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Abstract Transient high-frequency spherical wave propagation in the porous medium is studied using the
Biot-JKD theory. The porous media is considered to be a composed of deformable solid skeleton and viscous
incompressible fluid inside the pores. In order to treat the fractional proportionality of the dynamic tortuosity
to the frequency (or equivalently, to time) due to the viscous interaction between solid and fluid phases, the
fractional calculus theory along with the Laplace and Fourier transforms are used to solve the coupled gov-
erning partial differential equations of the scaler and vector potential functions obtained from the Helmholtz’s
decomposition in the Laplace domain. Both the longitudinal and transverse waves, additionally the reflection
and transmission kernels are determined in detail at the Laplace domain. For the Laplace-to-time inversion
transform, Durbin’s numerical formula is used and the independence of the results from the involved tuning
and accuracy parameters is checked. The effects of the porosity, dynamic tortuosity, characteristics length, etc.
on the reflected pressure and stress are investigated. The general pattern of the results is similar to our previous
knowledge of wave propagation. Further works and experiments may be conducted in future works for various
applications.

1 Introduction

Porous materials are commonly encountered in numerous engineering disciplines, such as geophysical [1],
environmental engineering [2-5] earthquake [6], and oceanographic engineering [7], where soils, rocks, and
gassy sediments are prevalent. In addition, porous metals have been successfully employed in the fabrication
of acoustic liners for aero-engines [8]. The characterization of wave propagation in porous materials and the
wave interaction with the boundary of such material enjoys great importance in various engineering problems
such as architectural acoustics and machinery noise control [9], and medical diagnostics [10]. It is also very
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useful in interpreting the data of the nondestructive testing of porous materials, e.g., by applying ultrasound
methods [11]. Due to the unusual nature of the medium in terms of the large contact area between the two
phases, which is the primary characteristic of porous media, the diffusion, and transport of momentum during
wave propagation in a porous medium are not the same as the classical single-phase medium and, as we will
see, it has its unique characteristics [12—-16].

In general, in all applications, an inverse and direct scattering strategy for analysis of the traveling pulses
is conducted, and the characterization of the various property of the porous medium is specified [12, 17]. Due
to the relative fluid—Structure Movement (FSM), the porous medium affects the transmitted signal and causes
it to lose energy Several physical concepts and parameters are involved in wave propagation in the porous
material problem, such as attenuation, porosity, characteristics length of pore fluid, dynamic tortuosity and
permeability, etc., which must be considered and investigated. There are so many applications that engineers
and researchers are encountered with a two-phase porous medium [12, 18]. The medical engineering branch is
concerned with the characterization of this medium for the diagnosis of related diseases such as osteoporosis.
One of the main and simplest ways of diagnosis is using acoustical wave propagation and analyzing the
reflected and transmitted waves due to mathematical models. In the field of oil extraction and identification of
environments with oil resources, engineers are dealt with porous environments containing two or more phases
(Soil + Oil, Soil + Oil + Gas, etc.) [19, 20]. Due to this, oil companies are greatly interested in acoustic wave
propagation and its properties for the characterization of natural porous media.

In addition, acoustic wave propagation through porous rocks in geophysics is very useful in determining the
contained fluids and soil composition.[15, 16, 19]. Gas-Saturated porous materials such as fibrous materials
or plastic foams are very attractive and widely used in noise suppression, passive control, coaxial cables,
automotive and aeronautical structures, etc. [13, 21]. Biot’s theory of the porous media derives the equations
of motions of each involved phase by modeling the inertial, potential, and phase coupling effects [14, 22, 23].
This theory predicts two compressional or longitudinal and one shear wave for an isotropic porous medium
[1, 12]. This branch is not new, and many studies have been accomplished by scientists and researchers
[24]. Various mathematical developments of different cases, including the coordinates, mechanical properties,
different effects, etc., have been conducted in the literature [8]. The aim of the present paper is to provide
deeper mathematical modeling to study the transient spherical high-frequency wave propagation in the porous
medium based on the Biot-JKD theory by applying the fractional calculus and employing the Laplace and
Fourier transforms [9, 14, 21]. The main difference of the present work relative to other similar ones is that here
the displacement-based formulation of the Biot-JKD theory is directly used to obtain the dynamical response
of high frequency wave propagation in the time domain (not the reduced or simplified equations). As the
nearest example, Fellah et. at. [23] studied the transient spherical wave propagation in porous media using the
fractional calculus and Green’s function to obtain the wave propagations characteristics in the fluid-saturated
equivalent model, which assumes that the structure is motionless. Although their analytical results may be
very useful, their assumption of the fixed structure may not be true in all cases, especially in cases where the
scale of the domain is small.

