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Zusammenfassung

Stochastische Feldtheorien zur Beschreibung von komplexem physikalischem Verhalten
bilden ein wichtiges Themengebiet der statistischen Physik. Sie umfassen die Modellie-
rung beispielsweise von Fluid-Turbulenz durch die Navier-Stokes Gleichungen sowie von
nichtlinearem Oberflichenwachstum anhand der Kardar-Parisi-Zhang (KPZ) Gleichung.
Beide Modelle waren und sind Gegenstand intensiver Forschung, sowohl vonseiten der
statistischen Physik als auch der angewandten Mathematik. Trotz des beachtlichen Fort-
schritts und der Tatsache, dass beide Modelle seit geraumer Zeit bekannt sind, im Fall
der KPZ Gleichung seit iiber dreiflig Jahren und im Fall der Fluid-Turbulenz seit mehr
als einem Jahrhundert, gibt es noch immer eine Vielzahl ungeloster Herausforderungen.
Fine dieser Herausforderungen besteht in der jeweiligen Formulierung einer exakten, all-
gemeingiiltigen Losung beider Gleichungen. Dennoch konnten mithilfe der dynamischen
Renormalisierungsgruppentheorie in Verbindung mit der Theorie kritischer Phénomene
und Skaleninvarianz Vorhersagen beziiglich des Verhaltens der Modelle auf grofien Ska-
len und fiir lange Zeiten getroffen werden. Diese konnten sowohl numerisch als auch
experimentell bestatigt werden.

Insbesondere in den letzten Jahren hat sich ein weiteres sehr aktives Forschungsgebiet
in der statistischen Physik etabliert. Es beschreibt die thermodynamische Behandlung
einzelner Trajektorien, die von stochastischen dynamischen Systemen erzeugt werden,
und ist unter der Bezeichnung stochastische Thermodynamik bekannt. Im Rahmen der
stochastischen Thermodynamik kénnen beispielsweise Begriffe wie Wirme, Arbeit, in-
nere Energie und Entropie entlang der zufélligen Trajektorie eines Brownschen Teil-
chens in einem Wérmebad definiert werden. Das Teilchen kann dabei dem Einfluss von
konservativen wie auch nicht-konservativen Kréften ausgesetzt sein. Der Einfluss des
Wirmebads wird iiber weifles Gaufiches Rauschen (thermisches Rauschen) modelliert.
Die Beschreibung eines solchen Systems erfolgt iiber Langevin Gleichungen. In Féllen,
in denen die Tréigheit des Teilchens von Bedeutung ist, spricht man von unterdampften
Langevin Gleichungen, wohingegen iiberddmpfte Langevin Gleichungen diese Trégheit
aufler Acht lassen. Das Beispiel des Brownschen Teilchens féllt unter die grofie Klasse von
Modellen, die kein intrinsisches Gedéchtnis besitzen. Man sagt auch, dass sie die Markov-
Eigenschaft erfiillen. Statt mittels tiberddmpfter Langevin Gleichung kénnen sie alter-
nativ auch iiber eine Fokker-Planck Gleichung beschrieben werden. Deren Losung liefert
die Wahrscheinlichkeitsdichte fiir das Auffinden des Teilchens an einem bestimmten Ort
zu einer gegebenen Zeit. Diese Wahrscheinlichkeitsdichte konvergiert unter bestimm-
ten Voraussetzungen im Langzeitlimes entweder gegen eine stationére Gleichgewichts-
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Zusammenfassung

oder Nichtgleichgewichts-Verteilung. Fiir eine iiberddmpfte Langevin-Dynamik wurde in
[Journal of Physics A: Mathematical and Theoretical 50, 184004 (2017)] bewiesen, dass
die sog. thermodynamische Unschirferelation (TUR) gilt. Sie wurde in [Phys. Rev. Lett.
114, 158101 (2015)] im Rahmen von Markov-Dynamiken in diskreten Netzwerken postu-
liert und verbindet die Prézision eines zufilligen Prozesses mit den thermodynamischen
Kosten, die aufgebracht werden miissen, um diese Prézision zu garantieren. Das Produkt
aus der Prizision des Prozesses und den thermodynamischen Kosten ist immer grofier
oder gleich zwei. Hierbei ist die Prézision definiert als das Quadrat des Variationsko-
effizienten zeitintegrierter stroméhnlicher Observablen und die Kosten iiber die totale
Entropieproduktion.

Im Rahmen dieser Thesis wird eine Verbindung zwischen den Themengebieten der Feld-
theorie und der stochastischen Thermodynamik hergestellt, indem die TUR fiir eine ge-
nerische stochastische Feldtheorie verallgemeinert wird. Als Beispiel dieser allgemeinen
Formulierung dient die KPZ Gleichung. Die Giiltigkeit der TUR fiir die eindimeniona-
le KPZ Gleichung wird analytisch gezeigt, wobei sich allerdings ergibt, dass die TUR
nicht saturiert werden kann. Konkret bedeutet dies, dass das oben definierte Produkt
aus Prézision und thermodynamischen Kosten immer strikt grofler als zwei ist. In der
Thesis wird nachgewiesen, dass dieses Produkt tatséichlich immer gréfier oder gleich fiinf
ist. Dariiber hinaus wird die Abhéngigkeit der TUR von der Stérke der Kopplung der
Nichtlinearitdt sowohl analytisch also auch numerisch untersucht. In einem geeigneten
Skalenbereich wird schliefllich die TUR, der KPZ Gleichung in héheren Raumdimensio-
nen bestimmt, wobei gezeigt werden kann, dass sie fiir wachsende Dimensionen gegen
ihre Saturierung strebt.

Kapitel [Z Dieses Kapitel beinhaltet eine kurze Einfiihrung in das Gebiet der sto-
chastischen Thermodynamik. Insbesondere werden die Grundlagen zur Definition von
Wiérme, Arbeit, innerer Energie und Entropie ldangs einer Trajektorie, beschrieben durch
eine iiberdampfte Langevin Gleichung, erldutert. Auch die wahrscheinlichkeitstheoreti-
sche Beschreibung einer Langevin Gleichung, sowohl iiber das Pfadgewicht einer Trajek-
torie als auch iiber die korrespondierende Fokker-Planck Gleichung, werden beleuchtet.
Von besonderer Bedeutung ist die stationdre Losung der Fokker-Planck Gleichung sowie
die Unterscheidung von stationédren Gleichgewichts- und Nichtgleichgewichts-Zusténden.
Die trajektorienabhéngige Beschreibung der Entropie ist im weiteren Verlauf entschei-
dend fiir die Formulierung der TUR. Nach Einfithrung des Begriffs einer stromé&hnlichen
Observablen wird die TUR formuliert.

Kapitel [3: Ein weiteres wichtiges Konzept fiir diese Thesis ist das Skalenverhalten
der KPZ Gleichung auf einem endlich ausgedehnten Substrat. Als Grundlage hierfiir
stellt dieses Kapitel zunéchst einige Basisinformationen iiber die KPZ Gleichung zusam-
men, beziiglich ihrer allgemeinen Formulierung, physikalischen Bedeutung sowie ihres
Phaseniibergangs und ihrer Verbindung zu anderen, wohlbekannten stochastischen Feld-
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theorien. Anschliefend werden die Korrelationsléngen der linearen (Edwards-Wilkinson
(EW) Gleichung) und nichtlinearen Gleichung erlédutert. Hierbei ist die sogenannte Ober-
flachenstérke eine wichtige Grofle. Sie misst die Fluktuationen der KPZ Oberfliche um
ihr rdumliches Mittel. Thr Skalenverhalten in Abhéngigkeit von den jeweiligen Korrelati-
onslidngen wird erkldrt und zur Einfithrung dreier Zeitskalen herangezogen, ndmlich der
‘EW nach KPZ’-Ubergangszeit, der EW-Korrelationszeit sowie der KPZ-Korrelations-
zeit. Alle drei Zeiten sind essentiell zur Beschreibung der Varianz des rdumlich gemit-
telten Hohenfeldes der KPZ Gleichung, welche wiederum eine wichtige Rolle in der feld-
theoretischen KPZ-TUR spielt.

In den Anh#ngen dieses Kapitels werden einige fiir die folgende Analysis niitzliche ma-
thematische Werkzeuge dargestellt. Auflerdem werden Fragen zur Regularitdt der KPZ
Gleichung kurz behandelt.

Kapitel [{ Tm ersten Teil dieses Kapitels wird die Verallgemeinerung der Bestand-

teile der TUR von Kapitel [2| hin zu einer feldtheoretischen Formulierung vorgestellt. Sie
basiert auf Analogien zu den Begrifflichkeiten, die zur TUR fiir endlich dimensionale
Langevin Gleichungen benétigt werden. Als Abschluss dieses ersten Teils wird die TUR
flir eine generische stochastische Feldtheorie formuliert.
Eine Anwendung der allgemeinen Darstellung des ersten Teils auf ein einfaches Beispiel-
system erfolgt im zweiten Teil dieses Kapitels. Es besteht aus der EW Gleichung, welche
von einer konstanten, externen ‘Kraft’ aus ihrem Gleichgewichtszustand getrieben wird
(FEW). Anhand der FEW Gleichung wird detailliert das Vorgehen zur Berechnung aller
Anteile der feldtheoretischen TUR dargelegt. Die Saturierung der FEW-TUR ist von
Bedeutung in Kapitel |5} in dem gezeigt wird, dass die KPZ-TUR nicht saturiert.

Kapitel [5: Dieses Kapitel befasst sich mit der Berechnung der TUR fiir die KPZ Glei-
chung selbst. Im ersten Teil wird eine sehr allgemeine Herangehensweise zur Darstellung
der feldtheoretischen KPZ-TUR vorgestellt, welche auch auf andere stochastische Feld-
theorien iibertragbar ist. Dieses Vorgehen beinhaltet eine perturbative Approximation
der KPZ Losung beziiglich des Kopplungsparameters der Nichtlinearitdt und eine an-
schlieBende Berechnung der TUR, Anteile in niedrigster, nicht verschwindender Ordnung.
Die resultierende TUR wird im Grenzfall schwacher Kopplung verwendet, und es wird
gezeigt, dass sie nicht saturiert werden kann.

Im zweiten Teil wird eine Vorgehensweise herangezogen, die auf der Annahme der soge-
nannten Quasinormalitit beruht. Diese Annahme begrenzt die generelle Anwendbarkeit,
kann aber fiir den Fall der KPZ Gleichung gerechtfertigt werden. Auf diesem Weg wird
die Berechnung hoherer Ordnungen deutlich vereinfacht, was die Darstellung der TUR
in hoherer Perturbationsordnung ermdoglicht. Beide Herangehensweisen sind allerdings
auf den linearen Skalenbereich der KPZ Gleichung beschrankt.

Im letzten Teil werden anhand der stationdren Wahrscheinlichkeitsverteilung der eindi-
mensionalen KPZ Gleichung gleichzeitige Korrelationsfunktionen im stationédren Zustand
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berechnet. Dieses Vorgehen ist in allen Skalenbereichen der KPZ Gleichung giiltig. Da
die KPZ-TUR zum Teil aus solchen Korrelationsfunktionen aufgebaut ist, kann hier ein
exaktes Zwischenergebnis angegeben werden. Dieses hangt nur noch von einem nicht ex-
akt bekannten Anteil ab, ndmlich der Varianz des rdumlich gemittelten Hohenfeldes. Da
sie mittels einer zeitlichen Zweipunkt-Korrelation berechnet wird, kann sie nicht nach
dem soeben beschriebenen, exakten Vorgehen erhalten werden. Im néchsten Kapitel wird
sie fiir alle Skalenbereiche der KPZ Gleichung approximiert.

Die Anhénge dieses Kapitels enthalten Detailrechnungen zu den hier vorgestellten Er-
gebnissen, sowie weitere relevante Kommentare zur Regularitdt der KPZ Gleichung.

Kapitel [6; Hier wird die Erweiterung der KPZ-TUR von Kapitel [5] giiltig im EW
Skalenbereich, hin zu einer Formulierung der TUR in allen Skalenbereichen dargestellt.
Aus dem letzten Kapitel ist bekannt, dass einzig die Varianz des rdumliche gemittelten
Hohenfeldes noch nicht im genuinen KPZ Skalenbereich vorliegt. Mittels dynamischer
Renormalisierungsgruppentheorie und der Aquivalenz zwischen der KPZ und stochasti-
schen Burgers Gleichung (siehe Kapitel |3)) kann auch die Varianz in allen Skalenbereichen
der KPZ Gleichung angegeben werden. Ein Zwischenergebnis dieser Vorgehensweise ist
eine explizite Approximation der Zweipunkt-Korrelationsfunktion fiir die eindimensio-
nale Burgers Gleichung im Impulsraum.

Kapitel[7 Der Vergleich zwischen direkter numerischer Simulation und theoretischen
Vorhersagen aus den Kapiteln [f] [6] beziiglich der TUR der eindimensionalen KPZ Glei-
chung ist Gegenstand dieses Kapitels.

Zunichst wird das verwendete numerische Vorgehen erldutert. Beziiglich der zeitlichen
Diskretisierung kommt ein stochastisches Heun Schema zum Einsatz. Mit Blick auf die
réaumliche Diskretisierung bedarf es einiger Vorsicht. Es ist bekannt, dass, aufgrund der
schlechten Regularitéitseigenschaften der KPZ Losung, verschiedene literaturbekannte
Diskretisierungen der Nichtlinearitét zu stark unterschiedlichen Ergebnissen fithren. Da-
her wird die am besten geeignete Diskretisierung ausgewéhlt und im Weiteren angewen-
det.

Im zweiten Teil des Kapitels wird das Skalenverhalten der theoretischen Ausdriicke auf
die fiir die Numerik relevanten Groflen iibertragen.

Der letzte Teil umfasst den eigentlichen Vergleich der Numerik mit der Theorie. Er ist
gegliedert in einen ersten Abschnitt, der sich mit der Simulation der KPZ Gleichung im
EW Skalenbereich und dem Grenzfall schwacher Kopplung befasst. An den Stellen, an
denen die theoretischen Ausdriicke exakt bekannt sind, wird dieser Abschnitt auflerdem
als Test fiir die Approximationseigenschaften des numerischen Verfahrens herangezogen.
Der zweite Abschnitt beinhaltet numerische Ergebnisse in beiden Skalenbereichen der
KPZ Gleichung, welche wieder mit den theoretischen Angaben aus den Kapiteln [5] [6]
verglichen werden.

Es lisst sich eine zufriedenstellende Ubereinstimmung zwischen der Numerik und den
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theoretischen Vorhersagen in allen Bereichen feststellen. Jedoch ergibt sich, selbst fiir die
oben erwidhnte beste rdumliche Diskretisierung der Nichtlinearitét, eine systematische
Unterschitzung der Entropieproduktion und damit der TUR, selbst. In den Anhéngen
wird gezeigt, dass diese Unterschéitzung eine intrinsische Eigenschaft der Diskretisierun-
gen der Nichtlinearitéit darstellt.

Kapitel [8: Das letzte Kapitel befasst sich mit der Berechnung der KPZ-TUR in
hoheren Dimensionen. Dazu werden Informationen iiber den KPZ Phaseniibergang (sie-
he Kapitel |3|) mit der Methodik der dynamischen Renormalisierungsgruppe aus Kapitel |§|
kombiniert. Letztere ist nur unterhalb der Phasenseparationslinie anwendbar. In diesem
linearen Skalenbereich wird eine von der Raumdimension abhéngige TUR hergeleitet. Im
Grenzfall schwacher Kopplung wird gezeigt, dass sich die TUR fiir wachsende Dimension
dem Wert zwei von oben annéhert.
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Summary

A very prominent area in statistical physics is the stochastic field-theoretic description of
physically complex behavior. It encompasses the modeling of, e.g., fluid turbulence via
the Navier-Stokes equation and non-linear surface growth via the Kardar-Parisi-Zhang
(KPZ) equation. Both of these models have been and are still subject to very extensive
studies in the statistical physics community as well as from the side of applied mathe-
matics. Despite the considerable progress made and the fact that the models are known
for quite some time, in the case of the KPZ equation, for over thirty years and, in the
case of fluid turbulence, for over a century, there are still quite a few open problems. For
example, the derivation of a general exact solution to either of these equations is still
a highly discussed topic. However, especially with the aid of dynamic renormalization
group theories combined with the theory of critical phenomena and scale-invariance,
asymptotic large-scale, long-time predictions of these models have been made and veri-
fied by means of numerical simulations as well as direct experimental measurements.

Another highly active field in statistical physics, especially in recent years, is the ther-
modynamic treatment of single trajectories generated by stochastic dynamical systems.
It has become known by the name stochastic thermodynamics. To give an example,
stochastic thermodynamics yields a tool to define notions like heat, work, internal en-
ergy and entropy along a single trajectory of a Brownian particle possibly subject to
conservative and non-conservative forces in a heat bath. The influence of the heat bath
is modeled via Gaussian white noise with zero mean (thermal noise). Such a system is
described by a Langevin equation, which may either be underdamped, i.e., the inertia
of the particle enters explicitly, or overdamped, i.e., inertia is neglected in the equa-
tion of motion. The example of a Brownian particle is representative of a wide class
of models that have no intrinsic memory, i.e., they obey Markovian dynamics. Instead
via an overdamped Langevin equation, they may equivalently be described by a Fokker-
Planck equation, which yields the probability density function to find the particle at a
certain position for a given time. Under suitable assumptions this probability density
function converges in the long-time limit either to an equilibrium or to a so-called non-
equilibrium steady state distribution. For overdamped Markovian Langevin dynamics in
a non-equilibrium steady state, it has been proven in [Journal of Physics A: Mathemat-
ical and Theoretical 50, 184004 (2017)] that the so-called thermodynamic uncertainty
relation (TUR) holds. It was first proposed in [Phys. Rev. Lett. 114, 158101 (2015)] for
Markovian dynamics on a discrete set of states and links the precision at which a certain
process operates to the thermodynamic cost necessary to guarantee this precision. The

xvii



Summary

product of the precision, defined as the squared variational coefficient of time-integrated
current-like variables, with the thermodynamic cost, measured by the total entropy pro-
duction, is always greater or equal than two.

In this thesis, a link between field theory and stochastic thermodynamics is established
by formulating an extension of the TUR to a generic stochastic field theory. This general
framework is then applied to the KPZ equation. It is shown analytically, that the TUR
holds for the KPZ equation in one spatial dimension, however, it cannot be saturated,
i.e., the above defined product of precision and thermodynamic cost is always strictly
greater than two. In fact, it is shown to have a value of at least five. Further, the de-
pendence of the TUR product on the scaling behavior of the KPZ equation is analyzed
analytically as well as numerically. Finally, the field theoretic TUR of the KPZ equation
in higher spatial dimensions is studied in an appropriate scaling regime. It is shown that
the TUR product tends to saturation for growing spatial dimension.

Chapter [Z In this chapter, a brief introduction to the field of stochastic thermo-

dynamics is given. It focuses on the basic concepts needed to define thermodynamic
notions like heat, entropy, internal energy and work on the level of a single trajectory
described by an overdamped Langevin equation. Further, the probabilistic description
of such a Langevin equation is discussed, both via the path-weight of a single trajectory
as well as via the Fokker-Planck equation corresponding to the Langevin equation. In
particular, the stationary solution of the Fokker-Planck equation and the distinction
between equilibrium and non-equilibrium stationary states is discussed.
The trajectory-dependent formulation of notions like the entropy production is crucial
for the formulation of the TUR. This relation is stated for current-like variables, which
are also defined in this chapter. Finally, some general remarks on the extension of the
above notions to higher dimensional systems are given.

Chapter|[3: Another important topic in this thesis is the scaling behavior of the KPZ
equation on a finite substrate. To discuss this matter, the chapter first provides some ba-
sic background on the KPZ equation in terms of its general formulation, its physical inter-
pretation and phase transition as well as the relation to other well-known stochastic field
theories. Subsequently, the correlation lengths of both the linear (Edwards-Wilkinson
(EW) equation) and non-linear equation is explained. In this aspect, a quantity of par-
ticular interest is the so-called surface width, which measures the fluctuations of the
KPZ surface height around its spatial mean. Its scaling behavior in dependence on the
respective correlation lengths is presented. Using this scaling behavior, three charac-
teristic time-scales are introduced, the EW to KPZ crossover time, the EW correlation
time and the KPZ correlation time. These three times are crucial for the description of
the variance of the spatially averaged KPZ height field, which itself turns out to be an
integral part of the field-theoretic TUR for the KPZ equation.

In the appendices of this chapter, some mathematical tools useful in the subsequent
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analysis are introduced and, further, comments on the regularity of the KPZ equation
are made.

Chapter[]} The first part of this chapter is devoted to the generalization of the quan-

tities constituting the TUR from Chapter [2] to the case of a TUR for stochastic field
theories. The definitions in this chapter are based on the analogy to the formulation
of the TUR for finite-dimensional Langevin equations. At the end of the first part, the
field-theoretic thermodynamic uncertainty relation is stated.
The second part of this chapter shows the application of the general formulation to a
model system that is simple enough to be still instructive, namely, the EW equation
driven out of equilibrium by a constant external ‘force’ (FEW). In particular, all steps
necessary in the derivation of the constituents of the field-theoretic TUR are demon-
strated in detail. The result that the TUR for the FEW is saturated, plays an important
role in Chapter [o} where it is shown that the KPZ-TUR cannot saturate.

Chapter [5: This chapter deals with establishing the TUR for the KPZ equation it-
self. In the first part, a very general approach to the derivation of a field-theoretic TUR,
which may also be applied to other stochastic field theories, is discussed and exempli-
fied with its application to the KPZ equation. This approach constitutes a perturbative
approximation of the KPZ-solution with respect to the coupling parameter of the non-
linearity and a subsequent calculation of the TUR constituents to lowest non-vanishing
order. The resulting TUR is used in the weak-coupling limit and it is demonstrated that
the KPZ-TUR cannot be saturated.

In the second part, a more tractable approach is shown, which relies on the key assump-
tion of so-called quasi-normality. This assumption limits its applicability. However, for
the case of the KPZ equation, it may be justified. Using this approach, approximations
of the TUR to higher orders are feasible and are calculated explicitly. It has to be noted,
however, that, as shown in this chapter, both of the prior approximations are inherently
limited to the linear scaling regime of the KPZ equation.

The last part of this chapter uses the explicit knowledge of the stationary probabil-
ity distribution for the one-dimensional KPZ equation to calculate equal-time steady
state correlations exactly in all scaling regimes. Since the TUR is partly built via such
equal-time correlations, an intermediate exact result for the KPZ-TUR is given. It still
depends on only one, exactly unknown, quantity, namely, the variance of the spatially
averaged height field. As this is obtained via a two-time correlation function, which
cannot be evaluated in the above framework, it is determined in the next chapter.

The appendices contain detailed calculations for the derivation of the key results in this
chapter as well as further comments on regularity issues of the KPZ equation.

Chapter [6t In this chapter, the TUR for the KPZ equation is extended from the
linear (EW) scaling regime to arbitrary scaling regimes, in particular to the non-linear

Xix



Summary

(KPZ) one. Since it was shown in the last part of Chapter [5| that the variance of the
spatially averaged height field is so far known in the EW regime only, it will be calculated
in this chapter in the KPZ regime. To this end, a dynamic renormalization group pro-
cedure and the equivalence of the one-dimensional KPZ equation to the noisy Burgers
equation, discussed in Chapter 3] is employed. An intermediate result of this approach is
an explicit approximate form of the two-point correlation function in wavenumber space
for the one-dimensional Burgers equation. It allows for stating the TUR in the KPZ
scaling regime.

Chapter [# Having derived the thermodynamic uncertainty relation for the one-
dimensional KPZ equation in both its linear and non-linear scaling regimes in Chap-
ters [ and [6] respectively, a comparison between the theoretical predictions and direct
numerical simulations is presented in this chapter.

In the first part, the numerical scheme for the direct simulation of the one-dimensional
KPZ equation is explained. A stochastic Heun method is used for the time discretiza-
tion. Regarding the spatial discretization care has to be taken when discretizing the
non-linearity. As is well known, due to the poor regularity of the KPZ-solution, different
popular discretizations may lead to significantly different results. An optimal discretiza-
tion is identified and employed.

In the second part, the scaling forms of the theoretical predictions in terms of the nu-
merical parameters are derived.

The last part of this chapter contains the actual comparison of the numerical data to
the theoretical predictions. It is split into a first section dealing with simulations of the
KPZ equation in its linear scaling regime, especially in the weak-coupling limit. This
section is also used as a test of accuracy of the employed numerical scheme for those
cases where the analytically obtained scaling forms are known to be exact. The second
section shows numerical results in both scaling regimes, which are again compared to
the corresponding theoretical predictions from Chapters [5] and [6]

The numerical simulations show an overall convincing agreement with the analytical
predictions. However, even for the optimal discretization from above, a systematic un-
derestimation of the entropy production and consequently of the TUR itself remains.
Via an analytical argument it is shown in the appendices that this underestimation is
an intrinsic property of the discretizations of the non-linearity.

Chapter [8: The last chapter is aimed at calculating the TUR for the KPZ equation
in higher dimensions. To this end, the knowledge of the phase transition of the KPZ
equation from Chapter [3| and the dynamic renormalization group technique from Chap-
ter [6] are combined. The applicability of the dynamic renormalization group is limited
to the region below the phase-separation line of the KPZ roughening transition. In this
linear scaling regime, a TUR depending on the spatial dimension is derived and it is
shown that the value of the TUR product in the weak-coupling limit tends to two from
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1 Introduction

During the 19th century, classical equilibrium thermodynamics has been developed, at
least at the beginning inspired by the invention of steam engines some decades earlier.
Since then, classical thermodynamics has provided a framework to quantify the change
of variables like heat, work, internal energy and entropy when a system transitions from
one equilibrium state to another. Prominent applications of this theory since the late
19th century were heat engines like the Otto or Diesel engine. Equilibrium thermody-
namics allows for the macroscopic description of a system via some externally measurable
quantities without any knowledge of the underlying microscopic dynamics. In the case
of, e.g., a heat engine, the actual processes taking place between the single gas particles
in its cylinder, which drive the working piston, are unknown.

A description on the level of these single particles was devised in the late 19th and
early 20th century. It became known under the name of statistical mechanics or, equiv-
alently, statistical thermodynamics. This framework uses a multi-particle Hamiltonian
formalism, where the full Hamiltonian encompasses all possible microscopic configura-
tions that the system may assume. With each individual energetic configuration one
associates a statistical weight, the Boltzmann weight. Summing all allowed weights over
the complete configuration space leads to the so-called partition function. The loga-
rithm of the partition function is linked to the Helmholtz free energy of the system,
which is a notion from classical thermodynamics. Hence, this relation provides a bridge
between the microscopic and macroscopic description of a system. Once the free energy
is known, further macroscopic variables can be obtained, solely using the formalism of
classical thermodynamics. The Hamiltonian framework provides swift insight into the
microscopic physics leading to the macroscopic observations in classical thermodynam-
ics, when particle interactions can be neglected. While the general approach stays viable
in more complex cases, where particle interactions, chemical reactions and changes in
particle number are relevant, the necessity of having to know all energetic consequences
of every single interaction somewhat limits its practicability.

In recent years, a third thermodynamic approach has become popular, which is neither
on the macroscopic nor microscopic scale but rather on a mesoscopic scale. Such a
mesostate may, for example, be the trajectory of a colloidal particle in a liquid medium
at a certain temperature.

Instead of keeping track of every single interaction of the particle with the particles in
the medium, one can model these interactions via a thermal noise. The equation of
motion of the particle is then given by the so-called Langevin equation, introduced in
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1908 by P. Langevin. Intrinsically, a Langevin equation models Markovian dynamics,
i.e., the configuration of a system at a certain time does not depend on the history of its
evolution. In cases where inertia is of importance, the corresponding Langevin equation
is called underdamped, whereas in situations for which inertia may be neglected in the
equation of motion, the Langevin equation is called overdamped. In either case, the
particle position in this mesoscopic description via Langevin equations is a stochastic
quantity. This is the trade-off one has to accept when choosing to simplify the micro-
scopic description with its numerous individual interactions via a Langevin description.
While modeling the dynamics of Brownian motion has been known since the early 20th
century, the link to thermodynamics was established not earlier than in 1998 by K.
Sekimoto in his work on ‘Langevin Equation and Thermodynamics’ [4]. He presented a
way to calculate changes in work, heat and internal energy, when a Brownian particle,
confined by a potential and embedded in a heat bath, moves along its trajectory. This
thermodynamic picture was further developed by U. Seifert, who introduced in 2005 the
notion of total entropy production along a single stochastic trajectory [5]. The ther-
modynamic description on a trajectory (mesoscopic) level has become known under the
term stochastic thermodynamics. In contrast to the first two thermodynamic frame-
works from above, stochastic thermodynamics is not a strict equilibrium theory, but is
also valid for systems in genuine non-equilibrium states.

One of the many possible applications of stochastic thermodynamics in its continuous
Langevin framework is the thermodynamic description of active Brownian particles. Ap-
plications are also plentiful in the case of a discrete set of mesostates like, e.g., Markovian
networks, molecular motors and biochemical oscillators.

In 2015 A.C. Barato and U. Seifert postulated a relation connecting entropy production
with precision of current-like variables, defined via their squared variational coefficient,
in a non-equilibrium steady state for Markovian networks [6]. In particular, this relation,
now known as the thermodynamic uncertainty relation (TUR), states that the product
of the entropy production with the precision is always greater or equal to two. From a
physical point of view, the TUR indicates a trade-off between a certain amount of pre-
cision and the associated thermodynamic cost to maintain that precision in form of the
entropy production. The postulated relation has been proven for Markovian networks
in 7] by T.R. Gingrich, J.M. Horowitz et al. and extended to overdamped Langevin
dynamics in [8] by T.R. Gingrich, G.M. Rotskoff and J.M. Horowitz. The proof uses
large deviation theory to derive the lower bound of two. Since its introduction, the
thermodynamic uncertainty relation has been subject to considerable attention in the
statistical physics community. For recent reviews on this topic see, e.g., [9H11] and the
references therein.

Another highly active field of interest, albeit being around since 1986, is the Kardar-
Parisi-Zhang (KPZ) equation [12] and its universality class. It is one of the most promi-
nent examples of stochastic field theories and critical out-of-equilibrium behavior. For
his contribution to this field of theoretical physics, G. Parisi was awarded the Nobel prize



in physics in 2021. In its original intent, the KPZ equation models non-linear surface
growth on a substrate via the time evolution of a height field. For example, widely used
models for the description of molecular beam epitaxy rely on the KPZ equation [13]
and variations of it [14]. Due to the non-linear nature of the KPZ equation, analyti-
cal treatment is a rather involved matter. One of the most-employed techniques is the
dynamic renormalization group approach combined with scaling theory, which led to
analytic results for the critical exponents characterizing the KPZ universality class. In
more recent years, another characterization of the KPZ universality class has become
possible via a probability density functional of the height field derived by C.A. Tracy and
H. Widom [15+17], which has been experimentally observed by T. Iwatsuka, T. Fukai
and K.A. Takeuchi, see [18] and references therein.

Of particular interest is on one hand the scaling behavior of the KPZ equation in one
spatial dimension on a finite substrate, which displays two distinct scaling regimes. One
is the linear scaling regime associated with the linearized KPZ equation, namely the
Edwards-Wilkinson (EW) equation [19]. It is characterized by the critical EW expo-
nents. The second scaling regime is the genuine non-linear KPZ scaling regime with
critical exponents according to the non-linear theory.

On the other hand, for higher dimensions, the KPZ roughening phase transition and
its implications on the analytical treatment within the dynamic renormalization group
framework is another crucial aspect. For reviews covering the wide field of the KPZ
equation and its universality class see, e.g., [20-22].

The aim of this thesis is to connect field theory with stochastic thermodynamics by
extending the framework of the TUR for overdamped Langevin equations to a generic
stochastic field theory. This general concept is then applied to the KPZ equation using
three different analytical approaches, depending on the particular setting, i.e., whether
the KPZ equation is analyzed in its linear or non-linear scaling regime. Within all of
the approaches, it is shown that the TUR holds for the KPZ equation on a finite sub-
strate. Furthermore, for the case of one spatial dimension, it is demonstrated that the
TUR cannot be saturated. To be more specific, the TUR for the one-dimensional KPZ
equation turns out to be greater or equal to five instead of two. The exact value is linked
directly to the coupling strength of the KPZ non-linearity. To show this link, dynamic
renormalization group techniques are employed to calculate an explicit approximate ex-
pression for the stationary scaling function of the KPZ equation.

Still in the one-dimensional case, the analytically obtained scaling forms of the con-
stituents of the TUR as well as for the TUR product itself are compared to direct
numerical simulations of the KPZ equation in the linear and non-linear scaling regime.
For the former case, where two of the scaling forms of the individual constituents are
shown to be exact, the comparison between the analytical and numerical results addition-
ally serves as a test of accuracy of the numerical scheme. It is found that the numerical
scheme intrinsically underestimates the TUR product. The cause of this underestimation
is analyzed and explained analytically. Ultimately, very satisfying agreement between
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the analytical and numerical results are observed.

Finally, an approach to tackle the TUR for the KPZ equation in higher spatial di-
mensions is presented using dynamic renormalization group calculations. Due to the
fixed-point structure in the phase diagram of the KPZ roughening transition, it can be
demonstrated that those calculations apply to the linear scaling regime only. In this
regime, an analytic expression is derived for the TUR product depending on the spatial
dimension. A numerical evaluation of this expression suggests that for growing spatial
dimensions the value of the TUR product tends to two from above, i.e., for infinitely
large dimension the TUR will be saturated.



2 Background on Stochastic
Thermodynamics

This chapter is meant to give a brief introduction to the wide topic of stochastic thermo-
dynamics, which deals with the dynamics of mesoscopic physical systems in contact with
a heat bath. The random interaction between the system and the heat bath generates
a stochastic trajectory of the system. This dynamics may in the continuous case be
described via a Langevin equation. For the most parts of this chapter, we will focus on
the notions and concepts that are necessary for the analysis in the subsequent chapters.
In particular, we give an introduction to the framework of stochastic energetics, which
defines analogs to the classical thermodynamic quantities like heat, work, internal en-
ergy and entropy at the level of a single stochastic trajectory. Anticipating the nature
of the systems studied in the subsequent chapters, we restrict ourselves to trajectories
generated by an overdamped Langevin equation. Furthermore, the thermodynamic un-
certainty relation for current-like observables will be introduced. For the sake of brevity,
we refrain from discussing, e.g., work relations (see, e.g., [23]), which make up a signifi-
cant part of stochastic thermodynamics, however, have no direct influence on the topics
discussed in this thesis.

