and1<p<+001fN—172,m>land

Q) C RY is a smooth bounded domain.
If u, is a single interior peak solution, then it can be shown ([73]) that

the limiting eigenvalue problem is a NLEP

r—1
Ao~ purip - AL,
s+1+7XN [ryw'dy (4.26)

where w is the corresponding ground state solution in RV:
Aw—w+w’ =0, w>0inRY, w=uw(y|) e H(RY).

Dancer in [14] showed that if Ay # 0, Re()\¢) > 0 is an unstable eigenvalue

of (4.26), then there exists an eigenvalue A, of (4.25) such that A\ — A.
We now follow his idea. Let Ao # 0 be an eigenvalue of problem (4.13)

with Re(A\g) > 0. We first note that from the equation for ¢, we can express
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1 in terms of ¢.. Now we write the first equation for ¢, as follows:

A A?
e:Re )\e 2A—6 e — A—E
¢ (A H€¢ H?

Vel (4.27)

where R()\) is the inverse of —A + (1 + \.) in H%(Q.) (which exists if
Re(Ae) > —1 or Im(A,) # 0) and 9. = Fl¢| is given by (4.10), where F is
a compact operator of ¢.. The important thing is that R.(\.) is a compact
operator if € is sufficiently small. The rest of the argument follows exactly
that in [14]. We omit the details here.

This finishes the proof of Theorem 1.2 in the large eigenvalue case.

2. The Small Eigenvalues

We now study (4.4) for small eigenvalues. Namely, we assume that
A — 0 as e — 0. We will show that the small eigenvalues are related
to (VT(P()))2F(PO)'

Let us assume that condition (x) holds true. That is, (V(p,))*F(F) < 0.

Our main result in this section says that if A\ — 0, then
Ae ~ €(Vrp)) 2 F(Ry). (4.28)

From (4.28), we see that all small eigenvalues of the operator £, defined in
(1.10) are stable, provided that condition (x) holds.

Again, let (A., H,.) be the equilibrium state of (1.14) and let (A, H.) be
the rescaled solution given by (4.3).

We first recall the system (4.4):

2 Ae (AE)Q p—
{ € A¢e - ¢E + 2f{_€¢e - H€)2we - )\6¢67

~

LAY~ + 26 A = TAW,
where
de € HY (), ve € HY(Q).
Suppose that Ac — 0 and ||¢.||e = 1. We now look for the leading term

in the expansion of ¢..

After rescaling and taking a subsequence, we have that

¢c(2) = ¢ (P + €2) — ¢,
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where ¢ is a solution of

Jez w(y)oly) dy

Agy — 2 - =0 in R?
$o — Po + 2weg fRi w2 (y) dy w in R,
¢o € H'(R?), 922 = 0 on OR?. (4.29)

By Lemma 2.5, there exists ag > 0 such that ¢y = ao%.
Since we expect that the eigenfunctions with small (o(1)) eigenvalues are
related to the translation mode, we make the ansatz

awgpe -
5P 9 (4.30)

where o € R, ¢ € K p. Suppose that [|¢[2c = 1. Then |a.| < 1, since
fQ ¢6 8w6pe dl’

8w5 €
fﬂ( or PP€>) de

We first need the following expansion:

De = Q€

e =

LEMMA 4.5. Let ®. p be defined by Lemma 3.8. Then for e sufficiently
small and P € A, we have

aT?P) b,y — _Ea%((fg; P)/e) | T& WOl in (QG’PEZ.?)D
Proof. Recall that ®, p is a solution of the equation
Fe.p 0 S1(wep + Pep, Tl(we,p + Pe,p)?]) =0 (4.32)
such that
O p € K p. (4.33)

We rewrite (4.32) in a shorter form as
ﬁe,P o Se(we,P + (I)G,P) = 07 (434)
where S¢(A) := S;(A, T[A?]). By differentiating equation (3.6) for W = w

we conclude that the functions w, p and 8“’6;;

twice with respect to %

are C'!' in P. This implies that the projection 7. p is C* in P. Applying 87’(13)
0 (4.34) gives

ow, 0d,
Fep o DS (wep+ Pep) < We,p Ll )

or(P) T or(P)



56 4. STABILITY

O
i o (We,p + Dc p)? af(ép)
© T[(we,P + (DG,P)2] 66
Of.r S (wep+ D p) =0 (4.35)
o We € = U, .
or(P) o
where ( )
We p + (I)e P ¢
DS(w.p + O, =A¢p—o+2 d ’
(U) P ,P>¢ ¢ ¢ T[(U)E’P + (IDE,P)2]
(we P+ (I)e P)2
— : : T2(wep + P, .
Tl(wep + B e 2(er T Per)d]
Note that e e
(Wep + Pep)? Fr(p) 2 57(P)
T[(we,P + (I)e,P)2] 56 56

Now we conclude the proof in the same way as in Lemma 4.2 of [76].
(I

Now we consider the function

a'we Pe
= . 4.
¢e,1(y) 6T(P€) ( 36)
We decompose ¢, as follows:
¢E - ae¢e,1 + QBE' (437)

The proof is divided into two steps. In Step 1 we will give an expansion
for ¢. with a rigorous and explicit error estimate. In Step 2 we will give a
rigorous derivation of the asymptotic behavior of the small eigenvalues.

Step 1. Expansion and estimate for ¢,.

