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Abstract

The numerical approximation of partial differential equations coming from physical and
engineering modeling is often a challenging task. Most often these partial differential equa-
tions are discretized with finite elements and can be solved by modern super-computers.
Working with different discretization techniques in different subdomains or independent
triangulations, the challenging task is to couple these different discretization schemes or
non-matching triangulation without losing the optimality of the approach. Mortar methods
yield optimal and flexible coupling techniques for different discretization schemes. Espe-
cially when combined with dual Lagrange multiplier spaces, the efficient realization of the
weak matching condition is possible, and efficient multigrid methods can be adapted to
the non-conforming situation.

In this thesis, we concentrate on higher order dual Lagrange multiplier spaces for mor-
tar finite elements. These non-standard Lagrange multipliers show the same qualitative a
priori estimates and quantitative numerical results as the standard ones and yield locally
supported basis functions for the constrained space leading to an efficient numerical realiza-
tion. Working with abstract assumptions on Lagrange multiplier spaces, we prove optimal
a priori estimates for mortar finite elements allowing that the dimension of the Lagrange
multiplier space can be smaller than the dimension of the trace space of the finite element
space from the slave side (with zero boundary condition on the interface). Geometrically
non-conforming decompositions and locally refined meshes are also covered.

In two dimensions, we show that a dual Lagrange multiplier space can be constructed
for a finite element space of any order satisfying these abstract assumptions. In contrast to
earlier approaches, these Lagrange multiplier basis functions have the same support as the
nodal finite element basis functions. Using an interesting relation between biorthogonality
and quadrature formulas, we prove that an optimal dual Lagrange multiplier space for a
finite element space can be constructed if and only if the finite element space is based
on Gauß-Lobatto nodes. The two-dimensional construction can easily be extended to
the three-dimensional case for a finite element space with tensor product structure. If a
finite element space does not have the tensor product structure, e.g., serendipity elements
on hexahedra or conforming finite elements on simplices, the situation is more difficult.
To deal with this problem, we generalize the idea of a dual Lagrange multiplier space
by introducing a quasi-dual Lagrange multiplier space for quadratic serendipity elements.
Furthermore, working with a more general assumption that the Lagrange multiplier space
can have smaller dimension than the trace space of the finite element space at the slave
side (with zero boundary condition on the interface), we introduce dual Lagrange multiplier
spaces for quadratic tetrahedral and serendipity elements. Numerical results are presented
to illustrate the performance of our approach.

We also study interface problems arising from heat conduction with a discontinuous
flux and solution within the framework of mortar finite element methods. Taking into
account non-homogeneous jumps of the solution and the flux across the interface, we give
a saddle point formulation of the interface problems. Optimal a priori estimates are proved
and numerical results are provided.
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We have applied mortar finite elements to couple different physical models, material
laws and discretization schemes. Furthermore, time-dependent heat transfer problems with
sliding meshes are also considered.

Another particular interest for us is the locking phenomenon in linear and nonlinear
elasticity. We analyze low order finite element methods based on the Hu-Washizu formula-
tion in linear elasticity and prove the robust and optimal convergence of the finite element
approximation of the displacement for the nearly incompressible case. A three-field mixed
formulation for finite elasticity is also introduced and numerical results are presented. Mor-
tar finite elements for coupling two different materials in elasticity, where one is a nearly
incompressible material and the other one is a compressible material are analyzed for the
linear elastic case, and numerical results are provided to verify the theoretical results.

I would like to finish my abstract by repeating three quotations by David Hilbert (1862-
1943):

“How thoroughly it is ingrained in mathematical science that every real advance goes
hand in hand with the invention of sharper tools and simpler methods which, at the same
time, assist in understanding earlier theories and in casting aside some more complicated
developments”;

“The art of doing mathematics consists in finding that special case which contains all
the germs of generality”; and

“The further a mathematical theory is developed, the more harmoniously and uniformly
does its construction proceed, and unsuspected relations are disclosed between hitherto
separated branches of the science”.
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Zusammenfassung

Die numerische Approximation partieller Differenzialgleichungen, die zur Beschreibung
physikalischer und technischer Anwendungen dienen, ist oft eine herausfordernde Auf-
gabe. Meist werden die Gleichungen mit Hilfe von finiten Elementen diskretisiert und dann
mit modernen Supercomputern gelöst. Besonders herausfordernd ist in diesem Zusam-
menhang das Arbeiten mit verschiedenen Diskretisierungtechniken auf verschiedenen Teil-
gebieten oder unabhängigen Triangulierungen, da diese verschiedenen Diskretisierungs-
Schemata oder nicht zusammen passenden (non-matching) Triangulierungen gekoppelt
werden müssen, ohne dabei die Optimalität der Approximation zu verlieren. Mortar-
Methoden, die zur Klasse der nicht-konformen Gebietszerlegungsmethoden gehören, stellen
einen attraktiven Ansatz zur numerischen Simulation im Bereich partieller Differenzialgle-
ichungen dar. Insbesondere wenn Mortar-Methoden mit dualen Lagrange-Multiplikator-
räumen kombiniert werden, ist eine effiziente Realisierung der schwachen Kopplungsbedin-
gung möglich, und effiziente Mehrgitterverfahren können eingesetzt werden.

In dieser Arbeit stehen duale Lagrange-Multiplikatorräume höherer Ordnung für Mor-
tar-Finite-Elemente im Mittelpunkt. Diese speziellen Lagrange-Multiplikatoren weisen
die gleichen qualitativen und quantitativen numerischen Eigenschaften auf wie Standard-
Lagrange-Multiplikatoren und liefern Basisfunktionen mit lokalem Träger für den die Kop-
plungsbedingung respektierenden Raum, was zu einer effizienten numerischen Unsetzung
führt. Indem mit abstrakten Annahmen für die Lagrange-Multiplikatorräume gearbeitet
wird, können a priori Abschätzungen für Mortar-Finite-Elemente gezeigt werden, die es
erlauben, dass die Dimension des Lagrange-Multiplikatorraumes kleiner sein darf als die
Dimension der Spur des finite Element-Raumes, der die Null-Randbedingung am Inter-
face der Slave-Seite erfüllt. Geometrisch nicht-konforme Zerlegungen und lokal verfeinerte
Gitter sind auch verwendbar.

Für zweidimensionale Mortar-Finite-Elemente wird gezeigt, dass ein dualer Lagrange-
Multiplikatorraum für einen Finite-Element-Raum beliebiger Ordnung konstruiert werden
kann, der diesen abstrakten Annahmen genügt. Im Gegensatz zu früheren Ansätzen haben
diese Lagrange-Multiplikator-Basisfunktionen den gleichen Träger wie die nodalen Finiten-
Element-Basisfunktionen. Indem eine interessante Beziehung zwischen der Biorthogo-
nalität und Quadraturformeln verwendet wird, wird bewiesen, dass ein optimaler dualer
Lagrange-Multiplikatorraum für einen Finite-Element-Raum nur dann konstruiert werden
kann, wenn der Finite-Element-Raum auf Gauß-Lobatto-Knoten basiert. Das zweidimen-
sionale Konstruktionsschema kann leicht auf den dreidimensionalen Fall erweitert werden,
sofern ein Finite-Element-Raum mit Tensorprodukt-Struktur vorliegt. Wenn ein Finite-
Element-Raum keine Tensorprodukt-Struktur aufweist, wie z.B. bei Serendipity-Elementen
auf Hexaedernetz oder bei konforme simplizialen Elementen, ist die Lage schwieriger. Um
dieses Problem zu behandeln, wird die Idee des dualen Lagrange-Multiplikatorraums verall-
gemeinert, indem ein quasi-dualer Lagrange-Multiplikatorraum für quadratische Serendip-
ity-Elemente eingeführt wird. Ferner werden anhand der allgemeineren Annahme, dass
der Lagrange-Multiplikatorraum eine kleinere Dimension als der Spur-Raum des Approx-
imationsraums auf der Slave-Seite (mit Null-Randbedingung am Interface) haben kann,
duale Lagrange-Multiplikatorräume für quadratische simpliziale- und Serendipity-Elemente
eingeführt. Numerische Ergebnisse demonstrieren die Effizienz des Ansatzes.
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Des Weiteren werden Interface-Probleme im Rahmen der Mortar-Finite-Element-Meth-
oden behandelt, die aus der Wärmeleitung mit unstetigem Fluss herrühren. Unter Berück-
sichtigung von inhomogenen Sprüngen in der Lösung und im Fluss am Interface wird
eine Sattelpunktformulierung des Interface-Problemes hergeleitet. Deren Optimalität wird
bewiesen und durch numerische Ergebnisse untermauert. Zusätzlich werden Mortar-Finite-
Elemente zur Kopplung verschiedener physikalischer Modelle, Materialgesetze und Diskre-
tisierungs-Schemata angewandt.

Der letzte wichtige Punkt, der in dieser Arbeit beleuchtet wird, ist das sogenannte
“Locking”-Phänomen in der linearen und nichtlinearen Elastizität. Analysiert werden
Finite-Element-Methoden von niedrigster Ordnung, die auf der Hu-Washizu-Formulierung
basieren. Es wird gezeigt, dass die numerische Approximation robust und optimal kon-
vergiert. Eine Drei-Feld-gemischte Formulierung für nichtlineare (finite) Elastizität wird
ebenfalls eingeführt und numerische Ergebnisse dazu präsentiert. Der Fall finiter Elemente
zur Kopplung zweier verschiedener Materialien, wobei eines davon nahezu inkompressibel
und das andere kompressibel ist, wird für den linear-elastischen Fall analysiert; numerische
Ergebnisse bestätigen die theoretischen Aussagen.
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CHAPTER 1

Introduction and a Priori Estimates

1.1. An overview

Domain decomposition techniques provide a powerful tool for the numerical approx-
imation of partial differential equations. The computational domain is decomposed into
overlapping or non-overlapping subdomains, and a complex global problem is subdivided
into simpler local subproblems corresponding to these subdomains. Since these subprob-
lems are coupled, the exchange of information among different subdomains is of crucial
importance. The domain decomposition techniques can be used to optimally discretize
the underlying physical problems, to develop efficient iterative solvers or to parallelize nu-
merical algorithms. In the recent past years, many efficient iterative methods based on
domain decomposition techniques have been developed, see [126, 151], and the references
therein. For the mathematical foundation and the parallel multilevel approach of domain
decomposition methods, we refer to [131, 145] and the references therein.

In this thesis, we focus on mortar finite element methods, which are non-conforming
domain decomposition methods. Decomposing the global domain into overlapping or non-
overlapping local subdomains in a geometrically conforming or non-conforming way, the
central idea of the mortar technique is to replace the strong continuity condition of the
solution across the interface by a weak one with the help of a Lagrange multiplier space.
Keeping almost all flexibility of domain decomposition approach, mortar methods can be
applied to couple different physical models, non-matching triangulations or independent
discretization schemes. These non-conforming domain decomposition techniques provide
a more flexible approach than standard conforming approaches. The non-conforming ap-
proach is of particular interest in many situations, for example, in problems with dis-
continuous diffusion coefficients and local anisotropies, contact problems, time-dependent
problems or problems with sliding meshes. A complex global domain can be decomposed
into several smaller subdomains of simple structure, and these subdomains can be meshed
independently. To obtain a stable and optimal discretization scheme for the global prob-
lem, the information transfer among the subdomains has to be analyzed. Mortar methods
are based on handling the information transfer among the subdomains by means of a La-
grange multiplier space so that if the Lagrange multiplier space satisfies some conditions,
then the resulting discretization scheme is stable, optimal and efficient.

Mortar methods were originally introduced to couple spectral and finite element ap-
proximations, see [32, 33, 34]. An optimal a priori estimate for the mortar finite element
methods has been established in [33, 34, 26, 22, 44]. The analysis of three-dimensional
mortar finite elements is provided in [26, 42, 99], and a hp version is studied in [140, 27].
In [99, 43, 68], mortar finite elements in combination with locally quasi-uniform meshes
have been considered, and optimal a priori estimates are proved. A mortar finite element
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method for the Stokes problem is considered in [23, 24]. The stabilized mortar finite
element approach with discontinuous Lagrange multipliers has been introduced in [24]
in the context of the three-dimensional Stokes problem and further studied in [87, 88].
The advantage of this mortar technique is that the cumbersome boundary modification
is avoided. However, the slave side of the interface should be enriched with some bubble
functions in this approach to get the stability. A mortar finite element method for fourth
order problems are considered in [118], and mortar finite elements are applied to contact
problems in [19, 25, 92, 95].

Although the boundary value problem is elliptic, the mortar approach has the dis-
advantage that the arising linear system is, in general, of saddle point type, usually for
which iterative methods are known to be less efficient than for symmetric positive definite
systems. In the recent years, numerous iterative solvers have been developed for mortar
finite elements. Most of these iterative solvers are based on the multigrid solver for a
saddle point problem, see [42, 82, 162, 44, 160]. However, working with dual Lagrange
multiplier spaces, the mass matrix on the slave side of the interface is diagonal, and hence
the degrees of freedom associated to Lagrange multipliers can be locally eliminated leading
to a sparse, positive definite formulation based on the unconstrained product space. The
modification of the saddle point system arising from mortar finite elements is carried out in
[166], and a multigrid method based on the new positive definite system is proposed, see
also [163]. Another variant of the multigrid approach for the mortar finite element method
with dual Lagrange multiplier spaces is proposed in [165] based on the constrained formu-
lation. This multigrid approach is also applied to nonlinear contact problems [167]. For
the analysis of mortar finite elements for overlapping domain decomposition, we refer to
[59, 1, 76]

In this thesis, we focus on mortar finite elements with dual Lagrange multiplier spaces,
see [161, 163]. In particular, we introduce dual Lagrange multiplier spaces for higher order
finite elements. Over the recent past years, mortar finite elements with dual Lagrange
multiplier spaces have become an active area of research, see, e.g., [99, 68, 104, 107, 95,
118]. These non-standard Lagrange multiplier spaces yield efficient discretization schemes
and optimal a priori estimates. The a priori analysis of mortar finite elements is based
on the stability of the mortar projection and the approximation property of the Lagrange
multiplier space. Working with higher order finite element spaces, it is difficult to preserve
the duality and the approximation property of the Lagrange multiplier space at the same
time. In case of two-dimensional mortar finite elements, we introduce a theory confirming
the existence of such an optimal dual Lagrange multiplier space for the finite element space
of any order. If hexahedral meshes with finite element spaces of tensor product structure are
used, the two-dimensional construction can easily be extended to the three-dimensional case
through the tensor product construction. However, this construction cannot be followed
anymore, if a finite element space without tensor product structure is used. To deal with
these cases, we generalize the idea of a dual Lagrange multiplier space in two ways. First,
we introduce a quasi-dual Lagrange multiplier space for quadratic serendipity elements.
Secondly, we relax the condition that the trace space of the approximation space at the
slave side with zero boundary condition on the interface and the Lagrange multiplier space
should have the same dimension, with which the introduction of additional degrees of
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freedom at the multiplier side only to satisfy this condition on the dimension is avoided. As
a result, we can work with a subspace of the trace space for which it is easier to construct
a dual Lagrange multiplier basis. We provide a new theoretical framework within this
relaxed setting, which opens a new and simpler way to construct dual Lagrange multiplier
bases for higher order finite element spaces. Different coupled problems are considered,
and numerical results are provided to verify theoretical claims.

In the first chapter, we prove optimal a priori estimates for mortar finite elements
without assuming that the trace of the finite element space with zero boundary condition
on the interface from the slave side has the same dimension as the Lagrange multiplier
space. Abstract assumptions are provided for a Lagrange multiplier space so that the
resulting discretization scheme yields optimal a priori results. As in [99, 68], we allow
locally refined finite element partitions and geometrically non-conforming subdivisions into
subdomains. Furthermore, as in [107, 68], we do not require that the partitions match
on the boundaries of the interfaces. For the case of having quasi-uniform meshes on each
subdomain, we prove an error estimate, where the constant depending on the maximum of
ratios of meshsizes at master and slave sides is replaced by the constant only depending on
the logarithm of the maximum of ratios of these meshsizes. This shows that the possible
disadvantageous effect of having at the slave side a finer mesh than at the master side is
much milder than that is indicated by existing error estimates, e.g., in [163]. This part
along with the last portion of the third chapter is a joint work with Prof. R. Stevenson
and has appeared in [103].

The second chapter is concerned with the construction of locally supported basis func-
tions which are biorthogonal to the nodal finite element space of order p. In contrast
to earlier approaches, see [124], these Lagrange multiplier basis functions have the same
support as the nodal finite element basis functions and reproduce the conforming finite
element space of order p − 1. Working with Gauß-Lobatto nodes, we find an interesting
relation between biorthogonality and quadrature formulas. Several numerical examples are
presented to verify our a priori estimates. Most of the theoretical and numerical results of
this chapter can be found in [104, 108]

In the third chapter, we discuss the construction of dual Lagrange multiplier spaces
for three-dimensional mortar finite elements. Restricting ourselves to the quadratic case,
we consider finite element spaces based on hexahedral and tetrahedral meshes. In a first
step, we consider dual Lagrange multiplier spaces whose dimension is the same as the
trace of the finite element space with zero boundary condition on the interface from the
slave side. Unfortunately, under this condition no dual Lagrange multiplier spaces can be
constructed for quadratic simplicial and serendipity finite element spaces. We give non-
existence results for dual Lagrange multiplier spaces for these cases. Then we consider a
quasi-dual Lagrange multiplier space for the quadratic serendipity elements. In a next step,
working with a Lagrange multiplier space having lower dimension than the trace space of
the approximation space at the slave side with zero boundary condition on the interface,
we construct dual Lagrange multiplier spaces for quadratic serendipity and simplicial finite
element spaces. For all cases, we provide numerical results.

In Chapter 4, we analyze interface problems within the framework of mortar finite
elements. We start with the saddle point formulation of interface problems and show that
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the interface conditions enter in the right-hand side without affecting the stiffness matrix.
We consider the non-homogeneous jump in the flux and the solution and prove a priori
estimates. Using dual Lagrange multipliers, we can work with scaled sparse matrices,
and static condensation gives rise to a symmetric and positive definite system on the
unconstrained product space, on which the modified multigrid solver introduced in [166]
can be applied. Some numerical results are presented to show the performance of our
approach. This chapter is published in [105].

Chapter 5 is concerned with applications of mortar finite elements for some coupled
problems. In particular, we consider the coupling of different material laws and physical
models. In particular, we apply mortar finite elements to an elasto-acoustic coupling and
transient heat transfer problems on sliding meshes.

For all our examples, we provide numerical results demonstrating the flexibility and
efficiency of mortar techniques.

This thesis is also concentrated on applications of mortar finite elements to different
coupled problems of engineering interest. Of particular interest for us is to couple two
materials in elasticity, where one is a nearly incompressible material and the other one
is a compressible material. In Chapter 6, we analyze low order finite element methods
based on the Hu-Washizu formulation in linear elasticity, and prove a robust a priori
estimate showing that the estimate is uniformly valid with respect to the Lamé parameter λ,
which becomes very large for a nearly incompressible material. This analysis is performed
with recourse to a modified Hu-Washizu formulation depending on a parameter, which
is equivalent to the classical Hu-Washizu formulation in the continuous setting. This
modified Hu-Washizu formulation has also been generalized to the geometrically nonlinear
elasticity with Saint-Venant Kirchhoff law. We also propose a three-field formulation to
get locking-free response in general hyperelasticity. However, the presented mathematical
analysis is restricted to linear elasticity. The first part of this chapter is a joint work with
Prof. B.D. Reddy and Dr. J.K. Djoko and has appeared in [102, 73], and the second part
is a joint work with Dr. K.S. Chavan and is summarized in [61].

In Chapter 7, we consider the coupling of a compressible and a nearly incompressible
material in linear elasticity. Working with a suitable discretization scheme to deal with a
nearly incompressible material, we provide an error estimate uniform with respect to the
Lamé parameter λ for the nearly incompressible material. Locking behavior anticipated
by the theory is verified numerically in linear and nonlinear elasticity. Finally, we provide
conclusion and outlook of the work.

1.2. Sobolev spaces

Sobolev spaces play a fundamental role in the theory and numerical solutions of partial
differential equations. These spaces are made up of functions with ’generalized’ or weak
derivatives. Using the variational formulation of partial differential equations, the existence
and uniqueness of the solution in an appropriate Sobolev space can be established by using
some well known tools like the Lax-Milgram Lemma. In this section, we present some
standard results on Sobolev spaces in a way that is relevant to this thesis. There are many
excellent references to this topic, see, e.g., [3, 114, 83]. Suppose that Ω ⊂ R

d, d ∈ {1, 2, 3}
be a bounded domain with Lipschitz boundary. We restrict our attention to a real-valued
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function u defined on Ω. For 1 ≤ p <∞, the Lebesgue space Lp(Ω) is defined as

Lp(Ω) := {u|
∫

Ω

|u(x)|p dx <∞}

with a natural norm defined by ‖u‖Lp(Ω) :=
(∫

Ω
|u(x)|p dx

)1/p
, and for p = ∞

L∞(Ω) := {u| ess sup{|u(x)|, x ∈ Ω} <∞}
with a norm ‖u‖L1 (Ω) := ess sup{|u(x)|, x ∈ Ω}.

The short-hand notation for the mixed partial derivative of a function can be writ-
ten in terms of the so-called multi-index notation α, which is an d-tuple of non-negative
integers αi so that α := (α1, · · · , αd). The length of α is given by |α| :=

∑d
i=1 αi, and

for a function φ ∈ C∞(Ω), Dαφ will denote the usual point-wise mixed partial derivative(
∂

∂x1

)α1

· · ·
(

∂
∂xd

)αd

φ. Let k be a non-negative integer. Taking into account the definition

of the set of locally integrable functions

L1
loc(Ω) := {u| u ∈ L1(K), compact K ⊂ Ω},

and the norm ‖u‖W k,p(Ω) :=
(∑

|α|≤k ‖Dα
wu‖p

Lp(Ω)

)1/p

for 1 ≤ p < ∞, and ‖u‖W k,1 (Ω) :=

max|α|≤k ‖Dα
wu‖L1 (Ω) for p = ∞, we can define Sobolev spaces W k,p(Ω) as

W k,p(Ω) := {u ∈ L1
loc(Ω)| ‖u‖W k,p(Ω) <∞},

where Dα
wφ denotes the so-called weak mixed partial derivative of the function φ. The

definition of the weak derivative is given in terms of the set of functions D(Ω) with D(Ω) :=
{u ∈ C∞(Ω) : supp u is compact}. A function f ∈ L1

loc(Ω) has a weak derivative Dα
w if

there exists a function g ∈ L1
loc(Ω) such that

∫

Ω

g(x)φ(x) dx = (−1)|α|
∫

Ω

f(x)Dα
wφ(x) dx, φ ∈ D(Ω).

If such a g exists, we define Dα
wf := g. From now on, we will merely use Dαφ instead of

Dα
wφ to denote the weak derivative of φ. We state two results of particular interests, for

proofs, see [3, 114, 83, 136].

Theorem 1.1. The Sobolev space W k,p(Ω) is a Banach space.

For the special case p = 2 the Sobolev space W k,p(Ω) is denoted by Hk(Ω), and a
natural inner product is induced by the norm in this case.

Theorem 1.2. The space Hk(Ω) is a Hilbert space.

The space W s,p(Ω) for an arbitrary real positive s is defined in terms of the real method
of interpolation. For s = k+t, where k is a non-negative integer and t ∈ (0, 1), the intrinsic
norm on W s,p(Ω) is defined as

‖u‖p
W s,p(Ω) := ‖u‖p

W k,p(Ω)
+
∑

|α|=k

∫

Ω

∫

Ω

|Dαu(x) −Dαu(y)|p
|x− y|d+tp

dxdy.(1.2.1)
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If X and Y be two separable Hilbert spaces with X ⊂ Y , and X is dense in Y , then for
any u ∈ Y and t > 0, we define

K(t, u)2 := inf
v∈X

(t2‖u− v‖2
Y + ‖v‖2

X).

Suppose that 0 < θ < 1. Defining a norm

‖u‖[X,Y ]θ :=

(∫ ∞

0

t−2θK(t, u)2 dt

t

)1/2

,

the interpolation space

[X, Y ]θ :=
{
u ∈ Y | ‖u‖[X,Y ]θ <∞

}

forms an interpolating space with the norm ‖ · ‖θ, see [114]. In particular, if Ω has a
Lipschitz boundary and k is a non-negative integer

[Hk(Ω), L2(Ω)]θ = H(1−θ)k(Ω)

with equivalent norms. The space Hs
0(Ω) is a subspace of Hs(Ω) defined as the closure of

C∞
0 (Ω) in the norm of Hs(Ω). The trace theorem is of special interest for a variational

formulation of partial differential equations. Before giving a standard trace theorem [83],
we need a definition of Ck,1 boundary.

Definition 1.3. Let Ω be an open subset of R
d. We say that its boundary ∂Ω is

continuous (respectively Lipschitz continuous, of class Ck, of class Ck,1 for some integer
k > 0) if for every x ∈ ∂Ω there exists a neighborhood O of x ∈ R

d and new orthogonal
coordinates y = (y′, yd) where y′ = (y1, · · · , yd−1) such that:

(i) O is a hypercube in the new coordinates:

O = {y| − ai < yi < ai, 1 ≤ i ≤ d}.
(ii) There exists a continuous (respectively Lipschitz-continuous, Ck, Ck,1) function f

defined in

O
′ = {y′| − ai < yi < ai, 1 ≤ i ≤ d− 1}

that satisfies

|f(y′)| ≤ ad

2
, y′ ∈ O

′, Ω ∩ O = {y| yd < f(y′)}, Γ ∩ O = {y| yd = f(y′)}.

Theorem 1.4 (Trace theorem). Let Ω be a bounded open subset of R
d with a Ck,1

boundary ∂Ω. Assume that s− 1/p is not an integer, s ≤ k+1, s− 1/p = l+ t, l ∈ N, 0 <
t < 1. Then the mapping

u→ {γ0u, γ0
∂u

∂n
, · · · , γ0

∂lu

∂nl
},

which is defined for u ∈ Ck,1(Ω̄), has a unique continuous extension as an operator from

W s,p(Ω) onto
l∏

j=0

W s−j−1/p,p(∂Ω).

This operator has a right continuous inverse which does not depend on p.
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Of special interest for the higher order mortar method are the trace theorems given in
[30, 31], which will be used in the a priori analysis, see also [84, 83]. Let H1/2(∂Ω) be
the trace space of H1(Ω) on ∂Ω. Then the K-method of interpolation yields the equivalent
definition

H1/2(∂Ω) = [L2(∂Ω), H1(∂Ω)]1/2.

This space can also be characterized by some other equivalent semi-norms. One of them is

|u|2H1/2(∂Ω) = min
ũ|∂Ω=u

|ũ|2H1(Ω).

Another equivalent semi-norm comes from the intrinsic norm (1.2.1) on W s,p(Ω). The norm
on the space H1/2(∂Ω) using one of the semi-norms above with K-method of interpolation
is given by

‖u‖2
H1/2(∂Ω) = |u|2H1/2(∂Ω) + ‖u‖2

L2(∂Ω).

The space H
1/2
00 (γ′) is of special interest in the mortar method with γ ′ ⊂ ∂Ω, which is

isomorphic to the interpolation space [L2(γ′), H1
0 (γ′)]1/2, see [114, Lemma 11.7]. This

space H
1/2
00 (γ′) is formed by all functions v ∈ H1/2(∂Ω) that vanish outside γ ′ with an

equivalent norm defined by

‖u‖2

H
1/2
00 (γ0)

= |u|2H1/2(γ0) +

∫

γ0

v(x)2

dist (x, ∂γ′)
dσ(x),

where dist (x, ∂γ′) is the function giving distance between the point x and the set ∂γ ′. The

space H
1/2
00 (γ′) can also be equivalently defined as

H
1/2
00 (γ′) = {u ∈ H1/2(γ′)| ũ ∈ H1/2(∂Ω)},

where ũ is the trivial extension of u to ∂Ω, see [44]. We note that D(Ω) is dense in H s(Ω) if
and only if 0 ≤ s ≤ 1

2
, and in this case Hs

0(Ω) = Hs(Ω), see [114, Theorem 11.1]. If s > 1
2
,

Hs
0(Ω) is strictly contained in Hs(Ω). The dual space of Sobolev space Hs

0(Ω), s > 0 will
be denoted by H−s(Ω) except when s 6= N+ 1

2
. We will denote by H−1/2(Ω) the dual space

of H
1/2
00 (Ω), and the dual space of H

1/2
0 (Ω) will be denoted by (H

1/2
0 (Ω))′. The Poincaré

inequality tells us that the semi-norm in H1
0(Ω) is equivalent to the norm itself [136].

Theorem 1.5 (Poincaré inequality). Let Ω be contained in the strip |x1| ≤ r <∞.
Then there is a constant c, depending only on k and r, such that

‖u‖2
Hk(Ω) ≤ c

∑

|α|=k

‖Dαu‖2
L2(Ω)

for every u ∈ Hk
0 (Ω).

1.3. The variational formulation of elliptic equations

The finite element methods are fundamentally based on a variational formulation of
partial differential equations, see, e.g., [63, 50, 40]. To make our exposition simple, we
consider the following elliptic second order boundary value problem

(1.3.1) −div(a∇u) + cu = f in Ω with u = 0 on ∂Ω,

7



where Ω ⊂ R
d, d = {2, 3}, is a bounded d-polytope, a, c ∈ L∞(Ω), a > a0 > 0 and c ≥ 0.

The variational form of this equation is obtained by multiplying both sides of (1.3.1) by
a test function v ∈ H1

0 (Ω), integrating over Ω and using Green’s formula so that our
variational problem is: find u ∈ H1

0(Ω) so that

(1.3.2) B(u, v) = l(v), v ∈ H1
0 (Ω),

where B(u, v) :=
∫
Ω
a∇u · ∇v + cuv dx and l(v) :=

∫
Ω
fv dx. A solution u of (1.3.2) is

called a weak solution of problem (1.3.1). We get the coercivity of the bilinear form B(·, ·)
by using the Poincaré inequality. Since the bilinear form B(·, ·) and the linear form l(·)
are continuous, the Lax-Milgram Lemma guarantees the existence and uniqueness of the
solution of the variational equation (1.3.2).

Lemma 1.6 (Lax-Milgram[130]). Let H be a Hilbert space and let

B : H ×H → R

be a bilinear mapping. Suppose there exist positive constants c1 and c2 such that

|B(v, w)| ≤ c1‖v‖H‖w‖H, v, w ∈ H

and

|B(v, v)| ≥ c2‖v‖2
H , v ∈ H.

Then for every l ∈ H ′ there exists a unique u ∈ H such that

B(u, v) = l(v), v ∈ H.

Furthermore, there exists a constant C, independent of l, such that

‖u‖H ≤ C‖l‖H0.

1.4. Mortar finite element methods

We start with decomposing the domain Ω into K non-overlapping d-polytopes Ωk, k =
1, · · · , K, such that

Ω =

K⋃

k=1

Ωk with Ωi ∩ Ωj = ∅ for i 6= j.

For each pair {k, l} with 1 ≤ k, l ≤ K, we define Γ̄kl := ∂Ωk ∩ ∂Ωl, the intersection of the
boundaries of two subdomains, and select only disjoint and non-empty interfaces γk, 1 ≤
k ≤ N . Moreover, each γk can be associated with a couple {k1, k2}, 1 ≤ k1 < k2 ≤ K, such
that γ̄k = ∂Ωk1 ∩ ∂Ωk2 . On each subdomain, we define

H1
∗ (Ωk) := {v ∈ H1(Ωk), v|∂Ω\ ∂Ωk

= 0}, k = 1, · · · , K

and consider the unconstrained product space X :=
∏K

k=1H
1
∗ (Ωk). The weak matching

condition on the skeleton Γ :=
⋃N

k=1 γk is realized by means of theH1/2-duality pairing. The

8



mortar method is based on introducing the Lagrange multiplier spaceM :=
∏N

k=1H
−1/2(γk)

on Γ so that for v ∈ H1
0 (Ω)

∫

Γ

[v] µ dσ = 0, µ ∈
N∏

k=1

H−1/2(γk).

This observation is the motivation for the discrete mortar formulation. Each subdomain
Ωk is associated with a shape regular and locally quasi-uniform family of triangulations
Tk, the meshsize of which is bounded by hk, i.e., hk := maxT∈Tk

diamT . We denote the
discrete space of conforming finite elements of order pk, pk ∈ N, on Ωk associated with Tk

by Xk ⊂ H1
∗ (Ωk). Thus the space Xk is spanned by piecewise polynomials of degree pk

for the simplicial triangulation and piecewise polynomials of degree pk in each dimension
for the quadrilateral or hexahedral triangulation and satisfy the homogeneous Dirichlet
boundary condition on ∂Ω. Each interface γk, 1 ≤ k ≤ N , inherits a (d− 1)-dimensional
triangulation Sk either from Tk1 or Tk2 . The subdomain from which the interface inherits
its triangulation is called slave or non-mortar side, the opposite one master or mortar
side. In the following, we denote the index of the slave side of γk by s(k) and the one of
the master side by m(k). Hence, the elements of Sk are boundary faces of Ts(k) with a
meshsize bounded by hs(k). Here, we do not insist that our decomposition is geometrically
conforming. However, to avoid the technicality in the construction of a Lagrange multiplier
space, we impose the following assumption on the decomposition of the domain.

Assumption 1. γk is the union of complete (d − 1)-dimensional faces of elements at
the slave side and lies entirely in a (d− 1)-dimensional hyperplane for 1 ≤ k ≤ N .

Note that Assumption 1 does allow the partition into subdomains to be geometrically
non-conforming; γk needs not to be a full face of both Ωm(k) and Ωs(k), or even not to be a
full face of either Ωm(k) or Ωs(k), see Figure 1.1.

Figure 1.1: A two-dimensional interface that is not a full face of either Ωm(k) or Ωs(k); it
satisfies Assumption 1 when the square partitioned into triangles is a face of Ωs(k), but not
when this is a face of Ωm(k), d = 3.

Furthermore, we assume that each element in Sk, 1 ≤ k ≤ N, can be affinely mapped
to a reference face F̂ . We point out that the reference face F̂ is the (d − 1)-dimensional
reference element. The discrete Lagrange multiplier space Mh on Γ is defined as Mh :=∏N

k=1Mk, where Mk is the discrete Lagrange multiplier space on γk and is assumed that
Mk ⊂ L2(γk). Then, the discrete weak matching condition for vh ∈ Xh can be written as

(1.4.1)

∫

γk

[vh] µi dσ = 0, 1 ≤ i ≤ nk, 1 ≤ k ≤ N,
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where nk := dimMk and {µi}1≤i≤nk
forms a basis of Mk. Here, [vh] is the jump of the

function vh on γk from the master side to the slave side. As usual, we denote the H s(Ω)

norm and semi-norm by ‖ · ‖s,Ω and | · |s,Ω, respectively, and the norm on H
1/2
00 (γ) and on

its dual H−1/2(γ) for a (d− 1)-dimensional polytope γ will be denoted by ‖ · ‖
H

1/2
00 (γ)

and

‖ · ‖−1/2,γ , respectively. We define the broken norm ‖ · ‖s on X and the broken dual norm
‖ · ‖M on M by

‖u‖2
s :=

K∑

k=1

‖u‖2
s,Ωk

, and ‖µ‖2
M :=

N∑

k=1

‖µ‖2
−1/2,γk

, respectively.

There are two main approaches to obtain the mortar solution uh ∈ Xh of a discrete varia-
tional problem. The first one is based on the positive definite variational problem on the
constrained finite element space which is given by means of the global Lagrange multiplier
space Mh

Vh := {vh ∈ Xh | b(vh, µh) = 0, µh ∈Mh},
where b(vh, µh) :=

∑N
k=1

∫
γk

[vh]µh dσ, and Xh :=
∏K

k=1Xk. We remark that the elements

of the space Vh satisfy a weak continuity condition on the skeleton Γ in terms of the discrete
Lagrange multiplier space Mh, and the nodal basis functions of Xh have to be modified
appropriately to obtain the basis functions of Vh. However, Vh is, in general, not a subspace
of H1

0 (Ω). The positive definite formulation of the mortar method can be given in terms
of the constrained space Vh: find uh ∈ Vh such that

(1.4.2) a(uh, vh) = (f, vh)0, vh ∈ Vh,

where, the bilinear form a(·, ·) is defined as a(v, w) :=
∑K

k=1

∫
Ωk
a∇v · ∇w + cv w dx. We

assume that a and c are piecewise smooth with respect to the subdivision into subdomains,
but allow that they have jumps over the interfaces, and f ∈ ∏K

k=1(H
1
∗ (Ωk))

′. The second
approach is based on enforcing the weak continuity condition on the skeleton Γ as an
additional variational equation which leads to a saddle point problem on the unconstrained
product space Xh, see [22]: find (uh, λh) ∈ Xh ×Mh such that

(1.4.3)
a(uh, vh)+ b(vh, λh) = (f, vh)0, vh ∈ Xh,
b(uh, µh) = 0, µh ∈Mh.

It is clear that the choice of the discrete Lagrange multiplier space Mh plays an essential
role for the stability of the saddle point problem and the optimality of the discretization
scheme. In the next section, we state sufficient conditions on the Lagrange multiplier space
to get optimal a priori estimates. We point out that we do not assume the meshes from
the slave and master side are matching on ∂γk, see Figure 1.1. The trace space, Xs(k)

restricted to γk, and with zero boundary conditions on ∂γk will be denoted by Wk, i.e.,
Wk := {w| w = v|γk

, v ∈ Xs(k)} ∩H1
0 (γk).

We define the product space Wh and the broken H
1/2
00 -norm on it as

Wh :=
N∏

k=1

Wk, and ‖w‖2
W :=

N∑

k=1

‖w‖2

H
1/2
00 (γk)

, w ∈ Wh, respectively.
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For 1 ≤ k ≤ K, if the underlying finite element mesh of Xk is shape regular and quasi-
uniform then we define hk as the constant function of the maximum of the diameters of
the elements. If it is only locally quasi-uniform instead of quasi-uniform, meaning that
any two elements that have non-empty intersection have uniformly comparable diameters,
we define hk as the piecewise constant function equal to the diameter of the underlying
element, see, e.g., [65, 139] so that hk = ‖hk‖L1 (Ωk). Then we have the following well
known inverse inequality on Wk, 1 ≤ k ≤ N ,

‖w‖1,γk
≤ C‖(hs(k))

−1w‖0,γk
, w ∈ Wk.(1.4.4)

In [68], a similar but smoother mesh indicator function is used to deal with inverse in-
equalities on non-quasi-uniform meshes.

Throughout this thesis the different finite element spaces will be denoted by Roman
letters, whereas the matrix will be denoted by the typewriter styled letter. As usual, vector-
and tensor-valued functions will be written in boldface letters. A generic but unspecified
constant C will be used, which is independent of the meshsize and number of subdomains.

1.5. A priori estimates

In this section, we establish optimal a priori estimates for mortar finite elements with-
out assuming dimWi = dimMi. The assumption dimWi = dimMi is very often imposed,
see, e.g., [99, 163]. The relaxation of this assumption will be of great importance to con-
struct dual Lagrange multiplier spaces in the three-dimensional case. In order to guarantee
the well-posedness and the optimality of the mortar approach, we impose the following as-
sumptions on our discrete Lagrange multiplier spaces.

Assumption 2. dimMk ≤ dimWk, 1 ≤ k ≤ N.

Assumption 3. There is a constant βk > 0 independent of the triangulation such that

sup
θ∈Wk\{0}

(µ, θ)0,γk

‖θ‖0,γk

≥ βk‖µ‖0,γk
, µ ∈Mk, 1 ≤ k ≤ N.

Assumption 4. There is a constant C independent of the triangulation such that

inf
µ∈Mk

‖λ− µ‖0,γk
≤ Ch

ps(k)

s(k) |λ|ps(k),γk
, λ ∈ Hps(k)(γk), 1 ≤ k ≤ N.

We note that Assumption 4 is satisfied if and only if Mk contains all polynomials of
degree ps(k) − 1. The natural norm in the mortar setting for the Lagrange multiplier is

the broken H−1/2-norm on the interior interfaces. Thus to obtain an order h
ps(k)

s(k) a priori

results, it is sufficient to reproduce polynomials of order ps(k)−1 in the Lagrange multiplier
space. For each γk, the mortar projection Πk : L2(γk) →Wk is defined as

∫

γk

Πkv µ dσ :=

∫

γk

v µ dσ, µ ∈Mk.(1.5.1)

The stability of the mortar projection is essential for the optimality of the best approxi-
mation error. Under Assumptions 2 and 3, the existence and the stability of the mortar
projection follows from the following lemma.
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Lemma 1.7. Let M,W be closed subspaces of some Hilbert space H, with scalar product
〈·, ·〉 and associated norm ‖ · ‖. Then

β := inf
µ∈M\{0}

sup
w∈W\{0}

〈µ, w〉
‖µ‖‖w‖ > 0,

if and only if there exists a bounded projector Π from H onto W for which

〈Πv, µ〉 = 〈v, µ〉, v ∈ H, µ ∈ M.

Moreover, β−1 ≤ ‖Π‖ ≤ 1 + 2β−1.

Proof. Assuming the existence of the bounded projector Π, for any µ ∈ M\{0} we
have

sup
w∈W\{0}

〈µ, w〉
‖µ‖‖w‖ ≥ 〈µ,Πµ〉

‖µ‖‖Πµ‖ ≥ ‖Π‖−1.

On the other hand, when β > 0, given v ∈ H, define (w, λ) ∈ W ×M to be the solution of

〈w, z〉+ 〈λ, z〉 = 〈v, z〉, z ∈ W,
〈w, µ〉 = 〈v, µ〉, µ ∈M.

It is well known (see e.g. [52, II.1, Proposition 1.3]) that this saddle point problem has a
unique solution with ‖w‖ ≤ (1 + 2β−1)‖v‖. The second equation yields w = Πv. ¤

For the case that we do not have globally quasi-uniform mesh but have only shape
regular and locally quasi-uniform mesh, we make an additional assumption that the mortar
projections can be selected so that

Assumption 5. ‖(hs(k))
−1Πkw‖0,γk

≤ C‖(hs(k))
−1w‖0,γk

, w ∈ L2(γk).

Under the assumption that the mesh underlying Wk is shape regular and locally quasi-
uniform, Assumption 5 is valid when the Πk are local in the sense that Πkv vanishes on
an element T whenever v vanishes on all elements that have distance to T less than some
absolute multiple of diam(T ). This assumption can easily be verified if the Lagrange
multiplier basis functions and the finite element basis functions on the slave side of the
interface satisfy the condition of biorthogonality, see [43, 99, 68, 103]. However, this
assumption may not hold in general without further restriction on the triangulation, see
[99, A.5].

Lemma 1.8. Πk : L2(γk) → L2(γk) and Πk : H1
0 (γk) → H1

0 (γk) are uniformly bounded
for all 1 ≤ k ≤ N .

Proof. We have seen that the first statement is a consequence of Assumption 3 and
Lemma 1.7 with H = L2(γk). Since the mesh is assumed to be locally quasi-uniform, we
can define an operator Qk : H1

0 (γk) →Wk so that for a w ∈ H1
0 (γk) we have

‖(hs(k))
−1(w −Qkw)‖0,γk

≤ C‖w‖1,γk
and ‖Qkw‖1,γk

≤ C‖w‖1,γk
,
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see [65, 139, 68]. Since Πk is a projector onto Wk, by Assumption 5 and the inverse
inequality (1.4.4) we get

‖Πkw‖1,γk
≤ ‖Πkw −Qkw‖1,γk

+ ‖Qkw‖1,γk

≤ C‖(hs(k))
−1Πk(w −Qkw)‖0,γk

+ ‖Qkw‖1,γk

≤ C‖(hs(k))
−1(w −Qkw)‖0,γk

+ ‖w‖1,γk

≤ C‖w‖1,γk
,

which shows the second statement. ¤

Interpolating between the L2- and H1
0 -stability of Πk, we obtain the H

1/2
00 -stability of

Πk so that for w ∈ H
1/2
00 (γk), we have

‖Πkw‖H
1/2
00 (γk)

≤ C‖w‖
H

1/2
00 (γk)

.(1.5.2)

A simple consequence of the L2-stability of Πk and the estimate (1.4.4) is the following
corollary.

Corollary 1.9. For v ∈ L2(γk), we have

‖Πkv‖H
1/2
00 (γk)

≤ C‖(hs(k))
− 1

2 v‖0,γk
.(1.5.3)

Proof. If w ∈ Wk using an interpolation argument with (1.4.4), see [152, Chapter 1],
we infer that

‖w‖
H

1/2
00 (γk)

≤ C‖(hs(k))
− 1

2w‖0,γk
.(1.5.4)

The estimates of the form (1.5.4) are also established in [68]. Again using the interpolation
between the L2-stability of Πk and Assumption 5, we have

‖(hs(k))
− 1

2 Πkv‖0,γk
≤ ‖(hs(k))

− 1
2v‖0,γk

.(1.5.5)

Since Πkv ∈ Wk ⊂ H
1/2
00 (γk), we can use (1.5.4) and (1.5.5) to find

‖Πkv‖H
1/2
00 (γk)

≤ C‖(hs(k))
− 1

2 Πkv‖0,γk
≤ C‖(hs(k))

− 1
2v‖0,γk

.

¤

For the solution of the boundary value problem (1.3.2), we assume that

Assumption 6. u ∈ ∏K
k=1H

rk+1(Ωk) ∩H1
0 (Ω) with rk >

1
2
, 1 ≤ k ≤ K.

Then by using the nodal Lagrange interpolant, we can verify that

(1.5.6)
inf

v∈Xk

‖u− v‖1,Ωk
≤ Chtk

k |u|tk+1,Ωk
,

inf
v∈Xk

‖(hk)
− 1

2 (u− v)|∂Ωk
‖0,∂Ωk

≤ Chtk
k |u|tk+1,Ωk

, 1 ≤ k ≤ K,

where tk := min(pk, rk). If we have only 0 < rk ≤ 1
2

in Assumption 6, then also the
estimates (1.5.6) can easily be verified by using the Scott-Zhang interpolation operator as in
[139]. If Assumption 6 is satisfied and if a is smooth enough on Ωk we have a ∂u

∂nk
∈ L2(γk),

where ∂u
∂nk

is the outer normal derivative of u on γk from the master side. Using the ideas
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and techniques introduced in [33, 34, 26], we prove the best approximation property of
the constrained space Vh.

Lemma 1.10. Under Assumptions 2–6, there exists a constant C independent of the
meshsize such that

inf
vh∈Vh

‖u− vh‖2
1 ≤ C(1 + hmr)

K∑

k=1

h2tk
k ‖u‖2

tk+1,Ωk
,

where

hmr := max
1≤k≤N

‖
hm(k)

hs(k)

‖L1 (γk).

Proof. Since Wk ⊂ H
1/2
00 (γk), each vh ∈ Wk can trivially be extended to a function

ṽh ∈ H1/2(∂Ωs(k)). Let Hhṽh ∈ H1(Ωs(k)) be the discrete harmonic extension of ṽh on
Ωs(k). Then, ‖Hhṽh‖1,Ωs(k)

≤ C‖ṽh‖H1/2(∂Ωs(k))
≤ C‖vh‖H

1/2
00 (γk)

. By means of this discrete

harmonic extension, we define a discrete extension operator Ek : Wk → Xh for each γk as
Ekvh := Hhṽh on Ωs(k), and Ekvh := 0 elsewhere. Then

‖Ekvh‖1 ≤ C‖vh‖H
1/2
00 (γk)

, vh ∈ Wk.(1.5.7)

Let Ihu ∈ Xh be the Lagrange interpolant of u in Xh. It is easy to see that vh :=
Ihu+

∑N
k=1EkΠk[Ihu] is an element of Vh. Then, we find

‖u− vh‖1 ≤ ‖u− Ihu‖1 + ‖
N∑

k=1

EkΠk[Ihu]‖1.

By using (1.5.7) and a coloring argument, we have

‖
N∑

k=1

EkΠk[Ihu]‖2
1 =

K∑

l=1

‖
N∑

k=1

EkΠk[Ihu]‖2
1,Ωl

≤ C

N∑

k=1

‖Πk[Ihu]‖2

H
1/2
00 (γk)

.(1.5.8)

We note that the constant C does not depend on the number of subdomains. Using the
result of Corollary 1.9, we get

‖Πk[Ihu]‖2

H
1/2
00 (γk)

≤ C‖(hs(k))
− 1

2 [Ihu]‖2
0,γk

≤ C
(
‖(hs(k))

− 1
2 (u− Ihu)|Ωm(k)

‖2
0,γk

+ ‖(hs(k))
− 1

2 (u− Ihu)|Ωs(k)
‖2

0,γk

)

≤ C


‖
(
hm(k)

hs(k)

) 1
2

(hm(k))
− 1

2 (u− Ihu)|Ωm(k)
‖2

0,γk
+ ‖(hs(k))

− 1
2 (u− Ihu)|Ωs(k)

‖2
0,γk




≤ C

(
‖
hm(k)

hs(k)

‖L1 (γk)‖(hm(k))
− 1

2 (u− Ihu)|Ωm(k)
‖2

0,γk
+ ‖(hs(k))

− 1
2 (u− Ihu)|Ωs(k)

‖2
0,γk

)
.

Summing over all k = 1, · · · , N , and applying the second estimate of (1.5.6), we obtain

‖
N∑

k=1

EkΠk[Ihu]‖2
1 ≤ C

(
hmr

N∑

k=1

h
2tm(k)

m(k) ‖u‖2
tm(k)+1,Ωm(k)

+
N∑

k=1

h
2ts(k)

s(k) ‖u‖2
ts(k)+1,Ωs(k)

)
.
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Finally, the lemma follows by using the interpolation property of Ihu. ¤

Theorem 1.11. Let u and uh be the solutions of the problems (1.3.2) and (1.4.2),
respectively. If Assumptions 1–6 are satisfied, and [a ∂u

∂n
] = 0 on Γ, there exists a constant

C independent of the meshsize such that

‖u− uh‖2
1 ≤ C(1 + hmr)

K∑

k=1

h2tk
k ‖u‖2

tk+1,Ωk

with hmr as defined in Lemma 1.10.

Proof. The bilinear form a(·, ·) is continuous on X, and it is coercive on

B∗ :=

{
v | v ∈ H1

∗ (Ωk), 1 ≤ k ≤ K, and

∫

γk

[v] dσ = 0, 1 ≤ k ≤ N

}
,

see [33]. Assumption 4 assures that Vh ⊂ B∗. Thus, Strang’s Lemma [50] can be applied,
and we get

‖u− uh‖1 ≤ C

(
inf

vh∈Vh

‖u− vh‖1 + sup
vh∈Vh\{0}

|a(u− uh, vh)|
‖vh‖1

)
.(1.5.9)

The first term in the right side of (1.5.9) denotes the best approximation error and the
second one stands for the consistency error. Lemma 1.10 guarantees the required order
for the best approximation error. Thus it is sufficient to consider the consistency error in
more detail. Now, a(u− uh, vh) can be written as

a(u− uh, vh) =

∫

Γ

a
∂u

∂n
[vh] dσ =

N∑

k=1

(
a
∂u

∂nk
, [vh]

)

0,γk

, vh ∈ Vh,

where ∂u
∂n

is the outward normal derivative of u on Γ from the master side, and ∂u
∂n

= ∂u
∂nk

on γk. We take µ ∈Mk, then the definition of Vh yields
(
a
∂u

∂nk
, [vh]

)

0,γk

=

(
a
∂u

∂nk
− µ, [vh]

)

0,γk

.

Since µ ∈Mk is arbitrary, we can bound the consistency error by
(
a
∂u

∂nk
, [vh]

)

0,γk

≤ inf
µ∈Mk

‖a ∂u
∂nk

− µ‖(H1/2(γk))
0‖[vh]‖1/2,γk

.

Let P : L2(γk) →Mk be the L2-projection onto Mk. Using Assumption 4 and interpolation
between L2(γk) and H ts(k)(γk), we obtain

‖w − Pw‖0,γk
≤ Ch

ts(k)− 1
2

s(k) ‖w‖ts(k)− 1
2
,γk
, w ∈ H ts(k)− 1

2 (γk).

In terms of the standard Aubin–Nitsche trick and the previous estimate, we get

‖w − Pw‖(H1/2(γk))
0 ≤ Ch

1/2
s(k)‖w − Pw‖0,γk

≤ Ch
ts(k)

s(k) ‖w‖ts(k)− 1
2
,γk
.
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Using the above estimate, we have
(
a
∂u

∂nk
, [vh]

)

0,γk

≤ Ch
ts(k)

s(k)

∥∥∥∥
∂u

∂nk

∥∥∥∥
ts(k)− 1

2
,γk

‖[vh]‖1/2,γk
.(1.5.10)

Finally, the trace theorem [84, 30, 31] yields
(
a
∂u

∂nk

, [vh]

)

0,γk

≤ Ch
ts(k)

s(k) ‖u‖ts(k)+1,Ωs(k)

(
‖vh‖1,Ωm(k)

+ ‖vh‖1,Ωs(k)

)
.

Now, summing over all k = 1, · · · , N and using the Cauchy–Schwarz inequality, we obtain

|a(u− uh, vh)| ≤ C‖vh‖1

(
K∑

k=1

h2tk
k ‖u‖2

tk+1,Ωk

)1/2

.(1.5.11)

¤

Remark 1.12. Assumption 6 requires that the exact solution

u ∈
K∏

k=1

Hrk+1(Ωk) ∩H1
0 (Ω) with rk >

1

2
for 1 ≤ k ≤ K.

Then the nodal Lagrange interpolant Ihu is well-defined, and the normal derivative ∂u
∂nk

∈
L2(γk), which allows us to use the trace theorem. If we have only 0 < rk ≤ 1

2
, we can

replace the Lagrange interpolant Ihu by an interpolation operator of Scott-Zhang type [139].
The proof of Lemma 1.10 also goes analogously as above also in this case. However, the
general trace theorem cannot be applied. If we assume that the normal derivative ∂u

∂nk
∈

Hrs(k)− 1
2 (γk), then the estimate (1.5.10) of Theorem 1.11 is still true. As pk ≥ 1 for

1 ≤ k ≤ K, we have rk = tk in this case. Since we cannot apply the trace theorem in this
case, instead of the estimate (1.5.11), we obtain

|a(u− uh, vh)| ≤ C‖vh‖1

(
N∑

k=1

h
2rs(k)

s(k) ‖ ∂u
∂nk

‖2
rs(k)− 1

2
,γk

)1/2

.

However, under the assumption that f ∈ L2(Ωs(k)) and u ∈ Hrs(k)+1(Ωs(k)), rs(k) 6= 1
2
, the

normal trace ∂u
∂nk

∈ Hrs(k)− 1
2 (γk), and it holds that [67, 83, 13]

‖ ∂u
∂nk

‖2
rs(k)− 1

2
,γk

≤ C
(
‖f‖2

0,Ωs(k)
+ ‖u‖2

rs(k)+1,Ωs(k)

)
.