2.1 Some Notions Concerning Stochastic Energetics

2.1.1 A Basic Approach to Stochastic Heat, Work and the First Law

As a first step, we establish the first law of thermodynamics for a generic overdamped
Langevin equation following the arguments from [4,24]. Consider the position z of a
particle confined in a potential U(x, \), with A an external control parameter, placed
in a heat bath of temperature 7. Then the overdamped dynamics of such a particle is

described by
de _ 0U(z,N)

—_— = t 2.1
= ) (2.1)
where v denotes a friction coefficient and 7(t) represents thermal noise, i.e.,
() =0,  (n®)nt)) = Dod(t 1), (2:2)
with Ay measuring the noise strength. Let us rearrange (2.1 as
dx oU(x, \)
— a2 t) — 7 2.
0= 57 i) - S (23
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and identify the respective terms in this balance of forces. The first two terms on the
r.h.s. of together, represent the force exerted by the heat bath on the particle, where
the first represents the systematic force and the second one denotes the fluctuating force.
The third term describes the force caused by the potential U. Multiplying by —dz,
yields the energy balance

dx oU(z, \)
0= — —n(t) ] d ——d 2.4
(+5 ~n0) do+ 22 a, (2.0
where the external parameter A has been held fixed. The force in the brackets on the
r.hs. of (2.4) is interpreted as the reaction force of the particle to the influence of
the heat bath. We identify the work done by this reaction force along dz as the heat
increment dq dissipated by the system into the heat bath,

dg = (#ﬁ; - (t)) dz. (2.5)

Note, that the sign of the dissipated heat is opposite to the sign convention in classical
thermodynamics, where heat transfer from the system to the environment has a nega-
tive sign. In other words, we view heat from the perspective of the heat bath, since the
amount of dissipated heat from the system leads to an increase in entropy of the environ-
ment. Assuming that the external parameter A of the potential U is changed according to
some prescribed protocol, the differential dU may be completed, dU = 0, Udx + 0 \UdA.
Adding the second contribution to both sides of leads with to the energy
balance

dq + dU = dw. (2.6)
In (2.6), we identified the work applied to the system as
oU(x, \)
dw = ———=d). 2.7
w 5\ (2.7)

The relation in is the first law of thermodynamics on trajectory level. Hence, for
a setting as in , the only way work can be applied to the system is via altering
the potential U through its control parameter A\. For the work in the usual sign
convention applies, i.e., work applied to the system has a positive sign and work done by
the system a negative sign. In the subsequent sections we will allow for non-conservative
forces in the Langevin equation, which will cause an additional contribution to (2.7]).

2.1.2 Including Non-Conservative Forces in the Langevin Equation

We now discuss a more general case of overdamped Langevin equation compared to
(2.1)), in particular (see, e.g., |10L25]),

— =uF(x,\) +n), F(z,\) = —————=+ f(x,\), (2.8)
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with 7 correlated according to , i as a mobility constant and f(xz,\) as a non-
conservative force. Note, that the noise strength Ag and the mobility u are related via
the Einstein relation,

Ag=2kpTp, (2.9)

where kp is Boltzmann’s constant. In the following, we set kp to unity to allow for a
dimensionless formulation of entropy, see and, e.g., [4124,125].

The introduction of the non-conservative force f leads to an additional contribution to
the work applied to the system [25], i.e.,

oU(x, A
dw = g;’) A\ + f(z,)\) da. (2.10)
Thus, with the first law from (2.6 and (2.10]), the dissipated heat into the medium, or
heat bath, now reads [25]
oU(x, \)
Ox

Using (2.10) and (2.11)), we find for the work performed on the system along a single
trajectory in the time-interval [0, 7],

dg=dw—dU = — dx + f(x,\)dx = F(z,\)dz. (2.11)

wlz(r)] = /OT dt (W (2—? + f(z, ) Zf) : (2.12)

and equivalently for the amount of heat dissipated into the medium along the same
trajectory during the time-interval [0, 7],

T dz

qlz(7)] = | dtF(z,\)—. (2.13)
0 dt

Before continuing with the probabilistic description of (2.8, we illustrate the above

concepts for a simple exemplary system.

Example: Overdamped Stochastic Harmonic Oscillator Driven by a
Non-Conservative Force

We consider the model system of a single overdamped oscillator, which is driven by a
non-conservative force fy and an additional stochastic force 7(t), correlated according

to [22),
dzx 1

o =y Kzt o) a),  2(0)=0, (2.14)

with friction coefficient v and K the spring constant. In terms of (2.8)), u = 1/ and

F = —Kz + fy. The energy balance corresponding to ([2.14]) in the spirit of (2.5 and
(2.13) is given by

x2 t dx t dU(x dzx
qlz(t)) = - K 2(t) +/0 dt’ fo@ :/0 dt’ (— Za(s ) +f0> e (2.15)
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We identify the first term on the r.h.s. of (2.15)) as the potential energy, U(z) = Kx?/2,
the second term as the work applied to the system via the external force fy along the

trajectory z(t' = 0) = z(t' =1t), w = f;(g)) dz fy, and the term on the Lh.s. as the net

x
It is instructive to analyze this example in more detail. For simplicity, we choose fy =

const. The solution of the SDE (2.14)) is given by

t !
(t) = % (1 —e_%t) +/0 dt' e 5 (), (2.16)

amount of heat ¢[z(t)] = [ z((ot)) dq dissipated along the trajectory into the heat bath.

where the integral term is understood as a stochastic convolution with a Wiener process

K /
W (t), fot dw (t) e~ 7 (=) (see Appendix [3.A.3). We will evaluate the individual terms
in (2.15) and test this balance by calculating the respective expectation values. To this
end, we first state the expressions for mean and variance of z(t),

@) =2 (1 "), (2.17)

and

varz(t)] = (22(t)) — (x(t))® = % (1 - e*Q?t) : (2.18)

Here, () denotes the average with respect to the noise history. Then the expectation
value of the potential difference U(z(t)) — U(x(0)) along the trajectory is given by

(U) = 2@2( (1- e‘%t)Q + % (1=, (2.19)

the mean work applied to the system by

(w) = J;‘i (1 — e_%t) : (2.20)

and the net amount of dissipated heat into the environment by

(q) = (2‘@2{ — Af) (1 —~ e’25t) : (2.21)

Hence, we have (¢) + (U) = (w), which satisfies in the mean and therefore the
first law from as well. As is to be expected for consistency reasons, for Ag =
0 the expressions for (U), (w) and (g) reduce to their respective expressions for the
deterministic equation of motion.

In the limit of large times ¢, we obtain for (U) from and (g) from (2.21)),

U = Jo | Bov _Jo Doy

oK T4 Qo =5 =74 (2.22)
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where the respective first terms stem from the deterministic dynamics and the second
terms represent the noise contribution. Thus, the deterministic potential energy is in-
creased by the thermal energy provided by the heat bath, whereas the pure mechanical
dissipation is reduced correspondingly. Using the Einstein relation from ([2.9)) leads to
51 fi 1
Uw ===+ -kpT == ——kgT 2.23
©T oK Tt IeT o ol (2.23)

where the respective second terms are in accordance with the equipartition theorem (for
one degree of freedom corresponding to one-dimensional motion). This indicates that
for t — oo the particle reaches an equilibrium steady state (see also Section .

We conclude this example with the observation that the lLh.s. of may also be

written as
dx dx

diet) = [ ot (x5 ~0)) 5. (220

which is the integral equivalent of (2.5) (7 = 7). It is important to note that (2.24)
cannot be split up into two separate terms as might be expected by deriving a term-wise
energy balance from (2.14]). This is due to the fact that each individual term becomes

singular (see, e.g., [24]) as can be seen by evaluating <f(; dt'~ (:c)2> and <f(; dt’ﬁ(t’)m’(t’)>,
respectively, along the same lines as above.

2.2 Probabilistic Description of a Langevin Equation

2.2.1 Path-Weight of a Trajectory
With a single trajectory described by (2.8) a path weight given by

I T
pla(t)|zo] = 17 eSO, (2.25)

is associated, where zg = z(0) is the initial condition of the trajectory, N/ a path-
independent normalization constant of p and S the stochastic action. The latter is given

by
t T — T 2 x
S[x(t),)\(t)]:/o dt’[( ‘;JZ(O’W +’;8F(§$’A> . (2.26)

The second term in (2.26) arises from the ’variable’ change from 7(t) to x(¢), if the
Stratonovich discretization is used (see, e.g., [10,2526]), which will be assumed through-
out.

Using this path-weight, expectation values of an arbitrary observable O[z(t)], condi-
tioned on a certain initial configuration, may be written via path-integral formalism as
(see, e.g., [10}125,26])

(Ol(t)]20) = / dy / Dla(t)] Ol (1)) plie(t) 0] p(0, 0), (2.27)



2 Background on Stochastic Thermodynamics

where p(zg, 0) describes the probability to have the initial configuration xy at time ¢ = 0.
This probability is given by the solution of the Fokker-Planck equation.

2.2.2 Fokker-Planck Equation and Non-Equilibrium Steady State

The Fokker-Planck equation equivalent to (2.8) reads [10},25-27]

o), <u Pl ) ) — 20 2200 ) |

(2.28)

where its solution p(z,t) yields the probability to observe the particle at position z at
time ¢. Introducing the probability current jj(z,t), given by

A 9p(z,t)

we may rewrite the Fokker-Planck equation as a continuity equation
In a stationary state, the L.h.s. of (2.28]) vanishes and one has
9 jp(x)
=0 2.31
81’ ) ( )
with Ao 8p°(x)
s B p’(x
Jp(a) = wF (e, ) pi(e) = 50 =5 (2.32)

where p®(z) denotes the stationary probability distribution. For the case of an equilib-
rium stationary state, the condition in is fulfilled trivially, as j;, = 0. The case,
where is fulfilled but j; # 0 is called non-equilibrium stationary state (NESS)
(see, e.g., [10,25-27]). In the following chapters, we are concerned only with systems
that display a genuine NESS.

Before we continue, let us briefly come back to the example of a single overdamped os-
cillator from the above section. Since is linear and the noise Gaussian, we expect
the probability distribution of the particle position to be Gaussian as well. With the
results for (z) and var[z] from and (2.18), respectively, in the long time limit,

K 2
This assumption is readily confirmed by inserting (2.33)) into (2.32)) using
dp*(z) 2K fo
= - — IO s 2.34
5 A PR p*(x), (2.34)

10



2.3 Entropy Production

which leads to

JS(x) = i (“Kz+ fo) + A;Z(i <a: _ fg)] p(z) = 0. (2.35)

Hence, the stationary probability current vanishes identically, which implies an equilib-
rium stationary state with (2.33]) as the stationary probability distribution.

2.3 Entropy Production

The total entropy production along a single trajectory contains two contributions. One is
the entropy associated with the heat dissipated into the medium, the change in medium
entropy As,,

Aspy, = Q[:CT(t)], (2.36)

with ¢ according to (2.13]). The second originates in the change of the so-called stochastic
entropy, As, given by

As = —Inp(x(t), ) Z (2.37)

where the solution of the Fokker-Planck equation, p(z,t), is evaluated along the stochas-
tic trajectory x(t), e.g., [10,25,28]. Note that on average, the expression for the stochastic
entropy becomes the ensemble definition of system entropy,

(s) = —/dxp(x,t) Inp(z,t), (2.38)

i.e., the Gibbs entropy.

Regarding the medium entropy from (2.36]), the heat g[z(t)] may, alternatively to (2.13),
be evaluated using the path weight (2.25]) for a single trajectory and its time-reversed
counterpart. With z(7) as the forward trajectory starting for 7 = 0 at x = 0 and ending
for 7 =t at z(t), we define the backward trajectory as z(7) with Z(7) = z(t — 7), i.e.,, T
starts with Z(0) = z(t) at 7 = 0 and ends at z(t) = x(0) for 7 = t. Correspondingly, the

backward protocol for the control parameter A reads A\(7) = A(t — 7). Then we have for
the forward trajectory z(7) and control parameter \(7), 7 € [0, ¢], with (2.26)

S[(7), \( )]_/td MJFH@F (2.39)
(1), \(7)] = ; 5 g 5 Oal' .
and for the backward trajectory
a1 oG +pF)? | p
S[z(1), A(1)] = / dr | ——F—— + S 0, F (2.40)
0 27 2

11



2 Background on Stochastic Thermodynamics

The integrand in (2.40) has been re-expressed in terms of x and A\ again. Subtracting
(2.39) from ([2.40)), where only the time-antisymmetric parts survive, yields

NS 2p [ : 2
S M) - Slar). M) = 32 [ dr Flato), Amitr) = 2 e A0 @)
Here we used (2.13]) in the last step [5,25]. Therefore, with , it is found that

_ 0 2. M)

qlz(6), A()] = 20 pla(t), A(t)]

: (2.42)

where it is understood that p[x(t), A(t)] = p[z(t)|zo, A(t)] and p denotes the path weight
of the backward trajectory. Hence, with (2.36)) and the Einstein relation from ({2.9)), the
entropy dissipated into the medium is given by [5,25],

plz(t), A(?)]

Aspy, =In —F=—. (2.43)
pl(t), A(t)]
With (2.37) and (2.43)), the total entropy production Asie reads
¢
0 plz(t), A(t)] p(x(t), 1)

plE(t), A(t)]

To exemplify, let us consider the overdamped oscillator from above. For the sake of
simplicity, we here assume that the initial state of the oscillator at ¢t = 0 is drawn from
the stationary distribution p*(z) from . Then, the change in stochastic entropy
along a trajectory is given by

P_K 2 f
o= o7 (#0) = 2%(0) = 7 (a(t) = 2(0)), (2.45)

where we used the Einstein relation from (2.9). With (2.36]), we readily obtain for the
entropy dissipated into the medium,

As = —lnps(x)’

I A G 2 Jo
Asyy = T/O A Fi = — o (a2(1) —2*(0) + 22 (a(t) — 2(0). (2.46)
Thus, with we find
Asior = Asy, + As =0, (2.47)

which, of course, is to be expected in a genuine equilibrium state. Generally speaking,
every equilibrium trajectory has an identically vanishing total entropy production Asg,
e.g., [10].

A non-equilibrium relation for Asgt is given in the following.

12



2.4 Thermodynamic Uncertainty Relation

2.3.1 Fluctuation Theorem and Second Law of Thermodynamics

A dimensionless observable O[z(t)] depending on the trajectory () is said to fulfill an
integral fluctuation theorem if

<e*0[z<t>1> — 1, (2.48)

with (-) according to (2.27). Due to the convexity of the exponential function, the
relation in (2.48]) implies with Jensen’s inequality
Ol®)]) > 0. (2.49)

A dimensionless observable O[x(t)] satisfying (12.48)) is the total entropy production Asiey,
since

(o5 / d(0) / D (t)] e 2% pla()](0)]p(x(0), 0)

R (2.50)

— [ dste) [ DlE@IFE®. A0 p(al0)6) = 1.

where the second step uses the expression for Asiq from and the last holds for

properly normalized distribution p(z(t),t) (see [5,25]). Hence, with (2.49), we have the
second law-like form

<A8t0t> Z O, (251)

where equality only holds in equilibrium (see also the example at end of the above
section). The total entropy production from (2.44)) is one constituent of the so-called
thermodynamic uncertainty relation, which is stated in the following section.

2.4 Thermodynamic Uncertainty Relation

In [6], a thermodynamic uncertainty relation (TUR) for current-like observables was
proposed in the setting of discrete Markovian networks. It has been proven in [7] using
large deviation theory and extended to Langevin dynamics described by in [8].
Roughly speaking, the TUR represents a trade-off relation between the precision at
which a system operates versus the thermodynamic costs that are necessary to ensure
that precision. Before we state the TUR, we have to clarify what is meant by current-like
observable and precision.

We begin by introducing a fluctuating generalized current jg(t) via

Jat) = di(t), (2.52)

where, in general, d = d(z(t),t) represents an arbitrary weight function and the product
between d and #(t) is interpreted in the Stratonovich sense (see, e.g., [8,/11,29-31]).

13



2 Background on Stochastic Thermodynamics

The current jg(t) may also be written as the time derivative of the so-called fluctuating
output, or, equivalently, the time-integrated current Wy(t), i.e.,

Ja(t) = 0y Wa(t). (2.53)

If the system is in a NESS, it holds that (e.g., [11])

lim <\I’dt(t)> = Jy, (2.54)

o t—o00

Jim (0 Wal(t)

with J; the stationary generalized current and (-) denoting averages with respect to the
noise history. Hence, in the NESS

(a(t)) = Jat, (2.55)
and similarly, it holds that
(Asor) = 0t (2.56)

with o the total entropy production rate.
A measure for the precision of the fluctuating system output W,(¢) is defined via its
squared coefficient of variation,

((Wa(t) = (wa(6)))*)
wa0?

with e interpreted as the amplitude of the fluctuations related to their mean (see, e.g.,
[6411]). In other words, € quantifies the uncertainty of the system output and its accuracy
is proportional 1/e. For a system in a NESS, ¢ may be rewritten as

62

(2.57)

(Wa(t) = Jat)?
€ = < d(Jdt)Qd > (2.58)

Now we are able to state the TUR for a system in a non-equilibrium steady state as
Q = (Aser) €2 > 2, (2.59)

where we defined Q as the TUR product (As) €2 for later convenience, e.g., [6-9,11].
The higher the precision, i.e., the smaller €2, the more (Asyot) is generated, i.e., the
higher the thermodynamic cost.

Defining the diffusivity according to

mzmx@m%hﬁ>

t—o00 2t ’

(2.60)
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2.5 Extension to Higher Degrees of Freedom

see, e.g., |11], and using (2.55)), (2.56|) the TUR product from (2.59)) becomes

Dao | 2.61
Jg = ( )
e.g., [6H9,/11]. In the equivalent form, o > Ji/Dd, it states that the stationary fluctua-
tions of the system output are bounded from above by the entropy production.

There are quite a few variants of . The first is a generalization to the case of peri-
odically driven systems, see [32] and references therein. Another variant is a formulation
of a TUR for unidirectional transitions, see [33]. As a last example, we mention the
so-called generalized TUR, derived via the detailed fluctuation theorem of the entropy
production rate [34].

2.5 Extension to Higher Degrees of Freedom

For simplicity, we considered in the preceding sections the dynamics of a particle at the
one-dimensional position z(t) moving in R! (i.e., with one degree of freedom). However,
all of the above concepts and notions may be straightforwardly extended to arbitrary
higher dimensions d (i.e., with d coupled degrees of freedom). For finite d, the position of
the particle then becomes a d-dimensional vector r(t) = (z1(t),...,z4(t))" moving along
a trajectory t — r(t) in R%. Even an extension to fields, e.g., the scalar surface-height
field at position r at time ¢, h(r,t), of the Kardar-Parisi-Zhang equation, works. It may
be understood as a ‘point’ in an infinitely (d = co) dimensional abstract function space
moving on a trajectory ¢t — h(r,t) in this space. At any given time-instant ¢, the ‘point’
h(r,t), which is identical with the height profile at time ¢, is an element of this function
space. For further details on this function space of the Kardar-Parisi-Zhang equation,
see Appendices and Similarly, a further generalization to vector fields may be
established (see Chapter [4] and [28]).

This generalizations come with the need for suitable replacements, e.g., for finite d,
the scalar quantities F' and 7 from the Langevin equation have to be replaced by
F = (Fi(r,\),...,Fy(r,\) T and n = (1(t),...,m4(t))". Accordingly, 4 and Ag become
linear operators represented by their corresponding matrices. In the field theoretic case,
these linear operators are integral operators represented by their kernel functions, e.g.,
AoK(r — 1), with K(r — ') = 6%r — r/) representing spatial white noise (see also
Appendices [3.A.4] and [3.A.5| and Chapter (4)).

Naturally, also the Fokker-Planck equation changes. Written as continuity equation, the
Fokker-Planck equation reads for finite d, e.g., [27],

Ip(r,t) .
Tt, = -V jy(r,t) = — ; D, Jpa(r,t), (2.62)
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2 Background on Stochastic Thermodynamics

with V- the divergence operator. In the field theoretic case, with, e.g., h(r,t) from above,
we have, e.g., [20,[21}35137],

dplh,t] djplh, t]
= /dr i, (2.63)

i.e., the partial derivative 0, from has to be replaced by the functional derivative
d/0h in and the discrete sum of the divergence becomes a spatial integral.
Finally, the following correspondences are frequently used. The product of real numbers
f,9 € R, extends to the scalar product of real vectors, f-g = >, figi, f,g € R,
which extends to the inner product (L2-product) of real functions f(r), g(r) given by
[ dr f(x) g(x).

These extensions will be made more precise in Chapter [} Prior to that, we introduce
the field theoretic model which the above concepts will be exemplified with at a later
stage of this thesis.
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3 Background on the Kardar-Parisi-Zhang
Equation

In this chapter, we introduce the celebrated Kardar-Parisi-Zhang equation and present
an overview of some of its plentiful facets, which will be of importance to the subsequent
analysis. Besides its physical properties, we also discuss technical and methodological
aspects in order to explain the approach taken in the chapters below.

3.1 The Kardar-Parisi-Zhang Equation

In 1986, M. Kardar, G. Parisi and Y.-C. Zhang introduced a surface-growth model [12],
which has since then become one of the most widely studied field-theoretic problems. It
reads

O h(r,t) = v V2h(r,t) + % (Vh(r, 1)) + n(r,t),
(n(r,t)) =0, (3.1)
(n(r,t)n(r',t")) = Ao r —1')o(t — ).

Here the field h(r,t) denotes the surface height at the spatial coordinate r € R? and
time t in d spatial dimensions. The diffusive linear term on the right hand side of
(3.1) represents the mechanism of surface tension with ‘viscosity’ parameter v. The
statistical uncertainty of the growth process is modeled by a Gaussian noise field 7(r,t)
with zero mean and autocorrelation according to , where Ay measures the noise
strength (space-time white noise). With these components a surface growth model was
already proposed by S.F. Edwards and D.R. Wilkinson, the Edwards-Wilkinson (EW)
model [19], namely

Oy h(r,t) = v V2h(r,t) + n(r, 1), (3.2)

with noise correlations according to . The intriguing additional feature of the KPZ
equation is its non-linearity, which allows for the description of growth locally normal to
the surface. The coupling strength of the non-linearity is given by the coupling parameter
A, which should be understood as an independent external parameter [21].

For the most part of this thesis, we will deal with the KPZ equation from (3.1]) in one
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3 Background on the Kardar-Parisi-Zhang Equation

L =25, Ag=v=A=1.0

Figure 3.1: Surface height h(x,t) on a discrete substrate with x € [0, 256] for four distinct
times ¢. The dashed lines represent the spatial mean of h(z,t). This graphic
was obtained via numerical simulation according to Section @

spatial dimension. In particular, we have

Oy h(z,t) = v *h(z,t) + % (Bph(z, 1)) + n(z,t),
(n(.1) =0, (33)
(n(z, t)n(a’, ")) = Agd(z — ") 6(t — t').

Here we restrict ourselves to a finite spatial interval = € [0,b], b > 0, for reasons that will
become clear in the following. We further assume periodic boundary conditions, namely,
h(0,t) = h(b,t), and further flat initial condition, h(x,0) = 0. In Figure we show
the temporal evolution of the surface height h(x,t) from with = € [0, L = 256]. The
data of h(x,t) is obtained by the numerical scheme described in Chapter [/} We further
show as dashed lines the value of L~} fOL dx h(zx,t), i.e., the spatial mean of the height
field, at the respective times ¢t. This quantity will be of importance in the following.
Besides its modeling of surface growth, the KPZ equation is closely related to numerous
other models. Among these are the Sivashinsky equation that describes the propa-
gation of flame fronts and a model discussed in [39], which governs density fluctuations
in driven diffusive systems. Further, the KPZ equation can be mapped to models for
fluid dynamics and directed polymers, which are discussed below.
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3.1 The Kardar-Parisi-Zhang Equation

3.1.1 Relation to Stochastic Burgers Equation

The relation to fluid dynamics, in particular the stochastic or noisy Burgers equation,
is obtained by taking the spatial derivative on both sides of (3.1]), which yields

OV h(r,t) =vV3h(r,t) + \V h(r,t) V2 h(r,t) + Vn(r,t). (3.4)
Setting u(r,t) = —V h(r,t) and A = 1 leads to
dru(r,t) +u(r,t) - Vu(r,t) = vV3u(r,t) — Vn(r,t), (3.5)

which is known as the stochastic Burgers equation (see, e.g., [12,/40-42]) excited by
a noise field f(r,t) = —Vn(r,t) with n(r,t) from (3.I). As long as describes a
vorticity-free (i.e., V x u(r,t) = 0), randomly stirred fluid, the noisy Burgers equation
is equivalent to the KPZ equation, e.g., [43], with h being the potential of u (potential
flow). For the case of the one-dimensional versions of the KPZ equation and noisy
Burgers equation , respectively, the equivalence holds generally. In Chapter |§| we
will use this equivalence to perform dynamic renormalization group calculations for the
KPZ equation.

3.1.2 Relation to Directed Polymers

Another intriguing mapping of the KPZ equation is the one on the stochastic heat
equation (SHE) via the Cole-Hopf transformation

W (r,t) = exp [;V h(r,t)} . (3.6)

Applying the transformation from (3.6 to (3.1)) yields

A n(r,t) W(r,t), (3.7)

W (r,t)=vViW(r,t)+ 5

i.e., the heat equation excited by a multiplicative noise, which models directed polymers
in a random medium (see, e.g., [40,|41,|44}46]). Note that the transformation from
maps the non-linear KPZ equation from to the linear SHE from and changes
the additive noise structure to a multiplicative noise, respectively. Besides its physical
applications, the SHE is of great importance especially for the construction of a solution
to (3.1) [21]. While the equivalence between and via is on a formal level
evident, there are serious difficulties in formulating a mathematically rigorous solution
h(r,t), which from a mathematical point of view is due to the ‘ill-posedness’ of (see,
e.g., [47-53] and also the discussion regarding the KPZ regularity in Appendices m

and .
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3 Background on the Kardar-Parisi-Zhang Equation

3.1.3 Dimensionless Form of the KPZ Equation

A technical but useful step is to rewrite the KPZ equation from in its dimensionless
form. We relate all physical quantities to suitable reference values so that the scaled
quantities are dimensionless and that the equation is characterized by only one dimen-
sionless parameter. In anticipation of the calculations below, we choose this parameter
to represent a dimensionless effective coupling parameter Aog, that replaces the coupling
constant A\ from . To this end the following characteristic scales are introduced,

h=Hhs; m=Nns; r=brg; t=Tt, (3.8)

where dimensionless quantities are designated by the subscript ‘s’. Here H is a char-
acteristic scale for the height field, NV a scale for the noise field, b is the characteristic
length scale in space and T the time scale of the system.

Choosing the three respective scales according to

/AO h2—d /A()I/ b2
H - v B N - W, T - ;, (39)

leads to the dimensionless KPZ equation in the d-dimensional unit ball, |rs| < 1,

O hs(rs, ts) = sths(rs,ts) + % (vrshS(r57tS))2 + ns(rs, ts), (3.10)
(ns(rs, ) = 0, (3.11)
(ns(rs, ts)ns(re, th)) = 6% — ') o(ts — t)). (3.12)

Here, the effective dimensionless coupling constant is given by

A0b2*d
Aot = 1/ A (3.13)

The effective coupling constant will be of importance in the subsequent discussion of the
KPZ scaling behavior as well as for the perturbative and DRG calculations and is found
in various works concerning the KPZ-Burgers equation; see, e.g., [40,43.[5455].

3.2 Scaling Behavior of the 1D-KPZ Equation on a Finite
Substrate

3.2.1 Edwards-Wilkinson and KPZ Correlation Lengths and Times
The Edwards-Wilkinson Case

An important measure for the scaling behavior of the KPZ equation on a finite substrate
is the correlation length. It is instructive to first take a look at the origin and implication
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3.2 Scaling Behavior of the 1D-KPZ Equation on a Finite Substrate

of the correlation length in the context of the Edwards-Wilkinson equation. In the
following chapters, with the exception of Chapter (8] we will focus on the one-dimensional
case and therefore analyze

O h(z,t) = v 92 hix,t) + n(z, 1), (3.14)

with noise correlations as in (3.2]) and = € [0,b], b > 0. Representing the height field
h(z,t) and the noise n(x,t) in terms of their respective Fourier series

hat) = 3 hi(t) 2T,
F } (3.15)
n(x,t) — an(t) e?mkm/b’
k

leads via (3.14)) to the ordinary differential equation (ODE) for the k-th Fourier mode

of the height field
2

hy,(t) = —477%%1%@) + me(t). (3.16)

Assuming flat initial condition for h(z,t), i.e., h(z,0) = 0, this linear stochastic ODE is
readily solved by formally applying the variation of constants formula and yields

t
hi(t) = /O dt! e AT D) (41, (3.17)

Note, that is a formal expression only. For a mathematically rigorous formulation
see Appendix

Of particular interest to the subsequent analysis is the surface width, W (b, t), of the
height field given by (see, e.g., [20%56L57])

W2(b.1) = </Obdb”” <h(:c,t) _ /Obdbxh(m,t)>2>. (3.18)

Inserting the Fourier series representation from (3.15]) into (3.18) and using the orthog-
onality relation,

b
/ daeXT =B _ 5
0

where ¢; ; denotes the Kronecker symbol, the (squared) surface width W2 may be rewrit-
ten as

W2(b, 1) = (hi(t) how(t) = > TMe(t), Tk(t) = (hr(t) hoi(D)) (3.19)
k20 k0
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3 Background on the Kardar-Parisi-Zhang Equation

With (3.17) and

A

(e () e (8)) = 705k,7k/5(t—t’), (3.20)

which is inferred from the general noise correlation in (3.2), the calculation of IIx(¢) is
straightforward and yields (see also [20])

Ayg 1-— 6721/(27rk/b)2t

11 = 21
W) = 5 T kD) (3:21)
Hence, we find for the surface width
Ao e—2vt(2mk)?/b?
W2(b bz ) : (3.22)

Substituting in (3.22) 27k — y and replacing the sum approximately by an integral
leads to S
A 0o 1— e 2v t/b%y

W2(b,t)z—0b dy ————

2rv  Jor Y

At this point we identify the Edwards-Wilkinson correlation length for a one-dimensional

system as

5 (3.23)

Eew(t) = (2vt)Y2?, (3.24)

which may generally also be written as égw (t) = (2vt)'/?, where z = 2 is the dynamical
scaling exponent of the Edwards-Wilkinson equation (see, e.g., [20]). Inserting
into leads to the well known scaling form of the surface width, namely the Family-
Vicsek scaling law [56}/57]

2 Erw (t) [ 1w
W(bvt)““bew( b ) f(x) = / = (3.25)

vy

or, again in greater generality, W?2 ~ b>X f(£/b), with x = (z —d)/2 = 1/2 the roughness
exponent of the Edwards-Wilkinson equation in one spatial dimension; f(z) denotes a
universal scaling function.

For the scaling function f(z) in - ) two limiting behaviors are of interest. The first
one occurs for values of x &~ 1, or equivalently {gw(t) ~ b, where f(z) behaves like
a numerical constant. The second one is found in the limit of x < 1, or equivalently
Erw(t) < b, for which it holds that f(z < 1) ~ z. Hence,

const. for zx =~ 1
x) ~ ’ 3.26
/(@) {x for x <« 1. ( )
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3.2 Scaling Behavior of the 1D-KPZ Equation on a Finite Substrate

Accordingly, the one-dimensional scaling form of the Edwards-Wilkinson surface width
reads (e.g., [20,56,57])
th2 (#2X/%) b
w2 1T NS or nw < b (3.27)
b (b X) for fEW % b.

Here the results in brackets denote the form in terms of the critical exponents for a
general d-dimensional analysis [20]. As can be seen from (3.27)), the correlation length
is critical in the discussion of the scaling behavior of the surface width. For correlation
lengths that are significantly smaller than the system size b, the EW system is in its
transient regime and the surface width grows with t1/2 (for d = 1). When the correlation
length is of the order of the system size the system leaves the transient regime and the
surface width becomes stationary and scales like b (for d = 1).

While the ad-hoc approximation of the sum in (3.22) via the integral in yields the
scaling relation not only in one spatial dimension but is valid for higher dimensions
as well, it does not lead to exact results. For the case of one spatial dimension it is
possible to calculate the sum in explicitly in the transient and stationary regime,
respectively. We begin with the evaluation of in the stationary regime. From
it can be inferred that for fixed system size b, stationarity is reached for ¢ — oo,
implying &pw (t) > b (see (3.24)). Thus, the stationary limit of the surface width is
given by (see also |20])

Ao 1 — e—4m*(éew(t)k/b)?
li 2(b,t) = — 1i
Am W(0,7) 2ubt£§okzﬂ 2k /b)?

Agb 1 Agb
= 2y 2 = a2y S (3.28)
k0
_Bob
2112’

where ((x) denotes the Riemann-Zeta function. For the transient regime we note again
from that the condition on the correlation length is given by &égw < b. Hence,
with , for any fixed time ¢, the limit of b — oo ensures that £&gw < b. Therefore,
the surface width in the transient regime reads

1 1 — e—4m*(Eew(t)k/b)?
lim W2(b,t) = = lim +
p Wb =5 i g @k )2
k+£0
_ Ao % Lot O (3.29)
v Jo 472 12
Ao Ew(t)
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3 Background on the Kardar-Parisi-Zhang Equation

where we substituted k/b = x. With (3.24]) we then find [20]

Ay [2
lim W2(b,6) = == ,/7”151/2. (3.30)

Comparing the expressions in and to the respective prediction from the
scaling arguments in , it can be seen that the dependence on b and ¢ are of course
that same. However, the explicit limits in and also yield the exact prefactors
that are not accessible via the scaling argument. Note, that in the above calculations
we restricted ourselves to the case z = 2 and x = 1/2. In |20], one can find a derivation
for general z.

