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Abstract

This work presents a method for generating time-resolved, three-dimensional turbulent in ow condi-
tions for URANS/DDES simulations using the ow solver FLOWer. Turbulent in ow elds are gener-
ated using the Mann Turbulence Model via python’s Hipersim package and are applied as boundary
conditions in the solver. The inow is to reproduce both the absolute values and spectral charac-
teristics of single-point time series and 3D velocity elds represented in atmospheric turbulence. A
dedicated toolchain, InFlow, was developed to process and adapt turbulence input data from the
WINSENT test site near Sbtten, Germany. The approach is designed to be computationally e -
cient, straightforward to apply, and accurate enough for use in practical wind energy simulations. Its
performance and limitations are evaluated across varying in ow scenarios and setups.
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Nomenclature

Tensors (vectors) are denoted bybold symbols.

Symbol  Unit Description
t [s] Time
X1;X2;X3 [m] Cartesian coordinates
ui(x;t) [ms 4 Velocity component in direction i at (x;t)
ui (x) [ms 4 Time-averaged (mean) velocity component
ud(x; ) [ms 4 Turbulent (uctuating) velocity component
X;VY;Z [m] Alternate Cartesian coordinates
u,v;w [ms 1] Velocity components for alternate coordinates
[kgm 3]  Fluid density
p [Pa] Pressure
[m?s 1]  Kinematic viscosity
h [Jkg 11  Specic enthalpy
q [Wm 2] Heat ux vector
f [Nm 3] Body-force per unit volume
i [ms 1] Turbulent variance of u?
[ms 14 (scalar) Overall turbulent variance
I {1 Component-wise turbulence intensity
Ti [{1 (scalar) Overall turbulence intensity
Rjj (r) 1l Velocity correlation function at separation r
13 [Pa] Shear stress component
u [ms 1] Friction (shear) velocity
[{1 von Karnman constant
X3:0 [m] Aerodynamic roughness length
d [m] Zero-plane displacement height
{1 Power-law (Hellman) exponent
" [m?s 3]  Turbulent energy dissipation rate
Kk [radm 1] Wave number
L [m] Integral length scale
E (k) [m3s 2]  Spectral energy density
f [Hz] Frequency
(k) [s] Eddy lifetime for wave number k
1 Non-dimensional time
[s 1 Mean vorticity
! [s 1] Turbulent vorticity
dz [{1 Orthogonal spectral process increment
i (K) [m3s 2]  Spectral covariance tensor
Cij (k) [{l Spectral coe cient
n;j (k) [{1 Complex Gaussian random variable
{1 Turbulence anisotropy parameter
fs [Hz] Sampling frequency
c [ms 1] Speed of sound (sonic anemometer)

I [m] Transducer separation distance



List of Abbreviations

NSE
NSME
DNS
URANS
(D)DES
MTB
RDT
ABL
FFT
PDE
PSD
DFT
FS

BC
TFTH
TKE
cos
IAG

Navier Stokes Equation(s)

Navier Stokes Momentum Equation(s)
Direct Numerical Solution

Unsteady Reynolds Averaged Navier Stokes
(Delayed) Detached Eddy Simulation
Mann Turbulence Box(es)

Rapid Distortion Theory
Atmospheric Boundary Layer

Fast Fourier Transformation Algorithm
Partial Di erential Equation(s)

Power Spectral Density
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1 1.1 Motivation

1 Introduction

1.1 Motivation

Accurate modelling of turbulent in ow is essential for the design, optimization, and performance
prediction of wind turbines. Inow conditions strongly in uence aerodynamic loading, structural
response, and control strategies, making realistic turbulence representation a critical component of
any simulation framework.

Moreover, accurately predicting in ow conditions is not only important to designing more e cient wind
turbines, but also to making informed decisions about turbine placement and site suitability|both of
which are crucial for maximizing energy yield and reducing operational costs.

However, capturing the full complexity of atmospheric turbulence using direct numerical simulation
(DNS) is computationally infeasible for practical applications, especially when large spatial domains
or long simulation times are required. As a result, e cient modelling approaches are needed that can
reproduce the relevant features of turbulent in ow while remaining computationally inexpensive.

This work builds directly on the ongoing research at the Institute of Aerodynamics and Gas Dynam-
ics (IAG) in Stuttgart, where researchers such as Greiner, Schultz, and Letzgus have already made
fascinating progress in advancing turbulence modelling and simulation techniques for ow simulations
around turbine blades and in complex terrain. The aim is to contribute my little part to this line of
research by addressing the need for e cient, physically meaningful in ow generation methods which
can then be used and integrated easily.

On a personal note this work is both a scienti ¢ pursuit, driven by the fascination for ow and the
challenge of solving engineering problems in a practical manner.



2 1.2 Research Environment

Figure 1.1: Turbines and met masts at WINSENT test site [1]

1.2 Research Environment

Research is done using data from the WindForS { WINSENT Test Site near Sbtten, Germany shown
in Figure 1.1. It is located near a slope to improve understanding of turbulent Atmospheric Boundary
Layers in complex terrain. This is very important since complex terrain can signi cantly interfere
with mean ow velocities and therefore massively impacts the e ciency of wind turbines. The test
site features 4 met masts (locations in Figures 1.2 and 1.3) with each carrying a range of di erent
equipment to analyse ow at di erent heights in the Atmospheric Boundary Layer.

Research wind turbine

Struktur X_GK [m] Y_GK [m] ° 2::::;‘“ o
® Profiling Lidar

MMNW 3561565,50 5392288,50 :EEIIS;:::;

MMNE 3561821,80 5392304,60

MMSW 3561519,00 5392153,00

MMSE 3561790,00 5392164,00

Figure 1.2: WINSENT test site met mast locations in
Gauss-Kuger coordinates (MM for met

mast, last two letters for location) [35] Figure 1.3:  Adapted map of the WINSENT
test site [35]

Data provided by the site is crucial for validating or setting up numeric simulations which can then
be applied to a multitude of other applications like nding optimal spots to build wind turbines or
optimising the pro les or structures of wind turbines, ultimately making them more e cient. The
changing conditions of the ABL due to the complexity of terrain were extensively studied and modelled
by Patrick Letzgus in 2023 for this speci c site. Figures 1.4 and 1.5 show the site’s topography and
corresponding ABL mean ow behaviour.

z[ma.g.l]

0 250 500

250
x [m]

Figure 1.5: u in the horizontal (x-y) plane at z =45m
(top) and in the vertical (x-z) plane
(bottom) [18]

Figure 1.4: Satellite image and WINSENT
site topography [26] [30]
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Wind pro les in the test site area can be measured up to 2500m depending on conditions using a
pro ling LIDAR. The site records and provides wind speed and direction data in 10-minute intervals
to sample for interesting ow conditions. An list of the equipment and its location on the met masts
can be found in Figures 1.6 and 1.7.

Figure 1.6: Met mast equipment list [35] Figure 1.7: Met mast equipment positions [35]

Sonic Anemometers

This work utilizes data from sonic anemometers mounted at four di erent heights on each met mast
as shown in Figure 1.9, operating at a sampling frequency ofs = 20Hz. Sonic anemometers are
composed of one or multiple pairs of ultrasonic emitters and receivers. Due to the mean ow impact
on the propagation velocity of waves relative to the receivers, a time discrepancy can be calculated
and therefore the speed of media in which the emitted wave propagates can be calculated. In simple
terms, waves need longer than expected to travel upstream compared to no stream and shorter if
travelling downstream.

Alvaro Cuerva and Angel Sanz-Andes [8] describe and visualize (Figure 1.8) two principles for using
sonic anemometers depending on the complexity and capability of the electronics:

Approach (a): Approach (b):
c I 1
Mm_ ¢ M=L T
Up =g b PT2 %
t=1t txn 1 _1 1
t tiz 2

Figure 1.8: Operation Scheme of sonic anemometers [8] Figure 1.9: Sonic anemometer on one of the WINSENT

met masts [1]
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1.3 Research Objectives

The main objective of this work is to develop an e cient humerical method for simulating turbu-
lent in ow, focussing on maintaining a balance between physical accuracy and computational cost.
To achieve this, the Mann Turbulence Model is used to generate 3D in ow elds that capture the
statistical characteristics of atmospheric turbulence at a given time to serve as a temporal boundary
condition for the URANS/DDES ow solver FLOWer, enabling three-dimensional, time-resolved in-
ow simulations that preserve the essential dynamics with minimal computational e ort. A dedicated
toolchain, InFlow, was developed during this work, using turbulence data from the WINSENT test
site near Sotten, Germany, to archive this.

Discrete numeric goals: The generated in ow must accurately reproduce measured single-point time
series in terms of both absolute values and spectral characteristics, while also capturing the full
three-dimensional turbulent structures and spectra in accordance with theoretic models and present
conditions. It is essential that the resulting in ow re ects the general properties of atmospheric tur-
bulence and matches real-world conditions as closely as possible. Additionally, limits of the developed
tool are to be discussed by comparing results from di erent datasets to evaluate its robustness and
range of applicability.

The ultimate goal is to provide a numerical tool that is fast and easy to use for further simulations of
ow around turbine structures or in complex terrain, to nd out what's possible and how to optimally
realise constrained in ow simulations using Mann Turbulence Boxes with pythons Hipersim and the
URANS/DDES ow solver FLOWer.
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2 Theory and Models

2.1 Atmospheric Turbulence

2.1.1 Synopsis

This section introduces the basic tools and concepts of turbulence modelling used in this work. De ning
turbulence mathematically is actually not that simple and will be discussed, in short, everything that

is not the mean ow is considered turbulence which can be modelled in real space and wave space
equally. As a form of kinetic energy dissipation, turbulence is characterized by the speci ¢ turbulent
kinetic energy exn or spectral energy E (k), whose distribution varies across di erent scales and is
described by the energy cascade in the inertial subrange.

Reynolds Decomposition will be used in every step being required by the Mann Turbulence Model
and also for the URANS Turbulence Closure Model. A second simpli cation, Taylor's Hypothesis of
frozen Turbulence, is often used and required to work with single-point sensor data consistently. This
has to be used carefully though since turbulence on smaller scales dissipates more quickly and might
not validly be assumed frozen.

Furthermore, basic tools for modelling and analysing turbulent atmospheric boundary layers will be
introduced, such as mean wind models and de nitions of Turbulence intensity. This knowledge is
crucial since it will be the basis for spectral models introduced which are the most important tool for
this work.

2.1.2 Turbulent and Mean Flow in the Atmospheric Boundary Layer

Common Reynolds Decomposition splits the velocity eld into a time-averaged mean owt and time-
dependent turbulent ow uYx:t). While this may seem as making the problem more complicated it is
in fact very useful since the two components can be treated independently. Reynolds Decomposition
is given [3] as:

ui(x;t) = ui(x) + uio(x;t) for i = 1;2;3 denoting the axes indices (2.1)

Figure 2.1 is visualising the uctuating velocity u® around the mean ow componentm;:

Figure 2.1: Visualization of Reynolds Decomposition at a point x in space
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Since the direct u® = 0 per de nition, the variance  of the turbulent ow for a given time is used
instead [17]. Comparing the variance against the mean ow, the turbulence intensityl; is acquired [27]:

49—
i= u® Component-wise variance (2.2)
' 1
= 3 @+ @+ @ Overall variance (2.3)
a—
u® ,
I = - = EI Component-wise turbulence intensity (2.4)
r
Ti = = Overall turbulence intensity (2.5)

ol
o |

Another important concept is correlation [3], given as uqi ijU often written normalised as correlation
function:

q__
Rj ()= udf=( u® u®) 1 (2.6)
with the correlation of 2 points decreasing with distancer. This could be used to describe the
correlation of 2 dierent velocity components in a single point (e.g. u$(x + r) and u3(x);jrj =
0), but also the correlation of the same velocity component at 2 dierent points in space (e.qg.
ud(x + r) and uf(x);jrj & 0), which is visualised in the Figure 2.2. Of course the de nition is general
and when dealt with numerically is often denoted as the covariance tensor:

Rjj (1) = hud(x)ul(x + r)i (2.7

where hi denotes ensemble averaging. If these two velocity components are random and independent,
their average product will converge to zero. If otherwise both components have a high or low value
at the same time repeatedly, they correlate. Atmospheric boundary layers at low altitude, i.e. in the
Prandtl layer (x3 . 100 m), are mostly shear dominated [17]. The upper fast layers are slowed down by
the lower slow ones and vice versa, meaning the exchanged momentum is mostly transferred vertically
where an analogue shear tension shown in Figure 2.3 can be de ned. This is done by calculating the
correlation of turbulent velocities ud and ug, which works because the mean ow gradient is assumed
to be a function of x3 and U can de ne the direction of x; (horizontally). The root correlation of u$
and ud is called shear velocityu :