Hence, the L2-norm of f enters into the a priori estimate of Theorem 1.11 in this case.
The case rs(k) = 1

2
can be treated by using an operator interpolation theory or by improving

the result of [67]. Similar estimates are obtained in [27] in the context of hp mortar finite
elements by using an operator interpolation theory.

We remark that in the two-dimensional mortar situation if the underlying decompo-
sition of the domain Ω is geometrically conforming, where the intersection between the
boundaries of any two different subdomains is either empty, a vertex or a common edge,
the constant in the right hand side does not depend on the ratio of meshsizes of master
and slave sides. In the three-dimensional case, even if the decomposition of the domain

16



is geometrically conforming the constant depends on the ratio of meshsizes of master and
slave sides if the mesh on the wirebasket is non-conforming. However, if the mesh on the

wirebasket is conforming and u is continuous, we find [Ihu] ∈ H
1/2
00 (γk) on γk, and thus the

H
1/2
00 -stability of Πk can be directly applied exactly as in the two-dimensional geometri-

cally conforming decomposition setting. In that case, the ratio does not enter in the upper
bound, see [99].

Corollary 1.13. Suppose that the Lagrange interpolant Ihu of u in X with respect

to the underlying mesh satisfies [Ihu] ∈ H
1/2
00 (γk) on γk. Then under the assumptions of

Lemma 1.10 there exists a constant C independent of the meshsize such that

inf
vh∈Vh

‖u− vh‖2
1 ≤ C

K∑

k=1

h2tk
k ‖u‖2

tk+1,Ωk
,

Proof. Proceeding exactly as in Lemma 1.10, we obtain (1.5.8), and we use the H
1/2
00 -

stability of Πk to get

‖Πk[Ihu]‖H
1/2
00 (γk)

≤ C‖[Ihu]‖H
1/2
00 (γk)

≤ C‖(u− Ihu)|Ωm(k)
‖

H
1/2
00 (γk)

+ ‖(u− Ihu)|Ωs(k)
‖

H
1/2
00 (γk)

.

Summing over all k = 1, · · · , N , and using the approximation property of the Lagrange
interpolant Ihu, we have

‖
N∑

k=1

EkΠk[Ihu]‖2
1 ≤ C

(
N∑

k=1

h
2tm(k)

m(k) ‖u‖2
tm(k)+1,Ωm(k)

+
N∑

k=1

h
2ts(k)

s(k) ‖u‖2
ts(k)+1,Ωs(k)

)
.

The rest of the proof follows exactly as in Lemma 1.10. ¤

On the other hand, assuming quasi-uniform meshes on each subdomain without impos-
ing the matching condition, we will demonstrate a new result that the factor hmr can be
replaced by the logarithm of it if hmr > 1. Although, when having quasi-uniform meshes
on each subdomain, for each interface the slave and master sides can be selected such that
the mesh size at the master side is less than or equal to that at the slave side, it shows that
a different choice of master and slave sides do not affect the bound for the errors. It is well
known that the interpolation space [H1

0 (γk), L
2(γk)]θ is equal to H1−θ

0 (γk) for θ ∈ [0, 1
2
),

and that it is equal to H1−θ(γk) for θ ∈ (1
2
, 1], meaning that the corresponding spaces are

equal as sets and have equivalent norms. The space [H1
0 (γk), L

2(γk)]1/2 is strictly contained

in H
1/2
0 (γk) with a strictly finer topology. In the following, we will consider these interpo-

lation spaces for θ ↓ 1
2
. Since norm equivalences stated earlier do not hold uniformly in

θ ∈ (1
2
, 1] we need a lemma, which is proved in [103]. We state and prove this lemma for

completeness.

Lemma 1.14. For 1 ≤ k ≤ N and θ ∈ [0, 1]\{ 1
2
}, we have

sup
v∈[H1

0 (γk),L2(γk)]θ\{0}

‖v‖[H1
0 (γk),L2(γk)]θ

‖v‖H1¡ θ(γk)

≤ C
∣∣ 1
2
− θ
∣∣−1

.

17



Proof. Consider γk as being a polytope in R
d−1. For any function v on γk, let ṽ

denotes its extension on R
d−1 with zero. Then we have ‖v‖[H1

0 (γk),L2(γk)]θ ≤ C‖ṽ‖H1¡ θ(Rd¡ 1)

uniformly in v ∈ [H1
0 (γk), L

2(γk)]θ and θ ∈ [0, 1]. From [83, Lemma 1.3.2.6 and Theorem
1.4.4.4] it follows that for any θ ∈ [0, 1]\{ 1

2
}, there exists a constant Cθ > 0 such that

‖ṽ‖H1¡ θ(Rd¡ 1) ≤ Cθ‖v‖H1¡ θ(γk) for all v ∈ [H1
0 (γk), L

2(γk)]θ. Inspection of the proof of
Theorem 1.4.4.4 in [83] reveals that Cθ is a result of the application of Hardy’s inequality,

and that it can be bounded by some absolute multiple of
∣∣1
2
− θ
∣∣−1

. ¤

Theorem 1.15. Let u and uh be the solutions of the problems (1.3.2) and (1.4.2),
respectively. Assume that Assumptions 1–6 are satisfied, and [a ∂u

∂n
] = 0 on Γ. If hmr >

exp(2), there exists a constant C independent of the meshsize such that

‖u− uh‖2
1 ≤ C(1 + log2 hmr)

K∑

k=1

h2tk
k ‖u‖2

tk+1,Ωk
.

Proof. Starting from (1.5.8) and using the inverse estimate, we have

‖Πk[Ihu]‖2

H
1/2
00 (γk)

≤ C

hs(k)

‖[Ihu]‖2
0,γk

.

Now, by Assumption 5, Lemma 1.8 and interpolation, we have that Πk : [H1
0 (γk), L

2(γk)]θ →
[H1

0 (γk), L
2(γk)]θ is bounded uniformly for θ ∈ [0, 1]. So by interpolation and the reiteration

theorem [152], we have ‖Πk[Ihu]‖H
1/2
00 (γk)

≤ C(hs(k))
−ε‖[Ihu]‖[H1

0 (γk),L2(γk)] 1
2 +ε

for ε ∈ (0, 1
2
].

Now, we can apply Lemma 1.14 with θ = 1
2

+ ε to find that

‖Πk[Ihu]‖
H

1
2
00(γk)

≤ C(hs(k))
−εε−1

(
‖(u− Ihu)|Ωm(k)

‖
H

1
2 ¡ ε(γk)

+ ‖(u− Ihu)|Ωs(k)
‖

H
1
2 ¡ ε(γk)

)

≤ C(hs(k))
−εε−1{‖u− Ihu‖H1¡ ε(Ωm(k)) + ‖u− Ihu‖H1¡ ε(Ωs(k))},

where we have used the fact that the trace operator is bounded fromH1−ε(Ωk) → H
1
2
−ε(∂Ωk)

uniformly in ε ∈ (0, 1
2
). Now, using the best approximation property of Xh we obtain

‖Πk[Ihu]‖2

H
1
2
00(γk)

≤ C

h2ε
s(k)ε

2

(
h

2tm(k)+2ε

m(k) ‖u‖2
tm(k)+1,Ωm(k)

+ h
2ts(k)+2ε

s(k) ‖u‖2
ts(k)+1,Ωs(k)

)

≤ C

ε2

((
hm(k)

hs(k)

)2ε

h
2tm(k)

m(k) ‖u‖2
tm(k)+1,Ωm(k)

+ h
2ts(k)

s(k) ‖u‖2
ts(k)+1,Ωs(k)

)

Summing over all k = 1, · · · , N , we obtain

‖
N∑

k=1

EkΠk[Ihu]‖2
1 ≤

C

ε2

(
h2ε

mr

N∑

k=1

h
2tm(k)

m(k) ‖u‖2
tk+1,Ωm(k)

+

N∑

k=1

h
2ts(k)

s(k) ‖u‖2
tk+1,Ωs(k)

)
.

We minimize the expression hε
mr

ε
by choosing ε = 1

log hmr
, and hence

‖
N∑

k=1

EkΠk[Ihu]‖2
1 ≤ C(log hmr)

2

(
exp(2)

N∑

k=1

h
2tm(k)

m(k) ‖u‖2
tm(k)+1,Ωm(k)

+

N∑

k=1

h
2ts(k)

s(k) ‖u‖2
ts(k)+1,Ωs(k)

)
.

Since ε ∈ (0, 1
2
), we require that hmr > exp(2). Finally, the lemma follows by using the

interpolation property of Ihu. ¤
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To obtain an a priori estimate for the Lagrange multipliers, we follow exactly the same
procedures as in [22].

Lemma 1.16. Assume that the Lagrange multiplier space Mh satisfies Assumptions 2
and 3. Then, for every µ ∈Mh, there exists a vµ ∈ Xh such that

‖vµ‖1 ≤ C‖µ‖M , ‖µ‖2
M ≤ Cb(vµ, µ) and ‖[vµ]‖W ≤ C‖µ‖M .

Proof. By means of the stability of the mortar projection, we get for µ ∈Mk

‖µ‖−1/2,γk
= sup

ϕ∈H
1/2
00 (γk)\{0}

(µ, ϕ)0,γk

‖ϕ‖
H

1/2
00 (γk)

≤ C sup
ϕ∈H

1/2
00 (γk)\{0}

(µ,Πkϕ)0,γk

‖Πkϕ‖H
1/2
00 (γk)

= C sup
ϕ∈Wk\{0})

(µ, ϕ)0,γk

‖ϕ‖
H

1/2
00 (γk)

≤ C(µ, ϕ̃k)0,γk
(1.5.12)

for some ϕ̃k ∈ Wk with ‖ϕ̃k‖H
1/2
00 (γk)

= 1. Now, we extend ϕ̃k ∈ Wk to Xh by using the

extension operator Ek as defined in Lemma 1.10 to get Ekϕ̃k =: vk ∈ Xh. Then, we have

‖vk‖1 ≤ C‖ϕ̃k‖H
1/2
00 (γk)

and 0 ≤ (µ, ϕ̃k)0,γk
= b(vk, µ).

Setting vµ :=
∑N

k=1 b(vk, µ)vk and using the fact that ‖vk‖1 ≤ C, we get

‖vµ‖2
1 = ‖

N∑

k=1

b(vk, µ)vk‖2
1 =

K∑

l=1

‖
N∑

k=1

b(vk, µ)vk‖2
1,Ωl

≤ C

N∑

k=1

b(vk, µ)2 ≤ C

N∑

k=1

‖µ‖2
−1/2,γk

= C‖µ‖2
M .

This proves the first assertion. Using a coloring argument, the constant C does not de-
pend on the number of subdomains. Furthermore, summing the equation (1.5.12) over all
interfaces γk, k = 1, · · · , N , we obtain the second assertion

‖µ‖2
M ≤ C

N∑

k=1

b(vk, µ)2 = Cb(vµ, µ).

Finally, the third assertion follows from

‖[vµ]‖2
W =

N∑

k=1

b(vk, µ)2‖[vk]‖2

H
1/2
00 (γk)

=
N∑

k=1

b(vk, µ)2 ≤
N∑

k=1

‖µ‖2
−1/2,γk

‖[vk]‖2
H

1/2
00 (γk)

= ‖µ‖2
M .

¤

We note that the bilinear form b(·, ·) on Xh × Mh is not continuous with respect to
the ‖ · ‖1 and ‖ · ‖M norms. However the uniform inf-sup condition for µh ∈ Mh can
be established on a subspace of Xh. Restricted to this subspace the bilinear form b(·, ·)
is continuous and thus the standard saddle point theory can be applied, see, e.g., [52].
The best approximation property, Lemma 1.16, Assumptions 2–4 and the first equation
of the saddle point problem give an a priori estimate for the Lagrange multiplier, see also
[22, 163].
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Lemma 1.17. Assume that (uh, λh) is the solution of (1.4.3) and λ = a ∂u
∂n

. Then under
the assumptions of Theorem 1.11, there exists a constant C independent of the meshsize
such that

‖λ− λh‖2
M ≤ C(1 + hmr)

K∑

k=1

h2tk
k ‖u‖2

tk+1,Ωk

with hmr as defined in Lemma 1.10

Proof. Let µh ∈Mh. Using the triangle inequality we can write

‖λ− λh‖M ≤ ‖λ− µh‖M + ‖µh − λh‖M .(1.5.13)

The first equation of saddle point problem (1.4.3) yields

b(vh, µh − λh) = a(uh − u, vh) + b(vh, µh − λ), vh ∈ Xh.

Choosing vµh−λh
as in Lemma 1.16, we obtain

‖µh − λh‖2
M ≤ Cb(vµh−λh

, µh − λh)

= Ca(uh − u, vµh−λh
) + b(vµh−λh

, µh − λ)

≤ C(‖u− uh‖1 + ‖µh − λ‖M)‖µh − λh‖M ,

and hence

‖µh − λh‖M ≤ C(‖u− uh‖1 + ‖µh − λ‖M).

Using this estimate in (1.5.13), we have

‖λ− λh‖M ≤ ‖λ− µh‖M + C(‖u− uh‖1 + ‖µh − λ‖M)

≤ (1 + C)‖λ− µh‖M + C‖u− uh‖1.

Finally, the result follows by using the best approximation property of Mh (Assumption 4)
and Theorem 1.11. ¤

Remark 1.18. Assuming quasi-uniform meshes, the factor hmr can be replaced by only
the log of the quotient of the mesh sizes at the master and the slave sides as in Theorem
1.15.

1.6. Lagrange multiplier spaces

We have seen in the a priori analysis that the discrete Lagrange multiplier space Mh

plays a fundamental role for the stability of the saddle point problem and the optimality
of the discretization scheme. The Lagrange multiplier space has to be large enough to
obtain an optimal consistency error, and it has to be small enough to get an optimal best
approximation error and a suitable discrete inf-sup condition. Here, formally we will see
that the choice of discrete Lagrange multiplier space also plays an essential role in the
numerical efficiency of the mortar approach. In general, the Lagrange multiplier basis
functions are defined locally and are associated with some interior nodes of the mesh on
γk, 1 ≤ k ≤ N . We recall that in contrast to the standard literature on mortar finite
elements, see, e.g., [33, 34, 163, 99], where the assumption

Assumption 7. dimWk = dimMk, 1 ≤ k ≤ N
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is imposed on Lagrange multiplier spaces, we work with the more flexible Assumption
2. We refer to [87, 88, 24] for the relevant work on stabilized mortar finite elements
satisfying Assumption 2 but not 7.

In a first step, we briefly discuss Lagrange multiplier spaces satisfying Assumption 7.
We group the degrees of freedom of Xh associated with the skeleton Γ into three groups
uh|Γ := (um, us, uc), where um contains all nodal values of uh on the master sides, us

consists of all nodal values of uh at the interior nodes of γk on the slave sides, and uc

contains all nodal values at the nodes on the boundary of the interface γk on the slave
sides, 1 ≤ k ≤ N , see Figure 1.2. The associated sets of nodes are called Nm, Ns and
Nc, respectively. Furthermore, we denote by Nh the set of all nodes in Xh and we set
Ni := Nh\(Nm ∪ Ns ∪ Nc). The corresponding nodal values of uh in Ni will be denoted
by a block vector ui. Each j ∈ Nh will be associated with its geometrical coordinates xj.
Defining Nmc := Nm ∪Nc, and the corresponding finite element solution umc the matching
condition (1.4.1) can be written in its algebraic form as

(1.6.1) Msus + Mmcumc = 0.

The entries of the mass matrices Ms and Mmc are given by mij :=
∫

γk
[φj]µi dσ, where

PSfrag replacements

master sideinterface slave side

Nm = {����������
�����

���
���
��� }, Ns = {©} and Nc = {¥}

Figure 1.2: Decomposition of interior degree of freedom at an interface of the master and
the slave side for serendipity elements

φj are the finite element basis functions corresponding to the different groups of nodes,
and µi denote the basis functions of Mh. Since the basis functions have a local support,
the mass matrices are sparse. Formally, we can obtain the values on the slave side as
us = −M

−1
s Mmcumc. Although Ms is a sparse matrix, the inverse of Ms is dense. This obser-

vation motivates our interest in Lagrange multiplier spaces which yield a sparse inverse of
the mass matrix Ms. A natural choice is a dual Lagrange multiplier space, see, e.g., [163],
having a diagonal mass matrix Ms. Due to the biorthogonality, the arising mass matrices
on the slave side of the mortar formulation are diagonal, and a local static condensation
can be carried out. This corresponds physically to a lumping of the mass matrix, and the
locality reflects the fact that a local perturbation influences the solution only in a small
neighborhood. Therefore, these dual Lagrange multiplier spaces are very attractive from
computational and physical points of view. Such a biorthogonal basis was introduced in
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[161] for lowest order and two-dimensional mortar finite elements, and was called the dual
Lagrange multiplier base. The idea has also been extended to higher order elements, see
[104, 103, 124]. We refer to [69, 147] for related work in biorthogonal multi-resolution
analysis. However, the construction of biorthogonal bases is not straightforward and pre-
serving the locality of the support is not trivial. In [124], one-dimensional higher order
dual finite element bases are considered. The drawback of this technique is that the support
of the Lagrange multiplier basis has to be extended resulting in more complex assembling
routine. Here, we focus on the construction of biorthogonal basis functions having the
same support as the nodal basis functions.

Because of the diagonal structure of the mass matrix on the slave side of the interface
the degrees of freedom associated to Lagrange multipliers can be locally eliminated leading
to a sparse, positive definite formulation based on the unconstrained product space. The
modification of the saddle point system arising from mortar finite elements with dual
Lagrange multiplier spaces is carried out in [166], and a multigrid method based on the
new positive definite system is proposed, see also [163]. To apply the standard multigrid
theory, the transfer operators have to be locally modified. The introduced multigrid has a
level-independent convergence rate and is of optimal complexity. Unless otherwise specified,
our iterative solver is based on the multigrid approach introduced in [166].

Before going to the explicit construction in Chapters 2 and 3, we consider an abstract
framework. As in Lemma 1.7, let W and M be finite dimensional subspaces of a Hilbert
space H with inner product 〈·, ·〉. We assume that dimW = dim M and associate the
space W with the basis Φ := {φ1, · · · , φn} and M with the basis Λ := {λ1, · · · , λn}. To
make a consistent matrix notation, basis sets are also thought of as column vectors. We
denote by GΦ,Λ = (Φ,ΛT ) the Gram matrix associated with the two finite systems Φ and
Λ based on the inner product 〈·, ·〉, i.e., GΦ,Λ is a n× n matrix with (GΦ,Λ)ij = 〈φi, λj〉.

Definition 1.19. The set Λ will be called a dual basis with respect to Φ if and only
if GΦ,Λ = Dn, where Dn is a non-singular n× n diagonal matrix. Equivalently, the bases
Λ and Φ will be called biorthogonal bases, and the space M spanned by the basis Λ will be
called the dual space.

Hence, if we work with a dual Lagrange multiplier space Mk satisfying Assumption 7,
the basis functions {µi}1≤i≤nk

of Mk and {ϕi}1≤i≤nk
of the trace space Wk having the zero

boundary condition on ∂γk satisfy the biorthogonality relation
∫

γk

µi ϕj dσ = cjδij, cj 6= 0, 1 ≤ i, j ≤ nk,(1.6.2)

where nk := dimWk = dimMk, and δij is the Kronecker symbol. Here, we can take cj =∫
γk
ϕj dσ for the two-dimensional case, and for the three-dimensional case with a hexahedral

triangulation. In case of quadratic simplicial finite elements,
∫

γk
ϕj dσ = 0 if ϕj is a vertex

basis function. In this case, we can simply set cj = |suppϕj|. A more general definition of
the dual Lagrange multiplier space will be provided in the next paragraph. To obtain more
flexibility, we focus on constructing optimal and numerically efficient Lagrange multiplier
bases. In comparison to the two-dimensional case, the situation is more complicated in
the three-dimensional case. As we will see in Chapter 3, the construction of dual Lagrange
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multiplier spaces preserving the optimality and the flexibility of the approach in the three-
dimensional case is not at all trivial. On the other hand, it is enough to work with a
Lagrange multiplier space which yields a sparse mass matrix Ms, whose inverse will be
sparse. This observation motivates our interest in a quasi-dual Lagrange multiplier space.

Definition 1.20. The Lagrange multiplier basis functions {µi}1≤i≤nk
of Mk and the

nodal basis functions {ϕi}1≤i≤nk
of the trace space Wk are called quasi-biorthogonal and the

Lagrange multiplier space quasi-dual if the mass matrix Ms restricted to the slave side of
the interface γk is of the form

Ms =

[
D1 0

R D2

]
,

where D1 and D2 are diagonal matrices and R is a rectangular matrix.

Remark 1.21. The idea of the quasi-biorthogonal bases is a natural generalization of
the biorthogonal base. If the bases Wk and Mk are biorthogonal, the rectangular matrix
R = 0. Thus biorthogonal bases are also quasi-biorthogonal.

In a second step, we discuss the Lagrange multiplier space which may not satisfy As-
sumption 7. Assumption 4 requires that the Lagrange multiplier space contains piecewise
or continuous piecewise polynomial of degree less than or equal to ps(k)−1 on each interface
γk, 1 ≤ k ≤ N , if finite element space of order ps(k) is used in Ωs(k). This observation leads
to consider a Lagrange multiplier space only satisfying Assumption 2 and not 7. For the
Lagrange multiplier space which spans only piecewise discontinuous polynomials of degree
ps(k) − 1 on γk, we refer to [87, 88, 24]. The drawback of this approach is that the slave
side of the interface γk should be augmented by some bubble functions to get a stable
formulation. The advantage is that the modification of the Lagrange multipliers along the
boundary is not necessary. Here, we consider the Lagrange multiplier space which spans
piecewise continuous polynomials of degree ps(k) − 1 for ps(k) > 1. Recalling the decom-
position of the set of nodes in Xh, we extract a set Nl ⊂ Ns and associate our Lagrange
multipliers with the nodes in Nl with the corresponding finite element solution ul. Now we
give a general definition of the dual Lagrange multiplier space.

Definition 1.22. The Lagrange multiplier space Mk will be called a dual Lagrange
multiplier space if the basis functions {µi}1≤i≤lk of Mk and {ϕi}1≤i≤lk of the subset Sk of
the trace space Wk having the zero boundary condition on ∂γk satisfy the biorthogonality
condition (1.6.2), where lk is the number of nodes in Nl.

Examples for quadratic serendipity and simplicial quadratic finite elements in two-
dimensional interface at the slave side are shown in Figure 1.3. Defining Nr := Nmc ∪
(Ns\Nl), and the associated nodal finite element solution ur, the equation (1.4.1) can be
similarly written in its algebraic form as (1.6.1)

Mlul + Mrur = 0,

where Ml is a non-singular diagonal matrix, and Mr is the rectangular matrix, and hence
the static condensation of the Lagrange multiplier can easily be done. The entries of the
mass matrices Ml and Mr are given by mij :=

∫
γk

[φj]µi dσ as before. The more detailed

discussion and explicit construction can be found in the following chapters.
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Figure 1.3: Decomposition of interior degree of freedom inside a slave side of the interface,
quadratic serendipity (left) and simplicial quadratic (right), d = 3

In all our forthcoming numerical results for two- and three-dimensional mortar finite el-
ements, we use a mesh dependent L2-norm to measure the error in the Lagrange multiplier,
which is defined as

‖µ− µh‖2
h :=

N∑

k=1

∑

F∈Sk

hF‖µ− µh‖2
0,F ,(1.6.3)

where hF is the length of the edge F on the slave side in the two-dimensional case, and
the diameter of the face F on the slave side in the three-dimensional case. This norm will
also be called a weighted L2-norm or a weighted Lagrange multiplier norm.
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CHAPTER 2

Lagrange Multiplier Spaces in 2D

2.1. Introduction

We construct basis functions which are biorthogonal to nodal conforming one-dimen-
sional finite element basis functions of order p with respect to the L2-norm, see the definition
of biorthogonality 1.19. The newly constructed basis functions have the same support as
the conforming nodal basis functions and satisfy Assumption 7. However, as the Lagrange
multiplier space satisfying only Assumption 2 can yield optimal results we also provide a
result for constructing such a Lagrange multiplier space in Theorem 2.8. The new idea
is to use Gauß-Lobatto nodes to define the conforming nodal basis functions. Using the
finite element basis functions based on Gauß-Lobatto of order p, our biorthogonal basis
functions span a non-conforming finite element space which includes the conforming finite
element space of order p − 1, p > 1. Dual spaces with optimal approximation properties
are also considered in [124] for higher order finite elements. In contrast to [124], our basis
functions have the same support as the nodal finite element basis functions. Using this type
of non-conforming space as a Lagrange multiplier space for two-dimensional mortar finite
elements results in an optimal discretization scheme. The reproduction property of the
Lagrange multiplier space is based on an interesting relation between biorthogonality and
quadrature formulas. We note that the Lagrange multiplier space has to be modified in a
suitable way in the neighborhood of the crosspoints to satisfy a uniform inf-sup condition.

This chapter is organized as follows. In the next section, we construct our dual basis
starting from a given set of nodal basis functions on a reference element. In particular, the
reproduction property of the dual basis functions is verified. In Section 2.3, we consider
the application to mortar finite elements. We work out the required modification at the
endpoints of the interfaces. Numerical results for linear, quadratic and cubic finite elements
are presented in 2.4. Starting from discontinuous quadratic dual Lagrange multiplier basis
functions, we show different ways of constructing continuous dual Lagrange multiplier
basis functions in Section 2.5, and finally we compare the numerical results from different
Lagrange multipliers in the quadratic case.

2.2. Dual basis in one dimension

Let Zp := {−1 =: xp
1 < xp

2 < · · · < xp
p+1 := 1} be a set of distinct points in the reference

interval Ī := [−1, 1], and Φ̂p := {φp
1, φ

p
2, · · · , φp

p+1}, φp
i ∈ Pp(I), 1 ≤ i ≤ p + 1, be the

associated set of nodal finite element basis functions, i.e., φp
i (x

p
j) = δij, where δij is the

Kronecker symbol. Here, Pp(I) denotes the (p + 1)-dimensional space of polynomials of

degree less than or equal to p. From now on, the basis Φ̂p will be called a finite element basis

on I of order p based on Zp. Associated with Φ̂p is the dual basis Λ̂p := {λp
1, λ

p
2, · · · , λp

p+1},
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where the λp
i ∈ Pp(I), 1 ≤ i ≤ p + 1, are uniquely defined by

(2.2.1)

∫

I

λp
i (ŝ)φ

p
j(ŝ) dŝ = dp

i δij, dp
i 6= 0.

We set dp
i :=

∫
I
φp

i (ŝ) dŝ if the integral is non-zero, and dp
i :=

∫
I
dŝ otherwise. It is trivial

to see that the spaces spanned by Φ̂p and Λ̂p are the same. Moreover for q ≤ p there exists
a unique (q + 1) × (p+ 1) matrix N

q;p such that

(2.2.2) Φ̂q = N
q;pΛ̂p,

where basis sets Φ̂q and Λ̂p are thought of as column vectors. To define our global spaces,
we introduce a locally quasi-uniform finite element mesh Th which is formed by partitioning
a segment γ into K subintervals (elements), Ik, 1 ≤ k ≤ K, with γ̄ = ∪K

k=1Īk. The ordering
of the Ik is done in a lexicographical way from the left to the right. Associated with each
element Ik is a unique affine mapping Fk : Ī −→ Īk which maps −1 to the left and
1 to the right endpoint of Ik. Due to the ordering, we find that Fk(x

p
1) = Fk−1(x

p
p+1),

2 ≤ k ≤ K. We transform the basis functions φp
i and λp

i on I in the standard way, and set
Φk

p := {φp
k;1, φ

p
k;2, · · · , φp

k;p+1} and Λk
p := {λp

k;1, λ
p
k;2, · · · , λp

k;p+1}, where φp
k;i := φp

i ◦F−1
k and

λp
k;i := λp

i ◦ F−1
k . Then it is easy to see that the following biorthogonality relation holds

∫

Ik

λp
k;i(s)φ

p
k;j(s) ds =

|Ik|
2
dp

i δij,

and we have Φk
q = N

q;pΛk
p with the same N

q;p as in (2.2.2). Associated with each node
xj ∈ γ̄, 1 ≤ j ≤ pK + 1, x1 := F1(−1), xp(k−1)+j := Fk(x

p
j), 1 ≤ k ≤ K, 2 ≤ j ≤ p + 1, is

exactly one basis function in Φp and Λp. We define

φp
j :=






φp
k;i, j = p(k − 1) + i, 2 ≤ i ≤ p, 1 ≤ k ≤ K,
φp

1;1, j = 1,
φp

K;p+1, j = pK + 1,
φp

k;p+1 + φp
k+1;1, j = pk + 1, 1 ≤ k < K,

where all basis functions φp
k;j are extended by zero outside of Īk, and the addition of

two basis functions “φp
k;p+1 + φp

k+1;1” has to be interpreted such that φp
j |Īk

= φp
k;p+1 and

φp
j |Īk+1

= φp
k+1;1 for j = pk + 1, 1 ≤ k < K. We note that this is well defined because

φp
k;p+1(xpk+1) = φp

k+1;1(xpk+1). It is well known that the basis Φp := {φp
1, . . . , φ

p
pK+1} spans

the conforming finite element space W p
h of order p associated with the one-dimensional

mesh Th. Now we define a dual basis of Φp as Λp := {λp
1, . . . , λ

p
pK+1}, where

λp
j :=






λp
k;i, j = p(k − 1) + i, 2 ≤ i ≤ p, 1 ≤ k ≤ K,
λp

1;1, j = 1,
λp

K;p+1, j = pK + 1,
λp

k;p+1 + λp
k+1;1, j = pk + 1, 1 ≤ k < K,

where the basis functions λp
k;j are extended by zero outside of Īk as before, and the sum

λp
k;p+1 + λp

k+1;1 has to be interpreted as an element-wise addition, which gives a well de-

fined function in the L2-sense. We note that the global basis functions λp
j are in general

discontinuous at the endpoints of the elements. As a result the space M p
h spanned by the
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basis functions in Λp is a non-conforming finite element space. Moreover, we will find that
the finite element space of order less than or equal to p on γ will not be included in M p

h .
A first result in this direction is provided by the following lemma.

Lemma 2.1. W q
h ⊂Mp

h if and only if

nq;p
1,1 = nq;p

q+1,p+1 and nq;p
q+1,1 = nq;p

1,p+1 = 0,
nq;p

i,1 = nq;p
i,p+1 = 0 for all 2 ≤ i ≤ q,

(2.2.3)

where nq;p
i,j is the (i, j)-th entry of the matrix N

q;p.

Proof. The dimension of W q
h is given by qK +1. In a first step, we consider the basis

functions φq
j , j = q(k − 1) + i, 2 ≤ i ≤ q, 1 ≤ k ≤ K, in more detail. Using the definition

of the global basis functions, we find

φq
j = φq

k;i = (Nq;pΛk
p)i =

p+1∑

l=1

nq;p
i,l λ

p
k;l = nq;p

i,1λ
p
k;1 +

p∑

l=2

nq;p
i,l λ

p
p(k−1)+l + nq;p

i,p+1λ
p
k;p+1.

As a result, we obtain that φq
j ∈ Mp

h , j = q(k − 1) + i, 2 ≤ i ≤ q, 1 ≤ k ≤ K, if and only
if nq;p

i,1 = nq;p
i,p+1 = 0, 2 ≤ i ≤ q. Secondly, we consider the basis functions of W q

h which are
associated with an endpoint of one element. We do not work out the details for φq

1 and
φq

qK+1 but concentrate on φq
qk+1, 1 ≤ k < K. Each φq

qk+1 can be written as an element-wise
sum of two local basis functions

φq
qk+1 = φq

k;q+1 + φq
k+1;1,= (Nq;pΛk

p)q+1 + (Nq;pΛk+1
p )1

=

p+1∑

l=1

(nq;p
q+1,lλ

p
k;l + nq;p

1,lλ
p
k+1;l)

= nq;p
q+1,1λ

p
k;1 + (nq;p

q+1,p+1 − nq;p
1,1)λ

p
k;p+1 + nq;p

1,p+1λ
p
k+1;p+1

+nq;p
1,1λ

p
pk+1 +

p∑

l=2

(nq;p
q+1,lλ

p
p(k−1)+l + nq;p

1,l λ
p
pk+l).

Now, it is easy to see that φq
qk+1 ∈Mp

h , 1 ≤ k < K, if and only if nq;p
q+1,p+1 −nq;p

1,1 = nq;p
q+1,1 =

nq;p
1,p+1 = 0. ¤

The case, q = p− 1 will be of special interest for mortar finite elements. For simplicity
of notation, we denote from now on N

p−1;p by N
p and np−1;p

i,j by np
i,j. Therefore, we rewrite

the general condition (2.2.3) and obtain that W p−1
h ⊂ Mp

h if and only if

(2.2.4)
np

1,1 = np
p,p+1 and np

p,1 = np
1,p+1 = 0

np
i,1 = np

i,p+1 = 0 for all 2 ≤ i ≤ p− 1.

To get a better feeling, we consider the case p = 2 in more detail. Then the conditions
(2.2.4) can be simply written as

np
1,1 = np

2,3 and np
2,1 = np

1,3 = 0.(2.2.5)
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Let us consider xp
1 := −1, xp

2 := 0 and xp
3 := 1. Then the basis functions of Λ̂p are given by

λp
1 =

5

4
x2 − 1

2
x− 1

4
, λp

2 = −5

2
x2 +

3

2
, λp

3 =
5

4
x2 +

1

2
x +

1

4
,

λp
1 = φp

1 −
3

4
φp

2 +
1

2
, λp

2 =
5

2
φp

2 − 1, λp
3 = φp

3 −
3

4
φp

2 +
1

2
,

see [104]. Using φp−1
1 = φp

1 + 1
2
φp

2 and φp−1
2 = φp

3 + 1
2
φp

2, we find for the entries of the 2× 3
matrix N

2

np
1,1 = 1, np

1,2 =
1

2
, np

1,3 = 0,

np
2,1 = 0, np

2,2 =
1

2
, np

2,3 = 1,

and thus (2.2.5) is satisfied. Unfortunately for p = 3 and xp
1 := −1, xp

2 := −1/3, xp
3 := 1/3

and xp
4 := 1, (2.2.4) is not satisfied. A straightforward calculation shows that the matrix

N
p for p = 3 is given by

N
3 =




11
15

2
5

−1
5

0
4
15

4
5

4
5

4
15

0 −1
5

2
5

11
15


 .

Although the conditions n3
1,1 = n3

3,4 and n3
3,1 = n3

1,4 = 0 are satisfied, we find n3
2,1 =

n3
2,4 = 4

15
6= 0. As a result, working with cubic Lagrange finite elements and dual Lagrange

multipliers does not yield optimal a priori results for the mortar discretization. We refer
to Section 2.4 for numerical results.

In the rest of this section, we construct for general p, a set of nodal points {xp
1, . . . , x

p
p+1}

such that (2.2.4) holds. To start with, we consider N
p in more detail. The Gram matrix

of the finite element base Φ̂p is given by Mp = G
Φ̂p,Φ̂p

with the (i, j)-th entry mp
i,j =∫

I
φi(ŝ)φj(ŝ) dŝ. We note that Mp ∈ R

(p+1)×(p+1) is positive-definite and symmetric. The
set of biorthogonal basis functions satisfying (2.2.1) can be formally given by

(2.2.6) Λ̂p = Dp+1M
−1
p Φ̂p with G

Φ̂,Λ̂ = Dp+1,

where the entries of the diagonal matrix Dp+1 are given by dp
i 6= 0. Moreover, we can find

a unique restriction matrix Pp such that Φ̂p−1 = PpΦ̂p yielding

PpMpD
−1
p+1Λ̂p = Φ̂p−1,

and thus Np = PpMpD
−1
p+1. We recall that the set Φ̂p forms a nodal basis associated with the

nodes xp
i , 1 ≤ i ≤ p + 1. Then the entries pp

ij of the restriction matrix Pp are given by

pp
ij = φp−1

i (xp
j), 1 ≤ i ≤ p, 1 ≤ j ≤ p+ 1. Using the product form of Np, we find

(2.2.7) np
i,j =

1

dp
j

p+1∑

k=1

φp−1
i (xp

k)

∫

I

φp
k(ŝ)φ

p
j(ŝ) dŝ =

1

dp
j

∫

I

φp−1
i (ŝ)φp

j(ŝ) dŝ.

28



Lemma 2.2. If the nodal points in Zp are symmetric with respect to the origin then

np
1,1 = np

p,p+1.

Proof. Since the nodal points are symmetric with respect to the origin, we have

xp
i = −xp

p+2−i, 1 ≤ i ≤ p+ 1.

Then
∫

I
φp

i (ŝ) dŝ =
∫

I
φp

p+2−i(ŝ) dŝ, and moreover
∫

I

φp−1
1 (ŝ)φp

1(ŝ) dŝ =

∫

I

φp−1
p (ŝ)φp

p+1(ŝ) dŝ.

¤

Combining (2.2.4) and Lemma 2.2, we obtain the following corollary.

Corollary 2.3. Under the assumption that the nodal points are symmetric with respect
to the origin, W p−1

h ⊂Mp
h if and only if

∫
I
φp

1(ŝ)φ
p−1
i (ŝ) dŝ = 0, 2 ≤ i ≤ p,∫

I
φp

p+1(ŝ)φ
p−1
i (ŝ) dŝ = 0, 1 ≤ i ≤ p− 1.

(2.2.8)

We remark that (2.2.8) is equivalent to the condition that φp
1 and φp

p+1 are in a suitable
orthogonal subspace of dimension two, i.e.,

φp
1 ∈ span{φp−1

2 , . . . , φp−1
p }⊥ ⊂ Pp(I), φp

p+1 ∈ span{φp−1
1 , . . . , φp−1

p−1}⊥ ⊂ Pp(I).

Observing xp−1
1 = xp

1 and xp−1
p = xp

p+1, we find

φp
l (x

p
j)φ

p−1
i (xp

j) = 0, l = 1, 2 ≤ i ≤ p, and l = p+ 1, 1 ≤ i ≤ p− 1.

Now, we can easily relate the condition (2.2.8) to a quadrature formula. Let us assume
for the moment that associated with the symmetric set of nodal points −1 = xp

1 < . . . <
xp

p+1 = 1 is a quadrature formula which is exact for all polynomials of order less than or
equal to 2p− 1, then

(2.2.9)

∫

I

φp
l (ŝ)φ

p−1
i (ŝ) dŝ =

p+1∑

j=1

wp
jφ

p
l (x

p
j)φ

p−1
i (xp

j) = 0

for l = 1, 2 ≤ i ≤ p and l = p + 1, 1 ≤ i ≤ p − 1. Here, wp
j denote the weights of the

quadrature formula. It is well known that there exists a unique quadrature formula on Ī
with p + 1 nodes satisfying xp

1 = −1 and xp
p+1 = 1, and being exact for all polynomials

of order less than or equal to 2p − 1. This is the family of Gauß-Lobatto quadrature
formulas. The nodes are based on Legendre polynomials and satisfy that the set of nodes
is symmetric and all weights wp

j are positive. We note that

wp
j =

∫

I

φp
j(ŝ) dŝ, 1 ≤ j ≤ p+ 1,

and thus we have dp
j =

∫
I
φp

j(ŝ) dŝ for all 1 ≤ j ≤ p + 1. For convenience of the reader,
we recall some characteristic properties of the Legendre polynomials Ln(x) and of the
Gauß-Lobatto points which are relevant to our applications, see, e.g., [70].
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L1 For some N ∈ N, the set {L0(x), L1(x), · · · , LN(x)} forms a set of orthogonal
system on (−1, 1) with respect to the L2-inner product.

L2 The Legendre polynomial of degree n has exactly n distinct real zeros in (−1, 1).
L3 If {xn

1 < xn
2 < · · · < xn

n} be the set of n-zeros of the Legendre polynomial Ln(x),

then the identity
∫ 1

−1
f(x) dx =

∑n
k=1 w

n
kf(xn

k) holds for all f ∈ P2n−1(−1, 1) with

wn
k = 2

nLn¡ 1(xn
k )L0

n(xn
k )

for 1 ≤ k ≤ n, where L′
n(x) = dLn(x)

dx
.

L4 The polynomial (1− x2)L′
n(x) is orthogonal to all polynomials of degree less than

n − 1 and has (n + 1)-distinct zeros in [−1, 1]. If Zn := {−1 =: xn
1 < xn

2 <
· · · < xn

n+1 =: 1} be the zeros of polynomial (1 − x2)L′
n(x), then Zn is the set of

Gauß-Lobatto nodes of order n.
L5 If Zn := {xn

1 < xn
2 < · · · < xn

n+1} is the set of Gauß-Lobatto nodes of order n, then∫ 1

−1
f(x) dx =

∑n+1
k=1 w

n
kf(xn

k) for all f ∈ P2n−1(−1, 1) with wn
1 = wn

n+1 = 2
n(n+1)

and wn
k = 2

n(n+1)(Ln(xn
k ))2

for 2 ≤ k ≤ n.

By construction, we specified a set of nodal points such that W p−1
h ⊂ Mp

h . The following
theorem shows that this set is unique.

Theorem 2.4. W p−1
h ⊂Mp

h if and only if the finite element basis Φ̂p which defines Mp
h

is based on the set of Gauß-Lobatto points Zp := {−1 =: xp
1 < . . . < xp

p+1 := 1}.
Proof. Let Zp := {−1 =: xp

1 < xp
2 < · · · < xp

p+1 := 1} be the Gauß-Lobatto points,
then the nodal points are symmetric with respect to the origin, and moreover (2.2.9) holds.
Thus, we are in the setting of Corollary 2.3, and we find W p−1

h ⊂ Mp
h . Now, let us assume

that we have Φ̂p such that the associated space M p
h satisfies W p−1

h ⊂Mp
h . We observe that

the zeros of the polynomial (ŝ + 1)φp
1(ŝ) are exactly the nodes in Zp. In a next step, we

show that the polynomial (ŝ+ 1)φp
1(ŝ) is orthogonal to the polynomial space Pp−2(I). Let

R(ŝ) be in Pp−2(I), we find that T (ŝ) := (ŝ + 1)R(ŝ) is in Pp−1(I) and T (−1) = 0, and

thus it can be written as T (ŝ) =
∑p

k=2 T (xp
k)φ

p−1
k (ŝ). In terms of (2.2.4) and (2.2.7), we

find
∫

I

(ŝ+ 1)φp
1(ŝ)R(ŝ) dŝ =

∫

I

φp
1(ŝ)

p∑

k=2

T (xp
k)φ

p−1
k (ŝ) dŝ = 0.

Since (1− ŝ2)L′
p(ŝ) is the unique polynomial (up to a factor) orthogonal to the polynomial

space Pp−2(I) in I we obtain that the zeros of (ŝ + 1)φp
1(ŝ) are the same as those of

(1 − ŝ2)L′
p(ŝ). ¤

We note that Theorem 2.4 guarantees the existence and uniqueness of the set of points.
Now, we reconsider the cases p = 2 and p = 3. For p = 2, we find for the Gauß-Lobatto
nodes Z2 := {−1, 0, 1} which corresponds to the case of Lagrange finite elements. However

for p = 3 the Gauß-Lobatto nodes are given by Z3 := {−1,−
√

5
5
,
√

5
5
, 1}. This set of nodes

is not equidistributed. A simple calculation shows that

N
3 :=




1
6

1+
√

5
12

1−
√

5
12

0

0 2
3

2
3

0

0 1−
√

5
12

1+
√

5
12

1
6


 D

−1
4 =




1 1+
√

5
10

1−
√

5
10

0

0 4
5

4
5

0

0 1−
√

5
10

1+
√

5
10

1


 .
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Having computed N
3, we can directly verify the conditions (2.2.4) and find W p−1

h ⊂ Mp
h .

Figures 2.1 and 2.2 show the cubic and quartic nodal basis functions on the reference
element associated with the Gauß-Lobatto nodes and the corresponding biorthogonal basis
functions
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Figure 2.1: The finite element basis functions based on Gauß-Lobatto nodes Z3 (left) and
the corresponding biorthogonal basis functions (right)
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Figure 2.2: The finite element basis functions based on Gauß-Lobatto nodes Z4 (left) and
the corresponding biorthogonal basis functions (right)

Remark 2.5. Recently, spectral element methods with nodal polynomial interpolation
have been of research interest, see, e.g., [155, 91]. Most often Gauß-Lobatto quadrature
nodes are used to get a set of interpolation points for the approximation of smooth func-
tions on rectangular meshes. On simplicial meshes such type of nodes are not known. In
this case, Fekete points seem to be a natural and good choice, see, e.g., [149, 125]. Com-
putational results, [149], support the conjecture of Bos [36] that Fekete points along the
one-dimensional boundary of the triangle are the one-dimensional Gauß-Lobatto points.
Additionally, it has been shown in [37] that tensor product Gauß-Lobatto points are Fekete
points. Hence, working with Fekete points in two-dimensional finite elements one obtains
the Gauß-Lobatto nodes along the boundary of a triangle or a quadrilateral and the biorthog-
onal base can easily be formed for the Lagrange multiplier space leading to an optimal
scheme for the mortar finite elements in two dimensions.
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The next remark is concerned with the quality of convergence of the finite element
interpolant based on Gauß-Lobatto and Fekete points.

Remark 2.6. It is well known that working with equally spaced interpolation points,
uniform convergence in p of the polynomial interpolation cannot be obtained. The so-called
Lebesgue constant CL(p), see, e.g., [57, 149], characterizes the quality of the approximation
of the polynomial interpolant. In case of equally spaced points, CL(p) grows exponentially in
p. Although the construction of best approximation polynomials are, in general, not known,
it can be shown that working with Fekete points reduces the exponential growth of CL(p)
to a linear growth [149]. Moreover, numerical results suggest that CL(p) grows like

√
p on

triangles. In the univariate case, the bound for the Gauß-Lobatto nodes is well known to
be logarithmic in p, see [57].

As shown in the first chapter, we can find optimal a priori estimates for mortar finite
elements even if the Lagrange multiplier space has a smaller dimension than the trace space
of the finite elements on the slave interface side with zero boundary condition, see also [103].
However, working with a standard finite element space of order p the Lagrange multiplier
space has to reproduce the polynomial space of order p− 1 to get optimal error estimates.
In this section, we consider the construction of a biorthogonal basis of smaller dimension.
This construction will also be useful for the modification of Lagrange multipliers around
some crosspoint. Let Rq := {y1 < y2 < . . . < yq} be a proper subset of Zp consisting of q

distinct points of Zp with q ≤ p, and Φ̂q := {φp
l(1), . . . , φ

p
l(q)}, 1 ≤ l(k) ≤ p+1, be the subset

of Φ̂p associated with the nodes in Rq, i.e., xp
l(k) = yk, 1 ≤ k ≤ q. We note that Φ̂q spans a

q-dimensional space and that the set Ψ̂q := {ψ1, . . . , ψq} with the property ψi ∈ Pq−1(I),
ψi(yj) = δij spans the polynomial space of order q − 1. The following lemma states the

biorthogonality between the elements of Φ̂q and Ψ̂q.

Lemma 2.7. If Zp is the set of (p+ 1)-Gauß-Lobatto nodes in [−1, 1], then the basis Φ̂q

is biorthogonal to Ψ̂q.

Proof. Using φl(k) ∈ Pp(I), 1 ≤ k ≤ q, ψj ∈ Pq−1(I), 1 ≤ j ≤ q and q ≤ p and
applying an exact quadrature formula based on the set of (p+ 1) Gauß-Lobatto nodes Zp,
we find

∫

I

φl(k)(ŝ)ψj(ŝ) dŝ =

p+1∑

i=1

wp
i φl(k)(x

p
i )ψj(x

p
i ) =

p+1∑

i=1

wp
i δil(k)ψj(x

p
i )

= wp
l(k)ψj(x

p
l(k)) = wp

l(k)ψj(yk) = wp
l(k)δjk.

¤

Of special interest for our crosspoint modifications is the choice q = p, and

R
l
p := {xp

2 < xp
3 < . . . < xp

p+1}, R
r
p := {xp

1 < xp
2 < . . . < xp

p}.

The associated biorthogonal sets will be denoted by Ψ̂l
p = {ψl

1, . . . , ψ
l
p} and Ψ̂r

p = {ψr
1, . . . , ψ

r
p},

respectively.
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2.3. Boundary modifications

Unfortunately, we cannot apply directly the results of previous section to the general
mortar situation. The crucial points are the so-called crosspoints. In a geometrical con-
forming decomposition of the domain of interest in non-overlapping subdomains, at least
three subdomains meet at an interior crosspoint and several interfaces can have this cross-
point as a common endpoint. On each interface, we use our newly constructed spaces
Mp

h as discrete Lagrange multiplier space. Working with the product space of Lagrange
multipliers associated with the different interfaces, we obtain too many constraints for the
nodal values of the finite element solution at the crosspoints. In other words, the inf-
sup condition of the arising saddle point formulation cannot be satisfied uniformly. To
obtain a uniform bound for the discretization error, we have to reduce the dimension of
the Lagrange multiplier space, and to keep the approach as local as possible we have to
reduce the dimension of Mp

h associated with each interface. Roughly speaking, we have to
remove the two degrees of freedom of the Lagrange multiplier space associated with the
endpoints of each interface. In the rest of this section, we consider the required modifica-
tions of the Lagrange multipliers in detail. Using the same notation as before, we find that
Φ0;p := {φp

2, . . . , φ
p
pK} spans the conforming finite element space W p

0;h := W p
h ∩H1

0 (γ) with
zero boundary condition. Here K denotes the number of edges on the slave side. Now we
define a (pK − 1)-dimensional Lagrange multiplier space by Λ0;p := {λ̃p

2, . . . , λ̃
p
pK}, where

λ̃p
j :=





ψl
j−1 ◦ F−1

1 , 2 ≤ j ≤ p,
ψl

p ◦ F−1
1 + λp

2;1, j = p+ 1,
λp

j , p+ 2 ≤ j ≤ p(K − 1),
ψr

1 ◦ F−1
K + λp

K−1;p+1, j = p(K − 1) + 1,
ψr

j−p(K−1) ◦ F−1
K , p(K − 1) + 2 ≤ j ≤ pK.

As before, element-wise addition is applied for the sum of two basis functions.

Theorem 2.8. The set Λ0;p is a dual basis with respect to Φ0;p. Moreover Mp
m :=

span Λ0;p satisfies W p−1
h (γ) ⊂Mp

m.

Proof. By definition of the elements in Λ0;p and by means of Lemma 2.7, the biorthog-
onality holds. Following the lines as in the proof of Lemma 2.1, we have to consider the
first and the last edge of γ. We only work out the details for the first edge. Observing
φp−1

j (F1(x
p
p+1)) = 0, 1 ≤ j ≤ p− 1, we find

φp−1
j =

p−1∑

i=1

φp−1
j (F1(x

p
i+1))ψ

l
i ◦ F−1

1 =

p−1∑

i=1

φp−1
j (F1(x

p
i+1))λ̃

p
i+1 ∈Mp

m.

A similar consideration for j = p yields that φp−1
p ∈ Mp

m if and only if np
1,1 = 1. Using the

explicit form (2.2.7) of np
1,1, and φp

1(−1) = φp−1
1 (−1) = 1, we find that

∫

I

φp−1
1 (ŝ)φp

1(ŝ) dŝ = wp
1 =

∫

I

φp
1(ŝ) dŝ,

and hence

np
1,1 =

1

dp
1

∫

I

φp−1
1 (ŝ)φp

1(ŝ) dŝ =
wp

1∫
I
φp

1(ŝ) dŝ
= 1.
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This completes the proof. ¤

We have shown the modified Lagrange multiplier basis functions in case of the first and
the last edge in Figures 2.3 and 2.4 for cubic and quartic case, respectively.
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Figure 2.3: The modified Lagrange multiplier basis functions at the crosspoints for the
cubic case, the first edge (left) and the last edge (right)
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Figure 2.4: The modified Lagrange multiplier basis functions at the crosspoints for the
quartic case, the first edge (left) and the last edge (right)

Remark 2.9. The Lagrange multiplier basis functions constructed here are, in gen-
eral, discontinuous. Working with some quadrature formula, it might be advantegous to
have continuous Lagrange multiplier basis functions. In Section 2.5, we will demonstrate
different possibilities to construct continuous dual Lagrange multiplier basis functions for
quadratic mortar finite elements. Similar approach can be adopted for the higher order
case.

Using this type of Lagrange multiplier space in the definition of a mortar finite element
method, we obtain optimal a priori estimates and the mass matrix on the slave side is a
diagonal one. Now, we briefly discuss the extension of our one-dimensional construction of
dual Lagrange multiplier space to the two-dimensional case in a reference element T , where
T is the reference square (−1, 1)×(−1, 1) or the reference triangle {(x, y), x ≥ 0, y ≥ 0, x+
y ≤ 1} depending on the quadrangulation or triangulation of the domain. The following
remark is concerned with the extension to the two-dimensional case. Unfortunately, in case
of a triangle, the straightforward construction as in case of a quadrilateral is not possible.
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Remark 2.10. Working with a tensor product finite element space from one dimen-
sion in quadrilateral meshes, we can apply the idea of one-dimensional construction in a
straightforward way. However, since Gauß-Lobatto nodes are, in general, not known for
the triangle, the situation with simplicial mesh is much more complicated. The Fekete
points in a triangle do not show the nice property of Gauß-Lobatto nodes that any polyno-
mial of degree 2p− 1 can be integrated exactly with a suitable choice of weights. A sort of
Gauß-Lobatto quadrature formulas of order 3 and 5 for triangles are constructed in [66].
However, it is necessary to enrich the finite element space with some bubble functions lead-
ing to the requirement of higher order quadrature formulas. Hence one can easily show that
a basis biorthogonal to nodal finite element base does not exist for a triangle with optimal
approximation property for p ≥ 2. In this case, one can look for a basis biorthogonal to a
proper subset of finite element space Φ̂p as described above or a basis Λ̂p which leads to a
lower or upper triangular mass matrix. We refer to Chapter 3 for the quadratic case, see
also [103]. Although there does not exist a straightforward relation between a quadrature
formula and a biorthogonal base in a triangle as in quadrilaterals, from the theory presented
above one can figure out that there exists some form of relationship even in this case.

Remark 2.11. It is straightforward to show that the Lagrange multiplier basis functions
constructed above satisfy Assumptions 2–4. We note that Assumptions 2 and 4 are trivially
satisfied by construction. Now, we verify Assumption 3. Let µ :=

∑nk

i=1 aiµi ∈ Mk, and
define ϕ :=

∑nk

i=1 aiϕi ∈ Wk. Assuming hs(k),i for the local meshsize at i-th node, the
biorthogonality (1.6.2) yields

(ϕ, µ)0,γk
=
∑

F∈Sk

nk∑

i,j=1

aiaj(ϕi, µj)0,F ≡
nk∑

i=1

h2
s(k),ia

2
i ≥ C‖ϕ‖2

0,γk
.