At this point, we are able to calculate the Edwards-Wilkinson correlation time tEW at
which the surface width transitions from the transient regime to the stationary regime.
This may be done by demanding that at t = t“W the value of the surface width in
the transient regime has to be equal to the value of the surface width in the stationary

regime. Hence, with (3.28]) and (3.30)),
=0 /22 = =07 31
2v \ (t™) 2v 12 (3:31)

This leads to (e.g., [20])
EwW T b?

Inserting the result from (3.32) into (3.24]) yields
Erw (tEW) = ‘1/27? b, (3.33)

which implies that for correlation lengths larger than by/7/12 the EW behavior becomes
stationary.

The Kardar-Parisi-Zhang Case

The construction of an explicit expression for the KPZ correlation length &kpz(t) and
correlation time t(IfPZ is tied to three properties of the KPZ equation, where the first
two only hold in one spatial dimension. The first is the knowledge of the stationary
probability density functional p®[h], given by (e.g., [20,[21}58])

p°[h] ~ exp {—AVO / dx (th)g] : (3.34)

which is equivalent to the stationary distribution of the Edwards-Wilkinson equationlﬂ
This implies that all equal-time stationary correlations for the KPZ equation are actually

!See also Chapters [4| and 5| for further remarks on the EW/KPZ stationary probability density func-
tional.
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3.2 Scaling Behavior of the 1D-KPZ Equation on a Finite Substrate

given by the stationary correlations of the EW equation, hence, the linear theory [20].
The second is the existence of a fluctuation dissipation theorem, see, e.g., [20|40%43} 54,
59]. The last property follows from a tilt-invariance (Galilean invariance) of the KPZ
equation, which implies the exponent identity (see, e.g., [20,40.43},54.|59])

2 x =2 (3.35)

In a dynamic renormalization group context, the latter two properties implie that the
coupling parameter A in and the ratio Ag/v stay invariant under the change of
length scales in the DRG scheme.

Thus we know that Ag/v and A are scale-independent. This is particularly important
for the construction of a KPZ correlation length, which needs to be independent of the
length scale at which the KPZ system is analyzed. One way of constructing such a
correlation length is via a dimensional argument and the assumption that the general
structure of the KPZ correlation length is the same as in the linear case, i.e. £ ~ t1/% with
z now according to the dynamics of the KPZ equation (in d = 1, z = 3/2). According
to |20], the only solution under the above constraints for the correlation length &xpyz(t)

is given by 23
Ao 1/2
(21/> At ) (3.36)

where the factor of 2 in the denominator has been introduced for later convenience. Note,
that in Chapter [6] we calculate correlations via DRG and recover this exact expression
of the correlation length from (see (6.28))).

To introduce a relationship between the surface width W?2 and the KPZ correlation
length &xpz(t), we try to follow the same steps as in the EW case. From the EW

equation we know that (see (3.21)))

fkpz(t) =

lim TIj,(t) = Bob 1

N N T (8:37)

Since the KPZ equation in one spatial dimension has the same stationary probability
distribution as the EW equation, the expression in is expected to hold for the
KPZ equation as well. In the transient regime of the KPZ equation, however, there will
certainly be differences between the EW and KPZ behavior. This is taken into account
by defining

_Agb 1 {kpz(t)
EP2(¢) = 20 k) g ( b 27 k) , (3.38)

where g(z) denotes the KPZ scaling function for all times ¢, which is the equivalent
to the numerator in (3.21)), but is in general unknown [QOIH The scaling function has

2In [60], an exact solution for the scaling function has been derived for the stationary state of the KPZ
equation. In the above context, the scaling function is needed not only in the stationary case but for
all times t.
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3 Background on the Kardar-Parisi-Zhang Equation

to fulfill g(0) = 0 and g(x) = 1 for + — oo (see also the explicit form of g(x) for the
EW case in (3.21])) [20]. With (3.38) we calculate the surface width in the transient
KPZ regime in analogy to the calculation for the EW case above (see (3.29), (3.30) and,
e.g. [20])

)27 k/b)
! 2 g (§xpz(t
Hm WE(b.1) = 2y %obz (27 k/b)?

_ Ao d 9(2W§KPZ() )

1% 0 (271'5(,')2 (339)
_ @ *dy 9(w)
= §KPz(t)/0 )

A < d

TOfKPz()Cz, CQE/O fg;‘g)

Here, we first substituted k/b = x to rewrite the sum in terms of the integral and subse-
quently substituted 2w€kpy (t)x = y to arrive at the final expression in . Note, that
the analytical evaluation of the amplitude ¢s is not possible due to the lack of the exact
knowledge of the KPZ scaling function g(z). There are, however, numerical estimates
for this amplitude, which yield ¢y ~ 0.4 [20,/61]. Inserting the explicit expression from
for the KPZ correlation length into leads to the following expression for
the surface width in the transient KPZ regime [20],

AV

5  12/3
w2 (t) = co [<2y> )\L‘] =c % Expz(t). (3.40)

With the second step in ([3.40]), we have the complete analogy to (3.29).
Using (3.40]), we may determine two distinct time scales. One is the time at which the

KPZ system changes from the transient EW regime to the transient KPZ regime, the
EW to KPZ crossover time t®*W=7KPZ "and the second is the KPZ correlation time t5F%
at which the transient KPZ regime becomes stationary [20]. The former is obtained by
demanding that at ¢t = tPW=KPZ the value of the surface width in the transient EW
regime has to be equal to the corresponding value in the transient KPZ regime. Hence,

with (3.30) and (3.40),

9 2/3
Ao (20 ¢EW—KPZ) 1721 Ao )\ tEW—KPZ ’ (3.41)
2\/mv 2v
which yields [20]
32 P
tEW=KPZ —— 3.42
3§ AZN (3.42)
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3.2 Scaling Behavior of the 1D-KPZ Equation on a Finite Substrate

The latter time, the KPZ correlation time t?PZ, is found via the condition that at
t = tXPZ the value of the surface width in the transient KPZ regime has to be equal
to the stationary value of the surface width in the EW regime. This is due to the fact
that the steady state correlations of the one-dimensional KPZ equation are given by the
steady state correlations of the EW equation. Thus, with (3.28) and (3.40)),

P P Ag b
0 KPZ ! 20
20 L2022 4
“ [<2y> Ale ] 2v 12’ (3:43)
which yields for tXF% [20]
b \32 /9,\1/2
(KPZ _ el AL 44
¢ (1202> <A0> (349

Rearranging the Lh.s. of (3.43) in terms of the KPZ correlation length from (3.36]) and
solving for &xpyz(t5P%) leads to [20]

b
KPZy = U 4
Expz(te 7) 26 (3.45)

Hence, when the correlation length of the KPZ equation becomes larger than b/(12c2)
the system changes from its transient behavior into its stationary state.

In the following, we discuss the influence of the coupling strength A on the temporal
scaling of the variance of the height field, which is critically depending on the time
scales derived above.

3.2.2 Temporal Scaling of the Variance of the Spatially Averaged Height

Field
var[U] ~ ¢ var[¥] ~ t4/3 var[V] ~ ¢
f f t
tEW%KPZ tz(PZ
EW-regime KPZ-regime

Figure 3.2: Schematic scaling behavior of var[W(¢)] for the ‘normal’ ordering of time-
scales, i.e., t&PZ > tEW=KPZ for g finite KPZ system (see, e.g., [20]).

The KPZ equation on a one-dimensional finite substrate of size b shows intriguing
behavior regarding the scaling properties of certain observables, e.g., the surface width
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3 Background on the Kardar-Parisi-Zhang Equation

from above. A related observable is the so-called center of mass dispersion W2, which
is given by [20]

szb% <</Obd:vh(x,t)—</Obd:nh(x,t)>>2>, (3.46)

and describes the variance of the spatial mean of the height field h(x,t) from (3.3]). Its
scaling behavior reads [20,,39,/62H64]
t43/b f b
t/bY/2  for &xpy > b,

with £kpyz from . One remarkable feature of is the superdiffusive behavior in
the transient regime {kpy < b. In Chapter[6]we derive this scaling behavior including the
respective system-parameter dependent amplitudes via a DRG scheme. In anticipation
of the physical observables needed for the subsequent analysis, we will not discuss the

scaling behavior of (3.46)) but rather that of

var[¥(t)] = <</Ob dx h(z,t) — </Ob dx h(:c,t)>>2> = b2 W2, (3.48)

with ¥(t) = fob dxh(z,t), see Chapter {4 In the following, we focus on highlighting the
scaling behavior of in dependence of the effective coupling parameter from (3.13]).
To this end, it is instructive to have a look at the time-scales at which changes in the
scaling behavior of var[¥(t)] occur. In the case of a largﬂ coupling parameter Ao from
, these time-scales are the EW to KPZ crossover time t*WV7KPZ given by and
the KPZ correlation time tXF2, given by . In Figure we show schematically the
behavior of the variance of W(t) if tXF% > tEW=KPZ For times t < tPW=KPZ the system
is in the so-called Edwards-Wilkinson regime, characterized by the critical exponent
z = 2 of the linear theory. In this scaling regime, the variance of W(t) is expected to
scale linearly in time ¢ [20]. For times in the range t*W=KPZ < ¢ < tKPZ the system
is in its transient regime. This regime belongs to the KPZ scaling-regime, characterized
by the KPZ critical exponent z = 3/2. While in the transient regime, the variance is
predicted via scaling arguments to scale with t4/3, i.e., it displays superdiffusive behavior
[20]. For times t > tXP% the system enters the KPZ stationary regime, where the
variance is again expected to scale linearly in time ¢. However, due to the superdiffusive
behavior in the transient regime, the proportionality factor is larger in the stationary
KPZ regime than in the EW scaling regime [20@ In the following we will refer to the
above described behavior as the behavior for the ‘normal’ ordering of time-scales, namely

3What is meant by ‘large’ will be made precise in (3.52).
“This time behavior of var[¥(t)] can be clearly observed in Figure[7.6
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3.2 Scaling Behavior of the 1D-KPZ Equation on a Finite Substrate

tg(PZ > tEW—>KPZ'

Before we discuss the case of t*W=KPZ » tKPZ Jot ys reformulate the two time-scales
in and by expressing both in terms of the effective coupling parameter Aog
from (3.13]). To this end we introduce a dimensionless time t; = t/T with the diffusive
time scale T = b2 /v from . This yields for the EW to KPZ crossover time

[EW—KPZ 32 18 1 32 1 (3.49)

T OB A2p2 N 3.6 N4
¢y Agbs A ey Ao

and for the KPZ correlation time

(KPZ _ 2 v 1/23_ 2z 1 (3.50)
@5\ (12¢2)3 \ Agb AN (12¢2)3 e '

The form of (3.49) and (3.50]) indicates the existence of a critical effective coupling
parameter A below which the ‘normal’ ordering of time-scales breaks down, that is,
tEW—=KPZ tff}:z. One may think of this as shrinking the transient regime in Figure

to zero, and thus, equating (3.49) with (3.50)) and solving for Aeg yields

8 3
=—1/7—3- 51
eff - 20% (35)

Note, that in Chapters |§| and [7| we will use the approximation ¢y ~ 0.4 from [20}(61]
when needing the numerical values of the crossover time t®W=7KPZ from , ,
the correlation time t?PZ from , as well as the critical effective coupling
constant from .

In dependence of the critical effective coupling parameter we have

(EWSKPZ GKPZ o ) s e

[EW=KPZ  KPZ (3 e (3.52)
Hence, the behavior of var[U(t)] sketched in Figure is valid as long as Aeg > Agg-
We now turn to the behavior of the variance of W(t) for Aeg < Ag. In this case we have
tSEW”KPZ > tgfz, which is physically not sensible as this implies that the system would
have to become stationary in the KPZ regime before even crossing over from the EW to
the KPZ regime. This situation is resolved by taking the EW correlation time t?w into
account. With the result from ,

EW - T 3.53
Cc,s 288 ( )

As can easily be seen, Aeg < Aoy implies that tCEXV < tEWHKP Z hence the system becomes
stationary in the EW scaling regime. Therefore, if Aeg << Agg, its dynamical behavior
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3 Background on the Kardar-Parisi-Zhang Equation

Fixed-Point Diagram

T
——KPZ-FP (stable) —-— KPZ-FP (unstable)
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Figure 3.3: Fixed-point diagram of the d-dimensional KPZ equation. The fixed-points
are calculated using one-loop DRG, see .

will be governed for all times ¢ by the critical exponent z = 2 of the linear theory. For
Aeft T Acg the behavior of the variance will change from the one in the linear theory
to the one predicted for the KPZ equation and should be accessible by a perturbation
expansion in Aeg up to A = Ag. This approach will be taken in Chapter [5} Note, that
when we state Aeg ‘small’, we mean Aeg < Agg.

3.3 Phase Transition of the Kardar-Parisi-Zhang Equation

Another important feature of the KPZ equation is the so-called roughening transition,
which occurs only for spatial dimensions d > 2. A concise analytical treatment of the
roughening transition will be given in Chapter[8 To understand this transition, the fixed-
point structure of the KPZ equation with respect to the effective coupling parameter A
(see (8.5])) is of importance. In Chapter [§ we derive this fixed-point structure by means of
a one-loop dynamic renormalization group (DRG) approach (see and (8.6)). For the
purpose of this section, the technical details are not important and thus we simply plot
the resulting fixed-point structure from in A as a function of the spatial dimension
d in Figure As can be seen, there are two distinct fixed-points. One is the so-called
Gaussian fixed-point (A, = 0, see (8.6)) and the second one is the so-called KPZ fixed-
point (A, = \/4d(d —2)/((2d — 3)K,), see (8.6)) or also strong-coupling fixed-point.
For dimensions d < 3/2, the Gaussian fixed-point is unstable and the KPZ fixed-point
stable, hence the RG flow is from the Gaussian to the KPZ fixed-point. In d = 1, the
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3.3 Phase Transition of the Kardar-Parisi-Zhang Equation

KPZ fixed-point is characterized by the critical exponents z = 3/2 and y = 1/2, which
fulfills the exponent identity z + x = 2 (see, e.g., [12,/54,59]). As x =1/2 > 0 for d = 1,
the KPZ system is in its rough phase. The calculations in Chapter [0 are performed at
this fixed-point. As can be seen from Figure the only existing phase for d < 3/2
is the rough phase of the KPZ equation (see also [54,59}65-67]). Note that the gap
between 3/2 < d < 2 is due to the one-loop order DRG approach and can be filled by a
two-loop calculation [54]. In particular, the divergence of the KPZ fixed-point is shifted
from d = 3/2 in the one-loop case to d = 2 in the two-loop case. The general fixed-point
structure, however, remains the same for the one- and two-loop calculations.

For dimensions d > 2 the stability of the fixed-points is reversed, i.e., the KPZ fixed-
point becomes unstable and the Gaussian fixed-point stable, see Figure Since the
KPZ fixed-point is unstable, the RG flow now points away from this fixed-point for
every d > 2. For all X that lie below the KPZ fixed-point value, the system is thus
driven to the stable Gaussian, or weak-coupling fixed-point. For all X that are greater
than the KPZ fixed-point value, the RG flow drives the system to a stable fixed-point
at infinity, the strong-coupling fixed-point. This implies that the perturbative DRG
approach is not feasible in this case (see, e.g., [54,/68]). There are approaches to the
strong-coupling regime using mode-coupling theory, see, e.g., |69} 70|, non-perturbative
DRG, see, e.g., [71] and weak-noise approximations, see, e.g., [65]. The light-red shaded
region in Figure is the only domain for d > 2, where the perturbative DRG approach
is applicable. This is the region relevant in Chapter [8| Using the results in with
and as well as the general scaling form for the correlation function (see,
e.g., [12,54,57,59] and replace u = —Vh),

Clg,w) = ¢+ (;“) , (3.54)
with ® a universal scaling function, we infer that for all d > 2 the dynamical scaling
exponent z = 2 and the roughness exponent y = 1—d/2 < 0. Note, that at the Gaussian
fixed-point the exponent identity z 4+ y = 2 is not fulfilled. Hence, with xy < 0 for d > 2,
the light-red shaded region in Figure represents a smooth phase of the KPZ system.
In the light-blue shaded region in Figure which is the region of A\-values driven to
the strong-coupling fixed-point, the exponent identity z + x = 2 is expected to hold. As
the strong-coupling KPZ fixed-point is characterized by z < 2, the exponent identity
dictates x > 0 and thus the light blue shaded region in Figure [3.3] represents a rough
phase of the KPZ system. Therefore, for d > 2, the KPZ fixed-point as a function of
spatial dimension d acts as a phase-separation line between the smooth and rough state
of the KPZ system. On this phase-separation line, the critical exponents read z = 2 and
x =0.

From the above discussion, it becomes apparent that d = 2 is a critical dimension,
called the lower critical dimension of the KPZ equation. The existence and value of
an upper critical dimension is, to our knowledge, still not answered satisfactorily (see,
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3 Background on the Kardar-Parisi-Zhang Equation

e.g., [65-67,/69-76]). Such an upper critical dimension would appear in the rough phase
and denote a dimension above which z =2 and x = 0.

Appendix 3.A Mathematical Prerequisites Regarding the
KPZ Equation

3.A.1 Expansion in Terms of Eigenfunctions

In, e.g., Section we have seen that the representation of the height and noise fields
via their respective Fourier series (see ([3.17]) is a convenient tool in treating SPDEs
like and, as will be shown below, for the full KPZ equation itself. The Fourier
expansion can be understood in a more general sense. For the case of periodic boundary
conditions, the differential operator L = v 2 possesses the eigenfunctions {¢(z)},

1 .
op(z) = %emkm/b k ez, (3.55)

and corresponding eigenvalues {py },

jp = —4 b% P ke (3.56)

In terms of the dimensionless representation, we have
¢s,k(xs) _ e27ril~cxs, (3.57)
and
ps k= —4m? k2. (3.58)

It is well-known that the set {¢r(x)} constitutes a complete orthonormal system in the
Hilbert space L2(0, b) of all square-integrable functions on (0, b), equipped with the usual
Lo-product (-,-)g = fé) dz - (z) - (x). Thus, the expansions

h(w,t) =Y hi(t)or(@),

keZ

n(@,t) = ne(t)or(x),

keZ

(3.59)

hi(t), nk(t) € C, hold and the Fourier-expansion can also be interpreted as an expansion
in the eigenfunctions of the operator L. A similar proceeding was used in [77H80].
With this interpretation, (3.17)) also holds when in the EW equation (3.14) the operator
L = vd? is replaced by L, = (~=1)PT192”, with p € IN and adjusted eigenvalues {z?}.
The choice p = 2 has been used for the description of surface growth in [14}81].
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3.A Mathematical Prerequisites Regarding the KPZ Equation

3.A.2 Spectral Form of the KPZ Equation

We formulate (3.3) on the one-dimensional spatial interval [0, 5], b > 0, with Gaussian
white noise 7(x,t)

ot 2 ox
(n(z,t)) =0
(n(z,t)n(x',t')) = Aod(x — 2")a(t — '),

with vanishing initial condition h(z,0) = 0, = € [0,b] (i.e., the growth process starts
with a flat profile). Here L is the standard diffusion operator with periodic boundary
conditions. Like above in , Ag denotes a constant noise strength, and A the coupling
constant of the non-linearity. We will apply the eigenfunction-expansion of the height
field h(z,t) and the stochastic driving force n(z,t) from (3.59) to (3.60]), which yields

Oh(z,t) = Lh(z,t)+ A <W>2 + n(x,t)
(3.60)

> () dr(x)
ke
=D h(t)Low(x +f Y () (8)0u (@) Dudin(x) + Y ()i

kEZ lmEZ kez
= hi(t)prdr(x) - 27T Z Lm by (8) hn (8) 1 () i (2)

kEZ lmEZ

+ > k() ok (@)
keZ

For the {¢y(x)} the relation ¢;(x)dm(z) = Grpm(x)/v/b holds and thus the double-sum
in the eigenfunction-expansion of the KPZ equation can be rewritten in convolution form
setting k = [ + m. This yields

S hilt)ou(x)
keZ
keZ kJl€Z
+ > () or(x)
keZ

which implies ordinary differential equations for the coefficients hy(t),

hi(t) = phi(t) 5/2 > Uk = Dhy(#) - (t) + i (E). (3.62)
Iz
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3 Background on the Kardar-Parisi-Zhang Equation

The above ODEs ([3.62)) are readily ‘solved’ by the variation-of-constants formula, which
leads for flat initial condition h(0) = 0 to

t
/ A
hi(t) = / dt' e =) |t — 2n2b57 > 1k = Dy Y| (3.63)
0 1€Z\{0}
k € Z. With (3.63), a non-linear integral equation for the k-th Fourier coefficient has
been derived. In Section the solution to (3.63)) will be constructed by means of an

expansion in a small coupling parameter .

3.A.3 Stochastic Convolution and Mild Solution

Equation has been derived on a purely formal level. In particular, the integral
[ dt'em =), (¢') has to be given a meaning. In a strict mathematical formulation, this

integral has to be written as ,
/ e =) qu (), (3.64)

0
which is called a stochastic convolution (see e.g. [82785])|ﬂ This has its origin in the fact
that the noise n(z,t) in is, mathematically speaking, a generalized time-derivative
of a Wiener process W (z,t) (see also Appendix [3.A.5] (3.67)). In this spirit, with
the first integral on the right hand side replaced by @ may be called the mild form
of the KPZ equation (in its spectral representation) and h(x,t) = >, hi(t)ér(z),
hy,(t) solution of equation (3.63)), is then called a mild solution of the KPZ equation. In
mathematical literature, proofs of existence and uniqueness of such a mild solution to
the KPZ-Burgers equation can be found for various assumptions on the spatial regularity
of the noise (see e.g. [84,186,[87] and references therein). These assumptions generally
exclude space-time white noise. Therefore, some form of regularization is needed (see

also Appendix|3.A.5).

3.A.4 Remarks on the Noise Structure

Besides the complex Fourier expansion in (3.59)) with coefficients hy(t) € C, the real
expansion h(z,t) = >, hi(t)vk(z), hi(t) € R (e.g. [84]) and

1 2 2
Yo = %, Vi = \/;sin 27rk%, Y g = \/;cos 27rk% k € NN, (3.65)

will be used, for convenience, in this section. The relationship between hy(t) and hy(t)
reads

h_i(t) — ihi(t) _ hek(t) +ihe(t)
_ h_i(t) = ———"=
V2 V2
®Due to the deterministic integrand of (3.64), the integral can optionally be interpreted in the Ito or

Stratonovitch sense, respectively [82]

hi(t) = = hy(t), (3.66)
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3.A Mathematical Prerequisites Regarding the KPZ Equation

with hy(t) as the complex conjugate.
The noise n(x, t) is given by a generalized time-derivative of a Wiener process W (x,t) € R
[82/8488], i.e.,

n(a,t) = /g 2T (3.67)

ot
Such a Wiener process W (z,t) can be written as (e.g., [82,84])
W(z,t) = anfB(t)y(x). (3.68)
keZ

Here {ax} € R are arbitrary expansion coefficients that may be used to introduce a
spatial regularization of the Wiener process, {5k (t)} € R are stochastically independent
standard Brownian motions and {vx(z)} from (3.65). A well-known result for the two-
point correlation function of two stochastically independent Brownian motions S (t)
reads [82]

(Br(t) Bult')) = (E A E) Ok, (3.69)
with (¢t At') = min(¢,t).
In the following it will be shown that the noise n defined by and possesses

the autocorrelation
(n(z,t)yn(', 1)) = K(z —2")a(t — '), (3.70)

which for K(z — 2') = Apd(z — 2’) results in space-time white noise. Furthermore, an
explicit expression of the kernel K(z — 2’) by means of the Fourier coefficients {ay} of
W (z,t) from will be given.

To this end, first an expression for the two-point correlation function of the Wiener
process itself can be derived according to

/ o
(W (2, t) W (2, 1)) = AL od + Z [a?, + aj] cos Yy e

b
keN

/
+ Z [a2_k - az] coskam—Zx ] .
kelN

(3.71)

To represent the noise structure dictated by , the expression in has to be an
even, translationally invariant function in space. Thus, the following relation has to be
fulfilled

a_p =« VEkelN. (372)

Then the two-point correlation function of the Wiener process is given by

(W (z, )y W (2, 1)) = af +2 Z oz cos 2tk

t t/ ot
- Ab z f”] (3.73)

keN
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3 Background on the Kardar-Parisi-Zhang Equation

With W(z,t) = > ez Wk(t)or(x), op(x) from (3.55)), equation (3.73)) implies for the
two-point correlation function of the Fourier coefficients Wy(t)

<Wk(t) I/Vl(t,)> =apo (tATY) Ok, —1, k,l € Z. (3.74)
This result leads immediately to

02 (Wi(t) Wi(t"))
ot ot’

(@) m(t')) = Ao

using 0,0y (t ANt') = 6(t — t').

For the relation between (3.73]) and the noise from (3.70]), we differentiate (3.73|) with
respect to ¢t and t’ yielding

= Agay, oy 5,197_1 5(t — t,), k,leZ, (3.75)

0% (W(x,t) W(z',t'))

<77($7t) 77(95/775/» = Ay ot ot

Ag v (3.76)
= — a(2)+22a% cos 2k 5(t—1t).
b
keN
The following identification can be made
/ Ao | 5 2 z —a /

K(x—:v):T 040+2Zakcos27rk = K(|Jz —2'|), (3.77)

kelN

which structurally represents the standard implicit assumption that K (x —z') is transla-
tionally invariant, positive definite and even. Note, that the regularity of the noise-kernel
K(|x — 2'|) is given by the behavior of the set of {ax} for k — oo, where {ay} are the
dimensionless Fourier coefficients of the underlying Wiener process from for all k.
For the case of ap = 1V k € Z, spatially white noise is obtained.

Thus, the derivation via the Wiener process has indeed led to a translationally invariant
real-valued two-point correlation function for n(z,t), given by (3.70), with K(|z — 2/|)
from , which describes white in time and spatially colored Gaussian noise. In the
following, we will use to approximate spatially white noise to meet the required
form in (3.60]).

3.A.5 Regularity of the KPZ Equation and its Implications

The solution h(z,t) to the KPZ equation from is a very rough function for all
times ¢t. The spatial regularity of h(x,t) cannot be higher than that of the solution to
the corresponding Edwards-Wilkinson equation, h(©) (z,t), i.e., the KPZ equation with
a vanishing coupling constant, A = 0 in (see, e.g., [89-91]). For A9 (z,t) it can be
checked that for all t > 0

<Hh(0)(x’t)Hj{s> <oo for s<1/2, (3.78)

36



3.A Mathematical Prerequisites Regarding the KPZ Equation

where H® denotes the Sobolev space of order s € R of 1-periodic functions,

= {f | F(@) =3 e and | f = DO+ Rl < oo} . (379)

kEZ keZ

This implies that h(9(z,t) € H® with s < 1/2, and thus h(9(z,t) € Ly, however
hO(xz,t) ¢ H'. Therefore, (|;h V|2 ) = ([ dx (0:h?)?), is not a well-defined quan-
tity. This means that the solution h(z,t) is not regular enough to give a mathematically
sound meaning to the KPZ non-linearity (9,h(x,t))2. Thus, the KPZ equation is math-
ematically ill-defined. In order to avoid divergent terms, some form of regularization is
needed. This may be done by either choosing a more regular colored noise by means of
the Fourier coefficients {ay} from or, alternatively, by introducing a cutoff A of
the Fourier spectrum. Throughout this thesis, the latter is chosen.
Such a cutoff amounts to an orthogonal projection of the full eigenfunction expansion of
to a finite-dimensional subspace spanned by the eigenfunctions ¢_x(z),. .., ¢a(z).
Mathematically, this projection may be represented by a linear projection operator Py,
which maps the Hilbert space £2(0,b) to span{¢_a(z),...,oa(z)}, acting on (B.61).
In terms of the noise representation from Appendix this implies that we choose
ap = 1 for k € R, with

R=[-AA (3.80)

and o = 0, otherwise. Hence, the noise kernel from (3.77)) now reads

Ag x
K(x—2 1+2 cos 2k = Aod(z — 2 , 3.81
( ) b kzl b ] 0 ( ) span{@_n,...,pa } ( )
and its dimensionless form is given by
A
K(ws —al) =1+2)  cos2rk(xs — ). (3.82)
k=1

Also, the choice of a, = 1 VEk € R implies for the correlation function of the Fourier

coefficients 7 (t) from
(me(O)m(t')) = Dodr,16(t —1t") k1l eR, (3.83)
or, in dimensionless form
(N, k(ts)ns,1(£0)) = O, —16(ts — t}) k,l € R. (3.84)

This mapping, however, causes a problem in the non-linear term of (3.61)), where by mode
coupling the k-th Fourier mode (—A < k < A) is influenced also by modes with |I| > A.
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3 Background on the Kardar-Parisi-Zhang Equation

This issue can be resolved by choosing A large enough, for modes with h;(t) ~ exp|ut],
w from (3.56)), (3.58), || > A will be damped out rapidly so that the bias introduced by
limiting [ to the interval R is small. Note that the restriction to h € span{¢_x, ..., ¢}
also implies the introduction of restricted summation boundaries in the convolution term

in (3.63)), namely

S Uk = Dhjhyy  — S Uk =Dhihen,  kER,
i/ leR;\{0,k}

with SRy defined by
Ri = [max(—A, —A + k), min(A, A + k)], k€ R. (3.85)

To end this section, a noise operator K describing spatial noise correlations will be
introduced as

A~

b
&) 5/ 'K (z — 2)() (@), (3.86)

0
with kernel K (2 — ') from (3.81)) and its inverse K~ given by

A~

b
B0 :/ o' K=z — 2) () (), (3.87)

0

. It can be checked that

where its kernel reads K~ !(z —2') = Ay '§(z — ')
Span{(ﬁ*/\:"wd)/\}

K(¢(2)) = af ¢(z),  VkeZ, (3.88)

with ¢g(x) from (3.57) and o from (3.68), which will be of use in Section In
dimensionless form, the noise operators defined in (3.86)), (3.87)), respectively, read

A

1
() = /0 da!, Fy(s — 20)() (), (3.89)

and .
KL = /0 da, K (s — ) () (), (3.90)

with Kg(zs — z1) from (3.82) and K !(xs — z}) is defined via the integral-relation
[ dys Ks(zs — ys) Ko (ys — 26) = 0(xs — 2).
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4 Field—Theoretic Thermodynamic
Uncertainty Relation

4.1 General Formulation

In this section, we will present a generalization of the thermodynamic uncertainty rela-
tion introduced in Section to a field theory. Consider a generic field theory of the
form

8t<I>7(r, t)

(ny(r, 1))
(19 (r, ) (x', 1))

Here ®,(r,t) is a scalar field or the vy-th component of a vector field (y € IN) with
r € Q C RY F,[{®,(r,t)}] represents a (possibly non-linear) functional of ®, and
1,(r,t) denotes Gaussian noise, which is white in time, and with K (r—r’) as spatial noise
correlations. Prominent examples of are the stochastic Navier-Stokes equation for
turbulent flow (see e.g. [88]) or the Kardar-Parisi-Zhang equation for non-linear growth
processes [12] to name only two. The latter will be treated in the subsequent chapters
within the framework established in the following.

Let us begin with the introduction of some notions. A natural choice of a local
fluctuating current j(r,t) is

Ey [{®pu(r, )} + 1y (x, 1),
0, (4.1)
K(r—r1')d, .0(t—1").

j(r,t) = 0y®(r,t), (4.2)

with ®(r,t) = (®1(r,1),...,Pn(r,t))". The local current j(r, ) is fluctuating around its
mean, i.e.

j(I‘, t) = <j(I‘, t)> + 5j(I‘, t)v (4'3)

with 0j(r,t) denoting the fluctuations. Given that the system (4.1)) possesses a NESS,
the long-time behavior of the local current (4.2)) can be described as

j(r,t) =J(r) + 0j(r, 1), (4.4)

with 0j(r,t) being now a stationary stochastic process with zero mean and with

J(r) = 1tlim (0y®(r,t)) = lim M (4.5)
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4 Field-Theoretic Thermodynamic Uncertainty Relation

Here (-) denotes averages with respect to the noise history. Thus, in a NESS, the local
current j(r,t) = 0;®(r,t) is in a statistically stationary state, i.e. becomes a stationary
stochastic process with mean J(r).

The thermodynamic uncertainty relation in a Markovian network is formulated for some
form of integrated currents, see, e.g., . In the spirit of , we define the
projection of the local current onto an arbitrarily directed weight function g(r) as

)= [ dvir.0)-g(e). (4.6)

The integral in (4.6 represents the usual Lo-product of the two vector fields j(r,t) and
g(r) with j(r,t) - g(r) = >, jr(r,t)gi(r) as the scalar product between j and g. With
the projected current j4(t) from (4.6]), we associate a fluctuating ‘output’

U, (t) = / dr ®(r,t) - g(r). (4.7)
Q
Hence j4(t) = 0,V4(t) and in the NESS

Jg = lim Llfg(t)).

t—00 t

(4.8)

The fluctuating output W, (¢) provides us with the means to define a measure of the
precision of the system output, namely the squared variational coefficient €2, as (see
(12.57)

(W (1) = (wy(1)))?)

2 _
pu— 4-9)
5 (
(Wy(t))
If the system is in its non-equilibrium steady state, we can rewrite (4.9) as
((wy(1) = 1 1)%)
e = . (4.10)

(Jgt)®

Let us now connect the variance of the output W4 (t) to the Green-Kubo diffusivity given
by

Dy = [ dt {6y(0) 3500 (4.11)
0

Using (4.6) and (4.2)), it is straightforward to verify that

i) =0 - (B). i) = Wy(0) - y00).

