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Abstract

Gaining insights into locomotion patterns in legged systems has broad
implications, from advancing our understanding of animal movement to
informing the design and control of prosthetics, exoskeletons, and legged
robots. While nature often prioritizes minimizing metabolic cost through
the body’s morphology, engineers rely on optimization methods to accom-
plish similar efficiency. This dissertation presents mathematical tools that
bridge these perspectives, systematically exploring the relationship between
economical periodic motion patterns (gaits) and a system’s morphology.

A primary focus in this dissertation is the generation of continuous
families of gaits, considering that legged systems operate across a wide
range of speeds and exhibit various locomotion patterns. A core insight
underlying the generation of these gait families is that unactuated (passive)
periodic motions in a dynamical system are inherently optimal from an
energy perspective. Leveraging this, the dissertation formulates an inverse
optimization problem in which passive motions are the globally optimal
solutions in an optimal control framework, where the most efficient actua-
tion is no actuation at all. In this context, this dissertation contributes to
two key research areas.

The first is the analysis of periodic orbits in conservative hybrid dynam-
ical systems, particularly in unforced systems that conserve energy or other
quantities. In such systems, periodic orbits are shown to belong to families
parameterized by their conserved quantities. The problem of identifying
these motions is formulated as a parameterized root-finding problem, en-
abling their exploration through numerical continuation methods. Starting
from trivial solutions, such as equilibria, families of periodic orbits can be
constructed.

The second area of contribution comprises parameterized trajectory
optimization problems that may also incorporate passive solutions. To
extend the analysis of optimal and passive motions, a model homotopy
is introduced to bridge energetically conservative and dissipative dynam-
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ics with a homotopy (dissipation) parameter. The first-order necessary
conditions for optimality are also framed as a parameterized root-finding
problem, allowing the use of continuation methods to generate families of
optimal gaits. Crucially, the formulation of optimality conditions involves
an infinite-dimensional actuation space, which is tackled using both direct
and indirect methods, paired with a shooting approach. Extensions to
the indirect method serve as a further contribution to the field of periodic
trajectory optimization.

By generating and analyzing families of gaits, this dissertation offers a
comprehensive view of energy economy in legged systems. Passive periodic
motions are particularly valuable within these families, as they allow for
an in-depth study of a system’s inherent dynamics, independent of control
influences, thereby revealing how morphology alone shapes gait efficiency.



Zusammenfassung

Ein tiefgehendes Verstéandnis von Bewegungsmustern in Systemen mit
Beinen hat weitreichende Implikationen, von der Vertiefung unseres Wis-
sens iiber Tierbewegungen bis hin zur Entwicklung und Steuerung von
Prothesen, Exoskeletten und Laufrobotern. Wéhrend in der Natur die Min-
imierung des metabolischen Energieaufwands durch die Kérpermorphologie
im Vordergrund steht, greifen Ingenieure auf Optimierungsmethoden zuriick,
um eine dhnliche Effizienz zu erreichen. Diese Dissertation stellt math-
ematische Werkzeuge vor, die diese beiden Perspektiven verbinden, und
untersucht systematisch die Beziehung zwischen 6konomischen periodischen
Bewegungsmustern (Gangarten) und der Morphologie eines Systems.

Ein Schwerpunkt dieser Arbeit liegt auf der Generierung kontinuierlicher
Familien von Gangarten, da Laufsysteme in einem breiten Geschwindigkeits-
bereich operieren und verschiedene Bewegungsmuster aufweisen. Eine zen-
trale Erkenntnis fiir die Generierung solcher Gangfamilien ist, dass nicht
aktuierte (passive) periodische Bewegungen von Natur aus energetisch opti-
mal sind. Auf dieser Grundlage formuliert die Arbeit ein inverses Problem,
bei dem passive Bewegungen als globale Losungen eines Optimierungsprob-
lems identifiziert werden. Somit ist die effizienteste Aktuation gerade kein
Antrieb — die Bewegung erfolgt passiv. In diesem Kontext leistet diese
Dissertation Beitrage zu zwei zentralen Forschungsbereichen.

Der erste Bereich umfasst die Analyse periodischer Orbits in konserva-
tiven hybriden dynamischen Systemen, insbesondere in nicht-aktuierten
Systemen, die Energie oder andere Groflien erhalten. In solchen Syste-
men gehoéren periodische Orbits zu Familien, die durch ihre Erhaltungs-
groflen parametrisiert sind. Zur Identifikation dieser Orbits wird ein
parametrisiertes Nullstellenproblem formuliert, das eine gezielte Explo-
ration mittels numerischer Fortsetzungsmethoden ermoglicht. Ausgehend
von trivialen Losungen wie Gleichgewichtspunkten kénnen so Familien
periodischer Orbits konstruiert werden.
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Der zweite Beitrag betrifft parametrisierte Trajektorienopti-
mierungsprobleme, die ebenfalls passive Losungen enthalten koénnen.
Um die Analyse optimaler und passiver Bewegungen zu erweitern, wird
eine Modell-Homotopie eingefiihrt, welche energetisch konservative und
dissipative Dynamiken mit einem Homotopie- (Dissipations-)Parameter
verbindet. Die notwendigen Optimalitdtsbedingungen erster Ordnung
werden ebenfalls als parametrisiertes Nullstellenproblem formuliert,
sodass Fortsetzungsmethoden zur Generierung von Familien optimaler
Gangarten genutzt werden kénnen. Besonders relevant ist dabei, dass die
Formulierung der Optimalitdtsbedingungen einen unendlich-dimensionalen
Aktuationsraum umfasst. Dieses Problem wird mit direkten und indirekten
Methoden sowie einem Schiefverfahren behandelt. Erweiterungen der
indirekten Methode stellen einen weiteren Beitrag zum Bereich der
periodischen Trajektorienoptimierung dar.

Durch die Generierung und Analyse von Gangfamilien bietet diese
Arbeit einen umfassenden Einblick in die Energieeffizienz von Laufsystemen.
Passive periodische Bewegungen sind innerhalb dieser Familien besonders
wertvoll, da sie eine tiefgehende Untersuchung der inhdrenten Dynamik
eines Systems ermoglichen, unabhéngig vom Antrieb. Dies zeigt, wie allein
die Morphologie die Effizienz der Gangart bestimmt.
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Introduction

C’est méme des hypothéses simples qu’il
faut le plus se défier, parce que ce sont
celles qui ont le plus de chances de passer
inapercues.’

It is even the simplest hypotheses that
one must be most wary of, because these
are the ones that have the highest chances
of passing unnoticed.

—Henri Poincaré

A fundamental challenge for both animals and humans when traveling long
distances is the limited energy available for movement. Observations in
nature reveal that animals with similar body structures, such as quadrupeds
(e.g., dogs, horses) and bipeds (e.g., humans), share common periodic
motion patterns, like walking and running. Studies indicate that these
gaits are closely linked to energy expenditure (metabolic cost) [4, 59, 64],
suggesting that locomotion is inherently optimized for energetic economy.

A prevailing hypothesis posits that gait similarities among animals with
the same number of legs arise primarily from their structural morphology
rather than muscle-driven actuation. This hypothesis extends to legged
robotic systems, where locomotion endurance is similarly limited by power
supply. In robotic systems, optimizing energy consumption through mathe-
matical modeling often results in gaits that exploit the robot’s morphology,
mirroring biological efficiency. Unlike in living organisms, however, robotic
actuation can be isolated, enabling a focused study of unactuated (passive)
dynamics alone.

Building on these insights, this dissertation leverages continuation and
optimization techniques to generate diverse families of periodic orbits in

IThis quote is taken from the book by Poincaré [106].
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impulsive dynamical systems, particularly in legged locomotion. A key
emphasis is placed on understanding and utilizing passive gaits, as they
are essential for economic movement.

To rigorously analyze the role of actuation in dynamical systems, this
work classifies energy transfer into four categories, as illustrated in Fig. 1.1.
Depending on whether energy is transferred through the environment or
the actuators, a system can be categorized as (1) passive-conservative,
(2) passive-open, (3) actuated-closed, or (4) actuated-open.

A useful analogy for this classification is a child on a swing, where the
child and swing form a dynamical system. If the child remains still, the
system is passive. External influences such as wind, air resistance, friction
within the swing’s suspension, or a parent’s push determine whether the
system is closed (1) or open (2). In theory, without these external influences,
the system remains energetically conservative. If the child actively rocks
back and forth to change the swing’s frequency and amplitude, the system
becomes actuated yet remains closed/lossless (3). Finally, if external forces
act on the moving child, the system is classified actuated-open (4).

This classification provides a structured framework for analyzing energy
flow in dynamical systems, offering insights that are particularly relevant
to the study of passive and actuated gaits in legged locomotion.

actuator work in

/" dissipation/losses out < _
actuator work out

Dynamical

external energy in System

o Boundary .
energy transfer dynamics
environment | actuators classification

X

(passive) conservative

X
> x passive (open)
—
-
—_
-

(

(
(actuated) closed/lossless (3

(

A

X

A\

actuated (open)

<

Figure 1.1: Ilustration of system dynamics as a thermodynamic model,
classified into four categories based on energy transfer via the environment
(blue) and actuator work (red).
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1.1 Motivation

Improving the performance of prosthetic devices, exoskeletons, and legged
robots requires a deeper understanding of how mechanical design influences
motion. For instance, integrating springs into systems such as Anybotics’
ANYmal [65] or the emPOWER bionic ankle [58] has been shown to support
the emergence of economical gait patterns [127, 139, 141]. This approach
draws inspiration from biological systems, where muscles, tendons, and
ligaments naturally store and release energy during movement [114]. Given
a particular morphology, the fundamental question is how to systematically
identify and exploit the economical motions that the design inherently
enables.

Fundamental Insights from Simplified Models

To uncover the core principles of locomotion, both biomechanics and
robotics frequently rely on simplified models [5]. Classic examples such
as the spring-loaded inverted pendulum (SLIP) [16] and the compass-gait
walker [44] aim to capture key features of gait generation without the
complexity of detailed multi-body models. Beyond their explanatory value,
these models also serve a practical role in high-level motion planning and
control [69]. This has led to the development of the template-anchor
framework [41], where insights from simple models (templates) inform the
behavior, design and control of more complex systems (anchors).

Yet, drawing systematic and quantitative links between simplified and
full-order models remains a major challenge. This dissertation addresses
this by developing continuation- and optimization-based tools that make
these connections more accessible and interpretable.

The Role of Optimization

Optimization is a crucial tool for generating feasible motions in dynamical
systems [135]. Beyond that, well-posed optimization problems can reveal
meaningful relationships between design and motion, such as how gait
economy in walking and running changes with speed in a monoped [126].
However, most existing approaches focus on isolated optimization prob-
lems that depend heavily on well-chosen initial guesses and offer little
understanding of the broader solution landscape. This is especially limiting
in legged locomotion, where problems are nonlinear, high-dimensional, and
discontinuous due to impacts. To overcome this, the methods developed in
this dissertation trace continuous families of optimal periodic gaits, provid-
ing a structured way to explore how behaviors vary with system parameters
and offering a clearer picture of how morphology shapes periodic gaits.
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1.2 Literature Overview

This section provides a concise overview of the literature relevant to this
dissertation. It is structured into three main areas: natural dynamics
in legged locomotion (Section 1.2.1), gait libraries (Section 1.2.2), and
modeling and optimization techniques (Section 1.2.3).

1.2.1 Natural Dynamics in Legged Locomotion

Natural dynamics in legged systems refer to motion patterns that emerge
directly from the mechanical design (morphology) and passive physical
properties of the system, such as elastic and gravitational potential, with
no or only minimal energy input from actuators. In particular, while elastic
behavior can be shaped through the integration of springs, as introduced
in Section 1.1, gravitational potential fundamentally contributes to the
operation of a class of systems known as passive dynamic walkers.

Principles of Passive Dynamic Walkers

Passive dynamic walkers are legged robots capable of walking downhill
without any power supply [28, 92, 93]. Driven purely by gravity, these
systems range from simple compass gait robots (Fig. 1.2a) to more advanced
prototypes with articulated knees and arms (Fig. 1.2b). Adding springs to
the legs further enables these systems to perform running gaits (Fig. 1.2c).
These prototypes already demonstrate how hardware design alone can

Figure 1.2: Three passive dynamic walkers: (a) A minimalist compass gait
robot [134], (b) a passive dynamic walker with knees and arms [138], and
(¢c) a running robot with springy legs [102].
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produce a wide variety of gaits without any form of actuation. According
to Figure 1.1, these systems are passive-open.

Although these robots do not require any motor actuation, their ability
to walk successfully without falling is limited to a narrow range of initial
conditions and slope inclinations. Within this range of attraction, however,
they converge to a stable periodic motion, known as a limit cycle.

Characterization of Periodic Gaits

The number and configuration of legs, joints, and elastic components in a
legged system allows for a wide variety of locomotion patterns. As a result,
biologists have developed different methods to characterize and classify the
repetitive motions observed in nature, such as walking and running [37, 59].
A complete cycle of such motion is commonly referred to as a stride. One of
the most straightforward ways to classify gaits is by analyzing the footfall
pattern, which describes the sequence in which the feet contact and leave the
ground during a stride. Additional classification methods consider various
metrics, including ground reaction force profiles [3], stride symmetry [60],
and the exchange of energy throughout a stride [22].

Energy Economy in Locomotion

Another notable observation in biology is that animals with a similar
morphology often share the same set of gaits. For example, dogs and
horses both exhibit walking, trotting, and galloping. This similarity is
closely linked to energy efficiency, as it is more economical to adapt the gait
to specific operating conditions, such as changes in terrain or speed [64,
77, 128]. In particular, the pioneering work of Hoyt and Taylor [64]
demonstrated that horses expend the least energy when walking at low
speeds, trotting at moderate speeds, and galloping at high speeds. In these
biological systems, energy consumption is measured by the metabolic cost.
A low metabolic cost indicates reduced muscular effort and, consequently,
greater exploitation of the system’s natural dynamics.

A similar relationship between gait and energy economy has been
observed in legged robots powered by electric motors. In these systems,
energy-optimal gaits emerge by minimizing motor effort, and the choice
of gait is likewise dependent on speed [40, 126]. Typical cost functions in
robotic systems include copper losses in the motor, positive mechanical
actuator work, and positive electrical work [112].

To facilitate comparisons of energy economy between biological and
robotic systems, the cost of transport is often used [80]. This metric
normalizes energy expenditure by the system’s weight and the distance
traveled.
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Relevance to This Dissertation

In this dissertation, passive dynamic walkers and their passive gaits provide
an important starting point for the systematic exploration and generation
of energy-optimal gaits in actuated legged systems. This work emphasizes
periodicity as a core property in the definition of gaits. Periodicity is
especially useful in mathematical modeling because it significantly reduces
the space of possible motions. Instead of analyzing an arbitrarily long time
horizon with a somewhat repetitive (quasiperiodic) motion sequence, a
periodic gait can simply be extended over the same time horizon.

1.2.2 Constructing Libraries of Gaits

Legged systems typically operate across a continuous range of conditions,
which has led to significant interest in generating libraries of gaits for legged
robots [85, 86, 111, 116, 137]. These conditions may reflect changes in the
environment, such as slope or terrain, or variations in the robot’s operating
point, such as forward speed or step length.

To better understand and highlight the underlying natural dynamics
within these actuated gait libraries, continuous families of passive gaits
have received particular attention (Fig. 1.3). Extending the SLIP model,

.11

%

o (slope)

Gallop

)
)
“
/ sep
i 4 i w6 o5 o = T
. 12 7 (switching time)
i 8
- [V

(a) (b)

Figure 1.3: Connected families of passive gaits originating from (a) oscilla-
tion in place and (b) standing still, both shown in red. Adapted from [42]
(SLIP-like biped) and [116] (compass-gait walker).
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Gan et al. [42] demonstrated that a bipedal robot can be designed to
conserve energy. The authors further showed empirically that its periodic
gaits continuously connect from an in-place oscillation to all common
bipedal gaits, including walking, hopping, running, skipping, and galloping
(Fig. 1.3a). Likewise, the work of Rosa and Lynch [115] demonstrates
that continuous gait families of passive dynamic walkers on a slope can be
systematically traced from a standstill pose (Fig. 1.3b).

Both works use numerical continuation methods to construct these
families, where each point on the curve corresponds to a passive gait.

Numerical Continuation Methods

Conditions such as periodicity, operating points, and optimality define
the motion within a dynamical system. Mathematically, these conditions
yield a set of implicit constraints, leading to a root-finding problem. When
this problem has a parameterized solution or a non-trivial null-space,
numerical continuation methods can be used to generate the solution space
of gaits [6]. These methods systematically construct additional solutions
in the neighborhood of an initial solution point. They can be generally
categorized into two types:

o Predictor-corrector continuation (PCC) methods rely on Newton-type
solvers, which enjoy strong local convergence when tracing implicitly
defined 1-D solution sets (curves). However, they require sufficient
differentiability of the root-finding problem.

o Piecewise linear continuation (PLC) methods approximately follow
the exact solution curves through a polygonal path relative to an un-
derlying triangulation. They naturally extend to higher-dimensional
solution spaces and do not rely on smoothness assumptions. However,
detecting bifurcation points and singularities within the problem is
more complex.

Relevance to This Dissertation

Particularly, the work of Gan et al. [42] highlights the explanatory power of
energetically conservative models for passive gaits. Hence, this dissertation
further explores the apparent connectedness of periodic orbits (gaits) in
conservative dynamics. Additionally, the missing connection between
passive and optimally actuated gait libraries is addressed through the use
of PCC methods. PCC methods are employed in this monograph, as they
prove particularly fast and robust in tracing 1-D gait families, including
bifurcations at which different families meet.
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1.2.3 Modeling and Optimization of Legged Systems

The mathematical study of legged locomotion requires several fundamental
decisions in both modeling and optimization.

A primary modeling choice concerns whether components of the robot
are treated as compliant or rigid. Since the main body and limbs are
typically built from stiff materials, it is common to model them as rigid.
This simplifies the equations of motion into a low-dimensional ordinary
differential equation (ODE), which is easier to interpret and solve using
standard numerical integrators. However, modeling the feet is more complex
due to the sudden changes in velocity that occur when they contact the
ground. Here, both rigid and compliant approaches have distinct advantages
and drawbacks.

Soft vs. Hard Contacts

Compliant models capture more accurately the physical interactions at the
foot-ground interface, especially when the feet are made from softer materi-
als to enhance friction and reduce slippage [122]. This approach maintains
the use of a single ODE for the entire system and enables gradient-based
optimization, provided the contact forces are differentiable [110]. However,
compliant models introduce stiff dynamics, which require careful numer-
ical handling. This typically involves implicit integration methods with
adaptive time-stepping, significantly increasing the computational effort for
both simulation and optimization. To further simplify optimization, some
approaches soften contact dynamics artificially, prioritizing differentiability
over physical accuracy [45, 94, 99].

In contrast, hard contact models treat foot impacts as instantaneous,
neglecting small deformations. While this avoids the stiffness issues of
compliant models, it introduces discontinuities in velocity, making the
system non-smooth and unsuitable for standard ODE formulations. These
dynamics are instead modeled using either measure differential equations
(MDEs) [19, 104] or hybrid dynamical systems (HDSs) [47, 52].

Measure Differential Equations vs. Hybrid Dynamical Systems

Measure differential equations generalize the concept of ODEs to include
impulsive forces and set-valued dynamics, which are necessary to model
rigid impacts.

In contrast, hybrid dynamical systems explicitly separate continuous
and discrete behaviors. The system evolves continuously during each phase
(e.g., when a leg is in contact or in the air), and discrete transitions occur
at specific times due to impacts or liftoffs.
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Neither MDEs nor HDSs can be solved analytically in general. For
MDEs, time-stepping methods provide a robust numerical approach [18, 95].
Hybrid systems, on the other hand, are often simulated using event-driven
ODE solvers, which can struggle with complex behavior such as Zeno
behavior, i.e., infinite impacts in finite time [9]. Nevertheless, hybrid
modeling offers greater flexibility in system design and control, particularly
when such complexities are absent [136].

Collocation vs. Shooting Methods

Regardless of the chosen modeling approach, finding periodic orbits in
these typically non-smooth systems involves a search over a finite time
horizon, where periodicity is enforced by matching the initial and final
states. Two common approaches are:

o Shooting methods [34], which evolve states through numerical integra-
tion from given initial conditions. These methods support variable
time steps and adaptive error control, improving dynamic accuracy.

o Collocation methods [72], which define system states and inputs on a
fixed time grid. They require iterative mesh refinement to achieve
similar accuracy, increasing computational cost (Section 4.6.9 [14]).

A key advantage of collocation is its flexibility in handling path and in-
equality constraints, making it especially suitable for systems modeled with
MDEs. In this context, complementarity conditions can encode set-valued
contact forces, enabling so-called contact-invariant or contact-implicit col-
location methods [91, 109, 132, 135]. These are particularly useful when
the footfall pattern is not known in advance, as they can adaptively resolve
the sequence of contact events during optimization. A drawback of this ap-
proach is slow convergence, largely due to the lack of regularity introduced
by complementarity conditions. In contrast, when using hybrid dynami-
cal models with a known footfall pattern, both collocation and shooting
methods can be applied effectively. The known contact sequence ensures
differentiability and improves convergence in root-finding and optimization
problems.

Direct vs. Indirect Methods in Trajectory Optimization

The optimization methods discussed so far fall under the category of direct
trajectory optimization. In this approach, the system is first discretized
in time, transforming the continuous problem into a finite-dimensional
nonlinear program (NLP). This NLP is then solved numerically to find
an approximate local optimum. Most results in periodic optimization of
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legged robots are based on the direct approach [135], due to its considerable
flexibility in terms of implementation. As a drawback, the accuracy of
the resulting optimal trajectory depends on the chosen parameterization
of the input space, potentially missing better solutions that exist outside
this discretization. This creates a trade-off between accuracy and problem
size, while the true global optimum may remain unattainable due to the
constraints imposed by the parameterization [62, 84].

In contrast, indirect methods work with the continuous-time problem
before applying any discretization. For ODEs, the most comprehensive
framework is Pontryagin’s Maximum Principle [107], which provides first-
order optimality conditions as a boundary value problem by implicitly
defining the control inputs as functions of the system’s states and additional
costates. This approach often yields more accurate solutions, especially
when using shooting methods with variable step-size integrators. While the
introduction of costates helps formalize the first-order necessary conditions,
it does not significantly increase the dimensionality of the optimization
problem. However, these methods typically suffer from small regions of
convergence and are less suitable for problems with path constraints [14, 34].
Although indirect methods in periodic trajectory optimization have been
used in fields such as aerospace [46, 130], and in hybrid systems for chemical
processes [61] and legged robots [23], they have not achieved the same level
of popularity as direct methods.

Relevance to This Dissertation

Despite its limitations, hybrid dynamical modeling is well-suited for syn-
thesizing periodic gaits in legged systems, where a finite number of impacts
typically occur. When the footfall pattern is known, many challenges
associated with hybrid systems become manageable.

Moreover, simplified hybrid models sometimes allow for analytical solu-
tions, making them especially valuable in theoretical investigations. There-
fore, this dissertation adopts hybrid dynamics as the preferred modeling
approach. It offers the flexibility to use variable step-size shooting methods
and provides the necessary regularity for tracing families of periodic gaits
using PCC methods.

In the context of periodic trajectory optimization, and particularly
the generation of optimal gait families, there remains considerable room
for advancement in both direct and indirect approaches using shooting
methods. In particular, the convergence issues associated with indirect
shooting can be mitigated through the use of PCC methods and their
strong local convergence properties.
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1.3 Structure and Main Contributions

This section outlines the structure of the thesis and details the contributions
made. The content of the publications [1¥, 2%, 3% 4¥] constitutes the
main body and key contributions of the dissertation. The contributions
presented in these publications are visually summarized in Fig. 1.4 and
elaborated systematically through the following chapter overview:

Chapter 2, Mathematical Tools: This chapter establishes the math-
ematical groundwork for subsequent developments. It introduces
essential concepts from continuation methods and optimization theory.
Drawing from existing literature, these preliminaries are reinterpreted
through a geometric lens to support the methodologies introduced in
later chapters.

Chapter 3, Recurrent Hybrid Dynamical Systems: This chapter
introduces a general framework for time-variant recurrent hybrid dy-
namical systems (HDSs), enabling the formal modeling of non-smooth
dynamics through a combination of continuous and discrete-time
evolutions. It further provides definitions of recurrent and periodic
trajectories (orbits) within these systems. A key innovation of this
chapter is the comparison between time-based and event-based shoot-
ing approaches, assessing the challenges involved in computing orbits,
as detailed in [3¥].

Chapter 4, Conservative Hybrid Dynamical Systems: The recur-
rent HDSs introduced before in Chapter 3 are refined to autonomous
(time-invariant) dynamics. Furthermore, flow-invariant functions (first
integrals) are investigated, which render the HDS conservative. The
main objective of this chapter is to provide a systematic understand-
ing of periodic orbits in a broader class of conservative hybrid dy-
namical systems (cHDSs), offering a robust framework and method-
ology for their analysis and generation. The theoretical advance-
ments, fully derived from [3¥], comprise three principal contributions:

o Introduction of a hybrid first integral to characterize cHDSs.

e Proof of the local existence of families of periodic orbits in cHDSs
based on the construction of a Poincaré map (Theorem 4.2.1).

e Extension of the concept of normal conservative orbits from
Sepulchre and MacKay [124] to HDS.
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Additionally, Section 4.3 contributes more on the practical side:

o Modification of the Poincaré map to introduce a (scalar) dissi-
pation parameter, thereby regularizing its conservation-induced
state dependencies.

o Extension of Theorem 1 in [124] and Lemma 6 in [97] to ¢cHDS,
proving that fixed points of the regularized Poincaré map are
equivalent to the solution space of periodic orbits in the conser-
vative HDS (Theorem 4.3.1).

Introducing a dissipation parameter enables the application of pseudo-
arclength continuation methods to systematically trace continuous
families of connected orbits. The chapter concludes with implementa-
tion details on the time-based shooting method used to explore periodic
orbits, emphasizing its advantages over the state-based approach.

Chapter 5, Energetically Conservative Models: In this dissertation,
a particularly important first integral is the energy of a system. Hence,
this chapter focuses on energy conservation in mechanical systems
with impulses. Section 5.1, based on [1¥], outlines the construction of
energetically conservative models (ECMs). It addresses conditions for
energy conservation in systems involving plastic collisions, common
in legged locomotion. A scaling procedure for masses and inertias
is introduced to ensure energy conservation during collisions. This
process is demonstrated in Section 5.1.3 using a spring-loaded hopper,
offering a more systematic derivation than that proposed by [43]. The
chapter also includes a second contribution, based on [3¥], applying the
time-based shooting method to four ECMs with non-smooth dynamics.
It shows how equilibria can be leveraged to construct families of
conservative orbits using continuation techniques.

Chapter 6, Optimization in Hybrid Dynamics: Building on the
time-based framework, Section 6.1 formulates a general periodic trajec-
tory optimization (TO) problem for HDSs. The contributions include:

o Definition of the class of economic cost functions (Section 6.1.1).

o Definition of passive-optimal solutions/gaits (Section 6.1.2),
where periodic orbits with zero actuation constitute global mini-
mizers under economic cost functions.

To address periodic TO problems in HDSs with a single hybrid phase,
both direct and indirect numerical methods are introduced in Sec-
tion 6.2, along with their associated first-order necessary conditions.
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Building upon the work in [4¥], this chapter advances the field through:

e Extension of necessary conditions within the indirect approach
to a broader class of cost functions and operating scenarios,
addressing both legged and other hybrid robotic systems.

e Systematic reconstruction of Lagrange multipliers at passive-
optimal solutions for both solution approaches.

The chapter concludes (Section 6.3) with remarks on conservation in
indirect methods and an extension of direct methods to multi-phase
HDSs.

Chapter 7, Parameterized Periodic Trajectory Optimization:
This chapter integrates the continuation and optimization tech-
niques developed previously to generate 1-D families of optimal pe-
riodic orbits. By formulating a parameterized periodic TO prob-
lem, this family is derived from parameterized zero-functions that
encode first-order optimality conditions of these problems, using
both direct and indirect methods (Section 7.1). Major contributions
within these parameterized problems provide Section 7.2 and 7.3:

o Introduction of the model homotopy approach from [2¥], which
systematically transitions from passive-optimal gaits of actuated
but lossless models to locally optimal gaits in actuated-open
systems with dissipation. This method provides a powerful
alternative to traditional, labor-intensive optimization strategies
by exploiting the topological properties of legged systems, where
passive gaits serve as globally optimal seeds.

e Systematic expansion of optimal gait libraries from passive-
optimal gaits of the compass-gait walker, using both direct and
indirect methods. Particular emphasis is placed on the ad-
vantages of indirect shooting combined with variable step-size
integrators, as demonstrated in [4¥].

Section 7.4 concludes with a comparative summary of Sections 7.2
and 7.3, highlighting their main differences.