This paper is organized as follows. In Sects. 2.1 and 2.2 physical modeling of the problem along with
the used notations and main assumptions are presented. In Sect. 2.3 mathematical modeling and governing
equations of the problem are brought and then using the Helmholtz decomposition and the properties of the
Fourier transform they are reduced to the longitudinal and transversal components. In Sects. 2.4 and 2.5
based on the fractional calculus theory and also Laplace transform, the governing equations are solved for
both longitudinal and transverse waves. Afterward, in subSect. 2.6 the acoustical boundary conditions and the
kernel operators are applied to obtain the physical constants of the solution. In Sects. 2.7 and 2.8 Durbin’s
discretized form for the numerical approximation of the Laplace inversion and also the incident signal used for
numerical simulation are presented. Section 3 introduces the specifications of the system used for executing
the codes. In Sect. 4, the numerical results are provided, and different effects are investigated.

2 Physical and mathematical modelling

In the present section, the configuration of the problem of the high-frequency spherical wave propagation in
the porous medium is defined. Then the main conventions and assumptions are reviewed. Afterward, the partial
differential governing equations of the high-frequency wave propagation through the spherical space for the
porous medium is described. Next, using fractional calculus, Fourier, and Laplace transforms, the equations
are solved for longitudinal and shear waves in the Laplace domain.
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Fig. 1 Schematic of the spherical geometry of the problem

2.1 Problem definition

The schematic view of the hallow spherical space is illustrated in Fig. 1. The computational domain is consisting
a boundary in r = rj, where it has been assumed that it is the inner boundary of computational region (porous
media) that separates the porous medium and the outer side of the computational domain, also, a boundary at
r = rout. The porous medium space is excited by a transient incident signal at the inner radius. The material
model of this space is poroelastic media with viscous fluid as the second phase in the pore spaces of the solid
skeleton. Because of the nature of spherical waves, here the spherical coordinate (r, ¢, ¢) is used in which r,
¥, and ¢ are the radial, circumferential, and azimuthal directions, respectively. The (x, y, z) is the components
of the corresponding Cartesian coordinate.

2.2 Assumptions and conventions

In the proceeding paper, the state variables are the macroscopic displacements vectors of the solid skeleton,
<

(ﬁ, and pore fluid U. The medium is assumed as a continuum media composed of the deformable solid
skeleton, s, in which the pores have been filled with the viscous fluid, f. The porous medium is considered to
be homogeneous, linear, and isotropic. The deformation gradient, F, is considered as F = I + Vu, in which I
is the second-order isotropic tensor with component §;; [25, 26]. The §;; is the Kronecker delta. The V is the
gradient operator given by the following relationship in the spherical coordinate:

o . 10 _ 1 0 _

V=—¢+—-——ey+ —
or T r 99" T Fsing 99°Y

(1

r=(r,t) = (r, U, ¢, t) represents the Eulerian position vector at time ¢ in the spherical coordinate. Also,
u =r — R, is the displacement vector in which r and R are the initial and current positions, respectively. The
Green—Lagrange strain tensor for infinitesimal deformationis ¢ = %(uT +u). Because of the incompressibility
of the solid skeleton the volume dilatation, ¢;; is match with the porosity, ¢. The pore spaces are assumed to
be interconnected [26, 27].

2.3 Governing equations of the porous medium

The governing equations of wave propagation in the porous medium for solid skeleton displacement vector,
e
T = (ur, uy, uy), and fluid displacement vector, U = (U,, Uy, U,), based on the modified Biot’s theory
(Biot’s-JKD) are given by the following [26, 27]:
32
W[Pllﬁ+ﬂlz<ﬁ] =PV(V.<F)+QV<V.<I7)—NVX (V x (IT) ()
82

m[m(ﬁ* U | =Qv(v.W)+RV(v.T) 3)
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where N, is the shear modulus of the solid skeleton and the generalized elastic constants P, Q, and R are
defined as follows:

K [Kp[(¢ — DKy + K]+ — DK K] 4N Q_¢Ks(—'§—f—¢+1)

