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1 Introduction

The requirement for dynamic models for simulation is to
describe a given process with the highest accuracy possi-
ble. On the contrary, a good model for controller design
gives the simplest description of the process that cap-
tures the essential characteristics relevant for controller
design. Despite the many advances in nonlinear control
theory and its successful applications to chemical pro-
cesses, i.¢., including distillation control, linear controller
design methods are further developed and more widely
accepted than nonlinear techniques. In many cases lin-
ear models of low order suffice to describe processes ac-
curately enough [3, 6, 12]. This paper is concerned with
tools for analysing and validating linear process models
prior to controller design.

There are two main reasons for evaluating models for
controller design. First, there is a necessity for model
validation: we should check whether the model charac-
teristics conform with those of the real process relevant
to control. Secondly, analysis of the model gives informa-
tion about achievable closed loop performance and hints

on how to design a controller.

Usually, there are several models available. Identifica-
tion, lincarisation, or other approaches yield models
with, in general, different characteristics for the same
process. It is a nontrivial task to decide whether a model
describes the main dynamic characteristics of a process
and to determine which model is to be preferred for con-
troller design. Techniques for examining linear models for
controller gaign are described in Section 2. One focus of
this paper is on tools for analyzing multivariable pro-
cesses in the frequency domain, for example, condition
number and dynamic relative gain array (RGA) analy-
sis. The latter tool is extended by the phase information
of the RGA. A novel evaluation tool involving the singu-
lar directions over frequency of the respective processes
15 introduced.
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Although simplified modeling of distillation columns for
controller design has a long tradition (i.c., [3, 8, 12]),
there is still a need for appropriate low-order models.
In Section 3, a new linear low—order model is compared
to five models from the literature [5] using the analysis
tools introduced in Section 2. The new model directly ex-
ploits wave propagation phenomena, and, therefore, will
be called the wave model. For details on the modeling ap-
proach used for this model we refer to [10]. Exemplary, a
binary high purity distillation of an ideal mixture in a 40
tray column [12] is considered. We refer to it as column A
in accordance with the original reference.

Finally, Section 4 shows briefly results of the Hg.-
controlled column where the controller is designed on
the basis of the wave model. Simulations with a detailed
nonlinear distillation model show that very good control
action can be achieved with this model. Moreover, the
linear model allows to predict the nonlinear closed loop
behavior quite accurately.

2 Validation and analysis tools

Techniques for evaluating linear models can be classified
into time domain methods (e.g., pole/sero/gain-analysis
or inspection of the prediction quality through time do-
main simulations) and frequency domain methods. As a
direct consequence of the intended purpose of the model,
i.e. controller design, analysis does not focus on the be-
havior of states, but rather on inpu}/output behavior.
For linear systems I/O analysis can be best performed
in the frequency domain.

For SISO-systems the full I/O-information of a dynamic
system is contained in its Bode diagrams, Nyquist dia-
grams, Nichols charts etc. The diagrams can be com-
pared to the measured frequency response of the real
system. Knowing the approximate envisaged bandwidth
of the closed loop, good correspondence of model and real
plant are only required for frequencies up to the band-
width. Unlike SISO-systems, traditional analysis tools
for MIMO-systems, such as singular values, condition
number, and relative gain array, give only partial I/O-
information because of the lack of phase information.
The analysis of directional information will partly over-
come these difficulties.

The definition of the RGA for the stationary case goes
back to Bristol [2]. Recently, the dynamic RGA was

655



ol — b =

found to be a useful tool to describe the degree of in-
teraction of the I/O—quantities over frequency. Usually,
the magnitude of the complex RGA-clements are plot-
ted over frequency leaving out the phase information.
But in order to usec the full performance of this tool one
should also include the argument of each RGA-element.
The (1,1)-eclement Ay of the RGA is given by the ratio
— By sy oo vy _ By
A= i with If; = g-ll S and I, = a"‘L.:OQ.n
where [}, is the gain between input 1 and ountput 1 with
all other inputs fixed at its stationary values. The gain
between input 1 and output 1 with all other outputs 61:1{:—
ally) regulated is called I¥,. The phase Ag;, of the RGA
is taken as the phase difference between the output sig-
nals in the case of the unregulated and regulated other
outputs:

Apr =i, — i,

This characterisation can be used to measure the RGA
of nonlinear systems.