RO
c
wo

13 = ufug; u= = u

Figure 2.3: Visualization of shear stress 13 in
Figure 2.2: Visualization of correlation and ABL
distance [3]
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These de nitions enable modelling the mean owU as a function of x3 given neutral conditions using
the logarithmic wind rule [17] or the Hellman rule [18], visualised in Figures 2.4 and 2.5. This is
extremely important since it enables separation of the mean owu from 3D turbulent velocity elds,
leaving only the turbulent velocity component u%(x; t) to be solved for by other models. For non-neutral
conditions, the mean wind pro le deviates from the logarithmic shape due to thermal buoyancy e ects
as visualised in Figure 2.5.

u x3 d

Log. wind rule:  U(x3) = —In (2.8)
X3,0
0:4 | Karman constant
X3:0 | aerodynamic roughness length
d | zero-plane displacement height
_ . X3
Hellman rule:  U(x3) = U(X30) — (2.9)
X3:0
| Hellman exponent
U(x3;0) | reference mean velocity
X3:0 | reference height
Figure 2.4: Examples of modelled mean wind pro les for Figure 2.5: Mean wind pro les visualized for
showcasing di erent conditions

The so far introduced models mark the basis for comparing and evaluating simulated and real tur-
bulence intensity proles in an ABL as applied and shown by Letzgus in the Figures 2.6 and 2.7.
Notice how variance (2.3) and turbulence intensity Ti (2.5) increase as the mean ow velocityt(x3)
decreases, also notice the di erent peak altitudes sinc&i = f (U(x3) ) and tu(xz! 0)! O:

Figure 2.6: data compared to simulations [18] Figure 2.7: Ti data compared to simulations [18]
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2.1.3 Eddies and the Energy Cascade

Turbulence is a state of chaotic uid motion in which kinetic energy is transferred across a range of
scales and eventually dissipated into heat by viscous forces. While turbulence can be driven by pressure
or temperature gradients, the dissipation process itself refers speci cally to the loss of kinetic energy
through internal friction. Virtually all natural ows on Earth, whether in the atmosphere, oceans,

or the room one is sitting in contain turbulence to some degree, continuously being injected energy
by shear, buoyancy, and surface interactions. Turbulent uids can be observed everywhere and are
truly beautiful in their inherent chaotic behaviour, building vortex structures which are called Eddies.
Eddies at di erent scales are visualised in the Figures 2.8 and 2.9, showing atmospheric turbulence
captured from space and ne scale indoor air motion using a laser and smoke.

Figure 2.8: Big synoptic Eddy formations Figure 2.9: Small-Scale turbulent Eddies in everyday
interfering with clouds [33] environments [2]

Eddies can be modelled as turbulent uctuations associated with a characteristic length scald.,
corresponding to a wave numberk = ZT[%]. The energy cascade characterizes how turbulent kinetic
energy is distributed across wave numbers and each wave number contributes a portida(k) to the
overall TKE. A multitude of models exist describing which oscillations or length scales a turbulent
velocity eld is composed of and how much kinetic energy can be attributed to them. Within the
turbulent scales, the energy cascade process is split into 3 di erent ranges with the inertial subrange
being the most relevant for this work. The following Figures 2.10 and 2.11 visualise the di erent scales
and ranges:

Figure 2.10: Temporal Spectral Energy distribution Figure 2.11: Ranges of the Energy Cascade for the
across di erent frequencies [31] turbulent scales [15]



9 2.1 Atmospheric Turbulence

Big whorls have little whorls, which feed on their velocity;

And little whorls have lesser whorls, and so on to viscosity.

Figure 2.12: Poem by Meteorologist Lewis Frey Richardson from 1922 [31]

The poem shown above in Figure 2.12 summarises the idea behind the energy cascade nicely: A tur-
bulent velocity eld is composed of many di erently scaled structures, with big structures dissipating
into small structures over time. The Length scalel is de ned as the maximum distance of 2 points
velocity correlation (2.6) [27] as an integral length scale (2.10), shown in Figure 2.13. In real applica-
tions this requires setting a certain cut-o value (2.11). As an example ifR; (r) = 0:1 is de ned as
cut o, all points down to 10% normalised correlation of velocities are considered part of the structure
and therefore de ne its sizel, corresponding to the eddies diameter in 2D representations.

Z 1
Ltheo = Rij (I’)dl’ (2.10)
0

Z r(Rj =cut)
0

Figure 2.13: Visualization of correlation and length scale relation [27]

Turbulence can be modelled as oscillating velocity, regarding space and wave number for spatial
Spectra or regarding time and frequency for temporal Spectra. Therefore, speci ¢ turbulent kinetic
energy can either be described using Reynolds decomposition (2.1) in real space as:

ain = 5 UP+ ug?+ ug (2.12)

or in Fourier Space (wave space) using the spectral energy densitlg (k) [31], [3], describing which
oscillations are present at which strength and how much turbulent kinetic energy is carried by them.
Integrating E (k) over all wave numbers would deliver the overall TKE. There are multiple spectral
models describing the energy cascade, the most prominent being the Kolmogorov Spectrum. The
Mann Turbulence Model [20] used in this work utilises the Karman Spectrum:

E(k) = Ck "3k 53 Kolmogorov (2.13)

(Lk)*
(1+(Lk)R)*H®

wIN

E(k)= " 5L3 Karrman (2.14)

It is important to understand the Energy cascade more as a theoretical concept with its mathematical
application being limited to only the inertial subrange as analysed by Josserand [16].
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2.1.4 Taylor's Frozen Turbulence Hypothesis

The concept of frozen turbulence is essential for converting time series data, as recorded by sonic
anemometers at the WINSENT site for a xed point in space, into a spatial dataset by using the
mean ow velocity to translate temporal intervals into spatial ones, and vice versa [28]. Since turbulent
velocity uctuations u¥(x;t) depend on both space and time, assuming they are frozen introduces an
error that grows with the assumed-frozen data’s time frame. However, since di erent turbulent scales
dissipate di erently fast, the validity of Taylor's Hypothesis depends on the scale or wave number
assumed as frozen. The general process is illustrated in Figure 2.14 and will be used in both temporal-
to-spatial and spatial-to-temporal conversions in this work.

Figure 2.14: Example of WINSENT temporal velocity signals converted to spatial signals using TFTH

The Eddy lifetimes change with their corresponding wave number, in Mann [20] this is modelled for
the inertial range of the energy cascade with:

(K)/ " 3k 5 (2.15)

" | denotes an energy dissipation parameter

k | denotes the wave number

By comparing data from simulations using the LES turbulence closure model against real data in two
separate analysis, Higgins [13] found that applying the frozen turbulence hypothesis is valid for:

uft/ pforp 0;34 (2.16)
t | denotes the lifetime of turbulent structures as the time interval in which it's autocorrelation is
bigger than 20 percent

U t | denotes the 'survival distance’ of turbulent structures when translating temporal into spatial
signals (i.e. the structure is carried by the mean ow until it dissipates)

L | is denoting the length scale (i.e. size of the structure)

p | is denoting a percentage criterium for autocorrelation R;j (2.6) (i = j)

Assessing the limitations of Taylor's hypothesis is important since this work fundamentally involves
integrating real world temporal data from sonic anemometers into the spatial Mann Turbulence Model
using Hipersim, followed by a conversion back into a temporal signal to serve as a boundary condition
for the FLOWer ow solver.
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2.2 Turbulence Models

2.2.1 Synopsis

This section is dealing with why turbulence closure models are needed and introduces the di erent
approaches taken to tackle the problem, focussing the Navier Stokes Equations and URANS model
since it is used by the FLOWer ow solver which is used in this work. Solving the Navier Stokes
Equations directly takes a huge amount of resources and still only works for a discretised grid, tur-
bulence closure models are developed to rewrite and simplify the problem to make ow simulations
realistically usable for applications that can tolerate a certain amount of error. The URANS model
struggles with smaller scale turbulence due to the time-averaged approach compared to DNS or LES
but has the advantage of relatively quick solution times.

2.2.2 Navier Stokes Equations

The Navier Stokes Equations are PDE’s modelling momentum conservation. They are often paired
with mass and energy conservation equations, combining all elements necessary to describe complex
ow in ve equations. They can be written in di erential form and integral form. The integral

form makes it more easy to see and understand what's happening while the di erential form is the
most common and practical form. The following refers to Smits (1.55, 1.56, 1.57) in tensor notation,
expanding terms for body forces as speci ed in [3]. Figures 2.15 and 2.16 visualise the terms used.

The mass conservation equation s given as:
q z z
— dav + (u nNdA=0
dt V @V
dV is denoting the overall volume mass,
@V (u n)dA denoting how much mass is transported in and
out over all surfaces. The di erential form is:

@
—+r u)=0 2.17
o " (W (2.17)
The momentum conservation equations are given as:
d Z Z Z Z Figure 2.15: Mass ow through
el udvVv + u(u n)dA= ndA + fdv volume element [22]
dt v @V @V v

u dV denotes the momentum stored in the volume element,
RaV u(u n)dA denotes the momentum ow over all surfaces,
f dV denotes the forces acting on the volume,
@v N dA denotes the stresses acting on all surfaces. Since the
normal stress tensor components include pressure:

= pl+ ,the common di erential form becomes: Figure 2.16:  Stresses on a volume
element [32]

%t+(u r)u =r p+r + f (218)
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The energy conservation equation is given as:
q Z Z z Z Z

— hdv + h (u n)dA= (u) ndA g ndA+
dt v @V @V @v
& RV hdV denotes the enthalpy stored in the volume,
RaV h (u n)dA denotes the transport of enthalpy over all surfaces,
F@\X u) ndA denotes the mechanical work done by surface stresses,
vd ndA denotes heat ow through all the surfaces,
@V (f u)dA denotes volumetric work.
In di erential form, splitting pressure from the stress tensor , this becomes:

(f u)dA
@v

%Tﬂu ryh =p(r w+ :rur g+ (f u (2.19)
with : denoting the double dot product. This problem has 6 unknownsujy; Uup; usz;, ; p; T

and 5 equations, yet if combined with an equation of state like the ideal gas law it is solvable [3].

Directly solving the Navier Stokes Equations is called DNS for direct numerical solution, since this is

very resource intensive, models were developed to improve solution time while producing as minimal
of an error as possible, these are called turbulence closure models.

2.2.3 RANS - Reynolds Averaged Navier Stokes

The RANS approach is pretty straight forward but gets complicated quickly, Reynolds decomposition
is applied to the NSE which introduces an averaged mean ow component and turbulent component.
The equation is then again time averaged, an example for how this works from Brunton [5] assuming
incompressibility and no body forces:

Momentum (2.18) and mass continuity (2.17) equations for incompressible ow:

@u, @u_ 1@p, @u
—+ U —— = - =4
@ '@x @x @f

Applying Reynolds Decomposition (2.1) to the mass equation { u = 0 since u is constant):

@, @, @,k @4 @, @§_,

@x @x @% @x @x @x

@+@+@:r : @7@+@7g+@7@=r U0=0
@x @x @x @x @x @x
Applying Reynolds Decomposition (2.1) in the momentum equation delivers many mixed terms:
@;  @f @] @fl @i o @f
@t @ "ex "ex "ex "ax
@i, @, 0@  ,Of
“ax " UZ@EJr “ax " UZ@E
@i, @f, 0@, oOf
ey ey ey e
1@ 1@p, o 2,0
@x @x WT

This Equation can be simpli ed due to the combination of derivative and averaging operators which
is well explained by Brunton [6], leaving:

!
@i+u2@|i+u3@i: 1@p @, @i, @iy |
@x @x @x% @x @x @x% @x

for the incompressible NSME without body forces. This can be done for compressible ow as well
and expanded to the energy equation if needed.

r u=0;

+

+

ui
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2.2.4 Turbulence Closure Models

The challenge of RANS based Turbulence closure models is modelling the Reynolds Stresse,Tﬁ) [4].

The RANS approach can actually be repeated again and again by multiplying withu® and time

averaging again, producing higher order terms for the Reynolds stresses. Di erent turbulence closure
methods have been developed, limiting accurate computation to the area of interest (i.e. one might
not need to simulate extremely small scale or high frequency turbulence). They often use the approach
of connecting the kinetic energy exchange between the turbulent and mean ow. Figures 2.17 and 2.18
visualise the processes that have to be considered and their corresponding mathematical description.

Figure 2.18: Turbulent kinetic energy k di erential
Figure 2.17: Relevant mechanisms to describe equation ((7.19) in [3], visualised by [4],
turbulent kinetic energy k [3] modi ed)

Commonly used turbulence closure models and modelling tools [4]:

" URANS (Unsteady Reynolds Averaged Navier Stokes):
Extends the RANS framework by allowing the mean ow to vary with time. Although time-
dependent, URANS still applies statistical averaging and models all turbulent uctuations
through closure models, thus remaining a statistical approach.