Chapter 8, Conclusions and Outlook: The final chapter provides
a concise summary of the dissertation’s core contributions. It also
discusses current limitations and outlines potential directions for future
research, particularly regarding the extension of continuation and
optimization techniques in hybrid dynamical systems.
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Figure 1.4: Visualization of the three overlapping main topics explored in
this thesis: continuation, optimization, and natural dynamics. The primary
contributions of this dissertation are emphasized in regular black font.
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CHAPTER 2

Mathematical Tools

The rules that describe nature seem to
be mathematical.... Why nature is math-
ematical is, again, a mystery.*

—Richard Feynman

This chapter presents the mathematical tools required for the methodolo-
gies developed in the subsequent chapters. After briefly explaining the
notation used in this monograph in Section 2.1, Section 2.2 introduces
predictor-corrector continuation (PCC) methods, and Section 2.3 derives
the necessary conditions for a class of optimization problems.

2.1 Notation and Preliminaries

In this dissertation, scalars are represented using a standard math font such
as «, a or A. Vectors, on the other hand, are typically denoted by lowercase
bold symbols (e.g., a), while matrices are represented by uppercase bold
symbols (e.g., A). With R*=R"*! denoting the n-dimensional space of
column vectors, a vector @ € R™ is a column vector. Let (o)1 denote the
matrix transpose, so that al is a row vector. A vector-valued function is
defined as a : R™ — R™, where n and m are positive integers, i.e., n,m € N.
If a(x) is differentiable at a point z* € R”, its Jacobian is expressed as
Da(x*) = aa/am}m:m*, where D abbreviates the differential operator. The
Jacobian Da is considered regular at «* if Da(x*) € R™*™ has maximum
rank.

Throughout this monograph, implicit constraints of the form a(xz) =0
often define subsets in R™ for continuation and optimization problems.

IThis quote is an excerpt from the first chapter of Feynman [39].
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When n > m, the constraint a(z) = 0 defines the surface S = a=1(0),
where a point &* € S is termed a reqular point if Da(x*) is regular,
i.e., rank(Da(z*)) = m. If every point € S is regular, the surface S
forms a submanifold of codimension n — m. Note further that the tangent
space Ty«S at a regular point x* is equivalent to the kernel ker(Da(x*))
(cf. Section 11.1 in [89)]).

To reduce notational overhead, the argument of a function is omitted
when it is clear from context. For instance, « is used in place of «a(s).
Alternatively, the shorthand notation s = a(s) is used when clarification
is needed. Differentiation with respect to a scalar variable, such as do/ds,
is often abbreviated as & or o/. The composition of two functions a(z)
and b(x) is defined as a(b(z)) = (a o b)(x) = a o b(x), where o denotes the

composition operator.

2.2 Numerical Continuation

In contrast to the general concept of tracing implicitly defined surfaces
(known as continuation) as outlined in Section 1.2.2; this work focuses
specifically on PCC methods for tracing one-dimensional paths (curves).
The basic concepts of these PCC methods are outlined below, primarily
based on the introductory book on numerical continuation methods by
Allgower and Georg [6].

2.2.1 Predictor-Corrector Methods

Consider an implicit constraint r(v) = 0, where 7 : R¥*1 — R¥ is a
sufficiently differentiable function, i.e., » € CP, with N,p € N. This
constraint implicitly defines a surface of the form:

S:=r10) = {v e RV | r(v) = 0}. (2.1)

Further, assume the existence of a regular point v* € §. By the implicit
function theorem, there exists a scalar € > 0 and a neighborhood V of v*
such that a CP function

c:(—¢e,e) = VRV (2.2)
satisfies ¢(0) = v* and remains on S, i.e.,
r(c(s)) =0, Vse (—¢,¢). (2.3)

In other words, the zero set S of r near a regular point v* forms a
one-dimensional submanifold of RV*1, with ¢(s) providing a p-times differ-
entiable parameterization of the curve in the neighborhood V. At a regular
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point v*, the tangent space T,«S is equal to the kernel of the Jacobian
R* := Dr(v*). This follows from the fact that, for all s € (—¢,¢):
d
r(c(s)) =0 & Dr(c(s)) - ¢(s) =0, (2.4)
which, in particular, implies for s = 0 that R*0* = 0, where 0* = ¢(0).
To facilitate numerical exploration, this curve is parameterized with re-

spect to the arclength parameter s such that ||¢(s)||2 = 1. Additionally,
Definition (2.1.7) from [6] is restated.

Definition (Tangent Vector). Let R € RN*N*1 be o matriz of full rank.
The unique tangent vector T(R) is said to be induced by R with

R-T =0,

712 =1

T:={TcRN! R (2.5)
w([2]) -0

With the third condition in (2.5), the vector T becomes uniquely defined
for any regular point ¢(s). This condition on the determinant is essential
for consistently defining the orientation of the curve ¢(s). Since a curve
can be traced in either of two opposite directions, a scalar d € {—1,1} is
introduced to the resulting initial value problem:

é(s) =d- T(D'r’(c(s))), c(0) = v*. (2.6)

The predictor-corrector method begins with an initial predictor step, which
typically approximates the ODE in (2.6) using a forward Euler scheme
with a step size As’ > 0 for the i-th iteration:

V;Z;eld =vit+d-As'-T (DT‘(I/i)>. (2.7)
The step size As® can be chosen adaptively to balance accuracy and
computational efficiency when tracing ¢(s) (Chapter 6 [6]). Following the
predictor step, the corrector step leverages the local contraction properties
of Newton’s method to solve r(v) = 0. Specifically, the corrector step
approximately solves the following optimization problem:

i+1
pred

i+1 141

corr

(2.8)

~ argmin HI/ -V
vesS

v =V,

‘2'
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é(3) €S

(a) (b)

Figure 2.1: (a) illustrates a predictor-corrector step as described by (2.7)
and (2.8). (b) illustrates how a predictor-corrector step jumps over a simple
bifurcation (SB) point vgp and the tangent vectors 7 flip direction. Both
illustrations abbreviate tangent vectors by 7¢ := T(D’I‘(Vi)).

The predictor (2.7) and corrector (2.8) steps are illustrated in Fig. 2.1a.
Various alternatives to (2.7) and (2.8) are outlined in Section 2.27 of the
lecture notes by Keller [71]. These steps are executed repeatedly until
the iterative process of tracing the curve ¢(s) is terminated, either by
the user or upon encountering a so-called simple bifurcation (SB) point,
indicating the presence of another curve in S. Up to this point, it has been
assumed that all points ¢(s) in (2.6) are regular. However, while tracing the
curve ¢(s) in S, the predictor-corrector method occasionally crosses over
simple bifurcation points vgg, where rank(Dr(vsg)) = N — 1, resulting in

det ([DTJTVSB) D = 0. Hence, the point vgp is singular. As illustrated in

SB

Fig. 2.1b, a useful indicator for detecting SB points while tracing c(s) is the
comparison of adjacent tangent vectors, which flip their orientation at such
points (Section 8.1 [6]). To continue tracing the curve ¢(s) € S beyond an
SB point, the orientation in the predictor (2.7) can be reversed by setting
d + —d. However, transitioning to a new curve é&(5) € S requires further
consideration.

2.2.2 Branching at Simple Bifurcations

To branch between the two curves ¢(s) and é(s) at a simple bifurcation
point vgp (Fig. 2.1b), two methods are commonly employed: perturbation
and Lyapunov-Schmidt reduction (Sections 8.2 and 8.3 of [6], respectively).
This monograph adopts the latter, as it provides a systematic approach
for computing the respective tangent vectors 7sg and 7sp at the SB
point vgg. The Lyapunov-Schmidt reduction begins with a factorization
of the Jacobian Rgp := Dr(vsg). For instance, applying the singular
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value decomposition (SVD) yields Rsg = UXVT, where U € RV*¥N
and V € RVT1XN+1 are unitary matrices. This decomposition inherently
provides an orthonormal basis for the two-dimensional kernel of Rgg. By
choosing U = [U; Us], V = [V; V5] and arranging the singular values in
3 € RVXN+1 in descending order, the following structure is obtained:

U, =Uy, span{Us} = ker(RLy), dim(span{Us}) =1,

Vi = VQJ‘, span{Va} = ker(Rgg), dim(span{VQ}) =2,

where (o)1 denotes the orthogonal complement of a vector space. Hence,
with the two basis vectors in Va = [v, vg], spanning the kernel of Rgp,
the tangent ¢(s) in (2.4) is defined by the linear combination

¢(ssB) = avy + fvg, «,B €R, (2.9)

at the SB point vsg = ¢(sgp). To solve for « and 3, we first need to
differentiate (2.4) once more to obtain:

Dr(c(s)) - ¢(s) =0, (2.10a)

Lo D2r(e(s))(é(s), é(s)) + Dr(e(s)) - é(s) = 0, (2.10b)

P2 D2r(e(ssn) (é(ssn). é(ssn)) + Rss - é(ssp) = 0, (2.10¢)
Ur .

2:> | Uér : D2T(USB) (C(SSB), é(SSB)) + U;F - Rgp -é(ssp) = 0. (2.10d)

=0

where (e, o) denotes the bilinear form of tensor products. Finally, plugging
(2.9) into (2.10d) yields the problem

0=l 5| Hss m

U2T . DQT(VSB) (’Ua, va) UQT . DQ’I“(VSB) ('va, 'u/g)

(2.11)
H =
55 lu; - D?r(vgp) (vs,va) UF - D*r(vsp) (vs, v5)

where Hgp is a symmetric 2-by-2 matrix. The quadratic (2.11) describes a
degenerate conic section, as exactly two solutions are expected at a simple
bifurcation. By exploiting an eigendecomposition of Hgg, the solution

pairs (o, 8) and (&, §) are obtained, which then define the tangent vectors
at vgp using (2.9):

TSB = QW + fV3, Tsp = QU4 + ng. (2.12)
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Tt is important to note that in general a (simple) singular point does
not necessarily imply the presence of a (simple) bifurcation, i.e., the emer-
gence of additional linearly independent tangent vectors. Special care is
therefore required when constructing tangent vectors at a singular point
(Chapter 5 [71]).

2.3 Optimization

The following section highlights some fundamental concepts in optimization
(minimization) that are crucial for its application to dynamical systems. For
a concise mathematical derivation of optimality conditions using Lagrange
multipliers, refer to Luenberger’s books for the finite- [89] and infinite-
dimensional cases [88]. This introduction to optimization tools concludes
in Section 2.3.4 with a brief discussion on parameterized optimization and
the use of continuation methods.

2.3.1 Unconstrained Optimization

Unconstrained optimization is introduced with a one-dimensional example,
demonstrating how fundamental calculus concepts assess local optimality.
These concepts are then extended to n dimensions, leading to the general
necessary conditions for optimality.

1-D Example

Consider the problem of minimizing a function f : R — R. In general,
finding the global minimum of f can be challenging, as f is often not convex

Figure 2.2: Graphs of the function f and its derivatives. The black dots
(e) indicate local minima, the black circle (o) marks a local maximum, and
the black cross (x) denotes a saddle point.
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and may exhibit multiple local minima, as illustrated in the example in
Fig. 2.2. The problem consists in minimizing the scalar function

IG I5 134 IB 2

X
= T 6= 44— 48— —5. 2.1
f(x) G 3 64+ 34—82 5 (2.13)

Minima correspond to stationary points z* of the function f(x), obtained
by finding the roots of f/(z) = (z + 2)(x + 1)z(z — 2)%. In this example,
the stationary points are z* = —2, 2* =0, * = —1, and z* = 2. Among
these, £* = —2 and z* = 0 correspond to minima, as shown by the posi-
tive curvature provided through the second derivatives f”/(—2) =32 >0
and f”(0) = 8 > 0. The point z* = —1 corresponds to a maximum
(f"(0) = =9 < 0), while z* = 2 is a saddle point (f”(2) = 0). Distinguish-
ing global from local minima requires evaluating the function values at the
minima, revealing the global optimum at «* = —2, since f(—2) < f(0).

Generalization to n-Dimensions

To formalize the previous observations and generalize the optimality
conditions to the n-dimensional case, consider a scalar objective func-
tion f : R™ — R. The geometric properties of f are analyzed by examining
local perturbations around a stationary point *, under the assumption
that f € C? in a neighborhood of x*. Using first-order (dz € R") and
second-order (62z € R™) variations within a Taylor expansion, the per-
turbed objective function is expressed as

f(e) := f(z* + edx + £%6%x), &< 1. (2.14a)

Furthermore, the derivatives of (2.14a) at the stationary point (¢ = 0) take
the form

f(0) = Df(a")o, (2.14b)
f"(0) = 6" D2 f(x*)6x 4+ D f(x*)26%x. (2.14c¢)

This formulation leads to the general form of the optimality conditions for
a strict local minimum.
1st-order necessary condition:

7(0) = Df(z*)6x =0, Yoz € R", = Df(z*)=0,  (2.15a)

2nd-order sufficient condition:

= !

f7(0) = 62" D?*f(x*)0x > 0, YVox € R", = D?f(z*) =0, (2.15b)
where > denotes positive-definiteness.

If f is convex, the conditions (2.15) ensure a strict global minimum.
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2.3.2 Equality-Constrained Optimization

This dissertation frequently defines and solves equality-constrained opti-
mization (ECO) problems of the form

minimize  f(x) [R5 R,
@ . with{ h:R" > R™, (2.16)
subject to h(x)=0 n>m.

As before, the existence of a stationary point &* for problem (2.16) is
assumed, with f and h being C? in a neighborhood of x*. Moreover,
x* is assumed to be a regular point of h(x*) = 0, satisfying the linear
independence constraint qualification (LICQ). Similar to the perturbation
in the objective function (2.14a), a Taylor expansion is applied to the
equality constraints:

h(e) := h(z* + edx + %6%x), < 1. (2.17a)

Since the perturbations must remain on the constraint surface, the following
holds:

h(s) =0, Ve in the neighborhood of 0, (2.17b)
L R(e)=0, = i'(0) = Dh(z*)sz = 0, (2.17¢)
d
&£ B'() =0, = h"(0) = D*h(z")(dz, 6z) + Dh(z*)26%x = 0. (2.17d)

Note that (2.17c) and (2.17d) are analogous to (2.10a) and (2.10b). From
(2.17¢) and the LICQ), it follows that all perturbations d& must lie within
the tangent space ker(Dh(z*)). Furthermore, as the constraint Jaco-
bian Dh(x*) is regular, a linearly independent basis for R™ can be con-
structed from span(Dh(x*)) and its orthogonal complement span(dx). The
stationarity condition f/(0) = 0 with (2.14b) implies that the objective
gradient D f(x*) can be expressed as a linear combination of the constraint
Jacobian Dh(x*):

sz —0) LICQ
gﬁg;?i_g} = Df(z") €span(Dh(z")),  (2.18a)

JIN* € R™ .
<  Df(x*) = -X"TDh(z"), (2.18b)



2.3. OPTIMIZATION 25

where A* € R™ is the uniquely defined Lagrange multiplier correspond-
ing to the stationary point x*. For notational convenience, the La-
grangian £ : R™ x R™ — R and its derivatives are defined as follows:

L(x, ) = f(x) + ATh(x), (2.19a)
DL(w, ) = [Df(x) + X' Dh(z) h(z)"], (2.19b)

—

D?L(z,\) =

sz(ﬁ) + )\TDzh(w) Dh(w)T] ) (2.19c¢)

Dh(x) 0

Setting Dy L(x*, A\*) := Df(x*) + X*T Dh(z*) to zero is equivalent to the
linear combination defined in (2.18b). Hence, the optimality conditions for
a strict local minimum of the ECO problem (2.16) at a regular point a*
satisfying h(x*) = 0 are stated as follows:

1st-order necessary condition:

7(0) = Df(z*)6z = 0, oz € ker(Dh(z*)),

(2.20)
= DiL(x*,A*) =0,
2nd-order sufficient condition:
F(0) = 62T D2 L(x", A6z > 0, Véa € ker(Dh(z*)), (2.21)

= ATDZL(x*,A")A =0,

where D2L(z,A) := D?f(x) + ATD?h(z), and A is an orthonormal
matrix whose columns form a basis for the tangent space ker(Dh(x*)). To
derive the 2nd-order condition (2.21), (2.17d) is combined with the positive
definiteness of f”(0), as defined by (2.14b), yielding

F(0) + ATR"(0) > 0,
& 0zt D2L(x*, X*)ox + DL(z*, X*) 26%x > 0. (2:22)
=0
Remark 2.3.1. The tuple (x*, A\*) corresponding to a local minimum
of (2.16) constitutes a saddle point of the Lagrangian L [70]. Consequently,

finding a stationary point of (2.16) can be reformulated as solving the
following unconstrained problem:

stationary L(z, A). (2.23a)
A
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Analogous to (2.14a) and (2.15a), the perturbed Lagrangian
L(g) = L(x* + bz, X* +0N), &< 1, (2.23b)

where dx € R™ and X € R™, provides a tool to derive the first-order
necessary condition (2.20) by imposing

£'0)=0 = DL A)=0. (2.23¢)

2.3.3 Extension to Infinite Dimensions

Trajectory optimization (T'O) problems focus on finding the optimal tra-
jectories x(-) and wu(-) for a dynamical system defined by & = f(x,u),
where the vector field f : R™ x R™ — R™ governs the system’s evolution.
The system states x(t) € R™ and control inputs u(t) € R™ vary over
time ¢t € [0,T], leading to an infinite-dimensional search space for TO
problems. For simplicity, consider the following structure for the objective

function:
T

J(@(-), u()) = /l(w(t)aU(t))dta (2.24)
0

where [ : R™ x R™ — R. Extending (2.16), the infinite-dimensional
constrained optimization problem can be formulated as

rni(n)im(iz)e J(ac(-), U())

subject to  f(x(t),u(t)) —&(t) =0, Vte[0,T] . (2.25)

=:h(z,u,x)

The tools outlined in Section 2.3.2 extend naturally to this infinite-
dimensional setting through the application of calculus of variations [83].
With the introduction of continuous-time Lagrange multipliers, referred to
as costates A(t) € R™, the Lagrangian is expressed as

E(a:()7u(),)\()) = l wt,'uft +A h(wt,ut,il?t)dt (226&)

\'ﬂ

0
T
= /H wt,’U/hAt AtTﬂtht, (226b)

0
H(wt,ut,)\t) = l(wt,ut) +)\;Ff(:13t,ut), (226C)
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where H is referred to as the Hamiltonian of (2.25), as its value remains con-
stant along stationary trajectories of £. Assuming the existence of strict lo-
cal minimizing functions &*(-), w*(+), and the corresponding costates A* (),
the first-order optimality conditions are derived by perturbing the La-
grangian, analogous to Remark 2.3.1:

L(e) == L(z*(-) +edz(-),u* () + e6u(-), A*(-) + edA())), <1, (2.27)

where dx(-), du(-) and dA(-) denote perturbation functions defined over
the domain ¢ € [0,7]. Under standard assumptions, such as sufficient
differentiability of I(-,-) and f(-,-) [88], applying the fundamental lemma
of the calculus of variations to the stationarity condition £(0) = 0 yields
the following differential-algebraic equation (DAE) system:
L_OHT g oMT o OHT

T

oM - Oz - Ou
A detailed derivation of this DAE, including boundary and transversality
conditions, is provided in Chapter 6.2.1.

To further distinguish minima from maxima and saddle points, second-
order variations must be applied to problem (2.25). However, this process
is not straightforward and will therefore be omitted in this thesis.

(2.28)

2.3.4 Remarks on Parameterized Optimization

This section briefly examines how introducing a single parameter o € R
influences the solution space of optimal points in the previously defined
ECO problems (2.16) and (2.25). Additionally, it highlights how PCC
methods from Section 2.2.1 can be leveraged for systematic exploration.
While parameterizing the optimization problem does not alter the
derivation of optimality conditions, it introduces 1-D families of stationary
points in the solution space, satisfying ﬁ’(s;a) = 0. Within this first-
order optimality condition, let the solution space variables be denoted
by x € R, leading to the parameterized root-finding problem r(x, ) = 0,
where 7 : RV x R — R¥. Further, by defining vT = [xT o], the solution
space S of stationary points can be formulated as in (2.1) and is therefore
well-suited for exploration using the PCC method (2.6). When tracing the
solution curve S along the arclength s, the evolution of the parameter o(s),
particularly (s), provides valuable insights into second-order optimality.
Specifically, for a curve of regular stationary points ¢(s) € S originating
from a local minimizer x*, such that ¢(0)T = [x** o*], all points along
the curve will correspond to local minima as long as o(s) varies monoton-
ically. This conclusion follows from Theorem 11.8.2 in [6], which states
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that the eigenvalues of the Hessian D2L retain their signs, provided the
curve ¢(s) € S is monotonic in o(s).

This property is particularly useful, as directly verifying the second-
order necessary condition at each point along ¢(s) may be computationally
expensive or mathematically intricate, especially in infinite-dimensional
TO problems.

Conversely, a change in the sign of p(s) X4 — local minimizers
indicates that the curve ¢(s) is traversing -+ saddle points
a turning point vrp, at which at least one c(s)eS VTP\‘
eigenvalue of D2L changes sign.? This c(0)
signals a qualitative shift in the stationary
o

point, where a local minimizer transitions
into a saddle point within S. Notably, a direct transition from a minimizer
to a maximizer within § is highly unlikely for large N, as this would require
all eigenvalues of D?L to simultaneously change sign.

2A TP with a single vanishing eigenvalue of D2L is referred to as a quadratic turning
point in [53].



CHAPTER 3

Recurrent Hybrid Dynamical
Systems

Since this dissertation investigates periodic motions in non-smooth dy-
namical systems, this chapter introduces the modeling framework and
notation (Table 3.1) used to describe recurrent trajectories in a class of
hybrid dynamical systems (HDSs). The discussion of recurrent HDSs and
their trajectories (Section 3.1) remains general, laying the foundation for
later chapters. The chapter concludes with a quantitative comparison of
event-based and time-based shooting methods for determining the solu-
tion set of periodic orbits (Section 3.2). It further argues why time-based
shooting is the preferred approach in this dissertation (Section 3.3).

A recurrent HDS consists of m € N continuous phases and dis-
crete transitions that switch between them. Following the notation
in [52, 137], trajectories traverse these phases in a fixed recurring or-
der,1 -2 — --- = m — 1, with modulo notation m + 1 = 1. In each
phase i, the system’s state is denoted as x; € A, where &; is an open
connected subset of R™i. The continuous evolution of x; within phase i is
governed by the phase dynamics &;(t) = fi(t,x;(t)). The state evolution
is generally influenced by control inputs u; € U;, where U; C R™¢.

Remark 3.0.1. This monograph focuses on open-loop control, where the
function space of w;(-) is parameterized in time. This parameterization
can be finite or infinite dimensional, as discussed further in the context of
optimization in Chapter 6.

Time dependence is captured in the continuously differentiable vector
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Symbol Brief description
1€{l,...,m} Index of a phase

meN Number of phases

Y =(X,FE09) (Recurrent) HDSs

X; C R Phase domain

Ny, €N State dimension of a phase
x; € X; Phase state

fieCh fi:Rx X, = TX;
.7:~; : d}i = fi(t,wi)

Qoi(t,gi,:ii) =: ml(t)

7 e RU {0}

Ti = [ti, b + )

T; € X, 1 =To

t €R, t1 =t

ettec!, e Rx X =R
ETTCRx X

Etlcx

gf“ S Cl, gf+1 Zéz:Jrl — Xi+1
tT,x;, f

th, zfh, £fiF

t¢ T x X — RU {oo}

At; = tig —t

@(t, to,xo) =: x(t)

T = [E7n+17t_7n+1 +t§ (E"H»l,j:nhl»l))

Phase vector field

Phase dynamics

Phase flow

Maximal flow time within a phase
Maximal time interval of a phase
Initial conditions

Initial times

Event function

Event set / guard

Projection of EZ“ onto Xj.
Reset map

Pre event quantitiy

Post event quantitiy
Time-to-event function (3.1)

Phase duration
(Recurrent) hybrid flow (3.2)

Final time interval in phase m + 1

Table 3.1: These key symbols of a hybrid dynamical system (HDS) are
used throughout this monograph.

The phase flow p; : R x R x X; — X; describes the general solution to
the phase dynamics. It characterizes the motion within phase ¢, starting
from any initial condition Z; € A; at initial time ¢; and continuing up to a
maximal time ¢%* € RU{oo}. For each phase i, the phase flow o;(t,t;, Z;)
is uniquely defined over the maximal time interval 7; = [t;,t; + t18%),
ensuring t € T;, due to the local Lipschitz continuity of the vector field f;
(cf. Theorem 1.1 [55], Theorem 3.1 [82]). To emphasize specific phase
trajectories, the notation x;(t) := ¢;(t,t;, @;) is used for brevity.

Additionally, a subset Ef“ in R x A&;, referred to as event set or guard,
determines a transition from phase i to phase ¢ + 1 via the continuously

differentiable reset map gf“ : §§+1 — X;y1, where g“ denotes the
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projection of 5”1 onto X;. This phase switch occurs whenever a con-
tinuously dlfferentlable event function e”‘l R x X; — R becomes zero.
Hence, the zeros of the scalar function el L(t, ;) define the event set as
(E‘Z;Jrl = {t S R, x; € X | €§+1(t,$i) = O}

Adopting the notation from [52], the hybrid model takes the form:

Time-Variant Hybrid Dynamical System
X={X}", X CR™

=L, e={n =)

£ ={EM)" €M = {teR, @ e X | e (t, @) =0}

G ={gM} " G = {x},, =g (=)}

Here, the superscript ~ and * denote quantities immediately before
and after a discrete transition, respectively. For compactness, the hybrid
model is expressed as a tuple X = (X, F,E,G).

3.1 Hybrid Trajectories, Orbits and Flows

To construct a trajectory within 3, the approach in [137] is extended to
incorporate time-dependent events, leading to the definition of the phase-i
time-to-event function t§ : T; x X; — R U {oc}, by

t8 (L, @;) == inf {t > &| (¢, ps(t. 1, @) € ETY, (3.1)
where, by convention, the infimum of an empty set is taken to be co.
Definition (Recurrent Hybrid Trajectory). A trajectory func-
tion « : T — Xy that begins and ends within Xy, while sequentially passing
through all phases in the fixed order 1 — 2 — -+ — m — 1, is termed

a recurrent hybrid trajectory. Given its initial time tg € R and initial
state xg € X1, the trajectory of a complete cycle is recursively defined as

CB(IJ)) =¥ (tafm-&-la :im—i-l) s (32&)
_ e = m
tit1 =1 (ti7 z;), (3.2b)
;ii-i-l = gz ° @; ( 7/+17t 7531) 5 i=1 ’
(t1, 1) = (to, o), (3.2¢)

where t € T, with T := [ T A A (e :cm+1)), s a time value for
which the system is in the last phase m + 1 of a cycle.
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Figure 3.1: Graphical illustration of a recurrent hybrid trajectory of ¥ that
starts and ends in the same phase X7.

A graphical interpretation of (3.2) is illustrated in Fig. 3.1. All com-
ponents of a HDS ¥ = (X, F, & G) are recurrent, meaning f,,11 = f1
and ezi? = e?. However, the transition times ¢; and states x; vary de-
pending on the trajectory. As a result, the tuples (f,,41, Zmi1) and (t1,Z1)
generally represent different points. A recurrent trajectory is considered

periodic when these points coincide.

Definition (Periodic Hybrid Trajectory). A recurrent hybrid tmjectory x(t)
is said to be periodic with period T = ty,y1 —t1 if Tme1 = &1, and
specifically, it holds

fi (Ti, 331(7'1)) =fi (Ti + T, {EZ‘(TZ‘ + T)), V1, €T;, Vi€ {1, e m} (33)
Such a periodic trajectory is also referred to as a (periodic) orbit.
The construction of recurrent hybrid trajectories and orbits focuses on

the local properties of ¥, rather than the general existence and uniqueness
of solutions, as discussed in [20, 47, 68]. This local perspective provides
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a sufficient foundation for the theoretical development in the following
chapters but necessitates additional assumptions about the trajectory.

Assumption (Recurrent Hybrid Trajectory). A recurrent hybrid
trajectory x(t), as defined by (3.2), satisfies the following conditions:

Asl It is unique in forward time and yields finite time-to-event values,
ensuring that t§ (t;, @;) < t; + t"% holds within each phase 1.

As2 It transversally intersects each event set £ such that éiT1 < 0.

As3 It satisfies gitH (ETY) N ET = 0 in all phases, where gt (-)

i+l — i
denotes the closure of the set git*(-).