Hence, taking into account the fact that ‖ϕ‖2
0,γk

≡ ‖µ‖2
0,γk

≡ ∑nk

i=1 a
2
ih

2
s(k),i, we find that

Assumption 3 is satisfied.

2.4. Numerical results

In this section, we present numerical results in two dimensions for various types of
domain decompositions. In particular, we demonstrate the performance of our dual La-
grange multiplier spaces by presenting the discretization errors for linear, quadratic and
cubic mortar finite elements. For linear finite elements, the dual Lagrange multiplier space
introduced in [161] is used. The relative errors for the primal solution are measured in the
L2- and H1-norms, whereas the error in the Lagrange multiplier is measured in the mesh
dependent L2-norm given by (1.6.3).

The flexibility of mortar methods allows us to consider geometrically non-conforming
decompositions, non-convex subdomains and crosspoints. Starting with a conforming
coarse triangulation on each subdomain, we apply uniform refinement in each step. Here,
we choose different exact solutions and different decompositions to illustrate the flexibility
and the optimality of mortar approach. The multigrid method based on the unconstrained
product space and dual Lagrange multiplier spaces is used for solving the arising linear
system, see [166]. The implementation is based on the finite element toolbox UG, [17].

2.4.1. Problems for Poisson and reaction-diffusion equations.
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Example 1: In our first example, we consider a problem with many crosspoints. Here,
we consider −∆u = f in Ω, where Ω is the unit square (0, 1)2. The domain Ω is decomposed
into nine squares with Ωij := ((i− 1)/3, i/3) × ((j − 1)/3, j/3), 1 ≤ i ≤ 3, 1 ≤ j ≤ 3. The
right hand side f and the Dirichlet boundary conditions are chosen such that the exact
solution is given by

u(x, y) = sin (3.5 π y + x) ey+(1−x)2 + cos (3.5 π x+ y) ex+(1−y)2 .

In Figure 2.5, the decomposition of the domain, the initial finite element partition, and the
isolines of the solution are shown. Here, we have four interior crosspoints and 12 interfaces,
and the master and slave sides are chosen randomly. The discretization errors versus the
number of elements along with the order of convergence at each refinement step are given
in Figure 2.6. We observe the optimal asymptotic rates of convergence both in the L2-
and H1-norms. The asymptotic rates confirm the theoretical convergence rates. We find
that the energy error is of order h, h2 and h3 whereas the errors in the L2-norm are of
order h2, h3 and h4 for the linear, quadratic and cubic case, respectively. The correct
order can be observed from the beginning. In the right picture of Figure 2.6, the error in
the Lagrange multiplier at the interface is given. The rate of convergence in the weighted
Lagrange multiplier norm is of order h3/2, h5/2 and h7/2 for the linear, quadratic and cubic
case, respectively.

Although from the theoretical point of view, we can expect that the errors are of order h,
h2 and h3 in the linear, quadratic and cubic case, respectively, the numerical results show
that the convergence is of order h3/2 for the linear case, of order h5/2 for the quadratic
case and of order h7/2 for the cubic case. The observed superconvergence behavior can be
explained in the same way as in [164]. The a priori analysis of the Lagrange multiplier
error consists of two terms. The first one is the best approximation property which is of
order hp+ 1

2 for the mortar finite elements of order p, whereas the second one involves the
energy norm which can only be expected to be of order hp. However, it is sufficient to take
into account the energy error in a small strip of width h on the slave side. If we assume
that the error in the energy norm is equidistributed, we find that the error in the strip
is bounded by Ch1/2 times the error in the slave subdomain. As a consequence, better
asymptotic results for the Lagrange multiplier can be observed, see the right picture of
Figure 2.6.

Figure 2.5: Decomposition of the domain and initial partitions (left) and isolines of the
solution (right), Example 1
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Figure 2.6: Error plot versus number of elements, L2-norm (left), H1-norm (middle) and
weighted Lagrange multiplier norm (right), Example 1

Example 2: In our next example, we consider a polygonal domain Ω with vertices
(0, 0), (1,−1), (2, 0), (2, 1), (1, 2) and (0, 1) which is decomposed into three subdomains,
see Figure 2.7. Here Ω1 is (0, 2)× (0, 1) whereas Ω2 is a triangle with vertices (0, 0), (1,−1)
and (1, 0), and Ω3 is also a triangle joining the points (0, 1), (1, 2) and (2, 1). The subdomain
Ω1 is the slave subdomain and Ω2 and Ω3 are master subdomains. We have two interior
interfaces and four crosspoints. We compute the numerical solution of the Poisson equation
−∆u = f , where the right hand side and the Dirichlet boundary conditions are determined
by choosing the exact solution u(x, y) = exp(−10(x−y)2) cos(x2+2y2)+sin(2x)+cos(10y).
Figure 2.7 shows the initial non-matching triangulation and the isolines of the solution.

Figure 2.7: Decomposition into three subdomains and initial triangulation (left) and iso-
lines of the solution (right), Example 2

The discretization errors for the different norms versus the number of elements are
shown in Figure 2.8. As in the first example, we observe the same asymptotic rates and
better convergence rate in the weighted Lagrange multiplier norm. The numerical results
confirm the theory.

Example 3: In our third example, we consider a decomposition of the unit square into
three subdomains with two non-convex subdomains. The middle subdomain is chosen as
the slave side. We have shown the decomposition of the domain and initial non-matching
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Figure 2.8: Error plot versus number of elements, L2-norm (left), H1-norm (middle) and
weighted Lagrange multiplier norm (right), Example 2

triangulation in the left picture of Figure 2.9, and the isolines of the solution are shown in
the right. The right hand side f and the Dirichlet boundary conditions of −∆u = f are
chosen from the exact solution, which is given by

u(x, y) = x (x− y) e−10.0 (x−0.5)2−6.0 (y−0.5)2 .

The discretization errors in the L2-, H1- and in the weighted Lagrange multiplier norms
are shown in Figure 2.10. Although two subdomains are non-convex, we observe optimal
convergence rates for all considered norms.

Figure 2.9: Decomposition of the domain and initial partitions (left) and isolines of the
solution (right), Example 3
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Figure 2.10: Error plot versus number of elements, L2-norm (left), H1-norm (middle) and
weighted Lagrange multiplier norm (right), Example 3

Example 4: In our fourth example, we consider a decomposition of Ω = (0, 1)× (0, 1)
into four subdomains defined by Ωij := ((i − 1)/2, i/2) × ((j − 1)/2, j/2), 1 ≤ i ≤ 2, 1 ≤
j ≤ 2, with non-matching triangulations at the interfaces. For this example, we solve a
reaction-diffusion equation

−div(a∇u) + u = f in Ω,

and we choose a to be 1 in Ω11 and Ω22, and a = 3 in Ω21 and Ω12. Figure 2.11 shows the
decomposition into four subdomains, our initial non-matching triangulation and the isolines
of the solution. Here, we choose the exact solution u(x, y) = (x−1/2)(y−1/2) exp(−10 (x−
1/2)2 − 5 (y − 1/2)2)/a, see Figure 2.11.

Figure 2.11: Decomposition of the domain and initial triangulation (left), isolines of the
solution (middle) and exact solution (right), Example 4
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Figure 2.12: Error plot versus number of elements, L2-norm (left), H1-norm (middle) and
weighted Lagrange multiplier norm (right), Example 4

The discretization errors are shown in Figure 2.12. The solution has a jump in the
normal derivative at the interface but not in the flux. As in all previous examples, we
observe the optimal asymptotic convergence rates in the L2- and H1-norms and a better
convergence rate in the weighted Lagrange multiplier norm.

Example 5: In our fifth example, we decompose the domain into three subdomains
in a geometrically non-conforming way as shown in right picture of Figure 2.13. The
subdomains are given by Ω1 := (1.5, 2.5)× (0, 1), Ω2 := (0, 4)× (1, 2) and Ω3 := (1.5, 2.5)×
(2, 3), where the slave sides are set to be on Ω1 and Ω3 so that Assumption 1 is satisfied.
Our fifth problem is defined by

−∆u = f in Ω with

∂u

∂n
|ΓN

= 0, and u|ΓD
= gD,

where ΓN = {(x, 1) ∈ R
2 : 0 < x < 1.5} ∪ {(x, 1) ∈ R

2 : 2.5 < x < 4} ∪ {(x, 2) ∈ R
2 : 0 <

x < 1.5} ∪ {(x, 2) ∈ R
2 : 2.5 < x < 4} and ΓD := ∂Ω\ΓN . The right hand side and the

function gD of the problem are determined from the exact solution

u(x, y) = e−1.5 (y−1.5)2x (x− 4) y (y − 3) (y − 1)2 (y − 2)2 (sin (5 x) + cos (5 y)) ,

which satisfies the homogeneous natural boundary condition on ΓN . The isolines of the
solution are given in the right picture of Figure 2.13, and the discretization errors in the
L2-, H1- and the weighted Lagrange multiplier norm are given in Figure 2.14. Having a
geometrically non-conforming decomposition does not affect the optimality of the method.
In this example, we see that the convergence rate in the weighted Lagrange multiplier norm
for the linear case is almost the same as for the quadratic case.
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Figure 2.13: Decomposition of the domain and initial partitions (left) and isolines of the
solution (right), Example 5
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Figure 2.14: Error plot versus number of elements, L2-norm (left), H1-norm (middle) and
weighted Lagrange multiplier norm (right), Example 5

Example 6: We compare two different mortar situations for cubic finite elements in
our last example. In the first case, our finite element basis functions are based on Gauß-
Lobatto nodes whereas in the second case, our finite element basis functions are based on
equidistant nodes. In both cases, we work with dual Lagrange multiplier spaces so that
the mass matrix on the slave side is the same. In this example, we decompose the domain
Ω = (−1, 1)× (0, 1) into two squares Ω1 = (−1, 0)× (0, 1) and Ω2 = (0, 1)× (1, 0) with the
interface Γ = {0} × (0, 1). The initial non-matching triangulation and decomposition into
two subdomains are shown in the left picture of Figure 2.15. The problem for this example
is given by

−∆u = f in Ω with

∂u

∂n
|ΓN

= gN , and u|ΓD
= gD,

where ΓN := {(x, 0) ∈ R
2 : −1 < x < 1} ∪ {(x, 1) ∈ R

2 : −1 < x < 1}, and ΓD := ∂Ω\ΓN .
In a first step, we compute the right hand side function f , and the boundary conditions
on ΓD and ΓN by using the exact solution

u(x, y) = ex
(
x2 − 1

) (
y2 − y

)
,

and compare the errors for the two mortar situations. We have given the errors in three
different norms in Table 2.1 for the cubic mortar case with equidistant nodes and in Table
2.2 for the cubic mortar case with Gauß-Lobatto nodes. As can be seen from these tables,
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the solution in all three norms for the cubic mortar case with equidistant nodes exhibit
suboptimal convergence rates, whereas the cubic mortar case with Gauß-Lobatto nodes
yield optimal behavior. In contrast to optimal convergence rates attained by the cubic
mortar finite elements with Gauß-Lobatto nodes, we only observe the convergence rate of
order 2.5 and 1.5 in the L2- and H1-norms, respectively, whereas in the weighted Lagrange
multiplier norm convergence of order 1.5 is attained.

Figure 2.15: Decomposition into two subdomains and initial triangulation and isolines of
the solution (right), Example 6

Table 2.1. Discretization errors with equidistant nodes, Example 6

level # elem. ‖u− uh‖L2(Ω) ‖u− uh‖1 ‖λ− λh‖h

0 24 5.538769e-03 1.734019e-02 1.379111e-03
1 96 3.549887e-04 3.96 2.371300e-03 2.87 4.073067e-03 -1.56
2 384 2.431964e-05 3.87 4.343096e-04 2.45 2.027625e-03 1.01
3 1536 2.521352e-06 3.27 1.285930e-04 1.76 8.196174e-04 1.31
4 6144 3.949683e-07 2.67 4.489307e-05 1.52 3.078777e-04 1.41
5 24576 6.887069e-08 2.52 1.595379e-05 1.49 1.120462e-04 1.46
6 98304 1.217062e-08 2.50 5.662350e-06 1.49 4.017874e-05 1.48

In a next step, we take a cubic polynomial function as our exact solution and define
the right hand side f and the boundary conditions on ΓN and ΓD by using this function.
Now, we define our exact solution by

u(x, y) = x3 − 3 y3 + 3 x2 + 4 xy2 − 5 yx2 + 5 y + 12.

With the cubic mortar case based on Gauß-Lobatto nodes, we can compute the exact
solution, whereas we can see from Table 2.3 that we cannot solve the problem exactly with
the cubic mortar case based on equidistant nodes. The convergence rate in the L2-norm is
of order 2.5, whereas the convergence rate in the H1-norm is of order 1.5 as in Table 2.1.
As can be proved theoretically that the Lagrange multiplier space contains the constant
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Table 2.2. Discretization errors with Gauß-Lobatto nodes, Example 6

level # elem. ‖u− uh‖L2(Ω) ‖u− uh‖1 ‖λ− λh‖h

0 24 5.517110e-03 1.734006e-02 1.372373e-03
1 96 3.485755e-04 3.98 2.231279e-03 2.96 9.338184e-05 3.88
2 384 2.116152e-05 4.04 2.791363e-04 3.00 7.064503e-06 3.72
3 1536 1.290748e-06 4.04 3.476529e-05 3.01 5.729362e-07 3.62
4 6144 7.948833e-08 4.02 4.333049e-06 3.00 4.838724e-08 3.57
5 24576 4.928211e-09 4.01 5.406926e-07 3.00 4.177711e-09 3.53
6 98304 3.069439e-10 4.01 6.752319e-08 3.00 3.648872e-10 3.52

function, the convergence rate for the weighted Lagrange multiplier norm has exactly the
same asymptotic as linear mortar finite elements.

Table 2.3. Discretization errors with equidistant nodes (cubic exact solu-
tion), Example 6

level # elem. ‖u− uh‖L2(Ω) ‖u− uh‖1 ‖λ− λh‖h

0 24 2.935203e-05 1.970982e-03 9.234661e-02
1 96 5.862444e-06 2.32 8.170738e-04 1.27 4.589376e-02 1.01
2 384 1.071774e-06 2.45 3.040267e-04 1.43 1.854690e-02 1.31
3 1536 1.916484e-07 2.48 1.097294e-04 1.47 6.966565e-03 1.41
4 6144 3.402984e-08 2.49 3.915526e-05 1.49 2.535323e-03 1.46
5 24576 6.027017e-09 2.50 1.390406e-05 1.49 9.091418e-04 1.48
6 98304 1.067999e-09 2.50 4.926273e-06 1.50 3.236870e-04 1.49

2.4.2. Problems in solid mechanics. In this subsection, we present some numerical
examples illustrating the performance of mortar finite elements for problems of linear and
nonlinear elasticity. We point out that the theory presented in the first chapter can easily
be extended to the case of linear elasticity with standard arguments. First, we recall
standard boundary value problems in linear and nonlinear elasticity. The boundary value
problem of a linear elastic body clamped on ΓD without a volume force consists in finding
a displacement field u : Ω → R

d so that

−∇ · σ(u) = 0 in Ω,
u = 0 on ΓD and σ(u)n = gN on ΓN ,

(2.4.1)

where σ(u) is a second order tensor defined as

σ(u) = 2µε(u) + λtrace ε(u)1, ε(u) =
1

2

(
∇u + [∇u]T

)
.

where 1 is the identity tensor. However, the linear elastic law is valid only when strains and
deformations are small. In order to extend the model to large strains and large deformations
one has to work with nonlinear elasticity. The governing boundary value problem for the
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nonlinear elastic body clamped on ΓD without a volume force is given by

−∇ · (F (u)s(u)) = 0 in Ω,
u = 0 on ΓD and F (u)s(u)n = gN on ΓN ,

(2.4.2)

where s(u) is the second Piola-Kirchhoff stress tensor, and F (u) is the deformation gra-
dient defined as F (u) = 1 + ∇u. In particular, we work with neo-Hookean law, which
expresses the second Piola-Kirchhoff stress s in terms of the Cauchy-Green strain tensor
C(u) = F T (u)F (u) by

s(u) = µ(1−C(u)−1) +
λ

2
(J(u)2 − 1)C(u)−1

with J(u) = detF (u) denoting the determinant of the deformation gradient.
Example 1: In our first example, we consider a structure occupying a region

Ω := conv{(0, 0), (48, 44), (48, 60), (0, 44)},
where convξ is the convex hull of the set ξ. The left boundary of Ω is fixed and an in-plane
shearing load of 100N is applied along the positive y-direction on the right boundary. Here,
the domain Ω is decomposed into two subdomains Ω1 and Ω2 with

Ω2 := conv{(12, 20.25), (36, 38.75), (36, 50.25), (12, 38.75)},
and Ω1 := Ω\Ω̄2. The decomposition of the domain Ω and the initial triangulation are
given in the left picture of Figure 2.16, and the deformation of the structure is shown in the
right. We choose material parameters as E1 = 2000, E2 = 200, ν1 = 0.45, and ν2 = 0.35,

T

Figure 2.16: Cook’s membrane decomposed into two subdomains (left) and the zoomed
deformed configuration (right)

where the suffices indicate the corresponding subdomains. We recall that Lamé parameters
λ and µ are related to Young’s modulus E and Poisson ratio ν by

(2.4.3) λ =
Eν

(1 + ν)(1 − 2ν)
, and µ =

E

2(1 + ν)
.

The vertical tip displacements of the membrane at different refinement levels using the
linear elastic and neo-Hookean law are given in the left and the right pictures of Figure
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2.17, where we show the vertical tip displacement against the number of degrees of freedom.
The efficiency of higher order mortar finite elements can be easily seen.
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Figure 2.17: Vertical tip displacements versus number of degrees of freedom of the Cook’s
membrane with linear elastic law (left) and neo-Hookean law (right), zoomed

Example 2: In our second example, we consider an I-beam consisting of three sub-
domains Ω1 := (0, 3) × (0, 1), Ω2 := (0.9, 2.1) × (1, 3), and Ω3 := (0, 3) × (3, 4). The
lower boundary of Ω1 is fixed, and we apply 1.8N traction force per unit length along the
horizontal and vertical directions on the top boundary of Ω3. As in our first example, we
consider the linear elastic model and the nonlinear model with neo-Hookean law with dif-
ferent material parameters in different subdomains, where Young’s modulus and Poisson’s
ratios are set to be E1 = 1500, ν1 = 0.45, E2 = 500, ν2 = 0.35 and E3 = 150, ν3 = 0.34. In
the left picture of Figure 2.18, we show the decomposition of our I-beam and the initial
triangulation, and the deformation of the I-beam is shown in the right.

In Figure 2.19, we show the vertical tip displacement against the number of degrees of
freedom. As in our first example, we can see the efficiency of higher order mortar finite
elements.

In the left and the right pictures of Figure 2.20, we compare the numerical results from
the linear elastic model and the nonlinear model with neo-Hookean law for our first and
second example, respectively. In case of the first example, we plot the vertical displacement
along the line x = 48, and in case of the second example we plot the vertical displacement
along the line y = 4. In both cases, since the deformation is already large, the nonlinear
model gives more realistic results.

2.5. Continuous quadratic dual Lagrange multiplier spaces

In this section, starting with the piecewise quadratic biorthogonal basis functions pre-
sented in Section 2.2, we construct locally supported continuous biorthogonal basis func-
tions. We do not work it out for the general situation, but we present different possibilities
for the quadratic case. However, a similar approach can be adopted for any higher order
case. Suppose that ϕ̂0, ϕ̂1 and ϕ̂2 be the quadratic nodal finite element basis functions
on the reference element (−1, 1) in one dimension, where ϕ̂0 is the basis function corre-
sponding to the midpoint of the reference element and ϕ̂1 and ϕ̂2 are the basis functions

45



Figure 2.18: I-beam decomposed into three subdomains (left) and the deformed configu-
ration (right)
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Figure 2.19: Vertical tip displacements versus number of degrees of freedom of I-beam with
linear elastic law (left) and neo-Hookean law (right), zoomed

corresponding to the left and the right vertices, respectively. The quadratic dual Lagrange
multiplier basis functions in the reference element are defined by

(2.5.1) λ0 =
5

2
ϕ̂0 − 1, λ1 = ϕ̂1 −

3

4
ϕ̂0 +

1

2
, λ2 = ϕ̂2 −

3

4
ϕ̂0 +

1

2
,

where λ0, λ1 and λ2 are the quadratic dual basis functions corresponding to the midpoint,
left and right vertices of the reference element, respectively. The approximation property
of the Lagrange multiplier for quadratic finite elements requires that the constants and
the linear functions are contained in the Lagrange multiplier space Mh. To satisfy these
conditions, the Lagrange multipliers have to be modified near the crosspoints. If t = −1 is
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Figure 2.20: Vertical displacements along the line x = 48, Example 1 (left) and vertical
displacements along the line y = 4, Example 2 (right)

the crosspoint, the Lagrange multipliers on the reference edge will be given by

λ0(t) = −t + 1, λ1(t) = t,(2.5.2)

and if t = 1 is the crosspoint we have

λ0(t) = 1 + t, λ1(t) = −t.(2.5.3)

We note that λ2 does not exist if t = −1 or t = 1 is a crosspoint. The global basis functions
µi are obtained by using an affine mapping and gluing the local ones at the vertices together.
The two left pictures of Figure 2.21 illustrate the interior Lagrange multipliers. The left
one is associated with the midpoint of an edge and the right one with a vertex. In the two
pictures on the right, the situation of a left crosspoint is shown. The left one gives the
Lagrange multiplier associated with the interior vertex and the right one shows the one
associated with the midpoint of the edge.
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Figure 2.21: Interior dual basis functions (left 1 and 2) and modification at a left crosspoint
(right 1 and 2), discontinuous case

Although these dual basis functions are locally supported and optimal a priori bounds
hold, the use of discontinuous Lagrange multiplier spaces can be disadvantageous if some
inexact quadrature formulas are used. To compute the algebraic form of the matching
condition (1.6.1), the mass matrix Mmc is to be assembled, and for that purpose we have to
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compute the integral of the product of two discrete functions defined on two completely dif-
ferent meshes. The discontinuities of the Lagrange multipliers which are living on the slave
side will lead to a considerable loss of accuracy in the integral computation if the quadra-
ture nodes are not adapted to the discontinuities. Since we have independent meshes on
the slave and the master side, the discontinuities of the Lagrange multiplier basis functions
are not captured by quadrature points based on the master side. Therefore, it might be
better to work with continuous Lagrange multiplier spaces. The idea is to modify locally
the piecewise quadratic dual basis functions by adding some local correction functions g,
h1 and h2, i.e., λ̂0 = λ0 +g, λ̂1 = λ1 +h1 and λ̂2 = λ2 +h2. The associated global Lagrange
multiplier basis functions µ̂i on the slave side of the interface γm have to satisfy

[P0] µ̂i is continuous
[P1] supp µ̂i = supp µi

[P2]
nm∑
i=1

µ̂i = 1

[P3]
∫

γm

µ̂i ϕj dσ = δij
∫

γm

ϕj dσ

[P4] ‖µ̂i‖1 ≡ ‖ϕi‖1.

To do so, we start with the piecewise quadratic dual Lagrange multiplier basis functions
on the reference element. We have to find a function g for λ0 such that the conditions

[g0] g(1) + λ0(1) = 0,
[g1] g(−1) + λ0(−1) = 0 and

[g2]
∫ 1

−1
g p dt = 0 for all quadratic functions p ∈ P2(I)

are satisfied. Similarly, we have to find functions h1 for λ1 and h2 for λ2 such that

[h0] h1(1) + λ1(1) = 0, h2(1) + λ2(1) = 1
[h1] h1(−1) + λ1(−1) = 1, h2(−1) + λ2(−1) = 0 and

[h2]
∫ 1

−1
hi p dt = 0 for all quadratic functions p ∈ P2(I), i = 1, 2,

are satisfied. Furthermore, we require that h1 + h2 + g = 0 on (−1, 1) and that g, h1, h2 ∈
H1((−1, 1)). Then the modified Lagrange multipliers µ̂i are obtained by an affine mapping
from the ones on the reference edge. We note that we do not modify the definition of a
Lagrange multiplier restricted to an edge having one crosspoint.

Lemma 2.12. If g satisfies [g0]–[g2], and h1 and h2 satisfy [h0]–[h2], then the modified
basis functions µ̂i satisfy the properties [P0]–[P4].

The properties [P0]–[P4] follow by construction. Of course, there are many choices for g,
h1 and h2. Regarding [h0] and [h1], we can choose h1 = h2 = h. In the following, we discuss
different possibilities for h and g. One possibility is to consider the case where g and h are
polynomials of minimal degree satisfying the given conditions. Another possibility is to
define g and h as piecewise quadratic functions on (−1, 1). Following the first possibility,
we get unique quartic polynomials g and h on (−1, 1) such that the modified Lagrange
multipliers have all the properties listed above. The polynomial g on (−1, 1) is explicitly
given by

g(t) :=
35

8
t4 − 15

4
t2 +

3

8
and h := −g/2.(2.5.4)
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The modified Lagrange multipliers are shown in Figure 2.22, and the correction g is given in
the left picture of Figure 2.23. The conditions [g2] and [h2] ensure the biorthogonality, and
it can be easily seen that the correction g is reflection invariant on (-1,1), i.e., g(t) = g(−t).
The maximum value of the nodal Lagrange multiplier basis function associated with the
midpoint is 1.875.
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Figure 2.22: Interior dual basis functions (left 1 and 2) and modification at a left crosspoint
(right 1 and 2), quartic correction
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Figure 2.23: The quartic correction g (left) and the piecewise quadratic one (right)

In the following examples, we consider piecewise quadratic corrections in (−1, 1) sat-
isfying the properties [g0]–[g2] and [h0]–[h2]. We have to decompose the unit interval at
least into two subintervals. In the case of two subintervals, the correction g is uniquely
defined. If we use more than two subintervals, we can impose additional conditions on g.
Using only two subintervals, we find

g(t) :=

{
15
2
t2 + 8 t+ 3

2
, −1 ≤ t < 0 ,

15
2
t2 − 8 t+ 3

2
, 0 ≤ t ≤ 1 ,

and h := −g/2.(2.5.5)

The correction g is given in the right of Figure 2.23, and the associated dual basis functions
are shown in Figure 2.24.

Another possibility is to decompose the unit interval (−1, 1) into three subintervals
and consider piecewise linear polynomials in two subintervals and a piecewise quadratic
in the third one. Then, we get a unique correction function g. If we choose piecewise
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Figure 2.24: Interior dual basis functions (left 1 and 2) and modification at a left crosspoint
(right 1 and 2), piecewise quadratic correction

linear functions in the left and right subintervals (−1, 1/3) and [2/3, 1) and a quadratic
polynomial in the middle subinterval [1/3, 2/3), g is defined by

g(t) :=





−145
44

− 189
44
t, −1 ≤ t < − 1

3
,

−405
11
t2 + 49

22
, −1

3
≤ t < 1

3
,

189
44
t− 145

44
, 1

3
≤ t ≤ 1,

and h := −g/2.

The correction function g is shown in the left of Figure 2.26 and the associated basis
function in Figure 2.25.
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Figure 2.25: Interior dual basis functions (left 1 and 2) and modification at a left crosspoint
(right 1 and 2), piecewise linear and quadratic correction

Although there are many possibilities to construct continuous Lagrange multipliers, the
numerical experiments show that the Lagrange multipliers with smaller maximum value
on the reference element give better results. To get a symmetric Lagrange multiplier which
has a smaller maximum, we consider another case with piecewise quadratic functions in
(−1, 1/3) and [2/3, 1) and being constant in the middle interval [1/3, 2/3). Then, we get a
unique g defined by

(2.5.6) g(t) :=





405
38
t2 + 999

76
t + 265

76
, −1 ≤ t < −1

3
,

11
38
, −1

3
≤ t < 1

3
,

405
38
t2 − 999

76
t+ 265

76
, 1

3
≤ t ≤ 1 ,

and h := −g/2.

The correction function g is given in the right picture of Figure 2.26, and the associated
dual basis functions are shown in Figure 2.27. We note that if we want to minimize the
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Figure 2.26: The piecewise linear and quadratic correction g (left) and piecewise constant
and quadratic one (right)

maximum value of the Lagrange multiplier on the reference element corresponding to the
midpoint of the edge by relaxing the condition of symmetry, it is possible to find another
Lagrange multiplier with a smaller maximum value. But the difference is very small.

−0.5

0

0.5

1

1.5

2

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

−1

−0.5

0

0.5

1

1.5

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Figure 2.27: Interior dual basis functions (left 1 and 2) and modification at a left crosspoint
(right 1 and 2), piecewise quadratic and constant correction

Remark 2.13. The Lagrange multiplier space spanned by the discontinuous quadratic
functions given by (2.5.1), (2.5.2) and (2.5.3) will be denoted by M d

h , and the Lagrange
multiplier spaces spanned by the continuous functions which are corrected by g and h given
in (2.5.4), (2.5.5) and (2.5.6) will be denoted by M q

h, M
b
h and M c

h, respectively. We will
denote by M l

h the dual Lagrange multiplier space for linear finite elements spanned by
piecewise linear functions.

2.6. A comparison of different Lagrange multiplier spaces

In this section, we compare the performance of our new continuous dual Lagrange
multiplier spaces M q

h, M b
h and M c

h with the piecewise quadratic but discontinuous dual
Lagrange multiplier space M d

h . Due to the fact that the continuous quartic Lagrange
multiplier is locally a fourth order polynomial, we have to use a higher order quadrature
formula to compute the integral in the mass matrix and the weighted error norm for the
Lagrange multiplier. We denote by ud

h, u
q
h, u

b
h and uc

h the mortar finite element solutions
associated with the different Lagrange multiplier spaces M d

h , M q
h, M b

h and M c
h, respectively.
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For all our examples, we solve the Poisson problem −∆u = f in Ω with different exact
solutions, and the right hand side and the Dirichlet boundary conditions are computed so
that we get the predefined exact solution. In our first example, we consider a decomposition
of a square Ω = (0, 1) × (0, 1) into two subdomains Ω1 and Ω2, where Ω1 is a closed
polygonal non-convex subdomain joining the points (0, 0), (1, 0), (1/2, 1/2), (1, 1) and (0, 1)
and Ω2 is a triangle with the vertices (1, 0), (1, 1) and (1/2, 1/2). A simple exact solution
u(x, y) = xy(1 − x)(1 − y) is chosen to see the influence of different Lagrange multiplier
spaces. Figure 2.28 shows the decomposition into two subdomains, the non-matching initial
triangulation and the isolines of the solution. We have two interfaces and three crosspoints.
The master sides are defined to be on the non-convex subdomain, and the slave subdomain
is the triangle.

Figure 2.28: Decomposition into two subdomains and initial triangulation (left) and isolines
of the solution (right), Example 1

In our second example, we consider the decomposition of Ω = (0, 1) × (0, 1) into six
subdomains defined by Ωij := ((i − 1)/3, i/3) × ((j − 1)/2, j/2), 1 ≤ i ≤ 3, 1 ≤ j ≤ 2,
and the triangulations do not match at the interfaces. We have two interior crosspoints
and seven interfaces. The meshes at the interfaces are non-matching and the master sides
are chosen randomly. The right hand side f and the Dirichlet boundary conditions are
chosen such that the exact solution is given by u(x, y) = (x− y) exp(−5(x− 0.5)2 − 5(y−
0.5)2). Figure 2.29 shows the decomposition into subdomains, the initial non-matching
triangulation and the isolines of the solution. Our last example is the same as the second

Figure 2.29: Decomposition into six subdomains and initial triangulation (left) and isolines
of the solution (right), Example 2

example of Section 2.4, see Figure 2.7. Tables 2.4-2.6 show the numerical results for the
three different examples and for the four different choices of Lagrange multipliers. The
discretization errors in the L2- and H1-norm for the weak solution u were exactly the same
for the first example, and in the two other examples the differences were extremely small.
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Therefore, we do not give these errors. A small difference can be observed only in the error
in the Lagrange multiplier. If we compare the other Lagrange multiplier spaces with the
discontinuous Lagrange multiplier space, we observe that the continuous quartic Lagrange
multiplier space yields an error of about 3 % higher in the first level and in the final level
the difference is about 5 % whereas the error for the broken-quadratic Lagrange multiplier
space is about 24 % higher in the first level which goes up to 58 % in the final refinement
level. The error for the broken-constant Lagrange multiplier space is about 0.3 % less
in the first level and around 2 % in the final refinement level. The bigger error in the
Lagrange multiplier norm for M b

h is due to the fact that the maximum value of the nodal
basis function is higher compared to the other Lagrange multiplier basis functions. In fact,
the maximum value of the nodal basis function from M b

h corresponding to the midpoint of
the edge is 3 whereas the maximum value of the discontinuous Lagrange multiplier at this
node is 1.5. The broken-constant Lagrange multiplier has a maximum value of 1.8.

Table 2.4. Discretization errors in the weighted Lagrange multiplier norm,
Example 1
level # elem. ‖µ− µd

h‖h ‖µ− µq
h‖h ‖µ− µb

h‖h ‖µ− µc
h‖h

0 28 9.470143e-03 9.731379e-03 1.252511e-02 9.435581e-03
1 112 1.620246e-03 1.674903e-03 2.265275e-03 1.604492e-03
2 448 2.767632e-04 2.880399e-04 4.077914e-04 2.728400e-04
3 1792 4.787615e-05 5.007306e-05 7.302227e-05 4.707297e-05
4 7168 8.362299e-06 8.771935e-06 1.300681e-05 8.210304e-06
5 28672 1.468960e-06 1.543415e-06 2.308726e-06 1.441193e-06
6 114688 2.588398e-07 2.721896e-07 4.089964e-07 2.538517e-07

Table 2.5. Discretization errors in the weighted Lagrange multiplier norm,
Example 2
level # elem. ‖µ− µd

h‖h ‖µ− µq
h‖h ‖µ− µb

h‖h ‖µ− µc
h‖h

0 47 3.435663e-02 3.472259e-02 3.746504e-02 3.457403e-02
1 188 6.794099e-03 7.249089e-03 1.011761e-02 7.118611e-03
2 752 1.031815e-03 1.094674e-03 1.515990e-03 1.068923e-03
3 3008 1.829821e-04 1.968839e-04 2.880542e-04 1.904619e-04
4 12032 3.198112e-05 3.459908e-05 5.179677e-05 3.335310e-05
5 48128 5.642177e-06 6.117301e-06 9.213434e-06 5.887483e-06
6 192512 9.928575e-07 1.076081e-06 1.628637e-06 1.034036e-06
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Table 2.6. Discretization errors in the weighted Lagrange multiplier norm,
Example 3
level # elem. ‖µ− µd

h‖h ‖µ− µq
h‖h ‖µ− µb

h‖h ‖µ− µc
h‖h

0 20 2.393161e+00 2.515256e+00 3.143823e+00 2.492000e+00
1 80 8.601690e-01 9.046823e-01 1.309716e+00 8.742536e-01
2 320 1.680722e-01 1.488028e-01 2.678213e-01 1.622111e-01
3 1280 2.113279e-02 2.279722e-02 3.357682e-02 2.199264e-02
4 5120 3.480169e-03 3.699532e-03 5.332353e-03 3.548563e-03
5 20480 5.915244e-04 6.262941e-04 8.860717e-04 6.020646e-04
6 81920 1.034967e-04 1.094254e-04 1.542287e-04 1.051368e-04

In all our examples the difference in the errors for the different Lagrange multiplier
spaces in the L2- and in the H1-norm can be neglected. Only in the weighted Lagrange
multiplier norm, we observe some quantitative difference. However, the qualitative results
are the same. We note that better results can be obtained if Lagrange multiplier basis
functions are used having a small maximum value. The Lagrange multiplier spaces M d

h

and M c
h yield better results than the space M b

h. In contrast to the discretization error in
the L2-norm and in the H1-norm, the weighted L2-norm for the Lagrange multiplier is
sensitive to the choice of the Lagrange multiplier space. It turns out that the quality of
the Lagrange multiplier space depends on the maximum value of its nodal basis functions.
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CHAPTER 3

Lagrange Multiplier Spaces in 3D

3.1. Introduction

In this chapter, we consider the construction of Lagrange multiplier spaces for three-
dimensional mortar finite elements. In a first step, we focus on constructing dual Lagrange
multiplier spaces satisfying Assumption 7 as in the two-dimensional case, which also pro-
vides a motivation to relax this assumption. Although the construction of a dual Lagrange
multiplier space for a finite element space with tensor product structure is trivial, the sit-
uation is not so easy for serendipity or a simplicial family of finite elements. For quadratic
serendipity elements, we consider a quasi-dual Lagrange multiplier space which generalizes
the concept of a dual Lagrange multiplier space, see Section 1.6. In a next step, working
with Assumption 2, we show that dual Lagrange multiplier spaces can be constructed for
quadratic simplicial and serendipity elements.

This chapter is organized as follows. In the next section, we present different Lagrange
multiplier spaces for quadratic hexahedral finite elements satisfying Assumption 7 and
provide numerical results in Section 3.3. Dual Lagrange multiplier spaces for linear and
quadratic simplicial finite elements satisfying Assumption 7 are discussed in Section 3.4.
In Section 3.5, we present a new idea of constructing dual Lagrange multiplier spaces
only satisfying Assumption 2 for quadratic serendipity hexahedral elements and quadratic
simplicial elements. Numerical results using these Lagrange multiplier spaces are presented
in the final section.

3.2. Lagrange multiplier spaces for the hexahedral case

In this section, we consider different possibilities for constructing Lagrange multiplier
spaces in three dimensions for higher order hexahedral finite elements satisfying Assump-
tion 7 with suppϕi = suppµi. If we work with a tensor product finite element space in
a hexahedral mesh, we can apply the idea of the one-dimensional construction presented
in Chapter 2 in a straightforward way by using the tensor product structure of Lagrange
multipliers, see Remark 2.10. We do not work out details for the general higher order
case but we focus on the standard triquadratic finite elements. Unfortunately, the tensor
product construction of dual Lagrange multiplier spaces cannot be adopted in case of the
serendipity family of finite element spaces. For quadratic serendipity finite element spaces,
we consider standard and quasi-dual Lagrange multiplier spaces. We use standard nodal
quadratic serendipity elements as introduced in [50]. A higher order case can be defined
similarly.

3.2.1. A dual Lagrange multiplier space for standard triquadratic finite ele-
ments. Here, we give the explicit construction of the tensor product Lagrange multiplier
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space for standard triquadratic finite elements. Let ϕ̂0 be the basis function corresponding
to the midpoint of the reference element, and ϕ̂1 and ϕ̂2 are the basis functions correspond-
ing to the left and the right vertices, respectively for the quadratic nodal finite element
basis functions on the reference element (−1, 1) in one dimension. Then the quadratic
dual Lagrange multiplier basis functions on the reference element are defined by equations
(2.5.1)-(2.5.3). If we denote a hat function at an interior vertex p by φl

p, we find

φl
p(t) = µp(t) +

1

2
(µe1(t) + µe2(t)),(3.2.1)

where µp is the Lagrange multiplier corresponding to the vertex p and µe1 and µe2 are the
basis functions associated with the midpoints of the two adjacent edges. If p is a crosspoint,
we have φl

p(t) = 1
2
µe(t), where µe is the Lagrange multiplier basis function corresponding

to the midpoint of the edge containing the crosspoint. Then, the Lagrange multiplier basis
functions on the reference face F̂ := (−1, 1) × (−1, 1) having a tensor product structure
are defined as

λ̂ij(x, y) := λ̂i(x)λ̂j(y).

Here, λ̂11(x, y), λ̂21(x, y), λ̂22(x, y) and λ̂12(x, y) are the Lagrange multipliers correspond-

ing to the four vertices (−1,−1), (1,−1), (1, 1) and (−1, 1), and λ̂01(x, y), λ̂20(x, y), λ̂02(x, y)

and λ̂10(x, y) are the ones corresponding to the midpoints (0,−1), (1, 0), (0, 1) and (−1, 0)

of the four edges, respectively, and finally λ̂00(x, y) is the one corresponding to the center
of gravity (0, 0) of the reference face. The Lagrange multiplier basis functions are asso-
ciated with the vertices, midpoints of the edges and the center of gravity of elements in
Sk, 1 ≤ k ≤ N . The global basis functions µi are obtained by using an affine mapping and
gluing the local ones together. All nodes on the boundary ∂γk of γk are crosspoints and
do not carry a degree of freedom for the Lagrange multiplier space. We note that we have
to use the modification at the crosspoints to compute the tensor product for the Lagrange
multipliers corresponding to the elements touching ∂γk. Observing (3.2.1), we find that the
bilinear hat function at each vertex is contained in the Lagrange multiplier space Mk. We
point out that this is also valid on ∂γk, although there are no degrees of freedom. Hence,
Assumption 4 is satisfied. Now, we verify Assumption 3. Let µ :=

∑nk

k=1 akµk ∈ Mk, and
set ϕ :=

∑nk

k=1 akϕk. Denoting the local meshsize at the i-th node by hs(k),i, we use the
biorthogonality relation (1.6.2) to obtain

(ϕ, µ)0,γk
=
∑

F∈Sk

nk∑

i,j=1

aiaj(ϕi, µj)0,F ≡
nk∑

i=1

h2
s(k),ia

2
i ≥ C‖ϕ‖2

0,γk
.

Taking into account the fact that ‖ϕ‖2
0,γk

≡ ‖µ‖2
0,γk

≡ ∑nk

i=1 a
2
ih

2
s(k),i, Assumption 3 is

satisfied.

3.2.2. A non-existence result for quadratic serendipity elements. Although
the construction of dual Lagrange multiplier spaces for higher order tensor product finite
element spaces was quite straightforward, the situation is not as simple for serendipity
type finite elements. First, we give a non-existence result for a dual Lagrange multiplier
space for the quadratic serendipity elements. We denote by W 1

k the finite element space of
piecewise bilinear hat functions on γk. In case of standard triquadratic finite elements, the
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Figure 3.1: The Lagrange multipliers corresponding to a vertex (left), to an edge (middle)
and to the center of gravity (right)

dual Lagrange multiplier space with tensor product structure contains W 1
k for 1 ≤ k ≤ N .

Unfortunately, under Assumption 7 there exists no dual Lagrange multiplier space yielding
optimal a priori estimates with suppϕi = suppµi, where ϕi are the quadratic serendipity
nodal finite element basis functions on the interface γk.

Lemma 3.1. Under the assumption that suppϕi = suppµi and Assumption 7, there
exists no dual Lagrange multiplier space Mk such that W 1

k ⊂Mk.

Proof. We prove this by contradiction. Assume that
∑

i

αiµi = φl
p,(3.2.2)

where φl
p is the bilinear hat function associated with the interior vertex p having the

coordinates (0, 0), see Figure 3.2. Suppose the coordinates of the four corners of the face
F1 be (−1, 0), (0, 0), (0, 1) and (−1, 1), and of the face F2 be (0, 0), (1, 0), (1, 1) and (0, 1).

PSfrag replacements

F1 F2

ϕj0 at (0, 1)

φl
p at (0, 0)

Figure 3.2: 2D interface of 3D hexahedral triangulation

Because of the duality, the functions µi are biorthogonal to the finite element basis
functions ϕi on the interface. Hence, after multiplying (3.2.2) by some finite element basis
function ϕj and integrating over the interface γk, we get

αj =

∫
γk
ϕjφ

l
p dσ∫

γk
ϕj dσ

.
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Let j0 be the interior vertex with coordinates (0, 1) such that j0 and p share one edge, see
Figure 3.2. Then, we can write

∫

γk

ϕj0φ
l
p dσ =

∫

F1

ϕj0φ
l
p dσ +

∫

F2

ϕj0φ
l
p dσ = − 1

18

and thus αj0 6= 0. Since the basis functions µi are locally linearly independent, we obtain
suppµj0 ⊆ supp

∑
i αiµi. By construction, we find suppµj0 6⊂ suppφl

p, which contradicts
(3.2.2). ¤

3.2.3. The standard Lagrange multiplier space for quadratic serendipity ele-
ments. The previous subsection shows that there does not exist a dual Lagrange multiplier
space for quadratic serendipity elements containing the bilinear hat function at each ver-
tex and satisfying suppϕi = suppµi and Assumption 7. We recall that Assumptions 2–4
are crucial for the Lagrange multiplier space so that the resulting discretization scheme is
optimal and stable. The first idea is to choose a standard Lagrange multiplier space, see
[33, 34]. In this case, the basis functions for each interior face F ∈ Tk of the interface
γk (i.e., F ∈ Tk with ∂F ∩ ∂γk = ∅) are quadratic serendipity basis functions in two di-
mensions. All nodes on ∂γk do not carry a degree of freedom for the Lagrange multipliers.
Therefore, in order to satisfy Assumption 4, it is necessary to modify the definition of the
basis functions for the elements touching the boundary ∂γk of the interface γk. Suppose a
face F ∈ Sk with ∂F ∩ ∂γk 6= ∅ has n degrees of freedom for the Lagrange multipliers with
n ≥ 3. Then, the local Lagrange multiplier basis function µi at a node xi of F is chosen to
be a polynomial of minimal degree such that µi(xj) = δij for all xj, j = 1, · · · , n. These

Lagrange multiplier basis functions are continuous. Since, in general, Mk ⊂
(
H1/2(γk)

)′
,

we can work with discontinuous Lagrange multipliers. Working with a continuous La-
grange multiplier space which locally contains the linear functions has the advantage that
Assumption 4 is satisfied. Here too, Assumption 2 is trivially satisfied by construction. To
verify Assumption 3, we take µ :=

∑nk

k=1 akµk ∈ Mk, and define ϕ :=
∑nk

k=1 akϕk in Wk.
Then

(ϕ, µ)0,γk
=

nk∑

i,j=1

aiaj(ϕi, µj)0,γk
=

nk∑

i,j=1

aiaj

∫

γk

ϕi µj dσ.

The local mass matrix MF̂ on the reference element F̂ for a face having all the vertices in
γk is given by

MF̂ =



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


.
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Similarly, computing the local mass matrices for the different boundary cases, we find
that all the eigenvalues of the local mass matrices are greater than 1

25
and smaller than

24
11

. Then (ϕ, µ)0,γk
, ‖ϕ‖2

0,γk
and ‖µ‖2

0,γk
are equivalent to

∑nk

i=1 h
2
s(k),ia

2
i , which guarantees

Assumption 3. Here, hs(k),i is the local meshsize at the i-th node as before. The coupling
of the local mass matrices yield a global mass matrix which is sparse and banded. But
the inverse of the global mass matrix Ms on the slave side is dense. As a consequence,
we obtain a stiffness matrix associated with the variational problem (1.4.2), which is not
sparse. Then we cannot apply static condensation, and the multigrid method discussed in
[166] cannot be used.

3.2.4. A quasi-dual Lagrange multiplier space for quadratic serendipity el-
ements. To overcome this difficulty arising from the use of standard Lagrange multiplier
space, we introduce a new approach for the quadratic serendipity elements. The idea is to
use a Lagrange multiplier space which yields a sparse inverse of the global mass matrix Ms

on the slave side. Working with the tensor product dual basis functions associated with
the degrees of freedom of quadratic serendipity elements yields a diagonal mass matrix
Ms, and Assumptions 2 and 3 are satisfied. However, Assumption 4 is not satisfied, and
although the discretization scheme is stable, no optimal a priori bounds can be obtained.
Now in a first step, we enrich the Lagrange multiplier space to guarantee Assumption 4.
As a result, Assumption 2 is lost and thus the inf-sup condition for the Lagrange multi-
plier space. Therefore, we have to augment the trace space in a second step. The second
step can be viewed as a stabilization technique and is well known within the framework of
three-field approaches, see, e.g., [54, 55, 58, 24]. This step guarantees that after enrich-
ing the Lagrange multiplier space, Assumptions 2–3 are satisfied. To perform the second
step, we enrich each non-empty face F ⊆ ∂T ∩ Γ of the element T of the slave side with
a bubble function. The bubble function b ∈ H1(T ) corresponding to the face F of T has
the property that b|∂T nF

= 0, and
∫

F
b dσ 6= 0. Although we need only the restriction of

the bubble functions to the associated face to satisfy Assumption 2, each bubble function
is supported on the whole element. In general, such a bubble function can be defined in
many different ways. Using the triquadratic nodal finite element function associated with
the center of gravity of the face as a bubble function corresponding to this face, we obtain
the mass matrix Ms on the slave side having a special structure.

Suppose ϕ̂i and λ̂i, 1 ≤ i ≤ 9, be the local basis functions of the standard triquadratic
finite elements and their dual Lagrange multipliers on the reference face F̂ , respectively.
Here, the first four basis functions correspond to the vertices, the second four ones corre-
spond to the midpoints of the edges, and the last one corresponds to the center of gravity of
the reference face F̂ . Then, the local basis functions of the quadratic serendipity elements
can be written as ϕ̂s

i = ϕ̂i + αiϕ̂9, (1 ≤ i ≤ 8), where αi = −1
4

for (1 ≤ i ≤ 4) and αi = 1
2

for (5 ≤ i ≤ 8). Using the biorthogonality of ϕ̂i and λ̂i, we have

∫

F̂

ϕ̂s
i λ̂j dσ =

∫

F̂

(ϕ̂i + αiϕ̂9) λ̂j dσ = δij

∫

F̂

ϕ̂i dσ + αiδ9j

∫

F̂

ϕ̂9 dσ.
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In fact, the mass matrix on the reference face F̂ is

MF̂ =



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0 0 0 0 0 0 0 4
9
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8
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


.(3.2.3)

We define Ks := {T ∈ Ts(k);hs(k)
, 1 ≤ k ≤ N | ∂T ∩ Γ contains at least one face of T}.

Now, the space of bubble functions Bh is formed by Ns bubbles, where Ns is the number
of faces in ∪N

k=1Sk;hk
, and each of them is associated with a face F of an element T ∈ Ks,

where F ⊆ ∂T ∩ Γ. This leads to one additional degree of freedom for each non-empty
face F ⊆ ∂T ∩ Γ of T ∈ Ks. Now, the modified unconstrained product space X t

h can be
written as X t

h = Xs
h ⊕ Bh, where Xs

h is the unconstrained product space associated with
quadratic serendipity elements. In the sequel, the space X t

h will be called augmented qua-
dratic serendipity space and the corresponding elements augmented quadratic serendipity
elements.

In a next step, we consider the global mass matrix Ms on the slave side in more detail.
In the following, we use the same notation for the vector representation of the solution and
the solution as an element in X t

h and Mh. The matrix A is the stiffness matrix associated
with the bilinear form a(·, ·) on X t

h × X t
h, and the matrices B and B

T are associated with
the bilinear form b(·, ·) on X t

h ×Mh. Then, the algebraic formulation of the saddle point
problem (1.4.3) is given by

[
A B

T

B 0

] [
uh

λh

]
=

[
fh

0

]
.(3.2.4)

We recall the grouping of the degrees of freedom of X t
h introduced in Section 1.6 and

redefine the group Nm and the block vector um with Nm ∪ Nc → Nm, and (uT
m, u

T
c ) → uT

m,
respectively. After augmenting the quadratic serendipity space with the space of bubble
functions Bh and redefining the group Nm and the block vector um, we further decompose
the degrees of freedom associated with the interior nodes of γk, 1 ≤ k ≤ N , on the slave side
into two groups (us, ub). Here, the block vector us contains nodal values of u at the interior
nodes of γk, 1 ≤ k ≤ N , corresponding to the vertices and edges on the slave side, and ub

stands for all nodal values corresponding to the bubble functions on the slave side. With
this decomposition, we can write uT

h = (uT
i , u

T
m, u

T
s , u

T
b ). The block vector λh containing

the nodal values of the Lagrange multiplier is similarly decomposed with λT
h = (λT

s , λ
T
b ). In

terms of this decomposition, we can rewrite the algebraic form of the saddle point problem
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(3.2.4) as




Aii Aim Ais Aib 0 0
Ami Amm Ams Amb M

T
m M

T
bm

Asi Asm Ass Asb Ds M
T
bs

Abi Abm Abs Abb 0 Db

0 Mm Ds 0 0 0
0 Mbm Mbs Db 0 0







ui

um

us

ub

λs

λb




=




fi

fm

fs

fb

0
0



.(3.2.5)

Recalling the algebraic structure (1.6.1) of the bilinear form b(·, ·) restricted to X t
h ×Mh,

we have

B =

[
0 Mm Ds 0

0 Mbm Mbs Db

]
,

where Db and Ds are diagonal matrices, and Mbs, Mm and Mbm are rectangular matrices. The
matrix Db is diagonal due to the fact that the bubble functions are supported only in one
element, and the diagonal form of Ds follows from the structure of the local mass matrix,
see (3.2.3). Hence, the global mass matrix Ms on the slave side can be written as

Ms =

[
Ds 0

Mbs Db

]
.

Comparing the mass matrix Ms from the definition (1.20) of the quasi-dual Lagrange mul-
tiplier space, we conclude that this is a quasi-dual Lagrange multiplier space. The great
benefit of this Lagrange multiplier space is that the inverse of the mass matrix Ms can be
computed very easily, and the inverse is sparse. In fact, the inverse of the mass matrix Ms

is

M
−1
s =

[
Ds

−1 0

−D
−1
b MbsD

−1
s Db

−1

]
.

Thus the solution at the slave side depends locally on the solution at the master side.
Here, we have to invert only two diagonal matrices and scale Mbs to compute the inverse of
the mass matrix Ms. The stiffness matrix associated with the variational problem (1.4.2)
is sparse, and efficient iterative solver like multigrid can easily be adapted to the non-
conforming situation. Furthermore, the degree of freedom corresponding to the bubble
functions can locally be eliminated by static condensation. Since the matrix Db is diagonal,
the sixth and the fourth line of the system (3.2.5) give

ub = −D
−1
b (Mbmum + Mbsus), and

λb = D
−1
b

[
fb − Abiui − (Abm − AbbD

−1
b Mbm)um − (Abs − AbbD

−1
b Mbs)us

]
.

Now, we eliminate ub and λb from the system (3.2.5) and obtain a new system

Âûh = f̂h,
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where ûT
h = (uT

i , u
T
m, u

T
s , λ

T
s ). Defining M1 := D

−1
b Mbm, and M2 := D

−1
b Mbs, we have

Â =




Aii Aim − AibM1 Ais − AibM2 0
Ami − M

T
1 Abi Amm−AmbM1−M

T
1 (Abm−AbbM1) Ams−AmbM2−M

T
1 (Abs−AbbM2) M

T
m

Asi − M
T
2 Abi Asm−AsbM1−M

T
2 (Abm−AbbM1) Ass−AsbM2−M

T
2 (Abs−AbbM2) Ds

0 Mm Ds 0


 ,

and the right hand side can be written as

f̂h =




fi

fm − M
T
1 fb

fs − M
T
2 fb

0


 .

We observe that the matrix Â is symmetric, if A is symmetric and it has exactly the same
structure as the saddle point matrix arising from mortar finite element method with a dual
Lagrange multiplier space, see [163]. Because of this structure of the algebraic system, we
can apply the multigrid method proposed in [166].