" Eddy Viscosity Models:
Small-scale turbulent structures are not resolved directly but modelled as an e ective increase
in viscosity. This is achieved using the Boussinesq approximation to approximate the Reynolds
stresses. These models are widely used in RANS and URANS to reduce computational cost by
simplifying small-scale turbulence, allowing more resources to be allocated to capturing larger
structures or longer simulation times.

" LES (Large Eddy Simulation) and (D)DES ((Delayed) Detached Eddy Simulation):
These methods resolve the large turbulent eddies which contain most of the turbulent kinetic
energy using the NSE directly, while modelling the smaller scales through sub-grid-scale (SGS)
models like eddy viscosity. LES is fully grid-resolved for large scales, whereas DES blends
RANS (near walls) with LES (in the free shear regions), making it a hybrid method. DDES is
an improved version of DES with more selective URANS application near walls and used by the
FLOWer ow solver used in this work.

Each turbulence modelling approach has its own range of applicability and inherent limitations. Select-
ing the most appropriate model involves a continuous trade-o between computational cost, simulation

time, and the required level of accuracy. However, the limitations and potential errors introduced by,

for example, the statistical averaging in URANS, must be considered. The varying accuracy is visu-
alised in the following gures.
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Figure 2.19: Direct numerical solution for a sailplane wing [14], modi ed

Figure 2.19 shows the results of a direct numerical solution on a sailplanes NACA-4412 wing pro le
which is obviously highly detailed and also incredibly beautiful. Yet the simulation shown required
over 3 billion grid points and therefore an excessive amount of computing power.

The Figures 2.20 and 2.21 compare the solutions obtained using LES, URANS, and DDES, the latter
being used in the FLOWer ow solver:

Figure 2.20: Dierent RANS based or Figure 2.21: LES model compared to URANS model [29]
containing turbulence models
visualised [7]

Since URANS/DDES as used by the FLOWer ow solver is a feasible and also the only available
approach for this work it's important to understand it's limitations, it may smooth out ne-scale
turbulence structures and fail to capture certain ow details. Its advantage being quicker solution
times and relatively low computing cost if compared to DNS. Extremely accurate simulations are
not feasible for modelling in ow anyway, generating a velocity eld that meets the relevant present
properties makes the solution su cient.
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2.3 Fourier Space and Fluid Dynamics

2.3.1 Synopsis

This Section deals with the numeric modelling of turbulent oscillations in a given velocity eld. Using
Fourier Transform, data, for example from sonic anemometers, can be analysed and split up into a
composition of di erent oscillations and therefore be represented in wave space (Fourier Space). The
basic approach of translating signals using FT/IFT is shown in Figure 2.22.

Figure 2.22: 1-D Fourier-Transform applied to Sonic Anemometer Data (synthetic Data for showcasing)

The Mann Turbulence Model [20] used in this work aims to predict the spectral composition of a
3D turbulent velocity eld and will be the most important tool for this work. As a spectral model

it operates in Fourier Space, this has many advantages which will be explained in this section. The
basic idea of spectral models is to apply all calculations in Fourier Space, with its basis being wave
numbers k;, only transforming back into real space as the last step. Fourier Space can also be used
to solve PDE’s if given initial conditions while still describing the spectral composition of turbulence

at the same time making it a very powerful tool in Computational Fluid Dynamics. To make this
numerically possible the FFT algorithm is needed, massively reducing computing time. A general
scheme of this method is displayed in Figure 2.23.

Problem
not solvable or Solving the Problem

complicated if Fourier Space Numerical

in real space like FET characteristics allow Inverse EET Solutiqn
, > for a solution > of the given
Unsteady Navier{Stokes given an initial condition problem in
Momentum Equation (e.q., real space

(used in RDT for or velocity eld)

the Mann Model)...

Figure 2.23: Scheme of solving mathematical problems in Fourier Space
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2.3.2 Fourier Transform and its Numerical Realisation

The de nitions introduced in this subsection all refer closely to Eisermann’s advanced maths script [11].
Discrete Fourier Transform (DFT) in one-dimensional form and its inverse (for a one-dimensional grid
with N points) is given as:

X1 X
flo = foe INKN fo= =7 fledTkN K0n=0;120N 1
n=0 k=0

This can be interpreted as tting every grid-compatible wave function on any of the given points in
real space 0;f ) and transforming them into Fourier Space (k% f'(k9). Note that to model the signal
(n;fn) as shown Figure 2.22 in real space, the inverse transform is required. Compressing all the
constants, i.e. substituting k = ZWko, the DFT can work with 2 ranges of wave numberk, the latter
being used in pythons numpy:

X 1 _ X 1
fi= fne ® = £ (coskn) isin(kn))
n=0 n=0
12 .. (N 1) 2 (N 1) ... e (N 1)
k2 0 N N or k2 N Dl N’O'N" N

This can also be expanded to three dimensions. Computers are obviously using the discrete form but
literature mostly uses the analytical form, both are given as:

N1 LN% IN3 1

(k) = f(n)e 'kn (Discrete Fourier Transform) (2.20)
ni;n2;n3=0
1 Z
(k) = 22 f(x)e 'K*dx (Analytical Fourier Transform) (2.21)
R
L MLtk BN 1 _
F) = oG fi(k)e'kn (Inverse Discrete Fourier Transform) (2.22)
1213 k1;kz2;k3=0
1 Z
f(x)= 292 (k) € K * dk (Inverse Analytical Fourier Transform)  (2.23)

The analytical notation will be used in the description of the Mann Turbulence Model [20] when
transforming the covariance tensor. Note that this is just translating in and out of Fourier Space.
Two beautiful examples from [11], showing the relation between a 1D signdl (x) , its FS components
and its spectral form f'(k) are given in Figure 2.24.

Figure 2.24: Visualization of analytical FT and IFT for di erent 1D signals [11]
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2.3.3 Using Fourier Space in Fluid Dynamics

Wave vectors are obviously treated as the location in Fourier Space:
k = ki€1 + ko&s + kses; €1 =(1;0;0); €,=(0;1,0); e3=(0;0;1)

It is extremely important to understand what the coe cients f'(k) actually are: They describe how
strong each oscillation, which can be represented by a given grid, is present, decomposing the seem-
ingly chaotic values of turbulent elds into a set of many single wave functions. Instead of directly
transforming back into real space and modelling these wave functions there, analysis can just be done
in Fourier Space. Inverse FT is only applied in the last step, see the 1-d analytical unitary form of

the inverse FT:

Z Z
f(x)= }912— 11 f\(k)e** dk = 1912— 11 f\(k)(cos(kx) + i sin(kx)) dk

this is returning a combination of wave functions for each wave numberk, representing the angular
frequency k = 2 f= u of the wave functions used to model the real space problem [20]. Sind’é(k)
is describing the composition of all (given the analytical form over all R) turbulent oscillations in
a given velocity eld. Spectra can be de ned spatially, regarding location and wave numberk,
and temporally, regarding time and frequencyf, e ectively analysing "how much of which wave",
describing how strong a turbulent oscillation of a certain wave number or frequency is present in a
given velocity eld. Therefore, the distribution of turbulent kinetic energy E (k) across wave numbers
k can be related to energy cascade models using Parseval's theoreri(k) / j f(k)j? [11]. That is
becausejf’\(k)j2 describes velocity squared, which can be interpreted as speci ¢ kinetic energy.

Since many di erent oscillations are present at any given time and place in turbulent velocity elds,
the Power Spectral Density is used. Its de ned as the Power Spectrum with Equivalent Noise Band-
width correction (ENBW). This can be necessary to account for "cutting o " some wavelengths when
discretising the Problem onto a non-in nite grid and to compensate for overlap of the single powers
de ned by the sampling rate. It is realised by applying a weight function ! (n) to all the discretised
points [21]. Yet a rectangular window function is used most of the time { (n) = 1):

ks sampling wave number

P
j0i (kDi2 J ! (0)J?

Si(k) = - n!2(n)/ Eii (ki) (General PSD) (2.24)
Sii (k) = j?\il(k‘k)sjz (PSD for rect. ( ) window) ~ (2.25)
Sice(ki) = ki Si (ki) (Compensated PSD) (2.26)
Si en(ki) = k'i'z(k') (Norm. Comp. PSD) (2.27)

The spatial power spectral density S(k) of a turbulent velocity eld is proportional to its turbulent
kinetic energy distribution E (k), as described by the energy cascade theory. The compensated spatial
or temporal PSD, k S(k); f S(f), share the unit of speci ¢ turbulent kinetic energy [m?=s?], and
are therefore well suited for visualizing the contribution of an individual wave number or frequency
to the overall turbulent kinetic energy of the eld. This relationship enables the interpretation and
comparison of turbulence measurements with theoretical spectral models and therefore is extremely
important to judge if simulations match theory or data and vice versa.
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Below, an energy cascade scheme is shown in Figure 2.25. The Kolmogorov spectrum (2.13) and the
von Karman spectrum (2.14) are shown in Figure 2.26, both characterize the energy cascade, with the
latter being used to form initial isotropic conditions for the Mann Turbulence Model [20]. Examples of
how spectra can be used in di erent contexts are displayed below in Figures 2.27 to 2.29 and include
spatial and temporal modelling.

Figure 2.25: Energy Cascade Scheme (2.25) [34] Figure 2.26: Karman and Kolmogorov Spectra
(2.25)
Figure 2.27: Normalised compensated spatial PSD Figure 2.28: Compensated spatial PSD (2.26) from
(2.27) from Mann [20] (smooth) hipersim simulations compared to theoretical
compared to measured Data (ragged) spectrum [10]

Figure 2.29: Temporal PSD (2.25) from Schultz [25] for di erent grids at 2 di erent locations modelling turbulence,
note how higher grid resolutions model higher frequencies better
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2.3.4 Relating Turbulent Kinetic Energy from Physical to Fourier Space
Generally, TKE (2.12) is de ned as:

1
— 0,0 0,0 0,0

which can be represented by the diagonal entries of the covariance tensor (2.7):
Ri (jrj = 0) = huf(x)u(x + )i = hufx)ul(x)i

denoting exactly these velocity components for a speci ¢ pointx in real space. Instead of integrating
over all points x, the covariance tensor can be transformed into FS jj (k) = Ff Rjj (r)g (2.21) around
a constant point x as:

1 lelzl

PBE R (r)e '®Ddv(r) (FT of Rjj (x;r)) (2.28)

ij (K) =
with  j (k) denoting the covariance tensor of the velocity eld in FS [3].

Furthermore, TKE of the eld can be calculated in wave space by integrating the k-dependent spectral
energy distribution E (k) over all magnitudes (lengths) ofk [3] (i.e. all points in FS):

Z,
udu? = ) Ei (jkj) dikj  kinetic energy per unit mass (2.29)

NI =

Since Ej (jkj) = f (jkj) depends on the magnitude of vectork it is representing the TKE within a
spherical surface of the wave space as visualised in Figure 2.30:

Figure 2.30: Visualisation of jkj and djkj in wave space, [3], modi ed

This is nally tting all the necessary pieces together, relating TKE of wave space and real space as:
I

1 . .
Eij (k) = 2 i (k) dA (k) (Integr. over all spherical surfaces in FS) (2.30)
jkj=

with j (k) dkidkodks denoting the energy content of an elemental volume in wave space. Integrating
over all spheres with magnitudes ofk (i.e. all elemental volumes in FS) delivers the overall TKE

(2.29). Since the covariance tensor provides the mathematical link between the velocity eld in real
and wave space, predicting (2.28) numerically is the central objective of the Mann turbulence model.
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2.3.5 Solving PDE's in Fourier Space

The next huge advantage of transforming into Fourier Space is being able to substitute derivatives
with complex constants due to the nature of the complex exponential function [11]:

@ . . @ B h |
F @; (x) = ikf'(K); @; x)= F ! ikf(k) (2.31)

which is especially useful ag; has discrete values, so deriving in Fourier Space becomes a multiplication
of a complex constant to the transformed function. If this is applied to the 1-d heat equation as an
example:

@T aT .
== = Heat E
ot @z (Heat Equation)
@A(@;;tt) = k2f(k;t)  (Fourier Transform)
solving the di erential equation in Fourier Space:
i) = Tx(0)e ¥ ™ (Fourier Space Solution)
1 X! 2
T = § Tc(0)e ¥ “tek"  (Discrete Inverse Transform)
k=0

a discrete solution which is only dependent on initial value, grid and is obtained which can be
easily calculated by computers. Mann uses this method on the Navier Stokes Momentum Equations
when handling Rapid Distortion Theory to derive the Mann Turbulence Model.