Usually, only singular value diagrams of the multivari-
able processes are examined in order to characterise
the I/O-behavior. This can however be very mislead-
ing. Two systems having exactly the same singular val-
ues over frequency can possess completely different dy-
namic features, especially if the system is ill-conditioned.
We therefore suggest to use not only the singular values
o; but also the directional information contained in the
unitary, frequency dependent matrices W and V of the
singular value decomposition (SVD):

y(jw) = V(jw)E(jw)W¥ (jw) u(jw)

with B(jw) = diag{o;} and & > 03+ > o, W =
Wy W3, .oy Wina1, W, [7,\':,...,\",._1,_1‘]. Note
that (-) corresponds to the maximal and (-) to the mini-

mal sin value, We limit ourselves o square systems,
although the method described below is valid for non-
square systems, too. The matrices W and V can be in-
terpreted from system theory: Consider the frequency w*
to be fixed and suppose that W and 'V are real matrices.
That is the case l‘;t systems without integral or deriva-
tive action and w* = 0. This stationary case is intensively
treated in [13]. In this work, however, W and V are ex-
amined over ncy. The first and last column of W
contain important directional information in the input
space and the first and last column of V contain impor-
tant information in the output space. If the direction of
the input vector u (input-direction) in the input space is
parallel to the vector w (mazimal input-direction), this
input signal will be maximally amplified by the system,
i.e., by #(w*). The output will then point in direction of
¥ (mazimal output-direction). The reasoning for v and
w is analogous. Any input-direction different from w
and W will lead to an amplification greater than ¢ and
smaller than 7.

(1)

Fig.la illustrates this interpretation for the two-
input /two—output case at a frequency w*. The input am-
plitude is normalised to 1. Exciting the system with in-

puts of varying input-direction a, = arctan (Eﬂ)l re-

sults in outputs which also have different directions (that
are defined accordingly). Varying the input—direction by
360° results in a variation in the output—direction also by

oy of W may have negative sign because it takes care of a
possible phase—difference of the 180°,
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S |
* = const. Y2 | MIMO_YE’ ”
2U, i
l"%'
: uou LA a?y1
A (a) Ag

Al

AT & IN .
“V\/t)’zrv\/t
/\/\/=[/‘\/\
VAV a
(b)

Figure 1: (a) Singular directions and (b) time-domain
interpretation of phase-differences for 2 X 2-systems.

t

360°. For each input direction the gain of the system is
different. Thus a circle in the input space is mapped to an
ellipse in the output space. The main axis of the elli
point into the maximal and minimal output-direction
and their length is & and o, respectively. Since for any
frequency we can draw such an input phase diagram and
an output ellipse we will refer to it as dynamic singu-
lar directions. In higher dimensional input and output
spaces a frequency dependent higher dimensional input
sphere and output ellipsoidal wﬂf result.

Now, we consider the general case with V and W
complex. The minimal and maximal input and output-
directions are now complex vectors that can be written
as

= o ; _ ; T
W = [|@g] -, .., |Gy - TP ] (2)
The magnitudes of the elements of W, w, ¥, and v give
the same information as in the real lge. in u!dit?:m,
phase information easily interpreted in the time domain
can be explored. With w fixed, the maximal amplification
of the input is achieved if the components are signals

, etc.

(3)

with values @; and g, according to (2). An analogous
expression holds for the minimal amplification and for ¥,
v.

In the two-input/two—output case (Fig.1b) we will call
the difference between the phase of the first and sec-
ond component of the input-vector the input-phase-
difference (Apy = @(u3) — @(uy)) and the difference
between the phase of the output components will be

u; = |@] - sin(wt + 'pa,)
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referred to as output-phase-difference (Ag, = e(w2) —
¢(v1))- The mazimal n.nd'ms'nimal quantities are denoted
by A@. and Ay, respectively. If additionally, the phase-
difference between u; and y, is given over frequency, then
all dynamic information about the model is contained in
those quantities. This time domain interpretation per-
mits not only the comparison of models among each
other. Moreover, models can be validated through exper-
iments on the real process with these specific sine-input
signals. In Section 3, this analysis technique is applied
to different distillation models. A detailed discussion of
singular direction analysis can be found in (7).

3 Application to distillation models

Modeling of distillation processes for control has a long
tradition in which many known methodological modeling
approaches have been applicd. Nonectheless, there is no
single recommended technique on how to derive and to
validate an adequate model for control even in the binary
case.