P=— +—, Q=
Ki[¢oKs — (¢ — DKs] — KpK 3 —%—¢K—Iif—¢+1 @
_ ¢°Ky
R=Tm gt

Ky

The symbols V, V. and Vx in Egs. (2 and 3) are gradient, divergence, and curl operators, respectively.
¢, is the porosity. K ¢, K and K, are the bulk modulus of the fluid, solid, and porous skeleton, respectively.
Also, we have:

E Ep Ep

, K = , N:
3_6v, 03— 6w 2up +2

= 5)
where Ejs,vs, Ey, and vy are Young’s modulus and Poisson’s ratio of the solid and skeleton frame, respectively.
The effective densities p;; (i, j = 1, 2) arerelated to the fluid and solid skeleton densities, of and o, respectively
by the following relationships:

pit+pi2=U0—=P)ps, p12+p2=o¢pr, p12=—¢pr(tec — 1) (6)

P12 is called the mass coupling term. @ is the dynamic tortuosity. The tortuosity can be interpreted as a
geometric parameter that describes the appearance of tortuous pores, besides inertial coupling between the
fluid and the structure of the material, especially in the high-frequency regime. The lowest value tortuosity is
@oo = 1 in the case of the porous medium having straight pores, and its large values is doo = 1.5, 2 for the
most resistive material. The permeability and the dynamic tortuosity of the porous medium can significantly
affect the dynamical response of the wave propagation in the porous media materials. The formula developed
for dynamic tortuosity in the high-frequency ranges is given by [26, 29]:

2 /o 2
aw(w) =0 I+ ( ) @)
Ay \ |wpr

in which 72 = —1. uz is the fluid viscosity. Ay is viscous characteristics length that determines the viscosity
effects in the pore spaces. w is the oscillation frequency. As Eq. (7) shows for high-frequency wave motions,
the tortuosity is frequency dependent.

Now based on the Helmholtz decomposition theory to derive the longitudinal and transverse part of the
wave displacement can be written [30]:

<F(r,t) =Vos(r,t) +V x ¥ (r,1), (ﬁ(r,t) =Vorr,1)+V X 1/ff(r,t) ®)
where ¢ and ¥ (r, t) = (1//’ L7, W") denote the longitudinal wave scaler potential and transversal wave
vector potential. Due to the definitions, these potential functions satisfy the following conditions [30, 31]:
Vy,=0, Vg, =0
V x (Vo) =0, Vx (Vos)=0 )
V(Vx¥)=0, V.(Vx¥,;)=0

Substituting Egs. (8) in Egs. (2 and 3) then employing Eq. (9) and some identities in vectorial mathematics
the following equations can be obtained for the longitudinal and transversal components:

82
m[ﬂll[%] +pi2fer]] = VZ[P(pS +Qgr] (10a)
572 [mz[m +oler]] = V[ Qus + Rey] (10b)

2
—2[[ml p”] ]=—NV2~/«, V=10 (10¢)
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where V2, is Laplacian operator given by the following relationship [31]:

19 ] 1 3 B] 1 9?
Ve 22l ) s —— L (sing— )+ ——— 2 (11)
r2 dr ar rZsing ¢ Ao r2sin%g 002

Since we considered a linear homogeneous and isotropic medium the derivatives a_ and - 3 are zero.
Indeed, the wave only propagates in the radial direction. So:

1 2 2
sz_i<rzi>:3_+_ﬂ (12)

r2 or or orz  ror

Taking the inverse Fourier transform from both sides of the Eqgs. (10a)—(10c) and using the convolution
integral definition, the following time-domain equations will be obtained [26]:

2 2 2
() * [M} () * [M] - [a— 2 aa ][Psob r.0+Qpr(nn]  (13a)

912 912 ar?
32¢,(r, 92 , 2 29
12(0) [%”)} F ) [%} - [ﬁ 2 a—} [Qps(r.0) + Rpp(r,)]  (13b)
92 , 2 29
ml(r)*[%} 712 (”*[a . —8—}&# r.0)] (13¢)

where * stands for convolution integral by the following definition [31]:

o0

FHF (@G )= f@)*gt) = f(r)gt —t)de (14)

—0o0

also, m;;(t) are obtained as:

7@ =[1 =@+ dpr(ar? —1)] 70 =[gor(ar —1)], T2 = [#prar 7]

) = 1/2
T31(1) = [aoo[qs(l — @) psor — 7 pF — bpx] [8(0 + ‘A— (ﬂ) ]
£ \Tpf

=1 12
2 22 4172 1253 2 (g
+0o o O pf |:6(t) + AL <_7T,0f) + A2< )51gn(t):| + ¢>,of8(t):|