2.3.6 Fourier Space in CFD - Footnote

Spectral models signi cantly reduce computational cost compared to, or when assisting, direct
numerical simulations (DNS) or other turbulence closure models. However, their practical utility
would be very limited without the Fast Fourier Transform (FFT) algorithm since transforming in
and out of Fourier Space would take to long. The FFT algorithm reduces the computational cost
scale from O(N?) (standard matrix multiplication) to O(N logN) for N grid points. A description
of this truly remarkable algorithm can be found in the Appendix.

The integration of turbulence analysis in Fourier Space combined with the Fast Fourier Transform
represents an exceptionally elegant method. The ability to solve complex problems in transformed
(wave) space while maintaining a direct connection to real space through spectral representations is
both conceptually profound and computationally e cient. The chain of combined ideas, theoreti-
cal insight and numerical speed o ered by FFT-based spectral methods is outstanding and simply
ingenious. The InFlow toolchain developed in this work uses python’s Hipersim which uses the spec-
tral Mann Turbulence Model, enabling the rapid generation of 3D turbulent ow elds in timescales
ranging from few minutes to only seconds.
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2.4 Mann Turbulence Model

2.4.1 Synopsis

This section deals with the turbulence model originally introduced by Mann in 1994 [19] and further
re ned in a later publication [20] which the subsequent content closely follows. Also, the derivation
of the Mann Turbulence Model will be related to concepts and context already introduced in chapter 2.

To spectrally model the covariance tensorRj; (2.7) and therefore modelling the velocity correlation
of a turbulent velocity eld, Mann solves a simpli ed version of the NSME (2.18) in Fourier space by
applying Rapid Distortion Theory. The spectral covariance tensor j (2.28) is then given an initial
condition using the von Karman energy spectrum (2.14).

Since the solution is both space- and time-dependent, Mann introduces k-dependent eddy lifetime
approximation (k) (2.15), re ning it to eliminate the time dependence, thereby obtaining a static
spatial model. A stochastic turbulent velocity eld uYx) is then generated by applying the inverse FT
(2.23) while the mean ow is separated (2.1) and de ned parallel to axis 1u(x) = ( U; 0; 0) (horizontal
mean ow direction).

2.4.2 The Approach

The ultimate goal of the Mann Turbulence Model is to approximate turbulent velocity elds. To
analyse the relations between velocities in di erent pointsuqx) = (u$;u%; ud) = Uietar (X) (T(X3);0;0)
generally, the covariance tensor (2.7) is used:

Rj (1) = ulx)ud(x +r)i;  bAi =

where hi denotes ensemble averaging.Rj; analyses the correlation between the velocities at two
points and ij denote the axes indices. Averaging the ensemble will result in larggRjj j for strong
correlation (i.e. shared characteristics at a certain time) and will converge to 0 for no correlation.
jRijj j will typically decrease with distance.

Simulating this correlation numerically will allow generating the underlying velocity eld. To make

this numerically solvable, the covariance tensor is transformed into Fourier space (2.28) as follows
(analytical notation (2.21)):

Rj (r)exp( ik r)drydrodrs

Calculating the spectral tensor j is therefore the main challenge. It is dependent on the so-called
orthogonal ProcessZ. hdZ; (k)dz; (k)i is the equivalent to hJiO(x)ujO(x + r)i in Fourier space and was
already introduced at the end of (2.3.4):

hdz; (k)dz; (k)i = (k) dkydkodks:
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2.4.3 Rapid Distortion Theory

The goal of implementing Rapid Distortion Theory is to derive a dZ which can be used to calculate
the values of the spectral tensor j; . This is archived by combining 3 separate ideas.

Idea 1: Solving the Navier Stokes Momentum Equation for vorticity

The NSME (2.18) in its general incompressible form is given as:

@i+ m)
ot

Reynolds Decomposition (2.1) shall be applied withor denoted asU, as used in the original document:

1
+(Ugsm) M Ugem) = T P+ T 2Ugem)

Uem) = UX)+ udx;t)

Splitting U+ m iNto mean ow U and turbulent ow u® assuming linear shear and therefore U as
constant, the NSME becomes:

Du®
+ uyo

1 : :
Bt r U= —r p+non-lin. and viscous terms:

Since distortions are assumed to happen in short periods of time in RDT, the linear terms will dominate
the NSME so non-linear and viscous terms are dropped and the curl is taken. The Figures 2.31 and
2.32 below show the uniform shear assumption, why U is constant and why this assumption is
causing low error.

Figure 2.31: Uniform shear assumption visualised from [19] Figure 2.32: Comparison of logarithmic wind pro le
and linear t

Splitting the vorticity into two components as well delivers:  (mean vorticity) and r U (mean velocity
gradient) are constant, while! (turbulent vorticity) and u® (turbulent velocity) are not, resulting in
an expression for turbulent vorticity ! :

Du”, wWru =r Lo bu®_ D!
Dt - P Dt Dt
Given the vector identity r ~ (u® r U)=(r U) ru® (r u9 ru,
r U= andr U = const:
D! .
— = ru+! ru 2.32
Dt u (2.32)

Note that this is directly derived from the Navier Stokes momentum equation by linearising it and
taking the curl. Solving the NSME for turbulent vorticity has the advantage of simplifying it, con-
taining only 3 non-constant parameters! ;t and r u® Equation (2.32) is now to be solved in FS by
relating its terms to spectral components.
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Idea 2. Wave front advection equation

Separately, the mean ows impact on the wave vectors needs to be taken into account:

0 1
dk 0 00
= (rU)k k(@=exp(r Utke; ruU =@0 0 A
dt U
& 00
0 1
1 00
k(t)y=exp(r Utkko=@ 0 1 Ak (2.33)
Yt 0 1
dz

This is necessary since the wave vectdk will be used to model turbulent oscillations but mean ow
interferes with spatial spacing of points, thereforek and r U are connected (i.e. wavelengthso
are distorted by the mean ow with time). In (2.33) this corresponds to a changing k3 component,

e ectively " attening" the eddies in real space due to mean ow advection, as visualised in Figure
2.33:

Figure 2.33: Impact of mean ow advection to ks from [20]

A non-dimensional time and a de nition for the mean vorticity are introduced to be used later
on to substitute dU=dz

_du
= Et (2.34)
du _ T
=(0; dZ;O) (Result from r  (U(z2);0;0)") (2.35)
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Idea 3: Relating turbulent vorticity to dZ

! is already de ned as turbulent vorticity. Fourier transforming it as d = ", using (2.31) to
substitute a deriving operator:

I'=r u h=d =ik dz
Resulting in the the relation:
'k d

dz(k;d )= 2 (2.36)
Assembly
In order to solve the simpli ed NSME from RDT in FS, (2.33), (2.34), (2.35), (2.36) are now used to
write (2.32) as: 0 1

d s
M =k, dZ+ @0 A
D 0

This equation can ultimately be written as:

0 1
k2 k3 K2 dZs 2kiksdZy

2
DkDidZ:@ 2ky (ko0Zs  kadZp) A
0

which is extremely useful since this is a di erential equation that can be solved fordz, therefore
making it possible to calculate the spectral covariance tensor jj .

2 3
1 0 1
dz(k; )= 40 1, 5dz(ko0)
0 0 K=Kk
_ ko . . _ ko
1= C Ecz, 2= EC1+C2
C, k 2(k3 2k3+ Kk 1ksp) C, = Kok2 an 1 K (ki + k3)
K2(kZ + K2) K2+ K2) k2 ksoks

To summarize: Mann derived an expression fordZ which can be marched forward in the non-
dimensional time from the NSME, dropping higher order terms since this approximation is valid in
this case. VariabledZ for a certain wave-vectork and time has discrete values and could already
be used to Il the spectral tensor j given an initial condition.

Initial (isotropic) conditions can be generated with the von Karman tensor and its energy spectrum
E (k) (2.14):

E(k

0= -
This is still a time-dependent problem, the spectral tensor jj, which describes the covariance of
velocities at di erent points in Fourier Space, will vary with time, i.e. become more anisotropic,

meaning that the distribution of TKE di ers between directions.

i k2 kik
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2.4.4 Making a static model

The core contribution of the Mann Turbulence Model is the postulation of a stationary spectral tensor:
i ()= (k; (k)

and modelling Eddy lifetimes (hypergeometric approximation of lifetime regardingkL) as:

Blw

=

17

36

1
®= Y ww iR

5 . (kL) 2 (2.37)

Wl

which can substitute t with k-dependent (k) and thus eliminate the temporal component, the spectral
covariance tensor components are now static and given as:

s00= BkaS = E00g 419

u)= S G K 2aks 1+ (K D) ]

22(K) = i(:%) k2 K2 2koks o+ (K2+ k) 2

12(K) = i(:%) kikz kiks 2 koks 1+ (kE+ k3) 1 2
13(K) = i(:%) kiks + (k§ + K3) 1

23(k) = i(:%) koks + (kf + K3) 2

Numerically this is utilised by calculating the coe cients Cj using the spectral tensor j :

(2 )%

WA” (K)=( ki ko ka)'PAj(K); AgAx = i k=

Cjj (k) = il

this can be solved numerically for the velocity eld u(x) usjng inverse DFT (2.22) wheren; (k) denotes
an independent complex Gaussian with unit varianceE jnj(k)j2 = 1, randomizing the real and
complex component for eachk to realise the stochastic nature of turbulent velocity elds:

X
ui(x)=  €**Cj (k)n; (k)
k

Luckily this is already beautifully programmed and made available with the Hipersim package in
python. Note that the output uqx) denotes the turbulence around thex; axis mean velocity. For
numerical applications this might require rotating the velocity eld if working with real world data as

will be done in this work.
0 1
u(xa)
ux)= ufx)+ @ o A (2.38)
0
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3 Numerical Models

3.1 Pythons Hipersim

3.1.1 Mann Turbulence Boxes and required Parameters

This work will utilise pythons Hipersim package [9] to generate boundary conditions for the FLOWer
ow solver. Hipersim produces a 3D turbulent velocity eld de ned on a structured grid. This grid

is not directly based on physical length dimensions but on the number of points speci ed in each
spatial direction. Points are equidistantly spaced for each dimension, the actual physical size of the
grid is determined independently through user-de ned step lengths for all three directions of space.
The result is a 3D Cartesian mesh (Mann Turbulence Box) over which the turbulent velocity eld is

de ned, with spatial resolution being controlled by the user. Generating Turbulence with the Mann
model requires additional parameters as described in [20]. These parameters govern the characteristics
of the modelled turbulent eld and correspond to the fundamental quantities given in Mann’s original
formulation as Figures 3.1 and 3.2:

© " 273 (oat)
" denoting the viscous energy dissipation parameter
denoting the spectral Kolmogorov constant

" L (oat)
L denoting a turbulence length scale parameter i.e. the size of the energy containing eddies

"~ (oat)
denoting a turbulence anisotropy parameter

Figure 3.1: Required Parameters " 272 and Figure 3.2: Required Parameter  [20]
L [20]

Hipersim can only work with constant parameters and mean ow, yet the parameters required are
height dependant as visualised in Figures 3.1 and 3.2. This is addressed in 4.2.1 and 4.2.3.



=

27 3.1 Pythons Hipersim

3.1.2 Generation of Mann Turbulence Boxes

Hipersim obviously requires other numeric parameters, the most important ones are listed here:

Nxyz(int, int, int): Dimension of the turbulence  HighFreqComybool or int): Selects whether

box in grid steps for each dimension and how high-frequency compensation is
applied:
dxyz( oat, oat, oat): Spacing in meters ~ 0 or False (default): No
between grid points along thex;y; z compensation
coordinates. Controls the physical extent

" 1 or True: Fast compensation
method (not identical to Mann, 1998)

double xyz : (bool, bool, bool) Controls 2: C++ method, based on Eq. A.6 in
whether the box is doubled in each Mann (1998)

dimension to avoid periodicity artefacts. If seed(int): Seed for the random number

of the box

enabled, a larger box is generated and generator used during turbulence
halved generation, enabling reproducibility
Mann Turbulence Boxes are then generated using théMannTurbulenceField.generate operator,

Figures 3.3 and 3.4 show responsible code sections and slices through the generated eld:

# generating Mannbox

mtf = MannTurbulenceField.generate(
alphaepsilon=alep,
L=Lval,
Gamma=Gval,
Nxyz=(nxgrid,nygrid,nzgrid),
dxyz=gridres,
seed=seed,
HighFreqComp=frcmode,
double_xyz=dbxyz)

QWO ~NOOODSAWNEPE

Figure 3.3: Code example for MTB generation in InFlow
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Figure 3.4: Slices of a Mann Turbulence Box [10]

Reading out the data from the Mann Turbulence Box can either be done for specied grid points
with the .to xarray.sel()  operator or by interpolation in between the grid points for coordinate
values by using the operatormtf(x _value, y _value, z _value) . The latter is used in cgnsToGust.py
since it references a FLOWer grid with its own coordinates and grid resolution. At this stage, the
generated Mann Turbulence Box represents a theoretical shell, derived solely from model parameters
under assumed ow conditions and numeric inputs. It has not yet been informed by actual data.
Subsequently, the MTB has be scaled to meet the given turbulent conditions and constrained us-
ing real-world measurements, including anisotropy. Figures 3.5 and 3.5 show the e ect of applying
anisotropy in Hipersim, note the shift in peaks of the velocity components spatial compensated PSD
2.26 and corresponding wave numbek;.