Control of a high purity binary distillation column (col-
umn A) is chosen for illustration. A brief overview of the
linear models and the nonlinear model is given in Sec-
tion 3.1. In Section 3.2, the linear models are analysed
and compared to the nonlinear model in order to vali-
date them. This is also meant to show the usefulness of
the validation tools presented in the previous section.

3.1 Distillation models

Modeling and control of column A has been intensively
investigated, recently. Five of the models used in those
studies have been compared in [5]. They are also selected
here for further analysis. These are the models N; and
N; that are developed from physical i.n:ight based on a
nio:ou nonlinear model (here called model NL). Model
NL assumes constant molar overflow and neglects any
fluid dynamics. Index “1” and “2” stand for a model with
one and two time constants, respectively. Models Fy, F3
are based on models N; and N3, respectively, containing
an additional (single) time constant that is introduced to
(heuristically) describe hydrodynamic effects. Model RM
is a lincarisation of a nonlinear constant molar overflow
model including hydrodynamics that is subsequently re-
duced to a second-order model.

In addition, a novel linear model is included, denoted
here as model W. It is based on the qualitative dynamic
behavior of distillation columns which has been identi-
fied recently as a wave propagation phenomenon [4, 8, 9].
Here, both the rectifying and the stripping section re-
veal separately a wave which represents the concentra-
tion profile of the light component. More specifically,
Position and shape of the waves quantify the holduﬁu
of the light component in each column section. In the
case of disturbances in flows or in feed concentration the
waves propagate with analytically determinable veloci-
ties in the two sections. The wave propagation velocities
are directly related to a liquid holdup change in the two
sections. The modeling approach proposed in [10] can be
considered as an extension of the one in [11], where the
dominant time constant is determined, among others, by
the change of one holdup of both sections. The equations
of model W break down into

Yy(s) Gi(s)U(s) + G;(J)Z(l)
Y,(s) G (s)U(s) + G:(:)Z(l)

(4)
(5)

=

I

4@

Al

Figure 2: (a) Magnitude and (b) phase of the dynamic
RGA-element Ay of the models (squared points: NL).

where U(s) = [L(s),V(s)]", Z(s) = [zr(s), F(s)]”
Yy(s) = [27(s), 2 (o)]7, Yp(s) = [27(s), 25 (s)]" and
G/ being the transfer fanction matrices of the models.
The quantities L, V, F, zp, 20, z? signify the liquid and
the vapor stream, and the feed rate, the feed concentra-
tion, and the top and bottom concentration, respectively.
The concentrations zff and z7 are the concentrations at
the inflection point of the stationary liquid concentra-
tion profile of the rectifying and stripping section, re-
spectively. The transfer matrices G; and Gj are given
in the Appendix. Contrary to the approaches proposed
in literature, this new approach additionally provides a
disturbance model (G}) consistent with the plant model
(G-",) In the following, the dynamic behavior of Gj of
the different linear models is compared.

3.2 Validation of distillation models

We concentrate on some specific multivariable charac-
teristics such as the dynamic relative gain array, the fre-
quency dependent condition number, and the dynamic
singular directions. A more complete treatment includ-
ing the comparison of open loop responses of model NL
with model W can be found in {1, 10].

RGA

Fig.2 shows magnitude and phase of the (1,1)-element
A:ﬁ of the relative gain array for the dxﬂ'£:en)t models.
For models incorporating fluid dynamic effects (Fy, F3,
RM), the input/output channels for high frequencies are
obviously decoupled as already pointed out by [5]. But
also the wave model W and model N; show significant
high frequency decoupling.

The squared point in Fig.2 correspond to the measured
RGA of nonlinear model NL. The RGA is measured
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Figure 3: Condition number of linear models.

by exciting different inputs with a sinusoid of fixed fre-
quency and amplitude. The ratio between the gain I},
and I}, (see Section 2) is the measured RGA. The regu-
lation was achieved here with a high gain PID-controller.
The gains I}, and [], are determined by the ratio between
the output and the input amplitude where in both cases
the first harmonic of the Fourier series is taken. It should
be noted that the measured RGA of a nonlinear system
depends on the input amplitude chosen and also on the
input considered for the analysis (column and row sums
unequal to one). The measured RGA of model NL is very
imilar to the RGA of model N3. This is not surprising,
since one of the time constants of model N3 has been
i[i“i:d to the dynamic RGA (and to the singular values)
12].