Assumption Asl ensures a unique mapping of the reset map gf“, com-
plementing the previously established uniqueness of the phase flows ¢; over
their respective intervals 7;. Additionally, the condition $ (t;, ;) —t; < tIax
guarantees that each event manifold is reached within finite time, thereby
resulting in a finite duration ¢ € T for the recurrent hybrid trajectory x(t).
Assumption As2 imposes a transversality condition such that
e wr) = 25 o

+
(t=x;)

fit™,x;) #0, (3.4)

(t=x; )

for each (t,x; ) € 51-”1. This condition guarantees that trajectories in
phase i do not graze the event surface [47], thereby ensuring the well-
posedness of the time-to-event function (3.1). Similar to hypotheses HSH5
in [137], Assumption As3 ensures that the result of a reset does not
immediately trigger another reset, thereby preventing simultaneous multi-
events. This assumption further implies that the trajectory x(t) traverses
all phases i with a strictly positive duration At; = £ (¢;,2;) — t; > 0.

Under Assumptions Asi-As3, the local behavior of a recurrent hybrid
trajectory x(t) of ¥ can be analyzed.

Definition (Recurrent Hybrid Flow). Given a recurrent hybrid trajec-
tory x(t) and under Assumptions As1-As3, a recurrent hybrid flow is locally
defined by @ : T x To x Xy — X1. Specifically, within a neighborhood
(76 X XO) - (R X Xl) of the initial conditions (tg,xg), the trajectory is
given by x(t) .= @(t,to, xo), wheret € T.

In general, phase flows ¢; and, consequently, hybrid trajectories x(t)
cannot be described analytically, requiring the use of numerical integration
methods to solve the phase ODEs F;.
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3.2 Event-Based and Time-Based Shooting

This monograph employs variable-step size integrators (ODE solvers) to
achieve accurate approximations of the hybrid flow ¢(¢,tg, o). Without
loss of generality, the initial time is set to ¢y = 0. The problem of determin-
ing initial conditions (to = 0, () that correspond to periodic orbits falls
within the class of shooting methods. As the name suggests, these methods
adjust the initial state xo to ensure the system reaches a final state x(T")
after a period T > 0, satisfying the periodicity condition x(T") = x(0).

The following discussion explores different formulations of this shooting
problem by defining various root-finding problems of the form r7(x) = 0,
where 7 : RV — RY, and the superscript ” indicates that its Jaco-
bian R"” := Dr"” € RV*¥ is a square matrix. When 7" is parameterized
by a scalar o, the function is denoted as r : RV*! — RY as defined in
Chapter 2.

Remark 3.2.1. For now, periodicty is defined on the set g}n(§3n) with
T = tms1, yielding (T) = Zyy1 in (3.2). For an autonomous HDS ¥,
Chapter 4 will further explore the case where T > t,, 11, meaning periodicty
is not defined on the last hybrid event set.

Given the definition of a hybrid flow and its recursive computation
via (3.2), a straightforward implementation of this implicit function takes
the form

TcDb,ss(ch,SS) = grln ©Pm (tim tfn—l’ a_:m) —&1, (3'53)

=Tm 1

where the subscript o1, ss denotes event-based single shooting. The term
single shooting reflects the fact that the decision variable influences only the
initial state Xcb,ss = €1 := To. Meanwhile, the term event-based highlights
that numerical integrations of F; within the hybrid trajectory (3.2) are
terminated by events eﬁ“ rather than explicit time instances provided to
the ODE solver. The problem dimension is Ngb ss = Nx,1-
By further introducing the initial states @; for each phase i as decision
variables, the problem can be extended to event-based multiple shooting:
gh 0 @m (85,85, 1, Tp) — Ty
g$_1 O Pm—1 (tygn_p tygn—Qa i"rn—l) — Ty
TEb,ms(Xeb,mS) = ) (3.5b)
g3 0po (15,18, &) — @3
2 £ &) _ &
giopr (t£,0,21) — T2
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where the decision variable X;Fb,ms = [®L .. Z¥] now includes all post-

m
event states ;. While multiple shooting increases the problem dimension
t0 Nebms = 27;1 Ny, it facilitates the computation of sensitivity informa-
tion within rgb,ms and enables parallel solving of the ODEs F;.

An alternative to event-based ODE solvers used in (3.5) is the time-based
approach, where the forward simulation of F; is terminated by an explicitly
defined time instance t;. Unlike the state-based approach, this method
decouples event detection from the integration process of F in (3.2b). As
a result, the functional dependence of {t¢}™, on {(¢;,&;)}™, is broken.
Notably, the definition in (3.1) no longer holds, leading to a situation where
the detection of an event is no longer unique. Instead, m independent
variables t; are introduced, along with an additional set of m constraints
defined by the event conditions eii'H = 0 to maintain an indirect coupling.
Hence, the time-based single shooting approach is formulated as

grln © @m (tmytm—1,Tm) — T1
b (tm, @m (tm, tin—1, T )
rtDb,ss(th,ss) = , (3.6a)
e3(t2, 2 (2, t1,22) )
e} (t1, 1 (t1,0,Z1))

where the decision variable Xth,ss = [tm --- t1 T ] includes the integration
times, yielding a problem size of Nip ¢ = m + ng 1.

The time-based multiple shooting approach further decouples each
phase ¢ and is given by

G, © P (tmstim—1, Bn) — &1
671n (tma $Pm (t"h tm—ly -'im) )
gz_l O Pm—1 (tm—latm—%im—l) - -’im

b ms (Xtb,ms) = | €m—1 (tm—1,Pm—1 (tm-1,tm—2,8m-1) )| , (3.6b)

g7 o1 (t1,0,21) — @2
e} (t1, 1 (t1,0,21))

where the decision variable x{, . = [tm @), --- t1 ®{] includes the
integration times, leading to a problem size of Ny ms = m + E:il Ny i
The advantage of event-based integration in (3.5) is that it keeps the
root-finding problem low dimensional. Notably, the dimension of the single
shooting implementation (3.5a) is independent of the number of hybrid
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phases m in ¥. This independence makes it particularly useful for finding
close-to-periodic solutions, as even an approximate solution Xeb ss that
yields rEb,ss(ch,ss) ~ 0 still represents (in most cases) a hybrid trajectory
of ¥. However, event-based integration presents two major drawbacks when
exploring the solution set

Scb = 7‘;1)1(0) = {Vcb € RNJrl | rcb(Vcb) = 0}. (37)

In practice, solutions in Sep, are often adjacent to points v, [1¥, 3%, 43,
116], where:

e (Grazing occurs, i.e., éZH — 0, violating Assumption As2.

e Phase durations vanish, i.e., At; — 0, violating Assumption As3.

At grazing points v}, the sign of éé“ changes within 3, causing the

solution set Sen, in (3.5) to become disconnected at v}. Beyond this
point, no local solutions exist that satisfy éi“ < 0. Moreover, the state-
based maps (3.5) are non-differentiable at v} because the implicit function
theorem does not apply. This issue is explored further for autonomous
HDS ¥ in Section 4.3.1. The second issue arises from the vanishing local
event time At;, causing numerical inaccuracies within the respective ODE
solver [125]. The ODE solver typically executes a first integration step to
obtain éﬁ“ which becomes impractical for At; — 0.

In contrast, time-based integration (3.6) does not explicitly encode
the event activation direction éﬁ“ or the minimum phase duration ¢;, as
defined in (3.1). As a result, the solution set

Stb = T‘t_bl(O) = {th S RNJrl | Ttb(ytb) = 0} . (38)

for time-based integration is generally broader than S, for event-based
integration. Specifically, the phase trajectory x; in (3.6) can also be
computed in reverse, for At; < 0. Consequently, time-based integration
is unaffected by issues related to grazing and vanishing phase durations
(i.e., violations of Assumptions As2 and As3). However, a solution to (3.6)
may correspond to an event activation with éi“ > 0 or may overlook prior
activation instances where éﬁ“ < 0, as t; does not necessarily correspond
to the minimum in (3.1).

A comparative overview of event-based and time-based integration is
provided in Table 3.2.
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event-based time-based
o e at events e?rl(t7 x;)=0 . .
Termination of ! . o at specific time t;
e t;(t,x;) is implicitly . . .
ODE solver e t; is an independent variable
defined by (3.1)
Assumptions Asl, As2, As3 Ast
e no grazing points e t; may not attain its infimum
As2 (éi"'1 <0) as defined in (3.1)
Restrictions e no vanishing e proper event activation,
phase durations ie., 62}1 =0, is only
As3 (At; > 0) guaranteed at zeros of r”
Single shooting N =mny N =m+nx1
Multiple shooting | N = Zil Ny i N=m+ Z:il Tx,i
X Seb may be disconnected Sip is the larger solution set.
Solution set S
because of its restrictions. It holds Se, C Sip-

Table 3.2: A comparison between event-based and time-based integration
and their impact on the properties of " and solution set S = r~1(0).
Note that the solution sets become equivalent, i.e., Sg, = Stp,, under full
compliance with all assumptions and restrictions.

3.3 Summary

The solution set Sep, of the event-based (eb) implementation (3.5) is a
subset of the solution set Sy, of the time-based (tb) implementation (3.6).
Moreover, under conditions of no grazing and strictly positive time dura-
tions, ensuring that the infimum is attained in accordance with (3.1), the
two solution sets become equivalent.

Given the superior numerical robustness of ODE solvers and the stronger
connectedness of periodic orbits, the time-based shooting approach is
employed throughout this monograph for continuation and optimization
problems.






CHAPTER 4

Conservative Hybrid Dynamical
Systems

This chapter revisits the findings of [3¥], focusing on periodic orbits in
conservative hybrid dynamical systems (cHDS). Section 4.1 begins by
defining an autonomous hybrid dynamical system as a specific subclass
of the time-variant dynamics introduced in Chapter 3. To accommodate
this, the notation for time-variant dynamics (Table 3.1) is extended with
additional symbols for autonomous HDS, as defined in Table 4.1. The
following sections analyze the autonomous hybrid flow by first reviewing
well-established properties of ODEs and then extending these concepts
to HDSs. These fundamental properties are essential in establishing the
groundwork for the discussion on the local existence and connectedness
of periodic orbits in Section 4.2. The chapter concludes by exploring
how numerical continuation techniques, particularly in combination with
time-based shooting methods, facilitate the analysis of conservative orbits.

4.1 Autonomous Recurrent Hybrid Dynamics

An autonomous hybrid model ¥ = (X, F, &, G) follows the structure defined
in Chapter 3. Unlike time-variant dynamics, the phase dynamics F and
event sets £ are independent of time. This implies autonomous phase dy-
namics &; = f;(x;), with vector field f; : X; — TX;, and a time-invariant
event set 8}+1, which coincides with §;§+1, projecting onto X;. Specifically,
with the redefined event function e/™' : X; — R, assuming De/"!(x;) # 0
for all =; € Ef“, the corresponding event set forms an embedded
codimension-one submanifold defined by EZH = {wl e X; | eﬁ“(mi) = O}.
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Furthermore, the time-invariant 5f+1 simplifies the definition of the
phase-i time-to-event function tf, introducing the local time-to-event func-
tion At¢ : X; — RU {co}, which depends solely on the state:

At (&;) = inf{t > 0|, (t,0,2;) € ET}. (4.1)

For an autonomous ODE F;, the phase flow remains independent of the
initial time ;, i.e., @;(t,t;,&;) = ;(t,0,x;) for all t; € R. Thus, in the
autonomous case, the time spent in each hybrid phase is equivalently given
by the phase duration At; =t (¢;, ®;) — t; or At; = At (z;).

Symbol Brief description

fi € C’l, fi: X —=>TX; Autonomous phase vector field
Fi @i = fi(x:) Autonomous phase dynamics
eftec!, e X - R Autonomous event function
Ett=gt cx Event manifold

Xo C X Neighborhood of xg

Atf - X = RU {0} Local time-to-event function (4.1)
®,=0%i/0s, Fundamental matrix of phase i (4.4)
Sitt Saltation matrix (4.7)

D=0¢/0a,, Fundamental matrix of the hybrid flow (4.8)
H,: X; >R Phase first integral

ki €N Number of H;

H = {H;}" Hybrid first integral

ky €N Dimension of H

»H Conservative HDS

AC X Poincaré section

a: X1 —- R Anchor function

Atf‘ X — R Local time-to-anchor function
A X1 = R Global time-to-anchor function
Ao=XnNA Initial subset of A

P:Ay— A Poincaré map

I Identity matrix (4.13)

TeR Period time (4.15)

P =P (1,0,z0) Monodromy matrix

HeR Level set of H

Table 4.1: These additional symbols for (conservative) autonomous HDSs
complement Table 3.1 and are used throughout this monograph.
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In summary, the autonomous hybrid dynamical system takes the form:

Time-Invariant Hybrid Dynamical System
X={x}" X CR™

F={F}, :Fi={di=Ffi(z)}

£ ={gM\™" &M = {z; e X, | €T (@) =0}

G ={g"} 0" = {2 = 0" (@)}

For completeness, the recursive definition of a recurrent hybrid trajectory
is restated for the autonomous case:

IB(t) = @1 (tafm-‘rla jm—i—l) 5 (42&)
n T — m
tiv1 =t + At (&),
= i+l i I ’ (4'2b)
Tiy1 = 9; o @; (ti+17tia J:l) v )i
(t1,21) = (0,20), (4.2¢)

where t; = tg is set to zero for simplicity and due to ¥’s time invariance.

Remark 4.1.1. Based on Assumptions As1-As3 from Chapter 3, the
event times t; 1 = t5 (t;, ;) = t; + AtS (2;) are well-defined in all phases.
Specifically, the no-grazing condition in Assumption As2 requires the vector
field f; to point outward from the event manifold SZH, ensuring that

L1
€

(@) = Dei (@) - fulw;) <0, (4.3)
for each x; € SZH. By the implicit function theorem, each value of t; is
determined solely by the initial state xo as it evolves through the hybrid
trajectory x(t). This dependency is particularly evident in the recursive
structure of (4.2b). Consequently, the initial state T; of each phase is influ-
enced by the overall initial state Ty € X1. To emphasize this relationship,
the initial times are sometimes denoted as t;(xo), and the initial state of a
phase as x;(xo).

4.1.1 Flow Derivatives

The following discusses the structure of phase and hybrid flow derivatives
with respect to initial states &;. Assumptions Asi-As3 indicate that the
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hybrid flow ¢(t,0,x¢) is continuously differentiable in both time and state
(Remark 5 [52]).

Given that f; € C!, the phase flow ;(t,;,®;) is continuously differen-
tiable with respect to the initial state &; € A; (§32.6 [11]). Consequently,
the so-called fundamental matrix ®; for a phase i is well-defined by

P, (t,??i, Sﬁl) = m , t € T;. (44)
Iz (t,F:, &)
Notably, in an autonomous ODE, the phase flow ¢; and thus, the funda-
mental matrix ®; are independent of the choice of initial time ;. Hence,
the composition property® [33] for autonomous ODEs directly follows from
a time shift 7, where (7 < t) € T;, such that

‘I)i (t7£i7£ii) = @Z (t,’f', LEZ(%)) . (I)i (’77',{,‘,1_21‘) . (45)

A similar chained structure arises when computing state derivatives at
time ¢ € 7;41 over a phase transition of ¥ (see Appendix A.1 for a detailed
derivation):

d _
—@it1 (T, Tit1, Tit1) = @1 (t g1, Tig1)
da; (t,ti41,@i41) (4.6)

. Sf""l - P, (7?1‘4-17{1" iz) )

where Sf“ is the so-called saltation matrix [20, 76, 82], which describes
how perturbations of a trajectory are carried over from phase ¢ into 7 + 1.
With the shorthand notation

) ) ) o t+1 ;
27 = wit(3), @iy = wn D), Gt = 2@
(9.’131' -
— _ i 8624_1 X;
fi = fz(wz )a f:H = fi+1(33?—+1)7 Dei—H = % 5
T x,
the saltation matrix takes the form
. . + G £7) Deitl
St =Gt + (fin =G £7) De, : (4.7)

D€§+1fi_

The saltation matrix (4.7) can be derived through calculus using the implicit
function theorem or geometrically via first-order perturbations [76, 82, 96],

1(4.5) is referred to as transition property in (Chapter 7 [82]).
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as detailed in Appendix A.1. Note that Assumptions As1-As3 collectively
ensure the well-defined nature of the saltation matrix S:™ [15]. Specifically,
Assumption As2 ensures that ;™' # 0 in the denominator of (4.7). Hence,
exploiting (4.5) and (4.6) in (4.2), the hybrid fundamental matrix ® is
well-defined for any ¢ € T and &g € &) (Section 7.1.4 [20]):

G,
B(1,0,z0) = 22T T) (4.8)
Ox (t,0,20)
= (I)l(t 2?'mjtla i’erl)(I’erla (48b)
@, = S0 (i1, b, %), i=1,...,m. (4.8¢)

Remark 4.1.2. While the fundamental matriz ®;(t,t;, ;) of a single
phase i is non-singular for all t € T; (Lemma 7.1 [82]), the hybrid fun-
damental matriz ®(t,0,x) can be singular depending on the projections
of the saltation matrices ST (Theorem 8.1 [15]). Hence, while hybrid
flows @(t,0,x0) are unique in forward time (Asl), a solution of X is in
general not unique in the reverse time direction.

4.1.2 First Integrals and Symmetries

This section examines the conservation properties of hybrid dynamical sys-
tems, starting again with a single phase. The dynamics F; of a phase are con-
sidered conservative if there exists a non-trivial? first integral H; : X; — R of
class C1, such that H; remains constant along solutions x;(¢) [11, 108, 124].
This leads to

(z;(t)) = const. Vt e T,

H;
4
£ Hy(xi(t) = DHi(i(t)) - fi(zi(t)) =0, (4.9)

where DH;(x;(t)) = 9Hi(®)/ox|y, (1), and the initial condition z; is ar-
bitrarily chosen within X;. A system with a conserved quantity H; is
often described as having a conservative vector field f; and conservative
dynamics F;.

Remark 4.1.3. For a dynamical system and its solutions to be conservative,
(4.9) must hold for all x; € X;. On the other hand, for a non-conservative
system, it is still possible to find local first integrals, for which particular
solutions x;(t) are conservative. In the context of periodic orbits, these
solutions are typically isolated limit cycles [25, 27, 48].

2A trivial first integral H; is a constant function with a vanishing derivative, i.e.,
DH,; = 0. For this reason, non-trivial H; are commonly referred to as non-constant [11].
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A first integral H; of conservative dynamics F; is generally not unique,
since H; = aH; with o € R\{0} is also a first integral. Only if there exists
another first integral H;, with DH; being pointwise linearly independent
of DH;, F; is said to have more than one (functionally) independent first
integral [97]. The presence of multiple mdependent first integrals in phase i
is indicated with subscripts, i.e., {H;, J} where H; 1 := H;, H; 5 := H;,
and so forth.

Jj=1

Remark 4.1.4. The dimension ny; of each phase domain X; must be
strictly greater than k; as ny; = k; would fully define the phase dynamics,
leading to a trivial vector field f; = 0. This can be easily shown, since
all H; ; are independent and DH; ; f; = 0 holds for all j € {1,..., k; = ny;}
at any time t.

Definition (Conservative Hybrid Dynamical System). An au-
tononomous hybrid dynamical system X is classified as a conservative
HDS (cHDS) with a hybrid first integral H := {H;}7", if:

Def1l Each H; : X; — R is a continuously differentiable non-trivial
first integral of F;.

Def2 The first integral is preserved across discrete transitions,
i.e., Hi+1(w3‘+1) = H;(x;) for all reset maps x| = gt (x))
with 7 € &1

In analogy to the recurrent hybrid flow, where f,,,+1 = f1, a conservative
HDS satisfies H,,+1 = H;. The definition of a cHDS implies that for
any xyg € Xy its first integral H; in phase ¢ = 1 is constant along the
hybrid flow ¢(t,0,xo) for all times ¢t € 7. Furthermore, the hybrid first
integral H only contains first integrals H; that also fulfill Definition Def2.
Hence, not all first integrals {H; ; }?;1 of phase 7 are also first integrals of
the conservative HDS.

Lemma 4.1.1. The number ky of independent first integrals {Hw}] 1
satisfying definitions Defl and Def2, remains constant across hybrid
phases i. In particular, it holds ky < {k;}",.

Proof. Under Assumption Asl, recurrent hybrid flows are unique in forward
time. Thus, two independent first integrals H; ; and H; 5 in phase i cannot
both map to a single first integral H;;1 via Definition Def2. Consequently,
if phase 7 has k3, independent first integrals satisfying Def2, then phases ¢—1
and 7 + 1 must also have exactly ky independent first integrals. O
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A conservative hybrid dynamical system is denoted as X" to emphasize
the presence of a hybrid first integral H.

Remark 4.1.5. Determining first integrals for a given dynamical system
is a challenging problem and an active area of research [50, 98]. One
notable approach involves leveraging continuous symmetries 60 : X1 — X
[81]. These symmetries obey to the equation 80 p(t,0,x0) = ¢(t,0,0(x0))
within 3, and their existence implies the presence of a first integral, as
indicated by Noether’s theorem [49]. Of particular importance among these
symmetries are so-called cyclic variables, which generate first integrals of
generalized momenta in Hamiltonian systems [7, 8, 29].

4.1.3 Transition Properties

The following restates well-known results from autonomous ODEs with
first integrals [11, 33, 55, 82] and demonstrates that these results also apply
to cHDSs ¥,

Lemma 4.1.2. For any conservative dynamics F;, with a first inte-
gral H; : X; — R and ils phase trajectory x;(t), originating from arbi-
trary (t;, ;) € R x X;, with t € T;, it holds

fizi(t)) = ®4(t, ti, 2:) fi(@4), (4.10a)
Proof. For a fixed initial condition (Z;,2;), the autonomous flow ¢; at
any t € T; can be rewritten using a time shift 7 (§9.2 [11]) such that

4
T Op; ot —r) Op;
or (t,7,35) or |, Oz (t,7,35)

For 7 = t;, this yields property (4.10a). The second property in (4.10b) is
derived by considering neighboring phase flows of a first integral H; and
fixing the time t:

dpi
or

)
(77—7{73 7it)

Hi(pi(t,ts, ®;)) = Hi(Z;) V&, € A,

d%i 8Hl(a:1) 8cpi(r, Ti,wi) 8Hl(a:1)
= _ 7 7

8:[31‘ o

T

x; (t) (t,t_i,:ii)
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Lemma 4.1.3. For a cHDS X, with first integrals H; € H, and its
recurrent hybrid trajectory x(t), with t € T, it holds

fl(il:(t)) = q)(t,gi, wo)fl(il:o), (4.11&)

Proof. Because of the chained structure of ® in (4.8c) and the properties
from Lemma 4.1.2, it remains to be shown that

iJ-rl-l = Sfﬂfiia DH;i(z;) = DHi1(x 1+1)Sz+1

holds for all ¢ € {1,...,m}. The first condition is readily confirmed
by simplifying the terms and fractions in (4.7). Similarly, employ-
ing (4.7) and (4.9) allows the second condition to be simplified as
DH;(z;) = DH;11(x ZH)G’Jr1 This is demonstrated by computing the
total derivative of Definition Def2:
Hiprogit (@) = Hy(x) vai €&,
d

dax; _
= DHii (2 ,)G;™ = DH,(a;).

4.1.4 First Recurrence Map

Note that (4.10a) and (4.11a) can be considered as transitions in time since
a state always remains on the same flow when there is solely a change in
time. The focus here, however, is on distinct recurrent hybrid flows, which
result from local changes that are transversal to the flow. For this purpose,
the well-known Poincaré map (Chapter 9.1 [82]) is introduced for recurrent
hybrid flows.

Definition (Poincaré section). Let a continuously differentiable func-
tion a : X1 — R define the set A = {x; € Xi]a(x1) = 0,a(x1) < 0}.
Within a recurrent hybrid trajectory x(t) of X, the Poincaré section A is
locally defined at points where (t) € A.

The implicit constraint a(a1) = 0 is referred to as the anchor. An
illustration of the Poincaré section A is provided in Fig. 4.1.

Remark 4.1.6. Without loss of generality, this chapter assumes that
ANEL =0, meaning the anchor is not identical to an event of the HDS.
This contrasts with the definitions in [52, 137], where a := e’ is specifically
used. The implications for the derivative of the hybrid ﬂow are discussed
in detail in Appendiz A.2.
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Figure 4.1: Graphical illustration of a recurrent hybrid trajectory of an au-
tonomous HDS X that starts and ends on the Poincaré section A within X .

With o(t,0,x0) € A, the time ¢ € T is coupled to the initial state xg.
This is easily seen by constructing local and global time-to-anchor functions

At &y 1) = inf{t > 0]p1(,0, &pni1) € A}, (4.12a)
A (b1, Brg1) 1= Inf{t > trp1 |01 (t bmg1, Bmg1) € A}, (4.12b)

which are analogous to the time-to-event functions At¢ and t£. Given
the recursive structure of the hybrid trajectory (4.2b) and Remark 4.1.1,
the overall time-to-anchor can also be stated as t4(xg) := t{ (1, Tmr1)-
Moreover, t(x) is continuously differentiable due to the C! property of ¥
and the anchor a.

In the following discussion, and without loss of generality, Poincaré sec-
tions A are considered for which ¢ (z() remains finite for any point 2 € Ao,
where 4p = AN Xp.

Definition (Poincaré map). A state &y from the subset Ag = AN Xy is
mapped back onto the Poincaré section A along the recurrent hybrid trajec-
tory by the Poincaré map P : Ay — A, where P(xy) = w(tA(mo),O, a:o),
also known as the first recurrence map.
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Similar to the recurrent hybrid trajectory x(t), the Poincaré
map P € C! is well defined on the set Ag. However, since time ¢ is
eliminated by the introduction of the Poincaré section A, no further transi-
tions in time (4.11a) occur for the Jacobian of the Poincaré map DP(x).
Instead, the Jacobian takes the form

DP(xzy) = diwogo(t"‘(mo),o,mo) (4.13)
= fi (z(t")) g:z + @ (t4,0,z0)

t4)) Da (z(t4

B A)) a (a2 ,4)) ® (4,0, 20) ,
Da (2(t4)) - f1 (2(4))

where the implicit function theorem is used (cf. equation (A.5) in the

appendix) to derive

ﬁ o Da (:c(tA)) A
om0~ Da(@(A) - fi (@A) © (17,0, 0) .

The absence of time-dependent transitions in the Jacobian DP(z¢) is an
expected outcome by introducing the Poincaré section, since the vector
field fi points outside of A. Consequently, in the local search for neighbor-
ing trajectories x(t), perturbations along the vector field f; are no longer
admissible when using a Poincaré section A.

4.2 Fixed Points & Periodic Orbits

This section focuses on the examination of fixed points denoted as g € Ag
of the Poincaré map P, i.e., &y = P(x(). The goal is to show that such
a fixed point is not isolated for cHDSs (Theorem 4.2.1). To achieve this,
admissible perturbations within A are explored, necessitating the utilization
of the following Lemma.

Lemma 4.2.1. Given a fized point &g of P (under Assumptions As1-As3),
it holds that

o the phase vector field f;, and
e the derivative DH;, with H; € H,

are nonzero in all phases i.
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Proof. Due to the finite execution time ¢ (z;) of phase trajectories x;(t)
(As1), which are unique in forward and backward time, as well as the
transversality condition (As2), it is ensured that f; # 0 holds for all phases
i € {1,...,m}. Furthermore, by applying the same line of reasoning, f,,+1
is also nonzero due to the equality of vector fields £y, 1(x(t*)) = fi(x0)
with the fixed point 2o = z(t*). The property DH; # 0 directly follows
from f; # 0 and Theorem 1.1 in [78]. O

Theorem 4.2.1. Given a cHDS %, a fized point of the Poincaré
map P is never isolated.

Proof. Assume a fixed point g € A that satisfies P(xg) —xo =0
is isolated. In other words, the kernel and cokernel of the square
Jacobian DP(xg) — I are assumed to be trivial and thus,

dim(ker(DP(zq) — I)) = dim(ker(DP(zo)* — I)) = 0.

However, using properties (4.9) and (4.11b), the row vector
DH,(z(t*)) appears as a left eigenvector of the Poincaré map Jaco-
bian (4.13), such that

DH,(z(t*))DP(x¢) = DH,(x¢) = DH, (z(t")), (4.14)

where periodicity x(t4) = x is used in the last equality of (4.14).
From (4.14) and Lemma 4.2.1, DH; (x(t*))" # 0 lies in the kernel
of DP(z()" — I, contradicting the assumption of a trivial kernel. []

Note that every fixed point of the Poincaré map is directly related to a
periodic orbit with period time 7' = t, such that

¢(T70a$0) = &g, (415)

with its local linearization ®7 := ® (T,0,x()?, called the monodromy
matrix. With the well known freedom of phase property ®1 f1(xo) = f1(xo)
of autonomous systems, due to (4.11a) and (4.15), @7 has at least two
eigenvalues of 1. Hence, Theorem 4.2.1 also implies that periodic orbits in
a cHDS are non-isolated.