Observe that ¢, € KXp. satisfies

n n AGQEG Ag 17
Ape — ¢+ 2 lffe — A2T7[2AE¢E]
ow, ~ QW pe
€ 2 € 2A6 ’
+a(way1—|— EﬁT(PE)

- OWepe /-
+2Ae =S ((He = Hep) + (Hepe = Hope(P9) + O())
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= Actree- (ape)we pe+ Ao, in H*(Q pe), (4.38)
where
: 2 i [P
TT[2A€¢E] = 2¢.0 /QG\/Hﬁ(P 75)145 < ) P d§.
This implies
TT [2661216&6] - T[Q&Ae&e]
2 € € A 6 — P\ -

‘é‘u = /A6¢6d§+0(2§654\1—\/1+7)\ |>

O(([[éellze + €)|Ac])-
(Note that & [ Acde d€ = O(||pe|2.c + €) .) In the same way, we can prove

awe Pe ~ anPE
97 (D" )] — T[QfEAeeaT(PE)]

= O(7|\)).
By Propositions 3.6 and 3.7, we have

T, [2¢. A, 5

[0ell 20,y < Celae]. (4.39)
On the other hand, by Proposition 3.8, for P € A, we have

S (We,p + P p) = ’Y(P)%

Applying % to the above equation and setting P = P¢, we have

We p-

P
(we,pe + P pe)? FripeSe

DSG(QUG’pe + @67pe) f{Q 5

€ @ € -
ar(pe) er P

62
o7 (P2

Since A, = We pe + P pe is a solution, y(P¢) = 0. Thus we have

_’y(PE) We, pe - CE’PE.

)
(We.pe + Pepe)? FripeySe
H? §e

IDSE(UJG,Pe + (I)e,P€) (UJE,Pe + (I)e,P€) - € Oe,Pea

or(P)
which implies that
O pe O pe A 0D p A2 . 0D, pe

AaT(Pe) S or(Pe) T Or(P) ;2
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aw A a’I,UEJDe

En “or(Pe)
((He = Hepe) + (Hepe — He pe(P9)) + O(%))

+2w,

8?1)6 Pe

+2A66m

9
A2 ~ awape (U}Qpe + (I)E,pe)2 W&e

ZeT2A,

H2 € C¢ pe.

ar(P) H? & | (4.40)

Comparing (4.40) and (4.38), Propositions 3.6 and 3.7 imply that

o)
- a¢e7pe aT(Pe)gé

S

We pe + O(€|Ace]). (4.41)

)
0 er

¢e = Q¢ (WE(UJG,P€ + (bG,PE) - 65

wﬁ,pe) + O(e|Aere]).
(4.42)

Step 2. An algebraic equation for a.

Multiplying both sides of (4.38) by gw(fpi and integrating over (), pe, we

obtain
Ow, pe Ow, pe
— 2 © -
r.h.s. = Ao /Qp € <8T(Pe)> dz + A /epe (¢687(PE)> e

— \a, /RQ+ (S—Z)z dy (1 + o(1)) (4.43)

by (4.41) and Lemma 4.5.
On the other hand,
0w6 A 8w6 Pe a’I,U6 Pe
Lhs. = ac [ (2055 424, dz
R N < Yo T 8T(P€)> ar(Pe)
1 8we ,Pe , 1 awe Pe

ta /Q 2 S~ Hop) g de

A2 A a’I.U6 Pe a’I.U6 Pe
—a [ ST 24
“ /QP a2 P ar e

au}e,P€

or(P°)

o JAge A2
- ~ A_G T 2Ae €
+ /Q . <A¢6 e + i HST 2Ac9 ]) dz

aw6 Pe a’I,U6 Pe

+0z€/Q€‘PE 2Aces = ((Hep — 1)+ 0()) 5r(p O

= I3+ 11 + O(e| deare| + €%) (4.44)
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by (4.41) as in Section 3.3.

Now, to compute I3, we the results of [76] about the spectrum of a
boundary spike for a single equation. For the convenience of the reader, we
provide a sketch of the proof. To compute I, we will proceed similar to [82].
For ¢ € H3 (), let u. = w, _pe + P pe, where

Se(ue) == EAu, — u +u? = Cp" (0) Vo (poywe pe
and
L(u)¢ := EA¢ — ¢ + 2ucp.

Then we calculate using integration by parts in the same way as in Section
39 that

Ow, pe
eIy = /Q (€2AVT(PE>“JE,P€ = Vir(p)We,pe + VT(Pf)wez,Pf) =

(D7) dz + O(e*)
= [ [LVrp) (0pr + G Ve (e + Gpe)] do + O(€?)
_/ (Va(pe) (We,pe + b pe))(we pe + e pe)] da + O(e*)

— /Q SG ’wgpe + ¢67pe) T(Pe)(wgpe + ¢67pe)v7—(pe)(w67pe + ¢67pe) dx + 0(64)
= _qu_(Pe)KE(PE> + 0(64),

(since
/ S we ,Pe + ¢e PE) Pe)(we Pe + ¢e PE)
= 053,0”/ / Vo (pey(We,pe + ¢6,P€)V3(pe)(we,1x + ¢e,pe) dx
Cep”( / Vo p)[(Vrpey (We, pe + @, pe))? dx
—W))
where
K (P):=J(wep+ ¢ep): A — R. (4.45)
Let
—f/\v *d +1/ 2d —1/ 5d (4.46)
= ul"dz + 5 Qu T3 Qu T )

be the energy of u € H'(Q) and

_1 9, oy, 1 3
—2/ (IVw|* + w?) dy S/RNw dy (4.47)



60 4. STABILITY

be the energy of w.
We now estimatevz(que.

Let
0 0

or(P9)  Omy’
Since Dygi(w(2=£)) = 0 and Dy go(w (=) = 0, where g; and g, are
any C! functions, we can prove that

D, =

J = /QDl[aixlue ' %VT(Pe)(we,Pe + Gepe) + UV 7 (pey(We, pe + e pe)
—(we,.pe + ¢e.p)* (Vo(pe) (We,pe + be.pe))] d
= o(€®). (4.48)
The proof of (4.48) requires some work. This is done in Appendix E.

We can now estimate V7 p Kc(P¢). The main idea is to use D, to reduce
integrating in €) to integrating on 0f).