Figure 3.5: Random Hipersim output for =0 Figure 3.6: Random Hipersim output for =3
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3.1.3 Turbulence Scaling and Robust Constraining

Hipersim o ers additional operators, the most important ones being the turbulence scaling
operator and the constraining operator . These can be used to make the Mann Turbulence Box
match actual real world data and conditions.

Turbulence scaling can be done for a constant value of i and U. This is not the case in atmospheric
boundary layers but can be accounted for later on when setting up InFlow. In Hipersim this is realised
with the .scale _TI(TI=(float),U=(float)) operator and e ectively results in scaling the turbulent
velocities as visualised in Figure 3.7 foru3. It is crucial to do that before applying constraints,
otherwise the given atmospheric properties will not be re ected in all of the Box but just at the
constrained points.

Figure 3.7: Visualization of turbulence scaling in Hipersim for u?

Constraining is then done with the .constrain(dataset([  x1;X2; x3;u$; u9;ul])) operator, e ects
are shown in Figure 3.8. Note that this already requires a spatial form of anemometer data which can
be acquired using Taylor's hypothesis of frozen turbulence. However this requires special care since too
many constraints can make the model unstable i.e. diverge to turbulent velocities of multiple hundreds
of meters per second. This instability is depending on the parameters given to the model, especially
and the number of data strings used as constraints. Note that instability issues are more likely the
bigger the grid becomes numerically, thedouble xyz was found to actually increase instability.
Testing Mann Turbulence Boxes with synthetic data to get an approximation of how many con-
straints can be applied to a specic grid while keeping the model stable; it was found thatthe
constraints reducing factor n is quadratically proportional to n /2 and proportional to
N/ Nopatastings - Note that this is just an estimate since all parameters, box size and constraints
themselves in uence model stability.

Figure 3.8: Visualization of applying constraints in Hipersim [10]
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3.2 FLOWer and cgnsToGust.py
3.2.1 FLOWer

FLOWer is a numerical simulation tool developed by the German Aerospace Center (DLR) for solving
uid dynamics problems, particularly in aerospace and wind energy applications. It uses the nite
volume method to solve the unsteady Reynolds-averaged Navier{Stokes (URANS) equations and has
been expanded to DDES applications. FLOWer operates on structured multi-block meshes provided
in the CGNS (CFD General Notation System) format. This allows users to assign detailed boundary
conditions directly to the mesh, such as in ow and out ow plains or walls. The tool can parallel process
multiple zones making it ideal for fast, yet accurate enough ow solutions. It has been successfully used
to model wind turbine aerodynamics and atmospheric turbulence. Computational grids in di erent
shapes, di erent sizes and resolutions can be used, Figures 3.9 and 3.10 show di erent grids:

Figure 3.9: Dierent .cgns grids visualised - 3D with multi-block computation zones

Figure 3.10: Dierent .cgns grids visualised - 2D grid resolutions used for URANS/DDES ow simulation

The grids used in this work are de ned in a oor-centred coordinate system, wherez.qns 0 and the
X.cgns - and Yy cgns -coordinates are symmetric, i.€.Xcgns 2 [ @;a], Yegns 2 [ b; 4.
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3.2.2 Translating Data to FLOWer

Translating data from Hipersim to FLOWer is obviously necessary to combine the introduced numerical
tools. This is done using the programcgnsToGust.py, developed by Louis Gagnon at IAG in 2024.
It maps each point in the .cgns mesh’s COS to a corresponding point in the Mann Turbulence Box
generated by Hipersim. The positions of the FLOWer.cgns volume inside of the MTB over time are
visualised in Figure 3.11.

Figure 3.11: Visualization of the relation between the Mann Turbulence Box and FLOWer volume

Depending on the settings,cgnsToGust.py Iters the relevant mesh points and assigns them to po-
sitions in the MTB for each selected time step. The program then creates aust.szplt le, which
provides the FLOWer ow solver with velocity data at the pre-selected surface positions (GUST’s).
It's operation procedure is illustrated in Figure 3.12 below.

User Input Con guration: Speci cation of surfaces intended to use, time interval
settings and moving pattern of the FLOWer volume inside the MTB

v
Surface Mesh Extraction: Importing .cgns mesh into Tecplot360 environment;
parsing of .cgns le to extract all zone names

v

Zone Name Filtering: Non-surface and irrelevant zones are removed; ltering
zones based on user-selected BC surfaces

v
Mann Box Velocity Mapping: Reading MTB data; interpolating onto coordinates
of the selected.cgns BC surface mesh

v
Data Export for FLOWer: Transformation of mapped velocity data into Tecplot

binary format ( gust.szplt ) compatible with FLOWer simulations

Figure 3.12: Operation scheme of cgnsToGust.py
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4 InFlow

4.1 InFlow - Overview

4.1.1 Purpose and Structure

The purpose of InFlow is to make agust.szplt  le ready for FLOWer computation from a WINSENT
test site dataset given a speci c.cgns grid as displayed in Figure 4.1:

WINSENT d Desired .cans arid Settings for InFlow,
met mast daa cgns g hipersim and cgnsToGust.py
v v v

InFlow Application

v v
gust.szplt  le ready for Process information and
FLOWer ow solver evaluation data

Figure 4.1: Scheme of InFlow process

InFlow is combining multiple python scripts using a dedicated workspace and data classes to process
and share data. The application structures around the 4 main processes:

1. winsent file _reader.py : Reading out the WINSENT eld information in a user speci ed time
frame, checking which masts and sensors are active, selected by the user and deliver valid data. Then
exporting valid and selected eld data to workspace.

2. read _constrainsts.py : Preparing the data for hipersim application i.e. rotating the eld and
eld data, subtracting the mean velocities from each data string (sensor) and transforming temporal
to spatial data and therefore calculating the required size of the Mann Turbulence Box to t selected
data. Saving the constraints, mean velocity pro le, turbulence intensity pro le and movement path
for the .cgns grid through the Mann Turbulence Box.

3. mannboxgenerator.py : Sampling the constraints to ensure the model is stable, generate the
Mann Turbulence box for user-speci ed parameters, apply turbulence scaling and then apply the
sampled constraints. Afterwards exporting to workspace.

4. cgnsToGustmod2.py. slightly modied cgnsToGust.py to read settings from a le. Translating
Mann Turbulence Box data to .cgns grid, producing the desiredgust.szplt le.
The following page presents a full overview of the InFlow toolchain, highlighting primary processes in

red, secondary processes in yellow, input and output in blue and background infrastructure in green.
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Input

InFlowSettings.inp

FLOWergrid.cgns

WINSENfimeseries.nc

InFlow

Input & Workspace Setup

Input in (temp/*)

filesetup.py

winsent _file _reader.py

Reading Field Data

field _data.pkl

read _constraints.py

Preparing Constraints

raw_constraints.pkl

mannboxgenerator.py

Mannbox Generation

mitf.joblib

InFlow Infrastructure

InFlow _main.py

toolbox.py

datastructures.py

constraintsused.pkl

Read Compare Data

cmpdata.pkl

compare data _setup.py

Visualization

Plots/ (*.png)

plotter.py

cgnsToGust mod2.py

Making Gust File

gust.szplt
exportfiles.py
Output
gust.szplt cmpdata.pkl Plot files
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4.2 InFlow - Operation Scheme

4.2.1 Preparing Data for Hipersim

The main challenge in reading in sonic anemometer data to Hipersim lays in the switch between tem-
poral data strings given by the sensors to spatial data strings required for Hipersim. This is even more
di cult since di erent temporal sonic anemometer datasets are taken at di erent heights and therefore
with dierent U, yet the discretised Hipersim grid has equidistant steps for each coordinate axis
(e.g. dxyz = (4,2,1) ), causing spatial distortion. This section will deal with how to discretise real
world data to use it in Hipersim while retaining its spatial and temporal properties as good as possible.

The rst step is obviously reading in data from the WINSENT site for a user specied time frame
and evaluating it with winsent _file _reader.py . The user can specify which masts are intended for
usage, the program will automatically lter for invalid data. The SW mast marks the initial reference
point (0,0) horizontally. Afterwards the mean velocities and average horizontal wind directions for
each sensor and mast are calculated as the rst step imead _constraints.py . Examples of the log
les are given below in Figures 4.2 and 4.3.

Field Information from given WINSENT File

khkkkkkkkkhkkhkkhkhkkhkkkhkhkkhkkhhkkhkhkkhkkkhkhhkhhkhhkkhhkhkhkhhkhhkhhkkhkhkhhkdhkhhkhhkhkhkdhxdhkhhkhxhkdxixx

Mast Location: NE | Mast Index 3
Coordinates (x, Yy):
[302.8 151.6]

Sensor O:

1

Mast Location: NW | Mast Index
Coordinates (x, y):
[ 46.5 135.5]

Sensor 0: is_valid=True
Time array length: 6000
Sensor 1: is_valid=True
Time array length: 6000
Sensor 2: is_valid=True
Time array length: 6000
Sensor 3: is_valid=True
Time array length: 6000

is_valid=True
Time array length: 6000
Sensor 1: is_valid=False
Time array length: 6000

Sensor 2: is_valid=False
No time data
Sensor 3: is_valid=False

Time array length: 6000

Figure 4.2:

Example of InFlow Field Information log

Computing Condition

Information

khkkkkhkkkhhkkhhkhkhkhhkkhhkkhhkhhhhhhhhhhhhdhdhhhhhdhdhdhdhhdhddhdhdhdhddddddkddxdhdxdxdxdxdxx

Mast 1 average velocities [m/s], [rad]:

Sensor 0: [ 8.24 -2.91
Sensor 1: [12.26 -5.67
Sensor 2: [15. -5.71
Sensor 3: [16.02 -4.04
Horizontal Wind Angle:

0.65]
1.18]
1.6 ]
1.09]
-0.34587094085588516

Mast 3 average velocities [m/s], [rad]:

Sensor 0: [ 8.1 -2.31
Horizontal Wind Angle:

Average horizontal Wind Angle

0.06]
-0.2776938073994909

-0.31178237412768806

Figure 4.3:

Example of InFlow condition Information log
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The eld data is then rotated horizontally by the average wind angle to meet the requirements of the
Mann Turbulence Model with T = (T; 0;0) (2.38) and shifted from the SW-met-mast COS origin to

a new location best suited to encapsulate the selected data, therefore introducing a new coordinate
system usable for Hipersim, a log section is displayed in Figure 4.4. Note that the relative FLOWer
volume position already needs to be speci ed in the settings to save its movement path through the
Mann Turbulence Box. Figure 4.5 shows a map overview of the shift from Gauss-Kuger coordinates
centred on met mast SW to the new relative COS.

Preparing Field Data

EEE RS RS SRS R R R R R SRR E R R R R R R R R R
Rotated Velocity Field by: 0.31178237412768806 [rad]

Reducing time value by: 299950 [ms] to start from O

Relative Coordinates of mast SW [nan nan] | Initial origin (0,0,z)

Relative Coordinates of mast NW [ 2.69 143.23]

Relative Coordinates of mast SE = [nan nan]

Relative Coordinates of mast NE = [241.7 237.18]

Relative Coordinates of FLOWer edge: [-61.31 79.23] [-61.31 207.23]

Relative FLOWer Volume Center postion (its own COS): [ 2.69 143.23 10. ]

Shifting Coordinate System by: [ 61.31 -69.23]

Adjusted Coordinates of mast SW = [nan nan]

Adjusted Coordinates of mast NW = [64. 74.]

Adjusted Coordinates of mast SE = [nan nan]

Adjusted Coordinates of mast NE = [303. 167.95]

Adjusted Coordinates of FLOWer edge: [ 0. 10.] [ 0. 138.]

New FLOWer Volume Center postion (its own COS): [64. 74. 10.]