Remark 4.2.1. Using an anchor a and introducing a Poincaré section A,
Theorem 4.2.1 provides a crucial step in numerically exploring periodic

3The monodromy matrix ®1 is an essential tool for studying the stability and local
existence of orbits (Chapter 7.1 [82]), with its eigenvalues known as Floquet multipliers.
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orbits in HDSs. This approach differs from the original proof for ODFEs
(Theorem 4 [124]), which relies solely on the properties of the orbits (4.15)
and the monodromy matriz ®7. Establishing a Poincaré section is straight-
forward, as events are inherent to HDSs (Remark 4.1.6). This is crucial
for numerically exploring periodic orbits, as described in Section 4.3.

Due to the rank deficiency of the Jacobian DP(xz) — I, a periodic orbit
of a conservative system is classified as degenerate (Definition 1 [124]). For
the targeted exploration of neighboring periodic orbits, the focus is on the
weakest form of degeneration. Specifically, distinct neighboring periodic

orbits exist on adjacent level sets H; of H; € H.

Definition (Normal Conservative Orbit). A hybrid periodic tra-
jectory of a cHDS ™ is normal if 1 is a simple eigenvalue of the
Poincaré map Jacobian DP(xg), i.e., dim(ker(DP(xo) — I)) = 1.

The definition is analogous to Definition 3 in [124], but generalizes to
hybrid dynamical systems. It implies that a normal conservative orbit yields
a monodromy matrix ® with exactly two eigenvalues of 1. Furthermore,
only a single hybrid first integral H; € H exists in X1, meaning k; = 1.
By Lemma 4.1.1, it follows that all H; € H are single hybrid first integrals,
leading to ky = 1. Applying Theorem 4.2.1, a point &g € A corresponding
to a normal conservative orbit lies on a locally defined one-dimensional
submanifold (curve) parameterized by the level set H. Any point on this
curve is uniquely determined by the implicit equations

P(:B()) — Xy o
=] o

A numerical construction of this curve and the detection of turning and
bifurcation points for periodic orbits are discussed in Section 4.3.

Remark 4.2.2. Theorem 4.2.1 focuses exclusively on the local existence
of additional orbits. The general existence of periodic orbits is not ad-
dressed here, as it strongly depends on specific properties of L. How-
ever, certain subclasses of Y™ are noteworthy. As mentioned in Re-
mark 4.1.4, for ky = ny, the only solutions are equilibria, which vio-
late Assumptions As1-As3. Moreover, symmetric periodic orbits exist in
cHDS with m = 1 under a time-reversal symmetry k : X1 — X1, satisfy-
ing kop(t,0,20) = @(—1,0,K(x0)), Kok = id. and g} = k [29, 66, 81].*

4The concept of time-reversal symmetry is strongly connected to continuous symme-
tries (Remark 4.1.5). For more information, see [81].
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4.3 Continuation of Periodic Orbits

This section explores the efficient computation of normal conservative orbits
using the PCC methods introduced in Chapter 2. Since these methods
cannot be directly applied to (4.16) due to the square Jacobian matrix
of P(xg) — xo, the Poincaré map P is modified by introducing a scalar
parameter £ in P : A x R — A. This modification embeds ¥ in a
one-parameter family of dissipative dynamics S¢ = (X, F, &,G), where

F = {:c = fi(z:) + & DHi(x;)" }m ) (4.17)
:Ifq,(fﬂﬁf) =

with H; € H. The idea of modifying an ODE with a first integral H;
in the form (4.17) originates from [124]. Introducing ¢ in each phase
dynamic (4.17) ensures a consistent influence on the overall hybrid flow x(t),
even when the duration ;.1 — t; of a specific phase i approaches zero.
Similar to other modifications of conservative ODEs [35, 97], this approach
aims to resolve inherent state dependencies caused by first integrals. Note
that for £ = 0, the conservative dynamics £* = % are still within the
one-parameter family Y¢. In fact, the set of periodic orbits in ¥¢ is shown
to be equivalent to the periodic orbits of ©*. The following theorem and
proof build on (Theorem 1 [124]) and (Lemma 6 [97]).

Theorem 4.3.1. The tuple (zo, &) is a fived point of P if and only if € = 0
and thus, xg is a fired point of P.

Proof. Assume that there exists an orbit of X¢ such that P(xo, &) = xo,
implying @(t4,0, zg; £) = xo. Consequently,

Hi(p(t4,0,20;€)) — Hi(z0) = 0. (4.18a)

Furthermore, using the shorthand notation x;(7) := ¢;(7, ;, Z;; €), it holds

tit1
- _ d
Hi(ei(fn)) ~ Hie) = [ SHe(D)dr,  (@15)
ti
for all i € {1,...,m + 1}, where f,, 42 := t{'. Since the reset maps G

in X¢ remain independent of ¢, the integral H;y1(z/, ;) = H;(z; ) does
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not change across phase transitions (Def2). Hence, the left-hand side of
(4.18a) takes the form

m—+1

H1 ((p(t‘A,O,:Bo;f)) — H1 (CL‘()) = Z C; ; 0. (4.180)

Herein, the constant ¢; takes the particular form:

tit1 tit1
d ~
ci__/dTHi(:ci(T))dT— _/DHZ($1(T))fz(mz(T)7§)d7
tit1

_ / DH; (z(7)) (fi(sci(r)) +&- DHz’(SUi(T))T>dT

ti

(4.18d)

Ei+1

=¢- [ () o

Sl

=:C;

where the orthogonality condition DH;(x;)f;(x;) = 0 in (4.9) also holds
for any ®; € X; at initial time ¢;. Since DH;(x;) # 0 (Lemma 4.2.1)
and ;11 > t; (As3), it follows that ¢; > 0. Substituting (4.18d) into (4.18¢)
leads to £ = 0, proving that periodic orbits in 3¢ can only occur when & = 0.

O

Remark 4.3.1. Following the approach in [97], additional scalars {; ;V:HI

can be introduced in (4.17) when X% has Ny > 1 functionally independent
first integrals {H; ; };V:’*l € H, yielding

Ny
fi=filz:) + ij - DHj ()"

Jj=1

Based on Lemma 6 in [97], Theorem 4.3.1 extends naturally to show
that & =0 for all j =1,..., Ny. This approach is particularly useful for
exploring a family of conservative orbits that are not normal. However,
introducing multiple scalars leads to a multi-dimensional continuation prob-
lem, which is more challenging to handle numerically [57]. To mitigate this
complexity, similar to the methods in [9, 10, 29], it is assumed that X"
can be equivalently reduced to a system with Ny = 1.
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With Theorem 4.3.1 and the objective of parameterizing periodic orbits
by level sets H®, the modification of (4.16) yields

P(xy, &) —x
reb,ss(yeb,ss) = [; ((;g)) E[O‘| =0, (419)
1(xo) —
where V;E)’SS = [xd ¢ H] and Nebss =n1 + 1. As discussed in Section 3.2,

(4.19) is formulated as an event-based single shooting problem.

Remark 4.3.2. The initial state xq in (4.19) is not required to lie on the
Poincaré section A. In other words, any xg € X1\ A in Vep g5 can still be
used to evaluate Tep ss(Veb,ss). However, at a solution Ven s € r(:bljss(O),
the periodicity condition x(t*) = xy ensures that xy lies on A. To sys-
tematically enforce this, a method involves projecting xqg into an n; — 1
dimenstonal coordinate system locally spanning A. If the anchor func-
tion a(xy) is linear, rendering the Poincaré section A a hyperplane, this

coordinate projection is globally defined on Xy (Chapter 9.1 [82]).

The modified map in (4.19) is now well suited for numerical continu-
ation. The following theorem establishes the connection between normal
conservative orbits and solutions of (4.19).

Theorem 4.3.2. Given a normal conservative orbit where xg is a fized
point of the Poincaré map P, the point V:b,ssT = [w[)r 0 Hl(wo)] s a
reqular point of (4.19).

Proof. For notational convenience, the subscript op ¢ is omitted in this
proof. To establish regularity, it must be shown that the Jacobian

oo, op|
Dr(v®) = | 9 |4, 9 | (20,0) : (4.20a)
DHl(iL'o) 0 -1

has full rank. This is equivalent to showing that the tangent vec-
tor o Dr(v*) is unique, or equivalently, dim (ker (Dr(v*))) = 1. Consider
a tangent vector of the form

Tao
Th= ||, Ta €RM, e ER, T R (4.20D)

5Adding the first integral constraint in (4.19) is, in a sense, redundant since the set
of fixed points of P remains unchanged. However, it facilitates the search for periodic
orbits at a specific level set H.
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Since ¢ remains zero for normal conservative orbits of »~1(0) (Theo-
rem 4.3.1), it follows that 7¢ = 0. The remaining vector components, 7,
and 7z, are coupled through the last row of Dr(v*), i.e., DH1 (o) Tz, = Tj-
If 7, = 0, then 75 = 0, which results in the trivial tangent vector 7* = 0.
Thus, only nonzero 7, need to be considered in Dr(v*)T* = 0. Since xg
lies on a normal conservative orbit, the kernel of DP(x¢) — I has dimen-
sion one. For ¢ = 0, the Jacobian DP(x) is equivalent t0 9P/oz|(g, o)
in (4.20a). This implies that there only exists a single linearly inde-
pendent vector 7,, # 0 in the kernel of 9P/ax|4, o). Since 7* is the
only linearly independent vector in the kernel of Dr(v*), it follows
that dim(ker(Dr(v*)) = 1. O

Note that the implication in Theorem 4.3.2 holds only in one direc-
tion. A regular point v, . of (4.19) does not necessarily correspond to
a normal conservative orbit. In this case, vy, . is a turning point with
respect to the parameterization H. That is, the last entry of the tangent
vector T o Dreb7ss(V:b7ss) vanishes, indicating no local change in the first
integral’s value.

4.3.1 Time-Based Shooting

As discussed in Section 3.2, the event-based implementation (4.19) has
some limitations when numerically tracing the solution curve T;JI’SS(O),
due to Assumptions As2 and As3. In particular, the curve ends at limit

. N )
points v, ., where:

e Grazing occurs, i.e., DefJrl fi — 0, violating Assumption As2.
e Phase durations vanish, i.e., At; — 0, violating Assumption As3.

At grazing points, the saltation matrix SZH in (4.7) becomes undefined,
making rep, s non-differentiable at V:b7ss.

To mitigate these issues, the formulation in (4.19) is transformed into
a time-based approach, detailed along with its practical implementation.
This transformation decouples events from the integration of F in (4.2b),
breaking the functional dependence of {t§ 17, and ¢{* on {&;}7, and Z, 41,
respectively. Instead, a set of m + 1 independent variables ¢; is introduced,
alongside m + 1 additional constraints incorporating events e§+1 =0 and

an anchor condition a = 0 to maintain indirect coupling. The time-based
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multiple shooting problem takes the form:

_4P1(tm+1, tims Bm+1; &) — T1 (periodicity)
a0 @1 (tms1stm, Tmr1;E) (anchor)
Tebms(Vebms) = | (g7 omy(t;) — #:41) |- (shooting) (4.21)
{ e o ay(ty) }21 (event)
Hy(x,)— H (first-integral)
where x;(t;) = @;(t;, ti—1, Ti; &), u{{hms = [tyys @5y -t 2T € H]

and thus, Ngpms = Z:’Ql n; +m + 2. The multiple shooting formu-
lation in (4.21) is particularly advantageous for computing the Jaco-
bian D7y, ms, Where required sensitivities, denoted as ®;(t) := 9=i(t)/az;
and W, (t) := 9=i(t)/a¢, can be efficiently computed in parallel by solving
matrix ODEs [32]:

&, (t) = Ofi (xi;€) ®,(t),
i (g1 (4.22)
&,(0) = I,
: of; of;
Ti | (2, (t),€) (@i (t).€) (4.23)
,;(0) = 0.

For a large number of hybrid phases m, the Jacobian exhibits a sparse
structure:

Rni1 O O 0 0 CEpyi O
C R, 0O ..0O0O O Z, O
0 CRni:1 00 O0E, 0
Drtb,ms = : : : , (424&)
0o o0 o CR;, 0 E;, 0
0 0 O ..OCR, E O
0 0 0 ..00HhH 0 -1
with
fm+1 tI)m+1 .
f ,i=m+1
Da- frny1 Da- @4
R, = 1 s - (4.24Db)
(1 K3
, otherwise,

Deitt. i Deltt. @,
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‘Ilm+1 .
Da. W ,it=m+1
a - 1
=, — » mr (4.24c)
Gt .o,
g , otherwise,
Deltt .,
0o I
m=[0 D), C= [0 . ] . (4.24d)

For compactness, function arguments are ommitted in (4.24b) and (4.24c).
All functions are evaluated at their final phase duration ¢; provided with
the phase flows @;(t;,t;—1,®;;€), which are computed simultaneously by
the same numerical integration scheme. Also note that R;, C and E; are
generally of different sizes, since the state dimension ny ; of a phase varies.

Remark 4.3.3. A solution vy, . to (4.21), satisfying the conditions
of no grazing and strictly positive time durations (Assumptions As2,
As3), such that it attains its infimum in accordance with (4.1), corre-
sponds to a solution x§ = &} of the state-based problem (4.19) such that
[wBT 0 Hy(x)] € r;)%SS(O). This correspondence is established through the
application of the implicit function theorem. Additionally, when vy, . is a
reqular solution of (4.21), it follows that the corresponding solution vy,
for (4.19) is also regular. The same implication holds for turning points

and thus, whether x§ corresponds to a normal conservative orbit or not.

Lo A
0<®

TP
SB

>

EQ H
Figure 4.2: A schematic representation of the time-based solution
space Sy, = 7, (0), which includes equilibria (EQ), simple bifurca-
tion (SB) points, and turning points (TP). The event-based solution
space Se, = 7' (0) is entirely contained as a subset, excluding EQ and
other points that violate Assumptions As2 and As3, which are visualized
as blue points.
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4.3.2 Initial Periodic Orbits

To construct a curve within the set Sy, using numerical continuation
methods, as described in (2.6), it is essential to begin with an initial
point vih 0 € Stp. When specific knowledge about the hybrid system »H
is unavailable, an initial point 14,0 can be obtained by numerically solv-
ing 7, (Vi) = 0, starting from an arbitrary guess wgp guess € RV 1. To
improve tractability, the solution space can be reduced by fixing the level
set H. Since Vih guess May be far from Sy, expanding the region of conver-
gence often becomes necessary. A common strategy involves modifying the
original problem, such as minimizing the sum of squares [101] or embedding
the problem into a global homotopy framework [6].

Alternatively, when specific knowledge about %" is available, it can
be leveraged to construct an initial 14, 9. Depending on the system’s
characteristics, local solutions may be derived analytically. For systems
exhibiting time-reversal symmetry, a constructive approach to finding a
starting point vy, o becomes available [29, 66].

For cases with limited insight into X7, the time-based implementation
described in (4.21) provides an alternative method. This approach enables
explicit exploitation of analytic grazing solutions, such as equilibria [115,
116], or hybrid dynamics that evolve with zero time duration (At; = 0).
Section 5.2 demonstrates the application of this method in constructing
initial points for non-smooth mechanical systems that preserve energy in
Section 5.2.






CHAPTER 5

Energetically Conservative Models

All models are wrong, but some are
useful

—George E. P. Box

This chapter explores energetically conservative models (ECMs), where
the system’s energy serves as the first integral. This class of conservative
HDSs is particularly relevant to impulsive (non-smooth) mechanical systems,
such as legged robots. Section 5.1 derives the necessary conditions for
energy conservation in rigid-body systems with contact and examines its
implications for the well-posedness of phase vector fields f;. These insights
are then applied to a spring-loaded monoped in Section 5.1.3. The chapter
concludes in Section 5.2 with a numerical exploration of orbits in four

ECMs using PCC methods.

5.1 Construction of Conservative Models

For the derivation of an ECM, consider a rigid-body system subject to
contacts without sliding, which is commonly used to model legged robotic
systems. Regardless of the active constraints, let the system’s state be
represented by the vector 7 = [qT ¢'] € TQ C R?", where n, de-
notes the number of degrees of freedom (DoF) and T'Q is the tangent
bundle of the configuration space @ C R™. This implies that the state
dimension ny ; = noq remains constant across all phases of an autnomous
HDS X.! The system’s total energy is given by E(z) = Exin(T) + Epot(q),
where Eyi, : TQ — R and Epo : @ — R are the kinetic and potential

LAn alternative approach accounts for active constraints by defining a varying
set of minimial coordinates q; € Q;, leading to varying state dimensions ny; in X
(Section 5.2.4).
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energy, respectively. In particular, the kinetic energy, expressed in terms
of the system’s mass matrix M : Q@ — R"™a*"a takes the form:

Fion(a,4) = 54" M()d. CAY

The system’s active contacts are modeled as scleronomic equality con-
straints g; : @ — R"™¢, where n.; € NU {0} denotes the number of active
constraints in phase . If the active constraint set J; := {q € Q | ji:(q) = 0}
is non-empty, i.e., n¢; > 0, the constraints are assumend to be linearly
independent, ensuring a regular contact Jacobian J;(q) := Dj;(q).

Using Lagrange multipliers A; € R™¢ to represent constrained forces,
the equations of motion are given by:

M(q)§ = n(q,4) + Ji(a) " A, (5.2a)
Ji(q) =0, (5.2b)

where the conservative forces nn : TQ — R" arise from Lagrange’s
stationary-action principle:

nla.4)" = ~3DM(a)(dd) ~ DFpor(a) (5.20)

Obviously, no additional non-conservative forces, such as damping, friction,
or actuation, are introduced in the process of constructing an ECM in (5.2).

5.1.1 Conditions for Energy Conservation

According to the definition in Chapter 4, for the energy function E(x)
to be a (hybrid) first-integral H of ¥, the following conditions must
hold:

o All vector fields f; are conservative (DefI).

o The energy remains constant across phase transitions (Def2).

Condition Defl can be readily verified by performing index reduction
on the differential-algebraic equations (DAE) in (5.2), yielding the phase
vector field:

q
fi(z:) = T; = [q] . (5.3)
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Here, the Lagrange multipliers are explicitly given by

Ai(2) = —Mi(q)~" (qu)q ; Ji<q>M<q>—1n<sci>), (5.4)

M;(q) := Ji(q)M(q) " Ji(q)", (5.5)

where Mz denotes the Delassus matrix? for phase i. Hence, the derivative of
the energy DE(z;) = [-n(z;)T ¢T M (q)] is orthogonal to f;(z;) in (5.3),
using d’Alembert’s principle such that ¢*.J;(q)TA; = 0.

The second condition Def2 is more intrecate to verify as it assumes
that four types of transitions can occur in a mechanical system:

1. Active constraints in phase i become inactive in phase i + 1, i.e.,
Cit1 C G, implying nc 11 < ne .

2. The constraint set remains unchanged, i.e., C;+1 = C;.

3. Additional constraints become active in phase i + 1, i.e., C; C Ciy1,
implying n¢,; < ne,it1-

4. A combination of transitions 1 and 3, in which previously active
constraints become inactive and new constraints become active in
phase 7 + 1.

Transition 1 corresponds to rigid bodies breaking contact with their
environment, indicated by an event eé“ = X\ n(2;), where a normal force
component A;n of (5.4) crosses zero. Since no projection onto C;iq is
necessary, the discrete map is the identity, i.e., gf“(:l:i) = x;, ensuring
energy conservation: E(x;11) = E(x;).

Transitions 2 and 3 involve rigid bodies making contact with the en-
vironment. The collision process is modeled using Newton’s coefficient of
restitution ecor € [0, 1], which relates pre-collision relative velocities Yit1
to post-collision relative velocities 'y;r :

’)’;_1 = *GCOR’YZ‘_' (56)

For ecor > 0, transition 2 describes an elastic collision that does
not create new persistent active constraints. A prominent example is
the bouncing ball (Section 5.2.1), where 7; and 'yi':l represent opposing
velocities before and after the bounce. As required by Def2, energy remains
constant only for a fully elastic collision, i.e., ecor = 1.

2The Delassus matrix ]f\\/I/Z is named after Etienne Delassus [31].
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In legged systems, a common assumption is fully plastic colli-
sions (ecor = 0), where a foot remains on the ground, enforcing 7;-_5-1 =0,
where ;" ; := Ji11(g")g". This (transition 3 and 4) corresponds to a pro-
jection onto C;y1. Since the system configuration g in mechanical systems
remains constant across discrete transitions (g = g7 = ¢7), a projection

within the map g/ ™! (x;) occurs on velocity level:

0" = (1- M@ " Ts@ M) @) (5)

A constant configuration g also implies that the potential energy Epot(q)
remains unchanged across transitions. Consequently, to satisfy Def2,
meaning that E(x; ;) = E(x; ), the kinetic energy Fy;, must also remain
constant:

1. T - i
§q+TM(q)qJr =3 TM(q)q , Vx; € Ei'H. (5.8a)

Using (5.7), this condition can be expressed more compactly as:

o~ | .« —
Y'Miyi1(q) 'y =0, VyeIm(Jiyi(q)d ). (5.8b)

Energy conservation is only possible if the inverse Delassus matrix M;ll is
zero. Intuitively, this means that inertia and mass involved in the projection
must vanish to preserve energy. However, this leads to a problematic
condition, as it results in singularities in the system’s mass matrix M.

5.1.2 Vanishing Masses & Inertias

Rather than enforcing vanishing masses and inertias directly, they are
instead considered as a limiting case. To formalize this, introducing some
abuse of notation, a parameterized mass matrix M (q;e) = M. is defined,
where ¢ is a parameter that also affects the Delassus matrix, written
as M, ;1(qg;e). This parameterization must satisfy:

lim Mz-}-l(qa &‘)71 ; 0. (59)
e—0

From (5.8), it follows that the system is energetically conservative only in
the limit ¢ — 0. However, as noted in [68], massless appendages can create
inconsistencies between accelerations and net forces in the dynamics (5.3).
To ensure well-defined, finite-dimensional dynamics, rank deficiencies in
the mass matrix M._,o must be addressed through constraints (J;, A;).
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By appropriately scaling J;, h and A; with e, the singularities in M_* can
be avoided, allowing (5.3) to be reformulated as:

G =M:"(n(x;e) + Ji(g;e) " (x5 €)), (5.10a)
= Mgl(nrxlass(m;e)) =+ Mgl(nelast(q; 5) + Ji(q;e)TAi(m;e)). (510b)

Since scaling masses also affect gravitational energy Epq¢ grav, the potential
energy is further decomposed as Epot = Epot,grav + Fpot,clast, yielding
1) = Nmass + NMelast 111 (5.2¢). Here, the subscript oas¢ denotes the system’s
elastic components. The resulting conservative vector field, defined by equa-
tion (5.10), remains C'! and well-posed in the analytic limit ¢ — 0. In other
words, while M, may become singular as ¢ — 0, the products M~ "nuaes,
MY (Netast + JEA;) remains finite.

Remark 5.1.1. This approach aligns with Assumption A7 in [68]. How-
ever, unlike their formulation, the matriz [f\f Jé'T} does not need to be
invertible in the limit. Additionally, the robot’s topology does not require
explicit modifications when a massless limb detaches from the ground (con-
trary to Assumption A6 in [68]). As noted in [68], massless limbs do not
contribute to kinetic energy and thus evolve independently under their own

decoupled dynamics.

5.1.3 Example: The Spring-Loaded Hopper

during flight:
l=1

ko = w?myl?

Figure 5.1: An energetically conservative one-legged hopper with a trans-
lational leg spring and a torsional hip spring. It’s planar configuration is
described by q* = [z y « I].

The following applies the previously described methodology to derive
an ECM for a SLIP-like one-legged hopper, as introduced in [43]. This
model includes passive swing leg dynamics generated by a torsional hip
spring (Fig. 5.1). Based on [1¥], the systematic derivation of an ECM
presented here addresses an unresolved issue in [43] concerning the spring
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leg dynamics during flight. This motion, which becomes singular when
foot masses vanish, was previously ignored. Here, it is accounted for by
incorporating additional holonomic constraints.

The model consists of a torso with mass mo, constrained to purely linear
motion (no rotation) as defined in [43]. Thus, the torso’s configuration
is given by the hip position (x,y). The leg is attached to the hip via a
rotational joint with angle a and includes a torsional spring of stiffness k.
without damping. The legs are modeled as massless linear springs with
length [, natural length [,, stiffness kj, no damping, and a point mass my
at the foot. The total system mass is m, + ms. The robot’s configuration
is represented by the generalized coordinates ¢* = [z y « (], with n, = 8.

The model has two phases: stance S and flight F. The corresponding
constraint forces in these phases are )\g = [Ar An] and Ap. These forces
satisfy the constraints

jr(a) =1—1o =0, (5.11a)
dslg) = |7 T Isme) - x] —0, (5.11b)
y — lcos(a)

during flight and stance, respectively. The constraint (5.11a) fixes the
leg length to I, during flight, whereas equation (5.11b) implements the
assumption of no sliding during stance (with a horizontal contact point
position ). For the continuous dynamics in (5.10), the elastic force vector
is defined as

nt.=10 0 F, FI} : (5.12)

where F,(q) = —kqoa and Fi(q) = ki(lo — 1) describe the hip and leg spring
forces, respectively. The tangential and normal contact forces, At and Ay,
are active only during stance. Similarly, Ap # 0 holds only during flight to
constrain the leg length to its natural value, .. This results in impulsive
forces and discontinuous changes in [ whenever the foot leaves the ground
with nonzero velocity. The touch-down event €3 (g) = [0 1]- js(q) is defined
kinematically, while the lift-off event ef (g, ¢) = Ax is triggered when Ay
changes sign from positive to negative.

To avoid kinetic energy losses during touchdown, the foot mass my is
brought to zero, following an approach similar to that in [43, 44, 68, 100].
To satisfy Def2 and ensure equation (5.9) holds, the foot mass is redefined
as mg = erig. Note, for ¢ — 0, the condition in equation (5.9)remains valid
for both the stance and flight transitions:

. T CN—1 _ q: 5mf 0 o
;I_I:f(l) MS(qa E) - gl_rf(l) [ 0 €mf‘| =0, (5138‘)
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. ~ _ . Emfmo

lim My (q;¢)~! = lim ————  =0. 5.13b

65% F(q’ ) slir(l) ems + meo ( )
To ensure finite continuous dynamics in the limit e — 0, the constraint
forces are redefined as

67?1{ N

As, (5.14)

eMms « sin(a
Ap = —F + ﬂ:lf)\F, As ::—[ ( ) F+

° — cos(a)

o

introducing new auxiliary forces Ap, Ag. The core idea here is to decompose
the constraint forces into two components: one that balances the elastic
forces, represented by the known values of F}, and another that counteracts
inertial forces, computed when solving the DAE (5.2). The latter component
is scaled with € to ensure that /A\F and 5\3 remain finite even in the limit
e — 0. Following [43], the leg swing frequency w, is prescribed by

ko = w2 my I2. (5.15)

=emyg

This ensures that w remains finite as the foot mass approaches zero, lead-
ing to k, — 0. With the modifications in (5.14) and (5.15), taking the
limit & — 0 recovers the same finite-dimensional dynamics reported in [43].

5.2 Exploration of Periodic Orbits

To demonstrate the numerical computation and continuation of normal
conservative orbits in cHDS, four examples from [3¥] are discussed: a
bouncing ball, a rocking block, a bouncing rod (Fig. 5.2) and the previously
derived SLIP-like hopper (Fig. 5.1). Each of these systems is based on an
energetically conservative mechanical model with lossless collisions, where
the hybrid first integral H consistently represents the total mechanical
energy. To facilitate comparisons between them, the state variables and
parameters of all systems are normalized with respect to total mass m.,
characteristic length I, and gravity g. The hybrid dynamics 3™ of these sys-
tems are smooth in all components, ensuring that ry, € C°°. A particular
emphasis is placed on the time-based (tb) multiple shooting (ms) imple-
mentation 7, ms in (4.21), as it enables the exploration of non-physical
behaviors that nonetheless connect smoothly to normal conservative orbits.
A higher-order variable step size integrator (explicit Runge-Kutta (4,5)
with error tolerances 1077) is used to trade off accuracy and speed in the
numerical computation of the root-finding problem 7¢b ms(¥tb,ms) = 0.
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(a) (b)
Figure 5.2: Shown are three conservative mechanical systems with impul-
sive dynamics due to fully elastic collisions with the ground (ecor = 1):

(a) bouncing ball, (b) rocking block and (c) bouncing rod. The system’s
configuration variables are shown in blue.