<(\ig(t> - <\T/g(t)>)2> - /Ot dr /Ot ds (674(r)54(5)) . (4.12)

Thus,
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4.1 General Formulation

By dividing both sides of (4.12)) by 2¢ and taking the limit of ¢ — oo it is found in
analogy to [92], that

- [y dr [3 ds (55(r)054(s))

t—o00 2t

= _Dg7
with Dy from (4.11)) and therefore

_— ( (Rt - <\ig<t>>)2>'

t—o00 2t

(4.13)

Since in the NESS W, (t) is stochastically independent of the initial configuration ¥,(0),
we can simplify the expression for the diffusivity in the NESS according to

() = (T (1))
D, = lim .

t—o00 2t

(4.14)

With the result of and € from , an alternative formulation of the precision
in a NESS is

, (@@= @,m)°)  p

€ = 5 =2—=-. (4.15)

(Wy(1)) Jg t

We proceed with expressing the total entropy production Asi.. The total entropy
production is given by the sum of the entropy dissipated into the medium along a single
trajectory, Asp, and the stochastic entropy, As, of such a trajectory; see e.g. [25]. The
medium entropy is given by,

Pl® ()| (r, o)
PIB (1) B(rto)

Asy =1n , (4.16)

see (2.43). Here p[®(r,t)|®(r,to)] denotes the functional probability density of the
entire vector field ®(r,t), i.e. the field configuration after some time ¢ has elapsed
since a starting-time tp < t, conditioned on an initial value ®(r,tp), i.e. a certain field
configuration at the starting time to. In contrast, p[®(r,¢)|®(r,to)] is the conditioned
probability density of the time reversed process, i.e. starting in the final configuration
at time tp and ending up in the original one at time ¢. For the sake of simplicity, we will
write in the following p[®] and p[®] instead of p[®(r,t)|®(r, )] and p[@(r,t)|B(r, to)],
respectively. The functional probability density can be expressed via a so-called action
functional, S[®], according to

p[®] x exp [-S[®]]. (4.17)
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4 Field-Theoretic Thermodynamic Uncertainty Relation

For the system (4.1)), the action functional (see, e.g., |25}26L35,554/59,/93-96] and refer-
ences therein) is given by (see (12.26]))

S[®) = ;Z/j dt’/dr (éy(r,t’) — B [{®,(r, t’)}])
¥ 0

X /dr' K Yr-1) (év(r',t/) — Fv[{@u(r’,t’)}D )

where K~!(r —r') is the inverse of the noise correlation kernel K (r —r') from (4.1]). The
two integral kernels fulfill

(4.18)

/dr” Kr—rK 1" —r')=dr—1). (4.19)

Before we proceed with the calculation of the medium entropy, let us give the follow-
ing general remarks. Throughout the paper, stochastic integrals are interpreted in the
Stratonovitch sense, i.e. mid-point discretization is used. This is essential for the cal-
culation of the medium entropy Asy,, via (4.16]), where Ito discretization may lead to
incompatibilities. Using Stratonovitch discretization, however, gives rise to an additional
term in the action functional (4.18]), which is given by the functional derivative of the
generalized force term F' from with respect to the field ®. This contribution stems
from the Jacobian ensuing from the variable transformation from the noise field to the
field ® in the functional integral used for calculating expectation values of path depen-
dent observables. As this addition to the action functional does not contribute to the
medium entropy (cf. [25,[28]) it is neglected in (4.18)).

Inserting , into and noticing that only the time-antisymmetric part
of the action functional and its time-reversed counterpart survives, leads to (see
also [25,281(97])

t
Asy = 2Z/t dt’/dr/dr’ O, (r, ) K (r — v)E,[{®,(r),t)}]. (4.20)
o 0

Asy, is a measure of the energy dissipated into the medium during the time interval
[to, t], in analogy to the Langevin case. The stochastic entropy change As for the same

trajectory, is given by (see (2.37)) and also [28])
t

As = —Inp[®(r,7)]| . (4.21)

to

Thus, the total entropy production Asyo reads

Asior =2 T (0, ") K~ (r — ')y [{ @, (x', ) }]
~ /to / / ! o (4.22)

— Inp[®(r,7)]

to
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4.2 Example: Edwards-Wilkinson Equation Driven by a Constant Force

With (4.22) we may also define the rate of total entropy production o in a NESS ac-

cording to

o= lim M (4.23)

t—00 t

The expressions stated in (4.9) and (4.22) provide us with the necessary ingredients to
formulate the field-theoretic thermodynamic uncertainty relation as (see (2.61)))

2Dy 0
Jg2 -

with o from (4.23), D, from (4.13) and J; from (4.8). The higher the precision, i.e.,
the smaller €2, the stronger the total entropy production (Asie), i.e., the higher the

thermodynamic cost. Or, in other words, in order to sustain a certain NESS current .J,
a minimal entropy production rate o > Jg2 /Dy is required.

<A3tot> 62 =

(4.24)

4.2 Example: Edwards-Wilkinson Equation Driven by a
Constant Force

We demonstrate the above introduced concept of a field-theoretic thermodynamic un-
certainty relation on a simple model system, which displays a non-trivial steady state
current and entropy production. In particular, we use the one-dimensional Edwards-
Wilkinson equation in its dimensionless form on a spatial interval x € [0, 1] driven out
of equilibrium by a constant ‘force’ vy, i.e.,

O h(x,t) = 02 h(z,t) + vo + n(x,t),
(n(z,t)) =0, (4.25)
(n(z, t)n(a',t')) = K(z —a’)o(t = '),

where K (x — 2’) denotes the spatial noise correlations D and h(z,t) the dimensionless
surface height. We further assume periodic boundary conditions, i.e., h(0,t) = h(1,t) as
well as vanishing initial condition, i.e., A(z,0) = 0. In relation to the general formulation
in we have @, (r,t) = h(x,t) and F[{h(z,t)}] = 02h(x,t) + vo. In the following,
we will refer to as the forced Edwards-Wilkinson equation (FEW). This model is
chosen for the reason that it may well be seen as a simplified version of the non-linear
KPZ equation, where the KPZ non-linearity is replaced by the constant force vg. This
simplification preserves the existence of a NESS and benefits from a more straightforward
analytical treatment compared to the full KPZ equation.

As a first step we will derive the stationary probability density p®[h] via the functional

!To demonstrate the general procedure, spatially colored noise is admitted. We are, however, primarily
interested in spatial white noise, K(x — ') = §(z — '), in the following chapters.
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4 Field-Theoretic Thermodynamic Uncertainty Relation

Fokker-Planck equation of the FEW model, which is given by (see (2.63) and, e.g.,
[201[211[35/37))
— 0 2 K oplh]
O plh] = —/dx 57 [(th%—vo) plh] — 5 sn | (4.26)

Here we use the notation introduced in (3.89) for the scaled, dimensionless noise operator
K. In the stationary state, the left hand side of (4.26]) vanishes and the stationary
probability density p®[h] is described by

0= /d:c(;; [(a§h+vo) p°[h] — Igép;gh]] : (4.27)

the expression in the squared brackets of (4.26|) is the stationary probability current
Jplh], i.e., the analog to (2.32)). To solve (4.27) we make the ansatz

p°[h] ~ exp [— /dx A h (f(—l(am h))} : (4.28)

where K1 is the inverse of the noise operator K according to (3.90). We proceed by
analyzing the probability current jj[h], where the functional derivative of (4.28) reads
for periodic boundary conditions

op°[h]
oh

~29, (K—l(ax h)) p°[h. (4.29)
Hence, we get

Jplh) = (8% h + vo) p°[h] — 12(5;;?] (4.30)

=wop'lh] + (02h— K (0. (K@ 1)) ) w°[h]

At this stage it proves useful to switch to the Fourier series representation of h(x,t)
according to (3.59) and (3.57)), as then it is straightforward to explicitly evaluate ex-
pressions like the second term on the right hand side of (4.30)). In particular, we have,

e.g.,

K (0:h) =2mi K Y khpdp(z) =2mi Y khy ofop(x), (4.31)
keZ keZ

where we used in the second step that K o = aiqbk, see (3.88). As a consequence of
K1 being the inverse of K we know that

K1 (0:h) =2mi Y khgap gp(), (4.32)
keZ
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and therefore

K (00 (K71 @0e 1)) ) = K Y oo 6n(@) = 3 s o 61(2), (4.33)

kEZ kez

with jup = —47? k? from . The expression on the right hand side of is the
Fourier series representation of 92 h and thus we have shown that the second term on
the right hand side of is identically zero. This result implies that the stationary
probability current of the FEW model is given by

Jplh] = vo p°[h]. (4.34)

Hence, to validate the ansatz in (4.28)), we have to show that

v /daz 57§]£h] — 20 p°[h] /d:c@x (K—l(ax h)) Lo. (4.35)

Switching again to the Fourier series representation and using (4.32)) yields

1
/daz Oy (Kﬁl(f)x h)) = Z 1 hy a,;2 /0 dz ¢p(x) = Z 1k 011;2 do.k
keZ keZ
B (4.36)
= po ho o 2
=0 < a0750.

Thus we have shown that holds and therefore that is indeed the stationary
probability density of the FEW model.

Having shown that possesses a NESS (see Section with stationary proba-
bility density given by , we are able to explicitly calculate the precision €? from
and (Asiot) from . To this end we also have to know the explicit form of
the Fourier coefficients hy(t), which, in analogy to , reads

t
h(t) = / dt’ e (=) Tni (') + vo o] (4.37)
0

where 7y (t) denotes the k-th Fourier coefficient of the noise n(z, t) from (4.25)). With the
general definition of the fluctuating output from (4.7)), where we assume g € £5(0,1),
and the result from (4.37) we see immediately that

(Wy(t)) = Z i, (hi(t)) = govo t. (4.38)

kEZ

Here g, denotes the complex conjugate of the k-th Fourier coefficient of the weight
function g(x) from (4.6). To prevent (4.38) from becoming zero, we only allow weight
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4 Field-Theoretic Thermodynamic Uncertainty Relation

functions that have a non-vanishing spatial mean. Further, we have in the long-time

limit, using ,
(U2()) = Y Gxgy (e () (t))

k€7
t t
=g t’+ > Gdi / dt’ / dt” et (=) em ) (p () i (2))
klcZ 0 0 (4.39)
t t .
=govat? + Z gkglakal/ dt// dt” et (t=t) e“l(tft//)ék,_lé(t’ -t
kleZ 0 0
2upt 1
22,2 - €
= t _
govpt” + égkg—kaka LY.
Hence, with (4.38)),
var[Uy(t)] = (U2(t)) — (Vy(t))* ~ ggagt,  fort>1, (4.40)
and thus we have for the precision €2,
W2(4)) — (W, (t))? 2
e = (Ws(t)) ~ (¥y(0)” _ of for ¢ > 1. (4.41)

(T (1) gt

Applying the general expression for the total entropy production from (4.22) to the FEW
equation in its stationary state, we obtain with the aid of (4.28)),

t 1 1
Asiot :2/ dt’/ dzh K= (92h + v) +/ dz 0,h K1 (8,h)
0 0 0

t 1 1 t 1
:2/ dt// dthf—la,,%h—/ dz hK ™! (8§h)+2v0/ dt’/ de K~'h
0 0 0 0 0
t 1 . . 1 .
:2v0/ dt’/ de‘lh:2v0/ dz K" h.
0 0 0

Here we used integration by parts and the periodic boundary conditions in the second
step as well as the identity

1 1
d/ drh K™! (agh)zz/ deh K=" (92h),

and the vanishing initial condition in the third step. Hence, the expectation value of the
total entropy production is given by

(4.42)

1
(AStot) =2 UO/ dx <IA(*1 h(z, t)> =2 Z a2 (hi(t)) Sor = 203 ag®t.  (4.43)
0 keZ
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We thus arrive at the thermodynamic uncertainty product for the FEW model

Q = (Asyor) €€ =205 ap > t % =2. (4.44)
vyt
For the sake of completeness, we also state the results for the NESS-current, J; EW (see
(2.55) and (4.8), (4.38)),
Iy "W = govo, (4.45)

the stationary state diffusivity, DEEW (see (2.60) and (4.14)), (4.38]) and (4.39))),

2 9
FEW _ 90 @)
Dy =5 (4.46)

and the total entropy production rate in the stationary state, oWV (see (#.23), ([#.43)),

2
oFEW — 2%0 (4.47)
ap

To summarize the results obtained for this example system, we have found that the TUR-
product is saturated for all types of colored spatial noise with ag # 0, including white
noise (ay = 1, k). The reason for that is that J; EW, DgFEW and o"®W are in the long-
time limit all dominated by the zeroth Fourier mode hg and further, that also the only
non-vanishing Fourier component of the driving force vg is its zeroth-order mode. Why
this is an interesting case will become clear when we analyze the full KPZ equation in the
following chapter. Finally, it is stressed that the approach used in this example, namely
the Fourier-series representation of the fields h(x,t) and n(z,t) as well as the derivation
of the stationary probability distribution and non-trivial stationary probability current
indicating a NESS, is very widely applicable. It can straightforwardly be carried over
to more complex models than the FEW model. That said, especially the derivation of
a stationary probability density p® can prove to be a very challenging task. In fact, for
most of the more involved field-theoretic systems like, e.g., the KPZ equation or Navier-
Stokes equation, a general analytical expression for p® is, if at all, only possible for a
very limited number of special cases (see, e.g., [65]/66,098,99]).
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5 Thermodynamic Uncertainty Relation for
the 1D-KPZ Equation — Perturbative &
Exact Results

We begin the explicit derivation of the KPZ-TUR by using a perturbation expansion in a
small effective coupling parameter. In the first part of this chapter, we focus on the most
general approach, namely rewriting all higher order expressions in terms of the zeroth
order of the perturbation expansion, since the zeroth order can be calculated exactly.
This path does, however, lead to rather lengthy and cumbersome expressions. Therefore
we employ this technique only for approximations up to second order in the effective
coupling parameter, where the expressions are still manageable. In the second part of
this chapter, we aim to extend the perturbative results to fourth order in the effective
coupling parameter. To circumvent the steeply increasing complexity of the calculations
that would occur with the above approach, we will here rely on the so-called quasi-
normality hypothesis, which is commonly used in the context of, e.g., turbulence theory.
Moreover, a calculation is performed, which yields exact steady state results for the
current and entropy production rate.

5.1 Expansion in a Small Coupling Parameter

We begin by constructing an approximate solution to the nonlinear integral equation of
the k-th Fourier coefficient of the heights field, hy(¢) from (3.63]), now in its dimensionless
form and with the restricted spectral range, k € R, | = [-A, A], given by

t
hk(t):/ dt' e ) — 2Ny Y Uk = D)) | (5.1)
0 1€\ {0,k}

with {p} from (3.58), Ry from (3.85). Note, that the summation of the discrete con-
volution in is chosen such that it respects the above introduced cutoff in [ as well
as k — [, i.e., ||, |k — ] < A. For small values of the coupling constant we expand the
solution in powers of Agg, i.€.,

hi(8) = b (8) + Aeth( (8) + Aghi2 () + O(NYy), (5.2)
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with
0 t /
nO(0 = [ ent-aw ), (5.3
0
t
n) =—2rt N k-1 / dt' e RO (RO (1), (5.4)
1€\ {0,k} 0
t
ORI T S () / dt! ek (=)
1€R,\{0,k} 0 (5.5)

x (RO + mEn (1))

Thus every h,(cn), n > 1, can be expressed in terms of hgg), m € fR, i.e. the stochastic

convolution according to (3.64)), which is known to be Gaussian.
In the following calculations multipoint correlation functions have to be evaluated, which

can be simplified by Wick’s theorem, where a recurring term reads <h§€0) (t)h;o) (' )> It

is thus helpful to determine this correlation function in general once and use this result
later on. With (3.84) and k,! € Z (and therefore also for k,[ € R) it follows that:

t t!
<h;(€0)(t)hz(0)(t’)> — ettt /0 dr /0 ds e " e M (g (r)m(s))

1 — e~ (Hetm)(EAt)

t gt /
= el'relt by = ILp 1 (¢, ") 0k, 1,

Be +

with
;1 — e~ (k) (@A)
Hk l(t,t/) = euktemt ¢ . (56)
’ e +

Since the zeroth order Fourier coefficients are equivalent to the Fourier coeflicients of
the linear theory, i.e., the EW equation from , the result in is identical to the
one derived for the EW equation in Section and [20]. For the auxiliary expression
ITj; the symmetries

g (t,) = My (6, ) = T_g (¢, 8") = g (£, 1) (5.7)
hold, and thus it is found that
@9@%%&>=@$%m9wﬁznmwm@ﬂ;

<h,§?) (t)hl(o)(t')> = <h§f)(t)h§°) (t’)> = Tl (t,¢') G-
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5.2 Thermodynamic Uncertainty Relation in the EW Scaling
Regime

We now have the necessary means to show that the thermodynamic uncertainty re-
lation from holds for the KPZ equation driven by Gaussian white noise in the
weak-coupling regime. In particular, the small-A.g expansion from Section will be
employed.

To recapitulate, the two ingredients needed for the thermodynamic uncertainty relation
are (i) the long time behavior of the squared variation coefficient or precision €2 of ¥ (%)
from (4.9)); (ii) the expectation value of the total entropy production in the steady state,

(Astot) from (4.22)).

5.2.1 Expectation and Variance for the Height Field
With (4.7) adapted to the KPZ equation, namely

() = /0 dz h(z, £)g(z). (5.9)

with g(z) as any real-valued Lo-function fulfilling fol dxg(x) # 0, i.e., g(x) possessing
non-zero mean (see (4.38), we rewrite the variance as

(@) = (wg(1))) = ((Wg(1)*) = (W, (). (5.10)

As is shown below, €2 can be evaluated for arbitrary time ¢ > 0. However, the final

interest is on the non-equilibrium steady state of the system. Therefore, the long-time
asymptotics will be studied.

5.2.2 Evaluation of Expectation and Variance

In the small-Ag expansion, the expectation of the output ¥, (¢) from (5.9)), with h(z,t)
solution of the dimensionless KPZ equation (3.10]) - (3.12)) reads:

(U,(t) = Z (hi(®)) G <62Trikx7627rilx)

k,leR

=Xt > _ Tk <h,(j)(t)> +O0(\p),

keR

0
(5.11)

where g and g are the k-th Fourier coefficient of the weight function g(z) and its
complex conjugate, respectively. Here the result from (5.3 - (5.5) is used as well as
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5 TUR for the 1D-KPZ Equation — Perturbative & Exact Results

the fact that odd moments of Gaussian random variables vanish identically. Replacing
h,gl)(t) by the expression derived in ([5.4]) and using (5.8)) leads to

(nP()) = —2m2emt / e Y k) ()
0

1eRL\{0,k}
(p+pe—1)t _ pxt
=2t ) k=) : ° (5.12)
1€R:\{0,k} (r =+ pe—t) (pu + pr—1 — pur)
e:u“kt _ 1 :|
(e + pe—t)pne ]

Note, that in the case of k = 0 the second term in the last line of (5.12)) is evaluated in
the limit pup — 0, which yields ¢. Since the interest is in the NESS-current, the long-time
asymptotics of the two expressions in (5.12]) above is studied. So, eq. (5.11)) yields

+ON\g) | t, fort>>1, (5.13)

(Wy(t)) ~ |27 goAest Z

1eR\ {0} 2(~ )

where g = g_ Vk as g(z) € R. Note, that the formulation of ([5.13]) reflects our claim,
that (Wy(t)) ~ t for t > 1 (see also Chapter @ Using the explicit form of uy from
(3.58]), the expression in ((5.13]) can be simplified according to
A
(U,(t)) = [gogﬁ A+ O(A;”ﬁ)} t, fort>1, (5.14)

with A from (3.80)). Equivalently, the steady state current from (4.8)) reads

Ae
Jy = g0 sz A+ O\ (5.15)

The first term of the variance as defined in ([5.10)) reads in the small-Ag expansion

((wy(1)) = < > hk<t>gkm<t>gl>

k,leR
= 3 (W on?0) + 3 (0 w) (5.16)

(O OWO 0 + (2 ORO0)) + 0]

where moments proportional to Aeg (and A3;) vanish due to (5.3) and (5.4)) as the two-

point correlation function <h,(€0)hl(1)> and its complex conjugate are odd moments.
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5.2 Thermodynamic Uncertainty Relation in the EW Scaling Regime

In Appendix [5.A] we present the rather technical derivation of

l4
((wg(0)*) = gf |1 =200 - o
lem\{o} " (5.17)

L@ (0 0)] + o) fort >
keR

Subtraction of (5.13)) squared from ([5.17)) leads to

((wy(6))) = (W, (1))’

5 9.9\ 9 l4 4 (518)
~ gO 1 — 2(27T ) )‘eff Z 473 + O()\eff) t, fOI' t > 1
tesqoy M

Here, (\I'g(t))2> — (T, (t))* ~ t, t > 1 is expected (see also Chapter EI} Again, with gy
from (3.58)), the above expression in ([5.18) can be reduced to

(@) — g0 = |38 (1 + 1) +o0d0| & 619

Here ”Hf) = Zle 1/1? is the so-called generalized harmonic number, which converges to
the Riemann zeta-function ¢(2) for A — oco. Using (4.13)), eq. (5.19)) yields the diffusivity
D

g>

Dy =9 [14 X @) L o) (5.20)
972 1672 A of

With (5.19) and (5.14)) squared, the first constituent of the thermodynamic uncertainty
relation, €2 = Var[W,(t)]/ (¥,(t))? from (&9), is given for large times by

4 )\2 4 2 (2)
622 + eff/( ™ )HA % (521)

Mg A2

Note, since €2 ~ 4/(\%:t), the long time asymptotics of the second term has to scale
as (Asgot) ~ )\gﬁt for the uncertainty relation to hold. Note further, that the result for
the precision of the projected output W, () in the NESS is independent of the choice of

gz )]

In Appendix an argument is presented that shows the independence of the precision € on the
weight function g(x) generally, without relying on perturbation expansions.
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5.2.3 Alternative Formulation of the Precision

Before we continue with the calculation of the total entropy production, we would like
to mention an intriguing observation. From the field-theoretic point of view, it seems

natural to define the precision €? as

(In(.t) = (h(z,)13)
Ih)E

This is due to the fact that the height field h(z,t) is at every time instant an element
of the Hilbert-space L£2([0,1]) as mentioned in Appendix Hence, the difference
between h(z,t) and its expectation is measured by its Lo-norm. Also the expectation
squared is in this framework given by the Lo-norm squared. At a cursory glance, the
definitions in and seem to be incompatible. However, for the case of the
above calculations of €2 for the one-dimensional KPZ equation, it holds up to O(A\2;) in
perturbation expansion that

((o(t) = (Ty(0))*) = g8 {Ih(a.1) = (. )I5) o £ 1,
(Wy(0))* = g8 | (R, D)5

Thus, with , it is obvious that in terms of the perturbation expansion both defini-
tions of the precision, as in and , respectively, are equivalent in the long-time
limit. Note, that a similar observation may be found in [20] based on scaling arguments.
Equation can be verified by direct calculation along the same lines as above in this
section. By studying these calculations it is found perturbatively that the height field
h(x,t) is spatially homogeneous, which is reflected by (hy(t)hi(t)) ~ 6k —; (see (5.8)) for
the correlation of its Fourier-coefficients. Further, the long-time behavior is solely de-
termined by the largest eigenvalue of the differential diffusion operator L = 02, namely
by po = 0 (see e.g. (5.13) and (5.18)), the essential quantities for deriving (5.23))).

In the following, we would like to give some reasoning why the above two statements
should also hold for a broad class of field-theoretic Langevin equations as in . For
simplicity, we restrict ourselves in to the case of one-dimensional scalar fields ®(z, t)
and F[®(x,t)] = L®(x,t) + N[®(z,t)]. Here L denotes a linear differential operator and
N a non-linear (e.g. quadratic) operator. L should be selfadjoint and possess a pure
point spectrum with all eigenvalues pp < 0 (e.g. L = (—1)?’“892;”, p € N, ie. an ar-
bitrary diffusion operator subject to periodic boundary conditions). For this class of
operators L there exists a complete orthonormal system of corresponding eigenfunctions
{or} in Lo(€2). If it is further known, that the solution ®(x,t) of belongs at every
time ¢ to L2(£2), we can calculate e.g. the second moment of the projected output W,(¢)
according to ((¥4(t))?) = (([,, dz ®(z,t)g(z))?), where g(z) € L2(2) as well. As is the
case in e.g. equation , the second moment is determined by the Fourier-coefficients

62

(5.22)

(5.23)

o4



5.2 Thermodynamic Uncertainty Relation in the EW Scaling Regime

O (t) of ®(x,t) and gi of g(x), namely
((,0)*) = Y gea (@r()@i(0). (5.24)

kL
Like the KPZ equation, is driven by spatially homogeneous Gaussian white noise
n(z,t) with two-point correlations of the Fourier-coefficients ny(t) given by (ng(t)m;(t)) ~
Ok,—1. Therefore, we expect the solution to subject to periodic boundary conditions
to be spatially homogeneous as well, at least in the steady state, which implies

(D () Pu(t)) ~ 0,1, (5.25)
see e.g. [100,(101]. Hence, with , the expression in becomes
(1)) = g8 (@0(1)*) + 3 lgnl? (@4(D)@ (1)) (5.26)
k0

Comparing (5.26) to <||<I>(a:,t)|](2)>, which is given by

(o, 012) = 3= @B 4(1) = (@o(0)?) + 3 (@a()@ (1)), (527)
k k40
we find in the NESS
(W (1)?) ~ g& (e DI ), (5.25)
provided that the long-time behavior is dominated by the Fourier-mode with largest
eigenvalue, i.e. £k = 0 with ug = 0. Under the same condition, the first moment of the
projected output reads in the NESS

(Tg(t)) =D Gk (@r(t)) = go (Po(t)) , (5.29)
k

and thus
(g (1))® = g5 ((Do(1)))*. (5.30)

Similarly,
(@, )15 =D (@) = ((Bo(t)))*  for t > 1, (5.31)

k
which implies

(g (D)) = g8 (S, 1) - (5.32)

Note, that go and ®¢(¢) have to be real throughout the argument (which is indeed the case
for expansions with respect to the eigenfunctions of the general diffusion operators L from
Appendix . Hence, under the assumption that the prior mentioned requirements
are met, which, of course, would have to be checked for every individual system (as was
done in this section for the KPZ equation), the asymptotic equivalence in and
(5.32)) validates the statement in (and therefore, in the NESS, also ((5.22))) for a
whole class of one-dimensional scalar SPDEs from (4.1)).
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5 TUR for the 1D-KPZ Equation — Perturbative & Exact Results

5.2.4 Total Entropy Production for the KPZ Equation

The total entropy production for the KPZ equation is obtained by inserting F, [h,(r,t)] =

O2h(x,t)+ )‘Sff (9:h(z,t))? and the explicit expression for the one-dimensional stationary

probability distribution p®[h] into (4.22)). The form of the latter is given in the following.

The Fokker—Planck Equation and its 1D Stationary Solution

Let us briefly recapitulate the Fokker-Planck equation and its stationary solution in one
spatial dimension for the KPZ equation.

The Fokker-Planck equation corresponding to for the functional probability dis-
tribution p[h] reads in one spatial dimension, e.g., [20,21,135,[37,58] (see also (4.26])),

| s (o206 00+ 25T @unto ) it - 5375

ot oh 2 2 0h
_ [ 3%
— ) Yon

i = (SBGat) + 25 @un(e)?) ot - 5 00 (5.34)

with j,[h] as the probability current.
It is well known that for the case of pure Gaussian white noise, a stationary solution,
i.e. 9yp°[h] =0, to the Fokker-Planck equation is given by [20L[21}/58]

p[h] ~ exp [~ 9:h13] (5.35)

This stationary solution is the same as the one for the linear case, namely for the
Edwards-Wilkinson model (see, e.g., Section 4.2). Note that in (5.35) we denote by HH%
the standard Lo-norm.

Stationary Total Entropy Production
With (4.22), the total entropy production in the NESS for the KPZ equation reads

2
_ [Q/Otdt, <h, 85]1)0 _ (maﬁh)o} + Aeﬂ/otdt’ <h, (axh)Q)O.

Using (b, 02h) = 3 (1, 02h)
(5.36)) vanishes and thus

Asior = Aot /Ot dt’ (h(:c,t’), (8xh(x,t'))2>0. (5.37)

t
Asior = Asp, + As = 2 / dt’ <h, [agh + Aeff(agﬁh)ﬂ) — (h,02h),
0 0 (5.36)

o» and the initial condition h(z,0) = 0, the first term in
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5.2 Thermodynamic Uncertainty Relation in the EW Scaling Regime

For Gaussian white noise, the expectation value of (5.37)) is given by
t
@) = o [t (a0, @0 1))) )
0

e [l (om0

For a derivation of this result see Appendix Note that (5.38) and its derivation
remains true for h € span{¢_y, ..., o }. More generally, the expectation of the total
entropy production may also be written as

(5.38)

(Astor) = A;ﬁ" /Ot dt’ <((8xh(:1;,t’))2,1§"1 (axh(:r,t'))2>0>, (5.39)

with K~ from (3.90).

Evaluating the Expectation of the Stationary Total Entropy Production

Above, an expression for the stationary total entropy production As;ot and its expecta-
tion value were derived (see eq. ([5.38])). Inserting the Fourier representation from ((3.59))

and ([3.57) into (5.38)) leads to

<A5tot>

2 eff/ dt/ dl’Z 26271'1:6(16 m)

kEMR meR

x< S k- D) Y n@wmwwwmwaw> (5.40)

1R\ {0,k} neRm\{0,m}

= (4n 2eﬁ/dtz > Uk —Dn(k—n)

kER 1|,neRp\{0,k}

x () iy (8 o (8 — (2))

with Ry from (3.85). As (5.40) above is already of order A%, it suffices to expand the
Fourier coefficients h;(t') to zeroth order, which yields

(Asor) = (472)? eff/ at’y > > Uk —n(k—n)

kER 1 nemk\{o k} (541)
X<%Wﬂ%2WM9WMQAﬂ>+OM&%
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5 TUR for the 1D-KPZ Equation — Perturbative & Exact Results

with hgo) (t') given by (5.3). Via a Wick contraction and using (5.8)), the four-point
correlation function in :5.41) reads

0 0 ~(0) 0
CROTRUNGTENGY
=10 oy (¢ )y e (8 )00 e + T (s ) g e (8 ) G0,
+ Ik () Mg () ot

(5.42)

Inserting (5.42) into ([5.41]) leads to the following form of the total entropy production
in the NESS,

<A3tot>

22 2,2 2(L _1)2
_ (4W2)2%ff Z I“n +QZ Z Ck—0° + 0| t.

I,nem\{0} g 1 1eR;\ {0,k) At

(5.43)

Note, (Asiot) ~ t for t > 1 is expected to hold (see also Chapter @ Note further, that
the long time behavior of (Asie) is indeed of the form required, i.e. (Asyor) ~ )\gﬁt
(see remark after ), for the uncertainty relation to hold. With py from , the
expression for the total entropy production from reads

(Asior) = [A;ff <A2 + WQ_A) + O(Agﬁ)] t. (5.44)

Thus, with (4.23)) and (5.44]), the total entropy production rate becomes

302 — A
2

)\2
o= eff |:A2—|—

5 ] + O\ (5.45)

With (5.21)) and (5.44)), or, equivalently, (5.15)), (5.20)) and (5.45|), the constituents of

the thermodynamic uncertainty relation are known. Hence, the product entering the
TUR from (4.24]) for the KPZ equation reads

Q = (Asiey) € = Q?g A . (3 — D +0(\%). (5.46)
g
Note, that the result given in holds strictly for ‘almost’ white noise only, i.e. for
the truncated noise spectrum with cutoff A (see e.g. (3.81) and (3.83)). However, we
choose A = Ag large enough, such that all contributions from modes with |k| > Ay are
expected to be dominated by the diffusive term of the KPZ equation, hence, be effectively
described by the unforced Edwards-Wilkinson equation (see further the comments below
(3.85))). As for very large times ¢, the Edwards-Wilkinson model displays a genuine
equilibrium, it does not contribute to the current nor the entropy production rate
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5.2 Thermodynamic Uncertainty Relation in the EW Scaling Regime

(5-45). Consequently, modes with |k| > A do not affect the TUR in and thus we
expect it to hold also for ‘fully’ white noise, i.e., without the need to increase the cutoff
parameter A.

Note further, that in (5.46) we deliberately refrain from writing @ = 5 — 1/A as this
would mask the physics causing this result. This point will be discussed further in the
following.

To give an interpretation of the two terms in and consequently in , it is
instructive to refer to the precision and total entropy production for the FEW model
from Section According to - , we have for the case of Gaussian white
noise, i.e., ap =1 Vk,

2
J;EW = govo, DEEW = “%0, oFEW — 211(2). (5.47)

With , we can now give an interpretation of the two terms in (5.44) and (5.46).
The first term in the inner brackets of originates from the first term of (|5.43)),
where the latter represents the action of all higher-order Fourier modes on the mode
k =0 (see (5.42))). To illustrate this point further, observe that, in the NESS, we get
with the aid of (5.11)) — (5.15) for the current:

12 A
o 2 2 : _ eff
Jg =27 gerﬁ 72(_/”) = 9072 A, (548)
leRr\{0}

and from the calculation above we see that it contains only the impact of Fourier modes
[ # 0 on the mode k = 0, which belongs to the constant eigenfunction ¢g(z) = 1. In
other words, the modes [ # 0 act like a constant external excitation, just in the same
manner as vy acts for FEW in . Comparing (5.48) to (4.45), we may set

12 A

o 2 _ Neff

Vo = 2w )\eff E 2(_'[”) = 72 A, (549)
leR\{0}

and get J, = govo in both cases.
Following now the calculations for FEW, we would expect from (4.43) (ax = 1 Vk),

2

2 2 2)‘<2eff l2 )‘gff 2
(Astor) = 203t = (47%)* =1 > ) =A%, (5.50)
renngoy <0 M

which is in fact exactly the first term in the inner brackets from (5.43) and (/5.44),
respectively. Since with (5.49)) also the expression for €2 from (4.41)) coincides with the
first summand on the r.h.s. of ((5.21)), it is clear that both cases result in the saturated
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5 TUR for the 1D-KPZ Equation — Perturbative & Exact Results

TUR. This explains the value 2 on the r.h.s. of .