In particular, high frequency decoupling is also observed
for the nonlinear system without hydrodynamics as well
as for models N; and W. This suggests that input/output
decoupling for high frequencies is not only due to liquid
flow cfeln.y, but it is also partly based on the different
liquid holdup changes (wave velocities) in the rectify-
ing and stripping section. This partial decoupling of the
two sections relates to the fact that no fast mass ex-
change between the liquid holdups (large inertia) of the
two sections is possible for high frequencies. High fre-
quency excitation leads to small amplitude oscillation of
the wave location. Pinched concentration profiles at the
feed tray would lead to perfect decoupling. Partial decou-
pling, however, occurs because of non-vanishing spatial
concentration gradients. For low frequencies, the waves
of the two sections are almost synchronised due to the
higher coupling effects caused by significant mass trans-
fer between the rectifying and stripping section holdups.
Note that perfect decoupling can be only achieved if hy-
drodynamics are included in the model.

CONDITION NUMBER

The condition number of models W, N;, and Nj is very
high (Fig.3) which, together with the RGA information,
suggests that distillation columns are difficult to con-
trol [12]. Model W reveals a higher condition number
than models N; and N;. The measured condition num-
ber of the nonlinear process is even higher for a large set
of input amplitudes (compare singular direction analy-
sis below). Contrary to models N; and N3, the condition
number of model W grows for high frequency. That is
due to a decreasing o which shows the influence of a fast
pole at high frequencies. That is, o decreases faster than
&. The “additional pole” in ¢ is due to the decoupling
effect in the “low-gain” direction between the two major
holdups (waves) in the rectifying and stripping section

G "y —y d -
10° 10 10° 107 107 10°
frequency  [rad/sec]

1 el oy - sadl
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Figure 4: Extremal singular directions and phase-
differences of the linear models.

4

Figure 5: Ellipses of the output-directions (z?, 2%) for
models W, N; and the nonlinear model.

for high frequencies (compare RGA analysis).

SINGULAR DIRECTIONS
Fig.4 shows the input- and output—direction and input-
and output-phase—difference of the linear models over
frequency. The steady state maximal (minimal) input-
direction of the models is approximately —45° (45°)
which is in accordance with F12] They found that for
distillation columns at steady state, the most sensitive in-
ut direction is obtained by changing the external flows
fe.g., dL = —dV), and the least sensitive input direc-
tion is obtained by changing the internal flows (e.g.,
dL = dV). In (1], another explanation based on the dif-
ferent wave propagation velocities in the two sections is
given. For higher frequencies (more important for con-
trol), the singular directions of model W differ signif-
icantly from those of models N; and N;. That is, the
maximal output-direction of model W is about 40° larger
than those of models N; and N;. Around the envisaged
bandwidth, the influence of the inputs on the bottom
product concentration z? is much stronger than on 2?2,
Singular directions can also be measured for nonlinear
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Figure 6: Ellipses of the output-directions (a:?, z7) for
model W and the nonlinear model.
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Figl'll:.!e 7: Responses to 15% step disturbance in F; linear
(solid line) and nonlinear (dashed line) closed loop.

model NL. Fig.5 shows the output ellipses of models NL,
W, Ny, and N; for a fixed frequency of w = 10"%.
The extremal output-directions of the wave model al-
most coincide with the nonlinear model. Models N; and
N; differ strongly from the nonlinear model. Further-
more, since the wave model averages process nonlineari-
ties better than the other models, a significantly higher
singular value is revealed for frequencies up to the en-
visaged bandwidth of the closed loop system (Fig.3 and
5). But it is much smaller than the one of the nonlinear
model (Fig.5). Fig.4 shows a significanly larger maxi-
mal output-phase—difference for model W than models
N; and N;. Time—domain simulations (not shown) show
that for higher frequencies, the maximal output-phase-
difference of model W approximates best the correspond-
ing phase of the nonlinear model. A very good correspon-
dence of singular values and singular directions (Fig.6)
can be observed between model W and the nonlinear
model when concentrations at the inflection points of
thf stationary profiles are taken as outputs (linear model

Gj).