5.2.1 Example: The Bouncing Ball

The cHDS 7 of the bouncing ball (mass m,, diameter I,), shown in
Fig. 5.2a, is represented as:

X = {aclz y] yER,yeR}, (5.16a)
1T
=l -4 . (5.16b)
51 _ _ Yy 1 _ .,
1 =921 = | e1=y=0,, (5.16¢)
Y
1 . k
91 = [y —y} , (5.16d)
1
H, = §mog2 + Mogy. (5.16¢)

These dynamics are limited to a single phase (m = 1) and represent a
free-falling object traversing the phase sequence 1 — 1. The hybrid phase
transition occurs when the ball touches the ground and the state returns
to X; via a fully elastic collision (ecog = 1) to complete the recurrent
motion as illustrated in Fig. 5.3. The total energy of the ball in (5.16e)
serves as the hybrid first integral H. Given the simplicity of the example,
the hybrid flow ¢ of the cHDS X% of (5.16) can be solved analytically
according to the recursion in (4.2), which helps illustrate the concepts and
symbols introduced in Chapters 3 and 4. The hybrid flow originates from
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Figure 5.3: Key frames illustrating a normal conservative orbit of the
bouncing ball and the rocking block. In the rocking block example, the
system’s symmetric motion is exploited, allowing us to compute only its
pivoting motion about the left corner. An additional time symmetry is
observed in both system’s orbits, with At; = At,.

an arbitrary initial point

T
531 =Ty = |:y(] yo] S Xl, (517&)
fL=1to=0, (5.17b)

where g € A must be further constrained to produce physically realizable
recurrent hybrid trajectories that satisfy Assumptions Asi-As3. Specifi-
cally, the initial height must satisfy yo € R such that e}(xq) > 0. Given
this, the hybrid flow progresses through the first phase with

1,42, o~
—5gt t
@1 (t1,0,21) = 29% T4 ! o (5.17¢)
—gt1 + %o
until it reaches the event manifold £} at time
; - jo+ /98 + 2 _
By o= 5 (0, @) = VIO T W09 | g (5.17d)
g ~~

=0

with e} o ¢1(t{,0,21) = 0. The second part of the hybrid flow is initiated
at the image of the reset map g; with

— 5915 + Yot + yo

Z(= gl + 1) (5.17¢)

Ly =gj o1 (£2,0,21) = l
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(5.17d) =

0

VU5 + 2409

Hence, with At = t — t,, the overall hybrid flow at time ¢t € T is defined as

" . (5.17f)
Y2

L A#2 o
_ —7gAt +y2At
t,0,29) = t,to, o) = | 2 . . 5.17
@(t,0,20) = @1 (t,12, 22) AL+ i (5.17g)
The time t can be chosen from the final time interval T = [to, %3],

where {3 = 1?2 + Ati: (ig) with

_ 2. (arh) 2 [,
At (22) = i R p 92 + 2y09 (5.17h)

corresponds to the next ground collision. To eliminate time ¢ and identify
periodic orbits in (5.17g), the Poincaré section is defined as

Az{mlzm “Zy:o’}, (5.18)

a=—-g<0
which corresponds to the ball being instantaneously at rest. This implies
the value of the local time-to-anchor function as At{(&s) = 92/, leading
to the overall time:

_ . 2L . 2 .2 2
(o) = Ta + At (@g) = 22 _ Y HEVIR T 20T (5 g,
g g

With that, the Poincaré map is given as

.2
g
55 T %0

P(zo) = 2(t") = 0

, mo= ly(’] . (5.19b)

Yo

Note, although P(xy) € A, the initial state x( still has to be chosen
from the Poincaré section A (Remark 4.3.2). This requires yo = 0 and
simplifies (5.19) to

T =tA ([yo O}T> - 2%, (5.20a)

E)E e
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Hence, any x¢ = [yo 0|7 € A with yo > 0 yields a fixed point of the
Poincaré map P and a normal conservative orbit of (5.16), which also
fulfills Assumption As8. That is, these fixed points are not isolated, as
anticipated by Theorem 4.2.1 based on the existence of a hybrid first
integral H. A projection of this family of orbits is depicted by the solid
blue line in Fig. 5.4a.

For the numerical exploration of periodic orbits, as discussed in Sec-
tion 4.3, the time-based implementation in (4.21) is considered:

pi1(te, t1,2;€) — @1
ao @ (ta, t1, T2;§)

Ptbms(Vtb,ms) = | g1 0 1(t1,0,21;&) — Xa | (5.21a)
et 0 p1(t1,0,Z1;€)
Hy(x,)—H
1T
Vtb,ms = |:t2 e'EQT t1 Q_'JVII‘ § H:| s (521b)

where the phase flows ¢ solve the modified ODE defined by the vector
field in (4.17):

fi(z1,8) =

y+5m°9,] . @ = M . (5.22)
—g+&moy Y

Note that for £ = 0, it holds fl = fi1, and in particular, with H > 0, the so-
lution spaces of periodic orbits of (5.21) and (5.20) are equivalent. With the
map Ttb,ms and its Jacobian Dy, ms, the solution space Sgp ms = rt_lims(O)
is explored utilizing a PCC method (Section 2.2.1).

The use of numerical continuation methods necessitates an initial
point vy € Sipms- With m = 1, an appropriate initial point for the
continuation of periodic solutions is the equilibrium state of =" at energy
level H = 0 mogl, and thus, the trivial vector vy = 0. Notably, this
initial point does not fulfill Assumption As&, which, however, does not
pose any issues for the time-based implementation (4.21). Upon closer
inspection, one determines that this vy marks a simple bifurcation (SB)
point of ¢, ms With perpendicular tangent vectors 7 and 7, as they are
depicted in Fig. 5.4a. These tangent vectors are constructed through a
Lyapunov-Schmidt reduction (Section 2.2.2). Since the Jacobian Dr(ug)
exhibits a vanishing gradient with respect to £, the tangent vector 7
exclusively aligns with the direction of £&. The corresponding projection
of points from Sip, ms corresponds entirely to instances in which the ball
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is completely at rest (orange line in Fig. 5.4a). Such solutions exist for
arbitrary values of &.

By following the tangent vector 75 in the direction of increasing phase
durations Aty and Aty, a normal conservative orbit arises, that corresponds
to the fixed points of (5.20) (solid blue line). For negative phase durations
Aty < 0 and Aty < 0 (illustrated by the dashed blue line), the phase
dynamics traverse in reverse time. While this constitutes a non-physical
solution, it is possible to solve the phase dynamics in (5.22) in reversed
time, by modifying the vector field such that &; = — f (a1, ¢) and solving
the corresponding ODE in forward time ¢ € —[t;_1, ;] for t;_1,¢; < 0. Note
that only a point of the solid blue line corresponds to a normal conservative
orbit and thus, to a solution of ¥*. Since the normal conservative orbits
in this example can be computed analytically, the relationship between the
period time and the first integral’s values can be expressed in closed form

as T = {/H 8/m.g?. For the non-physical periodic orbits with reversed
time (dashed blue line) this relationship is expressed by T = —1/H 8/mog2.

’l singular point ® SB point O turning point ‘

H [mogl.]

(a) (b) ()

Figure 5.4: Projection of points from Sy, ms of (a) the bouncing ball, (b)
the rocking block (b), and (c) the bouncing rod. Solid blue lines indicate
normal conservative orbits originating from vy = 0. The simplicity of the
dynamics of the bouncing ball permits an analytic relationship between
H and T. For the rocking block, H is bounded by a homoclinic orbit at
Hoax as T tends to infinity. For the bouncing rod, vy constitutes a non-
simple bifurcation point. The family of conservative orbits further features
turning points in H and a simple bifurcation (SB) point. Projections of the
bifurcating solutions are shown by a solid green line, with further details
provided in Fig. 5.5.
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5.2.2 Example: The Rocking Block

Following the example in [24], a rectangular block of diagonal size 2[,, mass
mo and so called block slenderness f = 0.3 rad is examined, as depicted
in Fig. 5.2b. The block rocks back and forth between its left and right
corners, experiencing lossless collisions (ecor = 1) during each movement.
A detailed description of this motion can be found in [63]. Due to the
block’s inherent symmetry, its continuous dynamics during pivoting motion
around either corner are equivalent. Key frames illustrating this symmetric
motion are shown in Fig. 5.3. Consequently, with m = 1, the block’s
dynamics are defined as

X = {:cl - m acR,ac R}, (5.23a)
(0%
&
fi= [ 50 g3 - a)] , (5.23D)
&l = {wl = lal e]=a= 0} , (5.23¢)
(6%
T
gl = {a fa} : (5.23d)
H = §m0z5a2 + (cos(a — B) — cos(B)) molog, (5.23¢)

where the angle « characterizes its rotation about the left corner and the
total energy of the block in (5.23e) serves as the hybrid first integral H.
Note that, similar to the bouncing ball example, H; is defined such that
its potential energy is bounded by the zero level set as a« — 0. The
condition a < f is further imposed, as the slenderness ratio 8 defines
the upright unstable equilibrium of the block. As a result, to ensure
that the recurrent hybrid trajectories x(t) are physically realizable and
comply with Assumptions Asl-As3, the initial state domain Xy must only
include configurations where « lies within the range (0, 5). As before, this
ensures e} (xzg) > 0.
The Poincaré section A is based on the anchor function

a(@i) =&, == [a a}T, (5.24)

which yields a time-based problem (4.21) of size N = 7, aligning with the
structure of the preceding bouncing ball example. Utilizing the equilibrium
state vy = 0 of =" as the starting point for the continuation process, the
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solid blue line in Fig. 5.4b once again depicts a family of normal conservative
orbits. Similar to the bouncing ball example, any point &g = [ag 0] € A
with g € (0,0) corresponds to a fixed point of P. However, since f;
defines the dynamics of a conservative pendulum, the normal conservative
orbits x(t) of ©* cannot be expressed in terms of elementary functions
and instead require elliptic functions [24]. In this context, a noteworthy
observation is the system’s energy upper limit Hy.x at o = /3 as the system
approaches a homoclinic orbit for ' — oo [24]. Additional solution curves
in Sgp,ms With negative times and non-zero values of £ exist analogous to
the bouncing ball example.

5.2.3 Example: The Bouncing Rod

A rod of length [, mass m, and a radius of gyration r = /100 is consid-
ered. The rod’s rotation is described by the angle o« € (—m,7) and the
distance of its center of mass to the ground by y € R. Hence, the configu-
ration g7 = [y a] is defined in the configuration space Q = R x (—m,7).
The cHDS X7 of the bouncing rod is of phase dimension m = 2 and is
expressed as:

Y
al | [yal” €Q,
X = X = = L. s 5.25
1 2 T g [y Oé]T c TqQ ( a)
&
T
fi=f=[i & —g 0], (5.25b)
1 1
e? =y — §l° sin(a), es =y + 510 sin(a), (5.25¢)
- 0 -
4 0
2
—py - , 5.25d
91 Y 2 cos()? + 4r2 2725y — l,r? cos(a) & ( )
| 112 cos(@) % — Lo cos(a)y
- 0 -
4 0
1
S : 5.25¢
92 27 12 cos(a)? + 4r2 2729 + 1,72 cos(a) ( )
| 112 cos(@)?d + Lo cos(a)y

1
Hi1=Hy; = §mo(y2 + r2d2) + mogy. (5.25f)
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The rod has fully elastic contact points (ecor = 1) at its left and right
corners, resulting in a flight phase between collisions. The event func-
tions e? and el denote when the left and right corners impact the ground,
respectively. Therefore, the dynamics in (5.25) represent a left-right contact
sequence with 1 — 2 — 1. The total energy of the rod in both phases
in (5.25f) serves as the hybrid first integral H. It is notable that the angle «
does not appear in (5.25f), indicating another first integral denoted as:

Hy 5 = Hy 5 = mora, (5.26)

referred to as the angular momentum [49]. However, the discrete maps g%
and g3 instantaneously change the value of (5.26) for any a € (—m,m)
in the event sets £ and &3, respectively. As {H;2}?_; does not meet
Definition Def23, only the system’s energy H = {H; 1, Ho1} is considered
a hybrid first integral of the cHDS X*. As with the previous examples,
trajectories originating from A{; must be physically realizable to satisfy
Assumptions As1-As3. Hence, any xo € X must fulfill e?(zq) > 0.
The anchor is positioned at apex transit such that

a(@) =y, @1=[y o j ar. (5.27)

Unlike the previous examples, not every point on the Poincaré sec-
tion A corresponds to a periodic orbit. Additionally, while the system’s
equilibrium vy = 0 remains a singular point of the time-based imple-
mentation (4.21), it does not constitute an SB point. Given m = 2
hybrid phases, the problem is of size N = 17 with the decision vec-
tor I/;[{)’ms = [ty &3 t2 T3 t; TT & Ef] Branching from vy = 0 into a
normal conservative orbit is initiated by constructing the tangent vector
directing towards a symmetric orbit with At; + Atz = Aty. Here, the
phase durations are defined as Aty = t1, Aty =ty — t1 and Aty = t3 — to.
The solid blue line in Fig. 5.4c¢ illustrates this family of symmetric normal
conservative orbits. These orbits cease to be normal at two turning and an
SB point. At the SB point, the bifurcating orbits, depicted by solid green
lines, break the previously mentioned symmetry. As a result, the SB point
creates two additional 1D families of non-symmetric, normal conservative
orbits. These orbits exhibit a phase duration Aty that is either shorter or
longer than Aty + Ats, corresponding to different heights of the rod at the
two apexes within a periodic orbit. Fig. 5.5 zooms in on the region of special
orbits, revealing the two turning points and a projection of the bifurcating

3Tt can be shown that fi in (5.25b) possesses three independent first integrals, yet
only the energy in (5.25f) satisfies Definition Def2.
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orbits. The key frames in Fig. 5.6 further illustrate the differences between
symmetric and non-symmetric orbits. They also emphasize the system’s
stiff dynamics due to the low radius of gyration r. Consequently, while the
vertical position y changes only slightly, the rod undergoes rapid rotation
with high angular velocity c.

0.8

0.6 |-

lo/9]

0.49¢

T

0.515402

lo/9]

Aty |

0.2

0515402 0.515412

| | | |
0.52 0.54 0.56 0.58 0.6
H [moglo]

Figure 5.5: Projection of orbits of the bouncing rod system, highlighting
turning points as circles and simple bifurcation (SB) points as dots. The
solid blue line represents symmetric orbits with Aty + At3 = Ats, while the
solid green line depicts a non-symmetric orbit that originates from an SB
point. Shown in (a) is a detailed and rotated view of Fig. 5.4c, emphasizing
the second turning point and SB point. An alternative projection is shown
in (b), using the time duration Ats of the second flight phase.
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[Aty = Aty + Atg] |

|7\

H
|

i i ’A/z > Aty + At i i

= =
: I I ) I
0 Aty t Atg to Ats t3

Figure 5.6: Key frames illustrating two normal conservative orbits of the
bouncing rod at period T' = 0.8 \/l,/g. The frames compare a symmetric
orbit (Aty = Aty + Atg) with a non-symmetric orbit (Aty > Aty + Atg).
Only the symmetric orbit reaches the same maximum height twice.

5.2.4 Example: The Spring-Loaded Hopper (Continued)

The SLIP-like hopper with swing-leg dynamics (Fig. 5.1), introduced in
Section 5.1.3, is revisited to analyze its periodic orbits. Using the parameter
values reported in [43], the leg’s stiffness is kj = 40 mo9/1, and its rotational
frequency is w, = 1/59/1,. As before, the alteration of ground contact is
characterized by stance S and flight F, introducing m = 2 hybrid phases.
However, now the system is described in minimal coordinates, eliminating
the need to solve a DAE and the computation of constraint forces. As
a result, the two phases have distinct domains of different sizes: ng = 4
and np = 5. Accordingly, the cHDS ¥ takes the form:

a
— _ ! [Oé l]T € QS7

Xs =4 x5 = & G T €T, 0s [ (5.28a)
I
Y
o [y a]T € QF?

Xe={ap=|i|| iR, : (5.28b)
gl | 56" € TqeQr
167
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[ &
1 Z (5.28¢)
= Y ’ .408C
> —2% + ¥ sin(a)
|12 — gcos(a) — :Tlo(l —15)
r T
fr=1l9 @ 0 —g —awi| , (5.28d)
ek =1, —1, (5.28¢)
ep =y — 1, cos(a), (5.28f)
[ I cos(a)
a
g8 = | —isin(a) — alcos(a)| , (5.28¢)
[ cos(a) — ad sin(c)
i &
[ a
g = . (5.28h)
" —i (cos(a)d + sin(a)y) |’
cos(a)y — sin(a)z
Hg = Imo(6%1? 4+ 1%) + mog cos(@)l + 2k (1 — 1o)? (5.28i)
1
Hy = 5mo(i +§7) + mogy, (5.28j)

where the system’s energy constitutes a hybrid first integral H = {Hs, Hr }.
Y starts and ends its flow within the stance phase following the contact
sequence S — F — S. The configuration space during stance in (5.28a)
is defined as Qg = S! x R, with the leg rotation a@ € S' and the leg
length I € R. Thus, g3 = [a {]. During flight, the configuration space
in (5.28b) is defined as O = R x S!, where y € R denotes the vertical
position of the point mass. Thus, gf = [y a]. To ensure the physical
realizability of the recurrent hybrid trajectory x(t) (Asl-As3), the initial
point xy € A must be selected such that eg(wo) > 0.

The horizontal velocity & is constant during flight, as can be seen in the
phase dynamics (5.28d). This implies another independent first integral of
phase F by the linear momentum Hy 2 = mo&. However, only Hr and Hg
satisfy Definition Def2.
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In this example, the Poincaré section is defined at nadir transit during
stance, given the anchor function

. AT
a(zs) = —l, @5 = [a I & l} . (5.29)
This framework allows us to derive an analytical starting point v for the
time-based implementation (4.21), where v, .. = [t ®3 t2 @5 t1 Z{ & H].
For an initial orbit involving purely vertical leg motion (o = 0) and a flight

time of Aty = 0, the resulting behavior manifests as a linear oscillation in
[ with a constant period:

3
T, =) At =21/mo/h, (5.30)
=1

wherein Aty = Atg = T, /2. Furthermore, with

0 0

S lo — 2es

T3 = ol T2 =gg(®3), T 0 )
0 0

the starting point vy defines an SB point at energy level H = 1 mogl,.
In Fig. 5.7, various projections of the starting point and the bifurcating
solutions, obtained via a Lyapunov-Schmidt reduction, are shown. The solid
blue line represents a normal conservative orbit within X, whereas the
dashed orange curve depicts harmonic oscillations at higher energy levels H
with a period of T, = Aty + Ats. Since the flight duration is zero (Ats = 0),
these oscillations are non-physical, violating Assumption As3. Note that
the stance durations At; and Ats are identical, aside from the harmonic
oscillations. In the time-based implementation that generates a harmonic
oscillation, the direction of event activation is irrelevant. This allows either
t1 or t3 to define the timing of the first or second crossing of I = I, (Fig. 5.8b).
Consequently, due to the symmetry between At; and Atg, they appear
identical in the projection shown in Fig. 5.7b. Consistent with [43], Fig. 5.7a
highlights two additional SB points. The introduction of further normal
conservative orbits, represented by solid green lines, corresponds to forward
and backward hopping motions with @ # 0. Fig. 5.8 illustrates key frames
of individual orbits of the hopper, highlighting the main characteristics of
the different orbit families shown in Fig. 5.7. Additional SB points emerge
along the blue curve for larger period times and for T < T,, depicted by the
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dashed blue line. A full identification and presentation of all bifurcation
points in this model is beyond this section’s scope.

Remark 5.2.1. The horizontal position x is purposely neglected in the flight
dynamics, since it is a cyclic coordinate that can be easily reconstructed by a
solution p(t,0,xo) of the hybrid system X*. Unlike the SLIP model without
swing dynamics (& =0) during flight [16, 142], it is not possible to further
reduce Y* to a model with m = 1, i.e., a single stance phase as in [29]. The
reason for this is that there exists not a unique analytic solution for the flight
duration At%. In other words, a function that maps dg‘ €& to c'yif € EE 18
not unique, since there are known periodic orbits where dg =K, with k € R,

yields either &5 =k or &fh = —k [43].

3, T
e BN
& 9] = 0.6
= 1 VO/' )

] = 051
= 1 i
gl O,VO <4 0.4
8 [

1 | | | 0.3

—_

1.2 14 16 1.8
H [mogls] Aty [To]

(a) (b)

Figure 5.7: Various projections of points from Sip ms of the SLIP model.
Shown in (a) are period time 7' and forward speed & during flight over
energy level H. (b) shows the stance durations, At; and Ats, relative to
the flight duration At,. The phase durations after and before the nadir
transit, At; and Atz respectively, appear identical in this projection. The
period time T, = 2m\/m,/k illustrates a vertical harmonic oscillation
with no flight duration (At = 0), depicted by the dashed orange lines.
For positive flight durations Aty > 0, the solid blue line corresponds to
hopping-in-place (& = 0), while negative flight durations Aty < 0 (dashed
blue line) are non-physical. Simple bifurcations can be found at higher
energy levels H, depicting the bifurcating solutions of stationary hopping
(solid blue line) into forward/backward hopping (solid green lines).
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i

| |
Aty th =ty Aty t3

Figure 5.8: Key frames illustrating various periodic orbits of the hopper
example. Shown in (a) are three distinct normal conservative orbits of the
hopper at energy level H = 1.8 mogl,. Additional arrows are provided to
visualize linear and angular velocities within the motion. In contrast, (b) de-
picts harmonic in-place oscillations with vanishing flight duration Aty = 0,
which are considered non-physical as they violate Assumptions As1-As3.
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5.3 Summary

With the theory and methodology presented in Chapter 4, ECMs can
be systematically explored using PCC methods. This was demonstrated
with the four examples in Section 5.2. Equilibria, specifically periodic
orbits with zero phase duration (At; = 0), prove to be particularly useful.
These orbits require minimal domain knowledge about the system and can
be used to seed normal conservative orbits (orbits parameterized by the
energy level E). This demonstrates that conservation is a strong property,
enabling the targeted synthesis of recurrent dynamical systems.

On the other hand, constructing a well-defined HDS X%, according
to Assumptions Asi-As3, that admits a hybrid first integral H can be
particularly challenging. Section 5.1 provided necessary conditions for
energy conservation to facilitate the derivation of ECMs. To enforce these
conditions, masses and inertias must be scaled with € to handle plastic
collisions, eventually bringing them to zero. This process requires careful
handling to address the singularities that appear in the mass matrix M,_,q
and to ensure the completeness of the phase vector fields f;, as required
by Asli.

As demonstrated in the derivation of the SLIP-like hopper dynamics in
Section 5.1.3, the various steps involved in deriving an ECM are often not
straightforward and may require substantial domain knowledge.



CHAPTER 6

Optimization in Hybrid Dynamics

In contrast to the passive dynamics studied so far, this chapter reintroduces
actuation into the system and presents periodic optimization problems
as a tool for identifying economic gaits in legged systems. Section 6.1
defines a general periodic trajectory optimization (TO) problem within
a recurrent hybrid dynamical system (HDS) and presents a selection of
economic cost functions, along with the concept of passive-optimal solutions.
Section 6.2 focuses on periodic optimization for an HDS ¥ with a single
phase (m = 1). The optimality conditions for such problems are derived
using both indirect and direct methods (Section 6.2.1). When passive gaits
are present, Section 6.2.2 further explores the reconstruction of Lagrange
multipliers for each method. The chapter concludes (Section 6.3) with
remarks on conservation in the indirect method and an extension of the
direct method to HDSs with multiple phases (m > 1).

Before proceeding, the continuous dynamics of 3, as outlined in Chap-
ter 3, are revisited. Within each phase i, the state evolution x; : 7, — X;
is influenced by the time-dependent actuation w; : 7; — U;. Since this
monograph considers both finite- and infinite-dimensional parameteriza-
tions of u;(-) (Remark 3.0.1), the phase dynamics are generally expressed
as Fj : a:z(t) = fi(wi(t),ui(t)), where .fi X x Uy = TA;.

6.1 Periodic Trajectory Optimization

Central to any optimization problem is an objective function to be mini-
mized and a decision space where the minimum can be attained. Given the
flexibility of a time-based implementation of ¥ (Section 3.3), the decision
variables include the event times t¢;, phase trajectories x;(+), and inputs u;(-).
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Consequently, the scalar objective function c({ti, x; (), ul()}ﬁl), also re-
ferred to as the cost function, depends on these variables, leading to the
following periodic TO problem:

Periodic Trajectory Optimization Problem

minimize & ({t;, 2 (t:)}2) Z / Li(2(t), wi(t))dt

ti, | i=1 ;7
@i (),
wi() )., =c(")

subject to {a’ci(t) = fi(zi(t), ui(t)), te [ti_l,ti]}il,
pm {eﬁ“(ti,mi(ti)) = 0}:1,

i=1
z1(to) = gr, (T (tm)), (periodicity)
to :=0, (initial time)
2o (to) := x1(0), (initial state)
tm =T, (period time)
w({t;,i(t;)}i2y) =0, (operating point)

where £ € R>( is a scaling factor within ¢ and the stage cost of each
phase is defined as [; : R™i x R™.¢i — R. The final set of equality
constraints in problem P™ defines an operating point w € R™  imposing
n, > 1 operating conditions. The operating point typically specifies desired
amplitudes and frequencies, or metrics such as average system energy and
velocities. Introducing an operating point is essential for generating motions
with user-defined characteristics, especially when optimizing for energetic
efficiency. It actively avoids trivial optimal solutions that correspond to
either no motion (equilibria) or zero phase duration (At; = 0).

Note that the decision variables are assumed to be unconstrained such
that its domains are simplified to 7; = R, X; = R™i and U; = R™w,

Assumption (Existence of Local Extrema). The optimization problem P™
admits at least one strict local minimizer ({t},x;(-),u;(-)}1,) with phase
durations At; > 0.
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Assumption (Differentiability). The control inputs are continuous, i.e.,
u; € CY, and unconstrained. The functions c(-), fi(,-), Li(-,-), g;+1(~),

e () and w(-) are of class C™ with respect to all arguments.

Although the continuity assumption on the inputs u; can be relaxed
[83, 129] using Pontryagin’s maximum principle [107], this consideration is
not relevant to the problems addressed in this monograph. This is because
the focus is on effort-based cost functions without input constraints, rather
than on time-optimal formulations that yield bang-bang control behavior.

Remark 6.1.1. The problem P™ is formulated within a time-based frame-
work, where the anchor is defined by the last event, i.e., a := el (Re-
mark 4.1.6), and phase times t; are treated independently from events eEH.
In contrast, a state-based approach eliminates t; as decision variables by
introducing implicit time-to-event functions t&. This requires Assump-
tions As2 and As8, which restrict the search space and complicate gradient
computation in the TO solver. Consequently, the time-based formulation
of P™ offers greater fleibility, allowing for grazing conditions (¢ =0)
and vanishing phase durations (At = 0) in the optimization process.

6.1.1 Economic Cost Functions

Economic cost functions in mechatronic systems model energy expenditure
during periodic operations. These functions depend on the system’s design
and purpose, such as periodic flight [119] or pick and place tasks [38],
as well as its actuation and energy source, e.g., gas tanks or batteries.
The following economic cost functions are primarily based on [112]. They
are especially relevant to legged systems powered by electric motors and
batteries, as this is currently the dominant design in legged robotics [21, 75].
By denoting the actuator torques and forces as u; € R™:i and the
actuators velocity as ,g; € R™i C X, common stage costs within ¢(-) are:

li = u; T Kug, (copper losses/input squared) (6.1a)
li = ug; " ui, (mechanical power) (6.1b)
l; = max (0, uq; "u;), (positive mechanical power)  (6.1c)
L = uqi T uil, (absolute mechanical power) (6.1d)
li = ugi "u; + u; T Ku;, (electrical power) (6.1e)
l; = max (O7 wGi Tu; + uiTKui), (positive electrical power) (6.1f)

where the positive-definite diagonal matrix K relates to the speed-torque
gradient of a DC-motor. Note that the stage costs in (6.1c), (6.1d) and (6.1f)
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are not differentiable at [; = 0, requiring either smoothing or a reformulation
using slack variables [14] to satisfy the differentiability assumption. To
enable a comparison of energy economy across different legged systems,
actuator work is typically normalized as

1
mogAx ({a;(t:)}7%y)’

where m, is the total mass, g is gravity, and Ax represents the distance
traveled within a periodic gait as a function of the states x;. This normal-
ization renders the cost ¢ dimensionless, a metric commonly referred to as
the cost of transport.

Note that all cost functions that are defined through the stages costs
in (6.1) yield zero cost (¢ = 0) if the input remains constantly zero (u; = 0).

K= (6.2)

Definition (Economic Cost Function). A cost function c(-) belongs
to the class of economic cost functions C if it satisfies ¢ = 0 whenever
u; =0 forallie{1,...,m}.

Thus, if a system is capable of purely passive locomotion (u; = 0), an
economic cost will reflect this by indicating zero energy expenditure.

6.1.2 Passive-Optimal Solutions

This dissertation places a particular emphasis on passive gaits. In actuated
systems, passive gaits correspond to periodic orbits with zero actuation
(u; = 0). Since a primary objective of legged systems and other periodically
operating systems is to minimize energy dissipation®, passive gaits appear to
be globally optimal from an economic perspective. Specifically, for a certain
subclass Cyp C C of economic cost functions within the TO problem P™,
passive orbits with zero energy supply constitute globally optimal solutions
to P™.