Remark 3.2. There is also a possibility to use wavelets to get a mass matrix of special
structure so that the inversion can be cheaper, and the inverse is sparse. In [147], locally
supported and piecewise polynomial wavelets are studied on non-uniform meshes which give
a lower triangular mass matrix with higher order finite elements in triangular meshes.

3.3. Numerical results

We consider three different cases for quadratic mortar finite elements. The first one
is the standard triquadratic finite element space with the dual Lagrange multiplier space.
The second one is the quadratic serendipity space with a standard Lagrange multiplier
space. Finally, the third one is the augmented quadratic serendipity space associated
with the tensor product Lagrange multiplier space. These Lagrange multiplier spaces are
introduced in Section 3.2. The dual Lagrange multiplier space introduced in [163] is used
for the lowest order case. Our numerical results show the same asymptotic behavior as
predicted by the theory. As in the two-dimensional case, the implementation is based on
the finite element toolbox UG, [17]. We do not discuss and analyze an iterative solver for
the arising linear systems. As noted in the first chapter, an optimal multigrid solver can
be applied when working with dual Lagrange multiplier spaces. Unfortunately, in the case
of a standard Lagrange multiplier space no local elimination of the flux can be carried out.
Following the approach in [166], the sparsity of the modified system and the efficiency of
the multigrid solver is lost. In that case, we apply a multigrid method for saddle point
problems. This technique has been considered for mortar elements in [159] and further
analyzed in [44, 160]. It turns out that we do not have to work in a positive definite
subspace, and the smoother can be realized by an inner and outer iteration scheme. As
in the other approach, level-independent multigrid convergence rates can be established.
However, the numerical solution process is slower if we have to work with the saddle
point approach. We point out that the more efficient multigrid method for the modified
positive definite system can only be applied when the inverse of Ms is sparse, whereas the
saddle point multigrid method is more general. Although we do not have a dual Lagrange
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multiplier space for the quadratic serendipity elements satisfying Assumption 7, the tensor
product Lagrange multiplier space in combination with the introduction of bubble functions
on the slave side of the interface yield an optimal discretization scheme. We present some
numerical results in three dimensions illustrating the performance of the different Lagrange
multiplier spaces. In particular, we compare the discretization errors in the L2- and H1-
norms for the solution computed with linear and quadratic mortar finite elements. The
discretization errors in the flux across the interface are compared in the mesh-dependent
Lagrange multiplier norm given by 1.6.3. For all our examples, we have used uniform
refinement. In each refinement step, one element is refined into eight subelements. We
denote by X l

h and Xf
h the unconstrained finite element spaces associated with the standard

finite element spaces for the trilinear and the triquadratic case, respectively. Similarly,
Xs

h and X t
h are the unconstrained finite element spaces associated with the quadratic

serendipity elements and the augmented quadratic serendipity elements as defined in the
previous section, respectively. The corresponding finite element solutions are denoted by
ul

h, u
f
h, u

s
h and ut

h, respectively. The Lagrange multiplier solution will be similarly denoted

by λl
h, λ

f
h, λ

s
h and λt

h, respectively.

Remark 3.3. We note that the concept of dual Lagrange multiplier spaces can be gener-
alized to distorted hexahedral meshes. In that case, the mapping between the actual element
and the reference element has a non-constant Jacobian. As a consequence, we have to com-
pute for each face on the interface a biorthogonal basis with respect to the local nodal one.
This can be easily done by solving a local mass matrix system. By construction, the sum
of the local dual Lagrange multiplier basis functions is one. Defining the global Lagrange
multiplier basis functions by gluing the local ones together, we find that the constants are
included in the Lagrange multiplier space. As a consequence, it is easy to verify that the
discretization error is of order h for lowest order finite elements, see [78].

Example 1: Our first example is given by −∆u = f on Ω := (0, 1)2 × (0, 2), where
Ω is decomposed into two subdomains Ω1 := (0, 1)3 and Ω2 := (0, 1)2 × (1, 2). The right
hand side f and the boundary conditions are chosen such that the exact solution is given
by u(x, y, z) = 2 exp(−x2 − y2 − z2) sin(12 yx) (x+ y + z) (x− y − z). In Figure 3.3, the
decomposition of the domain, the initial triangulation and the isolines of the solution at
the interface z = 1 are shown. We have used a non-conforming initial triangulation, where
the lower cube is refined once, and the upper cube is left as it is. The errors in the L2-,
H1- and the weighted Lagrange multiplier norms are given in Tables 3.1–3.3. The tables
show that we get the predicted asymptotic convergence rates. For the quadratic case, the
errors in the L2- and H1-norms are of order h3 and h2, whereas they are of order h2 and
h for the linear case. The errors in the weighted Lagrange multiplier norm for the qua-
dratic and linear cases are of order h5/2 and h3/2, respectively. Theoretically, the errors
in the weighted Lagrange multiplier norm for quadratic and linear case are expected to
be of order h2 and h, respectively. The better convergence rates are due to the fact that
the error in the H1-norm is equally distributed and the Lagrange multiplier space has
an O(h5/2) and O(h3/2) approximation property in the considered norm. For the three
different second order approaches, the quantitative results are asymptotically almost the
same in the L2- and H1-norms. Only in the weighted Lagrange multiplier norm, the full
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Figure 3.3: Decomposition of the domain and initial triangulation (left), isolines of the
solution at the interface (right), Example 1

triquadratic case yields better results. However, there is not any essential difference be-
tween the quadratic serendipity elements with the standard Lagrange multiplier space and
the augmented quadratic serendipity elements with the tensor product Lagrange multiplier
space.

Table 3.1. Discretization errors in the L2-norm, Example 1

level # elem. ‖u− ul
h‖0 ‖u− uf

h‖0 ‖u− us
h‖0 ‖u− ut

h‖0

0 9 1.004794e+00 8.867203e-01 9.145121e-01 9.125653e-01
1 72 9.091292e-01 3.187528e-01 4.650386e-01 4.574443e-01
2 576 4.363422e-01 3.705310e-02 4.563530e-02 4.558460e-02
3 4608 1.033778e-01 7.450696e-03 7.649595e-03 7.611510e-03
4 36864 2.640337e-02 9.606873e-04 9.654041e-04 9.639183e-04

Table 3.2. Discretization errors in the H1-norm, Example 1

level # elem. ‖u− ul
h‖1 ‖u− uf

h‖1 ‖u− us
h‖1 ‖u− ut

h‖1

0 9 1.000886e+00 9.356647e-01 9.705044e-01 9.671180e-01
1 72 9.446222e-01 6.608442e-01 7.237820e-01 7.076152e-01
2 576 6.449633e-01 1.353106e-01 1.490407e-01 1.485072e-01
3 4608 3.005969e-01 4.988503e-02 5.140438e-02 5.108725e-02
4 36864 1.508831e-01 1.261993e-02 1.269328e-02 1.267161e-02

For the next three examples, we consider only the quadratic serendipity elements.
Example 2: In our second example, the domain Ω := (0, 1)2 × (0, 2.5) is decomposed

into three subdomains Ω1 := (0, 1)3, Ω2 := (0, 1)2 × (1, 2), and Ω3 := (0, 1)2 × (2, 2.5). The
right hand side f and the boundary conditions of −∆u = f are chosen such that the exact
solution is given by u(x, y, z) = 5(z−1.4)((x−0.5)2 +4(y−0.3)3)+z(z−1) sin(4πxy)(2(x−
y)2 + (y + x − 1)2). In Figure 3.4, we have shown the decomposition of the domain, the
initial non-matching triangulation and the isolines of the solution at the interface z = 2.
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Table 3.3. Discretization errors in the weighted Lagrange multiplier norm,
Example 1

level # elem. ‖λ− λl
h‖h ‖λ− λf

h‖h ‖λ− λs
h‖h ‖λ− λt

h‖h

0 9 4.685044e-01 5.949429e+00 6.980608e+00 8.650037e+00
1 72 3.072290e+00 4.254093e+00 4.300310e+00 5.528655e+00
2 576 1.824458e+00 4.052985e-01 6.517151e-01 7.399415e-01
3 4608 6.300125e-01 1.071732e-01 1.493473e-01 1.466488e-01
4 36864 2.246235e-01 1.669782e-02 2.047104e-02 2.410364e-02

Figure 3.4: Decomposition of the domain and initial triangulation (left), isolines of the
solution at the interface z = 2 (right), Example 2

Here, we have three subdomains and two interfaces. The middle cube is taken as the
slave side. We start with a non-conforming coarse initial triangulation having 23 elements.
The errors along with their order of convergence at every step of refinement in different
norms are given in Tables 3.4–3.6. As before, we get the correct asymptotic rates for both
cases of the quadratic serendipity elements. The errors in the L2- and H1-norms are almost
the same for both approaches. In the weighted Lagrange multiplier norm, the quadratic
serendipity elements yield less errors than the augmented quadratic serendipity elements.
However, the difference is quite negligible, and the asymptotic rate of convergence is optimal
in both cases.

Table 3.4. Discretization errors in the L2-norm, Example 2

level # elem. ‖u− ul
h‖0 ‖u− us

h‖0 ‖u− ut
h‖0

0 23 8.911337e-01 1.745670e-01 1.760480e-01 0
1 184 2.582954e-01 1.79 2.997997e-02 2.54 3.010899e-02 2.55
2 1472 6.366337e-02 2.02 3.664595e-03 3.03 3.671731e-03 3.04
3 11776 1.607229e-02 1.99 4.466631e-04 3.04 4.462098e-04 3.04
4 94208 4.031862e-03 2.00 5.393667e-05 3.05 5.391429e-05 3.05
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Table 3.5. Discretization errors in the H1-norm, Example 2

level # elem. ‖u− ul
h‖1 ‖u− us

h‖1 ‖u− ut
h‖1

0 23 8.170532e-01 5.517577e-01 5.290887e-01 0
1 184 5.643329e-01 0.53 1.478160e-01 1.90 1.482833e-01 1.84
2 1472 2.626420e-01 1.10 3.915936e-02 1.92 3.920488e-02 1.92
3 11776 1.293053e-01 1.02 9.352708e-03 2.07 9.332480e-03 2.07
4 94208 6.446694e-02 1.00 2.295583e-03 2.03 2.293897e-03 2.02

Table 3.6. Discretization errors in the weighted Lagrange multiplier norm,
Example 2

level # elem. ‖λ− λl
h‖h ‖λ− λs

h‖h ‖λ− λt
h‖h

0 23 7.433164e+00 2.762317e+01 2.758347e+01 0
1 184 5.657720e+00 0.39 2.006842e+00 3.78 3.320707e+00 3.05
2 1472 1.855735e+00 1.61 7.048806e-01 1.51 8.042462e-01 2.05
3 11776 4.868778e-01 1.93 1.001359e-01 2.82 1.151919e-01 2.80
4 94208 1.832775e-01 1.41 1.564914e-02 2.68 1.879805e-02 2.62

Example 3: In our third example, we have used a U-shaped domain Ω decomposed into
five subdomains Ωk, k = 1, · · · , 5, and the problem is given by a Poisson equation −∆u =
f . Here, Ω1 := (0, 1)3, Ω2 := (0, 1)2 × (1, 2.4), Ω4 := (2, 3) × (−0.2, 1.2) × (0, 1), Ω5 :=
(2, 3) × (−0.2, 1.2) × (1, 2), and Ω3 is a hexahedral pyramidal frustum joining the domain
Ω1 and Ω4, see the left picture of Figure 3.5. Here, we choose the right hand side function
f and Dirichlet boundary condition on ∂Ω so that we obtain the exact solution

u(x, y, z) = exp (−1

4
(x2 + y2 + z2)) (cos (5 x+ z) + 3 sin (4 y + z)) .

The isolines of the solution at the plane z = 1 are given in the right picture of Figure 3.5.
We have given the discretization errors in different norms in Tables 3.7–3.9. As before, we
get optimal convergence rates in the L2- and H1-norms for both quadratic approaches and
better convergence behavior in the weighted Lagrange multiplier norm.

Figure 3.5: Decomposition of the domain and initial triangulation (left) and isolines of the
solution at the plane z = 1 (right), Example 3
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Table 3.7. Discretization errors in the L2-norm, Example 3

level # elem. ‖u− ul
h‖0 ‖u− us

h‖0 ‖u− ut
h‖0

0 26 7.310111e-01 3.478550e-01 3.166037e-01
1 208 3.398657e-01 1.10 4.304959e-02 3.01 4.209598e-02 2.91
2 1664 8.175747e-02 2.06 5.991830e-03 2.84 5.949794e-03 2.82
3 13312 2.027467e-02 2.01 7.579318e-04 2.98 7.564277e-04 2.98
4 106496 5.037341e-03 2.01 9.456858e-05 3.00 9.451905e-05 3.00

Table 3.8. Discretization errors in the H1-norm, Example 3

level # elem. ‖u− ul
h‖1 ‖u− us

h‖1 ‖u− ut
h‖1

0 26 8.982209e-01 5.699839e-01 4.440725e-01
1 208 5.597470e-01 0.68 1.391079e-01 2.03 1.308973e-01 1.76
2 1664 2.683965e-01 1.06 3.643727e-02 1.93 3.576211e-02 1.87
3 13312 1.327426e-01 1.02 9.024865e-03 2.01 8.980617e-03 1.99
4 106496 6.597358e-02 1.01 2.239350e-03 2.01 2.236550e-03 2.01

Table 3.9. Discretization errors in the weighted Lagrange multiplier norm,
Example 3

level # elem. ‖λ− λl
h‖h ‖λ− λs

h‖h ‖λ− λt
h‖h

0 26 8.792140e+00 1.351765e+01 1.416514e+01
1 208 5.592290e+00 0.65 2.113658e+00 2.68 1.567016e+00 3.18
2 1664 1.963516e+00 1.51 3.166530e-01 2.74 3.365031e-01 2.22
3 13312 7.490561e-01 1.39 4.610005e-02 2.78 5.699660e-02 2.56
4 106496 2.745105e-01 1.45 7.388080e-03 2.64 9.779245e-03 2.54

Example 4: In our last example, we consider a domain Ω := (0, 2)×(0, 1)×(0, 2), which
is decomposed into four subdomains Ω1 := (0, 1)3,Ω2 := (0, 1)2×(1, 2),Ω3 := (1, 2)×(0, 1)2

and Ω4 := (1, 2) × (0, 1) × (1, 2). We have shown the decomposition of the domain and
the initial triangulation in the left picture of Figure 3.6, the isolines of the solution on the
plane y = 1

2
in the middle, and the flux of the exact solution at the interface x = 1 is

shown in the right one. Here, Ω2 and Ω3 are taken to be the slave sides and the rest are
the master sides. The problem for this example is given by a reaction-diffusion equation

−div(a∇u) + u = f in Ω,

where a is chosen to be 1 in Ω1 and Ω4, and a = 10 in Ω2 and Ω3. We have chosen the exact
solution u(x, y, z) = (x− 1) y (z − 1) exp(− (x− 1)2 − y2 − (z − 1)2) cos (2 x+ 2 y + 2 z) /a
and the right hand side f and the Dirichlet boundary conditions are determined from the
exact solution. We remark that the exact solution u has a jump in the normal derivative
across the interface, whereas the flux is continuous. We have given the errors together with
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Figure 3.6: Decomposition of the domain and initial triangulation (left), isolines of the
solution at the plane y = 1

2
(middle) and flux of the exact solution at the interface x = 1

(right), Example 4

their order of convergence in every step of refinement in different norms in Tables 3.10–
3.12. As in other examples, we get the same asymptotic rates for the L2- and H1-norm
and better convergence rates in the weighted Lagrange multiplier norm. In contrast to
other examples, we see that the asymptotic rate in the weighted Lagrange multiplier norm
for the quadratic case is even better than O(h3), and the augmented quadratic serendipity
elements show the better order of convergence in this norm.

Table 3.10. Discretization errors in the L2-norm, Example 4

level # elem. ‖u− ul
h‖0 ‖u− us

h‖0 ‖u− ut
h‖0

0 22 4.636300e-01 1.237718e-01 1.233229e-01
1 176 1.218875e-01 1.93 1.220035e-02 3.34 1.220072e-02 3.34
2 1408 3.082112e-02 1.98 1.164306e-03 3.39 1.164276e-03 3.39
3 11264 7.712933e-03 2.00 1.422899e-04 3.03 1.422876e-04 3.03
4 90112 1.928288e-03 2.00 1.773015e-05 3.00 1.773010e-05 3.00

Table 3.11. Discretization errors in the H1-norm, Example 4

level # elem. ‖u− ul
h‖1 ‖u− us

h‖1 ‖u− ut
h‖1

0 22 6.295650e-01 2.218643e-01 2.205473e-01
1 176 3.009651e-01 1.06 4.609256e-02 2.27 4.607911e-02 2.26
2 1408 1.482825e-01 1.02 1.029429e-02 2.16 1.029336e-02 2.16
3 11264 7.379459e-02 1.01 2.523696e-03 2.03 2.523642e-03 2.03
4 90112 3.684966e-02 1.00 6.289388e-04 2.00 6.289362e-04 2.00
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Table 3.12. Discretization errors in the weighted Lagrange multiplier
norm, Example 4

level # elem. ‖λ− λl
h‖h ‖λ− λs

h‖h ‖λ− λt
h‖h

0 22 8.588035e-02 6.184646e-02 8.310643e-02
1 176 5.194191e-02 0.73 5.220039e-03 3.57 9.849865e-03 3.08
2 1408 2.538350e-02 1.03 4.361169e-04 3.58 7.810953e-04 3.66
3 11264 1.012701e-02 1.33 4.506948e-05 3.27 6.918887e-05 3.50
4 90112 3.755812e-03 1.43 5.074655e-06 3.15 6.546292e-06 3.40

In all our examples, we observe the optimal asymptotic convergence rates as predicted
by the theory. Although we see the same qualitative behavior, some quantitative differences
can be observed. However, there is not any essential difference in the discretization errors
between different quadratic mortar solutions. Because of the addition of bubble functions
at the skeleton Γ, X t

h has more degree of freedom than Xs
h. However, these bubble functions

can locally be eliminated from the algebraic formulation of the saddle point problem leading
to a system matrix, which is similar to the algebraic form of the saddle point problem
arising from the mortar discretization with a dual Lagrange multiplier space. On the
other hand, the growth rate of the number of bubble functions is only a factor of four
in each refinement step, and restricted to the skeleton. This is negligible since we can
work with the efficient multigrid solver in case of the augmented quadratic serendipity
space with the tensor product Lagrange multiplier space. Although we can work with the
efficient multigrid solver in case of standard triquadratic finite elements, the approach is
not as optimal as the augmented quadratic serendipity approach due to the more degree of
freedom and the growth rate of factor eight in each refinement step. It turns out that the
most efficient approach is the one given by the augmented quadratic serendipity elements.
The discretization errors are as good as in the other cases, and the numerical solution is
cheaper.

3.4. Lagrange multiplier spaces for the tetrahedral case

In this section, we discuss the construction of dual Lagrange multiplier spaces for linear
and quadratic simplicial finite elements satisfying Assumption 7. Working with tetrahedral
finite elements in three dimensions, one arrives at triangular finite elements in a two-
dimensional interface. As in the case of serendipity finite elements, the tensor product
construction of a dual Lagrange multiplier space cannot be adopted for the simplicial case.

3.4.1. A dual Lagrange multiplier space for linear simplicial elements. To
construct a dual Lagrange multiplier space for the lowest order simplicial finite elements,
we follow the procedure outlined in [99, 163]. In that case, a dual Lagrange multiplier
space can be constructed satisfying Assumption 7. Suppose that γk is an interface of
the decomposition. Assume that l is a vertex of a triangular face F ∈ Sk and ϕl the
corresponding finite element basis function with l = 1, 2 or 3, and a(l) and b(l) are the
two opposite vertices. If all three vertices of the triangle lie inside γk, then we define the
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Lagrange multiplier by

µl := 3ϕl − ϕa(l) − ϕb(l), l = 1, · · · , 3.
If two vertices of the triangle F are in γk, and hence a vertex l with l = 1, 2 or 3 is a
crosspoint, we define the Lagrange multiplier by

µa(l) :=
5

2
ϕa(l) −

3

2
ϕb(l) +

1

2
ϕl, and µb(l) :=

5

2
ϕb(l) −

3

2
ϕa(l) +

1

2
ϕl.

If the triangular face F has only one vertex, say l in γk, we simply set µl := 1. If all
three vertices of the triangle F are crosspoints, we find a neighboring face F̃ ∈ Sk with at
least one vertex, say l, in γk, whose distance from the face F is bounded by a constant
multiple of the local meshsize, and we extend the support of the Lagrange multiplier µ̃l

corresponding to the l-th vertex of the face F̃ by defining µ̃l|F = 1. It is easy to see that
the Lagrange multiplier space thus constructed satisfy the biorthogonality property and
the constant function belongs to it, and we obtain the optimal a priori estimates for linear
mortar finite elements. Further details can be found in [99].

3.4.2. A non-existence result for quadratic simplicial elements. To obtain op-
timal a priori error estimates for quadratic mortar finite elements, it is sufficient that the
linear functions are contained in Mk. In the dual Lagrange multiplier space for quadratic
finite elements in two dimensions, even the linear hat functions are elements of Mk, and
the bilinear hat functions belong to Mk in case of the dual Lagrange multiplier space for
triquadratic finite elements in three dimensions. Unfortunately, this does not hold in three
dimensions for simplicial triangulations under Assumption 7. Let us assume that the basis
functions of our dual Lagrange multiplier space satisfy suppϕi = supp µi, where ϕi are the
standard nodal quadratic finite element basis functions on the interface γk.

Lemma 3.4. Under the above assumptions, there exists no dual Lagrange multiplier
space Mk such that W 1

k ⊂Mk, where W 1
k is the finite element space of piecewise linear hat

functions.

Proof. The proof is carried out by contradiction as in Lemma 3.1. Let us assume
that ∑

i

αiµi = φl
p,(3.4.1)

where φl
p is the hat function associated with the interior vertex p, see Figure 3.7.

By assumption the functions µi are biorthogonal to the finite element basis functions
ϕj on the slave side of the interface, see (1.6.2). Hence, after multiplying (3.4.1) by some
finite element basis function ϕj and integrating over the interface γk, we get

αj =

∫
γk
ϕjφ

l
p dσ

cj
.

Let j0 be another interior vertex such that j0 and p share one edge, see Figure 3.7. Then,
we can write∫

γk

ϕj0φ
l
p dσ =

∫

F1

ϕj0φ
l
p dσ +

∫

F2

ϕj0φ
l
p dσ = −(|F1| + |F2|)/60
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Figure 3.7: 2D interface of 3D simplicial triangulation

and thus αj0 6= 0. Since the basis functions µi are locally linearly independent, we obtain
that supp

∑
j αjµj ⊇ suppµj0. By construction, we find supp µj0 6⊂ supp φl

p. ¤

3.5. Dual Lagrange multiplier spaces for quadratic serendipity and simplicial
finite elements

In this section, we will show that working with Assumption 2 dual Lagrange multiplier
spaces can be constructed for the serendipity and simplicial quadratic finite elements, see
also [103]. The crucial point is to look for biorthogonality only with finite element basis
functions on the interface associated with the vertices and modify the finite element basis
functions, see also Section 1.6.

3.5.1. A dual Lagrange multiplier space for quadratic serendipity elements.
Assume that ϕ̂l

i, 1 ≤ i ≤ 4, and ϕ̂q
i , 1 ≤ i ≤ 8, be the bilinear and quadratic serendipity

finite element basis functions on the reference square F̂ := (−1, 1) × (−1, 1), respectively.
Here, ϕ̂q

i , 1 ≤ i ≤ 4, are the basis functions corresponding to the vertices of the reference

face F̂ , and ϕ̂q
i , 5 ≤ i ≤ 8, are the ones corresponding to the edges of F̂ , see the left picture

of Figure 3.8. For some α 6= 1, we set

λ̂q
1 :=

ϕ̂l
1 + α(ϕ̂l

3 − ϕ̂l
2 − ϕ̂l

4)

1 − α
, λ̂q

2 :=
ϕ̂l

2 + α(ϕ̂l
4 − ϕ̂l

1 − ϕ̂l
3)

1 − α
,

λ̂q
3 :=

ϕ̂l
3 + α(ϕ̂l

1 − ϕ̂l
2 − ϕ̂l

4)

1 − α
, and λ̂q

4 :=
ϕ̂l

4 + α(ϕ̂l
2 − ϕ̂l

1 − ϕ̂l
3)

1 − α
.

Note that the global basis functions obtained by mapping the modified local ones λ̂q
i ,

1 ≤ i ≤ 4, with some affine mapping and gluing them together will not be continuous, and
they do not span the space of all continuous piecewise bilinear functions with respect to the
partition Sk on γk. However, since λ̂q

1 + λ̂q
2 = ϕ̂l

1 + ϕ̂l
2, λ̂

q
2 + λ̂q

3 = ϕ̂l
2 + ϕ̂l

3, λ̂
q
3 + λ̂q

4 = ϕ̂l
3 + ϕ̂l

4,

and λ̂q
4 + λ̂q

1 = ϕ̂l
4 + ϕ̂l

1, we compute λ̂q
1 + λ̂q

2 = 1−y
2

, λ̂q
2 + λ̂q

3 = 1+x
2

, λ̂q
3 + λ̂q

4 = 1+y
2

, and

λ̂q
4 + λ̂q

1 = 1−x
2

. Denoting the edge joining the corners i and j of the reference element F̂ by

eij for four edges (e12, e23, e34, and e41), we see that λ̂q
i + λ̂q

j = 1 on eij, and λ̂q
i + λ̂q

j = 0 on
the edge opposite to eij. Thus we can conclude that the global basis functions obtained by
mapping the modified local ones with some affine mapping and gluing them together will
reproduce any continuous piecewise linear polynomial. Now, defining ϕ̃q

1 := ϕ̂q
1−θ(ϕ̂q

5+ϕ̂
q
8),
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ϕ̃q
2 := ϕ̂q

2 − θ(ϕ̂q
5 + ϕ̂q

6), ϕ̃
q
3 := ϕ̂q

3 − θ(ϕ̂q
6 + ϕ̂q

7), and ϕ̃q
4 := ϕ̂q

4 − θ(ϕ̂q
7 + ϕ̂q

8), we find that with
α = 1

6
and θ = −1

5
,

[
〈ϕ̃q

i , λ̂
q
j〉0,F̂

]
1≤i,j≤4

=
1

5
I4,

where I4 is the identity matrix of size 4×4. The modified finite element basis functions on
vertices ϕ̃q

i , 1 ≤ i ≤ 4, vanish on the opposite edges and are symmetric in the barycentric
coordinates.
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Figure 3.8: Ordering of the local finite element and Lagrange multiplier basis functions,
quadratic serendipity (left) and quadratic simplicial (right)

3.5.2. A dual Lagrange multiplier space for simplicial quadratic finite el-
ements. Following similar ideas as in the construction of the dual Lagrange multiplier
space for the quadratic serendipity elements as in the previous section, we show that a
dual Lagrange multiplier space can be constructed for the simplicial quadratic finite ele-
ments, see also [103]. Assume that λ̂q

i , 1 ≤ i ≤ 3, and ϕ̂q
i , 1 ≤ i ≤ 6, be the linear and

quadratic finite element basis functions on the reference triangle F̂ , respectively. Here,
ϕ̂q

i , 1 ≤ i ≤ 3, are the basis functions corresponding to the vertices of the reference tri-

angular face F̂ and ϕ̂q
i , 4 ≤ i ≤ 6, are the ones corresponding to the edges of F̂ , where

F̂ := {(x, y)| 0 ≤ x, 0 ≤ y, x+ y ≤ 1}, see the left picture of Figure 3.8. With some simple
computation, we get

[
〈ϕ̂q

i , λ̂
q
j〉0,F̂

]
1≤i,j≤3

=




1
60

− 1
120

− 1
120

− 1
120

1
60

− 1
120

− 1
120

− 1
120

1
60


 .

Hence, if we define

ϕ̃q
1 := ϕ̂q

1 +
1

12
(ϕ̂q

4 + ϕ̂q
6), ϕ̃q

2 := ϕ̂q
2 +

1

12
(ϕ̂q

4 + ϕ̂q
5), and ϕ̃q

3 := ϕ̂q
3 +

1

12
(ϕ̂q

5 + ϕ̂q
6),

we obtain
[
〈ϕ̃q

i , λ̂
q
j〉0,F̂

]

1≤i,j≤3
=

1

36
I3,
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where I3 is the identity matrix of size 3 × 3. We point out that the modified vertex basis
functions ϕ̃q

i , 1 ≤ i ≤ 3, vanish on the opposite edges and are symmetric in the barycentric
coordinates. The global Lagrange multipliers are obtained by affinely mapping the local
ones and gluing them together. Unfortunately, the dual Lagrange multiplier space cannot
be constructed so easily for cubic finite elements on triangles. Construction of a dual
Lagrange multiplier space for simplicial cubic finite elements can be found in [103].

Remark 3.5. Here, for both quadratic serendipity and simplicial elements, the finite
element basis functions are modified to obtain a suitable dual Lagrange multiplier space.
This modification can be performed either by modifying them only at the slave side of the
interface or by modifying the three-dimensional finite element basis functions on the whole
domain. Since our multigrid solver is based on the unconstrained product space [166],
and prolongation and restriction operators should be computed on a reference element, we
modify our three-dimensional basis functions.

3.5.3. Boundary modification. The biorthogonal bases constructed in previous sub-
sections cannot be used in a general mortar situation directly. As in the two-dimensional
case we have to remove the degrees of freedom of the Lagrange multipliers associated with
the boundary of each interface to obtain a uniform inf-sup condition in a general mortar
situation. Furthermore, if Lagrange multipliers associated with the boundary of each in-
terface are not removed, the mass matrix Ml defined in Section 1.6 does not remain to be
a square diagonal matrix. After removing the degrees of freedom of the Lagrange mul-
tipliers, the approximation property of the Lagrange multiplier space is lost, that means
Assumption 4 does not hold anymore. Referring to [103] for a general framework, here

we discuss only the quadratic case. Let M̃k be the Lagrange multiplier space associated
with the interface γk before the boundary modification. Recalling the decomposition of
interior degrees of freedom of the slave side of an interface γk introduced in Section 1.6, we
decompose the degrees of freedom corresponding to the nodes in Nc into two groups with
Nc = Ncv ∪ Nce, where Ncv corresponds to the vertex nodes, and Nce corresponds to the
edge nodes on the boundary of the slave side of the interface γk. Defining Nl̃ := Nl ∪ Ncv,

we assume that {µ̃i}1≤i≤l̃k
is the basis of M̃k associated with the nodes in Nl̃ of the interface

γ̄k, where l̃k is the number of nodes in Nl̃. The idea is to remove the Lagrange multiplier
basis functions associated to the nodes belonging to the group Ncv, and add a suitable
multiple of them to some of the Lagrange multipliers associated to the inner nodes of the
slave side. For each i ∈ Ncv with the global coordinate xi we select im ∈ Nl, 1 ≤ m ≤ 3,
with dist (supp µ̃i, supp µ̃im) ≤ Cdiam (supp µi) having global coordinates xim , 1 ≤ m ≤ 3,
respectively such that the problem of finding scalars αm, 1 ≤ m ≤ 3, with

3∑

m=1

αmp(xim) = p(xi), p ∈ P1(γk)(3.5.1)

has a unique solution. Then, we remove µ̃i and redefine µ̃im with

µ̃im + αmµ̃i → µ̃im, 1 ≤ m ≤ 3.

Then the support of the Lagrange multipliers µ̃im, 1 ≤ m ≤ 3, will be extended up to the
set supp µ̃i. We note that it is sufficient to choose three inner nodes even if the underlying
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(d − 1)-triangulation consists of parallelograms. The reduced and modified collection of
basis functions will be called {µ1, · · · , µlk}. Note that the collection {µ1, · · · , µlk} still
satisfies the definition of biorthogonality (1.22), and since any linear polynomial p ∈ P1(γk)

was contained in the Lagrange multiplier space M̃k, and because of (3.5.1) we conclude
that this property is retained. In practice, for any i ∈ Ncv, we look for an interior triangle
(or parallelogram) F ∈ Sk with dist (supp µ̃i, F ) ≤ Cdiam (supp µi), and then the scalars
αm, 1 ≤ m ≤ 3 (or 4) can be obtained by computing the barycentric coordinates of xi with
respect to the triangle (or parallelogram) F .

To explain our idea, we take the one-dimensional example considered in [103]. In two-
dimensional mortar finite elements, the interfaces γk are one-dimensional curves or lines,
and the boundary of the interface consists only of points. Without loss of generality, we can
assume that γk is aligned along the x-axis, and so any point on γk can be represented by
a real number denoting its geometrical coordinates. Furthermore, in the one-dimensional
case, we know that the linear basis functions are orthogonal to the quadratic vertex basis
functions, see also Lemma 2.7. We assume that i ∈ Nc with the geometrical coordinates
xi is on the left corner of γk, and let xi1 and xi2 be the two vertices of the first interval
e1 interior to γk next to xi, see Figure 3.9. Then the equation

∑2
m=1 αmp(xim) = p(xi) for

p ∈ P1(γk) has only one solution since dim P1 = 2: α1 =
xi2

−xi

xi2
−xi1

and α2 =
xi−xi1

xi2
−xi1

. We note

that the barycentric coordinates of xi with respect to the one-dimensional element e1 are
given by α1 and α2. The modified dual Lagrange multipliers are illustrated in the right
picture of Figure 3.9. We observe that the Lagrange multipliers corresponding to xi1 and
xi2 are modified and their supports are extended up to the point xi.

���
�

���
�

���
�

��
�
��
�

��	
	






��
�

�
��
��
��
� �
��
��
��
� �
��
��� �
��
��
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��
�
��
�

��
�
��
�

PSfrag replacements

γk

master side

slave side
e1
xi1

xi2

xi

������������������������  �  � !! ""##$$%
%

PSfrag replacements

γk

master side

slave side

e1

xi1 xi2

xi

Ns = {&'&'&&'&'&&'&'&('(('(('( } ∪ {©}, Nl = {)')'))')'))')')*'*'**'*'**'*'* }, Nr = {©} ∪ {Nmc}

Figure 3.9: Decomposition of interior degrees of freedom at an interface of the master and
the slave side and the boundary modification for quadratic mortar finite elements in 2D

Remark 3.6. As an alternative to our definition Mh = span{µi : i ∈ Nl}, one can
use some auxiliary quadratic functions to define Mh = span{µi : i ∈ Ns}, where the added
basis functions {µi : i ∈ Ns\Nl} are chosen so that the mass matrix Ms restricted to the
interface γk is of the form

Ms =

[
D1 0

R D2

]
,
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where D1 and D2 are diagonal matrices and R is a rectangular matrix. Then one is in
the situation of having quasi-dual Lagrange multipliers as in the definition (1.20), and
dimWk = dimMk. Although similar static condensation as in the case of dual Lagrange
multiplier space can be adopted in this case, the degree of freedom mildly increases in this
case, and slightly more complicated coupling between the Lagrange multipliers and the finite
element basis functions in Wk occur.

Remark 3.7. It is straightforward to verify all Assumptions 2–4 for the Lagrange mul-
tiplier spaces constructed above. We note that Assumptions 2 and 4 are satisfied trivially
by construction. Letting µ :=

∑lk
i=1 aiµi ∈ Mk, and defining ϕ :=

∑lk
i=1 aiϕi ∈ Wk, we can

use the definition of biorthogonality (1.22), and obtain Assumption 3 as in Section 3.2.1.

3.6. Numerical results

Relaxing Assumption 7 and working with the Lagrange multiplier space with dimMk ≤
dimWk, 1 ≤ k ≤ N , we have constructed dual Lagrange multiplier spaces for quadratic
serendipity and simplicial quadratic finite elements in Section 3.2. In this section, we
provide numerical results with these Lagrange multiplier spaces. In our examples, we
combine tetrahedral and hexahedral elements on different subdomains. We point out that
different Lagrange multipliers should be used depending on the hexahedral or tetrahedral
partition on the slave side of the interface. The iterative solver is based on the multigrid
method introduced in [166] as before. We denote by uq

h the quadratic mortar solution
obtained by using the dual Lagrange multipliers introduced in Section 3.5 independent of
quadratic simplicial or serendipity finite elements, and similarly the Lagrange multiplier
solution will be denoted by λq

h. We note that dual Lagrange multiplier spaces for the lowest
order case satisfy Assumption 7.

3.6.1. Problems for Poisson and reaction-diffusion equations. In our first two
examples, we compare the linear and quadratic serendipity mortar finite elements with dual
and quasi-dual Lagrange multiplier spaces. We point out that working with the quasi-dual
Lagrange multiplier space, the quadratic serendipity finite element space X s

h is augmented
with bubble functions on the slave side of the interface γk, 1 ≤ k ≤ N . Therefore, when
comparing the numerical results it should be kept in mind that X t

h has more degrees of
freedom that that of Xs

h.
Example 1: Our first problem is given by −∆u = f in Ω, with Ω composed of five

cubes Ω1 := (0, 1)3, Ω2 := (1, 2) × (0, 1)2, Ω3 := (0, 1)2 × (1, 2), Ω4 := (−1, 0) × (0, 1)2

and Ω5 := (0, 1)2 × (−1, 0). Here, subdomain Ω1, which has an initial partition into 27
hexahedra, is the slave subdomain and the others are master subdomains. In each of the
master subdomains, the initial partition consists of 6 tetrahedra. The right hand side f
and the Dirichlet boundary conditions are computed by using the exact solution is given
by

u(x, y, z) = e−0.25(x2+y2+z2)(cos(5x+ z) + 3 sin(4y + z)).

In Figure 3.10, the decomposition of the domain, the initial finite element partitions, and
the isolines of the solution at the interface z = 1 are shown. We have presented the
discretization errors in the L2- and H1-norms in Table 3.13 and Table 3.14, and the error
in the weighted Lagrange multiplier norm is shown in Table 3.15.
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Figure 3.10: Decomposition of the domain and initial partitions (left), isolines of the
solution at the plane z = 1 (right), Example 1

Table 3.13. Discretization errors in the L2-norm, Example 1

level # elem. ‖u− ul
h‖0 ‖u− uq

h‖0 ‖u− ut
h‖0

0 51 8.421175e-01 0 3.238079e-01 0 3.237593e-01 0
1 408 3.765393e-01 1.16 5.020222e-02 2.69 5.039157e-02 2.68
2 3264 1.089531e-01 1.79 6.788405e-03 2.89 6.801267e-03 2.89
3 26112 2.827887e-02 1.95 8.515666e-04 2.99 8.523621e-04 3

Table 3.14. Discretization errors in the H1-norm, Example 1

level # elem. ‖u− ul
h‖1 ‖u− uq

h‖1 ‖u− ut
h‖1

0 51 9.147052e-01 0 5.754977e-01 0 5.769227e-01 0
1 408 6.301770e-01 0.538 1.702170e-01 1.76 1.712476e-01 1.75
2 3264 3.269237e-01 0.947 4.699663e-02 1.86 4.712672e-02 1.86
3 26112 1.625205e-01 1.01 1.186322e-02 1.99 1.187986e-02 1.99

Table 3.15. Discretization errors in the weighted Lagrange multiplier
norm, Example 1

level # elem. ‖λ− λl
h‖h ‖λ− λq

h‖h ‖λ− λt
h‖h

0 51 5.875210e+00 0 3.198057e+00 0 4.135678e+00 0
1 408 3.210176e+00 0.872 8.440649e-01 1.92 1.306661e+00 1.66
2 3264 1.363125e+00 1.24 1.604852e-01 2.39 2.665296e-01 2.29
3 26112 5.145414e-01 1.41 2.944147e-02 2.45 4.831048e-02 2.46

Example 2: In our second example, we consider a domain and problem used in the
last example of Section 3.3. The initial partition is changed to allow the use of hexahedra
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and tetrahedra in different subdomains. As before, Ω2 and Ω3 are on the slave sides, and
Ω1 and Ω4 are on the master sides. On both Ω2 and Ω3 the initial partition consists of
27 hexahedra, and therefore, the dual Lagrange multipliers for the quadratic serendipity
elements are used. The problem for this example is given by a reaction-diffusion equation

−div(a∇u) + u = f in Ω,

where a = 1 in Ω1 and Ω4, and a = 10 in Ω2 and Ω3. The right hand side f and the
Dirichlet boundary conditions are chosen with the exact solution prescribed in the last
example of Section 3.3.

In the left picture of Figure 3.11, the decomposition of the domain together with the
initial finite element partitions are shown, and the discretization errors are given in Ta-
bles 3.16–3.18.

Figure 3.11: Decomposition of the domain and initial partitions, Example 2 (left) and
Example 3 (right)

Table 3.16. Discretization errors in the L2-norm, Example 2

level # elem. ‖u− ul
h‖0 ‖u− uq

h‖0 ‖u− ut
h‖0

0 66 2.393378e-01 0 7.943134e-02 0 7.108556e-02 0
1 528 8.882474e-02 1.43 1.692509e-02 2.23 1.686661e-02 2.08
2 4224 3.292171e-02 1.43 2.348709e-03 2.85 2.344396e-03 2.85
3 33792 9.674603e-03 1.77 2.731638e-04 3.1 2.729997e-04 3.1

Table 3.17. Discretization errors in the H1-norm, Example 2

level # elem. ‖u− ul
h‖1 ‖u− uq

h‖1 ‖u− ut
h‖1

0 66 4.267453e-01 0 1.574200e-01 0 1.251658e-01 0
1 528 2.250457e-01 0.923 4.990750e-02 1.66 4.947352e-02 1.34
2 4224 1.186258e-01 0.924 1.478805e-02 1.75 1.476941e-02 1.74
3 33792 6.009470e-02 0.981 3.869100e-03 1.93 3.868980e-03 1.93
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Table 3.18. Discretization errors in the weighted Lagrange multiplier
norm, Example 2

level # elem. ‖λ− λl
h‖h ‖λ− λq

h‖h ‖λ− λt
h‖h

0 66 5.874062e-02 0 5.191228e-02 0 2.821116e-02 0
1 528 2.462554e-02 1.25 4.114995e-03 3.66 3.529045e-03 3
2 4224 8.970948e-03 1.46 6.255109e-04 2.72 7.656049e-04 2.2
3 33792 3.138544e-03 1.52 1.042346e-04 2.59 1.473680e-04 2.38

We see that the discretization errors for our first and second examples are optimal. For
the error in the H1-norm, the asymptotic rates of convergence for the linear and quadratic
mortar solutions are of order 1 and 2, respectively, whereas we observe the convergence
rates of order 2 and 3 for the errors in the L2-norm. The rate of convergence for the
Lagrange multiplier in the weighted L2-norm is also optimal for both linear and quadratic
cases. As we obtain the convergence rate of order 1.5 in the linear case, both quadratic
cases yield the convergence rate of order 2.5 in this norm. In these two examples, both dual
and quasi-dual Lagrange multiplier spaces give almost the same results in the L2- and H1-
norms, whereas we can observe some difference in the weighted Lagrange multiplier norm.
In this norm, the augmented quadratic serendipity space with the quasi-dual Lagrange
multiplier space yields more errors than the quadratic serendipity space with the dual
Lagrange multiplier space.

Example 3: In our third example, we present the numerical results for linear and
quadratic mortar finite elements with only triangles on the slave side of the interface.
Thus the dual Lagrange multiplier space is formed for simplicial finite elements. Here, the
domain and the problem is taken from our second example. The decomposition of the
domain and the initial triangulation are shown in the right picture of Figure 3.11, and
the discretization errors are given in Tables 3.19–3.21. As in previous two examples, we
observe correct asymptotic convergence rates for all considered norms.

Table 3.19. Discretization errors in the L2-norm, Example 3

level # elem. ‖u− ul
h‖0 ‖u− uq

h‖0

0 326 4.099152e-01 1.108447e-01
1 2608 1.457669e-01 1.49 1.169511e-02 3.24
2 20864 3.916084e-02 1.90 1.036543e-03 3.50
3 166912 9.682286e-03 2.02 1.226815e-04 3.08

Table 3.20. Discretization errors in the H1-norm, Example 3

level # elem. ‖u− ul
h‖1 ‖u− uq

h‖1

0 326 7.871914e-01 2.757468e-01
1 2608 4.413152e-01 0.835 7.078443e-02 1.96
2 20864 2.228219e-01 0.986 1.721378e-02 2.04
3 166912 1.092705e-01 1.03 4.175570e-03 2.04
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Table 3.21. Discretization errors in the weighted Lagrange multiplier
norm, Example 3

level # elem. ‖λ− λl
h‖h ‖λ− λq

h‖h

0 326 6.903480e-02 4.312126e-02
1 2608 2.820101e-02 1.29 5.852327e-03 2.88
2 20864 9.824553e-03 1.52 7.175411e-04 3.03
3 166912 3.514627e-03 1.48 9.258426e-05 2.95

Example 4: Our fourth example is given by −∆u = f in Ω, where the non-convex Ω
is composed of eight cubes Ω1 := (0, 1)3, Ω2 := (1, 2)× (0, 1)2, Ω3 := (2, 3)× (0, 1)2, Ω4 :=
(0, 1)2× (1, 3), Ω5 := (2, 3)× (0, 1)× (1, 3), Ω6 := (0, 1)2× (3, 4), Ω7 := (1, 2)× (0, 1)× (3, 4)
and Ω8 := (2, 3) × (0, 1) × (3, 4). Here, subdomains Ω1, Ω3, Ω6 and Ω8 are taken as
slave subdomains and the others are master subdomains. The initial partitions consist
of tetrahedra for Ω1 and Ω3, and of hexahedra for the other subdomains, and they are
illustrated in Figure 3.12. The right hand side f and the Dirichlet boundary conditions
are chosen such that the exact solution is given by

u(x, y, z) = e−
1
4
(x+y+z)(sin(5xy) + cos(5yz))(x+ y2 + z2).

The isolines of this solution at the interface z = 1 can also be found in Figure 3.12, and
the discretization errors are given in Tables 3.22–3.24. Although, the optimal asymptotic
convergence starts later, the asymptotic convergence rates in all considered norms are
optimal.

Figure 3.12: Decomposition of the domain and initial partitions (left), isolines of the
solution at the plane z = 1 (right), Example 4

Table 3.22. Discretization errors in the L2-norm, Example 4

level # elem. ‖u− ul
h‖0 ‖u− uq

h‖0

0 426 1.791973e+00 6.940239e-01
1 3408 6.330854e-01 1.50 1.433486e-01 2.28
2 27264 1.952988e-01 1.70 1.979148e-02 2.86
3 218112 5.111691e-02 1.93 2.634217e-03 2.91
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Table 3.23. Discretization errors in the H1-norm, Example 4

level # elem. ‖u− ul
h‖1 ‖u− uq

h‖1

0 426 1.121512e+00 9.129765e-01
1 3408 7.578088e-01 0.566 4.181631e-01 1.13
2 27264 4.669157e-01 0.699 1.096319e-01 1.93
3 218112 2.400890e-01 0.96 2.850084e-02 1.94

Table 3.24. Discretization errors in the weighted Lagrange multiplier
norm, Example 4

level # elem. ‖λ− λl
h‖h ‖λ− λq

h‖h

0 426 4.234348e+01 1.070000e+01
1 3408 3.824327e+01 0.147 5.791507e+00 0.886
2 27264 1.347168e+01 1.51 1.339511e+00 2.11
3 218112 3.009333e+00 2.16 1.707101e-01 2.97

Example 5: In our last example, we consider a problem with a corner singularity at
the origin. The exact solution

u(x, y, z) := 3
√
x2 + y2 cos(

2θ1
3

) + 3
√
y2 + z2 cos(

2θ2
3

) +
3
√
z2 + x2 cos(

2θ3
3

)

given in [132] has a corner singularity at the origin, and satisfies the Laplace equation,
where θ1 = arctan y

x
, θ2 = arctan z

y
, and θ3 = arctan x

z
. To resolve the singularity, we

decompose the domain Ω := (0, 1)3 into two subdomains with Ω2 := (0, 0.25)3, and Ω1 :=
Ω\Ω2, and use a comparatively finer mesh in Ω2. The decomposition of the domain with an
initial triangulation is given in the left picture of Figure 3.13, and the isolines of the solution
at the plane z = 0 can be found in the right picture. We have shown the discretization
errors in Tables 3.25–3.27. Theoretically, we expect the convergence rate of order 0.66 in
the H1-norm, which can be seen for linear and quadratic mortar finite element solutions.
Furthermore, we observe the convergence rate of order 1.66 in the L2-norm and of order
0.66 + 0.5 in the weighted Lagrange multiplier norm.

Table 3.25. Discretization errors in the L2-norm, Example 5

level # elem. ‖u− ul
h‖0 ‖u− uq

h‖0

0 815 3.410175e-03 8.555475e-04
1 6520 1.058919e-03 1.69 2.640884e-04 1.7
2 52160 3.344432e-04 1.66 8.251362e-05 1.68
3 417280 1.061593e-04 1.66 2.589380e-05 1.67
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Figure 3.13: Decomposition of the domain and initial partitions (left), isolines of the
solution at the plane z = 0 (right), Example 5

Table 3.26. Discretization errors in the H1-norm, Example 5

level # elem. ‖u− ul
h‖1 ‖u− uq

h‖1

0 815 1.012748e-01 4.354393e-02
1 6520 6.388590e-02 0.665 2.695673e-02 0.692
2 52160 4.017100e-02 0.669 1.682146e-02 0.68
3 417280 2.528299e-02 0.668 1.055102e-02 0.673

Table 3.27. Discretization errors in the weighted Lagrange multiplier
norm, Example 5

level # elem. ‖λ− λl
h‖h ‖λ− λq

h‖h

0 815 2.308317e-02 3.864681e-03
1 6520 1.270988e-02 0.861 2.206944e-03 0.808
2 52160 5.666563e-03 1.17 9.631343e-04 1.2
3 417280 2.410256e-03 1.23 4.297796e-04 1.16

3.6.2. Problems in solid mechanics. In this subsection, we present some numerical
results illustrating the performance of our Lagrange multiplier spaces for problems in linear
elasticity.

Example 1: In our first example, we consider an example in linear elasticity given
in (2.4.1). For this example, we take the domain and the problem from [99]. Here,
the computational domain Ω, which is a beam, is decomposed into three subdomains
Ω1, Ω2 and Ω3 with Ω1 := (0, 50) × (0, 10) × (0, 2), Ω2 := (0, 50) × (3, 7) × (2, 11) and
Ω3 := (0, 50) × (0, 10) × (11, 13). The decomposition of the domain is given in the left
picture of Figure 3.14 with an initial partition. Here, Ω2 is the slave subdomain, so that,
although the decomposition is geometrically non-conforming, Assumption 1 is satisfied.
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The material parameters are set to be µ = 8.2, and λ = 10. Here, ΓD is the part of the
boundary of Ω with x = 0 and x = 50 so that the left and the right sides of each subdomain
are fixed, and ΓN := ∂Ω\ΓD. The function gN = (g1, g2, g3)

T on ΓN is given as g1 = g2 = 0,
and

g3 =

{
−0.35 if 22 ≤ x ≤ 28 and z = 13

0 otherwise

so that a constant vertical force is applied from the top boundary (z = 13) of Ω. We have
computed the solution with quadratic finite elements. The resulting deformation of the
beam is given in the right picture of Figure 3.14.
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Figure 3.14: Decomposition of the domain with problem setting (left) and the distorted
shape (right), Example 1

Example 2: In our second example, we consider the domain of Example 4 of the
previous subsection. Taking the problem (2.4.1), the boundary conditions are defined so
that ΓD is the part of the boundary of Ω with x = 3 and y = 4 so that the right and the
top boundary of Ω is fixed, and ΓN := ∂Ω\ΓD. The function gN = (g1, g2, g3)

T on ΓN is
given as g2 = g3 = 0, and

g1 =

{
40.0 if 1 ≤ z ≤ 3 and x = 0

0 otherwise

so that a constant horizontal force is applied on the part of the left boundary of Ω. The
material parameters E and ν are set to be E = 4000 and ν = 0.3. The setting of the
problem is shown in the left picture of Figure 3.15, and the deformation of the domain is
shown in the right.
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Figure 3.15: Decomposition of the domain with problem setting (left) and the zoomed
distorted shape (right), Example 2
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CHAPTER 4

Mortar Finite Elements for Interface Problems

4.1. Introduction

We consider interface problems within the framework of mortar finite element methods.
Such interface problems arise in different situations, for example, in heat conduction with
discontinuous sources or crack propagation in linear elasticity. We start with a saddle point
formulation and show that the interface conditions enter into the right-hand side. Using
dual Lagrange multipliers, we can work with scaled sparse matrices, and static condensation
gives rise to a symmetric and positive definite system on the unconstrained product space.
The iterative solver is based on a modified multigrid approach. Using the central idea of
mortar methods, we decompose the domain of interest into non-overlapping subdomains
and replace the strong point-wise continuity at the interfaces by a weak integral condition.
As noted in the first chapter, there are two different equivalent variational formulations.
One approach results in a positive definite system on the constrained mortar space [33, 34],
and a second one gives rise to an indefinite system associated with the unconstrained
product space and a Lagrange multiplier space [22]. Here, we follow the second approach
and rewrite the interface problem as indefinite variational equation.

Conforming finite element methods for elliptic problems with discontinuous coefficients
and homogeneous interface conditions are addressed in [12]. Finite element methods for
non-homogeneous elliptic interface problems are analyzed in [46], and it is shown that the
discretization error is of optimal order for linear finite elements on quasi-uniform triangu-
lations. A survey on non-overlapping domain decomposition methods for elliptic interface
problems can be found in [171]. A least-squares finite element method for elliptic interface
problems with Dirichlet and Neumann boundary data is proposed and analyzed in [60]. In
particular, error estimates for non-matching triangulations at the interface are given. El-
liptic and parabolic interface problems with a non-zero jump in the flux across a sufficiently
smooth interface are considered in [62, 94]. In [62], nearly optimal error estimates in the
energy-norm and in the L2-norm are established under reasonable regularity assumptions
on the original solutions, whereas some new a priori estimates are presented in [94]. The
immersed interface method is based on using the jumps in the solution and its derivative to
modify standard finite difference schemes in the neighborhood of the interface, see [111].
The idea to precondition the elliptic equation before using the immersed interface method
is proposed in [113] resulting in a fast algorithm for elliptic equations with large jumps in
the coefficients. An extension of the immersed interface method to boundary value prob-
lems on irregular domains with Neumann and Dirichlet boundary conditions can be found
in [157]. The immersed interface method with a finite element formulation is considered in
[113]. Nitsche techniques provide flexible domain decomposition techniques and have been
successfully used for the numerical approximation of partial differential equations, see, e.g.,
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[18, 89]. The analysis of the discretization scheme is restricted to homogeneous interface
conditions, and optimal a priori estimates are given. A similar approach can be found in
[85], where a stationary heat conduction problem in two dimensions with a discontinuous
conducting coefficient across a smooth interface is considered. Optimal a priori estimates
for appropriately modified piecewise linear elements on a quasi-uniform triangulation have
been established. Here, we propose an approach based on mortar techniques and dual
Lagrange multipliers. We consider non-homogeneous jumps in the flux and in the solution
across the interface. Starting with a saddle point formulation of the interface problem, we
show the existence and uniqueness of the solution in the continuous and discrete setting. In
contrast to the general mortar framework, we decompose the interface into disjoint straight
lines and remove the degree of freedom of Lagrange multipliers from its corner nodes. We
show that this is essential to prove an optimal a priori estimate for the piecewise linear
interface. Compared to standard formulations for the Laplace operator, see [33], we have
to include two additional terms reflecting the interface conditions. The jump terms enter
only in the right-hand side, and the arising stiffness matrix does not depend on the inter-
face conditions. Our approach is quite flexible and can easily be applied to general type
of elliptic and parabolic interface problems, where the geometry of and the jump at the
interface are a priori known.