By definition, we have
v2 (P¢) K. (PE) = 62 < V (Pe (U}e,P6 + ¢E,P€)7 v7'(]36) (we,P5 + ¢E,P€> >l

— / (we,pe + @e,pe)Vr(pe)(We, pe + O pe) Vr(pe)(We, pe + Qe pe) da
+6 <w6P€+¢EP€ 2(P€)(w5P€+¢eP€) >l

—/ (we,pe + de,pe)’V Pe)(wepé‘i‘(bepe)dx
0 0
= /QVT(Pe)[a—‘TluEa—‘TlvT(Pe)(wape + Qbﬁ,pe) + UEVT(Pe)(U)E7Pe + Qbﬁ,pe)

—(we,pe + ¢e,pe)*(Vo(pey(We,pe + pe,pe))] da

o .0 0
== Q axl [axl Ue all?l VT(PG)(we,P€ + ¢6,Pe) + UeVT(P€)(we7P€ + ¢67Pe)

—(we,pe + Ge,pe)*(Vrpey(We,pe + Ge,pe))] da
0 0
+ A Dl[a—muea—:L’IVT(Pe)(we’Pe + ¢E,pe) + uEVT(pe)(w@pe + ng’Pe)
_(we pe + ¢e P€)2(v (135)(11)6,P6 + ¢€,P€>>] dx
1
= —/ Vo (po) 2‘Vu6|2 +u?) — =~ (we pe + ¢e pe)*Jvi()dz + 0o(€?)

3
(integrating by parts and using (4.48))

— 9 1 2 2 1 3 3
o 9 13 (€ [Vuel” 1) = S (wepe + Gepe) I (w)de + o)
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(using D)
o .1, , ) 1 , ;
_ . axl[ ( ‘VUE| +u ) 3(w€,P€ +¢E,P5> ]Vl(x)dx+0(€ )
1
_/89[5(62‘VU6|2 + Uz) — g(we’Pe + ¢6,P€)3]V1,1(Qf)dﬂf + 0(63)
= 13,1 + 1372

where I3; and I3 are defined by the last equality.
We first compute I3 ;.

Iy = /eale [|Vw|2+w]——w vi(ey)]y/ 1+ (¢)2dy + o(€®
—/ [(5[\%\2 +w?] — gw?’)ul(ey)]a—xl\/l +(p/)2dy + ofé
= /RK%HWP T w?] — Sty ndy + oY)

3
1 1

= =€) [[GIVwl +w?) = cu?)lyidy + ofe).

(Here the function p and its derivatives are computed at P¢.)

3

To estimate I3 2, we note that

va(z) = —— <p~ _ M)

1+ (p)? L+ (p')
Since vy = —1/4/1 + (p)2, we have
vij(@) + p"(0)ry (4.49)

1
— "1+ 50" — () + O(fal?)

Applying (2.14) of Lemma 2.3 of [71], we have
1
/m[ | Vu|* + u — gue] vy dx = o(€?). (4.50)
By (4.50), we have

= —/ 2\Vu6|2 1u2— 1u ]1/1 1(z)dz + O(e _5/5)

3 €
1
o /‘99[ eIVl + u - guf] (@) + " (0)re] dz + o€?)
1 1
- _/ 2|VUE|2 + u2 — g E]pmxl dr
1 1
[ 2‘Vue\2 + u2 S — E]pmzx% d

) a0 3
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+AJLﬂVmP+£ﬁ—1wW”P2dx+d ) (by (4.49))

3 €
a1 1 1
R TAAC LTl + S0 = 3wyt dy
1 1
() /R(§|Vw|2 + 5u” = sul)yidy + o).

Combining the estimates for /3; and Ig, 2, we obtain

1 1
I+ I35 = —2,0””63/( |Vw|? + w — 3w Nyt dy + o(€?)

1
:—_v2ﬁ H(Pe /(|va Sw? = Zul)yidy + o)
1 1
v? (o H(P)e /(§\vw\2 + 5wt = sty Pdy + o)
By Lemma 3.3 of [54],

_ %/R (w (|2]))22ad>

1
(|Vw|? +w?) — zw?) 2, dz.
= 5 Lo T +ut) = u)
Since w is radially symmetrlc, it is easy to see that

1 1 1 1
/ (Z(IVwl? + w?) — ~w®)zdz = /(-(\vw\2+w2) — w2 [2d
B2 ‘2 3 R 2 3

Thus
1

11
=5 LGIVul*+3

Iy = —BV2 po H(P) + o(€”).

We now calculate 1.

1
w? — §w3)|y|2dy

and

B (A2 [ 1,  0H.] 0A, )
= €a, /QP (1.)? EM + m dz + o(€”| ),

. (E— P\ DA, [€— P
Ye(z) = —26006256/91-]0(m,f)146 <§ c ) o011 <§ € ) d¢

PE
8x1 ) = —E.coé? /m———}ﬂ) (5 . ) d.

where

and
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Therefore, we obtain

ow 0?
2 2 o € € €
Iy=¢ / W —=——1y ( 7@7(F6)2H0(P’P)(P )) dy

+o(€|ael).
Note that

/RQ wz(y)aw(w?ﬂd = —%/W w?(y) dy.

+ ayl
Thus we have
2

), (- ()
+o(e|ael).

Combining the [.h.s. with the r.h.s., we have

I3+ Iy + o(é|a|)

— Ao /RQ+ <§—;Ul>2dy (1+0(1)).

This concludes Step 2.

63

(4.51)

(4.52)

(4.53)

From (4.53), we see that the small eigenvalues with A\ — 0 satisfy |A.| ~

€2V72,(P6)F(PE).

By the condition (x), (V,py))?EF(Fy) < 0, it follows that Re(Ae) < 0.

Therefore the small eigenvalues A are stable for (4.4) if € is small enough.

Completion of the proof of Theorem 1.2:

Theorem 1.2 now follows from the results of Section 1 and Section 2 in

this Chapter.