Minimum Required Y-Distance to fit all data and FLOWer Volume: 177.95 [m]
For Y-Offset to each Edge: 10.0 [m]

Figure 4.4. Example of InFlow log for COS rotation and shift

Figure 4.5: InFlow mapping of the WINSENT eld, relative Hipersim coordinate system and FLOWer position
(example for 10 m o set on both sides)
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The mean velocity is separately saved for each sensor altitude and subtracted from the rotated velocity
eld, the corresponding log le is displayed in Figure 4.6. Note that this does not lead to a loss in
data, so far the data has just been Reynolds decomposed (2.1). Since sensors have slightly di erent
mean velocity angles, a small mean component stays in the turbulent part which causes an error;
yet this error is insigni cant and slightly di erent mean wind angles can also be caused by turbulent
structures that are simply to big for the time frame to be captured as turbulent velocity components.

Preparing rotated Data for Mannbox usage
EEE R SRS RS SRR SRS RS SRR RS SRR SRR RS EE RS E R R SRS E R

Box movement speed: 12.86 [m/s]

Vertical Umean Profile: [ 8.17 12.26 15. 16.02] [m/s]

Data time interval: 299.95 [s]

Point time interval: 50 [ms]

Number of Timesteps: 6000.0

Field Data exported to temp/WORKSPACE/Raw_Data.pkl
Constrained X-Space: [ 0. 4160.66] [m]

X-Space with every Mastdata as Constraints: [ 303. 3921.66] [m]

Figure 4.6: Example of InFlow log for MTB preparation

Hipersim generates a MTB with grid points evenly spaced for each coordinate direction. It also uses a
constant reference velocity,Upox, Which is calculated by InFlow as average of the mean velocity pro le.
With this reference velocity, time step intervals can be converted into spatial distances. As a result, the
time range selected by the user directly determines the length of the MTB in the mean ow direction
(axis 1). The reference velocityUyex iS also used to generate the movement path for the FLOWer
.cgns mesh. Since The earliest time steps correspond to points furthest from the origin of Hipersim’s
coordinate system, the FLOWer volume will always move from the back of the MTB toward the front,
as shown in Figure 4.7:

Figure 4.7: Example of the Mann Turbulence Box layout (FLOWer volume position can be user speci ed)
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4.2.2 Turbulence Scaling and spatial Distortion

Assigning equidistant spatial coordinates for all heights causes distortion since the real distance
between two points depends on the mean velocity at that given altitude. This cannot be represented
in an equidistant grid for multiple time steps at once as visualised in Figure 4.8.

Figure 4.8: Location of exemplary temporal data points as assumed-frozen spatial signal in di erent altitudes

The spatial interval size is depending on the mean velocity pro le which is acquired by tting the
Hellman Rule (2.9) to the data’'s mean velocity prole. In Hipersim, points are spaced equally for
each axis, leading to compressed spatial intervals at higher altitudes and stretched spatial intervals
at lower altitudes when writing data to Hipersim. Upon reading from Hipersim, this distortion is
inverted, as illustrated in Figure 4.9.

Hipersim

Constraints
(Data Strings)

~

Velocity Data
(3D Field)

(. J

Figure 4.9: Visualization of spatial processing in InFlow

Applying this inverse distortion when reading from Hipersim is crucial to retain the spatial composition
of the given data and eld (i.e. the spacing of spatial points for di erent z and therefore t(z)). A
tted mean velocity pro le is also necessary since its the only way to simulate over all of the heights
that are not speci cally measured. The only issue that cannot be accounted for being that Hipersim’s
calculations are applied in the distorted space and the velocity correlation (2.7) between two points is

varying with distance, causing an error which simply can not be avoided using a non-time-dependent
model.
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Turbulence scaling is nothing more than just reducing or increasing the turbulent velocity by a factor
as used by Schultz (3.17) [25], e ectively changing the amplitudes of the entire spectrum but not
changing the relative spectral composition:

2
ui?scaled = SF ui(;)unscaled using SF = ﬁ (4-1)
i; current
Applying this is visualised in Figure 3.7. In Hipersim, turbulence scaling requires a single, constant
turbulence intensity value Tipyox and reference velocityUpox, Which obviously does not re ect ABL
properties directly. Calculating Tipox for Hipersim’s turbulence scaling operator is simply done by
calculating the average turbulence intensity of all sensors and axes regarding,ox. The di erence of
the turbulence intensity at a certain altitude 1;(x3) (2.4) to the constant Hipersim T ipoy iS cOmpensated
for when reading out from Hipersim by using a 3 parameter power law t to model the turbulence
intensity as suggested by Ren [24]:

":Ei: U +c (4.2)

Note that in InFlow the scaling factors (4.1) need to be computed by comparing (4.2) to Hipersim'’s
Tipox and Upey, therefore inverting the trend but reversing this when reading from Hipersim, ending
up with the exact same result. An InFlow log le for the process introduced in 4.2.2 is shown in Figure
4.10.

Distortion Factors

hhkkkhkhhkhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhdhdhdhhrhrddhdhdhdrdrdrdrdhdrdrhrdrixx

Space distortion Factors:
[1.44 1.03 0.88 0.84]
at height: [25, 46, 72, 97] [m]

Real |_i:

(----X------ y------ z----)
[[0.3224 0.3524 0.2931]
[0.2789 0.3315 0.2627]
[0.2438 0.2978 0.2196]
[0.1992 0.2661 0.2255]]

Average Ti: 0.2744
Average Ti regarding ubox (for hipersim): 0.2681

I_i regarding ubox (for Turbfactors):
(----X------ y------ z----)

[[0.2278 0.249 0.2071]

[0.2567 0.3052 0.2418]

[0.2725 0.333 0.2456]

[0.2535 0.3386 0.2869]]

Turbulence Factors:

[[1.17712646 1.07689808 1.29496488]
[1.04440094 0.87864318 1.10885815]
[0.98380707 0.80524638 1.09190685]
[1.05789721 0.79198232 0.9344442 1]

Ti Fit Factors (to compare fit quality):
[[1.15176909 1.06604464 1.29239965]
[1.07904668 0.9034216 1.13565733]
[1.03083803 0.81454571 1.03274119]
[1.00101199 0.76655541 0.96949684]]

Figure 4.10: Example of InFlow distortion & turbulence analysis
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Calculating Upox, Tipox

for Hipersim, seperately saving|

U and | tparameters.
Applying distortion
and scaling
to data.

Applying turbulence
scaling
.scale _TI( Tipox, Upox)

and constraints
.constrain(data)
in Hipersim

~

Post processing
velocity eld
to original turbulence
intensity 1;(x3)
using power law ts
and applying

inverse distortion

Figure 4.11: Scheme of turbulence scaling in InFlow

Figure 4.11 is demonstrating the process of applying (4.2) and (4.1) in InFlow. The gure below is
showing the functions used to model the mean velocity and post process the turbulence intensity as
mentioned in Figure 4.11.

Figure 4.12: Example for mean velocity pro le and power law ts for turbulence scaling

This is introducing an error depending on the quality of the t but is simply necessary to work with
Hipersim’s constant scaling operators and enables the generation of a 3D turbulent velocity eld

meeting the real conditions to a limited extend. Figure 4.13 shows the code section responsible for
reading out data from Hipersim.

zcoord = zCCjJzid][ii,jjj+boxMove[2] #Relative position of FLOWer Zone in Mann Box
ycoord = yCC|[zid][ii,jjJ+boxMove[l] #with applied x-distortion (spfactor)
xcoord = xCCJ[zid][ii,jj] * spfactor(zcoord,spd) + boxMove[O]

turb mtf(xcoord,ycoord,zcoord) #reading hipersim data for x-distorted space
ABL ubox / spfactor(zcoord,spd) #Mean velocity profile (Hellman Rule)
vel = np.array(turb)

oO~NO UL WNE

9 |if useVx: #Assining data to FLOWer without space distortion, scaling back Ti
10 | U[int(cidV[zid][ii,jj])] = vel[0] / tifactor(O, zcoord, tid) + ABL

if useVy:
V[int(cidV[zid][ii,jj])] =
if useVz:
Wlint(cidV[zid][ii,jj])] =

vel[l] / tifactor(1, zcoord, tid)

vel[2] / tifactor(2, zcoord, tid)

Figure 4.13:

Code section from cgnsToGustmod2.py reading Hipersim data
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Spatial distortion is applied using the spfactor( z, fit _parameters) function along the mean ow
direction x, meaning the x-intervals are stretched or compressed when mapping the data to the
FLOWer volume by reading from Hipersim, which has a constantx-interval length for all heights
z (line 3 - xCClzid][ii,jj] in Figure 4.13). As a result, the distance between read data points
decreases with decreasing height, matching what is shown in Figure 4.8.

Since the turbulent properties in each direction are already present in the data, they are modelled
using the tifactor(axis, z, fit _parameters) function (lines 10, 12, 14) in Figure 4.13 utilising
(4.1) and (4.2). This approach e ectively scales the spatial wavelengths and amplitudes based
on height z, applying shorter wavelengths with lower amplitudes at lower altitudes and longer
wavelengths with higher amplitudes at higher altitudes to match the conditions present at the
WINSENT site in the FLOWer temporal BC.

4.2.3 Creating Mann Turbulence Boxes matching Real-World Conditions

InFlow automatically creates a Mann Turbulence Box in the required dimensions and saves the
movement path of the FLOWer volume through the MTB, when in reality the MTB (containing
the turbulent velocity eld) would move around and through the FLOWer volume. Note that the
movement path of the FLOWer volume is cut o at its ends, making it shorter than the Mann
Turbulence Box and thereby ensuring the FLOWer volume is inside of the MTB’s borders for all its
possible locations and times.

Since the generated MTB determines the spectral composition of the velocity eld used throughout
the whole process, anisotropy has to be considered. Average anisotropy in WINSENT met mast data
for mast NW and sensor 1 is demonstrated in Figure 4.14.

Figure 4.14: Compensated temporal PSD (2.26) of sonic anemometer data from the WINSENT test site

Figure 4.14 clearly illustrates anisotropic characteristics i.e. axis-specic di erences in both spectral
energy distribution and peak frequencies. However, the degree of anisotropy can vary signi cantly
between di erent data sets.

Numerically, anisotropy inside the MTB can be adjusted with Hipersim’s parameter , which can be
determined by using Figure 3.2 (cannot be adjusted to conditions) or analysing the spectral composi-
tion of the data (analysing the conditions using single point data representing snapshots of the velocity
eld) and matching the parameters so that Hipersim delivers the correct spectral composition. Both
methods will deliver some error. The latter is visualised in Figures 4.15 and 4.16 comparing scaled
Hipersim output against the compensated PSD of assumed-frozen met mast data for two di erent
cases.
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Figure 4.15: Example 1 for (2.26) comparing Hipersim  Figure 4.16: Example 2 for (2.26) comparing Hipersim
output against met mast data to obtain output against met mast data to obtain
anisotropy and length scale parameters anisotropy and length scale parameters

Parameter was noted to interfere with the MTB turbulence scaling provided by Hipersim, more
speci ¢, the turbulence intensity Ti (2.5) within the MTB is lower than the targeted value when
using the .scale _TI operator. This interference increases with higher and has to be compensated
for with InFlow’s ticorr parameter, simply being a factor for Ti when using.scale _TI, e ectively
representing (4.1) again.