This chapter is organized as follows: In the next section, we present our model interface
problem and introduce its saddle point formulation in the continuous setting. In Section
4.3, we briefly recall the mortar discretization scheme for our model interface problem
and establish a priori estimates for the discretization errors. Moreover, we consider the
algebraic formulation of the saddle point problem. Local modifications are carried out
to obtain a positive definite system for which we can use multigrid methods. Finally in
Section 4.4, we show some numerical results illustrating the performance of our approach.
In particular, we give the discretization errors in the L2- and H1-norms and in a weighted
L2-norm for the Lagrange multiplier.

4.2. Continuous setting

Let us consider a bounded polygonal domain Ω ⊂ R
2, which is decomposed into two

non-overlapping subdomains Ω1 and Ω2 with the common interior interface Γ, Γ̄ := ∂Ω1 ∩
∂Ω2, and assume that the interface Γ can be written as union of straight lines, see Figure
4.1. For simplicity, we restrict ourselves to the case of two subdomains. However, the

Figure 4.1: Different decompositions of the domain into two subdomains

approach can be generalized to more than two subdomains. We consider the following
elliptic interface problem on Ω

(4.2.1) −div(αi∇ui) + biui = fi in Ωi, i = 1, 2
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with homogeneous Dirichlet boundary conditions on ∂Ω. Here, α1 and α2 are symmetric
and locally constant positive-definite second order tensors specifying the diffusion in the
two subdomains. Furthermore, we assume that fi ∈ L2(Ωi) and 0 ≤ bi ∈ L∞(Ωi), i = 1, 2.
The jump conditions at the interface Γ are given by

[u] := u1 − u2 = gD on Γ,(4.2.2)

[u]n := (α1∇u1) · n1 + (α2∇u2) · n2 = gN on Γ,(4.2.3)

where ni is the outward normal on ∂Ωi. We assume that gD ∈ H
1
2
00(Γ) and gN ∈ H− 1

2 (Γ) :=(
H

1
2
00(Γ)

)′
. DefiningH1

∗ (Ωk) as in the first chapter for k = 1, 2, we obtain the unconstrained

product space X := H1
∗ (Ω1)×H1

∗ (Ω2). In the rest of this section, we consider the variational
formulation of the interface problem. The weak formulation of (4.2.1) is obtained by
applying Green’s formula on Ωi, for φi ∈ H1

∗ (Ωi), i = 1, 2
∫

Ωi

(αi∇ui) · ∇φi dx−
∫

Γ

αi∇ui · niφi ds+

∫

Ωi

biuiφi dx =

∫

Ωi

fiφi dx.

Taking into account the interface condition for the flux (4.2.3), α1∇u1 · n1 = −α2∇u2 ·
n2 + gN on Γ, we find for φ1 ∈ H1

∗ (Ω1)
∫

Ω1

(α1∇u1) · ∇φ1 dx+

∫

Γ

α2∇u2 · n2φ1 ds+

∫

Ω1

b1u1φ1 dx

=

∫

Ω1

f1φ1 dx+

∫

Γ

gNφ1 ds.

The weak formulation of the jump of the solution at the interface can be obtained by
multiplying the jump condition (4.2.2) with an element of the dual space M so that (4.2.2)
and (4.2.3) are replaced by a weak variational equation given by

b(u, µ) :=

∫

Γ

[u]µ dσ =

∫

Γ

gDµ dσ =: g(µ), µ ∈M.(4.2.4)

Utilizing the duality pairing 〈·, ·〉Γ on the interface, the variational equation (4.2.4) can be
written as

b(u, µ) = 〈[v], µ〉Γ , v = (v1, v2) ∈ X, µ ∈M := H− 1
2 (Γ).

Introducing the flux λ := α2∇u2 · n2 on Γ, we can write the weak form of (4.2.1) as a
saddle point problem: find (u, λ) ∈ X ×M such that

(4.2.5)
a(u, v) + b(v, λ) = l(v), v ∈ X,
b(u, µ) = g(µ), µ ∈M,

where

a(u, v) :=
2∑

k=1

∫

Ωk

(αk∇u) · ∇v + bkuv dx, l(v) :=
2∑

k=1

∫

Ωk

fkv dx+
〈
v|∂Ω1

, gN

〉
Γ
.

The essential points for the existence and the uniqueness of the solution of a saddle
point problem are coercivity, continuity and a suitable inf-sup condition. As usual, we use
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the broken H1-norm on X and the H− 1
2 -norm on M . We start with the continuity of the

bilinear form b(·, ·). By definition, we find

b(v, µ) = 〈[v], µ〉Γ ≤ ‖[v]‖
H

1
2
00(Γ)

‖µ‖− 1
2
,Γ, v ∈ X, µ ∈M.

We note that if Γ is a closed curve, see the middle picture of Figure 4.1, we have H
1
2
00(Γ) =

H
1
2 (Γ), and thus

‖[v]‖
H

1
2
00(Γ)

= ‖[v]‖ 1
2
,Γ ≤ (‖v|Ω1

‖ 1
2
,Γ + ‖v|Ω2

‖ 1
2
,Γ) ≤ C‖v‖1, v ∈ X.

Due to the homogeneous Dirichlet boundary condition imposed on ∂Ω, we find (v|Ωi
)|Γ ∈

H
1
2
00(Γ), i = 1, 2, if Γ is not a closed curve. In that case, we can bound

‖[v]‖
H

1
2
00(Γ)

≤ C(‖v|Ω1
‖ 1

2
,∂Ω1

+ ‖v|Ω2
‖ 1

2
,∂Ω2

) ≤ C‖v‖1, v ∈ X.

As a consequence, we obtain the continuity of the bilinear form b(·, ·) on X ×M . The
bilinear form a(·, ·) is continuous on X × X and coercive on B∗ × B∗, where B∗ = {v ∈
X,
∫
Γ
[v]ds = 0} as in the first chapter. To see that the inf-sup condition holds, we start

with the definition of the dual norm

‖µ‖− 1
2
,Γ := sup

v∈H
1
2
00(Γ)\{0}

〈v, µ〉Γ
‖v‖

H
1
2
00(Γ)

= sup

v∈H
1
2
00(Γ)\{0}

b(ṽ, µ)

‖v‖
H

1
2
00(Γ)

≤ C sup
v∈X\{0}

b(v, µ)

‖v‖1

,

where ṽ denotes the harmonic extension of v to Ω2 extended by zero on Ω1. Hence, the
variational problem (4.2.5) has a unique solution.

4.3. Mortar discretizations and a priori error estimates

In this section, we briefly recall mortar finite elements for our model interface problem
and prove optimal a priori estimates for the discretization errors. Let T1 and T2 denote
two independent shape regular simplicial triangulations on Ω1 and Ω2 with mesh-sizes
bounded by h1 and h2, respectively. Without loss of generality, the interface Γ inherits
its one-dimensional mesh from T2, and the side of Γ associated with Ω2 is called slave
side and the one associated with Ω1 master side. We denote by TΓ the triangulation on
Γ with mesh-size bounded by h2 whose elements are boundary edges of T2, and assume
that the triangulation on Γ is globally quasi-uniform. The unconstrained discrete finite
element space is denoted by Xh := X1 ×X2, where Xk stands for the space of conforming
finite elements of order pk in the subdomain Ωk associated with the triangulation Tk and
satisfies homogeneous Dirichlet boundary conditions on ∂Ωk ∩ ∂Ω, k = 1, 2. We note that
no interface condition is imposed on Xh, and the elements in Xh do not have to satisfy
a continuity condition at the interface. Let Wh be the trace space of finite element basis
functions from the slave side, i.e., of X2, restricted to Γ. Due to the homogeneous boundary

conditions on ∂Ω, we find Wh ⊂ H
1
2
00(Γ). To satisfy a suitable discrete inf-sup condition, we

use a discrete Lagrange multiplier space such that dimMh ≤ dimWh. Under the regularity
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assumption u ∈ Hp2+1(Ω2), λ is, in general, not an element in Hp2− 1
2 (Γ). This is due to the

fact that the normal has jumps if Γ has corners. Therefore, we decompose Γ into a finite
number of disjoint straight segments γl, 1 ≤ l ≤ N, of maximal length, i.e., Γ̄ = ∪N

l=1γ̄l,
γk ∩ γl = ∅, l 6= k and γ̄k ∪ γ̄l is not a straight line, 1 ≤ k 6= l ≤ N . In the examples
given in Figure 4.1, we find N = 1, N = 4, and N = 2 (from the left to the right). We
now work with the Lagrange multiplier spaces defined on γl. We remark that we use the
decomposition of Γ into straight lines for the definition of the discrete Lagrange multiplier

space, but that we work with the H
1
2
00-norm on Γ. Now, we denote by Wl, the trace of

X2 restricted to γl satisfying the homogeneous Dirichlet boundary conditions on ∂γl so
that Wl := {w| w = v|γl

, v ∈ X2} ∩ H1
0 (γl). Our discrete Lagrange multiplier space is

defined as the product space Mh :=
N∏

l=1

Ml, where dimMl = dimWl. Let us denote the

nodal basis functions in Wl, associated with the one-dimensional mesh on the slave side by
{ϕl

i}1≤i≤nl
s
, nl

s := dimWl. We use dual Lagrange multiplier spaces for linear and quadratic
finite elements introduced in [163]. We refer to Chapter 2 for the higher order case. Then,
the basis functions {µl

i}1≤i≤nl
s

of Ml satisfy the following biorthogonality relation (1.6.2)
∫

γl

µl
i ϕ

l
j ds = δij

∫

γl

ϕl
j ds , 1 ≤ i, j ≤ nl

s,

and we have
∑nl

s
i=1 µ

l
i = 1 on γl. Furthermore, working with a finite element space of order

p, the conforming finite element space of order p−1 is contained in the Lagrange multiplier
space, and they all satisfy Assumptions 2-4.

To establish a priori estimates for the discretization errors, we consider the saddle point
formulation (4.2.5) of the interface problem and apply the theory of mixed finite elements.
Replacing the space X×M by our discrete space Xh×Mh in (4.2.5), we obtain our discrete
variational problem: find (uh, λh) ∈ Xh ×Mh such that

a(uh, v) + b(v, λh) = l(v), v ∈ Xh,
b(uh, µ) = g(µ), µ ∈Mh.

(4.3.1)

Since Xh ⊂ X andMh ⊂M , we get the continuity of the bilinear form a(·, ·) onXh×Xh and
of b(·, ·) on Xh ×Mh. In addition to the discrete inf-sup condition, we need the coercivity
of a(·, ·) on the space kerBh := {vh ∈ Xh| b(vh, µ) = 0, µ ∈ Mh}. Since kerBh ⊂ B∗, we
obtain the coercivity of a(·, ·) on kerBh × kerBh. In the following, the set of endpoints of
γk in Ω, 1 ≤ k ≤ N , will be denoted by

Nc :=
⋃

k 6=l

(γ̄k ∩ γ̄l).

To establish the discrete inf-sup condition, we introduce W̃h ⊂ Wh with dim W̃h = dimMh

and assume that dimMk ≥ 2, 1 ≤ k ≤ N . We remark that H− 1
2 (Γ) is a stronger norm

than the product norm on
∏N

l=1H
− 1

2 (γl), and therefore, we cannot work with
∏N

l=1Wl to

get a uniform inf-sup condition. The basis functions ϕ̃i of W̃h are associated with the
interior nodes of γl. If xi is a node adjacent to an endpoint xj ∈ Ω of some γl, we define
ϕ̃i := ϕi + 0.5ϕj, where ϕi denotes the standard nodal basis function of Wh, and for all
other nodes, we set ϕ̃i := ϕi. We note that only the basis functions associated with a node
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adjacent to a corner are modified and that the space W̃h has the standard approximation
properties. The basis functions of W̃h in the linear case are shown in the left picture of
Figure 4.2, and the dual Lagrange multiplier basis functions are shown in the right picture.

x
j

γ
1

γ
2

x
j

Figure 4.2: Basis functions of W̃h (left) and of Mh (right), the basis functions are associated
with the filled circles and xj is a corner

Now, we define a projection operator Qh by

Qh : L2(Γ) −→ W̃h,
∫
Γ
Qhv µh ds =

∫
Γ
v µh ds, µh ∈Mh.

The biorthogonality of Ml and Wl and the modification of ϕ̃i at the nodes adjacent to
endpoints of γl yield

∫

Γ

ϕ̃iµk ds = δik

∫

Γ

ϕi ds+
∑

xj∈Nc

cij
2

∫

Γ

ϕjµk ds,

where cij = 1 if the node xi is adjacent to the endpoint xj and otherwise cij = 0. It can
be easily verified that Qh is well-defined. The structure of the mass matrices guarantees
that the action of Qh can be computed locally. Moreover, it is easy to see that Qhv =
v, v ∈ W̃h, and ‖Qhv‖0,Γ ≤ C‖v‖0,Γ. We denote by Ph the L2-projection on W̃h and
note that ‖Phv‖1,Γ ≤ ‖v‖1,Γ, v ∈ H1(Γ), see [40]. In terms of the L2-stability of Qh,

the approximation property of Ph and an inverse estimate, the H
1
2
00-stability of Qh can be

shown

‖Qhv‖
H

1
2
00(Γ)

≤ ‖Qhv − Phv‖
H

1
2
00(Γ)

+ ‖Phv‖
H

1
2
00(Γ)

≤ C

(
1√
h2

‖Qhv − Phv‖0,Γ + ‖v‖
H

1
2
00(Γ)

)

≤ C

(
1√
h2

‖v − Phv‖0,Γ + ‖v‖
H

1
2
00(Γ)

)
≤ C‖v‖

H
1
2
00(Γ)

.
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Using the discrete harmonic extension on X2, we obtain a uniform discrete inf-sup condi-

tion. The H
1
2
00-stability of Qh guarantees the discrete inf-sup condition

‖µh‖− 1
2
,Γ = sup

v∈H
1
2
00(Γ)\{0}

∫
Γ
µhQhv ds

‖v‖
H

1
2
00(Γ)

≤ C sup

v∈H
1
2
00(Γ)\{0}

∫
Γ
µhQhv ds

‖Qhv‖
H

1
2
00(Γ)

≤ C sup
wh∈W̃h\{0}

∫
Γ
µhwh ds

‖wh‖
H

1
2
00(Γ)

≤ C sup
w̃h∈X2\{0}

∫
Γ
µh w̃h ds

‖w̃h‖1,Ω2

≤ C sup
wh∈Xh\{0}

b(wh, µh)

‖wh‖1
,

where w̃h is the discrete harmonic extension of wh to Ω2 extended by zero on Ω1. In
terms of these preliminary considerations, we can apply [40, Theorem III, 4.5] and get the
following a priori bound for the discretization error

Lemma 4.1. The discrete variational problem (4.3.1) has a unique solution (uh, λh),
and there exist two constants c1 and c2 independent of h such that

‖u− uh‖1 + ‖λ− λh‖− 1
2
,Γ

≤ c1 inf
vh∈Xh

‖u− vh‖1 + c2 inf
µh∈Mh

‖λ− µh‖− 1
2
,Γ.

(4.3.2)

In a next step, we define another projection operator Q∗
h by

Q∗
h : H− 1

2 (Γ) −→Mh,
∫
Γ
Q∗

hµwh ds =
∫
Γ
µwh ds, wh ∈ W̃h

and note that Q∗
hµ = µ, µ ∈ Mh, and ‖Q∗

hµ‖0,Γ ≤ C‖µ‖0,Γ An interpolation argument

yields the H
1
2
−s-stability, 0 < s < 1

2
, of Qh, and as a result, we find that Q∗

h is Hs− 1
2 -stable

‖Q∗
hµ‖s− 1

2
,Γ = sup

w∈H
1
2 ¡ s(Γ)\{0}

〈Q∗
hµ, w〉Γ

‖w‖ 1
2
−s,Γ

= sup
w∈H

1
2 ¡ s(Γ)\{0}

〈Q∗
hµ,Qhw〉Γ
‖w‖ 1

2
−s,Γ

= sup
w∈H

1
2 ¡ s(Γ)\{0}

〈µ,Qhw〉Γ
‖w‖ 1

2
−s,Γ

≤ ‖µ‖s− 1
2
,Γ.

Since the operator Qh is also H
1
2
00-stable, H− 1

2 -stability of Q∗
h can be shown by using the

same argument as above.

Theorem 4.2. Assume that u ∈ ∏2
k=1H

rk+1(Ωk), and λ ∈ ∏N
k=1H

r2− 1
2 (γk) with r1 > 0

and r2 >
1
2
. Then, we have the following a priori estimate for the discretization error

‖u− uh‖2
1 + ‖λ− λh‖2

− 1
2
,Γ
≤ C(h2t1

1 ‖u‖2
t1+1,Ω1

+ h2t2
2 ‖u‖2

t2+1,Ω2
),

where ti := min(ri, pi), i = 1, 2. If 0 < r2 ≤ 1
2
, then we have

‖u− uh‖2
1 + ‖λ− λh‖2

− 1
2
,Γ

≤ C(h2t1
1 ‖u‖2

t1+1,Ω1
+ h2t2

2 ‖u‖2
t2+1,Ω2

+ h2r2
2 ‖λ‖2

r2− 1
2
,Γ

).
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Proof. The best approximation property of Xh is well known, and we have

inf
uh∈Xh

‖u− uh‖2
1 ≤ C(h2t1

1 ‖u‖2
t1+1,Ω1

+ h2t2
2 ‖u‖2

t2+1,Ω2
),

u ∈ Hr1+1(Ω1) ×Hr2+1(Ω2).

To establish the best approximation error of Mh in the H− 1
2 -norm on Γ, we work with Q∗

h.
In a first step, we consider the case r2 >

1
2
. The L2-stability of Q∗

h, the best approximation

property of Ml, see [163], and the trace theorem yield for λ ∈ ∏N
l=1H

r2− 1
2 (γl),

‖λ−Q∗
hλ‖2

− 1
2
,Γ

:= sup

v∈H
1
2
00(Γ)\{0}

〈λ−Q∗
hλ, v〉2Γ

‖v‖2

H
1
2
00(Γ)

≤ sup

v∈H
1
2
00(Γ)\{0}

‖λ−Q∗
hλ‖2

0,Γ‖v −Qhv‖2
0,Γ

‖v‖2

H
1
2
00(Γ)

≤ Ch2‖λ−Q∗
hλ‖2

0,Γ

≤ Ch2t2
2

N∑

l=1

|λ|2
t2− 1

2
,γl

≤ Ch2t2
2 |u|2t2+1,Ω2

.

Now, we consider the case 0 < r2 ≤ 1
2
. Using the Hr2− 1

2 -stability of Q∗
h, we have

‖λ−Q∗
hλ‖2

− 1
2
,Γ

:= sup

v∈H
1
2
00(Γ)\{0}

〈λ−Q∗
hλ, v〉2Γ

‖v‖2

H
1
2
00(Γ)

≤ sup

v∈H
1
2
00(Γ)\{0}

‖λ−Q∗
hλ‖2

r2− 1
2
,Γ
‖v −Qhv‖2

H
1
2 ¡ r2
00 (Γ)

‖v‖2

H
1
2
00(Γ)

≤ Ch2r2
2 ‖λ−Q∗

hλ‖2
r2− 1

2
,Γ
≤ Ch2r2

2 ‖λ‖2
r2− 1

2
,Γ
.

Finally, the proof follows by using (4.3.2). ¤

We point out that the space W̃h and the operators Qh and Q∗
h are used only for the

theoretical analysis. They do not enter into the computation.

Remark 4.3. Because of the corners at the interface, the given a priori estimate cannot
be established for r2 ≥ 1 if we work with a Lagrange multiplier space which is directly defined
on Γ. In that case an error term of O(h1−ε

2 ), ε > 0 occurs. This term is crucial in case of
a smooth solution and higher order finite elements.

In the rest of this section, we consider the algebraic formulation of the saddle point
problem (4.3.1) and apply a suitable modification to get a positive definite system on
the product space. Here and in the following, we use the same notation for the vector
representation of the solution and the solution as an element in Xh and Mh. The matrix
A is the stiffness matrix associated with the bilinear form a(·, ·) on Xh × Xh, and the
matrices B and B

T are associated with the bilinear form b(·, ·) on Xh × Mh. Then, the
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algebraic formulation of the saddle point problem is given by
(

A B
T

B 0

)(
uh

λh

)
=

(
fh

gh

)
,(4.3.3)

where fh and gh are associated with the linear forms l(·) and g(·). Introducing W0;h :=∏N
l=1Wl, the algebraic representation of the mortar mapping Π : Xh −→W0;h ⊂ Xh with

∫

Γ

Πv µh ds =

∫

Γ

[v]µh ds, µh ∈Mh

is denoted by W. We remark that W applied to an element in kerBh is zero. Thus the non-
zero blocks of W are associated with the slave and master nodes on the interface. Moreover
in case of dual Lagrange multipliers, the mortar mapping can be locally evaluated and the
non-zero blocks of W are sparse. We denote by E the matrix associated with the natural
embedding of W0;h in Xh and by D the diagonal matrix with entries dii :=

∫
Γ
ϕi ds, where

ϕi are the nodal basis functions of W0;h. It is easy to see that DE
T
W = B and ED

−1
B = W.

Static condensation of the Lagrange multiplier now yields

λh = D
−1
E

T (fh − Auh).(4.3.4)

This observation is the starting point for the modification of the algebraic formulation of
the discrete saddle point problem (4.3.3). We use the equivalent form λh = D

−1
E

T (fh −
Auh + AWuh) − D

−1
E

T
AED

−1gh of (4.3.4) to eliminate λh in (4.3.3). Shifting the terms in gh

and fh to the right side yields
(

A B
T

B 0

)(
Id

D
−1
E

T
A(W− Id)

)
uh =

(
(Id− W

T )fh + W
T
AED

−1gh

gh

)
.(4.3.5)

We note that the jump in the trace enters now in both block components on the right
side. The system (4.3.5) has more equations than unknowns. To obtain a positive definite
system for uh on the product space, we restrict the space of test functions. Assuming that
the test function (vh, µh) has the form (vh, D

−1
E

T
A(W− Id)vh), we get

(4.3.6) Ãuh = f̃h := (Id− W
T )fh + (2WT − Id)AED−1gh,

where Ã := (Id − W
T )A(Id − W) + W

T
AW. The matrix Ã is symmetric and positive definite,

see [163].

Lemma 4.4. The saddle point problem (4.3.1) for (uh, λh) and the positive definite
system (4.3.6) for uh together with the post-processing step (4.3.4) are equivalent.

The proof follows by construction. We note that the matrix Ã has exactly the same
form as in a standard mortar problem with dual Lagrange multipliers, see [166]. The

interface conditions enter only into the right side f̃h and do not influence the iterative
solver. To solve the symmetric positive definite problem (4.3.6), we apply the modified
multigrid approach proposed in [166] in combination with one local post-processing step
of lower complexity. It is based on the decomposition of uh in uh = (uh−ED

−1gh)+ED
−1gh.

Remark 4.5. Applying a Gauß–Seidel smoother, we do not have to carry out the post-
process. The structure of the smoother guarantees that the weak discrete form of (4.2.2) is
automatically satisfied within the multigrid approach.
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4.4. Numerical results

Here, we present some numerical examples illustrating the flexibility and efficiency of
the mortar finite element method with dual Lagrange multipliers to treat interface prob-
lems. We present the numerical results for various types of interface problems using linear
and quadratic mortar finite elements. We denote by M q

h and M l
h the discontinuous dual

Lagrange multiplier spaces for quadratic and linear finite elements, respectively, see [163].
In case of M q

h, the basis functions are piecewise quadratic, whereas the basis functions of
M l

h are piecewise linear. The mortar finite element solutions associated with the different
Lagrange multiplier spaces M q

h and M l
h are denoted by uq

h and ul
h, respectively. For all our

numerical examples, we use uniform refinement. We measure the error in the Lagrange
multipliers in the mesh-dependent L2-norm given by (1.6.3).

Example 1: For our first example, we decompose Ω := (0, 2) × (0, 1) into Ω2 :=
(0.5, 1.5) × (0.25, 0.75), and Ω1 := Ω\Ω̄2, see the left picture of Figure 4.3. We note that
Γ can be decomposed into four straight segments, γl, 1 ≤ l ≤ 4. The corner nodes of Ω2

do not carry a degree of freedom for the Lagrange multiplier space. Here, we consider the
problem (4.2.1)–(4.2.3) with

α1 :=

(
2.5 0
0 1

)
, α2 :=

(
1 0
0 2.5

)
,

and b1(x, y) := x2 + y2 + xy, b2(x, y) := 0. The right-hand side, the interface conditions
and Dirichlet boundary conditions are set such that one obtains the exact solution given
by u1(x, y) = sin(x2 + y)exp(− (x− y)2), and u2(x, y) = 1.5 exp(− (x− 1)2 − (y − 0.5)2).

Figure 4.3: Decomposition of the domain and initial triangulation (left) and isolines of the
solution (right), Example 1

The isolines of the solution are given in the right picture of Figure 4.3, and the dis-
cretization errors are shown in Figure 4.4. The numerical results confirm the asymptotic
rates as predicted by the theory. Having a decomposition where Γ is not a straight line
does not influence the convergence rates. In contrast to mortar techniques with many
subdomains and crosspoints, we do not have to reduce the dimension of the Lagrange mul-
tiplier space at the corners because of the inf-sup condition. The inf-sup condition is also
satisfied for the higher dimensional space M̃ l

h (or M̃ q
h), where M̃ l

h (or M̃ q
h) is spanned by the

biorthogonal basis functions (linear or quadratic) associated with all nodes including the
corner nodes on the slave side. However, replacing the Lagrange multiplier space M q

h by

M̃ q
h yields considerably worse numerical results for the discretization errors in the Lagrange

multiplier. This is due to the fact that λ is not in H
1
2 (Γ), and this is crucial for quadratic

finite elements, see Remark 4.3. In the right picture of Figure 4.4, we have given the errors
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in the weighted Lagrange multiplier norm using the space M̃ q
h (not modified) and the space

M q
h (modified). Here, we see that if we work with the space M̃ q

h, the error in the weighted
Lagrange multiplier norm is only of order O(h).
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Figure 4.4: Error plot versus number of elements, L2-norm (left), H1-norm (middle) and
weighted Lagrange multiplier norm (right), Example 1

Figure 4.5: Decomposition into two subdomains and initial triangulation (left) and isolines
of the solution (right), Example 2

Example 2: In our second example, we consider a problem with a corner singularity.
Here, we decompose the unit square into two subdomains Ω1 and Ω2. The subdomain Ω1

is a L-shape domain and Ω2 := (0.5, 1) × (0, 0.5), see the left picture of Figure 4.5. The
initial triangulation does not match at the interface. The problem for this example is given
by −∆u = f , and the exact solution is chosen as u1(r, φ) = r2/3 sin(2φ

3
), and u2(r, φ) = r2,

where (r, φ) are the polar coordinates with origin shifted to (0.5, 0.5). The isolines of the
solution are shown in the right picture of Figure 4.5. Here, the solution is not piecewise
H2-regular, and asymptotically we cannot expect the same order of convergence as in the
first example. The errors in the L2-, H1- and the weighted Lagrange multiplier norms are
given in Table 4.1. Here we use lowest order finite elements. Asymptotically, we expect
an order h2/3 for the H1-norm which can be observed. We note that the convergence rates
are considerably better in the beginning. In contrast to the first example, the Lagrange
multiplier does not show a better asymptotic convergence rate. Asymptotically, we obtain
the same convergence rate as in the H1-norm. This is due to the concentration of the error
at the point (0.5, 0.5) which is located on the interface. Better convergence rates in the
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Lagrange multiplier norm can only be observed if the solution has no singularity at the
interface.

Table 4.1. Discretization errors in the L2-, H1- and weighted Lagrange
multiplier norm, Example 2

level # elem. ‖u− ul
h‖0 ratio ‖u− ul

h‖1 ratio ‖λ − λl
h‖h ratio

0 41 3.325808e-02 1.370511e-01 1.667159e-02
1 164 8.446641e-03 3.94 7.408534e-02 1.85 4.399131e-03 3.79
2 656 2.122112e-03 3.98 4.111530e-02 1.80 1.584474e-03 2.78
3 2624 5.335827e-04 3.98 2.343380e-02 1.75 7.218470e-04 2.19
4 10496 1.348615e-04 3.96 1.369342e-02 1.71 3.889129e-04 1.86
5 41984 3.434135e-05 3.93 8.173967e-03 1.68 2.289971e-04 1.70
6 167936 8.837528e-06 3.89 4.961475e-03 1.65 1.403140e-04 1.63
7 671744 2.307613e-06 3.83 3.048681e-03 1.63 8.741203e-05 1.61

Example 3: In our third example, the domain, the problem and the exact solution are
taken from [2]. For this example, the domain Ω := (−1, 1)×(−1, 1) is decomposed into two
subdomains Ω1 and Ω2, where Ω2 is a circle with radius 0.5 centered at the origin, and Ω1 :=
Ω\Ω̄2, see the left picture of Figure 4.6. We remark that, in this example, the interface
cannot be decomposed into straight lines. In addition to the analysis given in Section 4.3,
the polygonal approximation of Γ has to be taken into account. Mortar finite elements
with curved interface are anaylzed in [75]. Here, b1(x, y) := 0, b2(x, y) := 0, α1 := 0.1 I2,
and α2 := (x2 +y2 +1) I2 in (4.2.1)–(4.2.3), where I2 is the 2×2 identity matrix. The exact

solution is given as u1(x, y) = −41
16

+ 5 (x2 + y2)
2
+ 10 x2 + 10 y2 + 10C ln

(
2
√
x2 + y2

)
,

and u2(x, y) = x2 + y2. The jump of the trace and of the flux across the interface Γ are
computed as [u] = 0, and [u]n = −2C, and we have set C := 10. The right-hand side and
the Dirichlet boundary condition on ∂Ω are computed by using the given exact solution.
Here too, we use only the lowest order finite elements. The discretization errors in the L2-,
H1- and the weighted Lagrange multiplier norm (weighted L2-norm) for the linear finite
elements are given in the right picture of Figure 4.6. As before, we observe numerically
the predicted convergence rates.

Example 4: In our fourth example, we consider a problem of linear elasticity. We
remark that the theoretical results can easily be generalized to this case. For this example,
we take the domain Ω := (−1, 1)× (−1, 1) decomposed into an upper and a lower triangle,
Ω1 and Ω2, respectively, with the common interface Γ := {(x, x) : −1 ≤ x ≤ 1}, see the
left picture of Figure 4.7.

We have used homogeneous Dirichlet boundary condition on ∂Ω, and the jump of the
flux and the jump of the trace are given by gN := (0, 0)T and gD := (g(x), 0)T , respectively.
Here, g(x) is defined by

g(x) :=

{
0 if x ∈ [−1,−0.6] ∪ [0.6, 1]

0.5(x+ 0.6)(x− 0.6) if x ∈ (−0.6, 0.6).

This leads to a crack on the interface Γ, which is shown in the middle picture of Figure 4.7.
Young’s modulus E and Poisson ratio ν are chosen to be 71GPa and 0.35 for the lower
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Figure 4.6: Decomposition into two subdomains and initial triangulation (left) and error
plot versus number of elements (right), Example 3
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Figure 4.7: Decomposition into two subdomains and initial triangulation (left), distorted
grid on level 2 (middle) and error plot versus number of elements (right), Example 4

triangle, and 35GPa and 0.17 for the upper triangle, respectively. We apply the body
force of 4MN on Ω along both directions. We do not have an analytical solution for this
problem. To obtain the discretization error, we compute a reference solution on a very fine
triangulation with mesh-size href, and compute an approximation of the error by comparing
uref with uh. We use the same uref for all refinement levels. On level 7 (starting from level
0), we have h = 2href. As a result, we observe numerically better convergence rate in the
last refinement step. There is a weak singularity in the stress at the opening of the crack.
Thus, we apply only linear finite elements. The discretization errors are given in the right
picture of Figure 4.7. This shows that we get an almost optimal order of convergence even
in this case.
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CHAPTER 5

Mortar Finite Elements for Coupled Problems

5.1. Introduction

When different physical models should be used in different simulation regions, a suitable
discretization scheme has to be used in each region. Mortar finite elements can be efficiently
used to couple these different discretization schemes or different physical models without
losing the optimality of the approach. In particular, we apply mortar methods to couple
different physical models in different simulation regions. In all our examples, we work with
dual Lagrange multiplier spaces so that the Lagrange multipliers can locally be eliminated,
and optimal multigrid methods can be applied to the resulting positive definite system for
such coupled problems. Similar coupled problems are also considered in [77, 106]. This
chapter is organized as follows. In the next section, we present an application to an elasto-
acoustic problem, and we consider the coupling of different material laws in Section 5.4.
In Section 5.5, we consider mortar finite elements for time-dependent problems. Finally,
in the last section, we apply mortar finite elements for heat transfer problems with sliding
meshes.

5.2. An application to an elasto-acoustic problem

In this section, we show the application of mortar finite element methods for an elasto-
acoustic problem. We consider the situation that the fluid is completely surrounded by the
structure. The problem is described by a linear elastic structure occupying a subdomain
ΩS ⊂ R

2 coupled with an irrotational fluid in ΩF ⊂ R
2. The interface Γ(= ∂ΩS ∩ ∂ΩF )

separates the fluid and solid regions. Given the fluid-density ρF , the solid-density ρS, and
the acoustic speed c, we seek the frequency ω, the velocity-field u, and the pressure p such
that

∇p− ω2ρFuF = 0 in ΩF ,

p+ c2ρF∇ · uF = 0 in ΩF ,

∇ · σ(uS) + ω2ρSuS = 0 in ΩS,

uS = 0 on ΓD,

σ(uS) · nS = 0 on ΓN ,

σn(uS) + p = 0, σt(uS) = 0, and (uF − uS) · n = 0 on Γ.

Here, σ is the usual Cauchy stress tensor from linear elasticity, σn = n · (σ · n) is the
normal stress on Γ, and σt = σ · n − σnn is the tangential traction vector on Γ, where n
is the outward normal to ΩF on Γ. This problem has become a subject of different papers,
see, e.g., [86, 29, 5]. We introduce the following function spaces to formulate our problem
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in the weak form

X := H(div,ΩF ) × H1
ΓD

(ΩS), and

V := {(uF ,uS) ∈ X, [u] · n = 0 on Γ},
where

H(div,ΩF ) := {v ∈ L2(ΩF )2, ‖∇ · v‖L2(ΩF ) <∞},
H1

ΓD
(ΩS) := {v ∈ H1(ΩS)2, v|ΓD

= 0}, and [u] := (uF − uS).

The weak form of the continuous problem is: find u ∈ V and ω ∈ R such that

a(u,v) = ω2m(u,v), v ∈ V,

where

a(u,v) := (ρF c
2∇ · uF ,∇ · vF )ΩF

+ (σ(uS), ε(vS))ΩS
, and

m(u,v) := (ω2ρFuF ,vF )ΩF
+ (ω2ρSuS,vS)ΩS

.

Here, ε(vS) is the linear strain tensor and is related to the stress tensor by Hooke’s law,
i.e., σij(vS) = 2µεij(vS) + λ

∑2
k=1 εkk(vS)δij, i, j = 1, 2. Let Ths and Thf

be shape regular
simplicial triangulations on ΩS and ΩF , respectively, and Γ inherits its triangulation TΓ

from the side of ΩF . It is a well-known fact that if standard Lagrangian finite elements
are used to discretize the fluid, it will give rise to spurious eigensolutions with positive
eigenvalues interspersed among the ’real’ ones, and a possible remedy of this problem is to
use Raviart-Thomas elements in the fluid domain, see [28]. Therefore, we discretize the
fluid domain with Raviart-Thomas elements of lowest order:

RT0 := {u ∈ H(div,ΩF ) : u|K = (a+ bx, c + by), K ∈ Thf
, a, b, c ∈ R},

and the solid domain with Lagrangian finite elements of lowest order:

WD
h := SD(ΩS,Ths) × SD(ΩS ,Ths),

where SD(ΩS,Ths) is the finite element space on ΩS satisfying the Dirichlet boundary
condition on ΓD. The kinematic constraint can be efficiently imposed by piecewise constant
Lagrange multipliers yielding a uniform inf-sup condition. Suppose Xh := RT0 ×WD

h , and
Mh := {µh ∈ L2(Γ) : µh|e ∈ P0(e), e ∈ TΓ}. Now the finite element space can be written as

Vh := {(uhF ,uhS) ∈ Xh,

∫

Γ

[uh] · nµh dσ = 0, µh ∈Mh}.

The discrete problem reads: find uh ∈ Vh, and ωh ∈ R such that

a(uh,vh) = ω2
hm(uh,vh), vh ∈ Vh.

Remark 5.1. We remark that the Lagrange multiplier λh approximates the pressure on
the interface Γ. The Lagrange multipliers are associated with the one-dimensional mesh
inherited from the triangulation on the fluid domain. Due to the special structure of the
support of the nodal basis functions of RT0 and Mh, the degree of freedom corresponding
to the Lagrange multiplier can locally be eliminated by inverting a diagonal mass matrix.
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In [5], an adaptive finite element scheme is analyzed to solve the fluid-structure vibra-
tion problem, where the kinematic constraint is imposed by means of piecewise constant
Lagrange multiplier. Following this technique, we arrive at the same mortar setting as we
discuss here. Now, we consider the domain Ω := {(x, y) ∈ R

2, x2 + y2 < 1} decomposed
into two subdomains ΩS and ΩF with ΩF := {(x, y) ∈ R

2, x2+y2 < 0.6}, and ΩS := Ω\Ω̄F .
Here, ΓD = {(cos θ, sin θ), 5π

4
≤ θ ≤ 7π

4
}. The decomposition of the domain and initial

triangulation is given in the left picture of Figure 5.1.

Figure 5.1: The decomposition of domain and initial triangulation, first example (left) and
second example (right)

We have used the following parameters in our numerical example: ρF = 1000kg/m3,
c = 1430m/s, ρS = 7700kg/m3, E = 144GPa, and ν = 0.35 (fluid: water and solid:
steel). We have given the three consecutive eigenmodes along with the pressure in the fluid
domain and the distorted grids in the solid domain in Figure 5.2. We have presented the
five consecutive eigenfrequencies (rad/s) in Table 5.1. The eigenfrequencies presented in
Table 5.1 are computed after uniformly refining the initial grid given in the left picture of
Figure 5.1 five times.

Figure 5.2: The first, second and the third eigenmodes corresponding to the eigenvalues
809.1481, 1980.7519 and 3606.3907 (rad/s), first example

The second numerical example is taken from [29]. The domain Ω := (0, 1.5) × (0, 1.5)
is decomposed into two subdomains ΩS and ΩF with ΩF := (0.25, 1.25) × (0.25, 1.25),
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Table 5.1. The computed eigenfrequencies for the first example

Eigenmodes Computed Eigenfrequencies
1 809.1481
2 1980.7519
3 3606.3907
4 4883.7319
5 5582.4929

ΩS := Ω\Ω̄F , and ΓD = {(x, 0) ∈ R
2, 0 ≤ x ≤ 1.5}. We have shown the decomposition of

domain and initial triangulation in the right picture of Figure 5.1, and three consecutive
eigenmodes together with distorted grids in the structure and pressure in the fluid are
given in Figure 5.3.

Figure 5.3: The first, second and the third eigenmodes, second example

We have used the same physical parameters as in the previous example. The computed
eigenfrequencies (in rad/s) along with the extrapolated ones referred to as ’Exact’ in [29]
are given in Table 5.2. The eigenvalues presented in Table 5.2 are computed after uniformly
refining the initial grid four times shown in the right picture of Figure 5.1. We point out
that the solid domain has reentrant corners and varying boundary conditions on ΓD ∪ ΓN ,
and that is the motivation to use a finer grid on the solid domain.

Table 5.2. The computed eigenfrequencies using mortar techniques com-
pared with the extrapolated eigenfrequencies (’Exact’) in [29], second exam-
ple

Eigenmodes Computed Eigenfrequencies ’Exact’

1 648.1847 641.837
2 2147.3593 2116.398
3 3419.5020 3201.475
4 3885.9022 3804.124
5 4214.0865 4211.620
6 4699.6782 4687.927
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5.3. Coupling linear and quadratic finite elements

In this section, we apply the mortar approach to couple linear and quadratic finite
elements. We consider the problem of linear elasticity given in [4] with the exact solution
u := (u1, u2) defined as

u1(r, θ) :=
1

2µ
rα[−(α + 1) cos((α+ 1)θ) + (C2 − (α + 1))C1 cos((α− 1)θ)],

u2(r, θ) :=
1

2µ
rα[(α+ 1) sin((α + 1)θ) + (C2 + α− 1)C1 sin((α− 1)θ)]

in polar coordinates, where C1 := − cos((α+1)ω)
cos((α−1)ω)

, C2 := 2(λ+2µ)
λ+µ

. Setting α = 0.544483737, and

ω = 3π/4, the given exact solution solves the linear elasticity equation with the right hand
side f = 0. The Dirichlet boundary condition on Ω is computed from the exact solution.
The domain Ω considered in [4] is a sort of L-shape polygon formed by joining the points
(−1,−1), (0,−2), (2, 0), (0, 2), (−1, 1) and (0, 0). This example models a re-entrant corner
with a typical singularity in the stress at (0, 0). Here, we decompose the domain Ω into two
subdomains Ω1 and Ω2, where Ω2 is on the slave side of the interface and again a L-shape
polygon formed by joining the points (−0.25,−0.25), (0,−0.5), (0.5, 0), (0, 0.5), (−0.25, 0.25)
and (0, 0), and Ω1 := Ω\Ω2. To resolve the singularity at the origin, we use bilinear ele-
ments in subdomain Ω2 with a very fine grid, and work with quadratic finite elements in Ω1

with a relatively coarser grid, see the left picture of Figure 5.4. The material parameters are
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Figure 5.4: Decomposition of the domain and initial triangulation (left), error plot versus
number of degrees of freedom in L2-norm (middle) and error plot versus number of degrees
of freedom in H1-norm (right)

specified as E = 100000 and ν = 0.3 for bronze. We solve the problem with two different
approaches. In the first approach, we use bilinear elements in both subdomains (Q1-Q1),
and in the second one we use bilinear and quadratic serendipity elements in subdomains
Ω2 and Ω1, respectively (Q1-Q2). We have shown the errors in the L2 and H1-norms in the
middle and the right pictures of Figure 5.4. Although the asymptotic rate of convergence
is the same in both approaches, we can observe that the accuracy of the coupled approach
is better in the beginning.
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5.4. Coupling different material laws

In this section, we briefly outline how different material laws can be coupled using
mortar techniques. For simplicity, we restrict ourselves to the case of two subdomains,
but allow that the material laws can be nonlinear in one subdomain, and linear in another
subdomain. We consider a bounded polygonal or polyhedral domain Ω ⊂ R

d, d = {2, 3},
which is decomposed into two non-overlapping subdomains Ω1 and Ω2 with the common
interior interface Γ, Γ̄ := ∂Ω1 ∩∂Ω2, and assume that we have two independent variational
forms a1(u, v), and a2(u, v) in Ω1 and Ω2 respectively. Defining a global variational form

a(u, v) :=
∑2

k=1 ak(u, v), and using the weak form of the matching condition at the interface
Γ, the global variational problem can be written exactly as the saddle point problem (4.2.5).
Assuming the jump of the solution across the interface is zero, we can write the weak
discrete formulation of the problem as: find (uh, λh) ∈ Xh ×Mh such that

(5.4.1)
a(uh, v) + b(v, λh) = l(v), v ∈ Xh,
b(uh, µ) = 0, µ ∈Mh,

where b(v, µ) and l(v) are as defined in the last chapter. Assume that {φ1, φ2, · · · , φnf
}

and {λ1, λ2, · · · , λnl
} be bases of Xh and Mh, respectively, where nf = dimXh, and nl =

dimMh. Then for functions uh ∈ Xh and λh ∈ Mh, we can write uh =
∑nf

k=1 ukφk and
λh =

∑nl

k=1 λkµk. Taking w = (u1, · · · , unf
, λ1, · · · , λnl

) ∈ Xh ×Mh, we define F (w) :=

(F1(w), F2(w))T with

F1(w) :=




a(uh, φ1) + b(φ1, λh) − l(φ1)

...
a(uh, φnf

) + b(φnf
, λh) − l(φnf

)



 , F2(w) :=




b(uh, µ1)

...
b(uh, µnl

)



 .

In general, the system F (w) = 0 is nonlinear if a nonlinear material law is used at least
in one subdomain, and so we apply the Newton method to solve this system. First, we
initialize the solution vector w0 satisfying the given Dirichlet boundary conditions. Then,
we iterate until convergence with

Jk∆wk = F (wk),

where ∆wk := wk − wk+1, and Jk is the Jacobian of F evaluated at wk. Working with a
dual Lagrange multiplier space has the advantage that the Jacobian matrix Jk has exactly
the same form as the saddle point matrix arising from the mortar finite elements with a
dual Lagrange multiplier space for the Laplace operator, see [166]. Hence, the modification
of the algebraic system can be performed, and the multigrid approach introduced in [166]
can be applied to solve the linear system on each level.

Example 1: Coupling Laplace and p-Laplace operator. In this example, we
consider the coupling of a linear and a non-linear model described by a Poisson equa-
tion and by the p-Laplace equation, respectively. Here, we decompose the domain Ω :=
(−1, 1)× (−1, 1) into four non-overlapping subdomains defined by Ω1 := (−1, 0)× (−1, 0),
Ω2 := (0, 1) × (−1, 0), Ω3 := (−1, 0) × (0, 1) and Ω4 := (0, 1) × (0, 1). We have given
the decomposition of the domain and the initial triangulation in the left picture of Figure
5.5. We consider the Poisson equation −∇ · (α∇)u = f in Ω1 and Ω4 and the p-Laplacian
−∇ · (α|∇u|p−2∇u) = f in Ω2 and Ω3. The p-Laplace equation occurs in the theory of
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two-dimensional plasticity under longitudinal shear or in the diffusion problem with non-
linear diffusivity, see [11], and we are considering here different material models in different
subdomains. For the regularity of the solutions and error estimates of the p-Laplacian, we
refer to [116] and [117]. The interface Γ := {(0, y),−1 < y < 1} ∪ {(x, 0),−1 < x < 1}
inherits its one-dimensional triangulation TΓ from the mesh on Ω2 and Ω3. We recall that
(0, 0) is a crosspoint, and Mh does not have any degree of freedom at this point. Now, the
Lagrange multiplier space Mh is defined on Γ and is associated with the triangulation TΓ.
Assuming q1 := 2, q2 := p, q3 := p, and q4 := 2, we can write the global variational form

a(u, v) :=
4∑

i=1

∫

Ωi

α|∇u|qi−2∇u · ∇v dx

so that we have to solve the nonlinear saddle point problem (4.2.5). If α > 0, and the
right hand side function f is sufficiently smooth, we can show by monotonicity techniques
that the problem (5.4.1) has a unique solution, see [115]. However, the regularity of the
solution is not known.
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Figure 5.5: Decomposition of the domain and initial triangulation (left), isolines of the
solution (middle) and discretization errors versus number of elements (right)

Suppose that Ω̃l := Ω1∪Ω4, and Ω̃p := Ω2∪Ω3. In our numerical example, we choose α =

0.5 in Ω̃l, and α = 1 in Ω̃p, p = 1.5, and f = 0. Hence, the system F (w) = 0 is a nonlinear
system since p 6= 2. For boundary conditions, we set u(−1,−1) = u(1, 1) = 0, u(−1, 1) = 1
and u(1,−1) = −1, and the Dirichlet boundary condition on ∂Ω is imposed by taking the
linear combination of them in between. Here, we do not have the exact solution. To get
the approximation of the discretization errors, we compute a reference solution uref at a
fine level and compare it with the solution uh at each level until href ≤ 2h. We have given
the discretization errors in the LM - and HM - norms defined by

‖v‖LM := ‖v‖L2(Ω̃l)
+ ‖v‖Lp(Ω̃p), and ‖v‖HM := |v|W 1,2(Ω̃l)

+ |v|W 1,p(Ω̃p)

in the right picture of Figure 5.5, and the isolines of the solution are given in the middle.
Although the regularity of the solution is not known, we get convergence of order h2 in the
LM -norm and of order h in the HM -norm.
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Example 2: Coupling different material laws in elasticity. In this example, we
consider Cook’s membrane problem decomposed into two subdomains, and apply mortar
techniques to couple different material models in different subdomains. In particular, we
consider linear, neo-Hookean and Mooney-Rivlin material laws. For more information
on linear and nonlinear elasticity, we refer to Chapter 6 or to the standard references
[64, 21]. The left picture of Figure 2.16 shows the decomposition of the domain Ω and
initial triangulation. As in the standard Cook’s membrane problem, the left boundary of
Ω is fixed and an in-plane shearing load of 100N is applied along the positive y-direction
on the right boundary.

In Tables 5.3 and 5.4, we have shown the vertical tip displacement at the top right corner
of the membrane for different levels of refinement using different material laws in different
subdomains, where NH, MR or LN denotes that neo-Hookean, Mooney-Rivlin or linear
material law is applied in the whole domain Ω, whereas NH-MR denotes that neo-Hookean
law is applied in subdomain Ω1, and Mooney-Rivlin law is applied in the subdomain Ω2;
and MR-NH denotes vice-versa. LN-NH and NH-LN also have a similar meaning. We
consider the following material parameters E1 = 250, ν1 = 0.25 and E2 = 350, ν2 = 0.35,
where suffices indicate the corresponding subdomains, and the material parameter cm is
set to be 0.25 in case of Mooney-Rivlin law. We can see that the Mooney-Rivlin and linear
model yield larger deformation in this example than the neo-Hookean model. Although
the choice between Mooney-Rivlin and neo-Hookean material laws depends on the material
property, the nonlinear material models should be normally used if the deformation is large.
Since the deformation is not so large in the inner subdomain, it is reasonable to use linear
material law for the inner subdomain and nonlinear material law for the outer subdomain.

Table 5.3. Vertical tip displacement at the right top corner of the membrane

level NH MR NH-MR MR-NH
0 6.1311 7.0004 6.3284 6.7758
1 6.8940 7.9442 7.1276 7.6785
2 7.1970 8.3337 7.4387 8.0603
3 7.2919 8.4596 7.5357 8.1849

Table 5.4. Vertical tip displacement at the right top corner of the membrane

level LN NH LN-NH NH-LN
0 7.1321 6.1311 6.7774 6.3007
1 8.2729 6.8940 7.7906 7.0645
2 8.7665 7.1970 8.2152 7.3838
3 8.9343 7.2919 8.3627 7.4848

Example 3: Coupling different material laws in elasticity. This example is also
concerned with the coupling between different material laws in elasticity. Here, we consider
a three-dimensional domain Ω composed of three subdomains Ω1 := (2, 10)2× (0, 6), Ω2 :=
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(0, 12)2 × (6, 16) and Ω3 := (4, 8)2 × (16, 20), see the left picture of Figure 5.6. The right
and left sides of the middle cube Ω2 are clamped so that ΓD is the part of the boundary
of Ω with x = 0, x = 12, and ΓN := ∂Ω\ΓD. The upper and lower cubes are pressed from
the top and bottom boundaries, respectively, so that the function g = (g1, g2, g3)

T on ΓN

is given as g1 = g2 = 0, and

g3 =






100.0 if z = 0

−100.0 if z = 20

0 otherwise.

The material parameters are set to be E1 = 4500, ν1 = 0.32, E2 = 400, ν2 = 0.4 and
E3 = 4500, ν3 = 0.35 for different subdomains. Since the forces are applied from the
bottom and the top of subdomains Ω1 and Ω3, respectively, and these subdomains are
occupied with hard materials, we infer that the deformation is large only in subdomain
Ω2. Therefore, we assume that it is enough to work with the model of linear elasticity in
subdomains Ω1 and Ω3, and with neo-Hookean law in subdomain Ω2 (LN-NH). In the left
and right pictures of Figure 5.7, we have plotted the vertical displacement computed with
different approaches along the lines x = 6, z = 6 and x = 6, z = 16, respectively. As can
be seen from these pictures, the linear elastic law in all subdomains (LN) result in a large
unrealistic solution, whereas the nonlinear neo-Hookean law in all subdomains (NH) and
the coupled approach (LN-NH) as described above yield the same numerical results.

Figure 5.6: Decomposition of the domain (left), deformation of the domain looked from
the top (middle) and deformation of the domain looked from the bottom (right), zoomed
with factor 5

5.5. Applications to time-dependent problems

In this section, we consider some applications of mortar finite elements for time-
dependent interface problems. We consider a bounded polygonal domain Ω ⊂ R

2, which is
decomposed into two non-overlapping subdomains Ω1 and Ω2 with the common interior in-
terface Γ, Γ̄ := ∂Ω1∩∂Ω2. We are interested in solving the following scalar time-dependent
partial differential equation in Ω:

(5.5.1)
∂u(t)

∂t
−∇ · (a∇u(t)) + b · ∇u(t) + cu(t) = f(t), and u(0) = u0 in Ω
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Figure 5.7: Vertical displacements along the line x = 6, z = 6 (left) and along the line
x = 6, z = 16 (right)

with homogeneous Dirichlet boundary condition on ∂Ω, where u(t), f(t) and u0 are func-
tions defined on Ω.

Proceeding as in the last chapter, the mortar discretization of the partial differential
equation (5.5.1) yields the saddle point formulation: find (uh(t), λh(t)) ∈ Xh ×Mh so that

(5.5.2)
a(uh(t), vh) + b(vh, λh(t)) = l(vh), vh ∈ Xh,
b(uh(t), µh) = 0, µh ∈Mh,

where the forms b(·, ·) and l(·) are as defined in the last chapter, and

a(uh(t), vh) :=

2∑

k=1

∫

Ωk

(a∇uh(t)) · ∇vh + (cuh(t) +
∂uh(t)

∂t
)vh + b · ∇uh(t)vh dx,

and Xh and Mh are defined as in the previous chapters. Under suitable assumptions on
the piecewise defined tensor a, the vector function b and the constant c, we can show the
existence and the uniqueness of the solution.