27 [ e\
T32(t) = — UupptN| 8(1) + v <—) (15)
¢ \ 7o

in which §(¢) and sign(¢) Dirac-Delta and sign functions respectively. Also, a is:
) 1/2
alt) = Goo| 8(t) + — <ﬂ> (16)
Ag\mpy

2.4 Fractional derivative and fractional form of the equations

From the coefficients (15) and Eqgs. (13) can be found that the convolution of the t_Tl and a temporal function
exists in the equations. Therefore, fractional calculus is the most suitable case to reform the equations in
the fractional derivatives of order v. There is various definition for fractional derivative in the mathematics
literature. Here, we use the Gorenflo and Mainardi definition given by [25, 32]:

dv (m) +00
pUif) =21 F(m_v)/ s o= [ eletar am

tU 0 (l _ T)U+] m 0
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where ™ (1) represents the ordinary derivative of the positive integer number m. Also, I'(x) is the Gamma
function. In this paper, we use the case m = 0 of the above definition which will be the following form [26,
32

vf 1
dtv  T'(-v)

t
DU{f(t)} = /O(t —0) vl f()dr, 0<v <l (18)

Equation (18) shows that here the fractional derivative operates like the convolution integral. This definition
enables us to use the Laplace transform of the fractional derivatives to treat the problem in the Laplace domain
more simpler. It is worth mentioning that the Helmholtz decomposition states that any vector field, given its
sufficient smoothness and rapid decay, can be expressed as the sum of an irrotational (curl-free) vector field
and a solenoidal (divergence-free) vector field. It’s important to note that this decomposition is not universally
unique and may not be applicable to all vector fields. The conditions of being "sufficiently smooth," "rapidly
decaying," and subject to "suitable boundary conditions" are crucial for ensuring a unique decomposition.
In the present study, the porous media under consideration is isotropic, and all the specified conditions are
satisfied, including the fulfillment of well-defined physics, where solid and fluid displacements are smooth
and rapidly decaying vector fields. Consequently, we can confidently employ the Helmholtz decomposition in
the current work.

2.5 Solution: shear and longitudinal waves

2.5.1 Longitudinal waves

In the case of the longitudinal wave (due to Eqs. (13a) and (13b)), the contribution of the scalar displacement
potentials can be obtained from the following system of fractional equations:

Tum | g2 [ es(r.n) L =1 |43 (os(r.n) PQ| oD
— a2 *n 3 = v (19)
T2 722 @r(r,1) =1 1 |32 \ gs(r,1) QR @r(r,1)
in which n = % ‘;—j{. To obtain the fast and slow longitudinal waves (¢ (r, t), ¢2(r, t)) the eigenvalue
analysis of the following system can be conducted:
93 93
=y pd = 92
THERT TR T e (e Pl (oD
3 s o2 B v =0 @0
T —nii Ty +nil @r(r,t) QR @f(r,t)
at% Bt%

By taking the Laplace transform from the above system, the fractional derivative term can be treated in the
Laplace domain. We will have [14]:

(TR — 71120)4% +ns? (R+Q) (12 R—700)#> —ns2(R+ Q) (q%(r,é)) (cps(r,g))
=V? 21)

Df(r,9) O p(r,9)

(1P~ 11 Q)#* — 033 (P+Q) (1P~ m12Q)4% + 193 (P+0Q)
in which, ®(r, 4) is Laplace transform of ¢(r, t) as follows [31]:

O(r,3) = L{pr, 1)} :/ e o(r,n)dt, and 7;; = L{7;;} (22)
0

also, the coefficients 7_7, @ and R are:

-1 — — R -9
P Q _ R —_ _ —Q2 _QZ
R I e B =

PR-Q° PR-Q°



Transient high-frequency spherical wave propagation in porous medium 1851

The system (21) can be solved by finding the corresponding eigenvalues of the following equivalent system:

2 23 D(r, ) A(3) 0 Dy(r,9)
[m * ;ﬂ = &4
Oy (r, 3) 0 X(@) D1(r, 9)

where A1 (4) and A, (4) are the eigenvalues of the matrix M given below (Appendix A):