Titarget = ticorr  Ticyrrent (4.3)

Constraints (i.e. data strings from the sonic anemometers) are sampled depending on the grid resolu-
tion given by the user and parameter automatically by selecting all data points able to be represented
in the grid and reducing them by int(  2) to avoid over-constraining. Note that this does not guar-
antee model stability, especially when using a lot of di erent data strings. Manually increasing the
sampling of constraints in the settings is often required. Model instability will lead to at least one
turbulent velocity component becoming highly unrealistic as demonstrated in using Tecplot in Figure
4.21. Figures 4.17 and 4.18 demonstrate InFlow log les for a stably and an unstably constrained
MTB, while Figures 4.19 and 4.20 demonstrate the corresponding e ect of model stability on variance
and turbulence intensity (2.2) - (2.5).
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Maximum Constraints per Sensor: 228
(n(X-Gridsteps) / (G**2))

Using every 4 constraints

Constraints File Shape: (224, 6)

Finished selecting Constraints

hhkkkhkkhhkkhhhhhhhhhhkhhdhhhhhkrxk

Mann Box generation started

khkkhkkkhkkhkkhkkhkhkhhkkhkkhkkhkkhkkhkhkkkkrkkx

Data Dimensions: [2047.78, 148.0, 97.0]
[m], (offset included)
Box Dimensions: [2048, 148, 100] [m]
Gridsteps: [2048, 148, 100]
[int,int,int]
Grid Resolution: [1 1 1] [m]

MaxMin raw uturb 11.29 -8.37
MaxMin raw vturb 8.53 -8.79
MaxMin raw wturb 6.76 -7.03

Applying constraints...
Constrained simulation complete

MaxMin raw turb after constraining:
MaxMin raw uturb 10.18 -8.34
MaxMin raw vturb 9.29 -8.51
MaxMin raw wturb 7.67 -8.46

Maximum Constraints per Sensor: 228
(n(X-Gridsteps) / (G**2))

Using every 2 constraints

Constraints File Shape: (444, 6)

Finished selecting Constraints

hhkkhkkhkhkkhhkhhhhhhkhhhhdhhhhhkrkk

Mann Box generation started

khkkhkkkhkkhkkhkkhkhkhkhkkhkkhkkdkkhkkhkkrkkx

Data Dimensions: [2047.78, 148.0, 97.0]
[m], (offset included)
Box Dimensions: [2048, 148, 100] [m]
Gridsteps: [2048, 148, 100]
[int,int,int]
Grid Resolution: [1 1 1] [m]

MaxMin raw uturb 11.29 -8.37
MaxMin raw vturb 8.53 -8.79
MaxMin raw wturb 6.76 -7.03

Applying constraints...
Constrained simulation complete

MaxMin raw turb after constraining:
MaxMin raw uturb 10.3 -8.51
MaxMin raw vturb 200.2 -183.54
MaxMin raw wturb 7.95 -8.82

Figure 4.17: InFlow log for a stably constrained MTB

Figure 4.19: Ti and pro le of a stably-constrained
MTB

Figure 4.18: InFlow log for an unstably constrained
MTB

Figure 4.20: Ti and pro le of an over-constrained
MTB
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Figure 4.21: Tecplot visualization of gust.szplt results for a stably constrained MTB (left) and an unstably
constrained MTB (right)

4.2.4 Translating data to FLOWer as gust.szplt with cgnsToGust.py

When reading data from Hipersim to the .cgns mesh, the data is transformed from a spatial signal
written from the Mann Turbulence Box back to a temporal signal like the original data from the
WINSENT eld. The gust.szplt le saves data for only the selected boundary condition surfaces
(GUST’s) and selected time intervals. This can be speci ed in the settings forcgnsToGust.py, while
the limits of the time frame and MTB are obviously given by the time interval and ow conditions of
the written data. The time step between two sets of values is recommended to be a multiple of the
sampling time step tgust = N tsenson N 2 N. The turbulent velocity data is then overlapped with
the mean ow pro le, modelling an atmospheric boundary layer that, given the right setup, matches
the properties of a real one closely. Figures 4.22 to 4.25 show examples of di eregust.szplt les
for di erent .cgns base grids and GUST surfaces in Tecplot:

Figure 4.25: Example 4,

Figure 4.22: Example 1,  Figure 4.23: Example 2, Figure 4.24: Example 3
all GUS_T, walls GUST, all GUST ' In/Out
x-velocity x-velocity x-velocity, GUST,

x-velocity
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Applying constraints and transferring data to the .cgns mesh takes most of the processing time. The
constraining process is generally not necessary and can be switched on and o, saving computing time
and issues with model stability. Constraining is necessary for model veri cation though since data
to compare the results to is needed. Real world applications might just use disabled constraining
operations since the simulated in ow needs to represent the statistical properties of an atmospheric
boundary layer in given conditions, not single, specic data strings. An exemplary settings le for
InFlow is shown below in Figures 4.26 and 4.27 to give an overview of all required parameters:

#How many timesteps are written
#[minval ,maxval] or

#None if all data used
timesteprange = [0,6000]

#dimensions of the Flower Volume in m
flowervolumelenght = 128
flowervolumewidth = 128
floweryedgeoffset = 10

#Flower Volume Position regarding
#SW Mast as [0,0,0], else None
flowercenterpositiontoSWmast = None
#if snapping Flower Volume to a mast add
#(example) 'NW', else False, and give

alt to snap
snapvoltomast = 'NW'
snapatalt = 10 #0 is invalid

#actively block masts,list location
#e.g. 'NW'/'NE' ; else None
blockmasts = None #'SW','SE','NE"'

#define mannbox parameters
zalt = 100

Lvalue = 30

Gvalue = 3

aevalue = 0.1

doublexyz = False, False,
gridresolution = [1,1,1]
seed = 5
HighFrequencyCompensationMode = 1

False

#additional MTB gen settings
usehipersimae = False #True #
ticorr = 1.15

applyconstraints = False# True#
useeverynconstraint = 4

#plotting settings

plotmap = False #True #
plotvel = False #True #
plotspec = False #True #

plotturb = True #False #
plotfit = False #True #

#inputs for cgnstogust

#possible gusts "UDBC_INLET"
"UDBC_RIGHT" "UDBC_OUTLET"
"UDBC_LEFT" "UDBC_SKY" "UDBC_GROU

togustactive = True #False #

cgnspath =
../Iflower_grid_extruded_renamed.cgns
#change name if necessary

gustsused = "UDBC_INLET" "UDBC_RIGHT"

ND"

"UDBC_OUTLET" "UDBC_LEFT" "UDBC_SKY"

"UDBC_GROUND"

activevels = XYZ

gusttinitial = 0

gusttimestep = 0.4
numberofgusttimesteps = 100
verbose = True

silent = False

progress = False

nProcs = 8

Figure 4.26: InFlow settings part 1

Figure 4.27: InFlow settings part 2
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4.3 InFlow - Validation and Error Discussion

Validation of the process will be conducted in two parts: First, the InFlow output (scaled Hipersim

output) will be compared against single point time series from the datasets to verify consistency with
Hipersim constraints, if applied. Furthermore, spectral characteristics of the generated velocity eld
will be compared to the conditions determined by the input data. Second, the atmospheric turbulence
characteristics, standard derivation and turbulence intensities, will be analysed for agreement with
given data input.

4.3.1 Part 1 - Can InFlow Match Single-Point Data and its Spectral Characteristics?

The number of points that can be constrained depends on model stability. Hipersim can only reproduce
the single point data series that were used as constraints, with stability and speci ed grid dimensions
requiring su cient sampling. The next gures compare input time signals from sonic anemometers
to the InFlow output time signal generated by Hipersim and processed to use as temporal boundary
condition in the FLOWer solver. Figure 4.28 shows the reproduction of single point data used as
constraints at just the constrained points (green line follows orange line closely). Figure 4.29 shows an
unconstrained MTB signal, resembling the overall properties of the input signal while not matching
the values since constraints are not applied (green line does not follow orange line).

Figure 4.28: Example for single point velocity data with applied constraints

Figure 4.29: Example for single point velocity data without constraints applied
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The spectral content of the processed and measured single point time series must also be evaluated.
Because InFlow limits the number of constraint points due to grid resolution and numerical stability,
the spatial and temporal sampling intervals increase. This reduces the frequency and wave number
ranges that can be represented, therefore damping high frequency content. These frequencies still exist
in the MTB but cannot be tied to a specic signal due to the limited humber of constraint points.
However, since high frequencies are also where Taylor's frozen turbulence hypothesis breaks down,
their exclusion is less critical, they would not be reliably measurable anyway. Figure 4.30 shows the
e ects of sampling on the temporal PSD of single point time series.

Figure 4.30: Example for sampling e ects on temporal PSD 2.25 of a data set

When constraints are applied, the single point time series preserve their spatial structure only to a
limited extent. This is because the mean velocity pro le is modelled by InFlow, whereas the corre-
sponding data’s mean velocity may exhibit slight deviations. As a result, equal temporal sampling
intervals correspond to di erent e ective spatial intervals, leading to discrepancies in the represented
wave numbers. This can be observed in Figure 4.31 as subtle horizontal shifting of the compared
spatial PSD.

Figure 4.31: Example of spatial PSD (2.25) for sampled raw data strings (dotted) compared to InFlow processed data
strings (full)
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When constraints are applied, the temporal PSD of the output signal must match that of the input
signal. More importantly, the MTB should reproduce the spectral characteristics of the input signal
at the target height, whether constraints are used or not. The next gures compare a constrained and
unconstrained case result. Figure 4.32 shows that the temporal PSD of the applied constraints is only
partially reproduced and limited to the frequency range that can be resolved. Figure 4.33 compares
the temporal PSD of the unconstrained InFlow output to the input signal, showing that it captures

the spectral characteristics equally well while, of course, not reproducing the single point data’s exact
PSD.

Figure 4.32: Temporal PSD (2.25) of full input signal (dotted) compared to temporal PSD (2.25) of the output signal
transferred to FLOWer .cgns volume (line) with applied point constraints

Figure 4.33: Temporal PSD (2.25) of full input signal (dotted) compared to averaged temporal PSD (2.25) of the
output signal transferred to FLOWer .cgns without applied point constraints
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4.3.2 Results of Part 1

Characteristics of the single point time series actually used as constraints are mostly preserved
during the process with moderate error (see gures 4.28 and 4.31). However, keeping the model
numerically stable requires extensive sampling. This limits how much data can be used, especially
when the anisotropy parameter is high or the grid resolution is low, leaving fewer points even
available for constraints.

Even when the model remains stable and anisotropy is considered, applying constraints was found to
increase the velocity components, especially®, as can be observed in Figure 4.32 and 4.33 slightly,
showing the same case, yet becomes more clear in the following chapter 5, Figures 5.7 and 5.12.
Taken together, these factors make thereproduction of single-point data series in InFlow

either inaccurate or inconsistent . It is recommended to use Hipersim without the .constrain
operator unless absolutely necessary.

The spectral composition of the generated velocity eld is independent of the applied

constraints. In fact, the model remains stable and executes signi cantly faster when no constraints
are used. The spectral characteristics of the input data are preserved, the generated MTB reliably
reproduces the correct spectral distribution of turbulent velocity oscillations and therefore TKE.

While reproducing exact time series at single points (i.e., along lines within the MTB) may be
necessary for validation or testing as follows in 5, practical in ow simulations do likely not require
keeping exact single point data, and even if that were the case, the evolution of this value set could
still be de ned and traced from the InFlow output. The overall velocity eld generated by InFlow
using Hipersim reproduces the input spectrum well and according to theory, though

spectral consistency diminishes with increasing constraint application.

4.3.3 Part 2 - Can InFlow match Data and ABL Properties?

The full velocity eld generated by InFlow must not only match the input data’s variance (2.2), (2.3)
and turbulence intensity (2.4), (2.5), but also re ect the typical ABL Ti pro les [24] as a function of
height z above ground.

Furthermore, the axis-speci ¢ characteristics of ; (2.2) and I; (2.4) under the given conditions at the
WINSENT site must be represented, as InFlow applies direction-dependent turbulence scaling (4.1)
during eld generation.

However, since the input signal is just a stochastic \single-line" sample of the full 3D velocity eld,
the most important aspect is not to match its exact values. Instead, the generated eld must be
constructed such that data strings sampled from it are very likely to resemble the original input. This
behaviour must hold consistently for every generation, given the right parameters; InFlow should
yield a velocity eld from which the actual data could very realistically have been measured from.

Figures 4.34 and 4.35 present results for two cases from Figures 4.15 and 4.16 already introduced in
1.3, demonstrating exactly that, keeping the determined parameters xed and varying the random
seed2 [1 seed 6]\.
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Example Case 1 - Parameters from Figure 4.15

Figure 4.34: InFlow results using di erent seeds for case 1 (moderate mean velocity U< 10 3, parameters from
Figure 4.15), analysed for and Ti
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Example Case 2 - Parameters from Figure 4.16

Figure 4.35: InFlow results using di erent seeds for case 2 (strong mean velocity T < 20 -, parameters from Figure
4.16), analysed for and Ti
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4.3.4 Results of Part 2

Reproducing the exact measured velocity eld is neither possible, due to sources of uncertainty
such as missing time dependence, uniform shear proles, assumed frozen turbulence, numerical
or sensor imprecision etc. nor is it necessary. InsteadinFlow must consistently generate
velocity elds with physically plausible properties, such that the input data could re-

alistically have been sampled from them. This goal was found to be successfully achieved.

InFlow is still showing signi cant di erences between results for same cases. This arises
from numeric limitations and model uncertainties but also the fact that the input data originates
from a complex terrain site located on a hilltop, where turbulence intensity Ti and velocity variance

are inherently harder to predict and model. As a result, the assumption of a fully developed,
statistically stationary ABL can not be fully met. However, InFlow still delivers accurate enough
results considering the relative precision that is nonetheless provided and the fast computing time if
used for modelling turbulent in ow to wind turbines.

InFlow’s operation scheme does not allow for accurate solutions very close to the ground

(z . 10 m). This is because the spatial distortion increases with decreasing altitude since the mean
velocity at low altitudes becomes very small ¢! 0 ) u! 0). Data points are then assumed closer
to each other, eventually being assigned a distance ofx =0 mforz=0 m (sincen t t(0Om)=0 m)
which would assign an in nite amount of MTB points to a single FLOWer point. InFlow’s spfactor
function prevents this by limiting distortion regarding Upox by a factor of 2 (when this point is reached
depends on the conditions i.e. mean wind pro le), however solutions below the cut o altitude can not
be considered accurate anyway. This is because uniform shear, unrestricted ow or negligible viscous
e ects, used in RDT, can not be assumed at very low altitudes.
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5 InFlow to FLOWer

5.1 FLOWer - Observed Limitations

FLOWer uses the URANS/DDES method on a discretised grid, which limits the wave numbers that
can be represented and may smooth out high-frequency uctuations through statistical averaging
(Figure 2.21), as explained in 2.2.4. Therefore it is expected that grid resolution of thecgns mesh
and the calculation time interval a ect the solutions detail.