Turning to the second term of , we see that it stems from the second term in .
In contrast to the first )\gﬁ -term in , the second one does not only measure the effect
of the modes on the k¥ = 0 mode but also on all other modes k # 0. It further features
interactions of the k£ and [ modes among each other via mode coupling. Hence, the mode
coupling seems responsible for the larger constant on the right hand side of , since
by neglecting the mode coupling term in , the thermodynamic uncertainty relation
was saturated also for the KPZ equation up to O(A\%;). To conclude this brief discussion,
we give the respective relations of the KPZ current , diffusivity and total
entropy production rate to FEW, namely

gt = Jg" N+ O(N),

A2 2
D™ = DJPW 4 g3 S AP + O(Nly), (5.51)

3AZ — A
oK = 0BV 4 N + O\,

with J; EW DEEW and oW from ([5.47]). We see that the additional mode coupling term
in KPZ leads to corrections in D?PZ and o X% of at least second order in \og. For the case
of Aesr 4 0 the KPZ equation becomes the unforced (vg = 0) Edwards-Wilkinson equation
(EW), namely 0;h(z,t) = 0%h(z,t) + n(z,t), which possesses a genuine equilibrium
steady state. Therefore, for the standard EW we have J;EW =0, oW =0 and DEW =
98/2. From it follows that for Aeg | 0, (Jg, 0, Dg)xpz — (Jg, 0, Dg)rEW and from
(5.47), that (Jy, 0, Dg)rew — (J4,0, Dg)ew = (0,0,¢2/2). Hence, the non-zero
expressions for J?PZ and o®PZ result solely from the KPZ non-linearity. The impact
of the latter on the k& = 0 Fourier mode (i.e., the spatial mean of h(z,t)) results in
contributions to JSE(PZ and o%PZ that can be modeled exactly by FEW, the Edwards-
Wilkinson equation driven by a constant force vy from for Gaussian white noise.
Note, that despite the limiting behavior of (Jg,0,Dy) described above, for the TUR
product Q itself, @ | 5 for Aeg | 0 and A > 1 holds. This is due to the fact that both
terms contributing to ¢¥P%, namely, o"*W with vy from @ as well as the additional
mode coupling term, are of the same order O(\%;) as is (J;{PZ)Z. Hence, we have a
singular limit for Aeg | 0.

In Section it will be shown that the expressions for pr Z and ¢¥P% which have
been constructed in this section perturbatively to lowest non-vanishing order, are in
fact exact. Therefore, the first and third line from @ hold without the respective
O(-)-term. This is also true for the expressions in (5.14), (5.15) as well as (5.44), (5.45).
Furthermore, the O(A\%;)-term in the TUR product presented in can be made
explicit as this term is now known to stem solely form the expansion of the diffusivity
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in (5.20). The resulting refined TUR product reads

B 2D,0
J3

Q = (Asir) € ~5 <1 a2, 2 0(A§H)> . A1, (5.52)

off 16 72

5.3 Higher Order Approximations

In this section, we focus on extending the results from Sections and to higher
orders in perturbation theory. Beforehand, let us remark the following. In Section [5.2.2
we have shown perturbatively (see the comment at the end of Section that the
precision €2 built with the observable ¥,(t) is independent of the choice of the weight
function g(x). This will be shown generally in Appendix without relying on per-
turbation expansions. Anticipating this result, we will restrict ourselves in the following
chapters to the case g(z) =1, i.e., we will replace ¥, () by

b
W(t) = Wy (1) = /0 dz h(z, 1), (5.53)

or, in scaled variables, W( fo dxshs(xs,ts) representing the spatial mean of the
scaled height field.

As the results from Section for (Wgy(t)) = (¥(t)), or Jy(t) = J(t) and (Aset) or o
are, in fact, exact (see Section [5.4)), we have to deal only with the expansion of var[¥(t)]
to higher order. To this end, we use the same ansatz as in Section to now evaluate

var[U(t)] = /0 " /0 " [y - (k) (#)]. (5.54)

1 1
B(t) = A;f/o do (8mh(a:,t))2+/0 da (@, b). (5.55)

Here, the one-dimensional form of (3.10)) is integrated with respect to the spatial variable
to obtain ([5.55)). We use (5.55)) to calculate the two-time correlation function

<‘i’(t) = eﬁ/ dx/ dy a h(z t))2(8yh(y,t”))2>+5(t’_t”)

= eff JHE Y+ o 1),

where

(5.56)

where
T ) =@2m)t Y KPP () o () (" )hoy(£7)) (5.57)
k,leRr\{0}
In principle any correlation of the Fourier coefficients h; can eventually be expressed
by correlations of h](go) from (5.3), which depend linearly on the Gaussian noise 1 and
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thus allow for the application of Wick’s theorem. In practice, however, this results in
a steeply increasing complexity of the calculation for higher order approximations in
Aefi- A possible circumvention of this issue is the physical assumption of so-called quasi-
normality. This assumption has been successfully used in turbulence theory [101}/102]
and has been adopted in [62] for the height field h(z,t) of the KPZ equation. The quasi-
normality hypothesis states that all even moments of i are assumed to behave like they
were normally distributed and thus Wick’s theorem may directly be applied to .
At least for large times ', t” the assumption is supported by the fact that h(z,t) is
exactly Gaussian distributed in the NESS (see Section [5.4)).

Hence, after applying Wick’s theorem to , we have

<\if(t’) \i/(t")> - <\il(t’)> <\il(t”)>

)\2
:5(t’-t”)+(2w>4fff > P (5.58)
k,leR\{0}

X [(hie( Y (")) (hei(E) R (87)) + (g (Y h—y (7)) (hi (E ) Pa(E7))] -

Replacing the h;’s in (5.58|) with the expansion from (5.2))-(5.5), integrating twice over
time and following the same steps as in Section [5.2] one obtains for ¢ > 1

g 1
varU(t)] =t |14 < =

32m kER\{0}
Nett m 6 (5.59)
- 1 Z Z 3/1.2 2 5+ O(Aett)
2567 R0} mETN(0.k) E3(k% + (kK —m)? + m?)
=t [1+ AzffS(A) Aot Sa(A) + O(\&s)
- 32721 2564 2 off

which is calculated to one order higher than in Section and Sj o are simply abbrevi-
ations for the respective sums in the first line. Next we will evaluate &1 2 analytically in
the limit of large A. For &1 we find

S =212 2= 2¢(2), (5.60)

where HXL) = 22\21 1/k™ is again the generalized harmonic number of order n and ¢ the
Riemann-Zeta function. For Sy we find after some straightforward algebraic manipula-
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tion

m 1
Sa(A) = Z Z B2+ (k—m)2+m2) 2k*

ke%\{()} meiﬁk

D R S e = eI

—A+k

(5.61)

The inner sum over m in the second line in (5.61) may be approximated for large values
of A by

A
£ 1 2N — k

! = 3 arct = 62
/—A+k TR a3 T gy = k) (5.62)

Plotting the function Ga(k) suggests that it may well be approximated by the linear
expression

QA(O)—QA(A)k_ T 1 7/2 — arctan(1/v/3)

gA(k) ~ QA(O) — = - — k
A 2v3 V3 A (5.63)
0.6046
~ - —k,
0.9069 A
and thus we have
0.6046

Z . ) —5 A~ 0.9069 — ——— k. (5.64)

m=—A+k

Inserting ([5.64]) into (5.61) and taking A > 1 leads to

22 Z e —n® A 1814¢3) - ¢(4).  (5.65)

2

—A+k ) tm
Thus in the case of large A we have the following asymptotic behavior (¢t > 1) of the
variance of W,
L e
16 2

Nt
25674

var{W(t)] =~ t | (@) — 6 (1814(3) — ¢(4)) + ouﬁﬂcﬂ . (566)

or, in terms of the rescaled, dimensional variables

r 2 21214
var[W(t)] ~ Agbt |1+ AGOZASC( ) — M(Lsmg(g) —g(4))+O(Af§H)] . (5.67)

With , , the TUR product Q may now be written up to O(/\6 ). We expect
the approximations in and to yield sound results for Aeg S A4 from (3.51)).
In Chapter [7, this will be checked by comparison with numerical simulations in the
according parameter regime.
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5 TUR for the 1D-KPZ Equation — Perturbative & Exact Results

5.4 Exact Results

In the previous sections, we have derived perturbative approximations to the steady
state current .J, the steady state entropy production rate o and diffusivity D. As already
mentioned above, the results for J and o obtained perturbatively to lowest non-vanishing
order are in fact exact. This will be shown below in a non-perturbative way. To this
end we make use of the exact knowledge of the stationary probability density functional
of the one-dimensional KPZ equation and evaluate the expectation values of the current
and entropy production rate via functional integration. This approach is, however, only
valid for equal-time observables, like the current and entropy production rate, whereas
the calculation of the variance, which is based on a two-time correlation, is not feasible
in this approach.

5.4.1 Normalized Stationary Distribution

We recapitulate that for the (1+1) dimensional KPZ equation the stationary probability
density functional of the height field h(x,t) is known exactly (e.g., [20,21,36]) and reads

p[h] ~ exp [A”O /0 ' de (amh)ﬂ . (5.68)

In the following, we want to use (5.68)) to calculate equal-time steady-state correlation
functions. Hence, (5.68]) needs to be properly normalized. The normalization is obtained
by expressing h(x,t) in terms of its Fourier series (see, e.g., Appendix [3.A.1])

=Y hp(t) ™ R=[-A A, AEN, (5.69)
keR

where hi(t) € C, and inserting ([5.69) into (5.68). The introduction of a finite Fourier-
cutoff A ensures the normalizability of (5.68). A subsequent functional integration of

(5.68)) over h yields

/ DIA] exp [—A”O /0 ' o (&ahﬂ

A
81y 872y
=11 / dhp. . exp[ k% ]H / dhy; exp {— Ach zzh}l] (5.70)

I=1
Agb\* /12
8Tv Al
where hp/;;(t) represents the real/imaginary part of h;(t), respectively. Hence, the

normalization of ([5.68)) reads
Agb\* (1)
N=(22) () - (5.71)

64



5.4 Exact Results

The structure of the normalization factor A from again highlights the need to
introduce a finite upper cutoff in the Fourier spectrum, as otherwise for A — oo, a
normalization of the probability density functional would no longer be possible. Sim-
ilarly, an infinite substrate, i.e., b — oo, also leads to a diverging N (see also the
observations in [103]). With we can explicitly calculate steady state equal-time
correlation functions of the Fourier coefficients hy(t) by a functional integration, where
(Vpspp = | D[h] (-)p®[h] is understood as the expectation value with respect to the sta-
tionary probability distribution. In particular

Ag b1
Hi +

(i () ha(t)) sy = Ok,—1» (5.73)

with pp = —4n%vk?/b? from (3.56). Note, that

lim ((-)(8)) = () @) psay » (5.74)

t—o0
is expected to hold, where (-) denotes averages with respect to the noise history. We will
show this explicitly in the case of (¥U(t)) and (Asie) below.

5.4.2 Exact Stationary Current and Entropy Production Rate

For the steady state current J, where (U(t)) = Jt, we get

b
J = O (1))ep = % /0 o ((0.h(w0)) | = AQOVA Al (5.75)

The second step follows from a spatial integration of with a subsequent averaging
with respect to p®[h] and the last step uses Parseval’s identity and . The result in
has already been derived in as lowest order approximation of a perturbation
expansion in A¢g where the lL.h.s. of was used for calculating expectation values
(see also [20]). It is instructive, to examine why the lowest order approximation is in
fact exact. This can be seen by studying the structure of the perturbation expansion
of (0;¥(t)). Terms with an even power of Aeg vanish as they represent odd moments
of the Gaussian noise 7, whereas terms with odd power greater than 1 vanish by exact
cancellation of the involved moments.

For the steady-state entropy production rate o, with (Asit) = ot, it is found with
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5 TUR for the 1D-KPZ Equation — Perturbative & Exact Results

(5.69), using Wick’s theorem and (5.73) that

X /bda: <](a Wz t))2‘2>
0= S x )

8riN2

= AP > Y k= Dnk—n) (b1 (Oh-n(ODhn k() (5.76)
keR [,nefy\{0,k}

T 2012 [A *

2 2
3A A} Mg 542 4],

2  4bu?

where Ry, = [max(—A, —A+k), min(A, A+k)] (see (3.85)). Again, a comparison of (5.76)
with the corresponding result from shows that the lowest order perturbational
approximation is also exact for the case of the entropy production rate ¢ in 1d.

Thus, by using , we can calculate for the (1 + 1) dimensional KPZ equation the
exact expressions for the stationary current J (see ) and the entropy production
rate o (see (5.76)) for arbitrary values of the coupling parameter. This implies that two
of the three constituents of the TUR product Q are known exactly. Hence, we state the
exact, however, intermediate, result

(Do) o (5 1) varl¥()
Q_Mt)>2 [W(1)] (5 A) Abr (5.77)

While intermediate, the expression in lends some interesting insight in the general
behavior of the KPZ-TUR. Since the ratio of (Asit)/(¥)? does not depend on the
value of the effective coupling parameter A.g from , the only Asg-dependence is
introduced by var[¥(¢)]. On this regard, we have seen above (see (5.66) and (5.67))
that for Aeg — 0, var[¥(t)] — Agbt and thus @ — 5 — 1/A. The independence of
Q on Aeg will hold as long as the higher order contributions from, e.g., , are
negligible compared to the zeroth-order expression for var[W(t)]. As we will see below
via numerical simulations, for Aeg T Agy from these higher-order contributions
become increasingly relevant and will lead to © depending on Agg-.

Thus far, we only have explicit knowledge about the dependence of var[¥(¢)] on Acg
in the EW scaling regime of the KPZ equation, i.e., for Aeg < AZg. In Chapter |§|, we
therefore aim to derive an explicit expression for var[W¥(t)] for Aeg > A

Appendix 5.A Evaluation of (/5.16))
Using (/5.8]), the first term in ([5.16]) reads

1 — e~ (urtm)t

h(o) t h(o) )y = (¢, 8)0k — = (i)t
(WP ORO (1)) = ey (8, )04, = e e

8ot (5.78)
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5.A Evaluation of (|5.16|)

Note that the case of k = 0 is treated like in ([5.12)). The second term in (5.16) is given

(nOon @)
t t
= (27%)? Z m(k —m) Z n(l—n)/ dt'e”’“(t_t/)/ dr et(t=7)
meRL\{0,k} neR\{0,1} 0 0
< (KO, ORI R, ()
t t
—2ewf 3w m)em) [ e et (5.79)
meR\{0,k} 0 0

X Hm,m(tly T)Hk—m,l—l—m(t/’ T)(sk,—l
t t
+ (27%)? Z m(k —m) Z n(l — n)/ dt’ e“k(ttl)/ dr et(t=7)
meRp\{0,k} neR\{0,1} 0 0
X Hm,k—m (tlv t,)Hn,l—n (’I“, 7“)507}95071,

where we used Wick’s-theorem, and . Note that the two Kronecker-deltas in
the last term of can also be written as dg 100,0%,—1, such that the whole expression
is multiplied by 0, ;. Again with Wick’s-theorem, and (5.5)) we can calculate the
third and forth term of accordingly and find

(" r? )
t ’

=4@r)? Y mil—m)(m 1) / dt! (=) / dr et (0=1)
0 0

meR\{0,1}
X My (6, )Ly (8, 7)1,
(5.80)

t t/
= 4(27f2)2 g mk(k —m)(m — k)/ dt’ et (t=t") / dr etm =)
0

meR\{0,k} 0
X Mg (6, 7 g i (', 7) Ok 1.

As can be seen from (5.78]) to (5.80), all four terms in ([5.16) contain a 0y _; and thus
(5.16)) reduces to

() = > Il [{(n7 @n Q) ) + 2% (P ORG®)
keR

(5.81)
+ (OO0 ) + (B2 0RO + 0y
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5 TUR for the 1D-KPZ Equation — Perturbative & Exact Results

The first term of (5.81)) is readily evaluated with (5.78)) as

2t t fork=0
ROGORO @) =11, ()0 = = = ’ 5.82
<k()_k()> bt )% 2 —ﬁ for k £ 0and ¢t > 1. (5.82)
The second term of (5.81)) reads with (5.79):
1 1
(nPorhm)
t t
:2(271'2)2 Z mQ(k‘—m)2/ dt/e“k(t_t/)/ dr ere(t=T)
meRL\{0,k} 0 0 (5.83)
X Hm,m (tla r)kam,kfm (t,a T)
t t
+ (272)? Z m? Z n2/ dt’ Hmm(t',t')/ drIL, ,(r,r)
mer\{0}  nem\{o} O 0
Hence, with <h,(€1)(t)> from ([5.12]), the expression in ([5.83)) becomes
1 1
COUSION
mQ(k‘ o m)2 t t
= 2(21?%)2 ekt Z — Y ad | dr et irem ) ()
4Mmﬂk—m 0 0 (584)
mek\{O,k}

% (1 — e~ 2um(t'AT) _ =2 (EAT) e—2<um+uk_m)<tw>> + < h}<€1>(t)>2 '

Here the choice of the minimum of (¢ A r) is arbitrary, since for (¢’ A r) = r the other
case is obtained by simply interchanging r <+ ¢’ under the integral and vice versa; thus
the results for both choices are equivalent. In the following (¢’ Ar) = r is chosen. Hence,
the integral expression in can be evaluated as twice the expression

t t'
e2Hkt / dt/e(ﬂerﬂkfmfﬂk)t/ / dr
0 0

% (6(Hm+/‘k7m7/‘k)7" — e(mpmt )T _ (b —pk—m—pk)T 67(/‘m+/‘kfm+/"'k)7‘)

—t fork=0
:{ 2pm fort > 1.

1
25 (pom o —m + 1) for k # 0

(5.85)
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5.A Evaluation of (|5.16|)

Thus, with (5.84]) and (5.85)), the long time behavior of <hg)(t)h(_1]l(t)> is given by

“ —
{— >tem\ {0} m} t for k=0, (5.86)

) Elh—)” L for k # 0
LERRN{0.k} dpypp—i por(utpn—1+pk) )

where we changed m — [. To save computational effort, rewrite the last two terms of

in the following way
(PR + (2 On0)) =2 [(W0 0P o0

Hence, it suffices to calculate one of the two expectation values. With (5.80]) we see that

(n 0P

t t
= —167r4e“kt/ dt’ et Z km?(k — m)ets—m? / dr e He—m" (5.88)
0 meR\{0,k} 0
X Hk,k(ta ’I“)Hmym(t,, T’),

where we substituted m — k — m and used the symmetry of Il ;(¢,t') from (5.7). Note
that for & = 0, the above expression in ([5.88)) vanishes. Thus in the following calculations
k # 0 is assumed. In this setting, (5.88) reads with (5.8))

t t/
— 167 terrt / dt’ e N kP (k — et / dr e MR T 4 (8, ) TL (1)
0 1€R\{0,k} 0

2
— 1
= —167* § j RE(k — D) for k# 0and t > 1,
IR0k} Appy 2 (p + pge + pe—1)

(5.89)

where we changed summation index m — [. Thus, with the results from (5.82)), (5.86]),
(5.87)) and (5.89)), the expectation value of ([5.16)) reads in the long-time asymptotics

l4
(0, 07) =g |1- 22 3 | e g [(n )] + 00,
1eR\{0} i ken
(5.90)
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5 TUR for the 1D-KPZ Equation — Perturbative & Exact Results

Appendix 5.B Expectation of the Total Entropy Production

The Fokker-Planck equation for the KPZ equation from (3.10) reads, like in Section

Ouplh] = / do % [(ag A;‘”f (ath) P[] — ;&;W . (5.91)

Due to the conservation of probability, there is a current j,[h] given by

— <a2h+ 2ot (9, h) > plh] — ;Mgz[h]p[h]
_ Ka2h+ T (9, h) ) _ ;Mrgz[h]] plh] (5.92)
_ ol (5.93)

Following [25|, expectation values of expressions like <hg[h]> are interpreted as

(haln]) = /D hlplh] (5.94)

& (hgi) = / DIh) j[1]Gh] (5.95)

Since the goal is to find an expression for the expectation value of the total entropy pro-

duction in the stationary state, Asiot, it is sensible to choose p[h] as being the stationary
solution p°[h| of the one-dimensional Fokker-Planck equation, which is given by

P[] ~ exp [~ |10.h]3] (5.96)

Inserting this in (5.92) yields for the stationary probability current

-S Aeﬁ S
Jplh) = = (0uh)*p (), (5.97)
where it was used that $osls
%}[L | _ opsino2h. (5.98)

Using the result from (5.95)) and (5.97) leads to

= [P gg0gn = 25 [ Dl @G = 2 (@760 . (599
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5.C Regularity Results for the One-Dimensional KPZ Equation

Here it is understood that (-) now denotes the expectation value with regard to the
stationary distribution p*[h].
The total stationary entropy production Asiey is given by (see (5.37),

t 1
AStot = eft / dt’ / dx h(z,t")(0.h(z,t'))>. (5.100)
0 0

Hence its expectation value reads,

(Asior) = Aot /0 "t /O i (h(e,t)(@: . 1)) (5.101)

which is evaluated with the aid of (5.99),

(Asior) = Agﬁ /Ot dt’ <H (Gmh(x,t’))ZHz> . (5.102)

Appendix 5.C Regularity Results for the One-Dimensional
KPZ Equation

By means of an eigenfunction expansion and perturbation theory, we have constructed
in the preceding sections a solution to the KPZ equation driven by the restriction of
space-time white noise to the subspace spanned by the eigenfunctions with |k| < A (see,
e.g., (3.81)). In other words, A is the finite cutoff of the Fourier spectrum. Due to
the poor regularity of the KPZ equation (see Appendix [3.A.5), we could not use our
approximation to the KPZ solution as a spectral Galerkin scheme letting A — o0, as
this limit would have led to divergences. Instead, we chose a fixed A, arbitrarily large but
finite, which is a common regularization method in physics [104]. From a mathematical
point of view, in [49] a complete existence and regularity theory for the KPZ equation
driven by space-time white noise has been developed (see also [105],106] and for further
reading on the so-called regularity structures introduced in [49] see [51]). In [49] it
is shown that the solutions of the KPZ equation with mollified noise converge after a
suitable renormalization to the solution of a renormalized KPZ equation with space-
time white noise, when removing the regularization. It is due to this renormalization
procedure (where a divergent quantity needs to be subtracted) and the poor regularity
of the solution, that at present it is not obvious how the method developed in [49] can
be of use for constructing a TUR.

On the other hand, considering the KPZ equation driven by spatially more regular
noise, there is a plenty of applicable results available. In fact, dealing with the one-
dimensional KPZ equation allows us to make use of the equivalence to the stochastic

Burgers equation (see Section [3.1.1)) and adapt the regularity results for the latter from
[841[86/,87,107.,{108]. In Appendix we found that our operators L and K share the
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5 TUR for the 1D-KPZ Equation — Perturbative & Exact Results

same set of eigenfunctions, which simplifies the results obtained by the authors of [86/[87]
to the following. Under the assumption that

Z k272 (aP)? < oo for some p > 0, (5.103)
keN

it is guaranteed almost surely that the mild solution u(x,t) of the one-dimensional noisy
Burgers equation u € C([0,T], H), T > 0, with H = L5(]0,1]) and the spectral Galerkin
approximation converges in H to the solution u. Utilizing the mapping from KPZ to
Burgers via u(x,t) = —9,h(x,t), with h solution to the KPZ equation, which implies

0> (@, t) = =0 (2, 1), (5.104)

and therefore,
ap ~ kapt?, (5.105)

we get the following result for the 1d-KPZ equation,

> B (fTh)? <00 (x=2p>0) = hec(0,7],H([0,1])).  (5.106)
keN

Here H'([0,1]) denotes the Sobolev space of order one on [0,1], i.e. f € H([0,1]) &
£l 25 (j0,17) < 00 and || f'll z,(j0,17) < 00, where f’ is understood as the weak derivative of

f (see also Appendix [3.A.5|).
Note, that the condition on the Fourier coefficients of the noise from ([5.106) is trivially

fulfilled by setting aEP Z=1,k<A and a}fpz = 0, otherwise.
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6 Thermodynamic Uncertainty Relation for
the 1D-KPZ Equation — Dynamic
Renormalization Group Results

To derive an expression for the variance of W(¢) that is valid for Aeg > AS; the per-
turbative approach from Chapter | is no longer feasible. We thus employ dynamic
renormalization group (DRG) theory, which allows for values of Aeg > AS4. As it turns
out, the analysis via DRG of the KPZ equation itself proofs to be more cumbersome
than the analysis of the equivalent Burgers equation driven by KPZ noise. Hence, in the
following we present the derivation of an explicit expression for var[¥(¢)] based on the
well known DRG approach to the one-dimensional stochastic Burgers equation.

6.1 The 1D-KPZ-Burgers Equation and var[V(?)]

We use the equivalence of the 1d KPZ equation to the stochastic Burgers equation (see
Section |3.1.1)), given by the transformation u(z,t) = —0,h(z,t), with u(x,t) the velocity
field of the Burgers equation

Dyl t) + %OIuQ(x,t) — vBula,t) + f(2, 1), (6.1)

where f(x,t) = —0,n(z,t). In terms of the Burgers velocity field u(x,t) the expression

for \I/(t) from 1’ reads
. A b b
U(t) = 2/ dqu(ac,t)—&—/ dxn(z,t). (6.2)
0 0

In principle, the derivation of the expression for the variance of ¥(t) is analogous to the
one shown in Chapter o, However, here we will use the continuous Fourier transform
instead of the discrete Fourier series as above, since a continuous wavenumber spectrum
is needed for implementing the DRG scheme. In particular, we define

/d:c/dtua: t) eiaz—wt) / / gz—wt)  (6.3)

as the forward and backward Fourier transform of the velocity field u(z,t), respectively.
To apply . ) to (| ., we use the b-periodicity of u(z,t) due to the periodic boundary
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6 TUR for the 1D-KPZ Equation — DRG Results

conditions in (3.3)). In particular we have

b b/2
/ dru?(z,t) = / dxu?(z,t)
0 —b/2

oo 1 )

o T J)_ o

(6.4)

where the second step holds for b > 1 and in the last step we used the partial Fourier
transform (6.3) in the spatial variable . We thus obtain

N/ dt' /dq u(g,t)u(—q,t')), (6.5)

<\I/2<t)> < ()) +A0bt+/ dt/dt” aq’

|:<U q’ t// ><U t/l (66)
+<u g, u(— q7t)>< ( qnf) (q7t”)>},
and therefore, similar to ,
var[¥(t)] ~ A bt+— dt’ dt”
L/ o

x [(u(q,t)ulq, t"><“ Ju(=dt )>
+< (qat) (_Q7t )>< (_Q7t) (Q7t/)>]‘

The expressions in and again rely on the quasi-normality hypothesis [62(101].

6.2 Two-Point Correlation Function via DRG

Instead of calculating the two-point correlation functions in (6.7) perturbatively as in
Chapter |5, we here use the DRG method described in e.g. [43/[109], where we have noise
correlations corresponding to Gaussian white noise for the KPZ equation, i.e.,

<f(q,w)f(q’, w’)> =—(2m)2 Agqq 8(q+¢) d(w + ), (6.8)

(y = —2 in [43| 109]). The starting point of the DRG procedure is the Fourier-space
representation of , namely

u(q,w) = Go(q,w) f(q, )—zq Go(g,w /dq /uq Wwu(g—¢,w—u'), (6.9)

where we define the bare propagator
1
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6.2 Two-Point Correlation Function via DRG

The next step will be to split the velocity field in into large-wavenumber modes,
u”, and small-wavenumber modes, u<, where it holds that (see e.g. [43,101])

6.11
u”(q,w) for Age! < q< Ay, (6.11)

u<(q,w) for 0<gq<Age™,
o=
with [ the renormalization parameter and Ay an ultraviolet wavenumber cutoff. An
analogous splitting applies to the noise f(q,w) as well. Averaging the ensuing equations
with respect to the noise history of the f~-modes and integrating out the contributions of
the large-wavenumber modes u~ yields corrections to the terms of the small-wavenumber
modes u<. As these steps are well known and explained in detail in e.g. [43/101], we will
simply state the results, which are the renormalization equations for v and Ay,

A Agel —1
VR =V |:1 + 87‘(’]/3/\0:| 5 (612)

A2 Apel —1
Aor=2A¢ |1 1
0.R o[ t o8 A }, (6.13)

obtained after one elimination step. This mode elimination process is iterated using
infinitesimally small wavenumber increments (I — dl) which causes parameter changes dv
and dAg. One thus arrives at differential equations for v(1) and Ag(l), given respectively
by

dw(l) b

=D (6.14)
dAo(l) b
S0 — a2 (6.15)

where

. A (l) 1/2
) A(M) , (6.16)

with A’(I) = Age™" (see e.g. [109]). A(I) denotes the renormalized coupling constant
characteristic for the eliminated modes. Up to a constant numerical prefactor, A(0)
equals Aeg from . At this point we adopt a DRG scheme introduced in [110,{111]
and analyzed in [112], which has been recently applied in [113,/114]. It implies that the
next step of the scheme consists in solving and for v and Ag explicitly,
making their scale dependence transparent. It follows directly that,

Ao(l) Ao
() o const. VI>0, (6.17)
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6 TUR for the 1D-KPZ Equation — DRG Results

with v, Ag and Ap the unrenormalized parameters from (6.1) and . The finding
in (6.17)) reflects the fluctuation-dissipation theorem, known to hold for the 1d Burgers-

KPZ system (see e.g. [20,43,54]). Using (6.16) and (6.17), the integration of (6.14)
yields

A2Ag el — 1\ 2
0°¢ > : (6.18)

D=v|l+-—=

Z/( ) v < + 47Tl/3 AO
As a last step we make the common identification |g| = Age™" (see e.g. [43/101,(109 111,
113[/114]) and obtain asymptotically for large values of [ (i.e., |¢| < 1)

1/2
v =g ()l (6.19)
3/2
Sof) = 52w = 50 (S2) T lal (6.20)

Equivalently, A\(I) converges for [ — oo (i.e. after all large wavenumber modes are
eliminated) to a finite stable fixed point, the KPZ fixed point of the RG-flow. This fixed
point is associated with the dynamical scaling exponent z = 3/2.
According to [109], the expressions from and allow for the introduction of
a renormalized effective propagator
1
5

)= e

(6.21)

and a renormalized effective noise with

(f(q,w) f(d' W)y = (2m)* Ao(q) ¢° 0(q + ¢) 6(w + '), (6.22)

such that the nonlinear equation from may be replaced by an effective linear
Langevin equation

u(q,w) ~ G(q,w) f(g,w). (6.23)
Note, that in @D, as opposed to , the right hand side now depends on v(q) and
Agy(g) from (6.19) and (6.20), respectively. A justification of this step is given in [109-{112)]
via the so-called e-expansion. In the present case, a further justification may be given
by the fact that for large times the fluctuations of h(z,t) become Gaussian distributed.
This indicates that their dynamics may be described by a linear Langevin equation as in
(6.23). An analogous conclusion has been drawn for a slightly different setting in [114].
Using and , we give an explicit approximation for the two-point correlation

(u(gq, w)u(q',w"),
(u(g,w)u(q',w')) ~ G(q,w) G(¢', ") (flg,w) f(d',w))
= (27)% ¢* Ao(q) Glq,w) G(¢',w') 6(q+ ¢) 6(w + ) (6.24)
= (2m)* C(q,w) 6(q + q') 6(w + ).
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6.3 DRG Results for var[¥(t)]

Here we have introduced the correlation function C(q,w) (see e.g. [109]) according to
C(Q7 w) = q2 AO(Q) G(q7 LU) G(_qv —W) = q2 Ao(Q) |G(q7 LU)|2 ) (625)

with Ag(g) from (6.20) and G(q,w) from (|6.21]). Inserting the explicit expressions from
(6.19) and (6.20]) into (6.25) we arrive at (see also [109] for A\ = 1)

AO>1/2 orl/2 |q[‘3/2 (6.26)

Clqw)~ | — .
(q,w) ( Y2y, 2
T+ (A0> RE

v
Obviously, (6.26)) is in accordance with the well known scaling result for the correlation
function of the Burgers equation in one spatial dimension (see e.g. [43,/109]),

_ w
Claw) ~ a0 (5 ). (6.27)

with ® as a universal scaling function.

6.3 DRG Results for var[V(t)]

Performing a Fourier backward transformation in frequency on both sides of (6.24) and
inserting for C'(q,w) the expression from ([6.26)) leads to

(u(g,t)u(d',t")) = 2w Clq,t —t') 6(qg +¢')

Ao A\ 2 A 5 (6.28)
~ 2 — - (= Pit—4|| o !
™o, eXp <2y> 2m)i/? lq|”~ | Il 6(¢+4d),
as the approximate two-point correlation of © = —3J,h in wavenumber space. With

(16.28)) we now have the necessary means to calculate the product of two-point correlation
functions in (6.7). In particular,

5] % d4,1) (=g, ) u(~d1")

- /dq/dq'C(q,t’ -t C(=¢, ' —t")d(q+ ) 6(—q — ¢')
o (6.29)
/dk/dk’ <k ¢ —t”> c (—bk:’,t’ —t”> Sk + k)

Pr(5/3) 7! 1
47r v 2\2/3 it — t|2/3
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6 TUR for the 1D-KPZ Equation — DRG Results

where we substituted in the second step ¢ = 27k/b to attribute for the fact that we
operate on a finite system-size, = € [0,b], which implies an explicit length scale, and T'
is the Euler-Gamma function. Analogously, the second term in becomes

/5 / (—q’,t">> (u(=q, ) uld, "))

A0\ I(5/3) 7! 1
471— v )\2/3 ‘t/ _ t//‘2/3'

Inserting (6.29) and (6.30) into (6.7)) yields

4/3 A5/3
var[U(t)] =~ Agbt + 8(52//33 A Vﬁ,} /dt/dt” it — |73

(6.30)

(6.31)

Therefore in the long-time limit,
3T(2/3) , s (B0 ujs

which indicates superdiffusive behavior for the variance of ¥(¢). This expression is in
accordance with the scaling form predicted in [20] for the transient KPZ regime (see also
(3.47)). Moreover, the present DRG approach yields the explicit amplitude factors as

well. We use (6.32)) in the time range t*W=KPZ < ¢ < tKPZ (gee (3.42)), (3.44)) and check
in the following for consistency with known results at the endpoints of this time interval.