Definition (Passive-Optimal Solution). A global minimizer
({tr,2; (), uf (-)}™y) of P™, where u} =0 for all i € {1,...,m},
is referred to as a passive-optimal solution, or in the context of legged
locomotion, a passive-optimal gait. Furthermore, if the minimizer is
strict, meaning it is isolated from other minimizers, it is referred to

as strictly passive-optimal.

n contrast, airborne wind energy systems are designed to harvest energy from
their environment [26].
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Passive optimal gaits inherently solve an inverse optimization problem.
That is, given a passive gait with an operating condition w(-) = 0, a
corresponding class of optimization problems P™ with cost functions Cg
can be constructed to ensure that passive gaits emerge as globally optimal
solutions.

6.1.3 Solution Strategies: Direct and Indirect Methods

For practical applications, a dynamical system must operate under a range
of conditions w. Since passive-optimal solutions alone cannot cover this
entire range, a general solution strategy for P™ is required. Solution
strategies for the TO problem P™ can generally be divided into two
categories: the direct and indirect approaches. This distinction arises
because P™ is an infinite-dimensional optimization problem, given that
the function space of u; is infinite-dimensional.

Direct Method

The direct method approximates P™ with a finite-dimensional problem pm
by introducing a time discretization, often referred to as transcription [34,
72, 135]. The resulting nonlinear program (NLP) 75’”, specifically an
ECO problem as discussed in Section 2.3.2, is then solved by satisfying
its optimality conditions. When using shooting methods for transcription,
the inputs u;(-) are parameterized by control parameters &; € R"¢:i. Note
that n¢; € Ny, , as the number of decision variables must exceed the
number of independent equality constraints for optimization. This leads to
parameterized control functions of the form @; : R x R™s:i — R™wi,

Assumption (Input Parameterization). The parameterization of the input
functions satisfies the following conditions:

a; € C?, (6.3a)
a;(t,0) = 0, (6.3b)
0i(t, &) = 0:(t, ") = & =&, (6.3¢)

for allt € R and &; € R™1,

Remark 6.1.2. Equation (6.3c) ensures that the basis functions used
in w;(-,-) are linearly independent. This property is commonly satisfied
by Bézier curves, B-Splines [105], and Fourier series. Additionally, these
basis functions naturally satisfy condition (6.3b).
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Indirect Method

The indirect method approaches the problem differently by first deriving
the first-order optimality conditions using variational calculus [83]. This
involves considering the entire function space of u; to derive the stationary
conditions of P™, which take the form of a boundary-value problem (BVP).
While the indirect method can yield analytical solutions in rare cases where
the BVP remains simple, solving such problems generally requires time
transcription, similar to the direct approach.

Both approaches in this dissertation rely on shooting methods for time
transcription. In summary, the direct method follows a "discretize first, then
optimize" approach, whereas the indirect method first derives optimality
conditions and applies discretization afterward.

6.2 Single Hybrid Phase Optimization

This section applies the previously discussed solution strategies, direct
and indirect approaches, to single-phase models ¥ with m = 1. Such
systems are often referred to as simple hybrid systems [10]. For notational
simplicity, the phase index 7 is omitted when considering simple hybrid
systems. Additionally, an auxiliary state y(-) is introduced for the stage
cost, where y(t) € R, allowing the problem P™ to be rewritten in the
so-called Mayer form:

minimize o(T,=(T),y(T)) (6.4a)
subject to  &(t) = f(x(t),u(t)), te0,T], (6.4b
z(0) = g(z(T)), (6.4c
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—o, (6.4f)

w(T,z(T),x(0))

=h(T.(T).2(0))

where ¢ : R x R™ x R — R denotes the terminal cost function and
the equality constraint h : R x R™ x R™ — R in (6.4f) en-
compasses both the event constraint e and an operating point con-
straint w : R x R™ x R™ — R"~,
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6.2.1 Optimality Conditions

The following subsections derive the optimality conditions for P! using
both the direct and indirect approaches.

Direct Method

The problem P is approximated using the input parameterization (t, £)
from (6.3) and a single shooting approach, yielding the NLP:

TrninE (T, &(T),45(T)) min  é(3)
N 9(&(T)) — o st. h(¥x) =0,
P s.t e(T,&(T)) | =0, < T
w(T7:/%(T)7w0) 5= |aol |
:H(T,mg,ﬁ) £

where &(t) = ¢(¢,0,x0,€) and §(t) = fotl(:ﬁ(T),ﬁ(ﬂ.f))dT result from
numerically integrating (6.4b) and (6.4d), respectively. Furthermore,
the dependence on the initial condition (0) = =z and input param-
eters & is explicitly incorporated by defining the approximate cost
function é : R x R™ x R™ — R, where &(T,xo, &) := (T, &(T),5(T)).
The periodicity, event and operating conditions are combined into a single
equality constraint h:R xR x R — R™s, where ny = ny, + 1 + ng,.
According to Section 2.3.2, introducing the decision vector #' = T zd ¢7)
and Lagrange mulipliers e R™x, the optimality conditions for a strict
local minimizer 3" (satisfying the LICQ) take the form:

First- and Second-Order Optimality Conditions for Pt

1st-order necessary condition:

(6.5a)

>
II—=

Dé(3e")T 4+ Dh(3c*)"

2nd-order sufficient condition:

owT (D?e(5") + D*h(3¢")" X)ow 3 0, Vow € ker(Dh(3)). (6.5b)
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Indirect Method

In contrast to the direct approach, the indirect method formalizes the first-
order necessary conditions of the original problem P!. This is achieved
using Lagrange’s multiplier method for the so-called non-integral (6.4b),
(6.4d) and integral constraint equations (6.4c), (6.4e), (6.4f) [83]. The
non-integral equality constraints (6.4b) and (6.4d) must hold pointwise in
time for all ¢ € [0, T]. They introduce continuous time Lagrange multipliers,
referred to as the costates p € R™ and ¢ € R of = and y, respectively.
The integral equality constraints (6.4f) also introduce Lagrange multipli-
ers AT = [\o AT] € R1*"~. However, these multipliers are discrete in time,
as they act at constraints that depend only on the states at the boundary
of the trajectory. Similarly, for the integral equality constraints (6.4c) and
(6.4e), additional Lagrange multipliers ,AT = [(AT ;\] are introduced,
where yA € R™ and A € R.

For notational convenience, the continuous and discrete time variables
are grouped as

()" = [2()7 ()] (6.6a)
p()T = p()" a()], (6.6b)
w()" = [2()7 ()T u()7], (6.60)
0T = :T AT}, (6.6d)
and the Hamiltonian defined as
H(z,y,p,q,u) =p' fz,u)+q-(z,u). (6.7)

With the introduction of these Lagrange multipliers, the Lagrangian is
defined as

LA v,w(-) =Li(v,w) + L2(,A, w) + L3(v, w), (6.8a)

where
L1=c(T,z(T)) + ATh(T,z(T),z(0)), (6.8b)
Ly = A (g(=(T)) — 2(0)) + yAy(0), 8¢c)
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With the Lagrangian, the stationarity condition within the constrained
optimization problem P! can be equivalently written as an unconstrained
problem [70]:
stationary L(,A, v, w(-)). (6.9)
20w ()
To derive the stationary condition of the new problem (6.9), its solu-
tion (ZX", v*, w*()) is perturbed by introducing variations:

SAT = [T 6,2,
soT = [5T 5>\T], (6.10a)
bw()" = [62()T su()T dp()T].

The perturbed variables are then expressed as:
¥+ edv, (6.10b)

where ¢ is infinitesimally small. Note that w(t) is a function of time and is
thus, coupled to the variation of the period time T in v at the end of the
trajectory:

w(T) = w*(T) + edw(T)

6.10
=w"(T* 4+ e0T) + edw(T* + &dT). (6.10c)

At a locally optimal point of problem P, the first variation dL]. of the
Lagrangian (6.8) must vanish. With L(¢) := L(,\, 0, w(-)), the stationary
condition takes the form

= 0. (6.11)

Remark 6.2.1. Formulating the unconstrained problem (6.9) using La-
grange multipliers requires certain reqularity conditions on the equality
constraints. The notion of reqularity is not introduced here, as it involves
technical details specific to the infinite-dimensional vector spaces under con-
sideration. For a thorough discussion on the required regularity conditions,
please refer to Chapter 9.2 of Luenberger [88].
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The first-order variation defined in equation (6.11) is executed in its
three components (6.8):
dL,

0al =4

(6.12)
e=0

_ [;EO(T (7 +6-6z(7~’))}

e=0

+i_<5\Th(T, z*(T) + e6z(T), w*(0)+55w(0)))

e=0

_ JoC ac | ., .7 [ Oh oh | .. .. -
— [a:r 5| 2 (T*) + A <8T | ® (T ))] 5T + 6ATh|,
oC le; + Oh + Oh
b | T+ |G| XTI Jsa(rr) + X T 60,
ac
6Ls, = - 2 (6.13)
3 e=0

-4 (XXTg(as*m + cba(T))

— AT (*(0) 4 €6z (0)) + yS\(y* (0) + séy(O)))

e=0

dxr

+ 0 (g( (T*))—w*(o))+5y/\y (0),

)\*T a

®\ *T *
Darl. dx(T™) — x A" 6x(0) + yA*dy(0)

d£3
0Ls|e = e . (6.14a)
T*+e6T
= (i_( / H(w* + edw) — (p* +edp) " (2% + £62) dt)
0 e=0
T*+e8T
= / die (H(w* +edw) — (p* +edp) (2 + 56i)>dt (6.14b)
0 e=0
+ [H (wh.) — p*T*Tz'}*} oT
T
= / ( Sw—dpT st — p*Taz) dt + [H(w}*) - pi}*Tz'}*} 6T
0
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T* T*
T OH
{ P }0 0 ow |,

+ [’H(w*T*) - p*T*Tz'}*]cST

Sw—opT 2 + p*T5z> dt (6.14c)

= p; 62(0) — pp. " 62(T7) + [H(w}*) - p}*TZ}*] 5T

T
g e
0z .
0

where the Leibniz integral rule is applied in (6.14b), and integration by
parts is used in (6.14c). By summing equations (6.12)—(6.14), grouping the
terms accordingly, and omitting the superscript *, the following expression
is obtained:

OH OH
< xT
+p } 0z + u Léu—i— [8p

*

0=46L

TrTOH g oH  .r oH
_/0 ([aerp}éer{ap—z}6y+[8u}5u>dt (6.15a)

+[oF 52F OT X" 6AT]

where
LR L L (6.15b)
T = a0 (6.15¢)
Tl = {mTfT m} (6.15d)
LT = (g(:cT) — wO)T yo] , (6.15¢)

with
@ T = S:OTAero — XA, (6.15f)
v = G0+ yA, (6.15g)
T T T

o = aig A—pr+ a% % A, (6.15h)

il e (6.151)
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5 oc - Oh .
Tr = H(U)T) + aiT + A 87 (615j)
onT@r g i (6.15k)

Since the problem (6.9) is unconstrained, the first-order variation (6.15a)
must hold for arbitrary perturbations §,A, év and dw(-). Thus, applying
the fundamental lemma of the calculus of variations yields

oM "
pi)=-5-| (6.16a)
0z wl(t)
T
(t :88—% 7 (6.16b)
P law(t)
T
o= It (6.16¢)
ou wl(t)

for all ¢ € [0,7] and requires the residual equations (6.15b) to vanish:
[ L e (6.17)

While the DAE (6.16) constitute the first part of the necessary conditions,
(6.17) contains so-called transversality (;7) and boundary (h, ,h) condi-
tions. Notably, from (6.16a) follows: ¢ = —9"/ay = 0. This results in a
constant Lagrange multiplier ¢ which is derived from the transversality
condition (6.151) as ¢q(t) = qo = gr = 9¢/oyr. Likewise, the transversality
conditions (6.15f) and (6.15g) can be rewritten as

A= —=— A+ po, (6.18)

yA=—(q. (6.19)

Hence, xA can be eliminated from the transversality condition (6.15h).
Finally, under the fulfillment of the residuals 5,7 = 0 and ,,7 = 0, the
last transversality condition (6.15j) simplifies as its additive terms (6.15k)
vanish. With these simplifications, equations (6.16) and (6.17) lead to the
first-order necessary conditions, which are presented in the compact form
in the following box.
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First-Order Necessary Condition for P!
The first-order optimality takes the form of a DAE:

@ = ?;T = f(z,u), (6.20a)
j = % = (), (6.20Db)
q= 6872’ (6.20d)

- %T - Z%Tp + %Tq, (6.20¢)

with associated boundary and transversality constraints:

g (z(T)) —z(0) =0, (6.21a)
y(0) =0, (6.21b)
h(T,z(T),z(0)) = 0, (6.21c)
Oc tOh
H(w(T)) + a7 T A 57 = 0 (6.21d)
og T oh T oc ™ onT

—J . _ — (T — — = 21

. (p(()) + 2y /\> p(T) + - + 9or A =0, (6.21¢)
where the Hamiltonian is defined as
H(z,y,p,q;u) =p" f(z,u)+q-l(z,u). (6.22)
——

=w

As the next step in the indirect method, shooting can be applied to
solve the BVP defined by the DAE (6.20) with boundary conditions (6.21).

Remark 6.2.2. This monograph does not explore sufficient conditions
for the indirect approach, including second-order variations as discussed
by Speyer (1984). Deriving such a second-order variational theory is
cumbersome, even for small subclasses of periodic optimization problems
in P'. Among other requirements, this involves showing the existence of
particular solutions to Riccati differential equations and analyzing properties

of the Monodromy matriz for the underlying DAE/ODE.
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6.2.2 Lagrange Multipliers for Passive Orbits

As previously shown, Lagrange’s multiplier method is a crucial tool in
both direct and indirect approaches for incorporating nonlinear constraints
into the cost function when seeking a local minimum. By introducing
Lagrange multipliers, it eliminates the need to explicitly construct the
constraint tangent space, though it expands the space of decision vari-
ables to satisfy the stationarity conditions. For a strictly passive-optimal
solution (T*,z*(:),u*(-) = 0), the Lagrange multipliers can be directly
reconstructed for both the direct P! and indirect P* problems.

Direct Method

In the direct approach, a passive-optimal solution corresponds to the
point 3T = [T* T €*T], where £€* = 0 holds independently of the
choice of input parameterization (Remark 6.1.2). Assuming strict passive-
optimality with respect to an economic cost function ¢, such that 3"
constitutes a regular point, the Langrange multiplier in (6.5a) is given by

~

A= —(Dh(")")" De()", (6.23)

where t denotes the Moore—Penrose inverse. Since the Jacobian Dh(5")
has full rank (satisfying the LICQ), the Moore—Penrose inverse uniquely
defines A.

Indirect Method

Provided a strictly passive-optimal solution, the multipliers A and p(-)
can be reconstructed via the necessary conditions (6.20) and (6.21). In
particular, with the condition (6.20d), the first Lagrange multiplier can be
readily reconstructed:

dc

= , (6.24)
YT | (1 2 (1) ,y(T))

q
where y(T%) = fOT* I(z*(t),0)dt. For the reconstruction of the costate
trajectory p(-), the necessary conditions (6.20) are reformulated to

w = F(w), (6.25a)
0 = H,(w), (6.25b)
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where
[ Fz, ) ]
[z, u)
T T
l
F = —g—f —g— q|, (6.26a)
Tl(@,u) T l(@,u)
0
- 0 -
of " ar|"
Huy = of P+ -q. (6.26b)
ou (1) ou (1)

Note that the dynamics & = 0 in (6.26a) result from the passive in-
puts u* = 0.

Since the costates p(-) are uniquely associated to a strict optimizer
with * and u* by (6.25), they are locally observable within (6.25b) (Sec-
tion 1.9 [67]). Exploiting the affine dependence of p and ¢ on the vector
field F and the function H,, the Lie derivative L is utilized to define

Hy
LFHu _ I
L Lt =Ap+bg=0, (6.27a)
; (2*pouv)
where
] " )
ou T .
A= (S nast) - (5588) | (6.27b)
- o .
ou T -
_ . )
b= (S fige) —(%5) | (6.27¢)

are evaluated at the point (z*,u*). Due to the local observability of p, the
matrix A has full (column) rank for all (*(t),w*(t) = 0) and t € [0, T"].
Speciaficially, it holds span(AT) = span(AT)2. Thus, for each time instant,

2According to the terminology of Isidori [67], span(AT) is referred to as a distribution.



96 6. OPTIMIZATION IN HYBRID DYNAMICS

a square matrix A(t) € R™*™= can be reconstructed from ny rows of 4
such that det(A(t)) # 0. Furthermore, selecting the same ny rows from b
constitutes the vector b(t) € R™. Finally, the costate can be reconstructed
by

p(t) = A(t)"'b(t)q, (6.28)

for any time ¢ € [0,7*]. With the computed costates p(0) and p(T*) at
the boundary, the remaining Lagrange multipliers A are reconstructed
from (6.21e):

T T
Oc

p(0) — 2
(2 (1)) Oz

T T T
H— (39 Oh " Oh )

6wT 8130 aazT

dg

= T *_7
A H(p(T) S

)>7 (6.29a)

(7 @ (T),y(T*)

(6.29b)

(7@ (1%),2* (0)) .

Similar the direct approach and (6.23), assuming the matrix H has full
rank (satisfying the LICQ), the multiplier A is uniquely reconstructed
by (6.29a).

6.3 Remarks and Extensions

The following extends the discussion of solving a TO problem of a hybrid
system X.

6.3.1 Indirect Method: Conservation in Optimization

In Section 6.2.1, the Hamiltonian H = pT f + ¢l was introduced in (6.7)
for the TO problem P! of a simple hybrid system X with m = 1. While
Chapter 4 generally refers to H as a hybrid first integral, characterizing a
conservative HDS, it can indeed be regarded as a hybrid first integral H
of a higher-dimensional ¢cHDS ~*. That is, the first-order optimality
conditions (6.20), (6.21) can be understood as a time-based approach
to identifying conservative orbits in . Since cHDSs are treated as
autonomous in this monograph, constructing »H requires:

o A DAE index reduction for (6.20e) to derive a closed-form expression
for the input: @(x,p).

e Augmenting the state with 7 € R and defining its dynamics as 7 = 1
to eliminate time dependence in the event function: &} (7, x).
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By introducing the state variables &5 = [2T pT 7] for %, the hybrid first
integral takes the form:

Hy(&,) = p" f(z,a(z,p)) + ¢ l(z,a(z, p)). (6.30)

While the first condition for a hybrid first integral (Def1), i.e., d/atH; = 0,
is straightforward to verify, the second condition (Def2) requires the preser-
vation of the discrete map g; (#;) in $* . This aspect is not further explored
here, as enforcing the periodicity condition gi(&1(T)) = &1(0), and conse-
quently constructing g1, introduces the challenge that the initial state &1 (0)
and the final state &1 (7T) are nonlinearly coupled in (6.21e). One possible
approach to address this issue involves modifying the time coordinate so
that the costate dynamics in (6.16a) are integrated backward in time.

In contrast to the root-finding problems discussed in Chapter 4, where
orbits had to be constrained to a level set of H to ensure their isola-
tion, this condition is inherently satisfied here through the transversality
constraint (6.21d), which defines the constant value of H = {H; }.

6.3.2 Direct Method: Multiple Hybrid Phases

The indirect method for multiple hybrid phases (m > 1), including events
dependent on the input u; (such as detecting vanishing normal forces when
breaking contact), is not discussed in this monograph. However, the direct
method can be seamlessly applied to P™ with m > 1.

Parameterizing the inputs w;(-) with parameters &; € R™¢ enables the
numerical integration of &; = f;(x;, @(t, &;)) to obtain the phase flows

i (t;) = pi(ti, ti—1, %, &), (6.31)

where the initial time is ¢ = 0. Additionally, the stage costs in ¢(-) are
numerically integrated and expressed as

ti

0i(t:) = / Li(2(t),a(t, &))dt. (6.32)

ti—1

Hence, approximating P™ using a time-based (tb) multiple shooting (ms)
approach yields the following NLP:
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m
minimize ke ({t;, &:(t:) o) - > Gi(t:)
=1

ti7 m
T, N
& )., = Ctb,ms (")

g'rln © ﬁjm(tm) — T
ery (tm, Zm(tm))
P™ 931171 o :ﬁmfl(tmfl) - im

6%,1 (tmflv iimfl(tm%))

subject to =0.
g% (¢] Zﬁl(tl) — :ig
e%(tl,ﬁzl(tl))
w({ts, &3 (t) Yiso)
=Rb,ms ()

With the decision variables ft?b,ms = [t T EX -+ t; TT &T] € RMebams
where ngpms = M + ZZZI Nx,; + Ng¢;, the approximated cost is de-
fined as épms @ R™Pm  — R.  Furthermore, the equality con-

straint iLtb,ms : Rbms 5 RNwmst70 extends the time-based multiple
shooting equation (3.6b) in Chapter 3 by incorporating the parameteriza-
tion &; and the operating condition w(-). Here, Nipms = m + Y ey Nxi
was defined in the same chapter.

Similarly, the time-based (tb) single shooting (ss) equation (3.6a) can
be extended to approximate the constraint space of the TO problem P™ as

g»,ln o :i’m(tm) — &9
e (tms & (tm))

A~ 6%7 tmfla :i:mfl(tmfl)
htb,ss = 1( . ) ) (633)

e? (tl,él(tl))
w({ti, &i(t:)})

where the intermediate grid points for the initial states {@;}7, are re-
moved. With only the initial state xy = &1 =: &(({o), the decision
variables are defined as ftﬁ,yss = [tm &5 -+ t1 & xf] € R where
Nibss = M + Nk, 1 + 2:11 ng ;. Accordingly, the equality constraint is
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defined as ﬁtb,ss s RPwss — RVwss 70 where Nib,ms = M + Nk 1, and the
approximated cost is defined as &, 55 : R™0ss — R,

For both implementations of P™, the optimality conditions are of the
form (6.5).






CHAPTER 7

Parameterized Periodic Trajectory
Optimization

If we observe similar structural features
possessed by the solutions of a sequence
of models, then we may feel that we have

an approximation to what is called a “law

of nature”.!

—Richard Bellman

This chapter explores the generation and analysis of continuous 1-D
families of optimally actuated orbits by introducing a parameter into
previously defined TO problems.

Section 7.1 presents parameterized zero-functions that encode first-order
optimality conditions for parameterized TO problems, using both direct
and indirect methods. It also demonstrates how PCC methods can be
applied to trace and construct 1-D families of optimal gaits.

Section 7.2 introduces the model homotopy approach from [2¥], which
systematically connects passive-optimal orbits of a lossless model (ECM) to
locally optimal orbits of a desired actuated system with dissipation. This
methodology is illustrated using a monopedal robot.

Section 7.3 showcases how optimal gait libraries can be systematically
expanded from passive-optimal gaits for the compass-gait walker using
both direct and indirect methods. Based on [4¥], the example further
highlights the advantages of indirect shooting over direct shooting.

Finally, Section 7.4 provides a comparative summary, highlighting the
main differences of Sections 7.2 and 7.3.

IThis quote is from the preface of the book by Bellman [13].
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With some abuse of notation, the parameter o € R is introduced in the
TO problem:

Parameterizted Periodic Trajectory Optimization Problem

minimize /<;<~ ;a) zm: / li(xi(t), wi(t); 0)dt

ti, 1" i=1,7
wi() )., =c(-;0)

m

i=1

4 i=1
m—1
{on) =g @ero)}
i=1
z1(to) = gp, (€ (tm); o), (periodicity)
to :=0, (initial time)
xo(to) := 21(0), (initial state)
tm =T, (period time)
w(-;0) =0, (operating point)

Accordingly, the previously defined TO problems P!, PL, and P™ are
also modified by introducing the parameter ¢, resulting in the parameterized
problems P}, P!, and P7". Throughout this section, these problems are
assumed to be sufficiently differentiable with respect to o. This is a crucial
assumption for succuessfully appling direct and indirect shooting.

Assumption (Existence and Differentiability of Trajectories).

Direct method: For any @;, &, and o, the trajectory functions &;(t)
exist locally for allt € [t;1,t;] and are differentiable in these variables.

Indirect method: For any x(0), p(0), and o, the trajectory functions
x(t), p(t), and specificially w(x(t), p(t)) exist locally for allt € [0,T]
and are differentiable in these variables.

In particular, the functions c, f;, l;, gl”l, eﬁ“, and w are assumed

to be continuously differentiable in o.
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7.1 Parameterized First-Order Optimality

The introduction of ¢ also parmeterizes the optimality conditions derived
in Section 6.2.1 for both the direct and indirect methods. Using the
shooting approach, the first-order necessary conditions are formulated
as parameterized root-finding problems: # : RV*+1 — R¥ for the direct
method, and r : RVt — R¥ for the indirect method.

Direct Shooting

The first-order necessary conditions in (6.5a) can be compactly expressed
as the following parameterized root-finding problem:

0¢(32;0) T n 5‘&(%;0) T A
PX0):=| 9% o) 0% o) | =0, (1)
~ ~

=

where the decision variable is defined as ¥ = [J?T S\T] The dimension N
of x depends on the number of hybrid phases m and the implementation
(single shooting or multiple shooting), as discussed in Section 6.3.2.

In addition to the numerical integration of &;(¢;) within the equality
constraints h = 0, the evaluation of # depends on sensitivity information
based on 3. There are three numerical approaches for computing the
sensitivities 9¢/as and 9h/os: finite differences, forward sensitivities and
adjoint techniques [123].

Generally, finite difference methods require extensive manual tuning of
step sizes to achieve the desired accuracy in gradient information. In con-
trast, when using variable step-size solvers, this accuracy is automatically
maintained within the solver’s tolerances for both forward sensitivities and
adjoint techniques.

As in Section 4.3.1, the examples in this chapter also use forward sensi-
tivities, which compute the sensitivity of the flow 92i/as by simultaneously
integrating the dynamics 21 = [f [;] and their derivatives. While forward
sensitivities are straightforward to implement, their complexity scales for
each hybrid phase as O(ny; - n¢;), which can become computationally
expensive when the input parameterization is large (ne,; > nx,;).

In such cases, the adjoint method is more efficient, with a complexity
of O(ny,; + ne;), as it only provides sensitivity information at the final
times ;. Since only the sensitivities at the final times ¢; are needed to
compute 7, the adjoint method avoids the overhead of forward sensitivity
methods, which return sensitivities at all times ¢ € [t;_1, t;].
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Indirect Shooting

Similiarly for the indirect approach, a parameterized root-finding problem
is derived for a simple hybrid system (m = 1) by applying the shooting
approach to the boundary value problem arising from the first-order opti-
mality conditions (6.20)-(6.21). In this formulation, the unknown initial
conditions and parameters are combined into a single decision variable

xT=[T xy Py g ug AT|, (7.2)

where the initial input ug is included as an additional variable, since the
DAE (6.20) is expressed in semi-explicit form. Starting from the initial
condition w = [z 0 pd q ud], , the trajectory w(t) for t € [0,7] is
computed numerically by solving the DAE system (6.20) using established
DAE solvers [17, 54]. Note that solving DAEs numerically is more complex
than integrating ODEs, as in the direct shooting approach. In addition
to assuming smooth dynamics, the solution quality and choice of solver
heavily depend on the index-reduction techniques applied to 9H/gu.