O






CHAPTER 5

Appendices

1. Appendix A

In this appendix we give rigorous proofs for the expansions (3.13) and
(3.17).
Recalling from Section 3.1 the following notation: For z € Qp we have
introduced the mapping T'(x) = (T (x), T5(x)) with
Tl(l"l) =x — by,
{ Tz(ﬂfl) =29 — P — ,0(551)

and the rescaled mapping

1
y= ET(ZE)
The Laplace operator and the boundary derivative operator become
0? 0? 0
2 /\2 / 1"
A, =A, + — — 2 —¢ep'—  for x € Qp,
v+ o) 03~ "oy, oy d

0 1 0 0 —
"2 N n2y 9
1+(p)ayx e{playl (1+<p))8y2} for x € Qp N ON.

As a preparation for the proof of (3.13), we begin with

LEMMA 5.1. Let u be a solution of

{62Au—u+f:O in Q,

5.1
% =g  on . (5.1)
Assume that [o|f]*dx < Ce?, [ |g|> dx < Ce. Then

[ulli.e < C.

Proof. Multiplying (5.1) by u and integrating over 2, we have after

integration by parts

62/ \Vu|2dx+/u2dx:/fudx+62/ gudzx.
Q Q Q o9
65
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Lemma 2.2 follows by the following trace inequality which will be proved in
Lemma 5.3

[ull 260, p) < Cllullmia, p),

where Q. p = {z| © = P+ ez € Q} for a fixed P € 99 and by the Cauchy-
Schwarz inequality.
O

Proof of (3.13). We first compute the equation for ¢? ,(z):
—€2AI¢S,P(33) + SOS,P(x)

1
== [62 {A:c(ele + 62(”2)( + UsX))} — EU1X — €2U2X - €2U3X}

&3
1 A +( ,)2 62111 9 ’ 62111 ,,81}1
== v — — —ep'— —v
€2 R R
821)2 821)2 802
e Ay + (p)? — 20 —ep'——w
{ vz () 0 ooy, oy
0%vs 0%vs Ovs }
+ed Ayvs + (p)? — 20 —ep/—= — + E.
{ ves (7 0~ Popoy, oy N

1 2071 , " 0%,
- 5| {wrSy - 200 - aom o]
/ 0 U2 / 821}2 7 8@2 11 1z avl}
+ed ()22 - — e S (= I (0) 2
E{(p) Y3 dy10ys Ay ( ( ))6y2
o*v 0“v ov 1
n2Y 3 / 3 1YY3 -
+€{(p) dy3 dy10ys 0y2} Xt gk
=: fe

where E. denotes all the terms involving derivatives of y. Here we have used
(3.14), (3.15), and (3.16).

Now recall that |vi(y)],|va(y)], |vs(y)| < exp(—puly|) for some p < 1.
Therefore

| Ee|| ze () = O(e™7).

Using Taylor expansion for p there exists some k& > 0 such that

—2k|z — P
e f, oo <ce
supp xN§2 €
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Note that

0L p 1 {8111 ( == ) _ ea(U1X) _ <5(U2X
3

U3X
v, }
TR - () S

' () {0 -

€

+%WW%—HP+MW—PW}

|Z\

<O} + (€ expl-pl=)),

We now need the following lemma, which is Lemma A.2 of [6]:

LEMMA 5.2. Let x € QpNOQ, y = 1T(z), z = =L, Then

wilz) _ wlyh) | 21" QD) = w'UyD ¢ nigv02)2 o ofede-Hl
|| yl 8|yl (700i) + ! )(5.2)

for some k > 0.

Proof. By Taylor expansion, we have

wi(lz) _ w(yl) |, ke (y) —w'yl) L Tu2e-H
" o T (121 = [y)) + O (|2l = ly])%e @a

Since x € Qp NI, yo = € (a9 — Py — p(z1 — Py)), we calculate

B _lx_ B . _ p({L’l—Pl)2
21 =yl = Zle = PI=1T@)) = =@

62

2
:§Jme)+mﬂWy (5.4)
Therefore (5.2) can be obtained by combining (5.3) and (5.4).
O

By Lemma 5.2 we conclude

ow (|&=L
x% V1+ ()
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—x (L {Goont + 5o} + 0 exp(-tiu) )

(Without loss of generality we may assume that k& < p.)

Furthermore,
0111 1 6'01 2 aUl
AV — - /_ _ 1 / -
S (e e L
890813 1 w'(ly) {1 2, € 3
€ 5 x:X _pl/0y+_pll/0y}
<L (a) HWEQ[ Wl 157 O+ 5O
,81}1 81}1 / 28@1
+ —p s+ =+ —
{ payl Oya () Yo
,0U5 Ovs o OV
P oy * anz * e(,o) Oys

—_ - + -
v ayl an2 P 3y2
+E. + O(é*(exp(—klyl)))

=:Ye,

,8@3 81)3 ,)2 81)3 }:|

where again F, denotes all the terms involving derivatives of y. Here we have
used (3.14), (3.15), and (3.16).
Now recall that |vi(y)l, [va(y)],|vs(y)] < exp(—ply|) for some p < 1.
Therefore
1Bl e o) = O(e™).

Using Taylor expansion for p we have

9] < —=2——0( exp(—kly]).
e2\/1+ (p)?

—2k|lx — P
o () < e
€

In summary: The error function ¢° ,, satisfies satisfies

This implies

2200y < C
g HL?(@Q) > Supp X0
€2AISOS,P - SOS,P + fe=0 in €2,

aSOS,P
ov,

= g on 052,
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where f. € L*(Q), g. € L*(09) and || fl|72q < C€*, ||gellz2(an) < Ce. There-
fore by Lemma 5.1

||908,PH1,6 <C.

By using the elliptic regularity estimate given in Lemma 5.4 the proof of
(3.13) is completed.
(I

Proof of (3.17). First,
—62A$w§7p +ws p

B 1], 0 0 2
= [6 Aw aT(P) Pe (97'(]3) Pe + € Aw(le) le‘|

€

= %X [ezAmwl - wl} + E.