For times t > tXPZ_ the variance of W(t) behaves as var[¥(t)] = Ct (see Figure [3.2)), with
C a parameter to be determined. Hence, we have the matching condition

T(2 N N
var[W (t5F%)] ~ w b3 <V°> (tKPZ)4/3 L o (KPZ, (6.33)

Inserting tXP% from ([3.44) into (6.33) and solving for C yields (with ¢z ~ 0.4, see, e.g.,

Section [3.2.2))
3/2 3/2
T () e (3)
2

This expression may be compared with a result in [20] for the center of mass dispersion
W2 = <(E— <E>)2>, with h = fé) dx h(z,t)/b the spatial mean, which is related via
var[W(t)] = b> W2 to the variance of our observable W(t). The center of mass dispersion
is given by

3/2
W2 =¢ (?2) b2, (6.35)
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6.3 DRG Results for var[¥(t)]

with ¢y a universal scaling amplitude. Apart from the prefactor ¢y the result in
is the same as the one in (6.35)), in particular with respect to the anomalous scaling in
b. Regarding cg, this was determined in [115] for the ASEP-process and then adopted
in [20] relying on the universality hypothesis. The exact value of ¢y reads

co = ‘f ~ 0.44. (6.36)

We thus deviate from the exact result for ¢y by roughly 20%, which we regard satisfactory
for our consistency check. Moreover we note that our numerical simulations in Chapter [7]
indicate a correlation time that differs from the one in by roughly a factor of 2
(see Section . Reiterating the steps from and with the numerically
obtained correlation time (see (7.39)), leads to a significant improvement of our result
for the universal amplitude ¢ (see (7.40)).

At the left endpoint of the transient KPZ regime, i.e., at t = tPW=7KPZ  consistency
may be checked by comparing with the perturbation expansion from for
Aet & Acg- To be precise, we compute at the crossover time and compare
this result to evaluated at the critical coupling parameter ASg. This makes sense,
since on the one hand we know that tKP% Z tEW=KPZ nrovided that Aeg 2 A, which
implies that var[W(t)] shows transient behavior for ¢ Z t*W=XPZ  On the other hand
the expansion from is expected to be valid for Aeg < ASs. Therefore, at Aeg = Ao
the expression for the transient KPZ variance of ¥(¢) from should match with
the perturbative result from at the EW to KPZ crossover time t®W=KPZ With

(6:32) and (B-32) we get (cs ~ 0.4)

3T(2/3 Ao\ ”?
var[U (tEW—KPZy] ~ 8;;3) p /3 <V> (tEW—KPZy4/3
I'2/3) 3 EW—KPZ (6.37)
= ————= 5 Ngbt""
(16 75)1/3 2 0
~ 1.50 Ag btEWKPZ,

whereas evaluating (5.67) at Aeg = ASg =~ 12.3 (c2 = 0.4) from (3.51) results in

var[U (tEWTKPZ)] 1 57 Ag btEWTRPZ, (6.38)

Hence, the respective results differ by just 5%. Taking into consideration that both
results in and are approximations, this seems to be a reasonable match.

To sum up, this section was devoted to the derivation of an analytical expression approx-
imating var[U(¢)] in the transient and steady state KPZ regime, respectively. Whereas
the result for the latter is essentially known from [20], there seems to be no comparable
explicit result for the former in the KPZ literature. In the context of driven diffusive sys-
tems a similar result has been derived via mode-coupling theory in [39]. Let us stress,
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6 TUR for the 1D-KPZ Equation — DRG Results

that all amplitude factors are determined by analytic calculations for a generic KPZ
system, i.e., without invoking specific model problems of the KPZ universality class.
Furthermore, our approximation from for the two-point correlation of u = —9d,h
in wavenumber space may be of some interest in itself. This is since the exact scaling
function found in [60] for the 1d KPZ equation is given via the solution of certain dif-
ferential equations (Painlevé IT), which can be solved only by quite involved numerical
methods. Especially, an exact analytic expression seems to be out of reach. A qualitative
comparison of g(k) = C(k,t)/C(0,t), with C(k, t) from to f(k) from Fig. 4 in [60]
shows an altogether quite satisfying agreement.

To be more precise, for small k (0 < k < 2) the approximate scaling function (k) decays
a little faster than f(k) (Fig. 4 in [60]). For 2 < k < 5, g(k) tends to zero somewhat
slower than f(k) in Fig. 4 in [60]. Both deviations are, however, rather small. One
feature that §(k) is missing is the oscillatory manner in which f(k) decays to zero; §(k)
decays monotonously. This lacking of §(k) does not seem to be of practical importance
for our purposes as the oscillations of f (k) are rapidly damped with growing k.

6.4 Thermodynamic Uncertainty Relation

Before we formulate the TUR for an arbitrary value of the coupling parameter, let us
collect what we have so far derived for the variance of W(t). Consider first the parameter
regime where Ao < A%. Here we know from (5.66]) that for times ¢t > tEW

22 Mg

var[U(t)] ~ Agbt |1+ 1672 ¢(2) T

(1.814¢(3) — ¢(4)) + O(\S) |, (6.39)

whereas for t < tEW, var[¥(t)] ~ Ag bt holds.
On the other hand for a parameter set with Aeg > A we have shown in (6.31]) that

AO bt R t < tEW—)KPZ,
vanl ()] = § SEGL A3 (B0)P/ gfs | (EWSKPE <y < 4KP7, (6.40)
IE(80)* a2, 1KPZ ¢

where, for tXF% < ¢, the exact numerical value of \/7/4 for the universal amplitude cq
has been chosen [20]. The behavior for t < t*W=KPZ may be obtained in various ways.
For one, we could take the short-time limit of . Alternatively, we know from the
scaling arguments presented in Figure that for these times the system is governed
by the EW-scaling regime, which implies normal diffusive behavior according to the EW
equation.
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6.A Weight-Function Independent Precision

Hence, with the exact results in Section (see ((5.77)) and the approximations for the
variance we can formulate the TUR product Q in the long-time limit as

( 327T2 Sl(A) 2567r4 Sa(A) + O()‘Sff)> , for Aegr é Aot

0~ (5 ~ i) (6.41)

5 Aot for A% < e

Here we state the A-dependent result from (5.59) in anticipation of the comparison to
numerical simulations for a fixed system-size, which also implies a fixed value of A.

Appendix 6.A Weight-Function Independent Precision

To show that the precision €? is independent of the choice of the weight function g(z) in

the limit of large times with g(z) € ,C2(O 1) and fol dz g(x) # 0 we argue as follows. We
begin with the expectation value of W ( fo dx g(z) h(z,t), given by

W) = 3 @b = g0 (ho(®) + 3T (ha(8)) = g0 (W) + 3T (e (0)
k<A k70 k40
(6.42)
where g and hi(t) are the Fourier coefficients of the respective Fourier series g(z) =
2 |kj<A Ik 2™ and h(x,t) = 2 jkj<a P (t) e? e and g, denotes the complex conjugate.
Squaring - ) thus leads to

(Uy(t)* = g3 (¥(1))* + Ti + Tz, (6.43)
with 71 = 290 (V(2)) >0 T (Pwe(t)) and To = >y 10 Gxg; (hi(t)) (Fu(t)). Similarly, we
t

get for the expectation value of \112( )

(W20)) = > Gd (ha(®)ha(t))

K[, |1<A

= D lgwl* (ha(6)hi(t) (6.44)

k<A
= g5 (V2(1)) + Ts,
where T3 = > lgk|? (hie(£)h—1(t)). In the second step we used the periodic bound-
ary conditions and the therefore ensuing translational invariance, which implies that

(hi(t)hi(t)) ~ Ok,—;. Hence, the variance of W, (t) reads

var[W(1)] = (W5(6)) = (¥y(t))* = ggvar[¥ ()] + T5 = Ti — Ta- (6.45)
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6 TUR for the 1D-KPZ Equation — DRG Results

Evaluating (6.45)) divided by time ¢ in the limit of large times leads to

U, (t Wt - T —
hm Var[ 9( )] — 9(2) hm Va‘r[ ( )] + hm 73 71 75
t—o0 t t—o0 t t—o00 t (646)
9 . T3=Ti— T2
= gy Vew,kpz + lim ——F——,
t—o0 t
where Vgw kpz denotes the linear and non-linear constant of var[¥(t)] = Vgw kpzt,

respectively (see, e.g., Chapters |5 and |§| and [20]). We proceed with showing that the
last limit in (6.46) is equal to zero. Therefore, we analyze lim;_, . 73/t and use the
inequalities

0<T3=> |gel* (hi(t)h_(t))
k20
< max |gx* Y (hi(t)h-i(t)) (6.47)

where W?2(t) is the square of the surface width according to (3.18). Dividing (6.47) by
t > 0 and taking the limit of ¢ — oo results in

W2(t
0 < lim s < max |gg|* lim 7(), (6.48)
t—oo t |k|<A t—00 t
k0

It is well known that limy_,., W2(t) = const. and thus lim; o, W2(t)/t = 0 (see, e.g.,

Section [3.2.1]). Hence, (6.48)) yields that lim; . 73/t = 0.
We further know from Section that limyoc (hi(t)) = (hi(t)),ep = 0 for k # 0,

which implies straightforwardly that also lim; o 71,2/t = 0, respectivelyﬂ Thus, (6.46))
becomes

var[W,(t)] = g& var[¥(t)] for t — oo, (6.49)
and analogously in the limit of ¢ — oo, (6.42)) reads
(Wy(t)) = go (¥(t)) - (6.50)

Combining (6.49)) and (6.50)) yields for the precision

o _ var[W, ()] _ govar[¥ (1)) =2 fort— oo, (6.51)

€
g 2 2
(Wy(1)) g6 (¥ (1))
and thus the precision is in the long-time limit independent of the choice of the weight
function g(z).
For determining lim;—, o 71/t additionally has been used.
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7 Numerical Simulation of the 1D
Kardar-Parisi-Zhang Equation

This chapter is devoted to the numerical simulation of the above derived theoretical
results for the constituents of the TUR product and the TUR product itself. The com-
parison between the numerical and theoretical results is divided into two parts, one for
the EW scaling regime and one for the KPZ scaling regime of the KPZ equation. Prior
to that, we introduce the numerical scheme employed and further discuss and analyze
analytically and numerically the delicate matter of the spatial discretization of the KPZ
non-linearity. Especially, the impact of this discretization on the numerical results for
the physical observables is highlighted.

7.1 Discretization of the 1D-KPZ Equation

We use a direct numerical integration technique to simulate the height h(x,t) of the
Kardar-Parisi-Zhang equation. There are various approaches regarding spatial and tem-
poral discretization (see, e.g., [89,/104,/106,/116H122]). In the following we present the
details and reasoning of our approach.

7.1.1 Spatial Discretization

We consider a one-dimensional grid with grid-points z; subject to periodic boundary
conditions with lattice-spacing § given by

0= — 7.1
L7 ( )
where b is the fixed length of the grid and L is the number of grid-points. At each grid-
point we have for a fixed time ¢ the value of the height field h;(t) = h(x;,t) = h(ld,t),
with 2y =16 and [ = 0,..., L — 1. The time evolution of h(t) is then governed by (3.3,

ie.,

Ouha(t) = wLi(t) + SAG(E) + ), (72)

where hr(t) = ho(t) due to the periodic boundary conditions. Furthermore, £; and
N, denote the discretizations of the linear and nonlinear term at the grid-point x;,
respectively, and n;(t) = n(x;,t) = n(ld,t) represents the discretized noise. Regarding
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7 Numerical Simulation of the 1D Kardar-Parisi-Zhang Equation

the diffusive term £; in ((7.2)), we choose the standard discretization, namely the nearest-
neighbor discrete Laplacian,

£1(6) = Ll {hy (] = 55 Ieaa(8) = 2ht) + hia (1), (7.3)

see, e.g., [104,/116}[118,/121,123]. The discretization of the nonlinear term A/ is more
subtle. During the last few decades different discretizations of the nonlinear term have
been proposed for numerically integrating the KPZ equation [116,118}/121,|123]. In the
case of one spatial dimension, they all belong to the family of so-called generalized
discretizations [118§],

Ni(t) = N[ ()}
1

RIS (his1(t) — hu(£))? + 2y (higa (t) — (1)) (7.4)

X ((t) = lua(£)) + ((t) = i (6))?]
with v € R and 0 < v < 1. In the following, we will highlight the cases v =0, v =1

and v = 1/2.
For v = 0, this discretization reads

2 2
N 0] = 5 [(W) + (M=) ] (75)

which is simply the arithmetic mean of the forward and backward taken squared slope,
respectively, of the height field at the grid-point z; |118§].
The case v =1 yields

hiyi(t) — hll(t)>2 (7.6)

Nt = (M

This is the square of the central difference discretization of 0,h, which is a commonly
used choice for numerically integrating the KPZ equation, see, e.g., [116}/121].
Finally, v = 1/2 leads to

1

NP0 = w5 [(Pisa () — ha(8)? + Ry (£) — hu(2))
39 (7.7)
X (ut) = haea(8)) + (u(t) = hua (9]

This form was applied to the KPZ equation in, e.g., [116,[117,123]. It is closely related
to the discretized non-linearity proposed in [104,/106}|120] of the 1d-Burgers equation
equivalent to (7.2]). Following [116], we will call (7.7) the improved discretization (ID),
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7.1 Discretization of the 1D-KPZ Equation

for the following reasons. It has been shown analytically in [116] using that the dis-
crete Fokker-Planck equation corresponding to possesses a steady state probability
distribution for all A > 0, which is equal to the linear (Edwards-Wilkinson, A = 0) steady
state distribution. It was further shown that the stationary solution of the Fokker-Planck
equation is reached for a non-vanishing conserved probability current, which indicates
a genuine non-equilibrium steady state in the discretized system. This implies that the
case v = 1/2 accurately mimics the NESS-behavior of the continuous case, with the
exact form of the total entropy production (Asiot) from . The above mentioned

properties of the operator N dlstlngulsh the case 7y =1 / 2 from, e.g., v = 1, which
does not fulfill the ﬂuctuatlon dissipation relation in (14 1) dimensions that is essentlal
for obtaining the discrete NESS probability distribution equivalent to the continuous
case. Furthermore, the choice v = 1/2 in is the only one that displays the above
behavior |118].

We note that for spatially smooth enough functions h, any discretization from
(0 <~ < 1) has an approximation error O(62). This implies that for sufficiently small §
the differences between their respective outcomes can be made arbitrarily small. How-
ever, the solution h(z,t) of is at every time t a very rough function in space (see
also Appendices and . The various discretizations in thus lead to signif-
icantly different results, e.g., with respect to the surface width in [89,/116,/123] and in
the present paper with respect to certain integral norms of the KPZ non-linearity being
essential for the KPZ-TUR (see Appendix .

7.1.2 Temporal Discretization

Regarding the temporal discretization of , we choose the stochastic Heun method
(see, e.g., [119,124]), as its predictor-corrector nature reflects the Stratonovich discretiza-
tion used in Chapters [2] and 44 To be specific, the predictor step applies the forward
Fuler method to , which yields the predictor y;(t + At) according to

AoAt

A
o+ 8 = (o) + A vy (O + A 10| + at.  (18)
Here, | = 0,...,L — 1 like above and {§(t)} are stochastically independent N(0,1)-
distributed random variables (see, e.g., |119,/121,/124]). The prefactor in front of &/(t)
ensures that the noise has the prescribed variance according to (3.3). The predictor from
(7.8) is then used in the subsequent corrector step as

Mt + A = ha(t) + S [v (0] + Ll ¢+ A

AoAt

hy
+5 (VOO0 + MO+ d0)]) | + ().
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7 Numerical Simulation of the 1D Kardar-Parisi-Zhang Equation

The form in displays the above mentioned Stratonovich time discretization. For
the sake of simplicity, we start at ¢ = 0 from a flat profile, in particular h;(0) = 0,
l=0,...,L —1, and we impose periodic boundary conditions, i.e., hr(t) = ho(t). We
slightly reformulate the expressions in and by introducing a set of effective
input parameters {v, &), X} given by

~ 14

Ag T_ A

V= Ao = 5 and A= 5 (7.10)
with ¢ from . Hence, the predictor-corrector Heun method reads
=~ A=) =
w(t+ A8) = hy(8) + At DL O + FNT [{hy (0] |+ BoAt&(h),
At1_ [/~ ~
hult + ) = bu(t) + 5 |7 (Lil{hy (1) + Lallys (¢ + A0)}) (7.11)
A (0 ~ () =
5 (R 001+ 7 e+ 2001 ]+ Y Baasesit),
where we set
L1 = g () — 2 (t) + hya (1),
~() _ 1 B 2 B
N = sy [ ) = @) + 2y (s (6 = ) (7.12)
X (hu(t) = i1 () + (ha(t) = b (8))?]
The effective spatial step-size Az in the simulation is now simply given by
Az =1, (7.13)

which is a common choice, e.g., [117,{119}/121,/123]. From the parameter set {7, ANO, X},
which enters the simulation, the physical parameter set {v, Ag, A} can be obtained from
(7.10)).

Finally, the calculation of the constituents of the TUR requires expectation values, de-
noted by (---). Those are approximated by ensemble-averaging over a certain number
FE of independent realizations.

7.2 Approximation and Expected Scaling of the TUR
Constituents

7.2.1 Regularizations

Since the KPZ equation is strictly speaking a singular SPDE (see, e.g., [89}90,/106] and
Appendices and [5.0), it has to be regularized in some way. From a physical point
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7.2 Approximation and Expected Scaling of the TUR Constituents

of view, this can be done by either introducing a smallest length-scale (e.g., in form of
a lattice-spacing § [104]) or, in Fourier-space, by defining an upper cutoff wave num-
ber [123]. In the course of the analytical derivation of a KPZ-TUR in Chapters [5| and |§|7
we took the second approach and introduced the cutoff wave number 27w A /b. This caused
the physical entities like the NESS current, diffusion coefficient and entropy production
rate to depend on this cutoff parameter (see , and , respectively) and
to become singular for A — oo. On the other hand, A — oo represents the limit of
spatially white noise. Thus, in order to approximate white noise as closely as possible,
we have to choose A as large as possible. Here we use the real-space direct numerical
simulation, described in Section with lattice-spacing § from to calculate the
relevant physical quantities, which will depend on § and diverge for § — 0. For compari-
son purposes, a relation between the cutoff parameter A and the lattice-spacing § = b/L
has to be established, keeping in mind that A has to be chosen as large as possible for the
above reason. However, given a certain lattice spacing ¢ in real-space, A is limited by the
following consideration. With b and § fixed, our real-space direct simulation determines
the values of (9,h)? at L grid-points 2; = 14,1 =0,..., L — 1. Its Fourier transform is
exact if it results in the corresponding Galerkin approximation of the non-linearity in
Fourier space (i.e., a convolution with the correct wavenumber restriction for all modes).
This is fulfilled if A satisfies the condition

L-1
A< 3 (7.14)
The above condition ([7.14]) is the content of the 3/2-rule by Orszag |123}/125,/126]. It is
used in spectral codes, as the so-called dealiasing procedure (see, e.g., [123]). To sum

up, given L, the largest value of A for which the Fourier transform of (9,h)? is exactly
represented by its Galerkin approximation reads

L—1
A= (7.15)

Having this exact Galerkin approximation is relevant for determining the correct value
of the TUR product in Chapter |5 Therefore, we choose A according to . With this
relation between the number of grid-points L and the wavenumber cutoff A, we will now
proceed with the numerical approximation of the TUR constituents and their respective
scaling forms.

7.2.2 Mean and Variance of the Output Functional

For numerically approximating the output functional W(t) from (5.53) at any time-
instance, we define

L/2-1 L/2
UM (t) = Simp[{hy(t) Z hoj(t) +4) haja(t)] (7.16)
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7 Numerical Simulation of the 1D Kardar-Parisi-Zhang Equation

i.e., via a composite Simpson’s rule, with periodic boundary conditions hr(t) = ho(t),
{hi(t)} obtained via and Az =1 from (7.13). This implies that we approximate
LV(t)/b, rather than W(t) itself, which simplifies the comparison of the numerically
obtained results with the theoretical ones.

The expected scaling of <\I/(N ) (t)> is derived as follows. From the corresponding
(dimensionless) theoretical prediction (¥4(ts)) is known exactly as

1

Ae

(W, (ts)) = </ dz, hs(ass,ts)> ~ QHAts, te> 1. (7.17)
0

Here, variables with the subscript s are scaled dimensionless quantities with reference

values according to Section [3.1.3|and A.g represents our effective dimensionless coupling
constant from (3.13]). Hence, after rescaling, ((7.17)) can also be written as

<§ /Ob dx: h(m,t)> ~ XGAj (L —1)t, (7.18)

v

where ([7.10) and (7.15)) were used. The left hand side of (7.18) is what we approximate
N

with (W) (¢)) from (7.16)), and thus
<\I/(N)(t)> ~ci(L)t,  with e (L) = X(),A;O(L —1) (7.19)

is the expected scaling behavior in the number of grid-points L and time t for ¢t > T,
with T from (3.9). Whereas we know the scaling behavior of (¥(t)) to be exact for all
values of A\, the variance of ¥(¢) is known from as a perturbation expansion up
to O(\S) for Aer < Ao and from the DRG result for Aeg > Ag. For deriving the
expected scaling behavior, we choose the case Mg < Ay as an example and take

var [Uy(ts)] = ts,  ts> 1, (7.20)

to lowest non-vanishing order in A.g. Hence, by following the same steps as above, we
get
var [\I/(N)(t)} ~co(L)t,  with e(L) = Ao L, (7.21)

for t > T'. Using ([7.19)) and (7.21)) the scaling form for the precision
var [UV)(1)]

2\(N) I Sl Sl S |
() @) (7.22)
is for Aer < Ay given by
1 . 3672 [1 2 1

fort > T.
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7.2.3 The Total Entropy Production

The last entity missing for formulating the numerical version of the KPZ-TUR is the
total entropy production (Asie). It is given by, e.g., where we note that the
integrand on the r.h.s. is nothing but the square of the KPZ non-linearity (9,h)? and
we thus can approximate the integrand using any of the discretizations from . To
be specific, by means of the composite Simpson’s rule, we get the approximation

3 L/2—1

b L 2 L2 2
/de (O:h(a, 7)) ~ 255 |2 Z (N;y) +4;(N§]11) . (7.24)

The prefactor of L3/b3 arises from the fact that (7.24) uses (7.4) with Az = 1. Lastly,
the time integral in (5.38) is approximated via

/Ot dr </0b dz (8xh(x,7'))4> ~ %3 3 <Simp [<M<v>[{hj(tn)}])2] > At,  (7.25)

n=0

where At is a discrete time-step and t = NAt.

Proceeding similarly like in Section we get from the theoretical prediction in
the expected scaling behavior for <Ast0t>(N) and the TUR product with respect to the
number of grid-points L and time ¢ as

v

— ~\ 2
(Asior) ™M) ~ cy(L)t,  with cy(L) = ?g <A> [5L — 13+ ﬂ , (7.26)

for ¢t > T, which, according to Section holds exactly for all values of \eg. Finally,

we get with ((7.23)) and ((7.26]),

3 1
OWN) ~ 5 — 40 (L2) . (7.27)

Note, since ([7.23) only holds for Aeg < Ay, the same applies to (7.27). For the more
general treatment, see Section

7.3 Comparison with Numerical Simulations —
Edwards-Wilkinson Scaling Regime

7.3.1 Employed Input Parameters

We present the numerical results obtained from ([7.11)) by using three different discretiza-
tions according to (7.4]). If not explicitly stated otherwise, we employ for the numerical
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7 Numerical Simulation of the 1D Kardar-Parisi-Zhang Equation

simulations the ID discretization (y = 1/2) from (7.7). The numerics is performed for
the following set of input parameters. For all simulations we set v = Ko = 1 and take
A = 0.1 on a range of grid-points, which varies from L = 16 to L = 1024. In the range of
L =16...64 we use a time-step size of At = 10~* and an ensemble size of E = 500. For
L = 128...1024 a larger time-step of At = 10~2 and smaller ensemble size, £ = 250,
is used. This reduction is due to the strongly increasing run-time of the simulations
for larger numbers of grid-points. The chosen value of X is well within the EW scaling
regime. The coupling constant A.g expressed in terms of the effective input parameters

from ([7.10]), reads
X 1/2
- 0 -
Ao = L1/? (53)) A (7.28)

With 7 = Ag = 1, the critical value of the effective coupling constant X\ is reached for

(see (3.51) with co ~ 0.4)
~ 12.3

X~ T (7.29)

ranging from AC ~ 3.08 for L = 16 to A\° ~ 0.384 for L = 1024. Hence, we have < XC,
which provides us with the ability to study the singular limit Aeg | O for the TUR
product.

7.3.2 Evaluation of the Numerical Data

In the following, we describe a procedure for comparing the scaling predictions of the
TUR constituents from Section[7.2]to the numerical results. For the two cases, where the
scaling predictions are known to be exact, this procedure further yields a way of assessing
the accuracy of the numerical scheme in dependence on the grid-size L, the time-step
size At and the number of independent ensembles E. At first, we check whether ﬂ@[}
and is fulfilled. This is done by fitting the numerical data of (UM (¢))” and
var [\I/(N ) (t)] according to the fit-function f1, with

A(L,t) = apt?, (7.30)

and fo, given by
fo(L,t) = brt, (7.31)

respectively, where ay, and by, are L-dependent fit-parameters. Subsequently, we compare
ar, and by, with ¢2(L) and cz(L), respectively.
The scaling prediction for the precision (e2)(N) according to (7.23)) is evaluated by fitting

d

f3(L7t) 77

(7.32)
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7.3 Comparison with Numerical Simulations — Edwards-Wilkinson Scaling Regime

with fit-parameter dy,, to the numerically obtained data for the precision and comparing
c3(L) to dy, for the respective values of L.
Finally, by fitting the numerical data for <Astot)(N ) according to

fa(L,t) = ert, (7.33)

with ey, as the fit-parameter and subsequently comparing c4(L) to er, the scaling pre-
diction for the total entropy production (7.26)) is compared to the numerical results.

7.3.3 Expectation Squared and Variance for the Spatial Mean of the Height

Field
Table 7.1: Scaling factors of (¥(®V) (t)>2 and var [UV)(1)]
L ar, (L) Ay [%)
16 0.05835  0.06250 6.64
At =104, E =500
9 64 1.087 1.103 1.44
(T (1))
256 17.78 18.06 1.59
At =102, E =250
1024 286.7 290.7 1.37
L by co(L) Ay [%]
16 15.70 16.0 1.86
At =104, E =500
64 64.02 64.0 0.032
var [\II(N) )]
256 238.0 256.0 7.03
At =102, E = 250
1024 1033 1024 0.846

Comparison of the predicted scaling factors ¢?(L), cz(L) from (7.19)), (7.21)) to ar, by,

from ([7.30]), (7.31]), respectively, for the fits as shown in Figure Here Ay = |c(L) —
ar|/c3(L), Ay = |e2(L) — by |/c2(L) denote the absolute values of the respective relative

errors in percent.

In Figure (7.1} we plot the numerical data of (¥®) (t)>2 and var [F(V)]. The data of
<\I/(N ) (t)>2 displays, by visible inspection of Figure a power-law behavior for all L
in time ¢ for ¢ > tEW from , ie., t > mL?/288. E.g., for L = 64, this amounts to
t Z 45 and for L = 256 to t g 715. Whereas for smaller values of L, this threshold seems
to be sharp, for large values of L the NESS behavior is visibly reached much earlier.
In Table we list the results for the respective fit-parameters and scaling predictions
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Figure 7.1: <\II(N)(t)>2 and var [T™)(#)] in the range of L = 16...1024. The dots
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represent the numerical data obtained from using , whereas
the straight lines are fit-functions according to , , respectively.
The graphs in @ and are obtained with the set of input-parameters
{ﬁ,&),X} = {1.0,1.0,0.1}, time-step size At = 10~* and ensemble size
E =500, whereas (IEI) and @ show graphs with At = 1072 and E = 250 for
the same set of input-parameters.



7.3 Comparison with Numerical Simulations — Edwards-Wilkinson Scaling Regime

as well as their relative deviations. The values given in Table [7.1] suggest that for all
L the predicted scaling form of <\I/(N ) (t)>2 from squared is indeed recovered by
the numerics. The approximation becomes more accurate for a growing number of grid-
points L as the relative error A; shows the clear trend of decreasing for growing L.
Consequently, the larger the number of grid-points L, the better the approximation of
the numerical scheme to the exact scaling behavior from becomes. This is a clear
indication that the numerical scheme works properly. The slight deviation in the above
trend observed between L = 64 and L = 256 is due to the fact that we changed At from
At = 107* for L = 64 to At = 1072 for L = 256 as well as E = 500 for L = 64 to
E = 250 for L = 256. However, as the effect is rather small, there is no need to adjust
the parameters At and F for L = 256...1024 in order to achieve a higher accuracy.
We now turn to the variance of the mean height field according to ([7.21). The predicted
power-law behavior of var [\I/(N ) (t)] in ([7.21)) can be observed in Figs. and .
The predicted scaling factor ca(L) in @ is reproduced well by the numerical data
and its respective fit-functions with fit-parameter by. In contrast to the results
for <\I/(N)(t)>2, no clear trend in the relative error Ay = |co(L) — br|/c2(L) can be
observed, i.e., As does not become smaller with growing L. An improvement in the
approximation may be obtained by an increase of the ensemble-size E and a further
decrease of the time-step size At. This, however, would lead to a significantly longer
run-time of the simulations. As in all cases the relative error is below 10%, the gain from
a further improved accuracy following the above mentioned steps may be outweighed by
the increasing run-time.

7.3.4 Precision and Total Entropy Production

By combining the numerical results of <\II >2 and Var )| according to ,
we obtain the data of the precision (e2)(M) as shown in Figs. n and .@) As is to
be expected considering the observations for the scaling of <\IJ ? and var [\IJ(N )( )} ,

both graphs display a clear power-law behavior in time ¢. The tlme elapsed in Figure
to reach the NESS behavior for the respective system-sizes and observables is in accor-
dance to the observations made in the discussion of Figure The compliance of the
numerical data with the predicted scaling from can be seen in Table We will
now turn to the scaling behavior of the total entropy production (Astot>(N . In Figs.
, @, we show the plots of the numerically obtained data for <Ast0t>(N) and
the according fits. We find that the scaling behavior is recovered nicely, albeit with a
significantly greater relative deviation as compared to (62)(N ) (see Table . The only
influence on the relative error of (Ast0t>(N ) is achieved by an increase in the number of
grid-points L. It seems, however, that the relative errors do not become smaller than
roughly 10% even for large L. In Appendix we will discuss this observation in more
detail and present an analytical explanation for this discrepancy.
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Figure 7.2: Precision (€2)(™) and total entropy production <Ast0t>(N) in the range of
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L =16...1024. The dots represent the numerical data obtained from (|7.11))
using , whereas the straight lines are fit-functions according to ,
, respectively. The graphs in @ and are obtained with the set of
input-parameters {ﬂ,&,i} = {1.0,1.0,0.1}, time-step size At = 10~* and
ensemble size I = 500, whereas (IEI) and @ show graphs with At = 1072
and E = 250 for the same set of input-parameters.
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Table 7.2: Scaling factors of the precision (¢2)(™) and total entropy production (Astot>(N )

L dr es(L)  Ag [%)
16 2549 2531  0.686
64 58.49 58.01 0.824

At =10"%, E =500

(62)(N)
256 14.29 14.17 0.80
At =102, E =250
1024 3.564 3.523 1.18
L er cy(L) Ay (%]
16 0.01607  0.01875 14.3 A
At =10"*, E = 500
) 64 0.07588  0.08531 11.1
<A3tot>

256 0.3150 0.3520 10.5
1024 1.272 1.419 10.3

At =102, E =250

Comparison of the predicted scaling factors cs(L), c4(L) from (7.23)), (7.26) to dy, er,
from (7.32)), (7.33]) for the fits as shown in Figure Here Az = |cs(L) — dg|/es(L),

Ay = |e4(L) — ep|/ecs(L) denote the absolute values of the respective relative errors in
percent.
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7.3.5 Thermodynamic Uncertainty Relation

In the previous sections we have derived the scaling forms of all the TUR constituents and
compared these predictions to the numerics. Here, we will combine these results for the
numerical thermodynamic uncertainty product QN) = <Ast0t>(N ) (2)N), In Figure
we plot the TUR product Q). It can be seen that it approaches a stationary value.
Since in the stationary state the data of Q) fluctuates stochastically around a certain
value, we introduce @SN), i.e., the temporal mean of QW) for times ¢ > 7. This yields
a quantity that can be compared to Q from shown as dashed lines in Figure
Note that the value of 7 = 102 is chosen heuristically based on the observations from
Figure From Table it can be seen that @(TN) ranges from 4.16 to 4.58. Hence, for
all calculated configurations the TUR product is significantly greater than 2 and thus
the numerical calculations support the theoretical prediction from well, in the
sense that the TUR product is not saturated. It can be further inferred from Table [7.3]
that all the @gv)’s underestimate the theoretically predicted values.

We have shown that for (W ) (t)>2 and var [\II(N ) (t)] the predicted scaling forms from

10 10
9 e L=16 L=064 9 o L =25 L=1024
84 e 4.81 4.95 84 - 4.99 5
7 71
E 6 [ E 6 1 °
Q [ e $ooooonnn ‘__ Q IR R e m~"‘ -w . e ]
vee it = o - -
gl eer %Ry v Ve VN 4 7 &l Mvi
2 2
1 1 :
10! 10? 103 10* 10° 10! 102 103 10* 10° 108
t t
(a) (b)

Figure 7.3: TUR product Q) in the range of L = 16...1024. The dots represent the
numerical data obtained from using , whereas the dashed lines
are the theoretically expected values of Q according to . In @ the
set of input-parameters {7, Avo, X} = {1.0,1.0,0.1}, time-step size At = 1074
and ensemble size F = 500 is used, whereas in (]ED we use a time-step size
of At = 1072 and an ensemble size of E = 250 for the same set of input-
parameters.