Assuming the existence and differentiability of trajectories, the pa-
rameterized root-finding problem is defined as r : RN+l — RV with
N = 2ny + ny + 4, encompassing the necessary conditions (6.20)-(6.21) of
the indirect approach as:

r7(X;0)
Tar (X;0)
Jdc
- Oyr
r(X,0) = yT (ramwmie) | — g, (7.3a)
=v ‘
ou w(O)
g(z(T); )—wo
i h(T,w(T),wO;o)
where
rr(v) = H(w(T); o) + de + aroh , (7.3b)
or (T,m(T),y(T);o‘) or (T,m(T),a:o;U)
T T
rmT(u):a—g . pOJrai A
awT (:c(T);a) 8w0 (T,w(T),:co;a)
T
—-p(T) + e, Oh A (7.3¢)
21 | (10(r),y(1)i0) 0T (T0(T)4(T)i0)
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7.1.1 Tracing Optimal Orbits

The parameterized root-finding problems # : RN+1 — RN in the direct
approach and r : RN*1 — R¥ in the indirect approach implicitly define
a curve of stationary periodic orbits. Imposing the differentiability as-
sumption, this curve can be efficiently traced using PCC methods. Since
both direct and indirect shooting approaches are implemented within PCC,
the functions 7 and r are used interchangeably in this discussion about
continuation. As outlined in Chapter 2, a PCC method, specificially the
pseudo-arclength constinuation, consists of predictor and corrector steps
(Algorithm 1), both of which require Jacobian computations:

R(v) = [g; gﬂ = Dr(v), R(v)e RN*N+L (7.4a)

Rx) = "

= 0 RVXN, 4
o’ R-(x) € (7.4b)

Algorithm 1: Continuation to create 1-D orbit family

Input: Stationary point Xgstart With parameter ogia¢ and desired
range [Ustarta Uerld]; Step size As >0
Output: Curve of stationary orbits of P* in the range [Ostart; Tend)
1 Vstart = (Xstartu Ustart)
2 compute initial tangent vector Typart /* eq. (2.5) */
3 de{-1,1} /* eq. (7.5) */
4 V < Vstart, T < Tstart; O < Ostart

5 while o # 0.4 do

/* predictor */
6 Vpred < V + dAsT /* eq. (2.7) */
compute Tpred at Vpred /* eq. (2.5) */
/* corrector x/
8 Newton’s Method (Vpred; Tpred):
1
R(v r(v
e [ )
T 0
10 until convergence /* loop */
11 return {Vcorr = (Xcorra Ucorr); Tcorr}
12 L v e VCOrr) T (_ TCOYY’ g % O—COI‘I‘
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These steps, repeated iteratively, construct the desired family of sta-
tionary orbits over a specified parameter range [Ostart, Gend]. The process
requires an initial solution Xstart at Ostart, satistying r(Xstart, Ostart) = 0,
which can be derived from a passive-optimal solution (Section 6.2.2). As-
suming that ogart corresponds to a regular point vga,t, the tangent vec-
tor Typars = TOR(Vgtart) is uniquely defined via (2.5). Since the curve r=1(0)
passing through vgt..¢ can be traced in opposite directions, the continuation
process proceeds towards genq, where the initial direction is determined as

d = sign(0end — Ostart) - sign([0 -+ 0 1] - Tgart)- (7.5)

Algorithm 1 assumes monotonicity of the solution curve »~1(0) in the
parameter o € [Ostart, Ocnd] to define the direction d of the curve as in
equation (7.5). However, in general, a curve traced via the presented PCC
method may include turning points in ¢ or bifurcation points. Consequently,
there is no guarantee that an initial stationary point xstart can be locally
continued to Xenq, which corresponds to oeng-

Second-Order Optimality

A particular challenge arises at turning points (det(R”) = 0), where the
curve transitions from local minimizers to saddle points, or vice versa, as
discussed in Section 2.3.4. In the case of the direct approach, a stationary
point can be readily classified as either a saddle point or a local minimizer.
By simply reusing the Jacobian R from the continuation process, the
second-order optimality conditions from (6.5b) can be expressed in terms
of the projected Hessian:

T
- ([]) # (E)a) s e
H =0, (7.6a)

where A represents an orthonormal basis of the tangent space, satisfying
span(A) = null(Dh). In practice, the matrix A can be constructed
using the singular value decomposition (SVD) of Dh. Hence, for a
zero X € 7 1(0), checking the sign of the smallest eigenvalue of H is
sufficient to distinguish between a local minimum and a saddle point. This

classification can be summarized compactly as:

. < 0, saddle point,
min (eig(H)) =0, local minimum, (7.6b)
> 0, strict local minimum.
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7.2 Model Homotopy

This section introduces an approach from [2¥] that leverages the ease
of finding conservative orbits for ECMs, as demonstrated in Chapter 5,
along with the fact that these gaits require no actuation to maintain.
Consequently, these orbits serve as passive-optimal gaits to a parameter-
ized TO problem PI", establishing a connection between an ECM and a
more realistic (dissipative) robot model via a homotopy parameter € =: o.
Through this homotopic approach, passive-optimal gaits can be continu-
ously transformed into optimal gaits of the target system. This so-called
model homotopy provides a continuous mapping in € from realistic models
(e = 1) to their corresponding ECMs (¢ = 0) and then traces optimal gaits
of the ECM back to optimal gaits of the realistic model (Fig. 7.1).

The transition between models is achieved by appropriately scaling
inertial, damping, and frictional terms with £ to ensure no energy is
lost during continuous motions or collisions. As discussed for ECMs
in Chapter 5, singularities in the dynamics are avoided by introducing
kinematic constraints when necessary.

Introduce Model Homotopy

BEEEEI

Continuation On Optimality v

ce—1 ! €B—>0
< v €ﬁlf*>0

& \\\\\\\\\\\\\\\\\\\\\\\\\iziiiissiiii

Figure 7.1: Illustration of the methodology applied to a 1-D hopper.
A model homotopy is introduced by scaling the damping coefficient b and
the foot mass m¢ with the parameter 0 := €. When ¢ = 1, the fully
dissipative (open) model is obtained, as shown on the left, while ¢ = 0
represents the lossless (closed), but actuated model, shown on the right.
The passive-optimal hopping gaits (u* = 0) identified in the lossless model
are then traced using PCC methods (Algorithm 1), into optimal trajectories
of the dissipative model. This process enables the continuous transition of
optimal gaits from a simple model to a more complex, realistic system.



108 7. PARAMETERIZED PERIODIC TRAJECTORY OPTIMIZATION

7.2.1 Dissipation (Homotopy) Parameter

The first step in this methodology is to introduce the parameter ¢ € R
into the hybrid dynamics of an actuated system. In the special case
where u; = 0, € behaves similarly to £ from Section 4.3, as it embeds an
ECM into a one-parameter family of dissipative dynamics .. Thus, € is
also termed dissipation parameter, as it continuously switches dissipation
on and off. Although € can take any real value, it is particularly useful
in connecting an actuated, lossless HDS ¥ to an actuated, dissipative
HDS X1, where ¢ € [0, 1] establishes a model homotopy.

Homotopy in Dynamics

With the e-scaling introduced in Chapter 5 and by augmenting (5.10) with
inputs, the actuated dynamical system is defined as

Gg=M"! (n(:c;e) + Ji(g;e) " Ni(x;¢) + Bi(a:;s)ul), (7.7a)

where the parameterized input matrix B;(z;e) € R™*"™ maps the in-
puts u; into the generalized torques. Furthermore, assuming the system
undergoes plastic collisions, the velocity jumps defined by (5.7) are also
parameterized as

gt = (I - M51J1+1(Q;5)TM1‘+1(Q;5)1Ji+1(‘1;5)>q, (7.7b)

where the Delassus’ matrix Miﬂ(q;a)_l vanishes at ¢ = 0 to conserve

energy. Using the same set of coordinates for all phases, yields the
state 7 = T = [q7 ¢T]. Leaving the state space X unaffected by
the model homotopy, the parameterized continuous dynamics, discrete

dynamics and event sets of X, take the following form:

Fe= {ﬁcz = fi(xs, use) = [q] } ; (7.7¢)
q

i=1

' + m
G. = {glﬁl(:ci;s) = leL] } , (7.7d)

i=1
&= {{t ER, x; € X; | el (t,z456) = 0}} (7.7¢)
i=1
Finally, based on the previously stated assumptions of existence and dif-
ferentiability, the vector field f; is complete for all € € [0,1] and at least

twice differentiable with respect to €.
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7.2.2 Homotopy Continuation via the Direct Method

Introducing a model homotopy into the dynamics Y. prameterizes the
equality constraints in the TO problem P". To numerically solve PI"
and trace stationary gaits within the model homotopy, the problem is
transcribed into 752" using the direct shooting approach. By implementing
the input parameterization 4; as defined in (6.3), the first-order necessary
conditions of 75;” define the parameterized root-finding problem #(x,e) = 0
n (7.1).

Using Algorithm 1, a curve of stationary gaits is generated, connecting
a strictly passive-optimal gait Xstart at €start = O (corresponding to an
ECM) to a locally optimal gait Xenq at €ena = 1.

To ensure that an initial gait with zero actuation (@; = 0) is strictly
passive-optimal, the starting point Xstary must correspond to a normal
conservative orbit of the ECM Xy, where zero actuation implies &; = 0.
Only if this regularity condition holds for Py, the curve #-1(0) can be
uniquely extended into & > 0 from the initial point o, Lo = [X&ar 0] Addi-
tionally, the cost function of 732.” must belong to a specific subclass Cy C C
of economic cost functions.

Definition (Economic Cost Functions for Lossless Systems). By
applying direct shooting, the subclass of economic cost functions Cy
includes functions é(3;€) that are:

C1 at least twice differentiable in all variables, i.e., ¢ € C?,
C2 of zero value when u;(-) =0 and e =0, i.e., &(3¢,0) =0, and

C3 locally positive-definite in 852 & (3, 5”(2:20 c=0)’

where the decision vector 3¢ denotes 3 with input parameters €; = 0.

While conditions C1 and C2 align with the general definition of eco-
nomic cost functions, C3 ensures that a normal conservative orbit constitues
a strict local minimimizer.

Remark 7.2.1. The properties C1-C3 hold for a broad class of economic
cost functions, as discussed in Section 6.1.1, though some functions may
require smoothing to satisfy C1. An exception within the list of economic
cost functions (6.1) is mechanical power (6.1b), which fails to meet C3.
Specifically, the function ¢ remains zero in the neighborhood of a passive
gait where nonzero actuation (4; # 0) injects and removes equal amounts

of energy.
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7.2.3 Example: Monoped

To demonstrate the effectiveness of the homotopic approach, optimally
actuated gaits are generated for a 2D one-legged hopping robot with parallel
elastic actuation (Fig. 7.2). This system has been extensively studied in
previous works [112, 113, 139, 140]. To achieve this, a model homotopy
parameterized by ¢ is developed, and a COP 753 , where m = 2, is defined
by selecting an appropriate economic cost function, input parameterization,
and set of operating points.

The hopper consists of a torso with mass m; and inertia ©, an upper
leg segment (my, ©1), and a lower leg segment (mg, ©¢) with a spherical
foot (radius r¢). The torso’s configuration is given by its orientation ¢ and
the hip position (z,y). The upper leg segment is connected to the hip via
a rotational joint with an angle o, while the lower leg is attached through
a prismatic joint, defining an overall leg length [. Thus, the generalized
coordinates are given by q* = [z y ¢ « ], with n, = 10. Both the hip
and leg joints incorporate linear elastic springs with stiffnesses k, and ki,
along with damping ratios b, and b;. These springs operate in parallel with
actuators that generate torques uT = [Tmot fmot]. The remaining model
parameters are defined in Fig. 7.2 and Table 7.1. All values are normalized
with respect to total mass m,, leg length [, and gravity g. The hopper
has two phases: stance S and flight F. During stance, the foot stays on
the ground and is constrained to a pure rolling motion js(q) = 0 with the
associated constraint forces Ad = [Ar An].

Figure 7.2: A one-legged hopper with parallel elastic actuation at the leg
and hip (4T = [Timot fmot]). Its configuration is given by ¢T = [z y ¢ a [].
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me= 01mo, ©Op = 0.04mel2 ¢ = 0.0501, Kk = 20 mog/lo

m = 02m, © 0.02myl%  d; 0251, kq 100 megl, /rad
my= 0.7Tme Oy = 040myl2 di = 0251, b = 0.4v2moy\/g/ls
= 3.5 mglov/gls /rad

Table 7.1: All model parameters are adapted from [113] and normalized
with respect to total mass mo, leg length [, and gravity g.

>
Q
|

Model Homotopy

To construct the model homotopy, the process begins with a standard multi-
body dynamic model of the hopper, representing the dynamics for ¢ = 1.
Since this model includes damping and collision losses, a similar approach
to the one outlined in Section 5.1 is used to derive a lossless model for € = 0.
To ensure that lim._,q Ms(q;e) ™! approaches zero, the masses and inertias
mg, my, Of, and O involved in the projection ]\715 are appropriately scaled.
This is achieved by redefining the foot and leg masses as m¢ = ey and
my = emy, respectively. Due to this scaling, the inertial torques gener-
ated by the leg vanish as ¢ approaches zero. To maintain meaningful
pitch dynamics, the torso inertia is also scaled, given by ©; = £0,. The
DoF associated with the massless limbs must be constrained in all phases
(Remark 5.1.1). Consequently, the flight constraint jr(q) =1 — I, is in-
troduced, accompanied by the constraint force Ag. Similar to the hopper
model in Section 5.1.3, auxiliary forces Ar and 5\3, leading to the constraint
force formulations Ap(g) = el and Ag (e) = 55\5, respectively. Since the
constraint jg(q) = 0 is only required for € = 0, the resulting constraint
force Ap is multiplied by (1 — ) when incorporated into (7.7a). To achieve
a finite leg swing frequency as € — 0, the spring stiffness in the hip is
scaled as ko, = sl%a, analogous to (5.15). Since the damping force b, & and
the actuation w would similarly exhibit singularities, additional scaling is
introduced:

0 0 0 ¢ O

J; =
J22 0 0 e

] , be = £2ba, (7.8)

where J2! = J32 =0, J3' = —sin(a+¢)(1—¢) and J?? = cos(a+¢)(1—¢).
The repeated multiplication of the damping coefficient ba by ¢ follows from
the final scaling law: to eliminate damping losses in (7.7a) for € — 0, the
damping coefficients are scaled by . Similarly, we set b = eby.
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Results

Optimal gaits were generated using the phase sequence S — F, where
m = 2 and T := tp, at different average speeds vaye through time-based
single shooting:
gp o & (tr) — a0
FL - SIS;(tF,iiSF(tF))
= F K . (7.9)
e§ (ts, &s(ts))

w({ti, &i(t:) }—o)

A single operating condition (n,, = 1) defines the monoped’s average speed:
w(tp, :f?F (tF), ts, :fl‘s (ts), :Bo) = QAS(T) - 33(0) - ’Uang, (710)

where the horizontal positions z(0) and £(7') are the first entries in the
vectors &g and &r(tF), respectively. To enable horizontal forward motion
during the periodic gait, the first entry in g3 is set to zero, yielding the
initial horizontal position z(0) = 0 in the periodicity condition of (7.9).
While touch-down e (gq) is kinematic, the lift-off e (z, ) = Ay occurs
when Ay transitions from a positive to a negative value. In this example,
the input space is discretized using a single 3-term Fourier series (n¢ ; = 14):

as(t,&s) = &+ Z (ﬁs oS ( ) + €2 sin (?kt)) . (7.11a)
)

=a(t,§
3 27 27
ap(t,€r) = &b + Z ({F cos (kzt) + €2 sin (kt)) , (7.11b)
NI = T T
=u(t,§)
€ = &r =1 &, (7.11c)
Copper losses in the motor are used as the economic cost function:
ts tg
oi= / st ) Kas(t €)1 + [ n(t,60) Kar(t g)dt  (7.120)
ts
T
71 / a(t,€)dt (7.12b)
0

where the motor’s speed-torque gradient is K = diag( Mo
Note that the properties C1-C3 are easy to confirm for (7.1
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simplification (7.11c), the decision variable of the problem P2 is defined
as ' = [tp tg &7 x]] € R2S,

Using the methods for tracing orbits in ECMs as described in Chapters 4
and 5, the connected space of passive gaits was systematically explored.
The search was initialized with a simple hopping-in-place motion derived
analytically. Due to different parameter choices, the lossless model ex-
hibited a significantly higher leg swing frequency compared to the ECM
of a spring-loaded hopper in Section 5.2.4. As a result, the first simple
bifurcation connecting the hopping-in-place branch with forward and back-
ward hopping motions was identified at a notably smaller flight duration
of Atp & 0.1658 y/g/l,. The branch of passive forward hopping motions
was subsequently traced for average speeds of up to vave = 1.4 v/gls.

Algorithm 1 was initialized with these motions, successfully tracing the
first-order optimality from the passive gaits of the lossless model (¢ = 0)
to the optimally actuated gaits of the model at ¢ = 1. This process is
illustrated in Figure 7.3 for vy, = 1 Vglo. As e increased from 0 to 1,
the cost ¢ monotonically rose from 0 to 0.737m.gl,. The gait remained
optimal, satisfying both the first- and second-order optimality. Specifically,
the smallest eigenvalue pigin of H had to remain positive to meet the
sufficient condition (7.6b), as depicted in Figure 7.3.

0.8 F —
®
0.6 — s [VIo/g] a
- TF [ lo/g} Y
0.4 [ é [moglo] |
Hmin

TR S et S s fnfentenl s st -
L J
Oe —

| | | | | | | | |
0 01 02 03 04 05 06 07 08 09 1

3

Figure 7.3: Shown is the evolution of stance duration Atg, flight dura-
tion Atg, cost value ¢, and fi,in during the transition from the lossless
model (¢ = 0, blue) to the full model (¢ = 1, orange). The smallest
eigenvalue of the Hessian H , denoted fimin, 18 tmin(0) = 0.005 at ¢ = 0
and remains positive, ensuring strict optimality throughout the homotopy.
This data is from a forward hopping motion with vaye =1 \/glo.



114 7. PARAMETERIZED PERIODIC TRAJECTORY OPTIMIZATION

The process was repeated for a range of forward speeds v,yg from 0
to 1.4 \/gl,, consistently starting from passive gaits. The process reliably
converged for speeds greater than vy, ~ 0.12 Vgl,. Figure 7.4 visualizes
the results for selected speeds, showing passive gaits (blue line) emerging
from in-place hopping motions (dashed blue), while active gaits appear
as orange dots. The connecting black lines illustrate how xg evolves

throughout the homotopy.

To investigate why the process failed for speeds below vy, ~ 0.12 /g,

a continuation was performed on stationary points of ﬁfavg, where 0 := Vayg.
Instead of fixing vaye and varying e, this approach held e constant while
adjusting vave (orange line in Figure 7.4). This method was more efficient
for analyzing optimal gaits across speeds and revealed additional structure.
In particular, the smallest eigenvalue pyi, of H showed a turning point
at v;,,, beyond which stationary points became saddle points (dashed line)
and ceased to be optimal.

0.6 ‘ Vavg = 1 Vglo I

0.4 I
)
H02 )
(==}
3
0 gaits at e =0
™ —— gaitsate=1
hopping-in-place
0.2 L L L - saddle points
1.05 |
wll 10 02 04 06 08 1 12 14

Vavg [VgLo]

Figure 7.4: Projection of the initial state space (ap, yo) showing passive
gaits (blue) with é = 0, @ = 0, identified via numerical continuation from a
passive hopping-in-place motion. A model homotopy traces these gaits from
¢ = 0 to locally optimal solutions at ¢ = 1 (orange). A separate continuation
at fixed € = 1 (orange line) reveals a turning point at v}, ~ 0.12 \/glo,
where stationary points become saddle points, losing optimality.
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7.3 Example: Compass-Gait Walker

Based on [4¥], this section further explores the generation of optimal gait
libraries, expanding on passive-optimal gaits for the compass-gait walker
(Fig. 7.5), a simple hybrid system with m = 1. Special emphasis is placed
on the application and comparison of both direct and indirect shooting
methods for PL. The analysis focuses on both computational efficiency and
the numerical sensitivity of the different formulations. Since the indirect
method does not rely on a finite parameterization of the control inputs, it
serves as a reliable benchmark for assessing various input parameterizations
used in direct methods. Despite the simplicity of the compass-gait walker,
which has only four state variables (ny, = 4), it remains a widely adopted
model for studying bipedal locomotion [12, 51, 90, 115, 117, 131, 137].
Its characteristics—underactuation, non-smooth dynamics, limit cycle
behavior, and the need for optimizing energy efficiency—are representative
of the challenges encountered in more complex legged robots.

Furthermore, the compass-gait walker can passively walk down a slope,
driven solely by gravity g. This capability will be utilized to generate
families of gaits parameterized by the slope’s incline v and the robot’s
average speed Vayg.

Figure 7.5: The compass-gait walker on a slope (7). The robot’s parameters
are normalized by total mass m,, gravity g and leg length l,. Its proportions
are defined as ¢/p = 1 and mn/m; = 2.
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7.3.1 Model and Problem Description

The model consists of a stance leg (with angle 0 relative to vertical) that
remains on the ground without sliding and a swing leg (with angle g,
relative to vertical) that swings freely. During forward motion, the swing
leg strikes the ground ahead of the stance leg, triggering an instantaneous
role reversal between the two. Hence, the swing leg becomes the stance leg
and vice versa. Both legs, of length I, = a + b, have a point mass m; and
are connected at the hip, where the point mass my constitutes the main
body of the biped. A single motor (n, = 1) at the hip applies torque u
between the legs. Figure 7.5 provides the robot’s specific proportions,
normalized by total mass m,, gravity g, and leg length [,. Given its
configuration q = [0y 0x]T € Q with configuration space Q = S' x S* and
the slope v, its parameterized hybrid dynamics ¥, are as follows:

X:Xlz{a:T::csz [qT qT] L qeQ, qETqQ}, (7.13a)
i d
—fi = : 7.13b
T=57 M) (n(a 4) + Bu) (7.130)
& = 511 = {a:l eX) i e= e% = Ogw + Ot + 2’7}, (7.13c¢)
01
g=g = 1 ol?T ], (7.13d)
Q1 () 'Q (9)d

where, with the auxilary angle a(q) = 05t — Osw,

[ b2 —mylob cos(a)
M = ) , (7.13¢)
—mylobcos(a)  (my +m)lzZ + moa
- [ mlob sin(a)0% —mybg sin(Ogy) (7.13f)
mylobsin(a)d?2, (mnlo + mya + myls)gsin(by) '
-1
B=| ] , (7.13g)
[ 2t 2myal,,) cos 11
0 = 0 (mals + 2mualo) cos(ar) | mab 7 (7.13h)
0 0 0 1
-m1b2 mil? + mia® + myl? 1 1 .
Q= t? 0 — mybl, cos(a) e (7.13i)
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Note that the relabeling of coordinates [fsw 0st] — [fst Osw] in (7.13d)
extends the half stride to a complete periodic motion. In addition to
periodicity, we require the robot to walk with a given average speed Vayg,
which is specified within a single operating condition (n, = 1):

w = 2sin (bsw(T) + ) — VaveT" (7.14)

(7.13c) and (7.14) constitute the equality constraint k(T z(T),z(0);0) = 0
within the parameterized optimization problem P!, where the parameter o
is set to either the slope 7 or the averge speed v,,s. The objective in this
example is to minimize the cost of transport, defined as

T
T k
c= myo(gA):E7 where y(T) = /5 u(t)2 dt, Ax = vayT, (7.15)
0 ~——
=l(x,u)

and the constant k = (m+/gl3) " relates to the speed-torque gradient of a
DC-motor. Note that the traveled distance Az is typically strictly positive
and bounded to ensure meaningful gaits with forward motion. As a result,
the cost reaches its minimum value of zero only at passive optimal gaits,
where v = 0.

Remark 7.3.1. With the stage cost defined as | = k/2 u?, the reconstruc-
tion of Lagrange multipliers at passive-optimal gaits (Section 6.2.2) be-
comes straightforward, as the vector b from (6.27¢) vanishes. Consequently,
from (6.28), the costate p is zero at all times (p = 0). By inspection
of (6.29a), the Lagrange multiplier X is also zero (A =0). The remaining
scalar costate q is reconstructed using (6.24), yielding q = (MogUaygT*) ™ .

In the following, the passive optimal gaits of the compass-gait walker
are leveraged to initialize Algorithm 1, generating optimal families of gaits
within the parameterized TO problem P} (Section 7.3.2). Additionally, this
workflow allows for a performance and accuracy comparison between the
indirect and direct methods (Section 7.3.3). This comparison is extended
to gait families that do not include passive gaits (Section 7.3.4).

Algorithm 1 is implemented in MATLAB with a tolerance of 10~® for
evaluating 7 = 0. MATLAB’s variable step-size integrator ode15s is used
to solve the DAEs within 7, with relative and absolute tolerances of 109
and 10719, respectively. To ensure a fair comparison, the same settings
are applied for solving the ODEs in the direct method. For simplicity, the
Jacobians R are approximated using forward finite differences with a step
size of 1077,
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7.3.2 Passive to Active Walking via the Indirect Method

To demonstrate the exploratory potential of the indirect approach combined
with numerical continuation, an initial library of gaits is generated based
on the passive gaits of the compass-gait walker, similar to the work in
Rosa et al. [117]. As detailed in Rosa and Lynch [115], passive gaits
can be systematically derived from standing still (equilibrium) using PCC
methods, with the slope « varied as well. As shown in Fig. 7.6a, two distinct
curves of passive gaits emerge from the standstill: one with a shorter
period (Tynort) and another with a longer period (Tiong), corresponding
to the swing leg taking a shorter or longer time to strike the ground,
respectively. To generate a 1-D family of optimal gaits on a varying slope,
the scalar continuation parameter is defined as o := 7, while constraining
the average speed t0 vaye = 0.1y/gls. The Algorithm 1 is initialized with a
passive gait at slope 7., which corresponds to the longer period (Tiong) at
Vavg = 0.1\/gl,. This passive gait serves as the optimal passive solution,
represented by the tuple (T, (-), u{ (+)), with zero input u = 0 and
cost ¢ = 0 for the parameterized optimization problem 73%.

As noted in Remark 7.3.1, the reconstruction of the costates and
Lagrange multipliers is straightforward. Thus, Algorithm 1 is initialized
with

Titart T
T0,start ] (0)
Do start 0
Xstart = ot (MogtangT) L (7.16a)
UQ,start 0
| Astart L 0 i
Ostart = M., (7.16b)

where vavg = 0.11/gl, is fixed throughout the algorithm. To generate a gait
family that includes level-ground walking, the desired range of the slope
parameter is set to [Ostart, Tend] = [71.,0°]. Figure 7.6a shows a projection
of the gait family curve »~1(0), depicted in orange, as the output of
Algorithm 1. The orange curve also indicates an intersection with the other
passive gait family, characterized by a shorter period (Tyhort). Figure 7.6b
further illustrates how the initial costates pg and input ug vanish at those
slopes v where a passive gait exists, corresponding to an average speed of

Vavg = 0.1v/glo.
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(a) The continuation towards level-ground walking, crossing two passive gaits.
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(b) The evolution of initial costates po and input wo within the implicit
curve 7 1(0). At passive gaits (u = 0), the costates vanish (p = 0).

Figure 7.6: Projections of the implicit curve »~1(0), computed via Algo-
rithm 1 with continuation parameter ¢ := «y. The curve corresponds to
a fixed average speed of v,y = 0.1 \/gl, and originates from the passive
gait family with the shorter period time Tgpor- As the curve progresses
towards level slope at v = 0° (marked by %), it intersects the passive gait
family with the longer period time Tjone. The filled circles indicate points
where the passive and optimal gaits coincide.
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7.3.3 Direct vs. Indirect Shooting

Building on the gait family »~!(0) from the previous section, this section
compares indirect and direct methods. The direct method uses a variable
step-size shooting approach (MATLAB’s ode15s), where the control input
is defined as u := 4(t, £). For comparison, a cubic B-spline and a Bézier
curve are evaluated for varying ne, as these parameterizations achieve high
accuracy with relatively few parameters [84].

Input Parameterization

While the Bézier polynomial is implemented in its explicit form:

ng

. ne —1 i i

t€) = 1—)reigi—lg. 7.17
(. €) ;_1:<J‘1>( eIl (717)
the cubic B-spline is defined by the recursion formula from deBoor, Cox,
and Mansfield [Chapter 2.2 in [105]]:

ng
W(t,€) = Bi 1y, (B, (7.18a)
j=1
t— Ti T; —t
Bip(t) = ———Bip () + —F B a(t),  (7.18b)
Titk — Ti Titk+1 — Tit+1

1 ifr <t< Tit1,s

0 otherwise, (7.18¢)

Bio(t) = {

where the polynomial degree nyo1y = 3 corresponds to the cubic spline.
Knot points 7; are uniformly spaced with

i = (i — npoiy) AL, Vi€ {0,1,...,n, —1}, (7.18d)

where At = T/nqeg, Ngeg = Ng — Npoly, a0d Ny = 2Npoly + Ngeg-
Transcribing P} with w := 4(t, ) yields first-order necessary conditions
within 7 : RV+1 — RN where N = 2n, + ne + 3, as defined by (7.1).

Comparison: # vs. r

In accordance with [117], direct shooting with Algorithm 1 generates a
family of gaits #71(0), which includes both passive gaits and a level-ground
walking gait in the parameter range [0start; Tend] = [1.,0°]. As in implicit
shooting (Section 7.3.2), the scalar continuation parameter is defined as
o :=~, while the average speed is constrained to vayg = 0.1y/gls.
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Figures 7.7 and 7.8 compare direct (#7) and indirect (r") shooting for
a locally optimal gait at level slope (7 = 0°) with vayg = 0.13/gls.

To analyze and contrast the region of convergence, the condition num-
bers of R” and R" are computed for varying input parameters n¢ (Fig. 7.8a).
While the condition number of the indirect method remains constant, as it
is independent of the input parameterization, the condition number of R
varies with n¢. The Bézier-based parameterization becomes highly sensitive
to parameter variations as n¢ increases. This sensitivity arises from the
global nature of this parameterization, where adjusting a single parame-
ter &; in the vector € affects the entire shape of the input curve @(t, £). Asa
result, for ng > 7, Algorithm 1 stalled at certain points in traversing #~1(0),
where Newton’s method failed to converge due to the high sensitivities and
the use of forward finite differences in computing R.