1 O*w O*w ow
—— A /\2 1 5 r v E.
EX [ ywl + (p) ay% P aylay2 €p ayQ wq + )
1 ’ 2621111 ’ 62’1111 ,,awll
== - — "L 4 B,
e l(p) 03 ogoy, " oy
= he7

where again F, denotes all the terms involving derivatives of y. Here we have
used (3.18).
Again, since |wy(y)| < exp(—ply|) for some p < 1. we have

|Ee]| ooy = O(e™7).

Using Taylor expansion for p we have

|he| < C'xexp <—kw> .

€

This implies

< Cé.

—2klx — P
Ih2 < c xp (7' ’)
supp xNoN €

On the other hand, by (3.13), for z € 99,
Owgp 1 l 0y 3(Xw1)]

ov, €

Ov, OT(P) ov,
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_ L 0 00mw) _ dwy)| |} 9 Ox(vetws)) o O 092 p
e | Ov, OT(P) vy v,  Ot(P) Ov, OT(P) |

By (3.14) and (3.18) we have

v (y) _
oy = wl(y)
Hence
1], 9 9xv)  Olxwi)
e | Ov, OT(P) v,
1 0 [ou(y) 1 0x |0v1(y) B
— b |2 )| - 12|20y
and
anz,P _ [62 0 a(X(U2+U3))+€3 d aSOS,P] < Ce.
aljx LQ(aQ) aT(P) aljx aT(P) al/z L2(aﬂ)

Then by Lemma 5.1 and the elliptic regularity estimate given in Lemma 5.4,
we have [|w? p||2c < C. The proof of (3.17) is completed.
O

2. Appendix B

In this section we prove a trace inequality and an elliptic regularity esti-
mate.

We begin with the following trace inequality:
LEMMA 5.3. Let 0 < e < 1. Then

1@l 2200, p) < Cl Pl 10, p) (5.5)

for all ® € HY(Q p), where the constant C' is independent of €.

Note that the constant C' in (5.5) is required to be independent of e.
Therefore Lemma 5.3 is special although trace inequalities are quite standard.
Proof of Lemma 5.3. For ® € H'(Q, p), we define ¥ € H'(Q) by a

linear transformation:
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Observe that H‘I’H%?(age,]g) = E_IH‘I’H%?(aQy H‘DH%?(QQP) = 6_2”‘1’”%2(9)’ and
V@720, 1) = V721 Therefore (5.5) is equivalent to

1
113200 < C (V) + - W2 (56)

for all U € H'(Q)) and 0 < ¢ < 1, where C is independent of €. The proof of
(5.6) is standard and is omitted here (see for example the proof of Theorem
3.11in [1]).

O

We now prove the following elliptic regularity estimate:
LEMMA 5.4. Let 0 < € < €y for € small enough. Then

[P 20 p) < CUAR| 220 p) + ([l 100 1)) (5.7)
for all @ € H%(Qcp), where Q. p is as defined in Section 2 and C is a

constant independent of €.

Proof of Lemma 5.4. Observe that for given § > 0 we can find Ry > 0
and €y such that for 0 < e < ¢q

1) |2 (B(Ro )y < 0, 1Pl Loe(B(ROs)) < 6,

lep” |l L= (R0 /0)) < 0. (5.8)
Recall that the normal derivative operator is transformed as follows:
0 0 0
-1 nN21—1/2 '~ _ (1 n2y _~
Do~ U )Y m ( +(”))ay2
0

=—— 4+ B¢,
ya

where B¢ is a differential operator on B(R;/¢) U {ys = 0} with coefficients
which are uniformly bounded in L™ for 0 < ¢ < € (compare section 2).
From {Qp : P € 00} we select a finite subcovering of 02 and denote it
by {Ui,...,U,}. Choosing Uy = Q the set {Uy,...,U,} is a finite covering

of Q consisting of open sets. From now on we keep this covering fixed.

Let {6p,...,0,} be a partition of unity subordinate to this open covering.
Denote 6(y) = 6; o T~!(ey). Since

n
u=> bu
i=0
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we have

lullrao, py < 105ulltzg, oy + D2 165l F2q. - (5.9)
=1

Since 65 has compact support in R?, we have
HQSUH%I?(R% = ||A(95U)||%2(R2) + ||9(E)u||§{1(R2)
(see for example [30], Corollary 9.10). Because of
A(65) = 65Au + 2V - 65 + uA6f

and
V03| Lo m2) < O, || AGG]| Lo g2y < C€,
we obtain
||95UH§12(QE,P) < C(H@SAUH%%QE,P) + ||u||§11(Q€,P))‘ (5.10)
We are now going to estimate ffu, i = 1,... ,n. Note that
1 € * € € *
O @) < 05ullaro. p) < CllOU) | v ez (5.11)

where £k = 0,1, or 2 and

v (y) = U(ET‘l(ey))

for v € H?(Uf). Then
2

€ * al € * a € *
16500 ey < O (IA050 P + | 60

s HY/2(Rx{0})

) ey | (5.12)
(see for example [46], Theorem 4.1). Now (5.8) implies that
||AE(95U)*H%2(R2+) < 52”(95U)*||§11(R2+)-
Therefore from (5.12) we get
(1= Co*)N(O5u) ez

2

ral * a €, \*
< c(rm AV O )+ | (00

HY/2 (R {0})
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+||(95U)*H§11(R1)) :

For the operator B¢ we can calculate in an analogous way. The trace theorem
implies
~ 52 €,,\*%]]2
(1= CO)(05u)" [z 2

2

* 0 € € \*
< c (I + 4900 B, + | (3 + 5 0

H/2(Rx{0})

HIEE) i)

Since C' is by construction independent of € we can choose § so small that
1 — C92 > 1/2. This implies
2

€ € a €
Il ) < CIA0 g+ | 050
Ve HY/2(09 )

Il ) (5.13)
Similarly as before
IAB5u) 20, ) < CUIO; AUl (0, oy + llullin o, ) (5.14)
and
6 € ? 2
o (0ru) < Cllullinge, (515)
€ H1/2(896,P)

because of Ju/0v. = 0. Combining (5.13) — (5.15), we get
107 ullZ2(0, o) < CUIOAullL2q0, ) + el - (5.16)

We conclude, using (5.9), (5.10), and (5.16), that
e (Z 16803, + (0 + 1)|!u||%pm€,P)>
=0

< Cn(”AUH%%QG,p) + ||U||%{1(Q€,p))
where C,, depends on n. Since n is independent of € the proof of Lemma 5.4

is completed.
(Il
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3. Appendix C

Proof of Proposition 3.3. Suppose that (3.28) is false. Then there
exist sequences {e}, {P*}, and {®4} with ¢, — 0, P* € A, &, € K 1
such that

ey, e ®llo.c — 0, (5.17)
| P2 = 1, E=1,2, ... (5.18)

We omit the argument )., pr where this can be done without confusion.