(mlﬁ— 1112@)32 + nd%(ﬁ+@ (mzﬁ— ﬂzz@)dz - nd%(ﬁ+§)
M= 3 3 (25)
(7‘[127_3—7111@)52—7757(7_3+§) (7‘[227_3—7'[12§)32+17J§(7_3+§)

Equation (24) can be written as the following two spherical Bessel’s equations of order O [31]:

320 (r, 9) L 2095, 9)
or? ro or

—A5D)Pj(r, ) =0; £5(3) =1;(9),)j =1,2 (26)

the general solution of Eq. (26) is [27]:

| [ 2 .
CDj(r,J) = C1j 2”—’-1%(%]}’) +C2j WIC%(%]I’), ] = 1,2 (27)
J J

in which, 7 >(%,r) and K1 /2(# jr) are the first and second kinds of the modified Bessel’s functions of order
1/2. Finally, the solution for longitudinal potential functions of the solid skeleton and fluid is obtained from
the following relationships:

®,(r, 9) 11 ®1(r, 4)
= (28)
Dr(r,3) Vi) V2(9) Dy(r,9)

where Vj(4) and V,(3) are the corresponding eigenvectors of the matrix M (Appendix A).

2.5.2 Transverse (Shear) Waves

For the transverse wave propagation analysis, we take the Laplace transform of Eq. (13c), so, we will obtain:

2

2 d 29 r b
731(3)3"Ws(r, 3) = 32(9) 275 [(Ws(r,9)], W(r,s) = (¥, ¥/, ¥Y) (29)

this equation is the spherical Bessel’s equation in three directions r, ¢}, and ¢. The solution of this equation

for each direction is [31]:
r r 7 r 2
Wi (r,3) =c3 IEI% (fr) +cy /n—/rlC%(ﬁr)
2
v (r ) =) /Z%I%(/r) +c) /n—/r/c%(/r) 30)
2
W =[5 T vy

2
in which, £(3) = % For the transverse potential function of the fluid, ¥ ¢ (r, ), can be written:

Vi, ))=V3()¥(r,9) €19

V3(9) is given in the Appendix A.
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2.6 Acoustical boundary conditions—reflection and transmission coefficients

To determine the solution for wave displacements for solid skeleton and fluid the constants in Egs. (27 and
30) must be obtained. In some previous studies, the following boundary conditions for fluid and solid skeleton
displacements at r = ri, and r — oo (half-medium) has been used [24]:

u, = (1 — ¢)u,e /lrrine=iopt U, = gu,e /lpringjopt
Fr=ripn:yuy =0 r=rin:q4Us =0
uy =0 Uy =0
BCs : , (32)
u =0 U,=0
r—>o00:3uy=0 r—>o00:{3Uyp=0
uy =0 Uy =0

in boundary conditions (32) it has been assumed that the incident wave causes a known displacement that
distributes in the solid and fluid phases due to the porosity. Also, because of the nature of Bessel’s functions,
the boundary conditions at r — oo are satisfied automatically. Therefore, we still need two more conditions
atr = rjy. Here, at first, we develop the solution for a finite spherical domain in which rj, < r < roy and then
we use the acoustical boundary conditions. However, here we develop a more general process to obtain the
coefficients. The present paper, the half-medium case is used for validation only and the results are presented
for a finite domain. Note that r;, and r,,; are the inner and outter diameter of the computational spherical
domain as shown in Fig. 1.

When a normal sound wave impacts to the porous medium boundary, part of the wave is reflected back to
the fluid and the other is transmitted through the porous media. Since only the normal incident wave impinges
on the medium the shear is not involved. Accordingly, the pressure field for r < rj, and r > rqy can be written
as [14, 23]:

P (p,1) = P (t Ll ri") + pret (t gL rin); r < Fin (33a)
€0 €0
otr tr r — Fout
P (r,ty="P <t — “ ); r > Fout (33b)

where pinc pinr - potr - pref anq4 Pt are the incident, total inner, total outer, reflected, and transmitted wave
pressures in the out of the porous domain, respectively [25]. In the present study because of the semi-infinity
medium the transmitted wave passes through the media and finally, is damped. In order to relate the incident
and scattered waves, reflection, 2R(t), and transmission, 7(t), ernel operators. The reflection and transmission
pressures can be obtained by integrating the product of the incident wave and the kernel operators:

' — I'in

)dr = N(t) * P"(1) % 5<t + = ri"); r <Tin (34a)

€0 €0

t
P 1) = / R(zr) P (; —T+
0

t
Pref(r,t): /'T(‘L’)Pinc(t—‘[— Tout — Fin _ r_(rout_rin)>dt
c o
0

;T = Tout (34b)

=T(1) % P™(t) 8 (t - M)
co

about the kernel operator, note that it only depends on the material properties of the porous medium. Besides,
the lower limit of the integral Eq. (34a), t = 0,, denotes that the incident wave hits the porous medium at zero
time.