In contrast, cubic B-splines introduce n¢ — 3 locally decoupled segments,
so varying a single & only locally affects the input curve 4(¢,£&). This
allows for arbitrarily large parameterizations without a blow-up in the
condition number (Fig. 7.8a). Therefore, as the accuracy of approximating
the control input space increases, cubic B-splines are much better suited.
This is also evident in Fig.7.8b, where the relative cost error of direct
shooting(é—¢/c) decreases as n¢ increases, with é approaching but remaining
above the indirect cost c¢. Notably, Bézier polynomials and cubic B-splines
yield the same cost at ng = 4 since both describe a cubic curve. It is
also worth noting that Bézier polynomials and cubic B-splines yield the
same cost value at ng = 4 since both describe a cubic curve. However,
cubic B-splines are more computationally efficient due to their recursive
formulation in (7.18). This plot of CPU times also highlights that indirect
shooting can be significantly faster than direct shooting for large ne.

Improvements

There is considerable room for improving efficiency, as the current im-
plementation is in MATLAB. Beyond optimizing runtime by switching
to a more efficient language like Julia or C++, both direct and indirect
shooting approaches can be accelerated. For the direct method, alternative
approaches exist for computing 7 as discussed in Section 7.1. The indirect
method can be significantly sped up by eliminating the input variable wug
from x. Often, the control input u can be explicitly expressed as a func-
tion of @, p, and ¢ via /oy = 0. With a stage cost [ = k/2u? and the

input-affine dynamics of the compass-gait walker, the input takes the form:

T
u = fkiq% p. By eliminating the variable ug, this step transforms the

DAE into an ODE in x and p, which can generally be solved more quickly.
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Figure 7.7: Visualization of an optimal walking gait at an average velocity
of Vavg = 0.1\/gl, on a level slope (y = 0°). The keyframes depict the
compass-gait walker, while the input and state trajectories (swing leg
"'sw' and stance leg "st") are shown for both the indirect (orange) and
direct (black) shooting methods. The direct method uses a single cubic
B-spline (ng = 4).
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(a) Condition numbers of the indirect Jacobian (R") and direct Jacobian (R").
The direct method using Bézier polynomials fails to converge for ne > 7 due to
high sensitivity in & within the shooting problem.
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(b) Relative error =< in the optimal cost between the direct method (¢) and the
indirect method (c), along with the average CPU time over 1000 evaluations of
the indirect function 7~ and the direct function #“.

Figure 7.8: Comparison of the direct (#7) and indirect (r") approaches
in a MATLAB implementation on an Intel Core i5-8500 CPU @ 3.00GHz
with 8GB RAM. The direct method parameterizes the input space with
Bézier polynomials or cubic B-splines, introducing ne variables. The data
in a) and b) corresponds to level walking (v = 0°) at an average speed
of Vayg = 0.13/gls. The correspondig (locally) optimal gaits were generated
via continuation from a passive gait using Algorithm 1, as shown in Fig. 7.6.
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7.3.4 Generation of Additional Gait Families

In addition to the previous sections, the versatility and practical applicabil-
ity of the proposed methods in legged locomotion are further demonstrated
by generating a new family of optimal gaits that does not directly arise from
passive dynamics. Specifically, the previously computed locally optimal
gait at a level slope (7 = 0°) and average speed v,ys = 0.11/gl, initializes
Algorithm 1 for the generation of a family of level walking gaits »~1(0).
Unlike before where the slope was varied, the slope is now fixed at v = 0°,
and speed is varied, acting as the continuation parameter o := v,y,. This
approach highlights the method’s ability to adapt to different operating
conditions, thus extending its relevance to practical robotic systems.

As shown in Fig. 7.9, the gait family (orange curve) is generated by
running Algorithm 1 twice, with oenq = 0.011/gls and oeng = 0.4/gl,. In
the latter case, tracing r~1(0) involves four turning points in Vavg, resulting
in multiple stationary gaits for certain ranges of vays. Without second-order
conditions, the indirect method cannot distinguish between locally optimal
points and saddle points in such cases, where P! is non-convex.

While deriving second-order conditions for P! is not covered here
(Remark 6.2.2), the direct method provides a useful comparison, as sufficient
conditions can be verified through the positive-definiteness of the Hessian H.
The black curve in Fig. 7.9 shows projections from the direct shooting
approach (points in #7!) using a single cubic B-spline (ng = 4). Solid lines
indicate strict local minimizers, while dashed lines correspond to families
of saddle points. When traversing the curve #~!, the switch between
minimizer and saddle point always occurs at turning points in vayg.

Furthermore, the cost plot in Fig. 7.9 distinguishes good from bad local
minima. Notably, similar to Fig. 7.8b, the indirect method consistently
yields a lower cost value. This is due to the input space parametrization in
the direct method, which can only approximate the true optimal solution,
whereas the indirect method is more flexible, utilizing an adaptive step-size
DAE solver.
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Figure 7.9: Projections of the implicit curves derived from the indirect
method »~1(0) and the direct method #71(0), both computed using Al-
gorithm 1 with the continuation parameter o := v.v,. These curves
represent level-slope walking (7 = 0°) and originate from an optimal gait
at vavg = 0.1 \/glo (denoted by x). The indirect method consistently yields
gaits with lower costs, whereas the direct method (utilizing cubic B-splines
with ne = 4) can distinguish local minima (solid black line) from saddle
points (dotted black line) by applying second-order optimality conditions.
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7.4 Summary

This section introduced a scalar (o € R) parameterization of the TO prob-
lem, yielding P.*, which encodes a 1-D solution space of optimal periodic
orbits. To numerically explore this space, both direct and indirect shooting
methods were applied, implementing the first-order necessary conditions
through parameterized root-finding problems of the form #(2) = 0 and
r(v) = 0, respectively. Algorithm 1 facilitates the targeted generation of a
continuous library of optimal trajectories within the range o € [ogstart, Tend]
using PCC methods.

When applied to legged systems, different parameterizations of PJ* may
include the robot’s average speed o := Uayg, the incline of a slope o := 7,
or modifications in the robot’s dynamics, such as the dissipation param-
eter o := € used for the model homotopy (Section 7.2). A key strategy
in generating these optimal gait families is to start from known passive-
optimal gaits at ogart. This approach is particularly advantageous because
libraries of passive-optimal gaits can be systematically generated from triv-
ial solutions, such as a system’s equilibria. According to the classification in
Figure 1.1, Sections 7.2 and 7.3 examined two classes of passive dynamics:

1. Passive-closed dynamics (e = 0), exemplified by a model homotopy
of the planar monoped (Section 7.2).

2. Passive-open dynamics (Ypassive), exemplified by a compass-gait
walker traversing down a slope (Section 7.3).

The model homotopy has the great potential to offer valuable insights
into how the robot’s morphology (e.g., value and distribution of spring stiff-
nesses) affects gait efficiency. This is achieved by continuously transitioning
from passive-optimal gaits (Ostart := Estart = 0) to optimal dissipative
gaits (Tend := €ena = 1). However, while only the gaits at ogtart and geng
are typically relevant for real legged robots in a model homotopy, the
compass-gait walker example illustrates how passive-optimal gaits can be
leveraged without modifying the system dynamics. Consequently, all gen-
erated gaits for o := - are valuable and could potentially be implemented
in a real legged system.

Beyond these two classes of passive dynamics, which provide passive-
optimal gaits, Section 7.3.3 compared the direct (#) and indirect () op-
timization methods. By evaluating both approaches on the compass-gait
walker, the analysis demonstrated that indirect shooting achieves superior
accuracy in generating optimal solutions while effectively addressing the
inherent challenges of input space parameterization.



CHAPTER 8

Conclusions and Outlook

This dissertation has developed a theoretical and computational frame-
work for analyzing and generating periodic orbits in hybrid dynamical
systems (HDSs), with a focus on energy-optimal gaits in legged systems.
Motivated by the observation that passive, unactuated motions are inher-
ently optimal from an energy perspective, the work develops mathematical
tools to uncover and extend families of such gaits. The monograph begins
with foundational mathematical tools and introduces a general framework
for recurrent time-variant and conservative HDSs, establishing conditions
for the existence of periodic orbits via first integrals and Poincaré maps.
Building on this, energetically conservative models (ECMs) are constructed,
enabling the use of continuation methods to explore passive gait families.
These insights are then embedded in a trajectory optimization framework,
defining passive-optimal solutions and extending necessary conditions for
both direct and indirect shooting methods. Finally, the dissertation for-
mulates parameterized trajectory optimization problems and introduces a
model homotopy approach that bridges passive and actuated dynamics.

While these contributions represent a coherent progression from theo-
retical foundations to practical algorithmic tools, there remains substantial
opportunity for further advancement in understanding, generating, and
optimizing economical locomotion patterns and other non-smooth periodic
orbits. The following sections synthesize the implications of the presented
work, outline its limitations, and discuss promising directions for future
research.
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8.1 Discussion

The exemplary models within this monograph to which the proposed
methodologies were applied are summarized in Figure 8.1, organized ac-
cording to the system classification introduced in Figure 1.1. A central
insight linking these four system classes is the concept of defining passive
gaits as globally optimal actuated gaits, referred to as passive-optimal.

(1) passive-closed passive-open (3)
(conservative) (with dissipation)

-«
<

© ls

Y Y Y
[e!

<

existence of ‘ Op.tima.I
passive gait families gait libraries

fmot

(lossless) (with dissipation)

(2) actuated-closed actuated-open (4)

Figure 8.1: Classification of the models discussed in this monograph into
the four categories introduced in Figure 1.1, based on energy transfer
through the environment (closed or open) and actuator work (passive or
actuated).
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8.1.1 Extending the Idea of Passive-Optimality

This monograph has formally defined a class of economic cost functions
for passive-optimal gaits in lossless systems (Section 7.2.2). In these
systems, most economic cost functions associated with a passive gait define
a strict global optimum: an isolated orbit corresponding to zero cost. The
main exception is the mechanical actuator work cost function, where the
passive-optimal gait represents only a weak minimizer (Remark 7.2.1).

An important consideration is how this class of economic cost functions
applies to more general passive-open systems, such as passive dynamic
walkers. Although not explicitly addressed until now, it is clear in the
case of input-squared costs (copper losses) that any actuation is penalized,
making passive gaits globally optimal across all types of systems. This was
demonstrated for the compass-gait walker in Section 7.3, where optimally
actuated gait families were derived from passive gaits. For other cost
functions, however, global optimality is less straightforward to define.
Passive dynamic walkers, in particular, harvest energy from gravity to
compensate for losses and achieve limit cycles. In such systems, minimizing
mechanical actuator work no longer favors passive gaits. In fact, the
optimal cost becomes negative, as the ideal actuation policy would exploit
the gravitational energy injection to produce as much negative actuator
work as possible.

Complexity of Passive Models

Beyond exploring various economic costs in passive-open dynamics, the
system class itself can be generalized to enable a deeper investigation of
natural dynamics. Inspired by the periodic motion concept of Krack [79],
one could imagine replacing the incline (slope) with alternative forms of
artificial or environmental energy input to enable passive gaits. This strat-
egy offers the potential to extend systematic studies of passive dynamics
to more complex, higher-dimensional models.

The methods presented in this monograph, particularly the PCC frame-
work, are largely applicable to more complex dynamics, as demonstrated
by Rosa and Lynch [116]. Nevertheless, a more generalized approach could
overcome some of the limitations, particularly those associated with ECMs.

One notable limitation is the derivation of ECMs, which often involves
a cumbersome scaling procedure (see Chapter 5) and does not scale well for
systems with a large number of DoFs. Although this monograph highlights
the explanatory power of ECMs, especially their ability to intrinsically
form families of passive gaits, their simplicity also creates a significant gap
between these models and realistic legged systems.
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The Importance of Dissipation

Throughout this monograph, energy losses such as damping, friction, and
collisions have primarily been considered undesirable, as they dissipate
the system’s energy and must be counteracted by energy-consuming (and
therefore inefficient) actuation. While engineers typically aim to minimize
dissipation in robotic systems, it cannot be entirely eliminated due to the
second law of thermodynamics.

However, dissipation can also be beneficial. When strategically ex-
ploited, it contributes to the stabilization of locomotion, as seen in the limit
cycles of passive dynamic walkers. In this way, dissipation serves as a passive
energy exchange mechanism that supports robustness in locomotion [56].

Moreover, dissipation can simplify the dynamics of legged robots by
damping out high-frequency internal oscillations, which would otherwise
complicate the search for periodic orbits. Consider, for example, a hopper
with a spring-loaded leg: if fast leg oscillations are not damped, determining
the precise moment of foot touch-down becomes significantly more difficult.
Hence, simplified models such as the SLIP model assume a constant leg
length. This property was explored in this monograph as an outcome of
reducing the foot mass to zero. From another perspective, this property
can also be justified by considering strong damping in the leg during flight,
effectively reducing the system’s dynamics onto a slow manifold [87].

8.1.2 Toward Global Gait Libraries

In the generation of parameterized families of optimal gaits, passive-optimal
orbits provide ideal starting points. However, due to the non-convex nature
of the optimization problem, a passive-optimal gait is often not unique for
a given operating point. This means that multiple equally optimal gaits
may exist to initialize the generation of a user-defined gait library.

An important open question therefore arises: how should the best seed
for the gait library be selected, and does this choice guarantee global opti-
mality for all actuated gaits within the library? Once the gait family moves
beyond the passive regime, it becomes unclear how actuation influences
the associated cost. This challenge is particularly evident in Algorithm 1,
where it remains uncertain whether a passive gait at ogart can be smoothly
continued to the desired optimally actuated gait at oepng.

In general, there is no guarantee that a globally optimal orbit is con-
tinuously connected to a passive gait or equilibrium. Understanding the
conditions under which such a connection can be established remains an
open research question.
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Discontinuous Gait Families

The issue of disjoint solution sets already appears within the space of
passive gaits. One reason for such discontinuities is a change in the contact
sequence, or footfall pattern. The Delassus matrix provides the tool to
study this behavior. In general, the order of contacts is not commutative
due to inertial coupling within the system’s contact space [20, 103].

In the case of ECMs, scaling the system’s masses and inertias causes
the inverse Delassus matrix to vanish (Chapter 5). This condition permits
the commutation of contact order. As a result, gaits with different footfall
patterns (such as walking and running) may connect continuously through
bifurcation points, as demonstrated by the SLIP-like biped in [43].

Another cause of disjoint orbit sets is the activation of inequality
constraints intended to prevent grazing events and zero phase durations,
as defined in Assumptions As2 and As3. In this monograph, the issue
was resolved by adopting a time-based approach, which allowed for the
continuous connection of solution sets, even in the presence of grazing or
vanishing phase durations.

This approach may be seen as a general strategy for connecting otherwise
disjoint solution sets caused by the activation of inequality constraints.
The same strategy can be extended to stationary and optimal gait families,
particularly when additional path constraints or second-order optimality
conditions are imposed. In this work, the inequality constraint associated
with second-order optimality was not enforced. This allowed locally optimal
orbits to connect continuously through saddle points as shown in the
compass-gait walker example (Figure 7.9).

Nevertheless, this strategy may not be sufficient to connect all disjoint
solution sets. In such cases, an alternative is to explicitly allow discontinu-
ities or "jumps" when using PCC methods. Guddat et al. [53] propose a
jump algorithm to overcome turning points. They also describe how PCC
methods can be adapted to handle changes in the active constraint set. This
is particularly relevant when using inequality constraints on the system
dynamics. In this modified approach, the predictor anticipates changes in
the active set, while the corrector step is performed by a standard NLP
solver. This implementation has proven highly effective in tracing optimal
gaits using direct methods [118].

While inequalities can be readily incorporated into the direct method,
for example to represent path constraints or enforce second-order optimality,
extending the indirect approach to handle these cases remains an open
area of research.
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Extending the Indirect Approach

Incorporating inequality constraints, such as joint limits or actuator torque
bounds, into the indirect method requires dividing the time domain into
subarcs. Within each subarc, constraints are either active or inactive, as
described by [14]. This could also be addressed by introducing a multiple
shooting scheme. A major challenge in this context is the unknown number
and order of subarcs, which complicates the application of variable step-size
shooting methods. Developing strategies to handle this complexity would
significantly enhance the versatility of the indirect method and broaden
its applicability to more complex, real-world systems where inequality
constraints are critical.

Furthermore, the first-order necessary conditions derived in this work
are currently tailored to TO problems of simple hybrid systems (P!),
characterized by a single continuous and a single discrete dynamic map.
A critical direction for future research involves extending these conditions
to address more complex locomotion patterns, such as running or walking
with a double support phase, where foot lift-off and touch-down do not
occur simultaneously. Such extensions would require incorporating kinetic
events (such as a foot leaving the ground when ground reaction forces
reach zero) into the event definitions. Currently, our event functions are
solely defined kinematically or by time, but this extension would necessitate
incorporating actuation inputs (w) into the definition of the event function.
Moreover, the introduction of multiple hybrid phases would convert the
current two-point boundary problem into a multi-point boundary problem.
This transformation could be effectively addressed using a multiple shooting
approach, where the initial shooting conditions align with the image of the
discrete (reset) maps.

8.1.3 Other Promising Methodologies

In addition to the presented approaches that use PCC methods to generate
gait families and solve TO problems for energy-efficient locomotion, several
other promising directions remain to be explored.

One fundamentally different approach to exploiting natural dynamics
in legged systems, without relying on optimization, is based on nonlinear
normal modes (NNMs). NNMs extend the concept of invariant linear
modes to general nonlinear dynamics [2, 73]. In this framework, controllers
are designed to constrain the system to move along invariant manifolds,
which are derived from the system’s underlying conservative (lossless)
dynamics [120, 121].
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Although the extension of NNMs to non-smooth (hybrid) dynamics is
challenging, it offers an optimization-free approach of leveraging a system’s
natural dynamics. In particular, it does not depend on the choice of
economic cost functions as in the TO problem. Furthermore, by design the
NNM approach inherently provides a stabilizing feedback control law.

Stability of Economic Gaits

This monograph focused exclusively on energy-optimal open-loop trajecto-
ries. However, implementing these periodic orbits on real legged systems
requires feedback control to ensure robust locomotion in the presence of
environmental disturbances and model uncertainties.

In general, energy optimality and robustness are competing objectives,
especially in inherently unstable bipedal systems [80]. Nonetheless, selecting
passive-optimal gaits with larger stability margins can reduce the efforts of
an active feedback controller. To assess the region of convergence around
a limit cycle, the method introduced by Manchester et al. [90] may be
particularly useful.

Beyond the straightforward approach of adding an asymptotic feed-
back controller to open-loop trajectories, differential dynamic program-
ming (DDP) offers a more compact and potentially more insightful al-
ternative [133]. DDP not only computes an optimal trajectory but also
produces a locally linear feedback control law. Since DDP has already been
successfully applied to generate optimal gait libraries [86], it appears to be
a promising methodology for further exploration of natural dynamics in
legged systems.

8.2 Conclusion

The central theme of this dissertation is the development of systematic
approaches for generating energetically optimal gaits in legged systems,
with a strong emphasis on exploring their natural dynamics. Together,
these contributions form a coherent progression from theory to algorithmic
tools. They offer a unified methodology for understanding, generating, and
optimizing economical locomotion patterns and other non-smooth periodic
orbits in both conservative and dissipative HDSs.

While much remains to be understood, this work offers an initial
step toward uncovering the connection between morphology and motion.
It is hoped that the ideas and methods developed here may serve as a
useful foundation for future efforts in designing and controlling efficient
legged systems.






APPENDIX A

The Saltation Matrix in
Autonomous Hybrid Dynamics

The saltation matrix describes how changes in the trajectory are propagated
from phase 7 into 7 + 1. In autonomous HDS, satisfying Assumptions As2
and As3, the saltation matrix takes the form

( AR Gz—‘rlf )D62+1

Sz+1 Gz+1 Z+1fﬁ , (Al)
where the following shorthand notation is used:
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Figure A.1: A nominal trajectory propagating from phase 7 into 7 + 1.
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A.1 Construction of the Saltation Matrix

In the following, the saltation matrix Sf“ is constructed through calculus
via the implicit function theorem (Section A.1.1) and from a geometric
perspective using first-order perturbations (Section A.1.2). These deriva-
tions build on the work of [76, 82, 96]. While the presented S applies
to autonomous ¥, its extension to time-variant ¥ is straightforward.

A.1.1 Applying the Implicit Function Theorem

This approach derives (A.1) using local derivatives of the hybrid flow
in phases 7 and ¢ + 1. Specifically, the total derivative of the phase
flow x;41(t) = gal_H(t tit1,@;y1) with respect to Z; is computed For
the time t € [ti1, 01 + t‘f_H) in phase i + 1, where t;; = t (z;) is well-
defined under Assumption As2 (Remark 4.1. 1) and strictly greater than ¢;

(Assumption As3), this derivative takes the form:

d d . L
o = e (tf@halton (@) he) ) (42
c.:r 6(,01‘4_1 8(t — T) 8tzg(:iz)
at (t’{z‘+1’w2—+1) T tf 8531
Ipit1 agitt|  de; (t5(z0), i, &)
4 ol -
5:13 (t$t—i+1$wj—+1) 8:13 w: dwz
(4.10a) L otE(z)

n +
= —®; 1 (ttiy1, ) -
1

- d
i+1
+ ®i41(t, tiv1, @) Gl o+ iz, x;(tiv1),
where the chain rule is applied at c.r., and Lemma 4.1.2 is used along

with the flow property fii1(@iy1(t)) = ®ipa1(t, tipr, 2f ) fiyr(x], ). The
remaining total derivative in (A.2) takes the form

. d P
dT_ciici(tiH) iz, 801( (@), b5, ;) (A.3)
c.I. 5% th(@) i 8cpi
o 875 8:?:1 6113 (t‘s,t_i,a_:i)

(tig1,ti, &)
Ot (:)

0z, + B, (15,1, 2;).

= f
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Introducing additional shorthand notation

Pip1 = Bt tirn, xl),  Bii= Rillig, i, &), Dif = ag(;l),
and plugging (A.3) into (A.2), yields
d%igoi“ = ZH((Gl“f— - Z+1)th+G§+1<I>i). (A.4)

The switching time derivative Dt¢ in (A.4) is well-defined due to Assump-
tion As2 and the implicit function theorem. Hence, the total derivative of
the event function el+1 yields

eitt (% (5 (= i)7tiami)> =0 Vz; €A,

= i,ﬁﬁ“ o @i (5 (@), b, &;) = 0,

dx;
& Delt L (f7 Dt + @) =0,
N————
(A3)
D 2:+1
= Dtf = -4 (A.5)

— P,
De§+1fi_

where X; C X;, since X; = Xy when i = 1 and otherwise X; = g¢_, (€} ;).
Finally, plugging the switching time derivative (A.5) into (A.4), yields the
desired structure

d ,
daz, —xi(t) = B ST @y,

where the saltation matrix S!*! takes the form reported in (A.1).

A.1.2 Using First-Order Perturbations

To obtain first-order sensitivity information with respect to &;, an initial
perturbation éx; € R™i with ¢ < 1 is introduced, defining the perturbed
initial state as &; := @; + e0x;. This infinitesimal perturbation alters the
event activation time, resulting in ;,; 1= tf (Z;). With the nominal activa-
tion time #; 1 := t£(&;), the resulting time variation edt := ;41 — t;41 can
be either positive or negative, leading to two distinct cases illustrated in
Figures A.2 and A.3. In both scenarios, the saltation matrix is constructed
through S; ™" = d=%1/s=;, where dx; and 6z, | represent the state differ-
ences before and after the event, respectively, as a result of the initial state
perturbation dx;.
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Positive Time Variation (J¢t > 0)

As shown in Figure A.2, the infinitesimal state differences before and after
the event are defined as follows:

edx; = &i(tit1) — x; (A.6a)

7 )

65213;:1 = -'ii—&-l({i—&-l + 66t) — mi—&-l(ﬂ'—&-l + 65t). (Aﬁb)

To locally construct Sf“, all terms involving 0t are expanded to their
first-order approximation in the vicinity of the event:

ii‘i(gi+1 + E(St) = ZINSZ'({iJrl) + fi (ii’i({iJrl))Eét + 0(82) (A7a)

(A6a) x; +eda; + fi(x; +edxy )edt + O(e?)

=z, +edx; + fi(x; ) eot + O(?),
H,_/
=f
e (@i(liyr +20t)) LV et (@ +edm; + fe0t) + O(e2)  (A.Th)

(2

= et (x;) +Del™ - (edz; + fi edt) + O(e?),

K2 ?

=0
:f}¢+1(t_¢+1 + €5t) = H_ (.’Bl( i+1 + 65t)) (A?C)
(A.7a)

g, (z; + bz + f; edt) + O(?)

(2

=g/t (x;) +G (edz; + fi edt), +O(e?)
\_v_/

— ot
=Tt

wiJrl(t_iJrl + E(St) = iBZ_l + f +1€5t + O( ) (A7d)

i1 = fira(®ign)]

Tit1 (124] + 551&)

Tit1 mi+1(t_i+1 + 66t>

g?’+1 1+1(gz+1)
K2
Figure A.2: Illustration of a perturbed flow reaching the event manifold EZH
at time ;1 later than the nominal flow, resulting in edt := #;,1 —t;41 > 0.
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With (A.7c) and (A.7d), taking ¢ — 0, the post-event state difference (A.6b)
can be expanded to its first-order as

Sef, =G ox; + (G — fif)6t. (A.8)

When the perturbed flow reaches the event manifold, it satisfies,
et (&i(tix1 + 0t)) = 0, allowing the time variation §t to be computed
from (A.7b): ‘

Deittox;
Deitt g7
where ¢ — 0. Geometrically, setting (A.7b) to zero implies that the
vector @&;(ti;1 + €dt) — x; is locally tangent to £ and thus orthog-
onal to Deit'. Plugging (A.9) into (A.8) yields the saltation ma-

trix St = 6=, /52~ reported in (A.1).

St =— (A.9)

Negative Time Variation (§t < 0)

Similar to the previous case, the infinitesimal state differences before and
after the event (Figure A.3) are defined as follows:

65331_ = ii(fi+1 + 65t> - :Bi(fi+1 + €5t), (AlOa)

edxfy ) = Zipa(tiy1) — 2,y (A.10b)

To locally construct Sf+1, all terms involving 0t are expanded to their
first-order approximation in the vicinity of the event:

a:i(t_iﬂ + €5t) = wi(f?i+1) +fi755t + 0(62), (Alla)
——

i1 = fira(ig)]

Zip1(tiy1)

Ziy1(tit1)

+
Lit1

g?+1 g?+1(5?+1)
1 1 3
Figure A.3: Illustration of a perturbed flow reaching the event manifold Ef +
at time t;, 1 earlier than the nominal flow, resulting in et := ;1 —#;,1 < 0.
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e (@i(Tigr +20)) 2 e (ay(E 4y + £01) + 20 (A.11Db)

(Alla) eiﬁ“ (:c; +edx; + f[sét) +0(£?)
— o aT) 4D - (e + fimedl) + OE),
—_———

=0

wz+1( i+1 T Eét) = szrl( z+1) + fit1 (wz+1( z+1))55t + O( ) (A'llc)
A.
(4,100) ol +edxl + fi(xf,, +edx])est + O(?)
afy +edzyy fi(@fy) et + O,
—_———
:fifH
CI~JZ'+1(EZ'+1 + 65t) g;Jrl (1117,( i+1 + €5t)) (Alld)

N , _
(A.10a) git! (@i(tir1 + €6t) + b))

B gitl (@ 4 edm; + £ e0t) + O(2)
=g (x;) +G (edz; + fedt), +O(£2).
N—_——

:m;r+1

Combining (A.11c) and (A.11d) and taking the limit as € — 0, the post-
event state difference (A.10b) can be expanded to first order, as previously
shown in (A.8). When the perturbed flow reaches the event manifold, it
satisfies eé“ (531 (tiv1 + 515)) = 0, resulting in a time variation dt of the
same form as in (A.8). Consequently, the remaining steps for constructing
the saltation matrix S = 6\, /sx- follow the same procedure as in the
previous case.

A.2 Poincaré Section

In Chapter 4, the Poincaré section was defined within the returning
phase m +1 = 1. However, the anchor can also be assigned to the
last event @ := el as in Chapters 6 and 7, assuming that the event man-
ifolds &' share the same transversality to the flow (Assumption As2)
as the Poincaré section A. With this choice, a hybrid trajectory x(t;A 1)
terminates immediately after the discrete transition g , returning to the
first phase such that ¢;% ; = t&,. Consequently, the initial state zo must
lie within g}, (€}) C Xp. This also modifies the structure of the Poincaré

map’s Jacobian, as defined in (4.13). While the fundamental matrix in
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phase m keeps its chained structure in (4.8), the last saltation matrix S7+1
drops the term f,ﬁ_i_l in (4.7), resulting in

—Del
gm+l _ &l _ 1 FnDes,
S, =5,,=G,, (I — W) . (A.12)
Hence, with the choice a := e},, the Poincaré map’s Jacobian takes the
form
DP(xy) = St - ®,,(t, (), tm, Trm)
W_/
:tnz+1
S (A.13)
I sit - ®i(tisn. b, ).
i=1

The qualitative results reported in Chapters 4 and 5 remain unaffected by
this modified Poincaré map and its Jacobian.
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