Denote

1
0 9,
" (HﬂPk)P%Pkw ) (P P
We define ®gi(z) = (1 — x(x — P))Pr(z) and P1x(z) = x(z — P)Pi(z).

We also define ¢i(2) = Pr(exz) and pip(z) = Pi(exz) for i = 1,2 and
z—P*

€k

z= € (1, pr. By assumption, we have

leulle@, =1 lellim, .0 <C

We can extend ¢y (z) and ¢ (z) from Q, pr to R? such that
1< ||90kHH2(R2) <C, ||g0ik||H2(R2) <C

for some constant C' independent of ¢, (see [30], Lemma 6.37 and Theorem
7.25). Therefore there exists a subsequence of ¢y, (still denoted by ¢y,) which
converge to a limit ¢, weakly in H%(R?). There also exist subsequences to
@i, which converge to a limit ;o weakly in H?(R?). Obviously ©14 + @200 =
Doo-

The plan for the rest of the proof is as follows: We first show that ¢, = 0.
Then we prove that ||®g||2,, — 0, which is a contradiction to our assumptions
and will complete the proof.

To this end, we begin by showing that
e, pePiklloe, — 0 ask — oo (5.19)
for i = 0,1. We first prove (5.19) for i = 0. We calculate

ey, pr Porllo.c, = l17e prle o (1= X)) lo,

= ”ﬁ—ek,Pk(l - X)lek,qu)kHO,ek + O(Equ)kH?,Ek)’
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since the other terms involve gradients in x. Now observe that

ey, @i ]| < C|[@kl2,0, < C. (5.20)
Furthermore,
HlfkvP’“q)’fH(QJ,ek <C (Hlfk,Pk®k||(2),Ek + 11— ﬁek,Pk)lek,qu)kH(Q),ek)
= Jl + JQ.

Now Ji < |[le, pe@ill§ ., — 0. To estimate .J,, we calculate
(1 - ﬁ-ek,Pk>lek,quDk = < lek,qu)ka €k >0,e, Ck-

Since ||e|| L (suppi—x) = O(e~¢/%*), |ag| < C and because of (5.20), we
calculate Iy = O(e~¢/*) — 0. This implies (5.19) for i = 0.
We note that

ey pr®rellg.e, = Moy, pe®illf e, — Ny, pr Porllf e, + Ole™ )

=o(1)
by our assumption and by (5.19) for ¢ = 0. This proves (5.19) for ¢ = 1.
We now prove o, = 0. We define ¢, : R2 — R by

aly) = (e T (ey))  for [ey| < 6
and ¥;(y) = 0 for all other y € R%Z. Since T and T~' have bounded
derivatives,
HQ/fikHH%Ri) <C, k=1,2,....
Therefore, there exists a subsequence which converges to a limit 1;,, weakly
in H*(R2) as k — oo. To prove that ¢, = 0, it suffices to prove ;o = 0.

For i = 1, we calculate

i A Dy i (v)er(z) dx = i A O (2)er(x) do — /Q(l — X)Pr(2)er(x) da
=0—O(e %)
and X
— Qél,k(x)ek(x) dx

€k
= [, vrawlesy) dy
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(Hayl

oy

) " wl,oo(y)a—w(y) dy ask— o0
0,

since in the last integrand 1y o, converges weakly in L?(R? ) and 2% " converges

strongly in L?(R?). Therefore th1o € K p.

The operators l;, P, Te,p, and [ p can be transformed to y-coordinates by

the diffeomorphism 7,. The transformed operators are denoted by l; P, 7:r€7 P,

and ZL p, respectively. To this end the kernel is spanned by the transformed

functions which are cut off outside the range of T.. Since T and T~ ! have

bounded derivatives, we have

cllle, pe@iklloe, < Nepprtoinllzeez) < Cllle,prPixlloe,
for some constants 0 < ¢ < C'. In particular, by (5.19),

||l~ek,PkwlkHL2(R3_) — 0 ask — oo.

Since

2\ ow
o (Hayl Oe) a—yl

we have for the projection in y-coordinates

Ty, Pk — T0

and for the linear operator in y-coordinates

kaypk — A— 1+w2 = LO.

(5.21)

(For details of this convergence, please see [54]). By (5.21), moLo(¢)100) = O.
Therefore, Lo(1100) € Ko. On the other hand, for any ¢ € Ky, we have

/2 Lo(t10)p dy = /2 Lo()th10e dy = 0.
R R

+ +

This implies Ly(t)100) = 0 and thus ¢, € Ko by Lemma 4.1.

Since Y14 € Ko and 914, € Kol, we know that g 11, = 0 and therefore

Ploo = 0.

To prove that ¢g. = 0, note that by (5.19) and since

Hﬁfhpk@OkHQ% — O(G_C/Ek)



3. APPENDIX C 7

we get by the same reasoning as for ¢4, that
AYose — Poso =0 in Ri,

9p0c0 2
=g = () on JRZ,

Pose € H?(R?).
Therefore vy = 0 and we have proved that
Poo = Pooo T P10 = 0.
We finally prove that ||®4||2, — 0 as k — oo. First, note that
<l pr®s, e >0 0

as gy, converges to 0 weakly in H?*(R2) and e, converges strongly in H?(R2).