To obtain the kernels, J3(t) and 7(t), first, we transform the domain into the Laplace domain then we apply
the boundary conditions. Rewriting Egs. (33a, 33b) due to the Eqgs. (34a, 34b) and the convolution integral
definition, the pressure fields are obtained as follows:

i r —Tin r —Tin i
P™(r,t) = (8 <t - ) +R(1) * (S(t + —)) * P"°(); r <rin (35a)
0

€0
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PO (r. 1) = T(r) % 8<r - M) £ P, 1 > ron (35b)
(&)

s0, in the Laplace domain we can write:

If)‘inr(r, 3) = E{Pim(l‘,t)} _ (e_/c:)m +9f{(5) . ’;(;m)ﬁ“inC(ﬁ) (36a)
~ot " ~ _pr=lrowrin) \
PU(r,3) = L{P"(r,0)} =T3) e )Py (36b)

where I;i“c(d), év‘i(d) and 7’(3) are the Laplace transform of the P™™°(¢), SR(r) and 7(r), respectively. Here,
part of the incident wave is reflected and the remaining part passes through the porous meduim and leads to
deformation and hence stress in both solid and fluid phases. The stresses created in the medium is due to the
incident signal (that acts the role of the external excitation) of the domain. Based on the fact that the normal
and shear stresses are continuous at the boundaries the following boundary conditions in the Laplace domain
can be written [23, 27]:

o5 (rin9) = = A= 9P (riy, )
2) orr(r ,é) ¢>P”"( m,d)
o5 (rou3) = = (L= ) P (rgy. )
4) a,,(r wd) = — P (rd.3) (37)

5+

5+

now still two more equations are needed to have a determined system for obtaining all coefficients. On the
other hand, the acoustic velocity field has the relationship with the solid and fluid velocities as [7, 25]:

Vi(rig.5) = (1 = O)Vs(rih, 9) + &V (1. 9) (38a)
VZ( Tout> ) =(1- d’)VS( Tout> )+¢Vf( Touts ) (38b)

where the V; and V; are obtained from the surrounding pressure field by using the Euler equation as [7, 25]:

IP™ (1, 5) ~ 9P (r, 9)

= 53Vi(r, 3), = praVa(r, s 39
oy oraVi(r,d) or praVa(r,d) (39)

in which p is the density of the surrounding fluid. Additionally, the acoustic velocities of the solid and fluid
in the porous medium can be obtained from the solid and fluid displacements, respectively. Note that here we
only consider the longitudinal wave propagation, we will have [7]:

7 ach(r, J)
qup‘(r,t):Vﬁﬁs(r?t)_) ‘/_S‘(}I.7d):'j ar
~ aq)f(r,d)
Ucmp.(r,1) =Voy(r,1) = Vi(r,9) = d—0— (40)

f

The stress field equations for normal stresses afi and o; ; are given by [11, 13]:

= ((7)— 2./\/)V.u,-,j + QV.U,',J')(SU' +N(Mi,j + Mj,i)
Gi]; = — ¢pf5ij = ('RV.U,’J + QV.ui’j)&j (41)
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where p, is the pore fluid pressure. At the end, all equations are summarized as:
2 2
9 <D (:1‘1"4)+Q8 <I)f(zn’ )

P —_q —¢>)(1 +fﬁ(a))ﬁf”5(a)

or2 or2
32(Df( Tins ) 82 ( ;z’s) % pinc
2) R—L 5= Qe — —¢(1 + m(s))P (4)
ERE) .3 ERE) , T
3)7) (Out )+Q f( Out ) :—(1—¢)7—(J)€ S"O Pznc(d)
ar? ar? 42)
32D (rones d 2D (roy 3 S
4) R f(r()ll[ ) + Q ( Olll ) — —¢'T(d)€ s ) PH’ZC(J)
ar? ar?
J J -~ . b, (rt, s , 0P ,
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solving this system with respect to P , 5 , R(9) and 7(s) gives:
N)=1+yA+6B
T(3) = —ynC —6uD 43)
1- 3 Prd in
( mmw,9=?@w,ﬂ=5m (ad)
pmc(d) Plnc(d)
where the coefficients A, B, C, and D are:
A= 8CD ( m’ ) B = 3¢’f( 1n’ ) C = 8CD ( Fout» ) D= 8CI>f( Fout> ) (45)
ar ’ or ’ ar ’ ar
finally, the coefficients c;; (i, j = 1, 2) can be obtained from the following algebraic linear system:
L B S|
G Cel | rene el
Cii Gy C?z C 103) | _ | e
3 3 _3* = = (46)
Cii G Gy Gy
S L LG LR c22(9) 0
Cii Gy Gy Gy