4 H.-optimal controller design for the
distillation example

Validation of different models can finally be done by con-
troller design, if the performance of the controllers on
detailed models or the real plants is compared. Since
model W seems to reflect the characteristics of the non-

“o 400 800, 1200 ~
time [sec]

Figure 8: Responses to 15% step disturbance in z; linear
(solid line) and nonlinear (dashed line) closed loop.

linear rigorous model best, controller design and evalua-
tion is presented here for the wave model of column A.
The (L,V)-configuration is chosen with controlled vari-
ables z} and z] instead of concentrations z” and 5.

This is motivated here by the fact that singular values
and singular directions of this model agree best with the
nonlinear model.

H,—optimal controller design for this model with a
mixed sensitivity criterion in which the disturbance
model was explicitly taken into account is performed,
leading to a dynamic compensator of order 18 that can
be reduced to order 6.

Disturbances in the feed flow and feed concentration are
equally well rejected with fast transient behavior and
small deviations. Furthermore, no excessive action in the
manipulated variables is needed. In Fig.7, time responses
to a 15% step disturbance in F' for both the controlled
linear and nonlinear model are shown. Here, and also for
step set-point changes, the step responses almost coin-
cide. For disturbances in the feed concentration, a big-
ger difference, especially for the manipulated variables,
can be observed {’s‘ .8). This is, however, not surpris-
ing, since model lﬁoes not take into account the ad-
ditional small delay (in the order of 20sec) caused by a
trigger wave on the background of the concentration pro-
file as a consequence of concentration disturbance ([?l])
The different steady-states of the manipulated variables
indicate that a certain separation requires only the same
liquid-to-vapor ratio but not the same absolute values.

5 Conclusions

Open-loop time domain simulations of models for con-
troller design are of minor importance since they do not
expose significant differences of the linear and nonlinear
models which then become evident in the closed loop [6].
In this paper, analysis tools in the frequency domain are
suggested to examine the I/O-behavior of multivariable
systems. The condition number and the well-known rel-
ative gain array are presented that is extended by the
phase—differences of its elements. The phase—difference
provides additional information about the interactions
effects. Many authors suggest to examine singular val-
ues for model validation. However, singular value anal-
ysis of ill-conditioned systems can be very misleading
because only partial information is included. Unlike the
aforementioned tools, the proposed analysis of the dy-
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Table 1: Transfer functions of wave model W for column
A.

namic sin directions and phase—differences explores
the full info;maﬁon about l:tlle linear gy'numud In our
case study, the analysis of the itude of the dynamic
relative gnin array for models W, ﬁg and NL only reveals
small differences. The analysis of the condition number
gives a better diversification of the models. However, the
analysis of the dynamic singular directions and phase-
differences is best suited to reveal significant differences
between the different models for validation purpose and
model discrimination especially in the frequency region
in which the bandwidth is usually chosen in distillation
column controller design.

The analysis of linear models W, N;, and N; shows sig-
nificant differences between them. Although the analy-
sis of the RGA suggests that model N; approximates
the nonlinear model best, the singular directions, phase-
differences, and condition number of N; differ signifi-
cantly from the ones of the nonlinear model. Hence, re-
sults from RGA analysis have to be interpreted with care.
None of the linear models reflect the characteristics of the
nonlinear system correctly. One exception is the wave
model W with concentrations at the point of inflection
of the stationary profiles chosen as outputs. Singular di-
rection analysis reveals that only the wave model gives
a good estimate for multivariable directions of the non-
linear model for higher frequencies. In general, available
candidate models of the process (ideally including the
real plant) should be analysed by the aforementioned
tools in order to have a good decision-making basis to
discriminate models for controller design, although much
comlﬁ:tation effort is necessary. Validation of the linear
distillation models in this paper is based on a comparison
of the model properties to those found for a rather simple
nonlinear model. The same investigation (dynamic RGA,
singular directions, etc.) can of course be performed for
a real column or at least for a more detailed nonlinear
model and its approximating linear models which include
energy balances and possibly hydrodynamic effects. This
is an interesting next step also in the discussion on which
physical effects have to be included in a model for con-
troller design.

Appendix

Transfer matrix data for model W are given in table 1

with o L[N N
G.(')‘ D(,)[N;;E- NI{'”

Nj(o)=Kj [[(Ts+1),i=1,....4, ie{f,p}
k=1

and

D(s) = (5821s+1)(4038s+1)(1161s+1)(221s+1)(54+1)

(‘.'l'}' in [sec], K] in [£m2!] or [-]) with a feed rate chosen

sec

as F = 0.01222 and holdups as in [12].
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