~

Therefore also ||(1 — 7e p)le pPi|l0., — 0 as k — oco. By the assumption we

have ||Z€7p<1>k||075k — 0 as k — oo. By a simple cut-off argument and since

Ly W ()R (2)

<0/ 2()dz — 0
> B(R)SOk(Z) z

as weak convergence in H?(R2) implies strong convergence in L*(B(R)), we

have
(€A = 1)@o,e, — 0,

and

il <2 | [ [Vmpars [ o
k

—¢;2 / (A —1)Dy) Py do
Q
< Cll(kA = D®Pillo., [Plloe. — 0.

In summary, we have [|e;A®|lo., — 0 and ||®k| 1., — 0. By the elliptic

regularity estimate given in Lemma 5.4, we have
1Pell2e, < CUlGAPE]0,c, + [[Prll1e),

where C' > 0 is independent of € > 0. Therefore, finally, ||®g||2, — 0 as k —
oo, which contradicts to the assumption that ||®glloe, = 1 for k= 1,2,....
This completes the proof of Proposition 3.3.

O
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Proof of Proposition 3.4. By Lemma 3.38 we know that Ker(l. p) =
{0}. Therefore it suffices to show that [ p is a Fredholm operator with index
0.

Now l.p : Klp — Clp is a closed operator, whose domain Kp C Cp

is dense in CZp. Then Range(l. p) is closed. Moreover,
Ze,P = ZG,P - (1 - ﬁE,P)iE,Pa

It is standard to show that l; p is a Fredholm operator with index 0, and
(1—7, p)ll, p is relatively compact with respect to l; p in the sense of Kato (see
[42], p. 194), since K, p has finite dimension. Therefore, by [42], Theorem
.26, l. p is also a Fredholm operator with the same range as l; p. This implies
that codim Range(l. p) = dim Ker(l. p) = 0 and Range(l. p) = C’jp.

O

4. Appendix D

In this section we prove Proposition 3.9.

Proof of Proposition 3.9. To begin with, Proposition 3.8 says that
ﬁ-e,P(Sl (AE,P + (I)e,P)a T[(AE,P + (I)E,P)z]) =0.

Written in more explicit terms, this means that

. Acp+ ®.p)?
0=fep|EAD, p— P, AA, p — A, (A 2
Tep |€ P pTE€ P Pt T[(Ae,P n (DG,P)2]
A, pD A?
= p|EAD . p— D p+2 0Ll o P prA L,
Tor | CA%ar = Sor 2 qrg T AR et
A?, )
e O(é2
Tz T O
A2P 2 2
= Ae Leq)e © - O
Te.p P+ T[Agp] w| + O(€%)
= 7ATE,P LECI)E,P + 51,2 + 0(62) (522)

in L*(Q p) by Lemma 3.2.
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The notations 2p x, p, and T" have the same meanings as in Section 3.
Our strategy is to decompose gpé p into three parts and show that each of

them is bounded in || - || g2(q, ;) as € — 0. That means we make the ansatz

,P

olp(z) = pop(r) + oo b () + oo (@), (5.23)

where the functions 9027’113, goi:]%, gpif’) will be defined as follows. Let (,02113 be

the unique solution in H*(Q) of
A eh=0 WO

1,1
agpe,P o

£ e on 042, (5.24)

where

Define .7 to be the unique solution in H'() of

1 . R
pep=—- (1= Fep)Po(y)x(@) = (1 = Fep)pip. (5.25)
Finally, define goi?;(:v) as follows:
pep(@) = ol p(a) = pep(r) — wop(@). (5.26)

By definition, ¢, € Kp.

Since
@] < C exp(—ply|) for 0 <p <1
we have
3901’1 2
He—e’P < (Ce.
ov
L2(09)

Then by Lemma 5.1,

loepllie < C.

Furthermore, by (5.24),

I Agepllo.c = llpepllo.e
Now, by Lemma 5.4,

e blloellze < CE1 A pllo, + lleepllie) < C.
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1,2
For .5 we calculate

1
oo = —a(ZOaly)x(@) +@iper) e

0,¢

As |le1]]2,. < C, it remains to be shown that

1
<E@0(9)X(x) + 902,’1137 61> <C.

0,¢

We have )
<E<I>o(y)x(l’) +¢op, 61>

0,¢

1
< ~l1®o(m)x(@)ollerllo + llecpllollello

_ %0(6)0(1) +0(6)0(1) = O(1).
Finally, we prove that Hgo »llo. < C. Note that, since goep € Kip, it
satisfies
LE,PSOi,’?D = _Elzfea
where
fe@) = Lep(pe p(2) = pep(x) — ep(x).
By Lemma 3.5 we know that
ILeppiplloe > Aleiplze
Set
fo= L(®cp —eDox — 6290;’13 — 52902 7) = fe,l - fe,2 - ]Ee,s - ]Ee,4-

It remains to be shown that || fe||o = ||7Ar€7pf€H0,6 < Ce%. Now

1,1
1,1 1,1 1,1 Jo Aepocpdx
fe 3= 6906 p=¢ €2A906,P — @ pt+2AcpH, PSOG P 2—fg A2, du AE,P]
214 H 2[{2 AE,P()O;IID dxA2
e,P nge P fQ AE,P dr P |-
Therefore,

[Fepfeslloe < |l feslloe
< C€(|leeplloe) (| Aeplloe)
< Ce
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By definition goi:]zg € K. p. Therefore, it can be represented as follows:
S01,2 (.T) —a awe,P
o ‘or(P)’

Note that by (5.25), |a.| < C. This implies

o € R.