(7.19) and ([7.21)), respectively, fit the numerically obtained data for these two quantities
very well. Especially for large values of the number of grid-points L, we observed for

2 . . . .
<\I'(N ) (t))" a clear decrease in the relative error between the theoretical predictions
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Table 7.3: Scaling values of QWN) = (Astot>(N) (62)(N)
L o™ o A9
16 4.33 4.81 10
64 4.44 4.95 10

At =10"%, E =500, 7 = 10°

256 4.16 4.99 17
1024 4.58 5.00 8

At =102, E =250, 7 = 10°

Comparison of the predicted values of Q from (7.27) to @(TN) from Figs. (EI) and

. Here A = |Q — QSN)| /Q denotes the absolute value of the relative error in
percent.

and the numerical results, i.e., A; — 0 (see Table [7.1). The relative error Ay of the
variance var [\I'(N ) (t)] did not depend on L and seems to be solely caused by stochastic
fluctuations due to the limited ensemble size E (see Table . With the above two
quantities, both components of the precision (62)(N ) from were found to follow
the predicted scaling forms and thus also the numerically obtained precision behaves as
expected (see Table. In Table|7.2|we have seen for <Astot>(N ), that the scaling of the
numerical data fits well with the theoretically predicted one from . It was observed,
however, that even for large L the relative error did not get smaller than roughly 10%.
We conclude that this is an inherent issue with the numerical scheme from with
the non-linearity according to (7.7). Further in-depths discussion of this point will be
presented in Appendix [7.A]

For the TUR product we observe that all simulated systems tend to a stationary value
for QV) (see Figure . However, for the above quoted reasons, the numerical value is
underestimating the theoretically expected one in all cases (see Table . Nevertheless,
the numerical data shows clearly that the TUR product is well above the value of 2 and
ranges for our simulations roughly between 4 and 5, which supports the analytically
predicted limit of @ =5 —1/A =5 —3/L for Aeg | 0 from, e.g., (6.41) and ([7.27).

97



7 Numerical Simulation of the 1D Kardar-Parisi-Zhang Equation

7.4 Comparison with Numerical Simulations — Arbitrary
Coupling Strength

7.4.1 Employed Input Parameters

For the numerical simulation for arbitrary coupling strength Aeg, we focus on the system-
size L = 256. Like in Section ﬁ we set 7 = Ag = 1 and employ an ensemble-size of

= 250 but use a time-step size of At = 10~ 3. The effective coupling constant \ is
taken to be A = 0. 1, A =0.768 and X = 4.0 with the exception of Flgure According
to (| - the second choice, A =0. 768, represents the critical value \° for L = 256.
Hence, A = 0.1 belongs to the EW scaling regime and is shown again for comparison
purposes over an extended time-range, whereas A = 4.0 lies well within the genuine KPZ
scaling regime.

7.4.2 Expected Spatial Mean of the Height Field and Total Entropy
Production

In Figurewe show for two values of X a comparison of numerical data for both (¥(¢))?
and (Asget) with the respective theoretical predictions according to (7.19) and ([7.26]).
In the case of A = 0.1 the system is in the EW scaling regime and thus the relevant
time-scale is the EW correlation time t®W, which is indicated by the vertical line in
Figs. n and (]EI) As can be seen well, for times t > tEW “the numerical data follows
the theoretical prediction for both (¥(¢))? and (Asior). For A = 4.0 the system is in its
KPZ scaling regime, which implies that the numerical data is expected to converge to
the theoretical predictions for times ¢ > tXF% i.e., the KPZ correlation time. In Figs.
and (d) this convergence can be well observed. Thus, the results in Figure
are additional support for the fact that the expressions for (¥(t)) and (Asgo) obtained

analytically in (7.19) and (7.26)), respectively, hold for an arbitrary coupling constant.

7.4.3 Variance of ¥(¢) and Universal Scaling Amplitude

Using the same steps as in Section [7.2]and referring to (5.59)) and (6.40)), respectively, we
obtain the following scaling expression for var[¥(t)]. For parameter sets with Aeg < Al

AN Si(L) 5 AFN Sy(L)

var[U(t)] ~ Ag Lt <1+L =5 3.2 - L 6 2561 +O()\Sﬁ)), (7.34)
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Figure 7.4: Comparison of the numerical data obtained for a system-size of L = 256
to (U(t))? from in @) and (¢) and to (Asye) from in (]EI) and

, respectively. In and we simulate a system with A = 0.1 < \°,

Le., in the EW scaling regime of the KPZ equation, whereas in and @

we sunulate a system with A =4 > )\C, which puts the system in the KPZ

scaling regime. The vertical lines indicate the respective correlation times

tEW from (3.53) and tXP% from (3.44).
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Figure 7.5: Comparison of numerical data obtained for L = 256 with X =0. 1 in @)
and A\ = 0.768 ~ X° i (]EI) with the theoretical prediction from of
the variance of W(¢ )~1n the EW scaling regime. We show three orders of
approximation, i.e., A%, A2 and \*, for var[¥(t)] to demonstrate the effect of
including higher order terms. The vertical line indicates the EW correlation

time t"W from ([3.53).
with
541 1
Sl(L) == 2 Z ﬁ 5
k=1
g £ (7.35)

1
DI D S e STl Zk:‘l'
=1

m=— ]—%] +k
On the other hand for parameter sets with Ay < Aeg we have with (6.40))

AoLt, t < tEW—KPZ

- ~ \5/3
30(2/3
var[U(1)] 875253) I, \4/3 (A;o> $4/3 | EWSKPZ <y < KPZ,

12

(7.36)

< \3/2 ~
IE(S8)7 X, tKPZ <« ¢t

Figure shows numerically obtained data of the variance of W(t) for =01 (see
Figure|7. (Eb = 0.768 ~ \° (see Figure|T7. (]EI) To demonstrate the effect of including
higher order terms in the approximation of var[¥(¢)] in the EW scaling regime, we
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show in Figure 7.5 ﬂ each partial sum of the expansion in 4)) separately in increasing
order. As can be seen clearly in Figure -@ there is no dlscermble difference between
the lowest and highest order perturbation result for X =01 In Figure |7 (]EI)

A = 0.768, however, the difference between the three approximation orders becomes
apparent. Here the zero-order approximation (XO) underestimates the numerical data
and the first-order approximation ()\2) is a slight overestimation, whereas the second-
order result ()\4) matches the numerical data well. For values A > A°, we leave the region
in which the perturbation expansion from Chapter [f is expected to be valid, which is
reflected in a rapid decline in the quality of the highest-order approximation (not shown
explicitly), as is to be expected. The numerical values in the legend of Figure are
obtained by evaluating and inserting these results into for L = 256 (i.e.,
[(L—1)/3] =85).

For the case of Ay < Aesr, we show in Figure|7.6| numerical data of the variance of W(t).

L =256, A\ =4.0
) Num. Data i
107 A H 1
— Lt : :
—0.2367 N3 44/3 :
107 1 T 73/27) : i
— ~ i
5 /012202 Xt i
2 : 4x108
5 i 3% 108
> 10° 1 i / 2 %108
i
H . F 108
10" boox10t 10°
i
1
T + | T T T
1072 tEW%KPZ tfPZ 103 104 106

Figure 7.6: Numerical data of var[¥(t)] for A = 4.0 > X, i.e., in the KPZ regime. For
t < tEW=KPZ we plot the variance according to the first line in . In
the transient regime, i.e., for tFW=KPZ < ¢ < t?PZ, the variance according to
the second line in is shown. For t > tXPZ ie., in the stationary KPZ
regime, we plot for one the third line from and on the other hand Ct

with C from (/6.34)).

As can be seen clearly, the variance displays the expected scaling behaviors (see ),
namely, on the one hand, for times t < t*W=KPZ gcaling according to the EW scaling
regime of the KPZ equation. On the other hand, for times ¢t > t*W=7KPZ Figyre
shows the typical KPZ scaling regime behavior, namely for t®W=KPZ < ¢ < ¢KPZ the
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transient regime with its super-diffusivity and for tXP% < t the stationary KPZ regime.
In regard of the EW to KPZ crossover time from , we see very good agreement
between the theoretical prediction, indicated by the left vertical line in Figure [7.6| and
the numerical data. However, the theoretical prediction for the KPZ correlation time
from , shown as the right vertical line in Figure seems to be too small, as the
superdiffusive behavior continues beyond t5F%. We will investigate this in more detail
below. This discrepancy aside, we find good agreement in all three sub-regimes of the
variance between the numerical data and the theoretical predictions from and
(7.36)).

In Figure [7.7] we show our approach to determining the numerical KPZ correlation

L =256 \=4.0

Num. Data
—0.2367 L \Y/341/3
—Fit: at = 24231t
1071__ tKPZ — 139.36
— tXP7 = 249.76
= 10° ... (EW-KPZ _ () 98

109 4

103 A

10" 1

10-2 100 10 10 106

Figure 7.7: Exemplary determination of the numerical KPZ correlation time Efpz for

A =4.0.

time Efpz. In particular, we search the time at which the transient behavior according
to (7.36) becomes equal to the stationary branch. Here we determine the latter by
fitting the numerical data in the stationary KPZ regime via a fit-function a ¢, with a the

fit-parameter. Hence, we find for ZE(PZ,
3
iKPZ sw P (7.37)
¢ 3T(2/3)AY3N3L ) '

Table shows the numerically obtained %(PZ and tXPZ from (3.44)) in dependence of
3 5y PZ

A. For all values of X the numerically obtained correlation time t;*“ is roughly a factor

102



7.4 Comparison with Numerical Simulations — Arbitrary Coupling Strength

of 2 larger than the one from (3.44)). To be precise

tXPZ — (2,18 4 0.46) tXP2, (7.38)

C

where the factor is the mean of the right hand column of Table [7.4] and the error the
standard deviation of the mean. The numerical result in is compatible with the
one obtained by equating with and solving for the correlation time. The
discrepancy between %(PZ and tffpz may, at least qualitatively, be explained by finite
size effects. In particular, tXP% from uses the universal amplitude co with the
numerically determined value ¢z ~ 0.4 and 0.21 ~ 1/(12 c2) (see Section [3.2.1). This nu-
merical value of ¢y, however, results for b — oo from the integral co(b) = fzo:f /b dsg(s)/s?
with £ the KPZ correlation length and ¢(s) the scaling function of the surface width
(see Section [3.2.1). Evaluating this integral for any finite value of b (e.g., b = L = 256)
with its finite lower integration limit would lead to a value ¢ < 0.4 and thus to a larger
correlation time tXP%, We expect this consideration to qualitatively resolve the discrep-
ancy between tXP% and tXP%. The general, explicit evaluation of this integral seems to
be out of reach, however.

Let us use to reevaluate the universal scaling amplitude ¢y from according
to the calculation in , which leads to

N5/3~
ez _ 3T(2/3) Ag N (P23

e Y 75/3 ¢ ’
X 3/2 (7.39)
A = (0.45 £ 0.03) (3) NLV2
2v
Hence, we get for the universal scaling amplitude cg,
cop = (0.45 £+ 0.03), (7.40)

where the theoretically predicted value from [20,/115] is \/7/4 ~ 0.44, which is well
inside the error bars of (7.40). Thus, by using the numerically obtained value of the
KPZ correlation time, %IC(P Z from (7.38), and the DRG result for the variance of W(t)

from ([7.36)) in the transient regime with the matching condition from (/6.33]) we are able
to obtain the universal scaling amplitude from (6.35)) to good accuracy (see (7.40))). The

result in (7.40)) is a considerable improvement of ((6.34) which used t5F% from (3.44)).
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Table 7.4: Numerical Estimation of ¢ AKPZ

A ti(PZ %‘E(PZ 't‘E(PZ /t?PZ
0.87 640.74 1839.26 2.87
1.0 557.45 1446.18 2.59
1.25 445.96 745.42 1.67
1.5 371.63 1032.80 2.78
1.75 318.54 584.15 1.83
2.0 278.72 524.67 1.88
2.5 222.98 496.44 2.23
3.0 185.82 363.50 1.96
4.0 139.36 249.76 1.79

Numerical values of the theoretically predicted KPZ correlation time tXPZ from
and the numerically obtained ¢ AKPZ (see Figure|7.7) in dependence of X and for L = 256
The right column shows the ratlo of the two correlatlon times.
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L =256, A=0.1 L =256, A =0.768
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Figure 7.8: Comparison of numerical data obtained for L = 256 and A= 0.1, X =0.768 ~

A¢ and A = 4.0 with the theoretical prediction of the TUR product Q both
in the EW scaling regime of the KPZ equation, @ and (]ED, as well as in
the KPZ regime, , @ Note, that in @ we use the numerically obtained

values for £XPZ from (7.38)) and for ¢q from ([7.40).
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7 Numerical Simulation of the 1D Kardar-Parisi-Zhang Equation

7.4.4 TUR Product Q
For the scaling form of the TUR product Q, we obtain via (7.19), (7.26), (7.34) and

F50)

3272 256 T4

Q~ (5 - L3—1) (7.41)

T A/ A
8\65 T L2, for Xig < Aetr-

~ ~ A2 Y4
(1 s AggAQ Siul) _ 12 Aﬂgig\ SQ(L)) , for Xeg S Ao,

In Frgure . we show for the three specific values of A from Section 1] the time-
evolution of the TUR product Q. As can be seen for the two cases of )\ < AC Fig-
ure -@, @, the perturbation expansion from ((7.41]) yields convincing agreement with
the numerical data for times ¢ > tEW. To demonstrate the effect of the higher order
contributions in the perturbation scheme, we also plot the zero-order result for reference.
In Figure , @, i.e., in the KPZ scaling regime, we find that for times ¢ < tFW—KPZ
the TUR product Q converges to the EW scaling result, namely Q = 5 — 3/(L — 1).
For times t > tXP% we see the final convergence to the KPZ steady state result of Q,
where in Figure the upper horizontal line indicates Q according to and the
lower line represents the result one obtains by using . Both can be seen as reason-
able approximations to the steady state value of Q, however, in the light of the results
regarding the numerical correlation time %(PZ and the then resulting universal scaling
amplitude in , we regard the upper line as the more reliable one. This is further
supported by the observation in Sections [7.3.4] and [7.3.5] and Appendix [7.A] that the
numerical scheme intrinsically underestimates the TUR product Q. For the theoretical
prediction in the transient regime of the KPZ equatlon in Flgure - we rely on the
assumption that the steady-state results of (¥(¢))* from and (Asiot) from
yield reasonable approximations even for times ¢ smaller than the KPZ correlation tirne
tXPZ This is to some extent justified by the findings in Figure We thus expect for

tEW=KPZ ¢ < tKPZ using (7.36),

3\ 3L(2/3) Ay Sas3 13
Q—(5—L_1> T ~5/3/\/ /3, (7.42)

which is what we plotted in Figure . As can be seen, the expression in
predicts the transient time-behavior well. The slight offset may either be a result of the
intrinsic numerical underestimation of Q or originate in a minor error in the DRG result
from in terms of the numerical prefactor ¢y. In Figure -@ we show the same
graphs as in Figure n However here we use the numerically obtained value of the
KPZ correlation time, PZ from , and the corresponding reevaluated umversal

scaling amplitude from , Wthh replaces the numerical prefactor in . This
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Figure 7.9: Display of the numerical steady state values of the TUR product Q,, obtained
as time averages for times t > 7 = 10* in dependence of A. The solid lines
represent the theoretical predictions in the two scaling regimes In @ these

are taken from and -, whereas in we used (| and -
to reevaluate 1)

leads to closing the gap between the two stationary results in the KPZ regime and thus
smoothes the transition between the two branches of for times t > tEW—=KPZ 1y
Figure We show the TUR product in dependence of \. The values for Q, are obtained
by calculating the temporal average in the KPZ stationary state of Q for times t > 7 =
10*. We expect the numerical data to follow the prediction in , which it does with
good agreement as can be seen in Flgure . Here the solid hne below Ae represents the
perturbative result and is compared to the zero-order result depicted as the horizontal
dashed line. In Figure @) we show for A > A\°, with A° from for L = 256, the
theoretical predictions according to and , i.e., for the KPZ correlation time
from . On the other hand, Figure (]ED displays the same theoretical predictions,
reevaluated with the numerically obtained KPZ correlation time from and the
ensuing ¢ from . Using the KPZ correlation time E(I:(PZ from demands also
a reevaluation of the critical value of the coupling parameter. Repeating the calculation
of (3.51)) in Section we obtain for the numerically determined KPZ correlation time
ZKPZ an effectlve Crltleal coupling parameter of

)\CH ~ 9.47, (7.43)
and thus for a system size of L = 256

2LC

A~ 0.592, (7.44)

which is shown in Figure -(]ED As can be seen and is to be expected using ,
(7.40) and (7.44]) causes the two solid lines in Figure |7 .(El) for A > )\ to almost coincide
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7 Numerical Simulation of the 1D Kardar-Parisi-Zhang Equation

and shrinks the jumps at the critical A significantly in cornparlson to Flgure .@) (see

also Figure(7 .. @) Another effect of introducing )\ is that for X < )\ the 4th-order
perturbation expansion from is cut off before it reaches its local maximum (as
opposed to Figure @), Which seems to be a physically more reasonable behavior.

Appendix 7.A Analytical Test of the Generalized
Discretization for the KPZ—Non-Linearity

7.A.1 Implications of Poor Regularity

In Appendix we have shown that (]|0, h(© H2 ) = ([dz (Gwh(o))2> is not a well-
defined quantity. Using Holders inequality for the expectation, one gets

dz (9,002 ) < dz (0,h D) 1/2, (7.45)
(Jaeor) < ((faoan))

which shows that ([ dz (9;h(9)*) = (||(9,h)?]] £2> is not well defined either. These two
expressions do, however play an important role in determining the TUR constituents.
Hence, some form of regularization is needed to make these expressions well-defined. In
Chapter 5] this was accomplished by introducing a cutoff A of the Fourier-spectrum, i.e.,
|k| < A.

Here, we will follow a different path. Since the solution of the Edwards-Wilkinson
equation given by

=" nD (1)t (7.46)

kez

is expected to be a reasonable approximation to the solution of the KPZ equation (3.3)

for A < 1, we approximate the KPZ non-linearity (9,h)% by (9,h(?)2. The Fourier-
(0)

coefficients h; ~ are given by

t
WO (t) = erst / dr e~ M (r), (7.47)

0
where pp = —4n%k% (see (5.3)) and 7 is the k-th Fourier-coefficient of n(z,t) =

S e mee?™ e, the Fourier-series of the KPZ noise from (3.3). This procedure is
equivalent to solving the KPZ equation by a low order perturbation solution with re-

spect to A, which was performed in Chapter We then replace in < fol dx (8zh(0))2> and
< fol dx (8xh(0))4> the non-linearity (9,h(?)? with any of its generalized discretizations
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./\/5(7) [h(O)],

< / e NO RO (o, t)]> , (7.48)

0

< /0 e (Né(”’ O (z, t)]>2> , (7.49)

where we have defined

N[O ()
1

= sy | (09 = 10@) 2 (O K@) g

(h<0> (z) — hO(z — 5)) + (h<0> (z) — KO (z — 5))2]

X

as the continuum variant of . For simplicity, as the operator only acts on = we
omit the time ¢ in the above equation. Of course, the expressions from ,
will diverge for § — 0. The necessary regularization of these expressions is performed
by introducing a smallest > 0.

Both ways of regularization are based on the physical idea of introducing a smallest
length scale [104], here in real space and in Chapter in Fourier space, so their respective
results are directly comparable to one another.

7.A.2 Expected Integral Norms of the Non-Linearity
The expectation of the L£'-norm of N, 5(7) [RO)] from (7.48) is evaluated for ¢ > 1 and

0K 1as .
(M7p,(0) ~_ 1
</0 dx Ng"[h (x,t)]> ® 310 (7.51)

where the details of the calculation are given in Appendix[7.B] Similarly, the expectation
of the £2norm squared from (7.49) reads

< /0 o (A3 [ (:Jc,t)]>2> ~ 4(34‘:3;52, (7:52)

as shown in Appendix The expressions in ([7.51)) and (7.52)) being divergent for
0 — 0 reflect the regularity issues from above.

7.A.3 Approximations of the TUR Constituents
We now establish how the expressions in ((7.48|) and (7.49)) are related to the respective

constituents of the thermodynamic uncertainty relation.
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7 Numerical Simulation of the 1D Kardar-Parisi-Zhang Equation

The Output Functional

Consider the dimensionless form of the KPZ equation from (3.3 (see, e.g., (3.10)).
Performing a spatial integration within the boundaries (0,1) yields with the definition
of the output functional ¥(¢) from (5.53)

at \Ijs(ts)

s

1 Mg [1 1
—/ dwsﬁihs(ms,ts)—i— 26/ dxs (Bxshs(xs,ts))Q—i—/ dxsns(Ts,ts).
0 0 0

(7.53)

Due to the periodic boundary conditions the diffusive term vanishes. A subsequent
averaging leads to

A 1
<ats\115(ts)> = %ﬁ </ dzxg (amshs(x&ts))2> . (754)
0
In the NESS, ([7.54) becomes
1
O (Ws(ty)) = Tim 2ot < / dz, (6xshs(xs,ts))2> | (7.55)
ts—00 2 0

We now approximate the right hand side of ((7.55)) by (7.48) and thus we find with ((7.51))
for the output functional in lowest non-vanishing order of A.g and for t5 > 1
Neff 1

M ~
<‘Ijs(ts)>67 — 4 (’7—{—1)5

ts. (7.56)

The Total Entropy Production

From Section we know that in the NESS (Asio) = o ts holds with o as the dimen-
sionless entropy production rate given by

o= lim e < /0 1 dz, [(axshs(xs,ts)fm, (7.57)

ts—00

where we now approximate the right hand side of (7.57)) by (7.49). Hence, with (7.52))
we obtain for the entropy production rate for t; > 1

S0 A 2497
0 8 (y+1)242

(7.58)

The Variance

We have
var[W,(ts)] = <(\I’8(t8))2> - <\I/8(ts))2, (7.59)
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where

1
U,(ts) = /0 dag hs(s, ts) = holts), (7.60)

with ho(t) the zero-th coefficient of the Fourier series h(z,t) = >, hi(t)e?™*% for the
KPZ solution. The h; may be expanded in terms of the effective coupling constant
Aeft and to lowest non-vanishing order it reduces to hi(t) ~ h](go)(t), where the latter

corresponds to the solution of the Edwards-Wilkinson equation (Aeg = 0). Hence, to
lowest non-vanishing order we get from ([7.60))

()= () - {( [ o))

ts ts ts
:/ drs/ dss (no(rs)no(ss)) :/ drs = ts,
0 0 0

where (7.47) and the relation (no(r)no(s)) = 6(r — s) have been used. The second
term in (7.59) is known from and thus gives no contribution to the O(A%)-term
from (]7__6TD However, for completeness we note that the next non-vanishing term in a
Aei-expansion of ((W,(t5))?) is O(AZ;) and the prefactor of A%; contains the contribution
1/((v+1)%6%)t2, which cancels the second term in (7.59). This is similar to the continuum
case in Chapter [f] Thus, to lowest non-vanishing order in g, the variance is for all
0 <~ <1 given by

(7.61)

var [U(t,)]S) ~ t,, (7.62)

in dimensionless form.

The Discrete TUR Product

As the variance from ([7.62)) is to lowest order identical to the theoretical predicted one,

the TUR product as a function of 7, denoted by ng), reads with (7.56) and ([7.58]) for
§<1,ty>1

ts Mg 2+99) ts
QF") = (Asten)”) 5 = 58 s
8 &2 )27 A
(w0 R
4 for y=0 (7.63)
=2(2+19%)=1¢9/2 for y=1/2
6 for y=1

Since Q(({Y) is monotonously increasing with ~, the case of v = 0 represents a lower
bound on the TUR product. Hence, the TUR is clearly not saturated as was predicted
in Chapter
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7 Numerical Simulation of the 1D Kardar-Parisi-Zhang Equation

Compared to Chapter [f] we here follow an independent path in obtaining the TUR
product in . Instead of using a Fourier space representation, we derive the TUR
product from real space calculations. In particular, we introduce a smallest length scale
¢ in real space as the regularizing parameter opposed to a cutoff parameter in the Fourier
spectrum in Chapter In other words, we work here with the full Fourier spectrum
but have to approximate the non-linearity by , whereas in Chapter |5[ we calculated
the exact non-linearity, but only on a finite Fourier spectrum with |k| < A. Below we
connect these two approaches. We note that the divergences of (¥(t))? and (Asyo) are
in the present representation in 1/§2 for § — 0, whereas in Chapter [5| these expressions
diverge in A? for A — oo. Thus, the analysis above may well be understood as an
alternative way of calculating the thermodynamic uncertainty relation.

7.A.4 Comparison of the Approximated TUR Constituents with the
Theoretical Predictions

To compare the results of the approximated TUR components in and (7.58]) to
the theoretical predictions from Chapter [5] we need to express the lattice-spacing § in
terms of the Fourier-cutoff A used there. On the interval (0,1), the lattice-spacing is
given by 0 = 1/L, with L the number of grid-points. Using the link between L and A

from ([7.15]) leads to

1 1 1
== _ - o~ .64
0 L 3A+1 3A° (7.64)

where the last step holds for large enough A. Thus, with the theoretical predictions for
(Wy(t))? and (Asior) from Chapter [5| given by

2

(0(12)? =~ A2, (7.65)
)\2

(Asior) ~ =% [5A% = A] ¢, (7.66)

2
we can calculate the relative deviation A of ((\If(t)>§7)) and <Astot)§7), respectively.
For the expectation of the output functional squared we obtain for A > 1 with ((7.64]),
(7.65) and (7.56)

(ot~ (2.t
(W (ts))> (7.67)

112



7.A Analytical Test of the Generalized Discretization for the KPZ—Non-Linearity

Analogously, we get for the relative deviation of <Ast0t>gy) for A > 1 and with ([7.64]),
(7.66) and (7.58)

<A3t0t> - <A3t0t>((;7)

A [<Asm>§g>}

(Astor) (7.68)
_ 9247
T 10(y+ 1)
With the theoretical prediction from Chapter
1
Q = (Asger) €€ ~ 5 — 175 (7.69)

where the last step holds for A > 1, we calculate the relative deviation of the thermo-
dynamic uncertainty product according to

NCUNE

In Table we show the relative deviations of all three quantities for some significant
values of 7. As can be seen, the overall best result is obtained for v = 1/2. For all other

(2 +92). (7.70)

Table 7.5: Relative deviations A

A
+ | (o)) sy QY
0 —5/4 —8/10 1/5
0.392 —0.161 0 0.138
1/2 0 1/10 1/10
1/vV2 0.228 0.228 0
1 7/16 13/40 -1/5

Overview of the relative errors of the approximated TUR components from and
as well as of the TUR product itself from . A negative sign in A indicates
that the respective approximated value overestimates the theoretically predicted one and
vice versa for a positive sign of A.

choices of v as displayed in Table either all the relative errors are greater or, if one
of the three errors is chosen to be zero, the two others turn out to be larger than the
respective ones for v = 1/2. In fact, v = 1/2 minimizes the target function

) = (M) + (Aldsad$) +w (A7) @)
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7 Numerical Simulation of the 1D Kardar-Parisi-Zhang Equation

for w = 2. Choosing, e.g., w = 1, 3 results in v = 0.48, 0.52, respectively. Hence,
~v = 1/2 provides in a natural sense a much better approximation than v =0, 1.

The main purpose of the above analysis was to confirm and explain our key numerical
findings from Figure Table and Figure Table Namely, that for v = 1/2
the error of <\I/(N ) (t))” mnearly vanishes, while (Asiy) is underestimated by roughly
10% and consequently the TUR product is underestimated by roughly 10% as well (see
Table [7.3). These findings are confirmed by the corresponding analytical results in
Table and . Furthermore, we infer from the analysis above that the deviation
for <A8t0t>(N) (and thus for the TUR) cannot be reduced by changing the parameters of
the numerical scheme like lattice-size § = Ax or the time step At. It is instead caused
by an intrinsic property of the non-linear operator N, 5(1/ 2 which recovers the correct

scaling of < fol dz (8zh(0))2>, but underestimates the prefactor in the scaling form of

<f01 dx (8xh(0))4> by exactly 10%.

7.A.5 Numerical Results for the Generalized Discretization of the
Non-Linearity

10t 102 103 101 10° 100 10! 10% 10% 101 10° 108
t t

Figure 7.10: <\II(N)(t)>2 and <Ast0t>(N) from (7.19) and (7.26)), respectively, for /\fl(V)
with v =0, 1/2, 1. The dots represent the numerical data for {v, Ay, X} =
{1.0,1.0,0.1}, At = 1072, E = 250 and L = 128. The straight lines show fits

according to (7.30]) and ([7.33)) with fit-parameters a;, and ey, respectively.

The above analytical results from (7.63)) as well as Table are confirmed by addi-
tional numerical simulations for ./\fl(w with v = 0, 1/2, 1. Figure shows the data

for <\II(N ) (t)>2 and <Ast0t>(N) from ([7.19)) and (7.26)), respectively. We quantify the sig-
nificant differences between the respective graphs in Table A comparison of the
numerically found relative errors A in Table to those analytically obtained in Ta-
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Table 7.6: Scaling factors of <\I/(N) (t)>2 and (Astot>(N)

v fit-values A [%]
0 a1928 9.98 —123
€128 0.315 —81
a 4.39 2
1/2 128

€128 0.155 11

ai128 2.44 46
€128 0.116 33

Comparison of the predicted scaling factors ¢3(L) and c4(L) from (7.19) and
to ay, and ey, from and for the fits as shown in Figure [7.10f Here A =
(3(L) —ag)/c3(L) (and A = (c4(L) — er)/ca(L)) denotes the respective relative errors,
where a negative sign indicates that the fitted value overestimates the theoretical value
and vice versa.

ble shows very good agreement, which supports the above analysis. As the variance
is not dependent on the respective choice of v (see ), which was also reproduced
by the numerics, we refrain from explicitly showing this plot as there is no discernible
difference in the three graphs. Finally, we show the TUR product QW) for the three
different choices of v in Figure indicating a clear distinction between the three dif-
ferent discretizations and good agreement with the analytically calculated values from
represented by the dashed lines in the plot.

Appendix 7.B Expectation of the £'-Norm of J\/(S(W) (RO (2)]
To obtain the result in , we define

RO (z + pé, t) — RO (z — ¢b,1)

(p,9) 7, (0) _
D% h t) = .72
then the expression in ((7.50) may also be written as
My _ L (1.0) (0))? (1,0); (0) (0,1); (0)
MO = 5 [(D5 h ) +27(D5 h )(D5 h ) -

+ (Dgov%w))?] .
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. NO o N A

Figure 7.11: TUR product for three different discretizations of the non-linearity ./\flm
from (7.4), namely v = 0, 1/2, 1. The dashed lines represent the analyti-
cally calculated values from ([7.63) as a reference.

Using ([7.73]), (7.48) for 0 <~ < 1 reads

</01 d:c/\/é(w [h(o)(x,t)]>
_ ﬁ [</01 dae (Dgl’o)h(0)>2> i </01 dr (Dgo’l)h(0)>2> (7.74)
+27 </01 dx <D<($1’O)h(o)> <D§0,1)h(0))>] )

The first two terms in ([7.74]) are calculated via

([ (pono)" = < [ (z h,g0><t>o,gpvq>ezm)2>, 19

keZ

where

627m'kp5 _ e—27rik:q6

(p+q)d

P = (7.76)
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Denoting by (-) the complex conjugate, the right hand side of (7.75) is evaluated as

follows
2
<Z h(o 27lex> >
keZ
_ 1 '
= Z <h,g0)(t)h(0)l(t)>C’,gp’q)(}l(p’q)/ d e2mik=Dz -
kIEZ 0 .

‘ 2

—
c\

‘C]gpvq)

= 3 (Wor0um) cPer = - 3
kez\{0}

keZ\ {0} 2

where we have used in the second step that fol dx e2mik—lz — Ok, with 0y ; the Kronecker
symbol. The third step employs the two-point correlation function of hg)) from ([7.85))
for t > 1, with u, = —(27k)2. Using (7.76]) we get

‘eQﬂika _ 6727Tikq6 ‘2

B Z _ Z Z 1 — cos2mk(p + q)0
- 252 5 -
kezyfoy M rezvqoy 2HE(PHATO veznpoy  ZTRP+a)9)

(7.78)
With the substitution z = 27k(p + ¢)0 and § < 1, we may rewrite ((7.78]) as

1—00527Tl<:p—|—q)5 1 /°° 1—coszx
2 de ————. 7.79
S R M T

The integral in ([7.79) can be evaluated by either using the residue theorem or by em-
ploying an adequate CAS, and yields 7/2. Hence, the expression of ((7.75) is given for
t>1and § <1 by

</01 I (Dgp,q>h<0>)2> ~ M. (7.80)
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The last term in (7.74]) is evaluated analogously. Thus by using again the property of
the Fourier eigenbasis and ((7.85)) for ¢ > 1 we get

1
</ dr (Z h,io)(t)C,gl’o)e%ik‘”) <Z hl(o)(t)cl(o’l)(?Qmm>>
0

kez lez

o Z C,il’o) C(_O,gl) B Z 2cos 2mkd — cosdnkd — 1

= 2
keZ\ {0} 2 o k>0 (27k0) (7.81)
N L Oodx 2cosx —cos2x — 1
o 271'5 0 1’2

1 o 1-— 2 o 1-— 1
= / dxm—2/ do——3% | = [z —27] =0,
216 | Jo x? 0 x? 27 2

where we have substituted z = 27kd with 6 < 1 and used the value of the integral in
(7.79). Combining (7.80) and (7.81]) gives (7.51]).