Using uh and λh for the vector representation of the solutions uh(t) and λh(t) and
denoting the time derivative of uh by u̇h, we write an algebraic formulation of the variational
equation (5.5.2)

(
M 0
0 0

)(
u̇h

0

)
+

(
A B

T

B 0

)(
uh

λh

)
=

(
fh

0

)
,(5.5.3)

where the matrix A comes from the time-independent part of the bilinear form a(·, ·), and M

is the usual mass matrix. Here, we use the same notations for the finite element solution in
Xh ×Mh and the vector representation of the solution. Performing the time-discretization
with the so-called θ-scheme [130] for the semi-discrete saddle point system (5.5.3), we
obtain(

M

δt
+ θA B

T

θB 0

)(
un+1

h

λn+1
h

)
=

(
θfn+1

h + (1 − θ)fn
h + ( M

δt
− (1 − θ)A)un

h − (1 − θ)BTλn
h

(θ − 1)Bun
h

)
,

where 0 ≤ θ ≤ 1. We recall that the θ-scheme includes: forward Euler (θ = 0), backward
Euler (θ = 1), and Crank-Nicolson (θ = 1/2).

106



Thus we see that the algebraic saddle point system arising from the mortar discretiza-
tion of a time-dependent problem with the θ-scheme is exactly the same as the algebraic
saddle point system coming from a time-independent problem. Hence we can apply the
modification and multigrid solver as proposed in [166].

Example 1: In this example, we consider the heat equation in Ω with constant Dirichlet
boundary condition on ∂Ω, where the domain Ω := (0, 1) × (0, 1) is decomposed into four
squares Ωij = ((i−1)/2, i/2)× ((j−1)/2, j/2), i, j = 1, 2. The diffusion coefficient a is set
to 2.0 on Ω11, 0.6 on Ω12, 1.0 on Ω21, and 1.4 on Ω22. We have given the decomposition of
the domain and the initial triangulation in the left picture of Figure 5.5. Four snapshots
of the heat distribution in Ω are give in Figure 5.8, where we can see the influence of the
diffusion coefficient a.

Figure 5.8: Snapshots of the heat distribution on Ω at times t = 0.008, t = 0.02, t = 0.1
and t = 0.5

Example 2: Here, we solve the equation (5.5.1) with c = 0 in the global domain
Ω := (0, 4)× (0, 3) composed of three subdomains Ω1 := (0, 4)× (0, 1), Ω2 := (0, 4)× (1, 2),
and Ω3 := (0, 4)× (2, 3), see the left picture of Figure 5.9. The diffusion coefficient a is set
to be 1.0 on Ω2, and 10.0 on Ω1 and Ω3. A parabolic heat flux g(x) = 0.4x(4−x) is applied
from the top and the bottom boundary of Ω and a constant temperature is applied on the
left boundary of Ω2. The advective velocity is prescribed as b = (10, 0) so that we have an
advection diffusion equation with jump in the diffusivity coefficients and advection velocity.
Using δt = 0.002, we compute the solution with implicit Euler scheme for different time
steps. We have shown three snapshots of the heat distribution in Ω in Figure 5.9.

Figure 5.9: Decomposition of the domain and triangulation (left), and three snapshots of
the heat distribution at times t = 0.008, t = 0.12, t = 0.2

In the left and right pictures of Figure 5.10, we have plotted the heat along the line
y = 1.5 at times t = 0.12 and t = 0.2 for advected (b = (10, 0)) and non-advected heat
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flow (b = (0, 0)), where we can see that the heat is advected forward with the advection
velocity.
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Figure 5.10: The heat distribution along the line y = 1.5 for advected and non-advected
case, t = 0.12 (left) and t = 0.2 (right)

5.6. Applications to heat transfer problems in sliding meshes

In this section, we consider a time-dependent heat transfer problem when a body is
sliding against another body causing heat generation on the interface due to friction, see
also [122, 119, 127, 169, 109]. Neglecting the mechanical part, we assume that the
pressure on the contact interface is a known function. A complete thermo-mechanical model
can be found in [169, 109]. As before, we consider a bounded polygonal or polyhedral
domain Ω ⊂ R

d, d = {2, 3}, decomposed into two non-overlapping subdomains Ω1 and Ω2

with the common interior interface Γ, Γ̄ := ∂Ω1 ∩ ∂Ω2. The heat conduction equation for
both bodies can be written as

(5.6.1) ρici
∂ui(t)

∂t
−∇ · (αi∇ui(t)) = fi(t) in Ωi, i = 1, 2,

where ρi is the density, ci is the specific heat, αi is the thermal conductivity, and fi is the
heat source within Ωi, i = 1, 2. The initial temperature is prescribed as ui(0, x) = u0

i (x),
i = 1, 2. Denoting the outer normal on Γ from Ωi by ni, and the jump of the solution u
across the interface u1 − u2 by [u], the transmission conditions on the interface are given
in terms of the heat fluxes α1∇u1(t, x) ·n1 and α2∇u2(t, x) ·n2 across Γ from the first and
the second body, respectively with

α1∇u1(t, x) · n1 = cDβvp− â[u], and α2∇u2(t, x) · n2 = cD(1 − β)vp+ â[u],

where cD is the frictional constant, â is the heat transfer parameter, and β = α1

α1+α2
. The

functions v(t, x) and p(t, x) are the relative velocity and the pressure at the real contact
interface at the point x and at time t, respectively. We assume that the heat transfer
parameter â is directly proportional to the contact pressure p on the contact interface so
that â = γ̄cp, where γ̄c is the heat transfer coefficient, see [119, 109]. The heat transfer
parameter has the unit W/m2◦C, whereas the unit of γ̄c is W/N◦C. A different model in
which the heat transfer parameter â depends on the contact pressure p with the relation
â = hs0(

p
Hc

)ε can be found in [169], where hs0 is the contact resistance coefficient, Hc the
Vickers hardness and ε a fixed exponent. We consider the boundary conditions of Robin
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type on Γi := ∂Ωi\Γ for i = 1, 2 with αi∇ui(t, x) · ni = −ãi(ui(t, x) − u∞), where ãi is
the coefficient of convective heat transfer for Ωi, and u∞ is the ambient temperature of
the surrounding medium, which is assumed to be zero for simplicity. The ideal thermally
isolated boundary condition can be recovered with ãi = 0. The mortar discretization is
achieved by using the same notation and the method as in the previous chapter. We point
out that here the Neumann jump of the solution gN is given by gN = cDvp, and the jump
of the solution is coupled with the heat flux on the interface Γ. Introducing the heat flux
on Γ from the second body λ = α2∇u2(t, x) · n2 as the Lagrange multiplier, the mortar
formulation is attained by writing the weak form of

(5.6.2) λ = cD(1 − β)vp+ γ̄cp [u].

In contrast to the approach in the previous chapter, the weak formulation cannot be
achieved by multiplying the equation (5.6.2) by a dual test function. Since λ ∈ (H1/2(Γ))′,
we have to multiply the equation (5.6.2) with a more regular test function φ ∈ H 1/2(Γ)
to get the weak form. This leads to a Petrov-Galerkin mortar formulation. Defining
gD := −cD(1 − β)vp, this formulation in the discrete setting can be written as: find
(uh(t), λh(t)) ∈ Xh ×Mh so that

(5.6.3)
a(uh(t), vh) + b1(vh, λh(t)) = l(vh), vh ∈ Xh,
b2(uh(t), φh) − c(λh(t), φh) = g(φh), φh ∈ Wh,

where the forms l(·) and g(·), and sets Xh and Mh are as defined in the last chapter,
whereas

a(uh(t), vh) :=

2∑

k=1

∫

Ωk

αk∇uh(t) · ∇vh + ρkck
∂uh(t)

∂t
vh dx+ ãk

∫

Γk

uh(t)vh dσ,

b1(vh, λh(t)) :=

∫

Γ

λh(t) [vh] dσ, b2(uh(t), φh) :=

∫

Γ

γ̄cp [uh(t)]φh dσ, and

c(λh(t), φh) :=

∫

Γ

λh(t)φh dσ.

Here, Wh is the trace of the finite element space from the slave side of the interface Γ and
is the so-called standard Lagrange multiplier space, see [34]. In contrast to the general
mortar situation, we have assumed Robin boundary conditions on Γi, i = 1, 2, and so we
do not need to remove the degrees of freedom of Mh and Wh from ∂Γ. Using the same
notation for the vector representation of the solutions as in the previous section, we can
write the algebraic formulation of the variational equation (5.6.3) as

(
M 0
0 0

)(
u̇h

0

)
+

(
A B

T
1

B2 C

)(
uh

λh

)
=

(
fh

gh

)
,(5.6.4)

where we have a non-zero matrix C in the saddle point system. If Mh is a dual Lagrange
multiplier space, the matrix C is diagonal, and the static condensation of the Lagrange
multiplier can be done easily.

Remark 5.2. Under the assumption that dimWh = dimMh, an isomorphism Ih :
Mh −→ Wh can be defined. Then, we can introduce an approach alternative to the Petrov-
Galerkin approach writing the discrete variational problem as: find (uh(t), λh(t)) ∈ Xh×Mh
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so that
a(uh(t), vh) + b1(vh, λh(t)) = l(vh), vh ∈ Xh,
b2(uh(t), µh) − c(λh(t), Ihµh) = g(µh), µh ∈Mh.

As we have tested both approaches, they yield almost the same numerical results.
Example 1: In the first example, we test our numerical scheme for a heat transfer

problem through the contact interface introduced in [119, 109]. Here, we solve the steady
state heat transfer problem between two bodies Ω1 := (0, 1.5)2, and Ω2 := (0, 1.5)×(1.5, 3),
which are in contact along the line y = 1.5, see the left picture of Figure 5.11. The material
parameters for this problem are given by α = α1 = α2 = 55W/m◦C, and γ̄c = 1W/N◦C.
The temperature at the lower boundary of Ω1 and the upper boundary of Ω2 is fixed to be
θ1 = 100◦C and θ2 = 200◦C, respectively, and the other boundaries are thermally isolated.
This problem can be solved analytically, and the exact solutions at the contact interface

are given by u1 = (1+η)θ1+ηθ2

1+2η
, and u2 = (1+η)θ2+ηθ1

1+2η
for Ω1 and Ω2, respectively, where

η = γ̄cp
α

. Since the exact solution is piecewise linear, the numerical solution of the problem
is exactly the same as the analytical solution. The temperature at the contact interface for
both bodies versus the total contact pressure can be found in the right picture of Figure
5.11. In this picture, the upper part shows the temperature at the contact interface from
Ω2, whereas the lower part shows the temperature at the contact interface from Ω1. In
case of the perfect conductance, we obtain the temperature 150◦C from both sides.
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Figure 5.11: Two bodies with triangulation (left) and contact temperature in ◦C versus
total contact pressure in N (right)

Example 2: In this example, we consider a problem where the contact pressure is
known, see the first numerical example in [119]. Using the same material parameters as
in the first example, we solve the steady state heat conduction problem with the heat flux
on the contact interface linearly depending on the contact pressure. The global domain
consists of two subdomains Ω1 := (0, 40)× (0, 20), and Ω2 := (12, 28)× (20, 30), see the left
picture of Figure 5.12. As in the first example, the temperature at the lower boundary of
Ω1 and the upper boundary of Ω2 is fixed to be θ1 = 100◦C, and θ2 = 200◦C, respectively.
The other boundaries are thermally isolated. Applying the uniformly distributed load q on
the free upper surface of Ω1 and Ω2, the contact pressure should be equal to q independent
of any material parameters, see [119, 109]. In the right two pictures of Figure 5.12, we
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have given the temperature for different levels of applied pressure at the contact interface
from Ω1 and Ω2, respectively.
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Figure 5.12: Mechanical problem definition with initial grid (left) and contact temperature
in ◦C from Ω1 (middle) and from Ω2 (right) for different pressure levels

Example 3: In our third example, we consider a time-dependent problem where the
heat is generated through sliding friction. In this problem, the global domain Ω is initially
composed of two subdomains with

Ω1 := (0, 5) × (0, 1.25) and Ω2 := (0, 1.25) × (1.25, 2.5)

with unit of length in centimeters. The material parameters for Ω1 and Ω2 are chosen for
copper and iron, respectively, where ρ1 = 8960kg/m3, c1 = 385J/kg◦C, α1 = 386W/m◦C,
and ρ2 = 7860kg/m3, c2 = 444J/kg◦C, α2 = 80.2W/m◦C. We assume that the body Ω
is thermally isolated. The upper subdomain Ω2 begins to slide over the lower subdomain
with the velocity 1.875cm/s so that it reaches the right end of the subdomain Ω2 in 2
seconds. The coefficient of friction and the heat transfer coefficient are chosen as cD = 0.2,
and γ̄c = 1W/N◦C, respectively. Applying the load of 1MPa on the interface Γ at each
time step, we compute the solution with implicit Euler scheme using δt = 0.01 and zero
initial temperature. In the left picture of Figure 5.13, we have given the decomposition
of the domain and the triangulation, and two snapshots of the heat distribution in Ω are
given in the right. We can see that as time increases, the heat increases in the area which
is exposed to the contact for longer time, and the conduction is more rapid in copper than
in iron.

Example 4: In the last example, we consider an iron cube sliding between two copper
bodies Ω1 := (0, 5) × (0, 1)2 and Ω3 := (0, 5) × (0, 1) × (2, 3) with the unit of length in
centimeters. The iron cube Ω2 initially occupies the region (2, 3)×(0, 1)×(1, 2), and begins
to slide with the velocity 2cm/s to the right, and when it reaches the right end returns
back to the left with the same velocity. In this way, the cube oscillates between two left
and right end points of Ω1 and Ω3. The material parameters considered are the same as in
the previous example. We apply 1MPa pressure on the interface Γ at each time step and
Robin boundary condition is applied on the upper and lower boundaries of Ω1 and Ω3 with
Robin parameter ã1 = ã3 = 25000W/m2◦C, whereas the other boundaries are thermally
isolated. The initial temperature is set to be zero. The domain Ω := ∪3

i=1Ωi at time t = 0
with the triangulation is shown in the left picture of Figure 5.14, and the solutions at two
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Figure 5.13: Decomposition of the domain and triangulation (left), and two snapshots of
the heat distribution at times t = 0.5s and t = 1s (right)

different times computed using δt = 0.01 are shown in the right. In the right picture of
Figure 5.14, we can see the effect of convective boundary condition on the lower surface of
Ω1 and the upper surface of Ω3, where the cooling process does not allow this area to be
heated quickly.

Figure 5.14: Decomposition of the domain and triangulation (left), and two snapshots of
the heat distribution at times t = 1 and t = 2 (right)
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CHAPTER 6

Locking-Free Finite Element Methods Based on the Hu-Washizu
and Related Formulations

6.1. Introduction

It is well known that low order finite elements based on four-noded quadrilaterals or
eight-noded hexahedra have two drawbacks in finite element computation of solid mechan-
ics. The first one is the locking effect in the nearly incompressible case; in other words,
they do not converge uniformly with respect to the Lamé parameter λ. The second one is
that these standard elements lead to poor accuracy in bending-dominated problems when
coarse meshes are used. There are many approaches to overcome these difficulties. One ob-
vious remedy for these problems is to work with higher order finite elements. For example,
in [138], it is shown that working with the h-version finite elements of order higher than
three on a class of triangular meshes locking in linear elasticity can completely be avoided.
On the other hand, in [14], it has been shown that the h-version can never be fully free of
locking in rectangular meshes no matter how higher-order finite elements are used in the
sense that suboptimal convergence rates are observed. For the mathematical analysis of
the locking effect, we refer to [14, 15]. An another approach is related to mixed methods.
The linear elasticity problem can be formulated as a mixed formulation in many different
ways, see [52, 40, 38, 158, 10, 8]. The general approach in these mixed formulations is to
introduce extra variables leading to a saddle point problem. The essential point is to prove
that the method is robust for the limiting problem, which is the Stokes problem. Treating
displacements and the ’mean pressure’ as two independent field variables, one of the mixed
formulations is given by Herrmann [90], which is also known as the reduced form of the
Hellinger-Reissner principle. The Herrmann principle has also been extended to nonlinear
hyperelastic problems in [135, 153, 71, 129]. As in the linear case [96, 52, 40], the
approaches based on the bilinear or trilinear displacement and piecewise constant pressure
are often used to overcome the volumetric locking in the nearly incompressible nonlinear
elasticity. Separation of volumetric and deviatoric response leads to the so-called B-bar
method for linear and nonlinear elasticity, see [96, 121, 144]. However, these elements suf-
fer from so-called shear locking in the thin structure and show poor coarse mesh accuracy
in bending dominated problems. These elements also exhibit a sort of numerical instabil-
ity, the so-called hourglass effect when applied to certain nonlinear problems [141]. The
approach based on mixed formulations has a close link with reduced integration schemes,
see [20, 51]. Nonconforming finite element methods have also been analyzed for linear
elastic problems leading to the uniform convergence in the nearly incompressible case, see
[74, 51, 110, 47, 48].

Most popular methods with low order finite elements are the methods associated with
the enhancement of the strain or stress field. The method of enhanced assumed strain,
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first proposed by Simo and Rifai [143], has become a popular approach in overcoming
these difficulties of standard elements in linear and nonlinear elasticity [141, 142]. The a
priori error estimate for the enhanced assumed strain method for linear elastic problems
has been studied by Reddy and Simo in [133]. They showed that for affine-equivalent
meshes the displacement converges with the standard rate. Later Braess [39] re-examined
the sufficient conditions for convergence clarifying the influence of the Lamé parameter λ.
The detailed mathematical analysis of enhanced assumed strain has been done by Braess,

Carstensen and Reddy [41], where a robust asymptotic convergence of the displace-
ment has been proved for a class of meshes. However, these elements when applied to
nonlinear elasticity also show the same numerical instability in compressive deformation
later shown by Wriggers and Reese [170]. This observation leads to the development
of different alternative enhancement strategies, see [100, 81, 7]. The assumed stress ap-
proach proposed in [128] has a very similar feature to that based on enhanced strains,
and in fact the two are equivalent under certain conditions [6, 41]. Simo and Rifai

have started from the Hu-Washizu principle [93, 156] to derive the method based on the
enhancement of the strains, and similar path has been followed to extend this approach to
the nonlinear regime. Another approach based on the Hu-Washizu formulation of linear
elasticity is the mixed enhanced strain approach introduced by Kasper and Taylor

[97]. These authors take the Hu-Washizu functional as a starting point and subsequently
eliminate stresses and strains from the Hu-Washizu formulation to arrive at the displace-
ment based formulation. The method of mixed enhanced strain is also applied to nonlinear
hyperelasticity [98]. Another relevant method having a close link with the Hu-Washizu
formulation is the strain gap method due to Romano, Marotti, and Diaco [137].
However, the analysis presented in [137] does not cover the uniform convergence of the
finite element solution in the nearly incompressible case.

All these methods, variationally based on the Hu-Washizu principle, show a promising
approach to overcome the difficulties referred to earlier. However, a full mathematical
analysis of the Hu-Washizu formulation is still an open question so that under what con-
ditions this formulation is uniformly convergent in the nearly incompressible case. Here,
we want to fill this gap by analyzing the Hu-Washizu formulation in linear elasticity in
the nearly incompressible limit. We show the uniform convergence of the finite element
solution in the nearly incompressible case through the modification of the Hu-Washizu
formulation that is equivalent to the standard Hu-Washizu formulation in the continuous
setting. However, the modified Hu-Washizu formulation might be different in the discrete
setting. We refer to [102] for the similar analysis in case of plane elasticity. We exploit
the invertibility of the Saint-Venant Kirchhoff constitutive law to arrive at the modified
Hu-Washizu formulation, which depends on a parameter α. Following the same idea, we
obtain an α-dependent three-field formulation for the geometrically nonlinear elasticity
with Saint-Venant Kirchhoff law.

However, in case of general hyperelasticity, the constitutive equation cannot be easily
inverted, and therefore, we follow a different route to obtain an α-dependent formulation.
To obtain a three-field formulation for the general hyperelastic material law, we use two
crucial observations from the linear analysis. First we observe that the modified Hu-
Washizu formulation can be reduced to a modified Hellinger-Reissner formulation, where
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we have stress and displacement as two unknowns. This motivates us to use only the stress
and the displacement as two unknowns. The second point is that to get a robust numerical
scheme in the nearly incompressible limit with low order finite elements, we have to project
the part of the stress involving the determinant of the deformation gradient onto piecewise
constant functions. Using these two ingredients, we develop a three-field formulation for
general hyperelastic problems. This new formulation can also be viewed as a combination
of the Herrmann and the Hellinger-Reissner principle.

The structure of the rest of this chapter is organized as follows. In the rest of this
section, we briefly recall the standard displacement formulation of linear elasticity. The
next section is devoted to the introduction and analysis of the standard and modified Hu-
Washizu formulations of linear elasticity in the continuous setting. Starting with a mixed
formulation of the linear elastic problem based on the displacement and pressure, we present
the standard Hu-Washizu formulation, which also provides a motivation to introduce our
parameter-dependent three-field formulation. Sections 6.3–6.4 are devoted to the analysis
of the modified Hu-Washizu formulation in the discrete setting. In Section 6.5, we arrive
at an equivalent displacement-based formulation using static condensation and show that
the displacement converges uniformly with respect to the Lamé parameter λ. The robust
convergence of the stress obtained by a post-processing and a filtering is shown in Section
6.6. Then we present the extension of our α-dependent three-field formulation of linear
elasticity to the geometrically nonlinear elastic case with Saint-Venant Kirchhoff law in
Section 6.7. In Section 6.8, starting from a suitable three-field formulation, we derive a
three-field formulation for general hyperelasticity. Finally, numerical results are presented
in Section 6.9.

We start with an introduction of the boundary value problem of linear elasticity. We
consider a homogeneous isotropic linear elastic material body occupying a bounded domain
Ω in R

d, d = {2, 3} with Lipschitz boundary Γ. For a prescribed body force f ∈ L2(Ω)d,
the governing equilibrium equation in Ω reads

− divσ = f ,(6.1.1)

where σ is the symmetric Cauchy stress tensor. The infinitesimal strain tensor d is defined
as a function of the displacement u by

(6.1.2) d = ε(u) := 1
2
(∇u+ [∇u]t).

The displacement is assumed to satisfy the homogeneous Dirichlet boundary condition

(6.1.3) u = 0 on Γ.

With the fourth-order elasticity tensor denoted by C, the Saint-Venant Kirchhoff constitu-
tive law reads

(6.1.4) σ = Cd := λ(trd)1 + 2µd.

Here, 1 is the identity tensor, and λ and µ are Lamé parameters, which are constant in view
of the assumption of a homogeneous body, and which are assumed positive. Of particular
interest is the incompressible limit, which corresponds to λ→ ∞.
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The inverse C−1 of C is given by

d = C
−1σ =

1

2µ

(
σ − γ

2 + d γ
(trσ)1

)
, γ :=

λ

µ
.

As usual, the scalar product of two vectors u and v will be denoted by u ·v, whereas σ : τ
will denote the scalar product of two tensors σ and τ .

Standard weak formulation. To write the weak or variational formulations of the
boundary value problem of linear elasticity, we will use the vector-valued Sobolev space
V := [H1

0 (Ω)]d with the standard inner product, and norm induced by this inner product.
We will use the same notation for norms and inner product on V and H1(Ω), however, the
vector and tensor-valued functions will be denoted by bold symbols, and the components
of the vector and tensor-valued functions will be denoted by indexed letters. For example,
the letter d stands for the dimension of the domain, whereas the bold symbol d is used for
the strain tensor, and its components are denoted by dij.

The space of stresses is denoted by S, while the space of strains is denoted by D, and
both stress and strain are symmetric. For the continuous case these spaces are equal, and
D := {e | eji = eij, eij ∈ L2(Ω), 1 ≤ i, j ≤ d} =: S, with the norm ‖ · ‖0,Ω generated in
the standard way by the L2-norm. We also introduce the space S0 defined by

S0 := {τ ∈ S | (τ , 1)0,Ω = 0};
this is a closed subspace of S. We define the bilinear form A(·, ·) and the linear functional
`(·) by

A : V × V → R, A(u, v) :=
∫
Ω

Cε(u) : ε(v) dx,
` : V → R, `(v) :=

∫
Ω
f · v dx.

Then, the standard weak form of linear elasticity problem is as follows: given ` ∈ V′, find
u ∈ V that satisfies

(6.1.5) A(u, v) = `(v), v ∈ V.

The assumptions on C guarantee that A(·, ·) is symmetric, continuous, and V-elliptic.
Hence by using the standard arguments it can be shown that (6.1.5) has a unique solution
u ∈ V. Furthermore, we assume that the domain Ω is convex and smooth enough so that
u ∈ [H2(Ω)]d ∩ V, and there exists a constant C, independent of λ, such that

(6.1.6) ‖u‖2,Ω + λ‖ divu‖1,Ω ≤ C ‖f‖0,Ω.

The a priori estimate (6.1.6) has been proved in [51] for the two-dimensional linear elasticity
problem posed in a convex domain with a polygonal boundary, see also [154].

6.2. The standard and modified Hu-Washizu formulations of linear elasticity

As pointed out in the introduction of this chapter, the linear elasticity problem can
be recast into different mixed formulations. The easiest mixed formulation is given by
introducing the pressure as an extra variable, which leads to a penalized Stokes system.
Defining p := λ divu, a mixed variational formulation of linear elastic problem (6.1.5) is
given by: find (u, p) ∈ V × L2

0(Ω) := {q ∈ L2(Ω)|
∫
Ω
q dx = 0} such that

2µ
∫
Ω
ε(u) : ε(v) dx +

∫
Ω
p div v dx = `(v), v ∈ V,∫

Ω
divu q dx − 1

λ

∫
Ω
p q dx = 0, q ∈ L2

0(Ω).
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If one discretizes the displacement with bilinear or trilinear finite elements and the pres-
sure with piecewise constant functions, one arrives at the so-called Q1P0 formulation. We
will see that this mixed formulation can also be derived from a suitable three-field for-
mulation. Therefore, we focus on the three-field Hu-Washizu formulation, in which the
displacement, strain, and stress are unknown variables. We consider both standard and
modified formulations.

The standard Hu-Washizu formulation is obtained by considering the constitutive equa-
tion, the strain-displacement equation and the equation of equilibrium in a weak form. This
corresponds to the weak problem of finding (u,d,σ) ∈ V ×D × S0 that satisfy

(6.2.1)

∫
Ω
(Cd− σ) : e dx = 0, e ∈ D,∫

Ω
(ε(u) − d) : τ dx = 0, τ ∈ S0,∫

Ω
σ : ε(v) dx = `(v), v ∈ V,

which can be recast into an equivalent saddle point form: find (u, d, σ) ∈ V ×D × S0

that satisfy

(6.2.2)
aγ((u,d), (v, e)) + bγ((v, e),σ) = `(v), (v, e) ∈ V ×D,
bγ((u,d), τ ) = 0, τ ∈ S0,

where

(6.2.3)
aγ((u,d), (v, e)) := (Cd, e)0,Ω,
bγ(v, e, τ ) := (ε(v) − e, τ )0,Ω.

By using the Babuška-Brezzi theory [52, 80], it is easy to show that there exists a unique
solution. However in this case, the continuity constant of the bilinear form aγ(·, ·) tends to
infinity as λ does. Thus, our analysis is not directly based on the standard Hu-Washizu for-
mulation. Therefore, we will consider a modification of Hu-Washizu formulation depending
on a parameter α ∈ R: find (u,d,σ) ∈ V ×D × S0 such that

(6.2.4)
aα((u,d), (v, e)) + bα((v, e),σ) = `(v), (v, e) ∈ V ×D,
bα((u,d), τ ) − (λ−αµ)

κ2 c(σ, τ ) = 0, τ ∈ S0,

where the bilinear forms are defined by

aα((u,d), (v, e)) := 2µ(d, e)0,Ω + αµ(trd, tre)0,Ω,
bα((v, e),σ) := (ε(v) − 2µC−1e,σ)0,Ω − αµ

κ
(trσ, tre)0,Ω,

c(σ, τ ) := (trσ, tr τ )0,Ω,

and κ is defined as κ := 2µ+d λ. The standard Hu-Washizu formulation is given by α = γ.
The spherical part of the stresses is crucial for the analysis in the incompressible limit,

see also [41]. Therefore, in the following, we will make frequent use of the L2-orthogonal
decomposition of S into its deviatoric and spherical parts. We define the L2-orthogonal
projections sph and dev on S by sph τ := (1/d) (trτ )1, and dev τ := τ − sph τ . We note
that devS is a proper subset of S0.

Lemma 6.1. For α 6= −1, there exists a unique solution (u,d,σ) ∈ V × D × S0 of
the modified Hu-Washizu formulation (6.2.4). Moreover, the solution does not depend on
α and satisfies the bound

‖u‖1,Ω + ‖d‖0,Ω + ‖σ‖0,Ω ≤ C‖`‖V0,

117



in which the constant C is independent of λ.

Proof. In a first step, we show that the solution of (6.2.4) does not depend on α. The
first equation in (6.2.4) with v = 0 yields

(6.2.5) 0 =

(
Cd− σ, e+

αµ− λ

κ
(tre) 1

)

0,Ω

=: (Cd− σ,Bαe)0,Ω, e ∈ D.

The inverse of Bα exists for α 6= −1 and satisfies B−1
α e = e − αµ−λ

2µ(1+α)
(tre) 1. As a

consequence, we find σ = Cd, and thus trσ = κtrd. The bilinear forms aα(·, ·) and bα(·, ·)
can be equivalently written as

(6.2.6)
aα((w, g), (v, e)) = aγ((w, g), (v, e)) + (αµ− λ)c(g, e),

bα((v, e), τ ) = bγ((v, e), τ ) − αµ−λ
κ
c(τ , e).

Using κc(d, e) = c(σ, e) and (6.2.6), it is trivial to see that the solution does not depend
on α.

The proof of uniform stability is carried out by showing that the bilinear forms for
α = 0 satisfy the conditions for well-posedness for the extended case in which c(·, ·) 6= 0
(see [52, Section II.1.2] and [38]). First, we note that c(·, ·) is symmetric and positive
semi-definite, and that kerBt := {τ ∈ S0 | b0((v, e), τ ) = 0, (v, e) ∈ V ×D} = {0}, so
that c(·, ·) plays no further role in determining the well-posedness of the problem.

Next, it is easy to see that all bilinear forms for α = 0 are continuous, and that the
continuity constants do not depend on λ. It remains therefore to verify that the coercivity
and inf-sup conditions are satisfied. We establish the coercivity of the bilinear form a0(·, ·)
on the kernel Z of b0(·, ·), which is given by

Z = {(v, e) ∈ V ×D | b0((v, e), τ ) = 0, τ ∈ S0}
= {(v, e) ∈ V ×D | ε(v) − 2µC−1e ∈ S⊥

0 }.
Let (v, e) be in Z; using Korn’s inequality and the uniform continuity of C−1, and noting
that (ε(v), 1)0,Ω = 0, we find

a0((v, e), (v, e)) = 2µ‖e‖2
0,Ω ≥ c(‖e‖2

0,Ω + ‖ε(v)‖2
0,Ω) ≥ c(‖e‖2

0,Ω + ‖v‖2
1,Ω).

We note that the coercivity constant depends on µ but not on λ.
Next, to establish the inf-sup condition we note that there exists a constant C < ∞

such that for each q ∈ L2
0(Ω), there exists vq ∈ V satisfying

(6.2.7) div vq = q, ‖vq‖1,Ω ≤ C‖q‖0,Ω,

(see, for example, [80, 79]). For τ ∈ S0, we have tr τ ∈ L2
0(Ω), and we define e¿ :=

dev(ε(vtr ¿) − τ ) ∈ D. Then, using (6.2.7), the norm of (vtr ¿ , e¿) is bounded by

‖vtr ¿‖2
1,Ω + ‖e¿‖2

0,Ω ≤ C(‖trτ‖2
0,Ω + ‖ dev τ‖2

0,Ω) ≤ C‖τ‖2
0,Ω.

The inf-sup condition now results from the orthogonality of the decomposition of τ into
its spherical and deviatoric parts; using also (6.2.7), we find that

b0((vtr¿ , e¿), τ ) = (sph ε(vtr¿), sph τ )0,Ω + (dev τ , dev τ )0,Ω

= (1/d)(div vtr ¿ , tr τ )0,Ω + (dev τ , dev τ )0,Ω

= (1/d)‖trτ‖2
0,Ω + ‖ dev τ‖2

0,Ω = ‖τ‖2
0,Ω.

¤
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Remark 6.2. The result of Lemma 6.1 can be generalized to the case α = −1 for which
the operator Bα is singular. The kernel of Bα is then given by {e ∈ D | dev e = 0}. To
obtain a unique solution of (6.2.4), we therefore have to seek a solution in the subspace
{(v, e, τ ) ∈ V ×D × S0 | tr τ = κtr e}.

6.3. Finite element formulations

Let Th be a quasi-uniform, shape-regular quadrilateral or hexahedral triangulation of
the polygonal or polyhedral domain Ω. The diameter of an element K in Th is denoted by
hK. Finite element spaces are defined by maps from a reference square K̂ = (−1, 1)d. As
before, for a non-negative integer k, the space of polynomials in d variables of total degree
less than or equal to k is denoted by Pk(·) and Qk(·) denotes the space of polynomials in d
variables of total degree less than or equal to k in each variable. A typical element K ∈ Th

is generated by an isoparametric map FK from the reference element K̂. We recall that if
v̂ ∈ Q1(K̂), then v̂ ◦F−1

K is in general not a polynomial on the quadrilateral or hexahedron
K. However, for the simplicity of exposition, we restrict our analysis to the case of meshes
for which FK is an affine mapping for each element K ∈ Th. Numerical results will also be
given for the more general case of meshes of arbitrary quadrilaterals and hexahedra. The
finite element space for the displacement is taken to be the space of continuous functions
whose restrictions to an element K are obtained by maps of bilinear or trilinear functions
from the reference element; that is,

Vh :=
{
vh ∈ V, vh|K = v̂h ◦ F−1

K , v̂h ∈ Q1(K̂)d for all K ∈ Th

}
.

The spaces of stresses and strains are discretized by defining the finite-dimensional
spaces

Sh : =
{
τ h ∈ S0 | (τ h|K)ij = (τ̂ h)ij ◦ F−1

K , τ̂ h ∈ S2 for all K ∈ Th

}
,

Dh : =
{
eh ∈ S0 | (eh|K)ij = (êh)ij ◦ F−1

K , êh ∈ D2 for all K ∈ Th

}
,

where D2 and S2 are the reference bases of strains and stresses, defined on K̂. These
two variables are defined locally on each element and no continuity conditions apply at the
element boundaries. Moreover, we define the space Rh by

Rh := trSh.

We recall the Voigt representation of the tensorial quantities stress and strain in vectorial
form in two and three dimensions

σ = [σ11, σ22, σ13]
T , d = [d11, d22, 2d13]

T for d = 2, and

σ = [σ11, σ22, σ33, σ12, σ23, σ13]
T , d = [d11, d22, d33, 2d12, 2d23, 2d13]

T for d = 3,
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so that, in vectorial form, σTd =
∑

i,j σijdij. The spaces Sh and Dh will be generated

from bases defined on K̂, and we will make use of the following bases on K̂:

A2 := span

2

4

ŷ 0
0 x̂

0 0

3

5 , A3 := span

2

6

6

6

6

6

6

6

6

6

6

4

ŷ ẑ ŷẑ 0 0 0 0 0 0 0 0 0

0 0 0 x̂ ẑ x̂ẑ 0 0 0 0 0 0

0 0 0 0 0 0 x̂ ŷ x̂ŷ 0 0 0

0 0 0 0 0 0 0 0 0 ẑ 0 0

0 0 0 0 0 0 0 0 0 0 x̂ 0

0 0 0 0 0 0 0 0 0 0 0 ŷ

3

7

7

7

7

7

7

7

7

7

7

5

,

B2 := span

2

4

x̂ 0
0 ŷ

0 0

3

5 , B3 := span

2

6

6

6

6

6

6

4

x̂ x̂ŷ x̂ẑ 0 0 0 0 0 0
0 0 0 ŷ ŷẑ x̂ŷ 0 0 0
0 0 0 0 0 0 ẑ ŷẑ x̂ẑ

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

3

7

7

7

7

7

7

5

,

C2 := span

2

4

0 0
0 0
x̂ ŷ

3

5 , C3 := span

2

6

6

6

6

6

6

4

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
x̂ ŷ ẑ 0 0 0 0 0 0
0 0 0 x̂ ŷ ẑ 0 0 0
0 0 0 0 0 0 x̂ ŷ ẑ

3

7

7

7

7

7

7

5

,

D2 := span

2

4

0 0
0 0
x̂ ŷ

3

5 , D3 := span

2

6

6

6

6

6

6

4

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
x̂ ŷ ŷẑ x̂ẑ 0 0 0 0 0 0 0 0
0 0 0 0 ŷ ẑ x̂ẑ x̂ŷ 0 0 0 0
0 0 0 0 0 0 0 0 ẑ x̂ x̂ŷ ŷẑ

3

7

7

7

7

7

7

5

.(6.3.1)

Of special interest will be the following choices (S i
h,D

i
h), 1 ≤ i ≤ 5:

Table 6.1. Different cases for the discrete spaces, d = 2, 3

Case I II III IV V
S2 Id + Ad Id + Ad Id + Cd Id + Ad +Dd Id + Ad +Dd

D2 Id + Ad Id + Ad +Bd Id + Cd Id + Ad +Dd Id + Ad +Bd +Dd

S1
h = D1

h S2
h ⊂ D2

h S3
h =D3

h S4
h = D4

h S5
h ⊂ D5

h

Here, Id stands for the span of the identity matrix of size d(d+1)
2

× d(d+1)
2

. We note that
we have five different spaces of stresses and strains for the two and the three-dimensional
case. Case II corresponds to the method of mixed enhanced strains [97, 98] while Case V
corresponds to the method of enhanced assumed strains [143].

The discrete modified Hu-Washizu formulation is as follows: find (uα
h ,d

α
h ,σ

α
h) ∈ Vh ×

Dh × Sh such that

(6.3.2)
aα((uα

h,d
α
h), (vh, eh)) + bα((vh, eh),σ

α
h) = `(vh), (vh, eh) ∈ Vh ×Dh,

bα((uα
h,d

α
h), τ h) − (λ−αµ)

κ2 c(σα
h, τ h) = 0, τ h ∈ Sh.

In contrast to the continuous setting (6.2.4), the discrete solution can depend on α. How-
ever for simplicity of notation, we suppress from now on the additional index α in the solu-
tion and replace (uα

h ,d
α
h ,σ

α
h) by (uh,dh,σh). In the following, we assume that Sh ⊂ Dh.
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Lemma 6.3. Under the assumption that trDh1 ⊂ Dh the solution of (6.3.2) does not
depend on α 6= −1.

Proof. Let (uh,dh,σh) ∈ Vh ×Dh ×Sh be the solution of (6.3.2). Using (6.2.5) and
trDh1 ⊂ Dh, we find that Bαeh, Cdh, σh all belong to Dh and thus σh = Cdh. The rest
of the proof follows the same lines as in the continuous setting. ¤

We see that if trDh1 ⊂ Dh the solution does not depend on α. Therefore, we restrict
ourselves to two types of discretization.

• Type 1: Sh ⊂ Dh and trDh1 ⊂ Dh.
• Type 2: Sh = Dh and trDh1 6⊂ Dh.

We note that if trDh1 6⊂ Dh, the numerical solution depends on α, see also the numerical
results. Here, Cases II, III and V in Table 6.1 correspond to the discretization of Type 1,
and Cases I and IV correspond to that of Type 2. Furthermore, Case IV in combination
with the classical Hu-Washizu formulation (α = γ) leads to the standard Q1-approach.
We recall a result concerning the equivalence between the Hu-Washizu and the Hellinger-
Reissner formulation in the linear case. Stolarski and Belytschko [148] have shown
that, if the spaces of stresses and strains satisfy the inclusion

Sh ⊂ CDh

then the classical Hu-Washizu formulation is equivalent to the Hellinger-Reissner problem
of finding (uh,σh) ∈ Vh × Sh such that

(6.3.3)

∫
Ω

C−1σh : τ h dx −
∫
Ω
ε(uh) : τ h dx = 0, τ h ∈ Sh,∫

Ω
ε(vh) : σh dx = `(vh), vh ∈ Vh.

Under the assumption trDh1 ⊂ Dh, the modified Hu-Washizu formulation (6.3.2) can
be shown to be equivalent to the Hellinger-Reissner formulation (6.3.3). The connection
between the modified Hu-Washizu formulation (6.3.2), the Hellinger-Reissner, Mixed En-
hanced Strain, Enhanced Assumed Strain and the classical Q1P0 formulation has been
discussed in [73].

6.4. Analysis of the modified Hu-Washizu formulation

In this section, we turn to the task of establishing conditions under which the discrete
saddle point problem (6.3.2) is uniformly stable in the limit case. For the inf-sup condition,
we need some preliminary results. First we note that devSh and sphSh are in general
not subspaces of Sh. This is remedied by introducing the discrete deviatoric operator devh

defined by devh Sh := PSh
devSh, where PSh

is the orthogonal projection onto Sh, and by
decomposing Sh according to

(6.4.1) Sh = devh Sh ⊕ sphh Sh.

Here the discrete spherical operator sphh is defined in such a way that sphh Sh is the

orthogonal complement of devh Sh. Next, we define R̃h := tr sphh Sh, and remark that

dimRh ≥ dim R̃h, where Rh = trSh.
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Lemma 6.4. The orthogonal complement sphh Sh can be written as

sphh Sh = {τ h ∈ Sh | τ h =
1

d
(tr τ h)1} = R̃h1.

Proof. We start by establishing that the spaces sphh Sh and R̃h1 are equal. Using
the decomposition of sphh τ h into its deviatoric and spherical parts and the definition of
devh Sh, we see that

0 = (sphh τ h, PSh
dev sphh τ h)0,Ω = (sphh τ h, dev sphh τ h)0,Ω = ‖ dev sphh τ h‖2

0,Ω,

and thus sphh τ h = 1
d
tr sphh τ h1 ∈ R̃h1. Conversely, for τ̃ h ∈ R̃h1, there exists σh ∈ Sh

such that

τ̃ h = tr (sphh σh)1 = d sphh σh ∈ sphh Sh.

Now, it is trivial to see that

R̃h1 = R̃h1 ∩ Sh ⊂ {τ h ∈ Sh, τ h =
1

d
tr τ h1}.

Using the definition of devh Sh, we can write any element τ̂ h ∈ devh Sh as τ̂ h = PSh
devσh,

σh ∈ Sh. Let τ h = 1
d
tr τ h1 ∈ Sh; then we find that

(τ h, τ̂ h)0,Ω = (τ h, PSh
devσh)0,Ω = (

1

d
tr τ h1, devσh)0,Ω = 0, τ̂ h ∈ devh Sh,

yielding {τ h ∈ Sh | τ h = 1
d
tr τ h1} ⊂ sphh Sh. ¤

As a result of Lemma 6.4, we find that not only the elements τ h ∈ sphh Sh and
τ̂ h ∈ devh Sh are orthogonal with respect to the L2-inner product, but also their traces:
that is,

(6.4.2) d(trτ h, tr τ̂ h)0,Ω = (tr τ h1, tr τ̂ h1)0,Ω = d(τ h, τ̂ h)0,Ω = 0.

To get a better feeling for the discrete spherical and deviatoric parts, we consider Case I
with d = 2 in more detail. We have

dev(I2 + A2) = span




1 0 x̂ ŷ
−1 0 −x̂ −ŷ

0 1 0 0


 , sph(I2 + A2) = span




1 x̂ ŷ
1 x̂ ŷ
0 0 0


 ,

and we find that dim(I2 + A2) = 5, dim dev(I2 + A2) = 4, and dim sph(I2 + A2) = 3. We
point out that in general sphh Sh 6= PSh

sphSh; for example

devh(I2 + A2) = span




1 0 ŷ 0
−1 0 0 x̂

0 1 0 0


 , PSh

sph(I2 + A2) = span




1 ŷ 0
1 0 x̂
0 0 0


 ,

whereas sphh(I2+A2) = [1, 1, 0]T . In the continuous setting, the definition of the deviatoric
part yields that the trace of the deviatoric part is equal to zero. This is not the case for
an element in devh Sh.

For τ ∈ S, the norm of the trace is bounded by ‖tr τ‖2
0,Ω ≤ d‖τ‖2

0,Ω. The following
lemma shows that a stronger bound holds for the norm of the trace of an element in
devh Sh.
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Lemma 6.5. There exists a ω < 1 such that

‖tr τ h‖2
0,Ω ≤ d ω‖τh‖2

0,Ω, τ h ∈ devh Sh,

and thus (C−1τ h, τ h)0,Ω ≥ 1−ω
2µ

‖τ h‖2
0,Ω, τ h ∈ devh Sh.

Proof. The proof is based on a discrete norm equivalence on the reference element.
To start, we define ‖τ‖∗,K̂ := ‖ dev τ‖0,K̂. It is trivial to see that ‖ · ‖∗ defines a semi-norm

on (L2(K̂))d×d and that it is zero if and only if dev τ is zero. Given τ h ∈ devh S2 and
dev τ h = 0, we find by means of (6.4.1) and Lemma 6.4 that τ h ∈ devh S2∩sphh S2 = {0}.
Thus the semi-norm ‖ · ‖∗,K restricted to devh S2 is a norm. The dimension of the space
devh S2 is finite and thus ‖ · ‖∗,K̂ is equivalent to ‖ · ‖0,K̂. Using the definition of Sh and

the special structure of the isoparametric element map FK , the equivalence of ‖ · ‖2
∗ :=∑

K∈Th
‖ · ‖2

∗,K and ‖ · ‖2
0,Ω on devh Sh is established. Now let 0 < β < 1 be such that

‖τ h‖2
∗ ≥ β‖τh‖2

0,Ω, τ h ∈ devh Sh; then a straightforward computation reveals that

d(1 − β)‖τ h‖2
0,Ω ≥ ‖tr τ h‖2

0,Ω, (C−1τ h, τ h)0,Ω ≥ 1

2µ
(‖τ h‖2

0,Ω − d
λ

κ
(1 − β)‖τ h‖2

0,Ω).

¤

Assumption 8. The following assumptions are essential for uniform stability in the
discrete case:

8(i) ‖PSh
ε(vh)‖0,Ω ≥ c‖ε(vh)‖0,Ω,

8(ii) max(−2cl

d
, γ(1 − cl

ω
)) ≤ α ≤ min(cu, γ), 0 < cl < 1, 0 < cu <∞,

8(iii) (Vh, R̃h) forms a stable Stokes pairing,

where ω is the bound from Lemma 6.5.

In the following the generic constants depend on cl and cu. Therefore, care has to be
exercised to choose these constants. It is easy to verify that α = 0 or when µ ≤ λ, α = 1
are possible choices that satisfy Assumption 8 (ii) with some suitable cl and cu. As we will
see later, of special interest for Cases I and IV will be a negative value of α. However, the
choice of a negative α can lead to the loss of coercivity.

Roughly speaking, Assumption 8 (i) says that Sh has to be large enough and Assump-
tion 8 (iii), that Sh has to be small enough. We point out that Assumption 8 (iii) is weaker
than the assumption that (Vh, Rh) forms a stable Stokes pairing. For example, in Case I

we find that tr (I2 + A2) = P1(K̂), whereas tr sphh(I2 + A2) = P0(K̂).
The discrete kernel associated with the bilinear form bα(·, ·) is given by

Zh := {(vh, eh) ∈ Vh ×Dh | PSh
ε(vh) = PSh

(2µC
−1eh +

αµ

κ
treh1)}.

Lemma 6.6. Under Assumptions 8 (i) and 8 (ii), the bilinear form aα(·, ·) is uniformly
coercive on Zh × Zh and uniformly continuous on (Vh ×Dh) × (Vh ×Dh).

Proof. Let (vh, eh) ∈ Zh. Assuming 8 (i) and 8 (ii), we find that

‖vh‖2
1,Ω ≤ C‖ε(vh)‖2

0,Ω ≤ C‖PSh
ε(vh)‖2

0,Ω = C‖PSh
(2µC

−1eh +
αµ

κ
(treh)1)‖2

0,Ω

≤ C‖eh‖2
0,Ω ≤ Caα((vh, eh), (vh, eh)).

¤
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Lemma 6.7. Under Assumptions 8 (ii) and 8 (iii), the bilinear form bα(·, ·) satisfies a
uniform inf-sup condition.

Proof. The proof is based on the decomposition of τ h into its discrete deviatoric and
spherical parts, that is,

τ h = devh τ h + sphh τ h = devh τ h + qh1,

where devh τ h ∈ devh Sh, sphh τ h ∈ sphh Sh and qh ∈ R̃h. Under Assumption 8 (iii) we

can find, for each qh ∈ R̃h, a displacement vqh
∈ Vh such that

(6.4.3) (div vqh
, qh)0,Ω = ‖qh‖2

0,Ω, ‖vqh
‖1,Ω ≤ C‖qh‖0,Ω.

Using the unique decomposition of PSh
ε(vqh

) into its discrete spherical and deviatoric
parts, so that PSh

ε(vqh
) = sphh PSh

ε(vqh
) + devh PSh

ε(vqh
), we define e¿h

∈ Dh by

e¿h
:= devh PSh

ε(vqh
) − β devh τ h, β > 0.

By means of (6.4.3) and the fact that ‖ devh PSh
ε(vqh

)‖0,Ω ≤ ‖ε(vqh
)‖0,Ω ≤ C‖vqh

‖1,Ω, we
can bound the norm of (vqh

, e¿h
) by

‖vqh
‖2

1,Ω + ‖e¿h
‖2

0,Ω ≤ C(‖qh‖2
0,Ω + β2‖ devh τ h‖2

0,Ω) ≤ C(1 + β2)‖τ h‖2
0,Ω.

To obtain the inf-sup condition, we use the equivalence (6.2.6) and consider the two terms
of bα(·, ·) separately. We start by obtaining a lower bound for bγ((vqh

, e¿h
), τ h):

bγ((vqh
, e¿h

), τ h) = (PSh
ε(vqh

) − e¿h
, τ h)0,Ω = (sphh PSh

ε(vqh
) + β devh τ h, τ h)0,Ω

= (sphh PSh
ε(vqh

), qh1)0,Ω + β‖ devh τ h‖2
0,Ω

= (ε(vqh
), qh1)0,Ω + β‖ devh τ h‖2

0,Ω

= (div vqh
, qh)0,Ω + β‖ devh τ h‖2

0,Ω = ‖qh‖2
0,Ω + β‖ devh τ h‖2

0,Ω.

Next, we bound c(e¿h
, τ h) by applying Lemma 6.5, (6.4.2) and (6.4.3):

c(e¿h
, τ h) = (tre¿h

, tr τ h)0,Ω = (tr (devh PSh
ε(vqh

)) − βtr devh τ h, tr devh τ h)0,Ω

= (trPSh
ε(vqh

), tr devh τ h)0,Ω − β‖tr devh τ h‖2
0,Ω

≥ −C‖qh‖0,Ω‖ devh τ h‖0,Ω − d βω‖ devh τ h‖2
0,Ω.

Combining the lower bounds for bγ((vqh
, eτ h

), τh) and c(e¿h
, τ h) we find that

bα((vqh
, e¿h

), τ h) ≥ ‖qh‖2
0,Ω + β‖ devh τ h‖2

0,Ω −
λ− αµ

κ

(
C‖qh‖0,Ω‖ devh τ h‖0,Ω + d βω‖ devh τ h‖2

0,Ω

)

≥ ‖qh‖2
0,Ω − λ− αµ

κ
C‖qh‖0,Ω‖ devh τ h‖0,Ω +

β(1 − d ω
λ− αµ

κ
)‖ devh τ h‖2

0,Ω.

From Assumption 8 (ii), we have λ− αµ ≥ 0, and ω(λ − αµ) ≤ λcl. Therefore, using
d ω(λ−αµ)

κ
≤ d λ

κ
cl ≤ cl, we find that

bα((vqh
, e¿h

), τ h) ≥ ‖qh‖2
0,Ω − 2C‖qh‖0,Ω‖ devh τ h‖0,Ω + β(1 − cl)‖ devh τ h‖2

0,Ω.

We can apply Young’s inequality to find

bα((vqh
, e¿h

), τ h) ≥ (1 − Cε)‖qh‖2
0,Ω + (β(1 − cl) − Cε−1)‖ devh τ h‖2

0,Ω.
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For 0 < ε small enough and β <∞ large enough, we obtain bα((vqh
, e¿h

), τh) ≥ c(‖qh‖2
0,Ω+

‖ devh τ h‖2
0,Ω) ≥ c‖τ h‖2

0,Ω. ¤

We now formulate our main result. The following theorem provides optimal a priori
estimates for the displacement, strain and stress.

Theorem 6.8. Under Assumptions 8 (i)–8 (iii), the discretization error η2
h := ‖u −

uh‖2
1,Ω +‖d−dh‖2

0,Ω +‖σ−σh‖2
0,Ω, where (uh,dh,σh) is the solution of (6.3.2), is bounded

by the best approximation error

η2
h ≤ C

(
inf

vh∈Vh

‖u− vh‖2
1,Ω + inf

eh∈D h

‖d− eh‖2
0,Ω + inf

¿h∈Sh

‖σ − τ h‖2
0,Ω

)
.

Proof. The a priori estimate results from the continuity of the bilinear forms and
Lemmas 6.1, 6.6 and 6.7; see, for example, [52]. In particular, it is seen that kerBT

h = {0},
as in the continuous case, and c(·, ·) is uniformly continuous. These conditions suffice to
establish the uniqueness of σh and the uniform error estimate (see [52, Section II] and
[38]). ¤

Finally, we consider Assumption 8 (iii) in more detail. We recall that Assumption 8 (iii)

is on R̃h, which must be such that it forms with Vh a stable Stokes pair. Now for all our

five choices of pairings from Table 6.1, (Di
h,S

i
h), 1 ≤ i ≤ 5, we find that R̃i

h is given by

R̃i
h = {q ∈ L2

0(Ω) | q|K ∈ P0(K), K ∈ Th}, 1 ≤ i ≤ 5.

Using bilinear or trilinear elements for the displacement, it is well known that the pairing
(Vh, R̃

i
h) does not satisfy the Assumption 8 (iii), and that one can observe some spurious

modes for the elements in R̃i
h. Such spurious modes are well known to be checkerboard

modes, see [80]. In the two-dimensional case, the restrictions of functions in R̃i
h to a macro-

element are shown in Figure 6.1, and the functions having signs indicated in Figure 6.1(d)
are the local checkerboard modes. In contrast to the two-dimensional case, things are more
complicated in the three-dimensional case, and many spurious modes can occur. Some of
them are truly three-dimensional checkerboard modes and some of them are coming from
an assembly of two-dimensional modes. For a more detailed discussion on this topic we
refer to [52, page 244]. There are different ways to overcome this difficulty coming from

(d)(c)(b) (a) 

Figure 6.1: Restrictions of the basis functions of R̃i
h to a macro-element with ± indicating

the sign inside the elements

the spurious modes. Assume that R̃u
h be the space spanned by all these spurious modes

so that R̃h = R̃u
h ⊕ R̃s

h. Then, the one way is to project each element of R̃h onto R̃s
h, see
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also [53]. However, in the following section, we demonstrate that if the primary variable
of interest is the displacement, there is no effect of the spurious modes, and we obtain an
optimal a priori estimate for the displacement.