in which the parameters Ck i, j=1,2,k=1,.,4),e; and e; have been given in the Appendix B. Therefore,

replacing these coefﬁ01ents into Eqgs. (45) due the Eq. (28) then replacing the outcome into Eq. (43), 5‘{(5) and
7(4) are obtained.

2.7 Temporal domain

To obtain the dynamical response of the displacement and stress components, and also the acoustic pressure
in the time domain the Laplace inversion must be taken from the above Laplace domain based relationships.
The Laplace inversion is defined by the following complex form integral [31, 33]:
1 o+joo
H(r,0,0,t) = —/ H(r,¥,¢9,9)ds (47)
27j ) o joo

where ! is an arbitrary real number greater than all the real parts of the singularities of the H(r, 9, ¢, 4). In
the present work, Durbin’s discretized form for the numerical approximation of the Laplace inversion in the
interval [0, 2 Tp] is used which its relationship is given below [33]:

200 |1 N _ 2 2kt _ 2 Dkt
HE) = 2| ZRe[H Re|H ik —Im|H( 1+ k== ) |si
nH=E 7o | 2 e[ (0)]+I;[ e|: <0+j T0>i|cos< T ) m|: <Z+j TO)]s1n< T )]

(48)
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Table 1 Coefficients for functions §(¢) and g(z).
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Fig. 2 The transient acoustical incident signal used for numerical simulation

In which N is the number of samples (or the truncation number). It is suggested that the value for 17 is
between 5 and 10 with N in the interval 50 to 5000. The results are valid for Ty > 2tmax Where fax is the
maximum time value that the equations are solved [33].

2.8 The Incident Signal
The incident signal is considered as the following function in the temporal domain:

. f(t) = Fineg[’*’l]sin[ws[t —nll 0<t<t
pincpy — 49)
o B gl (
g(t) = Pe Hsin[ws [t — #1]] 1<t

where the values of the coefficients have been given in Table 1.

In fact, in the present study the incident signal is a combinitation two part as showd by Eq. (49). Indeed,
one is amplitude growth untile time #; and another amplitude decay from time #1. Both parts have a single
growth and damped frequency wjy, respectively.

Since we solved the governing equations in the Laplace domain, we take a Laplace transform of the incident
wave signal given by the following relationship:

o]

1
P (3) =L{P™(1)} = /f(t)e_‘”dt+/g(t)e_‘”dt
0

n

_5i (eP91 (g cos wsty — (€ — 3) sinwgty) — wy) . ws (50)
m 52 —2sE + w2 + &2 52+ 25 + w2 + &2

Figure 2 illustrates the transient acoustical incident signal used in this study.

3 Computational utilized system

The wave propagation governing equations of the porous medium was solved through coding in the MATLAB
environment. The computational process was performed by an Intel(R) Xeon(R) with a Core i5 CPU at 2.53
GHz. The code and numerical procedure were optimized as much as possible to implement more efficiently
and faster.
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Table 2 Mechanical Properties of Porous Medium

Porosity ¢ =70%
Bulk modulus of pore fluid Ky =228GPa
Bulk modulus of solid skeleton (frame) K, =3.3GPa
Bulk modulus of the solid Ky =20 GPa
Inner radius rin =25 cm
Outer radius Tour = 40 cm
Medium thickness h=15cm
Dynamic tortuosity oo = 1.05
Solid density 0s = 1960 kgm 3
Pore fluid density o7 = 1000 kgm—3
Fluid viscosity wr =0.001 kgms™!
Viscous characteristics length of the medium Ay =5pum
Poisson’s ration of solid medium vy = 0.37
Poisson’s ratio of solid skeleton vp = 0.35
Shear modulus of frame N =2.6GPa
Elasticity modulus of solid media E; =15GPa
Elasticity of skeleton frame Ep =3.73 GPa
310
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%_ 290