FLOWer uses InFlow output as a boundary condition input and can only reproduce single point data
over distances in a limited range of frequencies or wave numbers where the assumption of frozen
turbulence holds, e ectively, BC inputs have to dissipate slow enough to reach a speci ¢ point inside
of the FLOWer volume to be measured. Taylor's hypothesis was characterised in 2.1.4, with the
survival distance of an eddy being de ned as its own length scald, the percentage criterium for
autocorrelation asp % as in [13]. To approximate the dissipation behaviour in FLOWer, tests were
conducted by giving di erent FLOWer volumes a set of di erently frequent turbulent y-velocities and

a z-constant mean velocity in x direction to their BC using all available GUST surfaces as visualised
in the Figures 5.1 and 5.2.

Figure 5.1: Example 1 of GUST BC input for Figure 5.2: Example 2 of GUST BC input for
testing FLOWer testing FLOWer
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Solutions of the FLOWer ow solver are shown in Figure 5.3 and 5.4 for z-planes and the centred
y-plane containing di erent frequencies of “3:

Figure 5.3: Turbulent dissipation in di erent z-planes visualised for the FLOWer solution of BC displayed in Figure
5.1

Figure 5.4: FLOWer solution for u3 at the centre plane for gures 5.1 (U =4 [m/s]) and 5.2 ( U = 14 [m/s])

The goal of this test was not to get exact values but to model the proportionalities to predict behaviour
of the problem to solve by combining (2.16) and (2.15), de ning the survival length of a turbulent

structure asLsy = n L;n 2 N:

ut
— /P
Substituting t with ~ and usek = 2
sus(2) 5f 3 us
L I'p ) fl ———7
pz Lz "2 (2)

Yet, correlation (2.11) and dissipation (2.37),(2.15) are also related to the turbulent length scalel,
therefore fmir was predicted to have the general behaviour:

flimit / U Lgo? (5.1)
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Solving this for the speci c case visualised in Figure 5.1 for di erenttu in range from 4 [m/s] to 14
[m/s] and 8 frequencies each, such that:

fi L )
I#c"umezl;Z::S for i21;2:8

i.e. i periods over the length of the.cgns volume. Figure 5.5 shows at which distance to the inlet
plain Lg the correlation between an assumed-frozen signal and the dissipating signal in the centre
plain reaches the cut-o value of 1=3 p de ned in [13], tting a function of shape (5.1), therefore
testing if it is a useful estimation of proportional dependencies:

Figure 5.5: Evaluation of FLOWer results for the survival distance Ly against signal frequency f of di erent
turbulent y-frequencies using BC visualised in gure 5.1

Finding absolute values ofC; and C,, as the result shown in Figure 5.5, is highly case-speci c and
depends on factors such as grid resolution, solver settings, grid shape, BC surfaces used etc. making
general predictions e ectively impossible. However, this makes understanding the impact of given
parameters not less important, the general behaviouf jimi; / T and fjimit / L%Z was consistently
observed and is intuitively obvious: the higher the frequency, the lower the survival time; the longer

a turbulent structure travels, the more it dissipates; the faster it travels that distance, the less time is
available for dissipation.
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5.2

FLOWer - Single Point Time Series

The next three Figures 5.6, 5.7, 5.8 present a full comparison of the procession of single point data
using a 1x1x1 m resolution in InFlow and FLOWer, solving on a 64x64x64 mcgns grid. The FLOWer
volume was centred on the location of met mast NW at a oor altitude of 20 m over ground, with
sensor 1 being located at 47 m height over ground. The simulation was run for 1000 time steps using
0.25 s intervals and using all available BC surfaces. There are four important things to note:

The chosen grid resolution a ects the range of wave numbers that can be theoretically resolved.
However, there is a clear loss of detail when comparing the MTB signal to the FLOWer signal
at sensor 1 across all time steps.

The excessive sampling required for a stable model when using theonstrain  operator is
represented in the very low detail of the sampled signal.

Despite the high sampling, the.constrain  operator still causes instability, particularly for the
y-velocity component. This is clearly visible in the Vel Y diagram (Figure 5.7). The unstable
MTB signal is used as BC for FLOWer, therefore also being present in the FLOWer signal.

There is a distinct phase in the FLOWer signal relating to the initial " lling" of the FLOWer
volume since the sensor is located in the middle of it and therefore 32 m away from the inlet BC
surface, most clearly seen in thevel X diagram (Figure 5.6).

Figure 5.6: Single point x-velocity signal compared throughout the whole process
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Figure 5.7:

Single point y-velocity signal compared throughout the whole process with its MTB signal showing
instability caused by constraining

Figure 5.8: Z-Velocity signal compared throughout the whole process
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5.3 FLOWer - Spectral Analysis

The FLOWer output is the nal result of the process introduced throughout this work and spectral
analysis of the FLOWer solution is the most signi cant indicator for if or how far the results represent
real turbulent ow and its spectral composition. Figure 5.9 compares the temporal input and output
signal of the FLOWer resolved single point data, (i.e. sensor and InFlow data vs FLOWer data at the
corresponding point) by their PSD. Note the loss in high frequency detail that could be observed in
5.2 but is more clearly shown here. This does not come from the time intervals used for the calculation
as indicated by the red vertical line, nor does it come from the InFlow signal and therefore has to be
attributed to the FLOWer ow solver and its speci ¢ setup used during this work.

Figure 5.9: Temporal PSD (2.25) of the input sensor signal, InFlow output signal and FLOWer output signal

The loss in small scale detail can also be observed in Tecplot, shown in Figure 5.10, comparing BC
surfaces against a FLOWer resolved inner surfaces:

Figure 5.10: Comparison of InFlow generated gust.szplt BC le against cut through FLOWer resolved volume le
visualizing the lost small turbulent structures
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Since the mean velocity is modelled as a function of heighti = f (z) throughout the process and
data is translated from spatial to temporal signals and vice versa using TFTH, the spatial PSD has
to be analysed as well. The mean velocity de nes the spacing between two data points given a xed
time interval, therefore in uencing the wave numbers of the spatial PSD. Figure 5.11 is comparing the
input and output signals spatial PSD assuming TFTH for individually calculated Tinpyt and Uoutput »
showing that this distortion is small. Also shown is the bin average (using logarithmic intervals) of all
data points at the given height in the FLOWer volume and the Kolmogorov Energy Cascade model
(Ek)/ ks (2.13)), therefore showing that the spectral characteristics are consistent in space as well.
The disproportionately lower spectral density of the FLOWer signal compared to the InFlow signal at
bigger wave numbers can also be observed:

Figure 5.11: Spatial PSD (2.25) of the original and InFlow signal compared to the FLOWer resolved point and
z-plane-averaged signal

According to Parseval's Theorem, energy can equally be described in FS as in real space [11] as
mentioned in 2.3. The compensated PSD, both spatial and temporal, have units oi?=s] (i.e. [v?])
and thus directly represent the contribution of each wave number to the total turbulent kinetic energy.

The Figures 5.12 and 5.13 below are used to show constrained and unconstrained results, nbt&,, (f )
comparing the FLOWer solution against InFlow point signals (i.e. where the constraints were applied)
clearly showing the instability issues caused by using theconstrain  operator in Hipersim.
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5.3 FLOWer - Spectral Analysis

Figure 5.12:

Figure 5.13:

Compensated Temporal PSD (2.26) comparison throughout the process for a constrained case,
highlighting y-instability

Compensated Temporal PSD (2.26) comparison throughout the process for an unconstrained case,
showing no instability
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The FLOWer resolved velocity eld can also be analysed for variance and turbulence intensity to
be compared to met mast data. The Figure 5.14 presents results for constrained and unconstrained
FLOWer simulations to demonstrate the inconsistency with met mast data. The displayed result was
acquired using a 64x64x64 m grid with 1x1x1 m resolution and a FLOWer volume oor altitude of 20
m.

Figure 5.14: FLOWer results of constrained and unconstrained simulations analysed for variance (2.2),(2.3), and
turbulence intensity (2.4),(2.5)

It is immediately clear that the FLOWer solution shows much smaller stochastic uctuations, indicat-
ing a less volatile ow. This is consistent with the URANS/DDES approach, which likely is responsible
for dampening higher frequency turbulence present in the BC. Instability is again visible in they-axis
direction for the constrained simulation, while axis-speci ¢ di erences are visible. However, overallTi
and proles are inconsistently represented which can be expected if certain frequencies are damp-
ened out. lIronically, the instability caused by constraining and the therefore elevated velocity can
make Figure 5.14 (left) look accurate. This is not the case however since especially the y-velocity
component is showing a big error.
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6 Conclusions and Outlook

6.1 Conclusion

It was concluded that generating physically consistent turbulent velocity elds with InFlow using
Hipersim is feasible and yields good results in both absolute values and spectral characteristics,
provided that the right parameters are used and the constrain operator is not used. The Mann Tur-
bulence Model, as implemented in Hipersim, allows this process to be completed within a very short
time frame of few seconds to several minutes depending on the setup and required numeric dimensions.

The FLOWer ow solver, under the con guration used in this work, produced only mixed results,
primarily due to insu cient resolution in the higher frequency, regarding the input signal, range. As
a consequence, reconstructing velocity elds that resemble the original input data with FLOWer so
far proved inconsistent. Given that FLOWer solutions require computation times in the order of
hours, this additional step appears unjusti ed unless further steps depend on it.

6.2 Outlook

Future developments of InFlow would include a process to automatically analyse the input data’s
spectral composition for the required parameters of the Mann Turbulence Model and a deeper
investigation into why hipersim is showing instability issues with InFlow when applying constraints
which was so far not found.

Also, further testing with di erent grid resolutions and di erent setups for the FLOWer ow solver is
required since Harr [12] found that a 3.8x4 m grid resolution using PyConTurb on a 1x1 m FLOWer
grid resolution was su cient to mostly preserve the transferred data. However, ner FLOWer grids
will exponentially increase computing time and spatially coarser MTB’s will show decreased ac-
curacy. Tests for this were initiated in this work but not to an extend where reliable results are present.
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7.2 The FFT Algorithm
7.2 The FFT Algorithm

The discrete Fourier Transform is given as:

X 1 _ X 1
fl\k: fne Ikn:

fn (coskn) isin(kn))
n=0

n=0

Transforming in or out of Fourier Space for the discrete form requiresN operations for eachf with

N dierent k. The time for computing scales with N?. The Discrete Fourier Transform (DFT) as
matrix equation for one dimension is given by:

fu = Fnfa; 1 = e 27N
2 3 2 32 3
b 1 1 1 1 fo
f) 1 ! 12 PN 1 fq
f, =81 12 P4 12N 1P
N 1 1 !N. 1 !2(r\] 1) I (N 1N 1)

fn 1

Every f\ is represented by a unique polynomial. Polynomials can be written in value representation,
therefore the polynomial needs to be evaluated aiN points. Example for f}:

f/\1=f0+f1!1+f2!2+ + fn 1!N !

Pointwise evaluation:

IS YU IR YU W ST

0
SERTRN IS ST(RNES

This would still require N2 operations in total, however, we can splitf in 2 polynomials and use
symmetric values of! and !:

i) = RN 2+ 1R ) i )= e ) 1fRee?)

Leaving a sub polynomial as:

(0]
S R S O R S O

12 D 25D

Since we are working with complex numberd this scheme can be expanded for every sub-polynomial
again until we end up with just one evaluation point ! , i.e. a polynomial of degree 1, as shown in
Figure 7.1:

Figure 7.1: Reducing pointwise evaluated polynomials, from [23]
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This e ectively results in taking the roots of unity in the complex plane as visualised in Figure 7.2.

Evaluating polynomials using complex roots of unity, from [23]

Figure 7.2:

This makes the FFT algorithms computing time scale with Nlog(N). In matrix notation, it reduces
Fn;Dn;In all the way down to Fo;Do; 2 (2x2) which leaves the above mentioned as evaluation

point. This is visualised below:
"I D #"F 0#
N N N feVen
= = 2 2 2
= Fnf In Dy O Fy fodud
2 2 2 2
fo
o i 32 3g f2
" |N7 DNﬁ FNﬁ 0 0 0 :
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This algorithm combined with the advantages of calculating in Fourier Space is probably the most

ingenious way to solve PDE s numerically.
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