Appendix 7.C Expectation of the £?-Norm Squared of
N[O ()]

To ease the calculation of ((7.49)), let us first rewrite (7.50) in the following way,

My 1 (1.1, (0))? _ (1,0) (0) (0,1); (0)
N [RO) ,H_1[2<D5 h )+(~y 1)(D5 h )(D5 h )] (7.82)

Consequently,

1 2

dz | (DD RO ]
([ @ [(oi0n)

o - (7.84)

= 2 <h§“>(t)h;&%(t)hﬁ?)<t>h,§‘”n<t>>cl“’”c,il’ﬁcél’” okl

k,lneZ

l,n#k
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where we have used (7.76)). The four point correlation function can be evaluated via
Wick’s theorem and
(WP ORO ()} = Tt )0k, (7.85)
with () )
;1 — e HiT
I (t, 1) = etwttrt , 7.86
ka(t: 1) A (7.86)

pr = —4m2k? from ([3.58). With (7.85)) and (7.86)), the expression in (7.84) becomes

< /0 o [(D§1’1>h<0>)2r>

2
7.87
= > (¢, )0 N et +23 > Tyt Ty (L, 1) (787)
leZ\{0} k€Z 1€Z\{0,k}
1,1) ~(1,1) A(L1) ~(1,1
XCZ( )Clg—l)cl( )Ci(g—z)’
i.e., (7.87)) results in
2 2
. 22
3 Z Hz,l(t,t)ol(l’l)c(_ll’l) 2§ Z sin 7r12(5
4 (27lH)
lez\{0} 1€Z\{0} (7.88)

3 /Oodwsinzx >3 <5)2_ 3
—(276)2 \ x2 C(2m0)2 \2/) 1667
where we have substituted « = 2706 for 6 < 1 and used ([7.86) for ¢ > 1. Next, we will

calculate
([ (200 (0 2109) (100

) o
= Y Mytt) ‘01(1,1)‘ S Mt ) 0P (7.89)
1€7\{0} n€Z\{0}

+23° ST Iyt Ot 0 Vo e ),
k€Z 1€Z\{0,k}

where we have again used Wick’s theorem and ([7.85) with ((7.86) as well as an index
shift k —1 < [ to obtain the prefactor of two in the second term. The first term in (|7.89)
reads for t > 1

) o
ST Mt t) ’CI(LI)‘ ST Muatos? ey
1eZ\{0} n€Z\{0}

~ Y me |

1eZ\{0} n>0

(7.90)

2 Z 2cos 2mnd — cosdmnd — 1 ~0
(27mnd)? o
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7 Numerical Simulation of the 1D Kardar-Parisi-Zhang Equation

since the second sum in ([7.90)) has the same form like the one in ([7.81f). The second term
in (7.89) may be evaluated with ((7.86) for ¢t > 1 by substituting x = 27l for § < 1
according to

SN Wt Ot oc oo o)
keZ 1€Z)\{0,k}

Z 1 1)0(1 0) Z 07(11,1)07(10,1)
1£0

n#0
2

_1 Zl—cos47rl(5 N 1 /Oodwl—cosmc 2_ 1

4 = (2ml0)? T 4(2m6)2 \ 2 1662

where we have again used the value of the integral in ((7.79)). Lastly, with Wick’s theorem,

(7.85), (7.86) and (7.76) we get
2

</01 az (D) (Dg071>))2> =2 3wyt neV ey

1ezZ\{0} (7_92)

+3 3 Mutleed 0 o]

k€EZ 1€Z\{0,k}

(7.91)

2 24in

Here, we used again an index shift & — [ <+ [ to obtain the factor of two in front of the

first sum of (7.92). The first term in (7.92)) has, after inserting ([7.86)) for t > 1 and
substituting = = 27ld the same form as the second sum in (7.90) and thus vanishes. The
second term in ([7.92) becomes for t > 1

S 3 ot ot = 53T

kEZ 1€Z)\{0,k} (7.93)

1 /°° sin?z\” 1, 1
~— dx = ——=T"=—,
47262 \ J_ x? 47252 462
where we substituted in the second step = wld. Hence, combining ([7.88)), (7.90), (7.91)

and ((7.93) leads to

</o1 dz (N§”)[h‘°)(w,t)])2> - (%31)2 [13")(252 + (74_521)2 * 8(176;)

_ 247
Ay +1)%0%

2

(7.94)

which is the result given in (|7.52)).
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8 Thermodynamic Uncertainty Relation for
the KPZ Equation in Higher Dimensions

In this chapter, we will discuss an approach to calculate the TUR product Q for the
KPZ equation in higher dimensions. To this end, like in Chapter [6], we rely on DRG
techniques now generalized to spatial dimensions d > 2.

8.1 Higher-Dimensional DRG

8.1.1 The Renormalization Equations

The derivation of the d-dimensional renormalization equation for the RG-parameters v,
Ag and ) follows the same steps as discussed in Chapter @ In particular, we use the re-
lation between the KPZ equation and the stochastic Burgers equation (see Section
with noise correlations given by

(fila.w) fi(d,w)) = =(2m) " giq; Ao 6% (a + ¢') 6(w + '), (8.1)

in analogy to (6.8)). We obtain the following RG differential equations depending on the
spatial dimension d,

dv(l) e Ky <2
4 — g 'WXO), (8.2)
dA()(l) N Kd ~2
= g MDA, (8.3)
AN(1) = 3—2d Ky~

Here, we have set ¢ = 2—d and Kgq = (29" '7%2T'(d/2)) " with I" the Euler-Gamma func-
tion, see, e.g., [43, 102]. It is important to realize that the definition of the dimensionless
coupling parameter \(I) depends on the spatial dimension d via

(8.5)

where again A’(l) = Age™'. For d = 1, (8.5) reduces to (6.16). From (8.4) we infer the
d-depending fixed-point structure by setting the Lh.s. of (8.4) to zero and solve for Xz,
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8 TUR for the KPZ Equation in Higher Dimensions

which yields

— 0, Gaussian fixed-point,
Ai:{w ) . xep (8.6)
K, 3-0d KPZ fixed-point.

The results of a linear stability analysis of the fixed-points in are given in Table
The stability analysis in Table[8.1] and its graphic representation in Figure [3.3|shows the

Table 8.1: Fixed-Point Stability
‘ Gaussian ‘ KPZ

0<d<3/2 | unstable stable
2<d stable unstable

Linear stability analysis of the two respective fixed-points from in dependence of
the spatial dimension d.

well-known fact that the DRG formalism cannot be used to obtain the strong coupling
KPZ fixed-point for spatial dimensions beyond the lower critical dimension d = 2 (see,
e.g., |54,[68]). In particular, for all d > 2 and X above the phase-separation line (i.e., the
curve A\ (d) = /4de/(Kq(3 — 2d)), see Figure , the RG-flow starting with A tends
to a strong coupling fixed-point at infinity. However, for d > 2 and X below the phase-
separation line in Figure the RG-flow is attracted by the Gaussian fixed-point. This
allows for the application of the DRG scheme in the smooth phase of the KPZ equation,
i.e., in its EW-scaling regime.

Thus, the task is to derive the DRG corrections to the bare propagator Go(q,w) and to
the correlation function C(q,w) for the case of d > 2, which will be obtained via the
same steps as in Chapter [f] We begin by stating the d-dimensional equivalent to the

relation between v(l) and Ag(l) from (6.17)). To this end, we divide (8.2)) by (8.3 and

find
ZUNE UM (8.7)

v\ Ay ' ’
For the case of d = 1, (8.7]) results in the fluctuation-dissipation theorem from ((6.17).
Inserting (8.7]) into (8.2) and using (8.5]) allows for a solution v(I), given by

3e—d K N2 Ao, &/ (3e=d)
=v|l — -1 . .
v(l) 1/<+ 5 8du3A6( ) (8.8)
Hence, for large values of the renormalization parameter [ we have
3 _d K . E/(?)E*d)
() ~ v (1 - 58 87; )\2> : (8.9)

122



8.1 Higher-Dimensional DRG

since, for d > 2, ¢ < 0. Expanding the r.h.s. of with respect to X leads for X° <1
to
K,
v(l) ~ v (1 . 875 )\2> , (8.10)

where the dependence on € has dropped out. With the relation from ({8.7]) the solutions
of (8.2) and ({8.3)) are given for Y <landd>?2 by

v(q) = v(l) ~ v (1 - f;f) : (8.11)
d/e
Ao(g) = Ao(l) = Ay (1 - f) , (8.12)

respectively, where we have set ¢ = |q| = Age™" (see also Section . Contrary to
the case € > 0, see, e.g., Section for d = 1, the results (8.11) and (8.12)) do not

explicitly depend on scale ¢ but show nevertheless corrections in O(X2) compared to the
bare values v and Ag.

8.1.2 The Correlation Tensor

We proceed with the generalization of (6.24)) to d > 2 spatial dimensions. Whereas for
d = 1 the correlation (u(q,w)u(q’,w")) is a scalar, for any d > 1 this correlation becomes
a tensor of the form

(ui(q, w) u;(q',w"))
(2m)d+1 5 (q + ') 6w + W)

Here, Ag(q) is taken from (8.12]), G(q,w) denotes the renormalized propagator given by
1
—iw+v(q) ¢*’

= Cyj(q,w) = ¢; ¢ Mo(q) |G(q,w)|*. (8.13)

G(q,w) = (8.14)
with v(q) from (8.11]), and the indices i, j are the respective components of the solu-
tion vector u(q,w) for the d-dimensional Burgers equation. After a Fourier backward
transformation with respect to w we obtain for € < 0,

(ui(a, t)uj(a,t)) = (2m) Cij(a, |t — ']) 6%(a + d), (8.15)
with A
q; 45 1 —u(q) g2
Ciglat) = 5o =" (@) e D7, (8.16)

From the argument of the exponential function in (8.16)), the dynamical exponent z = 2
associated with the Gaussian fixed-point can be inferred. Like in Chapter [6] we will
use the results from (8.15)) and (8.16)) to calculate the TUR constituents for the case of
d> 2.
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8 TUR for the KPZ Equation in Higher Dimensions

8.2 Calculation of the Higher-Dimensional TUR Constituents

8.2.1 (¥(¢)) and var[¥(t)]

The d-dimensional expression for the expectation value of W(¢) is obtained along the
same lines as for the one-dimensional case, i.e., via spatial integration of subject to
periodic boundary conditions and subsequent averaging. For vanishing initial condition
h(r,0) =0, it is given by

_ ;/Otdt’ /Obdr ((Vh(r, 1)), (8.17)

where we abbreviate fé) drq f(f drg - --fob drg = fob dr. With u(r,t) = —Vh(r,t) and a
Fourier transform in the spatial coordinates we rewrite (8.17)) analogously to (6.4) as

t b / d

;\/dt/ dr/ dq;d/ Z ui(q, ') u;(q,t >6 eilata)r
0 0 1

Y t o) dq / d . f
LSl S
)\ t d

t 2
A/ dt’/ dk 3" G <”k,o>
2 Jo Kl<A T 1 b

d
)\t/ (27r >
= 5 dk C’L’L - K ’

2 k| <A ; b

where the second step holds for b > 1 (see also (6.4)) and the fourth includes the
substitution q = 27k/b to reflect the finite system size, (8.15) and the assumption that
the Fourier cutoff A > 1. Inserting the result for the correlation tensor for ¢ < 0 from
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8.2 Calculation of the Higher-Dimensional TUR Constituents

(8.16)) leads to
At AO d/8—1
U(t)) =22 =% dk
) =7 ud/s/k<A ;rkv < ( ))
d/e—1
”A°< —/\2K> Sd/ di k41
AgA md/2 Al o K\ Yt
=02 - t
2v dI(d/2) < 8d>
A A w2 Al -
~ t f 1
20 arjz) 0 A<l
where
27 d—2 .
Sy = / do [ / dd,, sin® ="y,
0 _1J0
n=l (8.20)

—2 _1/2 _ d/2
— o m/2T((d—k)/2) _ 27

I'((d+1-k)/2) T(d/2)

Similarly, the d-dimensional expression for <\112(t)> is given by

(W(t) << /dt/ dr (Vh(r 2—{—/0tdt’/0bdr77(r,t'))2>. (8.21)

Switching again to the Fourier representation in u(q,w) leads for b > 1 to

(W2(t) << / / q)d i:ui(q,t’)ui(—q,t/)+/Otdt’/0bdrn(r,t')>2>.

(8.22)
Using the same assumption of quasi-normality like in Chapter [6] and the noise autocor-
relation from (3.1)), we arrive at

(W2(t)) = Aobdt+ dt’ Lt dq dq

(8.23)

d
X Z <ui<q7 t/)ui(_qa t/)uj(q/7t”>uj(_q/7t//>> .
ij=1
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8 TUR for the KPZ Equation in Higher Dimensions

Employing Wick’s theorem on the four-point correlation in ({8.23)) yields

2 i a vy A2 L [ da [ dd
(W2(0)) = (W) + Ao bt + /0 dt/odt /(%)d/(%)d

d
X Z <U’L (qa t,)’LLj(q,, t”)> <Ui(—q, t,)uj(_q/7 t”)> )

1,j=1

(8.24)

where (¥(t))? stems from the product of two-point correlations, which have equal indices
i, j, respectively. Inserting (8.15)) in (8.24) and substituting q = 27k/b to take the finite

system size into account, leads to
2 2
£ o ()]

(W2(t)) = (W +A0bdt+/dt/dt’//
[k|<A

Therefore, we obtain for the variance of W(t),

A2t ¢ d 27 2
var[¥(t)] = A bdt+/ dt’/ dt”/ dk Z Cij | ==k, |t' —=t"| )| . (8.26)
2 Jo 0 Kl<A 5 b

i,5=1

ij=1

With the explicit expression for Cj; from (8.16]) we rewrite (8.26|) according to

2 A2 . (d/e-1)
Var[\I/(t)]:Aobdt—i—)\ 29 (1—A2K> /dt / dt”/
812 [k|<A

3 SH i (827
3,j=1

2Kd 2w
h = (l1-XN— )| .
where aq V( >\8d>(b) >0

With the sum in (8.27) evaluating to 1, the momentum integral simplifies significantly
and is given by

var[¥(t)]

2 A oK (d/e—1) o
= AO bdt + )\8 <1 — )\2d> Sd / dt / dt”/ dk k'd 1 —adk2 [t —t |
V2

(8.28)
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8.2 Calculation of the Higher-Dimensional TUR Constituents

Sq from (8.20)). Relying on the aid of a computer algebra system for the evaluation of
the integrations in ({8.28]) and collecting the time-dependent terms, yields

2Ad_2t +1—\ g 72 t4/d_1 d/2
(d— 2)ad 2 aq

(8.29)

var[U(t)]

2
:Aobdt+)\8A

N
N
—
\
>|
[N}
\—/
(Y]
~
U
~
7
—
=
is9

2

To simplify the expression in (8.29), we approximate (1 — XQKd /(8d)) = 1, i.e., assume
A < 1, which leads after reinserting the explicit form of a4 from (8.27) and Sy from
(8-20) to

var[¥(t)]

J A2o /272 pd=2 M AG T(d/2—=2) o 4 (8.30)
=Agb® (142 — )¢ ==,
16 (d—2)T'(d/2) 92+3d/2 12+d/2 7d/2T(d/2)

with Aeg from (3.13]). From we recognize that the DRG scheme led to two cor-
rections to the purely noise driven diffusive behavior of the variance. The first, linearly
proportional to the time ¢, alters the diffusivity, whereas the second correction displays
sub-diffusive behavior for 2 < d < 4. For d > 4 the second contribution is dampened
with growing time ¢. In the limit of £ — oo, the sub-diffusive correction becomes irrele-
vant for all d > 2 and can be neglected for the steady state form of the variance, which
therefore reads

2 pd/2-2 Nd-2
var[W(t)] = Ag b? (1 + iéf <d—2)rA(d/2)> t, d>2. (8.31)

Note, that the structure of (8.31) resembles the lowest-order correction in the perturba-
tion expansion for the variance in Chapter |5, e.g., (5.66) and (5.67)).

8.2.2 Entropy Production Rate

For the d-dimensional stationary entropy production rate o = <%> we obtain from
(4.22)), interpreted in the Stratonovich-sense and for Gaussian white noise,

2 b
:;\Ao /0 dr ((Vh(r,1)* (Vh(r,1)?). (8.32)

o
Here, we rely on the assumption that the stationary probability density functional for

d > 1, which is not explicitly known for the KPZ equation (3.1]), may be replaced by the
stationary PDF of the corresponding EW equation (3.2)), p*[h] ~ exp [—ALO [ de(V h)Q} )
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8 TUR for the KPZ Equation in Higher Dimensions

The latter holds for any d > 2. This assumption implies that the height field may be
treated for large times as a Gaussian distributed random variable. As the DRG scheme
for d > 2 is applicable in the EW scaling regime of the KPZ equation only, we feel that
for the calculation of the stationary entropy production rate ¢ the above approximation
is feasible; at least in the weak-coupling limit, Aeg | O.

Following the same steps as in Section [8.2.1] namely, identifying u = —Vh and switching
to Fourier space representation it follows that

7= 2AA20/ (;f‘)d/ (i?;d/ ég;d

d
x > (ui(d s hui(a — o )uy (@, Huj(—q — o, 1))
ij=1

(8.33)

Applying Wick’s theorem to the four-point correlation in (8.33)), inserting (8.15)) and
substituting q = 27k /b leads to

2
A2 / d (271' >
oo kS0 [ 2k, 0
2A0bd ( [k|<A Z b

i=1

d
+2/|k|<Adk/|k,<A dk ZC”<bk,0 Cij b(k k'),0

k-K|<A  ig=1

(8.34)

Note the involved boundaries of the second momentum integral ensure the Fourier cutoff
is adequately represented (see also (3.80)), (3.85) and Chapter [5). The first integral in

(8.34)) is, with (8.16]), readily evaluated as

d d/e—1
27 Ay 7?2 < 2Kd> d
kS Cy(=k0)=="————(1-X" A
fntme e (Fre0) = S aram (-7
AO 7rd/2
v dD(d/2)

(8.35)
A for X < 1.

For the second one we find with (8.16)) and again Y <1

d
2 2w
Kk K> Gy (K k- ),
/k|<Ad /k’|<A d 03<b ’O>C (b( )0>

A2 K- (k—k)\?
:02/ dk/, dk’</(/)>.
4v k|<A [k'|<A |k”k—k’

k—k'|<A
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8.3 Higher-Dimensional TUR Product Q

Thus, the steady state entropy production rate o for d > 2 and b < 1 is given by,

A2Ay [ 279 A2
= T .
7T 12 LPF?(d/Q) + d]’ (8:37)
with Z,; defined as
K - (k—k)\?
T, = dk dk/ [~ .
0= [ e () (8:38)

[k—K'|<A

The expression Zy may be interpreted in geometrical terms of d-dimensional wavevector
space. Introducing the angle v between the wavevectors k’ and k — k’, Z; is rewritten as

Ty = / dk / dk’ cos® . (8.39)
k'|<A
mea LG

Hence, first, for the outer vector k fixed, cos? v as a function of k’ is summed over the
allowed integration domain, and subsequently a second sum is taken over all wavevectors
k inside the ball |k| < A. The interaction of the Fourier modes k' and k — k' takes
place along their mutual projection onto one another as is indicated by the cos~y term.
Accordingly, the non-linear interaction between the above modes is weighted with cos? 7.
Thus, represents that amount of the entropy production rate, which is generated
by the interaction of the Fourier modes k’ and k — k’ summed over all k, k’ satisfying
the restriction from (8.34]).

8.3 Higher-Dimensional TUR Product O

Combining the results from (8.19)), (8.31]) and (8.37)) yields for the TUR product O from
(14.24))

d*T2(d/2
o=z TN 7, (5.40)
With the interpretation from (8.39)) in mind and with
2 7Td/2
Va(A) = ————— A4 A1

denoting the volume of a d-dimensional ball with radius A, the excess term in (8.40]) can

be written as
4V (A) /

kV; (A k' cos? 7. 42
‘k|<Ad Vi )/|k,<A dk’ cos” (8.42)

k—k'|<A

Eq. (8.42) may be understood as a twofold average of the interaction strengths cos? -y,
v = v(k, k), taken over all modes k, k/, respectively, inside a d-dimensional ball with
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8 TUR for the KPZ Equation in Higher Dimensions

radius A. Therefore, it represents some kind of mean interaction strength.

Unfortunately, this geometrical interpretation does not immediately lead to a simple
way of calculating the excess term in . Instead, we concern ourselves with the
evaluation of Z; from by introducing d-dimensional polar coordinates. To this
end, we will replace the angle v from above by a suitably chosen coordinate angle. As a

first step we substitute
k' =q+k/2, (8.43)

which is a common symmetrization for this type of integrals (see, e.g., [101]). With
(8.43]), the integrand of Z; from (8.38]) becomes after some algebraic manipulation

K - (k—k)\? (1—4%>2
(M) = |q‘2 |q‘4 9 19 = A(k, q) (844)
k| ! 1 -8 2 cos(20) + 16 s

In Figures and we show the relevant entities of ({8.38]), (8.44]), respectively,

Figure 8.1: The allowed domain of integration (blue-shaded area) respecting the bound-
ary conditions [k|, |k'| < A and |k — k’| < A (green and red circles, respec-
tively) for d = 2. The symmetrization via the substitution from ({8.43)) is also
shown.

including their boundaries for d = 2. To illustrate the allowed integration-domain for

the inner integral over q in Figure |8.1) we choose the horizontal coordinate axis to be
aligned with the vector k. As the expression (8.44]) is completely determined within the
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8.3 Higher-Dimensional TUR Product Q

—

\

Figure 8.2: Exact boundary conditions on q for the case of d = 2.

plane spanned by the vectors k and q, higher dimensions can be inferred from the 2d-
case, since the relative positions of the vectors k, q in higher dimensions can be projected
onto the plane shown in Figure In particular, for calculating the inner integral over
q we may in higher dimensions choose the alignment of the coordinate system in such
a way that k coincides with the polar axis. Hence, the angle ¢ from becomes
the polar angle 9 of the spherical coordinate system. This has the advantage that the
angle between k and q is for all dimensions given by the polar angle ¥} of the spherical
coordinate system.

The green and red circles in Figure[8.1represent the conditions k|, |k’| < A and [k—k'| <
A, respectively. The blue-shaded intersection of these two encircled areas shows the
allowed domain that fulfills the boundary conditions on |k|, |k’| and |k — k’|. The right
half of the blue-shaded domain is given by

2
la| < ‘12{’ ( Z|lk/|\2 — sin? ¥ — cos 19) , with ¥ € [-m/2,7/2]. (8.45)

The parametrization of the boundary curve in follows from the law of cosines
applied to the triangle shown in Figure[8.2] Instead of trying to calculate the momentum
integrations exactly via , which seems to be a very cumbersome task, even with
the aid of a computer algebra system, we choose to make the following simplification.
In Figure we have drawn two additional black circles. One with radius A — |k|/2
and one with radius /A% — |k|?/4. As can be seen, the disk with the former radius
underestimates the allowed domain of integration, whereas the disk with the latter radius
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8 TUR for the KPZ Equation in Higher Dimensions

o 2+ Q)
2+ QY

Figure 8.3: Graphs of @ =2+ QZ’Z, respectively, from (8.50|) obtained with the aid of a
computer algebra system.

is an overestimation. Hence, the true value of the inner momentum integration lies
between the values obtained for |q| < A — |k|/2 and |q| < /A2 — |k|?/4, respectively.
In this way we construct an upper (Z%) and lower (Z}) bound on Z; from (8:38) with
(18.43).

Rewriting (8.38]) using (8.43|) with respect to the approximated boundaries of the qg-
integration and, for the sake of simplicity, substituting |q|/|k| = p leads to

A Gua(k) m (1—4p?)
7% =8 / dk k*1 8, / d / 4 sin?2 9 8.46
d </, = P 0 S 1 —8p? cos(29) + 16 p*’ (8.46)

where

gu,z(k)z{ s (u), (8.47)

A
k

N[ =
~—
~
N

S,, from (8.20)), and the term sin?=2 1 stems from the d-dimensional Jacobian. Inserting
the values for Sy, Sy—1 from (8.20) we have
4 7.[.d—l/2

L= - 5 W (8.48)

where

A Guak) —pm gind=2y (1 — 4 p?)?
B A = [ dkk*! / d / v . 8.49
a (M) /0 0 P 0 1 —8p? cos(29) + 16 p* (8.49)
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8.3 Higher-Dimensional TUR Product Q

Hence, we find for the TUR product from (8.40)),

AT (d/2) d? ul
m/2T7((d —1)/2) A2d ¢

Q=2+0Q%, Qy= (A). (8.50)
In Figure we show the evaluation of , where the values for the respective
integrals in were obtained with the aid of a computer algebra system. As can be
seen clearly, both the upper and lower bounds (u and [, respectively) to the true value
decrease with growing dimension d. Further, the difference between the upper and lower
bound also decreases with increasing d. Consequently, the higher the dimension, the
tighter the approximation via to the exact expression from becomes. In
regard to the value of the TUR product Q, Figure [8.3|suggests that for d — co the TUR
will be saturated, i.e. @ = 2 for d — oo.

Like in the one-dimensional case (see ) the convolution term Z; from ,
is responsible for exceeding the saturation value @ = 2. This excess can be traced
back to the amount of entropy production generated by the interaction of the feasible
Fourier modes due to the non-linearity. But there is numerical evidence that the mean
interaction strength from tends to zero from above for d — oco.
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9 Concluding Remarks and Perspectives

Two highly active fields of statistical physics at the present time are stochastic thermo-
dynamics, in particular the thermodynamic uncertainty relation (TUR) for current-like
variables, and stochastic field theories like the Kardar-Parisi-Zhang (KPZ) equation.
The former has led in recent years to a deep understanding of the thermodynamics of
processes on a molecular level. The latter has evolved into a paradigmatic example of
non-linear stochastic field theories due to its rich dynamical properties and its far en-
compassing universality class.

So far, only few connections between stochastic thermodynamics and stochastic field
theories have been made. In, e.g., [127,/128], concepts of stochastic thermodynamics
have been applied to turbulence and in particular fluctuation theorems were used to
gain insight into enstrophy and energy cascades, respectively. Other contributions deal
with the definition of non-equilibrium steady state (NESS) entropy production in the
context of active matter field theories [129] and, more generally, scalar field Langevin
equations [130]. In both publications, the general approach to define entropy production
in a NESS follows the same lines that is pursued in Chapter [4] Publications that address
the stochastic thermodynamics of the continuous KPZ equation explicitly are [131,/132].
The former suggests a framework to formulate a non-equilibrium stationary state po-
tential from which, e.g., fluctuation theorems are derived. The latter proposes a dis-
tinction between internal and external entropy production in the stationary state of a
one-dimensional KPZ system.

The formulation of a TUR for stochastic field theories is novel and a first result of
this thesis. The approach in Chapter (4| for formulating a field-theoretic TUR is based on
an extension of notions like generalized currents and their precision as well as entropy
production to stochastic fields. To exemplify these general concepts, we applied them to
the KPZ equation. For the most part, we concerned ourselves with the one-dimensional
KPZ equation on a finite substrate. In this setting we derived a main result, namely
that the TUR for the KPZ equation holds but is not saturated.

In order to do so, we employed in the first part of Chapter [5| a quite general technique
from the theory of stochastic partial differential equations. It comprises the following
steps. (i) The space dependence of the height and noise field is represented in terms of
their respective Fourier series or, more generally, eigenfunction expansions. (ii) The re-
sulting non-linear integral equation for the time-dependent k-th Fourier coefficient of the
height field is solved by means of a perturbation expansion with respect to the coupling
parameter of the non-linearity. The solution constructed in that way is understood in
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the mild sense [82].

Within this framework, we derived explicit expressions for stationary state generalized
currents and their diffusivity as well as for the entropy production rate to lowest non-
trivial order of the perturbation expansion. This allowed us to show that the TUR
product for a time-integrated generalized current like the spatially averaged height field
has at least the value of five with equality holding in the weak coupling limit. Moreover,
we were able to pinpoint the origin of the excess in the TUR, which was shown to be
caused by mode-coupling effects due to the non-linearity of the KPZ equation.

An advantage of this approach is that it does not rely on deep physical assumptions
and is therefore very generally applicable. This is, at the same time, also somewhat of
a drawback, especially when higher order approximations are to be calculated, which
becomes quickly a cumbersome task. We thus refined our approach in the second part of
Chapter [5]in the following way. On one hand we used the known stationary probability
distribution functional of the height field to calculate equal-time steady state correlation
functions. This enabled us to show that the lowest-order perturbative expressions for the
stationary state current and entropy production rate are actually exact. On the other
hand we invoked the physical assumption of quasi-normality, a concept loaned from tur-
bulence theory [101,/102], to calculate the variance of the spatially averaged height field
perturbatively to higher orders. This variance is the only TUR constituent stemming
from a two-time correlation function.

Using the relevant correlation times of the one-dimensional KPZ equation on a finite
substrate and their respective dependence on the effective coupling parameter, we were
able to state an expected range of validity of the perturbative approach from Chapter
In particular, we found that there exists a certain critical value of the effective coupling
constant, below which the crossover from the EW scaling regime to the KPZ scaling
regime does not occur, since the system reaches its stationary EW regime beforehand.
We thus assumed the perturbation expansion to be valid for all values of the effective
coupling constant that are smaller than the critical one. This assumption was confirmed
at a later stage of this thesis via numerical simulations.

Due to the existence of this critical effective coupling constant, the question naturally
arises regarding a TUR for values of the coupling constant larger than the critical one,
i.e., in the genuine KPZ scaling regime. While a lot of qualitative statements can be
made already by referring to the scaling predictions for the KPZ scaling regime from,
e.g., |20], we need explicit quantitative expressions for each of the constituents of the
TUR. Since the exact results for the entropy production rate and the current in a non-
equilibrium stationary state hold for all values of the effective coupling constant, the
only constituent still to be evaluated in the KPZ scaling regime is the variance of the
spatially averaged height field. To this end we used dynamic renormalization group
techniques in Chapter[6land the correspondence of the KPZ equation to the noisy Burgers
equation in one spatial dimension to obtain an explicit approximate expression for its
two-point correlation in wavenumber space. We derived expressions for the variance of
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the spatially averaged height field, both in the transient phase and stationary state of
the KPZ scaling regime. Moreover, an approximation to a universal scaling amplitude
could be determined analytically to satisfying accuracy from the KPZ equation directly
instead of extracting it from a discrete model within the KPZ universality class as in [20].
Although these findings are byproducts of our analysis, they may be of interest on their
own.

Combining the results for the TUR in the EW scaling regime from Chapter [5| and in
the KPZ scaling regime from Chapter [6] allowed for establishing the TUR for all values
of the effective coupling constant smaller and significantly larger than the critical one,
which constitutes a further central result.

We continued our study of the TUR for the one-dimensional KPZ equation by per-
forming direct numerical simulations in Chapter[7] For the time-discretization we used a
stochastic Heun method reflecting the Stratonovich discretization. The spatial discretiza-
tion is known to be a more delicate matter. Different discretizations of the non-linearity
may lead to significantly different results. This is due to the poor regularity of the KPZ
equation (see Appendices and .

We tested three different popular discretization schemes via a combined generalized
discretization operator. The best results were obtained for the so-called improved dis-
cretization of the non-linearity introduced in |116]. The overall agreement between
numerical and analytical results was quite satisfying. The relative error between the
numerical and theoretical results for the expectation of the spatially averaged height
field and its variance would become smaller via a combined increase of the numerical
system size amounting to a refinement in spatial resolution, the number of independent
ensembles and a decrease of the time-step size. For the entropy production, however,
it was found that the numerical scheme systematically underestimated the entropy pro-
duction by roughly 10%.

Via an analytical calculation we were able to gain a deeper understanding of the interplay
between the generalized discretization operator of the non-linearity and the accuracy of
the ensuing numerical results. In this way, it could be shown that the best numerical
approximation of the entropy production underestimates the theoretical value intrinsi-
cally by exactly 10%. On one hand, this finding solidified the confidence in the overall
numerical scheme. On the other hand, the observation that a quantity like the entropy
production carries an intrinsic numerical error, ought to be of interest in itself and should
be kept in mind when performing direct numerical simulations of the KPZ equation. We
note, that the above analysis may also be seen as an alternative derivation of the TUR
in the weak-coupling limit.

As a final result, we also derived an analytic expression for the thermodynamic uncer-
tainty relation in spatial dimensions greater than two in the linear scaling regime of the
d-dimensional KPZ equation in Chapter |8} To this end we extended the dynamic renor-
malization group approach from Chapter [6] to higher dimensions. It is found, that the
TUR in the weak coupling limit exceeds the value of two also for d > 2. However, with
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increasing dimension, the excess decreases. The analysis suggests that the TUR would
indeed become saturated for infinite spatial dimension. Since the excess above the satu-
ration value could again be attributed to mode coupling effects of the non-linearity, we
concluded that the effective interaction strength of the coupled Fourier modes diminishes
with growing spatial dimension in the smooth phase of the KPZ equation.

Concerning future research, the possibilities are plentiful. One interesting question
is that of a possible phase transition in the TUR of the one-dimensional KPZ equation
when crossing from values of the effective coupling constant below the critical one to val-
ues above. Within our analytical approach this cannot be answered, since the dynamic
renormalization group applies strictly only for values of the effective coupling parameter
significantly larger than the critical one and the region of validity of the perturbation
expansion ends at the value of the critical effective coupling parameter.

Staying with the matter of phase transitions, another certainly intriguing topic is that
of a higher dimensional thermodynamic uncertainty relation in the rough phase of the
KPZ equation. Again, the dynamic renormalization group approach is not feasible due
to its fixed-point structure in spatial dimensions greater than two. Two possible alter-
natives come to mind. One is to employ mode-coupling theory as in, e.g., [70,/133], to
obtain expressions for the one- and two-time correlation functions of the TUR. Another
approach could be the framework of non-perturbative dynamic renormalization group as
introduced in, e.g., [71,134,135]. In this framework, however, the renormalization equa-
tions seem to be too involved for a purely analytical treatment and thus this approach
would have to be carried out numerically from a certain point onward.

A further aspect is the question whether the exact numerical value of the TUR, product
of non-linear field theories is universal in the sense that a whole class of SPDEs yield
the same value of the thermodynamic uncertainty product in the weak coupling limit.
For example, it would be of interest to check, whether driven diffusive systems with
non-linearities given by even powers of the gradient of the field variable show similar or
possibly even the same behavior like the KPZ equation.

Last, but certainly not least, the application of the general formalism from Chapter
to, e.g., the Navier-Stokes equation seems very intriguing. For this particular case,
however, a first hurdle to overcome is the determination of an explicit expression for a
non-equilibrium stationary state probability density functional. To this end, a possible
approach could be that of a weak noise approximation as in, e.g., [65,/66,98,(99,/103].
While certainly cumbersome, the reward in form of a thermodynamic uncertainty rela-
tion for turbulence in fluids might very well make up for it.
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