6.5. An optimal and robust a priori estimate for the displacement

In this section, we provide an a priori estimate for the displacement. Since the stress
and strain are defined element-wise and no continuity requirement is imposed on inter-
element boundaries, they can be statically condensed out from the saddle point system
(6.3.2) to obtain another system based only on the displacement

Ah(uh, vh) = `(vh), vh ∈ Vh.(6.5.1)

Here, we point out that with the orthogonal decomposition of the space R̃h = R̃u
h ⊕ R̃s

h, we
have a uniform inf-sup condition

inf
qh∈ eRs

h

sup
vh∈Vs

h

∫
Ω

div vhqh

‖vh‖1,Ω‖qh‖0,Ω
= β̃h > 0

for Vs
h := {vh ∈ Vh : (div vh, qh)0,Ω = 0, qh ∈ R̃u

h}. We assume that the triangulation

has a macro-structure so that R̃2h ⊂ R̃h, then R̃2h ⊂ R̃s
h, where R̃2h := {q ∈ L2

0(Ω)| q|K ∈
P0(K), K ∈ T2h}. Hence the spaces Vs

h and R̃s
h satisfy suitable approximation properties,

[80, 52]. To get an optimal λ-independent estimate, we need the following assumption.

Assumption 9. sphhSh|K ⊂ Id ⊂ Sh|K , K ∈ Th.

By construction all our cases satisfy Id ⊂ Sh|K and sphh Sh|K = P0(K)1 ⊂ Id. Thus
Assumption 9 is satisfied for all our cases.

To obtain the explicit expression for the discrete bilinear form Ah(uh, vh), we decompose
Sh orthogonally Sh = Sc

h ⊕ St
h with Sc

h := {τ ∈ Sh | Cτ ∈ Sh}. We note that
St

h ⊂ devh Sh, sphh Sh ⊂ Sc
h and tr (sphh Sh) = trSc

h. Furthermore, Assumption 9
guarantees that the best approximation error in the L2-norm of the space Sc

h ⊂ Sh is of
linear order.

The following lemma gives a simple property of the elements in S t
h.

Lemma 6.9. If for σh ∈ Sh, (σh)ij is either bilinear or trilinear, 1 ≤ i, j ≤ d, and

Assumption 9 is satisfied, then (τ t
h,ω

t
h)0,Ω = (tr τ t

h, trω
t
h)0,Ω, τ t

h,ω
t
h ∈ St

h.

Proof. The proof is carried out by computing the relevant quantities in the reference
element K̂. The general case follows by using the affine equivalence. Assuming, in general,
the trilinear form of τ̂ h ∈ S2 with Assumption 9, τ̂ t

hij
∈ St

2
on K̂ = (−1, 1)3 can be

written as τ̂ t
hii

= aiix̂+ biiŷ+ ciiẑ+diix̂ŷ+eiiŷẑ+fiiẑx̂+giix̂ŷẑ for 1 ≤ i ≤ 3, and τ̂ t
hij

= 0

else. Similarly for ω̂h ∈ S2, assuming ω̂t
hii

= ãiix̂+ b̃iiŷ+ c̃iiẑ+ d̃iix̂ŷ+ ẽiiŷẑ+ f̃iiẑx̂+ g̃iix̂ŷẑ
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on K̂, we have

(τ̂ t
h, ω̂

t
h)0,K̂ =

3∑

i=1

∫

K̂

τ̂ t
hii
ω̂t

hii
dx dy dz =

3∑

i=1

∫

K̂

aiiãiix̂
2 + biib̃iiŷ

2 + ciic̃iiẑ
2

+ diid̃ii(x̂ŷ)
2 + diiẽii(ŷẑ)

2 + fiif̃ii(ẑx̂)
2 + giig̃ii(x̂ŷẑ)

2 dx dy dz

=

∫

K̂

3∑

i=1

τ̂ t
hii

3∑

i=1

ω̂t
hii
dx dy dz = (tr τ̂ t

h, tr ω̂
t
h)0,K̂.

¤

It is straightforward to verify the assertion of this lemma for all our Cases I–V. For
Case III, we find St

h = {0}, and for all other cases, St
h is spanned locally by the basis

2

6

6

6

6

6

6

6

6

6

6

4

ŷ ẑ ŷẑ 0 0 0 0 0 0

0 0 0 x̂ ẑ x̂ẑ 0 0 0

0 0 0 0 0 0 x̂ ŷ x̂ŷ

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

3

7

7

7

7

7

7

7

7

7

7

5

for d = 3 and by A2 for d = 2. The following lemma will give the explicit representation
of the statically condensed system (6.5.1).

Lemma 6.10. We define

θ(µ, λ, α) := 2µ(2µ+d λ)
2µ+λ(d−1)

, α 6= −1, for the discretization of Type 1, and

θ(µ, λ, α) := (2µ+d λ)2µ(2+α)
µ(2+α)(2µ+2d λ−λ)+(d−1)2λ2 , α /∈ {−1,−2}, for the discretization of Type 2.

Then, under Assumption 9, we have

Ah(uh, vh) = (Qhε(uh), ε(vh))0,Ω,

where Qhε(uh) := CPSc
h
ε(uh) + θ(µ, λ, α)PSt

h
ε(uh), and PSc

h
and PSt

h
are orthogonal pro-

jections onto the spaces Sc
h and St

h, respectively. Furthermore, under Assumption 8 (i),
and 0 < c ≤ µ(2 + α) ≤ C < ∞, the bilinear form Ah(·, ·) is Vh-elliptic, and there exists
a λ-independent constant C with

‖(Qhε(vh) − ΠhCε(vh)‖0,Ω ≤ C‖(Id − Πh)ε(vh)‖0,Ω,(6.5.2)

where Πh is the element-wise L2-projector with respect to Th.

Proof. The main idea of the proof is to use the orthogonal decomposition of Sh as
given above and to apply static condensation. In the first case, we have σh = Cdh, and so
in terms of the decomposition given above, we can write σh = σc

h +σt
h, σ

c
h ∈ Sc

h, σ
t
h ∈ St

h.
Using dh = C−1σh, Lemma 6.9, and the orthogonal decomposition of Sh in the second
equation of (6.3.2), we get

(6.5.3) σc
h = CPSc

h
ε(uh), and σt

h =
2µ(2µ+ d λ)

2µ+ λ(d− 1)
PSt

h
ε(uh).
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If Sh = Dh, the first equation in (6.3.2) yields PSh
(Bα(Cdh − σh)) = 0. Using the

decomposition for dh, we find that dh = dc
h + dt

h, d
c
h ∈ Sc

h, d
t
h ∈ St

h, and

(6.5.4) dc
h = C−1σc

h , PSt
h
(Bα(Cdt

h − σt
h)) = 0.

Lemma 6.9 in PSt
h
(Bα(Cdt

h − σt
h)) = 0 yields

dt
h =

(d− 1)λ+ (2 + α)µ

µ(2 + α)(2µ+ d λ)
σt

h.(6.5.5)

In terms of (6.5.4) and (6.5.5), we can eliminate dc
h and dt

h from the second equation of
(6.3.2). The elimination of dc

h gives σc
h = CPSc

h
ε(uh), and using (6.5.5), we obtain

(6.5.6) σt
h =

(2µ+ d λ)2µ(2 + α)

µ(2 + α)(2µ+ 2d λ− λ) + (d− 1)2λ2
PSt

h
ε(uh).

Now, we turn to the second part of the lemma. By using this representation of the bilinear
form Ah(·, ·) and noting that θ(µ, λ, α) is positive and bounded independently of λ from
below, Assumption 8 (i) in combination with Korn’s inequality guarantees the ellipticity.
To show (6.5.2), we start with Assumption 9, which yields tr (PSc

h
− Πh)ε(vh) = 0, and

thus

(Qh − CΠh)ε(vh) = CPSc
h
ε(vh) + θ(µ, λ, α)PSt

h
ε(vh) − CΠhε(vh)

= 2µ(PSc
h
ε(vh) − Πhε(vh)) + θ(µ, λ, α)PSt

h
ε(vh).

Since θ(µ, λ, α) is bounded independently of λ from above, to prove

‖(Qhε(vh) − ΠhCε(vh)‖0,Ω ≤ C‖(Id − Πh)ε(vh)‖0,Ω,

it is sufficient to show

(6.5.7)
‖(PSc

h
− Πh)ε(vh)‖0,Ω ≤ C‖(Id − Πh)ε(vh)‖0,Ω,

‖PSt
h
ε(vh)‖0,Ω ≤ C‖(Id − Πh)ε(vh)‖0,Ω.

To prove the first inequality in (6.5.7), we start with the identity

‖(PSc
h
− Id)ε(vh)‖2

0,Ω = ((PSc
h
− Id)ε(vh), (PSc

h
− Πh + Πh − Id)ε(vh))0,Ω.

By definition of PSc
h

and Assumption 9, we find that (PSc
h
− Πh)ε(vh) ∈ Sc

h, and so

‖(PSc
h
− Id)ε(vh)‖0,Ω ≤ ‖(Πh − Id)ε(vh)‖0,Ω.

Hence the first inequality in (6.5.7) results from the triangle inequality. Using Πhε(vh) ∈
Sc

h, and the orthogonality of Sc
h and St

h, we obtain the following upper bound

‖PSt
h
ε(vh)‖2

0,Ω = (−PS t
h
ε(vh), (Id− PSt

h
− Id + Πh)ε(vh))0,Ω

≤ ‖PSt
h
ε(vh)‖0,Ω‖(Id − Πh)ε(vh)‖0,Ω,

which proves the second inequality in (6.5.7). ¤

For the uniform convergence of the finite element solutions of the statically condensed
formulation (6.5.1) in the incompressible limit, we need the following lemma.
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Lemma 6.11. Assume that u and uh be the solutions of (6.1.5) and (6.5.1), respectively.
Then under the assumptions of Lemma 6.10 and the regularity estimate (6.1.6), there exists
a vh ∈ Vs

h so that

|A(uh − vh,u) − Ah(uh − vh, vh)| ≤ C‖uh − vh‖1,Ωh‖f‖0,Ω.

Proof. The crucial point is to use the approximation property of Fortin interpolation
operator in combination with the regularity estimate (6.1.6). Setting W := [H 2(Ω) ∩
H1

0 (Ω)]2, we recall that Fortin’s interpolation operator IF
h : W −→ Vs

h for the stable

Stokes pairing (Vs
h, R̃

s
h) is then given by the problem of finding (IF

hw, ph) ∈ Vs
h × R̃s

h such
that

(6.5.8)
(∇IF

hw,∇zh)0,Ω + (div zh, ph)0,Ω = (∇w,∇zh)0,Ω, zh ∈ Vs
h,

(div IF
hw, qh)0,Ω = (divw, qh)0,Ω, qh ∈ R̃s

h.

Under the regularity assumption (6.1.6), the following approximation property of this op-
erator can be proved as in [41].

‖u− IF
hu‖1,Ω + λ‖ divu− Πh(div IF

hu)‖0,Ω ≤ Ch‖f‖0,Ω,

where Πh is the L2-projection onto R̃s
h. Using the explicit representation of the bilinear

form Ah(·, ·) from Lemma 6.10, the triangle inequality yields

|A(uh − vh,u) − Ah(uh − vh, vh)| = |(Cε(uh − vh), ε(u))0,Ω − (Qhε(uh − vh), ε(vh))0,Ω|.

Now, we use the symmetricity of the tensor C and the operator Qh to obtain

|A(uh − vh,u) − Ah(uh − vh, vh)| = |(ε(uh − vh),Cε(u) −Qhε(vh))0,Ω|.

In terms of the inequality ‖ε(uh − vh)‖0,Ω ≤ C‖uh − vh‖1,Ω, we have

|A(uh − vh,u) − Ah(uh − vh, vh)|
≤ ‖uh − vh‖1,Ω‖Cε(u) −Qhε(vh)‖0,Ω

≤ ‖uh − vh‖1,Ω (‖Cε(u) − CΠhε(vh)‖0,Ω + ‖CΠhε(vh) −Qhε(vh)‖0,Ω) ,

where in the last step, we have used the triangle inequality. Since

‖Cε(u) − CΠhε(vh)‖0,Ω ≤ C(‖u− vh‖1,Ω + λ‖ divu− Πh div vh‖0,Ω),

the proof follows by using vh := IF
h u and the second result of Lemma 6.10. ¤

Now, we formulate the main result of this section.

Theorem 6.12. Suppose that Assumptions 8 (i), 9 and 0 < c ≤ µ(2 + α) ≤ C < ∞
hold. Then, under the regularity estimate (6.1.6), we obtain an optimal a priori estimate
for the discretization error in the displacement

‖u− uh‖1,Ω ≤ Ch‖f‖0,Ω,

where C <∞ is independent of λ and h.
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Proof. The essential idea of the proof is to adapt the first lemma of Strang, see [40],
in our setting. Using the coercivity of Ah(·, ·), Lemma 6.11 and (6.1.5), we find that for
vh := IF

h u

‖uh − vh‖2
1,Ω ≤ C|Ah(uh − vh,uh − vh)| = C|Ah(uh − vh,uh) − Ah(uh − vh, vh)|

= C|A(uh − vh,u) − Ah(uh − vh, vh)| ≤ C‖uh − vh‖1,Ωh‖f‖0,Ω.

In terms of the triangle inequality, we obtain

‖u− uh‖1,Ω ≤ C(‖u− vh‖1,Ω + ‖vh − uh‖1,Ω) ≤ Ch‖f‖0,Ω.

¤

Remark 6.13. Theorem 6.12 provides sufficient conditions such that the displacement
based formulation (6.5.1) is well defined and yields λ-independent optimal a priori estimates
for both types of discretization. We recall that for Cases I and IV, the choice of α is
crucial. Setting α = λ

µ
will result in volumetric locking whereas the case α = 0, for

example, will give good numerical results. For the λ-independent estimate, the assumption
0 < c ≤ (2 + α) ≤ C <∞ is essential. We remark that this condition on α is weaker than
Assumption 8 (ii).

In the rest of this section, we show that the well known Q1P0 saddlepoint problem can
be analyzed as a special situation of our modified Hu-Washizu formulation.

Lemma 6.14. Case IV with α = −2 2d λ−λ+2µ
d2λ+2µ

is equivalent to the penalized Q1P0 sad-

dlepoint problem (Stokes)

2µ(ε(vh), ε(uh))0,Ω + (div vh, ph)0,Ω = `(vh), vh ∈ Vh,

(divuh, qh)0,Ω − 1
λ
(ph, qh)0,Ω = 0, qh ∈ R̃h.

Proof. By static condensation, we can eliminate the pressure from the saddle point
problem and arrive at

2µ(ε(vh), ε(uh))0,Ω + λ(Πh div vh,Πh divuh)0,Ω = `(vh), vh ∈ Vh.(6.5.9)

Using the given α, we show that (6.5.1) is equivalent to (6.5.9). With the given α, we get
Qheh = CPSc

h
eh + 2µPSt

h
eh. Hence

(Qhε(vh), ε(uh))0,Ω = (PSc
h
ε(vh),CPSc

h
ε(uh))0,Ω + (PSt

h
ε(vh), 2µPSt

h
ε(uh))0,Ω

= 2µ(PSh
ε(vh), PSh

ε(uh))0,Ω + λ(trPSc
h
ε(vh), trPSc

h
ε(uh))0,Ω

= 2µ(PSh
ε(vh), PSh

ε(uh))0,Ω + λ(Πh div vh,Πh divuh)0,Ω.

Finally, the result follows by using the fact that PSh
ε(vh) = ε(vh) for Case IV. ¤

Remark 6.15. The choice α = −2 2d λ−λ+2µ
d2λ+2µ

does not satisfy Assumption 8 (ii) but

0 < c ≤ (2 + α) ≤ C <∞.
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6.6. A priori results for the stress

The results of the previous sections show that the lack of stability resulting from the
presence of a checkerboard mode is confined to the stress, and does not affect the displace-
ment. In this section, we establish an optimal a priori result for a post-processed stress.
Let (uh,dh,σh) be the unique solution of the modified Hu-Washizu formulation (6.3.2),
and σs

h be the post-processed stress given by

σh = devh σh + sphh σh = devh σh + ph1, ph ∈ R̃h,
σs

h := devh σh + ps
h1, ps

h := Πs
hph,

where Πs
h is the L2-projection onto the checkerboard-free subspace R̃s

h.

Theorem 6.16. Under the assumptions of Theorem 6.12, the following λ-independent
upper bound for the discretization error for the stress holds

‖σ − σs
h‖0,Ω ≤ Ch‖f‖0,Ω.

Proof. We start by eliminating the strain from the saddlepoint problem (6.3.2), to
obtain a modified Hellinger-Reissner two-field formulation. Using (6.5.3), (6.5.6) and the
definition of θ(µ, λ, α), we find that

â(σh, τ h) − (ε(uh), τ h)0,Ω = 0, τ h ∈ Sh,
(ε(vh),σh)0,Ω = `(vh), vh ∈ Vh,

where â(σh, τ h) := (C−1
h σh, τ h)0,Ω with C

−1
h τ h = C−1PSc

h
τ h+1/θ(µ, λ, α)PSt

h
τ h. We define

Ss
h and V⊥

h such that the orthogonal decomposition of Sh = Ss
h⊕R̃u

h1, and Vh = Vs
h⊕V⊥

h

holds, respectively. Then, we have

(ε(vs
h), q

u
h1)0,Ω = (div vs

h, q
u
h)0,Ω = 0, vs

h ∈ Vs
h, q

u
h ∈ R̃u

h.

Using the orthogonality between Ss
h and R̃u

h1 and observing (ε(vs
h), ph1)0,Ω = (ε(vs

h), p
s
h1)0,Ω,

we find that (σs
h,uh) ∈ Ss

h × Vh satisfies

(6.6.1)
â(σs

h, τ
s
h) − (ε(uh), τ

s
h)0,Ω = 0, τ s

h ∈ Ss
h,

(ε(vs
h),σ

s
h)0,Ω = `(vs

h), vs
h ∈ Vs

h.

The bilinear form â(·, ·) is not coercive on Ss
h × Ss

h uniformly in λ. We recall that St
h ⊂

devh Sh, and decompose τ s
h according to τ s

h = τ c
h + τ t

h, τ
c
h ∈ Sc

h, τ
t
h ∈ St

h, and τ c
h

according to τ c
h = devh τ

c
h + sphh τ

c
h. Using this decomposition, we have

â(τ s
h, τ

s
h) = (C−1τ c

h, τ
c
h)0,Ω +

1

θ(µ, λ, α)
(τ t

h, τ
t
h)0,Ω

= (C−1 devh τ
c
h, devh τ

c
h)0,Ω + (C−1 sphh τ

c
h, sphh τ

c
h)0,Ω +

1

θ(µ, λ, α)
(τ t

h, τ
t
h)0,Ω.

Using Lemma 6.5 and the fact that θ(µ, λ, α) is uniformly bounded from above, we obtain

â(τ s
h, τ

s
h) ≥ c(‖ devh τ

c
h‖2

0,Ω + ‖τ t
h‖2

0,Ω) ≥ c‖ devh(τ
c
h + τ t

h)‖2
0,Ω = c‖ devh τ

s
h‖2

0,Ω.
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To establish an upper bound for the norm of τ s
h, we have to consider sphh τ

s
h in more

detail. Lemma 6.4 and the definition of Ss
h yield that sphh τ

s
h = qs

h1, d qs
h = tr sphh τ

s
h ∈

R̃s
h. Since (Vs

h, R̃
s
h) forms a stable Stokes pairing, we can find vs

qs
h
∈ Vs

h such that

(qs
h, div vs

qs
h
)0,Ω = d‖qs

h‖2
0,Ω, ‖vs

qs
h
‖1,Ω ≤ C‖qs

h‖0,Ω.

and the discrete spherical part of τ s
h can be bounded by

‖ sphh τ
s
h‖2

0,Ω = d‖qs
h‖2

0,Ω = (qs
h, div vs

qs
h
)0,Ω = (qs

h1, ε(v
s
qs
h
))0,Ω = (sphh τ

s
h, ε(v

s
qs
h
))0,Ω

= (τ s
h, ε(v

s
qs
h
))0,Ω − (devh τ

s
h, ε(v

s
qs
h
))0,Ω

≤ (τ s
h, ε(v

s
qs
h
))0,Ω + C‖ devh τ

s
h‖0,Ω‖ sphh τ

s
h‖0,Ω.

Applying Young’s inequality, we obtain

(6.6.2) ‖τ s
h‖2

0,Ω = ‖ sphh τ
s
h‖2

0,Ω + ‖ devh τ
s
h‖2

0,Ω ≤ C
(
(τ s

h, ε(v
s
qs
h
))0,Ω + â(τ s

h, τ
s
h)
)
.

Replacing τ s
h by τ s

h − σs
h and using the second equation in (6.6.1), the first term in the

upper bound of (6.6.2) can be estimated by

(τ s
h − σs

h, ε(v
s
qs
h−ps

h
))0,Ω = (τ s

h − σ, ε(vs
qs
h−ps

h
))0,Ω + (σ − σs

h, ε(v
s
qs
h−ps

h
))0,Ω

≤ ‖τ s
h − σ‖0,Ω‖τ s

h − σs
h‖0,Ω.

To bound â(τ s
h − σs

h, τ
s
h − σs

h), we have to use the first equation in (6.6.1). This gives

â(τ s
h − σs

h, τ
s
h − σs

h) = (C−1
h τ

s
h, τ

s
h − σs

h)0,Ω − (ε(uh), τ
s
h − σs

h)0,Ω

= (C−1
h τ

s
h − C

−1σ, τ s
h − σs

h)0,Ω + (ε(u) − ε(uh), τ
s
h − σs

h)0,Ω

≤ ‖τ s
h − σs

h‖0,Ω(‖C−1
h τ

s
h − C

−1σ‖0,Ω + ‖ε(u− uh)‖0,Ω).

Combining the last two estimates with (6.6.2), we find that

‖τ s
h − σs

h‖0,Ω ≤ C(‖C−1σ − C
−1
h τ

s
h‖0,Ω + ‖σ − τ s

h‖0,Ω + ‖ε(u) − ε(uh)‖0,Ω).(6.6.3)

Since Sc
2h ⊂ S2h ⊂ Ss

h, Assumption 9 guarantees that the best approximation error in
the subspace Sc

h ∩Ss
h satisfies infτ s

h∈Sc
h∩Ss

h
‖τ s

h −σ‖0,Ω ≤ Ch‖f‖0,Ω. In terms of Theorem
6.12, the triangle inequality in combination with (6.6.3) yields

‖σ − σs
h‖0,Ω ≤ C( inf

τ s
h∈Sc

h∩Ss
h

(‖σ − τ s
h‖0,Ω + ‖ε(u) − ε(uh)‖0,Ω) ≤ Ch‖f‖0,Ω.

¤

6.7. Extension to nonlinear elasticity with Saint-Venant Kirchhoff law

In this subsection, starting from a suitable three-field formulation, we give an α-depen-
dent three-field mixed formulation for geometrically nonlinear elasticity with Saint-Venant
Kirchhoff law. First, we recall the standard boundary value problem of nonlinear elasticity
with Saint-Venant Kirchhoff law. For a prescribed body force f ∈ L2(Ω)d, the standard
variational formulation of nonlinear elasticity in Ω with Saint-Venant Kirchhoff law with
homogeneous Dirichlet boundary condition on ∂Ω can be written as: given ` ∈ V′ find
u ∈ V such that

(6.7.1) Agn(u, v) = `(v), v ∈ V,
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where now V := W 1,4
0 (Ω)d is a Banach space, and the form Agn(·, ·) is defined by

Agn : V × V → R, Agn(u, v) :=
∫
Ω
(1 + ∇u)CE(u) : ∇v dx

in terms of the Green-Lagrange strain tensor E(u) := 1
2
[(1 + ∇u)T (1 + ∇u) − 1]. Here

W 1,4
0 (Ω) := {u ∈ W 1,4(Ω)| u = 0 on ∂Ω}. The mathematical analysis of the standard

boundary value problem (6.7.1) can be found in [112]. The three-field formulation for
geometrically nonlinear elasticity with Saint-Venant Kirchhoff law is obtained by taking
the second Piola-Kirchhoff stress s, the Green-Lagrange strain d and the displacement
u as unknowns. In a discrete variational form, this consists of finding (uh,dh, sh) ∈
Vh ×Dh × Sh that satisfy

(6.7.2)

∫
Ω
(Cdh − sh) : eh dx = 0, eh ∈ Dh,∫

Ω
(E(uh) − dh) : th dx = 0, th ∈ Sh,∫

Ω
(1 + ∇uh)sh : ∇vh dx = `(vh), vh ∈ Vh,

where Dh and Sh are as defined before, and Vh ⊂ W 1,4
0 (Ω)d.

Working with this natural three-field formulation, we cannot expect that we obtain a
uniform convergence of the numerical solution with respect to the Lamé parameter λ. As
in the linear case, we can infer that the continuity constant of the form (Cdh − sh, eh)0,Ω

is not bounded independently of λ. Therefore, we introduce an α-dependent three-field
formulation

µ(2dh + αtrdh1, eh)0,Ω + (δtr sh1 − sh, eh)0,Ω = 0, eh ∈ Dh,
(E(uh) − dh, th)0,Ω + δ(trdh, tr th)0,Ω − δ

κ
(tr sh, tr th)0,Ω = 0, th ∈ Sh,

((1 + ∇uh)sh,∇vh)0,Ω = `(vh) vh ∈ Vh,

where δ := λ−αµ
κ

. This α-dependent three-field formulation can also be written as a non-
linear saddle point problem: find (uh,dh, sh) ∈ Vh ×Dh × Sh such that
(6.7.3)

aα((uh,dh), (vh, eh)) + b1α(uh, (vh, eh), sh) = `(vh), (vh, eh) ∈ Vh ×Dh,
b2α((uh,dh), th) − δ

κ
c(sh, th) = 0, th ∈ Sh,

where the bilinear forms aα(·, ·) and c(·, ·), are defined as before, and

b1α(u, (v, e), s) := (δtr s1 − s, e)0,Ω + ((1 + ∇u)s,∇v)0,Ω

b2α((u,d), t) := (E(u) − d, t)0,Ω + δ(trd, tr t)0,Ω.

As in the case of linear elasticity, the solution of (6.7.3) does not depend on α under
the assumption trDh1 ⊂ Dh.

As in the linear case, under the assumption trDh1 ⊂ Dh the geometrically nonlinear
Hu-Washizu formulation (6.7.2) can be reduced to a two-field variational problem of the
Hellinger-Reissner type so that the weak discrete form can be written as: find (uh, sh) ∈
Vh × Sh such that

∫
Ω

C−1sh : th dx−
∫
Ω
E(uh) : th dx = 0, th ∈ Sh∫

Ω
(1 + ∇uh)sh : ∇vh dx = `(vh), vh ∈ Vh.

(6.7.4)

Following exactly as in Lemma 6.10, the stress and strain can be statically condensed
out from the system to obtain the following displacement-based formulation.
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Lemma 6.17. Under the assumption of Lemma 6.9, defining function θ(·, ·, ·) and op-
erator Qh as in Lemma 6.10, the displacement-based formulation of (6.7.3) is given by

((1 + ∇uh)QhE(uh),∇vh)0,Ω = `(vh).

6.8. Extension to general hyperelasticity

Exploiting the invertibility of the constitutive equation, we derived α-dependent three-
field formulations for linear and geometrically nonlinear elasticity with Saint-Venant Kirch-
hoff law in the previous sections. The general hyperelastic constitutive equation cannot be
inverted easily, and therefore, we have to follow an another route to obtain an α-dependent
three-field formulation. However, as pointed out in the introduction, using two crucial
points from the linear analysis, we obtain a three-field formulation for the general hypere-
lastic material law. As before we start with the standard displacement-based formulation
of finite elasticity. The boundary value problem of a nonlinear elastic body clamped on
ΓD consists in finding a displacement field u : Ω → R

d with u|ΓD
= 0 so that

−∇ · Fs = f ,(6.8.1)

where f : Ω → R
d denotes the body force, s : Ω → R

d×d is the second Piola-Kirchhoff
tensor and F : Ω → R

d×d is the deformation gradient. The deformation gradient F is
related to the displacement field u by F = 1 +∇u. On the remaining part ΓN := ∂Ω\ΓD

of the boundary ∂Ω, the traction boundary condition is applied Fs · n = gN . The second
Piola-Kirchhoff tensor s is symmetric and is related to the deformation gradient by some
constitutive relation. We assume that the material is hyperelastic and isotropic so that

a stored energy function W exists with s = 2 ∂W (C)

∂C
, where C is the right Cauchy-Green

strain tensor and is given by C = F TF . The energy function W depends on the right
Cauchy-Green strain tensor and hence from it on the deformation gradient. The first Piola-
Kirchhoff tensor p is related to the second Piola-Kirchhoff tensor s with the relation p =

Fs, and hence defining W̃ (F ) := W (C), we can write p = ∂W̃ (F )

∂F
under the assumption of

hyperelasticity. For the isotropic material the energy function W depends only on the three
principal invariants IC , IIC and IIIC of C, where IC = tr (C), IIC = 1

2
(tr 2(C)− tr (C2)),

and IIIC = det(C) = J2 with J := det(F ). Further details on hyperelastic material laws
can be found in [168, 123, 21]. If the material law satisfies the Saint-Venant Kirchhoff
law, we have

W (C) =
λ

2
(trE)2 + µtr (E2), s = 2µE + λtr (E)1,

where E is the Green-Lagrange strain tensor and is defined as E = 1
2
(C − 1). For the

material satisfying two-term Mooney-Rivlin law [146], we have

W (C) = λU(J) − µ ln(J) + c1(IC − 3) + c2(IIC − 3), and(6.8.2)

s = λU ′(J)JC−1 + 2c11 + 2c2(trC1 −C) − µC−1,

where c1 and c2 are material constants such that 2(c1+c2) = µ. We recall that the standard
neo-Hookean law is recovered with c2 = 0, and c1 = µ

2
. In an equivalent form, the energy
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function W and the second Piola-Kirchhoff stress s can be written as

W (C) = λU (J) +
µ

2
[(1 − cm) (IC − 3 − 2 ln(J)) + cm (IIC − 3 − 2 ln(J))] , and

s = λU ′(J)JC−1 + µ
[
(1 − cm)

(
1 −C−1

)
+ cm

(
trC1 −C −C−1

)]
,

where cm = 0 gives the standard neo-Hookean law. Comparing with (6.8.2), we obtain
c1 = µ

2
(1 − cm), and c2 = µ

2
cm. The real-valued function U can be chosen at least in three

ways:

U(J) = 1
4
(J2 − 1 − 2 ln J), U(J) = 1

4
(J − 1)2 or U(J) = 1

2
ln2 J.

Unless otherwise stated we use U(J) = 1
4
(J2−1−2 lnJ) in our numerical results. Although

C, E, F , s and J are functions of u, we will write them without the argument u for
simplicity of notation.

In order to recast the problem (6.8.1) into a weak formulation, we define a Banach
space V := {u ∈ W 1,p(Ω)d| u|ΓD

= 0} with p ≥ 4. The displacement-based formulation
of boundary value problem of finite elastostatics with homogeneous Dirichlet boundary
condition on ΓD is to find a displacement field u ∈ V with u|ΓD

= 0 so that

(6.8.3) Ane(u, v) = `(v), v ∈ V,

where Ane(u, v) :=
∫
Ω
(1 + ∇u)s : ∇v dx, and `(v) :=

∫
Ω
f · v dx +

∫
ΓN
gN · v dσ. The

existence of the solution of the problem (6.8.3) is studied in [16] under the assumption
of poly-convex energy functions, see also [64]. Although depending on the relation of the
energy function W with displacement field u, different materials can be treated, we focus
mainly on neo-Hookean and Mooney-Rivlin material laws.

6.8.1. Mixed formulations. As we discussed in the introduction of this chapter,
there now exist many mixed formulations to treat linear and nonlinear elasticity in the
nearly incompressible range. For an overview of some mixed formulations for the finite elas-
ticity, we refer to [56]. We recall that the standard Hu-Washizu formulation for linear elas-
tic problems is obtained by considering the constitutive equation, the strain-displacement
equation and the equation of equilibrium in the weak form. In the nonlinear Hu-Washizu
formulation considered in [143, 97, 98], the displacement, the first Piola-Kirchhoff stress
tensor and the deformation gradient are regarded as independent variables. Different Hu-
Washizu functionals are considered in [121, 144]. Here, we consider a three-field formu-
lation with the displacement u, the Kirchhoff stress τ and the pressure p as independent
variables. We note that the Kirchhoff stress τ is related to the second Piola-Kirchhoff
stress s with the relation τ = FsF T . We start with the three-field formulation where
the displacement u, the Kirchhoff stress τ and the deformation gradient F are unknowns.
Denoting the inverse of F T by F̃ , this formulation in its strong form can be written as:
given a body force f : Ω → R

d and suitable boundary conditions on ∂Ω, find (u, τ ,F ) so
that

(6.8.4)

−∇ · (τ F̃ ) = f ,

τ = ∂W̃ (F )
∂F F T ,

F = 1 + ∇u.
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We point out that the first equation of (6.8.4) refers to the balance law, the second equation
is the constitutive relation and the third one signifies the relation between the deformation
gradient and the displacement field. We assume that the relation between the deformation
gradient and the displacement is satisfied in the strong form and introduce the notation

G(u) :=
∂W̃ (F )

∂F
F T
∣∣
F=1+∇u

so that the three-field formulation can be reduced to a two-field formulation. In this case,
the weak form of the formulation (6.8.4) can be written as: find (u, τ ) ∈ V×S such that

∫
Ω
τ : ∇v(1 + ∇u)−1 dx = `(v), v ∈ V,∫

Ω
(τ −G(u)) : ζ dx = 0, ζ ∈ S.

We also assume that the function G can be written as G(u) = G1(u)+λG2(J)1. Recalling
the Mooney-Rivlin material law, the functions G1 and G2 are given by

G1(u) = 2c1B(u) + 2c2(trB(u)B(u) −B2(u)) − µ1, G2(J) = U ′(J)J,

where B(u) is the left Cauchy-Green tensor and is defined by B(u) := (1+∇u)(1+∇u)T .
Using c1 = µ

2
(1−cm), and c2 = µ

2
cm, we get G1(u) = µ(1−cm)B(u)+µcm(trB(u)B(u)−

B2(u))−µ1. Since J → 1 and λ→ ∞ for the nearly incompressible material, G2(J) → 0.
This assumption is crucial for developing a robust numerical scheme for a nearly incom-
pressible material. To treat the nearly incompressible material, we introduce a pressure-like
variable p ∈ L2(Ω) and write an another variational equation

∫

Ω

(p− λG2(J))q dx = 0, q ∈ L2(Ω).

A similar pressure-like variable is introduced in [45] to study the convergence of finite
element approximations of the nonlinear elasticity problems in the incompressible limit.
Making use of the variable p, we define an α-dependent function G̃(u, p, α) = G1(u) +
µαG2(J)1 + (1 − µα

λ
)p1 to arrive at an α-dependent three-field formulation involving the

displacement u, the Kirchhoff stress τ and the pressure p. Combining all these three vari-
ational equations, our problem is: given a body force f and suitable boundary conditions
on ∂Ω find (u, τ , p) ∈ V × S × L2(Ω) so that

∫
Ω
τ : ∇v(1 + ∇u)−1 dx = `(v), v ∈ V,∫

Ω
(τ − G̃(u, p, α)) : ζ dx = 0, ζ ∈ S,∫

Ω
(p− λG2(J))q dx = 0, q ∈ L2(Ω).

(6.8.5)

In the following, we concentrate on the three-field formulation (6.8.5). In contrast to
the Hu-Washizu type formulation given in [98, 141], we consider the symmetric Kirchhoff
stress as an independent variable. Working with a symmetric tensor as an unknown leads
to a symmetric formulation and a reduction of the number of unknowns. Furthermore, we
point out that the first and second Piola-Kirchhoff stress tensors are the rational functions
of the displacement and the displacement gradient, whereas the Kirchhoff stress depends
polynomially on the displacement and displacement gradient. Since the stress will be
discretized by using some piecewise polynomial space Sh, it is more reasonable to work
with the Kirchhoff stress rather than first or second Piola-Kirchhoff stresses.
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6.8.2. Discretizations. From the linear analysis, see also [102, 41], it is crucial to
project G2(J) onto piecewise constant functions to obtain a robust numerical scheme for
the nearly incompressible case based on bilinear or trilinear finite element interpolations for
displacements. Therefore, the pressure is discretized by using piecewise constant functions
denoted by Rh, and the space of stress is discretized by defining a finite-dimensional space
S2 on a reference element K̂ as before. Both stress and pressure variables are defined
locally on each element and no continuity conditions apply at the element boundaries.
Defining Ãd for d = 2 and d = 3 with

Ã2 := span

2

4

x̂ ŷ 0 0
0 0 x̂ ŷ

0 0 0 0

3

5 , Ã3 := span

2

6

6

6

6

6

6

6

6

6

6

4

x̂ ŷ ẑ 0 0 0 0 0 0 0 0 0

0 0 0 x̂ ŷ ẑ 0 0 0 0 0 0

0 0 0 0 0 0 x̂ ŷ ẑ 0 0 0

0 0 0 0 0 0 0 0 0 ẑ 0 0

0 0 0 0 0 0 0 0 0 0 x̂ 0

0 0 0 0 0 0 0 0 0 0 0 ŷ

3

7

7

7

7

7

7

7

7

7

7

5

,

respectively and using the definitions of Ad, Bd, Cd and Dd from (6.3.1), we are interested
in the following choices of Si

h, 1 ≤ i ≤ 5:

Table 6.2. Different cases for the discrete spaces, d = 2, 3

Case I II III IV V

S2 Id + Ad Id + Ãd Id + Cd Id + Ad +Dd Id + Ad +Bd +Dd

As before, Id stands for the span of the identity matrix of size d(d+1)
2

× d(d+1)
2

.
Defining the discrete determinant Jh := det(1 +∇uh) and utilizing the discrete spaces

introduced above, we can write our discrete three-field variational formulation as: find
(uh, τ h, ph) ∈ Vh × Sh × Rh so that

∫
Ω
τ h : ∇vh(1 + ∇uh)

−1 dx = `(vh), vh ∈ Vh,∫
Ω
(τ h − G̃(uh, ph, α)) : ζh dx = 0, ζh ∈ Sh,∫

Ω
(ph − λG2(Jh)))qh dx = 0, qh ∈ Rh.

(6.8.6)

We denote the projection onto the space of piecewise constant functions with respect to
the mesh Th by Πh so that the pressure ph can be written as ph = λΠhG2(Jh). Further-
more, static condensation of the stress from (6.8.6) yields the following displacement-based
formulation.

Lemma 6.18. The displacement-based formulation of (6.8.6) is given by
∫

Ω

PSh
G̃(uh, ph, α) : ∇vh(1 + ∇uh)

−1 dx = `(vh),

where ph = λΠhG2(Jh).

Lemma 6.19. If for τ h ∈ Sh, (τ h)ii, 1 ≤ i ≤ N , are piecewise constant functions with
respect to Th, the numerical solution is independent of α.

Proof. In this case, PSh
(G2(Jh)1) = ΠhG2(Jh)1, and we have PSh

G̃(uh, ph, α) =
PSh

G(uh). The proof now follows by using the displacement-based formulation from
Lemma 6.18. ¤
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Lemma 6.19 tells that the numerical solution is independent of α for Case III. We
remind that we have an α-independent numerical solution for Cases II, III and V for the
linear and geometrically nonlinear elasticity with Saint-Venant Kirchhoff law. We recall
that Assumption 9 is crucial to get a robust and optimal numerical scheme in the linear
case. In case of our nonlinear mixed formulation (6.8.6), the approximation property of
the stress is still essential, however, it is not necessary that sphh Sh|K ⊂ Id. The reason
behind this is that we have decomposed the Kirchhoff stress into two parts, and the part
involving the determinant of the deformation gradient is already projected onto the space
of piecewise constant functions. Therefore, in addition to these five cases, more cases can
also be considered.

6.9. Numerical results

In this section, we illustrate the performance of the formulation discussed in the pre-
ceding sections in some numerical tests. In particular, we show the locking free response
in the incompressible limit of the proposed formulation by comparing the results with
the analytical solution and the results obtained from the standard displacement approach.
Our examples in two and three dimensions are based on four-noded quadrilateral and
eight-noded hexahedral elements with standard bilinear and trilinear interpolation, respec-
tively, of the displacement field. Furthermore, plane strain is assumed in two-dimensional
examples.

6.9.1. Numerical results in small strain elasticity. In this subsection, numerical
examples are presented illustrating some applications of the modified Hu-Washizu formula-
tion in linear and nonlinear elasticity with Saint-Venant Kirchhoff law. One example with
a typical shear locking situation is also considered.

Example 1: Cook’s membrane problem. In this popular benchmark problem [143,
97, 101], we set Ω := conv{(0, 0), (48, 44), (48, 60), (0, 44)}, where convξ is the convex hull
of the set ξ. The left boundary of the tapered panel Ω is clamped, and the right one is
subjected to an in-plane shearing load of 100N along the y-direction, as shown in Figure
6.2(a). The material properties are taken to be E = 250 and ν = 0.4999, so that a
nearly incompressible response is obtained. The relation between Lamé parameters λ and
µ, and Young’s modulus E and Poisson ratio ν is given by the equation(2.4.3). In this
example and in the forthcoming examples, if the units of measurement are not specified, the
measurement units should be scaled consistently. The vertical tip displacement at point T
is computed for different cases and different refinement levels. The initial triangulation is
shown in Figure 6.2 (a). The numerical results using the linear and geometrically nonlinear
model with Saint-Venant Kirchhoff law are given in Tables 6.3 and 6.4, respectively. As
can be seen from these tables the standard displacement approach and the standard Hu-
Washizu formulation (α = γ) with stress and strain spaces given in Cases I and IV exhibit
locking whereas all other cases show rapid convergence. We also observe the coarse mesh
accuracy of Cases II and III. We recall that α = γ corresponds to the standard Hu-Washizu
formulation.

Example 2: Square beam. In the second example, we consider a linear elastic square
beam Ω := (0, 2) × (0, 2), which is fixed in the x-direction at the point (0, 2) and fixed
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Figure 6.2: (a) Cook’s membrane problem with initial triangulation; (b) the square beam
problem with a mesh of four squares

Table 6.3. Vertical tip displacement at point T with linear elasticity, Ex-
ample 1

α = γ α independent α = 1
4 α = −1

4 α = 0 Q1P0

lev Q1 ≡ IV I II III V I IV I IV I IV
0 2.07 2.08 5.40 5.64 4.42 4.18 3.76 4.53 3.97 4.34 3.86 4.31
1 2.10 2.12 6.73 7.02 6.24 5.93 5.60 6.20 5.83 6.06 5.71 6.28
2 2.15 2.22 7.59 7.52 7.17 7.00 6.85 7.13 6.97 7.06 6.91 7.21
3 2.32 2.54 7.59 7.68 7.53 7.45 7.40 7.50 7.45 7.48 7.42 7.55
4 2.84 3.39 7.69 7.73 7.67 7.63 7.62 7.66 7.64 7.64 7.63 7.68
5 4.03 4.94 7.74 7.75 7.73 7.71 7.70 7.72 7.71 7.71 7.71 7.73

Table 6.4. Vertical tip displacement at point T with geometrically nonlin-
ear elasticity, Example 1

α = γ α independent α = 1
4 α = −1

4 α = 0 Q1P0

lev Q1 I II III V I IV I IV I IV
0 2.07 2.08 4.83 5.10 4.08 3.96 3.62 4.25 3.79 4.02 3.63 4.07
1 2.10 2.12 5.74 6.00 5.44 5.25 5.03 5.44 5.19 5.29 5.06 5.52
2 2.15 2.21 6.16 6.32 6.06 5.96 5.87 6.04 5.95 5.97 5.89 6.12
3 2.31 2.52 6.33 6.41 6.30 6.25 6.23 6.29 6.26 6.26 6.23 6.33
4 2.80 3.29 6.40 6.44 6.39 6.37 6.36 6.39 6.38 6.37 6.36 6.40
5 3.85 4.53 6.43 6.45 6.43 6.42 6.42 6.43 6.42 6.42 6.42 6.44

in both directions at the origin. A linearly varying horizontal force is applied in the x-
direction along the boundary x = 2, with resultant point forces 1000 at (2, 0) and −1000 at
(2, 2) (Figure 6.2 (b)), see also [172]. In Table 6.5, we present the vertical tip displacement
at the point A := (2, 0) for E = 1500 and for different values of Poisson’s ratio ν, where
ν1, ν2, ν3 and ν4 are given by 0.4, 0.49, 0.499 and 0.4999, respectively. The exact vertical
displacement at A is 4(1 − ν2).

As in the previous example, the standard displacement approach and the standard Hu-
Washizu formulation with Cases I and IV show the locking effect whereas all other cases
exhibit stable behavior. In particular, Cases II, V and Q1P0 give better numerical results.
Furthermore, the numerical results from Case II are almost exact.
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Table 6.5. Vertical tip displacement at point A with linear elasticity, Ex-
ample 2

α = γ α independent α = 1
4 α = −1

4 α = 0 Q1P0

ν Q1 I II III V I IV I IV I IV
ν1 2.64 2.80 3.36 4.07 3.13 3.04 2.85 3.13 2.92 3.08 2.88 3.45
ν2 0.75 0.76 3.04 3.74 2.86 2.39 2.27 2.60 2.47 2.49 2.36 3.23
ν3 0.09 0.09 3.00 3.70 2.83 2.30 2.19 2.53 2.41 2.41 2.29 3.20
ν4 0.01 0.01 3.00 3.69 2.82 2.29 2.18 2.53 2.40 2.40 2.29 3.20

Example 3: Rectangular beam. In this third example, we consider a linear elastic
beam of rectangular size subjected to a couple at one end, as shown in the left picture of
Figure 6.3. Along the edge x = 0, the horizontal displacement and vertical surface traction
are zero. At the point (0, 0), the vertical displacement is also zero. The exact solution is
given by u := (u1, u2) with

u1(x, y) =
2f(1 − ν2)

El
x

(
l

2
− y

)
, and u2(x, y) =

f(1 − ν2)

El

[
x2 +

ν

1 − ν
y(y − l)

]
.

We set L = 10, l = 2, E = 1500, ν = 0.4999, and f = 3000. We have shown the setting
of the problem in the left picture of Figure 6.3. We further investigate the behavior of
the solution with respect to α for Cases I and IV with two different meshes illustrated in
Figure 6.3. The variation with α

2
of the absolute error of the vertical and horizontal tip

displacements at the top right-hand corner (that is, at the point (10,2) in the left picture
of Figure 6.3), is shown in Figure 6.4 for Cases I and IV, for the 2× 1 mesh, and in Figure
6.5 for the 10 × 2 mesh. To avoid the singularity at α = −1, we use the projection-based
formulation derived in Lemma 6.10. For α = −2, the Case IV reduces to the Case III. As

L

f

l

Figure 6.3: The Cantilever beam with coarse mesh (and problem setting), (left) and fine
mesh (right)

can be seen from Figures 6.4 and 6.5, the locking effect increases for larger α, and there
is a singularity at α = −2 for Case I with the coarse mesh. In the left and right pictures
of Figure 6.6, we show the discretization errors in the L2- and H1-norms for the different
cases of the modified Hu-Washizu formulation. To obtain the discretization errors, we start
with the initial triangulation shown in the right picture of Figure 6.3 and refine uniformly.
We can see that Case II shows an excellent behavior in comparison to all other cases.

Example 4: Bending of a clamped plate. In this example [150], we consider a
clamped plate subjected to bending. We test the performance of our formulation for a
bending dominated condition of a thin plate of dimension 2.0mm × 2.0mm × 0.01mm.
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Figure 6.4: Tip displacement error versus α
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∈ (−1, 1] for the coarse mesh, Cases I (left)
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Figure 6.5: Tip displacement error versus α
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∈ (−1, 1] for the fine mesh, Case I (left) and

Case IV (right)
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Figure 6.6: Error plot versus number of elements, L2-norm (left) and H1-norm (right),
rectangular beam

The plate is clamped along the complete boundary, and it is subjected to a uniformly
distributed pressure −100.0N/mm2 on the top surface [120]. A linear elastic material is
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considered with Young’s modulus E = 1.7472 · 107N/mm2 and Poisson’s ratio ν = 0.3.
Taking advantage of the symmetry of the problem, only one fourth of the plate is discretized

yx

z
x

y

z

−0.5 0 0.5

0.5

1

1.5

Figure 6.7: Problem setting (left), deformed mesh (middle) and relative error versus α
2

with Case I (right), Example 4

as shown in Figure 6.7, with 2 elements in thickness direction. The results obtained using
the proposed mixed formulation are compared with the results obtained using the standard
Q1 and Q1P0 formulation. In Table 6.6, the vertical displacement of the top central point
of the plate is shown, whereas the variation of the deflection with respect to the thickness
of the plate is shown in Table 6.7. As can be seen from both tables Case I with α = 0 and
Case II show an excellent behavior in this example, whereas all other formulations show
extreme locking effects. The exact solution of the problem is calculated using the classical
plate theory, see [150].

Table 6.6. Vertical displacement at the center of the plate, the exact solu-
tion is -1.264

elements I (α = 0) II III Q1P0 Q1

8 -1.1047 -1.153 -2.232e-03 -2.117e-03 -2.117e-03
50 -1.1788 -1.227 -1.217e-02 -1.203e-02 -1.202e-02
72 -1.1850 -1.233 -1.731e-02 -1.716e-02 -1.713e-02
200 -1.1974 -1.246 -4.655e-02 -4.619e-02 -4.597e-02
450 -1.2038 -1.252 -1.006e-01 -9.942e-02 -9.839e-02
800 -1.2071 -1.256 -1.703e-01 -1.671e-01 -1.642e-01
1250 -1.2090 -1.258 -2.507e-01 -2.440e-01 -2.379e-01

In a second step, we consider a nearly incompressible plate keeping Young’s modulus
the same and thickness 0.01mm. The numerical solution at the center of the plate for
Poisson’s ratio ν = 0.4999 is tabulated in Table 6.8. Case II and Case I (α = 0) work well
whereas all other cases show locking.

In the right picture of Figure 6.7, the relative error of the solution for the nearly
incompressible plate using Case I (mesh 10×10×2) is plotted with respect to the parameter
α/2. The error is calculated with respect to the reference solution with Case II using a
very fine mesh. We find the minimum of the error when α ≈ −0.8, and increasing locking
effect can be observed when α becomes larger.
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Table 6.7. Vertical displacement at the center of the plate with respect to
the thickness

thickness exact I (α = 0) II III Q1P0 Q1

3e-01 -4.681e-05 -6.119e-05 -6.126e-05 -7.153e-05 -6.313e-05 -5.736e-05
2e-01 -1.580e-04 -1.757e-04 -1.793e-04 -2.063e-04 -1.801e-04 -1.617e-04
1e-01 -1.264e-03 -1.251e-03 -1.299e-03 -1.237e-03 -1.094e-03 -9.931e-04
9e-02 -1.734e-03 -1.702e-03 -1.768e-03 -1.594e-03 -1.418e-03 -1.291e-03
8e-02 -2.468e-03 -2.405e-03 -2.500e-03 -2.095e-03 -1.877e-03 -1.718e-03
7e-02 -3.684e-03 -3.567e-03 -3.708e-03 -2.818e-03 -2.548e-03 -2.346e-03
6e-02 -5.851e-03 -5.631e-03 -5.856e-03 -3.887e-03 -3.556e-03 -3.303e-03
5e-02 -1.011e-02 -9.684e-03 -1.007e-02 -5.524e-03 -5.126e-03 -4.815e-03
4e-02 -1.975e-02 -1.884e-02 -1.960e-02 -8.139e-03 -7.682e-03 -7.315e-03
3e-02 -4.681e-02 -4.451e-02 -4.631e-02 -1.262e-02 -1.213e-02 -1.174e-02
2e-02 -1.580e-01 -1.499e-01 -1.559e-01 -2.143e-02 -2.097e-02 -2.062e-02
1e-02 -1.264 -1.197 -1.246 -4.655e-02 -4.619e-02 -4.597e-02

Table 6.8. Vertical displacement at the center of the nearly incompressible
clamped plate

Number of Elements Case I (α = 0) Case II Case III Q1 Q1P0

25 × 25 × 2 -0.7197 -1.0024 -0.2729 -0.0036 -0.2629
20 × 20 × 2 -0.7101 -0.9923 -0.1888 -0.0036 -0.1831
15 × 15 × 2 -0.6943 -0.9756 -0.1134 -0.0035 -0.1106
10 × 10 × 2 -0.6637 -0.9428 -0.0531 -0.0032 -0.0521
6 × 6 × 2 -0.6061 -0.8791 -0.0200 -0.0028 -0.0196
5 × 5 × 2 -0.5789 -0.8490 -0.0140 -0.0026 -0.0138
2 × 2 × 2 -0.2589 -0.4894 -0.0026 -0.0014 -0.0024

Example 5: Thick walled sphere under internal pressure. In this numerical
example, a thick walled sphere having inner radius ri = 7.5mm and outer radius re = 10mm
subjected to a uniform internal pressure P = 1N/mm2 is considered [150, 97]. The linear
elastic material is assumed with modulus of elasticity E = 250N/mm2, and different
Poisson’s ratios ν as shown in Table 6.9. Only one octant of the sphere is discretized
as shown in Figure 6.8 with symmetrical boundary conditions. The normalized radial
displacement (with respect to the analytical solution [150]) at point A is compared using
different discretizations in Table 6.9. As expected, standard trilinear elements show locking
in the incompressible range of ν, while all other formulations show a good behavior.