2 2 1,2 2| 2a 12 1,2 11,2
fez=c¢€ LeSOE,p =€ |€ ASOE,P — Pp T QAe,PHe,PSOE,P -2

Jo Ae,PSOi,’I% dz A2
Jo AZpdzx oF

aweP
2 2 We, p B awe,P —1 We,p o fQ AE’PaT(jD) dx 2
— € Q¢ |€ AaT P 87' P +2AE’PH6’P8T P 2 f A2 dl’ e,P
Q “te, P
8u}eP
ow W p Jo Aeparipy do
— 2o, | — 2w -2 404 L el g TP A2 |
| TGy TP PPy o A2pdr eF

Therefore, by (3.13) and (3.17),

Hﬁ-e,Pfe,?»HO,e S ||.]EE,3||O,E S 062'

Finally, we estimate 7. p(f.1 — fe). Note that, by (3.13) and (5.22),
ﬁe,Pfe,l = e pLe®e p
= —Fep [S12] + O(?)
= ciep (X [2w0r — w?R(|y])]) + O(?)

in L*(Q p), where R(|y|) was defined in (3.27).
On the other hand,

fe,2 = ELGCI)OX

Ac pPox do
= €| EA(Dyy) — 2A, pH L® _olader®oxdr
€€ ( OX) 0X+ Plle p 0X fQ Az,de e,P
A pPox dx
= 2N, — By + 24, pH LD _olader®oxdr E.
EX | € 0 0t 2A4¢pH, pPo o AZpda ept
QA d +( /)262(1)0 92,/ 62‘130
pr— E 6 —
X v P 8y§ p6y18y2
(9(130 _ f A pq)ode’
—ep/— — P 2A, pH hdy — 28200~ 0 = 42 O(é
Ep ay2 0 + 7P E,P 0 fQ AS’P dx E,P + (6 )

o " oyoy

=ex [AyPo — P + (p)
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8<I>0 _ f A p(bodl’
—ep'— +2A, pH } &y — 222~ 4?2 O(é?
€p ay2 + PLle p>0 fQ AE,P dx e,P + (6 )
Jr2 w®o dy
= ex|A, Py — Py + 20Dy — 2———w?| + O(€
€X y=x0 0 T 2wPg fRi w2(y) dyw + (6)

= XSLz
= ex[—2wv; + w?R(|y|)] + O(e?)

in L*(R%) by the definition of ®, in Proposition 3.9 and (3.13), where E.

denotes all terms with derivatives of x. (Note that || E.||o. < Ce.)

Therefore, we have

7. p(fer = fe2)lloe < Ce

This concludes the proof of Proposition 3.9.
O

5. Appendix E

In this appendix, we give the proof of the estimate for J which is needed

in (4.48). Some of the calculations are long, straightforward and similar to

those in Appendix A. We shall therefore omit most of the details.

Estimate A:

. x— P
Diw, pe = —€ty( ; )+ O(é?)

where 07 is the unique solution in H'(R2) of

AU — vV = 0 ln Ri)
B 10wy, on oY
Proof. By direct computations similar to the proof of (3.14).

Estimate B:
62 < Dl (,we,P€ + ¢6,P€)a al(uje,P€ + ¢6,P€) >1,e

- /Q D1(We,pe + Ge pe)*Vo(pey(We,pe + G pe) dz = o(€?).
Proof.
Lh.s. = /Q 20V (peyw Dy (we pe + b pe)
—2(We, pe + Ge,pe) D1(We,pe + P pe)Vr(pey(We, pe + G pe)] d

(5.27)
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= 0((—:3)

since the first term in D;(w, pe + ¢, pe) is an even function.

U
Estimate C:
Dl%wgpe =w; + O(e),
where w; is the unique solution in H'(R2) of
Av—v=0 in R%,
{— — 5 (5 + 52) 7(0) on ORY. o)
Proof. By direct computations similar to the proof of (3.18). O

Estimate D:
€ < (we,pe + Ge,pe), D1V r(pey(We,pe + P pe) >1,c
— /Q(UJE’PE + ¢E7Pe>2D1vT(P€)(U)E7Pe + ¢ pe) dr = o(€?).
Proof.
Lh.s. = /Q [w? — (We.pe + Ge.pe )DLV (pey (e pe + epe) d.

Note that the first term in the expansion of w? — (w, pe + ¢, pc)* is an even
function and by Estimate C the first term in the expansion of D1V (pe)(we, pe+
be pe) is an odd function. Therefore, the whole expression is of the order o(e?).

O

Combining Estimates B and D, we obtain the estimate for J.






CHAPTER 6

Discussion

1. Discussion

Let us discuss what has been achieved in this paper and which important
questions are still left open. We have investigated the Gierer-Meinhardt
system which is a well-known reaction-diffusion system within the class of
Turing systems. We consider the case of a particular growth rate of the
inhibitor diffusivity namely, D, ~ e~! for small activator diffusivity 2. In
a bounded domain we rigorously prove the existence of a solution with a
single spike at the boundary and are able to locate the spike in terms of
the tangential derivatives of the curvature of the boundary and the Green
function Gy. Furthermore, we derive rigorous results on linear stability.
We have o(1) eigenvalues which are given to leading order in terms of the
second tangential derivatives of the curvature of the boundary plus the Green
function Gy. We also have O(1) eigenvalues which are given as eigenvalues
of related nonlocal eigenvalue problems in R%. We show that there exists a
71 > 0 such that for 0 < 7 < 7y, these O(1) eigenvalues lie on the left half of
the complex plane, while for 7 > 7 at least on of them lies on the right half
plane.

It would be desirable to find conditions on the o(1) eigenvalues which are
not given in terms of the Green function and its tangential derivatives but
rather in terms of the domain 2. For recent progress in this direction, we
refer to [41].

There are almost no analytical results in either the weak or the strong
coupling case on the dynamics of the full Gierer-Meinhardt system in a two-

dimensional domain including the critical growth rate studied in this thesis

85
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except for [11] where the dynamics of an interior spike in the weak coupling
case is studied.
Furthermore, there are no analytical results at all about the existence or
stability of K-peaked solutions in a three- or higher-dimensional domain.
All these important questions are still open and deserve further attention

in the future.
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