= 280 o0—o0 o A
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Fig. 3 Convergence with respect to time step

4 Results and discussion

In the present section, the results of solving a spherical wave propagation problem in the porous medium are
brought. The detailed effects of the different physical parameters on the dynamical response of the problem
are investigated. The mechanical properties of the material of the solid skeleton and pore fluid are summarized
in Table 2. Indeed, here, all the properties considered are related to bone as a palpable example of the two-
phase porous medium. In the present paper, the purpose is to determine the effect of the different physical
parameters and properties on the presented mathematical modeling of spherical wave propagation for porous
media applications based on the Biot-JKD equations (mainly ultrasonic waves). All the results have been
obtained using the data provided in Table 2 unless mentioned in the manuscript.

4.1 Convergence and validation

Investigation of the independency of physical response from the temporal and the spatial meshgrid is necessary
when using numerical methods. To this end, we need to show independence from the time step and also N for

a specific (7. Figure 3 shows the maximum stress, max{arsr (%, t) }, in the middle of the domain. As can

be seen, mesh independence has been achieved. Besides, the convergence with respect to N as shown in Table
3.

In order to verify the current results obtained from the conducted mathematical modeling, an infinite-porous
medium (finite inner radius and infinite outer radius) is considered the same as the work done by Ozyazicioglu
[28]. All the material and mechanical properties are set similarly to that work. Besides, in our mathematical
outcomes to model the infinity-media the outer radius is approached to infinity (o, — 00). The incident signal
is step (Heaviside) pulse. Table 4 summarizes the comparison between pore pressure and solid displacement
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Table 3 Convergence with respect to parameter N

=

N 50 100 200 500 1000 1500 2000
o = 7S Tout+Fin
maX{arr( 2 Z)} 860.01 2380.20 281.37 277.66 278.72 278.86 278.86

Table 4 Validation of the present reults

Pore pressure (Pa) Solid displacement (m)
Mehmet [30] 0.0151 1.41 x 10712
Present Work 0.0173 1.27 x 10712
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Fig. 4 Dynamical Response of the porous medium to incident signal a solid stress at » = rin + 0.1h and reflected pressure at
r = o for different porosities

for » = 15m at time t = 0.00463s and + = 0.00488s, respectively. As can be seen, there is an acceptable
agreement between the results that confirms the present mathematical outcomes.

4.2 Porosity, tortuosity and characteristics length effects

The dynamical response of the porous medium to the ultrasonic incident signal for different has been shown
in Fig. 4. Decreasing the porosity leads to a decrease in the proportion of the fluid which leads to the medium
being more resistive, stiffer, and absorbent. Figure 4a confirms this reality, as can be seen, maximum stress
(generally amplitude of the oscillations solid part) increases when the porosity decreases. Also, Fig. 4b shows
that the reflected pressure oscillation amplitude varies directly with the porosity. It should be mentioned that
the wavefront velocity remains constant and it does not dependent on the porosity. Figure 4 shows that although
the changes in the reflected pressure in considerable (about 30% for 50% changes in porosity), the solid stress
is more sensitive to porosity relative to the reflected pressure.

The tortuosity effect has been plotted in Fig. 5. From Fig. 5a we can see that by increasing the tortuosity, the
transmission amplitude of the solid stress increase. However, due to the time lag (here about 1 ms) between the
two obtained signals, the transmission wave velocity decreases. The dynamic tortuosity is very important and
meaningful in the dynamics of the porous medium, which describes the inertial effects between the solid and
fluid parts of porous material since it provide information on the geometry of the pores and therefore affects the
relative displacements and hence created stresses, directly. In fact, the geometry of the pores directly affects
the fast and slow waves and their velocities. The opposite to the solid stress, the reflected pressure does not
changes significantly with the tortuosity (about 0.5% in amplitude and less than 0.1 ~s time lag). Of course,
these values are sensible, and they can be detected with measurement instruments.

Figure 6 illustrates the viscous characteristics length effects on the solid stress variations. The viscous
characteristic length is a function of the pores’ geometrical size. This parameter considers the small pores
in which the viscous effects are important. As it is seen, the solid stress amplitude considerably decreases
for higher values of the viscous characteristics length. The interpretation of this phenomenon is because
of the smaller viscous characteristic lengths show higher viscosity effects, and therefore, the momentum is
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