Example 6: Arch subjected to bending load. In this numerical example, the for-
mulation is tested for bending condition with linear and geometrically nonlinear elasticity.
The fixed circular arch beam with θr = 60 ◦, t = 0.1m and r = 1m is considered as shown in
Figure 6.9. The beam is subjected to a uniformly distributed load P = −25N/m in radial
direction on the upper boundary in a range |x| ≤ 0.09151. For the geometrically nonlinear
case, quasi-static finite element computation is performed where the load is applied in 20
equal increment steps. The deflected finite element mesh obtained for ν = 0.4999 using
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Figure 6.8: Problem setting for Example 5

Table 6.9. The normalized radial displacements for thick walled sphere

Poisson’s ratio Case I Case II Case III Q1 Q1P0

α = 0
0.490000 0.9927 0.9915 0.9943 0.9921 0.9963
0.499000 0.9921 0.9914 0.9942 0.6918 0.9963
0.499900 0.9921 0.9913 0.9942 0.1834 0.9962
0.499990 0.9921 0.9913 0.9942 0.0200 0.9962
0.499999 0.9921 0.9913 0.9942 0.0002 0.9962

Case II of the mixed formulation is shown in the right picture of Figure 6.9. We show the
load-deflection curves for linear and geometrically nonlinear elasticity with Saint-Venant
Kirchhoff law with E = 250N/m2 and ν = 0.4999 in Figure 6.10. We can see that the
geometrically nonlinear case yields larger deformation than the linear elastic case in this
example.
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Figure 6.9: Problem setting and deformed mesh, circular arch
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Figure 6.10: Load-deflection curve for circular arch, linear case (left) and geometrically
nonlinear case (right)

In Tables 6.10 and 6.11, the vertical deflection at the central point A is compared for
different formulations with linear and geometrically nonlinear elasticity, respectively. All
cases of our mixed formulations show good behavior while the standard Q1 formulation
shows locking as ν tends to 0.5.

Table 6.10. Numerical results for circular arch, linear case

ν Case I (α = 0) Case II Case III Q1 Q1P0

0.49000 -0.324 -0.329 -0.333 -0.272 -0.329
0.49900 -0.318 -0.324 -0.328 -0.143 -0.325
0.49990 -0.318 -0.324 -0.328 -0.067 -0.324
0.49999 -0.318 -0.324 -0.328 -0.032 -0.324

Table 6.11. Numerical results for circular arch, geometrically nonlinear case

ν Case I (α = 0) Case II Case III Q1 Q1P0

0.49000 -0.371 -0.373 -0.377 -0.352 -0.373
0.49900 -0.370 -0.372 -0.376 -0.263 -0.372
0.49990 -0.369 -0.372 -0.377 -0.101 -0.372
0.49999 -0.369 -0.372 -0.376 -0.056 -0.372

6.9.2. Numerical results in large strain elasticity. In this subsection, we present
some numerical results in finite elasticity using the proposed mixed formulation. In particu-
lar, all numerical examples are computed applying the formulation (6.8.6) for neo-Hookean
and Mooney-Rivlin laws.

Example 1: Cook’s membrane problem. We apply our new nonlinear mixed for-
mulation to the Cook’s membrane problem considered in the last section. Keeping the
problem setting and material parameters exactly the same, we compute the vertical tip
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displacement at the top right corner of the membrane by using different cases with neo-
Hookean and Mooney-Rivlin constitutive laws. In case of Mooney-Rivlin material law,
we set cm = 0.25. The computed vertical tip displacement using different cases of our
mixed formulation with neo-Hookean and Mooney-Rivlin laws are provided in Tables 6.12
and 6.13, respectively. These tables show that the standard formulation completely locks,
whereas all cases of our mixed formulation converge rapidly. In particular, Case I and III
show extremely good behavior from the beginning.

Table 6.12. Vertical tip displacement at the top right corner of Cook’s
membrane, neo-Hookean

level Q1 Case I Case II Case III Case IV Case V Q1P0

α = 0 α = 0 α = 0 α = 0
0 2.0337 5.8166 4.6998 5.2442 4.5828 4.0429 4.0385
1 2.0818 6.2960 5.9552 6.2106 5.9041 5.6435 5.6421
2 2.1355 6.5445 6.4476 6.5381 6.4146 6.3300 6.3296
3 2.2917 6.6375 6.6092 6.6405 6.5913 6.5665 6.5665
4 2.7522 6.6769 6.6680 6.6790 6.6591 6.6516 6.6516
5 3.7658 6.6946 6.6914 6.6957 6.6871 6.6846 6.6846

Table 6.13. Vertical tip displacement at the top right corner of Cook’s
membrane, Mooney-Rivlin

level Q1 Case I Case II Case III Case IV Case V
α = 0 α = 0 α = 0 α = 0

0 2.7105 6.8317 5.4527 6.8603 5.7123 4.9284
1 2.7706 7.8366 7.3247 7.9541 7.4433 7.0226
2 2.8271 8.2558 8.0998 8.3231 8.1220 7.9799
3 2.9849 8.4059 8.3602 8.4359 8.3586 8.3166
4 3.4646 8.4661 8.4520 8.4789 8.4481 8.4353
5 4.5907 8.4921 8.4873 8.4979 8.4847 8.4804

In Figure 6.11, we show the relative error of the vertical displacement at T with respect
to α using the Case I of our mixed formulation for both neo-Hookean and Mooney-Rivlin
laws after refining the initial mesh two times. The error is calculated using a reference
solution from Case I (α = 0) with a very fine mesh. We observe that the locking increases
with the increase in α.

Example 2: Nearly incompressible block under compression. In this example,
we analyze the performance of our mixed formulation when applied to a problem with
strong compression, see [134, 120]. A nearly incompressible block Ω := (−1mm, 1mm)3 is
under the compression force applied on the middle part of the top surface. Due to symmetry
only an octant of the structure is discretized as shown in the left picture of Figure 6.12
so that symmetric boundary conditions are considered except on the top surface, where
the nodes are constrained along the x- and y-directions. We compute the final solution
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Figure 6.11: The relative error in the vertical tip displacement versus α
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with neo-Hookean
and Mooney-Rivlin laws, Example 1

in 80 quasi-static steps by applying compression force p = 4N/mm2 on the grey area in
each step. The material model used is the compressible neo-Hookean material model with
material parameters µ = 80.194N/mm2 and λ = 400889.806N/mm2. We have shown
the deformations of the grid in the middle and right pictures of Figure 6.12, where the
solutions are computed using Case I (α = 0) of the mixed formulation and the standard
displacement formulation, respectively. As can be seen from these pictures, the standard
displacement formulation shows extreme locking whereas the proposed mixed formulation
yields good numerical results.

Figure 6.12: Problem setting (left), deformed shape with Case I (α = 0) of the mixed
formulation (middle) and deformed shape with the standard displacement formulation
(right), nearly incompressible block

We have given the vertical tip displacement at the point (0, 0, 1) at different load steps
with respect to different levels of refinement in Table 6.14, where we can see a good con-
vergence behavior of the numerical approximation with our mixed formulation.

Example 3: Bending of a cylindrical shell. In this example, the proposed three-
dimensional finite element formulation is used to compute the deformation of a cylindrical
shell under bending. Taking advantage of the symmetry of the problem, only one quarter
of the cylinder is modeled. In addition to the symmetric boundary conditions, the cylinder
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Table 6.14. Convergence of numerical results with Case I (with α = 0 and
neo-Hookean material law), Example 2

Number of Elements 8 16 64 256
Load step

10 -0.1326 -0.1107 -0.1102 -0.1101
20 -0.2663 -0.2221 -0.2207 -0.2203
30 -0.3961 -0.3315 -0.3281 -0.3272
40 -0.5171 -0.4365 -0.4286 -0.4265
50 -0.6256 -0.5343 -0.5188 -0.5145
60 -0.7194 -0.6220 -0.5973 -0.5894
70 -0.7981 -0.6976 -0.6644 -0.6511
80 -0.8626 -0.7605 -0.7214 -0.7012

is pinched by a radial load along the outer edge, and the external lower edge of the cylinder
is fixed in the y-direction. The load is applied as a uniformly distributed force on the upper
longitudinal section. The geometrical dimensions and material data used are given in Table
6.15.
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Figure 6.13: Problem setting (left) and deformed configuration (right), cylindrical shell

Table 6.15. Geometrical and material data (bending of cylindrical shell)

E 17853.6585 N/mm2

ν 0.488
t 2mm
Ri 9mm− t/2
L 15mm
cm 0.2

Finite element analysis is performed using 24 quasi-static steps with an equal load in-
crement in each step resulting in a total load of P0 = 450N/mm2. The study of convergence
has been performed with shell thickness 2mm.
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The numerical solution at C along the y-direction using neo-Hookean material law are
given in Tables 6.16, 6.17 and 6.18 for Cases I, II and III, respectively, of the proposed
mixed formulation, whereas numerical results with Cases I, II and III of the proposed mixed
formulation with Mooney-Rivlin material model (cm = 0.2) using different finite element
meshes are presented in Tables 6.19, 6.20 and 6.21, respectively. We have set α = 0 for all
numerical results. The load factor γp is defined as γp = P/P0 with the applied load P . As
in previous examples, we can observe a good convergence behavior for all considered cases.

Table 6.16. Convergence of numerical results with Case I (neo-Hookean
material law)

Mesh 8 × 4 12 × 6 16 × 8 20 × 10 24 × 12
×2 ×2 ×2 ×2 ×2

Load factor γp

0.1667 -1.2193 -1.402 -1.470 -1.502 -1.521
0.3333 -2.6437 -3.066 -3.230 -3.311 -3.357
0.5000 -4.2480 -4.974 -5.272 -5.423 -5.510
0.6667 -5.9512 -7.046 -7.519 -7.765 -7.909
0.8333 -7.6452 -9.167 -9.852 -10.218 -10.435
1.0000 -9.2555 -11.252 -12.188 -12.698 -13.004

Table 6.17. Convergence of numerical results with Case II (neo-Hookean
material law)

Mesh 8 × 4 12 × 6 16 × 8 20 × 10 24 × 12
×2 ×2 ×2 ×2 ×2

Load factor γp

0.1667 -1.0491 -1.270 -1.354 -1.396 -1.419
0.3333 -2.2573 -2.763 -2.964 -3.063 -3.120
0.5000 -3.6225 -4.470 -4.827 -5.008 -5.112
0.6667 -5.1140 -6.338 -6.891 -7.179 -7.347
0.8333 -6.6658 -8.276 -9.059 -9.478 -9.727
1.0000 -8.1959 -10.203 -11.242 -11.817 -12.164

In all our numerical results, we get the locking-free response in the nearly incompressible
limit from all cases of our mixed formulations. In particular, the space of stress from Case
I shows better behavior in almost all considered examples. However, more numerical ex-
periments are necessary to test the performance of our α-dependent mixed formulation for
general hyperelasticity. In particular, benchmark numerical tests and comparison among
different cases with different nonlinear material laws should be performed.
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Table 6.18. Convergence of numerical results with Case III (neo-Hookean
material law)

Mesh 8 × 4 12 × 6 16 × 8 20 × 10 24 × 12
×2 ×2 ×2 ×2 ×2

Load factor γp

0.1667 -0.8396 -1.158 -1.342 -1.450 -1.517
0.3333 -1.7649 -2.497 -2.933 -3.193 -3.356
0.5000 -2.7872 -4.026 -4.782 -5.238 -5.523
0.6667 -3.9204 -5.732 -6.859 -7.534 -7.952
0.8333 -5.1755 -7.584 -9.091 -9.977 -10.521
1.0000 -6.5520 -9.535 -11.392 -12.474 -13.141

Table 6.19. Convergence of numerical results with Case I (Mooney-Rivlin
material law)

Mesh 8 × 4 12 × 6 16 × 8 20 × 10 24 × 12
×2 ×2 ×2 ×2 ×2

Load factor γp

0.1667 -1.2318 -1.409 -1.476 -1.509 -1.527
0.3333 -2.6285 -3.040 -3.201 -3.281 -3.327
0.5000 -4.1948 -4.906 -5.197 -5.345 -5.431
0.6667 -5.8555 -6.931 -7.392 -7.634 -7.776
0.8333 -7.5121 -9.005 -9.673 -10.031 -10.243
1.0000 -9.0944 -11.044 -11.952 -12.450 -12.749

Table 6.20. Convergence of numerical results with Case II (Mooney-Rivlin
material law)

Mesh 8 × 4 12 × 6 16 × 8 20 × 10 24 × 12
×2 ×2 ×2 ×2 ×2

Load factor γp

0.1667 -1.2670 -1.267 -1.349 -1.389 -1.412
0.3333 -2.7033 -2.714 -2.908 -3.005 -3.059
0.5000 -4.3408 -4.364 -4.708 -4.882 -4.982
0.6667 -6.1335 -6.171 -6.703 -6.979 -7.140
0.8333 -7.9992 -8.050 -8.801 -9.203 -9.440
1.0000 -9.8577 -9.921 -10.917 -11.466 -11.795
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Table 6.21. Convergence of numerical results with Case III (Mooney-Rivlin
material law)

Mesh 8 × 4 12 × 6 16 × 8 20 × 10 24 × 12
×2 ×2 ×2 ×2 ×2

Load factor γp

0.1667 -0.8710 -1.189 -1.374 -1.482 -1.549
0.3333 -1.7959 -2.529 -2.965 -3.225 -3.388
0.5000 -2.8172 -4.056 -4.813 -5.269 -5.555
0.6667 -3.9484 -5.760 -6.889 -7.565 -7.985
0.8333 -5.2002 -7.609 -9.118 -10.006 -10.553
1.0000 -6.5717 -9.555 -11.413 -12.498 -13.164
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CHAPTER 7

Mortar Finite Elements for Coupling Compressible and Nearly
Incompressible Materials

7.1. Introduction

Often coupled problems with completely different material properties occur in solid me-
chanics. For example, one material can be nearly incompressible, whereas the other can be
a compressible material. To get optimal a priori estimates, a proper discretization scheme
should be used in each subdomain. In this chapter, we consider coupling of compressible
and nearly incompressible linear elastic materials with mortar techniques. As noted in the
last chapter, the standard low order discretization schemes based on quadrilaterals or hex-
ahedra applied to nearly incompressible materials suffer from the so-called locking effect
yielding a poor convergence. We refer to Chapter 6 for an overview of several approaches
to overcome the locking effect in nearly incompressible elasticity. Taking into account the
locking effect, we consider suitable discretization schemes for nearly incompressible ma-
terials. Introducing the pressure as an additional unknown for the nearly incompressible
case, we arrive at the problem of coupling a saddle point problem with a positive definite
one. Working exclusively with non-matching triangulations, we use mortar techniques to
realize the coupling of different discretization schemes.

This chapter is organized as follows. In the next section, we describe the boundary
value problem of linear elasticity and introduce a new formulation of the boundary value
problem in the continuous setting suitable for coupling a nearly incompressible material
with a compressible material. In Section 7.3, we show the stability of the scheme and
prove optimal a priori estimates. Finally in Section 7.4, we present some numerical results
illustrating the performance of our approach.

7.2. The problem of linear elasticity in the mortar framework

We consider a bounded polygonal or polyhedral domain Ω ⊂ R
d, d = {2, 3}, which is

decomposed into two non-overlapping subdomains Ω1 and Ω2 with the common interior
interface Γ, Γ̄ = ∂Ω1 ∩ ∂Ω2. For simplicity, we restrict ourselves to the case of two subdo-
mains. However, the approach can easily be generalized to more than two subdomains.

We assume that the subdomains Ω1 and Ω2 are occupied with different isotropic linear
elastic materials. Furthermore, the material in Ω1 is supposed to be nearly incompressible,
whereas Ω2 is occupied with a compressible material. We consider the following linear
elasticity problem of finding the displacement field u in Ω such that

− div(C1ε(u)) = f 1 in Ω1,
− div(C2ε(u)) = f 2 in Ω2

(7.2.1)
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with homogeneous Dirichlet boundary conditions on ∂Ω. Here, C1 and C2 are constant and
symmetric fourth-order elasticity tensors corresponding to the different materials in Ω1 and
Ω2, respectively, and the plane strain is assumed in the two-dimensional case. We define
the global Hooke tensor C which takes the value C1 on Ω1 and C2 on Ω2, and set u1 := u|Ω1

and u2 := u|Ω2
. We assume that f i ∈ (L2(Ωi))

d, i = 1, 2. The interface conditions on Γ
are given by

[u] := u1 − u2 = 0 on Γ,(7.2.2)

[u]n := (C1ε(u1))n − (C2ε(u2))n = 0 on Γ,

where n is the outer normal to Γ from Ω1. For more details on linear elasticity, we refer to
Chapter 6.

In order to write the variational formulation of the linear elasticity problem (7.2.1), we
introduce H1(Ωk) := (H1(Ωk))

d for k = 1, 2 and define the unconstrained product space

X :=
2∏

k=1

{v ∈ H1(Ωk)| v|∂Ω\ ∂Ωk
= 0}.

The interpolation space H
1/2
00 (Γ) is defined by H

1/2
00 (Γ) := (H1

00(Γ))
d
, and its dual space

will be denoted by H−1/2(Γ). The weak matching condition on the interface is imposed by
introducing the vector-valued Lagrange multiplier space M := H−1/2(Γ) on the interface
Γ. Here, we consider the positive definite variational problem on the constrained finite
element space which is given by means of the global Lagrange multiplier space M

V := {v ∈ X |
∫

Γ

[v] ·ψ dσ = 0, ψ ∈ M}.(7.2.3)

Then, the variational problem of linear elasticity in the mortar formulation can be written
as: given l ∈ V′ find u ∈ V such that

a(u, v) = l(v), v ∈ V,(7.2.4)

where the bilinear form a(·, ·) and the linear form l(·) are defined by

a(u, v) : =

∫

Ω1

C1ε(u) : ε(v) dx+

∫

Ω2

C2ε(u) : ε(v) dx, and

l(v) : =

∫

Ω1

f 1 · v dx+

∫

Ω2

f2 · v dx,

respectively. Taking into account the definition of Cε(u), we can write the variational
formulation (7.2.4) as

2∑

i=1

2µi

∫

Ωi

ε(u) : ε(v) dx+ λi

∫

Ωi

divu div v dx =
2∑

i=1

∫

Ωi

f i · v dx.(7.2.5)

As before, we will use the same notation for norms on Hs(Ω) and Hs(Ω). From the
assumption on C, we find that a(·, ·) is symmetric, continuous and V-elliptic, and hence
the problem (7.2.5) has a unique solution u ∈ V. Since the material occupying Ω1 is
supposed to be nearly incompressible λ1 is very large, and hence the divergence of the
exact solution divu1 is very small. This constraint for the low order approximation based
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on displacement approach leads to the locking. In the next paragraph, we will relax this
constraint by introducing an additional variable for the pressure.
Alternative formulation. There are many efficient numerical approaches to handle a
nearly incompressible material, see also Chapter 6. In general, they are more complex than
the standard displacement formulation. Our goal is to combine the standard formulation
with a suitable scheme for a nearly incompressible material without losing the simplicity
and optimality of the approach. For that purpose, we want to get a variational formulation
which is uniformly well-posed in terms of λ1. Now we introduce an additional unknown
variable p := λ1 divu in Ω1 leading to a mixed formulation. Then the variational problem
(7.2.5) is given by: find (u, p) ∈ V × L2(Ω1) such that

(7.2.6)
ã(u, v) + b̃(v, p) = l(v), v ∈ V,

b̃(u, q) − 1
λ1
c̃(p, q) = 0, q ∈ L2(Ω1),

where

ã(u, v) :=
2∑

i=1

2µi

∫

Ωi

ε(u) : ε(v) dx+ λ2

∫

Ω2

divu div v dx,

b̃(v, q) :=

∫

Ω1

div v q dx and c̃(p, q) :=

∫

Ω1

p q dx.

We remark that in contrast to the setting of the Stokes problem with homogeneous bound-
ary condition, where p ∈ L2

0(Ω1), here, the pressure p ∈ L2(Ω1). The essential points for
the existence and the uniqueness of the solution of a saddle point problem are ellipticity,
continuity and a suitable inf-sup condition. Furthermore, for the saddle point problem
with penalty, it is necessary that the bilinear form c̃(, ·, ) should be positive semi-definite
and bounded, see [38]. The bilinear form ã(·, ·) is symmetric, continuous and V-elliptic
uniformly with respect to λ1. It is also clear that the bilinear form c̃(·, ·) is continuous,

symmetric and positive definite. The continuity of b̃(·, ·) follows from its definition.

Lemma 7.1. The bilinear form b̃(·, ·) on V × L2(Ω1) satisfies an inf-sup condition
uniformly with respect to λ1.

Proof. The proof is based on applying the argument due to Boland and Nicolaides
[35]. Given q ∈ L2(Ω1), we split q = q0 + qc, where

∫
Ω1
q0 dx = 0 and qc is a constant such

that
∫
Ω1
q dx =

∫
Ω1
qc dx = |Ω1|qc. Thus ‖q‖2

0,Ω1
= ‖q0‖2

0,Ω1
+ ‖qc‖2

0,Ω1
. Since q0 ∈ L2

0(Ω1),

there exists a v0 ∈ H1
0(Ω1) with ‖v0‖1,Ω1 ≤ C‖q0‖0,Ω1 such that

‖q0‖2
0,Ω1

= b̃(v0, q0), see [80, Corollary 2.4].

Hence ‖q‖2
0,Ω1

= b̃(v0, q0) + q2
c |Ω1|. Now, we define a piecewise constant function f̃ in Ω

with

f̃(x) :=

{
qc if x ∈ Ω1,

− qc|Ω1|
|Ω2| if x ∈ Ω2

so that f̃ ∈ L2
0(Ω), and hence the divergence equation

∇ ·w = f̃ in Ω(7.2.7)
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has a solution vc ∈ H1
0(Ω) with ‖vc‖1 ≤ C‖f̃‖0, see [9, 79]. Thus

‖q‖2
0,Ω1

= b̃(v0, q0) + q2
c |Ω1| = b̃(v0, q0) +

∫

Ω1

∇ · vcqc dx = b̃(v0, q0) + b̃(vc, qc).

Since v0 ∈ H1
0(Ω1), we can extend v0 trivially on Ω by defining ṽ0 := v0 in Ω1 and ṽ0 := 0

in Ω2, and find that ṽ0 ∈ H1
0(Ω). Hence b̃(v0, q0) = b̃(ṽ0, q0). On the other hand,

b̃(ṽ0 + vc, q0 + qc) = b̃(ṽ0, q0) + b̃(vc, qc) + b̃(ṽ0, qc) + b̃(vc, q0).

Noting that b̃(ṽ0, qc) = 0, and b̃(vc, q0) = 0, we get

‖q‖2
0,Ω1

= b̃(ṽ0 + vc, q0 + qc).

Finally, taking into account that ṽ0 ∈ H1
0(Ω) we get vc + ṽ0 =: v ∈ H1

0(Ω) with ‖v‖1 ≤
‖vc + ṽ0‖1 ≤ C(‖f̃‖0 + ‖q0‖0,Ω1), which completes the proof. ¤

An immediate consequence of the previous Lemma is the following:

Theorem 7.2. The problem 7.2.6 has a unique solution and there exists a constant C
independent of λ1 such that

‖u‖1 + ‖p‖0,Ω1 ≤ C‖l‖0.

7.3. Mortar discretizations and a priori estimates

Using the notation of Section 4.3 of Chapter 4, we define the unconstrained discrete
finite element space for the displacement Xh := X1 × X2, where Xk := Xd

k , Xk being the
conforming finite element space of order pk in Ωk. We recall that no interface condition
is imposed on Xh, and the elements in Xh do not have to satisfy a continuity condition
at the interface. The pressure space L2(Ω1) is discretized by some finite elements and will
be denoted by Rh ⊂ L2(Ω1). The efficiency and optimality of the mortar method depends
on the choice of a discrete Lagrange multiplier space, which should satisfy Assumptions
2–4 stated in the first chapter. Without loss of generality, the Lagrange multiplier space
is based on a one-dimensional mesh TΓ2 inherited from T2, and its basis functions are
defined locally having the same support as finite element basis functions associated with
the interior nodes of the slave side.

As in Chapter 4, we observe that since the normal has jumps if Γ has corners although
u ∈ Hs+1(Ω1), ε(u)n is, in general, not an element in Hs−1/2(Γ). Therefore, we decompose
Γ into a finite number of subsets γi, 1 ≤ i ≤ N, such that each γi entirely lies in a (d− 1)-
dimensional hyperplane, and

Γ̄ =

N⋃

i=1

γ̄i,

where γk ∩ γl = ∅, and γ̄k ∪ γ̄l does not entirely lie in a (d − 1)-dimensional hyperplane,
1 ≤ k 6= l ≤ N . Denoting the discrete Lagrange multiplier spaces on γi by Mi, 1 ≤ i ≤ N ,
we define Mi := Md

i , and our global discrete Lagrange multiplier space is then given as
the product space

Mh :=
N∏

i=1

Mi.
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The finite element nodes in ∂γi on the slave side, 1 ≤ i ≤ N , are the crosspoints and they
do not carry any degree of freedom for the Lagrange multipliers. We assume that Wm

i and
Ws

i are the trace spaces of X1 and X2 restricted to γi, respectively, satisfying homogeneous
boundary conditions on ∂γi, and we set

Wm
h :=

N∏

i=1

Wm
i , Ws

h :=
N∏

i=1

Ws
i .

As in the continuous setting, we consider the positive-definite variational problem on
the constrained finite element space Vh which is given by means of the discrete global
Lagrange multiplier space Mh

Vh := {vh ∈ Xh | b(vh,ψh) = 0, ψh ∈ Mh},(7.3.1)

where b(vh,ψh) :=
∑N

i=1

∫
γi

[vh] · ψh dσ. We remark that the elements of the space Vh

satisfy a weak continuity condition on the skeleton Γ in terms of the discrete Lagrange
multiplier space Mh. However, Vh is, in general, not a subspace of H1

0(Ω). Replacing
the space V × L2(Ω1) by our discrete space Vh × Rh in (7.2.6), we obtain our discrete
variational problem: find (uh, ph) ∈ Vh ×Rh such that

ã(uh, v) + b̃(v, ph) = l(v), v ∈ Vh,

b̃(uh, q) − 1
λ1
c̃(ph, q) = 0, q ∈ Rh.

(7.3.2)

To establish a priori estimates for the discretization errors, we consider the saddle point
formulation (7.3.2) of the elasticity problem and apply the theory of mixed finite elements.

The continuity of the bilinear form ã(·, ·) on Vh × Vh, of b̃(·, ·) on Vh × Rh and of c̃(·, ·)
on Rh × Rh is straightforward. Moreover, the continuity constants are independent of λ1.
Furthermore, we need the ellipticity of the bilinear form ã(·, ·) on Vh ×Vh, and a uniform

inf-sup condition for the bilinear form b̃(·, ·) on Vh × Rh.

7.3.1. Uniform inf-sup condition and ellipticity.

Assumption 10. The following two assumptions will be crucial to prove the inf-sup
condition in the discrete setting and are supposed to hold in the following:

10(i) For a constant qc ∈ R, there exist functions vs
h ∈ Ws

i , v
m
h ∈ Wm

i for some i ∈
{1, · · · , N} with ‖vs

h‖H
1/2
00 (γi)

≤ C|qc|, ‖vm
h ‖H

1/2
00 (γi)

≤ C|qc| so that
∫

γi

vs
h · n dσ = qc, and

∫

γi

(vs
h − vm

h ) ·ψ dσ = 0, ψ ∈ Mi.

10(ii) For any q ∈ Rh∩L2
0(Ω1), there exists a constant C > 0 independent of the meshsize

such that

sup
vh∈X1∩H1

0(Ω1)

b̃(vh, q)

‖vh‖1,Ω1

≥ C‖q‖0,Ω1.

Assumption 10 (i) is readily met if the triangulation is fine enough under Assumption 3,
and Assumption 10 (ii) tells that the spaces X1 and Rh should be chosen carefully so that
they form a stable pair for the Stokes problem. The following lemma provides a necessary
tool to prove inf-sup condition.
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Lemma 7.3. For a constant qc ∈ R, there exists a vh ∈ Vh with ‖vh‖1 ≤ C|qc| such
that

∫
Ω1

∇ · vh dx = qc.

Proof. Because of Assumption 10 (i), we can choose a function vs
h ∈ Ws

i with

‖vs
h‖H

1/2
00 (γi)

≤ C|qc| such that

∫

γi

vs
h · n dσ = qc,

and define a function vm
h ∈ Wm

i with ‖vm
h ‖H

1/2
00 (γi)

≤ C|qc| so that
∫

γi
(vs

h − vm
h ) · ψ dσ =

0, ψ ∈ Mi. Since vs
h, v

m
h ∈ H

1/2
00 (γi) both vs

h and vm
h can trivially be extended to functions

in Ws
h and Wm

h , respectively, still denoted by vs
h and vm

h . Using the discrete harmonic
extension, we obtain functions wm

h ∈ X1 and ws
h ∈ X2 so that ws

h|Γ = vs
h and wm

h |Γ = vm
h .

Defining a function vh ∈ Xh with vh|Ω1
= wm

h , and vh|Ω2
= ws

h, we find that vh ∈ Vh, and

from the well known property of harmonic extension we have ‖vh‖1 ≤ C|qc|. Finally, the
result follows from∫

Ω1

∇ · vh dx =

∫

Γ

vs
h · n dσ =

∫

γi

vs
h · n dσ = qc.

¤

Theorem 7.4. For any qh ∈ Rh, there exists a constant C independent of λ1 and the
meshsize such that

sup
vh∈Vh

b̃(vh, qh)

‖vh‖1
≥ C‖qh‖0,Ω1.

Proof. As in the continuous case, we resort to the argument due to Boland and
Nicolaides [35] to prove the inf-sup condition. We take qh ∈ Rh and split qh = q0h + qch,
where

∫
Ω1
q0h dx = 0 and qch is the L2-projection of qh onto R such that

∫
Ω1
qh dx =∫

Ω1
qch dx. Since q0h ∈ Rh ∩ L2

0(Ω1), from Assumption 10 (ii), we get a v0h ∈ X1 ∩ H1
0(Ω1)

with ‖v0h‖1,Ω1 ≤ C‖q0h‖0,Ω1 so that ‖q0h‖2
0,Ω1

= b̃(v0h, q0h). Hence

‖qh‖2
0,Ω1

= b̃(v0h, q0h) + q2
ch|Ω1|.(7.3.3)

From Lemma 7.3, we get a vch ∈ Vh such that
∫
Ω1

∇ · vch qch dx = q2
ch|Ω1|. Using this in

(7.3.3), we get

‖qh‖2
0,Ω1

= b̃(v0h, q0h) + b̃(vch, qch)

The rest of the proof follows exactly as in continuous setting. ¤

Remark 7.5. Working with bilinear or trilinear finite elements and piecewise constant
pressure in the subdomain with the nearly incompressible material, it is well known that
the uniform inf-sup condition does not hold, and one can observe some spurious pressure
modes. Since Assumption 10 (ii) does not hold, the theoretical analysis does not cover
this case. However, as we have proved in the last chapter for a problem posed in a single
domain with homogeneous Dirichlet boundary condition, the spurious pressure modes do
not substantially affect the displacement. Furthermore, through the numerical results we
will show that the Q1P0 formulation and also the modified Hu-Washizu formulation can be
successfully used in the subdomain with the nearly incompressible material.
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Now, we turn our attention to the ellipticity of the bilinear form ã(·, ·) on the space
Vh. If ∂Ωk ∩ ∂Ω has a non-zero measure for k = 1, 2, we can apply Korn’s and Poincare’s
inequalities to each subdomain and obtain the desired results

ã(v, v) =
2∑

k=1

ãk(v, v) ≥ C
2∑

k=1

‖v‖2
1,Ωk

= C‖v‖2
1, v ∈ Xh,

where ãk(·, ·) stands for the restriction of ã(·, ·) to the subdomain Ωk. Thus ã(·, ·) is elliptic
on Xh ×Xh. Unfortunately, there are many interesting situations where we cannot satisfy
this assumption. However, it is sufficient to have ellipticity of ã(·, ·) in Vh × Vh for the
problem (7.3.2) to be uniquely solvable. Since the bilinear form ã(·, ·) does not involve λ1

the ellipticity can been shown exactly as in [163, 49, 87] uniformly with respect to λ1. It
is shown in [49, 87] that the ellipticity constant is independent of the number and the size
of different subdomains of the decomposition.

Remark 7.6. Using the Stokes equation in the subdomain Ω1 instead of equation of
elasticity we arrive at the Stokes flow coupled with a linear elastic body. The coupled
problem can be written as: given l ∈ L2(Ω) find (uh, ph) ∈ Vh ×Rh such that
∫

Ω2

C2ε(uh) : ε(vh) dx +µ1

∫

Ω1

∇uh : ∇vh dx +

∫

Ω1

div vh ph dx = l(vh), vh ∈ Vh

∫

Ω1

divuh qh dx = 0, qh ∈ Rh,

where uh restricted to the subdomain Ω2 represents the displacement, uh restricted to the
subdomain Ω1 represents the velocity, and µ1 is the kinematic viscosity for the incompress-
ible fluid. The mathematical analysis of mortar finite elements for the Stokes problem can
be found in [23, 24].

7.3.2. A priori estimates. The immediate consequence of the above discussion is the
well-posedness of the discrete problem (7.3.2). From the theory of saddle point problem,
see, e.g., [52], we have

Lemma 7.7. The discrete problem (7.3.2) has exactly one solution (uh, ph) ∈ Vh ×Rh

which is uniformly stable with respect to the data f i, i = 1, 2, and there exists a constant
C independent of Lamé parameter λ1 such that

‖uh‖1 + ‖ph‖0,Ω1 ≤ C‖f‖0.

The convergence theory is provided by an abstract result about the approximation of
saddle point problems by nonconforming methods, see [23, 72].

Lemma 7.8. Assume that (u, p) and (uh, ph) be the solutions of problems (7.2.6) and
(7.3.2), respectively. Then, we have the following error estimate uniform with respect to
λ1:

(7.3.4) ‖u− uh‖1 + ‖p− ph‖0,Ω1

≤ C

(
inf
vh∈Vh

‖u− vh‖1 + inf
qh∈Rh

‖p− qh‖0,Ω1 + sup
vh∈Vh\{0}

|ã(u, vh) + b̃(vh, p) − l(vh)|
‖vh‖1

)
.
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We note that the first two terms in the right hand side of (7.3.4) denote the best
approximation error and the last one is the consistency error.

Lemma 7.9. We have the following estimate for the consistency error in Lemma 7.8

sup
vh∈Vh\{0}

|ã(u, vh) + b̃(vh, p) − l(vh)|
‖vh‖1

= sup
vh∈Vh\{0}

|
∫
Γ
C2ε(u2)n · [vh] dσ|

‖vh‖1
.

Proof.

ã(u, vh) + b̃(vh, p) − l(vh) =
2∑

k=1

∫

Ωk

Ckε(u) : ε(vh) dx

+

∫

Ω1

(p− λ1∇ · u)∇ · vh dx− l(vh)

=

∫

Γ

C2ε(u2)n · [vh] dσ,

where in the last step we have used the second equation of (7.2.2), and u ∈ H1
0(Ω). ¤

The a priori error estimate is obtained by combining the approximation of the saddle
point problem in our nonconforming situation, see [23, 72], with the best approximation
property of Vh, Rh and Mh.

Theorem 7.10. Assume that u ∈ Π2
k=1H

rk+1(Ωk), p ∈ Hr1(Ω1), and χ := C2ε(u2)n ∈
ΠN

i=1H
r2− 1

2 (γi) with r1 ≥ 0 and r2 >
1
2
. Moreover, assume that

inf
ph∈Rh

‖p− ph‖0,Ω1 ≤ Chr1
1 ‖p‖r1,Ω1, p ∈ Hr1(Ω1).

Then the following a priori error estimate holds for the discretization error

‖u− uh‖1 + ‖p− ph‖0,Ω1 ≤C
(

2∑

k=1

htk
k ‖u‖tk+1,Ωk

+ +ht1
1 ‖p‖t1,Ω1

)
,

where ti := min(ri, pi), i = 1, 2. If 0 ≤ r2 ≤ 1
2
, then we have

‖u− uh‖1 + ‖p− ph‖0,Ω1 ≤ C

(
2∑

k=1

htk
k ‖u‖tk+1,Ωk

+ ht1
1 ‖p‖t1,Ω1 + hr2

2

N∑

i=1

‖χ‖r2− 1
2
,γi

)
,

where the constant C might depend on log2 hmr as in Theorem 1.15.

Proof. The best approximation property of Vh has already been established in the
first chapter. Hence using Lemma 7.8 it is sufficient to consider the consistency error. If
r1 >

1
2
, the definition of space Vh, the best approximation property of Mh and the trace
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theorem yield for ψh ∈ Mh∫

Γ

χ · [vh] dσ =

∫

Γ

(C2ε(u2)n − ψh) · [vh] dσ

≤
N∑

i=1

inf
ψh∈Mi

‖C2ε(u2)n − ψh‖(H1/2(γi))0‖[vh]‖1/2,γi

≤ Cht2
2

N∑

i=1

‖C2ε(u2)n‖t2−1/2,γi
‖vh‖1

≤ Cht2
2 ‖u‖t2+1,Ω2‖vh‖1.

We refer to Remark 1.12 for the proof of the second part. ¤

Remark 7.11. If Ω1 is on the slave side of the interface Γ then we have to estimate
the term

N∑

i=1

inf
ψh∈Mi

‖C1ε(u1)n − ψh‖(H1/2(γi))0,

where now the Lagrange multiplier spaces Mi are defined on γi, 1 ≤ i ≤ N , with the mesh
inherited from T1. In this case, assuming r2 ≥ r1 >

1
2
, we can use the second equation of

(7.2.2) to obtain

∫

Γ

χ · [vh] dσ ≤
N∑

i=1

inf
ψh∈Mi

‖C1ε(u1)n − ψh‖(H1/2(γi))0‖[vh]‖1/2,γi

=
N∑

i=1

inf
ψh∈Mi

‖C2ε(u2)n − ψh‖(H1/2(γi))0‖[vh]‖1/2,γi

≤ Cht1
1

N∑

i=1

‖C2ε(u2)n‖t1−1/2,γi
‖vh‖1

≤ Cht1
1 ‖u‖t1+1,Ω2‖vh‖1.

7.4. Numerical results

In this section, we investigate the computational performance of our approach through
some numerical examples. In particular, we compare the results from the standard ap-
proach and mortar approach for different test examples. In the following, Q1 or Q2 denotes
that standard bilinear elements or quadratic serendipity elements are used in the whole
domain Ω, whereas Q1-Q1P0 or Q1-HW denotes that Q1P0 or HW formulation is used in
subdomains with a nearly incompressible material ν → 0.5 in combination with the stan-
dard Q1 formulation in subdomains with smaller ν. We refer to equation (2.4.3) for the
relation between Lamé parameters λ and µ, and Young’s modulus E and Poisson ratio ν.
In case of the HW-discretization, spaces of stress and strain are used from Case II. Simi-
larly, Q2-Q2P0 or Q2-Q2P1 denotes that Q2P0 or Q2P1 formulation is used in subdomains
with nearly incompressible materials, and they are combined with quadratic serendipity
elements in subdomains with compressible materials. Working with bilinear and quadratic
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serendipity elements linear and quadratic dual Lagrange multiplier spaces introduced in
[163] are used to realize the weak matching condition. For the pressure space, piecewise
constant pressure is used for Q1P0 and Q2P0, whereas discontinuous linear pressure is used
for Q2P1 case. Furthermore, we do not specify the measurement units, and they should be
understood with proper scaling.

Example 1: Cook’s membrane problem. In this example, we consider a structure
occupying a region Ω := conv{(0, 0), (48, 44), (48, 60), (0, 44)}, where convξ is the convex
hull of the set ξ. The left boundary of Ω is fixed and an in-plane shearing load of 100N
is applied along the positive y-direction on the right boundary. Here, the domain Ω is
decomposed into two subdomains Ω1 and Ω2 with

Ω2 := conv{(12, 20.25), (36, 38.75), (36, 50.25), (12, 38.75)},
and Ω1 := Ω\Ω̄2. The decomposition of domain Ω and the initial triangulation are given
in the left picture of Figure 2.16. The material parameters are taken to be E1 = 250,
E2 = 80, ν1 = 0.4999, and ν2 = 0.35 to get a nearly incompressible response in Ω1. We
see that uniform convergence is obtained if we work with Q1-Q1P0, Q2-Q2P0, Q2-Q2P1 or
Q2, see Figure 7.1. In this problem, we see that Q1-Q1P0 and Q2 elements work as good as
Q2-Q2P0 and Q2-Q2P1. To show the influence of the choice of the master and the slave side,
we have given the plot of vertical tip displacement at the top right corner of the membrane
in the left and right pictures of Figure 7.1 for different choices of master and slave sides.
Comparing both of these pictures, we can see that there is not any essential difference
between choosing Ω1 or Ω2 as the slave side. However, since the Lagrange multiplier space
Mh is based on a coarser mesh if Ω2 is chosen on the slave side, we see some influence in
the first step.
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Figure 7.1: Vertical tip displacement at the top right corner versus number of elements
(Ω1 master, Ω2 slave) (left) and (Ω2 master, Ω1 slave) (right), Example 1, Ω1 nearly
incompressible

In a next step, we investigate the situation with the nearly incompressible material in
Ω2 so that the material parameters are E1 = 80, E2 = 250, ν1 = 0.35, and ν2 = 0.4999. As
before we also want to see the influence of the choice of the master and the slave side. Since
lowest order elements also yield really good results, we concentrate now only on Q1-Q1P0,
Q1-HW and Q1 discretizations. The vertical tip displacement at the top right corner of the
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membrane for different levels of refinement are shown in the left and the right pictures of
Figure 7.2 for different choices of master and slave sides. The standard approach in both
subdomains leads to locking, whereas we obtain a good convergence behavior if Q1P0 or
the Hu-Washizu discretization is used in Ω2. As before, we do not see any influence of the
choice of the master and slave side when we refine the mesh.
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Figure 7.2: Vertical tip displacement at the top right corner versus number of elements
(Ω1 master, Ω2 slave) (left), and (Ω2 master, Ω1 slave) (right), Example 1, Ω2 nearly
incompressible

Example 2: Comparison of errors in the L2- and H1-norms. In this example,
a two-dimensional region Ω := (−1, 1) × (−1, 1) is decomposed into four non-overlapping
subdomains defined by Ω1 := (−1, 0)× (−1, 0), Ω2 := (0, 1)× (−1, 0), Ω3 := (−1, 0)× (0, 1)
and Ω4 := (0, 1)× (0, 1). The problem for this example is taken from [47] slightly modified
to enforce that the jump of the flux across the interface Γ is zero. Here, the exact solution
u = (u1, u2) is

u1(x, y) :=
sin (2 π y) (−1 + cos (2 π x)) (2 + 2 ν)

E
+ xy sin (π x) sin (π y)

(1 + ν) (1 − 2 ν)

1 − ν − 2 ν2 + Eν
,

u2(x, y) :=
sin (2 π x) (1 − cos (2 π y)) (2 + 2 ν)

E
+ xy sin (π x) sin (π y)

(1 + ν) (1 − 2 ν)

1 − ν − 2 ν2 + Eν
,

where ν = 0.3, E = 25 in Ω1 and Ω4, and ν = 0.4999, E = 250 in Ω2 and Ω3 so that a
nearly incompressible response is obtained in Ω2 and Ω3. In this example, the right hand
side and the Dirichlet boundary conditions are computed by using the exact solution. We
have given the decomposition of the domain and the initial triangulation in the left picture
of Figure 7.3, and the error plot versus number of degrees of freedom for different levels
of refinement for the L2 and H1-norms are given in the middle and the right pictures,
respectively. From Figure 7.3, we can see that the optimality can be obtained by using
Q1P0 and Q2P1-approaches for the nearly incompressible material, whereas the standard
Q1-approach locks. Furthermore, we can observe the sub-optimal behavior for Q2P0 and
Q2-discretizations.

Example 3: Three-dimensional I-beam. In this numerical test, we consider the
coupling of compressible and nearly incompressible elasticity in three-dimensional elasticity.
The computational domain Ω, which is an I-beam, is decomposed into three subdomains
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Figure 7.3: Decomposition of the domain and initial triangulation (left), error plot versus
number degrees of freedom in L2-norm (middle) and error plot versus number of degrees
of freedom in H1-norm (right), Example 2

Ω1, Ω2 and Ω3 with Ω1 := (0, 50) × (0, 10) × (0, 2), Ω2 := (0, 50) × (3, 7) × (2, 11) and
Ω3 := (0, 50) × (0, 10) × (11, 13). We impose zero Dirichlet boundary condition on ΓD,
where ΓD is a part of the boundary of Ω with x = 0 and x = 50 so that the left and the
right sides of each subdomain are fixed. And a constant vertical force is applied on a small
part of the top boundary (z = 13) so that σ(u)n = gN on ΓN with ΓN := ∂Ω\ΓD. The
function gN = (g1, g2, g3) on ΓN is given as g1 = g2 = 0, and

g3 =

{
−20.35 if 22 ≤ x ≤ 28 and z = 13

0 otherwise
.

The material parameters are E1 = 250, ν1 = 0.3, E2 = 300, ν2 = 0.4, and E3 = 350,
ν3 = 0.4999. We have shown the setting of the problem in the left picture of Figure 7.4,
and the resulting deformation of the structure is shown in the right.
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Ω2 compressible
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Ω1 compressible

Ω2 compressible

Ω3 nearly incompressible

Figure 7.4: Left: I-beam decomposed into three subdomains, Right: the distorted mesh
with the Hu-Washizu formulation in subdomain Ω3

In Figure 7.5, we have shown the vertical displacement along the line y = 0, z = 13
versus x-coordinates. As can be seen from this figure, the standard Q1-approach suffers
from severe locking whereas the Hu-Washizu formulation in Ω (HW) and the Hu-Washizu
formulation only in Ω3 (Q1-HW) yield fast convergence. In this figure, we have also shown
the vertical displacement computed by using Q2-Q2P1-approach with a one-level coarser
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mesh. We can see that the numerical solution from the coupled approach with the Hu-
Washizu discretization is of comparable quality even with mixed quadratic finite elements.
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Figure 7.5: Displacement along vertical direction at the line y = 0, z = 13 versus x-
coordinates, note: Q2-Q2P1-approach is used in a one-level coarser mesh

Example 4. In this numerical test, a two-dimensional domain Ω is decomposed into
three subdomains Ω1 := (1.3, 2.7)× (0, 1), Ω2 := (0, 4)× (1, 2) and Ω3 := (1.3, 2.7)× (2, 3),
where the domains Ω1 and Ω3 are on the slave side of the interface. We consider a nearly
incompressible soft material in Ω2, whereas the materials in Ω1 and Ω3 are hard and
compressible so that the material parameters are given by E1 = 2000, ν1 = 0.25; E2 =
100, ν2 = 0.4999; and E3 = 2000, ν3 = 0.25. The middle subdomain Ω2 is fixed at both left
and right boundaries, whereas a traction force 60N per unit length is applied from the top
boundary of Ω3 and from the bottom boundary of Ω1 to compress the subdomain Ω2. The
mixed α-formulation introduced in the last chapter for finite elasticity with neo-Hookean
law is applied in the middle subdomain, whereas the standard neo-Hookean formulation
is applied in the rest. We have shown the problem setting and the initial triangulation
in the left picture of Figure 7.6, whereas the deformation of the domain is shown in the
right. The solution is computed using Case I of the mixed formulation in Ω2 with α = 0.
In the left and right pictures of Figure 7.7, we have plotted the horizontal and vertical
displacements of the structure along the line y = 2 with respect to x-coordinates using
different coupled approach. We can see that the standard neo-Hookean approach (SN)
suffers from complete locking, whereas the mixed neo-Hookean formulation in Ω (MN); the
two coupled approaches: standard neo-Hookean in Ω1 and Ω3 and mixed formulation in
Ω2 (SN-MN), and standard linear elasticity in Ω1 and Ω3 and mixed neo-Hookean in Ω2

(SL-MN) are in good agreement with each other. In the left and right pictures of Figure
7.8, we compare the horizontal and vertical displacements along the line y = 2 using linear
(ML) and nonlinear (MN) elasticity. In both linear and nonlinear cases, we use the mixed
formulations proposed in the last chapter. In the linear case, we use Case II, whereas Case
I (α = 0) is used in the nonlinear case. In Figure 7.8, we can see that it is not reasonable
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Figure 7.6: Problem setting and deformed configuration
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Figure 7.7: Horizontal and vertical displacement versus x-coordinates along the line y = 2

to use the model of linear elasticity in the whole domain Ω, whereas Figure 7.7 shows that
it is reasonable to use the model of linear elasticity in Ω1 and Ω3.

Example 5: One cube pressed upon another. In this numerical test, the global
domain Ω is composed of two cubes with dimensions Ω1 = (0, 6)3 and Ω2 = (1.3, 4.7) ×
(1.3, 4.7) × (6, 9). The bigger one is soft and nearly incompressible and the smaller one is
hard and compressible so that the material properties are set to be E1 = 100, ν1 = 0.4999
and E2 = 2000, ν2 = 0.3. The lower part of the domain Ω1 is fixed, and we apply a
constant traction force 100N per unit area from the top of the smaller cube. We apply
our mixed α-formulation (α = 0, Case I) introduced in the last chapter with neo-Hookean
law in Ω1 whereas the standard neo-Hookean formulation is applied in the upper cube
(coupled approach: SN-MN). The finite element solution is computed using several quasi-
static steps with load increment. The decomposition of the domain and the triangulation
is shown in the left picture of Figure 7.9, and the resulting deformation of the domain is
given in the middle. In the right picture of Figure 7.9, we give the vertical displacement
of the lower cube along the line y = 3 and z = 3 using different approaches. We can see
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that the mixed approach in both subdomains (MN) and the coupled approach (SN-MN)
yield good numerical results, whereas the standard approach in both subdomains shows
extreme locking.
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Figure 7.9: Decomposition into two subdomains and triangulation, deformation of the
structure, and z-displacement versus x-coordinates along the line y = 3 and z = 3, Example
5
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CHAPTER 8

Conclusion and Outlook

In this chapter, we summarize the main contribution of this thesis and give an outlook
to further work.

For the theory of mortar finite elements, allowing locally refined finite element meshes
and geometrically non-conforming subdivisions into subdomains as in [99, 68], we prove
optimal a priori estimates without assuming that the dimension of the Lagrange multiplier
space is equal to the dimension of the trace space of the finite element space from the slave
side satisfying homogeneous boundary condition on the interface boundary. On the other
hand, as in [163, 68], we do not require that the partitions match on the boundaries of
the interfaces. Furthermore, assuming quasi-uniform meshes on each subdomain, we prove
an error estimate, where the constant depending on the maximum of ratios of meshsizes
at master and slave sides is replaced by the constant only depending on the logarithm of
the maximum of ratios of these meshsizes.

In case of two-dimensional mortar finite elements, we have constructed higher order dual
Lagrange multiplier spaces satisfying the optimality assumptions. Using an interesting
relation between the biorthogonality and quadrature formulas, we prove that to obtain
optimal a priori estimates it is required that the underlying finite element space should be
based on Gauß-Lobatto quadrature nodes. These newly constructed dual basis functions
satisfy the condition of “equal support”, in the sense that the finite element basis functions
and the Lagrange multiplier basis functions have the same support.

Although the construction of dual Lagrange multiplier spaces for finite element spaces
of tensor product structure is straightforward, the two-dimensional construction cannot
be easily extended to the three-dimensional simplicial and serendipity family of elements
since these elements do not have a tensor product structure. Restricting ourselves to
the quadratic case, we consider simplicial and serendipity finite elements. We show that
optimal dual Lagrange multiplier spaces with “equal support” do not exist for quadratic
and serendipity finite elements under the assumption that the dimension of the Lagrange
multiplier space is equal to the dimension of the trace of the finite element space from the
slave side with zero boundary condition on the interface boundary.

To deal with this problem, we generalize the idea of a dual Lagrange multiplier space
in two ways. First, we introduce a quasi-dual Lagrange multiplier space for quadratic
serendipity elements. Secondly, working with dual Lagrange multiplier spaces whose di-
mension is smaller than the trace of the finite element space with zero boundary condition
on the interface from the slave side, we show that dual Lagrange multiplier spaces with
“equal support” can be constructed for the quadratic simplicial and serendipity finite ele-
ments. For all cases, we provide numerical results.
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Starting with the saddle point formulation of interface problems with the non-homo-
geneous jump in the flux and in the solution, we prove the existence and uniqueness of the
solution of the interface problems. We show that the interface conditions do not affect the
stiffness matrix and only enter into the right hand side. Numerical results are supplied to
verify the theoretical results.

We have applied mortar finite elements for different coupled problems coming from
physics and engineering. In particular, elasto-acoustic problems and problems coupled with
different linear or nonlinear material laws are solved. Moreover, time-dependent problems
with jumps in the diffusion coefficients, a coupled advective heat conduction problem and
problems with sliding meshes are presented.

We have carried out a detailed analysis of a generalized Hu-Washizu formulation, of
which the classical Hu-Washizu formulation is a special case. The generalization takes the
form of a one-parameter family of formulations. Attention is paid to the question of well-
posedness and convergence in the incompressible limit, and it is shown with a preliminary
analysis that the classical Hu-Washizu formulation is not the appropriate setting in which
to carry out such an analysis.

We have shown the well-posedness of the generalized formulation, subject to conditions
on the spaces of stress and strain. Although the discrete inf-sup condition does not hold
uniformly, the discretization error is shown to be optimal and robust, in the sense that
the convergence rate does not depend on the Lamé parameter λ. This shows that the
lack of stability resulting from the checkerboard mode is only confined to the stress. A
λ-independent optimal error bound on the post-processed stress is derived.

We have generalized the modified Hu-Washizu formulation for geometrically nonlinear
elasticity with Saint-Venant Kirchhoff law. Furthermore, a suitable three-field formulation
for a general hyperelastic material law is presented. Different numerical examples are
presented to illustrate the locking behavior that occurs in the incompressible limit when
the conditions on the bases and on α necessary for stability are not met. The results also
illustrate the good behavior that is achieved otherwise.

Finally, we consider the coupling of a compressible and a nearly incompressible material
in linear elasticity. Working with a suitable discretization scheme to deal with a nearly
incompressible material, we provide an error estimate uniform with respect to the Lamé
parameters λ for the nearly incompressible material. A range of numerical examples of
coupled problems are presented.

The mortar finite element method has already proved to be a flexible and optimal tool
to couple non-conforming discretization schemes or different physical models. Working
with dual Lagrange multiplier spaces, an efficient iterative solver like multigrid can easily
be adapted. However, there are many open problems for the construction of these dual
Lagrange multiplier spaces. Particularly in three-dimensional mortar finite elements, the
construction of a dual Lagrange multiplier space is not so easy for higher order finite
elements. It seems that the quasi-dual Lagrange multiplier space can be generalized to
the higher order serendipity and simplicial finite elements. However, the local standard
finite element basis functions should be modified as we have done in the quadratic case.
Furthermore, some modification is necessary to deal with curved interfaces and arbitrary
distorted quadrilateral meshes.
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To treat the nearly incompressible material in linear elasticity, the Hu-Washizu for-
mulation is shown to be a key formulation, which provides a variational background for
different finite element approaches which are in use in engineering computations. The
extension of the linear analysis to the general hyperelastic material law is not trivial. Fi-
nally, the coupled problem of a nearly incompressible material and a compressible material
is analyzed by taking into account the fact that the finite element formulation used for
the nearly incompressible material satisfies the discrete inf-sup condition. It is an open
problem to analyze the coupled problem where the Hu-Washizu formulation is used for the
nearly incompressible material.
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